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ABSTRACT

FALQUETO, A. D. On k-folding map-germs and hidden symmetries of curves in the
euclidean plane. 2023. 70 p. Dissertagao (Mestrado em Ciéncias — Matemadtica) — Instituto de
Ciéncias Matematicas e de Computacao, Universidade de Sdo Paulo, Sdo Carlos — SP, 2023.

The aim of this work is to study the local singularities of germs of k-folds for k > 3 and
derive from them hidden symmetries of curves in the Euclidean plane. We used the Complete
Transversal Method in order to classify the .o7-simple singularities of map-germs C,0 — C2,0.
We then prove that all the simple singularities of such germs can be realised by k-folding maps
and that any k-folding map-germ can have an 7 -simple singularity. This does not occur in the
case of surfaces, as proved in (PENAFORT SANCHIS; TARI, 2023). Finally, we proved that the

singularities of k-folding map-germs reveal information about the local symmetry of the curve.

Keywords: Germs, K-folding maps, Singularities, Symmetries.






RESUMO

FALQUETO, A. D. Germes de aplicacoes k-dobras e simetrias ocultas de curvas no plano
euclidiano. 2023. 70 p. Dissertacao (Mestrado em Ciéncias — Matematica) — Instituto de
Ciéncias Matematicas e de Computacao, Universidade de Sdo Paulo, Sdo Carlos — SP, 2023.

O objetivo deste trabalho € estudar as singularidades locais dos germes de aplicacdes k-dobras

para k > 3 e derivar delas simetrias ocultas de curvas no plano euclidiano.

Primeiramente, utilizamos o Método da Transversal Completa para classificar as singularidades
o/ -simples dos germes C,0 — C? 0. Em seguida, provamos que todas estas singularidades
podem ser realizadas pelas aplicacdes k-dobras e que qualquer aplicacdo k-dobra pode ter
uma singularidade .o7-simples, o que ndao ocorre no caso de superficies, conforme provado em
(PENAFORT SANCHIS; TARI, 2023). Por fim, provamos que as singularidades dos germes de

k-dobras revelam informagdes a respeito da simetria da curva.

Palavras-chave: Germes, K-dobras, Singularidades, Simetrias.
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CHAPTER

INTRODUCTION

The 2-folding map-germs, also called folding map-germs, have been studied by Bruce
and Wilkinson in order to describe some geometric features of surfaces in R3. In (PENAFORT
SANCHIS; TARI, 2023), the authors generalised that work by considering k-folding maps on
surfaces in R with k > 3. They recovered many known geometrical features of surfaces and also

discovered new ones.

In (TARI, 1990), it was shown how a family of 2-folding map-germs, also called folding
map-germs, on a plane curve can be used to study the local singularities of the duals of symmetry
sets of plane curves and families of such curves, that is, the infinitesimal axes of symmetry.
Given a plane curve (or a family of plane curves) and a family of folding-maps on it, since the
dual of the symmetry set can be identified as a part of the bifurcation set of the family of folding
maps, it was shown in (TARI, 1990) that:

* the dual of an ordinary inflexion on the symmetry set is a cusp;

* for a generic 1-parameter family of curves, the dual of a higher inflexion on the symmetry

set undergoes swallowtail transitions;

» for a generic 1-parameter families of curves the dual of the symmetry set when the

bitangent circle is biosculating undergoes lips or beaks transitions;

* at an ordinary vertex on the curve, the dual of the symmetry set is a curve with an ending

point;

* at a higher vertex on the curve, the dual of the symmetry set is some sections of the product
of (£2,£°) by a line.

In this work, we consider k-folding map-germs on plane curves, for £ > 3. We show that

some singularities of k-folding maps reveal information about the hidden symmetries of plane
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curves. Since those symmetries cannot be viewed in the real case, which is why we call them
"hidden", we consider the curve in the complex plane or, in the case where the curve is in R?, we

complexify the curve if it is analytic or a certain jet of its parametrization.

In Chapter 2, we give a brief introduction to the Singularity Theory, showing concepts

used in this work.

In Chapter 3, we give the proof and correct some misprints of the classification of .27 -
simple singularities of germs C,0 — C?,0 given by C.G. Gibson and C. A. Hobbs in (GIBSON;
HOBBS, 1983), using the Complete Transversal Method.

Chapter 4 is dedicated to the study of the k-folding map-germs on plane curves and
their local singularities. We proved that all .<7-simple singularities can be realised by k-folding
map-germs and that all k-folding map-germs can have .o/ -simple singularities. We use the result
to obtain information about the hidden local symmetry of a plane curve. We observe that the

results in Chapter 4 are original.

Finally, we give in the Appendix some results in Singularity Theory applied to the

geometry of curves.
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CHAPTER

BASIC RESULTS IN SINGULARITY THEORY

We give in this chapter some results in Singularity Theory which we used in Chapter 3
for classifying the .7-simple singularities of germs C,0 — C2,0.

In what follows, K denotes C or R. All the maps are considered smooth (if K = R) or
holomorphic (if K = C). Our main reference is the most recent book to date on Singularity
Theory (MOND; NUNO-BALLESTEROS, 2020).

2.1 Action of Lie groups

Definition 2.1.1. (GIBSON, 1979) A Lie group G is a group which is a smooth manifold and the
group operations of multiplication G x G — G, given by (g1,g2) — g1¢> and inversion G — G !,

1

given by g — g~ are smooth maps.

Definition 2.1.2. (GIBSON, 1979) Let G be a group and M # 0 be a set. An action of G on M is
amap ¢ : GxXxM — M, given by ¢(g,x) = g-x, such that

(a) 1-x=x, where 1 is the identity of G;
(b) (gh) - x=g-(h-x),YxeM,Vg,h€G.

Example 2.1.3. The general linear group Gl(n) is a Lie group (see for example (GIBSON,
1979)). Indeed, Gl(n) is a group with multiplication of matrices. Moreover, since it can be
identified as the group of non-singular real n X n matrices, it is an open subset of the vector
space M (n) of all real n x n matrices. Thus, GI/(n) is a smooth manifold. The group operation of
multiplication is smooth since the multiplication of matrices in M(n) is a polynomial mapping.

Matrix inversion in GI(n) is a rational mapping with nonzero denominator, hence, smooth.

Given an action of a group G on M, we can define an equivalence relation in M. For

x,y € M, we say that x is equivalent to y if there exists g € G such that y = g - x. The equivalence
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classes of this relation are called orbits. Given x € M, the orbit of x is the set
G-x={g-x,g€G}.

Definition 2.1.4. (GIBSON, 1979) Let G be a Lie group acting on a smooth manifold M. We
say that ¢ : G Xx M — M is a smooth action if ¢ is smooth.

Theorem 2.1.5. (GIBSON, 1979) Let G be a Lie group acting smoothly on a manifold M. Then

the orbits are immersed submanifolds in M.

In the study of actions of Lie groups on smooth manifolds it is useful to know the tangent

space to an orbit at a point. The next proposition shows how this tangent space can be described.

Proposition 2.1.6. (GIBSON, 1979) Let ¢ : G x M — M be a smooth action of a Lie group G
on a smooth manifold M. Suppose that all the orbits are smooth submanifolds of M. Then for

any point x € M the natural mapping ¢, : G — G - x given by g — g - x is a submersion.

Proof. First, we show that rank(D¢,(h)) = rank(D¢y(1)), for all 2 € G. Let h € G and consider

the following diagram:

G—" . G.x
0, éh
G o G-x

where 6y,(g) = h-g and 8,(y) = h-y. Observe that 8, and 6}, are diffeomorphisms since (6;) ! =

6,1 and (6,)~! = 6,-1. Also, the diagram above commutes. Indeed,

(010 9x)(g) =h-(g-x) = (hg) -x = (¢ 6,)(g)-
This comuting diagram gives rise to the comuting diagram of differentials

Do, (1
1622 7Gx

D6, (1) DG, (x)

ThG lm Th~xG X

The vertical arrows in the diagram of differentials are linear isomorphisms since 6}, and 6, are

diffeomorphisms. Therefore,
rank(D@y (1)) = rank(D¢y(h)), forall h € G.

According to Sard’s Theorem (GOLUBITSKY; GUILLEMIN, 1973), the set of regular values
of the map ¢, is dense. So, there exists xo such that ¢, (xg) is a submersion. Since rank(D¢y,) is
constant and equal to rank(D¢y, ), the map D¢, is surjective. Hence, ¢ is a submersion for all
xeM. O]
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Corollary 2.1.7. If G is a Lie group acting on a smooth manifold M and suppose that the orbits
are smooth submanifolds. Then dimG-x < dimG for all x € M.

Lemma 2.1.8. (Mather’s Lemma, (MOND; NUNO-BALLESTEROS, 2020)) Suppose the Lie
group G acts smoothly on the manifold M, and that N C M is a smooth connected submanifold.

Then a necessary and sufficient condition for N to be contained in a single orbit is that

L. forall pe N, T,N C T,G- p;
2. the dimension of 7,,G - p is the same, for all p € N.

Proof. See (MOND; NUNO-BALLESTEROS, 2020). ]

2.2 Map-germs K",0 — K?”,0

Definition 2.2.1. (MOND; NUNO-BALLESTEROS, 2020) Consider f:U —K? and g:V — K”
maps defined on neighbourhoods U and V of a point g € K". We say that f and g are equivalent
if and only if there exists a neighbourhood W of ¢, with W C U NV, such that f [w=g [w. An

equivalent class of such maps is called a germ of mapping or map-germ at g.

Notation: f : K", x — K” y, where y = f(x).

Remark 2.2.2. (MOND; NUNO-BALLESTEROS, 2020) The set of all germs K”,0 — KP” is
denoted by &'(n, p). When p = 1, this set is denoted by ), and it is a local ring with maximal
ideal ., where 4, = {f € O,; f(0) =0}.

There are some special groups that act on .#,0(n, p). They are called the Mather’s

groups.

2.3 Mather’s Groups and Tangent Spaces

Definition 2.3.1. (MOND; NUNO-BALLESTEROS, 2020) The group Z is the group of the
germs of diffeomorphisms K", 0 — K” 0. The group .Z is the group of the germs of diffeomor-
phisms K”,0 — KP”,0 and .7 is the direct product #Z x .. The actions of the above groups on
M0 (n, p) are given by
h-f=foh " he#
k-f=kof ke
(hk)-f=kofoh ', (hk) e o,

where f € 4,0 (n,p). The Z (respectively, .£) is also called the groups of germs of changes of
coordinates in the source (respectively, target).
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Definition 2.3.2. (MOND; NUNO-BALLESTEROS, 2020) The group ¥ is the group of germs of
diffeomorphisms H : K" x KP,0 — K" x K?,0 such that H (x,y) = (x,H'(x,y)) with H'(x,0) =0
for x € K" close to the origin. The action of € on .4, 0 (n, p) is given by

H-f(x)=H(x,f(x)),HEC,f € M,0(n,p).

The group %, also called the contact group, is the group of the germs of diffeomorphisms
H:K"xKP ,0— K" x KP,0given by H(x,y) = (h(x),H'(x,y)), where h € #, H'(x,0) = 0 for
x € K” close to the origin. The action of % on .#,, 0 (n, p) is given by

H-f(x)=H(h""(x),f(h"'(x))),H € X[ € M0 (n,p).

Definition 2.3.3. The groups #Z,.%, .o/ ,¢ and % are called Mather’s groups.

If ¢ is a Lie group acting smoothly on a manifold M, the orbits are immersed sub-
manifolds and the tangent spaces are the image of the differential of the orbit map. However,
the Mather’s groups are not finite dimensional and the orbits are not manifolds. In that case,
the tangent space to an orbit is defined by considering derivatives of paths (MOND; NUNO-
BALLESTEROS, 2020).

Definition 2.3.4. (MOND; NUNO-BALLESTEROS, 2020) Let f € &(n, p), TK" and TK? the
tangent bundle of K" and K7, respectively. Consider 7y : TK" — K" and m, : TK? — K7 the

germs of natural projections. A vector field { along f is a germ such that m, o { = f, where
& (K",0) = TKP.

The set of all vector fields along f is denoted by 0 f.

Remark 2.3.5. The set of the germs of vector fields in K" at the identity is denoted by 6, = 0kx.
Analogously, 6, = 0k, defines the set of vector fields in K? at the identity.

Consider the maps
tf:6,— 0
¢—dfod
and
wf:0,— 0
y—=yof
The map wf is induced by
o oof.

One can identify 67 as &'(n, p). The following definition gives the tangent spaces to an

orbits of an action of a Mather group on .#,,0'(n, p) in that case.
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Definition 2.3.6. (IZUMIYA et al., 2015) Let f € #,0(n,p) and ¢ be one of the Mather’s
Group. The tangent space to the orbit ¢ - f is defined as:

TS f=f(My)-{er, ey},
T f = (G 5L
Tl f=TR f+TZ-f,
TC-f=[f"(Mp) Op-{e1,...,ep},
TH f=TR f+TCf,

where ey, ..., e, are the elements of the standard basis of K”(considered as elements of &'(n, p).

