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RESUMO

ROJAS GUTIERREZ, W. A. Algumas aplicacoes dos Jogos Topolégicos. 2023. 66 p. Disserta-
¢do (Mestrado em Ciéncias — Matemadtica) — Instituto de Ciéncias Mateméticas e de Computacdo,
Universidade de Sao Paulo, Sdo Carlos — SP, 2023.

Neste artigo, analisaremos alguns jogos topolégicos, desde jogos conhecidos como o jogo de
Banach ou o jogo de Choquet, até a defini¢io de um novo, O jogo de Cech.

A maioria dos jogos aqui apresentados foram escolhidos pela sua relacdo total ou parcial com o
jogo de Cech. Uma vez que este tltimo serd especialmente importante para facilitar algumas

provas classicas, bem como para apresentar novas propriedades de alguns espacos topoldgicos.

Palavras-chave: Espaco éech—completo, Jogo do Cech, Espacgos paracompactos.






ABSTRACT

ROJAS GUTIERREZ, W. A. Some applications of Topological Games. 2023. 66 p. Disserta-
¢do (Mestrado em Ciéncias — Matemadtica) — Instituto de Ciéncias Mateméticas e de Computacdo,
Universidade de Sao Paulo, Sdo Carlos — SP, 2023.

In this paper, we will look at some topological games, from well-known ones like Banach’s
game or Choquet’s game, to defining a new one, Cech’s game.

Most of the games presented here were chosen for their complete or partial relationship with
Cech’s game. Since the latter will be especially important to facilitate some classical proofs as

well as to present new properties of some topological spaces.

Keywords: Cech complete space, Cech’s game, Paracompact space.
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CHAPTER

INTRODUCTION

Topological games have been studied for almost 100 years, with the Banach-Mazur game
being the first to be described. In 1935 Stefan Banach started a notebook, called the Scottish
Book (MALDUIN, 1981), where the mathematicians residing in or visiting Lwéw proposed
various mathematical problems (or conjectures) and also indicated their partial or complete

solutions. The original version of the Banach game said the following:

" Given a subset X of the unit interval J, he players alternately choose subintervals
Jo,J1,J2... CJ; where Jy D J; D ... Player I wins the play if, and only if, X (,,c ,Jn # 0."

Cech (CECH, 1937) showed that the Baire Density Theorem is valid for the absolute
G spaces, later called Cech complete spaces. Choquet (CHOQUET, 1951) pointed out several
difficulties in generalizing completeness so that the Baire Density Theorem would still be valid.
In (CHOQUET, 1958) he introduced the siftable and strongly siftable spaces. The strongly
siftable spaces are related to game he introduced in (CHOQUET, 1969) called Choquet Game (
Ch(X)).

In (PORADA, 1979), Porada introduced the following modification of the game Ch(X).
Given a subset Y of a topological space X, the play is again ((xo,Up), Vo, (x1,U1),V1...) , but Uy,
and V}, are open in X and x, € Y. Player II wins the game if and only if @ # (V,, C Y. Denote
this game by P(X,Y).

In (TOPSOE, 1982), Topsoe strengthened the condition (., V,, # 0 the game Ch(X) as
follows: if .7 is a filter base of subsets of X such that for each n < ® there is an F € .# with
F C V, then .% clusters. We denote this game by SV (X). In Chapter 2, we will present the most
relevant definitions that will later be used to define the topological games.

In Chapter 3, we will look at the games described above as well as the ways in which they relate
to each other. We will present them divided into 2 groups; in the first place, we will see the
Banach, Choquet and Sequential games.And in the second group, we will see the Sieve and

Porada games, together with an original game that we will call the Cech game n honor of the
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space whose definition inspired its creation.
Finally, in Chapter 4, we will prove some properties of the studied games, such as the characteri-

zation of those spaces where Player I or Player II have a winning strategy.
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CHAPTER

PRELIMINARIES

In this chapter we will discuss the most important definitions that we will need throughout

the work.

2.1 Basic notions

We will start with the basic concepts that will be relevant.

Definition 2.1.1. A topological space (X, t) is Hausdorff if for every x,y € X there are U,V € T
suchthatxe U,y VandUNV =0.

Definition 2.1.2. Let (X, 7) be a topological space. Let A C X. Then:

e A is F5 if A is a countable union of closed sets.
e A is G4 if A is a countable intersection of open sets.

Let Y be a Hausdorff compact space. Then it is clear that every Fg subset is a -compact

subset, and vice versa.

Definition 2.1.3. A topological space X is called a Tychonoff space if it is a Hausdorff space

and its points can be separated from closed sets via (bounded) continuous real-valued functions.

Definition 2.1.4. A pair (Y,c) where Y is a compact Hausdorff space and ¢ : X — Y is a

homeomorphic embedding of X in ¥ such that ¢(X) =Y, is called a compactification of X.

Although the definition given in 2.1.3 is the best known, in this work we will mainly

consider another equivalent definition described in the following theorem.

Theorem 2.1.5. A topological space X is Tychonoff if, and only if, X has a compactification.
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Proof.
The complete proof of this theorem can be found in (ENGELKING, 1989), Theorem 3.5.1
[]

In (ENGELKING, 1989) There are interesting properties of compactifications, but we
will keep the following two:
e Let (Y,cp) and (Z,cy) are two compactifications of X. We say that ¥ < Z if and only if there
is a function f : Z — Y such that foc; = ¢;. Let € (X) be the set of all compactifications of X.
Then (¢'(X),<) is an ordered set.
o There is a largest element in (%’(X), <) which we will call BX, the Stone-Cech compactifcation.

From now on, all spaces are considered to be Tychonoff, unless otherwise specified.

Definition 2.1.6. Let (X, <) be a partially ordered set. A filter .7 in X is a subset of P(X) such
that:

1) .# is non-empty.

2) For every x,y € .%, thereisa z € X such that z < xand z < y.

3)Ifxe.# and y € X such that x <y, theny € ¥

A ultrafilter % is a maximal filter, that means there is no filter that contains it properly.

2.2 Complete sequence of open covers

The following definition will be fundamental when stating the Cech space and the

topological game of Cech.

Definition 2.2.1. A sequence (%, ),co of open covers is complete if for every ultrafilter u (in
2 (X)) such that uN'6;, # 0 for all n, it is true that (e, F # 0.

Next we will see a way to distinguish compact sets by open complete sequences.

Proposition 2.2.2. Let (4,),co be a complete sequence of open covers of X. Let K be a closed
subset. If for all n € @, K C C,, for some C,, € 6, then K is compact.

Proof.

Let {C, }ncw be a sequence of open sets such that K C C,,.

Let {K;}icr be a family of closed sets in K with a finite intersection property. Since K is closed
in X, then, for all i € I, K; is closed in X as well.

Let u be an ultrafilter containing {K;};c;. Since uNC, for all n € @, then 0 # Ny, V C Nics Ki-
Therefore, K is a compact subset of X. [
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Now we will see some ways to obtain new complete sequences of open covers from

other complete sequences.

Proposition 2.2.3. Let (%, ),c0 be a complete sequence of open covers of X. Then:
e Let %, be a refinement of %, then (%, ),ce is a complete sequence of open covers.
e Let .7, be an open cover formed by finite unions of elements of 4, then (.%#,),cq is a complete

sequence of open covers.

Proof.

The first result is obvious since for any ultrafilter u, if u %, # 0 then uN%, # 0.

For the second result remember that if AUB € u then A € u or B € u. Therefore if uN.%, # 0
then u N6, # 0. [

With these two properties, we can state a generalization of Proposition 2.2.2.

Corollary 2.2.4. (FROLIK, 1961) Let (%,)sco be a complete sequence of open covers of X.
Let K be a closed subset. If for all n € @, K is covered by a finite subfamily of %, then K is
compact.

Let us also see that the characteristic of being a complete sequence of open covers is

inherited by operations between complete sequences of open covers.

Definition 2.2.5. Let A, B be open cover of (X, 7). We define
ANB={VNW;V A, WeB}

and
AE={verawea vcw}

Proposition 2.2.6. Let (),),ce be a complete sequence of open covers of X. Then (6),ce

and (A", %i)nco are complete sequences of open covers.

Proof.
By Proposition 2.2.3. U

2.3 Cech-complete space

In this section we will see the definition and some properties of Cech-complete spaces,

which will serve us later for the definition of a topological game.

Definition 2.3.1. A Tychonoff space is éech-complete if admits a complete sequence of open

COVeErs.
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Next we will see equivalent formulation of the definition of Cech complete spaces. for

the first equivalence we will need to introduce the following new concept.

Definition 2.3.2. Let X be a topological space. Let <7 be an open cover. We say that F', a family
of subsets of X, contains sets of diameter less that <7, if there are V € F and A € & such that
V CA.

The following theorem can be found in (ENGELKING, 1989),

Theorem 2.3.3. A Tychonoff space is Cech-complete if and only if there is a countable family
{4 }icw of open covers of the space X which has the property that for any family .% of closed
subsets of X that has the finite intersection property and contains sets of diameter less that .o7; for

any i € ®, has non-empty intersection.

Proof.

(=) Suppose that X admits a complete sequence {%), }nce. We will prove that { %), },cq verifies
the property. Let .% be a family of closed sets that has the finite intersection property and contains
sets of diameter less that %; for any i € @. Let u be an ultrafilter containing .% .

Knowing that for each cover %; there is an F; € .% such that F; C C for some element C € %;.
Then C € u, therefore uNe; # 0.

(<) Let {.o7;}7 | be a family of open covers with the properties described. Let u be an ultrafilter
such that u N .7; # 0 for any .<7.

Let u be an ultrafilter containing {f;F € u}, over the family of closed subsets of X. Then u is a
family of closed subsets with the finite intersection property. And since for every .<; we have
that u N o7, # 0, there is a A € .of; with diameter less that % (A C A € &).

0£(VFC(\F

Feu Feu

]

The following is one of the most important, and useful, equivalences to Cech complete

spaces that we will deal with in this work.

Theorem 2.3.4. A space X is Cech-complete if and only if BX /X is Fy in BX.

Proof.
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=) Let {A; }ic be a complete sequence of open covers. Let A; = {U; s }ses;. Let V; ; be
an open subset of BX such that U; ; = X NV; . Clearly

Xc U Vis

€W seS;

Let x € Nicp Uses, Vis- Let 7 be the family of open neighborhoods of x in BX. Then % =
{XNV;V e ¥} is afilter base in &(X). Let u be an ultrafilter containing %. Then for each A;
there is a V; ; such that x € V; ;. Thus U; y = X NV, ; € # C u. Therefore U; ; € A;Nu.

Since uNA; # 0 for all i € @, then
N Cix(F) #0
Feu

Let y € Clx(F) for all F € u, if y # x, there is an open neighborhood V of x in BX, such that
y ¢ Clgx (V). Then y ¢ Clx(V NX), this is a contradiction because VN X € u.

Finally,
x=N U

HISTORISMY]

Therefore X is Gg in BX or, equivalently, BX /X is Fg.

<) Since X is Gg, there is {G;}ice, a family of open subsets of BX, such that X = (N G;.
Since X is Tychonoff, for each X € X and each G; there is an open subset V; such that
x € Vi C Clgx (Vi) C G,
We define A; = {X NV, ;;x € X} an open cover of X. Let & = {A; }ic. We will prove that o7 is

a complete sequence of open covers of X.

