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ABSTRACT

SANTOS, B. N. Monte Carlo simulation proposal for narrow-line
magneto-optical traps. 2023. 93p. Dissertation (Master in Science) - Instituto de
Fisica de Sao Carlos, Universidade de Sao Paulo, Sao Carlos, 2023.

In this work, we proposed and implemented a Monte Carlo simulation to estimate exper-
imental quantities of narrow-line magneto-optical traps (nMOTs). Our model relies on
sampling the atoms’ movement under laser light and a quadrupole magnetic field as a
Markov chain. We assume that the involved electronic transition can be modelled as a
four-level system and split into three independent two-level systems, which is only valid
for nMOTs in the power-broadened regime. We were able to estimate quantities for three
nMOT arrangements at different laboratories. The first nMOT traps dysprosium atoms
on an electronic transition with narrowness n = 43.8, which is not an ideal value since it
is slightly larger. Nevertheless, we could obtain estimated quantities that were more accu-
rate than the theoretical predictions. The other two nMOTs trap strontium atoms on an
electronic transition with narrowness n = 1.6. We could also obtain estimated quantities

close to the experimental measures in this case.

Keywords: Magneto-optical trap. Monte Carlo simulation. Laser cooling.






RESUMO

SANTOS, B. N. Proposta de simulagao de Monte Carlo para armadilhas
magneto-6pticas de linha estreita. 2023. 93p. Dissertagao (Mestrado em
Ciéncias) - Instituto de Fisica de Sao Carlos, Universidade de Sao Paulo, Sao Carlos,
2023.

Nesse trabalho, propomos e implementamos uma simulacao de Monte Carlo para estimar
quantidades experimentais de armadilhas magneto-6pticas de linhas estreita (nMOTs).
Nosso modelo se baseia em amostrar o movimento dos atomos expostos a luz laser e um
campo magnético quadrupolar como uma cadeia de Markov. N6s assumimos que a tran-
sicao eletronica envolvida pode ser modelada como um sistema de quatro niveis e, entao, a
dividimos em trés sistemas de dois niveis independentes sobre a suposicao em que nMOT
esteja no regime de alargamento por poténcia. Nos fomos capazes de estimar trés nMOTs
de diferente laboratérios. O primeiro aprisiona atomos de disprésio em uma transigao
cuja estreiteza é 43,8, o que nao é um valor ideal por ser ligeiramente elevado. Apesar
disso, nés obtivemos quantidades estimadas mais precisas que as previstas teoricamente.
Os outros dois nMOTs aprisionam estroncio em uma transicdo com estreiteza 1,6. Nesse

caso, nés também obtivemos quantidades estimadas proximas as medidas experimentais.

Palavras-chave: Armadilha magneto-6ptica. Simulagao de Monte Carlo. Resfriamento a

laser.
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1 INTRODUCTION

The deep understanding of light-matter interaction brought several scientific pos-
sibilities such as improvements in the atom interferometry (1), accurate spectroscopic
methods (2), and control of ultracold atoms. The Nobel Prize in Physics of 1997 was
awarded jointly to Steven Chu (3), Claude Cohen-Tannoudji (4), and William D. Phillips
(5) for developing methods to cool and trap atoms with laser light, also known as laser
cooling (6). This achievement has enabled modern technologies, including accurate atomic
clocks (7), qubits for quantum computing (8), and quantum sensors (9). Laser cooling also
allowed the experimental confirmation of the Bose-Einstein condensation (BEC), moti-
vating the Nobel Prize of Physics in 2001 (10,11).

The workhorse of laser cooling is the magneto-optical trap (MOT) (12), a technique
to trap and cool a dilute atomic gas until temperatures in a range of uK. A standard
MOT consists of three pairs of counter-propagating laser beams mutually orthogonal and a
quadrupole magnetic field. Briefly, the atoms scatter photons from the laser light through
atomic transitions, which cause momentum exchanges. The average momentum exchange
yields a trapping and drag force on the atoms (MOT force). The frequency of these random
scatterings increases with the atomic linewidth and defines the magnitude of both MOT
force and its temperature. Overall, MOTs operating with narrow transitions reach lower
temperatures at the cost of trapping efficiency. When the linewidth is comparable to the

photonic recoil, we have the narrow line magneto-optical trap (nMOT) (13-15).

The currently theories of MOT based on Doppler cooling are limited to accurate
predict experimental quantities such as temperature (16) and atomic cloud profile (17). In
many experiments, there is either the absence of theoretical predictions or the necessity
of adjustable scaling factors (18). Furthermore, most of these theories are restricted to an
unfeasible one-dimensional MOT (6,19). The difficulty arises from the three-dimensional
laser beams arrangement in the presence of a magnetic quadrupole field. The case of
nMOTs is even more delicate since the gravity effect can be comparable to the optical
forces and then must be included. This problem is often approach by computational

solutions (20-22) that are capable of analysing MOTs qualitatively and quantitatively.

In this thesis, we propose a Monte Carlo simulation in order to predict experimental
quantities of nMOTs. Our model relies on sampling the atoms’ movement by assuming it is
a discrete stochastic process. Then, we estimate the probability distributions of the atoms’
position and velocity, which define the atomic cloud profile and the temperature. We could
obtain estimated quantities that are more accurate than the theoretical predictions for

three nMOT arrangements at different laboratories.
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1.1 The thesis

In the framework of this thesis, we perform a deep study of atom-light interactions
in Chapter 2. Firstly, in Section 2.1, we investigate the Einstein rate equations to get a
start on the basic concepts. Although this approach is proper for an elementary under-
standing, it does not contemplate coherent effects such as Rabi oscillations or the nature
of line broadening mechanisms. To take these phenomena into account, we introduce the
optical Bloch equations in Section 2.2.3, which tackle the electronic transitions within
quantum mechanics. Afterwards, we analyse mechanical effects by introducing optical

forces in Section 2.2.7.

In Chapter 3, we introduce the theory of MOTs for electronic transitions |J = 0) —
|J = 1) by analysing a simplified unidimensional model in Section 3.1. Then, we discuss
the three-dimensional case in Section 3.2. We also analyse narrow-line MOTs and their
three operating regimes in Section 3.3. In Chapter 4, we detailed our model to simulate
the atoms’ movement as a stochastic process and then estimate their position and ve-
locity. We get through the parameters of the simulation and its output in Section 4.2.
Finally, in Chapter 5, we present estimated quantities for three nMOT arrangements at
different laboratories and then compare them with experimental measures and theoretical

predictions.
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2 ATOM-LIGHT INTERACTION

In this chapter, we review several aspects of atom-light interaction (23) to properly
approach the atomic dynamics in magneto-optical traps. First of all, we shall explore
the basic concepts through the phenomenological Einstein rate equations (24), a
"semi-quantum" model where atoms absorb and emit light at a defined rate. Afterwards,
we invoke the quantum mechanics apparatus through the density operator and the
master equation (25) to analyze coherence effects and line broadening mechanisms.
We thoroughly discuss the case of a two-level atom interacting with a monochromatic
radiation through the semiclassical approach. Finally, we brief discuss conditions in which

electric dipole transitions are allowed.

2.1 Rate equations model

A simple approach to introduce the essential aspects of atom-light interaction was
proposed by Einstein in 1917. Although this theory does not take coherent effects into
account, it is justified within the quantum mechanics framework in appropriate limits.
Einstein assumed discrete energy levels for both atom and light. In this context, the
electromagnetic radiation is composed of packets of energy hw and momentum hw/c
known as photons, where w is the angular frequency, i = h/27 is the reduced Planck
constant, and ¢ is the speed of light. Einstein also postulated phenomenological rate
equations to describe two-level atomic transitions due to the absorption and emission
of photons. Let us consider a two-level transition where the energy difference between
the upper and lower level is hwg, and an electromagnetic radiation with spectral energy
density u(w). In Figure 1, we illustrated the three possible transitions involving absorption

and emission of photons.

Let us consider a dilute atomic gas with number density n,(¢) of atoms in the
lower level and number density ny(t) of atoms in the upper level after a period of time ¢.

The Einstein rate equations express the time evolution of n; and ny so that

dm . dn2

T — Biau(wgy)ny + Bayu(wg)ng + Ang, (2.1)

where Biou(wp), Baju(wp), and A are phenomenological rates associated with the stim-
ulated absorption, stimulated emission and spontaneous emission respectively. The rates
associated with stimulated processes are proportional to the spectral density energy and

therefore theses processes only happen in the presence of a light field.
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(a) Stimulated absorption  (b) Stimulated emission (c) Spontaneous emission

I ) M}
Upper Level Upper Level

Upper Level

huso /\/{I}M\}
Lower Level Lower Level Lower Level
A ~ A

Figure 1 — Representative illustration of stimulated absorption and emis-
sion, and spontaneous emission. In figure (a), an atom in the
lower level goes into the upper level absorbing a photon with
energy hwy from a light field with u(wp) > 0. In figure (b), an
atom in the upper level decays into the lower level in the pres-
ence of a light field with u(wy) > 0, emitting a photon with
energy hwy similar to the photons in the light field. In figure
(c), an atom in the upper level emits an isotropic photon with
energy hwy spontaneously, decaying into the lower level.

Source: By the author.

2.1.1 Relation between the Einstein coefficients

A dilute atomic gas at temperature 7' in thermal equilibrium establishes a steady
state in which n; and ny are constants of time (dyn; = —d;ne = 0). In this condition,

from equation (2.1), the spectral energy density is

A

. 2.2
n1/n2)312 — By ( )

U(WO) = (

Considering a fixed number of atoms n = ny + ny, the system are represented by the

canonical ensemble and then the ratio n; /ns is associated with the Boltzmann distribution

so that
n [ T
— = —expy — , 2.3

ng g2 P { k‘BT} ( )

where g; and g, are the degeneracies of the lower and upper level, respectively, and kg is
the Boltzmann constant. Einstein evaluated atoms in a region of black body radiation, in
which the spectral energy density of the light is consistent with the Planck distribution

law given by
%

u(wo) = 1203 ghwoo/kpT _ | (2.4)
Comparing (2.2), (2.3), and (2.4), we obtain
B=By =28, (2.5)
92
and ,
A= g (2.6)

w23
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The Einstein coefficients are properties of the atoms. Thereby the equations (2.6) and
(2.5) are valid for any electromagnetic radiation, from narrow bandwidth radiation to
broadband light. If we know one of the three rate coefficients, we can always determine
the other two.

It is worthwhile to compare the spontaneous emission rate A to the stimulated

emission rate Bu(wg) considering the equations (2.4) and (2.6) so that

A

— = eMwo/keT 2.7
Bu(wo) ‘ (2.7)

Spontaneous emission dominates for high frequencies (visible, UV, X-ray), fiwg > kgT,
but stimulated emission is more relevant for small frequencies (far IR, microwaves, radio

waves).

2.1.2  Probabilistic analysis for single atoms

Previously, we consider the effect of the Einstein equations on an atomic sample.
In this section, we shall analyze the effect of those equations on a single atom through

the probability P(t) of finding an atom in the upper level! after a period ¢,

Py = 2 nmet) (2.8)

ny + no n

From now on, for simplicity, we shall consider non-degenerate atomic transitions
(g1 = go = 1). We also shall call the lower level as ground state and the upper level as
excited state. The probability distribution p(t) of finding an atom in the excited state
between the instants t and ¢ + dt is given by

dpP
p(t) = o= (1 —2P)Bu(wy) — AP, (2.9)
where we consider (2.1), (2.8), and 1 — P = n;/n.

Let us analyze a system only subject to spontaneous emission, assuming an atom
in the absence of light (u(w) = 0) initially in the excited state (P(0) = 1). From (2.9), we
obtain

P(t) = e = p(t) = Ae ™ (2.10)

The equation (2.10) indicates an exponential decay, which means an atom in the
excited state certainly goes into the ground state after a long period (P(t) — 0). There-
fore, we can interpret A as a relaxation rate. The average time 7 in which an atom remains

in the excited state, also known as lifetime, is given by

= / tp(t)dt = / AteMdt = — = A=~ (2.11)
0 0 A T

Analogously, we can define the probability of finding an atom in the lower level.

1
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In contrast, we can analyze the effect of stimulated processes considering Bu(wy) >
A. Let us assume an atom initially in the ground state (P(0) = 0). From equation (2.9),

we obtain
1 _ e—at

2
where av = 2Bu(wy) is the rate in which the radiation raises (or "pumps") atoms into the

P(t) (2.12)

excited state due to stimulated process, also known as pumping rate. The equation (2.12)
shows that the strong driving of a transition leads to its saturation (P(t) — 1/2). In

other words, the atomic ensemble goes into complete transparency.

Finally, let us assume an atom initially in the ground state subjected to the effect

of both stimulated and spontaneous processes. In this situation, the solution of (2.9) is

1/2 Cia
0 =130 (2.13)
The equation (2.13) also indicates a saturation so that
- 1/2

In the limits A > a and A < «a, we obtain P(t) — 0 and P(t) — 1/2,

respectively. These results are expected from the previous analysis.

2.1.3 Spectral broadening

In the previous section, we assume that the emitted and absorbed photons have
a single frequency wy. In this case, the probability to absorb or emit a photon is a sharp
line centered at w = wy as illustrated in figure 2a. However, in real situations, atoms can
absorb and emit photons in a range of frequencies due to line-broadening mechanisms
(section 2.2.6), which is illustrated in figure 2b.

(a) Sharp spectral line (b) Broadened spectral line

> |

Figure 2 — Representative illustration of optical two-level transitions. In
figure (a), it is represented the absorption or emission spec-
trum without line-broadening mechanisms so that we can as-
sume the line shape g(w) = 0(w — wp). In figure (b), it is
represented the absorption or emission spectrum taking line-
broadening mechanisms into account.

Source: VALVERDE; BASEIA; BAGNATO. (26).
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We can take these mechanisms into account by introducing the normalized function
g called line shape function. This function can be understood as the probability of
absorbing or emitting a photon with frequency between w and w + dw. A common g
function in atomic spectroscopy is the Lorentzian? (Cauchy distribution) given by
I 1 I 1
RS ey e Y e

g(w) (2.15)
where A = w—uwy is the detuning and I" is the full width at half maximum (FWHM) also
known as spectral linewidth. The main spectral linewidth is I'" = A, which is related
to the energy-time uncertainty principle. Thus,

A 1 A 1

M) e—mpr @ Y T nr Ay

(2.16)
The probability distribution of finding an atom in the excited state taking the line
shape function into account is given by
o(t) = (1 — 2P)B/ w(w)g(w)dw — AP. (2.17)
0

For a broadband electromagnetic field, which means u(w) much broader than g(w), the

equations (2.17) and (2.9) are equivalent because

/ooo w(w)g(w)dw == ulwo) /OOO g(w)dw = u(wo). (2.18)

2.1.4 Monochromatic light field

Let us consider a monochromatic electromagnetic field with frequency w interacting
with an atom initially in the ground state. In the case, the spectral intensity I(w) and
the spectral density energy u(w) of the light field is I(w') = cu(w') = Ipd(w' — w), where
Iy is the total intensity and 0(x) is the Dirac delta. Thus,

o0 Iy [ I
/ w(w)g(w)dw' = ?0 g(Wo(w' — w)dw' = zog(w). (2.19)
0 0
From equation (2.17) and (2.19), we obtain
a(w)
p(t)=(1-— 2P)? — AP, (2.20)

where a(w) = 2B(ly/c)g(w) is the pumping rate. The stationary solution of (2.20) is
given by

B 1/2 1 s(w)
14+ A)aw) 21+ s(w)’
Some authors define this distribution as a function of the frequency v instead of the angular
frequency w = 2mv.

P(t) (2.21)

2
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where s(w) = a(w)/A is the saturation parameter, which defines the balance between

pumping and relaxation. From equation (2.6), we have

2/\3 Iy g(w)
iUy -2
hC Og<w) [s g(wo)a

212c?
s(w) = —=Ilg(w) =
hwg) 0 ( )

L
2m2c?g(wo)

where I, = (2.22)

The intensity I, is called saturation intensity. When s(w) > 1, stimulated processes are
more significant than spontaneous emission, implying the saturation P — 1/2. When
s(w) < 1, relaxation processes are predominant. In this case, the atom will certainly

decay to the ground state, P — 0.

2.1.5 Absorption cross section

In atomic spectroscopic, it is common to analyse the attenuated or amplified light
beam which passes through an atomic medium (27-29). Let us consider an electromagnetic
beam with total spectral intensity I(w, z) propagating in the z-direction. This radiation
passes through an atomic ensemble with n; atoms per volume in the ground state and
no atoms per volume in the excited state, being attenuated or amplified in each slab of

thickness Az due to stimulated absorption, as illustrated in Figure 3.

Cross Section Light Field

\ A

\

Atoms

—
Az
Figure 3 — Dilute atomic gas interacting with a electromagnetic radiation

in a slab of thickness Az and volume ASAz.

