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RESUMO

AGUILAR ALVAREZ, D. A. Cohomologia de feixes quasi-coherentes sobre esquemas pro-
jetivos. 2021. 70 p. Dissertação (Mestrado em Ciências – Matemática) – Instituto de Ci-
ências Matemáticas e de Computação, Universidade de São Paulo, São Carlos – SP, 2021.

O objetivo deste trabalho é apresentar ao leitor o estudo de algumas ferramentas matemáticas
utilizadas nos problemas atuais da geometria algébrica, pressupondo apenas alguns conheci-
mentos em álgebra e topologia. Expõe conceitos e resultados básicos na teoria de feixes e
esquemas, que logo são usados para entender a correspondência que existe entre a cohomologia
local e a cohomologia de feixes, no caso de feixes quasi-coherentes sobre esquemas projetivos.
Finalmente enunciamos alguns problemas em aberto relacionados com o polinômio de Hilbert e
a regularidade de Castelonuovo-Mumford de um feixe coherente.

Palavras-chave: Cohomologia local, Cohomologia de feixes, Feixe quasi-coherente, Esquema
projetivo.





ABSTRACT

AGUILAR ALVAREZ, D. A. Cohomology of quasi-coherent sheaves over projective sche-
mes. 2021. 70 p. Dissertação (Mestrado em Ciências – Matemática) – Instituto de Ci-
ências Matemáticas e de Computação, Universidade de São Paulo, São Carlos – SP, 2021.

The objective of this work is to present the reader with the study of some mathematical tools
used in current problems of algebraic geometry, assuming only some knowledge in algebra and
topology. We treat basic concepts and results in the theory of sheaves and schemes that we
later use to understand the correspondence between local cohomology and sheaf cohomology of
quasi-coherent sheaves over projective schemes. Then, with this background we are able to state
some open problems that are related to the Hilbert polynomial and to the Castelonuovo-Mumford
regularity of a coherent sheaf.

Keywords: Local cohomology, Sheaf cohomology, Quasi-coherent sheaf, Projective scheme.
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CHAPTER

1
INTRODUCTION

Modern algebraic geometry is a broad area of study in mathematics closely related to
other areas such as commutative algebra, topology, sheaf theory, complex analisis and number
theory. The approach to the subject developed in the twentieth century by mathematicians like
Alexander Grothendieck and Jean P. Serre, redefine basic geometric objects and generalize them
to the language of sheaves and schemes, which has shown to be very useful in proving classical
results like the Bezout’s theorem and new results such as those concerning invariants like the
Hilbert polynomial or the Castelnuovo-Mumford regularity. The purpose of this thesis is to
understand some mathematical tools that are used in the current study of algebraic geometry,
such as local cohomology and sheaf cohomology.

Chapter 2 is an introduction to the concept of sheaves. We define sheaves on a arbitrary
topological space, but our examples are mainly oriented to the study of the Zariski topology on
the set of prime ideals of a ring, which is our main object of study. We highlight the difference
between presheaves and sheaves using the concept of stalk, the so called "sheafification" of a
presheaf allows us to study the topological space "locally", that is, at the level of stalks, where
many properties of sheaves can be more easily proven.

In chapter 3 we focus our attention to schemes. A scheme is an example of a locally
ringed space, that is, a topological space together with a sheaf of rings such that the stalks are
local rings. In addition, a scheme looks locally like the spectrum of some ring A, by spectrum we
mean the set of prime ideals of A, which we denote by Spec A. The simplest example of scheme
is what we call an affine scheme. Its underlying topological space corresponds to the spectrum
of some ring endowed with the Zariski topology (ATIYAH; MACDONALD, 1969, I), and the
sheaf of rings corresponds to the set of regular functions defined in every open set. This mimics
the construction of the set of regular functions in classic algebraic geometry (HARTSHORNE,
1977, I.3). As a consequence of proposition 3.14 we have an equivalence between the category of
affine schemes and the category of rings, similar to the correspondence between affine algebraic
varieties and finitely generated k-algebras which is a domain and k is an algebraically closed
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field.

Another important example of scheme is that of a projective scheme, which we construct
with a graded ring R and underlying topological space Proj R⊆ Spec R. Here, the construction
of the sheaf structure mimics the definition of the set of regular functions for quasi-projective
varieties (HARTSHORNE, 1977, I). Our first examples of schemes are those who come from
open and closed sets of the original topological space. We introduce the concept of open and
closed subscheme and give a caracterization of the notion of noetherian scheme.

In chapter 4 we extend our examples of sheaves defining sheaves of modules over an
arbitrary ringed space. In the case of an affine scheme Spec A, given an arbitrary A-module
M we define the sheaf associated to M, denoted by M̃, this is an example of a quasi-coherent
sheaf. Corollary 4.7 establishes an equivalence between the category of quasi-coherent sheaves
on Spec A and the category of A modules. Similarly to the affine case, given a graded ring R

and a graded R-module M we define a quasi-coherent sheaf of modules M̃ and we use it to
define the twisted sheaf of any sheaf of modules. This sheaf will be crucial in the study of
cohomology of quasi-coherent sheaves. In the case where R is a finitely generated algebra we
will have a correspondence between quasi-coherent sheaves and graded modules (see proposition
4.18). Finally we show that any quasi-coherent sheaf of ideals on a scheme X define a uniquely
determined closed subscheme of X , and that every closed subscheme defines a quasi-coherent
sheaf of ideals on X .

In chapter 5 we define the concept of injective sheaf over an arbitrary ringed space X

and construct an injective resolution for any sheaf of modules over X . We use this injective
resolution to construct the sheaf cohomology groups for any sheaf of modules. In the case where
X = Spec A and A is a noetherian ring and the sheaf is quasi-coherent, this cohomology groups
will vanish (theorem 5.12).

Given an arbitrary ring A and an A-module M, for any ideal a⊆ A we define the a-torsion
functor Γa(−) from the category of A-modules to itself, and we apply it to an injective resolution
of M to construct the local cohomology groups of M.

Given a projective scheme X = Proj R, where R is a finitely generated positively graded
ring, and a quasi-coherent sheaf associated to a graded module M, we use Čech cohomology to
prove the Serre-Grothendieck correspondence between the sheaf cohomology groups of M̃ and
the local cohomology groups of M (see theorem 5.22). As a consequence of this correspondence
we obtain the Serre finitness theorem, which is a powerful result giving conditions to when the
cohomology groups of a coherent sheaf vanish and when they are finitely generated.

The last part of the chapter is devoted to some open problems on the subject. For this we
introduce the concepts of Hilbert polynomial of a quasi-coherent sheaf on an projective scheme
Proj R and the Castelnuovo-Mumford regularity of a sheaf. We ask what kind of sheaves have

regularity bounded by the Hilbert coeficients and what closed subschemes satisfy the Eisenbud-
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Goto conjecture. In our purpose of studying modern techniques used in current research, we
chose to focus on understanding this kind of open problems, which seem to be a very active field.

We assume the reader is familiar with basic results of commutative algebra concerning
rings, ideals and modules. Any result from commutative or homological algebra needed in the
text will be stated with a reference to guide the reader. We also use some examples of classic
algebraic geometry which foundations may be found in (HARTSHORNE, 1977, I). We try to
avoid the language of category theory but sometimes we include an explanation of what a result
says in categorical terms for the reader who is familiar. Throughout the text any ring will be
commutative with identity 1.
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CHAPTER

2
SHEAVES

In this chapter we introduce the concept of presheaves and sheaves on an arbitrary
topological space. We highlight the role of the stalk of a sheaf and prove that any presheaf can be
extended to a uniquely determined sheaf, this allows us to see every sheaf as a sheaf of functions
locally determined by its stalk, see proposition 2.18.

2.1 Presheaves and sheaves

As a motivational example let Rn be the euclidean n-space with the usual topology. For
every open set U ⊆ Rn consider the abelian group F (U) = { f : U → R | f is continuous}, note
that if U ⊆V then there is a natural group morphism ρVU : F (V )→F (U) sending an element
f to its restriction f |U . Now, if we have two such functions functions f ,g ∈F (U) and an open
cover {Ui}i∈I of U , that is Ui ⊆ Rn are open and U =

⋃
i∈I Ui, such that f |Ui ≡ g|Ui for every i

then we must have f ≡ g to start with, that is we can identify a continuous function by looking
at it in smaller open sets that form a covering. Similarly assume that for every Ui in this open
cover there is a function fi ∈F (Ui) such that for any i, j we have fi|Ui∩U j ≡ f j|Ui∩U j . Then we
can extend these functions to the hole open set U and obtain a continuous function f ∈F (U)

such that f |Ui ≡ fi for all i. We generalize this example with the notion of presheaf and sheaf.

Definition 2.1. Let X be a topological space. A pre-sheaf F of abelian groups on X consists of
the following data: an abelian group F (U) for every open set U ⊆ X and, for every pair of open
sets U ⊆V , a homomorphism of abelian groups ρVU : F (V )→F (U) such that

(i) If W ⊆U ⊆V are three open subsets of X then ρVW = ρUW ◦ρVU .

(ii) ρUU : F (U)→F (U) is the identity map.

(iii) F ( /0) = 0.
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U V

W

F−→
F (U) F (V )

F (W )

In the language of categories the presheaf F is a contravariant functor from the category
of open sets of X to the category of abelian groups. The category of abelian groups can be
replaced by any other category. Important cases for us are the category of rings and modules
over a ring. We follow Hartshorne (1977) treating the case of abelian groups in this chapter
since there are no complications in extending to any of this categories. If F is a presheaf on
X we refer to F (U) as the sections of F over the open set U and is sometimes denoted by
Γ(U,F ), when X =U we call Γ(X ,F ) the global sections of F . We call ρVU the restriction
maps of the sheaf F , and we use the notation s|U = ρVU(s) for s ∈F (V ) and U ⊆V , it is read
"s restricted to U".

Definition 2.2. A presheaf F is called a sheaf if for every open set U ⊆X and any open covering
{U}i∈I of U , the following conditions hold:

(i) (Identity axiom) If s ∈F (U) is such that s|Ui = 0 for every i ∈ I, then s = 0.

(ii) (Gluability axiom) If si ∈F (Ui) and si|Ui∩U j = s j|Ui∩U j for all i, j ∈ I, then there exists
s ∈F (U) such that s|Ui = si.

U1 U2 U3

s1 s2 s3

s

Figure 1 – Note that the identity axiom implies uniqueness in the gluability axiom.

Observation 2.3. Let F a presheaf on X . For any open set U and any open cover {Ui}i∈I of U

consider the sequence

0→F (U)
ε−→∏

i∈I
F (Ui)

d0
−→ ∏

(i, j)∈I×I
F (Ui∩U j)

where ε and d0 are define using the restriction maps ε( f ) = ( f |Ui)i∈I and d0( fi)i∈I = ( fi|Ui∩U j−
f j|Ui∩U j). Note that this sequence is exact, that is kerε = 0 and im ε = kerd0, for every open set
U ⊂ X if and only if F is a sheaf.
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Example 2.4. Restriction of a sheaf. For any open subset U ⊂ X and any presheaf F on X

we define the restriction of F to U by F |U(W ) = F (W ) for every open set W ⊂ U . It is
immediate to check that F |U is a presheaf on U and if F is a sheaf then F |U is also a sheaf.

Example 2.5. Let X = Cn be the complex n-space with the usual euclidean geometry. For
every open set U ⊆ X let F (U) = { f : U → C | f is holomorphic and bounded}. Clearly F

is a presheaf of abelian groups but it fails to be a sheaf since, by Liouville’s theorem, the
only holomorphic bounded functions defined in X are constant, thus we fail to glue different
holomorphic functions along X . We will see a way to construct a sheaf from any given presheaf
(see proposition 2.18).

Example 2.6. Constant sheaf. Let X be a topological space, consider any abelian group A as a
topological space with the discrete topology. The constant sheaf C defined by A in any open
subset U of X , is C (U) the group of all continuous maps from U to A. Note that if U is connected
then F (U)∼= A, since for f ∈ C (U) if a ∈ f (U) then U = f−1(a)∪ f−1(A\{a}) is the union
of two disjoint open sets, this implies that f−1(A \ {a}) = /0, thus f is constant and can be
identify with a. If X = C with the usual topology, every connected component of a open set is
open1, then for every open set U =

⋃
i∈I Ui, where the Ui are its connected components, one has

C (U)∼= ∏i∈I A.

Let k be an algebraically closed field. The affine n-space over k, denoted by An
k , is defined

to be the set of all n-tuples of elements of k. Let A = k[X1, . . . ,Xn] be the ring of polynomials
in n variables over k, elements in A may be seen as functions from An

k to k. Let T ⊆ A be a
set of polynomials, sets of the form V (T ) = {P ∈ An

k | f (P) = 0 for all f ∈ T} ⊆ An
k are called

algebraic sets, and their complements are the open sets in the so called Zariski topology on An
k

(see Hartshorne (1977, I)). An irreducible algebraic subset of An
k with the induced topology is

called an affine variety and any open subset of an affine variety is called a quasi-affine variety.

Example 2.7. Affine variety. Let X be a quasi-affine variety. Let U ⊆ X be an open set, a
function on f : U → k is called regular if for every point P ∈U exists a neighborhood W ⊆U

of P and polynomials g,h ∈ A such that h is nowhere zero on W and f |W ≡ g/h. The set of
regular functions on U denoted by OX(U) is a ring. If U ⊆V then the natural restriction map
OX(V )→ OX(U) is a homomorphism of rings. This turns OX into a sheaf of rings on X .

Consider An+1
k , the affine n+1-space over an algebraically closed field k. The projective

n-space, denoted by Pn
k is the set An+1

k \ {0}/ ∼ where the equivalence relation ∼ is defined
on An+1

k \ {0} by (x0, . . . ,xn) ∼ (y0, . . . ,yn) if and only if xi = λyi for some λ ∈ k \ {0}. Let
R = k[X0, . . . ,Xn] be the ring of polynomials in n+1 variables over k. Polynomials over R do not
define functions as in the affine case since a polynomial may attain different values at different

1 This is a consequence of the fact that C is locally connected, that is, there exists a basis for the topology
consisting of open connected sets.
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elements representing the same class. To correct this consider homogeneous polynomials2 that
are well defined in a sense: we say that a homogeneous polynomial f ∈ R is zero at P ∈ Pn

k if
f (x0, . . . ,xn) = 0 for any and then for all representatives (x0, . . . ,xn) of P. Let T ⊆ R be a set
of homogeneous polynomials, sets of the form V (T ) = {P ∈ An

k | f (P) = 0 for every f ∈ T}
are called algebraic sets and their complements form the collection of open sets for the Zariski
topology on Pn

k (see Hartshorne (1977, I)). An irreducible algebraic set with the induce topology is
called a projective variety and an open subset of a projective variety is called a quasi-projective
variety.

Example 2.8. Projective variety. Let X ⊆ Pn
k be a quasi projective variety. Let U ⊆ X be an open

set. A function f : U → k is a regular function on U if for every P ∈U exists a neighborhood
W ⊆U of P and homogeneous polynomials g,h ∈ S of the same degree such that h is nowhere
zero on W and f |W ≡ g/h 3. The set of regular functions on U , denoted by OX(U), is a ring. If
U ⊆V the natural restriction map OX(V )→ OX(U) is a homomorphism of rings. This turns OX

into a sheaf of rings on X .

Example 2.9. (Sheaf of holomorphic functions) Let Cn the topological space with the usual
metric and W ⊆ Cn an open subset. For any open subset U ⊆W define Ohol

W (U) = { f : U →
C holomorphic}. For open subsets V ⊆U , define ρUV : Ohol

W (U)→ Ohol
W (V ) as the restriction

f → f|V of a map. Then Ohol
W (U) is a sheaf of rings on W . Moreover, it is a sheaf of C-algebras.

Example 2.10. Sheaf structure of an integral domain. Let A be an integral domain. Consider the
set X = Spec A = {p ⊂ A | p is a prime ideal} with the Zariski topology as defined in Atiyah
and Macdonald (1969, I, Exercise 15). The sets D( f ) = {p ∈ Spec A | f 6∈ p} for f ∈ A form a
basis for this topology. We will define a sheaf of rings on X . Let K be the fraction field of A and
for every U ⊆ X define

OA(U) :=
⋂
p∈U

Ap ⊆ K

note that OA(U) is a ring, if U ⊆ V note that OA(V ) ⊆ OA(U), so take the inclusion map
OA(V ) ↪→ OA(U) as the restriction map. Since the restriction maps are all injective, it is easy to
check the sheaf axioms, thus OA is a sheaf on X .

Definition 2.11. A morphism θ : F −→G of sheaves on a topological space X is defined to be a
collection of homomorphisms {θU : F (U)→ G (U) |U ⊆ X open} such that θV (s)|U = θU(s|U)
for all s ∈F (V ), U ⊂V , i.e. the following diagram

2 f ∈ R is homogeneous of degree d if f (tX0, . . . , tXn) = td f (X0, . . . ,Xn) for every t ∈ k \ {0}, see
Hartshorne (1977, I).

3 Note that g and h are not well defined functions on W but since they are of the same degree, their
quotient is a well defined function.
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F (V ) G (V )

F (U) G (U)

θV

ρVU ρ ′VU

θU

commutes, where ρ and ρ ′ are the restriction maps of F and G respectively. If there is a
morphism of sheaves η : G →F such that ηU ◦θU = idF (U) and θU ◦ηU = idG (U) for all open
set U ⊂ X we say θ is an isomorphism. If F and G are just presheaves on X , we use the same
definition for morphism of presheaves.

