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RESUMO

MOREIRA, E. M. Variacoes locais e quasilineares do problema de Chafee-Infante . 2023.
154 p. Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ci€ncias Matemadticas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2023.

Neste trabalho, desenvolvemos alguns resultados sobre variagdes nao-locais e quasilineares do
problema de Chafee-Infante. No caso quasilinear ndo-autbnomo, vamos demonstrar a existéncia
de solugdes especiais conhecidas como “equilibrios ndo-autdbnomos”. No caso quasilinear
autonomo, vamos exibir a existéncia de uma sequéncia de bifurcacdo de equilibrios, analisaremos
sua estabilidade e hiperbolicidade. Também exibiremos a estrutura do atrator para um caso
particular. No ultimo capitulo vamos construir um conceito de bloco isolante para problemas

multivaluados e fazer uma aplicagdo de tal conceito.

Palavras-chave: Problemas nio-locais, problemas de Chafee-Infante, problemas quasilineares,

hiperbolicidade, estrutura de atrator, bifurcacgao.






ABSTRACT

MOREIRA, E. M. Nonlocal quasilinear variations of the Chafee-Infante problem. 2023.
154 p. Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ci€ncias Matemadticas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2023.

In this work, we developed some results on nonlocal quasilinear variations of the Chafee-Infante
problem. In the non-autonomous quasilinear case, we will show the existence of special solutions
known as “non-autonomous equilibria”. In the autonomous quasilinear case, we will exhibit the
existence of a sequence of bifurcation of equilibria, for which we will analyze the stability and
hyperbolicity. We will also exhibit the attractor of the global attractor for a particular case. In
the last chapter, we will construct a concept of isolating block for multivalued problems and we

will make an application of such concept.

Keywords: Nonlocal problems, Chafee-Infante problems, quasilinear problems, hyperbolicity,

structure of the attractor, bifurcation.






RESUMEN

MOREIRA, E. M. Variacoes locais e quasilineares do problema de Chafee-Infante . 2023.
154 p. Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ci€ncias Matemadticas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2023.

En este trabajo desarrollamos algunos resultados sobre variaciones cuasilineales no-locales del
problema de Chafee-Infante. En el caso cuasilineal no-auténomo, vamos a demostrar la existencia
de soluciones especiales conocidas como ‘“‘equilibrios no-auténomos”. En el caso cuasilineal
auténomo, vamos a demostrar la existencia de una secuencia de bifurcacién de equilibrios, para
los cuales analizaremos su estabilidad e hiperbolicidad. También mostraremos la estructura del
atractor para un caso particular. En el ultimo capitulo, vamos a construir un concepto de bloque

aislante para problemas multivaluados y hacer una aplicacién de tal concepto.

Palabras clave: Problemas no locales, problemas de Chafee-Infante, problemas cuasilineales,

hiperbolicidad, estructura del attractor, bifurcacién.






LIST OF FIGURES

Figure 1 — Representations of the attractor for the Chafee-Infante problem, A € (0, 16).

Figures inspired by (HENRY, 1981, p.5) . . . . . . .. .. ... ... ... 22
Figure 2 — Exampleofacurvel’. . ... ... .. ... ... ... . ... 38
Figure 3 — Representation of the set X1+ ......................... 74
Figure 4 — A representation of the region X;r ....................... 75
Figure 5 — Spectrumof Le . . . . . . . . . . . 88
Figure 6 — Graphs of a; (in gray) and VCIi (in blue) for different choicesof v . . . . . 95
Figure 7 — Graphs of a; and VC]*L (in blue) for different choicesof v . . . . . . .. .. 95
Figure 8 — Graphs of a3 (in gray), VCIjE (in blue) and chi (in green) for different choices

of Vo o e 95
Figure 9 — Expected structure of the attractor, when v € (v3,vs). . . . .. .. ... .. 96
Figure 10 — Graphs of a4 (in gray) and \/cfE (in green) for different choicesof v . . . . . 96
Figure 11 — Graphs of as (in gray) and VCIi (in green) for different choicesof v . . .. 97
Figure 12 — Graphs of ag (in gray) and w‘?E (in green) for different choicesof v . . . . . 97
Figure 13 — Isolating block of a saddle-point . . . . . . ... ... ... ... ..... 113

Figure 14 — Representation of the Heaviside function . . . . . . .. .. ... ... ... 136






CONTENTS

2.1

2.1.1
2.2

2.3

2.3.1
2.3.2
2.3.3
2.3.4
2.3.5
2.3.6

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5

5.1
5.2
5.3
5.4

INTRODUCTION . . . . . . e e e e e e e e e 21
ABSTRACT THEORY OF ATTRACTORS . . ... ... ... ... 25
The autonomous problem . . . . ... ... ... ... ......... 25
Conley index and connection matrix . . . . . .. ... ... ...... 30
Non-autonomous problems . . . . . ... ... ... ... ....... 34
Semilinear problems . . . . . .. ... ... . 37
The linear theory . . . . . . . . . . .. . ... ... ... ... 37
Existence of solution for the semilinear problem . . . . . . . .. . .. 41
Comparison results . . . . . . . ... ... ... ... 44
Stability of equilibria . . . . . . ... ... ... .. ... .. ..... 45
Local information near an equilibrium of 23) . . .. ... ...... 46
Hyperbolic solutions . . . . . . .. ... ... ... ... ....... 47

THE CHAFEE-INFANTE PROBLEM AND ITS NON-AUTONOMOUS

VARIATION . . . . . e e e e e e e e e e e e 53
The bifurcation of the Chafee-Infante problem . . . . . . . . ... .. 54
Structure of the attractor and Morse Smale semigroup . . ... .. 58
Identifying the structure of a global attractor . . . . ... ... ... 61
A non-autonomous Chafee-Infante problem . .. ... .. ... ... 62
Further comments and open problems . . . . . . .. ... ... .... 64
A NON-AUTONOMOUS PARABOLIC PROBLEM . ... ... .. 65
Non-autonomous problem . . . . . . ... ... ... ..., ...... 66
Global well-posedness . . . . . .. ... .. ... ... .......... 67
Existence of pullback attractor . . . . ... .. ... ... ....... 70
Non-autonomous equilibria . . . . . . ... ... o000 73
Some remarks and open problems for further investigations . . . . . 77
THE AUTONOMOUS PROBLEM . . . . . ... ... ... ..... 79
Existence of the attractor . . . . . ... ... .. ... ......... 80
Equilibria of the autonomous problem . . . . . . . ... ... ..... 81
Hyperbolicity of the equilibria of (5.3) . . . .. ... ... .. ... .. 83

Hyperbolicity of equilibria for the nonlocal quasilinear problem (5.1) 89



5.5
5.6
5.7

6

6.1
6.1.1
6.2
6.3
6.3.1
6.3.2
6.3.3
6.4

Bifurcation of equilibria for a few examples . . . .. ... ... ... 91
Structure of the global attractor for a non-decreasing . . . . . . .. 97
Some remarks and further investigations . . . . ... ... ... ... 109
MULTIVALUED PROBLEMS . . ... ... ... .......... 111
Basic definitions . . . . . ... .. Lo oo 113
A differential inclusion with Lipschitz nonlinearity . . . . . . . .. .. 117
Existence of the isolating block in the multivalued case . . . . . . . 119
Application . . . . . ... L 135
Previous results . . . . . . . . ... ... 136
Isolating block . . . . ... . ... ... ... ... ... ... 138
Uniqueness of solutions . . . . . . ... ... . ... ... ........ 142
Conclusion and next steps . . . . . .. ... ... ... ......... 147

BIBLIOGRAPHY . . . . . e e e e e e e 149



21

CHAPTER

INTRODUCTION

The study of the inner structure of attractors for scalar semilinear parabolic problems
with local diffusivity is considerably well understood and many very interesting results are
available in the literature (see, for example, (CARVALHO; LANGA; ROBINSON, 2013) and
references therein). The description of the inner structure for non-local models is much less
exploited. Our aim is to provide some techniques to unravel the dynamics of such non-local

models in both autonomous and non-autonomous frameworks.

Related to the inner structure of the attractor, we wish to understand properties that
are robust under Lipschitz perturbations such as hyperbolicity (in the autonomous context)
or exponential dichotomy (in the nonautonomous setting). A lot of the geometric theory for
nonlinear dynamical systems can be found in (HENRY, 1981). Another approach to find answers
for the inner structure is using topological theory such as homology and connection matrix

theories. In this thesis, we will consider both approaches.

We will explore problems in the one-dimensional bounded domain. In this situation, we
have more information about the spectral theory of linear operators, that is because we will use
the fact we understand very well the so-called Sturm-Liouville operators, see (SAGAN, 1961)
for more details.

The theory of semigroup and evolution process has been developed intensively from the
last century until now. We can find several problems for which there is a semigroup or process
related to them. In fact, we can also find examples for which there is a compact set (or a family

of compact sets), which is called an attractor, that describes the dynamics of the problem.

There is a particular class of semigroups, called gradient semigroups, that interest us
most. In fact, if the number of equilibria is finite, we can say that the attractor of a gradient
semigroup, if it exists, is the set of global bounded solutions that connects two distinct equilibria
(that is, stationary points under the action of the semigroup). Thus, it is important to understand

the behavior of the solutions near each equilibrium. To be more precise, we search for aspects of
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the dynamics which are robust under perturbation.

After understanding how the semiflow acts close to each equilibrium, the following
question would be to understand the semiflow restricted to the attractor. For instance, it is

interesting to see if we have transversality.

The best well-understood attractor is the one associated with the Chafee-Infante problem.
This problem is a one-dimensional scalar semilinear problem depending on a parameter A > 0
and it generates a gradient semigroup, whose number of equilibria depends on the position of
the parameter A > 0. Also, the Chafee-Infante problem firstly appeared in the literature in the
seventies, see (CHAFEE; INFANTE, 1974; CHAFEE; INFANTE, 1974/75), but the description
of its attractor was finalized much later, after contributions of several authors along the years.
We will explore more about this problem later and we will give references for the ones who wish
to pursue a further study on it.

+
o of ot

v o o;
0<A<l1 1<A<4 4<A<9 9<A<16
Figure 1 — Representations of the attractor for the Chafee-Infante problem, A € (0, 16). Figures inspired

by (HENRY, 1981, p. 5)

There are some topological theory developed in order to obtain local information inside
the attractor of a semigroup. Several authors collaborated in this subject, such as C. Conley, K.

Rybakowski, H. Kurland, R. Franzosa and many others.

Conley in (CONLEY, 1978) defines the concept of homology index (today known as
“Conley index”) of an isolated invariant set of a flow acting in a compact space. The Conley
index basically associates an invariant set, satisfying additional properties, with a topological
pointed space defined by a special neighborhood of the invariant set. In (RYBAKOWSKI, 1987),
Rybakowski has generalized the concept of the Conley index for semiflows acting in non-locally

compact metric spaces.

The Conley index can be applied to study bifurcations of equilibria and existence of

connections. This concept is also robust under perturbations.

Now, R. Franzosa (see (FRANZOSA, 1986; FRANZOSA, 1988; FRANZOSA, 1989)
has developed the concept of connection matrix for a flow admitting a Morse decomposition. The
author has defined a matrix, such that each entry is a boundary map for a long exact sequence

defined by two distinct elements of the Morse decomposition. If an entry of a connection matrix
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is non-zero, then it exists of a connection between two elements of the Morse decomposition. It
is important to mention that there may exist more than one connection matrix associated with a

Morse decomposition.

All of these geometry and topological properties commented above are in the content of
univalued semiflow, that is, problems for which we do have uniqueness of solutions. But in this

thesis, we are also interested in exploring the multivalued case.

Since the beginning of the last century, several authors (see e.g. (ARRIETA; RODRIGUEZ-
BERNAL; VALERO, 2006; BALL, 2000; DASHKOVSKIY; KAPUSTYAN; PERESTYUK,
2021; MELNIK; VALERO, 1998; ZGUROVSKY et al., 2012) and the references therein among
many others) have been studying attractors in this context, which is a very challenging subject.
Even if the attractor exists, it is not clear how to understand its structure, since we lack a definition
of hyperbolicity on the multivalued case. Differently from the univalued case, we cannot expect
the multivalued semiflow to be injective inside its attractor, which could be helpful in the local

analysis.

It has been a clear development in the topological theory for the study of attractors in the
multivalued case. For instance, there are many definitions of homology index in this context, see
for instance (DZEDZEJ; GABOR, 2011; MROZEK, 1990). On the other hand, we have not seen
any construction of isolating blocks, special bounded sets such that each point of the boundary is

oriented under the action of the semiflow.

The isolating block sets are directly related with the definition of Conley’s index unival-
ued case. Thus, understanding such concepts in the multivalued setting may help us to analyze

local information in the attractor.

In this thesis, we present results related to two nonlocal problems studied by this author

and her collaborators.
First, we consider this non autonomous problem
u; —a(Hutz)uxx = Au— ﬁ(t)u3, xe€(0,m), t>s,
u(0,0) =u(m,t) =0, t=>s,
M(',S) = Lt()() S H(% (0777:)7
with a € C'(R*) and B : R — [by,by] is a globally Lipschitz function, by > by > 0.

We will show the existence of a sequence of bifurcation of global solutions known as

non-autonomous equilibria.
We also consider this the autonomous problem
a(HuxH Jupe +Af(u), x€(0,7m), t>0,

( t)=u(m,t)=0, =0,
u(0) = uy € H (0, 7).
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for a function @ € C!(R™) and f € C?(R) with other convenient conditions. We will analyze the
existence of solutions, bifurcations of equilibria and the inner structure of the attractor. If the

term a(||uy||?) # constant, we have a nonlocal quasilinear problem.

We will consider the problem above when a(-) is increasing and we will show that we
can have results analogous to the ones for the Chafee-Infante problem. Without this monotonicity
assumption, we will show that we may also have an infinity of equilibria, which includes the

possibility of having a continuum of equilibria.

This thesis is organized as follows: In the second chapter, we present basic concepts and
results of nonlinear dynamical systems. That includes the abstract theory of attractors in the
autonomous and non-autonomous setting and also some abstract results for semilinear problems.
In chapter three, we will consider the Chafee-Infante problem and its following variations,
including its non autonomous version presented in (CARVALHO; LANGA; ROBINSON, 2012).
In the next chapters, the reader can find results that were developed during my PhD, by this
author and her collaborators. In Chapter four, we will analyze the non-autonomous nonlocal
problem commented before. See the reference (LI et al., 2020). In Chapter five, we will consider
its autonomous version. You can also find these results in (CARVALHO; MOREIRA, 2021),
(MOREIRA; VALERO, 2022b) and the paper submitted for publication (ARRIETA et al., 2022).
Finally, in Chapter six, we will construct isolating blocks for multivalued semiflows and give an
application in differential inclusions, see (MOREIRA; VALERO, 2022a).
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CHAPTER

ABSTRACT THEORY OF ATTRACTORS

In this thesis, we are interested in the study of the inner structure of attractors. To
introduce the results, we need to present abstract results for autonomous and non-autonomous
problems. For instance, results on the existence of global solutions and the continuity with
respect to initial conditions. Also, we are interested in identifying important subsets under the

action of the dynamics.

This chapter is divided into three parts. First, we will approach the abstract autonomous
theory, which includes topics of existence of local and global solutions, the concepts of semigroup
and global attractors. We will also present abstract geometric and topological theories that can

be used to characterize the inner structure of attractors.

In the second part, we present basic results on the existence of global solutions for
non-autonomous problems, the concept of process and pullback attractor, and conditions to
guarantee their existence. We will present the definition of non-autonomous equilibria (first
defined in (CARVALHO; LANGA; ROBINSON, 2012)).

In the last part, we will consider the class of semilinear problems and present the concepts

of saddle-node property and exponential dichotomy.

2.1 The autonomous problem

In this section, we will present basic results on the existence of global solutions for an
autonomous problem and the concept of semigroups. There is a special class of semigroups we
are interested in characterizing their attractors, the so-called gradient semigroup. Later, we will
make a brief exposition of the topological techniques, such as Conley’s index and connection
matrix. The results we present here are just the basics in order to understand the applications that
come from the next chapters. For a profound study of the theory of semigroups, we recommend
(PAZY, 1983; CHOLEWA; DLOTKO, 2000; LADYZHENSKAYA, 1991) and for the topological
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theory see (CONLEY, 1978; RYBAKOWSKI, 1987; FRANZOSA, 1989).

Consider X a Banach space and denote by C(X) the set of all continuous functions from

X to itself, and by .Z(X) as the subset of C(X) given by the linear operators.

Definition 2.1.1. We say that a family {7'(r) : t > 0} C C(X) is a semigroup if it satisfies

i) T(0) = Ix, where Iy denotes the identity operator in C(X);
i) T(t4s)=T(t)T(s), forall z,s € RT;
iii) The map R x X > (,x) — T (¢)x is continuous.

Definition 2.1.2. We say that & : R — X if a global solution for {T'(¢) : t > 0} if E(s+1) =
T(t)E(s), forallz > 0and s € R.

Definition 2.1.3. We say that B C X is positively (resp. negatively) invariant for {7'(¢z) : ¢ > 0} if
T(t)B C B (resp. BC T(t)B), for all t > 0.

If B is positively and negatively invariant, we say that B is invariant. In this case, 7 (¢)B =
B, forallt > 0.

If for some x* € X, the set {x*} is invariant for {7'(¢) : # > 0}, x* is called an equilibrium
of {T(t):t>0}.

Definition 2.1.4. A set </ C X is the global attractor of {T'(¢z) : t > 0} if

1) o/ is compact;
ii) 7 is invariant, that is, 7(t).ef = o7, for all t > 0;

iii) 7 attracts bounded sets under the action of {7'(¢) : ¢t > 0}: for each bounded set B C X,
we have that

tETwzggd(T(t)b,d) =0.

When & exists, it can be characterized as

2/ = {The space of all bounded global solutions of {T'(¢) : ¢t > 0} }.

In this thesis we are mostly interested in studying the structure of the attractor. In order
to pursue this subject, we will first present sufficient conditions to guarantee the existence of the

attractor.
Later we will define a special class of semigroups, the so-called gradient semigroups.

After this presentation, we will also explore the topological knowledge involving the

theory of attractors.
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Definition 2.1.5. A semigroup {7 (¢) : t > 0} is called bounded dissipative if there is a non-
empty bounded set D C X that attracts all the bounded sets of X. In other words, for each B C X
bounded, we have

I d(T(1)b,D) = 0.
Jim_supd (T (1)b,D) =0

Definition 2.1.6. A non-empty bounded subset D C X absorbs bounded subset of X, if for each
bounded subset B C X, there is a fg > 0, such that

T(t)B C D, forallt > t5.

This set D is called an absorbing set of X.

It can be shown that a semigroup {7'(¢) : t > 0} is bounded dissipative if and only if it

admits a non-empty bounded absorbing set.

Definition 2.1.7. We say that {T'(r) : t > 0} is asymptotically compact if given sequences
{tn}nen € RT, {xn}nen € X such that 7, — +o0 and the sequence {x,},en is bounded, then

{T (t,)xn }nen has a convergent subsequence.

Definition 2.1.8. Consider a semigroup {7'(¢) : ¢t > 0} and a bounded subset B of X. We define
the w-limit of @ (B) as the set

oB)= ) UT@)B.

>0t>7

Theorem 2.1.9. A semigroup {7'(¢) : ¢ > 0} has a global attractor .« if, and only if, {T'(z) : t > 0}

is dissipative and asymptotically compact.

Moreover, for Z = {B C X : B # 0 and B is bounded in X },

o = | ] oD).
De%#
Definition 2.1.10. Consider a semigroup {7'(¢) : t > 0}. We say that £ C X is an isolated
invariant set of {7'(¢) : # > 0} if it is the maximal invariant set of Og(E) :={x € X : ||[x—el|x <
0, for some e € E}, for some & > 0.

A family of sets & = {Ey,...,E,}, n € N, is called a disjoint family of isolated invariant
sets if E; is an isolated invariant set, for j = 1,...,n, and there is 6 > 0 for which Js(E;) N
ﬁg(Ek) =0, for ] 75 k.

A semigroup {7'(¢) : t > 0} is called gradient with respect to a disjoint family of isolated
invariant sets & = {E,...,E,}, n € N, if we can find a continuous function V : X — R satisfying

the following:

(i) For each x € X, the map [0, +o0) > ¢ — V(T (¢)x) is non-increasing;
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(i) If, for some x € X, V(T (t)x) = V(x), for all t > 0, then x € U'J':l E;.

As a consequence of the definition, a gradient semigroup {7'(7) : t > 0} satisfies the

following properties:

(G1) For each bounded global solution & : R — X, with §(R) ¢ Uy_; E, there are i,/ €
{1,...,n}, i # j, such that

(G2) There is no homoclinic structure. That means, we cannot find a k < n, a subset {Eij 1<
j <k} C & and global solutions &; : R — X such that

Ei,, ¢ &) " E;, for 1 < j<kand E;,, =E;.

Ij41 Ikt

Remark 2.1.11. The authors in (CARVALHO; LANGA, 2009) define the class of gradient-like
(or dynamically gradient) as the class of semigroups satisfying (G1) and (G2). Initially, they
believed that such class of semigroups was larger than the class of gradient semigroups. It was
shown in (COSTA et al., 2011, Theorem 1.1) that any dynamically semigroup is also gradient,

which means both classes coincide.

Theorem 2.1.12. (CARVALHO; LANGA; ROBINSON, 2013, Theorem 2.43) Suppose that
{T(¢) : t > 0} has a global attractor <, with a disjoint family of isolated invariant sets & =
{E\,...,E,}, n € N. Then we have

o = JW"(E),
k=1

where W"(E;) = {x € X : there is a global solution & : R — X such that d(&(z),E;) — 0
ast — —oo}.

The interest in studying gradient semigroups arrives from the fact that they are robust
under perturbation. That is, for semigroups sufficiently close (in a sense that it will be clear later)

to a gradient semigroup are also gradient.

Definition 2.1.13. We say the family of semigroups {7y () : # > O}y ¢o,1) is continuous at 7 = 0
if the map
Ty :RYxX =X
(t,x) = Ty (t)x

converges uniformly on compact sets as 1] — 0. In other words, if K C X is a compact set and

T € R*, we have lim sup sup d(7Ty(t)x,To(t)x) = 0.
N—0% xeK 1e(0,7]
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Definition 2.1.14. We say that a family {A; : 1 € [0,1]} of subsets of X is upper semicontinuous

(resp. lower semicontinuous) as ) — Mg if

lim sup d(x,Ap,) =0 (resp. lim sup d(x,Ap) = 0) :
MM sy

=70 xe Ay,

Theorem 2.1.15. Consider a family of semigroups {7y (¢) : # € R}y ¢|,1) continuous at 1) = 0.
Assume that {75 () : t > 0} admits a global attractor <7, for each n € [0, 1]. Additionally,

assume that Uy cj,1] & is a compact set.
Then {27, : n € [0,1]} is upper semicontinuous at 7 = 0.
Definition 2.1.16. We say that the family {7 () : t > 0}, (0,17 is collectively asymptotic compact

at ) = 0 if: given sequences {N, }nen € [0, 1], {tn }nen € RT, {x, ey bounded sequence in X,
for which 1, — 0 and 7, — +oo, as n — oo, then {7y, (#,)X, }ncry has a convergent subsequence.

Theorem 2.1.17. (COSTA et al., 2011, Theorem 4.3) Consider a family of semigroups {75 (¢) :
t >0}y c(0,1) C C(X) satisfying the following:

(i) The family {73 (#) :# > 0},,¢|o,1) is continuous at 7 = 0 and also collectively asymptotically
compact.

(ii) For each n € [0,1], the semigroup {7;(z) : t > 0} has a global attractor .27,;. Also,
Une[o.,l] a/y is a bounded set of X.

(iii) There is a p € N such that, for each 1 € [0, 1], there is a disjoint family of isolated invariant
bounded sets &, = {E/',...,E, } under the action of {Ty(¢) : t > 0}.

Additionally, for each k = 1,..., p, the family {E]! }nefo,1) is continuous at 7 = 0.
(iv) The semigroup {7p(¢) : # > 0} is dynamically gradient with respect to the family &j.

(v) Thereisa § > 0 such that E}! is the maximal invariant set of {Ty (¢) :# > 0} inside O (E),
fork=1,...,p.

Under these conditions, there exists 19 € (0, 1] such that {7, (¢) : t > 0} is dynamically
gradient with respect to the family &, for n € [0, no].

In some applications, it will be necessary to order (in some sense) invariant sets inside
the attractor.
Definition 2.1.18. Let {7'(¢) : # > 0} be a semigroup with attractor .<7.

We say that a subset @ # A C o/ is a local attractor if there is a 6 > 0 such that
0 (Og5(A)) = A. We define the repeller of A as the set A* = {x € &7 : ®(x) NA = 0}.
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Definition 2.1.19. Let {7'(r) : t > 0} be a semigroup with attractor 7. Consider the family
0=AyCA| C---CA, CA,r1 =, where each A is a local attractor, j = 1,...,n. For each
J€1,....n, define the sets M(j) =A;NA}_,.

The ordered n-upla (M(1),M(2),...,M(n)) is called a Morse decomposition of .7

Remark 2.1.20. Given a Morse decomposition of .7, we can construct an associate disjoint
family of isolated invariant sets. Under possible reordering, it can be shown that given an isolated
family of invariant sets, we also define a Morse decomposition of <. See (COSTA et al., 2011,

Lemma 2.16) and comments after it.

Remark 2.1.21. Instead of indexing the Morse sets in an “interval” of N, we can index it in any
set that admits a partial order. Consider the ordered pair (P, <) such that P is a set and < is a
partial order defined in P. I C P is an interval if a,b € I and ¢ € P such that a < ¢ < b implies
that ¢ € 1. Given two partial orders <’ and < in P, we say that <’ is an extension of < if, for
a,b € P, a < bimplies a <’ b.

2.1.1 Conley index and connection matrix theories

The Conley index was introduced in (CONLEY, 1978) in the context of flows on locally
compact metric spaces. In (RYBAKOWSKI, 1987), the concept was extended to semiflows
acting on not necessarily locally compact metric spaces. The Conley index is a concept that gives
a topological description for a neighborhood of an isolated invariant set (in our case, simply an

isolated equilibrium). In his book, Conley state the following:

“Every flow on a compact space is uniquely represented as an extension of a chain
recurrent flow by a strongly gradient-like flow; that is the flow admits a unique subflow which is
chain recurrent and such that the quotient flow is strongly gradient-like”(CONLEY, 1978, p. 17).

Conley’s idea was identifying the chain recurrent set and taking the flow defined on the

quotient space X over the recurrent set, which should be a gradient flow.

Later, the topological theory applied to nonlinear dynamical systems has flourished.
Several authors generalized the concept and the results for more general spaces or more general

semiflows.

In this subsection, we will make a brief exposition of the subject focused on our ap-
plications. The definitions and results (such as their proofs) can be found in (RYBAKOWSKI,
1987).

Consider a semigroup {7(¢) : ¢t > 0} C C(X). A closed set N C X is an isolating
neighborhood of K if K € int(N) (the interior of N) and K is closed and the largest invari-
ant set in V. In that case, K is called an isolated invariant set.

Let Y, N be subsets of X with Y C N. We say that Y is N-positively invariant if for given
x €Y andt > 0 such that T (s)x € N, for all s € [0,7], it follows that T'(s)x € Y, for all s € [0,¢].
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Definition 2.1.22. We say that a pair of sets (N1,N>) is an index pair in N if satisfies:
i) N; and N, are closed subsets of N which are N-positively invariant;
i) K € int(N; \ N2);

iii) If for some y € Ny we find 7o € R™ such that T'(ry)y ¢ N, then there is T € [0, 7] for which
T([0,7])y C Nand T(1)y € N.

Given Y C X and s € R™, define the set
Y ={x€X: thereisy € Y with T([0,s])y C Y and T (s)y = x}.

Definition 2.1.23. We say that a pair of sets (N}, N,) is a quasi-index pair in N if it satisfies:

i) There are N; C X and r € R™ such that N; \N, C Ni, Ni C Ny and <N1,N2> is an index
pairin N.

ii) Either N; is N-positively invariant or else there is M; C X which is a N \ N,-positively
invariant closed subset, with M} \ N, C Nj and Mj = Ny, for some s € RT.

The existence of a quasi-index pair is assured in the case where N is an admissible
set (see (RYBAKOWSKI, 1987)): for all sequences {x,},en € N, {tn}nen € R, 1, — oo,
satisfying T'(]0,#,])x, € N, for all n € N, we find a convergent subsequence of {7 (t,)x, }nenN-

Given two closed subsets Y,A C X, we define the relation

x€ANY = x~y, forallye ANY,
xeY\Aandx~y < y=x .

So, the pointed space

{%JA]} ={[y]: yeYand[y|={x€Y :x~y}}

is in fact a topological pointed space, with a topology induced by Y.

For an isolated invariant set K that admits an admissible neighborhood N, we define the
Conley index I(K,S(+)) (or just I(K)) as the topological space given by [%—;, [Nz]] , for a quasi-
index pair (N1,N;) in N. The concept is well-defined, see Theorem 1.9.4 in (RYBAKOWSKI,
1987). The Conley index can be calculated in situations in which the Morse index cannot. But,

when both are defined, they are related.

Example 2.1.24. Suppose that ¢ is a hyperbolic equilibrium of a semigroup {7 (¢) : > 0} and
such that dimW"(¢) = n, n € N. Then we have

I[({¢}) =S" (a pointed n-sphere).
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Another important characteristic of the Conley index is its continuation property. We

will be more precise below.

Consider the family of semigroups {7%(¢) : t > 0}, for 7 € [0, 1]. Define the set
TX)= U {(Kz,T¢(+)) : K¢ is an isolated invariant set for 7¢(-)}.
7€[0,1]
Definition 2.1.25. A function o : [0, 1] — .7 (X) is called .7 -continuous if, for any 7 € [0, 1],
we find an open neighborhood W C [0, 1] of 7y and a closed set N C X such that:

i) For any 7 € W, N is an isolating neighborhood for K;, where K; represents the largest
invariant set in N under the action of {7%(z) : t > 0}.

ii) For all sequences {7, },eny € W with T, — Ty, {ty}nen € RT, £, — +oo, {x, }nen € N with
Tz, ([0,2,])x, C N, n € N, the sequence { Tt (#,)xn }nen has a convergent subsequence.

iii) Consider {7, },en, To € [0, 1] with 7, — Tp. Then, the family of semigroups {7, (¢) : t >
0},en is continuous, that is, given {z, e, fo € RT and {x, },en,x0 € N with

t, — ty and x, — xg, as n — +oo,
we have Ty, (t,)x, — Ty, (to)xo as n — +oo.

Remark 2.1.26. In our context, item ii) is satisfied if we assume for instance that {Tz(¢) : t > 0},

for 7 € [0, 1], is collectively asymptotically compact.

Theorem 2.1.27 (Theorem 1.12.2, (RYBAKOWSKI, 1987)). Suppose that ¢ : [0,1] — 7 (X) is
7 -continuous. Then I(K¢, Tz (+)) is constant, for all T € [0, 1].

For our purposes, we need to present the concept of a connection matrix for a Morse
decomposition. This theory was developed by Franzosa in (FRANZOSA, 1986; FRANZOSA,
1989). Later, the author also developed a concept of transition matrix, see (FRANZOSA, 1988;
FRANZOSA; MISCHAIKOW, 1998). In essence, the connection and transition matrices appear
as a topological approach in order to respond to whether there are connections between Morse

sets in a Morse decomposition.
Consider a semigroup {7'(¢) : t > 0} and consider K an isolated invariant set of X.

Suppose that we find a Morse decomposition {M(0) : 8 € P} for some isolated set
K under the action of {T'(r) : t > 0}. The partial order < defined in P gives rise to what we
call admissible order in K: we say that 6 < 6’ if M(0) appears before M(6’) in the Morse
decomposition. We say that a subset I C P is an interval if 6,0” € I implies 6 € I, for all 6 € P
with 6" < 6 < 6.

For 0,0’ € P, we say 6 <p 0', if there are 6; € P and global solutions &; : R — X such

that
t—y—o0 t—>+o0

M(0j1) «— &j(t) — M(6;), 0<j<n+l,
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6y =6 and 6, = 0’, for some n € N.

Now, <r is called the flow order. Also, any admissible order is an extension of the flow

order.

We will present the concept of connection matrix applied to our context. For more details
on the general theory of connection matrices and the fact that we can specify it as we will do,
see (FRANZOSA, 1989). For more details on concepts of algebraic topology, we recommend
the references (SPANIER, 1981; VICK, 1994).

Consider a Morse decomposition .# = {M(n) : ® € P} related to a partial order <.
Denote by {H*(7) } zep a collection of graded modules, where H* (1) represents the homology
chain of the Z-modules associated to M(x), © € P. Recall that the connection matrix is a linear
map defined on the graded modules generated by the sum of the elements in {H*(7)} zep such
that the homology index braid generated by A is isomorphic to the homology index braid of the
Morse decomposition. Hence, we define the linear map

A:EPH (r) —» PH(n),

neP neP

which can be written as a matrix operator A = (A,m/) zwep 1IN (FRANZOSA, 1989) it is proved

that such a connection matrix always exists. In addition, it satisfies the following properties:

i) Ais an upper triangular matrix, that is, Ay » = 0if 7’ < 7.
ii) A is a boundary map, that is, A> = 0 and A has degree —1.

iii) If < is the flow order <p, Az # 0 and {x, 7'} is an interval, then there is a global
solution & : R — X satisfying

If we denote by A; the restriction of the map A to any interval /, then all the properties
above are also satisfied by A;. In the sequel, we will always refer to a connection matrix related

to the flow order.

Assume that Z is locally compact space and I" is locally path connected.

Definition 2.1.28 (Definition 4.1,(FRANZOSA, 1988)). A product parameterization of the local
flow X C I is a homeomorphism ¢ : Z x I' — X such that ¢(Z x {A}) is a local flow, for each
Ael.

We denote ¢ ‘Zx{).} = @, and its image by X .

Definition 2.1.29 (Definition 4.2,(FRANZOSA, 1988)). The space of isolated invariant sets for

the product parameterization is the set

S =7(0) ={(S),X;) : S), is an isolated invariant set in X}, }.
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Definition 2.1.30 (Definition 4.9, (FRANZOSA, 1988)). The space of Morse decompositions
(indexed by P) for the product parameterization ¢ is the set
Mp = Mp(9) = {HM)L(R') xS, € H L(0)x L(¢9): {M),(7)}rep is a Morse
neP P

decomposition of S }

with the topology inherited as a subspace of the product space [[p.(¢) x .Z(9).

Definition 2.1.31 (Definition 2.2, (FRANZOSA, 1988)). A (< —ordered) Morse decomposition
of S is a collection M = M(S) = {M(7) } zcp of mutually disjoint compact invariant subsets of S
such that if Y € S\ UgepM (), then there is 7 < &’ with y € C(M(7t"),M(1)).

Definition 2.1.32 (Definition 4.10,(FRANZOSA, 1988)). The space of < —ordered Morse
decompositions for the product parameterization ¢ is the set
M= M(9) = {HM;L(n:) X Sy € Mp: {M)(7)}repisa < —ordered Morse
neP

decomposition of S }

with the topology inherited as a subspace of the product space .Zp.