Source: By the author.

The spectral intensity will be reduced by a fraction of njo(w)Az, where o(w),
known as absorption cross-section?, is related to the probability that an atom will
absorb an photon with angular frequency between w and w + dw from the light field

on the section where this light passes on. Therefore, the lost spectral intensity is given
AI/I = —NoAz and then

Zi(w,z) = —nyo(w)l(w, 2). (2.23)

Besides the light attenuation due to stimulated absorption, there are also gain due to stim-

ulated emission. Spontaneous emission does not contribute to the gain since the emitted
3

The absorption cross-section is expressed in units of area
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light is isotropic. In this case, the light field will be amplified in each slab, increasing its
intensity by a fraction of nyo(w)Az. Here, the quantity o gives the probability of emitting
light stimulately. The absorption cross-section and the emission cross-section are the same
since the absorption rate equals the emission rate (Bja = By when g; = ¢2). Therefore,
the light gain is given by r

@(w, 2) = ngo(w)!(w, z). (2.24)

From equations (2.23) and (2.24), we obtain

Zi(w’ z) = —(ng —ng)o(w)l(w, 2) (2.25)

where (dI/dz)ASAz is equivalent to the net spectral power (power per unit of frequency)
gained or lost by the radiation in a slab of thickness Az due to stimulated processes?®. It

is convenient to define a net absorption cross-section as

Taps(w) = 2 . "2 5 (w) = (1 - 2P)o(w), (2.26)

where n = ny + ny is the total density number and P is the probability of finding an
atom in the excited state. This cross-section is associated with the probability of an
atom attenuating or amplifying an incident light due to stimulated processes. Solving the

differential equation (2.25), we obtain
I(w, z) = e 7@ (1, 0), (2.27)

In the regime of weak excitation such that ny, < nj, the total number density is ap-
proximately the number density of the atoms in the ground state n ~ n; and then
Taps(W) >~ o(w).

Let us assume a monochromatic radiation whose frequency is w such that I(w', z) =
In(2)0(w —w) and u(w', 2z) = I(w', z)/c. In this case, integrating equation (2.25) over all
frequencies, we obtain the total power per unit of volume gained or lost by the radiation

dly

E(Z) = —n0ags(W)lo(2) = Iy(z) = Ip(0)e "Tavs)2, (2.28)

In the steady state, (dIy/dz) equals the total power per unit of volume lost by spontaneous

emission. Then, from equation (2.28), we have
nogps(w)ly = Angh/ wg(w)dw. (2.29)
0
Since wy is much greater than the FWHM of g(w), thus

/OOO wg(w)dw ~ wy. (2.30)

Spontaneous emitted light does not come back to the radiation field, since it is isotropic.
The line shape function must be normalized over 0 to oo, which demands that the peak
frequency wy of g(w) must be much greater than its FWHM.

5
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Then, from equation (2.29), we have
hwo
noaps(w)ly = Anglwy = oaps(w) = TOAP, (2.31)
where P = ny/n. Therefore, in the steady state, the net absorption cross-section can be
understood as an area on which the photon flux of the incident beam passes through
times the rate I'P at which an atom scatters photons by spontaneous emission, i.e. the
decay rate I' times the probability of finding an atom in the excited state. From equations

(2.21), (2.22), and (2.26), we obtain

g0

o(w) = h;uo()gs(w) = hZ(Jz; 5&3 =0y gg((:)o)) and (2.32)
A s(w) 1
Oabs(W) = I, 21 Fs(w) U(W)ma (2.33)

where 0y = o(wy) is the resonant absorption cross-section which only depends on the

properties of the atom ([, wp, and A).

2.2 Two-level atom interacting with classical light field

In the previous section, we consider phenomenological rate equations to study
two-level atomic transitions. This approach does not contemplate coherence effects nor a
fundamental understanding of line broadening mechanisms. In a first attempt, we can take
the coherence effects into account assuming the interaction between a classical light field
(electromagnetic waves) and an atom whose internal states are described by a quantum
state vector |¢). Indeed, this is a proper treatment as long as we are only interested in
stimulated processes. However, spontaneous emission comes from the interaction between
atom and the vacuum modes of the quantized electromagnetic field, an incoherent relax-
ation process. Therefore, a single state vector is not sufficient to analyze an atom under
both stimulated and spontaneous processes since such system is under decoherence. A
proper description comes through the density operator (appendix A), which describes a
statistical mixture of quantum states. This approach allows us to study the system time
evolution taking both coherent and incoherent processes into account through a master

equation.

2.2.1 Two-level system and the Bloch sphere

Let us consider a system composed of only two quantum states |1) and |2), in
which [1) is the ground state and |2) is the excited state. An arbitrary two-dimensional

density operator can be represent as

b= Pr1 P12 ’ (2.34)
P21 P22
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where p; ; = (i|p|j). The diagonal terms represent probabilities so that p; ;1 + p22 = 1,
being p; 1 and py o real values. Also, p must be hermitian and therefore p; o = (p21)*. The

density matrix (2.34) is represented on the basis

BBl L

Another convenient basis is the Pauli matrices basis,

O o
1 0 1 0 0 —1 01

where o0,, 0,, and o, are the Pauli matrices. An arbitrary density matrix on this basis is
6

written as
1 . 1| 14as a)—iay
0= —(I +a-o0)=— ) 2.37
p 2(2 ) 2 a1+ia2 1-&3] ( )
Oy ai
where ¢ = |o,| and a = |ay| (Bloch vector). (2.38)
O, as

In this representation, its eigenvalues are (1= |al)/2. Since they are probabilities, we must
have 0 < (1+]al)/2 < 1 = |a| < 1. For the same reason, the diagonal terms, and then ag,
must be positive values. Furthermore, p = p', which implies a; = a} and ay = a3. Hence,
a is a real vector. Comparing with the density matrix (2.34), we have ag = p11 — pa2 =p
and (a; + iag)/2 = pa1 = ¢, where p is known as population inversion and ¢ is the

coherence. Then, the Bloch vector and the density matrix can be written as

2 Relq| q+q* N
a=[2Imlg]| = |i(¢" —q)| and p= (1 +qp)/2 (1_(1]3)/2]. (2.39)
p p

Taking the property |a| < 1 into account, we can represent the Bloch vector in a ball of
unitary radius known as Bloch sphere (although it is a ball, not a sphere) illustrated in
figure 4. The axes are given by = = 2Re|q|, y = 2Im|[q|, and z = p. When p represent a

pure state, we have
1
Te|p?] = 1 = st =1=laf =1. (2.40)

Therefore, the surface of the Bloch sphere represents all the pure states, whereas the

inside corresponds to all the mixed states.

6 For an arbitrary operator, we should have four coefficients [A] = apll + a0, + azoy + azo.

In the case of the density matrix, we must have ag = 1/2 due to the property Tr[p] = 1.
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Figure 4 — Bloch sphere for a pure state given by [¢)) = sin(6/2) |1) +
e cos(0/2) |2).

Source: By the author.

Let us consider a pure state [¢)) = ¢1|1) + ¢ |2). Since a global phase is not
measurable, we can assume |1)) = ¢; |1) 4 c2¢ |2) where ¢ is the phase difference between
1) and |2), and both ¢; and ¢, are real values. Moreover, ¢ + ¢ = 1, which allows us to
associate ¢; and ¢y with a unique value 6 considering ¢; = sin (#/2) and ¢y = cos (0/2).
Even though the value of 6 is not unique to represent ¢; and co, the point (6, ¢) is unique

to represent |¢). Thus, a density operator p = |¢))1)| of a pure state can be written as

p = sin?(0/2) |1)(1] + cos?(6/2) [2)(2| +

1 . 1 .
+ §e—l¢ sin 0 [1)(2] + 5e“f’ sin @ 2)(1], (2.41)
_ [sin%(0/2) le *sind
p= 1 . (2.42)
7€' %sinf  cos®(0/2)

From equations (2.37) and (2.42), we obtain the following Bloch vector
a = (cos ¢sin @, sin ¢sinf, cos ), (2.43)

in which (¢, 0) are spherical coordinates represented in figure 4.

2.2.2 Interaction Hamiltonian

Let us consider a system formed by only two electronic states {|1),]2)}7, each one
is a possible state of a valence electron in an atom. This system is well described by the

density operator p given by (2.39). The dynamics of theses states in the absence of a light

7 Actually, there are many electronic states which can be relevant. However, in many cases,

only two states are enough to described the interaction.
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field is given by the following Hamiltonian
Hy = hewy | 11| 4 hws [2)2] = hw 66T + huwo66T, (2.44)

where 6 = |1)(2| and w; < wy. The lowest energy state |1) is called ground state, whereas
the highest energy state |2) is called ezcited state. Since we are only concern with energy

differences, we can shift the zero of energy adding —hw, to each energy level so that

N 0 0

Hy = hwoo'é = : (2.45)
0 hwy

where wy = wy — wy is the resonant frequency. The matrix in the equation (2.45) and

also further matrix are represented on the basis {|1),|2)}. Moreover, we shall assume a

monochromatic radiation whose electric field E is given by

—

E(I‘, t) _ %(Eoeikr—iwt + Ege—(ik-r—iwt))’ (2.46)

where € = (€)* is the polarization vector, Ey is the complex amplitude, k is the wave
vector, w is the angular frequency, and r is the position vector. The interaction between
the electric field E and the electric dipole formed by the valence electron and the atomic

nucleus is the major atom-light interaction described by the following Hamiltonian
V =-d-E, (2.47)

where d = —er, is the dipole operator, ¢ ~ 1.6 x 107'%C' is the elementary charge,
and r. is the valence electron position in the nucleus frame. The typical values of |fi| are
around eap®, where ap = 0.529A = 0.529 - 10~ is the Bohr radius. Atoms do not have
permanent dipole moment due to the parity of the electrons position. Hence, the dipole

operator can be written as”

d = (ji)*6 + jio", (2.48)

where ji = (2|d|1) is the transition dipole moment. When |fi| = 0, the transition is
said to be dipole forbidden. Then, from equations (2.46), (2.48), and (2.47), we obtain
the following interaction Hamiltonian

~ ho ~ . ) . ~ .

V() = ~[(Q(r)e ™ + Q" (r)e“) s + (Qr)e ™ + Q(r)e™")sT], (2.49)

Q(r) = _Meik'r and Q(r) = —Me—ikr

2.50
d S i, (250)

The debye (symbol D) is a standard unit measure for electric dipole moment in the atomic
and molecular scale, 1D = 10~ 8statC - cm. Historically, the debye was defined as the dipole
moment of a system composed of two electric charges of opposite sign and equal magnitude
10~ 0statC ~ 0.2083e separated by 1A.
9 We are assuming (1|d|1) = (2|d|2) = 0.
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where Q(r) and Q(r) are known as Rabi frequencies!®.

The minimum wavelength of non-ionizing radiation, which is the typical spectral
range in laser cooling experiments, is around 100nm = 1000A, whereas the atomic size
is around the Bohr radius ap ~ 0.5A. Then, atoms are approximately thousand times
smaller than the field spatial variation. Hence, assuming a quasi-static atom, we can
neglect the spatial variation of the electromagnetic field in the dynamics of the electronic
states. In this case, the Rabi frequency is approximately spatial-independent )(r) ~

which is known as dipole approximation.

The typical values of Q2| are around MHz, whereas the typical atomic resonant
frequencies are around 100THz. Thereby V ~ h|Q| < hw,, which allows us to treat the
interaction as a perturbation on the system. In the Dirac picture, also called interaction

picture, considering U = e~ "ot/h = 551 4 e=0t515 we have

V(t) = UTVT = Vit (1) + Vatou(2), (2.51)
Vfast(t) — Z(Q*e—i(w-‘rwo)t& + Qei(wﬂ-wo)taj)’ (252)
Vitow(t) = Z(Qe"'m«%T + Qrets), (2.53)

where A = w — wy is the laser detuning and the tilde notation indicates the operators in
the interaction picture. The interaction Hamiltonian Vfast oscillates much faster than \N/Slow
since A < w4 wp and wy > 0 (wy ~ 100THz). To verify the effect of both interactions,
let us calculate the transition amplitude a;_,2(t) from state |1) to state |2) through time-

dependent perturbation theory,

ar(t) = Zlh / "RV df - (2.54)
= [ V1) e + [ AV | = (2.55)

Q i(w—wg)t Q —iAt
:m(e( ) — 1)+ ox (e 1), (2.56)

We can neglect the terms with Q since A < w + wy in equation (2.56). In other words,
we can neglect the Vfast such that V ~ f/slow, which is called rotating-wave approxi-

mation.

2.2.3  Optical Bloch equations

Let us consider the unitary transformation Umt = 661 + 61672 into the rotating

frame aiming to eliminate the time-dependence in equation the interaction Hamiltonian

10 Both © and Q have the same amplitude || = |Q| but different phases.
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(2.49) in the rotating wave approximation so that

0o

V' = U8 VU, + 00U} Uy =
¢ ¢ (U o) Uror O _9A

Z | (2.57)

Then, applying the unitary transformations to the interaction picture and rotating frame

in the density operator p as well, we obtain the density operator p' given by

~/

(2.58)

(1+p)/2 q*e‘i“t]
et (1-p)/2|

From equations (2.39) and (2.58), we can see that p and p’ are pretty similar. The only
difference are the coherences, which gain an additional phase factor ¢! after the trans-

formations. Then, by simplicity, we shall assume ¢’ = ge™*.

The master equation (A.29) for our system is given by

- (APPSR r.... ata
0 =~V + 52076 — (516.7)), (2.59)

where I is a decay rate associated with spontaneous emission. By simplicity, let us assume
() a positive real value, since any phase of {2 can be incorporate in the coherence ¢. From
now on, we shall consider ¢ — ¢ and pj , — p12 to simplify the notation, keeping in mind
that p and ¢ are evaluated on the rotating frame and in the interaction picture. Thus,

evaluating the matrix elements of 9;p/, we obtain

Op11 = —QIm[p1 2] + Tpas ( )
Orp2o = QIm[p1 2] — Tpas (2.61)
Ohpr2 = —(L'/2 = iD)p12+iQp11 — p22)/2 (2.62)
Op2n = —(I'/2+iD)pay — 1Qp1,1 — p2.2) /2, (2.63)

where po1 = (p12)* and p11 + pa2 = 1. The equations (2.60), (2.61), (2.62), and (2.63)
are known as optical Bloch equations (OBEs). We can represent these equations in a

convenient form through the Bloch vector a(t) given by equation (2.38), so that

da(t) = Maf(t) + b, (2.64)
-2 -A 0 0 2 Relq(t)]
M=| A -T/2 =-Q|,b=1|0|, a(t)= [2Im[q(?)]]| - (2.65)
0 QO -T r (1)

It is labour to solve the equation (2.64) for a general case. H. C. Torrey (30) deduced a
general form using the Laplace transformation but he only obtain exact solutions for the
cases of exact resonance A = 0 and strong excitation so that € > I'. We shall pursue the
solution of the OBEs from a different approach based upon the calculation of eigenvalues

and eigenvectors.
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Considering the vector £(t) = a(t) + M~!, where M~ is the inverse!! of M, we

can rewrite the equation (2.64) so that

—

0E(t) = ME. (2.66)

The equation (2.66) is similar to the Schrodinger equation, H [¢)) = ihd, |1). Then, since

M is time-independent, we can consider a time evolution given by

) 5 &1 2Relqe(1)]
(1) = Y e % = |&| = |2 Imlae(0)])]. (2.67)
= &3 De

where my, ms, and ms are eigenvalues'?, X1, X2. and Y3 are eigenvectors, and c;, co, and
c3 are constants (J;c; = 0) which depend on the initial conditions. The eigenvalues are

roots of the characteristic polynomial given by

P(m) = — det(M — ml) (2.68)
= (T'/2+m)*(T +m) + Q*(T/2 +m) + A*(T +m). (2.69)

Since P(m) is a cubic polynomial with real coefficients, at least one root is real and the
other two are complex conjugate of each other. By the Routh-Hurwitz criterion'3, all real

parts of the roots are negative numbers. Therefore, the eigenvalues can be written as
my = —a, mg = —b+ic, and mgz= —b—ic, (2.70)

where a, b, and c¢ are real values, being a and b positive numbers. Thus, plugging (2.70)

in (2.66), we obtain the general solution given by
ai(t) = Aje™ ™ + e "[B; cos(ct) + C;sin(ct)] + a;(00), for i € {1,2,3}, (2.71)

where aq, as, and az are components of the Bloch vector a and A;, B;, and C; are complex
constants that depend on the initial conditions and the eigenvectors y;. The first term
of (2.71) represents exponential decays of the populations and coherences, which come
from the relaxation due to the spontaneous emission. The second and third terms are
associated with damped oscillations known as Rabi oscillations or Rabi flopping. The

last term is a stationary solution in which any oscillation vanishes.

