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ABSTRACT

CCAMA CUYO, L. R. Complete embedded hypersurfaces in product spaces. 2023. 62 p.
Dissertacao (Mestrado em Ciéncias — Matematica) — Instituto de Ciéncias Matemadticas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2023.

The hypersurfaces f: M" — Qf xR, € € {—1,0, 1}, where Q denotes a simply connected space
form with curvature €, which belong to the class 7 are those for which grad/ is a principal
direction of its shape operator A; here & stands for the height function of f. Fundamental
examples of such hypersurfaces are: open subsets of slices of Q7 x R, products M"~! x R, where
M"~1is a hypersurface in Q7, as well as isometric immersions f : M" — Q? x R, built up from a
parallel family of hypersurfaces in Q} and a smooth function of one real variable. A remarkable
fact is that any hypersurface that belongs to the class <7 is whether one of this fundamental
examples or is locally given by the latter isometric immersions. In this work we present the
precise statement behind this fact, as well as prove it. On the other hand, complete hypersurfaces
in 7" x R with positive definite second fundamental form, whose height function has at least
one critical point, are embedded, homeomorphic to either the unit sphere S” or the Euclidean
space R", and bound a convex set, where .7 stands for a general Cartan-Hadamard manifold.
That is the essential content of a Hadamard-Stoker-type theorem for complete hypersurfaces in
" x R, theorem which we also present here. In addition, it is shown that these hypersurfaces

are rigid among the hypersurfaces with the same extrinsic curvature.

Keywords: Hypersurface; class .o/; Flat normal bundle; Constant angle; Hadamard-Stoker;
Rigidity.






RESUMO

CCAMA CUYO, L. R. Hipersuperficies completas e mergulhadas em espacos produto. 2023.
62 p. Dissertacdo (Mestrado em Ciéncias — Matemadtica) — Instituto de Ciéncias Matematicas e
de Computacdo, Universidade de Sao Paulo, Sdo Carlos — SP, 2023.

As hipersuperficies f: M" — Q} xR, € € {—1,0,1}, onde Q% denota uma forma espacial
simplesmente conexa com curvatura €, que pertencem a classe 27, sdo aquelas para as quais
grad i € uma direcdo principal do seu operador forma A, sendo 4 a fun¢ao altura de f. Exemplos
fundamentais de tais hipersuperficies sdo: subconjuntos abertos de slices Q} x R, produtos
M""! xR, onde M"~! é uma hipersuperficie em QY, além de imersdes isométricas f : M" —
Q% x R que sao construidas utilizando uma familia paralela de hipersuperficies em Q% e uma
funcdo suave de uma varidvel real. Um fato notdvel é que qualquer hipersuperficie pertencente
a classe .7 deve ser ou um destes exemplos fundamentais ou é localmente dado pelas ultimas
imersoes isométricas. Neste trabalho, apresentamos o enunciado preciso por trds deste fato e
o demonstramos. Por outro lado, hipersuperficies completas em 77" x R com segunda forma
fundamental definida positiva cuja fungdo altura tem pelo menos um ponto critico, além de
serem mergulhadas sdo também homeomorfas a esfera S ou ao espago Euclidiano R”, e sdo
a fronteira de um determinado conjunto convexo, onde .7#° denota uma variedade de Cartan-
Hadamard arbitraria. Este € o conteddo essencial de um teorema do tipo Hadamard-Stoker para
hipersuperficies completas em 7 x R o qual também € apresentado. Além disso, mostraremos

que estas hipersuperficies sao rigidas entre as hipersuperficies de mesma curvatura extrinseca.

Palavras-chave: Hipersuperficie; Classe .<7'; Fibrado normal plano; Angulo constante; Hadamard-
Stoker; Rigidez.
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CHAPTER

INTRODUCTION

One fundamental problem in Submanifold theory is determine whether a given Rieman-
nian manifold M" can be isometrically immersed in other given Riemannian manifold M"*7;
and if so, whether this isometric immersion is “unique”. Once an affirmative answer, which is
then referred as a fundamental theorem, for the first question is given, a natural problem to be
attacked is that of classifying these isometric immersions. In recent years, after the emergence
of a fundamental theorem for hypersurfaces in product spaces (Daniel (2009)), the study of
hypersurfaces in H" x R and S" x R, where H" and S" stand for the hyperbolic space and the
unit sphere, respectively, has caught the attention of several geometers, driving to the appearance
of many important classes of such hypersurfaces: rotation hypersurfaces (Dillen, Fastenakels and
Veken (2009)), hypersurfaces with constant sectional curvature and constant angle hypersurfaces
(Manfio and Tojeiro (2011)), and Einstein hypersurfaces (Leandro, Pina and Santos (2021)).

One of such important classes, which contains all previously mentioned classes, is the
one formed by all hypersurfaces for which the gradient of their height function is everywhere
a principal direction of their shape operators. This class was first introduced and classified by
Tojeiro (2010). He also provided an alternative characterization of the hypersurfaces in this class
in terms of flatness of their normal bundles in certain (but natural) flat manifold containing the
ambient space. Nowadays, the class includes not only hypersurfaces, but also submanifolds for

which, roughly speaking, certain vector field is a principal direction of all of its shape operators.

On the other hand, two classical theorems about embeddedness, convexity and rigidity
of surfaces in Euclidean space are the Hadamard-Stoker Theorem and the Cohn-Vossen Rigid-
ity Theorem. Whilst the Hadamard-Stoker Theorem establishes that a complete surface with
positive curvature immersed in Euclidean space is embedded, bounds an open convex set, and
is homeomorphic to a sphere or a plane, the Cohn-Vossen Rigidity Theorem claims that such
surface, but a compact one, is rigid. As time went by, there had appeared some generalisations of
these theorems to submanifolds in more general ambient spaces. First, Sacksteder generalised

them to nonflat hypersurfaces with nonnegative sectional curvature in Euclidean space. Next, in
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1970, do Carmo and Warner extended almost completely the theorems to compact hypersurfaces
in hyperbolic space H" and the unit sphere S" — almost as it was the rigidity property of
compact hypersurfaces in H" which they conjectured but not proved. Later, in 2019, R.F. de
Lima and R.L. de Andrade provided a proof to this conjecture. In 1977, S. Alexander contributed
with an Hadamard-Stoker-type theorem for compact hypersurfaces with positive semi-definite
second fundamental forms in Cartan-Hadamard manifolds .7#". After that, a few works brought
generalisations of the Hadamard-Stoker theorem for hypersurfaces in product spaces M x R,
where M stands for either #” or S". Recently, A Hadamard-Stoker-type theorem for complete
hypersurfaces in 77" x R has been established by R. de Lima.

This work has been divided into three chapters excluding this introductory one, and
covers a number of topics as follows. Chapter two contains the basic material of Submanifold
theory that will be used throughout this work. First, in Section 2.1, the fundamental formulas
associated with an isometric immersion, Gauss and Codazzi formulas, are introduced. Then,
in Section 2.2, its basic equations are presented, namely, Gauss, Codazzi and Ricci equations.
Next, in Section 2.3, we state the Fundamental Theorem of submanifolds. After that, Section 2.4
aims to see how this fundamental formulas and basic equations look for hypersurfaces. We end

Chapter two with the Fundamental Theorem for hypersurfaces in space forms.

Chapter three starts introducing the product spaces Q% x R, where Q% stands for a simply
connected space form: what they are, its shape operator, and its Gauss formula. Then, in Section
3.2, it continues looking at hypersurfaces in Q% x R: the vector fields % and its projection T’
onto the hypersurface, the angle function, the additional two equations that arise relating this new
ingredients, and the fundamental theorem for hypersurfaces in Q% x R. After that, Section 3.3 is
dedicated to the main characters of this chapter, the hypersurfaces in the class 7. This section
provides some basic examples of such hypersurfaces, and then proves that they are the basic
pieces from which any hypersurface in the class .27 can be build up. Also, it offers an alternative
characterization of the hypersurfaces (belonging to the class <) in Q} x R, € € {—1, 1}, in terms
of flatness of their normal bundles (see Proposition 3.3). In addition, a geometric interpretation
of one of this fundamental pieces is given (cf. Remark 3.11). The chapter ends with a complete

description of the constant angle hypersurfaces in Q} x R.

Chapter four is dedicated to embeddedness, convexity and rigidity properties of hyper-
surfaces in 7 x R and S x R. In Section 4.1, some notions associated to such hypersurfaces
are collected: Cartan-Hadamard manifolds and their properties, definition of top and bottom
ends, notion of horizontal section and its elements, and the definition of normal sections. Section
4.2 treats asymptotic rays in ¢ x R, their definition and a fundamental property, as well as
the definition of geodesic graphs. In section 4.3, we have compiled some useful results: two
important generalisations of the Hadamard-Stoker theorem, namely do Carmo-Warner and
Alexander Theorems; the statement of the Soul Conjecture; as well as a lemma that tell us that

all hypersurfaces with equal extrinsic curvature share the same shape operator provided that
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one of them has a shape operator with rank > 3 everywhere. Section 4.4 contains one of the
most important results in this chapter, a Hadamard-Stoker-type theorem, roughly speaking, for
complete hypersurfaces in .7#” x R; it also brings a dual result. Finally, in Section 4.5, we present
a result that states that complete hypersurfaces in either H” x R or S"” x R are rigid, though in

the smaller class of all hypersurfaces with the same extrinsic curvature.
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CHAPTER

THE BASIC EQUATIONS OF A
SUBMANIFOLD

In this chapter we recall some basic notions and facts of the theory of submanifolds that
are used in this work. The second fundamental form and normal connection of an isometric im-
mersion are introduced by means of the Gauss and Weingarten formulas, and their compatibility
equations are also presented. We also recall the fundamental theorem of submanifolds. Then we
particularise the theory to the case of hypersurfaces — isometric immersions of codimension
one. In this chapter we follow the notation and results of the excellent book “Submanifold theory

beyond and introduction” by Dajczer and Tojeiro (2019).

2.1 Gauss and Weingarten Formulas

Let M" and M™ be connected smooth manifolds. An immersion is a smooth map
f: M™ — M™ whose differential f.(x) is injective for all x € M". The codimension of f is the
number m — n. Both the immersion f and its image f(M") can be referred as an (immersed)
submanifold of M. Because an immersion is locally an embedding, locally, M and f(M) can be
identified as well as f can be regarded as the inclusion map. We shall identify likewise T, M and
f+(TxM) for all x € M.

An isometric immersion is an immersion f : M — M™ between Riemannian manifolds
whose differential f,(x), at each point x € M", satisfies for all X, Y € M

(X,Y) = (£:X, fiY). (2.1)

If f: M" — M™ is an immersion from a smooth manifold M to a Riemannian manifold M,
equation (2.1) defines a Riemannian metric on M, the metric induced by f, with respect to which

f becomes isometric.
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Let f : M" — M™ be an isometric immersion. The vector bundle f*TM over M whose
fiber over x € M is Tf(x)M is called the induced vector bundle. The normal space NyM(x) of f
at x is the orthogonal complement of 7, M in Ty(,)M. The vector bundle NyM whose fiber over
x € M is NyM(x) is known as the normal bundle of f.

If E is a vector bundle over a smooth manifold M, we denote the set of all its smooth
sections by I'(E). However, when E is the tangent bundle 7M of M, we prefer X(M) to I'(TM).

