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“The only people who achieve much are those who want knowledge so badly
that they seek it while the conditions are still unfavorable.

Favorable conditions never come.”

(C. S. Lewis)






RESUMO

NAKASSIMA, G. K. Sobre dicotomia exponencial e abordagens para computacao rigorosa
para equacoes diferenciais. 2023. 142 p. Tese (Doutorado em Ciéncias — Ciéncias de Com-
putacdo e Matematica Computacional) — Instituto de Ciéncias Matematicas e de Computagao,
Universidade de Sdo Paulo, Sdo Carlos — SP, 2023.

Neste trabalho mostramos pesquisas realizadas em trés diferentes tépicos: robustez da estabili-
dade assintética e dicotomia exponencial para uma classe de equagdes diferenciais em espagos
de Banach; uma abordagem baseada em wavelets para métodos numéricos para equagdes dife-
renciais com validagc@o automatica a-posteriori, utilizando o método dos polindmios radiais; e o
algoritmo Generalized Combinatorial Marching Hypercubes para geracdo de variedades em altas

dimensdes, com técnicas combinatorias para maior eficiéncia computacional.

Palavras-chave: Robustez da estabilidade, Dicotomia exponencial, Métodos computacionais

rigorosos, Wavelet de Haar, Combinatorial Marching Hypercubes.






ABSTRACT

NAKASSIMA, G. K. On exponential dichotomy and frameworks for rigorous computation
for differential equations. 2023. 142 p. Tese (Doutorado em Ciéncias — Ciéncias de Com-
putacdo e Matematica Computacional) — Instituto de Ciéncias Matematicas e de Computagao,
Universidade de Sdo Paulo, Sdo Carlos — SP, 2023.

In this work we show research results on three different topics: robustness of asymptotic stability
and exponential dichotomy for a class of differential equations in Banach spaces; a wavelet-based
approach for a-posteriori self-validating numerical methods for differential equations, using the
radii polynomial method; and the Generalized Combinatorial Marching Hypercubes algorithm
for generation of manifolds in high dimensions, using combinatorial techniques to improve

computational efficiency.

Keywords: Robustness of stability, Exponential dichotomy, Rigorous computational methods,

Haar wavelets, Combinatorial Marching Hypercubes.
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CHAPTER

INTRODUCTION

In this work we show results related to differential equations and dynamical systems,
from both theoretical and computational points of view. We show research papers for three

different topics:

* Robustness of the asymptotic stability and exponential dichotomy for a class of ordinary
differential equations in Banach spaces (RODRIGUES; SOLA-MORALES; NAKAS-
SIMA, 2020; RODRIGUES; CARABALLO; NAKASSIMA, 2022);

* Validated numerics for differential equations combining Haar wavelets with the radii
polynomial approach (NAKASSIMA; GAMEIRO, Submitted for publication);

* A Generalized Combinatorial Marching Hypercubes (GCMH) algorithm, which extends
the classic Marching Cubes algorithm for isossurface generation to higher dimensions in a

computationally efficient way(CASTELO et al., Submitted for publication).

The first two papers explore more theoretical results, related to structural robustness of
dynamical systems. The third paper presents a method for computer-assisted proofs for theorems
on differential equations; for example, existence of special structures such as periodic orbits.
The fourth paper presents a numerical method to compute approximations to solution manifolds.
We aim to use this manifold approximation as a basis for computer-assisted proof methods for
multi-parameter differential equations (for example, adapting the algorithm in the third paper);

this is work in progress.

We briefly summarize the main ideas and contributions of each paper; more details can

be found in the papers themselves.
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1.1 Robustness of asymptotic stability and exponential

dichotomy

These two papers (RODRIGUES; SOLA—MORALES; NAKASSIMA, 2020; RODRIGUES;
CARABALLO; NAKASSIMA, 2022) explore robustness characteristics of differential equations
in Banach spaces. Given a Banach space X (not necessarily finite-dimensional) and the space

L(X) of all bounded linear operators from X to itself, we consider the system
x=A(t)x , A(t)eL(X)forallteR
and we disturb it as follows:
x=A(t)x+B(t)x , A(t), B(t) e L(X) forallr € R

It is assumed that A(7) and B(¢) belong to a class of functions called Generalized Almost Periodic
(9 o7 &) functions, which as the name suggests are a generalization of almost periodic functions
(FINK, 2006). This ¢ .o/ & class is presented in the first paper.

The main contribution of these works is to extend results known for finite-dimensional
systems (see e.g. (COPPEL, 1965; COPPEL, 1978; HENRY, 1981)) to infinite-dimensional
spaces. As an example of application, many partial differential equations can be recast as abstract
differential equations in Banach spaces, by defining the partial derivative as a linear operator.
This allows us to use techniques from functional analysis to study such equations without
explicitly finding their solutions (EVANS, 2010). However, infinite-dimensional spaces can
behave differently than finite dimensional ones; for example, a classical result is that the unit ball
in a finite-dimensional space is always compact, but it might not be in an infinite-dimensional
space (BREZIS, 2010). Thus the techniques for the extension of the results need to be adapted.

The first paper discuss robustness characteristics of asymptotic stability of differential
equations after perturbation. It is shown that asymptotic stability is preserved under integrally

small perturbations, that is, if

,th(t)dt‘ < 6 when |t; —t1]| < h. An important observation is
that B(¢) does not necessarily need to be small, provided it “oscillates” rapidly. This is made
precise in the papers for the ¢.o7 & class of functions; in the usual periodic setting, it means that
the amplitude of the oscillation can be rather large as long as it has a high enough frequency. Also,
when A(r) is an unbounded operator, we still obtain that the perturbed system is asymptotically

stable if certain additional conditions are met.

Moreover, we show two striking examples where an asymptotically unstable system is
stabilized, one in two dimensions and another in infinite dimensions; this shows that asymptotic
instability is not robust. This example was based on an example by Kakutani (RICKART, 1960).
These results may have impact in areas such as control theory.

The second paper extends the first by studying the robustness of exponential dichotomy

under similar perturbations. We show that, if the first system exhibits an exponential dichotomy,
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the perturbed system also exhibits an exponential dichotomy when the perturbation is integrally
small. When A(r) is unbounded, we also obtain an exponential dichotomy if additional conditions
similar to the first paper are met. We apply those results to examples in infinite dimensions in

both cases.

1.2 Rigorous computation using wavelets

In this paper (NAKASSIMA; GAMEIRO, Submitted for publication) we present a frame-
work for a rigorous computational method using Haar wavelets by combining two techniques:

the radii polynomial approach and the Haar wavelet method.

Consider an initial value problem

x=f(x) , x(0)=xop.

If x € L*([0,1]), we can expand the derivative x(t) in a Haar wavelet series, and thus the solution

x(t) can be expanded using the integral of the wavelets w(z):

X(t)zfici%(t) , x(t):xo+iciw,~(t)

i=0

and ¢ := (¢;)7; € £2(R). Thus the diferential equation turns into a functional equation
F(c)=0

where F : >(R) — ¢*(R). Thus, we can find a numerical, finite-dimensional solution & by
truncating the above equation and applying an usual numerical method, such as Newton’s
method. This is known as the Haar wavelet method (CHEN; HSIAO, 1997; LEPIK, 2006;
MAIJAK et al., 2015; MEHANDIRATTA; MEHRA; LEUGERING, 2020).

Our contribution is to develop an a-posteriori verification method which rigorously
proves the existence of a true solution in a neighborhood of the numerical one. This is done
by employing the so-called radii polynomial approach (NAKAO; PLUM; WATANABE, 2019;
LESSARD; REINHARDT, 2014; FIGUERAS et al., 2017; REINHARDT; JAMES, 2019). The
general idea is as follows. We recast the problem of finding zeros of F into a problem of finding
fixed points of the Newton-like map T : £2(R) — ¢%(R) given by

T(c):=c—AF(c)

where A : ¢2(R) — ¢>(R) is a linear operator, taken as an approximation to DF (€)~!. In this way,
finding a fixed point for T is equivalent to finding a zero for F. Then we find bounds for 7" and
DT which are used to construct (finitely many) radii polynomials py(r). If we can find r > 0
such that py(r) < O for all k, then the verification is successful, and there is a true solution near
the numerical one. This is all verified rigorously with the use of interval arithmetic (MOORE;
KEARLOTT; CLOUD, 2009).
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For our method, we choose the Haar wavelet because of its simplicity. Since its integral
can be calculated analytically, we do not need to rely on numerical algorithms or lookup tables in
order to relate it to the Haar wavelet themselves. Not only this eliminates a source of numerical
error, but also helps finding recursive formulas for the nonlinearity, which are exploited to find
sharper bounds for the terms. The Newton-like map thus becomes similar to the one in (BERG;
GROOTHEDDE; WILLIAMS, 2015).

This work was motivated by the fact that most other methods use other bases, such
as Taylor (REINHARDT; JAMES, 2019), Fourier (FIGUERAS et al., 2017) or Chebyshev
(LESSARD; REINHARDT, 2014) series, and thus rely on stricter smoothness assumptions in
order to be applicable. Since wavelets are bases for L? spaces (HERNANDEZ; WEISS, 1996),

our method can deal with much less smooth problems.

We show the capabilities and applicability of the method to some example cases, includ-

ing a discontinuous one and the Lorenz system.

The method has some drawbacks for its capabilities, such as increased complexity and
computational power needed. Nevertheless, we believe these can be mitigated in future works,
for example by choosing more suitable wavelets to each problem. Also, this work only dealt
with first-order equations and quadratic nonlinearities; we believe that similar estimates may be
found for higher-order nonlinearities and derivatives. Lastly, the method can be adapted to other
applications, such as rigorously finding invariant structures in other problems or continuation

methods.

1.3 A Generalized Combinatorial Marching Hypercubes
method

In this paper (CASTELO et al., Submitted for publication) we present the Generalized
Combinatorial Marching Hypercubes (GCMH) method for generating isomanifold approxima-

tions, that is, an approximation to the set
M ={xeR": f(x) =0}

for a given map f : R” — R*. This paper builds upon a previous generalization (CASTELO;
MOUTINHO BUENO; GAMEIRO, 2022), which extended the original Marching Cubes method
from (LORENSEN; CLINE, 1987) — which originally only generates isosurfaces for f : R® — R,
that is, surfaces in three dimensions — to functions f : R” — R. The main contribution is
extending the method to any dimension and co-dimension in a computationally efficient way,

that is, for general functions f : R" — Rk,

In our method, we first generate a grid of n-dimensional hypercubes in R”. Then, for a

given hypercube, we search for manifold vertices on the k-dimensional faces of the hypercube
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(that is, points of intersection between the manifold and the faces) using a simplicial methods
called the CFK triangulation (COXETER, 1934; FREUDENTHAL, 1942; KUHN, 1968). By
using combinatorial techniques to label the faces of a given hypercube, we can connect the
manifold vertices into edges and higher-dimensional cells. As with all Marching Cubes methods
(NEWMAN; YI, 2006), this process can lead to ambiguities; we solve those via a path-following
algorithm applying a CFK triangulation step to the faces of dimension k4 1.

Most other Marching Cubes methods rely on lookup tables (NEWMAN; Y1, 2006), which
rapidly increase in size as the dimensions grow. Furthermore, while simplex-based methods
(ALLGOWER; GEORG, 1980; CASTELO et al., 2006; SCHWAHA; HEINZL, 2010) are also
able to compute such approximations to zero-level sets, the number of simplices also grow rapidly
as dimensions increase. The use of combinatorial techniques to build the higher-dimensional
cell complexes — organized in a structure called “combinatorial skeleton” — greatly reduces
computational complexity compared to both approaches. This structure is similar to the one
presented in (CASTELO; MOUTINHO BUENO; GAMEIRO, 2022). With this technique, the
number of calculations for the GMCH method grow at a much smaller rate as dimensions

increase, making it more suitable for higher dimensional problems.

Similarly to previous work (CASTELO; MOUTINHO BUENO; GAMEIRO, 2022),
we also present an extension called the Generalized Combinatorial Continuation Hypercube
(GCCH) method. Instead of traversing the entire grid as the GCMH algorithm does, the GCCH
algorithm uses a starting point and, after each hypercube is processed as in GCMH, it identifies
which adjacent hypercubes should be analyzed (if any) and puts them in a list of hypercubes to
be processed. This continues until the list is exhausted. While this method can be considerably
faster than the GCMH method, it relies on having a starting point and may not find all connected

components of .# inside the computational domain with a single starting point.

We apply both algorithms to generate approximations for various manifolds, such as
the complex cosine function z = cos(w) and the Klein Bottle. It also performs much faster than
previous algorithms. We also show that the GCCH performs significantly faster, especially when

n — k is small. However, the aforementioned drawbacks still apply.

We conclude with some ideas for future work. The two main improvements would be
parallelization of the algorithm (especially considering that the GCMH processes one hypercube
at a time without input from previous steps, and therefore is highly parallelizable) and an adaptive
step. We also consider the application of this method to validated numerics; for example, using
the methods in Chapter 3 to validate the numerical approximation obtained from the GCMH and
GCCH algorithms.
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1. Introduction. In several papers of some of us we have been extending or
analysing in infinite dimensions some results that were known for finite-dimensional
problems. This was the case of Kloeden & Rodrigues [10], Rodrigues [11], Rodrigues
& Ruas [16], Rodrigues & Sola-Morales [17, 18, 19, 20], Rodrigues, Caraballo &
Gameiro [14] and Rodrigues, Teixeira & Gameiro [15].

Following this philosophy, in this paper we study the relation between the stabil-
ity properties of a system & = A(¢)x of ordinary differential equations in an infinite
dimensional Banach space X and a perturbed system y = A(t)y + B(t)y, where
B(t) is supposed to be small in some sense. We suppose first that A(¢) and B(t)
are bounded operators, continuous and uniformly bounded with respect to ¢ € R,
that the first system is asymptotically stable and that B(t) is integrally small in
an arbitrary interval of length bounded by h > 0. We establish conditions on the
smallness of B(t) in such a way that the perturbed system will also be asymptot-
ically stable. This is established in Theorem 2.1. Then we extend to some cases
where A : D — X is unbounded and generates a C%- semigroup T'(t), t > 0. This is
established in Theorem 5.1.

In Daleckii & Krein [4] page 178 and in Carvalho et al. [1] similar results are
presented about robustness of stability but with a stronger assumption, given by
L :+T“ | B(7)||dr < 4, for some 19 > 0, for every t € R for sufficiently small §. One
observes that the smallness condition is imposed with the norm inside the integral
and in our case the norm appears outside the integral and this makes a significant
difference, as it is shown in Theorem 2.1.

Then we introduce in Section 3 a class of functions that we call Generalised Al-
most Periodic Functions , that contains the usual almost periodic functions. In fact
part of it was introduced in Kloeden & Rodrigues [10], where the authors studied
perturbations of an hyperbolic equilibrium. This class of Generalized Almost Peri-
odic Functions (G.AP) is suitable to define the concept of mean value, as it will be
shown, which will be used in this paper.

This new class of functions has some important advantages compared with the
usual almost periodic functions, namely, if we perturb an almost periodic function
of a variable t with a local perturbation in ¢, then the perturbed function will no
longer be almost periodic. Therefore, the usual class is not robust with respect to
this kind of perturbations. It is also not robust with respect to some more general
perturbations, like chaotic functions. We understand that the class GAP is one of
the natural classes for our perturbation B(t) belong to.

As an application of Theorem 2.1 we study a system of the form ¢ = A(t)y +
B(wt)y and prove that if w > 0 is sufficiently large the stability is preserved. When
B(t) is periodic the result says that for sufficiently small periods and large oscilla-
tions the stability is preserved. The function B(t) does not need to be small and if
we have a linear perturbation with large oscillations the stability is preserved. This
is shown in Theorem 3.9. In the periodic case the perturbation will have a very
small period. In Section 4 we present an example in the infinite-dimensional space
{5 where we show that the stability is preserved. These results extend to infinite
dimensions some results of Coppel [3].

Then in Theorem 5.1 we extend the above results to the case where we have an
unbounded infinitesimal generator. Henry [8] proves similar results with different
applications, but using a different method where he passes from the continuous case
to a discrete case and then recovers the results for the continuous problem. Our
method follows more the method of Coppel [3] (finite dimension).
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As a counterpart of the previous results on the robustness of the stability, the
last two sections are devoted to show, by means of examples, that instability is not
so difficult to break. In Section 7 we present a two dimensional example where we
show that it is possible to stabilise an unstable system with a periodic perturbation
with large period and small mean value.

Finally in Section 8 using some ideas developed in Rodrigues & Sola-Morales
[21] and in an example of Kakutani [13], we give an example in infinite dimensions
where we stabilize an unstable linear system using a linear perturbation B(t) that
tends to zero as t tends to infinity.

These two last examples seem to be new in the literature, to our knowledge.

2. Robustness of Stability. This section is devoted to state and prove the fol-
lowing Theorem. It extends to infinite dimensional Banach spaces a result of W.
A. Coppel [3], Proposition 6, p.6. We think that the key point is the three-terms
integration by parts that appears in the beginning of the proof. This integration
by parts shows also how the condition of B(t) being integrally small appears along
the proof.

Theorem 2.1. Let X be a Banach space and A, B : R — L(X) be continuous
functions such that ||A(t)|] < M and ||B(t)|| < M for every t € R.
Consider the equations:

i = A(t)z, (2.1)
y=A(t)y + B(t)y. (2:2)

Let T(t,s) = X (t)X ~1(s) the evolution operator of (2.1). Suppose that ||T(t,s)| <
Ke*=%) fort>s,t s € R, where « € R and K > 1.

Let 8§, h be two positive numbers. If ||ftt12 B(t)dt]| < 6 for |ta — t1] < h, and
t1,t2 € R, then the evolution operator S(t,s) = Y ()Y ~1(s) of (2.2) satisfies the
inequality:

1S(t, s)|| < (1+8)KePt=2 fort>s, t,5€R,

where B = o+ 3MKG§ + 71%((1;5)1().
If a is negative, h is sufficiently large and § sufficiently small in such a way that
B < 0 then it follows that system (2.2) is asymptotically stable.

Proof. By the variation of constants formula
t
S(t,s) =T(t,s) +/ T(t,u)B(u)S(u, s)du, t > s.
If we let C(u) = [, B(7)dr,
t t d u
/ T(t,u)B(u)S(u, s)du :/ T(t,u)d—/ B(71)drS(u, s)du
s s u Ji
¢ d
= T — .
/S (¢, u)duC(u)S(u,s)du
Taking derivatives,

%[T(t, u)C'(u)S(u, )] = = T(t,u)A(u)C(uw)S(u, s) + T(t,u) B(u)S(u, s)
+ T(t,u)C(u)(A(u) + B(u))S(u, s).
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Integrating the above equation gives the three-terms integration by parts we com-
mented above. Then we obtain

/%[T(t,u)C(u)S(u,s)}du

:7/ T(t,u)A(u)C(u)S(u,s)du+/ T(t,u)B(u)S(u, s)du

+/ T(t,u)C(u)A(u)S(u,s)du—i—/ T(t,u)C(u)B(u)S(u, s)du.

And so,
—T(t,5)C(s)

_ / T, u) A()C () S, 5)du + / T, 0)B(w) S, 5)du
+ / T, 0)C ) A(w) S (, 5)du + / T, w)C ) B () S, 5)d
Therefore,
/S Tt ) Blu)S(u, 5)du
— _T(t,5)C(s) + / Tt ) A@)C () S (, 5)du

—/ T(t,u)C(u)A(u)S(u,s)du—/ T(t,u)C(u)B(u)S(u, s)du.
Therefore,

S(t,s) =T(t,s) —l—/ T(t,u)B(u)S(u, s)du
=T(t,s)(I — C(s)) +/ T(t, u)A(u)C(u)S(u, s)du

—/ T(t,u)C(u)A(u)S(u,s)du—/ T(t,u)C(u)B(u)S(u, s)du.

S S
We first suppose that s <t < s+ h and estimate |S(¢,s)|. Let s < u < s+ h.
Suppose

Cwl<| [ B <o
t
Therefore,
t
1S(t,s)| < K(140)e**=*) 4+ 3MK§ / et S(u, 5)|du.

and so, using Gronwall’s inequality it follows that in an arbitrary interval of length
h, say for s <t < s+ h we have

IS(t,s)| < K(14 §)ext=9)3ME(E=3) — [r(1 4 §)elat3MEO)(E=s)
For t > s there exists n € N, n = n(t, s) such that s +nh <t < s+ (n+1)h and so
|S(t, s +nh)| < K(1 + §)elat3ME)(t=s=nh)
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We are going to prove by induction that for s + nh <t < s+ (n+1)h
S(t, 8)] < [K(1 + 8)]"Lelot38KME)(i—s)

The case n = 0 has already been proved. But S(s + nh,s) = S(s+nh,s + (n —
1)h)---S(s+ h,s) and so
|S(5 4 nh, s)| < [K(1 4 §)]"elatr3KMonh,
Therefore for s + nh <t < s+ (n+ 1)h,
|S(t,8)| <|S(t, s+ nh)||S(s + nh,s)]|
<K (1 + §)ela+3KMOt=s—nh)[fc(1 | §)|ne(a+3KME)nh
:[K(l + 5)]n+16(a+3KM6)(t—s).
Therefore for s + nh <t < s+ (n+ 1)h, we have
|S(t7 s)| < [K(l + 5)]n+1e((a+3KM§)(t—s)_
M. Since t > s 4+ nh, we have

[(1+ )K" = et < erlt=9),

Let v =

Therefore,
IS(t,s)| < K(1+ 5)e(a+3KM5+W)(tfs).

O

3. The space of generalised almost periodic functions. In this section we
introduce the class that we call Generalised Almost Periodic Functions that extends
the usual concept of almost periodicity. As we said in the Introduction Section, this
new class is more robust with respect to perturbations and it is a natural class for
our function B(t) to belong, as it will appear in Theorem 3.9 and its corollary.
Let (X,]-]) be a Banach space and recall the definition of an almost periodic

function [5].

Definition 3.1. A continuous function f : R — X is said to be almost periodic if for
every sequence («a,) there exists a subsequence () such that the lim,, o f(t+ay,)
exists uniformly in R.

Now let BUC(R, L(X) denote the space of bounded and uniformly continuous
functions A : R — L(X), which is a Banach space with the supremum norm || A|| =
sup;cg |A(t)], and define

F={A € BUC(R, L(X)) :A is uniformly continuous
with precompact range R(A)}.

The class F is quite large and includes both periodic and almost periodic functions
as well as other nonrecurrent functions.

Proposition 1. Let A(t) € L(X) be almost periodic. Then A € F.

Proof. The proof is trivial. O
Theorem 3.2. F is a closed subspace of BUC(R, L(X)) and hence a Banach space.
Proof. This proof can be found in Kloeden-Rodrigues [10]. O

Lemma 3.3. Let sup,c |A(t)| < M, If there exists limp_,o %f:+T A(t)dt for
some a € R then it is independent of a.



3194 H. M. RODRIGUES, J. SOLA-MORALES AND G. K. NAKASSIMA

% V:w A(t)dt — /OT At)dt

2M |al
T

Proof. Let a € R.

1 a+T 1 T
- / A(tydt — /O A(t)dt

! / " Aty + / A

T

I

< — 0, as T — oo.

T

Then we define:
Definition 3.4. We say that A € F is a generalized almost periodic function if
there exists the limit limp_, o + faa+T A(t)dt in L(X), that is, there exists A € L(X)
such that, given ¢ > 0 there exists Ty = Ty(g) > 0 such that |7 f:+T A(t)dt—A| <e
for every T' > Ty uniformly with respect to a € R.
Definition 3.5. We define the class of generalized almost periodic functions as

GAP = {A € F: Ais a generalized almost periodic function}.

Lemma 3.6. GAP is a closed subspace of F.
Proof: Let A, € GAP, A, — A in §. We must prove that A € GAP. Given € > 0
there exists ng = no(e) such that ||An, — Al = supep |An, (t) — A(t)| < €.

Since there exists the limp o0 7 ff+T Ay, (t)dt = A,,,, there exists Ty = Ty(e)

such that
1 a+Ts 1 a+T,
T, To > Ty = 7/ Ano(t)dt — 7/ Ano (t)dt
T2 a Tl a

<e, Ya€eR.

Then Ty, Ty > Ty =

1 a+Ts 1 a+T4
A - — A
T / ()t — / (t)dt

1 a+Ts 1 a+Ts
< E/a AWt = [ Ay ()
1 a+Ts 1 a+T1
+|% /a Ang ()t = - i A, (t)dt
1 a+T4 1 a+T1
|z / Any (£)dt — o / A(t)dt
1 a+Ts 1 a+Ts 1 a+T,
<g [ mao-anmues | [ auma- 5 [ AL ma

1 a+T1
+ = / LA(t) — Ay (1))dt < 3¢
T J,

Using Cauchy Criterion we conclude that there exists

1 a+T
lim T/ A(t)dt = A € L(X), Va € R.

This implies that A € GAP. O
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Definition 3.7. For A € GAP we define the mean value of A as:
a+T

M(A) = Tlgnoo% / A(t)dt € L(X).

a

Lemma 3.8. The function M : GAP — L(X) is a uniformly continuous function.
Proof. Let A, B € GAP. Then

1 a+T 1 a+T
=fpm g [ A= 7 [T B

<sup|A(t) - B(t)| = |[A - B].
teR

O
Let O = {A€ GAP : M(A) = limr_oo & [*TT A(t)dt =0, ¥ a € R},
Corollary 1. O is a closed subspace of GAP.

Proof. Since M(A) is a continuous function, the set O = M~1{{0}} is closed
set. O

Corollary 2. Any function A € GAP can be written as A = Ay + B, where
Ao = M(A) and B € O.