Remark 2.12. It is straightforward to check that θ : F → G is an isomorphism of sheaves if
and only if θU : F (U)→ G (U) is an isomorphism for every open set U ⊆ X . The inverse of θ

is the collection of homomorphisms {θ−1
U }U⊆X , which are compatible with the restriction maps.

Notation 2.13. Let F be a sheaf on a topological space X , we use the notation Γ(X ,F ) to refer
to the group F (X), it is called the group of global sections of F . If θ : F → G is a morphism of
sheaves on X we denote the morphism between global sections by Γ(X ,θ) : Γ(X ,F )→ Γ(X ,G ).

2.2 Germs and stalk

Definition 2.14. Let F be a presheaf of rings on a topological space X . The stalk of F at P∈ X

is

FP := lim
P∈U−−−→

F (U)

the direct limit of the groups F (U) such that P ∈U .

In other words, let X be a topological space and F a sheaf of abelian groups on X .
For P ∈ X consider the set ΩP := {(U,s) |U ⊂ X is open and s ∈F (U)} with the equivalence
relation ∼ given by (U,s)∼ (V, t) if and only if there exists W ⊂U ∩V such that s|W = t|W . A
germ is an equivalence class [U,s] and is also denoted by sP. We call the set of germs ΩP/∼
the stalk of F at P and denote it by FP. Note that FP is an abelian group with the operation
sP + tP = [U,s]+ [V, t] = [U ∩V,s|U∩V + t|U∩V ] = (s+ t)P. For any open neighborhood U ⊆ X

of P and any s ∈F (U) consider the natural projection F (U)→FP given by s 7→ sP. This is a
group homomorphism and is such that the diagram

F (V ) F (U)

FP

ρVU

commutes for U ⊆V .
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The notion of stalks has a familiar geometric content, it is an abstraction of the notion of
rings of germs. For example,

Example 2.15. Assume X is an affine variety see example 2.7, the ideal associated to X is
I(X) = { f ∈ A | f (P) = 0 for all P ∈ X} and its coordinate ring is the quotient A(X) := A/I(X).
By Hartshorne (1977, I, Theorem 3.2) we have OX(X)∼= A(X) and OX ,P∼= A(X)mP , for all P∈ X ,
where A(X)mP is the localization at the maximal ideal mP defined by P, that is the ideal generated
by elements f ∈ A(X) such that f (P) = 0. Similarly, let X be a projective variety see example 2.8.
We define its associated homogeneous ideal by I(X) := { f ∈ S | f is homogeneous and f (P) =

0 for all P ∈ X} and its associated coordinate ring by S(X) := S/I(X). By Hartshorne (1977,
I, Theorem 3.4) we have OX(X)∼= k and OX ,P ∼= S(X)(mP) for all P ∈ X where S(X)(mP) is the
subring of S(X)mP form by elements g/h such that g and h are homogeneous polynomials of the
same degree.

Example 2.16. Let X be an open subset of Cn and Ohol
X as in example 2.9, the stalk of OX at

w ∈ X is the ring of germs of holomorphic functions at w, that is, the ring of convergent power
series in n variables. Indeed, two holomorphic functions f ,g defined in open neighborhoods U

and V of w that agree in some domain4 D⊆U ∩V have the same Taylor expansion around w, so
the stalk at w is given by

Ohol
X ,w =

{
∑

v∈Nn
av(z−w)v | has a positive radius of convergence

}
where av ∈ C, and (z−w)v = (z1−w1)

v1 · · ·(zn−wn)
vn if the open set U is connected, then by

the identity theorem5 the morphism OX(U)→ OX ,w is injective.

Note that a morphism of (pre)sheaves θ : F → G induces a morphism on the stalks
θP : FP→ GP given by θP([(U, t)]) = [(U,θU(t))], one can check this is a homomorphism of
groups and that for P ∈U , we have the commutative diagram

F (U) G (U)

FP GP

θU

θP

where the vertical arrows are the natural projection. The following proposition is an important
property of this induced map, see Hartshorne (1977, II, Proposition 1.1).

Proposition 2.17. Let θ : F → G be a morphism of sheaves on a topological sapce X. Then θ

is an isomorphism if and only if the induce map on the stalk θP : FP→ GP is an isomorphism

for every P ∈ X.
4 By domain we refer to an open and connected set.
5 The identity theorem states that if two holomorphic functions f ,g on a domain D coincide in a set

S⊆ D, where S has an accumulation point, then f = g on D.
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Proof. First suppose θ is an isomorphism, we show θP is bijective for every P ∈ X . For surjec-
tivity, let tP ∈ GP, take U an open neighborhood of P. Since θU is surjective, there is an element
s ∈ F (U) such that θU(s) = t, now, sP ∈ FP satisfies θP(sP) = tP. For injectivity, suppose
θP(sP) = 0, by shrinking if necessary, we can find a neighborhood U of P such that θU(s) = 0 in
G (U), since θU is injective, s = 0 in F (U) and then sp = 0 as required.
For the converse assume θP is an isomorphism for every P. We will show θU : F (U)→ G (U)

is an isomorphism, that is, injective and surjective, for every open set U . By doing this we’ll be
able to define inverse morphisms G (U)→F (U) for every open set U , and therefore an inverse
morphism G →F for θ . First we show θU is injective. Suppose θU(s) = 0. The commutative
diagram

F (U) G (U)

FP GP

θU

θP

together with the injectivity of θP, implies that [(U,s)] = 0 in FP. Then there exists an open
neighborhood WP ⊂U of P such that s|WP = 0 in F (WP). Since the sets WP cover U , by the first
property of sheaves, s = 0 in U .
Next we prove θU is surjective. Let t ∈G (U). Since θP is surjective for all P, [U, t] = [WP,θWP(s(P))]∈
FP for some s(P) ∈F (WP), by shrinking WP if necessarily we have t|WP = s(P). For two points
P,Q ∈U note that

θWP∩WQ(s(P)|WP∩WQ) = t|WP∩WQ = θWP∩WQ(s(Q)|WP∩WQ)

By the previous part, θWP∩WQ is injective, then s(P)|WP∩WQ = s(Q)|WP∩WQ , again the sets WP form
an open cover of U so there exists s ∈F (U) such that s|WP = s(P) for all p ∈U , furthermore

θU(s)|WP = θWP(s|WP) = θWP(s(P)) = t|WP

and once more by the properties of sheaves θU(s) = t and we have proven surjectivity.

2.3 Sheafification and properties of sheaves
Let F be a presheaf on a topological space X . We want to associate to F a uniquely

determined sheaf. Let U ⊆ X be an open set, we call a function ϕ : U →
⊔

P∈U FP a regular
function if for all P ∈U we have ϕ(P) ∈FP and there exists an open neighborhood W ⊆U

of P and a section t ∈F (W ) such that ϕ(Q) = tQ for all Q ∈W . Consider the following set of
functions

F+(U) := {ϕ : U →
⊔

P∈U

FP | ϕ is a regular function}

F+( /0) := {0}



22 Chapter 2. SHEAVES

Note that by definition F+ is a sheaf of abelian groups together with the natural restriction
maps and it is uniquely determined by the following universal property (see Hartshorne (1977,
II, Proposition-Definition 1.2.)).

Proposition 2.18. (Sheafification) Let F be a presheaf. There exists a sheaf F+ and a mor-

phism θ : F →F+ with the property that for any sheaf G , and any morphism η : F → G ,

there is a unique morphism η+ : F+→ G such that η = η+ ◦θ . The pair (F+,θ) is unique

up to isomorphism. The sheaf F+ is called the sheaf associated to the presheaf F or the

sheafification of F .

Proof. Let F+ be the sheaf defined above. Define the map θ on an arbitrary open set U by
θU : F (U)→ F+(U), by s 7→ ϕs where ϕs(P) = sP for every P ∈ U . It is straightforward
to verify that θU is a well defined homomorphism and that θ is a morphism of sheaves. Now
suppose η : F → G is a morphism and G is a sheaf, we will construct a morphism η+ : F+→ G

that satisfies the property described. Let U be any open set and ϕ ∈F+(U). For every P ∈U

there is an open set WP containing P and an element s(P) ∈F (WP), such that ϕ|WP = s(P). Let
t(P) ∈ G (WP) such that ηWP(s(P)) = t(P) Note that s(P)|WP∩WQ = s(Q)|WP∩WQ since s(P)Q′ =

s(Q)Q′ for all Q′ ∈WP∩WQ, therefore

ηWP(s(P))|WP∩WQ = ηWP(s(P)|WP∩WQ) = ηWP(s(Q)|WP∩WQ) = ηWQ(s(Q))|WP∩WQ

This implies t(P)|WP∩WQ = t(Q)|WP∩WQ Since G is a sheaf there exists t ∈ G (U) such that
t|WP = t(P). Define θ+(ϕ) := t. Since G is a sheaf, it follows that η+ is a well defined morphism
of sheaves that satisfies η = η+ ◦ θ . Uniqueness of F+ is a consequence of the universal
property.

Example 2.19. Let A be an abelian group and X a topological space, the constant sheaf on X

defined by A, example 2.6, is the sheafification of

U 7−→ { f : U → A | f is a constant function}

Remark 2.20. Note that FP∼=F+
P , this implies that if F is already a sheaf, then it is isomorphic

to F+.

Definition 2.21. Let f : X → Y be a continuous map between topological spaces. Let F be a
sheaf on X . The direct image f∗F of F is the sheaf on Y given by

f∗F (V ) := F ( f−1V )

for every open set V ∈ Y with restriction maps those from F . It is straightforward to check f∗F

is a sheaf on Y .

In the following example we see a morphism between sheaves of affine varieties induced
by an homeomorphism of the underlying topological spaces, by computations on the stalks we
show that it is not an isomorphism of sheaves.
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Example 2.22. Let k be an algebraically closed field. Let X = A1
k and Y =V (y2− x3)⊆ A2

k be
affine algebraic varieties as in example 2.7. Consider the map

f : X −→ Y

t 7−→ (t2, t3)

see figure 2 below for a picture in the real case, this is a well defined homeomorphism in the
Zariski topology. Consider the direct image f∗OX as a sheaf on Y and for every open set U ⊆ Y

define the map

f ]U : OY (U)−→ f∗OY (U) = OY ( f−1U)

g 7−→ g◦ f

this is a well defined homomorphism of rings since for any P ∈ U , if W ⊆ U is an open
neighborhood of P where g = a/b, a,b ∈ k[x,y] and b nowhere zero on W , we have that g◦ f =

a(t2, t3)/b(t2, t3) on f−1W , also b(t2, t3) is nowhere zero on f−1W since (t2, t3) ∈ Y implies
b(t2, t3) 6= 0, this implies that g ◦ f is a regular function on f−1U . The induced morphism
on the stalks f ]0 : OY, f (0) −→ OX ,0 in the case t = 0 is not an isomorphism since OY, f (0)

∼=
OY,(0,0)

∼= (k[x,y]/(y2−x3))m(0,0) and OX ,0 ∼= k[T ]m0 , it can be proven by explicit calculation that
dimk(m(0,0)/m

2
(0,0)) = 2 and dimk(m0/m

2
0) = 1 which implies that the two local rings are not

isomorphic (with some abuse of notation we are assuming that m(0,0) and m0 are the respective
maximal ideals of OY,(0,0) and OX ,0).

f−→• •

X Y

Figure 2

Definition 2.23. A subsheaf F ′ of a sheaf F is a sheaf such that F ′(U) is a subgroup of F (U)

for all open set U . The restriction maps are induced by those of F . The quotient sheaf of F by
the subsheaf F ′ is the sheafification of the presheaf

U 7→ F (U)

F ′(U)
.

For the next example, remember the following definitions. A space X ⊂ Cn is called
locally analytic, if for any point p∈X , there exists an open subset U of p in Cn, and finitely many
holomorphic functions f1, . . . , ft defined on U such that X∩U = {x∈U : f1(x)= · · ·= ft(x)= 0}.
A set X ⊆U is called an analytic set of U , if X is locally analytic, and closed in U .

The next example, shows a large class of sheaves defined on analytical sets, this class
has an immense theoretical content. For more details see examples in (ISHII, 2018).



24 Chapter 2. SHEAVES

Example 2.24. Let W ⊆Cn be an open subset and define X = {x ∈W : f1(x) = · · ·= ft(x) = 0}
be an analytic set. Thus, let U be an open subset of W , we define

I (U) := { f | is an holomorphic function on U such that f|X∩U = 0}.

Define ρUV as the restriction of functions as before. Then I is a sheaf of abelian groups and it is a
subsheaf of Ohol

W . Here, as I (U) is an ideal of Ohol
W (U), the presheaf defined by Ohol

W (U)/I (U)

is a presheaf of rings. Therefore the sheafification Ohol
W /I is a sheaf of rings. This is a sheaf on

W , but it is also considered as a sheaf on X . Indeed a subset V of X is represented as V =U ∩X

by using an open subset U of W . Define Ohol
W (V ) := Ohol

W (V )/I (U). Then the right-hand side is
independent of a choice of an open subset U , therefore Ohol

X is a sheaf of rings on X , we denote
by OX .

Remark 2.25. The morphism i : F ′ → F defined by the inclusions iU : F ′(U)→ F (U)

induces a homomorphism iP : F ′
P→FP which is injective for every P ∈ X , thus, we can identify

F ′
P as a subgroup of FP. It follows from this identification that for any point P ∈ X there is an

isomorphism of stalks (F/F ′)P ∼= FP/F ′
P.

Proposition 2.26. Let F ′ be a subsheaf of a sheaf F on a topological space X.

(a) Let U ⊂ X be open and s ∈F (U). Then s ∈F ′(U) if and only if sP ∈F ′
P for all P ∈U.

(b) F ′ = F if and only if F ′
P = FP for all P ∈ X.

(c) F = 0 if and only if FP = 0 for all P ∈ X.

Proof. (a) If s ∈F ′(U) it is straightforward that sP ∈F ′
P for all P ∈U . Conversely, let sP ∈F ′

P

for all P ∈U . Then, there exists a neighborhood WP ⊆U of P and t(P) ∈F ′(WP) such that
s|WP = t(P). Note that the sets WP cover U and t(P)|WP∩WQ = s|WP∩WQ = t(Q)|WP∩WQ . Since
F ′ is a sheaf, there exists t ∈F ′(U) such that t|WP = t(P)|WP = s|WP for every P ∈U , thus
s = t ∈F ′(U).
(b) By part (a), F ′

P = FP for all P ∈ X if and only if F ′(U) = F (U) for all U ⊆ X .
(c) Take F ′ = 0 in part (b).

Definition 2.27. Let θ : F →G be a morphism of sheaves. The kernel sheaf of θ is the subsheaf

ker θ(U) := ker(F (U)
θU−→ G (U))

of F . Note that this is in fact a sheaf. The morphism θ is injective if kerθ = 0, thus θ is injective
if and only if θU is injective for all U ⊆ X .

Definition 2.28. Let θ : F → G be a morphism of sheaves. The image sheaf of θ is the
sheafification of the presheaf

U 7→ im(F (U)
θU−→ G (U))

denoted by im θ . We say θ is surjective if im θ ∼= G .
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Remark 2.29. Note that by the universal property of the sheafification, there is an injective
morphism im θ → G , thus we can identify im θ with a subsheaf of G . If θ is surjective it is not
necessarily true that the maps θU are surjective, see example 5.8.

Proposition 2.30. Let θ : F → G be a morphism of sheaves.

(a) (ker θ)P ∼= ker(θP) and (im θ)p ∼= im(θP).

(b) θ is injective (resp. surjective) if and only if θP is injective (resp. surjective) for all P ∈ X.

(c) The sequence of sheafs and morphisms

. . .−→F i−1 θ i−1
−−→F i θ i

−→F i+1→ . . .

is exact (i.e. kerθ i = im θ i−1) if and only if the sequence

. . .−→F i−1
P

θ
i−1
P−−→F i

P
θ i
−→P F i+1

P → . . .

is exact for all P ∈ X.

Proof. (a) There is a well defined natural inclusion iP : (ker θ)P ↪→FP sending an element in
(ker θ)P to its class in FP. So what we want to show is that iP((ker θ)P) = ker θP ⊆FP.
This is a consequence of the commutative diagram

ker θ(U) F (U) G (U)

(ker θ)P FP GP

θU

iP θP

For the other part, we also have a well defined inclusion iP : (im θ)P ↪→ GP, so what we want
to show is that iP((im θ)P) = im θP ⊂ GP. This equality is a consequence of the commutative
diagrams

F (U) G (U) im θ(U)

FP GP (im θ)P

θU

θP

iP

(b) By proposition 2.26, ker θ = 0 if and only if (ker θ)P = ker θP = 0 for every P ∈ X and
im θ = G if and only if (im θ)P = im θP = GP for every P ∈ X .
(c) Also by proposition 2.26, ker θi = im θi−1 if and only if ker (θi)P = im (θi−1)P for all
P ∈ X .
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Example 2.31. Sheaf of ideals. Let X be a projective or affine variety over an algebraically
closed field k. Let Y ⊆ X be a closed subset. For every open set U ⊆ X define

JY (U) := {ϕ ∈ OX(U) such that ϕ|U∩Y ≡ 0}

this is in fact a sheaf on X and JY (U) is an ideal of the ring OX(U), we call JY the sheaf of
ideals of Y on X , it is a subsheaf of OX . Assume Y is a subvariety, that is an irreducible closed
set and consider the sheaf of regular functions OY on Y . The inclusion map i : Y → X induces a
morphism of sheaves i] : OX → i∗OY , at the level of stalks it is

i]P : OX ,P −→ OY,P

ϕP 7−→ (ϕ|Y∩U)P

for any open neighborhood U of P. Note that ϕP ∈ ker i]P if and only if ϕ|Y∩U ≡ 0 for some open
neighborhood U of P, so ker i]P ∼= JY,P, this implies OX/ker i] ∼= OX/JY . Therefore, for every
open set U ⊆ X we have a well defined morphism

OX(U)

JY (U)
−→ i∗OY (U)

this gives a morphism of sheaves OX/JY −→ i∗OY . At the level of stalks we have an isomor-
phism OX ,P/JY,P −→ OY,P, so we arrive to the isomorphism OX/IY ∼= i∗OY .
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CHAPTER

3
SCHEMES

This chapter is devoted to the concept of scheme. We present first the larger category
of locally ringed spaces. Then we construct affine schemes and projective schemes and prove
they are locally ringed spaces. Then we treat our first examples of schemes, open and closed
subschemes which will play an important role in the discussion of open problems in chapter 5.
Finally the notion of noethrian scheme and dimension are given together with a characterization
of noetherian schemes that says that being noetherian is a local property.

