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Abstract

OLIVEIRA NETO, F. Effective lasers and enhancement of the radiation-matter interaction
via pseudo-Hermitian Hamiltonians. 2022. 104 p. Thesis (Doctor in Science) - Institutode Física de São Carlos, Universidade de São Paulo, São Carlos, 2022.
In this work we propose a method using atom-field effective interactions along with reservoirengineering techniques into laser theory. Our proposal consists of creating generalizedoperators with which we can re-write the Hamiltonian in the Jaynes-Cummings bilinearform allowing us to build an isomorphism, between the conventional field operators andthose of our effective laser, that guarantees the stationary solution in this new basis to bethat of the usual theory. Mapping this steady state into the Fock basis we have a new laserstate, different from the coherent state, that depends on the choosing of the generalizedoperator, having no diffusion from cavity losses due to a particular reservoir engineeringtechnique. Moreover, we present a strategy for strengthening the atom-field interactionthrough a pseudo-Hermitian Jaynes-Cummings Hamiltonian. Apart from the engineeringof an effective non-Hermitian Hamiltonian, our method also relies on the accomplishmentof short-time measurements on canonically conjugate variables. The resulting fast Rabioscillations may be used for many quantum optics purposes and specially to shorten theprocessing time of quantum information.
Keywords: Quantum optics. Laser theory. Non-Hermitian quantum mechanics.





Resumo

OLIVEIRA NETO, F. Lasers efetivos e fortalecimento da interação radiação-matéria via
Hamiltonianos pseudo-Hermitianos. 2022. 104 p. Tese (Doutorado em Ciências) - Institutode Física de São Carlos, Universidade de São Paulo, São Carlos, 2022.
Neste trabalho propomos um método fazendo uso de interações efetivas átomo-campo,juntamente com técnicas de engenharia de reservatório, aplicadas na teoria do laser.Nossa proposta consiste em criar operadores generalizados com os quais reescrevemoso Hamiltoniano na forma bilinear de Jaynes-Cummings, de forma que possamos construirum isomorfismo entre os operadores de campo convencionais e aqueles de nosso laserefetivo, que garanta que a solução estacionária nessa nova base seja igual à da teoriausual. Mapeando esse estado estacionário na base de Fock nós obtemos um novo estadopara o laser, diferente do estado coerente, que depende da escolha do operador general-izado e é livre de processos de difusão, oriundos das perdas da cavidade, devido à umatécnica específica de engenharia de reservatório. Nós também apresentamos uma estraté-gia para fortalecer o acoplamento átomo-campo através de um Hamiltoniano de Jaynes-Cummings pseudo-Hermitiano. Além da engenharia de um Hamiltoniano não-Hermitiano,nosso método também conta com medições de curto tempo de variáveis canonicamenteconjugadas. As oscilações de Rabi resultantes podem ser utilizadas para vários propósitosem ótica quântica, especialmente para encurtar o tempo de processamento em informaçãoquântica.
Palavras-chave: Ótica quântica. Teoria do laser. Mecânica quântica não-Hermitiana.
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CHAPTER 1

INTRODUCTION
1.1 About Quantum Mechanics and Laser Theory

Quantum theory has provided us satisfactory explanations about many phenomena,although even a century later we still have no consensus on its fundamental conceptsand interpretations when it comes to certain idealized questions. Part of this conceptualbarrier is due to the fact that coherent superpositions of different states of a system dooccur in quantum mechanics, requiring a certain measurement process, which has manyinterpretations, such as the projection postulate, also known as the wave function collapse.This measurement issue is still open, and even the most widely accepted interpretation,of Copenhagen, counts with different points of view on the mechanism through which acertain state is determined, among all the possible outcomes of an observation, given thatthe Schrödinger’s equation time evolution of a wave function is unitary and reversible,as opposed to what happens with the measurement process that, one may say, changessuddenly and discontinuously the wave function.In order to enlighten quantum features of a system, which means capturing a smallnumber of particles, atomic schemes were developed allowing a single ion to be trapped (1)making possible tests about the fundamental concepts of quantum mechanics, such as thecoherence loss (2) of quantum states. The radiation-matter interaction was studied widelyover the last few decades, counting on both theoretical and experimental works in contextssuch as trapped ions,(3) as remarked above, and Cavity Quantum Electrodynamics (CavityQED). (4) We can mention the works of preparing a Schrödinger cat-like superpositionof states (|ψ⟩ ∝ (∣∣αeiφ〉+ ∣∣αe−iφ〉)) with |α|2 ≈ 10 in high quality factor cavities (2)and trapped ions, (5) which makes possible to investigate mesoscopic quantum coherence.Furthermore, the preparation of a variety of non-classical states has been reported in thecontext of QED (2,6) and trapped ions, (5,7,8) as well as the experimental demonstration
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of generation and detection of Fock states. (9) Besides that, Rabi oscillations in circularRydberg states atoms (10) were measured, unravelling the quantum nature of the radiationfield. (11)One of the central developments in the physics of radiation-matter interaction is thelaser theory. Based on the theoretical framework provided by Townes and Schawlow, (12)the first laser, built by Maiman, (13) dates back to the 1960s, and has since played amajor role both in basic and applied physics, with applications in many technical aspectsof modern society. The quantum theory of laser was built basically from contributions ledby H. Haken, (14) W. E. Lamb, (15, 16) and M. Lax, (17) from which are derived the morerealistic models in which a transmitting window (18) and the pumping statistics of thelasing atoms (19–22) are included.Among many others, we mention the uses of lasers for cooling and trapping atoms,(23–25) for Bose-Einstein condensation in dilute gases of alkali atoms, (26, 27) for thedevelopment of optical tweezers and their application in biological and physical sciences,(28–31) for many protocols for the implementation of quantum logic operation devices (32)and for generating ultrashort high-intensity laser pulses extensively used across physicsand chemistry. (33,34) These achievements draw a broader picture of the unique progressthat quantum optics has undergone since the 1980s. In the addition to this picture wemention the generations of squeezed states of the radiation field, (35) essential for en-hancing interferometric sensitivity, (36) and today a critical challenge for the developmentof gravitational wave interferometry. (36–38) Squeezed states of light have also being ap-plied in optical waveguide tap, (39) quantum nondemolition measurements, (37) quantuminformation processing, (40, 41) and quantum metrology. (42, 43) We finally mention theprogress made in the development of different sources for generating entangled photonstates, used for investigating fundamentals of quantum mechanics. (44,45)Parallel to the developments of quantum optics, we witnessed the emergence of quantumcommunication and computation, which resulted in the new and promising field of quantuminformation theory. (32) The need for implementation of quantum logic operations de-manded new techniques for engineering nonclassical states, (46–52) effective interactions(53–59) and reservoirs (49–52, 60–62) for phase coherence control. These demands havepushed the physics of the radiation-matter interaction to a new level through platformssuch as cavity QED, (4) trapped ions, (3) circuit QED, (63) and all related topics.Regarding coherence control, many methods have been designed. (64) However, thereservoir engineering (60) is of particular interest here. Its basic idea is to submit thesystem of interest, say a dissipative cavity mode (described by the creation and annihilation
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operators a† and a, and whose particular state |Ψ⟩ we intend to protect from the actionof the environment), to an interaction with an auxiliary strongly dissipative system as, forexample, a two-level atom (described by the Pauli raising and lowering operators σ+ and
σ−). This interaction must then be engineered so that it takes the bilinear form

χ
(
AS+ + A†S−

) (1.1)
with χ being an effective atom-field coupling and A† , A (S+, S−) defined by a canonicaltransformation on the original operators for the cavity mode: a† , a (auxiliary atom: σ+, σ−),with the central requirement A |Ψ⟩ = 0. The master equation for the cavity mode, comingfrom reservoir engineering, is given by

ρ̇ = (Γ/2) (2AρA† − A†Aρ − ρA†A)+ (γ/2) (2aρa† − a†aρ − ρa†a) (1.2)
with the assumption Γ ∝ χ ≫ γ. It is therefore clear that the Lindbladian for a† , a acts asa perturbation over that for A† , A, causing the fidelity of the protected state, necessarilyan eigenstate of A with null eigenvalue (60) (A |Ψ⟩ = 0), to be slightly less than unity,since F ∝ 1− γ/Γ.
1.2 About Pseudo-Hermitian Quantum Mechanics

Since the inspiring framework presented by Bender and Boettcher (65), where it itsshown that a parity-time (PT ) transformation invariant Hamiltonian disposes real spec-trum, non-Hermitian quantum mechanics has been earning notoriety over the last twodecades. It is said that an invariant Hamiltonian preserves the PT -symmetry when itshares its eigenstates with the PT operator, yet that symmetry is broken when the Hamil-tonian stops sharing the same eigenstates with the PT operator. (66) A few years afterBender and Boettcher’s contribution, Mostafazadeh (67) focused on the problem of theunitarity of the time evolution of a pseudo-Hermitian Hamiltonian, i.e., a Hamiltonianwhich enjoys real spectrum and unitary evolution in a new metric operator. The solutionproposed was the construction of a Hilbert space based on a metric operator where thenon-Hermitian Hamiltonian enjoys self-adjointness. Since then PT -symmetric Hamilto-nians have been studied widely in many fields of physics, from low to high energies, inpart due to the PT -symmetry condition, that is weaker than Hermiticity, and thereforeincreases the possibilities of the Hamiltonian description of physical systems, countingwith real eigenvalues (65) and the normalization conservation (67).
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Regarding PT -symmetry, many contributions have been presented recently, such asthe experimental realizations of Floquet PT -symmetric systems (68) and PT -symmetricflat bands, (69) besides enhanced sensing based on PT -symmetric electronic circuits (70)and PT -symmetric topological edge-gain effect. (71)Finally, among many contributions from Mostafazadeh, (72) we mention a theoremof his, (73) formulated for time independent non-Hermitian Hamiltonians, symmetriesand metric operators, that asserts that a diagonalizable (non-Hermitian) Hamiltonian ispseudo-Hermitian if and only if it has an antilinear symmetry, i.e., a symmetry gener-ated by an invertible antilinear operator. In addition, it was shown that a non-HermitianHamiltonian can have a real spectrum not only when invariant under PT -symmetry, butalso under any antiunitary operator I satisfaying I2k = 1, with k odd.This thesis is organized as follows: In Chapter 2 we shall review the main conceptsnecessary to fully understand this work, starting with the laser theory and also a brief in-troduction of the non Hermitian quantum mechanics. In chapter 3 we present the squeezedvacuum state laser with zero diffusion from cavity losses. (74) Next, in chapter 4, we havethe Schrödinger cat-like state laser with zero diffusion from cavity losses. In chapter 5 westudy the pseudo-Hermitian work. Finally, in chapter 6, we set out our conclusions.



CHAPTER 2

QUANTUM LASER THEORY: MASTEREQUATION APPROACH
Semiclassical description may be adequate to describe quantities such as threshold,steady-state intensity, etc. Nonetheless, in order to be able to determine quantum quanti-ties, such as photon statistics, we need to consider a fully quantized description, i.e., fieldand matter are quantized.The knowledge of the photon statistical distribution of a laser is important for manyreasons. Chronologically, it was thought that the steady state of a laser would be givenby a Bose-Einstein distribution, although this result is impossible since a laser operatingregime is far from thermodynamic equilibrium. Another point of view says that many atomsoscillating in phase produce what is essentially a classical current, and this would generatea coherent state, leading to a Poissonian statistics (which we shall see that is true, in thefar from threshold regime)There are many approaches by which we can study the Laser Theory. In this chapterwe follow the master equation approach for the Scully-Lamb model, using two equivalentmethods.

2.1 Method I

Let us consider the Jaynes-Cummings Hamiltonian, where a single mode of the field(cavity mode) interacts with a two-level atom, and the atomic sample is in resonance withthe cavity, within the dipole and rotating-wave approximations
H = ℏω2 σz + ℏωa†a+ ℏg

(
aσ+ + a†σ−

) (2.1)
In the interaction picture we have
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V = g
(
aσ+ + a†σ−

) (2.2)
where we set ℏ = 1. Using Pauli matrices for the atomic operators we can write the timeevolution operator

U(τ) = e−iV τ = ∞∑
n=0

(−iτ)n
n!

 0 ga
ga† 0

n

= ∞∑
n=0
 (−iτ)2n(2n)!

 0 ga
ga† 0

2n + (−iτ)2n+1(2n+ 1)!
 0 ga
ga† 0

2n+1 (2.3)
where we have, for the even order matrices 0 ga

ga† 0
2n = [g2aa†]n 00 [

g2a†a]n
 (2.4)

and for the odd order matrices 0 ga
ga† 0

2n+1 =  0 g
[
g2aa†]na

ga†
[
g2aa†]n 0

 (2.5)

We can identify these matrices as trigonometric functions. The even matrices can bewritten as ∑
n

(−iτ)2n(2n)! (√g2aa†)2n = cos(√aa†gτ) (2.6)
and for the odd matrices we have

ga†
∑
n

(−iτ)2n+1(2n+ 1)!
(√

g2aa†)2n+1√
g2aa† = ga†

sin(√aa†gτ)√
g2aa† (2.7)

Next we simplify the reading of the time evolution operator by writing U = A C
D B

,
where the coefficients are
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A = cos(√aa†gτ) (2.8a)
B = cos(√a†agτ) (2.8b)
C = −igsin(√aa†gτ)√

g2aa† a (2.8c)
D = −iga† sin(√aa†gτ)√

g2aa† (2.8d)
Considering that the atom is initially in the upper state, we can write the initial atom-field density matrix as

ρ(0) = ρf (0)⊗1 00 0
 (2.9)

After an interaction time τ , we shall have
ρ(τ) = U(τ)ρ(0)U† (τ) = U(τ)ρf (0)⊗1 00 0

U† (τ) (2.10)
leading to

ρ(τ) = A C
D B

ρf (0)⊗1 00 0
A† D†

C† B†

 = A C
D B

ρf (0)⊗A† D†0 0
 (2.11)

So we can write the atom-field density matrix at a time τ as
ρ(τ) = Aρf (0)A† Aρf (0)D†

Dρf (0)A† Dρf (0)D†
 (2.12)

We are interested in the field, so we shall perform the trace over the atom, in order toeliminate the atomic dependence in the density matrix. Thus we find
T r
[
ρ(τ)]

atom
= ρf (τ) = Aρf (0)A† +Dρf (0)D† (2.13)

using Eqs (2.8a) and (2.8d) we obtain
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ρf (τ) = cos(√aa†gτ)ρf (0) cos(√aa†gτ)+ a†
sin(√aa†gτ)
√
aa†

ρf (0)sin
(√

aa†gτ
)

√
aa†

a

≡ M(τ)ρf (0) (2.14)
and then we have an equation exclusively for the field density matrix, where M is asuperoperator acting on ρf .Let us assume that a dense flux of atoms, here considered all being in the upperstate, arrives at the cavity. These atoms will interact with the mode of the cavity for atime interval during which they may stimulatingly decay emitting a photon with the samephase, momentum and polarization. Each of theses atoms, and their respective emittedphotons, contribute to the construction of the laser state. We also assume that the beamhas a regular distribution, so the number K of atoms that have crossed through the cavityduring a time ∆t is given by K = r∆t, where r is the injection rate and ∆t is much largerthan the time interval between consecutive atoms.