The next theorem shows that stability is preserved if the linear perturbation has
sufficiently large frequency:

Theorem 3.9. Let A, B: R — L(X) be continuous functions such that ||A(t)| <
M and ||B(t)|| < M for every t € R. Suppose that B(t) is a generalized almost
periodic function with mean value zero (GAP ). Consider the equations:
T = A(t)z, (3.1)
& = A(t)x + B(wt)z. (3.2)
Let T'(t,s) be the evolution operator of (3.1). Suppose that ||T'(t,s)| < Ke—o(t=s)

fort>s,t,s € R, where « >0 and K > 1. Then there exists K and wg > 0 such
that for w > wy

1S, (t,s)| < Ke= t73) ¢ >,

where S, (t, s) indicates the evolution operator of (3.2).

Proof. We are going to show that for any h > 0, § > 0 there exists wyp = wg(h,d) > 0
such that if w > wg then

12
/ B(wt)dt' < 6§ for |ty — t1] < h.
t1

Let us consider first the case |ty — t1| < 2. Since [B(t)| < M for every ¢ € R,

we have

=J.

to
/ B(wt)dt‘ <
t1

to
/ |B(wt)dt‘ < Mlty —ti| < M
t1

2‘@. E‘(}'

To complete the proof we consider now the case h > |ta — t1| >
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Since B(t) has mean value zero, there exists To = T 0(%) > 0 such that

1 s+T
T>T, = T/ B(t)dt

S%forallseR

By a change of variables,

to 1 wito
/ B(wt)dt = —/ B(u)du,
t w

and so for % < |ta —t1] < h,

12 1 wia wto
Bwtdtzi/ B(u)du| [to—t 57/ B(u)du| h.
~/t1 ( ) ' W|t2—t1| wty ( ) | 2 1‘ ‘WtQ_Wt1| wty ( )
If we take wy = Mg‘), we have for w > wy,
MTy 0
|wt27wt1|2w0|t27t1|2 (SOM:TO.

Therefore,

to 1 wta (S

/ B(wt)dt‘ = / B(u)du| h < — h=4.

ty |wt2 — wtl\ wty h

The result follows from Theorem 3.9 for ¢ sufficiently small. O

Consider now A € GAP. Then we have A(t) = Ay + B(t), where Ay = M(A)
and M(B) = 0. We suppose that |Ag| < M and |B(t)] < M for every ¢t € R.
Consider the equations:

T = A(]LE, (33)
& = Aoz + B(wt)x. (3.4)

Let T'(t) = e“°! be the semigroup generated by (3.3) and S, (t,s) be the evolution
operator of (3.4).

As a consequence of Theorem 3.9 it follows that if 0(Ag) C {A € C: Re(\) < —a}
we will have:
Corollary 3. Suppose |T(t)| < Ke™@ fort >0, K > 1. Then there erist & < a,

K > K, wg > 0, such that for w > wg we have

Sy (t,s) < Ke %) vt > s,

4. An infinite dimensional example. In this section we will construct a true
infinite dimensional example to apply the results of the previous section. We are
going to use some results of the paper Rodrigues and Sola-Morales [19]. Consider the
space X = fo. We consider the operator J € £L(X) given by the infinite dimensional
Jordan matrix:

oo = O
O = OO
_ O O O

(4.1)
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As it is proved in Rodrigues and Sola-Morales [19] the spectrum of J is the closed
unity circle of the complex plane. Now we take 0 < a < 1 and we define the
operator:

v (5, ) = (§ ) e (- () (G 0) e
If we let
p=(T)( %)

L=a(l - D).
From the same paper above it follows that the spectrum of L is the closed disc

B, (a) with center in a and radius v. Then we take 0 < v < min{a, 1 —a}. Then we
let A:=logL = (loga)l +log(I — D).

we have that

0.2 P Do ] [ )
yZ N 04 A
/ \ /y/
01} / 4 0.2+
0.0r | [ [T e ] oof | | | [ e
-0.1 -0.2-
-
J/
02 < -0.4
03 04 05 06 07 14 -12 -10 -08 -06 -04

FIGURE 1. Left: The spectrum of L given by o(L) = B,(a). Right:
The spectrum of A given by o(A) = log(o(L)), with a = 1/2 and

v=1/4.
But - e
log(I—D):—(D+7+...7...).
Therefore
[og(I — D)|| < S+g+---g+---=—bg(1—g).

Let v > 0 sufficiently small such that 0 < —log(1 — %) < §. Then it follows that
||eAtH < e(—at—log(l—%)t) < 6_%t, t>0.

In the space X = £5. We consider the operator A € £L(X) given above. In FIGURE
1 we show the spectrum of L and the spectrum of A.

Corollary 4. Consider now the systems:
T = Az, (4.3)
y = Ay + B(wt)y. (4.4)
where B € GAP with mean value zero. Let M > 0 be such that |A|] < M and
supger |B(1)] < M.
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Let S, (t,s) = Y ()Y ~1(s) be the evolution operator associated to system (/.4),
where Y (t) is the solution with initial condition Y (0) = I, where I indicates the
Identity operator.

Then there exists K, a and wo > 0 such that for w > wy

1S, (L, s)| < Ke™®(t=9) ¢ >,
Proof. Follows from Theorem 3.9 . O

Next we will present a simple example where the perturbation B(t¢) belongs to
GAP but it is not almost periodic.

Example 4.1. Let b: R — R be uniformly continuous, bounded with mean value
zero. Let

0 0 0 0 0 0

bt) 0 0 10 0
e | 0 b 0, o1 0 A
O=10 0o sy | "o 01 (45)

Then B € GAP and has mean value zero. Let d(t) = v1—¢? if -1 <t < 1,
d(t) =01if ¢t € (00,0) U (1,00). In the special case that we take b(t) = d(t) + cost,
B(t) is not almost periodic.

Therefore we can apply Corollary 4 if we take b(wt) = d(wt) + cos(wt) and then
we can take B(wt) as above.

5. A case where the infinitesimal generator is unbounded. Consider the
equations:

i=Ax (5.1)
j= Ay + B(t)y. (5.2)

We suppose that D is dense in X and A : D — X is the infinitesimal generator of a
Co semigroup T'(t), such that |T'(t)| < Ke®, t >0, K > 1,a € R.

Now we will analyse some smallness conditions on the perturbation B(t), such
that equation (5.2) is also asymptotically stable in the case o < 0. The case when
B(t) is uniformly small is studied in Kloeden-Rodrigues [10] without leaving the
continuous case. Similar results are obtained by Carvalho et al [1], but they first
find the result for the discrete case.

Similar results to the next theorem are treated by Carvalho et al [1] and Dalekii-
Krein [4] but they use the stronger assumption that th |B(t)| is small, with the
norm inside the integral and in the first one they prove via a discretiztion method.
Similar results are obtained by Henry [8] in Thorem 7.6.11, pag. 238, where he
also considers first the discrete case, and requires that B(t) is uniformly small and
integrally small.

Our result is an extension of a classical result of Coppel [3] for the infinite di-
mensional case, and A being an unbounded operator.

We will follow the steps of Theorem 2.1 where we imposed that |B(t)| < M for
every t € R and that | [ B(7)dr| < 6 for t < u <t + h. We also assume that the
range of B(t) is contained in the domain of A.
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Theorem 5.1. We assume besides the above assumptions on A and T(t), that
B: R — L(X) is a continuous function and such that for each t € R AB(t)
is a bounded operator and B(t)A can be extended to the whole space as a bounded
operator. For each t € R let Cy(u) = [ B(r)dr, for |t —u| < h, where h is a
positive real number. We suppose that there are positive numbers M and & such
that

|Ct(u)B(u)| < M6, |Ce(u)A| < M6, and |AC(u)| < M6, for |u —t| < h.
Let S(t,s) be the evolution operator associated to system (5.2). Then
1S(t,s)|| < (1+0)KeP =) fort>s, t,s R,

where
log((1+ d)K)
3 .
If « is negative, h is sufficiently large and & sufficiently small in such a way that
B < 0 then it follows that system (5.2) is asymptotically stable.

B=a+3MKs+

Proof. The proof follows the ideas of Theorem 2.1. By the variation of constants
formula

S(t,s) =T(t—s)+ /t T(t —u)B(u)S(u,s)du, t > s.
/ T(t —u)B(u)S(u, s)du = / T(t— u)% /tu B(1)drS(u, s)du

:/ T(t—u)%ct(u)S(u,s)du.

Taking derivatives,

i[T(t —u)Ci(u)S(u,s)] =—T(t — u)AC:(u)S(u, 8) + T(t — u)B(u)S(u, s)

du
+T(t —u)Cy(u)(A+ B(u))S(u, s).
Integrating the above equation, we obtain

_ / Tt — u)ACy(w)S (u, 5)du + / T(t — u)B(w)S(u, 5)du
+ / T(t —u)C(u)AS (u, s)du + / T(t — u)Cy(u) B(u)S(u, s)du.
And so,

—T(t—5)C(s) = — / T(t —u)AC(u)S(u, s)du + / T(t —u)B(u)S(u, s)du

—|—/ T(t—u)C¢(u)AS(u, s)du+/ T(t—u)C¢(u)B(u)S(u, s)du.

Therefore,

/ Tt —u)B(u)S(u,s)du = =T(t — s)C¢(s) + / T(t — u)AC¢(u)S (u, s)du
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— / T(t —u)C(ru)AS(u, s)du — / T(t — u)Cy(u)B(u)S(u, s)du.
Therefore,

S(t,s) =T(t—s) +/ T(t —u)B(u)S(u, s)du
=Tt —s)(I — C(s)) + / Tt — u)AC:(u)S(u, s)du

- / T(t —u)C(u)AS (u, s)du — / T(t — u)Cy(u) B(u)S(u, s)du.

We first suppose that s <t < s+ h and estimate |S(t, s)]|.
If 0 < |u—t| <h then

|Ct(u)B(u)] < |/ B(r)drB(u)| < M, |Cr(u)A| < M§
t
and |AC;(u)| < M4. Therefore,
t
1S(t,s)| < K(140)e**=*) 4 3MK§ / et~ S(u, 5)|du.
and so using Gronwall’s inequality it follows that, in an arbitrary interval of length
h, say for s <t < s+ h we have
|S(t,8)‘ < K(l + 5)€a(tfs)63MK6(tfs) _ K(l + 5)e(o¢+3MK6)(tfs).
For ¢t > s there exists n € N, n = n(¢, s) such that s + nh <t < s+ (n+1)h and so
|S(t, s 4+ nh)| < K(1 + §)elat3MEd)(t=s—nh)
We are going to prove by induction that for s + nh <t < s+ (n+ 1)h,
|S(t,8)| < [K(l + 6)]n+le(a+3K]M§)(t—s).

The case n = 0 has already been proved. But S(s + nh,s) = S(s+nh,s + (n —
1)h)---S(s+ h,s) and so

|S(s + nh, s)| < [K(1+ 6)]el>t3KMann,
Therefore for s + nh <t < s+ (n+ 1)h,
|S(t, s)] <|S(t,s +nh)||S(s + nh,s)|
< K(l +5)e(—a—3K]V15)(t—s—nh) [K(l +5)]ne(a+3KM5)nh
— [K(l + 5)]n+16(a+3KM§)(t—s).

Therefore for s + nh <t < s+ (n+ 1)h, we have

IS(t,s)] < [K(1+ 6)]n+1€(a+3KM5)(t—s).

W. Since t > s + nh, we have

[(1+8)K]" = e7h < 7(t=9),

Let v =

Therefore,

1S(t, 8)| < K (1 + 6)ela—+3KMo+ROTRE ) (t—s)
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6. Applications of Section 5. Consider the following result from Henry [8] pg.
30.

Theorem 6.1. Suppose A is a closed operator in the Banach space X and suppose
that o1 is a bounded spectral set of A, and o2 = 0(A) — 01 so o2 U {0} is another
spectral set. Let E1, FEo be the projections associated with these spectral sets, and
X; =E;(X), 5 =1,2. Then X = X; ® Xo, the X, are invariant under A, and if
A; is the restriction of A to X;, then

Al Xy — Xy is bounded,a(Al) =0, D(AQ) = D(A) N Xy and CT(AQ) = 09.
With our techniques what we can get is the next result:

Theorem 6.2. Let h and 6 be positive real numbers. Suppose that A : D(A) C
X — X a generator of a Cy-semigroup T(t), t > 0, B(t) € L(X) and |B(t)| < M
for every t € R. Suppose we can decompose o(A) = o1 U og, where o1 is a bounded
spectral set and o2 = 0(A) — 01 so o2 U {00} is another spectral set. Suppose there
is a smooth curve I', oriented positively, that contains o1 in its interior and oo is in
the exterior of I'. Consider the projection P, = 2;732 fr()\fA)_ld)\ that projects X in
the subspace X1 associated to the spectral set a1. Let Py = [—P;. |T(t)Py| < Ke™ !
and |T(t)P2| < Ke™#, for t > 0, where y > «. Then APy is a bounded operator
and PLA = APy and so Pi A is also a bounded operator.

The above decomposition is chosen in such a way that |PaB(t)] < M4 for every
teR .

In analogy with the bounded case if Cy(u) = ftu B(T)dr, we suppose that

|PiC(u)B| < Mo, |PLACy(u)| < M§ and |PyCy(u)A| < M6, fort <u<t+h.

(6.1)

Consider the equations:
T = Ax, (6.2)
gy = Ay + B(t)y. (6.3)

If the above assumptions are satisfied if § is sufficiently small, h is sufficiently large
and (6.2) is asymptotically stable then system (6.3) is also asymptotically stable.

Proof. The proof follows the ideas of Theorem 5.1. O

Remark 1. The decomposition 6(A) = 01 Uog and the smallness conditions (6.1)
are satisfied if A is at least a sectorial operator and if B(t) commutes with P;.

7. Stabilising unstable systems under small periodic perturbations, with
large period. In contrast with the results of the previous sections on the robustness
of the stability, this section and the next one are devoted to show, by means of
examples, that instability is not so difficult to break.

The next example is in X =R? and it shows that it is possible to stabilise an
unstable system under a small (in mean value) periodic perturbation.

Let 0<a< pand § <T. Let

g (@ ())7 R;(O 27:5)
(6 %) == (% %

Let D(t) the T-periodic operator given by
Dt)=-A+R, T—-6<t<T, Dt)=0teR—[T—-41T). (7.1)
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Consider the systems:
&= Az, (7.2)
y = Ay + D(t)y. (7.3)

First we observe that limp_, . % fOTD(s)ds = 0, that is B(t) has zero mean
value, but has large period. Next we are going to prove, using Floquet Theorem
that system (7.3) is uniformly asymptotically stable. For the system & = A(t)z,
where A(t) is continuous and T-periodic, we will use Floquet Theorem even if A(t)
is not continuous, according to the comment in [7] page 118.

Consider the matrix solution X (¢) of (7.2) such that X(0) = I the identity
matrix. Then it is given by

et 0
X(t)zeAt: ( 0 e’Bt).

If we let R = ( 077 265> , then we have the rotation matrix:
T2
cos Tt o 7t
i in [ —=
Rt 26 26
S mt cos mt
—sin [ &2 i
26 26
Since

a(T—9) 0
_ €
X(T — ) = A0 = ( 0 e-,@(T—é)) ;

the fundamental matrix Y (t) of y = (A + D(t))y, such that Y (0) = I will be given
by

Y(t) = et for0<t<T-34,
Y (t) = Bt (T=0)gA(T=0) — (RU-T)RIAMT=0) " for T —§ <t < T.

Then the monodromy matrix will be

cos <7T6> sin (7?5
_ RS A(T—5) _ 26 26 e(T=9) 0
Y= BT (™Y o (T 0 ety
sin | o5 cos | 5

0 1\ [exT=9) 0 0 e=B(T=9)
“\-1 0 0 e BT=0) )7 {_ea(T0) 0 ‘

Now we can find the eigenvalues of the monodromy Y (T') and they will be the
characteristic multipliers of (7.3)

Y e—B(T=9)
Y(T) = Al = (_ea(T—zS) 1\ > :

The characteristic polynomial is given by p(A) = A2 4 e(@=A(T=9) Since B > a this

implies that
I\ = Vela=B(T=0) < 1,

Therefore § = (A 4+ D(t))y is uniformly asymptotically stable.
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8. Stabilizing unstable linear ODE in infinite dimensions. There is a clas-
sical example in Operator Theory due to S. Kakutani of a bounded operator in an
infinite-dimensional Hilbert space whose spectrum shrinks drastically from a disk
to a single point under an arbitrarily small bounded perturbation. The example
can be found in [13] (p. 282) and [6] (p. 248) and it is also described in [21],
where the present authors recently used it to build an example of the possibility
of nonlinear stabilization of an unstable linear map under Fréchet differentiability
hypotheses. It is also briefly described below. The purpose of the present section
is, by means of two examples, to use the ideas of Kakutani’s example to show this
drastic stabilization in linear ordinary differential equations in infinite dimensional
Hilbert spaces, of the form

#(t) = Az(t) + B(t)z(t), (8.1)

when the system @(t) = Axz(t) is unstable and the perturbation B(t) is small in
some senses. Roughly speaking, we could say that the examples of this section
show that while stability is a robust feature, instability does not need to be so.

Let us describe briefly the example of Kakutani with the notations and choices of
[21]. In a real separable Hilbert space H with a Hilbert orthonormal basis (e, )n>1
a weighted shift operator W € L(H) is a bounded linear operator defined by the
relations We; = aje;11 for a bounded sequence of real numbers (ay,)n>1. One
readily sees that

W1 = sup{lan|} and [W*| = sup{|ancini1 - anirl}- (8.2)

We choose first the sequence &,, = M/K™~! for some M > 0 and some K > 1,
and define a weighted shift W, by o, = &,,, if n = 2("‘*1)(% + 1), where £ is a
non-negative integer. This sophisticated way of distributing the numbers ¢,, into
a sequence o, makes a number &, to appear for the first time in the a,, sequence
at the position n = 20™=1 and from that position onwards to appear periodically,
infinitely many times, with a period of 2™.

Then, one also defines the weighted shifts L,, by a sequence of weights «,, that
are all of them equal to zero, except at the positions n = 20m=1)(2¢ + 1), where ¢
is a non-negative integer, where a,, = &,,,. With this choice, the operator W, — L,,
is also a weighted shift, and it has zeroes along its sequence of weights, distributed
each 2™ places, and starting at the 2(™~1 position. This means, according to 8.2,
that W, — L, is nilpotent of index 2™, (W, —Lm)2m = 0. Consequently, its spectral
radius p(W, — L,;,) = 0. One can also obtain, after some work, that p(W.) = M/K
and that the spectrum o(W,) is the whole disk of radius M/K centered at zero.
Concerning the norms, by using (8.2) one gets that |W.|| = M and || — L, || = &m.

In this way, Kakutani’s example shows the existence of a bounded linear operator
W. with positive spectral radius that is approximated, in the operator norm, by a
sequence W, — L,, of operators whose spectrum reduces to the single point 0.

Our first example of translation of these ideas to (8.1) is very simple. Let us
choose a number R and the previous numbers M and K in such a way that 0 <
R—M/K <R <1< R+ M/K and with these choices define the new operator
T = RI + W,, where [ is the identity operator. The spectrum of T is a disk of
radius M/K centered at the point R. This spectrum intersects the exterior of the
unit circle and lies entirely in the half-plane Rez > R — M/K > 0. Because of this
last property, the operator A = log(T") can be defined, and by the Spectral Mapping
Theorem

HetA” > p(etA) _ etlog(R+M/K)’ (83)
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which is unstable since R+ M/K > 1.

We construct now the sequence of operators S,,, = R I + W, — L,,,. All of these
operators have their spectra reduced to the single point z = R, and these operators
converge in the operator norm to T' = R I+ W, which spectrum is the disk of radius
M/K centered at z = R. If we take now A,, = log(RI+ W, — L,,), we again have
that the sequence A, tends to A = log(7") as m — oo in the operator norm, by the
continuity of the logarithm. Also, by the properties of the exponential, perhaps by
using adapted norms, for all § > 0 and all m, there exists a number D,, 5 such that

HetAmH < Dm,é et(log(R)+5)7 (84)

which implies stability since log(R) < 0, and J can be chosen small enough.

In this way we have perturbed an autonomous unstable system &(t) = Axz(t)
to a new autonomous system z(t) = Axz(t) + (A, — A)z(t), with a perturbation
that can be taken as small as we wish in the operator norm, and the new system is
asymptotically stable.

This example deserves to be commented in relation of Theorem 4 of [10] (p.
2704). According to that theorem, if an equation @(t) = A(t)z(t) exhibits an expo-
nential dichotomy with nontrivial stable and an unstable part (which in particular
means that it is unstable), then a new system @(t) = A(t)z(t)+ B(t)x(t) will exhibit
a similar dichotomy (which means that it is also unstable) if sup{||B(¢)||;t € R} is
sufficiently small, and if some compactness conditions are met, that are automat-
ically satisfied in our case since B does not depend on t. This robustness of the
instability is broken in our example, since the spectrum of A is a connected set
that has points both in Rez < 0 and in Rez > 0, but it is not possible to divide
it into two spectral sets by the vertical line Rez = 0. This is something very typi-
cal from infinite dimensional functional analysis, that cannot be expected in finite
dimensions.

Our second example, also based on Kakutani’s construction, starts with the
same system z(t) = Az(t) as above, with A = log(RI + W.) and W, with the
relations 0 < R— M/K < R <1< R+ M/K, whose instability is expressed by the
inequality (8.3) above. We want to add to it now a time-dependent perturbation
B(t), depending continuously on ¢ > 0 such that sup{||B(t)||;t € [0,00)} can be
taken as small as we wish, but with the novelty that lim;, || B(¢)|| = 0. Despite
this, we want to obtain a system #(t) = Az(t) + B(t)z(t) that will be stable.

Let us name B,, the operators A,, — A considered above. Let us say again that
|Bm]| — 0 as m — oo and that the spectra o(A + By,) = o(Ay,) = {log R}. Let
us fix now one value of 6 > 0 in (8.4) such that if we define w = —log(R) — 0 we
still have w > 0. For example, § = f% log R. If we write D,, for D,, s in (8.4) we
will have |et4m| < D,,e~*. We do not expect the sequence D, to be bounded as
m — oo. Let us choose an index mg > 1 and define

Boot ks for ty <t <tpss — 1,
B(t)z{ ot ok k1 (8.5)

(terr —t) Bmgtk +E—tonn + ) Bmgenn for tpp1—1 <t <tppq,
for an increasing sequence ty with tg = 0 and ¢ + 1 < tx11, to be defined later. It
is clear that B(t) is a continuous function from [0, c0) to L(H). Since || By, || — 0 it
is clear that
E,, = sup{||Bmll;m > mo} — 0 as my — .
Therefore, |B(t)|| < Ep, for all ¢t > 0, and this can be made as small as we like by
choosing my sufficiently large.



ROBUSTNESS OF STABILITY 3205

In order to define the sequence (¢)x>0 let us now bound the solutions of
{a'c(t) = Ax(t) + B(t)z(t),
z(0) = xg.
For t between t;, and tj+1 — 1 we will have A+ B(t) = Ay,y+r and, because of (8.4),
lz()]] < |2 (t) | Ding-+re 1)

To fix ideas, let us start with K = 0. For 0 = to < t < t; — 1 we can write
lz(O)|| < Dpmye“||z(0)]]. Then, for t; — 1 < ¢ < ¢; we can broadly bound as

lz(0)]] < et FDUATEEm (1 — 1) < eIAIHEma) |22y 1)),

(8.6)

and, putting the two parts together

|z()]| < eIAITEm) D, = |2(0)), (8.7)
which obviously implies the weaker bound
|z (t)]] < eIAI+Eno) D, =24 a(0)], (8.8)

both for 0 <t < t;. Then, we continue with ¢; < ¢ <ty — 1, and for this range of ¢
we have A + B(t) = Amy+1 and

()| < Dimgrre™ = (t)]),

and, as before,
Jz(@)]| < IAIFEmI D, ez (ty) |,

now for the whole ¢t; < ¢ < to. Putting this together with (8.7) we get, again for
t1 <t <t

lz()]] < MAFEm) D, yem =t U4 D= 2(0)
that we can write again as
()] < e(I\AIIJrEmo)Dm0+1efw(tftl)e(HA\HEmo)Dmoe*%wtle*%wtl l|lz(0)]],
and at this point we see that we can choose t; large enough in such a way that
e(HAH+EmO)DmO+167%wtl <1.
With this choice we get
|z ()] < IAITEn) D, ==t =200 | z(0) |, (8.9)
for t; <t < tg, which will be needed in the next interval, and also deduce, together
with (8.8) the weaker but more global bound
|z ()| < IAIFEn0) D, =24t |2(0), (8.10)

now for all ¢ such that 0 <t < t,.
Now we proceed inductively. Suppose that along the interval ¢ < t < tg,
where tj, is still to be chosen, we have obtained, as in (8.9), the bound

lz(t)]] < WA Emo) D, o=t e =2 |12(0) (8.11)
for t),_1 <t < ti, and the weaker inequality
_1y
lz(@)]| < eUAI+Emo) Dy e 2 2 (0)], (8.12)

for 0 <t < tr. Then we analyze for ¢, <t < t;y; and obtain that

()] < e(IIAII+Emo)Dm0+k67w(t7tk)e(llA\HEmo)DmOefw(trtkfl)e*%wtk—l [|2(0)].



