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ABSTRACT

CAMPOS, A. F. Galois points. 2022. 121 p. Tese (Doutorado em Ciéncias — Matematica)
— Instituto de Ciéncias Matemaéticas e de Computacdo, Universidade de Sao Paulo, Sao
Carlos — SP, 2022.

The text with which this thesis is made up may be seen as a unifying reference for
some of the most important results about Galois points for plane algebraic curves, a
relatively recent research topic, as of the time this thesis was submitted. Emphasis is
given to the case of curves over fields of positive characteristic. The core of the work is
the classification of curves in terms of the quantity and nature of their Galois points. For
smooth curves, such classification was completely obtained around 2012. As opposed,
the same enterprise for singular curves does not seem to be so promising, except when
we restrict ourselves to the so-called extendable Galois points, which will be studied in
detail in this work.

Keywords: Algebraic curves, Galois theory, Algebraic function fields, Finite fields.






RESUMO

CAMPOS, A. F. Pontos de Galois. 2022. 121 p. Tese (Doutorado em Ciéncias —
Matematica) — Instituto de Ciéncias Matematicas e de Computacdo, Universidade de
Sao Paulo, Sao Carlos — SP, 2022.

O texto que compde esta tese pode ser encarado como uma referéncia unificadora
de alguns dentre os mais importantes resultados sobre pontos de Galois em curvas
algébricas planas, um tépico de pesquisa relativamente recente, partindo de quando
esta tese foi apresentada. Enfase é dada no caso de curvas sobre corpos de caracteristica
positiva. O cerne do trabalho é a classificagdo de curvas em termos das quantidade
e natureza de seus pontos de Galois. Para curvas ndo singulares, tal classificagdo foi
completamente obtida por volta de 2012. Em contrapartida, o mesmo empreendimento
para curvas singulares ndo aparenta ser tdo promissor, exceto quando nos restringimos
aos assim chamados pontos de Galois extensiveis, que serdo estudados detalhadamente

neste trabalho.

Palavras-chave: Curvas algébricas, Teoria de Galois, Corpos de fung¢des algébricas,
Corpos finitos.
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CHAPTER

INTRODUCTION AND SURVEY

The main object of study in the present work is that of a Galois point for plane
algebraic curves, a concept developed in the late 1990s by Japanese mathematicians
Kei Miura and Hisao Yoshihara, which first appeared in (MIURA; YOSHIHARA, 2000).
The motivation for the definition of such a concept seems to come from the study of
the gonality of plane curves (cf. (MIURA; YOSHIHARA, 2000) and (FUKASAWA, 2009,
p- 211)). More specifically, and under the hypothesis that the characteristic of the base
field is zero, the authors of (MIURA; YOSHIHARA, 2000) were interested in the study of
maximal (with respect to inclusion) rational subfields Fyirat of an algebraic function field
F in one variable. The least degree of the degrees [F : Fyrat] is the gonality of F. If a plane
model C for the curve associated to F is non-singular, then the gonality of F coincides
with the gonality of C and any extension F/Fyrat is “realized” as the projection from a
point P € P2. The authors, then, study the extensions F/Fyrat from a geometric point of
view, i.e., indirectly via these projections. In particular, they investigated conditions for

these extensions to be Galois, which led to the definition of Galois point.

The above emphasis on the word plane was given in order to point out that there
do exist analogues of the concept for curves embedded in higher dimensional projective
spaces; for instance, for spacial curves (those in P*) one may consider Galois lines (cf.
(DUYAGUIT; YOSHIHARA, 2005)).

The two aspects that influence the most on the overall behavior of Galois points
are: the (positivity or not of the) characteristic of the field, an arithmetic aspect, and
the singularity or smoothness of the curve, a geometric aspect. Within the scenario of
positive characteristic, even characteristic also tends to add another layer of complication
to the analysis. As the reader will be able to see in the first chapters, things usually get
a bit more complicated in passing from zero to positive characteristic, as well as from

smooth to singular curves.
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Throughout the text, the results will be presented in an order reflecting this
complication of things: in Chapter 3, we will first consider smooth curves over fields
of zero characteristic (cf. section 3.1), then smooth curves in positive characteristic (cf.
section 3.2). These will further be divided according to the class of the degree of the curve
modulo the characteristic (cf. subsection 3.2.2, subsection 3.2.3 and subsection 3.2.4). A
special family of curves in even characteristic will have to be considered separately (cf.

section 3.3).

Finally, singular curves are studied in Chapter 4. There, we study Galois points
under the additional assumption of it being an extendable Galois point (cf. Definition 5),

and a few novel results are presented (cf. Theorem 8, Theorem 7 and Theorem 9).
This order in the exposition also reflects the actual development of the area.

As for its importance, it is sufficient to say that for smooth curves in arbitrary
characteristic a complete classification in terms of the distribution of Galois points was
achieved circa 2012 (cf. (FUKASAWA, 2013)).
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CHAPTER

GALOIS POINTS

From now on, the word field will always mean algebraically closed field, and it
will be made very clear when not (if ever). We denote a field by k and the finite field
by with g elements by F;, as usual. Similarly, curve is to be understood as projective,
plane and geometrically irreducible curve. The capitalized letters X, Y and Z will be
used to represent variables for polynomials. We usually make no distinction between a
matrix M € PGL(3, k) and its corresponding projective transformation. Whenever we
say automorphism group, we mean full automorphism group.

2.1 Projection from a point

Let P? = P?(k) be the projective plane over k. We start with the following

Definition 1. Forapoint P € P> and aline ¢ C P? not containing P, themap 7tp ¢ : P2\ P — ¢

which takes a point Q and sends it to the point 7tp,¢(Q) d:ef@ N ¢ is called the projection

with center P to the line ¢, or simply projection from P to €.
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Given a curve C with degree at least 2, restriction of the projection mp¢ to C gives
a dominating rational map from C to ¢ (recall that C has degree at least two and that
7ip,¢ is defined everywhere on C except for, possibly, P). This restriction will be denoted
also by mp ¢. The induced morphism of function fields, T k(€) — k(C), allows us to
identify k(¢) with a (rational) subfield of k(C), which will be denoted by kp(¢). In other
words, given mp, and C we obtain an extension of function fields k(C)/kp(¢), with kp(£)
rational. The degree of such extension is the degree of the rational map mp ¢, which, for
its turn, equals the cardinality of its generic fiber, except only when C is a strange curve
and P is the common point of all tangent lines at non-singular points (we discuss this
exception further below). But for a point Q € ¢, we have nljllé)(Q) =PQN(C\{P}), and
once there is a bijective correspondence between the lines through P and the points in
¢, it follows that the cardinality of a generic fiber of 7p ¢ is given by the cardinality of
tpN(C\{P}), where {p is a generic line through P. Finally, an invocation of Bézout's
theorem is used to conclude that

degpe = [K(C) : kp(£)] = deg C - mp(C) 2.1)

where mp(C) is the multiplicity of P in C, with the convention that mp(C) =0if P ¢ C.
Now, for that exception mentioned eatlier, recall that a strange curve is a curve for which
there exists a point “making” the tangent lines at all non-singular points concurrent;
strangeness occurs only in positive characteristic. More about this phenomenon can be
learned in (HIRSCHFELD; KORCHMAROS; TORRES, 2013, p. 12). If P, the center of the
projection mp ¢, coincides with the common point of all tangent lines of a strange curve,
(2.1) still holds; the only difference is that, now, the degree of mp, won't exactly be the
cardinality of the generic fiber. We can take a generic line £ to be not any tangent line
to C at P and intersecting C \ {P} only at non-singular points. Then, Bézout’s theorem
again gives

> IpCnf=d-Ip(CNE)=d-mp(C) (2.2)

QeC\{P}In¢

And thanks to our choice of ¢, the left hand side of (2.2) gives the degree of 7tp ¢, even
though each of the intersection multiplicities is > 2 (actually > chark), for which reason
that same left hand side is not the cardinality of C \ {P} N ¢. The algebraic aspect behind
such behavior is that of inseparability of k(C)/kp({); separable extensions are almost
everywhere unramified, which translates to Io(C NPQ) =1 but for finitely many Q.

In particular, if C is smooth the possibilities given by (2.1) are

degC itP¢gC

. (2.3)
degC-1 ifPeC

[k(C) : kp(£)] = {

With respect to its algebraic properties, and that’s all that will concern us, the
extension k(C)/kp(£) does not depend on the line £ onto which the projection goes. We
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just saw, for instance, that its degree depends only upon P. That this is the case can be
seen by simply noting that for lines ¢ # ¢, not containing P it holds 7tp ¢, o tp¢, = Ttp,¢,.
This implies that the fields kp(£1) and kp(¢{2) are isomorphic subfields of k(C).

We may, thus, speak of the rational subfield kp of k(C), where kp can be “realized”
via mp, for the line ¢ suiting best our needs. Oftentimes 7tp , will also be denoted by mp
only. This, together with the fact that projectively equivalent curves have isomorphic
function fields, allows us to always consider, after a projective transformation, P = (1:0:0)
and ¢ given by X = 0. Before we take a better look at this particular projection, it is time
for a definition.

Definition 2. With P € P? and C a curve with degree at least two, the point P will be
called a Galois point with respect to C, or a Galois point for C, if the extension k(C)/kp
is a Galois extension. We may also say that P is inner or outer depending on whether
P € C or not.

Now, consider P = (1:0:0) and ¢ : X = 0. Take any point Qo = (x : ¥ : zo) € P?
distinct from P. The line PQ is given by zgY — 9Z = 0 (note that one of yq or zg is not
zero, for otherwise Qg = P). Its points are P and (¢ : yo : zo) for any ¢ € k. Therefore
ip,e(Q) = (0: yo : 20). Suppose zo # 0; moreover, and without loss of generality, suppose
zo = 1. We consider the affine chart Z # 0,and let y = Y/Z and x = X/Z. As y( “runs over”
k, the functions y — yo (coming from the lines Y — ypZ = 0) run over a set of uniformizing
parameters for all places of k(£), except for the place at infinity (cf. (STICHTENOTH,
2009, Theorem 1.2.2): k({) is rational). The function y — yo is taken, via n}’ o to the
same function, but now viewed as a function on the field k(C) (note that none of these
functions vanishes in k(C), otherwise C would have a line as a component and, thus,
would not be irreducible). The analysis for the pole of y is similar. Therefore, if C is
given by the affine equation f(x,y) =0, where x and y generate k(C)/k, we see that the
extension k(C)/kp is given by

k(x,y)/k(y), with f(x,y)=0

Remark 1. If chark # 2 and if C has degree exactly two, then any point P € P? is a Galois
point for C. The reason for it is that k(C)/kp will always have degree one or two, hence
will always be Galois because chark # 2. For the same reason, if C is a cubic curve then

any point P € C is a (an inner) Galois point for C.

As was noted when we were considering the degree of np ¢, if C is strange and
the center of the projection coincides with the common point of all tangent lines to
non-singular points, then k(C)/kp is not a separable field extension, and hence, under
such circumstances P will never be a Galois point for C. In order to avoid any doubts

on its truthfulness, what was just asserted will now be proved; but before, notice the
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following: we say “the common point of all tangent lines” because it is indeed unique
(cf. (HIRSCHFELD; KORCHMAROS; TORRES, 2013, Theorem 1.28)). After a projective
transformation, we may suppose P = (1:0:0); let also F = 0 be the (irreducible) equation
of C. The conditions on C and P imply that the polar curve of P with respect to C
vanishes. But this amounts to Fx = 0, which, for its turn, leads us to conclude that F may
be written as (p = chark):

F(X,Y,Z) = Hg(Y, Z) + Ha_p(Y, Z)XP + ...+ Hy_,p(Y,Z) X"

where H;(Y,Z) is homogeneous, on Y and Z only, of degree j. The field extension

k(C)/kp is, therefore, given by k(x, y)/k(y) with x a root of
E(T,y,1)=Ha(y, 1)+ Ha—p(y, VTP +...+ Hy—r,(y, DT"? € k(y)[T]

which is not a separable polynomial, and we are finished. It must be kept in mind that
strange curves are all singular, except for conics in characteristic 2 (cf. (BAYER; HEFEZ,
1991) and references therein).

Quite often the condition deg C > 4 will be required. Although there is another
good reason for such a requirement (cf. the beginning of section 2.3), Remark 1 is enough
for a justification as to why not bother with conics and cubics (at least with inner points

in cubics).

The following, despite being obvious, will prove to be useful enough to be stated

on its own.

Proposition 1. The property of being a Galois point is invariant under projective
transformations, i.e., if P is a Galois point for a curve C and T is a projective transformation,
then T(P) is a Galois point for T(C).

It is time for us to consider an example.

Example 1. Let k = C and C be the curve given by X1+Yd4+79=0, for any d >3, i.e.,
the Fermat curve of degree d. Then (1:0:0) is an outer Galois point for C. Indeed,
the corresponding extension is k(x, y)/k(y) with x¥ + y¢ +1 =0, and this is a Kummer
extension (recall that C contains all roots of 1): the polynomial T¢ + y¢ +1 is irreducible
in k(y)[T] once y¥ +1 # u™ for any u € k(y) and any divisor n > 1 of d (y?+1 splits into
d distinct linear factors in k[y]). By considering the permutations of {X, Y, Z}, which are
all projective transformations fixing C, we see that Proposition 1 implies that the points
(0:1:0)and (0:0:1) are also outer Galois points for C.

The discussion following the next few lines comes from (MIURA; YOSHIHARA,
2000). Let K/k be an algebraic function field in one variable and denote by Rat(K) the
set of subfields of K that are rational. Any subfield of a rational function field, for which
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the corresponding extension is finite, is itself rational; this is known as Liiroth’s theorem
(cf. (STICHTENOTH, 2009, Proposition 3.5.9)) In view of it, we denote by MRat(K) the
set of those fields L in Rat(K) such that the extension K/L does not contain any proper
intermediate field F € Rat(K), i.e., MRat(K) consist of those fields in Rat(K) which are

maximal with respect to inclusion.

Definition 3. The number
gon(K) =min{[K: L] | L € MRat(K)}

is called the gonality of the function field K.

If chark = 0 and K = k(C) is the function field of a smooth plane curve C of
degree at least 2, we have that gon (k(C)) = deg C — 1. Moreover, any rational subfield
L € MRat(k(C)) is “realized” as kp for some P € C (see, for example, (NAMBA, 1984,
Theorem 5.3.17)). As a consequence the task of describing (inner) Galois points for a
smooth curve is equivalent to detecting all the Galois coverings C — P! having minimal
degrees (cf. (FUKASAWA; MIURA, 2014, p. 62)).

2.2 The Galois group of a Galois point and its action

Definition 4. If P is a Galois point for a curve C, the Galois group of the extension
k(C)/kp will be denoted by Gp.

Recall that 7}, : kp(€) — kp C k(C) is an isomorphism of fields. Consider the
following subgroup:

Auty: (k(C)) = {0 € Aut(k(C)) | 070 = 70} (2.4)

It is clear that Gp = Auty: (k(C)). Let us denote by 7 : C — C the non-singular model
of C and by 7tp the composition 7tp o 7. Under the identification Aut(k(C)) = Aut(C),
the subgroup of Aut(k(C)) defined in (2.4) corresponds to the following subgroup of
Aut(C) (cf. (HOMMA, 2006, Definition 2.2)):

Autz,(€) € (6 € Aut(C) | 7po = 7tp} (2.5)

so that Gp =~ Autﬁ,,(é )- Note that, in case P € C, the condition 7tpo = 7tp implies that o is
a bijection on the set C\ n~Y(P), because 7p is not defined on P (i.e. 7tp is not defined on
771(P)). Let Csmootn C C be the open set of all non-singular points of C. Given ¢ € Aut(C),
we can define a morphism o¢ : Csmeoth — C as follows

0c(Q) ¥ #(a(771(Q))) (2.6)
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where 7171(Q) is the unique point of C corresponding to Q € Cgmooth. With this in mind,
let us see how an element of Gp acts on the points of Csmeoth; take o € Autﬁp(é) and
Q € Csmooth such that Q # P. The condition in (2.5), together with (2.6), gives (recall that,
once 0 € Gp, o(7A"1(Q)) ¢ =~1(P))

np(oc(Q)) = mp(Q) (2.7)

The above (2.7) tells us that Q and o¢c(Q) lie on the same line through P. To put in
another way: oc permutes the points of {p N C\ {P} for each line {p containing P.

We will be mainly concerned with linear automorphismes, i.e., those that come
from projective transformations and are represented, as usual, by the elements of the
matrix group PGL(3, k). This turns out to be the case, for instance, for the automorphisms
of non-singular curves of degree at least four. Indeed, if C is smooth and has degree at
least four, then every automorphism of C comes from a unique projective transformation,
a result to be found in (CHANG, 1978). For singular curves, we will study those points
P for which the maps oc, where o runs over the elements of Gp, come from projective
transformations, i.e., can be extended to some projective transformation, for which
reason they will be called extendable Galois points. The reason for such concern is that
any linear automorphism acts also on the tangent lines of C, whereupon geometric
constraints will emerge; and in case Gp consists entirely of linear automorphisms, even
more can be said.

Lemma 1. Suppose P is a Galois point with respect to a curve C. Let 0 € Gp be such that
oc is the restriction of a projective transformation (which will be denoted by o also)
and C 3 Q(# P); denote by ¢ the line PQ. Then Io(CN &) =150 (CNE). In particular, if
¢ is (the) tangent (resp. transversal) at Q it will also be (the) tangent (resp. transversal)

at oc(Q).

Proof. We denote oc by o only, and maintain this notation from now on. It is sufficient

to prove that o fixes every line through P, for if this is the case then
Io(CNE) =I;0)(CNa(f)) =10)(CNYL),

where the first equality holds by the linearity of 0. We now proceed to this proof.

As P is a Galois point for C, P is not the common point of all tangent lines
to C (cf. the discussion on page 17), and therefore there is only a finite number of
non-singular points of C \ {P} whose tangent lines pass through P (cf. (HIRSCHFELD;
KORCHMA4ROS; TORRES, 2013, Theorem 1.26)); and since C has infinite non-singular
points, there is an infinite number of points Q such that PQ intersects C at Q transversally.
If the multiplicity of P is < d —1, Bézout’s theorem implies that there will, then, be
infinite lines ¢ through P such that £NC\ {P} consists of at least two points. By what
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we saw a few lines above, that ¢ permutes the elements of £NC \ {P}, we conclude that
o fixes an infinite number of lines passing through P: if £ is one of the preceding lines
and Q # Q" € {NC\ {P}, then

t=QQ =0(Q)o(Q)=0(l)

This, for its turn, leads to ¢ fixing all lines through P. Now, if the multiplicity of P

is d — 1, the same conclusion holds: there will be infinite lines ¢ through P such that
{NC\{P} consists of a single point, which will be fixed by ¢. But P will also be fixed
by o: for otherwise, o being linear, o(P) would be another point of C with multiplicity
d —1; but for any curve there is at most one such point. Hence we have, again, that o
fixes an infinite number of lines passing through P, which assures every line through P
is fixed. Note that in this last case, 0 will be the identity once it fixes four points such
that no three of them are collinear. In fact, |Gp| =d—-mp=d—(d—-1) =1 (cf. (2.1)).

O

If 0 € Gp is not linear, a weaker version of Lemma 1 still holds. It goes as follows.

Lemma 2. Let C and P be as in Lemma 1. If Q1 and Q; € C\ {P} are non-singular points
of C lying on the same line £ through P, i.e., with 7p(Q1) = tp(Q2), then

Io,(CNE)=1n,(CNYE) (2.8)

Proof. Let 7 : C — C be the non-singular model of C and denote by 7#p the composition
nip o 71, as before. For Q € C\ {P} and ¢ def nip(Q), Gp acts transitively on the set
ﬁ;l (9)={0Q1,...,Qs},because k(C) = k(C)/kp is a Galois extension (cf. (STICHTENOTH,
2009, Theorem 3.7.1)). Moreover, the ramification indices ¢(Q;) are all the same (cf.
(STICHTENOTH, 2009, Corollary 3.7.2)), and we denote it by e(g) only, so that it holds
s-e(q) = deg tp. When Q is non-singular, #~1(Q) = {Q} consists of a single linear branch,
and the ramification index e(7tp(Q)) will be just Io(C NPQ), for the line PQ gives a
uniformizing parameter (on the line we are projecting C, i.e., on the image of tp) at g.

But this is exactly what (2.8) says.

O

Remark 2. With C and P still satisfying the above conditions, a generic line ¢ through P
will be such that C N € consists entirely of non-singular points, and ¢ will intersect them
all transversally, if C is not strange. Another thing that must be pointed out is that it is
useful to think of Lemma 2 as a means of testing the possibility of P to be a Galois point.
Indeed, suppose there is a line ¢ through P such that there are two non-singular points
Q1 and Q2 € {NC\ {P} such that Io,(CN¥¢) # Io,(C N ), which is the case, for example,
if £ intersects transversally one of them and is tangent at the other. Then Lemma 2
implies that P is not a Galois point for C.
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Back to the scenario of Lemma 1, the projective transformation corresponding to
o can be easily characterized, as we are now going to check. Without loss of generality,
we may suppose P = (1:0:0) is the Galois point for C. Take 0 € Gp such that the
corresponding automorphism of C is the restriction of a projective transformation
represented by the following matrix

a1 ap a3
As=| ax axn ax

as1 aszp ass

The projective transformation A, above leaves invariant every line through P (cf. the
proof of Lemma 1). These lines are all given by an equation like aY +Z = 0, for some
pair (a,p) # (0,0). That A, leaves each of these lines invariant is equivalent to the

following equations

aadn1 + ﬁ[131 =0

aax+paxp =sa  forsome s # 0 and every (a, ) # (0,0)

adns + ﬁa33 = Sﬁ
Taking a =1 and g =0, for instance, we conclude that a1 = 0 = a3. Note that this
choice of @ and f corresponds to the line Y = 0. Swapping the previous values, we

obtain a3; = 0 = az,. Finally, for & =1 = §, ax = a33, which we may consider to be 1, for
As € PGL(3, k). Below we sum all this up.

Lemma 3. Under the same hypothesis of Lemma 1, if A, € PGL(3,k) is a projective
transformation extending o € Gp, where P = (1:0:0), then

Ay =

S O X
S =

c
0
1

Moreover, all powers of ¢ have extensions to projective transformations too, and it is
easy to see that A;» = Al. Once Gp has finite order, o has equally so, say k, and the last
equality implies that @ must be a k-th root of 1.

To Lemma 3 is attributable the title of “cornerstone of this work”: it is the crucial
result used to determine the structure of Gp and the equation of C (under projective
equivalence) in the case of an extendable Galois point P (cf. Theorem 3). Almost all else

will make use of such information.

Remark 3. Any projective transformation of the plane is fully determined (for all
p # 2) according to its invariant figure; for an account of such classification, we refer to
(MITCHELL, 1911). There are five types of invariant figures, and we will assign to any

transformation the same type of the figure it leaves invariant. Amid these five, only
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two, which correspond to types IV and V in (MITCHELL, 1911, § 2), contain every line
through a point, i.e., they fix every line through a point P and, additionally, those of
type IV fix all points on a line not passing through P, while those of type V fix all points
on a line passing through P.

Within this context, what we did in the proof of Lemma 1 was to show that
if 0 € Gp can be extended to a projective transformation, then this will be of type IV
or of type V. But those of type V do not have finite order if chark = 0. Moreover, if
chark = p > 0 (and we may not worry about p # 2 for this restriction applies only to
the transformations of type III), then all transformations of type V have order p. These
transformations are explicitly given, in terms of their matrices (and upon conjugation by

a suitable matrix; notice that conjugated transformations leave the same figure invariant),

as
a 00 111

Agrv=] 0 1 0 and Ay=| 01 0

0 01 0 01

where a # 0. With the above representation, it is clear that A, ;v fixes every line through
P =(1:0:0) and every point in the line X = 0, which does not contain P; moreover, it
will have finite order if, and only if, a is a root of 1. As for Ay, it again fixes every line
through P = (1:0:0), but as opposed to the former, it now fixes every point in the line
Y +Z =0, which does contain P. Compare with Lemma 3.

We finish this section by stating two results concerning unusual behavior exhibited
exclusively by (some) strange curves. In (FUKASAWA; HASEGAWA, 2010) the following

characterization is shown.

Theorem 1. Let C be a curve of degree > 4 and denote by A the set of all inner Galois
points for C. Then A is a non-empty (Zariski) open set of C if, and only if, chark =p >0
and C is projectively equivalent to the curve given by ZX7™1 — Y7 =0, for a power g of p.

The curve Cs given by ZX97!1 — Y1 =0 as in Theorem 1 above, is a strange curve.
The point Q = (0:1:0) is the common point of all tangent lines at non-singular points.

It is also a rational curve: its only singular point P = (0: 0: 1) has multiplicity a unit less
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than its degree. We indicate, and the reader is invited to take a look at (FUKASAWA;
HASEGAWA, 2010) for the proofs, that

¢ every point of Cs is an inner Galois point for it (note that projection from P, the
only singular point, yields a birational morphism between Cs and a line), whose
Galois group is cyclic and

* every point in the line Z = 0 different from P and Q is an outer Galois point, whose
Galois group is elementary abelian of exponent p. Also

* the condition “A is a non-empty open set of C” in Theorem 1 may be weakened to
“A is an infinite set of C”.

Let us denote by A’ the set of outer Galois points for a curve C. The other work
following the same lines as before, (FUKASAWA, 2011), states, among other things,
what follows.

Theorem 2. Within the scenario set up in Theorem 1, A’ is an infinite set if, and only if, C
is a rational strange curve such that there is a line containing infinite outer Galois points
and passing through the common point of all tangent lines at non-singular points.

The characterizations given by Theorem 1 and Theorem 2 fully answer the
question of which curves admit infinite Galois points: they are all strange and rational.
For chark = 0 and non-singular curves, the quantity of Galois points is not only finite
but bounded by 4 (for inner Galois points) and by 3 (for outer Galois points). For positive
characteristic, and still restricting ourselves to non-singular curves, the quantity will
always be finite too, and a similar boundedness will hold for “almost all” curves.

2.3 Extendable Galois points

In the case of a smooth curve C of degree d > 4, any automorphism of C is the
restriction of some projective transformation of P? (cf. (CHANG, 1978) and (ARBARELLO
et al., 2010, Appendix A, 17 and 18)). For an arbitrary irreducible curve C we have the
following definition, which was first considered in (YOSHIHARA, 2009).

Definition 5. Let C be a curve of degree d > 3 and let P € P? be a Galois point with
respect to C, with Galois group Gp. We will call the point P an extendable Galois point
if for any o € Gp, the corresponding morphism o¢ (cf. (2.6)) of C extends to a projective
transformation of P2.

Remark 4. 1. As was noted in the beginning of this section, for a smooth curve of
degree d > 4 any Galois point is extendable.



2.3. Extendable Galois points 25

2. It is also obvious that for d = 2 any automorphism is linear, once the curve is
rational in this case. That is why we considered only 4 > 3 in Definition 5.

3. If Cisacurve of degree d > 2 and ¢ : C — C is an automorphism that extends to
some projective transformation Ty, then this projective transformation is unique.
Indeed let T and T> be two projective transformations extending ¢. Then T1T; 1
extends ¢p¢ ! = idc. But then, as idc fixes a set of four distinct points of C such
that no three of them are collinear, T T; 1=1d,ie., T1 = Ty.

Our next result unifies, but in no way generalizes, a handful of results appearing
throughout distinct works; among them we cite (YOSHIHARA, 2001, Theorems 4, 4" and
Propositions 5, 5"), (FUKASAWA, 2007, Theorem 2) and (YOSHIHARA, 2009, Lemma 1
and Proposition 1). If the curve C admits an extendable Galois point P, then its equation

and corresponding Galois group are characterized by the following

Theorem 3. Let C be a curve of degree d > 3 in characteristic p > 0. Suppose P is an
extendable Galois point for C with multiplicity m and Galois group Gp. Then it holds
what comes below.

1.If p=0orp>0and p1(d-m), then Gp is cyclic. Moreover, C is projectively
equivalent to the curve given by G, (Y, Z)X9 ™M + G4(Y, Z) =0, where G,,(Y, Z) and
G4(Y, Z) are homogeneous polynomials of degree m and d, respectively, P = (1:0:0)
and a generator for Gp is given by the matrix diag(C4—_,1,1). Conversely, if C is
given by an irreducible equation like the previous one, then (1:0:0) is an m-fold
extendable Galois point for C whose Galois group is cyclic and generated by
diag(Cg—m,1,1).

2. If p>0and p | (d—m), then, writing d —m = p°l where p 1 I, Gp is isomorphic
to (&°Z/pZ)~Z/IZ. Moreover, | | (p® —1) and C is projectively equivalent to the
curve given by G,,(Y, Z) f(X,Y, Z)' + G4(Y, Z) = 0, where G,,(Y,Z) and G,(Y, Z) are
homogeneous polynomials of degree m and d respectively, and f(T,y,1) € k[y][T]
is an additive separable polynomial of degree p® whose roots are linear polynomials
in y with coefficients in some finite extension of IF,, and P = (1:0: 0). Conversely,
if C is given by an irreducible equation like the previous one, with [ | (p¢ —1),
then (1:0:0) is an m-fold extendable Galois point for C whose Galois group is
(isomorphic to) (®°Z/pZ)=<Z]IZ.