Definition 2.1.33 (Definition 4.15, (FRANZOSA, 1988)). Let M) = {M} ()} zcp and M, =
{M(7) } zcp be Morse decompositions of isolated invariant sets S; C X, and Sy, C Xy, respec-
tively. We say that M, and M|, are related by continuation or are continuations of each other if
there is a path ¢ in .#p from [I;cp M) (7) X Sy, to [Tzep My () x Sy. If, furthermore, M) and
M,, are < —ordered and the path c is in M}, then we say that the associated admissible orderings

are related by continuation or are continuations of each other.

Theorem 2.1.34 (Theorem 5.5,(FRANZOSA, 1988)). If the admissible orderings <, of M, and
<u of My, are related by continuation, then the set of connection matrix defined for A and u are

the same.

Corollary 2.1.35. (FRANZOSA, 1988, Corollary 5.6) If the flow ordering of M) is related by
continuation to an admissible ordering of M, then the set of connection matrices of My, is a

subset of the set of connection matrices of M} .

2.2 Non-autonomous problems

In this section, we will be interested in studying the results for problems that have
explicit dependency on the time-variable. We will have a new sense of invariance, which affects
our analysis. References for this section are (HENRY, 1981) and (CARVALHO; LANGA;
ROBINSON, 2013).

Definition 2.2.1. An evolution process {S(z,s) : (t,5) € &} C C(X) is a family of maps that
satisfies the following conditions:
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i) S(t,1) =Ix, for all t € R, where Iy denotes the identity map in C(X);
i) S(¢,5)S(s,t) =S(t,7), forall z,5,7 € R witht > s > 1;
iii) & xX > (t,s,x) — S(t,s)x € X is a continuous map.

In order to further describe the results, we need to introduce the notions of pullback and

uniform attractor for evolution processes.

Definition 2.2.2. We say that a family {B(7) : t € R} is positively (resp. negatively) invariant for
the process {S(t,s) : (t,s) € 2} if S(t,5)B(s) C B(t) (resp. B(t) C S(t,s)B(s)), for all (¢,s) € 2.

We say that {B(¢) : t € R} is invariant if S(z,s)B(s) = B(t), for all (¢,s) € Z.

Definition 2.2.3. A family {A(z) : t € R} C X is the pullback attractor of {S(¢,s) : (t,s5) € 2} if

i) A(t) is compact, for each r € R;
i) S(¢,5)A(s) =A(r), forallt > s;

iii) The family {A(¢) : t € R} pullback attracts bounded sets of X, that is, for each bounded
B C X, we have, for each t € R,

sup inf ||S(z,5)b—allx —> 0 as s — —oo;
beBacA(1)

iv) {A(7) : t € R} is the minimal family of closed sets that satisfies condition iii).

Definition 2.2.4. A set A is the uniform attractor of {S(z,s) : (¢,s) € £7} if it is a compact subset
of X with the property that

supsup inf ||S(7 + 7, 7)b—al[x =30

TeR beBACA

for any B C X bounded.

For more details about evolution processes and their attractors, see (CARVALHO;
LANGA; ROBINSON, 2013).

A global solution of the process {S(z,s) : (t,5) € &} is a function & : R — X such
that S(¢,s5)E (s) = £(¢), for all (z,s) € &2. Additionally, & is called a bounded solution if the set
{&(t) :t € R} is bounded in H} (0, 7).

If we assume that | J,cp A(s) is bounded in X, then we have the following characterization

for the pullback attractor:

A(r)={&(r) : & : R — X is a bounded global solution of {S(z,s) : (t,s) € 2} }.
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Definition 2.2.5. Let {S(¢,s) : # > s} be a process and consider a bounded set B C X. Fort € R,

we define the w-limit of B at time ¢ as the set
o(B,1) = S, r)B.

Definition 2.2.6. Consider an invariant family {B(z) : t € R} of {S(z,s) : (t,5) € Z}. We define
the unstable set of B(-) as the family {W*(B(-))(t) : t € R}, where W*(B(-))(t) = {x € R :
there is a solution  : R — X of S(-,-) with n(¢) = x and d(n(s),B(s)) — 0 as s — —oo}.

In the conditions above, if the invariant family is bounded and the process S(-, ) admits
a pullback-attractor {A(¢) : r € R}, then W*(B(-))(¢) C A(t), for all 7 € R.

Definition 2.2.7. A set D C X pullback absorbs bounded sets a time ¢ € R under the action of the
process {S(z,s) : (t,s) € &}, if given a bounded set B C X, we find sp < ¢ such that S(¢,s)B C D,
for all s < sp.

Definition 2.2.8. We say that a process {S(z,s) : (¢,s) € &} is pullback asymptotically compact
if, for any 7 € R, and sequence {s;, },en € R, with t > s, — —oo, and a bounded set {x, } ,en € X,

we have the sequence {S(z,s,)x, } nery has a convergent subsequence.

Definition 2.2.9. A process {S(t,s) : (t,5) € &} is strongly pullback asymptotically compact
if: for each 7 € R and sequences {s;, }en, { T tneny € R, with t > 1, > 5, and 1, — 5, — +0 as
n — +oo, and a bounded sequence {x, },en € X, it follows that the sequence {S(Ty,$,)Xn }nen

has a convergent subsequence.

Theorem 2.2.10. Suppose that a process {S(¢,s) : (¢,s) € &} can be written as
S(t,s) =L(t,s)+U(t,s), forall (t,s) € Z,

with the following properties:

i) there is a function k : R™ x R™ — R where, for each r > 0, k(-,r) is non-increasing and

k(o,r) — 0 as 0 — oo and for x € Bx(0,r),

|IL(t,5)x|| < k(t—s,r), forall (¢,s) € L.

ii) {U(t,s):t > s} is a strongly compact family of continuous maps (not necessarily a
process): for each ¢ € R and bounded set B C X, we find a constant 73 > 0 and a compact
set K C X, for which

U(t,s)BCK,

aslongass<t<tand 7—s > Tp.

In these conditions, the process {S(z,s) : (t,s) € &} is strongly pullback asymptotically compact.
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Definition 2.2.11. A process {S(z,s) : (¢,s) € &} is strongly pullback bounded dissipative if
there is a family of bounded sets {B(¢) : t € R} that pullback attracts bounded sets of X. In other

words, if we consider ¢t € R, for each T < ¢ and bounded set D C X, we have

lim supd(S(7,s)x,B(t)) =0.

§==®xeD

Theorem 2.2.12. Suppose that a process {S(z,s) : t > s} is pullback asymptotically compact
and strongly pullback bounded dissipative. Let {B(t) : t € R} be the family of bounded sets that
pullback attracts bounded sets of X.

In this conditions, {S(¢,s) : # > s} has a pullback attractor {.<7(t) : t € R} and, for each
t €R, /(1) = o(B(t),1).

Additionally, for each t € R, the set | J;<, <7 (s) is bounded in X.

2.3 Semilinear problems

Consider the problem
X =Ax+ f(t,x)
x(0) =xo
for A: D(A) C X — X a linear operator and f € C!(U,X), for a subset U C R* x X. We will

study conditions for which the problem above defines a process that admits a pullback attractor.

2.3.1 The linear theory

Before that, let us define the concept of resolvent and spectrum of a linear operator A.
Denote the set R(A) = {Ax € X :x € D(A)} and we called it the image of A. Also, denote by
A~ the inverse of A, if it exists. If m = X (the closure of D(A) is equal to X), we say that A
is densely defined.

We define the resolvent of A, p(A), as the set
{z €C: A —Aisinjective, R(A —A) = X and (A —A)~': R(A —A)C X— D(A) is bounded}.

The set 6(A) = C\ p(A) is called the spectrum of A.

Suppose that A is a closed operator, that is, given a sequence {x, },cn € D(A) and points
x,y € X such that x,, — x and Ax, — y, we find x € D(A) and y = Ax. In this case, the spectrum
can be divided in three distinct types 6(A) = 0,(A) Uo,(A) Uo.(A), which are

* The set 6,,(A) is called the point spectrum and it is given by the set of eigenvalues of A,
that is,
0,(A) ={A € C: A —Aisnot injective}
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* The residual spectrum is the set

0,(A)={A €C: A —Aisinjectiveand R(A —A) # X }

* The continuous spectrum is given by
0.(A) = {A € C: A —Ais injective, R(A —A) = X but (A —A) ! is not bounded}.

Definition 2.3.1. We say that a linear operator A : D(A) C X — X has compact resolvent if we
find A9 € p(A) for which (A9 —A)~! is a compact operator. In other words, (g —A)~'Bx (0, 1)
is relatively compact, where Bx (0, 1) represents the ball in X centered at 0 and with radius 1.

Definition 2.3.2. A linear operator A : D(A) C X — X is said to be of positive type with constant
M > 1ifitis closed, densely defined and such that, for all s € R* we have s € p(—A), with

M
l1+s
Definition 2.3.3. Consider A : D(A) C X — X. We say that —A is sectorial if there are constants
MeR", 0 ¢ (5,m)suchthat Lg = {4 € C: |arg(A)| < 0} U{0} C p(A) and, for all A € Xg,

we have that

(s +4) M| 2x) <

M
Al+1°

(A —=A) | 2x) <

It can be shown that any positive operator A is also sectorial, see Remark 1.3.3 in
(CHOLEWA; DLOTKO, 2000). Therefore, we can find a sector ¥ inside p(A).

Suppose that A is sectorial. Since {0} € p(A) and the resolvent of A is open, we can
find » > 0 such that Bx(0,r) C p(A). Now, consider the curve I" defined by the boundary of

Yy \ Bx(0,r) oriented in a way that the imaginary part is increasing, as in the Figure 2.

Figure 2 — Example of a curve I

Then, for each o € C, with Rea < 0 (Real part of « less than 0), we may define the

operator
1

A% = —
27

/(—A)a(a +A) A
r

We do not intend to profoundly explore the operators A%, with Rea < 0, but we will
summarize some of the well-known properties of these operators. One can find the proofs of
these properties in (HENRY, 1981).
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Lemma 2.3.4. (i) For t, f € C with Rect, Ref < 0 we have A%AP = A%+B.

(ii) For each a € C, with Rea < 0, the operator A% is injective.

As a consequence of the lemma, for B € C, with Ref3 > 0 we are able to define AP
D(AP) c X — X, where D(AP) = R(AP) and

APy = (A"PY 1y, for all u € D(AP).

We can define a norm in D(A%) given by ||ul|q := ||A%u||x.

Definition 2.3.5. We define the space of fractional power of A as X% := (D(A%),|| - ||), for
a € C, Rea > 0.

The spaces of fractional powers develop an essential role in the proof of existence of
solutions for a semilinear problem (with a positive operator A as its principal part) and also the

regularity of such solutions. Useful properties are described in the theorem below.

Theorem 2.3.6. The fractional powers of the operator A satisfies the following properties:

(i) If o, B € C, Reat,Ref} > 0, then A%AP = A*+B

(ii) For o, B € C, with Ref > Rea > 0, we have D(AP) € D(A%) and the space of fractional
powers satisfies
XB o x* s x,

where the symbol “—” represents a continuous inclusion.

Moreover, X B is also dense in X .
(iii) Additionally, if A has a compact resolvent, then the inclusions above are compact.

Theorem 2.3.7. Suppose that A : D(A) C X — X is a densely defined sectorial operator. Then —A
generates a strongly continuous semigroup {e " : > 0}, that is, {e~4 : ¢ > 0} is a semigroup

for which lim,_,o e AMx=x, forallx € X.

Theorem 2.3.8. Suppose that A is a sectorial operator and consider ® € (0,Rec(A)). Then we
find M > 0 such that

e ull < Me™®|u, forall > 0 and u € X,

2.1)
e ullr < Mr~e~® Jul for all 1 > 0 and u € X.

Theorem 2.3.9. Suppose A : D(A) C X — X is a densely defined sectorial operator which has

compact resolvent. Then the following is valid:

A

i) Fort > 0, the operator e ! is a compact;



40 Chapter 2. Abstract theory of attractors

ii) Forallt >0, c(e )\ {0} = e!(—A) — pt0p(—A)

The above theorem is a consequence of Theorems 3.10.2 and 6.2.2 in (CARVALHO,
2017).

Theorem 2.3.10. Consider a strongly continuous semigroup {7(¢) : t > 0} C .Z(X). Suppose
that, for some #9, ¢ € R™, o(T (o)) N{A € C: |A| = ¢*} = 0. Then, there is a projection
Pc %(X), P>=P,PT(t)=T(t)P for all t > 0, such that for X_ = R(P) and X, = N(P), the

restrictions 7'(t)| x, arein .Z(X:) and

o(T(1)|y )= o(T(1))N{A €C: |2| <e®} and
o(T(1)|y,) = o(T())N{A €C:|A| > ™},

Moreover, there are M > 1, § > 0 such that
IT(0)]y llzx ) < M0, Vi 0;
{T(t)|X+ :1 >0} can be extended by a group in L(X}), T(t)‘x+ = (T(—t)|X+)_1 fort < 0, and

IT@) |y N2,y < MO v <o.

For the proof of the above theorem, see (HENRY, 1981, Theorem I 19.2) or (CAR-
VALHO, 2017, Theorem 6.1.1).

Remark 2.3.11. Suppose that we are in the conditions of Theorem 2.3.9 and that 6(A) N{A €
C : ReA = 0} = 0. By Theorem 2.3.9, it follows that o(e*)N{A € C:|A| = 1} = 0. Thus,
{e=A": 1 > 0} satisfies the conditions of Theorem 2.3.10 for o = 1 and o = 0. Therefore, there
exists a projection P € . (X) and constants M > 1 and § > 0 such that

le™ (I = P)|| ¢ x) < Me™®, fort >0,

le™ Pl () < Me®, fort < 0.

In this thesis, we will usually work with semilinear problems with principal part given
by the Laplacian operator defined on H?(0,7) N Hj (0,7) C L?*(0,7). In the example below we

will present properties of such operators.

Example 2.3.12. Consider A : D(A) C L?(0,7) — L?(0, ) the operator given by Au = u,,, for
u € D(A) = H*(0,7) NH} (0, 7).
Define the problem
u =Au, x € (0,m), t >0,
u(t,0) =u(t,m) =0, 1t >0,
u(0,-) = uy € H} (0, 7).
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The operator —A is sectorial with (0,+c0) C p(A). Also, the operator —A has positive resolvent,
that is, for all element ug € L?(0, 7t) with ug > 0 we have

(A+A)"luy>0, VA>o0.

The above problem defines a semigroup { : ¢ > 0} C £ (X), for X = L*(0, 7). We can
consider X7, y € (0, 1], as the fractional powers defined by —A (see Section 6.4.2, (CARVALHO;
LANGA; ROBINSON, 2013), for more details). We also have the following inequalities:

e ul|xr < e ||ul|xr, forall r >0,

(2.2)
e ul|xr <t "e ™ ||ul|, for all £ > 0.

For the Laplacian operator, we can also describe X%, for @ € (0,1) \ {1/2}, using
interpolation theory, see (TRIEBEL, 1995).

2.3.2 Existence of solution for the semilinear problem

Here, we will explore the properties that we need to ask in order to find solutions for the
problem

: (2.3)

{x = Ax+ f(t,x)
x(0) = x

We will consider (2.3) satisfying the conditions:

1) —A is a sectorial operator. Then we can define the fractional power spaces of A, {(X%,|| -
ll) : @ > 0}.

2) Let o € [0,1). We assume
fiRxX* =X

is Holder continuous in the variable ¢ and locally Lipschitz continuous in the x-variable.
That is, for each B C R x X%, there is C = C(B) > 0 and 6 > 0 such that

L7 (x) = fs )l < €l =51° + = y]la),

for (¢,x),(s,y) € B.

In this section, we will present the basic definitions and results that allow us to study
semigroups. If not said otherwise, the results presented here, such as their demonstrations, were
taken from (HENRY, 1981).

Definition 2.3.13. (HENRY, 1981, Definition 3.3.1) We say that x : [tg,t;) — X', t; > 1q, is
a solution of (2.3) if x(f9) = xo and for z € (fo,7;) we have x(¢) € D(A), Z—’;(r) exists and the
functions t — f(¢,x(¢)) is locally Holder continuous and ftg‘)ﬂs || f(2,x(t))||dt < e for some & >0
and x(-) satisfies (2.3).
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Definition 2.3.14. We say that x : [fo,7;] — X%, t; > 1, is a mild solution of (2.3) if x(fp) = x,
x € C([to,11],X%*) and for ¢ € (19,1;), x(¢) satisfies the variation of constants formula

t
x(t) = eAl—t)xo 4 eA(t_s)f(s,x(s))ds.

fo
The relation between the definitions are given in the following result.

Lemma 2.3.15. Consider x € C([fto,1],X%*). Suppose that, for some 6 > 0, ft°+5 | f(2,x(2))||dt <

fo
+o0. Under these conditions, if x(-) is a mild solution, then x(-) is a solution.

See (HENRY, 1981, Lemma 3.3.2) for the proof of the above lemma.

Lemma 2.3.16 (Singular Gronwall Lemma). Suppose that we have a function u € L!(0, 400, R™)
that satisfies the following inequality for almost all € R™

u(t) < c-i—d/ol(t —5) " %u(s)ds
for ¢,d € (0,+o0), & € [0, 1). Then, for some constant K € R™, we have
u(t) < 2ceX!,
for almost all # € RT. We can express the value of K = (2dT°(1 — a))ﬁ.

Theorem 2.3.17. Consider problem (2.3). We have the following:

(i) Foreach (79,x0) € RT x X%, there is a T > #( and a solution x : [fy, T) — X of (2.3) satisfying

x(t()) = XQ.

(ii) If there are two solutions x ) : [to, Tj) — X of (2.3), with X(j) (to) = x0, j = 1,2, then we
have x(1)(t) = x(2)(t), for t € [0,min{7;, 72 }). Consequently, for each (79,x9) € RT x X,

there is a maximal solution of (2.3).

Proof. Let (tg,up) € RT x X*. For T >ty and R > 0, define the space Z C (C([to, T];X%),|]|-|l]),
where ||[ul|| := sup;cy, 77 [lullxe, satisfying |[lu —uo||| < R for u € Z. It is easy to see that

(A,]|]-l]) is a complete metric space.

Define the function ¢ : # — % by

G (u)(t) = 0y 4 teA(’_S)f(s,u(s))ds, t € [to,T].

Io

We want to show that choose T — 1 sufficiently small such that ¢ defines a contraction.

Denote B = sup, ¢y, 71 || (¢, u0) || Since A is sectorial, we find M, ® > 0 as in (2.1).
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Let u(-) € %. We can see using the continuity of the variation of constant formula that
G (u)(-) € C([to, T],X*). Now, for ¢ € [ty,T],

19)(6) — e < 4~ luollxe + [ 14 (5,u0)xods
+ [ 1A s,(5) — S50 e

1
< Me™||[A =) — [ug||xo« +MB / e~ P09 (1 — )" %ds
fo

£ [ e ) f(s,u(s)) — £ s.0) s

To

t
< Me | [A)  [ug||xe + MB / e=O0=) (1 — )%

To

t
+MC | e U (1 — )" ¥||u(s) — uo||xads

To

1
< Me=@0 | [A0) — Tug|[xe +M(B+CR) (T —19)'~® / e 0y,
0

We may assume that 7 — #p was chosen small enough so that ||% (u) (¢) — up||x« < R, for
all € [tp, T]. In this condition, ¢ maps 4 to itself.

Now, consider u,v € %. Fort € [ty, T|, we have the following
t
19/ (u) (1) =G (v) (1) l|lxe < /t e [ (s,u(s)) — f(s,v(s))] [ xeds
0

<M [ O (¢ f(su(s) - fsv()ds @)

fo
t
< (MC e~ @91 —s)“a’s) [ —v]||

To

Now, we may also assume that 7' — £, is chosen small enough such that MC f,f) e~ O=s) (1 —
5)”%ds < v < 1 and then
19 (u) =G W] < Vi[Ju—v]].

Hence, ¢ defines a contraction map from # to itself. As a consequence, there is a u € %

with ¢ (1) = u. By Lemma 2.3.15, u is a solution of (2.3) and item i) is proved.

Observe that item 1i) is also valid as a consequence of construction of solutions in terms

of fixed points from a contraction map. [

The above results assure that for (7p,x9) € U we can define
Tmax = Tmax(t0,X0) = sup{T > o : thereis x : [ty,T) — X with x(f9) = xo}.

So, for each n € N, we can find a solution x,) : [t0,T,) — X with X(n) (o) = xo, such that g <
Ty — Tnax a8 1 — +oo. Then, we define the maximal solution x™ : [to, Tax) — X as x*(t) = x,(?),
ift € [ty, 7).
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Theorem 2.3.18. In the conditions of the above Theorem, we have the following: for each

(fo,x0) € U, if its maximal solution is bounded, it follows that T, = +-oo.

Theorem 2.3.19. (HENRY, 1981, Corollary 3.3. 5) Suppose that, for 7 € R, f is Holder
continuous in ¢ and Locally Lipschitz in the second variable. Additionally, f satisfies the
following

10l < K@) (1+[lxl[a), # € (T, +ee)

where K (-) is continuous on (7, +ec). Then, for any 7 € (7, +e0) and up € X%, it follows that
u(-,t9,up) exists for all time greater than 7.

Suppose that for a semilinear problem as (2.3) we have the global existence and the
continuity of initial data. If u(-,s, ug) denotes the solution of (2.3) that passes through u at the

time s, we can define a process {S(z,s) : t > s} given by S(¢,s)uo = u(t,s,ug), fort > s.

2.3.3 Comparison results

Usually, it is relevant for the asymptotic analysis of solutions to compare a problem to
another one. This is possible for some semilinear problem defined in a Banach ordered space.
We decided to present the results restrict to the ordered space X = H} (0,7) or X = LP(0, ),
p € [2,+00], which admit the following partial ordering

uzvinX < u(x) > v(x) a.e. forx € (0,7).

Denote by x = {u € X : u > 0}, the associated positive cone and by Bx (0, r) the open ball of

radius r around O in X.

We consider the following problem

u=Au+z(t,u), t >s,
(2.5)

u(s) = uo(+) € Ho (0,7)
where
(1) A:D(A) C L*(0,m) — L?*(0,7) is the linear operator defined in D(A) = H?(0,7) N
H} (0,7) and given by Au = uy,, u € D(A).
(2) The nonlinearity z: R x H} (0, ) — L?(0, ) satisfies: For each r > 0 there exists y(r) > 0
such that, for all 7 € [fp,#;] and u € %”Hd 02 Bl 0.1) (0,r), yu+z(t,u) is positive.
Denote by u,(t,s,up) the solution of (2.5) at the time 7 > 5. The following theorem

provides the comparison result that we are seeking.

Theorem 2.3.20. (CARVALHO; LANGA; ROBINSON, 2013, Theorem 6.41) Consider a linear
operator A as above and the problem (2.5) for z = f, g, h, functions that satisfy (2).
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(i) If for every r > O there is a constant ¥ = y(r) > 0 such that f(¢,-) + yI is increasing
in BH&(O.E)(O,r), for all t € [s,#1] and uo,u; € H}(0,7) with ug > uy, then us(t,s,up) >

us(t,s,ur) as long as both solutions exist.

(i) If f(t,-) > g(t,-) forallt € R and ug € HJ (0,7) then us(t,5,up) > ug(t,s,up) as long as

both solutions exist.

(iii) If f,g are such that for every r > 0 there exist a constant ¥ = y(r) > 0 and an increasing

function A(z,-) such that, for every ¢ € [s,1]
f(ta')+yl>h(tv') >g(t7')+'ﬂ

in By 0,z) (0,7) and ug,u; € Hy(0,7) with ug > uy, then us(t,s,u) > ug(t,s,u;) as long

as both exist.

This comparison result will be necessary to show the existence of special non-autonomous

solutions for a non-autonomous problem in Chapter 4.

Definition 2.3.21. A global solution & : R — H} (0,7) of {S(z,s) : (t,5) € £} is anon-autonomous
equilibrium if the zeros of &(¢) are finite and are the same for all € R; also, & is non-degenerate
as t — oo, that is, we can find ¢ € H}(0,7) such that |&(7)(x)| > ¢(x) > 0, for all # € R and
for all x € (0, ) such that & (z)(x) # 0.

The definition of non-autonomous equilibria was inspired by the scenarios of perturba-
tions of structurally stable problems. If we make a sufficiently small and regular perturbation of
a structurally stable autonomous problem, the structure will remain “the same”. In this case, it is

easy to construct examples for which the non-autonomous equilibria develop an important role.

In the next Chapters, we will see two examples of non-autonomous problem (that are not

necessarily perturbations) for which we can construct the non-autonomous equilibria.

2.3.4 Stability of equilibria

We have seen that the equilibria develop an important role in describing the attractor of a
gradient semigroup. Now, we will explore what local information can be obtained by studying

neighborhoods of equilibria.
Denote by {S(z,s) : (t,s) € &2} the evolution process associated to (2.3).
Definition 2.3.22. Suppose that ¢ is an equilibrium of (2.3). We say that ¢ is stable if, given

€ >0, we find 0 > 0 for which |jug — ¢||o < & implies ||S(¢,s)ug — ¢||o < € forz > 5. Otherwise,

¢ is called unstable.

We say that ¢ is uniformly asymptotically stable if there is an € > 0 such that ||ug — ¢ || <
€ implies that, ||S(¢,s)up — @]l — 0 ast —s — oo
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We will summarize Theorems 5.1.1 and 5.1.3 from (HENRY, 1981) on the following

result.

Theorem 2.3.23. Suppose that ¢ is an equilibrium of (2.3) for which

[, ¢+h)=f(t,0)+Bh+g(t,h)
where B : X% — X is a bounded operator and ||g(¢,)|| = o(||h||«) as ||| — O.

Then we have the following:
Stability: If 6(—A — B) C {z € C: Rez > B} for some 8 > 0, then ¢ is uniformly asymp-
totically stable in X“.

Instability: Additionally, suppose that g(z,0) = 0, g is locally Lipschitz in the second
variable: that is, for each r > 0 there is a C = C(r) > 0 such that ||g(z,u) — g(z,v)|| <

Cllu—v||a for |[ul|a, ||[V||le < 7.

If 6(—A—B)N{z€ C:Rez <0} # 0 then ¢ is unstable. To be more precise, there is
€ > 0 and a sequence {u{j},cn € X* converging to ¢, for which

sup ||u(t,s,up) — @||e > €0 > 0,
t>s
for all n € N.

This theorem says a semilinear problem behaves near an equilibrium similarly to a linear
problem close to 0. Consequently, study the stability of ¢ for (2.3) can be made by studying the
stability of O for the linear problem u; = Au+ f;(¢,0)u, t > s.

2.3.5 Local information near an equilibrium of (2.3)

Now, we will explore the saddle-point property. An equilibrium has the saddle-point
property if we can distinguish the directions that go from the equilibrium such as the ones that
leave a neighborhood of that equilibrium as time evolves. The result we will present here can be
found in (HENRY, 1981).

Theorem 2.3.24. Consider xy an equilibrium of (2.3). Assume
f(t,xo+h)=Axo+Bh+g(t,h)

where

(i) B: X% — X is a bounded linear operator;

(i) g(,0) =0, [[g(t, 1) ]| = o([|Al[) as |||« — O;

llg(z,h)|| goes to zero faster than ||k|| as ||A]|q — O

1



2.3. Semilinear problems 47

(iii) For each r > 0, we find p(r) > 0, with p(r) — 0 as r — 0, such that

Hg(l‘,Zl) _g(t7Z2)H < p(r)Hzl _ZZHa
for lslla < . j= 1,2

(iv) Denote L = A+ B and assume that 6(L) N {z € C: Rez =0} = 0. Then we can construct
projections Eq,E> in a way X = X & X, where X corresponds to the spectral sets o7 =
o(L)N{A € C:ReA >0} and 0o = 6 N{A € C: ReA < 0}.

In these conditions, there are M > 1 and p > 0 for which we can define the local stable

and unstable manifolds
Wib(x0) = {uo : ||Eauollo < 57 and [Ju(t;10,u0) e < p, fort > 1o}

and

W o(x0) = {uo : ||Eruo||a < £ for which there is a solution u : R — X satisfying

lu(t:10,u0) | < p, forz <10}

Remark 2.3.25. We have taken the operator L as the opposite operator to the one in Theorem
5.2.1 in (HENRY, 1981).

2.3.6 Hyperbolic solutions

Consider X a Banach space. Denote the space of bounded linear operators from X to
itself by .Z(X).

Definition 2.3.26. We say that a linear evolution process {L(¢,s) : t > s} C L(X) has exponential
dichotomy if there are M > 1, B > 0 and a family of projections {Q(¢) : r € R} such that

(i) L(t,5)Q(s) = Q(t)L(t,s), for all t > s,

(ii) Fort >s, L(t,s) }R(Q(S)) :R(Q(s)) — R(Q(t)) is an isomorphism (and its inverse will be

denoted by L(s,) : R(Q(t)) — R(Q(s)).
(iii) The following inequalities hold
IL(2,8) (I — Q(s)) |l Lx) < Me PU™) forallr > s

IL(2,8)Q(s)||(x) < MePU™), forall ¢ < s.

Exponential dichotomy is a very interesting subject. To see more details about this topic,
we recommend reading (HENRY, 1981; CARVALHO; LANGA; ROBINSON, 2013; COPPEL,
1978). An important aspect about the exponential dichotomy is its robustness under perturbation:
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Theorem 2.3.27. Suppose that {L(z,s) : (t,s) € &} is a linear evolution process that admits expo-
nential dichotomy, with projections {Q(7) : ¢t € R} and constants M > 1 and § > 0. Additionally,

assume that

sup [|L(2,5) ||z x) < oo
0<r—s<1

Then, for each pair M > M and ﬁ < B, we find € > 0 for which any given linear evolution
process {S(t,s) : (t,5) € P}, satisfying

sup [|S(z,5) — L(t,5)[|Lx) < €,
0<t—s<1

has exponential dichotomy with constant M and exponent B and a family of projections {Q(t) :

t € R} with
2M?

sup 100) = 0W)lr) < e

Now, we will present the concept of hyperbolicity of a solution & : R — X of (2.3).

Definition 2.3.28. Assume that f: R x X — X is continuously differentiable. We say that
& : R — X is a hyperbolic solution of (2.3) if it is a solution of (2.3) and the linear process

{Le(t,s) : (t,5) € P} given by
Le(t,s) = AU 4 /SZ AUIDLF(rE (r))Lg(r,s)dr (2.6)

has an exponential dichotomy. Here D, f(r,&(r)) represents the Fréchet derivative of f at the

point (r,&(r)).

Hyperbolic solutions are very interesting, because they locally characterize the behavior

of the process near them. We can show that they are also robust under perturbation.

Theorem 2.3.29. Consider  : R — X a global solution of (2.3). We will assume the following:

1. The solution & is bounded in X, that is, we find B > 0 such that ||§ (¢)||x < B, forall t € R.

2. The solution & is hyperbolic, that is, the process {L¢(z,s) : (t,5) € &} defined in (2.6) has
exponential dichotomy with constant M > 1 and exponent § > 0.

3. It is also valid that

sup - sup [|f(r, ) [x +[[Daf (8, ) [ L) < +o0
teR ||lu||x<B+1

and, foreach € >0,

sup sup |[f(,G(t) +h) = f(2,8(1)) = Dx(t, 5 (1) 1|y < =

1eR |Jul|x<e M
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In these conditions, if g : R x X — X is a continuously differentiable function satisfying

Be
sup sup || f(t,) = glt,u)lx + D f(t,) ~ Daglt )y < 5
1€R |lul|x <B+1

then the process {S,(z,s) : (t,5) € &}, given by
t
Solt,9) = A0 4 [N g(r5, )
N
admits a unique hyperbolic global solution 1 : R — X and

sup|§ (1) —n(1)]lx <e.
teR

The above theorem says that hyperbolic solutions are robust under perturbation, that is,

it is a property that is preserved for close problems.

Now, we will explore the properties associated with the unstable and stable sets of a
hyperbolic global solution & of (2.3). Recall the definitions of the unstable and stable sets of &:

WH(E)(t) = {x € X : there is a solution 1) : R — X of (2.3) with 1(¢) = x and
lim_[[n(s) — £()]lx =0}

and

W@ = {xex: tim (o 0 =0},

It can be shown that W/ (&)(-) and W}

loc

(&)(-) can be written as graphs of a Lipschitz
map. Here, we will give a sketch of the proof and, for more details, we recommend consulting
on Chapter 8 of (CARVALHO; LANGA; ROBINSON, 2013).

In order to do that, we make a translation. Suppose that u is a global bounded solution
of (2.3) close to &. Then, we may write u(t) = &(¢) +x(¢), t € R, and we can show that u(-)

satisfies

u(t) = Le (t,8)u(s) + /Sl L (t,r)[f (ru(r)) = Dif (r, & (r))u(r)]dr.

Now, by Definition 2.3.28, there exist a constant M > 1 and 8 > 0 and a family of
projection {P(¢) : t € R} such that

ILe (2,8) (I — P(s)) || Loxy < Me PO > 5,
|ILe (1,8)P(s)|| ) < MePU™) 1 < 5.

First, it is shown the existence of the unstable sets as a graph. To show that, we consider for
teRTandx € X,

F(t,x) = f(t,x+6(t) = f(t,6(1)) = Duf (2,5 (2))x.
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Now, F(¢,0) = 0 and DF (¢,0) = 0, for all r € R. Since F is continuously differentiable
on the second variable (uniformly on ¢), then for each € > 0, there is a p = p(&) > 0 such that
for x,y € X with |[x][, [lyl| <&,

sup [|F(z,x)[| < p and sup [|F(z,x) = F(2,y)[| < pllx—y]- (2.7)

teR teR
We can consider the following global Lipschitz extension G : R x X — X, with

F(t,x), if x| <e
F(r, &), if|x|| > e.

I

G(t,x) =

This extension allows us to study the unstable and stable sets of graphs when we consider
G. Therefore, the result is valid for W/ _(0) and W}

-(0). Recall that we are considering the

translation to 0.

Consequently, x(-) = u(-) — &(-) satisfies
K1) = L 1,9)306) + [ Le(t N REC) +30)) — F(E0) ~DefEOD(lar - 29)

Fort € R, denote p(t) = P(t)x(t), Q(t) =I—P(t) and g(t) = Q(t)x(¢). From the equation
above, we obtain the following system

p(t) = Lg(t,s)p +/L,§tr np(r)+q(r))dr
(2.9)

) = L(1:9)0()+ [ L5, QIF(p(r) + g()dr

Now, ¢ is given in (2.9) and we can use the exponential dichotomy and the uniform

boundedness of the integral to rewrite g as
q(t) = /;Lg (t,r)O(r)F(r,p(r)+q(r))dr, t € R.
We want to prove that there is a X% : R x P(t)X — Q(¢)X such that
WH0)(1) ={p+Z"(t,p) : p € P(t)X}.

For D,L > 0, define the metric space

Lip"(D,L) ={Z:RxX — X : Z(t,-) : P(t)X — Q(t)X,supsup ||Z(¢, P(¢)x)||x <D and
xeX teR

2, P(2)x) = 2(2, P(t)y) lx < L{[P(t)x—P(1)yl[x}-
It can be shown that Lip*(D, L) is a complete metric space.

Define the contraction map .7 : Lip*(D,L) — Lip"(D,L) given by

t,8) = /_looLé (t,r)Q(r)F(r,p(r) +X(r,p(r)))dr, t € R.
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Now, using the exponential dichotomy of {Li (t,s) 1t > s} and the limitations on F, we
are able to choose p > 0 in (2.7) sufficiently small such that .7 defines a contraction. The result

is summarized in the following.