Let u be an ultrafilter in Z?(X) such that uNA; # 0. Let v be an ultrafilter in Z(BX)
containing u.
Since BX is Hausdorff compact and for each i € w there is V,, ; € v, then:
{z} =) Clpx(F) C (\Clpx(Vx.i) C[Gi = X.
Fev

Therefore,
z€ () Clgx (CIx(F))

Feu
Let V be an open neighborhood of z in X. Then there is W open neighborhood of z in BX such

that WNX =V.
Thus, for any F € u we have that W NClx (F) # 0. Then V NClx (F) # 0. Therefore z € Clx (F)
for any F € u.

In conclusion, z € (¢, Clx (F). O
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The Proposition 2.3.5 will be important in simplifying proofs of future propositions.

Proposition 2.3.5. Let (X, 7) be a Tychonoff space. Let {V, },c0 C T such that V, | C V, for
each n € w. If any ultrafilter u containing {V,, }ncq verifies that g, F # 0. Then (e Va 18

compact and {V, },cq is an local basis for (V.

Proof.
Let {W, }nco be open sets in X such that W, N X =V, for each n € . Then clgx (W,,) N X =
Clx(Vn).
Let y € Nclgx(Wn). Then for each U open in SX such that y € U we have that U NV, # 0 for
all n € . Let u be an ultrafilter containing all open sets in X of the form U NV, for some n and
y € U. Then Mg, clx (F) # 0.. Since (Npe, clx (F) C Npeyclpx (F) CNysyclpx(U) = {y} we
have that y € X. Therefore clgx (Wn) C X.
Then NV, = Nelx(Va) = Nelgx (Wa) NX = clgx(Wy) = K is compact.
Let U be an open set containing K. Suppose that V,, NU¢ # 0 for all n € ®. Let u be an
ultrafilter containing {V, NU}. Then Nge, clx (F) C Ncl(V,) NU = KNU€ = 0, contradiction.
Therefore there is an n € @ such that V,, C U.

O

The concept of a perfect function, together with the properties that we will see next, will

be crucial in the proof of the Theorem 4.2.9.

Definition 2.3.6. Let f: X — Y be a continuous function, f is perfect if:
a)f is closed.

b) f(X) =Y.

¢)f~!(y) is a compact set for each y € Y.

Proposition 2.3.7. Let X,Y Tychonoff spaces. Let f : X — Y be a perfect function, then:
a) f(BX\X) = BY \Y, where f is the continuous extension of f.
b) If Y is G5 in BY, then X is G4 in BX.

c) If Y is paracompact, then X is paracompact.

Proof.

a) Since f(BX) is a compact and dense in BY, then BY \ Y C f(BX \ X). Now suppose there is
x € BX \ X such that f(x) =y € Y. Since f~!(y) is a compact set and x ¢ f~!(y), there is an
open set V C X such that f~1(y) C V x ¢ clgx (V).

Then x € clgy (X \ V). Therefore y € clgy f(X \V) = clgy f(X \ V). Since f(X\V) CY we have
thaty € cly f(X \ V) = f(X \ V). Contradiction with f~!(y) C V. Therefore f(BX\X) = BY\Y.

b) Note that f(fX \ X) = BY \ Y implies X = 771 (Y). Let {V,,}new open sets in BY such

that \V, =Y. Then X = T_I(Y) =f 1(ﬂVn) = ﬂf_l(Vn). Therefor X is Gg in BX.
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c) Let f: BX — BY. Define F : X — X x Y as F(x) = (x, f(x)) = (x, f(x)). Then F
is injective, Let W be an open subset of X x Y, such that F~1(W) # 0. For each (x, f(x)) € W
there is U C X and V C Y open sets such that (x, f(x)) € U x V. C W. Therefore F~1 (U x V) =
UN f~1(V) is an open subset of X. Then F is continuous.
Let U be an open subset of X. Then F(U) = f(U) x Y NIm(F). Then F : X — Im(F) is open
bijective continuous map. Therefore X is homeomorphic to Im(F).
Let (x,y) € BX x Y, such that (x,y) ¢ Im(F). Since f(x) # y there is U,V open subset of BY
such that UNV =0, f(x) € U and y € V. Therefore, f ' (U) x (V1Y) is an open subset of
BX x Y such that 771 (U) x (VNY)NIm(F) = 0. Hence, X is homeomorphic to a closed subset
of BX x Y. In addition, since Y is paracompact, BX x Y is paracompact and then X is too.

O

2.4 Topological Games

The last pillar that we need to see in order to continue is Topological Games. In this

text, we will not need an exhaustive definition of topological game. So we will settle for under-
standing the basic notion of how a topological game works. For this purpose, the notion given in
"Topological games: On the 50th anniversary of the Banach-Mazur game" will suffice.
In a topological game the players choose some objects related to the topological structure of a
space, such as points, closed subsets, open covers, etc., and moreover, the condition on a play to
be winning for a player may also involve topological notions such as closure, a convergence, etc.
(TELGARSKY, 1987)

Let us now consider the space R and two players called Player I and Player 1I. In each
round Player I choose a compact set in R, and Player II responds with an open containing the
compact set chosen by Player I. In this game, we will say that Player I wins the game if he can

"force" Player II to choose open sets that form a cover of R.

If in the first turn Player I choose the compact [—1, 1] and Player II choose an open set
Uy, such that [—1,1] C U;. In the next turn Player I choose the compact [—2,2] and Player 1I
choose an open set U,. If we continue in this way, we can see that the open sets chosen by Player

IT necessarily make up an open cover of R.

Notice that in this example, no matter what Player II decides to choose. In the end Player
IT will always be "forced" to have a cover. This situation is described as Player I has a winning

strategy in the game and it is represented by I 1 game(R).

The strategy described above is called a Markov’s strategy because only depends on
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the last play of the rival player and the current turn.

A more dominant strategy is known as stationary strategy and is characterized by the
fact that it only depends on the last play of the rival.

Definition 2.4.1. Let G|(X) and G»(X) be two topological games we will say that:

oG (X) and G,(X) are equivalent if I T G(X)(resp. II T G{(X)) implies I T G,(X)(resp.
111 Gy(X)).

oG (X) and G»(X) are dual if I T G (X)(resp. II T G1(X)) implies II T Go(X)(resp. [ 1 G2(X)).
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CHAPTER

GAMES AND RELATIONS BETWEEN GAMES

3.1 Sequential, Banach-Mazur and Choquet Games: propier-

ties and relations

In this section we will present the main topological games with which we will work, and

we will see the relationships they have among them.

3.1.1 Sequential Games

We will begin by describing a simple game, although important because it will allow us
to characterize completely metrizable spaces.
Let (X,d) be a metric space. We define the Sequential Game G(X,d) as follows:

o70 : Player [ plays xp € X, Player /I responds with & > 0.
oT'1 : Player I plays x; such that d(xg,x;) < &, Player II responds with €.
oTn : Player I plays x, such that d(x,_1,x,) < &1, Player II responds with &,.

Player /1 is declared winner if exists x € X such that x,, — x. In other case, Player [ is

declared winner.
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3.1.2 Banach-Mazur Game

The Banach-Mazur Game is considered the first topological game. Although initially it
was described to be played on the real line, here we will describe a modern version that allows

us to play it on any topological space.

Let (X, 7) be a topological space. We define the Banach-Mazur Game BM (X) as follows:

o700 : Player I plays Uy € 7 and Player /1 responds with V; € 7, such that Vjy C Up.

oT'n : Player I plays U, € 7, with U,, C V,,_ and Player /I responds with V,, € 7, such
that V,, C U,.

Player /1 is declared winner if (| V,, # 0, in other case Player / is declared winner.

Let o be a Player I’s strategy. A game p = (Up, Vo, U1, Vi ... Uy, V,...), where each
move of Player [ is given by o, is called a 6 —game. Analogously with &, a Player II’s strategy.

The Banach-Mazur game has various applications that we will see later.

3.1.3 Choquet Game

We will now see the Choquet game, described for the first time in (CHOQUET, 1969).
Let (X, 7) be a topological space. We define Choquet Game Ch(X) as follows:

e70 : Player I plays (Up,xo) € T x X with xg € Up and Player /I responds with Vj € 7,
such that x € Vy C U,.

eTn : Player I plays (U,,x,) € T X X, with x,, € U, C V,,_1 and Player II responds with
V, € 7, such that x,, € V,, C U,.

Player /1 is declared winner if (\V}, # 0, in other case Player I is declared winner.

Although the Choquet game is very similar to the Banach-Mazur game, the fact that

Player I can limit Player /I’s next move is enough to differentiate the two games.
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Clearly, just from the definitions, we can say that
o/ 1 BM(X) then I T Ch(X).
o/] T Ch(X) then II T BM(X).
To demonstrate the difference between the Banach game and the Choquet game we will see
an example of a space where I 1 Ch(X) but I ¥ BM(X). To this end we will assume a property
(proved in 4.1.1) that tells us that in every Baire space it is not possible to find a Player I's

winning strategy for BM(X).

Example 3.1.1. Consider the Baire space

X =R*\{(x,0)x ¢ Q}

we will see that I T Ch(x):

1
Let @ = {qnvn € 0‘)} We define L, = {(x;Y)7 b" < Z}\{(qu())?k < n}
It is clear that (L, = 0.

Observation: Let A be an open set, if Q x {0} NA # 0 then Q x {0} NA is infinite.

To begin to define a strategy o for Player I we will set 6(()) = (Lo, (q0,0)). Let V; be
a response of Player /1. Since gp € Q x {0} N'Vp there is p # go such that (p,0) € V. We set
o((Vo)) = (LiNVo, (p,0)).
In general, let V,, be the last play of Player /1. There is (p,,0) € V,, such that p, & {qi,k <n+1}.
Then we set 6((Vo,V1...V,)) = (L1 NVa, (pn,0)).
Then we have that V.| C L, and therefore "V, C (L, = 0.

3.1.4 Properties and relationships among games

Here we will present some properties of the games seen in this section, and we will
establish the relationships that exist among them.
To begin we will see the first part of the characterization of completely metrizable spaces, the

second part will be seen later in Proposition 4.2.7.

Theorem 3.1.2. If there is an equivalent complete metric to d then Player /7 has a winning
strategy in G(X,d).

Proof. Let c be a complete metric on space X. Then Player /1 has a winning strategy in G(X,c),

playing o on turn n.
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If ¢ is equivalent to d, for any x € X and n € o there is an &, , > 0, such that B;(x, &, ,) C
1
BC (x, i)

Let y be a winning strategy for Player /7 in G(X,c) mentioned above. We define o to be
a strategy in G(X,d) by doing the following:

In each turn n, Player I plays x, and Player /I responds with & ((xg,x1,...%,)) = €, .

: 1 : . :
Since x,41 € By(xn, &, n) C Be(xn, i)’ then {x, } ,c ) is Cauchy in (X, c). Therefore {x, },cq)is
convergent in (X, c¢) and convergent in (X, d) because ¢ and d are equivalent. O

Theorem 3.1.3. In a metric space (X,d), Sequential Game and Choquet Game are equivalent.

Proof.
ITCh(X)=117G(X,d):

Let o be a Player I'’s winning strategy in Ch(X). We will define a strategy 6 for Player /
in G(X,d) by doing the following:

0(()) =xo where o (()) = (Ag,xp). Let ro be Player II’s response in G(X,d). We set a pg < ro
such that By = B(x, po) and By C Ay.