Figure 2.1 – (a) An atom is excited from a lowest level c to the upper level. The lasing transitionoccurs between the a and b levels. (b) An atomic beam arrives to the excitation regionwhere excited states are participating in the laser action.Source: ORSZAG (75)
Considering the interaction time between the atom and the field to be τ and that the

k− th atom enters the cavity at the time tk , then the field, after interacting with the k− thatom, can be written as
ρf (tk + τ) = M(τ)ρf (tk ) (2.15)
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From now on we shall skip the field subindex. If k atoms have entered the cavity, onecan say that

ρ(k)(kτ) = Mk (τ)ρ(0) (2.16)
If we differentiate the above equation with respect to time, using the derivative relation

d
dt (bu) = bu ln(b)dudt , with b = M and u = k = r∆t, we get a generalized master equation

dρ(t)
dt = r ln(M)ρ(t) + Lρ(t) (2.17)

where we have added the cavity loss term, Lρ(t), following the quantum theory of damping,where the harmonic oscillator is our single mode field interacting with a reservoir, at zerotemperature
Lρ(t) = C2 (2aρa† − a†aρ − ρa†a) (2.18)

with C = 1/tcav = Ω/Q, tcav being the photon’s lifetime inside the cavity and Q is thecavity quality factor.If the average photon number is sufficiently large and the distribution narrow, one canexpand the generalized master equation and get
dρ(t)
dt = r(M − 1)ρ(t)− 12r(M − 1)2 + Lρ(t) (2.19)

Finally, using Eq (2.14) we obtain
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dρ(t)
dt = Lρ(t)− 32rρ(t) + 2r[ cos(√aa†gτ)ρ(t) cos(√aa†gτ)

+g2a† sin(√aa†gτ)√
g2aa† ρ(t)sin

(√
aa†gτ

)
√
g2aa† a

]

− r2
[ cos2 (√aa†gτ)ρ(t) cos2 (√aa†gτ)+ (2.20)

g2 cos(√aa†gτ)a† sin(√aa†gτ)√
g2aa† ρ(t)sin

(√
aa†gτ

)
√
g2aa† a cos(√aa†gτ)

+g2a† sin(√aa†gτ)√
g2aa† cos(√aa†gτ)ρ(t) cos(√aa†gτ)sin(√aa†gτ)√

g2aa† a

g4a† sin(√aa†gτ)√
g2aa† a†

sin(√aa†gτ)√
g2aa† ρ(t)sin

(√
aa†gτ

)
√
g2aa† a

sin(√aa†gτ)√
g2aa† a

]

We can obtain the photon statistics and linewidth using the expression above by cal-culating ρnn and ρn,n+1, respectively. This generalized master equation was derived usingapproximations. Next we make a more realistic model.The stimulated emission is essential for the laser mechanism, but still the excitedatom has a probability to spontaneously decay inside the cavity. In order to include thisphenomena we consider a distribution of time the atoms spend in the cavity where the twolevels decay at a rate γ and the time distribution is
P(τ) = γe−γτ (2.21)

Defining a course time grain ∆t ≫ ⟨τ⟩, we can write
(
dρ
dt

)
gain

≈ ρ(t + ∆t)− ρ(t)∆t = r
[
ρ(t + ∆t)− ρ(t)]

= −rρ(t) + r
∫ ∆t→∞

0 dτ e−γτ
[ cos(√aa†gτ)ρ(t) cos(√aa†gτ)

+a† sin(√aa†gτ)
√
aa†

ρ(t)sin
(√

aa†gτ
)

√
aa†

a
] (2.22)
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Here we take the opportunity to show where the gain and saturation coefficients of thelaser come from. This next step makes us analyze the time scales of the argument of thetrigonometric functions. The average time for the atom-field interaction is 1/g, where g isthe coupling strength from the Hamiltonian in Eq. (2.1) and τ is the time the atom spendsinteracting with the cavity. To ensure the atom can properly interact with the mode weneed that τ ≈ 1/g leading to τg ≈ 1. Next we present the expansion up to 4-th order ofthe trigonometric functions.

cos(√aa†gτ) ≈ 1− (gτ)22 aa† + (gτ)424 (
aa†

)2 + ... (2.23a)
sin(√aa†gτ)
√
aa†

≈ gτ − (gτ)36 aa† + ... (2.23b)
It is also useful to calculate ∫

τ2γe−γτdτ = 2
γ2 (2.24a)

∫
τ4γe−γτdτ = 24

γ4 (2.24b)
Using the above expansions (2.23a) and (2.23b) and also the integrals (2.24a) and(2.24b) into the master equation we get

dρ
dt = −r

(g
γ

)2[
aa†

{
ρ −

(g
γ

)2(
aa†ρ + 3ρaa†)}

+{ρ − (gγ)2(
ρaa† + 3aa†ρ)}aa† − 2a†{ρ − 2(gγ)2(

aa†ρ + ρaa†
)}

a
]

+C2 (2aρa† − a†aρ − ρa†a) (2.25)
We can rewrite the above equation in a more convenient form, as following
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dρ
dt = A2 (2a†ρa− aa†ρ − ρaa†)

B2
[14(aa†)2

ρ + 14 ρ
(
aa†

)2 + 6aa†ρaa† − 4a†aa†ρa− 4a†ρaa†a]
+C2 (2aρa† − a†aρ − ρa†a) (2.26)

where A ≡ 2r (gγ)2, B ≡ 4A (gγ)2 and C are the gain, saturation and cavity losscoefficients, respectively. We shall discuss the role of the first two later.Now we go back to the full non-linear theory. Taking the nm matrix element of Eq(2.22) we find the following time integrals

γ
∫ ∞

0 dτ e−γτ cos(√n+ 1gτ) cos(√m+ 1gτ) = 1 + 2(n+m+ 2)(g/γ)2
1 + 2(n+m+ 2)(g/γ)2 + (n−m)2(

g/γ
)4

(2.27a)

γ
∫ ∞

0 dτ e−γτ sin(√n+ 1gτ) sin(√m+ 1gτ) = 2(g/γ)2√(n+ 1)(m+ 1)
1 + 2(n+m+ 2)(g/γ)2 + (n−m)2(

g/γ
)4

(2.27b)

Then, using the following coefficients
N ′

nm = 12(n+m+ 2) + 18 (n−m)2B
A (2.28a)

Nnm = 12(n+m+ 2) + 116 (n−m)2B
A (2.28b)

we can write the master equation for the field density matrix
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(
dρ
dt

)
nm

= − N ′
nmA1 +Nnm

B
A
ρnm + √

nmA1 +Nn−1,m−1 BA ρn−1,m−1
−C2 (n+m)ρnm + C

√(n+ 1)(m+ 1)ρn+1,m+1 (2.29)
If we are interested in the photon statistics we take the diagonal elements, i.e., m = n.Next we shall use ρnn = pn since the diagonal elements of the density matrix can beinterpreted as the population of photons. Thus, we get
(
dp
dt

)
n

= − A(n+ 1)1 + (n+ 1) BA pn + An1 + n BA
pn−1 + C (n+ 1)pn+1 − C (n)pn (2.30)

To give a physical meaning to the dynamics of the photon number probability we canexpand the terms in the denominators using 11+x = 1 − x + x2 − x3 + ... where we shallconsider terms only up to second order. Therefore we get
·pn = −A(n+1) pn+B (n+1)2 pn+An pn−1−Bn2 pn−1 +C (n+1) pn+1−C (n) pn (2.31)

Below we have a probability flow diagram where we can see the flow in and out ofthe |n⟩ state from and to the neighboring |n − 1⟩ and |n + 1⟩ states. We interpret the
−A(n+1)pn term as the gain due to the photon emitted via stimulated emission, the minussign means the probability flows out of the |n⟩ state into the |n+1⟩ state. In the same waythe term An pn−1 represents the gain owing to the emitted photon, leading the populationflow from |n− 1⟩ to |n⟩, and therefore it is positive. We also have terms of saturation, forexample the term B (n+1)2pn, which we can rewrite asA(n+1) [ BA (n+ 1)]pn correspondingto the process in which photons are emitted and then reabsorbed, the reabsorption ratebeing B

A (n+ 1). Similar explanations exist for the other saturation terms. Finally we havethe cavity losses, where the term C (n + 1)pn+1 is due to the loss from pn+1 to pn, whilethe last term, C (n)pn, refers to a photon loss leading from pn to pn−1.
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Figure 2.2 – Probability flow diagram for the field states of a laser.Source: SCULLY (76)
Forward we seek a solution for the master equation. Naturally the dynamics of the lasermechanism is complicated and difficult do describe, but our interest lies in the stationarysolution which we can find looking at Eq. (2.30) and imposing ·p = 0, meaning that thepopulation of the |n⟩ state is not changing anymore. Next we say that, in this steady-state,the flow out of a state, e.g. the |n⟩ state, is equal to the flow in, so it remains unchanged.This method of analysis is called detailed balance.First let us focus on the linear approximation, i.e. B = 0. In this case the steady stateleads us to

−A(n+ 1) pn +An pn−1 + C (n+ 1) pn+1 − C (n) pn = 0 (2.32)
Equalizing the flows in and out we get

A(n+ 1)pn = C (n+ 1) pn+1 (2.33a)
An pn−1 = C (n) pn (2.33b)

From this equations we can get the recursive relation
pn = (A

C

)
pn−1 (2.34)

which leads us to
pn = (A

C

)n
p0 (2.35)

The constant p0 can be obtained from the normalization condition, ∞∑
n=0 pn = 1. For

A < C we obtain
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p0 = 1− AC (2.36)

thus
pn = (1− AC

)(
A
C

)n (2.37)
Since there is no physical solution for A ≥ C in the linear approximation (B = 0), whichwe can see in the above equation (otherwise we would not be able to normalize the photondistribution), we can interpret A = C as a threshold condition. Hence, below threshold,the photon distribution indicates that the steady state solution is essentially that of ablack body cavity

pn = [1− e(−ℏν/kbT )] e
(
−nℏν/kbT

) (2.38)
that is, the laser below threshold behaves like an incandescent lamp, with the effectivetemperature defined by

e

(
−ℏν/kbT

) = AC (2.39)
Now we shall study the other regime, where A ≫ C , that is, far above the threshold.In this regime the detailed balance gives us

pn = A/C1 + n B
A
pn−1 (2.40)

and the solution is known as

pn = p0
(
A
C

)n n∏
k=0
(1 + kB

A

)−1 = p0
(
A
C

)n(A
B

)n n∏
k=1
(
A
B + k

)−1

= p0
(
A2
BC

)n n∏
k=1
(
A
B + k

)−1 (2.41)
We calculate the average photon number
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⟨n⟩ = ∑
n
npn = p0∑

n=1
(
n+ AB − AB

)(
A2
BC

)n k=n∏
k=1

[ 1(
k + A

B

)] (2.42)
= p0∑

n=1
(
n+ AB

)(
A2
BC

)n k=n∏
k=1

[ 1(
k + A

B

)]− AB p0∑
n=1

(
A2
BC

)n k=n∏
k=1

[ 1(
k + A

B

)]

pulling out the last term of the first product

⟨n⟩ = (
A2
BC

)
p0∑
n=1

(
n+ AB

)(
A2
BC

)n−1[ 1(
n+ A

B

)] k=n−1∏
k=1

[ 1(
k + A

B

)]

−AB

∑
n=1p0

(
A2
BC

)n k=n∏
k=1

[ 1(
k + A

B

)] (2.43)
= (A2
BC

)∑
n=1p0

(
A2
BC

)n−1 k=n−1∏
k=1

[ 1(
k + A

B

)]− AB∑
n=1pn

The first sum is equivalent to the normalizing condition, while the second one missesthe first term, p0, which allows us to write
⟨n⟩ = (

A2
BC

)∑
n=1pn−1 − AB

∑
n=1pn = (A2

BC

)
− AB

(1− p0)
= AB

(
A
C − 1)+ AB p0 (2.44)

Well over the threshold, i.e. AC ≫ 1, we have
⟨n⟩ ≈ AB

(
A
C

)+ AB p0 = AB
(
A
C + p0

)
≈ AB

(
A
C

) (2.45)
Considering the well saturated regime, where B ≫ A, we can write the photon distri-bution as

pn ≈
(
A2
BC

)n 1
n! p0 (2.46)

whose normalization easily gives us p0 = e−
A2
BC . Using the relation ⟨n⟩ = A2

BC we can
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write the photon distribution as

pn ≈ e−⟨n⟩
(⟨n⟩)n
n! (2.47)

i.e., the same form as the Poisson distribution, which is a characteristic of a coherent state.

Figure 2.3 – Steady-state photon statistics versus n, for the cases below (a), at (b) and above (c)threshold. Source: ORSZAG (75)
The Mandel Q parameter can be calculated by

Q = 〈
n2〉− ⟨n⟩2
⟨n⟩ − 1 = C

A − C (2.48)
where we see that above the threshold (A > C ) we have Q > 0, which means the field isSuper Poissonian. However, very far above threshold (A ≫ C ) then Q approaches zero,which is expected from a poissonian distribution.This is the Scully-Lamb Laser model, where we have an atomic pump that stands forthe source of excitation for the atoms that, through the Hamiltonian, works as a pumpingin the field as well.
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2.2 Method II

Next we present a different method, still using the density matrix approach, wherewe have an atomic sample that is subjected to a pump with rate r and a serie of decayprocesses.

Figure 2.4 – A three-level atom, in which the pump r excites the atom from |0⟩ to |e⟩. The excitationexchange is managed through the Hamiltonian H and a series of decay processesSource: Adapted from YAMAMOTO(77)
We consider the atomic sample shown in Figure 2.4, where the lowest level |0⟩ simplyserves the purpose of being subject to an incoherent pumping with rate r that leads itto the |e⟩ state, not being coupled by the Hamiltonian. Meanwhile the other states, |g⟩and |e⟩, are the lasing levels and we select the frequency of the mode to be equal to thefrequency between these two levels of the atom, i.e. ωc = ωe − ωg. Choosing ℏ = 1 wecan write the atom-field interaction Hamiltonian that describes the system as

H = g
(
aσ+ + a†σ−

) (2.49)
where σ+ = |e⟩ ⟨g| and σ− = |g⟩ ⟨e| are the atomic raising and lowering operators.Our goal is to build a master equation that completely describes the system, containingall the main phenomena.The first one considered is the linear photon loss due to output coupling through a cavitymirror, with rate C

Lcρ = C2 (2aρa† − a†aρ − ρa†a) (2.50)
We also consider the pumping from |0⟩ to |e⟩, mentioned before, which contributes tothe master equation in the following way



39
Lpρ = r2(2σe0ρσ0e − σ0eσe0ρ − ρσ0eσe0) (2.51)

where σe0 = |e⟩ ⟨0|.Although the construction of a laser is based on stimulated emission, the excited state,
|e⟩ is also subject to spontaneously decay into the |g⟩ state. The master equation for thisdissipation process is given by

Legρ = Γeg2 (2σ−ρσ+ − σ+σ−ρ − ρσ+σ−) (2.52)
where Γeg is a Fermi’s golden-rule decay rate for spontaneous emission.The spontaneously decay may also occur in two more situations. The atom has achance to decay to the lowest level, |0⟩, from the |g⟩ and |e⟩ states. We include theseprocesses in the equation below
Lsdρ = Γe02 (2σ0eρσe0 − σe0σ0eρ − ρσe0σ0e)+Γg02 (2σ0gρσg0 − σg0σ0gρ − ρσg0σ0g) (2.53)

where σ0g = |0⟩ ⟨g| .We may also consider the dephasing of the atomic dipole moment caused by an energy-conserving scattering of atoms by external degrees of freedom, beyond the fundamentaldecoherence limit imposed by the spontaneous decay rate Γeg. Such a process can beexpressed in the master equation as follows
Ldρ = −γ2(σeeρσgg + σggρσee

) (2.54)
Finally, summing all the contributions along with the Liouville-von Neumann term, wehave the master equation for the combined atomic-field density matrix ρ
·ρ(t) = ig

