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RESUMO

MEACCI, L. Um modelo de dois componentes da membrana dos glóbulos vermelhos e
outros modelos matemáticos na medicina. 2021. 265 p. Tese (Doutorado em Ciências –
Ciências de Computação e Matemática Computacional) – Instituto de Ciências Matemáticas e
de Computação, Universidade de São Paulo, São Carlos – SP, 2021.

Esta tese consiste na apresentação de uma série de artigos para a definição de um modelo
matemático original de dois componentes para a membrana dos glóbulos vermelhos. O modelo,
inspirado nos melhores modelos disponíveis atualmente, considera o citoesqueleto como uma
estrutura elástica não linear discreta. A novidade do trabalho proposto é acoplar esse esqueleto
com modelos contínuos ao invés dos modelos discretos mais comuns (dinâmica molecular,
métodos de partículas) da bicamada lipídica. A interação do citoesqueleto sólido com a bicamada,
que é um fluido bidimensional, é feita por meio de forças de adesão adaptando algoritmos de
adesão sólido-sólido eficientes. O tratamento contínuo das partes do fluido é bem justificado por
argumentos de escala e leva a problemas numéricos muito mais estáveis e precisos quando, como
é o caso, o tamanho das moléculas (0.3nm) é muito menor do que o tamanho geral ( ' 8000nm).
A versão mais avançada do modelo também leva em consideração a contribuição do citosol,
modelado como um fluido interno obedecendo a um comportamento Newtoniano.

A formulação computacional do modelo pode ser usada para estudar o comportamento normal
e patológico dos glóbulos vermelhos em processos transitórios lentos. Nos artigos, muitas
simulações e aplicações são mostradas. Uma certa atenção foi dada para apresentar a boa postura
matemática do modelo.

O trabalho de tese foi realizado no âmbito de atividade de pesquisa de apoio ao Instituto Nacional
de Ciência e Tecnologia em Medicina Assistida por Computação Científica (INCT - MACC)
do Brasil. O documento contém artigos adicionais publicados contendo novas propostas de
modelos matemáticos com aplicações relevantes na medicina. Esses tópicos adicionais lidam
com a manipulação e controle ótimo de partículas em micro-fluidos, a modelagem de progresso
e tratamento de doenças como câncer com a presença de células-tronco cancerosas e doença de
Alzheimer, e um modelo epidemiológico sobre a propagação do COVID-19 que simula a reação
social devido à fadiga pandêmica.

Palavras-chave: Glóbulo vermelho, Modelagem matemática, Mecânica biológica dos fluidos,
Membrana lipídica, Citoesqueleto, Interações fluido-sólido, Simulações numéricas, Controle
ótimo, Manipulação de partículas, Células-tronco cancerosas, Doença de Alzheimer, COVID-19,
Fadiga pandêmica.





ABSTRACT

MEACCI, L. A two-component model of the red blood cell membrane and other mathema-
tical models in medicine. 2021. 265 p. Tese (Doutorado em Ciências – Ciências de Computação
e Matemática Computacional) – Instituto de Ciências Matemáticas e de Computação, Universi-
dade de São Paulo, São Carlos – SP, 2021.

This thesis consists in the presentation of a series of papers for the definition of an original
two-component mathematical model for the red blood cell membrane. The model, inspired by
the best models currently available, considers the cytoskeleton as a discrete non-linear elastic
structure. The novelty of the proposed work is to couple this skeleton with continuum models
instead of the more common discrete models (molecular dynamics, particle methods) of the lipid
bilayer. The interaction of the solid cytoskeleton with the bilayer, which is a two-dimensional
fluid, is done through adhesion forces adapting efficient solid-solid adhesion algorithms. The
continuous treatment of the fluid parts is well justified by scale arguments and leads to much
more stable and precise numerical problems when, as is the case, the size of the molecules
(0.3nm) is much smaller than the overall size (' 8000nm). The most advanced version of the
model also takes into account the contribution of the cytosol, modeled as an internal fluid obeying
a Newtonian behaviour.

The computational formulation of the model can be used to study normal and pathological
behavior of red blood cells in slow transient processes. In the papers, many simulations and
applications are shown. A certain attention was done to present the mathematical well-posedness
of the model.

The thesis work was conducted within research activity supporting the National Institute of
Science and Technology in Medicine Assisted by Scientific Computing (INCT – MACC) of
Brazil. The document contains additional published papers containing new proposals of math-
ematical models with relevant applications in medicine. These additional topics concern the
manipulation and optimal control of particles in micro-fluids, the modeling of progress and
treatment of diseases such as cancer with the presence of cancer stem cells and Alzheimer’s
disease, and an epidemiological model on the COVID-19 spread that mimics the social reaction
due to pandemic fatigue.

Keywords: Red blood cell, Mathematical modeling, Biological fluid mechanics, Lipid mem-
brane, Cytoskeleton, Fluid-solid interactions, Numerical simulations, Optimal control, Particles
manipulation, Cancer stem cells, Alzheimer’s disease, COVID-19, Pandemic fatigue.
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CHAPTER

1
INTRODUCTION

The key role of mathematics in the development of science and technology is an argument
old as the beginning of modern science, with Galileo Galilei who proposed this idea and Isaac
Newton proved it (VÁZQUEZ, 2001). But it is in recent years, also due to the development of
new technologies, that a growing and flourishing interest has specifically focused on the use of
mathematical and computational modeling in life sciences (STEWART, 2011) and medicine
(HOPPENSTEADT; PESKIN, 2013; TAKEUCHI; IWASA; SATO, 2007). These efforts have
accelerated the growth of a new domain of science, with areas of concern that cover all scales
of human biology and pathology, including epidemiology. New challenges arise constantly to
provide rational and mechanistic explanations, as well as solutions in biology and medicine
through the mathematical approach (COVENEY, 2020). On the other hand, the current prospects
encourage to look to the future with confidence with respect to successfully addressing new
problems (BAO et al., 2014) and to understand a “large number of mutually interdependent
complex physiologic networks in the human body and to apply that understanding to maintaining
the functions for which nature designed them”. (WEST, 2014). In this sense, Cohen (2004) said
the now well-known expression the “mathematics is biology’s next microscope, only better”.
This context may lead us to ask the legitimate question proposed by Dale and Mackey (2015):
“Better medicine through mathematics?”

This thesis does not claim to give a comprehensive answer to this question. It proposes
specific solutions to real problems in medicine with new and original contributions largely
already recognized by the scientific community and published in international journals. This
research activity supports the National Institute of Science and Technology in Medicine Assisted
by Scientific Computing (INCT – MACC), with the headquarter in InCor-HCFM USP (the
largest Latin American Center for Cardiovascular Medicine). Since its foundation on November
2008, the INCT - MACC has aimed to to transfer for the Health System innovative medical
applications, within the Brazilian Program of National Institutes of Science and Technology. In
particular, the contents of this thesis, adhere to INCT - MACC mission to conduct and promote
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research and development in the frontier of knowledge in scientific computing and its applications
in medicine, especially the computer modeling and simulation of physiological systems that
comprise the human body. In this line the work of this thesis has the INCT-MACC common
objective to connect, in a consistent manner, areas (medicine+computer science+modeling) that
a priori progress separately and, consequently, to contribute to produce a new area of research in
Brazil.

We addressed problems and phenomena taken from various fields of biology and
medicine, from cell membranes mechanics to COVID-19 spreading, passing from cancer with
stem cells and Alzheimer’s disease treatments. Such results are achieved in the last four years
through the development and strengthening of a network of international collaborations. The
INCT - MACC essence is to foster a lively and fertile environment with internationally renowned
researchers, which can also provide guidance and scientific advice to ensure the project is kept
at the state of the art in terms of scientific computing applied to medicine. For this reason,
besides the main content of this thesis on a new model for the red blood cell membrane, we
present the concretization of other significant works. The author working inside the INCT -
MACC associated Applied Mathematics and Scientific Computing Department (Laboratório de
Matemática Aplicada e Computação Científica) of the Institute of Mathematics and Computer
Sciences (São Carlos Campus, SP) of the University of São Paulo (USP), led by Professor
Gustavo Carlos Buscaglia, has promoted and benefited from the direct cooperation (among
all) of the following persons and institutions: Professor Roberto Federico Ausas (Institute of
Mathematics and Computer Sciences, University of São Paulo, Brazil), Professor Fernando Mut
(Bioengineering Department, George Mason University, USA), Professor Mario Primicerio (De-
partment of Mathematics “U. Dini”, University of Florence, Italy), Professor David Alistair Gray
and Dr. Vincenzo di Bari (School of Biosciences, University of Nottingham, United Kingdom),
Professor Bruno Franchi and Professor Maria Carla Tesi (Department of Mathematics, University
of Bologna, Italy), and Professor Michiel Bertsch (Department of Mathematics, University of
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contents.

1.1 Two-component model of red blood cell membrane

In recent years, a multi-component approach in red blood cell (RBC) mathematical/-
computational modeling has been taking hold as new formulations and techniques have been
introduced. The biological motivation hinges on the same RBC composite architecture. During
its 120 days average life cycle, the RBC is subjected to strong stresses and deformations, as it
traverses the human circulatory system in capillaries of the order of magnitude of its own size.
Its ability to deform and assume the typical biconcave shape again is closely connected with its
physiological function of transporting oxygen to tissues and organs. Hence the need to consider
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the contribution of each component of the erythrocyte structure to simulate the mechanical
behavior exhaustively.

The human RBC physiognomy is rich and complex (LUX, 2016), but could be simplified
for our modeling objectives, as shown in Figure 1. With an average width of 7.5µm and height
of 2µm, the RBC is surrounded by a double layer made of phospholipid molecules (in yellow
in Figure 1), called lipid bilayer of 5nm of thickness. This cellular membrane is complemented
by a cytoskeleton, which contributes to the flexibility and stability of the cell. Such a network
consists of long twisted strands of spectrin and actin filaments (in Figure 1 colored in purple).
Transmenbranic proteins allow the cytoskeleton to attach (and detach) to the bilayer, contributing
to an interactional adhesion between the two components. Finally, the cytoplasm (in green
in Figure 1) is the part of the cell which is contained within the entire cell membrane. It is
essentially a fluid composed of the cytosol and organelles and rich in hemoglobin, an iron-
containing biomolecule that can bind oxygen. In the RBC case, the nucleus is absent so that it
can contain more haemoglobin to increase oxygen carry capacity.

Figure 1 – Red blood cell (RBC) main components structure.

It is a difficult task to succeed in synthesizing the multiple approaches adopted to try to
mimic mechanical behavior. All of them have strengths and elements of weakness (LI; LU; PENG,
2020). Some reviews are been presented illustrating a general discussion of numerical simulation
challenges of flowing blood cells (FREUND, 2014; JU et al., 2015). However, we can opt to
divide them into two large classes: continuum-based and particle-based models. We propose in
the Figure 2 a schematic overview and summary of the contributions that in some way represent
the best practices that have contributed to growth in the field of mathematical/computational RBC
modeling, and from which other works have followed. Continuum-based models arise naturally
when one aspires to describe fluid-structure interactions between the RBCs and the surrounding
flow. They have the advantage to benefit of the experience of the well established continuum
mechanics community of robust and accurate numerical methods (BARTHES-BIESEL, 2016).
Some of them are represented by the implementation of boundary integral method (BIM)
(RAMANUJAN; POZRIKIDIS, 1998; VEERAPANENI et al., 2011) and immersed boundary
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method (IBM) (YAZDANI; BAGCHI, 2011; HEINTZ, 2015). In the case of simple shear flows,
they can be successfully adopted. On the other hand, particle-based models, which treat both
the fluid and the cell membrane as particulate materials, can easier take into account the non-
homogeneous RBC structure, introducing elements like cytoskeleton spectrins, proteins, defects,
and so on (LI et al., 2018). Nonetheless, although coarse-grained methods are eligible, they
usually are computationally very expensive for large-scale applications. This class represents a
very extensive field to which multi-particle collision dynamics (MPCD) methods (NOGUCHI;
GOMPPER, 2005; MCWHIRTER; NOGUCHI; GOMPPER, 2009), coarse-grained molecular
dynamics (CGMD) techniques (LI; LYKOTRAFITIS, 2012) and dissipative particle dynamics
(DPD) methods (PIVKIN; KARNIADAKIS, 2008; FEDOSOV; CASWELL; KARNIADAKIS,
2010; PENG et al., 2013; LI; LYKOTRAFITIS, 2014) belong. They also reflect the choice
of some most recent and complete works for the whole cell study, consisting in OpenRBC
code (TANG et al., 2017) and LAMMS molecular dynamics simulator (FU et al., 2017). A
special mention deserves the work of Peng et al. (2010, 2011) (PENG; ASARO; ZHU, 2010;
PENG; ASARO; ZHU, 2011), for having well focused the idea that to model a RBC an holistic
vision on several levels is necessary. In addition, the cytoskeleton is a component that has
acquired space with dedicated studies. A common choice in this direction is to adopt non-linear
elastic models of the worm-like chain type. Finally, we aim to highlight approaches that use the
curvature concept according to the Canham-Helfrich model (ARROYO; DESIMONE, 2009;
BARRETT; GARCKE; NÜRNBERG, 2015; RODRIGUES et al., 2015a). This assumption
allows a continuous description of the lipid bilayer and consequently lends itself to the use of
efficient numerical methods such as finite elements method (FEM). From this idea, very recently
our group of authors presented a two-component model that mimics the behavior of the lipid
bilayer, the cytoskeleton and the interaction dynamics between the two parts.

In Chapter 2, we present a computational modelling approach to study normal and
pathological behavior of red blood cells in slow transient processes that can not be accompanied
by pure particle methods (which require very small time steps). The basic model, inspired by
the best models currently available, considers the cytoskeleton as a discrete non-linear elastic
structure. The novelty of the proposed work is to couple this skeleton with continuum models
instead of the more common discrete models (molecular dynamics, particle methods) of the lipid
bilayer. The interaction of the solid cytoskeleton with the bilayer, which is a two-dimensional
fluid, will be done through adhesion forces adapting efficient solid-solid adhesion algorithms.
The continuous treatment of the fluid parts is well justified by scale arguments and leads to
much more stable and precise numerical problems when, as is the case, the size of the molecules
(0.3nm) is much smaller than the overall size (' 8000nm). In this chapter we display some
numerical simulations that show how our approach can describe the interaction of an RBC with
and exogenous body as well as the relaxation of the shape of an RBC toward its equilibrium
configuration in the absence of external forces.

In Chapter 3, we provide a mathematical model for a red blood cell (RBC) cytoskeleton.
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Figure 2 – Comparative summary review of RBC component models (best practices).

The motivation for this work lies in further elucidating the role that the cytoskeleton assumes
in determining the remarkable RBC mechanical properties and in the need to consider the
cytoskeleton component in the latest and most advanced single-cell mathematical models. In this
process, a worm-like chain force was adopted, as it is already used in biological applications, and
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the virtual work principle was applied. We tested the model in some simple virtual experiments
gaining insights over the system behaviours, including single spectrin equilibrium, cytoskeletal
symmetry defects impact, and stress transmission and distribution within the network. In addition,
we suggest modelling tips as well as coarse-grained scaling techniques and virtual optical
tweezers experiments. In the Appendix A we provide also the implementation of the model into
an Octave code, as ready-to-use tool to implement the model.

In order to develop a single-whole red blood cell model, it is necessary to model the
interaction between the lipid bilayer and the cytoskeleton. To mimic these interactions is a
current and open problem with important applications in medicine. In Chapter 4, we provide
a mathematical formulation of a soft-body adhesion model in presence of a continuous lipidic
membrane. In particular, we hypothesize to apply the Lennard-Jones potential in order to
provide a mathematical formulation of a soft-body adhesion model between the above-mentioned
components of an erythrocyte. The Mathematica use is effective to simulate and quickly visualize
the interaction energy and force by changing parameters. In the Appendix B we report the
Wolfram code to visualize a dynamical application for the cytoskeleton-membrane interaction.

The study of the red blood cell membrane has allowed us to acquire useful skills in
many interdisciplinary fields. In Chapter 5, we report for the first time a mathematical approach
to model the behaviour of a single oleosome (oil body) within a seed cellular environment.
This work has been followed up through visits and active collaboration with the School of
Biosciences of the University of Nottingham, in Sutton Bonington Campus (United Kingdom).
To describe the behaviour of the oleosome membrane, we adopted a dynamical continuum
model based on the principle of virtual work where the intrinsic energy of the lipid membrane
is assumed to obey the Canham-Helfrich model with the rheology of the viscous interface
governed by the Boussinesq-Scriven law. To show the suitability of this approach to study
the mechanical behaviour of oleosomes, we present some numerical simulations of a single
oleosome deformation occurring under in vivo and ex vivo conditions. This work aims to show
how the mathematical and computational modelling allows studying the impact of otherwise
hard-to-measure physical quantities in this field of biological applications.

Finally in Chapter 6, we present a new mathematical/computational formulation for
a multi-component red blood cell model. The merit of this work is to take into account (i)
the lipid bilayer behavior, (ii) the cytoskeleton dynamics, (iii) the interaction activity between
them, and (iv) the internal cytoplasm flow. Following the line of the previous works we use the
advantage to adopt the continuum approach for the membrane modeling. The well-posedness of
the multi-component model is illustrated; presenting first the stationary model problem, then
the evolutionary model problem, and finally the discrete evolutionary model problem. The
availability of the model is tested with virtual experiments such as equilibrium resting shape
process and optical tweezers stretching.
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1.2 Miscellaneous models of microfluidic control, disease
progression, and epidemiology

1.2.1 Manipulation and trajectory planning of particles in microflu-
idics

Many important microfluidic applications, also in medicine, require the control and
transport of particles immersed in a fluid. In Chapter 7, we propose a model for automatically
planning good trajectories from an arbitrary point to a target in the presence of obstacles. It
can be used for the manipulation of particles using actuators of mechanical or electrical type.
We present the mathematical formulation of the model and a numerical method based on the
optimization of travel time through the Bellman’s principle. The implementation is focused on
square grids such as those built from pixelated images. Numerical simulations show that the
trajectory tree produced by the algorithm successfully avoids obstacles and stagnant regions of
the fluid domain. To control the trajectory of the particles, we use system actuators to induce
fields of velocities appropriate to the desired path. A detailed explanation of the numerical
resolution of these problems, according to MAC (Marker and Cell) discretization, is exposed in
our previous work (MEACCI et al., 2017).

1.2.2 Mathematical modeling of tumours with cancer stem cells

Mathematical models for the growth of tumours in the presence of stem cells (CSCs)
and differentiated tumour cells (CCs) are presented and discussed in Chapter 8. The CSCs are
assumed to be immortal and multipotent, i.e. capable of generating several possible lineages of
CCs that may undergo ageing and apoptosis. We present a synthetic review of some models that
have been proposed in the literature and we report the development of new original models, to
open a complete multi-approach window on modellization of the problem. Numerical simulations
are displayed that exhibit the so-called “tumour paradox” that consists in the fact that tumours
with a larger death rate for the CC may grow faster than tumours with a lower death rate for
the same class of cells. The occurrence of this paradox has important consequences also on the
strategy of treatment of tumours.

In Chapter 9, we focus on the effect of crowding and ageing of cells. Each CC is charac-
terised by two indexes, related to the differentiation lineage and the class of age, respectively. The
effect of crowding is taken into account, assuming that mitosis can be hindered by the presence
of cells near the would-be mother cell. Two families of models are proposed. First, models based
on cellular automata are considered, whose evolution is governed by stochastic rules. Then, by
averaging over the cells with the same pair of indexes, we obtain a deterministic model that
consists of a system of Ordinary Differential Equations (ODEs) whose unknown functions are
the fractions of the cells in each lineage and the class of age. The system presents a novelty
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with respect to the other compartmental models proposed in the literature as it cannot be solved
hierarchically because of the presence of the crowding effect. Numerical simulations based on
the two families of models give the same qualitative results. The final section of the paper is
devoted to the case in which the age distribution of the CCs is continuous and not discrete. In this
case, an interesting mathematical problem is obtained that consists of one ODE for the fraction
of CSCs and m first-order Partial Differential Equations (PDEs); one for each lineage of CCs.

In Appendix C, we propose and discuss a conceptual modellization of the growth of
tumors in the presence of immortal multipotent CSCs and of several lineages of differentiated
CCs. It is assumed that the replication of CSCs can be symmetric or asymmetric with a prescribed
mean ratio. For the CCs aging, mitosis and apoptosis are taken into account. We assume that
replication can be hindered by the local crowding of the cells in the vicinity of the mother
cell. The model is implemented in the framework of 3D cellular automata whose dynamics is
governed by stochastic rules. Some simulations are displayed showing the growth of a tumor
and of the fractions of different lineages and age classes of CCs. Then, we present an approach
in which the same dynamics of aging, replication and apoptosis are considered, but the aim
is to study the time evolution of the fractions of the different families of cells averaged over
the total volume. The dynamics is governed by a system of ODEs, thus by deterministic rules.
Nevertheless, numerical simulations of the solution of this system show qualitative similarity
with the results of the CA, although in this case the crowding effect is no longer a local effect
but is also averaged over the total volume. Moreover, we prove the mathematical well-posedness
of this model in a general framework.

1.2.3 Mathematical model for Alzheimer’s disease progression

In Chapter 10, we present a conceptual mathematical model for Alzheimer’s disease
(AD). This work was conducted thanks the collaboration of Mario Primicerio and Michiel
Bertsch (as well as Professors in their respective universities) as Affiliated of the Institute for
Calculus Applications “Mauro Picone” of the National Research Council of Italy and Members
of the Accademia dei Lincei (founded in 1603; it is the oldest scientific academy in the world).

According to the so-called amyloid cascade hypothesis, we assume that the progression
of AD is associated with the presence of soluble toxic oligomers of beta-amyloid. Monomers of
this protein are produced normally throughout life, but a change in the metabolism may increase
their total production and, through aggregation, ultimately results in a large quantity of highly
toxic polymers. The evolution from monomeric amyloid produced by neurons to senile plaques
(long and insoluble polymeric amyloid chains) is modelled by a system of ordinary differential
equations (ODEs), in the spirit of the Smoluchovski equation.

The basic assumptions of the model is that, at the scale of suitably small representative
volumes (REVs) of the brain, the production of monomers depends on the average degradation
of the neurons and in turn, at a much slower time-scale, the degradation is caused by the number
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of toxic oligomers. To mimic the prion-like diffusion of the disease in the brain, we introduce
an interaction among adjacent REVs, that can be assumed to be isotropic or to follow given
preferential patterns. We display the results of numerical simulations which are obtained under
some simplifying assumptions. For instance, the amyloid cascade is modelled by just three
ODEs, and the simulations refer to abstract 2D domains, simplifications which can be easily
avoided at the price of some additional computational costs. Since the model is suitably flexible
to incorporate other mechanisms and geometries, we believe that it can be generalised to describe
more realistic situations.

1.2.4 COVID-19 spread mathematical model with pandemic fatigue
impact

The COVID-19 outbreak has generated psychological repercussions for the populations
affected by the pandemic. These consequences of the epidemic also at the same time can be
causes of a non-controlled spread of the virus. This occurs when peoples stress assumes to
be a “pandemic fatigue”, leading people to feel demotivated about following recommended
behaviours to protect themselves and others. In Chapter 11, we present a new generalized SIQRD
(susceptible-infected-quarantined-recovered-dead) model performed by Ordinary Differential
Equations (ODEs), where we have implemented the pandemic fatigue impact effect. The mathe-
matical well-posedness of the model is proven. We show the numerical results to be consistent
with the transmission dynamics data characterizing epidemic of COVID-19 outbreak in Italy in
2020 and we provide a measure of the possible pandemic fatigue impact. The model can be used
to evaluate public health interventions and to prevent with specific actions the possible damages
resulting from the possible social phenomenon of relaxation with respect to the observance of
the preventive rules imposed.
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CHAPTER

2
A NEW TWO-COMPONENT APPROACH IN

MODELING RED BLOOD CELLS

Red blood cells (RBC) occupy between 35 and 50% of the total blood volume in the
human circulatory system. Their mechanical characteristics are highly relevant for the biological
functions of blood, not only because they have direct consequences in hemodynamics (POPEL;
JOHNSON, 2005; MCHEDLISHVILI; MAEDA, 2001) but also because the way RBC respond
(e.g., to shear stress) may impact the synthesis of nitric oxide and thus the regulation of vascular
tonus (ULKER et al., 2009).

In human blood, a RBC (or erythrocyte) has the shape of a biconcave disk, flattened
and depressed in the centre, with a cross-section of dumbbell shape (LI-GUO et al., 2010). In
its undeformed state, the discoid has a diameter of 6−8 µm and its average thickness is 2 µm.
Typical erythrocytes have a volume of 90 µm3 and a surface area of 136 µm2 (see e.g. (JU et al.,
2015)). Therefore, while in blood vessels with a diameter larger than 200 µm (like arteries) the
flow of the blood can be modeled in terms of a homogeneous non-newtonian fluid, when we
consider the circulation in vessels whose internal diameter is comparable with the size of RBCs
(arterioles, venules, and capillaries) it becomes essential to consider the blood as a suspension of
erythrocytes and to take into account their morphological evolution.

Indeed, blood can flow in capillaries with diameter smaller than that of RBCs, because
RBCs change their shape from the original biconcave one to that of a bullet or of a parachute and
then recover their initial state. Therefore modeling erythrocytes is essential for an appropriate
description of the blood flow and its functions in microcirculation (FASANO; SEQUEIRA, 2017).
Analogous situations are frequent: as long as it is possible to apply a continuum approach by
averaging the relevant quantities over a small volume the available methods are relatively simple
and well established (SVAHN; BERG, 2007); however, sometimes intrinsic heterogeneities
become fundamental because different components react differently to the same external stimulus
(BAO et al., 2014). In those cases even a single-cell approach can be instrumental for modeling
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the system or for developing therapeutic strategies (CARLO; LEE, 2006). The present paper
aims to contribute under this regard.

A human RBC is a nucleus-free cell whose basic mechanical structure consists of a
cytoskeleton formed by a spectrin network and of a fluid-like lipid bilayer. In what concerns
Mechanics, lipid bilayers are two-molecule-thick sheets of phospholipid molecules which are
known to function as osmotic barriers with viscous tangential behavior and bending resistance.
The spectrin network is like an internal reinforcement thought to play a role in the stability of the
RBC’s shape (RODRÍGUEZ-GARCÍA et al., 2015). The spectrin network attaches, through a
junction complex (JC), to proteins that are “floating” in the bilayer among the (much smaller) lipid
particles. The JCs can be associated to nodes of a network of fibers with elastic or viscoelastic
behavior. The attachment of the JCs to the bilayer is strong enough for them to remain attached
in most physiological conditions, but under extreme conditions it is known that detachment
occurs before the bilayer itself breaks (PENG et al., 2013).

In (LI et al., 2014; CHANG; LI; KARNIADAKIS, 2017) a computational scheme was
presented in which both the bilayer and the cytoskeleton are modeled as a discrete system of
interacting particles. This requires particles describing the behavior of the lipid molecules, of the
spectrin fibers, of the JCs, and also possibly of the inner and outer three-dimensional liquids.
More precisely, the cytoskeleton is described as a set of JCs (nodes) connected by nonlinear
springs obeying a worm-like-chain law (other laws have also been considered (FEDOSOV;
CASWELL; KARNIADAKIS, 2010)). The typical length of the spectrin filaments is about 70
nanometers, which corresponds to a number of about 30,000 nodes for the cytoskeleton. This
number is small enough for the numerical simulation of the complete cytoskeleton to be feasible.
For certain studies that require low-cost solvers, some coarse graining rules are available that
allow to reduce the number of nodes by a factor of 10 or 100 without significant loss in physical
accuracy (FEDOSOV; CASWELL; KARNIADAKIS, 2010).

The use of particles to describe the lipid bilayer, on the other hand, is more questionable.
The number of molecules in the bilayer is about 700 million, so that each of the numerical
particles must model thousands or tens of thousands of molecules for the computing cost to be
affordable.

Taking these facts into account, we adopt the following strategy: maintaining the discrete
description of the cytoskeleton as in (LI et al., 2014; CHANG; LI; KARNIADAKIS, 2017), we
model the lipid bilayer in terms of a continuous surface fluid. In particular, we adopt the viscous
liquid shell model with Canham-Helfrich bending energy described by Arroyo et al. (ARROYO;
DESIMONE; HELTAI, 2010), with a discretization based on the method of Rodrigues et al.

(2015a) that has sufficient generality to accomplish this task. The two sub-systems are coupled
by adhesion forces that bind the cytoskeleton and the bilayer, inspired by the computational
contact formulations for soft body adhesion of Sauer (SAUER, 2012).

In this paper we describe the model and display some numerical simulations in specific
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situations that show how our approach is promising in view of future applications. In particular,
we consider a case of interaction with an exogenous body, and the relaxation of an RBC from a
deformed configuration towards its equilibrium state, in absence of external forces.

2.1 Mathematical formulation
We consider a red blood cell as a mechanical system whose configuration is described

by the state X of the cytoskeleton and the state Y of the lipid bilayer. In Figure 3 we show a
scheme of a RBC depicting the two components of the model. The configuration X represents a
state of the cytoskeleton, which in our model is a set of NX balls of radius R representing the
junctional complexes of the cytoskeleton. In this way, appropriate coordinates for X are the
positions of the nodes of the cytoskeleton model, which are the centers of the aforementioned
balls. These coordinates will be denoted by {X j}NX

j=1. Consequently, the instantaneous motion of

the cytoskeleton nodes are described by U j = dX j

dt .

Figure 3 – Sketch of the problem.

Similarly, Y is a configuration of the lipid bilayer, which in the exact problem is an
element of an infinite-dimensional manifold of possible membrane shapes of fixed volume and
surface area. For numerical purposes, however, we parameterize the configuration Y by the
positions of NY points, the nodes of the bilayer model. The coordinates of any configuration Y

are thus {Y i}NY
i=1. From these coordinates the geometrical position of the bilayer,

Γ(Y ) = {y ∈ R3 | y belongs to the bilayer surface } , (2.1)

can be reconstructed. The instantaneous motion of the bilayer particles is characterized by the
rates of change of Y ,

W =
dY

dt
. (2.2)

This means that the tracking of the surface is Lagrangian. The discrete velocity w, evaluated at
the i-th bilayer node, coincides with that of the lipid particle at Y i(t) (i.e., wi = dY i

dt ). In this latter
sentence “lipid particle” is to be understood not as a lipid molecule but as a small macroscopic
chunk of lipid material, in the spirit of Continuum Mechanics.
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The energy E of the proposed two-component system (that clearly depends on X and
Y ) is decomposed into the sum

E (X ,Y ) = EX(X )+EY (Y )+EXY (X ,Y ) , (2.3)

where EX is the intrinsic skeleton energy, EY the intrinsic bilayer energy, and EXY the interaction
energy between the cytoskeleton and the bilayer.

We consider as starting point for the mathematical formulation of the problem the
principle of virtual work demanding that the virtual change in energy of the system for an
admissible virtual variation of the configuration variables plus the work done by the dissipative
forces equals the work done by the external forces (LANCZOS, 1970). The corresponding
expression can be formally written as

dXE (X ,Y )•δ X +dY E (X ,Y )•δ Y +D(X ,Y ,U ,W )•(δ X ,δ Y ) =FX •δ X +FY •δ Y ,

(2.4)
where

- dXE (X ,Y )• δ X is the infinitesimal change δE , when the state of the system is per-
turbed from (X ,Y ) to (X +δ X ,Y ),

- the bullet • is an appropriate duality product which will take on meaning based on the
single component model as presented below,

- dY E (X ,Y )•δ Y is the infinitesimal change δE , when the state of the system is perturbed
from (X ,Y ) to (X ,Y +δ Y ),

- D(X ,Y ,U ,W ) • (δ X ,δ Y ) is the dissipation of the system (i.e., the work of its
internal dissipative forces), when the system is perturbed by (δX ,δY ),

- the right-hand side is the virtual work of external forces.

Explicit expressions for the terms in (5.7) are derived from the mathematical modeling
of each of the two components (bilayer, cytoskeleton) of the system, and of their interaction, as
briefly introduced below.

2.1.1 Lipid bilayer model

Being Γ the average surface of the bilayer at time t, let H be the average curvature

of Γ, ň the normal vector and κ the mean curvature vector, defined as κ = H ň. We also need
the tangential projector P = I− ň⊗ ň. The tangential gradient ∇Γ is the operator defined as
∇Γ f = P∇ f̂ , where f : Γ→ R is any function and f̂ an arbitrary extension of f to an open
neighborhood of Γ⊂ R3. The constraints of constant volume and constant surface are imposed
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by means of Lagrange multipliers, namely a uniform pressure difference p and a space-dependent
surface tension field σ , respectively.

Together with these definitions, we assume linear viscous dynamics of the lipid bilayer
(SCRIVEN, 1960; ARROYO; DESIMONE; HELTAI, 2010) and the Canham-Helfrich bilayer
energy given by (CANHAM, 1970; HELFRICH, 1973; SEGUIN; FRIED, 2014)

EY =
Cch

2

∫
Γ

‖κ‖2 . (2.5)

where Cch is a constant. Then, we can compute the part DY of the virtual dissipation that is
intrinsic to the bilayer (δX = 0, δY = v) as

DY • v =
∫

Γ

2 µ DΓw : DΓv , (2.6)

where µ is the surface viscosity, and the virtual change in energy as

dY EY • v =Cch

∫
Γ

[
(I−2P)∇Γκ : ∇Γv+

1
2
(∇Γ ·κ)(∇Γ · v)

]
. (2.7)

We need a few more definitions to completely define the mathematical model of the bilayer. The
first two of them are the experimentally observed constraints of isochoricity (constant volume,
enforced by osmotic pressure) and inextensibility (constant area of each bilayer parcel). These
constraints are enforced through the Lagrange multipliers p (internal pressure) and σ (surface
tension, a scalar field on Γ). Notice that, as any Lagrange multiplier, p and σ are unknowns of
the problem and thus depend on the configuration of the bilayer and on the force applied on it.
The last needed definition is that of the interaction force field, f Γ, that represents in an L2 sense
all the interaction terms in (2.4), i.e.,

dY EXY • v+DXY • v =−
∫

Γ

f Γ · v . (2.8)

In this way, the bilayer mathematical problem, assumed the interaction force f Γ known
for the moment, reads: Find the unique fields w, σ , κ and the only p ∈ R such that∫

Γ

2 µ DΓw : DΓv − p
∫

Γ

v · ň +
∫

Γ

σ ∇Γ · v +

+Cch

∫
Γ

[
(I−2P)∇Γκ : ∇Γv+

1
2
(∇Γ ·κ)(∇Γ · v)

]
=

∫
Γ

f Γ · v , (2.9)

∫
Γ

ξ ∇Γ ·w = 0 , (2.10)

∫
Γ

κ ·ζ =
∫

Γ

P : ∇Γζ , (2.11)

∫
Γ

w · ň = 0 , (2.12)
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∀(v,ξ ,ζ ) ∈ V ×Q×K, where V and K are essentially (H1(Γ))3 and Q = L2(Γ). The equation
(2.11) corresponds the weak form of the Laplace-Beltrami identity, while (2.10) and (2.12) are
the constraints of fixed surface area and volume, respectively.

The methodology to solve this part of the bi-component model arises from the discretiza-
tion of the above variational problem in space and in time. This has already been developed and
published (RODRIGUES et al., 2015b). It incorporates automatic adjustment of the time step
and surface remeshing (LÖHNER, 1996). The theoretical framework comes from the works by
Dziuk, Elliot, and others (BONITO; NOCHETTO; PAULETTI, 2010; DZIUK; ELLIOTT, 2007;
DZIUK; ELLIOTT, 2013; RUSU, 2005).

In this contribution we incorporate the interaction with the cytoskeleton, as shown in
Section 2.1.3 below. For that purpose, we first introduce in Section 2.1.2 the model for the
internal skeletal component of the RBC.

2.1.2 Cytoskeleton model

The cytoskeleton will be treated by following the nature of its components, basically
a spectrin fiber network with special joints (GRATZER, 1981). The model considers a mesh
made of a set of nodes (junctions) joined by molecular chains represented by worm-like chains
(HANSEN et al., 1996; FEDOSOV; CASWELL; KARNIADAKIS, 2010; FEDOSOV et al.,
2011). The number of the elements of the skeleton is large (∼ 105) but numerically tractable.
Also, coarse-grained models are available in the literature to save computing effort (FEDOSOV;
CASWELL; KARNIADAKIS, 2009).

According to these premises, the elastic spectrin mesh energy EX is defined as follows

EX = ∑
j

[
kBT `m (3x2

j −2x3
j)

4`p(1− x j)
+

kp

(n−1)`n−1
j

]
, (2.13)

where ` j is the filament length j, `m is the maximum extension of these filaments, x j = ` j/`m, `p

is the persistence length, kBT is the unit of energy and n and kp are parameters. A homogenized
version of this model corresponds to an elastic shell of shear modulus (FEDOSOV et al., 2011)

G0 =

√
3kBT

4`p`mx0

(
x0

2(1− x0)3 −
1

4(1− x0)2 +
1
4

)
+

√
3kp(n+1)

4`n+1
0

, (2.14)

with `0 the equilibrium spacing and x0 = `0/`m, but, as said, our formulation keeps the worm-
like chains without homogenizing them. The virtual change in energy is readily obtained by
differentiating (2.13) with respect the vector of nodal coordinates. In this way, if no intrinsic
dissipation is attributed to the cytoskeleton, if the interaction force on the j-th node is denoted by
F j and if m denotes the effective mass of each node, the equations governing the cytoskeleton
movement are

m
d2X j

dt2 +
∂EX

∂X j = F j . (2.15)
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The inertia is very small at the scale of the junction complexes, so that in this contribution we
adopt m = 0. These equations are numerically integrated with an implicit Newmark scheme,
which is well established in solid mechanics.

2.1.3 Interaction Model

The interaction between the bilayer and the cytoskeleton is modeled as adhesion of soft
bodies, adapting the formulation of Sauer (SAUER, 2012) based on the models and available data
(FREUND; LIN, 2004; KUUSELA; ALT, 2009; PAJIC-LIJAKOVIC; MILIVOJEVIC, 2014;
PENG et al., 2013). Denoting by ϒ the adherent surface of the cytoskeleton, the contact energy,
here denoted with EXY , takes the general form

EXY =
∫

Γ

∫
ϒ

βΓ βϒ φ(‖xΓ− xϒ‖) dxΓ dxϒ , (2.16)

where φ is the potential of interaction (in Joule/m4) and βΓ, βϒ are dimensionless scalars. One
popular choice for φ is the Lennard-Jones (LJ) potential (ISRAELACHVILI, 2011), i.e.,

φ(d) = ε

(r0

d

)k
−2ε

(r0

d

)k/2
, (2.17)

where d is the distance between two particles and r0 and ε are length and energy scales,
respectively. This potential has a minimum of value −ε at d = r0, it is repulsive for d < r0

and attractive if d > r0.

The force on the bilayer resulting from this energy, to be substituted in the right-hand
side of (2.9), is

f con,Γ(xΓ) =−βΓ

∫
ϒ

βϒφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxϒ . (2.18)

Attributing a spherical shape of radius R and center c to ϒ, this integral can be computed
analytically as an explicit function G (‖xΓ− c‖−R,r0,ε) times the unit vector along xΓ− c. The
function G diverges when d = ‖xΓ−c‖−R tends to 0, since d < 0 implies interpenetration. Such
singularity is too difficult to deal with numerically. Instead, we regularize the model replacing it
by

G̃ (d,r0,ε) =

{
G (d,r0,ε) if d ≥ z,

G (z,r0,ε)+
∂G
∂d (z,r0,ε)(d− z) otherwise.

(2.19)

The function G̃ is defined for all d ∈R, thus allowing a softer contact with some interpenetration.
The parameter z is taken as αr0, with 0 < α < 1. A typical value is α = 0.9.

Similarly, the force exerted on a point xϒ of the adherent surface of the cytoskeleton by
the bilayer Γ is given by

f con,ϒ(xϒ) = βϒ

∫
Γ

βΓφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxΓ . (2.20)
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It is immediate to see that
∫

Γ
f con,Γ +

∫
ϒ

f con,ϒ = 0, as expected from the action-reaction prin-
ciple (see (MEACCI et al., 2020a) for more details). The contact force only acts along the
surface normal, it is complemented by a drag force that models the tangential attachment of the
citoskeleton nodes to the bilayer anchoring proteins as

f d,Γ(xΓ) =−
∫

ϒ

η

(
w(xΓ)− dxϒ

dt

)
dxϒ, f d,ϒ(xϒ) =

∫
Γ

η

(
w(xΓ)− dxϒ

dt

)
dxΓ, (2.21)

where η is a drag coefficient that depends on ‖xΓ− xϒ‖. We remark that, in the case of the
cytoskeleton, the set {X i}NX

i=1 refers to the coordinates of the centers of the nodes, while ϒ consists
of spheres ϒ j of a given radius around X j, i.e., the surfaces of the junctions. The net force per
unit area acting on the bilayer is thus f Γ = f con,Γ + f d,Γ, while the net force on node j, to be
equilibrated by the worm-like chains (and possibly external forces) is

F j =
∫

ϒ j

(
f con,ϒ(xϒ)+ f d,ϒ(xϒ)

)
dxϒ . (2.22)

In Figure 4 we plot the contact part of F (i.e., taking η = 0) and of EXY as a function
of d for a node of radius R = 0.07 in the vicinity of a typical biconcave surface (fixed). The
maximum (positive) value of the force corresponds to the maximum adhesion force of the node
to the surface. Notice that it takes place at d ' r0. Similarly, the minimum value of the interaction
energy corresponds to the adhesion energy and its position to the equilibrium distance. The
regularization is evident in the repulsion forces, which depend approximately linearly with d for
d much smaller than r0.

2.1.4 Model summary

The main unknowns of the proposed two-component RBC model (2C-RBC-M) are
the bilayer configurations Γ(t) and the junctions’ positions X(t), which evolve according to the
instantaneous velocity field w(t) and nodal-velocity vector U(t), respectively. At each instant t,
the system (2.9)-(2.12) coupled to (2.15) determine w and U (remember that we are assuming
m = 0 for simplicity). The coupling arises from the interaction terms f Γ and F j. Because the
effects of bilayer bending, cytoskeleton stretching and surface-to-surface adhesion are derived
from energy functions (EY , EX and EXY , respectively) and the additional forces are dissipative,
we automatically have a bound for the total energy

d
dt

(EX +EY +EXY )≤ 0 . (2.23)

The model equations are certainly too involved to attempt analytical treatment, so that they are
discussed through numerical simulations in what follows.

2.2 Numerical simulations
While the model for the cytoskeleton is discrete by definition, the model for the bilayer

is continuous and needs to be discretized. We consider triangulated surfaces in 3D space as
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Figure 4 – Interaction force F and energy EXY induced by G̃ (d,r0,ε), with α = 0.89 and k = 6.

approximations for Γ(t), which for a fixed mesh connectivity are uniquely described by the
vector Y of vertex positions. Time is discretized so that a sequence of triangulated surfaces
Γ0,Γ1, ... ,Γn, ... are computed, corresponding to vertex positions Y 0,Y 0, ... ,Y n, ... . Following
Rodrigues et al. (2015a), on each Γn we define the piecewise-affine finite element space Pn

1 =

{ f ∈C0(Γn) : f |K is affine,∀K triangle in Γn} and the approximation spaces for velocity, surface
and curvature W n

h = (Pn
1 )

3, Qn
h = Pn

1 , Kn
h = (Pn

1 )
3. We define ∆ t = tn+1− tn and we update the
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nodal positions in a Lagrangian way, specifically,

X j,n+1 = X j,n +U j,n+1
δ t, Y j,n+1 = Y j,n +w j,n+1

δ t. (2.24)

With these choices, a fully discrete semi-implicit formulation of the bilayer can be built (RO-
DRIGUES et al., 2015a) and coupled to a fully implicit time discretization of (2.15). At each time
step, a nonlinear system of equations is thus built with unknowns (wn+1

h ,σn+1
h ,κn+1

h , pn+1,Un+1) ∈
W n

h ×Qn
h×Kn

h ×R×R3NX and solved by Newton’s iterative procedure. Notice that the formula-
tion is semi-implicit in that the bilayer mesh Γn is kept frozen throughout the iterations.

The first simulation we present here to provide insight into the behavior of the 2C-RBC-
M consists of the interaction of the bilayer surface with a single cytoskeleton sphere. If the
contact energy is weak (ε small) the sphere simply adheres to the bilayer without further effects.
However, as ε is increased and becomes comparable to ε1 =

Cch
R2 r2

0
, the adhesion forces become

strong enough to locally deform the bilayer towards wrapping around the sphere. To illustrate
this we have considered a single sphere of radius R = 0.8, with a contact length scale r0 = 0.1.
These values imply ε1 ' 3000. The bilayer initially has a biconcave shape with dimensions 7.8,
7.8 and 2.2 along the x, y and z directions, respectively. We situate the sphere inside the bilayer
at a distance ≈ r0 and simulate the relaxation of the system for several values of ε between 1000
and 9000. The complete setup and some quantitative results of the attained equilibrium are listed
in the Table 1. In Figure 5 we display the different equilibrium shapes of the bilayer colored
according to the mean curvature. For ε = 1000 (and smaller) the perturbation in the bilayer shape
caused by the sphere is very small. For ε = 3000 and larger the bilayer tends to wrap around the
sphere, with its global shape deforming so as to attain an equilibrium under these conditions.

Figure 5 – Screenshots of the simulation of one ball (R = 0.8) for different values of ε of the RBC in the
relaxation process at the equilibrium.
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Table 1 – Parameters setup and numerical solutions at the equilibrium of the virtual experiment of adhesion
between the bilayer and one internal spherical node.

ε k R r0 Cch E ∞
Y E ∞

X Y p σ

1000 6 0.8 0.1 20 9.08×102 −2.20×102 -10.6 −1.40×103

3000 6 0.8 0.1 20 9.51×102 −1.16×103 -9.5 −1.50×103

5000 6 0.8 0.1 20 1.01×103 −2.60×103 -8.5 −1.60×103

7000 6 0.8 0.1 20 1.07×103 −3.90×103 -7.5 −1.70×103

9000 6 0.8 0.1 20 1.13×103 −5.50×103 -6.0 −1.80×103

Such studies are interesting in relation to the bilayer’s reaction to exogenous bodies. A
possible application concerns the modeling of the process of invasion of merozoites in the malaria
disease, as shown by recent works (HILLRINGHAUS et al., 2019) and (HILLRINGHAUS et

al., 2020). Figure 6 shows how the appropriate use of the interaction force between the lipid
bilayer and an external body can be suitable in such applications. On the top-left of the Figure
we show microscopy images during the infection process, taken from the work of Riglar et al.
(RIGLAR et al., 2011), while below we show selected snapshots of simulations performed with
the 2C-RBC-M. In such applications the transient solution takes on particular interest and the
proposed model allows to study the evolution of otherwise inaccessible physical quantities, as
shown on the right panel of the Figure 6.

Figure 6 – Simplified simulation of the invasion of merozoite in malaria disease performed with the
proposed model. Microscopy images taken from (RIGLAR et al., 2011).

We now turn to study configurations more akin to the RBC membrane, involving the
interaction of the bilayer with many connected solid bodies so as to mimic the cytoskeleton
component of the RBC. The bilayer is energetically unable to locally deform so as to wrap around
the nanometric cytoskeleton nodes. However, since the nodes are elastically connected, their
combined action can indeed affect the global behavior of the bilayer. We assess the ability of the
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2C-RBC-M to relax towards equilibrium from an initial arbitrary shape maintaining the bilayer
and cytoskeleton components attached. It is known that RBCs are able to return undamaged to
their original shape after substantial deformations, such as those undergone inside the capillaries
(FISCHER, 2004). There is no doubt that a close relationship exists between the shape of the
bio-membranes and their curvature and line tension (BAUMGART; HESS; WEBB, 2003), as
well the minimum energy of bending can be considered a possible explanation of the biconcave
shape of the human RBC (CANHAM, 1970). Moreover, the equilibrium configurations of the
bilayer (alone) depend on its reduced volume, defined as vr =

6
√

π V
A3/2 , being A and V the surface

area and internal volume, respectively (SEIFERT, 1997). The typical RBC has vr ≈ 0.65, so
that we select as initial condition an oblate ellipsoid with the same vr.

Following previous coarse-graining studies (PIVKIN; KARNIADAKIS, 2008; FE-
DOSOV; CASWELL; KARNIADAKIS, 2010), we set a simplified cytoskeleton with 350 nodes
and discretized the bilayer with a triangulation with 104 nodes. For the time discretization we
adopted a variable time step ∆ t in the range [10−7,10−5]. Notice that the time unit is µL2/(kBT ),
which with L = 1 µm and µ ≈ 10−8 Pa · s ·m can be estimated as ≈ 2 seconds. Unless otherwise
specified, the setup of parameters of the following simulations is reported in Table 2. Concerning
the interaction parameters, it is possible to estimate the adhesion energy of N spheres that do not
deform the lipid bilayer locally as ≈ 2π2 ε r3

0 RN. The value of ε = 5000 was chosen such that
the adhesion energy is ≈ 400 and thus comparable to the bilayer bending energy. This makes the
adhesion to be strong enough for the cytoskeleton to be able to deform the bilayer by pulling
from it without detaching. Other necessary data are the persistence length `p and the constant kp,
which we adjust so that the relaxed length of each cytoskeleton fiber is equal to its length in the
initial configuration.

Table 2 – Setup of parameters of the relaxation process simulations.