If 0((Bo)) = (A1,x;) then we define &((ro)) = x1. Let r; be Player II’s response in G(X,d).
We set a p; < r; such that By = B(xy, p1) and B; C Ay. Let §({Bg,B1)) = (A2,x2). We define
0((ro,r1)) = x2.

If we continue this process repeatedly we will obtain that 8 ({rg,...r,)) = x,+1 Where
o({Bo,...By)) = (Ap+1,%,11) with B, = B(x,, p,) and p, < r, such that B, C A,,.

Observation: We can choose {p, },co such that p, — 0.

It is clear that B(x, 11, pur1) C B(xn, pn). Suppose that x,, — x. If there is an m € ® such that
x ¢ B,,. Then (B,,;1)€ is an open set containing x such that x ¢ (B,,; 1) for each n > m. This
contradicts the initial assumption x, — x. Therefore x € B, for all n € @. Then x € B, # 0,
contradiction with the winning strategy ©. Therefore {x,} is not convergent, that is, J is a

winning strategy for Player I in G(X,d).

[1G(X,d) =11 Ch(X):

Let 6 be a winning strategy in G(X,d). We will define a strategy ¢ in Ch(X):
o(()) = (B(xo,1),x0), where 8(()) = xo, Let By be a response of Player /I in Ch(X). Then there
is a rg such that B(xo,ry) C Bo.
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Let 6((Bo)) = (B(x1, p1),x1) withx; = 8((rp)) and p; < ro, thus 6((By,...Bn)) = (B(Xn+1, Pnt1),Xn+1)
where x,,11 = 8((rg...r)) and p,11 < ry.

Itis clear that B(x,+1, pnt1) C B(xy, pn), and since & is a winning strategy, we have N\ B(x,,, pu) =

0. Therefore ¢ is winning strategy, because {x, } )n € ® can not be convergence.

11 Ch(X) = 111 G(X,d) :

Let o be a winning strategy in Ch(X). Let § be a strategy in G(X,d), such that:
Let xq be the first play of Player / in G(X,d). We define Ag = (B(xo, 1),x0), if 6({Ag)) = Bo.
Then &({x)) = ro such that B(xg, 7o) C By.

Let x; be a response of Player I, let Ay = (B(xop,r0),x1) and B} = 6((Ao,A1)). We define
6(<X(),X1>) = r; such that F(xl,rl) C B;.

Similarly in turn n+ 1, if Player I choose x,,1 in G(X,d), we define A, | = (B(xy,7n),Xn+1) and
let 6((Ag...Au11)) = Bpy1. Therefore §((xq....Xn41)) = rue1 such that B(x,.1,7441) C Bny1.

Observation: We can choose {r;, },ce such that r,, — 0.

Since o is a winning strategy for Player II in Ch(X) we have that (\B(x,,r,) # 0. Then
N B(xn,rs) = {x}, that is, x, — x. Therefore J is a winning strategy for Player /I in G(X,d).

111 G(X,d) =111 Ch(X):

Let 6 be a winning strategy in G(X,d). Let o be a strategy in Ch(X), such that:
Let Ag = (Ag,x0), and rg = &((xg)). We define 6({Ag)) = B(xo, po) C Ao such that B(xq, po) C
A with pg < 1.

LetA; = (Ay,x;) be aresponse of Player 7 in Ch(X), and r; = & ({xo,x1)). We define 6((Ap,A1)) =
B(x1, p1) such that B(xy, p1) C Ay with py < ry.

Similarly in turn n, if A, is a play of Player 7, and r,, = 8 ((xo, . . . x,) ), then we define 6 ((Ag...An)) =
B(xn, pn) C A, with p, < 1.

Since 6 is a winning strategy for Player /7 in G(X,d), then x, —> x, and since {x; }rep C
B(x,, py) for all n € , then x € " B(x,, p,) and in addition to that, as

B(x0,po) C B(xo,po) C B(x1,p1) C B(x1,p1) C B(x2,p2)-..

we have N\B(x,, pn) = NB(xn,pun) # 0. Therefore ¢ is a winning strategy for Player /I in
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Ch(X). O

To complement the example given in 2.4, we will see our first stationary strategy de-

scribed in this text.

Proposition 3.1.4. Let (X,d) be a complete metric space. Player /I has a stationary winning
strategy in Ch(X).

Proof. Let (Vy,,x,) be the Player I’s last move. Let r,, = max{r € R, B(x,,2r) C V,}ncw. We
define a § strategy by doing the following: 8 (((Vy,x,))) = B(xu,1n)-
Let ((Vo,x0),Bo, (Vi,x1),Bj...) be a 6-game. Since B, = B(x,,r,) C By,—1, ry, — 0 and X is
complete, we have that (B, # 0. Therefore § is a winning strategy.

L

Next we present an important property of the Choquet game that tells us that when Player

I wins, he wins in the "best way".

Proposition 3.1.5. Let (X, d) be a metric space. If Player I has a winning strategy in Ch(X ) then
Player [ has a stationary winning strategy in Ch(X).

Proof. Let ¢ be a winning strategy for Player /. Without loss of generality we can assume that if
(Upn,xy) is the last Player I’s play, then x,, ¢ U, where (U, 1,X,+1) is the next Player I’s play
given by o.

Let’s start by considering the following:

Let 6({)) = (Up,xo). Then there is a least kJ €  such that B(xo, 1 /k3) C Up.
Let (U0k8>x0k8) = o({B(xo,1/ko))). Then there is a least kY € ® such that X0k ¢ B(xo, 1/KY).
Let (UOk(l),ka(l)) = 0((B(x0,1/kY))). Then there is a least kJ € @ such that X040 ¢ B(xo,1/K9).

In this way we can define a sequence of natural numbers {k0},ce, and {xq,, } where
ni € {k;(z)}nea)-

For any kg € {k%} e we have o ((B(xo, 1/k?,)>) = (U0k27x0kf,’,)- Then there are a least

0kY 0K0 —
k() r € o such that B(XOkg, l/kO p) C U()kg \B(.XO, 1/kg+1>
0 Okpy\\ : Ok
Let o({B(xo, l/kp),B(kag, 1/ky"))) = (UOkgkgkg,XOkgkgkg). Then there is a least k; ” € @ such

0k0
0 P
that kagkgk?’ ¢ B(xokp, 1/k;").
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. OkO
In this way we can define a sequence of natural numbers {k; " },c, and {kag ) Where

0k9
In an analogous way we can continue constructing sequences {xo,, nz...np}-

In general, 6({B(xop,1/ny).. .B(xn]_”np, 1/n,11))) = (Unl...np+| ,xn,_”npﬂ).

Let T C 0<%, such that for any s € T, x, is one of the points defined before. In what

follows, unless otherwise stated, when we mention the least, we will refer to the set T.
Note that for any s € T, we have that x;~s — x; when n — co.

Now we will define a stationary winning strategy y by doing the following:

Y(()) = (Vo,xo).
Let V be a play of Player /1. Let niny ...n, € T be the least such that Xniny..n, 1 € V-

Case 0:
If xo € V, We define y((V)) = (Uon,Xon) Where n is the least such that B(x,,1/n) C V.
With this definition it is obvious that such V can only be played on the turn O of Player /1.

Case 1:
If xo, € V is the least.
Suppose that V was played in the turn 1. Then y({V)) = (Upap,X0a») Where b € @ is the least
such that Oab € T and B(xo,,1/b) C V.

Suppose that there is a game where V was played in the turn 2. Let W be the Player 11’s

turn 1 move in that game.

Note that W only contain a finite number of xo,, and B(xo,, 1 /b) just contain xo,. Then,
by definition of &, xo, ¢ Upygp- Since V C Uy, V cannot contain points x,, contradiction.
With this definition, we can notice that any possible play V' such that some x,, is their least, only

can be played in the turn 1.

Case 2:
If xgup €V 1is the least.
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Suppose that V was played in the turn 2.
Then Y((V)) = (Upabe, Xoabe) Where ¢ € @ is the least such that Oabc € T and B(xpqp,1/c) C V.

Analogously to the above, we have that V cannot be played on any turn other than turn 2.

As stated, the reader could understand that this strategy depends on the turn in which V

is played. The trick here lies in the fact that each possible move V can be played only in one turn.
In general, if X0nyny...n, is the least in V, then V only can be played in the turn p.

Now let’s check that strategy ¥ is winning:

TO: Player I plays (Up,xo), and Player I responds with Vj. Let n; € o the least such that
On; € T and B(x(), 1/n1) V.

T1: Player I plays (Uop,, X0, ) and Player /I responds with V. Let xo, the least such that

Xoq € V1. Clearly a = n;.
and let ny € o the least such that Onjny € T and B(xoy,,, 1/n2) C V).

Tp: Player I plays (Uon, ...n,»X0,ny...n,) and Player IT responds with V.

Therefore, (V, = ﬂ;’zl Uony..n, = (@. In conclusion, ¥ is a winning strategy.

Observation: By definition of x;, note that:
oB(x,1/n)NB(xy,1/m) # 0 <= B(x;,1/n) C B(x,,1/m) or B(x,,1/m) C B(xs,1/n).

oB(x,1/kl) C B(xs,1/k},) <= (s=r and m <n) or (s~ k is a restriction of r)

3.2 Cech Game

Motivated by the definition 2.3.1, we will define this new game. This game and its

properties will be important tools in the remainder of this text.

Let (X, T)be a Tychonoff space. We define the game C(X) as follows:
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o70: Player I plays an open cover 6y of X and Player /I responds with Cy € 4.
oT'n : Player I plays an open cover %, of C,_ and Player /1 responds with C,, € %,,.

Player I is declared winner if for every ultrafilter u such that uN %), # 0 for n € @, verifies
that mFEMF ;é 0.

Now we will see the most basic relationship between the Cech spaces and the Cech

Game.

Theorem 3.2.1. Let X be a Cech-complete space. Then I + C(X)

Proof.

Let (6,)necw be a complete sequence.

We will define a winning strategy o for Player [ :

o (()) = o = %0;

o((Co)) = @ ={CNCy,C €E1eCNCy # 0},

6 ((Co,...Cy)) = Gy ={CNCy,C € Cpr1eCNCpy #0}.

Let be an ultrafilter u such that u N .o, # 0. Then there is a C € %, such that CNC,_| € u.
Therefore C € u, that is, uN %, # 0. Then, by definition of complete sequence, we have that

mFeu}_T%@ u

The following theorem gives us an important result that allows us to see the compactness

of the sets obtained in a Cech game.

Theorem 3.2.2. Let o be a Player I's winning strategy in C(X) such that for each n € ® and
Ve B((Vo,Vy...V,)) we have that V C V.
If (Vo,V;...) is a complete run of C(X). Then (V}, is compact and {V,,},.c is an local basis for

V..

Proof.
By 2.3.5 we can say that {Vp, V] ...} fulfills the required. O

The following proposition allow us to consider each Player I’s winning strategy as one
of the form described in 3.2.2.

Proposition 3.2.3. If I 1C(X). Then there is a Player I’s winning strategy f8 such that for each
newandV € B((Vo,Vi...Vy)), V CV,.

Proof.
Let o be a Player I’s winning strategy. We define B(()) = a¢(()). Let Vo € B(()). Then we will



36 Chapter 3. Games and relations between games

define B((Vp)) as a refinement of a((Vj)) such that for each V € B((Vp)) thereisa W € a((Vp)),
fixed for each V, such that V. C W.

