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RESUMO

FERREIRA, M. D. Projeto de arquiteturas de redes neurais artificiais convolucionais com
o apoio de conceitos oriundos da área de sistemas dinâmicos. 2019. 135 p. Tese (Dou-
torado em Ciências – Ciências de Computação e Matemática Computacional) – Instituto de
Ciências Matemáticas e de Computação, Universidade de São Paulo, São Carlos – SP, 2019.

Avanços tecnológicos têm permitido e motivado a produção e o armazenamento de grandes volumes de

dados e, consequentemente, a necessidade de processamento a fim de obter informações que apoiem

processos de tomada de decisão. Neste contexto, a área de Aprendizado Profundo (DL) tem apoiado

a resolução de problemas complexos por meio da extração de características implícitas em conteúdos,

tais como de imagens, áudios e vídeos, para produzir bons classificadores e regressores. Redes Neurais

Convolucionais (CNN) estão entre as estratégias consideradas estado da arte em DL, apresentando ótimo

desempenho em tarefas de diferentes domínios. O projeto de arquiteturas de CNNs é um dos maiores

desafios envolvidos no uso dessa tecnologia, pois requer considerável conhecimento sobre o domínio

da aplicação, bem como sobre transformações algébricas lineares e não-lineares. Atualmente, esses

projetos são realizados de forma manual, contando portanto com procedimentos empíricos, ou por meio

de algoritmos evolutivos que analisam diferentes arquiteturas candidatas, opção que excessivamente

consome recursos computacionais. Em meio ao projeto, surge ainda outra questão que tem atraído a

comunidade científica, ela se refere ao uso de arquiteturas profundas e suas relações com overfitting, o qual

produz memorização dos exemplos de treinamento e, portanto, degradação no processo de aprendizado.

Esses dois principais desafios motivaram esta tese de doutorado a trazer uma discussão e uma proposta

de abordagem para auxiliar no projeto de arquiteturas de CNNs, bem como permitir a compreensão

algébrica de suas operações. Inicialmente, as arquiteturas de CNN foram algebricamente formuladas, o

que permitiu concluir que suas relações de imersão espaciais são similares às empregadas pela área de

Sistemas Dinâmicos (DS), levando ao desenvolvimento de uma ferramenta de imersão denominada Falsos

Vizinhos mais Próximos em Imagem (IFNN). IFNN estima o tamanho das máscaras convolucionais e

auxilia na estimação do números de unidades para cada camada de uma arquitetura CNN, a partir do

efeito causado pela reconstrução de espaços fase. Essa ferramenta é motivada por outra denominada

Falsos Vizinhos mais Próximos (FNN), a qual estima a dimensão de incorporação mínima necessária para

representar padrões recorrentes em dados com dependências temporais. Experimentos confirmam que

as arquiteturas projetadas com o auxílio da IFNN produziram resultados similares aos reportados por

arquiteturas profundas e muito mais complexas. Com base nesses experimentos, conclui-se que a IFNN

auxilia no projeto de arquiteturas mais simples, rasas (no sentido de menor profundidade) e eficientes,

as quais são mais rapidamente treinadas e fornecem garantias mais justas de aprendizado (necessitam

de menor tamanho para as amostras de treinamento). Por fim, as arquiteturas obtidas com o apoio da

IFNN foram analisadas com base em seus coeficientes de Shattering a fim de verificar suas complexidades

relativas, essencialmente a cardinalidade de seus viéses.

Palavras-chave: Aprendizado Profundo, Redes Neurais Convolucionais, Sistemas Dinâmicos, Teoria do

Aprendizado Estatístico, Falsos Vizinhos mais Próximos em Imagens.





ABSTRACT

FERREIRA, M. D. Designing convolutional neural network architectures based on dyna-
mical system concepts. 2019. 135 p. Tese (Doutorado em Ciências – Ciências de Computação e
Matemática Computacional) – Instituto de Ciências Matemáticas e de Computação, Universidade
de São Paulo, São Carlos – SP, 2019.

Technology advances have motivated the production and storage of large amounts of data and, conse-

quently, the need for processing them out in order to support decision making. In this context, Deep

Learning (DL) has emerged and provided major advances to solve complex supervised tasks through

the direct manipulation of raw data content, such as images, audios and videos. Convolutional Neural

Networks (CNN) are among the state-of-the-art strategies in DL, confirming relevant performance results

in tasks of different domains. Currently, the design of CNN architectures is one of the major challenges

involved in the practical use of DL, since it requires considerable knowledge about the application

domain, linear and nonlinear algebraic transformations. Architectures are either manually designed,

using empirical procedures, or with the support of evolutionary algorithms, an option that excessively

consumes computational resources while analyzing candidate solutions. In addition to the architecture

design, the possibility of overfitting has attracting the scientific community to study the effect of such

complex models and whether they produce some memorization effect on training sets. Those two main

challenges motivated this PhD thesis which brings up a proposal to support the automatic design of CNN

architectures based on Dynamical System (DS) concepts. Initially, CNN architectures were algebraically

formulated, allowing to take conclusions on the relationships of CNN input data organizations and spatial

immersions from DS, leading to the development of an immersion tool called Image-based False Nearest

Neighbors (IFNN). IFNN estimates the convolutional mask sizes and helps in the process of finding the

adequate number of convolutional units per CNN layer by taking advantage of well-known effects caused

by the reconstruction of phase spaces. This tool is based on the False-Nearest Neighbors (FNN) method,

typically used to estimate the minimal embedding dimension to represent recurrence patterns of time series.

Experiments confirm that architectures designed with the support of IFNN mostly usually produce results

similar to deeper (and thus more complex) architectures. Based on those experiments, we concluded that

IFNN supports the design of simpler, shallower (in the sense of depth) but yet efficient CNN architectures,

which are faster to train and provide tighter learning guarantees according to the Statistical Learning

Theory (SLT) thus requiring smaller training samples. Finally, the CNN architectures after IFNN were

analyzed based on their Shattering coefficients in attempt to verify their relative complexities, and most

essentially the cardinalities of their spaces of admissible functions, a.k.a. biases.

Keywords: Deep Learning, Convolutional Neural Networks, Dynamical Systems, Statistical Learning

Theory, Image-based False Nearest Neighbors.
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CHAPTER

1
INTRODUCTION

With the technological advances of digital devices and the Internet, several tools have
been designed, developed and improved to provide an efficient organization, search, and modeling
of big data scenarios, based on the intrinsic knowledge from data content (PAZZANI; BILLSUS,
1997; ROOHULLAH; JAAFAR, 2011; BRIN; PAGE, 2012; GAO, 2013; JING; LIU; TSAI,
2017). In this context, Deep Learning (DL) has received a great attention due to its ability to
build up generalized models to proceed with the classification of huge datasets by extracting
meaningful information embedded in raw data (FERREIRA et al., 2018). That ability has been
widely employed to identify objects in images, transcribe speech into text, textual modeling,
e-commerce recommendation, and analyze social networks (KRIZHEVSKY; SUTSKEVER;
HINTON, 2012; SCHLUTER; BOCK, 2014; ELKAHKY; SONG; HE, 2015; COVINGTON;
ADAMS; SARGIN, 2016).

The main target of DL strategies is to simplify data modeling and classification for
general-purpose domains (LECUN; BENGIO; HINTON, 2015), most specially supporting solu-
tions for very complex Machine Learning (ML) problems, such as face recognition (LAWRENCE
et al., 1997; ROWLEY; BALUJA; KANADE, 1998; BHATT et al., 2012; LECUN; BEN-
GIO; HINTON, 2015), the investigation of criminal scenes (LIU; LI, 2014), medical diagno-
sis (ADLER; GUARDO, 1994; CHENG; LIN; MAO, 1996), urban planning (HECHT et al.,
2013), weather forecasting (RASOULI; HSIEH; CANNON, 2012), object (KRIZHEVSKY;
SUTSKEVER; HINTON, 2012) and vehicle licensing recognition (BROUSSARD et al., 1999).
Successful results have also motivated the adoption of DL algorithms by large companies, such as
Yahoo!, Google, Bing and Facebook (ELKAHKY; SONG; HE, 2015; COVINGTON; ADAMS;
SARGIN, 2016; ROOHULLAH; JAAFAR, 2011; BRIN; PAGE, 2012; GAO, 2013; LECUN;
BENGIO; HINTON, 2015), being also included in consumer products, such as cameras and
smartphones (LECUN; BENGIO; HINTON, 2015).

In most applications, DL architectures have been currently providing the best results,
what has consequently motivated its wide adoption in literature (LECUN; BENGIO; HIN-
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TON, 2015; GOODFELLOW; BENGIO; COURVILLE, 2016). The most relevant contribution
of DL is the design of algorithms and architectures capable of implicitly (some may say au-
tomatically) modeling the relevant features hidden in raw data, bringing this branch to the
representation learning area (LECUN; BENGIO; HINTON, 2015). DL architectures correspond
to multilayered structures composed of different mathematical operators (or units) in order to
learn nonlinear functions from training data, producing relevant features even for very complex
datasets (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SZEGEDY et al., 2015; HE et al.,
2016; LECUN et al., 1999; SRIVASTAVA et al., 2014; COGSWELL et al., 2016; PEREZ;
WANG, 2017; MELLO; FERREIRA; PONTI, 2017; MELLO; PONTI; FERREIRA, 2018). This
process attempts to produce the same result as a kernel in the context of ML (LECUN et al.,
1998; LECUN; BENGIO; HINTON, 2015), i.e., some input space transformation that outputs a
relevant enough features space on which learning is possible (SCHÖLKOPF; SMOLA, 2002;
MELLO; PONTI, 2018). As consequence, DL algorithms are employed to proceed with multiple
levels (layers) of data transformations, including linear and nonlinear operators, in an attempt to
obtain relevant features for inducing some classification or regression function f .

Typically, ML techniques require a careful design and considerable domain exper-
tise to provide an adequate feature extraction in most recognition and classification prob-
lems (MELLO; PONTI, 2018; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SZEGEDY
et al., 2015; GARRO; VÁZQUEZ, 2015; MALLAT, 2016; FERREIRA et al., 2018). This
requirement also holds for DL algorithms, once they are designed to tackle specific learning
tasks (LECUN; BENGIO; HINTON, 2015). The greatest difference of DL solutions in com-
parison to other ML techniques is the presence of implicit transformations to proceed with the
classification task, involving a set of separating hyperplanes to divide the input space. Those
transformations are learned along the training process, contrasting to other ML solutions that
require some explicit space kernelization, such as Support Vector Machines (SVM) (CORTES;
VAPNIK, 1995; MELLO; PONTI, 2018).

SVMs were designed to provide as tight as possible learning guarantees according to the
Statistical Learning Theory (SLT) (VAPNIK, 2000; LUXBURG; SCHÖLKOPF, 2011), being
considered the best ML supervised algorithm when the correct input space is provided (MELLO;
PONTI, 2018) 1. This is ensured because SVMs induce the best as possible linear separation in
some input space by maximizing the margin between the decision boundary (a.k.a. separating
hyperplane) and training examples labeled according to different classes. In that sense, SVMs do
not simply respect the Empirical Risk Minimization Principle (ERMP), but ensure the greatest
as possible theoretical learning guarantees (upper bounds) for it (VAPNIK, 2000).

However, it is worth to highlight that SVMs require the input space to be linearly
separable to provide the best results, thus relying on explicit space transformations to obtain an
ideal (or close enough) features space (MELLO; PONTI, 2018). Such transformations are mostly

1 Please, refer to the Large-Margin Bound for the detailed proof.
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manually designed by some expert who has enough knowledge about the input space and about
the problem itself. Figure 1a illustrates an input space with training examples divided in two
classes, in which Figure 1b shows the classification results using SVM after applying a second-
order polynomial kernel (explicit transformation), and Figure 1c presents the same classification
but using an Artificial Neural Network (ANN) that builds up the implicit transformation using
several hyperplanes dividing the input space. In this particular instance, we assume the SVM
kernel is known a priori (polynomial kernel), while the ANN learns it from training examples.

(a) A two-class input space. (b) An explicit kernel. (c) An implicit kernel.

Figure 1 – Illustrating the difference of an explicit kernel employed by SVM and an implicit one produced
by some ANN. Figure (a) shows an example of a dataset with two attributes and two classes
(triangles and crosses). Figure (b) illustrates the classification performed by SVM while using
a second-order polynomial kernel. The solid line corresponds to the separating hyperplane,
and dashed lines represent the margin to be maximized. Figure (c) illustrates the classification
performed with some ANN, in which lines represent the separating hyperplanes.

Convolutional Neural Networks (CNNs) are considered a promising tool in the context
of DL, given they have been providing relevant results in different application domains and
their ease of usage (COATES et al., 2011; COX; PINTO, 2011; NAKASHIKA et al., 2012;
BERGSTRA; BENGIO, 2012; SERMANET et al., 2014; KRIZHEVSKY; SUTSKEVER; HIN-
TON, 2012; ZEILER; FERGUS, 2014; CIREGAN; MEIER; SCHMIDHUBER, 2012; LECUN;
BENGIO; HINTON, 2015; GOODFELLOW; BENGIO; COURVILLE, 2016). Besides such
successful performances, CNNs still do not rely on strong theoretical foundations to prove
learning boundaries nor count on formal methodologies to design their architectures, which are
empirically assessed. Both drawbacks motivated this thesis to focus on such particular network
in an attempt to tackle those challenges but most specially the design of CNN architectures.

CNN architectures have been manually designed for particular tasks, which involve
the empirical process of performing several experiments in order to find some good enough
parametrization, such as the number of layers, the number of units (operators) per layer, the type
of unit at each layer (convolution, pooling, etc.), and the convolutional mask sizes (SZEGEDY et

al., 2015; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; GARRO; VÁZQUEZ, 2015). This
empirical process makes evident the lack of any formal foundation to support the design of CNN
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architectures. As a natural result, the CNN architectures implicitly build up unknown kernels to
somehow provide more effective features spaces to perform classification.

The processing and time costs associated with such empirical designing process have
motivated researchers to consider predefined architectures (e.g. LeNet, AlexNet, VGG16) on
new datasets, and, in some cases, previously trained models (transfer learning) (BEN-DAVID
et al., 2010; HUH; AGRAWAL; EFROS, 2016; CHOI et al., 2017; YANG et al., 2015). As
a consequence, predefined CNN architectures may not be enough to provide good results on
other application domains, thus leading to underfitting, or may be more complex than necessary,
producing overfitting (COGSWELL et al., 2016; MALLAT, 2016; SRIVASTAVA et al., 2014).
However, the question that still remains is how to design a good enough CNN architecture to
address a specific classification task.

In this research scenario, evolutionary algorithms have been employed to search for
adequate architectures for particular tasks (GARRO; VÁZQUEZ, 2015; YOUNG et al., 2015;
ALBELWI; MAHMOOD, 2017). Despite such approach avoids the manual design, it still
requires training the CNN configurations under analysis, being a time and resource demanding
process (HE et al., 2016; KOVALEV; KALINOVSKY; KOVALEV, 2016; SZEGEDY et al.,
2015; KRIZHEVSKY; SUTSKEVER; HINTON, 2012). Moreover, deep networks also face
issues associated to overfitting, due the large number of functions used to separate the input space;
and degradation, once the gradient descent method propagates accumulative errors through layers
during the training stage (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SRIVASTAVA et al.,
2014; HE et al., 2016; PEREZ; WANG, 2017; MELLO; FERREIRA; PONTI, 2017; MELLO;
PONTI; FERREIRA, 2018).

The lack of theoretical understanding about the CNN learning and the current empirical
process involved in the design of CNN architectures are the main motivations for this thesis,
which intends to support the design of simpler CNN architectures by estimating convolutional
mask sizes as well as the number of units at every CNN layer, without requiring the whole
training process for several candidate architectures (FERREIRA et al., 2018). Our approach was
based on Dynamical System (DS) concepts used to identify recurrent patterns on time series
(time-dependent data), in an attempt to provide the best reconstruction of input data (images or
matrices) what directly influences the convolutional kernels as discussed throughout this thesis.

1.1 Objective

In order to contextualize this thesis, it is relevant to mention that its first motivation
was a classification problem involving polyphonic audio signals, more precisely the problem
of Cover Song Identification (CSI), defined in the context of Music Information Retrieval
(MIR) (ELLIS; POLINER, 2007; SERRÀ; ZANIN; ANDRZEJAK, 2009; BOGDANOV et al.,
2013; FERREIRA, 2014; OSMALSKY et al., 2015; ONO et al., 2015). At the beginning, we



1.1. Objective 29

intended to design some DL algorithm to improve the CSI task, specially reducing learning costs
and improving the overall classification performance (FERREIRA, 2014). During our studies,
we faced the same DL issues discussed in the previous section, what motivated us to adapt the
original research question of this thesis to address such more general problem of designing
suitable CNN architectures. In that sense, we attempted to reduce as much as possible the
empirical process involved in building up architectures, given its high cost in terms of time and
resources used (FERREIRA et al., 2018). Such empirical procedure only confirms researchers
still lack in terms of understanding how to optimize the DL design and most specifically the
CNN design.

By tackling such general problem, we attempted to improve the understanding and the
design of CNNs while addressing different application domains (FERREIRA et al., 2018). At
first, we conducted a research and some formalization steps on CNNs in order to understand
how features are extracted. In this way, we algebraically formulated the CNN forward process
to analyze how architecture parameters impact in building up some implicit kernel. Based on
this formulation, we noticed that Dynamical System (DS) concepts could be applied to define
the convolutional masks sizes and the number of units per CNN layers, since they support to
find adequate input space embeddings, what in our scenario could be used to represent image
recurrences in high dimensional spaces (ALLIGOOD; SAUER; YORKE, 1997; TAKENS, 1981;
HAJILOO; SALARIEH; ALASTY, 2018; SIVAKUMAR; JAYAWARDENA; FERNANDO,
2002; MA; HAN, 2006). As a direct consequence of embeddings, we could define the size
of convolutional kernel masks and the number of such units at each CNN layer. Given such
scientific perspective, the hypothesis of this thesis is:

Hypothesis: Dynamical System embedding tools support the design of specific CNN

architectures, helping to estimate the size of convolutional kernel masks and the number of such

units per layer, thus improving or providing comparable performances to empirical designing

strategies, and directly avoiding the time and resource demands involved in the manual design of

CNN architectures.

In order to confirm our hypothesis, the CNN forward process was analyzed, whose main
operation is the convolution (or correlation (GOODFELLOW; BENGIO; COURVILLE, 2016))
followed by subsampling stages to reduce the feature space dimensionality (LECUN et al.,
1998). Such analysis motivated us to algebraically formulate the convolution and subsampling
operations, both introduced in Chapter 3. Such formulation has given us the insight that the design
of CNN architectures is very similar to input space reconstructions provided by DS, leading us to
propose an embedding strategy to reconstruct input images and, from that, define convolutional
masks. In that sense, the choice of the convolutional mask sizes mathematically corresponds to a
space embedding of input images, similarly to Takens’ immersion theorem (TAKENS, 1981).
From that, we attempted to employ the False Nearest Neighbors (FNN) (KENNEL; BROWN;
ABARBANEL, 1992), tool from DS, to support space reconstructions. As FNN could not be
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directly used, we studied how it could be adapted to estimate adequate convolutional mask sizes
and eventually support the number of units at each convolutional CNN layer. Our claim is that by
representing recurrent patterns of input images, we can indeed produce a better discriminative
features space and, consequently, induce efficient classifiers. The FNN method was specifically
chosen due to its renowned ability to estimate the most adequate embedding dimension for time
series, i.e., the number of space dimensions necessary to unfold time recurrences (KENNEL;
BROWN; ABARBANEL, 1992; PAGLIOSA; MELLO, 2017).

In this way, we designed the Image-based False Nearest Neighbors (IFNN), inspired
by FNN, to address the embedding of input images (FERREIRA et al., 2018). IFNN estimates
convolutional mask sizes and the number of units per CNN layer, improving the specific design
of CNN architectures for particular learning tasks. As discussed in Chapter 5.3, experiments
confirm that architectures designed with IFNN provide similar results with the ones reported in
the literature, as presented in (FERREIRA et al., 2018). The architectures resulted from IFNN are
typically shallower and with less units, which is a characteristic associated with parsimony and
thus Occam’s razor principle (VITÁNYI; LI, 1996; BURGESS, 1998). Despite the architectures
being more simple, they are still efficient when compared to others from the literature, specially
in terms of avoiding overfitting, because they lead to smaller Shattering coefficients (or growth
functions) (SRIVASTAVA et al., 2014; COGSWELL et al., 2016; VAPNIK, 2000; MELLO;
PONTI, 2018). In addition, we also claim that by having a method to find adequate enough
parameters, the final CNN architecture provides some input space kernelization more consistent
with data recurrent patterns, what should lead to a representative features space to perform
classification.

This simplicity was assessed using the concepts of the Statistical Learning Theory
(SLT) (SCHÖLKOPF; SMOLA, 2002; VAPNIK; CHERVONENKIS, 2015) to confirm our
claim, specially in terms of the Shattering coefficient estimated for the CNN architectures,
therefore providing a complexity measure for the space of admissible functions, a.k.a. the
algorithm bias (as detailed in Chapter 6). The Shattering coefficient is necessary to ensure
consistency to the Empirical Risk Minimization Principle (ERMP) from SLT, leading to learning
guarantees for supervised algorithms (VAPNIK, 2000; MELLO; PONTI, 2018). Our results
confirm that IFNN supports the design of simpler and efficient enough CNN architectures, given
their fair performance in conjunction with the requirement of smaller training samples than other
solutions reported in the literature (LECUN et al., 1999; SZEGEDY et al., 2015; SIMONYAN;
ZISSERMAN, 2014; HE et al., 2016; KRIZHEVSKY; SUTSKEVER; HINTON, 2012). We
here recall the use of simpler architectures is consistent with the principle of parsimony and
Occam’s razor problem-solving principle (VITÁNYI; LI, 1996; BURGESS, 1998).

Five commonly used benchmark datasets were selected to evaluate the IFNN method
in practical scenarios: CMU, MNIST, CIFAR-10, COIL-100 and GTSRB (more details in
Section 5.2). Our results and a detailed comparison with the literature are provided in Section 5.4.
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In summary, CMU is a face recognition dataset that was employed considering two different
classification tasks, the first intends to identify people in images while the second aims to
verify if a person wears sunglasses. Results confirmed that IFNN supports the design of CNN
architectures regardless such classification labels, something we regard possible due to IFNN
considers the content of images. In both scenarios, IFNN improved the accuracy reported in
the literature. The accuracy measured for the handwritten digit dataset MNIST after estimating
convolutional masks with the support of the IFNN method was similar to the ones reported in
the literature, however allowing the usage of a much simpler architecture.

The CIFAR-10 and COIL-100 datasets were considered to assess IFNN in the context
of object recognition tasks. The main difference between those datasets is that CIFAR-10 was
designed from Web images, without any preprocessing stage, while COIL-100 was acquired from
a controlled environment and images were preprocessed. In case of COIL-100, the architecture
designed with IFNN improved the results reported in literature. On the other hand, the results
were not satisfactory for CIFAR-10, being significantly worse than other results reported in the
literature. While using GTSRB, a benchmark dataset for the traffic sign recognition task (famous
after a competition organized in conjunction with the International Joint Conference on Neural
Networks (IJCNN) (SOCIETY, 1989 (accessed September 27, 2018))), our CNN architecture
estimated with IFNN also produced an accuracy below the literature, however, the difference
was not too large, from which we conclude results were still fairly similar.

Finally, the same preprocessing employed by the personnel responsible for designing
the COIL-100 dataset was applied to CIFAR-10 and GTSRB in order to analyze the impacts.
Such preprocessing simply normalized color intensities. In case of GTSRB, such preprocessing
stage improved results, something we expected given images are badly balanced in terms
of colors. In case of CIFAR-10, the preprocessing decreased the accuracy, indicating color
equalization would not help in any way. Given the worse results obtained for the CIFAR-10,
we particularly performed additional experiments considering other CNN architectures built
up with the support of IFNN (see Appendix A). This additional analysis allowed to understand
why IFNN architectures did not produce satisfactory results for this particular dataset. In brief,
we concluded our architectures were not enoughly complex to extract the necessary features to
proceed with an efficient classification stage.

Moreover, we observed that the subsampling operation was not efficient enough for
CIFAR-10, jeopardizing the CNN generalization, and, in addition, the CNN performances
stabilized as the number of units increased, suggesting a minimal and sufficient number of
units to reach good performance for a specific architectures. From those conclusions, we notice
the need for further studies to build up complex enough architectures as well as to assess
the sequence of layer operations, since they impact in the overall space transformation, i.e.
input space kernelization, produced by CNNs and, consequently, in their relative classification
performances.
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All those conclusions motivate some future directions to improve even more the parametriza-
tion of CNN architectures, in which we intend to estimate the number of units per layer by
working on another optimization criterion, converging to such minimal set of units per CNN layer.
Furthermore, we intend to design a tool to estimate the number of layers and the sequence of
operations, according to the way they affect CNN classification performances (MALLAT, 2016;
PAPYAN; ROMANO; ELAD, 2017; CHEN; GUNTUBOYINA; ZHANG, 2016; HANNEKE,
2016; GARRO; VÁZQUEZ, 2015; YOUNG et al., 2015; ALBELWI; MAHMOOD, 2017).