Value Symbol Description Model
1.0 kB T Energy unit (WLC)

2 n POW exponent (WLC)
1.0 βΓ Bilayer interaction constant (INT)
1.0 βϒ Cyto interaction constant (INT)

6 k Coefficient Lennard-Jones potential (INT)
5000 ε Interaction strength constant (INT)
0.05 r0 Equilibirum cyto-membrane surface distance (INT)
0.1 R Radius of cyto-sphere (INT)
1.0 µ Viscosity (BIL)

20.0 Cch Canham constant (BIL)
117.5 A0 Initial RBC surface area (BIL)
79.6 V0 Initial RBC volume (BIL)

The initial bilayer shape is thus taken as an ellipsoid with lengths 8, 8, and 2.4 along the
x, y, and z axis, respectively. The initial positions of the cytoskeleton nodes lie at a distance ≈ r0

from it. In Figure 7 we show the evolution of the RBC model with and without the cytoskeleton.
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Also plotted is the total energy as a function of time, which in the case with cytoskeleton contains
the contributions of EX and EXY . In both cases the model relaxes to a quite realistic biconcave
shape at t ≈ 10−3, with a monotonous decay of the total energy. The full model has a sudden
decrease of energy at the first instants, corresponding to the adjustment of the distances between
the junctions and the bilayer. The relaxed shapes are shown in the figure colored with the local
mean curvature. They are very similar, but in the one corresponding to the full model the small
local effect of each cytoskeleton node on the adjacent bilayer is clearly visible. Notice that in
this case ε = 5000� ε1 ≈ 8×105, so that it is not expected that the bilayer will significantly
tend to wrap around the cytoskeleton nodes.

Table 3 – Quantities of numerical solutions at the equilibrium of the relaxation experiment of one-
component (without cytoskeleton) and full RBC two-component model.

Case E ∞ E ∞
Y E ∞

X E ∞
X Y p σ

One-component 9.0×102 9.0×102 – – −10.6 −12.8×102

Two-component 1.9×104 9.1×102 2.1×104 −3.0×103 −10.1 −38.2×102

Some relevant global quantities at the equilibrium are reported in Table 3. The introduc-
tion of the cytoskeleton component does not affect the bending energy significantly, while a
considerable decrease in average surface tension and some increase of the internal pressure can
be noted. These observations are consistent with the cytoskeleton exerting an average inwards
pull on the bilayer at equilibrium. In order to better understand the impact of the presence
of the cytoskeleton in the evolution of the whole system we present below a series of virtual
experiments that take this equilibrium as initial condition. We perturb this configuration by
changing the equilibrium length `0 of each spectrin fiber by a constant factor. For example, if
we set `eq = 0.9 `0, it means that each cytoskeleton fiber will tend to contract towards 90% of
its initial length. The execution of this study has highlighted a deformation interval in which,
under our hypotheses, the cytoskeleton interacts with the lipid membrane while maintaining its
configuration and attachment to the bilayer.

Table 4 – Global physical quantities corresponding to the steady states reached after different perturbations
of the equilibrium lengths of the cytoskeleton fibers.

`eq E ∞ E ∞
Y E ∞

X E ∞
X Y p σ

0.8`0 21.26×103 9.07×102 23.29×103 −29.35×102 −9.0 −12.5×103

0.9`0 19.88×103 9.05×102 21.96×103 −29.88×102 −9.7 −7.2×103

1.0`0 19.30×103 9.1×102 21.62×103 −30.02×102 −10.1 −3.8×103

1.1`0 19.77×103 9.09×102 21.85×103 −29.98×102 −10.9 −1.4×102

1.2`0 20.34×103 9.11×102 22.43×103 −29.92×102 −11.0 5.5×101

In Table 4 we list the results of some main quantities corresponding to contraction or
extension factors between 80% to 120%. As evident from the cases shown in Figure 8, the
average surface tension of the bilayer increases as the cytoskeleton tends to expand. This increase
eventually leads to positive surface tension values which could reveal a mechanical-biological
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reality. As we have previously seen, the one-component model with a fixed reduced volume
of the order vr ≈ 0.65 leads to a biconcave-shaped membrane with a negative surface tension
(see also (VEERAPANENI et al., 2009)). Nevertheless there is experimental evidence that the
effective surface tension of a RBC is positive and of the order of 10−7 J/m2 (GOV; ZILMAN;
SAFRAN, 2003; BETZ et al., 2009). In the case `eq = 1.2 `0 the execution of our model leads
to an average surface tension of comparable value (the scale for σ is kBT/L2 ' 4×10−9 J/m2).
This outcome suggests that the cytoskeletal network exerting an expansive force on the bilayer
may reconcile the difference in the sign of the surface tension between theory and experiments.
From the screenshots in Figure 8, we can appreciate the local influence of the nodes of the
cytoskeleton. Probably this type of influence is excessive and is due to an exaggeration in the
weight given to the interaction force (ε can be chosen lower), but it is interesting to validate the
model and draw conclusions on the interdependence of the components of the erythrocyte.

We conclude the study by analyzing the extreme cases. If the relaxed length of the
spectrin fibers is reduced further, some cytoskeleton nodes detach from the bilayer. In fact, this
phenomenon occurs whenever `eq < 0.8`0. In Figure 9 we show the time evolution of a RBC
with `eq = 0.7`0, for which detachment of the cytoskeleton starts at t ≈ 0.002 put into evidence
by a sudden increase of the bending energy. In this time interval we can observe the counterpart
downward jump of the energy of the cytoskeleton (see graph on top-center). The specific nodes
that first detach are shown in the image (on top-right), which also show that the detachment
induces a positive local surface tension (see screenshot on top-left). This event is followed by
a contraction of the entire network of spectrins which, remaining attached to the a part of the
bilayer, contribute to giving the peculiar RBC shape shown in the last screenshot.

The opposite extreme case is when the spectrin network has its equilibrium lengths
increased beyond 1.2`0. We examine in Fig. 10 the numerical results of the simulation imposing
`eq = 1.3`0. The compression along the individual spectrins grows while they try to find space for
expansion subject to the constraint imposed by the surrounding bilayer. As expected, the spectrin
network eventually buckles and locally entangles, as shown in the figure’s insert. This event
occurs when a series of spectrins of a junctional complex are an over-tension condition compared
to the others ones (see the detail on below-left). Notably, this buckling takes place without the
nodes detaching from the bilayer. This folding phenomenon leads to a complex evolution of
the bilayer energy and results in a perturbation of the biconcave shape of the red blood cell, as
shown in the screenshot. This behavior corresponds to an unpredictable and fluctuating trend
of the internal pressure (as shown by the graph in the low-center). A final image (on the right)
shows the local effect of nodes folding in terms of local surface tension.
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2.3 Achievements and future opportunities
In this work we have presented a new approach for modeling a single RBC. According

to this, we have motivated the need of a new two-component model for a single RBC. We
have coupled the established worm-like-chain approach for the cytoskeleton to a continuum
model for the lipid bilayer based on a viscous liquid-shell model with Canham-Helfrich bending
energy. Another original contribution is represented by the introduction of the adhesion forces
modelling the attachment of the cytoskeleton nodes to the bilayer integral proteins. We tested the
two-component RBC approach, firstly investigating the interaction of the bilayer surface with
a single internal and external body. Then we provided the implementation of the 2C-RBC-M
concerning the relaxation of the cell, and comparing it with the one-component model. We have
also reported a short study by stressing the bilayer through the perturbation of the cytoskeleton
equilibrium state. These virtual experiments not only showed the consistency of the mathematical-
computational model but also have suggested physical considerations about the RBC membrane
system.

Understanding better the behaviour of a red blood cell means to give a strong contribution
to the comprehension of life. Thanks to modern technology, the accuracy of mathematical models
can be proven by experimental laboratory tests. Conversely, mathematical modeling can help to
identify the reasons behind what is physically observed. Our next goal is to adapt the code in
order to simulate the fundamental experiments of micropipette aspiration and optical tweezing.
Our deliverable is a software for the “in silico” (or virtual) simulation of RBCs, that extends the
range of spatial and temporal scales of current simulators as the OpenRBC code (TANG et al.,
2017) and the implementation in LAMMPS of Fu and co-workers (FU et al., 2017).
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Figure 7 – Screenshots of the simulation of the evolution of the RBC in the relaxation process (t = 0.15).

(a) Lipid bilayer neglecting cytoskeleton and interaction forces.

(b) Lipid bilayer considering cytoskeleton and interaction forces.



2.3. Achievements and future opportunities 45

Figure 8 – Configuration of the RBC at equilibrium, by contracting and extending the cytoskeleton. The
surface tension is displayed with the colors.

Figure 9 – Time evolution of a RBC a `eq = 0.7`0 is imposed, with “detaching” phenomenon of cytoskele-
ton network.
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Figure 10 – Time evolution of a RBC a `eq = 1.3`0 is applied, with “folding” effect of cytoskeleton
network.
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CHAPTER

3
MODELING A RED BLOOD CELL

CYTOSKELETON: INSIGHTS, TIPS, AND
CODE

Mathematical modeling of living cells has been experiencing a continuous fruitful interest
for decades now (BAO; SURESH, 2003; LIM; ZHOU; QUEK, 2006), also benefiting from the
development of micro- and nano-scale cell technologies (UNAL et al., 2014). The important
interactions between the mechanical responses and the physiological functions of living cells
makes this inter-disciplinary field of research one of the most challenging and promising with
significant implications in biological sciences and medicine (BAO et al., 2014). Single-cell
studies (ANDERSON; REJNIAK, 2007; CARLO; LEE, 2006) and, in particular, on red blood
cells have gained attention (LI; VLAHOVSKA; KARNIADAKIS, 2013) thanks to the increasing
advance of computational techniques (TANG et al., 2017; FU et al., 2017). The red blood cell
(RBC) is an excellent candidate for this type of investigations because despite being one of
the simplest cells (for example, mature erythrocytes are non-nucleated), it possesses peculiar
membrane mechanical characteristics, which ensure exceptional versatility and stability.

It is estimated that during its 120-days life-span, a single RBC circulates around the
human body about a million times (LI et al., 2007). This life cycle is not without obstacles. The
erythrocyte demonstrates a remarkable flexibility and resilience by withstanding a considerable
amount of shear stresses and severe deformation during the micro-circulation even in capillaries
thinner than its own size (average diameter of 7.8 µm) or in the spleen filtration, and continuously
recovering its biconcave shape on stress release. These extraordinary mechanical properties are
attributed to the RBC unique architecture (DUMITRU et al., 2018). The structural component
enabling mechanical flexibility in an healthy human RBC is composed of three interconnected
elements: (i) a fluid-like phospholipid-cholesterol bilayer that contributes to bending resistance;
(ii) a two-dimensional spectrin network, that is, an underlying network of filamentous cytoskeletal
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proteins; (iii) trans-membrane proteins anchoring together the lipid bilayer and spectrin domains.
Several works have gradually unrevealed answers to the many questions on the exceptional
capacity of the erythrocyte membrane to maintain its physical properties and consequently
physiological functions (for example, to capillary transport of hemoglobin to deliver oxygen to
the cells) studying the the complex structural organization of the erythrocyte membrane (PICAS
et al., 2013) (BORGHI; BROCHARD-WYART, 2007). There is common agreement in literature
that the mechanical stability and flexibility necessary to withstand the deformations experienced
during the RBC life can be largely attributed to its cytoskeleton (MOHANDAS; GALLAGHER,
2008; DISCHER, 2000).

The structural characterization of the RBC cytoskeleton has already been identified with
sufficient clarity from the 70s and 80s (HAINFELD; STECK, 1977; LUX, 1979; GRATZER,
1981). Spectrins are the most abundant cytoskeletal proteins which are organized by forming
long and flexible heterodimers and integrating multi-protein complexes, usually called junctional
complexes (JCs). This complex organization is reported to be two-dimensional and quite regular,
revealing an approximate hexagonal symmetry (LIU; DERICK; PALEK, 1987). The spectrin
network envelopes the entire surface of the RBC membrane (BENNETT; BAINES, 2001) and
it is linked via band 4.1 proteins or ankyrins to integral proteins embedded in the lipid bilayer
(LUX, 2016). The typical length of a spectrin filament is about 70nm, leading to about 105

edges in a human RBC cytoskeleton. An electron microscopy image of this peculiar network
structure is shown in the left-hand panel in Figure 11. As shown in the right-hand panel of Figure
11, a recent study published by Nans, Mohandas and Stokes (NANS; MOHANDAS; STOKES,
2011) has enabled to produce the first three-dimensional representation of the RBC cytoskeleton
utilizing cryo-electron tomography.

Figure 11 – Electron microscope image of a RBC cytoskeleton structure (left-hand panel) (LUX, 2016)
and cryo-electron tomography (right-hand panel) (NANS; MOHANDAS; STOKES, 2011)
showing details of the cytoskeleton.

As schematically shown in Figure 12, the network architecture can easily stretch and
contract again upon stress removal. Based on comparisons between rest (A) and expanded (B)
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states, we hypothesise that the spectrin filaments substantially reorganize as the membrane is
stretched during cell deformation. This peculiar behaviour is due to the flexible and elastic
characteristics of the spectrin domains that assume a triple helical structure (insert C in Figure
12).

Figure 12 – Scheme of the transition between the (A) intact and (B) expanded forms of the erythro-
cyte skeleton and (C) of the triple helical spectrin structure. Image modified from (NANS;
MOHANDAS; STOKES, 2011)

It is biologically clear that the mechanical properties associated with bilayer-cytoskeletal
cooperative role strongly influence biorheology, erythrocyte function, and the onset and progres-
sion of red blood cell diseases (SVETINA et al., 2004) (SURESH, 2006; PENG et al., 2013;
DISCHER; BOAL; BOEY, 1998). A very recent work of Gómez et al. provides evidence that
the RBC surface tension and bending modulus are very responsive to the interaction between the
lipid bilayer and the cortical cytoskeleton (GÓMEZ et al., 2020). A computational modelling
approach that separately considers each component of the erythrocyte has recently proved useful
in the analysis of healthy (PENG; ASARO; ZHU, 2010; LI; LYKOTRAFITIS, 2012; LI et al.,
2014) and diseased (CHANG et al., 2016; CHANG; LI; KARNIADAKIS, 2017) erythrocytes.
In these works, the common choice is to model the lipid bilayer with a bending surface energy,
elastic and viscous interactions, and thermal fluctuations using particle-based techniques. A
positive feature of this approach is to easily account for the detailed membrane structure and the
critical biophysical processes at cellular and sub-cellular scales, such as membrane fluctuations
and defective structure. A weak point of this approach is however represented by the fact that the
computational costs can increase considerably to become very expensive with the reduction of the
modeling scale. Alternative modeling approaches consist in the adoption of a continuum-based
models, according to which the RBC membrane layer is usually treated as a two-dimensional
viscous liquid-shell homogeneous material (FENG; KLUG, 2006) (ARROYO; DESIMONE;
HELTAI, 2010; RODRIGUES et al., 2015a; BARTHES-BIESEL, 2016). The continuum frame-
work provides consistent approximations of large-scale molecular systems with less adjustable
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parameters with respect to particle-based approaches, and are generally numerically more stable
and less computationally costly (LI; LU; PENG, 2020). In both approaches, in order to develop
a two-component model, an explicit mathematical description of the spectrin network is needed.

The cytoskeleton is a complex structure with non-trivial dynamics. In this study we
aim to answer the following questions: Is it possible to capture the basic characteristics of the
cytoskeleton, while at the same time obtaining a model capable of simulating its dynamics with
a simple code able to be run even by a common computer? Can those computational tools, such
as coarse-grained scaling techniques, be adopted by using not so sophisticated and articulated
methods?

In this paper we aimed to provide a set of tools to facilitate RBC cytoskeleton mathe-
matical modeling, giving tips over coarse grained scaling techniques, parameters choice to set
an equilibrium spectrin length or computational approach to simulate a virtual optical tweezers
experiment. Indeed, by delivering a cytoskeletal-only component-based model, a complementary
goal of this work was to further elucidate the role of the cytoskeleton on determining the overall
RBC mechanical behaviour. We draw some insights on different mechanical aspects such as
cytoskeletal symmetry defects impact and stress transmission and distribution within the network,
emphasizing findings while highlighting the limitations of using a cytoskeletal-only component-
based model for mimicking the mechanics of the whole RBC membrane. The computation model
here presented may be useful for completing single RBC models.

With such purposes in mind, in Section 3.1 we describe the model abstraction process by
discussing the main spectrin hallmarks and by introducing the worm-like chain force model to
simulate the network behaviour. In Sub-section 3.1.1 a case-study of a single spectrin domain is
presented. By adopting the principle of virtual work, in Sub-section 3.1.2 the complete model for
the whole cytoskeletal system is shown and used in a relaxation test, i.e., when no external force
is applied to the cytoskeleton and it relaxes to equilibrium. In order to provide a step-by-step
guide for the use and implementation of such model, the Sub-section 3.1.3 is dedicated to coarse-
grained scaling methods. This approach is particularly helpful to reduce the computational cost
while preserving the network mechanical properties. We also show two examples of how this
model can be used to study RBC cytoskeleton. Firstly, in the Sub-section 3.1.4 we focus on the
implications of symmetry defects, which occur also taking into account the dynamic nature of
the cytoskeletal network. Then, in Sub-section 3.1.5 we present a virtual implementation of an
optical tweezers simulation to assess the potential of the model to describe the behaviour of the
cytoskeleton in transient processes.

This chapter significantly expands the work presented at the VI ERMAC - Regional
Meeting of Applied and Computational Mathematics at Unesp in Bauru/SP (Brazil) and published
in the Proceedings of the Congress (MEACCI et al., 2019). In order to give more solidity to
the results of this work, we provide in Appendix A the implementation of the mathematical
model in Octave. GNU Octave is software featuring a high-level programming language, mostly
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compatible with Matlab and free under the terms of the GNU General Public License. We also list
some brief comments to the commands of the main routine and the functions used to accompany
the reader in understanding the code. Furthermore, to help the reader to test and easily use the
code, we dispense with the corresponding source Octave codes in GitHub repository (at the URL:
<https://github.com/LucaMeacci/RBC_cytoskeleton_mathmodel>) with the archives concerning
the initial geometry conditions to simulate the numerical tests presented in the text.

3.1 Mathematical model

The starting point of the model we propose refers to the single “brick” of the cytoskeleton:
the spectrin. In the work of Marko and Siggia (MARKO; SIGGIA, 1995), an interpolating model
was applied with an ideal chain behaviour at very small extension and with a divergent-tension
behaviour at large extension (DISCHER; BOAL; BOEY, 1998). This approach is known as the
worm-like chain (WLC) model in polymer physics, or sometimes as the Kratky-Porod WLC
model, and is used to describe the behavior of semi-flexible polymers. The WLC model provides a
description for an isotropic rod that is continuously flexible. The WLC model is particularly suited
for describing stiffer polymers, with successive segments exhibiting cooperative interaction, all
of which point in approximately the same direction. Several biologically important polymers can
be effectively modeled as WLC strands, including double-stranded DNA, unstructured RNA,
and unstructured polypeptides (proteins) (BAO, 2002; VASQUEZ et al., 2016). We opted for
this model to describe the non-linear force-displacement behavior of each individual spectrin.

Chan, Haverkamp and Hill (CHAN; HAVERKAMP; HILL, 2010) recently proposed a
force extension formula for the WLC model using the variational principle. The authors showed
that Marko and Siggia’s approach yields up to 6% error compared to the exact solution in the
intermediate force regime. Despite this error, Marko and Siggia’s formula is currently the most
commonly used one by biologists and chemists to adjust their experimental data. Therefore we
will adopt it. The WLC force fWLC as a function of instantaneous length is modeled as:

fWLC =−kBT
p

{
1

4(1− x)2 −
1
4
+ x

}
, x =

L
Lmax

∈ [0,1), (3.1)

where Lmax is the maximum length of the filament, L is the instantaneous length of the filament (x
is the dimensionless ratio between L and Lmax), p is the persistence length, kB is the Boltzmann
constant, and T is the temperature. We remark that the persistence length p is a basic mechanical
property quantifying the stiffness of a polymer and, more specifically, the characteristic length
scale over which the chain maintains a certain direction (CHEN et al., 2012). Figure 13 shows
the graph of the WLC force according to the equation (3.1) where kB = 1.3806× 10−23J/K,
T = 300K and p = 39× 10−9 m. This arbitrary configuration reflects the similar behavior of
experimental data referring to a portion of a double stranded DNA (GROSS; REUSKEN, 2011).

https://github.com/LucaMeacci/RBC_cytoskeleton_mathmodel
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Figure 13 – Graphic of the WLC force (kB = 1.3806×10−23J/K, T = 300K and p = 39×10−9 m.

By integrating the equation (3.1) we obtain the corresponding potential, V(L), of a string
of length L,

V (L) =
∫ L

0
fWLC(ξ )dξ =

kBT Lmax

4 p
3x2−2x3

1− x
. (3.2)

The whole cytoskeleton will be treated following the nature of its components, basically
a spectrin fiber mesh with special joints. The mesh is considered as a set of nodes joined together
by molecular chains. The idea of using a finite network model to predict the macroscopic elastic
shear modulus and the erythrocyte membrane skeletal area expansion module based on its
microstructure has been used in the literature (HANSEN et al., 1996) and recently demonstrated
to be accurate with nonlinear WLC forces (DISCHER, 2000) (FEDOSOV; CASWELL; KARNI-
ADAKIS, 2010; PAN; CASWELL; KARNIADAKIS, 2010; JU et al., 2015). A mesh scheme
representing the whole cytoskeleton is shown in Figure 14.

Figure 14 – Mesh scheme representing the cytoskeleton. The nodes are indicated in red while the edges in
blue.

As shown in Figure 14, we can mathematically consider for the nodes to be a set of
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vertex points X= {X j} ∈ R3×Nv , being Nv the number of vertexes. The vertices are connected
by Ne edges and form a two-dimensional network of triangles. For the matrix X corresponds to a
length matrix x̂ = {x j} ∈ RNe . This way of building the network satisfies the hypothesis of the
(average) hexagonal organization of the RBC cytoskeleton.

Having defined this geometry of the domain, the (whole) potential energy of the spectrin
mesh can be evaluated taking into account all spectrins, leading to the following formulation:

EX(X) = G(x̂) = ∑
j

[
kBT `m (3x2

j −2x3
j)

4p(1− x j)
+

kp

(n−1)`n−1
j

]
, (3.3)

where ` j is the filament length (spring) j, `m is the maximum length of these filaments, x j = ` j/`m,
p is the persistence length , kBT is the power unit, and n and kp are parameters. The first term in
the equation (3.3) is the attractive potential (WLC). We observe that in addition we include an
second term to express the repulsive force (for n > 0) between neighboring nodes, concerning
the so-called power force (POW). We denote therefore the formulation (3.3) as WLC-POW
model (FEDOSOV; CASWELL; KARNIADAKIS, 2010; XIAO et al., 2016; YUN; XIANG;
WANG, 2018) and, a nonzero equilibrium spring length is defined by the balance of these two
forces (ZHOU et al., 2016).

3.1.1 A case-study example: one spectrin

Considering a system consisting of only two nodes, X1 and X2, and only one spectrin,
we refer to the (3.3) to evaluate the potential energy that results in

EX(X1,X2) = G(x) =
kBT `m (3x2−2x3)

4p(1− x)
+

kp

`m x
, (3.4)

where we assume that n = 2 and `0 is the edge equilibrium length. Assuming `m = r `0, equation
(3.4) can be written as:

4p
kBT `0 r

G(x) =
3x2−2x3

1− x
+A

1
x
, (3.5)

with A =
4 pkp

kBT `2
or2 .

Let us assume now that we are interested in a priori setting the equilibrium length `0.
Taking into account (3.5) the problem is: Find the A value that makes G(x) minimum at x = 1/r,
i.e., d

d xG(x = 1/r) = 0. For example, in the simulations of Figures 15 and 16 we show the results
when r = 2.2 and `0 = 3, respectively. We note that under this assumption we obtain A = 0.86
and, as in the case kB T = 1 and p = 1, this implies kp = 9.4743. Using this method, we show
the results related to two simulations where in both cases the final position of the 2 nodes will
be [−1.5,0,0] and [1.5,0,0]. Depending on the different initial positions of the nodes, we are
able to show the cases of compression and extension in Figures 15 and 16, respectively. In the
panels concerning the cytoskeleton tensions, we refer to the sum over all spectrin molecules of
the WLC and POW force components. As we can observe, at the final (relaxed) state the tensions
are equal in the module but opposite.
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Figure 15 – The nodes move from the initial positions X1(t = 0) = (−3,0,0) and X2(t = 0) = (3,0,0)
with a respective length to the equilibrium ones with the desired length l0 = 3 (Compression
case).

3.1.2 Derivation of the complete system

The principle of virtual work requires that the energy variation for an allowable virtual
configuration variation to be equal to the virtual work performed by dissipative, inertial and
system externalities (LANCZOS, 1970). From this principle the system of equations to describe
the cytoskeleton dynamics can be derived:

∂ EX

∂ X j
+ D j

X + M j dU j

d t
= F j

X ∀ j = 1 ... NY , (3.6)

referring to the definition of EX given by equation (3.3). Moreover, D j
X denotes the contribution

of the cytoskeleton dissipation with F j
X the external force and M j dU j

d t the inertial contribution
(U j = dX j

d t ). Concerning the dissipation of energy, a friction model is chosen, that is, D j
X =

β f ricU j, where β f ric a scalar. We remark that this hypothesis is a simplified one since the energy
dissipation in the real system comes from the dissipation of the lipid layer and surrounding fluid,
which are not considered here.

Through the (3.6) system it is possible to study the dynamics of the cytoskeleton with
respect to time. Figure 17 presents a relaxation test, i.e., when no external force is applied to
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Figure 16 – The nodes move from the initial positions X1(t = 0) = (−0.5,0.5,0) and X2(t = 0) = (3,0,0)
with a respective length to the equilibrium ones with the desired length l0 = 3 (Extension
case).

the cytoskeleton (F j
X = 0, ∀ j = 1 ... NY ). The initial cytoskeleton configuration was schematized

to be of ellipsoidal shape, with 42 nodes and 80 edges. The presented model is numerically
solved by the Newton-Raphson iterative method and with an arbitrary configuration as follows:
p = 0.0375, Kb = 1, T = 1, kp = 1, ` j

0 ≈ 1, `m = 2.2. The contraction process of a RBC during
the relaxation time can be seen in the inserts of Figure 17 in conjunction with the profile of the
cytoskeleton energy relaxation EX , according to equation (3.3). In the Appendix, we report the
code to reproduce such a simulation. It should be stressed that this does not aim to reproduce
real results but only to test the model. In order to facilitate the understanding of a computational
implementation of the mathematical model, we will provide specific comments on the code for
solving the system (3.6).

This model could be particularly useful to perform virtual experiments to help achieving
the characterization of erythrocyte and cytoskeleton deformation.

3.1.3 Cytoskeleton coarse-grained scaling

The number of the junctional complexes (JCs) in a human RBC varies within the range
of 27000 - 45000, with each JC occupying a surface of 3000 - 5000nm2 (SWIHART et al.,
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Figure 17 – Simulation of the relaxation process of the cytoskeleton.

2001) and with 135 µm2 (EVANS, 2018) being the average area of a whole RBC. These values
correspond to an equilibrium spectrin length between 59 - 76nm. Considering these dimensions
and fixing the number of vertices Nv ≈ 27000, it is possible to estimate the parameters of the
WLC-POW model of equation 3.3, yielding a persistent length value of p = 14.68nm and a
power (n = 2) force parameter kp = 1.66×1027 Nm2 (at the room temperature of T = 300K)
(FEDOSOV; CASWELL; KARNIADAKIS, 2010).

Although modern computer technology is capable of managing simulations with such
numbers, it is useful a approach to reduce the size of the system while preserving its mechanical
properties. This option to reduce computational cost is even more relevant if we consider that
the model for the cytoskeleton could be accompanied by the one for the lipid bilayer in order to
obtain a two-component RBC membrane model. One solution is to decrease the vertexes number
(Nv) compared with the real spectrin-level while at the same time maintaining the physical model
response by appropriately scaling the parameters. We were inspired by this sort of calibration in
the reduction of system cardinality, typical of the so-called coarse-graining methods (PIVKIN;
KARNIADAKIS, 2008; NOGUCHI, 2009).

Let us use a smaller number of Nc
v (the superscript c is for “coarse-grained”) with respect

to the reference model number of Nv. We refer to the work by Fedosov et al. with respect to the
re-scaling of a filament length (FEDOSOV; CASWELL; KARNIADAKIS, 2010). Taking into
account geometrical considerations on the conservation of the area, it is possible to estimate the
new coarse-grained spectrin equilibrium length

`c
0 = `0

√
Nv−2
Nc

v −2
, (3.7)

and similarly, estimate the new maximum coarse-grained spectrin length `c
m. Using this as starting

point, we provide a coarse-grained scaling method leading to the definition of the new coarse-
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grained persistent length pc and kc
p power force constant. Let first consider only one spectrin. By

substituting the equation (3.7) into the (3.4), we can define again the persistent length and power
force constant in order to equate the potential spectrin energy. However, the new coarse-grained
system energy EX(X), according to the equation (3.3), is given by the sum over all the edges,
and the coarse-grained configuration has a lower filaments number than the previous one. We
remark that a closed triangulated surface with hexagonal symmetry assumes a number of edges
of Nv−2

Nc
v−2 . Taking into account this observation, in order to maintain approximately unchanged the

potential energy we provide the following parameters adjustment

pc = p
(

Nv−2
Nc

v −2

)−1/2

, kc
b = kb

(
Nv−2
Nc

v −2

)n−1/2

. (3.8)

We aim to test the efficacy our coarse-grained procedure by presenting a virtual ex-
periment to evaluate the mechanical behavior of a reduced spectrin network. We set a refer-
ence arbitrary configuration of a spherical cytoskeleton of a radius of ≈ 1, with Nv = 1429,
0.1 < ` j < 0.24, p = 0.0104, and kp = 1. These values correspond to an equilibrium configura-
tion, i.e., a configuration in which the mesh remains stationary if not subject to external forces.
We proceed by dividing the number of nodes by at least a factor 2 each time, thus creating 3
new reduced cases. The detailed values are shown in Table 5. We can calculate the respective

Table 5 – Parameters setup and computed physical quantities concerning the coarse-grained test cases.

case Nv `0 p kp fext E ∞
X da

max
0 1429 0.1 < ` j < 0.24 0.0104 1 500 6.09×104 2.46
1 619 0.16 < ` j < 0.34 0.0068386 3.5173 500 6.10×104 2.44
2 339 0.2 < ` j < 0.46 0.0050540 8.7135 500 6.11×104 2.41
3 145 0.34 < ` j < 0.62 0.0032922 31.523 500 6.12×104 2.37

parameters with the new small-size grids using the equation (3.8). As expected, the new setups
(shown in Table 5) essentially keep the coarse-systems in equilibrium balance. Let us now
proceed with a experiment to test the new system mechanical response. In fact, we apply an
assigned outgoing external force with a certain module fext to the 6 extreme mesh nodes with
respect to each axis, as schematized in the left-panel of Figure 18. The idea is to quantify the
deformation of the cytoskeleton over time. To this purpose, in the right-hand panel of Figure 18
we display the graphs of the maximum average deformation with respect to the axes, da

max. As
shown, the maintenance of the system behavior can be considered satisfactory. Even in the worst
case (from case 0 to case 3 with fext = 500), a reduction of the grid size of the 90% corresponds
to a final variation of the maximum average diameter of 4%. We can also appreciate a minimal
variation of the network energy E ∞

X at the equilibrium.
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Figure 18 – Scheme of coarse grained test (on the left) and graph of the maximum average diameter da
max

over time for the test cases (on the right).

3.1.4 Dynamical cytoskeleton and symmetry defects characteriza-
tions

As mentioned above, the spectrin network has a quite regular structure over the entire
RBC surface. Nevertheless, its hexagonal symmetry is not perfect and contains many defects
(BENNETT, 1989). Thanks to the atomic force microscopy visualisation technique we can
observe these irregularities (TAKEUCHI et al., 1998; SWIHART et al., 2001). The cytoskeletal
filaments can break and reconnect themselves as it occurs when a RBC experiences stresses
passing through a small capillary. This phenomenon leads to a continual dynamic reformation of
the spectrin links (ZHANG; BROWN, 2008). The transient dissociation process (GOV; SAFRAN,
2005) and active self-assembled network (GOV, 2007) significantly impact on the mechanical
properties of the erythrocyte (LI et al., 2007).

It should be stressed that it is not the goal of this work to provide a simulator based on
a dynamically evolving connectivity mesh, although this function may be complemented with
some modifications (see (NOGUCHI, 2009)) of the code attached in the Appendix. Instead, we
aim to provide insights and shed light on the impact of defects in the cytoskeletal geometry (at
local level) using the implementation of a simple set of examples.

Let us consider a small portion of the spectrin network with a fixed number of 23 vertexes
and the usual hexagonal symmetry, as shown in Figure 19. The aim of this test is to evaluate the
response of the system as a result of the deformation generated by the application of an outward
force fext with parallel direction to the x axis to the nodes at the left (labeled with 1, 10, 19) and
right (labeled with 5, 14, 23) extremities. We refer to this kind of grid as the case 0. For defined
system values, as reported in Table 6, we can evaluate the final equilibrium energy E ∞

X , and the
maximum diameters of the mesh dx and dy along the x and y, respectively. A visualization of
this final system configuration is shown in the second panel of Figure 20, referring to the case 0.
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Figure 19 – Reference cytoskeletal networking mesh.

In Figure 20 the graphs of E ∞
X (third panel) and of the diameters dx and dy (forth panel), both

resulting from a certain module of fext , are shown. The case 0 results reveal certain nonlinear
trends of the calculated measures.

Table 6 – Parameters setup and computed physical quantities concerning the symmetry defects test cases.

case Ne p kp fext E ∞
X dx dy

0 50 0.0375 35 100 2502.8 6.30 3.38
1 46 0.0375 35 100 2367.4 7.55 3.07
2 42 0.0375 35 100 2183.9 7.91 3.18
3 50 0.0375 35 100 2480.3 6.76 3.55

With the same criterion, we tested the response of other types of network. To build
the network concerning the case 3, we introduced defects to the reference grid of case 0. We
eliminated the edges between the nodes 7−8, 11−12, 12−14, and 16−17 so as to obtain the
grid of case 1 and then removed also the links between the vertexes 6−7, 8−9, 15−16, and
17−18. We remark that, for each case it corresponds to a constant decrease of the total edges
number Ne. However, this operation does not correspond to a linear increase in diameters dx and
dy. Specifically, the simulations reveal that for a unitary percentage reduction on the quantity
of spectrins, a dx lengthening of the 0.9% and 1.3% occurs from case 0 to 1 and from case 1
to 2, respectively. A first evidence is therefore that the mechanical response does not depend
linearly on the number of spectrin links dissociation. We highlight this challenging aspect in the
characterization of defects.

However, within the erythrocyte, not only the breakage of spectrin links occurs but also
the re-connection of the cytoskeletal filaments. The occurrence of this process introduces another
problem, i.e., the evaluation of non-symmetric geometries. For example, one spectrin end does
not necessarily re-associate with the same JC. To illustrate this situation, let us discuss another
simple test reported as case 3.
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Figure 20 – Results of the symmetry defects test cases. For each case, we report (from left to right) initial
and final network configuration and profiles of the final cytoskeletal equilibrium energy E ∞

X
and of the diameters dx and dy over the external imposed force fext .

The actin filaments at the nodes seem to be limited to cross-link with no more than
eight spectrin filaments. This behaviour controls the rearrangement, clearly favouring the most
probable option of six connections but also limiting the types of defects (LIU; DERICK; PALEK,
1987). On building the case 3 we took into account the mentioned characteristics. We simulated
the breaking of the edges 6−11, 7−12, and 8−13 of the case 0 and connect the nodes pairs
7−10, 8−11, and 9−11. We note that the edges number is the same between the two cases.
Let us now compare the response to the same stretching virtual experiment of the case 3 with the
case 0. A relative E ∞

X variation of 0.9% does not correspond to a similar behavior of the system.
We observe a significant dy increase of 7.3%, also due to the rotation of the entire network during
the stretching process. This case introduces a further element of complexity. We obtain similar
energy but different deformation behavior. The impact of the connection geometry is another
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challenging aspect in the characterization of the cytoskeleton defects and represents an open field
of research in the improvement of the current understanding of RBC mechanical proprieties.

3.1.5 Some in-depth observations: the virtual optical tweezers ex-
periment

This last section emphasises the potential of the model and also its limitations, justifying
the need for the lipid bilayer component integration and opening the opportunity for future devel-
opments. To this end, we employ a widely used technique (in the laboratory and computationally)
to study RBC mechanical behavior: RBC stretching via optical tweezers. Through this method
we can deform a cell in one or more directions by trapping points on the cell surface (HENON et

al., 1999; DAO; LIM; SURESH, 2003).

The experiment we reproduced virtually is schematized in Figure 21. We performed
RBC stretching using one common setup (MILLS et al., 2004) consisting in anchoring two
micro-beads at diametrically opposite points of the RBC membrane. The left bead was attached
to a glass immobile surface slide while the right bead was trapped by a laser beam applying
an external force fext . In this process, we could measure the response of the RBC in terms of
diameter in the direction of stretching, the axial diameter Da, and the diameter orthogonal to the
stretching direction named as transverse diameter Dt (SIGÜENZA; MENDEZ; NICOUD, 2017).

Figure 21 – Scheme of a common optical tweezers technique to stretch a RBC.

We started from an initial cytoskeletal network respecting the typical equilibrium shape
expressed by the equation

y = R

√
1− x2 + z2

R

[
c0 + c1

x2 + z2

R2 + c2
(x2 + z2)2

R4

]
, (3.9)

with a suitable parameters set-up, as for example R= 3.91(µm), c0 = 0.0135805, c1 = 1.001279,
and c2 = −0.561381 (PIVKIN; KARNIADAKIS, 2008). The mesh dimensions values were
Nv = 1458 and Ne = 4368.

Our experiment is unconventional, in fact it is virtual, because we aimed at stretching only
the cytoskeleton, not counting the lipid bilayer. However, experimentally the bead is attached to
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the external lipid membrane and not directly to the cytoskeleton. To overcome this situation, we
considered the presence of a (fictitious) surface fixed to the bead with an adhesion interaction
potential of the Lennard-Jones type with the neighboring cytoskeletal nodes (SAUER, 2012).
We also established that this adhesion has a limit bound in all tests: if this value is exceeded, the
node is released from the bead. Then, to simulate the laser beam role and the bead movement
(with consequent imposition of an external force fext), we applied a constant velocity to the bead.

We draw some considerations by proposing the results of simulations tuning the energy
unit kBT , given by the product between the Boltzmann constant kB and the temperature T . The
persistence length p and the power constant kp are set in order to obtain (for each case) the
equilibrium with the initial spectrin configuration. For each choice of kBT we plot in Figure 22
the graphs of the energy EX and the the axial diameter Da over time. We also present, for a few
specific time instants, the visualization of the network with nodes and edges.

Figure 22 – Results of the optical tweezers simulations varying kBT . For each test, the graphs of the
energy EX (on the top) and the the axial diameter Da (on the bottom) over time is shown.
Some visualizations of the cytoskeletal network are reported at specific time points.

The orders of magnitude of the energies are different and respect the kBT imposed.
However, all the behaviors reach a maximum. This point represents the moment when the RBC
detaches itself from the bead. The larger is the kBT value, the greater is the force needed to
deform the erythrocyte. Having set a constant attractive potential of the bead, it is reasonable that
the higher is the value of kBT , the sooner the RBC is detached. This implies that the elongation
at the time of detaching is greater in the case with smaller kBT , as we can see from the panels
in Figure 22. After the moment of detaching, the relaxation phase occurs, described by the
gradual downfall of the energy value. We note that the energy decreases faster for larger values
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of kBT . This aspect agrees with the fact that the recovery shape time (or “shape relaxation time”),
i.e., the time necessary for the erythrocyte to recover its initial shape, is considered inversely
proportional to the membrane shear modulus and consequently to the kBT (HOCHMUTH;
WORTHY; EVANS, 1979) (TAN; XU, 2019).

In the graphs of Da the trend of the diameter reaching the maximum value before
decreasing as a result of contraction is shown. A noteworthy fact is that the process of stretching
and relaxing does not seem to be fully reversible. This is highlighted by the fact that the diameter
does not return to its original value. A similar inability (with due proportion) is also reflected
with respect to the diameter Dt . This evidence allows to hypothesise that the ability to recover
form is not an intrinsic property of the cytoskeleton. Therefore, the RBC shape recovering ability
may result from the lipid layer contribution.

From the comparison of the simulations results with the experimental data, we can further
shed light on the model consistency and infer some considerations. We introduce the quantities
corresponding to the relative diameters increase (in the elongation phase) Dr

a = (Da−D0
a)/D0

a

and Dr
t = (Dt−D0

t )/D0
t , with superscript 0 referring to the initial dimension. In Figure 23 we

show on the left-panel the the results of our only-one component model of the cytoskeleton.
Qualitatively, we can observe a positive correlation between Dr

a and Dr
t , which agrees with

physical intuition that larger stretching axial elongation causes more transverse contraction of
the cells.

Figure 23 – Graphs of relative axial diameter Dr
a with respect to the relative transverse Dr

t . Results of
our model simulations (on the left) and experimental measurements (on the right) of RBC
samples taken from (LI; LIU, 2008)

Nevertheless, such a correlation is insufficient comparing it to the laboratory results. On
the left-panel of Figure 23 we report the same graphs concerning the entire RBC experimental
data for a certain small sample of RBCs, as provided by Li et al.(LI; LIU, 2008) This divergence is
another evidence of the mechanical role of the lipid bilayer. In fact, the bending energy induced
by the lipid bilayer provides resistance to membrane wrinkle and distortion (POZRIKIDIS,
2003a; FEDOSOV; CASWELL; KARNIADAKIS, 2010). For this reason, to obtain a full RBC
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membrane mathematical model consistent with the experimental results, we need to add the
component for the bending.

Although the only cytoskeletal component model cannot be used to mimic the whole
RBC mechanical behavior, this quite simple tool (on its own or in conjunction with other-
component models) has significant and considerable applications. A topic of great interest and
impact also in the most recent scientific research is represented by the the study of the internal
cell stress distribution as a result of external solicitations (LOPEZ; VALENTINE, 2015).

Figure 24 – Some time configuration of the spectrin network in the virtual optical tweezers experiment
with kBT = 1, showing the stress transmission and distribution. The legend is in the center.

On the panels of Figure 24, we show the internal cytoskelton network of the previous
streaching experiment with kBT = 1. In particular the filaments edges are colored according
to the magnitude of force arising from the WLC model of equation (3.3). A non-trivial aspect
is represented by the understanding of how spectrin rigidity and cross-linking allow forces (in
this case highlighted in red color) to be transmitted within the RBC tissue. Let us comment
and briefly analyze the simulation images. The top-left panel concerns the configuration of the
network during the stretching process. We can observe as a stretch-induced stress front advances
symmetrically from the two extremities towards the center and with a circular profile of a certain
radius. The other three images instead concern the relaxation phase. We can note as they show
not only the tendency to recover the shape but also how the forces distribution dynamically goes
to the homogeneous condition. The resulting behaviors can reveal a certain degree of complexity,
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such as the presence of traveling waves or particular symmetries. All of these constitute an
opportunity to advance our understanding by integrating the computational model, which we
provided, with experimental results to further characterize the complex internal behaviors and
stress transmission in the cytoskeletons of living cells.

3.2 Achievements and future opportunities
The study of the erythrocyte cytoskeleton is a well-established topic. Nonetheless, the

mathematical and computational modeling of the cytoskeleton still presents several challenging
aspects. A first objective of this work was to provide the basic tools necessary for computational
study for those (mathematicians and not) who approach to study the cytoskeleton by highlighting
useful tips. Indeed a question that motivated this work concerned the possibility of reproducing
the main cytoskeleton properties with a simple model (consisting of a small number of code lines).
Through tests chosen and built ad hoc, we opted to shed light on salient aspects so to discuss
model potential and limitations, and provide insights on coarse-grained scaling procedures and
symmetric geometry defects. Through the virtual experiment proposed on cytoskelton stretching
by optical tweezers, we have determined that the ability to recover the shape is not an intrinsic
property of the cytoskeleton. The comparison with the experimental data showed the need to
consider the bending contribution due to the lipid bilayer in order to obtain a more realistic RBC
membrane behavior. Broader developments can be integrated with the here described model and
in particular with cytoskeleton-bilayer interaction (MEACCI et al., 2020a). In the Appendix, we
enclose a (commented) numerical code in Octave free language as a tool ready-to-use.

The investigation of certain properties of the cytoskeletal mechanobiology continues to
be essential (FAI et al., 2017) as well the improvement of the biological membrane modeling
(RAJAGOPAL; HOLMES; LEE, 2018). The mechanics of spectrin networks are complex.
However, we have seen how we can obtain evidences and clarifications with a simple simulation
code. There are still many questions and open challenges to be addressed. The combination
between experimental research and mathematical and computational modeling represents an
open field in the progress of the understanding of erythrocyte functions and mechanics. Further
research in this subject is of considerable scientific interest and we believe that through future
multidisciplinary efforts, it will continue to provide new insights and positive impact on our daily
life.
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CHAPTER

4
A RED BLOOD CELL CYTO-BILAYER

INTERACTION MODEL

Experimental observations of human RBC behavior in flow mimicking the microcircu-
lation reveal dramatic deformations and rich dynamics. This peculiar hallmark is due to the
structure of healthy human RBC. It is a biconcave nucleus-free cell approximately 8 µm in
diameter and 2 µm in thickness. It is primarily composed by a fluid-like lipid bilayer contributing
to the bending resistance and an attached spectrin network, that is, a cytoskeleton maintaining
cell shape and facilitating its motion. The lipid and spectrin domains are connected by transmem-
brane proteins. The alterations in cell geometry, membrane properties, as well as the interactions
associated with the lipid bilayer and the cytoskeleton could lead to impaired functionality, as
to deliver oxygen to the tissues (KIM; LEE; SHIN, 2015) and therefore strongly influence the
biomechanics of RBCs (SURESH, 2006).

A computational modeling approach that separately accounts for each component has
recently proved useful in the analysis of healthy and diseased RBCs (CHANG et al., 2016;
CHANG; LI; KARNIADAKIS, 2017; LI et al., 2014). According to this line of research the
cytoskeleton is modeled as junctions (nodes) that are joined by springs that obey a Worm-
Like-Chain (WLC) law and the lipid bilayer is considered as a surface of Dissipative-Particle-
Dynamics (DPD) particles endowed with bending energy, elastic and viscous interactions. The
cytoskeleton-bilayer interaction consists of a short-range force between the nodes of the network
and the bilayer particles.

We remark that a particle-based simulation for the bilayer could require to agglomerate
tens of thousands of lipid molecules into a single numerical particle, since the typical number of
lipid molecules is about 700 million. This unavoidable fact brings to the consequence that “it is
difficult to have a precise idea of the scales involved in DPD simulations”, as Li et al. (2014)
says. This scenario leads to consider a continuum approach for the lipid bilayer component
as more natural. Indeed, continuous models provide consistent approximations of large scale



68 Chapter 4. A red blood cell cyto-bilayer interaction model

molecular systems with fewer adjustable parameters than particle-based approaches, and usually
are numerically more stable and cost-effective.

Recently, a research group of the ICMC of the USP developed a semi-implicit finite ele-
ment method that was proved to be useful for studying the behavior of viscous lipid membranes.
This computational model is presented in (RODRIGUES et al., 2015a), adopting the viscous
liquid-shell model with Canham-Helfrich bending energy described by arroyo2010role. We opted
to refer to the same discretization to achieve our aim i.e. to arrive at a hybrid two-component
whole-RBC model, with a discrete WLC network for the cytoskeleton but with a continuous
surface fluid model for the lipid bilayer.

This means to face the problem to couple the two components by the adhesion forces
that mimic the attachment of the cytoskeleton nodes to the bilayer integral proteins. This study is
not only necessary to close the model but also is a non-trivial central point. Although the biome-
chanics of the RBC have been object of extensive studies and work, Peng et al. (2013) affirm
that “the mechanical properties of the interactions between the lipid bilayer and the cytoskeleton
... via the pinning connections of transmembrane proteins are still largely unknown” and also Li
and Lykotrafitis (2014) recognize that “are not yet fully understood”. Nevertheless, there exist
biological evidences that bilayer–cytoskeletal interactions are responsible for significant changes
in terms of biorheology, erythrocyte function and progress of RBC diseases (SURESH, 2006), as
for instance in the case of sickle cell disease (LIU et al., 1991) or during the mechanical filtering
process when the RBCs pass through the interendothelial slits in the spleen (SAFEUKUI et al.,
2012).

This study is aimed to provide a mathematical formulation of the forces that model
the interactions between the cytoskeleton, composed of a discrete set of nodes connected by
WLC-type forces and the bi-lipid membrane modeled as a continuous surface that behaves as a
two-dimensional fluid.

4.1 The cytoskeleton-bilayer interaction model

According to the macroscopic contact modeling, the behavior of two interacting bodies
is governed by the principles of continuum mechanics and the unilateral constraint that the
bodies may not penetrate each other. On the other hand, when the problem size decreases to the
nanoscale, the emergence of atomic effects affects the contact mechanics. The quasi-continuum
contact model introduced by sauer07ijnme combines features from both the continuum and the
molecular approach.