By allowing the vector fields involved in the definition of the tangent space not to fix the

origin, the extended tangent spaces are given as follows

T-iﬂe'f = f*(ﬁg) ' {617"5617},
_ f f
T‘@e f_ ﬁﬂ{&xla 7axn}>
TAe f=TRHe f+TL, f,
TCe f=f"(Mp)-Oy-{e,....ep},
TH-f=TRe-f+TE, .
Definition 2.3.7. (IZUMIYA et al., 2015) The ¢-codimension of f is defined by

G —cod(f) = dimg 7. f

and its extended codimension is defined by

O(n,p)

G, —cod(f) = dimg TG

2.4 Jet space

Definition 2.4.1. (MOND; NUNO-BALLESTEROS, 2020) Denote by J*(n, p) the space of
p-tuples of polynomials of degree less than or equal to k in n variables with no constant term. A
map-germ f : (K”,0) — (K?,0) determines a germ of a map j*f : (K",0) — J*(n, p), the k-jet
extension of f, defined by

j*f(x) = degree k Taylor polynomial of f at x, without its constant term.

Definition 2.4.2. (MOND; NUNO-BALLESTEROS, 2020) The subspace H**!(n, p) of J**1(n, p)

is the subspace of the p-tuples of homogeneous polynomials of degree k+ 1 in n variables.

Definition 2.4.3. (IZUMIYA et al., 2015) Let ¢4 be a Mather group. We denote by % the
subgroup of ¢ of the elements of ¢ with the identity as the k-jet. The ¢ is a normal subgroup
of 4.
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Remark 2.4.4. An important subgroup of .¢7 is the group .27}, which is the group of the elements
of o7 with the identity as the 1-jet.

Definition 2.4.5. (IZUMIYA et al., 2015) The set of the k-jets of elements of ¢ is denoted by
@*) =@ /% which is a Lie group.

The action of a Mather’s group ¢ on & (n, p) induces an action of ¢*) in J*(n, p) defined

as follows.

Proposition 2.4.6. (IZUMIYA et al., 2015) For j*f € J¥(n,p) and j*h € 9%, the action of ¥*)
on J¥(n, p) is given by
b jf =4 f)
Therefore, in order to understand the action of ¢ on ., (n, p) one can study the action
of 9®) on J¥(n, p).

In Singularity Theory, it is useful to classify the germs up to equivalence under the action
of a Mather’s group. By the finite determinacy, the problem of classification is reduced to a space

of finite dimension, that is, the jet space.

2.5 Finite Determinacy

Let ¢ be a Mather group.

Definition 2.5.1. (MOND; NUNO-BALLESTEROS, 2020) We say that f € .#,0(n,p) is
k — 4-determined if any other germ g € .#, 0 (n, p) such that j*f = j*g is ¥-equivalent to f.
Also, f is finitely ¢-determined if it is k-determined for some k < o, The ¢- determinacy degree
of f is the lowest k such that f is k-determined.

Theorem 2.5.2. (MOND; NUNO-BALLESTEROS, 2020) The following statements are equiva-

lent:

(a) f is finitely ¢¥-determined;

(b) for some k, ¥ O (n,p) CTY - f;
(c) for some k, A#*C (n,p) C TY, - f;
(d) G —cod(f) < eo;
(e) Ge —cod(f) < oo

In the context of finite determinacy, it is also interesting to find the degree of determinacy
of a given map-germ. This problem is solved in (BRUCE; PLESSIS; WALL, 1987). In our case,
we are going to use the group ¢ = &7 The following corollary is useful for estimating the degree

of @7 -determinacy of a map-germ.
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Corollary 2.5.3. (BRUCE; PLESSIS; WALL, 1987) If f € .#, 0 (n, p) satisfies

MO (n,p) CT A - f+ M7+ O (n,p),

then f is r — of)-determined.

2.6 Unfoldings

Given a ¢-finitely determined f, we can consider its deformations and study the singu-

larities that appear in such deformations. This is the idea of unfoldings.

Definition 2.6.1. (MOND; NUNO-BALLESTEROS, 2020) Consider a germ fy € .#,0(n, p).
An s-parameter unfolding of fpis a germ F : R" x R*,;0 — R? x R?, 0 of the form

Fx,u) = (f(x,u),u),
where f(.,0) = fo. The family f is called a deformation of f;.

Definition 2.6.2. (MOND; NUNO-BALLESTEROS, 2020) Let F,G : R” x R%,0 — R” x R*,0
two s-parameter unfoldings of fy. We say that F' and G are isomorphic if there exist unfoldings
of the germs of the identity

¢ :R" xR 0—R"xR*0

Y RP xR0 — R xR0

such that F is o7-equivalent to G via ¢ and y.

Remark 2.6.3. The definition of isomorphic unfoldings can be applied to any Mather group.

Given an unfolding, we can obtain another one by a change of parameter. That is the

case of induced unfoldings.

Definition 2.6.4. (MOND; NUNO-BALLESTEROS, 2020) Consider a germ i : R’ 0 — RS, 0.
The pull-back of F by h, denoted by h*F, is the t-parameter unfolding given by

W F(x,v) = (f(x,h(v)),v).

Definition 2.6.5. (GIBSON, 1979) Let F : R” x R*,0 — R” x R* and G : R" x R",0 — RP x R!
be two unfoldings of fy. We say that G is induced by F if there exists a germ /4 : R’,0 — R%,0
such that G is isomorphic to A*F. If h : R*,0 — R* 0 is a germ of a diffeomorphism and F is

isomorphic to 2*G, then F and G are called equivalent unfoldings.

Definition 2.6.6. (MOND; NUNO-BALLESTEROS, 2020) Let F be an unfolding of the germ
fo. We say that F is a versal unfolding if any other unfolding of fj is induced by F.
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2.7 The tangent space to the orbit of the action of ¥
on J(n,p)

With the theory of unfoldings, one can describe the tangent spaces to the orbit of the
action of ¢%) on J¥(n, p), for a Mather Group ¢. First, we need the following definition.

Definition 2.7.1. (MOND; NUNO-BALLESTEROS, 2020) Let

F: (K"xK,0) = (K? xK,0)
F(x,1) = (fi(x),1)
be any origin-preserving unfolding of a germ f and = j*f. Define a curve y: (K,0) — J*(n, p)
where y(t) = j*f,. Notice that
Y(0) =n;
Y(0) = & fiYli=o = J* (5 fili=o0)-

Therefore, k-jets of 1-parameter unfoldings of f that preserve the origin are tangent vectors to
J¥(n, p). Conversely, any tangent vector to that space can be obtained in this way. Indeed, for

[ > k, consider
nf g (n,p) = J¥(n,p)

(' f) = j*f

Since nlk is an epimorphism and a linear map, it is a submersion when we consider the

manifold structures.

Lemma 2.7.2. (MOND; NUNO-BALLESTEROS, 2020) For each 1 = j* f € J*(n, p), the orbit
@ ®) .7 is a submanifold of J*(n, p) whose tangent space at 1] is

Ty(9®-m) = j(TY - f)

Proof. Since this is an action of a Lie group on a manifold, the tangent space of the orbit is the

image of the differential of the orbit map, that is,
T, (g(k) n)= dean(Teg(k)),
where o, is the orbit map, given by

oy : 9% — J¥(n, p)
o (YY) = yn.

Therefore, according to Definition 2.7.1, the vectors in T, (¥ (k) . 1) can be described by

deom (j* (i} i—0),

where y; is any origin-preserving unfolding of identity in ¢.
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Using the linearity of the differential map and the definition of the orbit map, we obtain

d.on (jk(%l//t}];:o) = dean(%{jk‘I/th:O) = %{an (*w) Hi=o = %{jk(ll/zf))}’tzo = jk(%(\//,f)\,:o.

The claim is that the tangent space T¥ - f is the set of all vector fields obtained as %(l//t li=o,
where y; is an origin-preserving unfolding of the identity in . We give the proof for ¥ = o7,

the proof of the other groups is analogous.

Let ¢; and y; be origin-preserving of the identity in K" and K7, respectively. According

to the definitions of the maps 7f and wf, we have

Llyiofod, Hico=1f(£¢,  im0) +wf(Lyili—0) €T - f.

Conversely,letve To/ - f.Since T/ - f =TX- f+T.Z - f, there exist § € .#,6, and N € .40,

such that v=dyo& +womn. Let ¢, and y; be origin-preserving unfolding of identity in K" and
1

KP, respectively, such that £ = %]tzo andn = %\ —0- Then,

—1
v=1f(%—|—0) +wf(D o) = L{yr0 fod " 0.

2.8 Simple germs

Definition 2.8.1. (ARNOLD; GUSEIN-ZADE; VARCHENKO, 1982) The modality m of a
point x € X under the action of a Lie group G on a manifold X is the least number such that
a sufficiently small neighbourhood of x may be covered by a finite number of m-parameter
families of orbits. The point x is said to be simple, if its modality is 0, that is, if its neighbourhood

intersects only a finite number of orbits.

Remark 2.8.2. The modality of a finitely determined map-germ is the modality of a sufficient

jet in the jet-space under the action of the jet-group.

Example 2.8.3. It is shown in (ARNOLD; GUSEIN-ZADE; VARCHENKO, 1982) that the
simple singularities of germs of functions are Ay (for k > 1), Dy (for k > 3), E¢, E7, Eg.

2.9 Complete Transversals

The method of complete transversals is a powerful tool for classification of singularities
of map-germs. The classification is carried out inductively on the jet level. First, we fix a k-jet
7*f and describe all &-orbits of k + 1-jets which have the same k- jet as j*f using the Complete
Transversal Theorem. If the orbits are finitely determined, the process stops. Otherwise, we
continue the method describing all &-orbits of (k+ 2)-jets with its (k + 1)-jet equal to j**! f and

SO Oon.

We state the Complete Transversal’s theorem for the group .o7.
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Theorem 2.9.1. (BRUCE; KIRK; PLESSIS, 1997) Let f € JX(n, p) and T C H**!(n, p) such
that

///,f“ﬁ(n,p) C T -f—l—T+///,]f+2ﬁ(n,p).
Then, every g € J¥*!(n, p) with j*g(0) = f is &/ "-equivalent to f + B, with B € T. The

subspace T is called k-complete transversal.
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CHAPTER

CLASSIFICATION OF «/-SIMPLE
SINGULARITIES OF GERMS C,0 — C2,0

A germ of a curve parametrized by f : C,0 — C2,0 can be described as a fiber g~!(0)
of a germ of function g : C2,0 — C,0. Bruce and Gaffney related the . -singularities of g to the

< -singularities of f and obtained the following result.

Theorem 3.0.1. (BRUCE; GAFFNEY, 1982) The following are representatives of the .27 -simple
singularities of map-germs C,0 — C?,0:

Table 1 — o7-simple singularities of germs C, 0 — C2,0

Name Singularity

A GREZSAN S

Ee (I3,t3k+1), k>1

Eei 12 (,0%12), k> 1

Ee (t3,t3k+1—|—t3p+2),
k<p<((2k—1)

E6k+2 (t3,t3k+1—|—t3p+2),
p<k<(2p—1)

Wi GRS

Wia (t4 1 +t7)

Wl#Zk—S l(c tb +t2k+1),

>3

Wis (t4 t7)

Wis (t* t7—|—t9)

ng ( l’l3)

In this chapter, we give the proof of the classification of 7-simple singularities of
germs (C,0) — (C2,0) given in Theorem 3.0.1 and also in (GIBSON; HOBBS, 1983). The
classification is carried out inductively on the jet-level using the Complete Transversal Method.
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3.1 The classification of <7-simple germs C,0 — C?,0

Consider f € J(1,2). Therefore, f = (at,bt), for a,b € C.
Ifa#0orb+#0, fis o/-equivalent to (¢,0). Otherwise, f is <7 -equivalent to (0,0).
The 1-jet (£,0)

Proposition 3.1.1. The germ g = (¢,0) is 1-<7-determined.

Proof. We have
AMO(1,2) CTH - g,

where T.7 - g = #1[(1,0)] + g*(A52) - {e1,e2} 0. Also,
MEO(1,2) C ME(1,0)] +g*(A5) - {er,e2} +.470(1,2).

Therefore, according to Corollary 2.5.3, the germ (¢,0) is 1-47 -determined and, hence, 1-. -

determined. ]

The 1-jet (0,0)

Any 2-jet with 1-jet (0,0) is given by (at?,bt?), a,b € C.

Ifa#0orb#0, (a? bt?) is o7 @ -equivalent to (r2,0). Otherwise, it is .« (?)-equivalent
to (0,0).

The 2-jet (£2,0)

Any 2k-jet with (2k — 1)-jet f = (£2,0) is .o/ (*X)-equivalent to f. Any (2k + 1)-jet with
2k-jet (12,0) is o7 1) equivalent to (£2,ar**!),a € C. Indeed, the tangent space T <7 - f is
given by

T - f = M7((2,0)] + f*(M5) {er,e2}.
Thus, we have
METO(1,2) CTor- f+ T+ 4F20(1,2),
where T = C{(0,¢2**1)}. It follows by the Complete Transversal Theorem that every g €
JHHL(1,2) with j2g(0) = (¢2,0) is o7 2+ _equivalent to (£2,ar***1), fora € C.Ifa # 0, by a
change of coordinates in the target we can prove that the germ (2, ar***1) is .o/ (ZkH)—equivalent

to (12,12%+1). Otherwise, it is <7 (?**1)-equivalent to (¢2,0).