(
ρa†σ− + ρaσ+ − a†σ−ρ − aσ+ρ)+ C2 (2aρa† − a†aρ − ρa†a)+ r2(2σe0ρσ0e − σ0eσe0ρ − ρσ0eσe0)+ Γeg2 (2σ−ρσ+ − σ+σ−ρ − ρσ+σ−)

+Γe02 (2σ0eρσe0 − σe0σ0eρ − ρσe0σ0e)+ Γg02 (2σ0gρσg0 − σg0σ0gρ − ρσg0σ0g)
−γ2(σeeρσgg + σggρσee

) (2.55)
Our interest lies in the cavity field, whose density matrix can be obtained by tracing
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over the atomic coordinates

d
dtρf = T ratom

[
d
dtρ

] = ∑
i=0,g,e

〈
i
∣∣∣∣[ ddtρ

]∣∣∣∣i〉 (2.56)

We start calculating the non-diagonal terms
·ρge = ig

(
ρgga† − a†ρee

)
−

Γeg2 ρge −
Γg02 ρge −

Γe02 ρge −
γ2ρge (2.57)

We can define the total decay rate of the atomic dipole
γt = γ + Γeg + Γg0 + Γe0 (2.58)

Substituting the total atomic decay into Eq. (2.57) we obtain
·ρge = ig

(
ρgga† − a†ρee

)
− γt2 ρge (2.59)

Naturally we can find its adjoint counterpart by making
·ρeg = ( ·ρge)† = ig

(
ρeea− aρgg

)
− γt2 ρge (2.60)

The other equations of motion can be obtained through the same method and are givenbelow
·ρ0g = igρ0ea−

(Γg0 + r
)

2 ρ0g (2.61)
·ρg0 = −iga†ρe0 −

(Γg0 + r
)

2 ρg0 (2.62)
·ρ0e = igρ0ga† −

(
r + Γe0 + Γeg)2 ρ0e (2.63)

·ρe0 = −igaρg0 −
(
r + Γe0 + Γeg)2 ρe0 (2.64)
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Here we assume the photon decay rate C is the slowest decay process. In such a case,the atomic variables can be adiabatically eliminated and the system is described by onlyfield variables. This is called a slaving principle. In the limit γt ≫ C , we can adiabaticallyeliminate the operator ρge from Eq. (2.59) by substituting their steady-state solution

ρge = 2ig
γt

(
ρgga† − a†ρee

) (2.65)
Analogously we have

ρeg = 2ig
γt

(
ρeea− aρgg

) (2.66)
ρ0g = 2igΓg0 + r ρ0ea (2.67)
ρg0 = − 2igΓg0 + r a

†ρe0 (2.68)
ρ0e = 2igΓe0 + Γeg + r ρ0ga† (2.69)
ρe0 = − 2igΓe0 + Γeg + r aρg0 (2.70)

Now we get back to Eq (2.56) and calculate the diagonal terms
·ρ00 = Γe0ρee + Γg0ρgg − rρ00ρ00 (2.71)

·ρgg = ig
(
ρgea− a†ρeg

)+ Γegρee − Γg0ρgg (2.72)
·ρee = ig

(
ρega† − aρge

)+ rρ00 − (Γe0 + Γeg)ρee (2.73)
Summing Eqs (2.71), (2.72) and (2.73) we form the total density matrix master equation,i.e. ·ρf (t) = ·ρ00(t) + ·ρgg(t) + ·ρee(t)

·ρf (t) = ig
(
ρgea+ ρega† − aρge − a†ρeg

) (2.74)
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Finally we substitute Eqs (2.65) and (2.66) into Eq. (2.74) and add the cavity decay

·ρf (t) = 2g2
γt

(2a†ρeea− aa†ρee − ρeeaa†)
−2g2
γt

(2aρgga† − a†aρgg − ρgga†a)
+C2 (2aρfa† − a†aρf − ρfa†a) (2.75)

The master equation of Eq. (2.75) includes saturation to all orders. Unfortunately, itstill depends on the atomic operators ρgg and ρee. To find an analytical expression weshall consider saturation to only second order. Also we consider that most atoms are inthe ground state |0⟩ at all times, i.e. ρf = ρ00 + ρgg + ρee ≈ ρ00 , and the lower lasinglevel |g⟩ decays very fast to the ground state |0⟩ so we can say that
ρgg ≈ 0 (2.76)

Thus Eq. (2.73) becomes
·ρee = rρ00 − (Γeg + Γe0)ρee − 2g2

γt

(
aa†ρee + ρeeaa†

) (2.77)
and we use perturbation technique to the second order to obtain

ρee ≈
rΓeg + Γe0ρf − 2g2r

γt
(Γeg + Γe0)2

(
aa†ρf + ρfaa†

) (2.78)
Substituting Eq. (2.78) into Eq. (2.75) we can finally write

d
dtρf = 2rg2

γt
(Γeg + Γe0)

(2a†ρfa− aa†ρf − ρfaa†)
+ 4rg4
γ2
t

(Γeg + Γe0)2
(
aa†aa†ρf + ρfaa†aa† (2.79)

+ 2aa†ρfaa† − 2a†aa†ρfa− 2a†ρfaa†a)
+C2 (2aρfa† − a†aρf − ρfa†a)

This is the master equation for the reduced field density matrix. The first and the lastterms stand for the linear gain and the cavity loss, respectively, while the second term is
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call the gain saturation. The saturation is a nonlinear process that can be understood as asystem acting back on the reservoir, and it is responsible for the laser having a stationarysolution even far from the equilibrium condition.Now, let us define the linear gain as

A = 4rg2
γt
(Γeg + Γe0) (2.80)

And the gain saturation is
B = 32rg4

γ2
t

(Γeg + Γe0)2 = 8A g2
γt
(Γeg + Γe0) (2.81)

Substituting Eqs (2.80) and (2.81) into Eq (2.79) we obtain
d
dtρf = A2 (2a†ρfa− aa†ρf − ρfaa†)

+B2
[14aa†aa†ρf + 14 ρfaa†aa† (2.82)

+ 12aa†ρfaa† − 12a†aa†ρfa− 12a†ρfaa†a
]

+C2 (2aρfa† − a†aρf − ρfa†a)
Here we take some time to unify our atomic decay rates so the next step is simpler.These decay rates are: Γeg, for the |e⟩ → |g⟩ decay, Γe0, for the |e⟩ → |0⟩ decay,Γg0, for the |g⟩ → |0⟩ decay and finally γ, for the dephasing process. The first twodecay rates, Γeg and Γe0, must be much smaller than the coupling of the Hamiltonian, i.e.Γeg,Γe0 ≪ g, which means that the atom is much more likely to exchange excitation withthe cavity through the Hamiltonian, stimulatingly emitting a photon, than to emit a photonvia spontaneous emission. Moreover, after the atom emitted a photon and decayed to the

|g⟩ state, we need it to go to the |0⟩ state for the atomic pumping lead it back to the
|e⟩ state, so the process continues. In this case we have Γg0 ≫ Γeg,Γe0. The dephasingprocess does not play an important role, so we shall make γ ≪ Γg0.After all this analysis, let us say that γt(Γeg + Γe0)= 2Γ2 so we can writeA = 2rg2/Γ2
and B = 4Ag2/Γ2.In possession of the master equation for the reduced field we aim for the steady state
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by making a coarse grained time approximation

·ρnn = ρnn(t + ∆t)− ρnn(t)∆t = r
∫ ∞

0 dτ Γe−Γt [∑
α
ραn,αn(t + τ)− ρnn(t)] (2.83)

where r is the rate of excited state atom injection into the cavity, Γ stands for a generaldecay rate for the atom inside the cavity, ρnn(t) is the diagonal density matrix elementwith α = g, e at a time t and ραn,αn(t + τ) is the straightforward diagonal matrix elementevolved from ρnn(t) though the unitary time evolution operator
U(τ) = eiV τ (2.84)

Following we assume that the system at a time t is in a pure state, for simplicity. Thefinal master equation is independent of the choice of an initial state and we obtain theidentical result if we start with a mixed state. We shall express this state as
|ψ(t)⟩ =∑

n

Cn(t) |e⟩ ⊗ |n⟩ (2.85)
By applying the time evolution operator of Eq (2.84) into the state given above we get

|ψ(t + τ)⟩ = ∑
n
Cn(t)∑

j

(igτ)j
j! (

a†σ− + aσ+)j |e⟩ ⊗ |n⟩
=∑

n

[
Cen(t + τ) |e⟩ |n⟩+ Cg,n+1(t + τ) |g⟩ ⊗ |n+ 1⟩] (2.86)

where
Cen(t + τ) = Cn(t) cos(gτ√n+ 1) (2.87)
Cg,n+1(t + τ) = iCn(t) sin(gτ√n+ 1) (2.88)

which enable us to write the matrix elements
ρen(t + τ) = Cen(t + τ)C ∗en(t + τ)= ρnn(t) cos 2 (gτ√n+ 1) (2.89)
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and

ρgn+1(t + τ) = Cgn(t + τ)C ∗gn(t + τ)= ρnn(t) sin 2 (gτ√n+ 1) (2.90)
However in Eq. (2.83) we established the number of photons as n, meaning that thematrix element we should use is the one coming from ρn−1, i.e. we make n→ n− 1 on Eq.(2.90). Using this updated equation together with Eq. (2.89) into Eq. (2.83) we obtain

·ρnn = r
[∫ ∞

0 dτ Γe−Γτρnn(t) cos 2 (gτ√n+ 1) (2.91)
+ ∫ ∞0 dτ Γe−Γτρn−1,n−1(t) sin 2 (gτ√n)− ∫ ∞0 dτ Γe−Γτρnn(t)]

where the integrals are given by
∫ ∞

0 dτ Γe−Γτ cos 2 (gτ√n+ 1) = Γ2 + 2g2(n+ 1)Γ2 + 4g2(n+ 1) (2.92a)
∫ ∞

0 dτ Γe−Γτ sin 2 (gτ√n) = 2g2nΓ2 + 4g2n (2.92b)

Next we substitute the results from the integrals (2.92a) and (2.92b) together withadding the matrix elements of the cavity photon loss Liouvillian into the master equationof Eq. (2.91)
·ρnn = r + 2r(gΓ)2(

n+ 1)
1 + 4(gΓ)2(

n+ 1) ρnn − rρnn −
2r(gΓ)2

n

1 + 4(gΓ)2
n
ρn−1,n−1

+C2 ⟨n|(2a†ρa− aa†ρ − ρaa†)|n⟩ (2.93)
where we can see that naturally the linear gain and gain saturation coefficients (Eqs (2.80)and (2.81)) appear. A straightforward calculation gives us
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·ρnn = An1 + n BA
ρnn −

A(n+ 1)1 + (n+ 1) BA ρn−1,n−1 + Cn ρn−1,n−1 − C (n+ 1) ρnn (2.94)
that is equivalent to Eq. (2.30) and the same treatment of finding the steady statesolutions can be applied.We have shown that these two methods give the same results and each of them has itsown advantages. The first one is more intuitive and the hand calculation is easier, howeverit is not quite simple to simulate in a computational program, whereas the second methodallows us to include much more phenomena, making a more complete description of thelaser, such as all the decay rates. Besides, although the second one is more complicatedit is a lot easier to simulate.At last, let us show that we can obtain the mean photon number directly from theMaster Equation of Eq. (2.55), calculating equations of motion for the average value of adesired operator by multiplying on one side of the equation by this operator and takingthe partial trace over the density matrix variables. The relevant equations of motion are:

d
dt
〈
a†a

〉 = ig
(
⟨aσ+⟩ − 〈a†σ−〉)− C 〈a†a〉 (2.95a)

d
dt ⟨a⟩ = −ig ⟨σ−⟩ − C2 ⟨a⟩ (2.95b)

d
dt ⟨σ−⟩ = ig ⟨a⟩

(
⟨σ+σ−⟩ − ⟨σ−σ+⟩)−

(Γeg + Γe0 + Γg0 + γ
)

2 ⟨σ−⟩ (2.95c)
d
dt ⟨σ+σ−⟩ = ig

(〈
a†σ−

〉
− ⟨aσ+⟩)+ r ⟨|0⟩⟨0|⟩ − (Γeg + Γe0) ⟨σ+σ−⟩ (2.95d)

d
dt ⟨σ−σ+⟩ = ig

(
⟨aσ+⟩ − 〈a†σ−〉)+ Γeg ⟨σ+σ−⟩ − Γg0 ⟨σ−σ+⟩ (2.95e)

d
dt ⟨|0⟩⟨0|⟩ = −r ⟨|0⟩⟨0|⟩+ Γe0 ⟨σ+σ−⟩+ Γg0 ⟨σ−σ+⟩ (2.95f)
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Since we are looking for a solution in the steady-state we can set all the derivatives ofexpected values equal to zero. Using these equations, together with the closure relationfor the atomic basis,

I = |0⟩⟨0|+ |g⟩⟨g|+ |e⟩⟨e| (2.96)
where |g⟩⟨g| = σ−σ+ and |e⟩⟨e| = σ+σ−, we can solve this linear system finding
〈
a†a

〉 = r/C2r + Γg0 + Γe0
[Γg0

(1− γtC4g2
)
− Γeg]− γt

[Γeg(r + Γg0)+ Γe0Γg0]4g2(2r + Γg0 + Γe0) (2.97)
In order to verify this method consistency, below we have a simulation where we plotthe distributions of probability in the Fock basis for the laser generated by Eq. (2.55) anda coherent state distribution with |α|2 given by Eq. (2.97).

Figure 2.5 – Occupation probability in the Fock space. The blue histogram comes from the laserobtained through the Master Equation 2.55 and the green one refers to the theoreticalprediction from Eq.(2.97)Source: By the author.
Described in units of g, the parameters used were: r = 0.1, Γg0 = 7.5, Γeg = Γe0 =

γ = 0.1 and C = 0.005. From Eq. (2.97) we expect the mean photon number to be around18.6, which is satisfactorily accurate in comparison with the laser obtained by simulatingEq. (2.55), that gives us the mean photon number of 18.4.
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As said in the beginning of this chapter, there are many methods of studying laserlight, and each one has its own advantages. Here we tried to show how to extract the bestof them, in terms of phenomena understanding and also computational simulation.

2.3 The Fokker-Planck Equation: Laser Linewidth

So far we have focused on the probability distribution for the laser, calculated by usingthe density matrix, but there is another important feature we can analyse: the dynamicsof the laser linewidth.Once we have obtained the master equation for the reduced field density matrix (2.83)we can introduce the diagonal P(α) representation of coherent states for ρf
ρf = ∫ P(α) |α⟩⟨α| d2α

π (2.98)
through which we can obtain the quantum mechanical Fokker-Planck equation for a laser

d
dtP

(α) = −12
{
∂
∂α

[(
A − C − Bα2)αP(α)]+ c.c.