3.1 Locally ringed spaces

Let X be a topological space and consider the set of real numbers R with the usual
euclidean topology. As a motivational example define de set of funcions CX(U) := { f : U →
R, continuous} for any open set U ⊆ X . With the natural restriction maps CX is a sheaf of
R-algebras on X . Let x0 ∈ X and consider the stalk CX ,x0 at x0, if fx0 ∈ CX ,x0 is not zero
then there exists a neighborhood of x0 where f do not vanish, that is fx0 is invertible, so the
ideal mx0 = {gx0 ∈ CX ,x0 | g(x0) = 0} is the unique maximal ideal of CX ,x0 , moreover the ring
homomorphism CX ,x0→R sending fx0 to f (x0) is a surjective ring homomorphism and identifies
CX ,x0/mx0 with R.
Let ϕ : X → Y be a continuous function between topological spaces, for any open set V ⊆ Y

consider the homomorphism of R-algebras

ϕ
]
V : CY (V )−→ ϕ∗CX(V ) = CX(ϕ

−1V )

f 7−→ f ◦ϕ

this defines a morphism of sheaves ϕ] : CY −→ ϕ∗CX that induces a homomorphism on the
stalks ϕ

]
x0 : CY, f (x0)→ CX ,x0 , note that in this case we have ϕ

]
x0(m fx0

)⊆mx0 this is what we call
a local homomorphism.
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Definition 3.1. A homomorphism ϕ : A→ B of local rings is called local if ϕ(mA)⊆mB where
mA and mB are the maximal ideals of A and B respectively.

Definition 3.2. A ringed space is a pair (X ,OX) where X is a topological space and OX is a
sheaf of rings on X . A morphism of ringed spaces is a par ( f , f ]) : (X ,OX)→ (Y,OY ) where
f : X → Y is a continuous map and f ] : OY → f∗OX is a morphism of sheaves on Y .

Definition 3.3. A ringed space (X ,OX) is a locally ringed space if for every x ∈ X the stalk
OX ,x is a local ring. A morphism of locally ringed spaces is a morphism of ringed spaces
( f , f ]) : (X ,OX)→ (Y,OY ) such that the induced map of local rings

f ]x : OY, f (x) −→ ( f∗OX) f (x)
∼= OX ,x

[(V,h)] 7−→ [( f−1V, f ]V (h))]

is a local homomorphism for every x ∈ X . It is called an isomorphism if f is a homeomorphism
between topological spaces and f ] is an isomorphism of sheaves.

Example 3.4. Let X be an algebraic variety and OX its sheaf of regular functions. If X is an affine
variety with coordinate ring A(X) then (X ,OX) is a locally ringed space since OX ,P ∼= A(X)mP .
Similarly, if X is a projective variety with homogeneous coordinate ring S(X), then (X ,OX) is a
locally ringed space since OX ,P ∼= S(X)(mP), see example 2.15.

Example 3.5. Let U be an open set in Cn and let f1, . . . , ft be holomorphic functions defined
on U . Let X be an analytic set defined by the holomorphic functions f1, . . . , ft on U . Then
(X ,OX) is a ringed space together with the euclidean topology, and the sheaf is defined in the
example 2.24. Thus, with this, is easily checked that (X ,OX) is a locally ringed space since
OX ,P ∼=

[
Ohol

U
( f1,..., ft)|U

]
mP

.

In particular, if X is open, the space (X ,Ohol
X ) of holomorphic functions is a locally

ringed space. The stalk Ohol
X ,w of convergent power series at w is a local ring with maximal ideal

the set of holomorphic functions that vanish at w, see example 2.16.

3.2 Affine schemes

Let A be a ring. In this section we associate to A a topological space X = Spec A

whose underlying set will be the set of all prime ideals of A. This association is such that
for a given homomorphism of rings ϕ : A→ B the map ϕ∗ : Spec B→ Spec A defined by
ϕ∗(q) := ϕ−1(q), where q ∈ Spec B, is a continuous map. Then we construct the structure

sheaf of X denoted by OX , which will turn (X ,OX) into a locally ringed space. Any (X ,OX)

isomorphic to ( Spec A,O Spec A) as locally ringed spaces for some ring A will be called an affine

scheme. We will see that any ring homomorphism ϕ : A→ B induces a morphism of locally
ringed spaces (ϕ∗,ϕ]), and any morphism of affine schemes ( f , f ]) is induced by a unique ring
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homomorphism that coincides with f . In the category language we have an anti-equivalence
between the category of rings and the category of affine schemes (that is an arrow reversing
equivalence).

Definition 3.6. Let Spec A := {p⊆ A : p is a prime ideal}.

Now we endow X = Spec A with a topological space structure. For each subset S⊆ A

let V (S) := {p ∈ X : S⊆ p}. Note that if a is the ideal generated by S then V (S) =V (a). For an
element f ∈ A we write V ( f ) instead of V ({ f}).

Lemma 3.7. (a) V (1) = /0 and V (0) = X.

(b) If {ai}i∈I is a family of ideals of A, then V (
⋃

i∈I ai) =
⋂

i∈I V (ai).

(c) For ideals a and b of A we have V (a∩b) =V (ab) =V (a)∪V (b).

(d) If a⊆ A is any ideal then V (a) =V (
√
a).

Proof. Assertions (a) and (b) are immediate, for (c) just note that a prime ideal contains a or
b if and only if it contains a∩b or equivalently if and only if it contains ab. For (d) note that
a⊆ p⇔

√
a⊆ p.

These lemma shows that the sets V (a) satisfy the axioms for closed sets in a topological
space. We call this topology the Zariski Topology on Spec A. For any element f ∈ A, let
D( f ) := X \V ( f ) = {p ∈ X : f 6∈ p}.

Proposition 3.8. The sets D( f ) form a basis 1 for the Zariski topology and are quasi-compact 2

(therefore X is quasi-compact).

Proof. For a proof of this fact we refer the reader to Atiyah and Macdonald (1969, I, Exercise
17).

Given an open set U ⊂ X = Spec A in the Zariski topology, we define OX(U) to be the
set of functions

ϕ : U →
⊔
p∈U

Ap

such that3

i. ϕ(p) ∈ Ap.

1 Every open set in Spec A is the union of elements of the form D( f ).
2 A topological space is quasi-compact if every open cover has a finite subcover (see (HARTSHORNE,

1977, II, Excercise 2.13)).
3 The symbol

⊔
Ap refers to a disjoint union of sets Ap.
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ii. ∀p ∈U there exists U ′ ⊆U containing p and f ,g ∈ A such that ϕ|U ′ ≡ f/g ∈ Ap, that is
ϕ(q) = f/g ∈ Aq for all q ∈U ′.

The following propositions will imply that the functions ϕ ∈OX(U) are regular functions in the
sense of section 2.3.

Proposition 3.9. Let A be a ring, X = Spec A, then OX is a sheaf of rings on X = Spec A with

the usual restriction maps

OX(V )−→ OX(U)

ϕ 7−→ ϕ|U

where U ⊆V

Proof. Let U ⊆ X be an open set. Sums and products of regular functions in U are again regular
functions. The regular function defined to be 1 ∈ Ap for each p ∈U is an identity for the set of
regular functions and if it is defined to be 0 ∈ Ap for each p ∈U is a zero for the set of regular
functions, hence every OX(U) is a ring. The usual restriction map OX(V )→ OX(U) for U ⊆V

is a ring homomorphism, thus OX is a presheaf.
To see it is a sheaf let U =

⋃
i∈I Ui be an open cover of U . If ϕ ∈OX(U) satisfies ϕ|Ui ≡ 0 for every

i, then ϕ ≡ 0 since it is the zero function. If there are ϕi ∈ OX(Ui) such that ϕi|Ui∩U j = ϕ j|Ui∩U j

then we can define ϕ ∈ OX(U) by ϕ(p) := ϕi(p) if p ∈ Ui to obtain a well defined regular
function.

Definition 3.10. Let A be a ring and X = Spec A, we call OX the structure sheaf of X .

Let p ∈ X and consider the stalk OX ,p at p (see definition 2.14). An element of OX ,p is
an equivalent class of regular functions defined at open neighborhoods of p, if ϕ ∼ ψ are two
such regular functions, where ϕ ∈ OX(U) and ψ ∈ OX(V ) then we have an open set W ⊂U ∩V

containing p such that ϕ|W ≡ ψ|W . We refer to each class by [U,ϕ] or by ϕp. There is a natural
morphism from OX ,p to Ap defined by

[U,ϕ] 7−→ ϕ(p).

This is a well defined ring homomorphism since (ϕ,U)∼ (ψ,V ) implies ϕ|W ≡ φ |W for W ⊂
U ∩V an open set containing p, in particular ϕ(p) = ψ(p). This map is also injective since for
ϕ(p) = 0∈ Ap there is an open set U containing p such that ϕ(q) = a/ f for all q∈U , this implies
that there exists h 6∈ p such that ha = 0 in A, consider the open set W =U ∩D(h) and let q ∈W ,
note that ϕ(q) = a/ f and h 6∈ q, furthermore ha = 0 in A so a/ f = 0 in Aq, and this is true for
all q ∈W , therefore (ϕ,U)∼ (0,W ). This map is also surjective since given a/b ∈ Ap consider
the class of (a/b,D(b)) in OX ,p to be its pre-image. Therefore this map is a ring isomorphism.
Now let f ∈ A be a non nilpotent element. Consider the homomorphism H : A f → OX(D( f ))
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sending each element a/ f n ∈ A f to H(a/ f n) ∈ OX(D( f )) which assigns to each p the image
of a/ f n in Ap under the natural homomorphism A f → Ap. The next proposition says that this
assignment is also a ring isomorphism, for a complete proof of this see Hartshorne (1977, II,
Proposition 2.2.).

Proposition 3.11. Let A be a ring, X = Spec A, OX its structure sheaf and f ∈ A a non nilpotent

element, then

(a) OX ,p
∼= Ap.

(b) OX(D( f ))∼= A f .

Proposition 3.11 implies that (X ,OX) is a locally ringed space for X = Spec A. For the
case f = 1, proposition 3.11 says that Γ(X ,OX) = A, is the ring of global sections of OX .

Definition 3.12. An affine scheme is a locally ringed space (X ,OX) isomorphic (as locally
ringed space) to ( Spec A,O Spec A) for some ring A. A scheme is a locally ringed space (X ,OX)

in which every point p ∈ X has an open neighborhood U such that the topological space U

together with the sheaf structure OX |U is an affine scheme. A morphism of schemes is a
morphism of locally ringed spaces.

Remark 3.13. For simplicity we refer to a scheme (X ,OX) as X , and to a morphsim of schemes
( f , f ]) : (X ,OX)→ (Y,OY ) as f : X → Y .

Let ϕ : A→ B be a ring homomorphism and denote X = Spec A and Y = Spec B, we
will define a morphism (ϕ∗,ϕ]) : (Y,OY )→ (X ,OX) of locally ringed spaces. Let ϕ∗ : Y → X be
the induced continuous map defined by ϕ∗(p) := ϕ−1(p). Now we define a morphism of sheaves

ϕ
] : OX → (ϕ∗)∗OY .

It is enough to define this morphism for open sets of the form D( f ) ⊆ X since they form a
basis for the topology by proposition 3.8. Let f ∈ A, by Atiyah and Macdonald (1969) we have
(ϕ∗)−1(D( f )) = D(ϕ( f )) so we define ϕ

]
D( f ) as the ring homomorphism induced by ϕ:

OX(D( f )) = A f
ϕ
]
D( f )−−−→ Bϕ( f ) = ((ϕ∗)∗OY )(D( f ))

a/ f n 7−→ ϕ(a)/ϕ( f )n

Note that ϕ] is compatible with the restrictions to elements of the basis D(g)⊆ D( f ), thus it is
a morphism of sheaves of rings. Note that we can recover the morphism ϕ from ϕ] taking the
open set X = D(1), that is ϕ ≡ ϕ

]
X . For every element q ∈ Y the induced map

ϕ
]
q : OX ,ϕ∗(q) = Aϕ∗(p) −→ Bq = OY,ϕ(q)

a/ f 7−→ ϕ(a)/ϕ( f )
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coincides with the local homomorphism ϕϕ∗(q) : Aϕ∗(q)→ Bq induced by ϕ , thus ϕ
]
q is a local

homomorphism of rings, this proves that (ϕ∗,ϕ]) is a homomorphism of locally ringed spaces.

Now, let ( f , f ]) : (Y,OY )→ (X ,OX) where Y = Spec B and X = Spec A be a morphism
of affine schemes. We obtain a ring homomorphism Γ( f ) given by

Γ(X ,OX) = A
Γ( f )−−→ B = Γ(Y,OY )

a 7−→ f ]X(a)

So we have a correspondence between rings and affine schemes which is actually a bijection as
we summarize in the following proposition, see Hartshorne (1977, II, Proposition 2.3).

Proposition 3.14. (a) Any morphism of rings ϕ : A→B induces a natural morphism of locally

ringed spaces

(ϕ∗,ϕ]) : ( Spec B,O Spec B)→ ( Spec A,O Spec A).

(b) Any morphism of locally ringed spaces ( f , f ]) : ( Spec B,O Spec B)→ ( Spec A,O Spec A) is

induced by a homomorphism of rings ϕ : A→ B as in (a).

Let X be a scheme and U ⊆ X an open set. Consider the restriction of OX to U given by

OX |U(V ) = OX(U ∩V )

for V ⊆ X . It defines a scheme structure on (U,OX |U). In fact, note that it is easily seen to be
a locally ringed space. To see U can be covered by affine schemes, let X =

⋃
Spec Ai be an

open cover of X by affine schemes, then U =
⋃
(U ∩ Spec Ai) is an open cover of U , now by

proposition 3.8 each U ∩ Spec Ai can be covered by sets of the form Spec (Ai) f for f ∈ Ai since
the sets D( f ) form a basis for Spec Ai.

Remark 3.15. Thus, we have shown

(i) (U,OX) is a scheme.

(ii) The open affine sets4 form a basis for the topology of X .

Definition 3.16. A morphism of schemes i : Y → X is called a open immersion if it induces
a homeomorphis between Y and an open set U ⊆ X and such that the morphism of sheaves
i] : OX → i∗OY induces an isomorphism OX |U ∼= i∗OY of sheaves on U . Any scheme Y such that
i : Y → X is an open immersion is called an open subescheme of X .

Example 3.17. (Principal open subsechemes of an affine scheme.) Let X = Spec A be an affine
scheme and f a non nilpotent element of A. Consider the canonical homomorphism ϕ : A→ A f .
This induces a morphism of locally ringed spaces (ϕ∗,ϕ]) : ( Spec A f ,O Spec A f )→ (X ,OX).
4 U ⊆ X is an open affine set if it is open and U = Spec A for some ring A.
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The morphism ϕ∗ induces an homeomorphism between Spec A f and D( f ) ⊆ X , see Atiyah
and Macdonald (1969, 5, Exercise 21). Now let q ∈ Spec A f , the induced map on the stalks
ϕ
]
q : OX ,ϕ−1(q)

∼= Aϕ−1(q) −→ (A f )q ∼= O Spec A f ,q is an isomorphism since f 6∈ ϕ−1(q), so the
induced morphism (ϕ∗,ϕ]|D( f )) : ( Spec A f ,O Spec A f )−→ (D( f ),OX |D( f )) is an isomorphism
of locally ringed spaces.

Example 3.18. (Closed subschemes of affine schemes.) Let X = Spec A be an affine scheme.
For any ideal I ⊆ A consider the canonical homomorphism ϕ : A→ A/I. The induced con-
tinuous map ϕ∗ : Spec A/I → X induces a homeomorphism between i : Spec A/I → V (I)

(ATIYAH; MACDONALD, 1969, 1, Exercise 21). We use the direct image of O Spec A/I under
i to define a structure of a locally ringed space on V (I). That is, for any open set V ⊆V (I) we
have i∗O Spec A/I(V ) = O Spec A/I(i−1(V )), note that (V (a), i∗O Spec A/I) is a locally ringed space
since the induced map on the stalks induces an isomorphism (i∗O Spec A/I)p ∼= O Spec A/I,i−1(p)

∼=
(A/I)i−1(p) for every p⊆ A such that I ⊆ p. The scheme ( Spec A/I,O Spec A/I) is called a closed

subscheme of X , see definition 3.28.

Example 3.19. Let A = k[x,y]/(y− x2,y). Following example 3.18 the canonical morphism of
rings k[x,y]→ A induces a closed subscheme structure on Spec A. Since (y− x2,y) = (x2,y) we
have that A = k[x,y]/(x2,y)∼= k[x]/(x2), thus Spec A = {p} where p= (x) is the ideal generated
by x, furthermore since {(x)} is the only nonempty open set of Spec A we have that the stalk

O Spec R,p ∼= Γ( Spec A,O Spec R)∼=
k[x]
(x2)

is a local ring with nilpotent elements. Note that dimkO Spec R,p = 2, we say that p is a double
point of Spec A.

