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ABSTRACT

ESPIRITO SANTO, T. S. do Quantum collective effects in a dilute cloud of
two-level atoms interacting with a classical light. 2020. 88p. Thesis (Doctor in
Science) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2020.

The collective scattering of light by a large number of coupled scatterers yields a rich
many-body physics, yet treating such a problem in the quantum regime is a challenge. In
this thesis, we consider a large atomic cloud in free space and driven by a monochromatic
light, where the vacuum modes induce long-range dipole-dipole interactions. In order to
study clouds of hundreds of particles, higher order correlation terms are neglected, keeping
only quantum correlations between pair of atoms: this allows to reduce the number of
degrees of freedom from 22N in the full quantum model to N2. Most of the works in the
literature on dipole-dipole interactions have been performed in the linear optics limit, and
our techniques allow to compare classical to beyond-semi-classical results. In particular,
superradiance and subradiance have been reported in the decay dynamics of the cloud.
Differently, by considering a system in the ground state and switching on the pump,
we show that superradiance is also present in the Rabi oscillations at a rate obtained
from using a single-dipole model for the radiated intensity. A frequency shift in the Rabi
oscillations is also reported, which can be interpreted, in a linear dispersion theory, as
a signature of a collective multimode vacuum Rabi splitting. While the classical dipoles
model captures correctly the dynamics in the low-intensity regime, it fails for higher
saturation, where semi-classical methods can be applied successfully. In particular, we
observe a quantum subradiant decay in the intensity of the radiated field in the saturated
regime. Furthermore, considering the decay dynamics starting from an initially strongly
driven cloud, we observed that the states with n < N/2 excited atoms decays much
slower than the ones with n > N/2: in other words, the upper part of the Dicke ladder is
characterized by a superradiant emission, and the lower part by a subradiant one. Finally,
investigating the fluorescence spectrum, we obtained quantum cooperative effects that
modify the steady-state spectrum: additional sidebands at twice the Rabi frequency for
the system driven at resonance and, out of resonance, an asymmetry in the peaks at
the generalized Rabi frequency, and for all detection angles. We also present preliminary
results of a sensor model that can capture the time evolution of the spectrum in the decay
dynamics, a situation that the quantum regression theorem fails to describe. Several of
these results were discussed in parallel with experimental data obtained by an experimental
group of collaborators, and others aim to guide future experiments.

Keywords: Two-level atom. Superradiance. Subradiance. Ultracold atoms. Cooperative
effects. Collective effects.





RESUMO

ESPIRITO SANTO, T. S. do Efeitos coletivos quânticos em uma nuvem diluída
de átomos de dois níveis interagindo com uma luz clássica. 2020. 88p. Tese
(Doutorado em Ciências) - Instituto de Física de São Carlos, Universidade de São Paulo,
São Carlos, 2020.

O espalhamento coletivo da luz por um grande conjunto de espalhadores acoplados resulta
em uma rica física de muitos corpos, contudo, é um grande desafio tratar esse problema
no regime quântico. Nessa tese, consideramos uma grande nuvem atômica, com uma
luz monocromática excitando o sistema, no espaço livre em que os modos de vácuo
induzem interações dipolo-dipolo de longo alcance. Para estudarmos nuvens com centenas
de partículas, negligenciamos correlações de ordem superior, mantendo apenas correlações
quânticas entre pares de átomos: com isso reduzimos o número de graus de liberdade
de 22N no modelo quântico completo para ∝ N2. Grande parte dos trabalhos presentes
na literatura de interação dipolo-dipolo foram realizados no regime de óptica linear,
nossas técnicas permitem comparar resultados clássicos com resultados semiclassicos e
além. Em particular, superradiância e subradiância foram reportados na dinâmica de
decaimento da nuvem. Em contra partida, considerando um sistema no estado fundamental
e, ligando o bombeamento, nós mostramos que a superradiância também está presente
nas oscilações de Rabi com uma taxa obtida ao se utilizar um modelo de um único dipolo
superradiante para a intensidade irradiada. Um deslocamento de frequência na frequência
de Rabi também foi observado, o qual pode ser interpretado, com teoria de dispersão
linear, como uma assinatura de vacuum Rabi splitting coletivo multi-modo. Enquanto
o modelo clássico captura corretamente a dinâmica para o regime de baixa intensidade,
o mesmo falha aumentando-se a saturação, no entanto podemos aplicar com sucesso
modelos semiclássicos. Em particular, observamos um decaimento subradiante quântico na
intensidade do campo irradiado no regime saturado. Mais ainda, considerando a dinâmica
de decaimento partindo de um estado saturado, observamos que os estados com n < N/2
átomos excitados decaem muito mais lentamente do que estados com n > N/2: em outras
palavras, a parte superior da escada de Dicke é caracterizada pela emissão superradiante
enquanto a inferior subradiante. Finalmente, investigando o espectro de fluorescência,
obtemos efeitos cooperativos que modificam o perfil do espectro: bandas laterais adicionais
presentes no dobro da frequência de Rabi para o regime ressonante e, fora de ressonância,
uma assimetria dos picos presentes na frequência de Rabi generalizada obtida para todos
os ângulos de detecção. Também apresentamos resultados preliminares de de um modelo de
sensor que captura a evolução temporal do espectro na dinâmica de decaimento, situação
na qual o teorema da regressão quântica não se aplica. Boa parte dos resultados foram
discutidos em paralelo com dados experimentais, obtidos por um grupo experimental de



colaboradores, a outra parte visa guiar experimentos futuros.

Palavras-chave: Átomo de dois níveis. Superradiância. Subradiância. Átomos ultrafrios.
Efeitos coletivos. Efeitos cooperativos.
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1 INTRODUCTION

The light-matter interaction is omnipresent in our every day life. The simple act of
looking at our reflection in a mirror is possible due to the light reflection by a thin layer of
polished metal. The colors we see around us comes from the reflected light at determined
frequencies and the fact that different colors come to us in different ways (such as in a
rainbow) shows that matter scatters each frequency differently. Also, this light can be
converted in other forms of energy, like heat. The resonant cavity in a microwave is an
example of heat generated from the electromagnetic energy interacting with matter, in
this case the water molecules in the food. We could enumerate a series of other examples,
infrared cameras or night-vision goggles, wi-fi technology, photovoltaic cells, tungsten lamps
and also LED: the fact that the discovery of the blue LED, an efficient and long-lasting
light source, has been rewarded in 2014 by a Nobel prize (in physics to Isamu Akasaki,
Hiroshi Amano and Shuji Nakamura) shows that light scattering processes still hold many
secrets and promises.

In this thesis, our focus will be at a fundamental level: the scattering of light by
a sample of atoms. At a macroscopic level, light scattering is characterized by a change
in the propagation direction of the electromagnetic wave. In the case of reflection, there
is a deviation on the angle predicted by the law of reflection. Take, as an example, the
formation of a rainbow. When the sunlight reaches a raindrop, part of the light enters
the drop and, since water has a refractive index n ≈ 1.33 and air n ≈ 1, a change in the
propagating direction of the light occurs at the interface of the two media, i.e. refraction. In
water, the index of refraction is dependent on the light frequency, thus, the different color
components are refracted at different angles. The color split their path, a phenomenon
called dispersion. Then, part of the light is reflected in the droplet itself and, finally, part
of the reflected light is refracted returning to the air and forming the rainbow. This whole
process described is an example of coherent scattering, where the light is scattered by one
raindrop. Another case is if the scatterer size is much smaller than the light wavelength,
Rayleigh scattering takes place, a phenomenon where the light is emitted in all directions
with little dependency on the frequency. In that case, the light colors are not well separated.
Finally, the light can be scattered in a diffusive way, with many scattering events, so
that all the colors end up mixing. That is what happens when light is scattered by water
drops inside the clouds in the sky, and, it is also the reason why we see them white. Thus,
changing the change in size of the scatterer or the number of scattering events, water
drops in the clouds or forming rainbows, can modify substantially the way matter interact
with light.

A mirror, with a polished layer of metal, is an example of a reflective surface.
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However, if one has a rough surface, even if it looks smooth for the naked eye, the
microscopic imperfections scatters the light in a diffusive way, i.e. in random directions.
With such a surface one cannot see his/her own reflection. Thus, as one focuses on smaller
scales, the presence of small scatterers and the presence of either order or disorder in the
scattering medium becomes important.

In the case of a single atom, the light scattering can be understood as follows:
the light is absorbed by one electron that reaches a higher energy level. Then, when the
electron decays to a lower energy level, the light is re-emitted in a random direction. This
is an example of single scattering, in which the light is scattered once, and this event
is usually treated as a random process. For a cloud with a large number of atoms, the
light scattered by one atom can be rescattered by another atom and so on. This is called
multiple scattering and, in the case of a large number of events, it can be averaged out
so one obtains a typical scattering pattern. Nevertheless, the absorption and emission of
radiation by a particle is a complicated process that needs a quantum treatment1, and the
multiple scattering picture does not capture all the physics involved.

The quantum nature of the light was explained with the photoelectric effect by
Albert Einstein (Nobel Prize in Physics 1921), where a quanta of light (that is, a photon),
a package with specific energy E = hω (h the Planck constant and ω the light frequency),
is necessary to remove an electron from a material. In the case of an electron bounded
to an atom, to excite the electron to a higher energy level, the quanta of light must have
energy close to the energy difference between the levels. When the electron decays to a
lower energy level, the photon is re-emitted, thus concluding the scattering process.

The study of the light-atom interaction gained great attention with the development
of new technologies. The invention of the laser, for which we are able to generate light
with a well-defined frequency, brought new tools to the quantum optics research field.
The momentum of photons leads to mechanical forces of light and it can be applied to
cool down a system (laser cooling, Nobel prize in physics in 1997 to Steven Chu, Claude
Cohen-Tannoudji and William D. Phillips) and also to produce atomic lattices with
magneto-optical trapping. The level of control reached such a precision that an individual
quantum system could be manipulated (Nobel prize in physics in 2012 to Serge Haroche
and David J. Wineland).

The electron bounded to an atom occupies a specific energy level. One can force a
transition of an electron between two energy levels by providing photons with energy close
to the energy of the transition, i.e. near-resonance. By optical pumping, with a driving
laser, one can select an electronic transition and control the Hilbert space of the internal
degrees of freedom (Nobel prize of physics 1966 to Alfred Kastler). As a consequence, one
can work with a reduced Hilbert space, with one ground state and one excited state, of an
object denominated two-level atom.
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The two-level atom has the same algebra of the spin-1/2 and quantum dots. With
the present level of control of the system, various geometries can be tested by manipulating
the optical lattices and atoms trapping. Furthermore, Hamiltonians of interest can be
simulated with cold atoms, and even the interaction and coupling parameters can be
adjusted2–5. Thus, the possible applications are not limited to quantum optics but also to
solid matter physics and quantum computing.

As the simplest case of light-atom interaction, the interaction of a two-level atom
with a quantized field, a single mode in a cavity, was described by the Janes-Cummings
model.6 The field induces spontaneous emission, process in which the excited state decays
to the ground state emitting a photon. When the atom is in free space, one has to consider
the infinite number of vacuum modes instead of the single quantized mode. The existence
of the vacuum modes also lead to Van Der Waals7 and Casimir8 forces, which will not be
addressed in this thesis.

Our object of study is a large cloud of two-level atoms, driven by a monochromatic
laser, decaying by spontaneous emission due to the vacuum modes. The light is scattered
to the empty space, thus it is an open quantum system described with the master equation
formalism. It is through atoms that photons can interact and become correlated, and the
successive absorption and emission of light (using a multiple scattering picture), leads to
a rich many-body physics. We consider ultracold atoms, i.e. fixed in position, which are
obtained experimentally using laser cooling techniques: practically, we consider that the
atoms move of a distance much smaller than the optical wavelength during the time of
the experiment. The interaction between atoms is mediated by light with the successive
emission and absorption of real and virtual photons. The interaction is long-ranged and,
in the dilute regime under consideration, the field decay is proportional to 1/rnm (rnm the
distance between atoms), thus atoms far away in position can be correlated.

As for other interacting systems, the optical response of a many-body system
can substantially differ from the single-body case. Take one two-level atom, driven near-
resonance by a monochromatic laser and measure the radiated field intensity to obtain an
emission rate. For a large cloud of two-level atoms, cooperative effects can be observed:
superradiance9, an enhancement on the radiated field emission rate or, its counterpart,
subradiance, a suppression on the emission.10 Other collective effects, for example the
modification in the radiation pressure force11–13, collective backscattering and frequency
shifts14–16 have been reported. However, most of the work in the literature were performed
in the linear optics limit, with at most one excitation in the system.11–13,15–18 In this
regime of low saturation, i.e. a low-intensity driving field, the classical dipoles model is
considered and mostly the single scattering process is taking place. In the regime of strong
driving, a single atom presents a unique quantum behavior: a three peak profile in the
fluorescence power spectrum, known as Mollow triplet.19 Some cooperative effects in the
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quantum regime were studied with a few atoms20–21, however, treating the many-body
case in the saturated regime is a challenge. In this thesis, we investigate cooperative effects
in a large dilute cloud by considering up to pair of atoms quantum correlations, a powerful
technique to simulate large quantum systems. We also present a detailed description of
the radiated field in the linear optics limit and show that, increasing the saturation, the
classical dipole model fails to capture the dynamics.

In Chapter 2, we remind the physics of a single two-level atom interacting with light.
The atom is driven near resonance by a monochromatic light, resulting in Rabi oscillations.
When we consider the vacuum modes, we use the master equation formalism and obtain
an open system with the spontaneous emission term given by a Lindbladian dissipative
operator. Then, we present the model for N two-level atoms, in the dilute regime, in a
cloud with ultracold atoms. We can calculate experimentally accessible observables, the
radiated field intensity and the fluorescence power spectrum, by solving the atomic system
dynamics.

Since the Hilbert space grows exponentially with the number of atoms, it is a
challenge to treat, analytically and with exact simulations, a system with more than a
dozen of scatterers. In Chapter 3, we present approximated methods to address larger
systems at the price of neglecting higher-order terms. We find that, by considering quantum
correlations between pair of atoms and, consequently, neglecting higher order connected
correlations, a good approximation is obtained for the dilute regime. We also show that
the linear classical dipole equation is recovered by making further approximations in the
model. The non-linear mean-field approximation lies in between the classical and the
quantum pair correlation method.

In Chapter 4 and 5 we explore experimentally accessible observables. For the
radiated field intensity, we obtain results that shows cooperative phenomenon in the
switch-on dynamics22, in collaboration with an experimental group. We also show that,
increasing the saturation parameter of the system, the linear optics regime is no longer
valid: We enter in the non-linear and quantum regime, in which the mean-field equations
and quantum pair correlation method can be applied successfully. We also propose, for the
switch-off dynamics, a regime in which quantum subradiance in the decay of the radiated
field is present. For the fluorescence power spectrum, we obtained signatures of quantum
cooperativity in the modification of the Mollow triplet profile.23 The results presented
here might serve as a guideline to the elaboration of new experiments to detect quantum
cooperative features in the scattering of light by a dilute atomic cloud.
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2 THEORETICAL BACKGROUND & MODEL

Our object of study is a cloud of many atoms in free space and driven by a laser. We
are interested in the collective effects due to the light-mediated long-range interaction in this
many-body problem. By performing theoretical calculations and numerical simulations we
obtain quantities that can be observed experimentally. Therefore, our goal is to understand
recent experimental results and, going beyond, identify new quantum collective effects
to propose new experiments. A sketch of the system, a dilute cloud with identical atoms
driven by a monochromatic light, with wavevector k0 in the direction z, with a photon
detector in a angle of θ = 35◦ can be observed in Fig. 1.

Figure 1 – Dilute cloud of N two-level atoms driven by a plane wave. The far-field detector is
placed at a angle θ to measure only the scattered field.

Source: Adapted from ESPIRITO SANTO et al.22

It is a challenge to treat a quantum many-body problem due to the high number
of degrees of freedom and many emission processes occurring concurrently, which result in
an untractable set of differential equations for more than a dozen atoms. In that sense, a
series of approximations are necessary to address the system in specific conditions. We
consider a cloud with ultracold atoms, which means that we can neglect atomic movement
due to thermal excitation (and also thermal excited photons) and frequency shifts due to
Doppler effect. It is achieved experimentally with laser cooling by reaching a temperature
below the Doppler limit. We also consider heavy atoms in the sense that moment kicks
due to photon emission are neglected, so the atoms are fixed in position. We treat a dilute
system, with distances between neighboring atoms larger than the optical wavelength,
so light polarization and near-field terms are neglected. The cloud is composed by N

identical two-level atoms, with atom-field interaction in the dipole approximation. The
incident laser is treated as a monochromatic light, driven close to the atomic transition,
while the free space is composed of an infinity number of vacuum modes. The long-range
(∝ 1/rnm, with rnm the distance between two atoms) interaction is mediated by the light



18

with successive emission and absorption of real (light) and virtual (vacuum modes) photons.
This many-body dynamics leads to a rich cooperative physics, which we shall discuss in
this thesis.