1.2 Text Organization
This thesis is organized as follows: Chapter 2 introduces the DL area, discusses the related

work, the most popular CNN architectures, and the framework used to perform experiments.
Next, Chapter 3 describes the CNN forward process, including typical operations on image
datasets. In such chapter, we bring one of our contributions in terms of detailing the algebraic
formulation of the CNN convolutional and max-pooling operations. Then, learning algorithms are
briefly presented in order to provide the advances in the training process, using backpropagation
strategies.

Chapter 4 describes the FNN technique, a DS tool used to estimate the embedding
dimension in time-dependent data (TAKENS, 1981; KENNEL; BROWN; ABARBANEL, 1992;
ALLIGOOD; SAUER; YORKE, 1997). Next, the proposed method, IFNN, is introduced to deal
with image data in the context of DL. The relation between concepts of DS and our algebraic
formulation are also provided. The setup and experimental results are presented and discussed in
Chapter 5, including a detailed description of datasets, approaches used in literature to deal with
those datasets, and the CNN architecture results after IFNN. A comparison of our results and
those from literature is also given in such chapter.

Chapter 6 presents the main concept of SLT and a theoretical formulation to compute
the Shattering coefficient of CNNs. This chapter also discusses about the complexity of CNN
architectures from Chapter 5, confirming IFNN supports the design of simpler but efficient
CNNs. Conclusions and contributions are listed in Chapter 7. Finally, Appendix A thoroughly
lists experiments used to assess the number of CNN units and layers for the CIFAR-10 dataset.
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CHAPTER

2
ON DEEP LEARNING

2.1 Initial Considerations

Deep Learning (DL) algorithms extract hierarchical features from input data by using
multilayered structures, whose successful performances have motivated their application to
address different supervised tasks in domains such as face recognition (BHATT et al., 2012;
LECUN; BENGIO; HINTON, 2015), handwritten digit recognition (LECUN et al., 1999;
SRIVASTAVA et al., 2014), and object recognition (CIREGAN; MEIER; SCHMIDHUBER,
2012; KRIZHEVSKY; SUTSKEVER; HINTON, 2012). Input data is propagated throughout
consecutive linear and nonlinear operations, in order to obtain hierarchical features and support
the classification of complex datasets. Such deep representation extracts low-level features such
as lines, corners, simple structures, and high levels features as object and shapes when dealing
with images (LECUN; BENGIO; HINTON, 2015; GOODFELLOW; BENGIO; COURVILLE,
2016; SRIVASTAVA et al., 2014).

In this context, many researchers drive their studies to improve DL algorithms, in-
cluding the estimation of hyperparameters, the formulation of DL architectures, and learning
processes (ALBELWI; MAHMOOD, 2017; HE et al., 2016; SZEGEDY et al., 2015; PEREZ;
WANG, 2017; MELLO; FERREIRA; PONTI, 2017; MELLO; PONTI; FERREIRA, 2018;
MALLAT, 2016). Convolutional Neural Networks (CNNs) are considered the state-of-art in
the DL area, also comprising the focus of this thesis, due to the good results reported in litera-
ture (COATES et al., 2011; SERMANET et al., 2014; KRIZHEVSKY; SUTSKEVER; HINTON,
2012; HE et al., 2016; ZEILER; FERGUS, 2014; CIREGAN; MEIER; SCHMIDHUBER, 2012;
LECUN; BENGIO; HINTON, 2015; GOODFELLOW; BENGIO; COURVILLE, 2016). In that
sense, this chapter aims to provide a brief introduction on some DL algorithms, and a description
of the most popular CNNs applied on image tasks.
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2.2 Related Work

Deep Learning (DL) is a branch of the Machine Learning area, which aims to model
data in order to extract relevant features to perform learning and classification. Historically, DL
finds its roots in the Conexionist learning paradigm, whose first main result comes from the
Perceptron (ROSENBLATT, 1958), which was designed to tackle linear separable classification
problems inspired in biological neurons (LIN; HUANG; CHEN, 2007). The Perceptron limita-
tions (MINSKY; PAPERT, 1987) to tackle more complex tasks held back the area of Artificial
Neural Networks (ANN) for several years.

Continuous research efforts brought ANN back, specially after the design of the Back-
propagation training algorithm, developed by Werbos (1988), which allowed the adaptation of
multiple hyperplanes in an attempt to classify non-linearly separable datasets. Such evolution
eventually supported the design of the Multilayer Perceptron (MLP) (CYBENKO, 1989), which
employs multiple hyperplanes (linear functions) to build up nonlinear classifiers and address
more complex supervised learning tasks. The Backpropagation algorithm takes advantage of
a quasi-convex error function (MELLO; PONTI, 2018) to employ the Gradient Descent (GD)
method and update unit (or neuron) parameters in order to reduce model errors, finally building
up some mapping of input examples to classes or labels in some output space (YAN et al., 2006;
KOSKELA et al., 1996; ORHAN; HEKIM; OZER, 2011).

After that, several other algorithms were designed, experimented and applied in real-
world problems, until the proposal of the Support Vector Machines (SVMs) (BOSER; GUYON;
VAPNIK, 1992; CORTES; VAPNIK, 1995) which relies on the Large-Margin Bound to find
the strongest learning guarantees from literature (VAPNIK, 2000; LUXBURG; SCHÖLKOPF,
2011; MELLO; PONTI, 2018) (see Section 6.2). SVM was designed to address supervised tasks
by placing a single hyperplane at the best as possible location while dividing some input space.

In this context, Deep Learning has emerged as a strategy to model and classify large
amounts of complex data, by extracting hierarchical features (low level and high level represen-
tations) and by using a combination of linear functions such as performed by MLP (MALLAT,
2016). DL algorithms are designed using consecutive layers composed of different types of
processing units. A training stage, similar to backpropagation, is applied to update the weights
of processing units, in order to better represent input patterns according to the expected labels.
Recurrent Neural Networks (RNN), Deep Belief Networks (DBN), and Convolutional Neural
Networks (CNN) are among the most employed DL techniques to solve practical problems,
all of them considering multilayered architectures (LECUN et al., 1999; LECUN; BENGIO;
HINTON, 2015; CHO; RAIKO; ILIN, 2013; SRIVASTAVA; SALAKHUTDINOV; HINTON,
2013; LUKOŠEVIČIUS; JAEGER, 2009; SAK; SENIOR; BEAUFAYS, 2014; SIMONYAN;
ZISSERMAN, 2014; KRIZHEVSKY, 2010; KRIZHEVSKY; SUTSKEVER; HINTON, 2012;
HE et al., 2016).
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DBNs are probabilistic generative models in which every layer is separately trained to
improve learning (HINTON; SALAKHUTDINOV, 2006; RANZATO et al., 2007; MOHAMED;
DAHL; HINTON, 2012; KRIZHEVSKY, 2010). Such model has provided relevant classification
results in several domains, specially in automatic speech recognition, having as main drawback,
noisy input patterns that jeopardize its recurrent convergence at each layer (DENG; YU, 2014).
DBNs are typically seen as densely connected networks, containing several hidden layers of
Restricted Boltzmann Machines (RBM) (SMOLENSKY, 1986). Every RBM is a network by
itself, being trained to map inputs to the expected outputs. RBM architecture is illustrated in Fig-
ure 2, in which inputs are connected to a hidden layer using symmetrical connections composed
of stochastic binary units (HRASKO; PACHECO; KROHLING, 2015; SALAKHUTDINOV;
HINTON, 2009). In fact, the DBN training is conducted in two steps: i) each RBM is individually
trained; ii) all layers are training together to fine tune the network.
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Figure 2 – Illustration of a Restricted Boltzmann Machine architecture, which is composed of visible
and hidden units. Each layer has a bias term to adjust the interception point of the separation
hyperplane with the input space.

RNN comprises another relevant DL approach, which contains cycled connections as
main difference from common feed-forward neural networks (see Figure 3). Those connections
provide recurrent behavior to such network, so that it is capable of representing dynamical
systems (FUNAHASHI; NAKAMURA, 1993; BARBOUNIS et al., 2006; LUKOŠEVIČIUS;
JAEGER, 2009; SAK; SENIOR; BEAUFAYS, 2014; SAK et al., 2015; DU; WANG; WANG,
2015; GREGOR et al., 2015). As a disadvantage, both DBN and RNN contain dense connec-
tions, which are computationally intensive during the training stage (BENGIO et al., 2007;
LAROCHELLE et al., 2009; BROSCH; TAM, 2015).

CNN has emerged as an alternative to reduce the density of connected units, and it soon
became the state-of-art according to several researchers, specially when dealing with object
recognition, image segmentation, handwritten digit recognition, and face detection tasks (LE-
CUN et al., 1999; LECUN; BENGIO; HINTON, 2015; SCHERER; SCHULZ; BEHNKE, 2010;
SCHERER; MÜLLER; BEHNKE, 2010; OQUAB et al., 2014). Researches claim that CNN
is sensitive to topological information contained in the multidimensional inputs, instead of
considering term-by-term distances; and it is robust to data shift and scale variations, better sup-
porting the detection of objects (OQUAB et al., 2014; LAUER; SUEN; BLOCH, 2007; LECUN;
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Figure 3 – Illustration of a Recurrent Neural Network architecture, in which hidden units receive their
own outputs as new inputs.

BENGIO, 1995; GOODFELLOW; BENGIO; COURVILLE, 2016). In fact, the convolution and
subsampling operation performed by CNN is applied onto local regions of the image, providing
distortion-invariant features (LECUN; BENGIO, 1995; LECUN et al., 1998; GOODFELLOW;
BENGIO; COURVILLE, 2016; SCHLUTER; BOCK, 2014). Other complementary studies also
claim that CNNs are robust to extract features from time-dependent data (e.g. audio signals and
videos) (OSADCHY; CUN; MILLER, 2007; SCHLUTER; BOCK, 2014; KARPATHY et al.,
2014).

Several frameworks to deal with large datasets were designed to support the execution of
DL algorithms, such as TensorFlow, Caffe, Torch, Theano, and Deeplearning4j (ABADI et al.,
2015; COLLOBERT; BENGIO; MARITHOZ, 2002; JIA et al., 2014; AL-RFOU et al., 2016;
TEAM, 2017). The most renowned framework of nowadays is TensorFlow (ABADI et al., 2015),
which was designed by Google’s Brain Team within Google’s Machine Intelligence research
organization 1. Before TensorFlow, the Caffe Deep Learning Framework (JIA et al., 2014) was
the most widely employed in literature (SIMONYAN; ZISSERMAN, 2014; GIRSHICK et al.,
2014; RUSSAKOVSKY et al., 2015; HE et al., 2016). As matter of fact, both frameworks
provide similar resources to perform CNN experiments, including GPU and CPU settings.

Kovalev, Kalinovsky and Kovalev (2016) performed a comparison analysis of TensorFlow,
Caffe, Torch, Theano, and Deeplearning4j frameworks under the same scenarios. They reported
the processing time and the accuracy obtained as the number of layers and units were increased.
According to their conclusions, Theano is the best framework, followed by TensorFlow, Caffe,
Torch and, finally, Deeplearning4j, which is the worst in terms of processing time and accuracy
results. The Caffe framework was considered in this thesis to perform experiments involving
CNNs, mainly because its fair processing time, its accuracy stability, and its widely usage when
this research began.

1 More information about TensorFlow framework is available at <https://www.tensorflow.org>.

https://www.tensorflow.org
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2.2.1 Convolutional Neural Networks

Convolutional Neural Networks (CNN), firstly developed by LeCun and Bengio (1995),
employs the Stochastic Gradient Descent (SGD) method with its Backpropagation algorithm
in order to induce classification models. The first popular CNN algorithm in conjunction with
a specific architecture was LeNet-5 (LECUN et al., 1998), which presented promising results
while tackling the handwritten digit recognition task through the MNIST dataset (LECUN et al.,
1998). The LeNet-5 architecture is composed of a convolutional layer with 6 units and mask size
of 5×5, followed by 6 units of an average-pooling with size 2×2 without overlapping, another
convolutional layer having 16 units with mask size equals to 5×5, then an average-pooling layer
with 16 units of size 2×2 without overlapping. The fifth layer is also convolutional and contains
120 units with mask size equals to 5×5, while the sixth is a fully-connected layer with 84 units,
in which a sigmoid function is applied. The last layer is composed of 84 units and computes a
Radial Basis Function (RBF) to output the class information (LECUN et al., 1999).

Another popular CNN algorithm plus architecture is AlexNet (KRIZHEVSKY; SUTSKEVER;
HINTON, 2012), which outperformed several approaches while dealing with the object recog-
nition task. Its implementation is optimized for GPUs, taking 6 days to train the ImageNet
dataset (DENG et al., 2009) (such dataset contains 115 million labeled-images divided in 22,000
categories). AlexNet architecture is composed of 8 layers, in which the first 5 are convolutional
and the last 3 are fully-connected ones. The ReLU function is used as activation function for
convolutional layers, and a Local Response Normalization (LRN) is applied after layers 1 and 2.
The five convolutional layers are composed of 96, 256, 384, 384 and 285 units in feed-forward
order, respectively; the next 2 fully-connected layers contain 4,096 units, each; and the last one
has 1,000 units. Max-pooling with 3×3 and a stride equals to 2×2 is applied after layers 1, 2
and 3 as subsampling strategy.

AlexNet employs SGD to train its architecture, as well as Data Augmentation and
Dropout strategies to avoid overfitting in an attempt to provide an adequate model for object
recognition tasks Krizhevsky, Sutskever and Hinton (2012). This network processing stage is
performed using 2 GPUs, each of them dealing with half of the total number of units, combining
the training at the last layer. According to Krizhevsky, Sutskever and Hinton (2012), large and
deep CNNs may improve the results for general-purpose datasets, something that was empirically
observed.

In order to explain the AlexNet results, Zeiler and Fergus (2014) proposed a visualization
technique called Deconvnet. Such technique was specially developed to understand the good
performance of AlexNet when learning the ImageNet dataset. This approach permits to visualize
which input information is associated with the individual relevant features mapped at each
layer. In addition, it presents the evolution of features extracted during training, and eventual
architecture issues. As reported, initial AlexNet layers converge faster and suffer more with input
image transformations than the last layers (ZEILER; FERGUS, 2014).
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Deconvnet is employed to analyze patterns that are activated by the convolutional layers,
mapping the features back to the original space. The original input space is obtained by attempting
to reverse the network operations as much as possible, such as the convolutional filters. As
discussed by Zeiler and Fergus (2014), max-pooling is not invertible, so an approximation based
on a stored maximum localization is used to preserve the structure, and ReLU is applied to
guarantee a valid reconstruction. The transposed matrix of the training convolutional filters is
employed to compute the reconstruction and highlight the discriminatory elements (ZEILER;
FERGUS, 2014). To consider the transpose as an inverse matrix for convolutional filters, the
filters produced during training must be orthogonal, however the authors do not explain nor
discuss how such orthogonality is ensured.

Another important study about CNNs was conducted by Simonyan and Zisserman
(2014), who employed the Caffe framework to assess the impact of the deep CNNs while
considering small convolutional filters. They confirmed that CNN architectures with 16 and
19 layers produced good accuracies, resulting in two popular networks: VGG16 and VGG19
(respectively). They employed filters with size 3 and max-pooling of 2×2 without overlapping,
whose layers had 64, 128, 256, and 512 units. At the end, two fully-connected layers with 4,096
units were applied, as well as an additional last fully-connect layer with 1,000 units (that is the
number of classes). All convolutional layers had ReLU as activation function. In that scenario,
the authors pointed out some issues, such as problems to initialize filters and that LRN (applied
by AlexNet) did not improve results, unlike Data Augmentation and deep architectures.

Following the empirical conclusion that large and deep CNNs improve accuracies,
Szegedy et al. (2015) proposed GoogLeNet in an attempt to reduce the consumption of computa-
tional resources during the training stage by including sparsity in connections between layers.
The GoogLeNet architecture employs inception modules to produce such sparse local structures,
approximating dense network models. An inception module is a shallow network composed of
small-sized filters (1×1, 3×3, 5×5), having a last layer responsible for combining the overall
extracted features (see Figure 4). This architecture starts with common convolutional operations
with ReLU and max-pooling layers, then inception modules and subsampling layers are included,
totalizing 27 layers. It also faces similar problems as other deep architectures, leading the authors
to apply auxiliary classifiers at the middle layers to support backpropagation, in an attempt to
cope with degradation problems, and Dropout to avoid overfitting. GoogLeNet presents good
results and the authors claim it requires less computational resources.

In a similar direction, the Microsoft ResNet was designed to reduce the time spent during
training, being currently among the most popular networks (HE et al., 2016). This network
applies the residual learning principle to adapt the weights of multiple layers in an attempt to
address degradation problems (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SRIVASTAVA
et al., 2014; HE et al., 2016; PEREZ; WANG, 2017; SZEGEDY et al., 2015). According to He
et al. (2016), ResNet better deals with degradation which is a direct result of the issues faced by
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Figure 4 – Representation of an inception module applied by GoogLeNet with dimensionality reduction.

solvers while approximating identity mappings.

The ResNet architecture contains shortcut connections, as illustrated in Figure 5, pro-
ducing an element-wised sum of input images at the output layer. ReLU and LRN are used at
every convolutional layer, right after the shortcut application. Among its characteristics, ResNet
has 34 layers in total, including subsampling (average-pooling is employed), zero padding to
save image dimensions, and Data Augmentation to avoid overfitting. Authors claim that ResNet
produces lower cumulative error during the training stage (also backpropagation) and converges
faster.

Input

Image
convolutions ReLU convolutions + ReLU

Figure 5 – Representation of a shortcut connection applied by Microsoft ResNet.

Many deep learning architectures from the literature have considered several layers and
units at every layer, which are empirically justified by authors who claim that classification
error tends to reduce when the network size increases (SZEGEDY et al., 2015). In order to
keep the high accuracies and avoid deep network problems, such as overfitting and degradation,
researches developed other types of layers, such as the inception module that combines different
convolutional mask sizes and operations, and shortcut connections to add up input data into
the output layer (HE et al., 2016; SZEGEDY et al., 2015; KRIZHEVSKY; SUTSKEVER;
HINTON, 2012; GOODFELLOW et al., 2013). However, deep networks usually consume a lot
of computer resources to be trained and provide good enough accuracies (SRIVASTAVA et al.,
2014; GOODFELLOW; BENGIO; COURVILLE, 2016; LECUN; BENGIO; HINTON, 2015;
KRIZHEVSKY; SUTSKEVER; HINTON, 2012; COATES; NG, 2011). In addition, network
architectures are manually designed and their parameters are empirically selected, requiring
several experiments until finding a good configuration for a given dataset (FERREIRA et al.,
2018).
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In this context, some frameworks were proposed in order to simplify the architecture
design. Albelwi and Mahmood (2017) developed a framework to assess different architectures
using deconvolution networks, which correlate inputs and their corresponding reconstructed
images in order to measure information loss. At first, subsets of the training data are selected
with Random Mutual Hill Climbing (RMHC) and, then deconvolution networks are used to
perform training and compute accuracies. Finally, correlations are used as fitness measurements
to select the most adequate architecture design, having such optimizing based on the Nelder-
Mead method (NELDER; MEAD, 1965). In spite of the good accuracies, this framework
consumes excessive computational resources given full training stages are required to assess
each architecture and compute its fitness value.

Another approach to define CNNs parameters is based on evolutionary algorithms, which
also requires the training of several different architectures. For example, a comparison among
three Particle Swarm Optimization (PSO) algorithms was conducted by Garro and Vázquez
(2015) in an attempt to estimate the number of units, connections among units, initial weight and
bias values, as well as activation functions. Besides the architecture design improvements, their
strategy takes too long to provide architecture estimators, due to the extensive training used to
evaluate every candidate solution.

Young et al. (2015) proposed Multinode Evolutionary Neural Networks for Deep Learn-
ing (MENNDL), a framework to estimate the most adequate convolutional mask size and number
of units for deep learning architectures. MENNDL is also driven by the training of every can-
didate architecture until finding a good parametrization, since the fitness function considers
the error rate provided after classification. As consequence, this approach is similar to PSO
approaches, being as well as computationally intensive. In summary, evolutionary approaches
have been used to estimate good parameters and design adequate CNN architectures (ALBELWI;
MAHMOOD, 2017; GARRO; VÁZQUEZ, 2015; YOUNG et al., 2015), however, they demand
costly training stages.

Another problem is due to the lack of a full understanding on the learning principles in
deep architectures, including which features are extracted, and how the sequence of different
operations affect the classification results (MALLAT, 2016; PAPYAN; ROMANO; ELAD,
2017; CHEN; GUNTUBOYINA; ZHANG, 2016; HANNEKE, 2016). Deep architectures are
typically employed after the empirical conclusion that the error rate reduces when the network
size increases. For example, recent complex and large configurations of networks, such as
GoogLeNet (SZEGEDY et al., 2015) and AlexNet (KRIZHEVSKY; SUTSKEVER; HINTON,
2012), provide great accuracies for the object recognition task, however, they take a long time to
be trained and, according to the Statistical Learning Theory (VAPNIK; CHERVONENKIS, 2015;
MELLO; PONTI, 2018) they are more prone to overfitting, requiring the support of additional
strategies such as Dropout (SRIVASTAVA et al., 2014) and DeCov (COGSWELL et al., 2016).

This lack of understanding motivates further studies on the DL process in an attempt to
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formalize and so explain how and which features are extracted by consecutive linear and nonlinear
operations, as well as to prove DL algorithms indeed learn. In this context, Mallat (2016) provided
empirical and theoretical evidences on CNN learning, showing that the hierarchical structure
based on convolutional filters is similar to the application of Wavelet transforms. In addition,
depending on the CNN architectures, results are susceptible to small perturbations, although the
stability and robustness empirically observed for CNNs. Papyan, Romano and Elad (2017) also
discuss on the theoretical formalization of CNNs and employ Convolutional Space Coding (CSC)
to study the CNN process. Those authors proposed a multi-layer CSC, claiming it is similar to
the CNN forward process. Such similarity allowed authors to ensure that CNNs provide unique
features and representations for some target problem under analysis.

All the challenges discussed throughout this section motivate the development of a new
method to estimate the convolutional mask sizes and number of units per CNN layer, as proposed
in this thesis. Our method is based on Dynamical Systems concepts and tools in an attempt to
represent recurrent patterns embedded into input images, so that the CNN parametrization is
derived from a mathematical foundation instead of an empirical process based on long training
stages. In addition, considering studies on the Shattering coefficient (MELLO; PONTI, 2018), we
aim to obtain as simple and as efficient as possible CNN architectures, implying lower processing
costs and reducing the probability of overfitting (COGSWELL et al., 2016).

2.3 Final Considerations
This chapter briefly introduced the related work, including a historical development of

the DL area. The most commonly employed DL algorithms were also summarized in terms
of their basic steps used to extract features and perform classification. Convolutional Neural
Networks (CNNs) currently comprise the state-of-art in DL, due to their relevant results reported
in different domains (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; CIREGAN; MEIER;
SCHMIDHUBER, 2012; HE et al., 2016), motivating additional information on how they have
been applied throughout the literature.

In spite of their great performances, CNNs have been facing and discussed in terms of
issues such as overfitting and degradation (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SRI-
VASTAVA et al., 2014; HE et al., 2016; PEREZ; WANG, 2017; MELLO; FERREIRA; PONTI,
2017; MELLO; PONTI; FERREIRA, 2018). Partial solutions to address those issues were also
discussed in this chapter, including hyperparameter estimations and theoretical formulations
of the CNN learning process. Apart of those attempts, those problems are still open so that
the same challenges are still faced on the design of CNN architectures and about a theoretical
understanding on how CNNs work, what is the main motivation for this PhD thesis.
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CHAPTER

3
CONVOLUTIONAL NEURAL NETWORK

3.1 Initial Considerations
Artificial Neural Networks (ANN) comprise the main techniques in the Deep Learning

(DL) scenario, being inspired in biological neurons and designed to extract relevant features in
an attempt to address classification tasks (MINSKY; PAPERT, 1987; WERBOS, 1988; HECHT-
NIELSEN, 1989). They are composed of hierarchical layers, each of those containing a set of
processing units to apply different operations, resulting in a mapping from input examples to
output classes. In that context, the Convolutional Neural Networks (CNNs), inspired in the human
visual and hearing systems (DENG; YU, 2014), have attracted special attention due to their ability
to model and classify complex problems from a wide range of application domains (LECUN
et al., 1999; HUANG; LECUN, 2006; SERMANET; LECUN, 2011; CIREGAN; MEIER;
SCHMIDHUBER, 2012; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; GOODFELLOW et

al., 2013; SCHLUTER; BOCK, 2014; SEVERYN; MOSCHITTI, 2015; ZHU et al., 2016).

This chapter introduces CNNs, specially detailing the forward and the training processes.
The functioning of most employed CNN layers is as well explained, including the classical
training algorithms used to improve the mapping of inputs into outputs. Moreover, we discuss
about methods employed in literature to avoid deep network problems; and about the Caffe
framework which was used to perform all experiments reported in this thesis (see Section 5.3).