}+A ∂2
∂α∂α∗P

(α) (2.99)
Rewriting the above equation using polar coordinates with α = reiθ

d
dtP

(r, θ) = −12 1
r
∂
∂r

[
r2(A − C − Br2)P(r, θ)]14 A

(
∂2
∂r2 + 1

r
∂
∂r + 1

r2 ∂2
∂θ2

)
P(r, θ) (2.100)

We see that the first term of the above equation is the drift term and the second oneis the diffusion term. In the steady state we set d
dtP(r, θ) = 0. Assuming an averageamplitude r0, the drift term disappears at r = r0 and we obtain

A − C − Br20 = 0 (2.101)
Introducing a small amplitude noise by

∆r = r − r0 (2.102)
we have



49
r2(A − C − Br2) = −2r(Br20)(r − r0) (2.103)

Subtituting Eq. (2.103) into Eq. (2.100) together with d
dtP(r, θ) = 0 and using theansatz P(r, θ) = P(r)Φ(θ) we have

12 1
r
∂
∂r
[2rBr20 (r − r0)P(r)]+ A4 1

r
∂
∂r

[
r ∂∂rP

(r)] = 0 (2.104)
which leads to

∂
∂rP

(r) = −4Br20
A

(r − r0)P(r) (2.105)
The solution is given by the Gaussian distribution

P(r) = 1√2πσ 2 e
− (r − r0)22σ 2

 (2.106)
where the variance in the amplitude is given by

σ 2 = A4Br20 (2.107)
Looking far above threshold, the average amplitude r0 satisfies

r20 = A − CB ≈ AB (2.108)
Therefore, the variance is reduced to

σ 2 = 14 (2.109)
That is the well known amplitude noise of a coherent state, corresponding to thePoisson photon statistics.The steady state solution for the angular distribution function Φ(θ) from Eq. (2.100)leads to

d
dθΦ(θ) = 0 (2.110)

The above result suggests that the laser phase is uniformly distributed in [0, 2π] underthe steady state condition. This conclusion originates from the fact that a laser has arestoring force only for the amplitude r and does not have a restoring force for the phase
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θ. The gain saturation term Br2 in Eq. (2.100) only depends on the amplitude r, sothat a laser is a phase insensitive oscillator. Nevertheless, the field emitted by a laserhas a distinct feature from a thermal field not only in the amplitude (or photon number)distribution but also in the phase noise. The time dependent phase distribution functionsatisfies

d
dtΦ(θ) = A4 1

r20
∂2
∂θ2 Φ(θ) ≡ D2 ∂2

∂θ2 Φ(θ) (2.111)
where D is the phase diffusion constant and corresponds precisely to the Schawlow-Townes laser linedwidth, when A ≈ C , that is not far from the threshold. The fourth-orderexpansion used to obtain Eq. (2.83) loses its validity well above threshold. It is interestingto observe that C is the empty cavity linewidth, thus the formula

D = C2 ⟨n⟩ (2.112)
shows that the linewidth is decreased by a factor ⟨n⟩−1.These results were also calculated by Lax,(78) Gordon (79) and Haken. (80)
2.4 Pseudo-Hermitian Quantum Mechanics

A system governed by an Hermitian Hamiltonian has real spectra and unitary evolution.This is so common that this hermiticity is usually implicit. The unitary evolution ensuresthat, if we have a normalized state at a time t0, the states coming from the time evolutionoperator from the Schrödinger equation are normalized at all times t > t0 and the realspectra means that the expectation values for the energies of the system are real values,i.e. they can be measured and interpreted as usually. Therefore is clear the preferenceof using Hermitian Hamiltonians. The main idea of a pseudo-Hermitian quantum theoryis to shed light on Hamiltonians that would have been ignored due to its non-Hermitiannature by replacing the Hermiticity condition with a weaker condition showing space-timereflection symmetry. These new Hamiltonians may have interesting mathematical featuresand may prove themselves very adequate in describing the physical world. Naturally weshould not discard any of the key physical properties presented in a quantum theory, aswe will show, as long as a pseudo-Hermitian Hamiltonian exhibits all of the properties ofa Hermitian quantum theory in a new metric.Let us consider a system with a non-Hermitian Hamiltonian H. The Schrödinger
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equation reads

iℏ ∂∂t |ψ(t)⟩ = H|ψ(t)⟩ (2.113)
Now we introduce the (time independent) Dyson map η, a non unitary operator, asfollows

iℏ ∂∂t

(
η |ψ(t)⟩) = η H η−1(η |ψ(t)⟩) (2.114)

We can rewrite the above equation in the form of the Schrödinger equation
iℏ ∂∂t |φ(t)⟩ = h |φ(t)⟩ (2.115)

where we have
h = η H η−1 (2.116a)
|φ⟩ = η |ψ⟩ (2.116b)

We impose this new Hamiltonian to be Hermitian, i.e. h = h† , so Eq (2.116a) leads tothe pseudo-Hermiticity relation
Θ H = H† Θ (2.117)

where Θ = η†η is the metric operator.We can apply the result from Eq.(2.116a) to obtain the same relation as in Eq.(2.117)for any observable O(X,P) of the non-Hermitian system associated with the observables
o(x, p) of the Hermitian system, such that

O = η−1o η (2.118)
Therefore, all observables become pseudo-Hermitian (O† Θ = Θ O) and, depending onthe observable of interest, as momentum or position for example, the choice of the metriccan be made so that this observable is Hermitian. (81)Using Eq. (2.116b) we can demonstrate that the time evolution is unitary, using the
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metric to calculate the inner product.

〈
ψ(t)∣∣∣ψ̃(t)〉Θ ≡

〈
ψ(t)∣∣∣Θ∣∣∣ψ̃(t)〉 = 〈φ(t)∣∣∣φ̃(t)〉 (2.119)

We can also demonstrate that the Hamiltonians H and h have the same spectrum. Letus consider a system governed by the Hermitized Hamiltonian h whose eigenvalues andeigenstates are given by
h |φn⟩ = En |φn⟩ (2.120)

Using Eq (2.116a) and Eq (2.116b) into the above equation we show that H and hhave the same spectrum:
H|ψn⟩ = En |ψn⟩ (2.121)

At last we calculate the expected values associated with the evolution governed by H
〈
ψ(t)∣∣∣O∣∣∣ψ̃(t)〉Θ ≡

〈
ψ(t)∣∣∣Θ O∣∣∣ψ̃(t)〉 = 〈

φ(t)∣∣∣o∣∣∣φ̃(t)〉 (2.122)



CHAPTER 3

SQUEEZED VACUUM STATE LASERWITH ZERO DIFFUSION FROM CAVITYLOSSES
3.1 Introduction and motivation

It is well-known that squeezed states are most efficiently generated from optical para-metric down-conversion in a non-linear χ (2) crystal. (76, 82, 83) We also mention thegeneration of squeezed states by four wave mixing in an optical cavity. (76, 83, 84) How-ever, our purpose here is to demonstrate the possibility of generating squeezed stateof light through the laser mechanism, with the required nonlinearity being constructedthrough the atom-field interaction itself. The squeezing of cavity-field states through theireffective interaction with atoms have been systematically pursued in cavity quantum elec-trodynamics. (85–88) The most distinctive characteristic of our laser method for building asteady squeezed state is exactly that the required nonlinearity for light squeezing is herereplaced by the same atom-field effective interaction that coherently pumps the cavity.A laser with reduced linewidth is most useful for a variety of applications, amongwhich we mention optical sensing, metrology, higher order coherent communication, high-precision detection, and laser spectroscopy. (89) Therefore, the method here presented cancontribute to or inspire the design of lasers with exceedingly small diffusion and linewidth,with broad technological applications.Our proposal for the construction of a squeezed vacuum state laser with zero phasediffusion due to cavity losses is based on the construction of an effective atom-field inter-
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actions from the usual Jaynes-Cummings Hamiltonian (JCH)

λ
(
a†σ− + aσ+) , (3.1)

where λ is the Rabi frequency, a† and a are the cavity photon creation and annihilationoperators, while σ+ and σ− are the Pauli raising and lowering operators for the two-levelatom. The engineering of the effective interaction must obey two conditions:
i) First, this interaction must present the same bilinear form of the JCH, i.e.,

χ
(
A†σ− + Aσ+) (3.2)

where χ is the effective atom-field coupling while A† and A are generalized photon creationand annihilation operator constructed from a† and a. This bilinear form allows us toestablish an isomorphism between the cavity field operators in our effective laser (A† , A)and in the conventional coherent state laser (a† , a). This isomorphism, mapping the fieldoperators a ↔ A and a† ↔ A† , allows us to derive the equations of the effective laserdirectly from those of the conventional laser, and consequently, the steady state of theeffective laser automatically from the coherent state of the usual theory. To this end, wemust complete the construction of such an isomorphism by deriving, from the vector basis ofthe conventional laser, {|n⟩}, another vector basis for the cavity field of the effective laser,{
|n⟩A

}. The action of our generalized operators (A† , A) on the basis state {|n⟩A} mustemulate that of the usual creation and annihilation operators (a† , a) on the Fock space
{|n⟩}. Consequently, the master equation describing the effective laser will be exactlythat following from the conventional laser through the map a ↔ A and a† ↔ A† . In theabove-threshold regime, the steady state of the effective laser will be exactly the coherentstate written in the new basis {|n⟩A} : |α⟩A = e−|α|2/2∑∞

n=0
(
αn/
√
n!) |n⟩A, which leadsto the desired laser state when mapped into the conventional Fock basis.

ii) The second condition ensures the quantum coherence of the effective laser state, say
|Ψ⟩, to be minimally affected by cavity losses, the main source of laser noise. For this, thelaser state |Ψ⟩ must be an unique eigenstate of A with null eigenvector, i.e., A |Ψ⟩ = 0.This condition is the same used in Ref. (60) for the proposition of a reservoir engineeringmethod for the protection of a particular state |Ψ⟩, again the unique eigenstate of ageneralized cavity field operator A with null eigenvalue. As discussed in the introduction,the operator A takes place on the bilinear interaction χ̃

(
A†S− + AS−

) which must beengineered between the system whose state must be protected, as a cavity field, and an
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auxiliary system described by the operators S+ and S−, an atom or an atomic sample.This engineered interaction, under the condition of a sufficiently strong coupling χ̃ , leadsto the master equation for the cavity mode

ρ̇ = (Γ/2) (2AρA† − A†Aρ − ρA†A)+ (γ/2) (2aρa† − a†aρ − ρa†a) , (3.3)
with Γ ∝ χ̃ ≫ γ. Therefore, the Lindbladian for a† , a acts as a perturbation over thatfor A† , A, causing the fidelity of the protected state, given by F ∝ 1− γ/Γ, to be slightlyless than unity. However, in our protocol for building the effective laser, the isomorphismbetween the field operators (a† , a) and (A† , A) automatically results in the engineeredLindbladian (Γ/2) (2AρA† − A†Aρ − ρA†A), without the need for the approximations re-quired to obtain this engineered superoperator from Eq. (3.3). Furthermore, we have theadvantage of eliminating the unwanted Lindbladian for a† , a which, acts as a perturba-tion over that for A† , A. We have thus considered here a particular reservoir engineeringtechnique which, however, keeps all the main ingredients of the method in Ref. (60):the engineering of the effective atom–field interaction and, consequently, of the associ-ated Lindbladian, however with the advantage of eliminating the unwanted Lindbladianfor a† , a.This chapter is organized as follows: In Section 2 we present a scheme, based on theadiabatic elimination of fast variables, for the construction of the effective Hamiltonianrequired for the operation of the squeezed vacuum laser. In Section 3 we construct theisomorphism between the cavity field operators in the effective and the Jaynes-Cummingsinteractions, and in Section 4 we present the master equation for the squeezed vacuumlaser and the numerical analysis demonstrating the effectiveness of our method. Finally,in Section 5 we present our conclusions.
3.2 The effective atom-field interaction

The first step for achieving our goal is to engineer the atom-field interaction throughwhich we implement the amplification-saturation mechanism building up and sustainingour squeezed vacuum state. The effective interaction follows from considering the transi-tions induced by quantum and classical fields in a three-level Lambda-type configuration,as depicted in Figure. 3.1. The intermediate (more-excited) atomic level |i⟩ must be con-sidered apart from the lasing levels |g⟩ and |e⟩. The cavity mode (ω) is used to promotethe Raman-type transitions g ←→ i and e ←→ i, with detunings ∆g = ωi − ω and
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∆e = ω0 + ω − ωi, and coupling strengths λg and λe. Two pairs of laser beams (ωgℓ and
ωeℓ , ℓ = 1, 2) help to excite the same atomic transitions with detunings δg1 = ωg1 − ωi,
δg2 = ωi − ωg2, δe1 = ωi − ω0 − ωe1 and δe2 = ω0 + ωe2 − ωi and coupling strengths Ωgℓand Ωeℓ .

Figure 3.1 – Sketch of the Λ configuration to engineer the effective interaction for building up thesqueezed vacuum laser Source: By the author.
The Hamiltonian describing the process is given by H(t) = H0 +V (t), where (ℏ = 1)

H0 = ωa†a+ ω0σee + ωiσii (3.4a)
V (t) = λgaσig + λeaσie +∑ℓ

(
e−iωgℓ tΩgℓσig + e−iωeℓ tΩeℓσie

)+ h.c. (3.4b)
using the Pauli operators σrs = |r⟩ ⟨s|, with r, s denoting the atomic levels. In what followswe assume λg = λe = λ, Ω = Ωg1 = Ωg2 = − Ωe1 = − Ωe2, δg1 = δg2 = δe1/κ = δe2/κ,∆g = δe1 and ∆e = δg1. Then, under the set of parameters δrℓ ≫ Ω ≫ n̄λ, with n̄ beingthe average photon number in the cavity, we verify that, in the interaction picture, thenon-diagonal Hamiltonian HI(t) consists of highly oscillatory terms such that, to a goodapproximation, we obtain the second-order effective Hamiltonian (54–56,90–92)

Heff = −iHI(t) ∫ t

0 dτHI(τ) = g
(
Aσ+ + A†σ−

) (3.5)
where σ+ = |e⟩ ⟨g|, σ− = |g⟩ ⟨e|, the coupling strength is given by g = √1− κ2λΩ∗/δe1,with κ = δe1/δg1, and the generalized operators read

A = a+ κa†√1− κ2 , A† = a† + κa√1− κ2 (3.6)
with [A, A†] = [

a, a†
] = 1. The squeezed vacuum, to be defined below, with squeez-ing factor r = tanh−1 κ, is an eigenstate of A with null eigenvalue, as required by the
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a) c)

b) d)
Figure 3.2 – Plot, against gt, of the variances (a), (∆X1)2 (t) and (b), (∆X2)2 (t), and the excitations

(c), 〈a†a〉 (t) and (d), ⟨σee⟩ (t) in function of gt, for the field states generated bythe effective and full Hamiltonians (straight and dotted lines, respectively). We havestarted with the atom and the cavity mode in the excited and the vacuum state, |e⟩ |0⟩,considering, in units of the Rabi frequency λ, the parameters δg1 = 103, δe1 = 6×102,Ωg1 = 40, and g = 0.05, such that κ = 0.6.Source: By the author.
engineering reservoir technique.In order to verify the validity of the approximations leading from V (t) to Heff , we plotin Figures 3.2(a) and (b) the variances of the quadratures X1 = (

a† + a
)
/2 and X2 =(

a− a†
)
/2i, against gt, for the field states generated by both the full and the effectiveHamiltonians in Eqs. (3.4) and (3.5). Here we remind that gt is a convenient dimensionlessparameter frequently used to indicate the time evolution in atom-field interaction processes.We start with the atom in the excited state |e⟩ and the cavity mode in the vacuum state

|0⟩, considering, in units of the Rabi frequency λ, the parameters δg1 = 103, δe1 = 6×102,Ω = 40, and g = 0.05, such that κ = 0.6. In Figures 3.2(a) and (b) the straight anddotted lines refer to the effective and full Hamiltonians, respectively, showing a goodagreement between both curves until gt ≈ 7. We have also plotted in Figures 3.2(c)and (d) the excitations 〈a†a〉 (t) and ⟨σee⟩ (t) against gt, and we again see a very goodagreement between the curves generated by the full and the effective Hamiltonians untilthe same gt ≈ 7. Since our squeezed state laser is built from the effective interaction(3.5), its operating time is then limited to the time interval of the validity of the effectiveHamiltonian, t ≈ 7/g = 7δe1/√1− κ2λΩ, and must be restarted whenever this timeinterval has elapsed.
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Regarding the engineering of the effective atom-field interaction (3.5), a detailed ac-count on Raman transition in cavity quantum electrodynamics can be found in Ref. (93).We note that the atomic level configuration we have used to engineer the required interac-tion is certainly not unique; it can be engineered from other level configuration using moreor less classical fields. Finally, we stress that in engineering the effective Hamiltonian(3.5) we have not take into account the usually small amplitude and phase fluctuationsof the required laser beams, which would indeed result in some phase diffusion of oursqueezed vacuum laser.We finally stress that another proposal for building a squeezed lasing has been reportedin which the cavity is parametric driven using a non-linear χ (2) crystal inside the cavity.(94) Our engineered atom-field interaction thus replaces the parametric driven process inRef. (94), dispensing the non-linear crystal inside the cavity and the coherent drive of thecavity mode. However, since our laser requires the effective atom-field interaction, it hasan operating timescale after which it must be restarted.