3206 H. M. RODRIGUES, J. SOLA-MORALES AND G. K. NAKASSIMA

Then we choose tj in such a way that

1
e(||A\|+ErerD)DmO+ke*aw(tk*tkﬂ) <1,

and obtain
1
|z(t)]| < eWAIFEmo) D, o= (=t e =2tk ||2(0)], (8.13)
for t;, <t < tg41, and the weaker inequality
la()]| < A Emo) D,y e 24 [2(0)] (8.14)

for 0 S t S tk+1-
With these choices of the ¢; one can make k — oo and obtain the final bound

la()]| < eI Emo) D,y e 24 [(0)], (8.15)

for all ¢ > 0, that proves the exponential asymptotic stability of the solutions of
(8.6).
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Abstract

In this paper we study the robustness of the exponential dichotomy in nonautonomous linear
ordinary differential equations under integrally small perturbations in infinite dimensional
Banach spaces. Some applications are obtained to the case of rapidly oscillating perturbations,
with arbitrarily small periods, showing that even in this case the stability is robust. These
results extend to infinite dimensions some results given in Coppel (Dichotomies in stability
theory. Lecture notes in mathematics, Springer, Berlin, 1970). Based in Rodrigues (Invarian-
cia para sistemas de equacdes diferenciais com retardamento e aplicag¢des, Tese de Mestrado,
Universidade de Sdo Paulo, Sdo Carlos, 1970) and in Kloeden and Rodrigues (Nonlinear
Anal 74:2695-2719, 2011), Rodrigues et al. (Stability problems in non autonomous linear
differential equations in infinite dimensions. arXiv:1906.04642, 2019) we use the class of
functions that we call Generalized Almost Periodic Functions that extend the usual class of
almost periodic functions and are suitable to model these oscillating perturbations. We also
present an infinite dimensional example of the previous results.
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1 Introduction

The main objective of this paper is to study the robustness of the exponential dichotomy in
nonautonomous linear ordinary differential equations under integrally small perturbations in
infinite dimensional Banach spaces. Also, we provide some applications to the case of rapidly
oscillating perturbations, with arbitrarily small periods, showing that even in this case the
dichotomy is robust. In particular, our results extend some results given in Coppel [2] to
infinite dimensions. Based in Rodrigues [6] and in Kloeden and Rodrigues [5], Rodrigues et
al. [7] we use the class of functions that we call Generalized Almost Periodic Functions that
extend the usual class of almost periodic functions and are suitable to model these oscillating
perturbations. We also present an infinite dimensional example to illustrate the previous
abstract results.

Let X be a Banach space and A(¢), B(t) be bounded operators defined in X, such that
|A(2)]l, ||B(t)|| are bounded for every ¢t € R. We consider the following systems:

% = A(f)x (1)
% = A(t)x + B(t)x. 2)

In Sect. 3 we show that if system (1) possesses an exponential dichotomy in R and B(¢) is
integrably small, then system (2) has an exponential dichotomy in R. Then if we suppose
that B(¢) belongs to the class of generalized almost periodic functions and we consider the
systems

x =A({)x (3)
X = A(t)x + B(wt)x, 4

if system (3) has an exponential dichotomy in R and o is sufficiently large, then system (4)
has also an exponential dichotomy in R. We observe that if B(7) is periodic then B(wt) will
have small period if w is large.

In [7], page 17, there is a two dimensional example such that (1) has a non-trivial expo-
nential dichotomy (and therefore it is not asymptotically stable), B(¢) is periodic with very
large period and very small mean value and (2) is asymptotically stable.

In Sect. 4 we present an infinite dimensional example where A(f) = A is constant, (3)
admits an exponential dichotomy, B(z) belongs to the class of generalized almost periodic
functions and (4) has an exponential dichotomy with sufficiently large w.

In Sect. 5 we consider a case where the linear part is constant, unbounded, generates a
Co-semigroup and the perturbation B(¢) is small in some sense, and in Theorem 3 we present
the necessary results for this case. In Example 1 we present an application of our abstract
results to the heat equation.

2 Integral Inequalities

In the next lemma we prove a new integral inequality that will be very useful to show our
main results.

Lemma 1 Let s be a fixed number in R. Let u(t) > 0 be a real continuous and bounded
function for t > s, such that

@ Springer
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t t
u(t) < Ke 079 4 N f e MU Dy (tydt 4 L / e "Dy (t)dt
S

N

o0
+M / e’ "D yu(7)dr, (5)
t

where K, N', L, M, u, a, y are positive numbers, with u < «. Let B = %[-I-g-i-% < L
Then

_((X_N+L

u(t) < FE)D s,

K
e
1-8
Also, ifu(t) > 0 is continuous and bounded fort < s, and

N )
u(t) < Ke*=% +N/ e“("”u(r)dr+£/ "y (v)de
13

t

t
+M / eV y(n)dr, (6)
—00

where K, N', L, M, u, a, y are positive numbers, with i < «, then

(o 2E )i,

u(;)fl t<s.

Proof We will first prove that u(t) — 0 as t — o0. Suppose, by contradiction, that this is
not true. Let § = lim sup,_, ., u(¢). Then § > 0.

Let 0 < v < 6 < 1. Then there exists f; > s such that u(z) < % fort > 1.

Therefore for t > 11,

1] t
u(t)y < Ke =9 + N / e My (tydr + N f e M=y (1)dt
N 1
1] t
+L / e Dy(t)dt + L / e "Iy (v)dt
s t
~ 1
—I—/\/l/ e’y (t)dt
t
131 t
< Ke =9 —|—N/ e MOy (n)dT + Ag/ e M= gr
) tl
d cs [t
+£/ e Dy(t)dT + ?/ e gt
s 1

MS [
+7/ e’y (t)dr
t

d NS
< Ke™@U=9) —l—/\// e MOy ()dr + —
s o

h L£Ls  Més
—I—E/ e Dy (t)dr + — + —
s b 4%

3] 1
— Ke @U=%) +./\f/ e My (n)dT + E/ e My (n)dt
S S
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[N L M}S
+l—+—+—1=
n o y |6

1 5
=Ke ™) 4 (W + L) / e My (tydT + B
N

Then § = limsup,_, o, u(t) < % < 8, which is a contradiction. Therefore u(t) — 0 as
r — oQ.

Now for 7 > s let v(f) = sup,., u(t). We can see that v(¢) is a decreasing function for
r=>s.

Since u(t) — 0ast — oo, givent € [s, 00) there exists #; > ¢ such that v(¢) = v(r) =
u(ty) fort <t <1 and v(t) < v(fy) if T > 1. Indeed, let us prove this statement. Let 7
such that u(f) < v(¢). Let f; = max{t € [¢, f]} such that v(t) = u(#;). Then for T € [t, 11]
v(t) =v(@) =u(f)) and v(t) < v(ty) if T > 14.

Then

1
v(t) = u(r) < Ke @1=%) +N/ e MU=y (r)dr
S
131 o0
—I—E/ e =Dy (1)dr —I—/\/l/ e’ M =Dy(v)dt
s 131
t I
< Ke_“(“_s)+./\f/ e H=Dy(v)dr +N/ e M=y (v)dr
t
t ' 131
+L / e Dy (r)dt + L / e =Dy (r)dt
' t
! o
-I-./\/lf e’ M =Dy(t)dt
t
t 3]
< Ke U—9) +N/ e M=y (v)dt +./\fv(t)/ e =gy
t
t ' 1
+L / e =Dy (r)dt + Lo(r) f e @M=D gr
N t

0, ¢]
+Mu(r) / e’ Nygr
t

L t
= Ke @079 ¢ [M + =+ ﬂ] v(t) +N/ e M Dy(t)de
wooooy s

t
+£/ e =Dy (r)dt
)
t
= Ke %= 4 Bu(r) + [NV + E]f e Dy (1)dr.
)

Therefore (1 — B)v(t) < Ke =) + [N + £] [ e7*~Py(7)d7 and

t
U(t) < K e—O{(I—S) N+£
1-p =8 Js
t
Uy (1) < k + N+£ =5
1= 1= J
K N+L [

= + Ty (1)dt
1- 1-BJs

e U y(7)dr,

—2(=Dy(1)dt
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Thanks to Gronwall’s inequality,

K N+£_ (o= NEL ) (=
ea(t—s)v(t) S 1 e 1B (t S), and S0 l/l(l) S U(l) S 1 e (Ol 1-B )(l S)’ t Z .
The proof of the second integral inequality is similar. O

3 Robustness of Exponential Dichotomy in R

Based on [4] we define the concept of exponential dichotomies. Suppose the evolution opera-
tors T'(t,s) € L(X), t > s,forx = A(t)x are defined in R (see [7] for a detailed description
of the concepts used in this paper).

Definition 1 Equation x = A(¢)x is said to have an exponential dichotomy in R, with expo-
nent 8 > 0 and bound M if there exist projections P(z), t € R such that

1. T(t,s)(I — P(s))=U —P@@)T(t,s), t >s, t,s €R.

2. the restriction T'(¢, s)|R(1—P(s)), t = §,1s an isomorphism of R(/ — P(s)) onto R(/ —
P(t)), and we define T (s, t) as the inverse from R(I — P(t)) to R(I — P(s)).

3.

IT(t,s)P(s)| < Me P9 for t>sinR

e . (7)
IT(t,s)(I — P(s))| < Me™PS™ for s>tinR

Remark 1 In [4], P(¢) projects X onto the unstable manifold, differing from the usual con-
vention. In this paper, we chose to follow the usual convention, thus P(¢) will project X onto
the stable manifold.

Suppose now that r € R — A(tz) € L(X) is continuous and that equation x = A(#)x has
an exponential dichotomy in R. Then, there is no solution x(#) defined and bounded in R.
Let X be the subspace of X of initial conditions on ¢ = 0 of the solutions that are bounded
for ¢+ > 0 and X be the subspace of X of initial conditions on ¢ = 0 of the solutions that are
bounded for ¢ < 0. Then, we have X = X1 & X» and Py, P, the projections from X onto X
and X, respectively. Then we can take P(t) = X (1) P1 X ~1(1), where X (¢) is the operator
solution of the equation such that X (0) = 1.

Theorem1 Let A, B : R — L(X) be continuous functions such that there exists M > 0
and |A(t)|| < M and || B(t)|| < M for every t € R. Consider the equations:
X = A(t)x )
y =AMy + B()y )
Let T(t,s) = X)X\ (s) be the evolution operator of (8) and S(t,s) = Y ()Y ~1(s) the

evolution operator of (9). We suppose that system (8) admits an exponential dichotomy in R,
i.e., there exist projections P(s), s € R, constants K > 1, « > 0, such that

1T s)P)| < Ke @™, 1>

(10)
IT(t,s)(I — P(s))|| < Ke® "™, t <5

Assume that there exist §, h > 0 such that || ft? B(t)dt|| < 8 provided that |t, — t1| < h,
t, e R

@ Springer
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Then, there exist projections Q(s), s € R and constants K and & > 0, such that we have

S(t,s)0(@s) = Q(t)S(¢t,s) and
1S(1,5) Q)| < Ke @™ 1>

o (11)
1S(t, )T — Q(s)|| < Ke*'™), t <5

K<1+5K
~ 1— K+6KM (3)
where, K = 1(—/3 ) , B = —6KaM‘S

<1,and&'=a—6lKTAg‘S.

Proof We first prove that there exists a projection Q(s) such that S(z, s) Q(s) is bounded for
t >sfort, s e R.
From the variation of constants formula it follows that

t
S(t,s)=T(t,s) —I—f T(t,t)B(t)S(7,s)dr.

Since we look for Q(s) as a perturbation of P (s), we will show that the following implicit
equation

t
S(t,s)0(s) =T(t,s)P(s) -I—/ T(t,t)B(t)S(r,s)0(s)dr.

has a solution S(z, s) Q(s) bounded for ¢t > s. Let Y (¢, s) = S(¢, 5) Q(s).
Then we should prove that the equation

t
Y(t,5) =T(,s)P(s) -|—f T(t,T)B(t)Y(t,s)dt

has a solution Y (¢,s) € L(X) bounded for t = s and #, s € R, and then Q(s) =
S(t,s)~y(t,s):

Y(t,s) =T(,s)P(s) + fl T, t)P(t)B(r)Y(z,s)dt
-I-/t T, t)(I — P(r))B(r)Y(z,s)dr
=T(,s)P(s) + ft T, t)P(t)B(r)Y(r,s)dt
—I—/OO T, t)(I — P(r))B(r)Y (7, s)dt
+ /O: T, t)(I —P(r))B(r)Y(z,s)dt
=T(t,s) |:P(s) + /OO T(s,7)(I — P(7))B(r)Y(z, s)dr]

t
+/ T, t)P(t)B(t)Y (7, s)dt

t
+/ T, t)(I — P(t))B(1)Y (7, s)dr.

o0

Since

/OO T(s,7)(I — P(t)B(t)Y(z,s)dt = (I — P(s)) /OO T(s,7)(I — P(7))B(1)Y (7, s)dt
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and T (¢, s)(I — P (s)) fsoo T(s,7)(I—P(tr))B(r)Y (7, s)dt isbounded for¢ > s this implies
that this term must be equal zero.
Therefore we must solve the equation,

t
Y(,s) =T(,s)P(s) +/ T, t)P(t)B(t)Y (7, s)dt

t
—l—/ T, t)(I —P(r))B(r)Y(z,s)dr.

(e.¢]

We will first estimate Y (¢, s) in an arbitrary interval of length 4. To this end, we consider
the strip Hp, = {(s, 1) € R2: s <t < s+h}.For(t,s) € Hy consider the integral equation:

1
Y(t,s) =T(t,s)P(s) +/ T, t)P(t)B(t)Y (7, s)dt

— /OO T, t)(I —P(r))B(r)Y(z,s)dt (12)
t

We prove the existence of a solution Y (z, s) of this equation using the Banach Fixed Point
Theorem.

Now we consider the space ), = BC(Hj, X) of the bounded continuous functions Y
from Hj, to X with the norm |Y| = sup s ep,) |¥ (7, $)|. This is a Banach space. For Y € Y,
we define the operator 7 as

t
(TY)t,s) =T(t,s)P(s) +/ T, t)P(r)B(r)Y(z,s)dt

— /OO T, t)(I — P(r))B(r)Y(z,s)dr. (13)
t

We first prove that 7 (),) C Vj,. The continuity is trivial. Let us prove the boundedness. Let
Y € Y. For (s, t) € Hy,

I((TY)(, ) < |T(t,s)P(s)|+

t
/ T, t)P(t)B(t)Y(t,s)dt

+

/OO T, t)(I — P(t))B(1)Y (7, s)dt
t

t
< Ke@U=%) +/ Ke "D M|Y| dt
~ S
+/ Ke T DM Y| dT
t
2KM|Y|

o

<K+

From (13) it follows that
(TY)(t,5) =T(t,s)P(s)+ (1Y), s),

where

t
(TlY)(t,s):/ T, t)P(r)B(r)Y(r,s)dt

— /OO T, t)(I — P(r))B(t)Y(7,s)dr. (14)
t
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Since (71Y)(t, s) is linear, to prove that (7Y)(z, s) is a contraction it is sufficient to prove
that (71Y)(z, s) is a contraction.

Let us analyse the first integral of (14). Let (s, t) € Hj, such thats <t < s 4 h. Consider
the integral:

/ T(t,t)P(t)B(t)Y(7,s)dr.

Welet C, (1) = ftt B(u)du. In order to use the smallness of the integral C; () = flr B(u)du,
we will perform an integration by parts taking the derivative of three terms:

d
e [T, T)P(0)Ci ()Y (1, 5)]
T

=-Tt,1)P())A@)C,(D)Y(r,s)+T(t,T)P(r)B(7)Y (7, s)
+T(t, 1) P(1)Ci(7)(A(T) + B(1)Y (7, 5).

Therefore

d
T, ©)P(r)B(r)Y(z,s) = E[T(r, T)P(7)Ci (7)Y (7, 5)]

+7T(, ) P(1)A(T)C (DY (2, 5)
=T, t)P(r)Ci(v)(A(r) + B(1))Y (7, 5).

Integrating,
1t t d
/ T, t)P(t)B(t)Y(1,s)dT :/ E[T(t,t)P(r)Ct(t)Y(t, s)ldt
N N .
—|—/ T, t)P(t)A(r)Ci (7)Y (7, 5)dT
1
—/ T, t)P(t)Ci(t)(A(T) 4+ B(1))Y (7, 8)dt

t
=—T,5)P(s)Ci(s)Y (s, 5) +/ T, 1)
P(t)A(r)Ci(t)Y (7, 5)dT

—f T, t)P(t)Ci(t)(A(T) + B(1))Y (7, 8)dT.

Therefore,

fT(t,r)P(t)B(t)Y(r,s)dt

=T, 5)P()Ci(s)Y (s, 5)] +

t
/ T, ©1)P(t)A(r)Ci(T)Y (T, s5)dT

+

t
/ T, t)P(t)Ci(t)(A(r) + B(1)Y (7, s)dt

t
< K8e U9y (s, 9)| +3KM5/ e Dy (1, 5)|dT.
N
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We conclude that for (s, t) € Hy, thatisfors <t <s + h,

t
/ T, t)P(t)B(t)Y(z,s)dt

t
< K8e U=y (s, 5)| +3KM8/ e U=y (1, 5)|dT. (15)
Y

Nowifs < tletn € Nsuchthats + nh <t <s+ (n+ 1)h.

' n—l st (+Dh
f T, t)P(t)B(t)Y(1,s)dt = Z/ T, T)P(t)B(t)Y(t,s)dt
Ky ]:0 S+]h

t
—|—/ T, t)P(t)B(t)Y(t,s)dt
s+nh

n=l st (i+Dh

— Z/ . T(t,1)P(t)A(T)Ci(T)Y (z, s)dT
=0 s+

t
—1—/ T, t)P(t)A()Ci(v)Y (T, 5)dT
s+nh

n=1 .ot (+Dh
— Zf T, T)P(t)Ci(t)(A(T) 4+ B(1))Y (1, 8)dt

=0 s+jh

t
—f T, t)P(t)Ci(t)(A(T) 4+ B(1))Y (1, 8)dt
s+nh

n—l st (j+Dh d
+3 —I[T(t, 1) P(1)Ci ()Y (z, 5)]dT
0 /.;-i-jh dt

+f i[T(t, T)P(t)Ci(T)Y (7, 5)]dT.
s+nh drt

But

n—l st (j+Dh
Z/ —I[T (@, v)P(r)Ci(v)Y (7, 5)]dT
=0 s+jh dt

t
+/ i[T(z,r)P(r)Ct(r)Y(r, s)ldt
s+nh dt

s+h d
= / E[T(t’ T)P(t)Ci(t)Y (7, 5)]dT

s+2h
+ / LT, D) P@)C ()Y (2, )T + - -
s+h dt

s+n—1)h
+f — [T, ) P(r)Ci ()Y (7, 5)]dT
s+(n—2)h dr

t
+/ i[T(t, T)P(t)Ci (7)Y (7, 5)]dT
s+(n—1n dT

=[T(t,s+h)P(s+h)Ci(s+h)Y(s+h,s)—T(t,s)P(s)Ci(s)Y(s,s)]
+[T(t,s +2h)P(s +2h)Ci(s +2h)Y (s + 2h, s)
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T, s+hPEs+hCi(s+hY(s+h )]+

+T({, s+ n—1Dh)Ps+ n—1Dh)Ci(s+ n—1Dh)Y (s + (n— 1)h,s)
—Tt,s+m—2)hP(s+ n—2)h)Ci(s+ m—2)h)Y(s + (n —2)h,s)
—Tt,s+m—1Dh)P(s+m—1Dh)Ci(s +(n—1Dh)Y(s + (n— 1)h,s)
—T(t,s)P(s)C(s)Y(s,s).

Therefore if s < tandn € Nsuchthats +nh <t <s 4+ (n + 1)h, we have

t
/ T, t)P(r)B()Y(r,s)dt = =T(t,5)P(s)C(s)Y(s,s)

n—l s+ (j+Dh
+Z/ T (1. 7)P(1)A(T)C(D)Y (1, 5)dt

=0 s+jh

!
+/ T, t)P(t)A(t)Ci(T)Y (1, 5)dT
s+nh

n=1 st (j+Dh
| T, D POIA®)
=0 s+jh
+B(t)]C;(0)Y (7, s)dT

t
+/ T(t,7)P(0)[A(r) + B(0)IC, ()Y (7, s)dr.
s+nh

Estimating,

@ Springer

t
/ T, ©)P(t)B(t)Y(7,s)dt

=T, 5)P(s)Ci(s)Y (s, 5)]

n=l st (j+1)h
+Z/ |T(t, T)P(v)A(T)Ci(v)Y (7, s)dT|
j=0 s+jh

t
+ f T, T P(D)ADC (DY (3, 9)ld
s+nh

n—l st (j+h
+Z/ T (1. 1) P(2)[A(T)
=0 s+jh

+B(t)]C, ()Y (7, s)dT|

t
+/ |T(t, T) P(r)A(r)Ci(T)Y (7, 5)|dT
s+nh

< §Ke U9y (s, 5)]

n=1 or(i+Dh
+KM(SZ/ e Uy (7, 5)|dT
=0 s+jh
t
+KM8/ e Dy (1, 5)|dT
s+nh
n=l st (j+Dh
+2KM(SZ/ e Uy (1, 5)|dT
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n—1 t

+2KM(SZ/ e Y (7, 5)|dT
=0 s+nh

t
= 4KM8/ e =Dy (1, 5)|d.
N
Therefore, if s < t,letn € Nsuchthats +nh <t <s 4 (n+ 1)h, we have

< §Ke 9|y (s, 5)|

/T(t,r)P(t)B(r)Y(t,s)dt

t
+3KM8/ e DY (1, 5)|d. (16)
S

Consider now ftoo T, t)(I — P(t))B(t)Y(1,s)dr.
As before, we pick s <t < s + h, and we estimate the integral

t
/ T, 7)(I — P(t))B(1)Y (7, s)dr.

Let us denote C;(t) = [, B(u)du.
Taking derivatives,

C%[T(t, O = P(0)C ()Y (z,8)] = =T, 1)(I — P(1))A(T)C (D)Y (7, 5)

+T(, 1) — P(1))B(r)Y(7,s)
+T(t,t)(I — P(1))Ci(7)(A(T) + B(7))Y (7, 5).

Therefore

d
T, ) — P(0)B(0)Y(1,5) = E[T(I’ ) = P(0)C (DY (z,5)]

+T(t, 1) — P(1)A(r)Ci ()Y (7, 5)
=T (t, ) = P(1))Ci(1)(A(7) + B(1))Y (1, 5).

Integrating,
t t d
/ T, t)({ — P(t))B(t)Y(z,s)dt = f E[T(t’ T)(I — P(1))Ci(T)Y (1, 5)]dT
t
+f T(t,T)(I — P(1)A(t)Ci(T)Y (1, 5)dT
—f T, t)(I — P(r))B(t)Y(1,s)dt

t
—/ T, t)(I — P(1))Ci(t)(A(T) + B(1))Y (7, 8)dT
=T(,s)(I — P(s)Cs(s5)Y (s, s)

t
—I—/ T, t)(I — P(1)A(r)Ci ()Y (7, 5)dT

t
—/ T(t,t)(I — P(7))Ci(t)(A(T) + B(1))Y (7, s)dr.

@ Springer



2852 Journal of Dynamics and Differential Equations (2022) 34:2841-2865

We have

00 0 atH(N+Dh
/ T(t,t)({ — P(1))B(n)Y(z,s)dt = Z/ T, 7)(I — P(1))B(t)Y(7,s)dt
t N=0

t+(N+1)h

E'qg

— [T, 1) — P(1))Ci(v)Y (7, 5)]dT
+Nh dt

X pt+(N+Dh

+ Z f [T, t)( — P(1)A(Tr)Ci ()Y (1, 5)
N=0 t+Nh

=T(t,7)(I — P(7))Ci(v)(A(r) + B(1)Y (7, 5)]dT

Since the first term is zero we have

(e.¢]

t+(N+1)h
< Zf Ke®"D3MS8|Y (z, 5)|dT
N0 tHNR

/00 T, ) — P(t))B(1)Y (7, s)dt
1

0
= 3KM(S/ DY (1, 5)|dT
t

3KMS$
< |Y]. (17)
Therefore
K 3KM 3KM
(TN ) <8 |+ = + v,

and we conclude that, if § is sufficiently small, 77 is contraction and so 7 is a contraction.
The Banach Fixed Point Theorem ensures the existence of a unique fixed point Y (¢, s).
From the above inequality also follows that for s < ¢

0
53KM8[ CUIY (1, 9)|lde (18)

t

/00 T(t,7)(I — P(1))B(n)Y(7,s)dt
t

Therefore

t
Y(t,s) =T(,s)P(s) —l—f T, t)P(t)B(r)Y(z,s)dt

— /OO T, t)(I — P(r)B(r)Y(z,s)dr, (19)
t

and Y (s,s) = P(s) + /‘00 T(s,7)(I — P(r))B(v)Y (7, s)dr.

From (19) it follows that
Y(t,)Y(s,s) =T(,s)P(s)Y(s,s)

t
+f T, t)P(t)B(r)Y(r,s)Y(s,s)dt

— /00 T, t)Y(I — P(t))B()Y(7,s5)Y (s, s)dr.
t
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But

P(s)Y(s,s) = P(s) — P(s) /OO T(s,t)({ — P(1))B(r)Y (7, s)dt

= P(s) — /OO T(s,t)P(t)(I — P(t))B(t)Y(t,s)dt
= P(s).

Then Y (¢, s)Y (s, s) is also a solution of (19) and so Y (¢, s)Y (s, s) = Y (z, s). This implies
that Y (s, s)Y (s,s) = Y (s, s) and so Q(s) = Y (s, s) is a projection. In particular,

P(s)Q(s) = P(s).

Also from (19), it follows that Y (¢, s) P(s) is a solution, and then Y (¢, s)P(s) = Y (t, s),
which implies that Y (s, s) P(s) = Y (s, s) and so Q(s)P(s) = Q(s).
From (19) it follows that

Y(t,5)Q(s) =T(t,5)P(s) +/r T(t, 7)P(1)B(1)Y (7, 5)Q(s)dt
- /too T(t,7)(I — P(7))B(r)Y(7,5)Q(s)dr,
and from (16) and (17) it follows that, for s < 1
Y (. $)Q()] < K(1+8|Y (s, 5)De *"™ +3KMs /t e DY (2, 5)Q(s)ldT
+3KMS$ /too DY (1, 5) Q(s)|dx. (20)

Thus we must estimate |Y (s, s)|. From (19), using the estimates (15) and 17) we obtain for
s<t<s+h

1Y (t,5)] < Ke @) £ §Ke =9y (s, s)|

1
+3KM(S/ e =Dy (7, 5)|dT
SOO
+3KM6f Uy (1, 5)|dT.
t

and

3K MS$ 3KMS 6K M5
VI < K +8K|Y| + Y|+ ——|V| = K + 6K|Y| +

Y.