For a better understanding of the approximations and the model, we first introduce
the physics of a single atom interacting with the light. The two-level atom, dipole and
rotating wave approximation (RWA) are defined in the context of the Rabi oscillations
with the atom interacting with a monochromatic field. In the context of the interaction
with a quantized field, the Born-Markov and secular (RWA in the master equation)
approximations are necessary to obtain the Lindbladian master equation for the reduced
density matrix that describes the spontaneous emission process. Finally, we present the
many-body model that can be obtained with the same steps developed for a single atom,
but additional terms for the dipole-dipole interaction and cooperative emission are present.

2.1 Single two-level atom interacting with light

Considering a single electron bounded to an atom, there are many energy levels
that the electron can occupy (see Fig. 2 for the Hydrogen atom example).

Figure 2 – Representation of the energy levels of a Hydrogen atom with corresponding transition
wavelength. Each transition corresponds to a line in the emission spectrum.

Source: HYDROGEN...24

If sufficient energy is given to the electron, it can be removed from the atom and it
is ionized, but if, the energy is of the order of an atomic transition, one can excite the
electron to a specific level. When the electron decay to a lower energy state, a photon with
energy Efi = ~ωfi is emitted. Efi is the difference between the enegy levels and ωfi the
emitted light frequency, each energy can be associated with a frequency Ei = ~ωi. Each
transition between two energy levels correspond to one line in the atomic spectrum (see
Fig. 3 for the Hydrogen atom spectrum).
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Figure 3 – Spectral lines of the hydrogen atom, on a logarithmic scale.
Source: HYDROGEN...24

If one selects a monochromatic light with frequency almost resonant with an atomic
transition (ω ≈ ωfi) the transition dynamics behaves as a two-level system with one
excited state |e〉 (higher energy Ee) and one ground state |g〉 (lower energy Eg), so one
can neglect all the other levels. Let us define the state vectors

|e〉 =
1

0

 , |g〉 =
0

1

 (2.1)

and the Hamiltonian for the atomic energies

ĤA =
Ee 0

0 Eg

 (2.2)

Note that any two-level system follows the spin-1/2 algebra. We can define the Pauli
matrices basis for the 2x2 Hilbert space

1 = |e 〉〈 e|+ |g 〉〈 g| , σ̂x = |e 〉〈 g|+ |g 〉〈 e| , σ̂y = i(|g 〉〈 e| − |e 〉〈 g|) (2.3)

and also work with the ladder operators

σ̂+ = |e 〉〈 g| , σ̂− = |g 〉〈 e| . (2.4)

σ̂+ is the rising operator, taking the atom from the ground state to an excited state,
representing the absorption of a photon, and σ̂− is the lowering operator, taking the
excited state to the ground state representing the emission of a photon. Without loss
of generality, one can rescale the energy setting Eg = 0, thus the free two-level atom
Hamiltonian becomes

ĤA =
~ωeg 0

0 0

 = ~ωeg |e 〉〈 e| =
~ωeg

2 (1 + σ̂z) = ~ωegσ̂+σ̂−. (2.5)

To include the atom-field interaction we consider the dipole approximation HI =
−d.E, with d the transition dipole moment and E the electric field, which is valid for field
wavelengths much higher than the atomic size k.ra � 1, with k the wavevector and ra
the atomic radius. A demonstration can be found in quantum optics textbooks25–26, it is
valid for both monochromatic light and quantum fields. Basically, any local variation of
the field is neglected in the atomic extension.
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2.1.1 Interaction with a monochromatic field and Rabi oscillations

Now let us consider a single two-level atom interacting with a single mode field in
the dipole approximation HI = −d.E. Calculating the expected value for this operator
with a general wavevector |Ψ〉 = cg |g〉+ ce |e〉, one obtains:

−〈Ψ|d.E |Ψ〉 = −
(
|cg|2 〈g|d.E |g〉+ c∗gce 〈g|d.E |e〉+ cgc

∗
e 〈e|d.E |g〉+ |ce|2 〈e|d.E |e〉

)
.

(2.6)
Since there is no permanent atomic dipole, 〈g|d.E |g〉 = 〈e|d.E |e〉 = 0, and the transition
matrix for the dipole operator can be obtained:

d =
 0 deg

dge 0

 . (2.7)

Considering the dipole phase term φ, deg = |deg|eiφ, with dge = d∗eg and the field linearly
polarized in the x-axis E = E cos(ωt) we can define the Rabi frequency Ω = |deg|E/~ and
write the total Hamiltonian Ĥ = ĤA + ĤI

Ĥ = ~

 ωeg Ωeiφ cos(ωt)
Ωe−iφ cos(ωt) 0

 . (2.8)

A sketch of the atomic transition is represented in Fig. 4.

Figure 4 – Representation of the transition between excited and ground states of a two-level
atom driven by a near-resonance monochromatic light with frequency ω.

Source: By the author

It is convenient to move from the Schrödinger to the interaction picture with
|Ψ′〉 = eiĤAt/~ |Ψ〉, Ĥ ′I = eiĤAt/~ĤIe

−iĤAt/~ and time-evolution i~(d/dt) |Ψ′〉 = Ĥ ′I |Ψ′〉. For
a general state |Ψ′〉 = cg(t) |g〉+ ce(t) |e〉, one has:

i~
d

dt

cg
ce

 = ~

 0 Ωeiφeiωegt cos(ωt)
Ωe−iφe−iωegt cos(ωt) 0

cg
ce

 . (2.9)

One can expand cos(ωt) = (eiωt + e−iωt)/2. Near resonance ω ≈ ωeg, the term ω + ωeg

oscillates much faster than ω − ωeg and it averages to zero for the dynamics time scale of
interest. Thus, we neglect the fast oscillating term and keep only the near-resonance term
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with the laser-atom detuning defined as ∆ = ω − ωeg, which is known as the Rotating
Wave Approximation (RWA). Rewriting the time evolution we obtain:

i~
d

dt

cg
ce

 = ~

 0 Ωeiφe−i∆t/2
Ωe−iφei∆t/2 0

cg
ce

 . (2.10)

In order to remove the time dependency of the Halmiltonian and get rid of the phase
term we use the unitary transformation R̂ = ei(∆t−φ)σ̂z/2. Remember that we transform
the wave function |Ψ̃〉 = R̂ |Ψ′〉, the operators Ã = R̂ÂR̂† and the Hamiltonian H̃ =
R̂Ĥ ′R̂† + i~(dR̂/dt)R̂†, but when calculating the expected values of an operator we obtain
the same results:

〈Ψ̃| Ã |Ψ̃〉 = 〈Ψ′| R̂†R̂ÂR̂†R̂ |Ψ′〉 = 〈Ψ′| Â |Ψ′〉 . (2.11)

We finally obtain the Rabi Hamiltonian for the atom-field interaction

ĤRabi = ~
2

−∆ Ω
Ω ∆

 . (2.12)

We can also write the Hamiltonian in terms of the Pauli matrices. The total
Hamiltonian for a single two-level atom interacting with a monochromatic field is obtained:

Ĥ = −~∆
2 σ̂

z + ~
Ω
2 (σ̂+ + σ̂−). (2.13)

Let us now consider an atom initially in the ground state (cg(0) = 1 and ce(0) = 0), we
can solve the Schrödinger equation with the Hamiltonian in Eq. (2.13) to obtain:

cg(t) = cos
(

ΩGRt

2

)
− i ∆

ΩGR

sin
(

ΩGRt

2

)

ce(t) = −i Ω
ΩGR

sin
(

ΩGRt

2

) (2.14)

with ΩGR =
√

∆2 + Ω2 the generalized Rabi frequency. This oscillation between an excited
and a ground state, which is equivalent to cycles of photon emission and absorption, is
known as Rabi oscillations.

The problem of a single spin-1/2 interacting with a magnetic field was studied by
Rabi in 1937.27 He described the probability of a spin flip. The two-level atom problem
has the same algebra of the spin-1/2. If one define the population inversion probability,
W = 〈Ψ| σ̂z |Ψ〉 = |ce|2−|cg|2, the behavior presented in Fig. 5 is obtained. In the resonant
case (∆ = 0) it is possible to obtain a full inversion (W = 1) while out-of resonance it
is not (W < 1). The larger the detuning |∆|, the smaller the probability to excite the
two-level atom.

The dynamics of the atom-laser interaction is thus described by the Rabi oscillations
with the parameters Ω and ∆. To include decoherence and dissipative processes, in our case
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Figure 5 – Rabi oscillations of the inversion varying the detuning. A total inversion of the
population (W = 1) is only achieved for a system on resonance (∆ = 0).

Source: By the author

spontaneous emission, it is necessary to change to a statistical description with the density
matrix formalism. For example, if one is treating a closed quantum system and prepares
an initial state in an eigen-state, the system will remain in this state during the time
evolution, only varying the phase term. But if an open quantum system is considered, the
coupling with the enviroment will take the system to a mixture of states. In the following
sections we will introduce the density matrix formalism and, by adding the interaction of
the atom with the vacuum modes, we will obtain an open system with the dissipation due
to spontaneous emission described by a Lindbladian operator.

2.1.2 Density matrix formalism

The density matrix is an operator that describes an ensemble of all possible states
in the system. For a system with many particles or many degrees of freedom, it is often
impossible to describe precisely the state and one must use a statistical description.28 For
example, imagine a system with n excited atoms decaying by spontaneous emission in a
experimental setup where the sensors are photon detectors. If there is no photon detection
at a certain time we know for sure that the system is still with n excited atoms. But if
a photon is detected, the system now has (n− 1) excited atoms, but there is no way to
determine which atom has decayed, thus a statistical mixture of all possible states with
(n− 1) excited atoms must be considered.

Let us focus our attention on the two-level system. Suppose that due to experimental
error or random fluctuation it is not possible to create an excited state with 100% certainty,
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so an excited state |e〉 is achieved with a probability pe < 1, for the other cases the atom
is in the ground state |g〉 with probability pg = 1− pe. So one might run the experiment
several times and take the statistical average over all the realizations. While the Schrödinger
equation evolves one state (wave function) the density matrix is constructed taking the
outer product of the states and statistical mixtures are considered. If we have a pure state
|Ψ〉 the density matrix is simply ρ̂ = |Ψ 〉〈Ψ|. For a mixed state |Ψ〉 = c1 |Ψ1〉+ c2 |Ψ2〉 we
take the weighted sum with respective probabilities

ρ̂ =
∑
n

pn |Ψn 〉〈Ψn| , (2.15)

where pn = |cn|2 and Tr(ρ̂) = ∑
pn = 1 because it is a sum of probabilities. The time

evolution is given by the Von-Neumann equation

d

dt
ρ̂ = − i

~
[
Ĥ, ρ̂

]
, (2.16)

with [Â, B̂] = (ÂB̂ − B̂Â) the commutator. And any operator expected value is obtained
with the trace 〈

Â
〉

= Tr
(
Âρ̂
)
. (2.17)

One can choose any orthogonal basis |φk〉 (with 〈φk|φl〉 = δkl, with δkl the Kronecker delta)
to change the representation of the density matrix. The states are rewritten

|Ψn〉 =
∑
l

anl |φl〉 ; 〈Ψn| =
∑
k

(ank)∗ 〈φk| , (2.18)

with ∑l |anl |2 = 1, due to the normalization. The density matrix in this basis becomes

ρ̂ =
∑
n

∑
l

∑
k

pna
n
l (ank)∗ |φl 〉〈φk| , (2.19)

with matrix elements
ρ̂ij = 〈φi| ρ̂ |φj〉 =

∑
n

pna
n
i (anj )∗. (2.20)

The trace of the density matrix is independent of the representation:

Tr(ρ̂) =
∑
i

ρ̂ii =
∑
n

pn
∑
i

|ani |2 =
∑
n

pn = 1. (2.21)

For a pure state of a single two-level atom in the energy representation |Ψ〉 =
ce |e〉+ cg |g〉 the density matrix

ρ̂ =
ρ̂ee ρ̂eg

ρ̂ge ρ̂gg

 =
 |ce|2 cec

∗
g

cgce∗ |cg|2

 (2.22)

has a physical interpretation for each term. The diagonal ones have the populations of
the excited and ground state while the off-diagonal terms are the expected values of the
positive and negative frequency of the atomic transition dipole moment.
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We can also define a matricial basis to expand the density matrix, in the en-
ergy representation the set {|e 〉〈 e| ; |e 〉〈 g| ; |g 〉〈 e| ; |g 〉〈 g|} or a set with Pauli matrices
{1, σ̂x, σ̂y, σ̂z}, and define a state vector with the expected values of the operator to evolve
the dynamics:

d

dt
s = d

dt


〈σ̂x〉
〈σ̂y〉
〈σ̂z〉

 =


Tr (σ̂x(dρ̂/dt))
Tr (σ̂y(dρ̂/dt))
Tr (σ̂z(dρ̂/dt))

 (2.23)

Some phenomenological dissipative process can be added to Eq. (2.16) with a
relaxation matrix Γ̂:29

〈n| Γ̂ |m〉 = Γnδnm (2.24)

and we obtain
d

dt
ρ̂ = − i

~
[
Ĥ, ρ̂

]
− 1

2
{

Γ̂, ρ̂
}

(2.25)

with {A,B} = AB + BA the anti-commutator. Other dissipative processes are more
complex, atoms collisions for example. For the two-level atom spontaneous emission, the
dissipation is given by a Lindbladian operator

d

dt
ρ̂ = − i

~
[
Ĥ, ρ̂

]
+ Γ

2
(
2σ̂−ρ̂σ̂+ −

{
σ̂+σ̂−, ρ̂

})
. (2.26)

Eq. (2.26) is called a Lindbladian master equation. Using this equation with the single
atom Hamiltonian in Eq. (2.13) and calculating the dynamics with the Pauli matrices
basis Eq. (2.23) we obtain, for a two-level atom driven by a monochromatic light and
decaying through spontaneous emission, the following set of equations:

d

dt


〈σ̂x〉
〈σ̂y〉
〈σ̂z〉

 =


−Γ/2 ∆ 0
−∆ −Γ/2 −Ω

0 Ω −Γ



〈σ̂x〉
〈σ̂y〉
〈σ̂z〉

+


0
0
−Γ

 (2.27)

We can obtain the steady-state solution (dσσσ/dt = 0, with σσσ = (〈σ̂x〉 , 〈σ̂y〉 , 〈σ̂z〉)T )
where, defining the adimensional saturation parameter s = 2Ω2/(Γ2 +4∆2), the population
of the excited state is |ce|2ss = (1 + 〈σ̂zss〉)/2 = s/2(s+ 1). At resonance, the saturation is
basically the ratio, in the steady-state, of the excitation rate due to the Rabi frequency Ω
and the decay rate Γ of the excited population. Taking the limit of very high saturation
(s → ∞) |ce|2ss → 0.5, in terms of the inversion Wss → 0. For the limit of very low
saturation (s→ 0) |ce|2ss → 0 and Wss → −1. The very low saturation case is known as
the linear optics limit.

Solving Eq. (2.27) we obtain σσσ(t) = eMt(σσσ0−σσσss) +σσσss, and using the ground-state
as initial condition we calculate the inversion for different values of saturation by varying
the laser-atom detuning (see Fig. 6). We obtain the Rabi oscillation and also a damping
in the population inversion due to the decay rate Γ. Note that, for high saturation s = 50,
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the long time inversion tends to 0 while for small saturation it tends to −1. By increasing
|∆| we observe a higher frequency of oscillations (higher generalized Rabi frequency) and
a smaller value for the maximum inversion, as in Fig. 5.
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Figure 6 – Damping of the Rabi oscillations of the inversion W for a system with spontaneous
emission, a constant Rabi frequency (Ω/Γ = 5) and varying the saturation parameter.
In the limit of high saturation, in the steady-state the maximum excited population
tends to 0.5 (|ce|2 → 0.5); in the limit of low saturation W ≈ −1 and |cg|2 ≈ 1 for
all the dynamics which is the linear optics limit.

Source: By the author

For a better understanding of the spontaneous emission processes, all the approx-
imations and physics involved, we will obtain in the following section the Lindbladian
master equation by considering the interaction of a two-level atom with the vacuum
modes. We will trace out the bath infinite number of degrees of freedom to work only with
the atomic system reduced density matrix. We follow the microscopic derivation of the
quantum master equation29, but using the scalar light approximation in which polarization
is neglected.