After a while, the system will reach a steady-state a(co) as shown in equation
(2.71). This solution comes straightforwardly from equation (2.64) assuming d;a(oco) = 0
such that
Ma(oo) +b=0= a(c0) = —M'b, (2.72)
We are assuming det M # 0, which is a requirement to exist the inverse of M.
Since M is not hermitian, its eigenvalues can be complex numbers.

Given a cubic polynomial f(z) = co + c1x + cox?® + 23, if ¢, c1, and ¢ are positive and
cac1 > ¢, then all roots have negative real parts.

11
12
13
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where M~ is the inverse of M given by
adjM
det M’
r2/24+02 —AT  AQ
adiM=| AT 122 —Qr/2 |, (2.74)
AQ  QT/2 T2/4 4 A2

M=

det M = —T'(I'? /4 + Q2 /2 + A?) (2.73)

where adjM and det M are the adjugate'* and the determinant of M respectively. Thus,

the stationary solution is given by

. AQ 2 Relq] 2 Re[ge™!|
= _ — / — iwt 2
a(oo) 21+ 22+ A2 Qr/2 2Tm[q] 2TIm[ge™"]| , (2.75)
A% +T2/4 P P
A% +T2/4
= d 2.
p(o) A2 +Q2/24T12/4 an (276)
Q  A—-iT/2)
== 2.
10) = 5 A a1 174 (277)
From equation (2.76), the population of the excited state is given by
1 02%/2
p2,2(o0) / (2.78)

T2AT 1 02/2412/4°

For strong excitation such that Q2 > 2A? + I'?/2, the population inversion sat-
urates p(oo) — 0 as well as the population of the excited state pyo — 1/2. For weak
excitation such that Q? < 2A? +T?2/2, p(cc) — 1 and then py o — 0.

2.2.4 Rabi oscillations

The Rabi oscillations occur during the transient to the steady-state as shown
in equation (2.71). They are fully associated with the coherent evolution given by the
term [FI , p] in the master equation (2.59). These oscillations are damped by spontaneous
emission, which is an incoherent process. Then, to clearly approach this effect, let us
assume a system under strong excitation {2 > I' so that spontaneous emission can be

neglected over a considerable period ¢. In this case, £(t) ~ a(t) in equation (2.67) since

M™1b ~ (. The characteristic polynomial (2.69) and its roots are given by
P(m) = m(m2 + |Q|2 + AQ) = m; = 0’ My = —ZG7 ms = ZG, (279)

where G = /|Q|2 + A? is the generalized Rabi frequency. Plugging the values (2.79)

in Mx; = m;X;, we obtain the following eigenvectors

1 A/Q ~A/Q
Xi=| 0 |, X2= 1[G/, xX5=|i(G/Q)] . (2.80)
A/Q ~1 1

14 The adjugate of a matrix is the transpose of its cofactor matrix.
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Let us assume an atom initially in the ground state so that p(0) = 1 and ¢(0) = 0. Then,
from equations (2.67) and (2.80), we obtain

0 1 A/Q —A/Q
a(0)=10|=ca| 0 | +c|i(G/Q)| +cs|i(G/Q)] . (2.81)
1 A/Q ~1 1

Solving the system (2.81) of linear equations, we obtain

A 0?

="y and ¢y = —c3 = ETerk (2.82)
Plugging the values (2.79), (2.80) and (2.82) in (2.67), we obtain
02 [A?
p(t) = o lm + COS(Gt)] and (2.83)
Q
q(t) = T@[A(l — cos(Gt)) — iG sin(Gt)]. (2.84)
Finally, from equation (2.83), the population of the excited state is given by
Cl+4p(t) @2
p2.2(t) = T [1 — cos(Gt)]. (2.85)
In the exact resonance A = 0,
p(t) = cos(Qt) (2.86)
q(t) = isin(Qt). (2.87)

Equation (2.85) reveals oscillations between the ground and excited states at fre-
quency G and period T'= 27 /G. This phenomenon is called Rabi oscillations or Rabi
flopping. Roughly, the ups and downs can be seen as absorptions and stimulated emis-
sions respectively. Furthermore, the amplitude of the oscillations is given

02 02 1

G2 2+ A 1+ (A (2.88)

which has the maximum 1 when A = 0, decreasing with A/Q. Figure 5 illustrates the

Rabi oscillations for a few detunings.

In the exact resonance given by the equations (2.86) and (2.87), the period is
T = 27/Q. If a field is turned on at t = 0 and then turned off after ¢ = 7'/2, an atom
initially in the ground state will be certainly promoted to the excited state. Such pulse is
called m-pulse. Furthermore, if a filed is turned on for a duration 7'/4, an atom initially
in the ground state ends up in a superposition between the excited and ground states,
which is called 7 /2-pulse. This is widely used in atomic clocks and quantum computation,

beyond the scope of this thesis.
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Figure 5 — Population of the excited state for Rabi oscillations with de-
tunings equal to 0 (exact resonance), €2, and 2€).

Source: By the author.

When spontaneous emission is consirable, the Rabi oscillations will be damped
by them so that, after a while, the system will reach the steady-state given by (2.76)
and (2.77). To get some insight into the damping oscillations, let us analyze the case
of exact resonance A = 0, which has a friendly exact solution. Afterwards, we perform
numerical calculations to evaluate the dependence of the damping coefficients a and b,

and the oscillation frequency ¢ in (2.71) with the parameters Q, A, and T.

In the exact resonance case A = 0, the roots of the characteristic polynomial (2.69)

have a friendly form given by
r 3 .
my =g, My = - <4 +@Qp> , M3 = — (4 — zQp> , (2.89)
where Qp = /2 — (I'/4)? is the Rabi oscillations frequency in the presence of damping.

Plugging these eigenvalues in MY; = m;Y, we obtain the following eigenvectors

1 0 0
Xi= 10, Xe=|[1]|, Xa=|1 [, (2.90)
0 eie e—ie

where tan § = 4Qr /I". Again, let us consider an atom initially in the ground state so that

) 0 2 Relg(00)] 0
§(0) = a(0) — a(o0) = [0| — [2Tmg(oc)]| = (1 —plsc)) [T/2] . (2901)
1 p(0) 1

Thus, plugging the values (2.89) and (2.90) in (2.67) and assuming the initial conditions
(2.91), we obtain

|0 +c| 1] +cs 1 :(1—]9(00)) F/Q s (292)
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which is a system of linear equations. After some algebra, the solution of (2.92) is

*

[F Q2 —-T2/4
=0, co=c5=

2~ | (- (2.98)

Then, we plug (2.93), (2.89), and (2.90) in (2.67), obtaining

pe(t) = e3TY(1 — p(00)) [Cos(th) + 4?;; Sin(th)l and (2.94)
qe(t) = ie 3T (1 — p(oo));;2 leos(th) - QI_\QI;M sin(th)] : (2.95)

—

Finally, plugging the equations (2.94) and (2.95) in a(t) = £(t) + a(co), we obtain

p(t) = e 3TV4(1 — p(oc0)) [cos(ﬂpt) + 4391; sin(th)] + p(oc0) and (2.96)
alt) = i(1 — p(00)) o5 {6—3“/4 [cos(ﬂrt) _ QF_QFF/4 sm(w)] _ 1} e

The equation (2.96) shows a damped oscillation illustrated in figure 6. The damping effect
is as strong as the spontaneous emission so that the oscillation vanishes at a decay rate
3I'/4. Furthermore, when I' approaches 4€2, the oscillations also vanish since Qr tends to

Zero.

0.8

0 m 2n 3n 4n 5m 6m T7n  8n
Qt

Figure 6 — Population of the excited state for damped Rabi oscillations
with relaxation rates equal to 0 (exact resonance), /2, €,

and 2).
Source: By the author.

There is not a simple analytical solution for the general case (2.71) since the roots
of the characteristic polynomial (2.69) do not have a friendly form out of specific regimes
such as strong excitation and exact resonance. Then, to evaluate the coefficients a and
b, and the oscillation frequency ¢, we numerically calculate the eigenvalues of M. These

eigenvalues are associated with the coefficients a, b, and ¢ through (2.70).
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(a) Damping coefficient a (b) Damping coefficient b
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Figure 7 — Damping coefficients a and b from equation (2.71) as a func-
tion of the detuning A for different Rabi frequencies ).

Source: By the author.

The damping coefficient a from equation (2.71) is the rate at which the populations
and coherences decay. From figure 7a, we can see that a converges to I' when a — +o0.
Also, the coefficient a is between I'/2 and I'. The damping coefficient b from equation
(2.71) is a rate at which the Rabi oscillations decay. From figure 7b, we can see that b
converges to I'/2 when b — 400 and it is between I'/2 and 3I'/4. The lower the Rabi
frequency the faster a and b converge. The system practically reaches the steady-state for

a time greater than 2/I", since both damping coefficients have the minimum I"/2.

50

-—= jQ|=2r
40 .......
— 30 —-— Q=101
=
o
20

10

-40 -20 0 20 40
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Figure 8 — Oscillation frequency ¢ from equation (2.71) in function of the
detuning A for different Rabi frequencies 2.
Source: By the author.
The coefficient ¢ from equation (2.71) is the frequency at which the system os-

cillates (Rabi oscillations). From figure 8, we can see that ¢ increases linearly for higher

detunings so that ¢ = |A|. For lower detunings, ¢ converges to Qp = /Q2 — (I'/4)2.
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2.2.5 Rate-equation limit

The OBEs become the Einstein rate equations when the coherent effects do not
play a role. Then, we can derived the Einstein equations eliminating the coherence ¢ in
the OBEs adiabatically. Let us assume a slow population dynamics so that the coherence
decay much faster than the populations. Thus, 0;¢ ~ 0 in the time scale of the popula-
tion dynamics. This is called adiabatic approximation and it is valid when there is a
considerable collision rate!® v so that v > T',Q. In this regime, from equations (2.60),
(2.61), (2.62) and (2.63), we obtain

Q20T

Orpao = (1 — 202,2)5m — I'paa, (2.98)

where we assume Oyp1 2 = Oipe1 = 0 and p; 1 = 1 — pey. Comparing equations (2.98) and
(2.20), we associate

2Q/T
1+ (2A/T)2’
where « is the pumping rate. Therefore, the saturation parameter s(A) = a(A)/A is given
by

A—T and a(A) =0 (2.99)

202 /T2 S0 20)?
= = , S0 =5(0) = —-,
1+ (2A/T)2 14 (2A/IN)? [?
where s is the resonant saturation parameter. Thus, comparing equations (2.22) and

(2.100), we obtain

s(A) (2.100)

Iy, 202 g(0
802*027 and g(A):H(Q(A>/W’

where g(A) is the line shape function and I is the saturation parameter. Since g must be

(2.101)

normalized, we have

[ a@yia=1=g0) = == g(a) = iA?I{?/W _ :FH(;W (2.102)

where g(A) is a Lorentzian function whose centre is at A = 0 and FWHM is I'. From
equations (2.32), (2.33), and (2.100), we obtain

ﬁwgf 1 00
_ Mol _ 1
o) = T eame 1t eame M (2.103)
r
Taps(A) = fiwso %0 70 (2.104)

Io 21+ s0+ (2A/T)2 1+ s+ (2A/T)2

Even if 0,q is not negligible, i.e. the coherence and populations dynamics are in
the same time scale, it is possible to compare the stationary solution of the OBEs and
the Einstein equations in thermal equilibrium. In this case, we should obtain the same

equations deduced above if we compare (2.21) and (2.78).

15 The collision rate is associated with pure dephasing terms in the Lindblad superoperator

(A.30)
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It is convenient to rewrite equations (2.76) and (2.77) in terms of the saturation

parameter so that

1 1+(2A/T)
PIo0) = T55A) T T s+ AT (2.105)
q(00) = poy = ;zjf()m(m/r —4) = ;Q e +8(22 A TpAT =i (2100)

2.2.6 Line-broadening mechanisms

In section 2.1.3, we introduce the line shape function g(w), which gives the prob-
ability of either absorbing or emitting a photon with a frequency between w and w + dw.
This function is proportional to the absorption cross-section o(w) according equation
(2.32). Although the line shape function take spectral broadening into account, it is not
directly proportional to both absorbing and fluorescence profiles, which are actually mea-
sured. Theses profiles are associated directly with the net absorption cross-section o.ps
and the scattering cross-section os.. From equations (2.104) and (B.1), we can see that the
absorption profile is not a sharp line as discussed in section 2.1.3. In the next sections, we
shall discuss physical effects which can both broaden and shift the absorption/scattering

cross-section profile. Overall, there are two types of line broadening mechanisms:

« Homogeneous broadening: all atoms in a medium are affected in the same way.
In this case, we can add these line-broadening mechanisms in the optical Bloch

equations so that it is valid for all atoms in the medium;

« Inhomogeneous broadening: each atom in a medium is individually affected. In
this case, we can only described line-broadening mechanisms in the optical Bloch
equations for individual atoms. Therefore, we can not generalize for all atoms in the

medium.

Let us assume an isolated atom initially in the excited state so that there is not
an incident light beam (sp = 0). This atom will decay in an average time 1/T" known
as lifetime. In other words, 1/T" is the average time for the system changes considerably.
Therefore, due to the time-energy uncertainty principle, there will be an energy uncer-

tainty in the excited state given by

h hI

Spontaneously emitted photons do not have a deterministic energy hwq since the system
does not have either, as illustrated in figure 9. This phenomena provokes a homogeneous
line-broadening known as natural broadening or lifetime broadening. The probabil-

ity of spontaneously emitting a photon with frequency between w and w + dw is given by
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E excited state

AE

g hw

ground state

Figure 9 — Energy uncertainty of a excited state whose lifetime is 1/I.
Due to the time-energy uncertainty principle, AE > hI'/2 and
then a spontaneously emitted photon have a random energy
hw whose the average is hwy and the uncertainty is greater
than Al'/2.

Source: By the author.

the line shape function g(w) and it is proportional to the absorption cross-section o(w)

according equations (2.102) and (2.103). From equation (2.102), we have

1 T/2

9(A) = By CENTWTIER (2.108)

The equation (2.108) is Lorentzian profile whose FWHM, also known as linewidth, is T,
which is in agreement to equation (2.16) proposed in section 2.1.3. Since I' is associated
with the natural broadening, it is also called natural linewidth. In the regime of weak
excitation so that sy < 1, the absorption cross-section approximately equals the net

absorption cross-section such that o ~ 04s.

In the presence of a light field so that sq > 0, the only spectral broadening is the
natural broadening given by (2.108). However, the net absorption cross-section g does
not equal the absorption cross-section o. According to equation (2.33), there will be a
decreasing by a factor of 1 + s(w), which causes a line-broadening illustrated in figure
(10). From equations (2.104) and (2.103), we have

Loy
2(1 + 80)

and TV =TV1 + so. (2.110)

oy

o(A) = 5 g(A) and o4s(A) =

L(A), (2.109)

2 1

The function L is known as absorption line-shape and it is a Lorentzian profile whose
FWHM is I". The quantity [V is known as power-broadened linewidth. In the regime of
weak excitation so that sy < 1, the absorption line-shape becomes the line shape function,
L(A) — g(A), and the power-broadened linewidth becomes the natural linewidth, IV — T'.

The angular frequency w’ of an incident light beam depends on the frame in which
it is being observed. This effect is known as Doppler effect. We have been studying the

atom-light interaction assuming that the light frequency is the same in both laboratory
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Figure 10 — Net absorption cross section as function of the detuning for
some values of resonant saturation parameter.

Source: By the author.

and atom frames. However, the Doppler effect causes an inhomogeneous resonance shift

since each atom will perceive an angular frequency given by
W=w-—k-v, (2.111)

where w and k are, respectively, the angular frequency and the wave vector of the light
beam in the laboratory frame, and v is the velocity of the atom also in the laboratory
frame. Subtracting the resonant angular frequency wy in both sides of equation (2.111),
we obtain

Ar=A—k-v, (2.112)

where A,y = W' —wy is the effective detuning. We must called —k - v as Doppler shift.
Let us consider a gas following the Mazwell-Boltzmann distribution so that the probability

P(v)dv of finding an atom with a velocity component between v and v + dv parallel to k

1 1)2 o /k‘BT
P(U)dU = E exp <_W> dU, o = W, (2113)

where T' is the temperature of the gas, kg is the Boltzmann constant, and m is the atom

direction is given by

mass. The equation (2.113) is a Gaussian distribution centered at zero whose standard
deviation is a. Also, the FWHM is approximately 2.355a. If we consider a resonant laser

so that A = 0 or w = wy, we can associated an effective absorption line shape given by

no_ 1 (w/ - WO)Q _ Wy  Wo kT
D(w'") = 5mexp l_W] , ﬁ_?a—?wﬁ. (2.114)

2.2.7 Optical forces

We can divide the atom state into two sets. The first one is the internal states

related to the electronic states. The second one is the external states associated with the
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centre-of-mass coordinates. So far we evaluated the dynamics of the internal states, ne-
glecting the dynamics of the atomic centre-of-mass except to explain Doppler broadening
in section (2.2.6). However, there is a coupling between the external and internal degrees
of freedom mediated by the absorption and emission processes, which provokes mechani-
cal effects in the atomic centre-of-mass. These effects can be quantify from the Ehrenfest

theorem, which establishes the average force given by
F=—-(VV), (2.115)

where V is the interaction Hamiltonian.