Let us consider Ω10 and Ω20 the reference configurations of the two bodies, with a given
atomic density β10 and β20 depending on the atomic structure, respectively. Then, let us consider
ϕ1 = x1(X1, t) and ϕ2 = x2(X2, t) are the motions mapping the reference configurations Ω10

and Ω20 onto Ω1 and Ω2 and the atomic density β10 and β10 onto β1 and β2, respectively (see
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(SAUER, 2012)). Now, we consider two arbitrary points x1 ∈Ω1 and x2 ∈Ω2, whose distance is
given by r = |x1− x2|. In the proposed model, we assume that two atoms (or molecules) located
at x1 and x2 interact with each other via an interatomic potential φ(r). A popular choice is the
so-called Lennard-Jones potential,

φ(r) = ε

(r0

r

)k
−2ε

(r0

r

)k/2
, (4.1)

where r0 and ε are a length and an energy scale, respectively. The force F(r) between the two
atoms is given by the gradient

F(r) =−∂φ

∂ r
=

k ε

r0

(r0

r

)k+1
−
(r0

r

)(k/2)+1
. (4.2)

It can be seen that r0 is the equilibrium distance between the atoms, i.e. the distance where F = 0,
and that ε is the energy of the well at r = r0. We can see that when to atoms are close enough
to each other, there is a repulsion between them. Otherwise, it occurs an attraction between the
atoms with a maximum potential when r = r0 and the force tends to zero as r increases and goes
to r = ∞.

We can define the contact energy as the total interaction energy between all particle
pairs located at positions x1 ∈Ω1 and x2 ∈Ω2. Adopting this approach, we deduce the bilayer-
citoskeleton interaction model as soft-body adhesion. For this purpose let us denote by ϒ the
adhesive surface of the cytoskeleton. In the continuum limit we obtain the contact energy given
by

Econ =
∫

Γ

∫
ϒ

βΓ βϒ φ(‖xΓ− xϒ‖) dxΓ dxϒ , (4.3)

where βΓ and βϒ are non-dimensional scalars (or simply constants) that model the adhesive
strength of each surface. The forces arising from this energy are obtained by considering
variations δxΓ and δxϒ in the positions of bilayer and cytoskeleton particles

dϒEcon ·δϒ+dΓEcon ·δΓ =−
∫

Γ

f con,Γ(xΓ) ·δxΓ dxΓ−
∫

ϒ

f con,ϒ(xϒ) ·δxϒ dxϒ , (4.4)

where f con,Γ(xΓ) is the net force at xΓ produced by the contact interaction with the whole of ϒ,

f con,Γ(xΓ) =−βΓ

∫
ϒ

βϒφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxϒ , (4.5)

and f con,ϒ(xϒ) is the corresponding contact force at xϒ with the whole bilayer surface Γ,

f con,ϒ(xϒ) = βϒ

∫
Γ

βΓφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxϒ . (4.6)

Notice that, taking δxΓ = δxϒ a constant vector, that
∫

Γ
f con,Γ +

∫
ϒ

f con,ϒ = 0, as expected from
Newton’s third principle.

Let us further elaborate the model so as to only perform integrals on Γ, taking advantage
of our hypothesis that the adhesive surface ϒ of the cytoskeleton consists of rigid spheres. Let
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ϒ consist of one single sphere S, with center X and radius R as in Figure 25. The distance
D = ‖xΓ−X‖ is assumed to be greater than R, so that the distance between xΓ and S is d = D−R.
In particular, we can define

e(xΓ,X) = ê(‖xΓ−X‖−R) =
∫

S
φ(‖xΓ− xϒ‖) dxϒ , (4.7)

where S is the sphere with center X and radius R. We can re-write the (4.7) in function of d as

Figure 25 – Scheme with in red a node of the cytoskeleton and in grey a piece of bilayer.

follows
ê(d) =

∫ d+2R

d
φ(r)

2πr
1+d/R

dr , (4.8)

so that, adding up all nodes of the cytoskeleton,

Econ = ∑
j

β j ∑
q

βΓ ê(‖xΓ,q−X j‖−R) Wq , (4.9)

where j and q are the indexes over the cytoskeleton nodes and the quadrature rule, respectively
and Wq is the quadrature weight. Therefore the (4.4) becomes

dϒEcon ·δϒ+dΓEcon ·δΓ = ∑
j

f con, j ·δX j +∑
q

f con,Γ(xΓ,q) ·δxΓ,q Wq . (4.10)

The explicit expressions for the forces (4.5) and (4.6) are

f con, j(X j) = β j ∑
q

βΓ Wq ê′(‖xΓ,q−X j‖−R)
xΓ,q−X j

‖xΓ,q−X j‖
, (4.11)

f con,Γ(xΓ) =−βΓ ∑
j

β j ê′(‖xΓ−X j‖−R)
xΓ−X j

‖xΓ−X j‖
. (4.12)

Now, using the (4.1) we can evaluate the (4.7), obtaining

ê(d) =
2π ε

1+d/R
[F (d +2R)−F (d)] (4.13)
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where the auxiliary function F (x) is as follows

F (x) =
4

k−4
rk/2

0

xk/2−2 −
1

k−2
rk

0
xk−2 . (4.14)

We can thus provide the explicit expressions

f con, j = ∑
q

βΓ Wq β j 2πεR j

{
− 1
(d j +R j)2 [F (d j +2R j)−F (d j)]+

+
1

d j +R j
[F

′
(d j +2R j)−F

′
(d j)]

}
xΓ−X j

‖xΓ−X j‖
=

= β j ∑
q

βΓ Wq

d j +R j

{
−ê(d j) + 2πεR j [F

′
(d j +2R j)−F

′
(d j)]

}
xΓ,q−X j

‖xΓ,q−X j‖

(4.15)

and

f con,Γ =−∑
j

βΓ β j 2πεR j

{
− 1
(d j +R j)2 [F (d j +2R j)−F (d j)]+

+
1

d j +R j
[F

′
(d j +2R j)−F

′
(d j)]

}
xΓ−X j

‖xΓ−X j‖
=

= βΓ ∑
j

β j

d j +R j

{
ê(d j) − 2πεR j [F

′
(d j +2R j)−F

′
(d j)]

}
xΓ,q−X j

‖xΓ,q−X j‖

(4.16)

where

F
′
(x) =

−2r0
k/2

xk/2−1 +
r0

k

xk−1 . (4.17)

4.2 Achievements and future opportunities
Optical tweezers are instruments used to stretch a RBC directly in one or more directions

by trapping beads that are strategically attached to the cell surface (DAO; LIM; SURESH, 2003).
This equipment is well-suitable for studying the interaction effects between the cytoskeleton and
the lipid membrane. In our case, a virtual optical tweezing experiment is a good test to verify
the consistency of our model. The numerical implementation revealed the applicability of the
formulation for the cyto-bilayer interaction model. The results also reveal a complex behavior
which can be a subject of an in-depth study.

In Figure 26 is plotted the magnitude of the contact force of a single node (circled in
yellow) over time. As we can see, during the stretching process with the typical folded RBC
shape, the cyto-note goes through phases in which it attaches and detaches itself from the
membrane.

This study with the corresponding mathematical formulation for the cyto-bilayer RBC
interaction provides the tool for a complete new two-component continuum-discrete model for
a single RBC. Indeed, it can contribute to shed light on this difficult and relevant issue that
is aimed to understand the interactions between the lipid bilayer and the cytoskeleton using a
soft-adhesion body approach.
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Figure 26 – Graph of the norm of the contact force a particular cyto-node (circled in yellow) and corre-
sponding screenshots of the optical tweezing numerical simulation.
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CHAPTER

5
A MATHEMATICAL MODEL OF A SINGLE

SEED OLEOSOME

In plant tissues energy is commonly stored in the form of carbohydrates and lipids.
These energy resources support periods of active metabolism such seed germination and initial
growth (MURPHY; VANCE, 1999). The most abundant lipid molecules in plants are triglyc-
erydes (or triacylglycerols), which are stored in specialised subcellular organelles called oleo-
somes, also referred to as “oil bodies”, “lipid bodies” or “spherosomes”. The size and compo-
sition of these organelles are affected by type of plant and of tissue (seeds, fruit mesocarps,
leaves, microalgae), nutritional status, and environmental factors (HUANG, 1992). In order
to understand their biogenesis and functional role, oleosomes have been isolated from natural
and genetically engineered plants and their structure and composition extensively investigated
(BRASAEMLE; WOLINS, 2012; ZWEYTICK; ATHENSTAEDT; DAUM, 2000; NAPIER;
STOBART; SHEWRY, 1996; BOURGEOIS et al., 2018; WANNER; FORMANEK; THEIMER,
1981; HUANG, 1992; HUANG, 1996; NIKIFORIDIS, 2019). The oleosomes recovered from
seeds are recognised to have a size mostly ranging between 0.2 to 2.5 µm (CHAPMAN; DYER;
MULLEN, 2012). Oleosome structure consists of a neutral lipid rich core stabilised by a mono-
layer membrane of phospholipids (PLs) and unique integral proteins (TZEN, 2011). The neutral
lipid core includes the triacylglycerol molecules (TAG, molecules composed of three fatty acyl
chains esterified to a glycerol backbone) and sterol esters. The PLs are oriented to expose the
acyl moieties to the TAGs and the polar head group towards the external cytosol environment.
Among the interfacial proteins, oleosin is the most abundant accounting for 75− 90% of the
total proteins, together with two minor proteins, caleosins and steroleosins (TZEN, 2012). In
the accepted structural model of oleosomes found in angiosperm seeds, oleosin is believed to
provide coverage to the PL head groups and to be exposed to the cytosol (TZEN; HUANG,
1992).

In recent years, oleosomes have attracted growing attention as a sustainable natural
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ingredient for food and pharmaceutical applications. To fulfill this purpose, oleosomes are re-
covered using aqueous media from seeds (soybean, rapeseed, pumpkin, etc.) or nuts (pecan nut)
and applied to manufacture dairy-free alternatives to conventional milk and yogurts (CHIRICO
et al., 2018; ADAMS et al., 2012; ZHANG et al., 2017; NIKIFORIDIS; MATSAKIDOU;
KIOSSEOGLOU, 2014) as well as to produce natural cosmetics and pharmaceutical systems
(BETTINI et al., 2013). Despite its potential, molecular biology, food sciences, and chemistry
have enabled much of the progress in this research area while mathematical studies are lack-
ing. In recent years the mathematical and computational modelling of biological systems has
significantly evolved proving to be a useful tool for the study of both biological membranes
(STEIGMANN, 2017) and single cell phenomena (BAO; SURESH, 2003). In the case of living
cells this kind of approach proved to be a suitable tool to understand and characterise the me-
chanical responses of cells subjected to both transient and dynamic loads (LIM; ZHOU; QUEK,
2006) and continues to be a field of research for active and enthusiastic interest underpinning
innovations of technologies of the future (RAJAGOPAL; HOLMES; LEE, 2018).

The goal of this paper is to address new interdisciplinary research questions: Can a
mathematical modelling approach help to understand the physico-chemical and mechanical
behaviour of oleosomes? And if so, can the tools of applied mathematics directly tackle some
of the challenges associated with the study of oleosomes in applied bio-soft matter science?
Therefore, the aim of this work was to test the suitability of a mathematical approach to model
the behaviour of a single oleosome within a seed cellular environment. The long term objective of
this work is to develop mathematical predictive tools to improve our knowledge of the mechanical
and physico-chemical behaviour of oleosomes in-vivo (i.e., within seed environment) and ex-vivo

(i.e., in technological applications).

5.1 Mathematical formulation

From a mathematical point of view, we can consider an oleosome as a mechanical system
that has a configuration described by the state Y of the monolayer membrane of phospholipids
and proteins.

In Figure 27 we show a scheme of our mathematical abstraction of an oleosome. The
configuration Y is a configuration of the lipid membrane, which in the exact problem is an ele-
ment of an infinite-dimensional manifold of possible membrane shapes. For numerical purposes,
however, it is modeled as a finite-dimensional manifold spanned by generalized coordinates. In
our case we adopt parameterisations that are defined by the positions of NY points, the nodes of
the membrane model. The coordinates of any configuration Y are thus {Y i}NY

i=1. We remark that
the nodes do not correspond to any specific membrane constituent. From these coordinates the ge-

ometrical position of the membrane, Γ(Y ) = {y ∈ R3 | y belongs to the membrane surface } ,
can be reconstructed and, in the discrete case, being FK(ξ ) = ∑

3
j=1YC(K, j)N j(ξ ), admits the
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Figure 27 – Oleosome sketch with the triacylglycerol (TAG) matrix (in yellow) surrounded by a membrane
(a portion of which in orange) of phospholipids and proteins. In the mathematical abstraction,
the nodal points {Y i} (in grey) characterize the Y membrane configuration.

explicit form

Γ(Y ) =
{

y ∈ R3 : y = FK(ξ ),ξ ∈ K̂,K = 1, ...,MY
}
, (5.1)

where C(·, ·) is the connectivity matrix (that is, C(K, j) is the index of the j-th node of triangular
element number K), K̂ ∈ R2 is the master element and N j : K̂ → R are the shape (or basis)
functions (see also (TASSO; BUSCAGLIA, 2013)). This discretisation of the surface leads to a
faceted (triangulated) Γ(Y ), over which a normal field n (constant by element) is defined.

The instantaneous motion of the membrane particles is characterised by the rates of
change of Y , as follows W = dY

dt . This means that the tracking of the surface is Lagrangian

and that, in the discrete case, the velocity of the i-th membrane node, W i = dY i

dt , coincides with
that of the lipid particle at Y i(t). In this latter sentence “lipid particle” is to be understood not as a
single molecule but as a small but macroscopic portion of membrane, in the spirit of Continuum
Mechanics. Other fields over Γ(Y ) will be discretised in the same way as the geometry. More
specifically, the vector field w that represents the motion given the nodal velocities {W i} is

w(FK(ξ )) =
3

∑
j=1

WC(K, j)N j(ξ ) . (5.2)

Another important field over Γ(Y ) is the mean curvature vector κ , equal to H n, with H

the mean curvature, with nodal values {Ki}NY
i=1 when discretized, so that

κ(y ∈ Γ(Y )) = κ(FK(ξ )) =
3

∑
j=1

KC(K, j)N j(ξ ). (5.3)

The geometrical equation for κ is the Laplace-Beltrami identity −∆Γx = κ that in weak form
reads ∫

Γ(Y )
∇Γx ·∇Γζ =

∫
Γ(Y )

κ ·ζ , (5.4)
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where x is the identity mapping,

x(y) = y, x(FK(ξ )) =
3

∑
j=1

YC(K, j)N j(ξ ) , (5.5)

and ∇Γx is the tangential projector P,

P= ∇Γx(y) = I−n(y)⊗n(y). (5.6)

The energy of the proposed system is the intrinsic membrane energy EY that clearly
depends on Y . To study the evolution of the system, we will refer to the “principle of virtual
work”, that, in our case, states that the work done by the energies yet defined for an admissible
virtual variation of the configuration variables and the work done by the dissipative forces is equal
to the work done by the external forces of the system (LANCZOS, 1970). The corresponding
expression can therefore be formally written as

dY E (Y )•δ Y +D(Y ,W )•δ Y = FY •δ Y , (5.7)

where

• dY E (Y )•δ Y is the infinitesimal change of energy δE , when the state of the system is
perturbed from Y to Y +δ Y ,

• the bullet • is an appropriate duality product which will be detailed later (Sec. 5.1.1),

• D(Y ,W )• (δ Y ) is the dissipation of the system (i.e., the work of its internal dissipative
forces), when the system is perturbed by δY , and,

• FY •δ Y is the virtual work of external forces.

An explicit expression of the lipid layer model is presented below, describing in detail its
mathematical formulation arising from equation (5.7).

5.1.1 Membrane energy and dissipation

Let us now consider the term dY E (Y ) of the Equation (5.7). The intrinsic energy EY

of the layer is given adopting the Canham-Helfrich model (CANHAM, 1970; HELFRICH,
1973), i.e., considering the contribution of the curvature κ . The bending rigidity (or stiffness) is
expressed by the parameter cCH. Moreover, we introduce the addition due to the surface tension
σ as follows

EY (Y ) =
∫

Γ(Y )

(cCH

2
‖κ‖2 + σ

)
dΓ. (5.8)

Since the momentum equations are obtained from the virtual work principle, an expression for
the variation of EY is needed. This expression describes the consequence of a perturbation of the
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layer shape along a vector field z defined on Γ(Y ). The shape derivative of a functional I in
the direction of a virtual vector field z is defined as

dI (Y )• z = lim
ε→0

I (Y + εz)−I (Y )

ε
, (5.9)

where in synthetic form Y + εz = {Y + εz,Y ∈ Y }. According to (BONITO; NOCHETTO;
PAULETTI, 2010) for the Canham-Helfrich energy we obtain

dEY (Y ) · zn =
∫

Γ(Y )

[
cCH

(
−∆ΓH− 1

2
H3 +2KH

)
+σ H

]
zn d Γ , (5.10)

with zn = z ·n being the normal component of z and n the exterior normal to Y , ∆Γ the Laplace-
Beltrami operator, and H the mean curvature. Note that tangential gradient operator ∇Γ is
defined by ∇Γ f = P∇ĝ, where g : Γ→ R is any function and ĝ an arbitrary extension of g to
an open neighborhood of Γ⊂ R3. We remark that the curvature force occurs exclusively in the
normal direction: tangential motions of Y do not change its shape. With some calculations (see
(BONITO; NOCHETTO; PAULETTI, 2010)) the (5.10) leads to

dEY (Y ) · z =
∫

Γ(Y )

{
cCH

[
(I−2P)∇Γκ : ∇Γz+

+
1
2
(∇Γ ·κ)(∇Γ · z)

]
+σ ∇Γ

}
· zd Γ ,

(5.11)

where we remember x is the identity mapping, κ obeys to the (5.4), and P = I− ň⊗ ň is the
tangential projector.

The dissipation function of the layer D(Y ,w)• z is also needed. This is defined similarly
to the viscous dissipation in volume fluids,

DY (Y ,w)• z =
∫

Γ(Y )
Σ : DΓ zd Γ, (5.12)

where DΓz = 1
2P(∇Γz+∇ΓzT )P represents the virtual surface strain rate of field z.

The rheology of a viscous interface Γ is governed by the Boussinesq-Scriven law
(BOUSSINESQ, 1913) (SCRIVEN, 1960) (GROSS; REUSKEN, 2011), which is the tangential
analog to the Newtonian constitutive law, leading to the following viscous dissipative surface
stress

Σv = λ∇Γ ·wP+2 µ DΓw, (5.13)

where λ and µ are surface viscosity coefficients. Consequently, we can write the dissipation
term (5.12) as follows:

DY (Y ,w)• z =
∫

Γ(Y )
[λ ∇Γ ·w∇Γ · z + 2 µ DΓw : DΓ z ]d Γ. (5.14)
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5.1.2 Lipid layer model

Over Γ we define the space of kinematically admissible motions, enforced with restric-
tions of local volume preservation, which is given by

V (Γ(Y )) =
{

w : Γ(Y )−→ R3,s.e.,
∫

Γ(Y )
w ·n dΓ = 0

}
. (5.15)

Specifically, the condition concerning the volume the osmotic equilibrium
∫

Γ
w · n dΓ = 0⇒

d V
d t =

∫
Γ

w ·n dΓ = 0. In discrete time, nevertheless, this condition is not satisfied exactly. This
fact may lead to an accumulation of volume errors. The restriction can be therefore implemented
as ∫

Γ

w ·n dΓ − V ∗−V (t)
τV V (t)

= 0 . (5.16)

Such equation forces V (t) to the value V ∗ with the characteristic time τV . The actual velocity
field w and any virtual ones v must belong to V (Γ(Y )) for all configurations Y of the surface.

In this context, the virtual work principle for the layer, with δY represented by the
vector field z, reads

dEY (Y ) · z+DY (Y ,w) · z =
∫

Γ(Y )
f · zd Γ, (5.17)

∀z ∈ V (Γ(Y )).

In the model adopted here we have greatly simplified the interaction with the surrounding
fluid. In fact, the only force the surrounding fluid exerts on the layer comes from a uniform

pressure difference, denoted by p, between the interior and exterior of Γ. We observe in fact
that the (5.16) leads to an internal pressure p uniform, which is expressed on the surface as a
superficial force

fp = pn . (5.18)

With these deductions, we arrive at the following algebraic-differential problem: Solve

dY
d t

= w(Y, t) , (5.19)

where (w,κ, p) ∈ W ×K×R such that∫
Γ

λ ∇Γ ·w∇Γ · z + 2 µ DΓw : DΓz + (5.20)

+ cCH

∫
Γ

[
(I−2P)∇Γκ : ∇Γz+

1
2
(∇Γ ·κ)(∇Γ · z)

]
=

= p
∫

Γ

z ·n +
∫

Γ

f ext,Γ · z−
∫

Γ

σ∇Γ · z ,∫
Γ

κ ·ζ =
∫

Γ

P : ∇Γζ , (5.21)

∫
Γ

w ·n =
V ∗−V

τV
, (5.22)
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∀(z,ζ ) ∈ W ×K.

Above, K is the mean-curvature-vector space, essentially equal to (H1(Γ))3. The space
Q = L2(Γ) corresponds to the surface tension field. The force field f ext,Γ : Γ→ R3 encompasses
all forces acting on the layer by external interventions.

5.2 Results and Simulations

5.2.1 Numerical methods

For the layer continuum one, we need to discretize it. We consider triangulation surfaces
in 3D space, which for a fixed mesh connectivity are uniquely described by the vector Y of vertex
positions. Time is discretized so that a sequence of triangulation surfaces Γ0,Γ1, ...,Γn, ... are
computed, corresponding to vertex positions Y 0,Y 0, ...,Y n, ... . Following the approach proposed
by Rodrigues et al. (2015a), on each Γn we define the piecewise-affine finite element space
Pn

1 = { f ∈C0(Γn) : f |K is affine,∀K triangle in Γn} and the approximation spaces for velocity,
surface and curvature W n

h = (Pn
1 )

3/R,Qn
h = Pn

1 ,K
n
h = (Pn

1 )
3. We define ∆ t = tn+1− tn and we

update the nodal positions in a Lagrangian way, specifically, Y j,n+1 = Y j,n +W j,n+1∆t. With
these definitions we can arrive at a fully discrete non-linear problem corresponding to the
weak formulation of the system (5.20) - (5.22) only introducing one temporal stabilization
term −

∫
Γn τk ∇Γ wn+1

h : ∇Γζ h, suggested by Bänsch (BÄNSCH, 2001) and described also in
(RODRIGUES et al., 2015a), for which the usual choice is τk = ∆t. In Sections 5.2.2 and 5.2.3
we present some preliminary results of some numerical resolution with finite elements method
(FEM) of this fully-discrete numerical model. We avoid a detailed description of the parameters
setup to focus on the qualitative observation of the results. Evidences show the uncertainty of
evaluating dynamical parameters as well material quantities such as the surface tension (WHITE,
1980). The simulations presented in the following sections aim at illustrating the possibilities and
the potentiality of the model to shed light over the role and measuring of the physical quantities.
This model can be used in combination with laboratory work.

5.2.2 Hypothesis, equilibrium, and lipid layer stress

We discretise the surface of the oleosome in a surface of triangles, i.e., in a mesh with
642 nodes 1280 edges. For the time discretisation we adopted a time step ∆ t of the magnitude
order of 10−3 time unit. We refer to an ellipsoidal initial form of the oleosome with an average
radius of the order of 1, corresponding to and initial volume and initial surface area of V0 = 4.15
and A0 = 13.24, respectively. Also we put an arbitrary Canham-Helfrich constant cCH = 1 that
corresponds to establish the energy unit to 1kT . We recall that according our model we assume
condition (a) of constant volume, due to the fact that we consider the oil fluid inside the membrane
incompressible, and the hypothesis (b) of variable surface area that guarantees the deformability
of the lipid layer.
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With respect to the set-up of dynamical parameters, we take µ = 1 since any other value
would only change the time scale but not the equilibrium configuration. Since it has not been
experimentally proven otherwise, the ratio µ/λ is set to 1, which gives similar significance to
shear and dilatational dissipation actions. It should be kept in mind that here we are focusing
on natural and/or laboratory studies (as hydration or drying out) which are slow processes. A
reasonable choice of surface tension σ corresponds to that such that the characteristic length
L (which is R) of the system is of the order of

√
cCH

σ
. The value of σ affects the internal

pressure value at equilibrium, for instance in the case of a sphere of p = 2σ

R . We will focus on
the possibility of evaluating the internal pressure value because in the laboratory process of
oleosomes extraction, the pressure influences the probability of breaking them and therefore
the quality of the final extract. Extracting intact oleosomes is of paramount importance to
formulate stable natural oil-in-water emulsions for food and pharma applications. Another
factor possibly responsible for the fragmentation of the lipid membranes during the extraction
process is the development of regions with very large bending moment, defined as M =−2cCH H

(GUCKENBERGER; GEKLE, 2017).

Let us first introduce the simulation with our model of a relaxation process, i.e., starting
from a initial configuration and in absence of external forces, we allow the system to evolve
towards the equilibrium state. In Figure 28 we display the time evolution of the interfacial layer
and the magnitude of the mean curvature vector κ in the case with σ = 1. The top-left panel
corresponds to the initial configuration. It appears clear that, although the oleosome starts from a
stressed condition (assuming it has deformed by external forces as shown in the top left panel), it
converges with time to its equilibrium condition which is spherical and therefore with constant
average curvature (bottom right panel). From a physical and mathematical point of view this
behaviour is due to the tendency of the system to go to a condition of minimal energy. In Figure
29 we can see as the energy decreases over time achieving a “plateau” level modelled using
different values of σ . This configuration corresponds also to a minimum value of the pressure
that the core liquid oil exerts from inside toward the membrane (pressure data shown in the
center-panel of Figure 29). We note that these results are consistent with the previous discussion
over the internal pressure.

As we can see from the previous results (Fig. 29), the surface tension influences the
velocity of degrowth of energy but not its equilibrium value, a fact which is coherent because the
organelle (without external perturbations) tends to a sphere. Let us now suppose to subject the
lipid membrane to a compression stress between two rigid planes. In this case the evolution of
the internal pressure is not of trivial calculation. In Figure 30 we report some snapshots of the
evolution of the membrane shape and the corresponding solution for the internal pressure over
time and for different values of the interfacial tensions. We are also interested in evaluating the
bending moment during the process. In Figure 30 on the bottom panel we show the evolution of
the maximum magnitude of the bending moment evaluated by the model (with σ = 1, because
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Figure 28 – Panels of the evolution of the lipid layer during the relaxation process: at initial condition
(t = 0, top left panel) and at time t = 0.26 (top right), t = 0.73 (bottom left) and t = 3.85
(bottom right).

Figure 29 – Lipid layer energy and internal oleosome pressure (insert) over time. A qualitative detail
about the velocity field is shown.

with the other values of σ the graph is analogous). These simulations results allow to study the
impact of otherwise hard-to-measure physical quantities as well as gaining information over the
possible breaking limit of the interfacial layer under stress.

5.2.3 Senescence: a virtual experiment

Compression stress is not only a key element of laboratory (or industrial) processes but
also of natural phenomena. In order to show the potentiality of this new approach we present
here a virtual experiment of seeds senescence. As it can be seen from the microscopy picture of
Peng and Tzen (PENG; TZEN, 1998) of a sesame seed (Fig. 31), it is observed experimentally
that inside the seed evolving towards its the senescence phase (when water is lost) the oleosomes
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Figure 30 – Time evolution of the internal pressure (top) and the bending moment (below) exercising
compression stress.

come into contact with each other and take polygonal shapes to allow a better packing within the
available space.

We simulated the natural phenomenon while applying our model to a virtual senescence
experiment to reproduce the events occurring in vivo. For sake of example, one oleosome is
hypothesised to be surrounded by four other rigid organelles, increasingly approaching towards
the centre and exerting a contact interaction. The insert plotted in Figure 31 shows as (from an
initial spherical shape) the oleosome, due to influence of the interaction with the approaching
organelles, assumes the peculiar shape in agreement with what is observed experimentally in seed
tissues. The apparently polygonal shape reveals (as shown in a blue-scale line around the layer)
a complex curvature distribution, with flat parts of the membrane, others with an almost circular
curvature (where interaction with external organelles is negligible) and areas with maximum
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Figure 31 – Electron microscopy of a cell in a mature sesame seed (adopted and modified from (PENG;
TZEN, 1998)). The typical polygonal shape assumed by oleosomes due to the interaction/-
contact with other organelles can be observed. The insert contains a digital reproduction of an
oleosome displaying its polygonal shape.

curvatures (and consequently, as we have seen, maximum bending moments).

5.3 Achievements and future opportunities
In this work we presented for the first time a model of a single oleosome, providing a

detailed mathematical formulation. Although only qualitative, these results show the potential of
such approach. Therefore, the main outcome of this interdisciplinary concept study is to offer
a starting point for a new research line combining a mathematical modelling approach with
laboratory experimental results for oleosome research.

Understanding and modelling the behaviour of oleosomes is relevant from both a funda-
mental and applied science point of view. These organelles display in-vivo the remarkable ability
to preserve their structural integrity over a wide temperature and hydration range (FRANDSEN;
MUNDY; TZEN, 2001), (BARRE et al., 2018), (TZEN, 2012), which triggers fundamental
questions referring to the membrane fluid behaviour and mechanical properties under those
environmental conditions. We believe mathematical modelling could provide new insights to
understand oleosomes behaviour during seed maturation, storage and energy mobilisation. Un-
derstanding their ex-vivo (i.e., following extraction from plant seed tissues) functionalities is also
pivotal for food and pharmaceutical applications; oleosomes could be used as natural alternative
for emulsion formulations (i.e., ice cream, mayonnaise, and salad dressings). This approach
would allow reducing synthetic emulsifiers usage, processing costs and environmental impacts
providing support to tackle global sustainability challenges.
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CHAPTER

6
A MULTI-COMPONENT RED BLOOD CELL

COMPUTATIONAL MODEL: A NEW
MATHEMATICAL FORMULATION

The developments of various mathematical formulations and of complementary numeri-
cal techniques have led to continuous improvements and to an ever-increasing differentiation of
the contributions of the various RBC components. The novelty of this work is consider a full-
component model, i.e., simulating (i) the lipid bilayer behavior, (ii) the cytoskeleton dynamics,
(iii) the interaction activity between them, and (iv) the internal cytoplasm flow. In a previous
work, the authors justified the choice and the advantage to adopt the continuum approach for
the membrane modeling; this new multi-components mathematical formulation is presented and
achieved based on the same line. The availability of the model is tested with virtual experiments
such as resting shape process and optical tweezers stretching.

The remainder of this paper is organized as follows. The Section 6.1 concern the detailed
mathematical abstraction of the model, considering the various components and pointing out the
cytoplasm fluid introduction. In Section 6.2 we present the suitability of the model to simulate
classical RBC experiments and we provide some considerations of discussion. Finally, in the
Section 6.3, we summarize the article achievements and we suggest future applications of the
model.

6.1 Methods and Models

We suppose that from the mathematical point of view, a RBC is a domain Ω̄⊂ R3. The
frontier ∂Ω models the lipid bilayer and we denote it with Γ. The inside of the domain Ω is
filled with a fluid of constant viscosity µ f , to simulate the cytoplasm. The bilayer receives an
interaction force from the cytoskeleton, this is in the real system through the possible anchoring



86Chapter 6. A multi-component red blood cell computational model: A new mathematical formulation

Figure 32 – Domain.

to the transmenbranic proteins. In our abstraction process, this adhesion form is mimicked with
a potential defined ad hoc. Finally, the cytoskeleton is schematized as a set X of NX nodes
connected to each other by elastic links. We can see a representation of such a domain in Figure
32.

6.1.1 Virtual work principle

We aim to describe the motion of Ω̄⊂ R3 under the action of viscoelastic and external
forces. We opt for the application of the virtual work principle (CAPECCHI, 2012), that in our
case reads

∫
Ω̄

Σ : Dz =−dEΓ(z)+
∫

Ω̄

f · z, ∀z ∈ Z, (6.1)

being Σ the tangential stresses tensor, EΓ the elastic membrane energy, f in the net interaction
force with the surroundings, Z the space of virtual admissible velocities, and Dz the virtual strain
rate. The left side of (6.1) is the dissipation term due to the motion/deformation of Γ, while
dEΓ(z) denotes the first variation of EΓ along the virtual velocity field Z.

The mathematical formulation (6.1) is very concise and therefore efficient. We consider
one unique domain Ω̄ to describe the cytoplasmatic internal fluid and the lipid bilayer, being it
simply its border. This fact implies that we can use one only velocity field W = {w |w : Γ̄→ R3}
to describe, for a given time instant, the configuration of both components. Although we have
one only variable w ∈W , however the equations are defined according to the domain zone, as it
happens for example in the case of dissipation where we split the different contributions of the
internal fluid and of the external membrane. Furthermore, the integral over f contains not only
completely external forces but also the contribution in the form of interaction of the cytoskeleton
to the bilayer. This explicit description implicitly requires the formulation of the cytoskeleton
dynamics. In the following sections, we provide a step–by–step complete mathematical model,
introducing assumptions and detailing the components.
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6.1.2 Dissipation and Boussinesq-Scriven law

As previously mentioned, we divide the dissipation term into 2 parts∫
Ω̄

Σ : Dz =
∫

Γ

ΣΓ : DΓz +
∫

Ω

Σ : Dz. (6.2)

Let us focus firstly into the term concerning the lipid bilayer. It is preliminarily necessary
to introduce some notations and surface differential operators. For further information, we
suggest to consult the works of Buscaglia & Ausas (BUSCAGLIA; AUSAS, 2011) and Biria et
al. (BIRIA; MALEKI; FRIED, 2013). Nonetheless, in this paper, we refer to the analog of the
common symmetric gradient Dz = (∇z+∇zT )/2 to indicate the corresponding surface operator

DΓz =
1
2
P(∇Γz+∇ΓzT )P , (6.3)

where the tensor P is the tangential projector onto the surface Γ,

P= I− ň⊗ ň, (6.4)

ň is the outward normal vector to Γ, and ∇Γ is the tangential or surface gradient operator,
defined as

∇Γg = P∇ĝ, (6.5)

with g : Γ→ R is any function and ĝ an arbitrary extension of g to an open neighborhood of
Γ⊂R3. We remark that the corresponding surface Laplacian ∆Γg is given by ∇Γ ·(∇Γg). Finally,
the surface gradient of a vector, as in the case of ∇Γz in equation (6.3) is a matrix as follows

{∇Γz}i j = {∇Γzi} j, (6.6)

being wi the i-th z component.

Once these geometrical and differential preliminaries are established, we introduce the
costitutive law for the rheology of the viscous interface. According to Boussinesq-Scriven law

(BOUSSINESQ, 1913; SCRIVEN, 1960; GROSS; REUSKEN, 2011), the stress tensor related
to Γ is given by

ΣΓ = (−pS +λ∇Γ ·w)P+2 µ DΓw, (6.7)

where λ and µ are surface viscosity coefficients, and pS is a surface thermodynamic pressure
that requires a closure law. We assume also that the bilayer is an inextensible membrane, i.e. an
area-preserving interface. Therefore, the condition of inextensibility holds,

∇Γ ·w = 0. (6.8)

Under the constraint (6.8), making λ tend to infinity, we obtain the classical result that there exists
a surface tension σ such that limλ→+∞(−pS +λ∇Γ ·w) = σ . Consequently, for an inextensible
membrane, we have a closure law for pS and the (6.7) becomes

ΣΓ = σ P+2 µ DΓw. (6.9)
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That means that finally we can write the dissipation term for Γ as follows∫
Γ

ΣΓ : DΓz =
∫

Γ

2 µ DΓw : DΓ z +
∫

Γ

σ∇Γ · z. (6.10)

Let us now consider the dissipation term of (6.2), concerning the internal bulk fluid of Ω.
In this case, the classical Newtonian law (BARRETT; GARCKE; NÜRNBERG, 2016) reads

Σ = (λ f ∇Γ ·w)I+2 µ f Dw, (6.11)

where λ f and µ f are fluid viscosity coefficients, and I is the identity tensor (identity matrix).
Similarly to the previous case, we apply the incompressibility condition for the fluid i.e., ∇ ·w= 0.
By tending λ f to infinity we can introduce the variable internal fluid pressure p, obtaining the
explicit description of the dissipative term for the fluid∫

Ω

Σ : Dz =
∫

Ω

2 µ f Dw : Dz +
∫

Ω

p∇ · z, (6.12)

which is the weak form of the usual result for the Stokes equations −µ f ∆w+∇p = 0.

6.1.3 Laplace-Beltrami identity and Canham-Helfrich energy

We introduce one more variable, the mean curvature vector κ ; it is equals to H n, with H

the mean curvature), which defines a field over Γ. The geometrical equation for κ satisfies the
Laplace-Beltrami identity −∆Γχ = κ that in weak form is∫

Γ

κ ·ζ =
∫

Γ

∇Γχ ·∇Γζ =
∫

Γ

P : ∇Γζ , ∀ζ ∈ L2(Γ), (6.13)

where χ is the identity mapping on Γ, i.e., χ(x) = x,∀x ∈ Γ, and ∇Γχ = P.

The intrinsic bilayer energy E− is assumed to obey the Canham-Helfrich model (CAN-
HAM, 1970; HELFRICH, 1973), according to

EΓ =
cCH

2

∫
Γ

‖κ‖2. (6.14)

We are interested in explicitly evaluating the term dEΓ(z) of equation (6.1), that is the E

variation as a consequence of a perturbation of the bilayer shape along a vector field z defined on
Γ. We recall that the shape derivative of a functional I in the direction of a virtual vector field z

is defined as dI (z)(x) = limε→0
I (x+εz)−I (x)

ε
, where x ∈ Γ. When the (6.14) holds, with some

calculations (see (BONITO; NOCHETTO; PAULETTI, 2010; RODRIGUES et al., 2015a)), we
obtain

dEΓ(z) = cCH

∫
Γ

[
∇Γκ : ∇Γz−∇Γz(∇Γχ +∇Γχ

T ) : ∇Γκ +
1
2
(∇Γ ·κ)(∇Γ · z)

]
(6.15)

or equivalently, with respect to the tangential projector, the (6.15) can be written as

dEΓ(z) = cCH

∫
Γ

[
(I−2P)∇Γκ : ∇Γz+

1
2
(∇Γ ·κ)(∇Γ · z)

]
, (6.16)

that finally we consider in the formulation of our model.
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6.1.4 Inextensible membrane and osmotic equilibrium constrains

Because of (6.8), the tangential motion may be area preserving, being d A
d t =

∫
Γ

∇Γ ·w =

0. In discrete time, nevertheless, this condition is not satisfied exactly; A can shift from the
correct value A ∗. For numerical purposes, the area restriction can be therefore implemented as∫

Γ

∇Γ ·w =
A ∗−A (t)

τA A (t)
, (6.17)

in order to force A (t) to the A ∗ value with the characteristic time τA .

Similarly for the volume, the osmotic equilibrium establishes that the enclosed volume

may be fixed to a V ∗ value. Then,
∫

Γ
w ·n dΓ = 0⇒ d V

d t =
∫

Γ
w ·n dΓ = 0. However similarly

to the area case we set ∫
Ω

w ·n =
V ∗−V (t)

τV V (t)
, (6.18)

where τV is the characteristic time to force V (t) to V ∗.

The Lagrange multipliers are the surface tension field and pressure field spaces (Boyle
law), for the volume and area restrictions, respectively.

6.1.5 Cytoskeleton component

The remarkable RBC mechanical properties are largely attributed to its cytoskeleton
(MOHANDAS; GALLAGHER, 2008). To subsequently quantify the cytoskeleton interaction
with the lipid membrane, we briefly provide a model for such a component. We can treat the
cytoskeleton by following the nature of its components, basically a spectrin fiber network with
special joints (GRATZER, 1981; FEDOSOV; CASWELL; KARNIADAKIS, 2009). The typical
length of a spectrin filament is 70nm, leading to about 105 edges for a single RBC. This number,
even large, is numerically treatable. In addition, coarse-grained models have been developed
to save computing effort (PIVKIN; KARNIADAKIS, 2008). For a comprehensive review of
RBC cytoskeleton modeling details, we refer the reader to (MEACCI et al., 2021). As yet
displayed in the Figure 32, mathematically we can consider for the nodes a set of vertex points
X = {X j | X j ∈R3⊂Ω, with j = 1 . . . NX}which forms a two-dimensional network of triangles.
The model considers this mesh made of a set of nodes (junctions) joined by Ne molecular chains
(edges) represented by worm-like chains (HANSEN et al., 1996; FEDOSOV et al., 2011).

In accordance with these preamble considerations, the elastic cytoskeleton mesh energy
EX can be read as

EX = ∑
j

[
kBT `m (3x2

j −2x3
j)

4`p(1− x j)
+

kp

` j

]
, (6.19)

where ` j is the filament length j, `m is the maximum extension of these filaments, x j = ` j/`m, `p

is the persistence length, kBT is the unit of energy and kp is a parameter. We remark that the first
term in equation (6.19) is the pure worm-like chain (WLC) attractive potential, while the second
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term is related to a repulsive force, called power force (POW). This is the reason why some
authors refer to this approach as WLC-POW model (FEDOSOV; CASWELL; KARNIADAKIS,
2010).

By differentiating (6.19) with respect to the vector of nodal coordinates we can obtain
the cytoskeleton force F j on the j-th node. We remark that the real equations governing the
cytoskeleton movement are m d2X j

dt2 + ∂EX
∂X j = F j, where m denotes the effective mass of each

node. However the inertia is very small at the scale of the junction complexes, so that for the
mathematical formulation we adopt m = 0, i.e.,

F j =
∂EX

∂X j . (6.20)

From a numerical point of view, nevertheless the complete equations are normally numerically
integrated with an implicit Newmark scheme, which is well established in solid mechanics.

6.1.6 Cytoskeleton-bilayer interaction

The interaction between the membrane and the skeleton mimics the adhesion between
these two components and the corresponding mutual transmission of mechanical properties.
It deserves particular attention and is the last element for the closure of the mathematical
formulation of the model. In particular, since we hypothesize that there are no other external
forces onto Ω, we define the last term of the right-hand side of the (6.1). For this goal, we benefit
from recent progress on the computational modeling of the adhesion of soft bodies, adapting the
formulation of Sauer (SAUER, 2012) (see also (FREUND; LIN, 2004; KUUSELA; ALT, 2009;
PAJIC-LIJAKOVIC; MILIVOJEVIC, 2014; PENG et al., 2013)).

Let us denote by ϒ the adherent surface of the cytoskeleton. The general form for the
contact energy Econ is given by

Econ =
∫

Γ

∫
ϒ

βΓ βϒ φ(‖xΓ− xϒ‖) dxΓ dxϒ, (6.21)

where φ is the interaction potential (in Joule/m4) and βΓ, βϒ are dimensionless scalars. In many
applications, mathematical modelers opt for the Lennard-Jones potential (ISRAELACHVILI,
2011), i.e., φ(d) = ε

( r0
d

)k−2ε
( r0

d

)k/2, where d is the distance between two particles and, r0

and ε are length and energy scales, respectively. This potential has a minimum of value −ε at
d = r0, it is repulsive for d < r0 and attractive if d > r0.

The contact force on the bilayer resulting from this energy therefore consists in

f con,Γ(xΓ) =−βΓ

∫
ϒ

βϒφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxϒ . (6.22)

Attributing a spherical shape of radius R and center c to ϒ, this integral can be computed
analytically as an explicit function G (‖xΓ− c‖−R,r0,ε) times the unit vector along xΓ− c. The
function G diverges when d = ‖xΓ− c‖−R tends to 0, since d < 0 implies interpenetration. To
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improve the numerical resolution, the authors recently proposed a variation of the regularized
potential (MEACCI et al., 2020b). In a complementary manner, the force exerted on a point xϒ

of the adherent surface of the cytoskeleton by the bilayer Γ is given by

f con,ϒ(xϒ) = βϒ

∫
Γ

βΓφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
dxΓ . (6.23)

As we expected from the action-reaction principle,
∫

Γ
f con,Γ+

∫
ϒ

f con,ϒ = 0. For a more detailed
exposition of the formulation and calculations, the authors recently presented a paper (MEACCI
et al., 2020a). The contact force only acts along the surface normal. For this reason, it is
complemented by a drag force that models the tangential attachment of the citoskeleton nodes to
the bilayer anchoring proteins as

f d,Γ(xΓ) =−
∫

ϒ

η

(
w(xΓ)− dxϒ

dt

)
dxϒ, f d,ϒ(xϒ) =

∫
Γ

η

(
w(xΓ)− dxϒ

dt

)
dxΓ, (6.24)

where η is a drag coefficient that depends on ‖xΓ− xϒ‖. We highlight that the set {X i}NX
i=1

concerns the coordinates of the centers of the nodes, while ϒ consists of spheres ϒ j of a given
radius around X j, i.e., the surfaces of the junctions. The net force per unit area acting on the
bilayer is thus f Γ = f con,Γ + f d,Γ, while the net force on node j, to be equilibrated by the
worm-like chains, according to the (6.20), is

F j =
∫

ϒ j

(
f con,ϒ(xϒ)+ f d,ϒ(xϒ)

)
dxϒ . (6.25)

6.1.7 Model summary

We now are able to sum all components to obtain the mathematical model formulation
for the RBC configuration at a given instant time. We obtain the following problem:
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Stationary full model problem. Find (w,σ ,κ, p) ∈ W ×Q×K×P such that∫
Ω

2µ f Dw : Dz−
∫

Ω

p∇ · z+
∫

Γ

2 µ DΓw : DΓz +
∫

Γ

σ∇Γ · z +

+ cCH

∫
Γ

[
(I−2P)∇Γκ : ∇Γz+

1
2
(∇Γ ·κ)(∇Γ · z)

]
=
∫

Γ

f con,Γ · z, (6.26)∫
Γ

ξ ∇Γ ·w =
A ∗−A

A τA

∫
Γ

ξ , (6.27)∫
Γ

κ ·ζ =
∫

Γ

P : ∇Γζ , (6.28)∫
Ω

q∇ ·w =
V ∗−V

V τV

∫
Ω

q, (6.29)

∂EX

∂X j =
∫

ϒ j

(
f con,ϒ(xϒ)+ f d,ϒ(xϒ)

)
, j = 1, ... ,Nx (6.30)

with,

EX =
Ne

∑
k=1

[
kBT `m (3(xk)

2−2(xk)
3)

4`p(1− xk)
+

kp

`k

]
, xk = `k/`m, (6.31)

f con,Γ(xΓ) =−βΓ

∫
ϒ

βϒφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
, (6.32)

f con,ϒ(xϒ) = βϒ

∫
Γ

βΓφ
′(‖xΓ− xϒ‖) xΓ− xϒ

‖xΓ− xϒ‖
, (6.33)

f d,ϒ(xϒ) =
∫

Γ

η

(
w(xΓ)− dxϒ

dt

)
, (6.34)

∀(z,ξ ,ζ ,q) ∈ W ×Q×K×P .

Above W is the space of kinematically admissible motions, i.e., essentially W = {z :
Ω→ R3, z ∈ Ck with k enough large} with opportune restrictions, such as inextensible and
volume-preserving motions. Then K is the mean-curvature-vector space that can be equal to
(H1(Γ))3, the space Q = L2(Γ) corresponds to the surface tension field, and P = L2(Ω) is the
pressure field space.

Proposition 2.7.1 Assuming to have computed the cytoskeleton configurations governed

by (6.30) – (6.31) and related cyto-bilayer contact forces (6.32) – (6.34), if

- Γ is smooth enough,

- W = {z : Ω→ R3, z ∈Ck with k enough large} with opportune restrictions,

- K = (H1(Γ))3,

- Q = L2(Γ),

- P = L2(Ω),

then, the stationary full model problem is well-posed.

Proof. Given a certain configuration of the cytoskeleton (and of the lipid membrane), we suppose
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to solve the equations for the cytoskeleton and to calculate the relative contact membrane forces,
as assumed in the hypothesis. In the following, we denote with “smoothness” the property to
possess a sufficient number of continuous derivatives over the domain. The model is related to a
composite problem, which can be broken down into parts to prove the well-posedness. Let us
proceed in three steps:

(i) We can solve the Laplace-Beltrami equation (6.28) and find the smooth k solution. It
is possible integrating by part the right-hand side of (6.28) and because Γ, χ and P are
smooth (KASHIWABARA et al., 2015; BONITO; DEMLOW; NOCHETTO, 2020).

(ii) We now neglect the constrains (6.27) and (6.29), set σ = p = 0, and substitute the k

solution into (6.26). We obtain essentially 2 bilinear forms:

B1(w,z) =
∫

Ω

2µ f Dw : Dz, B2(w,z) =
∫

Γ

2 µ DΓw : DΓz,

one resolving the Boussinesq-Scriven problem for the velocity w over Γ, and the other
one concerning the classical Stokes problem for the velocity w, here in the domain (Ω),
respectively. In both cases it is possible to choose an appropriate space W ⊂ H1(Ω)3

such that the bilinear forms are coercive and therefore W uniquely defined (CLÉMENT;
MARTIN, 2016). For example, a possibility is to choose W as the H1(Ω)3 quotiented with
rigid movement space.

(iii) We finally focus on σ and p. In (6.27) and (6.29) the Lagrange multipliers enforce the area
and volume preservation. Under these conditions, the existence and uniqueness of these
last unknown variables are proved satisfying inf-sup conditions, as yet shown in similar in
(RODRIGUES et al., 2015a). It is possible to verify that such requirements are fulfilled by
Q = L2(Γ) and P = L2(Ω).

