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Abstract

TAVARES, P. E. S. Excitations in Bose-Einstein condensates: collective modes,
quantum turbulence and matter wave statistics. 2016. 134 p. Thesis (Doctorate in
Science) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2016.
In this thesis, we present the generation and studies of a 87 Rb Bose-Einstein condensate
(BEC) perturbed by an oscillatory excitation. The atoms are trapped in a harmonic magnetic trap where, after an evaporative cooling process, we produce the BEC. In order
to study the effect caused by oscillatory excitations, a quadrupole magnetic field time
oscillatory is superimposed to the trapping potential. Through this perturbation, collective modes were observed. The dipole mode is excited even for low excitation amplitudes.
However, a minimum excitation energy is needed to excite the condensate quadrupole
mode. Observing the excited cloud in TOF expansion, we note that for excitation amplitude in which the quadrupole mode is excited, the cloud expands without invert its aspect
ratio. By looking these clouds, after long time-of-flight, it was possible to see vortices and,
sometimes, a turbulent state in the condensed cloud. We calculated the momentum distribution of the perturbed BECs and a power law behavior, like the law to Kolmogorov
turbulence, was observed. Furthermore, we show that using the method that we have
developed to calculate the momentum distribution, the distribution curve (including the
power law exponent) exhibits a dependence on the quadrupole mode oscillation of the
cloud. The randomness distribution of peaks and depletions in density distribution image
of an expanded turbulent BEC, remind us to the intensity profile of a speckle light beam.
The analogy between matter-wave speckle and light speckle is justified by showing the
similarities in the spatial propagation (or time expansion) of the waves. In addition, the
second order correlation function is evaluated and the same dependence with distance
was observed for the both waves. This creates the possibility to understand the properties
of quantum matter in a disordered state. The propagation of a three-dimensional speckle
field (as the matter-wave speckle described here) creates an opportunity to investigate the
speckle phenomenon existing in dimensions higher than 2D (the case of light speckle).
Keywords: Bose-Einstein condensation. Collective modes. Quantum turbulence. Matter
wave statistics.

Resumo

TAVARES, P. E. S. Excitações em condensados de Bose-Einstein: modos coletivos, turbulência quântica e estatística de ondas de matéria. 2016. 134 p. Tese
(Doutorado em ciências) - Instituto de Física de São Carlos, Universidade de São Paulo,
São Carlos, 2016.
Nesta tese, descrevemos a produção e os estudos de condensados de Bose-Einstein, em
átomos de 87 Rb, perturbados através de excitações oscilatórias. Os átomos aprisionados
são aprisionados em uma armadilha magnética harmônica onde produzimos o condensado
de Bose-Einstein após o processo de resfriamento evaporativo. Com o objetivo de estudar o efeito de excitações oscilatórias, um campo magnético quadrupolar temporalmente
oscilanteé superposto ao campo de aprisionamento. Através dessa perturbação, podemos
observar a excitação de modos coletivos no condensado. Mesmo para baixas amplitudes
de excitação, o modo dipolar é facilmente excitado. Porém, observamos que para excitar
o modo quadrupolar no condensado é necessária uma energia mínima. Através da expansão em tempo de voo da nuvem excitada, identificamos que, para amplitude de excitação
na quail o modo quadrupolar é excitado, a nuvem expande sem inverter o aspect ratio.
Analisando essas nuvens por longos tempos de voo, foi possível observar alguns vórtices
e, às vezes, um estado turbulento na nuvem condensada. Calculamos a distribuição de
momento dessas nuvens e notamos que ela exibe um comportamento de lei de potência,
parecido com a lei de Kolmogorov para turbulência. Além disso, mostramos que pelo
nosso método que desenvolvemos para calcular a distribuição de momento, a forma da
curva dessa distribuição (inclusive o expoente da lei de potência) exibe uma dependência
com o modo quadrupolar de oscilação da nuvem. A distribuição desordenada de picos e
depleções, na imagem da distribuição de densidade do condensado turbulento expandido,
assemelha-se ao perfil de intensidade de um feixe de luz com speckle. A analogia entre
speckle de onda de matéria e de luz é fundamentada através das semelhanças entre a
propagação (ou expansão) dessas duas ondas. Além disso, a função de correlação de segunda ordem foi calculada e a mesma dependência com a distância foi observada para
as duas ondas. Isto cria a possibilidade de entender melhor as propriedades da matéria
quântica em um estado de desordem. A propagação de um campo de speckle tridimensional (como é o caso do speckle de onda de matéria aqui descrito) cria uma oportunidade
de investigar o fenômeno de speckle em dimensões maiores que 2D (o caso do speckle de
luz).
Palavras-chaves: Condensação de Bose-Einstein. Modos coletivos. Turbulência quântica. Estatística de ondas de matéria.
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1 Introduction
The Bose-Einstein condensation (BEC) was predicted in 1925, by Albert Einstein
(1) using the method introduced, in 1924, by Satyendra Nath Bose (2) to obtain the
black-body spectrum. When a gas of noninteracting atoms is cooled below a critical temperature, the particles condensate in the single particle state, the ground energy state.
The large occupation of the ground state makes the condensate to reveal quantum properties macroscopically. That has made the BEC an excellent model system for exploring
different areas of physics: thermodynamics (3, 4), statistical mechanics (5), quantum mechanics (6, 7), quantum field theory (8, 9), condensed matter physics (10, 11), many-body
physics (12), and beyond.
The superfluidity observed in liquid helium (13, 14) was also related to the manifestation of BEC (15). In 1941, (16) Landau developed the first theory of superfluidity,
studying its elementary excitations. An important improvement in this field happened
with the predictions of quantized vortices and turbulence in superfluids (17, 18) and with
its experimental observation. (19)
Experimental studies on BEC of atomic gases were developed much later. By
thinking in the BEC principle, it may seem to be simple to reach the condensation in
atomic gases: just need to cool the gas until the atoms are in the lowest energy state
and the atomic wave packets overlap. However, following this simple rule, in most cases
the familiar transitions to a liquid or solid state will occur and the quantum degeneracy
will never be achieved in the gas phase. It is necessary to have a dilute gas∗ to avoid
the conventional condensation into a liquid or solid. Under this condition, the thermal
equilibrium of the gas translational degree of freedom is reached much faster than the
chemical equilibrium. Thus, dilute gases can exhibit quantum degeneracy. However, these
low densities (∼ 1014 atoms/cm−3 ) implies in an ultra-low critical temperature, around a

∗

a gas with atomic density, 𝑛, where the atomic s-wave scattering length, 𝑎, is smaller than the mean
inter-particle distance, proportional to 𝑛−1/3 . Thus, the diluteness condition is 𝑛𝑎3 ≪ 1
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few hundreds of nanokelvin.
Those values made the search to BEC in dilute gases a long journey with great
scientific advances, where we can highlight the development of atom cooling and trapping
techniques with light or magnetic field (20–22) and the evaporative cooling (23) technique.
In 1995, three groups produced experimentally Bose-Einstein condensates in:

87

Rb (24)

sample by the group of Eric A. Cornell and Carl Wieman, 23 Na (25) by Wolfgang Ketterle’s
group, and 7 Li (26) by Randall G. Hulet’s group.
While the early works in atomic BECs were focused on the thermodynamics around
the phase transition, the dynamics of a trapped BEC induced by external perturbation
became one of the major research topics in condensates. We can highlight the studies (27–
29) about the superfluid characteristics of a BEC, (30–32) about the quantized vortices
and (33–36) about the quantum turbulence.
The experimental research on BECs in our group started in 2004 with Kilvia
M. Farias thesis (37), where sodium atoms was cooled until the quantum degeneracy.
Because of experimental limitations of that system, they started another experiment with
a different atomic species, the isotope 87 of rubidium atoms. This experimental system,
that we called BEC-I, had its first version built during the Ph.D of Emanuel A. L. Henn
(38).
In a first series of studies, in which a condensate was perturbed by an oscillatory
magnetic field, it was possible to observe (29) a counterflow oscillation between the BEC
and the thermal cloud, (31) the vortex nucleation and (33) the first evidence of quantum
turbulence in BEC of dilute gases. However, the experimental system had many technical
problems and those studies left some questions concerning the generation mechanism of
this interesting phenomenon. Motivated by these questions, we decided to rebuild the
BEC-I experiment (this was the initial mark of my Ph.D.). In 2012, March 23rd, we
finished to set the vacuum system and approximately one year later (in March 26th,
2013) we achieved again the Bose-Einstein condensation in

87

Rb atoms.

In the next section, we present an overview of the journey of technical development
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that happened for the world first experimental production of BEC in dilute gases.

1.1

The journey to condensate dilute gases

The Maxwell’s theory of eletromagnetism provides a qualitative understanding
that eletromagnetic radiation exerts a force in matter. At the beginning of the 19th
century, Pyotr N. Lebedev (39) and Ernest F. Nichols together with Gordon F. Hull
(40, 41), provided qualitative measurements of radiation pressure on macroscopic objects.
In 1933, deflecting an atomic sodium beam with resonant radiation from a lamp, (42)
Robert Frisch made the first demonstration of the light pressure on atoms.
A remarkable improvement in science and technology happened in 1960, when
Theodore H. Maiman (43) created the first working lasers. Arthur Ashkin (44) recognized, in 1970, the potential of the intense, narrow-band light to manipulate atoms. The
measurement of atomic spectral lines with tunable sources of laser light (45) allowed, in
1972, two groups (46, 47) to first demonstrate the deflection of atomic beams with lasers.
The laser cooling technique (the reduction of thermal velocities using radiation
pressure) was proposed in 1975, independently, by (48) Theodor Hänsch’s group and (49)
David Wineland’s group. Seven years later, William D. Phillips and Harold Metcalf (50)
reported the first demonstration of laser cooling. An atomic laser beam of sodium atoms
passing through a Zeeman slower was decelerated by two counter-propagating laser beams.
In 1985, this group (51) also was the first to magnetically trap those cold sodium atoms.
Moreover, in the same year, the group of Steven Chu demonstrated the optical molasses:
a 3D cooling of sodium atoms with three orthogonal pairs of counter-propagating laser
beams. Three years latter, David E. Pritchard’s group improved the optical molasses by
adding a quadrupole magnetic field centered with the laser beams crossing regions (52),
which allowed them to cool and trap larger samples in a magneto-optical trap.
In 1988, the group of Daniel Kleppner performed the first evaporative cooling
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(53) in spin-polarized hydrogen atoms. Finally, in 1995, by applying evaporative cooling
technique, the Bose-Einstein condensation was first observed in sample of 7 Li,
23

87

Rb and

Na (24–26), independently.
Such experimental observation opened up a large range of possibilities for the con-

densation. The research community dedicated efforts to achieve this transition in many
different atomic species, bosonic or fermionic. In fact, the list of isotopes, of which quantum degenerate gases were obtained, is quite long and keep growing. BEC was also observed for quantum degenerate Fermi gases (54), for photons in an optical cavity (55).
Molecular BECs composed of bound fermionic atoms were produced (56). It is important
to note that, even the first recipe for reach BEC was the one described above, each new
experimental system can have its own way to produce a BEC, such is the robustness
of this phenomenon. Also it is possible to have different types of traps: Magnetic traps,
Optical traps, Hybrid (Magnetic and optical) traps. The greatest feature in this type of
experiments concern the high level of control. For example, by increasing the confinement
in one of the three-dimensions, it is possible to generate traps with 2D or 1D dimension.

1.2

Thesis summary

In this section we will present the thesis outline. Basically, in this thesis we describe
three studies in an excited BEC: the first concerns the collective modes, the second is
about the momentum distribution of the cloud, and the last one is the observation of a
matter-wave speckle in turbulent atomic superfluids.
This thesis is organized as follows: In Chapter 2 we will briefly review the main
theoretical concepts to support the presented results. The ideal gas confined in an external
potential will be presented in Section 2.1. The interaction between the particles of the
system will be taken into account and a more realistic case of BEC will be treated in
Section 2.2. We end this chapter by providing a theoretical overview of specific topics
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related to the experimental results, in Sections 2.3 and 2.4.
In Chapter 3 we present the experimental setup used to produce the BEC samples.
A brief overview of the main experimental processes is shown in Section 3.1 and in the
following sections of this chapter we will describe individually each one: vacuum system,
double-MOT configuration, mode-matching processes, magnetic QUIC trap, evaporative
cooling, absorption image, and the excitation system.
We observed low-lying collective modes by perturbing the BEC with an external
temporal magnetic oscillation, this will be described in Chapter 4. We start, in Section 4.1,
by showing the procedure used to set the excitation system. The excitation sequence
and parameters are presented in Section 4.3, which also shows the observed modes. We
conclude this chapter, in Section 4.4, by providing the quantitative analysis of these modes
and revealing the non-linear behavior to excite efficiently the quadrupole mode. A final
remark is that the condensate, perturbed with a large quadrupolar mode, exists in a
turbulent regime.
Motivated by the observation of a turbulent regime, in Chapter 5 we studied the
momentum distribution of a perturbed BEC as a function of the excitation parameters.
In Sections 5.1 and 5.2 we provide the motivation to study the momentum distribution
and the methodology to compute the momentum distribution from an expanded cloud.
The results of this analysis are shown in Section 5.3. A coupling between the momentum
distribution curves and the quadrupolar collective mode was observed. This effect might
have a more prosaic explanation for the apparent discrepancy from the Kolmogorov’s
power law observed (57) in a previous work.
In Chapter 6, we analyze the properties of quantum turbulence by taking into
account its wave nature. Section 6.1 presents the motivation of this analysis. The randomness of amplitude and phase introduced in the turbulent cloud allows an analogy of
the free expanding turbulent cloud (disordered matter wave) with the propagation of a
speckle light field (disordered optical wave). In order to establish this equivalences, in
Section 6.2 we compare the propagation divergence for both waves. In Section 6.3 we
compute the second-order correlation and supply the analogy between a turbulent atomic
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cloud in expansion and the propagation of a speckle field.
The conclusions are summarized in Chapter 7, and we also discuss some experimental prospects for subsequent studies in the BEC-I system.
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2 Bose-Einstein condensation, collective modes and quantum turbulence
In this chapter we present a theoretical overview about the Bose-Einstein condensation and some concepts that are important to understand the results presented in
this thesis. In section 2.1 we discuss the non-interacting Bose gas confined in an external
potential, which we are based on the (3, 5) standard textbooks and (58, 59) references. A
more realistic case will be treated in section 2.2, following the references (60, 61), where
the interaction between the particles of the system will be taken into account. Finally, in
the last two sections we will give a theoretical overview about the topics related to the
experimental results presented in this thesis.

2.1

Ideal Bose gas in an external potential

We consider a gas of 𝑁 non-interacting bosons with mass 𝑚, confined in an external
potential 𝑉 (r). The particle distribution, 𝑛𝜀 , in the potential energy levels, 𝜀, is given by
the Bose-Einstein distribution,
𝑛𝜀 =

1
exp

(︁

𝜀−𝜇
𝑘𝐵 𝑇

)︁

−1

,

(2.1)

where 𝜇 is the chemical potential, 𝑘𝐵 is the Boltzmann constant and 𝑇 is the temperature
of the gas.
The total number of atoms in the gas is given by summing the distribution, Equation (2.1), over all states,
𝑁=

∑︁
𝜀

𝑛𝜀 .

(2.2)
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In the thermodynamic limit, the potential energy level spacing is much smaller
than the typical energy of the system, 𝜀𝑖+1 − 𝜀𝑖 ≪ 𝑘𝐵 𝑇 . Consequently, the energy levels
spacings become infinitesimal and the system can be described as a continuous distribution
of states. Thus, we define a density of states, 𝜌(𝜀), and the sum in equation (2.2) can be
substituted by integral,
𝑁 = 𝑁0 +

∫︁ ∞
0

𝑛𝜀 𝜌(𝜀)𝑑𝜀 ,

(2.3)

where we separated the term 𝑁0 , which refers to the population of ground state (𝜀 = 0)
because for 𝜀 → 0, typically, we have that 𝜌(𝜀) → 0. The population in the ground state is
very small, except for the special case of Bose-Einstein condensation in which it becomes
macroscopic, hence, it is convenient to study separately the term for 𝑁0 .
For bosons 𝜇 is always negative, increases monotically with decreasing the temperature 𝑇 and becomes 𝜇 = 0 for any temperature value in which 𝑇 ≤ 𝑇𝐶 . (3) When
𝜇 = 0 the integral of Equation (2.3) takes its maximum value which saturates the occupation number of the excited states. This means that, for 𝑇 ≤ 𝑇𝐶 any particle added in
the system will accumulate in the ground-state, increasing 𝑁0 . This change in the system
behavior characterizes a phase transition (Bose-Einstein condensation) in which the atom
fraction in the ground state can be used as an order parameter:
⎧
⎪
⎪
⎨

0
𝑁0
=
⎪
𝑁
⎪
⎩ 1−

, if 𝑇 > 𝑇𝐶
1
𝑁

∫︁ ∞
0

(2.4)

𝑛𝜀 𝜌(𝜀)𝑑𝜀 , if 𝑇 ≤ 𝑇𝐶

We can generalize the density of states for a confined gas using the standard
textbooks calculation for a free gas. (3, 5) The external potential constrains the energyspace available to the gas, therefore the density of states, in thermodynamic limit (𝜀𝑖+1 −
𝜀𝑖 ≪ 𝑘𝐵 𝑇 ) and assuming the semiclassical approximation, can be written as
𝜌(𝜀) =

2𝜋(2𝑚)3/2 ∫︁ √︁
𝜀 − 𝑉 (r) 𝑑3 𝑟 .
ℎ3

(2.5)

To evaluate the density of states from Equation (2.5) we have to explicit the spacial
dependence of the potential that are confining the bosons. In what follows we will calculate
the density of states for two confinement cases: the box trap and the anisotropic harmonic
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trap. Despite well-known, this calculation provides an overview of essential quantities for
the condensation.

