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ABSTRACT

GUIMARAES, A. On Hamiltonian systems with critical Sobolev exponents. 2022. 57
p- Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ciéncias Matematicas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2022.

In this thesis we consider lower order perturbations of the critical Lane-Emden system posed on
a bounded smooth domain Q C R", with N > 3, inspired by the classical results of Brezis and
Nirenberg (BREZIS; NIRENBERG, 1983). We solve the problem of finding a positive solution
for all dimensions N > 4. For the critical dimension N = 3 we show a new phenomenon, not
observed for scalar problems. Namely, there are parts on the critical hyperbola where solutions
exist for all 1-homogeneous or subcritical superlinear perturbations and parts where there are no

solutions for some of those perturbations.

Keywords: Lane-Emden systems; Critical hyperbola; Critical dimension; Positive solutions.






RESUMO

GUIMARAES, A. Sobre sistemas Hamiltonianos com expoentes criticos de Sobolev. 2022.
57 p. Tese (Doutorado em Ciéncias — Matemadtica) — Instituto de Ciéncias Matemadticas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2022.

Nesta tese consideramos perturbacdes de ordem inferior do sistema critico de Lane-Emden
em dominios limitados suaves Q C RN, com N > 3, inspirados pelos resultados cldssicos de
Brézis e Nirenberg (BREZIS; NIRENBERG, 1983). Resolvemos o problema de encontrar uma
solugdo positiva para toda dimensdo N > 4. Para a dimensdo critica N = 3 mostramos um novo
fendmeno, ndo observado nos problemas escalares. A saber, existem partes na hipérbole critica
onde se t€m solucdes para toda perturbacdo homogénea de grau um ou superlinear subcritica, e

partes onde ndo se t€ém solucdes para algumas destas perturbacoes.

Palavras-chave: Sistemas de Lane-Emden, Hipérbole Critica, Dimensao critica, Solu¢do posi-

tiva.
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CHAPTER

INTRODUCTION

In the memorable paper (BREZIS; NIRENBERG, 1983) from 1983, Brezis and Nirenberg

considered the perturbed Lane-Emden equation with critical growth
—Au=2d 4+ "in Q u>01in Q, u=0 on 9Q, (1.0.1)

in a bounded smooth domain Q C RN, N > 3, where 2* = 2N/(N — 2) is the critical Sobolev
exponent for the embedding of H(} (Q), with 1 <t < 2* — 1. In particular, they discovered a
surprising difference between the cases N > 4 and N = 3, the latter named as critical dimension.

For the particular case with # = 1, namely for
—Au=Au+u* 'in Q, u>0in Q, u=0 on 0Q, (1.0.2)

they proved the existence of a solution for every 0 < A < A;(Q), the optimal interval for existence,
for N > 4. In contrast, with N = 3, they showed the existence of 0 < A* < A;(€) such that no
solutions exists for 0 < A < A™; see (BREZIS; NIRENBERG, 1983, Theorem 1.2 and Corollary
1.1). Here A; = 2,(Q) stands for the first eigenvalue of (—A, H} (Q)).

The notion of critical growth for Hamiltonian systems, as independently introduced
by Mitidieri (MITIDIERI, 1993) and van der Vorst (VORST, 1992), soon after considered by
several authors, including Clément et al. (CLEMENT; FIGUEIREDO; MITIDIERI, 1992) and
Peletier-van der Vorst (PELETIER; VORST, 1992), is given by the so-called critical hyperbola.
In 1998, Hulshof et al. (HULSHOF; MITIDIERI; VORST, 1998) analyzed the version of (1.0.2)

in the framework of Hamiltonian systems, namely they considered

—Au=Av+|y[P~lvin Q,
—Av=pu+|u/7'uin Q,
u,v=0o0ndQ,

with N > 4, for (p,q) on the critical hyperbola

1 1 N-2

+ = 1.0.3
p+1 qg+1 N ( )
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1.1 Main goals

Fascinating results were proved in (HULSHOF; MITIDIERI; VORST, 1998, Theorem

2), and we think that three important problems were left open:

a) What happens in dimension N = 3?
b) What is the meaning of the critical dimension for Hamiltonian elliptic systems?

c) The investigation of the general 1-homogenous perturbation of the critical Lane-Emden

system, namely (HS) ahead with rs = 1, which includes r = s = 1 as a particular case.

Item c) deserves some extra comments, since the most accurate 1-homogenous perturba-
tion to Hamiltonian systems, given below in (HS), is induced by the hyperbola of points (r,s)
such that rs = 1. Indeed, this hyperbola has been named as the spectral curve for Hamiltonian
systems; see (MONTENEGRO, 2000; LEITE; MONTENEGRO, 2019; LEITE; MONTENE-
GRO, 2020) for linear operators and (SANTOS et al., 2020) in the fully nonlinear scenario. In
this thesis we address these three questions and present some results observed in the framework
of Hamiltonian systems which are non-existent for scalar problems. In order to accomplish that,

consider the following Hamiltonian system

—Au= A4 [P~ vin Q,
—Av = pfulu+|uluin Q, (HS)
u,v=_0o0ndQ,

in a bounded smooth domain Q c RY, N >3, A > 0 and i > 0. Here (p,q) lies on the critical
hyperbola, that is p > 0 and ¢ > 0 satisfy (1.0.3), and (r,s) is such that

O<r<p, O<s<gq, rs>1. (1.1.1)

Since A > 0 and u > 0, the critical growth system (HS) can be seen as a lower order
perturbation of the Lane-Emden critical system
—Au= P —Av=[u in Q u=v=0 9Q,
as (1.0.1) is a lower order perturbation of the critical Lane-Emden equation
—Au=u*"", u>0in Q, u=0 on Q.
Moreover, condition (1.1.1) on (r,s) for (HS) corresponds to condition 1 <7 < 2* —1 for (1.0.1).

The main result proved in this work reads as follows.

Theorem 1.1.1. Let A > 0, u > 0, assume (1.1.1) and in case rs = 1 also suppose that A"
is suitably small. If N >4 or, N =3 and p <7/2 or p > 8, then (HS) has a classical positive

solution.
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The precise condition on the size of Au” (for the case with rs = 1) is specified at (2.2.1)
and (2.2.2) ahead. Actually, such condition appeared before in (MELO; SANTOS, 2015) and
corresponds to the hypothesis A < A; for equation (1.0.2). Moreover, as proved in (VORST,
1992, Theorem 4.2), if such condition is not verified, then (HS) may have no positive solution in
star-shaped domains. Also observe that, in case of N =3, (7/2,8) and (8,7/2) are symmetric
points on the critical hyperbola (1.0.3).

We call the attention to the fact that, when A = u, r =5, p = g, any solution of (HS)
is such that u = v (see (SANTOS; NORNBERG; SOAVE, 2021, Example 4.3)), which makes
(HS) and (1.0.1) to be equivalent in this case. With this in mind, for N = 3, the so-called critical
dimension for (1.0.1), we prove the existence of solutions for (p,g) lying on some parts of the
critical hyperbola (even if r = s = 1), which brings new results when comparing to (HULSHOF;
MITIDIERI; VORST, 1998, Theorem 2), where the case N = 3 is not considered. Indeed, when
setting side by side our results with (HULSHOF; MITIDIERI; VORST, 1998, Theorem 2), our
contribution is threefold: we treat the case N = 3; for N = 4 we do not impose p # 2 or p # 5; for
N > 3 we consider the natural 1-homogenous (rs = 1) or superlinear (rs > 1) perturbations, while
(HULSHOF; MITIDIERI; VORST, 1998, Theorem 2) is restricted to the case with r = s =1,
p >l and g > 1. In particular, for N > 4, we cover all the points (p,q) on the critical hyperbola,
which includes points with p < 1 or ¢ < 1 for N > 4. Figure 1 ahead illustrates the existence
result given by Theorem 1.1.1 for N > 4.

s SA

‘1““““““7’ “72‘:‘[“““““7‘

Critical Hyperbola, N =4 Critical Hyperbola, N > 5

rs=1

rs=1
Figure 1 — Given any (p,q) on the critical hyperbola, any (r,s) satisfying (1.1.1) is admissible for finding
a positive solution to (HS).

We recall that in the critical dimension N = 3, it is not possible to prove the existence of
a solution for (1.0.1) in the full range 1 <t < 5. Indeed, as in (BREZIS; NIRENBERG, 1983,
Corollary 2.3), such existence results is proved only for 3 < ¢ < 5. This motivates the introduction

of the following definition.
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Definition 1.1.2. For N = 3, let (p,q) be a point on the critical hyperbola (1.0.3), Q be a
bounded regular domain, and (r,s) satisfying (1.1.1). We say that (p,q) is on a Critical Region if,
for some Q and some (r,s), (HS) has no positive solution for some A and [ small. On the other
hand, (p,q) is on a Noncritical Region if for all Q, all (r,s) satisfying (1.1.1), A and p suitably

small, then (HS) has a positive solution (see Figure 2).