6.1.8 Evolutionary model

In this section, we extend the previous model, which describes the system configuration at
a certain fixed time, to the evolutionary dynamics over time. In fact, if the previous case allows to
study the model mathematically, from the computation point of view and for simulation purposes,
it is crucial to introduce the time dependence. In particular, we denote with Ω(t) the configuration
of the domain Ω at time t and with X(t) = {X j(t) | X j(t)∈R3⊂Ω(t), with j = 1 . . . NX} the set
of positions of all cytoskeleton nodes at time t. Our evolutionary generalization is expressed with
an infinitesimal increase in time, taking into account the families of velocity field over Ω(t) and of
velocity field of the cytoskeleton nodes Y (t) = {Y j(t) | Y j(t) = dX j(t)/dt, with j = 1 . . . NX}.
We lead to the following problem.
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Evolutionary model problem. In presence of known initial configurations Ω(0) and
X(0), compute the evolution of configuration Ω(t) and X(t), convected by the velocity field
arising by solving the stationary full model problem and by choosing the time increment δ t such
that

∀t, ∀X j(t) ∈ X(t), dist(X j(t)+Y j(t)δ t ,X j(t +δ t))≤C1δ t2, (6.35)

∀t, ∀x ∈ Γ(t), dist(x+w(x, t)δ t ,Γ(t +δ t))≤C2δ t2, (6.36)

for some C1 and C2 and where dist(·, ·) stands for both point-point and point-surface distance,
on a case by case basis.

6.2 Results/Discussion

In this section we present the suggested discretization of the model and methods we use
to numerically solve the evolutionary problem. We then show some results.

6.2.1 Discretization and numerical approach

Following the (6.35) and (6.36) assumptions, we define a time increment δ t inducing a
time discretization so that

tn+1 = tn +δ t, with t0 given, n = 0,1, . . . . (6.37)

Let us now proceed to discretize the space domain. The cytoskeleton component is
discrete by definition; so we do not need to discretize it. Concerning Ω̄, we have to distinguish
the case of the boundary surface Γ which solves the problem of Laplace Beltrami and concerning
the Boussinesq-Scriven law from the internal fluid where the velocity and pressure arise by
solving a Stokes problem in the three-dimensional domain Ω.

Therefore, concerning Γ we consider triangulation surfaces, which for a fixed mesh
connectivity are uniquely described by triangle vertex position set. The time sequence of triangu-
lation surfaces Γ0,Γ1, ...,Γn, ... are computed and we define the piecewise affine finite element
space

Pn
1 = { f ∈C0(Γn) : f |K is affine,∀K triangle in Γ

n} (6.38)

and with the same Γn we consider the approximation spaces for velocity, surface and curvature
set as

W n
h = (Pn

1 )
3/R, (6.39)

Qn
h = Pn

1 , (6.40)

Kn
h = (Pn

1 )
3, (6.41)
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where, as suggested in the previous section, we can opt for R as the rigid movements space, i.e.,
formally R = {r : R3→ R3 |r(x) = ω ∧ x+β ,ω,β ∈ R3}.

Concerning Ω, we similarly discretize the volume with tetrahedra, in order to obtain a
time sequence of tetraized volumes Ω0,Ω1, ...,Ωn, ..., where we define the equal order piecewise
affine finite element space

PV n
1 = { f ∈C0(Ωn) : f |T is affine,∀T tetrahedron in Ω

n} (6.42)

and the corresponding approximation spaces for the velocity and pressure fields in the volume,
i.e.,

W n
h = (PV n

1 )
3/R, (6.43)

Pn
h = PV n

1 . (6.44)

We note that we have used a little abuse of notation for the spaces approximating the velocity,
but the meaning, the analogy, and the passage between the superficial and volumetric domain is
easy to understand.

We therefore come to the following new discrete problem:

Discrete evolutionary model problem. Update the nodal positions xi,n and X j,n of the
domain (i-th vertex of triangle on Γ or tetrahedron in Ω) and the cytoskeleton (center of the j-th
cytoskeleton network node) respectively, according to

xi,n+1 = xi,n +wi,n+1
h (xi,n)δ t, (6.45)

X j,n+1 = X j,n +Y j,n+1
δ t, (6.46)

such that the velocities wi,n+1
h and Y j,n+1 = (X j,t+1−X j,t)/δ t solve the following fully discrete

problem, that demands to find (wn+1
h ,σn+1

h ,κn+1
h , pn+1

h ) ∈ W n
h ×Qn

h×Kn
h ×Pn

h in such a way
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that ∫
Ωn

2µ f Dwn+1
h : Dz−

∫
Ωn

pn+1
h ∇ · z+

∫
Γn

2 µ DΓwn+1
h : DΓz +

∫
Γn

σ
n+1
h ∇Γ · z +

+ cCH

∫
Γn

[
(I−2P)∇Γκ

n+1
h : ∇Γz+

1
2
(∇Γ ·κn+1

h )(∇Γ · z)
]
=
∫

Γn
f con,Γ,n+1 · z, (6.47)∫

Γn
ξ ∇Γ ·wn+1 +

∫
Γn

γh (∇Γ σ
n+1
h −gn

h) ·∇Γξ =
A ∗−A n

A n τA

∫
Γn

ξ , (6.48)∫
Γn

κ
n+1 ·ζ −

∫
Γn

τk ∇Γ wn+1
h : ∇Γζ =

∫
Γ

P : ∇Γζ , (6.49)∫
Ωn

q∇ ·wn+1
h +

∫
Ωn

γ
v
h (∇pn+1

h −hn
h) · ∇q =

V ∗−V n

V n τV

∫
Ωn

q, (6.50)

∂E n+1
X

∂X j,n+1 −
(

β f Y j,n+1 −M j Y j,n+1−Y j,n

δ t

)
=
∫

ϒ j,n+1

(
f con,ϒ,n+1(xϒ,n+1)+ f d,ϒ,n+1(xϒ,n+1)

)
, (6.51)

with,

E n+1
X =

Ne

∑
k=1

[
kBT `m (3(xn+1

k )2−2(xn+1
k )3)

4`p(1− xn+1
k )

+
kp

`n+1
k

]
, xn+1

k = `n+1
k /`m, (6.52)

f con,Γ,n+1(xΓ,n+1) =−βΓ

∫
ϒn+1

βϒ φ
′(‖xΓ,n+1− xϒ,n+1‖) xΓ,n+1− xϒ,n+1

‖xΓ,n+1− xϒ,n+1‖
, (6.53)

f con,ϒ,n+1(xϒ) = βϒ

∫
Γn+1

βΓ φ
′(‖xΓ,n+1− xϒ,n+1‖) xΓ,n+1− xϒ,n+1

‖xΓ,n+1− xϒ,n+1‖
, (6.54)

f d,ϒ,n+1(xϒ,n+1) =
∫

Γn+1
η

(
wn+1

h (xΓ,n+1)− xϒ,n+1− xϒ,n

δ t

)
, (6.55)

∀(z,ξ ,ζ ,q) ∈ W n
h ×Qn

h×Kn
h ×Pn

h .

We need to provide some notes to comment the new stabilization terms introduced and
some generalizing additions compared with the evolutionary continuum model. The stabilization
terms of the (6.48) and (6.50) ∫

Γn
γ
A
h (∇Γ σ

n+1
h −gn

h) · ∇Γξ , (6.56)

∫
Ωn

γ
V
h (∇pn+1

h −hn
h) · ∇q, (6.57)

are similar; they aim to fix the checkerboard modes due to the equal order interpolation of wh, σh,
and ph, benefiting from the same idea of the works (see (CODINA et al., 2001)), In the (6.56)
and (6.57), γA

h and γV
h are parameters. Then gn

h and hn
h are the L2(Γ)-projection of ∇Γ σ

n+1
h onto

(Qn
h)

3 and L2(Ω)-projection of ∇pn+1
h into (Pn

h )
3 respectively, i.e.,∫

Γn
gn

h · z =
∫

Γn
∇Γσ

n+1
h · z, ∀z ∈ (Qn

h)
3, (6.58)

∫
Ωn

hn
h · z =

∫
Ωn

∇pn+1
h · z, ∀z ∈ (Pn

h )
3. (6.59)

In the equations (6.48) and (6.50) is heuristically verified that the characteristic times τA and τV

can be set equal to 10δ t.
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The other stabilization term concerns the Laplace-Beltrami equation (6.49), given by

−
∫

Γn
τk ∇Γ wn+1

h : ∇Γζ = 0, (6.60)

as provided by Bänsch (2001) to increase the temporal stability. Rodrigues et al. (2015a) suggest
to set τk = δ t.

Furthermore, the equation (6.51) concerning the cytoskeleton dynamics was integrated
with the component

β f Y j,n+1 −M j Y j,n+1−Y j,n

δ t
(6.61)

to allow the introduction of: (i) a friction term, being β f a constant parameter, and (ii) the
inertial effect due to the M j masses of the cytoskeleton junctions. In the following results, we
consider these masses negligible, but the complete model can be numerically integrated with an
implicit Newmark scheme and solved by a Newton-Raphson iterative procedure. Let us proceed
to validate the computational formulation of the model through numerical tests.

6.2.2 Equilibrium and resting shape

We opt to use a relaxing process in order to test our computational formulation. This
virtual experiment consists in letting the system tend to a minimum of energy (condition of
equilibrium) without applying any external force. This test has value both from a mathematical
point of view to evaluate the numerical consistency of the model, but also from a physical /
biological point of view. In the case of the red blood cell, in fact, the resting form of the cell,
which in healthy conditions has the well-known biconcave physiognomy, is closely related to
its biological functionality. However, various states and forms of disease can give different
morphologies to the red blood cell, with mechanical and physiological implications of various
kinds. An example of a sample of diseased red blood cells seen under a microscope is shown in
Figure 33.

To compare the model with the results presented in the literature, let us consider a sphere
of radius r = 3.27µm as the reference form, as in the works of Li et al. (2005), Peng, Asaro and
Zhu (2010). In such case the sphere surface area and the volume are Asphere = 134.3709 µm2

and Vsphere = 146.4643 µm3, respectively. We suppose to gradually reduce the volume to a target
value Vtarget , defining a reduced volume parameter as

vreduced =
Vtarget

4/3πr3 . (6.62)

According to the benchmarking values, a reduced volume vreduced ≈ 0.60 corresponds to the
classical biconcave shape; but this depends also on the possible variation of the area. For detailed
studies of the resulting equilibrium shapes we refer the reader to the articles of Seifert, Berndl
and Lipowsky (1991), Geekiyanage et al. (2019).
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Figure 33 – Heterogeneous sample of RBCs affected by stomatocytosis and echinocytosis under the
scanning electron microscope and reported on (GEEKIYANAGE et al., 2019).

In our case, we refer to the parameters setup listed in Table 7 for all the model components,
to solve our discrete model of equations (6.45) – (6.55). In the following test, we have introduced
a cytoskeleton of 741 nodes of radius R = 0.05 and a cytoplasmic internal fluid of viscosity
µ f = 0.01.

Table 7 – Setup of parameters of the relaxation process simulations.

Value Symbol Description Component
1.0 kB T Energy unit (WLC)

2 n POW exponent (WLC)
1.0 βΓ Bilayer interaction constant (INT)
1.0 βϒ Cyto interaction constant (INT)

6 k LJ potential coefficient (INT)
200 ε Interaction strength constant (INT)

0.05 r0 Equilibrium cyto-membrane distance (INT)
0.05 R Radius of cyto-sphere (INT)

1.0 µ Bilayer viscosity (BIL)
20.0 Cch Canham constant (BIL)

118.270 Atarget Target RBC surface area (BIL)
67.747 Vtarget Target RBC volume (BIL)

0.01 µ f Fluid viscosity (CYTOSOL)

The safe red blood cell biconcave morphology is obtained. As we can see from Figure
34, the biconcavity is particularly accentuated, due to a significant reduction in the target volume.
The nodes of the cytoskeleton are visualized and the peculiar structure of the junction complexes
can be seen, with the spectrins colored according to their tension. The internal fluid substantially
reaches an uniform pressure, as expected. The results obtained are qualitatively consistent
with those obtained with our two-component model presented in (MEACCI et al., 2020b). In
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particular, the resulting values of the main quantities are reported in Table 8.

Figure 34 – Snapshot of the RBC system after the relaxing process test described in the sub-section
6.2.2. The lipid bilayer is visualized in red scale according to the curvature magnitude. A
section of the internal fluid is displayed in sky-blue, according its pressure value. Indeed, the
cytoskeleton network is plotted. The spectrin colors are referred to the edge tension.

Table 8 – Quantities of numerical solutions the relaxation experiment of multi-component RBC model.

Case E Γ EX Econ p
Biconcave relax 10.38×102 1.4×104 −5.6×101 −6.0

Following the same idea of the work of Peng, Asaro and Zhu (2010), we test the
possibility to reach the prolate and stomatocyte shapes, imposing appropriate reduce volumes
vreduced of 0.80 and 0.55 respectively. In Figure 35, we display with quantitative details the
system configurations in both cases. We remark that, according our calculations, the internal
cytoplasmatic pressure in the prolate case is positive. Such results need to be verified in terms of
biological consistency.

The morphological RBCs change is a very interesting topic from a mechanical point of
view. Is is known that, during the transition from the normal discoid shape to abnormal shapes,
the membrane’s shear, area, and bending moduli undergo significant variations (PARK et al.,
2010). The range of morphological irregularities of red blood cells is very wide (FORD, 2013;
RUEF; LINDERKAMP, 1999). Specific applications of the model on this type of variants can
lead to evaluate measurements and interactions for an eventual characterization of the membrane
irregularities. In Figure 36 we show some main cases obtained with our code.
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Figure 35 – Snapshots of the RBC system reproducing the prolate and stomatocyte shapes, occurring
imposing a reduce volumes vreduced of 0.80 and 0.55 respectively.

Figure 36 – Acanthocyte, elliptocyte, teardrop cell, and spherocyte example obtained with the code. The
source of the photo under the microscope is (KEY, 2016)

We conclude this section with a final remark. The relaxing process is important also
because it is related to the ability of the RBC to recover its original shape. It is proven that
the characteristic time for the resting shape is within the range of 0.1− 0.3 (HOCHMUTH;
WORTHY; EVANS, 1979; CHANG et al., 2016; TANG et al., 2020).

If the virtual experiment of system relaxation can be considered useful for the verification
of the computational formulation, on the other hand, we can better appreciate the characteristics
of the multi-component model in simulations that foresee transient states. For this reason, in the
following section we present a case of cell stretching with optical tweezers.
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6.2.3 Stretching by optical tweezers

We aim in this section to show the potential of the multi-component model, when used
to study dynamic processes. The optical tweezers instrument provides for the possibility of
stretching a RBC by two opposite beads attached to the bilayer. Being optical controlled, the
beads can deform the RBC applying a certain force. In Figure 37 we can see how the RBC results
in a certain time during this process, using our code to mimic the experiment. It is possible to
study the RBC response with respect to the force applied. Our multi-component model, however
allows to consider other details. Not only the external deformation and curvature distribution but
the internal RBC behavior can be simulated. Figure 38 display the configuration of the internal
cytoskeleton, that being attached to the lipid bilayer is affected and contributes to the global
deformation. We can observe that junctional complexes closed to the regions attached by the
beam present spectrins in overtension. This fact is due to the force that the cytoskeleton receives
in the form of anchoring from the bilayer, through the interaction component of the model. Also,
the cytoplasm dynamics are not trivial. Unlike the previous relaxation experiment, in this case
the fluid is not in a rest state. As we can see in the plot of Figure 39, the cytoplasm pressure does
not result to be homogeneous. In the volume most prone to stretching and in the zone subject to
folding, a non-trivial pressure distribution is shown.

Figure 37 – Visualization of the lipid bilayer at a certain instant during the optical tweezers stretching.
The surface is colored on red scale according to the curvature magnitude.

The model, considering each component as a distinct entity, allows to study the interaction
phenomena between the parts, such as the detachment and reattachment of the cytoskeleton to
the bilayer. Such effects are still to be fully understood and for this reason are of great interest;
considered only in the most recent and advanced models available (CHANG et al., 2016).

In particular, the internal fluid viscosity is a sensitive parameter that affects the results.
With the same longitudinal elongation in the graph in Figure 40 we show how the RBC transverse
diameter Dt evolves considering a fluid viscosity µ f that varies from 0.01 to 10. The panel of
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Figure 38 – Visualization of the cytoskeleton at a certain instant during the optical tweezers stretching.
The edges are colored based on its tensions.

Figure 39 – Visualization of the internal RBC fluid at a certain instant during the optical tweezers stretch-
ing. The fluid is colored according its local pressure.

Figure 41 displays the extreme case highlight as during the deformation not only, as naturally
expected, the internal pressure values are significantly different, but the RBC shape profile is
notably dissimilar.

6.2.4 Validation through experimental measurements

Optical tweezers experiment is a “testbed” to evaluate the deformation characteristics of
the red blood cell during the dynamic process. We aim to compare the transient characteristics
of the virtual red blood cell modeled with our model with the experimental measurements in
the laboratory and the best practices generated by the other mathematical models present in
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Figure 40 – Trasverse RBC diameter Dt over the time, for a constant velocity of longitudinal elongation,
under various cases of internal fluid viscosity µ f .

Figure 41 – Different views of an optical tweezers experiment in two assumptions of internal fluid
viscosity µ f = 0.01 on the left and µ f = 10.0 on the right. We can observe the pressure field
and the geometrical different resulting configuration.

the literature. To this end, we introduce the quantities corresponding to the relative diameters
increase (in the elongation phase). Let us consider to denote with Da and Dt the longitudinal and
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transverse diameters with respect to the velocity direction of the optical tweezers, respectively.
We define the longitudinal Dr

a and transverse strain Dr
t as follows

Dr
a = (Da−D0

a)/D0
a, Dr

t = (Dt−D0
t )/D0

t , (6.63)

with superscript 0 referring to the initial dimension.

Li and Liu (2008) provide an experimental nanomechanical characterization of red blood
cells by applying stretching forces via optical tweezers. They have measured the cell deformation
directly from microscopic digital images over a set of cell samples. They have considered five
RBC samples with an original radius ranging from 2.87µm to 3.31µm. In Figure 42 we plot the
corresponding relative strains. For the reader’s reference, we list the measurements in Table 9.

Other experimental/computational works concerning the stretching response of healthy
and defective RBC can be considered to validate our model. In particular, we consider the results
of the group of Suresh, Chang and Karniadakis (CHANG et al., 2016; SURESH et al., 2005),
considering the average values of the relative strains of an healthy and infected RBC with the
malaria parasite plasmodium falciparum. As we can see in Figure 42 and Table 9, an evident
effect due to the paratisitization by P. flaciparum is a significant increase in the elastic stiffness. In
the data, this fact is reflected in greater transverse stretching than a fixed longitudinal elongation.

Concerning our computational simulation scaling, we follow similar setup of the previous
simulations. In particular, we consider an energy unit kBT = 1, a Canham constant Cch = 20, and
an interaction strength constant ε = 5000. The cytoskeleton consists of a network of around 750
nodes of radius 0.05. We remark that the internal viscosity of a RBC is five times higher than
plasma, i.e., 6×10−3Pa · s (POZRIKIDIS, 2003b), so that considering our length scale of 1µm

it leads to set µ f = 0.6. During the virtual experiment, we consider an opposite velocity of each
micro-bead of 200 µm with respect to the unit time.

With the aim of evaluating the multi-component contribution of the model, we proceed to
simulate the experiment by degree of completeness: (i) assuming only the lipid bilayer component,
(ii) inserting the cytoskeleton, and finally (iii) also including the cytosol. For generality purpose,
we also considered two cases of small (RBC1) and large (RBC2) RBCs of radius 2.85µm and
3.78µm, respectively. In Table 9, we report our results and we compare them with the other data
in Figure 42.

Comparing our simulation results with the other data, as we can observe on the left-panel
of Figure 42, they reside within the variability window of the results described in literature.
In general, the transverse deformation grows monotonically with respect to the longitudinal
deformation with a certain slope and with a slight tendency to a convex growth. On the other hand,
by the zoom shown on the right-panel we can highlight some different responses with respect
to the physical components considered. Our results show that the presence of the cytoskeleton
softens the growth of the curve. Such a behaviour is physically consistent being that the lipid
bilayer, intrinsically fluid in character, requires stabilization by association with an underlying
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Figure 42 – Comparison between experimental data and our numerical results.

cytoskeleton (RAUCHER, 2008). Considering the introduction of the internal fluid, from the trend
of the graphs, it seems that absence of the cytosol affects only relatively the RBC deformation.
Moreover, comparing the 2-component model with and without internal fluid, the results indicate
that for a fixed longitudinal elongation, the corresponding transverse diameter is slightly less
in presence of the cytosol. This result, which may appear to be counter-intuitive, is explained
by the behavior with respect to the axis perpendicular to the plane between the two diameters.
In Figure 43, we display the transient configuration of the system, coloring the outer bilayer
according to the magnitude of its curvature. The images suggest a visible difference between
the two configurations. Without cytosol, the center of the biconcave disc digs less spherically,
tending to make the fold of the membrane stretch towards the micro-beads. Such an effect is
concomitantly reflected on the velocity field profile of the bilayer, which in the same central
disk region in the case with cytosol it is on average lower than the case without cytosol. We
remark that the internal pressure field in the cytosol case is not homogeneous and assumes a
corresponding behavior. We can appreciate also the local influence on the pressure of the cytosol
due to the presence of the nodes of the cytoskeleton.

The cytosol ability to avoid that the fold crosses for the entire longitudinal diameter
appropriately illustrates how the cytosol serves to maintain the cell volume and precludes contact
between different parts of the cell (DAO; LIM; SURESH, 2003).

We finally remark that we have found a certain discord in our simulations on the possi-
bility that a cytoskeleton of an inactive nature (without the ability to rearrange itself) can remain
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Figure 43 – Visualization of our simulation configuration of the RBC1 at a fixed time during the stretching
process, performed by our model with and without cytosol.

anchored to the bilayer for important efforts such as those present in the work of Chang et al.

(2016). Nonetheless, we agree that spectrin detachment events are relatively infrequent and ap-
pear in extreme cases (CHANG et al., 2016; RODRÍGUEZ-GARCÍA et al., 2015). Furthermore,
the formation of blebs (balloon-shaped membrane protrusions with no cytoskeleton content) turns
out to be a possible phenomenon with physiological and mechanical implications (SPANGLER
et al., 2011; PONTES et al., 2011). Our simulation results reinforce the idea that stress causes
membrane rearrangements to adapt to the load and, in particular, that cytoskeleton is dynamic
and can rapidly adapt to major changes in the cell shape (SHEETZ; SABLE; DÖBEREINER,
2006; LI et al., 2018; AVSIEVICH et al., 2020). An other speculative explanation is that the
effective energy unit kBT should be reduced, resulting in a lower cytoskeleton stiffness (see
(RODRÍGUEZ-GARCÍA et al., 2015)). In Figure 45 we show a zoom on the RBC of how
the cytoskeleton can follow the membrane movement included in the region adjacent to the
stretching due to the bead.

6.3 Achievements and future opportunities

In this Chapter, a new mathematical/computational formulation for a multi-component
red blood cell model has been presented. The emphasis of the work is centered on the possibility
of performing the mathematical modeling of the following RBC components: the lipid bilayer
behavior, the cytoskeleton dynamics, the interaction activity between them, and the internal



6.3. Achievements and future opportunities 107

Figure 44 – Visualization of lipid bilayer velocity field and cytosol pressure field of the RBC1 at a fixed
time during the stretching process, performed by our model with and without cytosol.

cytoplasm flow. Furthermore, the model considers a continuous definition of the lipid bilayer,
allowing to use finite elements method. The text contains a detailed description of the construction
of the model of the mathematical well-posedness, and it is tested with virtual experiments in
order to show the potential and the advantages deriving from its implementation. Numerous
studies and applications can be developed, implementing simulations on the basis of experimental
observations.
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Figure 45 – Detail of the adhesive cyto-bilayer movement during optical streaching experiment with
weakened cytoskeleton (kBT = 10−3).
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Table 9 – Experimental measurements and computational results on RBC deformation using optical
tweezers. Our simulations are performed by 1-component (only lipid bilayer), 2-component
(lipid bilayer and cytoskeleton) and 2-component with cytosol (lipid bilayer, cytoskeleton and
internal fluid) models.

Test (sample) Original radius (µm) T. strain Dr
t L. strain Dr

a
Li’s exp. 1 2.96 0.0596 0.1605

0.0786 0.2327
0.0801 0.3314

Li’s exp. 2 3.20 0.0526 0.1372
0.0707 0.2574
0.0979 0.3685

Li’s exp. 3 2.87 0.1096 0.4456
0.1309 0.4832
0.1400 0.5240

Li’s exp. 4 3.93 0.1656 0.6495
0.1845 0.7891
0.1875 0.9125

Li’s exp. 5 3.31 0.1523 0.2722
0.2014 0.3822
0.2241 0.5273

Suresh & Karnidakis’s healthy 3.80 0.1711 0.1842
0.2763 0.5132
0.3684 0.7105

Suresh & Karnidakis’s P. falciparum 3.80 0.1842 0.1842
0.3947 0.5263
0.4079 0.7105

Our sim. 1-comp RBC1 2.85 0.0102 0.0526
0.0226 0.0881
0.0449 0.1447
0.0877 0.2520
0.1465 0.3927
0.2449 0.6043

Our sim. 2-comp RBC1 2.85 0.0193 0.0912
0.0540 0.1888
0.1023 0.3570
0.1516 0.4612
0.1777 0.5321
0.2175 0.6372

Our sim. 2-comp with cytosol RBC1 2.85 0.0133 0.0725
0.0375 0.1428
0.0639 0.2139
0.1254 0.3553
0.1842 0.4963
0.2579 0.6702

Our sim. 1-comp RBC2 3.78 0.0022 0.0437
0.0110 0.0811
0.0184 0.1022
0.0269 0.1235
0.0545 0.1880
0.0728 0.2308

Our sim. 2-comp RBC2 3.78 0.0037 0.0481
0.0123 0.0907
0.0215 0.1226
0.0395 0.1758
0.0607 0.2290

Our sim. 2-comp with cytosol RBC2 3.78 0.0032 0.0361
0.0095 0.0686
0.0197 0.1090
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CHAPTER

7
A TRAJECTORY PLANNING MODEL FOR
THE MANIPULATION OF PARTICLES IN

MICROFLUIDICS

Particle manipulation is an important topic in microfluidics, a science that studies the
behavior of small-scale fluids. A growing interest exists in the steering of particles in microfluidic
systems, especially in the biological and medical fields, to analize elements of very small size
such as proteins or DNA. In particular, improving the ability to manipulate and to steer particles
in microfluidics can allow to better examine, control, and treat biological materials. Some
interesting examples are the microfluidic device presented in (ZHOU; WANG; LIN, 2010) or the
use of optical tweezers as tools to move in a controlled way individual particles, as shown in
(CURTIS; KOSS; GRIER, 2002).

The control of the trajectory of particles immersed in a fluid by boundary actuators is the
topic presented in the articles by Chaudhary and Shapiro (CHAUDHARY; SHAPIRO, 2006)
and Tuval et. al. (TUVAL et al., 2005). The microfluidic modeling in these works proposes the
displacement of the particles from one point to another by a pre-established trajectory. The idea
is to identify the location of the particle in real time so that a control algorithm calculates the
demand on each actuator for the flow to carry the particle along the desired path. In Armani et.
al., (ARMANI et al., 2005) and (ARMANI et al., 2012), some examples can be found of the use
of control techniques. A generalization for the manipulation of particles in the three-dimensional
case also exists in the study of Probst and Shapiro (PROBST; SHAPIRO, 2011).

In all published methods discussed above, a predefined trajectory is necessary as a datum,
but no mention is given about how to build such a trajectory. In fact, in their examples the
trajectory is introduced manually. The present work proposes a method to automatically define a
“good” trajectory γ∗ that can then be used as input for those particle manipulation techniques. By
“good” we intend that γ∗ not only avoids obstacles, but also avoids parts of the fluid domain where
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the actuators are ineffective at producing flow (stagnant regions, or regions of low controllability).
These requirements are fulfilled by time-optimal trajectories, which are the ones proposed here.
In fact, we propose an algorithm that works on a rectangular grid and could be implemented
directly on a pixelated image of the domain. The trajectories are discrete in the sense that
they are broken lines joining neighbor grid points. This is a very practical, though not smooth,
parameterization of possible paths. The resulting trajectory γ∗ can eventually be smoothed out
before passing it to the manipulation algorithm. The combination of the proposed method with
the manipulation techniques of Shapiro and coworkers ((CHAUDHARY; SHAPIRO, 2006),
(ARMANI et al., 2005), (ARMANI et al., 2012) and (PROBST; SHAPIRO, 2011)) would allow
for an integrated system of detection, planned manipulation and control of particles towards an
arbitrary target.

The presentation begins by describing the general physical model and recalling the tech-
niques used for particle steering when the desired trajectory is known. This allows us to introduce
several concepts needed for trajectory planning. Then the continuous problem of optimizing
trajectories (Bellman’s principle) with respect to arrival time is described, together with the
proposed discretization. Finally, applications are reported in the section of numerical results.
They show the good performance of the algorithm in finding suitable, sometimes counterintuitive,
trajectories.

7.1 The physical model
We study the manipulation of a particle in a microfluidic device in the two-dimensional

case, the extension to 3D being immediate. In fact, we can see the 2D case applicable to flows
between flat plates parallel to the plane xy, in the case when the plates are sufficiently close.

Let us consider therefore a square domain (0,L)2 = Ω, for the flow of a fluid without
inertia with the presence of obstacles, walls and also of actuators. As we can see in the Figure
46, the actuators act in some regions of the boundary of the domain ΓN , ΓS, ΓE and ΓW , being
placed on the respective north, south, east and west borders.

At each actuator we apply a value XN ,XS,XE e XW . Since the driving force of the flow
is the difference between actuator values (pressure or electrical potential differences), we can
fix XE to zero without losing generality and work only with the variables X = (XN ,XS,XW )T .
Inertial effects are generally negligible in microfluidics. As a consequence, each X ∈A (where
A is the set of admissible actuator values) leads to a velocity field according to the following
linear relation

~v(~x,X) = B(~x)X , ~x ∈Ω . (7.1)

The matrix B(~x) = (BN(~x),BS(~x),BW (~x))T contains as columns the components of the
velocity field at the point ~x with X belonging to the canonical basis, i.e. XN = 1,XS = 0 and
XW = 0 for the first column; XN = 0,XS = 1 and XW = 0 for the second one and XN = 0,XS = 0
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Figure 46 – Sketch of the domain configuration.
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and XW = 1 for the third one. The Figure 47 shows an example of the velocity field for some
points of the domain, generated by imposing the canonical basis.

Figure 47 – Velocity fields generated by imposing the canonical basis. All possible velocity fields are
linear combinations of these three.

The admissible set of the controls A generates an admissible set of velocities V(~x) on
each point, defined by

V(~x) = {~w ∈ Ω | ∃X ∈ A ,~w = B(~x)X } .

Let P be a passive point particle whose initial position is ~x0. Each control function
X(t) : [0,T ]→A moves P along a trajectory~r(t) that is the solution of the following problem

d~r
dt =~v(~r(t),X(t)),

~r(0) =~x0 .
(7.2)

The goal of this work is to answer the question of how to determine the control function
X∗(t) that moves the particle P from the position~x0 to a target set Z ⊂Ω. The target set Z may be
a region of the domain where the particle is analyzed or subjected to some biochemical reaction,
for example. In order to completely achieve this aim we have first to solve the problem of the
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particle manipulation through a predefined path. As explained in the following subsection, this
approach introduces an optimization problem for maximizing the possible velocity. The solution
of this preliminary problem allow us to have all the tools for achieving the main goal, which is to
determine a “good” trajectory that consider the arrival time optimization.

7.1.1 Particle manipulation along a predefined path

Let us consider the determination of the control function X∗(t) when the path to move
the particle P from~x0 to Z is given. Let γ be the chosen path that is a smooth curve in Ω joining
~x0 to~x f ∈ Z. For every point~x ∈ γ , let τ̌(~x) be the unit vector tangent to γ at~x. In order to move
P along γ it is necessary and sufficient that B(~r(t))X(t) is parallel to τ̌(~r(t)) for all t. Since the
relation (7.1) does not depend explicitly on t, time becomes a parameter and will be omitted in
what follows for conciseness. We have the following characterization:

Proposition 7.1 At a point~x the control X generates a velocity vector ~w=~v(~x,X) parallel
to an arbitrary direction ď, if and only if

M(~x, ď)X def
= (I−d dT )B(~x)X = 0 ,

where d is the (column) array representation of ď. Being B(~x) of full rank, and the number of
controls equal to or greater than the number of spatial dimensions, the above equation has as its
solution a non-trivial subspace S(~x, ď) of Rn.

In particular, the maximum velocity that can be generated along direction ď is

V (~x, ď) = max
X ∈S(~x,ď)∩A

dT B(~x)X ,

and the maximizing argument X̂(~x, ď) is the control value that realizes the velocity V (~x, ď) ď.

If the admissible set of controls is a box with minimum X− and maximum X+ values for
each control variable, the following classical linear optimization problem results:
Linear optimization problem: Maximize cT X over X ∈ Rn (being cT = dT B(~x)), with the
restrictions

M(~x, ď)X = 0 ,

X ≥ X− , (7.3)

X ≤ X+ .

The maximum reached is the maximum velocity V (~x, ď), and the maximizing argument is
X̂(~x, ď).

With these elements, bringing back the time variable, the problem (7.2) becomes
d~r
dt =V (~r(t), τ̌(~r(t))) τ̌(~r(t)) ,

~r(0) =~x0 ,
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which will necessarily follow the curve γ at maximum speed, and~r(t) has been calculated, the
control function arises from

X∗(t) = X̂(~r(t), τ̌(~r(t))) . (7.4)

The control at every instant is uniquely determined by the position of the particle and the direction
in which it is desired to move it. The problem of microfluidically controlling a particle to follow
a predefined trajectory was addressed by Chaudhary and Shapiro (2006) and the work of Mathai
et al. (2011) , where the simplest constraints ‖X‖ ≤ 1, where ‖ · ‖ is the Euclidean norm are
considered.

Remark 7.2. In (7.4) the vector X̂ can be multiplied by an arbitrary α(t) ∈ (0,1] if the de-
sired speed of the particle is not the maximum attainable one at each point. For example, let

Vmin(γ) = min
~x∈γ

V (~x, τ̌(~x)) .

If Vmin(γ) = 0, it means that it is impossible to reach the target Z in finite time along the path
γ . Otherwise Vmin(γ) > 0, for any V ∗ ≤ Vmin(γ) the control function that moves P along γ at
constant speed V ∗ is obtained by first solving

d~r
dt =V ∗ τ̌(~r(t)) ,

~r(0) =~x0 ,

and then setting

X∗(t) =
Vmin(γ)

V (~r(t), τ̌(~r(t)))
X̂(~r(t), τ̌(~r(t))) .

7.1.2 Determining the path via arrival time optimization

When the path is not pre-defined, it can be chosen in several ways. Here we study
the trajectory planning between ~x0 and the Z target by minimizing the time of arrival. Other
possibilities include minimizing path length, energy expenditure, and in general any cost function
depending on the path and possibly on the associated control function.

For a point ~x ∈ Ω (controllable, i.e., such that there exists at least one function X(t)

which moves P from~x to Z) we can consider the function T (~x) defined as the minimum time
required to take P from~x to Z. The path associated with T (~x) is an optimal trajectory because it
moves P to Z in minimum time and defines, at each point, the optimal direction τ̌(~x) (tangent to
the optimal trajectory).

Bellman’s principle states that if a point ~y is placed in the optimal path γ∗ of ~x, then
the optimal trajectory from ~x to ~y is the arc of γ∗ joining these two points, and the optimal
trajectory of~y to the target Z is the final arc of γ∗. With this principle it is possible to obtain the
Hamilton-Jacobi-Bellman equation for T , according to (CACACE; CRISTIANI; FALCONE,
2014):

V (~x, τ̌(~x)) τ̌(~x) ·∇T +1 = 0 ,
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where τ̌(~x) is given by τ̌(~x) = argmin‖ď‖=1 V (~x, ď) ď ·∇T (~x) . We have that the associated
Hamiltonian is H(~x,~p) = min‖ď‖=1 V (~x, ď) ď ·~p, which gives the equation in the usual form (see
(SETHIAN; VLADIMIRSKY, 2001))

H(~x,∇T (~x))+1 = 0 .

The fundamental property we will use in the numerical treatment of this equation is the
following (a direct consequence of Bellman’s principle):

Proposition 7.3 Let~x ∈ Ω, and C a closed curve (surface in 3D) such that~x is internal
to C and the target Z is external to C. For each~y ∈ C, let ζ (~y) be the minimum time required to
carry a particle from~x to~y. Then,

T (~x) = min
~y∈C
{T (~y)+ζ (~y)} . (7.5)

Moreover, if~y∗ is a point of C where the minimum is attained,~y∗ is the intersection of the optimal
path γ∗ with the curve C.

If the curve C is small enough (contained in a ball of ratio ρ � 1), we can consider just
straight trajectories between~x and C, which allows to approximate the equation (7.5), according
to (CACACE; CRISTIANI; FALCONE, 2014), by

T (~x)≈min
~y∈C

T (~y)+
‖~y−~x‖

V
(
~x, ~y−~x
‖~y−~x‖

)
 (7.6)

and the optimal trajectory, locally, is given by the segment~x~y∗.

7.2 Calculation of V (~x, ď)

To find the set of possible maximum velocities V (~x, ď) at a point ~x, for each given
direction ď, we have first to determine the admissible set of velocities V(~x), according to the
equation (7.1). We consider that the system actuators can be mechanical (imposing pressure) or
electrical (imposing electrode voltage).

When the velocity field is generated by pressure sources, the governing equation for the
flow is the Stokes equation, that in our setting defines the following boundary value problem

−µ∇2~v+∇p = 0 in Ω ,

∇ ·~v = 0 in Ω ,

σ(p,∇~v) ·~n =−X i on Γi, where i ∈ {N,S,E,W} ,
~v = 0 on ∂Ω\∪i Γi ,

(7.7)

where σ(p,∇~v) =−pI+µ (∇~v+∇~vT ) is the stress tensor and~n the unit normal to the boundary.
We remark that the boundary conditions for this problem are essentially that pressure is imposed
on the actuators and null velocity is imposed on the obstacles and walls.
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When the system actuators are electrodes, the electric field is obtained from the electric
potential Φ (or voltage) that solves the following problem

∇2Φ = 0 in Ω ,

~E =−∇Φ in Ω ,

Φ = X i on Γi, where i ∈ {N,S,E,W} ,
~E ·~n = 0 on ∂Ω\∪i Γi .

(7.8)

The electric field induces a velocity field according to the relation

~v = meo~E,

where meo is the electrosmotic constant relative to the interaction between the fluid and the wall
(KIRBY, 2010). In this case, Dirichlet boundary conditions for the voltage are imposed on the
actuators, and Neumann homogeneous ones on the obstacles and walls.

A detailed explanation of the numerical resolution of these problems, according to MAC
(Marker and Cell) discretization, is exposed in (MEACCI et al., 2017).

Remark 7.4 In fact, one could easily consider a combination of mechanical and electrical
actuators. In this case, if a control variable Xi corresponds to a mechanical actuator, the i-th
column of matrix B in (7.1) would be the velocity field obtained by solving (7.7), while if it
corresponds to an electrical actuator the equation to be solved would be (7.8). We have not
considered problems with both kinds of actuators simultaneously to keep the exposition simpler.

The calculation of V (~x, ď) involves a resolution of the linear optimization problem of the
Proposition 7.1 on all mesh nodes for a directions set D defined by the user.

If v1, v2 and v3 are the three vectors (column) calculated with the hydrodynamic solver
on the node~x, and d is a direction belonging to D, the following Octave code calculates V (~x, ď):

Xmin=[-1 -1 -1];
Xmax=[1 1 1];
B=[v1,v2,v3];
c=-d’*B;
M=(eye(2,2)-d*d’)*B;
[xopt fmin]=glpk(c,M,zeros(2,1),Xmin,Xmax);
V=-fmin;

It is important to justify that the use of the negative sign in c = −dT B is because by
pattern the function glpk minimizes instead of maximizing. We remark that the values X− and
X+ are in the vectors Xmin and Xmax. The value of the control to generate the velocity V in the
direction d is given by xopt.
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The Figure 48 (a) illustrates an example of the set V (~x, ď) obtained initially with the
vectors

v1=[1;1.1]; v2=[-0.2;0.6]; v3=[-0.21;-1.1];

In this Figure 48 (a), the external polygon was generated using as minimum and maximum
values the vectors

Xmin=[-1,-1,-1]; Xmax=[1,1,1];

When we change the vector of minimum values of the control variables to

Xmin=[-0.1,-0.1,-0.1];

we obtain a new set V (~x, ď), which corresponds to the internal polygon. Notice how the polygon
that represents V (~x, ď) loses its symmetry about the origin when Xmin is different from -Xmax.
We remark that the number of directions used to determine the region can influence the quality
of the set of possible velocities generated. The Figure 48 (b) illustrates a set V (~x, ď) given by the
values

v1=[1;1.1]; v2=[-0.2;1.6]; v3=[-0.21;-1.1];

where the internal polygon was generated using 8 directions and the external polygon was
generated using 320 directions.

Figure 48 – Polygons representing the set V (~x, ď).
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(b) With two different choices of the number
of directions considered: 8 and 320.

By performing the same procedure for all nodes of the mesh, we obtain the data necessary
to calculate the optimal trajectory according to the Hamilton-Jacobi-Bellman equation. The
Figure 49 shows the set V (~x, ď) for some points of the domain, where in the Figure 49 (a) the
actuators are of the pressure type, and in the Figure 49 (b) the actuators are of the electrode type.
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We can see the variability of V (~x, ď), which is highly anisotropic and highly dependent on the
geometric configuration as well as on the nature of the actuators. The regions where the polygons
are smaller correspond to stagnant regions, i.e., regions where the velocity generated by the
actuators hardly moves the particles at all. The regions where the polygons are bigger correspond
to regions where the particles are easily transported. A “good” trajectory for manipulation avoids
not just the obstacles but also these stagnant regions as much as possible.

Figure 49 – Representation of the set V (~x, ď) of the possible maximum velocities (in each of the 32
directions considered) in some points of the domain.

(a) Actuators of the pressure type. (b) Actuators of the electrod type.

7.3 Optimizing trajectories by Bellman’s principle

The optimal trajectory, in terms of time, for moving a particle from a point ~x to a
target point, solves the Hamilton-Jacobi-Bellman equation. A semi-Lagrangian discretization is
considered for the function T . The equation (7.6) is approximated at each node (i, j), taking the
curve C (denoted as Ci, j) as the boundary of the set of the four cells that share node (i, j). The
coordinates of node (i, j) are~x = (Xi−1,Yj−1) (see Figure 50). For each direction ď, the trajectory
from~x to Ci, j is approached by a straight line from~x to~yd ∈Ci, j.

Figure 50 – Trajectory, approximated by a straight line, from~x to Ci, j for the direction ď.

C
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The values for the discrete approximation of Ti, j are defined by

Ti, j = min
‖ď‖=1

{
T (~yd)+

‖~x−~yd‖
V (~x, ď)

}
,

where T (~yd) is an interpolation of the T values at the nodes that are placed on Ci, j. In the
case of the direction ď illustrated in the Figure 50, for example, T (~yd) is calculated by linearly
interpolating between Ti+1, j e Ti+1, j+1. The direction of the optimal trajectory is that in which
the minimum is attained, which is generally not parallel to ∇T because of the anisotropy of the
problem.

To leave a completely discrete scheme we consider the following discretization of the set
of directions D

D = {ďk = (cos(θk),sin(θk)), θ =
(k−1)π

m
, k = 1, . . . ,m}.

The algorithm requires that V (~x, ď) has already been calculated at each vertex and has
been stored as a table of values V k

i, j :=V (~xi, j, ďk), corresponding to each vertex (i, j) and to each
direction ďk. Ti, j is initialized to a large value (1012) on all nodes except those that belong to the
target Z, which are initialized to zero. Then we iterate all the mesh nodes that do not belong to Z

updating T according with the following equation

Ti, j←− min
ď=ďk∈D

{
T (~yd)+

‖~x−~yd‖
V k

i, j

}
. (7.9)

This algorithm is discussed in (CRISTIANI, 2013), including error estimators for the
solution in the norm of L∞(Ω), which is important because the exact solution in general is not
smooth and can not be understood in the classical sense.

Remark 7.5 (Complexity). Calculations necessary to start the previous algorithm are:

• Computing the matrix B according to the linear relation (7.1) for the N nodes and n

actuators with cost nO(Na), where O(Na) is the cost of solving one hydrodynamic
problem (tipically a≈ from 1.3 to 1.5);

• Computing {V k
i j} with cost mNO(nb), obtained by the cost O(nb) of solving one linear

optimization problem (7.3) in dimension n (tipically b ≈ 2), for all N nodes and all m

directions.

From (7.9) the cost of the HJB iteration is O(mN), and the number of required iterations
is O(N1/s), s being the number of space dimensions. Summarizing, the total cost adds up to
O(nNa +mNnb +mN1+1/s). Since a≈ 1+1/s, in general the HJB iterations dominate the total
cost, but if the number of actuators n is large the cost of the linear optimization problems can
also be significant.
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7.4 Results

In this section, we consider the set D generated by 8 directions. The accuracy of the
calculation depends on the number of the considered directions, and so does the computational
cost. The choice of 8 directions has the advantage of not requiring the interpolation step, since
the directions considered in (7.9), with k = 1, . . . ,8, are determined by the neighboring nodes.
Therefore for each node (i, j) the optimal trajectory is a line that connects it to the neighboring
mesh node at which the minimum in (7.9) is attained. As a consequence, the set of numerical
trajectories produced by our algorithm has a tree structure. For this reason, to plot the numerical
solution we draw all the optimal trajectories that pass through the mesh nodes, which has the
geometrical appearance of a tree rooted at the target Z.

In the next simulations, we consider a domain Ω = {(x1,x2) ∈ R2,0 < x1,x2 < 10}
discretized in a grid of 40× 40 nodes, except when indicated otherwise. When the flux is
induced by an electrical potential we assume an electrosmotic costant meo = 1 while when it is
generated by a pressure source we consider viscosity µ = 0.1. The actuators’ limit values are set
to X− = (−1,−1,−1) and X+ = (1,1,1).

Figure 51 shows the trees of optimal trajectories obtained for both electrical (subfigure
(a)) and mechanical (subfigure (b)) actuators.

Figure 51 – Optimal trajectory configuration with range of actuators between −1 and 1. The highlighted
point is the arrival target.
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(b) Pressure.

One can notice that the trajectories between the two plates of the obstacle are essentially
horizontal. This is because the actuators cannot generate significant vertical velocity there due
to the presence of the plates. With this, it turns out that a particle that is between the plates
but below or above Z must first take a path to get out of the space between the plates and then
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walk back in towards the target point. We find worthy of note that the optimal trajectories tend
to circumvent the obstacle so as to traverse regions (more distant to the obstacle) where the
admissible velocities are higher. Notice also that the trajectory trees have similarities for both
types of actuators, mainly differing at the obstacles’ boundaries, where the mechanically-driven
flow has zero velocity while the electrically-driven one only imposes the normal component of
the velocity to be zero.

The model exhibits convergent behavior with respect to mesh refinement in all cases
considered. As an example, in Figure 52 we compare the resulting trees for the electrically-driven
model, with meshes 40×40 and 80×80.

Figure 52 – Effect of mesh refinement on the resulting trajectory trees, for the electrically-driven flow.
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(a) Mesh size 40×40.
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(b) Mesh size 80×80.

The optimal trajectories may be counterintuitive. Let us consider the flow generated by
pressure actuators setting as target Z a single point close to the obstacle as shown in Figure 53.
Then we consider two possible start points, labeled with the letters A and B. In the case with A as
starting point, the model designs an optimal trajectory that is a straight segment. The travel time
t computed by integrating the field V (·, ď) between A and Z along a straight line (τ̌1 = 1, τ̌2 = 0)
coincides with top = T (A), where T is the solution of the discrete Hamilton-Jacobi-Bellman
equation (7.9). On the other hand, when the starting point is B the optimal trajectory proposed
by the model is not straight. It assumes a form that is not of immediate intuition. The designed
path, although it is longer than the straight path, results in a shorter travel time top = 6.7 than
that obtained along the straight one t = 9.1. This advantage is due to the greater efficiency of
the actuators in the region traveled by the optimal trajectory. The values to be applied to the
actuators to manipulate the particle along the proposed path are easily obtained from (7.4) and
are shown in Figure 54 as functions of time for the case that has B as starting point. As usual
in time-optimal control, the actuator values exhibit a bang-bang-like behavior. The geometrical
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path is the most fundamental result since it avoids obstacles and stagnant regions. This path
can then be traveled at non-optimal velocities, with smoother control functions, as discussed in
Remark 7.2.

Figure 53 – Comparison of the optimal trajectories with straight ones.
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Figure 54 – Actuators values over time along the optimal path starting at B.
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7.5 Achievements
We have presented an integrated model to identify convenient trajectories for the ma-

nipulation and control of particles in microfluidics. The achievement of the above-mentioned
objective involved various mathematical problems:

• To find an admissible set of velocities V(~x) on each point~x generated by a set of admissible
actuator values A , solving
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– a Stokes problem for the velocity field induced by pressure sources;

– a Poisson problem for the electrical potential induced by a voltage imposed at
electrodes, which in turn induces an electrosmotic velocity field;

• To determine the maximum admissible velocity V (~x, ď) at each point ~x and for each
direction ď, through the resolution of a linear optimization problem;

• To provide the control functions X∗(t) arising from the resolution of an initial value
problem for the trajectory ODE;

• To plan the trajectory by minimizing the arrival time through the numerical implementation
of Bellman’s principle.