2.1.1

Ideal Bose gas in a box trap

We will consider a gas of non-interacting bosons, with mass 𝑚, confined in a box
potential of volume 𝒱. The density of states is calculated from Equation (2.5) and results
in
𝜌(𝜀) =

2𝜋(2𝑚)3/2 √
𝒱 𝜀 .
ℎ3

(2.6)

Applying this result in Equation (2.3) and equating 𝑁 = 0 and 𝑇 = 𝑇𝐶 (where
𝜇 → 0) we obtain the condition for the phase transition of the system, as described above,

(︂

𝑁
𝒱

)︂ (︃

ℎ
√
2𝜋𝑚𝑘𝐵 𝑇𝐶

)︃3

= 2.612 .

(2.7)

The critical temperature 𝑇𝐶 for the phase transition can be calculated from Equation (2.7). In BEC experiments of

87

Rb atoms, the densities are typically

𝑁
𝒱

∼ 1013 −

1014 atoms/cm3 which leads to 𝑇𝐶 ≈ 100 − 300 nK.
Equation (2.7) also provides a visible interpretation for the condensation. We can
identify the thermal de Broglie wavelength at a temperature 𝑇 : 𝜆𝑑𝐵 =

√

ℎ
.
2𝜋𝑚𝑘𝐵 𝑇

For 87 Rb

atoms, close to the transition 𝜆𝑑𝐵 ≈ 1 µm, which is of the order of the mean distance
between the particles in typical experimental conditions. Therefore, the condensation can
be visualized as if the atoms wave packet had the size of the particles spacing which
generates a giant matter wave.
The right side of Equation (2.7) represents the phase-space density of the atoms,
PSD = 𝑛𝜆3𝑑𝐵 , where 𝑛 = 𝑁/𝒱 is the density of atoms. This quantity works like an universal
marker to transition (58): if its value is higher than 2.612 it will have a phase transition
which are known as Bose-Einstein condensation (BEC). Using the Equation (2.6) we can
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rewrite the Equation (2.4) to calculate the condensation fraction as a function of the
temperature. In this way, we obtain the textbooks results for the order parameter of the
transition:
𝑁0
𝑇
=1−
𝑁
𝑇𝐶
(︂

2.1.2

)︂3/2

.

(2.8)

Ideal Bose gas in an anisotropic harmonic trap

In most of the experiments with ultracold trapped gases, the bottom of the confining potential can be approximated by a harmonic shape. A general discussion for arbitrary
polynomial potential can be found in (58) reference. Here, we will discuss the typical case
of a tree-dimensional anisotropic harmonic potential:
𝑉 (𝑥, 𝑦, 𝑧) =

𝑚 2 2
(𝜔𝑥 𝑥 + 𝜔𝑦2 𝑦 2 + 𝜔𝑧2 𝑧 2 ) ,
2

(2.9)

where 𝜔𝑗 is the oscillator frequency along 𝑗 = 𝑥, 𝑦, 𝑧 directions.
The density of states is calculated from Equation (2.5) and (2.9), which results in
𝜌(𝜀) =

1 𝜀2
,
2 (~¯
𝜔 )3

(2.10)

where 𝜔
¯ = (𝜔𝑥 𝜔𝑦 𝜔𝑧 )1/3 is the geometric mean of the trap frequencies.
As done in the previous section, we obtain that the critical temperature in this
case is
𝑇𝐶 = 0.941

~¯
𝜔 1/3
𝑁
.
𝑘𝐵

(2.11)

This equation describes an equivalent criterion to determine the condition to reach the
phase transition, as the Equation (2.7).
In this case, the condensed fraction as a function of the temperature is
𝑁0
𝑇
=1−
𝑁
𝑇𝑐
(︂

)︂3

.

(2.12)
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Comparing the Equation (2.12) with the Equation (2.8), which was obtained for
a box potential, we conclude that in a harmonic trap, as the temperature is lowered, the
atoms populates the ground state faster than in the previous case.
In the next section we will describe a more realistic case, where we take into
account the effects caused by the interaction between the particles

2.2

Weakly interacting Bose gas

Bose-Einstein condensates confined in a potential have high densities (∼ 1014
atoms/cm3 ), thus the interactions between the particles play an important role when
we are studying the BEC phase transition, wavefunction, dynamics and thermodynamics
properties. In this section we are going to present the Gross-Pitaevskii equation (GPE)
which approximately describes this interacting system. More details about GPE can be
found in (60–62) references.

2.2.1

Gross-Pitaevskii equation

The Gross-Pitaevskii equation was simultaneously and independently formulated
by Eugene Gross (63) and Lev Pitaevskii (64) to describe quantized vortices in a Bose gas.
This equation can be derived from the many-body Hamiltonian in second quantization
(60, 62). The assumption is that all the bosons of the system are in the same quantum
state, thus the system is approximated described by one single-particle state, 𝜓(r, 𝑡), and
the condensate density is determined by 𝑛 = |𝜓(r, 𝑡)|2 .
The diluteness conditions implies that in condensed clouds the scattering length,
𝑎, is much smaller than the typical particle separation, 𝑛|𝑎|3 ≪ 1. Under this condition,
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the cloud is dilute enough such that only the two-body interactions are relevant and it
can be modeled by a pseudo-potential given by a Dirac delta: 𝑉𝑖𝑛𝑡 (r) = 𝑔𝛿(r − r′ ), where
r and r′ are the two atoms positions, and 𝑔 is the atoms effective interaction which is
related to the atomic mass, 𝑚, and the scattering length,
𝑔=

4𝜋~2
𝑎 .
𝑚

(2.13)

These approximations results in an important equation for the condensate wavefunction, in a trap potential 𝑉 (r),
~2 2
𝜕𝜓(r, 𝑡)
= −
∇ + 𝑉 (r) + 𝑔 |𝜓(r, 𝑡)|2 𝜓(r, 𝑡) ,
𝑖~
𝜕𝑡
2𝑚
[︃

]︃

(2.14)

which is the time-dependent Gross-Pitaevskii equation, also known as nonlinear Schrödinger
equation.
The GPE takes a simple form in the case of stationary solutions where the con𝜇

densate wave function evolves in time according to 𝜓(r, 𝑡) = 𝜑(r)𝑒−𝑖 ~ 𝑡 . The GPE reduces
to the time-independent GPE,
[︃

~2 ∇2
−
+ 𝑉 (r) + 𝑔 |𝜑(r)|2 𝜑(r) = 𝜇𝜑(r) ,
2𝑚
]︃

(2.15)

where 𝜇 is the chemical potential. We can find the chemical potential from the normalization condition of the wave function ,
𝑁=

∫︁

|𝜑(r)|2 𝑑3 𝑟 .

(2.16)

In the absence of interactions (𝑔 = 0), the equation (2.15) becomes the Schrödinger
equation for a particle. If the confining potential is harmonic, we will have a quantum
harmonic oscillator. Thus, in this case, the wave function of the fundamental state has a
Gaussian shape with a characteristic length given by the harmonic oscillator length,
√︃

𝑎ho =

~
.
𝑚¯
𝜔

(2.17)

This oscillator length is the cloud radius, 𝑅, in the equilibrium between the kinetic and
potential energy.
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When the interactions are taken into account, ⟨𝑔 |𝜑(r)|2 ⟩ = ⟨𝑔𝑛(r)⟩ ≈ 𝑔𝑁/𝑅3 , we
can see that the mean-field energy term is proportional to 𝑅−3 and, as it is an additional
term to the potential energy, the consequence is that the equilibrium condition will be
given at a different distance. Therefore, one effect of the interactions is to increase (or
decrease) the cloud radius in case where the interactions are repulsive (or attractive).

2.2.2

Thomas-Fermi approximation

For repulsive interactions, an important energy regime happens when the kinetic
energy can be neglected with respect to the interaction energy. In harmonic trap, the ratio
between these two energies varies as (60): 𝐸𝑖𝑛𝑡 /𝐸𝑘𝑖𝑛 ∝ 𝑁 𝑎/𝑎ho .
In the experimental regime of parameters that condensation normally takes place,
the condition 𝑁 𝑎/𝑎ho ≫ 1 is satisfied and the Thomas-Fermi approximation(TFA) can
be done by omitting the kinetic energy term in the Gross-Pitaevskii equations. From
Equation (2.15) we obtain
𝑉 (r) + 𝑔 |𝜑(r)|2 𝜑(r) = 𝜇𝜑(r) .

[︁

]︁

(2.18)

The Equation (2.18) is an algebraic equation and the solution describes the density
of the condensed atoms, which we call as Thomas-Fermi profile:

𝑛(r) = |𝜑(r)|2 =

⎧
⎪
⎪
⎨ 𝜇−𝑉 (r)
𝑔

⎪
⎪
⎩

0

, if 𝜇 > 𝑉 (r)

.

(2.19)

, if 𝜇 ≤ 𝑉 (r)

We can see that the condensate density profile is proportional to the inverse of the confining potential.
Typically atoms are trapped in an anisotropic harmonic potential. According
to Equation (2.19) the density profile of the BEC will reflect this with an anisotropic
parabolic shape. This profile will be discussed in section 3.6.
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Hydrodynamic equations

In the last section we were concerned with the description of the BEC through
the time-independent GPE because we were interested in the stationary solutions of this
equation. In this section we are interested in the time evolution , and hence, we will
develop a set of equations which can be used to describe the condensate dynamics.
The Gross-Pitaevskii equation, Equation (2.14), can be written in a form of a
hydrodynamic continuity equation. We have to multiply the GPE by 𝜓 * (r, 𝑡) and, from
this resulting equation, subtract its complex conjugate. This operation yields to
~
𝜕 |𝜓|2
+∇·
(𝜓 * ∇𝜓 − 𝜓∇𝜓 * ) = 0 .
𝜕𝑡
2𝑚𝑖
[︃

]︃

(2.20)

The Equation (2.20) is the continuity equation for a BEC. We can identify the
current density, j(r, 𝑡), as
j(r, 𝑡) = −𝑖

~
(𝜓 * ∇𝜓 − 𝜓∇𝜓 * ) .
2𝑚

(2.21)

From Equation (2.20) we can find an expression to the velocity field of the BEC,
v(r, 𝑡). For this we can write the condensate wave function (the order parameter) in terms
of the condensate density 𝑛(r, 𝑡) and its phase 𝑆(r, 𝑡),
𝜓(r, 𝑡) =

√︁

𝑛(r, 𝑡) e𝑖𝑆(r,𝑡) .

(2.22)

Applying the Equation (2.22) into Equation (2.21) and remembering that j = 𝑛v, we
obtain the condensate velocity field:
v(r, 𝑡) =

~
∇𝑆(r, 𝑡) .
𝑚

(2.23)

Finally, substituting the Equation (2.22) into GPE, Equation (2.14), results in a
time-dependent equation for the condensate velocity field:
√
𝜕v
𝑚v2
~2
√ ∇2 𝑛 = 0 ,
𝑚
+∇
+ 𝑉 + 𝑔𝑛 −
𝜕𝑡
2
2𝑚 𝑛
(︃

)︃

(2.24)

the last term inside the parentheses of this equation is the quantum pressure term. (62)
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The Equations (2.20) and (2.24) are the BEC hydrodynamic equations, and they
are equivalent to the GPE. In the next section, we will use these equations to describe
the collective excitation modes of a Bose-Einstein condensate.

2.3

Collective modes of a trapped condensate

In the Thomas-Fermi approximation, the quantum pressure term from Equation (2.24) can be neglected with respected to the interacting term (62), because as the
number of trapped atoms are sufficiently large, the density profile, 𝑛(r, 𝑡), varies smoothly.
Thus, the hydrodynamic equation becomes
𝑚v2
𝜕v
+∇
+ 𝑉 + 𝑔𝑛 = 0 .
𝑚
𝜕𝑡
2
(︃

)︃

(2.25)

The collective modes are investigated by considering small deviations of the coherent mode (stationary solution of GPE) from equilibrium and finding periodic solutions of
the hydrodynamic equations. (61) We can write the density as 𝑛(r, 𝑡) = 𝑛0 (r) + 𝛿𝑛(r, 𝑡),
where 𝑛0 (r) is the coherent mode and 𝛿𝑛(r, 𝑡) the departure of the density from its equilibrium value. By treating 𝛿𝑛(r, 𝑡) and v(r, 𝑡) as small quantities, we can linearize the
Equations (2.20) and (2.25) which results in
𝜕𝛿𝑛
+ ∇ · (𝑛0 v) = 0
𝜕𝑡

(2.26)

𝜕v
+ 𝑔∇𝛿𝑛 = 0 ,
𝜕𝑡

(2.27)

and
𝑚
where we used that:

𝜕𝑛0
𝜕𝑡

= 0, because 𝑛0 is a stationary solution of GPE, and the spatial

variation of 𝑛0 is much smaller than the variation of 𝛿𝑛, |∇𝑛0 | ≪ |∇𝛿𝑛|.
Taking the time derivative of Equation (2.26) and using the Equation (2.27) to
eliminate the velocity, results in the equation of motion
(︁
)︁
𝜕 2 𝛿𝑛
2
=
∇
·
𝑐
∇𝛿𝑛
,
𝜕𝑡2

(2.28)
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where 𝑚𝑐2 = 𝑔𝑛0 and from Equation (2.19) we can write 𝑚𝑐2 = 𝜇 − 𝑉 (r). The quantity
𝑐(r) represents a local sound velocity.
Now, to find periodic solutions from Equation (2.28), we use a temporal oscillatory
ansatz for the density fluctuation, 𝛿𝑛(r, 𝑡) = 𝛿𝑛(r)e−𝑖𝜔𝑡 , and its result in
𝜔 2 𝛿𝑛(r) = ∇ · 𝑐2 ∇𝛿𝑛
(︁

)︁

(2.29)

.

The solutions of the Equation (2.29) correspond to the low-lying frequency modes of a
condensate that are obtained (59) by solving the Bogoliubov-de Gennes equation.
In the case of our experiment, the confining potential is harmonic and has a symmetry axis (see section 3.5), the collective modes are described by the equation:
2

𝑚𝜔 𝛿𝑛(r) = ∇ ·

𝑚 2 2
(𝜔𝑟 𝑟 + 𝜔𝑥2 𝑥2 ) ∇𝛿𝑛 = 0 ,
𝜇−
2
]︂

{︂[︂

}︂

(2.30)

where 𝜔𝑥 is the trap frequency along the symmetry axis and 𝜔𝑟 = 𝜔𝑦 = 𝜔𝑧 is the frequency
along the radial direction 𝑟2 = 𝑦 2 + 𝑧 2 .
Due to the axial symmetry of Equation (2.30), the density fluctuations are described with functions of the form: 𝛿𝑛 ∝ 𝑃 (𝑟)𝑌ℓ𝑚 (𝜃, 𝜙), where 𝑃 (𝑟) are functions with
radial dependence and 𝑌ℓ𝑚 (𝜃, 𝜙) are the spherical harmonics. (65) Explicit results of Equation (2.30) are available in some particular cases. For example, for the case that the density
fluctuations of the form 𝛿𝑛 ∼ 𝑟𝑙 𝑌ℓ𝑚 (𝜃, 𝜙) are solutions of this equation for 𝑚 = ±ℓ and
𝑚 = ±(ℓ − 1), which results in the dispersion laws
for 𝑚 = ±ℓ:
for 𝑚 = ±(ℓ − 1):

2
= ℓ𝜔𝑟2 ,
𝜔ℓ𝑚

(2.31)

2
= (𝑙 − 1)𝜔𝑟2 + 𝜔𝑥2 .
𝜔ℓ𝑚

(2.32)

Through the value of ℓ the low-laying modes can be labeled as:
(i) Dipole oscillations (or dipolar modes): ℓ = 1.
In this case, 𝛿𝑛 ∼ 𝑟 𝑌1𝑚 (𝜃, 𝜑) and the frequencies of this mode are:
𝜔𝐷,±1 = 𝜔𝑟 ,

(2.33)

𝜔𝐷,0 = 𝜔𝑥 .

(2.34)
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This mode corresponds to the translation of the cloud inside the trap with no deformation
in its shape, i.e. the cloud center of mass (CM) oscillates. The frequencies of this mode
coincides with the trap frequencies, a fact that makes it a precise tool to characterize the
trap (27), as we will present in sections 3.5 and 4.4.
(ii) Quadrupole oscillations (or quadrupolar modes): ℓ = 2.
In this case, 𝛿𝑛 ∼ 𝑟2 𝑌2𝑚 (𝜃, 𝜑) and Equations (2.31) and (2.32) only account the frequencies for 𝑚 = ±1 and 𝑚 = ±2 components:
𝜔𝑄,±2 =
𝜔𝑄,±1 =

√
√︁

2𝜔𝑟 ,

(2.35)

𝜔𝑟2 + 𝜔𝑥2 .