Proposition 3.1.2. The germ ¢ = (£2,%*1) is (2k + 1)-.o7-determined.

Proof. We have
MEO(1,2) CTH -9,

where T ¥ - ¢ = .4,[(2t,(2k + 1)t?%)| + ¢* () - {e1, 2} 0. Furthermore,

MFFO(1,2) C AR [(21, k4 D))+ 9 (A5) -{er,ex} +.a740(1,2),
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Thus, by Corollary 2.5.3 the germ (¢2,1%*1) is (2k + 1)-..47 -determined, hence (2k + 1)- .<7-
determined. This germ is not p-.7-determined, for p < (2k + 1), since the p-jet of (¢£2,£2k*1) is

the same as the p-jet of (tz, 0), and those germs are not ./ -equivalent. [

The 2-jet (0,0)

Any 3-jet with 2-jet (0,0) is given by (ar®,bt?), for a,b € C.

Ifa#0orb+#0, (a®,br) is & O-equivalent to (£3,0). Otherwise, (ar>,br3) is o7 ®)-
equivalent to (0,0).

The 3-jet (£°,0)

Consider the p-jet with (p — 1)-jet f = (£3,0).

If p =0 mod 3, any p-jet with (p — 1)-jet (£3,0) is .7 (P)-equivalent to (¢3,0).
If p = 1 mod 3, p = 3k + 1, the orbits in the p-jet are (£3,£3*+1), (£3,0).

If p =2 mod 3, p = 3k + 2, the orbits in the p-jet are (£3,13*+2), (£3,0).

Indeed, the tangent space to the .7 -orbit of f is given by
Tt - f = M7((35%,0)] + f*(M5) {er,e2}.
Then, we have
MIEO1,2) C Tt - fAT+.4520(1,2),

where T = C{(0,3**1)}. It follows by Theorem 2.9.1 that every germ g € J3**+1(1,2) with
7*g(0) = (£3,0) is o7 ¥+ _equivalent to (r3,ar***+1), with a € C. If a # 0, then (£3,ar***1) is
o/ Bk _equivalent to (¢3,:3*+1). Otherwise, it is .«7 3*+1)_equivalent to (r3,0).

Also, we have
MFPO,2) CTan- f+T+.430(1,2)

where T = C{(0,73*+2)}. Therefore, every germ in J**2(1,2) with (3k)-jet (£3,0) is o7 3k+2).
equivalent to (£3,ar®**+2). If a # 0, it is o7 3*+2)_equivalent to (r3,73%+2). Otherwise, it is .7 3k+2)-

equivalent to (£3,0).
Proposition 3.1.3. The germ g = (¢3,1*1) is (3k + 1)-o7-determined, for k = 1.
Proof. Observe that

M3O(1,2) CTH -f.

Also,
MEO(1,2) C ME(38%,483)] + f*(MF) - {er,e2} +.470(1,2).

Therefore, the germ (t3,t4) is 5-47;-determined and, thus, 5-47-determined.
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Let N = {(*,t* +ar’),a € C} and G = &/0). Then, N is a connected manifold, 7,N =
{(0,°)} and
I,N CT,G-p.

Indeed, since 7,G - p = J> (T« - f) and

Vi = (31 t5+5ff) - %(3f2,4t3+50f4)€TpG'p7
3t | 3ar® 3

n=(Fr0) = 30t +a’0)€T,Gp,

vy = (340 dardSary = dn (342 445 4+ Sar*) € T,G - p,

we have
(0,154-%4-5&4&) =vi—wn+vzeT,G p.

Therefore, the first condition of Mather’s Lemma is satisfied. Also, since

T,Gp={(r,0),(0,°),(t*,0),(0,r*),(*,0), (0,°) }

and its dimension does not depend on a, the second condition of Mather’s Lemma is also satisfied.

Then, N is contained in a unique orbit. Therefore, the germ (3,¢%) is 4-.27-determined. ]

Proposition 3.1.4. The germ (¢3,13**2) is (3k +2)-./ -determined, for k = 1.

Proof. We have
MPO(1,2) CTH - f.
Also,
MEO(1,2) C (32,5t + fH(MF) - {er,e2} +.4]10(1,2).
Therefore, the germ (¢3,1°) is 7-.27 -determined and, thus, 7-.27-determined. Actually, this germ
is 5-o7-determined. Indeed, consider f = (£3,7° 4+ a1t® + ast’), with aj,a; € C. Then, f is
Z-equivalent to (13,17 +ayt’).

We claim that (3,17 4 a,t”) is in the same orbit as (£2,1°). Let N = {(£>,£> +aat’), a5 €
C} cJ7(1,2) and G = &/(7). Then, N is a connected manifold and T,N = C{(0,77)}. Observe
that

v= (38,17 4+ 1%0) = £(3%,5t* +7ay) € T,G - p;
Yoy = (WM,Q) = (P +7ax",0) € T,G-p;

_ 3a2t 9 azi'! _ a2t7 Sayt’+7as1'! .
v= (%5 a0+ 5) = (3% 5 ) €T,G-p;

and
12 9 7211
(0,17 4 BTGy — ) 4y € TG - p;

Therefore, the first condition of Mather’s Lemma is satisfied. Moreover, since
T,G-p=C{(1*,0),(0,£%),(t*,0),(r,0),(0,¢°), (¢°,0), (0,1),(¢,0),(0,17)},

the dimension of the tangent space T,G - p does not depend on a;. Therefore, the second condition

of Mather’s Lemma is also satisfied. Then, N is contained in a unique orbit. ]



3.1. The classification of < -simple germs C,0 — C?,0 35

In what follows, we consider k£ > 1.

The (3k + 1)-jet (¢3,13%+1)

Consider the g-jet with (g — 1)-jet f = (t37;3k+1)_

If g=2mod 3, g = 3p+2, with k < p < 2k — 1, any g-jet with (g — 1)-jet (£3,3+1) is
A -equivalent to (3,#3K+1 4 ar3P*2). Otherwise, the complete transversal is empty. Indeed,
the tangent space 7.<7] - f is described by

Tt - f = ME(31%, Bk + 1)R)] + f*(M3) - {e1,e2}.
Since we have
MPTEE(1,2) CTaty - f+T+.47720(1,2),

where T = C{(0,7°7*2)}, every germ in J3P*2(1,2) with (3p + 1)-jet (£3,%*1) is o7 3P+2).
equivalent to (£33 4 ar3P+2) a c C.

If a # 0 and ¢ = (£3,13**! + ar®*+2), consider the change of coordinate in the source

o1
given by h(t) = (-) 3-8+ t. Then, we have
a

A3 (3k+1 3p+2
(‘P Oh)(l) = R T N B N

a3r—k+1 g3(p-k)+1 a3(p—h+1

3 3k+1
By the change of coordinates in the target k(x,y) = (a3(P-P+1x,a3r-F+1y) we obtain

(kogoh)(t) = (1, +177+2)
Therefore, ¢ is o7 3P2)-equivalent to (13,31 4 137+2),

Proposition 3.1.5. The germ g = (£, ! 4 £3P%2) with k < p < 2k— 1 is (3p +2)-o/-

determined.

Proof. We have
MPO(1,2) CTH -g,
where T.% - g = #1[(3t%, 3k + 1)t3* + (3p + 2)t>P 1| + g* () - {e1, €2} 0. Moreover, we
have
M7 0(1,2) € MR (382, Bk + 1)k + 3p+2)3P )] + g* (M) - {er,ex} +.4,"°0(1,2),
since

vy = (0 t3p+3) _ (O t3(p+1))7

v3 =07 (3%, (3k+ 1) + (3p+2)37 1) — (0,P7%0+D),

vy = fjg’kf;; (32, 3k + 1)k + (3p +2)r3P+1) — (322’}:36,0) GrD (0,374 4 f6p=3k45),
ps = 28 (3 2, (3k+1)3 4 (3p+2)3+1) — (0, LD

Vo =ty (3% 3K+ 1) 4 (3p+ 2)+) — (257,0) — (0, AT
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arein T .2/ - g+ //[]3’7%6’(1 ,2). Hence, the germ (¢3,13%F1 4 £3P12) is (3p 4 2)-.27 -determined,
and thus, (3p+2)-47-determined. It cannot be s-.o7 -determined, for s < (3p+2) since the s-jet of
(£3,13%+1 1 13P+2) is the same as the s-jet of (£3,#3¥1) and those germs are not .« -equivalent. [

Proposition 3.1.6. The germ ¢ = (£3,3**1) is (6k — 4)-.o7-determined.
Proof. We have

M3O(1,2) CTH -9,
where T ¥ - ¢ = .41[(3t%, 3k + 1)t3%)] + ¢*(5) - {e1,e2} 0. Also, we have

MH0(1,2) C (32, (Bk+ 1)) + 9" (M) - {er,e2} +.450(1,2),

since

t 3k+1 )
0 ),‘2 3k+1 )

arein T/ - ¢ + //lf’k+3ﬁ(1,2). It follows by Corollary 2.5.3 that the germ (¢3,3**1) is (6k —1)-
o/, -determined. Actually, this germ is (6k — 4)-.7-determined. Indeed, consider f = (¢3,73+1 +
a 1% 73 4 apt% =2 + a3t% 1), with a1, as,a3 € C. Then, f is Z-equivalent to (¢3,13*+1 4 a3 1),

We claim that (£3,3%F! 4 a31%~1) is in the same orbit as (£3,£K+!). Let N = {p =
(3,341 £ a3 1), a3 € C} € J%1(1,2) and G = &7(%—1)_ Then, N is a connected manifold
and T,N = C{(0,°*~1)}. Observe that

<

| = (L okt g Ok Dy ey (312, Bk 1)+ (6k — 1)ast®2) € T, G- p;

Ger! (Bk+1) 3k+1)

(353K 3ga0kT 3 3k+1 6k—1
v2 = (G5 + Gk 0) = (3k+1)(t +a3t™,0) € TG - p;

3aqr0k—1 6k—1)112k= _
(B9 a3 + SOy — G (32, (3K -+ 1)+ (6k — Dyt 2) € T,G - ps

<

3

and

6k—1_ ((6k—1 ok—3 | @3(6k—1)e"5\
(0,1‘ +<((3k+)1§3+ )t +3(3T1))—V1—V2+V3€TPG']).

Hence, the first condition of Mather’s Lemma is satisfied. Moreover, T,,G - p is generated by
(£2,0),(0,£%), (¢5,0), (0,£°), ....,(t573,0), (0,£573), (°,0), (¢3,0), (0,£K+1),(0,3F+ 1), (£3+2 0),
(£3F4,0),(0,35+4), (£3%+3)0), (1%%=2,0), (0,£%%2), (+%1,0) and (0,75 ') and its dimension
does not depend on a3. Therefore, the second condition of Mather’s Lemma is also satisfied.

Then, N is contained in a unique orbit. [

Remark 3.1.7. In (GIBSON; HOBBS, 1983), the .«7-singularities (¢3,#3*F1 +3P*2), with

k < p < 2k were classified as o/-simple singularities. However, since the germ (t3,t3k+1) 18

(6k — 4)-.o7-determined, only the singularities (¢3,#3¥*1 +£3P+2) with k < p < 2k — 1 should be
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considered rather than (t3,t3k+1 + t31’+2), with k < p < 2k. Our classification agrees with that of
(BRUCE; GAFFNEY, 1982).

The (3k + 2)-jet (£3,:3%+2)

Consider the g-jet with (g — 1)-jet f = (t3,t3k+2),

If g=1mod 3, g=3p+1, with k < p <2k — 1, any g-jet with (g — 1)-jet (£3,3+2) is
o (31’“)—equivalent to (13,1342 4 ar>P+1). Otherwise, the complete transversal is empty. Indeed,
the tangent space 7%/ - f is given by

Tt - f = M3, Bk+2)3F V)] + f(a}) - {er,e2}.

Hence, we have
3p+1 3p+2
MU ON2)CTah-f+T+4,""°0(1,2),

where T = C{(0,£3P!)}. Therefore, every germ in the (3p + 1)-jet with 3p-jet (¢3,13%F2) is
o/ PPt equivalent to (13,1372 4 ar®P 1) T a # 0, (3,03%72 + ar®P ™) is 7 3PT-equivalent
to (13,132 4 $3P+1). Otherwise, it is &7 ®P+1)-equivalent to (¢3,13%+2).

Proposition 3.1.8. The germ g = (£3,13*+2 +3P+1), with k < p <2k —1is 3p + 1)-o7-

determined.

