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RESUMO

ANDRADE DA SILVA. F. Estabilidade para EDOs generalizadas nao lineares e para equa-
¢oes integrais de Volterra-Stieltjes retardadas e teoria de controle para estas equacoes e
para equacoes dinamicas em escala temporal. 2021. 205 p. Tese (Doutorado em Ciéncias —
Matematica) — Instituto de Ciéncias Matematicas e de Computacdo, Universidade de Sdo Paulo,

Sédo Carlos — SP, 2021.

Este trabalho tém dois objetivos principais. O primeiro € provar teoremas do tipo Lyapunov e
teoremas inversos de Lyapunov a respeito de limitagcdo de solugdes, estabilidade regular e estabi-
lidade uniforme para equacdes diferenciais ordindrias generalizadas e para equagdes integrais
de Volterra-Stieltjes retardadas. Como uma aplicac¢do, estabelecemos condi¢des necessarias e
suficientes para um sistema de equagdes diferenciais ordindrias generalizadas perturbadas e para
um sistema de equacdes integrais de Volterra-Stieltjes retardadas perturbadas, definidas em um

espaco de Banach, sejam assimptoticamente controlédveis.

O segundo objetivo € investigar a existéncia e unicidade de uma solug¢do para uma equacao
integral de Volterra-Stieltjes de segunda ordem, assim como, para uma equacao dindmica em
escala temporal, cujas formas integrais contém A-integrais de Perron definidas em espagos de
Banach. Também fornecemos uma férmula da variacdo-das-contantes para equacdes dindnicas
lineares ndo homogéneas em escala temporal e estabelecemos resultados sobre controlabilidade

para estas equacaoes.

Os resultados inétidos apresentados neste trabalho estdo contidos em 3 artigos (veja [4—6]) e em

2 capitulos do livro [13].

Palavras-chave: Teoremas de Lyapunov para estabilidade e limitagdo de solugdo, Teoria de
controle, Equacgdes diferenciais ordindrias generalizadas, Equacdes integrais de Volterra-Stieltjes

retardadas.






ABSTRACT

ANDRADE DA SILVA. F. Stability for nonlinear generalized ODEs and for retarded
Volterra-Stieltjes integral equations and control theory for these equations and for dy-
namic equations on time scale. 2021. 205 p. Tese (Doutorado em Ciéncias — Matematica) —
Instituto de Ciéncias Matematicas e de Computagdo, Universidade de Sdo Paulo, Sdo Carlos —

SP, 2021.

This work has two main purposes. The first one is to prove Lyapunov-type theorems and
converse Lyapunov theorems on boundedness of solutions, regular stability and uniform stability
for generalized ODEs and retarded Volterra-Stieltjes integral equations. As an application, we
establish necessary and sufficient conditions for a system of perturbed generalized ODEs and for
a system of perturbed retarded Volterra-Stieltjes integral equations, defined in a Banach space, to

be asymptotically controllable.

The second purpose is to investigate the existence and uniqueness of a solution for a linear
Volterra-Stieltjes integral equation of the second kind, as well as for a homogeneous and
a nonhomogeneous linear dynamic equations on time scales, whose integral forms contain
Perron A-integrals defined in Banach spaces. We also provide a variation-of-constant formula
for a nonhomogeneous linear dynamic equations on time scales and we establish results on

controllability for these equations.

The new results presented in this work are contained in 3 papers (see [4—6]) and in two chapters
of the book [13].

Keywords: Lyapunov theorems on stability and boundedness of solutions, Control theory,
Generalized ODEs, Retarded Volterra-Stieljes integral equations, Dynamic equations on time

scales.
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CHAPTER

INTRODUCTION

The notion of derivatives were already known before Isaac Newton and Gottfried Leibniz.
These two mathematicians are credited with the invention of calculus around 1670. For Newton,
the process of integration was largely seen as an inverse to the operation of differentiation, and
the integral was synonymous with the anti-derivative, which is known as the Newton integral.
Around 1850 a new approach came out in the work of Augustin-Louis Cauchy and soon after
in the work of Georg Riemann. They believed that the definite integral could be interpreted as
the area under continuous curves, and could be obtained by summing an infinite series of areas
corresponding to approximating rectangles of infinitely small width, which makes this definition

of integral is independent of the derivative.

The theory of the Riemann integral was not fully satisfactory. Firstly, the class of
integrable curves was limited not only to continuous curves, but also to those with elementary
anti-derivatives. Therefore, many important functions do not have a Riemann integral, even after
when one extends them to a larger class of integrable functions by allowing “improper” Riemann
integrals in. Moreover, the Riemann integral does not yield good convergence theorems. For
instance, a pointwise, bounded limit of Riemann integrable functions is not necessarily Riemann
integrable. To overcome these deficiencies, Henri Lebesgue proposed a new notion of integration,
known as the Lebesgue integral. The Lebesgue integral is strictly more general than the proper
Riemann integral, that is, it can integrate a larger class of functions. However, in comparing
the improper Riemann integral with the Lebesgue integral, we find that neither is strictly more
general than the other. Furthermore, Lebesgue’s method is a complex one and a considerably

amount of measure theory is required even to define the integral.

Neither the improper Riemann integral nor the Lebesgue integral generated a fully
satisfactory construction of anti-derivatives. Slightly more general notions of integral were given
by Arnaud Denjoy (1912) and Oskar Perron (1914). Denjoy’s and Perron’s definitions turned out
to be equivalent.
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Decades later, independently, Ralph Henstock (1955) and Jaroslav Kurzweil (1957) came
up with a much simpler formulation of the Denjoy-Perron integral. In their definition the intuitive
approach of the Riemann integral is preserved, but unlike the Riemann integral which considers
tagged partitions of an interval with subintervals whose lengths are limited by a fixed constant,
Henstock and Kurzweil used a strictly positive function & (called gauge) to measure the length
of each subintervals, that is, the maximum length of the subintervals are allowed to vary. By
making this small adjustment, it turned out that their integral also surpassed limitations of the
Riemann integral, in particular, every derivative function is integrable. Moreover, the integral of
Kurzweil and Henstock allows us to deal with integrands which are highly oscillating and have

many discontinuities.

The integral of Kurzweil and Henstock is also known by various names: the Henstock-
Kurzweil integral, the generalized Riemann integral, the Perron integral and, because of its
definition, it is also called as a gauge integral. However, in the original paper [38] by Kurzweil
we find a more general definition of this integral which we refer to as the Kurzweil integral. See
Definition B.0.11.

In order to generalize certain classical results on the existence and continuous dependence
on a parameter of solutions of ordinary differential equations, J. Kurzweil introduced, in [38],
a special class of generalized differential equation, currently known as generalized ordinary
differential equations or generalized ODE:s, for short. Moreover, he applied his results to classical

differential equations with distributing terms which approximate the Dirac function. See [39].

Generalized ODEs are described by integral equations involving the Kurzweil integral
and are known to encompass several other types of equations as Volterra-Stieltljes integral
equations, measure functional differential equations, among others. Therefore, the theory of

generalized ODEs has been shown to act as a unifying theory for many differential equations.

In the present thesis, one of our purposes is to establish necessary and sufficient conditions
for a perturbed nonlinear generalized ODE to be asymptotically controllable. Usually, in the
definition of asymptotic controllability, some type of stability is required (see Definition 5.0.1).
For this reason, we introduced a new concept of uniform stability with respect to perturbations
for a trivial solution of a homogeneous nonlinear generalized ODE and studied stability for
generalized ODEs via Lyapunov functionals. In particular, we obtained converse Lyapunov
theorems on regular and uniform stability for the trivial solution of a homogeneous generalized
ODE. Since up to now the theory of Lyapunov functionals for generalized ODEs deals only
with homogeneous equations, we needed to establish a relation between uniform stability and
uniform stability with respect to perturbations. On the other hand, while we were investigating
the theory of Lyapunov functionals for generalized ODEs, we came across the theory of uniform
boundedness of solutions of generalized ODEs and we were intrigued to find out whether there
exists a relation between this concept and the concept of uniform stability. Therefore, the main

goals of this work in the framework of generalized ODEs are:
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to establish converse theorems on regular and uniform stability for a homogeneous gener-
alized ODE;

to introduce a concept of uniform stability with respect to perturbations for a trivial solution

of a homogeneous generalized ODE,;

to provide relations between the concept of uniform stability and uniform stability with

respect to perturbations;

to investigate converse theorems on uniform boundedness of solutions of homogeneous

generalized ODEs;

to set relations between boundedness of solutions of homogeneous and perturbed general-
ized ODEs;

to relate boundedness of solutions to uniform stability for homogeneous generalized ODE;

to introduce the definition of asymptotic controllability for a perturbed generalized ODEs

and to apply the Lyapunov theorems to provide a criteria for asymptotic controllability.

Thus, under some hypotheses, we obtained a few relations which are illustrated, in a

simplified way, in the following diagram.

R Th.2.3. ] U h.2.2.7 pU

h.2.2.4
Th.2.l.51 Cor.4.0.1

h.3.0.7
PR B %h.3.0.6 pB
R = regular stability;
pR = regular stability with respect to perturbations;
U = uniform stability;
pU = uniform stability with respect to perturbations;

B = uniform boundedness of solutions for homogeneous generalized ODEs;

pB = uniform boundedness of solutions for perturbed generalized ODE:s.

Retarded Volterra-Stieljes integral equations (we write retarded VS integral equations,

for short) play an important role not only from a theoretical point of view but also in applications,

since they are used in many types of well known mathematical models. Therefore, VS integral

equations have been attracting the attention of several researchers (see, for instance, [8,14,15,36]).

Motivated by these features, we are interested in obtaining Lyapunov theorems on stability and

boundedness of solutions as well as asymptotic controllability results for these equations. To this

end, we proved that a retarded VS integral equation can be regarded as a generalized ODE and

used this fact to obtain
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e aresult on the existence and uniqueness of a solution of a retarded VS integral equation;

e Lyapunov-type and converse theorems on integral stability, uniform stability and bounded-

ness of solutions for homogeneous retarded VS integral equations;

e relations between the concepts of integral stability, uniform stability and uniform stability

with respect to perturbations;

e relations between boundedness of solutions for homogeneous and perturbed retarded VS

integral equations;

e a characterization of asymptotic controllability.

In the sequel, we exhibit a digram which contains the relations above.

Th.6.3.3 Cor.6.3.g Th.6.2.3
B BV uv ih.6.2.2 U ih.2.3.1
Th.6,3.ZITh.6.3.8 Th.6.2.6ITh.6.2.8 Th.2.2.4|Th.2.2.7 Th.6.2.14| Th.6.2.13
h.6.3.3 h.6.2. Rm.6.2.12
pB 6 pBV pUV H} 2 > pU m.6.2.12

BV = boundedness of the solutions of a homogeneous retarded VS integral equation;

pBV = boundedness of the solutions of a perturbed retarded VS integral equation;

e UV = uniform stability for the trivial solution of a homogeneous retarded VS equation;

pUV = uniform stability with respect to pertubations for the trivial solution of a homoge-

neous retarded VS integral equation (6.2);

I = integral stability .

Now, we turn our attention to calculus on time scales, introduced in 1988 by Stefan
Hilger. This theory allows us to describe continuous, discrete and hybrid systems which have
several applications (see [7,41]). One of the main concepts of the time scale theory is the delta
derivative, which is a generalization of the classical time derivative in the continuous time and
the finite forward difference in the discrete time. As a consequence, differential equations as well
as difference equations are naturally accommodated in this theory (see [10, 11]). In this work,
we are also interested in obtaining necessary and sufficient conditions for a nonhomogeneous
linear dynamic equations on time scales to be approximately controllable/strictly controllable.
To this end, we proved that there exists a relation between the solution of a linear dynamic
equation and the solution of a Volterra-Stieltljes integral equation. Moreover, we obtained a

variation-of-constant formula for nonhomogeneous dynamic equations on time scales.

The present work is divided in seven chapters and four appendixes which are organized
as follows. The second chapter is devoted to the study of stability for the trivial solution of

a generalized ODE, where in Section 2.1, we recall the basic concepts and results, presented
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in [26], on regular, regular attracting and regular asymptotic stability. Not only that, but we
weaken the Lipschitzian condition with respect to the second variable on the Lyapunov functional,
required in [26, Theorems 6.3 and 6.4], to a condition which allows jumps and, yet, we are able
to get converse Lyapunov theorems concerning regular, regular attracting and regular asymptotic
stability for generalized ODEs. In Section 2.2, we bring up the Lyapunov-type theorem on
uniform stability for generalized ODEs, contained in [13,23], and we also establish a converse
Lyapunov theorem. Moreover, we introduce a concept of uniform stability with respect to

perturbations and give relations between this concept and the notion of uniform stability.

The third chapter contains our contributions on uniform boundedness of solutions for gen-
eralized ODEs which are two converse Lyapunov theorems and relations between boundedness

of solutions for homogeneous and perturbed generalized ODEs.

In Chapter 4, we use the Lyapunov theorems, described in the previous chapters, to

obtain relations between uniform stability and boundedness of solutions for generalized ODEs.

Chapter 5 gethers results on control theory in the framework of generalized ODE:s. In this
chapter, we introduce a definition of asymptotic controllability and we proved that this concept

is related to the existence of a Lyapunov functional.

In order to apply our results to a retarded VS equation, we describe, in Chapter 6, a
relation between retarded VS equations and generalized ODEs. With this relation at hand, we
are able to establish some interesting results for retarded VS equations, such as existence and
uniqueness of solutions, Lyapunov-type and converse Lyapunov theorems on several types of
stability and boundedness of solutions (namely integral, integral attracting, asymptotic integral,
uniform, asymptotic uniform, uniform with respect to perturbations, asymptotic uniform with
respect to perturbations). Moreover, we relate these concepts to each other, to boundedness of
solutions for homogeneous and perturbed generalized ODEs, and to each type of stability for
generalized ODEs (see the last diagram). In Section 6.4, we translate the result on asymptotic
controllability for perturbed generalized ODEs to perturbed retarded VS integral equations and,

in the end of the section, we present an example.

The goal of Chapter 7 is to present a control theory for dynamic equations on time
scales. In Subsection 7.1.1, we prove the existence and uniqueness of a solution of a Volterra-
Stieltljes integral equation of the second kind. In Subsection 7.1.2, we consider homogeneous
and nonhomogeneous linear dynamic equations on time scales, whose functions are Perron
A-integrable and we prove the existence and uniqueness of their solutions. Still in Subsection
7.1.2, we give a relation between the solutions of our dynamic equations and the solutions of
a Volterra-Stieltljes integral equation. A variation-of-constant formula for nonhomogeneous
dynamic equations on time scales is obtained in Section 7.2. The main propose of Section 7.3 is
to investigate necessary and sufficient conditions for a nonhomogeneous dynamic equation on
time scales, defined in a Banach space with Perron A-integrable functions, to be approximately

controllable/strictly controllable. Yet in this section, we prove that our theorem on controllability
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generalizes some other results for the literature for dynamic equations on time scales defined
in R" with rd-continuous and regressive functions. We also provide examples about strictly
controllable dynamic equations on time scales taking values in R? and in an arbitrary Banach

space.

Appendix A, B, C and D provide, respectively, the basic background on regulated
functions, vector integrals, generalized ODEs and the time scales calculus.
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CHAPTER

STABILITY

This chapter is devoted to the study of regular and uniform stability for the trivial solution

of a generalized ODE and its main references are [4,6,23,26].

In the theory of ordinary differential equations, Aleksandr Mikhailovich Lyapunov
described, in his doctoral thesis “The General Problem of Stability of Motion” (1892), a method
which shows that the existence of a functional guarantees stability of solutions of ordinary
differential equations near to an equilibrium point. This method is now referred to as Direct

Method of Lyapunov.

Results on stability of the trivial solution in the framework of generalized ODEs started
in 1984, when Stefan Schwabik introduced the concept of variational stability (see [48]). Many
years later, the authors of [1,23,26,27] developed results on regular, uniform, variational and

exponential stability for generalized ODEs.

In the present work, we provide two Lyapunov functional techniques for the study of
stability for generalized ODEs. The first one, known as Direct Method of Lyapunov, makes use
of a Lyapunov functional to prove stability of the trivial solution of a generalized ODE and
it has an important application to control theory (see Chapter 5). The second technique deals
with the inverse of the Direct Method of Lyapunov, that is, assuming that the trivial solution
of a generalized ODE is stable, we are able to construct a Lyapunov functional. The results
which guarantee that “the existence of a Lyapunov functional implies stability” are known as
Lyapunov—type theorems. On the other hand, the results which show that “stability implies the

existence of a Lyapunov functional” are called converse Lyapunov theorems.

At first, we introduce the basic background on a Lyapunov functional for generalized
ODEs.

Let X be a Banach space, equipped with the norm || -
0 € 0, where 0 is the neutral element of X, and 7y € R with #y > 0. Consider Q = & X [y, +oo)

, O be an open subset of X such that
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and the following generalized ODE
dx

- = DF (x,t), (2.1)

where F : Q — X belongs to the class .% (Q,h) and & : [ty, +o0) — R is a nondecreasing function
which is left-continuous on (#y, +0) (see Definitions A.0.17 and C.0.2). We also assume that
x =0 is a solution of the generalized ODE (2.1). In this case, we say that x = 0 is the trivial
solution of the generalized ODE (2.1).

In what follows, we present a sufficient condition for the existence of the trivial of the
generalized ODE (2.1).

Remark 2.0.1. Assume that F(0,7,) — F(0,¢;) =0 forall #1,1, € [fy, +oo). Then, by the definition
of the Kurzweil integral (Definition B.0.11), we have

15}
DF(0,t) = F(0,t) — F(0,¢;) =0, forallt,t; € [ty,+oo)

1

which implies that x = 0 is a solution of the generalized ODE (2.1) on [, 4o).

Notice that, if we assume that F'(x,¢) is a function which depends only on the variable x,

then we can obtain a normalized representation F of F by
Fi(z,t) = F(z,t) — F(z,10) = 0,

for every z € 0. This fact shows us that, in order to get stability results for any solution of the

generalized ODE (2.1), it is sufficient to obtain the same results for the trivial solution of (2.1).

In the sequel, we introduce a definition of a Lyapunov functional for the generalized
ODE (2.1). We use the symbol R™ to denote the set of non-negative real numbers, that is, # € R™

whenever ¢t > 0.

Definition 2.0.2. Let B C € be any subset. We say that V : [tp,+o) x B — R is a Lyapunov
Sfunctional with respect to the generalized ODE (2.1), if the following conditions are satisfied:

(L1) V(-,y): [to,+o) — R is left-continuous on (g, +oo), for all y € B;

(L2) there exists an increasing continuous function b : RT™ — R satisfying 5(0) = 0 such that
V(t,y) = b(lly[);

for all (z,y) € [tg, +o0) X B;

(L3) for every maximal solution x : [so, @) — B of the generalized ODE (2.1) (see Definition
C.0.15), the derivative

DV (ox(t)) — limup LTI =V Ex0) g
7 n—0+ n B

holds for all 7 € [sg, ) C [to, +<), that is, the upper right derivative of V is non-positive
along every maximal solution of the generalized ODE (2.1).
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We point out that, in some references, the authors replace condition (L3), in Definition

2.0.2, by the following condition

(L’3) the function [sg,®) >t — V(z,x(¢)) is nonincreasing along every maximal solution,
x: [s9,0) — B, of the generalized ODE (2.1).

See, e.g., [22,23].

In the present work, we chose to use condition (L3). However, in the following lines, we
will show that conditions (LL3) and (L’ 3) are related. This fact allows us to work with the most
convenient of these two conditions depending on the type of stability we are dealing with. In
addition, our results are still valid if we consider condition (L’3) instead of (LL3) in Definition
2.0.2. See Remarks 2.1.8, 2.1.20, 2.1.28 and 2.2.17 .

It is clear that, if (L’3) holds, then V : B X [fg, +o0) — R satisfies condition (L3) as well.
In the sequel, we show that with an additional hypothesis on the Lyapunov functional, condition
(L3) implies (L’3).

Proposition 2.0.3. Let BC 0,V : [tg,+o0) X B— R be a functional and f : [s9,®) — R be a
function defined by

f(t)=V(t,x(t)), té€lso,0),

where x : [sg, @) — B is any maximal solution of the generalized ODE (2.1) on [sg, ®) C [fg, +°).

If f is left-continuous on (sg, ®) and

fetm) -0 _

DT f(t) = limsup
n—0+

, forallz € [sg,®), (2.2)

then f is nonincreasing, that is, f(¢;) > f(t2), whenever #1,1; € [so, ®) and t; < 1.

Proof. Suppose, by contradiction, there exist t1,, € [sg, ®) for which
n<ty and f()<f(n)

Let ¥ € R be such that f(¢;) < ¥ < f(t2) and consider the set A = {t € [t;,12] : f(t) < v}.
Then, A is upper bounded and A # 0, once A C [f],1;] and #; € A. Let ¢ = supA and assume that
f(c) > 7. Since f is left-continuous, given € > 0, there exists 0 > 0 such that

y—e< f(c)—e< f(t), forallte€ (c—0,c). (2.3)

Moreover, by the definition of the supremum, there exists z5 € A such that 5 € (¢ — 8, ¢). Thus,
by (2.3), we obtain
y—e < f(ts). (2.4)

Taking € — 0 in (2.4), we conclude that y < f(z5) which contradicts the fact that 75 € A. Therefore,
f(¢) < yand, hence, ¢ € A.
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On the other hand, since ¢ = supA, f(¢r) > yfor allt > ¢, t € [t1,1;]. Then, for n > 0
sufficiently small, we have

fle+n)—fle)>y—r=0. (2.5)

By (2.5), D" f(c) > 0, contradicting (2.2). Therefore, the statement follows. O

2.1 Regular stability

In this section, we apply Lyapunov functional techniques to establish necessary and
sufficient conditions for the trivial solution of the generalized ODE (2.1) to be regularly stable,

regularly attracting or regularly asymptotically stable.

As mentioned in Remark A.0.8 and Lemma C.0.9, for every [o, ] C [f9,+0), the
solution x : [at, B] — X of the generalized ODE (2.1) is a regulated function (see Definition
A.0.7), where X is a Banach space. Therefore, it is natural to measure the distance between two
solutions of the generalized ODE (2.1) using the usual supremum norm (see Theorem A.0.16).
For this reason, the authors of [26], introduced a new concept of stability for generalized ODEs,
namely regular stability, which concerns the local behavior of a regulated function initially close
to the trivial solution of the generalized ODE (2.1).

Throughout this section, we suppose x = 0 is a solution of the generalized ODE (2.1)
(see Remark 2.0.1 for a sufficient condition for the existence of such a solution) and F : Q — X
belongs to .% (Q,h), where Q = 0 X [ty,+e), & C X is an open set containing the neutral
element of X and 4 : [ty,+e) — R is a nondecreasing function which is left-continuous on
(to, +oo) (see Definitions A.0.17 and C.0.2).

At first, we present the concept of regular stability for generalized ODEs, introduced

in [26], and some auxiliary results.

Definition 2.1.1. Let [o, B] C [tg, +oo). The trivial solution of the generalized ODE (2.1) is said
to be

(i) regularly stable, if for every € > 0, there exists § = §(&) > O such thatif x € G~ ([e, B8], 0)

satisfies

|*(ct)|| <6 and  sup
s€la,p]

<0,

%(s) — ¥(0t) — /a "DF(x(1),1)

then
@) <e,
forallz € [a, B];

(i1) regularly attracting, if there exists a 8y > 0 and for every € > 0, there exist T =T(g) > 0
and p = p(€) > 0 such thatif x € G~ ([ex, B], O) satisfies

K@) < & and  sup )‘c(s)—)‘c(a)—/;DF()‘c(r),t)

s€[a,p]

<p,
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then
X0 <e,
forallz € [or, B] N[0t + T, +o0);
(iii) regularly asymptotically stable, if it is both regularly stable and regularly attracting.

Remark 2.1.2. The existence of the Kurzweil integrals, in Definition 2.1.1, are guaranteed by
Corollary C.0.4.

Besides the generalized ODE (2.1), we consider the perturbed generalized ODE

d

&Y D[F(x,1) + P(t)), (2.6)
dt

where F : Q — X and P : [ty,+o0) — X is such that P € G([ty, +°),X).

Remark 2.1.3. Considering that F € % (Q,h), if G: Q — X is given by
G(x,t) = F(x,t)+ P(1),

for all (x,7) € Q, then for all (x,s2), (x,51),(y,51), (,52) € Q, we have

1G(x,52) = G(x,51)|| < |h(s2) —h(s1)+ sup [[P(s) —P(to)|| = sup [|P(s)—P(z0)]]

SE[I(),SQ] SE[I(),Sl]

and
1G(x,52) = G(x,51) = G(y,52) + G(y,51) || < [lx = yl|[A(s2) — h(s1)].

By Proposition A.0.20, if P : [tg, +o0) — X is left-continuous on (fy, 4o0), then g : [fy, +0) — R,
defined by g(t) = supyc, 1 [|P(s) — P(to) ||, is a nondecreasing function which is left-continuous
on (g, +e0). Therefore, G € .F(Q,h), where h(t) = h(t) + g(t), and all results on existence,
uniqueness and other properties of a solution of a generalized ODE, presented in Appendix C,
hold for the perturbed generalized ODE (2.6).

Based on Definitions B.0.11 and C.0.1, the function X : [, B] — X is a solution of the
perturbed generalized ODE (2.6) on [a, B] C [ty, +o0), if (X(s),s) € Q, for all s € [, B], and

B
x(t) = xX(a)+ [ DIF(x(t),s)+P(s)]
(2.7)

B
= %(a)+ /a DF(%(t),s) +P(t) — P(a))
holds for all ¢ € [a, B].

From now on, until the end of this subsection, we assume that for all [a, B] C [t, +o0)
and all xp € O, there exists a solution X : [¢, ] — X of the perturbed generalized ODE (2.6) with

initial condition X(a) = xo.

The next definition was borrowed from [26].
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Definition 2.1.4. Let [o, ] C [fy,+o0) and xg € & The trivial solution of the generalized ODE
(2.1) is called

(i) regularly stable with respect to perturbations, if for every € > 0, there exists § = 6(€) >0
such that, if ||xo|| < 6 and P € G~ ([ex, B], X ) with

sup |[P(s) —P(a)]| <9,
s€(ot.p]

then

%, x0)]| = Kl < &, for every 1 € [a, B,
where X : [at, B] — X is a solution of the perturbed generalized ODE (2.6) with initial
condition X(@) = xo;

(i) regularly attracting with respect to perturbations, if there exists § >0 for every € > 0,
there exist T =T (&) > 0 and p = p(€) > 0 such that, if ||xo|| <  and P € G~ ([a, B],X)
with

sup |[P(s) —P(a)| <p,
sela,B]

then

[x(t, 0,x0)|| = [|%(1)]| <&, foreverys € o, f]N[a+T,+o0),

where X : [ot, ] — X is a solution of the perturbed generalized ODE (2.6) with initial

condition X(@) = xo;

(iii) regularly asymptotically stable with respect to perturbations, if it is regularly stable with

respect to perturbations and regularly attracting with respect to perturbations.

The next result establishes a relation between regular stability and regular stability with

respect perturbations. For a proof of it, see [13, Theorem 8.31] or [26, Theorem 4.7].

Theorem 2.1.5. The following statements hold.

(1) The trivial solution of the generalized ODE (2.1) is regularly stable if and only if it is

regularly stable with respect to perturbations.

(i1) The trivial solution of the generalized ODE (2.1) is regularly attracting if and only if it is

regularly attracting with respect to perturbations.

(i11) The trivial solution of the generalized ODE (2.1) is regularly asymptotically stable if and

only if it is regularly asymptotically stable with respect to perturbations.
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2.1.1 Direct method of Lyapunov

In this subsection, we present Lyapunov-type theorems for generalized ODE:s, settled
down in [26]. Here, we weaken the Lipschitzian condition on the second variable of the Lyapunov
functional used in [26, Theorems 6.3 and 6.4] to a condition which allows jumps (see Theorems
2.1.7,2.1.9 and 2.1.10 in the present work). Almost all results presented in this subsection are

new and appear in the article [4] and the book [13].

Throughout this subsection, we suppose X is a Banach space, x = 0 is a solution of the
generalized ODE (2.1) (see Remark 2.0.1 for a sufficient condition for the existence of such
a solution), F : Q — X belongs to .7 (Q,h), where Q = X X [tg,+o0) and i : [tg,+o0) — Risa
nondecreasing function which is left-continuous on (#, +c<) (see Definitions A.0.17 and C.0.2).
By Corollary C.0.20, for all xy € X and all sg € [ty,+0), there exists unique global forward
solution x : [sg,+e0) — X of the generalized ODE (2.1) with initial condition x(sg) = xo (See
Definition C.0.15 and Remark C.0.16 for the concept of global forward solution).

The proof of the next lemma was inspired by [22, Lemma 3.4].

Lemma 2.1.6. Let [a, B] C [fp, +o°) and F € .# (Q,h), where h : [ty, +-o0) — R is a nondecreasing
function which is left-continuous on (#p,+o0). Suppose W : [ty,+o0) x X — R satisfies the

following conditions:

(H1) foreachze G~ ([a, B],X), the function [, B] > ¢ +— W (¢,z(t)) is left-continuous on (a, B];

(H2) ify,z € G~ ([e, B],X), then

W (s2,2(s52)) =W (s2,5(s2)) =W (s1,2(s1)) + W (s1,¥(s1))| < sup {lz(s) =¥(s)[| (2.8)

SE[s1,87]
holds for every a < s; < s2 < fB;

(H3) there exists a continuous function ® : X — R such that, for all local solution of the
generalized ODE (2.1), x : [sg, 8 (so) + so] — X, with s9 > 19, we have

W(t+n,x(t+n)) —W(t,x(t))

DTW (t,x(t)) = limsup < P(x(1)),
n—0+ n
forallr € [S(), 5(S()) —|—So).
If x € G (o, B],X), then, for all r € [ex, B], we have
W(t,x(t)) —W(a,x(ax)) < s[upm X(s)—x(oc)—/(:DF(?c(T),t) +M(t— o), (2.9)

where M = sup,c(q g P(X(s)).
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Proof. Atfirst, notice that, by Propositions A.0.13 and A.0.14, we have sup, [, g P(X()) < oo for
allx € G~ ([a, B],X). Moreover, for all x € G~ ([et, B],X), the existence of the Kurzweil integral
f(f DF (X(7),s) is guaranteed by Corollary C.0.4 and, if ¢ € [a, B] is fixed, then (X(0),0) € Q,
once Q = X X [tp, +o0). On the other hand, it is clear that Q = Q, where Qp is given by (C.6).
Therefore, by Theorem C.0.11, there exists a unique local solution x : [0,0 +7n;(0)] — X of the
generalized ODE (2.1) with initial condition x(6) =X(0).

Let 1, > 0 be such that 2 < 11 (0) and 6+, < B. Then, the integral [Z "™ DF (x(t),t)
exists because x is a solution of the generalized ODE (2.1) and, by the property of integrability
on subintervals, the integral [$™ D[F (%(t),t) — F(x(),t)] also exists. The existence of this
integral ensures that, given € > 0, there exists a gauge 6 on [0, + 7] (see Definition B.0.1) and
we may assume, without loss of generality, that n; < (o). By hypothesis (H3), we can take
N < n such that the inequality

W(o+n,x(c+1n))-W(0,x(0)) <n(P(x(0)) +¢) (2.10)

holds. Moreover, by Corollary B.0.14, for every s € [0, 0 + 1], we have

"F(x(c),s) / DF(x n; and @.11)
F(x(0),s) — F(x(5),0) — /G "DF(x(1),1) 1 (2.12)
By equations (2.11) and (2.12), we get
2u§)+n /D F(x(r),t)]’
- [SulD+ ]||F( X(0),s) = F(x(0),0) — F(x(0),s) + F(x(0),0)|
s€[o,0+n
< se[i‘f&n]( [ pIFG().0 - Fu().0) -
- (F(X(G)»S)—F(Y(G)aﬁ)—f’( ( + F(x ( ) o))l)
< su F(x(o),s DF (x
B se[c,c§+n] ((6) ) /
+ sup ||F(x(o),s)— / DF(x <ne.
s€[o,0+41]

Taking into account that F € . % (Q,h) and X(0) = x(o), we have

sup  [|F(x(0),s) = F(x(0),0) = F(x(0),s) + F(x(0),0)]

s€lo,0+1M] (2.14)
< [x(o)—=x(o)|| sup |h(s)—h(o)[=0
s€[o,0+1)]

(see Definition C.0.2). Replacing (2.14) in (2.13), we obtain

sup
s€lo,0+1]

| DIFG().0 = Fx(2).1)

‘ < £€1. (2.15)
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From hypothesis (2.8) and the relation x(c) = X(o), we conclude

=x(0)

x(o

~—

W(oc+n,x(c+n))—W(c+n,x(c+n))—W(o,x(c))+W(o,x(0))
< (W(o+n,x(c+1n))—W(c+n,x(c+n))—W(o,x(0)) +W(o,x(0))|

)
W(oc+n,x(c+1n))—W(c+n,x(c+1))
) —
)

(2.8) B
< sup  [[x(s) —x(s)||
s€[o,0+1]
which implies
W(oc+n,x(c+n))—W(c+n,x(c+n)) < sup |[|x(s)—x(s)]- (2.16)

s€[o,0+1]

Owing to the fact that x is a local solution of the generalized ODE (2.1), we have
N
—/ DF(x(t),1), forallse [o,0+1]. 2.17)
(e}
Thus, by (2.10), (2.15), (2.16), (2.17) and the relation X(c) = x(0), we obtain

W(o+n,x(c+n))-W(o,x(0))

12 W(o 40,20 +n) —W(o+n,x(0+1)+W(o+n,2(0+1)) —W(0,x(0))
(2.10)
< We+nE(o+n)—W(o+n,x(0+1m)+1 (®x(0))+e)
(2.16)
7(s) —x(s) || + 1 (@(x(0)) + &)

MOZ G [5(s) = %(0) +x(0) —x(5) | + 1 (B(¥(0)) + &)

(o 0+n] s
se{;(gﬂ] (s) —x(o) /G (x(7) t)+/6 [F(X(1),1) — F(x(7) t)]'

+1 (P(x(0)) +¢)
< sup  |[¥(s) —x(c) — / DF(%(7),1)

s€[o,0+1]
up / DIF(5(2), 1) ~ F(x(2) 1) '+n<d><fc<o>>+s>
se[cr o+n]
(2.15)
< sup  |[%(s /DF )| +en+n(@x(0)) +e).
s€[o,0+1]

Taking € — 0 and M = sup,c(, g P(X(7)), we validate
W(o+n, x( n)) (5))

x(s /DF

In order to proceed with the proof, we define P : [¢, B] — X by

< oM. (2.18)

s€lo,0+1]

/ DF(%(7),1), for all s € [a, B].
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Since ¥ € G~ ([, B],X), by Lemma C.0.7, P € G~ (e, B],X). Furthermore, if s € [0, B], then

|1P(s) —P(o)l

= |50 [ DFG(e.0 ~3(0)+ [ DF(E(E.)
= ||x(s) =% —/(XDF (x(7),1) — x(o-)—f(oc)—/;DF(f(T),f))H (2.19)
< |%(s) = (@) - /a DF (1)) + |*(0) — () /a ° DF(x(7).1)
= X(S)—x(a)—/;DF(x(r),t) +||P(0) — P(a)]]

Define a function f : [o, B] — R by

sup [|P(s) = P(0)|[+M(1 —0), 1€]a,o0],

_ s€t,0]
P02V s 1pt) @) +MG—0), 1€ [0,

s€lo.]

Clearly, f is well-defined and, by the left continuity of P, f is left-continuous on (e, B] (see
Propositions A.0.20 and A.0.21). Moreover,

flo+n)—f(oc)= sup [|X(s / DF (x )||+Mn.
s€lo,0+1]
Using this fact together with (2.18), we get
W(o+n,x(c+n))-W(o,x(0)) < f(o+n) - f(0). (2.20)

Then, the functions [a,b] >t — W (£,%(t)) and [a,b] > ¢ — f(¢) satisfy all the hypotheses of
Proposition A.0.19 and, hence,

W(t,x(1)) =W (a,x(a)) < f(1) = (),

forallz € [a, B].

We conclude the proof by showing

f(t) = f(a) < sup )|[+M(t - a),

s€fot]

/DF

for all 7 € [, B]. To this end, we consider two cases.

Casel:a <o <t.
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In this case, we have
f(@)=fle) = sup [|P(s)—P(0)||+M(t—0c)— sup [P(s)—P(c)|-M(a—o0)
s€[o 1] s€la,o]
(2.19) B
<" s ([ -xt@) - [ DFR)0)| +1P(0) - @]
s€lo .t
— sup [|P(s) —P(o)||+M(t — )
s€(e,0]
< sup —/ DF (X(7),v
s€lo.1] o
+|[P(o) —P(a)|| = sup |[|P(s)—P(c)||+M(t—a)
s€la,o]
< sup /DF
se[a,t}
+ sup [[P(s)—P(o)||— sup [[P(s)—P(o)||+M(— o)
s€(a,0] s€(a,0]
= sup /DF NW+M(t—a).
se[az]
Case2: a <t <o.
In this case, we have
f()=f(a) = sup [[P(s)=P(0)[|+M(t—0c)— sup |P(s)—P(o)||—M(a—o0)
selt,o] s€la,o]
< sup [[P(s)—P(o)||— sup [[P(s)—P(o)|+M({—a)
s€la,o] s€la,o]
= M({—o)< sup /DF N+M(r—o)
se[at}
and the result follows. [

It is worth mentioning that, when ® = 0 in the proof of Lemma 2.1.6, we obtain
[4, Lemma 3.7] and [13, Lemma 8.32].

Based on Lemma 2.1.6, the following result gives sufficient conditions for regular stability
of the trivial solution of the generalized ODE (2.1) and weakens the Lipschitzian condition on

the second variable of the Lyapunov functional used in [26, Theorem 6.3].

Theorem 2.1.7. Let V : [tp,+o0) x X — R be a Lyapunov functional with respect to the gen-
eralized ODE (2.1) and assume that F € %
function which is left-continuous on (#y, +eo). Furthermore, suppose V satisfies conditions (H1)
and (H2) from Lemma 2.1.6 and

(Q,h), where h : [ty,+o0) — R is a nondecreasing

(LR1) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0 such that
V(t,2) <a(lz]),

forall z € X and all ¢ € [ry, +o0).
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Then, the trivial solution of the generalized ODE (2.1) is regularly stable.

Proof. From the definition of a Lyapunov functional, there exists an increasing continuous
function b : R™ — R such that »(0) = 0 and

V(t,y) = b(|IyI),

for every (z,y) € [to, +o°) X X. Let 59 >t and € > 0. Consider the set A = {a(r) +t; € RT}. It
is clear that infA = 0 and, by the property of the infimum, for b(€) > 0, there exists 6 > 0, such
that 0 < a(d) + 6 < b(¢).

Let o, B] C [to,+o°) and X € G~ ([or, B],X) be such that

< 6.

%(s) — ¥(at) — /a "DF(x(1),1)

|X*(a)|| <6 and  sup
s€lo, ]

Since V : [fg,+0) x X — R is a Lyapunov functional with respect to the generalized
ODE (2.1), for all solution x : [sg, 8(so) + so] — X of the generalized ODE (2.1) with s¢ > 1y, we

have

D+V(t,x(t)) — limsup V(t+ TI»X(“r 71)) B V<t7x(t)) S 0,

n—0+ n

for all 7 € [s0,0(s0) + o). Thus, V : [fy,+o0) x X — R satisfies all the hypotheses of Lemma
2.1.6 with @ = 0. By (2.9), for all € [a, B], we get

V(t,x(t)) < V(o,x(er))+ sup

N selat]

%(s) — () — /a DF(x(1),1)
%(s) — ¥(0t) — /a "DF(x(1),1)

IA

V(a,x(a))+ sup
s€la,f]

a(|[x(e)][) + &

AIACIA
S
MRS
S+
[=7]

Moreover, by the definition of b, for every ¢ € [a, B], we have
b([[x(@)I)) <V (1,x(t)) < b(e).
From this fact and since b is an increasing function, we conclude
|%(2)|| < €, forallt € [a,B],
which proves that the trivial solution of the generalized ODE (2.1) is regularly stable. [l

Remark 2.1.8. If we consider condition (L’3) instead of condition (LL3) in Definition 2.0.2, the

proof of Theorem 2.1.7 holds, once condition (L’3) implies condition (L3).
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The next result is a Lyapunov-type theorem on regular asymptotic stability. A version of
such a result when the Lyapunov functional with respect to the generalized ODE satisfies the

following Lipschitz condition
|V(t,z) = V(t,y)| <K||z—y||, forallt € [ty,+)andallz,y € B. ={y € X;|y| <c}
can be found in [26, Theorem 6.4].

Theorem 2.1.9. Let V : [fy, +o0) X B, — R be a Lyapunov functional with respect to the gener-
alized ODE, where B, = {y € X; ||y|| < ¢} and ¢ > 0. Suppose V satisfies the conditions from
Theorem 2.1.7 and

(LRAL1) there exists a continuous function @ : X — R satisfying ®(0) = 0 and ®(x) > 0 forx # 0
such that for every solution x : [o, 8] C [to, +°0) — X of (2.1), we have

DV (t,x(t)) < —®(x(1)),
forallz € [a, B).

Then, the trivial solution of the generalized ODE (2.1) is regularly asymptotically stable.

Proof. By Theorem 2.1.7, the trivial solution of the generalized ODE (2.1) is regularly stable.
Then,

(I) there exists & € (0,c¢) such that, if x € G~ ([, B],X) satisfies

|*(cx)|[| < &% and  sup
selap]

< o,

%(s) —%(at) — /a "DF(x(1),1)

then
|IX(2)|| <¢, forallte [e,p].

(IT) forevery € > 0, there exists 8 > 0 such that forevery « <y< 6 < andx € G~ ([y,6],X)

for which
Kl <& and  sup |I5(s) =0~ [ DF((0).0)| <.
s€[y,0] Y
we have
[x@)] <e,
forallt € [y, 0].
Define p(g) = m and
T=T(e) = — (“(%);p(‘g)) , 2.21)
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where a : RT™ — R™ is given by Theorem 2.1.7-(LR1) and
N = sup{~®(y) : 3 < |y < c} = —int{B(y) : 6 < ] < c} <0.

Assume that X € G~ ([, B],X) is such that

|X(a)|| < 8 and  sup g (2.22)

s€la,p]

%(s) — ¥(a) — /a "DF(x(1),1)

<p(e)<

We aim to prove that ||X(¢)|| < €, for all ¢ € [et, B] N [T + o, +0).

If T > B — a, there is nothing to prove, once [a,B]N [T + &, +o) = 0. Assume that
T < B — a. We assert that there exists 7 € [, B] such that ||X(7)|| < §. Suppose to the contrary,
that is,

()| > 8 forallr € [a,B]. (2.23)

In particular, ||¥(7 + o)|] > 8. Owing to the fact that V : [ty, +o0) X B. — R is a Lyapunov
functional with respect the generalized ODE (2.1), there exists an incresing continuous function
b:RT — R" such that 5(0) = 0 and

V(T +a,Xx(T+a)) > b(|[(T+a)|) > b(8) > 0. (2.24)

On the other hand, by (2.22), item (I) and (2.23), we conclude that 6 < ||x(¢)|| < ¢, for
all t € [a, B]. Consequently,

sup [—P(F(s))] <N. (2.25)
selo,B)

By (2.22) and by the definition of the function a : R™ — R, we have
V(e x(a)) < a([[x()]]) < a(do). (2.26)
By Lemma 2.1.6, we get

V(T +a,x(T+a))

IN

V(@) + sup  |®(s) — (o) - /SDF(X(T),I)
s€la,T+al o

+ sup (—P(x(s)(T+a—a)

sela,T+al

2.27)
(2.25), (2.26)
< a(dy)+ sup

s€[a,f]
(2.21), (2.22)

< a(b) +p(e) —a() —p(e) =

+NT

%(s) —x(a0) — /a DF(x(1),1)
0

which contradicts (2.24). Therefore, there exists 7 € [, B] such that ||x(7)|| < §.
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Let t* be the smallest point ¢ € [, B] such that ||X(z)|| < &. Then,

es;pm x(s) —x(r*) — tjDF()_c(T),t)
< sup ||x(s) —x(a)— /t DF(x(1).1)— [ DF(x(x),1)
seft*,B] o t

- (x(r*)—)"C(a)—/t*DF()_Cm’t) H

< sup |[%(s)=x(a)— [ DFE),0)| +|[x(*) —%(cr) - / DF(%(7),1)
selr,p] o o

< 2 sup |[¥(s)—x(a)— / DF(%(7),1)
selocB] «

(2.22) S

< 2p(e)<2==4.

2

By item (II), ||X(¢)|| < € for all t € [t*, B]. Moreover, by (2.24) and (2.27), T + a > t* and, hence,
[T+ o,B] C [t*,B] and ||x(¢)|| < € forall 7 € [T + ¢, B] = [, B] N [T + ¢, B]. O

We point out that the regular asymptotic stability in Theorem 2.1.9 is guaranteed only

vl <c}
(see the statement (I) in the proof of Thereom 2.1.9). In order to generalize this result for every

for regulated functions whose their range is a subset of the open ball B, = {y € X;

regulated function taking values in X, we obtained, in the next result, the same conclusion as in
Theorem 2.1.9, but we assume that the Lyapunov functional is defined in [fy,+0) x X instead
of [ty, +o0) x B,. Thereby, regular asymptotic stability holds for regulated functions with range
outside B.. We also highlight that the proof of the next theorem follows similar ideas to the proof
of Theorem 2.1.9.