(2.36)

The solution for the quadrupole mode with 𝑚 = 0 is coupled with the monopole
mode (ℓ = 0). (61) In this case, the solutions of Equation (2.30) are:
2
2
(𝜔ℓ0
− 4𝜔𝑟2 )(𝜔ℓ0
− 3𝜆2 𝜔𝑟2 ) − 2𝜆2 𝜔𝑟4 = 0 ,

where 𝜆 =

𝜔𝑥
.
𝜔𝑟

(2.37)

Thus, the dispersion laws are given by
(︂
)︂
3
1√ 4
2
𝜔𝐵,0
= 𝜔𝑟2 2 + 𝜆2 +
9𝜆 − 16𝜆2 + 16
2
2

(2.38)

)︂
(︂
1√ 4
3
2
𝜔𝑄,0
= 𝜔𝑟2 2 + 𝜆2 −
9𝜆 − 16𝜆2 + 16 .
2
2

(2.39)

and

Typically, the 𝑚 = 0 fast mode, described by Equation (2.38), is called breathing
mode. For a cigar-shaped trap, 𝜆 ≪ 1, the two frequencies become 𝜔𝐵,0 = 2𝜔𝑟 and
𝜔𝑄,0 =

√︁

5
2

𝜔𝑥 . These two modes are characterized by the changing in the condensate shape

(66), and this can be measured from the condensate aspect ratio or from the condensate
radii.
Figure 1 illustrates the manifestation of the dipolar and quadrupolar modes in a
Bose-Einstein condensate, for the fundamental frequency of each mode. In chapter 4 we
will study the manifestation of these modes by magnetically oscillating a Bose-Einstein
condensate.
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Figure 1 – Illustration of the BEC low-lying collective modes. The condensate is trapped in
a harmonic cigar-shaped trap potential and the low-lying modes are: (a) Dipolar
mode, (b) Breathing mode and (c) Quadrupolar mode. These figures refers to the
fundamental frequencies of each mode.
Source: By the author.

2.4

Turbulence

In fluid dynamics, turbulence or turbulent flow is a regime characterized by a
non-regular (chaotic) motion of fluids and is present in many everyday situations. This
extraordinary phenomena has tracked the curiosity of great researchers and also artists.
Even though in the 15th century, Leonardo da Vinci (67, 68) made a first qualitative description of turbulence flow, turbulence remains “the most important unsolved problem
of classical phenomena”, as declared by Richard P. Feynman. Furthermore, in 1955 Feynman was the first to predict the existence of turbulence in superfluids. (18) The superfluid
flow is known to be constrained by quantum restrictions, and this motivated Russel J.
Donnelly (69) to name the turbulence in superfluids as Quantum Turbulence (QT).
Despite have being studied for hundreds of years, our understating of turbulence
still is not complete and a lot of work and research are devoted to this topic. In what
follows, we present an overview of the principal concepts and characteristics of turbulence
in classical fluids (classical turbulence, CT) and in quantum fluids (quantum turbulence,
QT). A deeper discussion about this topic can be found in (70) a recent review article.
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Classical fluids

Here we will briefly discuss the fundamentals equations, the dynamical regimes
and the turbulent flow properties of classical fluids. In references (68, 71) more details
about the classical fluids flow can be found.
The classical fluid dynamics is governed by the non-linear Navier-Stokes equation.
For an incompressible fluid with density 𝜌 and viscosity 𝜂, under a pressure force ∇𝑃
and external forces f , the fluid velocity field v = v(r, 𝑡) is described by the Navier-Stokes
equation and is written as
1
𝜕v
+ (v · ∇)v = − ∇𝑃 + 𝜈∇2 v + f ,
𝜕𝑡
𝜌
where 𝜈 =

𝜂
𝜌

(2.40)

is the kinematic viscosity of the fluid. The left-side terms describes the fluid

acceleration, the second term (v · ∇)v is particularly important which is known as the
nonlinear inertial force and is responsible for the convection process. In the right-side,
the term 𝜈∇2 v describes the viscous force and is related to diffusion process, the term
proportional to ∇𝑃 accounts for the pressure gradient and is related to the internal forces
in the fluid while the term f accounts for the external forces.
Experimentally studying the transition from laminar to turbulent flows (72, 73),
Osborne Reynolds understood the interplay of viscous and inertial forces. He recognized
an important quantity, useful to describe the dynamical ranges of the fluid flow, the
dimensionless Reynolds number, 𝑅𝑒. (74) This quantity is defined as the ratio between
the magnitude of the inertial force, (v · ∇)v, and the magnitude of the viscous force,
𝜈∇2 v. Thus, the Reynolds number quantifies the relative importance of these two types
of forces for given flow conditions. For example, a fluid flowing with a velocity 𝑣 finds
an obstacle with a transversal section of size 𝐷, will have a Reynolds number 𝑅𝑒 =
𝑣𝐷/𝜈. At small Reynolds number, the viscous force is dominant and the fluid motion is
constant and smooth, characterizing a laminar flow. On the other hand, if the Reynolds
number is large, the non-linear inertial force dominates the motion, the laminar profile
is destabilized and tend to produce chaotic eddies with different sizes and other flow
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instabilities, characterizing a turbulent flow.
The evolution to a turbulent regime can be explained with the Richardson cascades
(75) picture. From a laminar flow, when the Reynolds number condition to a turbulent flow
is reached occurs the formation of large eddies (or vortices). These vortices are unstable
and they broke into smaller vortices. By themselves, these new vortices suffer the same
process, dividing into even smaller eddies. Successively, this process repeats until the
eddies length scales become very small so that the Reynolds number is 𝑅𝑒 ∼ 1. In this
case, the viscosity effect start to be dominant and the energy is dissipated. This process
creates a path for the energy flow going from large to small eddies (or scales) until it
dissipated. We can clearly identify three ranges of length scale: the first is called energy
containing range and describe the process when energy is input in the system but the flow
still laminar; the second is the inertial range where the Richard cascade occurs; finally,
the third one is the dissipation range.
Andrey N. Kolmogorov (76, 77) propose that the Richardson cascades have an
universal law for the inertial range. In the Kolmogorov’s theory, the range of length scales
(𝑟) is described with the wavenumber 𝑘 = 2𝜋/𝑟 and corresponds to 𝑘𝐷 ≪ 𝑘 ≪ 𝑘𝐾 , where
the lower limit 𝑘𝐷 is related to the largest scale length and for a energy injection rate 𝜀,
the upper limit of the range is defined as 𝑘𝐾 = (𝜀/𝜈 3 )1/4 . In this range, the Kolmogorov
energy spectrum is
𝐸(𝑘) = 𝐶𝜀2/3 𝑘 −5/3

(2.41)

where 𝐶 is a dimensionless constant, experimentally found to be around 0.5 (78) and 𝑘
is the wavenumber obtained from the Fourier transform of the fluid velocity field.
The Kolmogorov spectrum, Equation (2.41), present some important properties.
We can highlight the remarkable universality since it only depends on 𝑘 and 𝜀 (this
means that it is independent of the fluid nature, boundary conditions of the system
and the mean velocity flow field). This universal character was demonstrated (79) by
measuring the normalized energy spectrum for several physical system. We also point out
that the Kolmogorov law describes the self-similarity of the turbulence along all length
scales included in the inertial range, typical characteristic of a universal system (“free of
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scale”).

2.4.2

Quantum fluids

Now, we will briefly describe the new aspects that turbulence manifests in the
quantum world of superfluid helium and atomic condensate. In references (80, 81) can be
found a very good introduction and discussion about quantum turbulence (QT).
We may start the discussion by showing that quantum effects restrict the superfluid flow. For this, we have to return to the superfluid velocity field described by
Equation (2.23). We can see that the superfluid flow is irrotational, i.e. ∇ × v = 0. This
is true unless the phase of the wave function has a singularity. In the case of the existence
of this singularity (like a vortex), a circulation in the phase around this point has to be
a multiple of 2𝜋, because the wave function has a unique value. Thus, the circulation of
the velocity field is quantized,
Γ=

∮︁

v𝑑l = 2𝜋ℓ

~
ℎ
=ℓ
,
𝑚
𝑚

(2.42)

where 𝑑l is line element of integration and ℓ is an integer number that specifies the
“quanta” of circulation. This equation implies that the circulation of the velocity field
around a vortex is quantized. Thus, in superfluid the only way to have rotational flow is
by means of quantized vortices.
A vortex is a topological defect whose equilibrium extension is of the order of the
healing length, 𝜉. This characteristic internal size of a condensate is defined (61) as the
length scale which the kinetic energy becomes comparable with the interaction energy,
~2
|∇𝜓|2 ∼ 𝑔|𝜓|4
2𝑚

(2.43)

~2 |𝜓|2
~
1
= 𝑔|𝜓|4 ⇒ 𝜉 = √
=√
,
2
2𝑚 𝜉
2𝑚𝑔𝑛
8𝜋𝑎𝑛

(2.44)

thus
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where 𝑛 is the superfluid bulk density and in the last step we use the Equation (2.13).
For 4 He superfluid the healing length is of the order of a few angstroms, while for an
atomic BEC this value is typically a few microns. This fact makes the atomic BEC a
better physical system to observe and study such topological defects.
The turbulence in quantum fluids was proposed by Feynman (18) and consists of
a configuration of vortices in which the vortex lines are spatially tangled. The Feynman
idea was experimentally demonstrated by William Vinen and Henry Hall (19, 82–85) in
superfluid helium where they produced a thermal counterflow between the normal fluid
and superfluid fraction and observed tangle vortices in superfluid component.
Other important experiments on turbulence in superfluid 4 He were done by the
group of P. Tabeling (86) and by the group of R. J. Donnelly (87), simultaneously. They
showed that the Kolmogorov spectrum is satisfied in turbulent 4 He superfluid, for a specific
inertial range, and it is independent of the fluid temperature. This is a impressive result,
considering the differences between the classical fluids and quantum fluids flow.
This implies that the energy transport process in quantum turbulence is equivalent
to the classical turbulence one. Which means that it is based on the Richardson cascades.
But with an important difference from the classical system. The dissipation mechanism in
superfluid cannot be related to the fluid viscosity, as in classical turbulence, and the other
obvious mechanism would be through the normal fluid fraction. In fact this happens, but
it is not enough since at very low temperatures the normal fluid component is less than
2% of the total fluid and the Kolmogorov spectrum is still valid.
To explain how quantum turbulence is formed and dissipates, the most accepted
hypothesis is a process known as vortex reconnections. (88, 89) When two straight vortices, with well defined orientations, interact and approach each other close enough, they
can reconnect at a certain point for some short time. After the reconnection, two vortices emerge with a kinked form. In a superfluid containing many distributed vortices,
the reconnections will occur frequently and form a big tangle with all other vortex. This
is exactly the Feynman scheme for superfluid turbulence. As consequence of many reconnections, a vibration will be generated in each vortex line. This excitation is known
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as (90, 91) Kelvin waves (like phonon radiation). In superfluids, the Kelvin waves can
transfer energy from the inter-vortex scale to smaller scales (92–94), as the vortex core.
Therefore, this becomes an important mechanism in the decay of turbulence because the
energy is transferred from larger length scales to smaller scales of the system (95), where
it is dissipated.
There are two principal approaches to describe theoretically the quantum turbulence. The first is more appropriated to describe the QT in helium superfluids due to the
smaller vortex size. This approach is known as the filament model (96) in which the flow
around a filament (vortex) is expressed by a Biot-Savart law expression. The other approach (93, 97) consists in solving the Gross-Pitaevskii equation with an additional term
responsible for the dissipation. This method is applicable for atomic BECs, because the
superfluid helium is not a weakly interacting system.
A remarkable result for atomic BEC is presented in references (93,97), where they
simulated a trapped BEC rotating aroud two perpendicular axes. They found that the
initial configuration evolves into a QT regime following the Kolmogorov power law, in
the inertial range between

2𝜋
𝑅𝑇 𝐹

< 𝑘 <

2𝜋
,
𝜉

where 𝑅𝑇 𝐹 is the condensate radius and 𝜉

the healing length. The interest in experimentally produce turbulence in atomic BECs
has been heavily motivated by this theoretical predictions and by the progress in understanding quantum turbulence in liquid helium. The first experimental evidence of QT in
dilute BECs was provided by our research group (33) and it has an indication (57) that
this system exhibits a Kolmogorov like power-law spectrum. In this work, the exponent
in the 𝑘 dependence does not match with the Kolgogorov spectrum, Equation (2.41). In
Chapter 5 of this thesis, we will give a justification about this discrepancy.
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3 Experimental apparatus
In our research group there are three experimental systems designed to study BoseEinstein condensates. This thesis is inserted in the so called BEC-I experiment. The first
version of this experimental system is described in (38, 98) Ph.D. theses, (99, 100) master
theses and (101) an article. The new version of this experimental system will be briefly
discussed in this chapter. There were many upgrades since the first version, but the main
idea remains the same.

3.1

Experiment overview

In order to reach Bose-Einstein condensation in dilute gases, it is necessary to bring
a monoatomic gas to temperatures and densities of the order of 102 nK and 1014 cm−3 .
This is only possible if the atoms are isolated inside a region free from impurities and from
material walls. This is done by putting the atoms inside an ultrahigh vacuum chamber
and trapping them with magnetic field and/or laser light.
In general lines, our vacuum system is composed by two chambers. The first chamber, where we have the atoms source (dispensers and LIAD), is kept at a pressure of
𝑃 ∼ 10−9 Torr. The pressure of the second chamber is 𝑃 ∼ 10−12 Torr, presenting the
ideal conditions to produce Bose-Einstein condensates.
Three commercial high-power lasers (from Toptica: two DLX110L and one TA
pro) compose our lasers system. The lasers are locked, individually and actively, to one
appropriate hyperfine line of the

87

Rb atom observed by Doppler-free spectroscopy in a

vapor cell. The output light is used for atomic cooling, trapping, manipulating the atomic
states and to probe the atoms.
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Figure 2 – Diagram of processes in the experimental sequence to produce a Bose-Einstein condensate in our apparatus. Typical final atom numbers and temperatures are presented
for each step. This experimental sequence has a duration of about 1 minute.
Source: By the author.

Several stages are used to reach the Bose-Einstein condensation. Figure 2 shows
a schematic diagram of the involved process in our experimental sequence. To control
the experimental sequence we programm a Labview routine in a control computer. The
communication with the experiment is done by two National Instruments NI-DAQ boards
(NI-6733 and NI-6259), from where we extract the analogical and digital signals that are
used during the experiment. Finally, as the experimental sequence ends, after about one
minute, the experimental data (specially the atomic cloud absorption image) are acquired
and analyzed in an acquisition computer.

3.2

Vacuum system

In dilute gases systems, the sample lifetime in a trap is better the lower the background pressure. Thereby, a vacuum system is essential and important in cold atoms
experiments, specially for those where the cooling processes depend on longer thermalization times, as it is the case for evaporative cooling. (23)
Each experiment in cold atoms has a particular vacuum system configuration. (50,

3.2. Vacuum system

55

Figure 3 – New vacuum system 3D drawing. The three ion pumps are responsible to pump the
MOT1 chamber, the differential pumping stage and the science chamber.
Source: By the author.

102,103) A common choice is a two chambers configuration. Typically, the first chamber is
a high-vacuum region, with a pressure of about 𝑃 ∼ 10−9 Torr, where the atom sources are
located. The second one is an ultra-high-vacuum region, 𝑃 ∼ 10−12 Torr, which provides
the ideal background pressure conditions to manipulate the atoms until the production
of a BEC. To reach this vacuum level it is necessary a differential pumping between the
two regions.
We have constructed the new vacuum system of our apparatus at the beginning
of my Ph.D. and at the end of R. F. Shiozaki Ph.D. (in 2012). In Figure 3 we present a
3D drawing of this system, which is a double-MOT configuration. (102) It can be divided
into three regions: the first region, where there are atoms source and the first magnetooptical trap (MOT1) is produced; the second region is the differential pumping stage; and
the third one, where the second magneto-optical trap (MOT2) is formed and the BEC is
achieved (we normally call this region as science chamber). Details about the calculations
and estimations for this system can be found in R. F. Shiozaki thesis. (98)
The first chamber (MOT1 region) is a rectangular cell, with dimensions 60 × 30 ×
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30 cm3 , made of quartz (Hellma). This cell is connected to: an ion pump (Varian 75 L/s),
which keeps the pressure around 4 × 10−9 Torr in this region; an electric feedthrough to
activate the dispensers, which are inside the MOT1 cell; and the transference tube, that
connect the MOT1 region with the MOT2 region and ensure the differential pumping.
The second chamber (MOT2 region) is a quartz cell (Hellma) with dimensions
150×30×30 cm3 , which has a high optical quality, important and necessary for diagnostics
by imaging the atomic cloud. The cell is connected to an ion pump (Varian 75 L/s), a
titanium sublimation pump (Varian-TSP) and a vacuum meter (Balzers - Cold Cathod
Gauge). The transference tube ends inside this chamber and at its middle it is connected
to another ion pump (Varian 75 L/s). This configuration creates a differential pumping
that allows the pressure in the second chamber to be about four orders of magnitude lower
than the first one. The pressure is around 1 × 10−12 Torr in the science chamber.

3.3

Double-MOT configuration

In our experimental apparatus, the atoms source is a set of alkali-metal dispensers
(SAES Getters). The dispenser contains a mixture of rubidium chromate (Rb2 CrO4 ) and
a reducing agent. An electric current heats the dispenser and its contents to about 600 ∘ C
. This initiates a reduction reaction in the mixture and Rb vapor is released in the MOT1
region. (104–106)
The LIAD (Light-Induced Atom Desorption) technique (107) with UV LEDs is
also applied as an additional atoms source. The UV light desorbs the rubidium atoms
from the inner walls of the vacuum chamber. This increases the number of atoms in the
rubidium vapor at MOT1 region.
We initially trap

87

Rb atoms in a 3D magneto-optical trap (MOT). Basically, the

combination of radiation pressure produced by three pairs of orthogonal counterpropagating laser light beams (with circular polarization) and an inhomogeneous magnetic field
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Figure 4 – Schematic draw of a magneto-optical trap configuration. The MOT is composed by
three pairs of orthogonal counterpropagating laser beams (with circular polarization)
and an inhomogeneous magnetic field (typically produced by a pair of coils in antiHelmholtz configuration) .
Source: By the author.