Let Vi € B((Vp)) and W € ox({Vo)) as previously chosen. We define B ((Vy,V;)) as a refinement
of {VinS, S € a((Vo,W;))} such that foreach V € B((Vy,V})) thereisa W € a((Vy,W)), fixed
for each V, such that V. C Vi NW.

In general, let V,, € B((Vo,Vi...Vu—1)) and W, € ot((Vo, Wi ... Wy_1)). We define B((Vo,...Vy))
to be a refinement of {V,,NS, S € a((Vo,...W,))} such that for each V € B((Vp...V,)) there is
aW e a((Vy...W,)), fixed for each V, such that V. C V, N W.

Let u be an ultrafilter containing {Vo,V; ...}. Since V,, C W, then {Vy,W; ...} C u. There-

fore Npe, F # 0.
[

With the above, we can now see the relationship of Cech Game with Sequential Game.

Theorem 3.2.4. In a metric space (X,d) the sequential game and the Cech game are dual.

Proof.
DI C(X) =111 G(X,d).

Let § be a winning strategy for Player  in C(X).
Now we will define a winning strategy o for Player /7 in G(X,d).

6(()) = %o
Let xq be the first play of Player /. Then there is Ay € % such that xy € A, and there is ¢ such
that B(Xo,l’o) C Ag. We define G(<x0>) =rp.

0({Ao)) = €.
Let x; be a response of Player I. Then there are A € %) such that x; € A and r; such that
B(xl,rl) C Ay ﬂB(xO,ro). We define G(<X(),X1>) =ry.

0({Ag...Ap—1)) = G-
Let x, be a response of Player /. Then there are A, € %, such that x, € A,, and r, such that
B(xp,rm) CAyNB(xy—1,rp—1). We define o ((xg...x,)) = rp.

Let u be an ultrafilter containing {B(x,,7,) }ncw- Then uN%, # 0 for all n € ® and
therefore (\B(x,,7,) # 0.
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We can assume that 7, — 0. Then there is y € X such that (\B(x,,7,,) = {y}. Therefore
Xp — y.

DIt G(X,d) — 11 C(X).

Let o be a winning strategy for Player /7 in G(X,d), without loss of generality we can
assume that every run verifies:
or, — 0, and
®B(Xy+1,7n+1) C BXn, Tn)-

Now we will define a winning strategy & for Player / in C(X).

We define 8({)) = €y = {B(x,0((x))) }rex.

Let By = B(xp,0({x0))) be a response of Player /1.
We define 6((Bo)) = €1 = {B(x,0((x0,%))) } xeB,-

Let B, = B(x;,—1,06({x0...Xx,—1))) be a response of Player /I in turn n— 1.
We define 6((Bo...By—1)) = 6n = {B(x,0({x0...Xn—1,%))) }xeB,_,-

Since x, — y then B (x,,r,) = {y}, where r, = 6 ((xp ... X,)).
Let u be an ultrafilter such that u N %, # 0, then B,, € u for all n € ®.

Let V be an open set such that y € V. Then there are k and r,, such that B(x,,r,) C
B(y,k) C V. Therefore V € u, that is u \,y.

M1 G(X,d)— 111 C(X).

Let o be a winning strategy for Player I in G(X,d).
Now we will define a strategy & for Player /7 in C(X):

o(()) =xo.
Let < %y > be the first play of Player I. We define 6 ((%))) = Ap where xy € A, and we choose
ro > 0 such that B(xg,rp) C Ao.
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G((r())) = X1.
Let < %1 > be a response of Player I. We define § ({6, %)) = A; where x| € A}, and we choose
r1 such that B(xl,l’l) C B(X(),I’()) NA;.

c({ro...r—1)) = xu.
Let < %, > be a response of Player I. We define 6((%y...%6,)) = A, where x, € A, and we
choose r,, such that B(x,,r,) C B(xy—1,rn—1) NA,.

If 6 is not a winning strategy then there is a play < %(,A0,%1,A] ... > where Player [ is
declared winner.

In that run, let u be an ultrafilter such that B(x,,r,) € u for all n € ®, we have that {y} =
NreuF CNB(xn, 7).

We can assume that r,, — 0, and since (B (x,,7,) # 0 then (\B(x,,,r,) = {v}. Therefore

X, — y, contradiction.
MHITTC(X) =11 G(X,d).
Let § be a winning strategy for Player /7 in C(X).

Lemma 3.2.5. Let V be an open set, and K = {%} be the family of open covers of V that verifies
UaegwA =V forany ¢ € K.

There is a x € V such that for all open set W with x € W C V, there is a ¥ € K such that
0((¢v,6,...%)) =W.

Now we will define a strategy o for Player / in G(X,d):

1
From now on we will consider p, to be small enough for p,, < min{r,, ?} and B(x,, p,) C

B(xn-i-lapn-i-l)'

We define o(()) = xo, where xg is given by the above lemma with V = X.
Let ry be a response of Player /1. Then we choose %) such that 6({%0)) = B(xo, po)-

We define o ((ro)) = x1, where x; is given by the above lemma with V =V, = B(xo, po).
Let r; be a response of Player /1. Then we choose %} open cover of Vj such that 6 ((%6p,%1)) =

B(thl)-
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We define o((r,—1)) = x,, Where x, is given by the above lemma with V =V, =

B(xnflapnfl)-
Let r,, be a response of Player /1. Then we choose %), open cover of V,, such that §((6)...%,)) =

B(xn7pn)~

Since & is a winning strategy there is an ultrafilter u, such that B(x,,p,) € u and
Nreu F = 0. Suppose that x,, — y. Then there are r > 0 and F € u such that B(y,r) N F = 0.

Since there is an n € @ such that d(x,,y) < r/2 and p, < r/2, then B(x,, py) C B(y,r).
Therefore B(xy, pn), F € u and B(xy, p,) NF = 0, contradiction. O

Proof of Lemma. 3.2.5 Case 6((%)):

Suppose it is not true. Then for every x € V there is Wy C V, which is not a possible response for
any open cover of V.

Let 6o = {W, }+ev be an open cover of V. Then 8 ((%p)) = W, for some x € X, contradiction.

In an analogous way we can prove the other cases with two or more covers.[]

If together with the previous theorem we consider the theorem 3.1.3, we can affirm the
duality relationship between Choquet Game and Cech game in a metric space. In the following

proposition, we will try to generalize this relation to a Tychonoff space.

Proposition 3.2.6. Let (X, 7) be a Tychonoff space, then:

o 11T Ch(X) =111 C(X).
o 11 C(X)=II1Ch(X).

Proof.
) I1Ch(X)=II1C(X).

Let o be a winning strategy for Player I, we will define ¥ a strategy for Player /7 in C(X )
by doing the following:
Let 6(()) = (Ag,xp) and let % be the first play of Player I in C(X)1. Then there is a V € %
such that xo € V. We define y((%p)) = Vb.

Let Wy be an open such that Wy C A9 NVy. Let o((Wp)) = (A,x1) and let 4| be open
cover of V. Then there is a V| € % such that x; € V|. We define y({%0, 1)) = V1.

Let 6((Wy...W,)) = (Apsi1,%0+1) and let 6,4 be open cover of V,. Then there is a
Vsl € %H—l such that x;, 1 € V1. We define ’}/( <C5(), %n+l>) =Vut+1-
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Let u be an ultrafilter containing {W, },co. Then since W,, C V,, we have uN %, # 0, in
addition W, C NA, = 0 because I 1 Ch(X).

Therefore e, F = 0.

2) 11 C(X) = II1Ch(X).

Let o be a winning strategy for Player / in C(X ), we will define y a strategy for Player
II in Ch(X) by doing the following:

Let (Vp,xp) be the first play of Player I then there is Cy € o(()) such that xy € Cp. Since
X is a Tychonoff space, there is a open neighborhood Kj of x( such that Ky C CyNV,. We define

Y({(Vo,x0))) = Ko.

Let (Vi,x1) be the play of Player / in turn 1 then there is C; € o((Cp)) such that x; € Cj.
Since X is a Tychonoff space, there is an open neighborhood K of x; such that K; C C; NVj.
We define y({(Vp,x0))) = K].

In general, let (V,,x,) be the play of Player / in turn n. Then there are C,, € 6 ({Cp...Cp,—1))
such that x, € C, and an open neighborhood K, of x, such that K,, C C, NV,. We define

Y({(Vo,%0) - - - (Visxn))) = K.

Let u be an ultrafilter such that {K,,},ce C u. Then C, € uN %, for any n. Since I 1 C(X)
then NK, # 0 and since V, .| C K, C V, for all n € w, then NV, = NK, # 0. Therefore
111 Ch(X).

[

With the following example, we will confirm that the previous result in Proposition 3.2.6

is the best we can obtain to relate the Choquet and Cech games in a general way.

Example 3.2.7. Let X = {(m,n) : m,€ @} with all singletons except {(0,0)} open. Define a set
containing {(0,0)} to be open if and only if contains all but a finite number of points in all but
finitely many columns. Such space is called Arens-Fort space and was defined for the first time
in (ARENS, 1950). The Arens-Fort space is Tychonoff but it is not metrizable.

First we will check that 771 Ch(X ). We will define a stationary strategy &, by doing the following:
oc({((U,x))) =U ifx=(0,0) and 6({(U,x))) = {x} if x # (0,0). Note that, if Player I chooses
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a open set with a point other than (0,0) then his next move can only be a singleton. Therefore,
Player /I wins the game. In case that Player I choose an open set with (0,0) in each turn, clearly,
each move of Player /I contains (0,0) and Player /I wins the game again.

Now we will see that I7 1 C(X). Let % be Player I’s first move. Define 6((%p)) = Cy where
(0,0) € Cp. If Player I response with %}, then ¢((%p,%1)) = C; where (0,0) € C; and so
on. We will consider the filter base B = {(x,y),y € ®}yce. Note that pcpF = 0, and BU
{6({60... %))} new have a finite intersection property. Therefore there is an ultrafilter u con-

taining it. Since Npe, F C Npep F = 0, we can say that Player /1 wins the game.

3.2.1 Sieve Game

Since we can’t get a complete relationship between Choquet Game and Cech Game, the
obvious question is: "what needs to be modified to achieve this relationship?". In (TOPSOE,

1982) we can find an answer to this question, in the form of the following game.
Let (X, 7) be a topological space. We define the Sieve Game SV (X) as follows:

oT0 : Player I plays (Up,xo) € T x X with xg € Uy and Player /I responds with Vj € T,
such that x € V; C Uj.

oT'n : Player I plays (Uy,,x,) € T x X, with x,, € U, C V,,_ and Player /I responds with
V, € 1, such thatx,, € V,, C U,.

Player /1 is declared winner if any ultrafilter u containing {V, } neq verifies that e, F #

Analogously we can define kSV (X)) where Player I chooses compact subsets instead of points.

Definition 3.2.8. A space X is called sieve complete if /7 T SV (X).

With this new game, we can now get what we were looking for. It is expressed in the following

theorem.

Theorem 3.2.9. SV(X) and C(X) are dual games.

Proof.
DITSV(X)—I11C(X).
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Let 8 be a Player I’s winning strategy for SV (X). We will define a Player II’s wining
strategy o for C(X) by doing the following:
Let 8(()) = (Vo,x0)-
Let % be Player I’s first play then we set 6((%p)) = Cp where xg € Cp.
Let 6(<V() ﬂCo)) = (Vl,xl).
Let %) be the Player I’s next play, then we set 6((%p,%1)) = C| where x| € C}.
Let 5(<V0 NCo,ViNCy...V,_1 ﬂCn_1>) = (Vn,xn).
Let %, be the Player I's last play, then we set ({4 ...%,)) = C, where x,, € C,.