In section 2.2.2, we introduce the interaction Hamiltonian assuming an interaction
between a two-level atom and a monochromatic light beam in the rotating frame and in
the interaction picture. In the dynamics of the internal states, we can neglect the spatial
dependence of the Rabi frequency €2 due to the rotating wave approximation. However,
in the dynamics of the external states this spatial variation must be considered. It is

important to notice that Ejy can have a spatial dependence by itself when the light beam is

not a plane wave, which is the case of a Gaussian beam'¢. Considering Q(r) = |Q(r)[e* 17,
we obtain
R[]0 Q(r)[e %~
V() =2 mle (2.116)
2 1|Q(r)|ekr —2A
- n Q| — ik|Q)e %
v ="l 0 ViRl = ke (2.117)
2 |(VIQ] 4 ik|Q] e’ 0

We can evaluate the average force (2.115) considering the property (A.15) so that
F=—Tr[pVV], (2.118)

where p is the density operator of the two-level atom. As discussed in section 2.2.3, the
system will reach a steady-state due to spontaneous emission, a relaxation process. We
also verify that the system reaches the steady-state exponentially at a minimum rate I'/2,
where I is the natural linewidth. If the dynamics time scale is much greater than 2/T", we
can assume the system in the steady-state. Then, the density operator p are defined by

equations (2.76) and (2.77) and the average force F is given by
F = —hRe[(V|Q| + ik|Q])g" (c0)]. (2.119)

Plugging g(oo) of equation (2.106) in (2.119), we obtain

hA A r A

Q 1+s(A) 21+ s(4A)
The Gaussian beam properly described that light beam produces by a laser.
Any additional phase in ) can be incorporated in the coherence ¢

(2.120)

16
17
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We can simply the equation (2.120) considering

s(A)

Vinll+s(8) = 5158

vQ. (2.121)

Then, plugging (2.121) in (2.120), we obtain F = F,,, + F4, where

I' s(A) I 50
F,, = hk———— _ — pk— , 2.122
b 21+ s(A) 21+ 50+ (2A/T)2 ( )
hA hA So
F.o—_ L T P N L ) P P 2.12
dp VUdpa Udp 9 n[ + S( )] 2 n [ + 1 + (2A/F)2] ’ ( 3)

The dissipative force F,, is called radiation pressure force and the conservative force

F,, is called gradient dipole force.

We can rewrite F,, from equation (2.122) considering the scattering cross-section

0se from equation (B.1) so that

[0 r So
0 5 (A) = hkR,., Ry =— ,
a7 2) 21+ so+ (2A/T)?

F,, = hk (2.124)
where Iy/(hwy) is the flux of photons from the incident beam. The quantity Rs., known
as scattering rate, is the frequency at which an atom absorbs photons from the incident
beam and afterwards scatters them out by spontaneous emission. Hence, from equation
(2.124), we can interpret the radiation pressure force as the gained momentum after
successive events of absorption followed by spontaneous emission. Since the spontaneous
emission is isotropic, only the absorption events contribute for the gained momentum as

shown in figure (11).

Po >
ﬁk O

plto) ~ py p(t) ~py +hk  P(t2) =pg + hk — k' p(ty) ~ py + Nhk

Figure 11 — Representative illustration of the radiation pressure force as
an average of scattering events. An atom initially with mo-
mentum pg absorbs a photon with momentum Ak after a
period t; — tg. Then, at instant t,, this atom spontaneously
emits a photon with momentum £k’ so that |k| = |k'|. Fi-
nally, after successive absorption and emissions, the final mo-
mentum will be p ~ pg + Nhk since the spontaneous emis-
sion is isotropic. The quantity N is the number of absorbed
photons after a period t3 — ty. Therefore, the impulse after
a period At will be Ap = hkR,.At, where R, is the rate at
which the atom scatters photons.

Source: By the author.



46

From equation (2.124), we can see that the radiation pressure force has the maxi-
mum at resonance, and it decreases with the detuning. Also, this force saturates when s,
is much greater than 1 + (2A/T')2. The spontaneous emission rate determines the force
intensity, which is as greater as I'. Since F,,, is a dissipative force, it can be used to both

cool and trap atoms, being a the key concepts to understand MOTs.

The gradient dipole force can be derived from a potential Uy, illustrated in fig-
ure (12), and therefore it is a conservative force. At resonance, Uy, is zero and its module
increases with the detuning for a range near to resonance. Far from resonance, Uy, asymp-
totically goes into zero. Unlike the radiation pressure force, the gradient dipole force does
not saturate. It can increase continuously without bound, though it only does logarithmi-
cally for large intensities (saturation parameter). This forces is usually applied to spatially

confine atoms.

0.75
0.50
0.25

0.00

Uap/(RT)

-0.25

-0.50

-0.75

All]

Figure 12 — Potential from gradient dipole force for few saturation pa-
rameters as a function of the laser detuning.

Source: By the author.
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3 MAGNETO-OPTICAL TRAP

The magneto-optical trap (MOT) is a technique widely used in laser cooling ex-
periments which allows both trapping and cooling of an atomic dilute gas. In this sec-
tion, we shall approach the MOT theory (12,31) considering the simplest transition
J =0 — J =1, where J is the total angular momentum of the electronic state. To
get an insight into the cooling and trapping mechanisms, we introduce a simplified one-
dimensional MOT (1D-MOT) assuming two counter-propagating laser beams and a linear
magnetic field!. The three-dimensional case is more complicated to approach since there
are considerable difficulties related to the complex spatial structure of the light field (32),
which hampers a quantitative analysis. Lastly, we introduce narrow-line magneto-
optical traps (nMOTSs) (33) by assuming an atomic transition with a natural linewidth

(section 2.2.6) close to the photonic recoil.

3.1 One-dimensional model

Let us consider a simplified one-dimensional model (1D-MOT) illustrated in figure
13. In this model, two counter-propagating laser beams of opposite circular polarization
interact with an atom in the presence of a linear magnetic field B = Byze,, where By > 0
is the gradient magnitude. Both laser beams have the same angular frequency w and are

tuned close to the transition J =0 — J = 1 whose angular frequency is wy.

g, B B g_

N N
U b V)

Figure 13 — Simplified one-dimensional MOT composed of two counter-
propagating laser beams and a linear magnetic field B =
Byze,, where By > 0. We consider the o, and o_ beams
right-handed and left-handed polarized respectively.

Source: By the author.

Disregarding the magnetic field, the transition is properly represented by a de-
generate two-level system whose energy difference is hwy. The presence of the magnetic
field splits the energy level J = 1 into three different energy levels m; = 0, +1 such that

the system turns into a four-level system illustrated in figure 14. This effect is known as

1 A linear magnetic field is not a real magnetic field since it does not satisfy the Gauss’s law

for magnetism.
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Zeeman splitting (25, Section 7.4). Essentially, assuming a weak magnetic field?, there

will be a effective detuning 5(ZmJ ) due to the anomalous Zeeman effect so that

J75:320)
h )

50 —

= —fBgymyz, being [ = (3.1)

where gy is the Landé factor and ugp is the Bohr magneton. The equation (3.1) is also
called Zeeman shift. It is relevant to notice that the detuning depends linearly on the

position z so that 60"  =.

E/h

Wo

TR,JZO mJ:[)

B off Bon

Figure 14 — Zeeman splitting of the transition J =0 — J = 1 in 1D-
MOTs. When B = 0 (B off), the atomic transition J =0 —
J = 1 is described by a degenerate two-level system.
However, when B # 0 (B on), the same atomic transition
is represented by a four-level system in which the excited
states are energetically separeted by the Zeeman shift 5(Zi).
The energy scale was not plotted precisely to enhance the
visibility.

Source: By the author.

3.1.1 Cooling and trapping effect

Let us consider an arbitrary atom from an atomic cloud in a MOT neglecting
interatomic interactions. Although the momentum exchange between atoms and light
are quantized, we can evaluate the atom dynamics classically by assuming a mean force
F o1, which is known as semiclassical approach. It is possible to obtain an analytical
expression for Fy;or under the two-level system approximation, which will be done
in the next section 3.1.2. Without this approximation, we must consider the interplay
between optical pumping, photon scattering, Zeeman effect, and Doppler effect in multiple
excited states. Therefore, the complexity of the problem will increase considerably. There

are only a few articles (32,34,35) that approach this case.

2 The quantity upB, where B is the magnetic field magnitude, must be much lower than the

spin-orbit coupling energy.
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We can be split Fyor into two components®: one exclusively associated with
coherent transitions (absorption and stimulated emission); and another associated with
decoherence decays (absorption and spontaneous emission). In weak atom-light coupling,
stimulated emission is much less often than spontaneous emission. Therefore, F ;o7 is the
radiation pressure force. Essentially, Fyor = (Fy — F_)e,, where FL is related to the
interaction between atom and the oy-beam. Thus, F} depends on the detuning AL so
that the lower |A4|, the greater Fy. The detuning AL can be split into three detunings
(figure 15) so that Ay = 6 + d% + 05. These detunings are given by

o Laser detuning 6 = w — wy: associated with the laser frequency w and the energy

difference wy of the atomic transition. This detuning is the same for all transitions;
« Doppler shift 5§)i) = Fkv: associated with the atomic movement (see section 2.2.6);

o Zeeman shift 5(;) o Fz: associated with the Zeeman splitting. This detuning is

given by the equation (3.1).

A Z,v
87,650 >0 850,65 >0
§
5,6 <0 65,65 <0
Ay

Figure 15 — Laser detuning, Doppler shift, and Zeeman shift of a 1D-
MOT in function of velocity v and position z assuming red-
detuned laser beams (6 < 0).

Source: By the author.

Both Doppler shift and Zeeman shift increase linearly with the atom velocity and
atom position respectively. Assuming red-detuned laser beams (6 < 0) and v > 0, the
probability of absorbing the oi-beam decreases (increase) with v since |AL| increases
(decreases). When v < 0, the opposite effect occurs. Therefore, the MOT force is opposite
to the velocity v (OF por/0v < 0) such as a friction, which is is essentially a cooling
mechanism also known as Doppler cooling. The Zeeman shift behaves the same in
function of z such that the MOT force is also opposite to the position (OF yor/0z < 0),

which is essentially a trapping mechanism.

3 In section 2.2.7, we deduced both forces for the case of a two-level atom interacting with a

single field.
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3.1.2 MOT Force

We shall get deeper into the 1D-MOT analysis by quantifying the MOT force.
As mentioned in section 3.1.1, obtain an analytical expression for the MOT forces in the
general case is a complicated task. Although, we can obtain such analytical expression

under two approximations:

» By breaking the four-level system (figure 14) into three independent two-level sys-
tems illustrated in figure 16. That is a strong assumption in which the coherence
effects between the Zeeman states, such as Raman-like transitions (24, Section 9.8),

are neglected;

« By assuming that the atom density operator j(k, —k) related to the simultaneous
interaction equals the sum of the density operators p, (k) and p_(—k) associated
with the individual interactions, which is essentially a superposition (p = py + p_).
This approximation relies on the perturbation theory in first and second-order (36,
Chapter 7).

Both approximations are valid in the regime of weak atom-light coupling so that

the total detuning is higher than the power-broadened linewidth.

E/h my = +1
A (+)
my =20 0
- A J=1
my = -1 5(2)
0+
wo s
g_
s J=0
mJ:0 J = mJ=0

Figure 16 — Breaking of a four-level system into three independent two-
level systems.

Source: By the author.

Since there are only right-handed and left-handed polarized beams, there will only
oi-transitions. Therefore, the components F, and F_ associated with the ¢, and o_
transitions respectively are independent radiation pressure forces given by (see section
2.2.7)

r So

F = +hk—
:t(Z7U) 21 +30 +4(A:|:/F>27

(3.2)
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where Ay = § +6(Zi) +5§3i), sg is the saturation parameter, and I is the natural linewidth*
of the transition J = 0 — J = 1. Assuming low velocities (|kv| < |d]) and positions close
to the magnetic field centre (|z| < [d]), the MOT force is essentially linear with z and v

as illustrated in figure 17. Hence, we can expand Fj;or about z = 0 and v = 0 so that

OF oF
Faror(2,v) = Fyor(0,0) + 2=—5-25(0,0) + v—2%(0,0), (3.3)
0z ov
0.6 \\\ — Fuor(z,0) | Fuor(0, v)
N mm= —MWierZ | — M2TWworV

Fuor!Fmax
o
=3

Bz/T | kvl

Figure 17 — MOT force Fyor for v = 0 (z = 0) as a function of 5z/I’
(kv/T) considering the transition 'Sy — P, of the %Sr for
0 = —I" and sy = 1. The dashed line in the graph is the
MOT force assuming |5z| < [d] (|kv] < |9]).

Source: By the author.

Rearranging the terms of equation (3.3), we obtain

d?z

dz
ﬁ + 2{0.1]\/[0:/1% + w%/IOTZ =0, (34)
1 8hkfBgsse(6/T) k

2 = —— e
Wyor = m [1 + S0 —|—4(5/F)2]2’ and <— QBQJWMOT’ (35)

where m is the atomic mass. The quantity wy;or has unit of frequency and ( is a dimen-
sionless quantity. Also, w3, is a positive real value since we are assuming red-detuned
lasers, which means § < 0 in equation 3.5. The equation of motion (3.4) describes a damped
harmonic oscillation of which wysor is the undamped frequency and  is the damping ratio.
Therefore, the atom is trapped by the restoring force —mw?,,72, being limited to move
in a restricted region (trapping mechanism). Furthermore, the atom loses energy due

to the damping 2¢wy;orv can be understood as a cooling mechanism.
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Figure 18 — Standard arrangement of MOT composed of three orthogo-
nal pairs of counter propagating laser beams with opposite
circular polarization and coils in anti-Helmholtz configura-
tion, which produces a magnetic quadrupole field.

Source: FOOT. et al. (24).

3.2 Three-dimensional case

Let us assume the standard 3D-MOT arrangement illustrated in figure 18. An
atom, free to move along all Cartesian axes, interacts with three pairs of counter-propagating
laser beams with opposite circular polarization and a magnetic quadrupole field B. In a
first attempt, we can naturally extend the 1D-MOT theory into a 3D theory considering
that each laser beam yields a radiation pressure force given by equation (3.2). Never-
theless, the quantization axis (z-axis) must match the direction of the field B to proper
evaluate the Zeeman shift, which implies that each laser beam polarization depends on
the atomic position. This is not a concern in the 1D-MO'T since the magnetic field has a
fixed direction. Therefore, a theoretical description of the 3D-MOT (32) encounters con-
siderable difficult due to the spatial-dependence of the quantization axis. Regardless the
theoretical complications, the cooling and trapping effects of MOTs are widely confirmed
for many alkali (37-39) and lanthanide (13-15). Also, in this thesis, we could demonstrate

both effects for dysprosium and strontium atoms through a Monte Carlo simulation.

4 The natural linewidth depends on the energy difference between the states, which is slightly

different in each transition. However, this energy difference is much lower than fwg such that
the natural linewidth is approximately I'.
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3.2.1 Limit temperature in Doppler cooling

Let us consider a equilibrium atomic position close to the magnetic field centre. In
this case, the Zeeman shift becomes negligible compared to the Doppler shift (0 < dp)
such that a defined quantization axis is no longer required. ° Also, we suppose weak
atom-light couplings in which the laser detuning are grater than the power-broadened
linewidth. Thus, the interaction between each laser beam and the atom is independent

and it is described by two-level dynamics. In this situation, the MOT force is given by

- (V)_hkfsoi 1 B 1 .
MOTAE = g e \ 1 504+ 4[0 — k(v-€)2/T? 1450+ 4[0 + k(v -e,)2/T2) ™

(3.6)

where {e;, es, e3} is the Cartesian basis. We are assuming all laser beams with the same

saturation parameter sy, wavevector magnitude k, and detuning ¢. For low velocities v
such that kv < 9, we can expand the MOT force around v = 0 so that Fy,or ~ —vv,
8hk?s0(6/T)

T T 0 4G/ (3.7

Assuming red-detuned laser beams (6 < 0), we have v > 0 and then Fyor describes
a friction force. Hence, the velocity vanishes after a time as long as 1/ and then the
final temperature should be zero. However, the F ;o7 is an average. We also must to
consider the variance effect of Fj;or which relies on the Brownian atomic motion due
to spontaneous emission. This random dynamics yields a heating process. Therefore, the

balance between cooling and heating mechanisms set finite temperature.