Theorem 2.3.30. (CARVALHO; LANGA; ROBINSON, 2013, Theorem 8.4) Consider the
{L(z,s): (t,s) € €} defined as in (2.6). We assume that this process has an exponential dichotomy
with constant M > 1 and exponent 3 > 0 for a family of projections {P(¢) : t € R}. Denote
Q@t)=(I—-P(T)),teR.FixD>0,L>0,v e (0,1) and consider p > 0 in (2.7) such that
pM(1+L) pM3(1+L)< 2BpM +p*M3(1+1L)
B B—pM(+L) = ~ 2B—pM(1+L)

Then, there exists a map X € Lip*(D, L) such that the unstable manifold W*(0) of (2.8)
is given by

pM
B

<D, <v<l,

<(l—=v)B.

WH(0)(r) = {p+X"(t,p) : p € P1)X}, 1t €R.

Now, if x(-) is a solution of (2.8), for t > 1o, then x(r) = p(t) + ¢(¢) where p(¢) and ¢(¢) is given
in (2.9). In these conditions, there are constants N > 1 and y > 0 such that

lg(t) =22, p(1))[|x < Ne™ ") ig(t9) — £*(t0, p(10))Ix, > fo.

Now, if x(+) is defined for all r € R, then

Ip(1)|lx < NelB=PMOFDIC=2)) (2 ||y for t < 7.

In fact, we can also describe W*(0) as graph. Using the previous notation, for D,L > 0,
we define

Lip’(D,L) ={YX:RxX — X : X(¢t,-) : Q(¢t) — P(¢), with supsup|Z(¢,0Q(¢)x)||x < D and
teRxeX

1Z(7, Q(1)x) = 2(£,Q(1)y)|lx < L[[Q(1)x — Q(t)yl|x, x,y € X}
and the map

% Lip*(D,L) — Lip*(D,L)
given by

FE0) =— [ Le(t.)QF(rg(r) +Z(rnq(r))dr, 1 € R.

t
Theorem 2.3.31. (CARVALHO; LANGA; ROBINSON, 2013, Theorem 8.5) Under the same
assumptions of Theorem 2.3.30, there is a £° € Lip®(D, L) (which is the fixed point of .7*) such
that the stable manifold W*(0) of (2.8) is given by

W3(0) ={q+X(t,q) : q € O(t)X,t € R}.

Consider x(+) is a global solution of (2.8), x(t) = p(r) + ¢(¢), t € R, then there exist
N > 1 and y > 0 such that

lp(t) =2 (2,q(1)) lx < Ne*™||p(t0) — = (t0.4(t0))Ix, fort,1 € Ryt <to
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and
lq(t)Ix < Ng(z)|xe F=PMIFDI=D) 4 > .

The above inequality is also true if x(+) is only defined on [, +eo).
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CHAPTER

THE CHAFEE-INFANTE PROBLEM AND ITS
NON-AUTONOMOUS VARIATION

In this chapter, we will give a general overview on the Chafee-Infante problem, which

will be useful for us throughout the next chapters.

Denote by C¥(R) the set of continuous functions f : R — R which admits k derivatives

which are continuous, for k € N.

The Chafee-Infante problem, which appeared in the literature for the first time in 1974
(see (CHAFEE; INFANTE, 1974) and (CHAFEE; INFANTE, 1974/75)), can be represented by

the following initial boundary value problem

U — e =Af(u), x€(0,m),1>0,
u(0,/) =u(m,t) =0, >0, (3.1
u(-,s) =uo(-) € Hi(0, 7).

where A > 0 is a parameter and f € C?(R) satisfies £(0) =0, f'(0) = 1 and

sf"(s) <0, for s # 0, and limsup& <0. (3.2)

|s| o0 S

This is the infinite dimensional model for which the asymptotics is the most well-
understood. We know that (3.1) defines a gradient semigroup, it has a finite number of equilibria
and, along a connection between two equilibria, the stable and unstable manifolds intersect
transversely (see (HENRY, 1985; ANGENENT, 1986)). Moreover, we also know precisely
the diagram of connections between equilibria (see (FIEDLER; ROCHA, 1996)) and that this
diagram is stable under autonomous and non-autonomous perturbations (see (HENRY, 1985;
ANGENENT, 1986; BORTOLAN et al., 2021; BORTOLAN; CARVALHO; LANGA, 2020)).

Let C(H}(0,7)) be the space of continuous functions from H; (0,7) to itself. It is
well known that the problem (3.1) is globally well-posed. Denote by {7'(¢) : t > 0} its solution
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operator, that is, if R™ 3 7 +— u(t,ug) € Hj (0, ) is the global solution of (3.1), we write T'(t)up =
u(t,up). The family {T'(t) :t > 0} C C(H] (0, 7)) is a gradient semigroup with Liapunov function
V: Hé — R given by

1 /= ) 1 r® pulx)
V(u):—/ ui(x) dx——/ / f(s) ds dx.
2 Jo 2Jo Jo
for all u € H} (0, 7), that i,

1) V is continuous;
ii) [0,00) 57+ V(T (¢)u) € R is non-increasing;

iii) V(T (t)u) =V (u) for all t > 0 implies that u is an equilibrium of (3.1).

Also, this semigroup has a global attractor 7 which, due to the gradient structure, is
given by &7 = W"(&’), where & is the set of equilibria and W* (&) its unstable set.

In what follows, we will present some of the results in the literature about this well-
known problem. We are interested in the finer structure of its global attractor. We will present
the bifurcation of equilibria and the structure of the attractor. In the last section, we will also
offer a topological criteria to identify problems whose global attractor is semi-conjugated to the
global attractor of (3.1).

3.1 The bifurcation of the Chafee-Infante problem

In this section, we are interested in investigating the equilibria of (3.1), that is, solutions
that are not time-dependent. In other words, we search for solutions of

{uxx—klf(u) =0, x€(0,m),
u(0) =u(r) =0.

The interest in no time-dependent solutions come from their role in describing the
dynamics of gradient systems. Here, we will present the analysis made by Chafee and Infante in

order to construct the sequence of bifurcation of equilibria from O.

For A € (j2,), let ¢le be the equilibria of (3.1) with j+ 1 zeros in the interval [0, 7]
and K(¢}</.L)/ (0) > 0, k € {+,—}. They are solutions of the initial value problem

{uxx+7tf(u)20,x>0 (3.3)

u(0) =0, '(0) = vy

where vy # 0 is suitably chosen in such a way that u(7) = 0. By (3.2), there are a~ <0 < a™
such that f(a®) =0and f(s)s > 0 fors € (a~,a™)\ {0}. Now, denote by F(s) = [ f(r)dr.
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2
For a given vy, let E = 2 € [0,min{F (ay),F(a_)}], and note that a solution of (3.3)

must satisfy
u/(x>2
2
Let UT(E) > 0and U~ (E) < 0 be defined by F(U*(E)) = E. Then, if

+AF(u) = AE.

K 2 % UX(E) 1
T (E) =K <I> /0 (E—F(l/t)) 2du, K< {+,_}7 (3.4)
define, for j odd,
j+1 j—1 _ j+1 j—1
%WE):TTI(E%LT% (E), 7 (E)_T ;L(E)JFT T(E)
or, for j even, ‘ ‘
TE(E) = %rj(E)—i—ér;(E).

The choice of E that gives us the solution q)}fl are Ej’.f/1 such that .7, " (E;r/l) =n,ke{+, -} It

can be shown that:

- For k € {+,—}, the map (0, F(ax)) > E — 7} (E) is strictly increasing;
- For k € {+,—},as E — F(ax), T} — +oo;
+_, 7T
-asE—0, 1 BV
As a consequence, we have the following result:

Theorem 3.1.1. (CHAFEE; INFANTE, 1974) If N> < 2 < (N 4 1), for some 0 < N € N, then
(3.1) has 2N + 1 equilibria ¢j+, ¢;,0< j<N, where:

(i) ¢ =¢y =0;
(ii) ¢>j+ and ¢j_ have j+ 1 zeros in [0, 7], 1 < j < N;
(iii) (#;)'(0) > 0 and (9;)'(0) < 0.

(iv) There is no other equilibrium of (3.1).

appear as a supercritical pitchfork bifurcation of 0 as

All non-zero equilibria of the Chafee-Infante problem
A > 0 increases.

N

Remark 3.1.2. In the case that f is an odd function, the equilibria ¢)j+ and ¢ a vanish exactly

. ; + — : + — Ht(Z T + —
at (k% :0<k < j} ¢ =—¢;, with ¢ (x) = ¢/ (5 —x) >0, forx € (0,%) and ¢,"(x) =
—q);'(x— %), forx € (%), 1<j<N.
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The following result synthesizes the spectral properties of the linearization
Lemma 3.1.3. The spectrum of the operator

LY D(LY) c 12(0,7) — L2(0, 7),
D(LY) = H?(0,7) N HY (0, 7), (3.5)
Lgv =V'+Af (), vE D(Lg).

satisfies

i) If ¢(x) #0in (0,7), then Lg has only negative eigenvalues.
ii) If ¢(x) =0, for some x € (0,7), then Lg has at least one positive eigenvalue.

1i1) 0 is always in the resolvent of L¢, if ¢ #0.

Proof. Parts i) e ii) were proved by (CHAFEE; INFANTE, 1974/75) and can also be found in
(HENRY, 1981, Section 5.3). We will give an idea of the proof of iii), which is a consequence of
the results in (SMOLLER, 1994, Section F of Chapter 24).

Suppose that A > j2, j € N. We prove only the hyperbolicity of ¢]?L , the other case is

similar. We consider the family u(-, E) of solutions of the problem

u'(x) + A f (u(x)) =0,
(3.6)
u(0,E) =0, u'(0,E) = V2AE and u(t; (E)) =0.
Consequently, n = (q)] )y and Y = gg (x,E | N e —EF(2) are solutions of
VI(x)+ AL ;;L)v(x) =0 (3.7)

with 11(0) # 0, n’(0) =0 and y(0) =0, ¥'(0) = MLi(A) # 0. This proves that ) and y are
j
linearly independent and any solution of (3.7) must be of the form

w=cn+acy.

Let us show that if ®(0) = w(.7;" (E]Jr (A))) = 0 then, necessarily, w = 0. In fact, y(0) =0,
1n(0) # 0 and ¢1n(0) +c2y(0) = 0 implies ¢; = 0. Now, since u(.7; (E),E) = 0 for all E, we
have that 0 = 94(7,"(E),E)(7," (E))'(E) + 9%(F," (E),E). 1t is clear that 3“(7," (E),E) #0
and since (.7, (E))'(E) # 0 (see (CHAFEE; INFANTE 1974/75)), we have y(7," (E} (4))) =
ﬂ(f +(E T(A),E ( )) # 0. Hence, we also have that ¢, = 0 and the only solution @ of (3.7)
which satisfies a)( ) = o(m) =0 is ® = 0. This proves that 0 is not in the spectrum of the

linearization around ¢].+/l.

]
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Theorem 3.1.4. Under the same notation used in Theorem 3.1.1, we have the following:

Stability: If A € (0, 1], then 0 is the only equilibrium of (3.1) and it is stable. If A > 1, then ¢

and ¢, are stable and the other equilibria are unstable.
Hyperbolicity: All equilibria of (3.1) are hyperbolic, with the exception of the equilibrium O for
values A = a(O)Nz, N eN.

Proof. Suppose that ¢ is an equilibrium of (3.1). Since f € C?(R), we have for h € H*(0,7) N
H;(0,7),
(6 +h) = % +Bh+g(h)

where BYh = f'(9)h, g (h) = f(¢ +h) — f(¢) — f'(9)h.

‘We can see that

(i) B? : X* — X is a bounded linear operator, for o = %;

(ii) g(0) =0, [|g(h)]| = o(||A]l«) as ||A]l& — O, since f € C*(R).
Now, for r > 0, consider hy,h, € BH(} (0.7) (0,r). We have

lg(h1) —g(h2) || = 1f (¢ + 1) — F($ +h2) + £'($) (h1 — ha)]|
= [|f/(¢ + 61h1 + (1= 61)h2) (1 — ha) — /() (b1 — o) |
<|If' (¢ + 611 + (1= 61)h2) — f/(9)l[|71 — ha|
< [1£7(¢ + 62[6171 + (1 = 61)ha]) (8171 + (1 = 1)) [l — a1 0.

where the existence of functions 6y, 6, : [0, ] — [0, 1] is assured by the regularity of f. Now,
since f € C*(R), there is a M > 0 for which

1" (¢ + 628171 + (1 — 61)ha])[[[[ 01711 + (1 — 61)ha | §M<||h1||Hol(o,n)+ ||h2||H(;(o,n)> <2Mr.

For p(r) = 2Mr, we have that

18(h1) — g(h2) |l < p(r) 11 = h2ll g1 0,m)
and p(r) > 0asr—0.

Now, we can apply Theorems 2.3.23 and 2.3.24 and Lemma 3.1.3 and the result follows.
O]

For A > j2, j €N, k € {+,—}, denote by ‘P}f)L the equilibrium of (3.1) that has j+ 1
zeros in [0, ] and K((;)J?‘)L)/(O) > 0.

Theorem 3.1.5. For each positive integer j, and k € {+, —}, the function (j%,00) > A ¢}€A €

H;} (0, 7) is continuously differentiable and consequently the function (j2,00) 3 A+ || ( ]’.‘)L )x||? €

(0,00) is strictly increasing, continuously differentiable and || ((])}f/l )x||= == oo
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Proof. To show that (j2,00) 5 A ‘P}f)L € H}(0,7) is continuously differentiable at a point Ao
we recall that, for each A € (j2, ) we already know that ¢)]’.f;L is hyperbolic. Hence, to obtain the
differentiability at A = Ao € (j%,0) we recall that, for A near Ao, (Z)}f/l is the only fixed point of
the map

T =05, = (L) (£ 975,) ~ 2os (03, )~ Ao (013,)075,)

in a small neighborhood of (pj'.f% in H} (0, 7). Now, since (j2,0) D 4 Tj’f)L € ¢(HL(0,7)) is
continuously differentiable we have that (j2,00) 3 A ¢i5 € H}(0,7) is continuously differen-
tiable and the result follows.

The map (j2,00) 3 A+ ||( }(;L)tz € (0,00) is strictly increasing and ||(¢)}</1)x|]2 i gy

Both results follow from (CABALLERO et al., 2021, Lemma 5) and from the analysis done

next.

It has been shown in (CHAFEE; INFANTE, 1974/75) that the time maps Tf(«), defined
in (3.4), are strictly increasing functions. Also, for a fixed E, clearly A — ”L’it (E) is strictly
decreasing. Hence, since .7, (E;L;L) = 7, from (3.4), must have that kU*(Ef (1)), k € {+,—},

is strictly increasing.

It follows that
7 (Ef (1)) UF(Ef (1))
g(A) = /0 D (90 dx = V2R /0 P JEE () = F(v)dv

and
UHEF(A)
/0 EX(A) = F(v)dv

are strictly increasing functions of A. Consequently, g(4) A2% o and we must have that

1(9/3) < Aoe oo, completing the proof. O

Remark 3.1.6. The same reasoning can be used to show that (j2,00) 3 A — (;)]’.‘7L € H}(0,7) is

twice continuously differentiable, k € {+,—}.

3.2 Structure of the attractor and Morse Smale semigroup

Now, we will present an interesting effect that occurs for some linear one-dimensional
problems. Basically, we will see that for some problems, the number of zeros (“lap-number”) of
the solution decreases a.e. as time evolves. This study was presented by Matano (see (MATANO,

1982)) and it will be very useful in the next chapters. Here, we will present a version from
(HENRY, 1981, Theorem 6).

Lemma 3.2.1. Consider the following problem

{Vt :p(tax)vxx+4(tax>vx+r(tvx)va RS (0777:)7 t>0, (3.8)

v(t,0) =v(t,m)=0,1>0,
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where we assume that

(i) thereis an interval [0,#y], for which the functions p, g and r are well-defined in [0, 7] x [0, 7].
Also p > 0 in this domain.

(i) there exist a continuous function v solution of (3.8), where v, is continuous on (0, %] x

[0, 7], v; and vy, are continuous on (0,#] x (0, 7).

In these conditions, we can show that the number of components of
{x:0<x< mandv(t,x) # 0}
decreases with time on 0 <t < f.

Remark 3.2.2. The Lemma above is a particular case of (HENRY, 1985, Theorem 6).

Although the lemma above does not seem to be related to our semilinear problem, it can

be used in order to understand the dynamics of (3.1).

Lemma 3.2.3. Consider u: R — H& (0,7) a global bounded solution of (3.1). Suppose that

t——oo t—4o0
q) — u(t) — Y,

where ¢ and y are two distinct equilibria of (3.1).

Then, either ¢ =0and y #0or ¢ € {9,",,¢,, } and y € { ;F)L,q)j_k} , for k, j € N, with
P<ik><A. o

Proof. Since the semigroup associated to (3.1) is gradient, it is clear that if ¢ = 0, then v # 0.

Now, suppose that ¢ # 0. Recall that the nonlinearity f in (3.1) is CZ(R) and also
f(0) = 0. Consequently,

f(u) = £(0) + f(O)u+o(|ul) = u+o(|ul)

where 2B 5 0 ag s — 0+ Consequently, f(u) = g(u)u, for some g € C?(R) with g(0) = 1.

sl

Then, the solution u : [0, +-c0) — H& (0,7) of (3.1) is also a global solution of

{u, = Uyy + r(t,X)u,

3.9
u(t,0) = u(t, ) = 0, G2

where r(t,x) = Ag(u(t,x)) is continuous and well-defined in R x [0, 7]. Then ¢ € {9, .0, }.
for some k € NN (0,v/1).

Since u(t) — ¢ as t — —oo and this convergence is in C!(R), we find 79 € (—o0,0]
such that the set {x € [0, 1] : u(7p,x) # 0} has k components. Similarly, we find a 7| € (7p, +o0)
sufficiently large such that the set {x € [0, 7] : u(7;,x) # 0} has j components.
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Now, by applying Lemma 3.2.1 to (3.9), it follows that £ > j. In fact, this inequality is
strict. Otherwise, if k = j, then either ¢ = ¢)j+77L and y = (P]T/1 or ¢ = q);/l and ¥ = f)t

When j € N is even, ¢; (-) = ¢;" (7 —-) and then, E(¢; (-)) = E(¢;" (). Since our
problem is gradient, this cannot happen.

When j € N is odd, we make use of the lap-number property given in Theorem 3.2.1.

For a global solution u(+) let

O (t) = {x€(0,1):u(t,x) >0},
Q0 (1) = {x€(0,1):u(t,x) <0}

In the proof of Theorem 6 in (HENRY, 1985) it is shown that if #; > 7o, then there is an injective
map for the connected components of Q™ (1) (Q (1)) to connected components of QO (1)
(O~ (19))- Let, for example, u(-) be a global solution such that u (7) el ¢, ulr) e ¢>j+.
Since such convergence is in C! ([0, 7]), there are #y < #; such that the number of components
of Q7 (1) is equal to (j — 1) /2 and the number of components of O (#;) is equal to (j+ 1) /2.
This contradicts the existence of the above injective map. Thus, such heteroclinic connection is

impossible. A similar argument (but using Q~ (¢)) is valid for the connection from (;)j+ to ¢ K

]

In (FIEDLER; ROCHA, 1996), the authors pictured the connections in the attractor .27,
as this nice diagram, where the oriented paths determined by the arrows imply the existence of

connections between the initial and the final equilibria of the path:

(p&L E(P;fl .............. TR, : 2+—>¢1+
{0}\
¢]\7 S ¢A7_1 .............. L s > ¢2_ (Pl_

Now, fix 7 € N and define the sets D" = {x = (x1,...,%,) € R": x3 +---+x2 < 1} and
S ={x=(x1,...,%,) ER": x3+---+x2 = 1}. Consider the following problem

0 =006-(060,0)60, 08!
06 —(06,0) (3.10)
i=r(l—r), rel0,1],
for
10 ...0
0 3

S |=
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It can be shown that problem (3.10) defines a flow y”" : R x D" — D". Also, the set of
equilibria of (3.10) is given by {O,e;.—L : 1 < j<n}, where erF = (3111., e Snij) with 5; ==+1and
5,;'; =0,ifk # j.

For A € (n?,(n+1)?), n € N, it has been proved in (MISCHAIKOW, 1995, Theorem
1.1) that the dynamics inside the attractor of (3.1) is conjugated to the dynamics defined by y”
on D".

3.3 Identifying the structure of a global attractor

In (MISCHAIKOW, 1995), the author shows that problems satisfying some conditions
have an attractor with the same structure of the Chafee-Infante problem. The conditions for such

problems are the following:

(A1) Consider a sequence {4, },en € RT, with A, < 4,41, for all n € N. Suppose that

we can define a continuous parameterized family of semiflows @; : RT x X — X, for L € R™.
For each A > 0, we also assume that ¢ has a global attractor .27} and the map
0 R x o) — o)
defines a flow.
(A2) For each A € (A, A,41), the attractor 7), admits a Morse decomposition
My () ={M.(j5) : j €{0,...,n =1}, K € {+, =} U{My(n)}.

Moreover,
jt <k*for jke{0,....n—1} < j<kinN,
jt <n, forall je{0,....n—1}.

is an admissible order.

(A3) We assume that we have the following homology index, for A € (4, 4,11):

r n Z,ifk=j, .
HY (My.(j™)) =~ and  H"(M) (n)) ~
0, otherwise, 0, otherwise,

7, if k=n,

for j€{0,...,n—1}.

(A4) For A € (A, Ay11), the connection matrix related to M, (<7} ) is given by

0 D} 0 ... 0
0 DA
Ay = 0
0 D}
_0 0 .




62 Chapter 3. The Chafee-Infante problem and its non-autonomous variation

where the submatrices

D HI(My (j7)) O H (M (7)) = HIT (M (G = 1)) @ B (M (= 1))

1 1]
and

can be written as D* =
To-1 —1

Dyt H'(My(n) = H'™ (M (n—1)7)) @ H" My (n—1)"))

')

In order to obtain the structure of the global attractor for the problem (5.1), we will
present Theorem 1.2 in (MISCHAIKOW, 1995):

can be written as Df,} =

Theorem 3.3.1. Assuming (A1)-(A4) and A € (A,,A,41), there exists a flow @, given by
a time-reparameterization of ¢, and a continuous surjective map g, : <;, — D", satisfying
M(j*) = g;Ll ({e;.—;l}), for0<j<n—1,and M(n)= ng ({0}), such that the following diagram
commutes:

R x 7, fexey RxD"

T

o) —2 = pr

where I represents the identity in R and y” is the flow associated to (3.10).

3.4 A non-autonomous Chafee-Infante problem

In this section, we will describe some results on the structure of a non-autonomous
parabolic problem. This problem was the object of study in (CARVALHO; LANGA; ROBINSON,
2012; CARVALHO; LANGA; ROBINSON, 2013; BROCHE; CARVALHO; VALERO, 2019).

The study of the structure of the attractor for non-autonomous problems is a very difficult
subject. Part of the challenge is that,unlike what occurs in the autonomous case, we do not always
know how to identify invariant sets that play an essential role in the dynamics. For instance, the
existence of equilibria or periodic solutions is possible, but we do not expect the dynamics to

depend only on these particular types of solutions.

Thinking about that, the authors in (CARVALHO; LANGA; ROBINSON, 2012) consid-
ered the following non-autonomous equation
Uy = e+ Au— B (), x € (0,7),1 > s,
u(t,0) =u(t,m)=0,1>s, (3.11)
u(0,) = up(-) € HY (0,)
where A > 0 is a parameter and 8 : R — [by,b,] is a globally Lipschitz function and b, > b} > 0.
The authors (CARVALHO; LANGA; ROBINSON, 2012) have shown that we have a process
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{Sp(t,s) :1 > s} C C(H; (0, 7)) related to (3.11) which admits a pullback attractor {7 (1) : 1 €
R}.

When B(-) = b, for some b > 0, we have the Chafee-Infante problem, presented in
Chapter 3. If B(-) is sufficiently close to a constant, the result of Theorem 3.4.2 was already
known, see (BORTOLAN; CARVALHO; LANGA, 2020).

Although problem (3.11) is not generally close to an autonomous problem, we can find
non-autonomous equilibria using comparison between the solutions of (3.11) with B(+) replaced
by 71(-) = by and 1»(-) = by. For j = 1,2, denote by {7(¢) : t > 0} the semigroup related to

U = uxx+7tu—bju3, x€ (0,m),t>s
u(t,0)=u(t,m)=0,1t>s
u(0,-) = uo(-) € HY (0, ).

In this case, we have the following comparison result:

Theorem 3.4.1. For uy < u; < up in H(% (0,7), we have
Ti(t)ug < Tj(t)uy, forallz >0, (j=1,2)
Tr(t —s)ug < S(t,s)u; < Ti(t —s)uy, forallz > s.
Fori € Nand j = 1,2, denote by (P;??j (resp. ¢i_b,-) the equilibrium of {7}(¢) : t > 0} that
satisfies (¢)i2j)’(0) > 0 (resp. ((bi;)j)’(O) < 0) and has i+ 1 zeros in [0, 7]. It can be easily seen
1 1
+ _ (b2 - A b\2 ,—
that ¢i,b1 o <ﬁ) iﬁ’z and ¢i7bl o (ﬁ) ¢i,b2'
For i € N, we define the sets

1 .
u € Hy(0,m) :mm{(pl.j;)l, i—;Jz} <u< max{(p:rbl, l.‘;)z}, ulx) = —ulx—7%), xe [%,7],

X =
and u(x) = u(¥ —x), x € [0, %]
and
X — uc H(} (0,7) :min{¢i;;1=¢i;,2} Su< max{qbl.;l,@;)z}, u(x) = —u(x— %)7 RS [%775]

and u(x) = u(¥ —x), x€ [0, %]

Using the comparison theorem above, we can show that the sets Xl.i are nonempty if A > i2.
In fact, we have S(,s)X;” C X;" and S(t,5)X;” C X, for all # > 5. Since X;= are bounded and
positively invariant, the restriction of {S(z,s) : t > s} to Xii guarantees the existence of invariant
sets {A () :t € R} C X;* and {A; (r) :t € R} C X;”. Even more, it can also be show that, for
eacht e R, A (1) ={&" (1)} and A; (1) ={& (r)}, where & : R — X (resp. & : R — X)isa
global solution of {S(t,s) : £ > s} in X;* (resp. X;”). Thus we have the following result

Theorem 3.4.2. (CARVALHO; LANGA; ROBINSON, 2012, Theorem 8)

For A € (N?,(N + 1)?], the problem (3.11) admits 2N non-zero non-autonomous equi-

libria.
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3.5 Further comments and open problems

In this chapter, we have presented results on the Chafee-Infante problem and its non-
autonomous variation. The Chafee-Infante problem was a revolutionary example in the area,
since it has allowed pursuing further investigations on the inner structure. This is usually a very

difficult subject and there are no clear techniques that work generally.

There are several studies inspired by the articles (CHAFEE; INFANTE, 1974) and
(CHAFEE; INFANTE, 1974/75). This problem was an inspiration on the development of the
topological and the geometrical theory of several other articles and was the object of interest of

many authors.

As we have seen, the lap-number property is essential to understand the dynamics inside
the attractor. But this property is restricted to problems in the one-dimensional setting. Thus, the
study of bifurcation of equilibria of a model such a Chafee-Infante problem in an open domain
Q C R", n>2,is far from being a clarified problem.

Now, the construction of non-autonomous equilibria of (3.11) is made by using invariant
regions determined by autonomous Chafee-Infante problems. In fact, the result of (CARVALHO;
LANGA; ROBINSON, 2012) is more complete than we have mentioned. For instance, the
authors proved that if <A< (n+ 1)2, for some n € N, the problem (3.11) admits exactly 2n
non-autonomous equilibria. In fact, the authors in the cited publication have shown that & (-) is
the only global solution of (3.11) inside X¥, for 1 < j <nand k € {+,—}.

In the project of my PhD, we described our interest in understanding better the local
properties of the non-autonomous equilibria of (3.11). To be more precise, it is one of our
interests to show that all the non-autonomous equilibria are hyperbolic. In the case that B(-) is
very close to a positive constant (and far from zero), the hyperbolicity of these global solutions

are known. But generally we do not know the answer yet.

We have developed, with other collaborators, a work on inertial manifolds (see (CAR-
VALHO et al., 2021)) that may be useful in the study of hyperbolicity for non-autonomous
equilibria. So far, we were not able to obtain the desired result. We expect to continue our

investigation on this subject.

In the next chapters, we will consider problems inspired by the Chafee-Infante prob-
lem: a non-autonomous nonlocal quasilinear version (see Chapter 4), an autonomous nonlocal

quasilinear version (see Chapter 5) and a multivalued problem (see Chapter 6).
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CHAPTER

A NON-AUTONOMOUS PARABOLIC
PROBLEM

The study of non-autonomous problems can be very challenging and they differ from the
autonomous in several aspects. When we consider the attractor for a non-autonomous problem,
we also have to take in account the effects caused on the time dependence. For instance, the
structure of the attractor is more difficult since we may not have stationary points that characterize

the dynamics.

Although we can find several results in the literature about the existence of pullback
attractor or results on stability, we cannot find many results on the finer structure of a pullback
attractor. The authors in (CARVALHO; LANGA; ROBINSON, 2012) proposed a concept called
“non-autonomous equilibria” which will be a special class of solutions that behave such as the

equilibria in the autonomous gradient systems.

The inspiration to define the non-autonomous equilibria (see Definition 2.3.21) had
come from the fact that autonomous gradient dynamical systems are robust under small non-
autonomous perturbations. In this context, the occurrence of these classes of solutions is natural.
In (CARVALHO; LANGA; ROBINSON, 2012), the authors were able to show the existence of

such a class of solution even when we do not consider a small Lipschitz perturbation.

In this chapter, we will explore a non-autonomous and nonlocal quasilinear problem

ur — a(||uy]| Py = Au—B()ud, x€(0,7),1>s,
u(0,0) =u(m,t) =0, t=>s, 4.1)
u(-,s) = uo(-) € Hy (0,7),

T
where ||u.||> = / |y (x)|*dx (usual norm of the Hilbert space H} (0, 7)), A € (0,0) is a param-
0
eter, a : RT — [m,M] is a locally Lipschitz function, 0 < m < M, and 8 : RT — [by,b] is a
globally Lipschitz function, for 0 < by < b».
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If we consider a(-) = 1, we find the non-autonomous Chafee-Infante problem that we
presented previously (see Section 3.4). In what follows we will comment about the differences

we find in considering (4.1) with non-constant a(-).

We will show this problem is globally well-posed and admits non-autonomous equilibria.

4.1 A non-autonomous and nonlocal parabolic problem

In this section, we will show that (4.1) is globally well-posed and it defines a process.

First, consider the following

1
W =Wyt ——v [ (s+/ ) 3],xé(O,?t),‘L’>s,
a([lwxl?) ||Wx .0

w(0,7) =w(m,7) =0, T >s,
w(-,s) = uo(") € Hy(0,7)

(4.2)

with the same assumptions of (4.1).

Lemma 4.1.1. The problem (4.2) is locally well-posed in H'(0, ).

Proof. Consider the linear operator A : D(A) C L*(0,7) — L*(0,7), for D(A) = H*(0,7) N
HL(0,7) and Au = uy,, for u € D(A). The operator A is self-adjoint and it has compact resolvent.
In particular, the operator —A is sectorial and we may define the fractional power spaces
{X9:6 > 0}, where X = L2(0,7) and X! = H2(0, ) N H] (0, 7). Consequently, X2 = H/ (0, ).

Consider a pair (f9,up) € Rt x X2. For T > fo and R > 0, define the space & C
(C([t0, T]:Hg (0,m)), |11 [I1), where [[|uell] := supye s, 77 lleell 71 0, satisfying ||| —uol|| < R for
u € A.1tis easy to see that (4, ||| -|||) is a complete metric space.
Define the function
f: B —C(ty,T);L*(0, 7))
w(-) = fw)()

given by

Aw(r) — B(mu(r))w(r)
a(w.(NI*) -

fw)(r) =
where 1,,(r) = to+ftga(||wx\|2)_lds, r e t,T].
For each v € C([ty, T],H} (0,7)) and r,s € [to, T}, s > r,

A A A
O LM P ST R e B
FIBEENIAE) — PO+ 11B(5(s) — B

a(|lvi(P]12) = a(||vy(s)]|?
BE RSB (ACT T

m2

+b2| [V (5) =V ()| + B (% (s)) = B ()] [[V* (1)

1F ) () = fFO) <
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Now, denote by L, (resp. Lg) the Lipschitz constant of a(-) (resp. B(-)) in BX 1 (0,R). We

have the following
la(llvs(r)1?) = a(llve(s) )] < La(|ve(r) 12 = [[vx()II?) < 2LaRl[ve(r) = vi(s)]l

1v(5) = v (7)1 < 350 {I1v(5) B 0.0 [V B0 | 1) = w00

B(m(5)) = B(5()| < Lglo(s) = m.()] < Ly ‘/rsa(HVx(l)Hz)_ldl‘ < Lelbs=rl

From the above inequalities and using the Sobolev’s inequalities, we find a C = C(R) >0
such that

1F ) (s) =) ()] < C(R) (IS —r|+v(s) = V(r)llﬂ(;(o,m) :

By similar calculations, we can show that there is a C(R) > 0 for which

1F0)(r) = W) ()| < CR)[Iv(r) =w(r) | g 0,y 7 € Tt0, T,
for all v,w € A.

Define the function & : 8 — % by

G()(1) = A0 g+ [ A f(s u(s))ds, ¢ € [10,T].

fo

We are able to show, under the same techniques applied on the proof of Theorem 2.3.17
that, by proper choices of T and R, the map ¢ : & — 4 is a contraction.
In other words, there is a w(-) = w(-, 7, uo) € C([to, T (to)]; H} (0, 7)) satisfying
t
u(t) =0 yg+ [ AU f(s u(s))ds.
Io

Hence, using Lemma 2.3.15, w is a solution of (4.2) with w(tg) = uy. O

4.2 Global well-posedness

In this section, we will use the knowledge we have of (4.2) in order to obtain the global
well-posedness of solutions for the quasilinear problem (4.1). Even more, we will show that the

problem also generates an evolution process.

Proposition 4.2.1. Problem (4.2) is globally well-posed in Hj (0, 7).

Proof. Let (ty,u) € H} (0, 7). Using Lemma 4.1.1, there is a solution u : [, T) — HZ (0, 7),
T > 1y, of (4.2). By the variation of constants formula, a solution of (4.2) with u(t) = ug satisfies

! u(s) — () (s
)=+ [0 (T as
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as long as the solution exists. Then, for ¢ € (9,7 + 7|, we have

t
< ¢~ (=10 ~(1=5)(; _ )3
)y < e ol y € [ e Hulo)] ds
since f is locally Lipschitz continuous. If we denote y(s) = e(s=0)||u(s) HX 1,8 € [t0,], we have

the following
! 1
w(0) < fluoll y +C [ (=) Fy(s)ds.
1o

Applying the Singular Gronwall’s Lemma (Lemma 2.3.16) to we are able to conclude that

sup  Ju(t)]| 1 < oo

1
tE€ty,to+7) X2
Consequently, the solution u(-,fo, ug) exists for all time, by Theorem 2.3.18. This is a consequence
of the fact that the variation of constants formula is well-defined as long as the solution is

bounded. ]

Theorem 4.2.2. Problem (4.1) is continuous with respect to initial data, that is, for each € > 0,
there is a € (0, ¢€) such that if |ju; — uand (0.x) < 6, then the solutions u(-,s,u;) of (4.1) with
u(s,s,uj) =uj, j =1,2, satisfy |ju(t,s,u;) — u(t,s,uz)HH&(O ) <& fort € [s,s+9).