Finally, we make a link between critical/noncritical regions of the critical hyperbola
associated with Hamiltonian systems and the critical dimensions for the biharmonic operator
under Navier boundary conditions. We recall that according to (VORST, 1995), the dimensions

N =5,6,7 are named as critical for the study of

N+4

A u=pu+uv+ in Q, u=Au=0 on 9Q, (1.1.2)

a particular case of (HS) with A = 0 and p = 1; see also (EDMUNDS; FORTUNATO; JAN-
NELLI, 1990; BERNIS; GRUNAU, 1995) for the case with Dirichlet boundary conditions for the
biharmonic and polyharmonic operators, respectively. A first try to understand the phenomenon
of critical dimension for Hamiltonian systems was presented in (MELO; SANTOS, 2015). How-
ever, the perturbation in (MELO; SANTOS, 2015) makes the problem look like a nonlinear
version of the biharmonic equation (1.1.2), as the counterpart of the p—Laplacian version for
(1.0.1). In the case with A > 0 and u > 0 in (HS), the natural symmetric perturbation of the
critical Lane-Emden system, we recover that the only critical dimension is N = 3, as it happens
to the scalar problem (1.0.1), unveiling the notions of critical and noncritical regions of the

critical hyperbola for N = 3.

1.2 Open problems and future projects
Once Definition 1.1.2 is posed, it is natural to identity the critical and noncritical of the
critical hyperbola for N = 3, and this gives rise to the following problems.

Open problems.

1. Find the critical region of the critical hyperbola (1.0.3) for N = 3.

2. A simpler problem, but still challenging, is to find the optimal values 7/2 < p,. < p* <8
such that (HS) has no solution for any p, < p < p* with r =5 =1, A = u small, with
Q=B(0,1) CR%.

For this second question, due to the results in (BREZIS; NIRENBERG, 1983, Theorem
1.2) and (3.2.21), we know that 4 < p, <5 < p* < 13/2. Figure 2 illustrates the open problem
regarding what should be critical and noncritical regions of the critical hyperbola for N = 3.
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NI~1
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[N}

2 5 8 p
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Part of the Noncritical region

—— To be classified Part of the critical region

Figure 2 — Critical Hyperbola for N = 3

Our work may also serve as motivation for future investigation. In view of the results in
(KIM; PISTOIA, 2021, Theorem 1.1), that consider r = s = 1, it could be interesting to study
blowing up phenomena for system (HS), with rs = 1,as A = u — 0.

1.3 The structure of this thesis

This thesis is organized as follows.

Chapter 2 is divided in three sections. In the first one, we present the variational approach
to treat (HS), namely, writing (HS) as the fourth order equations (P) or (P”). We also define
the energy functionals associated with these equations, show that they have the mountain pass
geometry and present an upper bound for their mountain pass levels. Section 2.3 is devoted to
localize the range where such functionals satisfy the (PS).-condition and to the proof of Theorem
1.1.1.

Chapter 3 is devoted to the proof of some technical estimates which are crucial for the
variational treatment and is divided as follows. In Section 3.1 we prove some identities and
inequalities involving the auxiliary functions f,” "and F, and their asymptotic behaviours. In
Section 3.2 we calculate an upper bound for the mountain pass level cr of the functional /r by
showing some estimates involving the ground state solutions of the Lane-Emden critical system

on RY and the auxiliary function f; .

The most significant classical results used in this thesis are presented in Appendix A,

namely the Mountain Pass Theorem, a few convergence results, and two integral inequalities.
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CHAPTER

2

EXISTENCE OF SOLUTIONS TO THE
SISTEM (HS)

In this chapter, we start by showing the variational approach to treat (HS). After that, in
Section 2.2, we prove that the functionals Ir and I associated to (P) and (P’), respectively, have
the Mountain Pass geometry and compute upper bounds for their mountain pass levels. Finally,

in Section 2.3, we localize the range where the functionals /r and I satisfy the (PS).-condition.

2.1 Variational approach

To deal with (HS), following the same approach as in (MELO; SANTOS, 2015), define

t

Ju0) = Ay e, Fa) = [ @,

B (2.1.1)
gu(0) = e 1, Gulr) = [ g0
and rewrite (HS) as one of the fourth-order equations under Navier boundary conditions
A(fy  (Aw) = plul~tu+ w7 in @, ®
u,Au=0on JdQ,
A(g;l(Av)) = A"+ lvin Q, )
v,Av =0 on dQ.

Associated with (P) and (P’), we consider the C'(E,,R) and C!(E,, R) functionals

- u s+1 1 / +1
I = | Fj(Au)dx — —— dx — —— at+ly
F(”) /;2 )\/( u) X S+1 /fz‘u| X q+1 Q‘u| ‘x7

_ ) 1
Ic(u) = | Gu(Av)dx — —— rtlyg ——/ g
60 = [ Gu(avydx— 2 [l [l
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1

where E, := W27 Q)N Wol’ " (Q) is endowed with the norm ||u|| = |Au|:+1. Throughout in
t

this work |w]|g stand for the L% (Q)-norm of w.

The variational treatment of (HS) given by studying (P) or (P’) is usually called reduction
by inversion. This idea has been used by P. L. Lions (LIONS, 1985) and in several other
papers, as for example in (CLEMENT; MITIDIERI, 1997; CLEMENT; FELMER; MITIDIERI,
1997; HULSHOF; VORST, 1996; BONHEURE; SANTOS; TAVARES, 2014). Here, since the
functions f; and g, are not pure power, and due to the critical growth nature of (HS), we prove in
Section 3.1 some sharp estimates on f , whose corresponding versions to g, also hold. In order
to capture in this inversion the contribution of the term A |u|"~'u, to downsize the Mountain Pass
level, we compute in Lemma 3.2.1 some integrals on rings involving the ground state solutions of

the Lane-Emden critical system on R", where terms associated to u — A |u|"~'u are dominant.

Definition 2.1.1. We say that u € E, is a weak solution of (P) if, and only if, I.(u) = 0. A function
u € C*(Q) such that f; ' (Au) € C*(Q) is a classical solution of (P) if, and only if, satisfies (P)
pointwise. Similarly, we define weak and classical solutions of (P”). Moreover, (u,v) is a classical
solution of (HS) if. and only if. u,v € C(Q) NC?(Q) satisfy (HS) pointwise.

Lemma 2.1.2. If u is a weak solution of (P), then it is a classical solution of (P). The converse is
also true. Moreover, u is a classical solution of (P) if, and only if, (u,v) is a classical solution of
(HS), with v = f; ' (—Au).

Proof. We can mimic the proof of (MELO; SANTOS, 2015, Lemma 1), which is based on the

arguments in (SANTOS, 2008, Section 4) and (HULSHOF; VORST, 1993, Section 3). O

2.2 Mountain Pass Geometry

Next we show that the functionals /r and I; have the Mountain Pass geometry and

obtain upper bounds for their Mountain Pass levels. For the cases with rs = 1 we introduce the

conditions )
2|1Q) e+ rtl
AVru < %‘@é : (2.2.1)
s < QIRDTET s
Al <26 (2.2.2)

275
on the size of (A, ), where

Cro=inf{||ul|; u € E, and |u| 1 =1}, G0 =inf{|]v|; ve€ E;and |[v|z1 = 1}.

Remark 2.2.1. Conditions (2.2.1) and (2.2.2) for the case with rs = 1 are natural and correspond
to the hypothesis on A and W in (HULSHOF; MITIDIERI; VORST, 1998, Theorem 2) to treat
(HS) with r = s = 1, and to the hypothesis A < Ay in ( BREZIS; NIRENBERG, 1983) to study
(1.0.2).
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Proposition 2.2.2. Let (p,q) and (r,s) be as in (1.0.3) and (1.1.1).

1. Then I has the Mountain Pass geometry with a local minimum at zero, under the additional

condition (2.2.1) when rs = 1.

2. Then Ig has the Mountain Pass geometry with a local minimum at zero, under the additional

condition (2.2.2) when rs = 1.

Proof. Observe that Ir(0) = 0 and, from (3.1.2),

p ptl H 1 1 +1
Ir(u) < m”“” P —H—1|“|§11_q+1|u|3+17 Vu € Ep.

Then, I (tu) — —oo when t — o0 and u # 0.