Proof. We have
MPO(1,2) CTH g,

where T% - g = 41[(3t%, (3k+2)t3* 1 + 3p+ 1)63P)| + g* (M) - {e1, €2} 0. Moreover,
MPTP0(1,2) C (32, Bk +2)3 5 4 Bp+1)83P)] + g (A7) {er.ex} +.47T0(1,2),

since

vi =3P (32, 3k + 1)1+ 3p 4+ 1)13P) — (0, (3p + 1)15P),

vy = 3P (342 3k +2)3K ! 4 Bp+ 1)e3P) — (0, Bp + 1)e3PH2 4 (Bp + 1)10P 31y,
vy = (t3p+370) _ (t3(p+1)’0)7

vy = (O’t3p+3) — (O,t3(p+1)),

vs = 13PF2(312 (3k+2)t3*H 4+ (3p+1)13P) — (0, (3k +2) 3P +3k43)

vg = (0,6377%) = 4 (312, Bk +2)3* 1+ Bp + 1)3P) — (0, Bk +2)63%5 + (Bk +2)13P+4)

are in T/ -g+///13p+56"(1,2). Therefore, the germ (3,132 4 3P+1) with k < p < 2k —1
is (3p + 1)-<7-determined, then, (3p + 1)-<7-determined. It cannot be s-<7-determined, for
s < (3p+1), since the s-jet of (£3,13*+2 4-£3P*1) is the same as the s-jet of (¢3,+3**2) and those
germs are not .7 -equivalent. ]

Proposition 3.1.9. The germ g = (¢3,132) is (6k —2)-7-determined.
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Proof. We have
MO(1,2) CTH -g,

where T ¥ - g = 41[(3t%, (3k +2)t3*+ )] + g* () - {e1,e2} 0. Also, we have

MF2O(1,2) C ME((36%, (3k+2)3%H )] + g (M3) - {e1,e2} + AT 0(1,2),

since
vy = (1512, 0) = ($3k+3k+2) ),
vy = (0,196+2) = (0,1 3k+2)+3k)
v3 = (193 0) = (32k+D) ),
Vg = (0,15+3) = (0, 32K+,
vs = (19H4,0) = 52 (32 (3 4 2) k1) (07%),
o= 0.194) = 55 52 (50 28) (85,0

are in 7.7, - g+ .42 0(1,2). Therefore, the germ (£3,13+2) is (6k + 1)-27 -determined, and
hence, (6k + 1)-o7-determined. Actually, this germ is (6k — 2)-<7-determined. Indeed, consider
f = (3,032 4 a1 4 ap1% 4 4311, with ay,az,a3 € C. Then, f is .Z-equivalent to
(t37t3k+2 —f—a3t6k+1).

We claim that (£3,13%2 4 a3t%+1), for a3 € C is in the same orbit as (£3,13*+2). Let
N = {p= (3,32 L a31%+1) a3 € C} C J%F1(1,2) and G = &%+ 1) Then, N is a connected
manifold and 7,N = C{(0,%+1)}. Observe that

= ((%tzlj:zz) 6k+1+%) = (323+kz) (312, 3k +2)r* ! +az(6k +1)1%) € T,G - p;
U2 = (éilj:;) 3(aax3/<tiz+)1 0) - (3k3+z)( 2+ a3t%+1,0) € T,G - p;

Uz = (3(%3151‘;)1 7a3z9k—|—%) — (3;;’;2; (3t2 (3k+2)t3k+1 +as(6k+ 1)t6k) €T,G-p:
and

6k+1 , (9k+3)ast™® | (6k+1)azr'* 1y
(0 a +( (3k4)r(;3) T (3k+2) ) =uy —up+uz €T,Gp.

Therefore, the first condition of Mather’s Lemma is satisfied. Moreover, the tangent space 7,G - p
is generated by (1°,0), (0,7%),...,(t%,0), (0,:%), (*,0), ...,(t%1,0), (°,0), (0,£),....(t%1,0)
and (0,764~1). Since the dimension of T,G - p is a constant, the second condition of Mather’s
Lemma is also satisfied. Then, N is contained in a unique orbit, that is (t3,t3k+2 —|—a3t6k+1) is in
the same orbit as (13, 13k+2), O

Remark 3.1.10. In (GIBSON; HOBBS, 1983), the .o/-singularities (£3,:3*+2 4 3P+1) with
k < p < 2k were classified as .7 -simple singularities. However, since the germ (¢3,73*+2) is
(6k — 2)-.o7-determined, only the singularities (£>,3%*+2 4 ¢3P*1) with k < p < 2k — 1 should
be considered rather than (£3,13%+2 4-£3P+2) k& < p < 2k. Our classification agrees with that of
(BRUCE; GAFFNEY, 1982).

The 3-jet (0,0)
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Any 4-jet with 3-jet (0,0) is given by (ar*,bt*),a,b € C.

Ifa#0orb+#0, (ar*,br*) is o ®-equivalent to (*,0). Otherwise, it is .« (Y)-equivalent
to (0,0).

The 4-jet (t*,0)

e Any 5-jet with 4-jet f = (*,0) is o ®)-equivalent to (t*,ar’),a € C. We have
T f= %12[(4t370)] +f*('%22) ) {61762}‘
Then, we have
MO(1,2) C T f+T+400(1,2),
with 7 = C{(0,#°)}. According to Theorem 2.9.1, any 5-jet with 4-jet (r*,0) is .7 *)-equivalent

to (t*,ar®),a € C.Ifa #0, (t*,ar’) is o7 ) -equivalent to (r*,7°). Otherwise, it is .7 *)-equivalent
to (1,0).

e Any 6-jet with 5-jet f = (*,0) is o7 (®)-equivalent to (t*,ar®), for a € C. We have
MEO(1,2) C T f+T+.4]0(1,2),

where T = C{(0,7%)}. Therefore, every g € J°(1,2), with j°g(0) = (¢*,0) is .o (®)-equivalent to
(t*,at®), a e C.Ifa # 0, (*,ar®) is o7 (©)-equivalent to (r*,°). Otherwise, it is .7 (©)-equivalent
to (t4,0).

e Any 7-jet with 6-jet f = (t*,0) is & V-equivalent to (t*,ar”). We have
M]O(1,2) CTeh - f+T +.450(1,2),

where T = C{(0,77)}. Therefore, every germ in J7(1,2) with 6-jet (*,0) is .« (V)-equivalent
to (t*,ar’), for a € C. If a # 0, (t*,at”) is o/ 7-equivalent to (t*,¢7). Otherwise, it is .o7(7)-
equivalent to (£*,0).

The 5-jet (t*,1°)

e Any 6-jet with 5-jet f = (r*,1%) is o7 ©)-equivalent to (r*,7° +ar®), for a € C. Indeed,
the tangent space 7.<7 - f is given by
T f = M4, 5] + [ (A5) {er, e2}.
Then, we have
MEO(1,2) C T f+T+.4]0(1,2),
where T = C{(0,°}. It follows by Theorem 2.9.1 that every g € J°(1,2), with j°g(0) = (¢*,#°)
is o7 (©)-equivalent to (r*,7° +ar®), for a € C.

We will show that (¢*,£° +at%) is in the same orbit as (1*,#°), using Mather’s Lemma. Let
N={p=(t*+at®),acC} CJ5(1,2). Then, N is a connected manifold and 7,N = C{(0,7%)}.
Consider G = .7 (®), Thus,

I,NCT,G-p
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Indeed, it follows by Lemma 2.7.2 that the tangent space 7,G - p is J°(T <7 - p). Notice that (0,°)
is in T,G - p. We have

2
vi = 5[(4%,5t* + 6ar)] € T,G - p; 3
vy = £(415,0) = 1(4r° +4ar8,0) — % (43,5t* + 6at’) € T,G - p;

and

7
(0,t6+ 6%) =vi—nel,G p.
So, the first condition of Mather’s Lemma is satisfied. Since
T,G-p = C{(t*,0),(0,t*),(,0),(0,£°),(#5,0), (0,£°)},Vp € N,

the tangent space T,G - p is a 6-dimensional subspace. Thus, the second condition of Mather’s

Lemma is also satisfied. Therefore, (1*,#> +at®) and (¢*,#°) are in the same orbit, for all a € C.
e Any 7-jet with 6-jet f = (t*,1°) is o/ V)-equivalent to (t*,° +at’), for a € C. We have

M O1,2)CTah-f+T+.#480(1,2),

where T = C{(0,#7)}. According to Complete Transversal’s Theorem, every germ in J’(1,2)
with 6-jet (1*,7°) is &7 (7-equivalent to (r*,7°> +at’), a € C.

If a # 0, we obtain that g = (t*,1> + ar’) is «/7-equivalent to (r*,r°> +¢7). Indeed,

consider the maps h(t) = \/La and k(x,y) = (a’x, (y/a)’y). Then, we have

(kogoh)(t) = (t*,1> +17).
Ifa=0, (1*,1°+at”) is oV -equivalent to (¢*,7).

Proposition 3.1.11. The germ ¢ = (t*,#> +17) is 7-.o7-determined.

Proof. Observe that
MEO(1,2) CTH -9,

where T ¢ - ¢ = 41[(413,5t* +7%)| + ¢*(t2) - {e1,e2} Oy Also, we have

MEO(1,2) C Tt - +.]20(1,2).

It follows by Corollary 2.5.3 that the germ (1*,17 +¢7) is 7-.27) -determined. Hence, it is
7-47 -determined. O

Proposition 3.1.12. The germ ¢ = (t*,#°) is 7-.27- determined.

Proof. We have
MEPO(1,2) CTH -9,
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where T - ¢ = 41[(413,5t*)] + ¢* () - {e1,e2} O1. Moreover, we have
MEO(1,2) C Tt -9 +.4]20(1,2).

According to Corollary 2.5.3, the germ (¢*,7°) is 7-47-determined. Therefore, it is 7-.7-

determined. O]

The 6-jet (1*,19)

o If p=0mod 2, p = 2k, with k > 3, any p-jet with (p — 1)-jet f = (t*,1) is o7 (P)-
equivalent to (r*,79).

o If p=1mod 2, p=2k+1, with k > 3, any p-jet with (p — 1)-jet f = (¢*,1%) is
7 P)_equivalent to (t*,1% 4+ at>*1), a € C. Indeed, the tangent space T.#7 - f is given by
Tty - f = ME[(463,60°)| + f*(M3) {e1,e2}.
Moreover, we have
METO1,2) CToth - fAT+4F30(1,2),

with T = C{(0,7***1)}. Therefore, every p-jet with (p — 1)-jet (t*,1) is .oz (P)-equivalent to
(t*, 18 + ar®™ 1) If a # 0, (t*,15 + ar®**1) is o7-equivalent to (t*,16 +2¥*1). Otherwise, it is
o -equivalent to (4,1).

Proposition 3.1.13. The germ g = (t*,¢5 ++2¥*1) is (2k + 1)- .o/ -determined.
Proof. Since

MO(1,2) CTH g,
where T ¥ - g = 41[(43,61° + (2k + 1)t%%)] + g* (M) - {e1,e2} O and

METO(1,2) C Tt -g+.455780(1,2),

the germ (t*,1% +12*1) is (2k +3)-.27 -determined. Actually, this germ is (2k+ 1)-.o7 -determined.
Indeed, by the action of group .%}, we can prove that any (2k + 2)-jet with (2k 4 1)-jet (£*,15 +
121 is o7 (2k+2)_equivalent to (14,10 + 12+ 1). Also, any (2k + 3)-jet with (2k +2)-jet (£*,1° +
121 is o7 kH3) _equivalent to (14,10 +12*+! + ar®*+3), for a € C, which by Mather’s Lemma

is in the same orbit as (14,76 4+ r2¢+1), O

The 7-jet (4,¢7)

o If p =8 or p =12 any p-jet with (p — 1)-jet f = (¢*,7) is o7 (P)-equivalent to f.

e Any 9-jet with 8-jet £ = (t*,17) is o7 (®)-equivalent to (t*,17 + ar®), for a € C. We have

T - f = ME(43,TO)] + f*(M3) - {e1,e2}.
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Thus, we have
MO(1,2) C Tt f+T+.#4[°0(1,2),

and the complete transversal T = C{(0,7°)}. It follows by Theorem 2.9.1 that every germ in
J2(1,2) with 8-jet (r*,17) is o7 V)-equivalent to (1*,17 +ar®), a € C.

If a # 0, we can prove that the germ (4,77 +at”) and (*,¢7 +¢°) are .o7(°)-equivalent.
Otherwise, it is <7 (?)-equivalent to (r*,17).

e Any 10-jet with 9-jet f = (t*,17) is 2719 -equivalent to (t*,1). Since we have
MPO(1,2) CTah-f+T+.4110(1,2),
the complete transversal is the subspace C{(0,7!°)}. Therefore, every germ g € J'°(1,2) with
°8(0) = (1*,¢7) is &7 19 -equivalent to (t*,17 4 ar'?), with a € C.
We claim that (¢4,¢7 +at'?) is in the same orbit as (t*,¢7).

Let N = {p = (t*,t"+at'%),a € C} ¢ J'°(1,2). Then, N is a connected manifold and
T,N = C{(0,+'%)}. Consider G = o7(19)_ 1t follows by Lemma 2.7.2 that the tangent space
T,G-pis J'(T < - p). Observe that

vy = 14463715+ 10at°) € T,G - p;
vy =1 (4¢3, 75 + 10at’) € T,G - p;
vi = (" +at'?)0) € T,G - p;

and

10, 3ar’3 | 104210 1 4
(0,104 242 4 10962) — Ly — g0, 413 € T,G - p.