Since I 1 SV (X) there is an ultrafilter u containing {V, },ce such that Nz, F = 0.
Since V;,1 1 € u, then V,,NC, € u. Therefore C,, € u. Since uN%, # 0 and Npe, F =0 so 11 C(x).

2)I1C(X) =11 SV(X).

Let o be a Player I’s winning strategy for C(X ). We will define a Player II’s wining
strategy for SV (X).
Let 60 = o (()). Let (Vo,x0) be Player Is first play in SV (X). We fix a Cy € %y such that xy € C
and set 8 (((Vo,x0))) = Vo NCo.
Let 1 = o((C1)). Let, (V1,x) be Player I’s next play. We fix a C; € 4] such that x; € C; and
set 8({(Vo,x0),(V1,x1))) =ViNCi.
Continuing on that way, let 6, = 6((C;...C,)). Let, (V,,x,) be Player I’s last play. We fix a
C, € 6, such that x, € C, and set 8 ({((Vo,x0),--- (Vi,xn))) =V, NC,.
Let u be an ultrafilter containing {V,, N C, },cw, then C, € u. Since %, Nu # O we have that
Nreu F = 0.

3)I11TSV(X) — 11 C(X).

Let 8 be a Player /I’s winning strategy for SV (X). We will define a Player I’s wining
strategy o for C(X).
We set o(()) = {6({(X,x0))) }xoex. Let Cy the Player II’s response.
We set 6((Cp)) = {6({(Co,x1))) }x,ec,- Let Cy the Player II’s response.
In general, if C, was a Player II’s last response, we set 6 ((Cp ... Cy)) = {0 (((CsXn+1))) b1 €C,-
Let (60,Co,%1,C ...) be a c-game.
Let u be an ultrafilter such that uN %y # 0 then there are {x;, },c such that (X, xp),Co, (Co,x1) .. .)
is a 8-game. As C, € u for each n € @ then Ny, F # 0.

4111 C(X)—I11SV(X).
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Let 6 be a Player II’s winning strategy for C(X). We will define a Player I’s wining
strategy 6 for SV (X).

By Lemma 3.2.5 there is a xp such that for any open neighborhood Vjy of xq there is an
open cover % of X such that 6((%p)) = Vp.
We set 6(()) = (X,xp). Let V be Player II” response. Let %) be a open cover of X such that
o ((¢n)) = V.
Again by Lemma 3.2.5, there is a x; such that for any open neighborhood V| C Vj of xq there is
a open cover %] of Vj such that 6((%p,%1)) = V1.
We set 0((Vp)) = (Vo,x1). Let V} be Player II's response. Let 4] be a open cover of Vj such that
o ((6v,61)) = V1.
In this way we have a §-game ((X,x0), Vo, (Vo,x1),V1...) and a c—game (6, Vo, 61,V .. .).
Since 171 C(X) there is an ultrafilter u such that u N6y # 0 and Npe, F = 0. As uN%y # 0 so
{Vi}new C u. Therefore I 1 SV (X).

]

Additionally, we will now see that SV (X) and kSV (x), although very similar, are not the
same game. Which is demonstrated with the following 2 results.

Theorem 3.2.10. The following conditions are equivalent:
)11 SV(X).
i1 kSV(X)

Proof.

Since a singleton is a compact set, it is clear that 77 T kSV (X) implies I7 1 SV (X).

Let ¢ be a Player II’s wining strategy in SV (X).

We will define a Player I1’s strategy y in KSV (X) by doing the following:

Let (Vo,Kp) the first play of Player /.

Then {6 ({(V0,%0))) }xock, is @ open cover of K. Therefore we can set a finite subcover {o (((V{,x)))) }i=n.
Let y({(Vo,Kp)) be the union of the open sets in that subcover.

Let (V1,K)) the next play of Player /.

Each x; € K| is contained in one or more open sets of the previous subcover. Then {o ({(V§,x5), (Vi,x1N
V{)))}, where x; € VINKj, is a open cover of K. Therefore we can set a finite subcover. Now

we define y(((Vo, Kop), (V1,K7)) to be the union of the open sets in the last subcover.

Analogously, we can continue defining Player /I’s responses.

Note that because of the way we chose Player /I’s response we have a infinite tree with
finite branching where every finite branch is a partial game of SV (X), every infinite branch is a

complete game of SV (X) and the nth Player /I’s response is the union of open sets in the nth
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tree level.

Let u be an ultrafilter containing every Player II’s response in a game of KSV (X). Then u
contain at least one open set in every tree level. Therefore we have a infinite sub-tree included in
the ultrafilter. Hence u contain a infinite branch. Since I 1 SV (X) we have that Oz, F #0. U

Example 3.2.11. Let X be a Bernstein subset of [0, 1]. Then 7 1 kSV (X) but I ¥ SV (X). A full
proof of this result can be found in (TELGARSKY, 1984).

3.2.2 Porada Game

The Porada game is another way of generalizing the Choquet game in a way that allows
us to complete the relationship between Choquet Game and Cech Game.
In this text we will mainly consider the Cech and Sieve games, however, we will verify that both
generalization options are equivalent.
Let (X, 7) be a topological space and Y C X. We define the Porada Game P(X,Y) as follows:

e70 : Player I plays (Uy,xp) € T x Y with xo € Uy and Player I responds with V € 7,
such that x € Vy C Uj.

eTn: Player I plays (Uy,x,) € T XY, with x, € U, C V,,_; and Player II responds with
V, € 1, such that x,, € V,, C U,,.

Player /1 is declared winner if @ # (\V,, C Y.

Analogously we can define kP(X,Y) where Player I chooses compact sets instead of
points.
If X is a Tychonoff space, then we define P(X) := P(BX,X).

Theorem 3.2.12. Let X be a Tychonoff space. Then SV (X) and P(X) are equivalent.

Proof. 11 SV(X)=11P(X))

For every U, open set in X, set U* an open set in BX such that U*NX =U.

Let o be a Player I’s winning strategy for SV (X ). We will define a Player I’s strategy y for P(X)
by doing the following:

Let 6(()) = (Uo,xo) be Player I’s first play. We set y(()) = (Wo,xo0) where Wy = Uj;.

Let Vp be Player II's response. If o((VoNX)) = (Uy,x;1), then we set W; > x; such that
Wi C Ui NVy. We define y((Vo)) = (Wi, x1).



3.2. Cech Game 45

Analogously, we define y((Vo,V1...V,)) = (Wyi1,X04+1) where c((VpNX,ViNX...V,NX)) =

(Un+17xn+1) and W1 C U;;k+1 NVa.

Note that V,, 1| C V, for all n € ®. Therefore K = (V,, is a non empty compact subset of
BX.
Now suppose K C X. Then K is compact in X. Since o is a Player I’s winning strategy there is
an ultrafilter u = {F } e, in X containing {V, N X },cq such that (g, Clx (F) = 0.
Since CL.(V,NX) C V,NX we have that " CL,(V,NX) CNV,NX =K. Letx € K\NCL(V,NX).
There is an n € o such that x ¢ CI(V,NX). As X is Tychonoff, there is an open neighborhood
W of x such that W N (V,,NX) = 0. Since x € V,,, we have that (W*NV,))NX # 0, contradiction.
Therefore CL(V,NX) =K.
Then Npe, Clx (F) = Npeu(Clx (F) N K). Suppose there are an F € u such that Clx(F)NK = 0.
Since F NV, # 0 we have {F NV, },cq is a family of non empty compact sets with the finite inter-
section property. Therefore \(V,NF)=FNK =FN(XNK) = Clx(F)NK # 0, contradiction.
Therefore Clx(F) N K # 0 for all F € u. Hence {Clx(F)NK}Ffe, is a family of compact sets
with finite intersection property. Then (\z¢, Clx (F) N K # 0, this contradicts Player I’s winning
strategy in SV (X). Finally, we can state that K ¢ X, that is, v is a Player I’s winning strategy in
P(X).
11 P(X)=11SV(X))
Let y be a Player I’s winning strategy for P(X). We will define o, a Player Is strategy, by doing
the following:
Let y(()) = (Up,x0). We set 6({)) = (UpNX,xp).
let Vj be Player II’s response. We set an open set Wy containing xq such that W C Vo NUp. Then
o((W)) = (UrNX,x1) where y({(Wo)) = (Ur,x1).
In general, if V, is Player II’s last response then 6((Vp...V,)) = (Ups1 N X, Xy 1) wWhere
Y(Wo . Wb) = (Uni1,5051)-

Since 7 is a Player I’s winning strategy for P(X) we have that \W, = W, =K is a
non empty compact subset of X such that K ¢ X.
Let x € K\ X. Let us consider a family of open sets in X formed by the intersection of X and open
neighborhoods of x in fX. That family have the finite intersection property. Therefore, there is
an ultrafilter v containing such family. Since x € K C W,, C V] we have thatV,, =V, NX € v.
Let u be an ultrafilter in BX containing v. It is clear that u contains all the open neighborhoods of
xin BX. Since u is an ultrafilter in fX, a compact Hausdorff space, we have that (g, F = {x}.
Suppose that (\z¢, Clx(F) # 0. Let y € (e, Clx (F). There are V, and V;, disjoint open neigh-
borhoods in BX of x and y respectively. Therefore y € Cix(V,NX) and (V, NX)N(V,NX) =0,

contradiction.
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In conclusion, there is an ultrafilter v containing {V, },ce such that g, Clx(F) =0,

that is, o is a Player I’s winning strategy for SV (X).

I1SV(X)=1I1PX))
Let 6 be a Player II’s winning strategy for SV (X). We will define v, a Player II’s strategy for
P(X), by doing the following:

Let (Vo,x0) be Player I’s first play. Let 6 ({(Vo N X,x9))) = Up. We set y({(Vo,x0))) = Wo
such that xo € Wy C Wy C Uy " V.
Let (Vi,x1) be Player I’s response. Since Vi C Wy C Uj we have Vi NX C U;NX = Uj. Let
o({(VoNX,xo),(ViNX,x1)) = U. We set y({(Vo,x0), (V1,x1))) = Wy such that x; € Wy C W) C
Ul* NVy.
In general, let (V,,,x,) be Playe I's last response. Let 6 (((Vo N X,x0) ... (V,NX,x,))) = U,. We
set ¥((Vo,x0) - - - (Vu, X)) = W, such that x,, € W,, C W, C U} NV,
Let K =W, = W,. Then K is a non empty compact set. Suppose K \ X # 0. Lety € K\ X. Let
u be an ultafilter in X containing all open set of the form V N X where V is an open neighborhood
in BX of y.Since any ultrafilter in X containing u clusters in {y}, we have that (., Clx (F) = 0.
This contradicts the fact that 77 1 SV (X). Therefore K C X, that is, ¥ is a winning strategy.