Proof. After a projective transformation, we may suppose that P = (1:0:0). The projection
nip has degree d —m, so that the order of Gp is, by assumption, d —m. Take o € Gp.
Once P is extendable, let A, = (a;;) € PGL(3, k) be a matrix representing the projectivity
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associated to o (it is unique, cf. item 3 of Remark 4). By Lemma 3, we have that

a1 412 a3
As=l 0 1 0 (2.9)
0 0 1

Lemma 3 also tells us that a1; is a k-th root of 1, for some k | (d —m), by Lagrange’s

theorem. Consider the following map

¢:{GP - K (2.10)

It is well defined since the association o — A, is injective and we have fixed a> =1 = a33,
so that the 211 appearing in (2.9) is uniquely determined by o. It is obvious that ¢ is a
group homomorphism (¢ is simply the determinant of A;).

If chark = 0, then ¢ is injective. Indeed, if 211 = 1, then

1 S-d1p S-A413
As=l0 1 0
0 O 1

and once the order of ¢ divides d —m, the same holds all the more so for A,, so that
(d=m)-a1p =0=(d—m)-ai3, which is possible, once chark =0, if and only if 210 =0 = a13,
i.e., if and only if A, is the identity matrix. This same reasoning applies if chark = p > 0,
provided that p 1 (d —m). In both cases the group Gp is cyclic, for it is isomorphic to a
finite subgroup of the multiplicative group of the field k. A generator for Gp is 0 € Gp
such that a11 = C4_p, is a primitive (d — m)-th root of unity. We note that in this case
A, is diagonalizable '. Moreover, there exists a matrix Q that fixes P = (1:0:0) and

diagonalizes A,: just take

1 —a1/(Cg—m—1) —a13/(Cig—m—1)
Q=0 1 0
0 0 1

So, in item 1 we can suppose not only that the Galois point P is (1:0:0), but that a
generator for Gp is given by the following matrix (recall that the elements of Aut(C) and
those of Aut(Q(C)) are conjugated, by Q, of one another):

Ci-m 0 0
Q'A,0=[ 0o 10
0 01

1 Recall that if Ay, ..., Ak are the distinct eigenvalues of a matrix A, then A is diagonalizable if,

and only if, the matrix (A — A;id)... (A — Axid) is the zero matrix.
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Hence, to the projection ntp there corresponds a Kummer extension k(x, y)/k(y),
whose Galois group is generated by the automorphism o(x) = ;_, x. Therefore, x4~ =
f(y)/g(y), with f and g polynomials in y without common factors, and the curve has
(affine) equation

X" - f(Y)=0 (2.11)

Indeed, the function g(y)x?~™ — f(y) is regular and vanishes everywhere on C. Therefore
F(X,Y) divides g(Y)X“9™ — f(Y), where F(X,Y) = 0 is the (irreducible) equation of C.
But g(Y)Xd‘m — f(Y) is itself irreducible, otherwise k(x, v)/k(y) would have degree less
than d —m. Hence (2.11) is the equation of C. Note that, since C has degree d, ¢(Y) has
degree < m, f(Y) has degree < d and at least one of the previous bounds is attained
(otherwise the curve would not be irreducible: it would contain the line Z = 0). As the

converse is just a matter of routine algebraic verifications, we are done proving item 1.

Back to the homomorphism in (2.10), if chark = p > 0 and p | (d — m), then ¢ may,
and it most certainly will, have nontrivial kernel. We notice that any matrix belonging to
Ker(1p) satisfies a11 =1, i.e., it has the following form:

S O =
S =
- o <

The set of all matrices having the above form constitute an abelian subgroup of
PGL(3, k), and they all have order p = chark. By the fundamental theorem on finitely
generated abelian groups we have that Ker(i) ~ @°Z/pZ, for some ¢’ < e (recall that
|Gp| =d —m = p°l, with p 1 1). For 0 € Gp, we have that Pl =1, hence AZel =1, which
implies that aﬁl =1, and finally that ail =1. So, for any ¢ € Gp, we have that ol e Ker().
This implies that Ker(¢) is nontrivial, for otherwise all elements in Gp would have order
[ or a divisor of I, which is in contradiction with Cauchy’s theorem: p | |Gp| implies that

there is an element whose order is p.

We also know that Im(¢y’) ~ Gp/Ker(¢) is cyclic because it is a finite subgroup of
k*. Therefore, there are at most [ elements in the quotient group Gp/Ker(y) =~ Im(y)).
Denote by !’ the order of Im(1). We have that p¢l = |Gp| = |[Ker(y)||Im(y)| = p¢'I" < p©1,
so that ¢’ > ¢, and therefore ¢’ = e. It then follows that [ = I’. Take o € Gp such that the
powers of o form a set of representatives for the cosets of Ker(¢’) in Gp. We then have
that o' ¢ Ker(y)) fori =1,...,1—1 and o' € Ker(y). Consider the homomorphism

S — o

{Z/ZZ ~ Gp
L: _

The quotient homomorphism (which is induced by 1) g : Gp — Z/IZ is simply given by
¢ +— s, where s the unique positive integer < I —1 such that ¢ € 0°Ker(¢). It is clear that
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g ot = id. Therefore the following exact sequence splits
15 &°Z/pZ — Gp - Z/1Z — 1
and we can finally conclude that

sz(é}% >

i=1

Z

1z

If I # 1, we may proceed as we did in item 1 and suppose, without loss of

generality, that a generator 7 for C; Lf Z[1Z < Gp is given by the following matrix

¢ 00
D.=| 0 10 (2.12)
0 01

where (; is a primitive [-th root of unity. Indeed, a generator for C; is given by a matrix

of the following form:

G a¢ by
A:=1 0 1 0
0O 0 1

which is diagonalizable (cf. the footnote at page 26). As before, the projective transfor-
mation given by

1 —a./(G—=1) =b/(C—1)

T:=| 0 1 0 (2.13)

0 0 1
fixes the Galois point P = (1:0:0) and diagonalizes A.. Moreover, once T is a matrix of
the same form as those in Ker(1), and all the matrices of this particular form commute
with one another, it follows conjugation by T'; leaves the matrices in Ker(¢’) unchanged.

The extension associated to mp is thus k(x, y)/k(y), with Galois group as above.
Notice that if | > 2, then Gp is not abelian. The subgroup Ker(y) has the following
IF,-vector space structure (cf. page 85): addition is given by matrix multiplication, and
scalar multiplication is given by multiplication of the off diagonal elements by the given
scalar, which is the same as exponentiating the matrix by the given scalar. We have
that dimp,Ker(y) = e. But we can actually define an F,((;)-vector space structure in it.
Indeed, taking D. a generator for Z/IZ as before (cf. (2.12)) and A, € Ker(), we have
that

1 Ca b
DAD;'=l0 1 0
0 0 1

which belongs to Ker(1)). So that after defining addition and multiplication by a scalar
f(C1) € Fp(Cy) as before, Ker(y) is endowed with an F,((;)-vector space structure. Let
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) et [F,(C1) : Fp], which coincides with the order of p in the group (Z/IZ)* (recall that

a finite extension of finite fields is always cyclic with Galois group generated by the

Frobenius automorphism). Let also s def dim]pp(C,)Ker(lp). We have that

p® = [Ker()] = [Eo(C)I° = (B, |1 = p*

or, in other words, A divides e. But once A is the order of p in (Z/IZ)*, we have that
pt =1 mod [, so that p® =1 mod ! too. Equivalently: [ | (p® —1). If I | (p® —1) it is obvious
that A divides e.

Consider now the normal subgroup Cj &f ®°(Z/pZ) < Gp, that is, Ker(1)). By the

fundamental theorem of Galois theory, the extension k(x, y)Cf’ /k(y) is a Galois extension
with Galois group (isomorphic to) Gp/Cj, = C;.

k(x,y)
C

)

k(x,y

C

k(y)

Let us give an explicit description of the field k(x, y)“?: the fixed field by Cp. We

will denote a matrix
1 a b

010 |€C,

001
and the associated automorphism of k(C) = k(x,y) by o0, 4. Its action is given by
0a,b(x) = x+ay+b. As was noted before, Cy, is an e-dimensional [F,-vector space. Choose
a basis dg, by, - -, 0a, b,- Then, any element in C}, is uniquely written as

o He
= (@) e}
oﬂ,b Gallbl e Gdﬁ/be

for some (u1,..., ) € PZ. Remember that the 0, s all commute, so the order of the
above composition is irrelevant. We can then write

n Ua,b(x) = 1_[ (0511,171 O...O(js:,be)(x)

04,5€C} (U1, phe)€ES°F,

for the norm of x relative to the extension k(x, y)/k(x, y)Cf’. But

e
(0511,171 0...0 Gg:,be)(x) =x+ Z uiaiy +b;)
i=1
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so that .
flx,y)= 1—[ (x+Z/Ji(ﬂiy+bi))

(U1, sie)€EBCTFy i=1
is the norm of x. Note that f(T,y) € k(y)[T] is an additive separable polynomial
of degree p° such that its roots are all linear polynomials in y with coefficients in
some finite extension of F,. This also gives us the description we were looking for:
k(x, y)Cf’ =k(f(x,v),y). The automorphisms from the quotient group Gp/ Cy, act by
taking x to Cfx. Hence the norm of f(x,y) relative to the extension k(x, y)C;; [k(y) is
simply

-1
faen =] ]z
i=0

Note that the element f(x, y) is now fixed by all of Gp: it is the norm of x relative to the
extension k(x, y)/k(y). We can simplify the above expression. As we already saw, there is
an F,((;)-vector space structure in C ;. In particular, the association o, j, — Cfaa,b = 0ia,Cib
is an F,(C;)-automorphism of Cj, forall 1 <i </-1. Hence

F(C)x,y) = l_[ (C{x+2ui(aiy+bi))

(U1, lhe) €S i=1

=0 ] (x+Zui(c;faiy+c;fbi))

(U1, s ie)€B°FFy i=1

=/ Vg ] (x+Zui(aiy+bi))

(U1, lte)EBCF i=1
=0 f(x,y)

for all 1 < j <1-1. Therefore f(x,y) = (Hé;(l) C;)f(x,y)l = (—1)1‘1f(x,y)l. Note that,
once k(x,y)cg /k(y) is a degree I cyclic extension, with / and chark coprime, it is a
Kummer extension. Being so, there exists an element ¥ € k(f(x,y), y) \ k(y) such that
k(f(x,y),y)=k(%,y) and ile k(y). We just found such an ¥: f(x, y) itself! This gives
us a description for both the original curve C and for the quotient curve C/Cj. Let’s
see. Once f(x,y)' € k(y), write f(x,y)! = a(y)/B(y) with a(y) and B(y) € k[y] without

common factors. Then C has (affine) equation

BOFX,Y) —a(Y)=0 (2.14)
The reason is the same as before: the function (y) f(x, y)! — a(y) vanishes everywhere
on C and is irreducible once f(T,y)' —a(y)/B(y) is the minimal polynomial of x in k(y).

We point out that, as in item 1, a(y), resp. f(y), has degree < d, resp. < m, and
either a(y) has degree d or f(y) has degree m. The quotient curve C/C¢, for its turn,

has affine equation
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ﬂ(y)xl +a(y)=0

Conversely, if C is given by the (2.14) above, with d —m =p®l and I | (p° - 1),
where B(y), a(y) and f(T, y) are as before, it is again a matter of (somehow cumbersome)
verification to see that the extension k(x, y)/k(y) is Galois whose automorphisms are, as
before, linear, hence the point (1:0: 0) is an m-fold extendable Galois point.

O

We state the result just proved for the curve corresponding to the intermediate
field k(x, y)cf’ more explicitly.

Proposition 2. For a curve C as in item 2 of Theorem 3, the quotient curve C/Cj,, where
Cy, ~ @°Z/pZis the “kernel” of Gp, is projectively equivalent to the curve given by the
following affine equation

gm(y)x' +g4(y) =0
where g,,(y) = Gi(y,1) and g4(y) = Ga(y,1).

Remark 5. We draw the reader’s attention to the following observations regarding
Theorem 3.

1. As we saw, for smooth curves of degree d > 4 any Galois point is extendable, so
we can use Theorem 3 to decide whether C has Galois points if we also know
its automorphism group. More specifically, and restricting ourselves to p = 0, if
we know that Aut(C) does not have any cyclic subgroup of order d (resp. d —1),
then C cannot have any outer Galois point (resp. any inner Galois point). For
example, for any three distinct elements «, f and y € k the following quartic curve
in characteristic 0

X+ Y + Z+ aXPY? 4+ BXPZE+ Y222 =0

is non-singular and has the Klein four-group as its automorphism group (cf.
section 2.5). Hence it does not have any Galois points at all.

2. Initem 2, the divisibility condition [ | (p° —1) can also be used to decide whether
C has an m-fold extendable Galois point: if d —m = p°l withp fland [ 1 (p° - 1),
then there cannot exist an m-fold extendable Galois point for C. For instance, if
C is a degree 15 curve in characteristic 3, then, once 51 (3—1), C does not have
any extendable outer Galois point. More generally, if d —m = p -l with [ > p, then
no curve of degree d has a Galois point of multiplicity m. Nevertheless, for every
pair (e,]) € Zy9XZ1 such that p t [ and I | (p© — 1) there exist non-singular plane
curves C and C’ such that C has degree p°/ +1 and an inner Galois point and C’
has degree p°l and an outer Galois point (cf. (FUKASAWA, 2007, Example 1)).
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3. It is necessary, but not sufficient, that the polynomials G,,(Y,Z) and G4(Y, Z) be

coprime in order for the curves in Theorem 3 to be irreducible. As an example,
if we take Go(Y,Z) = Z? and Gy(Y,Z) = (Y + Z)?, then the following curve in
characteristic 3

ZAHX7-X(Y+ 2 +(Y+2)* =0

has equation like the one in item 2, and satisfies the divisibility condition /|(p® —1)
(which, in this case, reduces to 2|(3% —1)). But this curve is reducible (over Fy),
once it is a difference of two squares, even though G, and Gy¢ do not share any
common factor. Indeed, denoting by s a square root of 2 in [Fy, we have that

722X -X(Y+2)®)? +(Y+2)* =
(Z(XO-X(Y +2)8)2 - (s(Y +2)102 =
(Z(XO = X(Y +2)%) = s (Y + Z2)19) - (Z(X° = X(Y + 2)8) +5(Y + Z)19)

The reader is invited to take a look at (DEOLALIKAR, 2002) for an irreducibility
criterion that contemplates the case [ = 1.

. There are curves admitting non-extendable Galois points; any such curve will nec-

essarily be singular. The following example is due to Kei Miura (cf. (YOSHIHARA,
2001, Remark 1)). Let k = C and C, be the degree 21 +1 curve with the following

(affine) equation
Co:yx® +(y"  +Dx" +y(y*+1)" =0

This curve is singular (for example, the points (0 : +i : 1) are singular). The point
(1:0:0) € Cy, is non-singular, and we now show that it is a Galois point for it. The
corresponding field extension is (cf. the discussion after Definition 2 at page 17)
k(x,y)/k(y), where x is a root of

p(T) & yT2 4 (" + DT + y(y? +1)" € k(y)[T]

The polynomial p(T) is separable. Its irreducibility will be shown after a few
considerations (it does not follow directly from the irreducibility criterion a
la Eisenstein given in (STICHTENOTH, 2009, Proposition 3.1.15)). Let r; be
any of its roots. Then r, def (y?>+1)/r1 is also a root, and the set of all roots
of p(T) is {qurj |i=0,...,n—1and j =1,2}, {, being a primitive n-th root of 1
(Cn =exp(2mi/n), for instance). From these considerations we see that the extension
is normal (recall that k = C contains all roots of 1), and therefore Galois of degree
2n, provided that we show p(T) is irreducible. By what we just saw, it suffices
to show that p(T) does not have any root in k(y). Suppose, for us to obtain a
contradiction, that p(¢) = 0 for some ¢ € k(y). Then

Y2 + (" + )" = —y(y* +1)"
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Considering the values on both sides of the equation above at Py, the place
corresponding to the zero of y in k(y), we obtain the contradiction we were
seeking: for the value (at Pp) of the function on the right hand side is 1, while
the value of the function on the left hand side is # 1, no matter which ¢ € k(y)
is taken. Hence k(x, y)/k(y) is a degree 2n Galois extension. The corresponding
Galois group is the dihedral group of order 2n. To see this, note that the maps o
and ¢ € Gal(k(x, y)/k(y)) defined by

o(r1) ', and Y(r1) Cn

are such that

e o has order 2,
* 1) has order n and

e gpo=y! (by the definitions of 1, and of 1, Y(r2) = C,'r).

So that Gal(k(x, y)/k(y)) = {(o,1) = D2,, where the first equality follows from the
two groups, Gal(k(x, y)/k(y)) and (o, ¢), having the same order 2n.If P =(1:0:0)
was to be an extendable point, Gp = Gal(k(x, y)/k(y)) would be cyclic and, in
particular, abelian, which is not the case. The reader may already have noticed
that the “lack of extendability” comes from ¢, for ¢ can clearly be extended to a

projective transformation. A similar example, but with a non-extendable outer
point, is given in (YOSHIHARA, 2009, Example 1).

5. This was said while we were proving item 2 of Theorem 3, and we say it once
again not so much as to attach it to the reader’s mind, but as to reference it in the
future if necessary: for those curves within the scope of item 2, if I > 2 then Gp is

not an abelian group.

The corollary below is an easy direct consequence of Theorem 3; nonetheless it
gives a tremendous restriction on the geometry of a curve with an inner extendable
Galois point. We recall that a non-singular point P of a curve C is called a flex of C
if Ip(CNTpC) > 3; when this intersection multiplicity has the greatest possible value,
namely deg C, P will be called a total flex of C.

Corollary 1. If P is an inner extendable Galois point for C, then all tangent lines to C at
P intersect C only at P. In particular, if P is non-singular this amounts to P being a total
flex of C.

Proof. We may suppose, after a suitable projective transformation, that P = (1:0:0) and
C has equation
Gu(Y,2)X*"™ +H(X,Y,Z) =0
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where H(X, Y, Z) has degree > m when viewed as a polynomial in Y and Z. But then
the tangent lines to C at P are the factors of G,,(Y, Z). As the equation of C is either

Gu(Y, Z)X¥ ™+ Gy(Y,Z2)=0 or Gu(Y,Z)f(X,Y,Z) +G4(Y,Z)=0

and once G, and G, share no factor, the result follows. In fact, if Q = (xo : yo : z0) # P
(notice that this inequality implies that (1o, zo) # (0,0)) would be such that Q e CN ¢,
where ¢ is a factor of G,,, then G,, and G; would share the line £ = zpY — yoZ.

2.4 The intermediate extension

We study in more detail the intermediate extension that appears in the proof of
item 2 of Theorem 3, that is, the extension k(x, v)/k(x, y)Cf’ where C; is the elementary

abelian group of exponent p given by the matrices of the form

Ap) =

o O =
S = X
- o <&

where a and b € k belong to some finite extension of F,.

If (x: y: z) € C corresponds to a ramified place of k(C) relative to the extension
under consideration, then it is fixed by at least one non-trivial element of C;, say, A(a,b)-
But A, p takes the point (x: y : z) to (x +ay +bz : y : z); hence, (x : y : z) is fixed by
Aap) if, and only if, ay + bz = 0, i.e., if, and only if, the point (x : y : z) lies on the line
aY +bZ =0 (cf. Remark 3: A, p), being a transformation of type V, fixes all the points of
a line passing through (1:0:0), which is precisely aY + bZ = 0). In this way we see that
the ramified points of the extension all lie on the union of the lines aY + bZ =0, where
(a,b) runs over the elements of C;. But there are some redundant lines in the previous
union. Indeed, as we saw in the proof of Theorem 3, the group C; has an P,,(C 1)-vector
space structure and hence, if A, 1) € C;, then we also have A, ¢p) € Cf, for all C € F,(Cy);
and the lines corresponding to A(, ;) and A (¢, cp) are the same, namely aY +bZ = 0. So
if we take an F,((;)-basis of C;, say A, by)s - -+ 1 Aag,by), then all ramification points of
the extension lie in the union of ¢;, where ¢; : a;Y + b;Z = 0. There may still be some
redundant lines among the ¢;, but the “redundancy factor” won’t belong to F,((;).
Each of these lines contain the Galois point (1:0: 0), which is a (d —m)-fold point of C.
Therefore each line ¢; intercepts C in at most | m/2] points different from (1:0:0) and
we see that there will be at most | m/2]s ramification points.

There is nothing much to say about the a’s and b’s that appear as entries in the
matrices of Cy. In fact, we can construct a “valid” group C;, whose matrices are such that
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their entries belong to any finite extension F,nx of Fx =F,((;) (from now on we make
no distinction between F,« and F,((;)) as long as N > s/2 where s = ¢/k (remember
that s is the dimension of Cj, as an F«-vector space). Let us see how this can be done.
Take ay,...,an € Fy, such that they are linearly independent over Fpk. The 2N matrices
{Au,0li=1,...,N}YU{A@a) |i=1,...,N} are, therefore, linearly independent over
F,r. Once 2N > s, the space spanned (over F,+) by any s of them will give a valid group
C3.

We will now attempt to find an expression for the element f(x, y) that appears
in item 2 of Theorem 3, i.e., for the norm of x relative to the extension we are studying.
For this, we start by picking an F, basis of Cj,, consisting of A, p,), i =1,...,e. In order
to relieve a little bit the notation, we will denote the matrix A, 4 by (a,b). Remind that

flx,y)= 1_[ (x + ZE: uilaiy + bz’))

(yl,...,ye)eF;', i=1

Consider for a moment a basis element, say, (a1,b1). The above product will
contain the following “sub-product”

1_[ (x+v(my+b))= 1_[ (x+v(my+b))= xP1— (a1y + by)P~1
(0#v,0,...,0)€F;, veF;;

It then follows that f(x, y) consists entirely of factors like the above one. In fact, there
will be one such a factor for every 1-dimensional subspace of C¢, and once every vector

of C; lies in one and only one 1-dimensional subspace of C;,, we can write

N
feo,y)=x| [ =(Aiy+ By
i=1

where N = N(p,e) = (p°—1)/(p — 1) is the total number of 1-dimensional subspaces
of C; and {(A;,B;) € Cj | i=1,...,N} is a system of representatives for the classes
of 1-dimensional subspaces of Cf, (i.e., the points of P(C;), when Cfg is viewed as an
IF,-vector space). The factor x comes from the trivial subspace.

This reasoning can be applied using the F,«-vector space structure of C;,. It gives

N

feoy) =x| [ = (Ay+ B

i=1
where N = N(k,s) = (p** —1)/(p* —1) = (p® — 1)/ (p* — 1) is the total number of (non-trivial)
1-dimensional Ppk-subspaces of C; and the pairs (A,', B;) are, mutatis mutandis, as before.

If e = k (which happens, for instance, for (p, e, ) = (3,2,4)), then the above product
will consist of only one factor, say x” ~! + (Ay + B)P*~. Therefore the curve will have the
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following equation
Gm (Y, Z)(XP +(AY +BZ) 7 1X) + G4(Y)=0
which is projectively equivalent to

Gu(Y, Z)(XP +YP 1X) +Ga(Y) =0

The lines ¢; defined earlier in this section will come back again in section 3.2,
where they will play a non-negligible role.

2.5 Non-singular plane quartics

Exploring further the first item in the previous Remark 5, we can use the
classification of non-singular plane quartics in characteristic 0 by their automorphism
group to decide whether or not a given plane non-singular quartic C has Galois points:
if the automorphism group does not contain any cyclic subgroup of order 4 (resp. 3),
then C has no outer (resp. inner) Galois points. For such classification, we recommend
the reader to check (BARS, 2005) and (DOLGACHEYV, 2012).

The groups appearing as the automorphism group of a non-singular plane
quartic are listed below (cf. (BARS, 2005, p. 10)); but before showing the table, some
words concerning notation are necessary. The IdSmallGroup(G) pair corresponds to the
identification number of the group G in GAP’s Small Group Library. The group can then
be accessed in GAP by the fuction call SmallGroup (IdSmallGroup). More information
can be found in the embedded link here. The letters C, S, D and A appearing in the
second column are to be read as cyclic, symmetric, dihedral and alternating, respectively.
If its subindex is n, its order is n, n!, 2n and n!/2, with respect to the previous ordering.
The group PSL(3,2) is the projective special linear group of 3 by 3 matrices over F,. We
recall that GL(3,2) = PGL(3,2) = PSL(3,2) ~ PSL(2,7), where this last isomorphism is well
known. Finally, A® B is a central extension of B by A. In the case of C4©(Cy X C»), it also
has a Dg > C; structure. We will also give a description of C4®(C2 X Cz) and of C4© A4
as subgroups of PGL(3,C). (cf. (BARS, 2005, Theorem 29)). The group C4©(C2 X Cy) is
isomorphic to the subgroup of PGL(3,C) generated by

-1 00 i 0 0 0 -1 0
0 1 0, 0 -1 0 and 1 0 0
0 01 0 0 1 0 0 1

and the group C4® A4 is isomorphic to the subgroup of PGL(3,C) generated by
Loy B30 Lo 2 0
Foo ¥ 0| and | 202G 0
0 0 o o0 &


https://www.gap-system.org/Manuals/pkg/SmallGrp/doc/chap1.html
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where C, = exp(2ni/n). And now the table can be made sense of.

|G| Structure of G IdSmallGroup(G)

2 Cy 2,1]
3 Cs [3,1]
4 Cox(Cy [4:, 2]
6 Cs 6,2]
6 Ss3 [6,1]
8 Dy [8,3]
9 Co [9,1]
16 C,0(CaxCo) [16,13]
24 S [24,12]
48 C10Ay [48,33]
96 (CsxCy)=S; [96, 64]
168 PSL(3,2) [168,42]

Table 1 — Automorphism groups of non-singular plane quartics

It is also possible to characterize the equations of the curves for each of the
groups above. Such information, which will be implicitly used in the sequence, is to be
found in (BARS, 2005, Theorem 16) and (DOLGACHEYV, 2012, Theorem 6.5.2).

In what follows, we analyze whether or not a plane non-singular quartic whose
automorphism group is G has or has not Galois points, for each and every one of
the groups above. We must check, at first, if G has cyclic subgroups of order 3 (for
the existence of inner points) or 4 (for the existence of outer points). This condition is
necessary for the existence of Galois points, but not sufficient, as it happens to happen
for some cases (for example that of S3). The following lemma guarantees that to each

cyclic subgroup there is at most one Galois point associated to it.

Lemma 4. Let P; # P, be two distinct extendable Galois points with respect to the curve
C. Then Gp1 N sz =1.

Proof. Suppose ¢ € Gp, N Gp,. Then o(¢;) = {; for every line ¢; passing through P; (cf.
the proof of Lemma 1). Taking ¢; # P1P, we have that {1 # {», and therefore {1N > = Q

consists of a unique point. Applying o we obtain
o(Q)=a(tintz)=o(t1)No(l2) =Nt =Q

In other words: ¢ fixes every point not in P1P,. As it is a projective transformation, o is
the identity.
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One last thing for which we draw the reader’s attention is that we will make use

of a few results to be proved in Chapter 3. More specifically, we will use propositions 4
through 7.

Co:

Cs

CorxCy
Ce

These curves do not have any Galois point at all;

These curves do not have outer Galois points and can have at most one inner
Galois point (cf. Lemma 4). Indeed, they have exactly one inner Galois point: their
equation is like the one from item 1 in Theorem 3 (cf. (BARS, 2005)).

These curves, as was noted in Remark 5, do not have any Galois points.

Once C¢ has exactly one subgroup of order 3 and no subgroup of order 4, these
curves do not have any outer Galois point and can have at most one inner Galois
point. Indeed, they have exactly one inner Galois point, as one may check in item 1,

Theorem 3 (and, of course (BARS, 2005), where its equation is given).

the group S3 has no cyclic subgroup of order 4, hence it cannot have any outer
Galois point. On the other hand, it has just one cyclic subgroup of order 3. From
this and from Lemma 4, we can infer that the curves in this family can have at
most one inner Galois point. It turns out that the curves in this family have no
inner Galois point at all; this is what will now be shown. Suppose that a curve in
this family has an inner Galois point P. Then, as Theorem 3 (item 1) states, we can
suppose that the Galois point is (1: 0 : 0), that the curve is projectively equivalent
to the one given by F{(Y,Z YX3+F4(Y,Z) =0, and that a generator for Gp is given
by the projectivity whose matrix is diag(Cs, 1,1). There is no loss in generality in
supposing that F1(Y, Z) = Z also, i.e., that the tangent line of C at P is Z = 0. Indeed,
as F1(Y, Z) is a homogeneous linear polynomial in Y and Z only, it will suffice to

take a projective transformation such as

1 00
0 a b
0 ¢ d

which fixes P, has inverse of the same type and commutes with diag(C3,1,1)
(there is a similar discussion in the proof of Theorem 3 at page 26). Now take an
involution in S3 and suppose that it is given by the matrix A = (a;;) (notice that
S3\ Gp consists of involutions only). Once C has only one inner Galois point, the
involution A fixes the Galois point P (recall that A(P) is another inner Galois point
by Proposition 1), so that a1 = 431 =0, and we can suppose that 411 = 1. So up to

now we have that
1 app as

A= 0 az> a3
0 azx azs
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We also know that A must leave the equation of C invariant. But among the
possibilities for A given above, only those in with 412 = 0 = a13 can possibly be an
automorphism of Z X34+ F4(Y,Z)=0,a straightforward assertion left to the reader
(cf. the proof of Proposition 3). So we have that

1 0 0
A=l 0 axn ax
0 az az3

But then A and diag((3,1,1) commute, which is a contradiction once no transposi-

tion commutes with any 3-cycle in S3.