2.1.3 Interaction with the vacuum modes

The spontaneous emission process arise from the single atom interaction with the
vacuum modes, a reservoir treated as a quantum field with an infinite number of degrees
of freedom. The total Hamiltonian for a single two-level atom in the vacuum is given
by Ĥ = ĤA + ĤR + ĤI , with ĤA = ~ωegσ̂+σ̂− and ĤR = ∑ ~ωkb̂†kb̂k, where b̂k is the
annihilation and b̂†k the creation operator of a photon of frequency ωk. The interaction is
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considered in the dipole approximation ĤI = −d.E with the quantized field

E = i
∑
k

√
2π~ωk
V

(b̂k − b̂†k), (2.28)

V is the field volume quantization. Here we consider the scalar light model, for the optical
transition ∆m = 0, disregarding polarization effects. Recalling that the dipole operator
is given by d = degσ̂

+ + dgeσ̂
−, with deg = |d|eiφ. The atomic transition dipole phase is

arbitrary since it can be changed with a unitary transformation Û = e−iθσ̂
z/2 without

changing the atomic Hamiltonian. For convenience, let us choose a phase factor in which
deg = i|d| is a pure imaginary number. The interaction Hamiltonian, in the Schrödinger
picture becomes

ĤI =
∑
k

gk
(
σ̂+ − σ̂−

) (
b̂k − b̂†k

)
, (2.29)

with gk = |d|
√

2π~ωk/V the atom-field coupling constant. Now we move to the interaction
picture with the unitary transformation Û = e−i(ĤA+ĤR)t/~:

ĤI =
∑
k

gk
(
eiωegtσ̂+ − e−iωegtσ̂−

) (
e−iωktb̂k − eiωktb̂†k

)
. (2.30)

Performing the RWA and keeping only the slow varying term (ωeg − ωk):

ĤI =
∑
k

gk
(
σ̂+B̂k(t) + σ̂−B̂†k(t)

)
, (2.31)

with B̂k(t) = ei(ωeg−ωk)tb̂k. The dynamics in the interaction picture is given by the Von-
Neumann equation

d

dt
ρ̂ = − i

~
[
ĤI , ρ̂

]
(2.32)

with ρ̂ the total density matrix of the system interaction with the reservoir. Integrating
the Eq. (2.32) one obtain

ρ̂(t) = ρ̂(0)− i

~

∫ t

0

[
ĤI(s), ρ̂(s)

]
ds. (2.33)

The reservoir being the vacuum state with no photons |ε〉, we consider that the
interaction with the system is weak in the sense that any perturbation in the reservoir
caused by the system can be neglected, thus, the vacuum state is stationary. In this limit
of weak interaction, we can separate the atomic system and the reservoir density matrix
in a product state

ρ̂(t) = ρ̂A(t)⊗ ρ̂B (2.34)

with ρ̂B = |ε 〉〈 ε|. The weak-coupling approximation that leads to the product state is
known as the Born approximation. Assuming that for t = 0 there is no interaction of the
system with the reservoir, TrB

([
ĤI(t), ρ̂(0)

])
= 0, inserting Eq. (2.33) in Eq. (2.32) and

tracing out the reservoir degrees of freedom we obtain
d

dt
ρ̂A(t) = − 1

~2

∫ t

0
TrB

([
ĤI(t),

[
ĤI(s), ρ̂A(s)⊗ ρ̂B

]])
ds (2.35)
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a reduced master equation in which we only look at the dynamics of the atomic system.
We can apply the Markov approximation by substituting ρ̂A(s) by ρ̂A(t), which means
that the system has no memory, so the state at a time t will not depend on the system
history. Now, substituting s → t− s and taking the limit s → ∞ (that means that the
system dynamics varies much slower than the reservoir correlations decay. Alias, when a
photon is created, the perturbation in the vacuum decays before there is any appreciable
change in the system state) we finally obtain the Markovian master equation:

d

dt
ρ̂A(t) = − 1

~2

∫ ∞
0

TrB
([
ĤI(t),

[
ĤI(t− s), ρ̂A(t)⊗ ρ̂B

]])
ds. (2.36)

Using Eq. (2.31) we obtain

d

dt
ρ̂A(t) = 1

~2

∫ ∞
0

∑
k

∑
k′
gkgκ′

(
σ̂+ρ̂A(t)σ̂+

(〈
B̂k(t)B̂k′(t− s)

〉
+
〈
B̂k′(t− s)B̂k(t)

〉)
+

−σ̂+σ̂−ρ̂A(t)
〈
B̂k(t)B̂†k′(t− s)

〉
+ σ̂−ρ̂A(t)σ̂+

(〈
B̂k(t)B̂†k′(t− s)

〉
+
〈
B̂k′(t− s)B̂†k(t)

〉)
+

+σ̂+ρ̂A(t)σ̂−
(〈
B̂†k′(t− s)B̂k(t)

〉
+
〈
B̂†k(t)B̂k′(t− s)

〉)
− ρ̂A(t)σ̂−σ̂+

〈
B̂†k′(t− s)B̂k(t)

〉
+

−σ̂−σ̂+ρ̂A(t)
〈
B̂†k(t)B̂k′(t− s)

〉
− ρ̂A(t)σ̂+σ̂−

〈
B̂k′(t− s)B̂†k(t)

〉
+

+σ̂−ρ̂A(t)σ̂−
(〈
B̂†k(t)B̂

†
k′(t− s)

〉
+
〈
B̂†k′(t− s)B̂

†
k(t)

〉))
ds.

(2.37)

Then, applying the stationary bath condition
〈
Bα
k (t)Bα′

k′ (t− s)
〉

=
〈
Bα
k (s)Bα′

k′ (0)
〉
(for

any reservoir correlation), and the relations, for the vacuum with no photon,
〈
b̂kb̂l

〉
=〈

b̂†kb̂
†
k

〉
=
〈
b̂†kb̂l

〉
= 0 and

〈
b̂kb̂
†
l

〉
= δkl:

d

dt
ρ̂A = 1

~2

∫ ∞
0

∑
k

g2
k

(
σ̂−ρ̂Aσ̂

+
(〈
Bk(s)B†k(0)

〉
+
〈
Bk(0)B†k(s)

〉)
+

−σ̂+σ̂−ρ̂A
〈
Bk(s)B†k(0)

〉
− ρ̂Aσ̂+σ̂− 〈Bk(0)Bk(s)〉

)
ds,

(2.38)

with 

∫ ∞
0

∑
k

g2
k

〈
Bk(s)B†k(0)

〉
ds =

∫ ∞
0

∑
k

g2
ke
i(ωeg−ωk)s

〈
bkb
†
k

〉
ds∫ ∞

0

∑
k

g2
k

〈
Bk(0)B†k(s)

〉
ds =

∫ ∞
0

∑
k

g2
ke
−i(ωeg−ωk)s

〈
bkb
†
k

〉
ds

(2.39)

By defining the constants
Γ = 1

~2

∫ ∞
−∞

∑
k

g2
ke
i(ωeg−ωk)s

〈
bkb
†
k

〉
ds

Λ = 1
2i~2

(∫ ∞
0

∑
k

g2
ke
i(ωeg−ωk)s

〈
bkb
†
k

〉
ds−

∫ 0

−∞

∑
k

g2
ke
i(ωeg−ωk)s

〈
bkb
†
k

〉
ds

) (2.40)

we can write the reduced master equation in the Lindblad form, dropping the atomic
system index:

d

dt
ρ̂ = −iΛ

[
σ̂+σ̂−, ρ̂

]
+ Γ

2
(
2σ̂−ρ̂σ̂+ −

{
σ̂+σ̂−, ρ̂

})
(2.41)
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The integral for Λ is divergent and even with a relativistic quantum electrodynamics
approach it does not converge. A renormalization theory is necessary.25 It introduces a
lineshift Λ, which is of the order of Γ (Λ� ωeg). It is known as Lamb shift and will be
neglected in our model.

In order to calculate the decay constant Γ we go to the continuum limit with the
dispersion relation ω = kc (c the velocity of the light)

∑
k

→ V

(2π)3

∫ 2π

0

∫ π

0

∫ ∞
0

k2 sin θdkdθdφ = V

2π2c3

∫ ∞
0

ω2dω, (2.42)

so we can write
Γ =

∫ ∞
−∞

∫ ∞
0

2|d|2ω3

~c32π ei(ωeg−ω)sdωds. (2.43)

Using the integral formula
1

2π

∫ ∞
−∞

ei(ωeg−ω)sds = δ(ωeg − ω), (2.44)

with δ(ωeg − ω) the Dirac delta, we finally obtain:

Γ =
2|d|2ω3

eg

~c3 . (2.45)

Let us now consider the Hamiltonian driven by a monochromatic field in Eq. (2.13)
and the Lindbladian operator in Eq. (2.41), we can write the master equation for the
decay of a driven single two-level atom:

d

dt
ρ̂ = i

∆
2 [σ̂z, ρ̂]− iΩ2

[
σ̂+ + σ̂−, ρ̂

]
+ Γ

2
(
2σ̂−ρ̂σ̂+ −

{
σ̂+σ̂−, ρ̂

})
. (2.46)

We conclude that the interaction with the vacuum modes leads to the phenomenon
of spontaneous emission. Looking at the excited state population (1 + 〈σ̂z〉)/2 with initial
condition the ground-state |cg|2 = 1 we observe, in Fig. 7, an overdamped behavior for
ΩGR ≈ Γ (almost no Rabi oscillations) and a damped oscillatory dynamics for ΩGR > Γ.

If a thermal equilibrium reservoir is considered, one should use the bath correlation
relations 〈

b†kbk′
〉

= δkk′N (ωk) ,
〈
bkb
†
k′

〉
= δkk′ (1 +N (ωk)) (2.47)

with
N (ωk) = 1

eβ~ωk − 1 (2.48)

the Planck distribution for the average number of thermally excited photons in the mode
ωk

29 and β = kBT (kB the Boltzmann constant and T the temperature). More terms of
Eq. (2.37) should be kept and, neglecting the Lamb shift, one obtains

d

dt
ρ̂ = (1 +N (ωeg))

Γ
2
(
2σ̂−ρ̂σ̂+ −

{
σ̂+σ̂−, ρ̂

})
+N (ωeg)

Γ
2
(
2σ̂+ρ̂σ̂− −

{
σ̂−σ̂+, ρ̂

})
.

(2.49)
However, in the presented ultracold atom model, we neglect thermally excited photons.
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Figure 7 – Population of the excited state varying ΩGR. We set a constant saturation parameter
s = 1 since it defines the steady-state value of |ce|2 = s/2(s + 1). We observe an
overdamped behavior for ΩGR ≈ Γ and Rabi oscillations for ΩGR > Γ.

Source: By the author

2.2 Many two-level atoms

Now, let us consider a cloud of N identical two-level atoms, fixed in position, driven
by a monochromatic laser and decaying due to the vacuum modes (Fig. 1). The Hilbert
space of a single two-level atom has dimension 2× 2, which means that the dimension of
the system with N atoms, obtained with the tensor (Kronecker) product, has dimension
(2× 2)N . We label the atoms in an ordered manner and construct an operator acting only
on the Hilbert space of an atom at position rn via a Kronecker product of 2× 2 identity
operators, except for the ordered label position n where the atomic operator is placed. For
example,

σ̂+
n = 1⊗ 1⊗ . . .1⊗ σ̂+ ⊗ 1 · · · ⊗ 1 (2.50)

with σ̂+ the 2×2 single atom ladder operator. That way, each operator is a 2N×2N matrix,
with the same dimension of the Hilbert space. The atomic operators have the commutation
relations [σ̂+

n , σ̂
−
m] = δnmσ̂

z
n, [σ̂±n , σ̂zm] = ∓2δnmσ̂±n . The interaction Hamiltonian is given

by12, after a change in the rotation frame

Ĥ = −~∆
2
∑
n

σ̂zn + ~
Ω
2
∑
n

(
e−ik0.rnσ̂−n + eik0.rnσ̂+

n

)
+

+ ~
∑
n

∑
k

gk
(
eiωegtσ̂−n + e−iωegtσ̂+

n

) (
e−iωkt+ik.rn b̂k + eiωkt−ik.rn b̂†k

) (2.51)
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where the phase terms, eik.rn , due to the atomic positions are added. k0 is the incident laser
wavevector and k the vacuum mode k wavevector. Each atom interact individually with
the light, the two terms at the beginning describe the interaction with the monochromatic
laser and the last term the interaction with the vacuum modes. By tracing out the vacuum
modes, performing the same approximations presented in the single atom case, we obtain
the reduced master equation for the atomic system:

dρ̂

dt
= i∆

2
∑
n

[σzn, ρ̂]− iΩ
2
∑
n

[
e−ik0.rnσ̂−n + eik0.rnσ̂+

n , ρ̂
]

+

− i
∑
n

∑
m 6=n

∆nm

[
σ̂+
n σ̂
−
m, ρ̂

]
+ 1

2
∑
n

∑
m

γnm
(
2σ̂−mρ̂σ̂+

n −
{
σ̂+
n σ̂
−
m, ρ̂

}) (2.52)

with

∆nm = −Γ
2

cos(k0rnm)
k0rnm

; γnm = Γsin(k0rnm)
k0rnm

(2.53)

the long-range (1/rnm, with rnm = |rn − rm|) light-mediated dipole-dipole coupling. These
coupling terms are derived from the exponential interaction kernel with the scalar light
approximation.30 Since we are in the dilute regime, the near-field effects are neglected. For
dense systems one can include more terms in the dipole expansion (∝ 1/r3

nm). The Markov
approximation (s→∞) also requires a system size not too large (s� max{rnm/c}) in
the sense that the time required for a photon to travel through the cloud is much shorter
than the cooperative emission time18 (s � max{rnm/c} < 1/max{γnm}). ∆nm is the
dipole-dipole interaction cooperative lineshift and γnm the cooperative emission term.

By solving Eq. (2.52) numerically we obtain the density matrix dynamics and we
can access the expected value of any operator

〈
Ô(t)

〉
= Tr

(
Ôρ̂(t)

)
. We can calculate

observables of the dynamics to compare with and propose experiments to observe quantum
effects in this system.

2.3 Observables

There are some quantities that one accesses more easily experimentally, related to
the system dynamics. For example, the Lieb-Robinson bounds establish an upper limit
for the propagation of the information in quantum spin systems31, with a exponential
decay for the correlations. The propagation of the perturbation as a function of space
and time, in regular lattices, form a linear light cone for short-range interactions and,
for long-range interactions, the velocity can increase with the traveled distance forming
a logarithmic profile for the propagation of the perturbation.32 One way to observe
the Lieb-Robinson bounds is to create a linear lattice of two-level atoms, apply a local
perturbation (total population inversion in a small region of the lattice) and monitor the
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propagation of the total excited population (P = ∑
n 〈σ̂+

n σ̂
−
n 〉) or the connected correlations

(Cnm = 〈σ̂znσ̂zm〉 − 〈σ̂zn〉 〈σ̂zm〉).33

However, probing the atomic state or the connected correlations is a difficult
experimental task. An observable much more accessible is the radiated electric field and
also the fluorescence power spectrum, which will be more detailed in the following sections.

2.3.1 Electric field in the far-field limit

The radiated field properties can be determined from the atomic system operators.
The Markov approximation cannot be considered for the field density operator, so the
route we used to obtain the atomic system reduced master equation cannot be used to
determine the field properties. Another route should be used, we refer the reader to Ref.
Agarwal34. The positive frequency radiated electric field operator, in the far-field limit, in
a direction n̂ = (sin θ cosφ, sin θ sinφ, cos θ), with angles defined for spherical coordinates
with the incident laser wave vector k0 in the z-axis direction, is proportional to

Ê+(t) ∝
N∑
n=1

σ̂−n (t)e−ik0n̂.rn . (2.54)

The intensity in the far-field is given by

I(θ, φ) ∝
N∑
n=1

N∑
m=1

〈
σ̂+
n σ̂
−
m

〉
eik0n̂.(rn−rm) (2.55)

To reduce fluctuations, in absence of polarization the average intensity depends
only on the angle to the pump beam θ, we take the mean value over φ. In a experimental
setup, one can assume multiple realizations are considered:

I(θ) ∝
N∑
n=1

N∑
m=1

〈
σ̂+
n σ̂
−
m

〉
eik0znm cos θI0

(√
−k2

0 sin2 θ(xnm2 + ynm2)
)

(2.56)

with I0 the modified Bessel function of first kind of order 0 and (xnm, ynm, znm) the
Cartesian coordinates of (rn − rm).

A common experimental protocol (Fig. 8) is to switch on the external laser at t = 0,
drive the system to the steady-state (or at least very close letting the laser on for long
times Γt� 1), then switch off the driving laser and observe the field decay. Hereafter the
intensity is normalized by the steady-state value.