Theorem 2.1.10. Let V : [y, +0) x X — R be a Lyapunov functional with respect to the gener-
alized ODE. Suppose V satisfies the conditions from Theorem 2.1.7 and

(LRA’1) there exists a continuous function ® : X — R satisfying ®(0) = 0 and ®(x) > 0 for x # 0
such that for every solution x : [@, B] C [t, +°0) — X of (2.1), we have

DV (t,x(t)) < —®(x(1)),
forallz € [a, ).

Then, the trivial solution of the generalized ODE (2.1) is regularly asymptotically stable.

Proof. Letx € G~ (|a,B],X) and & > 0 be given. Since V : [fy, +o0) x X — R is a Lyapunov
functional with respect to the generalized ODE (2.1), there exist increasing continuous functions,
a,b:RT — R such that

b(llyl) < V(e,y) <a(llyll), forall (z,y) € [fo,+e0) x X. (2.28)
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Moreover, since all the hypotheses of Theorem 2.1.7 are satisfied, the trivial solution of the
generalized ODE (2.1) is regularly stable. Then, for all € > 0, there exists > 0 such that if
a<y<6<pPand

|X(y)| <6 and  sup X(s)—)‘c(y)—/sDF()‘c(r),t) <9, (2.29)
s€[v,0] Y
then
|x(¢)|| <€, forall,re]ly,8]. (2.30)

We target to prove that there exist p(g) > 0 and 7' (&) > 0 such that if x € G~ ([ex, B],X)
is such that ||[¥(a) || < 8o and sup,c o g [[%(s) —X(e) — [ DF (%(7),5)|| < p(€), then

|x(¢)|| <€, forallre [o,B]N[ot+T(g),+o0). (2.31)

At first, notice that, M = sup,c[q g) —P(X(¢)) < e (see Propositions A.0.13 and A.0.14) and
M < 0, once ®(y) > 0, whenever y # 0. Take p(€) = % and

a(&) +p(e)

T=T(e)= i

> 0. (2.32)

Assume that ||X(a)|| < & and

<ple) = S (2.33)

sup >

s€la.p]

%(s) — %(0t) — /a " DF(x(1),5)

In order to show that (2.30) holds we consider two cases.

Case1: T+ o > f.

In this case, [0, B] N[0t + T, +o0) = 0 and (2.31) is trivially satisfied.
Case2: T+ o < B.

Let us prove that | X(7 + &) || < 8. Indeed, suppose ||x(T + )|| > §. Since b is increasing,

we have
b(|IX(T + o)) = b(8) > 0. (2.34)

By the fact that a is increasing, ||x(¢t)|| < & and, by Lemma 2.1.6, we obtain

V(T +a,%(T+a))

< V(ox@)+ sup )‘c(s)—)‘c(a)—/SDF(x(r),t) FM(T+o—a)
selo,T+al o

(2.28) s

< @)+ swp |[x(s)~¥(@)~ | DF(x(z).1)| ~a(&) = ple)

s€[a,B]

< a(d)+p(€)—a(d)—p(e)=0

which contradicts the fact that

(2.28) (2.34)
V(Ir+o,x(T+a)) > b(||x(T+a)|) > b(6)>0.
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Therefore ||[X(T 4+ o)|| < 0 and,

sup ||¥(s)—¥(T+a)— [ DFE().1)
se[T+a.B] T+a
T+a s
< sup )‘c(s)—)‘c(oc)—/ DF(%(7),1 —/ DF(%(7),1)
se[T+a.p] a T+a
T+ao
_ (x(ﬂa)—x(a)—/ DF(x(r),z))
s * T+o
< sup  |[x(s)—x(at)— | DFE(T), 0|+ [®(T + &) = %(ex) / DF(%(7),1)
se[T+a.p] a a
< 2 sup |[®(s)—x(a)— / DF(x(7),1)
sela,B) a
(2.33)
< 2p(e) = 2é =34.
2
These facts together with (2.29) and (2.30) lead to (2.31). ]

2.1.2 Converse Lyapunov theorems

Our goal in this subsection is to obtain converse Lyapunov Theorems on regular stability
and on regular attractivity with some properties described in Theorems 2.1.7 and 2.1.10. We
were motivated by [48,49], when S. Schwabik proved a converse Lyapunov Theorem concerning
variational stability. The results presented here are new and they can be found in [4] (they also
can be found in [13]).

Suppose X is a Banach space, &' C X is an open subset containing the neutral element of
X, x =0 is a solution of the generalized ODE (2.1) (see Remark 2.0.1 for a sufficient condition
for the existence of such a solution), F : Q — X belongs to .# (Q, ), where Q = & X [ty, +o0) and
h: [tp,+o0) — R is a nondecreasing function which is left-continuous on (fy, o) (see Definitions
A.0.17 and C.0.2). Moreover, we assume that, for every (xo,so) € €, there exists unique maximal
solution x : [sg, @(s0,Xx0)) — X of the generalized ODE (2.1) with initial condition x(sg) = xo.
See Definition C.0.15 for the concept of maximal solution and Theorem C.0.17 and Corollaries

C.0.20 and C.0.21 for sufficient conditions for the existence of such a solution.

Let s > g, y € 0 and consider
A(s,y) ={9 € G([tp,+°),0) : ¢(t9) =0, @(s) =y, @is left-continuos on (9, +-o0)}, (2.35)

where the set G([fp,+e0), ©) is described in Definition A.0.22-(ii).

Fors>typandy € 0, define V : [fy,+o0) x &€ — R by

0(o)~ [ DF(g(x).1)

0

inf sup ,if s > 1o,
V(s,y) =1 0cA(sy) {Ge[to,s] } (2.36)

Ivll, if s = 1o.
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By Corollary C.0.4, we know that, for all ¢ € A(s,y) and all & € [fy, 5], the Kurzweil
integral ftg DF (¢(7),t) exists. Moreover, by Lemma C.0.5, the function

o

to,5] > 0= f(0):=¢(0)— | DF(¢(1),1)

fo

is also regulated which guarantees that sup,c(;,  [|/(0)|| < e (see Proposition A.0.13). There-
fore, V is well-defined for all (s,y) € [tg, +o0) X O.

Remark 2.1.11. Let 6 > s > 19, y € X and @ € A(s,y) be given. If ¢ € G~ ([s,0], ) is such
that @(s) = @(s), then the function @ : [fy, +o0) — €, defined by

o(t), ift € lto,s],
o) =9 o), iftels o],
0, ift € (0,4c0),

belongs to A(s,y). Indeed, ¢ is well-defined, once @(s) = @(s). Moreover, since ¢ € A(s,x),
we have @(t9) = 0, ¢(s) =y, ¢ is regulated on [fy,s] and ¢ is left-continuous on (zy,+o0).
Then, it is clear that ¢ (z9) = @(to) =0, ¢(s) = @(s) =y, ¢ is left-continuous on (zy,+0) and
¢ € G([ty, +0), ). From these facts, ¢ € A(s,y).

Furthermore, by Lemma C.0.9, if F € .#(Q,h), where h : [ty,+o) — R is a nonde-
creasing function which is left-continuous on (fy, <), then every solution x : [s,0] — X of
the generalized ODE (2.1) with x(s) = y is such that x € G~ ([s, 0], ) and, hence, the function

0 : [tg, +o0) — O, defined by

(1), ift € lio,s],
¢ =< x(t), iftels ol
0, ift € (0,+00),

belongs to A(s,y).

In the sequel, we present an useful property of the set A(s,y) given by (2.35).

Lemma 2.1.12. For all s > 1o and all y € &, the set A(s,y) is closed, that is, if {@,},cn is a
sequence in A(s,y) which converges to a function ¢ in G([tg,+o), &) with the topology of
locally uniform convergence, then ¢ € A(s,y).

Proof. Let {®, },en be a sequence in A(s,y) which converges to @ in G([tg, +°), 0, that is,

lim sup [¢(c)— @(0)] =0, forall [e,B] C [1o, +o0). (2.37)

"% oelap)

We need to prove the following assertions:

(i) ¢ € G([to, +o0), 0);
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(i) @(to) =0;
(i) @(s) =y
(iv) @ is left-continuous on (g, +o0).

Item (i) follows directly from (2.37) and the fact that ¢, € G(|e, 8], ©) for all n € N and
all [a, B] C [ty, +0) (see Theorem A.0.11). Moreover, since [tg, s] C [to, +o), we have

o(tr) = lim@,(xp) = im0 = 0 and

n—oo Nn—yoo
¢(s) = limgy(s) = limy =y

which prove items (ii) and (iii). In order to prove (iv), we show that ¢ € G~ ([a, B], ) for
each [a, B] C [ty,+o°). Indeed, let [o, B] C [to, +o°) be given and, applying the Moore-Osgood

Theorem (see Theorem A.0.12), we obtain

lim ¢(c) = lim lim @,(c) = lim lim ¢,(c) = lim @,(t") = lim @,(¢) = @(¢),

ot~ O—t~ oo N—0 Gt~ n—oo n—reo

for all 7 € (o, B]. Therefore, ¢ € A(s,y). O

In what follows, we show that the function V : [fg, +) x & — R, defined by (2.36),

satisfies some special properties.

Lemma 2.1.13. Let V : [ty,+) X & — R be defined by (2.36). Then V satisfies the following

conditions:

(i) V(s,0) =0 forall s > 1y;

(ii) V(s,y) >0, forally € € and all s > 1.

Proof. Ttem (i) follows immediately from the fact that ¢ =0 € A(s,0).

In order to prove item (ii), notice that

(o)
sup_|lo(c)~ [ DF(p(0).0)| 0.
o€Elto,s] fo
for all @ € A(s,y). Therefore, V(s,y) >0, forall y € & and all s > 1. O

Lemma 2.1.14. Let V : [, +o0) X & — R be defined by (2.36) and assume that F € .7 (Q, h),

where h : [fg, +o0) — R is a nondecreasing function which is left-continuous on (#y, +ec). Then,
V(Svy) - V(S7Z) < ||y - Z||7

forall y,z € ¢ and all s € [t, +o0).
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Proof. At first, assume that s = #y. Then, by the definition of V, we have
V(t,y) = V(t,2) = Iyl = llzll < lly—zll-

Let s > 9, ¢ € A(s,z) and take 0 < 1 < s — 9. Define a function @y, : [tg, +-00) — & by

¢(0), if o € [tg,s — 1|,
o—s5+ .
¢n(0) = ¢(6)+Tn(y—z>, ifo€[s—n,s],
0, if G € (s5,400).

As we mentioned in Remark 2.1.11, ¢ € A(s,y) and, by the definition of the function V, we

have
(o)
Vi)~ s |le(o)= | DF(p(0))
GEZ‘()S
(e}
< sup ||gn( / DF(py().0)| — sup |@(0)~ [ DF(p(z).)
o€lty,s] o€lt,s] 1
(0}
< sw |q(0)= [ DF(en(0).0) (o) + [ DF(p(z).)
o€lty,s] fo 1o
o O
< swp |gq(0)— | DF(gy(v).t)—(0)+ | DF(e(x).1)
oltgs—) fo fo
(e} (0}
+ sup ||@g(0)— | DF(¢q(7),t)—@(0)+ [ DF(9(7),1)
GE[s—n,s] fo )
(e} o
— sw _[e(e)~ [ DF(p(r).)~(0)+ | DF(p(z).1
o€(tg,s—1] 1 fo
o—s+n ° °
+ s p(0)+ T (y=2)~ [ DF(gy(x).0) = 9(0) + | DF(g(c).1)
GE[s—n,s] n 0 fo
o—s+ S0 o
= s |2y [ T DF(e(e))~ [ DF(gy(e).0)
oE[s— ns n fo s—1
+ DF‘ 1)+ DFK@(T%G
_s_'_ S*n O
— s —"(y—z)— DF(p(t),1)— [ DF(¢y(t).1)
o€[s— ns n 1 5=
+ [ pF(g +/ DF(¢(7),1)
n
o—s+ c c
sup Ty—2)— [ DF(py(x).)+ | DF(e(x).1)
oE[s—1.s] n s s
— (0}
< s ||T2Eg-g+ sw ([0 DR(gg(e))
GE[s—N,s] n GE[s—n,s] II/s—1N
O
+ sup / DF((p(’c),t)H
o€ls—n,s] lI/s—M

< ly—=z2l+2 sup |r(o)—h(s—n)
oE[s—1,s]

= |y =zl +2[A(s) = h(s —m)],
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where the inequality

follows from Lemma C.0.5. Therefore,

+  sup <2[h(c) —h(s—n)|

66[3_7775}

| pF(en(e)0
s—1

JARIR
5=

0(0)— [ DF(p(2),0)]| < [y — 2l +2lh(s) — h(s —1)].

Io

V(s,y)— sup

o€ty

Taking 1 — 0", we obtain

(o2
V(S,y) < ”y_Z“ + sup (P(G) - DF((,D(T),I) s (238)
G Elf,s] fo
once A is left-continuous on (fy, +o0) and, hence,
lim |A(s) —h(s—mn)| = lim |h(s) —h(z)| = 0.
n—0ot t—s~
Taking the infimum over all inf ¢ € A(s,z) in (2.38), we conclude
V(Svy) < Hy_ZH +V(S7Z)7

and the proof is complete. 0

As a consequence of Lemmas 2.1.13 and 2.1.14, we have the following result.

Corollary 2.1.15. Let V : [y, +o0) x & — R be defined by (2.36) and assume that F € .7 (Q, h),
where £ is a nondecreasing function which is left-continuous on (fy, 4oo). Then, for all z € &

and all s € [tg, 4+o0), we have
V(s,2) <|lzl]-

Proof. By Lemma 2.1.13, V(s,0) = 0 for all s > 7y and, by Lemma 2.1.14, we conclude
V(S7Z) = V(SJZ) —V(S,O) S ||Z||7

forall z € ¢ and all s € [tg, +o0). O

The next result shows that the function V : [fy, +o0) x & — R, given by (2.36), satisfies
condition (L’ 3) from Definition 2.0.2.

Lemma 2.1.16. Let V : [fg, +o0) X & — R be defined by (2.36) and assume that F € .7 (Q,h),
where & is a nondecreasing function which is left-continuous on (#p,+e0). Then, for every
so > to, the function [sg,®) > ¢ — V(z,x(¢)) is nonincreasing along every maximal solution
x: [sp,0) — X of the generalized ODE (2.1).
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Proof. Letx: [sp,®) — X be a maximal solution of the generalized ODE (2.1), 11,1, € [sp, ®)
be such that , > 1, and ¢ € A(t;,x(t)). Define ¢ : [tg, +o0) — & as

(o), ifo € [to,n],
¢(0) =< x(o0), ifoel,n],
0, if o € (12, +00).

Notice that, by Remark 2.1.11, ¢ € A(f2,x(t2)). Thus, by the definition of V, we have

o(a)— [ DF(o(z).5)]|. (2.39)

fo

V(tr,x(tz)) < sup

o€ty 1]

Owing to the fact that ¢ € A(t2,x(t2)), Lemma C.0.5 ensures that the function

(o230 6(0) ~ [ DF(0(2).5)

To

belongs to G~ ([tp,12],X) and, according to Lemma A.0.15, we may consider two cases with

respect to
(e

¢(0)— | DF(9(1),s)]|-

To

sup
oElto,t2]

Case 1: Assume that, for some v € [ty,1,], we have

o(c)— [ DF(9(1).s)

To

sup
oElty,t2]

= oo [ Droe0).

In this case, either v € [tg,#1] or v € [1],12].

If v € [tg,11], then

sup |lo(0)~ [ DF(0(2).9)|| = swp [6(0)~ [ DF((x).5)].
OE[ty,1n] 0 o€to,t] fo

Since ¢ |, ., = @, we get
swp |l0(0)— [ DF(6(x),9)| = swp |l9(0)~ [ DF(g(z),9)]
G Elty,n) To G Elty,t] To

From this and (2.39), we obtain

V(n,x()) < sup ||¢(o)— / DF((7),s)]. (2.40)
o€(to,t] fo
On the other hand, if v € [t1,1,], then @], ;) = x and
v 1 v
ow)- [[or@.)| = o~ [ DF(@(0) - [ DR
10 10 (2.41)

131

xv) = [ DF(9(1),s) —/IIVDF(X(T),S)

To
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The fact that x is a solution of the generalized ODE (2.1) and x(#;) = @(¢;) ensure
14
x(0) = [ DF(x(2),5) = () = o). 242
3

Replacing (2.42) in (2.41), we gain

001~ [ Do)

o (2.43)
< s loto)- ["DF(p(e
o€<[to,] fo
Therefore, by equations (2.39) and (2.43), we conclude
(e}
V(tr,x(tz)) < sup ‘(p(c)— DF(¢(7),s)||- (2.44)
O Elfy,t] fo
Case 2: Assume that, for some v € [t,1,), we have
o (o)
s [lo(0)= ["DFo(0)] = o)~ tim [ DF(o()0)].
oE[tg,1n] ) o—vt Jy
Thus, either v € [to,71) or v € [t1,12).
If v € [to,71), then @y, ;.1 = ¢ and, by (2.39), we get
(o)
V() < sup |0(e)~ [ DF(6(0).9)
oE[to,1n] 0
(o2
= ‘go(ﬁ)— lim [ DF(¢(1),s) (2.45)
c—vtJy
(o)
< sw o)~ [ DF(p(c).5)|
GG[[(),I‘]] fo
On the other hand, if v € [t,12), then @[}, ,,) = x and
(e}
sup ||¢(0)— [ DF(¢(7),s)
G Elty,n) fo
(o)
= ||¢0v")— lim [ DF(¢(7),s)
ot (2.46)
= ||x(v")— lim DF(¢(7),s)
o—vt Jg
t o
— |xo) = [ DF(g(2),5)— 1im [ DF(x(7),s)|.
fo o—vt Jr
From Remark C.0.10 and equation (2.42), we conclude
t o2
Xt — / 'DF(¢(1),5)— lim | DF(x(),s)
to o—vtJy
t v
W ) [ Drto(es) - [ DFGe))|
to 5]
2.47)
(2.42) gl (
2 o)~ [ pF(o(2).s)
0
(o)
< s |lo(o)— [ DF(p(x).s).
o Elfo,t] fo
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By (2.45), (2.46) and (2.47), we gain

o

¢(0) = | DF(¢(7),s)|-

To

o(c)— | DF(¢().s)

To

sup
OEto,t2]

< sup
o €[to,t]

Using this fact together with (2.39), we obtain

(e)
Vi) < s (o)~ ["DF(oe)5)| 248)
o€(to,1] fo
Taking inf over @ € A(t1,x(11)) in (2.40), (2.44), (2.45) and (2.48), we conclude
V(t2,x(12)) < V(11,x(11)),
obtaining the desired result. [

The next result deals with condition (LL1) from Definition 2.0.2.

Lemma 2.1.17. Let V : [fg, +o0) X & — R be defined by (2.36) and assume that F € .7 (Q,h),
where & : [fp, +o0) — R is a nondecreasing function which is left-continuous on (fy, 4oo). Then,
V(-,y) : [to,+o0) — R is left-continuous on (fy, +o<) for all & € X.

Proof. Lety € O, oy € (ty,+o0) and € > 0. By Lemma 2.1.12, there exists y € A(0p,y) such
that

(o
V(oo,y)= sup [|y(o)— [ DF(y(1),1)|. (2.49)
0 €(t,00] )
Since h and y are left-continuous on (#y, +0), there exists & > 0 such that
[h(1) —h(co)| <& and  [ly(r) —y(o0)l| <e, (2.50)

forallr € (0p — 6, 0p). Moreover, by the usual properties of the supremum and, by the definition

of V, we have

w(o)— [ DF(y(1).s)

Io

V(0p,y) > sup

o€ty t]

>V(t,y(t), forallte (cp—8,00). (2.51)

Combining (2.51) with the fact that y € A(0p,y), we get

V(t,y) =V, () <lly =y @) =llw(oo) —w()|, forallze(on—5,00). (252)

By (2.50), (2.51) and (2.52), we conclude that the following inequality

(2.51) (2.52) (2.50)
V(t,y)=V(oo,y) < V(t,y)=V(t,p(r)) < |ly(oo)—w()] < & (2.53)

holds for all t € (cp — 0, 0p).

On the other hand, for each r € (op — 8, 0p), let x; : [f,®(t,y)) — X be the maximal

solution of the generalized ODE (2.1) with initial condition x;(z) = y (the existence of such
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solutions are ensured by the hypotheses in the beginning of this subsection). By Lemma 2.1.16,
we have V (0y,x:(0p)) —V(t,x(t)) <0, forall r € (6p — 0, 00p) and, consequently,

V(0p,y) = V(t,y) V(00,y) =V (00,%(00)) +V (00, (00)) — V (2, %:(t))

(2.54)
< V(G()ay) - V(G()?-XI(GO))a
forall 7 € (0p — 0, 00).
Once x; is a solution of the generalized ODE (2.1) with x,(t) =y, we have
00
x(0p) —y= DF (x(t),s), forallz € (cp—95,0p). (2.55)
1t
By Lemma 2.1.14, we obtain
V(G(),y) — V(G(),xt(G())) < ||xt(00) —yH, for allt € (G() — 5, G()). (2.56)
From (2.54), (2.55) and (2.56), we get
<]
V(60,y) = V(t,y) < / DF(x(7),s)|[, forallz e (Go—8,00).
t
Using this fact together with Lemma C.0.5 and (2.50), we obtain
V(00,y) = V(t,y) < |h(op) —h(t)| < e, forallt e (cp—5,0p). (2.57)

According to (2.53) and (2.57), |V (0p,y) =V (t,y)| < €, forall t € (6o — 8, 0p) which proves that
V(-,y) : [to, +o0) — R is left-continuous at oy for all y € &. Since oy has be taken arbitrarily in
(to, +oo), we conclude that V(-,y) : [fo, +o0) — R is left-continuous at (fy, +-o) forally € . [

In the sequel, we prove that if the trivial solution of the generalized ODE is regularly
stable, then the function V : [fy, +o0) X & — R, defined by (2.36), satisfies condition (L2) from
Definition 2.0.2.

Lemma 2.1.18. Let V : [, +o0) X & — R be defined by (2.36) and assume that F € .7 (Q, h),
where & : [fg, +o0) — R is a nondecreasing function which is left-continuous on (¢, +<o). If the

trivial solution of the generalized ODE (2.1) is regularly stable, then
(1) there exists an increasing continuous function b : R™ — R™ satisfying 5(0) = 0 such that,
V(t,x) = b(||x]),
for every (t,x) € [ty,+o) X 0.

Proof. We assume that (1) does not hold, that is, there are € > 0 and a sequence of pairs
(tr,Xx) € [to, +o0) X O, k € N, such that

€ < [lxl], (2.58)
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ty — o0 as k — oo

and
V(tk,xk) — 0 as k— oo, (2.59)

By the hypotheses and Theorem 2.1.5, the trivial solution of the generalized ODE (2.1) is
regularly stable with respect to perturbations. Take 6 = §(€) > 0 as in Definition 2.1.4-(i). By
(2.59), there exists kg € N such that

V(tx,xx) < 6, for all k > k.

From this and the fact that A(#,x;) is a closed set (see Lemma 2.37), there exists @ € A(t,xx)
(with k > kg) such that

oi(0)~ [ DF(gu(e).1)

0

sup < 9. (2.60)

O€lto 1]

We proceed this proof by constructing a perturbed generalized ODE whose solution has

initial condition 0. Define P : [to, ] — X by
(o2
P(o)=@(o)— | DF(g(t),t), forall o € [f,1].
fo

Since @ € A(fy,x;), we have @ € G~ ([to, 1], X) and @i(t9) = 0 which, in turn, imply that
P € G~ ([to, ], X) (see Lemma C.0.7), P;(t9) = 0 and

wp [B(0)-B)| = s A
O €lto, 1] o€ [to, ]
(e}
= s Jao)- ["DF(@io
oelion) 2
(2.60)
< o.

Moreover, for o € [fo,#;], we have

o(0) “ 7 ["DF(@u(e).0+oulo) — [ DF(ou(e)0)+ gl

Ty Ty

=0 otio)+ [ DF(9u(1),1) + Pi() — Pulto)

1
OG

= @lto)+ | DI[F(gu(7),1)+Be(2)].

fo
Consequently, ¢ : [to,#] — X is a solution of the perturbed generalized ODE

% — DIF(x1) + P(t)]

with initial condition ¢ (f9) = 0. Since the trivial solution of the generalized ODE (2.1) is
regularly stable with respect to perturbations, P € G~ ([to, ], X), Supgc[, 4] [|Pk(0) — Pe(to) || < &
and || @i (t0)|| =0 < 8, we have ||@(t)|| < €, for all 7 € [fy,#]. In particular, ||@g(z)]| = ||x|| < €
which contradicts (2.58). O]
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In what follows, we present a converse Lyapunov theorem on regular stability for the
trivial solution of the generalized ODE (2.1).

Theorem 2.1.19. If the trivial solution of the generalized ODE (2.1) is regularly stable, then
there exists a function V : [ty, +-o0) X & — R satisfying:

(CLR1) for all sg > tg, the function
[s0,+0) 31 V(£,x(1)

is nonincreasing, where x : [sp, ®) — ¢ is a maximal solution of the generalized ODE
(2.1);

(CLR2) V(-,y): [to,+o°) — R is left-continuous on (fy, +oo), for all y € &

(CLR3) there exists an increasing continuous function b : R* — R™ satisfying 5(0) = 0 such that

V(t,y) = b(|ly[]),

for every (z,y) € [tg, +o0) X O

(CLR4) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0, such that

Vit,y) <a(llyl),

forally € & and all 1 € [tg,+o0);
(CLRS) V(z,0) =0 for all 7 € [fy,+o0);

(CLR6) for all sy > o and all maximal solution x : [sp, @) — X of the generalized ODE (2.1), the
derivative
<0

V(t t —V(t,x(t
D+V(t,x(t)):limsup ( +n7x( +Tl)) ( ,X( ))
n—0t n
holds for all ¢ € [sg, @), that is, the right derivative of V' is non-positive along every solution
of the generalized ODE (2.1).

Proof. LetV : [tg,+o0) x & — R be defined by (2.36). Properties (CLR1), (CLR2) and (CLR3)
are direct consequences of Lemmas 2.1.16, 2.1.17 and 2.1.18 respectively. Property (CLR4) is
proved in Corollary 2.1.15 with a as the identity function. Although condition (CLRSY) is proved

in Lemma 2.1.13, it is also a consequence of conditions (CLR3) and (CLR4), since
0=>5(0) <V(t,0) <a(0)=0, forallt € [ty,+oo).

Finally, item (CLRO6) is a straightforward consequence of item (CLR1) (see the comment before
Proposition 2.0.3). 0

Remark 2.1.20. Conditions (CLR2), (CLR3) and (CLR6) from Theorem 2.1.19 ensure that
the function V : [fy, +o0) X & — R, defined by (2.36), is a Lyapunov functional with respect to
the generalized ODE (2.1) in the framework of Definition 2.0.2. On the other hand, conditions
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(CLR1), (CLR2) and (CLR3), given in Theorem 2.1.19, shows that V satisfies all the conditions
of the definition of a Lyapunov functional presented in [22,23]. Therefore, no matter which
definition of Lyapunov functional we are using, Theorem 2.1.19 ensures that regular stability
for generalized ODEs implies in the existence of a Lyapunov functional. Moreover, condition
(CLR4) shows that V satisfies the hypothesis (LR1) from the Lyapunov-type Theorem 2.1.7 on
regular stability.

Our next goal is to prove the converse Lyapunov theorem on regular attractivity. In order
to do this, for s > 7y and y € 0, we define V: [t,+o0) X 0 — R as

o

¢(c)— [ DF(¢(7),t)

Io

~ inf sup e’ 3, if s > 1,
V(s,y):=1< ¢cA(sy) {0'6[[0’5] } (2.61)

“yHa ifs = lo,
where A(s,y) is given by (2.35).

By Corollary C.0.4, we know that, for all ¢ € A(s,y) and all o € [, s], the Kurzweil
integral ft;’ DF (¢(7),t) exists. Moreover, by Lemma C.0.5, the function

o
t0,5]5 0= f(0):=¢(0)— | DF(¢(c).1)
0
is also regulated and, by Proposition A.0.13, supgcp;, | /(0)]|| < eo. Therefore, V is well-defined
for all (s,y) € [ty, +o) X O.

The proofs of the next two lemmas are analogous to the proofs of Lemmas 2.1.14 and
2.1.17 respectively. Therefore, we omit them here.

Lemma 2.1.21. Let V : [f,+o0) X & — R be defined by (2.61) and assume that F € .7 (Q, h),
where & : [ty,+o0) — R is a nondecreasing functions which is left-continuous on (#y, +e). Then,
for all y,z € ¢ and all s € [ty, +o0), we have

V(s,y) =V(s,z) < [ly—z]|-

Lemma 2.1.22. Let V : [f,+o0) X & — R be defined by (2.61) and assume that F € .7 (Q,h),
where £ : [tg, +o0) — R is a nondecreasing function which is left-continuous on (#y, +oo). Then,

V(-,y) : [to,+90) — R is left-continuous on (fy, +oo) forall y € &.

As a consequence of the definition of the function V: [to,+o0) X € — R and Lemma

2.1.21, we have the following result.

Corollary 2.1.23. Let V : |1y, +o0) X & — R be defined by (2.61) and assume that F € .7 (Q, h),
where / is a nondecreasing function which is left-continuous on (fy, +o0). Then, for all z € &
and all s € [tg, 4-0),

V(s,z) <|lz]-
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Proof. Since ¢ =0 € A(s,0) for all s € [fg, +o0), we have

V(s,0) =0, forallsé€ [ty,+o0). (2.62)

Therefore, the result follows from Lemma 2.1.21 and (2.62). L]

Although the proof of the next lemma is similar to the proof of Lemma 2.1.16, it shows
the importance of the exponential function in the definition of the function V: [to,+) X 0 — R

and, hence, we include it here.

Lemma 2.1.24. Let V : [fy, 4-o0) X & — R be defined by (2.61) and assume that F € .Z (Q,h),
where £ : [tg, +o0) — R is a nondecreasing function which is left-continuous on (#y,+oc). Then,
for every maximal solution, x : [sg, @) C [fy, +o0) — X, of the generalized ODE (2.1), we have

XN/(H-T],X(H—H)) —V(t,x(?)) < _‘7(; x(t))

DTV (t,x(t)) := limsup
n—0+ n

for all ¢ € [sp, ®).

Proof. Letx: [s9,®) C [tp,+90) — X be a maximal solution of the generalized ODE (2.1) and
t € [so,m). Let ¢ € A(t,x(t)) and 1 > 0. Define ¢y, : [tg, +-o0) — O by

(p(6)7 ifo e [t()at]a
on(0) =4 x(o), ifoe]rt+n],
0, ifo e (t+n,+0).

By Remark 2.1.11, ¢, € A(t+1n,x(t+ 1)) and, by the definition of V, we have

V(t+n,x(t+1)) < sup e~ ),

oElto,t+1]

00(0) = | DF(0q(%).9

To

Owing to the fact that F € .7 (Q,h), we can apply Lemma C.0.7 to guarantee that
the function ¢, (o) — ftf)’ DF (¢y(7),s), with o € [t9,t + 1], is regulated and left-continuous on

(fo,t +n]. According to Lemma A.0.15, we may consider two cases with respect to

sup e~ (M),

OElto,t+1]

00(0)= [ DF(gn(2).5)

fo

Case 1: Assume that, for some v € [ty,7 + 17|, we have

sup e~ ).

o<ty,t+n]

—(t+m) _ ‘

on(0)~ [ " DF (¢y(1).5)

O (v) — / "DF(9y(%).5)
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Taking into account that ¢y |,

= ¢ and @p|; 1y = X, we conclude

Vitnaaen)< s lon(@)= [ DF(oy(e).)] e 4
G Elfy,t+1]
¢q(v) — [ DF(p(1),s)||e” "™ for somev € [1g,1]
fo
= or
Oon(v)— | DF(¢y(7),s) ¢~ ) for somev € [r,7 + 1]
fo
o(v)— | DF(¢(1),s)| e for somev € [1y,1]
To
= or
x(v) — / DF (x ¢~ for somev € [t,1+1].
\ l‘()
snmexoo-1/ DF(x(t),s) = x(r) and @(1) = x(1), we get
t
V(e+n.x(t+n))
o(v)— | DF(@(t),s)||e” "™ for some v € [1y,1]
Iy
< or
t
x(t)— | DF(¢(7),s)| e "), for some v € [1,r + 7]
\ o
o(v)— <DF(¢(TLS)‘eO+n% for some v € [fg,1]
fo
/ DF (¢ e~ M) for some v € [t,1 4 1]
sup_|9() / DF(g(z).5)| e e,
o€ty t] 1
< or
o
sup || @(0)— | DF(¢(t),s)||e"'e".
\ O€lo.t] 1

Taking the infimum over all ¢ € A(¢,x(¢)), we obtain

which implies

V(e+n,x(t+n)) <

V(t,x(t))e M

V(t+n,x(t+n)) = V(t,x(t) <V(t,x(t)) (e T—1).
Therefore,
fimsap LETACED) V(X0) L V() )
o n n—0+t n _—
= v(f,X(l))limsupu
n—0+ n

—V(1,x(1))
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obtaining the desired result.

Case 2: Assume that, for some v € [ty,7 + 17|, we have

e (t+M) — e (M)

on(v")— tim [ DF(9(1),s)

c—vtJy

sup
o€[t.1+1]

o (o) — / " DF (¢y(2).5)

Since the proof of Case 2 is similar to the proof of Case 2 from Lemma 2.1.16, with the same

adaptations that we did here, we will omit it. 0

The next result ensure that V : [to,+o0) x 0 — R, given by (2.61), satisfies condition
(L3).

Lemma 2.1.25. Let V : [fy, 4+o0) X & — R be defined by (2.61) and assume that F € .Z (Q,h),
where & : [f, +o0) — R is a nondecreasing function which is left-continuous on (fy, +oo). Then,
for every so > to, the function [sg,®) 3 r — V(¢,x(t)) is nonincreasing along every maximal

solution x : [sg, @) — X of the generalized ODE (2.1)

Proof. Let 5o > tg, x : [s9,®) — X be a maximal solution of the generalized ODE (2.1) and
t1,t € [so, ®) be such that t, > ¢;. Since the function R 3 x — e~ is decreasing, we have

e 2 <e™, (2.63)
Let ¢ € A(t1,x(¢1)) and define ¢ : [tg, +o0) — & by

(o), ifo € [ty,1],
¢(0):=4 x(0), ifoecln,n],
0, if o € (t,+o0).

Notice that ¢ € A(rp,x(t2)) (see Remark 2.1.11). By the definition of V, we have

V(t2,x(12)) < sup

oclto,t2]

o(0)— [ DF(9(1).s)||e ™.

To

By the fact that F € .% (Q,h) and Lemma C.0.7, the function
(o2
0,113 0 9(0) ~ | DF(6().5)
To

belongs to G~ ([fp,%2],X) and, by Lemma A.0.15, we must consider two cases with respect to

o(c)— [ DF(§(1).5)]| ™.

Iy

sup
o€ty 1]

Case 1: For some v € [ty, 1], we have

o(c)— [ DF(9(t).s)

)

sup
o€ty 2]

e = ot~ [ Dreoe).
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In this case, either v € [to,#1] or v € [f1,12]. Then,

V(tz,
< ‘ / DF (¢ e "2 for somev € [ty, 1]
(
o(v) DF((p( ),s)||e"2, for somev € [to,1]
Iy
= or
11 v
() — [ DF(e(1),s)— / DF(x(1),1)|| e, for somev € [t1,13]
\ fo |
( v
o(v)— | DF(¢(7),s)||le ", for some,v € [ty,1]
(2.63) lo
< or
151 v
)= [ DF(p(1),s)— / DF(x(%),1)|| e, for somev € [t1, ).
o 151

By the definition of a solution of generalized ODEs and since ¢ € A(t1,x(t1)), we get
1%
- [ DF(x(e).0) = x(1) = p(11).
n

Thus,

( 1%

¢(v)— | DF(o(1),s)|le

~ fo
V(ta,x(r)) < or

ot~ [ DF(p().1) e

0

1 for some v € [to,1]

1 for some v € [t1,1]

4 (o)
sup ||@(0)— [ DF(@(7),s)|e"
G Elfo,1] 0
< or
(o)
sup | p(c)— [ DF(p(z),)|| "
\ O€[to,t1] to

Taking the infimum over all ¢ € A(t1,x(¢)), we obtain

V(t2,x(1)) < V(t1,x(17)).

Case 2: For some v € [, 1],

sup e

o€ltp,12]

et = o)~ tim [ DF(9().)

o—vtJy

0(0)~ [ DF(6(7).5

Ty

Since the proof of Case 2 is similar to the proof of Case 2 from Lemma 2.1.16 with the

same adaptations that we did here, we will omit it. O

In the sequel, we present a result which shows that the function V: [to,+) X O — R,
defined by (2.61), satisfies condition (L2) from Definition 2.0.2. Although its proof is follows

the same ideas of the proof of Lemma 2.1.18, we exhibit the details here.
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Lemma 2.1.26. Let V : [fg,+o0) X & — R be defined by (2.61) and assume that F € .Z (Q,h),
where h : [fg, +o0) — R is a nondecreasing function which is left-continuous on (¢, +o0). If the

trivial solution of the generalized ODE (2.1) is regularly attracting, then

(1) there exists an increasing continuous function b : R — R™ satisfying »(0) = 0 such that,
for every (t,x) € [tg, +o0) X O,

V(#,x) = b([|x])-

Proof. Let V : [ty,+o0) x & — R be given by (2.61). Assume that V is not positive definite.
Then, for d as in Definition 2.1.4-(ii), there exist € > 0 and a sequence of pairs (f,Xg)xen in
[to,+0) X € such that

& < [|xel], (2.64)
ty —> o0 as k— oo (2.65)

and
V(tx,x%) — 0 as k — oo, (2.66)

Using the hypotheses and Theorem 2.1.5, the trivial solution of the generalized ODE (2.1) is
regularly attracting with respect to perturbations. We consider T =T(g) >0and p = p(€) >0
as in Definition 2.1.4-(ii). By (2.65), there exists kg € N such that for every k > ko we have
tr > T +1y and, by (2.66), we may assume

V(tkvxk) < peitk7

for every k > kg. According to the definition of V and since A(ty,xy) is a closed set (see Lemma
2.1.12), fix k > ko and choose ¢ € A(#,x;) such that

V(tk,xi) sup ||@(s)— [ DF(@(7),t)|le " < pe ™
SE[l‘(),lk} fo
which implies
sup ||@(s)— | DF(o(1),1)|| <p.
sE[to, 1] To

For o € [ty, 1], define P : [to,t;] — X by

Since ¢(f9) = 0, we have

sup [|P(c) —P(w)l| = sup

O€to, 1] o€lto ]

¢(c)— | DF(¢(7),t)




54 Chapter 2. Stability

Moreover,

= ¢(t0) + | DIF(@(1),1) +P(1)].

Ty
Therefore, ¢ : [fo,#;] — X is a solution of the following perturbed generalized ODE
dx
— =D|F(x,t)+P(t
% = DIF (x,1) + P(1)

with ||@(t)]| =0 < 5. Since the trivial solution of the generalized ODE (2.1) is regularly
attracting, the inequality ||¢(7)|| < € holds for every t > to+ T (€). In particular,
lo (@)l = [lxll < e

which contradicts (2.64). O

In what follows, we present a converse Lyapunov theorem on regular attracting for the
trivial solution of the generalized ODE (2.1).

Theorem 2.1.27. If the trivial solution x = O of the generalized ODE (2.1) is regularly attracting,
then there exists a function V : [fg, +-00) x & — R satisfying:

(CLRA1) V(-,y) : [tg,+o0) — R is left-continuous on (zy, +oo), for all y € &;

(CLRA2) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0, such that

V(t,y) < a(llyl),
forally € & and all 1 € [tg,+o0);

(CLRA3) for every sq > fo, the function [so,+®) 3t — V(z,x(¢)) is nonincreasing along every
maximal solution x : [sp, +®) — X of the generalized ODE (2.1);

(CLRA4) there exists an increasing continuous function b : Rt — R satisfying »(0) = 0 such that

V(t,y) = b(|Iyll),
for every (t,y) € [to, +o0) X O
(CLRAS5) V(2,0) = 0 for all 1 € [ty, +o0);
(CLRAGOG) there exists a continuous function ® : X — R satisfying ®(0) = 0 and ®(x) > 0 for x # 0

such that for every so > fp and every maximal solution x : [sg, @) — X of the generalized
(2.1), we have
D*V(1,x(t)) < —@(x(r)),

for all ¢ € [s0, ).
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Proof. LetV : [to,+o0) X & — R be defined by (2.61) . Items (CLRA1) and (CLRA3) follow
directly from Lemmas 2.1.22 and Lemma 2.1.25 respectively. By Lemma 2.1.21, for all y € &,

we have

V(t,y) <|ly||, forallz € [ty,~+co).
Therefore, item (CLRA?2) holds for a as the identity function.
Property (CLRA4) is proved in Lemma 2.1.26.

As a consequence of items (CLRA2) and (CLRA4), we obtain property (CLRAS) once

0=5h(0) <V(t,0) <a(0) =0, forallt € [t,+oo).

Let us prove item (CLRAG6). By Lemma 2.1.24, for every sg > ty and every maximal
solution x : [sg, @) — X of the generalized ODE (2.1), we have

DYV (t,x(r)) < =V (t,x(r)), foralls € [s, ).
On the other hand, by item (CLRA4), we obtain
D+\N/(t,x(t)) < =b(||x(¢)]|), forallt € [so,®),

once x(t) € € by the definition of a solution of a generalized ODE. Define ® : X — R by
®(y) = b(]|y||) for all y € X. Since b is continuous, b(0) = 0 and b(¢) > 0 for all > 0, we have
® is clearly continuous, (0) = b(0) = 0 and ®(y) = b(||y||) > 0 whenever y # 0. O

Remark 2.1.28. Conditions (CLRA1), (CLRA4) and (CLRAG6) from Theorem 2.1.27 ensure
that the function V : [to,+o0) x X — R, defined by (2.61), is a Lyapunov functional with respect
to the generalized ODE (2.1) in the framework of Definition 2.0.2. On the other hand, conditions
(CLRATI), (CLRA3) and (CLRA4) from Theorem 2.1.27 show that V satisfies all the conditions
of the definition of a Lyapunov functional presented in [22,23]. Therefore, no matter which
definition of Lyapunov functional we are using, Theorem 2.1.27 ensures that if the trivial solution
of the generalized ODE (2.1) is regularly attracting, then there exists a Lyapunov functional with
respect to (2.1). Moreover, condition (CLRA6) shows that V satisfies hypothesis (LRA’1) from

the Lyapunov-type theorem 2.1.10 on regular attractivity.

The next result is a consequence of Theorems 2.1.19 and 2.1.27 and it is a version of a

converse Lyapunov theorem on asymptotic stability.

Corollary 2.1.29. If the trivial solution of the generalized ODE (2.1) is regularly asymptotically
stable, then there exists a Lyapunov functional, V : [fy,+e) x & — R, with respect to the
generalized ODE (2.1) satisfying:

(CLRS1) there exists an increasing continuous function a : R — R satisfying a(0) = 0, such that

Vit,y) <a(llyl),

for all y € & and all 1 € [ty, +o0);
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(CLRS2) for every sg > fo, the function [sg,® >t — V(¢,x(t)) is nonincreasing along every maximal
solution x : [sg, +90) — X of the generalized ODE (2.1);

(CLRS3) V(t,0) =0 forall 7 € [tg, +o0);
(CLRS4) there exists a continuous function @ : X — R satisfying ®(0) = 0 and ®(x) > 0 for x # 0

such that for every so > fp and every maximal solution x : [sg, @) — X of the generalized
(2.1), we have
DV (t,x(1)) < —P(x(1)),

for all t € s, w).

2.2 Uniform stability

In this section, we present the Lyapunov-type theorem on uniform stability of the trivial
solution of the generalized ODE (2.1), presented in [13,23], and we establish a converse Lyapunov
theorem. Moreover, we introduce a concept of uniform stability with respect to perturbations
and give relations between this concept and the notion of uniform stability. The main references
for this section are [6, 13,23]

Assume that X is a Banach space, ¢ C X is an open subset such that 0 € &', where 0
represents the neutral element of X and F : Q — X belongs to .% (Q, h), where Q = & X [tg, +o0)
and A : [fy,+o) — R is a nondecreasing function which is left-continuous on (zp,+oo) (see
Definitions A.0.17 and C.0.2). Moreover, we suppose x = 0 is a solution of the generalized ODE
(2.1) (see Remark 2.0.1 for a sufficient condition of such a solution) and, for all sg € [fg, +oo)
and all xy € O, there exists a unique maximal solution x : [sg, @(sg,Xo)) — X of the generalized
ODE (2.1) with initial condition x(sg) = x¢. In this case, we denote x(-) by x(-, so,x0). We recall
that the concept of a maximal solution is given in Definition C.0.15 and sufficient conditions for
its existence can be found in Theorem C.0.17 and Corollaries C.0.20 and C.0.21.

In the sequel, we present a definition of uniform stability for generalized ODEs introduced
in [23].