Dy : these curves can have only outer Galois points. In fact, they can have at most
one outer Galois point, since D4 has only one cyclic subgroup of order 4 (D4 has
three subgroups of order four: one cyclic and two isomorphic to the Klein four
group). The same reasoning used as before (for the case of S3) can be applied here
to conclude that any curve in this family has no Galois points at all. So suppose P
is an outer Galois point for a curve C in this family, whose Galois group we will
denote by C4 < D4. Take any automorphism M of D4 not in C4. We know that M
has order 2 (hence M~! = M) and fixes the Galois point (otherwise there would be
another outer Galois point), which we suppose to be (1:0:0). We also suppose
that C is given by X*+F4(Y,Z) =0 and that Cy4 is generated by diag(C4,1,1). Also,
denote by M = (a;;) the projectivity associated to the automorphism M; from the
fact that M fixes (1:0:0), we conclude that a1 = 0 = a31. It is clear also that, for M
to be an automorphism of C, we must have a1» = 0 = a413. So that

Il
o o
o 8 o
Qs o

But any matrix having the above form commutes with diag(C4,1,1), which is a
contradiction since the center of D4 has order 2.

Co : the curves in this family can have at most one inner Galois point, since Cg has
only one cyclic subgroup of order 3. In fact, there is only one curve in this family
(up to projectivity), namely, the curve given by YX3+ Z*+ZY3 =0 (cf. (BARS,
2005)) which clearly has (1:0:0) as (its unique) inner Galois point, by item 1 of
Theorem 3.

C40(Cyx Cy) : this group has IdSmallGroup (16,13) in GAP’s Small Group Library. More infor-
mation about this specific group can be obtained in The Group Properties Wiki.

For our purposes, it suffices to know that this group


https://groupprops.subwiki.org/wiki/SmallGroup(16,13)
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Sy

Cy4@Ay

* has order 16, so that curves in this family can only have outer Galois points
and

* has only 4 cyclic subgroups of order 4. But any two of them intersect non-
trivially, so that the curves in this family can have at most one outer Galois
point (since the Galois groups at different Galois points intersect trivially; cf.

Lemma 4).

In fact, any curve in this family is projectively equivalent to a curve given by
X4+ Y4+ Z*+6Y%Z? for some k 3 6 #0,+2,+6,+(2V-3), and we see that (1:0:0)
is an outer Galois point for any of them by item 1 of Theorem 3, and the only by

what was just argued.

: once Sy has cyclic subgroups of orders 3 and 4, it may have inner and outer Galois
points. We show that any curve in this family does not have any Galois point
whatsoever. First of all, we know that the number of inner Galois points is 0, 1 or 4,
and the curve with 4 inner Galois points is unique up to projective transformation:
it is the curve given by ZX3 + Y*+ Z* = 0 (cf. Proposition 4 and Proposition 5). But
the automorphism group of this last curve has order 48 (cf. the next item C,© Ay),
so no curve of the present family can have 4 inner Galois points: they can have at
most 1 of them. If there was only one inner Galois point, any other automorphism
of the curve not in the Galois group Gp would commute with Gp (to see this, just
proceed as in the previous cases of S3 and D). But Gp would be one of the four
3-Sylow subgroups of S4, none of which has as its centralizer the whole of Sy, so
no curve in this family has inner Galois points. Similarly to the case of inner Galois
points, the number of outer Galois points can be 0, 1 or 3, and any curve having 3
outer Galois points would be projectively equivalent to a Fermat curve of degree
d (cf. Proposition 6 and Proposition 7). In our case, d = 4. So if any curve in this
family had 3 outer Galois points, it would be projectively equivalent to the Fermat
quartic, whose automorphism group has order 6 -4% = 96 (cf. (TZERMIAS, 1995)).
Hence, no curve in this family can have 3 outer Galois points: they can have at
most one. But, as before, there cannot be any outer Galois point at all: if there was
one outer Galois point Q, Gg would commute with a 3-Sylow, which would imply
the existence of a non-existent element of order 12 in Sy.

: there is only one curve in this family (up to projective transformation). Its equation
is given by Z X3+ Z*+Y* =0 (cf. (BARS, 2005)), and it is well known that this curve
has exactly four inner Galois points and one outer Galois point (cf. Proposition 4
and Proposition 5). It may be worth noting that this group is a semi-direct product
(C4@(Cyx Cp)) > C3, where C4©(C2 X Cp) is the earlier group of order 16 and the
only 2-Sylow of C4® Ay.
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(C4x Cy4)>S3 :there is only one curve in this family (up to projective transformation): the Fermat
quartic (cf. (TZERMIAS, 1995)). It is well known that it has 3 outer Galois points

and no inner Galois point (cf. Proposition 7)

PSL(3,2) : the only curve in this family (up to projective transformation) is the Klein quartic
(cf. (BARS, 2005)). It is well known that PSL(3,2) is a simple group. It cannot have 4
inner Galois points, otherwise it would be projectively equivalent to a curve whose
automorphism group has order 48, as we saw previously. So it can have at most
one inner Galois point. Likewise, it cannot have 3 outer Galois points, otherwise
it would be projectively equivalent to the Fermat quartic whose automorphism
group has order 96. So it can have at most one outer Galois point. But it cannot have
one inner Galois point P, otherwise any element o € Aut(C) \ Gp would commute
with all elements in the Galois group Gp, and therefore Gp would be a normal
subgroup of order 3. Likewise, it cannot have one outer Galois point Q, otherwise
Go would be a normal subgroup of order 4. So the Klein quartic has no Galois

points at all.

2.6 Automorphisms commuting with Gp

We may generalize what happened in the cases where the automorphism group
of the curve was one of S3, Dy, S4 and PSL(3,2).

Proposition 3. Let C be a non-singular plane curve of degree d > 4. Suppose that

* C has just one inner Galois point P and d —1 # 0 mod p or

* C has just one outer Galois point Q and d # 0 mod p.

Then the centralizer of Gp (or Gg) in Aut(C) is all of Aut(C).

Proof. We will restrict ourselves to the case where the first condition is met. The case of
an outer point is completely analogous and the reader will not face any difficulties in
proving it by himself. By Theorem 3, we can suppose that P = (1:0:0), C is projectively
equivalent to ZX¥ 1+ Fy(Y,Z) and a generator for Gp is given by diag(C4-1,1,1). Take
A € Aut(C) \ Gp. We have that A fixes P, otherwise A(P) would be another inner Galois
point distinct from P (cf. Proposition 1), which cannot happen. It follows that

1 a1p a3
A = 0 azy> a3
0 az asz3

But a12 and a13 must vanish as well, for otherwise the equation of the “transformed”

curve would contain monomials divisible by X!, for t < d — 1, which cannot occur since
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A is an automorphism of C, i.e., the equations of the “transformed” and of the “original”

curve must be the same. Therefore, we may write:

1 00
A=l 0 a B
0 v o

Once A and diag(Cy4-1,1,1) commute, the result follows.

O

Corollary 2. Under the same conditions as in Proposition 3, if Aut(C) has order 2(d —1)
(if the first condition of Proposition 3 is met) or 2d (in case the second condition is met),
then Aut(C) ~ C4_1 X C2 and, in particular, it is abelian.

We may weaken the smoothness condition in Proposition 3, if we otherwise
“strengthen” the group Aut(C): this would be replaced by the group LAut(C) consisting
of those morphisms that can be extended to projective transformations. The Galois
point would now have to be a unique extendable Galois point of multiplicity m and
d —m # 0 mod p. The conclusion would then be that the centralizer of Gp (in LAut(C))
would be the whole of LAut(C).
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CHAPTER

SMOOTH CURVES

In the present chapter we will give an overview, as chronologically accurate as
possible, of the (main) results about Galois points for smooth curves that culminated
in their utterly classification up to projective transformation. Throughout this chapter,
curve is to be understood as non-singular of degree > 4 (consequently strange curves
are not taken into account).

The sections comprising the chapter correspond (mainly) to the possible values
for the characteristic of the base field k, starting with zero characteristic. For curves over
a field of positive characteristic, a special family of curves arising in even characteristic
is considered separately.

The aforementioned classification was finished in (FUKASAWA, 2013), and was
mostly due to the work of the following Japanese mathematicians: Hisao Yoshihara,
Kei Miura, Masaaki Homma and Satoru Fukasawa. Apart from those special curves
in characteristic 2, the principal ingredients for the classification are (CHANG, 1978),
which guarantees that any automorphism of a smooth curve of degree > 4 is linear,
and a counting formula for the number of flexes a curve under such hypotheses can
have, which can be found in (IITAKA, 1982, p. 294), in case chark =0, and in (STOHR;
VOLOCH, 1986), for chark > 0.

From now on, we denote by A(C) the set of inner Galois points for the curve C,
and by 6(C) its cardinality. The same symbols with a ’ will be used for outer Galois
points. Since the curves under consideration in this chapter are all non-singular, the
Galois group of any P € A(C) has order degC —1; similarly, if P € A’(C), then Gp has
order degC.

The following is a way to reword Lemma 1 and Lemma 2 and “mix” it with
(STICHTENOTH, 2009, Theorem 3.7.1 and Corollary 3.7.2). It requires no proof to
be given: simply recall that, once C is non-singular, Gp acts transitively on the sets
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(CNep)\{P} (cf. the proof of Lemma 2), where {p is any line through P.

Lemma 5. Let P be a Galois point for a non-singular curve C. For a point Q € C,
denote by Gp(Q) < Gp the stabilizer of Q with respect to the (natural) action of Gp
on C, ie., Gp(Q) = {0 € Gp | (Q) = Q}. Then #(CNPQ)\ {P}) = [Gp : Gp(Q)] and
Io(CNPQ) =|Gp(Q)!.

3.1 Zero characteristic

For chark = 0, the task of determining the possible values of 6(C) and ¢’(C) as
well as that of classifying the curves with a given prescription of the previous values was
initiated in (MIURA; YOSHIHARA, 2000) and finished in the sequence (YOSHIHARA,
2001).

We are going to recover these results using Theorem 3; actually, some of them
are already stated in Theorem 3. Our approach has minor differences to that of (MIURA;
YOSHIHARA, 2000) and (YOSHIHARA, 2001); these differences are mostly (if not all)
with respect to form rather than to the mathematical essence of the thing.

Inner points are treated at first.

Proposition 4. Let C be a degree d curve. If 6(C) > 2, then 6(C) > d.

Proof. Suppose P, Q € A(C) with P # Q and P =(1:0:0). Take ¢ a generator for Gp as
in Theorem 3 (item 1). We claim that 0°(Q) # Q forany 1 <s <d -2 = |Gp|— 1. Suppose
it is not so, and take s minimal with ¢°(Q) = Q; then the orbit of Q under the action of
Gp consists of the s points Q,d(Q),...,0°"1(Q), i.e., C NPQ ={P,Q,d(Q),..., > {(Q)}.
The line PQ cannot be TpC, for non-singular inner Galois points are total flexes (cf.
Corollary 1). Therefore Ip(C NPQ) =1, and consequently Io(C NPQ) =(d-1)/s (cf.
Lemma 1); but this cannot happen: Q, being also an inner Galois point, is also a
total flex, so that Io(C NPQ) =1 or d, which is never obtained as (d —1)/s for any
1 <s <d—2. Therefore the orbit of Q is made up of d —1 (distinct) inner Galois points
(cf. Proposition 1). Taking P into account, it follows that 6(C) > d.

O
It may be worthy to stress out that the 4 inner Galois points considered in the

preceding proof, viz. {P,a(Q),...,0%72(Q),c?(Q) = Q}, are all collinear.

The next proposition makes use of the formula, which will be used to count
flexes, that was mentioned in the beginning of the chapter. This formula, exactly as it is
in (ITAKA, 1982, p .294, last line), reads

W =3r+69—6-2R-a—p (3.1)
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Each of these letters represent values depending on the curve C; let us briefly explain
their meaning. The integer W = W(C) is the sum, over all non-singular points Q of C, of
Io(CNTQC)—2; regard that the sum is taken, effectively, only over the flexes of C. The
quantities R, a and f are positive and depend upon the singularities of the curve C.

Hence, we may rewrite (3.1) as
W(C)<3r+69-6 (3.2)

The number r is just d, the degree of the curve, and g is its genus. Within our context,
g =(d—-1)(d-2)/2, and, after substitution and rearrangement, we may finally rewrite
(3.2) in the “shape” we are going to use it:

W(C) = Z(IQ(C NToC)—2) < 3d(d-2) (3.3)
Q
The < in (3.3) is actually = in view that for non-singular curves the quantities R, @ and

B vanish. However, the < will be sufficient for our needs.

Proposition 5. If 6(C) > d then d =4 = 6(C). Moreover C is projectively equivalent to
ZX3+Y*+Z%=0.

Proof. Take the equation of C given by Theorem 3 (without loss of generality, we may
take Z = 0 to be the tangent line at (1:0: 0)):

ZX 1+ Gy(Y,2)=0

The intersection of C with the line X = 0 consists of d points, which correspond to the 4
roots of G4; there are indeed d roots: if there was a repeated root, it would give rise to a
singularity of C. Moreover, each of these points is a flex of order d —1, i.e., their tangent
lines intersect the curve at them with multiplicity d — 1. Notice that these same tangent
lines all pass through P.

For another inner Galois point Q # (1:0: 0), we may invoke Theorem 3 again,

but this time for Q in place of P. Then, we again have that C is projectively equivalent to
ZX 14 Ga(Y,Z2)=0

from which we conclude that there will be other d flexes of C associated to Q, each of
them with multiplicity d —1 as well. To sum up: for each inner Galois point P there
corresponds d flexes {Rp1,...,Rpq}, and each of which satisfies Ig,,(CNTg,,C) =d —1.

We claim that to distinct inner Galois points P and Q there correspond disjoint
sets of flexes. Indeed, if it was Rp; = R = Rg,j, then P € TRCN C 5 Q; once there is only
one point in TRC N C \ {R}, the only possibility is that P = Q, which is an impossibility.
Hence, if there are 6(C) inner points for C, there will be at least 6(C) total flexes (each one
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of the inner points) and at least 6(C) - d flexes of order d — 1. As we supposed 6(C) > d,
(3.3) gives us

d(d —2)+d*(d-3) <6(C)(d-2)+6(C)d(d —3) < W(C) < 3d(d —2) ~

(3.4)
~ (d=2)+d(d-3) < 3(d-2)

This inequality holds for 1 < d < 4. But d > 4, hence d =4, and as d = 4 turns the above
inequality into an equality, we see that 6(C) = 4 as well.

Now, it remains to show that C is projectively equivalent to ZX3+Y*+Z*=0. To
begin with, we point out that the four inner points are all collinear, as can be seen in
the proof of Proposition 4. We can take Y = 0 to be such line, without losing generality.

Indeed, as P = (1:0:0) is one of the inner points and as C has equation
ZX3+Gu(Y,Z)=0

we see that the line £ containing the other inner points is not the line TpC : Z = 0; hence

t:aY +bZ =0 for some a # 0. The projective transformation

takes ¢ to the line with equation Y = 0 and commutes with the generator diag(C3,1,1) of
Gp, so that, after this transformation, the curve will still have equation

def

F(X,Y,2)= ZX3+G4(Y,Z) =0

but this time all the 4 inner points will be contained in Y = 0. Moreover, once Z does
not divide G4(Y, Z), the coefficient of Y* in G4(Y, Z) does not vanish. Furthermore, if we
substitute Y = 0 in the equation for C, we get ZX>+eZ* = 0. The roots of this quartic
equation give all four inner Galois points, therefore it must be e # 0 as well (if not, the

equation would give us only two points). We are going to write
Gs(Y,Z2) =aY*+bY3Z +cY?Z? +dYZ3 +eZ* (3.5)

By what we have just seen, it holds ae # 0.

To finish the proof, we will make use of an auxiliary-by-its-own-nature result:
the one to be found in (YOSHIHARA, 2001, Lemma 11); within our setup, it says that a
point (1: a : ) € C is an inner Galois point if, and only if,

4
where F(1,y+a,z+f) = Qi(y,z)
85 =32183 Z‘

with gi(y,z) homogeneous of degree i
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The four inner points are (1:0:0)and (1:0: rCé), fori=0,...,2, where r> = —1/e. We
now use (YOSHIHARA, 2001, Lemma 11) with (1:0:rC3) in place of (1: « : ), and
simplify a tiny bit the notation replacing R for r(3. For F(1,y,z+R) = Z?:l Qi(y,z), the

gi’s are given as follows (recall (3.5))

¢4(y,z) = ay*+byiz+cy?z? +dyz3 +ez?
¢3(y,z) = bRy>+2cRy?*z+3dRyz*+4eRz>
9(y,z) = cR?y?+3dR%*yz +6eR?z?
gi1(y,z) = —d/ey—-3z

The equation g3 = 3g1¢3 will give five equations, one for each of the five monomials
yiz4‘i, i=0,...,4, which are listed below (a common —R was cancelled).
c?/e =3db/e
6cd/e =3(2cd /e +3b)
(12ce +9d?)/e = 3(3d?/e + 6¢)
36de/e =3-13d
36e2/e = 36e

Coefficient of y*
Coefficient of 3z
Coefficient of y?z>
Coefficient of yz3

¢ ¢ ¢ ¢

Coefficient of z*

From these, it readily follows that d = c = b = 0. Hence Ga(Y,Z) =aY*+eZ* with ae £0.

After rescaling, the curve is projectively equivalent to the one with equation
ZX3+Y*+Z*=0

which finally concludes the proof.

O

Proposition 5 sets up the possible values for 6(C) when it is not zero: it can be 1
or 4 only. Moreover, it also tells that the curve attaining the most inner Galois points
is unique up to projective equivalence. For the curves having exactly one inner Galois
point, the characteristic equation given by item 1 of Theorem 3 cannot be “enhanced”.

Now we consider outer Galois points.

Proposition 6. With C as before, there can be at most three outer Galois points, i.e.,
0'(C) < 3.

Proof. Take again the equation given by Theorem 3; for an outer point, which we suppose,
as always, tobe P = (1:0:0), it reads:

X' +Gy(Y,Z)=0

The d points on the intersection of the curve with the line X = 0 are, all of them, total flexes
of the curve, and their tangent lines pass through P. We mention that this intersection



48 Chapter 3. Smooth curves

consists indeed of d points, for the polynomial G4 has distinct roots (otherwise the curve
would be singular).

For another outer point Q # P, there will be yet another d total flexes. But,
contrasting the behavior of inner points, to distinct outer Galois points there does not
necessarily correspond disjoint sets of flexes. Nevertheless, there can be at most one
common flex associated to any two distinct outer points, and this is because the tangent

line at any common total flex will pass through both of the outer points.

Now take ¢ € Gp a generator for this group. Suppose that ¢(Q) # Q. Recall that
the projective transformation o fixes all the points on the line X = 0 (cf. Remark 3);
therefore, we may write Q = (1: vy : z) and if it was y = 0 = z, it would be Q = P, which
is not the case. Hence, the points ak(Q) = (CS :y:z),fork=0,...,d -1, are all distinct
and we have, up to now, 4 +1 outer points (cf. Proposition 1): the d points on the orbit
of Q together with P. Moreover, they are all collinear, so that by a slightly different
version of what was said in the preceding paragraph there can be at most one common
point among all the flexes associated to all these outer points. Putting these information
altogether in (3.3) results in

d+1)d-1)(d-2)+(d-2)<3d(d-2) (3.6)

This last inequality implies that d < 3, in contradiction to our initial assumption that
d > 4. Therefore, it must be ¢(Q) = Q. For an outer point R let us call £ the line whose
points are all fixed by Gr (for instance, {p : X = 0). The argument just given can be
rephrased as: if R # S are outer points, then R € {5 and S € {r (notice that {5 # ().

Now it easily follows that there can be at most three outer points, for if there are
two, say P and Q, as before, any other outer point should be in the intersection £p N €g,

which consists of a single point; and we are done.

O
Proposition 7. If 0’(C) > 2 then C is projectively equivalent to the Fermat curve X4+
Y%+ Z% = 0. Consequently '(C) = 3.
Proof. Assume that P =(1:0:0), C is given by
X+ G4(Y,2)=0

and keep in mind the other conclusions of Theorem 3. The other outer point Q will then
lie on the line X = 0 (cf. the proof of Proposition 6). There is no loss in generality in
supposing that Q = (0:1:0): if it was not, we could take a projective transformation of

the form

b (3.7)
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which commutes with the generator diag(Cy,1,1) of Gp and takes C to a curve with
equation
X*+Gy(Y,Z2)=0

which has the same “type” as before.

If we look back at the proof of Lemma 3, we see that a generator 7 for Gg has the

form
1 0 O
Ar=| a (G B
0 0 1

for some a and . But P must be fixed by Gq, for the same reason why Q is fixed by
Gp (cf. the proof of Proposition 6), and from this we conclude that a = 0. We may, then,
diagonalize A, without “messing up” our previous assumptions, i.e., there is no loss
in generality in assuming not only that Q = (0:1:0) but also that G is generated by
diag(1,C4,1). Indeed, there is a projectivity diagonalizing A, which fixes Q and has the

same form as that in (3.7) (cf. the discussion at page 26).

Now, from the “point of view” of P, i.e., using Theorem 3 for the Galois points P,
the curve has equation
X4 +Gy(Y,Z2)=0

while from the point of view of Q the same curve (i.e., there is no projective transformation
involved) has equation
Y*+Hy(X,Z)=0

Therefore,
X4+ Ga(Y,Z) = MY+ Hy(X,2)) (3.8)

for some A # 0. (3.8) now implies that the curve has equation
X4 +sY?+t2% =0

which is projectively equivalent to the Fermat curve. As any permutation of the variables
is a linear automorphism of this curve, from Proposition 1 it follows that (0:0:1) is

another, and the only other (cf. Proposition 6), outer Galois point.

O

Again, Proposition 7 establishes the possible non-zero values for 6’(C): they can
be either 1 or 3. Furthermore, for each d > 4 there is one and only one curve, up to
projective equivalence, attaining 3 outer Galois points: the Fermat curve of degree d.
Note that the Fermat curve of degree d also attains the maximum possible number, viz.
3d, of total flexes among all degree d curves. Those curves having exactly one outer
Galois point cannot be “more characterized” than as they are by Theorem 3.
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3.2 Positive and mostly odd characteristic

In what follows we focus on the contents of (HOMMA, 2006), (FUKASAWA,
2007), (FUKASAWA, 2008) and (FUKASAWA, 2010). The results therein get very close
to conclude the classification we have been speaking of so far, the only remaining case
being that of curves in characteristic 2 attaining the second largest possible number
of inner points (as well as two “sporadic” curves, also in characteristic 2, of degree
d =4 =0mod 2, when outer points are under consideration; cf. (FUKASAWA, 2011,
Theorem 3, (II)(ii) and (II)(iv))). An equivalent version of (3.3) for chark > 0 must be
used. In order for us to be able to interpret it, a new notion must be introduced; the
details behind why this notion is well-defined may be encountered in (HOMMA, 1987).

Definition 6. For a curve C, the integer q(C) such that IR(CNTrC) > g(C) forallR e C
is called the generic order of contact for it. If g(C) > 2, then it is a power of p = chark > 0
and, in any case, Ir(CNTrC) > q(C) for finitely many points, by which the “generic” is
explained. Obviously, 4(C) < degC.

Remark 6. The curves such that g(C) = d > 2 are totally known and they are all strange
curves (cf. (HOMMA, 1987, Theorem 3.4)). In particular, they are singular and not
to worry about here. Concerning the notation, in (ST6HR; VOLOCH, 1986), the q(C)
corresponds to the €, order of the morphism C — C ¢ P? given by (x : y : 1), where C is

the non-singular model of C and the affine equation for C is f(x,y) =0.

There exists a divisor (cf. (STOHR; VOLOCH, 1986) and also (FUKASAWA, 2007,
Section 2)) W(C) = Y pec vp(W(C))P such that

e degW(C)=4d((q9(C)+1)d-34(C)) and

* Ip(CNTpC)—¢(C) < vp(W(C))

From these, the equivalent form of (3.3) we were looking for is as stated below

D (Ip(CNTpC) - q(C)) < deg W(C) = d((9(C) +1)d -34(C)) (3.9)
PeC
Notice that in the situations for which it holds g(C) = 2, chark = 0 for instance, the right
hand side of (3.9) turns into the right hand side of (3.3); however, it must be pointed
out that the divisor W/(C) is not necessarily given by > pcc(Ip(CNTpC)—2). In fact, we
have the following (cf. (FUKASAWA, 2008, Section 2), (FUKASAWA, 2007, Section 2)
and (ST6HR; VOLOCH, 1986, Theorem 1.5))

Ip(CNTpC)

Ip(CNTpC)=q(C) = vp(W(C)) & ( 9(C)

) £ 0 mod p (3.10)
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3.2.1 The special case of the Hermitian curve

The first work on which the distribution of Galois points for curves over a field
of positive characteristic were considered is (HOMMA, 2006). We denote by H, the
Hermitian curve of degree 4 +1, i.e.,

Hy: X7 =Y1Z+YZ1

for some power q = p° > 4 of the characteristic p of the base field.

The Galois points for H; are fully described in the following (cf. (HOMMA, 2006,
Theorem 1))

Theorem 4. Any F-rational point of P2(k) is a Galois point for H; and conversely.

The Hermitian curve ?{q is well-known for being a maximal curve, i.e., for
reaching the maximum possible number of (F-) rational points given by the Hasse-Weil
bound. This number is ¢ + 1. Theorem 4 then implies that §(H,) = g° + 1. Since the
projective plane P? has g* +¢%+1 Fj2-rational points, we conclude, again by Theorem 4
and the preceding, that &’'(H,) = q* — 4> + g°. These observations show that, contrary to
what happens for curves over a field of zero characteristic, the number of Galois points a
smooth curve in positive characteristic can have can be as large as one desires, if only the
degree is taken large enough. As we will see in the sequence, H, together with another

family of curves for p =2 are the only “unbounded curves”: any other smooth curve is
such that 6(C) and ¢’(C) are bounded.

There is yet another equivalent way to state Theorem 4 without mentioning the
field on which the curve is defined; it, instead, uses purely geometric terms and is given
below, for the sake of completeness (cf. (HOMMA, 2006, Theorem 2)).

Theorem 5. A point P € H, is an inner Galois point if, and only if, P is a total flex; and a
point Q € P?\ H, is an outer Galois point if, and only if, there exist two total flexes P
and P, € H; such that Q = Tp,CNTp,C.

3.2.2 Inner points when d #1 mod p

When d # 1 mod p, Proposition 4 still holds no matter what the characteristic of
the field is: the proof does not even mention it. Also, the d points that are guaranteed to

exist are collinear.

Now, when it comes to Proposition 5 it happens that it is still true for “any” p,
but the proof differs only when p = 2. We wrote “any” because for p = 2 the curve with
equation ZX3 + Y* + Z* = 0 is singular: the polynomial Y*+ Z* = (Y + Z)* has only one
root (with YZ # 0), giving rise to the singular point (0: 1 : 1), which has multiplicity 3.
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So the proper way to state the analogous of Proposition 5 for positive characteristic is as
follows.

Proposition 8. If C is a non-singular curve of degree d in characteristic p > 5, such
that d # 1 mod p, then 6(C) € {0,1,4}. Moreover, 6(C) =4 only if d = 4, in which case
C is projectively equivalent to the curve given by ZX3+Y*+2Z*=0.If p =2 or 3, then
0(C) e{0,1}.

We did not mention anything about p = 3 before stating Proposition 8. But note
that for d = 4, we have d =1 mod 3, even though the conclusion “6(C) = 4 implies d = 4"
still holds for p = 3; hence, those double quotation marks in that “any” above are there
to quote both p =2 and 3. There is another observation to be made in what regards
p = 3. For the proof of the last part of Proposition 5, (YOSHIHARA, 2001, Lemma 11)
was invoked, and then the proof was concluded after some calculations. The fact is:
(YOSHIHARA, 2001, Lemma 11), may it be coincidence or not, is valid exactly for all
p #3.