In Fig. 9 we compare the normalized radiated intensity for a single atom and 5
atoms. For the field decay we observe distinct behaviors: the single atom decay with a
constant rate Γ while for N = 5 there is a faster decay, with the cooperative decay rate
ΓN > Γ (superradiance) in the beginning (Γt ≈ 15) and a slower decay (subradiance)
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Figure 8 – Switch-on / switch-off radiated intensity protocol calculated with Eq. (2.52) and Eq.
(2.56).

Source: By the author

at later times. This is an example of cooperative effect and the decay constant can be
obtained from an exponential fitting (e−ΓN t) of the radiated field intensity.

Apart from superradiance, most of the works on cooperative effects in the literature
so far, for dilute atomic clouds, were performed in the linear optics limit (low saturation
parameter s� 1) and for the switch-off dynamics. Little is known for higher saturation
where quantum effects can modify the system behavior. In chapter 4 we present a detailed
study of the switch-on dynamics in the linear optics limit and show, with simulations and
experimental comparison, that, increasing the saturation, a nonlinear mean-field model
is, at first, an extension of the linear optics case and, beyond that, we can add quantum
pair correlations. All these cited models can be obtained from Eq. (2.52). Since for the full
quantum model the degrees of freedom scales exponentially with the number of atoms,
approximations are necessary to simulate larger systems (see chapter 3).
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Figure 9 – Switch-on / switch-off radiated intensity calculated with Eq. (2.52) and Eq. (2.56)
for N ∈ (1, 5), ∆/Γ = −2, and s = 2. The system is driven from the ground-state
to the steady-state in the switch-on dynamics and, then, the laser is turned-off in
the steady-state for the switch-off dynamics. There are slight deviations for the
normalized intensity in the switch-on case, while for the field decay (switch-off) there
is a substantially different behavior.

Source: By the author

2.3.2 Fluorescence power spectrum

The previous section addressed the dynamics of the radiated field intensity, another
experimentally accessible quantity is the power spectrum in the regime of resonant fluores-
cence. From a theoretical point of view the atomic system is driven to the steady-state
and the spectrum obtained from the first order optical coherence function, which measures
the field correlations of the radiated light. For a single two-level atom, Benjamin Mollow
investigated the power spectrum for a high intensity incident field (saturated regime)19,
identifying the presence of a ’triplet’ of inelastically scattered light, today referred as the
Mollow triplet. He obtained the spectrum

S(ω) = 2π|α∞|2δ(ω−ω0)+ D0

(ω − ω0)2 + s2
0

+M − (ω − ω0 + Ω′)N
(ω − ω0 − Ω′)2 + σ2 +M + (ω − ω0 + Ω′)N

(ω − ω0 + Ω′)2 + σ2

(2.57)
with

|α∞| =
ΩΓ

2Ω2 + Γ2 , s0 = −1
2Γ , σ = −3

4Γ , Ω′ =
(

Ω2 − 1
16Γ2

)1/2
(2.58)
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and

D0 = 1
2Γn̄∞ , M = 3

8Γn̄∞
(

Ω2 − Γ2/2
Ω2 + Γ2/2

)
, N = 1

8
Γn̄∞
Ω′

(
5Ω2 − Γ2/2
Ω2 + Γ2/2

)
(2.59)

where n̄∞ = Ω2/(2Ω2 + Γ). The Dirac delta in Eq. (2.57) corresponds to the elastic
scattering. The power spectrum for the inelastic scattering has a profile composed of three
peaks, one centered on the incident field frequency and two dislocated at ω0 ± Ω′. An
example of such spectrum is presented in Fig.10.

Figure 10 – Fluorescence power spectrum for N = 1, Ω/Γ = 20 and ∆/Γ = 0. The pattern of
three peaks is known as the Mollow triplet.

Source: By the author

One way to calculate the fluorescence power spectrum is to take the Fourier
transform of the first order optical coherence function g(1):

S(ω) = lim
T→∞

T∫
−T

g(1)(τ)e−iωτ dτ (2.60)

The first-order coherence function corresponds to two-time correlation of the electric field
Ê+ and can be obtained for the many-atom case using Eq. (2.54):

g(1)(t, τ) =

〈
Ê(t)Ê+(t+ τ)

〉
〈
Ê(t)Ê+(t)

〉 (2.61)

In that sense, g(1) is a quantity that depends on two-time and two-atom correlations
〈σ−n (t)σ+

m(t+ τ)〉, so that quantum collective effects might be visible in this observable.

Let us consider a general master equation
∂ρ̂

∂t
= Lρ̂. (2.62)
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One can argue that the time correlation function can be obtained by the mean value
equation for the system with initial density operator Ôρ̂ to derive the quantum regression
theorem.25 Ôρ̂ is not a density operator but the argument is still valid. It is convenient to
write the equations in terms of the expected values of a complete set of system operators
Âµ. For an arbitrary operator Ô and for each Âµ:

Tr
(
ÂµLρ̂Ô

)
=
∑
λ

Mµν Tr
(
Âλρ̂Ô

)
, (2.63)

where Mµν are constants. In particular:

〈 ˙̂
Aµ

〉
= Tr

(
Âµdρ̂/dt

)
= Tr

(
ÂµLρ̂

)
=
∑
λ

Mµν

〈
Âλ
〉
. (2.64)

In a vector notation, one can write:

〈
˙̂
A
〉

=M
〈
Â
〉
, (2.65)

where Â is the column vector of operators Âµ. Now, for the evolution of the two-time
correlation operator, in the case τ ≥ 0 :

d

dτ

〈
Ô(t)Âµ(t+ τ)

〉
= Tr

(
Âµ(0)

(
LeLτ

(
ρ̂(t)Ô(0)

)))
=∑

λ

Mµλ Tr
(
Âλ(0)eLτ

(
ρ̂(t)Ô(0)

))
=
∑
λ

Mµλ

〈
Ô(t)Âλ(t+ τ)

〉
.

(2.66)

In vector form, it rewrites as:

d

dτ

〈
Ô(t)Â(t+ τ)

〉
=M

〈
Ô(t)Âµ(t+ τ)

〉
, (2.67)

where Ô can be any operator. Eq. (2.67) is the desired quantum regression theorem.

Now, let us consider the master equation (Eq. (2.46)) for a single two-level atom
driven by a laser, the objective is to calculate the first-order coherence function g(1) =
〈σ̂+(t)σ̂−(t+ τ)〉, using as initial condition the steady-state (t→∞). A convenient matrix
basis to represent the state vector is

s =


σ̂−

σ̂+

σ̂+σ̂−

 . (2.68)
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Calculating d 〈s〉 /dt, similar to Eq. (2.23) we obtain

∂

∂t


〈σ̂−〉
〈σ̂+〉
〈σ̂+σ̂−〉

 =


i∆− Γ/2 0 iΩ

0 −i∆− Γ/2 −iΩ
iΩ/2 −iΩ/2 −Γ



〈σ̂−〉
〈σ̂+〉
〈σ̂+σ̂−〉

+


−iΩ/2
iΩ/2

0

 (2.69)

or, in vector form:

d 〈s〉
dt

=M〈s〉+ b (2.70)

Applying the quantum regression theorem for the operator σ̂+ and, as initial
condition the steady-state (ss), one obtains:

d 〈σ̂+
sss(τ)〉
dτ

=M
〈
σ̂+
sss(τ)

〉
+
〈
σ̂+
ss

〉
b, (2.71)

where the first term of 〈σ̂+
sss(τ)〉 is the desired g(1) = 〈σ̂+

ssσ̂
−(τ)〉. Note that, since Tr(ρ̂) = 1

and we are replacing ρ̂ by ρ̂σ̂+ in the quantum regression theorem, we have to add 〈σ̂+
ss〉

multiplying the vector b (see the first line of Eq. (2.66)). To obtain the steady-state, we
must calculate:

〈
σ̂+
sss(0)

〉
=


〈σ̂+σ̂−〉ss
〈σ̂+σ̂+〉ss
〈σ̂+σ̂+σ̂−〉ss

 =


〈σ̂+σ̂−〉ss

0
0

 . (2.72)

That way, to obtain g(1)(τ), the steady-state is calculated as s(t→∞), where the dynamics
is evolved using the same equations as for the system matrix base with a standard numerical
integrator.

In a dilute cloud with many atoms, it was reported, using a first order pertubative
approach for the dipole coupling terms, that the cooperative effects leads to an asymmetry
in the fluorescence power spectrum in the forward direction θ ≈ 0 (see Fig. 11).35 But this
approach does not capture new sidebands in the dilute regime since it does not include
two-body two-time correlations.

For a system with a high spatial density, the emergence of new sidebands at
multiples of the generalized Rabi frequency has been described.36–37 Nevertheless, even for
two atoms, using exact simulations, this effect is substantial only for distances smaller
than the incident laser wavelength λ (Fig. 12).

In the chapter 5 we show that, including quantum pair correlation in the model,
we observe additional sidebands at 2ΩGR even in dilute systems and that the asymmetry
in the Mollow triplet is also present outside the frontal lobe (θ 6= 0). We also discuss



37

Figure 11 – Asymmetry in the Mollow triplet for N = 25000, Ω/Γ = 5 and ∆/Γ = −2.5 using
a perturbatie approach. The asymmetry was observed in the forward direction
(θ = 0).

Source: Adapted from OTT et al.35

preliminary results for an atomic sensor model in which a time-dependent spectrum can
be obtained, so the triplet dynamics (not only the steady-state one) can be observed.
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Figure 12 – Fluorescence power spectrum for N = 2, Ω/Γ = 25, ∆/Γ = 0 and separated by a
distance d. For atoms much closer than a wavelength additional sidebands appears
at 2Ω/Γ.

Source: By the author
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3 SIMULATION OF MANY-BODY OPEN QUANTUM SYSTEMS

The simulation of a quantum many-body problem is a challenge due to the expo-
nential growth of the Hilbert space with the number of particles. In the case of N two-level
atoms, the Hilbert space of the reduced density matrix Eq.(2.52) scales as ∝ 2N×2N = 22N .
Modern computers are able to simulate up to a dozen of atoms and even using the quantum
jumps method or cloud computing with clusters, only N ≈ 20 can be achieved. To address
larger systems approximations are necessary, paying the price of neglecting higher order
terms.

Hereafter, the dynamics of the full Lindbladian master equation Eq. 2.52 will be
referred as exact simulation (E) and has been used to study cooperative effects in systems
with a few atoms.20–21 We have run exact simulations with the toolbox QuTiP38 (Quantum
toolbox in python), and compared them with approximated methods obtained by means
of a truncation in the BBGKY (Bogoliubov–Born–Green–Kirkwood–Yvon) hierarchy. The
method consist in taking partial traces over the Lindbladian master equation

∂ρ̂n
∂t

= Tr 6=n
(
∂ρ̂

∂t

)
,

∂ρ̂nm
∂t

= Tr 6=n,m
(
∂ρ̂

∂t

)
, . . . (3.1)

to obtain a hierarchy of n-atom reduced density matrices (RDM) n ∈ [1, 2, . . . , N ].23,39–40

The dynamics of the one-atom RDM (ρ̂n) depends on the two-atom RDM (ρ̂nm), which
depends on the three-atom RDM and so on. The complete set of equations is equivalent
to the full master equation and, by truncating the hierarchy we are able to simulate larger
systems neglecting higher order terms. Indeed the set of equations up to n-atom RMD
scales as ∝ Nn.

3.1 Classical dipoles equation

The classical dipole (CD) equation is obtained in the linear optics regime of
low saturation (s� 1). It can be derived from Eq. (2.51) and Eq. (2.52) by considering
〈σ̂zn〉 ≈ −1 and defining βn = 〈σ̂−n 〉:12–13,18

∂βn
∂t

=
(
i∆− Γ

2

)
βn − i

Ω
2 e

ik0.rn + i
Γ
2
∑
m6=n

eik0|rn−rm|

k|rn − rm|
βm. (3.2)

The same equation can be obtained fully classically from Maxwell equations for
classical harmonic oscillators.41 We show in the next section that the CD equation is
readily obtained from the mean-field equation with the approximation 〈σ̂zn〉 ≈ −1. Note
from Fig. 6 that this approximation (〈σ̂zn〉 = W (t) ≈ −1) is valid in the regime of low
saturation.
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3.2 Mean-field approximation

In order to obtain the mean-field (MF) equation we keep only the one-atom RDM
in the hierarchy Eq. (3.1) and consider a product state Ansatz for the N -atom density
matrix at all times: ρ̂ = ⊗

ρ̂n. As a consequence we neglect any kind of entanglement in the
system, so this model only includes factorized coherences between sites 〈σ̂+

n σ̂
−
m〉 = 〈σ̂+

n 〉 〈σ̂−m〉.
With the N -atom density matrix we can access any collective operator expected value
in the usual way by taking the trace Tr

(
Ôρ̂
)
. The product state Ansatz has been used

in the context of the Maxwell-Bloch description, in the low intensity driving laser, and
showed good agreement in the low density regime.42 Expanding ρ̂n in the Pauli matrices
basis leads to

ρ̂n = 1
2 (1n + 〈σσσn〉 .σ̂̂σ̂σn) , (3.3)

with σ̂̂σ̂σn = (σ̂xn, σ̂yn, σ̂zn). By substituting in Eq. (2.52), we obtain a set of 3N coupled
non-linear equations for the coefficients:

∂ 〈σ̂an〉
∂t

= −∆εazc 〈σ̂cn〉+ Ω cos(k0.rn)εaxb
〈
σ̂bn
〉
− Ω sin(k0.rn)εayd

〈
σ̂dn
〉

+
∑
m 6=n

∆nm

(
〈σ̂xm〉 εaxb

〈
σ̂bn
〉

+ 〈σ̂ym〉 εayd
〈
σ̂dn
〉)
− Γ

2 (〈σ̂an〉+ δaz(2 + 〈σ̂zn〉))

+ 1
2
∑
m 6=n

γnm
(
〈σ̂xm〉 εayd

〈
σ̂dn
〉
− 〈σ̂ym〉 εaxb

〈
σ̂bn
〉) (3.4)

with a ∈ (x, y, z), δnm the Kronecker delta and εabc the Levi-Civita symbol. Considering
the equations for σ−n , it can be rewritten as



∂

∂t

〈
σ̂−n
〉

=
(
−Γ

2 + i∆
)〈

σ̂−n
〉

+
iΩ2 eik0.rn − iΓ2

∑
m6=n

eik0|rn−rm|

k0|rn − rm|
〈
σ̂−m
〉 〈σ̂zn〉

∂

∂t
〈σ̂zn〉 =

−iΩeik0.rn +
∑
m6=n

iΓeik.|rn−rm|

k0|rn − rm|
〈
σ̂−m
〉〈σ̂+

n

〉
+ c.c.

− Γ (〈σ̂zn〉+ 1) .

(3.5)
It becomes clear that, in the MF approximation, the field acting on atom n is composed
of the incident laser ∝ eik0.rn plus the field emitted by all other atoms in the form of
a spherical wave ∝ eik0rnm/k0rnm. The system of non-linear equations can be integrated
numerically for thousands of atoms (N ≈ 104).