Definition 2.2.1. The trivial solution of the generalized ODE (2.1) is said to be

(i) stable, if for every sg > to, € > 0, there exists 6 = 6(&,s0) > 0 such that if xy € & satisfies
%0l < 8,
then
llx(2,50,x0)|| = ||x(2)|| < €&, forallt € [sg,®(s0,X0)),

where x : [sg, @(s0,%0)) — X is a maximal solution of the generalized ODE (2.1) with

initial condition x(sg) = xo;

(ii) uniformly stable, if it is stable with 6 independent of s;
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(iii) uniformly asymptotically stable, if there exists 0y > 0 and for every € > 0, there exists a
T =T(g,0) > 0 such that if (xg,s9) € Q and

[[xoll < 8,
then
[|x(,50,%0)|| = [|x(2)]| <&, forallt € [so,®(s0,X0)) N[so+T,~+o0),

where x : [sg, ®(s0,%0)) — X is a maximal solution of the generalized ODE (2.1) with

initial condition x(s¢) = xp.

Now, consider the perturbed generalized ODE

dx
77 = DF(x,0) +P(0), (2.67)

where P : [tg, +o0) — X is left-continuous on (#p,+o0) and

sup ||[P(s) = P(t0)]| < eo.
$€[ty,+0)

Notice that, supc, 1 [|P(s) — P(to)|| < oo for all € [to,+oc) and, by Proposition A.0.20,
the function g : [to, +o0) — R, defined by g() = supyc, 1 | P(s) — P(t0)|

,1s a nondecreasing func-
tion which is left-continuous on (g, +o). Therefore, as we mentioned in Remark 2.1.3, we may
assume that, for every (xo,so) € €, there exists a unique maximal solution X : [so, @(s9,X0)) — X

of the perturbed generalized ODE (2.67) with initial condition X(sg) = xo.

In the sequel, we present a definition of uniform stability with respect to perturbations.

Definition 2.2.2. The trivial solution of the generalized ODE (2.1) is said to be

(i) stable with respect to perturbations if, for all so > o and € > 0, there exists = d(&,s9) >0
such that if xo € & with

|lxo|| <& and sup ||[P(s)—P(so)|| < 9,
SE[s0,+0°)

then

||1%(2,s0,%0)|| = ||%(2)|| < &, forallsé€ [sg,®(s0,%0)),

where X : [so, ®(s0,x0)) — X is a maximal solution of the perturbed generalized ODE
(2.67) with initial condition X(so) = xo;

(11) uniformly stable with respect to perturbations, if it is stable with respect to perturbations

with 6 independent of s.
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(iii) uniformly asymptotically stable with respect to perturbations, if there exists &y > 0 and
for every € > 0, there exists a T = T'(&,8p) > 0 such that if xy € & and

||xo|| < 6 and sup ||P(s) —P(so)| < O,
5€[s0,4o0)
then
||)_C(I,S(),X())|| = ||)_C(t)|| <eg, forallte [S(),(D(S(),XQ)) N [S()—}-T, —i—oo),

where X : [so, ®(s0,x0)) — X is a maximal solution of the perturbed generalized ODE
(2.67) with initial condition x(sg) = xo.

In what follows, we assume the existence of global forward solutions of the generalized
ODE (2.1) and of the perturbed generalized ODE (2.6).

Theorem 2.2.3. Let F € .#(Q,h), where h : [ty,+o) — R is a nondecreasing function which is
left-continuous on (fp,+eo). If the trivial solution of generalized ODE (2.1) is stable with respect

to perturbations, then it is stable.

Proof. For all sg > tg and all xg € X, let x : [s, +o0) — X be the global forward solution of the
generalized ODE (2.1) with initial condition x(sg) = xg, € > 0, P : [so, +°0) — X be a function
defined by P(t) = xp, for all ¢ > s¢, and let X : [sg, +o0) — X be the global forward solution of
the perturbed generalized ODE
dx
— =D|F(x,t)+ P(t
57 = DIF(x,1) +P(1)],

with initial condition X(so) = xo. Then,

%(t) = xo+ / 'DF(%(t),5) + P(t) — P(s0) = xo+ / 'DF(x(2).5).

Therefore, X is the global forward solution of the generalized ODE (2.1) with initial condition
X(s0) = xo and, by the uniqueness of a solution, X(¢) = x(¢) for all 7 > s¢. Since the trivial solution
of the generalized ODE (2.1) is stable with respect to perturbations, there exists 6 > 0 such
that if [|xo[| < & and supycy) 4o0) [[P(s) — P(t0)[| = 0 < 6, then [[x(z) || = ||x()]| < & for allz > so.
This fact leads to the uniform stability for the trivial solution of the generalized ODE (2.1) [l

The proof of Theorem 2.2.4, in the sequel, follows as in Theorem 2.2.3 and, therefore,

we omit it here.

Theorem 2.2.4. Assume that F € .% (Q,h), where & : [ty,+o0) — R is a nondecreasing function

which is left-continuous on (fy, +o0). Then, the following statements hold.

(1) If the trivial solution of the generalized ODE (2.1) is uniformly stable with respect to

perturbations, then it is uniformly stable.
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(i1) If the trivial solution of the generalized ODE (2.1) is uniformly asymptotically stable with

respect to perturbations, then it is uniformly asymptotically stable.

In order to prove that uniform stability implies uniform stability with respect to perturba-

tions, we need the following auxiliary result.

Lemma 2.2.5. Let F € .% (Q,h), where h : [fy, +o0) — R is a nondecreasing function which is
left-continuous on (fg,+c<). Furthermore, assume that % is bounded. For every global forward
solution x of the generalized ODE (2.1) and for every global forward solution X of the perturbed
generalized ODE (2.67) on [sq, +eo), with x(sg) = xo = X(s¢) and so > fo, there exists a constant
M > 0 such that

lx() =x(0)[| < M,

for all ¢ > sy.

Proof. Since h is bounded, there exists H > 0 such that sup;cf;, ;) [2(t) — h(to)| = H and, once

SUP¢9 10 | P(s) — P(50)|| < oo, there exists P> 0 such that sup| ) [[P(s) = P(so)|| = P.

50,100
Using these facts together with Lemma C.0.5, we obtain

lx() =x(0)I = x(s0) +/s:D[F(X(T),S) — F(x(1),5)] —x(s0) — P(s) + P(s0)
x(s0)=x(s0) t
< [ ora@e - Fa@s+ s 1P - Pl
50 SE[s0,+0)
Lem.C.0.5
< 2|h(t) — h(so)| + P
< (2r(t) = h(to)| + |h(s0) — h(to)[) + P
< 20H+H)+P=4H+P=M,
for all r > sg and the statement holds. [

The next result relates the concept of stability to the notion of stability with respect to

perturbations.

Theorem 2.2.6. Let F € .7 (Q,h), where h : [ty,+) — R is a nondecreasing function which
is left-continuous on (#p,+o0). Moreover, suppose / is bounded. If the trivial solution of the

generalized ODE (2.1) is stable, then it is stable with respect to perturbations.

Proof. For all so >ty and all xy € X, let X : [s9,+o0) — X be a global forward solution of

the perturbed generalized ODE (2.67) with initial condition X(s9) = x¢ and let € > 0. Take
)

2

0 as in Definition 2.2.1-(i) and assume that ||xo|| < % and Sup;c(s) 1) [|1P(s) — Plto)]| <
where H = sup;cj 1o |[1(t) —h(to)]. Letx : [so,+o0) — X be a global forward solution of the
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generalized ODE (2.1) with initial condition x(sg) = xo. Then for all # > s, we have

/ "DIF(E(T),5) — F(x(2),)]|| + [ P() — P(so)]

S0

%) ()| < \

t
< | [ pra. - Fa@s|+ s 126
S0 SE[50,40)
By Lemma C.0.6, we get
) 501 < [ 16—+ )+ sup[P(5)=Plso, foralls € s, ).

[S(),-l—OO)

Thus, by hypotheses, sup,c(y, 1) [[P(s) = P(s0)|| < oo, h is nondecreasing and it is also left-
continuous on (fp,+o0) and, by Lemma 2.2.5, the function [sg,+) > 7 +— ||X(¢) — x(¢)]| is
bounded. Therefore, we are under the hypotheses of the Gronwall-type inequality (see Theorem
B.0.10) and, hence,

%) —x()| < sup [|P(s) = P(so)[[e/ 0 < sup  ||P(s) = P(s0) ",
SE[s0,+00) SE[s9,+o0)

where H = sup, ¢, 1) |1(t) — h(to)|. Notice that, ||x(#)|| < § for all # > s, since the trivial
solution of the generalized ODE (2.1) is stable. Therefore, for all ¢ € [sg,+o0), we conclude

_ _ € 1)
[ < (x| + [|X(2) —x(1) || < —+76H <€,
once 8 < €. O

The proof of the next result is analogous to the proof of Theorem 2.2.6 and, therefore,

we omit it here.

Theorem 2.2.7. Let F € .% (Q,h), where h : [fy, +°0) — R is a nondecreasing, left-continuous
on (tp,+e0) and it is bounded. Then, the following statements hold.

(i) If the trivial solution of the generalized ODE (2.1) is uniformly stable, then it is uniformly

stable with respect to perturbations.

(i1) If the trivial solution of the generalized ODE (2.1) is uniformly asymptotically stable, then

it is uniformly asymptotically stable with respect to perturbations.

2.2.1 Direct method of Lyapunov

In this subsection, we present Lyapunov-type theorems on uniform stability and uniform

asymptotic stability borrowed from [13,23].

We recall that we are considering F : Q — X belonging to .% (Q,h), where & C X is
an open set containing the neutral element of X, X is a Banach space, Q = & X [fp, +o0) and
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h: [to,+oo) — R is a nondecreasing function which is left-continuous on (fy, o) (see Definitions
A.0.17 and C.0.2). Moreover, we suppose that x = 0 is a solution of the generalized ODE (2.1)
(see Remark 2.0.1 for a sufficient condition for the existence of such a solution) and, for all
(x0,50) € Q, there exists a unique maximal solution x : [sg, @(so,x0)) — X of the generalized
ODE (2.1) with initial condition x(sg) = xo. We point out that the concept of a maximal solution
is given in Definition C.0.15 and sufficient conditions for its existence can be found in Theorem
C.0.17 and Corollaries C.0.20 and C.0.21.

In what follows, we present a result which ensures that the trivial solution of the general-
ized ODE (2.1) is uniformly stable. A version of such a result, when the Lyapunov functional
with respect to the generalized ODE (2.1) is defined in [fg,+o0) X By, By = {y € X; ||y|| < p},
can be found in [13, Theorem 8.18] or [23, Theorem 3.4] and, for a Lyapunov functional defined
in [tg, +o0) X O, its proofs follows analogously.

Theorem 2.2.8. Let F € .7 (Q,h), where h : [ty,+o0) — R is a nondecreasing function which is
left-continuous on (fy, 4o0), and let V : [ty, +o0) X & — R be a Lyapunov functional with respect
to the generalized ODE (2.1). Suppose V satisfies the following conditions:

(LU1) there exists an increasing continuous function a : Rt — R satisfying a(0) = 0 and

V(t,y) <a(llyl),

forall 7 € [fy,+e) and all y € T

(LU2) for every sp >ty and every maximal solution x : [sg, @) — & of the generalized ODE (2.1),
the function [so, ) > ¢ — V(z,x(¢)) is nonincreasing.

Then, the trivial solution of the generalized ODE (2.1) is uniformly stable.

We end this subsection by presenting a Lyapunov-type theorem on uniform asymptotic

stability. The reader may consult [ 13, Theorem 8.20] or [23, Theorem 3.6] for a proof.

Theorem 2.2.9. Let F € .#(Q,h), where h : [ty,+o0) — R is a nondecreasing function which is
left-continuous on (fy,+o0), and let V : [fy, +-o0) X & be a Lyapunov functional with respect to

the generalized ODE (2.1). Suppose V satisfies following conditions:

(LA1) there exists an increasing continuous function a : Rt — R satisfying a(0) = 0 and

V(t,y) <a(llyll),

forallz € [fy,+e) and all y € T

(LA2) there exists a continuous function ® : X — R satisfying ®(0) = 0 and ®(y) > 0, whenever
y # 0 such that, for all maximal solution x : [sg, @) — X of the generalized ODE (2.1) with

5o > to, we have

V(s,x(s)) =V (t,x(t)) < (s —1) (=P(x(¢))) ,
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for every s,t € [sp, @), with t <.

Then, the trivial solution of the generalized ODE (2.1) is uniformly asymptotically stable.

2.2.2 Converse Lyapunov theorems

This subsection is devoted to the investigation of a converse Lyapunov theorem on

uniform stability. The results presented here are new and can be found in [6].

Throughout this subsection, we assume that X is a Banach space and &' C X is an open
subset such that 0 € @, where 0 represents the neutral element of X. Consider F € . % (Q, h),
where h : [tg,+o0) — R is a nondecreasing function which is left-continuous on (#,+oo) and
Q= 0 x [ty, +°) (see Definitions A.0.17 and C.0.2). Furthermore, we suppose x = 0 is a solution
of the generalized ODE (2.1) (see Remark 2.0.1 for a sufficient condition for the existence of
such a solution) and, for all 5o € [tp, +o0) and all xo € &, there exists a unique maximal solution
X : [$0,0(s0,x0)) — X of the generalized ODE (2.1) with initial condition x(sg) = xo. In this
case, we denote x(-) by x(-,0,xp). We point out that the concept of a maximal solution is given
in Definition C.0.15 and sufficient conditions for its existence can be found in Theorem C.0.17
and Corollaries C.0.20 and C.0.21.

The next result gives a characterization of uniform stability of the trivial solution of the

generalized ODE (2.1). Its proof follows as the proof of [30, Lemma 4.1].

Lemma 2.2.10. The trivial solution of the generalized ODE (2.1) is uniformly stable if and only

if there exists a function @ : R™ — R fufilling the following properties:

(1) ais increasing and continuous;
(ii) a(0) =0;

(iii) for any xop € & and any s > fo, the solution x(-,s9,xp) of the generalized ODE (2.1)
satisfies

||x(2,s0,%0)|| < a(|lxol]), forallt € [so, @ (s0,X0))-

Proof. We begin by proving the existence of the function a : Rt — R*. For all € > 0, let g(e)
be the least upper bound of all numbers & (€) occurring in Definition 2.2.1-(ii), that is,

6 (&) = sup{|lx(z,50,x0) |; [lxol| < 8(€),50 = 10,2 = 50},

where x(-,s0,X0) is the maximal solution of the generalized ODE (2.1) with initial condition
x(s9) = xp. Since the trivial solution of the generalized ODE (2.1) is uniformly stable, for
all so > 19 and all xo € O, with ||xg|| < d(€), we have ||x(¢,s0,x0)|| < € for all ¢+ > sy and,

therefore, & is well-defined and it is positive for € > 0. Moreover, for every & > & > 0, we have
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o(g) < 5(82). Indeed, suppose 3(82) < 5(81). Then, there exist 8y > 0 and Xy € & such that
6(82) <9y < 6(81), )EE)H <9y < 5(81) and

||x(¢,50,%0)|| > €, forsomet > sg. (2.68)

On the other hand, by the uniform stability, we have ||x(z,s0,%0)|| < €1 < & for all 7 > 59 which
contradicts (2.68). Therefore, 5 (&) is nondecreasing. In addition, since X = 0 is a solution of
the generalized ODE (2.1), we conclude that g(e) — 0 as € — 0. Owing to the fact that B
is nondecreasing, positive for € > 0 and tends to zero as € tends to zero, we may choose an

increasing continuous function 8§ : R+ — R* such that & () < 5(8) for all € > 0.

Leta: R* — R* be the inverse function of 8. Thus, for any xo € 0 with ||xg|| < /5\(8),

~

there exists € > 0 such that ||xo|| = 6(€;) and, since the trivial solution of the generalized ODE
(2.1) is uniformly stable, we have ||x(z,s0,x0)| < & = a(||xo||) for all # > s.

Reciprocally, assume the existence of the function a : Rt — R™. By items (i) and (ii),
for every € > 0, there exists 0 > 0 such that a(0) < €. Since a is increasing, item (iii) guarantees
that if x € & is such that ||xo|| < 0, then for any so > 7y and any solution, x(-,sg,Xo), of the
generalized ODE (2.1), we have

[1x(z,50,%0) [| < a(llxol]) < a(8) <&
which completes the proof. 0

By the fact that & is an open set, there exists ¢ > 0 such that B, = {y € X; ||y|| < ¢} C 0.
Letp <cand B, = {y € X;||y|| < p}. Forally € B, and all 7 € [y, +o0) define

V(t,y)=sup |[[x(z,t,y)], (2.69)

TE[t,0(t,y))

where x : [f,0(t,y)) — X is the maximal solution of the generalized ODE (2.1) with initial
condition x(¢) = y. Notice that, by Lemma 2.2.10, for all y € B, and ¢ € [fy, +o0), we have

V(t,y) <a(llyll) <alp).

Therefore, V is well-defined for all t >ty and all y € Ep. Moreover, V satisfies

V(t,y) <a(llyl), forall(z,y) € [to,+o0) X Bp. (2.70)

In what follows, we prove that the function V : [fp, +e0) x By — R, defined by (2.69),
satisfies condition (L2) from Definition 2.0.2.

Lemma 2.2.11. Let V : [fy, +o0) X Ep — R be defined by (2.69). Then, there exists an increasing
continuous function b : R™ — R satisfying 5(0) = 0 such that

V(t,y) = b(|ly]);

for every (t,y) € [tg,+o°) X Bp.
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Proof. Let 'y € By and t € [fy,+o0). Let x : [t,@(t,y)) — X be the maximal solution of the
generalized ODE (2.1) with initial condition x(¢) = y. It is clear that the following inequality

Iyl < sup |lx(z,,9)[| =V (t,y)
T€lt,o(t,y))

holds and, hence, the result follows by considering b as the identity function. ]
As a consequence of Lemmas 2.2.10 and 2.2.11, we obtain the next result.
Lemma 2.2.12. Let V : [fy, +o) x By — R be defined by (2.69). Then, V(7,0) = 0 for all
t € [to, +e0).
The next lemma give us condition (L.1) from Definition 2.0.2.

Lemma 2.2.13. Let V : [y, +o0) X B, — R be defined by (2.69) and assume that F € .Z (Q,h),

where & : [fp, +o0) — R is a nondecreasing function which is left-continuous on (#y, ). Then,
V(-y):[to,+e0) = R
is left-continuous on (fy, +oo), for all y € Bp.

Proof. Let 0y € (19, +0), y € Bp and € > 0 be given. Since F € .#(Q,h) and h : [ty,+o0) — R

is left-continuous on (fy, +oo), there exists 6 > 0 such that

IF(y,8) = F(y,00)[| < |h(s) —h(s0)| <€, forallse (op—8,0p). (2.71)

Let x : [0p, ®) — X be the maximal solution of the generalized ODE (2.1) with initial
condition x(op) = y and, for all s € (6p — 8, 0p), define z, : [s,®) — X by

oy ift € [s,0p],
(1) _{ x(1), ift €[00, @)

By Remark A.0.8 and Lemma C.0.9, z is regulated and, by Corollary C.0.4, the integral
[IDF (z,(7),v) exists for all ¢ € [s,®). Moreover, since x is a solution of the generalized ODE
(2.1), for all ¢ € [0y, @), we have

zs(0p) + t DF (z4(7),v) = x(0p) + t DF (x(1),v) = x(t) = z5(2). (2.72)

00 00

On the other hand, if t € [s, 0y, then
t t
() + [ DF((2),v) =3+ [ DF(3v) =y +F(3.0) = F(r.9)
s N
This fact together with (2.71) reveals

a()=2()+ [ "DF(24(t),v), forallt € [s, ). 2.73)
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Then, equations (2.72) and (2.73) show that z; is a solution of the generalized ODE (2.1) with
zs(s) = y. By the definition of V, we obtain

V(s,y)=V(00,y)| = | sup [lzs(7)[|= sup [lx(7)[|| =0, forallse (c—5,00)

7€s,) T€[0),0)

which proves that V(-,y) : [fo, +°) — R is left-continuous at op. O

The following lemma guarantees that V : [fy, +0) x B, — R, defined by (2.69), satisfies
hypothesis (LU2) from Theorem 2.2.8.

Lemma 2.2.14. The function [so,®) > ¢ — V(¢,x(¢)) is nonincreasing along every maximal
solution x : [sg, @) — B, of the generalized ODE (2.1), where V : [tg,4o0) X B, — R is defined
by (2.69) and sg > 1.

Proof. Letx: [so,®) — Bp be a maximal solution of the generalized ODE (2.1) and 11,1, € [so, ®)
be such that #; < ;. Notice that, since x is a maximal solution of the generalized ODE (2.1), for
allt € [t),®), we have

151

x(t,50,x(50)) = x(s0) + / DF(x(t),5) = x(s0) + | " DP(x(1).5) + 'DF(x(%).5)

N
= x(n +/DF s) = x(t,t1,x(11)).
Analogously, x(z,12,x(t2)) = x(t,50,x(s0)) for all t € [r,, ®). Then,
V(,x(2)) = sup [|x(7,22,x(12))]

1€, M)

= sup |[|x(7,s0,x(s0))]|l
TE[va)

< sup |[x(7,s0,x(s0))]|
T€[1,0)

= sup ||x(7,t1,x(t1))]]

T€[t, )

= V(tl,x(l1)>

and the proof is complete. ]

The next result shows that the right-derivative of V' is non-positive along the solutions of
the generalized ODE (2.1), where V : [fp, +o0) x B, — R is defined by (2.69). Its proof is similar
to the proof of Lemma 2.2.14 .

Lemma 2.2.15. Let V : [fy, +o0) X B, — R be defined by (2.69). For every 5o > 1y and every
maximal solution x : [sg, @) C [fg, +e) — B of the generalized ODE (2.1), we have

DV (1.x(t)) 1= limsup L E X)) =V (2 x(2)
’ . n—0+ n

<0, t€](s,m),

that is, the right-derivative of V is non-positive along the solutions of the generalized ODE (2.1).
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Proof. Let sy >ty and x: [so,®) C [fy, +°0) — B, be a maximal solution of the generalized ODE
(2.1). Then, for all ¢ € [sp,®) and all T € [r + N, ®), with n > 0, we have

t+n T
x(t,t,x(t)) = +/ DF (x =x(t)+ DF (x(s),0)+ DF (x(s),0)
t +n
T
= x(@+n)+ [ DF(x(s),0) =x(t,t+n,x(t+n)).
=+
Thus,
V(i+n,x@t+n)=V(,x@) = sup |x(t,e4n,x(+n))l[— sup [x(7,2,x(7))]
TE[1+N,0) TE[1,0)
= sup |lx(z0,x(0))|| = sup |lx(z,7,x(2))]|
TE[1+N,0) T€t,0)
< sup |lx(7,2,x(0))|| = sup [lx(7,6,x(2))[| = 0.
T€lt,0) T€lt )
Therefore,
DYV (t,x(1)) 1= limsup LU EMAFM) ZVEXD) o)
n—0+ n
which completes the proof. []

In the sequel, we present a converse Lyapunov theorem on uniform stability.

Theorem 2.2.16. Let F € .7 (Q, h), where h : [fy, +o0) — R is a nondecreasing function which is
left-continuous on (#p, +oo). If the trivial solution x = 0 of the generalized ODE (2.1) is uniformly
stable, then there exists a functional V' : [fg, +o0) X Ep — R, 0 < p < c satisfying:

(CLU1) there exists an increasing continuous function a : R — R™ satisfying a(0) = 0, such that

V(t,y) <a(llyl),

forall 7 € [tg, +o0) and y € Bp;

(CLU2) there exists an increasing continuous function b : R™ — R, with b(0) = 0, such that

V(t,y) = b(|lyll),

for every (¢,y) € [tg, +o°) X Bp;
(CLU3) V(£,0) = 0 for all £ € [tg, +oo);
(CLU4) V(-,y) : [fo, +o0) — R is left-continuous on (zy, +o<), for all y € B,;

(CLUS) for every so > to, the function [sg, @) > — V (¢,x(r)) is nonincreasing along every maximal
solution x : [sg, @) — Bp, of the generalized ODE (2.1).
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(CLU6) for every sy > fo and every maximal solution x : [sg, @) C [fg, +o°) — B, of the generalized
ODE (2.1), we have

DV (t.x(1)) = limsup LU A+ ) = V(t.x(0))

<0, tE€]ls,w),
n—0+ n

that is, the right-derivative of V' is non-positive along the solutions of the generalized ODE
(2.1);

Proof. LetV : [fy, +o0) X By — R be defined by (2.69). Then, items (CLU1), (CLU2), (CLU3),
(CLU4), (CLUS) and (CLU6) are straightforward consequence of Lemmas 2.2.10, 2.2.11, 2.2.12,
2.2.13,2.2.14 and 2.2.15 respectively. [

Remark 2.2.17. Conditions (CLU2), (CLU4) and (CLU6) from Theorem 2.2.16 guarantee that
the function V : [fg, +o0) x X — R, defined by (2.69), is a Lyapunov functional with respect to
the generalized ODE (2.1) in the framework of Definition 2.0.2. On the other hand, conditions
(CLU2), (CLU4) and (CLUS) given in Theorem 2.2.16, show that V satisfies all the conditions
of the definition of a Lyapunov functional presented in [22,23]. Therefore, no matter which
definition of Lyapunov functional we are using, Theorem 2.1.19 ensures that uniform stability
for generalized ODEs implies in the existence of a Lyapunov functional. Moreover, conditions
(CLU1) and (CLUS) in Theorem 2.2.16 show that V satisfies the hypotheses (LU1) and (LU2)

from the Lyapunov-type theorem 2.1.7 on uniform stability.

2.3 Relations

In this section, we use the Lyapunov theorems, described in Sections 2.1 and 2.2, to
obtain relations between regular stability and uniform stability for the trivial solution of the
generalized ODE (2.1). At first, we recall that F in the right-hand side of the generalized ODE
(2.1) belongs to the class .# (Q,h), where Q = 0 X [ty,+), € is an open set containing the
neutral element of the Banach space X and & : [tp, +o0) — R is a nondecreasing function which

is left-continuous on (g, 4o0).

The next result shows regular stability implies uniform stability.

Theorem 2.3.1. If the trivial solution of the generalized ODE (2.1) is regularly stable, then it is

uniformly stable.

Proof. By Theorem 2.1.19, there exists a Lyapunov functional V : [ty, +0) x & — R with respect
to the generalized ODE (2.1). Moreover, V satisfies all conditions from Theorem 2.2.8 which, in

turn, implies that the trivial solution of the generalized ODE (2.1) is uniformly stable. 0

The next diagram illustrates the relations between the concepts of regular stability and

uniform stability, where, by R we mean regular stability, U represents uniform stability for
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generalized ODEs, pR denotes regular stability with respect to perturbations and pU means

uniform stability with respect to perturbations.

R Th.2.3.1 U
Th.2.1.51 TTh.2.2.4 (2.74)
pR pU

Moreover, if i : [fg, +°0) — R is bounded, then we have the following diagram.

R Th.2.3.1 U
Th.2.l.51 Th.2.2.7ITh,2.2.4 (2.75)
pR pU

In what follows, we relate regular asymptotic stability to uniform asymptotic stability.

Using Theorem 2.1.29 instead of 2.1.19 and Theorem 2.2.9 instead of 2.2.8 in the proof

of Theorem 2.3.1, we obtain the following result.

Theorem 2.3.2. If the trivial solution of the generalized ODE (2.1) is regular asymptotically

stable, then it is uniformly asymptotically stable.

Therefore, if RA, pRA, UA and pUA denotes, respectively, regular asymptotic stability,
regular asymptotic stability with respect to perturbations, uniform asymptotic stability and

uniform asymptotic stability with respect to perturbations, then we have the following diagrams

RA Th23.3 UA
Th.2.1 .51 TTh.2.2.4 (2.76)
pRA pUA

and, if in addition % : [fy,+o0) — R is bounded, then

RA Th.23.3 UA
Th.2.1 .51 Th.2,2.7ITh.2.2.4 (2.77)

PRA pUA

We point out that, in [48], Stefan Schwabik proved a Lypunov-type theorem and a
converse Lyapunov theorem on a different type of stability for the generalized ODE (2.1) called
variational stability. Therefore, using the same arguments of this section, one can prove that the

following implications hold:

\Y% — UA

I TTh.2.2.4 (2.78)
pV pUA
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and
VA  — UA
I TTh.2.2.4 (2.79)
pVA pUA
Moreover, if & : [tg, +o0) — R is bounded, then
A%  — UA
I Th.2.2.7ITh.2.2.4 (2.80)
pV pUA
and
VA e UA
I Th.2.2.7ITh.2‘2.4 (2.81)

pVA pUA

where V, VA, pV and pVA denote, respectively, variational stability, variational asymptotically

stability, variational stability with respect to perturbations and variational asymptotically stability

with respect to perturbations.
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CHAPTER

BOUNDEDNESS OF SOLUTIONS

Concepts of boundedness of solution in the setting of generalized ODEs were firstly
introduced in [2] and were inspired by the definitions of boundedness of solutions of impulsive
functional differential equations presented in [20,29,42,54]. Motived by [2], the authors of [22]
proved several criteria, via Direct Method of Lyapunov, for the boundedness of solutions of
generalized ODEs and, using the correspondence between the solutions of these equations
and the solutions of measure differential equations, they were able to introduce new concepts
of boundedness of solutions in the framework of measure differential equations and to prove

Lyapunov-type theorems on boundedness of solutions of these equations.

Our goal in this chapter is to present Lyapunov-type theorems, borrowed from [13,22]
and to prove that uniform boundedness of solutions of generalized ODEs implies the existence
of a Lyapunov functional (see Definition 2.0.2). Furthermore, we introduce concepts of uniform
boundedness of solutions of a perturbed generalized ODE, we give sufficient conditions for the
uniform boundedness of solutions of a perturbed generalized ODE to imply uniform boundedness
of solutions of a homogeneous generalized ODE and vice-versa. Almost all results presented in

this chapter are new and can be found in [6].

We consider X a Banach space, tp € R with 7o > 0, and F € . (X X [ty,+),h), where
h: [tp,+0) — R is a nondecreasing function which is left-continuous on (fy, o) (see Definitions
A.0.17 and C.0.2). Furthermore, consider the following generalized ODE

dx
— = DF(x,1). 3.1
——=DF(x.1) (3.1)
By Corollary C.0.20, for all ¢ € [ty,+0) and all y € X, there exists a unique global forward
solution x : [f,4o0) — X of the generalized ODE (3.1) with initial condition x(f) = y and we

denote x(-) by x(+,y,1).

In the sequel, we recall concepts of boundedness of solutions in the setting of generalized
ODE:s described in [2].
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Definition 3.0.1. We say that the generalized ODE (3.1) is

(i) uniformly bounded, if for every a > 0, there exists M = M(o) > 0 such that, for all
50 € [to, +o0) and all xy € X, with ||xg|| < &, we have

||lx(s,50,x0) || = [|x(s)|| < M, for all s > sp,
where x : [sg,+o0) — X is a global forward solution of the generalized ODE (3.1) with
initial condition x(sg) = xo;

(i1) quasi-uniformly ultimately bounded, if there exists B > 0 such that for every a > 0, there
exists T = T'(a) > 0, such that for all sy € [, +o0) and all xg € X, with ||xo|| < a, we
have

||x(s,50,%0)|| = ||x(s)|| < B, forall s > s9+ T,

where x : [sg,+o0) — X is a global forward solution of the generalized ODE (3.1) with

initial condition x(sg) = xo;

(ii1) uniform ultimately bounded, if it is uniformly bounded and quasi-uniformly ultimately
bounded.

In [22], the authors proved the following result which gives a sufficient condition for the
uniform boundedness of a solution of the generalized ODE (3.1). For a proof of it, the reader
may consult [13, Theorem 11.3] or [22, Theorem 3.5].

Theorem 3.0.2. Let V : [fg, +o0) x X — R satisfy the following conditions:

(LB1) foreachze G~ (|a,B],X), the function o, B] ¢ — V(z,2(t)) is left-continuous on (o, B];

(LB2) there are two increasing functions p,b : RT™ — R such that p(0) = b(0) = 0,

lim b(s) = oo

s—>-oo
and

b([ly[l) <V (2,y) < p(lIyll),
for every (t,y) € [to, +o) X X

(LB3) for every sy >ty and every global forward solution x : [sg, +e0) — X of the generalized
ODE (3.1), we have
V(s,x(s)) =V (t,x(r)) <0,

for every sop <t < < H-o0.

Then, the generalized ODE (3.1) is uniformly bounded.
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In what follows, we target to prove a converse Lyapunov theorem.
Assume that the generalized ODE (3.1) is uniformly bounded. For all ¢ € [ty, +) and
all y € X define

V(t,y)= sup |lx(z,5,y)], (3.2)
TE[t,+o0)

where x : [f,+o0) — X is the global forward solution of the generalized ODE (3.1) with initial
condition x(7) = y.
Let a = ||y|| > 0. Since the generalized ODE (3.1) is uniformly bounded, there exists
M = M(2o) > 0 such that
lx(7,¢,y)|| <M forall T >t.
Then, V is well-defined for all (z,y) € [to, +o°) X X.

The next result ensures that the boundedness of solutions of the generalized ODE (3.1)
implies the existence of a Lyapunov functional satisfying some conditions of Theorem 3.0.2.

The reader may check Definition 2.0.2 for the concept of a Lyapunov functional.

Theorem 3.0.3. If the generalized ODE (3.1) is uniformly bounded, then there exists a function
V :[ty,+o0) x X — R satisfying:

(CB1) there exists an increasing continuous function b : Rt — R™ such that b(0) = 0,

lim b(s) = oo,

s—>-oo
and
b([Iyll) <V (t.y),
for every (t,y) € [tp,+o) X X;
(CB2) V(-,y) is left-continuous on (fy, +o) for every y € X;

(CB3) for every so > tp and every global forward solution x : [sg, +o0) — X of the generalized
ODE (3.1), we have
V(s,x(s)) ~ V(,x(1)) <0,
for every so <t < s < o0
(CB4) for all 59 > o and all global forward solution x : [sg, +0) — X of the generalized ODE
(3.1), we have

DV (1.x(t)) 1= limsup L E X)) =V (Ex(2)

<0, 1€ [so,+o0),
n—0+ n

that is, the right-derivative of V' is non-positive along the solutions of the generalized ODE
(3.1);
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(CB5) there exists an increasing function p : RT — R™ such that p(0) = 0 and

p(lyll) = V(t,y),

for every (t,y) € [tg, +o0) X X
(CB6) V(1,0) =0forall s € [tg,+o).

Proof. LetV : [tg,+o0) x X — R be defined by (3.2). The proofs of items (CB1), (CB2), (CB3)
and (CB4) are analogous to the proofs of Lemmas 2.2.11, 2.2.13, 2.2.14 and 2.2.15 respectively.

Therefore, we omit them here.

Let us prove condition (CBS5). Let o > 0. Then, by Definition 3.0.1-(i), for all sg > #g
and xo € X with ||xo|| < o, there exists M (ct) > 0 such that ||x(s,so,x0)|| < M(ox) for all s > sq.
Therefore, the set

{[1x(s,50,x0) I3 [[x0[| < €, 50 = 10,5 = 50}

is upper bounded for all s > s¢. Define M : RT — R™ by

(o) = sup{||x(s, s0,x0)||; [|x0]] < @,s0 > to,5 > s0}, ifa >0,
1o, if o0 =0.

At first, we prove that M is nondecreasing. Indeed, let 0 < ¢&; < o, and consider
A ={]|x(s,50,%0)]l; ||*o0|| < 01,80 > 0,5 >0} and
B = {|[x(s,50,%0)|s [Ixo[| < @2,50 = 10,5 = 50}

Then, it is clear that A C B which implies that M (o) < M(a;). Since M may not be increasing,
we can choose a function M : [0, 4-00) — [0, 4-c0) which is non-negative, increasing such that
M(0) =0 and M(ct) < M(cx) for all o > 0. Define p : Rt — R* by

0, =0,
PO=9 lim H(+e), 1>0.
e—0t

Then, if 0 <1; < tp, we have
p(n) =M(t) < M() <M(5)) = p(t2)
which shows that p is an increasing function.
It remains to demonstrate that p satisfies the following inequality
p(yl) = V(z,y), forall(r,y) € [to,+e0) X X.

Lety € X and 7 € [fy, +o) be given and take o = ||y|| + €, where € is sufficiently small. Let
x(-,1,y) be the global forward solution of the generalized ODE (3.1) with initial condition
x(t) = y. Then, by the definition of M(-) and M(-), we have

(. 1,3)|| < M(et) < M(a) = M(|ly]| +e),
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for all T € [t,+o0), which implies

V(t,y)= sup |x(z,2,y)[[ = lim sup |lx(7,5,y)[| < lim M([|ly[|+¢&) = p(lly])),
TE[t,4-0) €207 ¢t 4-0) e—0

for all T € [t,+o0). Therefore, condition (CBS) is proved.

To finish this proof, we notice that (CB6) is a consequence of conditions (CB1) and
(CB)5), once
0=>5(0) <V(,0) < p(0) =0,

for all ¢ € [tg, +o0). O

Although the next result is similar to Theorem 3.0.3, it shows that, with the additional
hypothesis that x = 0 is a solution of the generalized ODE (3.1), the boundedness of solutions
of the generalized ODE (3.1) implies the existence of a Lyapunov functional satisfying all

conditions of the Lyapunov-type Theorem on uniform stability 2.2.8.

Theorem 3.0.4. If the generalized ODE (3.1) is uniformly bounded and x = 0 is a solution of
the generalized ODE (3.1), then there exists a function V : [ty, +%) X X — R satisfying:

(CB1) there exists an increasing continuous functions b : R™ — R™ such that 5(0) = 0,

lim b(s) = oo,

s—r-oo
and
b(lyl) <V (t.y),
for all (7,x) € [tg, +o0) X X;
(CB2) for every sy >ty and every global forward solution x : [sg,+o) — X, 5o > fo, of the
generalized ODE (3.1), we have
V(s,x(s)) =V (t,x(t)) <0,

for all so <t <5 < o0
(CB3) V(-,y) is left-continuous on (fy, +o) for every y € X;

(CB4) for all 59 > o and all global forward solution x : [sg, +0) — X of the generalized ODE
(3.1), we have

DV (1,x(t)) 1= lim sup ~E X)) = V(7 x(2)

n—07t n

that is, the right-derivative of V is non-positive along the solutions of (3.1);

(CB5) there exist an increasing continuous functions @ : Rt — R™ such that a(0) = 0 and

V(t,y) <a(llyl),

for every (z,y) € [to, +o0) X X;
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(CB6) V(z,0) =0 forall 7 € [tg, +o).

Proof. LetV : [tg,+o0) x X — R be defined by (3.2). By Theorem 3.0.3, items (CB1) to (CB4)
hold. Therefore, it remains to prove items (CB5) and (CB6).

In order to prove item (CB5), we take o > 0 and define
M(OC) = sup{||x(s, s0,%0)]|;||x0]| < ©,s0 > 10,5 > 50}

Since the generalize ODE (3.1) is uniformly bounded, for all s¢ € [tg, +-o) and all xy € X with
||lxo]] < o, there exists M(ct) > 0 such that ||x(s,s0,%0)|| < M(a) for all s > 50 and, therefore,
M (a) is well-defined for all & > 0. It is also clear that M (o) is nondecreasing (see the proof of
Theorem 3.0.3). Let M : R™ — R be defined by

M(o) =inf{M(r);oc < r} forallox € RT.

We target to prove that M(a) is nondecreasing. Let 0 < oy < o, then M (0y) < M(r)
for all 7 > a. In particular, M (ot ) < M(r) for all r > o > o which enables M (o) < M(ay).

Moreover, we claim that M is right-continuous on [0, +eo). Indeed, let o € [0, +0)
be fixed and € > 0. By the property of the infimum, there exists ¢ € {1\71 (r);ap < r} such that
M(0) < ¢ < M(oy) + €. Since ¢ € {M(r); 0 < r}, it is clear that there exists § > 0 such that
c= M(O{o + 8) and, hence,

M(0) < M(og+8) < M(0p)+e. (3.3)

Despite this fact, M(cg+ &) € {M(r);a < r} for all a € (0, 0 + &) and, by the definition of
M, we have M (o) < M(0p+ 8). Thus, by (3.3), we get

M(ar) <M(ap+8) < M(aw)+¢ (34)

which proves that M is right-continuous on [0, +oo).

Furthermore, we point out that M(0) = 0. In fact, let o = % for k € N and x; be the
solution of the generalized ODE (2.1) with initial condition xi(s0) = x o such that ||xz || < o
and 5o > 9, where the existence of such a solution is guaranteed by Corollary C.0.20. Then,
X0 goes to zero as k — co. By Proposition C.0.23, with Fj = F forall k =0,1,2,..., we have
limy_.. x;(s) = X(s) for all s € [s9,+0), where X is the solution of the generalized ODE (2.1)
with initial condition X(sg) = 0. Once x = 0 is a solution of the generalized ODE (3.1) and,
by the uniqueness of a solution, we infer that X = 0 and limy_,.,x(s) = 0 for all s € [sg,+o0).
Consequently, M (o) goes to zero as o goes to zero and, since M is right-continuous on [0, +eo),
we conclude that M(0) = 0.

From the previous paragraphs, M is nondecreasing, positive, right-continuous on [0, +oo)
and M (0) = 0. Therefore, there exists an increasing continuous function a : Rt — R™ such that
a(a) > M(a) for all o € [0,+0) and a(0) = 0.
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Finally, for all 7 € [tp,+e0) and all y € X, we have

V(t,y)= sup |x(z.t,y)]| <M(c), foralla > ||y
TE(t,+o0)

which implies
V(t,y) <inf{M(ar), |yl < a} = M(|ly[) < a(llyll)

and condition (CBSY) is proved.

Moreover, condition (CB6) follows from (CB1) and (CB5), since
0=5(0) <V(t,0) <a(0)=0, forallse [ty,+eo).

Therefore, the proof of the theorem is complete. 0

Consider the perturbed generalized ODE
dx
— =D[F(x,1) +P(1))], (3.5)
dt
where F : Q — X and P : [fp, +o0) — X is a left-continuous function on (g, o) such that
sup [|P(s) = P(to) || <.
s€[tg,+o0)
Notice that, supycp, 1 [[P(s) — P(to)|| < oo forall 7 € [tg,+o0) and, by Proposition A.0.20,
the function g : [to, +o0) — R, defined by g(t) = supcp, 4 [|P(s) — P(t0)]], is a nondecreasing
function which is left-continuous on (#y, +e<). Therefore, as we mentioned in Remark 2.1.3, the

function X : [or, B] — X is a solution of the perturbed generalized ODE (3.5) on [ct, B] C [fo, +0),
if (x(s),s) € Q, for all s € [, B], and the following equality

b
%(t) = %) + /a DF(%(7),s) +P(t) — P(a))

holds for all ¢ € [a, B]. Moreover, since we are considering Q = X X [y, +o0), Corollary C.0.20
ensures the existence of a unique global forward solution X : [sg, +o0) — X of the perturbed

generalized ODE (3.5) with initial condition X(sg) = xo, for all s¢ € [fy,+o0) and all xy € X.

In what follows, we introduce a concept of uniform boundedness of solutions of the
perturbed generalized ODE (3.5).

Definition 3.0.5. We say that the perturbed generalized ODE (3.5) is

(i) uniformly bounded, if for every a > 0, there exists M = M(co) > 0 such that, for all
50 € [to, +o0) and for all xg € X, with ||xp|| < a, we have

||1%(s,50,%0)|| <M, forall s > s,

where X : [s,+o0) — X is a global forward solution of the perturbed generalized ODE
(3.5) with initial condition X(sg) = xo;



78 Chapter 3. Boundedness of solutions

(i1) quasi-uniformly ultimately bounded, if there exists B > 0 such that for every a > 0, there
exists T = T'(a) > 0, such that for all sg € [ty,+o0) and for all xo € X, with ||xo|| < a, we

have

|1%(s,50,%0)|| < B, foralls >so+T,

where X : [sg,+o0) — X is a global forward solution of the perturbed generalized ODE

(3.5) with initial condition X(sp) = xo;

(iii) uniform ultimately bounded, if it is uniformly bounded and quasi-uniformly ultimately
bounded.

The next results relate the concepts of Definitions 3.0.1 and 3.0.5. The proof of first one

is analogous to that of Theorem 2.2.3 and, therefore, we omit it here.

Theorem 3.0.6. The following statements hold.

(i) If the perturbed generalized ODE (3.5) is uniformly bounded, then the generalized ODE
(3.1) is uniformly bounded.

(i1) If the perturbed generalized ODE (3.5) is quasi-uniformly ultimately bounded, then the
generalized ODE (3.1) is quasi-uniformly ultimately bounded.

(i11) If the perturbed generalized ODE (3.5) is uniform ultimately bounded, then the generalized
ODE (3.1) is uniform ultimately bounded.

Theorem 3.0.7. Let F € .7 (Q,h), where h : [ty,+0) — R is a nondecreasing function which
is left-continuous on (#y, +ec). Furthermore, assume that % is bounded. If the generalized ODE

(3.1) is uniformly bounded, then the perturbed generalized ODE (3.5) is uniformly bounded.

Proof. LetX: [sg,+o0) — X be the global forward solution of the perturbed generalized ODE
(2.6) with initial condition X(s) = xo, &t > 0 and x : [sg, +o0) — X be the global forward solution
of the generalized ODE (2.1) with initial condition x(sg) = xo. For all # > 59, we have

[ PIFG(2).5) ~ Fx(2),5)]

S0

[ DIFGE)5) ~ F(a(e))

S0

%) —x(0)]] < \

Then, by Lemma C.0.6, we have

‘+\|P(f)—P(So)H

IN

]+ swp [IP(s)— P(so)].