3.3 The isomorphism between the A† , A and a† , a algebras

Having engineered the required interaction (3.5), we now start to construct the vectorbasis {|n⟩A} for the cavity field, in whose states |n⟩A the action of operators A†A, A† and
A, must lead to the same relations as those resulting from the actions of a†a, a† and aon the Fock basis {|n⟩}, i.e.:

A†A |n⟩A = n |n⟩A (3.7a)
A† |n⟩A = √n+ 1 |n+ 1⟩A (3.7b)
A |n⟩A = √n |n− 1⟩A (3.7c)

All the basis states {|n⟩A} are constructed from the vacuum state |0⟩A, starting from therelation
A |0⟩A = 0 (3.8)

which enables us to determine the probability amplitudes cn defining the superposition
|0⟩A = ∑

n cn |n⟩. Considering the operator A as given by Eq. (3.6), we first compute thevacuum state from Eq. (3.8) and then, using the relation (A†)n |0⟩A /√n!, we derive all the
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even and odd generalized excitations, given by

|2m⟩A = (1− κ2)1/4√(2m)!
∞∑
n=0 (−κ)n−m√ (2n− 1)!!(2n)!!

×
m∑
ℓ=0
(
m
ℓ

)(
−κ2)ℓ (2n)!![2 (n+ ℓ −m)]!! [2 (n+ ℓ)− 1]!!(2n− 1)!! |2n⟩ (3.9a)

|2m+ 1⟩A = (1− κ2)3/4√(2m+ 1)!
∞∑
n=0 (−κ)n−m√ (2n+ 1)!!(2n)!!

×
m∑
ℓ=0
(
m
ℓ

)(
−κ2)ℓ (2n)!![2 (n+ ℓ −m)]!! [2 (n+ ℓ) + 1]!!(2n+ 1)!! |2n+ 1⟩ (3.9b)

The basis defined by the even and odd number states given by Eqs. (3.9), thus es-tablishes the isomorphism between the fields in the squeezed vacuum and the coherentstate lasers. Knowing that the steady state of the conventional laser is the coherent state
|α⟩ (owing to the Jaynes-Cummings atom-field interaction), it is then automatic to derivethe steady state of our laser, which results from the effective Hamiltonian (3.5). Once theisomorphism is established, all we have to do is to describe the coherent state in the vectorbasis {|n⟩A}, i.e., |α⟩A = DA(α) |0⟩A = exp (αA† − α∗A) |0⟩A = e−|β|2/2eβa†e−β∗a |0⟩A, with
β = (α − κα∗) /√1− κ2. We obtain, expanded in the usual Fock basis {|n⟩}, the state

|α⟩A = (1− κ2)1/4e(κα2−|α|2)/2 ∞∑
n=0
√
n!( n∑

ℓ=0
(κ2)ℓ/2 βn−ℓ(n− ℓ)!ℓ!Hℓ (x)) |n⟩ (3.10)

where the argument of the Hermite Polynomials is given by x = κ (β∗)2 /2.We note that for κ = 0 we immediately recover the usual Fock basis states from Eq.(3.9) and the usual coherent state from Eq. (3.10). In Figure 3.3(a) we show the photonnumber distribution Pn and a phase-space plot of the uncertainties of the laser stategiven by Eq. (3.10), using α = 0.18 and r = Tanh−1 κ = 0.69, and considering κ = 0.6as in Figure 3.2. This produced squeezed vacuum displays a good agreement with theideal squeezed vacuum S(r = 0.69) |0⟩, whose photon distribution and projection of theWigner distribution in phase space is shown in Figure 3.3(b), and where S stands for thewell-known squeeze operator
S(ξ) = exp [ξ∗a2 − ξ (a†)2] (3.11)

with ξ = reiφ , r being the degree of squeezing and φ the squeezing direction in phase
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space (76,83), here with φ = 0. The produced laser state deviates slightly from the idealsqueezed vacuum as indicated by the populations of the odd Fock states. We finally notethat the squeezed vacuum S(ξ) |0⟩, with squeezing factor r = tanh−1 κ, is an eigenstate of
A with null eigenvalue, as required by the engineering reservoir technique.

a)

b)Figure 3.3 – The photon number distribution Pn and the uncertainties of the squeezed vacuum statein phase-space generated by the (a) effective Hamiltonian for α = 0.18 and r = 0.69,and (b) the ideal squeezed vacuum S(r = 0.69) |0⟩.Source: By the author.

3.4 The master equation for the squeezed vacuum laser

From the isomorphism we have established, we automatically derive from the conven-tional laser theory the master equation describing the dynamics of the cavity field wheninteracting with a pumped atomic sample, through the effective Hamiltonian (3.5), and theenvironment. This master equation is given by
ρ̇ = LAρ + LBρ + LCρ (3.12)
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where the Lindbladians accounting for gain, saturation and cavity loss, obey the expres-sions

LAρ = A2 (2A†ρA− AA†ρ − ρAA†) (3.13a)
LBρ = B2

[14AA† (AA†ρ + 3ρAA†)+ 14 (ρAA† + 3AA†ρ)AA†
−A†

(
AA†ρ + ρAA†

)
A
]+ ... (3.13b)

LCρ = C2 (2AρA† − A†Aρ − ρA†A) (3.13c)
The coefficients for gain A = 2R (g/γ)2, saturation B = 4A (g/γ)2, and loss C = ω/Q, aredefined from the atomic pumping rate R = Kp, K being the total atomic injection rate, pthe probability for the atomic laser excitation, g the Rabi frequency, γ the effective atomicdecay rate, and Q the cavity quality factor. The Lindbladian for saturation in Eq. (3.13b)is given only up to 4-th order in g. The isomorphism then assures us that the squeezedvacuum state in Eq. (3.10) follows directly from the competition between amplification(A) and dissipation (C), mediated by the the saturation of the cavity field excitation (B ),described by the master equation (3.12). Far above threshold, when A ≫ C, the far fromequilibrium steady state of the cavity field is given by Eq. (3.10).As anticipated above, we note that unlike what happens with engineered reservoirs,we do not have a term in Eq. (3.12) (similar to the Lindbladian for a† , a in Eq. (3.3)),that acts to introduce error in the laser mechanism. This is indeed a remarkable bonus forour method, in which the only source of errors stems from the engineering of the effectiveHamiltonian (3.5). By limiting the time interval of the laser operation such that gt = 7,the errors coming from the engineered protocol must, however, be small as we have seenfrom Figure 3.2.To strengthen our result coming from the isomorphism —that the laser resulting from theatom-field interaction described by the effective Hamiltonian (3.5) is indeed the squeezedvacuum—, in what follows we numerically analyze the construction, step by step, of sucha cavity field steady state. For this we numerically simulate the successive passage of Natoms through the cavity, at the rate R , considering the atom-field interaction (3.5), thecavity field starting in the vacuum and all the atoms in their excited states. The first atomfinds the field in its initial vacuum state ρ(0), leading it to the state ρ(t), with t = 1/R .After its passage through the cavity, we compute the reduced density operator for the fieldstate by tracing over the atomic degrees of freedom. The second atom then finds the cavityin this reduced state, leading it to another reduced state at time 2t, and so on until the
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time Nt, each step being described by the equation

ρ̇i+1(t) = r [ρ(ti+1)− ρ(ti)] = −i [Heff (ti), ρ(ti)]+ (C/2) [2Aρ(ti)A† − A†Aρ(ti)− ρ(ti)A†A]+ (γ/2) (2σ−ρ(ti)σ+ − σ+σ−ρ(ti)− ρ(ti)σ+σ−) (3.14)

Figure 3.4 – The mean occupation number 〈a†a〉 (t), considering the same parameters used inFigure 3.2, together with C/g = 0.35, r/g = 92 and γ/g = 0.5, leading to A/g = 736.We consider the cavity initially in the vacuum state and the atoms prepared in theirexcited states. Source: By the author.
3.5 The construction and characterization of the squeezed

vacuum state

We next analyze the laser state derived from Eq. (3.14), by comparing it with thesqueezed vacuum state defined in Eq. (3.10), which by its turn comes from Eq. (3.12).All the following figures consider the same parameters used in Figure 3.2 to validate theeffective interaction in Eq. (3.5), together with the choices C/g = 0.35, r/g = 92 and
γ/g = 0.5, which lead to the rate A/g = 736.In Figure 3.4 we plot the mean occupation number 〈a†a〉 (t) of the laser state resultingfrom Eq. (3.14) against gt. We verify that the mean occupation number reaches the steadyvalue 〈a†a〉 (t) = 0.62 for gt ≈ 3, long before the validity of the effective Hamiltonian is
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compromised, for gt ≈ 7. This steady excitation is in good agreement with that predictedby Eq. (3.10), given by 〈a†a〉 = 0.56, about 10% less than the numerical simulation. Thevalue gt ≈ 3 follows after the passage of 1734 atoms through the cavity.In Figure 3.5(a) we present the photon number distribution Pn and the phase spaceprojection of the Wigner function of the laser state following from Eq. (3.14), for gt = 4.We again verify a good agreement with the ideal squeezed vacuum state as it becomesclear from Figure 3.5(b) where the fidelity F = Tr ρS(ξ) |0⟩ ⟨0|S† (ξ) of the state ρ comingfrom Eq. (3.14) is plotted against gt, regarded to the ideal squeezed vacuum S(ξ) |0⟩ inEq. (3.10). We note that the fidelity already starts from a high value due to the largepopulation of the ground state in the squeezed vacuum field. The plot in Figure 3.5(a)also indicates that our laser has no diffusion due to cavity losses; if we had non-zerodiffusion, the elliptical projection should circulate around the origin of the phase space, asoccurs with the coherent state of the conventional laser theory (76, 83). In Figure 3.5(c),we plot the photon number distribution Pn and the phase space projection of the Wignerfunction of the conventional laser state for the same time interval gt = 4 (λt = 7.5×10−2)considered in Figure 3.5(a). We clearly observe the occurrence of phase diffusion in thecoherent state of the conventional laser, which is absent from our squeezed vacuum statelaser, as shown in Figure 3.5(a).In Figure 3.6 we plot the variances (∆X1)2 (t) (solid line) and (∆X2)2 (t) (dotted line),against gt, of the laser state coming from Eq. (3.14), showing that these variances ap-proaches the values (∆X1)2 (t) = e−2r/4 ≈ 0.062 and (∆X2)2 (t) = e2r/4 ≈ 0.993 computedfrom the squeezed vacuum state in Eq. (3.10). In Figure 3.7 we plot the Mandel parameter
QM = (〈

n2〉− ⟨n⟩2) / ⟨n⟩ − 1 for the laser state against gt, showing that for gt ≈ 2we reach a stationary value around QM = 2 cosh2 |r| − 1 ≈ 2.113, as expected for theideal squeezed vacuum state. Finally, in Figure 3.8 we plot the off-diagonal matrix ele-ments ρ0,8(t) and ρ4,6(t), against gt, which demonstrate, together with Figure 3.5(a), thatthe phase coherence is preserved due to the absence of phase diffusion of our squeezedvacuum laser, since A |α⟩A → 0; otherwise these matrix elements would decay to zero.
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a)

b)

c)Figure 3.5 – (a) The photon number distribution Pn and the phase space projection of the Wignerfunction of the produced laser state for gt = 4, and (b) the fidelity of the evolved laserstate against gt. (c) we plot the photon number distribution Pn and the phase spaceprojection of the Wigner function in phase space for the conventional coherent statelaser. We use the same parameters of Figure 3.4.Source: By the author.
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Figure 3.6 – The variances (∆X1)2 (t) (solid line) and (∆X2)2 (t) (dotted line) of the generated laserstate against gt, using the same parameters of Figure 3.4.Source: By the author.
3.6 Conclusion

We have presented a method to produce a squeezed vacuum laser with zero diffusiondue to cavity losses. This method is based on merging together a particular reservoirengineering technique with the laser theory. The reservoir engineering demands us tobuild up an effective interaction between the system whose state we want to protect (thecavity field) and an auxiliary system (the laser active medium), of the form of Eq. (3.2),
χ
(
Aσ+ + A†σ−

), with the laser steady state being an eigenstate of A with null eigenvalue:
A |Ψ⟩ = 0. We stress that we have not take into account the usually small amplitude andphase fluctuations of the laser beams required for engineering the effective interaction;these fluctuations would result in some phase diffusion of our squeezed vacuum laser.The effective interaction must enable the construction of an isomorphism between thefield operators in the effective (A† , A) and the Jaynes-Cummings (a† , a) Hamiltonians.The isomorphism is carried out by building a basis state {|n⟩A} for the operators A† , Asimilar to the Fock basis state {|n⟩} for a† , a. The laser theory, by its turn, providesthe mechanism by which the cavity mode is fed by the stimulated emission of the activemedium when subjected to linear amplification, in addition to inducing a saturation whichresults in a far-from-equilibrium steady state.Our method has an advantage over the reservoir engineering, in which we cannot, evi-dently, eliminate the environment (described by the Lindbladian for a† , a in Eq. (3.3)) thatacts to introduce errors in the action of the artificially constructed reservoir (described by
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Figure 3.7 – The Mandel QM parameter for the laser state against gt, using the same parametersof Figure 3.4 Source: By the author.