Note that going to the linear optics limit by seting 〈σ̂zn〉 = −1 and 〈σ̂−n 〉 = βn in
Eq. (3.5) we obtain the CD equation Eq. (3.2).
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3.3 Quantum pair correlations

Now, to go beyond semi-classical physics and include quantum correlations, we
consider pair of atoms connected correlations: 〈σ̂+

n σ̂
−
m〉−〈σ̂+

n 〉 〈σ̂−m〉 6= 0 for n 6= m (it is put
to zero in the MF approximation). The idea is the same as for the cumulant expansion43–45

but instead of a bottom-up approach we use a top-down approach by truncating the
BBGKY hierarch in Eq. 3.1 using a cluster expansion

ρ̂nm = ρ̂n ⊗ ρ̂m + χ̂nm

ρ̂nml = ρ̂n ⊗ ρ̂m ⊗ ρ̂l + ρ̂n ⊗ χ̂ml + ρ̂m ⊗ χ̂nl + ρ̂l ⊗ χ̂nm + χ̂nml.
(3.6)

We consider up to two-atom correlations and truncate the series of equations by neglect-
ing higher-order terms: χ̂nml = 0. We keep the one-atom ρ̂n and two-atom RDM ρ̂nm.
Expanding the two-atom RDM in terms of the Pauli operators, we get

ρ̂nm = 1
4

(
1n ⊗ 1m + 1n ⊗ 〈σ̂̂σ̂σm〉 .σ̂̂σ̂σm + 〈σ̂̂σ̂σn〉 .σ̂̂σ̂σn ⊗ 1m +

∑
ab

Bab
nmσ̂

a
n ⊗ σ̂bm

)
(3.7)

with Bab
nm =

〈
σ̂an ⊗ σ̂bm

〉
. Then we define cabnm =

(〈
σ̂an ⊗ σ̂bm

〉
− 〈σ̂an〉

〈
σ̂bm
〉)
/4 to obtain the

two-atom correlation operator χ̂nm = ρ̂nm − ρ̂n ⊗ ρ̂m:

χ̂nm =
∑
ab

cabnmσ̂
a
n ⊗ σ̂bm. (3.8)

By evolving the dynamics of the coupled equations for the coefficients 〈σ̂an〉 and cabjk, we
can obtain the N -atom density matrix and access any collective operator expected value
Tr(Âρ̂) where

ρ̂ =
N⊗
n=1

ρ̂n +
N∑
l=2

∑
m<l

m−1⊗
n=1

ρ̂n ⊗ χ̂ml ⊗
N⊗

n=m+1,n6=l
ρ̂n. (3.9)

We call this approximation the quantum pair correlations (QPC) method, which
provides a set of equations, whose number scales as ∝ N2. The full equation for this model
can be found in Appendix A of PUCCI et al.23

3.4 Other methods

In this section we discuss two other methods: the quantum jumps (QJ) and the
discrete truncated Wigner approximation (dTWA). While the QJ evolves the state vector
instead of the density matrix, a random jump projects the system in a random state, in
the dTWA a random sampling of the initial state in a discrete phase space is taken into
account and, that way, higher order corrections are included in the dynamics.
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3.4.1 Quantum Jumps

The quantum jumps method can be applied to the spontaneous emission problem46

and is implemented with a Monte Carlo simulation for the evolution of the state vector
|Ψ(t)〉.47–49 After a time step δt, there is a probability δp of a random jump that projects
the system (Ĉn the jump operator) in a random state. Consider a first order expansion of
the state at a time t+ δt50:

〈Ψ(t+ δt)|Ψ(t+ δt)〉 = 1− δp, (3.10)

with
δp = δt

∑
n

〈
Ψ(t+ δt)

∣∣∣Ĉ†nĈn∣∣∣Ψ(t+ δt)
〉
, (3.11)

δt is chosen so δp� 1. The probability of the system staying in the state |Ψ(t)〉 at t+ δt

is given by 1− δp and δp is the probability of a quantum jump event. If there is a jump,
the wave function goes to a state given by the projection of |Ψ(t)〉

|Ψ(t+ δt)〉 = Ĉn |Ψ(t)〉√〈
Ψ(t)

∣∣∣Ĉ†nĈn∣∣∣Ψ(t)
〉 . (3.12)

When we consider multiple jump operators, in the Monte Carlo method, we sample a
random number with probability δp and, if a jump occurs, we sample another random
number to choose a jump operator with probability pn. For each jump operator we can
calculate the probability pn:

pn(t) =

〈
Ψ(t)

∣∣∣Ĉ†nĈn∣∣∣Ψ(t)
〉

δt
. (3.13)

In the spontaneous emission problem, the quantum jump trajectory has a straight-
forward physical interpretation.51 Let us consider a continuous measurement with photon
detectors. If a photon is measured, it means that a quantum jump took place, whereas
if there is no photon detection, the system remained in the same state. In that sense we
obtain information on the system even when there is no detection. Now, suppose that the
atomic system has M excited atoms, if a photon is detected, we know that the system has
now M − 1 excited atoms. However, there is no information on which atom has decayed.
So we must run multiple quantum jumps trajectories and calculate the average to obtain
the correct expected values of the system operators.

To apply this method to the Lindbladian master equation Eq. (2.52) we must write
the dissipation operators in a diagonal form (see Section 3.4.1.1):

dρ̂

dt
= −i

[
Ĥ, ρ̂

]
+

N∑
n=1

1
2
(
2Ĉnρ̂Ĉ†n −

{
Ĉ†nĈn, ρ̂

})
. (3.14)
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This equation can be rewritten in the following form:

dρ̂

dt
= −i

(
Ĥeff ρ̂− ρ̂Ĥ†eff

)
+

N∑
n=1

Ĉnρ̂Ĉ
†
n, (3.15)

with effective Hamiltonian
Ĥeff = Ĥ − i

2
∑
n

Ĉ†nĈn (3.16)

and recycling therm
N∑
n=1

Ĉnρ̂Ĉ
†
n. (3.17)

The wave function |Ψ(t = 0)〉 is evolved with the Schrödinger equation using the effective
Hamiltonian and, at each time step δt, one checks by drawing a random sampling number
if a quantum jump occurs. The system is evolved for ntraj trajectories (i.e. realizations)
and, for each trajectory, the expected value of a desired operator Ô is calculated as follows:

〈
Ô(t)

〉
= 〈Ψ(t)| Ô |Ψ(t)〉 . (3.18)

Finally, the operator expected value is obtained from averaging over all the trajectories.
For an infinite number of trajectories ntraj →∞ the master equation result is recovered,
showing the equivalence between both methods.51 For a finite number of trajectories the
statistical error is given by:50

err = δO
√
ntraj

, (3.19)

with δO the statistical standard deviation for the operator expected value averaged over
the trajectories. In that sense, the precision of the method varies with the number of
trajectories (see Fig. 13) and with the operator choice.

One strong point of the quantum jumps method (QJ) is that we can perform exact
simulations with N ≈ 20 atoms since the state vector has dimension 2N , whereas the
density matrix has dimension 22N . On the other hand, it is not possible with the quantum
jumps method to start from an entangled initial state since, to add decoherences |Ψn 〉〈Ψm|,
with n 6= m, we need the density matrix formalism. If the initial state is a mixed state
|Ψ(0)〉 = ∑

an |Ψn〉, one has to run the simulation for each state |Ψn〉 and calculate the
operator expected value

〈
Ô
〉
with the probabilities weights |an|2.

Since we aim to simulate hundreds or thousands of atoms, we applied the QJ
method with the MF equation and a random sampling on the initial state, we hopped
to, that way, obtain quantum corrections, however the results did not present any good
agreement.
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Figure 13 – Comparison of the far-field radiation at θ = 35◦ for exact simulation (E) and
quantum jumps (QJ) with N = 5, s = 2, ∆ = −2 and one random position
realization for a spherical distribution with kR = 5. Increasing the number of
trajectories ntraj , the QP prediction becomes closer to the (E) result.

Source: By the author

3.4.1.1 Lindblad operator diagonalization

Let us consider the following Lindbladian operator:

L (ρ̂) = 1
2

N∑
n=1

N∑
m=1

γnm
(
2σ̂−n ρ̂σ̂+

m −
{
σ̂+
mσ̂
−
n , ρ̂

})
. (3.20)

In order to apply the quantum jumps formalism, one needs to cast it under a diagonal
form. To that end, we need to diagonalize the damping matrix γ in Eq. (2.53). Defining
the vector with eigenvalues of the damping matrix as γγγ with λn the n-th eigenvalue we
can write:

γγγ.1 = U †γU, (3.21)

with U the unitary transformation obtained with the damping matrix eigenvectors. We
then write

γ = Uγγγ.1U †, (3.22)

and we can rewrite the coefficients of the matrix γ

γnm =
N∑
α

N∑
β

UnαλαδαβU
†
βm, (3.23)

in order to substitute it in the Lindbladian operator:

L (ρ) = 1
2

N∑
α

N∑
β

λαδαβ

(
N∑
n=1

N∑
m=1

UnαU
†
mβ

(
2σ̂−n ρ̂σ̂+

m −
{
σ̂+
mσ̂
−
n , ρ̂

}))
. (3.24)
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Now, we define the transformed operator Â as follows:

Âα =
N∑
n

Unασ̂
−
n , (3.25)

and rewrite Eq. (3.24) to obtain the Lindbladian in the form:

L (ρ) = 1
2

N∑
α

N∑
β

λαδαβ
(
2Âαρ̂Â†β −

{
Â†βÂα, ρ̂

})
. (3.26)

By applying the Kronecker delta δαβ, with α = β = n, and defining Ĉn =
√
λnÂn we

obtain the desired Lindblad operator in diagonal form of Eq. (3.14). Note that, each
eigenvalue λn is associated with an operator Ân, which is a linear combination of all atomic
lowering operators Eq. (3.25); in that sense, we can say that we have N collective decay
channels in the system, which define the jump operators Ĉn for the collective spontaneous
emission of the light.

3.4.2 Discrete truncated Wigner approximation

By exploring the phase space representation of the quantum dynamics, one can
search for truncated methods or other approximations to represent a many-body system.
One method is based on a perturbative approach with an expansion that adds quantum
fluctuations to a classical limit.52 In the truncated Wigner approximation (TWA), quantum
corrections are obtained by random sampling the initial state, due to statistical uncertainty,
and, then, averaging the dynamics over the multiple classical trajectories. For spin systems
(same algebra of the two-level atom), the TWA can be applied in the Bloch limit in which
the angular momentum is treated as classical rotators. This approximation is obtained from
the Heisenberg representation by using the Feynman’s path integral with the Keldrysh
technique and the Wigner-Weyl quantization.52 This technical derivation is out of the scope
of this text. In short, there is a transformation, denominated Weyl symbol, that maps the
operator in the Hilbert space to the phase space. The Wigner function is the representation
of the density matrix in the phase space, while the Moyal product is the Weyl symbol
of the product of two operators. By taking the Weyl symbol of the commutator, and
the limit ~→ 0, one obtains the Poisson bracket of the corresponding classical functions
multiplied by i~. In that sense, the classical trajectory equation to apply the TWA method
can be obtained from the Von-Neumann equation in the classical limit. The TWA method
recovers the exact result for quadratic potentials in the limit of infinite trajectories. For
other potentials, it is an approximation method and one can add quantum fluctuations
with stochastic quantum jumps in the discrete phase space dynamics.52

Let us consider a system with a finite number of orthogonal states. One can
represent the Hilbert space of dimension D2 with D2 points in a discrete phase space.53

This discrete phase space is defined using modular arithmetic mod (D) and has a non-
intuitive definition of lines: ma1 +na2 = p, mod (D). a1 and a2 are the points coordinates
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while n,m, p are integers ∈ (0, D − 1). Two lines are parallel if they only differ by the
value of p. A set of parallel lines is denominated foliation. Each foliation is associated
to an operator in the Hilbert space and the sum of the Wigner function in a line is an
expected value of the operator.53

In the single two-level atom case, Hilbert space dimension 22, we need 4 points in
the discrete phase space, as shown in Fig. 14(a). In Fig. 14(b) we represent the 6 possible
lines (pair of circled points) for the two-level atom, the 3 possible foliations (lines inside
the dashed rectangle). The sum of the Wigner function in one line gives the probability of
measurement of an observable, for example, pz−1 is the line that corresponds to (1−〈σ̂z〉)/2.
Although the Wigner function is allowed to assume negative values, the sum over a line is
a positive quantity that gives an observable expected value. This is the reason why it is
called a pseudo-probability function.

(a) (b)

Figure 14 – (a) Representation of a two-level atom in the discrete phase space, (b) we can
associate each foliation to one observable of the Hilbert space.

Source: By the author

For N two-level atoms, we could map the D2 = 22N Hilbert space in the phase space,
but that way the complexity of the problem is not reduced and there is no computational
gain. The main idea of the discrete truncated Wigner approximation (dTWA) is to represent
each spin by 4 points in the phase space (analogous to the product state Ansatz for the
MF method) and, by evolving the dynamics with a classical or semi-classical equation, to
obtain quantum correction using a random sampling of the initial state.

In Fig. 15 we present a scheme of the dTWA method. In (a) there is a Bloch sphere
with spin N/2 formed by N spin-1/2 particles. In (b) we see a compact representation of
Fig. 14(b). In (c) the initial state in the phase space for a spin-up 〈σ̂z〉 = 1 is given and, in
(d), one random configuration is obtained by choosing one point for each spin-1/2 in the
phase space (so there is 4N possible trajectories). Then, nt trajectories are evolved with
the classical equation (that can be obtained with the Poisson braket) and the expected
value of the observable is calculated with the average over the nt trajectories.
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Figure 15 – Scheme of the dTWA method to simulate a many-body spin system.
Source: Adapted from: SCHACHENMAYER; PIKOVSKI; REY.54

The dTWA method was proven to work well for spin systems solving the quantum
dynamics54–55 and giving results that go beyond the MF approximation.56 However, it has
been applied only to Hermitian Hamiltonians, without dissipation. When applied to our
dissipative system using the MF equation (as semi-classical evolution) it seems to capture
correctly the Rabi oscillations in the switch-on configuration (see Fig. 16(a)). Nevertheless,
it does not capture correctly the dissipative component in the overdamped regime (see Fig.
16(b)). In particular, if we have no laser, the dTWA appears to fail completely (Fig. 16(c)).
Differently, the QPC method presents, overall, a good agreement with exact simulations
(the total population is defined as Pop = ∑

n(1 + 〈σ̂zn〉)/2).
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Figure 16 – Comparison of the total population Pop for one random positions realization with
a uniform sphere with spatial density k3ρ = 0.05, N = 5 and ∆/Γ = −2. In (a)
Ω/Γ = 5 and we have the dynamics dominated by the Rabi oscillations. In (b)
Ω/Γ = 1 and we are in the overdamped regime, the dTWA method fails. In (c)
Ω/Γ = 0 and no dynamics is expected, but the dTWA method shows a wrong
behavior.

Source: By the author

We conclude that, for our model with the MF equations, the dTWA method does
not work properly. It might be related to the evolution of the product of two random
variables, 〈σ̂an〉

〈
σ̂bm
〉
in Eq. (3.4), that appears from the Lindbladian operator in the MF
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approximation. One could also speculate that, when deriving the dynamics in the phase
space with the Feynman integral52, the process is considered time-reversible. However,
when deriving the master equation Eq. (2.52), with the Born-Markov approximation,
the time-reversal symmetry is broken.39 More investigations are necessary to apply this
method for dissipative systems. One alternative is to obtain the classical equations from
the Moyal bracket in the limit of ~→∞, or with a perturbative approach.

We also did apply the dTWA using the QPC equations for the fluorescence power
spectrum23. Yet for dilute systems the QPC equations already show a very good agreement
and the computational cost is much smaller than using the QPC plus dTWA random
sampling. For this reason, we have focused on the QPC method to include quantum
corrections in our simulations, and abandoned, at least temporarily, the dTWA method. In
the future, one could apply stochastic quantum jumps in the dynamics of the phase space
to include quantum fluctuations, given that a proper semi-classical evolution equation is
obtained.
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4 APPLICATION TO THE DYNAMICS OF THE RADIATED INTENSITY

In Section 2.3.1 we introduced the radiated far-field intensity Eq. (2.56) which is an
observable that can be obtained experimentally with CCD cameras. The collective optical
response of a cloud of cold atoms differs substantially from the single-atom case and it
has been explored in recent studies.57–58 The cooperative scattering of light18 leads to
many-body effects with a rich physics. Since Dicke’s work on coherence in the spontaneous
emission superradiance9,15,59–60, an enhancement in the field emission with collective decay
rate larger than the single atom one ΓN > Γ, and its counterpart subradiance10,61–63

ΓN < Γ have been studied both from the theoretical12,64–65 and experimental10,66–67 side.
However, most of the work in the literature were performed in the linear optics limit, with
at most one excitation in the system and, in particular for the radiated far-field intensity,
its decay dynamics is well understood in the switch-off protocol, thus there is no Rabi
oscillations after the laser is turned off.10,61,66,68–69

In this chapter we present a detailed study of the switch-on dynamics in the
linear optics limit and show, with simulations and experimental comparison, that a first
extension of the CD model beyond linear optics is a nonlinear MF model.22 We also present
preliminary results with the QPC model demonstrating the role of quantum correlations
in the subradiant decay dynamics of the atomic excitation.

4.1 Switch-on dynamics

Let us describe the problem of the dilute atomic cloud driven by a monochromatic
light (see Fig. 1) in the switch-on regime in which all atoms are in the ground state at
t = 0, when the driving laser is turned on, and the system evolves to the steady-state.
The Rabi oscillations of the atomic states leaves their trace in oscillations of the intensity
of the radiated far field that can be accessed experimentally, an example is presented in
Fig. 17. We apply the simulation methods discussed in chapter 3 to study this problem in
the theoretical side. With the CD model Eq. (3.2) we reproduce the experimental data in
the linear optics limit and by fitting a phenomenological function we obtain a collective
Rabi frequency and decay rate. We show that superradiance can also be observed in the
switch-on dynamics and not only on the switch-off case as studied before.

We also observe a frequency shift, which can be described by a linear dispersion
theory with a multimode vacuum Rabi splitting.70 Beyond the linear optics model we
show that the MF nonlinear equations presented in Eq. (3.5) reproduce the experimental
data, when the CD model fails. Going further, by considering quantum correlations with
the QPC model (section 3.3), we show, as a preliminary result, that a slope in the far-field
decay can be explained by a subradiant mode pumping.
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Figure 17 – Example of far-field observation for the switch-on dynamics. At t = 0 the driving
laser is turned-on with the system in the ground state. There are oscillations in the
field due to the Rabi oscillations. The field is normalized by the steady-state value.