The proposed method automatically indentifies a trajectory for a particle that we must manipulate
from a departure point to the target in minimum time (and also provides the corresponding values
to impose on the actuators). The numerical results show that the trajectories found not only avoid
the obstacles, but also avoid the regions of the domain where the actuators are ineffective at
producing flow. The numerical simulations show counterintuitive optimal trajectories in this kind
of problem, justifying the use of mathematical models for designing automatic manipulation
systems.

It should be noted that the proposed algorithm produces not just one optimal trajectory,
but the whole tree of optimal paths, starting at any x ∈Ω. This apparent overkill is very important
when applying the model under realistic conditions, in particular considering external perturba-
tions (noise). In fact, if the sensor in the control loop detects that a perturbation has taken the
particle to a position x̃ outside the original optimal path, the controller can immediately switch
to the path in the optimal tree that passes throught x̃. In this way, and without any additional
computation, the optimal tree can be used to correct perturbations so that the particle eventually
reaches Z.
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CHAPTER

8
MATHEMATICAL MODELS FOR TUMOURS

WITH CANCER STEM CELLS

In the last few years several papers have been devoted to the construction, discussion and
analysis of mathematical models designed to describe of the growth of tumours in presence of
cancer stem cells (CSC), see for instance (BETTERIDGE et al., 2006), (BORSI et al., 2015b),
(ENDERLING et al., 2009), (FASANO; MANCINI; PRIMICERIO, 2016), (GANGULY; PURI,
2006), (HILLEN; ENDERLING; HAHNFELDT, 2013). The heterogeneity of tumour cells in
breast cancers was put in evidence in (AL-HAJJ et al., 2003) where the term “tumorigenic cells”
was introduced; this fact is now widely accepted (see e.g. (LATHIA et al., 2015)) and CSC
have been identified in many cancers, as well in sarcomas and leukemia (see e.g. (DITTMAR;
ZÄNKER, 2013)). The relevance of CSC in the progression of these and other tumours and
the investigation of their role has been the object of many experimental papers as well as of
more theoretically-oriented articles, see (MICHOR, 2008) and the bibliography cited therein as
well as (DINGLI; MICHOR, 2006), (DITTMAR; ZÄNKER, 2013), (KAKARALA; WICHA,
2008), (LATHIA et al., 2015), (MADDALENA, 2014), (SOLÉ et al., 2008). One of the features
of tumours with CSC is the so-called tumour-growth-paradox that consists in the fact that
tumours with a larger death rate for ordinary (non-stem) cancer cells might grow bigger than
tumours with a lower death rate for the same class of cells. Of course, since the death rate is
influenced by medical treatment, understanding the reasons of this paradox can be relevant in the
control of the tumours ((GUROVA; GUDKOV, 2003) and (WODARZ; KOMAROVA, 2007)).
Concerning mathematical models, that are the object of this short review, we have to stress that
they are not intended to give quantitative prediction of the progression of cancers, nor to include
all possible factors and aspects that influence their growth. They are rather oriented to offer a
conceptualization of the phenomenon and to isolate the mechanisms that seem to be crucial for the
essential features of the evolution of tumours in presence of CSC. On the other hand, presenting
and analyzing various mathematical modelling techniques and the corresponding numerical
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simulations outlines in particular the model-independence of the occurrence of the tumor growth
paradox. In the models that we describe some drastic simplifications are introduced in order to
provide a mathematical scheme such that the properties of its solutions can be investigated and
simulated. On the other hand, it is important that the model does not contain a too high number of
parameters, whose values would be hardly estimated form experimental data. In other words, as
Albert Einstein said, “a model should be as simple as possible ... but not simpler”. In this paper,
we will present, analyze and dicuss some mathematical models that have been proposed in this
context (see (BETTERIDGE et al., 2006), (BORSI et al., 2015b), (ENDERLING et al., 2009),
(FASANO; MANCINI; PRIMICERIO, 2016), (HILLEN; ENDERLING; HAHNFELDT, 2013),
(MADDALENA, 2014), (STIEHL; MARCINIAK-CZOCHRA, 2012)), avoiding technical details
and displaying some numerical simulations. In addition, we will present the development of an
original model based on cellular automata to provide a comprehensive overview on modelling
of the phenomenon. We will see, in particular, in which sense and cases the models exhibit the
paradoxical behaviour outlined above and we will mimic the response of tumours to different
treatments. We will not describe mathematical models more based on stochastic arguments
and/or dealing with the mutation of the normal cells to CSC ((GANGULY; PURI, 2006), (SUN;
KOMAROVA, 2015)).

8.1 Basic ingredients of the models

The models that we will describe contain two basic simplifications. The first simplifica-
tion consists in assuming that the population of tumour cells consists of just two sub-populations:
cancer stem cells (CSC) and ordinary non-stem cells (CC) and that all the cells in each subpop-
ulation have the same properties. This implies in particular that it is assumed (and this is the
second drastic approximation) that cells have age-independent replicative potential and mortality.
More specifically, for CC there is a fixed probability of generating new CC or of undergoing
apoptosis, while CSC are assumed to be immortal and to be capable of generating new CSC
(symmetrical mitosis) or CC (unsymmetrical mitosis), with a fixed ratio between the two proba-
bilities. Of course, these are very strong semplifications because in practice multipotent cells
generate various cell lineages and because cells are subject to senescence and their parameters
(replication potential, mortality) vary accordingly. On the other hand, in the models consisting
in systems of equations (ODE, integro diferential equations, reaction-diffusion equations) the
unknown functions represent averaged fractions of CC and CSC and thus the characteristics
of each cell (age among them) cannot be taken into account. This is the limit of this class of
models that can represent just a conceptual idea of the complex phenomenon. Nevertheless,
even with these simplifications, the models we discuss here are sufficiently rich and in particular
they are able to describe the tumour paradox adequately. We may add that it could be possible
to encompass age-dependence in the models, introducing compartmental models in which the
unknown functions represent the fractions of cells belonging to a sequence of different classes of
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age, as in (WERNER et al., 2016), (MICHOR et al., 2005), (DINGLI; TRAULSEN; PACHECO,
2007) and (WERNER et al., 2011). The “cost” of this approach will be the introduction of a
larger number of parameters that have to be fitted with experimental data.

An important effect that is included (although in a very idealized way) in all the models
that will be described is the “crowding effect” ((BETTERIDGE et al., 2006), (BORSI et al.,
2015b), (ENDERLING et al., 2009), (FASANO; MANCINI; PRIMICERIO, 2016), (HILLEN;
ENDERLING; HAHNFELDT, 2013)). This means that mitosis is supposed to be inhibited
when the density of cells in a neighborhood of the would-be mother cell exceeds a threshold
value. Models based on the basic concepts of population dynamics but not taking into account
the crowding effect have been proposed starting from (MICHOR et al., 2005) but were unable
to explain the tumour growth paradox. In what follows we do not take into account explicitly
the movement of cells induced by mutual pushing by effect of mitosis. In some sense, this
mechanism is implicitly included in the mean field approximation (8.3) because the “crowding”
term 1−u− v represents the availability of space in the whole region of interest 1. According
to some authors (e.g. (BETTERIDGE et al., 2006), (ENDERLING et al., 2009) and (HILLEN;
ENDERLING; HAHNFELDT, 2013)) “pushing” effect can be included in integro-differential
models (see Section 8.4) by adding diffusion and this is reflected, in reaction-diffusion models
(see Section 8.5), by additive terms in the coefficients of Uxx and Vxx. From the point of view
of the mathematical well-posedness and of the qualitative aspects of the numerical simulations,
this does not make any relevant difference (just the appearance of two more parameters). In the
case of agent-based models one could possibly consider different probabilities of replication
when space is available in a close neighborhood of the mother cell with respect to the case in
which the space is available at some distance and some energy has to be spent to displace the
neighboring cells.

8.2 Agent-based models

This approach is based on the so-called “cellular automata” (CA). As it is well-known,
CA were introduced by John von Neumann (following the idea of Stanislaw Ulam) to study
global properties from local processes (KARI, 2005) and are currently applied in several contexts
(CHOPARD; DROZ, )2. In the present case we imagine cells as living in a square (or cubic)
lattice and we prescribe (probabilistic) rules for their motion, replication or death. When we run
a simulation, the individual behaviour of each cell contributes to the evolution of the system that
is visualized by the collective behaviour. Possibly, one may average over several simulations
to get insight of the response of the model to different setup of parameters and conditions.

1 Possibly, this term could be modified by a different function of u+ v vanishing when the whole region
is filled by tumour cells.

2 For an application to a social problem see (MEACCI; NUÑO; PRIMICERIO, 2012) and (MEACCI,
2015).
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According to the remark on the crowding effect, we assume that cells can proliferate only if
in their neighborhood some lattice sites are vacant. It is also assumed that dying cells leave
immediately blank the site they occupied. In the simplest version that we present here cells are
supposed to be immobile, but also a random motion (e.g. diffusion) or drift can be incorporated
in the model. Different definitions of “neighbourhood” are possible: for the 2-D lattice Von
Neumann’s or Moore’s neighbourhood can be used (4 orthogonal neighbours - north, south,
east, west - or 8 neighbours - adding northwest, northeast, southwest, southeast - respectively).
But larger neighbourhood can also be used, such as squares of 5×5 lattice sites centered in the
considered cell. In the simulation we present here, each site in the lattice grid can be in one of
three different states:

• vacant sites (white),

• sites occupied by CSC (black),

• sites occupied by CC (red).

Starting from a given situation at time tk each CC (red) has a probability µ of undergoing
apoptosis (becoming white). Then, the surviving cells have a probability ρ of being potentially
replicant. But, in this case, mitosis is only possible if there are vacant (white) sites in the chosen
neighbourhood; if this situation occurs a daughter CC appears and one of these white sites
becomes red. The situation with CSC is similar, but with two differences: (i) µ = 0, and (ii) if
mitosis occurs a daughter CSC appears with probability δ , while the unsymmetrical proliferation
(i.e. the appearance of new born CC) has probability 1−δ . The replication probability ρ can be
different for the two classes of cells (ρu for CSC, ρv for CC) and could be assumed to be age-
dependent, i.e. decreasing for each mitosis undergone. We will neglect this latter fact and assume
that the replication potential is age-independent. We also neglect the possibility of diffusion
and movement of the cells, as considered e.g. in (BETTERIDGE et al., 2006), (ENDERLING
et al., 2009) and (HILLEN; ENDERLING; HAHNFELDT, 2013). When the simulation stops
before the growing tumour reaches the boundary of the grid, as in the simulations displayed in
the sequel, it is not necessary to specify boundary conditions. In other cases the boundary of the
grid (not necessarily rectangular) can be identified with a physical boundary beyond which no
tumour cell can appear; this means that a form of no-flux boundary conditions are applied and
this modifies the form of neighbourhood for the cells close to the boundary. Finally, to mimic an
unbounded medium, it can be convenient to impose periodicity, i.e. the boundary “wraps” on
itself so that the cells of each side of the square interact with cells of the opposite side. Here,
we display some simulations. In Figure 55 the fraction of the lattice sites that are occupied by
tumour cells (both CC and CSC) is displayed as a function of time for different mortalities of the
CC. In particular, the two cases considered are with µ1 = 0.005 (blue line) and µ2 = 0.01 (red
line). The parameters of this simulation are δ = 0.2, ρu = 0.01 and ρv = 0.005.

In Figures 56 and 57 we show the screenshots correspondent to the two simulations.
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Figure 55 – Fraction of the total number of tumour cells (CC and CSC) as function of time.

Figure 56 – Distribution of tumour cells CSC (black) and CC (red) for a mortality µ1 = 0.005 at certain
times (t = 0, t = 500, t = 2000 and t = 5000).
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Figure 57 – Distribution of tumour cells CSC (black) and CC (red) for a mortality µ2 = 0.01 at certain
times (t = 0, t = 500, t = 2000 and t = 5000).

The results of these simulations show clearly that the model exhibits the tumour paradox.
More precisely, a higher number of CC (case µ = 0.005) inhibits the growth of CSC and thus of
the whole tumour. To conclude this section we consider the case in which, at a prescribed time, a
treatment takes place such that all the CC are destroyed. Displaying the fraction of total number
of tumour cells as function of time in the case with treatment and without treatment we see that
the treatment produces instantly a reduction of the volume of the tumour but in the long run it
does not cause a lower growth of the tumour (see Figure 58).

We conclude this Section with the following remark. If the initial situation in the CA
simulation only consists of a set of red sites, black sites will never appear since CSC can only
be generated by stem cells. Thus, this case would formally describe tumours in which stem
cells are not present. But in this case the intrinsic approximations introduced in the modelling
(in particular age-independence) lead to an oversimplified description in which the final steady
state will consist either in a configuration with all white sites (if µ > ρ) or in a fixed fraction
(< 100%) of red sites and the tumour paradox does not appear. Therefore, our models only make
sense if the initial fraction of CSC is positive.

8.3 Mean field approximation

Consider the situation described in the previous section with no flux boundary conditions
and define u(tk) the fraction of the CSC, i.e. the number of the lattice sites occupied by CSC cells
at time tk, divided by the total number of sites. Similarly, v(tk) will represent the fraction of CC
at time tk. To obtain a mean field approximation, one formally considers that the neighbourhood
of each cell is the entire grid, so that the fraction, at time tk, of the vacant sites where a new cell
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Figure 58 – Fraction of total number of tumour cells (averaged over 20 simulations) as function of time in
the case with treatment (blue line) and without treatment (red line). The treatment has the
effect of the destruction of the CC cells at the time td = 100. Here the setup of parameters is
µ1 = 0.005, δ = 0.2, ρu = 0.01 and ρv = 0.005.

can appear is 1−u(tk)− v(tk). Therefore, if we look for a continuous evolution system, we are
brought to the following pair of ordinary differential equations:

d u
d t

= ρuδu(1−u− v) , (8.1)

d v
d t

= ρu(1−δ )u(1−u− v)+ρvv(1−u− v)−µv , (8.2)

According to the remark at the end of Section 8.2, our discussion is confined to tumours with
cancer stem cells and thus we assume that u(0)> 0.

We note that under this assumption the system (8.1)-(8.2) has an invariant set Σ= {(u,v) :
u > 0, v≥ 0, u+ v ≤ 1} and has an unique steady state u = 1 and v = 0 that is the only global
attractor (see (BORSI et al., 2015b)) in the invariant set Σ. This corresponds to a situation in
which, independently of the proliferation and death rate of the two subpopulations, the tumour
invades the whole available space and consists of stem cells only. Of course, normalizing time,
we have a system with three parameters δ , ρ = ρv/ρu and µ∗ = µ/ρu. To simplify notation we
will write µ instead of µ∗:{

u̇ = δu(1−u− v) ,

v̇ = (1−δ )u(1−u− v)+ρv(1−u− v)−µv .
(8.3)

Figure 59 shows that the model still exhibits the tumour paradox although this fact is less
evident than in the examples displayed in Section 8.2. But this fact can be easily explained: the
“crowding” effect is the key factor producing this paradox and in the CA models this effect is
taken into account locally, whereas in the mean field approximation the term (1−u− v) just
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represents the fraction of “empty spaces” respectively from their location or distance from the
mother cell. To introduce a qualitative correction to this fact the term 1− p (p≡ u+ v) has been
replaced by 1− pn or e−np− e−n, n > 1 (see (BORSI et al., 2015b)). Also in this mean field
approximation we can simulate a treatment that “kills” the CC at given time. Figure 60 shows an
effect that is similar to the one for the CA model presented in Figure 58 and according to which
a sudden decrease of the tumour cells does not provide long-term substantial benefits.

Figure 59 – Fraction of tumour cells (u+v, u and v separately) as function of time. The setup of parameter
is u0 = 0.016 and v0 = 0.0036 (initial conditions, as for CA simulations), δ = 0.2, ρ = 0.5
for the two cases µ1 = 1.5 and µ2 = 0.5.

Figure 60 – Fraction of total number of tumour cells as function of time in the case with treatment (black
line) and without treatment (blue line). The treatment has the effect of the destruction of the
CC cells at the time td = 15. Here the setup of parameters is ρ = 0.5, µ = 0.5 and δ = 0.2.

8.4 A integro-differential model

Of course, the mean-field approach only contains global information on the evolution of
the tumour but does not take spatial variation into account. In the sequel we present a continuous
time model that includes crowding as a local effect, in the sense that a daughter cell can be
generated only if there is space available in the neighbourhood of its progenitor. The radius of
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this neighborhood is also depending on the possibility that cells are displaced to allow a mitosis
to occur. Thus, the birth rate of CC’s at location x originating from CC mother cells can be
expressed as

ρv

∫
Ω

K
(
|x− y|

)
F (u(x, t)+ v(x, t)) v(y, t))dy , (8.4)

where Ω is the domain where the phenomenon takes place (R3 for simplicity), K is a positive
decreasing function whose integral over R3 equals 1 and F is a positive decreasing function
such that F(0) = 1, F(1) = 0. In other words, F takes into account the crowding and K is a
kernel indicating “how far” the proliferation capability of a cell can have an effect. Therefore,
the system that has to be considered is the following:

∂u(x, t)
∂ t

= ρuδ

∫
Ω

Ku
(
|x− y|

)
F (p(x, t)) u(y, t)dy , (8.5)

∂v(x, t)
∂ t

= ρu(1−δ )
∫

Ω

Ku
(
|x− y|

)
F (p(x, t)) u(y, t)dy

+ρv

∫
Ω

Kv
(
|x− y|

)
F (p(x, t)) v(y, t)dy

−µ v(x, t) ,

(8.6)

where we set
p(x, t) = u(x, t)+ v(x, t) (8.7)

and we assumed, for the sake of generality, that the kernels could be different for CSC and CC.
Again, we can assume

F ((p(x, t)) = 1− p(x, t) (8.8)

and typically

Ku
(
|x− y|

)
=

1√
πσu

exp
(
−(x− y)2

σ2
u

)
. (8.9)

In (BORSI et al., 2015b) it is shown (see also (MADDALENA, 2014)) that the model is mathe-
matically well-posed (existence, uniqueness, continuous dependence on the data, boundedness of
the solutions) and some numerical simulations are shown that provide evidence of the following
basic facts: (i) if the mortality rate of CC is higher, then the tumour is more aggressive and (ii)
incomplete treatment of cancers can enhance their growth. Indeed, CSC are less (or not) sensitive
to treatments and hence the stress applied to the tumour acts in favour of a selection of stem
cells, thus enhancing the fitness of tumour and its growth. For simplicity, numerical simulations
are confined to one-dimensional situation. The choice of parameters is the following

ρu = 1, ρv = 0.5, δ = 0.2 (8.10)

and the kernels are taken as gaussian curves with

σu = 0.5, σv = 0.1. (8.11)
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The initial conditions are the following

u(x,0) = e−10x2
, v(x,0) = 0. (8.12)

The plots of Figures 61 and 62 correspond to two different values of the mortality of the CC. In
Figure 61 µ = 0.2 and the invasion of the tumour is clearly dominated by CC while CSC are
in the centre of the cancer. In Figure 62 (µ = 2) we see that the progression of the tumour is
dominated by CSC. Finally, Figure 63 displays for two values of µ the time evolution of the total
tumour mass

Π(t) =
∫

∞

−∞

p(x, t)dx (8.13)

and the progression of the level line p = 0.8. Indeed, the latter gives an idea of the motion of
the boundary of the tumour and we can take its slope as a measure of the invasion speed of the
tumour. Figure 63 (left) shows that tumours with µ = 2 have a total mass that, after some time,
exceeds the mass of tumours with µ = 0.2. The slope of the curves in Figure 63 (right) shows
that tumours with higher mortality of CC have an higher invasion speed. The tumour paradox is
evident.

The model can also be used to visualize the effect of treatment. Take µ = 0.2 and assume
that at t = 50 we apply a radiation treatment that destroys a fraction φ of the CC and has no
effect on CSC. Figure 64 displays p at time t = 50 (just after the treatment) and t = 100 and the
comparison with the case of no treatment. In Figure 65 the total tumour mass and the rate of
invasion in the two cases are compared.

Figure 61 – Plot of u, v, p = u+ v at selected time instants, with initial conditions 8.12 and parameters
from 8.10 and 8.11. Case µ = 0.2.
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Figure 62 – Plot of u, v, p = u+ v at selected time instants, with initial conditions 8.12 and parameters
from 8.10 and 8.11. Case µ = 2.

Figure 63 – Left: Time evolution of total population Π(t), for µ = 0.2 (dotted line) and µ = 2.0 (solid
line). Right: Time evolution of the level line p = 0.8, for µ = 0.2 and µ = 2.0.

8.5 A reaction-diffusion model

Consider the integral appearing in the equation 8.5 in the one-dimensional case (Ω ≡
(−∞,+∞)) and approximate u(y, t) till the second order

ρv

∫ +∞

−∞

K (|x− y|) F ((p(x, t)) v(y, t)dy'

' ρvF ((p(x, t))
∫ +∞

−∞

K (|x− y|)
[

v(x, t)+(y− x)vx(x, t)+(y− x)2 vxx(x, t)
2

]
dy

' ρvF ((p(x, t)) [Av(x, t)+Bvxx(x, t)] ,

(8.14)



136 Chapter 8. Mathematical models for tumours with cancer stem cells

Figure 64 – Plot of p at selected time instants in case of radiation treatment at t = 50. Case µ = 0.2.

Figure 65 – Left: Time evolution of total population Π(t), for φ = 0.95 and µ = 0.2. Right: Time evolution
of the level line p = 0.8 , for φ = 0.95 and µ = 0.2

where A is the integral of K and B is half of its second order momentum (the first order momentum
vanishes since K is symmetric). In particular, if K is a Gaussian curve

A = 1, B =
σ2

v
4
. (8.15)

By this approximation (see (CAPASSO; SERIO, 1978)), we transform system (8.5) - (8.6) in the
following

∂u
∂ t

= ρuδF(p)
[

u+
σ2

u
4

uxx

]
, (8.16)

∂v
∂ t

= ρu(1−δ )F(p)
[

u+
σ2

u
4

uxx

]
+ρvF(p)

[
v+

σ2
v

4
vxx

]
−µv. (8.17)

System (8.16) - (8.17) is a classical reaction-diffusion model (by the way an additional diffusion
effect can be taken into account if it is present in the original setting of the problem). In



8.5. A reaction-diffusion model 137

(FASANO; MANCINI; PRIMICERIO, 2016) a proof is given of the local existence for problem
(8.16) - (8.17) supplemented with smooth initial data and usual vanishing conditions at ±∞.
Numerical simulations give results quite similar to the ones displayed in the previous section.
Using the same setting of parameters and performing numerical simulations with µ = 0.25 and
µ = 2.50 we have the following plots for u, for v and for p = u+ v at the time t = 20 (Fig. 66)
and t = 40 (Fig. 67). Only the part of the plot for x > 0 is displayed. Figure 68 shows the time
evolution of Π.

Figure 66 – Plots for u, for v and for p = u+ v at the time t = 20.

Figure 67 – Plots for u, for v and for p = u+ v at the time t = 40.
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Figure 68 – Time evolution of Π(t).

8.6 Achievements and future opportunities

We have presented four classes of mathematical models to describe the growth of a
tumour characterized by the presence of cancer stem cells (CSC). The simpler model averages
over the space variables and represents a sort of mean field approximation to the phenomenon
thus resulting in a system of ordinary differential equations for the time evolution of the total
number of CSC and of ordinary cancer cells (CC). Notwithstanding this (and other) drastic
simplifications, our numerical simulations provide evidence of the basic features that characterize
tumours with CSC, in particular the so-called “tumour paradox”: if the mortality of the CC is
increased the growth of the tumour is accelerated. If space dependence is taken into account, the
mathematical aspects of the problem appear to be more complicated. We presented a model based
on integro-differential equations and subsequently we have shown how this model (under suitable
assumptions) can be transformed in a system of parabolic PDE with reaction diffusion terms. In
these cases, numerical simulations have been performed in a one-dimensional setting and show
how the radius of the tumour grows with time. Also in this case the effect of “tumour paradox”
is present. Simulations with cellular automata have also been performed. In a two-dimensional
grid three categories of sites are presents: sites where no cells are present, sites occupied by CSC
and sites occupied by CC. The simulations show how the tumour grows, without any prescribed
symmetry, and how the two families of cells proliferate. As in the cases described above, the
“crowding” effect of the cells appear to be responsible for the occurrence of the tumour paradox.
As a consequence, a chemical or radioactive treatment that destroys CC may have the effect of
increasing, instead of controlling, the speed at which tumoral cells invade the surrounding space.

As we said, the models do not provide quantitative results but a conceptual framework to
interpret experimental data. Simulations with parameters estimated by “in vitro” experiments
could just give hints on the strategy of treatment (frequency and intensity of applications) and
suggestions on situations to be avoided. Summing up, this paper shows that the tumour paradox
can be explained on the basis of a few basic assumptions on the mechanisms of cell proliferation
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and that the phenomenon could be put in evidence in different classes of mathematical models,
considering therefore a complete multi-approach point of view.
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CHAPTER

9
GROWTH OF TUMOURS WITH STEM

CELLS: THE EFFECT OF CROWDING AND
AGEING OF CELLS

The heterogeneity of cancer cells is currently considered to be a key factor in determining
the evolution of many tumours. The basic idea in explaining the genesis of the inhomogeneities
consists, in its simplest version, of assuming that the entire tumour is generated by a small
number of cancer stem cells (CSCs) that are immortal and multipotent, in the sense that they are
able to proliferate indefinitely and to produce either new-born CSCs or differentiated cancer cells
(CCs). The differentiation can occur following distinct lineages of the CCs with their usual cycle
of ageing, mitosis, and apoptosis (TOMASETTI; LI; VOGELSTEIN, 2017; TOMASETTI; VO-
GELSTEIN; PARMIGIANI, 2013). CSCs (originally called tumorigenic cells) were first isolated
and described in the hematopoietic system (LAPIDOT et al., 1994), and the importance of their
role in tumour growth has been described (REYA et al., 2001; BENÍTEZ; BARBERIS; CONDAT,
2019). In the early 2000’s, the existence of CSCs was shown for solid tumours, such as breast and
brain cancers (AL-HAJJ et al., 2003). Since then, the number of papers that present theoretical
and experimental results in this area has been steadily increasing, and we will limit ourselves
to quoting some review papers that contain extensive reference lists (BELLOMO; LI; MAINI,
2008; HUNTLY; GILLILAND, 2005; MICHOR, 2008; VISVADER; LINDEMAN, 2008) and,
more recently, (BATLLE; CLEVERS, 2017; CLEVERS, 2011; KAKARALA; WICHA, 2008;
LATHIA et al., 2015). Furthermore, we refer the reader to the webpage (Cancer Stem Cell News,
2018) containing a weekly updated list of published papers on CSCs.

In the past decade, many papers have also been devoted to mathematical modelling of
the growth of tumours in the presence of CSCs, applying the methods of population dynamics.
We can quote, e.g. (BELLOMO; DELITALA, 2008; GANGULY; PURI, 2006; WEEKES et al.,
2014; GENTRY; JACKSON, 2013; WERNER et al., 2016; MICHOR et al., 2005; MARCINIAK-
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CZOCHRA; STIEHL; WAGNER, 2009; WERNER et al., 2011; KAVEH; KOHANDEL; SIVAL-
OGANATHAN, 2016), as well as (WEISS; KOMAROVA; RODRIGUEZ-BRENES, 2017) that
has an extensive bibliography in this area, updated to 2017.

Several papers use compartmental models: the unknown functions represent abundances
of each type of cells (v0,v1, . . . ,vN) where v0 is the fraction of CSCs and v1, . . . ,vN is the fraction
of the N classes of successively differentiated cells. In the simplest case (differentiation in
cascade), these functions obey N +1 ordinary differential equations of the type



dv0

dt
= r0v0−a0v0−m0v0 ,

...
dvi

dt
= ai−1vi−1−aivi−mivi + rivi , i = 1,2, . . . ,N−1 ,
...

dvN

dt
= aN−1vN−1−mNvN + rNvN ,

(9.1)

supplemented with initial conditions. Here ai (i = 0,1, . . . ,N−1) represents the differentiation
rate of the i-th class of cells, and mi and ri (i = 0,1, . . . ,N − 1) are the mortality and the
reproduction rate without differentiation. Models of this class are called hierarchical models
since the equations can be solved recursively, starting from the first one.

In other cases, agent-based computer models are used to find mechanisms that drive
tumour development and progression; see, e.g. (ANDERSON et al., 2006; ENDERLING et

al., 2009), as well the more recent works (MEACCI; PRIMICERIO, 2018; MONTEAGUDO;
SANTOS, 2014; MONTEAGUDO; SANTOS, 2015; ROCHA et al., 2018; POLESZCZUK;
ENDERLING, 2014; POLESZCZUK; HAHNFELDT; ENDERLING, 2015).

The stem cell assumption is also crucial for describing the tumour growth paradox that
consists of an accelerated tumour growth that can be found with an increased cell death that,
for example, can result from the immune response or from cytotoxic treatments (WODARZ;
KOMAROVA, 2007; GUROVA; GUDKOV, 2003; ENDERLING et al., 2009).

Of course, this fact could have a crucial relevance in connection with the strategy of
treatment, to avoid the fact that the latter produces a faster progression of the tumour (DINGLI;
MICHOR, 2006; GUROVA; GUDKOV, 2003; WODARZ; KOMAROVA, 2007).

The occurrence of the paradox has been associated with a crowding effect (BET-
TERIDGE et al., 2006; HILLEN; ENDERLING; HAHNFELDT, 2013; BORSI et al., 2015a;
FASANO; MANCINI; PRIMICERIO, 2016; MEACCI; PRIMICERIO, 2018), assuming that
mitosis can be inhibited when the density of the cells in the vicinity of the would-be mother
cells exceeds a threshold value. 1 Indeed, numerical simulations based on different models

1 In (RODRIGUEZ-BRENES; KOMAROVA; WODARZ, 2011) general mechanisms of negative feed-
back are assumed in computational simulations.
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incorporating the crowding effect evidentiate this paradoxical behaviour.

The papers quoted in this context introduce two basic approximations: (i) they neglect
the age-dependence of the replication potential and of the mortality of the non-stem cells, and
(ii) they group all the non-stem cancer cells in a single population.

The present paper releases these assumptions and considers the simultaneous effects of
crowding, multiple differentiation, and ageing.

Throughout this paper, we will assume that CSCs have zero mortality and a constant
replicative potential, and that they are capable of generating new CSCs or ordinary non-stem
cancer cells (CCs). In the first case, we speak of symmetrical mitosis, while the second case is
denoted as asymmetrical mitosis2. The fraction of asymmetrical mitosis will be denoted by d

(usually larger than 90%).

We will consider two families of models. In the first family, we present agent-based
models consisting of the application of cellular automata whose evolution is governed by
stochastic rules, in the sense that given probabilities of replication and apoptosis are prescribed
for each class of age and for each differentiation lineage3. The models in the second family
are deterministic, since the behaviour of the cells is averaged (in each class of age and in each
differentiation lineage) as in typical mean field approximations. The mathematical structure of
these models, presented in Section. 9.2, consists of a mean field approximation and results in a
system of Ordinary Differential Equations (ODEs) in which the unknown functions are fractions
of the age classes in each lineage of CCs, irrespective of their position in the region under
consideration. Thus, the population of CCs is composed of m sub-populations of differentiated
cells with n classes of age (from new-born to old). All of them can only generate new CCs and may
undergo apoptosis. The replicative potential and the mortality rate of class k-th (k = 1,2, . . . ,m)
and age i (i = 1,2, . . . ,n) will be denoted by ρki and µki, respectively. We are still in the class
of compartmental models but, because of the presence of the crowding term depending on the
total number of CCs, the system is much more complex and qualitatively different from the
hierarchical models quoted above.

In Sections 9.1 and 9.2, we display some numerical simulations that show that both
families of models give the same qualitative results and that both evidentiate the occurrence of
the tumour paradox, i.e. an accelerated tumour growth when the mortality of the CCs is increased.
It should be noted that the numerical values of the parameters used in the simulations are only
speculative, but the role of this kind of conceptual model consists of giving the correct qualitative
information regarding the complex mechanisms involved in the phenomenon.

2 As far as the mathematical models are concerned, it is immaterial whether different classes of differen-
tiated CCs are generated in cascade or in parallel.

3 In the example that will be displayed in Section 9.1, all the probabilities are supposed to be space-
independent and constant-in-time. Moreover, the ageing process is assumed to be deterministic.
However, generalisations in these directions could be incorporated with some additional computational
work.
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Finally, in Section 9.3, we consider a generalisation of the family of deterministic models,
assuming that a continuous age distribution, instead of a structure in age classes, is given. The
mathematical aspects of the problem are substantially different. Here, we have a system of one
ODE for the evolution of the fraction of CSCs and m first-order Partial Differential Equations
(PDEs), one for each lineage of CCs.

9.1 Cellular automata
For the sake of simplicity, we will confine ourselves to the case of a single lineage of

CCs (i.e., we take m = 1) and three classes of age (n = 3): new-born cells (i = 1), adult cells
(i = 2), and old cells (i = 3). More general cases give essentially similar results. We imagine the
cells to be living in a square lattice4 of 50×50 sites, and we prescribe probabilistic rules for
their replication or death. At each time step, each site in the lattice can be in one of the following
states:

• vacant sites (white);

• sites occupied by a CSC (black);

• sites occupied by a young CC (red);

• sites occupied by an adult CC (orange);

• sites occupied by an old CC (yellow).

Starting from a given situation at time tk, each CC (red, orange, or yellow) has a probabil-
ity µ1,µ2,µ3 of undergoing apoptosis (becoming white) in the time interval corresponding to the
time step of the Cellular Automata (CA). Then, the surviving cells have probabilities ρ1,ρ2,ρ3

of being potentially replicant. However, in this case, mitosis is only possible if there are vacant
(white) sites in the chosen neighbourhood; if this situation occurs a daughter CC appears and
one of these white sites (randomly chosen) becomes red, as well as the site of the mother cell.
The situation with CSCs is similar but with two differences: (i) µ = 0, and (ii) if mitosis occurs
a daughter CSC appears with probability 1−d, while the asymmetrical proliferation (i.e. the
appearance of a new-born CC) has probability d. The replication probability is ρ0.

Remark 9.1 Of course, the phenomenon might be much more complex with respect to
this simplified scheme. For instance, possible dormancy of some CSCs should be considered, so
that the replicative probability is not the same for all cells but a (possibly variable) stochastic
distribution should be introduced. Similarly, distribution for ageing and mortality of the CCs
could be taken into consideration. We remark that the model is sufficiently flexible to deal
4 A tri-dimensional lattice could easily be considered with a little computational work (see (MEACCI et

al., 2019)).
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with these generalisations. We choose to keep the number of parameters as small as possible to
illustrate some fundamental aspects of this complex phenomenon.

It is natural to assume that ρ0 > ρ1 > ρ2 > ρ3 and that µ1 < µ2 < µ3.

In what follows we assume that dying cells leave the site they occupied immediately
blank, but we can also simulate cases in which apoptosis gives rise to necrotic material that
occupies the site for some time (grey sites), and, possibly, this material influences the surrounding
cells (intoxicating effect).

According to the crowding effect, we have assumed that cells can proliferate only if in
their neighbourhood5. Some lattice sites are vacant; more specifically, the replicative potential is
scaled in the function of the sites that are vacant in the neighbourhood.

On the other hand, it is possible that the mother cell pushes the adjacent cells if all of
the close neighbourhood is occupied. To take this effect into account, we consider a hierarchy
of neighbourhoods: the 1st order is formed by the 8 sites of the Moore’s neighbourhood, the
second order is formed by the 24 cells of the 5×5 neighbourhood and so on. If the first-order
neighbourhood is occupied, the algorithm counts the vacant sites in the 2nd order neighbourhood,
and so on. However, we postulate that some energy is spent in the case of displacement, thus
decreasing the replicative potential accordingly.

Finally, we remark that in our simulations, cells will be supposed to be immobile, but it
is evident that random motion (e.g. diffusion) or drift can be incorporated into the model as well.
In the sequel, we display results in the basic case (no intoxication nor pushing).

As the initial condition for the simulations displayed below, we took a single CSC
situated in the centre of the grid. The setup of the parameters is

d = 0.9, ρ0 = 1, ρi = ρ1(1− iϕ), µi = µ1(1+ iθ), i = 2,3. (9.2)

Parameters θ and ϕ were fixed to be 0.1, while ρ1 and µ1 were chosen in each experiment.

The choice of the value of the parameters is only speculative because the model is aimed
at reproducing the characteristics of the evolution of tumour growth and not at giving an exact
prediction of the dimension of the tumour. In fact, the role of conceptual modelling is to mimic
the relevant features of the phenomenon. Nevertheless, even in this oversimplified model, it is, in
principle, possible to experimentally determine realistic values for the parameters. We remark
that

(i) choosing ρ0 = 1 is nothing other than choosing the time unit equal to the average length
5 Different definitions of neighbourhood are possible: for the 2−D lattice, a Von Neumann or Moore

neighbourhood can be used (4 orthogonal neighbours – north, south, east, west – or 8 neighbours
– adding northwest, northeast, southwest, southeast – respectively). We use Moore neighbourhoods
unless otherwise specified.



146 Chapter 9. Growth of tumours with stem cells: the effect of crowding and ageing of cells

of the reproduction cycle of CSCs under consideration;

(ii) the average fraction d of the asymmetric reproduction can be determined by in vitro
experiments;

(iii) in the simulations we have assumed that the permanence of the CCs in each age class is,
on average, the same as the lifecycle of the CSCs, i.e. we chose the amplitude of the age
classes accordingly, and this can be easily changed to correspond with the experimental
conditions;

(iv) plausible values for θ and ϕ could easily be found, once the amplitude of the age classes
has been chosen.

We assume that at each time step the CCs that do not replicate or die change their state
(from new-born to adult, to old). Thus, to take ρ0 = 1 corresponds to assuming that the interval
between the two replications of a CSC is of the same order as the time of permanence of a CC in
an age class.

In Figure 69 we show some screenshots (at different times) of a simulation corresponding
to ρ1 = 0.5 and µ1 = 0.25.

It is a common characteristic of agent-based models that the individual behaviour of each
cell contributes to the evolution of the system and that the latter can be visualised as a collective
behaviour, possibly averaging over several simulations in the same conditions to evidentiate the
response of the model to different setups of parameters and conditions. This is what is shown in
Figure 70, where the averages are taken over 20 simulations. The curves show the evolution of
the total number of cancer cells (CSCs and the three classes of CCs) as a function of time. Next,
we compare the behaviour for two different values of the mortality rate. In Figure 71, the blue
curve corresponds to µ1 = 0.25, while the magenta curve corresponds to µ1 = 0.35. The tumour
paradox is clearly evident: a higher mortality of the CCs produces a faster progression of the
tumour.

The same algorithm can be used to simulate the effect of a treatment that, for some
prescribed time, destroys a fraction g of the CCs. For instance, it assumes that in the time interval
t ∈ [200,350] µ1 is switched from 0.25 to 1. As can be seen in Figure 72, the reduction of
the dimensions of the tumour is only temporary. Comparing the situation with this aggressive
treatment with the one with constant µ1 = 0.25 for all time, the paradox is evident.

9.2 Compartmental models
A general compartmental model for a system of CSCs and m lineages of differentiated

cells and n classes of age can generally be written in the following form
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Figure 69 – Screenshots of the simulation of the evolution of the tumour growth according to the setup
(9.2) and ρ1 = 0.5 and µ1 = 0.25. In white, we display the vacant sites; in black we show the
sites occupied by a CSC, while red, orange, and yellow show the sites occupied by a young,
adult, and old CC, respectively.
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Figure 70 – Evolution of the fraction of cancer cells (CSCs on the top and the three classes of CCs on the
bottom) as a function of time.



du
dt

= ρ (1−d)u ,

dv1i

dt
= ρ di u+2

n

∑
j=1

m

∑
k=1 jk 6=1i

ρ jk→iv jk−
m

∑
k=1

ρ1i→kv1i

− (µ1i +ψi)v1i +ρ1i→ivi ,
...

dvki

dt
= ψivk−1,i−ψivki−µkivki−

n

∑
j=1

ρki→ jvki ,

...
dvni

dt
= ψivn−1,i−µnivni−

n

∑
j=1

ρni→ jvni .

(9.3)
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Figure 71 – Evolution of the fraction of all cancer cells (CSCs and CCs) applying µ1 = 0.25 (blue curve)
and µ1 = 0.35 (magenta curve).

Figure 72 – Evolution of the fraction of all cancer cells (CSCs and CCs) applying µ1 = 0.25 (blue curve)
and µ1 = 1 when t ∈ [200,350] and µ1 = 0.25 elsewhere (green curve).

Here vki is the fraction of cells of lineage i and the class age k, ρ is the replication
potential of the CSCs; d = ∑

m
i=1 di is the ratio of asymmetrical mitosis6, µki is the mortality of

the cells in the compartment (ki), ρki→ j is the replication potential of the cells in compartment
(ki) to produce cells in the lineage j, and ψi represents the ageing for lineage i.

The system (9.3) is composed of n×m+ 1 first-order ordinary differential equations
that have to be solved starting from an equal number of initial conditions. It is clear that the

6 To save notation we have assumed that a mitosis with differentiation produces two cells (in the age
class 1) of the same lineage.
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system represents a mean field approximation of the tumour, because the dependence of the cell
fractions on the position is not taken into account. Of course, some of the parameters appearing
in (9.3) may vanish. For instance, if each lineage of CC can only be generated by a CSC and
evolves with age, independently of the others, then the only replication terms appearing in the
equations are ρki→i.

So far, no crowding effect has been taken into account. In the spirit of the mean field
approximation, we can introduce this effect by multiplying each replicative potential in (9.3) by
a function F(p) of the total fraction p of all the cells present in the domain. Quantity p is given
by

p = u+
n

∑
j=1

m

∑
k=1

v jk , (9.4)

and the function F(p) will be a decreasing function of p such that F(0) = 1 and F(1) = 0.

It is clear at this point that the system is no longer hierarchical. Even in the simplest
cases, the term F(p) introduces in each equation the full set of the unknown functions. This
means that is it not possible to solve the system recursively, and, of course, this fact introduces a
relevant difference and complexity with respect to the other compartmental models quoted in the
introduction of this Chapter 9.

To be specific, to avoid dealing with cumbersome notation and increasing the number of
parameters to be chosen, from now on, we will consider the case m = 1 (one lineage of non-stem
cells) and three classes of age (new-born, adult and old cells) as we did in the simulations with
cellular automata. Simultaneously, we will include the crowding factor F(p) in the differential
equations. We point out that all the simulations we will show can be duplicated in more complex
cases with some additional computational work.

Thus we will study in detail the following system of ODE



du
dt

= ρ0 (1−d)F(p(t))u(t),

dv1

dt
= ρ0 d F(p(t))u(t)+ρ1v1F(p)+2ρ2v2F(p(t))+2ρ3v3F(p(t))−µ1v1−ψv1,

dv2

dt
= ψ v1−ρ2v2F(p(t))−µ2v2−ψv2,

dv3

dt
= ψ v2−ρ3v3F(p(t))−µ3v3,

(9.5)

u(0) = u0 ≥ 0,v1(0) = v10 ≥ 0,v2(0) = v20 ≥ 0,v3(0) = v30 ≥ 0 , (9.6)



9.2. Compartmental models 151

where

p(t) = u(t)+ v1(t)+ v2(t)+ v3(t) , (9.7)

and it is assumed that

p(0) = u0 + v10 + v20 + v30 ≤ 1. (9.8)

The case u0 = 0 would correspond to a model without CSCs and is simpler but outside
our interest.

We will assume that F(p) is a Lipschitz continuous decreasing function such that
F(0) = 1 and F(1) = 0. For technical reasons, we will extend F(p) so that

F(p) = 1 f or p≤ 0, F(p) = 0 f or p≥ 1. (9.9)

The ageing ψ represents the inverse of the time of permanence of the cells in each age
class. Of course, the conclusions we will reach in this section also apply to cases in which there
is a different value of ψ for each class.

By standard techniques, it can be easily proved that the set u ∈ (0,1), vi ∈ (0,1) and
p ∈ (0,1) is invariant for system (9.5).

As a consequence, u = 1, vi = 0, i = 1,2,3 is the unique equilibrium point for (9.5) –
(9.8). It is globally attractive and the solution of

du
dt

= ρ0(1−d)F(u)u (9.10)

is a super-solution for (9.5). For the case of F(p) = 1− p, the solution of (9.10) is a logistic.

In the following simulations, we assume, as in section 9.1

d = 0.9, ρ0 = 1, ρ1 = 0.5, ρi = ρ1(1− iϕ), µi = µ1(1+ iθ), i = 2,3. (9.11)

We take θ = ϕ = 0.1 and F(p) = 1− p, and the initial conditions are chosen in accor-
dance with the simulations that we carried out with CA

u(0) = 1/2500, v1(0) = v2(0) = v3(0) = 0. (9.12)

Since time has been normalised by choosing ρ0 = 1, we set ψ accordingly as the ratio of
the average time between two replications (for CSCs without space constraints) and the average
time spent in each age class. In what follows, we set ψ = 1 according to the CA simulations.
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We can numerically solve the system (9.5) with initial conditions (9.6) with standard
solvers for ordinary differential equations as the Matlab function ode45 that implements a
Runge–Kutta method with a variable time step for efficient computation.

Figure 73 – Evolution of the normalised volume p(t) of the tumour cells (CSCs and CCs) applying
µ1 = 0.25 (blue curve) and µ1 = 0.35 (magenta curve).

In Figure 73, we show the quantity p(t) (representing the normalised volume of the
tumour) and we compare the cases of µ1 = 0.25 and µ1 = 0.35. The curves exhibit the occurrence
of the tumour paradox, although this fact is less evident than in the curves of Figure 71 that
correspond to the CA approach. This fact can be easily explained in terms of the different choice
of the crowding term: in the case of simulations with CA, crowding was introduced as a local
effect, counting the empty sites in the vicinity of the mother cell. In the mean field approximation
of this section we chose to mimic crowding by a term F(p) and, thus, depending on the fraction
of the total space available. This is also the reason why the speed of growth is larger in this case.

9.3 Continuous age-structure for the non-stem cells

In this section, we will model the evolution of the tumour assuming that there is a single
lineage of CCs but considering the case of a continuous age structure.

As in the usual models of population dynamics, the age structure of the population of
non-stem cells can be represented by introducing a function v(a, t) such that, for any non-negative
t, a1 and a2 (a1 < a2), the integral

∫ a2

a1

v(a, t)da (9.13)

represents the fraction of CCs that, at time t, have an age between a1 and a2.
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Assuming that the biological age coincides with the chronological age7, the equation
regulating the evolution of the age distribution in the population of the CCs will be:

∂v(a, t)
∂a

+
∂v(a, t)

∂ t
=− µ̄(a)v(a, t)− ρ̄(a)v(a, t)F(p(t)), t > 0, a > 0 , (9.14)

while the fraction u(t) will still obey

du
dt

= ρ0 (1−d)u(t)F(p(t)), t > 0 , (9.15)

where

p(t) = u(t)+
∫ +∞

0
v(a, t)dt, t > 0 . (9.16)

In (9.14), we denoted the mortality and replication potential of the CCs as functions of
their age by µ̄(a) and ρ̄(a).

The system has to be supplemented by initial conditions

u(0) = u0, v(a, t) = v0(a), a > 0, (9.17)

and by a boundary condition expressing the number of new-born CCs (a = 0) generated by the
replication of the whole population, i.e.

v(0, t) = v0(0)+ρ0 d
∫ t

0
F(p(τ))u(τ)dτ + 2

∫ t

0
F(p(τ))

∫ +∞

0
ρ̄(a)v(a,τ)dadτ. (9.18)

We assume

H1 u0 > 0, ρ > 0, d ∈ (0,1),

H2 0 < b≤ v0(a)≤ b̄ < 1 is continuous in [0,α] and vanishes for a > α ,

H3 0 <C ≤
∫

α

0
v0(a)da+u0 ≤ C̄ < 1.

We have the following immediate result

Proposition 9.2 For any solution (9.14) – (9.18) with data satisfying (H1) – (H3) and for
any T > 0, there exists A > 0 such that:

v(a, t) = 0, f or a > A, t ∈ (0,T ). (9.19)
7 Otherwise a constant factor would appear in the first term of the equation (9.14).
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Proof The characteristic lines for (9.14) are the straight lines t = a+ c. Therefore (9.19)
is satisfied for any A≥ α +T . Q.E.D.

We define S to be the support of v, and we will look for a pair (u,v), u ∈ C1[0,T ],
v ∈C(S̄)∩C1(S∩ (0,T )), v≡ 0 in (0,A)× (0,T )\S satisfying (9.17) and such that (9.14) holds
in (0,A)× (0,T ), (9.15) holds in (0,T ), and (9.18) is satisfied where the upper limit in the
integrals is A instead of +∞.

We will assume:

H4 ρ̄(a) and µ̄(a) are positive and continuous in [0,A],

H5 F(p) is a non-increasing Lipschitz-continuous function in (−∞,+∞), with F(p) = 1,
p≤ 0 and F(p) = 0, p≥ 1.