Therefore, (0, tlo) € I,G-pand T,N C T,G - p, that is, the first condition of Mather’s Lemma is

satisfied. Also, we have
T,G - p=C{(1*,0),(0,t*),(,0),(t",0),(0,¢7), (¢*,0),(0,2%),(:°,0),(0,£1), (+1°,0)}

Then, the dimension of the tangent space 7,,G - p is a constant. Since it does not depend on a, the
second condition of Mather’s Lemma is satisfied. Thus, N is contained in a unique orbit, that is,
(t*,t7 4 at'?) is in the same orbit as (r*,17).

e Any 11-jet with 10-jet f = (*,¢7) is /(1) -equivalent to f, since the 11-complete
transversal is empty.

e Any 13-jet with 12-jet f = (t*,17) is o/ (!3)-equivalent to (t*,17 4+ ar'3), for a € C. We
have

MBPO(,2) T f+T+.4140(1,2),

where T = C{(0,1'3)}. It follows by Theorem 2.9.1 that every germ in J'3(1,2) with 12-jet
(t*,17) is o/ (13)_equivalent to (t*,17 4+ ar'3), a € C. If a # 0, the germ (r*,17 +ar'3) is o7 (13)-
equivalent to (t4,t7 + t13), by changes of coordinates in the source and in the target. Otherwise,
it is o7 (13)-equivalent to (r*,17).
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Proposition 3.1.14. The germ g = (1*,t7 +1°) is 9-.o7-determined.

Proof. We have
MEO(1,2) CTH g,
where T % - g = 41[(413, 7t +9%)| + g* (M) - {e1,e2} O and
MPO(1,2) CTety-g+.4°0(1,2),

according to Corollary 2.5.3, the germ (4,17 +1°) is 10-.27 -determined. Actually, this germ is
9-.o7-determined, since any 10-jet with 9-jet (t*,7 +1°) is o7 (19 -equivalent to (¢*,¢7 +1° +ar'?),
for a € C, which is in the same orbit as (t*,7” +1°) by Mather’s Lemma. O

Proposition 3.1.15. The germ g = (¢*,t7 +1¢'3) is 13- .o/ -determined.

Proof. We have
MO(1,2) CTH g,

where T ¥ - g = 1[(463, 75 4+ 13t12)] + g* (M) - {e1,e2} ). Also, we have
MIBO(1,2) CTot-g+.#[30(1,2).

Therefore, by Corollary 2.5.3, the germ (t4,t7 +t13) is 13-4/ -determined. Hence, 13-47-
determined. O

Proposition 3.1.16. The germ g = (t*,¢7) is 13-.</-determined.

Proof. Notice that
MEO(1,2) CTH g,

where T.¥ - g = 41[(413,7t%)] + g* () - {e1,e2} 0. Also, we have
MPAO(1,2) C Tt -g+.480(1,2).

It follows by the Corollary 2.5.3 that the germ (r*,¢7) is 13-.o7/-determined, hence, 13-.47-

determined. O]

Remark 3.1.17. The 8-jet (+*,0) leads to none-simple germs. Also, the 4-jets (0,0) leads to
none-simple germs.(See Lemma 3.1 in (BRUCE; GAFFNEY, 1982)).
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CHAPTER

k-FOLDING MAPS

In this chapter, we consider k-folding map-germs on plane curves, for k > 3. We first
study the .o/ -simple singularities of k-folding map-germs. We then relate the singularities of
k-folding map-germs to the local geometry of the curve and show that they reveal information

about the hidden symmetries of the curve.

4.1 Introduction

Definition 4.1.1. The k-folding map-germ is the map-germ C,0 — C2,0 of the form @y (x,y
(x,y*). It "folds" the plane C? along the line y = 0, gluing the points (x,y), (x,£y),..., (x,EF! )

2mifk ;

where § = e is a primitive k-th root of unity. Observe that Fix(wy) = {y = 0}.

We focus on the study of the local geometry of curves, so given a point on a curve and a
line in C2, we take the curve locally as the graph of a function f parametrized by y: C,0 — C2,0
with y(¢) = (f(¢),t). The k-folding map @ in Definition 4.1.1 restricted to Y is the map-germ
Fj. : C,0 — C2,0 given by

Filt) = (f(1).1%).

We shall call F;, the k-folding map (meaning the restriction of @y to y).

Remark 4.1.2. Since the k-folding map-germ F;, is constructed by the map @y, which is related
to the k-th roots of unity, we need to consider y: C,0 — (Cz,(), i.e., as a curve in the complex
plane. In the case of ¥: R,0 — R?,0, we consider y an analytic curve and complexify it. However,
the results also hold for smooth curves 7: R,0 — R?,0, by complexifying a certain jet of its

parametrization.

Proposition 4.1.3. Consider a curve y: C,0 — C?,0. The k-folding map-germ Fy is singular if
and only if ¥'(0) is in the kernel of day, i.e., ' (0) is parallel to the vector (0, 1). Equivalently,

the orthogonal direction to Fix(@y) is a normal direction to y at t = 0.
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Proof. Since y is an analytic curve, we can write y(t) = (f(2),7), with f(t) = X7 oa it/ a

convergent power series. The Jacobian matrix of the k-folding map @y (x,y) = (x,y*) is given by

1 0
0 kyk—l

Thus, ker J, (0,0) = C- (0, 1). Since the jacobian matrix of k-folding map-germ Fy is given by

/
t
l{k( )1 , Fy is singular at the origin if and only if f’(0) = 0. Then, ¥'(0) = (0, 1), which is in
-
the kernel of Jwy. [

Example 4.1.4. The folding map-germ on a curve glues the points (x,y) and (x,—y). After
restricting the folding map-germ to it, we obtain a singular curve, as shown in the following

figure.

e
(r,y /

\\ Fiz(ws)

(z,—y) \

Figure 1 — The folding map-germ restricted to a curve

We consider next the <7 -simple singularities of the k-folding map-germ Fj. For that we

need the following auxiliary result.

Lemma 4.1.5. (GRADSHTEYN; RYZHIK, 2007) Let g(z) = Y7 a,z" be a power series with
ap # 0. Then, for every k € N, h(z) = (X7 ya;z/ )k = Y7o cjz/, with

co = (ao)*,
Cm = mL%Z?:_ol [k(m— j) = jlam—jcj,m > 1.

Proof. Tt follows by differentiation that 4'(z) = k(g(z))*~!g’(z). Therefore,
g(2)H (z) = kg'(2) ()" = kg'(2)h(2)- .1

Write g(z)l'(z) = Y7o d 2’ and g'(2)h(z) = Y oe jz/. Then by the formula for the
product of the power series (NETO, 2008) we have

dm = Y0 (J+ Dam—jc(ji1),
€m = ZT:O(m_j—’_ 1)CjamfjJrl-
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Using (4.1), we get by considering the coefficients of 7!,
29”21 Jam—jcj = kZ’J’.’:_OI (m—j)cjam—j,Ym> 1.

Therefore,
memay = 50 (k(m— j) = j)am-jc;.

The coefficient ¢y can be determined using the fact that (0) = (ag)* = co. O

4.2 o/-simple singularities of a k-folding map-germ

In (PENAFORT SANCHIS; TARI, 2023), the authors proved that k-folding map-germs
on surfaces do not have .o/ -simple singularities for k > 5. In the case of k-folding map-germs on

plane curves, we obtain a different result.

We take y: C,0 — C2,0, ¥(t) = (f(¢),t) with f(t) = ait + ast*> +ast’ + O(4). From

Proposition 4.1.3 if a; # 0, F; is an immersion at the origin, so from now on, we set a; = 0.
Suppose that ay # 0. Then, F(t) = (axt>(1 + ottt Z—;‘tz +0(3)),t5). Let T =tg(t), with

1

g(0) = (r)’

and consider the function H(¢,T) =tg(t) — T. We have %—?(07 0) = g(0) # 0, so by the Implicit
Function Theorem we can write t = h(T) for some germ of an analytic function . We write

“© T W) / o
WT)=TY7 (b;T/, where b; = . Observe that by = h'(0) = —5765; = —1 # 0. By

+1)
GHDr c
Lemma 4.1.5, (h(T))* = T(X5_ b, T/)* = T*XT_oc;T/, where

co = (bo)*,
R ‘
Cm = m_boZT:O k(m— j)bpu—jcjm> 1.

We have F(h(T)) = (T?, (h(T))*) = (T*, T* X7 c;T/).

In order to determine the singularity type of F; when a; = 0 and a, # 0, we need the

following results.

Lemma 4.2.1. Let n be an even number. Suppose that the even-order derivatives of / up to
order n— 2 are equal to zero at the origin and assume 1) (0)g(h(0)) = —Ig\=D(h(0)) (K (0)),
for [ even, with 2 <1 < n—2. Then, for p odd, with 1 < p <n-—3, (goh)(l’)(O) =0 and
(gom)=1(0) = g~ D(0) (' (0))"".

Proof. By Faa di Bruno’s formula (ROMAN, 1980) which generalizes the chain rule

97 (goh)(T)
aTr

: T RP(TY
- Zj]!jzp!%“jp!g(])(h(T))(h/(T))Jl(h2({))]2”_(}1 PpgT))Jp’
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where the sum is over none-negative integers ji, j2,..., j, satisfying ji + jo +...+ j, = j and
h+2p+..+pj,=p.
Consider p odd, p < n— 1. Since the derivatives of even order of /& up to n — 2 are zero
at the origin and all jl’.s are such that i < p <n—1, we can take j; = 0, for all i even. Then, if j
is even, we have
htpi+js+..+jp = J
J1+3j3+5j5+...+pjp p.

Subtracting the two equations, gives

2j3—|-4j5+...—}—(p—1)jp=p—j.

The term 2j3+4js+ ...+ (p — 1) j, is a sum of even numbers, so it is even. Since p is odd and j
is even, p — j is odd. Therefore, for j even, the terms of the form (g\/)(1(0))) are multiplied by

some derivative of even order of 4 at the origin, which is zero.

If j is odd, it follows by the hypothesis and by the fact that even order derivatives of 4 up
to order n — 2 are zero at the origin that g(/)(h(0)) = 0 for all j odd, with 1 < j <n—3.

Thus, by Faa di Bruno’s formula, (gOh)(P) (0) = 0,for podd ,1 < p < n— 3. More-
over, for j = p=n—1, that is, for j; = p and j, = ... = j, = 0, we obtain (goh)"=1(0) =
gV (h(0)) (K (0))"". O

We need the following formula, generalizing the product rule.

Lemma 4.2.2. Consider h(T)g(h(T)) = T. It follows by the generalization of the product rule,
also called Leibniz Rule (ROMAN, 1980) that, for p > 2

(W(T)g(h(T)))") = (BYRPN(T) (g(h(T))) + (§) R (T) (s(h(T))) +
()P=2(T) (g(h(T)))"(T) + ...+ () (g<h<T>>><">h< T)=0.

Theorem 4.2.3. Let n be an even number and suppose that 2(27)(0) = 0, for 0 < p < “5L. Then,
R (0)g(0) = —ng"~1(0) (K (0))",

Proof. 1t follows by Lemma 4.2.2 that
H(T)g(h(T))+ g (h(T))W(T)h(T) = 1.
and
H'(T)g(h(T)) +2¢'(h(T))(W(T))* +&" (h(T)) (W (T))*h(T) + K" (T)h(T)g'(h(T)) = 0.

Since h(0) = 0, h”(0)g(0) = —2¢’(0)(4'(0))?. Therefore, the statement holds for n = 2.

Let n > 2 be an even number. Suppose that 41()(0)g(0) = —1g\=1D(0) (4 (0))!, for [ =
2,4,....,n — 2 and that the derivatives of & of even order up to n — 2 are zero at the origin.
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According to Lemma 4.2.2,

(6)1"(0) (8(n(0))) + (’f>h<"*l><o> (goh>’<0) (D" (0) (goh) ) (0) + ...+
(," ) (©0)(goh) """ (0) + (%) (g0 1) ™ (0)h(0) = 0.

It follows by Lemma 4.2.1 and from the fact that 4(0) = O that

()™ (0) (5(n(0))) = —(")h’<0>< oh) " Y(0)
— k(0 >< D (0)) (' (0))"!
= g D(0)(K(0))".

Hence, (3) " (0)(5(0)) = ~ng"~1)(0)(H(0))". =

Theorem 4.2.4. Let n be an odd integer. Suppose that n = 1 or g9 (0) =0, for 1 <i<n—2,

with i odd. Then
nlay o

§"0) = 2a8(0)

Proof. We have (g(t))* = %Z:f:z ant" 2. Then, 2g(t)g'(t) = C}—ZZ::3 a,(n—2)t"~3 and conse-
as

quently 2(g(0))g(0) = o
Let n > 3 be an odd integer and suppose g1 (0) =0, for 1 <i<n—2.Lety(r) = g*(t) =

% Y pant" 2, t € C,0. Since g is analytic, the function y is analytic and y(0) = n!a:‘l—f.

By the generalization of the product rule, y(0) = (g-g)" = " ( ) ¢(0)g=(0)
nlap o

and using the hypothesis we get y (0) = 2g(”)(0)g(0), It follows that g(* )(0) =5 ok
a8

We can now prove the following result.