Proof. Fix € >0 and (s,u1) € R x H} (0, 7). Just for simplicity, denote u;(-) = u(-,s,u;), for
j = 1,2. Define the following function 7;(t) = s+ [ a(||(u;(1))s||*)dl, fort > s, j=1,2.

For j=1,2and wj(7;(t)) =uj(t),t > s, we have the following
7j(t)
w(g5(0)) = A5O[S pr )

We will show that, for each T > 0, there is a constant C = C(T') > 0 such that
w1 (7) = w2 (D)l g1 0,.2) < Cllur — w2l g0,y Tor 7 € [s, T1.
In fact,

[[wi(7) —wa(7)

o=

I,

P 1A =l g+ AT () = Flrws ()]

< Iy —ual] g+ [ T @) A7)~ fwa()dr

N

T 1
<l + [ e i () wall g
N

where Cy represents the Lipschitz constant of f in solutions of (4.2) (the solutions are uniformly

bounded, by previous results). For r € [s, 7], define y(r) = & ||w; (r) — wa(r) HH(% (0,m)- BY the

previous inequality, we have

1

T
V() < i~ el g0, +Cr [ (5= Hw(r)ar
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and, by the Singular Gronwall’s Lemma (Lemma 2.3.16) we find y(7) <2|lu; — MZHH(; (O’E)eK(T_S),
for K = 47rCJ2c. Thus

wi(2) = w2 (D)l g3 0.7 < 226%™ s — 12| gy 0.2 4.3)
The above inequality shows that problem (4.2) is continuous with respect to initial data.

Observe that, fori = 1,2
t
Ti(1)—s = / a(|| ()2 (P [|P)dr < M(t —s), fort > s. (4.4)
S
Then, fori € {1,2},

(5(t)s) W0 A
le(fi(t))—ulHHg(o,n)SH[eA’ s—l]ulﬂyg(o,nﬁr/s e f (rwi (M)l g o, mydr

By the previous theorem, there is a C > 0 such that sup, [[w1(r)|| H)(0.r) < C- Hence,

T,’(t)—s
i (%) = il 0,29 < N O™ = Tutt [l g 0.2 +C/O eIl i€ {1,2}). @5)
Choose a 6; > 0 such that

r M, -1 E
sup | [¢* —I]u1\|H(;(o7n)+C/ eIl < 2. (4.6)
VE[O,M(S]] 0

Also choose &, > 0 such that

2max{1,eM(K_1)5l}52 < £

3 4.7)

Let 6 = min{J;, 5, } > 0. We want to show that
11 (6) = 28 3 00 <
ift € [s,54+0) and |ju; —u2||H5(07,t) < 0.
In fact, for t € [s,5+ &) and uy € H} (0, 7) with ||u; —quH(%(OJ) < 8, we have
lur (1) = w2 ()| g3 0.2y = [Iwi (T2 (1)) = w1 (T2(O)l] 11 0.)
< wi(n1(0)) =l gy 0.2y + [Iwi (22(0)) — i ll g 0,y

+ w2 (a(1)) =wi (T2 ()l 51 0,2

)=
)—

Combining (4.5), (4.4) and (4.6), we can easily see that, fori = 1,2,

M(I*S) 1 £
wi (i) —wllg oy < sup [l —Lur ]l +C/ el <
B OT) = ctom(e—s) B Om = Jo 3

Note also that, for (4.3), (4.4) (4.7), we have

[OSHINGY

w2 (2(2)) = wi(R2() 5 (0.0) < 2max{1,eM KDYy — 2l 0.2y <

Therefore, the result follows. ]
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Consider {U (t,s) :t > s} C C(H} (0, 7)) evolution process associated with (4.2).

Theorem 4.2.3. Problem (4.1) defines a process {S(t,s) : t > s} C C(H} (0, 7)).

Proof. Let ug € H}(0,7) and s € R. By Proposition 4.2.1, there is a solution w : [s, +o0) —
H}(0,7) of (4.2) satisfying w(s) = ug. Now, for T € [s,+o0), consider u(t) = w(t), where
t=t,(1)=s5+[! Wdr t > 5. It is easy to see that u is a solution of (4.1) with u(s) = uo.

Now, consider v : [s,+c) — X a solution of (4.1) with v(s) = up. We want to show that
v(t) = u(t), for all + > 5. With this objective, consider z : [s,+o0) — H} (0, 7) the solution of
(4.2) with z(s) = ug associated to v. By (4.3), it follows that z(7) = w(t), for all T € [s,4o0). As

consequence, we have

T 1 T 1
(1) = s—i—/s P ETET s—l—/s AT = (@ T €l ).

Therefore, we have u(t) = v(t), for all t > s.

The continuity of (4.1) with respect to the initial data was proved on Theorem 4.2.2.

4.3 Existence of pullback attractor

In this section, we will show that {U(z,s) : t > s} and {S(z,s) : # > s} admit a pullback

attractor.

Lemma 4.3.1. The process {U (z,s) : t > s} is pullback asymptotically compact.

Proof. Consider 7 € R, a bounded sequence {x, },en € X and {s,, },ey € R with 7 > s — —oo
as k — Hoo.

We want to show that for ¢ < 7, the sequence {U (t,5,)Xs }nen is precompact in H} (0, 7).
Consider again the operator A given in Example 2.3.12 and its family of fractional powers
{X7:0<y<1}.Fory€ [4,1), we have

t
[0t sl < 1A er+ / 40,0 501050 v
<=5 T Dl + [ =) TV )

< e ) (1 —5,) ) [l 71 0,7y +C/S e ) (t_r)fyHU(”,Sn)anH(}(o,n)dr

for some constant C > 0, where we have used that X¥ < X2 = H}(0,7).

If we consider y = 2, it is easy to see that we can apply the Singular Gronwall’s Lemma
(Lemma 2.3.16), to find sup{||U(t,sn)xn||H(; (o) : 1 €N} <M, for some M > 0.
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Now, if y > %, forn e N,

t—r
10t sn)xallxr < e e = 5) =D | g1 0 )+ CM / e e —r)dr
’ 0

(s (L
<e ( n)(t_sn) (r Z)H'anHS(O,TE)—’_CMF(l_Y)

and we conclude that {U (¢, 5,)X }nen is bounded on X? and precompact in H} (0, 7). O

Now, we want to show that we have a comparison of (4.1) with versions of a Chafee-
Infante problem. Our aim is to show the existence of nonempty positively invariant regions.

Consider the auxiliary initial boundary value problems

A
Zt:ZXX+E —fw—lz3, xe (0,m), >0

2(0,¢) = z(m,t) =0, t>0, (4.8)
Z('7O) = ZO(') € H(% (0777:)?

and
Vs :vxx+]%v—%v3, x€(0,m),t>0
v(0,t) =v(m,t) =0, >0, 4.9)
v(-,0) =vo(-) € H}(0, )

Both problems are globally well-posed and define a semigroup, see Chapter 3. Denote
by {Ti(¢) : t > 0} the semigroup associated with (4.8) and by {75(¢) : t > 0} the semigroup
associated with (4.9).

Recall that H] (0,7) is a pre-ordered space by the relation: for u,v € H}(0,7), u < v
if u(x) <v(x) a. e. in (0, 7). Define the set € = {u € H} (0, 7) : u > 0}, which we call it the
positive cone of H} (0, 7).

Theorem 4.3.2. With the above notation, if uy < u; < up in H& (0,7), then

Tt —s)up <U(t,s)uy < Ty (t —s)up, Y(t,5) € 2. (4.10)

Proof. Observe that, given R > 0 there exists ¥(R) > O such that forr € R, ye RT and 0 < u <R,

Au—PB()u? A by 4
o7 PVIT < T )
a(v2) \}/LH—mu Mu “4.11)

A b
0<yu+—u— —2u3 <yu+
M m

%bﬁ and }/u+% —%Lﬁ being increasing functions in the variable u in the interval

with yu-+AL
[~R,R].
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Now let us compare solutions of (4.2), (4.8) and (4.9). To that end, we define

Au(x) = B(s+ [ia(llux(, 8)]%) ' d6)u’ (x)

a1t = alllus]P)
I 0,0)(3) = i 0,0)(3) = ) — 25 )
4.12)
PRI C AL RIET
20,0)(8) = (e, 0) = ()~ 2 x)

Noticing that H& (0,m) is embedded in L= (0, ) and using (4.11), Theorem 2.3.20, item
ii1) can be applied twice to obtain the result of Theorem 4.3.2. O]

Lemma 4.3.3. The process {U (t,s) : t > s} is strongly pullback bounded dissipative.

Proof. Consider 7 € R and a bounded set B C H} (0, 7). We want to show that, for all # < T,
lim_, o sup,.(U(t,s)x,B(7)) = 0. Even more, it can be proven that there exists a bounded set
of L=(0, ) that pullback absorbs bounded sets of {U (¢,s) : t > s}.

By Theorem 4.3.2, it follows that {U (z,s) : t > s} is bounded from below and above for
the semigroups {7>(¢) : # > 0} and {T;(¢) : t > 0}, respectively. Then, for each ug € B, it follows
that

Tr(t —s)up < U(t,s)up < T1(t — s)uo.

As § — —oo, t — 5 — 4o0. Now, using that {T;(¢) : t > 0}, i = 1,2, admit a pullback absorbing
set, it follows that we can find a R > 0 (independent of B) such that, as s — —oo,

|U(t,8)uol|z=(0,7) < R, for |s| sufficiently large.
This shows that {U(t,s) : t > s} is pullback bounded dissipative in L(0, 7). Finally,

using that || - HH(}(OJ) < 7|| - || L= (0,x)> it is clear that {U(#,s) : t > s} is also pullback bounded
dissipative in Hj (0, 7). O

Theorem 4.3.4. The process {U (t,s) : (t,s) € &} associated to (4.2) admits a pullback attractor.

Proof. 1f follows from Lemmas 4.3.1, and 4.3.3 and Theorem 2.2.12. ]

Corollary 4.3.5. The process {S(t,s) : (t,5) € &} associated to (4.1) admits a pullback attractor.

Proof. Consider {s,}nen,T € R and a bounded sequence {x, },en € Hi (0, ) with T > 5, — —co

as n goes to —+oo.

We want to show that, for every ¢ > 7, the sequence {S(¢, s, )X, }nen admits a convergent

subsequence.
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Observe that, for each n € N, we find 1, > s, such that U(7,,s,)x, = S(t,s,)x, and

T, — Sp — +o0 as n goes to +oo. This follows from the relation between solutions of (4.1) and
“4.2).

Now, we proceed similarly to the proof of Lemma 4.3.1 to show that ||U (T, s, )X,|/x7 is
bounded for y € [5,1).

Consequently, the sequence {S(#,5,)Xn }neny = {U (T, Sn)Xn tnen has a convergent subse-
quence in H} (0, 7).

Therefore, the process {S(z,s) : (z,5) € &} is pullback asymptotically compact.

Now, we want to show that {S(¢,s) : (¢,s) € &} is also strongly pullback bounded dissipa-

tive. In other word, we want to show that we find a family of bounded sets {D(z) : r € R} such that,
for any T € R and t < 7 and bounded set B C Hj} (0, ), lim,_, _co Sup, .5 d(S(t,5)x,D(7)) = 0.

Suppose, by contradiction, that {S(z,s) : (¢,s) € &7} is not pullback bounded dissipative.
In this case, we find 7, {s,},cny € R and a bounded sequence {x,},cn € H} (0,7) such that
{S(t,$n)xn }nen is unbounded.

Consider 7, € R such that U(t,,s,)x, = S(t,s,)xn, for n € N. Again, we can pro-
ceed as before and show that ||U(%,,s,)x,||xr is bounded for some y € (3,1). Consequently,
{S(t,5n)%n }nen is precompact in H}(0,7) and, hence, bounded in Hj (0, 7), which give us a

contradiction.

By Theorem 2.2.12, the result follows. ]

4.4 Non-autonomous equilibria

We will use the comparison result of Theorem 4.3.2 to construct the non-autonomous
equilibria of (4.1).

Now, note that, by Theorem 3.1.1, if A > M, we can find a positive equilibrium ¢l+ by of
(4.8) and a positive equilibrium ¢, b, Of (4.9). Using Theorem 4.3.2 and the fact that {7;(r) : 1 >

0} is gradient, we have

t—5+o0
‘Pirbz = T2(t)¢1+7172 < (t)q)fsz — V,

for some positive equilibrium y of (4.8). By the uniqueness of the positive equilibrium of (4.8),

we conclude that y = ¢1+ by and, consequently, ¢l+ by S (Pfr by Define the set

Xt = {u € HY(0,7) : ¢, (x) < ulx) < By, (x), u(x) = u(z—x) in (o,n)} .

Recall that a “positive solution” is a global solution & such that £ (¢) € € for all r € R. If there
existsa ¢ € €N{y e C'(0,7): y¥'(0)-y'(n) <0} and to € R such that ¢ < &(¢) forall t < 1o
(for all ¢ > 1) then & will be called non-degenerate as r — —oo (as t — +0). Note that a positive
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global solution & of {U(t,s) : t > s} which is non-degenerate as t — oo is non-autonomous
equilibrium (see Definition 2.3.21).

To construct a positive non-autonomous equilibrium, we will prove that X 1* is positively
invariant, which means U (¢,5)X;” C X;", for all (¢,5) € &. Given ug € X;', for x € (0,7), we
have

q)]sz(x) STt —s)up <U(t,s)ug < T (t — s)up < ¢l+,b1 (x),
where we used the comparison result of Theorem 4.3.2 and that 7;(r — s)(})i“ b = ¢]f b for all
(t,5) e Z,i=1,2.

Since ug(x) = ug(mw —x) for x € (0, 7), if u(t,s,up)(x) := U(t,s)up(x), then both maps
(5,400) D ¢+ u(t,s,up)(-) and (s,+o0) 3 ¢ > u(t,s,up) (7 — -) € H} (0, 7) are solutions of (4.2)
with u(s,s,up)(-) = uo(-) = ug(mw —-) = u(s,s,up)(m — -). By uniqueness of solutions, we con-
clude that u(z,s,up)(x) = u(t,s,up)(w —x), forall x € (0,7), t € (s5,+00).

Theorem 4.4.1. Suppose A > M. Then the process {U (t,s) : (t,5) € 2} restricted to X;" admits

a pullback attractor. In particular, there exists a non-autonomous equilibrium in %

Proof. The positive invariance follows from the reasoning that preceded the theorem. The fact
that {U(t,s) : (t,s) € 9} has a pullback attractor in H} (0, 7r) ensures that it also has a pullback

attractor when restricted to Xfr .

Now, any global solution in the pullback attractor of {U(z,s) : (z,s) € &} restricted to

Xfr 1s a non-autonomous equilibrium.

0 T

Figure 3 — Representation of the set Xl+

]

Theorem 4.4.2. Consider A > MN?, for some N € N,. Then, for j = 1,...,N, the process
{U(t,s): (t,s) € P} restricted to X;“ admits a pullback attractor.

In particular, for each j = 1,..., N, there exists a non-autonomous equilibrium & j+ that
has j+ 1 zeros in [0, 7].
Proof. By the previous theorem, since A > M, it follows the existence of §l+ . Now, we want to
construct positively invariant regions (far from zero a.e. in (0, 7)).

From Theorem 3.1.1, there is an equilibrium ¢;Lbi with j+ 1 zeros in [0, 7], 1 < j <N,
for the semigroup {7;(¢) :t > 0},i=1,2.
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Now, if 1 < j < N, we consider the set Xj+ =Y j+ NZ;, where

vi= {u € H1(0,7) : min (‘Pﬁl (%), ¢;b2(x)) < u(x) < max (‘Pf,bl (x),¢;b2<x>) 0<x< n}

and
Zj= {u € H}(0,7) :u(x) =u (% —x) ,0<x <%, and u(x)=—u (x—%) , X > %} :
Let us prove that these sets are positively invariant.
We will start with j = 2.
Figure 4 — A representation of the region X2+
Consider ugy € X2+ . Now, ug € Z, which means that uo(x) = —uo(m — x), for x € [0, 7].
And by the uniqueness of solution, we have u(z,s,ug)(x) = —u(t,s,ug) (7w —x), for all x € [0, 7|

and 7 > 5. With this we proved that u(t,s,uq) € Z, and, in particular, u(z,s,uo)(%) = 0, for all
t>s.

Now we can use comparison restricted to the subintervals [0, 7] and [F, 7]:

0L Ta(t—s)up <U(t,s)ug < Ti(t,5)ug  in [0, %]

Ti(t —s)uo < U(t,8)up < Tr(t,5)ug <0 in [F,7].

Since ¢2J,rb,- is an equilibrium of {7;(¢) : # > 0}, i=1,2, and 0 < ¢;sz <uy < ¢2er1 in
[0,7] and ¢,", <uo < ¢, <O0in [F,7], we can write

0< )y, SU(S)uo < 9y, in[0,7]

¢y, SU(t,5)uo < ¢y, <O in [F,7].

Therefore, X, is positively invariant.

Before proving the case X3+ , we will prove the positive invariance for XI . Just observe

that if ug € X, then ug(x) = —uo (7 —x), for all x € (0, ) and, in particular, u(r,s, %) = 0. Now,
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we can analyze the following problem

Au—B(s+ [} —ZIHuxHIZ)de)”}
a(2[lux(]?) ’

u0,0) =u(%,6)=0, t>s

Ur = Uxx + XG(O,%),Z‘>S

(4.13)

where ||uy[|*> = Ji x(s)ds. Moreover, using the uniqueness of solution for (4.13), we conclude
that

u(t,s,u0)(x) = —u(t,s,uo)(5 —x), forxe[0,%]
and

u(t,s,up)(x) = —u(t,s,up)(w—x) forx e [0,x].

In particular, u(t,s,up, %) = 0 for all # > s and u(z, s, uo, 3f) —u(t,s,ug, 7) = 0. With this, we

can prove that u lies in Z4. Now, we can use comparison to prove that Xf is positively invariant.
To prove the invariance of X3+ , we define the following set
1( 4m) . 4 . 4
W," = {uo € Hy (0,%F) : uo(x) = —uo (*F —x) in [0,%] and ug [jo n€ X5 }

and consider the problem (4.2) in the interval |0, 4?”] and replacing a(-) by a ( -). We have that
u(t,s,up, 27”) = 0 and we can use the same idea as in X, to prove that u(z, s, uo, 2)=0. The

comparison in [0, ] follows similarly to the previous cases.

Therefore X" is invariant under the action of {U(¢,s) : t > s}, since it is a restriction of
W," to the interval [0, 7].

For the other cases, uy € X 7L, just observe that the invariance of Z; can be obtained
using the reasoning applied in the previous cases and then we conclude that u(z, s, ug) (1‘7r ) =0,
k=0,...,j,forallt >s.

Now, for all (z,5) € &, we have the following comparison:
0 < Tr(t —s)up(x) < U(t,s)up(x) < T1(t — s)up(x), x € [0, J]
and U(t,s)up(x)=—U/(t,s)uo(x — %) and T;(t — s)ug(x) = —T;(t — 5)up(x — —) X > Zi=1,2.

With this, we conclude that U (¢, s)ug € Xj+ for all (¢,s) € &. Therefore, Xj+ is positively
invariant under the action of {U (z,s) : (t,s) € Z}.

]

Remark 4.4.3. Note that if 4 > MN?, for each 1 < j < N, there exists an equilibrium ¢ b Of
{Ti(t) :1 > 0}, i = 1,2, with j+ 1 zeros in [0, 7]. Then, we can define the set X;” =Y, NZ;,

where
vy = {we Hy(0,m) - min (97, (x),07,,(x)) <ulx) < max (67, (x),67,,()) }-

We can also prove that U (t,5)X;” C X", for all (z,s5) € .
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Observe that the whole construction was carried out for solutions of (4.2). Recall that
the change of variables only affects ¢, hence we have also constructed a set of bounded non-

autonomous equilibria of (4.1). We can summarize the result in the following

Theorem 4.4.4. Suppose that A > MN?, for 0 < N € N. The problem (4.1) has at least 2N

non-autonomous equilibria.

4.5 Some remarks and open problems for further investi-

gations

In this chapter, we have treated the quasilinear parabolic problem (4.1). We would like to
mention that there is a developed theory of quasilinear problems (see for instance (LUNARDI,
1995)). In our case, it can be shown that we need to ask more assumptions on a(-) to apply the

usual quasilinear theory.

Semilinear problems are very well-known and then we were able to provide the results
on existence of global solutions and the pullback attractor for the semilinear problem (4.2),
which are transferable to (4.1). Although the relation between (4.1) and (4.2) is dependent of
any solution (not a uniform change of variable), we do not have loss or gain of information since

a(-) is bounded above and below for positive constants.

Now, if a(-) =1, (4.1) is in fact (3.11) and we are able to obtain a very sharp comparison
result. That means, we are able to determine the parameters for which bifurcations of the

non-autonomous equilibria happen at 0.

The comparison result we have obtained for (4.1) can be improved. For instance, we have
compared (4.1) with Chafee-Infante problems. For that reason, we were not able to determine
the parameters of bifurcation at 0. We have only provided values for those we can guarantee the
existence of the non-autonomous equilibria. Although it is yet to be proved, we would guess that

the bifurcation at zero happens for the parameters a(0)N?, for N € N, if a(-) is increasing.

Another difference between the results of (4.1) and (3.11) relies on the fact that we are
not able to determine the exact number of non-autonomous equilibria. To be more precise, if
A € (MN?, M(N +1)?), for N € N, there are at least 2N non-autonomous equilibria for (4.1).
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CHAPTER

THE AUTONOMOUS NONLOCAL
PARABOLIC PROBLEM

In this chapter, we will explore an autonomous nonlocal quasilinear problem. First,
we will show that the problem admits a sequence of bifurcations from zero under suitable
conditions. We will also show results on stability and hyperbolicity of the equilibria. Later,
we will apply topological techniques to show the existence of connections between equilibria
inside the attractor. This chapter is a summarized collection of results, made with collaborators
in the works (LI et al., 2020; CARVALHO; MOREIRA, 2021; MOREIRA; VALERO, 2022b;
ARRIETA et al., 2022).

Consider now the autonomous non-local problem
uy = a(||ug]|) e+ Af (), xe(0,m),1>0,
u(0,/) =u(m,t) =0, >0, (5.1
u(0) = ug € Hy (0, 7).
with f satisfying (3.2). We will assume that a € C'(R"), with a(RT) C [m,M] for 0 < m < M.

We will see that (5.1) is globally well-posed. We will show that this problem admits a gradient
semigroup with a Lyapunov function V : H(% (0, ) — R given by

1 [l T
Vi) =5 / als)ds — / AF (u(x))dx, (5.2)
0 0
where F(s) = [, f(r)dr.
Problem (5.1) was based on the Chafee-Infante problem (see Chapter 3). One can be
misled to think the additional nonlocal term would not affect much the dynamics of the problem,

since the function a has a positive lower and upper bound. In this chapter, we will show that, in

fact, surprising and unexpected behavior may happen according to our choice of a.

With the additional assumption of a being increasing, we will show that (5.1) and (3.1)

have similar dynamics, in terms of the number of equilibria and their connections.



80 Chapter 5. The autonomous problem

5.1 Existence of the attractor

First we will show the following

2
Proposition 5.1.1. The map V : H; (0, 7) — R givenby V (u) = 5 0“”*” a(s)ds— [of AF (u(x))dx,
for u € H} (0, 7), is a Lyapunov function for (5.1).

Proof. First, it is clear that V' is continuous, since it is defined in terms of continuous functions.
Consider u, i € H} (0, 7). We have

i 2 s "

V(u+h) =V () = /O a(s)ds — /0 ALF (u(x) + h(x)) — F(u(x))]dx
e+ 2l "

< a(s)ds+ [ ALF(u(x) + O (h()u(v]dx

for 6(x) € (0,1), x € [0, 7] where we have used the Holder’s inequality and the Mean Value
Theorem. As ||A,|| — 0T, we can see that V (u+h) — V(h) — 0. Thus, V is continuous.

Suppose that u : [0,7) — H} (0,7), T > 0 is a solution of (5.1). We want to show that V

is decreasing along solutions u(z) as ¢ increases. To see that, we will calculate V (u).

v = WD Ly 2 " e
= —a(||u]?) /0 e (5)uty (5)dds — /0 Af () g (x) dx
—/On[a<||ux||2>uxx+xf<u>1u,dx — [lu? <O0.

Thus, V is decreasing along solutions of (5.1). Now, if V' is constant on the solution u, we have
0= V(u) = 2 forallt € RT. Consequently, u; = 0, for all > 0, and u € & (the set of
equilibria of (5.1)).

Therefore, V is a Lyapunov function for (5.1). L]

The existence of the semigroup follows by using the same arguments applied to the

non-autonomous case in Chapter 4. That is, we consider the semilinear problem
Af(w)

a[|ucl?)’
u(t,0) =u(t,m)=0,t >0,

u(-) = uop € Hy (0, 1)

U = Uy + t>0,

(5.3)

with a and f with the same conditions required by (5.1). We show the global well-posedness
and the continuity with respect to initial data for the problem above. We use this information
to prove the same properties for (5.1). In particular, we have that both problems share the same

equilibria and, moreover, the global attractor.

Theorem 5.1.2. There is a semigroup associated to (5.1) that admits a global attractor 7.
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Proof. Here, we will apply an argument to show the existence of a global solution by using its
Lyapunov function, which is given by (5.2). The existence of a local solution can be made using

the same arguments applied to (4.1) in Chapter 5.

r2 + M,, for all
r*+Ng, reR.

Recall that, for each € > 0, there is a constant M > 0 such that f(r)r

<eg
r € R. It also can be shown that, for each € > 0, there is a N > O such that F(r) < &
Consequently, for each solution of (5.1), we have

T

2 24 (7 2 21
e < EV(”) + ;/ F(u)ds < =V(u)+== [ (eu’(s)+Ne)ds
0 m 0

2 2N
< V() + = |ul? + ===
m m m

Hence, using Poincare’s inequality and that V is a Lyapunov function, we can choose € > 0

sufficiently small such that, for > 0, as long as exists, the solution satisfies
, 4
(I < - [V ((0)) + New].

Therefore, the solution must exist for all # > 0.

The continuity with respect to initial data also follows analogously to the result for
(4.1). Moreover, the existence of a global attractor follows as consequence of the existence of a
pullback attractor for (4.1). In fact, we can take B(-) = constant in (4.1) and the results follow
for f(u) = Au—bu, b > 0, as well for f satisfying our conditions. O

5.2 Equilibria of the autonomous problem

In this section we construct the equilibria of (5.1). In order to do that, we will construct
auxiliary functions. The construction we present here was developed with collaborators in
(ARRIETA et al., 2022).

Let us now define an auxiliary function which will allow us to see the equilibria of (3.1)

as equilibria of a nonlocal problem.

Leti€ {+,—} and j € N. For A > j2, denote by q)J’: ,, the solution of

’ (5.4)
u(0) = u(m) =0, '

{uxx +Af(u)
N/
that has j+ 1 zeros in [0, 7] and with i (‘P},A) (0) > 0. As we have seen in Theorem 3.1.5, for
each positive integer j and i € {+,—}, the function (j2,0) > A (P]’:JL € H}(0,7) is contin-
uously differentiable and (j2,0) 3 A — [ (( ;7k)x(s))2ds € (0,00) is strictly increasing and
continuously differentiable, with || ((PJ’ x|l = Feoas A — oo,
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Definition 5.2.1. For each positive integer j and i € {+,—} and r > 0, let 1! _ € [j2,0) be
the umque A such that [ ((¢ 9; i )x)*=r. Let c :[0,00) — [j27 ) be the functlon defined by
cz.(r) l’ , for each r > 0.

It is easy to see that c’J() is strictly decreasing and continuously differentiable with
1

lim,_,q c;-(r) = J_2
Now, consider the following ‘nonlocal’ problem
{*memm+ﬂw:

u(0) = u(x) = 0. )

We have the following result:

Lemma 5.2.2. Leti € {+,—} and j € N. The family {q)}’ 4 1A € [j%,+o0)} is a set of solutions
of (5.5).

Proof. This follows by definition of c In fact, for each A € [j2, 40), we have ¢’ ( H( )x“z) =
and (0] )4 )@ e £((01,)0) = 0. -

Let us study the sequence of bifurcation for the nonlocal problem (5.1). In order to do

that, consider, for any r € [0, +co), the problem
Ur = Cl( )Mxx-f-kf( ) XG(O,TC),l>0,
w(0,1) = u(m,1) =0, 1 >0, (5.6)
u(-,0) = uo(+) € Hy (0, 7).

Now, we present the result of the existence of equilibria for (5.1).

Theorem 5.2.3. For each positive integer j and i € {+, —}, consider ¢, ( ) the map defined above.
For v > 0and r > 0, (5.1) with A = v has an equilibrium y, with j+ 1 zeros in the interval
[0, 7] such that i(y),(0) > 0 and ||,||* = r if and only if VC;(r) =a(r).

Proof. 1If y is an equilibrium of (5.1), with j+ 1 zeros in the interval [0, 7] such that iy, (0) > 0
and |y,||? = r, then y = ¢’ and VC;(r) = a(r). Since (l); 5 is a solution of (5.5) with
’ j,l‘

| (¢ A )x||? = rand VCj( r)= ( ), it follows that y = ¢;7l;r is an equilibrium of (5.1).

Now, suppose that v’ %(r) = a(r). Since ci is strictly decreasing and ¢, 4(0) = ]% e have

that ( y > j2. Consequently, there exists an equlhbrlum ¢ of (5.6), for A = v, with i¢’(0) >0
and that has j+ 1 zeros in [0, 7. In other words, ¢ satisfies

{a(r)¢xx+ vi(9) =
$(0) = ¢(m) =0.
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Hence, if c}(r) = l%’ applying the hypothesis, we conclude that

Orx +Arf(¢) =0,

which by the definition of cg- implies ¢ = (1); », and |¢x||*> = r. Therefore, ¢ is an equilibrium of

(5.1). ]

Corollary 5.2.4. For each positive integer k and i € {+, —}, if v > k?a(0) there are at least
2k + 1 equilibria of the non-local problem (5.1), with A = v.

Moreover, for A € (a(0)k?,a(0)(k+1)?], k € N, if a is non-decreasing, then (5.1) has
exactly 2k + 1 equilibria.

Proof. That is an immediate consequence of the fact that the functions c§ :10,00) — [Jiz, o) are

continuous, VC;(O) = jlz > a(0), ¢;(r) 20,1 < j<kanda:[0,00) = [m,M] is continuous.
In particular, if a is non-decreasing we have exactly 2k + 1 equilibria of (5.1). 0

Remark 5.2.5. One can make different approaches to construct the equilibria of (5.1). For
instance, in (LI ef al., 2020) the authors construct a positive (and negative) equilibrium by using
variational methods. The other equilibria are constructed using the symmetries of the problem,
assuming that a is increasing and f odd. In (CABALLERO et al., 2021), the authors construct
the equilibria for f not necessarily odd. In (CARVALHO; MOREIRA, 2021), the authors proved
the following result:

Theorem 5.2.6. Assume that a is increasing and that f is odd. If a(0)N? < v < a(0)(N + 1),
N € N, then there are 2N + 1 equilibria of the equation (5.3); {0} U {q)f j=1,... ,N}, where
(p;“ and ¢; have j+ 1 zeros in [0, 7] and ¢ (x) = —(l)j+ (x) for all x € [0, 7] and (p]?L (x) > 0 for

all x € (0, %) The sequence of bifurcation given above satisfies:

Stability: If v < a(0), 0 is the only equilibrium of (3.1) and it is stable. If v > a(0), the positive

equilibrium gbfL and the negative equilibrium ¢, are stable and any other equilibrium is unstable.

Hyperbolicity: For all v > 0, the equilibria are hyperbolic with the exception of 0 in the cases
v =a(0)N?, for N € N.

The proof of the above theorem in (CARVALHO; MOREIRA, 2021) strongly uses the
symmetries of the problems. Such proof is long and it is very interesting how the symmetries
were used. Although we think such proof is worth seeing, here we will present a more general

and simple proof of the hyperbolicity of equilibria of (5.1).

5.3 Hyperbolicity of the equilibria of (5.3)

As we have mentioned before, problems (5.1) and (5.3) have exactly the same equilibria.
As in (CARVALHO; MOREIRA, 2021), the spectral analysis of the self-adjoint operator associ-
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ated to the linearization of (5.3) around an equilibria y will determine its stability and if it is

hyperbolic.

Proposition 5.3.1. The linearization of (5.3) around an equilibrium y is given by the equation

vi =Lv
where D(L) = H?*(0,) NH} (0, 7) and
1 Vf,(l//) (H‘//xH
Lv=v"+ D(L 5.7
R Tt S IO} GD

Proof. Consider h € H*(0,7) NH} (0, 7). Then, we have the following

R )
A T TCENAT eI AT P Y by
IR £(9) a([0/]2) —a(ll(6 + 1))
=h Y e rmyp V) ( a<||<¢+h)'||2>a<||<¢'||2>)
=Lh+ri(h)+ry(h)+r3(h)
where
o He = FO)— FOh L
W=V vy (¢>h<a<n<¢+h>'uz> a<|w>'||2>>
and
, _ vf(¢) a N2y — g4 "2 J
(1) = o e o (all(0'17) a0+ 1)) +24'(6) (0
and
o avd(e) 22 ([6,]2) )
W= aie mRiate ) O OF ez O V@0

Now, for Cy = sup{f'(¢(x)) : x € [0, 7]}, we have
Covv/mla([|¢']1*) —a(ll(¢ +h)'[]*)]

m2

1]

I ()l < 170+ )~ £(9) — £/ (8l +
Now, for Dy = sup{f(¢(x)) : x € [0, 7]},

lra(R)]| < VD¢H (1(o"1%) = a(ll(9 +A)'[I*) —24'(9) (9, 1) |

Finally, using integration by parts and the fact that ¢ is a solution of (5.1), we have

o = [PEEO OO L]
alod®? — Lalg0?) ~ alloc+hal?)

224 (9)Dsla([6: + hul*) — a(6:)

< . I,

By the limitations above, it is clear that

100+ + g S (0 + 1) — 6" — i F(6) L]

1m
[7]] 1 —0* 7|1
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Given an equilibrium y # 0 of (5.3), a positive integer k and a symbol i € {+,—}
such that, y vanishes k + 1 times in the interval [0, 7] and iy, (0) > 0. Let r = ||y;||* and
choose lli,r = (ci(r))~!. Then y = ¢)]i AL where gb]i’ A, is the solution of (5.4) with A = l,ir. For
simplicity of notation we will write c(-) instead of ¢ (-), A, instead of A} . and ¢, instead of

i

i for the remainder of this section.
7k, r

Remark 5.3.2. Observe that, for each » € R™, we find 4, € [ j2, +o0) such that

(1) r= {92l

2) [0 )+ 105 =0,

Lety(r)=¢y.,r¢c R*. Differentiating (2.) with respect to r, and representing d‘g—y) =
y(r), we find
F)(r) ) ([ (r)sl?) 4

Ve (7 — — ))el]? =
VO ) RGP ar YO

Denote (y(r))x = Wx(r). Now, since

2= 2

d N — () s o
()1 = 2ys(r), (W (1)) = =2 {(W(r)x, (1)) = R TGIE )< fy (), y(r)),

we may write

v (r)+f’(llf(r))lif(f”) L) Ul (P) 2 () [P £ (w () (F(w (), ()
0 elllw(n)]?) c(llya(r)]?)? c([ly(n)]?)?