Then

Y] <

T - K8 (1+ o)

In particular

Y (s, )| =1Q(@s)| = "
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and thus we have a bound for |Q(s)|.

K
Yt,9)0@06)| <K |[1+56 e U=
1Y (2,5)Q(s)] ( 1—(K—|—6KTM)5)
t
-|—3KM8/ e Y (1, 5)0(s)|dT

(0.0
+3KM8/ DY (1, 5)0(s)|dT

t

Ifwelet S(z,s)Q(s) = Y (¢, s)O(s), from Lemma 1, we obtain

K
K <1 +51—(1<+61§M)3> (a0 ) )

1S, 5)Q(s)] < e

t>s (21)

and B = —6KaM5.
From the variation of constants formula it follows that

t
S(t,s)=T(t,s) —|—f T(t,7)B(t)S(7,s)dr.

Since we are looking for a projection W (s) as a perturbation of I — P(s), we will show
that the following implicit equation

t
S, s)W(s)=T(t,s)(I — P(s)) —|—/ T(t,t)B(t)S(t,s)W(s)dr.
has a solution S(¢, s) W(s) bounded for ¢t < s.Let Z(zt,s) = S(¢, s)W(s), then
t
Z(t,s)=T(,s)(I — P(s)) —|—f T(t,t)B(t)Z(t,s)dr,

and if Z (¢, s) is bounded for r < s,
Z(t,s) =T(,s)I — P(s))

t
+/ T, t)(I — P(t)B(t)Z(1,s)dt

t
+/ T(t,t)P(t)B(t)Z(t, s)dr.
Z(t,5) = T(t,5)(I — P(s))
t
+f T, t)(I — P(1))B(t)Z(1,s)dt
t
+/ T, t)P(t)B(t)Z(z,s)dt
t
+/ T, t)P(t)B(t)Z(t,s)dt

+/_°° T(t. )P(1)B(1)Z(z. s)d
t

t
=T(,s)(I — P(s)) +/ T, t)(I — P(1))B(t)Z(t, s)dt
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t
+/ T, t)P(t)B(t)Z(t,s)dt

—00

_/S T(t,t)P(t)B(t)Z(t,s)dr.
But

/S T, t)P(t)B(t)Z(t,s)dt =T(t,s)P(s) /s T(s,T)P(t)B(t)Z(t, s)dr.

o0

Since this term should be bounded for # < s, then it must be equal to 0. Therefore,
t
Z(t,s) =T(t,s)(I — P(s)) —|—/ T(t,t)(I — P(t))B(1)Z(t,s)dt
N

t
—|—f T, T)P(t)B(t)Z(t,s)dr.

—0o0

Now we proceed as in (12). Let H = {(¢, s) € R?: ¢t < s}. For (1, s) € H we consider the
integral equation:

t
Z(t,s) =T(,s)(I — P(s)) +/ T, t)(I — P(r))B(r)Z(z,s)dt

t

+/ T, t)P(t)B(r)Z(z,s)dr. (22)
-0

We now prove the existence of a solution Z(z, s) for this equation by using the Banach

Fixed Point Theorem. To this end, we consider the space Z = BC(H, X) of the bounded

continuous functions Z from H to X with the norm |Z| = sup, |Z(¢, s)|. This is a Banach

space. For Z € Z we define the operator 7; as

t
(M Z)(t,s) =T(,s)(I — P(s)) —i—/ T, t)(I — P(1))B(r)Z(z,s)dt

t
—|—/ T, t)P(t)B(t)Z(t, s)dr.

—0oQ

One can prove that 71Z C Z) and that 77 is a contraction. Then the integral equation (22)
has a unique solution Z(¢, s) in Z.

Since Z(t, s)Z (s, s) is also a solution of that equation, this implies that Z(s, s)Z(s, s) =
Z(s,s) and so Z(s, s) is a projection and

s

Z(s,s)=1— P(s) —l—/ T(s,t)P(t)B(t)Z(7, s)dr.

—0Q

Now

I —=06)NZ(s,s) = —‘Q(S))(I — P(s))
+/‘ (I — O(s)T (5. T)P(1)B(1) Z(z. s)dT

N

— - 0()+ f T(s, )T — Q) P(1)B(x)Z(z, s)d

—00

@ Springer



2856 Journal of Dynamics and Differential Equations (2022) 34:2841-2865

N

= - 0()) —I—/ T(s,t)(P(t)— P(r)B(v)Z(z,s)dt

—0
=1—0(@).
Therefore Z (s, s) = I — Q(s). From (22) it follows that

t
S, s)(I — Q(s)) =T(t,s)(I — P(s)) +/ T(t,t)(I — P(t))B(t)Z(t,s)dt
. N
—|—/ T, t)P(t)B(t)Z(t, s)dr. (23)
If we proceed as in the estimate of S(¢, s) Q(s) in 21, and use (1), we can prove that
1+ 8—
( (K+6KM)8)e<a 6KM8>(S t)

1=

and,B 6KM5 0

1S, ) = Q)| =

s <t (24)

Following the ideas of [7] pages 9 and 10 and from Coppel [2] page 8 we obtain

Corollary1 Let A, B : R — L(X) be continuous functions such that |A(t)|| < M and
IB(t)|| < M for every t € R, where M is a positive constant. Suppose that B(t) is a
generalized almost periodic function (GAP ) with mean value zero. Consider the equations

X =A)x (25)
X = A(t)x + B(wt)x (26)

Let T(t, s) be the evolution operator of (25) and S, (t, s) be the evolution operator of (26).

Suppose that there exist projections P(s), s € R such that |T(t,s)P(s)| < Ke (=9 for

t > sand |T(t,s)(I — P(s))| < Ke*— S)fort <s,t, s € R wherea > 0and K > 1.

Then there exist projections Q,(s), s € R, K > K, ,3 < a and wy > 0 such that for o > wy
1Su(t,$)Qu(s)] < Ke PU, 1=,

1Su(t, )T — Qu(s)| < P19, 1 <,
where S, (t, s) indicates the evolution operator of (26).

Consider now A € GAP. Then we have A(t) = Ao + B(t), where Ag = M(A) and
M(B) = 0, where M denotes the mean value. We suppose that |Ag| < M and |B(¢)| <M
for every ¢t € R. Consider the equations:

X = Agx (27)
X = Aogx + B(wt)x. (28)

Let T(t) = e be the group generated by (27) and S, (¢, s) be the evolution operator of
(28). The next corollary follows from Corollary 1.

Corollary 2 Assume that system (8) admits an exponential dichotomy in R, i.e., there exist
projections P, constants K > 1, o > 0, such that

ITA)P| < Ke @™ t>5 (29)
IT@)(I - P)|| < Ke®"™, <5 (30)
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Then there exist projections Q.(s), s € R and constants K>K ,0<a <aandwy > 0
such that for every @ > wqy we have

So(t,$)0u(s) < Ke @09 i >,
So(t,s)(I — Qu(s)) < K™ Vi <.

4 Example of Exponential Dichotomy

If we proceed as in the infinite dimensional example in [7], we can construct bounded oper-
ators Ay, A, from €, to €5, such that |eA1| < eZ ! fort > 0 and |e??!| < €3’ fort < 0.

. . . (a 0 . .
If we proceed asin [7], defining L, ) = (O N al)’Ll = Lq2,1/4), L2 = L3,2,1/4)

A1 =log(L1)and Ay =log(L;), where

0 0 O
1 0 0
0 1 0
I=10 0 1 €1V
Now we consider the bounded linear operator
(A1 O
A= < 0 A2) (32)
and projections
. (I O . (0 0
and we have
e Pl <e?!, 120, [eM Py e, <0 (33)

. (B11(t) Bi2(2)
LetB(t) =
® (le(n Bax (1)
value zero, |[A| < M, sup,cp |B(t)| < M.
Consider the equations:

) be a generalized almost periodic function GA P with mean

X = Ax (34)
y = Ay + B(wt)y (35)
From the above assumptions and the last previous result it follows the next one (Figs. 1, 2).

g)rollary 3 Let S, (t,s) be the evolution operator of (35). Then there exist wg > 0, constants
K > 1, a < a, projections Q(s), s € R such that for > wy

1S(t,)Q(s)] < Ke @9 >3,
1S, ) — Q(s))| < Ke¥'™ | 1 <.
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5 A Case Where the Infinitesimal Generator is Unbounded

In this section we consider the equations

x = Ax
y=Ay+ B(@)y,

where we assume that D is dense in X and A : D — X is the infinitesimal generator of a
Co semigroup 7 (¢). We also assume that there exist a projection P : X — X and constants
K > 1, a € R, such that the following exponential dichotomy is satisfied:

IT@)PIl < Ke™™,

IT (T = Pl < Ke™,

t>0

<0 (36)

Let us now recall an important result from Henry [4, page 30].
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Theorem 2 Suppose A is a closed operator in a Banach space X and assume that the spectrum
of A can be decomposed as

c(A)=cTUc'Uc?, o' no? =y,

ot Cc {x € C: Re(r) > a > 0} is a bounded spectral set, c' Uc? C {A € C: Re(A) <
—a}, 01 is a bounded spectral set of A, and 0y = 0(A) — o1 is closed and unbounded and
so oo U {—o0} is another spectral set.

Let I — P, Piand P; be, respectively, the projections associated with these three spectral
sets: 07, ol 0% and X4 = (I — P)Xand X; = Pj(X), j = 1,2. Then X_ = X1 & X»
and X are invariant under A, and if A is the restriction of A to X, for j = 1,2 and A
is the restriction of A to X, then Ay : X, — X, is bounded o(A,) = o™ and

Al X1 — Xyis bounded, o (A1) = o1, D(Ap) =D(A) N X, and o (Ay) = o09.
Furthemore, P = P + P».

Now we will analyse some smallness conditions on the perturbation B(t), such that equa-
tion (39) also admits an exponential dichotomy. The case when B(t) is uniformly small is
studied in Kloeden—Rodrigues [5] without leaving the continuous case. Similar results are
obtained by Carvalho et al. [1], but they first find the result for the discrete case.

Similar results to the next theorem are treated by Carvalho et al. [1] and Dalekii-Krein [3]
but they use the stronger assumption that | T’ | B(t)] is small, with the norm inside the integral,
and in the first one, they prove via a discretization method. Similar results are obtained by
Henry [4, Theorem 7.6.11, page 238], where he also considers first the discrete case, and
requires that B(¢) is uniformly small and integrally small.

Our next result is an extension of a classical result of Coppel [2] to the infinite dimensional
case, and A being an unbounded operator.

Theorem 3 Let h and § be positive real numbers.

Suppose that A : D(A) C X — X is the generator of a Co-semigroup T(t), t > 0,
B(t) € L(X) and |B(t)| < M for every t € R. Assume that for every t € R we have that
R(B(t)) C D(A), AB(t) is bounded and BA(t) can be extended to a bounded operator.
Also assume that B(t) is integrally small, that is,

/u B(t)dt
1

Suppose we can decompose o (A) = ot U o1 U 02, as in Theorem 2, and define the
respective projections I — P, Py and P>, with P = Py + P5.
Suppose the equation

<68 whenever |t—u|<h.

X = Ax (37)
admits an exponential dichotomy, or more specifically,
T — P)| < Ke™',
IT()P1| < Ke™™,
IT()P2| < Ke ™™,
where K > 0 and u > o > 0.
o

Assume that § is sufficiently small in such a way that § < ¢x;- We also assume that
|PoB(t)| < M§, for everyt € R (See Example 1 below).
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In analogy with the bounded case, if C;(u) = ftu B(t)dt, we suppose that fort < u <
t+h

|P1Ci(u)B| < Mé, |(I —P)Ci(u)B| < M3,
|PIAC;(u)| < Mé, |(I — P)AC;(u)| < M, (38)
|PIC(w)Al < M§, |(I — P)Ci(u)A| < M8.

If the above assumptions are satisfied, then the perturbed equation
y=Ay+ B()y (39)
also admits an exponential dichotomy, that is,

1S(1, $)Q(s5)| < 2Ke @ 4KMO=5) =4 > ¢
1S(2, $)(I — Q(s))| < 2K @ 4KMOE=s) = 4 < ¢

Proof We will partially follow the steps of Theorem 1. Let us consider
S(t,s)0(s) = T(t —s)P + /r T(t — 1)PB(1)S(r, s)Q(s)dt
- ftoo T(t — 7)(I — P)B(1)S(z, s) Q(s)d.
S(,5)Q@s) =Tt —s)P + /t T(t—t)P2B(7)S(1,5)Q(s)dt
- /t T(t — T)P1B(1)S(t, ) Q(s)dT
+ /too T(t — )(I — P)B(1)S(z, s) Q(s)d.

1S(1,5)Q(s)| = [Tt —s)P| +

t
/ T(t—1)P2B(t)S(t,5)0(s)dt

+

t
/ Tt —1t)P1B(r)S(z,s)0(s)dt

_|_

/OO T(t—1)(I — P)B(1t)S(t,5)0(s)dt
t

To estimate the two last integrals we proceed as in the proof of Theorem 1 using the fact
that B(r) is integrably small and in the first integral we use the estimate |T (t) P,| < Ke #.

t t
/T(t—r)PzB(t)S(r,s)Q(s)dt 5/ Ke M= M8|S(T, 5)O(s)|d.

Therefore we obtain

t
1S(1,$)0(s)| < Ke @09 +f Ke M= M§|S(T, 5)0(s)|dT

t
+/ Ke =D M5|S(z, s)O(s)|dT
)

0
+/ Ke*"DMS|S(, ) 0(s)|d.
t
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Now we use Lemma 1 with

N =KMS5, L.=KMS§, M =KMS;,
) 1 2 I 2 3KMS 1
B=KMé|—+—)<KMs|—+—-)= <§.
i

o a o o
1. 1 1
Then we have that 8 < 5 if § < g7, =8 > —5 andso 1 — 8 > 5.

—<a—m”1‘32>(t—s)
S, $)0(s)| < 2Ke \ TwGEE) )y s

But
2KM$§ 2KM$
< <4KMS3,
1—KM5(1+2> 1/2
m o
2KM$
o — . > >oa—4KMS§,
1—&kMs (L +2)
2KMS$
|- — < —(¢ —4KMy),
- Kkms(L+2)
therefore,
S(t, <2Ke @AKMOE—) oo ips < L
1S, $)0(s)| <2Ke =5, 8 <y
Fort <s

S, ) = Q(s)) =T —s)I = P)
+f T(t—1)P,B(t)S(t,s)(I — Q(s))dt
t

+fs T —1)P1B(t)S(t,s)( — Q(s))dt
t

t
-l-/ T(t—1)(I —P)B(r)S(z,s)(I — Q(s))dr.

1S, $)( — Q)| = 1T — )T — P)|
. / T = P B@S(r )T — O(s))ldr
+f,s Tt — )P B(D)S(x, 9)(I — Q(s))d

+/_too Tt = o)(I — PYB()S(x, $)(I — Q(s))ld

< Ko=) 4 /t T KM MsIS(r, ) (T — 0(s))ld

+/S Ke*""OMSIS(r, s)(I — Q(s))|dT

t
+/ Ke =D M5|S(z, s)(I — O(s))|dT

—0o0
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S
< Ke*U=9 4 KM(S/ HD18(z, 5)(I — O(s))|dT

t

+KMS /S D18z, 5) (I — Q(s))|dT
t

t
+KM8/ e DSz, ) (I — Q(s))|dz.

—0o0

Now we use Lemma 1 with

N=KMSs L=KMS§, M=KMS,

. 1 2 1 2 3KM$S 1
B=kMs(—+2) <kMs(-+2)< <.
u o o o o 2
We obtain
1 (“‘Mlaz)(’—s)
1S(t, ) — Q(s))| < K e\ ) s
1—&ms(L+2)
Therefore,

S, s)(I — < 2K @ AKMOE=) — ¢ ps < 2
[S(, s)(I — Q(s))| < 2Ke =5, Mo < o

O

Remark 2 The method used, the unbounded operator A and its domain impose restrictions on
the class of perturbations B(t) that can be used. For example if D(¢) € L(X) is continuous
and bounded for ¢+ € R, is integrally small and O belongs to the resolvent set of A, we
could define B(r) = A~'D(r)A~! and then the above assumptions including (38) could be

satisfied.

Remark 3 Another case is when B(¢t) € L(X) is continuous and bounded for ¢t € R, is
integrally small, commutes with A and B(¢)A can be considered as a bounded operator. In
this case B(t) acts as a smooth operator. This will be observed in some applications to the

heat equation below.

Example 1 Application to the Heat Equation
In this part we use some results of Henry [4], page 119.

Let X = L(0,7), Au = —L% Let D(A) = H}(0,7) N H2(0, 7). If p(x) =

\/gsin nx andu = Y 0%, ¢n(¢pn, u), then define |[ul| = [D 00, |(¢n, u)|*1V/2.

oo oo

Au =" (=n)u(pn. ). Mu=Y e By (. w),

o(A) ={-n*, n=1,2,3,...}.
Consider the equations

ou 9%u

E:ﬁ—l—)\u, O<x<m;, u=0 at x=0,7
X

(40)

This equation defines a local dynamical system in X'/? = HO1 (O,m)and o (A — AI) =

(A=n?:n=1,2,3...).
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Let T (¢) be the semigroup generated by A — A/. If A > 1 we can decompose the space
HO1 (0, 7) = E_ & E, with projections P, and (I — P,), respectively on E and E_ and
we will have an exponential dichotomy:

TP < Ke ™, t>0,
1T — P)|| < Ke¥, t<0.

The subspace E_ is generated by the eigenfunctions ¢, (x), such that A — n? > 0.
Forn € N, let b,,(¢) be real continuous functions in ¢t € R.
Consider now the equation

ou B 0%u
at  9x2
where B(t)u = Zzozl b () Pn (Pn, u).

In order to simplify the calculations and to verify the assumptions (38) of Theorem 3, we
will assume that M = 1 and |b, (1)| < m, Vit eR, n>1. We will also assume that

+Aiu+Btu, O<x<m;, u=0 at x =0, m, 41)

for § > 0, sufficiently small and 4 > 0O sufficiently large that | ft” by(t)dr| < mé for
[t —u| < h.
In this case we consider
(7A_1r = {)\—n2 >0, n=1,2,...,N,},
o =(A—n? <0, n=N,+1,N;, +2,..., My},
o, ={A—n* n=M +1,...,00}, My > N; + 1
Consider the projections: (I — Py)u = Zrl:/ > | @n(@n, u) associated to a/\+ and Pyu =
2021\,”1 ¢n(dn, u) associated to o, U UA_OO = {n:x—n? < 0}. Let P| = P;()) be the
projection associated to o, and P, = P»(A) associated to o, °°, be given respectively by

Piu = r/:/IZAN/\-H On(Pn, u), Pou = ZZO:M,\—H On(Pn, u).

o0

PreMu= N ey (),
n=M; +1
1
> 2 > 2 2 ’
IPetul = | 3 e =( D e @00
n=M,+1 n=M,+1

1

[

2 2 2 2
— (M D)? Z ’e—(n ~0+ DDy (4 u)‘
\H=MA+1
1
00 2
2 2
<MD N (g )P | =MD ).
\l’l=M;;|—1

Taking u = (M, + 1)2, we obtain || PreA"u|| < e~ M+ ||y || = e~ |lu], for t > 0.
Next we prove that P, commutes with B (7).

PB(tu= " ¢u(dn. BOW = > ¢n (qbn,Zbk(r)qbk(m,u))

n=M+1 n=M;+1 k=1
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= Y ba(O)u(¢n. )

n=M;+1

Bt)Pyu =Y by()u(pn. Pu) = ban | bn: D $nldhp 1)

=1 n=1 k=M, +1

= Y b w).

n=M,+1
M o 1/2 ~ 1/2
1PBOull < | D 1ba@) > gn )l
_n:MA-H n=M;+1
m o 5 5 1/2 00 5 1/2
=| X (2<—>/) lun<8[2(2w2)} ]
_n:Mk—H n=0
= §|ull

Therefore B (1) commutes with P, and with I — P, and also with P; and P,, |P,B(t)| — 0,
as M, — oo, uniformly with respect to + € R. With a similar calculation we can prove

(I = P)B@) = Y30, by () (@, v).
Also if u € D(A) we have

AP =Y (=) pu(¢n. Pou) = Y (=1 | bne Y bi(dr. )
n=1 n=1 k=N, +1
= Y (=n))u(¢n, 1)
n=N,+1
PAu= Y ¢u(dn, At)= Y ¢, (¢n,Z<—k2>¢k(¢k,u>>
n=N, +1 n=N,+1 k=1

= > (=n")u(¢n. ).

n=N,+1

Therefore AP, = P, A and so they commute and they are both bounded operators.

In order to use Theorem 3 we consider C;(u) = f[” B(t)dt and it is easy to see that
P, C;(v) = Ci(u) P, and P, C,(v) = ZZOZNAH ft” b, (t)dt¢,(¢,, v). Hence, it can be seen
that the conditions of Theorem 3 are satisfied.
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A framework for rigorous computational methods using Haar
wavelets for differential equations

Guilherme Nakassima®* f, Marcio Gameiro?

Abstract

This work presents a framework for a-posteriori error-estimating algorithms for differ-
ential equations which combines the radii polynomial approach with Haar wavelets. By
using Haar wavelets, we obtain recursive structures for the matrix representations of the
differential operators and quadratic nonlinearities, which can be exploited for the radii poly-
nomial method in order to get error estimates in the L? sense. This allows the method to
be applicable when the system or solution is not continuous, which is a limitation of other
radii-polynomial-based methods. Numerical examples show how the method is implemented
in practice.

Keywords: Rigorous computation, Computer-assisted proofs, Haar wavelets, Nonlinear
dynamical systems.

2020 MSC: 34A34, 34130, 65G20, 65H10, 65T60.

1 Introduction

Rigorous computation is an area under active development since the 1980s [18]. With an steady
increase of computing power, numerical methods became viable tools for analyzing differential
equations and gaining insight on structures such as invariant objects. However, standard nu-
merical methods provide only approximations; the results are non-rigorous and cannot be used
in formal proofs. They can only be used to gain insights on the true structures of the sys-
tem. Moreover, some structures, such as bifurcations, may still be hidden even when using very
accurate numerical methods.

Rigorous computational methods try to fill these gaps, providing mathematically valid es-
timates and bounds for truncation and rounding errors, and rigorously proving the existence
of such hidden structures. Over the years, a number of such methods were developed, such as

rigorous integration [29, 8, 17], Conley index methods [, 14], self-consistent bounds [30, 28]
and discretization methods [19, 9]. A more thorough review can be seen in [20] and references
therein.

Of particular interest to us are the radii polynomials approach [5, 7, 27, 13, 11, 6, 2, 22,

]. These methods recast the problem of investigating the existence of structures as finding
solutions to functional equations, usually expanding the solutions in terms of a basis. Then,
usual numerical methods are employed to find an approximate solution to these equations.
Finally, using fixed point theorems, we can guarantee the existence of a true, rigorous solution
of the functional equations within certain bounds of the numerical solution. The hypotheses of
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the fixed point theorems are in turn proven to be satisfied with the aid of the so-called radii
polynomials.

In this work we present a new radii polynomial method employing Haar wavelets. While
many other bases were already employed by this approach, such as Taylor series [22], Fourier
series [27] and Chebyshev polynomials [13], to the best of our knowledge, no attempt has been
made to combine wavelet methods and rigorous computations. We also believe that this method
can be can be a framework to build other methods upon, such as rigorous continuation methods
and methods for partial differential equations.

Wavelets are functions that form an orthonormal basis for the L? function space. While
wavelet theory was only relatively recently formalized, their special properties — such as time
and frequency localization — made them widely applicable in many fields, such as signal pro-
cessing and compression algorithms. This poses an interesting case, because most of the afore-
mentioned radii polynomial methods were proposed to work with smooth functions, while our
wavelet-based radii polynomial method works in more general settings.

The radii polynomial method presented in this paper is based on the ideas of a numerical
method for solving differential equations, the Haar wavelet method, which was first proposed in
[3]. It is assumed that the highest-order derivative is expressed in terms of wavelets, and the
solutions are given by the integral of the series, essentially rewriting the differential equation in
its integral form. This allows the method to work with only Haar wavelets, the simplest wavelet
available, and leads to a matrix representation of the integral operator. The simplicity of the
Haar wavelet allows this matrix to be easily and recursively calculated. The original Haar wavelet
method was further analyzed, developed and applied in several publications [12, 21, 1, 24, 16, 15].

In our method, we find the functional equations for the radii polynomial method using
the same expansions of the Haar wavelet method. This essentially transforms the differential
equation into an integral one, and allow us to use a radii polynomial theorem similar to [25].
Also, by using Haar wavelets, the integral operator and nonlinearities can be represented using
infinite but recursive matrices, allowing us to make the estimates needed in the radii polynomial
approach.

The work is organized in the following way. In Section 2 we introduce the Haar wavelet
and its integral, and review some of their properties. In Section 3 we introduce the radii
polynomial method and prove the theorems that guarantee the existence of a true solution,
provided that certain estimates are satisfied. In Section 4 we study quadratic nonlinearities
in order to prove estimates needed in the method. In Section 5 we present some examples
illustrating the applications of the proposed method.

2 The Haar wavelets and their integral

Here we introduce the Haar wavelet and its integral, which are one of the pillars of the proposed
methods. Consider the space L%([0,1]) of the square-integrable functions f : [0,1] — R with
respect to the usual Lebesgue measure. The Haar wavelets are a family of functions {¢,v;x} C
L?([0,1]) defined, for j =0,1,... and k =0,1,...,2/ — 1, by

22 k<< 08
1 0<t«1 A
t = ? — , . t = _2]/2 , k+05 < t < w 1
olt) {O , otherwise k() 27 = 27 (1)
0 , otherwise

The Haar wavelets form an orthonormal basis for L?([0, 1]); the proof is in many standard
texts in wavelet theory, see e.g. [10]. Hence any function y(¢) € L?([0,1]) can be expanded into



a unique Haar wavelet series

co 29—1

y(t) = c1o(t) + > ciuthin(t),

7=0 k=0

where ¢; = fol (O)p(t) dt, cjr = fo )9 x(t) dt, and the sum converges in L%([0,1]). If we
make i = 2 + k + 1, then the sequence (c;)2; € ¢2(R).