SE[s,+o0)

%) —x(0)ll < KLHY(S)—X(S)IIdh(SH sup [|P(s) — P(s0)ll,

$€[s0,+)

for all > s9. Thus, by hypotheses, sup,c(s 1) [|P(s) — P(s0)|| < o, 1 is nondecreasing and it is
left-continuous on (fy, +o0) and, by Lemma 2.2.5, the function [sg, +-o0) >+ ||x(z) — x(¢)]| is
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bounded. Therefore, we are under the hypotheses of the Gronwall-type inequality (see Theorem
B.0.10) and, hence,

[%(r) —x(t)| < sup  [[P(s) = P(so) ||l < sup  |[P(s) = P(s0) | €,
5€[s0,40) S€E[50,40)

where H = sup;ci 1o |h(t) — h(to)].
On the other hand, since the generalized ODE (3.1) is uniformly bounded, there exists
M = M(a) > 0 such that if ||xo|| < e, then

||lx(¢)|| <M, forall > so.

Taking M = M + SUP¢| ) [[1P(s) — P(s0) ||, we obtain

50,7+

Ix0]| < @ = |[%(t)|| < M, for all t > 1o,

yielding that the perturbed generalized ODE (3.5) is uniformly bounded. [

The proof of the following theorem is analogous to that of Theorem 3.0.7 and, therefore,

we omit it here.

Theorem 3.0.8. Let F € .%(Q,h), where h : [ty, +o0) — R is a nondecreasing function which is
left-continuous on (fy, o). Furthermore, assume that % is bounded. Then, the next assertions

are true.

(1) If the generalized ODE (3.1) is quasi-uniformly ultimately bounded, then the perturbed
generalized ODE (3.5) is quasi-uniformly ultimately bounded.

(i1) If the generalized ODE (3.1) is uniform ultimately bounded, then the perturbed generalized
ODE (3.5) is uniform ultimately bounded.
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CHAPTER

STABILITY X BOUNDEDNESS OF
SOLUTIONS

In this chapter, we relate the concepts of stability and boundedness of solutions of

generalized ODE:s, presented in Chapters 2 and 3.
Consider the following generalized ODE

%:DF(x,t), 4.1)
where X is a Banach space, #p € R with#p > 0, and F : X X [tg, +o0) — X is an X -valued function.
Moreover, we assume that x = 0 is a solution of the generalized ODE (4.1) (see Remark 2.0.1
for a sufficient condition for the existence of such solution) and F € .% (X X [ty, ), h), where
h: [tp,+o0) — R is a nondecreasing function which is left-continuous on (fy, 4oo) (see Definitions
A.0.17 and C.0.2). Under these conditions, for all (xq,s0) € X X [fo,+o0), there exists a unique
global forward solution x : [sg, +o0) — X of the generalized ODE (4.1) with initial condition

x(s09) = xo. See Corollary C.0.20.
The next result is a consequence of Theorems 2.2.8 and 3.0.4.

Corollary 4.0.1. If the generalized ODE (4.1) is uniformly bounded, then the trivial solution of
the generalized ODE (4.1) is uniformly stable.

Proof. By Theorem 3.0.4, there exists a Lyapunov functional V : [f, +o0) x X — R with respect
to the generalized ODE (4.1) which satisfies all the hypotheses of Theorem 2.2.8 , which in turns,
implies that the trivial solution of the generalized ODE (4.1) is uniformly stable. [

Now, consider the perturbed generalized ODE

dx
i DF (x,t) 4+ P(t), 4.2)



82 Chapter 4. Stability x boundedness of solutions

where P : [fg, +o0) — X is left-continuous on (#p,+e0) and

sup |[[P(s) — P(to)]| < eo.
$Ety,+o0)

Notice that, supycp, . [[P(s) — P(to)|| < o forall 7 € [tg, +o0) and, by Proposition A.0.20,
the function g : [to, +e°) — R, defined by g(t) = sup,c(;, 1 [|1P(s) — P(t0)

, 1S a nondecreasing
function and it is left-continuous on (fy, o). Therefore, as we mentioned in Remark 2.1.3,
Corollary C.0.20 guarantees that, for all (xg,s9) € €, the exists a unique global forward solution
X : [s0,+0o0) — X of the perturbed generalized ODE (4.2) with initial condition X(sp) = xo.
Moreover, by the definition of solution, we have

%(t) = xo+ / "DF(%(2),1) + P(t)— P(so), forall 1 € [sg,+o).

In the sequel, we establish a relation between boundedness of solutions of the perturbed
generalized ODE (4.2) and uniform stability for the generalized ODE (4.1).

Corollary 4.0.2. If the perturbed generalized ODE (4.2) is uniformly bounded, then the trivial
solution of the generalized ODE (4.1) is uniformly stable.

Proof. By Theorem 3.0.6, the generalized ODE (4.1) is uniformly bounded. Then, by Corollary
4.0.1, the trivial solution of the generalized ODE (2.1) is uniformly stable. L

The next result is a consequence of the converse Lyapunov theorems for generalized
ODE:s presented in Chapters 2 and 3 and it will be crucial to prove the asymptotic controllability
results for generalized ODEs in Chapter 5.

Corollary 4.0.3. If the function % from the class .7 (X x [fg, +e0),h) is bounded, then the trivial

solution of the generalized ODE (4.1) is uniformly stable with respect to perturbations.

Proof. Let o > 0, so > 19, xo € X, with ||xp|| < &, and x : [sg, +o0) — X be the global forward
solution of the generalized ODE (4.1) with initial condition x(sg) = x¢. Then, by Lemma C.0.9,
for all ¢ € [sg,+o), we have

[1x(2) = xol| < [A(r) = h(s0)| < |A(t) — h(t0)| + |A(s0) — h(t0)| < 2H,

where H = supyc(y) 1) |h(s) — h(to)|. Taking M (o) = a+2H, we obtain [|x(z)|| < M () for all
t € [sp,+o0) which implies that the generalized ODE (4.1) is uniformly bounded. Finally, by
Corollary 4.0.1, the trivial solution of the generalized ODE (4.1) is uniformly stable and, by

Theorem 2.2.7, it is uniformly stable with respect to perturbations. ]

We end this chapter by presenting a diagram which illustrates the relations above, where

U means uniform stability for the trivial solution of the generalized ODE (4.1), B denotes uniform
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boundedness of solutions of the generalized ODE (4.1), pU uniform stability with respect to
perturbations for the trivial solution of the generalized ODE (4.1), and pB stands for the uniform

boundedness of solutions of the perturbed generalized ODE (4.2)

:h,2.2.7
h.2.2.4 pU
Cor.4.0.1 4.3)

h.3.0.
B 3.0.7

h.3.0.6 pB

It can be inferred from the diagram that generalized ODEs are robust with respect to
perturbations, when this “robustness” concerns the uniform boundedness of solutions or the
uniform stability of the trivial solution, and not only this, but also that boundedness of solutions

implies uniform stability (see Corollary 4.0.1). Moreover, by diagram (2.75), we have

Th‘2'3'! Eh.2.2.7
R U h.2.2. pU

4

Th.2.1.51 cOr.4.0.1I (4.4)
h.3.0.7
PR B %h.3.0.6 pB
where, R and pR denote regular stability and regular stability with respect to perturbations

respectively.
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CHAPTER

ASYMPTOTIC CONTROLLABILITY

In this chapter, we use Lyapunov techniques to give necessary and sufficient conditions
for a nonlinear perturbed generalized ODEs to be asymptotic controllable. The results presented

here are new and can be found in [6].
In the following lines, we specify our contributions concerning control theory.

In [53], the author proved that an ordinary differential equation of the form

x(t) = f(x(1),u()) (5.1)

is asymptotic controllable if and only if there exists a continuous Lyapunov functional V : R" — R
(satisfying some conditions) with respect to (5.1), where f is locally Lipschitz on the second
variable, x(¢) € R", u(t) € U and U is a locally compact metric space (see [53, Theorem 2.5]).
The continuity of the Lyapunov functional is strongly used in the proof of [53, Theorem 2.5]. In
the present work, our Lyapunov functional V : X X [fy, +-0) — R with respect to the generalized
ODE

dx

——=DF(x1) (5.2)

is a two-variable functional which does not need to be continuous on the first variable and is
left-continuous on the second variable (see Definition 2.0.2). Thus, discontinuities are allowed.
Moreover, our results do not require any Lipschitz-type condition on the right-hand side F'. Our
requirements are compatible with applications to retarded Volterra—Stieljes integral equations
whose solutions may undergo jumps (see Chapter 6-Section 6.4). The interested reader may

notice that the results from [35,45,53, 55] require continuity of the Lyapunov functional.

In addition, we consider a perturbed generalized ODE of the form

dx

e = D[F (x,t) +u(t)] (5.3)

where F : X X [tg,+o0) — X and u : [ty,+o0) — X satisfy some properties and X is a Banach

space. Having in mind that the Lyapunov functional with respect to (5.2) does not need to be
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continuous, we used the converse Lyapunov theorems (see Theorems 2.2.16, 3.0.3 and 3.0.4
presented in the previous chapters) and the relations described previously in order to give a
characterization of the asymptotic controllability of equation (5.3). See Theorem 5.0.2 and

Corollary 5.0.3. In particular, our results generalize those presented in [53].

Let X be a Banach space and Q = X X [tp, +0), where 7y > 0. Consider the perturbed

generalized ODE given by
dx

dt
where F : Q — X and u : [ty, +o0) — X is a control function and assume following conditions:

= D[F (x,t) +u(t)], (5.4)

(AC1) F(0,t) — F(0,s5) = O fort,s > to;

(AC2) F € #(Q,h), where h: [ty,+o0) — R is nondecreasing, left-continuous on (fy, +o0) and
bounded. See Definitions A.0.17 and C.0.2

By condition (AC1) and Remark 2.0.1, the following generalized ODE

dx
— = DF(x,t 5.5

& =DF(x,) (55)
admits trivial solution and, by condition (AC2), for all (xq,s0) € X X [fg,+o0), there exists
a unique global forward solution x : [sg,+o) — X of the generalized ODE (5.5) with initial
condition x(s9) = xo. See Corollary C.0.20. Moreover, for all £ € X and all control function
u: [ty,+o0) — X, we denote by x(-, &, u) the global forward solution of the perturbed generalized

ODE (5.4) with initial condition X(¢p) = £ € X and control u, provided it exists.
In the sequel, we give a definition of asymptotic controllability for generalized ODEs.

Definition 5.0.1. The perturbed generalized ODE (5.4) is asymptotically controllable, if the
following properties hold:

(i) (global part) for each & in X, there exists a control u such that X(¢) = (¢, &, u) is defined
for all t > 1 and, moreover, X(¢) goes to 0 as ¢ goes to oo;

(ii) (stability) for each € > 0, there exists 0 > 0 such that for any state & € X, with ||| < 6,
there is a control u as in (i) such that ||x(z)|| < € for all # > 1y;

(iii) (bounded controls) there exist positive numbers 1, k such that, if £ given in (ii) satisfies

€]l < m, then the control u satisfies ||u|| <k, where [[u|| = supcj, 1) [u(s)]]-

The next result gives sufficient conditions for the perturbed generalized ODE (5.4) to be

asymptotically controllable.

Theorem 5.0.2. If conditions (AC1) and (AC2) hold, then the perturbed generalized ODE (5.4)
is asymptotically controllable.
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Proof. If &€ =0, then X = 0 is a solution of the perturbed generalized ODE (5.4) with control
u = 0 and it is clear that conditions (i) to (iii) of Definition 5.0.1 are fulfilled.

Let & € X, £ #0. Consider u : [tg, +o0) — X given by

u(l‘):{O, =1

=&, t>1.

and X : [fy, +o0) — X given by

Then, for all r > 0, we have
t
X(to)+ | DF(X(7),s)+u(t) —u(to) =€ +0—& =0=Xx(¢)
fo
and, therefore, X is a solution of the perturbed generalized ODE (5.4) with initial condition
X(tp) = &. Besides, X is defined for all # > #y and X(¢) goes to 0 as ¢ goes to co. This gives the first
part of the definition of asymptotic controllability.

In order to prove item (iii) from Definition 5.0.1, we notice that
Jull = suplu(s)]| = [|S]]-
$€[tg,+o0)

Therefore, the statement holds by taking k = 7.

Finally, since u is bounded and (AC?2) is fulfilled, by Corollary 4.0.3, the trivial solution
of the generalized ODE (5.5) is uniformly stable with respect to perturbations. This gives the
second part of the Definition 5.0.1. 0

We point out that the proof of Theorem 5.0.2 uses the fact that boundedness of solutions
of the generalized ODE (5.5) implies the existence of a Lyapunov functional and, in turn, the
existence of this functional implies the uniform stability for the generalized ODE (5.5) (see
Theorem 3.0.4 and Corollary 4.0.1 respectively). On the other hand, if the perturbed generalized
ODE (5.4) is asymptotically controllable, then by condition (ii) of Definition 5.0.1 and Theorem
2.2.3, the trivial solution of the generalized ODE (5.5) is uniformly stable and, by Theorem
2.2.16, there exists a Lyapunov functional with respect to the generalized ODE (5.5). Hence, we

have the following result.

Corollary 5.0.3. The perturbed generalized ODE (5.4) is asymptotically controllable if and only
if there is a Lyapunov functional V : [fg, +o0) x X — R with respect to the generalized ODE (5.5)
satisfying

(AC1) there exists an increasing continuous function a : Rt — R™ satisfying a(0) = 0 and

V(t,y) < a(llyl),

forall y € X and ¢ € [, +o0).
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CHAPTER

RETARDED VOLTERRA-STIELJTES
INTEGRAL EQUATIONS

In this chapter, we apply the results, described in Chapters 2, 3, 4 and 5, to obtain
Lyapunov theorems on stability and boundedness of solutions for retarded Volterra-Stieltjes
integral equations (we write retarded VS integral equations, for short), as well as, results on
asymptotically controllable for a perturbed retarded VS integral equation. Almost all the results

in this chapter are new and can be found in [6].

We organized this chapter so that its first section contains a result on the existence of
solutions of a retarded VS integral equation, where the given initial condition is evaluated at a
point in the interval [ty,+o0). We also establish a relation between the solutions of a retarded
VS integral equation (perturbed retarded VS integral equation) and the solutions of a certain
generalized ODE (perturbed generalized ODE).

The main goal of the second section is to study stability. In Subsection 6.2.1, we present
some concepts of stability of the trivial solution of a retarded VS integral equation and relations
between these concepts. Moreover, we give relations between types of stability for the trivial
solution of a retarded VS integral equation and types of stability for the trivial solution of
a generalized ODE. Subsection 6.2.2 is devoted to the proof Lyapunov-type theorems and,
in subsection 6.2.3, we use the fact that retarded VS integral equations can be regarded as a

generalized ODE:s to obtain converse Lyapunov theorems.

In Section 6.3, we recall the definition of boundedness of solutions in the setting of
retarded VS integral equations and we obtain converse Lyapunov Theorems. Furthermore, we

relate stability and boundedness of solutions in the setting of retarded VS integral equations.

In the last section, we introduce a concept of asymptotic controllability for retarded
VS integral equations and we present necessary and sufficient conditions to obtain asymptotic

controllability for such equations. In the end of Section 6.4, we include an example.
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Throughout this chapter, we consider as X being a Banach space, equipped with the
norm || - ||, [fo,+e) C R, r > 0 and the sets BG([ty — r,+o0),X) and G([—r,0],X) equipped with
the usual supremum norm, that is,

[llo =" sup  [[y(B)], forally€ BG([to—r,+e),X)

96[1‘07}”+°0)

and

Wl = sup [[w(B)], forallye G([-r0],X).
0c[—n0]

Moreover, we recall that the sets G([—r,0],X) and BG([ty — r,+o0), X ) are described in Defini-
tions A.0.7 and A.0.22 respectively.

In the sequel, we define a special set of functions in BG([tg — r,+0),X).

Definition 6.0.1. Let O C BG([ty—r,+20),X) be an open set. We say that O has the prolongation
property, if for every y € O, s € [to, +0) and every f € [so, +o0), the function y: [ty — 7, +o0) — X,
defined by
Y(so—r), to—r<6<so—n
O)=q ¥0),  so-r<0<rt,
y(1), 1< 6 < +oo,

is also an element of O.

Let O C BG([ty — r,+),X ) be an open set with the prolongation property and define

S={yy € 0.t € [ty, +o0)} C G([~r,0],X). (6.1)

Consider the retarded VS integral equation

Y1) =3s0)+ [ fOn9)dgls), 1250 6.2)

where 59 > 19, f: S X [tg,+o0) — X, with S given by (6.1), g : [tp,+o0) — R, the integral on
the right-hand side is in the sense of Perron-Stieltjes and, for all s > ty, the memory function,
ys : [—r,0] = X is given by ys(0) = y(s+ 6) for all 8 € [—r,0] with r > 0. We recall that the
concept of Perron-Stieltjes integral can be found in Definition B.0.4.

Furthermore, we assume the additional conditions:

(A1) the function g : [f, +o0) — R is left-continuous on (f(,+o) and nondecreasing;

(A2) forally € O and all 51,5, € [tg,+<0), the Perron-Stieltjes integral

[ fons)dss)

51

exists;
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(A3) there exists a locally Perron-Stieltjes integrable function M : [ty, +) — R with respect to
g such that

< [ Ms)ds(s),

51

/ U (vs.5)dg(s)

51

forall y € O and all 5,55 € [tg, +0);

(A4) there exists a locally Perron-Stieltjes integrable function L : [ty,+o0) — R with respect to

for all y,z € O and all 51,5, € [fg, +o0).

g such that

< /SZL(S)HyS_ZSHOOdg(s),

51

[ 1009 = Fzs)ldes)

We also refer the retarded VS integral equation (6.2) as homogeneous retarded VS
integral equation. In what follows, we show important properties of the functions M and L from
conditions (A3) and (A4).

Remark 6.0.2. Let y € BG([f) —r,+0),X) and 51,52 € [tg, +°) be such that s; < 5. Then,

0< /sjzf(ys,S)dg(s) S/slszM(S)a’g(S)= :M(s)dg(s)— :M(s)dg(s),
which implies ) s
. M(s)dg(s) > A M(s)dg(s)

and, hence, the function 7 — ftf)M (5)dg(s) is nondecreasing. Moreover, for all 6 € [s1,s3], we
have
>0 and

[ M1t = | [ rons)ats

/SZM(S)dg(S):/SIGM(s)dg(s)+/GSZM(s)dg(s) 2/9M(s)dg(s).

51 51

which implies
0

/ U M(s)dg(s) > sup [ M(s)dg(s). 6.3)

S1 GE[Sl,Sz] S1
Similarly, ¢ — flg L(s)dg(s) is a nondecreasing function and
X 0
[ Leds) = sw [ Ls)dg(s) 64)
51

06[51 ,Sﬂ S1

holds for all y € BG([ty — r,+),X) and all 51,52 € [fp, +-o0) with 57 < 5.

In what follows, we present a definition of a solution of the retarded VS integral equation
(6.2).

Definition 6.0.3. We say that a function y: [so —r, ®@(s0,9)) — X, @(s0,9) < oo, is a maximal
solution of the retarded VS integral equation (6.2) with initial condition y;, = ¢, so > 1o, if it
satisfies the following conditions:
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(i) y(t) = ¢(t —so) forall 7 € [so — r,50];
(i) (yr,1) € S X [s0,0(s0,9));
(iii) the Perron-Stieltjes integral fsto f(ys,8)dg(s) exists, for all t > s0;
(iv) the equality
(0 =300+ [ F5)dg(s)

holds for all 7 € [sg, @(s0,9)).

When @(sg, ) = +oo, y is also known as a global forward solution.

Consider the perturbed retarded VS integral equation

t t
50 =3(s0)+ [ Sn5)dg(s)+ [ po)dv(s). 1250 =10, (©3)
) )
where the integrals on the right-hand side are in the sense of Perron-Stieltjes, S is given by (6.1),
f:Sx[to,+oo) =X, p:lto,+o°) = X, and g,v: [tg, +o0) = R.

Assume that f satisfies conditions (A2), (A3) and (A4), g satisfies condition (A1) and
the functions p and v satisfy the following conditions:

(A5) the function v : [fy, +o0) — R is left-continuous on (#y,+o0) and nondecreasing;

(A6) the Perron-Stieltjes integral

[ piavts)

To

exists, for all ¢ € [tg, +o0);

(A7) there exists a locally Perron-Stieltjes integrable function K : [fp, +-0) — R with respect to

v such that
52
[ psrnts

S1

< / lszK(s)dv(s),

for all 51,57 € [fg,+o0).

Analogous to Definition 6.0.3 , we say that a function y: [so — r, ®(sg,¢9)) — X, with
0(s0,¢) < +eo, is a maximal solution of the perturbed retarded VS integral equation (6.5) with

initial condition yy, = @, so > 1o, if it satisfies the following conditions:

() y(t) = ¢(t —so) forall 7 € [so — r,50];
(ii) (y1,1) € S x [s0, ®(s0,9));

(iii) the Perron-Stieltjes integrals fsto f(ys,5)dg(s) and fslo p(s)dv(s) exist, for all # > s;
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(iv) the equality t t
¥(1) = y(s0) + / Fl)dg(s) + / pls)av(s)

holds for all # € [so, ®(so,9)).

When @(sg, @) = oo, y is also known as a global forward solution.

6.1 Existence and uniqueness of a solution

As our interest in the next section is to study stability for the trivial solution of the
retarded VS integral equation (6.2), it is preferable that the point at which we consider the
initial condition is loose within the interval [fy,+e). With this in mind, in this section, we
adapted [26, Theorem 3.1], where the initial condition is taken at 7y to an initial condition taken
at some sg € [fo, +o0). Moreover, we introduce a relation between a solution of the retarded
VS integral equation (6.2) (perturbed retarded VS integral equation (6.5)) and a solution of a
generalized ODE (perturbed generalized ODE). Furthermore, we give a sufficient condition for
the existence of a maximal solution of the retarded VS integral equation (6.2). The result present

here are contained in [6].

At first, we define a special set Q. Let O C BG([t) — r, +°),X) be an open set with the
prolongation property, y € O and sg € [fy, +o) be given. For all # € [sg, +o0), define the function
Xy (1) ¢ [to —1,400) = X by

Y(so—r), to—r<0<s0—7,
Xys5(1)(0) =9 ¥(0),  so-r<6<r, (6.6)
y(1), t <0 < Hoo

and
Or59 = {Xy,5,(t) 1y € O, t € [s9,+00), Where x, 5, (¢) is given by (6.6)}.

Consider Oy, = Uj¢[gy, 1) Or,o and set

S0€[tg,+e0)
Then, O C O C BG([tg — r,+0),X), once O is a set with the prolongation property.

In what follows, we present an interesting property of the set O.

Remark 6.1.1. For all y € S, there exist y € O and s¢ € [tp, +o°) such that y(0) = y,,(0) for
all 8 € [—r,0]. Then, the function xg : [tg — r, +°0) — X, given by

l//(—l"), l’()—}"SGSS()—r,
x0(0) =4 w(0—s0), so—r<6<sp,
v (0), 50 < 0 < oo,
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belongs to 0. Indeed, by the definition of y, we have

[ y(—r), fo—r<6<syp—r,
x0(0) = y(0—s9), so—r<06<sp,
L v(0), 50 < 0 < oo
[ y(so—7), to—r<60<so—r,
= q ¥(8), so—r < 0 < s,
L Y(50), 50 < 0 < oo,
= Xy5(50)(6).

Define F : O X [tg, +o0) — BG([to — 1, +0),X) by

/

07 fo—r§9§f0;

0
F(y.0)(0) = / FOs)dels), o< O<t, .

1
f(s,8)dg(s), t<8 < +oo.
fo

\
Notice that, by condition (A2), the integrals appearing in (6.8) exist and, by condition (A3) and
Remark 6.0.2, we have

0 t
< sup M(s)dg(s) = | M(s)dg(s) < eo.

o<lio] /1o i

0
f(ys,5)dg(s)

fo

[F(y,1)||lc = sup
0¢cto,t]

Therefore, F is well-defined.

Consider the following generalized ODE

dx

— = DF(x,1). 6.9
& = DF(x) (69)
We target to prove that every solution of the retarded VS integral equation (6.2) is a solution of

the generalized ODE (6.9) and vice-versa.

We show, in the sequel, that there exists a nondrecreasing function 4 : [f, +) — R such
that F, defined by (6.8), belongs to the class .% (Q, ) (see Definition C.0.2). Its proof follows

the same ideas from [13, Lemma 4.16].

Lemma 6.1.2. Let O be given by (6.7), S by (6.1) and ¢ € S. Assume that g : [fp, +o0) — R
satisfies (A1) and f: S X [fg, +o0) — X satisfies (A2), (A3) and (A4). Then, F given by (6.8)
belongs to the class .# (Q,h), where Q = O X [tg, +o0), and & : [ty, +o0) — R, given by
t
h(t) = [ [M(s)+L(s)]dg(s), 1€ [to,+o0), (6.10)
To

is a nondecreasing function which is left-continuous on (#y, 4-o0).

Proof. At first, we notice that, by Remark 6.0.2, 4 is nondecreasing. Moreover, by Theorem
B.0.17 and condition (A1), A is left-continuous on (7, +oo).
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Let us show that F € % (Q,h). Lety € O and 51,57 € [fo, +°0). Assume, without loss of
generality, that s; < s2. Then, by the definition of F', we have

0, to—r <0 <s,

0
[F(y,0) — F(y,51)](6) = /f(ys,s)dg<s>, 51 <60 <s2, 6.11)

S

/szf(ys,S)dg(S), 52 <0 < oo,

51

By (6.11), condition (A3) and Remark 6.0.2 (see equation (6.3)), we conclude

I1F(,52) =F(y,s1)lle = sup  [|[F(y,52)(0) — F(y,51)(0)]]
0ty +o0)
= sup ||F(y7s2>(6)_F(y7s1>(6)||
0<[s1,50] o
6.11
€D sup H/ f(ys,5)dg(s)
0<[s1,50] 1151
0

Cond. (A3)
< sup M(s)dg(s)

96[3],5‘2] S1

(6.3) 52
< M(s)dg(s)

S

< [TMO) +LEdgls) = hls2) o).

51

Similarly, if y,z € O and 51,53 € [tp, +0), with 51 < s7, then condition (A4) and Remark
6.0.2 (see equation (6.4)) imply

0
1F(yi52) =F(v,81) = F(2,52) + F(z,51) e = WP / [f (vsy8) = f(zs,5)ldg(s)
0¢csy,s S1
Cond. (A4) o 0
< sup [ L(s)[lys — zs]|=dg(s)
9€[S1,52] S1 5
< -l [ L)
sk2
<yl [ M)+ L(s))dgls)
S1
= [ly—zlloh(s2) = h(s1)
and the proof is complete. 0

The next result gives sufficient conditions for the existence of a maximal solution of the
generalized ODE (6.9) (see Definition C.0.15).

Theorem 6.1.3. Let O be given by (6.7) and F be defined by (6.8). If 5o € [t, +o0) is such
that A" g(s0) = g(sg) — g(s0) = 0, then for all xy € O, there exists a unique maximal solution
x: [s0,0(s0,X0)) — O of the generalized ODE (6.9) with initial condition x(sg) = xo.

Proof. By Lemma 6.1.2, F € % (Q,h), where Q = O X [ty,+o0) and h : [tg,+o) — R is a

nondecreasing function which is left-continuous on (#y,+o0). Then, by Theorem C.0.17, it
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remains to show that (xq,sg) € QF, that is,

X0+ lim F(xp,s) — F(xo,50) € O.

S—>SO

Notice that, by the definition of F, Theorem B.0.17 and the fact that A+g(so) =0, we
have

( 0, fo—r < 0 S fo,
0
hm F(XO,S>(9) — f((x0)57s>dg<s)7 to S 9 S S(), = F(XO;SO)(9)7

To
S—)SO

/tsof((xo)Sas)dg(s)7 50 < 0 < oo

0

\
which implies lim,_, . F (x0,5) = F(x0,50). Then, since xo € O, we conclude

X0+ lim F(xo,s) — F(x0,50) = X0
s—>Sg

belongs to Q. [

In the sequel, we present an import property concerning the maximal solution of the

generalized ODE (6.9). Its proof follows similar ideas to the proof of [24, Lemma 3.7].

Lemma 6.1.4. Let O be given by (6.7), F by (6.8), so € [to,+o) and y € S. Assume that
X : [s0,0(s0,x0)) — BG([ty — r,+20),X) is the maximal solution of the generalized ODE (6.9)

with initial condition

W(_r)a t()—I’SGSS()—r,
x(s0)(0) =x0(0) =< w(6 —s0), so—7r <6 < s,
v (0), 50 < 0 < oo,

If v, 0 € [s0, 0(s0,%0)), then

_ ) x0), 62w,
x(v)(6) —{ (0)(8), v> 6. (6.12)
Moreover, if 6 € [so, 0(so,x0)) and v € [ty — r,s¢], then
x(0)(v) = x(s0)(v). (6.13)

Proof. Letv,0 € [so,®(s0,X0)). At first, assume that 6 > v. By the definition of a solution of the
generalized ODE (6.9), x(¢) € O for all ¢ € [sp, ®(s0,x0)) (see Definition C.0.1). Moreover,

x(v)(v) :x(so)(v)+/S:DF(x(T),s)(v) and (6.14)

x(v)(0) :x(so)(G)—I—/S:DF(X(T),S)(G). (6.15)
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Combining equations (6.14) and (6.15) with the fact that x(sg)(v) = x(s0)(6), we obtain

\4 v
— / DF (x(7),5)(6) —/ DF (x(7),5)(v). (6.16)
) K
By the definition of the Kurzweil integral, given &, there exists a gauge d on [sg, v] such that
d| v
Y [F(x(7i),50) = F (x(T3),50-1)] —/ DF(x(1),s)|| <€, (6.17)
i=1 So oo

provided d = (7;,[s;_1,s;]) is a 8-fine tagged division of [so, v] (see Definitions B.0.1 and B.0.11).
By (6.16) and (6.17), we get

Jx( = || [ DF(x(2).5)(8) ~ [ DF(x(2) )0
v ld|
<|| [ PF@(e).5)(6) = RIFx(m)50) ~ Fx(w),-1))0)
v ||
= [ PF(@5)0) + LR = Fa(m.si-1))0
\d| |d|
[ L)) = Fx()si-10)(0) = LIF (xR, ) = F (@) )]0
v ld|
< ADF@C(T) s)(e)—zl[F(x(r,) 5i) — F(x(11),5i-1)]()
d] -
F(x(7;),s; ), Si DF (x
+ LF (). - 1) /
d d
L))~ Fam)s1-)1(0) = LIF(x(8).) = F (x5 )]0)
<2 [ Dr(a(e).9)~ Y Fx(ms) - Fl<_<> )
Si X(Ti),Si—
< . 11 1 i
\d| |d|
+|;[F<x<ri>,sl->—F<x<m 5i-1(6) = [ ((5).50) = Fx()si- )]0
|d| |d|
<2e+ ;[F(X<Tz) ,Si) — F(X(Ti),si—l)](e)—;[F(X(Ti%si)—F(X(Ti),sifl)](") :

In addition, by the definition of F, we have
[F(x(7:),81) — F (x(7:),5i-1)](8) = [F (x(%:),5:) — F (x(%:), 5:-1)] (v)

and, hence,
[x(v)(6) —x(v)(v)|| < 2e.

Since € can be made arbitrarily small, we conclude
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Similarly, if 6 < v, then

X(v)(6) :x(so)(ﬂ)—l—/S:DF(x(T),s)(G) and

0
(6)(6) :x(so)(e)—l—/so DF(x(),5)(0).
Consequently,
x(4)(0) ~x(8)(6) = | DF(x(z),5)(6).

Moreover, if d = (1, [si—1,si]) is a O-fine tagged division of [0, v], then, by the definition of F,

we have
F(x(5),5)(8) — F(x(t),s5:1)(8) =0, foralli=1,...,|d
which implies that [y DF (x(7),s)(6) = 0 and the proof of (6.12) is complete.

On the other hand, if 6 € [so, ®(s0,x0)) and v € [ty — 1, 50], then

0
x(0)(v) = x(s0)(v) —1—/ DF (x(7),s)(v). (6.18)
50
Moreover, by the definition of F, if d = (7;, [s;_1,s;]) is a §-fine tagged division of [sg, 6], then
F(x(7),8:)(v) = F(x(7;),5i-1)(v) = 0, foralli=1,....[d|,

once v < 59 < §5;_1 < s;. Thus,

/s " DF(x(1).5)(v) = 0. (6.19)

Replacing (6.19) into (6.18), we have x(0)(v) = x(so)(v) which yields (6.13). O

In the following result, we assume the existence of maximal solutions of the retarded
VS integral equation (6.2) and of the generalized ODE (6.9). Moreover, we present a relation
between a solution of the generalized ODE (6.9) and a solution of the retarded VS integral
equation (6.2). A version of such a result, when the initial condition occurs at time 7y and the
solutions of the retarded VS integral equation (6.2) and the generalized ODE (6.9) are defined in
a closed interval [ty,#p + o], with ¢ > 0, can be found in [13, Theorems 3.8 and 3.9]. Although
the proof, presented in the sequel, is analogous to the proof of [13, Theorems 3.8 and 3.9], it

shows the reason for choosing the set Q.

Theorem 6.1.5. Let O be given by (6.7) and S by (6.1). Assume that g : [fg, +o0) — R satisfies
condition (A1) and f : S X [tp, +o0) — X satisfies conditions (A2), (A3) and (A4). For all so > 1o,
the following statements hold.
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(i) Lety: [so—r, @(so, ¥)) — X be a maximal solution of the retarded VS integral equation
(6.2) with initial condition ys, = y € S. For every t € [so, 0(s0, ¥)), let

)’(SO—”), tO—VSQSSO—r,
x(t)(0) =< y(0), so—r<0<t, (6.20)
y(1), t <6 < oo

Then, the function x : [sg, @(so, ¥)) — O is a maximal solution of the generalized ODE

(6.9) with initial condition x(sg) = xo, where

ll/(—l"), tO_FSOSSO_ru
x0(0) = y(0—s9), so—r<0<s, (6.21)
y(0), 50 < 0 < H-oo.

(ii) Conversely, let y € S and xq be given by (6.21). If x : [so, ®(s0,x0)) — O is a maximal
solution of the generalized ODE (6.9) with initial condition x(sg) = xo, then the function
y: [so—r,@(sp,x0)) — X, defined by

(6.22)

¥(8) { x(s50)(0), so—r <6 <y,

x(0)(0), so<86 < w(sy,xp),

is a maximal solution of the retarded VS integral equation (6.2) with initial condition

yS() = II/

Proof. At first, we notice that, by the definition of S, y;, = ¥ € S. Then, x : [sg, @(s0, ¥)) — O,

given by (6.20), can be rewritten as
y(SO—”)7 t()_rg 0 SS()—I",

x(1)(8) = { ¥(6), so—r<6<rt, = X0 () (6)
y(1), 1 <0< oo

Therefore, x(¢) € O for all € [sg, (5o, ¥)) and, hence, x : [so, 0 (s, ¥)) — O is well-defined.

Let us prove item (i). Let so > fg and y : [so — 1, ®(sp, ¥)) — X be a maximal solution of
the retarded VS integral equation (6.2) with initial condition y;, = y. We target to show that, for
every t € [so, ®(so, ¥)), the integral fsto DF (x(7),s) exists and

x(1) = x(s0) = /S;DF(x(T),s),

where x : [sg, @ (s, ¥)) — O is given by (6.20).

Let € > 0 be given and A : [tg, +2) — R be given by (6.10). Once / is nondecreasing

(see Remark 6.0.2), Corollary A.0.10 guarantees that there exist at most finitely many points
s € [s0,t] such that

ATh(s) = h(sT) —h(s) > €. (6.23)
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Let us denote the points in [sg,?] for which (6.23) holds by s,...,s,. Consider a gauge d on
[s0,¢] such that

o(t) <min{% : k:2,...,m}, for 7 € [so,¢], and

O(t7) <min{|t—s¢|: k=2,...,m} fort € [so, 1]\ {sx}i;-

Notice that, if a point-interval par (7, [c,d]), with [c,d] C [so,?], is §-fine, then [c,d]

contains at most one of the points s1,...,s, and, if s; € [c,d], then
T = 5. (6.24)
Moreover, by the definition of x (see (6.20)), we have
x(sk)s, =5, foreveryk=1,...,m. (6.25)

By (6.25) and Theorem B.0.17, we obtain

fim [ L(s)[lys — x(sk)sl|-dg(s) = L{se) [ys, — x(si0)s, |-AT g 1) = 0,

Gﬁsk+ Sk

for every k = 1,...,m. Then, we can choose a gauge & on [sp, ] such that

sk +0 (sk)
[ L) = aslede(s) <

Sk

€
— f =1,....m. 2
o or every k N (6.26)

Furthermore, by condition (A3), for all T € [so,?] \ {s¢}}";, we have

< lim eM(s)dg(s) <h(t")—h(1)

0—1tJ1

) 3@l = | sim [ 700t

60—1t

and, by (6.23), we conclude
Iy(t7) —y(7)|| <e.

Therefore, we choose a gauge & on [sg,?] such that

I9(8) —y(1) <&, forevery € [so,i]\ {si}{; and 6 € [t,7+8(7)).  (627)

Assume thatd = (7;,[ti—1,4]), i =1,...,|d|, is a 5-fine tagged division of [fy,?]. By (6.20)
and the fact that y : [so — r, @(so, ¥)) — X is a solution of the retarded VS integral equation (6.2),

we have

0, fh—r<0<r,

y(ti) = y(ti-1) :/l’ f(s,8)dg(s), 1 <6 < oo,
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Moreover, by the definition of F (see (6.8)), foralli = 1,...,|d|, we conclude

th—r<6<t_y,

Y F(x(5)s)dels), fiy <0<t

1

F(x(7)s,8)dg(s), ;<0 < oo,

[F(x(%),t;) — F (x(%),ti-1)](0) =

fi

—

i—1

Then,
(i) — x(ti-1)](0) — [F (x(7),1:) — F (x(7),2:-1](6)
0, to—r<6<ty,
o
) [ U0 = Fa(m)s)de(s), 1 <0<,
[ 17609 = Fx(@s)idg(s), 156 < +e
and

[x(ti) —x(ti-1) — [F(x(i),t:) — F (x(%i), ti-1] [
= ee[stuliw) [[x(#:) — x(#:-1)](8) — [F (x(7), 1) — F (x(%:),t:i-1](0) |

= sup
oclt_1,ti

[ 1F0005) ~ Flx(50,, 5o

i1

Notice that, if s < 7;, then by equation (6.20), we get
x(7)s(0) =x(7:)(s+6) =y(s+0) =ys(0), forall 8 € [—r,0]

which implies that x(7;)s = ys and
07 ti—1 < 0 < T,

0
/ 100 ) = £(x(@) 9)ldg(s) = /9[ s (s ldels). <0<

Ti
Furthermore, by condition (A4) and Remark 6.0.2, we have
0
< || L)y~ x(@)l-dg(s)
fit (6.28)
< | [ L@l —x()liedss) |

i1

[ 1£009)~ £(s(3)s.9)dg(s)

ti—1

By the definition of the gauge 8, we have two cases.

Case 1: [t;1,4] N {s1,...,Sm} = {sx}, forsome k € {1,...,m}.

In this case, we have 7; = s; (see (6.24)) and from (6.26), we obtain
li €

| L)y =@l < 5

i

Therefore,
€

||X(Z‘l') —x(ti,l) — [F(X(T,'),li) —F(X(Ti),tifl] ||oo < 1 . (6.29)
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Case 2: [t;_1,t;] N {s1,...,5m} = 0.

In this case, let s € [1;,;]. Then,

[ys =x(T)slle = sup |ly(s+6)—x(7)(s + 6]
0€[—r0]
= sup [ly(68) —x(z)(6)]]
0€[s—rs]

By the definition of x (see (6.20)), if s — r < 7;, then

[ys =x(T)sllee < sup |[¥(6) —=x(7)(6)[| + sup [ly(68) —x(z)(6)]]

0els—nT] 0<(1;,s]

= sup [[y(6)—y(0)[+ sup [y(68)—y(z)l (6.30)
Be[s—r,ri] GE[T,‘,S}

= sup [|y(6) —y().
GE[T[,S]

On the other hand, if s — r > 71;, then

[ys = x(Ti)slle < sup |[¥(8) —y(%)]- (6.31)
0<[s—rs]
Since d = (7, [ti—1,4]) is 6-fine, we have s <1; < &(7;) + 7; and, hence, [7;,5] C [7;,6(T;) + T;)
and [s —r,s] C [7;,0(7) + i), whenever s — r > T;. Therefore, by (6.27), (6.30) and (6.31), for
all s € [1;,1;], we have
[[ys —x(T)s]l < €. (6.32)

By (6.28) and (6.32), we get

t:

x(t1) — x(ti_1) — [F(x(13),85) — F (x(%3), ti1] || < € / L(s)dg(s). (6.33)

T
Then, from Cases 1 and 2 (see (6.29) and (6.33)) and the fact that Case 1 occurs at most
2m times, we conclude

d|

x(t) —x(s0) — ;[F(x(fi),ti) —F(x(1;),ti-1]

! 2me
<e | L(s)d + .
<e [ Lidg(s)+5,"

[

Since € and ¢ € [so, ®(s0, ¥)) are arbitrary, we have

x(1) = x(s0) = /: DF(x(7),s),

for all ¢ € [sg, (5o, ¥)) which completes the proof of item (i).

Our next goal is to prove item (ii). Let ¥ € § and x( be given by (6.21). Assume that
x: [s0, @(s0,x0)) — O is a maximal solution of the generalized ODE (6.9) with initial condition
x(s0) = xp and let y : [so, ®(s0,x0)) — X be given by (6.22).

At first, notice that, by (6.22), for all 8 € [—r,0], we have

Ys0(0) = ¥(s0+0) = x(s0)(s0+6) = W(s0+ 6 —s0) = w(6) and
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y(t) = x(s0)(6) = ¥(r —s0),

for all 7 € [so — r,50]. Therefore, condition (i) from Definition 6.0.3 is satisfied.

Moreover, by the definition of y and Lemmas 6.1.2 and C.0.9, y € BG([so —r, @(s0,x0)),X).
By condition (A2), the Perron-Stieltjes integral [i* f(ys,s)dg(s) exists, for all 51,52 € [so, ®(s0,%0))
and, consequently, condition (iii) from Definition 6.0.3 holds.

It remains to show that y satisfies

Y1) =3G0)+ [ Fl0n5)dg(s),

for all 7 € [sg, ®(s0,%0)). Indeed, by the definition of y and Lemma 6.1.4, we have

(0 =3050) = [ f05)ds(s) = 3(0)0)=x(s0)s0) = | Flrv.5)deto)

= x(1)(1) =x(s0)(t) = | f(vs;5)dg(s) (6.34)

Similarly to what we did in item (i), for a fixed ¢ € [sg, @(s0,X0)), we may consider a
gauge O on [sg,?] such that if s, k = 1,...,m are points in [sg,?] for which (6.23) holds, then &

satisfies the following properties:

D 6(7) <min{% ; kzZ,...,m},for’L'e [s0,1];
(D) 6(7) <min{|t—s|: k=2,...,m} for T € [s0,1] \ {sk}}1;
) [0SR L)y — x(si)sl|wdg (5) < 5rrp, k€ {1,...,m};

(V) [[(8) — (7). for all T € [so,7] \ {s¢}""_, and all & € [z, 7+ 5(T)).

By the definition of the Kurzweil integral |, Sto DF (x(7),s), the gauge 6 may be chosen in
such a way that, for every € > 0 and every &-fine tagged division d = (7, [t;—1,%]) of [so,?], we
have

ld|

/ "DF(x(t).5) ~ ¥ [F(x(t).t) — Fx(m)ti1)]| <. (6.35)
S0 i=1

o)
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By (6.34) and (6.35), we obtain

Hy(t —¥(s0) —/tf (vs,5)dg(s)

= [ pre / £ (v5:5)d(s)
d|
<|| [ oree 1[F<x<r,> 1)~ Fx(z),1-0)](0)
4 "
| BP0~ Pl - [ o 9)ds(s)
Idl
< | [ PF(@9) - L lF@) - (@)l
4 -
+ Z[F(X(Ti)7ti tl 1 /fyS7 dg
i=1
\d|
< et | IF((n)t) — F(e(m)ti) / F(v4,5)dg(s)
i=1

From the definition of F, we conclude

Pt = Fs()i-))) = [ F(x(m)s)dg(o)

which implies
F(a(5).8) = P00 = [ 70n)des) = [ [Fx(m)) = o)l

On the other hand, by the definition of y and Lemma 6.1.4,if s € [t;_1, 7;] and s — r > s0,
then

x(7)s(0) =x(7:)(s+0) =x(s+0)(s+0) =y(s+0) =ys(0), forall ® € [—r,0]
and, if s € [t;_1, 7;] and s — r < 50, thus

x(w)(s+86),  6€[-rso—sl,

(s+0)(s+0), 6¢cl[so—s,0l.
x(s0)(s+0), v E [s—r,80],
x(s+0)(s+0), veElso,s]

= y(s+80),

x(n)(s+0) =

=

for all 6 € [—r,0]. Therefore,
x(t)s=ys, forallsée[t_1,1]. (6.36)
Moreover, if s € [1;,#;] and s — r > 50, then, for all for all 8 € [—r,0], we have

Vs(0)=y(s+0)=x(s+0)(s+0)=x(t;)(s+0) =x(t;,)s(0), forall® € [—r,0] (6.37)



6.1. Existence and uniqueness of a solution

105
and, if s € [7;,;] and s — r < s0, then for all 8 € [—r,0], we obtain

0), 0 c|—rso—s],

(1)(s+0) = x(s0)(s+0) [—r,s0 — 5]
x(s+0)(s+0), 6cl[so—s,0]. (6.38)

= y(s+0)
By (6.37) and (6.38), we conclude

x(si)s =ys, foralls e [z,t]. (6.39)

From (6.36), (6.39) and condition (A4), we get

[ 1 6(005) = 0,501 5

ti—1

/; [F(x(T)s,8) — £(x(8)5,)]dg(s)
= /tiL(S)HX(Ti)s —x(t;)s|odg(s).