3.2 Architecture
Convolutional Neural Networks (CNNs) have been employed in several application

domains, given their results and ability to deal with multidimensional data (HERSHEY et al.,
2017; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; KARPATHY et al., 2014). They are
organized into multilayered architectures, having convolutional layers interposed by other sorts
of layers with different functions, including data dimensionality reduction and normalization (LE-
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CUN; BENGIO; HINTON, 2015). The first layer, a.k.a. input layer, is simply responsible for
collecting the input data. Next layers, a.k.a. hidden, apply different operations on their inputs,
such as convolutions and dimensionality reductions. The last layer outputs features so that a
classification algorithm may be connected. It is important to mention that each layer has a set of
units (a.k.a. neurons) to compute predefined operations, such as convolution, subsampling, and
normalization (GOODFELLOW; BENGIO; COURVILLE, 2016).

The most common CNN architectures are composed as follows: i) input layer, ii) convolu-
tion layer with activation function, iii) subsampling layer, iv) repeat layers (ii) and (iii) according
to the application task, v) a fully-connected layer to infer classification, and v) an output or
classification layer. Figure 6 illustrates a typical architecture employed on the image classification
domain, being composed of an input layer, three hidden convolutional layers interposed with
subsampling layers, two fully-connected layers and a classification layer.

Figure 6 – Illustration of a typical architecture employed on image classification tasks. It is composed
of an input layer, three hidden convolutional layers interposed with subsampling layers, two
fully-connected layers, and a classification layer.

According to Hubel and Wiesel (1962), CNN processing units are inspired in the mam-
mal’s primary visual cortex, in which simple cells select features considering local receptive
fields. As consequence, the convolution operation was selected due to its ability of extracting
features from local image regions (ABDEL-HAMID et al., 2014), supporting the identification
of recurrent patterns from input data (SCHLUTER; BOCK, 2014; GOODFELLOW; BENGIO;
COURVILLE, 2016). In this context, recurrences are associated with the most similar and
prevalent patterns occurring in a particular input. The convolution operation also produces a
representation that is robust to translation variance, i.e., the features produced are still representa-
tive after certain input displacements (LECUN; BENGIO, 1995; GOODFELLOW; BENGIO;
COURVILLE, 2016).

Equation 3.1 defines the convolution operation, considering the input data as an image,
since CNN is typically employed to tackle image classification tasks. In such equation, I is
the input image with size q× p, i and j correspond to row and column indices of I, x and y

are the row and column indices of the convolutional mask, and Θ is a matrix representing the
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convolutional mask with size m×n.

si, j = (I⊗Θ)i, j =
m

∑
x=1

n

∑
y=1

Ii−x, j−yΘx,y (3.1)

It is worth to mention that most CNN implementations replace the convolution for
the cross-correlation operation, which is relative to the former when the mask is symmetri-
cal (GOODFELLOW; BENGIO; COURVILLE, 2016; FERREIRA et al., 2018). Convolutional
masks are randomly initialized and weights are adapted to better represent the input data, so that
the cross-correlation does not affect any learning stage.

Equation 3.2 defines the cross-correlation operation, in which the convolutional mask
does not suffer any rotation (GOODFELLOW; BENGIO; COURVILLE, 2016), behaving just
like an element-wise multiplication. Both operations are referred to as convolution in the lit-
erature (GOODFELLOW; BENGIO; COURVILLE, 2016), so this nomenclature will be used
throughout the text. In addition, a zero padding is typically employed on input image before the
convolution (or cross-correlation) operation in order to maintain the input image size. Without
such zero padding, image dimensions are reduced.

si, j = (I⊗Θ)i, j =
m

∑
x=1

n

∑
y=1

Ii+x, j+yΘx,y (3.2)

Figure 7 illustrates the process performed by one convolutional unit (or neuron), consid-
ering an input image I with size 4×4 and zero padding. This figure also shows a convolutional
mask Θ with size 3×3, which produces the 4×4-output image s. Considering this example, the
convolution operation used to obtain s1,1 is defined in Equation 3.3, while the corresponding
cross-correlation operation is defined in Equation 3.4. In addition, after the convolution (or cross-
correlation), a bias multiplied by some weight may be added as follows s1,1 +bw0, changing the
interception point of such function with the input space of variables.

s1,1 =I0,0×Θ3,3 + I0,1×Θ3,2 + I0,2×Θ3,1+

I1,0×Θ2,3 + I1,1×Θ2,2 + I1,2×Θ2,1+

I2,0×Θ1,3 + I2,1×Θ1,2 + I2,2×Θ1,1

(3.3)

s1,1 =I0,0×Θ1,1 + I0,1×Θ1,2 + I0,2×Θ1,3+

I1,0×Θ2,1 + I1,1×Θ2,2 + I1,2×Θ2,3+

I2,0×Θ3,1 + I2,1×Θ3,2 + I2,2×Θ3,3

(3.4)

Any intermediary convolutional layer receives all images produced by the previous layer
in order to produce a single output image. In that sense, the convolutional mask of such layer
is composed of 3 dimensions, having the third as the number of units of the predecessor layer.
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Figure 7 – Illustration of the convolution operation computed by one unit, considering input image I with
size 4×4 and zero padding, given the convolutional mask Θ with size 3×3 to produce the
4×4-output image s. The result is an element-wise multiplication of a local region of I with
the convolutional mask Θ.

Figure 8 illustrates this process, considering 3 input images with size 4×4 and zero padding
as well as a convolutional mask Θ with size 3×3×3 to generate a 4×4-output image s. The
result is an element-wise multiplication of all local receptive fields (of every image) with the
convolutional mask Θ. Observe the 2D convolution is still employed, i.e., each mask is applied
on an image produced by a correspondent unit at the previous layer. Finally, the images obtained
after every convolution operation are summed up to provide a single output image.

An activation function is usually applied right after the convolution operation in order
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Figure 8 – Illustration of the 3D convolution operation computed by one unit, considering 3 input images
with size 4× 4 and zero padding as well as a convolutional mask Θ with size 3× 3× 3 to
produce the 4× 4-output image s. The result is an element-wise multiplication of all local
receptive fields with the 3D convolutional mask Θ.

to normalize values in a given range. This process is useful in supervised scenarios to define
the loss function and to highlight relevant features in the output of the convolution operation.
Many activation functions are employed by CNNs, having the sigmoid (Equation 3.6) and the
hyperbolic tangent (Equation 3.5) as the most common ones (KRIZHEVSKY; SUTSKEVER;
HINTON, 2012; LI et al., 2014; LECUN; BENGIO; HINTON, 2015; NG et al., 2015; LU;
JIANG; LIU, 2017). Recently, studies claim the Rectified Linear Unit (ReLU) function improves
results under certain scenarios (Equation 3.7) (CIREGAN; MEIER; SCHMIDHUBER, 2012;
KRIZHEVSKY; SUTSKEVER; HINTON, 2012; LECUN; BENGIO; HINTON, 2015; IDE;
KURITA, 2017) by avoiding negative values and by allowing outputs to be greater than one,
differently from the other two functions that bound outputs. In that sense, ReLU better resembles
the original magnitudes of input data (SCHLUTER; BOCK, 2014).

y(x) =
e2x−1
e2x +1

(3.5)

y(x) =
1

1+ e−x (3.6)

y(x) = max(0,x) (3.7)

Right after the convolutional layer, a subsampling layer is typically applied in an attempt
to maintain the most relevant information as well as to reduce data dimensions, resulting
in features that are enoughly robust to local distortions (LECUN et al., 1998). Two main
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nonlinear subsampling operations are applied in literature to deal with image tasks, being
max-pooling (RANZATO et al., 2007; SEVERYN; MOSCHITTI, 2015; LECUN; BENGIO;
HINTON, 2015) the most common, which returns the maximum value of every local receptive
field for some processed image. The other subsampling operation is referred to as average-
pooling which returns the average of every local receptive field as well (LECUN et al., 1998;
POULTNEY; CHOPRA; CUN, 2006; HUANG; LECUN, 2006; JARRETT et al., 2009). Max-
pooling is the most used in conjunction with CNN architectures due to it better maintains
information magnitudes and, in addition, some authors claim it is more robust to data invariant
translations (LECUN; BENGIO; HINTON, 2015). Figure 9 illustrates a subsampling process
with size 2×2 and stride 2×2 computed by a single unit on a 4×4-input image I.
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Figure 9 – Illustration of subsampling operation computed by one unit with a mask of size 2× 2 and
considering a stride of 2×2 applied on a 4×4-input image I.

Local Response Normalization (LRN) is another layer used in conjunction with CNNs
to support data generalization through the lateral inhibition of units, something inspired in
biological neurons (KRIZHEVSKY; SUTSKEVER; HINTON, 2012). Equation 3.8 defines the
normalization applied at such layer, in which l is the number of units of the previous layer; ls is
the number of units that will be normalized (smaller or equal to l); ak

i, j corresponds to the pixel
position i, j of some output image provided by unit k from the previous layer; κ , α and β are
constants defined to avoid division by zero. Therefore, each unit output is normalized according
to the number of neighbors defined by ls. Typically, hyperparameters are defined as κ = 2, n = 5,
α = 10−4, β = 0.75 (KRIZHEVSKY; SUTSKEVER; HINTON, 2012).

bk
i, j =

ak
i, j

(κ +α ∑
min(l−1, k+ls

2 )

p=max(0, k−ls
2 )

[ap
i, j]

2)β

(3.8)
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The last CNN layer is the fully-connected, whose units compute an inner-product as
similar as the hidden layer of the Multilayer Perceptron (MLP) algorithm. Equation 3.9 defines
the inner-product, in which I corresponds to the input data (image with size q× p), w represents
weights, and b is the bias or the term to change the interception of such function with the space
of input variables. Pixels of image I and bias b are element-wise multiplied by weights and,
afterwards, all values are summed up (LECUN et al., 1998). It is worth to mention that an
activation function may be applied on the outputs of this layer.

y(x) =
i=q

∑
i=1

j=p

∑
j=1

(Ii, j ∗wi, j)+b×wb (3.9)

In this context, the last fully-connected layer outputs the probabilities of every input
image to be associated with the corresponding classes. As consequence, the number of units
composing such layer is the same as the number of dataset classes. This output is used to
compute the loss function and perform training, as well as to classify unknown examples. The
most used loss function is the softmax with cross-entropy, which assesses the correlation between
probabilities of the correct class and the obtained one. Equation 3.10 defines the softmax function,
having C as the number of classes, and x as the output vector with length C (produced by the
fully-connected layer). For a classification task, the loss function is defined in Equation 3.11,
in which p j is the probability the input image belongs to class j, and y j is equal to one when j

corresponds to the correct class, or zero otherwise.

p j =
ex

j

∑
C
j=1 ex

j
(3.10)

`=−
C

∑
j=1

y jlogp j (3.11)

The Euclidean distance and the Radial Basis Function (RBF) are also applied as loss
functions after the fully-connected layer. Equation 3.12 defines the loss function calculated using
the Euclidean distance (TAIGMAN et al., 2014), in which p j is the probability produced by the
CNN, and y j is the correct class probability given the input data, as described in softmax. The
RBF-loss function is defined in Equation 3.13 (LECUN et al., 1998), having the Gaussian radial
basis function as the mostly used, in which ‖·‖ represents the L2-norm.

`=
C

∑
j=1

(y j− p j)
2 (3.12)

`=
C

∑
j=1

e(−ε‖p j−y j‖)2
(3.13)
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Finally, some studies also applied Support Vector Machines (SVM) as the last layer of
CNNs in an attempt to improve classification (NIU; SUEN, 2012). In that case, the CNN is
trained as usual, in which the last layer is fully-connected and responsible for computing the
loss-function. After such stage, the last layer is removed and the resulting features are provided
to a SVM.

In summary, the CNN architecture can be build with several layers of different opera-
tions, in some order, to provide the best performance while tackling a given classification task.
However, this process has been manually performed and without any theoretical justification.
Such drawback motivated the investigation of mathematical frameworks to formalize the CNN
learning process, such as performed in this thesis, whose first contribution is the algebraic
formulation presented in the next section.

3.2.1 Algebraic Formulation

in an attempt to understand the forward process of the Convolutional Neural Networks
(CNNs), it is essential to mathematically model operations at each layer. In that sense, we started
by formulating the convolution operation (Equation 3.1), which employs a mask on each local
receptive field of image Ii−x, j−y, for x = 1, . . . ,m and y = 1, . . . ,n. This operation corresponds
to a linear transformation of each column vector~v = (Ii−x0, j−y0, . . . , Ii, j, . . . , Ii+xm, j+ym) using a
convolutional mask as a column vector ~Θk = (θx0,y0 , . . . ,θxm,ym), as defined in Equation 3.14.

si, j = ~ΘT
k~v (3.14)

This linear transformation allows us to conclude that each unit of a convolutional layer
linearly divides the space into two regions. Thus, a unit, defined as ~Θk in Equation 3.14, corre-
sponds to a hyperplane that linearly shatters the input data space composed of vectors obtained
from local receptive fields (SCHÖLKOPF; SMOLA, 2002). As a convolutional layer has a set of
processing units with different convolutional masks (in terms of their values), it produces many
linear divisions on the input space. The number of hyperplanes is therefore equal to the number
of units at such a layer.

The combination of half-spaces produced by several hyperplanes corresponds to non-
linear classification functions, as in case of the Multilayer Perceptron (MLP) (HAYKIN, 1994).
Therefore, all units composing a convolutional layer are algebraically defined as in Equation 3.15,
in which the number of units is given by l, and each value sk

i, j corresponds to the feature extracted
by applying the convolutional mask ~ΘT

k .


~ΘT

1
...

~ΘT
l

~vi, j =


s1

i, j
...

sl
i, j

 (3.15)
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In this context, an input image I is reconstructed into a space containing all possible
vectors~v associated with the convolutional mask displacement, i.e., vectors correspond to local
receptive fields. For example, the application of convolutional masks on the image pixels Ii, j

and Ii+1, j+1 correspond to such operation on vectors ~vi, j and ~vi+1, j+1, respectively (each one
related to its local receptive field). In this way, a q× p-image I is transformed into a set of
vectors I = {~v1,1, . . . ,~vq,p} in space Rm×n, whose dimensions are defined by the dimensions
of convolutional masks. As consequence, observe the selected convolutional mask defines an
embedding for images in some multidimensional feature space, as performed in the area of
Dynamical Systems while modeling time series (TAKENS, 1981; KANTZ; SCHREIBER, 2004).

A single linear transformation of one image is defined in Equation 3.16, having~v as the
column vector of I, vector~s k corresponding to the output image also in a vector representation
(considering unit k), and ~Θk is the convolutional mask for unit k. Figure 10 illustrates the
embedding applied on a 4×4-image I, considering a convolutional mask with size 3×3. In such
figure, each local receptive field becomes a column vector, and the convolutional mask size is a
transposed column vector as set in Equation 3.16.

~ΘT
k

[
~v0,0 · · ·~vq,p

]
=
[
sk

0,0 · · · sk
q,p

]
=~s k (3.16)

In summary, after embedding, a set of convolutional masks is applied on every image
vector ~vi, j as a linear transformation T (~vi, j) : Rm×n → Rl , leading vectors to another space
whose dimensions are defined by the number of convolutional masks, i.e., the number of units
at a convolutional layer. As main consequence, the convolutional mask size and the number of
units directly influence in the feature space produced by CNN.

It is worth to mention that, an activation function is applied on every sk
i, j (Equation 3.15)

as described in Section 3.2, in which the most common is ReLU. This process is responsible
for selecting relevant features after the convolutional layer, which divides the input space in
several half-spaces according to the hyperplane built by each unit. The activation function ReLU
only maintains positive values after this transformation, thus selecting only part of the space to
proceed with the next step.

In sequence, the results of a convolutional layer are provided to a next subsampling
layer. As described in Section 3.2, the two most common subsampling operations are max-
pooling and average-pooling (LECUN; BENGIO; HINTON, 2015; GOODFELLOW; BENGIO;
COURVILLE, 2016). Algebraically, max-pooling corresponds to an infinite norm L∞ applied
on a local receptive field, whereas average-pooling is an application of the mean operation,
which is not related to any norm. This layer also has a set of units, and each unit is responsible
for subsampling the outputs of a previous convolutional layer. So, the number of units in a
subsampling layer is equal to the number of units of the previous convolutional layer.

Consider an m′× n′ max-pooling is applied on local receptive fields of image I′, rep-
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Figure 10 – Illustration of the embedding applied on a 4×4-image I, considering a single convolutional
mask with size 3× 3. Each local receptive field is represented as a column vector. The
convolutional mask size corresponds to a transposed column vector to perform the linear
transformation, resulting in a row vector containing the output image.

resented by vectors ~sk, so that image I′ should be transformed into a set of vectors I ′ =

{~i′1,1, . . . ,~i′q′,p′} in space Rm′×n′ , since the max-pooling size defines an embedding dimension
for it. In this case, the infinite norm is applied on every local receptive field of image I′. It is
worth to mention that m′ and n′ are different from m and n values, also q′ and p′ differ from
q and p when subsampling employs a stride greater than 1 (stride equals to one is referred as
no stride in the literature (GOODFELLOW; BENGIO; COURVILLE, 2016; KRIZHEVSKY;
SUTSKEVER; HINTON, 2012)). Finally, it is possible to define the max-pooling operation on
every local receptive field as |~i′i, j|∞.

The fully-connected layer is the last in a CNN architecture, whose units also compute
an inner-product among the weights and the values of the local receptive field received from
the previous layer. Equation 3.17 defines a processing unit, in which the column vector ~I′ =
(I′1,1, · · · , I′q′,p′,b) represents a q′× p′-input image I′ and the bias; ~w = (w1,1, · · · ,wq′,p′ ,wb) is a
column vector containing weights; and o corresponds to the scalar output value commonly used
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to compute the loss function and classify unknown examples.

o =~I′
T
~w (3.17)

3.3 Training Algorithms

The Statistical Learning Theory (SLT) is responsible for formalizing the supervised
learning (LUXBURG; SCHÖLKOPF, 2011; SMOLA; SCHÖLKOPF, 1998), and proving the
convergence of classification and regression algorithms (see more details in Section 6.2). In this
context, supervised learning algorithms were developed to infer some function that provides
good results for a given classification task, what is obtained by adapting the unit weights of a
given ANN. Normally, the gradient descent method is used to train ANN architectures as defined
in Equation 3.18, in which xi corresponds to a training example labeled as yi, f (xi,wt) represents
the CNN output, η is the learning rate, N is the number of examples, l(·) represents the loss
function, wt is the current weight and wt+1 is the same weight after a next adaptation.

wt+1 = wt−η
1
N

N

∑
i=1

∇wt l( f (xi,wt),yi) (3.18)

The most widely employed CNN training algorithm is the Stochastic Gradient Descent
(SGD), which adapts the convolutional masks and fully-connected weights. SGD uses a deter-
ministic gradient to conduct weights adaptation according to a set of labeled examples, similarly
to the traditional gradient descent algorithm (BOTTOU, 2012). The gradient can be estimated
considering all training examples at every iteration, or considering a single training example at
each iteration as performed using the SGD method defined in Equation 3.19 (BOTTOU, 2012).
It is worth to mention that the training examples must be statistically independent to satisfy the
SLT assumptions (VAPNIK; CHERVONENKIS, 2015; MELLO; PONTI, 2018).

wt+1 = wt−η∇wt l( f (xi,wt),yi) (3.19)

Since the use of a single example per iteration consumes a lot of processing time, SGD
is usually estimated considering a subset of training examples what is referred to as mini-batch.
Equation 3.20 defines mini-batch, in which xi corresponds to an example of the training set with
label yi, f (xi,wt) represents the CNN output, η is the learning rate, n represents the number of
examples belonging to a training subset (a.k.a. batch size), wt is the current weight, and wt+1 is
the weight adapted after an iteration.

wt+1 = wt−η
1
n

n

∑
i=1

∇wt l( f (xi,wt),yi) (3.20)
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Mini-batch offers some challenges in choosing a suitable learning rate. A small rate
may lead to a slow convergence, while a large one may jeopardize the convergence, causing
fluctuations around the minima of the loss function. It is possible to adjust the learning rate by
reducing it along training iterations, using strategies such as the annealing (ROBBINS; MONRO,
1951). However, such reduction is typically predefined and it is not adapted according to the
dataset features (although it could be (ISAACSON; KELLER, 2012)). In addition, the learning
rate is the same for all examples in a training batch, but batches may require different learning
rates (RUDER, 2016).

In this context, a momentum term is commonly added to support the SGD method in
an attempt to avoid oscillations across the loss function slopes and improve convergence, what
tends to occur on noisy scenarios (ROBBINS; MONRO, 1951). Equation 3.21 defines the SGD
with a momentum term γ , in which v represents the gradient result, l( f (xi,wt),yi) is the loss
function, and w corresponds to weights.

vt = γvt−1−η∇wt l( f (xi,wt),yi)

wt+1 = wt + vt
(3.21)

In addition, a simple regularization term, known as weight decay, is applied to improve
the generalization and also avoid overfitting (KROGH; HERTZ, 1992; NOWLAN; HINTON,
1992). This term is summed up with the loss function in order to keep the values around zero.
This is required because the derivative of the error function is quasi-convex around zero. Far
from such a region, it forms a flat surface in which derivatives tend to zero so that no adaptation
is performed on weights, as consequence learning does not occur in such flat regions.

The weight decay λ is usually added to the loss function as defined in Equation 3.22, in
which E(wt) corresponds to the total error, and ||wt ||2 is the L2-norm of weights.

E(wt) =
λ

2
||wt ||2 +

m

∑
i=1

l( f (xi,wt),yi) (3.22)

Finally, it is worth to mention that ReLU may produce too large values, strongly influ-
encing in unit weights that may need to become too small in order to calculate the derivatives,
leading to numerical errors. Thus, the regularization term is typically applied to provide fair
derivative computations.

3.3.1 Learning Algorithms

Several learning algorithms were designed to train CNN architectures in an attempt to
provide good classification results. In this context, the Nesterov Accelerated Gradient (NAG)
backpropagation algorithm (NESTEROV, 1983) was designed to employ a momentum term on
the gradient method to accelerate the training convergence process. Equation 3.23 defines the
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NAG updating term, in which γ is the momentum factor, v is the gradient result, l( f (xi,wt −
γvt−1),yi) is the loss function, f (xi,wt − γvt−1) represents the weight being applied to xi, and
w corresponds to weights. According to Ruder (2016), this learning algorithm provide a good
performance in Recurrent Neural Networks (RNN).

vt = γvt−1−η∇wt l( f (xi,wt− γvt−1),yi)

wt+1 = wt + vt
(3.23)

Adagrad (DUCHI; HAZAN; SINGER, 2011) emerges in this context as a complementary
approach to adapt parameters such as the learning rate and the momentum, instead of fixing
and predefining them. Equation 3.24 defines the weight updating strategy of Adagrad, in which
wt,k corresponds to a kth weight at iteration t, and ε is a constant to avoid division by zero.
Considering that the architecture contains a total of K weights, Gt,kk is the kth × kth element of a
diagonal matrix with size K×K, in which each diagonal element is the sum of squares of all past
gradients towards an individual weight. Therefore, Gt,kk is the sum of squares of all gradients of
past iterations given weight k. In summary, the learning rate is adapted according to previous
gradients.

wt+1,k = wt,k−
η√

Gt,kk + ε
∇wt,k l( f (xi,wt,k),yi) (3.24)

Equation 3.24 can be rewritten to represent all weights as defined in Equation 3.25, in
which an element-wise multiplication� is computed considering the gradient of the loss function
∇wt l( f (xi,wt),yi), and the adapted learning rate

η√
Gt + ε

.

wt+1 = wt−
η√

Gt + ε
�∇wt l( f (xi,wt),yi) (3.25)

One disadvantage of Adagrad is that the diagonal matrix Gt accumulates sums of positive
terms, increasing their values along training. This process produces small than necessary learning
rates, jeopardizing the convergence process. RMSprop (TIELEMAN; HINTON, 2012) emerged
as a possible solution to such problem, by regularly decreasing learning rates. In fact, it works by
storing the average of all past squared sums of gradients defined in Equation 3.26, having ḡ2

t as
the average of past gradients at iteration t, λ is a weight applied on the average of past gradients,
and g2

t corresponds to the current gradient. Therefore, Equation 3.27 defines the update rule
computed by RMSprop, substituting term Gt of Equation 3.25 by the average of past gradients
ḡ2

t .

ḡ2
t = λ ḡ2

t−1 +(1−λ )g2
t (3.26)

wt+1 = wt−
η√

ḡ2
t + ε

∇wt l( f (xi,wt),yi) (3.27)
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Observe that the denominator of the learning rate in Equation 3.27 can be represented
using a Root Mean Squared (RMS) term, as defined in Equation 3.28, so that the final RMSprop
updating rule is formalized in Equation 3.29.

RMS(x) =

√
1
n

n

∑
i=1

x2
i (3.28)

wt+1 = wt−
η

RMS(g)t
∇wt l( f (xi,wt),yi) (3.29)

In an attempt to tackle the Adagrad issues, Adadelta (ZEILER, 2012) was designed
almost simultaneously to RMSprop. Both algorithms are similar, however Adadelta has another
exponentially decaying average of weights, as presented in Equation 3.31, in which v̄2

t is set in
Equation 3.30. Finally, Equation 3.33 defines the updating rule of Adadelta where RMS(v)t is
specified in Equation 3.32.

vt =−
η

RMS(g)t
∇wt l( f (xi,wt),yi) (3.30)

v̄2
t = λ v̄2

t−1 +(1−λ )v2
t (3.31)

RMS(v)t =

√
v̄2

t + ε (3.32)

wt+1 = wt−
RMS(v)t−1

RMS(g)t
∇wt l( f (xi,wt),yi) (3.33)

RMSprop and Adadelta were simultaneously developed to enhance the Adagrad algo-
rithm which shows a monotonically decreasing behavior for the learning rate. Both algorithms
employ the average of the past gradients to improve convergence while performing an exponential
decreasing of learning rates (RUDER, 2016).