The Levi-Civita connection V of M™ induces naturally a unique connection V on the
induced bundle f*TM which satisfies for all Z € X(M),x € M and X € T,M

Vx(Zof) =VxZ.

Henceforth, we shall identify V with V, and thus use only the symbol V for both connections.

The induced vector bundle f*TM is decomposed as f*TM =T M & Ny M. Thus, given
X,Y € TM, we can also decompose VxY with respect to that decomposition as (ﬁx )T +
(VxY)L. The tangent component (VxY)” turns out to be the image of VxY by f,, where
V is the Levi-Civita connection of M. The normal component (Vx f.Y )" is the value of a
map o : X(M) x X(M) — T'(NyM), called the second fundamental form (or shape tensor)
of f, given by af (X, Y) = (VxY)*. We omit the superindex of o/ when it is clear of which
isometric immersion « is the second fundamental form. Consequently, the first basic formula in

submanifold theory, called the Gauss Formula, is given by

VxY =Vx¥ +a(X,Y). (2.2)

The second fundamental form o of f is symmetric, i.e., (X, Y) = (Y, X) for X, Y €
X(M), because VxY — Vy X = [X,Y]. It is also C*(M)-bilinear, thus the value of a(X,Y)
at some x € M depends only on Xy, Y,. For that reason, we can think of & as a section of
Homz(T M, TM;N;M ), which amounts to considering «, at x, as a symmetric bilinear map
T.M x T.M — NyM(x) for every x € M.

The shape operator of f at x € M in the direction of & € NyM(x) is the self-adjoint
operator Ag : TyM — T, M determined by (A¢X,Y) = (a(X,Y), §) forall X, Y € T, M.

For X € X(M) and € I'(NyM), we have
(VxE,Y) = —(&,VxY) = (-A:X,Y),

that is, the tangent component of Vx & is —AgX while the normal component is, by definition, the
value of a compatible connection V- on N '+ M, called the normal connection of f, determined by
V}% &= (6;(5 )L. Then, the second basic formula in submanifold theory, known as the Weingarten

formula, is expressed as

Vx& =—AcX+Vxé. (2.3)
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Given an orthonormal basis {Xj, ..., X, } for T, M, the mean curvature vector of f at x is

the normal vector given by

H(x)=

S| =

n
Z OC(Xj, Xj).
j=1
It follows from its definition that it satisfies for every & € NyM (x)
n(H(x), &) = trAe, (2.4)

which shows that H(x) does not depend on the choice of an orthonormal basis for 7, M.

An isometric immersion f : M" — M™ is said to be fotally geodesic at x € M if and only
if the second fundamental form o (x) is zero. Similarly, a totally geodesic isometric immersion is

a isometric immersion for which the second fundamental form « vanishes everywhere.

2.2 Gauss, Codazzi and Ricci equations

In this section, we present the compatibility equations that any isometric immersion
satisfies. In order to obtain them, the Gauss and Weingarten formulas must be used. We only
introduce these compatibility equations, but for the reader who is interested in studying the

proccess that is followed to derive these equations, we refer to Dajczer and Tojeiro (2019).

Let f : M"™ — M™ be an isometric immersion and X, Y, W, Z € X(M). If the Riemannian
curvature tensors of M and M are denoted by R and R, respectively, the Gauss Equation is then

determined by
R(X,Y)Z=(R(X,Y)Z)" +Aqy,2)X —Agx,2)Y; (2.5)

or equivalently,
(RX,Y)Z,W) = (R(X,Y)Z,W)+{(a(X, W), a(Y,Z)) — (a(X, Z), a(Y,W)). (2.6)

Similarly, given x € M and orthonormal tangent vectors X, Y € T, M, if the sectional curvatures
of M and M at x along the linear subspace spanned by X and Y are designated by K(X, Y) and
K(X,Y), respectively, the Gauss Equation is expressed as

K(X,Y)=RK(X,Y)+ (a(X,X), a(Y,Y)) —|a(X,Y)|*. (2.7)

Next,we have the Codazzi equation of f
(R(X,Y)Z)" = (Vxa)(Y,Z) - (Vya)(X,Z), (2.8)

where
(Vya)(Y,Z) = Vya(Y,Z)—a(VxY, Z) — a(Y, VxZ),

is the canonical connection in the bundle Hom?(TM, TM; Ny M). It has an equivalent form

(RX,Y)E)T = (VyA)(X, &) — (VxA)(Y, &), (2.9)
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where
(VYA)(X, §) = VyAeX —AgVyX — Ay e X,

is the canonical connection in Hom(TM, Ny M, TM).

Associated with the normal connection V+ of fin Ny M, we have the normal curvature
tensor R+ on Ny M given for & € I'(NyM) by

R (X,Y)E =V Vy& —VyVi& = Vg y&.
In this way, the Ricci Equation is written as
(RX,Y)E)" =R (X, V)& —a(X,AsY) + a(A:X,Y), (2.10)
or equivalently, if n € I'(Ny M), as
(RE(X, V)&, m) = (RX, V)&, m) + ([Ag, AglX. Y), 2.11)

where
[Ag, An] = AgAn — AnAc.

2.3 Fundamental theorem of submanifolds

A complete, connected Riemannian manifold with constant sectional curvature is called
a space form. A space form is said to be spherical, euclidean or hyperbolic depending upon
whether its sectional curvature is positive, zero or negative. An n-dimensional simply connected
space form with sectional curvature c is designated by Q”. Thus Q7 stands for H”, R" or S”
depending on whether c is negative, zero or positive; we just write H" and S when the sectional

curvatures are —1 and 1, respectively.

Suppose f : M™ — M'™ is an isometric immersion. If the ambient manifold M has constant
sectional curvature c, the compatibility equations (2.5), (2.8) and (2.10) take simpler forms since

the ambient curvature tensor fulfils

RX,Y)Z=c(XN\Y)Z=c({Y,Z)X — (X, Z)Y).

Thus, the Gauss equation becomes
RX,Y)Z=c(XNY)Z+Aqy,2)X —Aax,2)Y, (2.12)
or equivalently,
(RX,Y)ZW)=c(XAY)ZW)+{(a(X,W),a(Y,Z)) — (a(X,Z), (Y, W)), (2.13)

forall X,Y,Z,W € X(M).
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The Codazzi equation is now expressed by
(Vxa)(¥,Z) = (Vya)(X, Z), (2.14)
or equivalently,
(VxA)(Y, &) = (VyA)(X, ), (2.15)
forall X,Y,Z € X(M) and every & e I'(NyM).
Also, the Ricci equation changes to
RE(X,Y)E = a(X,AcY) — a(AsX,Y), (2.16)
or equivalently,
(R (X, Y)E, 1) = ([Ag, An]X.Y), (2.17)
forallX,Y € X(M) and £, n € T(Ny M).
We note that equations (2.13), (2.14) and (2.16) are intrinsic: they involve the metric of M,
a Riemannian vector bundle Ny M on M endowed with a compatible connection, and a symmetric
section o of Hom?(TM, TM; N +M). Then a natural question is whether any such data satisfying
(2.13), (2.14) and (2.16) can be regarded as the data associated with an isometric immersion in
some Riemannian manifold with constant sectional curvature. The answer is affirmative and is

established more precisely by the following theorem, known as the Fundamental Theorem of

submanifolds.

Theorem 2.1. Existence: Let M" be a simply connected Riemannian manifold, let E be a
Riemannian vector bundle of rank p over M with compatible connection V* and curvature
tensor RE, and let of be a symmetric section of Hom?(TM, TM, E). For each £ € T'(E) define
AZ € T(End(TM)) by

(AEX,Y) = (" (X,Y), &), VX, Y € X(M).
Assume that (VZ, of | AP RF) satisfies (2.13), (2.14) and (2.16). Then there exists an isometric
immersion f : M — Q!"” and a vector bundle isometry ¢ : E — Ny M such that

Vip=oVE and of =¢oaf
Uniqueness: Let f, g: M — QF"P be isometric immersions of a Riemannian manifold. Assume
that there exists a vector bundle isometry ¢ : Ny M — Ny M such that
¢/VEt=8vVip and ¢oa’ = of.

Then there exists an isometry 7: Q7 — Q}"” such that

‘Cof:g and T*|NfM = ¢

It is worth mentioning that Theorem 2.1 still holds locally if we do not require M to be
simply connected: the isometric immersion f, whose existence is guaranteed by this theorem, is

only defined on a neighbourhood of each x € M.
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2.4 Hypersurfaces

An isometric immersion f : M" — M"*! of codimension one is called a hypersurface.
Every hypersurface f : M" — M"™+! is locally oriented by a local unit normal. Also, when M is
orientable, there is a global unit normal to f. In addition, in spite of the nature of the unit normal
&, locally or globally defined, & is the only unit normal up to a sign. For this reason, we will

only write A for the shape operator of f in the direction of &.

For a hypersurface f : M" — M"*!, the fundamental formulas can be considerably
simplified as follow. Given X, Y € X(M) and a unit normal &, all defined on some open set

U C M, possibly equal to the whole manifold M, we have
o(X,Y)=(AX,Y)E. (2.18)
Therefore, Gauss formula now reads as
VxY = VxY + (AX, Y)E. (2.19)

Since || = 1 and V- is a compatible connection on N¢M, we have V)%é = 0, and the Weingarten
formula for & is
Vyé = —AX. (2.20)

For an arbitrary y € I'(NyM), as y = a& on U for a = (y, &), the Weingarten formula for it is
obtained from (2.20) by multiplying both sides by a; thus we only need to consider (2.20) to

work.

The compatibility equations change their appearance for a hypersurface on account of

(2.18) as follows. Let f : M™ — M"™+! be a hypersurface with unit normal &. The Gauss equation

for f is given by
(R(X,Y)Z)T =R(X,Y)Z— (AX NAY)Z, (2.21)
or equivalently,
(R(X,Y)Z,W) = (R(X,Y)Z,W)+ (AX, W)(AY, Z) — (AX, Z)(AY, W), (2.22)

where X, Y,Z, W € X(M). Moreover, for all x € M and orthonormal vectors X, Y € T, M, in

terms of sectional curvatures, we have
K(X,Y)=K(X,Y)+ (AX, X)(AY,Y) — (AX,Y )% (2.23)
On the other hand, the Codazzi equation of f for X, Y € X(M) is determined by
(R(X,Y)E)" = (VyA)X — (VxA)Y, (2.24)

where
(VyA)X = VyAX —AVyX. (2.25)
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As both sides of the Ricci equation for a hypersurface f vanish identically, there is no

need to consider it.

If the ambient space M has constant sectional curvature ¢, the Gauss and Codazzi
equations are
R(X,Y)Z=c(XNY)Z+ (AX NAY)Z, (2.26)

and
(VyA)X = (VxA)Y, (2.27)

respectively.

The Fundamental Theorem for submanifolds, Theorem 2.1, also has a simpler version
for hypersurfaces in simply connected space forms. Before we give the precise statement, let
us point out that given two hypersurfaces in an orientable Riemannian manifold M, there exists
exactly two vector bundle isometries between their normal bundles (DAJCZER; TOJEIRO, 2019,
Section 1.4.1).

Theorem 2.2. Existence: Let M" be a simply connected Riemannian manifold, and A a symmetric
section of End(7TM) satisfying (2.26) and (2.27). Then there exists an isometric immersion
f:M — Q"1 and a unit normal & to f so that Ag =A.