(typically produced by a pair of coils in anti-Helmholtz configuration) confines the atoms
in a MOT. Figure 4 presents a schematic draw of a MOT configuration. Details about the
principle of laser cooling and magneto-optical trapping can be found in (20–22, 108–110)
references. The first experimental realization of a MOT was in 1987 (52) and, since then,
this trap has been present in almost every cold atoms research apparatus.
The MOT1 optical part is produced by three independent retroreflected laser
beams. This light is composed by two superimposed laser beams with different frequencies. One is 20 MHz red-detuned from the 52 𝑆1/2 (𝐹 = 2) → 52 𝑃3/2 (𝐹 = 3) transition
of

87

Rb atoms, which we call trapping light. The second light is resonant with the

52 𝑆1/2 (𝐹 = 1) → 52 𝑃3/2 (𝐹 = 2) transition and is called repumper light. The MOT1
magnetic part is composed by a pair of coils in anti-Helmholtz configuration (named
quadrupole coils), that generates a magnetic gradient field of around 10 G/cm, and three
orthogonal pairs of coils in Helmholtz configuration (named compensation coils), that
are used to center the MOT1 in the push beam. Figure 5(a) shows the fluorescence of
the trapped atoms in MOT1. Around 3 × 108

87

Rb atoms are trapped in MOT1, with a
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Figure 5 – Pictures of the atoms trapped in the MOTs. (a) Fluorescence of the trapped atoms
in MOT1. (b) Fluorescence of the trapped atoms in MOT2.
Source: By the author.

temperature of about 320 µK.
Once the atoms are trapped in MOT1, they are continuously transferred to the
ultra-high vacuum region. A small laser beam (called push beam), with 1 mm diameter,
2 mW of power and with the same frequency of the MOT1 trapping light, is applied at
MOT1 to push the atoms to the science chamber. In this region, the transferred atoms
are trapped in another 3D magneto-optical trap (MOT2). Thus, the MOT1 works like an
atom source to the MOT2 and the push beam as a funnel that takes the atoms from one
region to the other. The MOT1 and push beam alignment is done in a way to maximize
the transferred atoms to MOT2.
The MOT2 is more carefully prepared, because the atoms trapped there will be
used to produce the BEC. To this, the MOT2 optical part is produced by six independent, orthogonal and counterpropagating beams. This allows us to precisely adjust the
alignment, power and polarization of each beam. The MOT2 light has the trapping and
repumper light as like in MOT1. The magnetic part is composed by quadrupole coils
that generate a magnetic gradient field of around 20 G/cm, and compensation coils, that
are used to compensate the spurious fields in the trapping region. Figure 5(b) shows the
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fluorescence of the trapped atoms in MOT2. It traps around 2 × 109 atoms in MOT2, with
a temperature similar to the MOT1.
It is required thirty seconds to fully load the MOT2. Then, the atoms are transferred to a conservative trap (in our case, a magnetic trap) where the evaporative cooling
is performed. To do this transference in an efficient way, it is necessary to prepare the
sample to be trapped in the magnetic trap. All the processes involved will be described
in the next section.

3.4

Transference to a magnetic trap

The atoms transference from the MOT2 to a magnetic trap (MT) is the most
critical process to reach the BEC because, if not well optimized, we can loose a lot of atoms
and/or the cloud can be heated. Basically, we can list four reasons for the importance of
this process:
(i) Positions of the trap centers: In a magnetic trap, the center of the trap is the
position of the minimum potential, which should be the same of MOT. However, small
misalignments or power imbalance in the MOT light beams can change the MOT center.
This condition reduces the transfer efficiency and also heats the atomic cloud.
(ii) Trap geometries: The capture volume and geometry of the two traps are very
different. (111) The atomic cloud radius is typically 2.5 mm in a MOT and 0.5 mm in a
MT. Furthermore, due to the light forces, the MOT shape can be quite irregular while
the MT has, approximately, an ellipsoidal shape. For a good transference, it is desired
that the sample acquires the magnetic trap shape.
(iii) Cloud temperature: The colder is the cloud the smaller it will be. Thus, if we
reduce the cloud temperature it will be easier to capture the cloud in the MT.
(iv) Atomic internal states: We trap all Zeeman levels of the hyperfine 52 𝑆1/2 (𝐹 =
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2) state in the MOT. However, for

87

Rb only the Zeeman levels |𝐹 = 2, 𝑚𝐹 = 2⟩ and

|𝐹 = 2, 𝑚𝐹 = 1⟩ are magnetically trappable. Thus, we need to prepare the sample in one
of those two states before confine the atoms in the MT.
The stages to optimize this transference are called as mode-matching in the literature. In our experiment, we first compress the MOT2, changing the trapping light
frequency detuning from Δ = −20 MHz to Δ = −60 MHz. This decreases the scattering
rate of photons and the atoms will accumulate in the trap center, reducing the cloud size.
The duration of this process is 5 ms.
The next step is to cool down the sample. To this, we perform the sub-Doppler
cooling technique. The magnetic field is switched-off and the trapping light frequency is
shifted more to the red, going to Δ = −70 MHz. This process lasts 3 ms. After this two
stages, the cloud temperature is around 50 µK.
Finally, the last process is to pump the atoms to a magnetically trappable Zeeman
state. (109) We optically pump the atoms to the |𝐹 = 2, 𝑚𝐹 = 2⟩ state. This process
is divided in two stages. First, we perform a pumping to the hyperfine manifold 𝐹 =
2, switching off the MOT2 trapping light before the repumper light for 1 ms. Second,
we apply a homogeneous magnetic field of the order of 1 G, which splits the Zeeman
levels. Simultaneously, in order to accumulate the atoms in the level |𝐹 = 2, 𝑚𝐹 = 2⟩, we
optically pump the atoms promoting transition from 𝑚𝐹 to 𝑚𝐹 +1 . For this, we apply two
right-circularly polarized (𝜎 + ) light pulses. One of them is resonant with the 52 𝑆1/2 (𝐹 =
1) → 52 𝑃3/2 (𝐹 = 2) transition. The other, resonant to the 52 𝑆1/2 (𝐹 = 2) → 52 𝑃3/2 (𝐹 = 2)
transition. The pulses duration are 120 µs and 25 µs, respectively. After this processes,
the atomic cloud is ready to be magnetically trapped.
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The magnetic QUIC trap

After the mode-matching process the atomic cloud is denser and colder, with 𝑇 ≈
50 µK and 4×108 atoms, and the atoms are in the |𝐹 = 2, 𝑚𝐹 = 2⟩ magnetically trappable
state. Now, all the light is switched off and starts the confinement in a conservative trap
(magnetic trap in our case).
In references (109, 112) it can be found the mechanism of magnetic trap. Basically, the magnetic potential (𝑉𝐵 ) felt by the atoms is proportional to the magnetic field
magnitude (𝐵), depends on the hyperfine atomic state (𝐹 ) and the Zeeman level (𝑚𝐹 ):
𝑉𝐵 = −𝜇𝐵 𝑔𝐹 𝑚𝐹 𝐵, where 𝜇𝐵 is the Bohr magneton and 𝑔𝐹 is the Landé g-factor, for the
𝐹 = 2 state, the Landé g-factor is 𝑔𝐹 = 1/2.
We catch the atoms in the magnetic trap by turning on abruptly the quadrupole
field with a magnetic field gradient of 75 G/cm. Then, we linearly increase the gradient to
330 G/cm during 400 ms. The initial gradient value, that we call catching field, is adjusted
to have the higher atom number transferred from the MOT2 to the MT. The compression
caused by this gradient ramp heats the cloud. The sample temperature at the end of this
process is 250 µK.
It is impossible to reach the BEC in a quadrupolar magnetic trap because the
magnetic potential minimum is a point of zero magnetic field. In this region, the atoms
can suffer Majorana transitions. (113) This changes the atom state to a non-trappable one,
which expels the atom from the trap. To solve this problem some techniques (25,114–116)
were developed. We use a configuration similar to reference (116), in our experiment.
We add a coil (Ioffe coil) with the principal axis orthogonal to the quadrupole axis.
This quadrupole-Ioffe configuration (QUIC) allows to create a harmonic magnetic trap.
Figure 6(a) present a drawing of the QUIC trap.
We transfer the atoms from the quadrupolar magnetic trap to the QUIC trap by
slowly increasing the Ioffe coil current from zero to 25.1 A during 600 ms. Figure 6(b)
shows the total magnetic field magnitude as a function of the 𝑥-direction, during this
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Figure 6 – Quadrupole-Ioffe configuration (QUIC) magnetic trap. (a) Schematic draw of the
QUIC trap. (b) Magnetic field magnitude as a function of the 𝑥-direction, for the
magnetic capture (black solid line) and during the transference from the MT (red
dotted line) to the harmonic QUIC trap (purple long-dashed line).
Source: By the author.

transference. Initially, the magnetic field minimum position moves towards the Ioffe coil
and a second minimum appears close to the Ioffe coil. Increasing even more the current,
this two minimum get closer. Finally, when the current reaches the final value, the two
minimum disappear and a potential with just one non-zero magnetic field is created. At
this point, the atoms are displaced 8 mm towards the Ioffe coil and the trap potential,
around the magnetic field minimum position, is harmonic:
𝑉 (𝑥, 𝑦, 𝑧) = 𝑉0 +

𝑚 2 2
(𝜔𝑥 𝑥 + 𝜔𝑦2 𝑦 2 + 𝜔𝑧2 𝑧 2 ) ,
2

(3.1)

where 𝑉0 is the non-zero potential minimum value (which corresponds to a magnetic field
of around 1.45 G), named magnetic trap bias, and the trap frequencies in our experiment
are: 𝜔𝑥 = 2𝜋 × 21.1(1)Hz, 𝜔𝑦 = 2𝜋 × 189.3(2)Hz and 𝜔𝑧 = 2𝜋 × 187.1(4)Hz. Note that
𝜔𝑦 ≈ 𝜔𝑧 ≫ 𝜔𝑥 . Traps with this axial symmetry are called cigar-shaped traps. The radial
frequency can be approximated to 𝜔𝑟 = 2𝜋 × 188.2(3)Hz, thus the trap aspect ratio is
𝜔𝑥
𝜔𝑟

≈ 19 .
In the QUIC trap the cloud has 2 × 108 atoms with a temperature around 300 µK.

The next stage to reach the quantum degeneracy is a RF-evaporative cooling. However,
before describe this process, it is necessary to explain our diagnostic technique by absorption image which is essential to measure the efficiency of all the processes described here,
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as well as to observe the Bose-Einstein condensation.

3.6

Absorption imaging

The methods to extract information from an atomic cloud are based on the atomlight interaction. (111) In our experiment, we implement the absorption image technique
during time-of-flight (TOF). The atoms are released from the trap and imaged in free
expansion after a TOF. The absorption image consists in shine the atoms with a probe
beam pulse (≈ 40 µs) and imaging its corresponding intensity profile. The probe beam is
resonant with the 52 𝑆1/2 (𝐹 = 2) → 52 𝑃3/2 (𝐹 = 3) transition. The atomic cloud absorbs
part of the light leaving a shadow in the beam. Then, the beam pass through a telescope
lens system and the shadow is imaged in a CCD camera (PCO pixelfly qe). This shade is
the cloud absorption profile and it is proportional to the atomic density. Two more images
are captured by the CCD camera, one containing only the probe beam (without atoms)
and the other containing just the background light. As illustrated in Figure 7, we calculate
˜ 𝑦) =
a normalized absorption image by combining these three images: 𝐼(𝑥,

𝐼𝑎𝑡𝑜𝑚𝑠 −𝐼𝑏𝑎𝑐𝑘
,
𝐼𝑝𝑟𝑜𝑏𝑒 −𝐼𝑏𝑎𝑐𝑘

where 𝐼𝑎𝑡𝑜𝑚𝑠 , 𝐼𝑝𝑟𝑜𝑏𝑒 and 𝐼𝑏𝑎𝑐𝑘 are the beam with atoms, probe beam and background
images, respectively.
The light absorption by the cloud can be described by the Beer-Lambert law. The
intensity of a beam propagating along 𝑧, 𝐼(𝑥, 𝑦), through an absorptive medium of density
𝑛(𝑥, 𝑦, 𝑧), is written as:
𝐼(𝑥, 𝑦) = 𝐼0 (𝑥, 𝑦) 𝑒−𝜎0 𝑛˜ (𝑥,𝑦) ,

(3.2)

where 𝐼0 (𝑥, 𝑦) is the initial probe beam intensity, 𝜎0 is the resonant cross section for light
absorption (for

87

Rb atoms, 𝜎0 ≈ 1.36 × 10−9 cm2 ) and 𝑛
˜ (𝑥, 𝑦) is the column density of

the cloud,
𝑛
˜ (𝑥, 𝑦) =

∫︁

𝑛(𝑥, 𝑦, 𝑧)𝑑𝑧 .

(3.3)
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˜ 𝑦). We show the
Figure 7 – Image processing to obtain the normalized absorption image, 𝐼(𝑥,
image of the probe beam with atoms, the probe beam image and the background
image. We subtract the third image from the other and we divide both results, which
originate the normalized image.
Source: By the author.

From Equation (3.2), we can define
(︃

𝐼(𝑥, 𝑦)
OD(𝑥, 𝑦) = 𝜎0 𝑛
˜ (𝑥, 𝑦) = − ln
𝐼0 (𝑥, 𝑦)
the optical density profile of the cloud. Note that

𝐼(𝑥,𝑦)
𝐼0 (𝑥,𝑦)

)︃

(3.4)

,

is the normalized absorption image.

Thus, the optical density can be evaluated directed from the experimental measurement
by the normalized image.
It is possible to extract the cloud dimensions, number of atoms and temperature
by fitting the OD(𝑥, 𝑦) image with the theoretical function for the optical density of the
cloud distribution. (111,117) In what follows, we describe the analysis of a thermal cloud,
a condensate cloud and a “bimodal” cloud.

3.6.1

Thermal cloud

The velocity distribution of the atoms in a thermal cloud can be described with the
classical Maxwell-Boltzmann distribution. Thus, during time-of-flight, the optical density
for a thermal cloud is a Gaussian function:
ODth (𝑥, 𝑦) =

OD0th

(𝑥 − 𝑥0 )2 (𝑦 − 𝑦0 )2
−
exp −
2𝜎𝑥2
2𝜎𝑦2
[︃

]︃

(3.5)
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where, OD0th is the distribution peak value, 𝑥0 and 𝑦0 are the cloud center-of-mass, 𝜎𝑥
and 𝜎𝑦 are the cloud radii. All these parameters are obtained from the fitting of the
experimental image with this Gaussian function.
The number of atoms in the thermal cloud can be calculated from

𝑁th =

∫︁

𝑛(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 =

1 ∫︁
ODth (𝑥, 𝑦)𝑑𝑥𝑑𝑦 ,
𝜎0

(3.6)

which results in:
𝑁th = 2𝜋

OD0th
𝜎𝑥 𝜎𝑦 .
𝜎0

(3.7)

The sample temperature is another important information that can be extracted
from the thermal cloud. During time-of-flight, 𝑡, the cloud radii expand balistically, 𝜎𝑖 =
𝜎𝑖0 +𝑣𝑖 𝑡, where 𝜎𝑖0 is the initial radius in each 𝑖-direction. The expansion velocity is related
to the temperature,

𝑘𝐵 𝑇𝑖
2

=

𝑚𝑣𝑖2
.
2

For a sufficiently large time-of-flight∗ (greater than 10 ms,

in our experiment) we can assume that 𝜎𝑖0 ≪ 𝜎. Thus 𝜎𝑥 ≈ 𝜎𝑦 ≡ 𝜎, what results in a
temperature:
𝑚
𝑇 =
𝑘𝐵

3.6.2

(︂ )︂2

𝜎
𝑡

(3.8)

.

Condensate cloud

As discussed in Section 2.2.1, the density distribution of a pure BEC cloud inside
a harmonic potential has a parabolic profile, in the Thomas-Fermi limit. Even after expansion, the cloud is still described by this profile. (118) Thus, the optical density for a
pure BEC cloud is an integration of this density distribution along the probe direction,
which results in the 2D Thomas-Fermi (TF) function,
⎧[︃
⎨

(𝑥 − 𝑥0 )2 (𝑦 − 𝑦0 )2
ODTF (𝑥, 𝑦) = OD0TF max 1 −
−
⎩
𝑅𝑥2
𝑅𝑦2
∗

]︃3/2

⎫
⎬

, 0

(3.9)

,

⎭

For a gas initially trapped in a harmonic trap with frequencies 𝜔𝑖 this happens when 𝑡 ≫

1
𝜔𝑖 ,

∀ 𝑖.
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where OD0TF is the distribution peak value, 𝑥0 and 𝑦0 are the cloud center-of-mass, 𝑅𝑥
and 𝑅𝑦 are the BEC radii. All these parameters are obtained from the fitting of the
experimental image with this TF function.
Similarly to Equation (3.6), the number of atoms in the BEC is obtained by:

𝑁0 =

3.6.3

2𝜋 OD0TF
𝑅𝑥 𝑅𝑦 .
5 𝜎0

(3.10)

Bimodal cloud

Below the critical temperature, the atomic cloud has two components, the normal
cloud (thermal atoms) and the quantum cloud (BEC atoms), this is the reason to call
as “bimodal” cloud. The optical density of a this cloud can be written with a bimodal
function,

OD(𝑥, 𝑦) = ODth (𝑥, 𝑦) + ODTF (𝑥, 𝑦) ,

(3.11)

where ODth (𝑥, 𝑦) and ODth (𝑥, 𝑦) are defined by Equations (3.5) and (3.9).
The thermal cloud temperature can be evaluated from Equation (3.8) and the
total number of atoms in the cloud is calculate from:

𝑁 = 𝑁th + 𝑁0 = 2𝜋

OD0th
2𝜋 OD0TF
𝜎𝑥 𝜎𝑦 +
𝑅𝑥 𝑅𝑦 .
𝜎0
5 𝜎0

(3.12)

The processes involved in the condensate production, described in previous sections, was optimized by evaluating the number of atoms, the cloud temperature and
the cloud size. In the following section we will describe the evaporative cooling process.
A runaway evaporation, where the decrease in temperature results in an increase of the
phase-space density and the elastic collision rate, leads to the Bose-Einstein condensation.
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Figure 8 – Illustration of the Zeeman level shifts for different magnetic field value inside the
QUIC trap. The high energy atoms reach higher magnetic field values, thus the
Zeeman level shifts are greater than the less energetic atoms.
Source: By the author.