We finish this subsection with the notion of topological dimension of a scheme.

Definition 3.20. The dimension of a scheme X , dim X , is its dimension as a topological space.
If Z is an irreducible closed subset of X , the codimension of Z in X , denoted codim(Z,X) is the
maximum of integers n such that there exists a chain

Z = Z0 < Z1 < .. . < Zn

of distinct closed irreducible subsets of X , beginning with Z. If Y is any closed subset of X , we
also define

codim(Y,X) = inf
Z⊂Y

codim(Z,X)

where the sets Z range over all closed irreducible sets of Y .

Observation 3.21. Note that if X = Spec A is an affine scheme, the dimension of X is the same
as the Krull dimension of A. This can be seen since given a maximal chain of prime ideals in A,
p0 ( p1 ( · · ·( pn, we get a chain of closed sets

V (p0))V (p1)) · · ·)V (pn)
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By the correspondence between prime ideals of A and irreducible sets of Spec A, the sets V (pi)

are irreducible. Thus, krull dim A≤ dim X . Conversely, given a chain of closed irreducible sets

V (a0)(V (a1)( · · ·(V (an)

we get the chain
√
a0 )

√
a1 ) · · ·)

√
an of prime ideals, thus krull dim A≥ dim X .

3.3 Projective schemes

Let R=
⊕

n≥0 Rn be a graded ring, in this section we define a special kind of scheme using
the set of homogeneous prime ideals as the base set of the topological space and constructing a
sheaf of rings in a similar way to that of the affine case. Let R+ =

⊕
n>0 Rn the ideal of elements

with positive degree, also called the irrelevant ideal of R.

Definition 3.22. Let Proj R := {p⊆ R : p is homogeneous prime ideal and R+ * p}.

Now we endow X = Proj R with a topological space structure. For a set T ⊆ R of
homogeneous elements we define V+(T ) = {p ∈ Proj R | T ⊆ p}. If a is the ideal generated by
T then a is homogeneous and V+(T ) = V+(a). For an homogeneous element f ∈ R we write
V+( f ) instead of V+({ f}).

Lemma 3.23. (a) V+(R+) = /0 and V+(0) = X.

(b) If {ai}i∈I is a family of ideals of R, then V+(
⋃

i∈I ai) =
⋂

i∈I V+(ai).

(c) For ideals a and b of R we have V+(a∩b) =V+(ab) =V+(a)∪V+(b).

(d) If a⊆ R is any ideal then V+(a) =V+(
√
a).

Proof. Assertions (a) and (b) are immediate, for (c) just note that a prime ideal contains a or
b if and only if it contains a∩b or equivalently if and only if it contains ab. For (d) note that
a⊆ p if and only if

√
a⊆ p.

Observation 3.24. Since V+(I) = /0 if and only if R+ ⊆
√

I we do not include ideals that contain
the irrelevant ideal in the definition of Proj R.

Therefore, sets of the form V+(a) where a is a homogeneous ideal satisfy the axioms for
closed sets in a topological space, this endows X := Proj R with a topological space structure.
Let f ∈ R+ be a homogeneous element, define the open sets D+( f ) := Proj R\V+( f ) = {p ∈
Proj R : f 6∈ p}. The topology just defined in Proj R coincides with the induced topology that
comes from the inclusion Proj R ⊆ Spec R, since for every homogeneous ideal a we have
V+(a) = V (a)∩ Proj R, that is, every closed set of Proj R comes from the intersection of a
closed set of Spec R and Proj R. Also, for any ideal a ⊆ R we have V (a)∩ Proj R = V+(a

h)
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where ah is the homogeneous ideal generated by a, that is, every closed set in Spec R gives a
closed set in Proj R. The sets D+( f ) with f ∈ R+ homogeneous form a basis for the topology
of Proj R (see Görtz and Wedhorn (2010, Proposition 13.4)).
Next we want to define a sheaf of rings on X = Proj R. For each p ∈ X let T be the set of
homogeneous elements of R− p. With this assumption, the localization T−1R has a natural
structure of graded ring where an element a/ f ∈ T−1R has degree = degree a−degree f , we
denote the subring of elements of degree zero of T−1R by R(p), that is, the set of elements a/ f

where a ∈ R and f ∈ R−p are homogeneous elements of the same degree. Now for every open
set U ⊆ Proj R we define OX(U) to be the set of functions ϕ : U 7→

⊔
p∈U R(p) such that for every

p ∈U , ϕ(p) belongs to R(p), and there exists an open neighborhood V ⊆U of p and elements
f ,g ∈ R such that ϕ|V ≡ f/g ∈ R(q) for all q ∈ V . As in the affine case it is an easy task to
verify that OX is a sheaf of rings for X = Proj R. Proposition 3.26 will imply that the functions
ϕ ∈ OX(U) are regular functions in the sense of section 2.3.

Definition 3.25. Let R =
⊕

n≥0 Rn be a graded ring and X = Proj R, we call OX the structure
sheaf of X .

Let p ∈ X and consider the stalk OX ,p at p. The map OX ,p→ R(p) sending an element
[U,ϕ] ∈OX ,p to ϕ(p) ∈ R(p) is a well define ring homomorphism, in fact it is an isomorphism of
local rings, this can be seen similarly as in the affine case in Proposition 3.11.

If f ∈ R+ is an homogeneous non nilpotent element, then the localization R f has a natural
structure of Z-graded ring given by degree a/ f n = degree a− (degree f +n), define the set R( f )

to be the subring of elements of degree 0 in R f . The map

H : D+( f )−→ Spec R( f )

p 7−→ (pR f )∩R( f )

is an homeomorphism of topological spaces, where D+( f ) has the induced topology from Proj R

and Spec R( f ) has the Zariski topology (see Hartshorne (1977, Proposition 2.5)). From the map
H we construct an isomorphism of sheaves

H] : O Spec R( f ) → H∗(OX |D+( f )).

We first look at the stalks of the sheaves above. We have O Spec R( f ),q
∼= (R( f ))q and (OX |D+( f ))p

∼=
OX ,p

∼= Sp. Let p= H(q), there is an isomorphism between these two rings given by

hp : (R( f ))q −→ R(p) h−1
p : R(p) −→ (R( f ))q

a/ f r

b/ f s 7−→
a f s

b f r
a
b
7−→ abd−1/ f e

bd/ f e

where d = degree f and e = degree a = degree b. Let U ⊆ X be an open set, define the map
H]

U : O Spec R( f )(U)→ OX(H−1(U)) by

H]
U(s)(p) := hp(s(H(p)))



36 Chapter 3. Schemes

for s ∈O Spec R( f )(U) and p ∈ H−1(U). The proof of the next proposition implies that (H,H]) :
(D+( f ),O|D+( f ))→ ( Spec R( f ),O Spec R( f )) is an isomorphism of affine schemes.

Proposition 3.26. Let X = Proj R where R =
⊕

n≥0 Rn is a graded ring, let f ∈ R+ be a

homogeneous non nilpotent element, then

(a) OX ,p
∼= S(p) for every p ∈ Proj R.

(b) (D+( f ),O|D+( f ))
∼= ( Spec R( f ),O Spec R( f )) is an isomorphism of locally ringed spaces.

For simplicity we write D+( f )∼= Spec R( f ).

(c) (X ,OX) is a scheme.

Proof. See Hartshorne (1977, II, Proposition2.5)

Example 3.27. Let A be a ring. Define the affine r-space over A to be the scheme Ar
A :=

Spec A[y1, . . . ,yr] together with the structure sheaf, here A[y1, . . . ,yr] is the ring of polyno-
mials on r variables over A. The projective r-space over A is defined to be the scheme
Pr

A := Proj A[x0, . . . ,xr] together with its structure sheaf. There are canonical isomorphisms

A[x0, . . . ,xr](xi)
∼= A

[
x0

xi
, . . . ,

xr

xi

]
∼= A[y1, . . . ,yr]

which induce an isomorphism of schemes D+(xi)∼= Spec A[y1, . . . ,yr], that is, Pr
A has a open

cover of r+1 copies of Ar
A.

3.4 Subschemes and noetherian schemes
Let ϕ : A→ B be a surjective homomorphism of rings, by Atiyah and Macdonald (1969, I,

Exercise 21) the induced continuous map ϕ∗ : Spec B→ Spec A induces a homeomorphism be-
tween Spec B and the closed set V (kerϕ)⊆ Spec A, we say that Spec B is a closed subscheme
of Spec A and that ϕ∗ is a closed immersion, we generalize this idea as follows.

Definition 3.28. A closed immersion is a morphism of schemes f : Z→ X such that it induces
a homeomorphism between Z and a closed subset of X and such that the morphism of sheaves
f ] : OX → f∗OZ is surjective. A closed subscheme of a scheme X is given by a closed subset
Z ⊆ X and a scheme structure (Z,OZ) sucht that the inclusion map i : Z ↪→ X is a closed
immersion.

Example 3.29. Let R be a graded ring and I ⊆ R a homogeneous ideal, the natural map ϕ : R→
R/I is a surjective homomorphism of graded rings preserving degrees, moreover ϕ(R+) 6⊆ p

for every p ∈ Proj(R/I) and ϕ∗ : Proj(R/I)→ Proj(R) sending p to ϕ−1(p) is a well defined
continuous map, in fact, together with the morphism of sheaves O Proj R→ (ϕ∗)∗O Proj R/I , it is a
closed immersion. The map ϕ∗ defines a homeomorphism between Proj R/I and V+(I) and we
identify ( Proj R/I,O Proj R/I) with the closed subscheme (V+(I),(ϕ∗)∗O Proj R/I).
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Example 3.30. Consider the homogeneous ideal I = (y2z− x2(x+ z),y)⊆ k[x,y,z] and set R =

k[x,y,z]/I. We identify the closed scheme Z = Proj R with V+(I). Note that V+(I)∩V+(z) = /0
since every prime in V+(I)∩V+(z) contains R+, thus V+(z)⊆D+(z)∼= Spec R(z)

∼= k[x,y,z](z)∼=
k[x,y]. Therefore V+(I) is identified with the closed set V (y2− x2(x+1),y) =V (x2(x+1),y)⊆
Spec k[x,y] and we have

Γ(Z,OZ)∼=
k[x,y]

(x2(x+1),y)
∼=

k[x]
x2(x+1)

∼=
k[x]
x2 ×

k[x]
(x+1)

Definition 3.31. A shceme X is locally noetherian if it can be covered by open affine subsets
Spec Ai, where each Ai is a noetherian ring. X is called noetherian if it is locally noetherian

and quasi-compact5.

Observation 3.32. X is noetherian if it can be covered by a finite number of open affine subsets
Spec Ai, where each Ai is a noetherian ring.
If A is a noetherian ring then Spec A is a noetherian topological space. Note that for every
descending chain of closed sets Z1 ⊇ Z2 ⊇ . . . we get an stationary ascending chain of ideals
I(Z1) ⊆ I(Z2) ⊆ . . . in A. Also if R is a graded noetherian ring then X = Proj R is a locally
noehterian scheme since it can be covered by open affine schemes Spec R( f ) where R( f ) is
noehterian.
If X is a noetherian scheme, then its underlying topological space is a noetherian topological
space. To see this suppose we have a chain of closed sets Z0 ⊇ Z1 ⊇ Z2 ⊇ . . . in X . Write
X =

⋃n
i=1 Spec Ai where Ai are noetherian rings. Then Spec Ai is a noetherian topological space

and we have a chain of closed sets in Spec Ai, Z1∩ Spec Ai ⊇ Z2∩ Spec Ai ⊇ . . . and for some
r, Spec Ai∩Zr = Spec Ai∩Zr+1 = . . . , and therefore we can write Zr =

⋃n
i=1 Spec Ai∩Zr =⋃n

i=1 Spec Ai∩Zr+1 = Zr+1 and so the chain is stationary.

In the definition of locally noetherian scheme we do not require that every open affine
subset is the spectrum of a noetherian ring. Nevertheless there is a base for the topology consisting
of the spec of noetherian rings. In fact, we can cover X by open affine sets U = Spec B with B

noetherian, then the open subsets D( f ) = Spec B f ⊆ Spec B form a basis for the topology of
Spec B and the B f are also noetherian. The following proposition states that every affine open

set is the spec of a noetherian ring, that is, locally noetherian is a "local property", see Hartshorne
(1977, II, Proposition 3.2).

Proposition 3.33. A scheme X is locally noetherian if and only if for every open affine subset

U = Spec A, A is a noetherian ring. Particularly, an affine scheme X = Spec A is noetherian if

and only if A is a noehterian ring.

Example 3.34. By proposition 3.33 the scheme Spec Z is noetherian, its elements are (0) and
(p) for p a prime number. Note that (p) is a closed point in Spec Z ({p} = V (p)) while (0)
5 A topological space is quasi-compact if every open cover has a finite subcover, see Hartshorne (1977,

II, Excercise 2.13.).
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is a generic point whose closure is Spec Z. Furthermore, the scheme Spec Z[x1, . . . ,xr] is a
noetherian scheme. In particular the prime ideals of Z[x] are (0), (p) with p ∈ Z a prime number,
( f ) with f ∈ Z[x] irreducible over Q such that its coefficients have no common factors on Z and
(p, f ) where p is prime and f is monic whose reduction modulo p is irreducible. For example
the ideal (x2−3)⊆ Spec Z[x] defines a closed subscheme Spec Z[x]/(x2−3)∼= Spec Z[

√
3].

The ring A = Z[
√

3] is called the ring of integers of the number field K = Q[
√

3]. As for Z,
the prime ideals of A correspond to closed points p = V (p) for nonzero p ∈ Spec A and to a
generic point (0), this is described in Eisenbud and Harris (2000, II.4.2) using the morphism
Spec A→ Spec Z induced by the canonical homomorphism Z→ A.
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CHAPTER

4
SHEAVES OF MODULES

In this chapter we consider a sheaf F on a scheme (X ,OX) such that F (U) is an OX(U)-
module for every open U ⊆ X . Given an affine or projective scheme Spec A or Proj R and
any A or R-module M, we construct a sheaf of modules M̃ associated to M, every sheaf that
looks locally like this will be called a quasi-coherent sheaf. When X is affine there will be an
equivalence between the category of OX -modules and the category of A-modules. This is not
the case for X = Proj R, here we will construct a graded R-module Γ∗(F ) such that the sheaf
associated to this module will be isomorphic to F . Finally we prove that any closed subscheme
induces a quasi-coherent sheaf with its sheaf of ideals, and that any quasi-coherent sheaf of
ideals on a scheme induces a uniquely determined closed subscheme.

Definition 4.1. Let (X ,OX) be a ringed space. A sheaf of OX -modules over X (or a OX -module)
is a sheaf F such that for every open set U ⊂ X , F (U) is a OX(U)-module and for every
inclusion U ⊂ V the restriction map F (V )→F (U) is compatible with the respective ring
structures through the restriction map OX(V )→ OX(U). More precisely if s ∈ OX(V ) and
m ∈F (V ) then (s ·m)|U = s|U ·m|U . A morphism of sheaves of OX -modules, θ : F → G , is a
momorphism of sheaves such that θU : F (U)→ G (U) are morphisms of OX(U)-modules for
all open set U ⊆ X .

Note that for any x ∈ X the abelian group Fx inherits a OX ,x-module structure given by
sx ·mx = (s ·m)x.

Let (X ,OX) be a scheme, then we say that an OX -module F is locally free if there is an
open affine cover Ui of X such that F |Ui is isomorphic to a direct sum of copies of OUi . If the
number of copies r is finite and constant, then F is called locally free of rank r (vector bundle).
If F is locally free of rank one then we way say that F is invertible (line bundle).

Example 4.2. (Trivial examples). A ringed space O is itself a OX -module. Also, there is the
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free OX -module of rank n:
On

X
∼= OX ⊕·· ·⊕OX

n-times
.

4.1 Quasi-coherent sheaves
Let A be a ring and M an A-module. Let X = Spec A and U ⊆ X any open set in the

Zariski topology, consider functions s : U →
⊔
p∈U Mp from U to the disjoint union of the

modules Mp
1 such that for every p ∈U

(i) s(p) ∈Mp.

(ii) Exists an open neighborhood W ⊆U of p and elements m ∈M, f ∈ A satisfying s(q) =

m/ f ∈Mq for all q ∈W .

We denote the set of this functions by M̃(U). It is easy to check that the association U 7→ M̃(U)

together with the maps M̃(V )→ M̃(U) sending a function s∈ M̃(V ) to its restriction s|U ∈ M̃(U)

when U ⊆V , defines a sheaf of modules on X . We call M̃ the sheaf associated to M.

Proposition 4.4 implies that the functions defined above correspond to regular functions
in the sense of section 2.3.

Definition 4.3. Let (X ,OX) be a scheme. An OX -module F is quasi-coherent if X can be
covered by open sets Ui = Spec Ai, Ai a collection of rings, such that for every i there is
an Ai-module Mi with F |Ui = M̃i. We say F is coherent if the Mi are finitely generated as
Ai-modules.

Proposition 4.4. Let A be a ring, M an A-module and X = Spec A.

(a) The stlak (M̃)p is isomorphic to the localized A-module Mp for every p ∈ X.

(b) M̃(D( f )) and M f are isomorphic A f -modules. In particular, Γ(X ,M̃)∼= M as A-modules.

(c) M̃ is a quasi-coherent sheaf on X.