T

As in the proof of item (i), let us consider two cases.
Case 1: [t;_1,4;]N{s1,...,5m} = {sx}, forsome k € {1,...,m}.

Since x is a solution of the generalized ODE (6.9), by Lemma C.0.9 and by the definition
of the gauge 0 (see item (III)), we obtain

1 €
[ L0) (s =)l glo) < 55

which, in turn, implies

£

<
“m+1

[Pt - P00~ [ 70u9)dels)

i1

Case 2: [t;_1,4] N {s1,...,5m} = 0.

By item (IV), for all s € [1;,7;], we have

[e(ti)s = x2(Ti)sllee < [J2(8:) = 2(T)[|eo < |1(8:) = h(m)| < €

and, hence,

H[m(m,ti) N0 — [ fmes)ds(s)

ti—1

<e [ Ls)dg(s).

1

From Cases 1 and 2 and the fact that Case 1 occurs at most 2m times, we conclude
|d|

)}

i=1

F (), — PG00 = [ 9)ds(s)

i1

< S/SSL(s)dg(s) + 257_51 <E€ <2+/S;L(s)dg(s))

<e (2+ /S:L(s)dg(s)> .

Consequently,

Hym —3(50) = [ 0e9)dets)

and the statement follows, once € is arbitrary.
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The next result gives sufficient conditions for the existence and uniqueness of a maximal

solution of the retarded VS integral equation (6.2).

Theorem 6.1.6. Let S be given by (6.1). Assume that g : [fo,+o0) — R satisfies (A1) and
f 18 x [tg,+0) — X satisfies (A2), (A3) and (A4). Let sq € [t9, +o<) and suppose AT g(sg) = 0.
Then, for all y € S, there exists a unique maximal solution y : [sg, @) — X of the retarded VS

integral equation (6.2) with initial condition y,, = V.

Proof. Let xq : [fo —r,+o0) — X be given by

W(_r)a fO—”SGSSO—’%
x0(0) =< w(0—s0), so—r<86 <sp,
v (0), 50 < 0 < Hoo.

By Remark 6.1.1, xg € Q. Moreover, by Theorem 6.1.3, there exists a unique maximal solution
X : [s0,®(s0,x0)) — O of the generalized ODE (6.9) with initial condition x(so) = xo and, by
Theorem 6.1.5-(ii), the function y : [so — r, @(s0,x0)) — X, defined by

y(e):{ x(50)(8), s0—7< 6 < so,
X(Q)(O), 50 <0< (D(S(),XO),

is a maximal solution of the retarded VS integral equation (6.2) with initial condition y,, = .

In order to prove the uniqueness, we assume that y : [so — r, @(s9,x0)) — X is another
solution of the retarded VS integral equation with initial condition y; = y. By Theorem 6.1.5-(i),
the function X : [so, ®(s9,x0)) — O, given by

V(so—r), to—r<6<so—r,
X(00)=1 30),  s—r<o<t,
y(t), 1 <0 < +oo,

is a solution of the generalized ODE (6.9) with initial condition X(s9) = x¢. By the uniqueness
of a solution of the generalized ODE (6.9), x(¢) = x(¢) for all # € [sg, @(s0,x0)). Thus, for all
0 € [so — r,0], we have

Y(8) = x(50)(6) = x(s0)(6) = ()

and, for all 8 € [sg, (sp,Xp)), we have

Consequently, y(0) =3(0) for all 8 € [so —r, @(so,x0)) and the maximal solution of the retarded

VS integral equation is unique. ]

Our next goal is to relate the solutions of the perturbed retarded VS integral equation

(6.5) to the solutions of a perturbed generalized ODE.
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Let F : O X [tyg,4+o0) — BG([tg — r,+°0),X) be defined by (6.8), where O is given by
(6.7). Define P : [ty,+o0) — BG([tg — 1, +°),X) by

07 tO—FSGSIO,

0
P(1)(0) = / p(s)dv(s), to <0 <t, (6.40)

)

/tp(s)dv(s), t <0 < oo,

fo
and consider the following perturbed generalized ODE
d
&% — DIF (x,1) + P(1)]. (6.41)
dt
Notice that, by condition (A6), P is well-defined and, by condition (AS) and Theorem
B.0.17, P is left-continuous on (fy,+e<). As we mentioned in Remark 2.1.3, all results on
existence, uniqueness and other properties of a solution of a generalized ODE, presented in

Appendix C, hold for the perturbed generalized ODE (6.41).

The next result relates a solution of the perturbed generalized ODE (6.41) to a solution
of the perturbed retarded VS integral equation (6.5). Its proof is analogous to that of Theorem

6.1.7. Therefore, we omit it here.

Theorem 6.1.7. Consider O C BG([tg — r,+0),X) given by (6.7) and S by (6.1). Assume that
g [to, +o0) — R satisfies (Al), f: S X [tp,+o0) — X satisfies (A2), (A3), (A4) and the functions
p:lto,+oo) = X and v : [ty, +o0) — R satisfy (AS), (A6) and (A7). For all 5o > 19, the following
statement hold.

(i) Lety: [so—r,@(so,¢)) — X be a maximal solution of the perturbed retarded VS integral
equation (6.2) with initial condition y, = ¢ € S. For every t € [so, @(s0,9)), let

(so—r), to—r<0<so—r,
x(t)(0) =<4 ¥(0), so—r<6<t,
y(1), 1 <0 < Hoo.

Then, X : [so, ®(so,®)) — O is a maximal solution of the perturbed generalized ODE (6.41)

with initial condition X(sg) = xo, where

¢(—r), th—r<0<sp—r,
x0(0) =< ¢(6—s0), so—r<6 <sp, (6.42)
0(0), 50 < 0 < oo,

(ii) Conversely, let ¢ € S and xy be given by (6.42). If X : [sg, ®(s0,x0)) — O is a maximal
solution of the perturbed generalized ODE (6.41) with initial condition X(sg) = xo, then
the function y : [so — r, @(s0,x0)) — X, defined by

_ B X(lo)(@), so—r <60 <sy,
y(0) = { _
X(0)(0), so <6 <m(sox0),
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is a maximal solution of the perturbed retarded VS integral equation (6.2) with initial

condition y,, = ¢.

6.2 Stability

This section is devoted to the study of uniform stability, uniform stability with respect to
perturbations and integral stability for the trivial solution of the retarded VS integral equation
(6.2) and the relations between these concepts. Furthermore, in Sections 6.2.2 and 6.2.3, we
applied the results described in Chapter 2 to establish Lyapunov theorems on uniform stability

and integral stability for the trivial solution of the retarded VS integral equation (6.2).

Throughout this section, we consider the set S, given by (6.1), and & by (6.7). We
suppose g : [tp, +o0) — R satisfies(Al) and f : S x [fp, +-o0) — X satisfies (A2), (A3) and (A4).
Moreover, we assume that, for all so > 7y and all y € S, there exists a unique maximal solution
y: [so—r,@(so, ¥)) — X of the retarded VS integral equation (6.2) with initial condition y,, = .
In this case, for all ¢ € [sg — 1, 0(s0, ¥)), we denote the memory function y; by y;(so, ¥). In
addition, we suppose the function f : S X [fg, +o0) — X is such that

f(0,1) =0, foreveryt € [ty,+o0). (6.43)

Therefore, y = 0, is a solution of (6.2). In this case, we say that y = 0 is the trivial solution of the
retarded VS integral equation (6.2). Moreover, notice that if f satisfies (6.43), then F, defined by
(6.8), satisfies

F(0,/)—F(0,5) =0, forallz,s € [fy,+)

which implies that x = 0 is a solution of the generalized ODE (6.9). See Remark 2.0.1.

6.2.1 Basic results

In this subsection, we introduce the concepts of uniform stability, uniform stability with
respect to perturbations and integral stability for the trivial solution of the retarded VS integral

equation (6.2). Furthermore, we give relations between these concepts and relations between:

e uniform stability for the retarded VS integral equation (6.2) and uniform stability for the
generalized ODE (6.9);

e uniform stability with respect to perturbations for the retarded VS integral equation (6.2)

and uniform stability with respect to perturbations for the generalized ODE (6.9);

e integral stability for the retarded VS integral equation (6.2) and regular stability for the
generalized ODE (6.9).

Almost all the results presented here are new and can be found in [4, 6].
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In the following, we present some concepts of stability for the retarded VS integral

equation (6.2).

Definition 6.2.1. The trivial solution of (6.2) is said to be

(i) stable, if for all sy > 1y and € > 0, there exists = d(&,s9) > 0 such that if y € S satisfies

Wl = sup |lw(0)] <6,
0e[—r0]

then

¢ (s0, W)lleo = wp Iy(6+1)[| <&, forallt€ [so, ®(s0,V)),
6c[—r0

where y : [so —r, @(so, ¥)) — X is a maximal solution of the retarded VS integral equation
(6.2) with initial condition y,, = y;
(ii) uniformly stable, if it is stable with § independent of s.

(iii) uniformly asymptotically stable, if there exists & > 0 such that for all € > 0 and all so > 1,
there exists 7 = T'(€) > 0 such that if y € S satisfies

Wl = sup [ly(6)[ <8,

0e[—r0]

then

vt (50, ¥)|eo = s[up ] Iv(6+1)|| <€, forallte [so,o(so,¥))N[so+T,+eo),
0c[—r0
where y : [so — r, @(s0, ¥)) — X is a maximal solution of the retarded VS integral equation

(6.2) with initial condition y;, = Y.

The next two results relate the concepts above to the corresponding concepts of stability

for the trivial solution of the generalized ODE (6.9), presented in Definition 2.2.1.

Theorem 6.2.2. Let S be given by (6.1). Assume that g : [fo, +0) — R satisfies condition (A1)
and f : S X [tp,+o0) — X satisfies conditions (A2), (A3) and (A4). Then, the following statements
hold.

(1) If the trivial solution of the generalized ODE (6.9) is stable, then the trivial solution of the
retarded VS integral equation (6.2) is stable.

(i1) If the trivial solution of the generalized ODE (6.9) is uniformly stable, then the trivial

solution of the retarded VS integral equation (6.2) is uniformly stable.

(1i1) If the trivial solution of the generalized ODE (6.9) is uniformly asymptotically stable, then
the trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically
stable.
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Proof. Due to the similarity of the proofs items (i), (ii) and (iii), we only prove item (ii).

Given sg >t and € > 0, let y : [so — r, @ (s, ¥)) — X be the maximal solution of the
retarded VS integral equation (6.2) with initial condition yy;, = y. By Theorem 6.1.5-(1), the
function x : [so, @ (s, ¥)) — O, given by

J’(SO—’), I‘O—VSGSS()—”,
x0(0)={ ¥(8),  so-r<0<t,
y(t), t <0 < Hoo,

is the maximal solution of the generalized ODE (6.9) with initial condition x(so) = X, where

I//(—l"), tO—FSQSSO—r,
xX(0) =1 w(0—s0), so—r<6<sp,
y(0), 0 > 5.

Moreover, for all ¢ € [s, @(so, ¥)), we have

[ytlle = sup |y(@+1)[|= sup [ly(6)]
0[—r,0] O€(t—r1] (6.44)
= sup [x(0)(O)| < sup  [[x()(8)] = [Ix(7)l|e-
Oct—ri] O €tg—r,4-o0)

Since the trivial solution of the generalized ODE (6.9) is uniformly stable, there exists
6 > 0 such that, if
||x(s0) || < 6, (6.45)

then
|x(t) |l < €, forallt € [so, (s, V¥)). (6.46)

Therefore, by equations (6.44), (6.45) and (6.46), we have
150 lleo = [1X(50) [0 < & = [y l[o0 < [|x(2) |0 < &, forallz > s9

which shows that the trivial solution of the retarded VS integral equation (6.2) is uniformly
stable. [

Theorem 6.2.3. Let S be given by (6.1). Assume that g : [fy, +0) — R satisfies condition (A1)
and f: S X [tp,+o0) — X satisfies conditions (A2), (A3) and (A4). Then, the following statements
hold.

(1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly stable, then
the trivial solution of the generalized ODE (6.9) is uniformly stable.

(i1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically
stable, then the trivial solution of the generalized ODE (6.9) is uniformly asymptotically
stable.
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Proof. We start by proving item (i). Let s > 19, € > 0 and xy € O. By the definition of the set O,
there exist y € O and s, Ty € [tp, +0), with s > T, such that

y(to—r), to—r<60<1-r
x0(0) = y(0), To—r<60<s,
y(s), § <0 < oo

Let W = yq, and define Xy : [tg — 1, +o0) — X by

y(—r), fo—r<0<t1-—r,
X(0) =14 w(0—1), T9—r<6<1,
v (0), To < 0 < Hoo.

By Theorem 6.1.5-(i), for all 7 € [79, (79, y)) the function X(¢) € O, given by

)’(TO—”)> fO—VSQSTO—’G
X0)0)=1{ ¥6), w-r<o<r,
y(t), t <6 < Hoo,
is the maximal solution of the generalized ODE (6.9) with initial condition X(7y) = X, where

y:[t—r,@(1,¥)) — X is the maximal solution of the retarded VS integral equation (6.2) with

initial condition y, = .

By the fact that X(s) = xo, if x : [s9, @(s0,x0)) — O is the solution of the generalized
ODE (6.9) with initial condition x(so) = xo, then the function z : [Ty, ®(s0,x0)) — O, defined by

B X(l‘), r e [TO7S]7
0= { x(t—(s—s0)), 1€ s, 0(s0,x0)),

is well-defined. Moreover, z is a maximal solution of the generalized ODE (6.9) with initial
condition z(7y) = X(79) = X, once X and x are solutions of the generalized ODE (6.9) (see
Theorem C.0.14). By the uniqueness of solution, we have z(t) = x(¢) for all ¢ € [sg, @(s0,X0))
and, by the fact that X is a maximal solution, ®(sg,xp) < ®(7y, ). Consequently,

x(t—(s—s0)) =%x(t), forallz € [s,®(so,x0))- (6.47)

Now, for all t > s, we have t +5—s9 >t +5—t = 5. Then, by (6.47), we obtain
x(t) =x(t+ (s—s0) — (s—s0)) =X(t + (s —s0)), forallt € [sg,®(s0,x0))- (6.48)

Notice that, since ¢ > 5o and s > Ty, we have t +s > 5o + Tp and, hence, ¢ + (s — s9) > To. Then,
X(t+ (s —s0)) is well-defined for all ¢ € [sg, @(s0,X0))-
On the other hand, since the trivial solution of the retarded VS integral equation (6.2) is

uniformly stable, there exists § = 6(€) > 0, such that, if || Y| < &, then

£
[y lleo < 3 for all 7 € [19, @(70, ¥)). (6.49)
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Furthermore, it is not difficult to see that || Y| = [|X0]|cc < ||X0]]co-
Let t € [y, ®(70, ¥)) and consider the following two cases.

Case 1: 1 — r < 7y and ||xp[| < 0.

Then,
[N — sup  [y(0)[[ < sup  [[y(8)[|+ sup [y(6)]

o<[t—rt] 6€[t—r1] €70,

< sup |[ygllet sup [[y(0)]]
o[-0 O€(t—r] (6.50)

< sup |lygllet+ sup |[yelw
0€[—r0] O€[—r0]

(6.49) N
_< .
3 <€

Case 2: 79 < —rand ||xp[| < O.

In this case, for all 6 € [1p,7 — r|, we get

E
(&) < [lyelle < 5

37
which implies
E
sup Hy(9)||<§ (6.51)
96[10,1‘7)‘}
Consequently,
Ol = sup |[y(6)]]
oe(t—rt]
< sup [[y(0)l[+ sup [[y(6)[[+ sup [ly(6)]
QG[T()—I‘,T()] OE[T()J—I’] Ge[t—r,t} (6.52)
= [z lle + sup [ly(O) [+ lyelo
o€ty t—r]

6.49), (6.51) g
< 35 =E&.

Therefore, equations (6.50) and (6.52) yield
[5(r) | <&, forallr € [z, 0(s, ),
whenever ||xg|| < 0 and, by (6.48), we conclude
()l = [[X( + (s = 50)) |- < &, forallz € [so,®(s0,%0)),

whenever ||xo|| < 8. Therefore, the trivial solution of the generalized ODE (6.9) is uniformly
stable.

The proof of item (ii) is analogous to the proof of item (i) and, hence, we omit it here. [
Henceforward, we assume that, for all s > #y and all y € S, there exists a unique maximal

solution y : [so —r, @(sp, ¥)) — X of the perturbed retarded VS integral equation (6.5) with initial

condition y;, = Y.
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In what follows, we describe when the trivial of the retarded VS integral equation (6.2)

is stable with respect to perturbations.

Definition 6.2.4. The trivial solution of the retarded VS integral equation (6.2) is said to be

(i) stable with respect to perturbations if, for all so > g and € > 0, there exists § = d(&,s9) >0
such that if y € § satisfies

W]l = Sup}Hl//(G)H<5 and  sup <8,

0e[—r0 SE[s0,+o0)

[ ps)ants)

0

then

|9, ]le = sup |[F(6+1)| <&, foralls> s,
0€[—r0]

where y: [so —r, @(so, ¥)) — X is a maximal solution of the perturbed retarded VS integral

equation (6.5) with initial condition y; = y;

(i1) uniformly stable with respect to perturbations, if it is stable with respect to perturbations

with & independent of sg;

(iii) uniformly asymptotically stable with respect to perturbations, if there exists oy > 0 such
that for all € > 0 and all s¢ > t, there exists T = T'(€) > 0 such that if y € S satisfies

Wl = sup [ly(6)[ <8,

0€[—r0]

then

13 (s0, W)lleo = sup [[3(6+1)|| <&, forallz € [so,@(s0,¥)) N [so+T,+),
0€[—r0]
where ¥ : [so —r, @(so, ¥)) — X is a maximal solution of the perturbed retarded VS integral

equation (6.5) with initial condition y, = .

The next result relates the concepts above to the corresponding concepts for the trivial
solution of the generalized ODE (6.9), presented in Definition 2.1.4. Its proof follows by using
Theorem 6.1.7 instead of Theorem 6.1.5 in Theorem 6.2.2 and noticing that, if P is defined by
(6.41), then

sup  [|[P(s) = P(so)[lo = sup
SE[S(),—‘—W) SE[S(),“FOO)

| ps)avis)

50

Therefore, we omit it here.

Theorem 6.2.5. Let S be given by (6.1). Assume that g : [f, +o0) — R satisfies condition
(A1), f: S % [tp,+o0) — X satisfies (A2), (A3), (A4) and the functions p : [fy, +o0) — X and
v [tg,+o0) — R satisfy (AS), (A6) and (A7). The following statements hold.
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(i) If the trivial solution of the generalized ODE (6.9) is stable with respect to perturbations,
then the trivial solution of the retarded VS integral equation (6.2) is stable with respect to

perturbations.

(i1) The trivial solution of the generalized ODE (6.9) 1s uniformly stable with respect to pertur-
bations, then the trivial solution of the retarded VS integral equation (6.2) is uniformly

stable with respect to perturbations.

(iii) The trivial solution of the generalized ODE (6.9) is uniformly asymptotically stable with
respect to perturbations, then the trivial solution of the retarded VS integral equation (6.2)

is uniformly asymptotically stable with respect to perturbations.

In the next result, we are assuming that, for all sg > 79 and y € S, there exist global
forward solutions of the retarded VS integral equation (6.2) and of the perturbed retarded VS
integral equation (6.5) with same initial condition y evaluated at sg. Its proof is analogous to the

proof of Theorem 2.2.3. Therefore, we omit it here.

Theorem 6.2.6. Let S be given by (6.1). Assume that g : [tp,+o0) — R satisfies condition
(A1), f:S X [tg,+o0) — X satisfies (A2), (A3), (A4) and the functions p : [fy, +o0) — X and
v [ty,+o0) — R satisfy (AS), (A6) and (A7). Then, the following assertions hold.

(i) If the trivial solution of the retarded VS integral equation (6.2) is stable with respect to

perturbations, then it is stable.

(i1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly stable with

respect to perturbations, then it is uniformly stable.

(iii) If the trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically

stable with respect to perturbations, then it is uniformly asymptotically stable.

In order to show that uniform stability for the trivial solution of the retarded VS integral
equation (6.2) implies uniform stability with respect to perturbations, we introduce the following

conditions:

(«73) there exists a Perron-Stieltjes integrable function . : [ty,+o0) — R with respect to g such
that

/s 152 J(ys,5)dg(s)

for all y € O and all sy, € [tg, +20);

< /:Ms)dg(s),

(«74) there exists a Perron-Stieltjes integrable function .Z : [fy, +0) — R with respect to g such
that

[ 17 005) = £z )l (s)

S1

52
< / Z(5)lys — zs||=dg(s),
S1

for all y,z € O and all 51,5, € [fg,+o0).
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In the sequel, we point out that if f : S X [fg,+o0) — X satisfies (A2), (</3) and (74),
then F', defined by (6.8), satisfies an useful property.

Remark 6.2.7. Assume that f : S X [ty,+o0) — X satisfies (A2), («73) and (</'4) and define

h: [tg,+o0) — R by

52

W)= [ LA65)+ L (5))dgls), 1 € lto, o). (6.53)
S1

Then, hisa nondecreasing function which is left-continuous on (zp, +0) and F, defined by (6.8),

belongs to the class .# (Q,Z) (the proof of these facts are analogous to the proof of Lemma 6.1.2).

Furthermore, since the integrals in conditions (.<73) and (.<74) are in the sense of Perron-Stieltjes,
1 is bounded.

The next theorem shows that with conditions (.273) and (.<7/4), uniform stability with
respect to perturbations implies uniform stability.

Theorem 6.2.8. Let S be given by (6.1). Assume that g : [tp,+o0) — R satisfies condition
(A1), f: 8 X [tg,+o0) — X satisfies (A2), (</3), («7/4) and the functions p : [fy, +o0) — X and
v [tg,+o0) — R satisfy (A5), (A6) and (A7). The following statements hold.

(1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly stable, then it

is uniformly stable with respect to perturbations.

(i1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically

stable, then it is uniformly asymptotically stable with respect to perturbations.

Proof. Once the proof of item (ii) is similar to the proof of item (i), we only prove item (i).

Assume that the trivial solution of the retarded VS integral equation (6.2) is uniformly

stable. By Theorem 6.2.13, the trivial solution of the generalized ODE (6.9) is uniformly stable.

On the other hand, since f : S X [fy,+o0) — X satisfies conditions (<7 3) and (</4), F
defined by (6.8), belongs to the class .# (Q,ﬁ), where  is bounded (see Remark 6.2.7). Then,
by Theorem 2.2.7, the trivial solution of the generalized ODE (6.9) is uniformly stable with
respect to perturbations and, by Theorem 6.2.5-(i1), the trivial solution of the retarded VS integral

equation (6.2) is uniformly stable with respect to perturbations. [

As a consequence of Theorems 6.2.6 and 6.2.8, we have the following result.

Theorem 6.2.9. Let S be given by (6.1). Assume that g : [fg, +o0) — R satisfies condition
(A1), f: 8% [tg,+o0) — X satisfies (A2), (</3), («74) and the functions p : [fy, +o0) — X and
v [tg,+o0) — R satisfy (AS), (A6) and (A7). The following statements hold.



116 Chapter 6. Retarded Volterra-Stieljtes integral equations

(i) If the trivial solution of the retarded VS integral equation (6.2) is uniformly stable with
respect to perturbations, then the trivial solution of the generalized ODE (6.9) is uniformly

stable with respect to perturbations.

(i1) If the trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically
stable with respect to perturbations, then the trivial solution of the generalized ODE (6.9)

is uniformly stable with respect to perturbations.

Proof. Let us start by proving item (i). By Theorem 6.2.6-(i1), the trivial solution of the retarded
VS integral equation (6.2) is uniformly stable. On the other hand, it is clear that if a function
f 8% [tg,+o0) — X satisfies conditions (.«73) and (<74), then it satisfies conditions (A3) and
(A4). Therefore, by Theorem 6.2.6-(i1), the trivial solution of the generalized ODE (6.9) is
uniformly stable and, by Theorem 2.2.4-(1), it is uniformly stable with respect to perturbations,
once h from the class .% (Q, h) is bounded (see Remark 6.2.7).

The proof of item (ii) is analogous and, therefore, we omit it here. O]

In the sequel, we present sufficient conditions for the retarded VS integral equation (6.2)

to be uniformly stable with respect to perturbations.

Theorem 6.2.10. Let S be given by (6.1). Assume that g : [fy,+o0) — R satisfies condition
(A1), f: S X [tg,+o0) — X satisfies (A2), («/3), («7/4) and the functions p : [fy, +o0) — X and
v [to,+o0) — R satisfy (A5), (A6) and (A7). Then, trivial solution of the retarded VS integral
equation (6.2) is uniformly stable with respect to perturbations.

Proof. By Remark 6.2.13, the function h from the class .7 (©, h) is bounded and, by Corollary
4.0.3, the trivial solution of the generalized ODE (6.9) is uniformly stable with respect to
perturbations. Then, by Theorem 6.2.5-(i1), the trivial solution of the retarded VS integral

equation (6.2) is uniformly stable with respect to perturbations. [

We end this subsection by presenting the definition of integral stability for the retarded
VS integral equation (6.2), contained in [26], and a relation between this stability and the concept
of regular stability for the generalized ODE (6.9) (see Definitions 2.1.4 and 2.1.1).

Definition 6.2.11. Let [¢t, ] C [fy,+o0) and y € S. The trivial solution y = 0 of (6.2) is called

(i) integrally stable, if for every € > 0 there is a = d(&) > 0 such that if

<0,

[ pisjas)

o

Wlo= sup [w(8)] <8 and sup \
0[—r0] o€la,pl

then

BACADINES e [7(6 +1)|| <&, foreveryt € [a, B],
6c[—r0
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where (-, @, ¥) is a solution of the perturbed retarded VS integral equation (6.5) with
Ya =V

(ii) integrally attracting, if there is a 8 > 0 and for every € > 0, there exist 7 = T (¢€) > 0 and
p = p(€) > 0 such that if

<0,

[ plsjaes)

(04

Wlo= sup [w(6)| <8 and sup \
60| o€la,pl

then

[3:(et, W)l = sup |[¥(0+1)] <&, foralls > a+T,1 € [o,B],
0€[—r0]

where y(-, a, ¥) is a solution of the perturbed retarded VS integral equation (6.5) with
Ya =V;
(ii1) integrally asymptotically stable, if it is integrally stable and integrally attracting.

Remark 6.2.12. It is clear that if the trivial solution of the retarded VS integral equation (6.2)
is uniformly stable with respect to perturbations, then it is integrally stable. Moreover, if the
trivial solution of the retarded VS integral equation (6.2) is uniformly asymptotically stable with

respect to perturbations, then it is integrally asymptotically stable.

The proof of the next result can be found in [26, Theorem 5.1].

Theorem 6.2.13. Let S be given by (6.1). Assume that g : [fy,+o) — R satisfies condition
(A1), f: S % [tp,+o0) — X satisfies (A2), (A3), (A4) and the functions p : [fy,+o0) — X and
v [tg,+o0) — R satisfy (AS), (A6) and (A7). Then, the following statements hold.

(1) If the trivial solution of the generalized ODE (6.9) is regularly stable, then the trivial
solution of the retarded VS integral equation (6.2) is integrally stable.

(i1) If the trivial solution of the generalized ODE (6.9) is regularly attracting, then the trivial
solution of the retarded VS integral equation (6.2) is integrally attracting.

(ii1) If the trivial solution of the generalized ODE (6.9) is regularly asymptotically stable, then
the trivial solution of the retarded VS integral equation (6.2) is integrally asymptotically
stable.

In what follows, we prove the inverse implications of Theorem 6.2.13.

Theorem 6.2.14. Let S be given by (6.1). Assume that g : [fy,+o0) — R satisfies condition
(A1), f: S X [tp,+o0) — X satisfies (A2), (A3), (A4) and the functions p : [fy,+o0) — X and
v [tg,+o0) — R satisfy (AS), (A6) and (A7). Then, the following statements hold.

(1) If the trivial solution of the retarded VS integral equation (6.2) is integrally stable, then
the trivial solution of the generalized ODE (6.9) is regularly stable.
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(i1) If the trivial solution of the retarded VS integral equation (6.2) is integrally attracting, then
the trivial solution of the generalized ODE (6.9) is regularly attracting.

(111) If the trivial solution of the retarded VS integral equation (6.2) is integrally asymptotically
stable, then the trivial solution of the generalized ODE (6.9) is regularly asymptotically
stable.

Proof. Since the proof of items (ii) and (iii) are similar to the proof of item (i), we omit them

here.

Let € > 0, [o,B] C [tg,+°), P € G ([, B],BG([to — r,+0),X)) and xo € O. By the
definition of O, there exist y € O and s,s0 € [fg, +o0), wWith s > s, such that

)’(SO—”)7 to_rgeéso_ra
Xo(e) = y(6)7 SO_FS 0 Ssv
y(s), § <0 < oo

Define P : [ty, +o0) — BG([ty — r,+),X) by
07 fo—r < 0 < 10,

0
P(1)(0) = / p(s)dv(s), tnp<6<t,

Io

/ttp(s)dv(s), t <0 < oo

0
Since v : [tp, +o0) — R is left-continuous, by Theorem B.0.17, P is a regulated function which is

left-continuous on (fy, +o0).

Using the ideas from the proof of Theorem 6.2.3, the function X : [sg, ®) — O, given by
y(so—r), to—r<6<so—r
X()(8) =4 ¥(6),  so—r<6<t,
y(t), 1 <0 < oo,
is the solution of the perturbed generalized ODE
dx
dt
with initial condition X(sg) = Xo, where y : [so —r, @) — X is the solution of the perturbed retarded

D[F (x,t) + P(t)] (6.54)

VS equation (6.5) with initial condition ys, = ¥ and Xy is given by

W(_r)7 fO—FSGSSO—’G
550(6): l[/(@—s()), so—r <0 <sy,
l//(O), 50 < 6 < Hoo,

Furthermore, if X : [@, 8] — O is the solution of the perturbed generalized ODE (6.54) with
initial condition X(¢t) = xo, then B < @, [|Xp]|ec = || W] < ||%0][e and

F(t) Joo = ||t + (s — @))[loo, forallz € [ax, B]- (6.55)
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Since the retarded VS integral equation (6.2) is integrally stable, there exists > 0 such that, if

0
|yl <6 and  sup p(s)dv(s)|| < 6, (6.56)
o<la,B]
then,
[yl < g, for all € [at, B]. (6.57)

Define G : [, 8] — BG([to — r,+),X) by G(¢t) = P(t) — P(t), for all ¢ € [a, 8] and

assume that

0 0 9 0
Ixolleo < =7, sup [[P(6) —P(a)[lo < 5 and  sup p(s)dv(s)|| <
4€H 96[05,[3} 4€H 96[06,[3] 4€H
where H = sup,c(q g [A(s) —h(a)].
Notice that, for all 7 € [, B], we have
0, th—r<6<a,
0
[P(t) —P(a)](6) = /a p(s)dv(s), a<6<t,
t
/ p(s)dv(s), <0 < Hoo,
o
and, hence, )
sup [|[P(6) —P(a)|l= sup p(s)dv(s)||, (6.58)
ocla,B] o€la,pl
1G (1) = G(e) [ < [1P(1) = P(@)|eo + [[P(2) = Pl@0) oo < 577 <0
and, consequently,
0
sup [|G(0) —G(tt)|loo < = < o0 (6.59)

ocla.p] 2¢M

Let x : [0, B] — O be the solution of the perturbed generalized ODE (6.41) with initial
condition x(a) = xg. Then, for all 7 € o, B], we have

() —X(0) |l < /DF /DF 9)
5

< 2|h(t) —h(a )|+ 7 <2H+

+||G(t)—G(Ot)||oo

e H
Therefore, the function [, ] 5 — ||x(¢) —)_c(t)||(,<> is bounded and, by Lemma C.0.6, for all
t € la,B], we get

[[x(2) = x(1)[e0 < /le (5)[leodhr(s) + sup [|G(0) —G(a)ll, forallz € [a, B].

ela.p]

Furthermore, by the Gronwall-type inequality (see Theorem B.0.10), we have

(@)l < %O o+ [le(0) =2(0) o0 < [X(0)]lco + sup_ [IG(6) — G(t)|owe™
5 ocla.pl (6.60)

< _t o3} I
(1) o+ 5
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On the other hand, by (6.56) and (6.57) (see Cases 1 and 2 in the proof of Theorem

6.2.3), we conclude

170 || < g for all £ € [sg, ®) 6.61)
since || Y| = [|X0]]c0 < [|x0]]o0 < %. By equations (6.55) and (6.61), we get
- €
1X(1) ]| = [|X(2 + (s — &) |0 < > forallz € [ot, B]. (6.62)

By equations (6.60) and (6.62) and the fact that § < €, we obtain
|x(t) ||« <€, forallt € [a,pl],

which shows that the trivial solution of the generalized ODE (6.9) is regular stable with respect
to perturbations and, by Theorem 2.1.5, it is regularly stable. U

6.2.2 Direct method of Lyapunov

This subsection is devoted to proving Lyapunov-type theorems on uniform stability and

integral stability for the retarded VS integral equation (6.2).

At first, we introduce a concept of Lyapunov functional with respect to the retarded VS
integral equation (6.2) (see also [26, Definition 7.1]). To this end, we recall that R™ denotes the

set of non-negative real numbers.

Definition 6.2.15. Let E C S, where S is given by (6.1). We say that U : [fg, +o0) x E — R is
a Lyapunov functional with respect to the retarded VS integral equation (6.2), if the following

conditions are satisfied:

(i) U(-,y): [to,+o0) — R is left-continuous on (zy, +eo), for all y € E;

(ii) there exists an increasing continuous function b : R* — R™ satisfying »(0) = 0 such that

U, y) = b(llvl),
for every (¢, y) € [tp,+o0) X E;
(iii) foreveryt >tgand wv € E,

Ut +1,yr4n (6 W) = U0 (8, ) <0

U(t,y) := limsup
n—0" n

holds, where y(¢, ¥) denotes the maximal solution of the retarded VS integral equation

(6.2) with initial condition y; = y and the functions y,yy,y; : [—r,0] — X are defined by
Yitn(0) =y(t+n+0)and y,(6) =y(t+6) forall 6 € [—r,0].

In the sequel, we present a Lyapunov-type theorem on uniform stability for the retarded
VS integral equation (6.2). Such a result weakens the Lipschitzian condition on the Lyapunov
functional found in [26, Theorem 7.3] and its proof follows the same ideas of the proof of [23,
Theorem 3.4].
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Theorem 6.2.16. Let S be given by (6.1). Assume that g : [tp, +o0) — R satisfies condition (A1)
and f : S X [tp,+o0) — X satisfies conditions (A2), (A3) and (A4). Let U : [fy,+o0) xS - Rbea
Lyapunov functional with respect to the retarded VS integral equation (6.2). Suppose U satisfies
the following conditions:

(LUV1) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0, and

U(r,v) < a([[wll),

for all (r,y) € [ty,+o0) X S;

(LUV2) for all sg > 19, the function [sg, @(so,¥)) >t — U(t,y:(so, ¥)) is nonincreasing along
every maximal solution y : [so — r, @(so, ¥)) — X of the retarded VS integral equation
(6.2) with initial condition y,, = y € S.

Then, the trivial solution of the retarded VS integral equation (6.2) is uniformly stable.

Proof. By the definition of Lyapunov functional, there exists an increasing continuous function
b:RT — RT satisfying b(0) = 0 and

b([[Wle) U(r,y), forall (z,y) € [tg,+00) X S. (6.63)

Let so > to and € > 0. Consider A = {a(t);t € R*}. Since a(0) = 0 and a is increasing,
infA = 0. Then, by the property of the infimum, for b(€) > 0, there exists § > 0 such that

0 < a(8) < b(e). (6.64)

Let w € Sand y : [so — ,®(s0, ¥)) — X be a maximal solution of the retarded VS
integral equation (6.2) with initial condition ys, = y. Assume that || y/||. < 8. By the fact that a

is increasing, we have

a([[yll) < a(9). (6.65)

Then, by condition (LUV2) and equations (6.63), (6.64) and (6.65), we obtain

b([[yelleo) SU(t,3:) <UL, 9) < a(l|yll) < a(8) <b(e),

for all 7 € [sg, @(s0,¥)). Once b is increasing, we conclude ||y; || < €, for all z € [sg, @(sg, ¥))

and the proof is complete. [

In the next lines, we establish a Lyapunov-type theorem on uniform asymptotic stability
for the retarded VS integral equation (6.2). Its proof follows the same ideas as those in Theorem

2.1.9, and therefore, we omit it here.
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Theorem 6.2.17. Let S be given by (6.1). Assume that g : [fp, +o0) — R satisfies condition (A1)
and f : S X [tp,+o0) — X satisfies conditions (A2), (A3) and (A4). Let U : [fg,+o0) x S — R be a
Lyapunov functional with respect to the retarded VS integral equation (6.2). Suppose U satisfies
conditions (LUV1) and (LUV?2) from Theorem 6.2.16. Furthermore, assume that there exists a
continuous function @ : R™ — R for which ®(0) = 0, ®(¢) > 0 whenever t # 0 and

DTU(t,y) < —P(||yl]l),

for all (¢,y) € [ty,+o) X S. Then, the trivial solution of the retarded VS integral equation (6.2)

is uniformly asymptotically stable.

In what follows, we obtain a Lyapunov-type theorem on integral stability for the retarded

VS integral equation (6.2).

Theorem 6.2.18. Let S be given by (6.1). Assume that g : [tp, +o0) — R satisfies condition (A1)
and f : S X [tg, +o0) — X satisfies conditions (A2), («/3) and («74). Let U : [tg, +o0) X S — R
be a Lyapunov functional with respect to the retarded VS integral equation (6.2). Suppose U
satisfies conditions (LUV1) and (LUV?2) from Theorem 6.2.16. Then, the trivial solution of the
retarded VS integral equation (6.2) is integrally stable.

Proof. Once f: S X [ty, +o0) — X satisfies conditions (A2), (.73) and (<74), it satisfies conditions
(A2), (A3) and (A4). Then, by Theorem 6.2.16, the trivial solution of the retarded VS integral
equation (6.2) is uniformly stable. Moreover, by Theorem 6.2.8-(1), the trivial solution of the
retarded VS integral equation (6.2) is uniformly stable with respect to perturbations and, by
Remark 6.2.12, it is integrally stable. O]

We end this section by presenting a Lyapunov-type theorem on integral asymptotic
stability for the retarded VS integral equation (6.2). Its proofs is analogous to that of Theorem
6.2.18.

Theorem 6.2.19. Let S be given by (6.1). Assume that g : [tp, +o0) — R satisfies condition (A1)
and f : S X [tg, +o0) — X satisfies conditions (A2), («/3) and («74). Let U : [tg,+o0) x S — R
be a Lyapunov functional with respect to the retarded VS integral equation (6.2). Suppose U
satisfies all conditions from Theorem 6.2.17. Then, the trivial solution of the retarded VS integral

equation (6.2) is integrally asymptotically stable.

6.2.3 Converse Lyapunov theorems

In this subsection, we prove converse Lyapunov theorems on uniform stability and

integral stability for the trivial solution of the retarded VS integral equation (6.2).

At first, we show that the existence of a Lyapunov functional with respect to the general-

ized ODE (6.9) (see Definition 2.0.2) implies the existence of a Lyapunov functional with respect
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to the retarded VS integral equation (6.2) (see Definition 6.2.15). This result plays an important

role in the proof of the converse Lyapunov theorems for the retarded VS integral equation (6.2).

Theorem 6.2.20. Consider O C BG([to — r,+<°),X) given by (6.7) and S by (6.1). Assume that
g : [to,+o0) — R satisfies condition (A1) and f : S X [fp,+o0) — X satisfies conditions (A2),
(A3) and (A4). If there exists a Lyapunov functional V : [fg, 4+o0) x @ — R with respect to the
generalized ODE (6.9), then there exists a Lyapunov functional U : [t, +o0) x § — R with respect
to the retarded VS integral equation (6.2).

Proof. Givent >ty and y € S, let y: [t —r,o(t,y)) — X be a solution of the retarded VS
integral equation (6.2) with initial condition y; = y. Then, by Theorem 6.1.5-(i), the function
x: [t,0(t,y)) — O, defined by

yit—r), to—r<0<t-—r,
1) (0)=4 y6), 1-r<o<r, (6.66)
y(1), T<0< +oo

is the solution of a generalized ODE (6.9) with initial condition x(z) = X, where

y(—r), to—r<O0<t-—r,
X(0)=4q w(O@—1), t—r<0<t, (6.67)
y(0), <0 < Hoo

In this case, we write xy(7) instead of x(7) for all T € ¢, w(¢, y)). Besides,

ey (@)l = sup |y (6)(0)[[ = sup [¥(0) = sup [y ()] =]yl — (6.68)

0€(tg—r,+oo) 0<t—rt] 0€[—r0]

and, for all 7 € [t,0(¢,y)) and 0 € [—r,0], we have
(x(7))2(8) = x(7)(1+6) = y(T+ 6) = y<(6). (6.69)

Define U : [fy, +o0) x S — R by
U(t,y) =V(t,xy(t)), forallre [ty,+o), yeS,

where V : [tp,+o0) x O — R is a Lyapunov functional with respect to the generalized ODE (6.9).

Owing to the fact that there exists a one-to-one correspondence between y € S and
xy € 0, U is well-defined in [f9, 4+-o0) x S and, by the left-continuity of V (-,xy()) : [fo, +o0) = R
on (ty,+), U(-, y¥) : [to, +o°) — R is left-continuous on (g, +oo) for all y € S, which implies

condition (i) from Definition 6.2.15. Moreover, by condition (L2) from Definition 2.0.2, we have

U(t,y) = V(t,x(1) = by (1) =) Y b(||Wl|ee),  for all (1, ) € [t, +o0) xS,

where b : RT™ — R™ is an increasing continuous function such that »(0) = 0.
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We target to prove that U satisfies condition (iii) from Definition 6.2.15. Consider the
solution y: [t — r,0(t, y)) — X of the retarded VS integral equation (6.2) with initial condition
y: =y and let x: [t,®(¢,y)) — O be the solution of the generalized ODE (6.9) given by (6.66).
By (6.69), for all n > 0 for which r +n < @(¢, ¥), we have y,n (¢, ¥) = (xy(t +1N))r4n. By
the definition of U and the fact that V satisfies condition (L.3) of Definition 2.0.2, we have

U415 (6 ¥) U@y (1, y))

lim sup
n—0+ n
Vit t -Vt 4
i LR E) V0 ()
n—0* n
which concludes the proof. [

The next result is a converse Lyapunov theorem on integral stability for the retarded VS

integral equation (6.2).

Theorem 6.2.21. Let S be given by (6.1). Assume that g : [tp,+o0) — R satisfies (A1) and
f 18X tg, +o0) — X satisfies (A2), (A3) and (A4). If the trivial solution of the retarded VS integral
equation (6.2) is integrally stable, then there exists a Lyapunov functional U : [fy, +o0) x S — R
with respect to the retarded VS integral equation (6.2) satisfying

(CLIV1) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0, and
g ymg

U(t,y) <a(|vl),
for all (¢, y) € [tg,+o0) X S;
(CLIV2) for all so > 19, the function [sg, @(so, ¥)) >t — U(t,y;(s0,¥)) is nonincreasing along

every maximal solution y : [so — r, @(sp, ¥)) — X of the retarded VS integral equation
(6.2) with initial condition y,, = ¥ € §.

Proof. By Theorem 6.2.14-(i), the trivial solution of the generalized ODE (6.9) is regularly
stable and, by Theorem 2.1.19, there exists a Lyapunov functional V : [tp, +o0) x O — R with
respect to the generalized ODE (6.9). By Theorem 6.2.20, the function U : [tp, +) X S — R by

U(t,y)=V(t,x(r)), forallz € [ty,+oo), ¥ €S,

is a Lyapunov functional with respect to the retarded VS integral equation (6.2), where x(t), = ¥
is given by
y(—r), to—r<0<t—r,
xy()(0) =14 w(O—1), t—r<0<t,
y(0), 1 <0 < +oo,

Furthermore, by Theorem 2.1.19-(CLR4), there exists an increasing continuous function
a:RT — R satisfying a(0) = 0, and

U(t,y) =V(t,xy) <a(llyl]),
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since Xy || = ||W|o. Therefore, the proof of item (CLIV1) is complete.