On the other hand, by Lemma 3.1.5,

T ol u s+1 1 q+1
Ip(u) = F Audx+/ Fi(Au)dx — ——|u ——|u
F(u) \Au|§2/l% 2 (Au) |Au|>211’%’ 2 (Au) s—|—1| ’s+1 q—i—l’ ‘q+1
1 r 1l 1 ptl
Z T p |Au|%dx+ WL p |Au| 7 dx
25 A+ 1) | au<oa v 25 P+ 1) |07
u | |s+1 1 q+1

By Jensen’s inequality, for a nonnegative measurable function a and o > 1,

/w(a(t))"‘dt > || (/wa(t)dt>a. (2.2.3)

Since 0 < r < p, with a = L 2 > it follows that

N
p
Au| <22 77))l-e pir A\
() > (meas(| ur|+1_ ) r (/ . |Au dx)
25 AU r+1 \Jjau<2a7=
1 p pil u B TS
R S A P dx— —— s+1 = 1,14
Q| L\
r p+
> S (/ P|A”|pdx)
25 p/rr+1 \JjAu<2a 77
1 P ptl ‘u, 1 1 +1
e —— Au| X——MS+ ——I/tq .
2 p+1 |Au|>2z%| | s+1| 41 q+1| a1
For u # 0 such that
L p e QP r pre NP7
+1 ||Lt‘ > Tl L.e. ||Lt“ < 2|'Q'M‘p_r7
25 pt1 2 /rr+1 (p+Dr

it follows that

r—p

Q| 7D sl \ @ b\ @

Ir(u) > % r K/ A dx) + (/ Ik dx) ]
25 /rr+1 |Au| <2477 |Au|>24 P=T

u +1 1 g+1
—H_—1|M|§+1 - m|u|q+l‘
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Since 1 —a = —% = —#”p—r and (a+b)* < 2% 1(a% 4+ b%) for a,b > 0, we infer that
r—p
(2‘Q|) r(p+1) r+1 s+1 g+1
te(u > CE0 T~ Eulst - ol

] r
for all u € E such that |ju < ( zgfl) )p 2(QIATT.

If % <s+1, ie. 1 + <s, and since s < g, it follows that /r has the Mountain Pass

geometry with a local minimum at zero.

On the other hand, if % =s5+1,1e. % =, for u # 0, we infer that

_r=p_
20Q) P | el B sl g+l
(s Dip() = S | — gl — 5 lulg
(2l0)) 4 L\ e g
Iy .U\M|LHMH [Juel| —q+1\”\q+1
> (L) s
= NEEPyys “%¢ u g+ 11" g+1
nQ
. Ea) 1 . .
and (2.2.1) gives =2y — UW—7 > 0, and again /r has the Mountain Pass geometry around
%0
Zero, since%:s<q. ]

Let S be the Sobolev constant for the embedding £, < LI™!(Q), namely

S= _inf |lul.

uEEp,|u|q+1:l

Proposition 2.2.3. Suppose (1.0.3) and (1.1.1), u >0, A > 0 and in the case rs = 1 also assume
22.1).IfN>4and p < (N+2)/(N—2), or N =3 and p <7/2, then the mountain pass level
N

yZ
cr of the functional I is such that cr € (0, %52@*1) )

Proof. See Section 3.2. ]

2.3 (PS). condition

When treating (P), the main difficulty is the lack of compactness for the embedding
E, < L771(Q). Here we localize the levels ¢ for which the (PS).-condition holds. Throughout
this section (1.0.3), (1.1.1), u, A > 0 are assumed, and the main results is the following.

pN
Proposition 2.3.1. Ir satisfies the (PS).-condition for all ¢ < ]%,S 2Ap+D),

We split the proof of this proposition in several lemmas.
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Lemma 2.3.2. Every (PS) sequence for I is bounded

Proof. Let (uy) be a (PS) sequence for Ir. So, using Corollary 3.1.3 and Lemma 3.1.6, there

exists ¢ € R and a positive sequence (€,) with &, — 0 such that

-1 q+1
s [ 7, () - T

s+1 s+l T EEDGrD

_ £ (Aup) Auy, i
> Fi(Au ——dx>‘c/ Auy,| 7P dx
'_./;uﬂzzxppr (Btn) s+1 - \AuﬂEZlﬁg?l "

Pl Pl prl _prlprl
217(/ I dx—/ L [Au dx) > tlua| 7 — 27 AT |,
Q Ay | <2A P
which implies the boundedness of (||u,]|). O

To localize the levels where I satisfies the (PS) condition the following result, due to

P.-L. Lions, is necessary.

Lemma 2.3.3. Given a bounded sequence (uy,) in E,, there exists a subsequence, also denoted

here by (uy,), such that:

(i) uy, — uin E,.
(ii) uy —uae inQandin L9(Q), forall 1 <0 < g+ 1.
1 —
(iii) |Aun|p7 X\ yin the sense of measures on Q.
(iv) |up|TT" 22V in the sense of measures on Q.

(v) There exist an at most countable index set J, a family of points {x;: j € J} C Q and two
sequences {v;: je J},{yj:je€J} C(0,+c0) such that:

pt+l
v=[ul + Y vis, v> aul 7 + Y v,
jeJ jeJ

p+1 1 +1

Svj’i"”rl <vjforall j€J, in particular Zjvj”
=

1
< foo,

(vi) Vi, — Vi in (lep(sz))N.

(vii) Vi, — Vu a.e. in Q and in (L°(Q))Y, for all 1 < ¢ < 6*, with ¢* > 1%1 depending on

1
the critical Sobolev embedding of who (Q).
Proof. See (LIONS, 1985, Lemma I.1) or (SANTOS, 2010, Lemma 3.3). [

An improvement of the previous lemma is given next.
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Lemma 2.3.4. If (uy,) is a (PS)-sequence for I, then there exists a subsequence, for short also
denoted by (uy), satisfying (i)-(vii) from Lemma 2.3.3 with the additional fact that J is at most
finite.

Proof. Let x; € Q be a point in the singular support of i and v. Let { € C(RY) such that
0<¢<I1,{=1inB(0,1) and supp({) C B(0,2). Moreover for each 6 > 0 define {g(x) :=

g (x %1, So there exists constants ¢; and ¢, independent of 6 such that

C
VEo(0)| < 5 1A(x)| < o5, Vre R,

By (SANTOS, 2010, Lemma 3.4 ), u,{p € E,,, Vn € Nand 6 > 0. Fixing 6 > 0, since ({gu,)
is bounded in E,, (I;(un), Coutn) = o(1) that is

) = L A Codx = [l Cods— o [l Lo

(2.3.1)
+/fl Aun)unACde+2/ f,l (Aup)Vu,VEgdx.

On the other hand, {g(x) 229 5, (%), Vx € Q. So from u, — uin E, and E, CC Q)

ol G "% [ Godx 420
Q

Now, by (3.1.1) and Holder inequality (# + A 2= 1), there exists C > 0 independent of
n and O such that

1
1 1 X—X = "
< [ 1l Pl iagolax < [ Junfo* Ac( ’) ax) .

From the definition of the weak* convergence

Ll ag (254
" 0

q+1
5 v\ |
dxm/'A;(x 1)‘ dv
Q 0
q+1) 6—0

and since |[A{ (x H|F2) 25 0 Vx € Q, by the Lebesgue dominated convergence theorem,

()
<C (/Q (% ‘Vg (x_exf) ’ ]Vun])p;ldx> . and

ptl +1

R(alre (557 i) "= (s

‘/f/1 (Auy ) u,Algdx

6—0
dv — 0.

We also have

‘/Qf/ll (Aun)VMnVCOdX

|
<
U™
7N
=
| |
&
N——
<
=
N——
ol
&
I
S
=
~[2
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1
Given € > 0 let M (&) > 0 be such that f;l( )t > %] ]% for all |¢| > M(g). Then

define
An = {x € B(x;,20) N Q;|Au, (x)| > M(€)},B, := (QNB(x},20))\A,

Then,
/Qf)L_I(Aun)AunCde:/ f)L_l(Aun)AunCde‘i_/ f)L_l(Aun)AunCde
1 ptl
> g ol o [ (7 Q) = 8 ) o

1 ptl ptl 1
=—— 1/ |A - (Auy)Auy, — ——|A —7; (232
g L o [ ) Ay = T ) oy — 1y 23

by taking the limit as n — oo and after as 0 — 0, because

lim lim sup
6—0 n—o0

. 1 pil
G ), — a5 o

< lim llmsup/ f/l M+—M )Cedx—

6—0 n—o0

Then, from all the above estimates ranging from (2.3.1) to (2.3.2), we infer that

0= Jim Ly e (I (1), 0n o) > - Z{g v,
which 1mphes that v; > L forall € > 0, and hence V; > ¥;. In contrast, since 0 < f; ' (Auy)Auy, <

|Aun| P , it follows from all the above estimates ranging from (2.3.1) to (2.3.2) that

0= Ilim I 1 < j
elg%)nglc}o< F(”n) unC9> Yi—Vis

which implies

+1 1

Then, from Lemma 2.3.3, v; > Svj P 1 and so

PN
Vj Z SZ(erl), (2.3.4)
v Nl pl 1
since 2(;’—“) = (1 - #%) and y; > 0. Combining this with }';c; v;” 1~ 1 oo, it follows
that J is at most finite. [

Lemma 2.3.5. Given a bounded sequence (u,) in E,, K CC Q\{x;: jeJ} with {x;: jeJ}
from Lemma 2.3.3, then u, — u in L1+ (K), up to a subsequence.