Proof. For part (a) consider the A-module homomorphism H : (M̃)p→Mp sending [U,s] 7→ s(p).
The proof that this is a isomorphism is very similar to that of proposition 3.11 item (a), just
replacing A by M when needed.
For part (b), note that M̃(D( f )) is a OX(D( f )) ∼= A f -module, define the morphism M f →
M̃(D( f )) by sending m/ f to the function that assigns to every p ∈ D( f ) the element m/ f ∈Mp.
The prove that this is an isomorphism is identical to the proof of proposition 3.11 item (b). If We
obtain Γ(X ,M̃)∼= M when f = 1.
(c) comes from the fact that the sets D( f ) cover X .
1 Here we localize M at the multiplicative subset A\{p}.
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Let A be a ring. For any morphism ϕ : M→N of A-modules we will construct a morphism
of sheaves ϕ̃ : M̃→ Ñ. For an element s ∈ M̃(U), p ∈U define ϕ̃(U)(s)(p) = ϕp(s(p)) ∈ Np

where the morphism of Ap- modules ϕp : Mp→ Np is ϕp(m/ f ) = ϕ(m)/ f . Note that if we have
an exact sequence

M
ϕ−→ N

φ−→ P

the sequence

M̃
ϕ̃−→ Ñ

φ̃−→ P̃

is also exact since Mp
ϕp−→ Np

φp−→ Pp is exact for all p ∈ X .
The correspondence ϕ 7→ ϕ̃ is a bijection. It is clearly one to one since ϕ̃ = φ̃ implies ϕp = φp

for all p ∈ X . To see it is onto let θ : M̃→ Ñ a morphism of OX -modules. Taking global sections
we get a morphism of A-modules

ϕ : M ∼= Γ(X ,M̃)
θX−→ Γ(X , Ñ)∼= N

We summarize this in proposition 4.5, see Hartshorne (1977, II, Proposition 5.2).

Proposition 4.5. Let ϕ : M→ N a morphism of A-modules, there exists an associated morphism

ϕ̃ : M̃ → Ñ such that the correspondence ϕ 7→ ϕ̃ is bijective and for every exact sequence

M→ N→ P the sequence M̃→ Ñ→ P̃ is also exact.

In the language of category theory proposition 4.5 says that the correspondence M 7→ M̃

is an exact fully faithful covariant functor between the category of A-modules and the category
of OX -modules for X = Spec A.

A quasi-coherent sheaf on a scheme X is actually of the form M̃ on any affine open
subset U = Spec A⊆ X where M is an A-module, as we state in proposition 4.6, see Hartshorne
(1977, II, Proposition 5.4).

Proposition 4.6. Let X be a scheme. An OX -module F is quasi-coherent if and only if for

any open affine subset U = Spec A, there exists an A-module M such that F |U = M̃. If X is

noetherian then F is coherent if and only if the same is true and each module M may be assume

to be finitely generated A-module.

If F is a quasi-coherent sheaf over a scheme X and U an open affine subset of X , then
F |U is quasi-coherent, so in proving proposition 4.6 we may assume X = Spec A. Now, if
M = Γ(X ,F ) then F ∼= M̃ and for every f ∈ A this isomorphism on the basis sets θD( f ) : M f →
F (D( f )) is θD( f )(m/ f k) = (1/ f k)m|D( f ).

Corollary 4.7. Let X = Spec A. Let θ : F → G be morphism between quasi-coherent sheaves,

consider the associated morphism of A-modules Γ(X ,θ) : Γ(X ,F )→ Γ(X ,G ). The correspon-

dence θ 7→ Γ(X ,θ) is bijective and for every quasi-coherent OX -module we have F ∼= Γ(X ,F )̃.



42 Chapter 4. Sheaves of Modules

Proof. The map θ 7→ θX is bijective since it is inverse to the map given in proposition 4.5, and
OX -module we have F ∼= Γ(X ,F )̃ by the proof of the previous proposition.

In the language of category theory corollary 4.7 says that the category of quasi-coherent
OX -modules is equivalent2 to the category of A-modules. If A is a noetherian ring then we have
an equivalence between coherent OX -modules and finitely generated A-modules.

4.2 Quasi-coherent sheaves on Proj R

In this section given R =
⊕

n≥0 Rn a positively graded ring we associate to every graded
R-module M =

⊕
n∈ZMn a quasi-coherent sheaf M̃. This construction is similar to that of the

structure sheaf OX given in section 3.3. Then given a OX -module F we construct a graded
module Γ∗(F ) and we obtain an isomorphism Γ∗(F )̃ ∼= F in the case that R = R0+R1+ . . . is
positively graded and R is finitely generated by R1 over R0.

Let M be a graded R-module and p ∈ Proj R an ideal, define M(p) to be the set of
elements m/ f where m ∈M and f ∈ R are homogeneous and have the same degree. That is, if
we consider T as the set of homogeneous elements not in p, then T−1M has a natural grading
degree m/ f = degree m−degree f , and M(p) is the submodule of degree 0 elements of T−1M.
Note that M(p) is a R(p)-module. Similarly, for a fixed homogeneous element f ∈ R+, M f has a
graded R f -module structure, its degree zero submodule, denoted by M( f ), is the set of elements
m/ f n where m is homogeneous and degree m = degree f n. In particular, M( f ) is a R( f )-module.

Definition 4.8. Let R be a positively graded ring, M a graded R-module and X = Proj R. We
define the OX -module M̃ as follows: for every open set U ⊆ X let M̃(U) be the set of functions
s : U →

⊔
p∈U M(p) such that for every p ∈U

(i) s(p) ∈M(p).

(ii) Exists an open set W ⊂U containing p and homogeneous elements m ∈M, f ∈ R of the
same degree satisfying s(q) = m/ f ∈M(q) for all q ∈W .

Here the maps M̃(V ) → M̃(U) are given by the restriction s 7→ s|U whenever U ⊂ V and
s ∈ M̃(V ).

Proposition 4.9 implies that M̃(U) are regular functions in the sense of section 2.3.

Proposition 4.9. Let R be a graded ring, M a graded R-module and X = Proj R.

(a) The stalk (M̃)p is isomorphic to M(p) for every p ∈ X.

2 See Lane (2013, pp. 93) for a definition of equivalent categories
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(b) For every homogeneous element f ∈ R+, M̃|D+( f )
∼= (M( f ))̃ via the isomorphism of

D+( f )∼= Spec R( f ).

(c) M̃ is quasi-coherent. Furthermore, if R is noetherian and M is finitely generated, M̃ is

coherent.

Proof. (a) It suffices to prove that the morphism (M̃)p → M(p) given by [U,s] 7→ s(p) is an
isomorphism, see proposition 3.26 item (a) for an analogous proof of this fact.
(b) We want to prove M̃( f )

∼= H∗M̃|D+( f ) as O Spec R( f )-modules. Since there is a natural isomor-
phism (M( f ))H(p)→M(p) for every p ∈ D+( f ), we can construct an isomorphism of sheaves

M̃( f )→ H∗M̃|D+( f )

analogously as the construction of the isomorphism H] : OD+( f )→ O Spec R( f ) given in the proof
of proposition 3.26 item (b).
(c) This is a consequence of (b) since M( f ) is a R( f )-module and D+( f )∼= Spec R( f ) is affine.
Now if R is noetherian and M is finitely generated, R( f ) is also noetherian and M( f ) is finitely
generated, and therefore M̃ is coherent.

Definition 4.10. The tensor product F ⊗OX G of two sheaves of OX -modules is the sheaf
associated to the presheaf

U 7→F (U)⊗OX (U) G (U).

Lemma 4.11. If R is generated by R1 as R0-algebra then (M⊗R N )̃ ∼= M̃⊗OX Ñ for any pair of

graded R-modules M and N.

Proof. This follows from the fact that (M⊗R N)( f )
∼= M( f )⊗R( f ) N( f ).

Definition 4.12. Let R be a graded ring and X = Proj R. For any graded R-module M and
any n ∈ Z we define the twisted module M(n) of M by M(n)d := Mn+d . For any sheaf of
OX -modules F , we denote by F (n) the twisted sheaf F ⊗OX R(n)̃, i. e.,

F (n) := F ⊗OX R(n)̃.

Note that OX(n)∼= R(n)̃. We call OX(1) the twisting sheaf of Serre.

Note that the morphism M⊗R R(n)→M(n) defined by m⊗ t 7→ tm is an isomorphism
of graded R-modules, hence (M⊗R R(n))̃ ∼= M(n)̃. Then, by the previous lemma

M̃(n) = M̃⊗OX OX(n) = M̃⊗OX R(n)̃ ∼= (M⊗R R(n))̃ ∼= M(n)̃.

In particular

OX(n)⊗OX OX(m) = R(n)̃⊗OX OX(m) = R(n)̃(m)∼= (S(n)(m))̃ ∼= R(n+m)̃ = OX(n+m).
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Definition 4.13. Let R be a graded ring, X = Proj R and F an OX -module. We define the
abelian group Γ∗(F ) :=

⊕
n∈ZΓ(X ,F (n)).

Remark 4.14. Γ∗(OX) is a graded ring, to see this consider the group homorphism

Γ(X ,OX(n))⊗Γ(X ,OX(m))→ Γ(X ,OX(n)⊗OX(m))

since OX(n)⊗OX(m)∼= OX(m+n), we get a homomorphism

αn,m : Γ(X ,OX(n))⊗Γ(X ,OX(m))→ Γ(X ,OX(m+n)).

Now, given f = ( fn)n∈Z,g = (gn)n∈Z ∈ Γ∗(OX), define the product f ·g := (αn,m( fn⊗gm))n,m∈Z.
This product respects the grading on Γ∗(OX).

Remark 4.15. Γ∗(F ) is a graded Γ∗(OX)-module. To see this consider the homomorphism of
abelian groups

Γ(X ,OX(n))⊗Γ(X ,F (m))→ Γ(X ,OX(n)⊗F (m))

and since OX(n)⊗F (m)∼= F (n+m) we get the homomorphism

βn,m : Γ(X ,OX(n))⊗Γ(X ,F (m))→ Γ(X ,F (n+m)).

Now, given an element f = ( fn)n∈Z ∈ Γ∗(OX) and an element s = (sn)n∈Z ∈ Γ∗(F ) we define
the operation f · s := (βn,m( fn⊗ sn))n,m∈Z. This converts Γ∗(F ) into a graded Γ∗(OX)-module.

Remark 4.16. Γ∗(F ) is a graded R-module. Note that there is a natural graded homomorphism
of rings α : R→ Γ∗(OX) such that for any element s = (sn)n≥0 ∈ R it associates to each sn

the constant global section in Γ(X ,OX(n)) given by sn 7→ sn/1 ∈ S(n)(p), this gives Γ∗(F ) a
structure of graded R-module.

Let R = R0[x0, . . . ,xr] be the polynomial ring of r+1 variables over R0 and X = Proj R.
Let α : R→ Γ∗(OX) be the graded morphism of remark 4.16, it is in fact an isomorphism, It is
sufficient to show each induced group homomorphism αn : Rn→ Γ(X ,OX(n)) is bijective, see
Hartshorne (1977, II, Proposition 5.13). Then

R∼= Γ∗(OX) (4.1)

therefore we obtain

Γ(Pr
R0
,OX(n))∼=

0 if n < 0

Rn if n≥ 0

Definition 4.17. A standard positively graded ring is a positively graded ring R =
⊕

n≥0 Rn

finitely generated by R1 as a R0-algebra, that is R = R0[a0, . . . ,ar] for some ai ∈ R1.
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Let R be a standard positively graded ring. Given a graded R-module M =
⊕

n∈ZMn we
have a natural homomorphism of R0-modules Mn→ Γ(X ,M̃(n)) since every element s ∈Mn

defines a global section s/1 ∈ Γ(X ,M̃(n)). This gives a map between graded rings

M Γ∗(M̃)
ζ (M)

which is naturally a graded homomorphism of R-modules. Conversely given a quiasi-coherent
sheaf F over X there is a morphism of sheaves ξ : Γ∗(F )̃→F . Let f ∈ Rn, then ξD+( f ) looks
like

Γ∗(F )̃(D+( f ))∼= Γ∗(F )( f )
ξD+( f )−−−−→F (D+( f ))

x
f d 7−→

x|D+( f )

αdn( f d)|D+( f )

where x ∈ Γ(X ,F (dn)) and αdn : Rdn→ Γ(X ,OX(dn)) is the part of degree dn of the homomor-
phism α : R→ Γ∗(FX) in remark 4.16, note that this is an invertible element in OX(dn). In fact
this morphism is an isomorphism as we state in the following proposition.

Proposition 4.18. (HARTSHORNE, 1977, II, Proposition 5.15). Let R be a standard positively

graded ring. Let F be a quasi-coherent sheaf on X = Proj R, then there is a natural isomorphism

Γ∗(F )̃→F .

4.3 Quasi-coherent sheaves and closed subschemes

Definition 4.19. A sheaf of ideals on a scheme X is a sheaf I such that I (U) is an ideal of
the ring OX(U), in this case note that I is a subsheaf of OX .

Definition 4.20. Let Z be a closed subscheme of X and i : Z→ X the inclusion map, we define
the ideal sheaf of Z to be

IZ := ker i] : OX → i∗OZ

Let Z be a closed subscheme of X with i : Z ↪→ X the inclusion map, by Hartshorne
(1977, II,Proposition 5.8) the sheaf i∗OZ is quasi-coherent as well as the sheaf of ideals IZ .
In the case where X is a noetherian scheme, for every open affine set U = Spec A we have
IZ(U) ⊆ OX(U) ∼= A, since A is noetherian we have that IZ(U) is finitely generated and
therfore IZ is coherent. Conversely, suppose I is a quasi-coherent sheaf of ideals on a scheme
X . Let Z = Supp (OX/I ) := {p ∈ X | OX ,p/Ip 6= 0} the support of OX/I . We claim that Z is
a closed subset of X , to see this let U = Spec A⊆ X and suppose I |U ∼= Ĩ where I ⊆ A is an
ideal, then (OX/I )|U ∼= (A/I)̃ and Supp(OX/I )∩U ∼= Supp (A/I)̃ =V (AnnA(A/I))3, since

3 Here AnnA(M) := {a ∈ A | am = 0 for all m ∈M} for every A-module M.
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being closed is a local property we conclude that Supp(OX/I ) is closed. Now we calim that
(Y,OX/I ) is a unique closed subscheme of X with ideal sheaf I . We need to check that

i] : OX → i∗(OX/I )

is surjective and that ker i] ∼= J , both things can be checked at the level of stalks. Let p ∈ X

and choose an affine noeighborhood U = Spec A of p, here the induced map on the stalks is
i]p : Ap→ Ap/Ip for some ideal I ⊆ A such that I |U ∼= Ĩ, which is surjective and ker i]p ∼= Ip, we
have proven the following proposition, see Hartshorne (1977, II, Proposition 5.9).

Proposition 4.21. Let X be a scheme. For every closed subscheme Z of X the corresponding ideal

sheaf IZ is a quasi-coherent sheaf of ideals on X. If X is noetherian it is coherent. Conversely,

any quasi-coherent sheaf of ideals on X is the ideal sheaf of a uniquely determined closed

subscheme of X.

If X = Spec A then the previous proposition establishes a one to one correspondence
between the ideals of A and closed subschemes of X . Given an ideal I ⊆ A the correspondent
closed subscheme is (Spec(A/I),OSpec(A/I)), note that OX/Ĩ ∼= OSpec(A/I), conversely, given a
closed subscheme (Y,OY ) of X , since IY is quasi-coherent, there is an ideal I ⊆ A such that
Ĩ ∼= IY , note that OX/Ĩ ∼= i∗OY .

Let A be a ring and Z a closed subscheme of X = Pr
A, the projective r-space see example

3.27. We claim that there exists a homogeneous ideal I ⊆ R = A[X0, . . . ,Xr] such that IZ ∼= Ĩ.
We know that Γ∗(IZ) is a graded submodule of Γ∗(OX) and Γ∗(OX) ∼= R by equation 4.1.
This implies that Γ∗(IZ) is a homogeneous ideal of R, we know then that it defines a closed
subscheme of X see example 3.29, by proposition 4.18 we have Γ∗(IZ )̃∼=IZ and by proposition
4.21 this two sheaves define the same closed subscheme, thus I := Γ∗(IZ) is the desired ideal.
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CHAPTER

5
COHOMOLOGY

In this chapter we introduce sheaf cohomology and local cohomology and prove the
classical form of the Serre-Grothendieck correspondence, which establishes an isomorphism
between the local cohomology groups of a module and the sheaf cohomology groups of the
sheaf associated to this module. This allows us to prove another basic result in the theory of
quasi-coherent sheaf over projective schemes, the Serre finiteness theorem, it says that the
cohomology groups of the twisted sheaf of a quasi-coherent sheaf are finitely generated and
eventually vanish. With this, we discuss some open problems that arise from the study of the
regularity and the Hilbert function of a sheaf.

5.1 Cohomology of sheaves

Let (X ,OX) be a ringed space. For any morphism θ : F → G of OX -modules we have a
morphism between the global section modules

Γ(X ,θ) : Γ(X ,F )−→ Γ(X ,G ).

Γ(X ,−) is a covariant functor from the category of OX -modules to the category of
Γ(X ,OX)-modules, in fact it is a left exact functor as we show in the following proposition.

Proposition 5.1. Let X be a topological space and 0→F ′ θ−→F
η−→F ′′ an exact sequence of

sheaves on X. For any open set U ⊆ X the sequence

0→F ′(U)
θU−→F (U)

ηU−→F ′′(U)

is exact.