Figure 3.8 – Off-diagonal matrix elements ρ0,8(t) (solid line) and ρ4,6(t) (dotted line) against gt,using the same parameters of Figure 3.4.Source: By the author.
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the Lindbladian for A† , A). This does not occur in our method, in which the only sourceof errors comes from the protocol for building up the effective interaction, based on theadiabatic elimination of fast variables, which is also present in the reservoir engineering.This is a very unique aspect of our method, which shows that the association of reser-voir engineering with the laser mechanism results in both a more robust protocol thanthe reservoir engineering (due to the absence of the Lindbladian for a† , a) and also anunconventional laser field described by a nonclassical coherence-preserving state.It is important to stress that we have not presented here a comparison between theefficiencies of our laser method and other methods for light squeezing in the literature.(51, 55, 76, 82–85, 90–92) This task is beyond our purposes of presenting a laser methodfor light squeezing where the required nonlinearity arises from the atom-field effectiveinteraction itself, rather then the pumping of a χ (2) crystal.In addition to the many applications we have already listed for a reduced linewidthlaser, we observe that a squeezed vacuum laser may be useful for high-resolution interfer-ometry, a timely topic due to the newly emerging field of gravitational wave interferometry.Moreover, the present method challenges us to design effective interactions leading to othernonclassical laser states, as for example steady superposition states. This challenge canleads us to a new chapter regarding the preparation of nonclassical steady states, whichcould be useful for a variety of fundamental and technological applications.
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CHAPTER 4

CAT-LIKE STATE LASER WITH ZERODIFFUSION FROM CAVITY LOSSES
4.1 Introduction

Following the procedures of the previous chapter we can obtain a totally different statesimply by engineering a different operator A in the effective atom-field interaction, in thebilinear form of the Jaynes-Cummings Hamiltonian, i.e.
χ
(
A†σ− + Aσ+) (4.1)

This time we present the developments for building a Schroedinger cat-like state(SCLS) laser, also with zero diffusion due to cavity loss. While a squeezed vacuum statelaser is useful for high-precision spectroscopy, (89,95) a SCLS laser can find applicationsto test fundamental phenomena of quantum mechanics. (3, 4) Moreover, a laser with zerolinewidth is useful for applications such as high-precision detection, metrology and opticalsensing. (89,95)This chapter is organized as follows: In section 2 we construct the isomorphism betweenthe cavity field operators in the effective and the Jaynes-Cummings interactions. In section3 we present the numerical analysis demonstrating the effectiveness of our method. Insection 4 we give a blueprint, based on the adiabatic elimination of fast variables, forthe construction of the effective Hamiltonian required for the operation of the SCLS laser.Finally, in section 5 we set out our conclusions.
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4.2 The effective atom-field interaction for the Schrödinger

cat-like state lasers

Deferring the derivation of the effective Hamiltonian to Section 4, here we restrictourselves to discussing the properties of this Hamiltonian, similar to that in Eq. (4.1),given by
H±,N = χ

(
A†±,Nσ− + A±,Nσ+) (4.2a)

with the generalized field operators
A±,N = ei(2π/N)a†aa+ e±iπ/Nα (4.3)

The particular case of the field operator with N = 2, was already anticipated in Ref. (96),where a detection feedback method for preserving quantum coherence is presented. TheSCLS |Ψ⟩±,N that are eigenstates of A±,N , are of the form
|Ψ⟩±,N = N±,N N∑

n=1 cn
∣∣ei(n−1)2π/Nα〉 (4.4)

N±,N being the normalization factor. Given the difficulty to derive a general form for thecoefficients cn, below we present the states for N = 2, 3, and 4:
|Ψ⟩±,2 = N±,2 (|α⟩+ e±iπ/2 |−α⟩) (4.5a)
|Ψ⟩+,3 = N+,3 (|α⟩+ ei2π/3 ∣∣ei2π/3α〉+ ∣∣ei4π/3α〉) (4.5b)
|Ψ⟩−,3 = N−,3 (|α⟩+ e−i2π/3 ∣∣ei2π/3α〉+ e−i2π/3 ∣∣ei4π/3α〉) (4.5c)
|Ψ⟩+,4 = N+,4 (|α⟩+ ei3π/4 ∣∣eiπ/2α〉+ ∣∣eiπα〉+ e−iπ/4 ∣∣ei3π/2α〉) (4.5d)
|Ψ⟩−,4 = N+,4 (|α⟩+ e−i3π/4 ∣∣eiπ/2α〉− ∣∣eiπα〉+ e−i3π/4 ∣∣ei3π/2α〉) (4.5e)

The Wigner functions for these SCLS: |Ψ⟩±,2, |Ψ⟩±,3, and |Ψ⟩±,4, are depicted in Figure4.1 (a,b,c), respectively, considering α = 3eiπ/4.
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a) b) c)Figure 4.1 – Wigner functions for the SCLS |Ψ⟩±,2, |Ψ⟩±,3, and |Ψ⟩±,4 (a,b and c, respectively),considering α = 3eiπ/4.Source: By the author.
4.3 Construction of the isomorphism between the A†±,N, A±,N

and a† , a operators algebras

As anticipated in the Introduction, to set the isomorphism between the A†±,N , A±,N and
a† , a algebras we must derive the vector basis {|n⟩A±,N} for the generalized field operators(4.3), in such a way that

A†±,NA±,N |n⟩
A
±,N = n |n⟩A±,N (4.6a)

A†±,N |n⟩
A
±,N = √n+ 1 |n⟩A±,N (4.6b)

A±,N |n⟩A±,N = √n |n⟩A±,N (4.6c)
To this end, we start from the relation A±,N |0⟩A±,N = 0 to compute the generalized vacuumstate

|0⟩A±,N = e−|α|
2/2 ∞∑

n=0
(
e−i(π/N)(n+1∓1)α)n

√
n! |n⟩ (4.7)

and then, using the relation (A†±,N)n |0⟩A±,N /√n!, all the generalized number states
|m⟩A±,N = e−|α|2/2√

m!
∞∑
n=0

(
e−i(π/N)(n+1∓1)α)n (e±iπ/Nα∗)m

√
n!

×
m∑
ℓ=0
(
− |α|−2)ℓ (m

ℓ

) (n)!(n− ℓ)! |n⟩ (4.8a)
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It is then automatic to derive the steady state of our laser: the coherent state in thevector basis {|n⟩A}, given by

|β⟩A±,N = e(−|α|2−|β|2)/2 ∞∑
n=0

(
e−i(π/N)(n+1∓1)α)n

√
n!

×
∞∑
k=0

(
e±iπ/Nα∗β

)k
k! k∑

ℓ=0
(
− |α|−2)ℓ (k

ℓ

) (n)!(n− ℓ)! |n⟩ (4.9)
In order to have zero diffusion due to cavity losses, our SCLS laser must operate in theregime where β = 0, such that, as discussed in the Introduction, A±,N |β = 0⟩A±,N = 0. Itis then immediate to concluded that the state of our laser will be |β = 0⟩A±,N = |0⟩A±,N =

|Ψ⟩±,N . However, using the laser master equation, the best we can do is to consider theregime where β approaches zero, rendering A±,N |β ∼ 0⟩A±,N ∼ 0, and consequently a laserwith approximately zero diffusion from cavity losses. With regard to the value of α , whichdefines the excitation of the SCLS, it follows completely from the engineering scheme of theeffective interaction (4.2a). The same happens with the squeezed vacuum laser presentedin Ref. (74) where the degree of squeezing also follows from the engineered Hamiltonian.The success of the engineering scheme is what leads to a substantial value for both thedegree of squeezing and the excitation α in Eq. (4.9).
4.4 The master equation and the operating regime for the

SCLS laser

The isomorphism we have established leads us automatically to the master equationdescribing the dynamics of the cavity field due to its interaction with a pumped atomicsample through the effective Hamiltonian (4.2a). From the conventional laser theory wethus obtain for the cavity field
ρ̇±,N = LAρ±,N + LBρ±,N + LCρ±,N (4.10)
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where the Lindbladians accounting for gain (LAρ±,N), saturation (LBρ±,N) and loss (LCρ±,N)of the cavity field are given by

LAρ±,N = A2 (2A†±,Nρ±,NA±,N − A±,NA†±,Nρ±,N − ρ±,NA±,NA†±,N) (4.11a)
LBρ±,N = B2

[14A±,NA†±,N (A±,NA†±,Nρ±,N + 3ρ±,NA±,NA†±,N)
+ 14 (ρ±,NA±,NA†±,N + 3A±,NA†±,Nρ±,N)A±,NA†±,N
−A†±,N

(
A±,NA†±,Nρ±,N + ρ±,NA±,NA†±,N

)
A±,N

]+ ... (4.11b)
LCρ = C2 (2A±,Nρ±,NA†±,N − A†±,NA±,Nρ±,N − ρ±,NA†±,NA±,N) (4.11c)

The well-known coefficients for gain A = 2Γ (λ/γ)2, saturation B = 4A (λ/γ)2, and loss
C = ω/Q, are defined through the atomic pumping rate Γ, the Rabi frequency λ, the atomicdecay rate γ, and the cavity quality factor Q. The saturation term LBρ is presented onlyup to 4-th order in λ. As in the usual laser theory, the far from equilibrium steady state,which is an eigenvalue of the generalized operator A±,N , follows from the condition A ≫ C.However, for the zero diffusion condition to be observed, i.e.: for A±,N |β ∼ 0⟩A±,N ∼ 0, wemust also ensure that B ≫ A, leading to an average photon number for equilibrium stategiven by ⟨β⟩A±,N = A2/BC ∼ 0. Therefore, the operating regime of our effective lasers —thepresent SCLS laser and the squeezing vacuum laser in Ref. (74)— is achieved far abovethreshold, under strong saturation, such that B ≫ A ≫ C. When the strong saturationcondition is not observed, we still have a steady state for A ≫ C, given by |β⟩A±,N in Eq.(4.9) instead of |Ψ⟩±,N ∼ |0⟩A±,N . We stress that the zero diffusion condition, ⟨β⟩A±,N =
A2/BC ∼ 0, does not affect the excitation of the laser state in the conventional Fock basis
{|n⟩}, which, as remarked above, depends entirely on the engineering of the effectiveHamiltonian. In the blueprint presented bellow for engineering the effective interaction(4.2a), it follows that the magnitude of α depends on that of the required amplificationmechanism of the cavity mode.Unlike what happens with engineered reservoirs, the master equation for the effectivelaser does not present the Lindbladian for a† , a appearing in Eq. (1.2), and acting to in-troduce error in the laser mechanism. This interesting bonus coming from our isomorphismmethod shows that the only source of errors we have, comes from the engineering of theeffective interaction.
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Next we numerically analyze the construction of the steady SCLS of our laser, consid-ering, in a similar way to what has been done in Ref. (97), the master equation

ρ̇±,N = − i
ℏ

[H±,N , ρ±,N ] + LCρ±,N
+ γ2 (2σ−ρ±,Nσ+ − σ+σ−ρ±,N − ρ±,Nσ+σ−)
+ Γ2 (2σ+ρ±,Nσ− − σ−σ+ρ±,N − ρ±,Nσ−σ+) (4.12)

where in addition to the von Neumann term accounting for effective atom-field interaction,we consider the relaxation of the cavity mode, LCρ, together with both the relaxation (γ)and the amplification (Γ) of the atomic system.To analyse the SCLS produced by our laser, in Figure 4.2 we plot, against λt, thefidelity F±,N = Tr ρ±,N |Ψ⟩±,N ⟨Ψ| of the state ρ±,N coming from Eq. (4.12), regarded tothe ideal SCLS |Ψ⟩±,N in Eq. (4.4). We have fixed C/λ = 5 × 10−1, γ/λ = 10−3, |α| = 3,and φ = 0 to derive the solid, dashed and dotted lines curves for Γ/λ = 10−2, 10−1 and1, respectively. While the fidelity of the solid line approaches unity, with ⟨β⟩A,N ∼ 0.1,those for the dashed and dotted lines exceeds 0.9 and 0.5, respectively, with ⟨β⟩A,N ∼ 0.4and 1.0. We note that the average number ⟨β⟩A,N is only a quantity that scales in inverseproportion to the fidelity of the SCLS laser, whose excitation is in fact given by |α|2 = 9.Moreover, the curves shown in Figure 4.2 are exactly the same for any values of N exactlybecause the diffusion depends only on the magnitude of β.

Figure 4.2 – Plot of the fidelities F±,N = Tr ρ±,N |Ψ⟩±,N ⟨Ψ|, against λt, for the states ρ±,N comingfrom Eq. (4.12), regarded to the ideal SCLS |Ψ⟩±,N in Eq. (4.4). We have considered
C/λ = 5 × 10−1, γ/λ = 10−3, |α| = 3, and φ = 0 to obtain the solid, dashed anddotted lines curves for Γ/λ = 10−2, 10−1 and 1, respectively.Source: By the author.
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In Figure 4.3 (a, b and c) we plot the Wigner distributions for the steady laser states

ρ+,2, at λt = 5, produced when considering the same parameters in Figure 4.2, withΓ/λ = 10−2 (a), 10−1 (b) and 1 (c). These states must be compared with their idealequivalents |Ψ⟩+,2 shown in Figure 4.4 for |α| = 3, and φ = 0. As expected, the statesproduced by our laser clearly depart from their ideal equivalents as we increase Γ/λ andconsequently the average number ⟨β⟩A,2..

a) b) c)Figure 4.3 – Plots at λt = 5, of the Wigner function for the steady laser states ρ+,2, produced forthe same parameters in Figure 4.2, with Γ/λ = 10−2 (a), 10−1 (b) and 1 (c).Source: By the author.

Figure 4.4 – Wigner function for the ideal state |Ψ⟩+,2, with |α| = 3 and φ = 0.Source: By the author.
In Figure 4.5, considering again the same parameters in Figure 4.2, with Γ/λ = 10−2,we show the construction of the laser equilibrium state from the vacuum, presenting theWigner functions for the cavity field, together with their projections, at 5 different instants:

t = 0, λt = 0.25, λt = 0.50, λt = 1.0 and λt = 5, as illustrates Figure 4.5 (a) to 5
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(e), respectively. We first observe that the vacuum, at t = 0, evolves to a superpositionthat presents interferences between low-excited Fock states, in the vicinity of the vacuum,around λt = 0.25. Then, progressively, from around λt = 0.50, we observe a continuousevolution to a superposition of coherent states, that becomes stationary around λt = 3, asindicated by Figure 4.2.

a) b) c)

d) e)Figure 4.5 – Construction of the laser state for the same parameters used in Figure 4.2, withΓ/λ = 10−2. We show the Wigner functions for the laser states at 5 different instants:
t = 0 (a), λt = 0.25 (b), λt = 0.50 (c), λt = 1.0 (d) and λt = 5 (e).Source: By the author.

Finally, in Figure 4.6 we present the construction of the laser state for the sameparameters used in Figure 4.2, but now with Γ/λ = 1. We consider only the instants
t = 0, λt = 0.5, and λt = 5, as illustrated from Figure 4.6 (a) to 6(c), respectively.These figures must be compared with those in Figure 4.7 where we have used the sameparameters as in Figure 4.6 (a, b and c), but considering the usual JCH instead of theeffective Hamiltonian in Eq. (4.2a). It is evident from the states in Figure 4.6 that anusual laser, based on the JCH, presents diffusion, while our effective laser has no diffusionirrespective of the fidelity of the produced state that decreases when we increase Γ/λ.
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a) b) c)Figure 4.6 – Construction of the laser state for the same parameters used in Figure 4.2, but nowwith Γ/λ = 1. We plot the Wigner functions for the field states consider the instants
t = 0 (a), λt = 0.5 (b), and λt = 5 (c).Source: By the author.

a) b) c)Figure 4.7 – Using the same parameters as in Figure 4.6 (a, b and c), we plot the Wigner functionsfor the field states generated under the usual JC atom-field interaction, instead of theeffective Hamiltonian in Eq. (4.2a).Source: By the author.
4.5 A blueprint for the engineering of the effective atom-

field interaction

For the engineering of the effective atom-field interaction we consider a cavity mode(ω) —described by the creation (a† ) and annihilation (a) operators— under linear ampli-fication with a time-dependent coefficient ξ(t), and interacting with two atomic samples,one for the laser active medium and another for building a necessary Kerr interaction.The laser active medium is composed by atoms in the ground (|g⟩L) and excited (|e⟩L)lasing (L) levels, with transition frequency ω0. The auxiliary sample helps in building theKerr interaction, and here we build on a scheme previously presented by S.-B. Zheng (98),considering the ground (|g⟩K), intermediate (|i⟩K) and excited (|e⟩K) Kerr (K ) states, inthe ladder configuration depicted in Figure 4.8, where ∆ = ω−ωi and δ = ωe − 2ω. The
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Hamiltonian modeling the system is given by H(t) = H0 + V (t), where

H0 = ωa†a+ ω02 σ (L)
z + ωiσ (K )

ii + ωeσ (K )
ee (4.13a)

V (t) = λ
(
aσ (L)+ + a†σ (L)

−

)+ ξ(t)a† + ξ∗(t)a
+ g1 (aσ (K )

ig + a†σ (K )
gi

)+ g2(t)(aσ (K )
ei + a†σ (K )

ie

) (4.13b)
The Pauli operators σ (ℓ)

rs = |r⟩ℓℓ ⟨s|, apply for the lasing (ℓ = L) and Kerr (ℓ = K ) levels
r, s = g, e, i. We have assumed a time-dependent Rabi frequency g2(t) for the couplingbetween the cavity mode and the Raman-type transition |i⟩K ↔ |e⟩K . Although this isa sensitive issue of our protocol, we believe that this time dependence can be achievedusing the Stark effect on appropriately chosen atomic levels, so that only the |i⟩K ↔ |e⟩Ktransition is effectively affected. More specifically, we assume that only the excited level(
|e⟩K

) is effectively affected by the Stark shift, so that the Hamiltonian H(t) properlydescribes the process.