The proof of Proposition 8 for p > 3 is exactly the same as that for chark =0,
Proposition 5. This is because a non-singular curve given by ZX9~! + G4(Y,Z) =0, is in
Theorem 3, still has generic order of contact equal to 2, allowing us to use (3.3) as in (3.4).
That these curves have g(C) = 2 is a consequence of their dual map being separable’,
which can be seen by writing the equation locally as x%~! + G4(y,1) = 0 and showing
that % (Z—Z) # 01in k(C). The reader may consult (FUKASAWA, 2008, Section 2) and a
similar computation that is done in the next section.

If p =2, the dual map is no longer separable, but it can be shown that the generic
order of contact is still 2. This is done by showing not that - (Z—Z) # 0 but that Z)](f)(x) #0,

where Z)(yl) is the [-th Hasse derivative with respect to y, and using the fact that g(C) is
the smallest integer [ > 2 such that Z);l)(x) # 0in k(C) (cf. (FUKASAWA, 2007, Section 2)
and (ST6HR; VOLOCH, 1986, Theorem 1.1)) The details are given in (FUKASAWA, 2007,
p. 135) (cf. also (HIRSCHFELD; KORCHMaAaROS; TORRES, 2013, Remark 1.37)).

3.2.3 Outer points whend #(0 mod p

If we try to repeat the proof of Proposition 6 when the characteristic is positive,
we must assume two conditions for the same sequence of implications to hold. First, we
need that 4 # 0 mod p, for C to be in item 1 of Theorem 3, and in second place, we need
the generic order of contact to be 2, for (3.3) to be used as in (3.6). The former is assumed

all through this (sub)section. Now, for the second condition to be valid, it is sufficient to

1 Separability of the dual map implies finiteness of the number of flexes, and consequently that

the generic order of contact is 2.
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assume also that 4 # 1 mod p (which will imply that the dual map is separable), or that
d =1 mod p and the dual map of C is separable. Let us show, in the interest of being
instructive, that d # 1 mod p really implies separability of the dual map.

The equation of C can be written as
X*+Gy(Y,Z)=0

where G4(Y, Z) does not have repeated roots (otherwise C would be singular). Without
loss of generality, suppose the coefficient of Y in G,(Y, Z) is not zero; suppose also it is
1. The rational functions x = X/Z and y = Y/Z then satisfies

x4+ Gy(y,1) =0 (3.11)

We write
g(y) def Ga(y,1) = yd + ad_lyd_l +...+ay+ap

The dual map of C is separable if, and only if, y” & % (Z—Z) # 01in k(C). Differentiating
(3.11), we obtain
dx 1+ ¢'(y)y' =0 (3.12)

where y’ &f (%) and g’ is the usual derivative of the polynomial G4(T, 1), in case there

were any doubts about it. As ¢’(y) # 0, we can write

, dxid-1
I
Differentiating (3.12) now gives
d(d—=1)x"2+¢"(y)- (Y )P+ ¢ (y)y" =0 (3.13)

If d # 1 mod p (recall that d # 0 mod p also) but y” =0, then (3.13) would read

Hd-Dx2 = g )y P = g
g'(yy

~ dx?g"(y) = —(d - 1)g'(y)* ~
~ dg(y)g”"(y)=(d-1)g'(y)

Notice we used (3.11): x* = —¢(y). From this last equation, viz. dg(y)g” (y) = (d —1)g’(y)?,
it follows that ¢(y) and g¢’(y) have common zeroes. Actually, it follows that any zero
of g(y) is a zero of g’(y). But this contradicts the separability of the polynomial
g(T) = G4(T,1), which has to do with the smoothness of C. Hence, it cannot be y” = 0;

and we are done.

Thus, in these cases where the generic order of contact is 2, the proof of Propo-
sition 6 still holds. Likewise, the proof of Proposition 7 also applies, but it should be
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observed that if d =1 mod p, the dual map of the Fermat curve X% + Y% +Z7% =0 is
inseparable; therefore in case d =1 mod p and C has separable dual map, we conclude
that 0’(C) € {0,1}.

The remaining instances to consider are those for which d =1 mod p and C has
inseparable dual map. Putting aside the Hermitian curve, the conclusions stated in
Proposition 6 and Proposition 7 are still true for these curves, and only the proof of
Proposition 6 needs to be modified: that of Proposition 7 can be copied exactly as it is
there. This modification includes using (3.9) as well as a couple of facts concerning the
generic order of contact within this setup, namely: that g(C) | d —1 (cf. (HOMMA, 1989,
Corollary 2.4)) and if q(C) = d —1 then C is projectively equivalent to the Hermitian
curve (this follows easily from (HOMMA, 1989, Corollary 2.5)). Once we have put the
Hermitian curve away from our current considerations, we then have that2 < q(C) <d -1,
and since q(C) | d —1, we conclude that d > 24. The analogous of (3.6) (the d —2 is to
be replaced with a d —g(C) and the right hand side of the inequality in (3.6) is to be
replaced by the right hand side in (3.9)) is:

(d+1)(d = 1)(d - q(C)) +(d - q(C)) < d((9(C) +1)d =34(C)) (3.14)

It is left to the reader to check that (3.14) implies d < 2g(C) (cf. also the proof of
Proposition 11), contrary to the inequality derived a few lines above. The considerations
made in this section were taken from (FUKASAWA, 2008) and (FUKASAWA, 2007),

wherein any details we skipped are sure to be found.

A concise statement of what was done is given below.

Proposition 9. Let C be a non-singular curve of degree d in characteristic p > 0 such
that d # 0 mod p. If 4 # 1 mod p, then 6’(C) € {0,1,3} and ¢’(C) = 3 if, and only if, C
is projectively equivalent to X% + Y%+ Z4 = 0. If d = 1 mod p and the dual map of C is
separable, then ¢’(C) € {0,1}. If 4 =1 mod p, the dual map of C is inseparable and C is
not projectively equivalent to the Hermitian curve, then 6’(C) € {0,1,3} and 6’(C) = 3 if,
and only if, C is projectively equivalent to X4 + Y% +Z% =0.

Notice that in the last case of Proposition 9, d —1 will not be a power of p, for
otherwise X + Y + Z? = 0 would be the Hermitian curve.

3.2.4 Inner points when d =1 mod p

When dealing with inner points on curves whose degree is =1 mod p, we must
use item 2 of Theorem 3, rather than item 1 of the same theorem. In this case, the Galois
group of a Galois point will no longer be cyclic, unless d = p (it will not even be abelian
in “most” cases; cf. item 5 of Remark 5). Still, we will be able to estimate the number of
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inner Galois points in this case, and, except for p =2, we will have that 6(C) is either 0
or1l.

The statement of this estimate is given below (cf. (FUKASAWA, 2010, Theorem 1)),
and the proof will be done in a not-so-few number of intermediate steps.

Proposition 10. Let C be of degree d such that d —1 = p°®l for some ¢ > 1 and [ not
divisible by p. Suppose also that C is not projectively equivalent to the Hermitian curve.
Then the following holds:

1. If p >3 orl >2,then 6(C) € {0,1}.

2. Ifp=2and =1, then 6(C) € {0,1,d}.

The curves in item 2 of Proposition 10 for which 6(C) = d will be treated and
thoroughly described later in this chapter.

Before beginning to prove Proposition 10, we bring back to memory a handful of
facts concerning item 2 of Theorem 3, and also establish some notational conventions
(cf. (FUKASAWA, 2010, Section 2)).

Given a smooth curve C of degree d = p®l +1 as before, we suppose throughout
here that P = (1:0:0) is an inner point for it and that its equation is

Zf(X,Y,Z) +Ga(Y,Z)=0 (3.15)

Remind that f(X,Y,Z) is an additive polynomial of degree p® with respect to the
variable X, and its roots are all linear forms in Y and Z. In particular X|f(X, Y, Z), i.e.,
£(0,Y,Z) = 0. Moreover the polynomial G4(T, 1) is separable: if t* was a repeated root,
(0:t*:1) would be a singular point. We also have Z ¥ G4(Y, Z), for otherwise (3.15)
would be reducible (we do not lose generality in assuming that the G1(Y, Z) that appears
in item 2 of Theorem 3 is Z; cf. the discussion in pages 49 and 26). The Galois group
will be denoted by Gp = C; » C;, where C; ~@°Z/pZ and C; = Z/IZ, as in item 2 of
Theorem 3. A generator for C; is

¢ 00
=l o010
0 01
and any element
1 a b
010 |€C,
0 01
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will be denoted by (a, b). For any y € Gp there are unique i € {0,...,/ -1} and (a,b) € C;
such that

C; a b
y:(a,b)-’ciz 0 10
0 01

Back in the last chapter, we pointed out some geometrical aspects of the automorphisms
of the plane associated to a Galois point for a curve; these are the contents of Remark 3
and they will play a significant role in what comes next. The reader is asked to take a
look there. Any transformation y € Gp will be either of type IV or of type V. These two
types of transformations fix the Galois point P and all the points in a line, which we
denote by ¢,. More specifically, the reader may easily show that if y = (a,b)7’ # 1 then

by (L -1)X+aY+bZ =0 (3.16)

Note that P € {, & y € C}, in accordance with any y € C;, being of type V. Also,
ty : X =0 for any y € C;, and this line does not contain P, in accordance with any
y € C; being of type IV. For y #1, if R € (CN{))\ {P}, then TrC = PR. Indeed, the
condition R € £, implies that R if fixed by y, and therefore that 1 # y € Gp(R); hence
Ir(CNPR) = |Gp(R)| = 2 (cf. Lemma 5), and it must be PR = TrC by the smoothness of
C.

Finally, the generic order of contact q(C) will be denoted simply by g, and for
R € C we will say that it is an (r — g)-flex if IR(CNTrC) =1 > g.

The first step towards Proposition 10 is the following analogue of Proposition 4
(cf. (FUKASAWA, 2010, Lemma 1)).

Lemma 6. If 6(C) > 2, then 6(C) > d. Moreover, if we denote by Rp = {Qp,1,...,Qp;s}
the set of points Q for which Io(C NPQ)>1 (i.e., the ramification points of mp), then for
any two inner Galois points P and P’ there is a bijection 1 : Rp — Rp preserving the

ramification indices, i.e., such that
IQP,I’(C ﬂPQp,i) = IlP(QP,i)(C N P’I’D(Qp,,')) Yi=1,...,s

Proof. Let P’ # P be two distinct inner Galois points. The intersection of the line PP’
with C consists of exactly d points. Indeed, if it was not we would have Ip.(CN W) > 1,
from which it follows that PP’ = Tp/C; but since P’ is also an inner Galois point, itis a
total flex (cf. Corollary 1): Tp:C N C consists only of P’; and this is in contradiction with
P € CNPP’ also. The first conclusion now follows from the fact that Gp acts transitively
on (CNPP’)\ {P} together with Proposition 1.

For the remaining, take 3 distinct inner Galois points P, P’ and P” on the same

line. This is possible because any line joining two distinct inner Galois points will
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intersect the curve in exactly d > 4 points, as was just proved above. Now from the
transitiveness of the action of Gp» on (CNPP’)\ {P”}, there exists 1 € Gp» such that
Y(P) = P’. This ¢ is the bijection we sought.

The next proposition has the same “spirit” of the discussion around (3.14), i.e.,
they are mathematically quite similar (cf. (FUKASAWA, 2010, Proposition 1)).

Proposition 11. If 6(C) > d and C is not projectively equivalent to the Hermitian curve,
then 6(C) = d and all these inner points are collinear.

Proof. Lemma 6 allows us to suppose that there are d inner points P; & P,P,,...,P; €
0(C) all contained on the same line ¢. Note that {Pq,...,P;} =CnN¢{, so that if R €
A(C)\{P1,...,P;} then R does not lie on £. We suppose such a point R exists and will
derive a contradiction using (3.9).

By Lemma 6 again, each line RP; contains d inner Galois points, fori=1,...,d.
Once R is the only point these lines share, we will then have that 6(C) > d(d -1)+1, and
recall that, by Corollary 1, they are all total flexes, i.e., (d — g)-flexes.

RP; RP,

d —2 inner d —2 inner
points points
Applying (3.9), we get
(dd-1)+1)d—-q)<d((g+1)d-3q) (3.17)

At the end of the previous section, we saw that 2 < g < d —1 implies that d > 2g. Under
the hypotheses of the present section, ¢ =2 can happen, so the inequality must now be
written as d > 2, as the reader may check. We now show that from (3.17) it follows that
d < 2q, giving the contradiction we wanted and, thus, finishing the proof. First, let us

rewrite (3.17) as

def

h(d)= d®>—(2q+2)d*+(4g+1)d—g <0 (3.18)
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where F is to be seen as a function 1 : R>4 — R in the variable d. We have that h’(d) > 0 for
alld > g+ 1. In particular h is (strictly) increasing for all d > 2¢, and since h(2q) = g > 0
we see that in order for (3.18) to be true it is necessary that d < 24, and we are done.

From now on, we will denote the d inner Galois points that a curve under the
conditions of Proposition 11 has by P def Pq,...,P4, and the line joining all them by
{Gal- The next result shows that 6(C) = d cannot happen if [ > 3 (cf. (FUKASAWA, 2010,
Proposition 2)).

Proposition 12. If [ > 3, then 6(C) < 1.

Proof. Suppose 6(C) > 2. Then by Lemma 6 and Proposition 11 we have that 6(C) =d
(notice that I > 2 implies that C cannot be a Hermitian curve). We do not yet suppose
| > 3 for what comes next, just I > 2. It will be emphatically stated when the assumption
I > 3 should be done. As | > 2, the cyclic subgroup C; of Gp is not trivial, and hence the
line €; exists (recall it is given by X = 0). We claim that there exists a point Rp € CN ¢
such that it is fixed by C; and by no other o € Gp \ C;. Indeed, all points of £, are fixed
by C;, by the mere definition of this line. Note that C N ¢; consists of d distinct points:
they correspond exactly to the roots of G4(T,1) = 0 (cf. (3.15)), which has d distinct roots.
If R € CN ¢, if fixed by some y = (a,b)7’ ¢ C), then it is clearly also fixed by (a,b) € C¢,
from which it follows that R € £, j,) too. Note that the line ¢; is different from any of
the lines €, ): P ¢ € while P € £, ;. From all that has been said, we can conclude that
there can be as many points R € C N ¢, that are also fixed by some y € Gp \ C; as there
are elements (a,b) € C¢, but no more. Once there are p° elements in C; and d points in
C Ny, from the last assertion there are at least d — p® points on C N ¢, that are fixed only
by C;. But
d-1=p°l~>d-p*=p°(l-1)+12>1

and therefore there is at least one element in C N ¢, fixed by C; only (actually, there will
be at least p® +1 such points, for it holds that [ > 2). The claim is thus proved.

Recall also that for any R € CN ¢; we have PR = TxC. For the point Ry as above,
it then holds that

Ir,(CNPRy) = Ig,(CNTg,C) = |Gp(Ro)| = |C;| =1 (3.19)

(3.19) implies that I > g. Now we must assume that [ > 3. In this case (3.19) implies the
stronger inequality | > g:if g =2, then clearly I >3 = [ > g, and if g > 2, q is a power of
p while [ is not divisible by it, and we get I > g again (note also that if / = 2, then it must
be g =2).
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Take any R € CN{¢; and suppose |Gp(R)| = p” - I for some a > 0. By Lemma 5 it
follows that the intersection of C \ {P} with the line PR = T C consists of p°~“ points,
and all of them are (p?I — q)-flexes. Since p*~*(p®l —q) = p°(I — q), these points will
contribute with at least p°(l —q) to the degree of the divisor W(C), as in (3.9). Let
75 € ((CNPR)\ {P} | R € CN£,}. It should be clear that if P # P’ are distinct inner

Galois points, then Fp N Fp: = 0, otherwise, for Q € Fp N Fp,, we would have

PQ=P'Q ~ PQ=ToC=PP ={gy

But £, intersects C in exactly d points, while ToC, being a tangent line to C, intersects
C in fewer than d points.

Recall that for each point R € CN ¢, the points C NPR\{P} will give a contribution
of at least p°(I — gq) to the degree of ‘W(C). Since there are d points in C N ¢, we conclude
that the contribution, to the same quantity, of all points in ¥p will be at least dp°(I —q)
(note that if R # R’ are both in CN ¢, then (CNPR)N(CNPR’) = {P} only). Taking into
account the contribution coming from the inner point P itself, which is a total flex (cf.
Corollary 1), we get a total contribution of at least (d —g) + dp°(I — q) associated with
¥p and P. But as we saw in the previous paragraph, ¥p N ¥p: = 0, and once there are 4
inner Galois points, (3.9) finally gives

d((d —q)+dp*(l-q)) < d((q+1)d -3q)
which we rewrite as
d(p(l-q)-q)+29 <0 (3.20)
By the inequality [ > g, we have p°(I —q) > p®. We also have that [|(p° —1) (cf. item 2 of
Theorem 3), from which we obtain p¢ > p° -1 > [ > g. Combining p®(l —g) > p® with
p¢ > q results in p°(I —q) —q > 0. But then d(p°(I —q) —q) +24q is a (strictly) positive
integer, contrary to (3.20). And the proof is finally finished.

O

The lemma below, albeit being trivial, will prove to be of great value in making
the proof of Proposition 13 less intricate.

Lemma 7. Let T # id be a projective transformation of P2 which fixes all points of a line
{r. Let £ # {1 be any line not fixed by T, i.e., T({) # . Then

Q& enT) ety

and, in particular, Q¢ is fixed by T, i.e., T(Q¢) = Q¢.
Proof. Take R=¢N{r.ThenT(R) =R, since R € {7.But T(R) € T({), since R € {. Therefore

T(R)=ReT({)N¢r;and with R € £ and R € T(£), we conclude that R € £NT(€) = Q.
The following may help visualize the situation.
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{ {r
{r ~> Applying T ~» !
¢ ¢ ¢ : ()
! 'T(R)
Then: Qe
T(¢)

O

The next proposition corresponds to (FUKASAWA, 2010, Proposition 3) and it
will be used to complete Proposition 10 for the cases p > 2 and [ = 1.

Proposition 13. Suppose 6(C) = d and also that there exists (a,b) € C; \ {id} ¢ Gp \ {id}
such that £, ;) # TpC. Then there exist at least d — 2 tangent lines T to C such that

1. each T pass through P; and

2. Io(CNT)is divisible by p forany Q € (CNT)\ {P4}.

In particular, these imply that /=1 and p = 2.

Remark 7. As will become clear in the proof, and as is expected, Proposition 13 holds
no matter what inner point P; # P we take in place of P;. However, this will be of no

importance for what comes.

Proof. Let (a,b) € Gp \ {id} be as above. Remind that, once (a,b) € C{, we have that
P € {(,p) and also that the line £(, ) is a tangent line to C such that the intersection
multiplicity Io(C N €, p)) is divisible by p for any Q € (CN €, 1)) \ {P} (cf. (3.16) and the
discussion following it). Take y» € Gp, and y3 € Gp, such that y»(P) = P; = y3(P); this
is possible because 6(C) = d > 4 and because Gp, acts transitively on A(C) \ {P;}. Items
1 and 2 will be proven if we show that y2({(, 1)) # ¥3({(s,p))- Indeed, by showing that
V2(€(ap)) # Y3(L(a,p)) it follows, by repetition of argument, that the d —2 lines y;({(,p))
are all distinct, where y; € Gp,, i =2,...,d -1, takes P to P;. It is clear that item 1 and
item 2 will hold: all y; are projective transformations: they take tangent lines to tangent
lines and leave invariant all intersection multiplicities. Hence, we go on to show that

V2(€a,p) # 3(L(a,p))-
The first thing tonotice is: £, # {,,. Suppose not, and takeany R € CN¢,, =CN{y,.
From R € CN{,, we have that P; € TrC, and from CN{,,, that P3 € TrC. But then

TrC = PyP3 = {ga1, which is a contradiction, for £, is not a tangent line to C: it intersects
the curve exactly in the d inner points (cf. below).
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TrC

TrC is tangent to C

WHEREAS

{Ga is not

{Gal

Recall that inner Galois points are total flexes, so that TpC # Tp,C and thus the
point Q1 def TpCNTp,C is well-defined. Since y»(TpC) = Tp,C, Lemma 7 implies that
Q1 € £y,,and also that Q1 € ¢, because y3(TpC) = Tp,C as well; hence Q1 =TpCNTp,C =
t,,N{,,. Suppose, for us to derive a contradiction, that it was y2(€(, 1)) = y3({(a 1)), and
denote this line by £*. Let Q2 = {(, 5y N ¢*. Using Lemma 7 again (notice that £, ;) and
y2(£(a,p)) are distinct lines: the former pass through P and not through P; while the latter
pass through P and not through P), we conclude that Q> = ¢,, N ¢,,,. Since Q2 € {(, ) and
(a,p) # TpC, by our initial hypothesis, it follows that Q> ¢ TpC (note: £(,,,) N TpC = {P}).
But Q1 =¢,,N{,, too, and Q1 € TpC. The points Q; and Q> are, therefore, distinct:
Q1 € TpC while Q; ¢ TpC; on the other hand, and simultaneously, they are equal, once
Q1=1¢),Nt), =Q,and ¢y, # ), (cf. below).

P Py

Q1 Q2

TPdC f(ﬂ,b)

£* TpC

This contradiction finishes, therefore, item 1 and item 2; now we proceed to
show that p =2 and [ = 1. The d —2 lines we just proved to exist are, all of them, of
the form £, ;) for some id # (s, t) € C, < Gp,. In fact, each of these d —2 lines is given
by yi(f(a,b)) for some y; € Gp,, as was just proved in the lines above; once E(a,b) is the
line associated to (a,b) € C;, < Gp, the reader can easily check that y;({(, 5)) is the line
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associated to yi(a,b)yi"l € C, < Gp,. And from the fact that these d -2 lines are all
distinct, we conclude that there are at least d — 2 elements in C; \ {1}, hence

d-1=|Gp,| >|C = d~1

Therefore Gp, ~ C ;, from which it follows that [ = 1. With this new information in mind,
it now follows that those d —2 lines are exactly all of the lines ¢,, for ¢ € Gp, \ {id}.
Moreover, there are no more tangent lines to C passing through P; apart from those
just cited: any tangent line to C passing through P; would necessarily be of the form ¢,,
for some y € Gp,. Hence, where it is written “there exist at least d —2 tangent lines T to
C such that...” we must now read “there exist exactly d —2 tangent lines T to C such
that...”. In particular, ¢, # {, for 0 # o’. Take 0 € Gp, and suppose o2 # id. It is then
clear that ¢, = {,2: if P € {, then 6%(P) = 6(c(P)) = 6(P) = P, and hence all points in ¢,
are also fixed by 0?; therefore we have ¢, C {2, and the equality clearly follows. But
o # 02 (otherwise ¢ = id), so that the lines £, and £,2 should be distinct, as observed
earlier. This contradiction leads us to conclude that ¢% = id for all ¢ € Gp .. Therefore the
exponent of Gp,, which is p, is exactly 2. The proof is thus finished.

O

We are now going to show item 1 of Proposition 10 for p >3 and I =1 (cf.
(FUKASAWA, 2010, p. 14)). We note that, in such cases, the group Gp reduces to C;,, and
(3.15) to

Zf(X,Y,2)+Gu(Y,2)=0 (3.21)

Also within this situation, and under the assumption 6(C) = d, Proposition 13 implies
that £(,,5) = TpC for any (a,b) € Gp ~ C;. But TpC is given by Z =0 (cf. (3.21)). So in
order for £, ) :aY +bZ =0 to be Z = 0 the “first coordinates” of all elements Gp must
vanish, i.e., we must have a = 0 for all (a,b) € Gp. Looking back at the proof of item 2 of
Theorem 3, we have that the polynomial f(X,Y,Z) is given by

F(X,Y,7) = ]_[ (X—-aY-bZ) (3.22)

(a,b)eCy
We just saw that, under the present hypotheses, 2 =0 for all (a,b) € C¢; hence (3.22)
becomes
fx2z2)= || x-b2) (3.23)
(0,b)eCy,

which does not depend on Y. We now claim that the tangent lines at all of the d inner
Galois points are concurrent. To see this, take Q et TpCNTp,C. Since, by Proposition 13,
La,p) = TpC for all (a,b) € Gp (the following does not make use of a = 0), we have,
from the definition of £(, 3, that (a,b)(Q) = Q. But once Gp acts transitively on the set
CN{ga=1Py,...,P;}, we have that

Q = (a,)(Q) = (a,b)(TrC N Tp,C) = (a,b)(TpC) N (a,b)(Tr,C) = TpC A Tp,C
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where (a,b)(Pz) = P;. Thus, Q =Tp,CN Tp,Cforanyi#j,ie., thelines Tp,C,i=1,...,d,
are concurrent, which is what was claimed. As TpC : Z =0, and as Q is not one of
the inner Galois points, it follows that Q is given by Q = (x*:1:0) for some x* € k.
We may suppose, with no loss of generality, that x* = 0. Indeed, take the projective

transformation
1 —=x* 0
T. %[0 1 o0
0 0 1

which corresponds, in our notation, to (—x*,0); its inverse is, therefore, (x*,0). This
transformation Ty takes Q to (0:1:0), and it fixes P = (1:0:0); it also leaves Gp
unchanged: (—x*,0) o (a,b) o (x*,0) = (a, ). Finally, it takes C to the curve given by the
following equation

ZFX+x*Y,Y,2)+Gy(Y,Z) = Zf(X,Y,Z)+ G4(Y, Z) + f(x*Y,Y,Z) =
=Zf(X,Y,Z)+Ga(Y,Z)=0

which is an equation of the same type of (3.21). Notice that in the equation above we
used the “additiveness” of f(X,Y,Z) with respect to the variable X. Summing up the
preceding considerations, we have that C is given by (cf. (3.23))

Zf(X,Z)+Ga(Y,Z)=0 (3.24)

with Z 1 G4(Y, Z), i.e., the coefficient of Y? in G4(Y, Z) does not vanish, and Q = (0: 1:0)
is the common point of the tangent lines to all of the d inner Galois points. Consider
now the projection 1g : C — {y from Q to (Q 3)fy : Y = 0. Notice that Q ¢ C: any
line Tp,C intersects C only at P;. From Q ¢ C, we see that g has degree d which
is # 0 mod p. Notice also that each inner Galois point P; is totally ramified with
respect to mg: the smoothness of C guarantees that its ramification index is exactly
Ip,(C NP;Q)=1I p,(CNTp,C) =d. Once the ramification indices associated to the inner
Galois points are equal to d, which is # 0 mod p, and once 6(C) = d, the different divisor of
ng, Diff(tg), will have degree at least d(d —1) (cf. (STICHTENOTH, 2009, Theorem 3.5.1
and Definition 3.4.3)). Applying Hurwitz’s genus formula (cf. (STICHTENOTH, 2009,
Theorem 3.4.13)) for 1o gives (remind that the genus of C is (d —1)(d —2)/2: it is a degree
d non-singular curve)

2- (d_l)zﬁ -2=d(2-0-2)+degDiff(rg) ~» degDiff(ng) =d(d-1)
Hence, the only ramified points with respect to 1 are the inner Galois points, and
they are all totally ramified. Now, the ramified points of C with respect to 1 are exactly
the points of C whose tangent lines pass through Q. Any line through Q is given by
t, X —tyZ =0 for some t, and t, € k (not both of them vanishing), and its points are

thus (t,: T :t;) and (0:1:0), for T € k a parameter. Let us exclude, for the moment,
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the point P from the discussion: it is the only point of C in the line Z = 0; as we will
only consider lines through Q different from Z = 0, we have that ¢, # 0, and we can
describe the points of the line ¢;_ : t,X —t,Z = 0 that are contained in the affine chart
Z=1by (,:T:1), for T € k. We will denote f, = t/t, by t, only. Let ¢(T) def G4(T,1).
Substituting the preceding parametrization on (3.24) gives

fte,1)+g(T)=0 (3.25)

which is a degree d polynomial on T. Its roots give the (y coordinates of the) points on
CN ¢ ; any repeated root corresponds to a point R for which ¢;, is tangent to C at it,
and the multiplicity of the root (as root of the polynomial (3.25)) corresponds exactly to
the intersection multiplicity Ir(C N ¢}, ). This implies that if ¢;, is the tangent line to a
total flex of C, (3.25) will admit only one root T = y; . As it turns out, this happens to be
the case for the points P», ..., P,;. For the point P;, (3.25) will therefore read

fltx, D)+ g(T) =c; (T —yi)* (3.26)

where we write y; instead of y;, . Taking the (formal) derivative, with respect to T, of
both sides of (3.26), we get (recall that d =1 mod p)

(M =ci-(T—y)* ' Vi=2,...,d (3.27)

The left hand side of (3.27) does not depend on i. From this we conclude that y; = y*
and ¢; =c* foralli =2,...,d. The following must be pointed out: the fact that y; = y*
foralli=2,...,d tells us that the Y coordinates of the inner Galois points contained in
the affine chart Z =1 are all the same, namely y*; this should already had been clear:
{Gal, being a line through P distinct from Z = 0, is given by aY — Z = 0, for some a # 0.
Consequently, the line £, is given by Y — y*Z = 0.
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L Z=0
C C (TpC)
* |
{Gal Y |
T Sl R Sy |
=y ), 2 N
Y =0 e P
ng(Pa) 1o (P>)
Tp,C Tp,C
X=0
Hence we may rewrite (3.26) as
g(T)—c* - (T-y*) = f(ty,, 1) (3.28)

Again, the left hand side of (3.28) does not depend on i, so we must have f(,,,1) = co
foralli=2,...,d, and we may finally write

g(T)=c*-(T- y*)d +cg ~ Gu(Y,Z)=c*(Y - y*Z)d +coZ?