3.7

Evaporative cooling and the BEC

The evaporative cooling is done by selectively removing the hottest atoms of the
atomic velocity distribution, at a given temperature 𝑇 , and letting the cloud rethermalize
at a lower temperature. Performing the evaporative cooling in a continuous way allow
to reach colder samples (23, 119) and it is fundamental to produce condensate clouds.
Evaporative cooling of trapped atoms was developed as a technique to cool hydrogen.
(53, 120, 121) Here, we briefly summarize the basic aspects of evaporative cooling of magnetically trapped atoms using radio frequency (RF) radiation, for more details please see
(23, 122) reviews.
In magnetic traps, we can perform a RF-forced evaporative cooling. In this process,
the Zeeman levels energy dependence with the magnetic field allow to remove selectively
the atoms. The high energy atoms (hottest atoms) will reach higher magnetic fields in the
trapping potential, as a consequence, the energy shift between the 𝑚𝐹 and 𝑚𝐹 ±1 level is
greater than the less energetic atoms (coldest ones). Figure 8 shows an illustration of the
Zeeman levels shifts for different magnetic field values, in the harmonic potential.
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Figure 9 – RF-forced evaporative cooling. (a) RF ramp used to produce a BEC, it is composed
by 5 linear ramps delimited by the circles. (b) Normalized absorption image of the
cloud for different points of the RF ramp, showing the atoms number, the cloud
temperature and, after the BEC transition, the condensation atoms fraction (𝑁0 /𝑁 ).
Source: By the author.

The RF radiation with an initially large frequency induces 𝑚𝐹 → 𝑚𝐹 −1 transitions
in the higher energetic atoms, transferring then to a non-trappable state, which removes
them from the trap. The remaining cloud will thermalize at a lower temperature. Then,
the atoms reaches a magnetic field value lower than before. Now, to remove the hottest
atoms in that colder cloud, the radio-frequency should have lower energy. Decreasing the
RF-frequency, continuously, in a rate following the cloud thermalization, we get a colder
and denser cloud. Figure 9(a) shows the radio-frequency ramp in our experiment.
We evaluate the phase-space density (PSD) and the elastic collision rate (𝛾𝑒𝑙 ) to
optimize the evaporative cooling process. The phase-space density is PSD = 𝑛𝜆3𝑑𝐵 , where
𝑛 is the atomic density and 𝜆𝑑𝐵 is the thermal de Broglie wavelength. The elastic collision
rate is 𝛾𝑒𝑙 = 𝑛𝜎𝑒𝑙 𝑣, where 𝜎𝑒𝑙 is the elastic collision cross section and 𝑣 is the average
thermal velocity. In a harmonic potential: PSD ∝

𝑁
,
𝑇3

𝑛∝

𝑁
𝑇 −3/2

and 𝑣 ∝ 𝑇 1/2 . (61) In

order to better optimize the evaporative cooling process, we divide the RF ramp in several
linear ramps, as shown in Figure 9(a). With this we are able to control the initial and
final frequencies value, besides the frequency scan rate during each ramp.
To reach quantum degeneracy, the phase-space density has to be greater than or
equal to 2.612. (58) Thus, a run-away evaporative cooling allows us to keep constant or
increase the collision rate between the atoms and increase the phase-space density until
the Bose-Einstein condensation is obtained. Figure 9(b) presents absorption images of
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Figure 10 – Absorption image profiles during the BEC transition. The numeric index above each
cloud correspond to the marked images from Figure 9(b).
Source: By the author.

the atomic cloud for different points in the RF ramp, showing the atom number and
temperature of the cloud crossing the condensation critical point at 𝑇𝑐 ≈ 290 nK, in our
experiment.
Figure 10 shows absorption image profiles of the cloud for different temperatures.
At higher temperatures, when the sample is completely thermal (i), its density profile is a
Gaussian curve. Decreasing the temperature below the critical point (ii)-(iv), we observe
a parabolic peak surrounded by a Gaussian profile. The parabolic peak corresponds to
the condensed component while the Gaussian are the thermal atoms. This distribution is
known as bimodal distribution, as explained in Section 3.6.

3.8

Excitation system

One research interest in our experiment is to analyze the effects caused by an external perturbation in a Bose-Einstein condensate. In particular, we investigate the mechanism of transferring angular momentum to the BEC, producing vortices and routes for
the generation of quantum turbulence. (33) In our experiment, the excitation is produced
by superimposing an oscillatory magnetic field with the trapping potential. A simulation
of the effect caused by these coils can be found in reference (31) and it has been shown that
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Figure 11 – Schematic drawing of the excitation system in the (a) 𝑥𝑦 plane and (b) 𝑥𝑧 plane.
Source: By the author.

this excitation produces a combination of translation, rotation and spatial deformation of
the trapping potential.
The oscillating magnetic field is generated by a pair of coils in anti-Helmholtz
configuration. We apply to the coil an ac-current 𝐼 = 𝐼0 [1 − cos(2𝜋𝑓𝑒𝑥𝑐 𝑡𝑒𝑥𝑐 )], where 𝑓𝑒𝑥𝑐 is
the excitation frequency, 𝐼0 is maximum excitation current and 𝑡𝑒𝑥𝑐 is the time interval in
which the perturbing magnetic field is turned on (excitation time). One of these excitation
coils is fixed close to the Ioffe coil, the other we can move in all spatial directions. Figure 11
shows an schematic drawing of the excitation system.
We perform the BEC perturbation in this way: as soon as the evaporative cooling
ends and with the BEC still inside the QUIC trap, we turn on the oscillatory magnetic
field. After the excitation time, only the perturbing field is turned off and the condensate
is let free to move within the harmonic potential, during a period that we call hold time.
Finally, we turn off the harmonic trap, the cloud expands in time-of-flight and we obtain
the image of the cloud, as described in Section 3.6. With this procedure, the parameters
that we can vary to investigate the perturbation effect in the condensate are: the spatial
configuration of the coils, the excitation frequency, the amplitude of excitation (controlled
by the maximum excitation current, 𝐼0 ), the excitation time, and the hold time.
Previous studies in our laboratory have shown that it is possible to induce collective

3.8. Excitation system

71

excitations (99), produce quantized vortices (31) and quantum turbulence (33) in the BEC
with the excitation system described here. In those works, the excitation parameters
(spatial configuration of the excitation coils, frequency and hold time) were fixed. In
this thesis, we varied the excitation coils position to have a better perturbation in the
BEC and we changed the excitation parameters to study the excitations generated in the
condensate.
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4 Excitation of collective modes by
an oscillatory perturbation
In this chapter we describe results related to the perturbation of a Bose-Einstein
condensate with an oscillatory magnetic field. These results are related to the experimental
observation of collective modes that are excited in the BEC. We observed a non-linear
behavior to efficiently excite the quadrupole mode, indicating the necessity of a minimum
energy to couple this mode in the cloud.

4.1

Setting the excitation system

Using the excitation system described in Section 3.8, we were able to excite collective modes of the BEC. The first step was to adjust the relative position of the excitation
coils. Then, we applied an ac-current, with fixed amplitude 1.2 A and frequency 189 Hz for
31.8 ms of excitation time, which corresponds to 6 periods of excitation. The oscillating
current was turned off and the cloud was allowed to evolve in the harmonic trap during
a hold time of 30 ms. The trap was switched off, leaving the cloud to expand freely for
20 ms. We observed the condensate by performing a standard absorption image with a
weak probe beam in a CCD camera.
From that, we started to adjust the coils position. Depending on their relative
position, the cloud was observed at different places in the image. To optimize the position
of the excitation coils, we watched the position of the excited BEC center-of-mass (CM)
relative to the non-excited one. The coils position was adjusted in order to create the
largest displacement of the CM. After this procedure, the final configuration of the coils
is shown in Figure 12.
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Figure 12 – Schematic drawing of the excitation coils setup used to study the collective modes.
(a) 𝑥𝑦 plane and (b) 𝑥𝑧 plane.
Source: By the author.

For this configuration, the relation to convert current in magnetic field gradient
mG
is, approximately, 420 cm·A
. The perturbation of this excitation field in the trapped BEC

can be expressed in terms of the chemical potential, 𝜇. In our system, 𝜇 ≈ 100 nK and
the perturbation field is around of 100𝜇/A.

4.2

Setting the excitation frequency

The excitation coils position were locked in place, as described in Section 4.1.
To set the excitation frequency, we investigated the dependency of the center-of-mass
dislocation as the oscillatory excitation evolves, for three different excitation frequency.
We fixed the excitation amplitude at 315 mG/cm and the perturbation field is
applied during an excitation time. The Fig. 13 shows the dependence of the center-ofmass position as a function of the excitation time, for three excitation frequencies. For a
fixed frequency, the system answer like a driven harmonic oscillator as the perturbation
field is turned on. It is remarkable that for frequencies close to the radial trap frequency
(𝑓𝑟 ≈ 189 Hz) the system is resonant and the CM displacement is maximum, as shown in
Fig. 13 (b). This is the reason that we choose a fixed excitation frequency at 189 Hz to

4.3. Observation of collective modes
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Figure 13 – Driven oscillations. Center-of-mass position as a function of the excitation time for
three excitation frequencies: (a) 𝑓exc = 170 Hz, (b) 𝑓exc = 194 Hz and (c) 𝑓exc =
260 Hz.
Source: By the author.

perform the following experiments.

4.3

Observation of collective modes

After the procedures described in Sections 4.1 and 4.2, we started to investigate
the effects induced by an oscillatory magnetic field in a trapped BEC. To perform this
experiment, we started with a BEC containing about 𝑁0 = 1.8(1) × 105 atoms with
𝑁0
𝑁

= 0.70(5) of condensate fraction. In order to excite the trapped BEC, a sinusoidal

76

Chapter 4. Excitation of collective modes by an oscillatory perturbation

Figure 14 – Typical images acquired during the experimental runs. Normalized absorption images of the excited BEC evolving in-trap, after certain hold time (shown on the
bottom of each image). The excitation amplitude was about 470 mG/cm and the
images were taken after 20 ms time-of-flight. It is noticeable a movement of the
cloud center-of-mass and a variation on the condensate shape as the hold time is
increased.
Source: By the author.

magnetic field gradient is turned on and superimposed on the atoms right after the BEC is
produced. The magnetic field gradient oscillates from zero to a maximum value, which we
named as “excitation amplitude”. In this experiment, we scanned the excitation amplitude
from 75 mG/cm to 790 mG/cm. For a fixed excitation amplitude, the extra magnetic field
oscillates with a frequency of 189 Hz during 6 full cycles and then it is switched off.
The cloud was held trapped during a hold time, 𝑡hold , which varied from 30 ms to 50 ms.
Finally, the magnetic trap was switched off and the excited BEC was imaged after 20 ms
of TOF. In Figure 14, we present a sequence of typical BEC images produced by exciting
the condensate with about 470 mG/cm, for six different hold times.
As we can see in Figure 14, the cloud’s center-of-mass and its shape oscillates as the
hold time is changed. This characterizes the dipolar and the quadrupolar collective modes
of the condensate, respectively. In the following section, we will present a quantitative
analysis of these modes.

4.4. Results and discussions

4.4

77

Results and discussions

To study the low-lying collective excitations (dipolar and quadrupolar), we followed
the center-of-mass motion and the BEC shape, as a function of the hold time. In order
to quantify the condensate shape, we evaluate the aspect ratio, 𝐴𝑅 =

𝑟𝑦
,
𝑟𝑥

where 𝑟𝑦 and

𝑟𝑥 are the BEC radius in 𝑦 and 𝑥 direction, respectively. The condensate CM position
and the BEC radii are determined from the image files, which are fitted by a bimodal
function, as explained in Section 3.6.
The dipolar and quadrupolar mode analysis are shown in Figure 15, for four different excitation amplitudes. In Figure 15(a), the center-of-mass oscillation is presented,
corresponding to the condensate dipolar mode. Note that the energy pumped by the excitation not only increases the amplitude of the dipolar mode, but also shifts the phase of
the sinusoidal CM motion. The phase originates from the initial position where the cloud
is left in the trap, after the excitation field was switched off.
The 𝐴𝑅 evolution in hold time is shown in Figure 15(b). One can see that the
𝐴𝑅 oscillates as a function of the hold time, which corresponds to one of the quadrupolar modes. We note that the amplitude and phase of this oscillation increase with the
excitation amplitude.
We measure the cloud heating during these oscillations by calculating the condensate fraction (𝑁0 /𝑁 ) during the hold time evolution. This result is presented in Figure 16.
Comparing the BEC fraction for the non-excited and the perturbed BEC, we conclude
that the excitation field produces a heating of about only 20% of the non-perturbed
BEC. Moreover, during the hold time evolution, the BEC fraction reduces equality for
both cases, showing that the observed small heating is caused by trap losses and it is not
an effect related to the excited BEC.
The data presented in Figure 15 were fitted using sinusoidal functions from where
we obtained the amplitude and the frequency of the observed collective modes, for each
excitation amplitude. We plotted these results, as shown in Figure 17, as a function of
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Figure 15 – Low-lying collective excitation modes. (a) The center-of-mass and (b) the 𝐴𝑅 as
a function of the hold time, for 4 different excitation amplitudes, corresponding to
the dipolar mode and the quadrupolar mode, respectively.
Source: Adapted from FRITSCH. (123)

the excitation amplitude.
The dipolar and quadrupolar mode frequencies as a function of the excitation
amplitude are presented in Figure 17(a). The measured collective modes frequencies are
𝑓𝑑 = 185(3) Hz for the dipolar mode, and 𝑓𝑞 = 375(8) Hz for the quadrupolar mode. We
can see that the dipolar mode frequency matches the radial trap frequency,
quadrupolar frequency is approximately 2 ·

(︁

𝜔𝑟
2𝜋

)︁

𝜔𝑟
,
2𝜋

and the

, which corresponds to the 𝑚 = 0 fast

quadrupolar mode (also called breathing mode) . These frequencies are in good agreement
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Figure 16 – BEC fraction (𝑁0 /𝑁 ) as a function of hold time for a equilibrium BEC (blue squares)
and a perturbed BEC (magenta circles) with excitation amplitude 550 mG/cm.
Source: By the author.

with the theoretical prediction presented and discussed in Section 2.3. For excitation
amplitudes lower than 400 mG/cm these measured frequencies remain mostly constant
with just a slight decrease (2–3%) for larger amplitudes. Similar observations about the
collective modes frequency shifts were seen before. (115,124) For nearly pure condensates,
the thermal excitations does not affect the condensate excitation spectrum. (124)
The center-of-mass and 𝐴𝑅 oscillation amplitude dependency with the excitation
amplitude are shown in Figure 17(b). The dipolar mode is easily excited even for low
excitation amplitudes. The CM oscillation amplitude proportionally increases with the
excitation amplitude. On the other hand, the 𝐴𝑅 oscillation amplitude presents an interesting non-linear behavior for excitation amplitudes lower than 400 mG/cm, starting from
zero, and having a large linear increase for higher amplitudes. This observation suggests
that there may be a minimal energy to efficiently switch the quadrupolar mode on. We
do not have yet a theoretical explanation for this observation, and new experiments (and
studies) are needed to fully understand this phenomenon.
By observing the dipolar results shown in Figure 17(b), we conclude that the
condensate is pushed farther away from the trap bottom, as the perturbation amplitude
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Figure 17 – Collective modes frequency and amplitude dependency with the excitation amplitude. (a) Dipolar and quadrupolar mode frequencies versus the perturbing amplitude. (b) Condensate CM and 𝐴𝑅 oscillation amplitude as a function of the
excitation amplitude.
Source: Adapted from FRITSCH. (123)

increases. In a QUIC trap, being far from the trap bottom, means that the BEC reaches
the anharmonic region. These outer trap regions present much steeper gradient field and
curvature, which compress the cloud, than are more favorable to produce shape oscillations
observed in the BEC. In other words, as the cloud travels far from the trap bottom (i.e.
with higher dipolar oscillation) the quadrupolar mode is more likely excited. This is
consistent with the observation of a change in the curvature shown in Figure 17(b) for
the quadrupolar mode. Beyond that, we believe that the steep gradient regions might be
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Figure 18 – Image sequence of excited cloud for different time-of-flights (shown below of each
image). The excitation amplitude and hold time was fixed in 550 mG/cm and 20 ms,
respectively.
Source: By the author.

inducing the dephasing observed in Figure 15. This complex coupling dynamics seems to
be particular to our excitation system. It may also be the key to the better understand
of the vortex nucleation and the turbulence emergence observed in previous experiments.
(33, 34, 125)
It is important to present a final important observation. For amplitudes larger than
400 mG/cm the perturbed condensate exhibits topological defects. To better visualize
such defects, we take images of excited clouds for different time-of-flight. A typical TOF
sequence is presented in Figure 18, where we fixed the hold time and the excitation
amplitude to 20 ms and 550 mG/cm, respectively.
We investigate the aspect ratio (A.R.) evolution during the time-of-flight for different excitation amplitudes and hold time. Figure 19 present the results for the non-excited
BEC and three excitation amplitudes: 79 mG/cm, 314 mG/cm and 550 mG/cm. For the
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Figure 19 – Aspect ratio (A.R.) evolution during time-of-flight expansion for different excitation
amplitudes. Each panel corresponds to a specific hold time: (a) 32 ms, (b) 33 ms, (c)
34 ms and (d) 35 ms.
Source: By the author.