In order to prove item (CLIV2), lety : [so —r, @(so, ¥)) — X be a solution of the retarded
VS integral equation (6.2) with initial condition ys, = ¥ € S. Then, by Theorem 6.1.5-(1), the
function x : [so, ® (s, ¥)) — O, given by

y(SO—”)7 fO—VSGSSO—’”,
x(t)(0) =14 ¥(0) so—r<0<t,
y(1), 1 <0 < +oo,

is a solution of the generalized ODE (6.9) with initial condition x(s¢) = xo, where

W(_r)a tO—TSOSS()—r,
x0(0) =14 w(0—s0), so—r <6 <so,
l//(S()), 50 < 6 < Hoo,

Notice that, for all 7 € [sg, ®(so, ¥)) and 8 € [—r,0], we have
x(1):(0) =x(1)(1+6) = y(1 +6) = :(6)

and, by the definition of U, U (t,y;(so, ¥)) = V(¢,x(t)). Then, by Theorem 2.1.19-(CLR1), for
all t,s € [so, 0 (s0,¥)), t > s, we have

U(t,:(s0, ) = V(1,x(t)) <V(s,x(s)) = U(s,y5(50, ¥))

which proves item (CLIV?2). ]

In the sequel, we exhibit a converse Lyapunov theorem on uniform stability for the

retarded VS integral equation (6.2).

Theorem 6.2.22. Let S be given by (6.1) and E, = {y € S;||y|| < p}, 0 < p. Assume that
g [to, +o0) — R satisfies condition (A1) and f: S X [fp, +o0) — X satisfies conditions (A2), (A3)
and (A4). If the trivial solution of the retarded VS integral equation (6.2) is uniformly stable,

then there exists a Lyapunov functional U : [ty, +0) X Fp — R with respect to the retarded VS
integral equation (6.2) satisfying

(CLUV1) there exists an increasing continuous function a : R™ — R™ satisfying a(0) = 0, and

U(t,y) < a(||y]),

for all (¢, ) € [tg,+o0) X Ep;

(CLUV2) for all sg > 19, the function [sg, @ (s, ¥)) >t — U(t,y,(s0,¥)) is nonincreasing along
every maximal solution y : [sg — r, @(sg, ¥)) — X of the retarded VS integral equation
(6.2) with initial condition y,, = ¥ € E,.
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Proof. By Theorem 6.2.3-(1), the trivial solution of the generalized ODE (6.9) is uniformly stable
and, by the Lyapunov-type theorem on uniform stability for generalized ODEs (see Theorem

2.2.8), there exists a Lyapunov functional V' : [fy, 4o0) X Ep — R with respect to the generalized
ODE, where G, = {x € O ||x]|l. < p}.

Let y € Ep and t € [tg, +o0). Define xy () : [fo — r, +o0) — X by

y(—r), to—r<0<t-—r
xy()(0) =14 w(O—1), t—r<0<t,
y(0), 1 <0 < Hoo.

Then, xy(t) € O and

[x[le = sup  [Ix(6)[[= sup [lw(6—1)[[= sup [w(6)|=Iwls, (6.70)
0€to—r,+oo) 0clt—ni| 0€[—r0]

which implies xy (1) € Gp.

By Theorem 6.2.20, U : [ty,+°) x E, — R, defined by
U(t,w) =V(t,xy(t)), foralls€ [fy,+o), ¥ €E,,

is a Lyapunov functional with respect to the retarded VS integral equation (6.2).

By conditions (LU1) and (LU2) from Theorem 2.2.8, it is not difficult to see that U
satisfies conditions (CLUV1) and (CLUV2). O

6.3 Boundedness of solutions

In this section, we introduce concepts of uniform boundedness of solutions of the retarded
VS integral equation (6.2) and of the perturbed retarded VS integral equation (6.5). We also
relate these concepts to the concepts of stability, described in Section 6.2.1, and to the concept
of boundedness of solutions, as well as stability, for the generalized ODEs (6.9) and (6.41).
Moreover, we obtain a Lyapunov-type theorem and applied the results from Chapter 3 to prove a
converse Lyapunov theorem on uniform boundedness of solutions of the retarded VS integral

equation (6.2).

Throughout this section, we consider S be given by (6.1), g : [fo, +0) — R satisfying
(A1) and f: S X [tp,+o0) — X satisfying (A2), (A3) and (A4). Moreover, we assume that, for
all so > 1o and all y € S, there exists a unique maximal solution y : [sg — r, @(so, ¥)) — X of the
retarded VS integral equation (6.2) and a unique maximal solution y[so — r, @(so, ¥)) — X of
the perturbed retarded VS integral equation (6.2) with ys, = ¥ =y, . In addition, we suppose
the function f : S X [fg, +o0) — X satisfies (6.43).

In the next lines, we give a definition of uniform boundedness of solutions of the retarded

VS integral equation (6.2) and of the perturbed retarded VS integral equation (6.5).
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Definition 6.3.1. We say that

(i) the retarded VS integral equation (6.2) is uniformly bounded if for every o > 0, there
exists M = M(o) > 0 such that, for all sy € [fg, +o0) and for all y € S, with

lWlle= sup [ly(6)] <a,
0€[—r0]
we have

[yslle = sup |[y(8+s)|| < M, for all s > s,
0€[—r0]

where y : [so, ®(so, ¥)) — X is a solution of the retarded VS integral equation (6.2) with
initial condition yy, = V/;

(i1) the perturbed retarded VS integral equation (6.5) is uniformly bounded if for every o > 0,
there exists M = M) > 0 such that, for all sy € [tg, +o0) and for all y € S, with

[Vl = sup [lw(8)] <«,
0<[—r0]
we have

[Fslle = sup [F(6+s5)| <M, forall s > s,
0€[—r0]

where y : [so, ®(so, ¥)) — X is a solution of the perturbed retarded VS integral equation
(6.2) with initial condition y,, = Y.

In the sequel, we establish a relation between the concepts above. Its proof follows

similar ideas to the proof of Theorem 3.0.6-(1).

Theorem 6.3.2. If the perturbed retarded VS integral equation (6.5) is uniformly bounded, then
the retarded VS integral equation (6.2) is uniformly bounded.

The proof of the next result is analogous to the proofs of Theorems 6.2.2 and 6.2.3.

Therefore, we omit it here.

Theorem 6.3.3. Let S be given by (6.1). Assume that g : [tp,+o0) — R satisfies condition
(A1), f: 8% [tg,+o0) — X satisfies (A2), (A3), (A4) and the functions p : [fy, +0) — X and
v [tg,+o0) — R satisfy (A5), (A6) and (A7). Then, the following statements hold.

(i) The retarded VS integral equation (6.2) is uniformly bounded if and only if the generalized
ODE (6.9) is uniformly bounded.

(i1) The perturbed retarded VS integral equation (6.5) is uniformly bounded if and only if the
perturbed generalized ODE (6.41) is uniformly bounded.



128 Chapter 6. Retarded Volterra-Stieljtes integral equations

The next result relates the existence of a Lyapunov function with respect to the retarded
VS integral equation (6.2) to the concept of uniform boundedness of solutions of the retarded VS
integral equation (6.2). This result is a version of the Lyapunov theorems on uniform boundedness

of solutions.

Theorem 6.3.4. Let S be given by (6.1). Assume that g : [fy, +o0) — R satisfies condition (A1)
and f: S X [tp,+o0) — X satisfies conditions (A2), (A3) and (A4). Then, the trivial solution
of the retarded VS integral equation (6.2) is uniformly bounded if and only if there exists
a Lyapunov functional with respect with respect to the retarded VS integral equation (6.2)

U : [tg,+o0) x S — R satisfying the following conditions:

(CBV1) there exist two increasing continuous functions p,b: R™ — R satisfying p(0) = b(0) =0,

lim b(s) = oo

§—3o0
and

b([[Wlle) U, ¥) < p(l[Wl),
for all (r,y) € [tp,+o0) X S;

(CBV2) for all s > tg, the function [sg,4o0) > ¢t — U(t,y;(s0, ¥)) is nonincreasing along every
global forward solution y : [so — r,+o0) — X of the retarded VS integral equation (6.2)
with initial condition ys, = y € S.

Proof. Assume that the retarded VS integral equation (6.2) is uniformly bounded. Then, by
Theorem 6.3.3-(i1) the generalized ODE (6.9) is uniformly bounded. By Theorem 3.0.3, there
exist a function V : [tg, +o0) x @ — R with respect to generalized ODE (6.9) and two increasing
functions p,b: R™ — R™ such that p(0) = b(0) =0,

SETmb(s) = +4o0 (6.71)
and
b(||x|l) <V (t,x) < p(||x||w), forall (¢,x) € [tg,+0) x O. (6.72)

By Theorem 6.2.20, the function U : [tg, +o0) X § — R, defined by
U(t,w) =V(t,xy(t)), forallte [ty,+oo), y €S, (6.73)

is a Lyapunov functional with respect to the retarded VS integral equation (6.2), where xy(¢) is
given by
v(-r), to—r<O6<t-—r,
xy(1)(0) = w(b0—1), 1—r<6<1,
v (0), t <0 < oo
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Then, it is clear that || y/||s = ||xy(#)]|- and, by equations (6.72) and (6.73), we conclude

b([wlle) U, y) < p([[Wlle), forallz € [tg, +o0), y €.

Moreover, as in the proof of Theorem 6.2.20, U satisfies condition (CBV?2).

Reciprocally, suppose there exists a Lyapunov functional with respect to the retarded VS
integral equation (6.2). Let a > 0. By condition (CBV 1), there exists M = M(a) such that

p(a) < b(s), foralls> M. (6.74)

Let so € [fg, +o0) and y : [so — r,+o0) — X be the global forward solution of the retarded
VS integral equation (6.2) with initial condition ys, = y. Assume that ||y||. < a. Then, by

condition (CBV?2) and the fact p is increasing, we have

by (50, W)llo) < U (23050, W) < Uls0, W) < p(|Wll) < pler) < b(M),

for all r > sg. Finally, since b is increasing, we have

[y (s0, W)l < M,

for all t > 59 and, consequently, the retarded VS integral equation (6.2) is uniformly bounded. [

The following result is consequence of Theorems 6.2.22 and 6.3.4.

Corollary 6.3.5. If the retarded VS integral equation (6.2) is uniformly bounded, then the trivial
solution of the retarded VS integral equation (6.2) is uniformly stable.

The next result gives a relation between the uniform boundedness of solutions of the

perturbed retarded VS integral equation (6.5) and uniform stability.

Theorem 6.3.6. If the perturbed retarded VS integral equation (6.5) is uniformly bounded, then
the trivial solution of the retarded VS integral equation (6.2) is uniformly stable.

Proof. 1t is sufficient to notice that, by Theorem 6.3.2, the retarded VS integral equation (6.2) is
uniformly bounded and, by Corollary 6.3.5, it is also uniformly stable. 0

In what follows, we prove a result which guarantees that the existence of a Lyapunov
functional with respect to the retarded VS integral equation (6.2) implies the existence of a

Lyapunov functional with respect to the generalized ODE (6.9).

Theorem 6.3.7. Consider O given by (6.7) and S by (6.1). Assume that g : [tp, +o0) — R satisfies
condition (A1) and f : S X [fg, +-o0) — X satisfies conditions (A2), (A3) and (A4). If there exists a
Lyapunov functional U : [ty,+0) X § — R with respect to the retarded VS integral equation (6.2)
satisfying conditions (LUV1) and (LUV2) from Theorem 6.2.16, then there exists a Lyapunov
functional V : [tp, +o0) x O — R with respect to the generalized ODE (6.9).
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Proof. By Theorem 6.3.4, the solution of the retarded VS integral equation (6.2) is uniformly
bounded and, by Theorem 6.3.3-(i1), the solution of the generalized ODE (6.9) is uniformly
bounded. Moreover, Theorem 3.0.4 ensures the existence of the Lyapunov functional with
respect to the generalized ODE (6.9). O

Theorem 6.3.8. Let S be given by (6.1). Assume that g : [tp,+o) — R satisfies condition
(A1), f: S X [tg,+o0) — X satisfies (A2), (</3), («7/4) and the functions p : [fy, +o0) — X and
v [fg,+o0) — R satisfy (AS5), (A6) and (A7). If the retarded VS integral equation (6.2) is
uniformly bounded, then the perturbed retarded VS integral equation (6.5) is uniformly bounded.

Proof. By Theorem 6.3.3-(i), the generalized ODE (6.9) is uniformly bounded. By Remark
6.2.13, the function  from the class % (Q,Z) is bounded and, therefore, we can apply Theorem
3.0.7 to conclude that the perturbed generalized ODE (6.41) is uniformly bounded. Finally, by
Theorem 6.3.3-(ii), the perturbed retarded VS integral equation (6.5) is uniformly bounded. [

We end this section by presenting a diagram which illustrates the relations between
the types of stability, contained in Section 6.2.1, and the concepts of uniform boundedness of
solutions. We are assuming that g : [fg, +o0) — R satisfies (A1), f: S X [tp,+o0) — X satisfies
(A2), (473), (</4) and the functions p : [fg, +o0) — X and v : [fp, +0) — R satisfy (AS5), (A6)

and (A7). Moreover, we consider the following symbols:

e B =boundedness of the solutions of the generalized ODE (6.9);

e pB = boundedness of the solutions of perturbed generalized ODE (6.41);

e BV =Dboundedness of the solutions of the retarded VS integral equation (6.2);

e pBV = boundedness of the solutions of the perturbed retarded VS integral equation (6.5);
e UV = uniform stability for the trivial solution of the retarded VS equation (6.2);

e pUV = uniform stability with respect to pertubations for the trivial solution of the retarded

VS integral equation (6.2);
e U = uniform stability for the trivial solution of the of the generalized ODE (6.9);

e pU = uniform stability with respect to perturbations for the trivial solution of the of the
generalized ODE (6.9);

e | = integral stability for the trivial solution of the retarded VS equation (6.2);

e R =regular stability for the trivial solution of the of the generalized ODE (6.9).

B Th.6.3.3 BV Cor.6.3.g Uv Th.6.2.3 U ——

h.6.2.2
ThA6.3.2IThA6.3.8 Th.6.2.6ITh.6.2.8 Th.2.2.4|Th.2.2.7 Th.6.2.14|Th.6.2.13

pB !h.6.3.3 pBV pUV :ﬁg;% pU Rm.6.2.12 I
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6.4 Asymptotic controllability

In this section, we present a definition of asymptotic controllability for perturbed retarded
VS integral equations. Moreover, we applied the results, presented in Chapter 5 and in Sections
6.2 and 6.3, to establish necessary and sufficient conditions for a perturbed retarded VS integral
equation to be asymptotically controllable. We also include an example to illustrate our main

results.

At first, we recall that O C BG([tp — r,+<0),X) is an open set with the prolongation
property (see Definition 6.0.1) and S = {y;;y € O,1 € [ty,+)} C G([—r,0],X).

Consider a perturbed retarded VS integral equation given by

) =300+ [ F0ss)dgls) + [ pls)avis), 1> 50> 0 ©79

where f: S X [tg,+o0) = X, p: [to,+o°) — X is a control function and g,v : [fy,+o0) — R.
Moreover, assume that the following conditions are fulfilled:

(C1) the functions g,v : [tp,+o0) — R are left-continuous on (o, o) and nondecreasing;
(C2) £(0,¢)— f(0,s) =0 fort,s > to;

(C3) forally € O and all s1,s; € [fy, +oo), the Perron-Stieltjes integral

[ r0n5)ds(s)

exists;

(C4) there exists a Perron-Stieltjes integrable function .# : [ty,+e0) — R with respect to g such
that

[jz fys,s)dg(s)

forall y € O and all 51,5, € [tg, +20);

< K///(smg(s),

(C5) there exists a Perron-Stieltjes integrable function .Z : [fy, +0) — R with respect to g such
that

/ i [f (s, 8) — f(2s,5))dg(s)

S1

< /:f(s)H)’S—Zusdg(s)?
for all y,z € O and all 51,57 € [tg, +o0);
(C6) the Perron-Stieltjes integral
p(s)dv(s)
exists, for all ¢ € [ty, +0);
(C7) there exists a locally Perron-Stieltjes integrable function K : [ty,+o0) — R with respect to

[ psrnts

S1

v such that

< / ISZK(s)dv(s),

for all 51,52 € [tg,+o0).
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We denote by P the set of all functions p : [ty,+e0) — X which satisfy (C6) and (C7). In the
sequel, we define asymptotic controllability for the perturbed retarded VS integral equation
(6.75).

Definition 6.4.1. The perturbed retarded VS integral equation (6.75) is asymptotically control-
lable, if the following properties hold:

(i) (global part) for each ¢ in S, there exists a control function p € [P such that the solution
¥(t) =¥(t, ¢, p) of the the perturbed retarded VS integral equation (6.75) is defined for all

t > to and, moreover, y(z) goes to 0 as ¢ goes to oo;

(ii) (Uniform stability) for each € > 0, there exists 6 > 0 such that for any state ¢ € S, with
|¢|| < &, there is a control p as in (i) such that ||y(¢)|| < € for all # > ;

(iii) (bounded controls) there exist positive numbers 7, k such that if ¢, given in (i), satisfies
||@]| < n, then the control p is such that || p|e < k, where

[ pavts)

To

7]l = sup
t€[tg,+0)

In order to prove asymptotic controllability for the perturbed retarded VS integral
equation (6.75), we denote by U the set of all functions u : [fy, +o0) — BG([tg,+o0),X) given by

07 to—r < 0 < fo,
0
<6<
o) =1 [ POBE). n<o<

[ psavts), <0< ten

Iy

for some p € P.

Theorem 6.4.2. Assume that g,v : [ty, +o0) — R satisfy condition (C1), f: § X [fg, +o0) — X
satisfies conditions (C2), (C3), (C4) and (C5) and p € P. Then, the perturbed retarded VS integral
equation (6.75) is asymptotically controllable.

Proof. Consider the perturbed generalized ODE

dx

YT D[F (x,t) +u(t)], (6.76)

where F is given by (6.8) and u € U. By Remark 6.2.7, the function 4 from the class .% (Q,E) is
bounded. On the other hand, by condition (C2), F(0,7) — F(0,s) = 0 for ¢,s > fo. Therefore, the
perturbed generalized ODE (6.76) satisfies all conditions of Theorem 5.0.2 and, consequently, it
is asymptotically controllable.
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Let ¢ € S and xg : [tp,+o0) — X be given by

¢(9_t0)7 tO_rSQSt()u
x0(0) =
0(0), th < 0 < Hoo.

Since the perturbed generalized ODE (6.76) is asymptotically controllable, there exists u € U
such that the solution X(z,x,u) of the perturbed generalized ODE (6.76) is defined for all # > ¢

and X(¢) goes to zero as t goes to +oo.

By the definition of U, there exists p € IP such that u : [fy, +o0) — BG([tg — r,+0),X) is
given by
0, to—r <6 <t,
0

Ty

/ttp(s)dv(s), t <0 < oo,

0

By Theorem 6.1.7-(ii), y : [fg — r,+o0) — X given by
(0) = X(10)(0), to—r <0 <ty,
x(0)(0), 1< <+

is a solution of the perturbed retarded VS integral equation (6.75) with initial condition y;, = ¢
and control p. Since X(¢) goes to 0 as ¢ goes to o, we conclude that y(z) goes to 0 as ¢ goes to oo

and condition (i) from Definition 6.4.1 is satisfied.

By Corollary 4.0.3, the trivial solution of the generalized ODE (6.9) is uniformly stable
with respect to perturbations and, by Theorem 6.2.5-(ii), the trivial solution of the perturbed
retarded VS integral equation is uniformly stable with respect to perturbations which yields
condition (ii) of Definition 6.4.1.

Let us prove condition (ii1) from Definition 6.4.1. At first, notice that

[xolleo = sup  Jxo(8)]| = sup [[@(6)] =[]

0cto—r,) 0c[—r0]
and
sup [|u(r)]|le = sup sup Hu(t)(G)H)
1E€[tg,+0) tE€[tg,+o0) \ OE€[tg—r,40)
0 0 _
= s ( swp | [ pavi)|l | = swp | [ pls)av(s)| = 7]l
0€lty,+) 1710

t€(tg,+o0) \ O€lto,t] /10

By condition (iii) from Definition 5.0.1 and by the previous equations, we conclude that there
exist positive numbers 17, k such thatif ||| = [[xo |- < 7, then || p[[oo = sup; s, teo) (2 [|o0 <k
and the proof is complete. ]

The existence of a Lyapunov functional with respect to retarded VS integral equation

(6.2) is related to stability and boundedness of solutions of the retarded VS integral equation (6.2)
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and these concepts are also related to stability with respect to perturbations and to boundedness
of solutions of the perturbed retarded VS integral equation (6.75). Therefore, Theorem 6.4.2

implies the next result.

Corollary 6.4.3. Assume that g,v : [fp, +o0) — R satisfy condition (C1), f: S X [tp,+o0) — X
satisfies conditions (C2)(C3), (C4) and (C5) and p € P. Then, the perturbed retarded VS integral
equation (6.75) is asymptotically controllable if and only if there is a Lyapunov functional

U : [ty,+) x S — R with respect to the retarded VS integral equation

(0 =350+ [ F)de(s). 1> 50> 10 (677
satisfying
(H1) there exists an increasing continuous function a : R™ — R satisfying a(0) = 0 and

Ut,y) <a(llyllw),

forall y € Sandz € [fy, +0).

In the sequel, we present an example to illustrate how our results can be applied to

perturbed retarded VS integral equations.

Example 6.4.4. Let £ : S — R” be a function fulfilling:

(i) for all y € O, the mapping t — & (y,) is Perron-Stieltjes integrable with respect to g, where

g [to,+°0) — R is a nondecreasing function which is left-continuous on (¢, +o0);

(i) S(y+9)=c(y)+&(¢) forally, ¢ €5,
(iii) &(y) =0, whenever y = 0;
(i) 0< [EW)] < |l forall y €

Consider functions f : S X [fg,+o0) — R" and [ : [ty, +-o0) — R defined by

f(w,s) =Us)s (W), (¥,s) €S xin, +oo), (6.78)

and

1, ifselnfy,+o),
I(s) = )
0, otherwise,

where I denotes the set of irrational numbers.

Notice that, for all s € [fy, +0), we have

f(0,5) = 1(s)5(0) =0,

since £(0) =0.
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Claim: f, defined by (6.78), satisfies (C3), (C4) and (C5).

Indeed, since the mapping ¢ — & (y;) is Perron-Stieltjes integrable with respect to g, for
all € > 0, there exists a gauge 0 on [f, ] such that, for all §-fine tagged division d = (7;, [s;—1,5i])

of [fy,1], we have

ld|

Y. &0 e(o0) —(5-0) = | & (y)ds(s)

i=1

(6.79)

Once [(1;) = 0 whenever 7; is rational, we can ignore these rational tags and consider a sub-

sequence (7;)7_,, n < |d|, consisting of irrational numbers. Therefore, for all y € O, we have
||

Y £ ) (g(s1) —g(si1)) = Y EGva)(gls:) — glsi-1))- (6.80)
i=1

i=1

By (6.79) and (6.80), the mapping 7 — f(y;,t) is Perron-Stieltjes integrable with respect to g for
all y € O, and

t t
fs,8)dg(s) = [ &(ys)dg(s), foralls € [fy,+oo)andally € O,
o o

which proves condition (C3). On the other hand, since ||(y)|| > 0 for all y € S and g is

/:f Vs, ) / & (vs)dg(s)

for all 5,57 € [fg,+o0) and all y € O. Then, condition (C4) holds. By condition (iv), we have

for all 51,57 € [fo,+o0) and all y,z € O (see [24, Theorem 2.1]). Therefore, condition (C5) is

nondecreasing, we have

[ 17 005) = a5l (o)

51

< [ e zlds(o),

satisfied and the Claim is proved. Now, consider the perturbed retarded VS integral equation

(50 +/ F(s,5) ds+/ ), t > s0 > to, (6.81)

where f is given by (6.78), p : [ty,+o0) — R" satisfies (C6) and (C7) and v : [fg,+o0) — R
is left-continuous on (f(,+) and nondecreasing. We assert that the perturbed retarded VS
integral equation (6.81) is asymptotically controllable. Indeed, define U : [ty, +o0) X S — R by
U(t,¥) = |yl for all (z,y) € [tg,+o0) x S. Then, it is clear that U(-,y) : [tg,+o0) — R is
left-continuous on (zy, +o). Moreover, if a,b : R™ — R™ are defined by a(s) = s and b(s) = 5

for all s € RT, then @ and b are increasing continuous functions and

b([[¥lle) <V (2, 9) <a(llyl]l)



136 Chapter 6. Retarded Volterra-Stieljtes integral equations

holds for all (¢,y) € [tg, +o) X S. On the other hand,

U(t,y) =limsup [y (2 W)lleo — [y (2, ) oo

n—0t n
sup [[y(t+n+6)|| = sup [ly(t+6)]
. 0€[—n0] 0<[—r0]
= limsup
n—0+ n
sup[y(r+6)|— sup_[y(r+6)|
. 6c[—r+n.n] 6e[-r0]
= limsup
n—0+ n
sup [ly(t+86)[| = sup [[y(z+6)]
. 0<[—n0] 0€[—r0]
< limsup =0.
n—0t n

Therefore, U is a Lyapunov functional with respect to the retarded VS integral equation

3(0) =300+ [ Fs)dg(s) 12 50> 1

and U satisfies hypothesis (H1) from Corollary 6.4.3. By Corollary 6.4.3, the perturbed retarded
VS integral equation (6.81) is asymptotically controllable.
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CHAPTER

DYNAMIC EQUATIONS ON TIME SCALES

In this chapter, we investigate the existence and uniqueness of a solution for a linear
Volterra-Stieltjes integral equation (linear VS integral equation, for short) of the second kind,
as well as for a homogeneous and a nonhomogeneous linear dynamic equations on time scales,
whose integral forms contain Perron A-integrals defined in Banach spaces. We also provide a
variation-of-constant formula for a nonhomogeneous linear dynamic equations on time scales
and we establish results on controllability for linear dynamic equations. The results presented

here are contained in [5].

In the following lines, we specify our contributions concerning the existence and unique-

ness of a solution for homogeneous and a nonhomogeneous linear dynamic equation.

The best known results on the existence and uniqueness of a solution for a nonhomoge-

neous linear dynamic equation of the form
X =a(t)x+ £(t) (7.1)
and for its corresponding homogeneous equation
XA =a(r)x (7.2)

on a time scale T, take into account that a is a regressive n X n-matrix-valued function (see
Definition 7.3.5) which is rd-continuous and f : T — R” is rd-continuous (see Appendix D for
more details). Moreover, the integrals appearing in the solutions of the dynamic equations (7.1)

and (7.2) are in the sense of the Riemann A-integral (see [3, 10, 11, 37], for instance).

Furthermore, [13, Theorem 5.32] ensures that the nonlinear dynamic integral equation
t

y(t) = y(to) h(y*(s),s)As

fo
on a time scale T has a unique solution, where 7y € T, Ty = [tg, +o0) N'T, the integral on the
right-hand side is in the sense of Perron A-integral (see Definition D.0.7), X is a Banach space

and the function 4 : X x Ty — X satisfies the following conditions:
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(H1) forallz,, € Ty and all regulated function y : To — X, the Perron A-integral ffll h(y(s),s)As

exists;

(H2) there exists a locally Perron A-integrable function M : To — R such that

holds for every t;,t; € Ty and every y € Go(Tp,X) (see Definition D.0.3 );

3]

h(y(s),s)As

I

15)
< | M(s)As

3]

(H3) there exists a locally Perron A-integrable function L : T¢g — R such that

[ 165).9) =) )las

n

15}
<ly=zln, [ Las
1

holds for every t;,t; € Ty and every y,z € Go(Tp,X).

Take h: X x To — X as h(x,s) = a(s)x for all (x,s) € X x Ty, wherea: T — L(X) is a
given function and L(X) is the Banach space of continuous linear mappings 7 : X — X. Then,

by [13, Theorem 5.32], there exists a unique solution of the linear dynamic integral equation

t

y(@) =y(to) + [ a(s)y(s)As.

To

Since the integral on the right-hand side of the above equation is in the sense of Perron A, a and

y may be discontinuous functions with highly oscillating behaviour.

We point out that the theorems on the existence and uniqueness of solutions presented
in [3,10,11,37] are not a particular case of [13, Theorem 5.32]. Indeed, we notice that there exist
a special time scale T and an rd-continuous function a : T — L(IR) such that condition (H2) is
not fulfilled and condition (H1) holds. Consider the time scale T = Z and define a : T — L(R)
by

a(t)s = (;{3;) s, (t,5) e TxR. (7.3)

Then, since Z does not contain any right-dense point (see Definition D.0.1), a is rd-continuous
and Top=2Z" = {t € Z;t > 0}. Moreover, if we consider y : 7" — R being the constant function

equal to 1, we have
t t—1
/ a(s)y(s)As = Z a(k),
s k=s

for all s, € Z™" (see [10, Table 1.3]). Notice that, for all ¢ € T, we get

[ atsisas= alVi

-1 t
Therefore, for all T € Z™, we obtain the finite alternating harmonic series

T B T t B (_1)t—l
/0 a(s)y(s)As = t; /t_] a(s)y(s)As = Z —

t=1
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n—1
Owing the fact that the series ), _; (_1,2 converges, the Perron A-integral fév a(s)y(s)As exists
for a large N € Z". Assume that condition (H1) holds. Then, for all #{,t, € Z™*,

/tllza(s)y(s)As

15}
< / M(s)As,
n
and for a large N € Z™,

/M As—z tM As>2/tt1 (s)y(s)As

which leads to a contraction, since the series ), % diverges.

It is well-known that the study of the convergence of infinite series is widely used in
physics and the position of the source charges are given as functions of time, as in the problem of
determining of electrical potential and electrical force exerted by infinite point electrical charges.
As an example, if we consider a distribution, where the positive and the negative electrical
charges are placed in 1,—-3,-5,.. and -2, 4 6, ... respectively, then the electric potential,

-1
in the origin, is given by the series £ o L 1

n , where &) is a constant and ¢ is the modulo
of the electrical changes. See [18, Chapter 2]. Therefore, the function a defined by (7.3) has
an application in physics. So, it is interesting that a good theory encompasses this situation as
well. This is one reason why we sought to suppress condition (H2) from [13, Theorem 5.32]
(in the linear case), and we assume that the functions a and f satisfy conditions (H1) and (H3)
among others, instead of being rd-continuous. As a matter of fact, we prove that all rd-continuous
function satisfies all our hypotheses (see Lemma 7.2.8) and, since we are not considering
condition (H2), our main result on the existence and uniqueness of a solution for dynamic

equations on time scales is not a particular case of [13, Theorem 5.32].

Concerning a variation-of-constant formula for the nonhomogeneous dynamic equation
(7.1), we notice that the results presented in [3, 10, 11, 37] also require that a is a regressive
n X n-matrix-valued function (see Definition 7.3.5) which is rd-continuous and f : T — R”
is rd-continuous. Here, we provide a variation-of-constant formula, in Section 7.2, where the
functions a and f take values in an arbitrary Banach space and satisfy conditions (H1) and (H3)
among others. We emphasize that our results on the existence and uniqueness of a solution for a
linear nonhomogeneous dynamic equation and for a linear homogeneous dynamic equation, as
well as the variation-of-constant formula, generalize the results from [3, 10, 11,37]. Moreover,
since we are considering Perron A-integrals instead of Riemann A-integrals, our integrands may

be highly oscillating and have many discontinuities.

7.1 Existence and uniqueness of a solution

In order to establish results on existence and uniqueness of solutions for linear homoge-

neous and nonhomogeneous dynamic equations on time scales, we prove, in Subsection 7.1.1,
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the existence and uniqueness of a solution of a Volterra-Stieltljes integral equation. The results

obtained here generalize those presented in [10].

7.1.1 Volterra-Stieltjes integral equations

The main goal of this subsection is to prove that the following linear VS integral equation

1) = [ dAGIG)+h0), 1€ o) (1.4

fo
admits a unique solution, where X and Y are Banach spaces, L(X,Y) is the Banach space of
continuous linear mappings 7 : X — Y, J C R is an interval containing [tp,v], A : J — L(X,Y),
h:J — X and the integral in (7.4) is in the sense of Perron-Stieltjes.

We start by proving the following auxiliary result.

Theorem 7.1.1. Let v e J and A : J — L(X,Y) be locally of bounded variation. Then, the
mapping T : BV ([to,v],X) — BV ([ty,v],X) given by

() = | CAAW)Y), 1€ li0v]

is well-defined and it is a bounded compact linear operator on BV ([tg,v],X).

Proof. At first, we notice that the existence of the Perron-Stieltjes j;f) d[A(s)]y(s) is guaranteed
by Proposition B.0.8 and, by linearity of the Perron-Stieltjes integral, T is linear. Let us prove
that T’y € BV ([to, v],X).

By Theorem A.0.4 and Proposition B.0.7, for every division d = (t;) of [t,v] and every
y € BV([tp,v],X), we have

ld| ld| ti ti—1
VI -1yl = Y| [ daeho - [ dasle)
i=1 i=111Y10 1o
B |d| 1 A
= X[ daebe
PropB.0.7
S W
P v Al

where [|y[| = supyep, 1 [[¥(s)||. Taking the supremum over all divisions d = (#;) of [a,b], we
obtain
vary Ty < vary A[y||co. (7.5)

Moreover,

Iy() [ < llv(s) = y(w0) [| + [[y(t0) | < varyy +|[y(o) || < varyy +[ly(0) ]I,
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for all s € [f9,Vv] and, hence,

[Yllee = sup [ly(s)[| < vargy+ [y (o)l (7.6)

s€E[to,v]

Replacing (7.6) into (7.5), we obtain
vary Ty < vary Al|yl|e < vary A(|[y(to)|| + vary)y) = vary Ally||py < oo, (7.7)

which shows that Ty : [fy,v] — X is of bounded variation on [ty, ], for all y € BV ([ty,v],X) and,
consequently, 7" is well-defined.

Moreover, T is bounded once, ||Ty(#)|| = 0 and, by (7.7), we have

| Tyllsy = [ Ty(t0) || + vary Ty < vary Al|y||sy .

We target to prove that 7' is compact. Let {y; }ren be a uniformly bounded sequence
in BV ([tp,v],X), that is, there exists C > 0 such that ||y,|| < C for all kK € N. By Helly’s Choice
Theorem (see Theorem A.0.6), the sequence {yy }rcn contains a subsequence {yy, }x,en Which
converges pointwisely to a function yo € BV ([tg,v],X). To simplify the notation, we denote the

subsequence {yx, }r,en by {y« }ken. For all k € N, define z; : [to,v] — X by

2(s) = yi(s) —yo(s), s € [ro,V].

Then, z; € BV ([tp,v],X) and
lim zx(s) =0, s € [fy,V]. (7.8)

k—yoo
Define z : [fg,v] — X by
t
)= [ dIAG)bols), s € fo.v]
fo
By Theorem A.0.4 and Proposition B.0.7, z € BV ([to,v],X) and, for every division d = (t;) of
[to,v], we have

d| d|

Y Ive(r) —2(6) — (Toeti-) —<(i )l = ¥ | [ dlaets) = [ diailo(s)

i=1 i=111Yti—1 ti—1

and, hence,
var, (Tyj —z) < vary Al|zx|e. (7.9)
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By equations (7.8) and (7.9), we can conclude

lim [|Ty, —zl[py = lim [[Tyx(t0) —2(t0)|| + lim var; (Tyx —z)
k—yo0 k—yo0 k—ro0

= lim var, (Ty, —z) = 0.
k—roo
Therefore, {7y }ren converges to z in BV ([tp,v],X ) and the operator T is compact. O

The next result is known as the Fredholm alternative for linear operators defined in
Banach spaces and will be essential in the proof of the existence of solutions of the linear VS

integral equation (7.4). For a proof of it, see [19, page 609].

Theorem 7.1.2 (Fredholm alternative). Let X be a Banach space, T € L(X),x€ X and A € R
with A # 0. If T is compact, then the equation Tx — Ax = y has a solution for every y € X if and

only if the equation Tx = Ax has only the trivial solution.

In the sequel, we present a result on the existence and uniqueness of solution of the linear

VS integral equation (7.4)

Theorem 7.1.3. Letv € J and A : J — L(X,Y) be locally of bounded variation on J and left-
continuous. Then, the linear VS integral equation (7.4) admits a unique solution in BV ([tg,v],X),
for each given h € BV ([ty,v],X).

Proof. We start by proving that the homogeneous linear VS integral equation

) = [ dREE). 1€ o) (1.10)

1o
admits only the trivial solution in BV ([to,v],X).

Let x : [tp,v] — X be a solution of (7.10) and define
C = {r € [to, ] [[x(1) || = O}

Then, C is a non-empty set, since 7o € C, and it is upper bounded.

Let ¢ = supC. Then, for all 7 € [to, ), ||x(z)|| = 0 and, by Theorem B.0.6 and Proposition
B.0.7, we have

ol = | [ aneiss)
< Jim t(fd[A<s>1x<s> +]14(e) = A lx(e)]

< lim (varfoA sup ||X(S)||>+||A(C)—A(C_)|||IX(C)||=0,

o T s€[t0,7]
since A is left-continuous. Therefore, ||x(c)|| = 0.

Let us show that ¢ = v. Assume that ¢ < v and consider two cases.
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Case 1: A is right-continuous at c.

In this case, define V : [tp,v] — X by
V(t) =var, A, forallz € [rg,v].
Thus, by hypothesis, V is well-defined. It is also nondecreasing and satisfies
V(t)—V(s) =varlA, foralls,t € [ty,v], s <t.
Since A is continuous at ¢, V is also continuous at ¢ and, hence, there exists 7 € (¢, v] such that
V(i) —V(c)=varA < % (7.11)

By Proposition B.0.7, for all 51,5, € [c,f], 51 < 52, we have

|x(s2) —x(s1)]| = <vargA sup l|x(s)]|- (7.12)

SE[s1,52]

[ dia)e)

S1

On the other hand,
|lx(s)]| < [Jx(s) —x(c)|| + [|x(c)]| < Varix, for all s € [s1,s2] and

vargA = varlA — varg A — Valfng <7
Then, (7.12) becomes
Je(s2) — 1) < 5 v ez
which implies
%l Bv (fe7.x) < l||JCHBV([CJ],X) and  [|x||gy((c,x) = O
Consequently, ||x(¢)|| = 0, for all # € [c,7], which contradicts the fact that ¢ = supC. Therefore,
c=vandx(t) =0, forall 7 € [to,V].

Case 2: A is not right-continuous at c.

Define A : [fo,v] — X by

~ ) AQ), t € [to,c],
Alt) = { A(r) —A(ct) +A(c), 1€ (c,v).
Then, A is continuous at ¢. By Theorem B.0.6 and by the fact that ||x(c)|| = 0, for all 7 > ¢, we
have
[ amns)| < [ tim [ amlon| +1aeH -l
< | im [ diaGs) A + A ()
¢t e (7.13)
i [ diacen) )|

Jim /T A ()]x(s) / CdlA()xs)||

T—ct
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Define V : [19,v] — X by

V()= Varfog, for allz € [fy,V].

Thus,
Vartcg <varlA, forallt>c

and, hence, V is well-defined. Moreover, Vis nondecreasing and satisfies

V(1) —V(s)=varA, foralls, € [r,v]s<t.

Once A is continuous at ¢, V is also continuous at ¢. Then, there exists 7 € (¢,v] such that
- 1

V(E)—V ( )—VartCA< 5

By Proposition B.0.7 and equation (7.13), for all s1,s7 € [c,f], 51 < 52, we have

<var‘2A sup ||x(s)|]

5€[s1,52]

lx(s2) =

and, analogously to Case 1, we conclude that ||x(z)|| = 0, for all # € [c,v]. Therefore, ¢ = v.
From Cases 1 and 2, the only solution of (7.10) is the trivial one.

Now, since equations (7.4) and (7.10) are equivalent to
y—Ty=h and y—Ty=0 (7.14)

respectively, and T is a compact operator (see Theorem 7.1.1), the existence of the solutions
of the linear VS integral equation (7.4) is guaranteed by Theorem 7.1.2 with A = 1. In order to
prove the uniqueness, assume that there exist two solutions y; : [fo,v] — X and y; : [tp,v] — X of
(7.4) and define z(t) = y; (t) —y2(z), for all ¢ € [tg, v]. Then,

)= [ dAG)(s) ~ [ dA6ats) = [ daEIbi) -] = [ daG)ks)

To Io To Io

and, hence, z is solution of the linear VS integral equation (7.10) and z(z) = 0, for all 7 €
[t07v]- O]

We end this subsection by presenting a version of Theorem 7.1.3 for finite dimensional
Banach spaces, where we consider 7 be defined in the larger space of regulated functions instead
of the space of bounded variation functions. Its proofs is analogous to the proof of Theorem
7.1.3 and, therefore, we omit it here and we refer the interested reader to [5, Theorem 4.5] for
more details.

Theorem 7.1.4. Letv € Jand A : J — L(R",Y) be locally of bounded variation on J and left-
continuous. Then, the linear VS integral equation (7.4) admits a unique solution in G([to, v],R"),
for each given h € G([ty,v],R").
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7.1.2 Dynamic equations

In this subsection, we consider homogeneous and nonhomogeneous linear dynamic
equations on time scales, whose functions are Perron A-integrable and we prove the existence
and uniqueness of their solutions (see Theorem 7.1.12). Moreover, we give a relation between
the solutions of our dynamic equations and the solutions of the VS integral equation (7.10) (see
Theorem 7.1.13).

Throughout this subsection, X is a Banach space equipped with a norm || - ||, L(X) is the
Banach space of continuous linear mappings 7 : X — X, T is a time scale, To = [tg, +o0) N'T,
where 1) € T and Go(To,X) is the vector space described in Definition D.0.3. Moreover, we

consider the following norm

1fllmy = sup e 7| (s)ll,

s€Ty
for all f € Go(To,X).

Consider the nonhomogeneous linear dynamic equation
XA =a(t)x+ f(t) (7.15)
and its corresponding homogeneous linear dynamic equation
A =a(t)x (7.16)

on a time scale T, where both functions a : T — L(X) and f : T — X satisfy the following

conditions:

(T1) the Perron A-integrals
15 15}
/ f(s)As and a(s)y(s)As

5] 1

exist for all #1,#, € Ty, whenever y : Tog — X is regulated;

(T2) there is a locally Perron A-integrable function L : Ty — R such that

[ o)) —vio)las

1

15}
<=l | Ls)As
1

for all z,y € Go(Ty,X) and all ¢;,2, € Ty;

(T3) there is a locally Perron A-integrable function K : Ty — R such that

In what follows, we present a definition of a solution for the dynamic equations (7.15)
and (7.16).

[5)
< ["K@as,
t

1

; f($)As

forall t;,t, € Ty.
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Definition 7.1.5. Let 7y € T and T = [fg, +°) N'T. We say that a function X : Top — X is a
solution of the nonhomogeneous dynamic equation (7.15) with initial condition X(f) = xp € X,
if it is satisfies
t t
X(t)=xo+ [ a(s)x(s)As+ [ f(s)As, forallz € Ty.

1o o
Moreover, a function x : Tog — X is said to be a solution of the homogeneous dynamic equation

(7.16) with initial condition x(#y) = xo € X, if the equality

x(t) =xo+ ta(s)x(s)As

Ty

holds for all r € Ty.

The next result gives an interesting property of the solutions of the dynamic equations
(7.15) and (7.16).

Theorem 7.1.6. The solutions of the dynamic equations (7.15) and (7.16) are rd-continuous.

Proof. Let x: Top — X be a solution of the nonhomogeneous dynamic equation (7.15). By
Definition 7.1.5, for all € T, we have

(1) = (1) + [ als)x(s)As+ [ f(s)As.

to o
By Theorem D.0.10, the Perron-Stieltjes integrals f,f) a*(s)x*(s)dg(s) and ftg f(s)dg(s) exist for
all r € To, where g(¢) = t* for all t € Tj;. Moreover,
t t t t
[ @ @5 )dss) = [ at)i()as and [ £ s)dels) = [ fs)as
fo ) lo 1

forallt € Ty.

Since g|, is the identity function, is it clear that g|r, is right-continuous and, by Lemma
D.0.9, g is rd-continuous on T{;. Then, by Theorem B.0.17, the functions

15Ty~ ta*(s))_c*(s)dg(s) and 1> Ty tf*(s)dg(s)

To To

are rd-continuous on ']I‘(’S which, in turn, imply that X is rd-continuous.
The proof of the fact that the solution of homogeneous dynamic equation (7.16) is
rd-continuous is analogous and, therefore, we omit it here. ]
In the following remark, we show that the sets Go(T,X) and Go(To,X) can be related,
where G()(’JI‘S,X ) is given in Definition A.0.22-(iv)
Remark 7.1.7. Let y € Go(T§,X). Since To C T we have

Il = sup e™ 0 ly(s)|| < sup e O [y(s)| = [[y]lzy < oo

s€Ty s€Ty

Therefore, y|1, € Go(To,X).
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We target to prove that the solutions of the dynamic equations (7.15) and (7.16) are

related to solutions of a linear VS integral equations.

Define A : Tj; — L(Go(T5,X),X) by

AWy = [ @ (5)(s)ag(s) .17

Iy

for all + € Ty and all y € Go(T;,X), where g(s) = s* for every s € Tj, the integral in (7.17)
is in the sense of Perron-Stieltjes and L(Go(T{,X),X) denotes the space of linear continuous

mappings defined from Go(T,X) into X.