Uniqueness: If f,g: M — Q! are two hypersurfaces such that

of = goal,

where ¢ is one of two vector bundle isometries between NyM and NyM, then there exists
7 € Iso(Q"*1) such that

g=7of and T*|NfM = 0.
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CHAPTER

HYPERSURFACES IN PRODUCT SPACES

In this chapter, we summarise some basic notions and results about hypersurfaces M" in
product spaces QO x R. In particular, we present the fundamental equations of such hypersurfaces,
as well as a version of the fundamental theorem for them, due to Daniel (2009) (cf. also Lira,
Tojeiro and Vitério (2010)). The main results of this chapter provide a complete description
of all hypersurfaces M in Q} x R for which the projection, onto TM, of the unit vector field
% on T(Q% x R), determined by % = 1, is a principal direction. For € € {—1, 1}, these are
all hypersurfaces in Q} x R that have flat normal bundle when regarded as submanifolds of
codimension two in the underlying flat space E"*2, that is " *2 or R"*? according as € = —1 or

€ = 1, respectively.

3.1 The product manifold Q7 x R

Let us recall that Q% stands for the unit sphere S", the Euclidean space R” or the
hyperbolic space H", according as € = 1, € = 0 or € = —1, respectively. In order to study
hypersurfaces into Q} x R, for € € {—1, 1}, our approach is to regard the hypersurface as an
isometric immersion of codimension two into E"2, where "2 denotes either the Euclidean
space R"*2 or the Lorentz space L"72, according as € = 1 or € = —1, respectively. More
precisely, let (xi,...,x,,2) be the standard coordinates on E"*? with respect to which the flat

metric on E"*2 is written as
ds® = €(dx))* + (dxp)* + -+ (dxpp2)%
Think of E"*! as the hyperplane
E ! = {(x1,...,xp42) € E™2: xpp0 = 0},
and Q% as the quadric

Qg:{(xl,...,xn+1)€En+l :8x%+"'+x,%+1:8},
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where x; > 0 if € = —1. Then, as Q% admits an umbilical inclusion into E"t! we can consider
the canonical inclusion
i QxR —E" xR=E""

The vector field & = mwoi is a unit normal vector field to the inclusion i, called the
outward pointing unit normal to Q7 x R, where 7 : E"*! x R — E"*! is the projection onto the

first factor.

The projection mr of Q% X R onto the second factor is called the height function of
Q% x R. The gradient of g, which is a unit parallel vector field on Q% x R, will be denoted by
%. A simple account shows that it is determined by %(x, r)=1eR,¥(x,r) € Qf xR.

If D denotes the usual covariant derivative of E"*2, we have

D =miZ=i,(Z— z 9\
26 = bl = b YT

hence the shape operator of i in the direction of & is given by

az=—z+(2,2\2
&e "ot/ dt’

for every Z € X(Q} x R).
Given any vector field Z € X(Q% x R), it can be expressed as follows
Z(p.s) = (Zi(p), 23 (5)),

where Z} € X(Q%) and Z§ € X(R) for all (p,s) € Q% x R. Consequently, the Gauss formula for
i can be written as
Dyi.,Y =i,VxY — (X, 11)& (3.1)

for all X,Y € X(Q? x R), where V denotes the Levi-Civita connection of Q7 x R.

3.2 Hypersurfaces in Q} xR

Let f: M" — Q} x R be an oriented hypersurface with unit normal N. Denote by A the
shape operator of f in the direction N, which is given for every X € X(M) by

AX = —VxN.
The height function h of f is the smooth function in C*(M) determined by
h:=mnrof,

or alternatively by h := < f, %>, where we think of the values of f as points in E**2 if

€ € {—1, 1}. On the other hand, the angle function v of f is the smooth real-valued function on

v(x) = <N(x), %>

M given for every x € M by
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If T € X(M) represents the projection of % on TM, % can be written as sum of its
tangent (to f(M)) and normal (to f(M)) components as

d
E:T—'_VN' (3.2)

Note that T coincides with grad A, as the following computation shows

d
forallxe M, X € T, M.
The Gauss and Codazzi equations of f are expressed by

(R(X,Y)Z, W) = (AX, W)(AY, Z) — (AX, Z)(AY, W)
+e((X,WNY,Z) — (X, Z){(Y, W)

(3.4)
+ I TYW, T) X, Z) + (X, T)(Z, T)(Y, W)
and
VxAY —VyAX —AX,Y]|=¢ev({Y, T)X — (X, T)Y). (3.5)
respectively, where X, Y, Z, W € X(M).
Now, because % is parallel on Q% x R, it holds
0= Vx(T 4+ VN) = VxT + (AX, T)N — vVAX + X (V)N,
which yields by taking tangential and normal components the following two equations
VxT = vAX, (3.6)
and
X(v)=—(AX,T), (3.7)

forall X € X(M).

The Gauss and Codazzi equations above are not sufficient conditions for a Riemannian
manifold M" to be isometrically immersed in Q} x R; even if 7" and v are given. The reason for
this is simple: the vector field 7" and the smooth function v satisfy additionally equations (3.6)
and (3.7). In fact, we need to add these two equations to ensure the existence of an isometric
immersion f : M — Q} x R. This is the content of the following result, which amounts to a
fundamental theorem for hypersurfaces in Q% x R, due to Daniel (2009) (see also Lira, Tojeiro
and Vitério (2010)).

Theorem 3.1. Existence: Let M be a simply connected n-dimensional Riemannian manifold,

and V its Levi-Civita connection. Suppose A is a field of self-adjoint operators A, : T,M — T, M,
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yEM, T € X(M), and v € C*(M), such that ||T||> 4+ v? = 1. If (A, T, v) satisfies (3.4)-(3.7),
then there exists an isometric immersion f : M" — Q% x R such that the shape operator with
respect to the normal associated with f is A and

i—T—i—VN
or '

Uniqueness: Given two isometric immersions f, g : M" — Q¢ x R with unit normals Ny and N,,
respectively, such that the projections Ty and T, of d/dt onto TM satisfy Ty = Ty, if there is a
vector bundle isometry ¢ : NyM — Ny M such that o = ¢ o o/ and Ng = @ Ny, then there exists
an isometry ® € Iso(Q} x R) with g = Po f.

3.3 The class .«

The main theorems in this section provide a complete description of all hypersurfaces
in Q% x R for which the vector field T is a principal direction. They constitute a theorem first
stated and proved by Tojeiro (2010). Those hypersurfaces belong to a well-known class of
submanifolds, called class 7, which is made up of all isometric immersions f: M™ — Q% x R
with the property that the vector field T is an eigenvector of all shape operators. It is worth
mentioning that products M"~! x R, where M"~! is a hypersurface in Q?, which correspond to
the case v = 0, are particular examples of hypersurfaces in this class. Another simple examples
in this class are: constant angle hypersurfaces that are not open subsets of slices, rotational
hypersurfaces with constant sectional curvature, and hypersurfaces with constant sectional

curvature.

Given an arbitrary hypersurface f : M" — Qi xR, € € {—1, 1}, with a normal vector
field N, let us consider it as an isometric immersion of codimension two into E"*2, and restrict
& to f(M) to obtain a unit normal to M in E"*2. Formally, we identify f with the composition

io f, where i is the inclusion of Q” x R into E"*2, and £ with the composition & o f.
Proposition 3.2. The shape operator A¢ of the composition io f satisfies
A:T=—VT and AgX =X (3.8)

for every X € {T}+.

Proof. LetX € X(M), then
<A§T,X> = <OC(T,X) —8<T1,X1>€, g) = —<T],X>.

Since

_ d J _ 2 4,2 2
TI_T—<T, 8t>8t_T_||TH (T +VN) = VT — | T||>VN,

we have
(AeT,X) = —(V*T, X),
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which yields the first identity in (3.8). On the other hand, for X € {T} and Y € X(M),

(AeX,Y) =~ <X— <X, %> %, Y> = —(X,Y),

which yields the remaining identity in (3.8). [

The following proposition establishes that, for € € {—1, 1}, the hypersurfaces in Q} x R
which have T as a principal direction turn out to be the hypersurfaces in Q} x R that have flat
normal bundle when regarded as submanifolds of codimension two in the underlying flat space
E"+2, and for which T # 0 everywhere.

Proposition 3.3. Under the hypotheses of Proposition 3.2, if T does not vanish at x € M", then
f has flat normal bundle at x € M as an isometric immersion into E"*? if and only if T is a

principal direction of f at x.

Proof. From the Ricci equation (2.11) for f, the isometric immersion i o f has flat normal bundle
at x if and only if any two shape operators commute, or equivalently, there exists an orthonormal
basis for 7,M with respect to which the matrix representation of each shape operator of f at x is
diagonal. This is equivalent to the fact that the shape operators A and A; commute. In fact, an
arbitrary shape operator Ap, ) € NyM(x), can be written uniquely as aA + bA¢; from which it
follows that A commutes with both A and A¢ if we suppose A and Ag commute, which implies
that A;, commutes with any shape operator Ay, u € NyM(x). Now A and Ag commute if and
only if the eigenspaces of A¢ are invariant under A. One direction is immediate: because of the
fact that the matrix representation of A and A¢ are diagonal matrices, the eigenspaces of A¢ are
also eigenspaces of A. Conversely, from (3.8), if we set AT = aT’, it follows that At AZ = AA¢Z
for every Z =X + AT € T,M, where X € {T(x)}*. Lastly, the eigenspaces of Ag are invariant
under the action of A as long as T is a principal direction of f at x. In fact, if AT € {T'}, for every
X € {T}*,itholds (AX, T) = (X,AT) =0,ie., AX € {T}*. O

Given a Riemannian manifold M, a smooth curve 3 in M is said to be a pre-geodesic if

its arclength reparametrization is a geodesic in M.

Lemma 3.4. If T is a smooth gradient vector field on a Riemannian manifold M such that T
does not vanish anywhere and || T|| is constant along the orthogonal distribution {7} of T, then

every integral curve of T is a pre-geodesic of M.

Proof. Since T is a gradient vector field and ||| is constant along {T}*, for X € {T}*, we
have :
(VrT,X) =(VxT.T) = >X(T, T) = |[T||(X|T[)) = 0,

that is, V7T is parallel to 7. Let ¥ be an integral curve of 7. Its arclenght function

()= [ IITap
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is a diffeomorphism as Z—i = ||T|| > 0. If r(s) denotes the inverse function of s(r), then the

arclength reparametrization y(r(s)) of y has a velocity vector given by

1T (r(r()NIT'T (7(r(s))).- (3.9)

Note that
Vo T ' T = || T\~ 'VeT+T(||T)| )T,

is parallel to 7', and
0=T((ITII7'T, IT|I7'T)) = 2(Ve ||| ' T, | T||~'T)
implies that V7||T||~!T is also orthogonal to T, i.e., ¥(r(s)) is a geodesic of M. O

In Theorem 3.9 we will stick with hypersurfaces in Qf x R which have the vector field
T as a principal direction; the associated orthogonal distribution {T'}* is integrable on account

of the following lemma.