From the equipartition theorem, the average total energy of the atom is given by

Ap? 3
= —kgT 3.8
P 33

where T is the temperature of the atomic cloud, m is the the atomic mass, and p is the
linear momentum of the atom. There is an association between the diffusion coefficient®
D and the quantity Ap? given by Ap? ~ D/~ (31, Section 2). To obtain an expression
for D, we need to calculate quantum fluctuations, which is out of the scope of this work.
However, skipping this step (31, Section 2.3), there are two possible regimes in which we

can define a temperature (33, Section V):

e §/'>1:
T(s0) = V1+s0Tp (3.9)

Essentially, we are proposing the treatment of a MOT as an optical molasses, which is a
similar technique to only cool an atomic dilute gas based upon Doppler cooling.
Correlation between the Fyror(t) and Fyor(t + dt), where ¢ is a specific instant and 0t is
a time interval.
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e §/T~1
_ 1+4(0/Tg)?

T = vat T 1
(So,(S) 4‘(5’/FE +80 0 (3 O)

where Ty = hI'/(2kgp) is known as Doppler cooling limit and 'y = I'y/1 + s¢ is the
power-broadened linewidth. The temperature is dependent of the lasers intensity in

both regimes and is dependent of the lasers detuning only in the low saturation case.

3.2.2 Atomic cloud size

The atomic cloud size is typically characterized by its root-mean-square width
along each spatial dimension. There are several factors which influence the cloud size
such as the laser arrangement, the magnetic field, the atomic species features, gravity,
and interatomic interactions. Overall, the cloud size is defined by the trapping potential.

Thus, considering the equipartition theorem, we have

1, 1 B ksT
3 (x7) = §kBT =0, =/(2}) = P (3.11)

where o; is the cloud size on the z; direction, k; is the spring constant on the same
direction, and 7' is the temperature of the cloud. In the unidimensional MOT, from
equation (3.4), r; = mwi;or < By/(s0d). Therefore, the more intense the magnetic field
gradient, the smaller the cloud size. The saturation parameter and the detuning cause an
inverse effect. The atomic cloud will have a Gaussian shape when the laser arrangement
is symmetric and the centre of mass is at the magnetic field origin. In the regime of
low density, the cloud size given by equation (3.11) is a proper estimation. However,
interatomic interactions play a role when the density increases. These interactions expand
the cloud by a factor of N'/? as shown in figure 19, where N is the number of atoms, due

to the reabsorption of scattered photons (light-induced interactions) (40).

3.2.3 Magnetic force

Since the atom experiences a magnetic field gradient, it also feels a position-

dependent magnetic force Fp(r) (41, Section 3.2.1) given by
Fp(r) = —gymyusV|B(r)| (3.12)

where g; is the Landé factor of the ground state and m is the magnetic quantum number
of the ground state”. The magnetic field B(r) does not have a trivial dependence with the

position since it is generated by anti-Helmholtz coils as illustrated in figure 18. However,

7 We should consider one force for each excited states. However, the average time 1/T that

the atom stays in the excited state is much lower than the average time it remains in the
ground state.
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MQT size along x (mm)

10° 10’ 10* 10° 10" 10"
number of atoms

Figure 19 — Measure of the full width at half maximum size of a rubidium
atomic cloud along the magnetic coils axis. The three sets of
data correspond to different MOT detunings. The solid line
is a free fit of the data and the dashed line is fit considering
the scaling model L o N/3.

Source: CAMARA; KAISER; LABEYRIE. (40).

the atom is restricted to move close to the magnetic field centre, otherwise the MOT force
will throw it away from the trap. Hence, B can be approximated by the following linear
expression

B = B, <‘;x + %y - 22) , (3.13)

where By depends only on the coils features. Thus, the magnetic force F g will be

 gymyupBy/2
FB(Z'?:I/,Z)—_ x2+y2+422

where z, y, and z are the Cartesian coordinates whose origin is the magnetic field. This

(x% + yy +422), (3.14)

force is comparable to gravity for very large magnetic field gradients, which is not suitable
for MOTs because large gradients decrease the trapping region. Therefore, we expect that

the magnetic force will be much lower than the radiation pressure forces.
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3.3 Narrow-line magneto-optical trap

In previous sections, we have been neglecting the gravity effect on the MOT pa-
rameters. This assumption is valid when the MOT force is much higher than gravity. The
maximum radiation pressure force on an atom is hkI'/2 from equation (3.2). Therefore,
the ratio between the maximum radiation pressure force and gravity is

- 3’;};, (3.15)
where m is the atomic mass and g is the gravitation acceleration. Usually, R is on the
order of 10°. Hence, the gravity force is negligible since the radiation pressure force is
much higher. However, the lower I', the higher the gravity effect so that for I' ~ kHz, the
ratio (3.15) approaches values on the order of 10. In this case, the centre of mass moves
towards the gravity direction such that, for small laser intensities, the atoms gather on

the bottom of the surface of an ellipsoid as illustrated in figure 20.

1 mm —

Figure 20 — Typical in situ absorption image of an atomic sample in a
nMOT.

Source: DREON. (42).

Furthermore, I' also defines the average number of scattering events per time
(scattering rate) so that the lower I', the fewer the number of events in a determined
time interval. We have been analysing the atoms dynamics classically through the optical
forces, which assumes that there are a large number of momentum exchange in a small
period of time. In this condition, we can average out a force. That is not satisfied when
I is sufficient smaller. In this case, we must include the discrete momentum exchange in
the analysis and then treat the dynamics quantum mechanically. To quantify the range
of T' in which this happens, let us define the ratio given by

I m\T
= W T omh
where fiwp, is the kinetic energy (hk)?/(2m) gain by the atom when it absorbs an photon

(3.16)

with the momentum %k, h is the Planck constant, and A = 27 /k is the wavelength.
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This energy is known as photonic recoil. When 1 < 1, one scattering event is able to
detune the atom-light interaction. A MOT whose n ~ 1 or less is known as narrow-line
magneto-optical trap (nMOT), whereas a MOT whose n > 1 is known as broad-line

magneto-optical trap. We shall call the ratio (3.16) as narrowness.

3.3.1 Operating regimes

Four quantities play a crucial role in nMOTs operating: the saturation parameter
Sg, the laser detuning d, the natural linewidth I', and the photonic recoil wr. We can
combined sp and I' in a single quantity known as power-broadened linewidth I =
I'v/1 + s, which is the natural energy scale of the atom-light interaction due to the power-
broadening mechanism (section 2.2.6). Furthermore, we can summarize those quantities

in two essential quantities that characterized nMOTs:

o (7 =1"/wg): it defines the relevance of single scattering events to the the atom-light
interaction taking the natural energy scale into account. Hence, 7 is more accurate

than n;

e (6' =9/1"): it defines the coupling strength between atom and light normalized by

the natural energy scale of the interaction.

When 7' > 1, the semiclassical approach is suitable since the photonic recoil is much
lower than the natural energy scale and, therefore, the scattering events can be averaged

out. There are three nMOTs regimes:

I Doppler regime (1 > 1 and |§’| < 1): in this regime, gravity is negligible so that

the atomic cloud is ellipsoidal;

II Power-broadened regime (7' > 1 and [¢§'| > 1): In this regime, gravity is com-
parable to the radiation pressure forces such that the atomic cloud centre of mass

sags to vertical positions.

[II Quantum regime (1’ ~ 1): in this regime, the photonic recoil is the natural energy

scale and, therefore, the quantum physics governs the nMOT dynamics.

3.3.2 Centre of mass of the atomic cloud

We can estimate the centre of mass of the atomic cloud in the power-broadened
regime by assuming that all radiation pressure forces on an atom balance each other in
all directions except in the gravity direction 2. In this direction, the radiation pressure
forces F balance with the gravity force as illustrated in figure 21. Thus, a trapped atom

is restricted to be in a region where the magnetic field components perpendicular to z
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B=20
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F,. >0
zp < 0

F <0
) g

Figure 21 — Forces diagram of a trapped atom in a power-broadened
nMOT.

Source: By the author.

is zero, otherwise there will be unbalance between forces in those direction due to the
Zeeman shift (see section 3.1.1). The average position of a trapped atom must be 7= 22
so that its dynamics is well described by the one-dimensional model presented in section

3.1. From equations (3.2), we obtain the following equation of motion

r 1 1
hkgso (1—1—30—1—4(A+/F)2 - 1+30+4(A_/F)2> —mg = 0. (3.17)

We must impose |A,| < |A_]| to ensure a solution to the equation (3.17). Neglecting the
Doppler shift (5(5) = 0), and assuming red-detuned lasers® (§ < 0), we obtain z; < 0,
which means the centre of mass will be located below the magnetic field origin. Let us
consider || > 1 so that |A;| > |A_|. In this condition, F_ is negligible. Hence, we can
approximate the equation (3.17) to

r 1
hk—sq ( & ) —mg = 0. (3.18)
2 "\ 1450 +4[(0+0,7)/T2

We have been assuming the transition J = 0 — J = 1 such that (5(Z+) = —fBgymyz.
However, the transition can happen between any transition J = j — J = j + 1, where

J > 0. To take it into account, we must consider

5(Z+) = —fxz0, being x = (95 — ¢/)j > 0, (3.19)

where ¢, and g; are the Landé factors of the excited and ground states respectively. The

equation (3.19) is valid when the transitions only happens between the states m; = —j
and my = —j + 1. Isolating zy, we obtain
1 r hFSO
N I i S 3.20
=0 Bx ( * 2\/2)\mg SO) (3:20)

The equation (3.20) is only valid when the centre of mass is sufficient below the magnetic

field origin to match all the assumptions described above and in section 3.1.2.

8  This assumption is necessary to create a trapping environment as discussed in 3.1.1.
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4 MONTE CARLO SIMULATION

In order to predict experimental quantities in nMOTs, we propose a Monte Carlo
simulation that estimates the probability distributions of both the atoms’ position and
velocity. The goal is to acquire simulated quantities in agreement with experimental mea-
sures for different nMOTs by considering as many parameters as possible. Our simulation
can be used to optimize the parameters of nMOTs without the necessity of experimental
data. It is also a tool to analyse the feasibility of unusual nMOT arrangements such as
nMOTs with fewer laser beams. We developed a module for Python using the C program-
ming language! that implements our model with high performance. We also developed a,
Python program that applies the model-view-controller pattern and parallelism. In this

section, we shall introduce our model as well as its deployment.

4.1 Stochastic evolution

Let us consider an atom at rg and with the velocity vq in the presence of laser
beams and a quadrupole magnetic field. After a period dt, this atom can absorb a photon
with momentum hk; and then emit a photon with momentum hlk;|i, where @ is an
uniform unit random vector and k; is the wave vector of the j-th laser beam. Also, since
there is a magnetic field gradient, a magnetic force acts on the atom as discussed in section

3.2.3 that yields a position-dependent acceleration ap(rg). Therefore, the atom’s velocity

v; and position r; at instant ¢0t, where ¢ = 0,1, -, are
v, + plkl |( +10) + (ap(r;_1) — g2)0t, with probability P, ; (4.1)
v, = .
vi_1 + (ap(r;_1) — gZ)dt, with probability 1 — >, P; ;
and
r=r, 1+ V,;(St + (aB(I'Z'_1> — 92)5252/2, (42)

where P, ; is the probability of happing a scattering event due to the j-th laser beam also
known as transition probability. Since P, ; is a conditional probability that depends
on the previous atom state, the dynamics is then a memoryless stochastic process,
also known as Markov chain. The goal is to sample trajectories r(t) and velocities v(t)
in order to estimate the probability distributions of the atom’s position and velocity. To

perform this, we iterate the equations (4.1) and (4.2) and then fill up histograms.

We shall assume that simulating a single atom’s motion for a long period of time

is equivalent to simulating the motion of many atoms over smaller periods of time, which

1" We choose the C language since it is one of the fastest languages available.
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is known as the ergodic hypothesis. Thus, we shall work with ensembles of atoms” mo-
tions. We also shall neglect the interaction between atoms so that the atoms’ motions will
be independent of each other. These assumptions allow us to efficiently apply parallelism

and then decrease the computational time.

4.1.1 Equilibrium

Let us consider the vector p(t) = p(id) = p; in which each component is the
probability of an atom being at specific position r = (z,y, z) with a specific velocity v =
(vg,vy,v,) at a instant ¢. We shall call this vector as atom state. Although position and
velocity are continuous variables, we must discrete both to perform a feasible computation.
If we consider N possible values for z, y, z, v,, v, and v, the dimension of the vector p; is
NS which means that the computational spatial complexity is very high and can leads to
memory issues. However, we can reduce such complexity by getting only the the marginal
probabilities p; o, where a € {z,y, 2, v;, vy, v, }, since they are independent, p; = >, pi.a-

Hence, the total dimension will be reduced to 6/V.

Let us represent the transition probabilities P; in the same vector space as a matrix

P of which each element is P; ;2. Therefore, after n iterations, the atom state will be (43,
Section 23.2)

pn=po (PXxPx---xP) =pP", (4.3)

mutiply the matrix n times

where pg is the initial atom state given by a deterministic vector since we set the initial
atom’s position and velocity. We expect that p be constant after a sufficient number of
iterations so that p = pP for large enough n. In this case, we say that p is stationary
and then the Markov chain settle into an equilibrium. We can ensure this assumption
based on the thermodynamics equilibrium. To make sure that we are only getting

samples in the equilibrium, we only store r and v after a specified number of iterations.

4.1.2 Magnetic field frame

We shall consider the assumptions introduced in section 3.1.2, which simplifies a
four-level system in three independent two-level systems associated with the polarizations
o+ and m. In this condition, for each laser beam, there are three possible transitions, each
one with its scattering rate R;;;, where | € {o4,0_,7}. Initially, we define the laser
polarizations on the basis B = {6, ,6_, 7} so that

Gy = X;gy 5 = X;_;y 7 =2, (4.4)

where A = {X,¥,2} is the basis of the laboratory frame.

2 We are assuming that r and v are discrete variables
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Magnetic
field frame

- Laboratory
frame

Figure 22 — Basis A’ = {&X',§’,2'} of the magnetic field frame in relation
to the basis A = {X,§,2} of the laboratory frame.

Source: By the author.

To account the magnetic field B effect in R, ;;, we must analyse the magnetic
field in a frame that defines the quantization axis parallel to B. Let us consider the basis
A" ={%',§',2'} in the magnetic field frame as illustrated in figure 22. The polarization

basis B' = {6",,6"_, 7'} in the magnetic field frame is given by

Al s A S a3
O AP U S B )Y (4.5)

AV RV,

The polarization vector €; of the j-th laser beam is then

6i,0’+
[@']B - 6,‘707 = gj = ei,g+6+ + ei,o_ (3', + Giyﬂﬁ', (46)

€

where [¢;] 5 is a column matrix whose elements are the components of €; on the laboratory

basis B. Hence, the components of €; on the magnetic field basis B are
(6] = Mg, (4.7)

where M is the change-of-basis matrix. We must consider two other change-of-basis ma-
trices to obtain M. The first one is the matrix M’ that change a polarization basis such
as B to a Cartesian basis such as A. The second one is the rotation matrix R(#). Thus,

the change-of-basis M is given by
M= (M)R@O)M', (M)' = ((M))" = (M), (4.8)

where

1/vV2 1/V/2 0 1 0 0
M = |—i/vV2 i/v/2 0|, R(O)= |0 cos(f) —sin(0)]. (4.9)
0 0 1 0 sin(d) cos(9)
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4.1.3 Transition probabilities

The transition probability F;; is the probability of an atom at state ¢ transiting
to the state j by scattering a photon of the j-th laser in a nMOT arrangement. Let us
impose the independent two-level systems assumption discussed in section 3.1.2 such that

there will be three independent transitions for each laser beam. Thus,

2
Pj=Y P (4.10)
1=0

where P, ;; is the probability of an atom at state ¢ scattering a photon of the j-th laser
due to the [-th electronic transition. This assumption is only valid when the Zeeman shift
is strong enough to decouple the excited states so that we can neglect coherent transitions
between them. Therefore, our model is reliable when the trapped atoms are far away from
the magnetic field origin, which happens in the power-broadened and quantum regimes
(see section 3.3.1). Although the quantum regime matches this condition, we are not
analysing the atom dynamics in quantum mechanics since we are treating the atoms’
position and velocity classically. Therefore, we expect that our model will fail in the

Doppler and quantum regime.