The Adaptive Moment Estimation (Adam) (KINGMA; BA, 2014) learning algorithm,
designed based on Adadelta, attempts to adapt learning rates considering the decaying average of
past squared gradients in conjunction with a momentum term. Adam adds up a momentum term
to the updating rule in order to keep an exponentially decaying of the average of past gradients,
as defined in Equation 3.34 in which λ1 and λ2 are the decay rates. In sequence, Equation 3.35
is added to avoid the convergence of vectors m and v towards zero, leading to a null derivative.
Finally, Adam updating rule is defined in Equation 3.36.

mt = λ1mt−1 +(1−λ1)∇wt l( f (xi,wt),yi)

vt = λ2vt−1 +(1−λ2)(∇wt l( f (xi,wt),yi))
2

(3.34)
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m̂t =
mt

1−λ t
1

v̂t =
vt

1−λ t
2

(3.35)

wt+1 = wt−
η√

v̂t + ε
m̂t (3.36)

In summary, Adam employs a combination of the strategies applied by the previously
described algorithms, using the momentum term with an adaptation of the learning rate to faster
converge learning. Other algorithms were also designed to improve Adam, such as Nesterov-
accelerated Adaptive Moment Estimation (Nadam) (DOZAT, 2016) and AdaMax (KINGMA;
BA, 2014). Furthermore, a bias correction term was included in Adam to avoid zero to be used as
decay rate (RUDER, 2016). All those mechanisms attempt to approximate a rough loss function,
improving the SGD convergence and letting the ANN training faster, however some parameters
are still fixed or difficult to initialize.

3.3.2 Reducing Overfitting

One of the main problems faced by deep learning is the probability of overfitting training
samples along iterations, given a network performs well on the training set but it does not
properly work on unseen examples (see Section 6.2 for more information). This problem arises
when training is performed using an architecture with an excessive number of layers and units
operating on some small training set (MELLO; PONTI, 2018). According to the concepts of
the SLT, the training set should have an adequate size in order to provide learning guarantees
for a given architecture. Hence, as more complex the network is, more samples are required to
ensure convergence (see Section 6.3.1). Based on those aspects, two strategies have been applied
to deep networks in an attempt to avoid overfitting: i) the increase of training sets, and ii) the
reduction of the network complexity.

In this context, the Data Augmentation method artificially enlarges the training set
by making transformations on input examples while preserving the associated labels. In that
scenario, translations and horizontal reflections are among the most common transformations
applied on small image regions in an attempt to produce new useful instances (KRIZHEVSKY;
SUTSKEVER; HINTON, 2012; PEREZ; WANG, 2017). Another type of Data Augmentation
consists in modifying color intensities of images with the support of the Principal Component
Analysis (PCA) (PEARSON, 1901; GROTH et al., 2013). PCA is applied on RGB pixel values
to extract relevant components that are added to images as defined in Equation 3.37, in which Ii, j

represents a pixel containing RGB channels, α corresponds to a random value, and, finally v and



58 Chapter 3. Convolutional Neural Network

λ are the eigenvectors and their corresponding eigenvalues.

Ii, j = [IR
i, j, I

G
i, j, I

B
i, j]+ [v1,v2,v3]

α1λ1

α2λ2

α3λ3

 (3.37)

Perez and Wang (2017) performed experiments to evaluate and explore different Data
Augmentation techniques, confirming their usefulness to enhance classification results when deep
networks already deal with overfitting and regularization problems. This was somehow expected
once stronger learning guarantees should be obtained in the presence of augmentation, as also
formalized by the SLT when dealing with greater samples (VAPNIK; CHERVONENKIS, 2015;
MELLO; PONTI, 2018). Data Augmentation techniques were developed to support datasets
without enough data, however, they have also been used to avoid overfitting of deep architectures
that already deal with large datasets. Such aspect motivates this thesis that attempts to design
shallow and efficient architectures for specific learning tasks (MELLO; FERREIRA; PONTI,
2017; MELLO; PONTI; FERREIRA, 2018).

Complementarily, Dropout (SRIVASTAVA et al., 2014) has become a popular technique
to reduce the network complexity and, consequently, avoid overfitting. Such approach consists
in multiplying the output of each unit of a hidden layer by a vector of independent random
variables from a Bernoulli distribution with a probability p = 0.5 (HOGG; CRAIG, 1995; CHO;
RAIKO; ILIN, 2013). In such a way, an architecture is trained on each input data and part of
the units are inhibited (outputs are multiplied by zero), so they do not participate in the forward
nor in the backpropagation process. In addition, during the test stage, all units are considered
and their outputs are multiplied by a vector with all probabilities equal to wp = 0.5, given this
is an approximation of a geometric mean (KRIZHEVSKY; SUTSKEVER; HINTON, 2012;
SRIVASTAVA et al., 2014). The authors claim that Dropout provides a combination of different
architectures once the set of active units form different configurations at a time; and it reduces
the dependence among units which might be created by the backpropagation algorithm. However,
according to Shang et al. (2016), the ReLU function creates a correlation between units in order
to provide complementary features, which might be untied by Dropout, leading to the production
of poor features or increasing even more the processing time to extract adequate features.

In summary, Data Augmentation and Dropout have been applied on most deep learning
architectures because they reduce the overfitting and also support convergence guarantees
according to the SLT (MELLO; PONTI, 2018; VAPNIK; CHERVONENKIS, 2015). However,
both techniques increase the processing time and require more resources to perform training.

3.3.3 Caffe Deep Learning Framework

Several frameworks were developed to support the execution of Deep Learning (DL)
algorithms when dealing with large datasets (ABADI et al., 2015; COLLOBERT; BENGIO;
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MARITHOZ, 2002; JIA et al., 2014; AL-RFOU et al., 2016; TEAM, 2017). The Caffe Deep
Learning Framework 1 (JIA et al., 2014) was selected to perform the experiments in this thesis,
given it was the most relevant tool when this study began (SIMONYAN; ZISSERMAN, 2014;
GIRSHICK et al., 2014; RUSSAKOVSKY et al., 2015; HE et al., 2016).

Initially, we designed and implemented the CNN forward process in order to support
the study of all operations involved in such a network 2. Our source code was written in the
C++ Language, helping us to understand details and ask additional questions about the learning
convergence, proofs and the CNN efficiency on different application domains. Those stages were
essential to conduct this thesis, which started with the mathematical formulation of CNNs, as
detailed in Section 3.2.1.

After a throughout understanding of CNN, we decided to employ the Caffe Deep Learning
Framework to perform experiments (SIMONYAN; ZISSERMAN, 2014; GIRSHICK et al., 2014;
RUSSAKOVSKY et al., 2015; HE et al., 2016), being written in C++ and CUDA to take
advantage of GPU operations. It also provides interfaces to connect with other languages such as
Python and MATLAB, and additional support to various types of images such as PNG, JPEG,
TIFF, and LevelDB (compressed format by Google 3).

Caffe modularizes operations, allowing the manipulation of several types of layers, such
as convolution, max-pooling, average-pooling, local response normalization, ReLU, and Softmax
with Loss 4. It also allows users to initialize weights and biases for hidden layers, as well as it
shuffles input data to improve training. Furthermore, a list of learning algorithms is available
to perform weight updating, such as SGD and Adam 5. Finally, Caffe permits to adapt learning
rates along time, supporting convergence improvements under certain scenarios (JIA et al., 2014;
GOODFELLOW; BENGIO; COURVILLE, 2016).

3.4 Final Considerations
This chapter discussed the Convolutional Neural Network (CNN), their respective opera-

tions, and typical loss functions. Our algebraic formulation was introduced, which provided the
basic foundation to study the CNN parameters, such as convolutional mask sizes and number
of units. The main CNN learning algorithms were also described, including their approaches
to reduce the chance of overfitting. In this context, the Caffe Deep Learning Framework was
mentioned, given it was employed in this PhD thesis to perform experiments and validate our
strategy of estimating CNN parameters in an attempt to reduce the overall computational costs
while maintaining efficient results.

1 The source code is available at <http://caffe.berkeleyvision.org/>
2 The source code is available at <https://github.com/marthadais/studyForwardCNN.git>.
3 LevelDB is available at <https://github.com/google/leveldb>.
4 All layers and data formats are available at <http://caffe.berkeleyvision.org/tutorial/layers.html>.
5 All learning algorithms are available at <http://caffe.berkeleyvision.org/tutorial/solver.html>.

http://caffe.berkeleyvision.org/
https://github.com/marthadais/studyForwardCNN.git
https://github.com/google/leveldb
http://caffe.berkeleyvision.org/tutorial/layers.html
http://caffe.berkeleyvision.org/tutorial/solver.html
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CHAPTER

4
RECONSTRUCTING IMAGE RECURRENCES

4.1 Initial Considerations

Our algebraic formulation for Convolutional Neural Networks, described in Section 3.2.1,
is the foundation used to employ Dynamical System concepts to estimate architecture parame-
ters. Dynamical Systems (DS) provide tools to model the motion of time-dependent physical
systems in terms of differential equations which represent some generation process (KANTZ;
SCHREIBER, 2004). At first, the most usual DS approach involves the data reconstruction in
another space, a.k.a. phase space, in an attempt to represent the system states and how they
evolve along time iterations (ALLIGOOD; SAUER; YORKE, 1997).

The most typical approach to reconstruct data into phase spaces is Takens’ immersion
theorem, which unfolds temporal recurrences into such multidimensional space (TAKENS,
1981). In this scenario, recurrences correspond to temporal patterns or, simply, in sequences of
observations which present some sort of repetition along time. This reconstruction intends to
represent the dynamical system trajectory, from which the generation process can be estimated,
this is the way of finding the set of equations responsible for producing next system states based
on the current ones.

In this context, False Nearest Neighbors (FNN) is the most well-known technique to
estimate one of the parameters of Takens’ immersion theorem, which is referred to as the
embedding dimension (KENNEL; BROWN; ABARBANEL, 1992). Such parameter sets the
number of dimensions required to unfold the system trajectory in phase space, so that it represents
the coupled dependence of observations along time, thus supporting the unveiling of data
recurrences.

In this PhD thesis, image recurrences are a key factor to define the convolutional mask
sizes and the number of convolutional units per layer, consequently we took advantage of the
knowledge on the FNN method to propose a new approach to support the design of CNN
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architectures in a similar fashion, i.e., by exploring data recurrences. The original FNN and
our new approach are described next. Results, discussed in Section 5.3, confirm good enough
estimations of CNN architectures for most of the datasets considered.

4.2 False Nearest Neighbors

In Dynamical Systems, a nonlinear time series is often analyzed using the time-delay
reconstruction theorem proposed by Takens (1981), which is referred to as Takens’ immersion
theorem. It maps a time series X = {x0, . . . ,xn} into some phase space in an attempt to produce
system states xi(m,τ) = (xi,xi+τ , . . . ,xi+(m−1)τ), having m as the embedding dimension and τ as
the time delay.

Takens’ immersion theorem is very useful to deal with time series in real-world problems,
because the reconstructed trajectories usually provide relevant temporal features, allowing the
system modeling and prediction (RIOS; MELLO, 2013). As main requirement, adequate values
for parameters m and τ must be estimated, what is not a simple task.

Several studies are devoted to estimate the embedding dimension and the time delay for
general-purpose time series (ALLIGOOD; SAUER; YORKE, 1997; KANTZ; SCHREIBER,
2004). Mutual Information is the mostly used method to estimate the time delay by using
the correlation of joint probabilities in an attempt to identify dependencies among system
states (COVER; THOMAS, 2012). In this thesis, we consider the time delay is always τ = 1,
given the CNN convolutional operation is applied along the neighborhood of image pixels,
something that helps to represent objects of interest. As consequence, there is no need to estimate
parameter τ .

On the other hand, the False Nearest Neighbors (FNN) method is the most employed
approach from the literature to estimate the adequate embedding dimension to unfold time-
dependent data (KENNEL; BROWN; ABARBANEL, 1992; RHODES; MORARI, 1997). FNN
identifies the number of observations lying in some neighborhood, as the number of space
dimensions increase. When the space dimension is smaller than necessary, nearby observations
will not belong to the same neighborhood when an additional dimension is included, being those
observations classified as false neighbors.

The process of identifying false neighbors is iterative and it measures changes in neigh-
borhood relationships as the embedding dimension increases. When the number of false nearest
neighbors is minimum or equal to zero, we say the ideal embedding dimension was found.
After such estimation, any additional dimension will not significantly impact on the system
states (KENNEL; BROWN; ABARBANEL, 1992; PAGLIOSA; MELLO, 2017; RIOS; MELLO,
2013).

Figure 11 illustrates a false neighborhood confirmed after reconstructing two different
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phase spaces from the Hénon Map (HÉNON, 1976), in which two system states are highlighted
by green and red points. The system states appear nearest neighbors at a single-dimensional
phase space (red point is at (−0.3845454) and the green point is at (−0.3658502)), but after
adding another dimension, the states become more distant from each other (red point is at
(−0.3845454,1.6690975) and the green point is at (−0.3658502,0.9317967)). This scenario
indicates both system states are false neighbors at least in the one-dimensional phase space. Of
course this process has to be repeated until small or no changes are observed.
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Figure 11 – Illustration of two phase spaces produced using the Hénon Map after Takens’s immersion
theorem with time delay τ = 1. The space at the left is unidimensional (m = 1), while the
right-most is bidimensional (m = 2). Observe the two states (green and red) considered as
neighbors in the unidimensional space are indeed false neighbors when analyzed in the next
space configuration.

FNN reconstructs the original data into phase spaces by increasing the embedding
dimension m, starting with a small value (usually m = 2). Considering this iterative process, an
adequate phase space is in Rm. The squared Euclidean distance is computed from state xi and its
r-th nearest neighbor xr

i to assess the false nearest neighbors criterion, as defined in Equation 4.1.
After adding a new dimension m+1, such a distance is updated as in Equation 4.2.

D2
m(i,r) =

m−1

∑
k=0

[xi+kτ − xr
i+kτ ]

2 (4.1)

D2
m+1(i,r) = D2

m(i,r)+
(m+1)−1

∑
k=0

[xi+kτ − xr
i+kτ ]

2 (4.2)

During the FNN execution, the time delay τ is kept fixed (here it is always τ = 1). The
variation of distances from nearest states is computed after the addition of a new dimension.
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Equation 4.3 defines the criterion to assess whether a neighbor is taken as false, in which the
r-th nearest neighbor of state xi(m,τ) is xr

i (m,τ), and D2
m(i,r) corresponds to the square of the

Euclidean distance between xi(m,τ) and xr
i (m,τ). If the variation is greater than Rt , then states

are considered as false neighbors. Rt is a user-defined tolerance and r is the number of neighbors
that will be considered along iterations. Nonetheless, Kennel, Brown and Abarbanel (1992)
suggest Rt = 10 and mention that r = 1 is enough to compute the estimation.

√
D2

m+1(i,r)−D2
m(i,r)

D2
m(i,r)

> Rt (4.3)

After analyzing this criterion, Kennel, Brown and Abarbanel (1992) observed that FNN
provides bad estimations for time series containing white noise, therefore reporting that a
small embedding dimension is sufficient to unfold noisy series. Noise impacts in neighboring
observations, making they look like more distant than they indeed are. Such situation is attenuated
when a time series contains more observations.

Considering practical problems, a new criterion was developed to deal with limited data.
Equation 4.5 defines the new criterion, in which D2

m+1(i,r) represents the squared Euclidean
distance between nearest observations for r = 1, At is a user-defined tolerance, and DA is the size
or diameter of system trajectories (see Equation 4.4, in which x̄ is the average of observations).
This criterion may identify whether observations are truly nearest neighbors even though distant
from each other, since false nearest neighbors will be stretched to the extremities of the space
domain when unfolded. It is worth to mention that Kennel, Brown and Abarbanel (1992) suggest
to use both criteria in conjunction when estimating the false nearest neighbors, however just
the second criterion was employed in our experiments, since it provided good results and
convergence.

D2
A =

1
N

N

∑
n=1

(x(i)− x̄)2 (4.4)

D2
m+1(i,r)

DA
> At (4.5)

Finally, FNN computes the fraction of false neighbors for all data, providing a cutoff
point employed to estimate the embedding dimension m. As an instance, FNN was applied on
the dataset built using the Lorenz System 1. The fraction of false nearest neighbors is illustrated
in Figure 12, in which the estimated value for m is equal to 3, confirming the adequate dimension
for such phase space as reported in the literature (PAGLIOSA; MELLO, 2017; RIOS; MELLO,
2013).

1 This dataset, based on the Lorenz System, is available at <http://people.virginia.edu/~smb3u/psych611/
lor63.dat>.

http://people.virginia.edu/~smb3u/psych611/lor63.dat
http://people.virginia.edu/~smb3u/psych611/lor63.dat
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Figure 12 – Illustration of the False Nearest Neighbors method considering a dataset based on the Lorenz
System. The estimated embedding dimension is m = 3, which is the most adequate according
to the literature (PAGLIOSA; MELLO, 2017; ALLIGOOD; SAUER; YORKE, 1997).

4.3 Image-based False Nearest Neighbors

Considering the algebraic CNN formulation detailed in Section 3.2.1, we observed
images are, in fact, embedded into phase spaces before proceeding with the application of
any linear transformation. This embedding process is quite similar to the embedding proposed
by Takens (1981), the greatest difference is that images require two embedding parameters, one
along rows (m) and another along columns (n).

In case of convolution, a mask is applied on every local receptive field of the image I[i−
x, j− y], for x = 1, . . . ,m and y = 1, . . . ,n. This local field can be represented as a column vector
~v = (Ii−x1, j−y1, . . . , Ii, j, . . . , Ii+xm, j+yn), in which the mask size m×n defines the dimensionality
of vectors ~vi, j. Therefore, each image pixel is represented by a vector with two embedding
dimensions m and n, having a static time delay τ = 1.

In this context, the Image-based False Nearest Neighbors (IFNN) method consists in
modifying the original FNN to deal with images, in an attempt to estimate the most adequate
embedding dimensions m and n that correspond to the convolutional mask sizes of CNNs (FER-
REIRA et al., 2018).

Algorithm 1 introduces all modifications made in the original FNN, now requiring the set
of vectors I of some image I for a given m×n, the number of nearest neighbors r, a value for
the threshold (or tolerance) At , and also a recurrence offset T . Parameter At characterizes when
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two vectors are false neighbors and parameter T defines an offset in which we expect recurrences
to happen, similarly to the recurrent trajectories of Dynamical Systems (ALLIGOOD; SAUER;
YORKE, 1997; KANTZ; SCHREIBER, 2004). The most adequate value for T depends on
the target problem. Thus, in case of images, T = 1 was used, once local image regions usually
maintain similar characteristics. In further experiments, parameters r and At were set as suggested
by Kennel, Brown and Abarbanel (1992), thus r = 1 and At = 10.

Algorithm 1 – Analysis of the fraction of false nearest neighbors for the set of vectors I , after
some phase space reconstruction.
INPUT: I : set of vectors~vi, j for a given input data I; r: number of nearest neighbors; At : radius
threshold for neighbors; T : offset of vectors contained in I .
OUTPUT: f f n: fraction of false nearest neighbors

function ADAPTEDFNNANALYSIS(I , r, At , T )
Set counter = 0
Set denom = 0

. the positions of vectors~vi, j ∈I are used as index idx. Thus, I = {~v1,1,~v1,2, . . . ,~vq,p} will be here
represented using a simplified notation as follows I = {~v1,~v2, . . . ,~vidx, . . . ,~vq×p}

for every vector~vidx ∈I do
Finds the r nearest vectors of {~vidx} in I
for each neighbor~nidx of vector~vidx do

d = Euclidean(~nidx,~vidx)
d = d+ Euclidean(~nidx+T ,~vidx+T )
if d > At then

counter++
end if

end for
denom = denom+ r

end for

f f n = counter/denom return f f n
end function

At the end, Algorithm 1 provides the average value of false nearest neighbors for a given
phase space I estimated from image I. When a small fraction of neighbors is provided by the
algorithm, I behaves in the same way as a set of states of a well-formed attractor in phase
space (ALLIGOOD; SAUER; YORKE, 1997; KANTZ; SCHREIBER, 2004). On the other hand,
a bad-formed attractor will result in large output values for the algorithm. It is worth to mention
that an attractor is considered as an object of a dynamical system, in which a set of points from a
phase space represents a trajectory (behavior) of a particular time series (PAGLIOSA; MELLO,
2017; RIOS; MELLO, 2013). Lastly, adequate embedding dimensions are achieved when the
fraction of false nearest neighbors becomes stable around zero.

Algorithm 1 analyzes a phase space produced for a given pair m and n of embedding
dimensions. Next, Algorithm 2 varies the two embedding dimensions m (number of rows)
and n (number of columns) along iterations. Actually, it considers a range, thus embedding
dimensions in rows vary in interval [1,maxM] (maximum number of rows) and along columns
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in [1,maxN] (maximum number of columns). In summary, an input image I is embedded into a
multidimensional space according to each mask size m×n, and then the fraction of false nearest
neighbors is computed and stored in a matrix F . The rows and columns indices of matrix F

correspond to the m and n used to perform the underlying embedding.

Algorithm 2 – Algorithm to estimate adequate mask sizes for the convolutional units of a CNN
layer.
INPUT: I: input data; maxM,maxN: maximum number of rows and columns that a convolutional
mask can assume, respectively; r: number of nearest neighbors; At : radius threshold for neighbors;
T : offset of vectors contained in I .
OUTPUT: F: matrix containing the fraction of false nearest neighbors for all mask sizes
evaluated.

function MASKEVALUATION(I, maxM, maxN, r, At , T )
Initializes matrix F of size maxM×maxN
for m = 1 to maxM do

for n = 1 to maxN do
I = embed(I, m, n); . The function embed returns a matrix containing all vector

produced by the embedding according to dimension m×n (more details in Section 3.2.1)
F [m,n] = adaptedFNNAnalysis(I ,r,At ,T )

end for
end for

return F [m,n]
end function

The algorithm is executed on every individual image from the training set, providing
a matrix F for each image that contains a fraction of false neighbors for different mask sizes.
Therefore, an element-wise average is computed using all matrices F produced after analyzing
each image. This results in a single matrix F̄ of false neighbors for the entire dataset.

According to previous experiments, we noticed that after some iterations matrix F̄

becomes stable. As consequence, we designed a stop criterion to avoid the execution for all
images contained in the training set, significantly improving the processing time. The norm of
the average matrix ‖ F̄ ‖ is used as convergence criterion for our algorithm. It is worth to mention
that the input images need to be stratified in order to represent all necessary features for a dataset.

The stop criterion analyzes the difference between current and previous norm matrices
(‖ F̄ ‖t and ‖ F̄ ‖t+1). If such difference is smaller than a threshold, the execution is stopped.
The suggested threshold is 0.001, which was empirically set after an experimental analysis.

Finally, a histogram is computed considering the average matrix F̄ to rank the most
adequate convolutional mask sizes. For each row in matrix F̄ , the column containing the smallest
fraction of false neighbors is counted. Next, the same is performed along columns, that is, for
each column in F̄ , the row having the smallest fraction of false neighbors is counted. At the end,
the histogram is represented by a matrix indicating which row and column is the most adequate,
having the maximum value equals to 2. This representation was used because it presents the best
estimation for a given row and the best estimation for a given column, as indicated by the counter.
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Thus, when the row and column match for both orientations, the number in the histogram is
equal to 2, suggesting that such row and column are the best combination for the dataset.

In order to illustrate our IFNN method, Algorithm 2 was performed on the MNIST
dataset (LECUN et al., 1998). The (already available) training set of MNIST was used as input
data, and a new image was given to IFNN until the stop criterion was satisfied. This is the same
process performed in Section 5.3, in which the threshold value was set as 0.001, the maximum
number of rows and columns was configured as maxM = maxN = 15, the number of nearest
neighbors was fixed as r = 1, and the radius threshold for neighbors was defined as At = 10.
In such situation, IFNN produced a matrix F whose axes represent mask sizes and values
correspond to the fraction of false nearest neighbors. An individual image from the training set
and its corresponding matrix F are illustrated in Figure 13.
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Figure 13 – Sample of the results obtained after IFNN using a single input image from the MNIST dataset
to select an adequate convolutional mask size: Figure (a) illustrates an image of digit “2”
(32×32) which belongs to the training set; and Figure (b) corresponds to the matrix with the
fraction of false nearest neighbors produced for the digit from Figure (a), in which a logarithm
function was used to better illustrate the results. In Figure (b), the x-axis represents the size of
masks in terms of columns, while the y-axis is associated to the number of mask rows.

After finishing the execution, the average matrix F̄ and its histogram were obtained.
Figure 14 illustrates both matrices (F̄ and its histogram). It is worth to mention that the input
images were randomly selected from the training set, in which 198 images were necessary to
meet the IFNN stop criterion.