Figure 4.8 – Ladder configuration of the ground (|g⟩K ), intermediate (|i⟩K ) and excited (|e⟩K )Kerr (K ) states, used forengineering the Kerr interaction.Source: By the author.
In the interaction picture, following from the unitary transformation U0 = e−iH0t , weobtain the Hamiltonian H(t) = V(t) + Ṽ(t), where

V(t) = λe−iδ̃ta†σ (L)
− + ξ(t)eiωta† +H.c. (4.14)

Ṽ(t) = g1ei∆ta†σ (K )
gi + g2(t)e−i(∆+δ)ta†σ (K )

ie +H.c. (4.15)
with the atom-field detuning δ̃ = ω0 − ω. We next assume that the coupling between themode and the Kerr levels, in Ṽ(t), oscillates strongly compared to that between the modeand the lasing levels and also the linear amplification, in V(t). In this case, assuming that∆≫ g1,g2(t),δ and δ ≫ g1 ⟨g2⟩ /∆, ⟨g2⟩ being a time average of g2(t) over the interval T
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required for the laser to reach the steady state, we obtain to a good approximation (53,54),the Hamiltonian
H̃(t) = V(t)− iṼ(t)∫ t

0 dt1Ṽ(t1) + iṼ(t) ∫ t

0 dt1Ṽ(t1) ∫ t1
0 dt2Ṽ(t2) ∫ t2

0 dt3Ṽ(t3) (4.16)
where V(t) is added to a second- and a fourth-order corrections of Ṽ(t), the third-ordercorrection being null. Assuming that the function g2(t) varies slowly compared to theexponential that multiplies it in Ṽ(t), we obtain

H̃(t) = (g21∆ a†a− χ(t)a†2a2) σ (K )
gg + (λeiδ̃ta†σ (L)

− + ξ(t)eiωta† +H.c.
) (4.17)

where χ(t) = g21g22(t)/∆2δ . We next assume that our Kerr medium is prepared in the groundstate |g⟩K and performing a second unitary transformation on the Schrödinger equationgoverned by H̃(t), using U1 = exp [−i (g21/∆) ta†a], we obtain the Hamiltonian
H1(t) = −χ(t)a†2a2 + (λe−i(δ̃−g21/∆)ta†σ (L)

− + ξ(t)ei(ω+g21/∆)ta† +H.c.
) (4.18)

By adjusting the atom-field detuning such that δ̃ = g21/∆ and the coefficient of the ampli-fication in the form ξ(t) = ξ̃(t)e−i(ω+g21/∆)t , we obtain the simplified interaction
H̃1(t) = −χ(t)a†2a2 + (λa†σ (L)

− + ξ̃(t)a† +H.c.
) (4.19)

We next consider that ξ̃(t) = ∣∣∣ξ̃(t)∣∣∣ ei(φ+π/2±π/N), with the phase φ + π/2 ± π/N de-pending on a positive integer N , such that the pumping term in V(t), given by ξ(t)eiωt =
ξ̃(t)e−i(g21/∆)t , corroborates our assumption that Ṽ(t) oscillates strongly compared to V(t).We then perform a third unitary transformation, considering U2 = exp(ia†2a2∫ t0dt1χ(t1))and assuming the time-dependent Kerr coupling to be a Gaussian pulse of the form
χ(t) = χ0 exp [− (Nχ0t)2 /4π]. We also assume that the Gaussian width, around 1/Nχ0,is sufficiently smaller than the interval T for the laser to reach the steady state, i.e.,
Nχ0 ≫ 1/T . This assumption enables us to extend the upper limit of the integral in U2to infinity, to obtain ∫ t0dt1χ(t1) = π/N , N being the same positive integer defining thephase of ξ̃(t), such that

H2(t) = λei(2π/N)a†aaσ (L)+ + ξ̃(t)ei(2π/N)a†aa+H.c. (4.20)
Finally, we perform the last unitary transformation,
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U3 = exp [i∫ t0dt1 ∣∣∣ξ̃(t1)∣∣∣ (ei(φ+π/2+π/N)a†e−i(2π/N)a†a + e−i(φ+π/2+π/N)ei(2π/N)a†aa)], consid-ering, as for the Kerr coupling, that ∣∣∣ξ̃(t)∣∣∣ is a Gaussian pulse of the form ∣∣∣ξ̃(t)∣∣∣ =
ξ0 exp [− (ξ0√πt)2 /4α2], with a sufficiently smaller width, such that ∫ t0dt1 ∣∣∣ξ̃(t1)∣∣∣ ≈ |α|.We then obtain the effective Hamiltonian

H±(t) = λ
(
A†±σ (L)

− + A±σ (L)+ ) (4.21)
with the canonical operators anticipated in Eq. (4.3): A± = ei(2π/N)a†aa + e±iπ/Nα and
A†± = a†e−i(2π/N)a†a + e∓iπ/Nα∗, where the magnitude of α = |α| eiφ , which defines theexcitation of our SCLS laser, follows from that of the pumping of the cavity mode, ξ̃(t).
4.6 Conclusion

We have presented here a protocol for the construction of a SCLS laser based es-sentially on the engineering of an effective atom-field interaction in the Jaynes-Cummingsform (4.2a): H±,N = χ
(
A†±,Nσ− + A±,Nσ+). The generalized field operators A†±,N and A±,N ,follow from the usual creation and annihilation operators a†and a, being defined in Eq.(4.3): A±,N = ei(2π/N)a†aa + e±iπ/Nα . Our protocol also relies on the construction of anisomorphism between the algebras for a† , a and A†±,N , A±,N , i.e., the construction of a vec-tor basis {|n⟩A±,N} for the generalized field operators from Eq. (4.3), where the action ofthese operators on the basis states, described by Eq. (4.6), emulates that of the operators

a† , a on the Fock basis vectors {|n⟩}. The isomorphism ensures that the steady stateproduced by our effective laser is the coherent state |β⟩A±,N in the generalized vector basis{
|n⟩A±,N

}, eigenstate of the generalized annihilation operator: A±,N |β⟩A±,N = β±,N |β⟩A±,N .However, to ensure a laser state with zero diffusion due to cavity losses, our laser mustoperate in the regime where β = 0, such that, A±,N |β = 0⟩A±,N = 0. We must then considerthe regime where β approaches zero, rendering a laser with approximately zero diffusion,
A±,N |β ∼ 0⟩A±,N ∼ 0. This is achieved in a far above threshold regime, under strong sat-uration, where the laser coefficients for gain (A), saturation (B ) and loss (C) satisfy therelation B ≫ A ≫ C.As anticipated in the introduction, a SCLS laser can be used to test fundamental phe-nomena of quantum mechanics (3, 4). A laser with zero linewidth can also be useful fortechnological applications, such as high-precision detection, metrology and optical sensing(89, 95). Moreover, the method here presented challenges us to design effective interac-tions leading to other nonclassical laser states. After all, the spectacular development
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we have witnessed within radiation-matter interaction from the 1900s onwards, indicatesthat quantum technology will increasingly demand the engineering design of nonclassicalstates, (46–49) reservoirs (60–62) and effective interactions. (50–52)
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CHAPTER 5

STRENGTHENING THE ATOM-FIELDCOUPLING THROUGH THEDEEP-STRONG REGIME VIAPSEUDO-HERMITIAN HAMILTONIANS
5.1 Introduction

At the beginning of the 1990s we witnessed remarkable developments in platformsof matter-field interactions, (3, 4) allowing the manipulation of the interplay between thematter and field block buildings. Essentially, these were due the achieved intensity of thematter-field coupling compared to the lifetimes of the involved electronic and field states.Concomitantly, there has been a breakthrough in the field of quantum computation andcommunication (32) triggered by the quantum algorithm for the factorization of integerspresented by P. Shor. (99)The symbiosis between the theoretical proposition of schemes for the implementation ofquantum logical operations and their practical realization through the advances achievedin the area of mater-field interaction in the early 1990s, grounded the quantum informa-tion theory, giving this subject the current status of an independent and most prominentresearch area. In addition to experimentally established proofs-of-principles for quantuminformation processing, (3, 4, 32) the foundations on quantum mechanics (3, 4, 100) alsobenefited greatly from the dialogue between theory and experimentation that spread fromthe physics of matter-field interaction to nuclear magnetic resonance, cold atoms, andsolid-state physics.Apart from the computational gain afforded by quantum qubits and algorithms, it is
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the goal of the present work to investigate, in the domain of matter-field interaction, thepossibility of further increasing this gain by strengthening the hitherto achieved matter-field coupling. This strengthening should result in a shorter time for excitation exchangebetween matter and field, and then for quantum information processing. To attain it, weturn to another major advance that occurred in the late 1990s: The quantum mechanics of
PT -symmetric Hamiltonians. (65, 67, 101) Similarly to what happened with quantum in-formation, the pseudo-Hermitian quantum mechanics is currently an independent researchfield benefiting from strong activity and interesting results. (102,103)The possibility of achieving faster than Hermitian quantum mechanics was long envi-sioned in Ref. (104). The challenge then posed is the quantum brachistochrone problem:the search for a Hamiltonian who governs the evolution of a given initial state to a givenfinal state in the least time interval τ . The authors concluded that for Hermitian Hamil-tonians τ has a nonzero lowerbound, whereas for pseudo-Hermitian Hamiltonians it canbe made arbitrarily small. However, in contradiction to this remarkable conclusion, it wassubsequently found (105) that an inconsistency in the method proposed in (104) actu-ally prevents it from achieving faster than Hermitian evolutions. The protocol we presenthere is an alternative to achieve faster than Hermitian evolutions by strengthening theatom-field coupling through pseudo-Hermitian interactions. Furthermore, strengtheningthe atom-field coupling presents a wide range of practical applications in quantum optics.(106–108)
5.2 The effective pseudo-Hermitian Hamiltonian

Our scheme for enhancing the atom-field coupling begins with the construction of aneffective non-Hermitian Hamiltonian Heff , from the fundamental Jaynes-Cummings (JC)interaction (ℏ = 1)
H = λ

(
aσ+ + a†σ−

)
, (5.1)

where λ is the well-known Rabi frequency, the field (ωa†a), of frequency ω, is describedby the creation and the annihilation operators a†and a, and the two-level atom (ω0σz/2),with frequency ω0 and excited and ground states e and g, is described by the pseudo-spin operators σz = |e⟩ ⟨e| − |g⟩ ⟨g|, σ+ = |e⟩ ⟨g| and σ− = |g⟩ ⟨e|. The engineering ofthe effective interaction is one of the main challenges of our protocol, and we address itthrough the method of the adiabatic elimination of fast variables. For now we start from
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the premise of an effective non-Hermitian Hamiltonian for the atom-field interaction:

Heff = λ
(
αaσ+ + βa†σ−

)
, (5.2)

where α and β are assumed to be real and positive dimensionless parameters defined inthe range [0, 1] for a second-order effective interaction Heff .For treating the non-Hermitian Hamiltonian we follow the procedure in Ref. (67), byconstructing an Hermitian counterpart of Heff through a nonunitary Dyson map η, i.e,
h = ηHeffη−1. (5.3)

The pseudo-Hermiticity relation ΘHeff = H†effΘ ensures h = h† , and the metric operatorΘ = η†η ensures the unitarity of the time-evolution of the state vector of the non-Hermitian
Heff . In fact, through the map η, the pseudo-Hermitian Heff , governing the Schrödingerequation iℏ∂t |Ψ(t)⟩ = Heff |Ψ(t)⟩, is transformed into its Hermitian counterpart h govern-ing the equation iℏ∂t |ψ(t)⟩ = h |ψ(t)⟩, where |Ψ(t)⟩ = η−1 |ψ(t)⟩. In the metric defined byoperator Θ = η†η, it is straightforward to verify the unitarity of the time-evolution of |Ψ(t)⟩,defined by ⟨Ψ(t) |Ψ(t)⟩Θ ≡ ⟨Ψ(t) |Θ|Ψ(t)⟩ = ⟨ψ(t) |ψ(t)⟩. The computation of the matrixelements of the observables O = η−1oη (67, 109) associated with Heff are accordinglydefined by 〈Ψ(t) |O| Ψ̃(t)〉Θ ≡ ⟨Ψ(t) |ΘO|Ψ(t)⟩ = ⟨ψ(t) |o|ψ(t)⟩ , (5.4)
with o being the observables associated with the Hermitian h.We next outline our protocol starting from the engineered Hamiltonian Heff to constructits pseudo-Hermitian counterpart h through the nonunitary Dyson map

η = exp [ε (a†a+ 1/2)+ µa2 + ν
(
a†
)2]⊗ 1, (5.5)

where the parameters ε, µ, and ν are assumed to be real and the identity operator 1stands for the atomic subspace. The operator η is a positive non-Hermitian operator for
ε2 − 4µν > 0. Defining Λ± = θ cothθ ± ε, with θ =√ε2 − 4µν, we obtain from Eq. (5.3)the Hamiltonian

h = λsinhθ
θ

[
α
(Λ−a− 2νa†) σ+ + β

(2µa+ Λ+a†) σ−] . (5.6)
Assuming α = |α| eiφα and β = |β| eiφβ with φβ = −φα , the Hermiticity of h demands
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the relations

ε = sgn (|α| − |β|) ln Υ2√1 + z2 , (5.7a)
µ = sgn (|α| − |β|) z ln Υ4√R√1 + z2 , (5.7b)
ν = −sgn (|α| − |β|) z√R ln Υ4√1 + z2 , (5.7c)
θ = sgn (|α| − |β|) ln Υ2 , (5.7d)

where we have defined the Hermiticity degree
R = (|β| / |α|)sgn(|α|−|β|) ,

such that 0 ≤ R ≤ 1 for |α| > |β| or |α| < |β|. The ratio R thus decreases monotonicallyfrom unity as the Hamiltonian Heff moves away from Hermiticity. We have also definedthe quantity
Υ = 1 + R + (1− R )√1 + z21 + R − (1− R )√1 + z2 = 1

z2max − z2
(1 + R2√R zmax +√1 + z2)2 , (5.8)

and the only free parameter of the map, the positive real
z =√−4µν/ε2 ≤ zmax, (5.9)

which is bounded, for a given R , to the maximum zmax = min [2√R/ (1− R ) , 1] ≤ 1, since
z > zmax leads to the forbidden θ < 0 as well as Υ < 0. For zmax = 1 we obtain Rmax ≈ 0.17,showing that the enhancement of the atom-field coupling, prevented for R > Rmax, demandsHamiltonians with a significantly small degree of Hermiticity. By fixing R and z weautomatically obtain ε, µ, and ν from Eq. (5.7), and defining χ = 2z/zmax ≤ 2, such that0 < χ ≤ 2, we end up with the Hermitian counterpart of Heff :

h = G
[
aσ+ + a†σ− + χ

(
a†σ+ + aσ−

)]
. (5.10)

where the effective coupling strength is given by
G = αλΛ− sinhθ/θ. (5.11)