Source: By the author

4.1.1 Switch-on dynamics in the linear optics limit

To solve the classical dipoles equation in the switch-on case (the atoms are ini-
tially in the ground-state) it is convenient to define the complex amplitude vector βββ(t) =
(β1(t), β2(t), . . . , βN(t))T and a vector with the Rabi frequencies ΩΩΩ = (−i/2) (Ω1,Ω2, . . . ,ΩN)T ,
with Ωn = Ωeik0.rn taking into account the phase term due to the atom position. Then we
can rewrite Eq. (3.2) in a vector form:

dβββ(t)
dt

= Mβββ(t) + ΩΩΩ, (4.1)

with matrix elements

Mnm = δnm

(
i∆− Γ

2

)
+ (1− δnm) iΓ2

eik0rnm

k0rnm
. (4.2)

Using the initial condition the ground-state (βββ(0) = (0, 0, . . . , 0)T ) we obtain the
formal time-dependent solution for the switch-on dynamics:

βββ(t) =
(
eMt − 1

)
M−1ΩΩΩ. (4.3)

That way we can calculate the dynamics with an optimized matrix exponential
algorithm or by a standard 4th order Runge-Kutta integrator using Eq. (4.1).
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4.1.1.1 Experimental setup

All the experimental data presented in this chapter were obtained by collaborators
in the Institut de Physique de Nice (INPHYNI, France), in Robin Kaiser’s Cold Atoms
Group. A detailed description of the experimental setup can be found in (66).

In brief, they produce a 3D Gaussian cloud of rms ≈ 1mm of N ≈ 109 randomly
distributed 87Rb atoms. The atoms are treated as two-level systems using the atomic
transition F = 2→ F ′ = 3 (which we assume to be closed), with wavelength λ = 782.4nm
and linewidth Γ/2π = 6.07MHz. The cloud is driven by a linearly polarized monochromatic
probe beam with waist w ≈ 5.7mm, frequency ωL, detuning ∆ = ω − ωeg from the atomic
transition and it is propagating along the z-direction k0 = k0(0, 0, 1)T (k0 = 2π/λ). The
recorded signal is taken by a photon detector in the far field at a 35◦ angle with the z-axis
(see sketch on Fig. 1).

The intensity is normalized to one in the steady-state and the signal is averaged
over ≈ 5 × 105 realizations. Also, the normalized intensity is divided by a normalized
temporal signal without the atoms, with only the laser on and a white paper as a scattering
medium. This procedure and the mean over realizations reduces the noise and fluctuations
in the signal and allows to attenuate the contributions from unwanted photons.
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Figure 18 – Experimentally recorded time-dependent intensity after the laser switch-on for
various cloud and laser parameters. Different parameters lead to an increasingly
large resonant optical thickness b0. Large b0 and small ∆ lead to an increasingly
damped excitation behavior (a) b0 = 14.2 and ∆ = −8Γ (b) b0 = 13.4 and ∆ = −3Γ
(c) b0 = 46.3 and ∆ = −3Γ. The lines denote a numerical simulation of linear
optics dynamics equations and reproduce the experiment very well, in case of a low
saturation parameter (s ≈ 0.02).

Source: Adapted from ESPIRITO SANTO et al.22

In Fig. 18 we compare the experimental results with numerical simulations for the
time-dependent field dynamics. Treating N = 109 atoms numerically is not feasible due
to hardware limitations on the modern desktop computers or very long time consuming
simulations if powerful clusters are utilized. We choose Neff = 5000 for the CD simulations
and define the Gassian cloud rms radius to match the experimental optical thickness
kR =

√
2Neff/b0, k = 2π/λ the wave vector of the driving laser, λ the wavelength and
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b0 the optical thickness. We also define a hard sphere condition with minimal distance
between atoms dmin = 0.1ρ−1/3

0 (ρ0 the atomic density at the center of the cloud) to avoid
strong contributions from very close atoms. The dynamics is evolved with Eq. (3.2) with a
standard 4th order Runge-Kutta method and the field is calculated with Eq. (2.56). We
take the mean over 100 random atoms position realizations to reduce fluctuations.

In Fig. 18(a)-(c) there are very different regimes of b0 and ∆, one can note that
the oscillations are reduced when decreasing |∆| (from (a) to (b)) or when increasing
b0 (from (b) to (c)). Despite the very different number of atoms from the simulation to
the experimental setup we obtain a very good agreement, which confirms the role of the
optical thickness b0 as the control parameter for cooperative effects. We also tested other
values of Neff and dmin for the simulations and the results are still in good agreement.
The main difference of CD and the experiment is in the first peak of the oscillation in
panel (a), typically lower for the experiment in this regime, this might be due to the finite
switch-on time for the laser in the experiment (of ≈ 6ns, which is short compared to the
87Rb excited state lifetime τat = Γ−1 = 26.2ns, but not completely negligible).

4.1.1.2 Superradiant dipole

The far-field intensity dynamics, in the linear optics limit, behaves approximately
as a single superradiant dipole. Both experimental and simulation data can be fitted, with
good agreement, by a phenomenological function:42,70

Iθ = Is
∣∣∣1− e(iΩN−ΓN/2)t

∣∣∣2 , (4.4)

where ΓN is the collective decay rate and ΩN the generalized Rabi frequency of the effective
mode.
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Figure 19 – Comparison of an effective mode fitting Eq. (4.4) to signals from the experiment
(points: data; solid lines: fit) and to CD simulations (triangles: simulation; dashed
lines: fit) in different regimes: In the underdamped case (a) the fit to the CD
theory is nearly perfect. In the more damped cases (b),(c) small deviations from
the effective mode (also in CD simulations) are visible.

Source: Adapted from ESPIRITO SANTO et al.22
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In Fig. 19 we have fitted the Eq. (4.4) (plain lines) to the experimental signal and
CD simulations (dashed lines). We obtain a very good agreement for the different regimes
of b0 and ∆ (panels (a)-(c)), which allows us to extract the effective mode collective
parameters ΓN and ΩN . In the following we discuss the superradiant dipole in the single
and multimode cases.

4.1.1.3 Single mode

The dynamics in the linear optics limit, where the atomic excitation is considered
small and the atomic population are neglected (when assuming 〈σ̂zn〉 ≈ −1), is dominated
by the driving laser. For this reason, it is convenient to move to the laser frame with the
transformation

β̃n = e−ik0.rnβn, (4.5)

we rewrite Eq. (4.1) in the form:

dβ̃̃β̃β(t)
dt

= M̃β̃̃β̃β(t) + Ω̃̃Ω̃Ω, (4.6)

where the Rabi vector is now homogeneous , Ω̃̃Ω̃Ω = (−iΩ/2)(1, 1, . . . , 1)T , and the coupling
matrix terms

M̃nm = δnm

(
i∆− Γ

2

)
+ (1− δnm) iΓ2

eik0rnm

k0rnm
eik0.(rm−rn). (4.7)

Taking advantage of the homogeneous driving, we consider an effective mode
approach by replacing the excitation amplitude by its average over the number of atoms
(β̃n ≈ β̄ = (1/N)∑ βn) and we obtain an equation similar to the single dipole case

dβ̄

dt
=
(
i∆− Γ

2 + C

)
β̄ − iΩ2 , (4.8)

with C a geometrical factor:

C = 1
N

∑
n

∑
m 6=n

i
Γ
2
eik0rnm

k0rnm
eik0.(rm−rn). (4.9)

Then we obtain the solution

β̄(t) = iΩ
2iΩN − ΓN

(
1− e(iΩN−ΓN/2)t

)
, (4.10)

with modified damping and frequency

ΓN = Γ + 2Re(C)

ΩN = ∆− Im(C).
(4.11)
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The field intensity now simply writes I = β̄∗β̄, and computing it we recover the
same result of the phenomenological Eq. (4.4). To estimate the value of C we go to the
continuum density limit by using a Gaussian distribution for the atoms position and
integrating over all the space

C = N

(2π)3R6

∫
dr
∫
dr′

eik0|r−r′|

k|r− r′|
eik0.(r−r′)e−(r2+r′2)/2R2

= −Γ
2
b0

8

(
2iD(2k0R)√

π
−
(
1− e−4k2

0R
2))

,

(4.12)

with D(x) the Dawson integral that behaves asymptotically as D(x→∞) ≈ 1/2x. In the
limit of a large dilute cloud (kR � 1 and ρ0/k

3 � 1), C = −(Γ/2)b0/8 gives a scaling
linear in b0 for the collective damping:17–18

ΓN = Γ (1 + b0/8) . (4.13)

Note that since C is real in the dilute approximation, the frequency shift is negligible.
Nevertheless, this single-mode approach reproduces the scaling decay rate due to a single
photon superradiance after a weak pump excitation.17–18

4.1.1.4 Multiple modes

Let us now consider the multiple modes case Eq. (4.6) without further approxi-
mations. Note that the matrix M̃ is complex symmetric and can always be written in a
diagonal form by a unitary transformation UM̃UT = D, with D complex diagonal. We
suppose UUT = 1, which is always true for random distributions of positions. Introducing
the transformed amplitudes b(t) = Uβ̃̃β̃β and transformed Rabi frequency vector w = UΩ̃
we obtain the solution

b(t) =
(
eDt − 1

)
D−1w (4.14)

which gives an exponential decay for the amplitude of each mode

bn(t) = wn
λn

(
eλnt − 1

)
, (4.15)

with wn the nth element of the vector w, λn the associated eigenvalue of M̃ with real and
imaginary parts λn = −Γn/2− iΩn that define the damping and oscillation of the mode
n. That way, the dynamics of the amplitudes bn depends on a geometrical factor wn and
the spectral distribution λn. Thus not only the geometrical factor for each mode wn, but
also the presence of multiple modes in the dynamics, lead to more fluctuations for the
radiated far-field, which presents a large deviation from one atomic position realization
to another. Nevertheless the average over random realizations can still be fitted with the
phenomenological function Eq. (4.4) with a remarkably good agreement (see Fig. 20).
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Figure 20 – CD simulations for the parameters from Fig. 19. Besides the realization averaged
curves (orange lines), we also show 100 single realization results (thin gray lines).
(a-c) Neff = 5000 (d) Neff = 2000. For small |∆| and large b0 we observe large
fluctuations that are independent of Neff .

Source: Adapted from ESPIRITO SANTO et al.22

4.1.1.5 Collective superradiance and frequency shift observation

We ran CD simulations to compare them with the experimental data in the linear
optics limit, with a constant low saturation parameter (s ≈ 2.2± 0.6× 10−2), varying the
optical thickness b0 and the laser-atom detuning ∆. All the simulations were done with
Neff = 5000 atoms, the Gaussian cloud kR adjusted to match the experimental b0 and we
took the average over 100 realizations of random positions to reduce fluctuations.

By fitting Eq. (4.4) we extract the collective damping constant ΓN and the gen-
eralized Rabi frequency ΩN . For the damping, the out-of-resonance optical thickness
b(∆) = b0/(1 + 4(∆/Γ)2) appears to be the control parameter to describe the superradiant
behavior. Our results (Fig. 21), obtained with the switch-on dynamics, has the same
behavior of the well-known superradiant decay obtained for the switch-off case.66

In Fig. 21 we compare the CD simulations (a) with the experimental results (b)
for the collective damping rate. We only kept the values for which the fit is rather good:
R2 > 0.85. A superradiant decay is indeed observed (ΓN > Γ), note that, for small b(∆),
ΓN scales with b0 following the single mode result of Eq. (4.13) (Fig. 21(a) solid lines). For
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Figure 21 – Collective decay rate ΓN showing superradiant behavior. (a) Fits to CD simulations.
(b) Fits to experimental data. We only kept the data for which the fitting function
Eq. (4.4) has a value of R2 > 0.85. For small b(∆) the CD theory agrees with the
single-mode prediction (lines from Eq. (4.13)). Generally, the experiment exhibits a
more damped behavior.

Source: Adapted from ESPIRITO SANTO et al.22

b(∆) ≥ 1 the decay rate gets smaller due to attenuation and multiple scattering, which
can be explained by the reduced superradiant states population near-resonance.71 The
experimental data Fig. 21(b) shows a very similar behavior compared with the CD results
(a). We attribute the deviations to systematic errors and to the finite switch-on time of
the laser.

In Fig. 22 we present the frequency shift (ΩN −∆)/Γ. Note that, for small optical
thickness there is almost no shift, in agreement with the single mode approximation.
Increasing b0 there is a shift that also varies with the detuning ∆. This shift can be
interpreted as a multi-mode vacuum Rabi splitting: it can be calculated with linear
dispersion theory (solid lines in Fig. 22), and is related to the coupling strength of the
light modes to the atomic cloud.70
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Figure 22 – Splitting amplitude extracted from the experiment (full symbols), from the coupled-
dipole simulations (empty symbols) and from the linear-dispersion theory (lines),
for different detunings and optical thicknesses. For the CD simulation the collective
decay rate Ω in the label is obtained with ΩN from Eq. (4.4).

Source: Adapted from GUERIN et al.70

4.1.2 Beyond linear optics

When increasing the saturation parameter in the system, the linear optics regime
in which the low saturation is assumed (〈σ̂zn〉 ≈ −1) breaks down and we cannot neglect
the atomic population anymore. The nonlinear MF equations Eq. (3.5), that includes
the σzn operators is a good candidate to describe the field dynamics if one assumes that
the quantum correlations between atoms can be neglected. Since the MF equations scale
linearly with N (3N equations instead of N for linear optics), numerical simulations can
still be performed with thousands of atoms.

In Fig. 23 we compare exact simulations (E), i.e., that addresses the full Hilbert
space, with MF and CD results. We use a toy-model with N = 6 atoms with a uniform
sphere distribution for the atomic positions. It is a toy-model in the sense that, even though
the model is derived for the low spatial density regime (scalar approximation for the light),
by choosing a sphere radius R = 1k−1, there is a high density ρ = 1.4k3. But since we
are working with a small number of atoms we extrapolate the spatial density to obtain a
high optical thickness. Even for this high density case, with a small saturation parameter
s = 0.1 (Fig. 23(a)) all three models are in good agreement, as can be expected from
the low-excitation regime. Increasing the saturation (see Fig. 23(b)) the CD simulations
deviate strongly from the exact ones, while the MF results captures correctly the oscillatory
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dynamics, although it does not capture the slope in the decay. Going back to the dilute
regime (see Fig. 23(c), R = 5k−1 and ρ ≈ 0.01k3) the slope is not present and the MF
results are in good agreement with the exact simulation.
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Figure 23 – Comparison between exact simulations of the master equation (E), Eq. (2.52),
mean-field simulations (MF), Eq. (3.5), and the coupled-dipole model (CD), Eq.
(3.2). The intensity is normalized to the long-time value. We use a small cloud with
uniform density (Neff = 6). Here, ∆ = −4Γ and we use two sphere radii kR = 1
(a),(b) and kR = 5 (c). We tune the Rabi frequency to obtain small and large
saturation parameters, s = 0.01 (a) and s = 2 (b),(c), respectively. MF is superior
to CD in reproducing the full quantum results for high saturation (c) and only fails
for dense clouds and high saturation (b). Exclusion distance kdmin = 0.1; average
performed over 21 realizations.

Source: Adapted from ESPIRITO SANTO et al.22

Overall, we find a very good agreement between exact and MF simulations for
the switch-on dynamics, with small deviations for Ω ≈ Γ. This regime is the one where
quantum correlations are expected to be the strongest, as the atoms are strongly driven
by the laser, yet the radiation they exchange between each other is comparable to that.

In Fig. 24 we compare the experimental signal with MF and CD simulations for
higher saturation parameter s. From the experimental side, the same setup described in
section 4.1.1.1 is used with some upgrades.61–62 The experiment is still in development
for high saturation parameter and some issues, for example, higher temperature in the
system and higher laser switch-on time (17ns), are being addressed to study this regime
with a better control of the different parameters. Note that, increasing the saturation
parameter (Fig. 24(a)-(c)) the CD model fails to describe the signal whereas the data from
the non-linear MF model are in good agreement with the experimental results.
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Figure 24 – Comparison between the normalized intensity evolution from the experiment with
MF and CD simulations in a large saturation regime (s & 0.1) and with b0 ∼ 60:
(a) s = 0.13, (b) s = 0.34, (c) s = 0.63. Here, ∆ = −4Γ. For the simulations
Neff = 5000, and the results were averaged over 78 random distributions.