The following projective transformation

1 0 O
01 y*
00 1

does not affect at all our previous assumptions. In fact, it leaves Z f (X, Z) unchanged,
and it also leaves Gp unchanged:

10 0 10 b 0 10b
01 y*|]010 —y* |=[0 10
00 1 00 1 1 00 1

But it takes G4(Y, Z) to c*Y? +coZ9. After another projective change of the Y coordinate
only, we may assume that C has equation

Zf(X,Z)+ Y% +coZ% =0 (3.29)
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One last projective transformation, this time given by (cf. a similar discussion in page 63)

10—80
01 0
0 0 1

where s is such that f(so, 1) = —co, and we may finally assume that C is given by (cf.
(3.29))

ZF(X+50Z,Z)+Y 4002 =Zf(X,Z)+ Y+ Z%(f(50,1)+co) = Zf (X, Z)+Y? =0 (3.30)

Note that, since A(C) = CN€ga and €ga1 : Y =0, all the inner Galois points are given by
the roots of Zf(X,Z) =0, i.e., they are (1:0:0) and (b :0:1) for every (0,b) € Gp. For
b =0, which corresponds to the identity element of Gp, this means that P’ def (0:0:1)1is
one of the inner Galois points that are distinct from P; recall that the tangent line at any
inner Galois point pass through Q, so that we have that Tp-C is given by X = 0. We will
consider now the projection 7p from P’. If we remind that the lines £(g ) for (0,b) € Gp
are all equal to the line TpC, and that any ramified point with respect to 7tp should lie in
one of those lines, we conclude that the only ramified place with respect to 7tp is P itself
and it is totally ramified, because TpC N C = {P} only. Lemma 6 then implies that P’ is
the only ramified point with respect to 7p,. In complete analogy with what was done in
the case of g (cf. page 63), we have that any ramified point with respect to 7tps lying in

the affine chart X =1 will be associated to a repeated root of
Tf(1,T)+t)=0 (3.31)

The converse is also true. But if (3.31) has any repeated root r, then r is also a root of the
derivative of the polynomial (considered as a polynomial in the variable T') in the left
hand side of (3.31). Now, observe that this derivative is independent of the parameter
ty: it is just the derivative of the polynomial #(T) Lefr f(1,T). Suppose that I’(T) has
roots, i.e., that h’(T') is not a non-zero constant. Take r to be such a root. It is, then, clearly
possible to find t, € k such that r is also a root of (3.31): it suffices to take it such that
—t]‘j = h(r). Therefore, it holds that the ramified points under consideration (i.e., those in
the affine chart X = 1) are all given by the roots of /’(T), and conversely. However, as we
have already seen, the only ramified point with respect to mp: is P’ itself, and it is not
contained in affine chart X = 1. From this, we conclude that #’(T) has no roots at all: it is
a non-zero constant. Let us take a closer look at this polynomial #(T) =T f(1,T). The
polynomial f(X,Z), being an additive polynomial in the variable X of degree d —1 = p°,
and homogeneous when both variables are considered, may be written as (cf. (GOSS,
1998, Proposition 1.1.5 and Theorem 1.2.1))

F(X,Z2) = XV + 301 XV 2V V7 4 4 m XPZP P 4 agXZP ! (3.32)
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from which we may write (recall that /(T) =T f(1,T))
W(T)=a TP P +...+a, TP P +1

So in order for h’(T) to be a non-zero constant, we must have a1 = ... = a,_1 = 0. Recall
that f(X, Z) is separable, a condition equivalent to ag # 0 (cf. (3.32)). Summing all up,
we have that C is given by the following equation (cf. (3.30))

ZXP +agZP X +YP*1 =0, for someag % 0

whose projective equivalence to the Hermitian curve is left to the reader to check. What
we just showed is: for p > 3 and | =1, if 6(C) > 2 then C is projectively equivalent to the
Hermitian curve. This, together with Lemma 6 allows us to state (cf. (FUKASAWA, 2010,
Proposition 4))

Proposition 14. Suppose p > 3 and [ = 1. If C is not projectively equivalent to the
Hermitian curve then 6(C) < 1.

It now remains, for the proof of Proposition 10 to be completed, to consider
the case | = 2 (cf. (FUKASAWA, 2010, p. 14)). The first thing to notice is that if [ =2
then p cannot be 2; thus, the curves considered in what comes have degree 2p°® +1 for
p =3 and e > 1. Suppose 6(C) = d; Proposition 13 again implies that £, ;) = TpC for
all (a,b) € C§ < Gp, with (a,b) # (0,0). Therefore, as happened with the case I =1 (cf.
(3.23)), we again have that the first coordinates of the elements (a,b) € C;, must vanish,
so that f(X,Y,Z) does not depend on Y; (3.15) can then be written as

Zf(X,Z)*+G4(Y,Z)=0 (3.33)

In analogy with what we did previously in the case [ =1, let us consider the set
{TpCNTp,C|2<i<d}. Therearetwo cosets of C; in Gp =~ C; = Cp; we denote Cp = {1,-1}
and, therefore, these two cosets just mentioned by +Cy,. Let us consider the orbit of P;
by the action of Gp. The action of Gp in the set A(C) \ {P} is transitive, hence the orbit

of P, by the elements in the coset C;, will consist of |Gp|/2=(d—-1)/2 = p® elements,

which we denote by Q def {O & Py,...,Qpe}. The other p° elements, those in the orbit

of P, under the action of —C¢, will be denoted by Q’ def {Q1,---, QI’DE} in such a way that

Q= (=1)(Qx) forall k =2,...,p¢, where the symbol -1 just used is to be understood as
being the non-identity element of C,. The important thing to notice here is this: any two

elements in Q are taken into one another by an element in C¢, and the same holds for Q".



68 Chapter 3. Smooth curves

Since any (a,b) € C; fixes all the points in the line £, ;) = TpC, we have that
TpPCNTp,C= (a,b)(TpCN TQiC) =TpCnN TQ].C

and also that
TpCN TQ;C =(a,b)(TpCN TQ;C) =TpCnN TQ}C

With all this in hand, it is now clear that the set {TpCNTp,C |2 <i < d} can consist
of at most 2 points: one associated with the inner points in Q, which we denote by
Q, and another associated with those in Q’, which we denote by Q’. Suppose Q # Q’;

and note that, by what we defined just now, Q =TpCNTg,Cand Q' =TpCN TQiC. Let

Qo def To,CN TQi C, and note that Q¢ ¢ TpC (otherwise Q = Q’). Consider the group

C; < Gg,. For any o #id in such group, ¢, = T, C, by Proposition 13; in particular o
fixes Q. The point Q, def 0(Q}) is an inner Galois point different from Q; and from Q/,
because the G, acts transitively on A(C) \ {Q1}. By Lemma 7 we have that Qg € T, C; in
particular Q, # P: if not, it would be Qo € TpC, which is not the case, as was just seen a
few lines above. Thus, either Q = TpCNTg, C or Q' =TpCNTg,C, but in both scenarios
we get a contradiction; let us see why. If Q = TpC N Tp,C, then Tp,C = QoQ = To,C,
which implies Q, = Q1 (because inner points are total flexes); but Q,; = d(Q7) (recall
0 € Gg,) cannot be Q1, unless it was Q] = Q1, which is not. If Q" = TpC N Tg,C, then in
the same way we would conclude that Q, = Q7, which, again, is not since o # id and the
action of Gg, in A(C) \ {Q1} is transitive.

\o ¢/

ToC

Q

To,C
TpC

Hence, Q = Q’, i.e., the tangent lines to all inner Galois points are concurrent, like they
were in the case of | = 1. Considering the projection 1o from Q like we did in the case
of I =1 (cf. page 63), we are led to conclude that C is projectively equivalent to the curve
given by (cf. (3.29) and (3.33))

ZF(X,ZP+Y +cz%=0 (3.34)
where, again, we may write f(X,Z) like in (3.32):

F(X,Z2)= XV 430 XV 2V P 4 4 m XPZP P 4 agXZP (3.35)
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with ag # 0, since f(X,Z) is separable. The considerations to be done in the sequence
make up the contents of (FUKASAWA, 2010, Proposition 5). In the affine chart X =1,
the point P = (1:0:0) is the origin, and we may write the local equation of C in this
chart as (wherez =Z/X and y = Y/X)

o(2) def zf(1,z)* + cz% = —yd (3.36)

Once Z =0 is the tangent line to C at P, the function z will not be a uniformizing
parameter for C at P; we take the function y to be such parameter, and we write vp for
the (discrete) valuation, the order function of the local ring at P; hence vp(y) = 1. As
Z =0 is the tangent line to C at P and as Ip(CNTpC) = d, we have that vp(z) = d. This
equality could also be derived from (3.36). Indeed, we have that

op(zf(1,2)?+cz%) = vp(z) + vp(f(1,2)* +cz%7) = vp(2) (3.37)

where we used vp(f(1,z)?+cz?1) = 0, which holds since P is not a zero of the function
f(1,z)*+cz%1: £(1,0) =1 £ 0. Therefore, (3.37) together with (3.36) gives

vp(z) = vp(-y?) =d-vp(-y) =d (3.38)

Let z’ and z” be the derivatives dz/dy and d?z/dy?, respectively. The usual derivatives
of ¢(z) and f(1,z), as polynomials in z, will be denoted in the same way. Taking the
derivative d/dy on both sides of (3.36) we get (it will be shown that ¢’ # 0)

¢z =yt~ 2=yt g (3.39)
And doing the same with (3.39) gives (recall that 4 —1 = 0 mod p)
" (2 +d'z" =0 (3.40)
Using (3.39) in the above (3.40), we have that

1 .,2(d-1)
o PP
(¢")

Let us consider now the functions ¢’(z) and ¢”(z). Recalling (3.36), we have that

(3.41)

&' ()= f242-z-f f'+cz?1 (3.42)

From this we see that the function ¢’(z) does not vanish at P (because f(1,0) # 0),
thus vp(¢’(z)) = 0; in particular ¢’(z) # 0 (cf. (3.39) and (3.40) where we divided by ¢’).
Deriving (3.42) once again, we obtain

¢ =4f - f422((f )+ f-f)=2f - Qf +zf")+2z(f")? (3.43)
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And we are now led to consider the functions (f(1,z))" and (f(1,z))”. By (3.35), we have
that
f(1,z) = —apz" 2 and therefore f(1,z)" = 2a9z" 3 (3.44)

From (3.44), it follows that 2f" +z f” = 0; we can then rewrite (3.43) as
¢ =2z(f')* = 2a2z%" 3 (3.45)

Finally, plugging (3.45) into (3.41) gives

_2a222p“—3y4p3
’ 0
= (3.46)

(3.46) tells that z” # 0, hence the dual map of C is separable and, in particular, the generic

order of contact for C is 2 (cf. Definition 6 as well as the footnote in page 52). Therefore
the right hand side of (3.9) reduces to 3d(d —2) (cf. the discussion at the beginning of
section 3.2). The d inner Galois points are total flexes, and thus Ip,(CNTp,C)—q(C) =d -2
for each one of them; then, if we use (3.9) the way we were using it before, we will get

d(d—-2) <3d(d-2) (3.47)

which is not useful at all. What happens is that

Ipi(c N TpiC) _ d _ (2}93 + 1)(2pe)
( 9(C) )‘(2)‘ .

and therefore, by (3.10) and the fact that Ir(CNTrC)—q(C) < vr(W(C)) forany R € C,

we conclude that Ip,(CNTp,C) < vp,(W(C)), so that the left hand side of (3.47) can, and

will, be sharpened. The divisor ‘W(C) is explicitly given by (cf. (FUKASAWA, 2008,

Section 2), (FUKASAWA, 2007, Section 2) and references therein)

=0mod p

W(C) = 3D +div(z”) + 3div(dy) (3.48)

where D is the divisor corresponding to C N €., where { is the line at infinity with
respect to the affine chart X =1, i.e., oo : X =0. Once P ¢ {, we have that vp(3D) = 0.
Also vp(div(dy)) = 0, since y is a uniformizing parameter at P. Hence, from (3.48), we
have that

vp(W(C)) = vp(div(z”)) = vp(z") (3.49)

Now, using (3.46) and (3.38) we can write, for the quantity appearing in (3.49),
vp(W(C)) = 4p° +(2p° -3)(2p° +1) = 4p** -3 (3.50)

(3.50) holds also for the other inner Galois points: Gp,, which consists entirely of projective
transformations, acts transitively on the set A(C) \ {P;} and vp(W(C)) = vr(p)(W(T(C)),

for any projective transformation T. Therefore, from the preceding and from (3.50), there
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will be a contribution of d(4p?¢ - 3) to the degree of ‘W(C), which is 3d(d —2), and thus
(3.9) allows us to finally write (recall that d =2p° +1)

d(4p* —3) <3d(d-2) ~ 4p° <6

which does not hold for any pair (p,e) with p > 3 and e > 1. This last contradiction
finishes the proof of Proposition 10.

3.3 Even characteristic

We now investigate those non-singular curves, whose existence is possible only if
p =2, for which d = deg C = 6(C) (cf. item 2 of Proposition 10). The results contained in
this section are essentially the same as those in (FUKASAWA, 2013) and in (FUKASAWA,
2014), but the approach given here is our own and may, therefore, differ with the one

given there in minor aspects.

Recall that the degree of any such curve is a unit more than a power of two, i.e.,
d =2" +1. Our aim is to completely classify such curves. More specifically, we will give
explicit equations, for any n > 2, of all non-singular plane curves of degree 2" +1 with

exactly 2" + 1 inner Galois points, up to projective transformation.
y p p 10 p10j

Recall Lemma 6 and Proposition 11: for a degree d curve in this setup to have d
inner Galois points, it is necessary (and also sufficient) that it has 2 of them and that it is

not projectively equivalent to the Hermitian curve.

So suppose C is a non-singular plane curve of degree d =2" +1 =g +1 (from
now on, we will write g and 2" interchangeably), with n > 2, over an algebraically
closed field k of characteristic 2 that has 2 inner Galois points. We keep the notation we
used throughout subsection 3.2.4 (cf. what comes after Proposition 10). Under these
circumstances, Gp ~ CJ and each 0 € Gp is its own inverse. Recall also (3.15): P = (1:0:0)
is one of the inner points, its tangent line has equation Z = 0 and C has equation

Z- 1_[ (X+aY +pZ) |+Ga(Y,Z)=0 (3.51)
(a,)eGp

Let Q # P be another inner Galois point. Once Q ¢ TpC, we may write Q = (x: y : 1).
Consider the following projective transformation

1 0 —x 1 0 «x
T def 0 1 -y |, notethat Ty =101 y
00 1 0 0 1

We have that T;
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takes Qto (0:0:1),

fixesP=(1:0:0),

fixes all the points in the line TpC : Z =0 and

takes (a,B) € Gp to Ty O(a,ﬁ)OTf1 =(a,ay+p).

Therefore, after applying T1, we may suppose the same we supposed before and,
additionally, that (0: 0 : 1) is another inner Galois point. Note that the type of equation
C satisfies will not change, only the roots of the additive polynomial appearing in (3.51)
will do. Indeed, the equation for T1(C) will be something like

Z. ]_[ (X+aY +p2Z) |+GCa(Y,2)=0 (3.52)
(@,p)eGp

where, as before, Gp = T1Gp T, 1. the matrices of the elements Gp are of the same type of
those of Gp, i.e., they are given by a matrix like the one below

o O -
_ o &

a
1
0

for some a and b € k. We will then write only Gp for the Galois group associated to P.

Now that we have (1:0:0) and (0:0: 1) as inner points, we know that the line
joining them, viz. {Ga, is given by Y = 0; by Proposition 11, A(C) = C N {ga. In particular,
ToC: X+bY =0for some b € k. We can go one step further and also apply the projective
transformation below

This transformation T,

fixes Q and P,

does not fix all the points in the line TpC : Z =0, but leaves this line unchanged,

takes ToC: X+bY =0to X =0and

leaves Gp unchanged after conjugation.

After all these considerations, we may finally suppose that C has equation like (3.51),
and that two of the inner Galois points are (1:0:0) and (0:0: 1), with tangent lines
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given by Z = 0 and X = 0, respectively. The additive polynomial in (3.51) will be denoted
by what we have been denoting it hitherto, by f(X,Y,Z).

From the fact that Q = (0:0: 1) is also an inner Galois point with respect to C
with tangent line given by X = 0, and recalling that inner Galois points are total flexes
(cf. Corollary 1), we conclude that

Zf(0,Y,2)+Gua(Y,2)=0

must have (X :Y :Z)=(0:0:1) as its unique root. Noting that f(0,Y,Z) =0, once
X|f(X,Y,Z), this leads us to conclude that (afterwards a rescaling transformation)

Ga(Y,Z)=Y*

We put this altogether in the following

Lemma 8. Let C be a non-singular plane curve of degree 2" +1 =g +1, for n > 2, defined
over a field k of characteristic 2 with (at least) 2 inner Galois points. Then C is projectively

equivalent to the curve given by

Z ]_[ (X+aY+pZ)+Y1* =0
(a,B)eGp

where the pairs («, ) constitute an elementary abelian group of order g4 and exponent 2.

Lemma 8 represents the first step towards the classification we have spoken

about: it will be of great importance in subsection 3.3.4.

3.3.1 An example

The following is an example of a degree 5 = 22 + 1 non-singular curve, defined
over 4, which is not projectively equivalent to the Hermitian curve and which attains
the maximum possible number of inner Galois points that a curve in such conditions
can attain, viz. 5. Its affine equation is (cf. (FUKASAWA, 2010, pp. 10, 15)):

C: glx,y) def x(x+ay+1)(x+y+a)(x+a’y+a*)+y> =0 (3.53)

Here, a € F; is a primitive element for the extension F4/F,, i.e., a is a root of the
polynomial T2+T+1¢€ F>[T]. We claimed that C is non-singular; to see this, let us take
the “projective” equation for C:

def

G(X,Y,Z2) = X*Z+aX®YZ?+XY3Z+XZ*+Y° =0 (3.54)

The derivatives of G(X,Y, Z) are as follows

Gx(X,Y,Z) Z(Y3+273)
Gy(X,Y,Z) = aX?Z>+XZY?+Y*
Gz(X,Y,Z) X(Y3+X3)
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From the above expressions, together with (3.54), we see that there are no singular
points lying on the lines X = 0 or Z = 0. At this point it is worth noting that the projective
transformation corresponding to the permutation of X and Z is an automorphism of C.
In other words, G(X, Y, Z) = G(Z, Y, X). So, without loss of generality, we may search for
singular points lying in the affine chart Z = 1. From Gx(x, y,1) = 0 it follows that y3 =1,
therefore we can have y =1, a or a%. Now, from y3 =1and Gz(x,y,1) =0 it also follows

2

that x3=1,i.e.,x =1, a or a2, so we have 9 possibilities for the pair (x, y) of a singular

point. Let us see which of these 9 possible pairs vanishes the other derivative, Gy.

(x/y) GY(x/yll)

(1,1) a
(1,a) a?
(1,a?%) a?
(a,1) a
(a,a) a
(a,a?) 1
(a%,1) 1
(a%,a) a?
(a%,a?) 1

Since the derivative Gy does not vanish for any “candidate” for singular point, C

is indeed smooth.
The reader may easily check that the polynomial (cf. (3.53))

def

f(X,Y,2)= X(X+aY +Z)X+Y +aZ)(X +a®Y +a°Z) (3.55)

is additive with respect to the variable X: its roots {0,aY +Z,Y + az,a’Y +a®Z} are
closed under addition (we also remind the reader that a + 1 = 4?). It is now quite clear
from (3.55) that P = (1:0:0) is an inner Galois point for C: the conditions of item 2 of
Theorem 3 are met (the condition I | p® —1 is trivially satisfied whenever [ = 1). From
now on, and until the next chapter, when we say Galois point we always mean inner

Galois point.

As was formerly observed, G(X, Y, Z) is invariant after swapping X and Z (i.e.,
G(X,Y,Z)=G(Z,Y, X)), whereupon we deduce that P’ = (0: 0: 1) is another Galois point,
for any permutation of the variables is a projective transformation (cf. also Proposition 1).
It follows from Lemma 6 that there are at least d = 5 Galois points for C. These 5 points
we know for sure to be Galois all lie in the line Y = 0 (cf. Proposition 11) and correspond,
apart from P, to one linear factor of G(X,0,1) = f(X,0,1) each.
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X ~ (0:0:1)
X4+a ~ (a:0:1)
X+1 ~ (1:0:1)
X+a? ~ (a%:0:1)

We thus see that these 5 Galois points are exactly the five F4-rational points of
the line Y = 0. According to Proposition 11, to show that C has exactly 5 Galois points,
it suffices to show that C is not projectively equivalent to the Hermitian curve. This is
done by showing that the generic order of contact for C is exactly 2. From this, and also
from the fact that g(C) is invariant under projective transformations, we can conclude
that C is not projectively equivalent to the Hermitian curve because the generic order of
contact for the Hermitian curve H,; (whose degree is g +1) is g > 4.

There are two ways to visualize that 2 is the generic order of contact for C, and
we show both of them. First of all, Definition 6 applied to our setting, namely of a degree
5 curve in characteristic 2, says that either q(C) =2 or 4(C) =4, the last integer being the

only power of 2 strictly between 2 and 5.

Take the line €(;2 ;2): Y +Z =0. Any point R in £(,2 ;2N C, with R # P, is such that
TrC = (42 42), and we also have that P € {(;2 ;2 (cf. subsection 3.2.4, after Proposition 10).
It then follows that for all points in £,2 ,2) N C the intersection multiplicity of their tangent
line (which is the same for all, namely €(,2 ;2)) with C (at them) is the same number. If
we show that the set £(,2 ,2) N C consists of three points, P, Ry and Rz, Bézout’s theorem
will imply that Ig,(Tr,CNC) =2, and we will be done. Without loss of generality, we
will look for the points of £(,2 ,2) N C lying in the affine chart Z =1 (once the only point
of C lying in the line Z = 0 is P). Making Y = Z =1 in the polynomial G we obtain

(X(X +a*)+1)*
But the above polynomial has 2 distinct roots (in a degree 2 extension field of Fy, i.e., in
F16). And we are done.

Next we consider the another mentioned way of showing that the generic order of
contact for C is 2. The lines ¢,; for 0 € Gp are explicitly given by the following equations
f(a,l) aY+7Z=0, f(l,a) :Y+aZ=0 and f(az,uZ) Y+Z2=0
Recall that all these lines contain P, so that the tangent line TrC is equal to ¢, for any

point R € {;,NC with R # P.

The crucial feature about these lines, in the sense that it is the sufficient condition
for C not being projectively equivalent to the Hermitian curve, is that they are pairwise
distinct. Actually, it is sufficient just 2 of them to be distinct for us to reach the same

conclusion; this will become clear after the following arguments. We suppose C is
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projectively equivalent to the Hermitian curve, so that g(C) = 4. Take R € {(,;)NC
different from P (such a point exists once none of the ¢, is Z = 0, the tangent line to C at
P). Then, as was mentioned above, TrC = £(, 1). Once q(C) = 4, we have Ig (£, 1)NC) > 4.
By Bézout’s theorem, it follows that Ir(£(,,1)N C) = 4, because C has degree 5 and
Ip(£(5,1)N C) = 1. But then the stabilizer of R in Gp has order at least 4, and hence is
all of Gp. If R is fixed by all of Gp, then it is also fixed by, say, (1,4) and we have that
either R € €(1 4 or R ¢ £y 4. If we show that R € {(; ;), then we will be done since R,
P € {,1)N €1 ,q) with R # P implies that £(, 1) = {1 4), a contradiction. So we must show
that R € £y 4). Suppose not. Then (1, a) fixes all the points in the line £(; ;) and also
the point R, which is not in that line (the point R is fixed because its stabilizer is all
of Gp). According to (MITCHELL, 1911, p. 212) (cf. also Remark 3), (1,4) is, then, a

transformation of type IV, and therefore it can be written, in suitable coordinates, as

a 00
010
0 01

In particular, (1,4) would be diagonalizable. But one can easily verify that none of
the matrices representing the o;’s is diagonalizable (no transformation of type V is
diagonalizable whatsoever). Hence, it must be R € £(; ;), with which we finish.

Are there any other non-singular curves of degree 5 defined over F4 with exactly
5 Galois points? Remind that the first row of the matrix representation of each element
in Gp corresponds to one linear factor in the factorization of f(X,Y,Z): if (611 012 013)
is the first row of 0 € Gp, then f(X, Y, Z) has the linear factor 011 X + 012Y +012Z. If we
start with an order 4 subgroup S of PGL(3,4) whose matrices are of the form

1 o012 o013
Ms=| 0 1 0
0 0 1

we can then construct the polynomial fs(X,Y,Z) = Z[],e5(X +012Y +013Z), and then

consider the curve
Cs: fs(X,Y,Z)+Y° =0

which is easily seen to have the Galois point P = (1:0:0), by virtue of Theorem 3 (item 2).
The question that arises is: will this curve Cs be non-singular and have exactly 5 Galois
points? If we take, for example, the subgroup

100 1 a2 1 1 1 a2 1 a a
o1o0flo1of]Jo1o|,]o1oO
0 01 0 0 1 00 1 001

the corresponding curve will be given by the following equation

ZX(X+a®’Y +Z)(X+Y +a?Z) (X +aY +aZ)+Y> =0



3.3. Even characteristic 77

which looks pretty much like the curve we considered in this section (cf. (3.53)), the
only difference being the choice of primitive element for the extension F4/F,. It is then
obvious that this curve is also non-singular and have exactly 5 Galois points, because all
arguments above hold for any choice of primitive element for F4/IF. Later on, we will see
that the original curve and this one are not projectively equivalent (cf. Proposition 16).

Next, we will generalize this construction.

3.3.2 Generalizing the previous example to “arbitrary” degree

We are now going to consider curves of degree 2" + 1. The arbitrariness of the
degree comes from the arbitrariness of 7 > 2. An example where n = 2 was considered
in the previous section and the idea here is to generalize it, i.e., we want to construct a
non-singular curve of degree 2" +1 (over F,») with exactly 2" +1 inner Galois points.
We do this by “reverse engineering” the example considered previously, just as was
discussed at the end of the last section.

We are interested in subgroups of PGL(3, ) whose matrices are of the following
form (it will later be clear that there is no loss of generality in considering only matrices
of this form, instead of those in the bigger group PGL(3, k); cf. Theorem 6)

1 a B
(a,)=[ 0 1 0 (3.56)
0 01

Let us denote the subgroup of PGL(3, q) of all matrices of the above form by R;. We can
define an [F, vector space structure in Ry (cf. the proof of item 2 of Theorem 3): we sum
two matrices by multiplying them in the usual way and we multiply M € R by a scalar
v € F, simply by multiplying it “v times”:

1 a B 1 o p 1 a+a” B+p
@po@, )l o1 0llo1 ol=[o 1 0 |=(a+a,p+p)
001/\0 0 1 0 0 1
and
1 a pB 1 va vp
vo,)Elo 1 0]=lo 1 0 |=wavp
00 1 00 1

Hence, the multiplicative structure of R; (in PGL(3,2")) has, in fact, an additive structure
(the additiveness coming from the linear space structure just defined) and we can write,
once the order of R; is qz =221 Ry~ @$21P2. We then see that R; is an elementary abelian

group.
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Let G < R be a subgroup of order . Once R; has order g2, the existence of such
a subgroup is guaranteed. We can construct a degree g + 1 curve over F; using the given
subgroup G by letting its equation be

def

(X, Y,2) = Z ]_[ (X+aY+pZ)+Y1 =0 (3.57)

(a,p)eG

The curve given by equation (3.57) will be denoted by Cg, and f;(X, Y, Z) will denote
the polynomial Z [, gjec(X +aY +BZ), so that g6(X, Y, Z) = fo(X, Y, Z) + Y+t

The curves constructed in this way, i.e., those given by (3.57), always have
P=(1:0:0) as a Galois point: they satisfy the conditions of Theorem 3 (item 2).
Moreover, the subgroup G is exactly the Galois group Gp, and we will write only G in

place of Gp.

Notice that Theorem 3 (item 2) also guarantees that P is a non-singular point of
Cg. If (a,0) € G for some a # 0, then the polynomial f¢ has the linear factor (X +aY).
But then, it is not difficult to check that (0:0:1) is a singular point of C¢. Now, if
there is some $ € IF; such that («, ) and (a’, §) are in G, with a # &', then (a +a’,0)
would also be in G, from which we also conclude that the curve is singular for such
G. So in order for G to give rise to a non-singular curve, it is necessary (although not
necessarily sufficient) that the projection onto the second coordinate gives all of Fy, i.e.,

it is necessary for the map

(a,p) = P

to be surjective (or, equivalently, injective, once the domain and codomain are finite of

G — F
pG: { 1 (3.58)

the same cardinality). We are not interested in curves that are projectively equivalent to
the Hermitian curve, so we exclude Gy, def {(0,@) | a € F;} from the discussion. From
now on, we will only consider groups which satisfy this condition: the map p¢ as in
(3.58) is surjective, i.e., the second coordinate “covers” all of F,.