Now, consider L. : D(L.) C L*(0, 1) — L?(0, ) where D(L.) = H*(0,t) NH} (0, ) and

AfQy(r)) 24 (w(r)a
c(lw(r)l?) " elllCw(r)ll?

Since yr(r) € H*(0,) NH} (0,7) and L.y (r) = 0, it follows that 0 € o/(L,).

=0.

Lev=V"+

) [ Fwrw. v e DL,

Theorem 5.3.3. Consider y an equilibrium of (5.3), for A = v, that has k+ 1 zeros in [0, 7| and
with i(y)'(0) > 0, for some k € N and i € {+,—}. The equilibrium y of (5.3) is not hyperbolic
1) = v(ci) (lval)

if, and only if, @'(

Proof. Just for simplicity, denote ¢t (-) by ¢(-) and (]),i 5. by 9.

(<=) Suppose initially that @’ (|| w||?) = v/ (|| wi||?). Let r = || wy||. In the notation above,

we have that y = q),i P

Recall that, as we have seen it above, w = d%q)xr satisfies

f'(9s)  2d(r) > )
c(r) v c(r)? f(%,)/o f (o )w=

Wxx +
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From Theorem 5.2.3, a(r) = vc(r). Since, || yi||> =7, w = ¢, and d'(r) = vd/(r) we

have

xx"’

viy) v (lvl?)
vl ™ "alwdP) s / iy

Therefore, 0 is an eigenvalue of L, which implies that y is not a hyperbolic equilibrium
of (5.3).

(=) Assume that we find a 0 # u € H*(0,7) N H} (0, 7) satisfying

V) | 2viad ()
alllv )" allvlPy

f(y)=0

Uxx +

T
for o0 = / F(w(s))u(s)ds. Now, since a(r) = ve(r) and y = ¢y , v = %‘Plr satisfies
0

/ 3R/ 2
ot W) 2B

(vl alwlP)
for = [ #wis)v(s)ds

Consequently, z = Bvc'(r)u — ad'(r)v is the solution of

f’(%) B
e )” =0 (5.8)
2(0) =z(m) = 0.

It follows from Lemma 3.1.3 that z = 0. Thus Bvc/(r)u — aa'(r)¢ = 0 and, by multiplying both
sides of equality by f(¢) and integrating from O to 7, we find

aBvc (r) = aBd (r).
Clearly, a8 # 0. Otherwise, either u or v should be a solution of (5.8), that is, either

u = 0 or v =0, which would be a contradiction.

Therefore, we conclude that &' (r) = v/ (r). O

Now we analyze what happens to the dimension of the unstable manifolds for the

equilibria of (5.3) as they bifurcate. This requires a deeper study of the spectrum of (5.7).

For € € R, define the operator L : H*(0,7) NH} (0, 1) C L*(0,7) — L*(0, ),

T
Leu(x) = "+ p(x)u-+ eq(x) | q(s)uls)ds,
where p,q: [0, 7] — R are continuous functions with ¢ Z 0.

When € = 0, the operator Lou = u” + p(x)u is a Sturm-Liouville operator. Hence, Ly is a
self-adjoint operator with compact resolvent and its spectrum consists of a decreasing sequence

of simple eigenvalues
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with, ¥; > ¥j41 and ¥j — —oo as j — oo,

Note that, for all € € R, we can decompose L¢ as sum of two operators
Leu = Lou+ €Bu

where Bu = q(x)/nq(s)u(s)ds, for all u € H?(0,7) N HJ(0,7), is a bounded operator with
rank one. It is easy to see that L is also self-adjoint with compact resolvent. Then, we write
{uj(e):j=1,2,3,---} to represent the eigenvalues of L, ordered in such a way that, for
j=1,2,3,---, the function R > € — p;(€) € R satisfies u;(0) = ;.

There are several works exploring spectral properties of operators such as L (see, for
example, (FREITAS, 1994; CATCHPOLE, 1974; DAVIDSON; DODDS, 2006; DODDS, 2008)).
We will use, in an essential way, Theorems 3.4 and 4.5 of (DAVIDSON; DODDS, 2006), which

will be summarized in our next theorem.

Theorem 5.3.4. For € € R, let L¢ and {p(€) : j=1,2,3,---} be as above. The following holds:

i) Forall j=1,2,3,---, the function R > € — u;(e) € R is non-decreasing.

ii) If for some j=1,2,3--- and e e R, puj(e) ¢ {y:k=1,2,3,---}, then u;(€) is a simple

eigenvalue of L.

We wish to determine the Morse Index of the equilibria of (5.3) by looking carefully
to the points where the graphs of the functions a(+) and vc¢(+) intercept. That is, depending on
how these curves intersect we will be able to determine the Morse Index of an equilibrium. For
k €N, i€ {+,—}, the intersection of the graphs of a(-) and vci(-) necessarily gives rise to an
equilibrium of (5.3) that changes sign kK + 1 times in [0, 7]. Hence, if that intersection happens
at a value of r which is not zero and prior to an intersection at r = 0, this would give rise to

saddle-node bifurcations.

This is the main result of this section:

Theorem 5.3.5. Suppose that v is an equilibrium of (5.3), w #0. Let k € N, i € {+, -},
r = ||y||* and A, be such that y = ¢/ 5,- Denote ci () by c().

We have the following:
(i) If d'(||w|/?) > v/ (||wel|?), then y is hyperbolic and its Morse index is k — 1.

(it) If d'(||wx|?) < v'(||w]|?), then v is hyperbolic and its Morse index is k.

Proof. The hyperbolicity of y follows from Theorem 5.3.3. Now, define the operator

_ o V(W) i
Lev=v —|—a(”ll/,”2>v+8f(lll)/o fly)v, 5.9
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F 3

o(Lz,) O'(Lo) O'(L::) O'(LE“)

—0——///—_

‘ I H
[RSRSEEEEEES
=E
Figure 5 — Spectrum of L,
v € D(L¢) = H*(0,7) NH} (0, 1), for each € > 0.
Note that, L is the linearization of (3.1) at y for the parameter vy = ——~—-. The

a(llyl*)”
spectrum of Ly is given by an unbounded ordered sequence {4;(0)} jen of simple eigenvalues,

that is,
A1(0) > 2A2(0) > --- > A4—1(0) > 0> A4(0) > A11(0) > ...

/ 2 3. 2
Now, for & = —ZCC(”(M’I‘Q”P) = —%, we have 0 € 6(Lz) and, by Theorem 5.3.4,
part ii), 0 is a simple eigenvalue of Lz. The same reasoning applied in the proof of the first part

of Theorem 5.3.3, we can used to show that if 0 € 6(L¢), then € = €.

Using Theorem 5.3.4, part i), we deduce that Aj(e) >0, j=1,--- ,k—1,forall € > 0.
Since 0 € o(L¢) if and only if € = € > 0, we must have A;(€) >0, j=1,--- ,k—1,forall € <O0.

By definition, A (0) > A;(0), for all j > k. Since A,(-) is increasing and L does not have
an eigenvalue in the interval (4(0),0], we must have A; (&) = 0. Otherwise, 1;(€) = A(€) €
(Ax(0),0] for some j > k and € € (0,&] which is not possible by Theorem 5.3.4, part ii). Since
0¢ o(Ly), Aj(e) <Oforalle e Rand j > k.

As consequence of this, the number of positive eigenvalues of L¢ is k — 1 if € < € and k
if € > € (see Figure 5).

()
Let & = == )3

exactly k — 1 positive eigenvalues and 0 ¢ 6(Lg,). On the other hand, if &' (||yx[|?) < ¢/(||yx|?),

. Then, if @' (|| w||?) > v/(||wi||?), we have that & < & and Lg, has

we have that &) > € and Lg, has exactly k positive eigenvalues and 0 ¢ o/(Lg, ).

]
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Remark 5.3.6. The spectrum analysis is simpler when y = 0. In fact, the linearization of (5.3)
at 0 is given by L% : D(LY) € L?(0,7) — L?(0,7), where D(L®) = H*(0, ) N H} (0, 7) and

A
Lou =g+ mu, ue D(L).

Above, we have used that £(0) = 0 and f'(0) = 1. It is clear that 6(L%) = {—j* + ﬁ 1 jeN}L
Hence, if A € (a(0)N?,a(0)(N +1)?), N € N, the equilibrium 0 is hyperbolic and

G(LO)O]R+:{—j2+%:j:1,...,N}.

Therefore, the Morse index of 0 is N.

Remark 5.3.7. Observe that the value a’(0) does not affect the hyperbolicity of 0. But it is
relevant to determine what kind of bifurcation happens at 0. We will see about this in Section
5.5.

Corollary 5.3.8. Consider (5.3) with the additional assumption of a being nondecreasing. Then
all the non-zero equilibria are hyperbolic. Moreover, if ¢ is an equilibrium with k41 zeros in
[0, 7], for some k € N, we have that its Morse index is i(¢) =k — 1.

Proof. Since a is nondecreasing, @' (||¢x|*) >0 > vc/(||¢x]|?), which, by Theorem 5.3.5, implies

that ¢ is hyperbolic and its Morse index coincides with the number of zeros of ¢ in (0,7). [

5.4 Hyperbolicity of equilibria for the nonlocal quasilinear
problem (5.1)

The traditional theory of hyperbolicity for quasilinear problems, as presented in (LU-
NARDI, 1995), cannot be applied to (5.1). We are dealing with a quasilinear equation, which
does not allow any approximation by a linear map as in Theorems 2.3.23 and 2.3.24. This
inspired us to develop a concept of hyperbolicity that is based on the geometry properties of an

hyperbolic equilibrium.

Definition 5.4.1 (Topological Hyperbolicity). We say that an equilibrium ¢ of (5.1) is topologi-
cally hyperbolic if {¢} is an isolated invariant set. In other words, there exists a § > 0 for which
any global solution & : R — HJ (0,7), with sup,cg [|€ (£) — ¢ 20,2y < . satisfies &(r) = ¢, for
allr € R.

As a consequence of that (see, (BORTOLAN; CARVALHO; LANGA, 2020)), any
solution n* : J* — H} (0, 7) of (5.1), with J* = [tg, +o0) or J~ = (—oo, 1], such that |[n*(¢) —
¢||H01(07E) < & forallt € J*, satisfies n*(¢) oy 0.
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Definition 5.4.2 (Local Stable W (¢) and Unstable Sets W (¢)). Given a § —neighborhood
Os(9) = {ue€ HNO,m) : |lu— ¢||1-10‘(0.7r) < 8} of ¢, & > 0, the associated local stable and

unstable sets of an equilibrium ¢ of (5.1) are, respectively,

WS(¢) = {ue HL(0,7): T(t)u € O, forallt >0, and T(+)u =55 ¢} and

loc

Wll:)f((])) — {u € H} (0, ) : there exists a global solution & of {T'(t): t > 0} with £(0) = u,
¢}.

oo

E(r) € O, forall 1 <0, and (1) ==

When ¢ is topologically hyperbolic and Wl';’f(q)) = {¢}, we say that ¢ is asymptotically
stable. Otherwise, it is said to be unstable.

Definition 5.4.3 (Strict Hyperbolicity). We say that an equilibrium ¢ of (5.1) is hyperbolic if
there are closed subspaces X, and X; of H} (0,7) with H; (0,7) = X, & X; such that

i) {0} topologically hyperbolic.

i1) The local stable and unstable sets are given as graphs of Lipschitz functions 6, : X;, — X;
and 6; : X; — X,, with Lipschitz constants Ly, L, in (0,1), 6,(0) = 65(0) = 0 and there
exists & > 0 such that, given 0 < & < &, there are 0 < §” < §’ < & with

{95+ 0 (%) % € Xat [ll g1 0.0 < 8" C W (9)

- {(P"’XM + eu(xu) Xy EXM? HXMHH(%(O,n:) < 5}
{(P—I—Gs(xs) + x5 x5 € X, ||XS||H(}(0,7r) < 5//} CWli;cS ((P)

C{O+065(x5) + x5: x5 € X, ||XS||H(}(0,7r) <0d}.

Theorem 5.4.4. An equilibrium ¢ of (5.1) is hyperbolic in the sense of Definition 5.4.3 if ¢ is
hyperbolic for (5.3).

Proof. Suppose that ¢ is hyperbolic in the sense of (5.3). Consider L, as in (5.9) for ¢y =
W. Then, by Remark 2.3.11, there exist a projection P € .Z (X ) and constants M > 1
and 7y > 0 such that

||Lc¢(I_P)||$(x) <Me ", fort>0,

ILeyPllz(x) < Me", fort <0,
Denote by Wlsof (¢) (resp. Wlﬁf((p)) the local stable set (resp. local unstable set) of ¢ of

(5.3). Thus, we can apply Theorem 2.3.30 and we find such & > 0, such that for each 6 € (0, &),
there is a function 6° : (I — P)H} (0, 7) — PH} (0,7) and 0 < 8” < §' < & such that

loc

{0 +x+6°(x): x€ (1= P)Hy(0,7), ||l g1 9.2y < 8"} C w2 (9)
C{d+x+6°(x):xc(I—P)H}O0,T): ¥l 31 0.) < 8-
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Denote by Wlf)f (¢) the local stable set of ¢ given by (5.1). We can see that le)f (¢) =
,0

Wige (9)-

The result for the local stable Wl':wa (¢) set follows analogously.

O

Corollary 5.4.5. Consider (5.1) with the additional assumption of a being non-decreasing. Then
all equilibria of (5.3) are hyperbolic, with the exception of 0 when A = a(0)n?, n € N.

The proof of the Corollary above was made in (CARVALHO; MOREIRA, 2021), with
the additional assumption of f being odd.

In the next section, we will make an analysis based on the graphs for which we can study
the bifurcation and hyperbolicity of equilibria.

5.5 Bifurcation of equilibria for a few examples

As we have seen in the previous sections, for the hyperbolicity of equilibria of (5.3), and
consequently of (5.1), it is important to know the value of the derivative of a in the H' —norm in

that point.

There is one exception, when the equilibrium is 0, for which the hyperbolicity is deter-
mined only by the value of the parameter A > 0. But we will see that in fact, understanding the

value of ¢’(0) may help us to understand the local bifurcation at 0.

Proposition 5.5.1. Consider j € N, i € {+,—} and vy = a(0) j>. We have the following:

(i) Ifd'(0) > v()(c;)’ (0), then we have a supercritical bifurcation at 0 for equilibrium of type

q>]’ That is, an equilibrium bifurcates at 0 as v > vy increases.

(i) Ifd'(0) < vo(cj-)’ (0), then an equilibrium of type gb]’: collapses at 0 as v < Vv, increases.
Proof. We will prove item (i) and the item (ii) will follow analogously.

(i) Since a(0) = voéé(O) and d’(0) > vo(c%)'(0), there is a R > O such that a(r) > vo(c’)(r)
and a'(r) > vo(c’)'(r), for r € (0, R]. For simplicity, denote () by ¢(-).
It is clear that for v € (0,v), a(r) > vo(c})(r) > v(c’J)(r), for all r € [0, R]. Hence, for
vV € (0, ), there does not exist any equilibrium of type ¢; near 0.

Let v > v be such that a(R) > \_/c; (R). Since c is continuous and V¢(0) > vyc(0) = a(0),
by the Intermediate Value Theorem, it is clear that there is 7 € (0, R) such that vc(7) = a(F).

Recall that a’(r) — voc/(r) > 0, for r € (0, R]. Consequently, using that ¢ is strictly decreas-
ing, we have, for all v > v

d(r)—vd'(r) >0, forall r € (0,R)]. (5.10)
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For v € (v, V), it follows that vc(0) > voc(0) = a(0) and ve(F) < Ve(F) = a(F). Again,
by the Intermediate Value Theorem and (5.10), we can choose a unique ry € (0,7) such
that

a(ry) = ve(ry) and a(r) < ve(r), forr € (0,ry).
In other words, for each v € (v, V), we find a unique equilibrium ¢, of (5.1) with j+ 1
zeros in [0, 7], i(@y)x(0) > 0 and ||(¢y )x|*> = ry.
Consider the map
g:(vo,v) = (0,7)
given by g(v) = ry. We will show that g is continuous.

Take V € (vo,V). For all € > 0, we want to show that there is a § > 0 such that, for
v E (v, V),0<|v—V|<dimplies |ry —ry| < €.

We can always suppose that we choose € sufficiently small such that 0 < rj =ry —€ <

r = ry + & < 7. Now, we have
a(ry) > voc(ry) and a(ry) < ve(ry), since r; < ry,

and

a(ry) > voc(rz) and a(ry) < ve(rp), since rp < F.

Then, there are v; € (vp, V) and v, € (vp, V) such that a(r)) = vic(ry) and a(r;) = voc(rp).

Now, it is clear that, for j = 1,2,

a(rj) > ve(r;j), forall v € (vo,Vv;}),

(5.11)
a(rj) < ve(rj), forall v € (v}, 4e0),
and, by (5.10), r; = ry;.
We can see that vV —v; > 0 by (5.11). Also v, — Vv > 0. In fact, we have
voc(ry) > a(ry) = Ve(ry),
which implies v, — Vv > 0.
Take 6 = min{V — v, v, — V} > 0. Then, it follows that r, € (ry — &,ry + €).
Therefore, g is continuous. In particular, as v — vy, it follows that r, — 0.
O

Remark 5.5.2. When the nonlinearity f is odd we have C}L () =cj(-), forall j € N. In particular

the number of positive and negative equilibria are the same.
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Denote by ¢t (-), L >0, j € N, the function ¢ (-) related to the solutions that have j+ 1
Y€+ J

zeros in [0, ] of

u(0) = u(L) =0 612

{uxx+7tf(u) =0, x€ (0,L),
for A > 0 a parameter.
Recall that the following holds:
Lemma 5.5.3. If f is as before, for all j € N, j > 2,if ¢; an equilibrium of (3.1) with j — 1 zeros
in (0, ), then ¢ is % periodic. In addition, if f is odd then d)j(% +x) = —(])j(% —x),x €0, g]
Additionally, fork=1,...,j—1,

02;(x) = b, (Hk%)  forallx € [o, U}””} .
Proposition 5.5.4. Consider f as before. Then, for j € N:
(i) Forallr e R*, ¢k, (r) = (%) cj.i(Lr).

(if) Forallr e RY, c};  (r) = J%cgi(%)

If we also assume that f is odd, then, for j € N:

~.|9

(iii) Forallr e R*, c% ,(r) = CL:I:(§) = ]LZCgri(f)

(iv) Forall r € RT, C§’+(7”) = Cf_(”)

Proof. The proof follows by a simple change of variables. In what follows we fix one of the

symbols + or — and omit it in the notation.

(i) Fix re RT.If c’]f(r) = %r, then there is a ¢ € C?[0,L], with ||¢,||> = r, such that ¢ # 0 in

(0,L) and satisfies (5.12) with A replaced by A,.

For x € [0, 7], define y/(x) = ¢(£*). Then v satisfies

Visls) = (5) 0 (5) = = () A (0 ()

In other words, v is a solution of (5.12) with L replaced by 7 and A replaced by (%)2 Ar.

Also,
2 g 2 ToLy (Ls))2 L [* 2 Lr
sl = [ woas = [ (Loc(8)) ds =L [ (gulw)Pdu= 4.
Hence, by definition of ¢7, we conclude that cf(%) = (%)2%

Therefore, ¢%(r) = 7%, = (%)207(%) Since r € R™ is arbitrary, the result follows.
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(ii) Fix r > 0and j € N, j > 2. By the definition, cgj(r) = /%r implies that there is a ¢, with

2j— 1 zeros in (0, 1), equilibrium of (3.1) when A = A, and satisfying ||¢.||> =

By Lemma 5.5.3, we have that r = [[7(¢x(s))?ds = jfog (0c(s))ds
Hence y = gb‘
fo’ (Ya(s))?ds =

Therefore, ¢ (%) = L =ck ;(r). By the previous item, it follows the desired result.

1s the solution of (5.12) that changes sing one time for L = ], with

~.I= k\ﬁ

(iii) Fix je Nand r e R*. If ci(r)= )Li,’ then there is ¢ € C?(0, ) with j — 1 zeros in (0, 7),
with ||¢]|> = r, and satisfying (3.1). Since f is odd, ¢ has a lot of symmetries and

r= [ nto)as = |

. Then, we have y > 0 in (0, ) lyl|? = & %, and y satisfies (5.12)

I

(yx(s))?ds.

Consider y = <p\ e
]
forL=2 and A=A

77.'

Hence, by the definition of ¢{, we find clj( Y=L = ¢} (r). The second inequality follows

from item ().

(iv) Suppose that c7 (r) = L Then we find a solution ¢ of (3.1), for A = A,., with j+ 1 zeros
in [0, 7], ¢(0) > 0 and ||¢,||> = r. Since f is odd, then W = —¢ is also a solution of (3.1),
for A = A,, with j+ 1 zeros in [0, 7], w,(0) < 0 and ||y |*> = r.

Hence, ¢ _(r) =7 (r).
[]

Consider problem (5.1) with the additional assumption of f being odd. In that case, we
are able to construct a relation for the functions cf, k € RT. Remember that in this case, for all

ke N, c,‘: = ¢ » so we will simply denote it by cx(-).

The result from Proposition 5.5.4 provides a very good understanding of the bifurcations
of equilibria for (5.1) with particular emphasis to the case of suitably large j € N. We remark
that, for large values of j the functions jzc}*L are very slowly decreasing.

Next, we exhibit a few pictorial examples of possible bifurcations that will happen

depending on our choice of the functions @ and f.
Example 5.5.5. Consider in this example the function a = a; as in Figure 6:

In that case, the bifurcation from zero is a supercritical pitchfork
bifurcation and four other saddle-node bifurcations occur, two
subcritical and two supercritical. The bifurcation curve looks like
this:
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Figure 6 — Graphs of a; (in gray) and VCfE (in blue) for different choices of v

Example 5.5.6. Consider in this example the function a = a;, with a graph pictured in gray, in
Figure 7:

Figure 7 — Graphs of a; and VCfE (in blue) for different choices of v

In that case, the bifurcation from zero is a subcritical pitchfork
bifurcation and three other saddle-node bifurcations occur, two
supercritical and one subcritical. The bifurcation curve looks like
this:

Vi Vv, Vi Vs

Example 5.5.7. Consider the function given by a = a3, with graph pictured in gray, as in Figure
8.

¢!

Figure 8 — Graphs of a3 (in gray), VCli (in blue) and VCZﬂE (in green) for different choices of v
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The first bifurcation from zero is a supercritical pitchfork bifurca-

tion and the second bifurcation from zero is a supercritical saddle-

node bifurcation.

In this case, the diagram representing the two bifurcations from

zero is similar to the figure:

Faan
N

@

Vi V2 Vi Vg Vs Vg
I} I
a(0) 4a(0)

Suppose that v3 € (i, Vs) is the moment for which the saddle-node bifurcation of the

equilibria that change sign one time in (0,7) appears. In this case, if f is odd, a pictorial

representation of the global attractor is given in Figure 9.

Figure 9 — Expected structure of the attractor, when v € (s, vs).

For v € (vs,Vs), it is also expected that the two more unstable equilibria collapses at 0

as v approaches 4a(0).

Example 5.5.8. Consider in this example the function a = a4 as in Figure 10:

n

V3

V3

Figure 10 — Graphs of a4 (in gray) and VCli (in green) for different choices of v

In this case, for v < v, = a(0), there are no equilibria of types ¢;".

At v = v, it appears an interval of equilibria from a bifurcation at

zero. As V increases, there remains only one equilibrium.

Vi V2 Vv

Example 5.5.9. Consider in this example the function a = as as in Figure 11:
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Vs

v

.

\

Figure 11 — Graphs of as (in gray) and VCfE (in green) for different choices of v

In that case, the bifurcation from zero is supercritical and there
are no equilibria for v < v;. For v = v3, the non-zero equilibrium
bifurcates to an interval of equilibria, which collapses to one as v

increases.

Example 5.5.10. Consider in this example the function a = ag as in Figure 12:

V3

vy

w|s

SN,

\

Figure 12 — Graphs of a¢ (in gray) and \/cfE (in green) for different choices of v

For v < v,, there are no equilibria of (5.1). At v = v, there is a bi-
furcation with the appearance of an interval of equilibria (far from

zero). As V increases, this interval collapses in one equilibrium.

5.6 Structure of the global attractor for a non-decreasing

In this section, we will assume that a is non-decreasing and that f odd. We will prove
that, with the addition of both assumptions, we are able to fully describe the connections inside
the global attractor of (5.3) (and consequently, the global attractor of (5.1)).

To prove such result, we will show that (5.3) satisfies properties (A1) to (A4) described
in Section 3.3.
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Lemma 5.6.1. Suppose that a(0)N? < A < a(0)(N 4+ 1), N € N. Under the same notation of
Theorem 5.2.6, let ¢ € {9, , 9y, } and, for 7 € [0, 1], consider

w = ar(||ul|*)uxe+ A f(u), x € (0,7), 1 >0,
u(t,0)=u(t,)=0,1t>0, (5.13)
u(0,-) = up € H} (0, ),
for az(s) = a(ts+ (1 —1)||¢:]|?), @ : RT — [m,M] and f satisfying the same conditions imposed
in (3.2).
For 7 € [0, 1], &7 will denote the set of equilibria of (5.13), 7 € [0, 1]. Then &7 is a set

with 2N + 1 elements, for all 7 € [0, 1]. Moreover, we have continuity of equilibria at T = 0.

Proof. The function ar : R — [m, M] given by ac(s) = a(ts+ (1 — 7)||¢x||?) is globally Lipschitz
continuous and a is also a non-decreasing C!-function, for each 7 € [0, 1]. So, these problems
are well-defined and we have a semigroup {S¢(t) : t > 0} C C(H} (0, 7)) related to (5.13), for
all T € [0, 1).

First, we will show that the cardinal number of &7 is the same for all 7 € [0, 1]. Observe
that a(||¢.|>)N? < A, since ¢ is an equilibrium for
Uy = Uy + H¢ I )f(u),xE(O,ﬂ)7t>O,
u(t,0) =u(t,m) =0, ¢t >0,
u(0,-) = uo € H} (0, ).
Using that a is non-decreasing, for all T € [0, 1], we have a;(0)N? = a((1 — 7)||¢x||>)N? <
a(||¢x]|*)N? < 2 and, on the other hand, 2 < a(0)(N +1)* < a;(0)(N+1)?.
Therefore, for each 7 € [0, 1], the problem (5.13) has exactly 2N + 1 equilibria.

Now, suppose that {7, },cn € [0,1] and 7, — T as n — 4-o0. Denote

5%:={¢im:j=0r.wN}

where ¢0+-(n) = 9.(n) —Oandq) ) has j+1 zeros in [0, 7], (q)’ 1)x(0) >0, fori € {+,—} and
Jj=0,...,N. We will prove the cont1nu1ty of &% in terms of the parameter 7 € [0, 1]. For that, fix
aje{0,1,...,N} and denote by y(" ¢+ ,n € N. Foreachn € N,

az, (| (W ")) (W) + A f (p™) = 0.
Multiplying the above equation by l;/("), we find
1 1
)y 12 < )y W\ < “(w™) 112
Il < iy (R W) < C Sl w )P,

for some C > 0, where we have used the conditions on f and Sobolev’s embeddings.
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Therefore, this sequence is relatively compact in L?(0, 1) and we may assume that it is
convergent to some W € L*(0, 7). Since H} (0,7) C C([0,1]), the sequence { ™}, is also
bounded in C([0, 1]) so as the sequence { f(¥)},cn, by the continuity of f. Consequently,

1) ll < s (W) | < 4o
and {y"},,cy is bounded in H2(0, ). Since H>(0, 1) is compactly embedded in H}(0,7), we

may assume that the sequence is convergent to some V¥ € H(% (0,7).
Now, H'(0, ) C L?(0,7) and by the uniqueness of the limit, it follows that J = .

Observe that y) — y in C'([0, 7]), since H2(0,7) € C'([0,1]) and such embedding is
compact. For any v € H} (0,7) and n € N,

—ag, (1)) (W) v ) + 2 (£(w), ) =0,
hence
—ag ([ Wll?) (W, vi) + A (£ (w),v) = 0.
Now, using that y € H?(0, 1) since ¢} — y weakly in H(0, 1), we conclude that

_aTo(HI//tz)l//xx"‘)Lf(‘//) =0.

Therefore, Y is an equilibrium of (5.13) for 7 = 1.

In the case ¢ = ¢5“ )= 0, for all » € N, we find y = 0 and we are done. So, suppose
j # 0. We only need to show that y # 0. For that, consider b = inf,en A[az, (|| (w™),[|)]~! > 0.
For any A > N2, let (p’1 satisfying

95+ Af(9*) =0
with ¢Z having j+ 1 zeros in [0, 7] and (,D)Q_l (0) > 0. One important result is that the function
(n,40) 3 1 = || @}

is increasing, see (CABALLERO et al., 2021).

In particular, 0 < (|92 < ||| for s = A, (| (W) P)]~", n € N. Since g =y,
neN, and y" — y, we find 0 < ||@2|| < ||w]l.

We conclude that y = ¢ J.T(’Jr by the C! convergence and we have the continuity of equilib-

ria.
The case I,U(”) = ¢>]._(n), n € N, is similar, thus it will not be treated. L]

Lemma 5.6.2. For any 7 € [0, 1], denote by {S(t) : ¢ > 0} C C(H} (0, 7)) the semigroup related
to (5.13). This family of semigroups is continuous, that is, given sequences {7, },cn, 7o € [0, 1],

(" Yuerv,uo € HY(0,7). {tn}huerv.to € R satisfying
u(()") — up in H} (0,7), T, — To, and 1, — fo, as n — oo, (5.14)

we have ||, (ta)uy" — Sg,(1)uol| g1 0 ) — 0 25 1 — +eo.
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Proof. For any t > 0, denote u(t) = Sq,(t)uo and u,(t) = Sz, (t)u(()n), neN.

Consider Au = uy, u € H*(0,7) NHy(0,7), see Example 2.3.12. By the formula of

variation of constants,

un (1) = Aty " A—s) S (un(s)) 5 n
W) = ) [ Sy e

and

L oA—s) S (u(s))
u(t) :eAtuo-i-/ A=) s,
0 ag([Jux(s)|1?)
We may assume, without loss of generality that {z,},cn € [0, T], for some T € R™ and
t, > to for n sufficiently large. We may define

Cr=suwp {lF )= v € 85,(10, T un, x € [0, 7]} < oo

The uniform boundedness follows by using comparison between problems (5.3) with a(+)
replaced by az, (), n € N, and (5.3) with f(-) replaced by g(-) = f(-)/m. See Theorem 2.3.20,

for the abstract comparison result.

Now,

Al—s)_ fu(s))

ds
ag,([ux(s)]?)

lee(t) = 1a(10) 13 0, < I (€ AU — Nu(t Mg 0,7)
H}(0,m)

- m

C 7r7 In
< A~ Do) gy + / g, ) s
: 0
We can see that, assuming |t, —fo| < 1, we find
th—1o 1

tn 1 Ih—1o 1
[ =) s = [T e du=2e o0 1, — 1)+ [T 2 b
To

—_

<2(t, —to)% +2(ty —19).

Hence

Cyn?

e (t) = u(t0) | g3 0.2y < 10~ = Daa(t0) g3 0,) +4—(tn —10)2. (5.15)

Also, for I(s) = |az(||ux(s)[|?) — az, (1| (n)x(5)[?)].

Fln(s)  F(s) | a1 () = f((5)) |+ 16) 1 (w(5))]
P ([N T R PR ) ] z -

m
Now, since a is locally Lipschitz, there is L, > 0 such that

I(s) = |a(tollux(s) 1> + (1 — ) [|9x/1*) — a(Tull () () I + (1 =) [ 9% |
< La| 0|t () 1* = Tl ()2 (5) || + (T — 70) | ]|
< Lyt — T (||ux(s)||2 + ||¢x||2) + T | (un)x () — ”x(s)||2-
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Thus, for some constant C > 0,

flun(s)) —— fluls))
ag, ([ (un)x()11)  az([lux(s)[I)

< [ls) =49+ 152 ]

Finally, using that X L H& (0,7) and (2.2), we have

vawwvw%@m<wmww—ww%om

[ flun(s)) — — flu(s)) 1
ag,([[(un)x(s)1?)  ag(llux(s)[1?)

r 1
S efrHuon _u0||H(}(0,7T)+C’Tn_TO|/O ei r*S (r—s)ijds

" —(r—s -1
+/0 Ce "9 (r—s) 2||un(S)—M(S)||H5(0,n)dS'

ds
HL(0,7)

Taking y(s) = € ||un(s) — u(s) HH(}(O,n)’ we find
r) <ap, +/ C(r—s)*%l//(s)ds,
0

for a, = Huén) — MOHH(; 0x) T Ce™' |1, — 10|T'(%), where I'(-) represents the Gamma function. By
(CARVALHO; LANGA; ROBINSON, 2013, Lemma 6.24), taking K = (2CF(%))2, we have, for
all r € [0, 7],

w(r) < 2a,eX"

Hence, for all r € [0, 7],

lutn(r) = () 0.5y < 2Ce® (1l = ol gy 0.0 + € 10— wIT(E) )

Now,
[t (tn) = u(t0)[| 11 (0.2) <||u(tn)—u(to)||H (0.2) F [1n(tn) = ()| g1 0.2
< Jlultn) = ut0)ll gy (0.5 +2Ce ! ame — || g3 (0. +2Ce KT T (3) 7 — 0.
By (5.14) and (5.15), it follows that ||u,(t,) — u(t) ”Hé (01) > 0asn— too. O

Remark 5.6.3. For A >0, Lemmas 5.6.1 and 5.6.2 are valid if you assume a(||¢x||?) = Ac(||¢x||?)
and @' (||¢x||?) > Ac'(||9x]|?), for all ¢ € &.

But this hypothesis is very abstract and not truly applicable.
Remark 5.6.4. The assumption of f being odd is not necessary in the result above .

Theorem 5.6.5. Suppose that a is non-decreasing and a(0)N? < A < a(0)(N +1)2, for N € N,
Under the same notation of Theorem 5.2.6, we have that the Conley index of the equilibria ¢]7—L of
(5.3) are well-defined and I({q)f}) and I({¢; }) are pointed (j — 1)—spheres, for j=1,...,N.
Also, I({0}) is a pointed N—sphere.
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Proof. Consider the family of semigroups presented in Lemma 5.6.1 and j € {1,...,n}. Just
to fix the notation, for each 7 € [0, 1], denote by ¢j+’r the equilibrium in &7 satisfying ¢j+71(0) =
]JFT@) =0 and gb]?jf(x) >0in (0,%).
Observe that ¢)J7—L = ji,p Jj=1,...,n. We will calculate / ({q)]*}) and the cases ¢;” and 0
follow similarly.

Define
o:[0,1] - .7(X)

T o) = {9}, 8:()].
We want to show that o is .¥-continuous.