IITP(X)=1I1TSV(X))
Let y be a Player II’s winning strategy for P(X). We will define o, a Player II’s strategy for
SV (X), by doing the following:

Let (Vo,x0) be Player Is first play. Let y({(V{,x0))) = Up. We set o ({(Vo,x0))) = UpNX.
Let (V},x1) be Player I’s response. We set W}, an open neighborhood of x; in X, such that
W1 C VinUp. Let y({(V§,x0), (W1,x1))) = Uy. We define o ({(Vo,x0), (V1,x1))) = U NX.
In general, let (V,,x,) be Player I’s last response. We set W,,, an open neighborhood of x;, in B X,
such that W, C V" NU,—1. Let Y({(V§,x0) - .. (W, xn))) = Up. We define o ({(Vo,x0) - .. (Vi Xn))) =
U,NX.
Let K = (U, = NU,. Since II 1 P(X) we have that K is a non empty compact subset of X. Let
u be an ultrafilter in X containing {U, NX},. As NClx(U,NX) C (U, =K.
Suppose that K\ NClx(U,NX) # 0. Let y € K\ Clx(U,NX). Then there is a Clx (U, NX)
such that y ¢ Clx (U, NX). Since X is a Tychonoff space, let V;, be an open neighborhood of y
such that V;, N Clx (U, NX) = 0. Then VyNU, = 0. Since y € K C U,,, we have that VinU, #0
contradiction. Therefore K = " Clx (U, NX).
Then Npe, Clx (F) = Npeu(Clx (F)NK) # 0. That is, o is a winning strategy.
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CHAPTER

APPLICATIONS OF TOPOLOGICAL GAMES

In this chapter, we will see some properties of topological games that will allow us to
characterize some spaces as Baire spaces. We will also see properties that allow us to identify

some spaces where Player I or Player II has a winning strategy.

4.1 On the Banach-Mazur Game and the Choquet Game

We begin with the already mentioned result, a characterization of Baire spaces through
the use of the Banach game. This result can be found in (OXTOBY, 1957).

Proposition 4.1.1. Let (X, 7) be a topological space. X is not a Baire space if, and only if,
I1BM(X).

Proof.

=) Since X is not a Baire space, there is a family {A,;n € @} of dense open sets, such
that A = (A, is not dense.

We will define a strategy 6 by doing the following:
We define 6(()) = (U,xo) where ANU =0 and xo € AgNU.
Let Vp be a response of Player I in turn n. We define 8((Vp)) = (A1 NVo,x1).
Let V), be a response of Player II in turn n. We define 8 ((Vy,...V,)) = (Au+1 N Vo, Xn41)-

Since V,, C U NA,, then NV, CUNNA, =UNA =0, therefore I 1 Ch(X).

<) Let o be a Player I's winning strategy. Let 6(()) = Vj.
There is a family #p, of subsets of Vp, such that {c((V));V € ¥} is a maximal pairwise disjoint
family. Note that | 7 is an open dense subset of V.
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Analogously, for each W € % there is a family 7", of subsets of W, such that {c((W,V));V €
#W1 is a maximal pairwise disjoint family. We set #] as an union of all families 7'V Note that
U7 is an open dense subset of V.

This way we can define a collection {7, },c of pairwise disjoint open sets, such that | %;, is an
open dense subset of Vp.

Suppose that (e, U7 # 0. Let x € U7, # 0 for all n € @. Since ¥, is pairwise disjoint,
there is an only V,, € ¥, such that x € V,,. In addition, there is only one Wy C Vj), such that
o ({Vo,Wy)) = V1. In general there is an only one W,, C V,, such that 6 ((Vo, Wy ... V,,,W,,)) = V,i41.
Since I T BM(X), then (V,, = 0, contradiction. Therefore, ,c, U ¥» = 0. Hence, V) is not a
Baire space, therefore, neither is X. ]

Lemma 4.1.2. Let X be a Tychonoff space. Let Y be a dense subspace of X. Let {V,, },,c be a
decreasing sequence of open sets in X and define W, =V, |y. If W, = K is compact in X and
{W, }new is a local base of neighborhoods of K in Y, then NV,, = K and {V,,},,c( is a local base
of neighborhoods of K in X.

Proof.

Suppose there is y € (\V,, such that y ¢ K. Then there are disjoint open sets A, B such that y € A
and K C B. Therefore there is a W,, C Bly and y € V,,NA.

Therefore V;,NA is a non empty open set. Since Y is dense in X, then @ # V,NANY =V, |y NAly =
W,NAl|y C Bly NAly = 0, contradiction.

Let V be a neighborhood of K in X. Since K is a compact set and X is a Tychonoff space, we can
consider that V is a closed neighborhood. There is a W,, C V|y. Suppose that V,, ¢ V. Since VNV,
isopenin X and Y is dense in X, there isay € (V,NV°)|y = W, NV¢|y = 0, contradiction. [

The next property to discuss asks us for something more than a winning strategy but also
requires that the strategy to be stationary. This property is mentioned in (REVALSKI, 2004), but
here we present a different proof of this result.

Proposition 4.1.3. Let X be a Tychonoff space. Then the following assertions are equivalent:
i) The space X contains a dense Cech-complete subspace.

ii) Player II has a complete (stationary) winning strategy in BM(X).

Proof.

i = ii) Let Y be a dense Cech-complete subspace of X.

Since Y is a regular space and by Proposition 2.2.6, there is {%}, },cw, a complete sequence of
open covers, with the following properties:

1) 6 ={Y}.

2) Foreach V € €, there is W € €, such that V C W.

3) For each U € 7\ {0} and for every n € @ there is V,, € 6, such that V,, C U.
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For each open set U # () we define
A(U) =sup{n € w; U CV forsomeV € €, }ncw

Note that if V. C W then A(V) > A(W).

Now we will define a stationary strategy 6 for Player II.
Let V be a non empty open set. If A (V) = oo then we set ({V)) = W such that W C V.
If 2(V) < oo. We set 6((V)) =W such that W € €} (yy)4 and W C V.
A o-game have only two possibilities, or every V,, played by Player I is such that A (V,,) < oo or
there is an m € @ such that A (V},) = oo for all n > m.
In both cases, let (Vo, Wy, Vi, W) ...) be a 6-game. Note that {W,, },c is a family with the finite
intersection property and W,, C W, 11. Then (¢, Wy is a closed set contained in some open
set of each cover %,. By definition of complete sequence of open covers and by Proposition
2.2.2, (Nwew Wn 1s a non empty compact set. And since W, C Wi, {Wy}new is a local base of
neighborhoods of (" W,,.
In this way we prove that in every Cech-complete space Y, Player II has a complete stationary

winning strategy in BM(Y).

For any V open set in ¥ we can set an open set V' in X, such that V' NY = V. Now we
can define a strategy o’ for Player II by doing the following: ¢’'((W)) = c((WNY))" and by
Lemma 4.1.2, 6’ is a complete stationary strategy for Player II in BM(X).

ii = i) Let o be a Player II’s winning strategy for BM (X ).

Let Fp = {o(V), V € t}. Let % C Fp be a maximal collection of pairwise disjoint sets.

Then Uycy, V is dense in X.

For every V € %) we set a maximal collection of pairwise disjoint of the form {c(W), W C V}.
Let 41 be the union of all collections define above. Then Uy, V is dense in X

Analogously, we can define a sequence {6, },c« of collection of pairwise disjoint open sets such
that Uy ¢, V is dense in X. Note that, forany n € @, Uycg,,, V C Uyeg, V-

Let

y= Uv

new Vee,

Since 11 T BM(X), by Proposition 4.1.1, X is a Baire space. Therefore Y is dense in X.

For all n € o, we define €, = {VNY, V € €, },co. Note that {6, },,c( is a countable

collection of open covers of Y.
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Let u be an ultrafilter in Y such that u N6, # 0 for all n € w.
Let o((Vo))NY in uN%;. Then there is a o((V;)) NY in uN %G, such that V| C o((Vp)). In this
way we have a sequence {G((V,,)) NY } e such that V.1 C o ((V,)).

Since o is a complete winning strategy and (Vo, 6(Vp),V1,6(V1),Va...) is a o-game, we
have that 6 ((V,,)) = K is a compact. Note that 6((V;;)) C Uyeg, V. Therefore K C Y.

Let u be an ultrafilter in Y containing u. Then % \, x. Suppose that x ¢ K. Then there is
a o((V,)) such that x ¢ o((V,)), contradiction.

In conclusion, for any ultrafilter u such that uN %, # 0 for all n € @, there is x €
NveuV # 0. Therefore Y is Cech-complete. Ol

In the above result, if in addition to requiring a stationary winning strategy, we add
a condition to the target set, we can get a fully metrizable dense subset, instead of just Cech

complete, as indicated by the following result.

Proposition 4.1.4. Let X be a Tychonff space. Then the following assertions are equivalent:

i) The space X contains a dense, completely metrizable subspace.

ii) Player I has a complete stationary winning strategy o in the game BM (X ) such that for every
o-game p, the target set 7'(p) is a singleton.

Proof.

i = ii) Let (Y,d) be a dense and complete subspace of X.

By Corollary 4.2.8 and Proposition 3.1.4 Player II has a stationary winning strategy in Ch(Y).
Let 6 be such strategy.

Note that the open sets played by Player II following the strategy described in Proposition 3.1.4
form a complete sequence.

Let 7 be the topology of X. Let f : T — Y be a function such that f(U) e U and U|y =V|y —
fU)=fv).

For each V € 7|y we setan V* € 7 such that V = V*|y.

Let o be a Player II’s strategy for BM(X) defined by a((V)) =V Nné(((Vl]y,f(V))))*.

Let p = (Uy, Vo,Up, Vi ...) be a c—game.

Since 0 is a winning strategy in Ch(Y') and 6 (((Uy|y, f(Un)))) C 6({Us)) = Vi, we have that
NV #0.

According to Lemma 4.1.2, since (6 (((Uy,|y, f(U,)))) = {x} we have that T(p) =
No((Un)) = {x}. And {o((Up)) }ncw is a local base for x € X.
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ii = i) Similarly to the previous proposition we have a Cech-complete dense subset Y.
Note that every x € Y is a target set for some o-game (unique).

Now we define a metric in Y by doing the following:

d:YxY —=R
0 x=y
d(x,y) = |
2 XFY

Where n > 1 is the least such that x and y are in different sets of %,.

Obviously d(x,y) = d(y,x). Let x,y,z € Y such that d(x,y) = 1/a. Note that z can not be in the
same set of x and y at same time. Therefore d(x,z) > 1/a or d(y,z) > 1/a. Either way we have
that d(x,y) <d(x,z) +d(y,2).

Since each V,,NY belongs to a local base of neighborhoods of some x € Y, we have that
Tly = 14.

Then (Y, 1) is a metric Cech-complete space and by Corollary 4.2.8, Y is completely

metrizable.

O

Next we will see a characterization of those spaces where Player I has an advantage in

the Choquet Game.

Proposition 4.1.5. Let X be a metric space. I T Ch(X) if, and only if, X contains a copy Y of is
Q. such that Y is a G set.

Proof.

(=) Let o be a stationary winning strategy for Player I.

With the same points x; described in Proposition 3.1.5. We will considered {k;, } ,c the sequence
of natural numbers defined above such that x;—zs — x;.