non-perturbed BEC and for a BEC excited with low amplitude, we observed the typical
aspect ratio inversion curves during TOF expansion. However, for higher amplitudes the
aspect ratio is constant during time-of-flight. Moreover, the Figures 19(a)-(d) are taken
for different hold time (respectively 32 ms, 33 ms, 34 ms and 35 ms) showing that the observed behavior does not depend on the hold time, which means that it is not related to
the collective mode oscillation.
We can make two observations about the TOF sequence presented in Figure 18
and the results in Figure 19:
(i) For time-of-flight longer than 25 ms we can better see topological defects in the
condensate, which suggests the existence of vortices or a turbulent state in some cases.
(ii) This TOF expansion shows the aspect ratio non-inversion, an observed char-
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acteristic of turbulent BEC clouds. (33)
Motivated by these observations, we decided to study this turbulent regime. For
this purpose, we want to investigate the energy spectrum of this cloud. However, it is
difficult to obtain, directly, this spectrum from time-of-flight measurements. A possible
alternative is to measure the cloud momentum distribution after an expansion in time-offlight (57,100), which is related to the energy distribution of the cloud. In the next chapter,
we will describe the analysis of the momentum distribution of the excited BECs.
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5 Momentum distribution of a perturbed BEC
In this chapter, the momentum distribution of a perturbed BEC is investigated as a
function of the excitation parameters (i.e. hold time and excitation amplitude). We show
a coupling between the momentum distribution curves and the quadrupolar collective
mode. This effect might be a more prosaic explanation for the apparent discrepancy in
Kolmogorov’s power law observed in (57) a previous work.The results presented here also
were part of a master thesis. (126)

5.1

Introduction

Turbulence can be characterized by a very specific momentum distribution with
a well defined power-law behavior, known as the Kolmogorov scaling law (127), Equation (2.41). This behavior has been seen in classical turbulence (79), quantum turbulence
in superfluid liquid Helium (128) and predicted to take place in quantum turbulence in
atomic superfluids. (97) The emergence of Quantum Turbulence (33) in a
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Rb Bose-

condensed sample has immediately raised the question on how to obtain the momentum
distribution to investigate the similarities and differences with other turbulent systems,
either classical or quantum.
In a previous work (57), where the momentum distribution of turbulent clouds
was analyzed, they have observed a power law in the momentum distribution with an
exponent that did not match the one expected from a Kolmogorov power law, −5/3, but
is on the order of −3. In that work, they did not do any analysis changing the excitation
parameters, like the hold time and excitation amplitude.
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Methodology to compute the momentum distribution from an expanded cloud

We use a procedure similar to previous works (57, 100) to compute the cloud’s
momentum distribution. In this section, we present this procedure.
An initial consideration is about the free expansion of a regular BEC (without
vortex) and a BEC with vortices (or in a turbulent regime). After long time-of-flight
(TOF > 10 ms), it was shown (57,100,129) that the kinetic energy predominates over the
interaction energy and rotational energy (from the vortices). This results that the atoms
position will be approximated by
r(𝑡) =

~𝑡
k ,
𝑚

(5.1)

where 𝑡 is the TOF, 𝑚 is the atomic mass and k is the in situ atomic momentum. This
means that the atomic density distribution, 𝑛(r), after a long free expansion, can be used
to map its in situ momentum distribution, 𝑛(k).
Experimentally, we obtain the atomic density distribution from an absorption image in TOF. This image is an integrated column density in the probe direction, which gives
a 2D density profile, 𝑛(𝑥, 𝑦). Therefore, we can compute a 2D momentum distribution,
𝑛′ (|𝑘 ′ | = 𝑘 ′ ).
From the absorption image of an expanded cloud, represented in Figure 20, we
can define a function 𝐺(𝑟′ ) as the number of atoms in a region between 𝑟′ and 𝑟′ + 𝛿𝑟′ ,
represented by the dark area of Figure 20, where 𝑟′2 = 𝑥′2 + 𝑦 ′2 . The function 𝐺(𝑟′ ) is the
integral of the density inside a ring with thickness 𝛿𝑟′ ,
′

𝐺(𝑟 ) = 2𝜋

∫︁ 𝑟′ +𝛿𝑟′
𝑟′

𝑛(𝑟′ )𝑟′ 𝑑𝑟′ ,

(5.2)

and it is normalized by the cloud total number of atoms, 𝑁 .
If the ring thickness is very small (𝛿𝑟′ ≪ 𝑟′ ), the bulk density variation inside the
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Figure 20 – Illustration about the method to compute 𝐺(𝑟′ ). The atomic density distribution,
𝑛(𝑥, 𝑦), is pictured by the blue region. The dark area represents the region that will
give 𝐺(𝑟′ ) for a radius 𝑟′2 = 𝑥′2 + 𝑦 ′2 .
Source: By the author.

ring is smooth. In this way, from Equation (5.2) we obtain
𝑛′ (𝑘 ′ ) ≈ 𝐶

𝐺(𝑘 ′ )
,
𝑘′

(5.3)

where we used Equation (5.1) to map position with the in situ momentum, and the
constant 𝐶 is determined by the normalization,
∫︁

𝑛′ (𝑘 ′ )𝑘 ′ 𝑑𝑘 ′ = 𝑁 .

(5.4)

Thus, to determine the projected momentum distribution, 𝑛′ (𝑘 ′ ), we use the Equation (5.3). At this point, it is important to emphasize that the obtained momentum distribution, 𝑛′ (𝑘 ′ ), represents a 2D-projected momentum distribution, since the absorption
image is a 2D integrated projection of the actual density distribution. While previous
work (57) explained a way to recover the full momentum distribution, through an Abel
transformation of 𝑛′ (𝑘 ′ ), here we restrict ourselves to the projected momentum distribution since it is enough to illustrate the effects we want to describe. In the next section,
we present the results of the projected momentum distribution for a perturbed BEC, as
a function of hold time and excitation amplitude.
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Figure 21 – Eliminating dipolar and scissors mode effect. (a) full absorption image. (b) Image
centered in the cloud center-of-mass showing the cloud major axis. (c) Tilded image
to match the cloud major axis with the picture vertical axis.
Source: By the author.

5.3

Momentum distribution coupled to the quadrupolar mode

We have used the same experimental dataset from which we analyzed the collective
modes, to investigate the projected momentum distribution of a perturbed condensate.
We analyze each image by centering in the cloud center-of-mass and tilting the
image to match the cloud major axis with the vertical axis of the picture, these two steps
are illustrated in Figure 21. With this simple procedure we immediately eliminate any
possible effect of the dipolar and scissors mode to our momentum distribution analyses.
From this point, we extract the projected momentum distribution of the cloud.
The Figures 22(a)-(b) presents momentum distributions, 𝑛′ (𝑘 ′ ), of the non-excited BEC
(black squares) and excited BECs (colored symbols) for different hold times.
We observed from Figures 22(a)-(b) a typical shape of the momentum distribution
curves (in log scale) for cold atoms, as observed in (57) previous work. For a non-excited
BEC (black square), the curve is almost constant for smaller 𝑘 ′ values and follows in a
smooth fall to zero. This behavior does not reveal any power-law and is characteristic of
a Thomas-Fermi distribution. (100) When the BEC is excited the curve is changed. If we
fix in one hold time, we can see that for smaller excitation amplitude, Figure 22(a), the
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Figure 22 – Projected momentum distribution of non-excited BEC (black squares) and excited BECs (colored symbols) for different hold times. (a) Non-turbulent cloud
(315 mG/cm of excitation amplitude). (b) Turbulent cloud (Excitation amplitude
equal to 470 mG/cm).
Source: By the author.

curve looks like a non-excited BEC curve, however, it is more spread in 𝑘 ′ values. For
higher excitation amplitude, Figure 22(b), 𝑛′ (𝑘 ′ ) is different from a non-excited BEC and
has a characteristic shape of a turbulent regime: this curve exhibits a plateau for smaller
momenta (the energy containing range), an almost linear decrease in the intermediate
region (the inertial range) and a sharp decrease in the maximum momentum value of the
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cloud (the dissipation range).
Now, if we fix the excitation amplitude and look how the curves change as the hold
time is varying (i.e., focus on one of the Figures 22(a)-(b) per time) we can observe that the
curve oscillates from a compressed curve (like a non-excited BEC) to a more widespread
one. Furthermore, in the turbulent regime, all three regions (the energy containing range,
the inertial range and the dissipation range) change their values and slopes as a function
of the hold time.
Therefore, the momentum distribution changes its shape as a function of the intrap evolution time, an aspect that has not been investigated in previous works. This
causes, in the linear decrease region, an slope dependence with the hold time. We can
explain the discrepancy obtained for the power-law results in previous work (57), where
they analyzed the momentum distribution of a turbulent cloud for a fixed hold time. In
other words, the excitation of the cloud normal modes modifies the size and shape of
the cloud and affect the momentum distribution. As mentioned before, during the 𝑛′ (𝑘 ′ )
analyses process, we remove any possible contribution of the dipolar and scissos mode,
in that sense, the quadrupolar mode is the responsible to hinders the actual momentum
distribution.
To verify this coupling between the momentum distribution and the quadrupolar
mode, we concentrate in the final maximum momentum region. We fixed a 𝑛′ (𝑘 ′ ) value
and studied how the momentum 𝑘 ′ , that gives the value 𝑛′ (𝑘 ′ ), change with respect to
the hold time. In this work, we set the value 𝑛′ (𝑘 ′ ) = 1 and analyzed its correspondent
momentum value, that we call 𝑘𝑛′ ′ (𝑘′ )=1 , as represented in Figure 22(b).
In Figure 23(a) we plot 𝑘𝑛′ ′ (𝑘′ )=1 as a function of hold time, for 470 mG/cm of excitation amplitude. We can see that 𝑘𝑛′ ′ (𝑘′ ) evolve sinusoidally with a frequency of 365(4) Hz,
which is equal to the quadrupolar mode frequency, as investigated in Chapter 4. The red
line gives the reference for a non-excited BEC.
Furthermore, for each excitation amplitude we fitted a sinusoidal function and
extracted the 𝑘𝑛′ ′ (𝑘′ )=1 oscillation amplitude. In Figure 23(b) we present the 𝑘𝑛′ ′ (𝑘′ )=1 os-
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Figure 23 – 𝑘𝑛′ ′ (𝑘′ )=1 oscillation as a function of the in-trap time, showing a sinusoidal behavior
with frequency matching the BEC quadruple mode frequency. (b) Amplitude of the
fitted oscillation as a function of the excitation amplitude, showing a non-linear
behavior as observed for the quadrupolar mode.
Source: By the author.

cillation amplitude as a function of the excitation amplitude. Comparing Figure 23(b)
with Figure 17(b) it is clear the same non-linear behavior as observed for the quadrupolar mode. (130) This gives an extra indication of the coupling between the momentum
distribution and the quadrupolar collective mode.
In conclusion, applying our method to extract the momentum distribution in a
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turbulent BEC, we observed a power-law behavior as expected by the Kolmogorov law.
Nevertheless, the slope in the intermediate region is dependent of the quadrupolar mode.
The main consequence of this coupling is that we cannot extract a precise quantitative
analysis of the turbulent cloud momentum distribution. The further understanding of
this coupling might shine some light on how to decouple them and eventually on the
understanding of the momentum distribution of Bose-Einstein condensates under various
conditions, in particular displaying vortices and turbulence.
Another way to investigate the properties of quantum turbulence is by considering
its wave nature. It is well known that, during the expansion in time-of-flight, the condensate exhibits the so called aspect ratio inversion. This particular characteristic is a
manifestation of the BEC matter wave properties. However, as shown in Figure 18, the
expansion of a turbulent BEC happens in a self-similar way (i.e. the aspect ratio inversion
does not occurs). This different behavior infers that some of the matter wave proprieties
are affected by the large fluctuations in the density distribution of turbulent clouds. In
the next chapter, we will study the turbulent regime by considering its wave expansion
properties.
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6 Quantum turbulence and statistical atom optics
In this chapter, we analyze the properties of a turbulent atomic superfluid by
taking into account its matter wave nature. The randomness of amplitude and phase introduced in the turbulent cloud allows an analogy between the free expanding turbulent
cloud (disordered matter wave) and the propagation of a speckle light field (disordered
optical wave). The divergence during the propagation are compared to explain common
features for both waves. Second-order correlation proves the analogy of a turbulent atomic
cloud in expansion and the propagation of a speckle field creating new exciting possibilities
to understand the behavior of quantum matter coexisting with disorder. The propagation
of a three dimensional speckle field creates an unique opportunity to investigate this phenomenon in higher than two dimensions. This study had been developed in collaboration
with Prof. Robin Kaiser (INLN) and Prof. Dr. François Impens (UFRJ).

6.1

Motivation

The investigation of ultracold trapped atoms has motivated new exciting discoveries. Applications range from condensed matter to fundamentals of quantum theory.
(60, 131) Many-body physics has acquired a considerable advance including the possibility of quantum simulations with ultracold atoms. (12, 132) The propagation of coherent
atomic waves has been the object of various theoretical (133,134) and experimental studies
(135, 136), including the Anderson localization of matter waves in a disordered potential.
(11, 137) The superfluidity aspects of those systems was an important ingredient for investigation of quantized vortices. (30) An intriguing and exciting topic is the evolution of
a vortex distribution to a tangle configuration characterizing quantum turbulence (QT).

94

Chapter 6. Quantum turbulence and statistical atom optics

(138) The emergence of QT in trapped atomic superfluid (33, 34) opened up a new range
of possibilities to study. The low atomic density allows direct observation of the vortices
which can be detected with optical techniques, generating the possibility for the study of
individual events related to vortices interaction and to their overall dynamics.
In a trapped atomic gas, the confining potential can be suddenly switched off,
leaving the sample free to expand. This free expansion provides a clear signature of the
quantum degeneracy in experimental BEC production in anisotropic traps (118), the
aspect ratio inversion during time-of-flight. It also reveals the self-similar expansion, a
characteristic behavior of turbulent BEC. (33,139) Another important aspect of expanding
quantum fluids is that interactions are normally turned off after the first TOF (129),
letting the expanding cloud to preserve similar properties to the in situ structure.
On the other hand, the description of a propagating coherent Gaussian beam and a
speckle beam is a well established research area. (140,141) A propagating Gaussian beam
with an elliptical cross section will exhibit an aspect ratio inversion due to the different
divergence angles in the orthogonal directions. (142)
Beyond those propagation similarities, in the turbulent condensate the association
of tangled vortices results in large fluctuations of density and phase. The predominance
of vortices characterize the superfluid turbulence while only large fluctuations of density
characterize the wave turbulence. (143) We normally define the overall scenario as quantum turbulence in which energy flows between scales by the energy cascade. In any case,
the randomness and large deviation from equilibrium make the turbulent cloud a macroscopic combination of amplitudes and phases randomly distributed to the sample. Such a
picture of a turbulent cloud strongly reminds us of a speckle light field. The main characteristic of a speckle light field is that the speckle pattern arises from a sum of complex
statistically independent amplitudes bearing a random phase and module. (141)
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Equivalences between matter and optics waves

We compare the experimental results for the free expansion of a regular BEC and
turbulent condensate with numerical simulation results for the propagation of a coherent
Gaussian beam and a speckle beam, in free space. The numerical simulation was provided
in collaboration with Prof. Dr. François Impens (UFRJ) and Prof. Robin Kaiser (INLN).
In general lines, the Gaussian beam propagates in 𝑧 direction and it has an elliptical cross
section. The waists at the focal point are 𝑤0𝑥 and 𝑤0𝑦 in 𝑥 and 𝑦 direction, respectively.
These waists are chosen to have the same in situ BEC aspect ratio,

𝑤0𝑥
𝑤0𝑦

= 19 . For the

generation of the speckle beam, a speckle mask is introduced at the focal point of that
Gaussian beam, and its propagation is simulated from that point. Details about the
Gaussian beam propagation and speckle beam simulations can be found in (140, 141)
references. These results are summarized in Figure 24. We can see that the atomic clouds
expansion and the optical beams propagation have the same behavior.
For a traditional Bose condensed gas, Figure 24(a), a clear signature of the quantum degeneracy is the aspect ratio inversion during free expansion after the cloud is
released from an anisotropic trap. It is noticeable that for shorter TOF the BEC is elongated in one direction and for longer TOF it is elongated in the transverse direction.
This is very distinct from a thermal cloud in free-expansion, which always evolves to an
isotropic cloud (i.e. the aspect ratio tending to unit). For a turbulent quantum gas, Figure 24(a), a remarkable behavior is that it keeps the aspect ratio mostly unchanged in
free expansion. (33, 34, 139, 144)
Now, If we look the propagation of a Gaussian beam, Figure 24(c), it has an aspect
ratio inversion, like for a regular BEC. Furthermore, the simulation of the speckle beam
propagation, Figure 24(d), shows the same characteristic of turbulent clouds: the aspect
ratio is almost constant during expansion.
In order to compare the propagation of both waves, we analyze how their typical
dimensions evolve. The results for the free expansion of the turbulent and non-turbulent
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Figure 24 – Atomic cloud expansion and optical beam propagation. Sequence of three different
time-of-flight showing the expansion of a (a) regular BEC and (b) turbulent cloud.
Sequence of three different propagation distance showing the expansion of a (d)
Gaussian and (d) Speckle beam. The propagation distances 𝑧1 , 𝑧2 and 𝑧3 , are chosen
to the Gaussian beam aspect ratio match with the regular BEC one at the three
given TOFs in (a).
Source: By the author.