Proof. See the proof of (SANTOS, 2010, Lemma 3.6).
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Lemma 2.3.6. If (uy) is a (PS)-sequence for Ir, and {x; : j € J} from Lemma 2.3.3, then for
every j € J, up to a subsequence,

ps—1

= I

n—e IO

Proof. Consider the even function H(t) := |t| (F;L( ) — ﬁf;l (t)t). By Lemma 3.1.1,

. ps—1 '@ p—r A 5O ps—1
lim H,(¢) = lim - = = :
oo e | (p+1)(s+1) Mp p+lr+l 27 (P+1)(s+1)
Then, given € > 0 small, there exists #y > 0 such that
H,(t) >ce >0 forall |t| > 1o,
with ce = o571y — € Which implies that
— ptl
Fy(t)— s+1f7“ Yo)t > celt| > for all |¢| > 1. (2.3.5)

Let A,, B, and (g be like in Lemma 2.3.4, with A,, and B,, associated with #y. So, from (2.3.5)
and Corollary 3.1.3,

_ 1 ptl ptl
/F,qv (Auy) — —f;l(Aun)Aundx > e (/ |Aun|p; Cea’x—i—/ |Aun]p; Cedx>
Q s+1 An B,

_ T p1
+/ F,qv(Aun)——f/1 (Aup)Auy — ce|Auy| 7 | Egdx

_Cg/ |Aun| P ngx—f—/ l (Auy,) _—fl (Aun)Aun cg|Aun| p ] Codx. (2.3.6)
On the other hand,
lim lims / Fy(Attn) — —— £ (At At — celdun| 7| Cod
im limsu - c X
Bb n_mp ) A\ AUy s+ 1 A Up )AUp — Ce|AUy 0

o — | S pl
< lim hmsup/ Fj(to) +——f; (to)to+celto] 7 | Codx =0, (2.3.7)
Q s+1

9-)0 n—oo

and, from Lemma 2.3.3,

1
lim lim sup ce / Aup| 7 Codx > e (2.3.8)

6—0 n—so0
From (2.3.6), (2.3.7), (2.3.8) and the arbitrariness of € > 0, we get the desired inequality. [
Lemma 2.3.7. If (uy) is a (PS)-sequence for I, K CC Q\{x; : j € J} with {xj: j € J} from
Lemma 2.3.3, then up to a subsequence,

n—oo

/K (! () — £ (A)) (Bt — Aut)dx =55 0, (23.9)
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Proof. Let 6 =dist(K,{x;: jeJ}).Foreach 6 € (0,9), consider Ag = {x € Q: dist(x,K) < 0}
and &g € C°(Q),0<Eg < 1,8 =1 0n Ay, and &g =0 on Q\Ay. So, by the monotonicity of
it

0< /K (! (M) — £ (Au)) (Bt — Aut)dlx < /Q (! (M) — £ (Au)) (Bt — Aut) g
_ /Q £ (Aun) Ao — £ (Auy)Auy — £ (Au) (Au, — Au)Egdx. (2.3.10)
Fixing 6 > 0, since I;-(u,) — 0 and (u,&g) is bounded in E, then (Ij(uy),Egu) = o(1) and
(I (un), Eguy) = o(1) that is

o(1)= /Qf;%Aun)(Auée+uAaze+zwvae>dx— /Q|un|q—1unéeudx—u /Q|un|s—lunéeudx
(2.3.11)

o(1) = /Q £ (Bt (Autn o + 1nAEg + 2V, VEq)dx — /Q |7 Egdx — /Q ]+ Egdx.
(2.3.12)
From (2.3.10), (2.3.11), (2.3.12), Lemma 2.3.3, Lemma 2.3.5 and (SANTOS, 2010, Lemma 2.4),
it follows that
0 [ (f7" (Aun) = 15 (800 (Bt = A < [ ;" (B10) Ao, — )

12 /Q F5 1 (Autn) VEQV (uy — u)elx — /Q £ 1 (Aw) (A — Au)Egddx +o(1)

_ q+1 qul _ p+1 pﬁl
<C |ty —u|T dx +C Vi, — Vu| 7 dx
Ao o
[ ) Ay~ A (1) = o(1). O
Q

Lemma 2.3.8. If (uy,) is a (PS)-sequence for Ig, then Auy, 27 Auace. inQ, up to a subsequence.

Proof. Let K CC Q\{x;}cs. By the inverse of the Lebesgue dominated convergence theorem,
there exists a subsequence of the integrand in (2.3.9) that converges a.e. in K. Using (DAL
MASO; MURAT, 1998, Lemma 6) with

X=R, B=1;" B=1;" and & = Auy(x)

we get Au, — Au a.e. in K. Since K is an arbitrary compact subset of Q\{x;};jc;, we conclude
that Au, — Au a.e. in Q. ]

Lemma 2.3.9. If (uy,) is a (PS)-sequence for Ir, then f/{l(Aun) — f;l(Au) in LPY1(Q), up to a

subsequence.

Proof. Since, up to a subsequence,

Aup 25 Au - ae.in Q,

n+1
(Auy) is bounded in L7 (), and
7 (Auy)| < |Auy VP,
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we infer that f;l(Aun) e, f;l(Au) a.e.in Q, (f;l(Aun)) is bounded in LP*!(Q), and hence
£ (Auy) = £ (Au) in LPTI(Q). O

Proposition 2.3.10. If (u,) is a (PS)-sequence for Ig, then there exist a subsequence, still

denoted by (up,), such that u, — win E, and u is a weak solution of (P).

Proof. First, since (uy) is a (PS)-sequence to Ir, (I (u,),w) — 0, for all w € E,,. On the other

hand, up to a subsequence,

£ () = f37 (Bu) in LPHH(Q),
+1
|9 1ty — |9 win LT (Q) and
0 |* Y1ty — |u)*'uin L (Q).
Thus, for all w € E,, (I (un),w) — (I (u),w). Then (I.(u),w) =0, for all w € E,,, that is, u is a
weak solution of (P). O

Proof of Proposition 2.3.1. Let (u,) be a (PS). sequence for Ir with ¢ < 1%,52(2711‘) By con-
tradiction, suppose that J # (. We can suppose the assertions of Lemma 2.3.4, with y; = v;,
V> S%, forall j € J, by (2.3.3) and (2.3.4). Since (uy) is bounded in E,, (I (up),un) = 0(1),
and Lemmas 2.3.3 and 2.3.6, we infer that

) 1
C:nlin,IF(u”) +1<1F(un) Up)
S — L. +1
:,}E’E‘O/QFA(A””)_H—JA (At Aty + <s+1 q+1>/|””|q dx

( ps—1 N 1 ) _2y s Ze p+1
“\(p+D(s+1) " s+1 g+1 “NYEN
for every j € J, which is a contradiction. Hence, J = 0.

Then, from Lemmas 2.3.3 and 2.3.5, since L¢*!(Q) is uniformly convex, u, — u in
LITH(Q).

Let v, = u, —u, thusv, = 0in E,, Av, = O a.e.in Q and v, — 0 in Lat] (Q). Since
1 1 p+l p+l P p+l p+l
[(a+b)f; (a+b)—af, (a)| <|a+b| 7 +|a| 7 <2P(|b] 7 +|a] 7 ), Va,beR,
from (BREZIS; LIEB, 1983, Theorem 2), with j(1) =1/, (1),
/ f/{l(Aun)Aundx = / f;l(Au%—Avn)(Au—kAvn)dx
Q Q
= / fl_l(Au)Au+f;1(Avn)Avndx+0(l).
Q
Since u is weak solution of (P),
(1) = (U (un).tt) = [ £ (Bt )ty = a1 =gy

= (I-(u) —l—/f7L (Avy)Av,dx +o( )z/gf/{l(Av,,)Avndx+o(l),
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that is, f;l (Av,)Av, — 0 in L' (Q). Then, Lemma 3.1.4 and Jensen’s inequality (2.2.3) lead to

r+1

1 pit 1
OF/f/ll(Avn)Avndxz—/ o 1Aval" dx—i——/ , |Ava| T dx
Q 21/r Jia A

| =227 M)V Jiav,<anp
1 p+1 1 pt1 a
> Avy| 7 dx+ - |Q|! (/ Av de) :
S /|Avn|22’“’p’| ! (M)l/’| | \mﬂsu%' nl
+1
with o0 = #%. Therefore |Avn]p7 — 0in L1(Q), that is, u, — uin E,. O

At this point we have all the tools at hand to prove our main result.