The time derivative of P ;; is the scattering rate R; ;; given by

r s(r)

R L 2(2* + %)
ST 1 4+ s(r) + (24, /T)2

w?

s(r):expl— ] Ay =6+469 +6p, (4.11)
where w and ¢ is, respectively, the waist and the laser detuning of the j-th laser beam,
(5%) is the Zeeman shift due to the [ transition given by equation (3.1), and ép = —k-v,;_;
is the Doppler shift. To increase accuracy, we are taking into account the Gaussian profile
of the laser beams in s(r). Hence, the probability P, ;; of happening a scattering event
during a small time interval dt can be approximate by

OP; ;i

ot

Riji= = P, j1 = Ry 0t (4.12)

Each transition is associated with one laser polarization. The probability of a photon from
the j-th laser beam having the polarization associated with the I-transition is |(¢;]&)]?,

where & € B’. Thus, the transition probability P, ; is given by

Py =" [&len)? Pijw = D 116" Ry judt. (4.13)
l !

4.2 Input and outputs

Overall, the input of the simulation is divided into two categories: the experiment

and the performance parameters. The experiment parameters include information
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about the controllable quantities of a nMOT, such as the laser arrangement, the mag-
netic field profile, and the involved electronic transitions. It is essential to have detailed
information about the nMOT in order to accurately obtain experimental quantities. The
performance parameters define precision, execution time, and memory usage. We seek the
optimisation of both time and spatial computational complexities. Hence, it is important
to properly set up the performance parameters in order to execute a simulation in an

acceptable period of time using the available memory.

The raw output of the simulation is six probability distributions of the atoms’
position and velocity, as explained in Section 4.1.1. The position distributions are essential
to obtaining experimental quantities related to the atomic cloud profile, such as the centre
of mass and the cloud size. While the velocity distributions are relevant to obtaining the

temperature.

4.2.1 Input

The experiment parameters are presented in three groups: the laser arrange-
ment, the magnetic field profile, and the involved electronic transition. All groups are
shown in tables 1, 2, and 3. Table 1 contains essential information to define the in-
volved electronic transition as well as the atoms’ mass, which is crucial for evaluating the
scattering rates (4.11) and therefore the transition probabilities (4.13). Table 2 contains
the magnetic field profile. Besides the quadrupole magnetic field already mentioned in
previous sections, some experiments also have a residual linear gradient and a constant
magnetic field to control the magnetic field origin. Lastly, table 3 defines the laser beam
arrangement.

Table 1 — Simulation parameters that defines the involved electronic
transition and the mass of the atoms.

Symbol Description Unit
r Natural linewidth 2r x kHz
A Resonance wavelength nm
Jend Total angular momentum of the ground state dimensionless
Joxe Total angular momentum of the excited state dimensionless
Jend Landé factor of the ground state dimensionless
Jexc Landé factor of the excited state dimensionless
m Atomic mass Da (Dalton unit)

Source: By the author.

The performance parameters are shown in table 4. Let us discussed each of
them. The parameter t, is the period of time in which we do not get samples. This
parameter defines a moment at which equilibrium has already been reached. We set its

value by analysing the variation of the atom’s position. Thus, we only get samples during
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Table 2 — Simulation parameters that defines the magnetic field profile.

Symbol Description Unit

By Magnetic field gradient in equation (3.13) |  G/cm
Bisial Axial direction of the magnetic field 3D vector
Biingrad Residual magnetic field gradient 3D vector
Bhias Constant magnetic field 3D vector

Source: By the author.

Table 3 — Simulation parameters that defines the laser beams arrange-

ment.
Symbol Description Unit
) Laser detuning 2m x kH z
S0 Saturation parameter dimensionless
w Waist cm
k Wavevector direction 3D vector
€ Polarization vector in the laboratory frame 3D vector

Source: By the author.

the interval ¢ — t,,. The last time parameter is the time resolution from equations (4.1)
and (4.2). The parameters t, r,,, and v, define the conditions to stop the simulation,

which are

o If the simulation time is greater than t;
o If the atom trespasses the sphere of radius r,,;

o If the atom’s velocity is greater than v,,.

The position and velocity resolution are defined by the parameters N, r,,, v,,. The spatial
resolution is dr = r,,/N,, whilst the speed resolution is v = v,,,/N,.. Hence, the atoms’
positions z, y, and z are multiples of J,, whereas the atoms’ velocities v, vy, and v, are
multiples of ¢,. The number of samples N; is basically the number of ensembles (atoms’
motions), which defines the precision of the output. Lastly, the initial temperature Tj

defines the initial atoms’ velocities by sampling the Mlaxwell-Boltzmann distribution.

4.2.2  Output

The raw output of the simulation consists of six probability distributions that de-
scribe the atoms’ motion. These distributions can be divided into two groups: position
and velocity distributions. Although these are continuous quantities, our model repro-

duces discrete values. Hence, the atoms’ position and velocities are then restricted to the
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Table 4 — Simulation performance parameters.

Symbol Description Unit
t Maximum time of simulation ms
tw Waiting time ms
ot Time resolution ms
T Maximum distance of the origin cm
U, Maximum speed cm/s
Ny Number of samples dimensionless
N, Resolution number dimensionless
N, Number of parallel tasks dimensionless
T Initial temperature K

Source: By the author.

following space
r = (i,X + 1, ¥ +1,2)0r, (4.14)
Vv = (JuX + Jy¥ + Ju2)v, (4.15)

where iy, iy, i, Jz, Jy, and j, are positive integers, and dr and dv are the spatial and

speed resolution respectively. The joint probability distribution d, of the atoms’ position

is given by
dy (i, iy, 1) = dy(in)dy(iy)d(i2), (4.16)
Z d,(iz,1y,1,) — Probability of finding an atom in the volume V/, (4.17)
%

where d,, d,, and d, are marginal probability distributions. The equation (4.16) assumes
independence between each direction. Similarly, the joint probability distribution d, of

the atoms’ velocity is given by

d, (ivx ) in’ ivz) = dUa: (i'Uac )d'Uy (ivy)dvz (ivz )a (4'18)

> dy(iv,, iv,, i) — Probability of finding an atom with velocities Av, (4.19)
Av

We are interested in two atomic cloud quantities: the centre of mass and the cloud

size. The centre of mass is given by,
ro= (d) %+ (d,)§ + (d) 2. (4.20)

where (d,), (d,), and (d > are averages. The cloud sizes are

\/ d - I » Oy = \/ =V <(dz - <dz>)2>7 (421)

where 0,, 0y, 0, are standard deviations.

We are also interested in temperature, which is evaluated by the equipartition

theorem given by

ST = D)+ () + (@) = T= S () + (@) + (@), @2
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5 RESULTS

In order to validate our model, we estimated the experimental quantities of three
nMOT arrangements reproduced by different laboratories. One traps dysprosium atoms,
whereas the other two trap strontium atoms. We chose those experiments since their nar-
rownesses are small enough to reach the power-broadened regime, which is a requirement
of our model. In this chapter, we present the estimated quantities and compare them to

experimental measures.

5.1 Dysprosium

The dysprosium nMOT (42) reproduced by Davide Dreon and his research group
matches the conditions of our experiment and is thoroughly detailed in the Dreon PhD
thesis (44), which helps us improve accuracy as discussed in Section 4.2. Also, our research
group is preparing a similar experimental setup in order to study dipolar quantum gases
by making use of the large magnetic dipole moment of dysprosium. Moreover, the involved
electronic transition presented in Table 5 yields a narrowness of n = 43.8 from equation
(3.16) and R = 169.3 from equation (3.15), which are not ideal values. However, the
experimental setup is designed to decrease the MOT force in the gravity direction, allowing
the atoms to fall under gravity. Therefore, even with a non-ideal narrowness, Dreon nMOT

is able to reach the power-broadened regime and then satisfy our model requirements.

Table 5 — Parameters of the involved electronic transition from the Dreon

nMOT.
Symbol Quantity Value

I'/2n Natural Linewidth 136 kHz
A Resonant wavelength 626 nm

Jgnd Ground state angular momentum 8

9gnd Ground state Landé factor 1.24

Jeze Excited state angular momentum 9

Gexc Excited state Landé factor 1.29
m Mass 164 u

Source: DREON. (44).

The involved transition is more complicated than the one present in Chapter 4
since it has 36 possible states in the presence of a magnetic field due to the large angular
momenta |J =8) — |J =9). However, in the power-broadened regime, the dysprosium
atoms gather in a region with a large and negative magnetic field, which leads to a large

and positive Zeeman shift so that an efficient optical pumping populates the absolute



68

ground state |J = 8,m; = —8). This spin-polarization was observed experimentally for
nMOTs with lanthanide atoms (45,46) and also in the Dreon experiment. Therefore,
due to selection rules (see Appendix C), we can simplify the transitions to a four-level
system as illustrated in Figure 23a and then apply our model under the three independent

two-level systems assumption.

(b) Laser beam arrangement

Figure 23 — (a) Electronic transitions of spin-polarized dysprosium atoms
and (b) laser beam arrangement and Helmholtz coils setup
from the Dreon nMOT.

Source: DREON. et al. (42).

(a) Electronic transitions

z

Y x

The arrangement of the lasers is not the usual one introduced in Section 3.2, where
we have a pair of counter-propagating laser beams in the gravity direction. In the Dreon
setup, there are two pairs of counter-propagating laser beams forming an angle of 45
degrees with the gravity direction, as illustrated in Figure 23b. Moreover, the strong and
negative magnetic field component is perpendicular to the gravity direction so that the
laser beams in this direction have different polarization than the other ones. This setup
was designed to decrease the MO'T force in the gravity direction and then guarantee that
the atoms fall below the magnetic field origin. The parameters of the laser arrangement

and the magnetic field profile are presented in Tables 6 and 7.

5.1.1 Atomic cloud profile

The in-situ and estimated atomic cloud profiles are shown in Figures 24a and 24b.
The larger the laser detuning, the lower the centre of mass, and the more spread the
atomic cloud. The atomic cloud distributions resemble an ellipsoid whose semi-major axis
is perpendicular to the gravity direction. Those are typical effects of power-broadened

nMOTs, regardless the slightly large narrowness.

From equation (3.20), we expect that the centre of mass' of the atomic cloud is

1 We are considering only the z component as the centre of mass since all other components

is about zero in all cases.
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Table 6 — Wave vector direction (x,y, z) and polarization (o,,0_,7) in
the laboratory frame (see Section 4.1.2) from Dreon nMOT. All
laser beams are set up with the saturation parameter sqg = 0.65
and waist 2.0 cm.

Wave vector (arb. unit.) | Polarization
(1,0,0) (0, 1,0)
(_170’0) ( )
(0,1,1) (1,0,0)
(0,—1,1) (1,0,0)
(0,1,-1) (1,0,0)
(0,-1,-1) (1,0,0)

Source: DREON. et al. (42).

Table 7 — Parameters that defined the magnetic field profile from Dreon

nMOT.
Symbol Quantity Value
By Axial gradient 1.711G
B Magnetic Field | Bo(—2 + 3/2 4+ 2/2)
Biias Bias (—0.0942) G/em

Source: DREON. et al. (42).

(a) Simulated atomic cloud

(b) In-situ atomic cloud

z [mm]

-25 00 25 -25 00 25 -25 00 25
X [mm] X [mm] X [mm]

Figure 24 — (a) Estimated atomic cloud profile for different laser detun-
ings based on equation (4.16). (b) In-situ atomic cloud pro-
files from the Dreon nMOT.

Source (a): By the author; (b): DREON. et al. (42).

proportional to the laser detuning for large detunings. In fact, the estimated centre of

mass given by equation (4.20) and the experimental measures confirm this linear relation
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for laser detunings roughly larger than 2w x 700 kHz ~ 4I"”, as illustrated in Figure 25.
However, the theoretical centre of mass is not as accurate as the estimated one since there
is a difference of about 1mm between the experimental and theoretical centre of mass,

whereas the estimated values match almost perfectly the experimental measures.
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Figure 25 — The gravity direction component of the centre of mass as
a function of the laser detuning. The blue spheres, orange
triangles, and green squares are, respectively, the theoretical
centres of mass from equation (3.20), estimated points, and
experimental measures from (44).

Source: By the author.

We do not expect an accurate estimative of the cloud size since this quantity is
affected by interactions between atoms, which are not taken into account in our model.
Indeed, the experimental cloud sized is larger than the estimated ones given by equation
(4.21), as illustrated in Figure 26a. This is expected due to the re-absorption of scattered
photons. Nevertheless, we are able to compare the experimental and estimated cloud sizes
more clearly by verifying the ratio between two cloud size components, as illustrated in
Figure 26b. It was observed in previous works (40) that the cloud size is proportional to
the cube root of the number of trapped atoms v/N as discussed in Section 3.2.2. Therefore,
we remove the effect of scaling constants by analysing the ratio between components. The
experimental and estimated cloud sizes match roughly in the laser detuning range of —10I"
to —4I" (=27 x 1750k Hz to —27 x 700k H z). We expect that the estimated cloud sizes do
not match the experimental ones for lower detunings (in module) because we are out of
the power-broadened regime. Although there are no experimental measures available in
this range, we can observe that there are variations inconsistent with the range in which
there is agreement between experimental and estimated values. For laser detunings larger
than 10I" in module, we do not have a good matching mostly due to the o, values. To

explain such divergence, we must consider that an ellipsoid bounds the region in which
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the atoms can be trapped. The curvature effect is particularly predominant in the x and

y directions and can invalidate the scaling factor v/ V.

(a) Cloud sizes o, and o,

o, a, (b) Cloud size ratio o, /0.
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Figure 26 — (a) Cloud sizes o, and o, and (b) cloud ratio o,/0, as a
function of the laser detuning. The blue spheres and orange
triangles are the estimated and experimental cloud sizes re-
spectively.

Source: By the author.

5.1.2 Temperature

The experimental and estimated temperatures are shown in Figure 27. Firstly,
both estimated and experimental temperatures are higher than the theoretical temper-
ature Tp = 4.19 pK given by equation (3.9). For laser detunings roughly larger than
61" ~ 7.5I" in module, the experimental measures match the estimated values. In this
range, the temperature is approximately constant, which agrees with the theoretical tem-
perature given by equation (3.9). However, the absolute theoretical value does not match
the experimental measures. For detunings roughly lower than 61", the experimental tem-
peratures increases with the laser detuning whereas the estimated values decreases. In

this range, the nMOT is not in the power-broadened regime.
5.2 Strontium

We estimate quantities from two strontium nMOTs. The first one, reproduced by
Thomas Loftus (33) and his research group, was used to estimate quantities related to the
atomic cloud profile. The second one was used to analyse temperature and was reproduced
by the research group of the professor Raul C. Teixeira at Federal University of Sao Carlos.
We shall call each experiments Loftus nMOT and IFSC nMOT, respectively. Both

use the same electronic transition presented in Table 8, whose narrowness is n = 1.6 from
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Figure 27 — Temperature of the Dreon nMOT as a function of the laser
detuning. The blue spheres and the orange triangles are the
estimated and experimental temperatures respectively. We
can roughly split the temperatures into two regions at the
laser detuning —61" ~ 7.5I". For detunings lower than 61"
in module, the nMOT is not in the power-broadened regime
and then present a divergence between experimental and es-
timated values.

Source: By the author.

equation (3.16) and R = 15.8 from equation (3.15). Since these values are lower than the
Dreon nMOT, it is easier to reach the power-broadened regime since the MOT forces will
be much lower. Moreover, this transition is the same as the one analysed in Chapter 3 and

therefore it does not depend on the spin-polarization phenomenon as the Dreon nMOT.

Table 8 — Electronic transition parameters from the Loftus nMOT and
the IFSC nMOT.

Symbol Quantity Value
I'/2n Natural Linewidth 7.5 kHz
A Resonant wavelength 689 nm
Jgnd Ground state angular momentum 0
9gnd Ground state Landé factor 0
Jeze Excited state angular momentum 1
Gexc Excited state Landé factor 1.5
m Mass 88 u

Source: LOFTUS. et al. (33). TEXEIRA. et al.!

Both Loftus nMOT and IFSC nMOT have the same arrangement as shown in
Section 3.2. The laser beam setup and the magnetic field profile are presented in Tables 9,

10, and 11. The polarization of the laser beams in the gravity direction are different than

1 Professor Raul. C. Teixeira and his research group at the Federal University of Sao Carlos

reproduced the IFSC nMOT of which we estimate the experimental quantities.
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the polarization of the other ones since the negative component of the magnetic field is

in this direction.

Table 9 — Wave vector direction (x,y, z) and polarization (o,,0_,7) in
the laboratory frame (see Section 4.1.2) from the Loftus nMOT
and the IFSC nMOT. The laser beams of the Loftus nMOT
have the saturation parameter sg = 248 and waist w = 2.6 cm,
whereas the laser beams of the IFSC nMOT have sq = 102 and
w = 6.0 cm.