Source: Adapted from ESPIRITO SANTO et al.22

4.1.3 Single mode in the mean-field approximation

Let us now apply the single mode approximation (see section 4.1.1.3) for the MF
equations. Here we not only replace the excitation amplitudes by it average value β̄ but
also the average of the σzn operators z̄ ≈ (1/N)∑σzn to obtain:


d

dt
β̄ =

(
i∆− Γ

2

)
β̄ − iΩ̄(t)

2 z̄

d

dt
z̄ = i

Ω̄∗(t)
2 β̄ − iΩ̄(t)

2 β̄∗ − Γ (z̄ + 1)
(4.16)

with
Ω̄(t) = Ω− iΓb0

8 β̄(t). (4.17)

Eq. (4.16) is identical to the single dipole equation but with a time-dependent Rabi
frequency Eq. (4.17). The mean electric field generated by the cloud acts like an additional
pumping stimulating the successive emission and absorption of light by the atoms.

4.1.4 Optical pumping of a subradiant mode

The slow decay that induces the slope behavior observed in the toy-model on Fig.
23(b) is intriguing and was also observed in some of the experimental results, in the dilute
regime and high b0, for higher saturation parameter. Let us first take a closer look at the
decay matrix, which elements are defined by the collective emission terms

γnm = Γsin(krnm)
krnm

, (4.18)

obtained by diagonalizing this matrix. We thus obtain N decay constants γn (eigenvalues)
associated with each decay channel (see section 3.4.1.1). At this point, we analyze the
geometrical dependency of the γn without directly studying the dynamics. Note that,
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due to the trace conservation of a similarity transformation (Eq. (3.22)) ∑ γn = NΓ, the
maximum possible exponential decay at the system is NΓ for any channel.
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Figure 25 – Decay channels γn obtained from the decay matrix diagonalization as a function
of (a) the optical thickness b0 and (b) the Gaussian cloud RMS kR. N = 100 and
average over 50 random atoms position realizations.The color gradient indicates
the γn) valuers from lower (red) to higher (violet).

Source: By the author

In Fig. 25 we compare the behavior of the N decay constants γn when increasing
the system size kR on one hand, and the optical thickness b0 on the other hand. The
number of atoms is fixed, N = 100, so the spatial density ρ is also varying. For each value
of parameters we took the average over 50 realizations with a Gaussian distribution. Note
that, for very small kR or high b0 there is one strong superradiant decay channel (γn � Γ)
and most of the others channels become subradiant (γn < Γ). In particular in Fig. 25(b),
for a very small kR we observe two decay constants, Γsup of the order of NΓ and one
small Γsub (neglecting γn < 10−3). For high values of kR or small b0 there seems to be
∼ N/2 superradiant channels and ∼ N/2 subradiant ones with γn of the order of Γ. For a
very dilute cloud ( kR� 1) the atoms are very distant and the interaction is small, we
expect that all the decay channels tends to the independent atoms case with γn → Γ. Also
remember that, this model was derived for the dilute regime; in that sense the kR� 1
limit should in principle be studied using a vectorial light model.

Now, inspired by the small kR case where it seems to be one superradiant rate
and one subradiant rate (neglecting γn < 10−3), or one can think of averaging the
super/subradiant decay, let us consider a three-level system with one superradiant mode
and one subradiant mode: this system is an idealization of the full system, which contains
∼ 2N modes, yet its aim is to capture the ingredients necessary to explain the slope
discussed above. The pump addresses mainly the superradiant mode, since these modes
are those that most couple to a planewave72. From the superradiant state, it can decay to
the ground-state or decay (pumping) to the subradiant mode. A sketch of this model is
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Figure 26 – Three-level system with a superadiant and a subradiant states.
Source: By the author

presented in Fig. 26. One can write the rate equations for this three-level system, with
ρsup→g the transition |sup〉 → |g〉, the following equations are obtained:



dρg
dt

= −iΩ2 (ρsup→g − ρg→sup) + Γsupρsup + Γsubρsub,
dρsup→g
dt

= (i∆− Γsup/2) ρsup→g + i
Ω
2 (ρsup − ρg),

dρsup
dt

= i
Ω
2 (ρsup→g − ρg→sup)− Γsupρsup − Γρsup,

dρsub
dt

= Γsupρsup − Γsubρsub.

(4.19)

Averaging out the fast oscillations to describe only the slope which occurs on long
time scales (t� 1/Γ), by considering

d

dt
ρsup→g = d

dt
ρg→sup = 0 (4.20)

we obtain the rate equations



dρg
dt

= − ΓsupΩ2

Γ2
sup + 4∆2 (ρsub − ρsup) + Γsupρsup + Γsubρsub,

dρsup
dt

= ΓsupΩ2

Γ2
sup + 4∆2 (ρg − ρsup)− Γsupρsup − Γρsup,

dρsub
dt

= Γρsup − Γsubρsub.

(4.21)

This system of equation can be rewritten in the form

d

dt


ρg

ρsup

ρsub

 = M


ρg

ρsup

ρsub

 (4.22)

and the radiated power is given by

P (t) = (Γsup + Γ) ρsup(t) + Γsubρsub(t). (4.23)
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Solving the system of Eq. (4.21) for the initial state of the switch-on dynamics
(ρg, ρsup, ρsub)T = (1, 0, 0)T 

ρg

ρsup

ρsub

 (t) = UeDtU−1


1
0
0

 (4.24)

with M = UDU−1, D the diagonal matrix obtained from the diagonalization of the system
coefficients matrix M . We finally obtain one expression for the radiated power, with λ0,±

the eigenvalues of M :

P (t) = (Γ + Γsup)U21U
−1
11 + ΓsubU31U

−1
11 +

[
(Γ + Γsup)U22U

−1
21 + ΓsubU32U

−1
31

]
eλ−t+

+
[
(Γ + Γsup)U23U

−1
31 + ΓsubU33U

−1
31

]
eλ+t

(4.25)

We finally use the Eq. (4.25), apart from one amplitude A to consider the N atoms
contribution f = AP (t), to fit the slope decay, with free fitting parameter Γsup, Γsub and
an amplitude A to account for the N atoms in the system.
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Figure 27 – Comparison of the field dynamics for QPC and MF for high b0 (a) for the fiting it
was obtained a Γsup = 24.72Γ and Γsub = 0.10Γ. The MF method fails to capture
the slope. In (b) a experimental run where the same slope behavior is observed,
with Γsup = 37.81Γ and Γsub = 0.09Γ.

Source: By the author

In Fig. 27 we observe with numerical simulation (a) and experimental results (b)
that, for substantial saturation s & 1 and high optical thickness b0, the fitting function for
the slope has a good agreement, which shows that the simple three-level model captures
the slope. This slope may thus be a signature of optical pumping of subradiant modes,
which could be a way to tune the population of these modes.

Also, in Fig. 27(a), the MF simulation does not capture the slope behavior, so
it can be understood as a signature of the presence of quantum correlations. The QPC
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simulations are limited to hundreds of atoms, we are not able to match the experimental
regime of dilute cloud with high optical thickness to obtain a direct comparison. Also,
the experimentalist of the Cold Atom Group in Nice are still improving the experimental
setup to achieve higher saturation parameters. These preliminaries results will, in a near
future, be compared more systematically to the experimental ones to understand whether
optical pumping of subradiant modes can be achieved.

4.2 Switch-off dynamics in the quantum regime

Most of the cooperative effects were discussed up to date in the classical linear
optics limit and with the switch-off dynamics protocol. In the previous section we described
some collective effects with the switch-on dynamics and showed that the nonlinear MF
equations describe the system correctly for higher saturation. Only for larger densities
does the MF model fails to capture a slope in the switch-on protocol, which is probably
related to an optical pumping of subradiant modes.

In the switch-off protocol, the laser is turned-off (t = 0) when the system has
reached a steady-state (practically, it has received the pump for a time t� 1/Γ). Since the
number of excitations can only decay with time, one expects to recover the low-excitation
behavior for long-times (Γt� 1). The correlations build up in the decay dynamics and
fade away at late times.

In Fig. 28 we present a benchmark of the MF and QPC models with exact
simulations (E) for N = 7 atoms, on resonance (∆ = 0) in two different regimes. For
small saturation (Ω = 0.1Γ) all the results are in good agreement, the MF model presents
some deviations for Γt & 2.5. For the high saturated case (Ω = 5.0Γ), while the QPC
method has a good agreement with E, the MF model decays like N independent atoms
(e−Γt/2, dashed line). Also, for Γt ∼ 10 the MF starts to deviate from the linear decay, so
non-linear effects might appear, which are not related to quantum correlations.

By fitting the exponential decay as Ae−ΓN t in a given time interval, one can obtain
the collective decay time τN = 1/ΓN . In Fig. 29 we divided the field decay in intervals of
Γδt = 1 and fitted an exponential decay to obtain the decay constant ΓN(t) as a function
of time. We can observe that, for small saturation parameter, s = 0.1, in Fig. 29(a) the
MF and QPC methods are in good agreement, while for higher saturation, s = 5, in Fig.
29(b), for Γt ∼ 5 there is a plateau with ΓN = 1 for the MF model decaying essentially as
N independent atoms. Thus, we choose the interval Γδt ∈ (5, 10) to analyze the role of
quantum correlations, since it is the interval in which the MF method does not agree with
QPC.

By analyzing the decay dynamics in the quantum regime, in the time interval
Γt ∈ (5, 10), we extract the decay time τN and always find subradiant times τN > 1 for
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Figure 28 – Far-field radiated intensity in the switch-off configuration, using exact simulations
(plain lines), quantum pair correlations (empty symbols) and mean-field approx-
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black dashed line represents the decay of N independent atoms (I = e−Γt. Simula-
tions realized for N = 7, ∆ = 0, observation angle θ = 35◦ for a random Gaussian
distribution with root mean square (RMS) kR = 1.18, averaging over 62 realizations.

Source: By the author

the QPC model, yet not for the MF: thus, the subradiance in this regime is not captured
by the semi-classical model and may present quantum features. In the high saturation
regime, s = 50 in Fig. 30, the decay constant does not vary with the detuning nor the
observation angle θ. Also, we find that when increasing the saturation parameter, the
decay time saturates with the QPC model, for a given optical thickness b0 (Fig. 31(a)),
while the subradiance is totally suppressed for the MF approximation (τN = 1) (see Fig.
31(b)).

In Fig. 32 we present the scaling behavior of the subradiant collective decay time
with the on-resonance optical thickness b0. To rule out spatial density effects, we run
simulation with constant spatial densities ρ varying the number of atoms N (black triangles)
and compare them with simulations at constant number of atoms N = 100 varying the
spatial density (blue circles), both with the QPC method. We also checked that for these
simulation parameters the subradiance is suppressed with the MF model (orange squares).
We conclude that the subradiant decay rate scales with the optical thickness and is beyond
semi-classical physics: in this context, a characterization of entanglement or signatures
of non-classicality will be an important step to show the quantum nature of this decay
process.

Finally, we investigate whether the decay dynamics of the saturated cloud falls into
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Figure 29 – Collective decay rate ΓN as a function of time using an exponential fitting of the
switch-off radiated far-field intensity in intervals of Γδt = 1 using quantum pair
correlations (QPC) and mean-field approximation (MF). Simulation for N = 100,
b0 = 10, ∆ = −4Γ and saturation parameter (a) s = 0.1 and (b) s = 5. Average
over 62 realizations.

Source: By the author
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Figure 30 – Collective decay time constant τN as a function of the detuning ∆ for different
detection angles θ. Simulations with N = 100 atoms, saturation s = 50 and b0 = 10
with average over 72 realizations. For high saturation the decay time constant is
independent of the detection angle and of the detuning.

Source: By the author

a subradiant state with a low number of excitations (through a superradiant cascade9, for
example) or if states with many excitations might present subradiance. In the next section
we study the population decay of a state with n-excitations in an attempt to clarify this
point.
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and two values of detuning ∆ ∈ (0,−1.5Γ). Simulations for N = 50 atoms and
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and ∆ disappears for QPC while for the MF method the subradiance is suppressed
τN = 1.
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Figure 32 – Subradiant decay time versus the optical thickness for the switch-off dynamics
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spatial density ρ varying the number of atoms to achieve the desired b0 with the
QPC method.

Source: By the author
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4.2.1 Population decay of a state with n excitations

Considering the master equation for the atomic system Eq. (2.52) one can define
the population of a n-excited state as the probability to find a state with n-excited atoms.
Let us consider the projection operators for the excited state e = |e 〉〈 e| and the ground
state g = |g 〉〈 g| of a single two-level atom. For N atoms we define the population of
a n-excited state as the linear combination of all the states with n-excited atoms. This
means that we must take into account all the possible N !/n!(N − n)! permutations for
each state with n excitations. Each term of the permutation is a tensor product of the
projector operators.

f̂n =
∑
P
e1 ⊗ e2 ⊗ · · · ⊗ en ⊗ gn+1 ⊗ gn+2 ⊗ · · · ⊗ gN , (4.26)

where the indices represent the Hilbert space of the atom n and P represents all the
possible permutations (with repetition) changing the position of the projectors operators
e and g. The n-excited population is the expected value of the respective state calculated
in the usual way, Pn = Tr(ρ̂f̂n).

One must keep in mind that each term of the sum over the permutations in the f̂n
state is a 2N × 2N matrix, thus to consider and calculate all to possibles N !/n!(N − n)!
permutations numerically would demand a lot of computational resources for N beyond a
dozen. We limit our analysis to small systems (N ≤ 9) with exact simulations.

In the superradiance essay by M. Gross and S. Haroche59 a cascade decay for
symmetric states was described, with all atoms excited as the initial state, i.e. fully-
inverted system. The collective decay rate begins with Γc = NΓ and increases in the upper
part of the symmetric states ladder. The maximum value of the decay rate is proportional
to N2 for the half-excited state. In our case, for the switch-off dynamics, the initial state
is the steady-state, which is composed of a statistical mixture of all the n-excited states
and not only the fully-inverted one.

We present the decay dynamics of the n-excited population for a system with N = 9
atoms in Fig. 33. Note that all populations are present in Γt = 0 (superposition at the
steady-state) and a faster decay is observed with increasing n. By fitting the exponential
decay in Γδt ∈ (5, 10) we obtain the n-excited states decay rate Γn. In Fig. 34 we vary
the number of atoms N and compare all the decay rates. Note that, for the state with N
excited atoms we always obtain a decay rate ΓN = NΓ, consistent with the result for the
same state in the superradiant cascade decay59. In the symmetric states decay considered
by Dicke, with a fully-inverted state as the initial state, the superradiant rate reaches
values ∝ N2, while in our model, with the steady-state as initial state, we obtain Γn ≤ nΓ
for all the n-excited populations. Also, it appears that the states with n > N/2 presents a
superradiant behavior (Γn > Γ) while the ones with n < N/2 are subradiant (Γn < Γ),
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Figure 33 – n-excited state population time decay for N = 9 atoms, Ω = 5Γ, ∆ = 0 and
ρ = 0.4k3. Simulation for the switch-off dynamics after the steady-state is reached
and average over 8 realizations with a uniform sphere distribution.
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which explains the presence of a higher population of n < N/2 states for long times in Fig.
33.
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Figure 34 – Collective decay constant of the n-excited population versus n/N for Γt ∈ (5, 10)
and varying the number of atoms. Simulation for Ω = 5Γ, ∆ = 0 and spatial density
ρ = 0.3k3 with average over 8 realizations with a uniform sphere distribution.

Source: By the author

In Fig. 35 we increase the spatial density and we observe smaller decay rates for
systems increasing ρ. Since the interaction depends on the atomic distances, a less dilute
system presents stronger interaction and the collective behavior of subradiance is enhanced,
which is consistent with the scaling of τN with b0 presented in section 4.2.
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We conclude that states with many excited atoms lead to a beyond-semi-classical
subradiance for the states with n < N/2 excited atoms, which are the most populated ones
in the late-time decay dynamics. It differs from the cascaded decay from Dicke9 where the
decay is superradiant at first, and then only subradiant as the system reaches the states
with a low excitation number.