Proof. Assume 0→F ′ θ−→F
η−→F ′′ is exact and fix an open set U ⊆ X . The morphism θU is

injective since θ is injective. Now we prove im θU = ker ηU . We know that 0→F ′
P

θP−→FP
ηP−→
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F ′′
P is exact for every P ∈ X . Let s ∈F ′(U), note that (ηU(θU(s)))|P = ηP(θP(sP)) = 0 for

every P ∈U , this implies that ηU(θU(s)) = 0, so im θU ⊆ ker ηU . For the reminder inclusion
let r ∈ ker ηU , thus ηU(r) = 0 and ηP(rP) = (ηU(r))|P = 0 for every P ∈U , since the sequence
on the stalks is exact there exists sP ∈F ′

P such that θP(sP) = rP for every P ∈U , thus, there
is an open neighborhood WP of P such that θWP(s(P)) = r|WP for some s(P) ∈F ′(WP). Write
WPQ for WP∩WQ and note that θWPQ(s(P)|WPQ) = r|WPQ = θWPQ(s(Q)|WPQ), by injectivity of θ

we have s(P)|WPQ = s(Q)|WPQ and since the sets WP cover U there exists s ∈F ′(U) such that
s|WP = s(P). Note also that θU(s) = r since (θU(s))|WP = θWP(s(P)) = r|WP for every P ∈U ,
therefore r ∈ im (θU) and ker ηU ⊆ im θU .

Definition 5.2. Let (X ,OX) be a ringed space and G be a sheaf of OX -modules. A sheaf I of
OX -modules is called injective if for any exact sequence of OX -modules

0−→F −→ G

the sequence

HomOX (G ,I )−→ HomOX (F ,I )−→ 0

is exact. In other words, the functor HomOX (−,I ) is exact.

Equivalently, I is injective if and only if for any pair of sheaves F ,G , any morphism
h : F → I and monomorphism f : F → G , there exists a morphism g : G → I such that
h = g◦ f , that is, the diagram

0 F G

I

f

h g

commutes.

Let F be a sheaf of OX -modules. We will construct an injective sheaf I and an injective
morphism of sheaves F →I . For each x ∈ X , Fx is an OX ,x-module, so there is an injective
OX ,x-module Ix and a monomorphism Fx→Ix (ROTMAN, 2009, Theorem 3.38). For each
x ∈ X consider the topological space {x} consisting of one element and the discrete topology.
Let j : {x} ↪→ X be the inclusion map and consider the constant sheaf defined on {x} by Ix (see
Example 2.6). The direct image j∗Ix

1 has a natural OX -module structure, in fact, for any open
subset U ⊆ X containing x and any r ∈ OX(U), s ∈ j∗Ix(U)∼= Ix, we have r · s = rx · s. Define
the OX -module I = ∏x∈X j∗(Ix) by

I (U) := ∏
x∈X

j∗(Ix)(U) = ∏
x∈U

Ix

1 ( j∗Ix)(U) is Ix if x ∈U and 0 otherwise.
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with the natural projection as the restriction map. It is straightforward that I is a sheaf and it
has a natural structure of OX -module defined by r · s = r · (sx)x∈U := (rx · sx)x∈U , also we have
that the stalks satisfy (I )x = Ix.
It follows easily that for any OX -module G there is a canonical isomorphism of groups

HomOX (G ,I )∼= ∏
x∈X

HomOX (G , j∗(Ix))

moreover, there is an isomorpism of groups

HomOX (G , j∗(Ix))∼= HomOX ,x(Gx,Ix)

for every x ∈ X , therefore the injective homomorphisms of modules Fx→ Ix give rise to a
morphism of OX -modules F →I , which by proposition 2.30 is also injective.
Note that I is an injective OX -module. In fact, let G ′→ G be an injective morphism of OX -
modules, we then have an injective morphism of OX ,x-modules G ′x → Gx for every x ∈ X , since
Ix is injective we have a surjective morphism

HomOX ,x(Gx,Ix)→ HomOX ,x(G
′
x ,Ix).

Taking direct product over all points of X we get a surjection

∏
x∈X

HomOX ,x(Gx,Ix)→∏
x∈X

HomOX ,x(G
′
x ,Ix)

and by the isomorphism discussed above we obtain a surjective map

HomOX (G ,I )→ HomOX (G
′,I )

and therefore I is an injective OX -module. As a consequence we obtain the following proposi-
tion.

Proposition 5.3. (HARTSHORNE, 1977, III, Proposition 2.2). If (X ,OX) is a ringed space

and F a sheaf of OX -modules, then there exists an injective OX -module I and an injective

morphism of sheaves F →I . The sheaf I is said to be an injective extension of F .

Let F be a sheaf of OX -modules and ε0 : F →I0 an injective extension. Identifying
F with im ε0 define the sheaf F1 := I0/F . The sheaf F1 has a injective extension ε1 : F1→
I1. Similarly we may form the quotient F2 := I1/F1 together with its injective extension
ε2 : F2→I2. Repeating this process we obtain an exact sequence

0 Fn In Fn+1 0
εn πn

for every n≥ 0 where πn is the natural projection.
If we define the map αn := εn+1 ◦πn : In→In+1 for all n≥ 0, we obtain the sequence
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0 F I0 I1 I2 · · ·

F1 F2

ε0 α0

π0

α1

π1

α2

ε1 ε2

which is exact since kerαn+1 = kerπn+1 = im εn+1 = im αn. The exact sequence

I• : 0→F
ε0−→I0

α0−→I1
α1−→I2

α2−→ ·· · (5.1)

is said to be an injective resolution of F . We have shown that every OX -module has an injective
resolution.

Now, let F be a sheaf of OX -modules on a ringed space (X ,OX) and I• an injective
resolution of F . Apply the functor Γ(X , ·) to I•,F := 0→I0

α0−→I1
α1−→I2

α2−→ ·· · to obtain

Γ(X , I•,F ) : 0−→ Γ(X ,I0)
Γ(X ,α0)−−−−→ Γ(X ,I1)

Γ(X ,α1)−−−−→ ·· · .

This sequence is no longer exact but it satisfies im Γ(X ,αn−1)⊆ ker Γ(X ,αn), this is what we
call a complex2. Define the sheaf cohomology group of F to be the Γ(X ,OX)-modules

Hn(X ,F ) :=
kerΓ(X ,αn)

im Γ(X ,αn−1)

and for n =−1 we assume Γ(X ,α−1) := 0→ Γ(X ,I0) is the trivial map. The following theorem
is a basic result in cohomology theory over an abelian category, it will be used in later proofs, for
a slightly more general statement where the set X is replaced by any open set U ⊆ X , we refer
the reader to Iitaka (1982, Theorem 4.1).

Theorem 5.4. (a) The groups Hn(X ,F ) do not depend on the choice of the injective resolu-

tion of F .

(b) Let θ : F → G and be a morphism of sheaves, then, for all n≥ 0, there is a well define

natural homomorphism Hn(X ,θ) : Hn(X ,F )→ Hn(X ,G ) such that Hn(X , id) = id and

for any morphism η : G →H of sheaves, Hn(X ,η ◦θ) = Hn(X ,η)◦Hn(X ,θ).

(c) For any short exact sequence of sheaves

0 F G H 0θ η

there are associated connecting morphisms δ n : Hn(X ,H )→ Hn+1(X ,F ) for every

n≥ 0 such that

2 A complex in an abelian category is a collection of objects Ai and morphisms di : Ai→ Ai+1, i ∈ Z,
such that di+1 ◦di = 0.
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0 H0(X ,F ) H0(X ,G ) H0(X ,H ) H1(X ,F ) · · ·

. . . Hn(X ,F ) Hn(X ,G ) Hn(X ,H ) · · ·

H0(X ,θ) H0(X ,η) δ 0

δ n−1 Hn(X ,θ) Hn(X ,η) δ n

is a long exact sequence.

Corollary 5.5. For every sheaf F on (X ,OX) we have H0(X ,F )∼=Γ(X ,F ). If F is an injective

sheaf then Hn(X ,F ) = 0 for every n > 0.

Proof. Let I• be an injective resolution of F as in equation 5.1. We have H0(X ,F )∼= kerΓ(X ,α0)∼=
kerΓ(X ,π0) ∼= Γ(X ,F ). Suppose F is injective, since the constant sheaf {0} is injective the
resolution

0 F F 0 · · ·id

is also injective, hence Hn(X ,F ) = 0 for every n > 0.

Definition 5.6. Let X be a topological space. A sheaf F on X is said to be flasque if for every
pair of open subsets U,V ⊆ X such that U ⊆V the restriction map F (V )→F (U) is surjective.

Example 5.7. The constant sheaf of example 2.6 is flasque.

Example 5.8. Let X = C with the usual euclidean topology and let Z be the constant sheaf of
example 2.6 defined by Z on X . Consider the sequence of sheaves

0→ Z 2πi·−−→ Ohol
X

exp(·)−−−→ Ohol∗
X → 1

where 0 is the constant sheaf on X define by the additive group {0} and 1 is the constant sheaf
on X defined by the multiplicative group {1}. The first map is just multiplication by 2πi and
the second map is composition with the complex exponential map. It is easy to see that this is

an exact sequence of sheaves3. Thus the morphism Ohol
X

exp(·)−−−→ Ohol∗
X is surjective but it fails

to be flasque since, for g(z) = z defined in U = C\{0}, we have g ∈ Ohol∗
X (U) but there is no

holomorphic function satisfying exp( f (z)) = z on U , therefore expU is not surjective.

Remark 5.9. If 0→F ′ θ−→F
η−→F ′′ → 0 is exact and F ′ is flasque then 0→F ′(U)

θU−→
F (U)

ηU−→F ′′(U)→ 0 is exact for every open set U ⊆ X .
By proposition 5.1 is sufficient to prove that F (U)

ηU−→F ′′(U) is surjective. Let U ⊆ X be an
open set and t ∈F ′′(U) . Since η is surjective, for every x ∈U there is an open neighborhood
3 The first map is injective since 2πin = 0 implies n = 0. Since exp( f ) = 1 if and only if f = 2πiZ, we

conclude that ker exp(·) = Im 2πi·. Now, to see exp(·) is surjective, let P∈ X be any point and consider
gP ∈ Ohol∗

X ,P . There exists an open neighborhood U of P such that g|U 6= 0. In this case the complex
logarithm of g is well defined in U and the function f = 1

2πi log g is a well defined holomorphic
function such that expP( fP) = gP, since this is the case for any P we conclude that exp(·) is surjective.
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W ⊆U of x such that t|W = η |W (s) for some s ∈F (W ). Therefore we can cover U by open sets
{Ui}i∈I with Ui ⊆U , and elements si ∈F (Ui) such that t|Ui = ηUi(si).
Let Σ = {(

⋃
i∈J Ui,s) : J ⊆ I, s ∈F (

⋃
i∈J Ui), η⋃

i∈J Ui(s) = t|⋃
i∈J Ui}. Consider the partial order

on Σ given by (
⋃

i∈J1
Ui,s1)≥ (

⋃
i∈J2

Ui,s2) if and only if
⋃

i∈J1
Ui ⊆

⋃
i∈J2

Ui and s2|⋃i∈J1
Ui = s1.

It is easy to verify Σ is closed under increasing chains. By Zorn’s Lemma, there is a maximal
element (

⋃
i∈J Ui,s) ∈ Σ. Denote W =

⋃
i∈J Ui, we claim W =U . Suppose on the contrary that

there exists k ∈ I such that Uk * W . Note that ηW (s) = t|W and ηUk(sk) = t|Uk implies that
η |W∩Uk(s|W∩Uk− sk|W∩Uk) = 0 and by exactness of θW∩Uk , s|W∩Uk− sk|W∩Uk ∈ Im θW∩Uk . That
is, there exists r ∈F ′(W ∩Uk) such that θW∩Uk(r) = s|W∩Uk−sk|W∩Uk . Since F ′ is flasque, there
exists r′ ∈F ′(W ∪Uk) such that r′|W∩Uk = r. Now consider the cover W and Uk of W ∪UK , note
that (s−θW (r′|W ))|W∩Uk = sk|W∩Uk , so there exists z ∈F (W ∪Uk) such that z|W = s−θW (r′|W )

and z|Uk = sk. Note that ηW (z|W ) = ηW (s) = t|W and ηUk(z|Uk) = tUk , then ηW∪Uk(z) = t|W∪Uk .
Then, we have ηW∪Uk(z+ θW∪Uk(r

′)) = ηW∪Uk(z) = t|W∪Uk and (z+ θW∪Uk(r
′))|W = s. This

implies (W ∪Uk,z) ∈ Σ, which contradicts the maximality assumption. Hence W = U and
ηU(s) = t as required.

We will use flasque sheaves instead of injective sheaves to calculate the cohomology
groups. Actually, every injective sheaf I is flasque (HARTSHORNE, 1977, III, Lemma 2.4).
Flasque sheaves are also acyclic with respect to the sheaf cohomology groups, that is, every
flasque sheaf F satisfy Hn(X ,F ) = 0 for every n≥ 1 as we show in the following proposition.

Proposition 5.10. If F is flasque then Hn(X ,F ) = 0 for all n≥ 1.

Proof. Consider the short exact sequence

0→F →I → G → 0

where I is injective and G = I /F . Since I is also flasque we have G is flasque (see
Hartshorne (1977, II, Exercise 1.16 (c))). By remark 5.9 the sequence

0→ Γ(X ,F )→ Γ(X ,I )→ Γ(X ,G )→ 0

or, equivalently, the sequence

0→ H0(X ,F )→ H0(X ,I )→ H0(X ,G )→ 0

is exact. By corollary 5.5 Hn(X ,I ) = 0 for n > 0, and by theorem 5.4 item (c) we have the
exact sequence

0→ H0(X ,F )→ H0(X ,I )→ H0(X ,G )→ H1(X ,F )→ 0

where the third homomorphism is surjective, this implies that the fourth homomorphism
H0(X ,G )→ H1(X ,F ) is the zero map, but it is also surjective, hence H1(X ,F ) = 0. For
n > 1 we have the exact sequence

0→ Hn−1(X ,G )→ Hn(X ,F )→ 0
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thus, Hn−1(X ,G ) ∼= Hn(X ,F ). If we argue by induction, we have shown that H1(X ,F ) = 0.
Suppose the result is valid for n−1 and every flasque sheaf, since G is flasque 0 = Hn−1(X ,G )

so Hn(X ,F )∼= 0 as required.

Furthermore, for any exact sequence of OX -modules

J• : 0 F G0 G1 G2 · · ·ε β0 β1 β2

which is acyclic with respect to the sheaf cohomology4, there is an isomorphism

Hn(X ,F )∼=
kerΓ(X ,βn)

im Γ(X ,βn−1)

where β−1 : 0→ G0 is the trivial map. To see this first note that 0→F
ε−→ G0

β0−→ G1 is exact, by
proposition 5.1 the sequence

0→ Γ(X ,F )
Γ(X ,ε)−−−−→ Γ(X ,G0)

Γ(X ,β0)−−−−→ Γ(X ,G1)

is exact, thus kerΓ(X ,β0) = im Γ(X ,ε) = Γ(X ,F ) ∼= H0(X ,F ). For n > 1, consider the fol-
lowing exact sequences

0 F G0 im β0 0ε β0 (5.2)

0 im β0 G1 G2 · · ·i β1 β2 (5.3)

Since Hn(X ,G0) = 0 for every n > 1, we apply theorem 5.4 item (c) to the sequence in equation
5.2, we obtain the long exact sequence

0−→ Γ(X ,F )
Γ(X ,ε)−−−−→ Γ(X ,G0)

Γ(X ,β0)−−−−→ Γ(X , im β0)
δ 0
−→ H1(X ,F )−→ 0−→ ·· ·

· · · −→ 0−→ Hn(X , im β0)−→ Hn+1(X ,F )−→ 0−→ ·· · .

From this, and using the exactness of equation 5.3, we deduce

H1(X ,F )∼=
Γ(X , im β0)

kerδ 0
∼=

Γ(X , im β0)

im Γ(X ,β0)
∼=

ker Γ(X ,β1)

im Γ(X ,β0)

which solves for n = 1. So far we have proven the result to be true in the case n = 1 for any sheaf
of OX -modules. Lets assume by induction that the result is valid for some fixed n > 1 and any
sheaf of OX -modules and lets prove the case n+1. For n > 1 we have

Hn(X , im β
0)∼= Hn+1(X ,F ).

4 J is called acyclic with respect to the sheaf cohomology if and only if Hn(X ,Gi) = 0 for all n≥ 1 and
every i≥ 0.
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If we apply the induction hypotheses to im β0 then from equation 5.3 we obtain

ker Γ(X ,βn+1)

im Γ(X ,βn)
∼= Hn(X , im β0),

thus
Hn+1(X ,F )∼=

ker Γ(X ,βn+1)

im Γ(X ,βn)
.

So, we have proven the following proposition.

Proposition 5.11. (IITAKA, 1982, Proposition 4.3). Let (X ,OX) be a ringed space and

0 F G 0 G 1 G 2 · · ·ε β 0 β 1 β 2

an exact sequence of OX -modules such that Hn(X ,G i) = 0 for all n > 0 and every i ≥ 0 (for

example flasque sheaves), then

Hn(X ,F )∼=
kerβ n

X

Im β
n−1
X

where β−1 : 0→ G 0.

Now we calculate the sheaf cohomology groups for a quasi-coherent sheaf in the case
where X = Spec A is an affine scheme and A is a noetherian ring.

Theorem 5.12. Let X = Spec A with A noehterian. Then for every quasi-coherent sheaf F and

for every i > 0, H i(X ,F ) = 0.