Notation. We can change between the “one-index” and “two-indices” notations, depending on
which is more convenient in each case. One can be converted to the other by making, for all
1> 2,
. A j = |logyi

i=2+k+1 = L 2.J

k=i—2—1
where | -] is the floor function. The index i = 1 is reserved for the scaling function ¢.
Conversely, any (¢;)22, € (2(R) defines a unique f(t) € L%([0,1]) by making

co 29—1

= ati(t) = cao(t) + YD cirtin(t).
i=1 7=0 k=0

This means that we can define an invertible operator H : L%([0,1]) — ¢?(R) defined element-
wise as

(Hf)i = /O FE)i(t) dt

The inverse Haar transform H ! is given by

oo

(’Hilc) (t) :== Z cahi(t) ,  h(t) = (i(t), (), )

=1

It is worth noting that the Haar transform is an isometry, due to the fact that the Haar wavelet
system is an orthonormal basis of L?([0,1]).
Another interesting and useful property of the Haar wavelets is what we call the “nesting

property”:

Proposition 2.1 (Nesting property). Let ¢ and ¢y, be two Haar wavelets such that j < m.

If supp Vj N SUPP Y # 0, then either supp Pmn C [, E95) or supp o, C [E532, 2.

The proof is simple and will be omitted; it consists in comparing the supports of the wavelets
¢k, which are dyadic intervals of length 277, for different j. Intuitively, it means that, if the
supports of two wavelets at different resolutions overlap, then the support of the “finer” wavelet
(that is, the higher-resolution one) is entirely nested within either the positive or the negative
part of the “coarser” wavelet.

For this work, we are also interested in the integral of the Haar wavelets, and how the integral
relates to the wavelet themselves. The integrals of the Haar wavelet family in the interval [0, 1]
are the triangular functions given by

PR(-g) . st
wi(t) =t ,  wk(t) =22 (L) | B0 <y < EEL (2)
0 , otherwise.

We also extend the one-index notation to the Haar wavelet integrals w;.



The Haar wavelet integrals are continuous functions in [0, 1]; thus they are square-integrable
in that interval, and can be expanded in Haar wavelet series themselves:

[e’) 1
wi(t) =Y Phi(t) = PhT(t) , Py = / Yy (t)w;(t) dt. (3)
=1 0

While P is expressed by an infinite matrix, there is a recursive formula to compute it. We
must first define the Haar matrix of our wavelet system:

Definition 2.1. For a given resolution J, the Haar matriz Hy; of order M = 27+1

element-wise by

18 given

(H)p,q = p(tq) (4)

—0.5
where t, = QT, forq=1,..., M.
The discrete Haar transform matric HTy; of order M = 271! is defined by
1
vM
A particularly important fact is that HT), is unitary for all J, and hence Hjs is invertible
and (Hy)™! = 4 HY,.

HTy = ——Hy, (5)

Theorem 2.1. The infinite matrix P can be recursively calculated as

P, -——H
R I )
s
form=2 and j =0,1,2,....
The proof for this formula is in [3], with some modifications to account for the fact that we

are using normalized wavelets.
Let us prove that PTc € ¢2(R) for all ¢ € £*(R). We first need to define some projections.
Given a resolution level J, let M = 27%! as before, and define the projection II;; as

Iy : 2(R) — RM

cr (e, cpr).

(7)

We identify the vector (cy, ..., car) € RM with its infinite-dimensional counterpart (c1, ..., car, 0,0, ...

/%(R). We also define the projection Il, € B(£*(R)) as
Meoc:= (I —Ip)c.
Notation. Given c € £?(R), we sometimes divide it into blocks of length 2", n = 0,1,2, ... as
c=(ch,ct,ch el )", where ¢f = ¢1, Chn = (Can—141, Con149, oy Con ). (8)
Also, given a matrix A, we denote A, .my.n,:m, the submatrix of A given by

Amhm e Amlﬂlz
Amlzmg,nlznz -
Am27n1 T Am27n2

If we wish to take all rows or all columns of A, we denote A, 5,,.n, and Ay, .m, «, respectively.
Lastly, to reduce notation clutter, we denote ¢y = II)sc and ¢y, = Ilcc.



Proposition 2.2. Forc € (?(R), M =2/%!, J =0,1,2,... and the projections as defined before,

Pl = e (1= ) elle (T < el
e=1/3 22J+2 e S Fore

In particular, letting J — oo, PTc € 2(R) and PT : (2(R) — (?(R) is a bounded linear operator.

Proof. From the structure of P in Theorem 2.1 and the block representation of ¢, we have

oo
1 *
(PTc)y, =~ 3]+2HT(H2jC)+ > —5 5 Haechs (9)
2% g=j+1272

Recalling that Hyy = VM HT)y and HT) is a unitary matrix, we can bound the above term by

(o)

% 1
T *
[(PTo)y ||, < v IHTE M) o+ 3 5y | HTncsall
q=j+1
< HCHEQ + i 1 || || ||C||€2 (10)
= 9j+2 9q+2 11C21 e S 2j+1
q=j+1
The only term left is (PTE)I. We can bound it with
1 = 1 1
T—
(e =g~ 3= S| < gl + 2 g A Tichlle < elle (1)

Thus, the norm of IIj; PTc can be estimated by

[0 PTe|? < | (P e) (PTe) 2— oo LY Nl
M cHﬁ [(Phe), +ZH )2, = 227+2 ) "3

Analogously, the norm of IIoo P”c is bounded by

[nepell < 3 ||(P7e);,

2 i el 1 llel%
02— 22j+2 3 92J+2

j=J+1 j=J+1
O
3 The radii polynomial approach
In this section, we introduce the radii polynomial [5, 7, 27, 13, 11, 6] approach for rigorous
computation. Consider an initial value problem
u = f(u,t
u(0) = ug

and suppose we find a numerical, approximate solution @(¢). Our aim is to prove the existence
of a true solution %(t) in some neighborhood of @(t). This is done using the radii polynomial
method.

For our work, suppose that u(t) € L?([0,1]). Then, we can write % and u using the Haar
wavelet and its integral as

= Z Cﬂ/}i(t) ) Z Czwz + Uup (13)
=1



Substituting back into the differential equation (12) and taking the Haar transform,

F(c):=c—H (f (t, Zciwi(t) + uo>> =0 (14)

=1

Thus, we have a map F : £2(R) — ¢*(R) such that finding a solution of the differential equation
implies finding a zero of F'. Conversely, due to the uniqueness of the wavelet series that represents
@ — and consequently of the series that represents u(t) — finding a zero of F' is equivalent to
finding a solution to (12).

Now we recast the problem of finding the zeros of F' to finding a fixed point of a map
T : /2(R) — £?(R) near the numerical solution @. This is done by showing that 7 is a contraction
near @. First, define the operator A : /2(R) — /2(R) as

Ax = ApIlyx + ox,

where Ay : RM — RM ig a finite-dimensional, computational approximation for the inverse
D(IIy F(x))~!, with % the solution numerically obtained. Then we can define the fixed-point
map 7T : /?(R) — ¢*(R) by

T(x):=x—AF(x) = Iy — Ay F)(x) 4 Moo (x — F(x)) (15)
Its derivative, which is used for the radii polynomial method, is given by
DT(x) =1y — Ayl DF(x) + oo (I — DF(x)) (16)

Remark 3.1. Since many of the matrices in this work are block matrices, one can compute
their inverse as

A Bl' [A'4A'B(D—CA"'B)"'CA™! —A"'B(D-—CA~'B)~!
c D| —(D - CA™'B)~lCA! (D - CA-'B)~!

provided that the matrices A and D — CA™!' B are invertible. Calculating the inverse with this
formula can be faster than directly inverting the full matrix D(IIF(X)).

Notation. In order to help visualize the operators and reduce clutter in notation, we employ the
following “block matrix” notation for an operator C : £2(R) — ¢2(R) whenever it is convenient:

| Cuv Cueol| (Iyx
CX‘[COO,M coo]<noox>‘ (17)

We refer to this as the finite-infinite decomposition.

Intuitively, the first term of (15) is a Newton-like map for the finite terms we computed
numerically. In the second term, we hope the “tail” of F' will contract to zero by itself — which
is what happens with quadratic nonlinearities. This is all motivated by the fact that, as M
increases, the new elements of the matrix Py; become smaller.

We now formally prove that a fixed point of T' corresponds to a zero of F'

Proposition 3.1. Suppose the map T as defined above in (15) is a contraction in some closed
neighborhood of /2(R). Then T has a unique fived point & in that neighborhood. Moreover, € is
a fixed point of T' if and only if it is a zero of F' as defined earlier in (14).

Proof. Since T is a contraction in a closed neighborhood of ¢?(R), the Banach Fixed Point
Theorem guarantees that it has a fixed point ¢ in the same neighborhood. Also, if € is a zero of
F, then a straightforward calculation shows that it is a fixed point of T'.



It remains to prove that the fixed point € is a zero of F. By (15)
T(¢)—¢c=0=AyllyF(c)+ I F(c).
Since ATy F(€) € I (F2(R)), we have
I F(€)=0 , AymIIyF(€)=0
and since Ay is invertible, then I/ F'(¢) = 0 as well. Thus F(¢) = 0. O

To prove that T is actually a contraction near of our numerical solution ¢, we use the radii
polynomials. First, we define the closed neighborhood

Bu(e,r) = {y € A(R) : [Hp(y — ©)]| < wr and [Hec(y — ©)] < (1 - w)r} (18)

in which T will be a contraction. w € (0,1) is a “trade-off parameter”: we can loosen the radius
in the infinite part, at the cost of tightening the radius in the finite part, and vice-versa. For
the next calculations, we assume w is fixed, though in practice it is chosen later.

Next, we need bounds Y); and Y, and polynomials Zy;(r) and Z(r) such that

M (T'(€) = )|z < Y (19)

Moo (T'(€) =€)z < Yoo (20)

sup || (DT(€ + x1)x2)|| < Zas(r)r (21)
z1,22€B(r)

sup ||l (DT(C + x1)z2)|| < Zoo(r)r (22)
z1,22€B(r)

Then, we can define the radii polynomials as
pm(r) = Zy(r)r —wr+ Yy, poo(r) = Zoo(r)r — (1 —w)r + Yoo (23)

Theorem 3.1. Consider the radii polynomials as defined in (23). If there exists an rog > 0 such
that par(ro) < 0 and peo(ro) < 0, then there exists a unique € € By, (¢, 19) such that T(¢) =

Proof. Due to the Banach Fixed Point Theorem, we only need to prove that T (Bw(é,ro)) C

B, (¢, rg) and that T is a contraction when restricted to B,/(¢,1o).
We first prove that 7' restricted to B, (€, 7o) is a contraction. If yi,y2 € B,(€, 7o), then by
the Mean Value Theorem

IT(y1) = T(y2)lle < sup || DT(x)||lyr — w2lle = sup  [|DT(c+ z1)||lly1 — y2lle
z€B(S,ro) x1€B(ro)

Hence, we must show that [|[DT(¢ + x1)|| < 1 for 21 € B(rp). Observe that

_ 1 _
sup ||[DT(c+ z1)|| = sup || DT(c + x1)z2|p2
z1€B(ro) I17I2EB( 0)

< — ( sup ||y DT(C+ z1)x2|[2 +  sup ||HOODT(6+3:1)332|@2>
117$2€B(T0 z1,22€B(ro)

< Zum(ro) + Zoo(ro)

So we have
1T (y1) = T(y2)llez < (Zaa(r0) + Zoo(10)) Y1 — y2lle



But since pys(r9) < 0 and poo(r9) < 0,

Zp(ro)ro + Zoo(ro)ro — 10 < (Za(ro)ro — wro + Yar) + (Zoo(r0)r0 — (1 — w)ro + Yoo
= pm(r0) + Poo(r0) <0

Thus Zn(ro) + Zoo(r0) < 1, and T restricted to By,(€, 1) is a contraction.
Now we must prove that T’ (Bw(é,ro)) C B,(c,m9). If y € By (¢,10), then

I (T'(y) = €)lle2 < M (T(y) = T(€))le2 + Tas (T(€) =€)l
< Zu(ro)lly = €llez + Y < Zni(ro)ro + Y < wro

and similarly for I (7'(y) — ¢€)

Moo (T'(y) = ©)llez < [Moo(T(y) — T(€))lle2 + (Moo (T(€) =€)l
< Zoo(ro)lly — €[z + Yoo < Zoo(ro)10 + Yoo < (1 —w)ro

and hence T'(y) € By(c,ro). O

Thus, if the radii polynomial method is successful in finding an rg, then the solution ¢ found
by the numerical method is “close” to the wavelet coefficients of true solution € in the ¢2(R)
sense, that is, ||[¢ — &||,2 < ro. Or equivalently, the numerical approximation u(t) = ¢’h(t) is
“close” to the true solution @(t) in the L2([0,1]) sense, that is, ||u — @||z2 < ro.

4 Nonlinear terms

In this section we study quadratic nonlinearities in more depth. This may seem restrictive, but
there are many interesting systems involving those, such as the Lorenz system. Furthermore,
we believe that estimates for higher nonlinearities can be computed with similar techniques.

Consider two functions v and v such that 1,9 € L?([0,1]). Their expansions into Haar
wavelet integrals as in (13) are

u(t) =uo+ Y _ cawi(t) =ug +w' (t)e , v(t) =vo+ > _ diwi(t) = vo +w' (t)d
=1 i=1

Thus, considering the product u(t)v(t), we have
u(t)v(t) = ugvg + uow? (t)d + vow? (t)c + (W (t))(c,d)

where, for t € [0,1], (W (t))(c,d) := c"w(t)w’ (t)d. A crucial observation is that, for any given
t €10,1], W(t) is a symmetric bilinear form.

The next theorem shows that W (t)(c,d) € L?([0, 1]) for any pair ¢,d € ¢£2(R), which allows
us to calculate its Haar transform and use the radii polynomial methods developed in Section 3.
However, its proof is lengthy and will be left to A for clarity.

Theorem 4.1. The bilinear form (W(c,d)) (t) := cTw(t)w(t)d is bounded in L*([0,1]) for all
c,d € ?(R), that is, there exists C > 0 such that

IW(e,d)llz2 < Clell,z dllz for all c,d € £*(R).
Additionally, making a := PTc and b := PTd, we can write

cT'w(t)w(t)d = a’Q(t)b + a’ QT ()b + a’ ©(t)b (24)



where the operator Q(t) can be recursively defined as

Qn(t) Thn(t)
Ql(t) =0 , QQm(t) = (25)
Ome Ome
with Tp,(t) being a m x m matriz defined element-wise as
(Crn)it(t) = (Hm)ig¥ms1(t),
and the operator O(t) can be represented as an infinite diagonal matriz given by
Uit)
Uit
o(t) = 20 (26)

V3 (t)

with zeros omitted for clarity. With the terms defined as above,
H(cTw(t)w(t)d) = H(aTQ(t)b) + H(aT Q(t)b) + H(al Q(t)b)
and ~
H(@TQ(t)b) = (QTa) ©b
H(@TQT (t)b) = (OTb) ® a (27)
H(@Te(t)b) =TT (acb)

where QT and T'T are recursively defined as

e e 1
O O .
" form =2 and j =0,1,2,3, ...

r 0
ry=1 ; FQm = |:HT’? Om:|
m m

We now present some estimates required for the radii polynomial method. The full proof
for those estimates are lengthy and left B. The main strategy consists in employing both the
recursive block structures of the matrices from Theorems 2.1 and 4.1 and the finite-infinite
decomposition from (17). These estimates provide tighter bounds which increase the likelihood
of finding an r¢ which satisfies Theorem 3.1. We believe that similar estimates may be applied
for higher-degree polynomial nonlinearities.

Proposition 4.1. Given ¢,d € RM, M = 27*1 for some J > 0, and a = PT¢, b = PTd, the
following estimates are valid:

i) My Ple = Ple
i) My H(@TQ()b) = (QF, PLe) o (PLd)
iii) My H(@Te(t)b) =TT (ay © by) + F;M(éoo ® by ); moreover,

V2 |ellzlld]| e

T _

Proposition 4.2. Given ¢,d € RM, M = 27%1 for some J >0, and a = PT¢, b = PTd, the
following estimates are valid:



1 HEHEQ HaHgZ
NI

H 1 HEHEQ HaHEQ
2 = 21ﬁ 23J+6 :

Proposition 4.3. Given x,y € ?(R) and ¢ € RM,

iii) |[HH(a"O(t)b

. Iyl
i) H(P M Yoo Hﬁ = 2J+£22

< (1+v3) ol
272

ii) H (QTPT)M Voo

,O0

62

H < V2 [€]le2 Iyl
=42 9%+

iv) || AnTyH(xTPQ(t)PTy)

ii1) HFOO (8 © HOOPTy)

2 < Kullxllezllylle

v) AT H(x" PO PTY) ||, < Kallx[le2[ly e

where
. - 1A QT PLI (14 V2)| A PL|| (1+\/§)||AMH
K1 = [ Any diag (I (Plpislle) 8P | + AR + St N
2
T pT
_ T 5 T\ 12y pT |AMT Pl AT, H V2| Ayl
KQ—HAMFMdlag(”(PM)i,*HE)PMH+ 9J+1 + 92J+4 (4_\@)2%4_4

Proposition 4.4. Given x,y € £2(R) and ¢ € RM the following estimates are valid:

, _ c 1 V2 4
i) HHOOH(CTW(t)WT(t)y)He? < Dl””ig”}’”ﬁ . Dy = <3_|_ i ) :
p

87 4—2
y [1xll¢2 [y lle2 8+ 6v2
ii) ||HOO";'-[(XTw(t)wT(t)y)Hé2 < DQW , Dy= m

5 Examples

In this section we illustrate the implementation of our method by means of three examples:
the logistic equation, the logistic equation with a discontinuous forcing term, and the Lorenz
system. The method was implemented in MATLAB R2021b using the INTLAB package for
interval arithmetic [23]. The files for these examples are available at https://github.com/
gknakassima/RigComp-HaarWavelet.

5.1 Logistic equation
As a first simple example we look at the logistic equation

t=Mu(l—u) , u(0)=ug (28)

u0€>‘t

since it has a polynomial nonlinearity and its analytical solution is given by u(t) = T fugeh

Using the expansions in (13), we have the functional equation equivalent to (28):

cTh(t) — X (c"w(t) +up — ud — 2upc’ w(t) — (W(t))(c,c)) = 0. (29)

10



5.1.1 Obtaining a numerical approximation

In order to obtain a finite-dimensional approximation ¢ of the solution, we first consider a
truncated version of our matrix equation. Given a resolution level .J > 0 and making M = 27+1,
we apply the projection IIs to all sequences of (29), obtaining

cﬂhM(t) - (C%}WM(t) + ug — u% — 2uocf/le ) — (Was(t ))(cM,cM)) =0

(t
) ( )bas. Since the equation holds

Wherev for aMm, bM € RM’ (WM (t))(aMa bM) TM (
l ., M. Recalling that

for all t € [0,1], we sample it at the times t; = 592 for
Hyr = [hps(t), har(te), ..., har (), .., har(tg041)],
we can organize the time samples in matrix form as
et Hyr + M2uo — 1)ck, PyrHay + Mud — ug)e” + M(War(ear, ear)) =0
with e and W (¢, car) being M x 1 vectors given by
e:=(1,1,.,1)T | (WM(CM,CM))i = (Wn(ti))(cam,enm).

By transposing this system and multiplying by (H1,)~! = ﬁH u we finally arrive at the equation
to solve numerically:

AMug — A
MHMG + fHMWM(CM,CM) =0. (30)

A 2ug — 1)PT
cy + A(2ug — 1) Pyenr + Vi i

As this is a nonlinear equation, we use Newton’s method. Define Fyy : RM — RM ag

2 _
MHMe + iHMVVM(CM, cum) (31)

F = A(2up — 1) Py,
M(CM) Ccyp + ( uo ) VMCM T+ Vi Vi

Thus, we apply Newton’s method by iteratively calculating

it =k, — Ap(eh,) Far(chy) (32)

where Ajpz(ch,) is a numerical approximation for <DF M (cﬁ/f)) and cf, is the result from the
p-th iteration.

5.1.2 Estimates for the radii polynomials

Here, we provide the bounds for Theorem 3.1. The maps T" and DT for the fixed point theorem
are given by (15) and (16), respectively. For this example, the map F : £2(R) — (?(R) is given
as

F(x) := Mud — ug)er + x + A(2ug — 1) PTx + \H (xTw(t)wT(t)x) . (33)

and its derivative DF(x) applied to y € £2(R) is given by
(DF(x))y =y + AM2ug — 1) Py + 2AH (xTw(t)w’ (t)y). (34)

where the last equality comes from the symmetry of the bilinear form.

Before proceeding, it is worth outlining the general strategy for the estimates. We separate
the operator matrices according to the finite-infinite decomposition in (17). Then, all the finite-
dimensional parts are collected together and left for the computer to calculate, while we use the
analytic estimates from Section 4 for the infinite parts.

e Y)s: Using the decomposition of AH (¢?w(t)w’ (¢)¢) and Proposition 4.1,

11



Iy (T(€) — ¢) = —AyILyHE(C)
= — A | Muf — uo)e + € + A(2up — 1) Pije + 2\ (U, Pire) © (Pie))

+ )\FYA;[(Q.M © ﬁM)] — )‘AMHMFZO,M(éoo ©® as),

with a = PT¢. Note that the term in the brackets can be computationally evaluated. Using the
bound from Proposition 4.1 (iii) for the last term, we can define Y,/ as

Yy = HAM [A(ug —up)e + € + M2up — 1) Py + 2X((Qf, P1e) ® (Piye)) + A\T'Y (an © aM)}

02

MIAalv2 o

el

(4-v2) 25
(35)
e Y, .: Observe that
I (T(c) — €) = M (M(2up — 1)PTe + AH(aT Q(t)a+a’ Q" (t)a+a’O(t)a) .
With the estimates from Proposition 4.2, we can make Y, as
_ —112 112

N e e 1 T P Y T 0

\/g 2J+2 \/g 922J+3 21\ﬁ 23J+6"

e Zyr: Using the finite-infinite decomposition and the fact that ¢ € RM,

Iy (DT (e +x))y = (Inf — A B1) yar — A B2PL vy oo — 2\ Aprdiag(Pyyc) (QTPT)M,ooyoo
= 20AMTL (1l (PTe o Ply) — 20 ATy H(x w(t)w’ (t)y)

where

By = I + M2uo — 1)PL + 2)diag ((:TPMQM) PL

+ 2X\diag(Pf,€)Q%, Pi; + 2} diag (Pf€) P,

By = M2uo — 1) I3 + 2Xdiag (éTPMQM) + 2xdiag(PLe) + 20T, diag (PLe)
and Iy is the M x M identity matrix. While the expression of By and By seem complicated, all
terms are finite-dimensional and hence their norms can be calculated computationally. Thus,

using the estimates from Proposition 4.3 with the expression for DT to bound the terms which
cannot be easily estimated computationally,

[ (DT (€ +x))yllz < (C1 + Co[Ixl2) ¥ 2

where

1A Boll (A + V2) [\ Ay diag(Pjre)]| n VZIMAp| €]l

Cy:=|Ipy — A B1 || +
1= [ mBi| 2J+2 o2 (4_\/5)2%+2

Cy = 2‘)\’ (2K1 + KQ)
and K7 and K5 are as in Proposition 4.3. Hence, we can make Zy;(r) as
Zy(r) :=Cp+ Cor (37)

e Z..: We have that

12



Il (DT (€ + %))y = A(2up — DI PTy + 2\ H(S T w(t)wT (t)y) + 2ALH(xTw(t)w! (t)y)

All terms are infinite-dimensional and need to be analitically estimated. Using the estimates
from Propositions 4.4 and 2.2, we can make Z(r) as

(38)

AM2ug —1)|  |A\D1 e AlD
i) = (D201, DGl DD

2J+1,/3 0% 9% +2
with D; and D5 as in Proposition 4.4.

5.1.3 Results

Figure 1 shows the numerical solutions for J = 6 and J = 10 compared to the true solution,
using A = 6 and ug = 0.2 for both cases. Visually, the numerical solutions agrees with the true
one.

ir ) 1r
©Q  Haar wavelet method O Haar wavelet method
Analytical solution

oer 0o Analytical solution

0.8f 08
07t 07F
0.6 f 061
0.5f 05t
0.4f 0.4 1

031 03r
:

0.2 02

0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) J =10

Figure 1: Numerical and true solutions for the logistic equation.

Figure 2 shows the radius r¢ obtained as J increases for different w. It is clear that, as J
increases, the radius rg decreases; this is due to more terms being calculated more accurately,
instead of only being bounded by analytical estimates. Also, smaller values of w yield tighter
radii; however, if w is too small the method will not work, as there will not be a true solution
within B,(¢,r). Figure 3a shows the radii obtained with w optimized up to two significant
digits.

Lastly, Figure 3b shows the radii and computation time. As J increases, the computation
time is expected to increase; however, Figure 3b shows that after a certain point it increases
more rapidly than ro decreases. This is expected as the size of the matrices quadruples for every
increase of .J, and so one must carefully balance the needed precision with computing time.

5.2 Logistic equation with a discontinuous forcing term

The next example is again the logistic equation, but with a discontinuous forcing term

= Mu(l —u) + g(t) o(t) = {1 ift < (39)

u(0) = ug 0 ,ift>

NI N

While this is a Ricatti equation which can be explicitly solved, we can see from the equation
itself that the solution should not be smooth, since g is discontinuous. Nonetheless, we can find
a verification radius in the L? sense.