We can also define the contribution to the intensity of the radiated field due to the
n-excited state by

In =
N∑
j=1

N∑
k=1

Tr
(
σ̂+
j σ̂
−
k f̂nρ̂

)
eik0n̂.(rj−rk) (4.27)

with n̂ the emission direction. In Fig. 36 we observe a fast decay of the intensity of the
radiated field in the early-time dynamics due to the states with n > 2 excitations. However,
in the interval Γt ∈ (5, 10) most of the intensity is due to the 1-excited state, indicating
that this is a long-lived subradiant state.
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detuning ∆ = −4. Average over 50 realizations using a uniform sphere distribution.
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4.2.2 A non-separability parameter for the decay dynamics

In section 4.1.4 we observed a slope in the switch-on dynamics which is not captured
by the MF model. We remind that, in the MF approximation, we evolve the density matrices
ρ̂n = (1 + 〈σ̂n〉 σ̂n)/2 of N coupled atoms without any quantum correlation and obtain
the N -atom density matrix with a product state ρ̂N = ⊗

ρ̂n. With exact simulations (E)
we evolve the total (2N × 2N) N -atom density matrix, for quantum correlations of any
order. One can calculate the single atom density matrices by evaluating the mean values
of the Pauli operator for each atom and define the N -atom product state density matrix
for exact simulation. Note that this product state will give a different result from the MF
dynamics since for exact simulations the mean values 〈σ̂n〉 are influenced by the quantum
terms in the dynamics. We define a non-separability parameter by subtracting the product
state from the total N -atom density matrix, and summing up all off-diagonal terms:

Q =
∑
i 6=j

ρij − ρNij (4.28)

In Fig. 37 we calculate the decay dynamics with initial condition the steady-state
for the given saturation. We also compare with the decay for the product state as initial
condition. The results are very similar, the parameter Q is very small at the beginning
and the quantum correlations (of any order) build up during the dynamics. We observe
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the same slope behavior in the saturated case (Fig. 37(b)) as the slope behavior of the
radiated field for the high b0 case in section 4.1.4 for the switch-on dynamics.

We can obtain the decay time constant from a exponential fitting of the radiated
field in the time interval Γt ∈ (5, 10) and compare with the non-separability parameter
averaged in the same time interval. In Fig. 38 we observe the behavior of the parameter Q
as a function of the saturation. For high saturation Q reaches a constant value independent
of the detuning (Fig. 38(a)) similar to the subradiant decay time constant in Fig. 31(a).
The scaling behavior of Q/(τn − 1)2 in Fig. 38(b) resembles the scaling of τn as a function
of b0 in Fig. 32.

The presented results demonstrate a strong relation of the quantum correlations,
accounted with the parameter Q, with the subradiant decay time τN , which suggest that
subradiance in the saturated regime may be related to non-classical atomic states.
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5 FLUORESCENCE POWER SPECTRUM

In Section 2.3.2 we presented the fluorescence power spectrum obtained from the
Fourier transform (Eq. 2.60) of the first order coherence function Eq. 2.61 using the
quantum regression theorem. We discussed some results in the literature: new side bands
at multiples of the Rabi frequency ΩGR in the Mollow triplet for a dense small system
of two-level atoms; an asymmetry in the forward direction for the spectrum of a large
dilute cloud, driven out of resonance, using a perturbative approach that does not include
quantum correlations.

Here, we have investigated in more details cooperative effects in the fluorescence
spectrum, using the QPC method presented in Section 3.3. By combining the QPC method
with the quantum regression theorem, using as a basis for the N -atom state the mean value
of the operators 〈σ̂an〉 and cabnm =

〈
σ̂anσ̂

b
m

〉
we are able to perform numerical calculations

for a dilute cloud of hundreds of atoms. In section 5.1 we present the results for quantum
cooperative effects in the power spectrum.23 Finally, in Section 5.2 we discuss preliminary
results for the spectrum obtained with an atomic sensor model, that allows us to monitor
dynamically the fluorescence spectrum, beyond the steady-state spectrum calculated with
the quantum regression theorem.

5.1 Quantum cooperative effects in the power spectrum

The fluorescence power spectrum is obtained from the first-order coherence function
g(1) ∝

〈
Ê(t)Ê(+)(t+ τ)

〉
(Eq. 2.61). Since the electric far-field depends on the atomic

operators Ê+ ∝ ∑ σ̂−n e
−ik0n̂.rn (Eq. 2.54), thus it depends on two-time two-atom correla-

tions 〈σ̂+
n (t)σ̂−m(t+ τ)〉. The QPC method is a promising approximation to describe this

observable, since it addresses accurately two-atom correlations.

Let us consider a cloud of many two-level atoms driven by a monochromatic
light and decaying by spontaneous emission through the vacuum modes. The quantum
regression theorem is applied when the system is in the steady-state with the driving
laser always turned on. In that sense we calculate the steady-state power spectrum in
which the single-time operators are stationary. That way the complexity to calculate the
two-time correlations to obtain the spectrum is reduced, as reaching the steady-state
does not require computing all the dynamics, but rather using a solver such as with the
Newton-Krylov method.

We benchmark the QPC method ((N) in Fig. 39) by comparing the fluorescence
spectrum to the exact simulation (E), with a small system N = 7 and a uniform sphere of
spatial density ρ/k3. We obtain a really good agreement for densities up to ρ/k3 = 0.3. We
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Figure 39 – Benchmark of the QPC method (N) with exact simulations (E) for a cloud of N = 7
atoms, Ω = 20Γ and ∆ = 0 varying the spatial density ρ/k3. A good agreement is
obtained for densities up to 0.3k3.

Source: Adapted from PUCCI et al.23

also took the average over several position realizations to eliminate statistical deviations
and defined a hard-sphere condition with a minimal distance between atoms to avoid pair
effects as discussed in Fig. 12.

As mentioned previously, using the QPC method we can address a dilute cloud
with hundreds of atoms. For a resonant laser-atom interaction, as can be observed in Fig.
40 (a) the new sidebands at 2Ω are present even in the dilute regime. In addition, the
amplitudes of the sidebands scale linearly with the on-resonance optical thickness b0 (Fig.
40 (b)). Note that, since the spectrum was normalized it is not simply due to the increasing
number of atoms, it is a true quantum cooperative effect in the sense that it relies on
their interaction. However, the relative amplitude of the new sidebands in comparison
with the Mollow triplet is orders of magnitude smaller (103) making it challenging to be
observed experimentally due to precision issues and random noise. We shift our analyses
to the out-off-resonance case, where an asymmetry in the Mollow triplet was reported in
the forward direction.35

Adding a detuning to the light-atom coupling, the asymmetry is present not only
in the forward direction, but also, and more prominent, for other observed angles (θ 6= 0,
Fig. 41 (a)), and we also obtain a scaling with b0 in Fig. 41 (b). This asymmetry might
be more accessible to observe in an experiment as it reaches up to 30%. Note that this
asymmetry out of the forward cone is not predicted by the perturbative approach35, which
does not include pair correlations.
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(a) (b)

Figure 40 – Sidebands in the Mollow triplet at 2Ω for a cloud in ressonance ∆ = 0. (a) The
fluorescence spectrum for a cloud of density ρ/k3 = 0.1 with Ω = 20Γ and N ∈
(14, 96). (b) The amplitude of the peaks scaling linearly with the on-resonance
optical thickness b0 varying the spatial density for N = 72 and driving Ω = 20Γ.
(c) amplitude dependence with the Rabi frequency Ω for a fixed density ρ/k3 = 0.1
with N = 72; the dashed dote line is the scaling behavior with a power law fitting
A2 = 0.06(ω/Γ)1.4. The amplitudes are calculated as

∫ 2Ω+δω
2Ω−δω |S−S1|dω with S1 the

single atom spectrum.
Source: Adapted from PUCCI et al.23
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(a) (b)

Figure 41 – Asymmetry in the Mollow sidebands at ΩGR/Γ for a cloud out-off resonance ∆ = Ω/2
varying the detection angle. On the left a cloud of density ρ/k3 = 0.1 and Ω = 20Γ.
On the right the scaling of the asymmetry with the on-resonance optical thickness
b0. We observe a asymmetry not only in the forward direction θ = 0 but also outside
the frontal lobe. The asymmetry is defined by difference of the amplitudes for
negative and positive frequencies normalized by their sum (A− −A+)/(A− +A+).
The amplitudes are calculated by integrating the spectrum in a suitable interval in
the vicinity of ±ΩGR.

Source: Adapted from PUCCI et al.23
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5.2 Spectrum from a atomic sensor model

In Section 5.1 we obtained the steady-state fluorescence power spectrum making
use of the quantum regression theorem. In order to obtain a time-dependent spectrum,
for example to monitor the frequency of the photons emitted in the switch-off dynamics,
the quantum regression is no longer valid and another approach is necessary. We obtained
preliminary results using a model in which a two-level sensor is used to obtain the
fluorescence spectrum.73 The sensor acts as a two-level emitter which is weakly coupled to
the system (in order not to disturb it), and has a specific resonant frequency (which is
the frequency probed): tuning this frequency allows to compute the spectrum, and this
retrieve the Mollow spectrum, for example CARREÑO; VALLE; LAUSSY.74 Also, an
arbitrary number of sensors can be introduced, to prove photon-photon correlations or
any higher-order correlations. Thus, the sensors are included in the dynamics as part of
the system Hamiltonian, and since each represent an extra degree of freedom, they bring
extra complexity to the numerical simulations.

Practically, for a single sensor we define the sensor-atomic cloud interaction Hamil-
tonian as follows:

Ĥs = −(ω −∆)σ̂−s σ̂+
s +

∑
n

ε
(
e−ik̂s.rnσ̂+

n σ̂
−
s + eik̂s.rnσ̂+

s σ̂
−
n

)
(5.1)

with ε the sensor-system coupling and ω the frequency at which the correlation is calculated.
The Lindbladian operator for the sensor is defined, for a sensor linewidth γs, as:

L(ρ̂) = γs
2
(
2σ̂−s ρ̂σ̂+

s −
{
σ̂+
s σ̂
−
s , ρ̂

})
(5.2)

Finally, the spectrum is obtained from the correlation:

S(ω, T ) = 〈σ̂
+
s (ω, T )σ̂−s (ω, T )〉

ε2 (5.3)

We point out that some advantages of the sensor method are that (1) the radiated
intensity at a given frequency is obtained as a steady-state value, without computing two-
time correlations, and (2) the spectrum can be computed dynamically. Some disadvantages,
however, are that (1) for each frequency, a simulation with a sensor tuned at that frequency
must be run, and (2) each sensor represents an extra degree of freedom, thus increasing
the computational cost. In Fig. 42 we calculated the spectrum with two atoms separated
by a distance kd = 0.2 for the switch-off dynamics using exact simulation (E). For the
steady-state T = 0 we obtain a similar spectrum comparing to the quantum regression
theorem in Fig 12. As the decay dynamics evolves, the system loses its excited population
and the Mollow triplet vanishes, the fluorescence spectrum is again centered in the atomic
transition frequency ωa for long times ΓT = 10. This shows that only resonant light
survives on long-time scales.



78

−40 −20 0 20 40
ω − ωa

10−6

10−5

10−4

10−3

10−2

10−1

100

S
(ω

)
T=0

T=5

T=10

Figure 42 – Fluorescence power spectrum from an atomic sensor for the switch-off dynamics
of a N = 2 atomic ‘cloud’. For T = 0 the steady-state is calculated and the laser
turned-off. Two atoms separated by kd = 0.2, saturation s = 5 and detuning
∆ = −5. One sensor in the direction θ = 35◦ with coupling parameter ε = 0.01 and
sensor linewidth γs = 1.0.

Source: By the author.

This figure illustrates the fact that long-time radiation dynamics, i.e., subradiance,
presents a non-trivial evolution of the spectrum. This project is in a initial phase and
might be addressed in a future work, with the sensor parameters optimization and maybe
an extension for the QPC model to investigate larger clouds. More specifically, we intend
to understand the features of subradiance for initially strongly driven clouds, as obtained
from the experimental setup in Nice, France. Note that, for each ω to scan the spectrum,
we do calculate the steady-state (at T = 0) and evolve the decay dynamics to the times
(ΓT ∈ (0, 10)), making the simulation time-consuming. For the exact simulation adding a
sensor doubles the size of the Hilbert space. With the QPC method, where the equations
scale with N2, we could add multiple sensors measuring at different frequencies and reduce
the simulation time. This is a promising lead we intend to follow to monitor dynamically
the spectrum of many-atom dilute clouds.
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6 CONCLUSIONS & PERSPECTIVES

We explored the dynamics of a system of N two-level atoms, in the vacuum, driven
by a monochromatic laser. By treating a dilute system, cooled below the Doppler limit,
we neglected near fields effects, polarization and considered the atoms fixed in position.
After tracing-out the infinite degrees of freedom of the vacuum modes we obtained
the Lindbladian master equation that gives the dynamics of the collective spontaneous
emission. Since we can only perform numerical simulations for a dozen of atoms with the full
quantum master equation, we made use of the BBGKY hierarchy to obtain the quantum
pair correlation and the non-linear mean-field approximation. We also demonstrate that
the classical dipole equation is recovered in the limit of low excitation. Then, we performed
simulations searching for quantum collective effects in the radiated field in the far-field
limit and in the fluorescence power spectrum.

For the switch-on dynamics, in which all atoms are in the ground-state at t = 0 and
the driven laser is turned on, we showed that, in the limit of low saturation, superradiance
and a frequency shift can be observed. We obtained a good agreement of the numerical
results with the experimental data for the intensity of the radiated field. When increasing
the saturation parameter, the classical linear equations fails to capture the dynamics while
the non-linear mean-field equation gives a good agreement with the switch-on experiment.
Surprisingly, the mean-field equation described very well the switch-on dynamics even
for high saturation. It presents small deviations when compared to the quantum pair
correlation method for Ω ≈ Γ, where the collective emission term is comparable to the
Rabi frequency that drives the system. For high optical thickness, we observed a slope
for long-time that might be related to the pumping of a subradiant mode. While the
mean-field approximation did not capture the slope, it was observed with the quantum
pair correlation method.

For the switch-off dynamics, in which the system is driven to the steady-state and
the laser is turned-off at t = 0, we have only the decay of the system excitation, with
no Rabi oscillations. We looked into the decay of the excited population and observed a
faster decay for states with n > N/2, with N the total number of atoms. In that sense,
the subradiant behavior might be related to the states with few excited atoms. In the
intensity of the radiated field, we observed a time interval in which the mean-field equation
cannot capture subradiance but it is present when quantum correlations are added. In
this quantum subradiant regime, a scaling of the subradiant time with atomic cloud
optical thickness was obtained, thus the optical thickness presents itself not only as the
cooperative parameter in the classical dipoles limit but also in the quantum regime. Using
exact simulations, we also analyzed the decay dynamics of a separability parameter. We
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excluded the product state density matrix of N two-level atoms to obtain a parameter
that includes only quantum corrections. We obtained a slope similar to the one observed
in the switch-on case, which, once more, indicates the importance of quantum correlations
in the subradiant radiation.

The fluorescence power spectrum, composed by 3 peaks in the saturated regime,
one centered in the transition frequency and two peaks at ±ΩGR, is obtained from the first
order optical coherence function. We showed that the quantum correlations leads to the
emergence of new peaks at ±2ΩGR, for a resonant laser, even in the dilute regime. When
the detuning is considered, we observed an asymmetry in the sidebands not only in the
forward direction but also for θ 6= 0. That way, it became clear that quantum cooperative
effects can be observed in the first order optical coherence function and not only on the
second order one, related to photon bunching and anti-bunching. Preliminary results, of
a sensor model able to obtain the fluorescence spectrum as a function of time, can give
more clues of the process occurring during the decay dynamics. It will be addressed in the
future.

In conclusion, we presented a detailed study of the switch-on dynamics in the low
saturation limit and showed that, collective effects like superradiance and a frequency shift,
can also be observed for this case, results similar as compared to the switch-off values
in the literature. We showed that the classical dipole equation fails with increasing the
saturation. The mean-field and quantum pair correlation are good methods to capture
correctly the dynamics to explore non-linear and quantum features in this dilute system.
We explored a quantum subradiant behavior in the radiated field decay, only possible with
quantum correlations, and also obtained quantum cooperative effects in the fluorescence
power spectrum. The cooperativity parameter is the optical thickness, as in the classical
case.

We focused our analyses in a dilute cloud with two-level atoms randomly distributed
in space. The proposed methods can readily be applied to study the phenomenon of
collective back scattering and the codes developed for this work will be useful for further
investigation in the cold atoms research group.

One could also explore regular lattices, with the lattice parameter greater than
the laser wavelength, to study the propagation of the excitation of the correlations in
the system after a local quench. For example, the Lieb-Robinson bounds on the speed of
propagation of correlations could be explored in more detail. Since the two-level atom
algebra is the same, it does not matter if we are dealing with spins, trapped ions or
even quantum bits, the method could also be applied in other research fields with some
adaptation.

In order to improve the method, one can include near-field terms and polarization
of the light. It might allow to address a dense system, however the truncation method
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that includes only pair correlation may not be valid anymore in the dense regime. One
could also treat the dynamics without the Markov approximation to include retarded field
and the state memory in the dynamics, however, it would be a challenging problem.

The truncated Wigner approximation, in the phase space dynamics, might be a good
path to improve the quantum simulations. A more detailed approach with a truncation
scheme in the Moyal bracket expansion, and the inclusion of stochastic quantum jumps in
the dynamics might present better results.
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