Lemma 3.5. If T is an arbitrary gradient vector field on a Riemannian manifold M which does

not vanish everywhere, then {7} is integrable.
Proof. Forany X,Y € {T}+,
(VxT,Y)=(VyT,X) and (VxY,T)=—(Y,VxT),
which yields
(X,Y],T)=—{Y,VxT)+ (X, VyT) =0.

O

Now we are in a position to state and prove the following two main theorems of this
section. Let g : M"~! — Q" be a hypersurface which admits a unit normal N, and exp the

exponential map of Q}. The parallel hypersurface gs: M — Q%, s € R, of g is determined by

gs(x) = exp, (sN(x)),

i.e., gs(x) is the point reached in Qf by traversing a distance |s| along the geodesic in Q} with
initial point g(x) and initial velocity vector sN(x) (CECIL; RYAN, 2015, p. 14). Thus, for each
s € R, g4 is given by
8s(x) = Ce(s)8(x) + Se(s)Nx,
where
coss, ife=1 sins, ife=1
Ce(s) =<1, ife=0 and Sg(s) = (s, ife=0

coshs, ife=—1. sinhs, ife=—1.
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Given a smooth function a : I — R with a’ > 0 over the open interval I C R, define
fiM" I xT— Q! xRby

d
flx,s) = gs(x) +a(s)5. (3.10)
Theorem 3.6. The map f in (3.10) defines, at regular points, a hypersurface for which T is a

principal direction.

Proof. Smoothness of f follows immediately from its definition. Let (x,s) e M X I, X € T:M,
and B(r) = (B(r), s) be a smooth curve in M x I such that 3(0) = (x, s) and B/(O) = X. Thus,

(5:(B0) +als)2 ) = (8)X. a1

Similarly, allow J C R to be an open interval small enough such that 0 € J and s+ r € I for
all r € J. Then {(r) = (x,s+7r), r € J, is a smooth curve in M x I such that {(0) = (x, s) and
£'(0) = % Thus

d
fiX =2

B drlr=0

0 0
figg = —€Se(8)8(x) + Ce(s)N(x) +d'(5) 5, (3.12)

and set

Ns(x) = —€Se(s)8(x) + Ce(s)N (x).
Because of equations (3.11) and (3.12), a point (x, s) € M x I is regular for f if and only if g
is regular at x. In fact, let (x, s) € M x I be a regular point of f. Suppose there is 0 # X € .M
such that 0 = (g;).X, yielding a contradiction on account of (3.11). Suppose now g; is regular at
x € M. Assume that there is 0 # X + r% € Tiy5) (M x I) such that 0 = f,. (X + r%) = (gs):X +
rNg+rd (s) %, which yields the contradiction that g is not regular at x for wether » = 0 or r # 0.
Now assume (x, s) € M x I is a regular point for f. Then, Ny(x) is a unit normal vector to g at x.
In fact, the Weingarten formula for g, thought as an isometric immersion with codimension 2
into the E"*!if £ € {1, -1},

N, = _g*ANa

implies in

(g5)+X = Ce(s5)g+X — Se(s)g+ANX, (3.13)
then

(Ns(x), (85)+X) =(—€Se(s5)8(x), Ce(5)gX) + (€Se(5)g(x), Se(s)g+AnX)
+ (Ce(s)N(x), Ce(5)8:+X) — (Ce(s)N(x), Se(s)g+AnX) = 0,
and
(Ns(x), Ny(x)) =(€Se(s)g(x), €Se(s)8(x)) — (€Se(s)g(x), Ce(s)N(x))
— (Ce(s)N(x), €Se(5)g(x)) + (Ce(s)N(x), Ce(s)N(x)) = 1.

Also

n(x,s) = —C;(—(;))Ns(x)—l-ﬁg7 (3.14)
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where b(s) = y/1+d(s)2, is a unit normal vector to f at (x, s). In fact,

and

<n, f*X+”f*%> B <_Z((5))NS(X) " ﬁ% (gs>*X> ) rC;((;)) <Ns<x)’ f%> (3.15)
L

Notice that

ds ds

D g Ni(x) = —€Se(s)D 5 8(x) — €Se(5)g(x) +Ce(5)D o N(x) + Ce (s)N (x) = —egs (x),

and (3.1) implies that

Jd -~ d
DZE :VZE—S(Zl,Oﬁ =0 (3.16)
for every Z tangent vector to M"~! x I. Thus,
_ [d$)Y a(s) 179
ngn__|:b(s>:| NS(X)+8b(S)gS(X)+ % E

For that reason,

Dy == [S] e )+ ([515] ote0x)+ (4600 ) =0,

SO

d
<An$,X> = —(Dy/asM, f:X) =0,

forany X € T\M, i.e., % is a principal direction since (f.X, f*%) = 0. Also, since v = ﬁ, we
have
d 1 d'(s) , 0 d(s) d
*T = —— — — N _ = Jx R y
= o bt bls)y ( s(x) +a (S)at) f (b(s)2 as)
and so /( ¥
a'(s
T = — 3.17
b(s)2 95 -17)
is a principal direction. ]

Let us now explicit the set of regular points of the map f.

Remark 3.7. The regularity of f at (x, s) is equivalent to the regularity of gy at x. Thus let us
study when the last situation happens. Let A € R represents an arbitrary principal curvature of
g at x with respect to Ny. If € =0 and A # 0, there is a unique 0 # 6 € R such that A = 1/6.
When € = —1 and 4 ¢ [—1, 1], there exists a unique 0 # 6 € R such that coth® = 4. Also,
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there is exactly one 6 € (0, ) such that cot® = A if € = 1. Consequently, there exists an

strictly increasing finite sequence 0y,..., 6,,(¢) of real numbers such that Alyeeny /lm(s) given for
ie{l,...,m(e)} by

cotf; ,0<0;,<mife=1

Ai=11/6 ,0; #0,ife=0

coth6;, ,6,#0,ife=—1.
are all the (not neccesarily ordered) principal curvatures of g at x with respect to Ny, distinct from
zero if € = 0, and not belonging to [—1, 1] if € = —1. If X € T,(M"!) belongs to the eigenspace
of Ay(y) associated with A;, then

MOe X ife=1,

(85):X = | %52g.X if e =0,
e X ife=—1.

In fact, equation (3.13) yields (gs5).X = (Ce(s) — AiSe(s))g+X, where, for € = —1, Ce(s) —
AiSe(s) = coshs — coth 6;sinhs = sinh(6; — s)/sinh6;; similarly for € € {0, 1}. For € = —1, g,

is an immersion at x as long as

sinh(6; —s)

fori=1,...
sinh(g) ' oo™

0#

ie.,s+# 0;fori=1,..., m. Since the argument for € € {0, 1} is similar, we have that g, is an
immersion at x if and only if s ¢ {6,..., 6, } (respectively, s # 6, + nZ fori = 1,..., m) if
€ € {0, —1} (respectively, € = 1). Thus, the set of regular points of the smooth map f is given by

(x,s)EMxR :5¢{6,+nZ:i=1,....m}, ife=1,
(x,s) EM xR :5s¢{6,...,0,} ife€{-1,0}.

U=

A geometric picture of the set U is provided by Figure 1, where the dashed lines do not belong
to the set U. Therefore, if V. C M"~!, connected open set, is given so that V x I C U, g is an

immersion on V for every s € I, and sois fonV x I.

Remark 3.8. I should mention that the definition of the set U given here differs from that
provided in Tojeiro (2010, Remark 6.(i)), though this does not represent any problem as all
points belonging to the original set U have been included in the current U. In fact, the initial
choice (a component of the current set U') was made with the objective of having a connected set
U.

The following theorem shows that the (partial) converse of Theorem 3.6 is true.

Theorem 3.9. Any hypersurface f: M" — Q} xR, n > 2, for which T is a principal direction
and v # 0 everywhere, is locally of the form (3.10).
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M n-l

Figure 1 — The set U.

Proof. 1If v < 0, we replace the unit nomal 1 of f by —n, so that now v > 0. Thus, we can
assume without lose of generality that v > 0. Thanks to Lemma 3.5, the orthogonal distribution
{T}* is integrable. Also, the distribution {T'} is integrable as each S € {T'} is of the form
S =aT,ac C°(M). Thus, because T M = {T}*+ @ {T} and Dajczer and Tojeiro (2019, p. -59),
there is a diffeomorphism y : M"~! x I — M" onto w(M"~! x I), where I C R is an open
interval containing 0, such that y/(x, -) : I — M" is an integral curve of T for each x € M"~!,
and y(-, r) : M1 — M" is an integral submanifold of {7} for each r € I. In particular,
V.X € {T}* forany X € TM"~!. Set F = f o y. Then for every tangent vector X € TM" ™!

and so p(s) = (F(x, s),%> = h(y(x,s)) is a smooth real-valued function on I. For every
X € {T}+, we get X(v) = 0 from (3.7), then it also holds X(||T||) = 0 since ||T||>+ v* = 1,
which implies that every integral curve of T is a pre-geodesic of M by Lemma 3.4. The pre-
geodesic y(r) = w(x,r), x € M"~! fixed, has velocity vector ¥’ = T (7) and arc-lenght function
s(r) = o [IT(y)||dp. which is a diffeomorphism. If r(s) denotes the inverse function of s(r),
then
=

and the arclenght reparametrization y(r(s)) of v has velocity vector T (y(r(s)))/||T (y(r(s)))|l,
which we indicate by T (y(r(s))). We claim that & :=ITo fo y(x, -) : I — Q¥ is a pre-geodesic

~1
dr _ (g(r<s>>) = ITCrro

of Q! for any x € M"~!, where IT: Q" x R — Q/ is the projection onto the first factor. In fact,

the velocity vector is given by

o' (r) = ()L (v(r) = fT (v(r) = <f*T(y(r)), %> %_
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Also
(TG LT () = (T (1), T (1)
and 5
(R, 5, ) = T T
implies in
o) = Lt o= [ {7 5 ) | = I oy,
thatis, A(r) := ||/ (r)|| = ||T (y(r))||[v(¥(r)) > 0, which implies that the arc lenght function of

)
a given by s(r) = [y A(p)dp, is a diffeomorphism. If r(s) denotes the inverse function of s(r),

then J J -
T= 206 =@

Thus, the arc lenght reparametrization o (r(s)) of & has a velocity vector given by

drdo 1y
2o (1) = (A(r()) " (r(s))-

For the sake of clarity, we temporarily avoid writing the arguments of T (y(r(s))), a'(r(s)),
v(y(r(s))) and A(r(s)), and thus just write 7, o/, v and A, respectively. Now, using (3.1), we
have

DriymA ™' =VipemA e —e(d/ A7 a)E.