The functional equation for this case is similar to (28); making g = H(g),

cTh(t) — A (cTw(t) + 1y — ug — 2upc w(t) — (W(t))(c, c)) — g'h(t) = 0. (40)
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Figure 2: Radius ro obtained for different values of w

0.001

9 10 11 12 5 - 8
J
w Ro
(b)
J w 0 Time
6 0.51 1.7651807 x 10— 2 0.283
7 0.31 6.1826325 x 1073 0.377
8 0.21 2.6863885 x 103 1.499
9 0.14 1.4138969 x 103 9.447
10 | 0.089 1.2789917 x 103 70.958
11 | 0.060 | 7.4420035 x 104 | 474.220

)

11

1000

100

Time [s)

Figure 3: (a) Radius rg obtained with more optimized w for each resolution level J. (b) Com-
parison between ry and time elapsed.

5.2.1 Numerical approximation

Applying the same method as in the previous example, we get the equation to obtain the

numerical, finite-dimensional approximation ¢, which is similar to before:

method.

14

Aud — A 1
cyr + )\(2U0 — 1)P]\§CM + MHMG -+ fHMWM(CM, CM) — —HMgM =0 (41)
M M M
where g, := (g(t1), ..., g(tar))T. Again, since this is a nonlinear equation, we will use Newton’s



5.2.2 Estimates for the radii polynomials

In order to apply the radii polynomial method, we use the following functional equation F :
2(R) — /2(R):

F(x) := AMud —ug)er +x + A\(2ug — 1) PTx + \H (xTw(t)wT(t)X) — H(g).

Observe that g = %(ﬁq + 19), and thus H(g) (%, %,0,0,...)T =: g; in particular, g € RM.

Hence, the map used is given by
F(x) = Mud — up)er + x + M2ug — 1) PTx + AH (x"w(t)w’ (t)x) — g. (42)

The maps T and DT (x) for the radii polynomials are the same as (15) and (16), respectively.
Actually, since g does not depend on x, the derivative DF' is the same as in the non-forced logistic
equation from (34).

Using the same methods as before, we have the following bounds for the radii polynomial
method:

Al A 2
v o= o UM e ()
v o P = Dllclls | Tl AL el "
o0 = V3 202 T 302043 T 91 J7 93746
ZM(‘I‘) = Cl + 027“ (45)
_ (WCwo -1l Dy el , AIDs
Zuolr) i= (P 4 PP el ) e (40

where C1, C2, D1 and Dy are as in the estimates for the non-forced logistic equation, and
Cy = HAM [)\(ug — ug)e +c+ )\(2710 - 1)PA’1}6

+2A((@f i) © (Pie)) + AT (@ © aw) — g

e
5.2.3 Results

Figure 4 shows the results using the Haar wavelet method compared to numerical integration,
using A\ = 6 and ug = 0.2. For the numerical integration, we used the same amount of points
as the Haar wavelet method, that is, 2/*! points. It can be seen that the numerical integration
tends to smooth the graph at ¢ = 0.5, while our method preserves the original shape.

Haar wavelet method ©  Haar wavelet method

merical integration T Numerical integration

09
08T
07T
06
05T

0.4

031

0.2

0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) J =10

Figure 4: Numerical and true solutions for the logistic equation with forcing term
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Figure 5 shows the verification radius as J increases. It is worth noting that the solution is
not smooth; nonetheless, our method returned verification radii similar to the non-forced logistic
equation.

w 70

0.53 | 2.6161420 x 102
0.31 | 9.2508029 x 10~3
0.20 | 5.1495598 x 103
0.13 | 3.1382945 x 10~3
0.086 | 1.7710909 x 10—3
0.057 | 1.1107730 x 10—3

Ra

g
— =
TR o ®aoly

Figure 5: Verification radius for the forced logistic equation

5.3 Lorenz system

The Lorenz system is given by

& =o(y—x)
j=alp—2) -y (47)
z=uay— Pz

where o, p and 3 are positive parameters, usually taken as ¢ = 10, § = % and p = 28. This is

a well-studied system, and with these parameters the system exhibits chaotic behavior with a
strange attractor.

Since this is a system of equations, we must first some of our definitions in order to apply
our method. First, we define the spaces X, := (*(R) x (2(R) x (*(R) and X := L?([0,1]) x
L?([0,1]) x L?([0,1]), and endow them with the norms

[(c1, 2, €3 x, := max {[[c1lez, l[eallez, [[eslle2}
1(f1s f2r f3)llx; := max {[| f1ll 2, | fall L2, (1 fs]l 22}
With these norms, X, and X are still Banach spaces; though they are no longer Hilbert spaces,

the methods of Section 3 are still applicable. Also, an operator A : Xy, — X, can be expressed
using block matrix notation as

(48)

Arp Arp Aiz
A= Ay Azs A3z
Az1 Az2 Azz

where A; j : £2(R) — (*(R) for i,j = 1,2, 3. If those are bounded, A is bounded and
3
I40x) = o 3 sl (19)
J:

Similar notation will be used when 4;; € B(RM). Lastly, we make a small abuse of notation
and extend the notation for the operators in ¢?(R) such as the projections IIj; and Il to X
by applying them element-wise:

IIpr(cq, €2, c3) := (IIprcr, Mprco, Ipscs3)
Hoo(cla C2, CB) = (HOOC].a Hooc27 HOOC3)'

16



Applying the same methods used to obtain (29) to each equation in (47), we obtain the
functional equation

cIh(t) — chw( )+ octw(t) — a(yo — z0) =0
ey h(t) +aoclw(t) — (p — z0)eg W(t) + ey w(t) — (zo(p — 20) — yo) + W(t)(es,c2) =0 (50)
L h(t) — yoc, w(t) — zoc, w(t) + el w(t) — (zoyo — Bz0) — W(t)(ca,cy) =0

where ¢, = H(&), ¢, = H(y) and ¢, = H(Z).

5.3.1 Numerical approximation

Using the same techniques used to obtain (30) and (41) to each equation in (50), we obtain the
system to be solved numerically with Newton’s method:

g
—(yo — vo)Hye =0

_ g _
Cm—MP]ECy‘i_ PMCx—M

_ 1 _ _ _ _ 1
cy + MHMWM(cx, ¢.) +xoPic, — (p— 20)Piics + Pie, — M(mo(p —20) —yo)Hye =0
oL = = y_ To T r. L _ _
C. MHMWM(CI, Cy) — Yo Py — xoPysCy + Py C M(woyo Bzo)Hye =0
(51)
Remark 5.1. One interesting remark in [12] is that one can use results from lower resolutions

as initial guesses for the Newton’s method for higher resolution levels, instead of using a high
resolution level right from the start. For the Lorenz system, this can reduce convergence problems
and overall calculation time.

5.3.2 Estimates for the radii polynomials

For the Lorenz system, the maps 7" and DT are as in (15) and (16) respectively, with ¢ =
(czycy,cz) € Xs. The map F : Xy — X, is given by
Cy — O’PTCy +oPTc, —o(yo — wo)ey
F(c):=| cy+H (cIw(t)wl(t)c.) + zoPTc. — (p— 20)PTey + Pley — (wo(p — 20) — yo)er
c,—H (cgw(t)wT(t)cy) —yoPTc, — CC()PTCy + BPTc, — (zoyo — Bzo)er

and for v = (v, vy, v,) € X,

Vg — O’PTVy +oPTv,
vy +H (cIwt)ywl (t)v.) + H (cIw(t)w! (t)v,)
DF(c)v:= +zoPTv, — (p — 20) PTv, + PTv,
c. — H (cIw(t)wl (t)vy) — H (cIwt)yw’ (t)v.)
fngTvx — a:oPTvy + ﬂPTvZ

For the Lorenz system, we have the following estimates for the radii polynomial method.
Using the norms defined in (48) and (49) and applying the same techniques and techniques as
before to each equation, we find the following bounds:

[ Anml Bx,) lI€alle
(4-v2)27%"
Yo = max{YL V2 V3} (52)
Zy(r) = a1 + agr
Zoo(r) =M1 + 7Y2r

Yu = [[AmFu(©)| x, +

max {[|eyl¢z, [[€zle= }

17



where the constants above are given by

yl . M ”éx — éyHZQ
/3 2J+2
y2 .— HéwH@HEZHﬁ HéxHﬁHézHﬁ onéz —(p— 20)Cs + éy”ﬁ
o0 \/g 92745 (21\/7)23J+6 \/g 9J+2
y3 . HéxH@”éyH@ HéxHZ?HéyH@ ||/Béz — YoCq — $06y”£2
o0 22J+5 /3 (214/7) 23746 V3 27+2
[AM B2 px,
o1 = [Ty — AuBillg(x,) + 5772 %s)
R V2 V2 0

sz MuBallsoey + 7= 75 || Ak | I8l + (18] e
lecler +lieslle/ Il .,
Q9 1= H4C+ 2D||B(XS)

b ma { ol Diflesle + llell) | 1+]p— 0l + ool
V3 27+ 2% V3 27+2 ’
Dy (llezllez + [1€xlle2) ﬁ+|xo|+!yo|}
2% \/g 2J+2
. D2
Y2 ‘= @

and the auxiliary quantities to calculate the constants are given by

[An, B2y 1Aas,, B2y 1A . || Be2)

Al = A, Beey 1A, ey 1AM, s
[Ar. N B2y 1A, llBezy 1 Am. | Bu2)
Iv + 0P, —o P, 0
By == |(Bu(€:) — (p — 20)Im) P, Iy + P, (Br(€z) + zoln) P
(—=Bm(y) —wolu) Py —(Bu(€a) +xoln) Py In + Py
B (&) == diag(Q%, PLe;) + ' diag(PLc;)
ol —oaly 0
By := | Bp(c,) Iy By(€y)
BM(Cy) *BM(éx) Iy
0 Cpy Cun- 0 Daiy Da.
C=10 Cy,y Cy,z , D=0 Dy,y Dy,z
0 C.py C.. 0 D.y D..

and for i,j € {x,y, 2}

~ HAMUQ%PI\TJH
Cij = | Anr, ; diag (|| (Py)ixllez) Q0 Pirll +

9J+2
T
N (1+v2)||An,, P N (1+v2) || An,, ||
J+3 3J+7
2 272
| v T, P |
Dij = || v, Ty, diag(I(PE)c B P | + 577
T
I O - A T
922J+4 (4_\/5) 2%+4

and D and D are as in Proposition 4.4.
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5.3.3 Results

Figure 6 shows the approximation obtained with the Haar wavelet method using J = 10 and
numerical integration (fewer points from the Haar wavelet method are displayed for clarity); for
the latter, we used M? = 2272 points in order to obtain a precise result. Visually, there seems
to be good agreement between both results.

Q' Haar wavelet method
Numerical integration

30

29

28

26

25

24
10.5

Figure 6: Results for the Lorenz system

For the same resolution level, the numerical result was rigorously verified by the radii poly-
nomial method using the estimates described above, obtaining an ry = 3.9868504 x 102 for
w = 0.45 in which the true solution lies in Xj.

6 Conclusions and future work

We developed a radii polynomial method using the Haar wavelet approach for differential equa-
tions, and illustrated the method by applying it to three differential equations. One advantage
of our method over previous methods based on the radii polynomials approach is that, due to
the use of the Haar wavelets, our method does not require the solutions to be smooth.

In the future we plan to develop the estimates for higher-order derivatives. While a higher-
order differential equation can be transformed into a system of first-order equations, this in-
creases the size of the matrices. Thus it might be interesting to use operators that directly
represent higher-order derivatives. While some of those have already been used for usual nu-
merical methods, we need to compute the estimates needed for our radii polynomial method.

Furthermore, we only presented the estimates needed for the radii polynomials for quadratic
nonlinearities, since the main goal of this paper is to present the general method and illustrate
how to compute the estimates and apply the method. In the future we plan to extend these
estimates to include higher-order polynomial nonlinearities, as this would greatly expand the
applicability of our method.

Lastly, we believe this method can be a basis to build other methods using similar techniques,
such as continuation methods.

Acknowledgments

The work of Guilherme K. Nakassima was supported by the Coordenacao de Aperfeicoamento de
Pessoal de Nivel Superior - Brasil (CAPES) - Finance Code 001. The work of Marcio Gameiro
was partially supported by the National Science Foundation under awards DMS-1839294 and

19



HDR TRIPODS award CCF-1934924, DARPA contract HR0011-16-2-0033, National Institutes
of Health award RO1 GM126555, and by CNPq grant 309073/2019-7.

Appendices

A  Proof of Theorem 4.1

Here we present the full proof of Theorem 4.1. While lengthy, this proof not only validates
the theorem that allows us to deal with quadratic nonlinearities, but also hints at how to find
bounds for the radii polynomials.

Let us outline the general strategy. We first make heuristical calculations to find an expres-
sion for the Haar transforms; then, by proving that they are indeed in £2(R), the uniqueness of
the Haar wavelet series justifies the calculations.

Let c,d € /2(R), and assume that c?w(t)w’ (t)d € L%([0,1]). We have

cI'w(t)wl (t)d = aTh(t)h! (t)b

where we denote a = PTc and b = PTd for simplicity. Let us study the matrix h(¢)h? (¢) in more
depth. First, by definition, we have ;1 (t)1;4(t) # 0 if and only if k = q. For 1} ;(t)1pq(t)
when j # p, without loss of generality, consider j < p for a fixed p. Because of the nesting

property, ;1 is constant (possibly zero) in supp 4, so we can assume v ;(t) = 1; (q;2~5)

for t € supp 4. Thus, we can write ¥ 1 (t)p4(t) as

030000 = Vi (T ) al®) = (Hoa)satn (0,
Hence, after adjusting indices and taking into account the symmetry of the matrix, we have
proved the following:
Lemma .1. The product h(t)hT (t) can be recursively calculated for m =27, 7 =0,1,2,... as
by (t)hy, (1) T (1)

hi(Ohr () =¥i) =) hen®hm® = " L

where, for i, =1,...,2™, Iy, and A, are m X m matrices defined element-wise as

UHONNUEEY

0 , otherwise.

(Trn)ig(t) = (Hm)ig¥me(t) »  (Am)ig(t) = {

This justifies the decomposition of h(t)h’(¢) as in Theorem 4.1, that is, h(t)hT (t) = Q(t) +
QT (t) +O(t). We treat each term separately. First, for a” Q(¢)b, dividing b in 2/ vector blocks,
the product Q(¢)b is given element-wise by

[e%¢) oo 2P
= (Tar)iwbio =D > (Haw)ig ar44(t) bar g
p=jJ p=7 q=1

Z HZP z * b2p © h ( )) = (Q(b © h(t)))l

p=j

where ® denotes the Hadamard (i.e. element-wise) product, and the matrix € can be recursively
constructed as

=0 , ng—[ ] ,form=2 and j=0,1,2,...

20



Thus, the product a’Q(t)b is given by

a’Q(t)b = (c"P)Q (b @ h(t Z Z ci(PSY); by (t).

i=1 [=1

In particular, if we assume a’ Q(t)b € L?(]0,1]), then

o0

(H (2’ (t) Z (PQ);; = (" PQ)by. (53)
=1

or written in another way, H (a”Q(t)b) = (QTPTC) ®b.
Also, since the output of a’ Q7 (t)b is a real number, then a”’ Q' (t)b = (aTQT(t)b)T =

b Q(t)a, and thus H (aTQT(t)b) = (QTPTd) © a as well.
For the term H(a’©(t)b), we have

00 ; Lk k+1
(b =Y abi?(t) . w3(t) = BT
i=1 0 , otherwise.

Then ¢? € L*([0,1]), and we can write it as a Haar wavelet series:

00 1
=Y ) =Th() . = [ GHOud
=1 0

Similar to P, the matrix I" also has a recursive structure:
Lemma .2. The matriz T' can be recursively calculated by

Fm Om

m m

] , form=2 and j =0,1,2,3,... (54)
Proof. First, calculating I'y = 11 is straightforward. By definition, for ¢, = 1,2, ..., m, we have

1
wmmzé¢%m@ﬁ=wmu

Suppose now that m +1 <[ < 2m, and denote using the two-index notation ; = 1, , and
Y = Yjp. For 2 < i < 2m, due to the nesting property, v is constant (possibly zero) in
supp ¢p,q. However, even if 1); ; is non-zero in supp ¢ 4,

at1
(Tam);, /% Yt dt—2j/k Upqlt dt—QJ/q Upg(t) dt = 0.

Similar reasoning applies for ¢ = 1 (in which case ¥1(t) = ¢(¢) = 1 in [0, 1]).

Suppose now that m +1 <¢ < 2m and Il < m. For [ =1 a straightforward calculation show
that (I'2;)i0 =1 = (Hpm)1,. For I > 1, since p < j, we can apply the same reasoning as in the
proof of Lemma .1, yielding

k+1 k41

SR 27 k—|—05
=2 [ e =2 [ 7 g (B2 = i) = it

27 27
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Hence,

t)b = Zal b (t Zazb Z%ﬂ/n = (a®@b) Th(t)
=1

Thus, if I (a ® b) € £2(R), then H(a?O(t)b) = I‘T(a ©® b).
Now we must prove that our tentative Haar transforms are indeed elements of £2(R); Theorem
4.1 follows then from the uniqueness of the Haar series. Before that, we prove a few lemmas:

Lemma .3. The matriz PS) is recursively given by

P P, H,,
P2m(~22m = 1 TQ 1 . (55)
H —1
4\/m3 meem 4\/m m

This is proven by multiplying the recursive formulas for P and €.

Lemma .4. The matriz HL ), is given element-wise as

~ ) l = 1
(HEQm) i = 02 &) X (56)
Yi(t;) , otherwise.

Proof. First, observe that, since the first column of the matrix Q,, is zero, then the first column
of Hg;ﬁm is also zero, proving the case [ = 1.

For [ > 2, fix an element (HLQ m)ig and make 1; = 1 and 1y = 1, 4 using the two-index
notation. Due to the structure of H!, and QO

p—127—1

(Hg;@m)“ - hgp( )h2P tq—i—l =1 + Z Z wrs wrs tq—i—l)

r=0 s=0

where t; = 279(k — 0.5) and t,+1 = 27P(q + 0.5). Since ¢; and t,4; are fixed, for each r there
is at most a single wavelet 1, ,, whose support contains both ¢; and t,41, because the intervals
where wavelets at the same resolution level are non-zero do not overlap. Thus,

p—1

(ngﬂm)i,l =1+ Z Vs, (ti)Vrs, (tg+1)

If neither ., (t;) nor ¢, s, (t441) are zero, only two cases may occur: either ¢, s (t;) = ¥y, (tg+1)
or ¢y, (ti) = —trs, (tg+1). The possible situations are depicted in Figure 7, supposing without
loss of generality that ¢; < t,41.

Let us study what happens when we change the resolution level 7:

a) Suppose that ¥, (t;) = ¥, (tg+1) (situations (a) or (c) in Figure 7) for every r =
0,...,p — 1. Then t; = t441, since for r = p — 1 we only sample v, 5. at the times t; = %
and t9 = 5”5%, and we have 1, (t1) = —1p. 5, (t2). Thus

(H Q 1+Zwrs _1+22r 2p:w12(tz)

b) Suppose that 1y, (t;) = wrs (tg+1) (situation (b) in Figure 7) happens for some r for

some r < p—1. Then ¢; € [5, %5 957 and t,41 € [3‘59‘5, s;;l]. Due to the nesting property of the
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3 ; | ‘t; ! tq}+11 3 | ;
t; tq+1: : : : :tz thrl:
(b) '(/}r,sT (ti) =
(a) wr,sr (ti) = 1)br,sf(tq-&-l) _w7'737‘ (tq+1) (C) w7'737‘ (ti) = wr,sr (tq+1)

Figure 7: All possible situations for the product ¢, s, (ti)¢rs, (tg+1)

Haar wavelets, no finer wavelet has both ¢; and ;41 in its support, and for all coarser resolutions
p <1 we have ¥, s, (t;) = s, (tqr1). Hence

(HTI);Q 2l—1+2¢p,sp wrsr _1+22p_2T_
Lastly, since p > r and t, € supp ¥4, then t; & suppt, 4. Thus (L) = ¢§,q(ti) =0 =
(HEQm)i
O

Now we finally prove that (Q7P”c) ©® b and I'"(a ® b) are indeed in £2(R).

Proposition .1. The sequences (2T PTc) ©b and IT (a®b) are in (2(R) and satisfy, for some
Cl, Cy > 0,

[(QTPTe) o b < Cille]z]|d]e2
IT* (@ ©b)| 2 < Callellzlldlle:
(R)

Proof. For (QTPTC) ©® b, if we divide ¢ as in (8) and using the block structure from Lemma .3,
each block of (Q7 PTc) is given by

oo
~ 1 . ~
(QTPTC):[ = T(CQr)TH,QZ;QQT
27212
r=0
AT pT . \* 1 * \T S 1 * \T 11T
(7P c)y :(Clw--aczj)PQjHQj+T+2(Czj) + Z T_,,_Q(CW) Hyr Qor
22 r=j+1 472
We bound each term in the right-hand side:
o [[(c1, s o) Pos Hyjl 2 < HH;HHPQJ;(CL~--,C2J)H@ < !C%%
1 * \T llellg2
2%+2( 27l = 9%+2
e From Lemma .4, max Hg; Q%; = 27; thus
oo
L o _L1+v2
Z TH(CW)THzTngT < Z 57«+2 el || H3r Q50| 2 < YTy el
r=j+1 22 2 —]—i-l 22
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Hence,

8 2

) . V2 |l - 142
H(QTPTc)Qj\}pg(lJr e @ < P el (57)
2

< lidllz and thus

Also, for i = 27,27 +1,...,2% — 1, |(PTd);| < ||(PTd)}; ]|, < 555

H (Q'PTc) @ b)}, p

N V2 lelle ]
< |7 PTe)y |, nggggg_ll (PTd);| < <1+ 8) W

Therefore, we can bound (Q7PT¢c) ® b by

|@Pre) o[, = (@ PTe)ob), P+ 3 |(@ Pre) o b))

j=0

| /\

1 2 2
112(169 +79v2) [[e|l7 |1d]|7 = CF el (]| -

For T7(a ® b), from (54) we have

o0 [o.¢]
FT(a(D b) = |la1by + Hyr (azr ® b*'r> < ]albl\ + HHQrH Ha;”eg max\b§r|
1
r=0 r=0
el lld]] 18+f
< llellez [Idll Z %H £ < lelle (1]
o0 o
|rT@ob)y |, = | 3 Hor @i obs)| < D I1H a2 max b
r=j+1 2 r=itl
o N lellzlidlle  1+2v2 lellz [Id]l 2
- Z ryg 4 3r
r=jt1 27 22

Finally, we bound the sequence I' (a ® b) with

[ @b = |[Taow),*+ > | @om);, [,
j=0

1
E(ll?) +23V2) [[c[|2 [dl 2 = CF [lc]lp2 |d]|,2

B Proofs of quadratic estimates from Section 4

Here we prove the quadratic estimates from Propositions 4.1—4.4. As stated in the paper, the
main strategy is to employ both the recursive block structures of the matrices from Theorems 2.1
and 4.1 and the finite-infinite decomposition from (17). For clarity, Figure 8 shows how they
overlap for the operator P; the other matrices follow a similar pattern. We also draw insights
from A to bound the sums that appear in the proof. We believe that similar procedures may be
applied for higher-degree polynomial nonlinearities.

B.1 Proof of Proposition 4.1

i) For i < M, since ¢ € RM | the i-th element of IT;; PT¢ is given by

Z PMC)

=1

24



_ . _
1
1 1
T
3—;{+ij 1
- 1
1
| T
1 H‘
-------------- J+1
1: 2 el PM,C‘O
L |
ot 0 !
2 ]
1
|
____________________ [OOSR S _
1
1 1
: |
1 |
1 ! :
) tist 1
2 ! 0 i
I i
; :
1
1
POO,M i POO
: i
________________________________________ e
1
[
[
1
1

Figure 8: Overlay of the block structure and finite-infinite decomposition for P

ii) For i < M,
M
(H@"Qt)b)), = Z (PQ).ib; = (€ ParQas)ibi.
=1

with the last equality due to Lemma .3. Thus, from item (7)
My H(@ETQ(E) = (67 Pafin)T @ b = (3, Phe) @ (PL,d).
i4i) Using the finite-infinite decomposition, we can separate ITy;H(a?©(t)b) as
Iy H(@ O (t)b) = T (an © bar) +TL 4(8se © bog)

We now need to bound the infinite sum in the second term. Adapting the expression of b = PTd
in the proof of Proposition 2.2 for 2/ +1 > M and d € RM,

M

_ 1 _
boiy = oY+ Z (ng)l,q o>
q=1

and thus, using the structure of T, (58) and the fact that Hy HJ; = 2715,

o
(ML (Mea © b)), = | ) Z Hy;); g 41boi 1
j=J+11=1
00 2J 1 M
T _
= Z Z N (HQj)ivl 3i 49 Z (sz)l,q Cq | bai i
j=J+1 |i=1 227 =
0o M 27 - _
1 [d]]¢ V2||d]e
<Y = DD Ho)y (HY), o || o = lcil
= 3] , , 11 37
j=J+1 2 212 =1 1=1 ! % (4—-v2)25 1
and thus

~ V2]ellelld]e
(4 \/5) 25J+3
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B.2 Proof of Proposition 4.2

i) Using the finite-infinite decomposition, the recursive block structure of P and the fact
that ¢ € RM, we have for j > J

|(PTe),,

Estimating as we did in Theorem .1,

o lele
Hy || lell 2 = 5553 (58)

1 T_
= _—— .C
2 oY+2 ¥

Ppeael

_ . _\x L[],
T (P7e)|,. = 1(PTe)s |7 < =575
oo 02 j;l 27 || ¢2 \/§2J+2

i) For j > J, dividing . H(a?Q(¢)b) in blocks,

B _ 1 - 1 _
Jouar oy |, = |- E e o ()| < i ((mas (), ) 025 P2l
Ly Iel= 1]
< o el 3 Pl < =5
and thus
1 el 4
e (B o = | 3 )y [ < =1

j=J+1

i) To estimate I H (a7 ©(t)a), with the block matrix structure from (54) for i > M,

o0

_ 1 _
(H@"eMb),| = [TL@eb)| =| ¥ 55 Z Hr )i (H3)q,+€) ((H3:)g.+d)
p=j+1 q=1
o) 1 2P
= Z 3p+4 12132517 ‘((Hg;’)q,*d” Z }(HZP)i,q ((sz;)q7*é)‘
p=j+1 == q=1
— _dllee ei] (1Al
and hence _
(a7 o) L [[ellelldlle

HZ2 — 21[ 23J+6

B.3 Proof of Proposition 4.3

The following Lemma helps estimating terms of the type Ap;(Byx ® Cyyy) for arbitrary x,y €
RM  which would be tricky otherwise.