Theorem 4.2.5. If a; = 0 and a; # 0, the k-folding map has an Ay ,-singularity if and only if
aj=a3=..=ayy+1 = 0and ar,y3 # 0, when k is even. When & is odd, the k-folding map has
an Ay_-singularity.

Proof. 1f k is odd, it is enough to consider the coefficients c; with even indices, since those with
odd indices can be eliminated by changes of coordinates in the target, i.e, using the action of the
left group .Z.

Since co = (bg)* # 0, it follows that Fi(T) is 7-equivalent to (T%,T*) and has an
Aj_1-singularity.

If k is even, we consider the coefficients with odd indices, since for j even, k4 j is even
and the coefficients ¢ ; can be eliminated by a change of coordinates in the target.

eCase 1: b1 #0

It follows by Lemma 4.1.5 that ¢| = kblco # 0, so the map-germ Fj, is <7 -equivalent to
(T2, T*1), that is, Fy has an Ag-singularity.
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eCase2: b1 =0

We claim that if m is an odd number and b,;,; =0, fori =0, ..., mT’3, then ¢y 11 =0,i =

0,..., 7152 andcm—kbg:fo.

For m = 3, it follows by Lemma 4.1.5 that

¢3 = 330 (3kb3co+ (2k — 1)bacy + (k—2)bicz).

kbscq

Since ¢; =0, ¢c3 = by

Suppose by induction that the claim holds for all ¢, with j odd and j < m and suppose
that by 1 =0,i=0,..., 251,

According to Lemma 4.1.5, the coefficient ¢, is given by

1 m+1 . .
Cmgn = R (k(m+2)bpiaco+ ,;1 (k(m~+2—j) = j)bmia—jc;). 4.2)

If j > 1is odd, by the induction hypothesis, we obtain c¢; = J<0 for j < m. Therefore,

for j <m+2, (k(m+2— j)— j)bmia—jc; =0, since the b;’s are zero. If j is even, with
j > 2, the coefficient b,,,»_; is zero since (m+2 — j) is odd and (m+2 — j) < m. Thus,
(k(m+2— ) = ))bmya-jc;) = 0. It follows by (4.2), that ¢, o = L2,

0
Now if by = ... = b, =0 and b, » # 0, for m odd, then ¢; = ... = ¢, = 0 and ¢;,12 # 0.
Consequently, Fy, is <7-equivalent to (T2, T*+("+2)) that is, it has an Ay, -singularity.

By Lemma 4.2.1, Lemma 4.2.2, Theorem 4.2.3 and Theorem 4.2.4 it follows that the

conditions on b;s are equivalent to a3 = ... = ap 2 = 0 and a4 # 0. Setting m = 2p — 1 for
some p, we have Fy is «7-equivalent to (T2, T¥*2P+1) if and only if a3 = ... = az, 41 = 0 and
azp+3 # 0. [

Now suppose that a; = ay = 0 and a3 # 0. Then, Fy(t) = (a3t (1+ Z—;‘t + Z—ztz +0(3)),t5).
We change coordinates so that Fi(T) = (T3, (h(T))). For that we set T = tg(¢) with

(ST

g0 = (s 10) "

In order to determine the singularity type of F in this case we need the following results.

Proposition 4.2.6. If [ is an integer such that 31/ and ¢; =0, with 1 <i<[—1, 311, then

c) = —MZ’OCO. Also, ¢ = —kl;loco.

Proof. Tt follows by Lemma 4.1.5 that ¢; = 1<
0

Now consider / an integer such that 31 /. Then, / =3p+ 1 or [ = 3p+ 2, for some p.

If/=1mod 3, for | =4 and ¢; = ¢, = 0, it follows by Lemma 4.1.5 that ¢4 = "b,;*OCO
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Suppose that ¢; = kb C°

, for 1 <i <Isuchthat3¢tiandconsider ¢; =0, with | <i<I[+1,
31i. According to Lemma 4.1.5,

Cl+3(l + 3)b0 = k(l + 3)b1+36‘0 + (k(l + 2) — 1)b1+2€1 + ...+ (k — (l + 2))b1Cl_|_2
= k(l + 3)b1+3C() =+ (kl — 3)b1C3 + ...+ (k — (l -+ 2))b1(}[+2.

Since m+n = [+ 3, with m and n the indices of b and c, respectively, and m = Imod 3, 1 <m </,

by the induction hypothesis we have c,, = kbbLOCO = 0. Therefore, such b/, s are zero and, hence,
kbi13¢o
by -

If l =2 mod 3, following Lemma 4.1.5, the statement holds for / = 2.

Cly3 =

Suppose that ¢; = klz"oco, for 1 <i <1, and 31i. Consider ¢; =0, with 1 <i<[+2,3¢i.
Then,

C1+3(l + 3)b() = k(l + 3)b1+3€0 —+ (k(l +2) — 1)b1+2€1 + ...+ (k— (l —+ 2))b1€1+2
= k(I+3)bji3co+ (kI =3)bjcs+ ...+ (k— (I1+2))bici12.

Since m+n = [+ 3, with m and n indices of b and c, respectively, and m =2 mod 3, 1 <m </,

by the induction hypothesis we have ¢,, = kbl;”oc" = 0. Then, such bfns are zero and, hence,
kb;3c0
Cl4+3 = %. ]

Proposition 4.2.7. Let p be a positive integer. Suppose that 49 (0) = 0, with i # 1mod 3 and
0<i<3p+1,forl=0or2. Then, h3r+)(0)g(0) = —(3p+1) (K (0))3r+gBr+i=1)(0).

Proof. Consider [ = 0.1If p = 1, suppose 49 (0) = 0, for i # 1 mod 3, with 0 < i < 3. According
to Leibniz Rule,

(6)h(0)5(0) + (})A"(0) (g o) "(0) + (3 (0) (g 0 )" (0) = 0.
Since A"(0) =0 and (goh) "(0) = g"(0) (I (0)) + h"(0)g'(0), we obtain
(AP (0)8(0) = —(3)(H(0)*%¢"(0).
W3 (0)g(0) = —3(1'(0))*"(0).

Suppose that the statement holds up to the order 3p, that is, K37 (0)g(0) = —3i(h'(0))*g=1)(0),
for i < p. We also suppose () (0) =0, for i # 1 mod 3 and 0 < i < 3p+ 3. It follows by Leibniz
Rule that

(13 hCPH)(0)g(0) + (72 3P H2(0) (g0 1) (0) + ..+ (33) 1 (0) (g0 1) P2 (0)

(p3) 3p+2

3p+3 +

+(3§I3)h(0) (goh) P (0)=0.

Since A0 (0) =0, for i # 1 mod 3, 0 < i < 3p+ 3, the expression above can be rewritten as
follows

(IO 0)3(0) + (1O 0) (08) (0)-+ .+ (7 7210) go1) V10)

ot (G23)H(0) (g 0h) (3”“) (0) =0,
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We need to consider the derivatives (goh) (3/+2) (0), for 0 < j < p. By Faa di Bruno’s Formula,

a3j+2 gOh T o » (3j+2) )
BONT) _ 3 oy B ) () (W (1) (ST (s

where the sum is over none-negative integers my,my, ..., m3 ;o satisfying my; +mp+... +m3jo =
m and my +2my + ...+ (3j+2)m3;2 = 3j+2. Since h)(0) = 0, for i # Imod 3 and 1 < i <
3p+ 3, we can take m; = 0 zero for all i satisfying those conditions. Then,

(20h)*"2(0) = X gt s ™ O)(H (0))™ () (0))™...(K3 D (0) s,

m]!mz!...m3j+2!

where
my+mg+..+m3jp1 = m
mi+4my+ ... +Gj+1)m3i 1 = 3j+2.

Subtracting the two equations, we obtain
3mg+...+3m3j1 =3j+2—m.

Notice that 3my4 + ... +3m3 1 is a multiple of three. Then, 3 | (342 —m), that is, m = 2 mod
3. According to the induction hypothesis, 2(3)(0)g(0) = —3i(K'(0))¥g(3=1)(0), with 1 <i < p.
Since 4)(0) =0, for 0 < i< 3p+3andi# 1 mod 3, g3~V (0) =0, where 1 <i < p. Then,
gB=1+2)(0) = 0, with 1 < i < p. It follows by Faa di Bruno’s formula that (goh) (3/+2) (0) =0,
for0<j<p-—1.

For j = p, since m =2 mod 3, with m < 3p+2 and g3/+2)(0) =0, for 0 < j < p—1,

according to Faa di Bruno’s formula, we are going to consider m = 3p + 2. Then, it follows by

my+mg+...+m3pp; = 3p+2
my+4mg+ ...+ Bp+1)m3py1 = 3p+2

that
3mg+ ... —|—3pm3p+1 =0.

Since m; > 0, we have m; =0, for4 <i <3p-+1,i=1 mod 3. Then, m; =3p+2 and,

(g0h) 72 (0) = g3 +2)(0) (1 (0))+2,

Thus,
(31’5“3)h(3p+3)(0)g(0) — _(g?ig)(h/(o))3p+3g(3p+2)(o)
WP (0)g(0) = —(3p+3)(K(0))*+3g13r+2)(0),

Now consider [ = 2. If p = 0, it follows by h(T)g(h(T)) = T that
W(T)g(h(T)) + ¢ (h(T))(H(T)h(T) = 1

and
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Since 2(0) = 0, we get h”(0)g(0) = —2¢'(0)(4'(0))?.

Suppose that the statement holds up to p, that is,
H(0)g(0) = —(3)+2)(H(0) 2507+ (0),
with j < p. Consider 2)(0) = 0, fori < 3p+5 and i # 1 mod 3. Notice that

(75 79 (0)g(0) + (77 AP H4)(0) (g 0. 1)'(0) + ..+ (1 3)H(0) (g 0) 7 (0)

+ A ) (goh) 0+ (230 (g0n) T (0) = 0.

Since 1) (0) = 0 for 0 <i < 3p+5, with i # 1 mod 3,

(3rr2) P49 (0)g(0) + (37 ) 3P (0) (g 0 ) (0) + ...+ (G131 (0) (g0 0) ¥ (0) = 0.

By Faa di Bruno’s formula,

(goh) (3j+1)(0) -y (Bj+D)! g™ (0) (1 (0))™ (K™ (0))™...(RBIHD (0))m3i+1

myl..m3jiq!

where
my+mg+...+m3jp1 = m

m1—|—4m4—|—...+3j+lm3j+1 = 3j—|—l.

Subtracting the two equations, we obtain
3m4—|—...+3jm3j+1 =3j+1—m

and, thus, m = Imod 3.

It follows by the induction hypothesis and () (0) =0, fori # 1 mod 3 with 0 < i < 3p+5
that g3+ (0) = 0 for 0 < j < p. Then, since m = 1 mod 3, we can consider m = 3p +4.

By Faa di Bruno’s formula, (goh) (3j+1)(0) =0,with0< j<p.For j=p+1, we

obtain
my+mg+..+m3j1 = 3p+4
m1—|—4m4—|—...+3j—l—1m3j+1 = 3p+4.
Then, my = ... = m3;;, 11 = 0and m; =3p+4.

According to Faa di Bruno’s formula,

(g0h) 7 (0) = g+ (0) ((0)) ¥+,

Then,
(3p5r5)h(3p+5) (0)g(0) = — (ggii)g(3p+4) (0) (hl(0)>3p+5
heP(0)g(0) = —(3p+5)gP4(0)(K (0))**>.

]

Theorem 4.2.8. Consider n = 1 mod 3. If n # 1, suppose that g(m) (0) =0, for 1 <m < n, with

n)(0) = ns3 (=30
3J(m. Then, g (O) 3a3(g(0))2' Also, g (O) 3a3(g(0))2'
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1 .
Y7 oaj+3t/,t € C,0. It follows by the analyticity of y that ¥ (0) =

Proof. Lety(t) =g*(t) = @
_a

!
Mant3 1 particular, y'(0) = 3(g(0))%¢'(0) = —.
as “

Also, according to Leibniz Rgle, y(0) = (g%-g)"(0) = =0 (;‘) (g2)1)(0)g=)(0),
and since n = 1 mod 3, we get g~/ (0) = 0, for 3 | j, with j > 0 or j = 2 mod 3. Then, it is
sufficient to consider the cases when j = 1 mod 3 and when j = 0. Firstly, consider j < n.

For j = 1 mod 3, it follows by Leibniz Rule that (g2)/)(0) = {:0 ({) ¢(0)gV=9(0).
a) For 3 | i, we have (j—i) = 1 mod 3. Since j—i < j < n, we obtain g/~ (0) = 0.

b) Let i = 1 mod 3. Since i < j < n, it follows by the hypothesis that g() (0) = 0.

¢) If i = 2 mod 3, it follows by i < j < n that g()(0) = 0.

Therefore, for j < n, (g%))(0) = 0.

For j=n:

a) If 347 and i < n, it follows by the hypothesis that g (0) = 0.

b)If 3 |iand i > 0, since (j —i) < nand (j —i) = 1 mod 3 we have gU/~)(0) = 0.