Notice that, by Remark 7.1.7, z = y|t, belongs to Go(To,X) for all y € Go(T,X) and,
by condition (T1), the Perron A-integral ff a(s)z(s)As exists for all € Ty. By Theorem D.0.10,
the Perron-Stieljes integral ftg a*(s)z*(s)dg(s) = tg a*(s)y(s)dg(s) also exists for all ¢ € Tj.
Therefore, A is well-defined. Moreover, the next result shows that A is locally of bounded

variation on T.

Lemma 7.1.8. Assume thata : T — L(X) satisfies condition (T2). Then, A : T — L(Go(T5, X ), X),
defined by (7.17), is locally of bounded variation on Tj.

Proof. By the definition of Go(T§,X), [|[y[lr; < oo for all y € Go(Tg,X) (see Remark 7.1.7).
Then, by condition (T2), for every a,b € T; and every division d = (s;) of [a,b], we have

ld|

YAty —AG-yl = L[ a6hode) - [ as)ye)del

i=1 0 fo

Th.D.0.12 /tia(s)y(s)As—/?_IG(S)Y(S)AS

=

4N
Sl
T
1)
*
1)

=1
T

I
—_
N

s’f
o | Lis)as

A
M=
RS

ld|

- rwm(z/

Rem.7.1.7 4]
< rwm(z/
- meALum<w

Taking the supremum over all divisions d = (s;) of [a,b], we obtain var?A < o and the proof is

complete, since the statement holds for all a,b € T, O]

The next result ensures the existence of the Perron-Stieltjes integral of y with respect to

A, whenever y is a regulated function defined on a closed interval.
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Theorem 7.1.9. Let v € Tjand A : T — L(Go(T, X ),X) be given by (7.17). If y € G([to, v], X),
then the Perron-Stieltjes integral
[ dlas)vs)

Io
exists.

Proof. Consider X = L(Go(Ty,X),X) and Y =X =Z. Then, X,Y and Z are Banach spaces once
Go(T;,X) and X are Banach spaces (see Proposition A.0.23). Define B : XxY—Z by

B(F,x) = Fzy,

where z, : T§ — X is given by z,(t) = x for all + € T{. It is clear that z, € Go(T;;,X) and
B = (}? , 17,2) is a bilinear triple. Moreover, by Lemma 7.1.8, VartVOA < o0 and, by Proposition
B.0.8, the Perron-Stieltjes integral [, d[A(s)]y(s) exists for all y € G([to, v], X). O

In the sequel, we present a relation between the Perron-Stieltjes integral [d[A(s)]y(s)
and the Perron-Stieltjes A-integral [a(s)y(s)As. Its proof follows the same ideas as in [21,
Theorem 4.7].

Theorem 7.1.10. Let A : Ty — L(Go(Tj,X),X) be given by (7.17). If v € T, then

[ iyt = [ atsivisias

Iy Io

forall ¢ € [tg,v] and all y € G([to,v],X).

Proof. We start by proving that if v € Tj; and ¢ : [tg,f] — X is a step function, then
t t*
[ dinwiot) = [ atsowas,
fo fo
for all 7 € [fg,v]. By Remark A.0.8, ¢ is regulated on [fp, v] and, by Proposition B.0.8, the Perron-
Stieltjes integral ffo d[A(s)]o(s) exists for all ¢t € [ry,v]. Letr € [to,V] be fixed. Since ¢ is a step

function, there exists a division d = (s;) of [to,?] and cy,...,c|4 € X such that
o(s) =c;, foreveryse (s;i_1,s;).

Thus, by the definition of A, if i € {1,...,|d|} and s;—;] <1 < t, < s;, we have
15}
[Faawew) = [ damla=awa-ama
1

n H 15
= / s)cidg(s :/ a* dg(s).
131 131

By Theorem B.0.17, we get

£
lim a*(s)(si—1)dg(s) = a*(si_1)@(si_1)ATg(si_1) (7.19)

5 —>Sltl Si—1

(7.18)
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and

T

Jim [’ (5)0(s)dg(s) = / ,Tla*<s><p<s>dg<s> —a (s )P(si)A T g(si), (7.20)

for all T € (s;_1,s5i).

Equation (7.19) together with equation (7.20), imply

i ([awowist)+ [~ a o)) = [ a o). a2

orall T € (s;_1,s;). Moreover, by Theorem B.0.6, if T € (s;_1,s;), then

[ anetow = in ([Cane >J<p<>+A<¢><p<s,-_1>—A(si_mp(s,-_]))

i— 5‘”, 1

= 51_1>m /éd / O(si—1)dg(s ))
sz 1

(7.18) / a* (s)dg(s +/ ©(s;i—1)dg(s ))
é—nl ! 13

2 @ o0dss).

Therefore,

| duilew) = [ a0plsdsls) 7.2

forallie {1,...,|d|} and all T € (s;_1,s;).

Analogously,

[ dion) = [ a*(otsdsts) 72

forallie {1,...,|d|} and all T € (s;—1,s;). By (7.22) and (7.23), we obtain

Kld[A(S)kP(S) z/fla*(s)(p(s)dg(s), foralli e {1,...,]d|}. (7.24)

Therefore, by (7.24) and Theorem D.0.12, we conclude

d| \d|

/t:d[A(s)](p(s) = / ) ; /Sis_ila*<s><p(s>dg<s) (725)
= / a* (5)p(s)dg(s) = / a(5)9(s)As.

In order to prove the assertion to regulated functions, we consider y € G([fp,v],X) and a

sequence of step functions ¢ : [tp,v] — X, k € N such that

Jim |g¢(s) = ¥(5) |- = . (726)
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where the existence of such a sequence is guaranteed by Theorem A.0.9. By equation (7.25), we

get
/ dIA(s)] @ils) = / " a(s)gu(s)As, forallk e N (7.27)
and, by Theorem B.0.5, we have
t t
lim [ dla(s))gels) = | dlA(s)ly(s). (7.28)
—Jry 1o

Combining (7.27) with (7.28), we obtain

im [ a(s)ge(s)As = Tim [ dlA(s)]ou(s) = /ttd[A(s)]y(s).

k—reo J1y k—reo J1 0

We conclude the proof by showing
l*

lim [ a(s)@r(s)As = /l a(s)y(s)As. (7.29)

k—eoo J1y to

At first, notice that the functions @,y : T — X defined by

~ P(t), 1€ [to,V]

= { o) 1 €T\l

and

ﬂ:{ﬂmtemﬂ
y(v) t€Tg\t0,v]

belong to Go(T,X) and

Moreover, condition (T2) implies

*

18— l2, < 18—l < 18— = 01—l
[ awoons [ atnon = | [ a(s)[@(s)—?(s)]As‘

‘ o

< ||¢k—ﬂ|’£ro/t L(s)As (7.30)

t*
< ol [ Lis)as
0

and, hence, (7.29) follows by (7.26) and (7.30). O]

In the next result, we prove the existence and uniqueness of a solution of a linear VS

integral equation with which the dynamic equations (7.15) and (7.16) will be related to.

Theorem 7.1.11. Let v € Tj and A : T — L(Go(Tj,X),X) be given by (7.17). Then, the linear

VS integral equation
t
y(0) = [ dAO+h0), 1€ 0] 731)
0
admits a unique solution in BV ([ty,v],X), for any h € BV ([to,v],X).
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Proof. Once g|, is the identity function, Lemma D.0.9 ensures that g is left-continuous on T
and, by Theorem B.0.17, A is left-continuous. Therefore, the statement follows by Theorem 7.1.3
and Lemma 7.1.8. ]

In what follows, we prove the existence and uniqueness of a solution for the dynamic
equations (7.15) and (7.16). We point out that we do not require the rd-continuity of the functions
involved and, for this reason, this result is more general than the ones found in the literature.
See [3,10, 11,37], for example.

Theorem 7.1.12. Assume thata: T — L(X) and f : T — X satisfy conditions (T1), (T2) and
(T3). Then, the dynamic equations (7.15) and (7.16) admit unique solutions.

Proof. We start by proving the existence and uniqueness of a solution of the nonhomogeneous

dynamic equation (7.15).

Define 4 : Ty — X by

_ t
h(t)= [ f*(s)dg(s), forallte Ty,

Iy
where g(s) = s* for all s € Tj;. By condition (T1) and Theorem D.0.10, the Perron-Stieltjes
integral f,; f*(s)dg(s) exists for all t € T; and, consequently, h is well-defined. Moreover, by

Theorem D.0.12 and condition (T3), we have

pe) =kl = | [ e - [
Th.D.0.12 /;2 f(s)As — /ttl f(s)As

*
5

[ rwas+ [7rens— [ s

2

(7.32)
[(s)As

Cond.(A4) t
< / K(s)As < oo,
t

*
1

I
—

for all t1,1, € T and, hence, h € BV ([a,b],X) for all [a,b] C T{. Consequently, if xo € X, then
h: Ty — X, defined by

h(t) = h(t) + xo,
is locally of bounded variation on T,.

Let v € T, be arbitrary. By Theorem 7.1.11, there exists a unique solution y : [tp,v] = X
of the linear VS integral equation (7.31) in BV (fg,v],X), that is,

y(t) =x0+ ld[A(s)]y(s) + ttf* (s)dg(s), forallt € [ry,v], (7.33)

Io
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where A : T — L(Go(T5,X),X) is given by (7.17). By Theorems D.0.12 and 7.1.10, we have

/td[A(s)]y(s): /’ a(s)y(s)As, forallt € [tp,v] and

Iy Io

lf*(s)dg(s) = l*f(s)As for all € [rg,V].

Thus,
t* t*
y(t) =x0+ a(s)y(s)As+ f(s)As, forallt € [ty,V]. (7.34)

To Ty

Consider the set
S :={y:[to,vy] = X; v, € T and y is a solution of (7.31) in BV ([to, vy],X) with y(fo) = x0}.

Since (7.33) holds for every v € Ty, the set S is nonempty and Ty = U,¢ slto, vy]. Moreover, if
y1,¥2 € S, then either [t, vy, ] C [to, vy,] or [fo,vy,] C [to,vy,]. Assume, without loss of generality,
that [to,vy,] C [t0,Vy,]. It is clear that y2|[,0’vyl] € BV ([to,vy,],X) and, by the uniqueness of a

solution (see Theorem 7.1.3), y;| lto,y,] = V1- Therefore,

yi(t) =y2(t), forallt € [tg,vy,]N[to,vy,] and all y;,y, € S. (7.35)

Define z : T; — X by z(t) = y(t), whenever y € S and ¢ € [t,v,]. By (7.35), z is well-
defined and, by (7.34), we have
* t*

z(t)=x0+ | a(s)z(s)As+ [ f(s)As, forallz € Ty,

o o
Moreover, owing to the fact that t* =1 for all # € Ty, we have

t t
2(t)=xo+ [ a(s)z(s)As+ [ f(s)As, forallt € Ty.
lo 1o
Consequently, x : To — X, defined by x = z|t,, is a solution of the dynamic equation (7.15)
with initial condition x(zp) = xo. The uniqueness of x follows directly from the uniqueness of a

solution of (7.31).

The proof for the homogeneous dynamic equation (7.16) follows by taking h(t) = xo, for

all t € T and, therefore, we omit it here. ]

As a direct consequence of the proof of Theorem 7.1.12, we have the following result.

Theorem 7.1.13. Let A : T; — L(Go(T;,X),X) be given by (7.17) and xo € X. Assume that
a:T—L(X)and f: T — X satisfy conditions (T1), (T2) and (T3). Then, the following statements
holds.
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(i) If y : Ty — X is a function such that the equality

t

Yoy =0+ [ dAGIDO)+ [ 1 (5)dgls) 736

fo
holds for all ¢ € Ty, then x := y|t, is the solution of the nonhomogeneous dynamic
equation (7.15) with initial condition xy. Conversely, if x : Tog — X is the solution of the
nonhomogeneous dynamic equation (7.15) with initial condition xo, then x = y|r,, where

y is given by (7.36).

(i) If the function y : Tj — X satisfies

t

y(t)=xo+ | d[A(s)]y(s), (7.37)

)
for all # € T, then x := y|, is the solution of the homogeneous dynamic equation (7.16)
with initial condition xg. Reciprocally, if x : Tog — X is the solution of the homogeneous

dynamic equation (7.16) with initial condition xo, then x = y|t,, where y is given by (7.37).

In the sequel, we present a version of Theorem 7.1.12 when X = R". We highlight that,

in this case, condition (T3) is not required.

Theorem 7.1.14. Assume that X =R" and let A : T; — L(Go(T§,X),X) be given by (7.17) and
xo €X.Ifa:T— L(X) and f: T — X satisfy conditions (T1) and (T2), then there exists a

unique solution of the nonhomogeneous dynamic equation (7.15).

Proof. By condition (T1) and Theorems B.0.17 and D.0.12, for all v € T, the function £ :
[to,v] — X, given by

W)= [ 1 6)dgs) 1€ o)

where g(s) = s* for all s € T, is well-defined and & € G([t,v],X). Then, by Theorem 7.1.4,
Lemma 7.1.8 and by the fact that A : Ty — L(Go(T(,X),X), defined by (7.17), is left-continuous,
we conclude that for all xy € X, there exists a unique function y : [fp,v] — X for which

3(6) =30+ [ dIAS)y(s) +h(), 1 € o]

fo

By Theorems D.0.12 and 7.1.10, we have

l* t*

y(O)=xo+ [ als)y(s)As+ [ f(s)As, 1€ [t,v].
) o
Using the same ideas as in the proof of Theorem 7.1.12, we obtain a unique function
z: Ty — X such that
t* t*
zt)=xo+ [ a(s)z(s)As+ [ f(s)As, €T,

o o

and, consequently, x = z|, is a solution of the nonhomogeneuous dynamic equation (7.15) with

initial condition x(fg) = xo. O
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7.2 Variation-of-constant formula

This section is devoted to establish a variation-of-constant formula for the nonhomo-

geneuous dynamic equation (7.15). At first, we need some auxiliary results.

Theorem 7.2.1. Let v € Tj and A : Ty — L(Go(T,X),X) be given by (7.17). Assume that
® € BV ([to,v],L(X)), then the Perron-Stieltjes integral

/to dA ()@ (s)

exists.

Proof. Consider X = L(Go(Ty,X),X) and Y = L(X) = Z. Since Go(Ty,X) and X are Banach
spaces (see Proposition A.0.23), )?, Y and Z are also Banach spaces. Define B : XxY—Z by

B(F,G) = GoF.

It is clear that & = ()? , 17,2) is a bilinear triple and, by Lemma 7.1.8, Var,VOA < oo, Therefore, by
Proposition B.0.7, the Perron-Stieltjes integral [, d[A(s)]P(s) exists for all ® € G([to,v],L(X)),
in particular, [;' d[A(s)]®(s) exists for all @ € BV ([to,v], L(X)). O

Henceforward, we denote by I € L(X) the identity operator. Using similar arguments as

in Theorem 7.1.3, we obtain the following result.

Theorem 7.2.2. Let v € T and A : T§ — L(Go(T§,X),X) be given by (7.17). Then, for a given
s € [to,v], the equation

() =1+ / CAIA)D(s), 1€ [0, (7.38)

admits at least one nontrivial solution in BV ([to, v],L(X)).

The next result ensures the existence of a fundamental operator associated to the dynamic

equation (7.16).

Theorem 7.2.3. Assume that a: T — L(X) and f: T — X satisfy conditions (T1), (T2) and
(T3). Then, there exists a unique operator U : Ty x Ty — L(X), called fundamental operator
of the homogeneous linear dynamic equation (7.16), such that U(¢,t) = I, for all t € Ty, and
if x: Top — X is a solution of the homogeneous dynamic equation (7.16) with initial condition
x(t9) = xp € X, then

x(t) =U(t,19)x0,

forallt € Ty.
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Proof. By Theorem 7.2.2, the set S, defined by
S:={D;: [to,vi] = L(X); v; € T{; and P; is a solution of (7.38) in BV ([ry,v;],L(X))},

is nonempty. Define & : T; — L(X) by ®(¢) = ®;(¢), where ®; € S and ¢ € [fy,v;]. Notice that
® is well-defined since T( = Ug,eslto,vi] and, by the uniqueness of a solution of (7.38), if
D;,®; € S with i # j, then ®;(r) = P;(¢) for all 7 € [to,v;] N [to, v;]. Thus, for all r € T, we have
t
() =1+ | dA(s)]D(s) (7.39)
To

and @ is locally of bounded variation on Tj.

Define V : T x Tj; — L(X) by
t
Vit,t) = I+ / dIA(s)|D(s), forallz, e T, (7.40)
T

Then, V(t,t9) = ®(¢) and V(¢,t) =1 for all € T},
Define y : Ty — X by y(t) =V (¢,10)xo for all # € T{. Then,

/ttd[A(s)]y(s) = /ttd[A(S)]V(S,to)xo

0

_ (/t:d[A@)]@(s))xo
= (®(t) —Dxo= (V(t,00) —I)xo
= y(t) —xo

and, by Theorem 7.1.13-(i), x := y|r, is the solution of the homogeneous dynamic equation

(7.16) with initial condition x¢. Therefore, the statement follows by defining U := V‘ToxTo- [

In what follows, we present some properties of the operator V : Tjy x T; — L(X) defined
by (7.40). Their proofs can be found in [16, Theorem 4.3].

Theorem 7.2.4. Let s € T; and V(-,s) : T — L(X) be defined by
t
Vit,s) = 1+/ dIA(M]®(r), forallr € T;,
N

where ® is given by (7.39). Then, V satisfies the following properties:

(i) forall¢,7 € T}, we have
1
V(1) :1+/ dIA(DV (1, 7);
T

(ii) V(z,¢t) =1 for all r € T};
(iii) V(t,7) =V (t,r)V(r,7) forall t,7,r € T};
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(iv) there exists [V (¢,7)] ! € L(X) and [V (z,7)]"! =V (z,t) for all t,7 € T;
(v) V(-,7) and V(7,-) belongs to BV ([a,b],L(X)) for all [a,b] C T and all T € Tj;

(vi) for every compact set [a,b] C T, there exists a constant M > 0 such that

|V(t,7)|| <M, forallz,T € [a,b).

Using similar ideas as in the proof of Theorem 7.1.10 and, by Theorem 7.2.4, we obtain

the next result.

Theorem 7.2.5. Assume that a : T — L(X) and f : T — X satisfy conditions (T1), (T2) and
(T3). Then, the fundamental operator of the homogeneous linear dynamic equation (7.16)

U :TyxTy— L(X) given in Theorem 7.2.3, satisfies the following properties:

(i) for all s,r € Ty, we have

Uls,r) =1+ / “a(v)U (1, P)AT;

(ii) U(t,t) =1Iforallt € Ty;

(i) U(t,7) =U(t,r)U(r,7) for all t,7,r € To;

(iv) there exists [U(z,7)]”! € L(X) and [U(t,7)]~' = U(t,¢) for all t,7 € To;

(v) U(-,7) and U(7,-) are regulated on [a, b]T, for all [a,b]T C T¢ and all T € Ty;

(vi) for every compact set [a,b]T C Ty, there exists a constant M > 0 such that

\U(t,7)|| <M, forallt,T € [a,b|r.

The next result is a variation-of-constant formula for a nonhomogeneous linear VS
integral equation. Its proof is similar to the proof of [16, Theorem 4.10] and, therefore, we omit

it here.

Theorem 7.2.6. Let A : Tj; — L(Go(T;;,X),X) be given by (7.17) and i : T; — X be a function
such that i € BV ([a,b],X) for all [a,b] C Tj. If y : Tj; — X is a function such that the equality

1) =3(0)+ [ dAGE)+h0)

holds for all € T}, then

y(t) =V (t,10)y(t0) + h(t) — h(t0) — zds[V(t,S)](h(S)—h(to)), t €Ty,

fo

where V : T§ x T; — L(X) is given by

Vit 1) :I+/td[A(s)]V(s,r), 1TET;
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Using Theorem 7.2.6 and the relation between the solution of the nonhomogeneous
dynamic equation (7.15) and the solution of a linear VS integral equation, given in Theorem

7.1.13, we obtain a variation-of-constant formula for the dynamic equation (7.15).

Theorem 7.2.7. Let A : Tj; — L(Go(T;;,X),X) be given by (7.17) and xo € X. Assume that
a:T— L(X)and f: T — X satisfy conditions (T1), (T2) and (T3). Then, the solution of the
dynamic equation (7.16), with initial condition x, is given by

x(t) =U(t,t0)x0+ tU(t,s)f(s)As, s € To,

Iy

where U : Ty x Ty — L(X) is given in Theorem 7.2.3.

Proof. Let xg € X. By Theorem 7.1.13-(i), if x : Tog — X is the unique solution of the dynamic
equation (7.16) with initial condition x, then x = y|r,, where y : T — X is given by
t t
y(0) =30+ | dAG)YE)+ | F(5)ds(s), 1eTs,
0 0
For all t € T, consider h(t) = f[g f*(s)dg(s), where g(s) = s* for all s € T{;. Then, by
Theorem D.0.12 and condition (T3), A is locally of bounded variation on T (see (7.32)) and, by
Theorem 7.2.6, we have
t
y(t) =V (t,t0)xo+h(t) —h(to) — [ ds[V(2,5)](h(s) —h(tp)), €Ty, (7.41)
fo

where V : T§ x Tj — L(X) is given by
t
Vit,t) = 1+/ dIA()V(s,7), 1,7€Ts
T
By Theorems B.0.9 and 7.2.4, for all r € ’]1"8, we have

V() (hs) — b)) = m’ds[va?s)]h(s)

0 TBOY vt )h(t) =V (2, 10)h(to)

-/ V(t.5) (s)ds(s)

™224 iy [ V) £ (s)ds(s).

To

(7.42)

Thus, by (7.41), (7.42) and Theorem D.0.12, we obtain

t*
y(t) =V(t,to)xo+ | V(t,5)f(s)A(s), forallr e T,
fo

Therefore,
t

x(t) =U(t,to)xo+ | U(t,s)f(s)A(s), forallz € Ty,

Io

since x = y|t,, U = V|, xT, and t* =t for all t € Ty. H
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Our next goal is to show that our main results, namely Theorems 7.1.12 and 7.2.7,
generalize [10, Theorems 5.8 and 5.24], [3, Theorem 3.1] and [11, Theorem 2.1]. To this end,
we prove, in the next result, that if A : T — R"*" and 7 : T — R" are rd-continuous, then A and
f satisfy conditions (T1), (T2) and (T3).

Lemma 7.2.8. Let T be a time scale and T = [ty, +o0) N'T, with ty € T. If f: T — R" and
A : T — R"™" are rd-continuous, then conditions (T1), (T2), (T3) are satisfied.

Proof. At first, we notice that since A is rd-continuous, for all regulated function y : Tog — R”,
the product Ay : Top — R”, given by A(s)y(s) for all s € Ty, is also a regulated function. Moreover,
every rd-continuous function is a regulated function, then f is also regulated and, by Proposition

D.0.13, condition (T1) is satisfied.

Before proving condition (T2), we notice that the function Ty > 7 — ||A(z)[|e" 7 is

regulated. Thus, by Proposition D.0.13, the Perron A-integral

15}
| 1aGs) e
51

exists for all t1,1, € Ty.
Let 1,1, € Ty be fixed and y,z € Go(Tp,X). Once the equality
o) 1
[CAODE) ~ )5 = = [ AW(s) —5))as
1 2
holds, we may assume that #{ < 1;.
By the definition of the Perron A-integral, for all € > 0, there exists a A-gauge 6 on
[t1,2]T such that

‘d| 5]

;A(m (m) = 2(T)](si =si1) = | Als)[y(s) —z(s)]As

3]

<€ and

|d]| .
Y IA(T) €% "0 (si—s5i-1) <€ +/ |A(s)|le* 0 As,
i=1 .

provided dt = (7;, [s;—1,s:]T) is a 8-fine tagged division of [¢;,#|r. Then,

t) t ld|
‘ ’ A(s)[y(s) —z(s)]As|| < A A(S)[,V(S)—Z(S)]AS—;A(Ti)[y(fi)—Z(Ti)](Si—Si1)H
|d|
+ ;A(r,-)[y(ri)—z(ri)](s,-—s,-,l)
S$i>Si-1 |d|

< e+ ) lAlly(m) —z(w)l(si—si-1)
i=1
d|

= e+ ) A@y(a) —z(z)le”FTlTTO (5 — 5 )
i=1
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|d|
< et ly—zlim, L IIA(T)lle ™) (s —si-1)
i=1

15)
< 8(1+|!y—szro)+Hy—zHﬂro/t |A(s) ][0 As.
1

Therefore, condition (T2) holds by taking € sufficiently small and L(s) = ||A(s)||e* " for all
s €Ty

Similarly, since f is regulated, |||y, nl, = SUD; ety 1] | £()]| < oo, for all t;,t, € Ty.

BT

Therefore, the function K : Top — R defined by
K(s)=|f(s)||, foralls e Ty,

is locally Perron A-integrable. Moreover, given € > 0, there exists a A-gauge 8 on [t1,12]T such

that
a .
Z?(Ti)(si_si—l)—/ f(s)As|| <& and

i=1 gy

[5)

d|
-Zi IF () ll(si = si1) <&+ [ K(s)As,

n

provided dt = (7, [s;_1,si]T) is a S-fine tagged division of [t1,2]T. Then,

n_ ld| f dl
t F)As|| < (1) F(m)(si—si-1) —/t Fs)As| 4+ Y N7 ()l (si—si-1)
15)
< 2e+4+ [ K(s)As
n
which proves condition (T3). L]

In order to prove that Theorem 7.2.7 generalizes [10, Theorems 5.24] and [11, Theorem

2.1], we need the following auxiliary result.

Theorem 7.2.9. If f: Tog — R"” and a : T — R™*" are rd-continuous, then

/ U (,5)f(5)A(s) = / Ut 0(s)f(s)As, forallt € Ty, (7.43)

to o
where U is the fundamental operator of the homogeneous linear dynamic equation (7.16) given
in Theorem 7.2.3.

Proof. At first, we notice that, by Lemma 7.2.8, a and f satisfies all the hypotheses of Theorems
7.1.12,7.2.5 and 7.2.7. Then, by Theorem 7.2.5, we have

N
Us,r) =1+ / a(7)U (7, AT, (7.44)
r
for all r,s € Ty. Moreover,

U(t,r)U(r,s) =U(t,s), forallt,r,seTy. (7.45)
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By equations (7.44) and (7.45), we obtain
Ul(t,ty) = Ul(t,r)U(rto)

t

= <1+/r a(r)U(r,r)Ar) U(rt) (7.46)

— Ulnig)+ / " a()U (t.10)A,

r

for allt,r € Ty.

Denote U (t,ty) by B(¢) for all r € Ty. By (7.46), we conclude

B(t)—B(r)= /ta(f)ﬁ(T)AT, forall¢,r € Ty. (7.47)
Therefore, [ is a solution of the dynamic equation
BA(s) = a(s)B(s)- (7.48)

On the other hand, by Theorem 7.2.7, the function x : To — R", given by

x(t) =U(t,t0)x0 + tU(t,s)f(s)As, t €Ty

fo
is the unique solution of the dynamic equation

A =al)x+f(1), (7.49)

with initial condition x(#p) = x¢. Let y : Top — R" be defined by
1

y(t)=U(t,to)xo+ [ U(t,0(s))f(s)As, t€Ty.

To
By equation (7.45), we can rewrite y by

y(it)=B@{)a(t), teTy, (7.50)
where
alt) =0+ [ Ulo,o(s) ()85, 1€To
By Theorem D.0.5, we obtain
W) = BAnal)+B(o(n)a(r)

(748)
(7.50)
(7.45)

(7.44)

= a()y(t)+f().
Therefore, y is a solution of the dynamic equation (7.49) with initial condition y(f) = xo
and, by the uniqueness of a solution (see Theorem 7.1.12), we have y(r) = x(¢) for all t € Ty.

Consequently,

zot Ul(t,s)f(s)As = zoz U(t,o(s))f(s)As,

for allr € Ty. ]
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7.3 Controllability

The main goal of this section is to establish necessary and sufficient conditions for a

nonhomogeneous linear dynamic equation to be controllable.

Let X and U be a Banach spaces and Ty = [fg, +o0) 0T, where T is a time scale and

to € T. Consider the control system on the time scale T described by
XA = a(t)x+ B(t)u(r), (7.51)

where B: T — L(U,X), u: T — U and a : T — L(X). Furthermore, consider the following

conditions:

(CT1) the Perron A-integrals
1% 15}
B(s)u(s)As and / a(s)y(s)As
151 n
exist for all #1,#p € T, whenever y : T — X is regulated.
(CT2) there is a locally Perron A-integrable function L : T — R such that

[ a)lets) - v(s)1as

n

15)
<=l | Lis)As
1

for all z,y € Go(To,X) and all 1,2, € T.

(CT3) there is a locally Perron A-integrable function K : To — R such that

< /t2 K(s)As,

1

/ ? B(s)u(s)As

1

for all t;,1, € Ty.

We recall that the vector space Go(To,X) and the norm || - ||, are described in Definition D.0.3.

We denote by % the space of all control functions, u : T — U, such that conditions (CT1)
and (CT3) are satisfied.
By Theorems 7.1.12 and 7.2.7, the dynamic equation (7.51) admits a unique solution
x : Top — X with initial condition x € X and control u € %/ . Moreover, x is given by
t
x(t)=U(t,t0)x+ | Ul(t,s)B(s)u(s)As, se€ Ty,
Iy

where U : Ty x Top — L(X) is given in Theorem 7.2.3 and we denote x(-) by x(+, X, u).

In the sequel, we introduce a definition of controllability for the dynamic system (7.51).

Definition 7.3.1. Let T € T be fixed and S C X be such that O € S, where O denotes the neutral
element of X. The state d € S is said to be
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(i) approximately controllable at time T to a point X € X, if there exists a sequence {u, }nen

in 7% such that x(T,d,u,) goes to X as n goes to oo;

(ii) strictly controllable at time T to a point X € X, if there exists u € % such that x(7,d,u) = X.

The dynamic system (7.51) is approximately controllable (strictly controllable) at time T , if all

points of S are approximately controllable (strictly controllable) at time 7 to all points of X.

For all t € Ty and all d € S, define G(¢) : Z — X by

G(tu= t U(t,s)B(s)u(s)As, (7.52)

Iy
where U : Ty x Ty — L(X) is given in Theorem 7.2.3.

In what follows, we give necessary and sufficient conditions for the system (7.51) to be

approximately controllable (strictly controllable).

Theorem 7.3.2. Let T € Ty and G(T) : % — X be given by (7.52). Then, the following state-
ments hold.

(i) The dynamic system (7.51) is approximately controllable at time 7 if and only if the range

of G(T) is everywhere dense in X.

(i) The dynamic system (7.51) is strictly controllable at time 7 if and only if the mapping
G(T) is onto.

Proof. We start by proving item (i). Let x € X be arbitrary. Since the dynamic system (7.51) is
approximately controllable at time 7', Definition 7.3.1 yields all points in S are approximately
controllable at time 7 to all points of X. In particular, d = 0 is approximately controllable at
time 7 to x. Therefore, there exists a sequence {u, },crn in % such that x(7,0,u,) goes to X as
n goes to o, that is, G(T )u, goes to X, as n goes to . Hence, the range of G(T') is everywhere

dense in X.

Reciprocally, for arbitrary d € S and x € X, x — U (T,tp)d € X and, if the range of G(T)
is everywhere dense in X, then there exists a sequence {u, },cn in % such that G(T )u, goes to
x—U(T,ty)d as n goes to oo, that is, x(T,d,u,) goes to X, as n goes to oo, which in turn, implies

that the dynamic system (7.51) is approximately controllable at time 7'.

As in item (i), in order to prove item (ii), we take x arbitrarily and d = 0. Once the
dynamic system (7.51) is controllable at time 7, there exists u € % such that x(T,0,u) = Xx, that
is, G(T )u = x. Therefore, G(T') is onto.

Conversely, if G(T') is onto, then for all d € S and all x € X, there exists u € % such that
G(T)u=x—U(T,ty)d, which implies that x(7T,d,u) = x. Therefore, the dynamic system (7.51)
is strictly controllable at time 7'. ]



7.3. Controllability 163

In the next result, we consider X = R”, U = RP, p < n, and use the notation M’ to denote

the transpose of a given matrix M.

Theorem 7.3.3. Let T be a time scale, 7y € T and Ty = [tp, +o0) N Ty. Assume that f : T — R”
and a : T — R™" are rd-continuous. Then, G(T) is onto if and only if the rows of the matrix
U(ty,o(T))B(T) are linearly independent, where T € Ty, G(T) : % — R" is defined by (7.52)
and U : Ty x To — L(R") is given in Theorem 7.2.3.

Proof. Let T € T and suppose that the rows of the matrix U (fy,c(T))B(T) are linearly inde-
pendent. Then, the matrix
T
Gl10,T) = / U(T,5(s))B(T)B (s)U (1o, s)As
To

is positive definite.

Let xo € R" be arbitrary and define
u(s) = B'(s)U'(to,s)€ (o, T)xo, foralls € [tg,T]r.

By (7.52) and Theorem 7.2.9, we get
T
G(Tu= [ U(T,o(s))B(s)u(s)As = xo,
fo
which shows that G(T') is onto.
Conversely, if the rows of the matrix U (ty, o (T ))B(T) are linearly dependent, then there
exists xg € R", xg # 0, such that

xoU (tg, 0(s5))B(s) =0, foralls € [ty, T|. (7.53)

Once G(T) is onto, there exists u for which G(T )u = xp. Therefore, by Theorem 7.2.9, we have

G(T)u= ' U(T,o(s))B(s)u(s)As = xo.

Io
Multiplying the above equation by x(U (19, o(T)), we obtain, by (7.53),
T
XU 10,0 (T))xo = | x40 (10,0 (5))Bs)ul(5)As =,
fo

which contradicts the fact that U is the fundamental operator of the dynamic equation (7.51). [l

The next result is a straightforward consequence of Theorems 7.3.2 and 7.3.3. Unlike
the proofs of the results presented in [12, Theorem 4.3], [17, Theorem 2.2] and [43, Theorem 1]
which deals with the rank of some matrices, our result provides another characterization of strict

controllability and its proof uses linear dependence of a much simpler matrix.
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Corollary 7.3.4. Let T be a time scale and Ty = [tp, +o0) N Ty, with o € T. Assume that
f:T—R"and a: T — R"" are rd-continuous. Then, the dynamic system (7.51) is strictly
controllable at time 7 € T if and only if the rows of the matrix U (fy,c(T))B(T) are linearly
independent, where U : Ty x Ty — L(R") is given in Theorem 7.2.3.

In the sequel, we present a definition of a regressive n x n-matrix-valued function and

some examples of fundamental operators borrowed from [10, Examples 5.9 and 5.19].

Definition 7.3.5. Let T be a time scale. An n X n—matrix—valued function A : T — R"™"*" is called
regressive (with respect to T) if I+ (1)A(t) is invertible for all € T

Example 7.3.6. Let I be the identity n X n-matrix and U (-, -) be the fundamental operator given
in Theorem 7.2.3.

(i) If T =R, then o(r) =t for all t € T. Moreover, any n X n-matrix-valued function a on T
is such that 7 + w(t)a(t) is invertible for all # € T* and, hence, it is regressive. In this case,
a matrix-valued function a is rd-continuous if and only if it is continuous. Then, the initial
value problem
A =al)x, x(t) =xo
has a unique solution provided a is continuous. Moreover, if a is a constant n X n-matrix,
then U (1,19) = ¢“U~") for all € R.

(ii)) If T =Z, then o(¢) =t + 1 and any n x n-matrix-valued function a on T is rd-continuous.
Moreover, in order for a matrix-valued function a on T to be regressive, the matrix I+ a(z)
needs to be invertible for each ¢ € Z. Furthermore, if a is a constant n X n-matrix, then
Ult,to) = (I+a)"™ forall t € Z.

We end this section by presenting two examples of strictly controllable dynamic systems

on time scales.

Example 7.3.7. Let T be a time scale, 7p € T, Ty = [fo, +0) N'T and % be the set of all regulated

functions u : T — R such that [|u[|t, = sup,cr, [u(s)| < c for some constant ¢ > 0.

Consider the following control dynamic system

A= ax+ Bu(t) (7.54)
on the time scale T, where u € %,
8 1
g 45 30 and
1 1
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At first, we notice that, since a and B are real constant matrices, a and B are rd-continuous.
Then, by Lemma 7.2.8, conditions (CT1) and (CT2) are fulfilled. Moreover, by Proposition
D.0.13, we have

for all 1,1, € To and all u € % , where g(t) =t* for all t € T} Since g|, is the identity function,
g is delta differentiable (see Definition D.0.4). Then, the function K : To — R given by

< B[l 1)z [8(22) — g(t1)] < [[Bllclg(22) — g(t1)]; (7.55)

[5)
/ Bu(s)As
I

K(r) = ||Bllcg®(1), € To

is well-defined and .
2
| k(a5 = Blclg(t) ~g(n)], (1.56)
1

for all #1,#, € Ty. By equations (7.55) and (7.56), for all ¢,#, € T, we have

15}
< | K(s)As

141

15}
Bu(s)As

3]

which proves condition (CT3).

Let us consider two cases for the time scale T.

(a) T=R.

Notice that a is continuous, since it is a real constant 2 x 2-matrix. Then, by Example
7.3.6-(i), there exists a solution of the dynamic equation (7.54) and U (¢,1y) = ¢?=1) On
the other hand, it is clear that U (79, 6(¢)) is invertible, for all ¢ € Ty and, consequently, the
rows of U(ty,0(t)) = U(ty,0(t))B(t) are linearly independent, for all t € Ty. Therefore,
Corollary 7.3.4 guarantees that the dynamic system (7.54) is strictly controllable.

(b)) T=7Z.
Notice that
37 1
45 30
I+a=
1 29
45 30

is invertible, since the determinant of / + a is not zero. Therefore, by Example 7.3.6-(i1), a
is regressive and, for all € Z, U (t,ty) = (I+a)(’_’°) and 6(t) =+ 1. On the other hand,
once (I + a) is invertible, (I + a)(t_t‘)) is also invertible for all r € Ty and, consequently,
U(o(t),t0) = U(t+ 1,19) is invertible, for all # € Ty, which implies that the rows of
U(o(t),t0) =U(o(t),t0)B(t) are linearly independent, for all ¢ € Ty. Then, by Corollary

7.3.4, we conclude that the dynamic equation (7.54) is strictly controllable.
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Example 7.3.8. Let X be a Banach space. Consider the time scale T = hZ = {hk : k € Z} with

h > 0. Let ty) = h and consider the homogeneous linear dynamic equation
x> =a(t)x (7.57)
on the time scale Ty = [tg, +o0) N'T, where a : T — L(X) is given by

0, (t,x)e(T\Ty)xX
a(t)x:{ , (t,x) € Tox X. (7.58)

~ | =

Since a is regulated, for all regulated functions y : To — X, the product ay : To — X, given by
a(s)y(s) for all s € Ty, is also a regulated function. Then, by Proposition D.0.13, the Perron
A-integral f,?a(s)y(s)As exists for all 1,7, € Ty and all regulated functions y : To — X. This
leads to condition (CT1).

Let us prove condition (CT2). Consider y,z € Go(To,X) and define L : Typ — R by

s—1o

L(s) = , foralls e Ty.
s

Let #1,tp € Ty and assume that #; < #,. Then, by Example D.0.8-(ii), we get

21
%) 2
‘/ a(s)[y(s) —z(s)|As|| = a(kh) [y (ki) — 2k
n k:%
2-1
_ ||y y(kh) —z(kh)
A7
k=7
TS (y(kh) — (k) e~ (k=10 k=0
< L
! k
k=7
7=
< ||y_ZH1“OZ .
=
%_1ekh—t0
= Hy ZHTOZ{, 0 h
k=7

and, hence, condition (CT?2) is fulfilled.

On the other hand, if x : To — X is the solution of the dynamic equation (7.57), with
initial condition x(fy) = x, then, for all ¢ € T, we have

L_q L_1 _

" x(kh)h " x(kh = x(k)h
ROISTTR) YR LIS, ph e o

k:tﬁo :% k=l‘0

Thus, a straightforward calculation shows that U(z,1) = (I —|—h)_70, where I € L(X) is the
identity operator.
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Now, let U be a Banach space, with U C X, and % be the set of all regulated functions
u: T — U such that for every interval [a,b]T C T, there exists a constant M > 0 for which

[l a,5]; < M. Consider the nonhomogeneous dynamic system
XA = a(t)x+ B(t)u(r), (7.59)

where B: T — L(U,X) is defined by B(t)y =y forallyc Uandallt € T, a: T — L(X) is given by
(7.58) and u € % . Then, by Proposition D.0.13, the Perron A-integral fff u(s)As = flz B(s)u(s)As
exists for all #1,¢, € Ty and,

/: u(s)As

where K(s) = Mg”(s) for all s € T and g(s) = s* for all s € T Therefore, condition (CT3)
holds.

< Nl [2(12) — ()] < Mg(t2) —g(n)] = [ K(5)As,

n

In what follows, we aim to prove that the dynamic system (7.59) is strictly controllable.

Lett € Ty be fixed and G(¢) : ZZ — X be given by

Glu= | (141) 7 u(s)As.

fo

Notice that, if x € X and u : T — U is given by

U (to,1)x (I+h)¥x

— . ifseT\T,
M(S) — r—10 t—stgt
U(s,t I+h)n
(s;t)x _ (I+h) ¥ ifseT,,
r—1 r—1

then, by Theorem 7.2.5, u is well-defined and u € %/ . Moreover,

t s (I+h)F f
G(t)u:/(l—l—h)h&xAs:/ T As=x
fo r—1Ip =1

which implies that G(¢) is onto and, by Theorem 7.3.2, the dynamic system (7.59) is strictly
controllable at time ¢ € T(. Since ¢ is arbitrary, we conclude that the dynamic system (7.59) is

strictly controllable.
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APPENDIX

REGULATED FUNCTIONS

In this chapter, we provide the basic background material on regulated functions. In

particular, we review definitions, introduce some notations and present known results.

Throughout this chapter, X is a Banach space equipped with a norm || - ||, & C X and, for

every a,b € (—oo,4o0), [a,b] denotes the corresponding compact interval of the real line.

At first, we present some auxiliary definitions.

Definition A.0.1. Let —0 < a < b < 4oo. A division of the interval [a,b] is a finite set of
points of [a,b], d = {s0,51,...,5q/} C [a,b] , where a =59 <51 < ... <s)q = b and |d| < +oo
represents the number of subintervals of [a.b]. The set of all divisions of [a,b] is denoted by

Pla,b].

Definition A.0.2. A function f : [a,b] — O is called a step function, if there exist a division
d={s1,82,...,8)q} € Z[a,bl and ¢; € X, i=1,...,|d|, such that f(t) = c; forall € (s;1,5:),
i=1,...,|d|. In this case, we write f € E([a,D], ).

Definition A.0.3. Let f : [a,b] — O be a function. We define the variation of f on [a,b] by

|d|
vargf = sup Y || f(si) = f(si-1)ll.

deP[ab] =1

Moreover, if var’ f < 40, we say that f is a function of bounded variation on [a,b] . The set of

all functions f : [a,b] — & of bounded variation on [a, b] is represented by BV ([a,b], 0).

In what follows, we present two known results about the set BV ([a,b], 0'). The reader
may consult [32, Theorems 1.2.2 and 1.2.3].

Theorem A.0.4. Let f € BV([a,b|,0). Then, the following equality
varl f = var f + var? f

holds for every ¢ € [a,b].
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Theorem A.0.5. The space BV ([a,b],X), equipped with the norm

Ifllsv = If(@)l|+vargf,  f€BV([a.b].X),

is a Banach space.

In the sequel, we state a Helly’s choice principle for Banach space-valued functions as

presented in [33].

Theorem A.0.6 (Helly’s choice). If {f,},cn is a uniformly bounded sequence of functions
defined from [a,b] into X, then there exists a subsequence {fy, },en of {fu}nen converging
pointwisely to a function f € BV ([a,b],X), that is,

lim fnk(t) :f<t)7

n—yoo

for all ¢ € [a,b)].

In the next lines, we present the definition of regulated functions.

Definition A.0.7. A function f : [a,b] — O is called regulated, if at any point ¢t € [a,b], it
possesses one-sided limits, that is, the limit lim,_,,— f(s) = f(t~) € X exists for every t € (a, D]
and the limit lim,_,,+ f(s) = f(t7) € X exists for every ¢ € [a,b). We denote by G([a,b], 0) the
set of all regulated functions f : [a,b] — O.

The following statement can be found in [32, Theorem 1.2.7]( or [33, Corollary 1.3.4]).
Remark A.0.8. It is well-known that
E([a,b],0) C G([a,b], 0)

and
BV ([a,b],0) C G([a,D],0).

The next results give useful properties of regulated functions defined on compact inter-

vals.

Theorem A.0.9 ( [13, Theorem 1.4], [33, Theorem 1.3.1] or [44, Theorem 4.5] ). For every func-
tion f € G([a,b],X) (in particular, f € BV ([a,b],X)), there exists a sequence of step functions
{@n}nen C E([a,b],X) which converges uniformly to f, that is,
sup || £(s) — gu(s)l| "= 0.
s€la,b]

Corollary A.0.10 ( [44, Corollary 4.7]). If f € G([a,b],X), then for every € > 0, the following
sets

{relab):|ft7)—f0ll =€} and {t€(ab]:|f(r)—f()]>e}

are finite.
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Theorem A.0.11 ( [44, Theorem 4.3]). If a sequence {f,},en C G([a,b],X) converges uni-
formly to f, then f € G([a,b],X).