In order to validate the IFNN results, a CNN architecture was parametrized and assessed
having all convolutional mask sizes in range [1,15] for both rows and columns. The maximum
value for the range was defined as close as possible to half of the image size, which has already
provided good results. The architecture employed was the same used in Section 5.3, being a
CNN with one convolutional layer with ReLU as activation function, followed by a max-pooling
layer of size 3× 3 with a stride 2× 2. In such situation, the number of units was fixed in 10
simply in order to assess the impact of the convolutional mask sizes.

This experiment was performed using the Caffe framework (described in Section 3.3.3)
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Figure 14 – Results obtained with IFNN while selecting an adequate convolutional mask size for the
MNIST dataset: Figure (a) represents the element-wise average matrix F̄ produced after the
IFNN, given 198 randomly selected images from the training set; and Figure (b) corresponds
to the histogram used to select the best five mask sizes. In both figures, the x-axis represents
the size of masks in terms of columns, while the y-axis is associated with the number of mask
rows.

with the SGD method (described in Section 3.3) as discussed in Section 5.3, having the learning
rate as 0.001 (fixed – without reduction); momentum as 0.9; weight decay as 0.004 (regularization
term), and the training batch as 100 samples. Error rates confirmed that the convolutional mask
sizes impacted on the classification performances, corroborating the results provided by IFNN
(see Figure 15). Such rates started to decrease at the same point the fraction of false nearest
neighbors achieved values close to zero.
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Figure 15 – Illustration of the IFNN method and the CNN results for the MNIST dataset: Figure (a)
represents the element-wise average matrix produced by the IFNN given random images from
the training set; and Figure (b) corresponds to the error rates, considering all convolutional
mask sizes under analyses. In case of Figure (b), a logarithm function was applied to improve
the visualization. In both figures, the x-axis represents the size of masks in terms of columns,
while the y-axis is associated with the number of mask rows.

This benchmark supported the conclusion that IFNN supports the detection of image
patterns, producing a fair estimation of the convolutional mask sizes. In addition, IFNN does not
require long CNN training stages to assess possible mask sizes, just taking few hours to perform
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our estimation approach.

4.3.1 Number of Convolutional Units

Another great challenge discussed in the literature involves the definition of an adequate
number of convolutional units per CNN layer (KRIZHEVSKY; SUTSKEVER; HINTON, 2012;
HE et al., 2016; SZEGEDY et al., 2015; GARRO; VÁZQUEZ, 2015; YOUNG et al., 2015;
ALBELWI; MAHMOOD, 2017). In this thesis, we adapted our previously described approach
to address such a goal. According to Section 3.2.1, a convolutional layer contains l units that
apply the convolution operation on some local receptive field~vi, j of image I. Such a process is
equivalent to map~vi, j into an l-dimensional space.

Observe that if l > m× n, the produced space will have a higher dimension than the
input space, bringing no additional information. When l = m× n, an inverse transformation
may exist (STRANG, 1988), simplifying the equations of a training stage. Finally, considering
l < m×n, the input space suffers a dimensionality reduction. Therefore, the goal is to estimate l,
having l ≤ m×n.

Firstly, the most adequate convolutional mask size is estimated using Algorithm 2.
The mask size estimated is then provided as input to Algorithm 3, which is responsible for
analyzing the number of convolutional units and how they impact linear transformations. Thus,
we embedded images with the mask size estimated and, next, l random linear transformations
were applied to produce a new space S to be analyzed using IFNN.

Algorithm 3 receives the input image I, the convolutional mask size m×n, the number
of neighbors r, the tolerance At , the offset T , and number maximum of units maxL. The obtained
result is a vector~u with the fraction of false neighbors from 1 to maxL units.

This algorithm was executed on 200 random input images from a given training set,
providing a vector ~u of fraction of false neighbors for each one. The fixed amount of images
(200) was empirically chosen after previous experiments, once this value has already presented
a good result stabilization. As new units are added, a reduction of the fraction false nearest
neighbors is expected.

In order to obtain a single vector as result, the element-wise average vector ~u′ was
computed. The most adequate number of convolution units was represented by the index of
vector~u′ that firstly reached zero (or near enough) for the fraction of false nearest neighbors. As
main conclusion, the space produced by the linear transformation is then enough to represent the
input space.

To illustrate this process, the mask size 8×10 estimated in a previous example (Figure 14)
is given as input to Algorithm 3, which is used to find the adequate number of units for a single
CNN layer. The element-wise average vector~u′ obtained is presented in Table 1, in which 9 was
found as the best number of units, since it is the index of the first zero in~u′.
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Algorithm 3 – Algorithm to estimate the number of convolutional units for a given CNN layer.
INPUT: I: input data; m,n: fixed number of rows and columns for every convolutional mask,
respectively; maxL: maximum number of units to be considered; r: number of nearest neighbors;
At : radius threshold for neighbors; T : offset of vectors contained in I .
OUTPUT: ~u: vector containing the fraction of false neighbors as each unit is added to the
convolutional layer.

function NUMBEROFUNITSEVALUATION(I,m,n,maxL,r,At ,T )
Initialize vector~u with maxL elements
Initialize matrix Θ as empty
I = embed(I, m, n) . The function embed returns a matrix containing all vector produced by

the embedding according to dimension m×n (more details in Section 3.2.1)
for k = 1 to maxL do

Generate a random convolutional mask Θk with dimensions m×n
Add ~ΘT

k as the next row of matrix Θ

Apply the convolution on vectors in I to obtain the new space S in form S = (ΘI T )T

~u[k] = adaptedFNNAnalysis(S,r,At ,T )
end for

return~u
end function

Table 1 – Vector obtained while analyzing the number of units for a single-layer CNN given the MNIST
dataset with the convolutional mask size 8×10. Vector indices correspond to the number of
units being assessed. The first zero is used to estimate the number of units, being equal to 9 in
this case.

Index Fraction of false neighbors
1 1
2 0.1354
3 0.0212
4 0.0076
5 0.0053
6 0.0015
7 0.0007
8 0.0007
9 0

10 0

Algorithms 2 and 3 were implemented in the R Statistical Language (IHAKA; GENTLE-
MAN, 1996), while Algorithm 1 was implemented using the C Language. An R package contain-
ing all source codes of IFNN is available at <https://github.com/marthadais/Estimate-Parameters>,
so that the reader can perform experiments to confirm our results as well as address further
classification tasks (FERREIRA et al., 2018).

https://github.com/marthadais/Estimate-Parameters
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4.4 Final Considerations
In this chapter, we employed Dynamical System concepts to support the estimation of

Convolutional Neural Networks architecture parameters, to mention: the convolutional mask
sizes and the number of convolutional units per CNN layer. The original False Nearest Neighbors
(FNN) was described, since it motivated our Image-based False Nearest Neighbors (IFNN)
method, which employs dynamical system concepts to reconstruct image recurrences and esti-
mate convolutional mask sizes and the number of convolutional units per CNN layer, as discussed.
The evaluation of IFNN is presented in Section 5.3, which provides a discussion on the obtained
results. As the number of convolutional units estimation was not enough for some datasets, we
devoted an additional study (see Appendix A) on such parameter and analyzed it in terms of the
Statistical Learning Theory (SLT) (VAPNIK, 2000; MELLO; PONTI, 2018).
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CHAPTER

5
EXPERIMENTS

5.1 Initial Considerations

Based on the algebraic formulation presented in Section 3.2.1, we observed that convolu-
tional operations can be written as linear transformations, having input images reconstructed into
some space after an embedding. This reconstruction is similar to the ones employed in the con-
text of Dynamical Systems, which are mostly based on Takens’ immersion theorem (TAKENS,
1981).

In this context, False Nearest Neighbors (FNN) is a well known method from Dynamical
Systems to estimate the embedding dimension, producing the most adequate space for some time-
dependent dataset. As described in Section 4.3, FNN motivated us to estimate the convolutional
mask sizes and number of units per CNN layer. This chapter presents our experimental results
obtained using IFNN to design simple but yet efficient CNN architectures while addressing
different classification tasks, including handwritten digit, face detection and object recognition.

5.2 Datasets

Five datasets were considered to evaluate the Image-based False Nearest Neighbors
(IFNN) method (Section 4.3), being the Carnegie Mellon University Face Images (CMU) the first
one (ROWEIS; SAUL, 2000) 1, which contains 1,872-grayscale face images in four variations
for the same person so that different classification tasks can be performed. The four variations are
pose (left, right, up, straight), expression (happy, sad, angry, neutral), eyes (wearing sunglasses
or not), and size (128×120, 64×60, 32×30). The smallest images provided (32×30) were
used to perform the experiments described in this chapter, composing a total of 640 images.
In such experiments, CMU was analyzed considering two classification possibilities: i) which

1 CMU is available at <https://archive.ics.uci.edu/ml/datasets/CMU+Face+Images>.

https://archive.ics.uci.edu/ml/datasets/CMU+Face+Images


74 Chapter 5. Experiments

person is present in pictures (20 classes); and ii) if the person wears sunglasses or not (2 classes).

The second dataset used to analyze IFNN is the Modified National Institute of Standards
and Technology (MNIST) dataset (LECUN et al., 1998) 2, which is composed of binary images
of handwritten digits. It contains 70,000 images in total, being divided in 60,000 as training set
and 10,000 as test set. MNIST is taken as a Deep Learning benchmark, and it has been widely
used in the literature (LECUN et al., 1999; GOODFELLOW et al., 2013; CIREGAN; MEIER;
SCHMIDHUBER, 2012).

The next dataset was the Canadian Institute for Advanced Research (CIFAR-10) dataset
(KRIZHEVSKY; HINTON, 2009) 3 which supports the object recognition task. It is composed
of small RGB images (32×32) divided into 10 classes: airplane, automobile, bird, cat, deer, dog,
frog, horse, ship and truck. This dataset contains 60,000 images in total, each class containing
6,000 images (stratified dataset). The training set of CIFAR-10 is formed with 50,000 images
and the remaining 10,000 are part of the test set.

Another dataset employed in our experiments, also in the object recognition task, is the
Columbia University Image Library (COIL-100) (NENE; NAYAR; MURASE, 1996) 4, which
is formed by 100 classes. It contains 7,200 RGB images, each class composed of 355 images
with pose variations (stratified dataset). A preprocessed version of this dataset was considered in
experiments, in which the brightness and the intensity of the pixels were scaled (NENE; NAYAR;
MURASE, 1996).

The fifth dataset is the German Traffic Sign Recognition Benchmark (GTSRB) (STAL-
LKAMP et al., 2012) 5, which is taken as a multiclass benchmark. It was used in a classification
competition at the International Joint Conference on Neural Networks (IJCNN) in 2011 and
2013 (HOUBEN et al., 2013; SOCIETY, 1989 (accessed September 27, 2018)). This dataset
contains 144,769-labeled traffic sign images under different sizes. The training set used in
experiments has 39,209 images and the test set contains the remaining 12,630 images. GTSRB
is divided into 43 classes.

In order to perform the CNN experiments, datasets were organized in training and
test sets, as performed in similar studies (GOODFELLOW et al., 2013; LECUN et al., 1999;
SRIVASTAVA et al., 2014; HINTON; SALAKHUTDINOV, 2006; WESTON et al., 2012; HAS-
SAIRI; EJBALI; ZAIED, 2015; CIREGAN; MEIER; SCHMIDHUBER, 2012; SERMANET;
LECUN, 2011). In the case of MNIST, CIFAR-10 and GTSRB, the training and test sets were
already provided. CMU and COIL-100 are not organized into those sets, thus we decided to
follow a similar approach by randomly selecting 70% of samples to compose the training set
and the remaining for testing. In addition, images from COIL-100 and GTRSB datasets were

2 MNIST is available at <http://yann.lecun.com/exdb/MNIST/>.
3 CIFAR-10 is available at <http://www.cs.utoronto.ca/~kriz/CIFAR.html>.
4 COIL-100 is available at <http://www1.cs.columbia.edu/CAVE/software/softlib/coil-100.php>.
5 GTSRB is available at <http://benchmark.ini.rub.de/index.php?section=gtsrb&subsection=dataset>.

http://yann.lecun.com/exdb/MNIST/
http://www.cs.utoronto.ca/~kriz/CIFAR.html
http://www1.cs.columbia.edu/CAVE/software/softlib/coil-100.php
http://benchmark.ini.rub.de/index.php?section=gtsrb&subsection=dataset
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CMU

MNIST

CIFAR-10

COIL-100

GTSRB

Figure 16 – Five samples of the images contained in each one of the five datasets. Those images were
already resized.

resized to 32×32 pixels in order to improve the computational performance and to ensure that
all images had the same size (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; LECUN et al.,
1999; SRIVASTAVA et al., 2014; CIREGAN; MEIER; SCHMIDHUBER, 2012). It is worth to
mention that the training sets were used as input to the IFNN method, even though it does not
require label information. Table 2 summarizes all datasets information and Figure 16 illustrates
some samples from datasets.

Table 2 – Summarizing the information on datasets, including the size, number of classes, if images are
colorful, if the set is already provided in terms of training and test sets.

Datasets
Number of
Samples

Number of
Classes

Colorful
Images

Separated Sets
Provided

Resized

CMU 640 20 and 2 No No No
MNIST 70,000 10 No Yes No

CIFAR-10 60,000 10 Yes Yes No
COIL-100 7,200 100 Yes No Yes
GTSRB 51,839 43 Yes Yes Yes

5.2.1 Literature Results

Deep architectures are typically employed because have some indications that the error
rates reduce when the network sizes increase. For examples, recent complex and large configura-
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tions of networks, such as GoogLeNet (SZEGEDY et al., 2015) and AlexNet (KRIZHEVSKY;
SUTSKEVER; HINTON, 2012), provide high accuracies for the object recognition task, however
they take much time to be trained and they are much more prone to overfitting, requiring the
usage of techniques as Dropout (SRIVASTAVA et al., 2014) and DeCov (COGSWELL et al.,
2016).

The same five datasets previously discussed were already used to assess the performance
of DL algorithms (LECUN et al., 1999; HINTON; SALAKHUTDINOV, 2006; CIREGAN;
MEIER; SCHMIDHUBER, 2012; KRIZHEVSKY, 2010; GOODFELLOW et al., 2013; SER-
MANET; LECUN, 2011). For instance, MNIST is taken as the main benchmark for handwritten
digit recognition task 6. The best result reported for such dataset was obtained by Ciregan, Meier
and Schmidhuber (2012) who achieved the error rate of 0.23%. Those authors developed the
Multi-Column Deep Convolutional Neural Networks (MCDNN), which is composed of several
simultaneous CNNs. The first layer of MCDNN is responsible for applying a different normal-
ization on the image. Therefore, a set of CNNs is designated to perform the classification for
each neuron normalization, and the results of all CNNs are combined to provide a single result.
In that scenario, MCDNN was composed of 35 columns, using 7 different normalizations (units
on the first layer) and 5 CNNs to classify each normalization, i.e. each normalization neuron
feeds 5 CNNs. Each CNN was composed of 6 layers in the following sequence: i) convolutional
with 20 units of size 4×4; ii) max-pooling of size 2×2; iii) convolutional with 40 units of size
5×5; iv) max-pooling of size 2×2; v) fully-connected with 150 units; and vi) fully-connected
with 10 units.

Another good result for the MNIST dataset was obtained by LeCun et al. (1999), who
reported an error of 0.95% with LeNet-5, reducing it to 0.8% after applying a Data Augmentation
strategy (described in Section 3.3.2), that includes distorted data as part of the training set. In this
way, a combination of three LeNet-4 architectures, trained with different subsets of the MNIST
dataset, reduced even more such error, achieving 0.7%. Both architectures, LeNet-4 and LeNet-5,
are composed of 7 layers as follows: i) convolutional with 6 units; ii) average-pooling of size
2×2; iii) convolutional with 16 units; iv) average-pooling of size 2×2; v) convolutional with
120 units; vi) fully-connected with 84 units; and vii) fully-connected 10 units. The difference
between them is the convolutional mask size in convolutional layers, in which LeNet-4 is build
up with 4×4 mask size, while LeNet-5 is 5×5.

Other two important benchmark datasets are GTSRB and CIFAR-10, on which Ciregan,
Meier and Schmidhuber (2012) employed a MCDNN to reach error rates of 0.54% and 11.21%,
respectively. The MCDNN applied on GTSRB was composed of 25 columns, being 5 normaliza-
tions and 5 CNNs, each one composed of 8 layers as follows: i) convolutional with 100 units
of size 7×7; ii) max-pooling of size 2×2; iii) convolutional with 150 units of size 4×4; iv)
max-pooling of size 2×2; v) convolutional with 250 units of size 4×4; vi) max-pooling of size

6 The main results for the MNIST dataset are available at <http://yann.lecun.com/exdb/MNIST/>.

http://yann.lecun.com/exdb/MNIST/
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2× 2; vii) fully-connected with 300 units; and viii) fully-connected with 43 units. In case of
CIFAR-10, MCDNN was composed of 8 columns, being 2 normalization and 4 CNNs, each one
with 9 layers and 300 units as follows: i) a convolutional of size 3×3; ii) a max-pooling of size
2×2; iii) a convolution of size 2×2; iv) a max-pooling of size 2×2; v) a convolutional of size
3×3; vi) a max-pooling of size 2×2; vii) a convolutional of size 2×2; viii) a max-pooling of
size 2×2; ix) a fully-connected; x) a fully-connected with 100 units; and xi) fully-connected
with 10 units.

In order to classify CIFAR-10, Coates and Ng (2011) applied CNN in conjunction
with unsupervised learning to extract relevant features and the Support Vector Machine (SVM).
Different CNN architectures were employed to validate the most adequate configuration, in
which the best architecture had 6 layers as follows: i) convolutional of size 6×6 with 1,600 units;
ii) average-pooling of size 3×3; iii) convolutional of size 2×2 with 3,200 units; iv) average-
pooling of size 2×2; v) convolutional of size 2×2 with 3,200 units; and vi) average-pooling of
size 2×2. This configuration achieved an error rate of 18.0%.

Srivastava et al. (2014) used a CNN with Dropout to also deal with CIFAR-10, obtaining
an error rate of 12.61%. The architecture used was composed of 8 layers, in which convolutional
layers had 5×5 filters and 3×3 max-pooling units with stride equals to 2×2. The sequence of
layers was: i) convolutional with 96 units; ii) max-pooling; iii) convolutional with 128 units; iv)
max-pooling; v) convolutional with 256 units; vi) max-pooling; vii) fully-connected with 2,048
units; and viii) fully-connected with 2,048 units.

In an attempt to improve CNN accuracies, MNIST and CIFAR-10 were used to evaluate
a new activation function called Maxout, as proposed by Goodfellow et al. (2013). Maxout was
applied on units of convolutional layers, in which the convolution output was multiplied by a
diagonal weight matrix and summed to a bias vector. This approach produced 0.45% as error
rate for MNIST and 9.38% for CIFAR-10, using a CNN architecture composed of 3 layers with
64 3×3-units each, and Dropout to improve the classification.

Sermanet and LeCun (2011) proposed a Multi-Scale Convolutional Neural Network
(MS-CNN) with two-level features to classify the GTSRB, achieving 0.83% as error rate. The
CNN architecture was composed of 6 layers, being 3 convolutionals with hyperbolic tangents as
activation functions, 2 subsampling and 1 fully-connected, however the authors do not provide
additional information about the number of units per layer and mask sizes. This network used
the output of the second CNN layer to compose the first-level features, and the fifth CNN layer
output as second-level features. The two-level features were given as input to a sequence of
fully-connected layers to perform classification.

COIL-100 is another object recognition dataset used as benchmark to validate classifica-
tion techniques. Hassairi, Ejbali and Zaied (2015) reported an error rate equals to 0.8%, using a
Deep Convolutional Wavelet Network (DCWN) to identify individual classes. The DCWN is
an architecture composed of wavelets, RBMs, convolutional and Local Contrast Normalization



78 Chapter 5. Experiments

(LCN) layers in a complex configuration. This model uses a Gaussian kernel to compute the
subsampling and sigmoid as activation function. On the other hand, Zou et al. (2012) converted
COIL-100 in a video dataset to proceed with the classification. A 2-layer Deep Neural Network
was employed in which the first layer was responsible for convolutions, followed by a L2-pooling,
and the second applied the Principal Component Analysis (PCA) method. With this approach,
Zou et al. (2012) obtained an error rate equals to 13% for COIL-100.

The CMU dataset was used to conduct classification tasks involving the identification
of people, and if they were wearing sunglasses. Zhu et al. (2016) reported an error rate of
5.68% using CNN to identify people wearing sunglasses. That architecture was composed of
4 convolutional layers with 92, 192, 256 and 384 units, respectively, one fully connected layer
with 512 units, and a modified SVM to perform the classification at the last stage. On the other
hand, Teller and Veloso (1995) used genetic programming to identify the person at each image,
reaching an error rate of 8%.

Considering Deep Belief Networks (DBN), Hinton and Salakhutdinov (2006) achieved
an error rate equals to 1.25% for the MNIST dataset. Their architecture was composed of 5
Restricted Boltzmann Machines (RBM) with 784, 500, 500, 2,000 and 10 units, respectively. A
greedy learning algorithm was used in such DBN implementation to support training. Srivastava
et al. (2014) also applied a DBM network with Dropout in order to classify MNIST, considering
an architecture with 3 layers with 500, 500 and 2,000 units, respectively. Such DBN used a
logistic as activation function, reporting an error rate equals to 0.79%.

DBN was also employed by Krizhevsky (2010) to classify CIFAR-10 using 9×9 convo-
lutional filters to extract edges. Such architecture was composed of 2 convolutional RBM layers,
having the first containing 64 units and the second with 1,024 units. It achieved an error rate of
21.1%.

Considering the COIL-100 dataset, Yang, Roth and Ahuja (2000) studied the Sparse
Network of Winnows (SNoW) to represent image edges and recognize objects, reporting an
error rate of 7.69%. Each neuron of SNoW was used to represent a subnetwork responsible for
classifying a single class, therefore the architecture had a number of units equal to the number of
dataset classes. A detailed description was not provided for subnetworks, what also occurs with
the network proposed by Sermanet and LeCun (2011). This lack of information brought up some
difficulties on the reproduction of results, jeopardizing the development of the areas of Artificial
Neural Networks (ANN) and Deep Learning.

Most of the Deep Leaning networks from literature were built up with several layers and
units per layer (SZEGEDY et al., 2015), reporting good results as presented in here. All those
results are used as baseline in this thesis to compare against the error rates provided by IFNN.
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5.3 Estimation Experiments

Experiments were performed (datasets are described in Section 5.2) in order to assess the
Image-based False Nearest Neighbors (IFNN) method, proposed in this thesis. As reported next,
our results are similar to the ones from the literature (discussed in Section 5.2.1), supporting
our hypothesis that simpler CNN architectures can provide good performances. It is worth to
mention that data augmentation was not used.

Firstly, the most adequate convolutional mask size and convolutional number of units
per layer was obtained considering IFNN along each dataset. Then, a CNN with a single
convolutional layer with the estimated parameters was executed. The architecture for the single
CNN was composed of one convolutional layer with ReLU activation function, followed by a
max-pooling layer with size 3×3 and stride 2×2 (based on the literature – see Sections 2.2.1
and 5.2.1) (KRIZHEVSKY, 2010; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; JIA et al.,
2014). The assessment of this latter parametrization is out of the scope of this thesis. The max-
pooling operation was included as it improved the overall CNN performance (KRIZHEVSKY,
2010; KRIZHEVSKY; SUTSKEVER; HINTON, 2012; CIREGAN; MEIER; SCHMIDHUBER,
2012).

After training the CNN architecture with a single convolutional layer, the max-pooling
output was used as input to IFNN in order to estimate the parameters for a second convolutional
layer. In that sense, the next CNN architecture was composed of two convolutional layers
interposed by two max-pooling layers with the same parameters (size 3×3 and stride 2×2). In
this situation, the first convolutional layer was set with the parameters estimated considering
the training set and the second layer was configured with the parameters estimated using the
max-pooling outputs. The same process could be applied as more convolutional layers are
included. In those experiments, we limited the number of convolutional layers to three.

In summary, IFNN is used to estimate all parameters of CNN architectures in an iterative
way. It is worth to mention that the estimation does not require a large input data sample.
In addition, the CNN training execution, that provides the next input for the IFNN, did not
require neither the whole dataset nor several iterations, decreasing the time spent on estimations.
The final network employed in the selected datasets is composed of three convolutional layers
interposed by three max-pooling layers.

Algorithm 2 was executed on the input images, until reaching the stop criterion with a
threshold equals to 0.001. The number of rows and columns varied in range [1,15] for all datasets,
an interval also predefined according to previous experiments. At the end, the element-wise
average matrix F̄ containing the measurements of the fraction of false neighbors was obtained.
Finally, a histogram is computed to select the best five convolutional mask sizes (more details in
Section 4.3).

After selecting the five best mask sizes, Algorithm 3 was executed on 200 input images
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from every training set, producing an average vector~u′ containing the measurements of fraction
of false neighbors (more details in Section 4.3). In this case, the number of convolutional units
was varied in range [1,50], and the most adequate number of units is given by the index of vector
~u′ with the smallest fraction of neighbors. In this algorithm, the range was empirically selected
after assessing a greater interval which did not provide any result above 50.