Wave vector (arb. unit.) | Polarization
(1,0,0) (1,0,0)
(—1,0,0) (1,0,0)
0,1,0) (1,0,0)
(0,—1,0) (1,0,0)
(0,0,1) (0,1,0)
(0,0,-1) (0,1,0)

Source: LOFTUS. et al. (33). TEXEIRA. et al.?

Table 10 — Parameters of the magnetic field profile from the Loftus

nMOT.
Symbol Quantity Value
By Axial gradient 10G/em
B Magnetic Field | By(Z/2+ 3/2 — 2)
Buias Bias 0

Source: LOFTUS. et al. (33).

Table 11 — Parameters of the magnetic field profile from the IFSC

nMOT.
Symbol Quantity Value
By Axial gradient 5G/em
B Magnetic Field | Bo(2/2+ 3/2 — 2)
Buius Bias 0

Source: TEXEIRA. et al.?

5.2.1 Atomic cloud profile

The in-situ and estimated atomic cloud profiles from the Loftus nMOT are shown

in Figures 28b and 28a. They are similar to the Dreon profiles, as discussed in Section

2 Professor Raul. C. Teixeira and his research group at the Federal University of Sao Carlos

reproduced the IFSC nMOT of which we estimate the experimental quantities.
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5.2.1, but the eccentricities of the Loftus profiles are larger than those of the Dreon since
the MOT forces are smaller. Moreover, the ellipsoid that bounds the atomic cloud is more
clear for the Loftus nMOT, such that its bottom is clearly visible. Overall, the Loftus
nMOT exhibits the properties of power-broadened nMOTs more clearly than the Dreon

nMOT due to its smaller narrowness.

(a) Estimated atomic cloud profile. (b) In situ atomic cloud profile.

(@-22Tr (b)—7.3T «—56mMm —r

§= —6.6I" §=-15.2I"

x [mm] % [mm] % [mm]

Figure 28 — (a) Estimated atomic cloud profile for different laser detun-
ings based on equation (4.16). (b) In-situ atomic cloud pro-
files from the Loftus nMOT.

Source (a): By the author; (b): LOFTUS. et al. (33).

The theoretical centre of mass given by equation (3.20) fits perfectly the estimated
values roughly about A = —5I") as shown in Figure (29). For laser detunings roughly
below 5I"” in module, we consider that nMOT is not in the power-broadened regime.
Both estimated and theoretical centre of mass are about 0.1mm above the experimental

measures.

--&- Simulation
Experiment
—— Theory

-125 -100 -75 -50 -25 0.0
Al

Figure 29 — Centre of mass as a function of the laser detunings from the
Loftus nMOT. The blue spheres, orange triangles, and black
line are the estimated, experimental, and theoretical centre
of mass respectively.

Source: By the author.
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We do not find experimental measures of the cloud size from the Loftus nMOT.
Nevertheless, we obtained the cloud sizes based on equation (4.21), as illustrated in Figure
30. The x and y cloud size components is essentially the same since the MOT force are
symmetrical in these directions. The the larger the laser detuning module, the more spread

the atomic cloud is in the directions perpendicular to the gravity. The z component of

the cloud size has a different behaviour. Roughly about A = —6I", ¢, becomes constant
—0.5nm.
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Figure 30 — Cloud sizes components from the Loftus nMOT as a function
of the laser detuning. The blue spheres, orange triangles,
and green squares are the estimated x, y, and z cloud size
components respectively.

Source: By the author.

5.2.2 Temperature

We simulate two sets of temperatures presented in Figures 31a and 3la by fix-
ing either the saturation parameter or the laser detuning. In the first one, for detunings
roughly smaller than —4I", the experimental temperatures increases with the laser de-
tuning whereas the estimated values decrease, as the Dreon nMOT. Therefore, in this
range, the nMOT is not in the power-broadened regime. In the complementary range,
the estimated temperature is approximately constant and equals to 4u/ whereas the
experimental temperatures slowly increases from 4p K to 5.5uK so that the maximum di-
vergence is 1.5u K. The theoretical temperature given by equation (3.9) is 1.8u K, which
is smaller than both estimated and experimental values. In the second set of tempera-
tures, for saturation parameters roughly smaller than 450, the maximum divergence is
1u K, whereas for the complementary range, the maximum divergence increases to 6p K.
In both sets of temperatures, the experimental values are closer to the estimated values

than the theoretical ones.
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(a) Temperature vs. laser detuning.
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Figure 31 — (a) Temperature as a function of the laser detuning for a

saturation parameter of s

102. (b) Temperature as a

function of the saturation parameter for a laser detuning
of 6 = —3.1 M Hz. The blue spheres and orange triangles
are the estimated and experimental values from the IFSC

nMOT respectively.
Source: By the author.
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6 CONCLUSION

In this Master’s degree work, we proposed and implemented a Monte Carlo sim-
ulation to estimate experimental quantities of narrow-line magneto-optical traps. We es-
sentially estimate the probability distributions of the atoms’ position and velocity in the
presence of laser light and a quadrupole magnetic field. Then, with these distributions,
we estimate the atomic cloud profile and the temperature. Our proposal is to sample the

atoms’ states by considering their movement as a Markovian process.

We were able to simulate three nMOT arrangements reproduced by different lab-
oratories and obtain estimated quantities that are more accurate than the theoretical
ones. It is possible to use our simulation to optimize parameters of nMOTs without the
necessity of experimental data. It is also a tool to analyse the feasibility of unusual nMOT

arrangements such as nMOTs with fewer laser beams.

We analysed the limits of our model regarding the three nMOT regimes and verified
that it works exclusively in the power-broadened regime. Therefore, to obtain accurate
quantities, it is necessary to guarantee a set of parameters that keep the nMOT in this
regime. We validated our model for nMOTs with small and slightly large narrownesses. It
is possible to estimate quantities for both cases, but the larger the narrowness, the more
difficult it is to reach the power-broadened regime. Hence, nMOTs with small narrownesses
have a larger range in which we are able to predict experimental quantities. The nMOT
setup with a slightly large narrowness must be designed to decrease the trapping effect
in the gravity direction so that the atoms are able to fall under gravity. This is a typical

effect of power-broadened nMOTs.

We confirmed that our simulation is capable of estimating quantities for compli-
cated transitions by assuming the spin-polarized atoms. In our model, we are assuming
that the transition is a four-level system. The dysprosium nMOT presented in Section
5.1 is based on an electronic transition with 36 states. Nevertheless, we were able to esti-
mate quantities by assuming spin-polarized atoms based on previous works in which this

phenomenon was observed experimentally.






79

REFERENCES

1 PETERS, A.; CHUNG, K. Y.; CHU, S. High-precision gravity measurements using
atom interferometry. Metrologia, v. 38, n. 1, p. 25, 2001.

2 MUKAMEL, S. et al. Roadmap on quantum light spectroscopy. Journal of Physics
B: atomic, molecular and optical physics, v. 53, n. 7, p. 072002, 2020.

3 CHU, S. Nobel lecture: the manipulation of neutral particles. Reviews of Modern
Physics, v. 70, n. 3, p. 685, 1998.

4 COHEN-TANNOUDJI, C. N. Nobel lecture: manipulating atoms with photons.
Reviews of Modern Physics, v. 70, n. 3, p. 707, 1998.

5 PHILLIPS, W. D. Nobel lecture: laser cooling and trapping of neutral atoms.
Reviews of Modern Physics, v. 70, n. 3, p. 721, 1998.

6 METCALF, H. J.; STRATEN, P. Van der. Laser cooling and trapping of neutral
atoms. Available at: https://onlinelibrary.wiley.com/doi/epdf/10.1002/9783527600441.
0e005. Accessible at: 23 Jan. 2023.

7 LUDLOW, A. D. et al. Optical atomic clocks. Reviews of Modern Physics, v. 87,
n. 2, p. 637, 2015.

8 SCHNEIDER, P.-1.; SAENZ, A. Quantum computation with ultracold atoms in a
driven optical lattice. Physical Review A, v. 85, n. 5, p. 050304, 2012.

9 ZHANG, X.; YE, J. Precision measurement and frequency metrology with ultracold
atoms. National Science Review, v. 3, n. 2, p. 189-200, 2016.

10 CORNELL, E. A.; WIEMAN, C. E. Nobel lecture: Bose-Einstein condensation in
a dilute gas, the first 70 years and some recent experiments. Reviews of Modern
Physics, v. 74, n. 3, p. 875, 2002.

11 KETTERLE, W. Nobel lecture: When atoms behave as waves: Bose-Einstein
condensation and the atom laser. Reviews of Modern Physics, v. 74, n. 4, p. 1131,
2002.

12 KRZYSZTOF, K. et al. Magneto-optical trap: fundamentals and realization.
Computational Methods in Science and Technology, n. 2, p. 115-129, 2010. DOI:
10.12921 /cmst.2010.51.02.115-129.

13 FRISCH, A. et al. Narrow-line magneto-optical trap for erbium. Physical Review
A, v. 85 1. 5, p. 051401, 2012.

14 MAIER, T. et al. Narrow-line magneto-optical trap for dysprosium atoms. Optics
Letters, v. 39, n. 11, p. 3138-3141, 2014.

15 MIYAZAWA, Y. et al. Narrow-line magneto-optical trap for europium. Physical
Review A, v. 103, n. 5, p. 053122, 2021.


https://onlinelibrary.wiley.com/doi/epdf/10.1002/9783527600441.oe005.
https://onlinelibrary.wiley.com/doi/epdf/10.1002/9783527600441.oe005.

80

16 LETT, P. D. et al. Observation of atoms laser cooled below the doppler limit.
Physical Review Letters, v. 61, n. 2, p. 169, 1988.

17 GATTOBIGIO, G. et al. Scaling laws for large magneto-optical traps. Physica
Scripta, v. 81, n. 2, p. 025301, 2010.

18 LOO, F. et al. Investigations of a two-level atom in a magneto-optical trap using
magnesium. Journal of Optics B: quantum and semiclassical optics, v. 6, n. 1, p. 81,
2003.

19 BALYKIN, V.; MINOGIN, V.; LETOKHOV, V. Electromagnetic trapping of cold
atoms. Reports on Progress in Physics, v. 63, n. 9, p. 1429, 2000.

20 CHAUDHURI, S.; ROY, S.; UNNIKRISHNAN, C. Realization of an intense cold
rb atomic beam based on a two-dimensional magneto-optical trap: experiments and
comparison with simulations. Physical Review A, v. 74, n. 2, p. 023406, 2006.

21 ATUTOV, S. et al. Sodium mot collection efficiency as a function of the trapping
and repumping laser frequencies and intensities. European Physical Journal D -
atomic, molecular, optical and plasma physics, v. 13, n. 1, p. 71-82, 2001.

22 HANLEY, R. K. et al. Quantitative simulation of a magneto-optical trap operating
near the photon recoil limit. Journal of Modern Optics, v. 65, n. 5-6, p. 667676,
2018.

23 WEINER, J.; HO, P.-T.; DEE, K. C. Light-matter interaction: fundamentals
and applications. New York: Wiley Online Library, 2003. v. 1.

24 FOOT, C. J. et al. Atomic physics. Oxford: Oxford University Press, 2005. v. 7.

25 STECK, D. A. Quantum and atom optics. 2007. Available at: http:
//info.phys.unm.edu/~ideutsch/Classes/Phys581523 /Reference%20Material %W EF %80%
A8/Steck%20quantum%20optics.pdf. Accessibleat:23Jan.2023. Accessible at: 23 Jan.
2023.

26 VALVERDE, C.; BASEIA, B.; BAGNATO, V. Mecanismos de alargamento de linhas
espectrais atomicas. Revista Brasileira de Ensino de Fisica, v. 38, n. 4, p. 4302,
2016.

27 REINAUDI, G. et al. Strong saturation absorption imaging of dense clouds of
ultracold atoms. Optics Letters, Optical Society of America, v. 32, n. 21, p. 3143-3145,
2007.

28 SMITH, D. A. et al. Absorption imaging of ultracold atoms on atom chips. Optics
Express, v. 19, n. 9, p. 8471-8485, 2011.

29 SHU-BIN, Y. et al. Absorption spectroscopy of cold caesium atoms confined in a
magneto-optical trap. Chinese Physics, v. 13, n. 10, p. 1669, 2004.

30 TORREY, H. Transient nutations in nuclear magnetic resonance. Physical Review,
v. 76, n. 8, p. 1059, 1949.

31 PERRIN, H. Doppler cooling and magneto-optical trapping. 2014. Available
at: http://www-1pl.univ-paris13.fr/bec/BEC/Teaching/lecture2_2012.pdf. Accessible
at: 30 Apr. 2022.


http://info.phys.unm.edu/~ideutsch/Classes/Phys581S23/Reference%20Material%EF%80%A8/Steck%20quantum%20optics.pdf. Accessible at: 23 Jan. 2023.
http://info.phys.unm.edu/~ideutsch/Classes/Phys581S23/Reference%20Material%EF%80%A8/Steck%20quantum%20optics.pdf. Accessible at: 23 Jan. 2023.
http://info.phys.unm.edu/~ideutsch/Classes/Phys581S23/Reference%20Material%EF%80%A8/Steck%20quantum%20optics.pdf. Accessible at: 23 Jan. 2023.
http://www-lpl.univ-paris13.fr/bec/BEC/Teaching/lecture2_2012.pdf.

81

32 PRUDNIKOV, O.; TAICHENACHEV, A.; YUDIN, V. Three-dimensional theory
of the magneto-optical trap. Journal of Experimental and Theoretical Physics,
v. 120, n. 4, p. 587-594, 2015.

33 LOFTUS, T. H. et al. Narrow line cooling and momentum-space crystals. Physical
Review A, v. 70, n. 6, p. 063413, 2004.

34 CHOI, S.-K. et al. Three-dimensional analysis of the magneto-optical trap for (1+
3)-level atoms. Physical Review A, v. 77, n. 1, p. 015405, 2008.

35 GAJDA, M.; MOSTOWSKI, J. Three-dimensional theory of the magneto-optical
trap: Doppler cooling in the low-intensity limit. Physical Review A, v. 49, p.
4864-4875, 1994. DOI: 10.1103/PhysRevA.49.4864.

36 BERMAN, P. R.; MALINOVSKY, V. S. Principles of laser spectroscopy and
quantum optics. Princeton: Princeton University Press, 2011.

37 RAAB, E. L. et al. Trapping of neutral sodium atoms with radiation pressure.
Physical Review Letters, v. 59, n. 23, p. 2631, 1987.

38 KATORI, H. et al. Magneto-optical trapping and cooling of strontium atoms down
to the photon recoil temperature. Physical Review Letters, v. 82, n. 6, p. 1116, 1999.

39 ZACHOROWSKI, J.; PALASZ, T.; GAWLIK, W. Magneto-optical trap for rubidium
atoms. Optica Applicata, v. 28, p. 239-248, 1998.

40 CAMARA, A.; KAISER, R.; LABEYRIE, G. Scaling behavior of a very
large magneto-optical trap. Physical Review A, v. 90, p. 063404, 2014. DOI:
10.1103/PhysRevA.90.063404.

41 COURTEILLE, P. W. Atom-light interaction and basic applications.
2019. Available at: https://www.ifsc.usp.br/~strontium/Publication/Scripts/
Light AtomsLecture.pdf. Accessible at: 23 Jan. 2023.

42 DREON, D. et al. Optical cooling and trapping of highly magnetic atoms: the
benefits of a spontaneous spin polarization. Journal of Physics B: atomic, molecular
and optical physics, v. 50, n. 6, p. 065005, 2017.

43 WASSERMAN, L. All of statistics: a concise course in statistical inference. New
York: Springer, 2004. v. 26. (Springer texts in statistics, v. 26).

44 DREON, D. Designing and building an ultracold Dysprosium experiment:
a new framework for light-spin interaction. 2017. PhD Thesis (Doctor) — Paris Sciences
Lettres Research University, 2017.

45 LU, M. et al. Strongly dipolar bose-Einstein condensate of dysprosium. Physical
Review Letters, v. 107, n. 19, p. 190401, 2011.

46 AIKAWA, K. et al. Bose-Einstein condensation of erbium. Physical Review
Letters, v. 108, n. 21, p. 210401, 2012.

47 BRASIL, C. A.; FANCHINI, F. F.; NAPOLITANO, R. d. J. A simple derivation of
the lindblad equation. Revista Brasileira de Ensino de Fisica, v. 35, n. 1, p. 01-09,
2013.


https://www.ifsc.usp.br/~strontium/Publication/Scripts/LightAtomsLecture.pdf.
https://www.ifsc.usp.br/~strontium/Publication/Scripts/LightAtomsLecture.pdf.

82

48 KUHR, S. et al. Deterministic delivery of a single atom. Science, v. 293, n. 5528, p.
278-280, 2001.

49 FUHRMANEK, A. et al. Imaging a single atom in a time-of-flight experiment. New
Journal of Physics, v. 12, n. 5, p. 053028, 2010.