For each 7 € [0, 1], consider §; = 3inf{||yx — @] : v, ¢ € &,y # ¢} > 0, which is
well-defined since each equilibrium is isolated, for A € (a(0)N?,a(0)(N +1)?). Also define, for
each 7 € [0, 1],

Ne = {u € Hy(0,7) : [|u— 0 ll s 0.2y < O¢}

and

Vf - {(Cf,dﬂc) ﬂ [O, 1] T G (Cf,df) ﬂ [0, 1] and meéao- — {(P;G} C lnt(Nf),
forall o € (c7,d:)N[0,1]}.

The above sets are well-defined, by the continuity of the equilibria in the parameter 7, see
Lemma 5.6.1. Thus, N; is an isolating neighborhood of q)]?;j, forall o € V¢, 7 € [0,1]. By Lemma
5.6.2, it only remains to show that N; is admissible for every convergent sequence {7, },en € Ve

in the sense of Definition 2.1.25, point ii), for all T € [0, 1].

Consider sequences {7, },en € [0, 1] with T, — Ty and {#, } ,eny € RT such that £, — +o.
Suppose that, for each n € N, we find a solution v, : R™ — X of {S; (¢) : t > 0} satisfying
Vn([0,2,]) C Ng,. We want to prove that {y,(#,) },en has a convergent subsequence.

For each n € N, we make the change of variable in order to find a solution w, (0, (1)) =
W (t) of (5.3), where a,(t) = [§ac, (|(Wn)x(r)||?)dr, for t € [0,t,]. The function a;, depends
on y, and ,(0) = 0, for n € N. Thus, w, ([0, a,(t,)]) C Ny,. By the formula of variation of

constants,

0y (tn)
(1)) = )y (0) 4 [ e tati -0
0

Then, for y € (3,1], we get

Otn(ln))t HgA[a(tn)*S]f(wn(s))H
az, ([ (wn)x(5)|7)
1_ (i) =7V — —s

< [N pO)+ [ Al e @000 o () s

Y
X7 s

||Wn(an(t"))HX7§ HeAa(tn)l,lfn((nHX}/—l—/o
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Using that f is continuous, m < ar (t), for all 1 € R, and Hé (0,m) C L*(0,m), we find a
constant C > 0 such that

0 (tn)
[[w (o (tn))[|x7 < a(zn)iymg/ (@) =) [ (1,) — 5] Vds
m Jo

Iye  C [t 1
< a(t)? 5+—/ e T g,
m.Jo

Since y— 1 > 0, we find M > 0 such that
lw(etn(ta))llxr < M, (5.16)

for all n € N. Therefore, the sequence {w (04, (,)) = W(ty) }nen is pre-compact in H} (0, 7). Now,
V(t,) € Ny, for all n € N, and Ny, is closed, so we find a subsequence of {y/(#,) },eny Which is

convergent to some point in Ny,.
Therefore, o is S-continuous.

Using Theorem 2.1.27, for T = 0, we conclude that, for A € (a(0)N?,a(0)(N + 1)?),
I({0}) is a pointed N-sphere and I({(]);L}) and /({¢; }) are pointed (j —1)-spheres, for j =
1,...,N. [

Proposition 5.6.6. The semigroup associated to (5.1) restricted to its global attractor <7 is
injective. In other words, if u : R — H{} (0,7) and v : R — H_} (0, ) are global solutions of (5.1)
with u(R) Nv(R) # 0, then u(R) = v(R).

Proof. Suppose that we find global bounded solutions & and v with Z(R) N v(R) # 0.

By (CABALLERO et al., 2021) and (CARVALHO; MOREIRA, 2021), applying a
change of variable, we find u : R — H} (0,7) and v : R — H} (0, ) which are solutions of (5.3)
related, respectively, to i and v. By construction, u(R) Nv(R) # 0. Without loss of generality,

we may assume that u(7) = v(T), for some T € R.

Define w : R — H}(0,7) as w(t) = u(t) — v(t), for t € R. Our goal is to prove that

w(t) =0, for all r € R. Suppose, by contradiction, that we can find 7y € R for which w(zy) # 0.
Now, w satisfies

Wy = wye + A(2), (5.17)

where h(t) = A [a(ﬁfﬁ% - a(ﬁ:')‘z)]. Observe that

1A(0)] < %H [a([lvell®) =a(llusl*)] £ () +alllux|*)[f () = FO)]]] < Cllwll, (5.18)

for some constant C > 0. Hence, h(t) € L*(0,7), for all t € R. By the variation of constants

formula, we can see that the problem is locally well-posed. In particular, we find

t1 = sup{t € [to, T] : w(s) # 0 for s € [to,1]},
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with 71 > 19 and w(t;) = 0.

For t € [to,11), define the functions I'(z) = bl g g(t) =log|lw(t)||~". Then

lw(®)lI*

1d (W), wa)  lw? (we, —wie =L (t)w)
52T = T (i) =
2dt [[wl|? [w* [[w]|?
W T(O)w, —wo —T()w)  (h=T(t)w, —w — ()W)
w2 [w||?
[wex +T(OW[* | (B —wie =T (1) w)
o 2 + 2
[[wll [[wl]
1w +T(0O)wl* 1 ||h|?
<—= += < CT(¢).
2 [wl|? 2wl

The last line is obtained by using the Young’s inequality. Hence, for all ¢ € [ty,1;),

['(r) <T'(tg) +C(t —19).

Now, by (5.18),

d 1d ) (we, w) Wy, W) (hyw) 1 ’
—g(t)=—=—log||w||* = —~—5-=— - <T'(t)+Cr2(t) <20(r)+C-.
dt 2dt w2 wil? w2

Thus, for all ¢ € [tg, 1),

log|w(r)[| " < log [[w(to) || " + [2T(t0) +C?](t — 1) +C(t —10)* < oo.

We have shown that g is uniformly bounded in [fy,;), which is a contradiction with

w(ty) = 0. The contradiction comes from assuming that we find 7o € R such that w(zy) # 0.

Therefore, u(r) = v(t), for all € R, hence #(R) = u(R) = v(R) = ¥(R), as desired. [J

Observe that the semigroup associated to (5.3) is also injective restricted to its global

attractor.

Lemma 5.6.7. Suppose that a(+) is increasing. Then there cannot be an heteroclinic connection

between the equilibria ¢, and ¢ of (5.3), for j = 1,...,n.

Proof. The proof follows similarly to the last part of the proof of Lemma 3.2.3. ]

Remark 5.6.8. The same arguments can be applied, in the case of a(-) being not necessarily
increasing, to prove that there not exist a connection between two equilibria ¢ and y of (5.3)
with the same number of zeros in [0, 7] and for which ¢’(0)y’(0) < 0. The last assumption is

essential. That means, if ¢'(0)y’(0) > 0, then there may exist a connection between ¢ and .

The proof of Lemma 5.6.7 is also valid if we use the conditions on f and a given in
(CABALLERO et al., 2021), because Lemma 3.2.1 is valid for non-classical solutions as well
(see (CABALLERO et al., 2021, Theorem A3)).
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In what follows, we will show that the properties (A1)-(A4) described in Section 3.3
are valid for (5.3), when we assume that a(-) is increasing and f is odd. Consequently, the
attractor of (5.1) can be well-described and it will have the same structure of the attractor of the
Chafee-Infante problem. For convenience, we will study the semilinear problem (5.3), since its

global attractor is also the global attractor for (5.1).

Consider the sequence {1, },cn given by A, = a(0)n?, n € N. Suppose that a(0)n*> <
A < a(0)(n+1)%, n € N. We define the set

M={M(j):j=0,....Nyie{—,+}Yu{M(n)}, (5.19)

where M(n) = {0} and M(j*) = {¢}:—1} and M(j~) ={¢;,,}, for j=0,...,n—1. Although
the Morse decomposition (5.19) depends on the parameter A, we made the choice of simplifying

the notation and not explicitly this dependency.

Observe that, for each A € (a(0)n?,a(0)(n+1)?),n € N, and 7 € [0, 1], the semigroup
{Sz(t) : t > 0} associated to (5.13) admits a global attractor, which we will denote by <7".
Again, we omit the dependence of A in the notation. Additionally, for T € [0, 1], we can apply
Proposition 5.6.6, to a(+) instead of a(+), and obtain that the semigroup {S¢(¢) : # > 0} restricted
to its global attractor defines the flow

O Rx " — °.

This shows that property (A1) is satisfied, for all T € [0, 1], where {4, },,cn given by
An = a(0)n?, n € N.

Lemma 5.6.9. The family {7 : T € [0, 1]} is upper semicontinuous.

Proof. Itis not difficult to see that Ur¢(o 1]/ " is a bounded set in X7, for some y € (%, 1]. This
follows by the same reasoning applied to obtain (5.16) together with the non-degeneracy of a(-)

and the dissipativity condition (3.2). Hence,

U /7 is compact in Hy (0, 7).
7€[0,1]

Now, the family of semigroups {Sz(7) : t > 0}, T € [0, 1], is continuous in the sense of
Lemma 5.6.2. Finally, we apply Theorem 2.1.15 to obtain the upper semicontinuity of the global

attractors. O]

The result below shows that property (A2) is also valid.

Lemma 5.6.10. For any a(0)N? < A < a(0)(N+1)?, N € N, .# is a Morse decomposition.

Moreover,
jt<k*for jke{0,....N—1} <= j<kinN,

jEf <N, forall je{0,..., N—1}.

is an admissible order.
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Proof. By Lemma 5.6.7, there cannot exist connections between equilibria with the same
number of zeros. Now, suppose that we have M (k) and M(j), for k, j € {0,...,(N—1),N},
i,i € {{0},+,—} and a global solution £ : R — X satisfying

f——o0 t—oo

M(K) &= E (1) "5 M),

The solution & is called a connection from M (k’T) to M(j'). We denote by C(M (kf),M ()
the set of all connections from M (k') to M(j?).

By Lemma 3.2.1, we have k > j. Now, Lemma 5.6.7 excludes the case k = j. It follows
that k > j, as desired.

Therefore, .# is a Morse decomposition and the described order is admissible. [

Property (A3) is a consequence of Theorem 5.6.5. The prove of property (A4) for (5.3) is
made using a ‘transition’ that relates such problem to a Chafee-Infante problem (which satisfies
(A4), see Section 3.3). Before we proceed, we will present tools that allow us to pass information
‘from one problem to another’. We will present results and definitions from (FRANZOSA, 1988),

in our context. For more details and a more general approach, we recommend the cited reference.
Define .# = {I C X :1 is an isolated invariant set of Sz(-), for some 7 € [0,1]}.

Given a compact N C g 1) = Uzeo,1] /", we may associate the maps
A(N)={7€]0,1]: N is an isolating neighborhood in .z *}

and oy : A(N) — .# given by oy(7) = S, where S is the largest invariant set of Sz(+) in N.

It is known, (FRANZOSA, 1988, Proposition 4.4), that .7 is a topological space with
the topology generated by the following basis

B = U {on(U) C X : U is an open set with U C A(N)}.

NCJZf[O_l],
N compact

Define the sets

Mp= | {(A", %) : M°={M*(r): 7 e P}isaMorse decomposition of 7"},
7€[0,1]
Mo ={(M,) € Mp: if #={M(x):n e P}and, for &,n’ € P, there is
yeC(M(rm),M(c')), then 7’ < 7},
where < represents any partial order in P.

Thus, .#p and .Z - are topological spaces with the topology induced as subspaces of
(ITzep ) x .
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Definition 5.6.11. The collection .# = {M(x) } rcp is called a < —ordered Morse decomposition
of o if (M ,o) € Mpandif ye€ of \UzepM(T), then there is T < 7t/ with y e C(M(n),M(x)).

Definition 5.6.12. Let .#° = {M*(0)}zcp and .#* = {M* (1)} zcp be Morse decompositions
of o/" and &7, respectively.

We say that M® and M7 are related by continuation or are continuations of each other if
there is a path ¢ in .#Zp from [[ep M* (1) x & to [[repM* (%) x <7 7. If, furthermore, M* and
MY are < —ordered and the path ¢ is in M., then we say that the associated admissible orderings

are related by continuation or are continuations of each other.

Theorem 5.6.13 (Corollary 5.6, (FRANZOSA, 1988)). If the flow ordering of ./ is related
by continuation to an admissible ordering of .# then the set of connection matrices of ./ is a

subset of the set of connection matrices of ./Z .

Fix A € (a(O)NZ,a(O) (N+ 1)2) N €N, and let {S¢(r) : £ > 0}, T € [0, 1], be the family
of semigroups from Lemma 5.6.1. Denote

{0}u{ Fon ;T:jzl,...,N}.

Then .#" = {M*(0"),M*(07).. MT((N— DT),M"((N—1)"),M"(N)} is a Morse
decomposition for M*(N) = {0}, M*(j*) = {7, 1 orand ME(jT) ={¢;, Jforj=1,....N—
1. It is clear that property (A3) is satisfied by this family of Morse decomposition by Theorem
5.6.5 applied to (5.3) with a(+) replaced by a(+), T € [0, 1].

We also have the following result:

Lemma 5.6.14. The map
C: [O, 1] — %p

T o(t) = (M7, %)
is a path in .#p.

Proof. Consider 1y € [0,1] and let ¥ = (er{oi (N—1)£.N} Vk) X Vg, be an open set in .#p that
contains c(7y). Hence, we have

M™(k) C V, forall k=0%,...,(N—1)5,N, and &/™ C V.

Since 4 is a basis for .#p, we may assume, w.l.g, that we can find compact sets Ny, Ny, C X
and open sets Uy C A(Ny), Uy, C A(Ny,) such that Vy, = GNTO(UTO) and Vi = oy, (Uk), k=
0*,...,(N—1)* N. Take

U=Ug,NUyN (| U NU-
k=0,...,(N—1)
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It is clear that U is a not empty open set of [0, 1], by the continuity of the Morse decomposition
and the upper semicontinuity of the family of attractors. Then, for any 7 € U, M* (k) is the largest
invariant set in Ni, k =07, ..., (N — 1)i,N, and .o/ ° is the largest invariant set in Ng,. Hence
c(t)= (A", d%) eV, forallTeU.

Therefore, c is a path in .#p. ]

Theorem 5.6.15. Forany A € (a(O)Nz, a(0) (N + 1)2) , N € N, the connection matrix associated
with the Morse decomposition (5.19) is as in property (A4).

Proof. Observe that, for T = 0, we have the problem

up = auyx +Af(u), x€(0,m), t >0,
u(t,0) =u(t,m) =0, 1 >0, (5.20)
u(0,-) = uo € Hy (0, ),

for some constant @ > 0 (which is given by a(||(¢y )«||?), under the same notation of Lemma
5.6.1). Since (5.20) is a Chafee-Infante problem, by (HENRY, 1985), the flow ordering <r of

@p is given by
jt <pk*for jke{0,.... N—1} < j<k,

+ (5.21)
jE<pN, forall j€{0,....N—1}.
By Section 3.3, the only connection matrix when 7 = 0 is given by
0 D, 0 ... 0]
0 D

A= 0 (5.22)

0 D,

—O 0 —

as in (A4).

By Lemmas 5.6.1 and 5.6.10, it follows the continuity of the Morse decomposition.
Applying Lemma 5.6.10 to (5.13), we have, for any 7 € [0, 1], the partial order <p, given in
(5.21),

0f<0 <---<(N-1D)T<(N—-1)" <N

and
00 <0F<--.<(N=1)"<(N-1T<N

is an admissible order for .#Z . Consequently, the order < is also an admissible order for .#Z",
for any 7 € [0, 1]. Therefore, property (A2) is satisfied. Hence, ¢([0, 1]) C .#~,, for the function
¢ presented in Lemma 5.6.14. Since .Z ., is open in .#p (see (FRANZOSA, 1988, Proposition
4.14)), it follows that c is also a path in .Z_ .
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By Theorem 5.6.13, for each 7 € [0, 1], the set of connection matrices related to .Z* is
unitary, whose element is given in (5.22). Now, we just need to observe that for T = 1 problem
(5.13) represents (5.1). Therefore, the condition (A4) is satisfied for (5.1), as desired. ]

Thus, for what it was shown in the section, together with Theorem 3.3.1, we conclude
the following

Theorem 5.6.16. The global attractor .27 of (5.1), for a(0)N?> < A < a(0)(N + 1)?, has the same
structure of the global attractor <7 ; of (3.1).

a(0)
Proof. Since problem (5.1) satisfies (A1)-(A4), by Theorem 3.3.1, the attractor <) has the same
structure of of the attractor for (3.10) for n = N. By (MISCHAIKOW, 1995, Theorem 1.1), this
is the same structure of the attractor of (3.1), for A € (N?,(N+1)?) . O

Thus, for any global bounded solution & : R — Hé (0,7) (notin &), we find ¢;, ¢ € &),
®; # ¢, such that
0;' ¢80 = e

Also, either ¢; = {0} or ¢; has at least one more zero in [0, 7] than ¢, if &(-) is not an
equilibrium. If ¢;, ¢ € &) and ¢; has at least one more zero in [0, 7] than ¢ or ¢; = 0, then we
find a global bounded solution n) : R — H{} (0, 7) satisfying

0; ' (1) =5 ¢y

5.7 Some remarks and further investigations

In (LI et al., 2020), we have constructed the sequence of bifurcation at zero for (5.1),
when considering a being non-decreasing and f being odd. Under the same assumptions, in
(CARVALHO; MOREIRA, 2021), we have shown that all the equilibria are hyperbolic, with the
exception of zero on the parameters of the bifurcations. Later, the structure of the attractor was
shown to contain the structure of the attractor of the Chafee-Infante problem, see (MOREIRA;
VALERO, 2022b).

In (CABALLERO et al., 2021), the authors made the proof of existence of the equilibria
of (5.1) dropping the assumption of f being odd. But their hyperbolicity was not known until
recently. The authors have also explored the problem (5.1) for f € C(R). They applied Galerkin
approximations in order to do so. In that case, the problem generates a multivalued semiflow.
Additionally, they have shown the existence of the attractor and answered some questions about

its structure.

Finally, in (ARRIETA et al., 2022), we have offered a criteria to study the existence of

equilibria of (5.1) (when a is continuous and far from zero) and to study the hyperbolicity of
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such equilibria (assuming also that a is differentiable). We can see that we may find cases of

continuum of equilibria depending on the choice of a.

Studying the attractor of (5.1) cannot be made altogether (without additional assumptions
on the behavior of a), since we have several types of possible bifurcations of equilibria. It is
clear that the lap-number property is always valid, hence the connections must come from an

equilibrium ¢ to a y, with ¢ having more or an equal number of zeros of y.

Related to the discussion presented in this chapter, we consider that (5.1) is very well-
understood if a is non-degenerated. Now, we intend to consider the problem (5.1) assuming that

a might degenerate.
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CHAPTER

MULTIVALUED PROBLEMS

In this chapter, we will present some results on the multivalued setting. Multivalued
problems appeared in the literature in the last century, in the scenario of equations for which we

do not have uniqueness of solutions of the Cauchy problem.

In the last century, the authors started to create a new approach of seeking properties that
are robust under perturbations. In this sense, Conley offered us the concept of Conley’s index, a
way of studying a neighborhood of isolated invariant sets from a topological point of view. This
concept generalizes the concept of Morse index, which can be calculated only when we have a

good understanding of the geometric local asymptotic behavior.

The concept of Conley’s index appeared in (CONLEY, 1978), where it was defined
for compact isolated invariant sets under the action of semiflows defined on locally compact
metric spaces. Later, Rybakowski (RYBAKOWSKI, 1987) generalized the concept for semiflows
defined on metric spaces which are not necessarily compact. The importance of this topology
definition can be measured by the large amount of studies that followed the above references. Just
to cite a few of them, this concept was used in applications (see for instance, (RYBAKOWSKI,
1987; MISCHAIKOW, 1995)), it was also defined for flows on Hilbert spaces (see (GEBA; [ZY-
DOREK; PRUSZKO, 1999; BLaSZCZYK; GOLEBIEWSKA; RYBICKI, 2017; [IZYDOREK
et al., 2017)), for non-autonomous semiflows on Banach spaces (JAiNIG, 2019) and also for
multivalued semiflows (see (DZEDZEJ; GABOR, 2011; MROZEK, 1990)).

In the theory of Conley’s index developed in (RYBAKOWSKI, 1987), the concept of an
isolating block plays a fundamental role. This is a neighborhood of an isolated invariant set of
special kind, in which the boundaries are completely oriented in some sense, characterizing in

this way the stable and unstable subsets.

The concept of hyperbolicity is not clear in the multivalued context. Then we usually do
not have clear information about the local properties. For instance, we still have no tools to study

the local behavior of multivalued flows near equilibria, we cannot say much about connections
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inside the attractor.

As exposed in the previous chapters, one of the subjects studied during the thesis was the
topological theory applied to nonlinear dynamical systems. One of the main references was the
book of Rybakowski (see (RYBAKOWSKI, 1987)). During its reading we were wondering if we
could develop a similar construction of Conley’s index applied to the univalued case to construct

such a concept in the multivalued case.

There are several steps to construct the Conley’s index for a nonempty compact invariant
set in (RYBAKOWSKI, 1987). We will summarize the idea in three basic (and large) steps:

1. Construct an isolating block;
2. Show that the isolating block together with its boundary defines an index pair.

3. Define the Conley’s index as the topological figure defined by its index pairs.

All these procedures require several constructions, we preferred not to get into details for the

sake of simplicity.

Here, we will show that we are able to use a similar construction made by Rybakowski
in Step 1. to construct the isolating block for compact isolated sets in the multivalued problems.
The construction we will present here appeared first in (MOREIRA; VALERO, 2022a).

The following steps (2. and 3.) were not developed yet. Although we are interested in
such steps, there are available in the literature some variations of definitions of Conley’s index.
So far as we know, we cannot say the same about the isolating block. We have not found any

other construction of this nice neighborhood.

We will present here the definition of an isolating block in the univalued sense. In order

to do that, we need to present the concept of egress, ingress and bounce-off points of a closed set.

Consider X a metric space and a semigroup {7 (¢) : t > 0}. Let B be a closed subset X
and denote its boundary by dB and its interior (B \ dB) by int(B).

1. x € B is an egress point of B if, for a solution 0 : [—&,+e) — X of {T(¢) :1 >0}, >0,
x = 0(0), the following hold:

There is & > 0 such that 6((0,&)]) Z B.
If € > 0 then, for some & € (0,¢€), 6([—€;1,0)) C int(B).
2. x € dB is an ingress point of B if, for any solution ¢ : [—¢€,+e) — X of {T(¢) : t > 0},
€ > 0, with x = ¢(0), the following properties hold:
There is & > 0 such that 6((0, &]) C int(B).

If € > 0, then we find & € (0,¢), o([—€1,0))  B.
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3. x € dB is an bounce-off point of B if, for any solution ¢ : [—€,+) — X, € > 0, with
x = 0(0), the following properties hold:

There is & > 0 such that 6((0,&]) Z B, fort € (0, &].
If € > 0, then for some €; € (0,€), 6((0,€&]) Z B.

Definition 6.0.1. Under the notation above, we say that a closed subset B C X is an isolating
block under the action of {7'(¢) : t > 0} if satisfies the following

(i) dB is the union of the ingress points of B, the egress points of B and the bounce-off points
of B.

(i) The union of the set of egress points of B with the set bounce-off points of B is closed.

Figure 13 — Isolating block of a saddle-point

Examples of sets that admit an isolating block are the saddle-point equilibria, see Figure
13. The up and down parts on the boundary (in blue) represent the area where we have the ingress
points. The left and right parts (in red) on the boundary are the egress points. The vertices of the

polygon are the bounce-off points.

In this chapter, we prove the existence of isolating blocks for multivalued semiflows
defined on metric spaces under rather general assumptions. This is not a mere generalization, as
there are many subtle details that are quite different in the multivalued situation. Later, we apply
this result to a differential inclusion generated by reaction-diffusion problems with discontinuous

nonlinearities and show that we can construct isolating blocks in each of its non-zero equilibria.

6.1 Basic definitions

Let (X,d) be a metric space and denote P(X) = {B C X : B # 0}, while C(R™",X) is the
set of all continuous functions from R into X. Consider a multivalued map G : R x X — P(X),

that is, a function that associates each (¢,x) € R* x X to the nonempty subset G(¢,x) C X.
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Definition 6.1.1. We say that G is a multivalued semiflow if:

i) G(0,x) =xforallx € X;

i) G(t+s,x) C G(t,G(s,x)) forallx € X and z,5 > 0.

The multivalued semiflow is strict if, moreover, G(r +s,x) = G(t,G(s,x)) for all x € X
andz,s > 0.

A function ¢ : R — X is called a complete trajectory of G through x € X, if ¢(0) = x
and ¢(r+5) € G(t,9(s)), for all 7,5 € R with ¢ > 0.

We define Z C C(R™,X) to be the set of functions that satisfy the following properties:

(K1) For any x € X, we find ¢ € Z such that ¢(0) = x;

(K2) Translation property: If ¢ € Z, then ¢.(-) = ¢(7+-) € Z, forall T € R™.

(K3) Concatenation property: Given any ¢;, ¢, € Z with ¢;(s) = ¢2(0) for some s > 0, the
function ¢ € C(R™,X) given by

o(t) = 01(1), ift e [0, 5],
Ot —s), ift € (5,400),

also belongs to Z.

(K4) Let {¢y,} e € Z be a sequence with ¢,(0) — x € X. Then, we find ¢ € Z, ¢(0) = x and
such that ¢, — ¢ uniformly on compacts of R

The functions from % generate the strict multivalued semiflow G : R™ x X — P(X)
given by
G(t,x) ={yeX:y=9(),¢ € Z,¢(0) =x}.

The functions ¢ € Z are called solutions.

Definition 6.1.2. A point x € X is a fixed point of %, if ¢ € %, where ¢(t) = x, for all t > 0.

A function ¢ : R — X is a complete trajectory of Z if, forany T € R, ¢ (T +-) ‘ [ €EX.

0,40)

Remark 6.1.3. Any complete trajectory of Z# is a complete trajectory of G. The converse is true
when the trajectory is continuous, see (KAPUSTYAN; KASYANOV; VALERO, 2014).

When we are in the multi-valued case, there are many ways of defining invariance.

Definition 6.1.4. Consider a set A C X. We say that:

1. Aisinvariant if G(r,A) = A, for all 1 > 0;
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2. A is negatively (resp. positively) invariant if G(#,A) C A (resp. A C G(t,A)), for all 1 > 0.

3. A is weakly invariant if, for all x € A, we find a complete trajectory ¢ of # such that
¢(0) =xand ¢(r) € A, forall € R.

4. A is weakly positively invariant if for every x € A and r > 0 it holds that G(z,x) NA # 0.

We will present a list of propositions whose proofs can be found in (COSTA; VALERO,
2017).

Proposition 6.1.5. Suppose that conditions (K1) to (K4) are verified. For a closed subset A C X,

the following statements are equivalent:

1) A is weakly positively invariant;
ii) For each x € A, there is ¢ € #Z with ¢(0) =x and ¢([0,+e0)) C A.

Proposition 6.1.6. Suppose that conditions (K1) to (K4) are verified. Let A C X be a compact
set which is negatively invariant. Then, for each x € A, there is a complete trajectory ¢ of % with
¢(0) =xand ¢((—e,0]) CA.

Consider B C X and ¢ € #. We define the w-limit set of B as
o(B) ={y€ X : 3ty }pen ERT, t, — +ooand {y, }nen € X,¥n € G(t,, B) and y, — y}
and the w-limit set of ¢ as
o(@) ={y € X : Htu}nen €RT, 1, = +ooand ¢ (1,) — y}.

Definition 6.1.7. A closed subset A C X is called an isolated weakly invariant set if A is a weakly
invariant set and we find an open neighborhood U C X of A, such that A is the maximal weakly

invariant set in U.

Assume (K1)-(K4) and let K be a closed, isolated and weakly invariant set. Let &'(K) be
an open neighborhood of K. For any ¢ € Z,¢(0) € 0(K), denote

to =sup{t: ¢([0,7]) C O(K)}.

For any ¢ € Z, ¢(0) = x € 0(K) and sequence x,, — x, ¢, € Z, ¢,(0) = x, € O(K),

the convergence ¢, — ¢ means that

¢n(s) — ¢(s) uniformly on [0,7] for ¢ < z4.

For what we are going to do, we need to ask an additional assumption for Z%:
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(K5) There exists an open neighborhood &'(K) such that, for any x € 0(K) and ¢ € #Z, with
¢(0) = x and any sequence x,, — x there exists a subsequence ¢, € Z, ¢,, (0) = x,,, such

that ¢,, — ¢ uniformly on compact sets of [0,7y).

Example 6.1.8. Here is an example of an ordinary differential equation without uniqueness.
Let us consider the equation
¥ =/ (6.1)
The phase space is R. For x (0) = x¢ > 0 the unique solution

x+(t):(%+\/x_o>2,t20.

For x (0) = 0, we have infinite solutions given by

x(t) =0,
% (1) 0, 0<r<r7,
Xtll) = 2

(t;r) L t>1,

for all T > 0. We observe that xj (-) is the maximal solution for xo = 0 and X(-) is the minimal

solution for xg = 0.

Now, for xp < 0 the solutions are given by the following

—(~L+vx)’, 0<1<2yx,

X (1) =
0, t > 2+/—Xop,

2
T A ORI
Xe(t —2/—x0), t > 2/—xo,
for all T > 0.

Now, consider xyp = 0 and a sequence {x, },eny € R™. It is clear there only one solution

passing through x,, given by

t
3 (1) = (5 +Va)? 1 2 0,n €N,

Now, as x,, — xg as n — —oo,

2
t
X (t) — T for all £ > 0.

n

Consequently, there is no subsequence of {x,’ (+)},en that converges to the solution x(-)

on compact subsets of R,

Therefore, this problem does not satisfy (K5).
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6.1.1 A differential inclusion with Lipschitz nonlinearity

For a Banach space X, let C,(X) be the set of all non-empty, bounded, closed, convex
subsets of X.

Let us consider the boundary-value problem

du

o —Mue f(u)+q, on Q@x (0.7),

u=0,0n9Qx(0,T), (6.2)
u(x,0) = up(x) on Q,

where Q C R” is an open bounded set with smooth boundary and ¢ € L?>(€). We assume that
the multivalued map f satisfies the following assumptions:

(f1) f:R—C,(R).

(f2) f is Lipschitz in the multivalued sense, i.e. there is C > 0 such that

disty (f(x), f(z)) <Clx—z|, Vx,z € R. (6.3)

Let us define the multivalued map F : D(F) C L*(Q) — P(L*(Q)) given by

F(y(-)) ={E() € LX(Q) : E =E+q, E(x) € f(y(x)) ae.on Q}. (6.4)

It is known (MELNIK; VALERO, 1998, Lemmas 11, 12) that:

(F1) F:L*(Q) — C,(L*(Q));
(F3) F is Lipschitz with the same Lipschitz constant as f, that is,

disty (F(u),F(v)) < Cllu—v| 2, Yu,v € L*(Q).

The operator A = —A : H*(Q) N H{} (Q) is maximal monotone in L? (Q). Hence, inclusion

(6.2) can be written in the abstract form

du
— F
7 +Au € F(u), t >0, 6.5)

u(0) =up € L*(Q),
If we assume additionally the existence of M > 0, € > 0 such that
< (A —¢€)|s|?+M, Vs e R,Vz € f(s), (6.6)

where A; is the first eigenvalue of —A in H& (Q), then this problem generates a strict multivalued
semiflow in L? (Q) having a global compact attractor .27 (MELNIK; VALERO, 1998).

Let us check that the solutions of (6.5) satisfy property (K5).
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The function u € C([0, +e0),L? (Q)) is a strong solution of problem (6.5) if there is a
selection 1 € L2 (0,4-00;L% (Q)), h(t) € F(u(t)) for a.a. ¢, such that u(-) is the unique strong

loc

solution of the problem

du
— +Au=nh(t),t >0
dt+u ®), ’

u(0) =up € L*(Q),

(6.7)

which means that u(-) is absolutely continuous on any compact subset of (0,7), it is almost
everywhere (a.e.) differentiable on (0,7), and u(-) satisfies the equation in (6.7) a.e. on (0, 7).
Denote the solution of problem (6.7) by u (-) = I(ug)h(-). It is known (BARBU, 1976) that for
any u;(-) = I(u})h;(-), i = 1,2, the next inequality holds:

t
Jin®) = w(0)ll2 < () =) 2+ [ (8 =@ pdm 125 (63)
S
If we fix T > 0, it is known (TOLSTONOGOV, 1992) that for any z(-) = I(z0)g(-) and
any ug € L? () there exists a solution u(-) = I(ug)h(-) of problem (6.5) such that
lu(r) =z()ll 2 < & (2), Ve € [0, T], (6.9)

[h(t) ~ g(t) 12 < P() +2CE (1), ace. on (0,T), (6.10)

where

p(r) =2dist (8(1), F(z(1))),

t
& (1) = luo—zoll2exp(2Cr) + [ exp(2C(t —5))p()ds.
Concatenating solutions we can easily obtain a solution satisfying these inequalities for any
T>0.

Lemma 6.1.9. Let u(-) = I(up)h(-) be a solution of problem (6.5). Then for any sequence
up — up in L2 (Q) there exists a sequence of solutions u, (+) = I(u})hy (-) of problem (6.5) such
that u, — u in C([0,T],L? (Q)) for every T > 0.

Proof. Since h(t) € F(u(t)) for a.a. t, we have
p(t) = 2dist (h(t),F(u(t))) =0 for a.a. t,
so in view of (6.9) for each u there exist solutions u, (-) = I(ug)h, (-) of problem (6.5) such that
() = un(0)]] 2 < [Juo — || 2 exp(2Ct), ¥t = 0.
Then the result follows. [
Corollary 6.1.10. Property (K5) is satisfied in L2 (Q).

Lemma 6.1.11. Let u(-) = I(ug)h(-) be a solution of problem (6.5) with ug € H} (Q). Then
for any sequence ut — ug in Hy (Q), there exists a sequence of solutions u, (-) = I(u)hy (-) of
problem (6.5) such that u, — u in C([0,T], HJ (Q)), for every T > 0.
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Proof. From Lemma 6.1.9 we obtain the sequence uy, (-) = I(u)hy (+). Since uf) — ug in H} (Q)
we can prove in a standard way that u, — u in C([0,T], HJ (Q)). O

Corollary 6.1.12. Property (K5) is satisfied in Hj (Q).

6.2 Existence of the isolating block in the multivalued

case

Given a set V C X, define the sets dV, c¢lV and intV as, respectively, the boundary of V,

the closure of V' and the interior of V. To be more precise:
intV = {x €V : there is an open subset U C X withx e U C V},
clV ={y e X : forall open subset U C X, withy e U,UNV # 0},
AV =clVNcl(X\V).
The definitions that we present below were taken from (RYBAKOWSKI, 1987).

Definition 6.2.1. Given a closed isolated invariant set A C X, we say that a closed set N C X is a
related isolating neighborhood if A C int(N) (the interior of N) and A is the maximal isolated

weakly invariant set in N.

Definition 6.2.2. Let B C X be a closed set and x € dB be a boundary point. We have the

following definitions:

1. x is an egress point if for every ¢ : [0}, +o) — X, 05, := 0(—01 +-) € Z, x = 5(0),
with 6; > 0, the following hold:

There is & > 0 such that 6(¢) ¢ B, fort € (0, &].
If 8; > 0 then, for some €, € (0,8,), o(t) € int(B) fort € [—¢1,0).
The set of egress points of B is denoted by B*.
2. xis an ingress point if for every ¢ : [0}, +o) — X, 05, € #Z, x = 6(0), with §; > 0, the
following properties hold:
There is & > 0 such that 6(¢) € int(B), for t € (0, &].
If 8; > 0 then for some &; € (0,0;), o(t) ¢ B, fort € [—¢1,0).