Theorem A.0.12 (Moore-Osgood Theorem, [9]). If a sequence { f, }nen € G([a,b],X) converges
uniformly to f, then

limg_,,~ f(s) = lim lim f,(s)= lim lim f,(s), 7€ (a,b] and

s—t~ n—r+o n—+toog st~
lim - () = lim_ lim_fy(s) = lim_lim f,(s), #€a.b).

Proposition A.0.13 ( [28, Proposition 1.7] or [44, Corollary 4.6] ). Every regulated function is

bounded on compact intervals.

Proposition A.0.14. If ® : X — R is a continuous function and X € G([a,b],X), then ®ox
belongs to G([a,b],X).

Proof. Letx € G([a,b],X) and € > 0 be given. Since ® is continuous, there exists & > 0 such
that, if y,z € X satisfy

ly —z|| < 0o, (A.1)

then
|P(y) —P(z)| < €. (A.2)

Let us prove that the left-hand limit of ® exists. Indeed, let ¢ € (a,b]. Since X is regulated, for
this 0y, there exists 8 > 0 such that, for all s € (r — §,¢), we have

[1X(s) —x(2) ]| < bo. (A.3)
By (A.1) and (A.3), we conclude
|P(X(s)) —D(x(2))| <€, forallse (r—5,1)

and, hence, lim,_,;- ®(X(s)) exists for all # € (a,b]. Similarly, we can show that lim,_,,+ ®(x(s))
exists for all t € [et, B). O

Lemma A.0.15. If f € G([a,b],X), then

sup [|f(s)[l =,

s€la,b]
where ¢ = || f(0)]| for some o € [a,b] or ¢ = || f(67)]| for some o € (a,b] or c = || f(c™T)|| for

some O € [a,b).

Proof. Letc = supc|, 5 || f(5)[|- By Proposition A.0.13, we can conclude that ¢ < +o° and, by
definition of the supremum, for all n € N, we can choose t, € [a,b] such that

1
0< el <
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which implies
im [|(s)]| = .

Once {ty }nen C [a, b], there exists a subsequence {7}, } ,en C {2, }nen such that 7, goes to o € [a, b]

as n goes to . Since f is regulated, we have

c= lim [|£(z,)]| € {Ilf (o), £ (a7l A (a1}

and the proof is complete. O]

By Proposition A.0.13, the usual supremum norm, given by

1Fllee = sup [[f()]];

t€la,b)

is well-defined for all f € G([a,b],X) and, in [33, Theorem 1.3.6], the author proved the following

result.

Theorem A.0.16. The space G([a,b],X), equipped with the norm

[fllee = sup [[f)l, f € G(la,b],X),

t€la,b)
is a Banach space.
In what follows, we recall the definition of a left-continuous function.

Definition A.0.17. A function f : [a,b] — O is said to be left-continuous on (a, b, if

lim f(s) = f(1),

S—1

for every t € (a,b].

Remark A.0.18. The set of all functions f : [a,b] — & such that f € G([a,b],0) and it is
left-continuous on (a, b] is denoted by G~ ([a, D], 0).

In the sequel, we present important properties of the elements of G~ ([a,b],R).

Proposition A.0.19 ( [13, Proposition 1.8] or [49, Proposition 10.11]). Let f,g € G~ (|a,b],R)
be given. If, for every ¢ € [a,b), there exists 6 () > 0 such that for every € (0,6(¢)), we have

fe+n)—f@) <g(t+n)—g(t), then

f(s) = fla) < g(s) —gla), s€la,b].

We borrowed the next result from [47, Exercise 19.12-page 153].
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Proposition A.0.20. Let f : [a,b] — R be a function such that f is left-continuous on (a,b] and
SUPscfq ) f(s) < oo, forallz € [a,b]. If g : [a,b] — R is defined by g(#) = supyc(, 1 f(s), then g is
nondecreasing and it is left-continuous on (a, b]. In particular, if f : [a,b] — X is left-continuous

on (a,b] and supyc(, 1 || f(s)|| < oo, for all € [a,b], then the function g : [a,b] — R, defined by

g(t) = SUPse(a] -
A.0.13, we may consider f € G~ ([a,b],X).

| (s)]], is nondreasing and left-continuous on (a,b]. Moreover, by Proposition

The following result is a consequence of Proposition A.0.20. Therefore, we omit its proof

here.

Proposition A.0.21. Let f € G ([a,b],R) and g : [a,b] — R be defined by g(t) = sup,c|; ) f(5)-
Then, g is non-increasing and g € G~ ([a,b],R). In particular, if f € G~ ([a,b],X), then the
function g : [a,b] — R, defined by g() = sup,c(, || f(s) ||, is non-increasing and left-continuous
on (a,b).

We end this chapter by presenting certain spaces of functions defined on unbounded

intervals.

Definition A.0.22. Let [y, +o0) C R be an arbitrary interval, & C X and f : [fy, +o0) — O be a
function. Then,

(i) fis locally of bounded variation on [ty,+), if f € BV ([a,b], 0) for all [a,b] C [ty,+);
(ii) f belongs to G([tg, +<0),0), if f € G([a,b],0) for all [a,b] C [ty, +o0);
(iii) f belongs to BG([ty,+o0), ), if G([tg,+o°), ) and f is bounded;
(iv) f belongs to Go([tg, +o0), &), if f € G([tg,+o0),0) and  sup e~ E70)|| f(r)| < oo.

$Ety,+o0)

It is clear that BG([tp,+<2),X) endowed with the usual supremum norm is a Banach
space. Moreover, the next result shows that Go([fg, +o°),X) is a Banach space with respect to a

special norm. Its proof can be found in [13, Proposition 1.9].

Proposition A.0.23. The space Go([ty, +°),X ), equipped with the norm

1l 4oy = sup e f @), f € Gollto, +o0),X),

1€[ty,+o0)

is a Banach space.
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APPENDIX

VECTOR INTEGRALS

The goal of this chapter is to present a brief overview of the theory of nonabsolute
integration, due to Jaroslav Kurzweil and Ralph Henstock, for integrands taking values in Banach

spaces.

Throughout this chapter, X, Y and Z are Banach spaces and L(U,V) is the Banach space
of continuous linear mappings 7 : U — V, where U,V € {X,Y,Z}. When U =V, we write
simply L(U) instead of L(U,V).

At first, we recall the concept of a d-fine tagged division of [a,b] C R. See [49].

Definition B.0.1. A ragged division of |a,b], with division points a =59 < 57 < ... < S|g) = b
and tags &; € [si—1,si],i=1,2,...,|d|, is any finite collection of point-interval pairs (&;, [s;—1,si]).
In this case, we write d = (&, [si1,5i]) € TD|, ), where TDy,; denotes the set of all tagged
divisions of [a,b]. Any subset of a tagged division of [a,b] is a tagged partial division of [a,b]

and the set of all tagged partial divisions of [a,b] is denoted by TPDy, ;.

Given a positive function 0 : [a,b] — (0,+o0), called a gauge on [a, b], a tagged division
d = (&, [si-1,s]) of [a,b] is called §-fine, whenever

[si-1,8i] C (6 —06(&),6i+6(&)), i=1,2,...,/d|

The following result deals with the existence of at least one d-fine division. A proof of
this fact can be found in [49, Lemma 1.4].

Lemma B.0.2 (Cousin’s Lemma). Given a gauge 0 on [a, D], there is a d-fine tagged division of
la,b].

In what follows, we recall the definition of a bilinear triple of Banach spaces.
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Definition B.0.3. A triple of Banach spaces X,Y and Z is bilinear, if there exists a bilinear
mapping B : X XY — Z such that

[BGe )| < {lx[l{lyll,  forall (x,y) € X xY.

We denote by #(X,Y,Z) the set of all bilinear triples.

It is not difficult to see that & = (L(X,Y),X,Y), with B: L(X,Y) x X — Y defined by
B(F,x) = Fx €7, is abilinear triple. Another bilinear triple is # = (L(X,Y),L(Y,Z),L(X,Z))
with B: L(X,Y),xL(Y,Z) — L(X,Z) given by the composition Go F € L(X,Z) of the operators
FeL(X,Y)and G € L(Y,Z).

In the sequel, we present the definition of the abstract Perron-Stieltjes integral. See,
e.g., [31,38,40,49-51].
Definition B.0.4. Let # = (X,Y,Z) be a bilinear triple. For given functions f : [a,b] — X and
g la,b] — Y and a tagged division d = (§;,[s;—1,si]) of [a,b], we define

d|

fvdg7 Zf 51 (Si_l)) and

/d|

S(df,gd) =Y [f(si)) = f(si-1)]g(&)-

i=1
We say that I € Z is the Perron-Stieltjes integral of f with respect to g, if for every € > 0, there

exists a gauge 8 on [a, b] such that
HS(fvdgad) _IH <E,

for all §-fine tagged division d = (&;, [si—1,s;]) of [a,b]. Similarly J € Z is the Perron-Stieltjes
integral of g with respect to f, if for every € > 0, there exists a gauge 6 on [a,b] such that

1S(df,g.d)—J| <e,

for all §-fine tagged division d = (&;, [s;—1,s;]) of [a,b]. In these cases, we write

I:/ahf(s)dg(s) and J:/ahd

Moreover, we use the conventions

/abf(S)dg(S) = —/baf( )dg(s) and / —/bad[f(s)]g(s),

whenever a < b.

The integrals defined above are linear and additive with respect to intervals. For more

details, see [50, Proposition 6].

In the next lines, we exhibit the uniform convergence theorem for Perron-Stieltjes

integrals. Its proof can be found in [50, Theorem 11].
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Theorem B.0.5. Let # = (X,Y,Z) be a bilinear triple and f : [a,b] — X be a function. If
x:[a,b] — Y is the uniform limit of a sequence { @, },en C E([a,b],X) such that the Perron-
Stieljtes integral ff d[f(s)]@a(s) exists for all n € N, then the integral ff d[f(s)]x(s) exists
and

b b
[ dr©ls) = lim [ diro)lens).

n—e Jq

The following result shows that the indefinite Perron-Stieltjes integral is not continuous

in general. The reader may consult [50, Theorem 17 and Remark 18] for a proof.

Theorem B.0.6. Assume that 4 = (X,Y,Z) is a bilinear triple and the functions f : [a,b] — X
and g : [a,b] — Y are such that the integral fabd[f(s)]g(s) exists. If ¢ € [a, b], then

lim ( [ dree) - £s)ste) +f<c>g<c>) — [ difts)ets

S—C
and

i ([ d16)e6)+ 10)e(0) - 1@0e(@)) = [ a0t

s—ct

The next two results were borrowed from [50]. They relate the Perron-Stieltjes integral

with the variation of its integrand.

Proposition B.0.7 ( [50, Proposition 10] ). Assume that # = (X,Y,Z) is a bilinear triple. If the
functions f : [a,b] — X and g : [a,b] — Y are such that the Perron-Stieltjes integral | abd [f(s)]g(s)

exists and VarZ f < oo, then

< varg gl

b
| dlr©sts)

where [g|e = supsefq ) [18(5)]]-

Proposition B.0.8 ( [50, Proposition 15]). Assume that & = (X,Y,Z) is a bilinear triple and
f :]a,b] — X is such that var’f < c. If g € G(|a,b],Y), then the Perron-Stieltjes integral

12 d[f(s))g(s) exists.

In what follows, we present an integration-by-parts theorem for Perron-Stieltjes integrals.
Its proof can be found in [13, Theorem 1.57] or [34, Theorem 1.15].

Theorem B.0.9. Let f : [a,b] — X be such that the integral |, ab f(s)ds exists. If f: [a,b] — X
is given by f(¢) = [* f(s)ds and & € BV ([a,b],L(X,Y)), then the integrals ffd[oc(s) f(s) and
/ f o(s) f(s)ds exist and the following equality

holds.
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The result below represents a Gronwall-type inequality for the Perron-Stieltjes integral.
A proof of it can be found in [49, Corollary 1.43].

Theorem B.0.10. Let g : [a,b] — [0,+<0) be a nondecreasing left-continuous function, k > 0
and / > 0. Assume that f: [a,b] — [0, +o0) is bounded and satisfies
t
F0) <k+1 / F(s)dg(s), forallt € [a,b].
a
Then,
f(1) < kl80=8@I " forallt € [a,b).

In what follows, we present another definition of integral, introduced by Jaroslav

Kurzweil, which will be crucial in the theory of generalized ordinary differential equations.

Definition B.0.11. A function U : [a,b] X [a,b] — X is said to be Kurzweil integrable over [a,b],
if there is an element / € X such that, given € > 0, there exists a gauge 6 on [a, b] such that for

every J-fine tagged division d = (&;, [s;_1,s;]) of [a,b], we have
15U, d) —1|| <,

where S(U,d) = Zli'l [U(&i,s:) —U(&;,5i-1)]. In this case,

b
1= / DU(t,1).
a
Furthermore, we use the convention [, DU(7,t) = — |, f DU (t,t), whenever a < b.

The Kurzweil integral has the usual properties of uniqueness, linearity, additivity and
integrability on subintervals. Moreover, we can extend the Kurzweil integral to unbounded
intervals of R by defining d-neighborhoods of —eo and +o0. When X is an abstract Banach space,
the interested reader may consult [13, Section 1.2] for more details or [49] for the particular case
when X = R".

In the sequel, we point out that the Kurzweil integral, given by Definition B.0.11, and

the Perron-Stieltjes integrals, described in Definition B.0.4, can be related.

Remark B.0.12. Consider the bilinear triple 4 = (L(Y,X),Y,X) and let f : [a,b] — L(Y,X) and
g la,b] — Y be given functions. If U(7,t) = f(7)g(t), then the Kurzweil integral of U exists if

and only if the Perron-Stieltjes integral of f with respect to g exists. In this case,

/a " DU(e) = /  Ps)dals).
Similarly, if U(t,t) = f(t)g(7), then
b b
[ vtz = [ dlrs)sts),

provided the integrals exist.
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The following statement provides a useful tool in the theory of Kurzweil integral. For
a proof, see [13, Lemma 1.7] when X is an infinite dimensional space or [49, Lemma 1.13]

whenever X is a finite dimensional space.

Lemma B.0.13 (Saks-Henstock Lemma). Let U : [a,b] X [a,b] — X be Kurzweil integrable over
[a,D]. Given € > 0, let the gauge & on [a,b] be such that

k
¥ 1030~ U )] - [ puin

for every 8-fine d = (&;, [si—1,5i]) € TDy,y of [a,b]. If d' = (n;, [ti—1,4]) € TPDy,y is 5-fine,
that is,
M€ [tion,tl] CMi—=8(ni),mi+8(mi)], i=1,2,....|d'|.

Then,
k t

Z nlatl nhtl 1)] DU(T,I)

i=1 li—1

<E&

As a consequence of the Saks-Henstock Lemma, we have the next result. A proof of it
can be found in [13, Corollary 2.8].

Corollary B.0.14. Let U : [a,D] x [a,b] — X be Kurzweil integrable over |a,b]. Given € > 0,

there exists a gauge & on [a, b] such that if [y,v] is a closed subinterval of [a,b], then

(i) (v—1y) < 6(y) implies

U(y,v) /DUrt

(i) (v—7v) < d(v) implies

Uv,v) = U(v,7) —/y DU(t,1)

The result below concerns the Cauchy extension for the Kurzweil integral and it is also
known as Hake-type theorem for this integral. Its proof follows the same ideas of the proofs

of [49, Theorems 1.14 and 1.16] with easy changes for Banach space-valued functions.

Theorem B.0.15. Let U : [a,b] X [a,b] — X be Kurzweil integrable over [a,b] and ¢ € [a,b].
Then,

S§—C™

N
lim[/DU(T,t)— cs+Ucc} /DU‘L’t

lim [/ DU (t,t)+U(c,s) — } /DU‘L’Z

s—ct
and S
lim[/DU(T,t)— cs+Ucc} /DU”L'I
a

S§—C

Remark B.0.16. Theorem B.0.15 shows that the indefinite Kurzweil integral of U, defined by

(a,b] 5 s /SDU(r,t),
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may not be continuous and it is continuous at a point ¢ € [a,b] if and only if the function

U(c,-) : [a,b] — X is continuous at c.

The next result is a particular case of Theorem B.0.15 and it is known as Hake-type

theorem for the Perron-Stieltjes integral.

Theorem B.0.17. Consider functions f : [a,b] — X and g € G([a,b],R) such that the Perron-
Stieltjes integral [ f f(s)dg(s) exists. Then, the functions

w) = [ 16)ags), relap] and k)= [ F5)dsls) 1elad]
are regulated on [a, b] and satisfy
h(t™) = h(t)+ f(1)ATg(t), k(") =k(r)—f(1)ATg(t), 1€ la,b),

h(t7) = h(t) = f(1)A"g(t), k(17) = k(1) + f(1)A"g(t), 1€ (a,b],

where ATg(t) = g(1™) —g(t) and A”g(r) = g(r) — g(17).
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APPENDIX

GENERALIZED ODES

This chapter is devoted to the fundamental properties and results of generalized ordinary
differential equations for functions taking values in Banach spaces. We use the short form

“generalized ODEs” to refer to these equations.

Let X be a Banach space, &' C X be an open set, I C R be an interval, Q = &' x [ and
F : Q — X be a function.

Definition C.0.1. We say that x : I — X is a solution of the generalized ODE
dx

— = DF(x,t C.1
P (1) (C.D
on the interval I, whenever (x(t),7) € Q and
52
x(s2) —x(s1) = / DF (x(7),s), foralls,s; €l, (C.2)
51

where the integral on the right-hand side of (C.2) has to be understood as the Kuzweil integral
(see Definition B.0.11).

We sometimes refer the generalized generalized ODE (C.1) as homogeneous nonlinear
generalized ODE. Moreover, we point out that any generalized ODE is a type of integral equation
and the notation in equation (C.1) does not mean that x is differentiable with respect to 7.
For example, if r: [0,1] — R is a continuous function which is nowhere differentiable and
F(x,t) = r(t), then )

/s "DF(x(t),s) = r(s2) — r(s1)
1
and the function x : [a,1] — R, given by x(s) = r(s) for all s € [0,1], is a solution of the

generalized ODE

dx dx
— =DF =—=D
yE (x,1) e r(t)

and it does not have a derivative at any point in [0, 1]. See [49, Remark 3.2].
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In the sequel, we describe a class of functions F : Q — X for which it is possible to get
useful informations about the Kurzweil integral of F and the solutions of the generalized ODE
(C.1).

Definition C.0.2. Let 2 : I — R be a nondecreasing function and o : [0,+c) — [0, 4o0) be
a continuous and increasing function such that @(0) = 0. We say that a function F : Q — X
belongs to the class .7 (Q,h, @) if, for all (x,s72), (x,51), (y,51), (,52) € Q, we have

|F(x,52) — F(x,s1)|| <|h(s2) —h(s1)], and (C.3)

[F(x,82) = F(x,51) = F(y,82) + F (y,51)[| < o([lx=yl])[A(s2) = h(s1)]. (C4)

When o : [0, +0) — [0, +c0) is the identity function, we write .7 (Q,h) instead of .# (Q,h, ).

Next, we present sufficient conditions for the existence of the Kurzweil integral of F
belonging to the class .7 (Q,h).

Theorem C.0.3 ( [13, Theorem 4.7]). Let F € . % (Q,h) and [a,b] C 1. If y: [a,b] — X is uniform
limit of a sequence {y,nen C E([a,b],X) such that (y(¢),7) € Q and (y,(¢),7) € Q for all
t € [a,b] and all n € N, then the Kurzweil integrals fab DF(y(1),s) and fab DF (y,(7),s),n € N,

exist and . .
/ DF(y(),s) = lim | DF(yn(7),s).
a

n—eo Jg4
Combining Theorems A.0.9 and C.0.3, the following result can be immediately obtained.

Corollary C.04. Let [a,b] C I and F € . (Q,h). If y: [a,b] — X is a regulated function
(in particular, y € BV ([a,b],X)) and (y(t),t) € Q for all ¢ € [a,b], then the Kurzweil integral
[P DF(y(t),s) exists.

The next two results give important estimates for the integral in (C.2).

Lemma C.0.5 ([13, Lemma 4.5]). Assume that F' : Q — X satisfies condition (C.3) and let
la,b] C1.1fy: [a,b] — X is such that y(r) € & for all t € [a,b] and if the integral ffDF(y(’c),s)

exists, then

| PO

51

< |h(s2) —h(s1)],
for all 51,5 € [a,b]. Moreover, the function
t
tr+ [ DF((2).9)

is continuous at every point that the function % is continuous, is of bounded variation on [a, b],

and, hence, also regulated.
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Lemma C.0.6 ([13, Lemma 4.6]). Let [a,b] C I and F : Q — X be such that F € .7 (Q,h, ®)
with Q = 0 x 1. If y,z € G([a, D], 0), then

[ PIFO@),9) - F (2

b
\ < [ olyts) ~<(s) (), )

where the integral on the right-hand side of (C.5) has to be understood as the Perron-Stieltjes
integral. See Definition B.0.4.

As a consequence of Corollary C.0.4 and Lemma C.0.5, we have the following result.

Lemma C.0.7. Let [a,b] C 1,y € G ([a,b],X) and F : Q — X be such that F € .7 (Q,h), with
Q=0 xI1.1f h: I — R s left-continuous on (a, b|, then the function f : [a,b] — X given by

70 =30+ [ DFO(@).0), 1€ lad

belongs to G~ ([a,b],X).

Proof. At first, notice that f is well-defined, since G~ ([a,b],X) C G([a,b],X) and the existence
of the Kurzweil intregral ! DF (y(t),s) is ensured by Corollary C.0.4. Once y € G([a,b],X), by
Proposition A.0.13, there exists M > 0 such that

sup ly(1)[| < M.
t€la,b]

From this fact and Lemma C.0.5, for all t;,#, € [a,b], we have

1f (22) = f (@) [y(t2) = y(e0) [+ [A(r2) = h(e0)| < lly(e2) [+ [y ()] 4 |A(e2) = A1)

<
< 2M + |h(t2) — h(r)].
Thus, f € BV ([a,b],X) C G([a,b],X) (see Remark A.0.8).

On the other hand, let ¢ € (a,b]. Since y and & are left-continuous on (a, b|, there exists
0 > O such that, if r € (¢ — J,¢) then,
€

~ and Ih(t) —h(c)| < &

ly(t) = y(c)|| < >

Consequently,

17 () = () < lly(e) = y(e)[| + |h(t) = h(c)| <&, forallz € (c—8,c)

which implies that f is left-continuous on (a,b] and the proof is complete. 0

The next result describes how the solutions of the generalized ODE (C.1) inherit the
properties of the function F : Q — X. In particular, if F' is continuous with respect to the second
variable, then any solution of the generalized ODE (C.1) is a continuous function. For a proof,
see [13, Theorem 4.4] when X is an arbitrary Banach space or [49, Proposition 3.6] whenever
X =R".
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Theorem C.0.8. Let F € .7 (Q,h), [a,b] C I and x : [a,b] — X be a solution of the generalized
ODE (C.1). Then, for every o € [a,b],
lim [x(s) — F(x(0),s5) + F (x(0),0)] = x(0).
A
The result below exhibits an important property of the solutions of the generalized ODE
(C.1), when the function F : Q — X satisfies (C.3) (in particular, if F € .7 (Q, h)). Its proof can

be found in [13, Lemma 4.9] when X is an arbitrary Banach space or [49, Lemma 3.10] whenever
X =R"

Lemma C.0.9. Let F € .7 (Q,h), [a,b] C I and x : [a,b] — X be a solution of the generalized
ODE (C.1). Then,

[[x(s2) = x(s1)|| < |A(s2) — h(s1)]

for every 51,52 € |a,b]. Moreover, x is of bounded variation on [a,b] and it is continuous at every

point that 4 is continuous.

In what follows, we present another useful property of the solutions of the generalized
ODE (C.1).

Remark C.0.10. If x : [a,b] — X is a solution of the generalized ODE (C.1), then,

o

xsT) = lim [ DF(x(t),t) = lim (x(c)— /aGDF(x(’L'),t))

o—stJa o—st

~ lim (x(a)+ / ° DF (x().1) — / GDF(x(*L'),t))

o—st

— x(a) =x(s) — / "DF (x(1),1).

We target at addressing the existence and uniqueness of solutions of the generalized ODE

(C.1). Toward this end, we consider
Qp ={(n1) €Q:y+F(yt") = F(yt) € 0}, (C.6)

where F(y,t1) =limg_,+ F(y,s).

The following result gives sufficient conditions for the existence and uniqueness of
a local solution for an initial value problem of the generalized ODE (C.1). For a proof of it,
see [13, Theorem 5.1]. The reader may also consult [49, Theorem 4.2] for the finite dimensional

case.

Theorem C.0.11 (Local existence and uniqueness). Let [a,b] C I and F € .%(Q,h), where
h: I — R is a nondecreasing and left-continuous function. If (xg,s0) € QF, then there exists
A > 0 and a function x : [sg,s0 +A] — X which is the unique solution of the generalized ODE
(C.1) with x(s9) = xo.
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Our next goal is to present results which guarantee that the unique solution of the
generalized ODE (C.1), whose existence is ensured by Theorem C.0.11, can be extended to
intervals containing [so, o + A] up a maximal interval of existence. In order to do this, we

consider I = [ty,+e0) C R and, for all (xg,s0) € Q, we denote by S, ,, the set of all solutions,

0,X0
x: I, — X, of the generalized ODE (C.1) with x(sg) = xo, where I, C I is an interval with left
endpoint sy, that is, I, = [so, @), I, = [so, @] or I, = [sg,+o0) for some @ € [sg,+o0). At first, we
recall the definition, introduced in [21] , of a prolongation of solutions of the generalized ODE

(C.1).

Definition C.0.12 (Prolongation of solutions). Let (xp,s0) € Q and x : I, — X be such that
X € Sgy,x- A solution of the generalized ODE (C.1), y : I, — X, is called a prolongation to the
right of x, if y € Sy v, It C I, and x(t) = y(t) for all t € I,. Whenever I G I, y is said to be a
proper prolongation of x to the right.

Remark C.0.13. Given x,y € Sy, x,, we say that x is smaller or equal to y (x < y) if and only
if I, C I, and y(¢) = x(¢) for all ¢ € I,. Moreover, < defines a partial order relation in Sy, y,.
See [21, Proposition 3.4].

Based on Definition C.0.12, the next result ensures the prolongation of a solution of the
generalized ODE (C.1). For a proof, see [21, Theorem 3.1].

Theorem C.0.14. Let F € . (Q,h), where h: I — R is a nondecreasing and left-continuous
function. Assume that x : [a,b) — X and y : I, — X are solutions of the generalized ODE (C.1)
on [a,b) and I, respectively, where [a,b) C I and I, € {[b, ], [b,®),[b,+o0);® € (b,+o0)}. If
the limit lim, ;- x(¢) exists and lim, ;- x(t) = y(b), then the function z : [a,b) UL, — X defined
by

y(t), iftel,

x(t), ift e la,b),
) = { (1), i€ ab)
is a solution of the generalized ODE (C.1) on [a,b) U],.

The next definition was borrowed from [21].

Definition C.0.15 (Maximal solution). Let (xop,s9) € Q. We say that x is a maximal forward
solution or simply maximal solution of the generalized ODE (C.1), with x(so) = xo, if x € S, x,

and there is no proper prolongation of x to the right.

Remark C.0.16. When x : [, — X is a maximal solution of the generalized ODE (C.1) and

supl, = +oo, x is also known as a global forward solution on I,.

The result below brings up sufficient conditions for the existence and uniqueness of a
maximal solution of the generalized ODE (C.1). A version of such a result when Q = B, x (a,b),
with B, = {x € R" : ||x|| < ¢} and (a,b) C R, can be found in [49, Proposition 4.3]. For the



186 APPENDIX C. Generalized ODEs

infinite dimensional case, the reader may consult [13, Theorems 5.11 and 5.12] or [21, Theorems
3.9 and 3.10].

Theorem C.0.17. Let F € . (Q,h), where h : [ — R is a nondecreasing and left-continuous
function. For every (xo,s0) € QF, there exists a unique maximal solution x : [sg, @©(sg,Xp)) — X
of the generalized ODE (C.1) with x(s9) = xp and ®(sg,xp) < +eo.

Assuming the existence of a global forward solution of the generalized ODE (C.1), we
obtain informations about the range of this solution. See [13, Theorem 5.13] or [21, Theorem
3.11].

Theorem C.0.18. Let F € . (Q,h), where h: I — R is a nondecreasing and left-continuous
function. Suppose that (xg,s9) € QF and x : [sg,+o0) — X is the global forward solution of
the generalized ODE (C.1) with x(so) = xo. Then, for every compact set K C Q, there exists
tx € [s0, ®) for which (x(z),7) ¢ K for all t € (t,®), where @ < +oo.

In view of the previous theorem, the next result ensures that if the maximal solution of
the generalized ODE (C.1) is taking values in a compact subset of ¢, then it is defined on an
unbounded interval, that is, the maximal solution is a global forward solution. Its proof follows
from Theorems C.0.17 and C.0.18 and can be found in [13, Corollary 5.14] or [21, Corollary
3.12].

Corollary C.0.19. Let F € .#(Q,h), where Q = 0 x 1 and h : [ — R is a nondecreasing and
left-continuous function. Suppose that (xq,s9) € Qr and x : [sg, @(s0,X0)) — X is the maximal
solution of the generalized ODE (C.1) with x(sg) = x¢. If x(¢) belongs to a compact N C & for
all 7 € [sg, 0(s0,x0)), then ®(sg,xp) = +oo.

The next two results show that, when we consider a special €, we obtain the existence of
a global forward solution of the generalized ODE (C.1).

Corollary C.0.20 ( [13, Corollary 5.14] or [21, Corollary 3.14 ]). f Q=X x I and F € % (Q,h),
where h : I — R is a nondecreasing and left-continuous function, then for every (xo,s0) € Q,

there exists a unique global forward solution x : [sg, +0) — X of the generalized ODE (C.1) with

x(s0) = xo.

Corollary C.0.21. Let Q =N xIand F € .F (Q,h), where N C X is acompact setand 7 : I — R
is a nondecreasing and left-continuous function. Then, for every (xg,so) € L, there exists a unique

global forward solution x : [sg, +o0) — X of the generalized ODE (C.1) with x(sg) = xo.

Proof. For every (xo,x9) € Qr, Theorem C.0.17 guarantees the existence of a maximal solution
x : [to, ®(s0,x0)) — X of the generalized ODE (C.1) with x(so) = xo, and, by the definition
of a solution, (x(),7) € Q for every ¢t € I. Then, by Corollary C.0.19, ®(sg,x9) = 4o and,
consequently, x is a global forward solution. ]



187

The topic of the next results is the continuous dependence, with respect to initial condi-

tions, of solutions of the generalized ODE:s.

Theorem C.0.22 ( [13, Theorem 7.2] or [49, Theorem 8.1]). Let & : [sg, +o0) — R be a nonde-
creasing and left-continuous function and Q = & X [sg, +o0). Assume that F; : Q — X belongs
to the class . (Q,h) fork=0,1,... and

lim Fk(x7t) = F0<x7t)7

k—>—+oo

for all (x,) € Q. Moreover, for each k = 0,1,2,..., assume that the integral ftg DFj(x(7),s)

exists, where x. : [sg, +o0) — X are functions such that limy_, ;. x(s) = xo(s). Then,

lim DFk xk / DFO xO
k—r+oo

Proposition C.0.23. Let Q = & X [sg,+0) and & : [sg,+o0) — R be a nondecreasing and left-
continuous function. Assume that F; : Q — X belongs to the class .# (Q,h) fork =0,1,... and

lim Fi(x,t) = Fy(x,1), (C.7)
k——+o0

for each (x,7) € Q. Let x; : [sg, +o0) — X be the unique global forward solution of the generalized
ODE

dx
Pl DF(x,t), k=1,2,..., (C.8)
xk(so) = V.

Assume that {vy } rery converges to a point vy € X. Then, there is a unique global forward solution
X0 : [$0,+o0) — X of the generalized ODE

9 DR
dr  oWhh (C.9)
xo(s0) = o

such that limy_, . x;(s) = xo(s) for all s € [sg,+0).

Proof. We starting by the existence and uniqueness of a maximal solution of the generalized
ODE (C.9). By Theorem C.0.17, it is enough to prove that (sg,vo) € QF, that is,

%) —l—F()(V(),Sg) —F()(V(),S()) €0.

Since F, € F (Q,h) for all k € N, by (C.4), we have
1Fk(ves 55 ) — Fi(vi,50) + Fi(vo,50) — Fi(vo, 5911 < [[vi = volllA(sq ) — (s0)]-
which implies

Jm (Fi(vk,sg) — Fi(vi,80) + Fi(vo, s0) — Fi(vo,s§)) = 0. (C.10)
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Combing (C.10) with (C.7) and the fact that {v; }xcry converges to vy we obtain

vo+ Fo(vo,sg) —Fo(vo,s0) = kgrfw (vi + Fr(vo, s

= lim F,
Jm (vic + Fi(vi, s

— Fi (v, s§) + Fr(vie, 0
(C.10)

)
)
) ) — Fx(vo,50)) (C.11)
Jim (vt Fe(vissg) = Fe(vio o))
= Jim x(sg),

where the last equality follows from Theorem C.0.8, since x; is a solution of a generalized ODE
for all k € N.

Let zo = hmk_>+ooxk(s0 ), then given € > 0, there exists ky € N such that
|20 —xk(sg)|| < &, forall k> ko. (C.12)

Take k > ko be fixed. By the definition of the right-hand limit of xz, there exists Jp > 0 such that
ift € (so,50+ &), then

ez () —xz(sg) || < e. (C.13)
Let 1o € (50,50 + 0p) be fixed. By the definition of the solution of a generalized ODE, x;(ty) € €

and, since & is an open set, there exists 6 > 0 such that if z € X satisfies
|z = xz(20)[| < 6,
then z € 0. By equations (C.12) and (C.13),

120 —x¢(to) | < llz0 —xz(s0) | + [l (sg ) — xe(t0) || < €
Since € was taken arbitrarily, we conclude that zg € & and, by (C.11), (vg,s0) € Q.

Then, by Theorem C.0.17, there exists a unique maximal solution, xq : [so, @(so,vo)) — X,
of the generalized ODE (C.9) with x((sg) = vo. It remains to show that xo(¢) = limg_, 4o Xt ()
for all 7 € [sg, ®(s0,v0)) and @(sg,vy) = -oo.

Let y : [so,+o0) — X be defined by y(¢) = limy_, 1 x; (), for all ¢ € [sg,+o0). Since
xx € G([a,b],0) for all [a,b] C [sg,+) and all k € N (see Lemma C.0.9), Theorem A.0.11
guarantees that y € G([a,b],0) for all [a,b] C [sp,+o0). Moreover, by Corollary C.0.4, the
Kurzweil integral fsto DFy(y(t),s) exists for all 7 € [sg,+o0) and, by Theorem C.0.22 and by the
definition of the solution of a generalized ODE, we have

y(6) = lim x ()= lim <vk+ /S:DFk(xk(r),s)>

k—>+o0 k— o0
t

S / DFy(y(7),5).

S0
Thus, y is a solution of the generalized ODE (C.9) on [sg, +e°) with y(sg9) = vo. By the uniqueness
of solution, xo(¢) = y(r) for all 7 € [fo, ®(s0,vo)) and @ (s, vy) = +oo. O
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APPENDIX

THE TIME SCALES CALCULUS

In this Chapter, we present basic concepts and fundamental results of the theory of time

scales. For more details, the reader may consult [10, 11].

A time scale is a closed nonempty subset T of the real line. For all ¢ € T, the forward

Jjump operator ¢ : T — T is defined by

o(t) =inf{s € T;s > t}, (D.1)
the backward jump operator p : T — T by

p(t) =sup{s e T;s <t}, (D.2)
and the graininess function i : T — [0,+o0) by

u()=o(t)—t. (D.3)

In the sequel, we recall some standard definitions for the points in a given time scale.

Definition D.0.1. Let T be a time scale. Any point ¢ € T is called:

(i) right-dense,ift <supT and o(t) =1;
(i) right-scattered, if 6(t) > t;
(iii) left-dense, if t > infT and p(t) =1,

(iv) left-scattered, if p(t) < t.

In the next definition, we present some concepts of a function defined on a time scale T

and taking values in a Banach space X.

Definition D.0.2. Let T be a time scale. A function f: T — X is said to be:
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(i) regulated, provided its right-sided limit exists at all right-dense points in T, and its left-

sided limit exists at all left-dense points in T;

(i1) rd-continuous, if it is regulated and continuous at right-dense points.

In what follows, we define an special set of regulated functions.

Definition D.0.3. Let T be a time scale and Ty = [fg, +o0) N'T, for some #y € T. A function
f: Ty — X belongs to Go(T,X) if f is regulated and

£ llmy = supser, e 0| £(s)]] < eo.

In order to present the definition of derivatives in the framework of time scales, we define
the set T* by

ot — ) T\(p(supT)),supT], if supT <o,
T if supT = oo,

Y

Definition D.0.4. Let T be a time scale, f : T — X be a function and t € TX. We say that f2(¢)
(provided it exists) is the delta derivative of f at t, if for every € > 0, there exists 0 = d(€) >0
such that

H (o) — F(5)] = f2(0)[o () — 5] H <elo(r)—s|, forallse (r—8,1+8)NT.

Moreover, we say that f is delta differentiable on T, if f2(t) exists for all t € T*. In this case,
the function 2 : T — X is called the delta derivative of f on T*.

The following result provides an useful property of delta derivatives. Its proof is a simple

adaptation of [10, Theorem 1.20] to Banach space-valued functions. Therefore, we omit it here.

Theorem D.0.5. Let T be a time scale and assume that f, g : T — X are delta differentiable at
t € TX. The following assertions hold.

(i) The sum f+g: T — X is delta differentiable at # with (f +g)2(¢) = f2(¢) +g%(¢).
(ii) For any constant ¢ € T, c¢f : T — X is delta differentiable at # with (cf)*(t) = cf2(t).
(iii) The product fg: T — X is delta differentiable at t with (fg)2(t) = f2(t)g(t) + f (o (1)) g™ (¢).

(iv) If f is a constant function, that is, f(z) = ¢ for all 7 € T and for some constant ¢ € X, then

) =o.

In the next lines, we recall the definition of a special division of [a,b]T. See [46].
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Definition D.0.6. Let T be a time scale. A division of [a,b]r is a finite sequence of points
dr = {50,51,--,Sja|} C [a,b]T, where a =59 < s1 < ... <s)q = b. We say that dr is a tagged

division of |a,b]T, whenever

with s; > s;_1, 5; € T and 7; € [s;_1,s;]T, for 1 <i < |d|. We denote such tagged division by

dr = (7, [si—1,si]T), where 7; is the associated tag point in [s;_1,s;|T.

We say that 0 = (6, Or) is a A-gauge of [a,b]T, provided 6.(¢) > 0 on (a, b, 6g(t) >0
on [a,b)T, 6(a) >0, 6g(b) > 0 and Sg(r) > u(z) forallr € [a,D)T.

If 0 is a A-gauge on [a,b|T, then a tagged division dp = (7;, [s;—1, si]T) is called O-fine,
whenever

T —0L(T) <si1 <85 <1+ 0(7), 1<i<|d].

Notice that, similarly as in real line case, that is, when T = R, we can ensure the
existence of at least one O-fine tagged divisions dr of [a,b]|r. As a matter of fact, this result is a
generalization of the Cousin Lemma (see Lemma B.0.2) for a A-gauge of a time scale interval

and it can be found in [46, Lemma 1.9].

In what follows, we present a definition of A-integral of a function f : [a,b]T — X by

means of J-fine tagged divisions. We refer to this integral as Perron A-integral. See also [46].

Definition D.0.7. Let T be a time scale. We say that f : [a,b|T — X is Perron A-integrable on
[a, D], if there is an element / € X such that given € > 0, there exists a A-gauge § on [a,b]T for

which
|d|

Y F(m)(si—sio1)—1

i=1

<&,

for all d-fine tagged division dt = (7, [si—1, si]T) of [a,b]T. In this case, we write ] = fab f(t)Ar
which is called the Perron A-integral of f. Moreover, a function f : T — X is said to be locally
Perron A-integrable, if the Perron A-integral | f f(t)At exists for all [a,b]y C T.

The following example was borrowed from [10, Theorem 1.79], with obvious adaptation

to Banach space-valued functions.

Example D.0.8. Let a,b € T and f : T — X be such that the Perron A-integral | f f(t)Ar exists.

(1) If T =R, then
b b
| rwoar= [

where the integral on the right-hand side is the usual Perron integral.
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(ii) f T = hZ = {hk : k € Z}, where h > 0, then

( ,Q—l
Y. f(kh)h, ifa<b,
b k=5
/ fH)Ar=<¢ 0, ifa=b,
a hfl
h
— Y f(kh)h, ifa>b.
{ k=i

As in [25], in order to present a relation between Perron-Stieltjes integrals and Perron

A-integrals, we define an extension of a given time scale T by
T — (—oo,supT], ifsupT < oo,
" | (—oo,+0), otherwise.

Moreover, given a function f : T — X, an extension f* : T* — X is defined by
()= f(t"), forallte T,

where 7 is a real number such that < supT and * = inf{s € T;s > t}. Since T is a closed set, it

is clear that #* € T and, therefore, f* is well-defined.

In what follows, we present a result which shows how f* inherits some properties of f.
Its proof, when X = R”, can be found in [52, Lemma 4] and, for arbitrary Banach space-valued

functions, see [13, Lemma 3.20].

Lemma D.0.9. Let T be a time scale, f : T — X be a function and f* : T* — X be the extension

of f. Then, the following statements are true.

(1) If fis a regulated function on T, then f* is also regulated on T*.
(i1) If f is left-continuous on T, then f* is left-continuous on T*.

(iii) If f is right-continuous on T, then f* is right-continuous at right-dense points of T.

The next result shows that the existence of Perron A-integrals and Perron-Stieltjes
integrals are related. For a proof of this fact, see [13, Theorem 3.24] and, for the case when
X =R", see [25, Theorem 4.2].

Theorem D.0.10. Let T be a time scale and f : [a,b]T — X be a function. Define g(¢) =¢* for all
t € [a,b]. Then, the Perron A-integral [ ab f(t)Ar exists if and only if the Perron-Stieltjes integral
/. ab f*(t)dg(t) exists. In this case, both integrals have the same value.

Remark D.0.11. By Theorem D.0.10 and the fact that the Perron-Stieltjes integral is linear and
additive with respect to adjacent intervals, we conclude that the Perron A-integral is also linear
and additive with respect to adjacent intervals. Moreover, if f : T — X is a Perron A-integrable
function on a time scale T, then fabf(s)As = — [; f(s)As, whenever a,b € T and a < b.
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The next statement will be crucial to our proposes. Its proof can be found in [25, Theorem

4.1], for the case where X = R”, and in [13, Theorem 3.15] for Banach space-valued functions.

Theorem D.0.12. Let T be a time scale and f : T — X be a function such that the Perron
A-integral | ab f(t)Ar exists for all a,b € T, a < b. Choose an arbitrary a € T and define

R0 = [ 76586). 1€,

R0 = [ 1 ()dg(s), €T

where g(s) = s* for every s € T*. Then, F> = F}".

We end this section by presenting a result which gives a sufficient condition for the

existence of a Perron A-integral.

Proposition D.0.13. Let T be a time scale and f : T — X be a regulated function. Then, the
Perron A-integral | f f(s)As exists for all a,b € T, and

\ [ s

where g(s) = s* for all s € T* and || f{|{4,4) = SUPse[ap)y 1/ (5)[I-

<N f Nl a,) [8(P) — g(a)] (D.4)

Proof. Let f: T — X be a regulated function and define g(s) = s* for all s € T*. Then, it is
clear that g is nondecreasing and, by Lemma D.0.9, f: T* — X is also regulated. Moreover,
by Proposition B.0.8, the Perron-Stieltjes integral | f f*(s)dg(s) exists for all a,b € T and, by
Theorem D.0.10, the Perron A-integral |, f f(s)As exists for all a,b € T.

Let us prove (D.4). Since fff(s)As = — [, f(s)As, for all a,b € T (see Remark D.0.11),
we may assume, without loss of generality, that a < b. Let € be given. Once the Perron A-integral
/! ab f(s)As exists, there is a A-gauge 8 on [a,b|T such that

|d|

b
WCICERIEY FONY

i=1

<&,

provided dt = (7;,[s;—1,s:]T) is a 8-fine tagged division of [a,b]. Then,

b b ld| |d|
‘ / Fo)As|| < i / F)As— Y () (si—si)|| + | T £(m) (s —si1)
a a = —
q = (D.5)
< e+ || F(m)(si—sio1)|-
i=1
Furthermore, since f* is regulated, by Proposition A.0.13, we have
f(s) < sup [|f(s)]| < sup || f*(s)|| <o, forallsé€ [a,b]r. (D.6)

s€la,b]r s€la,b]
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Equation (D.6) together with the fact that g|r is the identity function yield

|d|
< ;Hf(r,-)(s,-—si_OH

d|

Zf Tl Si — S8i— 1

< sup [[f(9)ll X [(si —si-1)
selabr Z . (D.7)
\d\
N
= sup || f(s Hzg si) —&(si-1)
s€la,b]r

= [ llap, &) —g(a)]
Finally, by (D.5) and (D.7), we obtain

<&+ || fllap1[g(b) — g(a)]

and the statement is proved once € can be made arbitrarily small. [
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