Experiments, performed using the Caffe framework, evaluated the 5 best parameters
estimated with IFNN. For every dataset, CNNs ran along 10,000 iterations in an attempt to
select the best convolutional mask sizes. As described, max-pooling was applied right after
the convolutional layer, and the last layer was a fully-connected one whose units represented
dataset labels and performed the classification using the softmax function (see Section 3.2). At
the training stage, the parameters were empirically selected and fixed for all datasets to evaluate
the impact of the convolutional mask sizes and number of units on the classification performance.
The SGD method was employed to provide convergence, in which learning rate was set as 0.001
(fixed – without reduction); momentum as 0.9; weight decay as 0.004 (regularization term), and
the training batch as 100 samples 7. Those parameters were chosen after assessing other CNN
architectures implemented on the Caffe framework.

Considering the CNN architecture composed of a single layer, the average matrix F̄ and
the histogram obtained after the IFNN are illustrated along Figures 17b to 21b. As the estimation
is conducted in an iterative way, the error rate for the 5 best convolutional mask sizes, estimated
for each additional convolutional layer, is provided. It is worth to mention that just the mask size
producing the best result in a previously step was kept to estimate the next, in which the features
produced by the max-pooling layers were given as input to IFNN.

Figures 17a and 17b illustrate the results obtained by the IFNN applied on the CMU
dataset to estimate the convolutional mask size for the first convolutional layer. Figure 17a shows
the average of fraction of false nearest neighbors, while the counting histogram of the best
sizes is presented in Figure 17b. According to such figures, CMU requires small convolutional
mask sizes to represent image patterns, indicating that small details can provide a good dataset
representation.

Table 3 presents the CNN error rates considering the 5 best convolutional mask sizes
estimated using IFNN for the three architectures. The influences of the mask dimensions can be
analyzed by taking the 5 best sizes for a CNN with a single convolutional layer, that produced an
average accuracy of 0.99 while classifying the person on the image; and an average accuracy of
0.95 for the presence of sunglasses. Those results confirm that IFNN estimates good parameters
without label information, given IFNN is based on data content.

In case of MNIST, the IFNN results for the first convolutional layer are illustrated in
Figures 18a and 18b, in which the average of fraction of false nearest neighbors and the histogram

7 All source codes used to perform experiments are available at <https://github.com/marthadais/
Estimate-Parameters> (FERREIRA et al., 2018).

https://github.com/marthadais/Estimate-Parameters
https://github.com/marthadais/Estimate-Parameters
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(a) Average of IFNN measurements.
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(b) Histogram of the best sizes.

Figure 17 – Results of the Image-based False Nearest Neighbors (IFNN) obtained for the CMU dataset:
Figure (a) represents the average of the false nearest neighbors produced by IFNN; and Figure
(b) corresponds to the histogram computed from the average of IFNN measurements, being
used to estimate the most adequate convolutional mask size. In case of Figure (a), a logarithm
function was applied on the average matrix F̄ to improve visualization.

of the most adequate mask sizes are shown, respectively. Both figures allow to conclude that
MNIST requires a greater convolutional mask size to extract relevant features when compared to
CMU. Despite MNIST is less complex than others, image features contain greater patterns to be
represented. In addition, the convolutional mask size 1×1 is highlighted by the histogram in
some cases, what occurs because row 1 always indicates the column 1 as the best, and vice-versa,
increasing the counting on the histogram. However, such mask size is never considered, given it
is not adequate for the scenarios under analysis.

Table 4 summarizes the error rates obtained for the 5 best convolutional mask sizes
(based on histograms) estimated with the IFNN method for the three convolutional layers. The
average accuracy produced by CNN with a single convolutional layer was 0.98, confirming the
estimation of an adequate convolutional mask size and number of units for MNIST. Additionally,
this result allows us to conclude that simple CNN architectures can be designed using IFNN.

Figures 19a to 19b illustrate the IFNN results obtained with the CIFAR-10 dataset, in
which Figure 19a shows the average matrix F̄ and, Figure 19b, the counting histogram of the
best convolutional mask sizes. Both figures comprise the results for the first convolutional layer,
given the IFNN assessed the images from the training set. In this case, small convolutional mask
sizes are enough to detect features for most of the images from CIFAR-10, however few images
require too large sizes to perform an adequate feature extraction, influencing the estimation of
average sizes.

The 5 best convolutional mask sizes were selected based on IFNN, in which the error
rates are summarized in Table 5 as convolutional layers were included. The average accuracy
provided by the 5 best mask sizes for a single convolutional layer architecture was 0.56, which
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Table 3 – Experimental results obtained for the CMU dataset, considering two classification tasks: i) the
corresponding person, and ii) the use of sunglasses. Error rates (column ER) were obtained
using CNNs architectures, as convolutional layers were included. The mask sizes (column
Mask) and the number of convolutional units (column Units) provided by IFNN were used in
those experiments. CNN was trained with the SGD along 10,000 iterations.

CMU dataset
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
8×1 13 1.08% 9×1 12 1.08% 4×2 20 3.26%
5×2 13 0.54% 7×2 10 1.62% 6×4 5 2.16%
4×4 10 1.09% 5×3 14 1.08% 2×6 7 2.70%
3×5 11 1.09% 3×4 10 1.62% 6×1 14 3.82%
2×7 9 1.09% 2×7 8 2.16% 3×2 29 1.62%

CMU dataset (eyes)
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
8×1 13 6.52% 8×4 8 2.72% 4×3 9 4.86%
5×2 13 4.89% 7×5 7 2.70% 3×4 8 4.34%
4×4 10 7.60% 6×7 8 3.78% 5×5 6 4.88%
3×5 11 4.35% 4×9 7 2.16% 2×6 8 4.88%
2×7 9 4.34% 10×1 12 2.18% 6×1 18 4.34%

may indicate that CIFAR-10 requires more layers and iterations. It is worth to mention that
individual images provided significant differences of the best convolutional mask size, leading
the IFNN to estimate the most adequate size to represent dataset patterns.

Next, COIL-100 was assessed, whose results are illustrated in Figures 20a and 20b.
It required large convolutional mask sizes to extract relevant features in order to perform
classification.

The error rates for the 5 best convolutional mask sizes for three convolutional layers are
presented in Table 6. The average accuracy obtained was 0.99, while considering a single convo-
lutional and a max-pooling layer, indicating that IFNN supports the estimation of parameters
of convolutional layers and the design of simpler CNN architectures, while dealing with object
recognition.

Finally, Figures 21a and 21b show the results for the GTSRB dataset while considering
the first convolutional layer, in which the average matrix F̄ and its histogram are provided.
According to both figures, the convolutional mask size estimated is not as small as for CMU
nor as large as for MNIST. In addition, GTSRB images present a small variation of the most
adequate mask sizes, differently from CIFAR-10.
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(a) Average of IFNN measurements.
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(b) Histogram of the best sizes.

Figure 18 – Results of the Image-based False Nearest Neighbors (IFNN) for the MNIST dataset: Figure
(a) represents the average of the false nearest neighbors produced by IFNN; and Figure (b)
corresponds to the histogram computed from the average of IFNN measurements, being used
to estimate the most adequate convolutional mask size. In case of Figure(a), a logarithm
function was applied on the average matrix F̄ to improve visualization.

Table 4 – Experimental results obtained for the MNIST dataset. Error rates (column ER) were obtained
using CNNs architectures, as convolutional layers were included. The mask sizes (column
Mask) and the number of convolutional units (column Units) provided by IFNN were used in
those experiments. CNN was trained with SGD along 10,000 iterations.

MNIST dataset
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
12×9 7 2.18% 8×4 8 2.76% 6×3 5 2.86%
8×10 9 1.85% 7×5 7 2.10% 5×4 5 3.02%

11×11 7 1.87% 6×6 7 1.96% 2×5 6 2.92%
7×14 8 2.11% 5×8 7 2.36% 3×6 6 2.84%
6×15 7 2.13% 10×1 12 2.36% 6×1 5 3.10%

Table 7 summarizes the error rates of the GTSRB dataset, obtained for the 5 best
convolutional mask sizes estimated using the IFNN. The average accuracy provided by the
CNN with a single convolutional layer was 0.83, confirming that IFNN provides an adequate
convolutional mask size and number of units, given a shallow CNN was used.

Based on such experiments, we conclude that a small amount of data (around 200 images)
was enough to feed IFNN while assessing the convolutional mask sizes and the number of units.
Also, IFNN does not require a full network training process in order to provide a fair estimation
for those parameters and, then, to build up the next convolutional layer. Additionally, as IFNN is
based on data content, it is independent of the labels to provide adequate parameters, what is
confirmed after the CMU classification results that produced lower error rates when two types of
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(b) Histogram of the best sizes.

Figure 19 – Results of the Image-based False Nearest Neighbors (IFNN) obtained for the CIFAR-10
dataset: Figure (a) represents the average of the false nearest neighbors produced by IFNN; and
Figure (b) corresponds to the histogram computed from the average of IFNN measurements,
being used to estimate the most adequate convolutional mask size. In case of Figure(a), a
logarithm function was applied on the average matrix F̄ to improve visualization.

Table 5 – Experimental results obtained for the CIFAR-10 dataset. Error rates (column ER) were obtained
using CNNs architectures, as convolutional layers were included. The mask sizes (column
Mask) and the number of convolutional units (column Units) provided by IFNN were used in
those experiments. CNN was trained with SGD along 10,000 iterations.

CIFAR-10 dataset
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
14×2 11 49.49% 9×2 11 40.12% 3×3 10 39.50%
11×3 14 44.45% 3×4 14 38.76% 5×4 9 38.10%
7×4 17 43.39% 2×6 17 40.06% 4×5 6 39.80%
6×5 23 41.82% 10×10 23 37.38% 6×6 5 39.60%
5×6 23 42.66% 10×1 23 40.66% 6×1 11 38.36%

labels (person and eyes) were employed.

This analysis indicates that the space reconstruction described in Section 3.2.1 impacts
the classification performed by CNN, in which the image region to be convolved is defined
by a convolutional mask size that is not necessarily square (the same number of rows and
columns) as it is typically used in literature (KRIZHEVSKY; SUTSKEVER; HINTON, 2012;
SRIVASTAVA; SALAKHUTDINOV; HINTON, 2013; HE et al., 2016). In fact, each image
presents a given variation about the most adequate convolutional mask size, showing that the
dimension to reconstruct the phase space varies according to those attributes. In addition, the
influences of the convolutional mask sizes on classification accuracies was observed, in which
adequate settings can lead to a good classification and support the design of simpler but efficient
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(a) Average of IFNN measurements.
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(b) Histogram of the best sizes.

Figure 20 – Results of the Image-based False Nearest Neighbors (IFNN) obtained for the COIL-100
dataset: Figure (a) represents the average of the false nearest neighbors produced by IFNN; and
Figure (b) corresponds to the histogram computed from the average of IFNN measurements,
being used to estimate the most adequate convolutional mask size. In case of Figure(a), a
logarithm function was applied on the average matrix F̄ to improve visualization.

Table 6 – Experimental results obtained for the COIL-100 dataset. Error rates (column ER) were obtained
using CNNs architectures, as convolutional layers were included. The mask sizes (column
Mask) and the number of convolutional units (column Units) provided by IFNN were used in
those experiments. CNN was trained with SGD along 10,000 iterations.

COIL-100 dataset
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
15×2 13 0.72% 6×3 13 0.50% 3×3 8 0.82%
13×3 15 0.58% 5×7 17 0.48% 2×4 11 0.56%
12×5 14 0.54% 10×1 36 0.30% 5×1 26 0.48%
11×6 9 0.32% 9×2 13 0.44% 4×2 14 0.48%
10×9 21 0.38% 7×3 17 0.62% 6×3 8 0.96%

CNN architectures (more information in Section 4.3).

5.4 Literature Comparison

From the evaluation conducted in Section 5.3, the convolutional mask sizes and the
correspondent number of units that provided the lowest error rates were selected to perform the
CNN training using the SGD method along 50,000 iterations, significantly improving accuracies.
The CNN architectures were the same as in Section 5.3, containing consecutive layers of
convolution operation with ReLU and max-pooling with size 3× 3 and stride of 2× 2. The
parameters employed at the training stage were also the same as described in Section 5.3, which
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(b) Histogram of the best sizes.

Figure 21 – Results of the Image-based False Nearest Neighbors (IFNN) obtained for the GTSRB dataset:
Figure (a) represents the average of the false nearest neighbors produced by IFNN; and Figure
(b) corresponds to the histogram computed from the average of IFNN measurements, being
used to estimate the most adequate convolutional mask size. In case of Figure(a), a logarithm
function was applied on the average matrix F̄ to improve visualization.

Table 7 – Experimental results obtained for the GTSRB dataset. Error rates (column ER) were obtained
using CNNs architectures, as convolutional layers were included. The mask sizes (column
Mask) and the number of convolutional units (column Units) provided by IFNN were used in
those experiments. CNN was trained with SGD along 10,000 iterations.

GTSRB dataset
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
9×3 14 16.86% 9×1 47 15.26% 4×2 31 15.38%
7×4 22 16.40% 3×5 23 14.96% 6×4 9 14.74%
6×6 26 16.21% 4×6 16 15.62% 6×1 21 19.04%
5×7 23 16.83% 5×7 18 16.18% 5×2 24 15.78%

4×11 22 17.14% 7×2 22 14.50% 3×3 8 16.46%

had already provided good classification results. Table 8 presents the error rates obtained for the
five datasets considering more training iterations, showing the results for the three architectures
evaluated as convolutional and max-pooling layers were added.

In case of the CMU dataset, the classification based on people identification does not
improve neither with a second nor with a third convolutional layer, indicating that a single layer
is enough to extract relevant features. On the other hand, the classification based on the eyes
(wearing sunglasses) presented some improvements when a second convolutional layer was
included. However, the third layer significantly increased the error rate, confirming such a layer
is unnecessary and that it leads to overfitting. This very same behavior was observed for the
CIFAR-10 dataset, in which the third layer worsened the classification results.
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Table 8 – Experimental results obtained for the five datasets, using the convolutional mask sizes (Mask)
and the number of convolutional units (Units) provided by the IFNN method (see Section 5.3).
Error rates (ER) were computed using the Caffe deep learning framework trained with SGD
along 50,000 iterations.

Datasets
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
CMU 5×2 13 0.54% 9×1 12 1.08% 3×2 29 1.64%

CMU (eyes) 2×7 9 3.80% 4×9 7 1.62% 3×4 8 6.50%
MNIST 8×10 9 1.96% 6×6 7 1.78% 3×6 6 1.74%

CIFAR-10 6×5 23 34.00% 10×10 23 28.44% 5×4 9 30.22%
COIL-100 11×6 9 0.38% 10×1 36 0.28% 5×1 26 0.28%
GTSRB 6×6 26 13.02% 7×2 22 12.58% 6×4 9 11.78%

The CIFAR-10 results were significantly improved when a second layer was included,
confirming the features require a deeper architecture as well as more training iterations. However,
given a third layer increased its error rate, we believe that indicates CIFAR-10 requires different
types of layers to lead to a better generalization and classification performance. On the other
hand, the additional convolutional layers improved the results obtained for MNIST and GTSRB,
confirming they depend on deeper architectures to extract relevant features and reach a better
learning convergence.

Finally, COIL-100 presented a good error rate even with a single convolutional layer,
which decreased after the addition of a second but it did not change after including a third layer.
This behavior confirms that two convolutional layers are enough to provide good results without
leading to overfitting. It is worth to mention that COIL-100 is a well-behaved dataset, which
was collected in a controlled environment and also preprocessed color equalization. At the same
object recognition scenario, CIFAR-10 was collected from Web without any preprocessing stage,
which might improve the CNN results as well as for GTSRB.

In this context, the same preprocessing applied on COIL-100 was used on CIFAR-10
and GTSRB, thus normalizing color intensities. Table 9 presents the error rates obtained for the
preprocessed versions of CIFAR-10 and GTSRB with the same CNN architectures along 50,000
iterations. For CIFAR-10, the preprocessing stage increased the error rate in 16.49%, showing
the color equalization is not adequate for it. However, for GTSRB, the error rate decreased in
approximately 10%, confirming the color equalization may help to improve classification results
depending on the target task. This was indeed expected because the original GTSRB images
contain a bad contrast (too much light or dark images). In addition, the preprocessing stage
reduced the network complexity for GTSRB, due to a single-layer CNN produced the lowest
error rate, in comparison with the scenario without preprocessing that required 3 convolutional
layers.
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Table 9 – Experimental results obtained for CIFAR-10 and GTSRB after a preprocessing, using the
convolutional mask sizes (Mask) and the number of convolutional units (Units) provided by the
IFNN method (see Section 5.3). Error rates (ER) were computed using the Caffe deep learning
framework trained with SGD along 50,000 iterations.

Datasets
1oConv. Layer 2oConv. Layer 3oConv. Layer

Mask Units ER Mask Units ER Mask Units ER
CIFAR-10 6×5 23 35.79% 10×10 23 30.22% 5×4 9 33.13%
GTSRB 6×6 26 10.52% 7×2 22 10.55% 6×4 9 11.68%

In summary, the CNN classification results after IFNN parametrizations are very similar
to the ones reported in the literature, confirming that our approach can support the design of
simpler but still efficient CNN architectures. Table 10 shows the error rates reported in the
literature (approaches are described in Section 5.2.1), and the best ones obtained by IFNN
(Table 8) for the five datasets under analysis.

In this context, deep and complex CNNs were employed in the literature to obtain lowest
error rates without enough justification for such empirical parametrization, while good accuracies
can also be reach with simple CNNs architecture under a good and justified parametrization.
CMU experiments produced similar results as found in the literature, confirming that IFNN can
support the design of simple CNNs. For such dataset, two different classification tasks were
performed: i) the person in the image (person); and ii) the presence of sunglasses (eyes).

Considering the first task (person), Teller and Veloso (1995) reached an error rate of 8%,
while a single convolutional layer configured with IFNN produced an error rate of 0.55%. For
the second classification task (eyes), a CNN composed of a single convolutional layer configured
with IFNN provided 4.32%, which is lower than 5.68% reported by Zhu et al. (2016). Those
results confirm that IFNN provides adequate estimations for convolutional layers. As IFNN
attempts to identify the best linear transformation in order to extract relevant features based on
its neighborhood (Section 3.2), being also capable of supporting different classifications tasks.

In case of MNIST, CNN with IFNN support achieved an error rate equals to 1.36% for a
single convolutional layer, 1.09% for two convolutional layers, and 1.22% for three convolutional
layers. All those results are inferior when compared with 0.23%, which is the lowest (best) error
rate reported in the literature (CIREGAN; MEIER; SCHMIDHUBER, 2012). Despite such error
rate, we believe our result is still relevant and close to others, such as Hinton and Salakhutdinov
(2006) that reached 1.25%, confirming again that IFNN provides an adequate estimation to
design simpler CNN architectures. Besides our approach did not outperform the state-of-the-art
results, it is worth to remind that other architectures are much deeper and, therefore, more
complex than the ones we found using IFNN. For example, the MCDNN used by Ciregan, Meier
and Schmidhuber (2012), which is composed of 35 CNNs, and the DBN applied by Hinton and
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Table 10 – Summary of error rates for the five dataset considered throughout experiments (sorted by error
rates). They were obtained with CNNs parametrized using IFNN and the ones reported in
the literature, including authors and their techniques. in an attempt to simplify the notation,
just the best result obtained by IFNN is presented (CNN+IFNN), in which the architecture
with a single convolutional layer is represent by 1C, two convolutional layers by 2C, and
three convolutional layers by 3C. Results involving the image preprocessing stage (PP) were
included.

Dataset Proposal Error Rate

CMU Face Images
CNN+IFNN (1C) 0.54%

Teller and Veloso (1995) (Genetic Program) 8.00%

CMU Face Images (eyes)
CNN+IFNN (2C) 1.62%

Zhu et al. (2016) (CNN) 5.68%

MNIST

Ciregan, Meier and Schmidhuber (2012) (MCDNN) 0.23%
Goodfellow et al. (2013) (Maxout + Dropout) 0.45%
LeCun et al. (1999) (LeNet-4 + distorted data) 0.70%

Srivastava et al. (2014) (DBN + Dropout) 0.79%
LeCun et al. (1999) (LeNet-5 + distorted data) 0.80%

LeCun et al. (1999) (LeNet-5) 0.95%
Hinton and Salakhutdinov (2006) (DBN) 1.25%

CNN+IFNN (3C) 1.74%

CIFAR-10

Goodfellow et al. (2013) (Maxout + Dropout) 9.38%
Ciregan, Meier and Schmidhuber (2012) (MCDNN) 11.21%

Srivastava et al. (2014) (CNN + Dropout) 12.61%
Coates and Ng (2011) (3-CNN + SVM) 18.00%
Coates and Ng (2011) (1-CNN + SVM) 19.40%

Krizhevsky (2010) (DBN) 21.10%
CNN+IFNN (2C) 28.44%

PP+CNN+IFNN (3C) 33.13%

COIL-100

CNN+IFNN (2C) 0.28%
Hassairi, Ejbali and Zaied (2015) (DCWN) 0.8%

Yang, Roth and Ahuja (2000) (SNoW) 7.69%
Zou et al. (2012) (NN + PCA) 13%

GTSRB
Ciregan, Meier and Schmidhuber (2012) (MCDNN) 0.54%

Sermanet and LeCun (2011) (MS-CNN) 0.83%
PP+CNN+IFNN (1C) 10.52%

CNN+IFNN (3C) 11.78%

Salakhutdinov (2006), composed of 5 layers with more than 500 units (see Section 5.2.1).

In the same direction, a Deep Convolutional Wavelet Network (DCWN) was employed
by Hassairi, Ejbali and Zaied (2015), reporting an error rate equals to 0.8% for the COIL-100
dataset. The DCWN architecture was built up using a more complex configuration in conjunction
with wavelet layers. On the other hand, IFNN estimation provided 0.28% as error rate with
a CNN composed of a single convolutional and max-pooling layers, significantly improving
the classification results and again confirming IFNN supports the detection of common image
patterns in order to provide the network estimation also for object recognition tasks.
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The CIFAR-10 dataset also involves the task of object recognition, but it is more complex,
since it was not created under a controlled environment such as COIL-100. In addition, it contains
colorful backgrounds. The CNN with two convolutional layers configured with IFNN achieved an
error rate of 28.44%, while the best error rate reported on literature is 9.38% (GOODFELLOW et

al., 2013) in which a CNN composed of 2 layers with 1,200 units is used. Based on those results,
it is possible to observe that CIFAR-10 requires a more complex model to extract more relevant
features. On the other hand, our result is still very close to others reported in the literature, such
as 21.10% obtained by Krizhevsky (2010), in which a DBN with 2 layers and 1,024 units each
is used.

In the context of GTSRB, the lowest (best) error rate provided on literature is 0.54%
by Ciregan, Meier and Schmidhuber (2012), while a 3-convolutional-layer CNN configured
with IFNN produced an error rate equals to 11.78%. Despite the unsatisfactory results achieved
for CIFAR-10 and GTSRB, our classification performances are still good when considering
the usage of simple CNN architectures, indicating that IFNN supports the estimation of the
convolutional mask sizes and the number of units per layer.

Finally, those results confirm that a well parametrized shallow CNN architectures can lead
to satisfactory classification performances even for different application domains. In summary,
according to the experiments, IFNN provided adequate parameters, showing it is possible to
reach good accuracies with a simpler CNN architecture, saving processing time and computer
resources. In addition, shallow networks provide stronger convergence guarantees, since they
present smaller Shattering coefficients, therefore requiring less input examples to ensure learning
bounds (see Chapter 6).

5.5 Final Considerations
In this chapter, we reported experimental results to support the assessment of the IFNN

method proposed in this PhD thesis. IFNN was designed to support the estimation of the
convolutional mask sizes and the number of units per CNN layer. Five datasets were analyzed,
including handwritten digits, face detection, and the object recognition task. The state-of-the-art
methods from the literature were compared as baseline to our results. Besides some unsatisfactory
results, IFNN has confirmed a good parameter estimation for the CNN convolutional layers,
independently on the label or the problem domain. That confirms IFNN supports the design of
simple and shallow CNNs, producing low as possible error rates, many of them comparable to
the results reported in the literature, which were mostly based on deeper and, therefore, more
complex networks. Moreover, it is worth to mention that IFNN was also employed to design a
CNN architecture to deal with the speech recognition task, bringing relevant improvements to
the classification of phonemes as reported in Shulby et al. (2017).
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CHAPTER

6
ON THE CONVERGENCE OF

CONVOLUTIONAL NEURAL NETWORKS

6.1 Initial Considerations

The demonstration of learning convergence of Convolutional Neural Networks (CNN)
was formulated based on the Statistical Learning Theory (SLT) (LUXBURG; SCHÖLKOPF,
2011; MELLO; PONTI, 2018), supporting to estimate the minimal sample sizes required to
train different architectures. This is specially interesting and relevant in the context of this thesis,
given we intend to design simpler CNN architectures with the support of the Image-based False
Nearest Neighbors (IFNN) method (FERREIRA et al., 2018). At first, we introduce the main
concepts of the SLT in this chapter, then formulate the Shattering coefficient to characterize
the bias imposed by architectures/algorithms, i.e. the complexity of the space of admissible
functions (MELLO; PONTI; FERREIRA, 2018).