We have already seen that for every order g subgroup of Ry, the corresponding
curve has P = (1:0:0) as inner Galois point. In order to guarantee the existence of
another Galois point (and, hence, of at least 2" + 1 of them) it is sufficient to show that

the projective transformation

corresponding to the permutation of the variables X and Z, is an automorphism of the
curve Cg, for then 1(1:0:0) =(0:0: 1) would also be a Galois point. But ¢ will be an
automorphism of Cg if, and only if, fc(X,Y,Z) = fo(Z,Y, X) (notice that ¢! = ¢). If this
happens, then there will be at least 2" + 1 inner Galois points, all of them lying in the
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line Y = 0, which is the line joining (1:0:0) and (0: 0: 1). Note also that they will be all
the g +1 IF,-rational points of Y = 0, thanks to our choice of G.

Let us now see what kind of restriction has to be imposed on the group G in
order for f5(X,Y,Z) = fc(Z,Y,X) to hold. From (3.57), we have that

fo(Z,Y,X)=X ]_[ (Z+aY +BX)=XZ ]—[5 ]—[ X+ap™'Y+87'2) (3.59)

(a,B)eG p#0  J (a,p)#(0,0)

Now, once the elements appearing as second coordinate (the ’s) “cover” all of F; (cf.
page 78), we have that []g.op = 1. So, by (3.59), the equality fc(X,Y,Z) = fc(Z,Y, X)
turns into the following

|| X+av+pzy= || X+apy+p2) (3.60)
(a,8)#(0,0) (a,8)#(0,0)

With (3.60), we see that fc(X,Y,Z) = fc(Z,Y, X) is equivalent to

(e, B) € G\{(0,0)} & (ap™!, ) € G\ {(0,0)} (3.61)

The condition stated in (3.61) will be called simply by change condition.

With all we did so far in mind, it is quite natural to search for groups G
whose elements are given by Gg 1 def {(Ag,0(8)) | g €Fy}, where 0 : F; — F, is a field
automorphism of F; and A € }F; (we do not consider A =0: Gg = Gq{q) is a fixed
element: the set Gg,) certainly has g elements, and the fact that 0 is an automorphism
of F,; implies that Gg,1 has indeed a group structure (cf. the considerations made after
(3.56)) and also that pg, , is surjective (cf. (3.58)). Once pg, , is surjective, Cg, , may be
non-singular. Now the change condition for Gg, ) reads (here we use the fact that 0 is a
tield automorphism)

g-0(g7) =g VgeF ~ 0(g)=g" Yg€F,

i.e., for the change condition to hold for Gg,1, 0 must be the Frobenius automorphism
that generates the Galois group of the extension F; /F>. The converse is easily seen to be

true too. Once 0 will be fixed from now on, we denote Gg,) by G, only.

So for every A € F}, the subgroup G, def {(Aa,a?) | a € F,} satisfies the change
condition and is such that the projection onto the second coordinate gives us all of F,.
Let us call by C, the curve Cg,, and by f; and g, the corresponding polynomials. We
claim that fy(x,y,1) € k(y)[x] is given by

n-1
2 Ay T (T ) (3.62)
i=1
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Indeed, it suffices to show that the roots of the above polynomial (in the variable x) are
Aay +a? for every a € Fy, once f;(x, y,1) was “constructed” in such a way that those
are exactly its roots. If we evaluate the sum in the middle of (3.62) at x = Aay +a® we
get

n—-1

Z(Ay)zn_2n—i+1a2n—i i (Ay)zn_2n—i+l+1a2n—i+l _

=1 (3.63)

n-1 n-1
n_nn—i n—i n_nn—i+1 n—i+1
E (Ay)z 2 +10(2 + § (/\]/)2 2 +10(2

Noting that n —i+1=n— (i — 1), we can rewrite (3.63) as (after changing i —1 to j)

n-1 n—2
Z(Ay)zn_zn—z_'_lazn—z n Z(Ay)zn_zn—]+1a2n—j (364)
i=1 =0

Now for each k between 1 and 1 —2, the term (1) 2" +142""

appears in both of the
sums in (3.64), so that they cancel out (once we are in characteristic 2). It thus remains
the term corresponding to n —1 in the sum indexed by 7 plus the term corresponding to

0 in the sum indexed by j, which gives

a2y2"—1 +Aay

So, evaluating x = Aay + a2 in (3.62) gives
Aay? +a?+a?y? T+ day+ (¥ L+ 1)(Aay +a®) =0

and proves the claim.

The curve C, is thus given by the following equation (in the affine chart Z = 1)

n-1
CA . y2n+1 +x2" + Z(Ay)zn_zn—z+1+lx2ﬂ—z " (yzn_l + 1)x =0 (365)
i=1

Changing variables (y — y/A), (3.65) gets the much nicer aspect (recall: A € Fa»)
n-1

Ca: A2y x4 Z yzn_zn%l“xzm +(y¥ 1+ 1)x =0 (3.66)
i=1

We now claim the following: C, is non-singular if, and only, if A # 1. We already
saw that there does not exist singular point in the line Z = 0: the only point of the curve
contained in this line is the Galois point P, and it is smooth. So we restrict our search
for singular points in the affine chart Z = 1. On the one hand, the derivative of the
polynomial in (3.66) with respect to x gives

yzn_1 +1
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which vanishes if, and only if, y € F; (remind that +1 = —1 in characteristic 2). On the
other hand, the derivative of (3.66) with respect to y gives

-2 Zn Z 2n—i+1x2n—i n yZn_zx (367)

Suppose (x : y : 1) is a singular point of C). Then (3.67) vanishes, as well as (3.66).
Multiplying the above expression by v € F), we get the following expression, which is
still O:

— n n_on—i+l n—i n_
A 2. 2" +1 212 +1x2 +y2 1.X (368)

Substituting (3.66) in the above (3.68), we get

' +x
and this last expression vanishes if, and only if, x € F;. So if (x : y : 1) is a singular point
of Cj, then it is an F;-rational point. Moreover, y is non-zero. Still under the assumption

that (x : y : 1) is a singular point, we can rewrite equation (3.68) as

-1

Z 2_pn- i+1 2n1 x:0 (369)

i=1

Dividing both sides of (3.69) by y? we get
A2 4 Z(xy—z)zn-i +xy ™% =Trg, p,(xy )+ A2 =0 (3.70)

But Try, /r, (x y~2) € F,,and once A # 0, we conclude that for (x : y : 1) to be a singular point
of C, itis necessary and sufficient that A = 1. Note that the condition Tr]pq /Ry (X y‘z) +1=0
implies that x is also non-zero. By the reasoning we made above, we can also conclude that,
for A =1, every point (x:y:1) € Pz(Fq) satisfying (x,y) € Fy X F and Trpq/Fz(xy‘z) =1
is a singular point of C;. The trace map Trg,, g, : For — F» is Fr-linear and surjective,
once the extension [y /IF; is separable. The rank-nullity theorem then gives

dim Ker(Trg,, /r,) =n—1

Now let {01,...,0,} be a basis for Fo« as Fp-vector space such that Trg,, /r,(01) = 1 and
Trg,, /r,(0i) = 0 for i > 2. Writing s = 31", vio; € Fo1, we have that

n n
Trg,, /5, (s) = Trg,, /r, (Z Vz‘Gi) = Z viTre,, /5, (0i) = v1
i=1 i=1
With this, we see that Trg,, /Fz(s) =11if, and only if, v1 = 1. Hence, there are 271 elements

in Fp» with trace 1, one for each list (v, ...,v;,) € ]Fg_l. In this way, if we fix x € ]F?n, there
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will be 271 different values for y € FJ, such that Trg,, /g,(x y~2) = 1. Thus, there are
(2" —1)2"! distinct singular points for C. But then, it is a matter of simple calculations
to check that its genus is zero. In particular its automorphism group is isomorphic to
PGL(2, k).

For A # 1, we now show that no C, is projectively equivalent to the Hermitian
curve H;. The argument given below is similar to the second one we used to show
the same for the curve of the previous section, i.e., we show that the generic order
of contact for C; is 2 because the lines £, , 42 are pairwise distinct (cf. page 75). We
know that for each a # 0, all points on the line €(,, 42): Ay +az =0 are fixed by the
automorphism corresponding to (Aa, a?); also: £, 42) contains P and is the tangent
line to C) at every R € {(j4,42)NC, with R # P. Note that {(,, q2) # {(1p,p2) for a # B. If
C, was to be projectively equivalent to the Hermitian curve H,, whose generic order of
contact is g, then for R € £(;, 42)N C, with R # P, we would have Ir(TrRC N C) = q (such
a point R exists, because no line £(;, 2)is TpC : Z = 0). But then, the stabilizer of R in
Gp would have order at least g, and hence would be all of Gp, since Gp has order g;
in particular, R would be fixed by (A, ), with g # a. But then, as in the case of the
previous section, R € (54 42) as well, from which it follows that £(,, 2) = PR = Cap,p2)

contradiction.

We summarize all we did in the following

Proposition 15. Let n > 2 and q =2". Then, for every A € F, with A # 1, the curve with
affine equation

n-1
Cy: /\_2y2"+1 2y Z y2"—2"*1+1+1x2"*' n (yZ”—l +1)x =0
i=1
is a degree g + 1 non-singular curve with exactly g +1 inner Galois points, namely, all
IFy-rational points of the line Y = 0. For A =1, the curve C; is rational.

We finish this section with an observation. The curve C1, being rational, can be
parametrized as (+97!: t7+1t: 1) for t € k (cf. (FUKASAWA, 2013, Remark 3)).

3.3.3 The group of automorphisms and the Hasse-Witt invariant of C

We now turn our attention to the group of automorphisms of the family of curves
C,, which Proposition 15 treats of. First of all, any automorphism of C,, for A #1, is
linear, because C, is non-singular of degree > 4 for any A € JF; (cf. (CHANG, 1978)).
Moreover, any automorphism ¢ € Aut(C,) must give a permutation of the set of Galois
points. Once all g +1 > 2 Galois points lie on the line Y = 0, this means that ¢ fixes the
line Y = 0. Moreover, the Galois points are exactly all the g +1 F;-rational points of the
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line Y = 0. So ¢ is represented by a matrix My, in PGL(3, k) of the following form
a1l a2 413
My=] 0 1 0
az asz as3
The second row of My, is precisely (0 1 0) for this is the necessary and sufficient condition
for ¢ to fix the line Y = 0. Recall that C, is given by the following equation
XY, Z)+ YT =0

Once ¢! is an automorphism of C, it must leave the above equation unchanged, so
that we must have

f)\(X, Y, Z) = f/\(anX + a12Y + a13z, Y, a31X + El32Y + 6133Z) (3.71)

The following table shows the coefficients of each variable, X, Y and Z, for each linear
factor of f1(X,Y,Z); the first line corresponds to the linear factor Z, the second line to
the linear factor X and the third line corresponds to the linear factors X + AaY + a?Z,
for each a € IF;

Coeffs. of X Coeffs. of Y Coeffs. of Z

0 0 1
1 0 0
1 Ao a?

The next table shows how each of the lines of the above one transforms after ¢!,
ie., after X — a1 X+apY+a3Z, Y —> Y and Z — a1 X +azY +as3Z. In other words,
the following table is the same as the above one, but for the polynomial f;(¢(X, Y, Z)).

Coeffs.of x ~ Coeffs.of y  Coeffs. of z

as1 as2 as33

a1 a2 a13

ai+ aza31 ap+Aa+ 0(26132 a3+ a2033

It is clear that in order for (3.71) to hold, the lines of the second table must be
a permutation of the lines of the first one (and possibly multiplied by some suitable
constants). We now go on to show that ¢ must be defined over Iy, i.e., that M, € PGL(3, q).

Suppose that, for some a # 8 € F;, we had

(a11 + a2a31)X + (1112 +Aa+ ll32a2)Y + (a13 + 0(26133)2 =rX (3.72)
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and

(a11 + ‘Bzagl)X + (Lllz + /\ﬁ + agzﬁz)y + (LZ13 + ﬁ2a33)z =s/ (373)
where v and s € k%, i.e., ¢ takes the line X + AaY + a?Z =0 to the line X = 0 and the line
X+ ABY +B%Z =0 to the line Z = 0. We will call any such ¢ an automorphism of type one.
Note that our assumptions do not contemplate the case where a3; X +a3Y +a33Z =rX
(¢ takes the line Z =0 to the line X =0) or 431X +4a3Y +a33Z = sZ (¢ fixes the line
Z =0). These cases will be considered later on. The above equations (3.72) and (3.73)

may be rewritten, respectively, as

ail+ a2a31 = r
9 1112+A0(+0£21132 =0
a1z + 0(25133 =0
and
a1+ ‘32LI31 =0
9 a12+Aﬁ+52a32 =0
a3+ ‘326133 = S
which give, for their turn, the following
an = prr/(a+p)?
app = AaB/(a+p)
_ 2 2
o = as/laf) (3.74)
a1 = r/(a+p)
ax = A/(a+p)
a3 = s/(a+p)?
We then have, using the data listed in (3.74), that
f)\(anX + ale + a13Z Y a31X + a32Y + ﬂ33Z) =
+y)? Ma+y)(B+ +y)?
x5z ] ( rp+yP (a(Vj(ﬁ) M|y, [sasr? Z)_gw
rap (a+p) a+p (a+p) (3.75)
+ AMa+ + +7)?
ri1sX7 . 1_[ (B 7/)2 n (X+l (a+p)la+y) Y + M Z)-foo
A C R Dal r(B+7) r(B+7)
The factor ¢ in the above expressions is
def T A S
o = X+ Y + Z
(a+B)? (a+B) (a+B)?
which comes from the factor Z in fi(X,Y,Z). The product Hﬁa 8 Eﬁ +7/;;2 is simply

Héqux\ (11 6, which is 1. Substituting these into (3.75), we are then left with

f;\(anX +l112Y +l113Z Y ll31X +a32Y +a332) =

Ma-+p)(a+)
Xzygﬁ( | e

s(a+7/)2
r(B+y)?

r r

Ala+p) S
(a+5)2 Z)-(X+ Y+-Z
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So, in order for (3.71) to hold, we must have

ris
aisy —1 (3.76)
and 5 5 2
(@+paty) sla+y)” — (@ +p)? (3.77)

2(B+y)?2  r(B+y)?
Finally, (3.76) and (3.77) leads us to conclude that ri1=1ie,re JF; and, consequently,
that (o +B)*/r=s € F7 also. And this shows that the automorphism (of type one) ¢ is

in PGL(3, q). The analysis of the other two kinds of automorphisms, namely those that
satisfy

1. a;1X+azY +azzZ =rX and (a1 + a2a31)X +(ap+Aa+ 0(2a32)Y +(a13+ 0(21133)Z =
sZ, which will be called automorphisms of type two, and

2. anX+anY +azZ =sZ and (6111 + a2a31)X + (6112 +Aa+ 0(2[137_)Y + ([113 + 0(26133)Z =
r X, which will be called automorphisms of type three,

for some a € F; and r,s € k*, are completely analogous to the previous one and lead us
to conclude also that r and s € Fy and r = s71. So we have shown that any automorphism
of Cy, forany A € IF‘;< is defined over F,.

Let us explicitly write the matrices associated with the automorphisms of C, of
each type. We will denote the set of automorphisms of type one by T 1, and analogously
for the other types. Thus, we have

B2r Aap
(a+B)?  (a+p)
Thn= 0 1

_r _ _A_
(a+B)* (a+p)

|r€F,a#peF,

a’r Aa
Tw={ 0 1
r 0

X
|rqu,aqu

o o= |k o =R,

Ao

T/\,3= |T€FX,0(€F,1

S O =

== O%l%\)

1
0

Note that the matrices of T 3 can be decomposed, for r # 1 as

2,.-1

r o Aa a’r” r 0 0 1 Aar ! (ar™1)?
01 o0 |={lo1 0o |0 1 0 (3.78)
0 O r1 00 r! 0 0 1
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The rightmost matrices in (3.78) are exactly those that make up the Galois group at the
Galois point P = (1:0:0). The matrices in the middle of (3.78) all have order 4 -1, as
r € F7, and they fix the Galois points P =(1:0:0) and Q = (0:0: 1) and permute the
other g —1 Galois points cyclically. We will denote the set constituted by them as C;_1.
Note that the set T, 3 is the only one amongst the T, ; which is a subgroup.

Our analysis shows that any automorphism of C, is either an automorphism of
type one, two or three. The converse, which states that any automorphism of type one,
two or three is an automorphism of C,, is clearly true. Notice that the automorphisms
of type one, two and three are pairwise distinct: no automorphism of type one is of
type two or three, none of type two is of type one or three and none of type three is of
type one or two. Any automorphism of type two or three is determined by r € Fy and
a € Fy, so there are (g — 1) automorphisms of type two and (g —1)g of type three. For
those of type one, they are determined by r € Fy and a, g € F;, with a # . So there are
(9 —1)g(g — 1) automorphisms of type one. Therefore, the full group of automorphisms
of C, has cardinality (-1)g+(3-1)g+49(g—1)(3—-1) = (g +1)g(g —1). Remind that any
automorphism of C, fixes the line Y = 0. The projective transformations in PGL(3, )
that fix a line form a subgroup of PGL(3,q) isomorphic to PGL(2,4q) (the group of
automorphisms of a projective line that are defined over F;). Noting that the cardinality
of PGL(2,q) is (9 +1)g(g — 1), we can conclude that the full automorphism group of C,
is isomorphic to PGL(2, q), “realized” as the group of automorphisms of the line Y =0
acting on the set of its [F;-rational points, and whose structure is well known. We are
now in a position to prove the following (cf. (FUKASAWA, 2013, Lemma 7))

Proposition 16. If A and A’ € F7 with A # A/, then C, is not projectively equivalent to
Cu.

Proof. Suppose there was a projective transformation 1 taking C, to C,-. Then, as ¢
preserves Galois points, and as the Galois points of both C, and Cj- are the FF;-rational
points of the line Y = 0, we see that ¢ should permute these points. The equation of C,
may be written, after a projective transformation that does not affect the positions of the
inner Galois points at all, as (cf. (3.57), (3.66) and also Proposition 15)

Z ]_[ (X +aY +a2Z)+ A2yt =0 (3.79)

acl,

From (3.79) above, it is readily seen that the tangent line to the inner point P, = (a?: 0: 1)
is X +aY +a?Z =0, which does not depend on A (the tangent line to P = P; = (1:0:0)
is still given by Z = 0). Indeed, the line X + aY + a?Z =0 intersects C, only at P,,
henceforth it must be its tangent line. In other words: for any A, the Galois points

for C, as well as their tangent lines are the same geometric objects in P2. Therefore,

the projective transformation 1) also permutes these lines. Let R & (1:0:1). Suppose
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Y(P1) = P; for some i # 1. Take j € {1,...,d}\{1,i} and 0 € Gp].(C/\r), where Gpj(CAI)
denotes the group associated to the Galois point P; with respect to the curve Cj, such
that o(P;) = Py (such o exists for the action of Gp,(Cy/) in A(Cy)\ {P;} is transitive).
Consider the projective transformation o o . It is also a projective transformation taking
C, to Cy since o is an automorphism of C,/; however, this new transformation fixes
the point P; since o o (P1) = 6(P;) = P1. Thus, the existence of i) : Cy — C,- implies
the existence of 1 : Cy — Cj fixing P; = P. Suppose now that 11(Q) = P; for some P,
distinct from Q (and from P, obviously). It then exists 1 € Gp(C,-) such that n(P;) = Q,
again because Gp(C,-) acts transitively on the set A(C,-), from which both P; and Q
are elements. Taking ¢, to be 1011, we once more conclude that the existence of
Y : Cy — C) implies the existence of ¢, : C) — C, fixing both P and Q. Finally, we
suppose 2(R) = Ps, with P; # R, P and Q. To repeat what we did in the preceding lines,
we need an automorphism y of C, fixing both P and Q and taking Ps to R. This y we
seek is to be found in the group C;-1 (cf.the paragraph immediately following (3.78)).

Thus, considering 13 def y o1, we can finally conclude that the existence of ¢ : Cy — Cj-
implies the existence of 13 : Cy — C,- fixing the three points P, Q and R. By what we
saw some lines above, 13 also fixes the tangent lines TpC, ToC and TrC, from which
it follows that the points A def (0:1:0)=TpCNTeCand B=(1:1:0)=TpCNTRC are
also fixed by 3. Let My, € PGL(3, k) be a matrix representing 3. From the fact that 3
fixes P, Q and A, it follows that

S1 0 0
M% = 0 s, O
0 0 53

for some s; € k*. From the fact that 3 fixes B, it follows that s; = s», and, finally, from
it fixing R it follows that s; = s3. Therefore y3 = id and, consequently, the existence of
Y : Cy — Cy implies that C) = C).. But then, from (3.79) it follows that A = A’; and the
proof is finished.

O

We now compute the Hasse-Witt invariant, also known as p-rank, of C,; we will
denote the Hasse-Witt invariant of a curve C by y(C). To this end, we will make use of
the Deuring-Shafarevich formula (cf. (HIRSCHFELD; KORCHMA4ROS; TORRES, 2013,
Theorem 11.62) and also (NAKAJIMA, 1987, Equation 2.2)), which can be thought of as
being to the p-rank the same that the Hurwitz genus formula is to the genus. In order
to use such formula, we need to identify which points of C, are ramified with respect
to the map mp; the ramification index of R € C, will be denoted, as usual, by er. The
point P itself is totally ramified, so that we have ep = degnp =d —1 = g. It is also known
that the line {(,4 52): AY + BZ = 0 is the tangent line to C) atany R € Cy N ¢, g2), where
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R # P, hence any of these points is ramified with respect to mp, and its ramification
index equals the order of contact Ir(C) N €, 5152)) (cf. Lemma 5). The ramification index
is also equal to q/|o(R)|, where o(R) denotes the orbit of R by the action of Gp, i.e.,
o(R) = (C,NPR)\ {P}. Thus, to compute the ramification index, we can compute the
size of the orbits, which is equivalent to us computing the number of distinct solutions,
in x, of ga(x,B/A,1) =0 for a fixed p € Fy (just take a parametrization for the line £(,4 g2)
and substitute it in the equation of C,, which is, by definition, g, = 0). The equation
g(x,B/A,1) =0 gives us

x| |G+ ata+p)+p2/A2 =0 (3.80)

a#0

Consider the map

o { F, — F,
a — ala+p)
Tg is easily seen to be [F>-linear (remind the Freshman’s dream), whose kernel, which
consists of {0, B} only, has dimension 1. The rank-nullity theorem then gives n —1 for
the dimension of its image, so that #Im(y) = q/2. From this it follows that the number
of distinct solutions, in x, of (3.80) is q/2; therefore, the ramification index for any of the
pointsin Cy N€(;4,42) is exactly 2. Recall that, for a # B, itholds that £() 4,42y N €1 g2 = {P},
from which it follows that the sets CN (1, 42) \{P} and CN¢(;g g2) \ {P} are disjoint.
The Deuring-Shafarevich formula then gives

y(C1)=1=1Gpl- (yB)=1)+ > (er—1) (3.81)

ReC,
Replacing |Gp| = g, y(P') =0 and

q/2

-1
Sex-1z -1+ Y Y e-1)=(g-1+ L2 (3.82)
ReC, aeF; i=1
in (3.81) we obtain
-1
ye, 2 q(qz ) (3.83)

But the genus g(C,) of C, is exactly gq(g —1)/2, once C, is non-singular, and it is
known that for any curve C it holds that 0 < y(C,) < g(C,). This and (3.83) lead us to
conclude that y(C,) = g(C,), i.e., the curves C, are all ordinary (cf. (HIRSCHFELD;
KORCHMA4ROS; TORRES, 2013, Definition 11.87)). This also implies that the inequality
in (3.82) is actually an equality, therefore the set of ramified points with respect to the

map 7p is precisely the set of points Cy N (1, 42) for every a € Fy.

Below, we state all that was done in this section.
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Proposition 17. For the curves C, as in Proposition 15, it holds that Aut(C,) =~ PGL(2, q)
and y(C1) =q(q-1)/2 = g(Cy).

It is worth noting, en passant, that the size of the automorphisms group of C,
grows like g(C)3/?; henceforth, the Hurwitz bound Aut(C) < 84(g(C) —1) does not hold
for no one of the C, (provided that g > 64). However their “ordinariness” implies that it
holds Aut(C,) < 84¢(C)(g(C)—1) (cf. (HIRSCHFELD; KORCHMA4ROS; TORRES, 2013,
Theorem 11.88) and also (NAKAJIMA, 1987)).

3.3.4 Complete classification of “2-Galois maximal” curves

What we call by “2-Galois maximal” curves are the curves in item 2 of Propo-
sition 10 for which 6(C) = d. In subsection 3.3.2, we exhibited a family of curves of
degree g +1, for every q = 2" > 4, in which each curve of the family is 2-Galois maximal
(cf. Proposition 15). Our objective now is to show that any 2-Galois maximal curve is
projectively equivalent to a curve “almost like” one in that family. More precisely, it
will be shown that for any 2-Galois maximal curve C of degree g +1, C is projectively
equivalent to Cj, not for some A € JF?; \ {1}, but rather for some A € k* such that A is not
a (g +1)-th root of 1.

So let C be a 2-Galois maximal curve. Lemma 8 states that C is projectively

equivalent to the curve given by

z || X+ay+pz)+yr=0 (3.84)
(a,B)eGp

where the group Gp is elementary abelian of order g and exponent 2, and where two of
the inner Galois points are P =(1:0:0) and Py = (0:0:1). The set A(C) \ {P} is given
by the points Pg = (f: 0: 1) for each § such that (a, §) is in Gp: these are precisely the
points in the intersection C N PPy that are contained in the affine chart Z = 1 (recall that,
by Proposition 11, all inner Galois points are collinear). From this, we can see that all ’s
are pairwise distinct: if not, there would not be exactly g Galois points apart from P (cf.
the discussion at page 78). We will denote Py by Q.

Let g # 0. The Galois group at Py, Gp,, acts transitively on the set A(C) \ {Pg}.
In particular, once 8 # 0, there will be an automorphism ¢ € Gpﬁ (which is also an
automorphism of C) such that ¢4(P) = Q. But since all automorphisms of G p, have order
two (because the groups Gp, have exponent two) we also have that P = ¢[;1(Q) = ¢p(Q).
So if we have the knowledge of ¢g, we can obtain valuable informations about the a’s
and f’s (the ones appearing in the matrices corresponding to Gp) once we must have

Z ]_[ (X +aY +BZ)+ Y1 = ¢g| Z ]_[ (X+aY +pZ)+ YT+ (3.85)
(a,B)eGp (a,B)eGp
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Before we begin our search for the automorphisms ¢, let us point out a few other
things. Looking carefully at what we did in section 3.3 (before stating Lemma 8), we see
that we can change the roles of P =(1:0:0) and Q =(0:0:1) and conclude that C is
also given by the following equation

X ﬂ (Z+uY +vX)+ Y7 =0 (3.86)
(u,v)eGg

where, again, the group G is elementary abelian of order g and exponent 2. But then,
as (3.84) and (3.86) are two equations for the same curve C, we are led to conclude that

Z 1—[ (X+aY+pZ)+YT =c.| X 1_[ (Z+pY +vX)+ Y7t (3.87)
(a,p)eGp (1,v)eGq

for some ¢ € kX. Comparing the coefficients of the monomial Y9*! on both sides of (3.87),
we see that it must be ¢ = 1. Finally, (3.87) leads to the following

]—[ (X+aY+pZ)= (]_[ v) 1—[ X+ pv Y +v712)
(a,8)#(0,0) v#0 ) (u,v)£(0,0)

Thus, [], v must equal 1, and the sets

Gp and {(wv™", v [ (1,v) € Go\{(0,00}}U{(0,0)} (3.88)

must be the same group. Swapping X and Z in the preceding considerations, we can
also conclude that []g.of must equal 1 and that the sets

Go and {(ap™, B (a,p)€ G \{(0,0)}}U{(0,0)} (3.89)

must be the same group as well. If we knew the involution X +— Z, Y+ Y and Z — X
was an automorphism of C, the previous conditions related to (3.88) and (3.89) would
be exactly the change condition of subsection 3.3.2 (cf. (3.61)).