Then, for € € {—1, 1}, if we prove that DT(y(r))/'L_l o/ is in the direction of &, we will obtain
0= ?T(y(r))/l_l(x’ = V(lx/}t_lal,

that is, ot(r(s)) is a geodesic, where V! is the Levi-Civita connection of Q. Therefore, let us

compute
-1,/ -1 1 8 (9
DrA~ o =D7p | (AT T)—( fu(AT'T),— ) =— ). (3.18)
ot/ ot
First, notice that
Drf. AT =Drv T =T(v ) AT + v 'Dr T, (3.19)
where T =T /|T|. Now, since Tisa parallel vector field along v (see (3.9)),
Drff =Vl + o/ (T,T) = (AT, T)n + (AcT. 1) = v 'T(|T|)n —V?|T|I§, (3.20)
where the third equality holds for (3.8) and the following

0=T(|T|2+v?) = 2(|T|IT(IT]) + v(TV)), (321)
AT, 1) = — 7] 7T (v) = v (| T]). (3.22)

where we have used (3.7). Now

0=T(vww H=vi(v )+v Ty = —v2Tv=T(v}),



42 Chapter 3. Hypersurfaces in product spaces

and (3.21) implies in
T(v7!)=—v>vT(v) =v7|T|T(|T]),
which in turn together with (3.19) as well as (3.20) establish
Drf(A'T) =v 3T T(IT AT +v 2T (IT(hn —vIT]é

)
—y3 —-
= V() 2 - vIIT S
On the other hand, as (f*(),_lT),%> = v~ 1T, we have
T T =T OITI+VTITATI) = vE>TATINATI? +v?) = v T (IT]).

Using also (3.16), it follows that

d

d
)5 =—VvITIE, (3.23)

Dr(f.(A7T) = (LA 505

and so a(r(s)) is a geodesic of Q7. We claim that
g:=Mofoy(-,0): M - Q"

is a hypersurface. In fact, g is smooth and g, is injective, because (fi.(y(-,0)).X,d/dt) =0
which implies g.X = (7). f«(y(+, 0)).X = fi(y(-, 0)).X; and g is also isometric since (X,Y) =
(fr(w(-,0)).X, fu(w(-,0)).Y) = (g.X, g.Y). Also, the set of velocity vectors

d

7| Mo fow)(xr(s)), x €M™

yield a unit normal to g, so the existence of the parallel hypersurface g; is guaranteed. Therefore,
gs(x) =TIo foy(x,r(s)). Also, set

als)i= (o wlar(9), 5 ) =p(r(9),

which is then a smooth function on J := s(I). Thus, we have

£ A(5) = ) als) 2 (.29

for any (x, s) € M"~! x J. From (3.17) we obtain d/(s) # 0. If ' < 0, let s(c) be the diffeomor-
phism that *walks’ over J from the bigger end point to the smaller end point, so that ds/dc < 0.

Then, replacing s by s(o) in the expressions of g; and a(s), we will obtain now da/dc > 0. [

Remark 3.10. A fundamental step for the proof of Theorem 3.9 is to prove that & :=1ITo fo
y(x, -) is a pre-geodesic of Q%. Even though we have only presented the proof to that fact for
the cases € € {—1, 1}, it also holds for € = 0. In fact, omitting the terms involving & from (3.19)
to (3.23), it is demonstrated that the covariant derivative in (3.18) is identically zero, 1.e., & is

likewise a geodesic of Q} for € = 0.
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Remark 3.11. The hypersurface f can be geometrically interpreted: first, assume € € {1, —1}
and regard g as an isometric immersion with codimension 3 of M"~! into E"+2 by composing
g first with the inclusion i : Q7 < E"*!, and then with the inclusion j : E"*! < E"*2, Thus,
for a given x € M"~!, the normal space Ny M (x) is a Lorentzian or Riemannian vector space of
dimension 3, according as € = —1 or € = 1, respectively, spanned by g(x), N(x) and % In fact,
for € = —1, span{g(x)} is a 1-dimensional subspace restricted to which the inner product of
N, M (x) is negative definite; and span{N,, %} is a 2-dimensional subspace of N, M (x) restricted
to which the inner product is positive definite. The analogous statement for € = 1 is evident.
Also, the sections g, N and d /9t of N, M are parallel, as the following computations show,

I8N =8 VN = —(X,N)g(x) =0,

joiogvg(_g __log V)J('g — O,

- p)
_]ozogVJ__ —0.
X ot
On the one hand, for each x € M,
0
J(x,5) = Ce(s)g(x) + Se(s)Nx +a(s)5- (3.25)

ot

can be thought as a smooth curve f(x,-) in a cylinder Q} x R C Ny M (x)—it is enough to notice
that Ce(s)g(x) + Se(s)N, € QL C E2. On the other hand, for s € I fixed, f(-,s) can be thought
as a curve in N, M. Since, C¢(s)g + Se(s)N + a(s)t% is a parallel vector field along f(-,s), f is
obtained by parallel transporting the curve f(x,-), x € M"~!, in N, M. Now for € = 0, regard
g as an isometric immersion with codimension 2 of M"~! into R"*! by composing g with the
inclusion R" — R" x R. In this case, the map f in (3.25) simplifies its aspect to

(15) = 8(3) 4N () +a(s)

and N, M(x), x € M, is a Riemannian vector space of dimension 2, spanned by N(x) and % Also,
as before, N and %, sections of I'(N, M), are parallel. On the one hand, for x € M, f(x,-) can
be thought as a curve in the normal space N, M (x). On the other hand, for s € 1, f(-,s) can be
thought as a curve in N, M along of which g+ sN +a(s) % is parallel. Therefore, f is obtained
by parallel transporting this curve f(x,-) in Ny M.

As a consequence of theorems 3.6 and 3.9, we obtain a complete description of constant

angle hypersurfaces f: M" — Q} x R — hypersurfaces whose angle function is constant.

Corollary 3.12. Given an open interval / C R and A,B € R, A > 0, set a(s) =As+B,s € I.
Then the hypersurface given by (3.10), restricted to regular points, has constant angle function.
Conversely, any constant angle hypersurface f : M" — Q% x R is either an open subset of some
slice Q7 x {to}, an open subset of M"~! x R, where M"~! < Q is a hypersurface, or it is locally
given by (3.10) with a(s) = As+ B, s € I, for some A,B€ R, A > 0.
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Proof. Let us first show that f has constant angle function. As a(s) = As, we have @’(s) = A and

the unit normal 1 to f, determined by (3.14), becomes

(5,5) = = AN () + s
LR/ VI e ey

and thus the angle function

0 B 0 B 1
(x,5) = 7775 _\/ﬁ’

is constant. Conversely, if v =0, f(M") C M"~! x R is an open subset, where M"~! < Q" is
a hypersurface. Also, when v =1, f(M") C Q% x {tp} is an open subset of a slice for some
to € R (MANFIO; TOJEIRO, 2011, Proposition 2.1). Now, for v ¢ {0, 1}, f: M" — Q% xR
is a hypersurface with nowhere vanishing angle function and T # 0 everywhere. In addition,
0 = (AT, X) holds from (3.7) for any X € TM, which yields AT =0=0-T,i.e., T is a principal
direction. Thus, thanks to Theorem 3.9, f is locally given by (3.10), and

is a positive real number. Consequently, a(s) = As + B, for some B € R. ]
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CHAPTER

EMBEDDEDNESS, CONVEXITY AND
RIGIDITY OF HYPERSURFACES IN J7" xR
AND S"x R

In this chapter, we present a result, Theorem 4.10, which is a generalisation to hy-
persurfaces in 7" x R, where .7 represents an arbitrary Cartan-Hadamard manifold, of the
well-known Hadamard-Stoker Theorem for complete surfaces immersed in R3. Also, it is shown,
Theorem 4.13, that these hypersurfaces are rigid among the hypersurfaces with the same extrinsic

curvature. Both of these results, as well as another ones in this chapter are due to Lima (2021).

4.1 Preliminaries

A complete, simply connected n-dimensional Riemannian manifold with nonpositive
sectional curvature is called a Cartan-Hadamard manifold, and denoted by Z”. Euclidean
and hyperbolic spaces are simple examples. We shall remember that every Cartan-Hadamard
manifold is diffeomorphic to R". Consequently, given two arbitrary distinct points x, y € J7,
there exists a unique geodesic Y, of JZ joining x and y: in fact, because exp, : T, — S is a
diffeomorphism, there is a unique w € 7,7 such that y = exp,w = %,(1); then it is sufficient to
set Yy 1= %v. A subset C of J is said to be convex when 7, C C for any two different points
x,yeC.

In Section 3.1 we introduced some ideas for the product manifold Q% x R: projections on
both factors, decomposition of vector fields Z € Q% x R as a pair of horizontal and vertical vector
fields (Z;,Z5), and the vector field % Since all of these 1deas are amenable to generalisation to

arbitrary product manifolds M x IR, we will use them throughout this chapter.

Given ¢ € R, the embedded submanifold M, := M x {t} C M x R will be called the slice

of M x R at level ¢. Every slice M, is a totally geodesic submanifold of M x R isometric to M, so
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we identify the Levi-Civita connections of both M and an arbitrary slice M,, as well as use the
symbol V! to denote both of them. A geodesic of M x R contained in a slice is called horizontal

while one that is tangent to % is called vertical.

Given a hypersurface f: M" — M" x R that admits a unit normal N, for all X,Y € X(M),

we have
(a(X,Y),N) = (AX,Y) = —(VxN,Y) = (VxY, N). (4.1)

We shall remember (Section 3.2) that the vector field 7 is a gradient vector field. Thus, from
(3.2), a point x € M is a critical point of 4 as long as N(x) = i%, or equivalently v(x) = £1. It
also follows from (3.2) that

Vxgradh = —vVxN — (XV)N
for X € X(M). Because of this and (4.1), for X, Y € X(M),

Hessh(X,Y) = (Vxgradh, Y) = —(vVxN,Y) = v(a(X,Y), N). (4.2)

Given an open subset Q C M, an integral curve of grad 4 in Q is a smooth curve @ : I — Q
such that @' = gradh(¢) on 1. If Q contains only one critical point of /4, then either

Jim @(r) =xp or  lim ¢(r) =xo

according as x is a local minimum or a local maximum, respectively; in the former case it is said

that ¢ is issuing from x( and in the latter one that ¢ is going into xo (LIMA, 2021, Section 2.1).

Note that for X € TM,

Xv = <?XN, %> = —(AX, gradh),

which in turn implies that
gradv = —Agradh. (4.3)

Next, we define the notion of a top or bottom end for a complete hypersurface f : M"* — M" x R.

Definition 4.1. A complete hypersurface f : M" — M" x R is said to have a top end E C M
(respectively, bottom end) if E is unbounded, and h(x;) — oo (respectively, h(x;) — —oo) for
every divergent sequence (xi);_, in E.

Another key concept present in the proof of Theorem 4.10 is that of horizontal sections
of a hypersurface. If a hypersurface f : M" — M" x R is transversal to a slice M; of M x R, in
which case f~!(M,) = h~!(t) is an embedded (n — 1)-dimensional submanifold of M, we call
the restriction f; := f|p, : M; — M,, where M, is a component of h=1(t), a horizontal section of f

at level ¢. It follows immediately that horizontal sections are hypersurfaces of the corresponding
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slices from the fact that f is a hypersurface. Any horizontal section is also oriented by the unit

normal given by
N—-vd/dt  N-—vd/ot
= = . 4_4
TN =vojl T Vicw @

Furthermore, if xo € M is a critical point of the height function of f, a normal section for xq is a

horizontal section f; : M; — M, of f at a level ¢ > 0 which satisfies the following two conditions

* M, is homeomorphic to S"~! and the boundary of an open set Q; C M, called normal

region for x¢, such that the only critical point of £ in € is x.

* There is a homeomorphism B — Q; taking 0B into M;, where B C R" is an open ball.

The level ¢ is called normal value for xy.