The set of ingress points of B is denoted by B'.

3. xis an bounce-off point if for every ¢ : [0, +) = X, 05 € Z, x = 6(0), with §; > 0,

the following properties hold:
There is & > 0 such that 6(r) ¢ B, fort € (0, &)].
If 8; > 0 then for some & € (0,0;), o(t) ¢ B, fort € [—¢€1,0).

The set of bounce-off points of B is denoted by B”.
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We usually denote B~ = B°UB? and we call it the exit set of B.

Definition 6.2.3. Let K be a closed isolated weakly invariant set. An isolating block of K is a
closed set B C X which is an isolating neighborhood of K with dB = B~ UB' and such that B~

is closed.

Consider the multivalued semiflows {G,(t) : t > 0}, n € N, and {G(¢) : r > 0}, which
are generated by the respective sets %, n € N, and &. Assume that K is a closed set of X, which
is also an isolated weakly invariant set for the semiflow G. In this situation, we may ask for

additional assumptions.

(KK4) Let {¢y}.en be a sequence with ¢, € Z,, n € N, and ¢,(0) — x, for some x € X. Then,
we find ¢ € #Z, ¢(0) = x and such that ¢, — ¢ uniformly on compact sets of R,

(KK5) There exists an open neighborhood ¢ (K) such that, for any x € (K) and ¢ € Z, with
¢ (0) = x and any sequence x,, — x in X, there exists a subsequence On, € Fnyr On, (0)= Xy

such that ¢, — ¢ uniformly on compact sets of [0,7,).

Observe that if we consider %, = Z, n € N, satisfying (KK4) (resp. (KK5)), then Z
satisfies (K4) (resp. (K95)).

Definition 6.2.4. A closed set N C X is called { G, } —admissible if, given sequences {x;, },en € X,
{tn}nen € R, where 1, — +o0, and { @, },en for which ¢, € %, ¢,(0) = x,,, ¢,([0,2,]) C N,
n € N, we have that {¢,(#,) }.en has a convergent subsequence. We say that N C X is G-
admissible if it is { G, } —admissible, where G, = G, for all n € N.

Remark 6.2.5. We can change the hypothesis of admissibility of the semiflows by the collectively
asymptotic compactness, if we restrict the analysis over bounded isolating neighborhoods N. In

fact, collectively asymptotic compactness is stronger than admissibility.

We recall that {G,(¢) : t > 0},cn is collectively asymptotic compact if, given any se-
quences {t, }neny € RT and ¢, € Z,,, n € N, such that {¢,(0)},en € X is bounded and 1, — oo,

we have that {¢,(1,) } ,ery has a convergent subsequence.

In the multivalued case, there is the possibility of having more than one solution passing
through a point and therefore, we need to adapt the results related to the existence of the isolating

block, which are not directly applicable.

In this section, we will follow the construction made by Rybakowski in (RYBAKOWSKI,
1987), with the necessary adaptations, in order to construct the isolating block. This means
that, although we do not have uniqueness of solutions, we are still able to construct a closed

neighborhood for which its boundary describes the entry and exit directions. This result is our
contribution and can be also seen in (MOREIRA; VALERO, 2022a).
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Consider K to be a closed isolated weakly invariant set and N to be a closed isolating
neighborhood of K. Denote U = int(N) and define the sets % = {¢p € Z : ¢$(0) € U} and
N ={¢pZ:¢(0)cN}. Observe that ZZ C .N".

For the multivalued semiflow G generated by %, we denote by AJCE (N) the set of points
y € N for which we find a ¢ € Z such that ¢([0,40)) C N and ¢(0) = y. Also, denote by A (N)
the set of points y € N for which we find a complete trajectory ¢ of % such that ¢ ((—o0,0]) C N
and ¢ (0) = y. Obviously, K CA(N)NAg(N). Using (K3), we obtain that the converse is also
true, s0 K =AS(N)NAG(N).

The following result is analogous to Theorem 4.5 in (RYBAKOWSKI, 1987).

Proposition 6.2.6. Let N C X be closed and G, G, be multivalued semiflows, n € N. Denote
by %, the set of functions related to G,, n € N, and by Z the set of functions related to G, that
satisfy the properties (K1)-(K4) and collectively satisfy (KK4).

Consider x € X and {x, },en € X with x, — x as n — +oo. Suppose that, for eachn € N,
we find ¢, € #Z, and 1, € R" such that ¢,,(0) = x, and ¢,,([0,2,]) C N. It follows:

(al) If t, — +oo and ¢, — ¢ uniformly on compact sets of R™, then we find ¢ € Z with
¢(0) =xand ¢(¢) € N, forallt € RT.

(a2) If t, — to, for some 1y € R™, and ¢, — ¢ uniformly on compact sets of R, then we find
¢ € Z with ¢(0) = x and ¢([0,79]) C N.

Assume that N is {G,,, } —admissible for every subsequence of {G, },en. Then,

(b1) If 1, — +o0 as n goes to +oo, every limit point of {¢" (z,)},cn belongs to AG(N).

(b2) Denote by K, the largest weakly invariant set for G, in N,n € N. If W C N with K C imtW,
then K, C intW for n sufficiently large.

(b3) If N is G-admissible, the sets K and A (N) are compact.
Proof. We prove each statement separately.

(al) By (KK4), we find a ¢ € Z such that ¢, — ¢ uniformly on compact sets of R™. By
contradiction, suppose that for some 7 > 0, ¢(7) ¢ N. Then we would find a € > 0 with
Oc(¢(T)) C X\ N, and ng € N sufficiently large such that ¢,(T) € O¢(¢(T)), for all
n > ng. Consequently, t, < T, for all n > ng. This is a contradiction, since t, — oo as n
goes to +oo. Therefore, for all 1 € RT, we have ¢(¢) € N.

(a2) By (KK4), there is a ¢ € Z for which ¢, — ¢ uniformly on compact sets of R™. For
any € € (0,1), repeating the same argument above taking T = to — €, it follows that
¢([0,70 — €]) C N. Since N is closed, we conclude that ¢ ([0,7p]) C N.
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(bl)

(b2)

(b3)

By the admissibility of N, we find a subsequence {¢,§°)( (0))},161\; C {@u(tn) }nen such
that ¢n ( ) — x as n — +oo. We can apply the same arguments for the sequence
{q)n (tn — 1)}n>n0, where no € N is such that t,(l ) > 1, for n > ny. Then we extract a
subsequence {(])n ( — 1) }nzn, C {(l)n ( — 1) }n>n, such that (])n (n b_ )=y €
N. We construct a function y(D 2 [=1,400) — X with y(D(=1) = y; and y(D(0) = x,
y((-—1) € Z and y")([—1,0]) C N using the same construction applied in the proof

of Lemma 5 from (COSTA; VALERO, 2017).

Applying this argument recursively, for k € N, we find a subsequence

e et e

such that ¢n"“ (tn W) g 1) — k11 and we use the construction applied in Lemma
5, (COSTA; VALERO, 2017), to construct a connection between y;, | and y; and con-
catenation to construct Y +1) : [—k — 1, 400) — X, with y**!(. —k — 1) € Z such that
yED ([—k—1,0]) € N, y* ) (—k—1) =y and y*+1)(0) = x. Moreover, y*1(r) =
vk(t), fort > —k.

Then we can define ¥ : R — X with w(r) = () if + > —k. By construction, v is
well-defined, y(0) = x and y(z) € N for all r € (—o0,0]. Also, Yy is a complete trajectory
of Z. Therefore, we conclude that x € A~ (N), as desired.

Suppose that we cannot find ng € N in those conditions. Then, we can assume, w.l.g., that
we find x, € K, NN \ imtW, for all n € N. By definition of K, and Propositions 6.1.5 and
6.1.6, we find a complete trajectory ¢, : R — X of %, with ¢,(0) = x, and ¢,(R) C N.
Consider the sequence {f, },en € R such that ,, — +oo. Define y;, : R™ — X given by
W, (1) = ¢n(t —1ty), for all > 0. By construction, y,([0,,]) C N and, by the admissibility,
we find that { (1) }nen = {Xu }nen has a convergent subsequence to a point xo € A5 (N),
by (b1).

By (KK4), since x,, = ¢,,(0) — xo, we may assume that we find a ¢ € # such that ¢ (0) = xg
and ¢, (1) — @(¢) for all + > 0. Now, since ¢, converges to ¢ and N is closed, we easily
obtain that ¢ (r) € N for all 1 > 0.

Hence, xp € A;(N) NAS(N) = K. But, at the same time, x, — xo, X9 € c/(N \ intW) =
N\ intW, which is a contradiction, since K C intW. Therefore, K,, C intW, for n sufficiently

large.

We want to show now that if N is G-admissible, then A (N) and K are compact.

Consider {x,},eny € Ag(N). Take a sequence {t,},en € RT with 1, — +oeo as n goes
to +oo. By definition of A;(N), for each n € N, we find a complete trajectory v, in
X with y,((—e0,0]) C N and y,(0) = x,,. For each n € N, denote &, : [0,+) — X as
&) = ¢n’[07+w)(~ —1,) € Z. Then we have that &,(1,) = x,, and &,([0,1,]) C N, for all
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n € N. The compactness of A (N) will follow by applying item (bl) to the sequence
{&(t1) }nen, in the particular case G, = G, n € N.

Suppose now that {x,},cn C K. We can assume that x, — x € A;(N), since K C A (N)
and A (N) is compact. Our goal is to show that we can find ¢ € # such that ¢ (0) = x and
¢(t) € N, for all t > 0. We just observe that, for each n € N, we can find ¢, € %, such
that ¢,,(0) = x, and ¢,(R™) C N. Then, by the property (KK4), we find ¢ € Z such that
¢(0) = x and ¢,(r) — ¢(z), for all > 0. Since N is closed, it follows that ¢ (R*) C N,
hence x € A, (N). Therefore, x € K and K is compact.

]

Before presenting the main theorem of this section, we need to define auxiliary functions
that play an essential role in the definition of the block. So, we will fix a multivalued semiflow G,
the sets @ # U C N with U = intN and we will denote A (N) simply by A~ (N). We recall that
U={9pcx:¢(0)cU}and ¥/ ={¢p € Z:¢(0) € N}.

Basically, we will construct two functions, one “identifying” the stable part inside the
neighborhood N and the other “identifying” the unstable part inside the neighborhood N. For
these functions, we will prove results of monotonicity and upper semicontinuity that will be

important to characterize the flow behavior close to the invariant set.

Define the functions:

1. sT: A — RU{eo},
s7(9) =sup{t e R": 9([0,1]) C N},

2. 17U - RU{e},
t7(¢) =sup{r e R": ¢([0,1]) C U},

3. F:X —[0,1], F(x) = min{1,d(x,A"(N))},

4. D:X —[0,1], D(x) = %
(D)) }
Fon £ oinfd g <r<(e) Y,
g ()C) ¢€%17%(0):x1n { 141 o ((P)
6 g_ :N—>R+’

0<1<57(9), i s(9) <oo,}

0 <t < 400, otherwise

g (x)=  sup Sup{a(I)FUP(I))

peN,0(0)=x

where o : [0,00) — [1,2) is a monotone increasing C*—diffeomorphism.
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Observe that the functions F' and D are continuous since they can be written as composi-

tions of continuous functions. In that situation, we find the following result

Proposition 6.2.7. Assume (K1)-(K4). The function g™ is increasing along solutions as long the
orbits are in U. To be more precise, given x,y € U, for which there are ¢ € # and ¢ > 0, with

¢(0) =x,y=¢(t) and @([0,7]) C U, it follows that g™ (x) < g™ (y).

Moreover, if g (x) # 0, then g™ (x) < g™ (y).
Proof. Consider x,y € U such that there are ¢ € Z,t > 0, with ¢(0) =x, @(¢t) =y and ¢([0,7]) C
U. We want to show that g*(x) < gt (y).

In order to simplify, for any y € %, define

fy) = inf{DiLJr(?) 0<t< t+(w)}

and the sets % = {¢ € % : ¢(0) = z}, for z = x,y. Then, for each ¢ € %, we can define a
W € Y, as the concatenation of ¢ and ¢, which is well-defined by (K3). The set of such functions
v will be denoted by %,. We will show that f*(y) < f*(¢). In fact,

rr =int ({28 s e pafu PEED sse )

+s 1+s
ginf{w se [z,ﬁ(w))} :inf{lDJ(r(Pu(:)i o, z+(¢))} < 1*(9),

where we have used that 1™ (y) =17 () + ¢, by construction.

Thus

g"(x)= inf fT(¢) < inf fT(y)< inf f7(9)=g"(y).

VEU YEy O,

for ¢;(-) = ¢(t+-), for all ¢ € %,. Now, there is T = 7(¢) > ¢ for which f+(¢,) D( ¢’ ))

Hence,

f+(¢z)—f+(¢)>1(D(¢(f)) D<¢<r>)>> D(O(v) _ f
1 ( 2 =

t Tt a 147)

). M
+(t—1) I+7 =

(¢
1+7 — 1471

We claim that there is U > 0 such that ; - T( y 2 > U, for all ¢ € %,,. If this were not

true, we would find a sequence ¢ € %, and {7, },en € [t, +0) with T, — +o0 and such that

£ = W But then we would have
_ : () _ = e DO (m—1) _
0<g"(x)<g™(y) = ¢lenq2f (&) < ;g&f*(@" )= inf =t < inf = =0,

which is a contradiction. Therefore, we find iy > 0 which implies that g™ (x) + ot < g7 (y) and,
consequently, g*(x) < g* (), as desired. O
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The above proposition is the analogous to the item (2) in (RYBAKOWSKI, 1987,

Proposition 5.2) in the single-valued case. Further, we will show the monotonicity of g~ .

Proposition 6.2.8. Assume (K1)-(K4). Let the closed set N be G-admissible. The function g~ is
decreasing along solutions as long the orbits stay on N. To be more precise, if x,y € N and there
are @ € # and s > 0, with ¢(0) =x, y = ¢(s) and ¢([0,s]) C N, then g~ (x) > g~ (y).

Moreover, if g~ (x) # 0, then g~ (x) > g~ ().

Proof. Letx,y € N, ¢ € Z and s € R be as in the hypothesis. Consider, for any ¢ € .4,
0<1<s(9), if s7(9) < oo,}

0 <t < 4o, otherwise

S (@) =sup {a(t)F(¢(l))

and the sets A, ={¢p € A :¢(0) =z}, forz=x,y,and Ay ={¢p € A : ¢(0) =x and ¢(s) =y}.
For each ¢ € .4}, by (K3), we can define a y € .5, as the concatenation of ¢ with ¢. Similarly
to what was done to f7, it can be proved that f~ () > f~(¢).

Consequently,

g (x) = sup (@)= sup f~(y)= sup f(¢) =g (v),

oty yeNy 9N
that is, g~ (x) > g~ (v).

We want to show that, if g~ (x) # 0, we have g~ (v) < g~ (x). By definition, g~ (x) =
supge s,/ (¢), which implies that, for at least one ¢ € 45, we have f~(¢) # 0. In particular,
x=¢(0) ¢ A~ (N) and F(x) > u, for some p > 0.

In order to obtain the desired result, we will show that there is 6 > 0 such that, for all
¢ € N, we have f~(¢) > 0+ f(¢). If this can be proved, we may take supremum in both
sides and we would find, for y = ¢(s),

g (x)> sup f(¢)> sup f (¢)+6=g¢ (v)+9,
PNy Py

which implies g~ (x) > g~ (y).

If there does not exist such 6 > 0, then, for each n € N, we would find (P(”) € N, with

(o) <5 (0) +

By (K4), since {¢"(0) = x},cy is convergent, we may assume ¢ ") — ¢ uniformly on
compacts of R™, for some ¢ € .4;. So, up to a convergent subsequence, we find

0<p<Bi= lim (o)< tim £ ("),

n—4-o0 n—r—+oo

Now, for each n € N, we find 1,,, 7., ¥, o € R such that £~ (¢) = a(t,)F (¢ (1,,)) +
Vs f_(fl)s(n)) = Ot(rn)F(q)s(n)(rn)) + 1 = a(ry)F(¢" (r,+5)) + M, and 75,1, — 0. Without
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loss of generality, we may assume that #, — fg and r,, — rg as n goes to +oo, for some g, rg €
RT U {+o}.

Suppose initially that 7, — oo as 1 goes to +oo. Since N is admissible and ¢ ") ([0,1,]) C
N, by Proposition 6.2.6 we find y € A~(N) such that, up to a subsequence, ¢ (z,) — y as n
goes to +oo. Consequently, F(¢" (1,)) — F(y) = 0 and, since a(t,) — @ < 2, we conclude that

B = 0, which is a contradiction.

On the other hand, assume that #,, — 7y < 4o0. Since 8 # 0, we also have r, — ry < 4-oo.
It follows that B = a(to)F (¢ (t0)) < o (ro)F (@ (ro+s)).

But now, for any n € N, by definition of #,,, we have
o(r+3)F (91" (ru+5)) < a(ta) F (91" (1)
and, by applying the limit, we find
a(ro+s)F(¢(ro+5)) < a(ro)F(¢(ro+s5)) = a(ro+s) < a(n),

since F(@(ro+s)) # 0. This is a contradiction with o being a strictly increasing function.

Therefore, we can find 0 > 0, as desired, and the assumption follows. ]

The above result is the analogous of the item (3) in (RYBAKOWSKI, 1987, Proposition
5.2) in the univalued case. Propositions 6.2.7 and 6.2.8 have shown the monotonicity of g* for

points in the same orbit.
The following result describes the role that g© and g~ have on identifying weakly

invariant regions.

Proposition 6.2.9. Assume (K1)-(K4). Let K # 0 be a closed isolated weakly invariant set.
Suppose that N is a closed isolating neighborhood of K. The following holds:

i) Consider x € U. If g (x) =0, thenx € AT (N).

ii) Consider x € N. We have that g~ (x) = 0 if, and only if, x € A=(N).

If x € N and g~ (x) = 0, it follows that g~ (y) = O for all values y = ¢(¢), where ¢ € Z
with ¢(0) =xandz € [0,57(¢)).

Proof. Consider £ and f~ as given in the proof of the proposition above.
We first proof item 1).
If g™ (x) = 0, then, for each n € N, we find ¢, € Z, with ¢,(0) =x and f*(¢,) < ﬁ

Consequently, for each n € N, we find 7, € [0, (¢,)) with

D(Gu(t) _ 1

. 6.11
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We may assume, w. l. g., that as n goes to +oo, ¢, — ¢ uniformly on compact sets of R™, for
some ¢ € Z, with ¢(0) = x, and t,, — 1o, for some g € RT U {+oo}. In particular, by Proposition
6.2.6, we find ¢([0,79)) C N. Now, if #) = +oo, then x € AT (N) follows. On the other hand, if
fo < +o0, by (6.11), we have that l%;g)) = 0. This means that ¢(fy) € K. In particular, there is
v € Z with w(0) = ¢(z9) and y(R™") C N. Consider n € %, the concatenation between ¢ and
v, which is well-defined by the property (K3). By construction, 1 (¢) € N for all 7 > 0 and, then,

x e AT(N).

For item ii), suppose first that g~ (x) = 0 for some x € N. Hence, for any ¢ € #, with
¢(0) = x, we have f~(¢) = 0. In particular, F(x) = 0, which implies that x € A~ (N).

Consider now that x € A~(N) and ¢ € %, with ¢(0) = x. Fix 1 € [0,57(¢)), and let
y =@ (t). We want to show that y € A~ (N). In fact, since x € A~ (N), there is a complete trajectory
y of Z with y(0) = x and y((—e0,0]) C N. Using (K2) and (K3), we have the concatenation of
v and ¢, which is denoted by ¢, satisfies ¢((—o0,0]) C N with ¢(0) = y. Consequently, for any
y € ¢([0,s7(¢))), we have thaty € A~(N) and f~(¢) =0, since ¢ € [0,s7(¢)) was arbitrary.
Therefore, g~ (x) = 0, by definition.

The second part follows from the above, since we have shown that the points y € N such

as in the hypothesis are also in A~ (N). O

Lemma 6.2.10. Assume (K1) to (K4). Let K # 0 be a closed isolated weakly invariant set.
Suppose that N is a closed isolating neighborhood of K and that g™ is not lower semicontinuous
atx € U = int N. Then we can find sequences {x, },en € U, {@y}nen € Z, {tn}neny € RT and
O € %, satisfying x,, — x and ¢, — ¢, uniformly on compact sets of R™, as n — oo and, for all

€N, $2(0) = X, 11(9) <1, <17 () and 2)) < gt (),

Proof. If g* is not lower semicontinuous at x € U, we find g > 0 and {x,},en € U with
g (xy) <u < gh(x), forall n € N, and x, — x as n — +oo. Then, for each n € N, we find
On € X, ,(0) = x,, and 1, € (0,77 (¢,)) such that
D) _
1+1¢,

Now, by (K4), we may assume that ¢, — ¢ uniformly on compact sets of R™, for
some ¢ € %,. Observe that (@) < +oo, since fT(¢) > g*(x) # 0. Following the proof of
Proposition 6.2.6, {t*(¢,) }n>n, is bounded, for ny sufficiently large, which assures that the
sequence {f, },>n, is also bounded. Without loss of generality, we may assume that there is a

to € R for which t,, — g as n — oo,

Since D(1¢ j’r(tZ“)) — D(lqir([tg)), as n — +oo, it follows that D(%(;g)) < u. Necessarily, we must

have g >t (¢) and then ¢, > 1™ (¢) for n sufficiently large.

Therefore, we just need to replace {x, },en, {9 fnen and {, },en by proper choices of
subsequences and the result follows. [
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Now, we want to show that, if we restrict the domain of these functions to an appropriate

neighborhood of K, g™ and g~ will be continuous functions.

Proposition 6.2.11. Assume (K1) to (K4). Let K # 0 be a closed isolated weakly invariant set.

Suppose N is a closed G-admissible isolating neighborhood of K. The following holds:

1)

2)

3)

Proof.

2)

Suppose that we have {¢,},cn, ¢ € Z with ¢, — ¢ uniformly on compact sets of R
If t7(¢) > u, for some p > 0, then there is ny € N such that t*(¢,) > u, for all n € N,
n>ng. If sT(¢) < 7, for some constant T > 0, then there is ny € N, such that s™(¢,) < 7,
for all n € N, with n > ny.

Assuming (K5), we can prove that g* is upper-semicontinuous in U N &' (K). Also, the
map g™ is continuous in a neighborhood of K in &(K)NU.

The map g~ is upper-semicontinuous in N. Assuming (K5), g~ is continuous in any
neighborhood W of K in U N &' (K) for which 1™ (¢) = s (¢), for any ¢ € % with ¢(0) €
W.

1) Since p <t7(¢), we have ¢([0,u]) C U. Now, U is open and, by the uniform
convergence of {@, },en, we find ng € N, such that

0,([0, 1)) C U, foralln € N, n > ny.

Hence p < t1(¢y,), for all n > ng. The strict inequality comes from the fact that either
tT(¢p) = +eoort™(¢,) < +ooand ¢, (17 (¢,)) € JU.

For the second part, assume that there is a T > 0, such that s (¢) < 1. Then, by definition
of s(¢), we can find T € (s7(¢),7) for which ¢(T) € X \ N. The set X \ N is open,
since N is closed. Hence, we find an open set W C X \ N, such that ¢(7') € W. Since
On(T) — ¢(T) as n — oo, we find an € N for which ¢,(7') € W, for all n > n;. Therefore,
sT(¢y) <T < 7, forall n > ny.

Consider xg € 0(K)NU and it > g™ (xp). We want to show that we can find a neighborhood
W of xo in &(K)NU such that, for each z € W, we have g™ (z) < u. If this is not true, then
we would find a sequence {y, },en € O(K)NU such that y, — xo and g™ (yv,) > L.

Consider ¢ € %, with ¢(0) = xp and f1(¢) < u. Using (K5), we find a subsequence
Vn, and ¢ € Z, with ¢ (0) = y,, and ¢ — ¢ uniformly on compact sets of R™. Since

£5(¢) < p. wefind g € R* 19 < 1+ (¢) such that 2210 < yy By item 1), there is ko € N

such that ) < 7 (¢) and D(l‘pi—(tg’)) < u, for all k > ko. Hence, for k > ko, we have
D(¢x(t0))

<
I+1 H

w<gtm) <fr(g) <

which is a contradiction. Therefore, g™ is upper semicontinuous at any xo € 0(K)NU.
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We also want to show that there is an open neighborhood W of K with W C 0(K)NU
for which g" is lower semicontinuous in W. In fact, if this result is not true, we find a
sequence {x } ey € O(K)NU such that

d(xp,K) — 0, asn goesto + oo, (6.12)

and g* is not lower semicontinuous at x,, for all n € N. By Proposition 6.2.6, the set K is

compact and we may assume that {x, },cn converges to some xg € K as n goes to +oo.

Using the Lemma 6.2.10, for each n € N, we find:

i) A sequence {x'},eny € O(K)NU with x' — x,, as m goes to +oo;

ii) A sequence of solutions ¢ € %, with ¢"(0) = x, m € N, and such that ¢" — ¢,,
for some ¢, € Z with ¢,,(0) = x,,;

iii) A sequence {t”"} ey € RT with 17 (¢,) <t <17 (¢!") and with %ﬁ?)) < 8" (xy).

For each n € N, we denote y, = x)", t, =t,", W, = ¢, for some m, € N such that
d(yny-xn) < 2—?17 d(Wn(t+(¢n))7aU) < 2—1’17

17 (9n) < tn <tt(y,) and with

D(y,(t)) +
T4 < g (xn)- (6.13)

We will show that {¢t* (¢,) } ,en is bounded, hence ¢, (17 (¢,)) € U, n €N, and ¢! (¢t (¢,)) —
0. (t1(9,)) as m goes to oo,

By contradiction, assume that (¢, ) — +o0 as n — 0.

For all n € N, set s, = ﬁ(Tqb”), and we have ¢,(s,) € N and s, — +o0 as n goes to +oo.

By the admissibility of N and Proposition 6.2.6, we may assume that ¢, (s,) converges
to some yg € A~ (N). On the other hand, by (K4), we may assume that n,, € # given by
Mn(-) = Gu(sn+-), n € N, converges to some 1 € % with n(0) = yo. Arguing as above,
since 1 (1,) = 5, — +oo, we have t1 (1) = +e0and n(R™) C N. Thus yp € AT(N), which
implies that yg € K.

By (6.13) and the definition of g™ we have, for each n € N,

(L+12)D(¢(5n))
1+s, '

D(yi(tn)) < (6.14)

Observe that our choice of y;, implies that y,([0,7(¢,)]) C N, for all n € N, and, since N
is admissible, we may assume that W, (t*(¢,)) — z0 € N as n goes to +oo, and z9o € A~ (N),
by Proposition 6.2.6.

Now we have two other possibilities: either {#,, — " (¢,) },en is bounded or not.
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— Suppose that {t, — " (¢,) },cn is bounded and, without loss of generality, we may
assume that as n goes to +oo, we have 1, —t*(¢,) — 7o, for some 7y € R™. Then

L+t (1+17(n) +ta—1"(¢0)

1+Sn o 1+t+(2¢n)

is uniformly bounded for n € N. Observe that D(¢,(s,)) — D(yp) = 0 as n — oo
and, then, by (6.14),

D(y,(t,)) — 0 as n — +oo. (6.15)

For each n € N, define ¢, : RT™ — X given by @,,(-) = ¥, (t*(¢,) + ), which belongs
to Z, by (K2). By (K4), we may assume that ¢, — ¢ uniformly on compact sets of
R, for some ¢ € Z, with ¢(0) = z9. As a consequence, W, (1) = @, (t, — 17 (¢,)) —
©(70) as n goes to +oo. Using that D is continuous and (6.15), we have D(¢(1p)) =0
and, consequently, (7)) € K. Also, ¢([0,7]) C N, by ¢,([0,z, — 1" (¢,)]) C N and
by the argument in Proposition 6.2.6. It is easy to see that zo € AT (N), using property
(K3).

Therefore, zo € KN AU = 0, which is a contradiction.

— If {t, — 17 (¢,) }nen is unbounded, we may assume that 7, — 7 (@,) — +o0 as n — +oo.

For each n € N, define @, € Z as above, hence ¢,([0,1, —17(¢,)]) C N. Again, by
(K4), we may assume that ¢, — ¢ uniformly on compact sets of R, for some
¢ € Z, with ¢(0) = zg. By the arguments in Proposition 6.2.6, we can conclude
that @(R™) C N. Therefore, z9o € AT(N) and we arrive at a contradiction since
20 €A™ (N)NIU.

Thus, the only remaining possibility is that the sequence {¢*(¢,)},cn is bounded. There-

fore, without loss of generality, we may assume that ™ (¢,) — to, for some 1) € R™.

We can also prove that {t* () },en is bounded. In fact, if this is not true, by (K4), we
could assume that W, — W uniformly on compacts of R™, for v € Z, y(0) = x( and
tT(y) = +oo, by the argument in Proposition 6.2.6. Since xy € K, y([0,+o)) C N, and
K is the largest weakly invariant set in this neighborhood, we conclude, using (K3), that
Y([0,400)) C K. On the other hand, by the choice of y, € X, n € N, and the uniform

convergence of Y, to y, we find y(ty) € dJU. Hence, we have a contradiction.

Therefore, {t" () },en is also bounded and it may be assumed to be convergent to a
point 7 € R™. Since 17 (¢,) < t* (), for all n € N, we have 7y <7. As a consequence,
{t, }nen is bounded and we may assume #, — T, for some 7 € [ty,7]. By (6.12), we have
that g™ (x,,) — O which, together with (6.13), implies D(y/(7)) = 0.

We will show that y(7p) € AT(N)NA~(N) =K, but y(fy) € dU, and that will leads us to

a contradiction.
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3)

It is easy to see that y(zp) € A~ (N), since y(0) =xo € K CA™(N) and y([0,70]) C N. Also
v(7) € K C AT(N), which means that we find y; € Z, y;(0) = w(7), and y;(RT) C K.
Hence, by (K2) and (K3), the map & : R™ — X given by
y(to+1), ifr €[0,7—10)
() = .
yi(t—t+1n)ift > 171
belongs to %, £(0) = y(fy) and &(RT) C N. Consequently, y(7y) € AT(N). Thus, we

have a contradiction.

Therefore, there exists an open neighborhood W of K with W C &'(K) N U for which the

restriction of g™ to W is also lower semicontinuous.

Suppose, by contradiction, that g~ is not upper semicontinuous in N. Then, for some xo € N,
we could find pt > 0 and a sequence {x, },ey € N with x,, = xp and g~ (x0) < 1 < g~ (xn),
foralln € N.

Then, for eachn € N, we find ¢, € Z, ¢,,(0) = x,,, with f~(¢,) > p. We also find {#, } ,en €
R such that #, € [0,57(¢,)) and a(t,)F(¢u(t,)) > W, for all n € N. We may assume, w. 1.
g., that ¢, — ¢, uniformly on compact sets of R™, for some ¢ € Z with ¢(0) = xo.

There are two possibilities: {#, },cn is bounded or 7, — +o0 as n goes to +oo.

In the first case, we may assume that ¢, converges to some ty € RT as n goes to oo,
Thus, p < a(f9)F(¢(t)). By the hypothesis, it follows that f~(¢) < u, hence fo > s7(¢).
Consequently, there is a T € (s*(¢),%) such that ¢(T) € X \ N. Since X \ N is open,
0,(T) — ¢(T) and 1, — 1y as n goes to +oo, we find ng € N sufficiently large such that
¢,(T) € X\N and T < t,, < s (¢y,). But this is a contradiction with the definition of

S+(¢no)-

Now, if we assume that #, — +oo, then s™(¢) = +oo. Taking a subsequence if nec-
essary, we have ¢,(7,) — y, for some y € A~(N), by Proposition 6.2.6. As a conse-
quence, a(t,)F(¢n(t,)) — 0 as n — +oo. But this is a contradiction with the hypothesis
U< o(ty)F(¢(t,)), forall n € N.

Therefore, g~ is upper semicontinuous in N.

Now, we want to show that g~ is lower semicontinuous in any neighborhood W of K
in 0(K)NU for which t7(¢) = s7(¢), for all ¢ € Z with ¢(0) € W. Consider any
neighborhood W satisfying the required conditions. Assume, by contradiction, that there
is ax € W, such that g~ is not lower semicontinuous at x. Then, we can find u > 0,x € W

and a sequence {x, },eny € W with x,, — x as n — oo and
g () Sp<g (x). (6.16)

Hence, we find ¢ € %, ¢(0) = x such that u < f~(¢). By definition of f~ and by
t7(¢) =s1(¢), we find 7 € (0,57 (¢)) such that ¢([0,7]) C U and a(7)F(¢(7)) > u.
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Using (K5), we may assume that we find a sequence { ¢, },en € Z, with ¢,(0) =x,, n € N,
and such that ¢, — ¢ uniformly on compact sets of R*. The continuity of F assures that
we can find ng € N, such that, for all n > ng, ¢,([0,7]) C U and

o (T)F (9a(7)) > H.

On the other hand, by (6.16) it follows that

B < a(t)F(¢a(7)) < f(dn) < g (xn) <,
which is a contradiction.

]

Lemma 6.2.12. Assume (K1)-(K4). Let K # @ be a closed isolated weakly invariant set. Suppose
N is a closed G-admissible isolating neighborhood of K. Assume that we have a sequence
{xn}nen € U such that g™ (x,) — 0 and g~ (x,) — 0 as n — +oo. Then we find a subsequence
{xn,, }men and x € K such that x,,, — x as m — +oo.

Proof. By the definition of g™, for each n € N, we can find ¢, € %, such that f*(¢,) — 0 as
n— oo,

Now, by definition of g—, £~ (¢,) — 0 and, consequently, d(x,,A” (N)) = F(x,) — 0 as
n — +oo. Since A~ (N) is compact, by Proposition 6.2.6, we may assume that x,, — x, for some
x€A™(N).

Now, we have two possibilities: Either {t*(¢,)},cn is bounded or it is unbounded.

i) Suppose that there exists a M > 0 such that t*(¢,) < M for all n € N. Then, for each
n €N, we find 7, € [0, (¢,)] with
inf{D(¢(r)) : ¢ €0, (¢n)]} _ D(9n(tn))

_|_
() > T = 6.17)

Without loss of generality we may assume that t,, — ty < oo, as n — oo, for some #y € R™.
By (K4) and Proposition 6.2.6, we may assume that there is ¢ € % with ¢(0) = x and
¢([0,10]) C N, for which ¢, — ¢ uniformly on compact sets of R™. Since D(¢,(t,)) —
D(9(t9)) as n — oo, by (6.17), we obtain D(@(f9)) =0 and ¢ (t) € K.

In particular, it follows that x € AT(N). Thus x € K.

ii) If {t"(¢,) }nen is unbounded.
We may assume that 1 (¢),) — +oo and, by Proposition 6.2.6, we have x € AT (N).
Therefore, x € A~ (N)NAT(N) = K, as desired.
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Lemma 6.2.13. Let K # 0 be a closed isolated weakly invariant set. Assume (K1)-(K5). Suppose
N is a closed G-admissible isolating neighborhood of K. Consider € > 0 and the set

={xcUNO(K):g"(x) <e, g (x) <e}.