clouds are shown in Figure 25, where the cloud radii are plotted as a function of timeof-flight. For an equilibrium BEC in expansion, Figure 25(a), the initial smallest radius
(𝑅𝑦 ) expands faster than the longest one (𝑅𝑥 ) and the aspect ratio inversion occurs at
the crossing point around TOF = 8.5 ms. From this curves we can extract the expansion
rate for both directions: 𝑅˙ 𝑥BEC = 0.47(1) µm/ms and 𝑅˙ 𝑦BEC = 3.9(1) µm/ms.
On the other hand, for the turbulent cloud in free expansion, Figure 25(b), the
initial longest radius (𝑅𝑦 ) expands faster than the smallest one (𝑅𝑥 ), which means that the
aspect ratio never inverts. Thus the turbulent cloud indicates a self-similar expansion with
an aspect ratio almost constant during the whole expansion. In this case, the expansion
rates are: 𝑅˙ 𝑥Turb = 1.5(1) µm/ms and 𝑅˙ 𝑦Turb = 5.3(2) µm/ms. Here, we can note that
each direction expands faster than the regular BEC ones. Which leads to the relation
𝑅˙ 𝑖Turb > 𝑅˙ 𝑖BEC , in each 𝑖-direction.
The numerical simulation results for the propagation of an elliptical Gaussian light
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Figure 25 – Cloud expansion during time-of-flight. Cloud dimensions 𝑅𝑥 and 𝑅𝑦 along the 𝑥
and 𝑦 directions, as a function of the time-of-flight for a (a) regular BEC and (b)
turbulent BEC.
Source: By the author.

beam without or with speckles are presented in Figure 26, where the beam waists∗ are
plotted as a function of the propagation distance. For the coherent beam, Figure 26(a),
aspect ratio inversion occurs after some propagation distance, and for the speckle field
that does not happen, Figure 26(b), and the speckle beam propagates in a self-similar
shape. From these curves we can extract the beam divergence in each direction and for
both cases. The results for a coherent Gaussian beam are: 𝑤˙ 𝑥Gauss = 39.64(2) × 10−3 and
𝑤˙ 𝑦Gauss = 0.48(1) × 10−3 . In the speckle beam case, the divergences are: 𝑤˙ 𝑥Speckle = 0.098(5)
and 𝑤˙ 𝑦Speckle = 0.167(6). In the simulation of Figure 26, both beams started with same
elliptical cross section, 𝑤0𝑥 and 𝑤0𝑦 , and their evolution with the propagation is quite
distinct due to the presence of the speckle pattern. The speckle beam divergence is higher
than the coherent Gaussian beam. This leads to 𝑤˙ 𝑖Speckle > 𝑤˙ 𝑖Gauss , in each 𝑖-direction,
similar to the atomic cloud case.
Since the Gaussian beam (and speckle field) as well as the regular BEC (and
turbulent cloud) satisfy similar propagation equation, we analyze their features in an
unified approach. In terms of light propagation, let first consider a Gaussian coherent
laser beam propagating in space and consider that it has an elliptical cross section with
∗

The beam waists are numerically evaluated by the second moment of the beam intensity profile. (140)
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as a function of the propagation distance for a (a) coherent Gaussian and (b) speckle
beam. In the marked propagation distances 𝑧1 , 𝑧2 and 𝑧3 , the Gaussian beam aspect
ratio match with the regular BEC one at the three TOF of Figure 24(a).
Source: By the author.

waists 𝑤0𝑥 and 𝑤0𝑦 at the focal point. The divergence angle of the beam, in each 𝑖-direction,
is given by tan 𝜃𝑖𝑐 =

𝜆
,
𝑤0𝑖

where 𝜆 is the wavelength and 𝑐 refers to the coherent case. A

smaller waist at the focus leads to a larger divergence, with higher angle. Therefore, the
coherent laser propagation presents an inversion of the aspect ratio. This is equivalent
to the expansion of the equilibrium BEC, which also presents inversion of the aspect
ratio and agree with our observations above. If we consider the same elliptical beam, but
now with a speckle pattern on it, the divergence as it propagates is quite different. The
divergence angle for each direction is given by tan 𝜃𝑖𝑑 =

𝜆
,
ℓ𝑖

where ℓ𝑖 is the correlation

length in the 𝑖-direction and 𝑑 refers to the disorder case.
The data presented for the optical beams divergences, Figure 26, provides that
tan 𝜃𝑖𝑑 > tan 𝜃𝑖𝑐 . That occurs when ℓ𝑖 < 𝑤0𝑖 , i.e. for a beam with many speckle grains,
having a divergence angle larger for the case of speckle. With the atomic clouds data,
Figure 25, the expansion rates (equivalent to divergence angle) result in tan 𝜃𝑖𝑑 > tan 𝜃𝑖𝑐 ,
also given ℓ𝑖 < 𝑤0𝑖 for the matter wave propagation. Notice that for the matter wave, the
cloud radii is equivalent to the beam waists. Such consistent propagation behaviors and
this microscopic description, allow us to establish an analogy between the propagating
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speckle light field and the expansion of a matter wave originated from a turbulent quantum
gas.

6.3

Second-order correlation function

Another way to investigate the equivalences between the propagation of these
two waves is evaluating the second order correlation function. (141) In what follows, the
atomic density plays a role completely analogous to the optical intensity. In Figure 27,
we present the cross section intensity profile of a speckle field together with the density
absorption profile for the expanding turbulent cloud. The similarities involving amplitudes
distribution is clear. Note that the amplitude of fluctuations in the turbulent BEC density
profile is smaller than in the speckle beam intensity profile. The column integration in
the absorption image process reduces the amplitude of density variations.
Stating that intensity and density are equivalent quantities, we can evaluate the
density-density correlation function† , 𝑔 (2) , for the expanded matter wave and compare it
with its equivalent in the speckle field. For 30 ms of time-of-flight, the correlation function

𝑔 (2) (Δ𝑟) =

⟨𝑛(𝑟) 𝑛(𝑟 + Δ𝑟)⟩
⟨𝑛(𝑟)⟩ ⟨𝑛(𝑟 + Δ𝑟)⟩

(6.1)

for a regular BEC and a turbulent cloud are presented in Figure 28(a). The correlation for
a regular BEC is basically constant and close to unity. At short distances, 𝑔 (2) is slightly
larger than unity due to the small thermal fluctuations originated from the thermal atoms
component as well as the finite size effects present in those samples. The turbulent cloud
clearly shows a larger 𝑔 (2) for shorter distances and a typical exponential decay, which is
the result of a correlation length (ℓ𝑇 𝑢𝑟𝑏 = 8.5(2) µm) much shorter than the sizes of the
cloud (𝑅𝑥 = 63(3) µm and 𝑅𝑦 = 198(6) µm) and indicates the presence of fluctuations at
smaller scales. This is exactly the same behavior observed in Section 6.2.
†

See Appendix A for details.

100

Chapter 6. Quantum turbulence and statistical atom optics
2.6

0.0

57

0m

m
μ

38

µ

(a)

m

0m

µ

µ

1.0
μ

0.0

50
0

0l

00

38

l

(b)
Figure 27 – Comparison between turbulent cloud and speckle beam. (a) column integrated density profile for a turbulent BEC and (b) intensity profile for the cross section of a
speckle beam. The integration in one of the 3D dimension of the BEC cloud result
in slight reducing the amplitude of density variations.
Source: By the author.

The 𝑔 (2) for the coherent Gaussian beam and the speckle beam are presented in
Figure 28(b). The correlation for a Gaussian beam is basically constant, close to unity,
as expected. (141) The speckle beam shows a larger 𝑔 (2) for shorter distances and a
typical exponential decay, which is a result of a much shorter correlation length (ℓ𝑆𝑝𝑒𝑐𝑘𝑙𝑒 =
15.8(8)𝜆) than the beam waists (𝑤𝑥 = 1876𝜆 and 𝑤𝑦 = 2528𝜆), which also indicates the
presence of fluctuations at smaller scales. Again, this is exactly the same behavior observed
in Section 6.2.
An important point concerning our measurements is the use of absorption images,
which corresponds to a projection of the three dimensional cloud onto two dimensional
plane. Despite the fact that this procedure reduces the amplitude of the detected fluctuations (as shown in Figure 27), the correlation length measured after projection is the
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Source: By the author.

same as in three dimensions. We support this claim by simulating a 2D optical speckle
beam and its projection in one dimension, which are used to investigate the effects on to
the correlation length measured from 𝑔 (2) correlation function. We observe that although
the amplitude of the correlation function is reduced, the length scale of the fluctuation
extracted from the correlation function remains unaffected‡ .
The comparison between quantum turbulent BEC and speckle light only makes
sense for an expanding cloud, which is equivalent to the matter wave propagation. In
both, expanding matter wave and propagating light wave, the contained structures are
frozen and therefore can not really provide the in situ dynamics that takes place during
‡

See Appendix B for details.
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the disorder onset introduced by the turbulence.
While light propagation is a well established subject and, in particular, speckle is
also a well understood topic, the matter wave propagation is still in its very infancy. The
introduction of disorder in matter wave, done through the emergence of turbulence in
an atomic cloud, opens up a new window of research to better understand the nature of
the disorder in the “quantum world”. Moreover, it may provide some insights concerning
the intrinsic behavior of quantum turbulence. The possibility of having speckle matter
waves was previously demonstrated (145) in a different context. In that study, a BoseEinstein condensate guided by a light beam create a speckle pattern in the image. Their
𝑔 (2) correlation function in time was equivalent to the one here presented. Even though,
here we report on similarities in the spatial fluctuations and the underlying physics of
propagating speckle beam and disorder matter wave.
Speckle like behavior in turbulent quantum fluids consists of a three-dimensional
speckle field and may be an excellent candidate to explore important aspect about the
structures and the tomography of speckle fields in three dimensions.
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7 Conclusions and prospects
In this chapter we present our main conclusions about the previous chapters. Moreover, we discuss possible prospects to improve the BEC-I experimental system with an
alternative method to generate quantum turbulence, without excite the BEC collective
modes, which can provide a more conclusive study concerning on the momentum distribution of a turbulent atomic superfluid.

7.1

Conclusions

In our group, the experimental research in quantum degenerate gas has been developed some time ago. (37, 38, 98, 146, 147) One of the most exciting results is related
to the condensate’s superfluid properties: (31, 33) the quantum vortices formation and
the emergence of quantum turbulence. In the thesis presented here, we explore a condensate perturbed by an external oscillating excitation, and our study contributes in better
understanding the generation of QT and its properties.
We produced Bose-Einstein condensates containing around 𝑁0 = 1.8 × 105 atoms
with a condensate fraction about of

𝑁0
𝑁

≈ 0.7, following the processes described in Chap-

ter 3. In order to excite the trapped BEC, a sinusoidal gradient magnetic field was superimposed in the trapping potential, right after the BEC is produced, during an excitation
time and then it is switched off. The cloud was held trapped during a hold time. Then, the
magnetic trap was switched off and the excited BEC was observed by absorption image,
after expanding during a time-of-flight.
Our first results, concerning the excitation of collective modes in the condensate,
were described in Chapter 4. For different excitation amplitudes, we change the hold time
to observe the cloud dynamics inside the trap. We could conclude that:
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(a) The cloud’s center of mass oscillates as the hold time is changed. This characterizes
the dipolar collective mode of the BEC. We measured the frequency of this oscillation
and obtained 𝑓𝑑 = 185(3) Hz, which matches the radial trap frequency, 𝑓𝑟 =

𝜔𝑟
2𝜋

=

188 Hz and agrees to the theoretical prediction, Section 2.3.
(b) The condensate shape also changes during the dipolar motion. To characterize this,
we measure the BEC aspect ratio (𝐴𝑅) during the hold time evolution. We found
that the 𝐴𝑅 oscillates with a frequency 𝑓𝑞 = 375(8) Hz. This frequency is approximately 2𝑓𝑟 , which corresponds to the 𝑚 = 0 fast quadrupolar mode (also called
breathing mode).
(c) These frequencies are mostly constant, for excitation amplitudes lower than 400 mG/cm,
and a slight decrease (2–3%) for larger amplitudes was observed. Similar results
about the frequency shifts of collective modes were seen before. (115, 124)
(d) The analysis of the dipolar and quadrupolar mode amplitude, as a function of the
excitation amplitude, showed that the dipolar mode is easily excited even for low
excitation amplitudes. The CM oscillation amplitude increased linearly with the
excitation amplitude. However, the quadrupole mode presented an interesting nonlinear behavior for excitation amplitudes lower than 400 mG/cm and had a huge
linear increase for higher amplitudes. This means that, there may be a minimal
energy to efficiently excite the condensate quadrupolar mode.
(e) As the excitation amplitude increases, the dipolar mode amplitude gets higher, thus
the condensate is pushed farther away from the trap bottom. In a QUIC trap, the
BEC reaches anharmonic region as far it is going from equilibrium point . These
outer regions of the trap have a much steeper gradient field, which compress the
cloud and is more suitable to produce shape oscillations in the BEC. This means
that, as the dipolar motion is increased, the quadrupolar mode is more excited. This
is consistent with the non-linear behavior to excite the BEC quadrupolar mode. This
coupling dynamics, between the dipolar and quadrupolar mode, seems particular to
our excitation system. It may also be the key to the better understanding of the
vortex nucleation and the turbulence emergence observed in previous (33, 34, 125)
experiments.
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(f) For amplitudes larger than 500 mG/cm, when the quadrupolar mode was effectively
excited, the perturbed condensates exhibited a couple of vortices. The TOF expansion of these clouds showed the aspect ratio non-inversion, an observed characteristic
of turbulent BEC clouds. These two observations highly suggest a turbulent state
of the atomic superfluid.
In references (31, 33, 34), our group reported the first observation of quantum turbulence. The results presented complements our understanding about the QT generation
mechanism and were published in (123) reference.
We studied the momentum distribution of the perturbed BEC clouds, in Chapter 5. The cloud 2D-momentum distribution, 𝑛′ (𝑘 ′ ), was analyzed during its collective
oscillations inside the trap. The main conclusions can be summarized as following:
(a) For a non-excited BEC, the momentum distribution curves did not reveal any powerlaw. It is almost constant for smaller 𝑘 ′ values and smoothly fall to zero as 𝑘 ′
increases. This behavior is a characteristic of a Thomas-Fermi distribution. (100)
(b) The 𝑛′ (𝑘 ′ ) curves changed as the BEC was perturbed. For a fixed hold time, if the
excitation amplitude was low (< 400 mG/cm), these curves are similar to the nonexcited BEC curves, however, it is more spread in 𝑘 ′ values. On the other hand, as the
excitation amplitude was increased, the 𝑛′ (𝑘 ′ ) curves start to present a characteristic
shape of a turbulent regime: a plateau for smaller momenta (the energy containing
range), an almost linear decrease in the intermediate region (inertial range) and
a sharp decrease in higher momentum values (dissipation range). Therefore, for
the excitation amplitude range where the condensate absorption image suggested a
turbulent cloud, the 𝑛′ (𝑘 ′ ) curve also revealed a behavior similar to the turbulence
phenomenon.
(c) The momentum distribution curves as a function of the hold time was studied. We
observed that the curve shape oscillates from a compressed curve (like a non-excited
BEC) to a more widespread one. Furthermore, in the turbulent regime, all three
regions (the energy containing range, the inertial range and the dissipation range)
change their values and slopes as the hold time was varied. Therefore, the excitation
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of the cloud normal modes modifies the size and shape of the cloud and affects the
momentum distribution. This causes a slope dependence with the hold time, in the
inertial range, which explains the discrepancy obtained for the power-law results in
previous (57) work.
The first measurements of the momentum distribution of a turbulent BEC cloud
was reported in the article (57) of our group. The result presented here clarify the observed
discordance from the Kolmogorov spectrum and were published in (130) reference. It is
also part of a master thesis. (126)
Finally, the last result presented in this thesis was the comparison between an
expanding turbulent cloud and a propagating speckle light beam. This work had been
done in collaboration with Prof. Robin Kaiser and Prof. François Impens. They could
simulate the propagation of a coherent Gaussian beam and of a speckle Gaussian beam.
In Chapter 6 we compared the experimental results, for the non-perturbed BEC and for
the turbulent BEC, with their simulations. The conclusion are listed below:
(a) The expansion of a non-perturbed (coherent) condensate, after released from the
anisotropic trap, presented the aspect ratio inversion, which is a signature of the
quantum degeneracy. For a turbulent quantum gas, the remarkable observed behavior was that it keeps the aspect ratio mostly unchanged in free expansion.
(b) For the light beam case, the propagation of a coherent elliptical Gaussian beam exhibited an aspect ratio inversion, like for a regular BEC. Furthermore, the simulations
of the speckle beam propagation, presented the same characteristic of turbulent
clouds: the aspect ratio was almost constant during propagation.
(c) We measured the expansion (propagation) divergence by fitting the data for the
expansion of the BEC radii (optical waists). The results for a quantum gas were: for
the coherent case, 𝑅˙ 𝑥BEC = 0.47(1) µm/ms and 𝑅˙ 𝑦BEC = 3.9(1) µm/ms; and for the
turbulent case, 𝑅˙ 𝑥Turb = 1.5(1) µm/ms and 𝑅˙ 𝑦Turb = 5.3(2) µm/ms. The results for
the optical beam were: 𝑤˙ 𝑥Gauss = 39.64(2) × 10−3 and 𝑤˙ 𝑦Gauss = 0.48(1) × 10−3 for a
coherent beam; and for the speckle beam, 𝑤˙ 𝑥Speckle = 0.098(5) and 𝑤˙ 𝑦Speckle = 0.167(6).
(d) The divergence measurement provides that tan 𝜃𝑖𝑑 > tan 𝜃𝑖𝑐 , where 𝜃𝑖 is the divergence
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angle in the 𝑖-direction for the coherent, 𝑐, or disordered, 𝑑, cases. This implies that
ℓ𝑖 < 𝑤0𝑖 , where ℓ𝑖 is the coherent length of the disordered wave and 𝑤0𝑖 are the
sizes of the coherent wave at the focus position (or initial TOF). Such consistent
propagation behavior and this microscopic description, allowed us to establish an
analogy between the propagating speckle light field and the expansion of a speckle
matter wave, originated from a turbulent quantum gas.
(e) We also demonstrated this analogy by calculating the second-order correlation function, 𝑔 (2) . For the matter wave: the coherent BEC showed a 𝑔 (2) that was basically
constant, and close to unity, in the distance range; and the turbulent cloud presented
a larger 𝑔 (2) for shorter distances and a typical exponential decay, which is the result
of a correlation length (ℓ𝑇 𝑢𝑟𝑏 = 8.5(2) 𝜇m) much shorter than the sizes of the cloud
(𝑅𝑥 = 63(3) 𝜇m and 𝑅𝑦 = 198(6) 𝜇m) and indicates the presence of fluctuations at
smaller scales. For the light wave: the correlation function for a coherent Gaussian
beam was basically constant, close to unity, as expected (141); and the speckle beam
showed a larger 𝑔 (2) for shorter distances and a typical exponential decay, which is
a result of a much shorter correlation length (ℓ𝑆𝑝𝑒𝑐𝑘𝑙𝑒 = 15.8(8)𝜆) than the beam
waists (𝑤𝑥 = 1876𝜆 and 𝑤𝑦 = 2528𝜆), similar to the observations for the matter
wave.
This study opens up a new research field in our group and a paper on that measurements was prepared and submitted, and hopefully it will be published soon.