We shall remember that the (vertical) graph I'(«) of a smooth function u defined on some
open set D C M, is an embedded n-dimensional hypersurface of M x R. It admits a unit normal

given via
N —gradu+d/dt

1+ ngadu”27

where gradu := gradu(r), and 7 : M x R — M is the projection onto the first factor. In fact,
it is unit as || — gradu + 9/9dt||*> = 1+ ||gradu|®. If ¢(p) = (p, u(p)), p € D, are the graph
coordinates on I'(u), then for any Z € Tj,) I'(u), there exists a unique X € T,M such that
Z = ¢.X = X + Xu. Thus,

4.5)

1

\/1+||gradu||2(

i.e., N is indeed normal to I'(«). And, the angle function is

<N=Z>:

—Xu+Xu) =0,

V= ! (4.6)

1+ ||gradu||2'

Also, from (3.2), (4.5) and (4.6) the horizontal component of grad/ is parallel to grad u:

lgradul® o

P
dh=——VN d —.
gra Pt T oradul? o1

ot " 1+ ||gradyl
Consequently, the projection 7T o ¥ of an integral curve y of gradh onto M is parallel to gradu —
in fact, (o 7y)" = m.gradh — and thus orthogonal to all level sets ¥, := u~'(¢), t € u(D), of u.

In order to consider the right-hand side of the Gauss Equation (2.23), excluding K (X, Y),
we define a linear operator Axy on span{X,Y } determined for orthonormal tangent vectors X, Y
to M at x € M by

Axy 1= Tixy Alspan{x, v}

where 7y is the projection of T, M to span{X, Y }.
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Proposition 4.2. Ayy is a linear operator on span{X,Y } with determinant
(AX,X)(AY,Y) — (AX,Y)2.

Proof. By Gram-Schmidt algorithm, we can obtain an orthonormal basis {Xi,..., X, } for T, M,
where X| =X and X, =Y. Any Z € T, M is thus written as Z = (Z, X|)X| + --- + (Z, X)) X,,.
Then, myy is given by

nxyZ={Z,X)X+(Z,Y)Y, 4.7)

which implies in mxy being linear, and so is Ayy. The matrix representation of Axy with respect
to the basis {X,Y } is

~—

(AX,X) (AY,X
(AX,Y) (AY,Y)

which yields the remaining assertion. ]

Let Ay,..., A, denote the principal curvatures of f at x € M, and let X1,..., X, be an
orthonormal basis of principal directions for 7, M so that AX; = A;X; forevery i € {1,...,n}. It
holds

Ai>c>0 Vie{l,...,n} = detAxy > ¢ for all orthonormal vectors X,Y € T, M,

where the last inequality is strict if the first one is as well (LIMA, 2021, equation 9).

4.2 Asymptotic rays

If 2" is a Cartan-Hadamard manifold, so is the Riemannian product " x R. A
geodesic ray in " is a geodesic of the form v : [0, +o) — . Two geodesic rays 7, C :
[0, 400) — " x R parametrized by arc length are said to be asymptotic if there exists ¢ € R
such that d(y(r), o(r)) < c for all r > 0, where d represents the Riemannian distance function
on 77" x R. A remarkable property is that given p € 7" x R and a geodesic ray y in 57" x R
parametrized by arc length, there exists a unique geodesic ray o), parametrized by arc length
asymptotic to y with 6,,(0) = p (JOST, 2011, Lemma 5.8.11). Also the map p + 6,(0) is a

(continuous) vector field on 77" x R.

Proposition 4.3. Let .7 be a Cartan-Hadamard manifold. Then, being asymptotic is an equiva-

lence relation on the class of all geodesic rays parametrized by arc length in .77.

Proof. Every geodesic ray 7y parametrized by arc length is asymptotic to itself as d(y(s), y(s)) =
0. Let v, 0, and B be geodesic rays parametrized by arc length in 7. If ¥ is asymptotic to o,
there exists ¢ € R such that d(y(s), o(s)) =d(o(s), y(s)) < cforall s > 0, so o is asymptotic
to . Finally, suppose that there are ¢, d € R satisfying d(y(s), o(s)) < cand d(o(s), B(s)) <d
for every s > 0. By the triangle inequality, we have d((s), B(s)) < c+d for all s > 0. O
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Figure 2 — A geodesic graph in 57 x R.

It is worth mentioning that the set of all equivalence classes is called the asymptotic

boundary of ¢, though we will not employ this terminology.

Now, let y: R — 57" x R be a geodesic parametrized by arc length. Then

S (v6.5) = (975 ) =0

that is, the angle between ¥’ and % is constant along y. Thus, any geodesic y of 77" x R is either
horizontal or transversal to all slices of 7" x R.

Asymptotic rays allow us to define geodesic graphs in 7" x R.

Definition 4.4. Let U be a subset of a slice 77" of 7" x R. A subset ¥ C 7" x R is said to
be a geodesic graph over U if there is a bijection U > g — p(q) € ¢ such that

* For each pair (g, p(q)), there is a geodesic ray o, parametrized by arc length emanating
from ¢ and intersecting ¢ only at p.

* Forall g, ¢ € U, 0, and o, are asymptotic.

Figure 2 was taken from Lima (2021) and provides a geometric picture of this definition.

4.3 Helpful facts

In this section we present some useful results that will help us to prove the main results
in the following section. First, we have a theorem for hypersurfaces in S"*! and H"*! obtained
by do Carmo and Warner (1970).

Theorem 4.5. Let f: M" — S"T!, n > 2, be a nontotally geodesic hypersurface, where M is a
compact, connected, and orientable Riemannian manifold with sectional curvature K > 1. Then,
the following hold:
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a. f is an embedding, and M is homeomorphic to S”.
b. f(M) bounds a closed convex set contained in an open hemisphere of S"*!.

c. fisrigid.

Moreover, the assertion a. and the convexity property in b. still hold if one replaces the sphere
S"+1 by the hyperbolic space H"*!, and assume that K > —1.

Secondly, we have a theorem for compact hypersurfaces in Cartan-Hadamard manifolds
established by Alexander (1977).

Theorem 4.6. Let [ : M" — 7 ntl p>2 bea compact, connected, and oriented hypersurface
in a Hadamard manifold 72!, If the second fundamental form of f is positive semi-definite,
then f is an embedding, M is homeomorphic to S”, and f(M) bounds an open convex set in
W s

Thirdly, here is a fact associated to the Soul Theorem, first formulated by Cheeger and
Gromoll (1972), and proved by Perelman (1994).

Theorem 4.7. If M" is a complete noncompact Riemannian manifold with nonnegative sectional
curvature, and there exists a point p € M where all sectional curvatures are positive, then M is

diffeomorphic to R".

Finally, we have two crucial lemmas for the proof of Theorem 4.10.

Lemma 4.8. Suppose f : M" — M" x R is a hypersurface with unit normal N and positive
definite (respectively, semi-definite) second fundamental form . Then, any horizontal section
fi : M; — M, of f has positive definite (respectively, semi-definite) second fundamental form if
it is oriented by (4.4).

Proof. Because every slice M, is totally geodesic, for all Y € X(M,),
VyY = VY.
Now, for every X € X(M;)

<A7”[X7X>:<aﬁ(XaX)7n>:<vXXan>: <€XX:N>

1
V1-62
= (a/ (X, X),N) = (AX,X).

Thus, o/t is either positive definite or positive semi-definite depending on whether o/ is positive

definite or positive semi-definite, respectively. ]
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Let f : M" — M"*+! be a hypersurface. From the Gauss Equation (2.23) for f, the extrinsic
curvature Kex(f) of f atx € M along the plane span{X,Y }, where X, Y € T M are orthornormal,
is defined via

Kext(f)(X,Y)=K(X,Y)—K(X,Y) = detAxy.

By %ext(f) we denote the class of all hypersurfaces g : M" — M"*! whose extrinsic curvature
coincides with that of f, i.e., for all x € M, and all orthonormal vectors X, Y € T,M,

Kext(f)(X,Y) = Kext(8) (X, Y).

Notice that Gex(f) includes all hypersurfaces g : M" — M"*+1 when M has constant sectional

curvature, space forms for instance.

Given a hypersurface f: M" — Q} x R, it is said to be rigid in Gex(f) if for any
hypersurface g : M" — Q} X R in Gex(f), there exists ® € Iso(Q} x R) such that g = Po f. On
the other hand, if we use (4.7) and suppose f admits a unit normal N, we can rewrite the Gauss

equation 3.4 for f as
K(X,Y) =detAxy 4+ &(1 — || mxy grad h||?). (4.8)

Lemma 4.9. Let f: M" — Q} xR, n >3, e € {—1, 1}, be an oriented hypersurface whose shape
operator A has rank at least 3 everywhere. If g : M" — Q} x R is a hypersurface in @ex(f),
there exists a unit normal N, € I'(Ny M) such that the shape operator A,, the height function A8
and the angle function v, of g satisfy

Af :Ag; ||gradl’lfH = ||gradhg|| and VJ% _ ng

Proof. Because g € Gexi(f), K(f:X, f.Y) = K(g.X, g.Y) for all x € M and orthonormal vectors
X.,Y € T, M; and thus

<R(f*X> f*Y)f*Z7 f*W> = <R(g*X, g*Y)g*Z, g*W>,

as the sectional curvatures determines the curvature tensor (LEE, 2018, Proposition 8.31). So,
from Gauss equations (2.6) for f and g, it follows that

<Otf(X,W), OCf(Y,Z)> - (OCf(X,Z), Otf(Y,W)> = <OCg(X,W), ag(Y,Z)> - <ch(X,Z), Otg(Y,W)),

forall X,Y,Z, W € X(M). Since the rank of A is at least 3, there exists a vector bundle isometry
¢ :NyM — NeM with o = ¢ o o/ (DAJCZER et al., 1990, Proposition 6.10). In particular,
Ng := Ny is a unit normal to g. If we set A, for the shape operator of g in the direction Ng, we
have for all X, Y € X(M)

(AX, Y)Ny = 05 (X, ¥) = 0 (X, YIN;) = (A, V)N,

which implies that Ay = A, on M. Consequently, from equation (4.8) we obtain

| mxygradh’ || = || xy grad i |
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for every orthonormal tangent vectors X, Y to M. Given x € M, X1, ..., X, an orthonormal basis
for T, M, if we write gradhf =a1 X1+ -+ a,X, and gradh® = b X| + - - - + b, X,,, the last equa-
tion yields ai2 + a? = bi2 + b? for all 1 < i # j < n; which in turn implies that

|gradh/||? = af +--- + a2 = b} +--- 4 b> = ||grad b8 ||

Finally, (3.2) implies ||grad 4/ ||> + VJ% = vz + |lgrad 8|2, from which we obtain the last claim.
L

4.4 Embeddedness and convexity theorems

In this and the following section we present some results about embeddedness, convexity
and rigidity of hypersurfaces in 77" x R and S” x R. These results were first stated and proved
by Lima (2021). In order to treat hypersurfaces in .7 x R and S" x R as one group, allow M" to
denote either a Cartan-Hadamard manifold .77 or the unit sphere S”. However, when we want
to restrict attention to a specific class of hypersurfaces, we deliberately use the corresponding
notation for the ambient space, for instance 77" x R, rather than the more general notation
M" xR.