Let us consider the following auxiliary problem:


∂w
∂a

+
∂w
∂ t

= g(a, t), 0 < a≤ A, 0 < t < T,

w(a,0) = w0(a), 0≤ a≤ α, w0(a) = 0, a ∈ [α,A],

w(0, t) = Γ(t;w(a, t)), 0 < t < T,

(9.20)

where

g(a, t)≤ 0, −b1 ≤ w0(a)≤−b2 < 0, (9.21)

and Γ(t;w) is a functional such that for any bounded w and suitably small T it is:

−B1 ≤ Γ(t;w)≤−B2 < 0, (9.22)

| Γ(t;w1)−Γ(t;w2) |≤ c(t) ‖ w1−w2 ‖ , (9.23)

where c(t) = O(T ) and ‖ ‖ is the uniform norm.

We choose ŵ(a, t) ∈ C([0,A]× [0,T ]), and define G(t) = Γ(t; ŵ(a, t)). Then we solve
(9.20) where the third condition is replaced by w(0, t) = G(t).
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We have immediately

w(a, t) =


w0(a− t)+

∫ t

0
g(z+a− t,z)dz, t < a < A,0 < t < T,

G(t−a)+
∫ a

0
g(z,z+ t−a)dz, 0 < a < t,0 < t < T.

(9.24)

We denote the set of continuous functions [0,A]× [0,T ] by Σ such that −C1 ≤ w ≤
−C2 < 0 where C1 > max(B1,b1) and C2 = min(B2,b2). The procedure just described defines a
mapping of Σ into itself for suitable small T because of (9.21), (9.22), (9.24).

Moreover, (9.23) guarantees that the mapping is contractive (reducing T if necessary).
Using Banach’s fixed point theorem we conclude the proof of

Proposition 9.3 If (9.21) – (9.23) are satisfied, problem (9.20) has one unique solution
in a suitable time interval (0,T ).

We are now in a position to prove the following

Theorem 9.4 Under the assumptions (H1) – (H5), the problem (9.14) – (9.18) has one
unique solution for a suitable T .

Proof We again use a fixed point argument. We prescribe a continuous function p̃(t)

such that

0 < K ≤ p̃(t)≤ K̄ < 1 , (9.25)

when K̄ >C and K <C of assumption (H3). Let F̃(t)=F(p̃(t)) and consider the problem


du
dt

= ρ (1−d) F̃(t)u, t ∈ (0,T ),

∂v
∂a

+
∂v
∂ t

=−(µ̄(a)+ ρ̄(a)F̃(t))v, a ∈ (0,A), t ∈ (0,T ),

(9.26)

with conditions

u(0) = u0, v(a,0) = v0(a), (9.27)

v(0, t) = v0(0)+ρ d
∫ t

0
F̃(τ)u(τ)dτ + 2

∫ t

0
F̃(τ)

∫ +∞

0
ρ̄(a)v(a,τ)dadτ. (9.28)
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Hence

u(t) = u0 exp[ρ (1−d)
∫ t

0
F̃(τ)dτ], (9.29)

and the function

w(a, t) = ln v(a, t) (9.30)

solves a problem of type (9.20) where

g(a, t) =−µ̄(a)− ρ̄(a)F̃(t), (9.31)

w0(a) = lnv0(a) , (9.32)

Γ(t;w(a, t)) = ln[v0 +ρ d
∫ t

0
F̃(τ)u(τ)dτ +2

∫ t

0
F̃(τ)

∫ A

0
ρ̄(a)exp[w(a, t)]dadτ]. (9.33)

Of course (9.29) and (9.30) guarantee that (9.21) is fulfilled since (H2), (H4), and (H5)
are supposed to hold. Moreover, (H1) and (9.27) ensure that, for any bounded w, the functional Γ

defined by (9.33) is the logarithm of v0 plus a positive function of O(t) so that, since v0 satisfies
(H2), there exist two constants B1 and B2 such that (9.22) holds for a suitable T > 0.

By reducing, if necessary, T we have that (9.23) holds as well. Therefore, problem (9.26)
- (9.28) is uniquely solvable by Proposition 9.2.

This means that, for any p̃(t) ∈C[0,T ], 0 <C≤ p̃≤ C̄ < 1 we have found two functions
u(t) given by (9.29) and

v(a, t) = exp(w(a, t)),

with

v(a, t) =


v0(a− t)+O(t), t < a < A,

v0(t−a)+O(t) 0 < a < t.

Therefore

∫ A

0
v(a, t)da =

∫ A

0
v0(a)da+O(t).
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But it is also

u(t) = u0 +O(t) ,

so that

p(t) = u(t)+
∫ A

0
v(a, t)da+O(t) ,

and reducing T if necessary we conclude

K ≤ p(t)≤ K̄. (9.34)

This means that we have defined a mapping

p(t) = T p̃(t)

that maps the set of continuous functions satisfying (9.34) into itself.

To prove that T can be chosen so that T is a contraction is immediate: take p̃1 and p̃2

and define ∆ p̃ =‖ p̂1− p̂2 ‖ and ∆F̃ =‖ F(p̃1)−F(p̃2) ‖. Assume (H5) yields ∆F̃ ≤ D∆p̃.

Now let ui(t), vi(a, t) be the solutions of (9.26) – (9.28) with F̃ replaced by F(pi(t)), i =

1,2. We have

∆u = | u1 − u2 |= O(t)∆p̃, (9.35)

∆v = | v1 − v2 |= O(t)∆p̃. (9.36)

Consequently

∆p = ∆u+
∫ A

0
∆vda = O(t)∆p̃ ,

and T can be chosen so that O(t)< 1, thus proving the contractivity of the mapping.

The application of Banach’s fixed point theorem concludes the proof. Q.E.D.

We conclude this section by remarking that the proof of existence and uniqueness can be
extended as long as, for t = T , assumptions (H2) and (H3) are fulfilled for some constants b, b̄,
C and C̄.
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9.4 Achievements and future opportunities
We have presented two families of models for the growth of tumours in the presence CSCs

and of CC’s. We have considered the simultaneous effect of crowding, differentiation, and ageing.
First, we have considered agent-based models based on the application of cellular automata.
Then, a non-hierarchical compartmental model has been presented in which the crowding effect
is not included as a local effect but is averaged over the whole domain. Numerical results of
simulations for the two families of models have been displayed, showing the same qualitative
behaviour. In particular, we have shown in both cases the occurrence of the tumour paradox:
tumours in which the death rate of the CCs is higher may have faster growth. This fact is, of
course, relevant in connection with the treatment strategies and, indeed, an example has been
displayed in which the killing of tumour cells may not induce, in the long run, the slowing down
of the growth of the cancer.

While in the models just described, the ageing has been modelled dividing the differenti-
ated cells in age classes, in a final section, we have considered the more general case in which
there is a continuous distribution in the age of the population of the differentiated cells. The
resulting mathematical model is non-standard but its well-posedness has been proved.
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CHAPTER

10
THE AMYLOID CASCADE HYPOTHESIS

AND ALZHEIMER’S DISEASE: A
MATHEMATICAL MODEL

Alzheimer’s Disease (AD), a neurodegenerative disease with a huge social and eco-
nomic impact, is the prevalent form of late life dementia (HURD et al., 2013). The biomedical
knowledge about the AD-pathology is rapidly growing, as witnessed by a vast literature, but
the etiology, the mechanisms and the progression of the AD-pathology, as well as their rela-
tionship to clinical and cognitive manifestations, are still far from understood. The trajectories
of AD-progression in the patient’s brain are highly stereotyped but vary individually. The lack
of full understanding of the pathophysiology of AD-progression, its insidious onset and the
clinical heterogeneity and variability in speed and pattern progression, severely complicate
the rigorous characterisation and prognosis of the disease, and hampers informed, data-driven
clinical intervention.

In this context, there is a pressing need to find and validate biomarkers to track and
predict disease progression. Several biomarkers are currently under investigation: genetic analysis
(APOE status, Presenilin, APP), cerebrospinal fluid homogenates (CSF tau protein, amyloid
Aβ42 protein), imaging (atrophy, glucose PET for hypometabolism, AV45-PET for amyloid,
T807- or AV1451-PET for tau) and cognitive tests (ADAS-cog, AVLT, MMSE).

In this paper we use the in silico approach, based on mathematical modelling and
computer simulations, and supplementary to the huge amount of in vivo and in vitro research (see
(GOOD; MURPHY, 1996; CRUZ et al., 1997; URBANC et al., 1999; MURPHY; PALLITTO,
2000; EDELSTEIN-KESHET; SPIROSS, 2002; ACHDOU et al., 2013; HELAL et al., 2013;
FRIEDMAN; HAO, 2016; BERTSCH et al., 2017; BERTSCH et al., 2017; CARBONELL;
ITURRIA-MEDINA; EVANS, 2018); we refer in particular to (CARBONELL; ITURRIA-
MEDINA; EVANS, 2018) for a comprehensive updated overview of mathematical approaches in
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the literature.

The general idea is to develop a highly flexible model of the interplay between the
excess of Aβ42 protein in the Central Nervous System (CNS) and the progression of the disease,
focussing on the early stage of the disease where there is still hope to intervene and stop the
further development of the disease. Flexibility of the model is essential: it means that one can
test several modelling hypotheses based on medical input and easily adapt the model to new
medical insight.

Roughly speaking, the Aβ protein is normally produced during life by neurons in the
CNS through intramembranous proteolysis of APP (amyloid precursor protein), a large trans-
membrane protein involved in signal transduction pathways (O’BRIEN; WONG, 2011). For
unknown and partially genetic reasons, some neurons – referred to as malfunctioning neurons –
present an unbalance between produced and cleared Aβ . This ultimately leads to the presence
of highly toxic oligomers of, among other isoforms, Aβ40 and Aβ42. For the sake of simplicity,
from now on we shall write Aβ .

More precisely, Aβ oligomers are subject to two different phenomena:

• agglomeration, leading eventually to the formation of long, insoluble amyloid fibrils,
which accumulate in spherical microscopic deposits known as senile plaques;

• diffusion through the microscopic tortuosity of the brain tissue.

In addition, recently it has been proposed that neuronal damage spreads in the neuronal net
through a neuron-to-neuron prion-like propagation mechanism (BRAAK; TREDICI, 2011; RAJ;
KUCEYESKI; WEINER, 2012).

Agglomeration can be articulated in several steps (CHIMON et al., 2007; ONO; CON-
DRON; TEPLOW, 2009): initial seeds, soluble small oligomers, protofibrils and insoluble
polymers, and amyloid fibrils with a β -sheet conformation. However, this level of description is
beyond the scope of our model, as will be explained in detail in the next section. The connection
between Aβ and AD relies on the fact that, as is largely accepted, Aβ amyloid plays an important
role in the process of the cerebral damage (the so-called amyloid cascade hypothesis (KARRAN;
MERCKEN; STROOPER, 2011)). In particular some soluble Aβ42 oligomers have been sug-
gested as the principal cause of neuronal death and eventually dementia (WALSH; SELKOE,
2007).

Soluble Aβ shows a multiple neurotoxic effect: it induces a general inflammation that
activates the microglia which in turn secretes proinflammatory innate cytokines (GRIFFIN et al.,
1998) and, at the same time, increases intracellular calcium levels (GOOD; MURPHY, 1996),
which ultimately leads to apoptosis and neuronal death.

Although senile plaques are associated with AD, their presence is not strictly related to
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the severity of the disease. High levels of soluble Aβ correlate better with the presence and degree
of cognitive deficits than plaque statistics. Indeed, diffuse amyloid plaques are commonly present
in the brains of cognitively intact elderly people. Some authors (see, for instance (HAASS;
SELKOE, 2007)) overturn the traditional perspective, and claim that large aggregates of Aβ can
actually be inert or even protective to healthy neurons. Analogously, Aβ monomers have been
shown to lack neurotoxicity (SHANKAR et al., 2008) and have in fact been suggested to be
neuroprotective (ZOU; GONG; YANAGISAWA K.AND MICHIKAWA, 2002; GIUFFRIDA et

al., 2009).

In the present paper we introduce a model to describe the toxic effect of beta-amyloid on
neurons. Proceeding in the spirit of mean field approximation, we divide a given cerebral region
in a number of smaller subregions. In each of them we write a system of ordinary differential
equations to describe the evolution of the number of beta-amyloid monomers, oligomers and
plaques. These equations depend on the average health state of the neurons in the subregion
under consideration, which is updated at given times (say every half a year, a relatively “long”
period which reflects the slow evolution of the disease). The updating depends on both the
amount of toxic oligomers which are present in the subregion itself and the average health state
in neighbouring subregions. We present some numerical simulations to illustrate the behaviour
of solutions and their parameter dependence.

We stress again that the present model only takes into account the evolution of the Aβ ,
and ignores the role played by the microglia in neuronal death and in the formation of senile
plaques. For these aspects, we refer for instance to (MEYER-LUEHMANN et al., 2008) and
(EDELSTEIN-KESHET; SPIROSS, 2002). In the same spirit we ignore also the progressive
degeneration of the brain due to aging.

The paper is organised as follows. In Section 10.1 we briefly review some of the math-
ematical models of Alzheimer’s disease and in Section 10.2 we present the basic model. In
Section 10.3 we discuss a specific example of the model and present numerical simulations. We
also provide the corresponding source MATLAB codes, which are available in GitHub repository
at the URL: <https://github.com/LucaMeacci/Alzheimer_MathModel_Ejam>. Finally, in the
Appendix, existence, positivity and asymptotic behaviour of the example introduced in Section
10.3 are discussed.

10.1 Mathematical modelling

The mathematical model of aggregation and diffusion of Aβ analyzed in the present
paper is based on the so-called Smoluchowski coagulation equations, originally introduced
by Smoluchowski (SMOLUCHOWSKI, 1917) in 1917 to describe the binary coagulation of
colloidal particles moving according to Brownian motion. Subsequently, these equations were
used to model a variety of phenomena such as the evolution of a system of solid or liquid particles

https://github.com/LucaMeacci/Alzheimer_MathModel_Ejam
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suspended in a gas (in aerosol science), polymerisation (in chemistry), aggregation of colloidal
particles (in physics), formation of stars and planets (in astrophysics), red blood cell aggregation
(in hematology), behaviour of fuel mixtures in engines (in engineering), etc. Moreover, several
additional physical processes have been subsequently incorporated into the model (diffusion,
fragmentation, condensation, influence of external fields, see, e.g. (DEACONU; TANRÉ, 2000;
LAURENÇOT; MISCHLER, 2002; WRZOSEK, 1997)). We refer also to (DRAKE, 1972),
(DUBOVSKII, 1994), and (ACHDOU et al., 2013; BERTSCH et al., 2017; BERTSCH et al.,
2017; FRANCHI; LORENZANI, 2016; HERRERO; RODRIGO, 2005) for a more exhaustive
account of the literature on the Smoluchowski system.

In spite of the large literature on applications of Smoluchowski equations in many
branches of science, in the field of biomedical research their use seems to be rather limited. Here
we only consider the applications of coagulation equations to mathematical models related to
AD. For different approaches, in particular to prion-like diffusion and role of the tau-protein, we
refer the reader to (CARBONELL; ITURRIA-MEDINA; EVANS, 2018).

As far as we know, Murphy and Pallitto (MURPHY; PALLITTO, 2000; PALLITTO;
MURPHY, 2001) were the first ones who used Smoluchowski equations to describe Aβ -
agglomeration, starting from an in vitro approach. More recently, a systematic approach to
the modelling of Aβ -agglomeration and the formation of senile plaques was carried on in a series
of papers (ACHDOU et al., 2013; FRANCHI; TESI, 2012; BERTSCH et al., 2017; BERTSCH
et al., 2018; BERTSCH et al., 2017; FRANCHI; LORENZANI, 2016; FRANCHI; LOREN-
ZANI, 2017; FRANCHI; HEIDA; LORENZANI, 2019; CHEN; TSENG; WARD, 2019; CRAFT;
WEIN; SELKOE, 2002). In (ACHDOU et al., 2013; FRANCHI; TESI, 2012; CHEN; TSENG;
WARD, 2019) the authors consider a model at microscopic scale. They use suitable Smolu-
chowski type equations to describe the diffusion and agglomeration of soluble Aβ -oligomers
of different lengths in small portion of the cerebral parenchyma, of the size of the soma of
a single neuron (from 4 to 100 µm), and the formation of plaques, identified with insoluble
assemblies of very long polymers. Some other phenomena were also included in the model, such
as fragmentation of long polymers (FRANCHI; TESI, 2012) and clearance of Aβ from the CSF
(CHEN; TSENG; WARD, 2019).

A macroscopic model was proposed in (BERTSCH et al., 2017; BERTSCH et al., 2018).
The authors couple the set of truncated Smoluchowski equations already used in (ACHDOU et

al., 2013) to a kinetic-type transport equation that models the spreading of neuronal damage,
including the possibility of spreading through neuron-to-neuron prion-like transmission. The
model takes into account both the microscopic phenomena of diffusion and aggregation of the
Aβ peptide, characterised by a short time scale (of a few days, the time needed for the formation
of the senile plaques: see (MEYER-LUEHMANN et al., 2008)) and the macroscopic spreading
of the disease and the associated cerebral atrophy in large parts of the brain, with a long time scale
(of several years, the time needed for the development of the disease). Remarkably, the model
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involves mathematical quantities (concentration of plaques, neuronal damage) that have a precise
counterpart in terms of clinically observed parameters through PIB-PET (Pittsburgh compound-
B, to detect senile plaques: see e.g. (COHEN et al., 2012)) and FDG-PET (fluorodeoxyglucose
PET, to evaluate the brain metabolism of both glucose and oxygen: see e.g. (MOSCONI et al.,
2010)).

Finally, the papers (BERTSCH et al., 2017; FRANCHI; LORENZANI, 2016; FRANCHI;
LORENZANI, 2017; FRANCHI; HEIDA; LORENZANI, 2019) are dedicated to the transition
from the microscopic scale to the macroscopic scale, through different mathematical procedures:
(BERTSCH et al., 2017) adapts arguments from modern Boltzmann-type kinetic theory for
multi-agent systems (PARESCHI; TOSCANI, 2013), while (FRANCHI; LORENZANI, 2016;
FRANCHI; LORENZANI, 2017; FRANCHI; HEIDA; LORENZANI, 2019) rely on homogenisa-
tion procedures (in (FRANCHI; LORENZANI, 2016; FRANCHI; LORENZANI, 2017) neurons
are assumed to be periodically distributed, whereas (FRANCHI; HEIDA; LORENZANI, 2019)
introduces randomness of the distributions of neurons and the onset of the disease).

Recently, the production of the Aβ and then the onset of AD has been associated with the
tau protein, a prion-like intra-neuronal protein (see e.g. (KAMETANI; HASEGAWA, 2013); we
refer to (TATARNIKOVA; ORLOV; N.V, 2015) for a careful overview of the subject). Therefore
also the mathematical modelling of prion-like proteins could be relevant to Aβ mdelling. We
refer for instance to (GREER; PUJO-MENJOUET; WEBB, 2006; HELAL et al., 2013; PRüSS
et al., 2006), but we refer once more to (CARBONELL; ITURRIA-MEDINA; EVANS, 2018)
for an exhaustive panorama of the literature.

In most of the previous papers the diffusion of the amyloid as well as the (possible)
prion-type infection is assumed to be uniform, whereas it has been observed that, if we are
looking to a real macroscopic model, the disease diffuses between different regions of the brain
according to the anatomical connection strength between them. To describe this kind of diffusion,
a network model has been introduced in (MATTHÄUS, 2006; RAJ; KUCEYESKI; WEINER,
2012; RAJ et al., 2015; FORNARI et al., 2019; SCHÄFER; WEICKENMEIER; KUHL, 2019;
WEICKENMEIER et al., 2019; FORNARI et al., 2020).

10.2 The model

As we explained in the Introduction, our basic assumption is that the progression of AD
is related to the evolution of the amount of Aβ in the cerebro-spinal fluid (CSF). Amyloids are
produced as monomers by neurons, diffuse in the CSF (with a diffusivity that decreases with their
size), and may aggregate and polymerise, producing longer polymeric chains. In polymerisation
(DEACONU; TANRÉ, 2000; LAURENÇOT; MISCHLER, 2002; WRZOSEK, 1997) the use
of the Smoluchowski equation can be described as follows. For k ∈ N, let Pk denote a polymer
of length k, formed by k identical units (monomers). If the polymers are sufficiently close, they
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can merge into a single polymer whose length equals the sum of the length’s of the two (only
binary reactions are considered). The merge of a polymer of size k with a polymer of size j can
be written as

Pk +Pj −→ Pk+ j.

We postulate that there exists a number n such that polymers of length < n are soluble
and those of length ≥ n are immobile. In the spirit of the dynamics of continuous media, we
adopt a strategy of mean field approximation and divide the cerebral region under consideration
in a sufficiently large number of elements (representative elementary volumes, REV). A more
precise discussion on the dimension of the REV will be presented when we will introduce the
concept of “cerebral degradation”. We denote by wi(t) the number of soluble amyloid polymers
of length i (i < n) contained in the given REV at time t, while Wn(t) will denote the total number
of immobile particles in the REV.

For the sake of simplicity we assume that there exists a constant K > 0 which does not
depend on i and j such that the aggregation rate Ri, j of two soluble polymers of length i and j is
given by

Ri, j =

Kwiw j if i, j < n, i 6= j,
1
2Kwi(wi−1)≈ 1

2Kw2
i if i, j < n, i = j.

(10.1)

Similarly, assuming that two immobile polymers do not merge, we postulate that the aggregation
rate for a soluble and an immobile polymer is given by

Ri,n = Rn,i = K∗wiWn if i < n. (10.2)

Since the probability of merging is smaller if one of the two polymers is immobile, we assume
that K∗ < K.

The evolution of the number of monomers in a given REV is described by the differential
equation

dw1

dt
=−Kw1

n−1

∑
j=1

w j−K∗w1Wn +Λ−M1w1, (10.3)

where Λ > 0 is the production rate of monomers and M1 > 0 their mortality rate, i.e. the clearance
due to both the phagocytic activity of the microglia and the possible reabsorption by blood vessels
(see (PLOG; NEDERGAARD, 2018; BACYINSKI et al., 2017)). The evolution of the number
of oligomers, ws(t) with 1 < s < n, is described by

dws

dt
=

K
2 ∑

i+ j=s
wiw j−Kws

n−1

∑
j=1

w j−K∗wsWn−Msws. (10.4)

Finally, the differential equation for the number of immobile aggregates is

dWn

dt
=

K
2 ∑

i+ j≥n; i, j<n
wiw j−MnWn. (10.5)
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The next step is to model the progression of AD. We associate the average degree of
malfunctioning of the neurons in each REV with a parameter a ranging from 0 to 1; a = 0 means
that this portion of the brain is healthy, while a = 1 corresponds to complete degeneration. At this
point we discuss the dimension of the REV. It should be large enough to contain a sufficiently
large number of neurons so that it makes sense to define the quantity a as the average degree of
malfunctioning of the neurons contained in the REV. On the other hand, the dimensions of the
REV are to be taken small enough so that the variation of a over the macroscopic scale of the
cerebral region are identifiable. Ideally, the experimental resolution of the FDG-PET, extensively
discussed in (MOSES, 2011), should suggest how to choose the size of the REV, which could
very well depend on the part of the brain under consideration. In reality, the size of the REV is
also determined by computational costs, an issue which becomes of critical importance in the
case of 3D simulations. For each REV we assume that a is a nondecreasing function of time, and
its variation is essentially due to two different effects:

- a local effect, due to the level of toxicity of the amyloids in the REV itself;

- a non-local effect, induced by degradation of the adjacent REV’s.

Concerning the local effect, the current opinion is that, while monomers are innocuous,
neurons degenerate if the concentration of soluble toxic oligomers exceeds a given threshold.
The relative influence γi > 0 of each oligomer is still under investigation, but we can define the
quantity

D =
n−1

∑
i=2

γiwi, (10.6)

and assume that degradation occurs when D exceeds a threshold value D∗ > 0.

Since the typical timescale of degradation is much slower than that of aggregation, it is
reasonable to assume that there exists T > 0 such that a is constant in each of the time intervals
(0,T ), (T,2T ), (2T,3T ), . . . , and update the value of a at the times T , 2T , 3T etc. Typically,
(0,T ) can be thought of as a period of half a year.

Based on these considerations we postulate for the local effect the relation

a(t) = a(mT )+θ [D(mT )−D∗]+ for mT < t ≤ (m+1)T, (10.7)

where [·]+ means the positive part and θ is a given positive constant.

To model the non-local effect, we assume that the REV’s in which we divide the cerebral
region under investigation are cubes of equal size stacked in such a way that each of them has
faces in common with its neighbors. We define the neighborhood of a REV (located in the
interior of the region) as formed by the 26 cubes that have at least one vertex in common with it.
If we consider the region embedded in a “virtual frame” formed by cubes where a is constantly
equal to zero, the definition applies to every REV to be considered. At this point we update the
value of a in the following way

a(t) = a(mT )+σ ∑[ak(mT )−a(mT )]+ for mT < t ≤ (m+1)T, (10.8)
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where the sum ranges over the 26 cubes in the neighborhood of the given REV, and σ is a given
positive constant. Condition (10.8) can be easily generalised. For example, we could assume that
the influence of the neighbors is different in different directions, i.e. substituting the sum on the
RHS by ∑σk[ak(mT )−a(mT )]+.

Combining (10.7) and (10.8), we obtain the law by which we update the value of a in
each REV of the region at times T , 2T , 3T etc.

The final step in the modelling consists in specifying how the level of degeneration
influences the dynamics of the amyloids. The influence is twofold: on one side the degeneration
leads to the reduction of the number of “active” neurons, but on the other side it also causes an
increased production of monomers by each neuron. Combining the two effects we can postulate
that the number of monomers produced in the REV per unit time is given by

Λ = A(1−a)(1+βa), (10.9)

where A is the number of monomers produced in a healthy REV and β > 1 is a prescribed
constant. It is known that, during the desease, the maximum production of amyloid can be of
4-6 times larger than in a healthy brain (see e.g. (EDELSTEIN-KESHET; SPIROSS, 2002)).
Accordingly, we choose β = 15.

10.3 A specific example

To test the model, we consider the following simplified situation: we divide the total
population of amyloids in just 3 subpopulations: monomers, toxic oligomers, and immobile
aggregates (a larger number of subpopulations just requires a more cumbersome notation and
only leads to a slight increase in computing time and a less transparent visualisation of the
results).

We rescale wi (i = 1,2,3) by a number N to be chosen and define

X(t) =
w1(t)

N
, Y (t) =

w2(t)
N

, Z(t) =
w3(t)

N
.

According to (NAG et al., 2011) the mass of a monomer is about 4.5 kDa, i.e. about
8× 10−12 nanograms. We choose N = 1011, corresponding to the order of magnitude of the
number of monomers in a nanogram, so that X represents, in order of magnitude, the mass of
monomers in nanograms in the REV. For the evolution of the amyloids we choose one day as the
unit time.

Setting k = K/N, k∗ = K∗/N and λ = Λ/N, the differential equations (10.3–10.5) take
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the form


X ′ =−kX2− kXY − k∗XZ−M1X +λ ,

Y ′ = 1
2kX2− kXY − kY 2− k∗Y Z−M2Y,

Z′ = 1
2kY 2 + kXY −M3Z.

(10.10)

The production rate Λ is given by (10.9) where the constant A represents the production
rate in a healthy tissue. Rescaling yields

λ = λ0(1−a)(1+βa) with λ0 = A/N.

We observe that the production rate λ0 depends on the total number of REV’s used to
describe the brain. Here we assume that we have about 500 REV’s of equal size. Choosing λ0 = 2
corresponds to a daily monomer production of 2 nanograms in each REV and 1000 nanograms in
a healthy brain. Quantification of the monomer production in the brain is rather controversial in
the literature. For example, Karran et al. (KARRAN; MERCKEN; STROOPER, 2011) mention
an estimate of 4000 nanograms per day, where Bateman et al. (BATEMAN et al., 2006) mention
only 60 nanograms. In this context our choice of λ0 seems reasonable.

We choose the remaining constants in (10.10):

Mi : Assuming that the daily clearance amounts to 1%, we take Mi = 10−2 for i = 1,2,3.

k,k∗ : Although in the literature there are various attempts to give explicit formula’s for k and
k∗ (MURPHY; PALLITTO, 2000; PALLITTO; MURPHY, 2001; GILLAM; MACPHEE,
2013), we believe that their choice remains rather arbitrary. In the simulations below, we
choose k = 10−4 and k∗ = 5×10−6. In this context we stress that our example is rather
conceptual, and mainly aimed to illustrate the potentiality of the model.

Solving the system with initial data X(0) = Y(0) = Z(0) = 0 we find the solution when
a = 0, as displayed in Figure 74.

The graphs suggest that there exist equilibrium values reached within a few months even
when the initial data are far from equilibrium. Referring to the Appendix for some additional
comments on system (10.10), we just note that the system can be scaled: if the volume of the
REV is divided by a factor m, then dividing λ by m and multiplying k and k∗ by m, the asymptotic
values of X , Y and Z, are also divided by m.

10.3.1 Dynamics of AD: local effect

Now we simulate the dynamics of AD. Assume that the threshold D∗ (that in this
particular case is a value Y ∗) for the normalised number of toxic oligomers in a single REV is
Y ∗ = 22.



168 Chapter 10. The amyloid cascade hypothesis and Alzheimer’s disease: a mathematical model

Figure 74 – Solution of system (10.10) with a = 0.

First, we describe the degradation taking into account just the local effect based on
(10.7). This is just a test of the model and would refer to the abstract situation in which the
initial malfunctioning of the neurons affects all the REVs in the same way (thus canceling every
prion-like transmission). We set θ = 10−3 and assume that at a given time (taken as t = 0), in
each REV a jumps to a value 0.02 and therefore λ = 2.548. We take T as 180 days, i.e. we
update the value of a twice a year. The results are displayed in Figures 75, 76 and 77. More
precisely, Figure 75 represents the evolution of the degradation a; Figure 76 shows the normalised
number of toxic oligomers in each REV; Figure 77 shows how the production rate of monomers
in each REV evolves with time. In these graphs, t is expressed in years after the onset of the
disease. In the early stage of the disease the shape of the curve appearing in Figures 76 and 77
fits the clinical data presented in the literature (see (JACK et al., 2013) and also (BERTSCH
et al., 2017)). On the other hand, the decrease in the concentration of Aβ is well known in
clinical practice: quoting from (BALLARD et al., 2011), “meta-analyses suggest that AD can
be differentiated from other dementias by the detection of lower concentration of Aβ1−42. . . ”.
Moreover, low concentration of Aβ42 in CSF (Celebral Splinal Fluid) is listed among diagnostic
criteria and differential diagnosis of AD from other dementias.

We point out that the stability of the model (more precisely of a similar model) is
discussed in detail in (BERTSCH et al., 2020)).

10.3.2 Including the non-local effect

To simplify the numerical simulation and the visualisation of the results, from now on
we consider a 2D model: a square grid of 20× 20 REV’s. The setting of the parameters, for
uniformity, will be the same as before: Mi = 10−2, k = 10−4 and k∗ = 5×10−6. In addition to
the local effect (10.7) (with θ = 10−3), we will take into account the prion-like propagation
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Figure 75 – Progression of the average degradation a of neurons in a REV (local effect) when the onset of
the disease takes place at t = 0 (a(0) = 0.02).

Figure 76 – Evolution of the (normalised) number of toxic oligomers in the REV during the progression
of the disease.

modelled by (10.8) starting with the case of isotropic propagation with σ = 0.05. As initial
condition, we assume for instance that a = 0 in each REV with the exception of the square with
coordinates (6,6), where we put a = 0.02. Figure 78, which contains the screenshots at 10, 12.5,
15 and 17.5 years, shows the progressive degradation of the tissue.

To conclude this section we consider a case in which the propagation is anisotropic. In the
following example case, we set the same initial condition of the previous example, i.e., a = 0.02
in the region of coordinates (6,6) and a = 0 otherwise. But in this case, just to be specific, we
assume that the propagation (corresponding to a value of σ = 0.2) in the directions NE–SW and
E–W are 20 times larger than the propagation in the other directions, in the half-left-part and
half-right-part of the brain respectively. In Figure 79 we can see the particular behaviour of the
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Figure 77 – Evolution of the average monomer production in the REV during the progression of the
disease.

Figure 78 – Non-local effect in a 2D model. Screenshots at different times (t = 10, t = 12.5, t = 15, t =
17.5 years). The initial situation is such that only one REV (of coordinates (6,6)) has an
initial malfunctioning index a = 0.02.

propagation of the disease as visualized through the screenshots at 10, 12.5, 15 and 17.5 years.
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Figure 79 – An example of non-isotropic propagation. Screenshots at different times (t = 10, t = 12.5, t =
15, t = 17.5 years). The initial situation is such that only one REV (of coordinates (6,6)) has
an initial malfunctioning index a = 0.02.

10.3.3 Global existence of solutions of system (10.10)

We consider the system (10.10) with positive initial data X(0), Y(0), Z(0). It is easy to
show that the system has a global positive solution. Indeed, we show that X , Y and Z are bounded.
For this purpose, we consider the system

X ′ =−kX2− kXY − k∗XZ−M1X +λ ,

Y ′ = 1
2kX2− kXY − kY 2− k∗Y Z−M2Y,

Z′ = 1
2 łkY 2 + kXY −M3Z,

with positive Cauchy data X(0),Y (0),Z(0). Then X(t) > 0, Y (t) > 0, Z(t) > 0 as long as the
solution exists.

In addition

X ′ ≤−kX2 +λ − k∗XZ⇒ X(t)≤ α := max

{
X(0),

√
λ

k

}
,

Y ′ ≤ kα
2− kY 2− k∗Y Z⇒ Y (t)≤ β := max{Y (0),α} ,

Z′ ≤ 1
2kβ

2 + kαβ −M3Z,

so that also Z is bounded.
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10.3.4 Equilibrium solutions

Let us consider the equilibrium solutions of system (10.10), i.e. the solutions of the
algebraic system 

0 =−kX2− kXY − k∗XZ−M1X +λ ,

0 = 1
2kX2− kXY − kY 2− k∗Y Z−M2Y,

0 = 1
2kY 2 + kXY −M3Z.

(10.11)

We shall prove that system (10.10) has an equilibrium solution

X ≡ X0 > 0, Y ≡ Y0 > 0, Z ≡ Z0 > 0. (10.12)

In addition, this solution is unique among all positive equilibrium solutions of (10.11).

Existence of equilibrium solutions: solutions of system (10.11) satisfy Z = k
2M3

Y 2 +
k

M3
XY and −kX2− kXY − k∗X( k

2M3
Y 2 + k

M3
XY )−M1X +λ = 0,

1
2kX2− kXY − kY 2− k∗Y ( k

2M3
Y 2 + k

M3
XY )−M2Y = 0,

i.e. a system of 2 quadratic equations in X :
(

1+ k∗
M3

Y
)

X2 +
(

Y + k∗
2M3

Y 2 + M1
k

)
X− λ

k = 0,

X2−2
(

Y + k∗
M3

Y 2
)

X−2Y 2− k∗
M3

Y 3− 2M2
k Y = 0.

The positive solutions of the quadratic equations are

X = X1(Y ) =
−
(

Y + k∗
2M3

Y 2 + M1
k

)
+

√(
Y + k∗

2M3
Y 2 + M1

k

)2
+ 4λ

k

(
1+ k∗

M3
Y
)

2
(

1+ k∗
M3

Y
)

and

X = X2(Y ) = Y + k∗
M3

Y 2 +

√(
Y + k∗

M3
Y 2
)2

+2Y 2 + k∗
M3

Y 3 + 2M2
k Y .

Observe that X2(Y ) is strictly increasing,

X2(0) = 0, X2(∞) = ∞, X1(0) =−M1
2k + 1

2

√(
M1
k

)2
+ 4λ

k > 0,

and

X1(Y ) =
Y + k∗

2M3
Y 2 + M1

k

2
(

1+ k∗
M3

Y
)
−1+

√√√√√√1+
4λ

k

(
1+ k∗

M3
Y
)

(
Y + k∗

2M3
Y 2 + M1

k

)2


=

Y + k∗
2M3

Y 2 + M1
k

2
(

1+ k∗
M3

Y
)
 4λ

k

(
1+ k∗

M3
Y
)

2
(

Y + k∗
2M3

Y 2 + M1
k

)2

(1+o(1))→ 0, as Y → ∞.
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Hence the curves X = X1(Y ) and X = X2(Y ) have at least one intersection point (X0,Y0), which
corresponds to an equilibrium solution (X0,Y0,Z0), where Z0 =

k
2M3

Y 2
0 + k

M3
X0Y0.

Uniqueness of equilibrium solutions: let us notice preliminarily that a solution (X0,Y0,Z0)

of system (10.11) such that X0 > 0, Y0 > 0, Z0 > 0 satisfies (10.12).

The last equation gives
M3Z = 1

2kY 2 + kXY.

Replacing in (10.11) we have


0 =−kX2− kXY − k∗

M3
X
(1

2kY 2 + kXY
)
−M1X +λ ,

0 = 1
2kX2− kXY − kY 2− k∗

M3
Y
(1

2kY 2 + kXY
)
−M2Y,

0 = 1
2kY 2 + kXY −M3Z.

(10.13)

Multiplying the first equation by −Y and the second by X we obtain


0 = kX2Y + kXY 2 + k∗

M3
XY
(1

2kY 2 + kXY
)
+M1XY −λY,

0 = 1
2kX3− kX2Y − kXY 2− k∗

M3
XY
(1

2kY 2 + kXY
)
−M2Y X ,

0 = 1
2kY 2 + kXY −M3Z.

(10.14)

Summing up the two first equations in (10.14) we get

λY =kX2Y + kXY 2 + kk∗
2M3

XY 3 +
kk∗

M3
X2Y 2 +M1XY

+ 1
2kX3− kX2Y − kXY 2− kk∗

2M3
XY 3− kk∗

M3
X2Y 2−M2Y X ,

(10.15)

and eventually
Y
(
λ +(M2−M1)X

)
= k

2X3.

Since X > 0, necessarily, λ +(M2−M1)X > 0.

Consider now the function

f (X) =
k
2X3

λ +(M2−M1)X
,

defined on the interval
I := {X > 0 , λ +(M2−M1)X > 0}.

We notice now that f ′(X)> 0 in I, since

3k
2 X2(

λ +(M2−M1)X
)
− k

2X3(M2−M1)

= kX3(M2−M1)+
3kλ

2 X2 = kX2(X(M2−M1)+
3λ

2

)
> λ

2 > 0.
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Thus, by contradiction, if (X0,Y0,Z0) and (X1,Y1,Z1) are different solutions of (10.11) with
0 < X0 < X1, we have 0 < Y0 < Y1. Then the first equations of (10.13) gives

λ =kX2
0 + kX0Y0 +

k∗
M3

X0
(1

2kY 2
0 + kX0Y0

)
+M1X0

< kX2
1 + kX1Y1 +

k∗
M3

X1
(1

2kY 2
1 + kX1Y1

)
+M1 = λ ,

yielding a contradiction.

To be specific, we substitute the values Mi = 10−2, k = 10−4 and k∗ = 5×10−6, as in
our simulations and we find that X1(Y ) is decreasing and that the intersection of the two curves
X = X1(Y ) and X = X2(Y ) corresponds to the values found in Figure ?? of Section 10.3, as it
can be seen in Figure 80.

Figure 80 – Graphs of the curves X = X1(Y ) and X = X2(Y ) with Mi = 10−2, k = 10−4 and k∗ = 5×10−6.

Stability of equilibrium solutions: for sake of simplicity, from now on we assume
M1 = M2 = M3 =: M. In order to prove the asymptotic stability of the equilibrium solution, we
have to prove that the eigenvalues of the Jacobian matrix −2kX− kY − k∗Z−M −kX −k∗X

kX− kY −kX−2kY − k∗Z−M −k∗Y

kY kX + kY −M

 (10.16)

of the map defined by (10.11), evaluated at the critical point (X ,Y,Z), have negative real parts,
keeping in mind that X > 0, Y > 0, Z > 0. In other words, we have to prove that the characteristic
polynomial of the Jacobian matrix of (10.11) is a so-called Hurwitz polynomial (see, e.g. (HAHN,
1967), Chapter II, Theorem 4.2). We write the characteristic polynomial in the form

−λ
3 +aλ

2 +bλ + c. (10.17)

An elementary computation shows that c < 0, so that the polynomial (10.17) has a real
negative solution. In order to prove that the remaining solutions have a negative real part, we
apply to (10.17) the so-called Routh-Hurwitz criterion (see, e.g., (HAHN, 1967), Chapter II,
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Table 10 – Dependence of Ŷ on the values chosen for k.

k Ŷ
10−4 20.26

0.5×10−4 20.51
2×10−4 18.00

Theorem 6.1). It is straightforward to see that a < 0, b < 0, so that we have but to show (see
equation (6.1) in (HAHN, 1967)) that

ab+ c > 0. (10.18)

A cumbersome but elementary computation shows now that

ab+ c = k2(9k− k∗)X3 +21k3X2Y +18k3XY 2 +6k3Y 3 +3k2k∗X2Y+

15k2k∗X2Z +6k2k∗XY 2 +26k2k∗XY Z+

2k2k∗Y 3 +13k2k∗Y 2Z +24k2MX2 +44k2MXY +22k2MY 2 +2kk∗2XY Z+

9kk∗2XZ2 + kk∗2Y 2Z +9kk∗2Y Z2 +4kk∗MXY+

30k k∗MXZ +2kk∗MY 2 +30kk∗MY Z +24kM2X +24kM2Y+

2k∗3Z3 +10k∗2MZ2 +16k∗M2Z +8M3 > 0,

provided k ≥ 1
9k∗.

Thus the equilibrium solution of the system (10.11) with positive Cauchy data is asymp-
totically stable when k≥ 1

9k∗. This condition is coherent with the choice of k,k∗ in Figure 80, i.e.
k∗ = k

20 .

10.3.5 Parameter dependence

Here we sketch a numerical investigation on the dependence of the model on the values
chosen for the parameters k and Mi. In particular, we show how their variations influence the
values of the asymptotic value of Y (that will be denoted by Ŷ ) which is the key factor in the
evolution of AD.

We have already noted that multiplying k and k∗ by a factor m and dividing λ by the
same factor, then X , Y , and Z are also divided by m. Maintaining the same relationship between
k and k∗ as in our simulations (k∗ = k/20) we see that doubling or dividing by 2 the value of k

does not induce a relevant variation in Ŷ (see Table 10).

On the other hand, as evident from the data in the Table 11, the dependence on M (which,
as in our simulations is the common value of M1, M2 and M3) is much more critical.
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Table 11 – Dependence of Ŷ on the values chosen for M.

M Ŷ
10−2 20.26

0.5×10−2 29.62
2×10−2 9.06

10.4 Achievements and future opportunities
We have proposed a relatively simple model for the so-called amyloid cascade hypothesis

for AD and its effect on the state of degradation of neurons. Dividing a portion of the brain
in sufficiently small subregions and averaging the state of degradation in each subregion, we
have formulated a system of ordinary differential equations for the number of monomeric
and oligomeric beta-amyloid polymers and the insoluble amyloid plaques. The typical time
scale of the amyloid peptides evolution is much faster than that of the evolution of the state of
degradation of the neurons. The latter process can take into account a prion-like diffusion of
the disease. We have also presented some numerical results in 2D to illustrate the behaviour of
the solutions. A MATLAB implementation of the mathematical model to simulate the results
presented in this work is available in GitHub at the URL: <https://github.com/LucaMeacci/
Alzheimer_MathModel_Ejam>.

The key point of the model is its high level of flexibility. Additional features could be
implemented in the model. For instance:

• diffusion of soluble amyloid within the cerebral parenchima;

• toxic effect of phosphorylated τ protein inside neurons and its interaction with β -amyloid;

• more realistic anatomy of the brain;

• clearance of the amyloid due to the continuous production and removal of the cerebrospinal
fluid.

The possibility of including different phenomena in the model is particularly important
since the role of the various mechanisms in the development of AD is not yet well understood.
In other words, numerical simulations can be used to test different modelling hypotheses.

https://github.com/LucaMeacci/Alzheimer_MathModel_Ejam
https://github.com/LucaMeacci/Alzheimer_MathModel_Ejam
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CHAPTER

11
PANDEMIC FATIGUE IMPACT INTO

COVID-19 SPREAD: A MATHEMATICAL
MODELING ANSWER TO THE ITALIAN

SCENARIO

The year 2020 will not go into oblivion. The COVID-19 virus pandemic has spread
unprecedented challenges around the world. Governments, institutions, the economical system,
scientific research, and entire populations have been facing an anti-epidemic battle. Even very
many families and individuals are been subjected to tremendous psychological pressure.

The World Health Organization (WHO) has declared the 2019-nCoV acute respiratory
disease outbreak as a ‘Public Health Emergency of International Concern’ on 30 January 2020,
specifically to enhance the level of preparedness of countries that need additional support (World
Health Organization 2020b) (RABAJANTE, 2020)

The COVID-19 disease was named by the WHO on 11 February 2020 (ORGANIZATION
et al., 2020b) and it is due to the virus “severe acute respiratory syndrome” coronavirus 2 (SARS-
CoV-2), which was detected in December 2019 in the city Wuhan in China (VELAVAN; MEYER,
2020). This novel virus belongs to the large coronavirus family that cause respiratory illness as
the Middle East respiratory Disease (MERS) and the Severe Acute respiratory Syndrome (SARS).
However, COVID-19 is characterized by a peculiar aggressiveness in terms of reproducibility
(LIU et al., 2020a) and mortality (RUAN et al., 2020). Common symptoms are fever, dry cough,
sore throat, tiredness, headache, myalgia and breathlessness. Some patients can suffer acute
respiratory distress syndrome and multiorgan dysfunction (SINGHAL, 2020).

The COVID-19 contagion is due to human transmission through respiratory droplets or
contact with infected surfaces by a sick person. For this reason, non-pharmaceutical interventions
have been adopted and put in place with measures that vary, according to the severity of the
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situation, from the use of personal protections such as breathing masks and hand gloves, to social
distancing and up to public health measures of lockdown of entire regions or countries (ORGA-
NIZATION et al., 2020a; FLAXMAN et al., 2020). Such measures were essentially the primary
means of preventing and mitigating the spread of the epidemic. Despite these interventions, on
31 December 2020, the WHO reported 81.475.053 confirmed cases and 1.798.050 deaths for
COVID-19 in the world.

Since the first part of 2020, the WHO has declared COVID-19 epidemic a public heath
emergency of international concern, then as a pandemic and has called on countries to take
actions and evidence-based decisions (SOHRABI et al., 2020). This necessity represents an
opportunity and at the same time a challenge for mathematical modelers to project the epidemic
forward. Although in the presence of limited data and information on the virus, the mathematical
modelling community did not fail to quickly produce efforts to assist the decision-making
processes (SHAO; WU, 2020; CURRIE et al., 2020). Many significant works have been produced,
ranging from statistical approaches (WU et al., 2020; PAIVA et al., 2020; SAHOO; SAPRA,
2020; CHAKRABORTY; GHOSH, 2020), to deterministic compartmental models (SARKAR;
KHAJANCHI; NIETO, 2020; MARTELLONI; MARTELLONI, 2020; LEE; LI; KIM, 2020;
KHAN; ATANGANA, 2020; MAHAJAN; SIVADAS; SOLANKI, 2020; ZHAO; CHEN, 2020)
and including through stochastic procedures (HELLEWELL et al., 2020; KUCHARSKI et al.,
2020). Some of them aim to estimate of the transmission risk (TANG et al., 2020), to estimate the
number of unreported cases (LIU et al., 2020b), or to take into account both the age and social
contact structure (SINGH; ADHIKARI, 2020). In general, one common question is to understand
how major public policies restricting social movement, such as social distancing, “stay-at-home”
measures, quarantine, and public closings, mitigate the epidemic spread. The idea is not only to
predict the outbreak behavior, such as its final size and its peak time (ARINO; PORTET, 2020),
but also to address the challenge to help in planning effective control strategies and public health
interventions (MAMO, 2020). Specifically, mathematical models based on dynamical equations
present the advantage to identify more clearly the mechanisms beyond the epidemic dynamics
(COOPER; MONDAL; ANTONOPOULOS, 2020; NDAIROU et al., 2020; BRAUER, 2017). In
the COVID-19 case, although its epidemiological characteristics are yet to be fully elucidated
and the introduction of a certain degree of estimation error is unavoidable (POSTNIKOV, 2020),
Ordinary Differential Equations (ODEs) models can provide an accurate description of the
spreading on the level of a country-wide averaged statistics (FANELLI; PIAZZA, 2020). Such
models kinds allow to rather naturally define physical-based parameters and, by the tuning of
them, easier simulate political strategies and social-environmental features with respect to more
complex models which may not necessarily more reliable (CACCAVO, 2020; RODA et al.,
2020).

A general and impactful consequence of the COVID-19 pandemic is given by the
psychological repercussions on the population. The emotional pressure throughout the outbreak
period has raised several concerns regarding the psychological status and its mental health effect
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on patients (VINDEGAARD; BENROS, 2020), on quarantined persons (PENG et al., 2020;
LEI et al., 2020; LUO et al., 2020), and on hospital and front-line staff (SAGHERIAN et al.,
2020; TENG et al., 2020). The COVID-19 fear has caused a parallel epidemic of anxiety, stress,
and depression in the population in general (ASMUNDSON; TAYLOR, 2020b; TAYLOR et al.,
2020); a rather extensive and evident phenomenon in several individuals, including distressing
emotions, thoughts and images of danger and avoidance, and other defensive behaviors (ÖZDIN;
ÖZDIN, 2020). For this reason, such impact forms have been the subject of extensive studies
in various contexts (ZHAO et al., 2020; FUSAR-POLI; BRAMBILLA; SOLMI, 2020; YANG
et al., 2020) with remarkable implications ranging from uncertainty and worry to a sort of
coronaphobia (ASMUNDSON; TAYLOR, 2020a).