7.2

A glimpse into the future

The studies concerning the momentum distribution of the turbulent cloud, done
in Chapter 5, concluded that, due to the coupling between our 𝑛′ (𝑘 ′ ) analysis and the
normal collective modes, it is necessary to develop a new method to measure the 𝑛′ (𝑘 ′ )
or to create a new route to a quantum turbulent state, without excite this modes.
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Figure 29 – TOF expansion of a BEC with a multicharged vortex (𝑛 = 4) produced by topological phase-imprinting technique. The time-of-flight of each picture are shown in its
right-side.
Source: By the author.

We choose to try another procedure to generate QT. In this way, a different method
for vortex generation was necessary. We decided to implement a technique called topological phase-imprinting (148), which consist basically to imprint vortices in a BEC using
topological phases by adiabatically inverting the magnetic bias field along the trap 𝑥-axis.
This method allows to generate a multicharged vortex in the BEC (the charge depends
on the hyperfine state of the atoms). In our case, the hyperfine state is the 𝑚𝐹 = 2 and
a vortex with charge 𝑛 = 4 will be created using this method.
We have already implemented this method in our laboratory. Figure 29 shows some
of the preliminary results of the vortex produced in the BEC by this method, where we
can see the cloud falling in time-of-flight.
The energy of a 𝑛-charged vortex is higher than the energy of 𝑛 unitary-charged
vortex. (61, 62, 149) Thus, a multicharged vortex is not stable and it will decay in unitary
vortices. The question is: How is this decay? We are studying this process, in collaboration
with the group of Carlo F. Barenghi (Newcastle University), and an initial unpublished
paper, about this working in progress, is available in (150) as an e-printed version.
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The idea to study the giant vortices decay is that, following theoretical studies from
our group (151, 152), it may be possible to generate, spontaneously, quantum turbulence
through this decay. The BEC-I experimental team is now concentrating its efforts to
investigate this new possibility in produce a turbulent atomic superfluid.

7.3

Prospects

In what follows, we listed general research prospects and some implementations to
the BEC-I experimental system.

∘ One of the interesting topics of research is the condensate out-of-equilibrium. In this
way, it is possible to study how the density-density correlation function is affected
when the BEC is going from equilibrium to a perturbed state.
∘ Another study concerns the aspect ratio during expansion of the non-equilibrium BEC,
to understand its behavior in the transition from a equilibrium BEC (coherent matter
wave) to a turbulent cloud (matter wave speckle).
∘ One first experimental implementation is to picture the atomic cloud, simultaneously,
in different (and orthogonal) image systems. This may allow to reconstruct the threedimensional atomic distribution, which will be useful to better visualize and understand
the matter wave speckle.
∘ Although those interests in the matter wave nature of QT, the dynamics properties of
this regime remain an intriguing topic. A way to go further in this research is to study
the decay of a multicharged vortex and map possible routes to quantum turbulence.
∘ Absorption images are destructive, this means that is only possible to probe the cloud
once, and it does not seem to be a good technique to follow the cloud dynamics.
Another experimental implementation is to setup a non-destructive image technique
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(for example, the phase-contrast imaging). This method allows taking up to 20 images
of the same BEC, which can be used to track the condensate (or the vortex) dynamics.
∘ Finally, the non-destructive technique also provides a possibility to study deeply the
QT phenomenon. In particular the temperature dependence and the decay mechanisms,
which are very important to conclusively demonstrate if the Kolmogorov spectrum is
manifested in the turbulent atomic superfluids.
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APPENDIX A – Calculating
𝑔 (2)(Δ𝑟)
Here we will describe the main ideas of the process to compute the second-order
correlation function, 𝑔 (2) . For an atomic density distribution, 𝑔 (2) is also called densitydensity correlation function and is defined by Equation 6.1. We compute this quantity
from an absorption image of the atomic cloud that, as we discussed in Section 3.6, gives
the information of the atomic density distribution, 𝑛(𝑟).
The atomic cloud picture is a built of discrete pixel and each pixel has the information of the cloud optical density, OD(𝑥, 𝑦). Figure (30) illustrates the atomic density
distribution and two OD(𝑥, 𝑦) pixels that are used to calculate the 𝑔 (2) function. The pixel
𝐴 is at the position (𝑖, 𝑗) and the pixel 𝐵 is at (𝑖 + Δ𝑖, 𝑗 + Δ𝑗). With this figure in mind,
we can write the 𝑔 (2) function as:
𝑔 (2) (Δ𝑖𝑗) =
where Δ𝑖𝑗 =

√

⟨OD(𝑖, 𝑗) OD(𝑖 + Δ𝑖, 𝑗 + Δ𝑗)⟩Δ𝑖𝑗
⟨OD(𝑖, 𝑗)⟩Δ𝑖𝑗 ⟨OD(𝑖 + Δ𝑖, 𝑗 + Δ𝑗)⟩Δ𝑖𝑗

(A.1)

Δ𝑖2 + Δ𝑗 2 is the distance between the points 𝐴 and 𝐵, and ⟨𝑋⟩Δ𝑖𝑗 is the

mean value of 𝑋 that has the same value of Δ𝑖𝑗 (i.e. for a fixed distance, we sum the
values of 𝑋 and divided by the number of occurrences).

Figure 30 – Illustrative drawing on the density-density correlation function calculation. 𝐴 and
𝐵 are two pixels of the cloud optical density (blue), at a position (𝑖, 𝑗) and (𝑖 +
Δ𝑖, 𝑗 + Δ𝑗), respectively.
Source: By the author.
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Thus, the main steps to calculate 𝑔 (2) evaluation are: For a fixed distance, we
calculate the quantities inside the mean operator between all two-pixel pairs of the cloud.
Then, we compute the mean values and obtain the 𝑔 (2) correlation value for that distance.
We repeat this procedure for all available pixel-pixel distances in the cloud. And, finally it
results in the 𝑔 (2) values as a function of the density-density distance (i.e. the second-order
correlation function for the atomic density distribution).
We have to point out that: the bulk density for the atomic distribution is not
uniform (in our case can be a Gaussian profile or a Thomas-Fermi profile, depending on
the sample that we are investigating, see Section 3.6). Thus, we have to take care that
this density variation is not taken into accounted in 𝑔 (2) function. In this way, we perform
the method described above in small regions (that we call zones, which typically we used
25 × 25 pixels) inside the cloud. After having the 𝑔 (2) for all this zones, we calculate the
correlation function of the full cloud by doing a mean of this 𝑔 (2) functions.
Another important remark is: it is necessary to avoid points where the density has
deep variations when compared one to each other. This deep variations typically come
from image noise or detection noise, and they are not related to density fluctuations. In
such a way, we define a threshold density fluctuation values for the cloud, which gives the
lowest value of density that are related to density fluctuation. Value of density lower than
the threshold are discarded during the 𝑔 2 calculation, because they come from that noise.
We call this threshold value as odthresh and typically is 5% of the OD depth.
To perform the numerical calculation of the 𝑔 (2) , Equation (A.1), we developed a
MATLAB script. In what follows, we are providing this script.

1
2
3
4
5
6
7
8
9

%%% Script to calculate the density−density correlation function
%%%
%%% CREATED BY PEDRO TAVARES − LAST VERSION: 04/11/2015
%%%
%%%

clear;
% opening the picture
[fname,pathfile] = uigetfile({'*.tif;*.tiff;*.png;','All Image Files'...
;'*.*','All Files'});
10 path = strcat(pathfile,fname);
11
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12
13
14
15
16

tic,

% Constants
h=6.626e−34;
%
mRb = 1.44316e−25;
%
17 kB = 1.38065e−23;
%
18 sigma = 2.9064*10^(−13); %
19 fr = 186.3; wr = 2*pi*fr;%
20
21
22

% Image parameters
fcal = 2.499;
23 tof = 25e−3;
24 tol=5e−6;

Planck constant [J.s]
87Rb mass [kg]
Boltzmann cte [J/K]
Scattering cross section for 87Rb [mm^2]
radial trap frequency [Hz] and [rad/s]

% calibration [um/pixel]
% time−of−flight [s]
% tolerance

25
26
27
28

% Taking some useful characteristics of the cloud
I = imread(path);
29 I = I(:,:,1);
30 msz = min(size(I));
31
32
33
34

figure(1)
I = imcrop(I); pk = max( max(I) );
close figure 1

35
36
37
38
39

I1 = pk − I; I1 = imclearborder( I1 ); level = graythresh(I1);
level=0.30;
bI1 = bwareaopen( im2bw( I1, level ), 50 );
s = regionprops(bI1, I1, 'Orientation','WeightedCentroid','Centroid',...
...
40
'MajorAxisLength','MinorAxisLength');
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

% cloud center−of−mass and radius
cm = s.WeightedCentroid;
xcm = round(cm(1));
ycm = round(cm(2));
sz(1) = round(s.MajorAxisLength);
sz(2) = round(s.MinorAxisLength);
rd = sz./2;
cloudsizey = sz(1);
cloudsizex = sz(2);
od = −log( double(I)/double(pk) );

% Optical density

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% STARTING THE CODE FOR EVALUATE THE %%%
%%%
DENSITY−DENSITY CORRELATION FUNCTION
%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
Nzone = 25;
% #Pixel in each zone
varisizex = Nzone; % length in x and y of each ZONE
varisizey = Nzone;
numberofcropsx = round(cloudsizex/varisizex); % number of zones
numberofcropsy = round(cloudsizey/varisizey);
% evaluate all possible r in the zone
ri=zeros((Nzone+1)^2,1); % to prelocate ri values.
k=0;
for i=0:Nzone
for j=0:Nzone
k=k+1;
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69
70
71
72

ri(k,1)=sqrt(i^2+j^2);
end

end
ri=unique(ri);
% arrange the vector dr in crescent way and without ...
repetitions
73 sizeri=size(ri); % this gives the numbem of differents dr that nn was...
evaluated
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103

odmin = min(min(od));
odmax = max(max(od));
odthresh = 0.05*(odmax−odmin); %To avoid points where the density ...
have deep variations compared to each other
max_crop_region = numberofcropsx*numberofcropsy;
gn = zeros(sizeri(1),max_crop_region);
r = zeros(sizeri(1),max_crop_region);
crop_region = 0;
% region counter
for cy = 1:1:numberofcropsy;
for cx = 1:1:numberofcropsx;
xcrop = (xcm − round(cloudsizex/2) − varisizex ) + cx*varisizex; ...
%started 'position x' for each zone
ycrop = (ycm − round(cloudsizey/2) − varisizey ) + cy*varisizey; ...
%started 'position y' for each zone
%%%%%%%%%% Evaluating the g2 for each region %%%%
%%% nn −> is the product of OD(r) and OD(r+dr)
%%% dr −> is the dr between the 2 points r and r+dr
%%% odij −> is the OD(r) used for evaluate nn
%%% odmn −> is the OD(r+dr) used for evaluate nn
nn = zeros((varisizex+1)^2 * (varisizey+1)^2, 1);% defined for ...
prellocating array (this makes the code faster)
dr = zeros((varisizex+1)^2 * (varisizey+1)^2, 1);
odij = zeros((varisizex+1)^2 * (varisizey+1)^2, 1);
odmn = zeros((varisizex+1)^2 * (varisizey+1)^2, 1);
kp=0; % counter of the #of products, used for vector index.

109
110
111
112
113
114

for i=(ycrop):(ycrop + varisizey)
for j=(xcrop):(xcrop + varisizex)
for m=(i):(ycrop + varisizey
for n=(j):(xcrop + varisizex)
if( (od(i,j)>odthresh) && (od(m,n)>odthresh) )
kp = kp+1;
dr(kp,1) = sqrt((i−m)^2+(j−n)^2);
nn(kp,1) = (od(i,j)*od(m,n));
odij(kp,1) = od(i,j);
odmn(kp,1) = od(m,n);
end
end
end
end
end
crop_region = crop_region + 1;

115
116
117
118
119
120

for k=1:sizeri(1)
index=find(dr==ri(k) & odij>odthresh & odmn>odthresh & nn>0);
n1=numel(index);
if( n1>0 )
odijmean= sum(odij(index,1))./n1;

104
105
106
107
108

131

121
122
123

odmnmean= sum(odmn(index,1))./n1;
nnmean = sum(nn(index,1))./n1;
gn(k,crop_region)= nnmean./(odijmean.*odmnmean);%this prellocate ...
the 'g2 function for each ZONE' in a function of dr.
r(k,crop_region)=ri(k);
end

124
125
126
127
128
129
130
131
132

133
134
135
136
137
138
139

end
%%%%%%%% drawing the region of the crop %%%%%%%%
figure(2);
imagesc(od);
axis equal tight;
rectangle('position',[(xcm − round(cloudsizex/2)) (ycm − round(...
cloudsizey/2)) numberofcropsx*varisizex numberofcropsy*varisizey],...
'EdgeColor','black','LineWidth',2,'LineStyle','−');
rectangle('position',[xcrop ycrop varisizex varisizey],'EdgeColor','...
red','LineWidth',2,'LineStyle','−');
f=getframe(gca);
[X, map] = frame2im(f);
end
end

140
141
142

% Mean of gn for only gn>0.
index2 = (gn>0);
n2=sum(index2,2); %this gives the numer of elements with same ...
distance
143 gnaux = gn.*index2;
144 g = sum(gnaux,2)./n2;
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%% PLOTING THE RESULTS %%%%%%%%%%%
figure(4)
hold on
graph = plot(ri,g')
set(graph,'LineWidth',1.5);
title('Second−order correlation function','FontSize',13);
set(gca,'FontSize',12,'LineWidth',1.5);
xlabel('\fontsize{13}\it distance');ylabel('\fontsize{13}\it g_2');
%% SAVE FILES
fprintf('\n\t SAVING RESULTS IN .dat FILES...\n')
parameter = input('Parameter: ');
% saving the results in a .dat
aux = [ri g];
fname = strcat(strcat(fname,strcat('Nzone',num2str(parameter))), 'px'...
);
caminho = strcat(fname,'.dat');
[n_linhas n_colunas] = size(aux);
fid = fopen (caminho,'wt');
for i=1:n_linhas
for j=1:n_colunas
fprintf(fid,'%f ',aux(i,j));
end
fprintf(fid,'\n');
end
fclose (fid);
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APPENDIX B – Effects of a
projection onto correlation length
In Section 6.3 we argue that the measurement of the correlation length is not
affected by the projection (as the case of an absorption image, that is a 2D-projection
of a 3D density distribution). In this appendix, we compare the second-order correlation
function of a 2D optical speckle and its projection in one dimension, to support our claim.
The speckle beam is simulated in the same way as done in Chapter 6. Figure 31(a)
presents the simulated speckle beam cross-section and Figure 31(b) shows the projection
profile of this speckle beam in one dimension. We can see that in the speckle beam the
fluctuations are deeper than in the projection profile. Thus, the fluctuations amplitude
are smoothed in the beam projection.

Figure 31 – Comparison between a 2D speckle beam and its projection in one dimension. (a)
Simulated speckle beam cross-section profile. (b) 1D projection profile of the speckle
beam
Source: By the author.
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We calculated the second-order correlation function for these two cases, following
a similar procedure as described in Appendix A. The resulting curves are presented in
(2)

Figure 32. It is notable that the amplitude of the correlation function is reduced, 𝑔1𝐷 (0) <
(2)

𝑔2𝐷 (0). However, the correlation length extracted from both 𝑔 (2) are the same. For the 2D
case we obtain a correlation length equal to ℓ2𝐷 = 15.8(8)𝜆, and ℓ1𝐷 = 18(3)𝜆 for the 1D
case.

(2)

(2)

Figure 32 – Comparison between 𝑔2𝐷 (Δ𝑟) and 𝑔1𝐷 (Δ𝑟). Second-order correlation function for a
(2)
2D speckle beam, 𝑔2𝐷 (Δ𝑟) (green squares), and for its projection in one dimension,
(2)
𝑔1𝐷 (Δ𝑟) (blue circles).
Source: By the author.

Therefore, we conclude that despite the fact of the fluctuations amplitude of the
projected speckle are smaller than the amplitude of the initial speckle, the correlation
length measured remains unaffected.