Suppose f : M" — M" x R is a complete connected hypersurface oriented by a unit
normal N, that its second fundamental form is positive definite, and that its height function &

has at least one critical point. It follows that /4 is a Morse function, i.e., every critical point is

nondegenerate: for each critical point xg of 4, it follows from (4.2) that
Hessh(X,Y)=0,VY e ,,M X =0¢c T, M.

Equation (4.2) also implies that the Hess & at x is positive definite or negative definite according
as v =1 or v = —1, respectively. Thus, every critical point is either a strict local minimum or a

strict local maximum point of A.

Let us assume that xp is a strict local minimum point of 4, and that i(xg) = 0. Then,
there is a smooth chart (U, (xy,...,x,)) for M centered at xy such that the local representation
of his x% + - +x,%. For ¢t > 0 small enough, f is transversal to M,; thus if M, denotes the set
{(x1, ey Xn) EUs x3+++-+x2 =1}, fi := flm, : M; — M, is a horizontal section of f, for instance.
Also, M; is homeomorphic to the sphere x% +---+x2 =t in R*, and so homeomorphic to §"~!.

In addition, it is also the boundary of the open set
Q = {(x1,..,xy) EUs XTI+ 4+x2 <1} C M,

which contains no critical point other than xy. Restricting the smooth chart (x;) to Q,, we obtain
a homeomorphism from Q, onto (p(a,) the closed ball x% + .- +x,% <t in R", whose inverse

takes d(¢(€;)) onto M;. Therefore, f; : M; — M, is a normal section for x.
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Next, set I = (0,1*) := {r € R" : ¢ is a normal value for xo} and Q := U,c; Q;, where t*
might be either a finite positive real number or 4-co. Since we have shown that f; is a normal
section for > 0 near enough to 0, Q is a nonempty open subset of M; and it is also homeomorphic

to R". Note that there are three mutually exclusive possibilities for :

i. Q= M; and thus 0Q = 0.
ii. Q# M, and dQ contains critical points of /.

iii. Q # M, and dQ contains no critical point of /.

Thanks to Lemma 4.8, each normal section f; for x¢ has positive definite second fun-
damental form. In addition, Theorem 4.6 asserts that each normal section f; : M, — 7] is an
embedding, and that f;(M;) C 7 is the boundary of an open convex set in .7#/, which together
with f;(M,) is compact as it is contained in a (compact) closed ball of .7 (LEE, 2018, Lemma
12.16). Do Carmo-Warner theorem yields likewise that every normal section f; : M; — S} is an
embedding, and that f;(M;) C S} is the boundary of a compact convex set in S}'. Also, as M; is
compact, normal sections f; : M; — M, are proper embeddings. Since Q; is compact and M x R
is Hausdorff, f|g-is proper, and so is f|q, as € is saturated with respect to f|g- (LEE, 2011,
Proposition 4.93). It also holds that f|q, is injective: if f(x) = f(y) for x,y € €, we obtain
h(x) = h(y) and x, y € Mj,); thus x =y as fly,, is an embedding. So, for eacht € 1, f|g, is
a proper embedding (LEE, 2012, Proposition 4.22); and f(€,) separates M x [0, t) into two

components.

For M = 7, one of these components is bounded, which is designated by A;. For
M = S", both of them are bounded, so we denote by A, the one to which N(x() points. Since
N(xp) = %, the unit normal N points towards A;, and so does the mean curvature vector H
along Q, as follows from (2.4) if we take & = N. Also, since f] o, 1s an oriented embedded
hypersurface that is infinitesimally convex — with positive semi-definite second fundamental
form — then it is strictly locally convex (BISHOP, 1974/75), meaning that for each x € €, there
is a neighbourhood V of 0 € T:M such that exp ,\V NA; = {f(x)}, where exp is the exponential
map of M x R.

Suppose there are distinct points p, g € A; such that the unique geodesic of J# x R
joining p and ¢ is not contained in A,. Let f : [0, 1] — A; be a smooth curve with 3(0) =
p, B(1) = q and o; the unique geodesic of 77" x R from p to B(s) for each s € (0, 1]. Some
points of o7 do not belong to A;, while all points of oy are in A; for s > 0 near enough to zero. Thus
there is so € (0, 1] such that oy, is tangent to f(€;), at some point f(yo) = Oy, (), and contained
in A;. Because f|q, is strictly locally convex, there exists V C Ty, M neighbourhood of 0 €
Ty, M such that exp (,\V NA, = {f(y0)}. However, for s > 0 small enough, exp 7(y0)50s, (o) €

eXPriy)V N A;, yielding a contradiction. Consequently, A, is convex.
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Theorem 4.10. Let f : M" — M" x R, n > 3, be a complete connected oriented hypersurface
with positive definite second fundamental form. If its height function /4 has a critical point, then
the following hold

1. fis an embedding, a proper one when M = J#, and M is homeomorphic to either S" or
R”. In the latter case, f has a bottom or a top end, and f(M) is a geodesic graph over an
open subset of a slice of 77 x R when M = 7.

2. f(M) is the boundary of a convex subset of .77 x R.

Proof. We divide the proof considering the three possibilities for Q.
Case i.

M(= Q) is homeomorphic to R". Since each f|q, : &, — M" x R is proper, the immersion f
is proper; it is also an embedding as it is injective (LEE, 2012, Proposition 4.22). In fact, if
f(x) = f(y), then h(x) = h(y), and both x and y belong to M, on which f is an embedding;
consequently x = y. Also, f(M) C J x R is the boundary of the open set A := U,¢; A;, which is
also convex: given p, g € A, there is € I such that p, g € As; and 50 7, is contained in (A; C) A.
In addition, / must be unbounded. In fact, suppose I is bounded. If f(M) N7+ # 0, whether f
is transversal to 77+ or not. If it is, by continuity there is some ¢ > ¢* near enough to ¢* such that
f is transversal to 7}, yielding the contradiction that t* # sup,; ¢. If f is not transversal to .7+,
there is x € M such that f.T, M = Ty,).7-; thus x is another critical point of /# which belongs
to some €, yielding a contradiction. Therefore, f(M)N 7% = 0; and S+ C A. Let (pr)y_,
be a divergent sequence in 7%+, and ¥ : [0, a;] — A the geodesic parametrized by arc length
of ## x R joining f(xo) to pi for each k € N. Since (,(0));-_, is a sequence of unit vectors in
Tf(xy) ¢ xR, it admits a convergent subsequence. Therefore, we can assume that (¥,(0));’_ con-
verges to a unit vector Zo € T(y) A X R.Lety: [0, 4o0) — S x R represent the geodesic ray
parametrized by arc length with y(0) = f(xo), ¥'(0) = Zo. Because, for all k € N, ([0, az]) C A,
it follows ([0, +o0)) C A. If ¥ was not horizontal, it would be transversal to .7+ and not be
contained in A; thus ¥ must be horizontal. In fact, since y(0) = f(xo) and AN % = {f(x0)}, it
follows that Yy = f(xo), yielding a contradiction as well. Consequently, / is unbounded. On the
other hand, M is a top end for f : M" — M" x R: if M was bounded, M would be compact, and
so would be R"; also if there existed a divergent sequence (py);>_; in M such that h(py) - oo,
we can obtain some €, and a subsequence (py, )7 of (px)7_; with f(pm,) € A, from which
we arrive to a contradiction, proceeding as above. Now, let (p);._, be a divergent sequence in A.
As we did above, we obtain a geodesic ray parametrized by arc length 7 : [0, +-o0) — A. Assume
there is #p € (0, +o0) with y(t9) # f(x0) and y(tp) € dA C A x R, then y(t9) = f(yo) for some
yo € M, and y'(to) = f. X for some X € Ty, M, which yields as before the contradiction that f
is not strictly locally convex; thus y(xg) is the only point of y in dA. Given x € M, there exists
a unique geodesic ray o, parametrized by arc length with 0,(0) = f(x), asymptotic to ¥ (see
Section 4.2). Like ¥, 0,([0, +0)) C A and 6x([0, o)) NdA = {f(x)}. Because f(Mj)) is the
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boundary of a compact convex set in 7y, the entire geodesic ¥, containing o, cannot be hori-
zontal. Thus it intersects 77 at some point g(x). Set U := {g(x) : x € M} and consider the map
G:f(M)> f(x) = q(x) € U.Forx € M, allow d :=d(f(x), #5) and B(s) := %(s—d), s > 0.
As B'(s) =¥,/ (s—d), B is a geodesic ray parametrized by arc length that intersects f (M) only at
f(x). Let C be the number that claims that o, and y are asymptotic, C := maxpg q d(B(s), v(s))
and D := max{C, C+d}, then d(B(s), ¥(s)) < D, i.e., B is asymptotic to ¥, from which we
obtain in particular that G is bijective. Consequently, f(M) is a geodesic graph over U. Note that

G(f(x)) = expy () (—d(f(x), ) 0(0));

in fact, G is a homeomorphism. As a consequence, U is open.

Case ii.

The interval I is bounded; otherwise there would not exist critical points in dQ. If x; € dQ is a
critical point of 4, we have h(x;) = ¢*. In fact, if 2(x;) > t*, by continuity there is a neighbour-
hood U of x; in M such that r* < h(x) for all x € U. Nevertheless, because x; € dQ, there exists
x € UNQ with h(x) < t*. Also, if h(x;) < t*, x; would belong to some normal section of f, and
thus not be a critical point. If N(x;) = %, x1 would be a strict local minimum point of /; then
there would be a neighbourhood U C M of x| such that i(x) > t* for every x| # x € U, which is
a contradiction as x; € dQ. Thus N(x;) = —%, and x is a strict local maximum point of 4. In
particular, (M) N M = {f(x1)}, which implies that M = Q, and so M is compact. As a result,
h is a Morse function with only two critical points, hence M is homeomorphic to S” (MILNOR,
1973, Theorem 4.1). For M = #, thanks to Alexander theorem, f is a proper embedding and
f(M) is the boundary of a convex set in 5 x R. For M = S", since f is injective and M is
compact, it follows that f is an embedding (LEE, 2012, Proposition 4.22).

Case iii.

We show that this possibility does not actually happen. In fact, first notice that M;+ := dQ is
a connected (n — 1)-dimensional submanifold of M. As before, M+ C hil(t*). Also, since
each normal section f; : M, — M,, t € (0,*) is a proper embedding, so is the restriction
fla : © — M x R. If the convex subset A C 7 x R were unbounded, there would exists a
divergent sequence (py);_; in A, from which we obtain, as before, a geodesic ray parametrized
by arc length y emanating from f(x() and contained in A. This y must be horizontal, otherwise
it will not be contained in A. Nevertheless, AN 3% = { f(xo)}, yielding the contradiction that
¥ = f(xo). Therefore, A is bounded, and so compact. Since f|g : Q@ — M x R is a proper embed-
ding, and both A C 7 x R and S are compact, we have that M;» C M is compact. For a given
t € (0,1"), the flow of gradh from M, to M;+ is a homeomorphism (see proof of Theorem 3.1 in
Milnor (1973)). Thus, following the flow across M;+, we arrive to a normal section M; for x,

with 7 > t* near enough, yielding a contradiction. O

Definition 4.11. Given a hypersurface f : M" — 7" x R, it is said to be cylindrically bounded
if there exists a closed geodesic ball B C ¢ such that f(M) C B x R.
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The following theorem is a dual to Theorem 4.10, in the sense that here we assume the

height function does not have critical points at all.