Proof of Theorem 1.1.1. Suppose, without loss of generality, that p < g. The case g < p can be
handled similarly, by using /; instead of /. By Propositions 2.2.2, 2.2.3, 2.3.1 and Lemma 2.1.2,

the existence of a classical solution is a direct consequence of the Mountain Pass theorem.

Next, we prove that any Mountain Pass solution is signed. Let # be a Mountain Pass
solution of (P). So, by Lemma 2.1.2, u € C*(Q) and u = 0 on 9. Then, by the classical strong
maximum principle for second-order elliptic operators, it is enough to show that Au does not

change sign in Q. By contradiction, suppose that Au changes sign in Q, and let @ be the solution
of

Ao =|Aul  inQ,
w=0 on dQ.

By the Strong Maximum Principle, @ > |u| in Q and we infer that

cr < maxIp (1) = max /F,l(tAa))dx—Lts“/ |a)|s+1dx——/ |+ dx
>0 Q s+1 Q g+1Ja

t>0

1
F B s+1/ s+l _i/ a+1gy | _
<rtr12a(§({/QF;L(tAu)dx s-l—lt Q|u| dx T Q|u| dx _lg'ng(m) =cr,

which is a contradiction. Hence Au does not change sign in €, and therefore, up to multiplication
by —1, u > 0 and —Au > 0 in Q. Finally, by Lemma 2.1.2, with v = f~1(—Au), (u,v) is a

positive classical solution of (HS). ]
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CHAPTER

TECHNICAL RESULTS

This chapter is devoted to the proof of some technical results used in this thesis. In Section
3.1 we prove some useful properties for the auxiliary functions associated to the problems (P)
and (P’), and in Section 3.2 we prove Proposition 2.2.3 by calculating an upper bound for the

mountain pass level cg of the functional /If.

3.1 Some technical properties of the auxiliary functions

Ahead in this section, where (1.1.1) is assumed, some properties of the functions
f/{l, Fy, g;l and Eu’ as defined in (2.1.1), are given. Indeed, we can consider f/{l and Fj
and infer the respective properties for the others. We start by showing some useful inequalities.
Observe that

t? < fo(t) and At" < f (¢) for £ >0

and writing T = f (r) we get

l/r
—1 1 —1
() <P and (1) < iy for 1>0. (3.1.1)
So,
— r ﬂ
FA(T)SP |17| , and Fy (1) < r—|—17Ll/ It 7 VreR. (3.1.2)

The next lemmas are used to obtain the geometric condition and upper bounds for the

critical level of the Mountain Pass Theorem for the functionals I and /.

Lemma 3.1.1. F) (¢) = +1f/l L) — p—Hr—H’f/l L)+ forallt € R

Proof. Set M(t) := L1 fr L) — p+1r+1’f/l L(t)|" ! = F,(¢). Then M(0) = 0, M is even, and



38 Chapter 3. Technical results

fort >0
: I pi Ap—n) [ <>} )
K p+1< O O+ ol M[f;f(t)]’ Ll )T
1 ( Ap—r) [ @) ) [ } ):o
pHI\Ar[f O+ plfy ()] M[fl ()]’ L plfy (0]~ ’
which implies the desired identity. U

Lemma 3.1.2. F) (t) = A7 | £ (O + 5551 f (0P forall 1 € R.

Proof. The argument follows as in the proof of the last Lemma, observing that for all # > 0

4y T pi) _ A O] +p (5 0]
dt( Sl O I ) arr o el 0]

= £, (),

which coincides with 4F (). O

oo fa @
Corollary 3.1.3. F (1) >
orollary 2 (1) > T

,forallt € R.

Proof. Since f;l(t)t :f)fl(t)fl(f/{l(t)) = ),|f)jl(t)\’+1 + ]f;l(t)lp“, from Lemma 3.1.2 and
(1.1.1), for all € R,

= fil (o r +1 14 p+1
_dA V7 r £ > 0.
Fat) s+ 1 A(r—i—l s+ 1 A O+ p+1 s+1 HtorTtzo. O
Lemma 3.1.4.
(i) , vo«gzkﬁr,
f A
P ! Vi> 007
(5) y VEZLATT.

Proof. Observe that AT = QL()LW)’%—(?Lﬁ)p fo(/lﬁ) and Writezszl(f)-

1
Ifr < ZXﬁ, applying le_] to this inequality, one gets z < f/l_l (ZA#) = Ar—r, that is,
? < A7, and sot =z’ + Az" < 2AZ7", which implies (ﬁ)l/r < f;l(t).
If £ > 2477, then z > A7 and 22 > A" + 2P =, which implies £ '(t) > (1/2)"/7, as
desired. U

Lemma 3.1.5.

r+l ptl

roo._ t\ - p t N P
) V’(-) —(—> L Ve <247,

sy ) T 2) o\ ff <247
W)= roL NG P N\ p
p p P
- Pz V|t > 2477

r+1’1<2> +p—|—1<2> ’ fl 2 247
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Proof. 1t is a straightforward consequence of Lemmas 3.1.2 and 3.1.4

Lemma 3.1.6. For = 21—

255 (pa1)(s4+1)

Fan -5

> r|t] V|t\ > 2077,
s+ 1

Proof. By Lemma 3.1.4 and the proof of Corollary 3.1.3, for all |¢t| > 24 o=

= f;fl(t)t_ r r+1 P 1 —1 |
P - (- ort e (S - o

p+1

pr!i
DS — IS ps—1 |f|) ?
>_ = prls P07 4
> e O 2 e (5
Lemma 3.1.7. Forall o, B € R, there exists 6 € (0, 1) such that

0< £ (a+B)(a+B) < f; (@)a+T

L (a+6pB)l.

Proof. Consider the function m(t) = f,° Y(t)r. Then, m is even, m’(0) = 0 and

(1) = £~ tf;fl(l) -
t)=1; (t)_'_)tr[fll(t)}r—l-p[fll(t)]P, fort > 0.
Hence,
-1
0<m’(t)<f;1(t)+ i () r+l

— —1
Ar[fto) +r )" fr(0) V>0,

which implies that |m’(¢)] < %| i L(1)| for all r € R. By the mean value theorem, there exists
0 € (0,1) such that

_ _ _ r+ _
0<f; (a+B)(a+B)=f; (a)at+m'(a+6B)B < f; ' (a)a+ "(a+6p)]. O
Lemma 3.1.8.
p+1
.t =0y () A
lim ——f—— = —
f—yoo + p
In particular, given 0 < ¢ < %, there exists to > 0 such that
-1 pt+l r+l
O f, (O <[t| 7 —clt| 7, V| >1. (3.1.3)
Proof. Fort > 0, writing t = f; (1),
+1 r I
' —f; (o) _ @7 +”L’1’) — At — gt (lrr*p(p:) +1f” ;:11))[%1 A —gPT
r+1 +1 - r=p)(r r
1 (Aﬂ—krP)T ( z +1>( _|_7;P*r)%l
1
_A+TT)r T A1) 7”(A+rp Np -1
(r= )(r+1 (r= )( r+l
T (A +1P7) > T e

‘AT
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Then, withy =177,y =% 0+, and it follows that

t”_fg()

lim - = lim =
T YT Ay )T Ay )T

and applying the L"Hopital rule,

1/P(/l+y—1)1/17—1 v (Ay+1)V/P—1

r+l

+1
R O 2 (Ay+ 1)t/ A
lim —4—— = lim it O
t—oo tr y—0t (7Ly—|—1) +(%_1> Ay(Ay+1) 7~ p

3.2 Upper bound for the Mountain Pass level

Let (p,q) be on the critical hyperbola (1.0.3) and (@, y) be a positive radial solution of
the problem

—Ap =yl" 'y, —Ay =19/ !¢, in RY, (3.2.1)
whose qualitative and quantitative properties are described in (HULSHOF; VORST, 1996).

We recall that (@, y) has de following decay at infinity:

a) 25 <p<is, tli_glotp(N*z)*z(p(t) =b and tli_)r?othzl//(t) =c,
N-2
t N
b) p=55 Jim 00 =5 and lim M 2y(r) =,
) P5<p< %, th_>r£1°tN 2p(1)=b and tli_)rgt"’*zw(t) =
N-2
_ N?42N—4 L N-2 oy . _
d) P =z —AN+4> tlgzlot (p(t) =b and }gg@ll/(t) =
¢) NN lim " (1) = b and tli_}rgtq(N_z) 2w(t) =c,

where b > 0 and ¢ > 0 are constants and ¢ = |x|. Fix a € Q. Let §, € C°(R") be a function such
that 0 < &,(x) < 1 forallx ¢ RN, &, =11in B(a,p/2), &, = 0in B(a,p) and B(a,p) CC L,
p >0.