¢)If i =0 or i = n, according to Leibniz Rule, we have (g)g(O)g(") (0) and () g (0)g(0).
Thus, for j = n, we have (g2)™(0) = (7) g(0)g™(0) + () g™ (0)g(0).

n

For j = 0, we obtain (8) g2(0)g"™ (0). Therefore,

Y(0) = (5)&*(0)g"™(0)+ (}) (¢*)™g(0)
= (5)87(0)8"(0) + () 8(0)[(5)8(0)g™ (0) + (1) 8(0)g"™ (0)]
= 3g°(0)g"(0).
ollows tha 24() () = M+ so g __Mdnis
It follows that 3(g(0))~g""(0) P g (0) 3a3(2(0))2° O

Theorem 4.2.9. Consider 7 such that n = 2 mod 3. Suppose that g™ (0) =0, 1 < m < n, with
!
3+ m. Then, g (0) = —omt3

- 3a3(g(0))*
1 .
Proof. Lety(t) =g*(t) = — Y7 aj+3t/,t € C,0. It follows by the analiticity of y that y"(0) =
az
nlayi3
ajs '

Also, according to Leibniz Rule, y (0) = (g2- g)(0) = 0 (;’) (g2)D)(0)g=1(0).
Since n = 2 mod 3, it follows by the hypothesis that g""~/)(0) = 0, for j =1 mod 3 or j = 0
mod 3, with j > 0. We need to consider the case j =2 mod 3 and when j = 0. According to
Leibniz Rule (%)) (0) = ¥/, (/) ¢?(0)g~)(0).

For j <nand j =2 mod 3:

a) If 3 | i, we have (j —i) = 2 mod 3. Since j—i < j < n, we obtain gU=)(0) =0;
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b) If i = 1 mod 3, it follows by (j —i) = 1 mod 3 that g/~ (0) = 0;
¢) For i = 2 mod 3, we obtain g\ (0) = 0, since i < j < n.
Therefore, for j < n, (g%)V)(0) = 0.

For j =n:

a) If 347 and i < n, it follows by the hypothesis that g)(0) = 0;

j—i<nand (j—i)=2mod 3. Then, gV~(0) = 0;

¢) For i = 0 and i = n, we obtain (}}) g(0)g"(0) and (*) g™ (0)g(0), by the Leibniz
Rule.

2 g(0 + (%) ™ (0)g(0).

)
))2g™ (0 ) Therefore,
0)+ (5)(2(0))%g™(0) + (%)™ (0)(5(0))>

Thus, for j = n, g) (
For j =0, we have () ) (g )
Y(0) = (5)(g(0)%s"

= 3(g(0))%™(0

la nla
It follows that 3(2(0))2¢™ (0) = =43 o o () = =43 0
(5(0)26(0) = 2 50 40(0) = S

( )
) )-

We can now prove the following result.

Theorem 4.2.10. Suppose that a; = a, =0 and a3 # 0. If 3 | k, say k = 3m, then the singularity
of Fy is of the type

E6(m+j) & as=as=a7=..=a3j =0, anda3j+47é0.
E6(m+j)+2 & as=as=a7=..=a3j;4=0and azj 5 #0.

If k =3m+1 (resp. k = 3m+2), then F; has an Eg,,, (resp. Eg,42)-singularity.

Proof. We have two cases:

e The case 3 {k:

Since k is not divisible by three, we have two possibilities: k = 1 mod 3 or k = 2 mod 3.
Also, Fi(T) = (T3,coT* +c1 T* 1 4+ 0(k+-2)), where co = (bo)* = (1 (0))* # 0. It follows from
the classification results in Chapter 3 that F is finitely .o/ -determined.

If k = 3m+ 1 for some integer m, Fy is o7 -equivalent to (73, 731 4 73/+2) if C3(l—m)+1 7
0 or (T3, T¥"1), if all the coefficients C3(1—m)+1 are zero, form <1 < (2m—1).If k =3m+2,
then Fy, is «7-equivalent to (77, 732 - T3 1) if ¢3, 0 # 0 or (T3, 77"+2), if all the coeffi-

cients ¢3(;_,,)—1 are zero, withm <1< (2m—1).
e The case 3|k:

In this case, we can eliminate the terms of degrees divisible by three by changes of

coordinates in the target.
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Now if k = 3m for some m, Fy is .7-equivalent to (T3, 73(m+)+1 ¢ T3+2), with (m+

J) <1<2(m+j)—1or (T3, 730m+D+1Y if all the coefficients ¢; =c) = c4 = ... = c3j—1=0and
c3j+1 7 0. Also, F is o7 -equivalent to (T3, T30("+)+2 1 7331) with (m+ j) <1 <2(m+j)—1
or (T3, 730"+)+2) if all the coefficients ¢; = c; = ¢4 = ... = c3;+1 = 0 and ¢3;42 # 0.

According to Proposition 4.2.6, the conditions on the coefficients c;’s above determine
some conditions on b’js. It follows by Proposition 4.2.7, Theorem 4.2.8 and Theorem 4.2.9 that
the conditions on b;’s are equivalent to a4 = as = a7 = ... = azj4» = 0 and a3 ;4 # 0 for E6(m+ j)-

singularity and a4 = as = a7 = ... = a3j14 = 0 and az 5 # 0 for Eg,, j),-singularity. L

Theorem 4.2.11. Suppose that a; = ay = a3 = 0 and a4 # 0. Then, the 4-folding map-germ can

have a singularity of type
(t4, ), (¢4, 02 +17), (4 0+ 200 (17 4+ 60), (¢4, 7)), (¢4, 17 +113).

Proof. The statement follows by the classification results in Chapter 3 as the coefficients a; can

take any values in C. [

Remark 4.2.12. If a5 = ag = a7 = 0, the 4-folding map-germ does not have an .o7-simple

singularity.

Remark 4.2.13. Those singularities in Theorem 4.2.11 are of type WIQ,W# ks and Wyg, as
shown in Theorem 3.0.1 of Chapter 3.

Theorem 4.2.14. Suppose that a; = ay = a3 = 0 and a4 # 0. Then, the 5-folding map-germ can

have a singularity of the form

(t*,65+17) and (¢,1°).

Proof. The statement follows by the classification results in Chapter 3 as the coefficients a; can

take any values in C. O]

Remark 4.2.15. Those singularities in Theorem 4.2.14 are of type Wj,, as shown in Theorem
3.0.1 of Chapter 3.

Theorem 4.2.16. Any .o7-simple singularity of map-germs C,0 — C2,0 can be realised as a
singularity of a k-folding map-germ for some k > 3. Also, any k-folding map-germs for k > 3

can have an .o/ -simple singularity.

Proof. The proof follows by Theorem 4.2.5, Theorem 4.2.10, Theorem 4.2.11 and Theorem
4.2.14. [

Remark 4.2.17. If a; = a = a3 = a4 = 0, then the singularities of the k-folding map-germs are
not &7 -simple, when k > 5.
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4.3 k-folding map-germs on generic plane curves

The local geometry of a generic plane curve reveal aspect of the local singularities of

k-folding map-germs on it. For more details about generiticy of curves, see Appendix A.

Theorem 4.3.1. Let 7: R,0 — R?,0 be a generic plane curve (that is, in an open and dense set

of plane curves), so if the origin is an inflexion or a vertex, then it is an ordinary one.

a) If the tangent line to y at the origin is not orthogonal to Fix(w;) = {y = 0}, the

k-folding map is an immersion at the origin.
Suppose now that ¥ (0) is orthogonal to Fix(wy) att = 1.

b) If the origin is neither a vertex nor an inflexion, then the k-folding map has an Ay

singularity at the origin if k is even and an A;_; singularity if k is odd.

¢) If v has an ordinary vertex at the origin, then the k-folding map has an A;_; singularity

at the origin when k is odd and an Ay, singularity when £ is even.

d) If v has an ordinary inflexion at the origin and 3 1 k, then the k-folding map has an
Eg,, (resp.Egp2) singularity at the origin, if k = 3p+ 1 (resp. k = 3p +2) for some p. If 3 | k,
k = 3p, for some p, the k-folding map has an Eg, singularity at the origin.

Proof. We choose an appropriate system of coordinates so that v: R,0 — R?, 0 is the graph of a
function f: R,0 — R, that is, y(t) = (f(),t). Take the [-jet of f at the origin, for / high enough.
Since j'f(0) = f is a polynomial function, it can be complexified and considered as a germ of
a holomorphic function f : C,0 — C,0. We can consider the curve y: C,0 — C2,0, given by
y(t) = (f(¢),1), with f(1) = ):3:1 a;t’, as the singularities of F;, depend only on some jet of f.

a) The statement follows by Proposition 4.1.3.

For the remaining part of the proof we need the following. We suppose now that a; = 0

so that ¥'(0) = (0, 1) is orthogonal to Fix(y). Then, the curvature of y is given by

K(t) = 2ar+6a3t+12a4t>+0(3)
- 3
((2ast+3azt? +das3+0(4))2+1)2

Y

and its derivatives are given by

K/(t) — pi(t) - — pa (1) .
((4agt3+3azt2+2axt+0(4))2+1)2 ((4a4r3+3a3r2+2a2z+0(4))2+1)2)’
with
p1(t) = —24a4t — 6a3+ O(2)
pa(t) = —3(12a4t? 4 6ast +2a> + O(3))? (4ast’ + 3azt? +2axt +0(4)).
We have
K”(l‘) — p3(t) _ p4(t)

BIW)
[V

((4agt3+3a3t2+2axt+0(4))24-1) ((4a4t3+3a312+2axt+0(4))2+1)
_ ps(t) _ pe(t))
((4agt3+3a3t2+2axt+0(4))2+1) ((4a4t3+3a3t2+2axt+0(4))2+1)
pa(t)

.
((4aqt®+3azt2+2axt+0(4))2+1)2

S
2

V|

Y
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pe(t) = 3(24ast 4 6a3 + O(2))(—12a4t> — 6ast — 2a + O(3)) (dayt® 4 3azt? 4 2art + O(4),
p7(t) = —15(12a4t* + 6ast +2ay + 0(3) ) (dagt® + 3azt® + 2axt + 0(4))>.

b) It follows by Definition A.1.1 that the origin is an inflexion point if and only if
k(0) = 0, that is, a; = 0. Moreover, also by Definition A.1.1 the origin is a vertex if and only
if x(0) # 0 and ¥’(0) = 0, that is, a, # 0 and a3 = 0. Therefore, the origin is neither a vertex
nor an inflexion if and only if a; # 0 and a3 # 0. According to Theorem 4.2.5, the k-folding

map-germ has an Ay _-singularity for k odd and an Ai-singularity when k is even.

¢) According to Definition A.1.1, if the origin is an ordinary vertex of ¥, then x(0) # 0,
k’(0) = 0 and k”(0) # 0. In particular, a, # 0 and a3z = 0. Then, if k is odd, the k-folding

map-germ has an A;_ singularity, as proved in Theorem 4.2.5.

Now consider k even. Since for a generic plane curve only one condition is allowed, as
a3 = 0, we have as # 0. Therefore, it follows by Theorem 4.2.5 that the k-folding map has an
Ao singularity.

d) It follows by Definition A.1.1 that the ordinary inflexion at the origin occurs when
k(0) =0 and k’(0) #0, that is, if @y = 0 and a3 # 0. In this case, for 3 1 k, according to Theorem
4.2.10, there exist the following possibilities:

- The k-folding map-germ has an Eg,-singularity, if k = 3p + 1;
- The k-folding map-germ has an Eg, »-singularity, if k = 3p +2;
Now consider kK = 3p, for some p. Since the curve is generic and a; = 0, then we

have a4 # 0. Therefore, it follows by Theorem 4.2.10 that the k-folding map has an Eg,-
singularity. L

Example 4.3.2. Consider the curve y: C,0 — C2,0 given by y(t) = (12 43,¢). Since ay # 0
and az # 0, the origin is neither a vertex nor an inflexion. According to the Theorem 4.3.1, we
have F4(T) ~, (T?,T?). The following figure represents  and the real part of Fj.
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10 =+ Fy(t) = (2 + 5,14 ~ g (22, 8)

Figure 2 — 4-Folding map-germ on y(t) = (1> 41,¢)

4.4 k-folding map-germs and the symmetries of the curve

In this section, we use the singularities of the k-folding map-germ to study the local
symmetry of a plane curve, that is, the contact between the curve y and its reflected curves
Rgjoy, 1< j<k—1, where R, : C2,0 — C2,0 s given by Rgj(x,y) = (x,E7y) and & = &2Fi/k,

The following figure shows some reflections of the curve 7.

- ~ -
~<_\ &
\N y
:‘li\
//J’ \\
/ ~
< 7 ~ -
Rgyoy--2r ~~—- Bgon
=" e
i / ~
RE*) o7y 4

Figure 3 — The curve 7y and its reflected curves

In what follows, we take y: C,0 — C2,0 with 7(0) orthogonal to Fix(y). For a defini-

tion of contact between two curves see Definition A.2.1.

Theorem 4.4.1. Let y: C,0 — C?,0 be a plane curve without an inflexion at the origin. If k is
even, then Fj has an Ay, ,-singularity if and only if y and the curve Rg% o7y have (2p + 3)-point

contact at the origin.