6.2 Statistic Learning Theory

The Statistical Learning Theory (SLT) provides the theoretical foundation for supervised
machine learning whose main objective is to induce some classification/regression function
f : X → Y , given training pairs (xi,yi) ∈ (X ,Y ) are independently and identically sampled
from the joint probability distribution P(X ×Y ). On the other hand, the unsupervised learning
scenario considers input data without the labeling information, so that they are partitioned
(clustering) according to space similarities. For more details on theoretical frameworks for this
second branch, please refer to (CARLSSON; MÃŠMOLI, 2010).

In order to proceed with the theoretical guarantees for supervised learning, SLT assumes
the following: i) the joint probability distribution P(X ×Y ) has no restriction, differing from
other theories (ROSENBLATT, 1956) that require P to belong to a specific family (e.g. Normal,
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Poisson, etc.); ii) data may assume nondeterministic labels, i.e. two equal examples xi = x j can
have different labels due to noise imposed by supervision; iii) examples must be independent
from each other, therefore xi does not influence in the probability of sampling a next element
xi+n,∀n; iv) P must be fixed/static, thus it cannot change along time 1; and, finally, v) P is
unknown at the training stage, therefore the only way of estimating it is by accessing samples
from such distribution.

In this context, a supervised algorithm must induce some function f that minimizes the
classification error for a specific learning task. As such algorithm may produce any classifier
in some space F , here referred to as algorithm bias, it is necessary some measure to evaluate
their relative performances. A loss function `(·) is then used to quantify the classification error
for some example. Equation 6.1 defines the squared-error loss function (the most typical), in
which xi corresponds to the example (its attributes), yi is the expected (correct) label, and f (xi)

is a classifier/regressor that outputs the label information for xi.

`(xi,yi, f (xi)) = (yi− f (xi))
2 (6.1)

In addition, the loss function is used to compute the expected risk R( f ) for supervised
learning algorithms, as defined in Equation 6.2, considering every possible input in X and its
respective output in Y . Observe this equation requires full knowledge about the joint probability
distribution P(X ×Y ), consequently it can only be computed when both sets X and Y have a
finite number of possibilities. However, this is not the situation found in real-world scenarios,
specially when example attributes are defined in terms of the continuity, such as in the real line
R.

R( f ) = E(`(X ,Y , f (X )) (6.2)

Given R( f ) is not computable for real-world problems, SLT can somehow rely on the
empirical risk Remp( f ) to ensure learning bounds, since this last term only requires some sample
zn = {(x1,y1), . . . ,(xn,yn}) ∈X ×Y , as defined in Equation 6.3.

Remp( f ) =
1
n

n

∑
i=1

`(xi,yi, f (xi)) (6.3)

Therefore, the main goal of SLT is to ensure that any function f : X → Y has the
empirical risk Remp( f ) as a good estimator of the expected risk R( f ), so that one can select
the best f ∈F (Equation 6.4) by simply assessing a computable quantity what is referred to
as the Empirical Risk Minimization Principle (ERMP) (LUXBURG; SCHÖLKOPF, 2011).

1 This is a very important assumption to ensure learning, besides several studies disregard it while
addressing data samples from time series, data streams and other time-dependent scenarios (MELLO;
PONTI, 2018).
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However, ERMP can be inconsistent, depending on the learning algorithm used. For example,
considering a learning algorithm that just memorizes the training set and assigns random values
to unseen examples, the obtained empirical risk Remp( f ) will be zero, since all examples were
memorized. In the meantime, the expected risk R( f ) will be large, because the algorithm has a
random behavior for unseen examples. In this case, ERMP is inconsistent due to the empirical
risk Remp( f ) does not converge to the expected risk R( f ) when n is large enough.

fn = arg min
f∈F

Remp( f ) (6.4)

One way to avoid the ERMP inconsistency is by checking if the set of all classifiers in
F reduces the difference ε between Remp( f ) and R( f ) while n tends to infinity, as defined in
Equation 6.5.

|Remp( f )−R( f )|> ε (6.5)

ERMP is formulated on top of the Law of Large Numbers (LLN) defined in Equation 6.6,
which ensures the average value of any independent and identically distributed random variable
ξi sampled from any (fixed) probability distribution P converges to the expected value as the
sample size tends to infinite. The need for some independent and identically distributed random
variable comes directly from the LLN, while the static/fixed joint probability distribution is
necessary to ensure convergence as samples are collected. The remaining assumptions were
defined to support general-purpose learning (VAPNIK, 2000).

In sequence, Equation 6.7 is obtained with the application of LLN on top of the empirical
risk Remp( f ), in which the loss function `(·) replaces the random variable ξ of Equation 6.6.

1
n

n

∑
i=1

ξi→ E(ξ ) for n→ ∞ (6.6)

Remp( f ) =
1
n

n

∑
i=1

`(xi,yi, f (xi))→ E(l(x,y, f (x))) = R( f ) for n→ ∞ (6.7)

It is widely known that LLN is upper bounded by Chernoff’s inequality (Equation 6.8),
which is used to provide a measure of how much the empirical mean approximates its expected
value (CHERNOFF, 1952; HOEFFDING, 1963; LUXBURG; SCHÖLKOPF, 2011). In the same
sense, Vapnik (2000) took advantage of such bound (Equation 6.9) to measure how close the
empirical risk Remp( f ) is from the expected risk R( f ), allowing to take theoretical learning
conclusions.

P

(∣∣∣∣∣1n n

∑
i=1

ξi−E(ξ )

∣∣∣∣∣> ε

)
≤ e−2nε2

(6.8)
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P
(∣∣Remp( f )−R( f )|> ε

)
≤ e−2nε2

(6.9)

However, LLN only accepts a function f that is independently selected from the training
sample, what does not happen in practical learning tasks. In order to solve this issue, Vapnik
(2000) considered the worst possible classifier f ∈F provided by some supervised algorithm,
therefore obtaining Equation 6.10 in which sup f∈F corresponds to the worst function in space
F (the supreme measure the greatest divergence between functions Remp( f ) and R( f )).

P(sup
f∈F
|Remp( f )−R( f )|> ε)≤ e−2nε2

(6.10)

In order to demonstrate this solution, consider that all classifiers in F are similar to the
worst classifier, so that:

P(|Remp( f1)−R( f1)|> ε)≤ 2e−nε2

P(|Remp( f2)−R( f2)|> ε)≤ 2e−nε2

...

P(|Remp( fm)−R( fm)|> ε)≤ 2e−nε2
,

in which m is the total number of classifiers. From this system we obtain Equation 6.11 (referred
to as the union bound due to the or operators), from which we derive Equation 6.12 to have the
sum of all terms in the right side.

P(|Remp( f1)−R( f1)|> ε ∨|Remp( f2)−R( f2)|> ε ∨·· ·

∨|Remp( f m)−R( fm)|> ε)≤
m

∑
i=1

P(|Remp( fi)−R( fi)|> ε)
(6.11)

m

∑
i=1

P(|Remp( fi)−R( fi)|> ε)≤
m

∑
i=1

2e−nε2

m

∑
i=1

P(|Remp( fi)−R( fi)|> ε)≤ 2me−nε2
(6.12)

Consequently, Equation 6.13 is a natural result of the previous ones, having m as the
cardinality of the space of admissible functions F as the sample size n is increased, i.e., the
number of classifiers in the algorithm bias, which is referred to as the Shattering coefficient (or
growth function) (VAPNIK; CHERVONENKIS, 2015; MELLO; PONTI, 2018).

P( sup
f∈F
|Remp( f )−R( f )|> ε)≤

m

∑
i=1

P(|Remp( fi)−R( fi)|> ε)≤ 2me−nε2
(6.13)
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From Equation 6.13, Vapnik (2000) formalized the uniform convergence theorem (Equa-
tion 6.14), which is a necessary and enough to provide consistency to the ERMP (VAPNIK;
CHERVONENKIS, 2015; VAPNIK; CHERVONENKIS, 1974). From that, we conclude that
whenever the algorithm bias F is excessively large, such convergence is more difficult to be
satisfied, what is inverse for smaller spaces of functions. In such a context, function space
properties were taken into account to ensure the convergence of both risks formalized in Equa-
tion 6.14 (VAPNIK; CHERVONENKIS, 2015; VAPNIK; CHERVONENKIS, 1974; LUXBURG;
SCHÖLKOPF, 2011). In that sense, the uniform LLN is valid if and only if the number of
functions m is finite and polynomial for a given sample size, producing an enough formalization
for the Shattering coefficient.

P

(
sup
f∈F

∣∣R( f )−Remp( f )
∣∣> ε

)
→ 0 for n→ ∞, ∀ε > 0. (6.14)

As the expected risk R( f ) cannot be computed once it requires all possible examples for
a given classification task, the symmetrization lemma was applied (DEVROYE; GYÖRFI; LU-
GOSI, 1997). Such a lemma employs a ghost sample, i.e. another sample {(x′1,y′1), . . . ,(x′n,y′n)}
from the same joint probability distribution P(X ×Y ), to substitute the expected risk by another
function is terms of an unknown sample (VAPNIK; CHERVONENKIS, 1974; LUXBURG;
SCHÖLKOPF, 2011; VAPNIK, 2000). From that, Vapnik (2000) could use the LLN to represent
the convergence of supervised learning algorithms as follows:

2P( sup
f∈F
|Remp( f )−R( f )|− sup

f∈F
|R′emp( f )−R( f )|> ε)≤ 2{2me−nε2

}

2P( sup
f∈F
|Remp( f )−R( f )|− |R′emp( f )−R( f )|> ε)≤ 2{2me−nε2

}

2P( sup
f∈F

R( f )−Remp( f )−R( f )+R′emp( f )> ε)≤ 2{2me−nε2
}

P( sup
f∈F

R′emp( f )−Remp( f )> ε/2)≤ 2me−n(ε/2)2

P( sup
f∈F

R′emp( f )−Remp( f )> ε/2)≤ 2me−nε2/4,

in which Remp( f )≤ R( f ) once the empirical risk is biased to the training sample so that it will
always produce a lower or equal error measurement. From that, we summarize the union bound
from Equation 6.11 as shown in Equation 6.15.

P

(
sup
f∈F

∣∣R( f )−Remp( f )
∣∣> ε

)
≤ 2me−nε2/4 (6.15)

From Equation 6.15 and the symmetrization lemma, Vapnik (2000) shows that F should
be finite and restricted to two samples each of with size equals to n, so that the number of
different functions should be smaller than 22n. Thus, the Shattering coefficient N (F ,2n) was
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defined to represent the grows in the cardinality of F given two samples with 2n examples in
total, what corresponds to the number of functions that produce different classification results
for a sample with 2n elements, as defined in Equation 6.16 (zn = {(x1,y1), . . . ,(x2n,y2n)} refers
to the examples in those two samples and xi identifies every single example (set of attributes)
from the input space X ).

N (F ,2n) = max{|FZn| | {x1, . . . ,x2n} ∈X } (6.16)

In practical terms, the Shattering coefficient informs us about the number of all possible
(worst case) and different classifications some sample with size 2n has. For example, considering
a binary classification whose labels are +1 and −1, it is possible to segment all those 2n inputs
in at most 22n different ways. However, 22n different classifications is an unlimited bias which
makes learning impossible, therefore the supervised algorithm must provide some bias whose
corresponding growth function results in less than 22n.

Considering the union bound and the Chernoff bound, the uniform convergence bound
was formulated by Vapnik (2000) as defined in Equation 6.17 (VAPNIK; CHERVONENKIS,
1974). ERMP is consistent if and only if the right side term of Equation 6.17 converges to zero
as the sample size tends to infinite, making Equation 6.18 necessary and sufficient to ensure
the consistency of ERMP (LUXBURG; SCHÖLKOPF, 2011; VAPNIK, 2000) (all steps of this
formulation are provided in (MELLO; PONTI, 2018)).

P

(
sup
f∈F

∣∣R( f )−Remp( f )
∣∣> ε

)
≤ 2N (F ,2n)e−nε2/4 (6.17)

lim
n→∞

logN (F ,2n)
n

= 0 (6.18)

Rewritten Equation 6.17, the generalization bound is obtained, which is defined in
Equation 6.19, where δ is greater than zero and represents the right side of Equation 6.17, as
show in Equation 6.20.

R( f )≤ REmp( f )+

√
4
n
(logN (F ,2n))− logδ (6.19)

δ = 2N (F ,2n)e−nε2/4 (6.20)

Based on the union convergence bound and the generalization bound, Vapnik (2000)
formalized the concept of VC (Vapnik-Chervonenkis) dimension, which computes the greatest
sample size for which an algorithm obtains 2n different classifications (remember, this is for
a binary problem) (VAPNIK; CHERVONENKIS, 2015; VAPNIK; CHERVONENKIS, 1974).
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Figure 22 – Illustration of all possible classifications of three points in a 2 dimensional space considering
a single hyperplane. In scenario A, points are collinear so that the single hyperplane is not
enough to produce all 2n different classifications, which is 23 = 8. In scenario B, points are
not collinear so that the single hyperplane provides all distinct classification possibilities.

In that sense, the VC dimension, shown in Equation 6.21, is seen as a capacity measure to the
space of admissible functions F , in which |FZn| is the cardinality of F while classifying some
specific sample zn = {(x1,y1), . . . ,(xn,yn)}, or in other words, the number of functions in F

that are distinguishable provided {x1, . . . ,xn}. If there is no maximum for such equation, the VC
dimension is infinite. According to Vapnik (2000), the ERMP is consistent if and only if the VC
dimension is finite (VAPNIK; CHERVONENKIS, 2015; VAPNIK; CHERVONENKIS, 1974).

VC(F ) = max{n ∈ N | |Fzn |= 2n for some zn} (6.21)

Figures 22 and 23 illustrate the Shattering coefficient, which is a polynomial growth
function that defines the maximum number of different classifications for some sample, being
here defined as nh for some h≥ 1. Figure 22 presents possible classifications performed in some
R2 space by having a single hyperplane, in which the scenario A has three collinear points, and
scenario B has three noncollinear points. In case of scenario A, it is not possible separate the
space in all possible ways as in scenario B that certainly contains 2n different functions. From
that we conclude that having n = 3 in such 2-dimensional space, the VC dimension is at least
equals to 3.

Figure 23 considers a complementary scenario with four noncollinear points and a single
hyperplane. The four points in such space R2 cannot be classified in all distinct 2n possibilities
with a single hyperplane, therefore the VC-dimension is equal to 3. Here, it is important to
mention that if all distinct classifications are possible, the VC dimension is unlimited and no
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Figure 23 – Illustration of all possible classifications of four noncollinear points in a 2 dimensional space

considering a single hyperplane. In this scenario, the hyperplane is not capable of producing
all 2n distinct classifications in form 24 = 16, but 14 instead.

theoretical learning guarantee could be given (that is why the VC dimension is referred to as a
capacity measure for the space F ).

The VC dimension supports a basic characterization for the growth behavior of the Shat-
tering coefficient N (F ,n) (n simply refers to a single data sample), as defined in Equation 6.22
in which d corresponds to the VC dimension of inputs in some Hilbert space H (VAPNIK;
CHERVONENKIS, 2015; LUXBURG; SCHÖLKOPF, 2011; MELLO; PONTI; FERREIRA,
2018). According to Vapnik and Chervonenkis (2015), such equation is valid if n > i, otherwise
the 2n is used 2. All those concepts have been used to formulate a convergence proof for deep
neural networks as discussed in Mello, Ponti and Ferreira (2018), whose complexity is computed
based on the Shattering coefficient (VAPNIK, 2000; LUXBURG; SCHÖLKOPF, 2011; MELLO;
PONTI, 2018).

N (F ,n)≤
d

∑
i=0

(
n
i

)
(6.22)

6.3 Shattering Coefficient of Convolutional Neural Net-
works

The learning convergence of Convolutional Neural Networks (CNN) is here discussed
and analyzed in terms of the Shattering coefficient. Our main motivation is to assess CNN

2 For more information about the VC dimension and Sauer–Shelah’s Lemma see Mello and Ponti (2018),
Sauer (1972) and Vapnik and Chervonenkis (2015).
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architectures estimated after the Image-based False Nearest Neighbors (IFNN) method and
counterpose them to other solutions discussed in the literature. According to the algebraic
formulation provided in Section 3.2.1, the first convolutional layer produces linear hyperplanes
on the input space, corresponding to a linear transformation applied on the embedded space
obtained from input images. The activation function ReLU is computed after the convolution
operation in order to select the most relevant space regions for the next layer, which is typically
a subsampling layer used to summarize features and reduce data dimensions.

In sequence, another convolutional layer is applied on the output space provided by the
previous subsampling layer, producing further linear hyperplanes that create new half-spaces
to perform ReLU and subsampling over again. All this process leads to space divisions that
are directly related to the Shattering coefficient after the SLT (LUXBURG; SCHÖLKOPF,
2011; SCHÖLKOPF; SMOLA, 2002). Such a theoretical framework is responsible for ensuring
learning on supervised scenarios (Section 6.2), having Equation 6.23 as a necessary condition
to guarantee the ERMP consistency, in which the Shattering coefficient N (F ,n) represents
the maximum number of distinct classification functions as the sample size increases (always
considering the worst possible data space organization (SAUER, 1972; MELLO; PONTI, 2018)).

lim
n→∞

logN (F ,n)
n

= 0 (6.23)

The Shattering coefficient of a single unit in a convolutional CNN layer can be ap-
proximated through Equation 6.24 considering any d-dimensional Hilbert space H (VAPNIK;
CHERVONENKIS, 2015; MELLO; PONTI; FERREIRA, 2018), in which d is the dimension
of the input space and n is the sample size, i.e., the number of instances in the training set (see
Section 6.2). Observe that, according to the algebraic formulation in Section 3.2.1, d refers to
the mask size p×q of a convolutional layer (which is represented by m×n in Section 3.2.1),
since it provides the embedding dimension to produce the input space for such layer, therefore
leading to Equation 6.25.

N (F ,n) = 2
d

∑
i=0

(
n
i

)
(6.24)

N (F ,n) = 2
p×q

∑
i=0

(
n
i

)
(6.25)

The Shattering coefficient of a k-unit convolutional layer is defined in Equation 6.26,
having k as the number of hyperplanes (units) of a single convolutional layer. Such power of
binomials corresponds to all possible combinations of the different hyperplanes in the same
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d-dimensional Hilbert space H whose sample size is n.

N (F ,n) = 2

(
p×q

∑
i=0

(
n
i

)k
)

(6.26)

Next, the Shattering coefficient of consecutive convolutional layers is formalized in terms
of the product among the shattering terms of individual layers, as defined in Equation 6.27 in
which L is the total number of convolutional layers, kl corresponds to the number of units at layer
l, and p×ql represents the convolutional mask size at layer l and responsible for setting the
input data dimension d (MELLO; FERREIRA; PONTI, 2017; MELLO; PONTI; FERREIRA,
2018).

N (F ,n) =
L

∏
l=1

(
2

p×ql

∑
i=0

(
n
i

)kl
)

(6.27)

According to this formulation, it is simple to observe that CNN architectures having
less units and layers, also here referred as shallow architectures, converge faster in terms of
Chernoff’s and Hoeffding’s bounds (DEVROYE; GYÖRFI; LUGOSI, 1997; VAPNIK, 2000;
LUXBURG; SCHÖLKOPF, 2011). Equation 6.28 defines the necessary sample size to ensure
learning convergence, in which R( f ) represents the expected risk or the expected value of error
given some loss function in range [0,1] and some Joint Probability Distribution P(X×Y ) (x ∈ X

corresponds to an example and y ∈Y as its corresponding class); Remp is the empirical risk or the
average error produced by some loss function also in range [0,1]; Threshold 0 < ε < 1 indicates
an acceptable divergence limit between risks; F is the set of all admissible functions provided
by a learning algorithm (a.k.a. algorithm bias); and, finally, n is the sample size.

P( sup
f∈F
|R( f )−Remp|> ε)≤ 2N (F ,n)e−nε2/4 (6.28)

From this background, it is possible to analyze the convergence of a CNN architecture
in terms of its convolutional units and number of training examples. Equation 6.29 defines the
generalization probability, in which P(sup f∈F |R( f )−Remp|> ε) corresponds to the probability
that generalization does not occur for some supervised learning algorithm. As demonstrated
by Vapnik (2000), generalization is ensured when N (F ,n)e−nε2/4 converges to zero as n tends
to infinite.

P( sup
f∈F
|R( f )−Remp|> ε)≤ 2

L

∏
l=1

(
2

p×ql

∑
i=0

(
n
i

)kl
)

e−nε2/4 (6.29)

As more units and layers are included in a CNN architecture, more examples are required
to ensure learning to make the right-side term of Equation 6.29 approach zero. The main term
responsible for the convergence behavior is the Shattering coefficient, which might be dominated
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by the other Chernoff terms only after some enough sample size is provided thus leading to
learning convergence. Based on such formulation (VAPNIK, 2000; MELLO; PONTI, 2018), it
is possible to conclude that large and deep CNN architectures require greater sample sizes to
ensure learning bounds, and, consequently, to produce good classification results.

6.3.1 Computing Shattering Coefficients

The theoretical formalization discussed in Section 6.3 confirms the need of designing
simpler but still enough CNN architectures. In this context, the Shattering coefficient indicates the
complexity of the algorithm bias, which permits to measure the complexity of CNN architectures
obtained after IFNN as others proposed in the literature. In addition, Equation 6.29 can be used
to analyze the convergence of those networks, making evident the minimal number of examples
necessary to ensure learning guarantees according to the SLT.

As discussed in Section 5.4 (Table 8), three CNN architectures were designed using
IFNN on top of each dataset. Equation 6.27 is then used to formulate the Shattering coefficient
of those CNNs. Table 11 summarizes those growth functions (remember CMU is classified
considering two different learning tasks, consequently two different architectures are listed).

Finally, we compare the Shattering coefficients of CNNs designed with IFNN against
other architectures from the literature, from which we conclude IFNN helps designing simpler
and considerably efficient CNN architectures. Table 12 lists the growth functions of our best
architectures, i.e. with the lowest error rates, for the five datasets under analysis (for more infor-
mation, see Section 5.4) as well as for the most prominent architectures from the literature (listed
in Table 8 3). It is worth to mention that three of the literature architectures were suppressed of
this analysis, given they were not clearly described in the corresponding seminal papers (HAS-
SAIRI; EJBALI; ZAIED, 2015; ZOU et al., 2012; SERMANET; LECUN, 2011). In addition,
the Shattering coefficient was only computed for the convolutional layers, being therefore a
lower-bound approximation, once those architectures may also be composed of fully-connected
layer or Support Vector Machines (SVM).

From Equation 6.23, we estimate the minimal number of examples to ensure learning
convergence for CNN architectures, according to the SLT. In practice, Equation 6.30 provides the
enough convergence condition to supervised learning so that we decided to apply it, considering
γ = 0.05 as upper bound or enough approximation to zero 4.

logN (F ,n)
n

≤ γ (6.30)

Table 13 lists the minimal sample sizes to ensure learning for the architectures described
in Table 12, including their respective error rates. Remembering that the shattering coefficient of

3 Each architecture from the literature is described in Section 5.2.1.
4 Zero is only obtained in the limit of such a function, i.e., when n goes to infinity.
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Table 11 – Shattering coefficients of CNN architectures designed after applying IFNN on all datasets
under analyses – for more information, see Section 5.4 (Table 8).

Datasets
Conv.

Layers N (F ,n)

CMU
1 2

(
∑

25
i=0
(n

i
)13
)

2 4
(

∑
25
i=0
(n

i

)13
)
×
(

∑
9
i=0
(n

i

)12
)

3 8
(

∑
25
i=0
(n

i

)13
)
×
(

∑
9
i=0
(n

i

)12
)
×
(

∑
6
i=0
(n

i

)29
)

CMU (eyes)
1 2

(
∑

14
i=0
(n

i

)9
)

2 4
(

∑
14
i=0
(n

i
)9
)
×
(

∑
36
i=0
(n

i
)7
)

3 8
(

∑
14
i=0
(n

i

)9
)
×
(

∑
36
i=0
(n

i

)7
)
×
(

∑
12
i=0
(n

i

)8
)

MNIST
1 2

(
∑

80
i=0
(n

i

)9
)

2 4
(

∑
80
i=0
(n

i

)9
)
×
(

∑
36
i=0
(n

i

)7
)

3 8
(

∑
80
i=0
(n

i
)9
)
×
(

∑
36
i=0
(n

i
)7
)
×
(

∑
18
i=0
(n

i
)6
)

CIFAR-10
1 2

(
∑

30
i=0
(n

i

)23
)

2 4
(

∑
30
i=0
(n

i
)23
)
×
(

∑
100
i=0
(n

i
)23
)

3 8
(

∑
30
i=0
(n

i

)23
)
×
(

∑
100
i=0
(n

i

)23
)
×
(

∑
20
i=0
(n

i

)9
)

COIL-100
1 2

(
∑

117
i=0
(n

i

)40
)

2 4
(

∑
117
i=0
(n

i
)40
)
×
(

∑
20
i=0
(n

i
)11
)

3 8
(

∑
117
i=0
(n

i

)40
)
×
(

∑
20
i=0
(n

i

)11
)
×
(

∑
20
i=0
(n

i

)6
)

GTSRB
1 2

(
∑

36
i=0
(n

i

)26
)

2 4
(

∑
36
i=0
(n

i

)26
)
×
(

∑
14
i=0
(n

i

)22
)

3 8
(

∑
36
i=0
(n

i
)26
)
×
(

∑
14
i=0
(n

i
)22
)
×
(

∑
24
i=0
(n

i
)9
)

those architectures was estimated considering only convolutional layers, discarding other layers
with adaptable parameters, such as the fully-connected ones. In fact, most of the architectures
from the literature include fully-connected layers to improve results, what increases the complex-
ity of the architecture bias and, consequently, the sample sizes required to ensure learning. In our
experiments, just one fully-connected layer was added in order to proceed with the classification.