Lemma 3.2.1. Suppose (1.1.1) and let Us , := 5’%@( )@ (x’“) where @ is defined by (3.2.1)
and Vs , = |Us a|q+1U5 o Then, for everery t € [m,m], with m > 0 and m, m independent of 6, it
holds:

e if N=3withp<7/2, 0rN>4wzthp<A”r2 then

/ 7 (tAVs o(0)tAVs 4(x))dx <17 S, for & > O suitably small, (32.2)
Q
o if N=3with7/2<p <11, or N >4 with %Jr% <p< N Jﬁ%g‘, then
p+l rel N0 r+l N N_ . )
t 7 S+cit 7 &PH) —cpt » §IFIN2Z, if r < 5%,
_ +1 - N(r+1) N N_
/f,l H(1AV5 o ()1AVs o(x))dx < 17 S oyt 57040 — ;87152 |log(8)|, if r = 525,
Q ol vt VD) ril N(p-r) , )
t P S+ceitr 0t —cpt P & P ifr> 5=,
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N2 42N—4
i lf —aNia <P then
p+1 ) ‘ .
tr S+’ 5”’“> —6215"+‘|log( )|, ifr+1="10,
- +1 41
/Qf)L I(IAV‘S’“(x)tAV&a(x))dx< tp” S+t ¥ 6rﬁ+1> —0215%1 ifr+1< Sﬂ,
+1 r-H) N(p—r)
tp[? S+Cltr 5r _C215 p’i}—l , l‘fr+l>§?
(3.2.4)

Proof. First, observe that
AVs = Y5 4(x) + 05 4(x),

where
1) = U, 1,375 2 (57
and
0. = Vsl 137 (257198, 00v0 (57 ) 4o (57 )8t ).
So,

[ 51 0V o2V o ) =
/ I3 (180 () s 4 (%) + 105 4(x)) (tEa(x) Vs o (x) + 105 4(x) )dx
B(ap/2)

+/Q\B(a,p/2) f;l(t€a<x))/57a(x) +t657a(x))(t§a(X)Y5,a(x) +t65,a(x))dxa

and since supp (AVs ,(x)) C B(a,p) and supp(t05 ,(x)) C R(a,p/2,p), where R(a,p/2,p) :=
B(a,p)\ B(a,p/2), one has

S OV Vs e = [ 03500025 e

+ /R wp/2p) I3 (tEa(x) Vs o (x) + 105 4 () (tEa(x) V5 o (x) + 105 4 (x))dx.

Now we split the estimate in two steps, which correspond to the principal part
h ::/ 1 (15, (%)) 175 4 (%), 3.2.5
S.a B(a,p/Z)f)' ( Y5,a( )) YS,a( ) ( )
and to the residual part

jb',a = /R(a p/2.p) f)fl(tgaoc)j/&a(x) +t65,a(x))(t€a(x)75,a(x) +t65,a(x))dx- (3.2.6)

Step 1. Estimate of (3.2.5)

Using (3.1.1) and the asymptotic behavior of Ag as in (HULSHOF; VORST, 1996,
Theorem 2) and (SANTOS, 2010, Lemma 6.2), one gets
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p+l p+l
ha:/ t ax”dx+/ 1 (1ys 4 (6)) axdx—/ 1Ys.(X)| 7 dx
5, RN\ Ys.a(¥)] sap/y " (175,0(x)) 175 4(x) RN| ¥5.a(¥)
Tt [ (05.0) 5.0~ 175000 F x| 40| 7 dx
=t r — — .
Bapj) h O . BV\Bap/2)
(3.2.7)
The behavior of the last term is already known by (SANTOS, 2010), namely
I Np+l)
resaT if g > s,
ptl pt+1 N(p+1)
-/ 115407 dr<{ 5 Cllog(8)rt 18 Y, ifg— 2, (28)
RV\B(a,p/2) Pl
—t v C§M, if g < 7%
Next, we estimate
pl
= o T 06400) 1500 — 115,97 (329)
ap/2

We consider three parts of the ball B(a, p /2), namely the ball B(a, §) and the rings R(a, §,6M)
and R(a,8M,p /2), where the number M < 1 will be defined ahead. This splitting involving rings
is key argument to capture the contribution of the term A |u|"~!r to downsize the Mountain Pass

level.

Step 1.1. By the behavior of A@(x) it is known that there exists (for § sufficiently small) ¢ > 0

. — N+2(g+1) _ pN
such that if |x —a| < & then ¢ < f|A@(*5%)], % =
that

can be used to infer

r+1

/B(M)f;fl (t75.4(x)) 175 4(x) — |t’}/57a(x)|[%1dx < —ch /B(M) 75 00)| 5
= _C%/ 5 Vit ax = —casV.
B(a,0

Step 1.2. Now focus the attention on the R(a, d, oM )-term. In this ring, since 1 < @ < §M-1
with M <1 to be defined, the asymptotic decay of ¥s ,(x) present in (SANTOS, 2010, Lemma

6.2) can be used, and three cases have to be analized.

Case 1: g > %

In this case it is known that

ot

Ae (3) ‘ > clx—al PV 5N,

the last term is grater than a constant if |x —a| < 8 with
PN p(N—2)—-2 N 1
I1-M)p(N-2)———=0 <<= M= = 5
( Jp ) p+1 (N=2)(p+1) N-2q+1

observing that 0 < M < 1, and 8 < p /2 since § — 0. Applying Lemma 3.1.8, it follows that

Lo b (500) .00~ [050(0] 7 dx < —c [
R(a,5,6M)"* ’ ’ ’ - R

r+l1

P dx

t a
5.5 |175.4()

r+1

, M
< _Cl/ Jx— a|_(r+l)(N_2)5N‘f+T}dx = —cA8V e / YV =2) gy,
a,8,6M s
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and hence

/ F (95.0(0)) 1Y5.0(0) — 95,0 (0] 7 dx < —
R(a,5,6M) ’ ’ 3 >

Case 2: g = ]%
s known that

_ B ) |
A (X - a) ‘ >c (log (%) + 1) ’x_a|*p(N72)5p(N_2)_lj%7

_ N 1
so one can use M = 5= |

In this case it i

Soit

and proceed as in Case 1, to obtain the same estimate, which could
be even better.
. N
Case 3: ¢ < .
In this case it is known that

ot

XxX—a _plgt)N  pgN
g ("5 ) |2 ehemal H

and this is grater than a constant if |x —a| < 6 with

M
platUN _pgN 4
p+1 p+1 qg+1

So Lemma 3.1.8 can be applied, leading that

r+1

-1 ptl
/R(a,a,sM) S (1%5.0(0)) 9.0 (%) = [1Y5.a ()] 7 dx < —cA /R(a,s,aM) [1¥5.4(x)| 7 dx
I r - 8M ,
S _Cl/ |x—a|7(+;l£c{+l)N6ﬁqux: _C)ysp:lqu/ yNili(qJﬁp})%Ndy
R(a,8,6M) 5
and so
N
A8 [log(8)],  ifr+1= piL
1 el Nq p—r
/ fﬂ,l (IY(Sa(x))IYBa(X)—‘IY(Sa(X)] P dxg— Sﬁ_sNﬁ
) b 3 ) p+1
R(a,5,6M) c?LN IR if r+1# 507
B

Step 1.3. Finally we estimate the R(a, 6", p /2)-term. In this ring,

)%‘ > 1, and the asymptotic

behavior of Ys.a (x) present in (SANTOS, 2010, Lemma 6.2) can be used one more time, but in
+1 +1
this case ¥s , becomes small, and then le_l (t75.4(x)) 175 4(x) — |t}/57a(x)|p7 < —qy |t}/37a(x)|p7

b

and one can proceed as in (3.2.8).

At this point, from Steps 1.1, 1.2, and 1.3, we can write the estimates for is , defined
)

N(p—r
in (3.2.9). But before doing this, note that in all the three cases of Step 1.2, the term o P

(dominant term in Step 1.1) appear, so it does not need to be repeated.
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( N_ _N_ N(p+1)
—cA8HTN2|log(8)| —C8 T, ifg> 5y, r= gy,
sinz _ gNGE N(p+1) N )
—cA 2 N=2) —Cé T ifqg> 5, 1 # ¥
—A87T72 log(8)] —Cllog(8) P16 T, if g = NL r= vk
D=\ st piog(s)pri s EY g = £ (.210
— A8 |log(8)] — 8N, 1fq<N jorl =2
5%_61\]% gN N p+1
A i OO g < 1 b
\ p+1

Now we summarize all the calculation made in Step 1. To estimate & ,, from (3.2.7), we must
deal with (3.2.8) and (3.2.10). Observe that the majorante in (3.2.8) also appears in the second

terms in (3.2.10). Then, the estimate for (3.2.7) follows from the comparison among the powers
of 6 in (3.2.10).