Now we find the automorphisms ¢g, for g # 0. From (3.84), it is easy to see
that the tangent line at Py = (8:0:1) is given by Tp,C : X +aY +pZ = 0. Indeed, the
line £ : X +aY +BZ =0 contains Pg and is such that CN {3 = {Pg}, so that it must be
tp = Tp,C. The Galois group Gp, is known to satisfy the following

1. it fixes the line Y = 0 (the line passing through all Galois points);
2. it fixes the point Pg;
3. it fixes the tangent line TpBC : X+aY+pZ=0;

4. every one of its elements has order two;
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We also know, once C is non-singular of degree > 4, that all its automorphisms are given
by projective transformations. Let, then, ¢ € Gp, be such that its matrix representation
in PGL(3,k) is

P11 P12 P13

¢=| ¢n P P23

$31 P32 Ps3
From item 1 above, we conclude that 21 = 0 = ¢23: the line g1 X + @22 Y + 232 =0 has
to be the line Y = 0. Now item 2 tells us that

P11 P12 P13 B P11+ P13 AB
0 ¢ O 0 |= 0 must be equal to 0
P31 P32 P33 1 P31 + P33 A

for some A # 0. Hence, ¢13 = f(¢p11+A) and ¢31 = ﬁ_l((pgg + A). Using now item 3, we
obtain that the linear form

(p(X +aY +ﬁZ) = ((]511 + (]533 + /\)X + ((Plz + 0((]522 +ﬁ(]§32)Y +ﬁ(q511 + (P33 + A)Z

has to be the linear form s X +saY +spZ, for some s # 0; this implies that s = ¢11 + P33+
A #0and

P12+ aPrn+pPz = alPprn+ Pz +A) (3.90)
Finally, from item 4 we infer that the matrix
P11 P12 P(P11+A) o1 P12 P(P11+A)
¢* = 0 ¢ 0 0 ¢ 0 =

B Hpaz+A) ¢Ps P33 Bl paz+A) Pa P33

P2+ (P11 + AN Pas+A)  Pra(P11+Pa2) + BPxa(Pp11+A)  BP11+A) P11+ P33)
0 9% 0
B paz+ AN P11+ P33)  Paa(Poa+ Paz) + B p12(Ppsz+A) P+ (P11 + A)(Paz+A)
must be equal to some non-zero multiple of the identity matrix, say @ -Id. Comparing

the elements in the diagonal, we obtain

O+ (P11+ )P+ A) = 9%+ (P11 + M@z +A) ~ §F) = 9 ~ b1 = das
and then,
0% = T+ (@ +A) (9 +1) =A% ~ pp=A
Substituting ¢11 = ¢33 and ¢z = A in (3.90), we obtain ¢12 = fp3z. Therefore we have
2 = A21d. Since all matrices under consideration are in PGL(3, k), we may take A to be
1, and if we denote ¢11 = a and ¢3, = b for some a,b € k, we can finally infer that Gpﬁ
consists of automorphisms whose matrix representation have the following form

i a Bb B(a+1)
(a,b) = 0 1 0
pla+1) b a
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Notice that these matrices are closed under taking products: (a,b)-(a’,b’) = (a+a’ +
1,b+b’) and that (1,0) = Id. We note also that

(y:0:1) ) (a(B+y)+p:0:yp Ha+1)+a) (3.91)

i.e., the image of the Galois point P, by (a,b) does not depend on the second coordinate
of the pair (a,b). Once Gp,, whose order is q, must act transitively on the set A(C) \ {Pg},
which has cardinality g, we conclude that all numbers appearing as first coordinates of
(a,b) must be distinct.

From (3.91) we see that the automorphism in Gp, that takes P to Q and Q to P
corresponds to (0, b), for some appropriate b. But this same automorphism must also
swap the tangent lines TpC : Z =0 and ToC : X = 0. But (0, b) takes the line Z =0 to the
line ﬁ‘lX +bY =0, and so in order for (0, b) to take TpC to ToC, we must have b =0 as

well.

Summing up, the automorphism ¢z we were searching for is given by the

following matrix.

0 0B
pg=| 0 10
g1 0 0

For every f # 0 the equation of the curve must be invariant by the above automorphism,
which maps X + Z, Y — Y and Z B~ X. Substituting this into (3.85) we get:

|| Gray+y= || lyx+ay+p2)
(a,7)#(0,0) (a,7)#(0,0)
(3.92)

] || || crapyy+py72)
y#0 /(a,y)#(0,0)
As we saw earlier, HV¢0 y =1, so we conclude that (ﬁ‘l)”f‘1 =1, which implies, for its
turn, that g € F7. Consequently, the inner Galois points are precisely the F;-rational
points of the line Y = 0. From (3.92) it also follows that

(a,7)€Gp\{(0,0)} & (apy™, B2~ €Gp\{(0,0)} VS eF; (3.93)

The condition in (3.93) is somehow a strengthened version of the previous change
condition (cf. (3.61)): for =1, (3.93) is precisely the change condition (3.61), which is
equivalent to say that the involution X — Z, Y — Y and Z +— X is an automorphism
of C. Now that we know that the elements appearing as second coordinates of the
automorphisms (a,y) € Gp span all of IF;, we can take y to be 1 and vary 8 € F, in (3.93)
to conclude that the group is given exactly by {(af, ) | B € F;}. We must have a # 0,
otherwise we would get the Hermitian curve. The curve C we thus obtained, and which

we will denote by C,, is just like the curves C, we studied in subsection 3.3.2: the only
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difference is that it does not necessarily hold that a € F,. The expression given back then
by (3.62) still holds for the more general A € k*. (3.66) in the current context reads:
n-1
Co: (@ HF 2+l 42 4 Z Y2 22T (2 ) =0 (3.94)
i=1
Repeating the analysis of singularity conditions we did for C, (the one following (3.66)),
but now using (3.94) instead (the only difference will come from A2 being replaced by
(a~1)7+1), we obtain that in order for C, to be non-singular it is necessary and sufficient
that (a=1)7*! # 1 (cf. (3.70)). In other words: a cannot be a (g + 1)-th root of 1. Let us
denote the group of (g +1)-th roots of 1 by 1. Proposition 17 still holds under the
present conditions, the only difference is the following: once a € F; is not necessarily
true, the automorphisms of C, will not necessarily be defined over Fy; nonetheless,
these automorphisms will be given exactly by the sets T, 1, T4 2 and T, 3 as in page 85.
Also, Proposition 16 still holds for a and a” € k \ 1441 with a # a’. Their proofs need no
modification. Finally, the argument, given before the statement of Proposition 15, used
to show that C, is not projectively equivalent to the Hermitian curve can also be used to

show the same for C,.

All this being said, we can state the complete classification of 2-Galois maximal

curves as below.

Theorem 6. Let C be a 2-Galois maximal curve of degree g + 1. Then C is projectively
equivalent to the curve given by

Cu: zﬂ(x+asy+522)+w+l =0

sely,

for some a € k* that is not a (g + 1)-th root of 1. The converse also holds. Moreover,
we have that Aut(C,) ~ PGL(2, g) and also that C, is an ordinary curve, i.e., its 2-rank
equals its genus (which equals q(q —1)/2).
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CHAPTER

EXTENDABLE POINTS FOR SINGULAR CURVES

In this last chapter we are going to consider extendable Galois points for singular
curves. Its contents are, in the author’s best knowledge, novel, i.e., nowhere to be found
in the literature at the time this thesis was submitted. The condition of the point being
extendable is essential for us to make use of Theorem 3, which not only characterizes

the equation of the curve but also gives the structure of the corresponding Galois group.

Throughout the chapter, we will say only Galois point instead of extendable
Galois point. As we will consider only outer points and non-singular inner points, we
maintain the notation used in Chapter 3 and denote the set of inner non-singular and
outer (extendable!) Galois points of C by A(C) and A’(C), and their cardinalities by 6(C)
and 6’(C), respectively.

For the case of outer points, which is to be studied the most, we will be able to
determine the set A’(C) when deg C # 0 mod p (cf. Theorem 7) and when deg C is a power
of p (with p # 2; cf. Theorem 8). For inner non-singular points with degC # 1 mod p,
we will show that 6(C) < 1 (cf. Theorem 9).

4.1 Outer points when d # 0 mod p

As the title of this section says, we will consider outer Galois points for curves of
degree d # 0 mod p, and, as usual, d > 4. Let C be such a curve and P such a point; we
invoke Theorem 3 (item 1) to assume that C is given by the following equation

X' +Gy(Y,Z)=0 (4.1)

and also that P = (1:0:0). Contrary to what happened entirely throughout Chapter 3,
the polynomial G; can now have multiple roots. Actually, it must have multiple roots
in order for C to be singular. Indeed, considering the derivative of X + G4(Y, Z) with
respect to X, we see that any singular point of C must be contained in the line X = 0.
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Making X =01in (4.1), it follows that any singular point (0 : y : z) must be a root of G4,
i.e., Gy(y,z) = 0. But the derivatives of X? + G4(Y, Z) with respect to Y and Z are simply
the derivatives of the polynomial G;, with respect to the same variables. Summing up,

we conclude that any singular point S = (x : y : z) of the curve given by (4.1) must satisfy

* G4(y,z)=0and

* Guy(y,z)=0and Gg,z(y,z) =0.

Therefore, S will give rise to a repeated root of G;. The converse obviously holds true.

We write G4(Y, Z) as a product of linear factors:

_pn g
Ga(Y,2)= 1 .- 4.2)

In the above, ¢, dzefziY— yiZ and Q; def (0:y;:z;),i=1,...,s, are the roots of G4(Y, Z).
We will also denote by £, the line given by £, = 0, since there is no way this can cause
confusion. Note that all lines £, pass through the point P = (1:0:0), and each one of
them, say {(;, intercepts C at Q; with multiplicity Io;(C N {q;) exactly d. The point Q;
will be a singular point of C if, and only if, the n; that appears in (4.2) is > 2. Moreover,
if Q; is such a singular point, then it has only one tangent line: £, itself. By our initial
assumption, that which tells C is singular, there is at least one such point, which we set
to be Q1.

Suppose that C has another singular point, Q», and also that C has another
outer Galois point R. For a suitable projective transformation, we may suppose that
R =(1:0:0) and that C has equation

X +Gy(Y,Z)=0

Once projective transformations take singular points to singular points, the same
considerations we made in the last paragraph are true for R in place of P. Consequently,
the tangent line (wWhich we saw to be unique) at each singular point pass through R too.
As there are two distinct singular points, Q1 and Q», whose tangent lines intersect the
curve only at them, their tangent lines are also distinct, and therefore R = £o, N ¢, = P.
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C

The considerations we just made are summarized in the following.

Lemma 9. If C has at least two singular points, then it has at most one outer Galois
point, i.e., '(C) < 1.

From now on, let us assume that Q1 is the only singular point of C. Looking back
at (4.2), we see that it cannot be 11 = d: otherwise G4(Y, Z) = % . from which it follows
that C would be reducible: X7 + fdQl = ]_[?;01 (X - C;Hle)r where C; is a primitive d-th
root of 1 and u“ = —1. Therefore the multiplicity of Q; satisfies 2 < 17 < d — 1. The other
points Q»,...,Q4-n, are total flexes of C. As was observed before Lemma 9, any other
extendable outer point R # P for C must lie on the line £g,, and not on the line X = 0 since
{q, intersects X = 0 only at Q1. In other words: the coordinates of R must be (a : y* : z*%),
for some a # 0. Hence, for 0 = diag(Cy4,1,1) a generator of Gp (cf. Theorem 3), we have
that o(R) = (Cga : y* : 2*),0%(R),...,0% 1(R) are d — 1 distinct outer Galois points for C,
so that C has at least d + 1 outer points: PU{¢'(R) | i =0,...,d — 1} (cf. Proposition 1
and the proof of Proposition 6). All these points lie in the line £g,, i.e., they are collinear.
Recall that the multiplicity of Q1 is n1. For each of these d + 1 extendable outer points,
there are d — n; total flexes, and they are all distinct. Indeed, if there was a total flex Q
associated to the extendable outer points P; and P}, as ToC contains both P; and P;, we
see that ToC = P;P;j = {p,. But £, N C = {Q1}, the only singular point of C. This way,
we see that C has at least (d +1)(d — n7) total flexes.
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Let us make the following additional hypothesis on the degree of the curve:

d—1#% 0 mod p (in particular p # 2, once we already assumed d # 0 mod p).

411 d#1lmodp

We will show that the dual map of C is separable; from this it will follow that the
generic order of contact 4(C) (cf. Definition 6) for C is 2, and therefore we will be able to

count the total flexes of C using (3.3), in the same way we did back in Chapter 3.

Remark 8. Actually, since we are dealing with singular curves, the most accurate form
of (3.3) and (3.9) that must be used is the following (cf. (FUKASAWA, 2007, Section 2)
and (ST6HR; VOLOCH, 1986, p. 6))

2 IP(CNTpC)=4(C) < 3d +(q(C) +1)(2g(C) ~2)
P

where g(C) denotes the genus of C and the sum in the left hand side is taken over
the non-singular points of C. If we replace ¢(C) < (d —1)(d —2)/2, we recover and (3.9);
moreover, if g(C) = 2 we recover (3.3).

What we are now going to do is similar to what we did in the beginning of
subsection 3.2.3 (cf. also the end of subsection 3.2.2). First of all, we may suppose that
Q1=(0:1:0)and Q2 =(0:0:1), and still maintain generality: for this it suffices to take
a suitable projective transformation. Under this assumption, we have that C has no
singular point in the affine chart Z # 0. Henceforth, the polynomial g(T) def G4(T,1)
has no repeated roots (otherwise there would be a singular point with Z # 0; cf. the

beginning of this section). We may then write (4.1) locally as
x+¢(y)=0 (4.3)

From (4.3) it follows that
dx' 4+ g'(y)y' =0 (4.4)

Since Q> is non-singular and Tg,C = P_Qzl Y =0, we have that x is a uniformizing
parameter at Q,. In particular, x, and consequently x%1 t00, is not zero. Since d # 0 mod P,
we have that dx“~! # 0, and from (4.4) it follows that ¢’(y)y’ # 0, and, subsequently, that
g’(y) =0. (4.4) then allows us to write

, dx4-1
I W)

(4.5)

Differentiating one last time, we get from (4.4) (remind that we assumed d —1 # 0 mod p):

d(d-1)x""2+ g"(y)(y' )+ ¢’ (y)y” =0 (4.6)
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If it was y” = 0, then we would obtain from (4.6) and (4.5) (and also the equation of C,

(4.1))
dg”(y)de_2
(8'(y))?

But (4.7) is telling that any root of ¢(T) is also a root of ¢’(T), or, in other words, that g(T)

(d-1)x772=- ~ (@d-1)g' () =8"(y) () (4.7)

has repeated roots, a contradiction to what was formerly observed. Thus, y” # 0, which

implies that the dual map of C is separable, which for its turn implies that 4(C) = 2.
Using the fact that C has at least (d + 1)(d — n1) total flexes, (3.3) gives

@d+1)d—-n)d=2)<3d(d—2) ~ (d+1)d-ny)<3d (4.8)

Since 2 < ny < d —1, in order for (4.8) to hold, it must be n1 =d —1 or ny =d —2. We will
show that in both cases we get a contradiction with the number of total flexes that the
curves in either case can have, therefore concluding that C cannot have more than one
outer Galois point.

We begin with n1 = d — 1. In this case s = 2 and there is no loss in generality in
assuming that Q; = (0:0: 1) (this is a bit different from what we supposed a few lines
above), so that £, =Y, and that Q> = (0:1:0), so that £, = Z; in other words: we may
suppose, without losing generality, that C has equation X + Y417 = 0. Our analysis
shows that there are at least (d +1)(d —(d —1)) =d +1 > 5 total flexes. We will show that,
actually, the curve X4+Y917 =0 has only one total flex, namely Q,. Indeed, the point
Q> is a total flex and lies in the line Z = 0, which is its tangent line; hence, if there are
any other flexes, they must lie on the affine chart Z # 0. We will denote by f(x,y) the
dehomogenization of X? + Y4717, i.e., f(x,y) L 4 y?~1. The equation for the Hessian
curve of C in the affine chart Z # 0 reads:

(d_1)fx(fxyfy_fyyfx)_(d_l)fy(fxxfy_fyxfx)+df(fxxfyy_fxyfyx) =0 (4-9)

Once f(x,y) = x?+ y9~1, the mixed derivatives, fxy = fyx, vanish. If we are looking for
flexes (and/or singular points) for the curve C, we can also make f =0 in (4.9). After
doing so we are left with

fexfy+fyyfe=0 and f=0
We list the derivatives we are going to use below.
o fo=dx®l ~  f2=d2x2d2
o fux=d(d-1)x%72
o fy=d-Dy"? ~  fZ=(d-1)>y>H

* fyy=d-1)d-2)y">
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Substituting these into fy fy2 + fyy f2 =0 we get

d(d —1)3x972y24=4 4 q2(d = 1)(d - 2)x* 2y 3 = 0 (4.10)

The two summands above share the factor x?~2y“~3, and hence we can rewrite (4.10)

(we also cancel out the common constant d(d — 1), which is, never too much to recall,
%z 0 mod p)
x2y43((d =12y L+ d(d -2)x?) =0 (4.11)

Plugging x = 0 (resp. y = 0), (4.11) is satisfied; then, in order for f = x?+y?~! to also
vanish, we must have y = 0 (resp. x = 0). This gives us the point Q; = (0:0: 1), which is
the only singular for C, and does not come into play, for we are accounting only flexes.
The only other possibility is, thus, (d —1)?y4~! +d(d —2)x? =0 and f =0, with xy # 0.
But (d —1)? = d(d —2) +1, so that the factor inside parentheses in (4.11) is

dd-2)(x +y" D+ =dd-2)f +y T =y 20

which shows that C has no other flex than Q;. Next, we treat the case n1 = d —2. The
treatment is similar to the preceding one, only the computations are insignificantly more

complicated.

Now we have s = 3 and, as above, there is no loss in generality in supposing that
=(0:0:1),Q2=(0:1:0). We write Q3 def (0: =B :a), with ap # 0. The curve C has,
therefore, the following equation: X14+yi-2y7 (aY +BZ) =0; also, since np =d -2, C has
atleast (d +1)(d —(d —2)) =2d +2 > 10 > 2 total flexes. Let us count the number of flexes
of C in the affine chart Y # 0, for the line Y = 0 intersects C only at the singular point Q;.
We will show that C has 24 + 2 flexes but only 2 total flexes: Q, and Q3. The equation of
C in the affine chart Y # 0 is

x?+z(a +pz) = x“ +ﬁz2 +az=0 (4.12)

We now apply, to (4.12), the projective transformation given by the following matrix

1 0 0 1 0 0
_ _a_ . -1 _
T = 2B \/_ ; notethat T = 8 i _L
0 1 0 N

to then get the (projectively equivalent) curve C’ given by the following (affine) equation

2

def g4 o & _
f(x,y) = x"+y 15 =0 (4.13)

The points Q; are taken to the following
T(Q) = (0:1:0)
T(Q2) = (0:a/24B:1)
T(Qs) = (0:-a/2yB:1)
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Recall that T(Q1) is the only singular point of C’. Note also that, for {x : X =0 and
Uz :Z #0we have C'NtxNUz = {T(Q2),T(Q3)}, so that any other (i.e., other than
T(Q2) or T(Q3)) flex (xo : yo : 1) for C” will satisfy xo # 0. Indeed, the fmfy2 + fyyfi =0
equation for C’ reads (cf. (4.13))

2dx 2 (dx? +2(d - 1)y?) =0 (4.14)

The solutions to equations (4.13) and (4.14) corresponding to x = 0 give the points T(Q>)
and T(Q3). There are no solutions with y =0 and x # 0, and there are 2d solutions with
xy # 0. Take one of these latter solutions, say Py & (%0 : yo: 1) with xgyo # 0. The tangent
line to C’ at Py is given by

dxg_l(x —x0)+2yo(y —yo) =0

and is parametrized as

= 2yt
{x Yol ¥ X0 tek (4.15)

y= —dxg‘lt + 1o
Substituting the parametrization (4.15) into (4.13) we obtain
o

4 -

The highest power of t dividing Qp,(t) is exactly the order of contact Ip,(C' N Tp,C’). It
then suffices to show that this order of contact is less than d in order to show that Py is

Qno(t) & 2yot +x0)* + (=dxd~1t + yo)? - 0

not a total flex. The constant term of Qp,(t) is xg + 2 — a?/4p, which vanishes because

Py € C’. The coefficient multiplying the monomial ¢ is:

d _ -
(d_l)Zyoxg 1 —2dxg 1y0
which, again, vanishes, meaning simply that Py € Tp,C’. For the coefficient multiplying
the monomial #2, it is given by:

(d d_ 2)4}/(2)953_2 +d?x2972 = 2d(d — 1) y2xd 2 + d2x27% = dxi72(2(d - 1)y + dxd)

and the factor 2(d — 1) yg + dxg vanishes once Py is a flex (cf. (4.14)). Then, we can finally

write
d-3

Qr(t)=) (’f )(Zyo)d_ixé 4 (4.16)

i=0

The coefficient corresponding to i = 1 in (4.16) is

(611)(2y0)d‘1x0 = Zd_ldyg_lXO #0
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because xoyo # 0 and d(d —1) # 0 mod p (recall that this last condition implies that p # 2).
But this implies that the highest power of t diving Qp,(t) is < d —1 and > 3, so that Py is

a flex but not a total one. And we are done.

In the sequence, we consider the remaining, and far more delicate, case where

d=1mod p.

412 d=1modpandyp #2

The reader may want to check (HIRSCHFELD; KORCHMaROS; TORRES, 2013,
Equation 1.8 and Remark 1.37) for some pertinent remarks concerning the Hessian curve
for curves whose degree is =1 mod p, and for curves in characteristic 2, whence the
usual second derivatives have to be replaced with the Hasse second derivatives. We do
not consider p = 2 until subsection 4.1.3.

Let us take some steps back and look again at (4.6). Withd =1 mod p and p # 2,

it becomes
&' +g' (yy" =0 (4.17)

The things that were said between (4.4) and (4.5) can be said in the present scenario
with the exact same words used there; in particular we have g’(y) # 0. However, it is
not possible now to infer that y”” # 0 from (4.17): it could well be the case that g”(y) =0
(if p =2 this is always the case). But suppose, for the moment, that it is y” # 0, i.e.,
that C has finitely many flexes. Then, (4.8) would again be valid and, consequently,
we would have ny =d—-1or ny =d-2. If ny =d-1, C would again be given by
X9+ 79-1y = 0. But for this curve, it cannot be made more clear to see that it holds
g"(y) =0, 1i.e., that y” = 0, which is contrary to our assumption. Hence 77 cannot be d — 1.
If n; =d -2, Cis given by X9+ Z9-2Y(Y +cZ) = 0, for some ¢ # 0, so that g(y) = y>+cy.
The condition ¢”(y) # 0, which is equivalent to y” # 0, is trivially satisfied, since p # 2.
Letting f(x,y) = x? + y + cy, the mixed derivative fy, still vanishes and the equation
frx fy2 + fyy f2 = 0 simplifies to fy, fZ = 0 (fxx vanishes because d —1 = 0 mod p), which
is

2d%x2@-1D = ¢ (4.18)

From (4.18), it follows that any flex of C must be contained on the line X = 0; replacing
this into f(x, y) =0, we obtain y(y +c) = 0, an equation admitting only two roots. Thus,
C has only two flexes. But, if C was to have at least two outer Galois points, it would
have at least (d +1)(d —n1) =2(d +1) > 10 > 2 total flexes. This shows, therefore, that if
d =1mod p and y” # 0 (and p # 2), C cannot have more than one outer Galois point.

Suppose now that y” =0, i.e., that C has infinitely many flexes. Since y” =0 is

equivalent to ¢”(y) =0 (cf. (4.17)), we can “integrate” this latter equation and obtain



4.1. Outer points when d # 0 mod p 103

(recall that g is a polynomial)

g'(y)=a(y?) =a(y) (4.19)

for some polynomial a(T) € k[T]. Integrating once more, (4.19) gives

g(y)=a(y) -y+b(y) (4.20)

for some other polynomial b(T) € k[T]. (4.20) therefore allows us to write
Pt a(y)Py+b(y)P =0 (4.21)

for the (affine) equation of C, where s > 1. We need not worry about the points contained
in the line Z = 0, for they reduce to the single singular point Q1 (remind what point
we assumed Q1 to be when we started the computations in (4.3): it was assumed to be
(0:1:0)). Now we show that the curve given by (4.21) has no total flexes outside the
line X =0, which is a sufficient condition for us to conclude that C has at most one outer
Galois point. First of all, notice that in order for Q; to be a singular point, which it is, it
is necessary that dega? = p-dega < sp and degb” = p-degb < sp. From this, it follows
the following: there is no monomial of degree sp in a(y)” -y +b(y)?.

Take a point Py = (xq : yo : 1) with xq # 0. Its tangent line, Tp,C is given by
Tp,C: xép (x —x0)+a(yo)’(y—yo)=0 (4.22)

Suppose a(yo) = 0. Then, from (4.22) we see that Tp,C reduces to x = xg, which has the

parametrization
{xzxo tek (4.23)
y=t
Substitution of (4.23) into (4.21) gives
def sp+1
go(t) = xy  +a(t)Pt+b(y) (4.24)

If Py was to be a total flex, the polynomial go(t) above would have t = y as its unique
root, whose multiplicity would have to be sp +1, the degree of the curve. In other
words: if Py is a total flex, we can write go(t) = c(t —yo)*P*! for some c € k*. But then,
(4.24), together with the observation made above, would lead to a contradiction with
the degree of the polynomial (in the variable t) xép iy a(t)’t +b(y)? that appears in its
right hand side. Therefore a(yo) # 0 must hold for Py to be a total flex, and under these

circumstances Tp,C may now be parametrized as

= P.
{x Yo+alyol -t 4 (4.25)

y=yo—x; -t
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Substitution of (4.25) into (4.21) now gives
go(t) = (xo +a(yo)P )P +a(yo - xépt)p “(yo— xgpt) +b(yo— x(s)pt)p (4.26)

Again, if Py was to be a total flex, the polynomial go(¢) above would have t = 0 (notice
that this is the value of the parameter which corresponds to Py) as its unique root, with
multiplicity sp +1, the degree of the curve. In particular, the coefficient of the monomial
t°7 in the polynomial in the right hand side of (4.26) would have to vanish. However, the
earlier observation implies that the only “contribution” for such coefficient comes from
the term (xo +a(yo)Pt)*P*!, and is exactly xo - (a(yo)?)*? which is # 0 since both xq # 0
and a(yo) # 0. Hence the only total flexes of the curve given by (4.21) are those in the

line X = 0, therefore this curve cannot have more than one outer Galois point.

And to characteristic two we are now going to.

413 d=1modpandp =2

The “right way” to consider flexes for a curve with affine equation f(x,y) =0
in characteristic 2 is using the following “modified” equation for the Hessian (cf.
(HIRSCHFELD; KORCHM4ROS; TORRES, 2013, Equation 1.9)):

h(x,y) = fiDyyf + fiDuxf = fxfy fry (4.27)

where D, f and Dy, f are the Hasse second derivatives of f with respect to y and
x, respectively; writing f(x,y) = X, ;a;;X'Y/ they are given by (cf. (HIRSCHFELD;
KORCHMA4ROS; TORRES, 2013, Remark 1.37)):
1G=1) iy -2 i(i=1)yi2y
Dyyf = ) oy g—XYI? and Duf = ) ay=m—= X2y (4.28)
1] L]

We will study h(x, y) for the curve given by (4.3), the curve that interest us. The
polynomial x? + ¢(y) will be denoted by f(x, y). For this curve, the mixed derivative fx,
still vanishes, so that (4.27) simplifies to

h(x,y) = f2Dyyf + fiDux f (4.29)

If 71(x, y) is non-zero (as an element of k(C)), then C has finitely many flexes and we
may use equation (3.3) again to conclude that n1 =d —1 or ny =d -2 (cf. also (4.8)). We
are now going to show that it is sufficient, for I to be non-zero, that D,y f be non-zero.
First of all, recall that g(y) is a separable polynomial, because Q; = (0:1:0) is the
only singular point of C, and also that we assumed vy | g(y), without loss of generality;

d—m

therefore we have ¢’(y) # 0. We will write g(y) = X, _;" ak y*. Let us list the relevant

derivatives below
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° fx = dxd_l ~ fxz = (2242
o Dyyf =MD a2
* fy = g'(y): the usual derivative

k(k=1)  f—
* Dyyf:@yygzzk”k¥}/k 2

It is immediate to see that D, f vanishes if, and only if, d —1 = 0 mod 4 (recall that
d #0 mod 2), and D, f vanishes if, and only if, ¢ has monomials of degree =0 mod 4
or =1 mod 4 only. If D, f # 0 and Dy, f =0, then (4.27) becomes

h(x,y) = fi Dy, f = d*x* 72D, f

which is clearly non-zero. Suppose now that Dy, f # 0 and Dy, f # 0, but that /1 = 0.
(4.27) would then give

d*x*2D,, f + (g'(y))zd%xd—2 =0~ dx" 2 |dx" Dy, f + ?(g’(y))z =0 (4.30)
and since dx?=2 # 0, from (4.30) it follows, after the substitution x¥ = —¢(y), that

43(9)Dyyf = T g/ @31)

But (4.31) tells that ¢ and g’ have roots in common, which cannot happen. Therefore
h(x, y) # 0 also in this case. (4.8) may then be invoked again, from which again we
conclude that ny =d-1orn; =d-2. If itwas ny =d -1, f(x,y) would be x4+ y; but
in this case, Dy, f = 0. Hence, it must be n; =d -2 and f(x,y) = x* + y*+cy for some
¢ # 0. Here we have O, f =1 and f, = c; hence h(x,v) is given by

dx?=2 (dxd +c? d ; L ) (4.32)
If d —1 =0 mod 4, the above (4.32) reduces to d%x2¢=2, from which it follows that any flex
of C would have to lie in the line X = 0. Hence, the only two total flexes of C are those in
the line X =0, so that C cannot have more than one outer Galois point (otherwise, remind,
it would have at least (d +1)(d —n1) =2(d +1) > 10 > 2 total flexes). If d —1 # 0 mod 4, C
will have other flexes besides those on the line X = 0. The following is pretty much the
same that was done for the analogous case when d # 1 mod p, beginning in page 100.