Indeed, although the preventive measures, such as social distancing, home confinement
and lockdown, contributed to slowing and containing the pandemic spread of the pandemic,
they negatively affected people’s way of life, with consequences for mental and psychological
health and well-being of the general population. (MARROQUÍN; VINE; MORGAN, 2020;
JIAO et al., 2020; MAJUMDAR; BISWAS; SAHU, 2020; SINGH et al., 2020; KAPASIA et

al., 2020; MARGARITIS et al., 2020). To comply with precautionary and defense policies
generated common disorders in terms of tiredness, loneliness, irritability, sleep disturbance,
lack of motivation, and loss of interest in previously enjoyed activities (FIELD et al., 2020;
BARTOSZEK et al., 2020).

The WHO used the expression “pandemic fatigue” to indicate the psychological response
to the prolonged public health crisis and to sustained and unresolved adversities in people’s lives.
In the COVID-19 case, this kind of distress, also due to the implementation of invasive measures
with unprecedented impacts on people’s daily lives, has led to complacency, alienation and
hopelessness (ORGANIZATION et al., 2020c). The pandemic fatigue, emerging gradually over
time and affected by a number of emotions, experiences and perceptions, can express itself as
emerging demotivation to engage in protection behaviours. Many countries reported an increase
in collective fatigue, evident from the fact that “people are feeling demotivated about following
recommended behaviours to protect themselves and others from the virus” (EUROPE, 2020).
Although there are some sporadic conflicting ideas on the subject (HARVEY, 2020; MAHASE,
2020), there is no doubt that this social phenomenon can affect our behavior and therefore also in
the consequent evolution of the pandemic. This means that pandemic fatigue not only represents
a cause of the virus advent but at the same time becomes a cause of the COVID-19 spread. Steven
Taylor in the book “The Psychology of Pandemics” states that “remarkably little attention has
been devoted to the psychological factors that influence the spread of pandemic infection and
the associated emotional distress and social disruption. Psychological factors [...] play a role in
nonadherence to vaccination and hygiene programs, and play an important role in how people
cope with the threat of infection” (TAYLOR, 2019). The tiredness of living with the discomforts
induced by the health regulations imposed, including a heightened state of distrust towards these
measures, can easily lead a considerable number of individuals to let their guard down and even
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to unjustifiably minimize the danger and vulnerability to the virus (CULLEN; GULATI; KELLY,
2020).

In this work, we consider and introduce the non-negligible role of the pandemic fatigue,
being the human behaviour central to COVID-19 transmission (WEST et al., 2020). There are
attempts to take into account the individual reaction but they are rare (LIN et al., 2020); the
merit of our mathematical model compared to other existing works is to add and mimic the
pandemic fatigue impact into COVID-19 spread. We opt for a simple mean-filed model, being
suitable a general quantitative picture of the epidemic spreading, including restrictive public
health interventions and the social/emotional population response to them. The mathematical
model consists in a SIQRD (susceptible-infected-quarantined-recovered-dead) model performed
by Ordinary Differential Equations (ODEs). We apply the model in the Italian context during
2020 (already the subject of other publications (PICCOLOMINI; ZAMA, 2020; CACCAVO,
2020; GIORDANO et al., 2020; PICCOLOMIINI; ZAMA, 2020)), to test the consistency of the
hypotheses applied to the results obtainable with the model simulations and compared with the
statistical data. This novel study aims to show a possible explanation of the pandemic behavior
with respect to the people’s relaxation/resistance to comply with public health restrictions and,
therefore, albeit with a certain degree of approximation, to evaluate how much the pandemic
fatigue impact affected the COVID-19 outbreak in Italy in 2020.

The paper contents are organized as follows. In Section 11.1 we describe the assumptions
adopted, develop the mathematical model, and prove its mathematical well-posedness. Section
11.2 contains the numerical results of the simulations performed with our model, where the
parameters calibration is acquired by the Italian preventive actions during 2020. Primarily, the
comparison with the data collected by the competent authorities on the evolution of positive cases,
quarantined people, and dead is also presented. Subsequently, the model is used predictively to
evaluate the hypothetical results on the basis of different administrative choices and more or less
virtuous behavior of the population. The estimated cost in terms of infected people and deaths
due to the negative effects of pademic fatigue is reported. Finally, in the Section 11.3 we provide
a brief discussion of the achievements of this work and the implications in terms of measures
to contain or prevent the negative effects of pandemic fatigue. We include some comments on
possible future developments and applications of the model.

11.1 Model

Let us propose to study the evolution dynamics of the COVID-19 outbreak with respect
to time t ≥ t0, representing t0 the initial time. We assume that the entire population is divided
into five compartments. We denote with S(t) the number of individuals susceptible to infection at
time t and I(t) the number of infected people who, however, is still at time t in an asymptomatic
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state. We apply the simplifying hypothesis1 that, after an average time of virus incubation,
each infected person presents symptoms and consequently is placed in quarantine. With Q(t)

we therefore indicate the number of infected people at time t, who have symptoms and are
automatically isolated, that is, from the point of view of the model, they are no longer able
to infect a susceptible person. Finally, every sick person, after quarantine, can die or recover.
D(t) counts the total number of deaths and R(t) recovered individuals at time t. We suppose
that a recovered person does not go back to being susceptible to the virus. We assume also that
the whole population is constant and equal to N. This approximation is justifiable because the
pandemic outbreak covers a period of time in which the variation in the total individual number
is negligible.

Figure 81 – Schematic flow diagram representation of the model.

The dynamics between these compartments are illustrated in the flow diagram of Figure
81 and governed by some parameters. We assume to consider them piecewise constant and
fixed, according to their meaning. Setting the time unit, we define γ ≥ 0 the average period
during which an infected individual becomes symptomatic, i.e. the average incubation time.
Then, we use the parameters α ≥ 0 and µ ≥ 0 to rule the transition from the compartment of
symptomatically ill and quarantined persons to the compartment of those who are healed or dead,
respectively. We note that α and µ are given by the combination of the average time to exit the
quarantined class and the probability of defeating or not the virus. Concerning the transition
between the susceptible to the infected population, we introduce β transmission rate obeying
to the mass action law. The definition of β deserves particular attention, because it must have
the information content suitable for describing (i) the effect of the social isolation measures and,
at the same time, (ii) the population response due to pandemic fatigue. We opt to introduce the
transmission rate as a composite function as follows

β
(
D′(t), t

)
=

η(t)

exp
(

κ(t)µ(t)Q(t)
) . (11.1)

The virus contagiousness is expressed by the fixed piecewise factor η ≥ 0. A public health
intervention that includes a measure such as “stay-at-home” or lockdown directly affects the
1 A possible generalization of the model can be easily constructed.
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decay of the value of this factor. It is also hypothesized that the state of fatigue in respecting the
measures during the pandemic period is reflected in reducing the state of alert and consequently
the suggested good preventive practices. This negative effect is inversely directed with respect to
the feeling of vulnerability. It is reasonable to assume that the perception of danger is induced
by deaths in the unit of time. This assumption leads to the definition of the denominator of
the (11.1), where κ ≥ 0 is a piecewise constant and a fixed parameter denoting the population
sensitivity to the occurrence of deaths. The use of the exponential function with respect to the
increase in deaths is a reasonable model choice compared to the severe reaction that this data
reflects on people’s behavior2.

Based on the above considerations, we obtain the mathematical model consisting of the
following system of nonlinear ODEs,

S′(t) =− η

exp
(

κ µ Q(t)
) I(t)S(t),

I′(t) =
η

exp
(

κ µ Q(t)
) I(t)S(t)− γ I(t),

Q′(t) = γ I(t)− (α +µ)Q(t),

R′(t) = α Q(t),

D′(t) = µ Q(t),

(11.2)

where, t ≥ t0. The system is supplemented by the initial conditions

S(t0) = S0 > 0, I(t0) = I0 ≥ 0, Q(t0) = Q0 ≥ 0, (11.3)

R(t0) = R0 ≥ 0, D(t0) = D0 ≥ 0.

We remark that it is easy to prove that entire population is constant, being that S′(t)+

I′(t)+Q′(t)+R′(t)+D′(t) = 0, and therefore iqual to S0+ I0+Q0+R0+D0 = N. Furthermore,
we recall the simple notion that the values S(t), R(t), and D(t) report the total number of
individuals in the class at t. In the case of asymptomatic and symptomatic (quarantined) infected,
the cumulative values at time t are

CI(t) =−
∫ t

t0
S(t)dt, CQ(t) = γ

∫ t

t0
I(t)dt. (11.4)

In Table 12 we summarize the parameters of the mathematical model and their descrip-
tions.

In order to prove the well-posedness of the formulation, we proceed to simplify the
model (11.2). We can rewrite the system considering the new normalized variables s(t) =
2 Although adaptive behavior is well documented in real life, in general mathematical epidemiology,

individuals rarely endogenously adapt their contact behavior during epidemics, as this occurs in social
distancing based on fear. To explore the effect of including such fear behavior in models of epidemic
dynamics, we suggest to see (EPSTEIN et al., 2008)
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Table 12 – Parameters of the mathematical model.

Symbol Description State
t0 Beginning time of pandemic evolution fixed
S0 Number of susceptible individuals at t0 fixed
I0 Number of asymptomatic infected people at t0 fixed
Q0 Number of symptomatic infected and quarantined people at t0 fixed
R0 Number of recovered individuals at t0 fixed
D0 Number of dead individuals at t0 fixed
η Transmission rate piecewise non-negative
κ Population sensitivity of alert state piecewise non-negative
γ Average virus incubation period piecewise non-negative
α Average rate/probability of healing piecewise non-negative
µ Average rate/probability of death piecewise non-negative

S(t)/N, i(t) = I(t)/N, q(t) = Q(t)/N, r(t) = R(t)/N, and d(t) = D(t)/N. With a little abuse
of notation, we redefine η = η N and κ = κ N. Now, under the new normalized formulation,
s(t)+ i(t)+ q(t)+ r(t)+ d(t) = 1, ∀t ≥ t0; therefore we can remove the first equation of the
system (11.2) and obtain the following new system of 4 ODEs,

i′(t) =
η

exp(κ µ q(t))
(1− i(t)−q(t)− r(t)−d(t)) i(t)− γ i(t),

q′(t) = γ i(t)− (α +µ)q(t),

r′(t) = α q(t),

d′(t) = µ q(t),

(11.5)

with the corresponding initial conditions

i(t0) = i0 ≥ 0, q(t0) = q0 ≥ 0, r(t0) = r0 ≥ 0, d(t0) = d0 ≥ 0. (11.6)

Expressed in a compact form, the feasible domain of the system (11.5) is

Γ = {(i,q,r,d) ∈ R4
+ : i+q+ r+d ≤ 1}. (11.7)

An initial-value problem for a ODEs system is mathematically well-posed when a
solution exists, the solution is unique, and it depends continuously on the data. We aim to prove
that Γ is positively invariant to show the well-posedness of the model (YORKE, 1967).

Theorem 11.1. The problem for the ODEs system (11.2) with initial conditions (11.3) is
well-posed.

Proof. Let us denote x(t) = (i(t),q(t),r(t),d(t))T . The system (11.2) is equivalent to the
system (11.5), which can be seen as

dx(t)
dt

= f (x(t)), t ≥ t0,

where
f (x(t)) =

[
η

exp(κ µ q(t))(1− i(t)−q(t)− r(t)−d(t)) i(t)− γ i(t),

γ i(t)− (α +µ)q(t), α q(t), µ q(t)
]T

.
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To prove that Γ is positively invariant, we observe that Γ is a compact set. We need to prove
that if x(0) ∈ Γ, then x(t) ∈ Γ,∀t ≥ 0. Let us consider the boundary δΓ that consists of 5 plane
segments, as follows

P1 = {(i,q,r,0) : (i,q,r) ∈ R3
+, i+q+ r ≤ 1},

P2 = {(i,q,0,d) : (i,q,d) ∈ R3
+, i+q+d ≤ 1},

P3 = {(i,0,r,d) : (i,r,d) ∈ R3
+, i+ r+d ≤ 1},

P4 = {(0,q,r,d) : (q,r,d) ∈ R3
+,q+ r+d ≤ 1},

P5 = {(i,q,r,d) ∈ R4
+ : i+q+ r+d = 1}.

In addition, let us consider the corresponding outer normal vector to these plane segments, i.e.,
v1 = (0,0,0,−1), v2 = (0,0,−1,0), v3 = (0,−1,0,0), v4 = (−1,0,0,0), and v5 = (1,1,1,1).
We can prove that the scalar products of f (x) and the normal vectors (v1,v2,v3,v4,v5) of the
boundary planes are less or equal to zero in order to conclude that x(0) ∈ Γ, then x(t) ∈ Γ∀t ≥ 0.
These are easily verifiable, as reported below,

〈 f (x(t))|x∈P1 ,v1〉=−µ q(t)≤ 0,

〈 f (x(t))|x∈P2 ,v2〉=−α q(t)≤ 0,

〈 f (x(t))|x∈P3 ,v3〉=−γ i(t)≤ 0,

〈 f (x(t))|x∈P4 ,v4〉= 0,

〈 f (x(t))|x∈P5 ,v5〉= 0

Q.E.D.

11.2 The case of Italy: numerical results

During 2020, one of the most severely affected countries by the pandemic was Italy and
can be considered as a case study for the reaction of public health authorities through containment
measures and with respect to the psychological/behavioral response of the general population.
On January 31, 2020, the Italian Council of Ministers declares a state of emergency as a result
of the health risks associated with the spread of the epidemic. On 31 December 2020, Italy
counts 2.107.166 positive cases since the emergency beginning and 74.159 victims. The data
of surveillance for COVID-19 are managed and communicated by the Italian Civil Protection
Department and they are publicly available. They are collected in a dataset published in the
GitHub repository (CIVILE, 2020) and presented in (MORETTINI et al., 2020). We refer to
these data to test our model in the Italian scenario during 2020.
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The Italian government has established various interventions and it is possible to consult
their detailed list3. However, for modeling purposes, we resume the anti-contagion policy with
the following main events:

• 9 March 2020: National lockdown. “Stay-at-home” requirements enacted and commercial
businesses halted throughout the national territory;

• 23 March 2020: Tightening of lockdown rules. Closure of production, industries and
commercial services considered non-essential. Reduction of the possibility of transport,
even of a private nature;

• 3 June 2020: Reopening of the Country. Activities and mobility are allowed;

• 6 November 2020: Restrictive lockdown measures, on a national scale, for the second
wave of contagion.

From the point of view of the model and system dynamics, these interventions are
reflected in the value of the transmission rate η . The graph in Figure 82 visually represents how
these events can be taken into account in the η setting. For example, the two evident jumps to
the downside correspond to the first national lockdowns on 9 and 23 March 2020, respectively.
The restrictions imposed on work activities, on mobility and the order to stay at home directly
decrease the possibility that an infected person meets with a susceptible individual. Referring
to what is reported in the graph, this means that with the intervention of 9 March 2020, the
probability of contagion was reduced by half and on on 23 March 2020 further to a quarter. The
order of magnitude of the η value takes into account the susceptible people basin, a priori equal
to the entire number of the Italian population 4.

The setting of other parameters to simulate the COVID-19 spreading dynamics into the
Italian scenario using our model, can be imported by the collected statistics. We consider 24
February 2020 as the starting day because it is the first day with the data recording. The initial
conditions (11.3) can be set, obtaining5: S0 = 6.0×108, I0 = 3.5×104, Q0 = 221, R0 = 30, and
D0 = 7. We establish the unit of time in 1 day, and therefore we can fix γ = 0.07, meaning that
the virus can have an incubation period up to over 2 weeks6.
3 An overview of Italian government initiatives to prevent and restrain the COVID-2019 pandemic is

available here (DEPUTIES, 2021).
4 The choice to consider this setup is a simplification; a more articulated use of the parameter can be

used, without compromising the considerations and objectives of this work.
5 In the case of Italy and of the study of populations with a number of inhabitants of several orders

of magnitude higher than the other variables, a possibility consists in considering the number of
susceptible people constant, resulting in a further simplification of the model.

6 The setting of γ is opinionable; the incubation period is not so clear (LAUER et al., 2020; LEUNG,
2020). We remark that the parameters values are hypothetical and the result of averages and simplifying
choices. For example, it seems that a COVID-19 infected person is not homogeneously contagious
during the infectious period and yet begins to be able to transmit the virus after a few days. This effect
in the model it taken into account by operating a slight shifting of the η values of a few days.
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Figure 82 – Transmission rate η with the main Italian Government COVID-19 measures.

The trend of the pandemic during 2020 in Italy can be macroscopically divided into 2
phases, the first and the second wave, to indicate a significant increase in cases in two distinct
moments. The first wave took place between the months of February and May. Let us primarily
focus on this first phase, proceed to numerically solve the system (11.2), and denote these
simulation as “Interventions-based Transmission Test”. Three parameters are still to be fixed;
we benefit from the fitting of the statistical data to establish that κ = 0.22 and the proportions
between the sick people number and the recovered or dead people number fix that α = 0.015 and
µ = 0.006 until the intervention of the tightened lockdown of 23 March 2020 and subsequently
α = a = 0.023 and µ = 0.003. The fact that it α has increased and µ has decreased reflects a
better efficiency gained in healthfully managing the disease. In Figure 83, we display the graphs
(using the continuous line) of the infected people, of the recovered and dead people, obtained by
the numerical solution of our model. Comparing these solutions with the reported statistical data
(using circles), we appreciate a similar behavior during this first left phase, which concerns the
first wave of infections 7.

Let us now turn our attention to the second wave phase. By maintaining the same
parameters setup, the results of our model deviate significantly from the statistical data. We
observe that this evidence occurs despite taking into account the various preventive measures,
and therefore the different η values, throughout the year. The parameters have also been updated
with respect to the increased efficiency of medical assistance, imposing a further reduction of the
µ = 0.0015 and µ = 0.0005 after July and November, respectively. Nonetheless, the deviation

7 We note a certain excess approximation of the variables results of the model with respect to the
collected data. The possibility of the existence of non-reporting cases, especially in the first instances
of the pandemic, is to be kept in mind for a correct assessment (HORTAÇSU; LIU; SCHWIEG, 2021;
ZHAO et al., 2020).
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Figure 83 – Numerical solutions of the simulation of COVID-19 spread in Italy during 2020, performed
by our model according the “Interventions-based Transmission Test”. The statistical data are
also reported.

of the model results and the real data turns out to be satisfactory. The hypothesis proposed is that
this significant difference is due to a different social response with respect to showy behavior
and compliance with the rules of precaution imposed.

Let us therefore perform a second test; we call it “Pandemic Fatigue Impact Test”. As
argued above, there is evidence that prolonged exposure to a pandemic and to rules that affect
daily life exerts a strain on the individual that can lead to a more or less gradual loss of diligence
in complying with anti-contagion measures. We remark that, by construction, the model already
takes into account the individual reaction with respect to the danger perception induced by an
increase in deaths. According to (11.1), people spontaneously adapt their precautionary behavior
based on the virus’s heightened fatality. Nevertheless, to mimic the effect of pandemic fatigue,
we have to introduce a change in people sensitivity. For how the model is developed, this feature
can be easy implemented by varying the value of κ . In Figure 84, we display the numerical
results of the simulation, where we simply adapt the people sensitivity setting κ = 0.0007 after
after mid-July 2020 and κ = 0.00018 after mid-September 2020.

The graphs in Figure show that, although the results obtained with our model are not
exactly identical to the data, they are nevertheless close enough to accept that the dynamics
described by the system reflect what may occur during COVID-19 outbreak in real life. If the
theory presented in this study is consistent, this means that the model could be use to hypothesize
with a certain degree of confidence not only a possible justification for the size of the second
wave but to provide an estimate of the impact of pandemic fatigue in terms of deaths. Concerning
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Figure 84 – Numerical solutions of the simulation of COVID-19 spread in Italy during 2020, performed
by our model according the “Pandemic Fatigue Impact Test”. The statistical data are also
reported.

Italy, according to our results the insensitivity to the state of emergency may have cost 27,000
lives at the end of 2020.

This model, albeit with simplifications and inevitable limitations, can be used not only
for a posteriori analysis of Covid-19 or epidemic scenarios, but also preventively to make
containment and precautionary decisions, giving a tool to measure possible future impacts due to
pandemic fatigue.

11.3 Achievements and future opportunities

Nowadays, strategies to face COVID-19 pandemic must be identified. The fight against
this novel virus has called for countless people from various fields of knowledge to propose
studies and evidences. In this paper, we have presented a ODEs mathematical model to project
the pandemic forward, with public health interventions and including individual behavioural
responses due to pandemic fatigue.

Our model is relatively simple, however it has the merit to consider essential elements.
It can easily simulate the dynamics resulting from the application of measures affecting the
rate of transmission. Simple tests can highlight unexpected results, showing a high sensitivity
to governmental actions, and forecast eventualities to escape. Such predictions emphasize the
importance of interventions in controlling COVID-19 outbreak. The key feature of our model is
to allow to incorporate a possible lowering of guard and negligence in observing precautionary
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practices for the emotional pressure of the emergency perpetration and the social discomforts
resulting from a different and in some cases hostile daily life. According to the model, in Italy, a
decreased sensitivity of the population to a state of alarm could have caused 27,000 more deaths
by the end of 2020.

Our study involves the (i) formulation and well-posedness prove of the mathematical
model, (ii) a consistency test with publicly accessible data sources, and (iii) the availability of the
numerical code. Our Matlab implementation is freely downloadable and utilizable from GitHub
repository (MEACCI, 2020).

The model aims to be descriptive and predictive; “since all models are wrong” it should be
considered as a baseline model for further improvement (BOX, 1976). A challenging opportunity
consists in introducing the spatial dependence of variables and parameters. This development
can lead to a considerable complication of the model, by adopting the theory of differential
equations. Other modeling choices, such as agent-based model or cellular automata, could turn
out to be a viable and simultaneously relevant options (FUENTES; KUPERMAN, 1999; WHITE;
REY; SÁNCHEZ, 2007). Some study objectives may be represented by the identification of an
optimal preventive strategy under territorial basis, the study of the behavioral mutual influences
of different types of populations, and the effects on the restriction of internal and international
mobility.

Our study underlines the importance to develop not only direct restrictive strategies.
Such measures are vital and are strictly necessary. Nonetheless, positive impacting results can be
achieved by working to promote indirect strategies, oriented to alleviate the fatigue sense of the
population. For example, promoting the idea that physical distancing does not imply emotional
detachment with others is useful. Social connections can potentially buffer against negative
physical and mental health outcomes (NITSCHKE et al., 2020). Also advertising opportunities
for reduced academic and work stress, increased time with family, or other advantages of the
new situation can encourage positive attitudes (SERLACHIUS; BADAWY; THABREW, 2020;
ORGANIZATION et al., 2020c). A more acute containment strategy coupled with an effort
in improving the social responsibility and resilience can mitigate terrible consequences of
COVID-19 pandemic.
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12
CONCLUSIONS

In the presentation of the thesis, we preferred the presentation in editorial form of the
results obtained over a dissertative illustration. This document consists of seven published
articles and four papers in the submission or revision phase. For this reason each chapter can be
considered an autonomous reading: although each of them is part of a research stream, it can be
independently considered and understood.

These results are part of a project of the National Institute of Science and Technology
in Medicine Assisted by Scientific Computing (INCT – MACC), within the Brazilian Program
of National Institutes of Science and Technology, to consolidate its associated network as an
international player among the few leading organizations in computational modeling in medicine
and its applications in health-care.

12.1 Main contribution

The main contribution of this thesis is represented by the presentation of a new two-
component model for the red blood cell membrane. The merit of this new formulation is to
mimic the two main component of the red blood cell membrane, i.e., the cytoskeleton and
the lipid bilayer, as the most sophisticated current particle-based models of Li et al. (2014),
Tang et al. (2017), and Fu et al. (2017), but with a continuum approach for the lipid bilayer
component. Continuous models provide consistent approximations of large scale molecular
systems with less adjustable parameters than particle-based approaches, and allow to benefit
from the basin of numerical methods for continuum mechanics. Specifically, we adopt the viscous
liquid-shell model with Canham-Helfrich bending energy described by Arroyo, DeSimone and
Heltai (2010) with the discretization proposed by Rodrigues et al. (2015a). We thus arrive at a
hybrid model, with a discrete network for the cytoskeleton and a continuous surface fluid for the
lipid bilayer. The two components are coupled by adhesion forces that mimic the attachment
of the cytoskeleton nodes to the bilayer integral proteins. A fully-discrete numerical scheme is
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proposed and tested.

The delivery of the two-component model allowed to virtually explore and get physical
measurements of particular inter-cellular behaviors, such as bilayer’s reaction to exogenous
bodies, or the cytoskeleton impact on the local bilayer curvature and into the resulting bending
energy, the average surface tension and internal fluid pressure. In particular, we visualized and
studied extreme events like the detachment of the cytoskeleton from the lipid bilayer and the
opposite case of a folding phenomenon of the spectrins due to an overtension condition, leading
to a complex evolution of the bilayer energy and a perturbation of its biconcave shape.

The novelty was accompanied by studies dedicated ad hoc to illustrate the innovations
introduced and to evaluate their effects separately. At the same time, this decision was intended
to cover a further exigency. In order to enable a deeper scientific understanding of red blood cell
disease developments and their preventions, there is a need to continue to develop and implement
the latest and most advanced single-cell mathematical/computational models to complement
experimental findings. In this context, one challenge is to bridge the gap making the mathematical
approach accessible to a wider interdisciplinary readership and allow its implementation.

We have provided a detailed explanation of the cytoskeletal component-based model
and given some insights on its mechanical behaviour. In summary, some main points addressed
are: (a) red blood cell (RBC) cytoskeleton is a complex structure with non-trivial dynamics,
(b) adoption of worm-like-chain forces and principle of virtual work for RBC cytoskeleton
modeling, (c) delivering of a cytoskeletal component-based mathematical model, (d) focus on
single spectrin equilibrium, (e) cytoskeletal symmetry defects impact on mechanical system
response, (f) coarse graining system techniques, (g) virtual sole cytoskeleton optical tweezers
experiment, and (f) commented ready-to-use code.

At the same time, a particular effort has been made to introduce a method to simulate the
adhesion between the membrane components through the trans-membrane proteins. Adopting
the recent progress on the computational modeling of adhesive contact, the introduction of the
effects of cytoskeleton-bilayer interaction has represented an original contribution to the entire
red blood cell model. The publication of this method may open to further improvements in the
simulation of this significant effect and its understanding

One special work was dedicated to a membrane application with the presentation of
the first detailed mathematical modelling of the oleosome, a biologically and technologically
relevant plant organelle. This pioneeristic approach we proposed in the study can be valuable in
promoting interdisciplinary research between food, biological and mathematical sciences.

Thanks to these previous advances in building and refining models concerning various
aspects of the red blood cell membrane, we were able to present our most generalized and
sophisticated mathematical/computational formulation. Such model is multi-component; it takes
into account the lipid bilayer behavior, the cytoskeleton dynamics, the interaction activity
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between them, and the internal cytoplasm flow. This method is among the most advanced in
terms of simulating the mechanical behavior of a single red blood cell, both for the consideration
of the four components and for the advantages of a continuous modeling of the cytosplam
and the lipid bilayer. In summary, from the computational point of view, it concerns a discrete
stabilized formulation for the bilayer with surface triangular P1-linear finite elements and surface
area/volume controllers, a discrete network representation for the cytoskeleton, both interacting
through appropriate adhesion forces, and a P1 tetrahedral finite element discretization of the bulk
fluids, resolving a Stokes problem under Newtonian behavior.

This main achievement allows us to believe in the opening of numerous interdisciplinary
studies with this new mathematical tool. In Section 12.3 we present a brief overview of some of
them, providing specific research opportunities.

12.2 Other contributions

Our research work contributed also towards other directions; we aim to highlight the
followings achievements.

Concerning the microfluidic control, a growing interest exists in in the steering of particles
in microfluidic systems, especially in the biological and medical fields. In our work reported
on Chapter 7, an interconnection of various mathematical problems, such as Stokes equations,
Poisson equation for electrical potential, linear optimization, control problem, Bellman’s principle
and Hamilton-Jacobi equation was shown. Our method automatically identifies a safe time-
optimal trajectory. The simulations made by the numerical resolution of the model have allowed
to point out some important remarks and to show how counter-intuitive the optimal trajectories
can be in this kind of problem, therefore proving the utility of using a mathematical and
computational approach for designing performing trajectories.

With respect to models for disease progression we addressed two illness forms: tumor
and Alzheimer’s disease.

The heterogeneity of tumour cells is now widely accepted and cancer stem cells (CSCs)
have been identified in many cancers, as well as in sarcomas and leukemia. The CSCs relevance
in the progression of these and other tumours appears to be evident and the investigation of their
role has been the object of many experimental papers as well as of more theoretically-oriented
articles. One of the features of tumours with CSC is the so-called tumour-growth-paradox that
consists in the fact that a tumour with a larger death rate for ordinary (non-stem) cancer cells
might grow faster than a tumour with a lower death rate for the same class of cells. Of course,
since the death rate is influenced by medical treatment, understanding the reasons of this paradox
can be relevant in the control of tumours. We presented, discussed and compared various models
involving different mathematical ingredients and different approaches: agent-based models with
the use of cellular automata, ordinary differential equations mean field approaches, integro-
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differential equations models, and reaction-diffusion models. We wrote these works with the aim
of being accessible to a wide readership, maintaining an interdisciplinary character for bringing
experts and researchers from different but complementary sectors in the comprehension of the
phenomenon but at the same time with the necessary formalism of mathematics. Numerical
simulations are displayed for each class of models, in order to not only contribute to elucidate
fundamental principles of the elements that occur in this important issue and to develop a
consistent mathematical model but also to make certain predictions experimentally verifiable
as well to exhibit the tumour-growth paradox. We dedicated special attention to the impact of
crowing and ageing of cell, obtaining conclusions about some main points: (a) crowding of
cells during the growth of tumours with stem cells induces an accelerated growth in presence of
cytotoxic treatment (tumour paradox); (b) cellular automata provide an useful tool to describe the
process including senescence of cells and to evidentiate the paradoxical behaviour; (c) because of
crowding, compartmental models describing the evolution of different lineages of differentiated
cells result in systems of ODE’s that are not hierarchical; and (d) to take age-structure of cells
into account in a continuous model, a non-standard boundary value problem for a first order PDE
is consistent.

From the Alzheimer perspective, the existence of soluble toxic oligomers of beta-amyloid
seems to be the cause of the degradation of neurons. Our strategy was to mimic the two main
phenomena involved in the following manner. First, we modeled the evolution from monomeric
amyloid produced by neurons to senile plaques by a system of ordinary differential equations,
in accordance with the Smoluchowski equation. Then, we considered the brain tissue divided
into small representative regions. The latter process concerns the disease progression taking
into account the interaction among adjacent regions. These two problems are interdependent,
because the monomers production depends on the average degradation of the neurons and in turn,
the degradation is caused by the number of toxic oligomers (generated by the monomers). The
results obtained regarding the time of the Alzheimer’s evolution are in line with the statistical
data, indicating a physical consistency of the model joint with a mathematical well-posedness
which in the work has been reported in detail.

Finally, an epidemiological contribution was presented for the the COVID-19 outbreak.
The psychological effects and the lack of resilience to coexistence with the pandemic were found
to be relevant for the evolution and spread of coronavirus itself. Our proposed model has the
merit of considering this component of social reaction through a model with ordinary partial
differential equations. The model is proved mathematically well-posed and has been tested in
the text to offer a possible explanation of the acceleration of cases in the pandemic second wave
in Italy during 2020. Our study highlights how vital is to apply restrictive strategies, but at the
same time to promote complementary strategies, oriented to treat the pandemic fatigue of the
population.



12.3. Ongoing and future works 195

12.3 Ongoing and future works
The future goals are directed to a necessary and constant effort to improve the models and

cover the use of them. This goal underlines the need to increase collaborations and to concretize
the conjunction of mathematical achievements with experimental results in laboratories and in
the medical field. We believe this aspect is vital to the quality of this kind of science production
and to the usability of the findings by the scientific community. Some of the future opportunities
are listed in the last sections of each Chapter, according to the specific topic.

However, concerning the RBC membrane model, we believe that the following two
points, on which we have already begun to work, deserve some mention.

In the first place, we are in the process of using the model to refine virtual experiments,
for which there is a physical equivalent that can be conducted in the laboratory. Thanks to new
technologies, it is increasingly possible to obtain measurements and data even at the microscopic
level. The strategy of working in parallel with experiments in the laboratory can accelerate the
results and the reliability of the deductions. Several of these types of techniques and experiments
are shown in Figure 85. The Figure 86 shows our first attempt to apply our model to simulate the
micropipette aspiration experiment (HERANT; MARGANSKI; DEMBO, 2003).

Figure 85 – Major techniques for cell mechanics study. (a) Atomic force spectroscopy; (b) magnetic
twisting cytometry; (c) cytoindentation; (d) microplate stretcher; (e) micropipette aspiration;
(f) laser/optical tweezers; (g) optical stretcher; (h) shear flow; (i) microfluidic assay; (j)
microfabricated post array; (k) particle tracking microrheology; (l) magnetic nanoparticle-
based stimuli. The imgae is taken from Unal et al. (2014)

.

Another challenging perspective is represented by introducing stochastic fluctuations in
our model. In particular, the treatment of fluctuations can be adopted by stochastic integration
with implicit treatment of the stiffer deterministic terms. Methods of increasing temporal accuracy
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Figure 86 – Virtual aspiration of a RBC by two micropipettes at different times showing the cell deforma-
tion and the underlying triangular mesh used for discretization of the lipidic membrane.

with less restrictive time steps can be studied by decomposition of operators (HOWARD;
MILNER, 2011; MILSTEIN; TRETYAKOV, 2013). A first approach to induce the stomatocyte
transition using stochastic force in shown in Figure 87, where we can observe the tendency of
the biconcave membrane to tend towards diseased morphology, with respect to the increase in
thermal fluctuations imposed.

Figure 87 – Attempt to induce the typical morphology of the RBC membrane under stomatocyte appear-
ance, increasing the thermal fluctuations approach stomacyte transition simulations, including
stochastic fluctuations in the model.
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APPENDIX

A
CODE FOR MODELING A RED BLOOD CELL

CYTOSKELETON

In this section, we present the computational implementation of the mathematical model
described in Chapter 3. In particular, we numerically solve the system (3.6) with the Newton-
Raphson method (3.6), arising from the principle of virtual work and adopting a friction model
for the dissipation energy, as previously described. To promote the execution of the code and
mathematical model, we provide a code in Octave, a free software and language. This code can
be useful in any case to identify a possible way of numerically solving the model and with some
simple modifications it can be adapted to other commonly used coding languages such as Matlab
or C.

Below, we report the main routine of the program, which we can name with Cyto_main.m.
The routine recalls some functions that we will propose and explain below. The main steps of
Cyto_main.m are commented with reference to the lines of code following the same routine.

1: g l o b a l kp = 5 ; % S p r i n g POW c o n s t a n t
2: g l o b a l p = 0 . 0 3 7 5 ; % P e r s i s t e n c e l e n g t h
3: b e t a v = 1 ; % F r i c t i o n param .
4:
5: %%% PRE−PROCESSING
6:
7: % Read mesh d a t a
8: coo r = l o a d ( ’ c o o r d i n a t e s . t x t ’ ) ; coo r =coor ’ ;
9: edges = l o a d ( ’ edges . t x t ’ ) ; edges =edges ’ ;

10:
11: % E x t r a c t edge −node c o n n e c t i v i t y
12: mesh = s t r u c t ( ’ p ’ , coor , ’ e ’ , edges , ’ x0 ’ , 0 ) ;
13:
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14: nnodes = s i z e ( mesh . p , 2 ) ;
15: nedges = s i z e ( mesh . e , 2 ) ;
16:
17: Nv = nnodes ;
18: tNv = 3*Nv ;
19:
20: % I n i t i a l c y t o s k e l e t o n s p r i n g l e n g t h s
21: mesh . x0 = ComputeEdgeLengths ( mesh ) ;
22:
23: % I n i t i a l c y t o s k e l e n t o n e n e r gy
24: e ne r gy = ComputeUs ( mesh ) ;
25:
26: % I n i t i a l Cyto − f o r c e ( − d e r i v a t i v e o f e n e r gy )
27: f o r c e = ComputeAnalFs ( mesh ) ;
28:
29: % Non− l i n e a r sys tem
30:
31: i d e n = speye ( tNv ) ; % S p a r s e i d e n t i t y m a t r i x
32:
33: d t = 1e −2; % Time s t e p
34: t i n i = 0 . 0 ; % I n i t i a l t ime
35: t e n d = 0 . 1 ; % F i n a l t ime
36: f r e q o u t = 1 ;
37:
38: TOLr = 1e −7; % Newton −Raphson t o l e r a n c e
39: MAXIT = 1 0 ; % Newton −Raphson max i t e r a t i o n s
40:
41: Fex t = z e r o s ( tNv , 1 ) ; % E x t e r n a l f o r c i n g ( S e t by u s e r )
42:
43: X = mesh . p ( : ) ;
44: Zn = [X ; z e r o s ( tNv , 1 ) ] ;
45: Z = Zn ;
46: t t = t i n i ;
47:
48: f i d = fopen ( " e v o l . t x t " , "w" ) ;
49: f p r i n t f ( f i d , "%1.10 f %1.10 f \ n " , t t , e n e r gy ) ; f f l u s h ( f i d ) ;
50:
51: f p r i n t f ( s t d o u t , " \ n | INITIALIZATION COMPLETE\ n " ) ;
52:
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53: f p r i n t f ( s t d o u t , " \ n | BEGIN LOOP OVER TIME STEPS \ n " ) ; f f l u s h (
s t d o u t ) ;

54: n = 1 ;
55: c o u n t f = 1 ;
56:
57: % I n i t i a l i z a t i o n pos t − p r o c e s s i n g
58: Z_pos=Z ;
59: t _ p o s = t t ;
60:
61: %%% CORE−PROCESSING
62:
63: w h i l e ( t t < t e n d ) % Loop ove r t ime s t e p s
64:
65: f p r i n t f ( s t d o u t , " \ n | > Time : %g , d t=%g \ n " , t t , d t ) ; f f l u s h (

s t d o u t ) ;
66:
67: i t e r = 1 ; normRES = 10*TOLr ;
68: w h i l e ( normRES > TOLr && i t e r <= MAXIT) % Newton −Raphson loop
69:
70: f l a g J = 1 ;
71:
72: [ Rv Rf j a c R f fWLC fPOW] = ComputeSystemMembers ( mesh , Zn , Z ,

Fext , be tav , dt , f l a g J ) ;
73:
74: JAC = [
75: i d e n − d t * i d e n ; . . .
76: s p a r s e ( j a c R f ) − d i a g ( b e t a v ) * i d e n . . .
77: ] ;
78:
79: RES = [
80: Rv ; . . .
81: Rf
82: ] ;
83:
84: dZ = JAC \ RES ;
85:
86: Z = Z − dZ ;
87: mesh . p = r e s h a p e ( Z ( 1 : tNv ) , 3 , Nv ) ;
88:
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89: normRES = norm (RES) ;
90: f p r i n t f ( s t d o u t , " : : : > N−R i t e r %d | normRES= %e \ n " ,

i t e r , normRES ) ;
91: f f l u s h ( s t d o u t ) ;
92:
93: i t e r = i t e r + 1 ;
94:
95: end % End Newton −Raphson loop
96:
97: Zn = Z ;
98:
99: t t = t t + d t ;

100: n = n + 1 ;
101:
102: v i d e o =1;
103: % P l o t t i n g 3D
104: i f v i d e o == 1
105: t e r =3*Nv ;
106: xpp=Z ( 1 : 3 : t e r , 1 ) ;
107: ypp=Z ( 2 : 3 : t e r , 1 ) ;
108: zpp=Z ( 3 : 3 : t e r , 1 ) ;
109: p l o t 3 ( xpp , ypp , zpp , ’ o ’ , ’ MarkerSize ’ , 1 0 , ’ MarkerFaceColor ’ , ’ r ’ ) ;
110: a x i s ( [ −2 2 −2 2 −2 2 ] ) ;
111: x l a b e l ( " x " ) ;
112: y l a b e l ( " y " ) ;
113: z l a b e l ( " z " ) ;
114: ho ld on
115: f o r l c =1: nedges
116: xee =[ xpp ( edges ( 1 , l c ) , 1 ) xpp ( edges ( 2 , l c ) , 1 ) ] ;
117: yee =[ ypp ( edges ( 1 , l c ) , 1 ) ypp ( edges ( 2 , l c ) , 1 ) ] ;
118: p l o t ( xee , yee , ’ b ’ )
119: end
120: ho ld o f f
121: f i l e n a m e v = s p r i n t f ( ’ o u t p u t /%05d . png ’ , t t ) ;
122: p r i n t ( f i l e n a m e v ) ;
123: end
124:
125: e ne rg y ( n ) = ComputeUs ( mesh ) ;
126: f p r i n t f ( f i d , "%1.10 f %1.10 f \ n " , t t , e n e r gy ( n ) ) ; f f l u s h ( f i d ) ;
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127:
128: % C o l l e c t i n g d a t a
129: Z_pos =[ Z_pos Z ] ;
130: t _ p o s =[ t _ p o s t t ] ;
131:
132: end % End loop ove r t ime s t e p s
133:
134: f c l o s e ( f i d ) ;
135: f p r i n t f ( s t d o u t , " \ n | NORMAL COMPLETION\ n " ) ;

In the Cyto_main.m routine, we remark that the following lines refer to:

• Lines 1-2. Definition of global variables. These kind of variables can be used also inside
the functions called;

• Line 3. Definition of the parameter βv of friction that will be applied in the Newton-
Raphson method;

• Lines 8-18. Reading and loading of input archives related to the geometry of the prob-
lem and construction of the mesh, describing the system as a structure array. The file
coordinates.txt contains the spatial coordinates of the nodes while the file edges.txt
lists all the connection between the nodes (see the Appendix);

• Lines 21-27. Calculation of the length of the spectrin edges, energy and forces of the initial
configuration of the system through the functions ComputeEdgeLengths.m, ComputeUs.m
and ComputeAnalFs.m respectively, shown below and commented in this section.

• Lines 31-39. Initialization of data for the resolution of the non-linear system deriving from
the Newton-Raphson method;

• Line 41. Setting of any external forces at the nodes. Note that the vectors with dimension
(tNv,1) correspond to consider the spatial coordinates of the nodes listed in one only
column for all the nodes (see line 18);

• Lines 44-45. Initialization of the unknowns Z and Zn at the current and previous time
respectively. They contain the coordinates of the nodes and the respective velocities in a
single column;

• Lines 48-49. Opening of the output file evol.txt reporting the energy of the system for
each simulation time (see the Appendix);

• Lines 51-53. Setting messages to appear on screen communicating the start of the core-
processing loop. Similar messages are sometime clearly reported in the code below;
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• Lines 51-53. Setting messages to appear on screen communicating the start of the core-
processing loop. Similar messages are sometime clearly reported in the code below;

• Line 63. Initialization of the core-processing while loop over time steps;

• Line 68. Initialization of the Newton-Raphson while loop;

• Line 70. Flag to activate the calculation of Jacobian of force residual;

• Line 72. Calculation of the members necessary for resolution with the Newton-Raphson
method through the function ComputeSystemMembers.m, described below in this section;

• Lines 74-77. Assembly of the Jacobian matrix;

• Lines 79-82. Assembly of the the residue vector;

• Lines 84-93. System resolution and data update;

• Line 95. End of NewtonRaphson loop;

• Lines 102-123. 3-dimensional plotting of system nodes and saving of screens in the output
folder;

• Lines 125-126. Calculation of the new energy value with the ComputeUs.m function and
saving the value in the evol.txt file;

• Lines 129-130. Collecting the nodes positions and the times;

• Line 132. End of the loop over time steps;

• Line 134. Closure of the output file evol.txt.

We report below the functions used in the previous routine. The function ComputeEdgeLengths.m
calculates the lengths of all the edges of the system. The function has as input the mesh structure
vector mesh and calculates the Euclidean distance returning to the output the row vector res of
dimension of the edges number.

1: f u n c t i o n r e s = ComputeEdgeLengths ( mesh )
2:
3: r e s = s q r t ( ( mesh . p ( 1 , mesh . e ( 1 , : ) ) − mesh . p ( 1 , mesh . e ( 2 , : ) ) ) . ^ 2

+ . . .
4: ( mesh . p ( 2 , mesh . e ( 1 , : ) ) − mesh . p ( 2 , mesh . e ( 2 , : ) ) ) . ^ 2 + . . .
5: ( mesh . p ( 3 , mesh . e ( 1 , : ) ) − mesh . p ( 3 , mesh . e ( 2 , : ) ) ) . ^ 2 ) ;
6: end

The following ComputeUs.m function evaluates the energy of the system according to
the equation ?? and considering as input the mesh.
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1: f u n c t i o n e ne r gy = ComputeUs ( mesh )
2:
3: g l o b a l kp
4: g l o b a l p
5:
6: lm = 2 . 2 * mesh . x0 ; % Maximum e x t e n s i o n of each edge
7: kBT_lm = lm ;
8:
9: nedges = s i z e ( mesh . e , 2 ) ;

10:
11: l c u r = ComputeEdgeLengths ( mesh ) ;
12:
13: xx = l c u r . / lm ;
14:
15: e ne rg y = sum ( kBT_lm . * ( 3 * xx . ^ 2 − 2* xx . ^ 3 ) . / (4* p *(1 − xx ) ) + kp

. / l c u r ) ;
16:
17: end

In particular, we observe that the following command lines of the ComputeUs.m function
are attributed to:

• Lines 3-4. Calling of global variables;

• Line 6-7. Calculation of the maximum extension `m of the spectrines and of the product of
the parameters kB T `m (being in this case the temperature T and the parameter kB chosen
arbitrarily equal to 1);

• Line 9. Counting the number of edges;

• Line 11. Calculation of the current length of the edges through the function ComputeEdgeLengths.m;

• Line 13. Calculation of the the dimensionless ratio between the current and the maximum
lengths of the edges;

• Line 15. Calculation of the global energy of the system according to the equation (??).

The ComputeAnalFs.m function computes the WLC-POW forces (for each node), con-
sidering as input the mesh and calculating the analytical derivative of energy. In particular, such
derivative is calculated passing trough the derivative of the energy respect to the edges (being the
energy defined over the relative extensions of spectrins). For more details over the function, we
list some remarks below the code.



236 APPENDIX A. Code for modeling a red blood cell cytoskeleton

1: f u n c t i o n f o r c e = ComputeAnalFs ( mesh )
2:
3: g l o b a l kp ; % S p r i n g POW c o n s t a n t
4: g l o b a l p ; % P e r s i s t e n c e l e n g t h
5: lm = 2 . 2 * mesh . x0 ; % Maximum e x t e n s i o n of each edge
6: l c u r = ComputeEdgeLengths ( mesh ) ;
7:
8: tNv = 3* s i z e ( mesh . p , 2 ) ;
9: f o r c e = z e r o s ( tNv , 1 ) ;

10:
11: nedges = s i z e ( mesh . e , 2 ) ;
12: l i s t e d g e s = [ 1 : nedges ] ;
13: xx = l c u r ( l i s t e d g e s ) . / lm ( l i s t e d g e s ) ;
14: kBT_lm = lm ( l i s t e d g e s ) ;
15: f e d = kBT_lm / ( 4 * p ) . * ( 6*( xx − xx . ^ 2 ) .* (1 − xx ) + (3* xx . ^ 2 − 2*

xx . ^ 3 ) ) . / ( 1 − xx ) . ^ 2 − kp . / ( lm ( l i s t e d g e s ) . * xx . ^ 2 ) ;
16:
17: t n = [ 1 : 3 ] ;
18: f o r j =1 : nedges
19: j 1 = mesh . e ( 1 , j ) ; j 2 = mesh . e ( 2 , j ) ;
20: t j 1 = 3*( j1 −1) ; t j 2 = 3*( j2 −1) ;
21: drdx ( 1 : 3 ) = [ ( mesh . p ( : , j 1 ) − mesh . p ( : , j 2 ) ) ] / ( l c u r ( j ) *lm ( j

) ) ;
22:
23: aux = [ f e d ( j ) f e d ( j ) f e d ( j ) f e d ( j ) f e d ( j ) f e d ( j ) ] ;
24: dfdx = aux . * [ drdx , − drdx ] ;
25:
26: i n d s = [ [ t j 1 t j 1 t j 1 ] + tn , [ t j 2 t j 2 t j 2 ] + t n ] ;
27: f o r c e ( i n d s ) = f o r c e ( i n d s ) − dfdx ’ ;
28: end
29: f o r c e = f u l l ( r e s h a p e ( f o r c e , 3 , s i z e ( mesh . p , 2 ) ) ) ;
30:
31: end

To understand the various commands of the ComputeAnalFs.m, we refer the reader to
the notes of the ComputeUs.m function. Nevertheless, we remark that the following lines are
relevant:

• Line 15. Calculation of the derivative of the energy of equation (??) with respect to the
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relative extensions xx of the spectrines;

• Lines 18-28. With the cycle for j=1:nedges, the code evaluates the derivative of the relative
extensions of the edges with respect to the nodes and computes the forces for each node.

The next ComputeSystemMembers.m function has the goal to compute the residuals Rv
and Rf, and the Jacobian matrix jacRf for the resolution of the system of the Newton-Raphson
method. Indeed, the function evaluates the pure WLC and POW forces. The input arguments are
clearly identified as previously described in this section.