For g > ]% the terms to be compared are

N N
Nt cASHTN2|log(8)|, if r= 3%,
—Cé& T and — 5%% _SNﬁ (3.2.11)
cA L if r# 2,
2—r(N-2)
and the first part is always weaker. Of course Nﬁ;; > q+1N 5 ifr< N 5, and Effll) > m%

N
(since p > ﬁ always), so in this case the dominant term is —cA & 41 AN . The same analysis
. 2 . . NN N N
shows that if » = =5 the dominant term is cA§4*T¥-2[log(d)|. If r > N N then N‘D+l < 41N

. . N2
and the dominant term is —c&" 771

When g = ]% the analysis done before gives that the dominant term is

N N_ ) )
cA O+ N2 |log(d)|, if r = 5%,
— cl&l%%, ifr<1%,

N(p+1
" Cllog(8)PH S T —cAsVET ifr> 2.

Finaly, if g < 1% the terms that we have to compare are

c/15q+1|10g( )|, if r41 =24
p+1 _ q
—t 7 C6% and — N St — Vi Ny
C itr+ .
(g+1)(r+1)° q+1
N — N

If r+1< ’q’i}, it is easy to see that - q+1 < Np 1 and surely = < Ng, s0 —c).54+1 is the

dominant term. The same computation ensures that the domlnant term is —cA§#T |log(6)|, if
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pr

r+1= p “ . Finally, if r+1 > Z +1 an analogous computation show that the term —CASN T s
the domlnant. Then, putting it all together,
cAOatTN-2 | 10g(6)|, lfq Z N2> r= N—2>

N N N 2
C15q+1N72, lfq > N_3° r< N2>

Mp-r) . N 5
pl cAS T if g > 55, 1> 5,
heo<t 7 S— ™ . . " (3.2.12)
7L§q+1\10g(§,3], 1fQ<1ﬁvr+1:q+_1>
ASTT, if g < Py, r+1 < B,
N(p—r)
cAS T, if g < {Ys, r+1>%}.

Step 2 Estimate of the residual part (3.2.6).

Here |’%“| > 2% — oo, uniformly with respect to x € R(a,p/2,p), as & — 0. Then the
asymptotic behavior of ¥s , and o5 , present in (SANTOS, 2010, Lemma 6.2) reads

N .
c|Usl, S al M [y —a|TVF2), if p> 3%,
O5.alx) < C\Ua!qHBﬂ*'\log( )|([og|x —al + 1) (|x—a| M (1 +[x—d])), if p= 5y,
C|U5|q+15q“ (Jx—a| PIN=2H2 4 |y — g P(N=2) 0T, if p < 555,
and,
N
C|x_a|_p(N—2)5‘Ipﬁ, y 1fq>]%
p P
You<{ clllog(lx—a) [P +1)7T [x—a| PN-D|log §|P§4T, if g = 5
plg+DN  pgN
clx—a| 7T 87, if g < 2.
From this, it follows that |js ,| is bounded from above by
N N N N
'f;l (et (sqpﬁwqpﬁ))a (5q”+1+5q”+1), it p<
(ct(6q+l+6ﬂluog< 1)) et (841 + 871 log(8)]), if p= %,
N
R(a,p/2,p)| fl (o (377 +671) e (857 677). if p.g > 5,
N
f,ll(Ct<’10g5\p5‘“1—|—51’111))ct<\10g8]1’6#+6p%1>7 ifg= 2,
N N
L f,11<0f< §11+51’“ >ct(5£il+5/’+1) ifq<%,
( f)L_] tc5qu>tc5W, ifp<1%,
£ (1871 log(8)]) 1c87T|log(8)], if p = 1,
N N
<|R(a,p/2,p) f;fl(tcSﬁ 18P, if p,g > 75,
-1 N L N
i <ZC5P+1 tcdriT if g = 57,
1 (105741 1 6% if N
\ ot c , if g < 55,

pN N
f;] (tcb";ﬁ) tc5fipﬁ, if p< 1%,
= R(a.p/2.p)|{ ;" (10877 log(8)]) 17T |0g(8)], if p= 3.

f/{l <t66%> ICS%, it p> 1%,
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and using the asymptotic behavior of f,° ! one concludes that

A
e (1877) T it p< s,
@
sl <3 e (;5%|10g( |> it p= - (3.2.13)
NN N
C), <t6 +1) 5 1fp> N_2"

\

Step 3: Comparison of the residual parts in (3.2.12) and (3.2.13).

Step 3.1: p < N— First, observe that this implies g > N 5. To obtain (3.2.2), from the compari-
son (3.2.11) to obtain (3.2.12), it is enough to verify that (q’fll) < (;’ fl L fl, which is equivalent
top+1< p%, that is r < p, which is always the case. Hence, the Lemma is proved in this

case.

Step 3.2: p = ;. Again this implies g > N ~—5- and the procedure to obtain (3.2.2) is identical
to that from Step 3.1.

Step 3.3: ;5 < p < {2
2

Ifr< m, to obtain (3.2.2), from (3.2.12) and (3.2.13), one must decide when ((]Jrll)vm

_N r+1 :
T , that is

<

N(p+1 1 N—-2)-2 1 1
(p+1) r <:>—p( ) —-1l<- <= r< N
(g+1)(N-2) r N-2 r P— s

and this is always true for N > 4. If N = 3, these conditions read

1
3<p<S5 r<2, and r<——
p—3
which are satisfied with the extra condition p <7/2.
If r = §=5, then ’“ , to obtain (3.2.2), from (3.2.12) and (3.2.13), one must decide
when 1 N-=-2 (N-2)—2 N-=2 N 2
P+ PN —2)— -
rF - = < SR
g+1= 2 i N =2 Trsytyy

and (remember p < N + 5) this is always true for N > 4, and with N = 3 these conditions read
p<17)/2.

Ifr> ﬁ to obtain (3.2.2), from (3.2.12) and (3.2.13), one must decide when Np=r) <

I
]_VH “:1, that is

p 2+ (1=p)r+1. (3.2.14)

Remember that p < M . Then, for N > 4, (3.2.14) is true because such second order polynomial

has no real roots. For N 4and p < %%, again (3.2.14) has no real root and (3.2.14) is verified.

For N = 4 and p = {*3, such polynomial has 1 as real root and r > 1 = 2/(N —2), hence

(3.2.14) is verified. With N = 3, the largest real root of such polynomial is less or equal to 2 for
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p <7/2, hence (3.2.14) is verified because r > 2 = 2/(N — 2). This finishes the proof of the

lemma. ]

Remark 3.2.2. The estimate of [q f; : (tAVs 4(x))tAVs ,(x)dx from Lemma 3.2.1 deserves some

comments.

When evaluating [, f; ! (tAVs 4(x))tAVs 4(x)dx, the leading term comes from
Jsop/2) 1 " (tYs5.4(x)) t¥s o(x)dx, which carries by itself a (negative) remainder that has to
be compared with the residual term [z , 2.0/ ! (tAVs 4(x))tAVs 4(x)dx. With N > 4 or N =3
and p < 7/2 the remainder [ 5/2 ) f3 : (tAVs 4(x))tAVs ,(x)dx is smaller than the negative
part of the remainder term in [g( , /2) f; ! (tAVs 4(x))tAVs ,(x)dx, which brings down the func-
tional when comparing it to the problem without the perturbation Au”, and this plays an important
role in the results in this work. At this point, it is important to compare the estimates (3.2.2),
(3.2.3) and (3.2.4) with (SANTOS, 2010, Eq. (6.4)).

We are almost prepared for the proof of Proposition 2.2.3. Going on this direction,
observe that if (1.0.3) and (1.1.1) are satisfied, then

lim I (V5 ) = —o°

and the max;>o(tV;s ,) is achieved at some #5 > 0, thus,

0= I} (15V5.0) = /Q P 650V o)AV gl — 15[V 0|71 — 12, (3.2.15)
from where we infer that
(4 = / Py 652V 2)15AVs gdx — 1571 Vg o511, (3.2.16)

Lemma 3.2.3. Suppose (1.0.3) and (1.1.1). Then tg, as 8 — 0, is bounded form below and

above.

Proof. Suppose by contradiction that 75 290 Define A5 = {x € Q|tsAVs ,(x)| <14+ A} and
Bs = Q\Ag, small § give us

1/ té/p pt+l l/r r+l
Ct6 S m/BS |AV5’a(x)| r dx—|— l/r/ |AV5a | dx
< / f; (15AVs o (X)) AVs o (x)dx = £ 0(8) + 11 O(1).
Q

which is a contradiction by the fact that 1 /r < sand 1/r < g, so t5 - 0. Observe that in the case
rs = 1 the 0(0) produces the contradiction.