50 BUCKER, R. et al. Single-particle-sensitive imaging of freely propagating ultracold
atoms. New Journal of Physics, v. 11, n. 10, p. 103039, 2009.



83

APPENDIX A - Density operator

The density operator represents an ensemble of identical systems in different
quantum states. Let us consider a system which can be found in a quantum state [iy)

with probability P. This system is represented by the following density operator
p= Pltp)te| sothat > P, =1. (A.1)
k k
When the system is described by a single state vector |¢), which means p = [)v)], it is
said to be in a pure state, otherwise it is said to be in a mixed state.

Let us consider the orthonormal basis {|n) : n € {1,2,--- | N}} on which it is
possible to represent the states {|¢x)} and the density operator p as

N P11 - PN

[Yr) = Z cpnle? n), p=| : . 1|, (A.2)
" PN1 ' PN,N

where  pp,., = (m|pln) (matrix elements), (A.3)

being p the density matrix and c;,, = |cx|e® . From now on, we shall assuming the
abuse of notation p = p in order to make the definion of a density operator easy by using
its matrix represantion. The probability of finding a state |n) in a given state vector |iy)

is Py|ckn|?. Then the probability of finding the state |n) in any state vector is

3 Plenal? = 3 Pefnltn) @uln) = (o (3 Plvulnd ) I = ald) = pos (A0
k k,n k‘,n
Therefore, the diagonal terms, also referred as populations, give the probability of mea-
suring the system in some state |n), which implies

N

Tr[p] = Y (nlpln) = annz : (A.5)

n=1
where T'r[p] is the trace of the operator p. This operation is independent of the basis
since it is invariant with respect to any unitary transformation. Moreover, the trace is

also invariant under cyclic permutation of the product so that
T[ABC] = W[BEA] = TH[CAB]. (A.6)
The off-diagonal terms are called coherences. They give information about the relative

phase of different components. Let us consider a pure state so that
= o ) ) = Gl (ke 1)) (S el @l ) (47)
P

=D lepeqle’ %) (mlp) (qln) = |emen|e P9 (A.8)
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For mixed systems, the coherences will be the sum of complex numbers corresponding
to different states [i;). Furthermore, it is possible to check whether a system is pure or

mixed evaluating the quantity Tr[p?]. For a pure state ppue = |1) (1], we have

Prure = [0) (G10) (6] = [0XO] = Ppure = Tt || = Telppure] = 1. (A9)

Indeed, P}, = Ppure for any pure state, being n a non-negative integer. To study the case
of a mixed state defined by the density operator ppzeq, let us assume a basis where the

matrix pizeq is diagonal so that

Tr {pilixed} = Z(/On,n)2 S an,n = 17 (AlO)

n

since 0 < p,, < 1. A diagonal pure state has only a single non-zero element, whereas a
diagonal mixed state necessarily has more then one non-zero element. Hence, being the

trace operation independent of the basis, for a mixed state we always have

Tt | Pinea) < 1. (A.11)

We can also compute expectation values using the trace operation. Let us consider
an observable A whose matrix elements are A,,, = (m|A|n). The expectation value (A)

is expressed by

(A) = %:Pk (Wil Al . (A.12)

On the other side,

PA =" Pu|tnXtonl A = (nlpAln) = 3" Pi (il Aln) (n]er) = (A.13)
p p

= o] = X ulp ) = 5 Plind 4 (X ool ) ) = S B (onldlond (A1)

n

I

Te[pA] = 37 Pl Alusy) = (A). (A.15)

Therefore, the ensemble average of any observable A can be calculated from the diagonal

clements of the operator matrix pA.

The density operator formalism is also great to manage composite system. Let
us consider a system A defined by the density operator p4 and the Hilbert space H 4, and
a system B represented by the density operator pg and the Hilbert space Hp. The total
system, which take A and B into account, is described by the density operator psp and
the Hilbert Space Ha ® Hp. The operator p4 and pp can be seen as reduced density

matrices, which can be derived from p4p through the partial trace operation,

ﬁA = TrB[,aAB} and ﬁB = TrA[ﬁAB]- (A16)
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Let us consider a pure state |1)45) of both system A and B given by

[VaB) = Zcm,n |m) ® |n), where Z |Cmn| = 1. (A.17)

m,n m,n

If the systems are independent, we can associate a state [t)4) = Y a,, |m) to the system
A and |[¢g) = > b, [n) to the system B so that

) = [) & [5) (Zam|m)®(zbn|n>)=zambn|m>®|n>. (A18)

From equations (A.17) and (A.18), we obtain ¢,,,, = am,b,. Then, the density operator

pap is given by

pas = [a)¥as] =D D amambyby [m)m'| @ |n)n'| =

- (Z/ o, |m><m’|) ® (2 bt |n><n'|) -
= [Ya)al ® [YEXV5| = pu @ P5- (A.19)

Therefore, when two systems A and B are uncorrelated or independent, we can write
the density operator of both systems as a tensor product between the density operator of

the system A and the density operator of the system B,

paB = Pa @ pp. (A.20)

A.0.1 Liouville equation

The time evolution of a state vector [¢) is given by the Schrodinger equation
H |p) = ihd, |¢), where H is the Hamiltonian of the system. Thereby, the time evolution
of p is given by

p=0) (z p, |¢k><¢k|> = SR ) (il + ) @ (] = (A21)
= LS Pl B — B ) = A~ A1p (A.22)
k
Therefore, _
owp = 519, H) (A.23)

where the equation (A.23) is called von Neumann equation or Liouville equation.
The commutator itself can be considered as a superoperator acting on the density

operator,

£ot) =~ [H, (1), (A.24)
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where £ is known as Liouville superoperator. We shall work with a Hamiltonian in
the form H = Hy + V(t), where Hy is a time-independent part and V(t) is a time-

dependent term. In this case, it is convenient to define an unitary transformation given

by U(t) = e=#0ot/h g0 that

A A

7(t) = U1 ()0 (1) (A.25)
Calculating the time derivatives on both sides of (A.25) and assuming (A.23), we obtain

0 (1) = 3 [V (0), /(1) (A.26)

The equation (A.26) is the Liouville equation in the interaction picture, which de-

pends only on the time-dependent part.

The equation (A.23) is valid as long as there are only coherent effects on the
system, since these processes are represented by unitary time evolutions!. In the context
of atom-light interaction when we assume an density operator associated with the atomic
internal states, the Liouville equation only describes stimulated absorption and emission.
However, spontaneous emission is a predominant process in MOTs, so it is mandatory
to take it into account. To comply with that, we shall introduce the master equation in

section ?77.

A.1 Decoherence

Spontaneous emission comes from a coupling between an open quantum system,
described by the density operator pg, and the environment, represented by the density
operator pg. Moreover, the environment must have far more degrees of freedom than the
system. In our case, the system can be understood as the atom and the environment
as the vacuum modes of the quantized electromagnetic field. Let us consider a density
operator pgg which represents jointly the system and the environment. Assuming a weak
coupling in which the system performs a small perturbation to the environment, we can

treat both independently so that
Pse = s @ Pp- (A.27)

The equation (A.27) is known as the Born approximation. At first, both system and en-
vironment provoke mutual excitations, getting out of thermal equilibrium. After a while,
both will reach equilibrium again through a relaxation process. Let us consider the relax-
ation times 7 and 7g of the environment and the system, respectively. Since the system
causes small perturbation to the environment but the environment interacts strongly with

the system, we can consider 75 < 7g. This is known as Markov approximation. The

L An unitary time evolution is associated with a hermitian Hamiltonian so that U = e—iflt/h,
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equation of motion of pgg is given by the Liouville equation,
ihdipse = [Hsp, psE]. (A.28)

Let us consider a multi-level system given by the basis {|n)}. Taking the Born-Markov
approximation into account, it is possible to derive an equation of motion for pg tracing
out the environment in equation (A.28). The resulting equation (47), known as master

equation or Lindblad equation, is given by

. oA Lij oon ~ . A A A .
Oips = %[Hs, psl+ Y 7](2Uijp5‘7ji —164i6ij, Ps}) = (L + Laccay)Ps (A.29)
i?j
N Fij A A A A A N
Liecayp = Z 7(20@%%1‘ - {sz‘Uij, ps}), (A.30)

]

where 6;; = |i)j|, Laecay is the Lindblad superoperator, {fl, E’} = AB + AB is the
anticommutator, and {I'; ;} are rates, known as decay rates, at which both populations
and coherences vanish. The operators ¢;; and 6;,; = 6% can be understood as lower and
upper operators between the states |i) and |j) so that &,;|j) = |i) and &;, (i) = |j).
The master equation results in the Liouville equation when I';; — 0, Vi, 5. Therefore,
the difference between these equations is the decay term expressed by the superoperator

L gecay known as Lindblad superoperator.

Let us consider the case in which only {I';; = I';} are non-zero. Then, the super-

operator Lgecqy can be written as

Liecayp = —; Z I; (Z pig li)XJ] + Zpk,i |/€><Z|> , (A.31)
i i ki

where p; ; = (i|p]j). From equation (A.31), it is possible to see that only the off-diagonal
terms are affected by Lgeqqy. Hence, only the coherences decay since they are associated
with the off-diagonal terms. This process is known as pure dephasing. In the general
case when I';; > 0 for ¢ # j, the populations also change over time, which is known
as relaxation. Spontaneous emission is only responsible for relazation terms {I';;, i #
J, 1 < j}, whereas the pure dephasing terms {I';} are associated with elastic collisions.
Furthermore, {I';} are the rates at which the atoms collide between each other. We are

concerned only with the regime of low temperatures in which collisions are negligible.
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APPENDIX B - Scattering cross section

In atomic spectroscopy, it is often measure the light power P,. which an atom
emits due to spontaneous emission, i.e. the power of the scattered light also known as
fluorescence. Fluorescence imaging can be used to detect single trapped atoms (48)
and momentum distribution (49,50). In the case of a two-level atom interacting with a
monochromatic light whose frequency is w, we can write Py, as the energy hwy! of a single
photon with frequency wy (atomic resonant frequency) times the rate Ry. = I'pg2? at which
an atom scatters photons, i.e. the rate at which an atom absorb a photon stimulately and

then emit it spontaneously. Therefore, we can define a cross section given by?.

PSC . FM,UOF o thF S0
I I 77 I 21+ s+ A/T)

Usc(A) = (Bl)
where [ is the light intensity. The quantity o, is called scattering cross section and
it is related to the probability of happening a scattering event, i.e, the probability of
absorbing a photon and then emitting it spontaneously. From equation (2.103), we have
Osc = Oaps, Which is expected due to conservation of energy, i.e. the energy lost from a
incident light beam must be convert to scattering light via spontaneous emission. Overall,
the total absorption cross section g (section 2.1.5) is associated with absorption imaging

and the scattering cross section o, is associated with fluorescence imaging.

The spontaneously emitted photon does not have a single frequency wp (section 2.1.3).
However, since wy is much greater than the FWHM of the line shape, we have

woz/ wg(w)dw
0

I' is the rate at which atoms in the excited state emit photons spontaneously and ps 2 is the
probability of finding an atom in the excited state.
In a general case,

P,.= /asc(w')l(w')dw',

where I(w') is the spectral intensity. However, since I(w’) = Ipd(w’ —w) for a monochromatic
light, we can write Ps. = 0s.(w)lo.
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APPENDIX C - Selection Rules

In section 2.2.2, we verify that electric-dipole transitions depends on the transition
dipole moment [i. When |fi| is greater than zero, the transition is allowed, otherwise the
transition is dipole forbidden. The transition moment between two arbitrary electronic

states |7) and |j) is given by

fiij = (jldli) = —e (lrli), (C.1)

where r is the electron position. In this section, we shall explore spherical symmetries
to obtain conditions in which the transition matrix (C.1) vanishes. These conditions are
known as selection rules. To effectively investigate such symmetries, let us consider the

electron position in spherical coordinates so that
r = 7 (sin 6 cos ¢e, + sin fsin e, + cosfe,) , (C.2)

where 6 € [0, 7] is the polar angle, ¢ € [0,2x] is the azimuthal angle, r € [0,00[ is the
radial distance, and {e,, e,, e,} is the Cartesian basis. It is also convenient to rewrite the

position (C.2) on the spherical basis given by

e, —ie .
{eil = :F\@y = —(ex1)", e = ez} (C.3)

so that
ry = $\/7”§ sin e and 1y = cosf, or (C4)

47

3

J— . *_
Tq=T-€, =T

Vi) for q€{~1,0,1}, (C.5)

where 7, is a component! of r on the spherical basis and Y}, (0, ¢) is a spherical har-

monic of degree [ and order m.

To evaluate the inner product (i|r|j) in (C.1), we must describe the spatial depen-
dence of |i) and |j). Essentially, an electronic state can be represented by |n, [, m;, ms)?

where n, [, m; and m, are quantum numbers described below

o Principal quantum number n: a positive integer related to the energy and the radial

position of the electron;

o Orbital angular momentum quantum number [: a positive number in the range |I| <
n associated with the total orbital angular momentum L? whose eigenvalues are
R+ 1);

Since the spherical basis is composed of complex elements, we must consider the component
of a given C3-vector v as v, = v - e}.
We are neglecting the hyperfine structure.
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o Magnetic quantum number m;: an integer number in the range |m,;| < [ related to
the z-projection of the orbital angular momentum given by the operator L, whose

eigenvalues are himy;

o Spin quantum number ms: a integer number in the range |ms| < 1/2 related to the
z-projection of the spin given by the operator S, whose eigenvalues are him.

Let us assume [i) = |n,l,my,m,) and [j) = |n/,l';mj,m.) so that (i|r,|j) =
(n,l,ml,m5|rq|n I';mj,m.). Since the spin does not depend on the position, we have
(i|74|7) = Omy,mr, (1, 1, my|1g |0/, I, my), which means the transition is dipole forbidden when
the spin does not remain the same. The angular state |l,m;) is defined by the spherical
harmonic Y, m, (0, ) so that, from equation (C.5),

(1, U m) /lml L O)Yi_ (0, 6)Yi onc/ imi=m=0é g (C.6)

From the most right term in (C.6), we immediately see that the transition moment is
zero when m; —m; — ¢ # 0, which means the transition is allowed when Am; = 0, £1.
The transitions in which Am; = 0 are known as m-transitions, whereas the transitions

in which Am; = %1 are known as o-transitions.

To evaluate the middle term in (C.6), we shall rewrite the product of two spherical

harmonics as a sum of spherical harmonics in the following way?

CL+DCLA1)2j+1) (L b j\ (L L
Vi Yigmy = 9 (1) Yij—my
lymy tlz,me j’mj( ) \/ 4 mip Mg My 0 0 0) "™
(C.7)

where the matrix elements are the Wigner 3-j symbols which are directly associated

with the Clebsch-Gordan coefficients. Thus, plugging [y = 1, m; = —q, lo = I’, and

me = my in equation (C.7), we obtain

Vi Vi = Z(_Dm\/?,(zz/+2T(2j+1) ( 1 y/ Ti) ((1) é’ é) Yim, (C.8)

Then, plugging (C.8) in the middle term of (C.6), we obtain

[ V00001, (0, 0)Yirg (0,002 = 3 Ay, [ V73,06, 6)Y; -, (6,0)d02, (C.9)

]’m]
where Aj . are constants. Since j satisfies the triangular condition |I' — 1| < j <1 +1,
the right term in (C.9) is only non-zero when [ = I’ + 1 due to the orthogonality property.
The case | = I’ also seen possible, but the left term in (C.9) is zero due to the parity of
the spherical harmonics given by Y;,,(r) = (—=1)'Y,,,(r), which requires that [ + 1’ + 1 to

be an even number.

3 See section 7.3.2 Spherical Harmonics in reference (25).
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Overall, the selection rules for electric-dipole-transition are given by Al = +1,
Amy; = 0,%+1, and Amg = 0. We can see theses rules from another perspective when we
consider that an atom absorbs or emits a photon. The total angular momentum of any
photon is 2% (J = 1). Therefore, Al = +1 and Am = 0, £1 follow from the conservation

of angular momentum.

Besides the transition matrix, the transition also depends on the polarization vec-
tor € of the radiation through the Rabi frequency € o< /i - € in equation (2.50). Let us

consider the polarization in the spherical basis such that

€= 21: Ane, and 21: 1AL =1, (C.10)
n=—1 n=—1
where A,, is a component of the polarization vector. The components A, and A_; are
related to the right-handed and left-handed circular polarizations respectively, whereas
the component A is related to the linear polarization on the z-direction. In the case of 7-
transitions, the only non-zero component of the electron position is rq due to the most right
term in equation (C.6). Therefore, these transitions are only induced by linearly polarized
light on z-direction. The o-transitions obey the same logic: right-hand circularly light

induces o -transitions (Am; = +1) and left-hand circularly light induces o~ -transitions
(Aml = —1)
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