Proof. Let M = Γ(X ,F ) then F ∼= M̃ (see corollary 4.7). Consider 0→M→ I• an injective
resolution of M as A-module. The association M→ M̃ is exact by proposition 4.5, so the sequence
0→ M̃→ Ĩ• is exact. Since A is a noetherian ring, by Hartshorne (1977, III, Proposition 3.4), each
Ĩi is flasque and therefore we can use them to calculate the cohomology of F (see proposition
5.11). Applying Γ(X ,−) we obtain the original injective resolution 0→M→ I•, then calculating
its cohomology we get H0(X ,F ) = M and H i(X ,F ) = 0 for i > 0.

5.2 Local cohomology
In this section we introduce the concept of local cohomology of a given module with

respect to some ideal. To construct this cohomology groups we will use an injective resolution of
the module M and then we will apply a left exact functor. This is done in order to establish a
connection between cohomology of sheaves and local cohomology of modules so that we can
write properties of sheaves in algebraic terms. This cohomology groups will be closely related
to the sheaf cohomology groups of the sheaf M̃ defined by M. Lets start with the following
definition. For more details on the theory of local cohomology of modules see for example
(BRODMANN; SHARP, 1998) and (IYENGAR et al., 2007).
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Definition 5.13. Let A be a ring and M an A-module, for any ideal a⊆A we define the a−torsion
module Γa(M) by

Γa(M) := {m ∈M : anm = 0 for some n≥ 0}.

The module Γa(M) is a submodule of M. The following notation will be useful in stating
a few properties of this module, let N be a submodule of M, define the set

(N :M a) := {m ∈M | am⊆ N},

which is also a submodule of M. It is easy to verify that

Γa(M) =
⋃

n∈N
(0 :M an).

Remark 5.14. Let a ⊆ A be an ideal, we say that an A-module M is a-torsion if Γa(M) = M.
If Γa(M) = 0 we say M is a-torsion free. Since Γa(Γa(M)) = Γa(M) we have that Γa(M) is
a-torsion.

In the language of category theory the next result tells us that Γa(−) is a left exact
additive covariant functor from the category of A-modules to itself, called a-torsion functor, or,
Gamma functor.

Proposition 5.15. For every morphism of A-modules f : M→ N there exists a morphism Γa( f ) :
Γa(M)→ Γa(N) of A-modules such that for any exact sequence of A-modules 0→ N

f−→M
g−→ P

the sequence 0→ Γa(N)
Γa( f )−−−→ Γa(M)

Γa(g)−−−→ Γa(P) is exact.

Proof. Let f : M → N an homomorphism of A-modules. Now, since f (Γa(M)) ⊆ Γa(N), so
there is an A-homomorphism

Γa( f ) : Γa(M) −→ Γa(N)

m 7−→ f (m).

Let 0→ N
f→M

g→ P be a short exact sequence of A-modules. We claim that

0→ Γa(N)
Γa( f )−→ Γa(M)

Γa(g)−→ Γa(P)

is exact. For x ∈ Γa(N) we have Γa( f )(x) = f (x), thus injectivity follows.

We have im(Γa( f ))⊆ ker(Γa(g)) since g◦ f = 0 implies

Γa(g)◦Γa( f ) = Γa(g◦ f ) = Γa(0) = 0.

For the remaining inclusion let y ∈ ker(Γa(g)), this implies that g(y) = 0 and that there exists
x ∈ N such that f (x) = y, we only need to show that x ∈ Γa(N). There is n ∈N such that any = 0,
this implies f (anx) = any = 0 and by injectivity of f we have anx = 0 as required.
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By Rotman (2009, Proposition 6.4) for every A-module M and every ideal a⊆ A there
exists an injective resolution5

I• : 0−→M α−→ I0
α0−→ I1

α1−→ ·· · −→ Ii
αi−→ Ii+1 −→ ·· · (5.4)

of M. Now we apply Γa(−) on

I•,M : 0−→ I0
α0−→ I1

α1−→ ·· · −→ Ii
αi−→ Ii+1 −→ ·· ·

to obtain

Γa(I•,M) : 0−→ Γa(I0)
Γa(α0)−→ Γa(I1)

Γa(α1)−→ ·· · −→ Γa(Ii)
Γa(αi)−→ Γa(Ii+1)−→ ·· · .

Define the i-th local cohomology module H i
a(M) of M with respect to a as

H i
a(M) := ker(Γa(αi))/im(Γa(αi−1)),

for all integer i≥ 0 where Γa(α−1) is the trivial map 0→ Γa(I0).

We are concern in the case where R = ⊕n≥0Rn is a positively graded noetherian ring,
a= R+ =⊕n>0Rn is the irrelevant ideal and M =

⊕
n∈ZMn a graded R-module. We can assume

that the groups H i
R+
(M) are graded R-modules, this is because the category of graded R-modules

has enough injectives and projective objects, this allows us to apply techniques of homological
algebra to this category, in particular equation 5.4 can be replace by an exact sequence of graded
R-modules I•, applying the functor ΓR+(−) to I•,M and its right derived functor H i

R+
(−) in this

category gives us a grading H i
R+
(M) =

⊕
n∈ZH i

R+
(M)n for every i≥ 0, for details in this matter

see Brodmann and Sharp (1998, Chapter 12). We state the following proposition that will be
the essence of the Serre finitness theorem 5.24 , for a proof of this see (BRODMANN; SHARP,
1998, Proposition 15.1.5).

Proposition 5.16. Let R be a positively graded noetherian ring and M a finitely generated

graded R-module, then

(a) For all i ≥ 0 the n-th graded component H i
R+
(M)n of H i

R+
(M) is a finitely generated

R0-module for all n ∈ Z.

(b) H i
R+
(M)n vanishes for all n� 0 and all i≥ 0.

5.3 Čech complexes
In this section we define the Čech cohomology for a quasi-coherent sheaf over a pro-

jective scheme Proj R where R is positively graded ring and we explore its relation with the

5 An injective resolution of M is an exact sequence 0−→M α−→ I0 α0

−→ I1 α1

−→ ·· · −→ Ii α i

−→ Ii+1 −→
·· · of A-modules such that every Ii is injective.
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sheaf cohomology of section 5.1. Theorem 5.18 establishes an isomorphism between the two
cohomology groups. Similarly, given an arbitrary ring A we define a Čech cohomology for a
module with respect to some finitely generated ideal. Theorem 5.20 establishes an isomorphisms
between these Čech cohomology groups and the local cohomology groups from section 5.2.

Let R =
⊕

n≥0 Rn be a standard positively graded ring, write R = R0[x0, . . . ,xr]where
xi ∈ R1. Let X = Proj R and M =

⊕
n∈ZMn a graded R-module. We know that the open sets

Ui = D+(xi) are affine and cover X , denote by A= {D+(xi)}r
i=0 this open cover and for every

set of sub-indexes {i0, i1, . . . , it} ⊆ {0, . . . ,r} such that i0 < .. . < it set Ui0···it = Ui0 ∩ ·· · ∩Uit .
The t-th Čech module of the sheaf M̃ with respect to A is define to be

Čt(A,M̃) := ∏
i0<···<it

M̃(Ui0···it )
∼= ∏

i0<···<it

M(xi0 ···xit )

where the product is taken over all (t +1)-tuples {i0, . . . , it} such that i0 < · · ·< it . Define the
co-boundary map dt : Čt(A,M̃)→ Čt+1(A,M̃) for α = (αi0,...,it ){i0<···<it} ∈ Čt(A,M̃) by

α 7−→ (
t+1

∑
k=0

(−1)k
αi0,...,îk,...,it+1

)i0,...,it+1 (5.5)

where the symbol îk means we are omitting the index ik. Note that every αi0,...,îk,...,it
∈M(xi0 ···x ˆik

···xit )

can be seen canonically as an element of M(xi0 ···xit+1)
. For example if r = 2 we have the maps

M(x0)×M(x1)×M(x2) M(x0x1)×M(x0x2)×M(x1x2) M(x0x1x2)

( f
xt

0
, g

xt
1
, h

xt
2
) ( g

xt
1
− f

xt
0
, h

xt
2
− f

xt
0
, h

xt
2
− g

xt
1
)

( F
xt

0xt
1
, G

xt
0xt

2
, H

xt
1xt

2
) H

xt
1xt

2
− G

xt
0xt

2
+ F

xt
0xt

1

d0 d1

note that in this case we have d1 ◦d0 = 0, it can be checked that dt+1 ◦dt = 0 for every t, thus

0→ Č0(A,M̃)
d0
−→ ·· · dt−1

−−→ Čt(A,M̃)
dt
−→ ·· · dr−1

−−→ Čr(A,M̃)→ 0

is a complex. Consequently we define the t-th Čech cohomology group of M̃ with respect to
the open covering A by

Ȟt(A,M̃) :=
ker dt

im dt−1

Remark 5.17. Ȟ0(A,M̃) ∼= Γ(X ,M̃) = M. In fact, Ȟ0(A,F ) = kerd0. Let α = (αi)
r
i=0 ∈

kerd0, then αi|D+(xi)∩D+(x j) = α j|D+(xi)∩D+(x j) and by the gluability axiom of M̃, we can find a
unique α ∈ Γ(X ,M̃) such that α|D+(xi) = αi. Hence we have a bijective group homomorphism
Ȟ0(A,M̃)→ Γ(X ,M̃) defined by α 7→ α .
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With X and M as above we construct a sheaf version of the Čech module. For any open
set U ⊆ X define

C t(A,M̃)(U) := ∏
i0<···<it

M̃|Ui0···it
(U) = ∏

i0<···<it

M̃(Ui0···it ∩U)

this turns C t(A,M̃) into a sheaf of OX -modules for all t. There is a morphism of sheaves
dt : C t(A,M̃)→ C t+1(A,M̃) defined in a similar way as (5.5)

dt
U : C t(A,M̃)(U)−→ C t+1(A,M̃)(U)

α 7−→ (
t+1

∑
k=0

(−1)k
α|Ui0··· ˆik ···it+1

)i0,...,it+1.

This morphism satisfies dt+1 ◦dt = 0, and Γ(X ,C t(A,M̃)) = C t(A,M̃)(X) = Čt(A,M̃). There
is a natural morphism of sheaves ε : M̃→ C 0(A,M̃) defined by εU(α) := (α|U∩D+(xi))

r
i=0 for

any U ⊂ X and α ∈ M̃(U). ε is injective since D+(xi) cover X and M̃ is a sheaf. It is easy to
verify that ε(F ) = ker d0. In fact

0→ M̃ ε−→ C 0(A,M̃)
d0
−→ C 1(A,M̃)

d1
−→ ·· ·

is an exact sequence of sheaves, see Hartshorne (1977, III, Lemma 4.2). Now, let I• : 0→ M̃→
I 0→I 1→I 2→ ·· · be an injective resolution of M̃, by Rotman (2009, Theorem 6.16) there
exist morphisms of sheaves C t(A,M̃)→I t such that

0 M̃ C 0(A,M̃) C 1(A,M̃) · · ·

0 M̃ I 0 I 1 · · ·

ε

id

d0 d1

commutes. Applying Γ(X ,−) to the above diagram we obtain

0 M Č0(A,M̃) Č1(A,M̃) · · ·

0 M Γ(X ,I 0) Γ(X ,I 1) · · ·

Γ(X ,ε)

id

d0 d1

which induces a morphism between its cohomology groups, see Rotman (2009, Proposition 6.8).
That is, we have morphisms

Ȟt(A,M̃)−→ Ht(X ,M̃)

In the case where R is a noetherian ring, the following theorem implies that these morphisms
are in fact isomorphisms for every t, this is a consequence of Hartshorne (1977, III, Theorem
4.5) where the result is proven for a noetherian separated scheme X , an affine cover A and a
quasi-coherent sheaf F , a slightly more general case than our own. Here the hypothesis of the
scheme being separated is needed to guaranteed that the intersection of two open affine sets is
affine, which is our case since D+(xi)∩D+(x j) = D+(xix j).



5.3. Čech complexes 59

Theorem 5.18. . Let R =
⊕

n≥0 Rn be standard positively graded (see definition 4.17) noetherian

ring. Let X = Proj R and M =
⊕

n∈ZMn a graded R-module. Let A = {D+(xi)}r
i=0, then the

above homomorphism

Ȟt(A,M̃)−→ Ht(X ,M̃)

is an isomorphism for every t = 0, . . . ,r.

In particular the Čech cohomology groups do not depend on the choice of generators for
R+ and Ht(X ,M̃) = 0 for every t < 0 and t > r.

Let A be a ring and a⊆ A an ideal finitely generated by the elements (a1, . . . ,ar). Let M

be an arbitrary A-module. We define a Čech complex Č•(M) of M with respect to the sequence
of elements a1, . . . ,ar as follows. First we define the modules

Č0(M) := M

Čt(M) := ∏
i1<···<it

Mai1 ···ait
for t = 1, . . . ,r

together with the morphisms

d0 : Č0(M)−→ Č1(M)

m 7−→ (
m
1
, . . . ,

m
1
)

and

dt : Čt(M)−→ Čt+1(M)

α 7−→ (
t+1

∑
k=1

(−1)k
αi1,...,îk,...,it+1

)i1,...,it+1

where each element αi1,...,îk,...,it+1
∈ Čt(M) may be seen as an element of Čt+1(M) written as

xs
ikαi1,...,îk,...,it+1

/xs
ik for some adequate s ∈ N. We have dt+1 ◦ dt = 0 for every t = 1, . . . ,r− 2,

see Brodmann and Sharp (1998, 5.1.5 Proposition and Definition). Thus we define the Čech
complex of M with respect to a1, . . . ,ar by

Č•(M) : 0→ Č0(M)
d0
−→ Č1(M)

d1
−→ ·· · dr−1

−−→ Čr(M)→ 0.

We define
Ȟt(M) := kerdt/Im dt−1

as the t-th Čech cohomology module of the Čech complex of M with respect to the ideal a with
generators a1, . . . ,ar.

Remark 5.19. Note that

Ȟ0(M) = kerd0

= {m ∈M | an
i m = 0 for all i = 1, . . . ,r and some n ∈ N}

= Γa(M)
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Sometimes we write Č•(a1, . . . ,an;M), Čt(a1, . . . ,ar;M) and Ȟt(a1, . . . ,ar;M) to specify what
sequence of generators of a we are using.

Now we state the following important theorem.

Theorem 5.20. (BRODMANN; SHARP, 1998, 5.1.19 Theorem) Let A be a noetherian ring and

a1, . . . ,ar be generators of an ideal a of A. For any A-module M there are isomorphisms

Ȟt(a1, . . . ,ar;M) = Ȟt(M)
∼−→ Ht

a(M)

for every t ∈ N.

In particular Ht
a(M) = 0 for every t < 0 and t > r.

Assume R =
⊕

n≥0 Rn is a standard positively graded noetherian ring and M a graded
R-module. Let x0, . . . ,xr ⊆ R1 be generators of the irrelevant ideal R+ =

⊕
n>0 Rn. The modules

Čt(x0, . . . ,xr;M) gain naturally a structure of graded module together with homogeneous homo-
morphisms dt , therefore the modules Ȟt(x0, . . . ,xr;M) gain also a natural grading. Theorem 5.20
endows Ht

R+
(M) with a graded R-module structure, this structure coincides with the grading

discussed in section 5.2, to see a proof of this we refer the reader to Brodmann and Sharp
(1998, Chapter 12), in particular the local cohomology modules are independent of the choice of
generators for R+.

Remark 5.21. There is a natural way to relate the Čech cohomology groups Ȟt(X ,M̃) of
the quasi-coherent sheaf M̃ with the Čech cohomology groups Ȟt(x0, . . . ,xr;M) where the
irrelevant ideal R+ is generated by x0, . . . ,xr ∈ R1. In theorem 5.22 we use this relation to
establish a correspondence between the local cohomology of M with respect to R+ and the sheaf
cohomology of M̃.

5.4 Serre - Grothendieck correspondence

In this section we prove the classical form of the Serre-Grothendieck correspondence
between Local cohomology and sheaf cohomology using the tools developed in section 5.3.
Then we prove using this correspondence that any coherent sheaf F on X = Proj R is of the
form M̃ for some finitely generated graded R-module M. Finally we prove the Serre’s finitness
theorem that states that the cohomology groups H i(X ,F (n)) are finitely generated R0-modules
and they all vanish for all i > 0 and sufficiently large n.

Let R =
⊕

n≥0 Rn be a standard positively graded noetherian ring, see definition 4.17. By
Atiyah and Macdonald (1969, Theorem 10.7) this is the same as saying R0 is a noetherian ring
and R is finitely generated as a R0-module. Let F be a sheaf of OX -modules on X = Proj R,
recall definition 4.13 for Γ∗(F ) =

⊕
n∈ZΓ(X ,F (n)), Γ∗(F ) is a graded R-module.
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The following theorem establishes an isomorphism between the groups that arise from the sheaf
cohomology and the local cohomology.

Theorem 5.22. (Classical form of the Serre - Grothendieck Correspondence (IYENGAR et al.,
2007, Theorem 13.21)). Let R be a standard positively graded noetherian ring and X = Proj R,

for every graded R-module M and every n ∈ Z we obtain an exact sequence of graded R-modules

0 H0
R+
(M) M Γ∗(M̃) H1

R+
(M) 0

ζ (M)

and a graded R-module isomorphism

H i+1
R+

(M)∼=
⊕
n∈Z

H i(X ,M̃(n)), ∀i≥ 1

in particular H i+1
R+

(M)n ∼= H i(X ,M̃(n)) for every n ∈ Z.