Proof. According to the proof of Theorem 4.2.16, for k even and 7y without an inflexion, the k-
folding map has an Ay, ,,-singularity if and only if a3 = ... = a2y = 0 and a3 # 0. Suppose
that this is the case. Then, ¥ is given by

V(1) = (aat? + ast* + ...+ azp ot P + a0p 3t @ at?P T+ Gy 5tPP T+ 0(2p +7),1).
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For j = %, we have the curve Rgj 0y = (f(t), &Jt). We consider the contact between ¥ and Rgjoy.
Let g: C?,0 — C, g(x,y) = x— f(y). Then, ¥ = g~ !(0) and the contact between the two curves
is given by the singularity of

gRzioy)(t) = f(1)—f(&r)
= az(l—ézj)l2+...+a2p+3(1—§(2p+3)j)t2p+3+0(2p+4).

Since %/ =1, we have (g(Rg; y))(i)(O) =0,for0<i<2p+2and (g(Rgj0Y)) (2pt3) (0) #0.
Therefore, y and R o y have (2p + 3)-point contact at the origin.

Now suppose that for j = % Yand Rg; oy have (2p + 3)-point contact at the origin. Then,
(g(Rei07)”(0) =0 for 0 < i <2p+2and (g(Re;07)) ™ (0) #0. Since (1 —£3) £0, ...
(1— 5(2p+1)j) # 0, we obtain a3 = ... = a4 = 0 and ay, 13 # 0. Therefore, for k even, Fy has

an Ay op-singularity. ]

Remark 4.4.2. When y does not have an inflexion at the origin, y and R, o y have 2-point
contact at the origin, for j # % Indeed,

gReio)(1) = f(t) = f(E/1) =ax(1-E)*+0(3).

Since (1 — E2 ) # 0 and ap # 0, the two curves have clearly 2-point contact at the origin.
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Figure 4 — The curve y and its reflected curves, when Fi(T) ~4 (T2, T¥+2P+1), with k even

Theorem 4.4.3. Consider y: C,0 — C?,0 a plane curve with an ordinary inflexion at the origin.
If 3 1k, then ¥ and all the reflected curves Regj oy have 3-point contact at the origin, with
1<j<k-1.

Proof. Since y has an ordinary inflexion at the origin, we have (1) = (a3t 4 aqt* +ast® + agt® +
0(7),t) with a3 # 0. Consider g : C> — C given by g(x,y) = x — f(y). Then,

(8(Rziom) (1) = f(t)—f(Er)
= a3(1=E3N +as(1-EN* +as(1—E) +0(6).
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Observe that £3/ = 1 if and only if k | 3j. If 3 { k, in order to have 3/ = 1 we need that k | j.
But that does not hold since 1 < j < k— 1. Therefore, y and the reflected curves Ré j o7, with
1 < j <k—1, have 3-point contact at the origin. O]

Theorem 4.4.4. Suppose that 3 | k, so that k = 3m for some m and suppose that y has an ordinary
inflexion at the origin. The k-folding map-germ is .o7-equivalent to (¢3, 30"+ )+1 4 3p+2) with
m+j<p<2m+j)—1or 3,3+ for some j, if and only if ¥ and Rgm oy have
(3 +4)-point contact at the origin.

Proof. According to the proof of Theorem 4.2.10, if 3 | k, the k-folding map-germ is .o7-
equivalent to (£3,/3m+)+1 L 3042 withm+4j < p < 2(m+ j) — 1 or (£3,230"+)+1) for some
J» if and only if the coefficients a4 = as = a7 = ... = azj4» = 0 and a3 14 # 0. Suppose that this
is the case. Then, the curve 7y is given by

Y(t) = (a38> +agt®+ ...+ a3 35 a3 4+ 03 +5),1).
We have

(8(Remo})(t) = f(t)—f(E™)
_ a3(1—§3m)t3+a6t6(1—€6m)t6+...+a3j+4(1—5(3j+4)m)t3j+4+0(3j+5)

Since k = 3m, we obtain (g(Rgno7)) "(0)=0for0<n<3j+3and (g(Remoy)) G749 0) £ 0.
Hence, y and the curve Rgm oy have (3j+4)-point contact at the origin.

Now suppose that the curves y and Rgm o ¥ have (3j +4)-point contact at the origin.
Then, (g(Rgn07)) " (0) =0 for 0 < n < 3j+3 and (g(Ren o))" (0) # 0. Since

(8Rznoy))(t) = f(t)—f(E™)
= a3(1 =B +ay(1—E)t* + . 4 azj 41— EBHFIMBIH4 4 0(3 +5),

we obtain a4 = as = a7 = ... = azj12 = 0 and az 4 # 0. O

Theorem 4.4.5. Suppose that 3 | k, so that k = 3m for some m and suppose that y has an ordinary
inflexion at the origin. The k-folding map-germ is .o7-equivalent to (£3,73"+! 4 3(m+1)+2) "with
m+j<n<2(m+ j)—1lorto (63,3"mF)+2) for some j, if and only if y and the curve Rgmoy
have (3 + 5)-point contact at the origin.

Proof. According to the proof of Theorem 4.2.10, for 3 | k, the k-folding map is .<7-equivalent to
(3,530 L 32 with m+ j < n < 2(m+ j) — 1 or (63,3 +)+2)  for some j, if and only
if the coefficients of f a4 = a5 = a7 = ... = a3j44 = 0 and a3, 5 # 0. Suppose that this is the

case. Then, the curve 7y is given by

'}’(t) = (a3t3+a6t6+...+a3j+5t3j+5+0(3j+6),t),
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Consider g : C,0 — C2,0, g(x,y) = x— f(y). Then, y= g~ '(0) and

(g(Remo))(t) = f(1)—f(&M)
= a3(1=8¥) 4 ag(1 =)0 + ...+ a3j5(1 = EBTTIMBIHS 1 03 +6).

Since k = 3m, (g(Rgn07))" (0) =0, for 0 < n < 3j+4 and (g(Rgn o))" (0) 0. There-
fore, ¥ and the curve Rgn oy have (3 +5)-point contact at the origin.

Conversely, suppose that y and Rgm o y have (374 5)-point contact at the origin, for some
j. Then, (g(Rgn o))" (0) =0, for 0 < n < 3j+4and (g(Rgno7)) " (0) £0. Since

(g(Remoy) (1) = f(r)—f(E™)
= a3(1 -3+ .. +azjs(1-EIMBHS 103 +6),

we obtain a4 = as :a7:...:a3j+4:0anda3j+57é0. O]

Theorem 4.4.6. Let y: C,0 — C2,0 be a plane curve with a second order inflexion at the origin,
that is, ap = a3 = 0 and a4 # 0. Then, the relationship between the local singularities of the
4-folding map-germ and the order of contact of y and the reflected curves R, 0y, with 1 < j <3

is given by:

a) If the 4-folding map-germ is .27-equivalent to (t*,° 4-¢7) or (t*,£°), then the curve y
and all reflected curves Ri o7, 1 < j<3have 5-point contact at the origin.
b) If the 4-folding map-germ is .o -equivalent to (t*,¢7), (t*,t7 4-1°) or (*,+7 4-1'3), then

Y and all reflected curves Ré jo7, with 1 < j < 3 have 7-point contact at the origin.

Proof. a)For g: C* — C;g(x,y) = x— f(y), we obtain ¥ = g~ (0) and the contact between this
curve and Ré jo7%, 1 < j<3is given by the derivatives of

(8(Rgs o)) (1) = f(1) = f(&/1) = as(1 = E¥V)r* +as(1 = ) +ag(1 - E)™ +0(7).
If the 4-folding map-germ is .27 -equivalent to (t*,#°) or (t*,#°> +17), then a5 # 0.

Since £%/ = 1, for all j, we obtain (1 — &%) =0 for all j. Hence,
(¢(Rei07))(0) = 0,0 < i < 4and (g(Rei07)) > (0) £0, with 1 < j <3

and the result follows.

b) Consider g : C — C?;g(x,y) = x— f(y). Then, y = g~ (0). If the 4-folding map-germ
is o7 -equivalent to (r*,t7 4¢%), (t*,t7 +¢13) or (t*,17), then a5 = ag = 0 and a; # 0. Moreover,
the contact between Y and the reflected curves Rgj oy, with 1 < j < 3, is given by the derivatives
of

(s(Reom) = )~ F(E)
— (1= &)t +as(1 = E9)r +ag(1 - E) +ar(1 - EV)i" +0(3).
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and for as = ag = 0, a7 # 0, we obtain
(g(Rei01)(0)=0,0 < i< 6and (g(Rgi07)) " (0) £0, with 1 < j <3
and the result follows. [

Theorem 4.4.7. Let y: C,0 — C?,0 be a plane curve with a second order inflexion at the origin.
If the 5-folding map-germ is .o7-equivalent to (t*,7 4-¢7) or (t*,#°), then v and all the curves
Ré: j o7 have 4-point contact, for 1 < j < 4.

Proof. Denoting y = g~ 1(0), with g : C — C?,g(x,y) = x — f(y). If the 5-folding map is .o7-
equivalent to (4,15 +17) or (t*,¢°), then ag # 0.

The contact between ¥ and Rg; o ¥ is given by the derivatives of

(g(Rej07))(t) = aa(1 = E¥)r* +as(1 = &) +ag(1 — E)1% + a7 (1= &7)" + O(8),

and the result follows. L]
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CHAPTER

CONCLUSION

With this work, we studied k-folding map-germs on plane curves, generalising the case
k =2. Also, we showed that all k-folding map-germs for k > 3 can have all the possible .o7-simple
singularities and those singularities reveal information about the hidden symmetries of a plane
curve. Furthermore, we showed that inflexions and vertices of a generic plane curve can be used

to describe those singularities of a k-folding map-germ.
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APPENDIX

In this appendix, we enunciate some results in Singularity Theory applied to the geometry
of curves. The main reference is (BRUCE; GIBLIN, 1992).

A.1 Special points on plane curves

Definition A.1.1. Let y: 1 — R? be a regular curve and k(¢) the curvature of y at . Given #o € 1,
we say that

(a) y(to) is a vertex if k(t9) # 0 and k’(f9) = 0. The point (to) is an ordinary vertex if
furthermore x”(#y) # 0 and a higher vertex if k" (z9) = 0.

(b) (to) is an inflexion if k(7y) = 0. The point ¥(zy) is an ordinary inflexion if furthermore
x’(fo) # 0 and a higher inflexion if k’(zp) = 0.

A.2 Contact between curves

Definition A.2.1. Let y: I — R” be a regular curve, with y(fp) = 0 and let F : R" — R” be
submersion at the origin. We say that y and F~!(0) have k-point contact at t = f; if the function

g = F oy satisfies
g(l‘o) = g/<t0) =..= g(k71)<t0) =0and g(k) (to) 7& 0.

The contact between Y and lines or circles can be studied analyzing the derivatives of

two special functions, respectively: the height functions and the distance-squared functions.
Definition A.2.2. Let u € R”. The distance-squared function on Y from u is the function f; : I — R
defined by

Sa(t) = ly(e) —ul? = (v(t) —u) - (v(1) — u)
Definition A.2.3. Let u € S"~! C R". The height function on ¥ in the direction u is the function
fn I — R defined by
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Note that y(7) - u is the distance from 7(z) to the hyperplane through 0 perpendicular to u.

Proposition A.2.4. Let n = 2 in Definition A.2.3 and Definition A.2.2. We say that y has k-
point contact at t = fy with the circle centered u and passing through (fy) if and only if the
distance-squared function f; on Y from u satisfies fcgi) (to) =0,i=1,....k— 1 and fcgk) (to) #0.
In particular, ¥ has an ordinary (resp. higher) vertex at ¢t = 1y if and only if k = 4 (resp. some

k > 5), where u= ¥(to) + N (to)-

The curve Y has k-point contact at ¢ = f¢ with its tangent line at # if and only if the
height function f}, on 7 in the direction u perpendicular to the tangent vector T (fy) satisfies
ffgi) (to) =0,i=1,....k— 1 and f;gk) (to) # 0. In particular, ¥ has an ordinary (resp. higher)
inflexion at ¢ = 1 if and only k = 3 (resp. some k > 4).

A.3 A word on generiticy

Definition A.3.1. We say that a property P is dense or holds for a dense set of (regular) plane
curves 7 : I — R? if there exists a neighbourhood U of 0 in some Euclidean space R and a

family of regular plane curves ¥ : I x U — R? such that:

* (@) ¥(t,0) = ¥(1);

* (b) if {uy,} is a sequence in U with lim,_,.u, = 0, then the property P holds for the
sequence of curves 7, defined by ¥%,(¢) = (¢, un).

Definition A.3.2. The property P is open or holds for an open set of (regular) plane curves if
given a curve ¥ : I — R? with property P and a family 7 : I x U — R? of (regular) curves 7, the
property P holds for all curves ¥, with u in some neighbourhood U of 0.

Definition A.3.3. A property P is said to be generic or to hold for a generic set of curves if it is

both dense and open.

Proposition A.3.4. In an open and dense set of regular curves 7 : S! — R? there exist only
finitely many ordinary inflexions and ordinary vertices and no higher inflexions or higher vertices,

that is, these properties are generic.

Proof. See [(BRUCE; GIBLIN, 1992)]. O
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