Theorem 4.12. Suppose f: M" — M" x R, n > 3, is a proper connected and oriented hypersur-
face with positive semi-definite second fundamental form whose height function has no critical
points. Suppose also that it is cylindrically bounded only if M = .7#. Then f is an embedding
and f(M) =X x R, where £ C M x {0} is a submanifold homeomorphic to S"~! which bounds
an open convex set in M x {0}.

Proof. Note that B; := B x {t} and S} := S" x {t} are compact. If h(M) C [a,b] C R, then f(M)
would be contained in either S” x [a,b] or B x [a,b] according as M is equal to S or .%#. Then,
as f is proper, M would be compact, yielding the contradiction that / has a critical point; thus 4
is unbounded above and bellow on M. Thus every horizontal section f; : M; — M, is compact on
account of the properness of f and of the fact that f;(M;) is contained in either B; or S}; also
M = U;er M;. Lemma 4.8 ensures that every horizontal section f; of f has positive semi-definite
second fundamental form. Then, Alexander (4.6) and do Carmo-Warner (4.5) theorems apply
and guarantee that M; is homeomorphic to S"~!, f; is an embedding, and f;(M;) bounds an open
convex subset of M,. Thus, M is homeomorphic to S"1 x R; as well as f 1s an embedding, for
it is proper and an injective smooth immersion (LEE, 2012, Proposition 4.22). If M = 7, as
in the proof of theorem (4.10), the mean convex side A of f — one of the regions on which
A x R is divided by f(M) and to which the mean curvature vector H points — as well as
its closure A turn out to be convex. For 7 € R, xo € M, and a divergent sequence (x);_, in M
such that A(x;) tends to either 40 or —oo, the geodesic segment 9, parametrized by arc length
of 7 x R joining f(xo) to f(xx) is contained in A. Also, the limit geodesic ray ¥ of (%)7_;,
is contained in A. If 7 is not vertical, then it reachs the boundary of B x R at some point and
get out of it, yielding the contradiction that ¥ ¢ A. Thus 7 is vertical and tangent to f(M) at
f(xo). Because both t € R, xy € M, are arbitrary, f(M) = f(My) x R. If M = S", the sectional
curvature K of M and the extrinsic curvature Kex(f) of f are nonnegative as f has positive
semi-definite second fundamental form and the sectional curvature of S x R is nonnegative
too. Since / does not have critical points, M is not compact. Then, for each x € M, there exists
orthonormal vectors X,Y € T, M such that K(X,Y) = 0; otherwise, by the Soul conjecture,
M would be homeomorphic to R”, yielding the contradiction that S"~! x R is homeomorphic
to R". Next, from (4.8), we have ||IIxygradh|| = detAxy + 1 > 1, which implies 1 = ||gradA||.
Consequently, f(M) = f(My) x R. O

4.5 Rigidity theorems

We start this section mentioning two important results on rigidity of hypersurfaces.
First, the classic Beez-Killing Theorem, which asserts that hypersurfaces of dimension > 3
in space forms, whose shape operator have rank > 3, are rigid (DAJCZER; TOJEIRO, 2019).
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And secondly, H. Rosenberg and R. Tribuzy rigidity result which roughly speaking claims that
complete surfaces immersed in homogeneous 3-manifolds, which include the spaces Q% x R,
€ € {—1,1}, are rigid among the surfaces with the same extrinsic curvature (ROSENBERG;
TRIBUZY, 2012). As the focus of this work are hypersurfaces in product spaces, a natural
problem to be studied is the rigidity of hypersurfaces in Q} x R, € € {—1,1}.

Note that, unlike hypersurfaces in space forms Qf, Theorem 3.1 tells us that the fact that
two hypersurfaces in Qf x R have the same shape operator is in general insufficient to guarantee
that they are congruent. Consequently, we treat rigidity of hypersurfaces f : M" — Q} x R,
€ € {—1,1}, on the more restricted class Gex(f). More precisely, we have

Theorem 4.13. Under the hypotheses of Theorem 4.10, though for M denoting Q?, € € {—1,1},
the hypersurface f : M" — Q% x R is rigid in Gexc(f)-

Proof. Let g: M — Q! x R be a complete connected hypersurface in Gex((f). Because o/ is
positive definite, the shape operator Ay of f has rank greater than or equal to three: for each
x € M, if there exists 0 # X € T, M such that A;X = 0, then 0 = (a/ (X, X), N), yielding the
contradiction that o/ is not positive definite. Thanks to Lemma 4.9 and its proof, there exists
Ny = ¢Ny € I'(Ny M) such that Ay = A, |grad /| = |grad h¥| and v]% = v;, where ¢ : Ny M —
NgM is the vector bundle isometry that satisfies o¥ = ¢ o a/ (cf. proof of Lemma 4.9). The
hypersurface g has positive definite second fundamental form since 0 < (A¢X, X) = (A.X, X)
for all x € M and 0 # X € T, M. The set of critical points of 42 is the same as that of 1/

(W) .(x) =0« (gradh/ (x),Y) =0,VY € TM < ||grad b/ (x)|| = 0 = ||grad k% (x)]|
& (gradh¥(x),Y) = 0,VY € TeM < (h8),(x) =0.

Thus g shares with f all properties declared in items 1. and 2.) of the Theorem 4.10. Set
A=Ay =A, Given ¢ : R — M and integral curve of gradh/, by (4.3) we have

d
- Vr(@(5)) = (gradvy(9(s)), ¢'(s)) = —(A¢'(s), ¢'(s)) < 0. (4.9)
Similarly for vg; thus v; and v, are decreasing along integral curves of grad h/ and gradhS8,

respectively. Using (4.3), we compute the differential of both sides v]% = vg2 forxeM, X e .M
Vi(Vr)X = Vg(Vo)iX = (vigrad vy, X) = (vegrad vg, X) = vygradh/ = vygradh®

If xo is a strict local minimum point of /¢ (and so of A/), it holds V¢(xp) = 1 = V,(xo). Because
Vr(x) = £Vg(x), there exists a neighbourhood U C M of xq such that v = v, on U; otherwise
there will exist a sequence (x;);>_, in M converging to xo with V¢(xx) = —Vg(xy), yielding a
contradiction. After shrinking this neighbourhood, if necessary, we have vy = v, > 0 on U;
consequently gradh/ = gradhé on U as well. Thus the integral curves of gradi/ and grad h®
coincide on U. Because of V¢ and v, are decreasing along these common integral curves, U can

be taken to be the entire M. Then we have

Ar=Ag,, Vp=V, and gradh/ = gradh® on M.
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Finally, since all conditions in the uniqueness part of Theorem 3.1 are satisfied, there exists an
isometry @ such that g = Po f. O]

A hypersurface S in M x R is called a rotational sphere with axis L if its horizontal sec-
tions are translated geodesic spheres of M, to suitable heights, centered at L. The following result
is a consequence of Theorem 4.10 and also a Hilbert-Liebmann-type theorem for hypersurfaces

in product spaces.

Corollary 4.14. Suppose f: M! — Q% xR, € € {—1, 1}, is an isometric immersion of a com-
plete connected oriented n(> 3)-dimensional Riemannian manifold M” with constant sectional

curvature ¢ > (14 ¢€)/2. Then f is congruent to an embedded rotational sphere.

Proof. Thanks to Myers theorem, M is compact and has finite fundamental group. The maximum
value of the sectional curvature of M in Q} x R is (1 + €)/2: in fact, from (4.8) we see that the
maximum value of the sectional curvature of M in Qf x R is 1 (resp., 0), and it happens when
grad h is orthogonal (resp., equal to % and tangent) to span{X,Y} for € = 1 (resp., € = —1).
Because of this and the hypothesis on ¢, if A4; and X;, i = 1,...,n, denote a principal curvature
and a associated principal direction, respetively, Gauss equation (2.23) implies A;4; > 0 for all
1 <i# j <n. After posibly changing the orientation of f, we obtain that all A; > 0, i.e., the
second fundamental form @ of f is positive definite. Since M is compact, the height function
h of f has a critical point. Therefore, thanks to theorem 4.10, f is an embbeding and M is
homeomorphic to the sphere S"; so M = S!. As in the proof of theorem 4.10, since M is compact,
h has just two critical points — a minimum xo and a maximum x;. Let us assume, as before,
h(xp) = 0 and note that v(xg) = +1, v(x;) = —1. By Manfio and Tojeiro (2011, Lemma 3.1),
gradh is a principal direction on M \ {xo, x1 }. Since N is a normal to any horizontal section M;

of f, we obtain
(X gradh) = ()X, 31 )~ VUXN) =0

for every tangent vector X to M,, that is, tangent vectors to horizontal sections are orthogonal
to grad 4. Because of this, equation (4.3) and the fact that grad/ is a principal direction, we
obtain X (v) = (—Agradh,X) = 0 for every tangent vector X to M, i.e., the angle function v
is constant along horizontal sections M;. As gradh does not vanish on M \ {xo, x }, its integral
curves cover this set. Also, these integral curves issue from xy and goes into x; (see Section
4.1). The angle function v decreases along them from +1 to —1 on account of (4.9). Therefore,
there is a point x € M \ {xo, x; } on which v(x) = 0, which implies v = 0 on the horizontal
section Mo, t° := h(x), and positive on M, for ¢ € [0,1°). Set £ := {f(x) : x € M, h(x) < t°}
and D := m(X). We claim that 7|y is bijective. In fact, given distinct points x,y € f~!(X) C M,
if they belong to the same normal section M,y of f, we have 7(f(x)) # (f(y)). If they do
not, suppose 7(f(x)) = m(f(y)). Then, the 2-dimensional subspace & of E"*2 containing the
points 0, (f(x)) and f(x), intersects £ on a curve passing throw the points f(x) and f(y) (see
Figure 3). There exists a point f(z) on this curve where v = 0, yielding the contradiction that
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f(z) ¢ . Thus, 7|y is injective and u := 7g o (7|z) "' : D — R is a smooth function for which X
is its (vertical) graph. The level sets X; := u~!(¢t) = n(f(M;)), t € (0, ) are (homeomorphic to)
(n— 1)-spheres. From equation (4.6), since the angle function is constant along the horizontal
sections M, of f, it follows that |Vu| is constant along every level sphere X,. We note that
7(f(xp)) is the only critical point of u (cf. equation 4.6), thus D\ {7 (f(x0))} C Q% is an open
set without critical points of # whose boundary contains only one critical point of «, the minimum
point (f(xp)) of u. Also, thanks to Lemma 3.4, each integral curve of Vu is a geodesic of Q,
after reparametrizing by arc lenght. Consequently, all geodesics of Q} in U issue from f(x)
and are orthogonal to all level spheres ;. As a result, each level sphere X, is a geodesic sphere
of Q7 centered at f(xp). For ¢ € (0,¢°), because horizontal sections of f are the translate of
those geodesic spheres to suitable heights in Q} x R, it follows that ¥ is rotational with axis
7t(f(x0)) x R, and boundary f(M,0). Similarly, the set X' of all points of f(M) at a height strictly
larger than ¢ turns out to be rotational with axis 7(f(x;)) x R and boundary f(M,). Then, since
Y’ and ¥ share the same boundary, their axes must coincide and f(M) = XUY/ is in fact an

embedded rotational sphere. 0
fx)
0,
(2) N
fv)

Figure 3 — The instersection curve of X and &.
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