Now observe that by (3.2.15) and the estimates present in (MELO; SANTOS, 2015)

1 1 rg—1

1<ilS+100(8) = 15" <S+o(5)

that is, t5 < k < oo for all § sufficiently small. O]
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Proof of Proposition 2.2.3. Now, using Lemma 3.1.1 and identity (3.2.16)

tqH M o 1
= = F 5t s+
f}l;gUF(st,a) =1Ip(tsVs4) = /QFA 15AV q)dx — -2 o L Vs.alsi1
+1 1 1 1
i N 1sAVs L) Iy 5 \Vs o5T
/ Sy, (t5AVs 0 )i5AV qdx — R /s - |r+1 s Mg Wadlsi,
p+ 1 p+1 r+1 q-+ 1 s+1
1 r+1
p—r |f;L (ISAVS,a)’,H u(q—s)t5 s+1
(tsAVs )tsAVs ,dx — A — ;
/f/’L 0 361)5 6,a _|_1 I"+1 (q+1)(s+1)
(3.2.17)
By (3.2.15) and Lemma 3.2.1 one gets
t§<t5/”s Ctl/”5 F SulVs i = 15 < ST
Combining this with (3.2.17) and Lemma 3.2.1, we infer that
2 ot 1(g—s) 2
I+ (tV < —t p s 7/ s+1 V. s+1 < —Sz<1’“),
I Voa) < s S G Meabii <y
which concludes the proof. ]

Remark 3.2.4. For N = 3, we mention that the estimates from (3.2.3) and (3.2.4) can be used to
prove the existence of a positive solution to (HS) for the pairs (p,q) on the critical hyperbola
(1.0.3) that are not included in Theorem 1.1.1, namely with 7/2 < p < 8, and for some (not all)
(r,s) as in (1.1.1). This remark is linked to the condition 3 <t <5 in (BREZIS; NIRENBERG,
1983, Corollary 2.3) to prove the existence of a solution to (1.0.1).

By (3.2.15) and Lemma 3.2.1 one gets

r+1 ’%(rJrl)

4 <ty/PS+eitg” 80 45 o — 131 |Vs o).
Combining this with (3.2.17) and Lemma 3.2.1, we infer that
2 P+1 r+l 3(r+1) u(q_s)
Ir(tV. Stg” S+citg” 87 +ig , — ————— 5t |V5 3]
maxle (Vsa) < 305" S+ Tloa rneane Vo
3
and this is smaller than ZS 2(1’% if, and only if,
3(r+1) .
Cov+h <C1.u|V6a|s+l I§.a _Cl.u|v5a|s+]+|l5a| (3.2.18)
To get (3.2.18) it is sufficient to verify, as 6 — 0, that
1)
05’ ) <lis 4l (3.2.19)
or
3(s+1)
Y Cud | if s <2,
3(r+
&7 < ¢y u|Vs a|§i} = C‘u517+1 [log |, ifs=2, (3.2.20)
(s+1)
Cus® o if s> 2,
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where the behavior of |V 4|11 in (3.2.20) is given in (MELO; SANTOS, 2015, eq. (36)).

To obatin (3.2.19), we keep all the calculation from Step 3.3 for the case with 7/2 <
p < (N+2)/(N—2)=>5. Then, we execute similar estimates for 5 < p < 8. Therefore, for
7/2 < p < 8, using the residual terms in the first three lines (that is g > 1% =3) of (3.2.12),
which is a refinement of (3.2.10), one can see that (3.2.19) holds if, and only if,

r<oiz ifr<2,
p<i ifr=2 (3.2.21)
0<r?+(1—pyr+1 ifr>2,

otherwise, the term of (3.2.13) is dominant.

Let us now consider (3.2.20). For s < 2 the inequality is equivalent to # > s+ 1, that
is rs < 1, which is a contradiction with condition (1.1.1). For s = 2 the inequality is equivalent
to # > 3, thatis r < 1/2, and this together with (1.1.1), gives r = 1/2. Finally, for s > 2 the
inequality is true if

3(r+1) - 3(s+1)

3———~= thatis, s+1>qg+1— =
r(p+1) g+1 7 r o p+l1  p+1

relg+l  g+1, 1
=" _4 (p—-). (3222)

Therefore, given any (p,q) on the critical hyperbola (1.0.3) with N =3,7/2 < p < 8,
(r,s) asin (1.1.1) with the one of the extra conditions (3.2.21), (r,s) = (1/2,2) or (3.2.22), the
mountain pass level of Ir is in the range of compactness and the mountain pass theorem ensures

the existence of a solution.
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APPENDIX

CLASSICAL RESULTS

A.1 The Mountain Pass Theorem

The primary tool in this work is the Mountain pass theorem due to (AMBROSETTTI;
RABINOWITZ, 1973). This result says that if a functional defined in a Banach space satisfies
the (PS).-condition and a geometric property, it has a critical point. In order to state this theorem,

let us recall the definition of a Palais-Smale sequence.

Definition A.1.1. Let X be a Banach space, I : X — R a €' functional, and c a real number. A

sequence (uy) in X is called a Palais-Smale sequence at a level c if
I(wy) — ¢, and I'(uy) — 0in X*.

The functional I satisfies the (PS)c-condition if any Palais-Smale sequence at level ¢ has a

convergent subsequence.

Theorem A.1.2 (Mountain Pass). Let X be a Banach space, I € €' (X R)y,veX andr >0
such that ||v|| > r and
inf I(u) >1(0) > I(v).

[ul|=r

If I satisfies the (PS).-condition with

= inf 1
¢:= Inf max (v(1)),

[':={ye%([0,1],X);7(0) = 0,1(y(1)) <0},

then c is a critical value of .

A.2 Some convergence results

The first result in this section is the Dominated Convergence Theorem that relates almost

everywhere and L? convergences.
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Theorem A.2.1 (Lebesgue). Let Q C RN be an open set, 1 < p < o, and let (uy) be a sequence
in LP(Q) such that

1. ug(x) — u(x) a.e.in Q as k — oo

2. there exists v € LP(Q) such that for all k, |ug(x)| < v(x) a.e. in Q.
Then u € LP(Q) and u; — u in the LP(Q) norm, namely [q |uy — u|” dx — 0.

The converse of this theorem holds within the following sense.

Theorem A.2.2. Let Q C RN be open and let (uy) C LP(Q), p € [1,+)|, be a sequence such
that uy — win LP(Q) as k — 0. Then there exist a subsequence (uy,)j and a function v € LP(Q)
such that

L u;(x) = u(x) ae inQas j— oo,

2. forall j, |ukj(x)’ <v(x)ae inQ.

In this thesis, we also use that a bounded sequence in a reflexive space has a subsequence

that converges weakly.

Theorem A.2.3. Assume that E is a reflexive Banach space and let (u,) be a bounded sequence

in E. Then there exists a subsequence (uy, ) that converges in the weak topology o (E,E*).

Due to (BREZIS; LIEB, 1983), the following result relates the pointwise convergence

and the convergence of integrals in a general space.

Theorem A.2.4 (Brezis-Lieb). Let j: C — C be a continuous function with j(0) = 0. In addition,
let j satisfy the following hypothesis:

For every sufficiently small € > 0, there exist two continuous, nonnegative functions Qs

and e such that
|jla+b)—j(a)| < €pe(a) + ye(b)
forall a,b € C.

Now let u, = u+ v, be a sequence of measurable functions from Q to C such that:
(i) vip > 0a.e.;
(ii) j(u) €L

(iii) [ @ (va(x))du(x) < C < oo, for some constant C, independent of € and n;
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(iv) [ We(u(x))du(x) < oo forall € > 0.

Then, as n — oo,

J 1w = o) i) s =0,

Finally, we present a convergence lemma due to (DAL MASO; MURAT, 1998) used in
the proof of Lemma 2.3.8 that helps to prove the (PS).-condition for the functionals Ir and I;.

Lemma A.2.5. Let X be a finite dimensional real Hilbert space with norm |- | and scalar product
(+,-). Let (Bx) be a sequence of functions from X into X which converges uniformly on compact
subsets of X to a continuous function . Assume that the functions P are monotone and the B is

strictly monotone, i.e.

(Be(8) = Bi(),6=&) =0, (B(§)—B(§),£—8)>0

for every k and for every §,& € X with § # &. Let (&) be a sequence in X and let § be an
element of X such that

lim (Bi (&) = Bi(8), 6 — &) = 0.

Then (&) converges to & in X.

A.3 Some Inequalities

The following two lemmas are useful and well-known inequalities that we state for

completeness.

Theorem A.3.1 (Jensen’s inequality). Assume |Q| < co. Let j: R — (—oo,+o0] be a convex
lower semi-continuous function, j # +oo. Let f € L'(Q) be such that f(x) € D(j) a.e. and

j(f) € LN(Q). Prove that
1 1 )
J(@/Qfdx) Sﬁ/gj(f)dx

Theorem A.3.2 (Holder’s inequality). Assume that f € LP and g € LY with 1 < p < oo, Then
fgeL and

[ 178ldx < 171plgl,
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