Now we define a family of open sets by doing the following:

An = B(x;,1/k})

seT
Let z € (A,. Suppose that 7 # x; forall s € T.
Since z # xo, there is a k? such that z ¢ B(xo, 1/kY). Then there is an n1 such that z € B(xop, ,kg"l ).
Since z # Xon,. there is a ky"' such that z ¢ B(xg,,,1/ky""). Then there is an np such that
2 € B(Xonmy, kg""™).
Therefore, there is a sequence {n;}ce* such that Ony...n, € T and z € B(xon,...n,, 1 /np+1) for
all p € o*.
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Since there is a game such that in the turn 0 Player II plays B(xg, 1 /n;) and in the turn p,
Player II plays B(xon,...n,; 1/n,11), we have that

ze () B(Xon,...n,» 1/npy1) = O(contradiction)
pPEO*

Therefore,
(An={x;, s€ T}

Then {x;, s € T} is Gg, countable and without isolate point. Therefore, by Sierpinski Theorem,
is homeomorphic to Q.

(«<=) To simplify the writing we will consider Q C X. Let Q = V,,, where V,, is open in
X.
Let U, =V, \ {qx,k < n}. We define ¢ to be a strategy for Player I by doing the following:
o(()) = (Uo, qo)-
If Player II chooses Vp, then o ((Vo)) = (U1 NVp, po)- In general, 6((Vy... V) = (Un+1 NV, pp).
Clearly, NV, C Uy = 0. Therefore, o is a winning strategy. O

To conclude this section, we will see another application that allows us to characterize
some spaces where /1 T Ch(X). Before seeing such a result, it is necessary to establish some

definitions.

Definition 4.1.6. We will say that a Tychonoff space X has a Base of countable order if there is
a base 4 for X such that any sequence {B),},c¢ of different members of # with B, C B, is
a local base for each point of () B,,. A base of countable order is monotonically complete if for
each sequence {B,},co C % such that B, | C B, then B, # 0.

Definition 4.1.7. Let (X, 7) be a Tychonoff space. A collection U C t\ {0} is a regular filter
base if for any U,V € U there is W € U such that W C UNV. X is called subcompact if it has a
base B C 7\ {0} such that every regular filter base U C B has non empty intersection. Such base

B is called subcompact base.

We will also consider an equivalent definition of bases of countable order, given in
(WORRELL; WICKE, 1965).

Proposition 4.1.8. Let (X, 7) be a Tychonoff space. Then X has a base of countable order if
, and only if, there is a sequence %, of bases for X such that whenever the sets B, € %, has
By # 0, then {B,,},c( is a local base for each point of (B,.

In (GRUENHAGE, 1984) we find another equivalence that will be useful in the proof of
the theorem that we mentioned before.
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Proposition 4.1.9. A Tychonoff space (X, 7) has a monotonically complete base of countable
order if and only if there is a tree (7, C) with levels 7y.71, T, ... and a function G : T — 7\ {0}
such that:

a) G(T,) is a cover of X for each n.

b) If € T,,, then G(t) = U{G(p);p € T+1,p C t}.

¢) If to,11,1; is a branch of T then S = (" G(t,) is non empty and {G(¢,)} is a local base for each
point of S.

With the above we are ready to prove the following result.

Theorem 4.1.10. Let (X, 7) be a Tychonoff space with a base of countable order, then:
a) X has a base of countable order monotonically complete.

b)X is subcompact.

c)Player II have a (stationary) winning strategy in Ch(X).

are equivalent.

Proof.
a)=b)
Let Z be a base of countable order monotonically complete for X. Let U C % be a regular filter
base. We will suppose that U does not have a minimal element (with respect to set inclusion).
Because if U has a minimal element, then there is nothing to prove. Let {B,, },c C U such that
By+1 C By Since {B, }nee C % and X is a Tychonoff space, then (B, = {x}.If x ¢ B € U there
is B’ € U such that x ¢ B'. Therefore there is B, such that B, B’ = 0, this contradicts the fact
that U 1is a filter base.
b) = ¢)
Let B be a subcompact base. Let (U,x) be a pair with x € U € 7. We define a Player II’s
stationary strategy o by doing the following: 6 ((U,x)) C U such that x € 6((U,x)) C U. Let
(((Uy,x0), (U1,x1),(U2,x2),...)) be a game played with such strategy. Note that {c ((Uy,xn))}
is a regular filter base containing in A. Therefore (U, # 0.
c)=a)
Since X has a Base of Countable Order, there is a sequence { %, } e as described in Proposition
4.1.8. Let o be a winning strategy for Player II in Ch(X). We will define Cy = {(Vo,x0);x0 €
Vo € Bp}. Let

C1 = {(Vo,X0,V1,x1); (Vo,%0) € Co,x1 € V1 € B1,V1 C o({(Vo,X0))}

and, in general C, = {(Vo,x0... Vi, X1); Vo, %0 ... Va1, %1-1) € Cp—1,%0 € Vy € By, Vi € 6({(Vo,%0) - - - (Viny , X
Now define T = JC,,. Let t = (Vy, X0, ... Vu,xn) and p = (Wo,vo,. .. Wi, ym) € T. We define the
relationship C in 7 by doing the following:  C p if and only if m > nand V; = W,, x; = y; for

eachi <n.

Note that T is a tree and C,, are its levels. We define G : T — 7\ {0} such that G(Vy,xo, Vi, x1 ... Ve, x,) =
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o ({(Vo,x0), -+ (Vin,xn)))-

Now we will see that this tree T with the function G meet the conditions given in Proposition
4.1.9.

Then G(C,) is a cover of X for each n and G(t) = U{G(p);p € Cpt1,p C t}. Finally, let {#;}ico
be a branch of 7. Then there are {(V;,x;)}ice such that t; = (Voy,x0,V1,x1 ... Vi, x;). Therefore
G(t;) = o({((Vo,x0), (V1,x1) ... (V;,x;))). Since o is a winning strategy we have that (G(t;) # 0.
Let x € (" G(t;). Since x € V; € %; for each i and NV; = N G(t;) # 0, then {V;},cq is a local base
of x. In addition, since V1| C G(t;) C V; we can say that G(1;) is a local base of x as well.

In the following diagrams, we will see a summary of the most important results obtained

related to the Choquet game in metric spaces.

11 C(X) 421 X is completely metrizable

324 3.1.2

3.13

11 G(X,d) 12 14 onx)y 10

Player II has a stationary winning strategy in Ch(X)

Figure 1

111 C(X) X contains a copy of QQ that is G

4.1.5

I11G(X,d) 213 1T Ch(X) 315 Player I has a stationary winning strategy in Ch(X)

Figure 2
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4.2 On the Cech Game

In this section we will see various results related to the Cech game.
Before starting to see these results, it is necessary to know some subcategories of paracompact

spaces.
Definition 4.2.1. A space X is hereditary paracompact if every subset of X is paracompact.

Definition 4.2.2. A space X is ultraparacompact if every open cover admits an open refinement
made by mutually disjoint open sets.

With the established definitions, we can prove the first proposition that allows us to go

from Player I having an advantage in Cech Game to space being Cech complete.

Proposition 4.2.3. Let X be a Tychonoff space. If BX is hereditary paracompact and I 1 C(X)
then X is Cech-complete.

Proof.

Let & = {W; }1c; be a family of open sets in X. For any k € I, there is a W, open set in §X
such that Wy|x = Wi. We fix {V,} e/, a locally finite refinement of {W; }«c;, and we define
0* = {V,|x}pes. Therefore &* is a locally finite refinement of &.

Let o be a winning strategy for Player I. We will define another winning strategy ¢ by
doing the following:

We define o(()) = a(())*.

If Vo € o(()), there is a Wy € a(()) such that Vy C Wy. Let 6({(Vp)) = {WNVy,W €
o ((Wp))}. Then we define o ((Vp)) = 6 ((Vo))*.

If Vir1 € 6((Vo...Vy)), there is a Wy € a((Wy...W,)) such that V| C W;. Let
6(<V0, . Vn>) = {WﬂV,H_l,W S G(<W0 .. Wn>)} Then we define G(<V0 . ..Vn+1>) = 5(<V0 . ..Vn+1>)*.

Now we are going to show that ¢ is a winning strategy:
Let u be an ultrafilter such that uN o ((V;...V,)) # 0 for all n € ®. Then V,, € u and V,, C W,,.
Then un a((Wy ... W,)) # 0 therefore Nz, F # 0.

If 6((Vo...Vy)) = {A;}ier, define 6((Vy...V,,)) = {A;}ies alocally finite family of open
sets in BX such that A;|x = A;.

Now we define a family of open sets in fX containing X by doing the following:

0 =6(()).
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%1 = Uyyeo((y) 6((Vo)).
42 = Uwpeo(()) Uviea(vy)) 8 ((V0, V1))

%n = Uvpeo(()) Ui co((o)) Unea(vorn)) - Uy, ((Vo,-- - Va—1)).

Now we are going to see that:

We already know that X C ,,c,(U%0).

Lety € Mpew(U an)

We are going to consider F an ultrafilter in X containing all restriction neighborhoods of
yin BX at X.

Since ‘fo is locally finite, there are only a finite {Vk}k: | such that y € V.

Now we will prove that there are only finitely many elements of ) that contain y.

1° Let W € %) be such that y € W There is m such that W € 6((V,,,)) theny € W C V,,
therefore V,, € {Vi }ie1..n-

2° Let
A ={W e 6({Vx));ye W}

Since for k = 1...n we have that 6((Vy)) is locally finite, then Ay is finite.
30

(Web,yew) = U {Wed((Vi)),yeW}= U Ay is finite.
k=1...n k=1...n

Analogously we have that for every n € @, there are only finitely many elements of %,

that contain y.

Therefore, we have a family of open sets that contain y. That family is an infinite tree

with finite branching, and by Kénig’s lemma there is an infinite branch V) D V; D V... where
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Vi1 € (~7(<V1 . Vn>)

Now it is clear that V,, € F for all n € w, and since ¢ is a winning strategy therefore

Nrerclx f # 0.

If y ¢ X, for every x € X there is an open neighborhood of y in X, V,, such that
x ¢ clgxVy, and therefore x ¢ clx (Vy|x) € F, this is [ ;cf clx f = 0, contradiction.
]

Before presenting the following proposition, we will see a property of ultraparacompact

spaces that will be useful in the proof.

Lemma 4.2.4. Let X be an ultraparacompact space, if {V;};c is an open cover made by mutually
disjoint sets. For any i € I every open cover of V; has an open refinement made by mutually

disjoint sets.

Proof.

Let {A;}jes an open cover of Vo = J;c;A;. Then {A;} jes U{Vi}icp {0} is an open cover of X.
Then there is a refinement {W,, } made by mutually disjoint sets. Let Z = {W,,; W, N\ Vy # 0}, #
is a cover of V) made by mutually disjoint sets, and therefore is an open refinement of {A;} jc;

made by mutually disjoint sets.

Similarly, we can prove that every open cover cover of V| € Z, admits an open refinement

made by mutually disjoint sets.

In general every clopen set of an ultraparacompact space is ultraparacompact itself. [

With this we are ready to present and prove the following proposition.

Proposition 4.2.5. If the space X is ultraparacompact and I 1 é(X ) then X is Cech-complete.

Proof.
Let 0* be a winning strategy for Player I. We will define a winning strategy o where every

response is an open cover made by mutually disjoint sets.

Since 6*(()) is an open cover of X, there is a refinement made by disjoint sets. We set
that refinement and defined as ¢ (()).
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ForallV € o(()), we fix Wy € 6*(()) such that V C Wy.
Let Vo € 6(()). Since o*((Wy,)) generates an open cover of Vy and since Vj is ultraparacompact
by Lemma 4.2.4 there is a refinement made by mutually disjoint sets. We fix that refinement and
define it as o ((Vp)).