The Rabi frequency G increases proportionally to θ, diverging when θ →∞, what happens,
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for a given R , when 1 + R − (1− R )√1 + z2 → 0 or, equivalently, for z approaching theupper physical limit zmax and χ → 2. As expected, the counter-rotating terms inevitablycontribute when the effective Rabi frequency starts to increase, from the neighborhood ofthe strong-coupling (G ≈ ω ≈ ω0) through the deep-strong coupling regime (G ≫ ω ≈ ω0).The growth of the effective coupling G relative to the Rabi frequency λ implies in ashortened period for the atomic inversion ⟨σz(t)⟩ or excitation exchange, proportional to1/G instead of 1/λ.In Figure 5.1 we plot G/λ against z for distinct values of R = β/α , assuming α =10−1 > β. The choice of α and β smaller than unity is due to the fact that effectiveHamiltonians are generally second-order approximations of the original interactions. Thesolid line follows for R → 1.0, with the respective Hermitian Hamiltonian being a second-order approximation of the original Jaynes-Cummings interaction with a constant coupling
G = αλ, such that G/λ = 10−1. The dashed line, starting from G/λ = 4.1× 10−2, followsfor Rmax ≃ 0.17. We also consider the dashed-dotted and the dotted lines for R = 0.1 and0.05, which start from G/λ = 3.2 × 10−2 and 2.2 × 10−2, respectively. Therefore, when
z is sufficiently far from zmax, the effective coupling G is around two orders of magnitudesmaller than the original Rabi frequency λ, increasing slowly before reaching the vicinityof zmax (= ∞, 1.0, 0.7, 0.47 for R = 1.0, 0.17, 0.1, 0.05, respectively) when it presentsan abrupt growth through the strong and deep-strong coupling regimes. The atom-fieldinteraction energy thus grows proportionally to G, leading us to conclude that the energyrequired for engineering Heff must grow as we move away from Hermiticity, decreasing
R . In other words, the engineering of Heff for R ≲ 0.17, must demand the action ofstrong amplification fields to sustain the strength of the atom-field coupling G. In short,Figure 5.1 shows that we can control the atom-field coupling strength by controlling theHermiticity degree R , at the expense of providing enough energy to engineer the effectiveinteraction Heff .
5.3 A cost-benefit analysis: Sensitive issues of our scheme

We next analyze the cost of this extraordinary gain in the atom-field interaction energy,starting with carrying out the necessary measurements on the observables related to thepseudo-Hermitian system Heff . These observables are computed from those related to theHermitian system h through the expression O = η−1oη. Considering, for example, thequadratures of the radiation field, given by x1 = (a+ a†
)
/2 and x2 = (a− a†) /2i for the
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Figure 5.1 – Plot of G/λ against z for R = 1.0, 0.17, 0.1 and 0.05, as indicated by solid, dashed,dashed-dotted and dotted lines, respectively, assuming α = 10−1 > β.Source: By the author.
Hermitian system, we obtain for Heff the transformed observables

X1 = η−1x1η = Ax1 + Bx2, (5.12a)
X2 = η−1x2η = Ax2 + Bx1, (5.12b)

with coefficientsA = (θ cothθ + ν − µ) sinhθ/θ and B = (ε − ν − µ) sinhθ/θ, both diverg-ing as z → zmax. Therefore, the knowledge of X1 and X2 follows from the simultaneousmeasurements of the canonically conjugated variables x1 and x2, whose accomplishment isdiscussed in Refs. (110,111). The minimum energy required for performing a measurementof these canonically conjugate variables, over a time interval around 1/G and a given errortolerance ε, is estimated to be Emin ≈ ℏG/ε (112). The higher the Rabi frequencies, thehigher the energies required for measuring properties of the radiation field, as higher asthe lower the error tolerances.
5.4 The construction of the effective non-Hermitian Hamil-

tonian

An additional cost for strengthening the atom-field coupling regards the engineeringof the non-Hermitian Hamiltonian Heff , which must demand a large supply of energy, aslarge as that made available by the atom-field interaction G. Consequently, the usualmethod of engineering Hamiltonians by the adiabatic elimination of fast variables, (53,54)
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which requires the amplitudes of the amplification fields to be much smaller than theirdetunings with the pumped system, should not apply to these cases, as discussed below.Let us consider the atom-field interactions sketched in Figure 5.2, where the ground(|g⟩) and excited (|e⟩) states are coupled through Raman transitions to N auxiliary adjacentstates |1⟩,...,|N⟩, labeled by the frequencies ω̃ℓ . In Figure 5.2 we only show the adjacentlevels |1⟩, |2⟩ and |3⟩. A quantum mode ω and N classical fields ωℓ (ℓ = 1, ..., N) areconsidered for this purpose. The mode is set to drive the transition |g⟩ ↔ |1⟩ with strength
λ and detuning ∆ = ω̃1 − ω, while the ℓ-th classical field is set to drive the transition
|e⟩ ↔ |ℓ⟩ with strength Ωℓ and detuning ∆ℓ = (−1)δℓ1 (ωe + ωℓ − ω̃ℓ ), setting the energyof the ground state |g⟩ to zero. The Hamiltonian describing the process is given by
H = H0 + V , with

H0 = ωa†a+ ωeσee +∑ℓω̃ℓσℓℓ , (5.13)
V = λaσ1g +∑ℓΩℓσℓee−iωℓ t +H.c., (5.14)

where a† (a) is the creation (annihilation) operator for the mode and σuv = |u⟩ ⟨v | repre-sents pseudo-spin operators, with u, v = e,g,ℓ . Under the conditions ∆≫ √n̄ |λ|, n̄ beingthe average excitation of the mode, and ∆ℓ ≫ |Ωℓ |, which imposes severe limitation on theamplitude of the pumping fields, the Hamiltonian in the interaction picture
H(t) = λaσ1gei∆t +∑ℓΩℓσℓee−(−1)δℓ1 i∆ℓ t +H.c., (5.15)

is composed only by highly oscillating terms, enabling, to a good approximation, an effec-tive interaction (49–51,53,54,56,61,87,88,90,92)
Heff ≈ −iH(t) ∫ t

0 H(t)dτ ≈ −|λ|2∆ a†aσgg −
λ∗Ω1∆1 a†σgeei(∆1−∆)t

− λΩ∗1∆ aσege−i(∆1−∆)t +∑ℓ (−1)δℓ1 |Ωℓ |2∆ℓ
σee.

After an unitary transformation using U(t) = e−iχσeet , with χ = ∑
ℓ (−1)δℓ1|Ωℓ |2/∆ℓ =∆1 − ∆ > 0, we finally obtain, for β ≫ n̄|λ|/∆, the non-Hermitian effective interaction

Heff ≈ |λ|α
(
aσ+ + Ra†σ−

)
, (5.16)

with α = |Ω1| /∆ and β = |Ω1| /∆1. The non-Hermiticity thus follows from the gap ∆1−∆ = χ which evidently increases with the number of pumping fields; and that is why
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Figure 5.2 – Atomic configuration to engineer the non-Hermitian Jaynes-Cummings interaction.Source: By the author.
we left this number arbitrary in our scheme. However, as already pointed out, even withan arbitrary number of pumping fields, our adiabatic elimination scheme is not efficientfor the construction of far-from-Hermitian interactions, with R ≤ 0.17, since the pumpingamplitudes must be limited by their detunings with the cavity mode.We stress that although we started from a Hermitian Hamiltonian, the non-Hermiticityresults from a second-order approximation in which H(t) does not in general commutewith ∫ t0 H(τ)dτ . In short, for the regime of parameters we have considered, the originallyHermitian Hamiltonian H reduces to the non-Hermitian second-order approximation Heff .Indeed we verify that the norm of H is no longer conserved under the parameters leadingto Heff , indicating that it actually becomes a non-Hermitian operator. In Figure 5.3 weconsider the evolution of H to plot Tr ρ(t) against λt, ρ(t) being the evolved atom-fielddensity operator. We start with the field in the vacuum and the atom in the excited state,assuming the parameters given in the caption. The straight, dashed and dot lines referto R = 1, 0.9, and 0.5, respectively, indicating that the norm decreases monotonicallyfor R = 0.9 and 0.5. The small deviation from the unit observed for R = 1, follows fromnumerical errors.In Figure 5.4 we plot the mean excitation 〈a†a〉 (t) against |λ| t computed from the fullHamiltonian (5.15) (dotted line) and the effective one (5.16) (solid line), starting again withthe field in the vacuum, the atom in the excited state and considering the parameters givenin the caption. Here we do not consider the metric Θ = η†η to compute the mean value〈
a†a

〉 (t) for the non-Hermitian Heff , i.e., we do not follow the prescription in Eq. (5.4),since we only seek to compare the dynamics generated by both Hamiltonians, without
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Figure 5.3 – Plot of Tr ρ(t) against λt, for R = 1.0, 0.9, and 0.5 as indicated by straight, dashedand dot lines, respectively. We have considered α = 0.1 and ∆2 = ∆3 = 5 × 103λfor all values of R . However, for R = 1 we fixed (in units of λ) β = 0.1, |Ω1| = 9.2,
|Ω2| = |Ω3| = 48 and ∆ = ∆1 = 92. for R = 0.9 we fixed β = 0.09, |Ω1| = 6.6,
|Ω2| = |Ω3| = 141.2, ∆ = 66.4 and ∆1 = 73.8. Finally, for R = 0.5 we fixed β = 0.05,
|Ω1| = 10, |Ω2| = |Ω3| = 501.3, ∆ = 100 and ∆1 = 200.Source: By the author.

worrying about norm conservation. In Figs. 5.4(a and b) we consider R = 0.95 and 0.9,respectively, to observe that for R = 0.95 the effective interaction is a good approximationof the full Hamiltonian for |λ| t up to around 35. However, when we go to R = 0.9, thecurves show discrepancies already for |λ| t ≈ 15. In both cases the discrepancies are morepronounced in phases than in amplitudes, and increase as we move further away fromHermiticity, decreasing R .While the engineering enabling H → Heff follows from the adiabatic eliminationmethod and the map Heff → h follows from the pseudo-Hermiticity relation, both the adi-abatic elimination and the pseudo-Hermiticity must be put together through the energybalance between H and h. The impossibility of such a balance leads us to conclude thatanother engineering scheme must be developed in which the amplitudes of the pumpingfields are not limited by their detunings with the mode.
5.5 Conclusion

The method here proposed for strengthening the Rabi coupling through pseudo-HermitianHamiltonians is similar to those for reaching infinite squeezing degree at finite times,(113–115) for the enhancement of Casimir’s photon creation, (116) and for the strength-ening of the Dicke superradiance intensity. (116) All these achievements rely on the
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Figure 5.4 – Plot of 〈a†a〉 (t) against |λ| t computed from the full Hamiltonian (5.15) (dotted line)and the effective one (5.16) (solid line), for R = 0.95, and 0.9, considering α = 0.1and ∆2 = ∆3 = 5 × 103λ for all values of R . For R = 0.95 we fixed (in units of λ)
β = 9.5×10−2, |Ω1| = 9.3, |Ω2| = |Ω3| = 120, ∆ = 92.6 and ∆1 = 97.5. For R = 0.9we fixed β = 9× 10−2, |Ω1| = 6.6, |Ω2| = |Ω3| = 141.2, ∆ = 66.4 and ∆1 = 73.8.Source: By the author.

engineering of interactions which are far from Hermiticity, a challenge that remains tobe accomplished. We stress that the non-Hermitian Hamiltonian (5.2) as well as thoseintroduced in Ref. (113–116), must necessarily be engineered as effective Hamiltonians,since they result in (or leads to) energy gain, which must be provided by high amplitudeamplification fields.It is crucial to underline that the Dyson map η in Eq. (5.5), used to ensure thepseudo-Hermiticity relation (and therefore the conservation of the norm in a new metricΘ = η†η), basically implies new observables O = η−1oη (67,109) and consequently in theimplementation of procedures for measuring canonically conjugated variables. (110, 111)Therefore, we stress that the present protocol is perfectly feasible once the engineeringof the non-Hermitian Hamiltonian (5.2) is implemented, which is the really sensitive pointfor its pratical realization.We have also discussed the energy cost for the remarkable gain in the atom-fieldcoupling, which must be supported by the construction of the non-Hermitian Hamiltonianand by carrying out the measurements of canonically conjugated variables. We finallyobserve that, apart from the prospects for the implementation of the present method inplatforms of radiation-matter interaction, we cannot but speculate on the impacts that
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the possible adaptation of the present method would bring to the field of high-energyexperimental physics.
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CHAPTER 6

CONCLUSIONS AND FUTUREPERSPECTIVES
Summarizing the conclusions presented in the previous chapters, we developed similarprotocols for obtaining squeezed vacuum and SCLS lasers, in which the essential conceptis based on the building of an effective atom-field interaction as well as the construction ofan isomorphism between the algebra of the field operators (a, a†) acting on the Fock basis

{|n⟩} and the generalized field operators, (A, A†), with the new basis {|n⟩A}, ensuringthat the steady state of our effective laser is the coherent state in the generalized vectorbasis {|n⟩A}. This state can be written in the Fock basis using the relation establishedbetween the Fock and generalized bases, producing a state for the laser that depends onthe choice for the construction of the generalized operators (A, A†). In addition, in orderto minimize the diffusion due to cavity losses, the effective laser must operate in such aregime that its excitation in the generalized basis approaches zero, i.e. A |α⟩A → 0, there-fore the laser state in the Fock basis is protected from decoherence. As pointed before,squeezed vacuum states can be useful for optical sensing, metrology, laser spectroscopyand high-resolution interferometry while SCLS can be used to test fundamental phenom-ena of quantum mechanics and high-precision detection. Regarding to the protocol forstrengthening the Rabi coupling through pseudo-Hermitian Hamiltonians, we say that thekey for this accomplishment is the engineering of interactions which are far from Hermitic-ity, which must be constructed as effective Hamiltonians, once they lead to energy gain,which must be provided by high amplitude amplification fields. Moreover we stress herethe need for implementation of procedures for measuring canonically conjugated variables,which also demands high energy costs. Finally, the coupling strengthening may be usefulin fields such as high-energy experimental physics.In addition to the works presented here we are also developing two different types
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of laser. The first one is based on the construction of an effective interaction, followingthe protocols of James, (54) using a three level atom and a single mode cavity to buildan effective Hamiltonian in the anti-Jaynes-Cummings form: Heff = g

(
a†σ+ + aσ−

). Dueto its opposing nature, when comparing to the Jaynes-Cummings Hamiltonian, we havealready obtained a stationary state, yet to be characterized. More importantly, we expectto analyse the working regime of this new laser, that might be under the threshold, tocompensate the high energy costs — provided by high amplitude amplification fields —to sustain the effective interaction.The other project deals with a laser with two (or more) cavities in a linear array,with interacting modes in the neighboring cavities, leading to the Hamiltonian: H1 =
ωaa†a + ωbb†b + χ

(
ab† + a†b

). By diagonalizing the Hamiltonian that describes thissystem we obtain a Hamiltonian with the eigenvalues of the normal modes, i.e. H2 =ΩA A†A + ΩB B†B. Next we consider a two level atomic sample that resonates onlywith one of these modes, e.g. the A mode, thus we can neglect the other mode andadd the atomic diagonal Hamiltonian and the standard radiation-matter interaction to get
H3 = ΩA A†A + ω02 σz + g

(
Aσ+ + A†σ−

). Once we have written the Hamiltonian in theform of Jaynes-Cummings, which leads to the well known master equation for the laser,we can build an isomorphism between our system and the usual laser theory, as alreadyexplained through Chapters 3 and 4, so we know that the solution, in the stationary regime,is the coherent state in the normal mode A basis. Using the relation between this basisand the original cavities modes a and b bases to rewrite the coherent state, we finallyget the steady state in the original bases. Since the steady state is an entangled statebetween the cavities, this multicavity laser acts as a source of entanglement. This resultwould be very interesting, as we would have achieved another steady state for the laserdifferent from the usual coherent state, and since we are not using effective interactionsthere would be no time validity, meaning that we would not have to restart the systemafter some certain time.
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