1: f u n c t i o n [ Rv Rf j a c R f fWLC fPOW] = ComputeSystemMembers ( mesh ,
Zn , Z , Fext , be tav , d t , f l a g J )

2: g l o b a l kp
3: g l o b a l p
4:
5: t h e t a i n t = 1 . 0 ;
6: Nv = s i z e ( mesh . p , 2 ) ;
7: tNv = 3*Nv ;
8: nedges = s i z e ( mesh . e , 2 ) ;
9:

10: Rv = z e r o s ( tNv , 1 ) ; % V e l o c i t y r e s i d u a l
11: Rf = z e r o s ( tNv , 1 ) ; % Force r e s i d u a l
12:
13: %−−− V e l o c i t y r e s i d u a l
14: Rv = Z ( 1 : tNv ) − Zn ( 1 : tNv ) − Z ( ( tNv +1) : ( 2 * tNv ) ) * d t ;
15:
16: %−−− Force r e s i d u a l
17: meshn = mesh ;
18: meshn . p = r e s h a p e ( Zn ( 1 : tNv ) , 3 , Nv ) ;
19:
20: F i n t n = ComputeAnalFs ( meshn ) ;
21: F i n t p = ComputeAnalFs ( mesh ) ;
22: F i n t = t h e t a i n t * F i n t p +(1 − t h e t a i n t ) * F i n t n ;
23:
24: F r i c = z e r o s ( tNv , 1 ) ;
25: F r i c ( 1 : tNv ) = − b e t a v . * Z ( ( tNv +1) : ( 2 * tNv ) ) ;
26: Rf = F i n t ( : ) + F r i c ( : ) − Fex t ( : ) ;
27:
28: %−−− J a c o b i a n o f f o r c e r e s i d u a l
29: i f ( f l a g J )
30:
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31: j a c R f = z e r o s ( tNv , tNv ) ;
32:
33: lm = 2 . 2 * mesh . x0 ; % Maximum e x t e n s i o n of each edge
34: l c u r = ComputeEdgeLengths ( mesh ) ;
35:
36: l i s t e d g e s = [ 1 : nedges ] ;
37: xx = l c u r ( l i s t e d g e s ) . / lm ( l i s t e d g e s ) ;
38: kBT_lm = lm ( l i s t e d g e s ) ;
39: fWLC = kBT_lm / ( 4 * p ) . * ( 6*( xx − xx . ^ 2 ) .* (1 − xx ) + (3* xx . ^ 2 −

2* xx . ^ 3 ) ) . / ( 1 − xx ) . ^ 2 ; % a t t r a c t i v e wormlike c h a i n f o r c e
40: fPOW = − kp . / ( lm . * xx . ^ 2 ) ; % r e p u l s i v e power f o r c e
41: f e d = fWLC + fPOW ;
42: f ed2 = kBT_lm / ( 4 * p ) . * ( ( 1 2 * xx . ^ 2 − 18* xx +6) .* (1 − xx ) . ^ 2 +

2*(4* xx . ^ 3 − 9* xx . ^ 2 + 6* xx ) .* (1 − xx ) ) . / (1 − xx ) . ^ 4 + 2* kp
. / ( lm . * xx . ^ 3 ) ;

43: l c u r l m = l c u r . * lm ;
44:
45: j 1 = mesh . e ( 1 , : ) ; j 2 = mesh . e ( 2 , : ) ;
46: t j 1 = 3*( j1 −1) ; t j 2 = 3*( j2 −1) ;
47: t n = [ 1 : 3 ] ;
48: i d e n = eye ( 3 ) ;
49: f o r j =1 : nedges
50:
51: drdx ( 1 : 3 ) = [ ( mesh . p ( : , j 1 ( j ) ) − mesh . p ( : , j 2 ( j ) ) ) ] /

l c u r l m ( j ) ;
52: drdx2 = drdx ’* drdx ;
53: Ae2 = [
54: drdx2 , −drdx2 ;
55: −drdx2 , drdx2
56: ] ;
57: aux1 = i d e n / l c u r l m ( j ) ;
58: Ae1 = [
59: aux1 , −aux1 ;
60: −aux1 , aux1
61: ] − lm ( j ) *Ae2 / l c u r ( j ) ;
62:
63:
64: i n d s = [ [ t j 1 ( j ) t j 1 ( j ) t j 1 ( j ) ] + tn , [ t j 2 ( j ) t j 2 ( j ) t j 2 ( j

) ] + t n ] ;
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65: j a c R f ( inds , i n d s ) = j a c R f ( inds , i n d s ) − t h e t a i n t * f e d ( j ) *Ae1
− t h e t a i n t * f ed2 ( j ) *Ae2 ;

66:
67: end
68: end
69: end

In the case of the ComputeSystemMembers.m function, we add the following final
remarks, specifying the instructions:

• Lines 10-11 Initialization of Rv and Rf, the velocity and force residuals, respectively;

• Line 14. Calculation of the velocity residual Rv, using the current state Z and the previous
one Zn of the unknown;

• Lines 17-26. Calculation of the force residual Rf, considering the WLC-POW force Fint,
the friction Fric and the external force Fext. In the case of the evaluation of the WLC-POW
force Fint the code consider the possibility to use a θ -method in order to balance the
contribution the the current Fintp and the previous Fintn state of the force;

• Line 29. With the control if(flagJ), the code decides whether to mount the Jacobian matrix
jacRf;

• Lines 39-40. Calculation of the attractive WLC force fWLC and the repulsive POW force
fPOW;

• Lines 49-67. Within the cycle for j=1:nedges, the code computes the first and second
derivative of the relative extensions of the edges with respect to the nodes in order to
update the components of the Jacobian matrix;

• Line 65. Final assembly of the Jacobian matrix jacRf. We note that the term thetaint
establishes also in this phase the balance of the temporal contribution according to a
θ -method.

For a set of archives to test the code, we addres the reader to GitHub at the URL:
<https://github.com/LucaMeacci/RBC_cytoskeleton_mathmodel>.

https://github.com/LucaMeacci/RBC_cytoskeleton_mathmodel
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APPENDIX

B
EXPLORING A LENNARD-JONES

POTENTIAL APPLICATION FOR MODELING
THE RED BLOOD CELL CYTOMEMBRANE
ADHESION: A WOLFRAM MATHEMATICA

IMPLEMENTATION

To model the interaction between the lipid bilayer and the cytoskeleton of a red blood cell
means important applications in medicine. We hypothesize the possibility to apply the Lennard-
Jones potential in order to provide a mathematical formulation of a soft-body adhesion model
between the above-mentioned components of an erythrocyte. The Mathematica use is effective
to simulate and quickly visualize the interaction energy and force by changing parameters.

This study is aimed to provide a mathematical formulation of the forces that model
the interactions between the cytoskeleton, composed of a discrete set of nodes connected by
WLC-type forces and the bi-lipid membrane modeled as a continuous surface that behaves as a
two-dimensional fluid. According to the approach of Sauer and Li (2007), we can assume that
two atoms (or molecules) located at interact with each other via an interatomic potential φ (r),
where r is the distance between them. We refer the reader to the Chapter 4 for definitions and
calculations.

B.1 A little study with Mathematica

LJ[r_,eps_, r0_]:=eps(r0/r)∧6−2eps∗ (r0/r)∧3LJ[r_,eps_, r0_]:=eps(r0/r)∧6−2eps∗ (r0/r)∧3LJ[r_,eps_, r0_]:=eps(r0/r)∧6−2eps∗ (r0/r)∧3

Plot[LJ[r,0.1,0.15],{r,0.1,0.8}]Plot[LJ[r,0.1,0.15],{r,0.1,0.8}]Plot[LJ[r,0.1,0.15],{r,0.1,0.8}]
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Cytomembrane Adhesion: a Wolfram Mathematica implementation

Manipulate[Plot[LJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,0.1}],{eps,0.1,0.5},{r0,0.15,0.25}]Manipulate[Plot[LJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,0.1}],{eps,0.1,0.5},{r0,0.15,0.25}]Manipulate[Plot[LJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,0.1}],{eps,0.1,0.5},{r0,0.15,0.25}]
(Figure 88)

Figure 88 – Dynamical visualization of Lennard Jones potential graph.

D[LJ[r,eps, r0],r]D[LJ[r,eps, r0],r]D[LJ[r,eps, r0],r]

DLJ[r_,eps_, r0_]:=6epsr03

r4 − 6epsr06

r7DLJ[r_,eps_, r0_]:=6epsr03

r4 − 6epsr06

r7DLJ[r_,eps_, r0_]:=6epsr03

r4 − 6epsr06

r7

Manipulate[Plot[DLJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,5}],{eps,0.1,0.5},{r0,0.15,0.25}]Manipulate[Plot[DLJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,5}],{eps,0.1,0.5},{r0,0.15,0.25}]Manipulate[Plot[DLJ[r,eps, r0],{r,0.1,0.5},PlotRange→{−0.6,5}],{eps,0.1,0.5},{r0,0.15,0.25}]
(Figure 88)

Solve[DLJ[r,eps, r0] == 0,r]Solve[DLJ[r,eps, r0] == 0,r]Solve[DLJ[r,eps, r0] == 0,r]

Out put :
{
{r→ r0},

{
r→−(−1)1/3r0

}
,
{

r→ (−1)2/3r0
}}

LJ[r0,eps, r0]LJ[r0,eps, r0]LJ[r0,eps, r0]

Out put :−eps

To compute the global contact energy we have to perform integrals on Γ (surface of
membrane), taking advantage of our hypothesis that the adhesive surface ϒ of the cytoskeleton
consists of rigid spheres (see Chapter 4). These calculations lead (under these assumptions) to an
explicit expression for the total interaction energy.

betagamma = 10;betagamma = 10;betagamma = 10;
betacyto = 1;betacyto = 1;betacyto = 1;
eps = 1;eps = 1;eps = 1;
R = 0.2;R = 0.2;R = 0.2;
r0 = 0.05;r0 = 0.05;r0 = 0.05;
Wq = 100;Wq = 100;Wq = 100;
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Figure 89 – Dynamical visualization of Lennard Jones potential derivative graph.

Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .

. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));

Manipulate[Econt[d],{d,0.01,0.1}]Manipulate[Econt[d],{d,0.01,0.1}]Manipulate[Econt[d],{d,0.01,0.1}] (Figure 90)

Figure 90 – Dynamical evaluation of the global contact energy.

Manipulate[Manipulate[Manipulate[
GraphicsColumn[{GraphicsColumn[{GraphicsColumn[{
Graphics3D[{ColorData[{“Rainbow”,“Reverse”}][Econt[d]],Sphere[{0,0,1.2+d}, .2],Red,Graphics3D[{ColorData[{“Rainbow”,“Reverse”}][Econt[d]],Sphere[{0,0,1.2+d}, .2],Red,Graphics3D[{ColorData[{“Rainbow”,“Reverse”}][Econt[d]],Sphere[{0,0,1.2+d}, .2],Red,
Polygon[{{10,−10,1},{−10,−10,1},{−10,10,1},{10,10,1}}]},Polygon[{{10,−10,1},{−10,−10,1},{−10,10,1},{10,10,1}}]},Polygon[{{10,−10,1},{−10,−10,1},{−10,10,1},{10,10,1}}]},
ViewPoint→ Left,PlotRange→{{0.4,−0.4},{−0.5,0.5},All}, ImageMargins→ 0, . . .ViewPoint→ Left,PlotRange→{{0.4,−0.4},{−0.5,0.5},All}, ImageMargins→ 0, . . .ViewPoint→ Left,PlotRange→{{0.4,−0.4},{−0.5,0.5},All}, ImageMargins→ 0, . . .
. . . ImagePadding→ None,Boxed→ False],. . . ImagePadding→ None,Boxed→ False],. . . ImagePadding→ None,Boxed→ False],
Show[Plot[Econt[d],{d,dmin,dmax},PlotRange→{{−0.3,1.2}},Show[Plot[Econt[d],{d,dmin,dmax},PlotRange→{{−0.3,1.2}},Show[Plot[Econt[d],{d,dmin,dmax},PlotRange→{{−0.3,1.2}},
ColorFunction→ ColorData[{“Rainbow”,“Reverse”}],ColorFunction→ ColorData[{“Rainbow”,“Reverse”}],ColorFunction→ ColorData[{“Rainbow”,“Reverse”}],
PlotStyle→ Normal, ImageMargins→ 0, ImagePadding→ None,BaseStyle->{FontFamily→ “Arial”, . . .PlotStyle→ Normal, ImageMargins→ 0, ImagePadding→ None,BaseStyle->{FontFamily→ “Arial”, . . .PlotStyle→ Normal, ImageMargins→ 0, ImagePadding→ None,BaseStyle->{FontFamily→ “Arial”, . . .
. . .FontSize→ 10},. . .FontSize→ 10},. . .FontSize→ 10},
Axes→ True],Axes→ True],Axes→ True],
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Cytomembrane Adhesion: a Wolfram Mathematica implementation

Graphics[{Black,Disk[{d,Econt[d]},{.001, .020}]}]Graphics[{Black,Disk[{d,Econt[d]},{.001, .020}]}]Graphics[{Black,Disk[{d,Econt[d]},{.001, .020}]}]
]]]

},Alignment→{{Center,Center},{Center,Top}},Spacings→ 0.1, ImageSize→{400,300}},Alignment→{{Center,Center},{Center,Top}},Spacings→ 0.1, ImageSize→{400,300}},Alignment→{{Center,Center},{Center,Top}},Spacings→ 0.1, ImageSize→{400,300}
]]]

,{{d,dmin,“distance (d)”},dmin,dmax}, Initialization :→ (,{{d,dmin,“distance (d)”},dmin,dmax}, Initialization :→ (,{{d,dmin,“distance (d)”},dmin,dmax}, Initialization :→ (

betagamma = 10;betagamma = 10;betagamma = 10;
betacyto = 1;betacyto = 1;betacyto = 1;
eps = 1;eps = 1;eps = 1;
R = 0.2;R = 0.2;R = 0.2;
r0 = 0.05;r0 = 0.05;r0 = 0.05;
Wq = 100;Wq = 100;Wq = 100;
Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .Econt[d_]:=betagammabetacyto(2Pieps)/(1+d/R)((2(r0∧3)/(d +2R)− . . .

. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));. . .−1/4(r0∧6)/((d +2R)∧4))− (2(r0∧3)/(d)−1/4(r0∧6)/(d∧4)));
dmax = 0.1;dmax = 0.1;dmax = 0.1;
dmin = 0.015;dmin = 0.015;dmin = 0.015;
ymin =−0.3;ymin =−0.3;ymin =−0.3;
ymax = 1.2;),SaveDefinitions→ True]ymax = 1.2;),SaveDefinitions→ True]ymax = 1.2;),SaveDefinitions→ True]

Figure 91 – Dynamic visualization of the interaction between a plane and a sphere through the Manipulate
function of Wolfram Mathematica.

****************************************************************************
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B.1.1 A hybrid potential

The numerical implementation of the formulation for the cyto-bilayer interaction model
can be used for simulating the mechanical behaviour of a RBC. The mechanical behavior of
a red blood cell subjected to forces of deformation and violent stretching. This requires the
application of numerical methods such as the finite elements for the continuous membrane and
Newton Raphson iteration procedure to solve the resulting linear systems. During these tests, the
potential of Lennard-Jones has not always proved effective due to its divergence in the origin.
We therefore propose a hybrid potential, derived from the Lennard Jones one.

r0 = 0.20;r0 = 0.20;r0 = 0.20;
alpha = 0.8;alpha = 0.8;alpha = 0.8;
dstar = alpha∗ r0;dstar = alpha∗ r0;dstar = alpha∗ r0;
eps = 0.5;eps = 0.5;eps = 0.5;

Plot[If[d < dstar,DLJ[dstar,eps, r0]d +LJ[dstar,eps, r0]− . . .Plot[If[d < dstar,DLJ[dstar,eps, r0]d +LJ[dstar,eps, r0]− . . .Plot[If[d < dstar,DLJ[dstar,eps, r0]d +LJ[dstar,eps, r0]− . . .

. . .−DLJ[dstar,eps, r0]dstar,LJ[d,eps, r0]],{d,0.01,0.5}]. . .−DLJ[dstar,eps, r0]dstar,LJ[d,eps, r0]],{d,0.01,0.5}]. . .−DLJ[dstar,eps, r0]dstar,LJ[d,eps, r0]],{d,0.01,0.5}] (Figure 92)

Figure 92 – Graph of the new hybrid Lennard Jones Potential
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APPENDIX

C
INTERACTION BETWEEN CROWDING AND

GROWTH IN TUMOURS WITH STEM
CELLS: CONCEPTUAL MATHEMATICAL

MODELLING

Growth of tumors in the presence of stem cells is the object of a steadily increasing
number of papers dealing both with theoretical and experimental research (see, e.g., (HUNTLY;
GILLILAND, 2005; MICHOR, 2008; CLEVERS, 2011; VISVADER; LINDEMAN, 2008;
REYA et al., 2001; CHO; CLARKE, 2008; CLARKE; FULLER, 2006; ANDERSON et al.,
2011; PRIETO-VILA et al., 2017; NUNES et al., 2018; MARZAGALLI et al., 2021)).

Mathematical modeling of this phenomenon frequently uses methods of population
dynamics. The basic idea consists in studying the evolution and mutual interactions of two
subpopulations of malignant cells: cancer stem cells (CSCs) and differentiated cancer cells
(CCs). CSCs are assumed to be immortal and capable of proliferating indefinitely; their mitosis
can be symmetric (i.e., producing two new CSCs) or asymmetric (i.e. producing one CSC and
one CC). The differentiated cells CCs may belong to different lineages and undergo the usual
process of maturity, replication, and apoptosis. There is an extensive bibliography in this area
( (TOMASETTI; LI; VOGELSTEIN, 2017; TOMASETTI; VOGELSTEIN; PARMIGIANI,
2013; BERETTA; CAPASSO; MOROZOVA, 2012; BERETTA et al., 2012; FOROUZANNIA;
ENDERLING; KOHANDEL, 2018; ENDERLING; HAHNFELDT, 2011; GANGULY; PURI,
2006; WEEKES et al., 2014; WEISS; KOMAROVA; RODRIGUEZ-BRENES, 2017; MOLINA-
PEÑA; ÁLVAREZ, 2012; MOLINA-PEÑA; TUDON-MARTINEZ; AQUINES-GUTIÉRREZ,
2020) and the references quoted therein).

In (HILLEN; ENDERLING; HAHNFELDT, 2013) it has been suggested that an im-
portant role in the replication of cells could be played by the local “crowding” of cells. From a
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mathematical modelling

mathematical point of view, this corresponds to assuming that the replication potential of each
cell may depend on its position, in the sense that it can be hindered by the presence of other cells
in its vicinity. This fact has been incorporated in different classes of models: (i) models that can
be classified “agent-based” i.e., considering the evolution of each cell, using computer simula-
tions and/or cellular automata methods ((MONTEAGUDO; SANTOS, 2014; MONTEAGUDO;
SANTOS, 2015; POLESZCZUK; ENDERLING, 2014; MEACCI et al., 2019), and the review
(BOONDIREK; TRIAMPO; NUTTAVUT, 2010)), (ii) models that introduce partial differential
equations and integral terms to take into account the space-dependence of the cellular dynamics
(BORSI et al., 2015a; FASANO; MANCINI; PRIMICERIO, 2016), (iii) models that are “mean
field approximations” of the dynamics of individual cells, taking as unknown the averaged
density of each sub-population and modifying the compartmental schemes of the population
dynamics multiplying the replication potential by a monotonic function of the density of cells,
decreasing to zero when all available space is filed by other cells (BETTERIDGE et al., 2006;
MEACCI; PRIMICERIO, 2018; MEACCI; PRIMICERIO; BUSCAGLIA, 2021).

Introducing the effect of “crowding” allows us to describe the tumor growth paradox
that consists of an accelerated tumor growth that can be found with an increased death rate of
CC that can be the consequence of cytotoxic treatment (ENDERLING et al., 2009; WODARZ;
KOMAROVA, 2007; GUROVA; GUDKOV, 2003; WEISS et al., 2021).

In Section C.1, we will introduce and discuss a 3D model with cellular automata (CA)
whose evolution is governed by stochastic rules. Several lineages of CC’s can be present and each
cell is characterized by a different degree of maturity (newborn, juvenile, adult, and senescent)
and thus by different probabilities for ageing, replication and apoptosis. Crowding effect is also
taken into account. In a generalized version of the model all the probabilities can be supposed to
be space-dependent and variable in time; also the case of a proliferation capacity decreasing at
each cycle (see (ENDERLING; HAHNFELDT, 2011)) could be taken into account. In Subsection
C.1.1 we display some simulations. The model is conceptual, in the sense that the values of the
parameters are chosen in a speculative way as the role of this kind of conceptual model consists
not in giving exact numerical results but rather a correct qualitative insight in this complex
phenomenon. In particular, the results we obtain show the evidence of the tumor paradox and
thus the possible counterintuitive effect of cytotoxic treatment.

In Section C.2 we present a deterministic model that describes the growth of the tumor in
terms of the total number of the cells of each type and lineage in the domain under consideration.
The age distribution of the CCs is assumed to be continuous and consequently its evolution is
governed by a first-order partial differential equation (PDE). The crowding effect is no longer
considered as a local effect but is averaged over the whole region in the typical spirit of mean
field approximations. The mathematical well-posedness of the model is proved in the Section
C.3. In Subsection C.2.1 we display some numerical results of the model after reducing it to a
system of ordinary differential equations (ODEs), as it is usual in compartmental models. We
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obtain global information on the growth of the tumor that confirm the evidence of the tumour
growth paradox.

Finally, we report some concluding comments in Section C.4.

C.1 Cellular automata modelling

To illustrate the model and simplify the notation we consider the case in which there
exists just one lineage of CCs. Of course, the same procedure applies (with different coefficients)
to the case of an arbitrary number of lineages. For instance, in the simulations of Subsection
C.1.1, we will consider three different lineages.

We imagine the cells live in a cubic lattice of 50×50×50 size. At each time step, each
site in the lattice can be either vacant (white) or occupied by a CSC (black), or by a CC. In the
lattice case, the CC might be newborn, juvenile, adult or senescent, and we denote them with
colors blue, green, yellow, and red, respectively.

Starting from a given time tk we consider to apply the following rules in order to update
the system:

1. Each CC may undergo apoptosis in the following time interval with probability µ(1), µ(2),
µ(3), µ(4) (according to its age class). In this case the corresponding site becomes white;

2. Each cell may undergo dormancy with probability δ in case of CSC, or δ1, δ2, δ3, δ4 for
the CCs (according to its age class). In this case the cell remains in the same state ( j-th
colour) and does not replicate in the time step (tk, tk+1);

3. Each surviving and not dormant cell is potentially replicant with probability ρ , ρ1, ρ2, ρ3,
ρ4. But we assume that mitosis is possible only if there are vacant sites in a neighbourhood
of the would-be mother cell (crowding effect) (see Remark C.1.). In this case, the replicative
potential ρ is multiplied by the fraction of the vacant sites in the neighbourhood. In the
case of the mitosis occurrence of a CC, the site of the mother cell becomes pale blue as
well as one of the vacant sites of the neighbourhood randomly chosen. If the mother cell
is a CSC, them a daughter CSC appears in its neighbourhood with probability (1− d).
Otherwise the new cell is a pale blue CC;

4. Each surviving and non dormant CC that did not replicate may change its state (from
newborn to juvenile, form juvenile to adult, from adult to senescent) with probabilities
p(1), p(2), p(3).

Remark C.1. In the simplest case, the neighborhood of the would-be mother cell in
which the newborn cell can be located is a cubic shell of 3×3×3 lattice sites centered in the
site of the replicating cell. A possible generalization could consist in considering a sequence of
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cubic shells of 3×3×3, 5×5×5, and so on that when no vacant sites are present in the first
shell, the second shell can be investigated, and so on. But in this case, in each step the replication
potential will be reduced. In the sequel we will use the 3×3×3 shell.

Remark C.2. In the definition of the crowding effect, instead of multiplying the replica-
tion potential ρ by the fraction φ of the vacant sites, we could multiply it by a chosen function
F(φ) belonging to [0,1], with F((0) = 0 and F(1) = 1.

Figure 93 – Flowchart of cellular automata algorithm concerning the model for the tumour progression
with cancer stem cells.

Starting from a specific initial condition, the cellular automata algorithm runs through all
the positions of the lattice for each unit of time and, based on the presence or absence of a certain
type of cell and its state with respect to the age progression, it decides how to update the system.
In Figure 93 we report a flowchart that implements the hypotheses described above. We note
that the algorithm makes decisions that are not deterministic but respond to probabilities and
therefore have a certain degree of randomness. Nevertheless, the execution of a sufficient number
of simulations shows that on average the overall behavior tends to a specific situation with respect
to a certain parameter setup. The usefulness of an approach based on cellular automata is given
by the possibility of establishing local development rules (on single cells) and studying over time
the collective behavior of the system, in our case, the tumor progression.

By following the previous instructions, the model can predict and visualize the three-
dimensional evolution of tumor growth, retaining the detail of the characterization of each
single cell, with respect to type, age and lineage. For example, let us consider 3 cell lineages.
The panels of Figure 94 show how starting from a condition of a small central nucleus of
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3× 3× 3 CSCs (see panel (a)), it is possible to study the evolution of the tumoral tissue for
a certain time in the future. Panel (b) shows the visualization by age class, while panel (c)
displays the lineages of the tumor cells. A version implemented in Matlab code of the compu-
tational model is freely accessible in the GitHub repository <https://github.com/LucaMeacci/
ConceptualCSCmathmodellingForCancers>.

Figure 94 – Progression of the tumor tissue using the computational model of cellular automata. The
panel (a) shows the initial condition of a 3×3×3 CSCs nucleus in the center. The panels
(b) and (c) display the prediction of tumor progression after a certain time by displaying the
respective age cell classes and cell lineages, respectively.

(a) (b) (c)

C.1.1 Cellular automata simulations

We aim to use this level of detail of the model to study and evaluate the impact of some
phenomena. We have performed the following simulations with a Processor Intel Xeon(R) CPU
E3-1270 v6 3.80GHz x 8 (32 GiB RAM).

First of all, we intend to evaluate the tumor response against a hypothetical medical
treatment. To this purpose, We suppose to mimic the treatment effect progressively increasing the
cell mortality according to the parameter ξ . The new mortality for each cell age class j results to
be ξ µ( j).

We also mention some premises. The time unit can be arbitrary chosen as long as the
parameters are adjusted. In particular, the various values of µ , ρ and p are time dependent
parameters. We have assumed the time unit of time equal to the time needed by a CSC to
reproduce it in a new cell. Furthermore, the dormancy parameters δ result in a slowing down of
the process. For this reason, without losing generality, we can assume to consider them null in the
simulations. In accordance with these hypotheses and premises, we list the setup of parameters
in Table 13.

We set as initial condition 27 CSCs arranged in a cube in the lattice center. Under this
configuration, we study the evolution of the system with respect to the mortality variation. In
Figure 95 we display the graphs of the fraction of tumor cells (CSCs and all classes of CCs) in
the lattice, tuning the mortality trough the parameter ξ .

https://github.com/LucaMeacci/ConceptualCSCmathmodellingForCancers
https://github.com/LucaMeacci/ConceptualCSCmathmodellingForCancers
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Table 13 – Setup of parameters for the cellular automata simulations.

CSC Newborn CC Juvenile CC Adult CC Senescent CC

ρ = 1 ρ1 = 0.5 ρ2 = 0.7 ρ3 = 0.8 ρ4 = 0.3
− µ1 = 0.1 µ2 = 0.1 µ3 = 0.1 µ4 = 0.15
− p1 = 1 p2 = 1 p3 = 1 −

δ = 0 δ1 = 0 δ2 = 0 δ3 = 0 δ4 = 0
d = 0.8 − − − −

Figure 95 – Quantitative evolution of the tumoral cells (CSCs and CCS) with respect to the mortality
variation, using the cellular automata model.

The results appear to be counter-intuitive at first glance. After a certain time, the tumor
volume turns out to be greater as mortality increases. This occurrence would mean that a more
aggressive treatment would not benefit the sick patient. This occurrence is called the “tumor
growth paradox” because an increased mortality of the CCs may produce a faster growth of
the tumour. Nevertheless, the model helps to understand why this situation can be expected
under our assumptions. Let us consider the two cases with ξ = 1 and ξ = 2; let us focus on the
evolution of CSCs and CCs for the age groups. In Figure 96 we report the corresponding graphs.

CSCs are not affected by the increase in mortality. On the contrary, in (b) case the CCs
are significantly reduced. From the point of view of the tumour progression, in this second case,
therefore the CSCs (more aggressive and able to reproduce) have more free space and freedom
of growth than in (a) case. In a certain sense, the greater presence of the CCs because of a lower
mortality operated as a confinement for an CSCs accelerated evolution.

Having reached these conclusions, we can proceed with a further step forward. Although
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Figure 96 – Quantitative evolution of the lattice fraction of CSCs and CCs divided into age classes (where
newborn stands for 1 and senescent stands for 4). The case (a) corresponds to a mortality
value induced by ξ = 1, while the case (b) results from ξ = 2.

(a) (b)

common characteristics and properties can be differentiated and clustered into types of cancerous
cells (ordinary or stem cells) or with respect to the phase of the cellular life cycle (newborn,
juvenile, adult or senescent), there exists a certain heterogeneity with respect to the cell lineages
that can play a significant role in the evolution of the tumor. If we assume to consider 3 lineages,
each of them may differ to some extent with respect to certain characteristics. From the model
point of view, this eventuality can be translated with a parameters setup, further declined on the
basis of the lineage. We suppose to consider the previous configuration of the parameters with
ξ = 3.5 but, moreover, to differentiate by lineage some of them as in the Table 14.

Table 14 – Update of parameters setup for the cellular automata simulations, according to the cell lineages.
In variables, the subscript stands for age and the superscript stands for lineage.

Lineage 1 Lineage 2 Lineage 3

ρ1
1 = 0.8 ρ2

1 = 0.5 ρ3
1 = 0.5

ρ1
2 = 1.0 ρ2

2 = 0.7 ρ3
2 = 0.7

ρ1
3 = 1.1 ρ2

3 = 0.8 ρ3
3 = 0.8

ρ1
4 = 0.6 ρ2

4 = 0.3 ρ3
4 = 0.3

µ1
1 = 0.09 µ2

1 = 0.10 µ3
1 = 0.10

µ1
2 = 0.09 µ2

2 = 0.10 µ3
2 = 0.10

µ1
3 = 0.09 µ2

3 = 0.10 µ3
3 = 0.10

µ1
4 = 0.14 µ2

4 = 0.15 µ3
4 = 0.15

The level of detail of the model allows us to intervene with specificity in order to simulate
the strategies to combat the disease. Analogously to the previous study, we can hypothesize
to model medical treatment to reduce the cancer cells. The further assumption is to choose an
intervention time aimed at eliminating the CCs of one specific lineage, the number 1 in the
following simulations. The algorithm is instructed to completely remove the CCs of the first
lineage at the time t = 100. In Figure 97, we can see the time evolution of the total fraction of
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tumoral cells (CSCs and CCs) without this kind of intervention and opting for the first lineage
removal.

Figure 97 – Quantitative evolution of the tumoral cells, without intervention and opting for removing the
CCs of lineage 1 at time t = 100.

The sudden decrease in tumor volume is evident in the proximity of the intervention.
Nonetheless, once again, a non-intuitive trend appears. It seems in fact that, in this case, the
action of removing a greater number of CCs (of lineage 1) is unfavorable with respect to the
progression of the disease.

We can analyze what happened at the level of age classes and lineages in the two cases.
The respective behaviors are plotted in Figure 98.

Once again, a non-intuitive conclusion may be justified. Due to the particular evolutionary
characteristics of lineage 1, at the intervention time, the CCs of the first lineage turn out to be in
the majority. Its removal facilitates the proliferation of CSCs which, finding more space available,
induce an acceleration in the global growth of the tumor volume.

C.2 Modelling based on differential equations

In this Section we describe the growth of the tumor in terms of the total number of cells
in the region under consideration. Thus, we will not take into account the space dependence of
the densities of the CSCs and of the CCs, but we average such densities over the entire region. Of
course, we will lose the local and stochastic character of the approach with CA but the “global”
information that will be obtained is in accordance with the model presented in the previous
model, by averaging in a proper way the “crowding” effect.
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(a) (b)

(c) (d)
Figure 98 – Quantitative progression of the tumour displayed according to the lineages (panel (a) without

intervention and panel (b) considering t = 100 as removal time) and divided into age classes
(panels (c) and (d) without and with the treatment).

To be specific, we define by U(t), V 1(t), V 2(t), . . ., V M(t) the densities of the CSCs and
of the M lineages of CCs in the region and we assume that there exist numbers di (i = 1,2, . . . ,M)
such that, if d = ∑i di < 1, then 1−d represents the fraction of symmetric replication of CSC
(i.e. mitosis originating 2 CSCs) while each di is the fraction of the mitosis of CSC that originates
a CC of the i-th lineage. Therefore, the time evolution of the number of CSCs in the region (to
save notation, assume the volume is 1 so that the numbers coincide with densities) is governed
by the following equation:

U̇(t) = ρ (1−d)U(t)F(P(t)), V (t) = ∑
i

V i(t) , (C.1)

where
P(t) =U(t)+V (t), U(0) =U0 , (C.2)

ρ is the replication potential of CSC and F is a monotonic decreasing function such that F(0) = 1
and F(1) = 0.

To take into account the ageing and apoptosis of the CCs we introduce the age distribution
functions vi(a, t) where a denotes the “age” of the cell and for any t > 0 and 0 < a1 < a2,
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vi(a, t)da is the number of cells of the i-th lineage that, at time t, have age between a1 and a2.
This means that V i(t) =

∫
∞

0 vi(a, t)da.

Assuming that biological age coincides with chronological age, the evolution of the age
distribution function of the i-th lineage of CC is governed by the following equations

∂ vi(a, t)
∂ t

+
∂ vi(a, t)

∂a
=−µ

i(a) vi(a, t)−ρ
i(a) vi(a, t) F(P(t)) , i = 1,2, . . . ,M , (C.3)

where µ i(a) and ρ i(a) represent the mortality and the replication potential of the cells of the i-th
lineage in function of their age.

Equations (C.3) are supplemented by the following initial-boundary conditions

vi(a,0) = vi,0(a)> 0 , ∑
i

vi,0(a)> 0 , i = 1,2, . . . ,M , (C.4)

vi(0, t) = ρ di F(P(t))U(t)+2
∫

∞

0
ρ

i(a)vi(a, t)F(P(t))da , i = 1,2, . . . ,M , (C.5)

The well-posedness of problem (C.1) – (C.5) is later in the Section C.3.

To simplify numerical calculations and compare this model with the results of simulations
based on space-dependent mechanisms and stochastic rules, we consider a special case in which
the functions ρ1(a) and µ i(a) are piecewise constant. To be specific, we assume that there exist
4 age intervals (0,a1), (a1,a2), (a2,a3), (a3,A) (newborn, juveniles, adult and senescent cells)
and that A is the maximum age of the cells. We denote by ρ(1), ρ(2), ρ(3), ρ(4) and by µ(1), µ(2),
µ(3), µ(4) the values of ρ and µ in these intervals. Moreover, we indicate with V i

(1), V i
(2) , V i

(3) ,
V i
(4) the numbers of CC’s of the age classes of the i-th lineage.

Then, we integrate the equation C.3 in each of the age intervals and we take into account
the equation C.5, thus obtaining

V̇ i
(1)(t) = ρdF(P(t))U(t)+

(
ρ(1)V i

(1)(t)+2ρ(2)V i
(2)(t)+2ρ(3)V i

(3)(t)+2ρ(4)V i
(4)(t)

)
F(P(t))−

−vi(a1, t)−µ(1)V i
(1)(t) ,

V̇ i
(2)(t) = vi(a1, t)− vi(a2, t)−ρ(2)V(2)(t)F(P(t))−µ(2)V i

(2)(t) ,

V̇ i
(3)(t) = vi(a2, t)− vi(a3, t)−ρ(3)V(3)(t)F(P(t))−µ(3)V i

(3)(t) ,

V̇ i
(4)(t) = vi(a3, t)−ρ(4)V(4)(t)F(P(t))−µ(4)V i

(4)(t) .
(C.6)

The total number of CCs is thus given by

V̇ (t) = ρ d F(P(t))U(t)
M

∑
i=1

4

∑
j=1

ρ( j)V
i
( j)F(P(t))−

4

∑
j=1

µ( j)V
i
( j) . (C.7)

As it is usual in compartmental models we can consider the case in which the age
distribution within each class is negligible and we write

ψ( j)v
i(a j, t) =V i

( j)(t) , (C.8)
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where ψ( j) measures the width of the j-th age class (or the time spent by the cell in the j-th
class).

Hence, omitting the lineages for further simplification of the notation and combining the
equations (C.1), (C.6) and (C.8), we have the following complete system

U̇(t) = ρ (1−d)U(t)F(P(t))

V̇(1)(t) = ρ d F(P(t))U(t)− (γ(1)+µ(1))V(1)(t)+

+
(

ρ(1)V(1)(t)+2ρ(2)V (2)(t)+2ρ(3)V(3)(t)+2ρ(4)V(4)(t)
)

F(P(t)) ,

V̇(2)(t) = γ(1)V(1)(t)− (γ(2)+µ(2))V(2)(t)−ρ(2)V(2)(t)F(P(t)) ,

V̇(3)(t) = γ(2)V(2)(t)− (γ(3)+µ(3))V(3)(t)−ρ(3)V(3)(t)F(P(t)) ,

V̇(4)(t) = γ(3)V(3)(t)−µ(4)V(4)(t)−ρ(4)V(4)(t)F(P(t)) .

(C.9)

with γ( j) = 1/ψ( j), for j = 1,2,3.

An oversimplified case is the one in which ρ and µ are constant and hence the integration
of the equation (C.3) yields

V̇ i(t) = ρ di F(P(t))U(t)+ρV i F(P(t))−µV i , i = 1,2, . . . ,M , (C.10)

and summing over i hence we have the following system of ordinary differential equations
(ODEs) V̇ (t) = ρ d F(P(t))U(t)+ρ V (t)F(P(t))−µ V (t) ,

U̇(t) = ρ (1−d)F(P(t))U(t) .
(C.11)

C.2.1 Numerical simulations

We numerically solve the problem (C.9), adopting to consider 3 cell lineages. We use
ode45 Matlab solver based on explicit Runge-Kutta method. Since the crowding effect is
averaged over the entire available space, it is natural to consider a duration of the phenomenon
such that a large part of the entire domain can be occupied by the cells. At this point, it is in order
to note that, if U(0)> 0, then system (C.9) has just one equilibrium state, i.e., U = 1 and V i = 0.
The initial conditions are analogous to the simulations performed with CA, i.e., U(0) = 27/503

and V i
( j)(0) = 0, for all i and j. The other parameters are listed in Table 15.

Similarly to the case with cellular automata, we study the behavior of the system with
respect to the variation in mortality, updating this last parameter values with the multiplicative
factor ξ . Figure 99 contains the graphs of the total (CSCs and CCs of all ages and lineages)
volume fraction of the tumour. Again, the tumour growth paradox occurs. Let us see into detail,
considering once again, what happens at the level of age classes and lineages, choosing the
mortality values arising from setting ξ equals to 0.6 and 1.5.
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Table 15 – Setup of parameters for the differential equations numerical simulations. In variables, the
subscript stands for age and the superscript stands for lineage. When the superscript is not
reported all the lineages have the same configuration.

CSC Newborn CC Juvenile CC

ρ = 1
d = 0.8

Lineage 1 Lineage 2 Lineage 3

ρ1
(1) = 0.6 ρ2

(1) = 0.5 ρ3
(1) = 0.4

µ1
(1) = 0.09 µ2

(1) = 0.10 µ3
(1) = 0.11

Lineage 1 Lineage 2 Lineage 3

ρ1
(2) = 0.8 ρ2

(2) = 0.7 ρ3
(2) = 0.6

µ1
(2) = 0.09 µ2

(2) = 0.10 µ3
(2) = 0.11

− γ(1) = 1 γ(2) = 1

Adult CC Senescent CC

Lineage 1 Lineage 2 Lineage 3

ρ1
(3) = 0.9 ρ2

(3) = 0.8 ρ3
(3) = 0.7

µ1
(3) = 0.09 µ2

(3) = 0.10 µ3
(3) = 0.11

Lineage 1 Lineage 2 Lineage 3

ρ1
(4) = 0.4 ρ2

(4) = 0.3 ρ3
(4) = 0.2

µ1
(4) = 0.14 µ2

(4) = 0.15 µ3
(4) = 0.16

γ(3) = 1 −

Figure 99 – Quantitative evolution of the tumoral cells with respect to the mortality variation, adopting
the differential equations model.

In the case of lower induced mortality, the initial phase of tumor evolution proposes a
greater crowding of CCs (panels (a), (b), and (c)), in particular with respect to the lineage 1
(panel (a)). In the case with a higher mortality (which could be lowered with medical treatment)
initially the progression of the disease seems to benefit from a significant lowering of the CCs
(panels (d), (e), and (f)). However, this same event also results to be not positive over time. One
more time, the differential equations model suggest that the presence of CCs contributes to
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Figure 100 – Quantitative cancer progression according to age class and lineage. The panels (a), (b) and
(c) show the results for a mortality value resulting from ξ = 0.6, while the panels for (d), (e)
and (f) concern the simulations with ξ = 1.5. In the legends L1, L2 and L3 stand for first,
second and third lineage, respectively.

(a) (b) (c)

(d) (e) (f)

limiting an accelerated tumor growth induced by CSCs.

C.3 Well-posedness of the differential equations based
model

We aim to prove the well-posedness (existence and uniqueness of the solution whose
value depends continuously on the data) of problem (C.1) – (C.5) in a time interval (O,T ). With
no lack of generality and in order to simplify notation, we will treat the case of just one lineage
of CCs. Let us proceed in 2 steps: first, we will introduce an auxiliary problem and prove that it
has a unique solution, then we will use this result to solve the main problem.

Step 1. For any prescribed function Ψ(t), 0 ≤Ψ(t) ≤ 1, with Lipschitz constant K in
[0,T ], we solve the following auxiliary problem

va + vt = h(a, t)v , a ∈ (0,A) , t ∈ (0,T ) ,

v(a,0) = v0(a) , a ∈ (0,A) ,

v(0, t) = Φ(t)+2Ψ(t)
∫ A

0 ρ(a)v(a, t)da , t ∈ (0,T ) ,

(C.12)

where, we have defined

h(a, t) =−µ(a)v−ρ(a) , a ∈ (0,A) , t ∈ (0,T ) , (C.13)
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Φ(t) = ρ0 d Ψ(t)U0 exp
[

ρ0(1−d)
∫ t

0
Ψ(t)(τ)dτ

]
, t ∈ (0,T ) . (C.14)

Concerning the initial data, we assume that:

H1 U0 > 01,

H2 v0(a) is a continuous non-negative function with support in (0,α) and such that U0 +∫
α

0 v0(a)da ≤ 1.

Finally, in (C.12) we take A = α +T .

Proposition C.3. The auxiliary problem (C.12)–(C.14), under the hypotheses (H1)–(H2)
is well-posed, having a unique solution.

Proof of Proposition C.3. To solve problem (C.12)–(C.14), we use a fixed point argu-
ment. We assign a non-negative function X(t) ∈C1(0,T ) such that

0≤ X(t)≤ K1 , | Ẋ(t) |≤ K2 , (C.15)

(where K1 and K2 are constants to be chosen) and we solve the linear problem
va + vt = h(a, t)Ψ(t) , a ∈ (0,A) , t ∈ (0,T ) ,

v(a,0) = v0(a) , a ∈ (0,A) ,

v(0, t) = Φ(t)+2Ψ(t)X(t) , t ∈ (0,T ) .

(C.16)

Since the data are non-negative and bounded and h(a, t) in non-positive, we have that v(a, t) is
non-negative and bounded in (0 , A)× (0 ,T ). If we define

X̃(t) =
∫ A

0
ρ(a)v(a, t)da , t ∈ (0,T ) , (C.17)

where v(a, t) is the solution of the problem (C.16), we have defined a mapping T

X̃(t) = T X(t) , t ∈ (0,T ) . (C.18)

Since v(a, t) vanishes for +t < a < A, 0 < t < T , we have

X̃(t) =
∫ t

0
ρ(a)v(a, t)da+

∫
α+t

t
ρ(a)v(a, t)da . (C.19)

Clearly, X̃(t) in non-negative. Moreover, the second term is bounded by a constant B = Amaxρ

while the first term (the only one depending on X(t)) is O(t). Therefore, choosing e.g. K1 = 2B,
T can be determined so that

0≤ X̃(t)≤ K1 . (C.20)
1 The case U0 = 0 corresponds to the trivial case in which no CSCs are present.
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In addition, it is

| ˙̃X(t) |≤maxρ

[∫ A

0

∣∣∣∣∂v
∂ t

∣∣∣∣da
]
= maxρ

[∫ t

0

∣∣∣∣∂v
∂ t

∣∣∣∣da +
∫

α+T

t

∣∣∣∣∂v
∂ t

∣∣∣∣da
]
. (C.21)

The second term in square brackets is bounded independently of K2 (it does not contain X nor Ẋ)
while the first term is O(t). Hence, with this choice of the constants K1 and K2, T maps the set
defined by (C.21) into itself.

Next, we have to evaluate the uniform norm of X̃1− X̃2 where, for i = 1,2 it is X̃i =

ρ(a)vi(a, t)da and vi(a, t) is the solution of the problem (C.16) with boundary datum

vi(0, t) = Φ(t)+2Ψ(t)Xi(t) , t ∈ (0,T ) .

We obtain that
| X̃1(t)− X̃2(t) |≤maxρ

∫ t

0
| v1(a, t)− v2(a, t) | da .

In turn, the difference | v1(a, t)− v2(a, t) | can be estimated in terms of the difference of the
boundary data. Consequently, reducing T if necessary we have that the transformation is a
contraction and the Banach fixed point theorem ensures that T has a unique fixed point. Hence
problem (C.12)–(C.14) has a unique solution. Q.E.D

Step 2. We use the previous result to prove the following theorem.

Theorem C.4. The problem (C.1) – (C.5) is well-posed in a suitable domain (0 , A)×
(0 ,T ).

Proof of Theorem C.4. As the previous case of Proposition C.3., we will opt for a fixed
point technique. For a given function p(t) ∈C1(0,T ), such that

0 < P1 ≤ p(t)≤ P2 , | ṗ(t) |< P3 , (C.22)

we define the function Ψ(t) = F(p(t)). Then, with this choice of Ψ(t) we solve the problem
(C.12)–(C.14), as did in Step 1, obtaining a function v(a, t). We define

p̃(t) =U0 exp[ρ (1−d)
∫ t

0
F(p(τ))dτ]+

∫ A

0
v(a, t)da. (C.23)

Then, choosing P1 and P2 appropriately, we find that p(t) satisfies the first inequalities in (C.22).
Moreover, it is

˙̃p(t) =U0 exp[ρ (1−d)
∫ t

0
F(p(τ))dτ]F(p(t))+

∫ A

0

∂v
∂ t

(a, t)da, (C.24)

and thus ˙̃p(t) is bounded independently of p̃(t). Also the third inequality in (C.22) holds for
p̃(t). This means that the transformation P defined by (C.24) maps the set (C.22) into itself. We
prove that T can be chosen so that P is a contraction. Indeed

| p̃1(t)− p̃2(t) | = U0

∣∣∣∣ exp[ρ (1−d)
∫ t

0
F(p1(τ))dτ]− exp[ρ (1−d)

∫ t

0
F(p2(τ))dτ]

∣∣∣∣+
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+
∫ A

0
| v1(a, t)− v2(a, t) | da.

The first term is estimated in term of | p1− p2 | O(t) because of the Lipschitz continuity of F .
The integral in the second term can be splitted∫ A

0
| v1(a, t)− v2(a, t) | da =

∫ t

0
| v1(a, t)− v2(a, t) | da+

∫ A

t
| v1(a, t)− v2(a, t) | da.

In the second term the initial data of v1 and v2 are equal and the difference is estimated in terms of
the integral of | h1−h2 | and thus of | F(p1(τ))−F(p2(τ)] | O(t). The integrand of the first term
is estimated in terms of the difference in the boundary data plus the integral of | h1−h2 |. Thus
the first term is | p1− p2 | O(t). Consequently T can be chosen so that | p̃1− p̃2 |< β | p1− p2 |
with β < 1. Using again the Banach fixed point theorem, we finally conclude the proof of the
well-posedness of the problem (C.1) – (C.5). Q.E.D

C.4 Concluding comments
We have presented and discussed a conceptual model for the growth of tumors, in

presence of CSCs and of several lineages of ordinary CCs. It is assumed that mitosis can be
hindered by crowding of cells. Aging and apoptosis of CCs was also taken into account.

The model has been implemented in the framework of 3D cellular automata where the
rules governing the evolution of CA are expressed in terms of stochastic dynamics. We have
displayed simulations that show the development of the tumor and the fractions of the different
lineages and age classes of CCs. Moreover, we have shown that the model exhibits the so-called
tumor paradox, i.e., the fact that the speed of tumor growth can be greater when the mortality of
the CCs increases. Consequently, we have provided examples in which the effect of cytotoxic
intervention has a counterproductive effect.

We have also shown that similar results are obtained taking as unknown the fractions of
families of cells over the total volume and using the same assumptions for replication, aging,
and apoptosis. This is remarkable, since in this mathematical formulation based on differential
equations, the crowding is no longer a local effect but is averaged over the total volume. Moreover,
in these simulations the tumor paradox is shown to occur.
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