Proof. Suppose {x0, . . . ,xr} ⊂ R1 is a set of generators of R as a R0-algebra. Let Ui = Spec S(xi)

and A= {U0, . . . ,Ur} be an open cover of X . Consider the complex

C(x0, . . . ,xr;M)[−1] :

0−→ 0−→
r⊕

i=0

Mxi −→ ·· · −→
⊕

i0<...<is

Mxi0 ...xis
−→ ·· · −→Mx0...xr −→ 0

which comes from the Čech complex associated to M using the maximal ideal R+ = (x0, . . . ,xr)

deleting Č0(x0, . . . ,xr;M) = M and shifting by −1. Consider also the Čech complex

Č(x0, . . . ,xr;M) :

0−→M −→
r⊕

i=0

Mxi −→ ·· · −→
⊕

i0<...<is

Mxi0 ...xis
−→ ·· · −→Mx0...xr −→ 0

and the complex

M : 0−→M −→ 0−→ ·· · −→ 0.

We get a short exact sequence of complexes

0−→C(x0, . . . ,xr;M)[−1]−→ Č(x0, . . . ,xr;M)−→M −→ 0.

To finish the proof we pass to the associated long exact sequence of the respective cohomolo-
gies. In degree 0 we have H0(C(x0, . . . ,xr;M)[−1]) = 0, H0(Č(x0, . . . ,xr;M)) = H0

R+
(M) and



62 Chapter 5. Cohomology

H0(M) = M. In degree 1 we have

H1(C(x0, . . . ,xr;M)[−1]) = ker(
r⊕

i=0

Mxi →
⊕

0≤i< j≤r

Mxix j)

= ker(
r⊕

i=0

⊕
n∈Z

M(n)(xi)→
⊕

0≤i< j≤r

⊕
n∈Z

M(n)(xix j))

=
⊕
n∈Z

ker(
r⊕

i=0

M(n)(xi)→
⊕

0≤i< j≤r

M(n)(xix j))

=
⊕
n∈Z

H0(X ,M̃(n))

= Γ∗(M̃)

and for the reminding complexes we have H1(Č(x0, . . . ,xr;M)) = H1
R+
(M) and H1(M) = 0, this

gives the exact sequence

0 H0
R+
(M) M Γ∗(M̃) H1

R+
(M) 0

as required. Now, note that the cohomology of the complex M is 0 for i ≥ 2, this gives short
exact sequences

0 H i(C(x0, . . . ,xr;M)[−1]) H i(Č(x0, . . . ,xr;M)) 0.

Similar to the degree 0 case we also have

H i(C(x0, . . . ,xr;M)[−1])∼=
⊕
n∈Z

H i−1(X ,M̃(n))

and

H i(Č(x0, . . . ,xr;M)) = H i
R+
(M)

so, the above short exact sequence yields the isomorphism

H i
R+
(M)∼=

⊕
n∈Z

H i−1(X ,M̃(n))

for every i≥ 2 as required.

Proposition 5.23. Let R be a standard positively graded noetherian ring, X = Proj R and F

be a coherent sheaf on X. Then there exists a finitely generated graded R-module M such that

F ∼= M̃.

Proof. By proposition 4.18 there is a graded R-module N such that F ∼= Ñ. Write R=R0[ f0, . . . , fr]

where fi ∈ R1 \{0}. Note that X = ∪r
i=0D+( fi). By proposition 4.6 we have Ñ|D+( fi)

∼= M̃i for
some finitely generated R( fi)-module Mi, thus, taking global sections we obtain by proposi-
tion 4.9 that N( fi)

∼= Mi and therefore N( fi) is finitely generated R( fi)-module for each i =
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0, . . . ,r. Let { mi1

f
ni1
i

, . . . ,
mil

f
nil
i

} generate N( fi) as a R( fi)-module, note that the mi j’s are homoge-

neous, thus it makes sense to consider the graded R-module M to be the one generated by
{m01, . . . ,m0l , . . . ,mr1 . . . ,mrl}. We show that ΓR+(N/M) = N/M, that is, N/M is R+-torsion.
There is only left to show the inclusion "⊇". For this, let m ∈ N, it is enough to prove that there
is n′ ≥ 0 such that Rn′

+m ∈M. We may assume m is homogeneous. For every i = 0, . . . ,r pick ni

such that m/ f ni
i ∈M( fi), thus there exist u1, . . . ,ul ∈ R( fi) such that

m
f ni
i

= u1
mi1

f
ni1
i

+ · · ·+ul
mil

f
nil
i

.

Take n′i ≥ 0 such that
f n′i
i m = g1mi1 + · · ·+glmil

where g j ∈ R. Now take n′ great enough such that f n′
i m ∈M for all i = 0, . . . ,r, since R+ is the

ideal generated by { f0, . . . , fr} we have Rn′
+m ∈M and the inclusion is proved. So we have that

N/M is R+-torsion, we show now that (N/M)̃ = 0. Note that for p ∈ X we have (N/M)̃p = 0.
In fact for every p ∈ X and every sp ∈ (N/M)p we can choose i such that p ∈ D+( fi), thus
s|D+( fi) ∈ (N/M)( fi) and we have f n′

i s|D+( fi) = 0 which implies that sp = 0. As a consequence of
proposition 2.26 we deduce that M̃ ∼= Ñ since they coincide at every stalk.

Theorem 5.24. (BRODMANN; SHARP, 1998, 20.4.6 Theorem)(Serre’s Finiteness Theorem)

Let R be a standard positively graded noetherian ring, X = Proj R and F a coherent sheaf on

X, then

(a) H i(X ,F (n)) is a finitely generated R0-module, for all i≥ 0 and all n ∈ Z;

(b) There exists n0 ∈ Z such that n≥ n0 implies H i(X ,F (n)) = 0 for all i≥ 1.

Proof. By proposition 5.23 there exists a finitely generated graded R-module M such that F ∼= M̃.
By theorem 5.22 we have an exact sequence

0 H0
R+
(M)n Mn H0(X ,F (n)) H1

R+
(M)n 0

since Mn is finitely generated and by proposition 5.16 item (a) so is H1
R+
(M)n we have that

H0(X ,F (n)) is finitely generated as R0-module. For i≥ 1 theorem 5.22 implies that H i(X ,F (n))∼=
H i+1

R+
(M)n, thus, by proposition 5.16, we conclude that H i(X ,F (n)) are finitely generated R0-

modules and they vanish for n� 0 and all i > 0.

5.5 Regularity and Eisenbud-Goto conjecture

5.5.1 Hilbert polynomials

One of the main tools used in geometry are Hilbert-Serre polynomials, multiplicities and
Hilbert-Samuel coefficients. Before defining them, we enunciate a classic theorem in graded
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modules that relates to polynomial, degree and dimension.

Let R be a standard positively graded ring and M =⊕n∈ZMn a graded R-module. Suppose
that `R0(Mn)< ∞ for all n ∈ Z. Define the Hilbert function HM : Z→ Z of M by

HM(n) := `R0(Mn) for all n ∈ Z.

Theorem 5.25. (BRUNS; HERZOG, 1998, 1, 4.1.3). Let R be a standard positively graded

ring and suppose R0 is an artinian local ring. Let M be a non-zero finitely generated graded

R-module. Then, there exists a polynomial PM(t) ∈Q[t] so that for all large n, HM(n) = PM(n)

and d := deg(PM(t)) = dim(M)−1.

Here dim(M) := dim(R/ann(M))) as in Bruns and Herzog (1998, Appendix). Due to
the above theorem, we define the following polynomial whose coefficients are very important in
algebraic geometry and commutative algebra.

Definition 5.26. Let R be a standard positively graded ring and M =⊕n∈ZMn a graded R-module.
Suppose that `R0(Mn)< ∞ fora ll n ∈ Z. The polynomial PM(t) ∈Q[t] such that, for all n� 0,
HM(n) = PM(n) is called the Hilbert polynomial of M.

Now, let R=⊕n≥0Rn be a standard positively graded ring such that (R0,m0) is an artinian
local ring. Let M =⊕n∈ZMn be a finitely generated graded R-module. We know by (BRUNS;
HERZOG, 1998, 1, 4.1.6) that for n� 0 the numerical function

SFM(n) =
n−1

∑
i=0

HM(i)

is a polynomial function HPM(x) ∈ Z[x] of degree d = dim(M) that is also called the Hilbert
polynomial of M. It can be written in the form

HPM(n) =
d

∑
i=0

(−1)iei(M)

(
n−d− i

d− i

)
= e0(M)

nd

d!
+ lower order terms

with integer coefficients ei(M) called the Hilbert coefficients of M and e0(M) is called the
Hilbert-Samuel multiplicity of M.

Assume that F is the coherent sheaf induced by M on X = Proj R. We know that the
cohomology groups H i(X ,F (n)) are finitely generated by theorem 5.24 item (a). Thus, the
modules H i(X ,F (n)) are both artinian and noetherian and hence of finite length as R0-modules.
For i≥ 0 and n ∈ Z define its length

hi
X ,F (n) = hi

F (n) := `R0(H
i(X ,F (n))).

By theorem 5.24 item (b), there is n0 ∈ Z such that hi
F (n) = 0 for all n≥ n0. Therefore it makes

sense to define the characteristic function χF : Z→ Z of F by setting
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χF (n) =
∞

∑
i=0

(−1)ihi
F (n) for all n ∈ Z.

Note that, for all n ∈ Z, we get

h0
F (n) = `R0(Mn)+h1

F (n)−h0
F (n)

by proposition 5.24 and theorem 5.22, so that for any integer d = r ≥ dim(M)

χF (n) = ∑
d
i=0(−1)ihi

F (n)

= h0
F (n)−∑

d
i=2(−1)ihi

F (n)

= `R0(Mn)−∑
d
i=0(−1)ihi

F (n).

Thus, by theorem 5.24, χF (n) = `R0(Mn) for all n� 0. Therefore, observe that for
n� 0, by theorem 5.25 and proposition 5.23, χF (n) is a polynomial of degree dim(F )−1. So,
by (BRUNS; HERZOG, 1998, 1, 4.1.6), for n� 0, the numerical function

HF (n) =
n

∑
j=0

`R0(M j)

is a polynomial function HPF (x) ∈ Z[x] of degree d = dim(F ). It can be written in the form

HPF (n) =
d

∑
i=0

(−1)iei(F )

(
n−d− i

d− i

)
with integer coefficients ei(F ), called the Hilbert coefficients of F . There, e0(F ) is called
the Hilbert-Samuel multiplicity of F and e0(F )≥ 0.

Next, we introduce the invariants

ai(F ) := (−1)dim(F )−iedim(F )−i(F ) for all i = 0, . . . ,dim(F ),

so that,

HPF (n) =
d

∑
i=0

(
n+ i

i

)
ai(F ).

5.5.2 Regularity

Assume R is a standard positively graded noetherian ring and set X = Proj R. Let F be a
coherent sheaf on X . Many results in algebraic geometry can be written in the form of vanishing
and non vanishing statements of the groups H i(X ,F (n)). We say that F is m-regular if

H i(X ,F (m− i)) = 0

for all i > 0. This definition was originally given by Mumford and Bergman (1966, Lecture 14).
By Hartshorne (1977, III, Theorem 2.7) we have that H i(X ,F (n)) = 0 for every i > dim(X), by
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theorem 5.24 item (b) there exists n0 ∈ Z such that H i(X ,F (n)) = 0 for n≥ n0 and every i > 0.
Thus if we take m = n0+dim(X) we have that H i(X ,F (m− i)) = 0 for every i > 0. This implies
that every coherent sheaf is m-regular for some m. The Castelnuovo-Mumford regularity for
the sheaf F is defined to be

reg(F ) := min{m |F is m− regular}

or −∞ if F is m-regular for every m.

5.5.3 Eisenbud-Goto Conjecture

When studying multiplicities and regularity, in the algebraic context there is an infinity of
developed theory and an infinity of open problems. Thanks to Serre-Grothendieck’s Correspon-
dence theorem the same questions can be brought into the geometric algebraic context. Below
we list some of these problems and for the sake of time we will not go into much detail. Let
X = Proj R where R is a standard graded noetherian ring. Let F be a coherent sheaf on X , we
ask the following question.

Problem 5.27. What is the class of sheaves F in which reg(F ) is polynomially bounded in
terms of the Hilbert coefficients ei(F ) of F ?

In order to study this question let us remember the definition of associated primes
of a module. If M is an R-module we say that a prime ideal p ⊆ R is associated to M if
p= Ann(m) = {a ∈ R | rm = 0} for some m ∈M. In our context we say that p ∈ X is associated
to F if the maximal ideal mp of the local ring OX ,p is associated to the OX ,p-module Fp. We
denote by AssX(F ) the set of associated points to F .

Definition 5.28. A sequence of global sections f1, . . . , fr ∈ H0(X ,OX(1)) is said to be F -
regular, if

Hi∩AssX(F|H1∩···∩Hi−1) = /0 for i = 1, . . . ,r,

where Hi ⊆ X is the subscheme defined by fi. It is equivalent to say, that the natural homomor-
phisms of sheaves

fi : F|H1∩···∩Hi−1(n)→F|H1∩···∩Hi−1(n+1)

are injective for all i = 0, . . . ,r and for all n ∈ Z.

Define dim(F ) := sup{i≥ 0 |H i(X ,F (n)) 6= 0 for some n∈Z}. Assume R0 is artinian,
let r ≥ 0, b = (b0, . . . ,br) ∈ Zr+1 and bi ≥ 0. Then, F is said to be a b-sheaf, if dim(F ) ≤ r

and

h0
F |H1∩···∩Hi−1

(−1)≤ bi for i = 0, . . . ,r

where Hi ⊆ X is the subscheme defined by fi.
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With these notations and definitions Kleiman answers the question on b-sheaves that
says.

Theorem 5.29. (BERTHELOT et al., 1971, EX XIII, Theorem 1.11) Let r ∈ N0. Then, there is

a polynomial Pr ∈ Q[t1, . . . , tr] such that for each algebraically closed field k, each projective

scheme X over k and each coherent sheaf of OX -modules which is a b = (b0, . . . ,br)-sheaf of

dimension r we have

reg(F )≤ Pr(b0−a0(F ), . . . ,br−ar(F )).

A scheme (X ,OX) is irreducible if the corresponding topological space is irreducible.
It is reduced if the rings OX(U) have no nilpotent elements for every open set U ⊆ X , or
equivalently if the stalks OX ,P have no nilpotent elements.

Let R = k[x0,x1 . . . ,xr] be a polynomial ring and let X = Pr
k where r > 1 and k is an alge-

braically closed field (see example 3.27). Let Y be an irreducible reduced closed subsecheme of X

and IY ⊆OX the ideal sheaf6 associated to Y , suppose Y is a non degenerate variety, that is, it is
not contained in any hyperplane7. In section 4.3 we saw that I = Γ∗(IY ) =

⊕
n∈ZH0(X ,IY (n))

is the defining homogeneous ideal of Y , that is Ĩ ∼= IY .

Now, define k[Y ] := R/I = ⊕n≥0k[Y ]n to be the homogeneous coordinate ring of Y ,
where k[Y ]n = Rn/(IX ∩Rn). We can see k[Y ] as a finitely generated graded R-module and
consider. In this case, the Hilbert function of k[Y ] is Hk[Y ](n) = dimk(k[Y ]n). Then, for all n� 0,
its Hilbert polynomial of k[Y ] is denoted by Pk[Y ](t) ∈Q(t). It can be written in the form

Pk[Y ](n) = e0(k[Y ])
ndim(Y )−1

(dim(Y )−1)!
+ lower order terms

where the integer e0(k[Y ]) is called the degree of Y .This can also be denoted or calculated as

deg(Y ) := lim
n→∞

(dim(Y )−1)!Pk[Y ]

ndim(Y )−1
= e0(k[Y ]),

where (dim(Y )−1)! = 1 ·2 · · · · ·dim(Y )−1 and 0! = 1. Set the Castelnuovo-Mumford regularity
of Y as

reg(Y ) := reg(JY ).

The conjecture of Eisenbud-Goto says:

Problem 5.30.
reg(Y )≤ deg(Y )− codim(Y )+1.

Castelnuovo (1893) proved the conjecture to be true for smooth curves in the projective
space, that is, when Y ⊆ P3

k is a projective smooth variety of dimension 1 and degree d we have
6 See definition 4.20 of ideal sheaf.
7 A hyperplane is a closed set V+(F) where F is a homogeneous polynomial of degree 1.
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reg(Y ) ≤ d−1. A century later it was proven by Gruson, Lazarsfeld and Peskine (1983) that
any curve (not necessarily smooth) Y ⊆ Pr

k satisfies the inequality, and they gave necessary and
sufficient conditions under which the equality holds. Pinkham (1986) and Lazarsfeld et al. (1987)
proved the equality also holds for smooth surfaces when the characteristic of k is 0. Ran et al.

(1990) proved the conjecture for smooth varieties of dimension 3 (smooth threefolds) contained
in Pr

k where r ≥ 9 and caractheristic of k is 0. Kwak (1999) proved the conjecture holds for
smooth threefolds X ⊆ P5

k when k has characteristic 0. McCullough and Peeva (2018) gives
counterexamples to the Eisenbud-Goto conjecture, they construct two non smooth threefolds in
P5

k , the first one has degree 375 and regularity grater than 418 and the second one has degree 31
and regularity 38, both when characteristic of k is 0. In arbitrary characteristic this inequality
has been establish for a large class of surfaces Y ⊆ Pr

k of degree r + 1 see (BRODMANN;
EISENBUD, 1999) but not for all of them, an open problem is whether

Problem 5.31. all projective surfaces Y ⊆ Pr
k satisfy Eisenbud-Goto inequality?

Two counterexamples to the Eisenbud-Goto conjecture that hold in arbitrary characteristic
can be found in McCullough and Peeva (2018, 1.8).
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