Lemma .5. Given X,y € RM and M x M matrices Ay, By, Car, then

[Aar(Burx © Oniy)le < (| A diag([(Car)rlee) Barll 1] 9 (59)
where
o 0 1(Cr)1lle2
diag(x) := 2 .  (Cu)slle) = ||(CM?2,*‘|Z2
" Car)asle
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Proof. For each element of Ap/(Byx ® Cy)

M

> (An)ig(Bux)i(Cury):
=1

(A (Bux © Cuy)),| =

M
Z (Aan) it (BuX)il[(Ca)ixlle2[9 2| = [(Anr)iediag ([(Crr)ell2) Bux[ 9] e2-

Taking the ¢? norm, the result follows. O

i) Applying the finite-infinite decomposition to P and observing its block structure as in
Figure 8, we have that

o o
1 * 1 *
H(PoTo,M yoo)H£2 = Z % (H2<1)1:M,* Yoa < Z Qqﬁ H(HQQ)le,* ¥4l 2
g=J+1 2 9=
<Y e [l Iyl < e (60)
> 3y 12 Y2l < 2J+2
qg=J+1
ii) Fix j > J and make zy; := Hy;y};. From Lemma .3,
=1
T pT T *
(Q P >M7 Yoo = Z 32]+2 ( 27 2]) YQJ
Jj=J+1
= 1 1
_ OT vE OT .
= 9% +2 (92j>1:M,* Hoyy = 2 9% +2 <Q”)1:M,* 2
j=J+1 j=J+1
Observe that, for p=10,1, ..., J,
~ * 4
(), =0 o (W), | = 1HE G ) o < 28 L
and therefore, for each j > J,
=T J = * 112 G+l j+l .
|92, = | L[| (052),, |, <2 lelle < 2% vl
p:
Hence, we can bound the norm of (QTPT)M Yoo With
,00
|
(QTPT> y < (QT) Z9yj
H Moo ™ % 2 sz;-l 23]+2 EEABYE 02
- 1 Iy
* 02
Z == y5ille < <1+\/§> pE=]
J=J+1 272 272
iii) From the block structure of (54), and using (10) and (58),
oo
11501 (oo © T PTy) [0 = || D (Hao)t:are (830 © (Py)30)
q=J+1 02
oo
T
< 5 0 (s, @) ) P75
q—J+1
< Z sellelle Iylle _ V2 Jelelyle
= +2 9q+1 37
g=J+1 2042 2071 4 /2 27513
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iv) Applying the finite-infinite decomposition to Ay Iy H (x? P Q(t)PTy), we have

) _N\T
MyHETPQ)Py) = (X}QPMQM)T ® (Plya) + <X1A}PMQM> ® (PL mYoo)
+ (X (P Do) © (Plryas) + (xXL(PQaree)” © (PLaryeo) -

Using (59), we can bound the first term with Lemma .5:

e (ctirtine)” o (Pl )

= [ s diog (1P Ne) 8P| Il e
For the second term, using the bound from (60),

7

‘<AM <<X§4PMQM>T ©] (P;‘Q,Myoo)>>

M
(Anm);y <X1\T4PMQM>Z (Pomyeo),
=1

M

T A [yl AT pT [yl
< Z (AM)Z,Z (XMPMQM>I 2J+2 = ‘(AMQMPMXM)Z 2J+2
=1
and thus
o o YT 4w, P
Ay (XMPMQM) O) (Pw7MyOO) , < WHXHZZHYHEQ‘
¢

For the third term, with a similar method to the previous term and the estimate for x_ (P ) M,00

M

= Z(AM)M (PJ\T4YM)q (XZO(P mMpo)q
—1

]

’(AM ((XZ;(PQ)M,oo)T © (PJ\T4YM)>>

< max
1<q<M

T 9 < . T
(<P D) | ) [ CAr0s (P,

< [P @ |, Aw Pl < (14 v2) Bl (s Py

2

and thus

~ T
HAM <(xZo<P Do) © (PAEyM)> HZ < (1+v2) ”2"”6 1Ay Pl
< (14 v2) Janly) el
272

For the fourth term, with the estimates for x._ ((P Q)Mm) and POZ’MyOO, we obtain

s (P u) " 0 (P )

~ T
= HAM diag (PL ¥ oo) (X% (P Qs

22 02

< 1A [P arY ool 2

- x y
KL (P D], < I4ur) (1+v2) Byl
2

Finally, adding the four bounds, we obtain the desired bound.
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v) Applying the finite-infinite decomposition to both P” and I'"’, we have

AuT (T PO PTy) = AT | (Plxn) © (Pliyas) + (Pixar) © (PZ aryec)

+ (PLarxee) © (Piyar) + (PLarxee) © (PLaryec) |
+ AT Tl (PTx 0 PTy) .

We estimate it term by term again. For the first one, using Lemma .5,

[ AuT 5 ((Pirxar) © (Pary ) o < [|AneTasdiag(l(Pap)ielle2) Pa | 1xlez [y ]l 2-

For the second term, we can use (60) to bound it element-wise by

‘(AMFK/[ ((Pirxar) © (PE arYoo) ) ‘ =

Al

AwﬂHWZl(PMXA01(3£J4yM)1

1 ‘@4A{F%}}%§Xm4ﬁ‘
97+2 ¥l = 9J+2 [N

)i

and thus

| 4nTd, ((Phcar) © (PL o))l o = (Z (AT (Plxar) © (PE 0y ) )\2)

1
2
< (Slawrhtmn ) B~ et B

A
< ”MQJ?@M“ Ixlex Iyl

The same procedure applied to the third term yields the same bound as above. For the fourth
term, using previous estimates,

FAMT A (PooarXoo) © (Poopr¥oo) )l < [1AMT A || Poo,aroo g2 [1Poe pr¥ o
[<ll [l
< [[AnTll =5zt =

For the fifth term, using the block structure of I'” in (54) and previous estimates,

o0
[AnT o oo (PTx© PTy)HeZ = ||Am Z (Hae )i s (diag (PTX);P) (PTy);P
p=J+1 02
(o)
<Al Y2 Il |[(PT%)s |, | (P75 )
p=J+1

<yl 3 21l ¥l _ V2 IAw] [l Iyl

p+2 2p+2 4 — \/5 23J +4

p=J+1

Hence, adding the estimates, the result follows.
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B.4 Proof of Proposition 4.4

i) To estimate H (¢ w(t)wly), we again decompose in three parts and estimate each one
separately:

H(cw(t)w! ()y) = H@ Q) PTy) + H@ Q" (1) PTy) + H(@ O () PTy).

e H(aTQ(t)PTy): Since ¢ € RM, (?—[(_ Q( )PTy)), = (¢" Py Hy;)i(PTy);. Therefore,
applying the block decomposition to H(a’Q(t)PTy) and some previously calculated estimates
from (10) and (58),

| (@ Pty ||, = || EE RS, © (P75, < llding (PTy)3)|| || (5 BSe)s, |,
\* [llez Iy |2
T oipigisat |(P1y),l H(Hg;Pg;c)Qj - ; 343 :
and thus
- * 1 lcllez]lyle
M H@E Q) PTy)|| = (aTQ(t P < e le
et = | 3 oaanpnys < 20l

o H@ATQT(t)PTy): Since al QT (t)PTy = (aTQT(t)PTy)T = (PTy)TQ(t)a, then using the
estimate from (57),

| (@m0 PTy)),,

.= ’ diag ((P70)3,) (7 PTy),, |,
< max  [(PTo)] (Hf) Iyl <1+\f> el ly e

2 41<i<2i+1 8 : 8 9% +2

and the bound for I H(a” Q7 (t) PTy) becomes

) | V2 [ellelylle
IMeH@E Q" OP Y < = <1 iy ) ”f#

e H(aTO(t)PTy): Using the block structure of I'" from (54) and the estimates (58) and
(10), we have

o0
@™ @e Py, = || 22 Hodarran s (@85 © (PT)30)
p=j+1 02
(o]
< D || Hov)gs i ]| I diag(@se) || [|(PTy)s0 | 2
p=j+1
o
S Z HHQPHQP-&—%E??ZP+1 ‘(PTE)Z‘ H(PTy);pH@
p=j+1 -
— oz lelle lylle — v2 €l llylle
§p§122 op+2 op+1 4_\/5 04 3j43
and thus
‘}HmH(éT@(t)PTy) \/§ HEHZQ HyHZ2 )

le < Za =3 5
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The result follows from summing the estimates.

ii) We proceed in the same way as we did for I, H(c?w(t)w’ (t)y), that is, separate it in
three parts

H(xTwt)w! (t)y) = HTQ#)PTy) + H(xTQT (1) PTy) + H(xT©(t)PTy)
and estimate each one.

o H(xTQ(t)PTy): Applying the block decomposition to the expression of H(x?Q(t)PTy)
and the estimates from (10) and (58),

| awPTy)), |, = [/ @7 P05 @ (P, < [diag (PTy),, || @7PTx)5
Iyl e (3+2v2)
< Sae (3+2v8) 28 = e vl
and then

(3+2v2) [l llylle
VT 9% +3

o H(xTQT(t)PTy): Since xTQT(t)PTy = (xTQT (t)PTy)T = yT'QT(t)PTx, repeating the
same process for the previous item, we also have

Moo H(x" Q) PTy)|| o <

(3 +2v2) [z lyll =
VT 2% 13

e H(xTO(t)PTy): Using the block decomposition and the block structure of T,

Mo H(x"QT (1) PTy)|| o <

[T (P P L = || S0 (oo s (P05 © (PTy)3)
p=j+1 02
< 3 H) | diag((PT3) | [|(P7¥)30 o
p=j+1

<y o [llgz I¥llez — V2 %l lylle
= p+1 op+l 4 _ 3j 9
p=j+1 2 2 4=V2 9%
and thus

v2 e llylle
VT(4-V2) 2% +2

Putting together the estimates, we have the desired result.

M H(x" O PTy)|,» <
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Abstract

We present a Generalized Combinatorial Marching Hypercubes (GCMH)
algorithm to compute a cell complex approximation of a manifold of
any dimension and co-dimension, that is, manifolds of dimension n — k
embedded into an n-dimensional space. The algorithm uses combinato-
rial and topological methods to avoid the use of expensive lookup tables
and hence be efficient in higher dimensions. We illustrate the effectiveness
of our algorithm in higher dimensions and compare its performance with
a similar algorithm based on a simplicial decomposition of the domain.

Keywords: Manifold approximation, High-dimensional manifolds, Marching
Hypercubes, Combinatorial skeleton
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2 A Generalized Combinatorial Marching Hypercubes Algorithm

1 Introduction

Methods to compute approximations of two- and three-dimensional manifolds
(surfaces and volumes) are widely available and used in computer graphics
and applied to animation, digital games, molecular modeling, object detection,
object tracking, medical imaging, object reconstruction, etc. (see [1-7]).

Higher-dimensional manifolds are less prevalent, but they are also used
in applications such as superstring theory [8], time-dependent 3D modeling
and visualization [9, 10] and mathematical visualization [11]. Methods to com-
pute such manifolds are also available; however, most of these methods are
highly inefficient in high dimensions. An efficient algorithm, called Combina-
torial Marching Hypercubes (CMH), to compute high dimensional manifolds
of dimension n —1 embedded into a n-dimensional space was presented in [12].

In this paper, we present a generalization of the method presented in
[12]. More precisely, we present the Generalized Combinatorial Marching
Hypercubes (GCMH) algorithm to compute and represent implicitly defined
(n — k)-dimensional manifolds as a cell complex embedded into a grid of
n-dimensional hypercubes. The main advantage over the previous method
is the ability to compute manifolds of dimension n — k, for any k£ < n,
while the method in [12] is strictly limited to compute manifolds of dimen-
sion n — 1. Our implementation of the algorithm can be found at https:
//github.com/gknakassima/GCMH.

An implicitly defined (n — k)-dimensional manifold M is the set of points
where a function F': R® — R* takes on a given value c (see Section 2 for a
precise definition). Figure 1 shows an example of the output of our algorithm
to represent a Bagel Klein Bottle defined by F(z,v, z,s,t) = (0,0,0), where
F:R> — R3 is given by

F(x,y,z,8,t) =

cos(s)(3 + cos(s/2)sin(t) — sin(s/2) sin(2t)) — x
sin(s)(3 4 cos(s/2)sin(t) — sin(s/2) sin(2t)) — y
sin(s/2) sin(t) 4 cos(s/2) sin(2t) — z

Note that the Bagel Klein Bottle, as defined above, is a non-orientable two-
dimensional manifold embedded in R3.

1.1 Literature review

One of the most renowned algorithms to approximate 2-dimensional manifolds
embedded into a three-dimensional space is the Marching Cubes algorithm [13]
by Lorensen and Cline. Improvements to this algorithm to deal with ambi-
guities and improve topological correctness have been presented in [14-22]. A
survey of Marching Cubes type algorithms can be found in [23], and estimates
on its complexity can be found in [24, 25]. Algorithms based on a grid of tetra-
hedra, rather than a cubical grid, called Marching Tetrahedra are presented
in [26-29].
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Fig. 1 Left: The Bagel Klein Bottle manifold in R®. Right: A zoom in of the same manifold
showing its non-orientability.

Generalizations of Marching Cubes to compute manifolds of dimension
n — 1 embedded into an n-dimensional space are presented in [30-32] for n =
4, and in [33, 34] for n > 4. Generalizations of the Marching Tetrahedra
algorithm to higher dimensions are presented in [35-37] and are usually called
Marching Simplex algortihms. A continuation algorithm to create simplicial
approximations of manifolds in arbitrary dimensions is presented in [38].

However, those generalized methods often employ data structures that are
very memory intensive and, for this reason, are not efficient in high dimensions.
For example, typical generalizations of Marching Cubes to higher dimensions
use look-up tables, which grows with 22"; thus those algorithms can be very
memory-intensive even for relatively mild values of n. In [12] a memory-efficient
algorithm, called Combinatorial Marching Hypercubes (CMH), was presented,
to compute approximations to manifolds of dimension n — 1 embedded into an
n-dimensional space for arbitrary values of n. See [12] for more details of the
relevant literature and for examples in dimensions n > 4.

1.2 Contributions and paper organization

In this paper, we present the Generalized Combinatorial Marching Hypercubes
(GCMH) algorithm, a generalization of CMH to compute (n — k)-dimensional
manifolds embedded into an n-dimensional space.

This paper is organized as follows. In Section 2 we present the background
material and mathematical definitions used in the paper. In Section 3 we
present the details of the GCMH algorithm. In Section 4 we compare the results
of our method with the Combinatorial Marching Simplex algorithm from [12].
In Section 5 we present a variation of the GCMH called the Generalized Com-
binatorial Continuation Hypercube (GCCH) algorithm. Finally, in Section 6
we present results and comparison with other methods, and in Section 7 we
present some concluding remarks.
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4 A Generalized Combinatorial Marching Hypercubes Algorithm

2 Background

In this section we present the definition of an implicitly defined manifold and
other objects used in the paper. These definitions are from [12].

Definition 1 Let F: U ¢ R” — R be a C' function. We say that a point ¢ € R is
a regular value of F if VF(x) # 0 for all z € F~1(c). If ¢ € R is not a regular value
of F' we say that it is a critical value of F.

Definition 2 A set M C R" is called an implicitly defined (n — 1)-dimensional
manifold if there exists a differentiable function F': R — R and a regular value ¢ of
F such that

M=F1c)={z eR" | F(z) =c}.
The tangent space at p € M is T M) = ker(VF(p)), where ker denotes the null space
of a linear map [39].

We can assume without any loss of generality that ¢ = 0, that is, that the
manifold is given by

M=F10)={z ¢ R" | F(z) = 0}.

Definition 3 (Transversality) Let M and N be differentiable manifolds of dimen-
sions m and n, respectively, in R* with maz{m,n} < k. Given p € M NN we say
that M and N are transverse at p if TMyp ® TNp = R*, where TM,, and TN, are
the tangent spaces to M and N, respectively, at p and @ denotes the direct sum of
two vector spaces [39]. We say that M and N are transverse if they are transverse
at every point p € M NN or if MNN = 0.

Definition 4 (Simplex) The simplex generated by the points vg,...,vm € R" is

the set
m m
J:{UGRn|v:Z)\ivi, with A; > 0 and Z)‘izl}’
=0 1=0
and it is denoted by o = [vg,...,vm]. The dimension of o is defined as dim(o) =
dim(span{v; —vg,...,vm —vo}). For clarity, a simplex of dimension k is referred to

as a k-simplex.

A simplex of dimension 0 is also referred to as a vertex and a simplex
of dimension a 1 is also referred to as an edge. Notice that an edge may be
represented by multiple collinear vertices.

Definition 5 (Simplex Face) Let 0 = [ug,...,uy,] be a k-simplex and 7 =
[vo, ..., Vk,| be an m-simplex with {vg,..., vk, } € {uo,...,ux, }. Then 7 is a m-face
(or simply a face) of o if 7 = o or if the following conditions are satisfied:

1. m<k;
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2. If n is an m-simplex with 7 C 7, then n = 7.

If 7 is a face of 0 with 7 # o we say that 7 is a proper face of o.

Definition 6 (Hypercube) The set I = []"_;[a;,b;] C R™ with a; < b; € R is
called an n-dimensional hypercube (or simply a hypercube). The (n — 1)-faces of Z"
are the sets

I?l_l = {x EIn | XT; :ai} and In_l = {.T GIn | X; :bi}

7 n-+1

for each ¢ = 1,...,n. The faces of dimension less than n — 1 can be obtained by the
intersection of two or more faces of higher dimension, that is

° IZ i 2 = " -1n I;L_l, for j # n — i (since opposite faces have an empty
intersection);
C =T N AL for j£n i kEn—i, k#n—j.

7

The pattern above continues until the edges (Il) of the hypercube. Each edge is
the intersection of n — 1 faces of dimension n — 2.

Definition 7 (Adjacency) Two simplices o1 and o9 are said to be adjacent if o1 Noa
is a common face to both o1 and os.

Similarly, two hypercubes Z and Z’ are said to be adjacent if ZNZ' is a common
face to both Z and 7.

Definition 8 (Incidence) A simplex 7 is said to be incident to a simplex o if 7 is a
proper face of o.

Similarly, a hypercube Z is said to be incident to a hypercube J if 7 is a face of
J.

Our algorithm produces a collection of cells, as described in [12], to
represent the computed manifold approximation.

Definition 9 (Cells) We define a cell as follows: A cell of dimension 0 or 1 is a
convex affine cell of dimension 0 or 1, respectively. A cell of dimension k is defined
as a list of its vertices and a list of its lower dimensional faces represented as cells.

A cell of dimension k is referred to as a k-cell or simply a cell. We also
refer to O-cells and 1-cells as vertices and edges, respectively.

3 The Generalized Combinatorial Marching
Hypercubes Algorithm
This section describes the Generalized Combinatorial Marching Hypercubes

algorithm (GCMH). It computes an approximation of an (n — k)-dimensional
implicit manifold M = F~1(0), with F': R® — R¥. The main difference from
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the CMH algorithm in [12] is the application of a simplex decomposition pro-
cess to both find the vertices of the manifold and solve possible ambiguities,
as described in the following subsections.

3.1 Algorithm Description
Here, we present the main steps of the GCMH algorithm.

Input
The input of GCMH is:

e A C! function F: R® — Rk,
e A domain hypercube D =[], [a;, b;] C R™.
® A grid size tuple (ki,...,k,) € Z1.

We subdivide each interval [a;, b;] uniformly into k; intervals; this way we
divide D into a uniform grid of smaller hypercubes. We shall refer to it as the
domain grid. Each (n — k)-cell will be incident to two grid hypercubes or one
grid hypercube and the boundary.

Output

The output of GCMH is an approximation M4 for M = F~1(0), represented
by:

® The coordinates of the vertices of M 4.
e A set of (n — k)-cells and their r-faces for 0 <r <n —k — 1.

Each (n—k)-cell in M 4 will be a subset of a hypercube of the domain grid,
and the algorithm does not create pairs of adjacent (n — k)-cells within the
same hypercube. Thus, two adjacent (n — k)-cells in M 4 necessarily belong to
two different adjacent hypercubes.

Given a hypercube H of the domain grid we denote by My the cells of
M 4 contained in H, that is, My = M4 NH.

The main steps of the GCMH algorithm are:

1) Add a perturbation to each vertex v; in the domain grid by adding a random
n-dimensional vector ¢; to v;.
2) For each hypercube H in the domain grid do:
2.1) Compute the vertices and edges of My and their incidence and
adjacency relations. This computation results into a graph Gy.
2.2) For each connected component of Gy, create an (n — k)-cell of My, and
compute its r-faces using combinatorial techniques for 2 <r <n—k—1.

Perturbations to each vertex v; are added in order to displace any eventual
vertices of ‘H that are directly on the manifold, which could lead to errors.
This step is further explained in [12].

The steps (2.1) and (2.2) of the GCMH algorithm are detailed in
Sections 3.1.1 and 3.1.2, respectively.
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3.1.1 Vertices and Edges Computation

Vertices of the approximation M, are computed using the Coxeter-
Freudenthal-Kuhn (CFK) simplex decomposition algorithm, described in
[40—42], applied to each k-face. As stated before, this is the main difference
between the previous CMH method, and allows the GCMH method to be
applied to manifolds of any co-dimension k < n. It is worth noting that, while
this calculation is carried out with a simplex decomposition algorithm, infor-
mation about the simplices is not needed for the combinatorial skeleton, which
greatly reduces processing time after the computation of vertices and edges.
For a given hypercube H of the domain grid, we break each of its k-faces f
into k! simplices of dimension k, using the CFK triangulation. Then, a vertex of
My = M4 NH may be created in each of those k-simplices by computing the
linear interpolation of the vertices v; incident to the given k-simplex, weighted
by F'(v;); that is, the intersection point v is given by v = Zf:o Aiv;, where \;,

t=1,..., k, satisfy
k

k
i=0 i=0
If all A; > 0, a new vertex of My will be created in that k-simplex; otherwise,
no vertex is created.
To compute the edges of My, the algorithm loops through each (k + 1)-
face fr+1 connecting the manifold vertices created on the k-faces incident to
fr+1. For each fr11, three cases may occur:

® No vertices are found: The algorithm does not create any vertex or edge on
this face.

® Two vertices are found: The algorithm simply connects both with an edge
of M'H.

® More than two vertices are found: In this case there is more than one way
of connecting the vertices with edges, leading to an ambiguity.

These ambiguities are solved using the CFK triangulation applied to the
(k + 1)-face. An example of the finished process can be seen in Figure 2 for
a 2-face, where the blue dashed lines represent the edges added to My. A
fully worked example is illustrated in Figure 3 with a 3-face, which is a 3-
dimensional cube; thus, in this case we have k = 2. For clarity, we will denote
faces and simplices using the cube vertices, which are numbered 0 to 7, in
ascending order; for example, the top 2-face will be denoted face 4567.

Suppose that the algorithm found the manifold vertices a — d, marked
with blue dots, as in Figure 3 (a). Vertices a and b are in face 0246, vertex c
is in face 2367 and vertex d is in face 1357. In order to solve the ambiguity,
the cube is divided into (k 4 1)-simplices in Figure 3 (b). For all k-simplices
incident to each (k + 1)-simplex we calculate the manifold vertices using the
linear interpolation described above. In this example, suppose the vertices
found are the red dots in Figure 3 (c), which are in the 2-simplices 027, 047
and 057. This will also recalculate the vertices a — d and show they are in
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the 2-simplices 046, 026, 237 and 157, respectively. Those 2-simplices are in
shades of grey in Figure 3 (c).

After all k-simplices are analyzed, we pick a manifold vertex in a k-face;
for example, vertex a. The algorithm then identifies which manifold vertex
found in the previous step connects with vertex a, and connects them. This
is done by checking incidence relations between the k-simplices and (k + 1)-
simplices. Then in the same manner it identifies and connects a third manifold
vertex that connects to the second one and so on, until it finds one that is in
a k-face of the cube. In our example, the algorithm identified that vertex a
is in the 2-simplex 046, which is incident to the 3-simplex 0467. The second
manifold vertex that a is connected to is the one in the same 3-simplex, which
is the red vertex in the 2-simplex 047. This 2-simplex is also incident to the
3-simplex 0457, and thus this second vertex is connected to the red vertex in
the 2-simplex 057. Finally, this vertex is connected to the blue vertex d. The
result of this process is illustrated in Figure Figure 3 (d).

Once the algorithm identifies a second vertex in a 2-face (in our example,
two blue vertices), it connects them with a single manifold edge (denoted by a
blue dashed line in Figure Figure 3 (e) between vertices a and d), stores it, and
pick a new manifold vertex in a k-face to start again. Lastly, once all manifold
vertices in k-faces are exhausted, the algorithm only keeps the vertices and
the manifold edges stored; all internal vertices and connections are discarded.
The end result can be seen in Figure 3 (e).