After obtaining the results listed in this section, we conclude that CNN architectures
designed with the aid of IFNN are indeed simpler than the others proposed in literature, that
simplicity is directly related to a smaller space of admissible functions and, consequently, to less
variance (we suggest the study of the Bias-Variance Dilemma for a better understanding (MELLO;
PONTI, 2018)). In spite of that, the number of examples available in training sets were not
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Table 12 – Shattering coefficients of the CNN architectures listed in Table 10 (see Section 5.4). Some
architectures were suppressed from this analysis, once they were not sufficiently detailed in
their seminal papers.

Dataset - Proposal N (F ,n)

CMU - CNN+IFNN (1C) 2
(

∑
25
i=0
(n

i

)13
)

CMU (eyes) - CNN+IFNN (2C) 4
(

∑
14
i=0
(n

i

)9
)
×
(

∑
36
i=0
(n

i

)7
)

MNIST - CNN+IFNN (3C) 8
(

∑
80
i=0
(n

i

)9
)
×
(

∑
36
i=0
(n

i

)7
)
×
(

∑
18
i=0
(n

i

)6
)

CIFAR-10 - CNN+IFNN (2C) 4
(

∑
30
i=0
(n

i

)23
)
×
(

∑
100
i=0
(n

i

)23
)

COIL-100 - CNN+IFNN (2C) 4
(

∑
117
i=0
(n

i

)40
)
×
(

∑
20
i=0
(n

i

)11
)

GTSRB - CNN+IFNN (3C) 8
(

∑
36
i=0
(n

i

)26
)
×
(

∑
14
i=0
(n

i

)22
)
×
(

∑
24
i=0
(n

i

)9
)

CMU (eyes) - Zhu et al. (2016) (CNN)
16
(

∑
4
i=0
(n

i

)96
)
×
(

∑
4
i=0
(n

i

)192
)
×(

∑
4
i=0
(n

i

)256
)
×
(

∑
4
i=0
(n

i

)384
)

MNIST - LeCun et al. (1999) (LeNet-4)
8
(

∑
4
i=0
(n

i

)6
)
×
(

∑
4
i=0
(n

i

)16
)
×(

∑
4
i=0
(n

i

)120
)

MNIST - LeCun et al. (1999) (LeNet-5)
8
(

∑
25
i=0
(n

i

)6
)
×
(

∑
25
i=0
(n

i

)16
)
×(

∑
25
i=0
(n

i

)120
)

MNIST/CIFAR-10 - Goodfellow et al. (2013)
(Maxout + Dropout) 8

(
∑

9
i=0
(n

i

)64
)3

CIFAR-10 - Srivastava et al. (2014) (CNN +
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Table 13 – Minimal sample sizes to ensure learning for the CNN architectures listed in Table 12. Values are
sorted according to the complexity of Shattering coefficients (architectures requiring smaller
samples are considered less complexes). Moreover, we provide the size of training sets and
their corresponding error rates (computed using Tables 10 and 2 – see Section 5.4).

Datasets (Sample Size) Proposal Sample Size n Error Rate
CMU (640) CNN+IFNN (1C) 5.5997×104 0.54%

CMU (eyes) (640)
CNN+IFNN (2C) 6.5986×104 1.62%
Zhu et al. (2016) 9.64013×105 5.68%

MNIST (70,000)

LeCun et al. (1999) 1.24271×105 0.70%
CNN+IFNN (3C) 1.96251×105 1.74%

Ciregan, Meier and Schmidhuber (2012) 2.71761×105 0.23%
Goodfellow et al. (2013) 3.96364×105 0.45%

LeCun et al. (1999) 8.00404×105 0.80%

CIFAR-10 (60,000)

Goodfellow et al. (2013) 3.96364×105 9.38%
CNN+IFNN (2C) 5.93310×105 28.44%

Ciregan, Meier and Schmidhuber (2012) 2.1719×106 11.21%
Srivastava et al. (2014) 3.02457×106 12.61%
Coates and Ng (2011) 1.60501×107 19.40%
Coates and Ng (2011) 2.48665×107 18.00%

COIL-100 (7,200) CNN+IFNN (2C) 9.88738×105 0.28%

GTSRB (51,739)
PP+CNN+IFNN (3C) 2.93546×105 10.52%

Ciregan, Meier and Schmidhuber (2012) 2.75703×106 0.54%

enough to ensure learning convergence of those architectures, confirming they either require
more data or a different theoretical background to provide learning guarantees.

It is worth to mention that one might consider other options to ensure learning, such
as by increasing training set sizes through the usage of Data Augmentation strategies, or by
reducing even more the complexity of CNN architectures while verifying whether they still
perform satisfactorily, i.e. generalize, on input data.

In summary, simpler CNNs require smaller training set sizes, leading to faster conver-
gences and simultaneously reducing the probability of overfitting as discussed in (MELLO;
PONTI, 2018). Shattering coefficients confirm IFNN supports the design of such type of CNN
architectures, producing simpler architectures while providing adequate parameters to perform
efficient classifications in most scenarios.

6.4 Final Considerations

The main concepts of the SLT are briefly described in this chapter, providing the condi-
tions for which learning convergence is ensured for supervised learning tasks. Next, Shattering
coefficients were used to assess the complexity of CNN architectures, following our algebraic
formulation described in Section 3.2.1. CNN architectures designed with the aid of IFNN were
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confirmed to be the simpler learning models in comparison to others proposed in the literature.
From that, we decided to assess the minimal sample sizes to ensure learning convergence, again
confirming that CNN after IFNN provides smaller spaces of admissible functions so that they
are less prone to overfitting and provide stronger learning guarantees.

Furthermore, we conclude datasets are not large enough to ensure learning for the
evaluated architectures, therefore one should take advantage of other strategies to improve
learning guarantees such as Data Augmentation or the design of even simpler CNNs. In spite of
those controversial conclusions, we could still confirm IFNN supports the design of simpler but
efficient CNN architectures in most scenarios.
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CHAPTER

7
CONCLUSIONS

Deep learning (DL) has confirmed relevant performance results while modeling large
amounts of data from several application domains, having the Convolutional Neural Network
(CNN) as its state-of-art algorithm (COATES et al., 2011; COX; PINTO, 2011; NAKASHIKA
et al., 2012; BERGSTRA; BENGIO, 2012; SERMANET et al., 2014; ZEILER; FERGUS,
2014; CIREGAN; MEIER; SCHMIDHUBER, 2012). CNN architectures are typically built up
using several units organized along consecutive layers, resulting in accurate but yet complex,
empirical and deep models. As several researchers claim, by increasing an architecture size
and thus its inherent complexity, the error is reduced regardless the classification task under
analysis (KRIZHEVSKY; SUTSKEVER; HINTON, 2012; SRIVASTAVA et al., 2014; LECUN;
BENGIO; HINTON, 2015; SZEGEDY et al., 2015; COGSWELL et al., 2016; GOODFELLOW;
BENGIO; COURVILLE, 2016).

In spite of the success of CNNs, they still do not rely on strong theoretical foundations
to ensure learning bounds nor count on formal methodologies to support the design of their
architectures, what is typically performed using trial-and-error strategies (see Section 5.2.1). In
order to exemplify, most researchers have proposed approaches to assess CNN architectures
using evolutionary computing, from which they select some setting after training all candidate
solutions. Of course this is a very resource demanding process, being also highly dependent on
the candidate hyperparameters (e.g. training rate, momentum, etc.) (GARRO; VÁZQUEZ, 2015;
YOUNG et al., 2015; ALBELWI; MAHMOOD, 2017). Such an empirical process in conjunction
with the lack of theoretical understanding about the CNN learning motivated this PhD thesis,
which introduces a new method to design CNN architectures taking advantage of Dynamical
Systems concepts.

In this context, we decided to implement the forward process of the CNN algorithm
from scratch, allowing to understand its steps and complement our knowledge. In addition, we
implemented a Multilayer Perceptron (MLP) with Dropout to study the impact of regularization
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terms during learning 1. Those implementations supported the development of the algebraic
formulation detailed in Section 3.2.1, which comprises the first contribution of this thesis.
Such formulation demonstrates that CNNs apply linear transformations at every convolutional
layer right after some space embedding, i.e. the same Dynamical System concept used to deal
with time-dependent data. In that sense, we decided to design the Image-based False Nearest
Neighbors (IFNN), a tool based on the False Nearest Neighbors (FNN) (KENNEL; BROWN;
ABARBANEL, 1992), to embed images in adequate input spaces so they provide as much
information as possible when processed by CNNs (see Section 4.2).

IFNN was initially designed to estimate convolutional mask sizes for single-layer CNNs,
which are responsible for embedding input images into new spaces before applying the linear
transformations. Motivated by the space reconstructions of time-dependent data as provided by
FNN, IFNN detects data recurrences on local regions of images in order to design CNN architec-
tures (see Section 4.3). In addition, IFNN was applied to estimate the number of convolutional
units per CNN layer, being consequently responsible for the codomain dimensionality after linear
transformations (as supported by our algebraic formulation in Section 4.3.1).

According to FNN, when the fraction of false nearest neighbors does not vary sig-
nificantly, one concludes there is some stable codomain to represent data recurrences. This
assumption is also taken by IFNN to identify the best phase space to reconstruct input images
and, thus, represent their recurrences and patterns. Moreover, IFNN does not require the label
information to provide a good estimation for the parameters of convolutional layers, given it
relies on how pixel values form a given input space. This advantage makes possible to apply
IFNN in unsupervised scenarios in an attempt to obtain good data representations. The only
assumption is that the input set provided to IFNN must represent the main dataset patterns, thus
some subset of stratified images would be enough to support an adequate architecture estimation
(see Section 4.3).

Experiments were performed to assess the IFNN method on five different datasets, whose
results confirm that the CNNs designed after IFNN produce similar accuracies to other complex
DL architectures from the literature (Section 5.4), supporting our conclusion that IFNN provides
a fair parameter estimation for specific tasks. Additional experiments confirm a correlation
of convolutional mask sizes and their corresponding accuracies, as discussed in Section 4.3,
indicating that the CNN design after IFNN provides enough relevant features to perform a proper
classifications.

In addition, the CNN architectures built up with the aid of IFNN are simpler than the
ones usually employed in the literature (see Section 6.3.1), showing that shallow architectures
can also be enough to classify input data under different scenarios. From the results discussed in
Sections 5.4 and 6.3.1, we conclude that IFNN supports the design of shallow but still efficient
CNN architectures that are faster to train and provide greater learning guarantees. Despite the

1 Source codes are available at <https://github.com/marthadais/studyForwardCNN.git>

https://github.com/marthadais/studyForwardCNN.git
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good results of our approach, the number of units estimated per layer seems to be insufficient to
model more complex datasets. However, for the most scenarios under analysis, IFNN adequately
estimated the number of units per layer once the results did not vary significantly as the number
of units increased.

In summary, our two main contributions, to mention the IFNN method and the algebraic
formulation, support the design of CNN architectures according to a framework instead of
a trial-and-error strategy, as published in Ferreira et al. (2018). The source codes comprise
a complementary contribution to future studies, which are available at <https://github.com/
marthadais/Estimate-Parameters>. It is worth to mention that the IFNN method improved the
classification of phonemes in the speech recognition task, as reported in Shulby et al. (2017).
In such a circumstance, IFNN allowed us to build up simpler and enough architectures while
compared to deep and complex models from the literature, which did not have any design
justification. Lastly, studies using SLT concepts were presented in Mello, Ferreira and Ponti
(2017) and Mello, Ponti and Ferreira (2018) in order to provide some theoretical learning
guarantees for CNNs, leading to theoretical formulations in acoustic modeling as reported
in Shulby et al. (2019).

7.1 Future Work
Considering that the IFNN estimation does not provide yet the most adequate number

of units per convolutional layer, an extension of this work must still be developed. From this
conclusion, we decided to perform some additional experiments as discussed in Appendix A,
which brings up an initial study on the CNN generalization capacity according to the number of
units and layers using the CIFAR-10 dataset. Nevertheless, such set of experiments is not enough
yet to properly decide on the number of layers, their operation types and their sequences, thus
leading to an open problem. Image aspects, such as color and size, and preprocessing also need
to be investigate in order to improve CNN results, as indicated by experiments.

Furthermore, IFNN can be extended to estimate an adequate pooling mask size to
compute the image reduction; and it can also be adapted to support an adequate CNN architecture
for video analysis, which comprises time-dependent data. Techniques to estimate adequate
time delays from the Dynamical System area can also be studied to support the estimate of
convolutional and pooling strides, leading to most adequate CNN architectures from datasets.
Finally, we have been still studying the adequate estimation of CNN complexities, which would
lead us to compute better approximations for the Shattering coefficient, so that theoretical
learning guarantees could be provided while analyzing CNN models (MELLO; FERREIRA;
PONTI, 2017; MELLO; PONTI; FERREIRA, 2018).

https://github.com/marthadais/Estimate-Parameters
https://github.com/marthadais/Estimate-Parameters
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APPENDIX

A
STUDYING THE GENERALIZATION OF

CONVOLUTIONAL NEURAL NETWORKS

This appendix presents additional experiments on the CIFAR-10 dataset, complementing
Section 5.4. Such experiments were necessary due to issues observed in this challenging object
recognition dataset composed of 32×32 tiny colored images with complex structures. Additional
experiments were performed to analyze the generalization of Convolutional Neural Networks
(CNN) while the number of CNN units per convolutional layer was increased. In such situation,
the CNN was executed with a learning rate equals to 0.001, a momentum of 0.9, weight decay
as 0.004, the convolutional mask size was set to 6×5, and subsampling was configured with
3×3 along 80,000 iterations.

According to Statistical Learning Theory (SLT), the generalization is given by the
difference between the expected and the empirical risks. As the expected risk requires all
possible samples to be calculated, which are infinite for most real-world scenarios, it can be
represented by another empirical risk computed on a ghost sample given the Symmetrization
Lemma (LUXBURG; SCHÖLKOPF, 2011; DEVROYE; GYÖRFI; LUGOSI, 1997). In that
scenario, two different independent samples are considered, but having the same sizes. One
might associate the first sample to the training set and the second, or the ghost sample, to the test
set, what is indeed a simpler manner of interpreting the whole formulation after the SLT. In our
scenarios, training and test sets were build up with 10,000 different and independent images to
obtain a fair divergence between them which expresses the generalization itself (for more details
please refer to Section 6.2).

The learning generalization capacities of four CNN architectures under two subsampling
strategies were analyzed while incrementing the number of convolutional units, having mask
sizes parametrized by IFNN. In this scenario, the IFNN mask-size estimation performed at the
first convolutional layer (6×5) was also employed on the additional ones, while analyzing the
CIFAR-10 training set (see Section 5.3). Error rates and the difference among empirical risks (an
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estimation of the generalization capacity (MELLO; PONTI, 2018)) are illustrated from Figure 24
to 36 in terms of each CNN setting. The y-axis of those figures corresponds to the error rate
and the x-axis is associated with the number of convolutional units at the first layer. Each curve
represents a snapshot under different numbers of iterations: 40,000, 50,000, 60,000, 70,000,
and 80,000.

The first architecture was composed of a single convolutional layer without subsampling
whose results are presented in Figure 24, increasing the number of units up to 200 with a step of
10. Figures 25 and 26 illustrate the results for the same architecture but adding a subsampling
layer. Figure 25 is associated to a network architecture with a max-pooling layer right after the
convolutional one, while Figure 26 is resultant from an average-pooling layer.
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(c) Error divergences.

Figure 24 – Estimating the generalization capacity of a single-convolutional-layer CNN by measuring the
divergence among empirical risks while varying the number of units in range [10,200] with
steps of 10.
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Figure 25 – Estimating the generalization capacity of a single-convolutional-layer CNN composed with
max-pooling subsampling in order to measure the divergence among empirical risks while
varying the number of convolutional units in range [10,200] with steps of 10.

The architecture without the subsampling layer produced a soon effect of overfitting
which just after 40,000 iterations achieved empirical risk divergences greater than 0.4 (40%),
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Figure 26 – Estimating the generalization capacity of a single-convolutional-layer CNN composed with
average-pooling subsampling in order to measure the divergence among empirical risks while
varying the number of convolutional units in range [10,200] with steps of 10.

meaning generalization was jeopardized. In case of architectures under subsampling, max
and average-pooling layers improved the learning generalization for CIFAR-10, thus avoiding
overfitting. The CNN with average-pooling (Figure 26) produced a better generalization, being
around 0.15 for most of the units assessed. In addition, we expected the presence of overfitting
while the number of units was incremented, resultant from error divergences between training
and test sets. However, errors were somehow stable, thus indicating the need of more units to
reach such perturbation threshold or even more layers.

Next, architectures with two convolutional layers were evaluated in order to observe
changes in the network complexity. According to Mallat (2016), an adequate number of units
in a hidden layer is associated to the number of units at a previous layer but multiplied by a
power of 2, once the CNN multilayer structure is similar to the multiresolution filtering designed
using the Wavelet transform (MALLAT, 1999). Considering this assumption, we defined the
number of units at the second convolutional layer to be equal to the number of units at the first
but multiplied by 2.

Figure 27 presents the error rate obtained for an architecture composed of two convolu-
tional layers without subsampling, in which the number of units at the first convolutional layer
increases up to 150 in steps of 10. Figures 28 and 29 illustrate the results for the same network
configuration, but Figure 28 considers an architecture interposed by max-pooling layers, while
Figure 29 takes into account the average subsampling.

The CNN architecture with two convolutional layers without subsampling presents a sim-
ilar behavior to that of a single convolutional layer also with no subsampling. In both scenarios,
overfitting is evident in few iterations what is confirmed by the empirical risk divergence of 0.5.
Such result allows us to conclude that CNN architectures with no subsampling are more prone to
overfitting, i.e., they tend to be unable to generalize, consequently they do not infer adequate
learning models for CIFAR-10.
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Figure 27 – Estimating the generalization capacity of a 2-convolutional-layer CNN without subsampling
in order to measure the divergence among empirical risks while varying the number of
convolutional units at the first layer in range [10,150], in steps of 10, and the following layer
with twice as many units.
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Figure 28 – Estimating the generalization capacity of a 2-convolutional-layer CNN with max-pooling
subsampling in order to measure the divergence among empirical risks while varying the
number of convolutional units at the first layer in range [10,150], in steps of 10, and the
following layer with twice as many units.

In case of CNN with two convolutional layers interposed by max-pooling layers, the
overfitting occurs when the number of units is greater than 30, thus providing a threshold for
the units as formulated in Section 3.2.1. In addition, this threshold confirms our conclusions
drawn in Section 4.3.1 from which the number of units should be equal or smaller than the size
of convolution masks (5×6 = 30) in order to provide the necessary space transformation. The
best result for CIFAR-10 with two convolutional layers was obtained in conjunction with the
average-pooling subsampling, given the divergence among empirical risks is smaller than the
others.

Based on these results, we decided to include some data overlapping along subsampling
layers when two convolutional layers were considered. This approach aims to evaluate the
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Figure 29 – Estimating the generalization capacity of a 2-convolutional-layer CNN with average-pooling
subsampling in order to measure the divergence among empirical risks while varying the
number of convolutional units at the first layer in range [10,150], in steps of 10, and the
following layer with twice as many units.

training behavior in the presence of additional features, increasing the amount of information
manipulated by the network layers. In such scenario, our architectures with 3×3-subsampling
layers and 2×2 stride produced the results illustrated in Figures 30 and 31, in which the number
of units at the first convolutional layer increases up to 100 in steps of 10. Figure 30 illustrates the
results using max-pooling layers and Figure 31 using average-pooling layers. In both cases, the
subsampling overlapping did not improve the generalization capacity, also leading to overfitting.
Such behavior indicates that the network requires features at lower dimensionality, confirming
the subsampling masks need to be properly estimated, something out of the scope of this thesis.
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Figure 30 – Estimating the generalization capacity of a 2-convolutional-layer CNN with an overlapping
of 2×2 in max-pooling subsampling in order to measure the divergence among empirical
risks while varying the number of convolutional units at the first layer in range [10,100], in
steps of 10, and the following layer with twice as many units.

Next, an architecture with three convolutional layers was evaluated, in which the number
of units at the third layer doubles the units at the second one, which contains twice as many
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Figure 31 – Estimating the generalization capacity of a 2-convolutional-layer CNN with an overlapping
of 2×2 in average-pooling subsampling in order to measure the divergence among empirical
risks while varying the number of convolutional units at the first layer in range [10,100], in
steps of 10, and the following layer with twice as many units.

units as the first layer. In this scenario, we did not assess architectures without subsampling
due to the overfitting obtained with previous similar architectures. Figures 32 and 33 present
the results obtained for an architecture composed of three convolutional layers interposed with
subsampling layers, in which Figure 32 corresponds to max-pooling and Figure 33 to average-
pooling subsampling. In both figures, the number of units at the first convolutional layer increases
up to 150, in steps of 10.
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Figure 32 – Estimating the generalization capacity of a 3-convolutional-layer CNN with max-pooling
subsampling in order to measure the divergence among empirical risks while varying the
number of convolutional units at the first layer in range [10,150], in steps of 10, and the
following layers with twice as many units as the previous one.

In addition, CNNs with three convolutional layers were also evaluated using a 2× 2
stride at the subsampling layers. Figure 34 presents the results considering max-pooling and
Figure 31 using average-pooling layers. In both circumstances, the number of units at the first
convolutional layer increases up to 100 in steps of 10.
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Figure 33 – Estimating the generalization capacity of a 3-convolutional-layer CNN with average-pooling
subsampling in order to measure the divergence among empirical risks while varying the
number of convolutional units at the first layer in range [10,150], in steps of 10, and the
following layers with twice as many units as the previous one.
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Figure 34 – Estimating the generalization capacity of a 3-convolutional-layer CNN with an overlapping
of 2×2 in max-pooling subsampling in order to measure the divergence among empirical
risks while varying the number of convolutional units at the first layer in range [10,100], in
steps of 10. Every following layer employs twice as many units as its precedent.

Considering the results obtained for CNNs with three convolutional layers, the error
rates obtained during tests do not show a significant difference while compared to previous
performances. However, the generalization capacity estimated for those architectures gave us
some insights. Both CNN architectures composed of max-pooling subsampling with and without
overlapping present a poor generalization and overfitting performances, as expected according to
previous results. In addition, the overlapping while using max-pooling accelerated the occurrence
of overfitting, which happened with few units.

On the other hand, both architectures composed of average-pooling layers with and
without overlapping avoided overfitting and provided good generalization indices. However,
overlapping has still jeopardized the generalization capacity, confirming such a network requires
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Figure 35 – Estimating the generalization capacity of a 3-convolutional-layer CNN with an overlapping
of 2×2 in average-pooling subsampling in order to measure the divergence among empirical
risks while varying the number of convolutional units at the first layer in range [10,100], in
steps of 10. Every following layer employs twice as many units as its precedent.

features at lower dimensionality to improve classification. Results confirm that average-pooling
is the most adequate subsampling operation to tackle CIFAR-10.

Lastly, one experiment was performed using four convolutional layers interposed with
3×3 average-pooling layers (layers double units as previously seen) with a stride of 2×2, as
reported in Figure 36. The number of units in the first layer was increased up to 100, in steps
of 10. It is worth to mention that we decided to employ overlapping once the setting with four
consecutive subsampling layers has excessively reduced the dimensionality of features and also
because such operation did not significantly jeopardize results.

In this scenario, architectures with four convolutional layers present a good generalization
capacity, however results were very similar to the ones obtained with three convolutional layers
in conjunction with average-pooling, suggesting CIFAR-10 may require other operations, such
as layer types, or different parameters to improve the classification performance.

In summary, we observed that CIFAR-10 requires more units than estimated by IFNN
and most probably more layers. Even so, in the most architecture settings, generalization is fairly
stable after 60 units at the first convolutional layer, confirming the possibility of estimating such
number but using a different strategy. CIFAR-10 also provided better convergence guarantees
with the use of the average-pooling subsampling (it somehow avoided overfitting). Such aspect
shows that CNNs still require additional studies and analysis on subsampling components, such
as the operation itself, the mask and stride sizes, once they all impact generalization. Finally,
the overlapping operation applied on the subsampling layer did not significantly jeopardize the
overall results, given it kept and passed along more information for next layers, thus considering
a slow reduction in the dimensionality of features.
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(c) Error divergences.

Figure 36 – Estimating the generalization capacity of a 4-convolutional-layer CNN with an overlapping
of 2×2 in average-pooling subsampling in order to measure the divergence among empirical
risks while varying the number of convolutional units at the first layer in range [10,100], in
steps of 10. Every following layer employs twice as many units as its precedent.
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