There will be 2d flexes outside the line X = 0: there are d solutions (in x) to the equation

dxd+c2% =0

and for each one of these solutions, there will be two solutions (in y) for the equation

X+ y?+cy=0 (4.33)
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Take one these flexes just mentioned: Py def (%0 : yo: 1). Notice that xgyo # 0. Its tangent

line has the parametrization given below

el ek (4.34)
y:y0+dx0_t

and substituting it in (4.33) gives (cf. (4.16))

d

go(t) def Z (Z)xg_kcktk (4.35)
k=3

For k = d — 1, the corresponding coefficient in the right hand side of (4.35) is dc?!xot9~1.

Onced #0 mod 2, ¢ # 0 and x( # 0, the aforementioned coefficient does not vanish, from

which it follows that Py, yet being a flex, is not a total one. Hence, the only total flexes

of C are those in the line X = 0 and the curve cannot have more than one outer Galois

point.

If Dy, f =0but Dy, f # 0 (recall that this happens if, and only if, d # 1 mod 4),
we still have /1(x, y) # 0. No matter which one of the possible two values of 17 is (they
are again d —1 and d —2), we have that any flex of C has to lie in X = 0, from which we
conclude that, also in this case, C cannot have more than one outer Galois point. Indeed,

if ny=d -1, then

F(x, y) = d(dz— D) a2

while if n; = d — 2, and with the same notation as before, we have

d(d - 1)xd—2

hx,y)=c"—

We now consider the remaining case: D, f = 0 and Dy, f = 0. The latter implies
that d = 45 + 1, while the former implies that ¢ has monomials whose degrees are
=0 mod 4 or =1 mod 4 only; it thus may be written as

4k+1

g(y)=aoy +biy* + a1y’ +bay® + .. +ary +bk+1y4k

or as

g(y) =apy + b1y4 +a1y5 + b2y8 +... +ak_1y4k"3 + bky4k +aky4k+1

In any case, we may write
gy)=y-a(y)*+b(y)* (4.36)

for some polynomials a(T) and b(T) € k[T]. Just like (4.21), we have that the equation
for C now reads
X ra(y)ty +b(y) (4.37)

The exact same chain of arguments used in subsection 4.1.2 and that comes after (4.21)
can be used here to conclude that C does not have total flexes outside the line X =0 (the
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only difference is that now p will not be 2, but rather 4). Therefore, the curve under

these last circumstances cannot have more than one outer Galois point too.

All that was done hitherto is finally summarized in the following

Theorem 7. Let C be a singular curve of degree d # 0 mod p with d > 4. Then ¢’(C) < 1.

4.2 Outer points when d = p°

We now turn to the case where not only d =0 mod p, but the stronger condition
d = p° holds, for some ¢ > 1 (and, as usual d > 4). For curves under this condition on their
degree, the existence of an outer Galois points makes them to be given by an equation
like the one in item 2 of Theorem 3. We will suppose C is such a curve and, moreover,
that it has not only one, but two outer points, which we suppose to be P = (1:0:0)
and Q = (0:0:1). From the “point of view” of P (i.e., applying Theorem 3 for P), C has
equation
HXY,Z)+ f(Y,Z)=0 (4.38)

where f1(X,Y, Z) is an additive polynomial in the variable X and f»(Y, Z) is a homoge-
neous polynomial in the variables y and z only, both of them having degree p°. More
specifically, f; is given by

A(X,Y,Z) = ﬂ (X +aY +bZ) (4.39)
(a,b)eGp
where the pair (a, b) is identified, as we did in Chapter 3, with the linear transformation
given by the matrix
1 a b
010
0 01

On the other hand, from the “point of view” of the other outer point Q, we may repeat
the proof of item 2 of Theorem 3 with (0:0:1) in place of (1:0:0) and conclude that C

is also is given by the following equation
S1(Z, YV, X)+ (X, Y)=0 (4.40)

where g1 and g» are exactly as their f counterparts, except for that now Z plays the role
X plays in (4.38); we write g1(Z, Y, X) instead of g1(X, Y, Z) to emphasize this fact.

The crucial thing about the degree of C being not only =0 mod p but a power of
p is that from this it follows that (4.38) and (4.40) are two equations for the same curve
C: there is no projective transformation in passing from one to the other. We explain
why. If we were to repeat the proof of Theorem 3 (item 2), we could assume from the
beginning that (1:0:0) and (0:0: 1) are both outer points, and since, in the notation
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of Theorem 3, | =1 the transformation T, appearing in (2.13) is the identity matrix.
As T is the only projective transformation used throughout the proof to show that C
has equation like the one in (4.38), we see that no generality is lost in supposing that
C is given by (4.38) and with both (1:0:0) and (0: 0: 1) being outer points. If it was
degC = Ip® for some [ > 1, not divisible by p, (4.38) would be an equation for C after
the suitable projective transformation T;, which would not necessarily be the identity,
and, consequently, would possibly mess up with the point Q = (0:0:1).

This being said, we have that the polynomials in the left hand side of (4.38) and
of (4.40) should “differ” by a constant a € k*:
HAXY,Z)+ fo(Y,Z) = a(1(Z,Y, X) + §2(X, Y)) (4.41)
We now write (cf. (GOSS, 1998, Proposition 1.1.5 and Theorem 1.2.1), as well as (3.32))
ALY, Z) =X + foy (Y, Z)XP 4.+ f) (Y, 2)XP + fio (Y, 2)X (4.42)
and
1(Z,Y,X) = Z" + g (Y, X)ZV" +.. .+ g (Y, X)ZF + g0 (Y, X)Z (4.43)

In the above, the polynomials f;)(Y, Z) are homogeneous polynomials in the variables Y
and Z only, whose correspondingly degree is p¢ —p', fori =0, ..., e — 1. The same holds
for the polynomials g(;), but with X instead of Z. Making Y = 0 we are, thus, left with

fi(©0,2)=¢;z" ' and  g(;)(0,X) =d; X" (4.44)

for some constants ¢; and d; € k. Using (4.44), and plugging Y = 0 into equation (4.41),

we obtain
_pe-1 -1 _ _
XP o ZP TP TXPT 4 4 ZP TP XP 4 g ZP T X 4 2P =

e e_,e— e— e e e (445)
a(ZP +de 1 XP VT ZP T b+ d1 XPTPZP + dgXP TV Z +dXP°)

where c¢ZP° = £2(0,Z) and dXr’ = 22(0, X). (4.45) contains “mixed monomials” of the
form Z°X!, for s,t > 1. These mixed monomials that appear on the left hand side all
have the form ZP*~P' X', while the ones appearing on the right hand side have the form
xP ' zv fori, j=1,...,e—1. Being an equation between polynomials, the equality in
(4.45) implies that equality must hold for the coefficients of each monomial too and,
therefore, we are led to search which of the non-zero mixed monomials on one side are

also non-zero on the other, i.e., for which values of i and j we have
ZP P xp = zP xp P (4.46)

It is immediate that the above (4.46) is true precisely when p’ + p/ = p®, which, for its

turn, is true only when p =2 and i = j = e — 1. Therefore, for any p and any i < e -2, this
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implies that, in (4.45), the coefficients of the mixed monomials of the form Zri=p'xp i, as
well as those of the form X? =P’ ZP', must vanish, i.e.,

c;=0=d; foralli=0,...,e—2 (4.47)

We will now investigate how (4.47) affects the groups Gp and Gg.

Back to (4.42), comparing it with (4.39), we can write the coefficient f(Y,Z) as

fovz)= || (av+b2)
(@ h)eGr\{0,0)

so that f(0)(0,Z) = VA [1(a,p)ecp\ (0,0} b- Since f0)(0,Z) = coZP "V and cg = 0 (cf. (4.47)),
the product [, 5)ecp\((0,0} b must then be zero. Hence, there must exist some non-zero
element (a,b) € Gp such that b = 0. We will denote this element by (a1,0). As Gp has an
[Fy-linear structure, it will have at least p elements (a,b) whose second coordinate, b, all

vanish: the p multiples of (a1,0) (counting the zero element (0, 0)).

As for f(l)(Y,Z), it is given by the sum of all (pfjp) products each of which is
made up by a particular choice of p® — p amongst the p° factors (aY +bZ), for (a,b) € Gp.
Amid all these products, only one carries a chance of not vanishing when we make Y =0,
namely the product consisting of the p® — p factors distinct from (vay,0), v € F,. We call
it P1(Y, Z). Therefore, f(1)(0,Z) = P1(0,Z), and once f)(0,Z) = c1ZP*7P with ¢1 = 0 (cf.

(4.47)), it follows that

P1(0,2)=ZP"P ]—[ b|=0 (4.48)
(a,b)#(vaq,0)

Similarly to how was argued in the case of f(p)(Y, Z), (4.48) implies the existence of an
element (a5, by) € Gp distinct from (vaq,0) forall v € IF,, and such that b, = 0. Note that
(a1,0) and (a2, 0) are, thus, linearly independent: they span a two dimensional subspace
of Gp, all of whose elements have their second coordinates equal to zero. In other words,
at least p? between the p° elements in Gp have their second coordinates equal to zero.

Repeating the arguments just given, we obtain ¢ —1 linearly independent elements,
(a1,0),...,(a,-1,0), all of them having their second coordinate vanishing. The subspace
spanned by them consists of p°~! elements having their second coordinate equal to zero
as well. We now assume p # 2.

421 p#2

Under this additional hypothesis, the mixed monomials Zr P XP and
XP*P ZP"" are still distinct and therefore ¢,_; = 0. This implies the existence of a

last element (a,,0) € Gp, linearly independent with the older ones; it is “last” in the
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sense that we now have a complete description for Gp: it is the F,-space spanned by the
basis {(a1,0),...,(a.,0)}. Henceforth, all elements in Gp have their second coordinate

equal to zero, and consequently we may write

A(X,Y,Z) = ]—[ (X+aY +bZ) = ]—[ (X +aY) (4.49)

(a,b)er (a,O)EGp
ie., fi(X,Y,Z) does not depend on Z. The exact same considerations are valid for the
group Go, from which we conclude that the polynomial g1(Z, Y, X) does not depend on
X. We return once more to (4.42), and rewrite it using what we now know from (4.49) as

f1(X,Y)—ag7_(X,Y):agl(Z,Y)—fz(Y,Z) (4.50)

The object in (both sides of) (4.50) is a homogeneous polynomial of degree p¢. On the
one hand, the left hand side tells us that this polynomial does not depend on Z; on the
other hand, the right hand side tells it does not depend on X. So the only possibility is
that it depends only on Y

AX,Y)—aga(X,Y) = AYP =ag1(Z,Y) - fo(Y,Z) (4.51)

The constant A € k in equation (4.51) may be zero, there is no a priori reason excluding this
to happen. Finally, we use (4.51) to write fo(Y,Z) = ag1(Z,Y)— AYP" and then substitute
into (4.38):
]_[(X+ay)+a ]_[(z+sy)—AW:o (4.52)
aeGp s€Gg

After a projective change of coordinates, the above (4.52) can be written like below

]—[ (X +aY)+ ]_[ (Z+a P’ sY)—A Y =0
aeGp SEGQ

where A, is 0 or 1, depending on whether A is zero or not. It is worth noting that if A is
zero and the groups Gp and Gg are the same, then the curve will not be irreducible: it

will consist of a union of p¢ distinct lines.

We now investigate the genus of the curves given by an equation like the one in
(4.52). Let us first rewrite (4.52). We change the variables Y and Z and get

f(x,2)+g(y,z)+Az" =0 (4.53)

and where f; and g1 had their indices dropped out. Recall that A € {0,1}. There is no
loss in generality to assume that A = 0: if A =1 there is a suitable constant s € k such that
f(s,1)+A =0, so that after the projective change X + X +5sZ the previous (4.53) reads:

HX,Y,2) Y f(X,2)+(Y,Z)=0

where, recall, f and in g are additive separable polynomials in the first variable. One
could also take the projective change Y + Y +5’Z, for some appropriate s’, instead of the
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transformation considered above. We then have that Hx = xoZ? ~! and Hy = yOZpe_l,
for some xg # 0 and yp # 0, from which it follows that the only singular point of C is
(=1:1:0). We point out the following: we did not explicitly assumed C to be singular
from the beginning of section 4.2: we just assumed C to have 2 extendable outer Galois
points and concluded from this that C is singular. Note that the two outer Galois points
and the singular point are all contained in the line at infinity Z = 0: the Galois points are
(1:0:0) and (0:1:0), and the singular pointis (-1:1:0).

We could also have started with two monic additive separable polynomials
f(T)and g(T) in k[T], both having the same degree p°, and have considered the curve
(assume it is irreducible) given by

(X, 2)+gn(Y,Z)=0 (4.54)

where f, and gj, are the homogenizations of f and g. Under these conditions, the curve
in equation (4.54) has (1:0:0) and (0:1:0) as two extendable outer Galois points (by
Theorem 3) and (=1:1:0) as its only singular point, and all of them lie in the line Z = 0.
The Galois groups are isomorphic to the groups of roots of f and g. Remind that a monic
additive separable polynomial is uniquely determined by its group of roots, which is,
for its turn, uniquely determined by e F,-linearly independent elements, once it is an

elementary abelian finite group.

With this in mind, in order for the curve in (4.54) to be irreducible, it is necessary
that the additive polynomials f and g, or equivalently, the groups Gp and G, be distinct.
For otherwise, we could write

X, 2)+ fiu(Y,Z) = fi(X+Y,2) = 27" - f(X+Y)/Z)

and once f splits completely in k[T] (recall that k is algebraically closed), we see that the
curve would consist in a union of p¢ distinct lines. The question of when the left hand
side of (4.54) is reducible is fully answered in (DEOLALIKAR, 2002, Proposition 2.6).

We will consider (4.54) in the affine plane Z # 0. There it reads

fx)+g(y)=0 (4.55)

Let Fg be a finite field containing all roots of f(T) and g(T). We say that an additive
polynomial is g-additive if all its monomials have degree a power g’ of g. It is well known
(see (GARCIA; OZBUDAK, 2007, Corollary 2.5)) that if p(T) is a g-additive polynomial
splitting in F(, then there exists another g-additive polynomial 7(T), which also splits
in Fg, such that p(r(T)) = TQ —T = r(p(T)). It then follows that there exist polynomials
a(T) and b(T) such that f(a(T))=T?—T and g(-b(T)) = -T2 +T and so (a(T),—b(T))
is a parametrization for the curve, therefore it is a rational curve, i.e., its genus is zero.
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Writing
f(x)= xP+ a,;_le’e_1 +...+axP +apx
g = y" +bery” +...+biyP +boy

we see that after the projective change x +— x —ag 1boy, the curve C is projectively

equivalent to the one with equation
X +ap1xP T+ ax? +agx +Pey” +Pery? ... +P1yP =0 (4.56)

But then, C has equation like the one in (FUKASAWA, 2011, Theorem 1(4)). By this
same result C has infinitely many outer points, and it is strange as well (cf. also
Theorem 2). Notice that the rationality of C could also be concluded by (FUKASAWA,
2011, Theorem 1). We summarize this below.

Theorem 8. Let C be an irreducible curve of degree p® > 4 for some p >3 and e > 1. If
C has two outer Galois points, then it is a strange rational curve with infinitely many

extendable outer Galois points.

We go back a few lines above, when we assumed p # 2, to consider the opposite

and remaining case.

4.22 p=2

Now the mixed monomial 22 X2 appears on both sides of (4.45), so it must
be c.-1 = ad._1, but not necessarily c,—1 =0 = d,_1. Thus, a basis for Gp as an FF>-linear
space is given by {(a1,0),...,(a.-1,0),(A, B)}, for some a;, A and B € k. Any element in

e—1
ZViﬂi +v,A,v.B

i=1

Gp is then given by

(4.57)

for some list (v1,...,v,) € FS. Conversely, any list in IF5 gives rise to an element in Gp
via (4.57). But as F, = {0,1}, we can break up Gp into two disjoint sets depending on
whether v, =0 or v, =1, which allows us to write the following for the polynomial
AH(XY,Z):

X+ZviaiY+AY+BZ)

1

X+Zviaiy). [

(vi,.. -/Ve—l)eF;_l

AxY,2) =[]

(V1,ees Ve—l)EF;_l

(4.58)
We will denote by f1(X, Y) the first of the two products that appear above, i.c.:

A= ] X+ZviaiY)

(v1,eees ve_1)6F§_l
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It is clear that this fj is, like fi, an additive polynomial in the variable X; in fact f; is a
degree 2¢! factor of f1. Thus, (4.58) is rewritten as

AX,Y,Z)= (X, Y)- (X +AY +BZ,Y)
Completely analogous considerations hold for G and g1(z, y, x). We therefore take
{(bll 0)/ M4 (b€—1/ O)/ (S/ T)}

to be a basis of Gg over [F». Notice that, as can easily be seen, c,_1 = B2 and deq1= T2 ;
hence B2 = ocTzH, so that B vanishes if and only if T does, and in such case the results

we obtained for odd characteristic are recovered. Once more, we rewrite (4.41):
AXAX+AY +BZ,Y)+ f(Y,Z) = ag1(Z,Y)§1(Z+SY +TX,Y) +ag2(X,Y) (4.59)
Making X = 0 in (4.59) leads to
LY, Z)=ag1(Z,Y)§1(Z+SY,Y) +ayY?
where yY? = ¢5(0,Y). The equation for C is thus given by
AXY)AX+AY +BZ,Y)+ag1(Z,Y)$1(Z+SY,Y)+ayY* =0 (4.60)

Suppose it was B # 0. The polynomial in the left hand side of (4.60) must be invariant
under the projective transformation Z — Z +0Y (and leaving X and Y fixed), for any

o = 2; vib;. Substituting this transformation in the polynomial in (4.60) we obtain
AXY)A(X+(A+Bo)Y +BZ,Y)+ag1(Z,Y)§1(Z+SY,Y) +ayY? =0 (4.61)

The product $1(Z,Y)§1(Z +SY,Y) does not change because of the very definition of ¢;.
Comparing (4.60) and (4.61) gives

AX+AY+BZ,Y)= i(X+(A+Bo)Y+BZ,Y) ~ fi(BoY,Y)=0Vo  (4.62)

Note that we used the additiveness of f1 From (4.62) it follows that the roots of f1 are
obtained from the roots of ¢ by simply multiplying by B. Hence, we may write

. A
§1(Z,Y) = ]:[ (Z + EY) (4.63)
where A = }}; v;a; runs over the roots of fl After changing Z to Z/B, (4.63) reads
N 1 1 .
§Z/BY)= = | [z+av)= = fi(Z,Y) (4.64)
A

One more substitution, of (4.64) into (4.60), and we can finally write the equation of C
like below:

AXY)AX+AY +Z,Y)+aB > f1(Z,Y) A(Z+BSY,Y) +ayY* =0

And from here more investigations are still to be done.
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4.3 Inner smooth points with d # 1 mod p

If we now consider a singular curve C whose degree d is # 1 mod p, and as usual
with d > 4, we will be able to do a similar analysis to the one we did throughout of

section 4.1, the conclusion of which has to do with Theorem 7, and is stated below.

Theorem 9. With C as above, if it is not projectively equivalent to Y X9~! + Z¢ = 0 with
d a power of p, then 6(C) < 1. Otherwise C has infinitely many inner smooth Galois
points (cf. Theorem 1 and also (FUKASAWA; HASEGAWA, 2010)).

Proof. Let P =(1:0:0) be an inner smooth point for C. Theorem 3 (item 1) then gives
the following for the equation of C

YX¥ 14+ Gy(Y,Z2)=0

where G4(Y, Z) is a homogeneous polynomial of degree d not divisible by Y (otherwise C
would be reducible). It follows that the singular points of C are exactly the points on the
line X = 0 corresponding to the repeated roots of G,4(Y, Z) (notice that the only point of
the curve in the line Y = 0 is P). Writing, like we did back in (4.2), G4(Y,Z) = £} -...- ",
where {; = (z;Y — y;Z), we have

CNtx={Qi=0:y;:z)|i=1,...,s}

where { is the line X = 0. By the irreducibility of C, the y;’s must all be non-zero. The
point Q; will be singular if, and only if, n; > 2. Without loss of generality, suppose that
t1 =7, and hence that Q; = (0:1:0). There are three possible and distinct scenarios,
and they are described below.

* 111 <d—1:1in this case Q1 has multiplicity n; and its unique tangent line is ¢;.

* 11 =d —1:in this case Q still has multiplicity n1 = d — 1, but now it is an ordinary
singular point: if we write G4(Y, Z) = ff_lfz =Z%1(aY +bZ), with ab # 0, then its
tangent lines are given by the d — 1 distinct factors of X4~ +aZ%1,

* 11 = d: in this case Q1 has multiplicity d —1, its unique tangent line is X =0 and C
is nothing but the curve given by YX?1+ 74 = 0.

These same considerations hold, mutatis mutandis, for the other points Q;. Since C is
singular, it has a singular point, which we may assume to be Q1. If n; <d -1 then Q4
has /7 as its unique tangent line, and this line intersects C only at Q; and P. If R # P
was another inner smooth Galois point, we would conclude by the same reasoning that
the tangent line to Q; intersects C only at Q1 and R, which would then imply that R = P.
This contradiction shows that P is the unique inner smooth Galois point in such cases
(those for which C has a singular point of multiplicity < d —1).
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Now if n1 = d, the curve is given by YX d-14 74 = and the tangent line to Q,
which is the only singular point, does not pass through P: it intersects the curve only
at Q1. If d is a power of p this curve has infinitely many inner smooth Galois points:
any point in C distinct from Q; is an inner smooth Galois point (cf. (FUKASAWA;
HASEGAWA, 2010, Theorem 1 and Example 1) and also Theorem 1). We therefore
suppose that d is not a power of p, and will show that C does not have any total flex other
than P. From this we will be able to conclude, using the fact that inner smooth Galois
points are total flexes (cf. Corollary 1), that C cannot have any inner smooth Galois point
other than P. We, thus, suppose Py = (xo : o : 1) € C. Note that the only points of the
curve in the line Z = 0 are P and Q1, so that we may indeed restrict ourselves to the
affine chart Z # 0. Once yoxg"l +1 =0, it must be xoyo # 0. The tangent line to C at Py is
given by (in affine coordinates x and v)

Tp,C: (d—- 1)y0xd_2(x —Xxg)+ xg_l(y —1y0) =0~ (d—1)yo(x —x0) + x0(y —y0) =0 (4.65)

and has the following parametrization

{x:x0+x0t:xo(1+t) f ek (4.66)

y=yo—(d-Dyot = yo(1-(d-1)t)

Substituting the parametrization given by (4.66) in yx?~! +1, the affine polynomial of

the curve, gives
g0(t) = yoxd (1= (d - DE)A+ 1 +1 (4.67)

It suffices, for us to show that Py is not a total flex for C, that the coefficient of any
monomial of degree < d in g¢(t) be non-zero (recall that the intersection multiplicity
Ip,(CNTp,C) is precisely the highest power of t that divides go(t)). Since ygxg"l +1=0
we may rewrite (4.67) like below

d-1
golt) = ot~ (Z ((d 3 1) - 1)(;Z :})) (- 1>td) (468)

k=1

From (4.68) above, it is immediate to see that Py is a total flex for C if, and only if,
(dzl) —(d - 1)(%:%) =0forallk=1,...,d—1. Take k = d — 1, for instance. The preceding
condition for this value of k reads 1 —(d —1)?> = 0 mod p, which then implies d =0 mod p
or d =2 mod p. If none of these is the case, then the coefficient of the monomial ¢4
in (4.68) is non-zero, so that Py is not a total flex. Thus, suppose d =2 mod p (and also
that p # 2). In this case, the coefficient of the monomial t? in (4.68) reduces to —(d —1)?,
which is non-zero; hence Py cannot be a total flex. Suppose, finally, that 4 = 0 mod p
(recall that we also assumed d not to be a power of p). In this case d —1 = -1 mod p.
(4.67) then becomes

go(t) = yox§ 11+ 1) +1 (4.69)
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Since d is not a power of p, it is easy to see from (4.69) that go(t) will have non-zero
terms of degree less than d. Therefore Py cannot be a total flex in this case also.

It remains to consider the scenario where 11 = d —1, for which the curve is given
by the following equation Y X%+ Z4"1(aY + bZ) = 0, for some ab # 0. Recall that inner
smooth points are total flexes (cf. Corollary 1). The only points of C on the line X =0
are Q1, the singular point, and Q> = (0: —b : a), which is not a total flex: its tangent line,
>, intersects C at P # Q> also, so that the intersection multiplicity Io,(CN¢3) is d —1.
Hence, if there was another Galois point R, it would have its x-coordinate different from
zero (and would not be P). The orbit of R by the action of Gp, which is generated by
diag(C4-1,1,1) (cf. Theorem 3 (item 1)), would then consist of d —1 inner smooth points
distinct from P, so that C would have at least d inner smooth points (cf. Proposition 1
and Proposition 7). Each one of these inner smooth points is a total flex for C, and to each
one of them there corresponds a (d — (q(C) — 1)) flex. We will now show that q(C) =2,
i.e., that the Hessian of C does not vanish on C. Denote by f(x,y) = yxd‘l +ay+b. The
cases p # 2 and p = 2 are considered separately, and we start with the former, where the
equation for the Hessian of C reads (cf. (4.9): we made f =0 and cancelled the common
d-1)

faczfyy+fy2fxx—2fxfyfxy (4.70)

Once fy, =0, (4.70) reduces to

fyzfxx_zfxfyfxy :fy(fyfxx—fofxy) (4.71)

Since f, = x9"+a # 0 (otherwise x would be constant and not have any zeroes),
from (4.71) it follows that in order for the Hessian of C to not vanish it suffices that
fy fxx —2fx fxy does not. After carrying out the differentiation processes, we have that
this latter function is given by

(d-1)(d-2)(x" T+ a)yx?3 —2(d - 1)%yx** = (d - 1)yx?3(=dx?1 +(d =2)a) (4.72)

and each of the factors in (4.72) is non-zero: —dx?~! + (d —2)a would vanish if, and only
if, p =2, which is not the case. Therefore, if p # 2 the generic order of contact for C equals
2. For p =2, (4.70) must be replaced by (cf. (4.27))

FeDyyf + i D f = fufy fry (4.73)

where D, f and Dy, f are the Hasse second derivatives of f with respect to y and x
respectively, given by (4.28). Again, D, f =0, so that (4.73) simplifies to

fyszxf_foyfxy = fy(fnyXf_fxfxy) (4-74)
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Again, it must be shown that f, Dy f — fx fxy, does not vanish. Substituting the derivatives,
the aforesaid function becomes

(d—l)@(xd"1 +a)yxi3 —(d-17>yx? =
(d-2) (4.75)
= (@ =Dy | 5= ) = (- Dt
If d—2=0mod 4, (4.75) turns into
(d—1)yx73(=(d - 1)x%) (4.76)

while if d —2 # 0 mod 4 (recall that d —2 is even, hence, d —2 = 2 mod 4 in this case),
then both (d —2)/2 and d — 1 are odd, so that (4.75) becomes

(d- 1)_1/xd"3 (%a) (4.77)

Both (4.76) and (4.77) are non-zero; therefore the curve C also has non-vanishing Hessian

if p =2, i.e., its generic order of contact is 2.

Since C has a (d —1)-fold point, it is rational, hence its genus g(C) is zero. The
divisor ‘W(C) mentioned in the beginning of section 3.2 has now the following degree
(cf. (STOHR; VOLOCH, 1986, p. 6), (FUKASAWA, 2007, Section 2) and also Remark 8)

degW(C)=3d+3(2g(C)-2)=3d-6 (4.78)
and we still have (cf. (3.9))

> (CNTpC)-q(C)= Y Ip(CNTpC)-2 < degW(C) (4.79)
PeC\{Q1} PeC\{Q1}

Under the hypothesis that C has at least two inner smooth Galois points, by what we
just saw some lines above, the sum in the left hand side of (4.79) is at least d(d — q(C)) +
d(d—1-q(C)) = d(2d —5). Substituting this into (4.79) and using (4.78) gives

d(2d—-5)<3d—6 ~» 2(d—-3)d-1)<0 (4.80)

But d > 4, so (4.80) is never satisfied. Hence C cannot have more than one inner smooth

Galois point. And we are finally done.
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