In general, for any V,11 € 6((Vp...Vy)) we fix W1 € 6*((wp...W,11)) such that
Vit1 C Wyyp1. Since o*((Wy...W,41)) generates an open cover of V,| and since V, is ultra-
paracompact by Lemma4.2.4 there is a refinement made by mutually disjoint sets. We set that

refinement as 6 ((Vp...V,11)).

Now we will define a family of open covers of X.
G =0(())
%1 = Uy, 0((V0))-
@2 = Uyyeq, Uviea((v)) ©((Vo, V1))

Cn = Uyyeo Uviea (Vo) Unea(vov)) - - Uy, 6((Voy - Vae1)).

Let u be an ultrafilter such that uN %, # 0 for all n € .

Let {Vo} = un%y (Vp is unique because the other elements are disjoint of it.)

Let {Vi} =un%. Then V; € 6({Vo)) because the other responses only have open sets disjoint
of V.

Analogously if {V,} =un%, thenV, € 6((V;...V,_1)).

Therefore there is a play [6({)), Vo, 6 ((Vo >,V1,6((Vo,V1))...], therefore, since I + C(X) we
have that ¢, F # 0. O

With the following result, we will finish those that, by adding conditions, allow us to

affirm that a space is Cech complete.

Proposition 4.2.6. Let X be a Tychonoff space where I + C(X). If for every compact K € BX \ X
there is a compact K € BX \ X, such that K C K and K is a G set, then X is a Cech-complete

space.

Proof.

Let% be a collection of compact subsets of BX \ X, and let % be a collection of G§ compact
subsets of BX \ X.

For each K € € letus seta K in ¢,

For each K let us set ¥k = {V,,(K)},ce such that NV, (K) = K.
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Since 71 C(X), then I T CO(BX \ X).(COSTA, 2019)

If in CO(BX \ X) we add a restriction for Player II, Player I still wins the game.
Restriction: if Player I chooses K, Player II can response only with elements of 7.

Playing with that restriction, let a winning strategy 6 for Player I in CO(BX \ X). We

define:

o =1{8(())} ={K},

= {8((Vim, (K))) }meo = {K™ }myco

oy = {8 ((Vim, (K), Viny (K™))))) Yy mrco = {K™" }) mrc, and in general
= {8 ((Vin, (K), Viny (K"™), Vg (K™172) ... Vi, (K™ "1))) b -

Let o7 = J.¢,. Then < is countable.

Let us suppose there is y € BX \ X such that y ¢ Jxc s K. Then for any K € A there is
a p € o such that y ¢ V,(K). Then Player II can respond every choose K, of Player I with the
open set V), (K,) which does not contain y and consequently Player II wins the game, that is a
contradiction with I T CO(BX \ X).

In conclusion, BX \ X = ke, K, hence, BX \ X is 6 —compact and by Proposition 2.1.2
and Theorem 2.3.4, X is Cech-complete. [

With what has been developed so far, we are able to demonstrate the reciprocal of

Proposition 3.1.2.

Proposition 4.2.7. Let (X,d) be a metric space. If I T C(X) then X is completely metrizable.

Proof.

Let Y be the completion of X. We will prove that X is a Gg subset of Y. That will ensure what
we are looking for.

Since Y is a metric space, Y is a hereditary paracompact.

Analogously at Proposition 4.2.3, we can define a cover of X by opens in Y and prove that

intersection of those open is X. We thus prove what we want.
]

Corollary 4.2.8. Let (X,d) be a metric space. Then:

oX is completely metrizable.
o/ 1C (X).
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o/ 1 G(X,d).
oIl + Ch(X).

are equivalent.

Before presenting the last theorem of this text, which allows us to characterize those
spaces where Player I always wins the Cech game, we are going to make some observations that

will be useful when carrying out the demonstration.

Observations:
e Note that for an arbitrary winning strategy, every move from Player I can be sorted in well
order.
o If (in each Player I's response) we remove the elements that are contained in the union of the

previous ones, we can ensure that what we are still left with is a winning strategy.

Taking these observations into account, we can establish a winning strategy for Player I
with the following characteristics.
Let o be Player I’s winning strategy such that:
i) Every Player I respond’s is well ordered.
ii) Let {W;} ;s be a Player I’s respond, then for eachi € I, W; ¢ U;; W;.

With all these considerations, we are now ready to prove the following characterization
mentioned in (TELGARSKY, 1983), and that we will prove here using the properties of Cech

game that we have described throughout this text.

Theorem 4.2.9. The following conditions are equivalent:
i)X is a Sieve complete space.

ii)Xis an open image of a (paracompact) Cech complete space.

Proof. i) = ii)

Since X is sieve complete, then I 7C(X). Now we will define a family {%,},cq, of covers of X,
as follows:

%o = a(()).

1 = Uyyea() @((V0))-

%2 = Unyea(() U ea(v)) (o, 1)).

G =Upea) U, a0 &V Va1)).

For each V) € %\ we can associate with each element W of o/((Vy)), an ordered pair
(Vo,W).
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For each o((Vp, V1)) we can associate each W € a((Vp,V;)) with (Vp, Vi, W). We can continue
analogously with each %,.

Now, we can see %, as a subset of idany

Since 6y = a(()) and every a((Vp)) are well ordered, we can induce a well order in %) by doing
the following: (Vi,W;) < (V2,Wh) if V] <¢ Va2 or V; =V, and W <y, Ws.

Analogously, we can define a well order in every %,,.

Now, for each n, we will remove from %, all elements that meet the condition V C (Jy <vW.

Let & denote the set of all sequences {(Vy,x), (V1,x),(V2,x)...} such that:
1)V, € 6.
(i) (Vp,V1,V5...) is arun of C(X).
(i) x € Mpee Vi

Let us define D(n,V,U) to be a subset of & such that:
D(n,V,U) = {{(Vp,x), V1,x),(Va,x)...} e&xeUCV =V,}

Note that, if n’ > n and D(n,V,U)ND(n',V',U") # 0, then

D(n,V,U)ND' V', U =D,V . UNU")

Let us define Z to be the collection of all D(n,V,U). Let ¥ be the collection of all arbitrary

unions of elements of Z. Then W is a topology in &

i) (&,¥) is a Hausdorff space.
Let X' = {(Vo,x), (Vi,x),(V2,x)...} and y = {(V}5,¥), (V{,y),(V3,) ...} be different points of &
If there is an n such that V), = V,, for m < n and V) = V,,. Then D(n,V,,V,) contains x’ but not y’
and D(n,V,,,V,) contains y’ but not x’.
If V;, =V, for all n. Then x # y, therefore exists disjoint open sets V,V,, such that x € V, and
y € V,. Then D(0, Vp, Vo N V) contains x” but not y’ and D(0, Vp, V~V;) contains y’ but not x’.

Let F : (6,%) — (X, 7) defined by F({(Vo,x), (V1,%), (V2,x)...}) = x.

i) F' is an open continuous map.
Let D(n,V,U) € . Then y € F(D(n,V,U)) if, and only if, there is a W € %, such that
yeWnNU C V. Therefore, F(D(n,V,U)) =UNU{W € €,+1,W CV} e,
LetV e 1, F-Y(V)=U{D(n,V,,V,nV)} € P.

Let us define an equivalence relation ~ in & such that

{(Vo,x), (V1,x), Va,x) ...} =2 {(Wo,y), (W1,y), Wa,y)...} +— V, =W, Vn
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In &/ ~, let V = [{(Vo,x),(V1,x),(V2,x)...}]. We define a metric d by doing the following:
d(V,W)=1/(n+1) where V; = W, for i < n and V,, # W,,. Clearly d is a complete metric.

Finally we will see that 7 : (&, y) — (&/ ~,d) is a perfect continuous map and by

Proposition 2.3.7 we can conclude the proof.

1)7 is continuous.
Let V = [{(Vo,x),(V1,x),(Va,x)...}]. Let B(V,1/(n+1)) be an open ball in &/ ~. Then
{(Wo,y), (W1,y), (Wa,y),...} €t~ Y(B(V,1/(n+1))) if, and only if, W; = V; for i < n. Therefore,
{Wo,),(W1,5),(W2,y),...} € D(n,V,Va) = 7 1 (B(V, 1/ (n+1))).

1) 7 is closed.
Let Cbeaclosedin (&, y). LetV = [{(Vo,x), (V1,x),(V2,x)...}] ¢ (C). Then for each y € NV},
there is ny such that [{(Vo,x),(V1,x),(V2,x)...} € D(ny,Vy,,Uy) and D(ny,V, ,Uy) NC = 0.
Since {Uy }yenv, is an open cover of "V, and (V}, is a compact set, there is a finite subcover
{Uy}yer. Additionally, since {V, },ce is a local basis for "V, there is p > n, Vy € F, such that
Vp CUyer Uy.
Now, suppose that B(V,1/(p+1)) Nx(C) # 0. Then there is a {(Wy,a), (Wy,a)...} € C, such
that W; =V; for i < p. Since a € W, =V, we have that a € U, for some y € F. Then {(Wp,a), (Wi,a)...} €
D(ny,Vy,,Uy) for some y € F, contradiction. Therefore, B(V,1/(p+ 1)) N 7(C) = 0. That is,
n(C)¢isopenin &/ ~.

iii)z~1 (V) is a compact set.
LetV =[{(Vo,x),(V1,x),...}]. Then 7= 1 (V) = {{(Vo, x), (V1,X), ...}, X € Nyew Va}- Let {D(ni, Vo, Ui) i
be an open cover of 7! (V). Then {U;} is an open cover of (¢, Vy. Therefore, there is a
finite open subcover {U; }icF.
Let z € N V,. Since z € U;, for some i € F, then {(Vo,z), (V1,2) ...} € D(n;,V,,,U;). In conclusion,
{D(n;,V,,,,U;) }icr is a finite subcover of 771(V).

ii) = i)
Let X be a Tychonoff space. Let ¥ be a Cech complete space and let f : Y —s X be an open
continuous function. Since Y is Cech complete, by Theorems 3.2.1 and 3.2.9, we have that
111 SV(Y). Let v be Player II’s winning strategy in SV (V).
We will define a Player II’s strategy ¢ in SV (X) by doing the following:
Let (Up,xo) be Player Is first move in SV (X). We set yo € £~ ({x0}). We define 6 ({(Up,x0))) =
f (Vo) where Vo = y({(f~" (U0),0)))-
Let (Uy,x;) be Player I’s response. We set y; € f~1({x1}). We define o ({(Uy,xo), (U1,x1))) =
f(V1) where Vi = y({(f~' (Uo),y0), (f ' (U1) Vo, 30)))-
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Analogously, in the turn 7, let (U,,x,) be Player I's move. We set y, € f~!({x,}) and define
& (((Uny0), (U1, 51) . Uny))) = £(Va) where Vi = Y(((£~ (U0):30) - (F " (Un) Wa1,30))):
Let u be an ultrafilter in X containing { f(V;,)}sce. Then.Z = {f~1(W),W € u} is a filter base in
Y.Letx € WNf(V,) where W € u. There is y € V,, such that f(y) =x € W. Therefore y € £~ (W).
Then {V, }new U.Z is a filter base in Y. Since 11 T SV (Y) then {V,, },c U.Z clusters. Therefore
Z clusters as well.

Since NCly (f~'(W)) # 0 we have that 0 # N f~'(Clx(W)) = f~'(NCIx(W)). Therefore,
NwenClx (W) # 0. Then IT 1 SV (X). O
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