Then H; is open in U N O(K). We can choose € > 0 small enough such that g* is

continuous on c/Hg and c/H; is an isolating neighborhood of K.

Proof. Since, by Proposition 6.2.11, both g™ and g~ are upper semicontinuous in U N &'(K), H
is open for every € > 0. Observe that K C He since g (x) =g~ (x) =0, for all x € K.

Consider W C U N O(K), an open neighborhood of K for which g™ is continuous in W,
whose existence is assured by Proposition 6.2.11. We want to show that there is € > 0 such
that clH; C W. If this was not true, then we would find sequences {&, },eny € RT, {yu}nen € X,
with y, € clHg, \W, for all n € N, and €, — 0 as n — +oo. For each n € N, take x, € Hg, with
d(xp,yn) < €. It follows that g™ (x,) and g~ (x,) go to 0 as n — +oo. By Lemma 6.2.12, we
may assume that x, — x € K and then y, — x. We thus obtain that x € K but x ¢ W, which is a

contradiction since K C W. Therefore, g* is continuous in c/Hg.

Finally, as K C H¢ C N, the largest weakly invariant subset of H contains K and it must
be inside N, hence it must be K. O

Theorem 6.2.14. Let K # (0 be a closed isolated weakly invariant set. Suppose that % satisfies
(K1)-(K5) and that there is a closed isolating neighborhood N of K which is G-admissible. Then
there exists an isolating block B with K C B C N.

Proof. Choose & > 0, the number provided in Lemma 6.2.13. For e =%, U = He and N =
clH CUNO(K).

Define the functions 7+, § and g, g~ as before, with U (resp. N) replaced by U (resp.
N). Observe that all the previous results can be applied to these functions defined above. It is

also easy to see that NV is admissible.

We want to show that 77 (¢) = §+(¢), for every ¢ € %, with ¢(0) € U. Clearly, 7" (¢) <
§t(9), for every ¢ € %, with ¢(0) € U. Suppose, by contradiction, that we can find x € U and
v € Z with y(0) = x and such that 7" (y) < § (y).

We have y = y (7" (y)) € 90U C UNO(K). Hence, either g™ (y) > € or g~ (y) > €. Since
x € U and g~ (x) > g~ (y), by Proposition 6.2.8, it follows that the last scenario above cannot
happen. So, necessarily g (y) > €. Now as y € dU, we find a sequence {y, } ,en € U withy, — y
as n — +oo. Then g™ (y,) < € and then, by the continuity of g* in Hg,, we have g™ (y) = €.

Choose ¢ € (f7(y),5"(y)). Then w([0,¢]) C N and we have g*(y(t)) < €. On the other
hand, the strict inequality property of g™ along orbits in U implies that g™ (y(¢)) > gt (y) =&,

which is a contradiction.
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Therefore, 77 (¢) = §+(¢), for all ¢ € %, with ¢(0) € U. Consequently, by Proposition

6.2.11, we conclude that g~ is continuous in U.

Take 6 € (0, €) and define

B=clHs=cl{xcU:g"(x)< 3§, § (x) <5}
Applying Lemma 6.2.13 to U and N we obtain § < € such that:

e HsisopeninUNO(K), K C Hs and clHs CUNO(K);

« g7 g are continuous on c/Hj.

Let us show that B C He. In fact, if x € B, then x € U and there is a sequence {x, },en € Hg
with x,, — x, as n — oo. Hence g1 (x,) < & and g (x,) < 8. The continuity of g+ and g~ imply
that " (x),g (x) <8 <e.

Now, observe that 0B = b~ Ub™ Ub*, where
b ={x€dB:g"(x)=96
bt ={x€dB:g"(x)<$, g (x)=6},
b*={x€dB:g"(x)=4

Consider a point x € dB and a function @ : [—71,+o0) — X such that ¢ (- + 71) € Z with
¢(0) =xand ¢([—11,12]) C U, for constants 7, > 0 and 7, > 0.

e Suppose that x € b~. By definition of b~ and the monotonicity of g+ and §~ along orbits
we have, for ¢ € (0, 1],

g(0(t) >g (x)=8and g (¢(r) <g (x) <.

Then ¢((0,72]) C X \ B.

Now if 7; > 0, since g is continuous and ¢ (- + 71) € %, we find o) € (0,7;) such that
&7(0(01)) # 0. By the monotonicity of § along orbits on U, we find g (¢ (¢)) < & (x) =
0, for all t € [—07,0). The continuity of g~ assures that there is a T € [—07,0) for which
g (¢(t)) <9, forallt € [r,0).

Hence, ¢([1,0)) C intB.

Therefore, each point of 5™ is an egress point, see Definition 6.2.2.

« Suppose that x € b. By the monotonicity of = along orbits in U, we have, for t € (0, 1],

g (9(1) <g (x) =39,
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and, since g (x) < 8, by the continuity of g+, we find 7 € (0, 7,] such that g*(¢(¢)) < &
for t € (0,7]. Hence, ¢((0,7]) C intB.

Also, if | > 0, by the monotonicity of §~ and g along orbits on U, we have g7 (¢ (1)) <
g (x)<8and g (¢(r)) > g (x) =6, fort € [-11,0). Then ¢([—71,0)) C X\ B.

That means each point of b~ is an ingress point.

* Suppose that x € b*. By the monotonicity of g+ and g~ along orbits in U, we have, for all
1€(0,7), 6 =g"(x) <g"(¢(r)) and 6 = g~ (x) > & (9(1)).
Also,if 71 #£0,6 =87 (x) > g7 (¢(t)) and 6 =g (x) < g (¢(¢)), forall r € [—11,0).
Thus ¢(¢) € X \ B, for all 7 € [—11,0) U (0, 12].

That means each point of »* is a bounce-off point.

Finally, it is clear to see that B~ = b~ Ub™ is closed. Therefore, B is an isolating block [

Theorem 6.2.15. Let % O % be sets of functions satisfying (K1) — (K4) and let G D G be their
associated multivalued semiflows. Assume that K is a closed isolated weakly invariant set for G
with the closed isolating G-admissible neighborhood N. Also, let K be a closed isolated weakly
invariant set for G such that K C K and N is an isolating G-admissible neighborhood for K as

well. Moreover, we suppose that Z satisfies (K5) for K. Then there is an isolating block B for K.

Proof. Since % satisfies (K1)-(K5) for K, the set M = NﬂO(I?) (where O(E) is the neigh-
borhood from condition (K5)) is a closed isolating admissible neighborhood of K. Hence, by
Theorem 6.2.14, K has an isolating block B for G. Since any ¢ € Z belongs to %, B is also an
isolating block of K for G. U

6.3 Application

Let us consider the differential inclusion

ou 9du
or  ox?
ulyo =0,
u(x,0) = up(x),

€ Ho(u) + ou, on (0,0) x Q
(6.18)

where Q = (0,1),0< 0 < 72, and

-1, if u <0,
Ho(u)={ [-1,1], ifu=0,
1, ifu>0

is the Heaviside function, see Figure 14.
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-2

Figure 14 — Representation of the Heaviside function

Differential inclusions of the type appear when we have a reaction-diffusion equation
with a discontinuous nonlinearity and we complete the image of the function at the points of
discontinuity with a vertical line. Equations of this type appear in models of physical interest
(see, for example, (FEIREISL; NORBURY, 1991), (NORTH; CAHALAN, 1981), (TERMAN,
1983), (TERMAN, 1985)).

In this section, we will prove the existence of isolating blocks for the fixed points (but 0)
of problem (6.18) by using the results of Section 6.2. Also, we will prove a uniqueness theorem

for initial conditions of certain type.

6.3.1 Previous results

We recall what is known about the dynamics of problem (6.18).
Problem (6.18) can be written in a functional form. Indeed, we define the following

proper, convex, lower semicontinuous functions y': L?(Q) — (—oo, 4-co]:

) L o |Vu*dx, if u € H} (Q),
u)=
v —+oo, otherwise,

V() — { Joo (@5 +luf ) i, if u ()| € L1 ().

~+oo, otherwise.

It is known (see e.g. (BARBU, 1976)) that the subdifferentials dy! and dy? of these functions
are given by
| ) 0%u
oy (u) =qyeL*(Q):yx)= —W(x), ae.onQ .,
Ay (u) = {ve L*(Q): y(x) € Hy(u(x)) + ou(x), a.e. on Q4.

Hence, problem (6.18) can be rewritten in the abstract form

du 1 2
54_81// (u) —dy=(u) 0, (6.19)
u(0) = uop.

We observe that [u| = [§' Hy (s)ds and D (dy') = H* (Q)NH} (Q), D(dy?) = L*(Q).

Definition 6.3.1. For ug € L? (Q) and T > 0 the function u € C([0,T],L*(Q)) is called a strong
solution of problem (6.18) on [0, T if:
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(i) u(0) = uo;
(i) u(-) is absolutely continuous on (0,7) and u(r) € D (dy') fora.a.t € (0,T);
(iii) There exist a function g € L? (0,T;L*(Q)) such that g(z) € dy?(u(t)), a.e. on (0,T), and

du(t)  9%u(t) B
T a2 —g(t)=0, fora.a.r € (0,7), (6.20)

where the equality is understood in the sense of the space L*(Q).

Remark 6.3.2. Alternatively, equality (6.20) can be written as

du(t) d%u(t)
dt ox2

where i € L? (0,T;L*(Q)) and h(t,x) € Ho(u(t,x)), fora.e.t > 0, x € Q.

—h(t) =wu(t), foraa.t € (0,T), (6.21)

From (VALERO, 2001, Theorem 4, Lemmas 1 and 2) we know the following facts. For
each up € L? (Q) and T > 0 there exists at least one strong solution u (-) of (6.18) and each solu-
tion can be extended to the whole semiline [0, ), so that they are global. Moreover, any solution
u(-) belongs to the space C ((0,+o0), Hj (Q)) and, if up € H (Q), then u € C ([0,+0), Hj (Q)).

Let 7 (up) be the set of all strong solutions defined on [0, +eo) for the initial condition
up and let Z = U, c12(0)Z (o). Let G : RT x L* (Q) — P (L* (Q)) be the map

G(tyug) ={u(t):ue P u)},

which is a strict multivalued semiflow. Moreover, properties (K1) — (K3) are satisfied for Z.
Also, (K4) is shown to be true in (COSTA; VALERO, 2017, Lemma 31).

Concerning the asymptotic behavior of solutions in the long term, G possesses a global
compact invariant attractor .2/ (VALERO, 2001, Theorem 4), which is characterized by the union
of all bounded complete trajectories. In addition, </ is compact in W2~97 (Q) for all § > 0,
p > 1and

disty s, (G(t,B), /) — 0, ast — oo,

for any bounded set B (ARRIETA; RODRIGUEZ-BERNAL; VALERO, 2006). It follows then
that .« is compact in C' ([0,1]) and distc1 (G(¢,B),%7) — 0 as t — —+oo. Also, it is proved in
(VALERO, 2005) that <7 is a connected set.

The structure of the attractor was studied in detail in (ARRIETA; RODRIGUEZ-BERNAL;
VALERO, 2006). We summarize the main results. Problem (6.18) has an infinite (but countable)
number of fixed points: vo =0, v{, v, V5, V5 ,..., which satisfy the following properties:

1. v,f possess exactly k— 1 zeros in (0,1) and v;” = —v_, forall k € N;

2. v1+, v, are asymptotically stable (so for ug = vli the solution is unique);
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3. 0, v,f, k > 2, are unstable;

4. vE—=0ask— oo,

We define the continuous function E : Hj (0,1) — R by

E(u):%/o]

It is shown in in (ARRIETA; RODRIGUEZ-BERNAL: VALERO, 2006) that E is a Lyapunov
function and then that for any u € 2 (ug), up € L* (Q), there is a fixed point z such that u (t) —
z as t — +oo. We note that by the regularity of the solutions, E (u(t)) : (0,4o) — R is a

au 2 1 w 2 . 1 2
5 dx—/o <|u|—|—5u >dx—l// (u) =y~ (u). (6.22)

continuous function. We note also that if up € H} (Q), then E (u(¢)) is continuous on [0, +o).
Also, if ¢ is a bounded complete trajectory, then there is a fixed point z such that ¢ (1) — z
as t — —oo. Therefore, the global attractor is characterized by the set of stationary points and
their heteroclinic connections. In (ARRIETA; RODRfGUEZ—BERNAL; VALERO, 2006), some
of these connections have been established, although the question of determining the full set
of connections is still open. The fixed points are ordered by the Lyapunov function E in the

following way:
EW)=E(vJ)<EMW)=E(v;)<..<E(w)=E(v)<..<E(0)=0.

In particular, this implies that heteroclinic connections from vki to vji with k£ < j are forbidden.
Finally, we observe that the fixed point O is special, because for any other fixed point z = v,:“
(or v, ) there exists a solution u (-) starting at O such that u () — z as t — 4-c0. The conclusion
is two-fold: on the one hand, for the initial condition g = O there exists an infinite number of
solutions; on the other hand, for any z = v,:“ (or v;") there exists an heteroclinic connection from
0toz.

6.3.2 Isolating block

In order to understand the dynamics inside of the global attractor it is important to know
what happens in a neighborhood of each fixed point. Reasoning as in (COSTA; VALERO, 2017,
p-32) we can establish that each v,:“ (orv, ), k> 1, is an isolated weakly invariant set, for k € N.
The point O is not isolated since v;—L — 0 as k — 4-oo. Applying the results of the previous section

we will obtain the existence of an isolating block for each v; (v ), k> 1.

It is not possible to apply directly Theorem 6.2.14, because the solutions of (6.18) do not

satisfy condition (K5), as the following lemma shows.

Lemma 6.3.3. There exists a sequence {ug},cn and a solution u () € 2(0) such that ug — 0
and there is no subsequence of solutions {u"* (-) }eny with u™(0) = " such that u™* — u (in the
sense of (K5)).
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Proof. Let uft € V¥, 3 < r < 1, where V' = D(A") and A, D(A) = H*(Q) N H} (Q), is the
2
operator a2 with Dirichlet boundary conditions. For each n € N, we choose u such that
X
d d _
Ewmm>aEwmm<muﬂ@>ommem4nmmmmmmmwaﬂmbmd
X X
ug — 0. Then by (VALERO, 2021, Lemma 13) there exists a unique solution u" (-) € 2(uy)
which satisfies «" (¢,x) > 0 for any x € (0,1) and # > 0. Also, it converges to v{ as t — oo
We know from (ARRIETA; RODRIGUEZ-BERNAL; VALERO, 2006, Theorem 6.7) that there
exists a solution v (-) such that v(0) = 0 and v (t) — v{ in C'(Q) as t — +oo. It is clear that no
subsequence of u" (+) can converge to v (-), because u” (¢) is positive for any # > 0 but v(¢) take

negative values for ¢ large enough. [

In order to apply Theorem 6.2.15, we need to define a semiflow G containing G that
satisfies (K1) — (K5).

For this aim, for any € > 0, let us define the multivalued function g. given by

—lifu< —¢,
[—1,2u+1]if —e<u <0,
[Zu—1,1]if0<u<e,
lifu> e.

ge (u) =

It is easy to see that the map fe (1) = g (4) + ou satisfies conditions (f1) -(f2) for problem
(6.2). Then problem (6.2) with f = f¢ and g = 0 generates, for each € > 0, a strict multivalued
semiflow G¢ which contains the semiflow G for problem (6.18) (as every solution to problem

(6.18) is obviously a solution to problem (6.2)).

We denote by Z (up) the set of all strong solutions defined on [0, 4-o<) for the initial
condition u. Let Ze = U, c2(q) Ze (uo)- It follows from the proof of Lemma 6 in (MELNIK;
VALERO, 1998) that (K1) — (K3) hold true. In view of Corollary 6.1.10, (K5) is satisfied. We
prove that (K4) holds as well.

Lemma 6.3.4. (K4) is satisfied.

Proof. Let ufy — ug. In view of (6.9), for any u” () € P (u}) there exists uy (-) € Ze (up) such
that

(1) = ()2 < [y — ] 2 exp(2C), Vi = 0. (6.23)

Fix T > 0. Let 7 Z¢ (ug) be the restriction of Z (1) onto C([0,T],L*(Q)). Since the set
7r Pe (ug) is compact in C([0,T],L*(Q)) (MELNIK; VALERO, 1998, p.100), passing to a
subsequence we have that u, — u € P, (ug) in C([0,T],L*(Q)). Thus, by (6.23) we obtain that
u" — uin C([0,T],L*(Q)). By a diagonal argument we deduce that for some subsequence this is
true for any 7' > 0, proving property (K4). O
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From (MELNIK; VALERO, 1998) we know that G, has a global compact invariant
attractor <7, for all € > 0. It is clear that

o C g C g, forall 0 < & < &,

where o7 is the attractor for problem (6.18). Also, as (K1) — (K4) hold, .« is characterized by
the union of all bounded global trajectories (KAPUSTYAN; KASYANOV; VALERO, 2014):

e ={¢(0) : ¢ is a bounded complete trajectory of % }.

Lemma 6.3.5. If g, — 07, u;, € 7, (ug) and ug — uo, then up to a subsequence ug, — u €
2 (up) uniformly on bounded sets of [0, +oo).

Proof. We fix & > 0 such that &, < &. Since ug, € Zg, (ug) for all n € N, by Lemma 6.3.4 we
obtain that up to a subsequence ug, — u € Zg, (up) uniformly on bounded sets of [0, +o0). Hence,
u(-) is a strong solution to problem (6.7) with h € L2 (0,~+o00;L* (Q)), h(t) € Fg,(u(t)) for a.a.
t, where Fyg, is the map (6.4) for fg,.

In order to prove that u € Z (up), it remains to show that & (z,x) € Hy (u(t,x)) + ou(t,x)

for a.a. (¢,x).

The selections A, (-) corresponding to ug, (+) in equality (6.7) are bounded by a constant

Cr in each interval [0, T']:
|hn (1) ;2 < Cr fora.a.r € (0,7).

In particular, this means that 4, are integrably bounded in each interval and that up to a sub-
sequence h, — h weakly in L2(0,T;L2(Q)) for any T > 0. We need to check that & = h. Let
v (+) = I (ug) by, (-). Then by inequality (6.8) we have that v, — u in C([0,T],L? (Q)) for any

T > 0. By Lemma 1.3 in (TOLSTONOGOV, 1992), we deduce that u(-) =1 (ug)h(-), which is
possible if and only if h=h.

Denote g (t) = h(t) — wu(t) and g, (1) = h, (t) — @u, (t), n € N. We need to prove that
g (t,x) € Hy (u(t,x)) for a.a. (r,x). For a.a. (¢,x) there is N(¢,x) such that g,(¢,x) € Ho (u(,x))
if n > N(t,x). Indeed, since u,, (t,x) — u(t,x) for a.a. (¢,x), we define B as a set which com-
plementary B¢ has measure 0 and such that u, (t,x) — u(¢,x) for u(¢,x) € B. If u(t,x) € B
and u(t,x) > 0 (< 0), then there is N(¢,x) such that u, (t,x) > 0 (< 0) for n > N(z,x). Hence,
gn (t,x) € Hy (un(t,x)) = Hy (u(t,x)) =1 (=1). If u(¢,x) € B and u(t,x) = 0, then g, (t,x) €
[—1,1] = Ho (u(t,x)) for all n. By (TOLSTONOGOV, 1992, Proposition 1.1) for a.a. ¢ there is a

sequence of convex combinations
N N
(@)=Y Ajgr; (1), Y Aj=1, kj>n,
j=1 j=1

such that y, (1) — g (t) in L? (Q). Then, as Hy (u(t,x)) is closed and convex, g (t,x) € Hy (u(t,x))
for a.a. (r.x). O
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Corollary 6.3.6. If {9, },cn is a sequence of bounded global trajectories of %, and €, — 07,

then there exists a subsequence {(])gnk }en and a bounded complete trajectory ¢ of % such that

9e, — ¢ in C([=T,T],L*(Q)) for all T > 0. (6.24)

Proof. Applying Lemma 6.3.5 and a diagonal argument we obtain a complete trajectory of %
and a subsequence such that (6.24) holds. Since for & > 0 the complete trajectory ¢ belongs to
afg, and g, is bounded, we obtain that ¢ is a bounded complete trajectory of Z. O

We denote by Og(vo) = {v e X : ||[v—w||;2 < 8} a §-neighborhood of the point vy €
L2(Q).

We choose 0 > 0 such that v,j is the maximal weakly invariant set in Og (v,j) , so that
Os (v,:r) is an isolating closed neighborhood of the stationary point v,‘:, k > 1 (for v, the proof is
the same). For the semiflow G¢, we define a weakly invariant set associated to v,j in the following

way:
Ke ={¢(0) : ¢(-) is a bounded complete trajectory of %, with ¢(¢) € Os (v ), for allz € R}.

Lemma 6.3.7. The set K¢ is compact.

Proof. Since K¢ C o, it is clearly relatively compact. Thus, we just need to prove that it is
closed. Let y, — y, where y, € K¢. Then y, = ¢, (0) for some bounded complete trajectory
., n € N. Corollary 6.3.6 implies that up to a subsequence ¢, — ¢ in C([—T,T],L*(Q)) for
all T > 0,where ¢ is a bounded complete trajectory. Obviously, ¢ () € Og (v,j), for all t € R.
Hence, y € K¢. O]

Lemma 6.3.8. There is & > 0 such that K; C Og 5 (v]7) for all £ < &.

Proof. By contradiction, if this is not true, there is a sequence of bounded global trajectories
¢g, of Ae,, where €, — 0T, and times 7, such that ¢, (R) C O (v,") and ¢ (t,) & O /2 (v)).
Making use of Corollary 6.3.6 and the fact that v,‘: is the unique bounded complete trajectory
in Og (v[|) for %, we conclude that ¢, — v;" in C([—T,T],L* (Q)) for all T > 0. This implies
that the sequence {t, },cn cannot be bounded. Indeed, suppose that a subsequence tends to +oo.
Then we define the sequence vg, (-) = @, (- +1,,), which again by Corollary 6.3.6 converges in
C([-T,T],L? (2)) to a bounded global trajectory ¢ of Z such that ¢ (R) C Os (v]|), so that
¢ =v, . But then vg, (0) = ¢, (,) — v;, which is a contradiction. But if {, } e is bounded, by

a similar argument we obtain a contradiction. [

Lemma 6.3.9. There is & > 0 such that K, is the maximal weakly invariant set in Og (v,':) for

any € < €. Hence, Og (v;') is an isolating neighborhood for K.
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Proof. In view of Lemmas 6.3.7 and 6.3.8, K, is closed and Og (v;") is a neighborhood of
K such that K, C int(55 (v,j)) It is obvious that K¢ is the maximal weakly invariant set in
55 (V]j) . ]

Remark 6.3.10. Since the semiflows G, G¢ possess a compact global attractor, it is clear that
any neighborhood (in particular Og (v,‘:)) is admissible.
We are now ready to prove the existence of an isolating block.

Theorem 6.3.11. The stationary points vf, k > 1, possess an isolating block.

Proof. It is a consequence of Lemma 6.3.9, Remark 6.3.10 and Theorem 6.2.15. ]

6.3.3 Uniqueness of solutions

In this subsection, we will prove a general result on uniqueness of solutions which allow
us to obtain that in a suitable neighborhood of the fixed points vf, k > 1, the solutions are unique

while they remain inside it. In particular, the solutions starting at the fixed points v,jf are unique.
The function v € H} (Q) is non-degenerate if there is C > 0 and o > 0 such that
L{xe (0,1):|v(x)|<oa}) <Caforall o € (0,00), (6.25)

where p stands for the Lebesgue measure in R. A strong solution u : [0,7] — HJ () is said to
be non-degenerate if there are C > 0 and o > 0 (independent on ¢) such that

n({xe (0,1):|u(t,x)| <o}) <Coaforall o € (0,00) and 7 € [0,T]. (6.26)
For z € R denote z+ = max{0,z}.

Lemma 6.3.12. Let u,up € L*(0,1) and let either u; or u, be non-degenerate. Then for any
71,22 € L=(0, 1) satisfying z;(x) € Hy(u;(x)), fora.a. x € (0,1), i = 1,2, we have

1
2
/0 (21 (x) = 22(0)) (a1 (x) = w2 (x)) "l < 2D | (1 — 102) |-,
where D = max {C, % }, and C, o are the constants in (6.25) for uy.
Proof. If ||u; —uz||;» > 0, then

[ €109 = 2000) 01 0) — ) e <2 =) - < [ =) -

Solet ||u; —uz||;- < 0. We set

A'={x€ (0,1): u;j(x) =0},

Q) ={xe(0,1):u;j(x) >0},

Q' ={x€(0,1):u;(x) <0},
I={x€(0,1):ui(x)>u(x)}
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Hence, z(x) = z2(x) forx € L = ((QL NQ2) U (QL NQ?))N1. Putting I; = I\, we have

@10~ 2206010 ) = | (2109~ 2200 1 0) ) s
<2||(m —M2)+HL«>M(11)-
We observe that I; = (A' UAZU (@) NQ2))N 1. Since
0 <uj(x) <ua(x)+ |Jug —uz||;» < |Jur —uz||;~ forx €1,
if u; is non-degenerate, we obtain
(1) < (el ()] <y =)= }) < C i — ]

In the same way, if u, is non-degenerate, then

uh) < p({x ua ()] < flur — | = }) < Cllur —ual| - -

Hence,
1
/O (21(x) = 22(x) (11 (x) — w2 (x)) "dx < 2C||uy — 2=
Putting D = max {C, % }, the result follows. O

Remark 6.3.13. Lemma 6.3.12 is true if we change (0, 1) by an arbitrary interval (0,7y), v > 0.

For 71,22 € H} (Q) we say that z; < 7 if 71 (x) < 22 (x) for all x € [0, 1].

Theorem 6.3.14. Let ug,vo € H}(Q), with ug < vo. If u,v : [0,T] — H}(Q) are two strong

solutions and either u or v is non-degenerate on [0, 7], then u(z) < v(¢) for any ¢ € [0,7].

Proof. For instance, let u be non-degenerate. Multiplying (6.21) by (u(t) —v(r))™ we have
1d
2dt

1
2
= [l = 100 wr.2) = V(o) e+ 0 (=)

=) 17+ =)

where f,,, f, € L*((0,T) x (0,1)) and f,(¢,x) € Hy(u(t,x)), fi(t,x) € Hy(v(t,x)) for a.a. (t,x).
Let Lo > 0 be such that ||z[|;~ < Le HZ”Hé for z € H} (Q). Hence, Lemma 6.3.12 and @ < ©°
imply that
1d
2dr
1

where B = () (1-2 *, K =2D> 0and D is the constant in (6.26) for the solution u.
Lo T

(=) *|[7 < (K = B2) [ju—v]3-,

If K < B2, then the result follows immediately. Thus, assume that K > 8.
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We introduce the rescaling y = yx, where y > 0. We put uy(t,y) := u(t,y/7), so
(uy),, (t.y) = (uy) . (t.5/7)/7*. Since

ur(t,5) —ue(t,y) = fult,y) + 0u(t,3), foraa.r€(0,7),0<y<y,
we have
(uy), (1,y) — 7V (”Y)yy (t,y) = fu, (t,y) + Ouy(t,y), foraa.r € (0,7),0<y <7,

where f,,(¢,y) := fu(t,y/7), and the same is true for vy(¢,y) = v(¢,/7). Thus, uy,vy: [0,T] —
H} (0,7) are strong solutions of the problem

) J*
a_l: 2a ZEH()( >—|—a)u, on (O7oo)><(0,'y>,

u(,0) =u(t,y) =
u(x,0) = up(x).

(6.27)

Let I, = [0, 7]. In what follows, we will use the notation

@2
dx

2
= + :
||V||H1(1y) ||V||L2(1y) ‘ L)

If Cy is the constant in (6.26) for the solution uy, we need to analyze how it depends on

¥. For the constant of nondegeneracy C of u we have
u({x € (0,1): |u(x)| < a}) < Ca,
SO
weOslwlsah= [ vd= [ va
= /|u(x)<aydx =yu({x e (0,1): |u(x)| < a}) < yaC = Cya, (6.28)

where Cy, = yC.

We will prove the existence of L. (independent of y > 1) such that
||w||Lm(,y) <L ||w||H1(1y) , for any w € H' (). (6.29)
By (BREZIS, 2011, Theorem 8.8), there is a positive constant C such that

IVl g1 (m) = HVHLOQ for all v € H'(R).

By (BREZIS, 2011, Theorem 8.6), there exists a prolongation operator Py : H'(I;) —
H'(R) which satisfies

||waHH, <4(1+%/) Wl s, for all w e H' ().
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Also, by the construction it follows that HwaH L=(R) = Wil = 1,)- Hence, for y > 1, we have

Y 1
||M||H1(1y) b A1+y) HPYWHHI(R) = g HP?’WHﬂl(R) =

| A

HPYWHLw(R) = ||W||L°°(Iy) )

50 (6.29) is true with L., =

Qlloo

Multiplying by (uy(¢) —vy(¢))" the equality

0% (uy—v
L i) P )+ 0 ().

where f,,,, fv, € L”((0,T) x (0,1)) are such that f,, (t,x) € Ho(uy(t,x)), fy,(t,x) € Ho(vy(t,x))
for a.a. (¢,x), we obtain

1d
Sdr H(”v—w)w;(m +7 H(MY_VY>+H12'J(§(IY)

Y 1% 2
< /0 (Fuy (1:) = Foy (8,0)) 2ty (8,6) = vy (1,2)) e = ||ty = v9) [ 1 -
Hence, by Remark 6.3.13 and (6.28) we have

1d 2 0] 2
2 dr H(”Y_V?’>+HL2(IY) +7 (1 - E) }|(“?’_V?’)+}|H'(ly)

1 2 (0] 2
< 2max{yC7%} “(MY_VY)+“L°°(17) +7 (1 - ﬁ) ||(u7’_v7)+”L2(1y)’

SO

lId 2
2 dr H(L‘V—Vy)+HL2(1y)

) ) 7 (7% - o) )
<7 (1 - p) [ty =vp) [ 2,y + <2C7— e [ty =v) ™| o
)
<P (1= 2) =)
for y great enough. Thus,
[y —vy) " (1) ||22(1y) < ||(uy—vy)*(0) Hiz(ly) =0,
for & = 27 (1 _ %) Hence, uy(t) < vy(t) and then u(r) < v(z) for all £ € [0,T]. O

Corollary 6.3.15. If u,v : [0,T] — H}(Q) are two strong solutions such that u (0) = v (0) = ug
and either u or v is degenerate on [0, T], then u(¢) = v(¢) for all t € [0,T].

Lemma 6.3.16. The fixed points v,jf, k € N, are nondegenerate.

Proof. Let us consider first the point v and denote (vf“)/ (0) =1 > 0. We choose 0 < xp < %
such that (v?“)/ (x) > % for any x € [0,x0]. Then for 0 < oty < v{ (xo), we have

V;r (X) > 0, Vx € [X(),l—X()],
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v (1—x) =vf () = (v}) @)x > %x, Wx € [0,x].
Hence, for 0 < o < o and x € [0,x0) such that v} (x) < & we obtain that

%
“x<a
2X_ 5

so by symmetry,

4
p({xe (0,1):v (x) <a}) < ?a.
0}
Therefore, vf is nondegenerate and then so is v .

By symmetry, we easily deduce that, for all k € N,

X 'V+X 4—k
pllxe O): W e < e

where (v,j)/ (0) = 1 and xg, & are such that 0 < xo < 5, (v,j)/ (x) > 2, for any x € [0,x)],
and 0 < o < v (x).

Thus, vf are nondegenerate, for all k € N. ]

From the previous corollary and the fact that the fixed points v,f are nondegenerate,

k € N, we obtain the following result.

Corollary 6.3.17. For any k > 1, the solution u (-) with initial condition u (0) = v,jf is unique on

[0, +c0). That means, the solution starting at the nonzero equilibria are unique.

Finally, we will define a suitable neighborhood of the point vkjE where all the solutions
are uniquely defined, for all k € N. We consider the space X = V> = D (A") with % <r<1.We
know that X is continuously embedded into the space C'([0,1]). We denote by O5(vo) = {v €
X :|lv—volly < 8} a 8-neighborhood of the point vy € X.

Lemma 6.3.18. For any vki, k € N, there exist §,C, o > 0 such that
L{xe (0,1):v(x)|<a}) <CaVWve 05(\/,?).

Proof. We will analyze the function v, . The proof is rather similar for the other points.

Denote y = (vg)/ (0) > 0. Since X € C'([0, 1]), we can choose § > 0, 0 < xo < % such
that any v € Og, (v, ) satisfies:
« v has only one zero x, in (0,1) and x, € (3 —x0,% +x0);
eV (x) > 2 forallx € [ —x0, 1 +x0);

« V/(x) < —2 for all x € [0,x0] U[1 — xo, 1];

v(x)| > o for all x € [xo, 3 —x0] U [ +x0, 1 —x0],
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where & < v; (% +x0). Hence,

o) =V ) - ) > B x,), forx € [, 3 +x0],

1
v(x) =V () (x—x,) < ?(x—xv), for x € [5 — X0, Xy,

V(X) = V/(Xg)x < —%x, forx € [O,XO],

() =V () (x—1) > ?(1 — ), forx € [1— xo, 1].

Therefore, g
p({xe (0,1): p(x)] <a}) < n

O

Remark 6.3.19. This result means that the functions are uniformly nondegenerate in some
neighborhood O (vi©), k € N.

Let up € Os(v) and u(-) € P(up), k € N. Let Tyax be the maximal time such that
u(t) € Os(vi¥) for all ¢ € [0, Tiax ). Then from Lemmas 6.3.15, 6.3.18 we deduce that u (+) is the

unique solution on [0, Tiax) (and if Tiax < oo, it is the unique solution on [0, Tiax))-

Remark 6.3.20. For the semigroup defined on 05(\/2,5), k € N, we could apply Theorem 5.1
from (RYBAKOWSKI, 1987) in order to obtain the existence of an isolating block.

6.4 Conclusion and next steps

We have presented an abstract result proving the existence of isolating blocks for mul-
tivalued semiflows. Hence, given an isolated weakly invariant set defined for a multivalued
semiflow satisfying (K1)-(K5), we can find a special neighborhood for which the boundaries
are completely oriented in some sense. We believe that our construction of isolating blocks for

multivalued semiflows is the first of its kind, so as the application to differential inclusions.

In the single-valued case, such a neighborhood of an isolated weakly invariant set is
essential and gives the inspiration for the definition of Conley’s index. It can be shown that the
isolating block together with its boundary has the cofibration property. In fact, the quotient space
defined by the isolating block over its boundary is the Conley index. This is also true in the
context of metric spaces which are not necessarily locally compact, see (RYBAKOWSKI, 1987,
Theorem 5.1).

Having the concept of isolating blocks a very close relation with Conley’s index, we
may wonder if we can define a homology index for multivalued semiflows. This is a subject for
further studies. It is important to say that there are already very nice and interesting works that

propose some definitions of Conley’s index in the multivalued setting, see e.g. (MROZEK, 1990)
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and (DZEDZEJ; GABOR, 2011). Once we will have a candidate for the definition of Conley’s
index, we will try to understand if we are able to present something new with that definition and
which is the relation of this new concept with the ones proposed in the previous works. We hope

to achieve an answer to these questions in the future.
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