Uq U3

-

VYo U

Fig. 2 Disambiguation for a 2-face using the CFK triangulation

3.1.2 Combinatorial Skeleton

Here we summarize the main definitions and ideas for the construction of
the Combinatorial Skeleton, which is a structure used to compute higher-
dimensional faces of the approximation M 4. Further details can be found in

[12].
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Fig. 3 Disambiguation process in a 3-face using the CFK triangulation. (a) Manifold ver-
tices computed on the 2-faces. (b) 3-face divided into 3-simplices. (¢) Internal manifold
vertices found on the shaded faces of the 3-simplices. (d) Internal manifold vertices con-
nected along the 3-simplices. (e) Final manifold edges created and stored in M.

Definition 10 (Face labeling) We represent the faces Z!" and Ig_i__zl of the n-

dimensional hypercube Z" by the integers i and n + 4, that is, we label E(I?_l) =1
and E(I;L;Zl) =n+i.
The faces of dimensions lower than n — 1 are labeled accordingly as E(Ii"j_Q) =

{i,7}, E(I?]—g) = {i,4, k}, etc. The pattern continues until the edges Z' of Z".
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Due to the construction of the r-faces and the properties of hypercubes,
one can prove the following [12]:

e Each (n — k)-cell C in My is indeed a cell as defined in Definition 9;
® We can represent the incidence relations of C using the labels of H by labeling
each r-face of C with the labels of the corresponding (r + 1)-face of H.

These facts are used to build the combinatorial skeleton. Let £, be the set
of labels of the r-faces of C, for r = 0,...,n — 2, and set £ = U:f;g L,.. We
also define V' as the set of manifold vertices of M.

The combinatorial skeleton is built as follows: The vertices and edges of
My obtained from Section 3.1.1 form a graph G, with possibly more than one
connected component. For each component G’ of G, we apply the following
algorithm:

function COMBINATORIALSKELETON(n, V, C, H, L)
for all vertices v € V of G’ on a k-face f of H do
add v to C
L(v) < l(e)
add £(v) to Lo
end for
forr < 2ton—2do
for all (r 4 1)-faces fy of H do
if 3¢(x) € L,_1 such that £(fy) C ¢(x) then
create a new r-face fo
add fo to C
U(fo) < U(fn)
add £(fc) to L,
for all (r — 1)-faces f/, of C do
if {(fc) C £(ff) then
Add ff as a face of fo in C
end if
end for
end if
end for
end for
return C
end function

3.2 Consistency

This section addresses the consistency of the manifold approximation My
generated by the GCMH algorithm, as described below.

Definition 11 (Consistency) Let H; and Ha be two adjacent hypercubes of the
domain grid that share a common (n — 1)-face f and let My = My, N My, We
say that My is consistent it My, N f = My, N f. In this case we also say that each
cell of M is consistent.
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In other words, the approximation is consistent if it generates the same
vertices, edges, and higher-dimensional cells on shared (n—1)-faces of adjacent
hypercubes. In order for the algorithm to be correct, it is sufficient that the
approximation is consistent for all pairs of adjacent hypercubes in the domain
grid.

Since the construction of the combinatorial skeleton is the same as in [12],
the proofs of the consistency results can mostly be adapted from there with
minor changes. The only proof which needs a more significant modification
is vertex consistency because the vertex generation uses a different process.
Thus, for higher-dimensional consistency, we will only state those results and
refer to [12] for details of their proofs.

Lemma 1 (Vertex consistency) The vertices generated by the GCMH algorithm on
My, N f and My, N f are the same.

Proof Since the vertices of the (n — 1)-face f are common to H; and Ha, the values
of the function F' at the vertices of f are the same on H; and Hsa, that is, when
f is viewed as a face of H; and as a face of Ho. Moreover, the consistency of the
CFK triangulation ensures that the simplices which My, N f and My, N f are
decomposed in having the same vertices. Therefore the vertices of My, which are
obtained by linear interpolation on the values of F' at the vertices of the simplices in
f, are the same on My, and My, . O

Lemma 2 (Edge consistency) The edges generated by the GCMH algorithm on
My, N f and My, N f are the same.

Lemma 3 (Higher dimensional consistency) The k-cells generated by the GCMH
algorithm on Mqy, N f and My, N f are the same for 2 <r <n — 2.

The lemmas above prove the following theorem:

Theorem 3.1 (GCMH algorithm consistency) The set of cells My = Mg, N My,
generated by the GCMH algorithm s consistent for any pair H1 and Ha of adjacent
hypercubes of the domain grid.

3.3 Combinatorial methods for grid generation

In order to represent hypercubes and their vertices and generate grid ele-
ments, we use combinatorial techniques based on the enumeration of discrete
Cartesian products. Those methods are presented in [12] with almost no
modifications; we, therefore, refer to [12] for details on these combinatorial
methods.
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4 Comparison to Combinatorial Marching
Simplex

In order to study the performance of the GCMH algorithm, we implemented
the Combinatorial Marching Simplex (CMS) method, also described in [12].
This method is a triangulation method that also uses a combinatorial struc-
ture to compute an approximation M4 of a manifold implicitly defined by
M = F~1(0), with F': R® — R¥. This is the main reason for choosing CMS
for a performance comparison, since the main advantage of GCMH over the
CMH algorithm in [12] is the ability to compute manifolds of co-dimension
higher than 1, and thus the comparison with CMH would not be very mean-
ingful. Furthermore, since CMS also uses a combinatorial structure similar to
GCMH, we were able to compare the performance of our method with a similar
algorithm.
The CMS algorithm is broadly described as follows:

1. Subdivide a regular and finite grid of hypercubes of a compact subspace of
R™ into simplices using the CFK triangulation. The resulting subdivision
is the domain grid.

2. For each simplex S of each hypercube H in the domain do:

(a) Compute the vertices of Ms = & N M4 that are on the edges of S.
This is done with linear interpolation of the vertices of each face of the
simplex, similar to the computation of vertices in the GCMH algorithm
(Section 3.1.1).

(b) Define the edges of Mg that are on the 2-faces of S. Contrary to GCMH
there is an unique way to this.

(c) Build the Combinatorial Skeleton to get the k-faces of Mg for k > 2.
The details of this step are analogous to GCMH.

It is worth noting that it is expected that CMS will require more memory
and processing time in comparison to GCMH. This is because CMS breaks
each hypercube into n-simplices, analyzes each k-face of every n-simplex, then
stores the data from every manifold vertex found in an n-simplex in order to
build the approximation M 4. The CFK triangulation generates n! simplices
for every n-dimensional hypercube and then each (Z) k-face of every simplex
needs to be analyzed; hence, the CMS algorithm will need to analyze (Z)n' k-
simplices for every hypercube. On the other hand, GMHC only uses the data
from the vertices found in the k-simplices in the k-faces of each hypercube.
Since there are 27~ (Z) k-faces in a hypercube and each k-face is decomposed
into k! k-simplices, this means there are 2”_k(2)k! k-simplices for GCMH to
analyze for every hypercube. This leads to CMS having a substantial increase
not only in the number of simplex faces to search for manifold vertices, but
also in the processing time of the edges and higher-dimensional cells of M 4
in comparison to GCMH, as the number of vertices will also increase. This
difference is illustrated in Figure 4 (it is worth noting that we necessarily must
have n > k 4 1). In all cases, we can expect that GCMH will need to process
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substantially less k-simplices than CMS. This point will be made clearer in
Section 6.
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Fig. 4 Estimates on number of k-simplices analyzed by CMS and GCMH per hypercube.

5 The Generalized Combinatorial Continuation
Hypercube extension

In a similar way to [12], here we also propose an extension to the GCMH algo-
rithm called the Generalized Combinatorial Continuation Hypercube (GCCH).
The aim is to improve the time efficiency of the GCMH algorithm by checking
for vertices only in the hypercubes adjacent to the ones that are transversal to
the manifold and therefore have a chance to be transversal themselves. This
extension to a continuation method was mainly based on the continuation
method in the work of Allgower and Georg [43].

5.1 Starting Point

Given a user-input starting point xg, we first find a starting hypercube that
contains it. Since the hypercubes are defined by intervals along each dimension,
the starting hypercube is found by comparing the coordinates of xy with those
intervals.

5.2 List of Hypercubes

After finding the initial hypercube Hy containing the initial point zy, we put
all of its adjacent hypercubes into a list Ly, of hypercubes to be processed,
and we process Ho using the GCMH algorithm. We then create a list L, of
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already processed hypercubes, and add Hg to it. After that, the algorithm
proceeds as follows:

While Ly, is not empty do:

1. Remove an hypercube H; from Lyyy,.

2. Find all hypercubes adjacent to H; that are not in L, and are transverse
to M; add them to Lypy.

3. Process H; like in the GCMH algorithm.

4. Add H; to L,.

When M has more than one connected component, some components
might not be computed by the steps above. In order to reach those compo-
nents, the user can execute the algorithm again with another starting point
on a different connected component.

5.3 Estimate on complexity

Tha main difference between GCMH and GCCH is their strategy for traversing
the hypercube grid. The GCMH algorithm traverses the entire grid sequen-
tially; therefore, supposing the the domain is divided in m segments for every
dimension, the GCMH algorithm is expected to have O(m'™) complexity.

On the other hand, the GCCH algorithm restricts the analysis to hyper-
cubes adjacent to the ones already verified to be transversal to M, and thus
the ones most likely to have manifold vertices. Since the list of hypercubes grow
along M and it has dimension n — k, it is expected that the GCCH algorithm
will have O(m"~*) complexity for smooth manifolds, which is a significant
gain over GCMH.

6 Results

This section describes some experimental results to show the empirical
effectiveness and efficiency of the GCMH algorithm and the GCCH extension.

We used a computer with a 2.3 GHz 8-Core Intel Core i9 Processor and
64 GB 2667 MHz DDR4 memory, and the software Matlab 2021b for all the
computations.

In order to show the efficiency of the GCMH and GCCH we ran an experi-
ment based on the complex cosine function: M = F~1(0), where F': C* — C!
is given by F'(z,w) = z—cos(w). For the purpose of our algorithm, F' is treated
as a function from R* to R?; this was done by separating the real and imagi-
nary parts and treating them as real numbers. We compared the results using
GCMH, GCCH, CMS, and Combinatorial Continuation Simplex (CCS). The
experiment shows that (see discussion in Section 6.1):

® The processing time of GCMH is significantly lower than the processing time
of CMS. The same applies to GCCH when compared to CCS.
® The continuation method significantly decreases the processing time of

GCCH and CCS.
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div CMS GCMH CCS GCCH
5 3.83 2.16 0.69 0.54
10 55.54 34.20 2.25 1.54
20 2048.63 589.38 8.34 5.54
40 | 12362.45 | 7927.68 38.30 22.35
80 236.79 87.22
160 2837.64 396.12
320 41355.25 | 1912.98

Table 1 Processing time, in seconds, of CMS, GCMH, CCS, GCCH to approximate the

complex cosine function z = cos(w) for each number div of divisions per dimension.

div CCS GCCH
5 1162 148
10 | 4378 612
20 | 17258 2112
40 | 68354 8336

Table 2 Output size (number of (n — 1)-cells) of the approximation of z = cos(w) using
CCS and GCCH.

e Although the output size of GCCH is smaller than the output size of CCS,
the output approximation is smoother when using GCCH.

A second experiment was made to test the efficiency of GCMH and GCCH
in higher dimensions. For that purpose we used the 3-torus (or 3D torus)
embedded in R®, given by M = S! x St x S1. More specifically, F(z) = 0
where F': R® — R3 is given by

1
LE%—FZE%—Z
3 +ax3 -1
5, 2

TE + x5 —4

F($17$27ZC37$47$57$6> —

6.1 Comparing CMS, GCMH, CCS and GCCH

In order to show the advantages of the GCMH algorithm over the CMS and the
advantages of the continuation method for both GCCH and CCS, we measured
the processing time needed to approximate the complex cosine function. For
each run the number of hypercubes of the domain grid is set by a number div
of divisions per dimension, that is, the total number of hypercubes is div?.

The results can be seen on Table 1 and Figure 5. As expected, the con-
tinuation method significantly improves both algorithms. Also, the processing
time using the GCMH algorithm is significantly lower than the CMS.

We also measured the output size, as the number of (n —1)-cells, of GCCH
and CCS. Note that the continuation method does not change the output of
the approximation when compared to GCMH and CMS. The results can be
seen on Table 2. As expected, the output of GCCH is smaller.
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Fig. 5 Processing time, in logarithmic , of CMS, GCMH, CCS and GCMH to approximate
the complex cosine function z = cos(w) as a function of the number div of subdivisions.

div | GCMH | GCCH || div GCMH GCCH
2 93.61 93.07 5 22686.60 2946.30
3 | 1055.67 | T734.47 6 | 67749.18 7126.96
4 | 5910.59 | 846.46 7 | 172271.80 | 13545.33

Table 3 Processing time, in seconds, of GCMH and GCCH to approximate the 3-torus
for each number div of divisions per dimension.

Figures 6(a) and 6(b) show projections of the approximation of the complex
cosine function using GCCH and CCS, respectively. Figures 6(c) and 6(d)
show a zoom in of a portion of both projections. Although the output using
GCCH is less dense, it is smoother. We indicate the smoothness of the results
in Figures 6(c) and 6(d) by a series of red segments. The consecutive red
segments represent “curve breaks”; a higher density of curve breaks indicates
better smoothness.

6.2 Results in higher dimension

In order to show the effectiveness of GCMH and GCCH in higher dimensions,
we measured the processing time needed to approximate the 3-torus embedded
in R® (see Figure 8). For each computation, the number of hypercubes of the
domain grid was set by a number div of divisions per dimension, that is, the
total number of hypercubes is given by div®. The results can be seen on Table 3
and Figure 7.

7 Conclusion

This paper proposed a generalization of the Combinatorial Marching Hyper-
cubes algorithm [12] that extends the renowned Marching Cubes algorithm to
approximate manifolds of any dimension. In [12] the manifold was required to
have co-dimension 1 while in the generalization proposed in this paper this
requirement was eliminated.
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Fig. 6 Projections of the complex cosine function z = cos(w) using (a) GCCH with div = 40
and (b) CCS with div = 20. In (c) and (d) we show a zoom in of a portion of the manifolds
in (a) and (b), respectively.
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Fig. 7 Processing time of GCMH and GCMH to approximate the 3-torus, in logarithmic
scale.

The proposed implementation did not rely on lookup tables or other expen-
sive memory structure that grows exponentially with dimension. Our algorithm
used combinatorial and topological techniques to build the manifold approx-
imation by a cell complex. Each hypercube can be processed independently,
making the proposed algorithm highly parallelizable.

We showed the effectiveness of our method in higher dimensions by
approximating classical manifolds from the literature and we also showed
that the algorithm outperformed a similar algorithm based on a simplicial
decomposition of the domain grid.

As future work, we plan a parallel implementation, as the algorithm is
highly parallelizable. We also plan to study the accuracy of the manifolds
created, and apply it to practical problems.
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CHAPTER

5

CONCLUSION

In this work we showed works on three different aspects of differential equations:

* The first two works are concerned with the robustness of asymptotical stability and
exponential dichotomy of differential equations in Banach spaces. Those works extend
previous results in finite dimensions to infinite dimensions. We show that if the equation is
in the class of Generalized Almost Periodic (¢ .o/ &?) functions (which include important
functions, such as periodic ones), then asymptotic stability and exponential dichotomy are
robust under integrally small perturbations. The amplitude of those oscillations need not

be small, as long as they are fast enough.

We also show examples in infinite dimensions, including one that shows that asymptotic
stability is not robust; we are able to stabilize a system with a forcing term that oscillates

fast enough. This may have applications on control systems.

* The second object of interest is a rigorous computational method using wavelets. This
method combines the radii polynomial approach for validated numerics with the Haar
wavelet method for differential equations. This results in a rigorous computational method
which can deal with less smooth problems, which is a limitation of previous methods. We
believe further work using other types of nonlinearities, higher-order derivatives and other

wavelet types will mitigate its weaknesses.

* The last topic is the Generalized Combinatorial Marching Hypercube (GCMH) algorithm.
This is an algorithm which builds upon the classic Marching Cubes algorithm for generating
isosurfaces. Our method is able to work in any dimension for both the domain and co-
domain, and uses a combinatorial technique to avoid using the large lookup tables that
other Marching Hypercubes methods would require. It also performs considerably faster

than simplex-based algorithms, especially as dimensions increase.
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Chapter 5. Conclusion

We also study an extension called the Generalized Combinatorial Continuation Hypercube
(GCCH) which combines the method with a continuation algorithm. This extension can be

faster but has some drawbacks.

This method can still be improved via adaptative algorithms and parallelization. We are
also working on combining the GCMH and GCCH algorithms with validated numerical
methods, in order to both implement adaptive refinement and obtaining an efficient rigorous

algorithm for multi-parameter differential equations and dynamical systems.
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may incur a service charge of 1.5% per month or the maximum rate allowed by applicable law, whichever is less. While User may exercise the rights in the License immediately upon
receiving the Order Confirmation, the License is automatically revoked and is null and void, as if it had never been issued, if CCC does not receive complete payment on a timely basis.

7) General Limits on Use. Unless otherwise provided in the Order Confirmation, any grant of rights to User (i) involves only the rights set forth in the Terms and does not include
subsequent or additional uses, (ii) is non-exclusive and non-transferable, and (iii) is subject to any and all limitations and restrictions (such as, but not limited to, limitations on duration of
use or circulation) included in the Terms. Upon completion of the licensed use as set forth in the Order Confirmation, User shall either secure a new permission for further use of the
Work(s) or immediately cease any new use of the Work(s) and shall render inaccessible (such as by deleting or by removing or severing links or other locators) any further copies of the
Work. User may only make alterations to the Work if and as expressly set forth in the Order Confirmation. No Work may be used in any way that is unlawful, including without limitation if
such use would violate applicable sanctions laws or regulations, would be defamatory, violate the rights of third parties (including such third parties' rights of copyright, privacy, publicity, or
other tangible or intangible property), or is otherwise illegal, sexually explicit, or obscene. In addition, User may not conjoin a Work with any other material that may result in damage to the
reputation of the Rightsholder. Any unlawful use will render any licenses hereunder null and void. User agrees to inform CCC if it becomes aware of any infringement of any rights in a Work
and to cooperate with any reasonable request of CCC or the Rightsholder in connection therewith.

8) Third Party Materials. In the event that the material for which a License is sought includes third party materials (such as photographs, illustrations, graphs, inserts and similar materials)
that are identified in such material as having been used by permission (or a similar indicator), User is responsible for identifying, and seeking separate licenses (under this Service, if
available, or otherwise) for any of such third party materials; without a separate license, User may not use such third party materials via the License.

9) Copyright Notice. Use of proper copyright notice for a Work is required as a condition of any License granted under the Service. Unless otherwise provided in the Order Confirmation, a
proper copyright notice will read substantially as follows: "Used with permission of [Rightsholder's name], from [Work's title, author, volume, edition number and year of copyright];
permission conveyed through Copyright Clearance Center, Inc." Such notice must be provided in a reasonably legible font size and must be placed either on a cover page or in another
location that any person, upon gaining access to the material which is the subject of a permission, shall see, or in the case of republication Licenses, immediately adjacent to the Work as
used (for example, as part of a by-line or footnote) or in the place where substantially all other credits or notices for the new work containing the republished Work are located. Failure to
include the required notice results in loss to the Rightsholder and CCC, and the User shall be liable to pay liquidated damages for each such failure equal to twice the use fee specified in the
Order Confirmation, in addition to the use fee itself and any other fees and charges specified.

10) Indemnity. User hereby indemnifies and agrees to defend the Rightsholder and CCC, and their respective employees and directors, against all claims, liability, damages, costs, and
expenses, including legal fees and expenses, arising out of any use of a Work beyond the scope of the rights granted herein and in the Order Confirmation, or any use of a Work which has
been altered in any unauthorized way by User, including claims of defamation or infringement of rights of copyright, publicity, privacy, or other tangible or intangible property.

11) Limitation of Liability. UNDER NO CIRCUMSTANCES WILL CCC OR THE RIGHTSHOLDER BE LIABLE FOR ANY DIRECT, INDIRECT, CONSEQUENTIAL, OR INCIDENTAL DAMAGES (INCLUDING
WITHOUT LIMITATION DAMAGES FOR LOSS OF BUSINESS PROFITS OR INFORMATION, OR FOR BUSINESS INTERRUPTION) ARISING OUT OF THE USE OR INABILITY TO USE A WORK, EVEN IF
ONE OR BOTH OF THEM HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES. In any event, the total liability of the Rightsholder and CCC (including their respective employees and
directors) shall not exceed the total amount actually paid by User for the relevant License. User assumes full liability for the actions and omissions of its principals, employees, agents,
affiliates, successors, and assigns.

12) Limited Warranties. THE WORK(S) AND RIGHT(S) ARE PROVIDED "AS IS." CCC HAS THE RIGHT TO GRANT TO USER THE RIGHTS GRANTED IN THE ORDER CONFIRMATION DOCUMENT.
CCC AND THE RIGHTSHOLDER DISCLAIM ALL OTHER WARRANTIES RELATING TO THE WORK(S) AND RIGHT(S), EITHER EXPRESS OR IMPLIED, INCLUDING WITHOUT LIMITATION IMPLIED
WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. ADDITIONAL RIGHTS MAY BE REQUIRED TO USE ILLUSTRATIONS, GRAPHS, PHOTOGRAPHS, ABSTRACTS,
INSERTS, OR OTHER PORTIONS OF THE WORK (AS OPPOSED TO THE ENTIRE WORK) IN A MANNER CONTEMPLATED BY USER; USER UNDERSTANDS AND AGREES THAT NEITHER CCC NOR
THE RIGHTSHOLDER MAY HAVE SUCH ADDITIONAL RIGHTS TO GRANT.

13) Effect of Breach. Any failure by User to pay any amount when due, or any use by User of a Work beyond the scope of the License set forth in the Order Confirmation and/or the Terms,
shall be a material breach of such License. Any breach not cured within 10 days of written notice thereof shall result in immediate termination of such License without further notice. Any
unauthorized (but licensable) use of a Work that is terminated immediately upon notice thereof may be liquidated by payment of the Rightsholder's ordinary license price therefor; any
unauthorized (and unlicensable) use that is not terminated immediately for any reason (including, for example, because materials containing the Work cannot reasonably be recalled) will be
subject to all remedies available at law or in equity, but in no event to a payment of less than three times the Rightsholder's ordinary license price for the most closely analogous licensable
use plus Rightsholder's and/or CCC's costs and expenses incurred in collecting such payment.

14) Additional Terms for Specific Products and Services. If a User is making one of the uses described in this Section 14, the additional terms and conditions apply:

a) Print Uses of Academic Course Content and Materials (photocopies for academic coursepacks or classroom handouts). For photocopies for academic coursepacks or classroom
handouts the following additional terms apply:

i) The copies and anthologies created under this License may be made and assembled by faculty members individually or at their request by on-campus bookstores or copy centers,
or by off-campus copy shops and other similar entities.

ii) No License granted shall in any way: (i) include any right by User to create a substantively non-identical copy of the Work or to edit or in any other way modify the Work (except by
means of deleting material immediately preceding or following the entire portion of the Work copied) (ii) permit "publishing ventures" where any particular anthology would be
systematically marketed at multiple institutions.

iii) Subject to any Publisher Terms (and notwithstanding any apparent contradiction in the Order Confirmation arising from data provided by User), any use authorized under the
academic pay-per-use service is limited as follows:

A) any License granted shall apply to only one class (bearing a unique identifier as assigned by the institution, and thereby including all sections or other subparts of the class) at
one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays, poems or articles;
C) use is limited to no more than the greater of (a) 25% of the text of an issue of a journal or other periodical or (b) two articles from such an issue;
D) no User may sell or distribute any particular anthology, whether photocopied or electronic, at more than one institution of learning;

E) in the case of a photocopy permission, no materials may be entered into electronic memory by User except in order to produce an identical copy of a Work before or during
the academic term (or analogous period) as to which any particular permission is granted. In the event that User shall choose to retain materials that are the subject of a
photocopy permission in electronic memory for purposes of producing identical copies more than one day after such retention (but still within the scope of any permission
granted), User must notify CCC of such fact in the applicable permission request and such retention shall constitute one copy actually sold for purposes of calculating
permission fees due; and

F) any permission granted shall expire at the end of the class. No permission granted shall in any way include any right by User to create a substantively non-identical copy of
the Work or to edit or in any other way modify the Work (except by means of deleting material immediately preceding or following the entire portion of the Work copied).

iv) Books and Records; Right to Audit. As to each permission granted under the academic pay-per-use Service, User shall maintain for at least four full calendar years books and
records sufficient for CCC to determine the numbers of copies made by User under such permission. CCC and any representatives it may designate shall have the right to audit such
books and records at any time during User's ordinary business hours, upon two days' prior notice. If any such audit shall determine that User shall have underpaid for, or
underreported, any photocopies sold or by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC shall bear the costs of any such audit.
Any amount determined by such audit to have been underpaid by User shall immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from
the date such amount was originally due. The provisions of this paragraph shall survive the termination of this License for any reason.

b) Digital Pay-Per-Uses of Academic Course Content and Materials (e-coursepacks, electronic reserves, learning management systems, academic institution intranets). For uses in
e-coursepacks, posts in electronic reserves, posts in learning management systems, or posts on academic institution intranets, the following additional terms apply:

i) The pay-per-uses subject to this Section 14(b) include:

A) Posting e-reserves, course management systems, e-coursepacks for text-based content, which grants authorizations to import requested material in electronic format,
and allows electronic access to this material to members of a designated college or university class, under the direction of an instructor designated by the college or university,
accessible only under appropriate electronic controls (e.g., password);

B) Posting e-reserves, course management systems, e-coursepacks for material consisting of photographs or other still images not embedded in text, which grants not
only the authorizations described in Section 14(b)(i)(A) above, but also the following authorization: to include the requested material in course materials for use consistent with
Section 14(b)(i)(A) above, including any necessary resizing, reformatting or modification of the resolution of such requested material (provided that such modification does not
alter the underlying editorial content or meaning of the requested material, and provided that the resulting modified content is used solely within the scope of, and in a manner
consistent with, the particular authorization described in the Order Confirmation and the Terms), but not including any other form of manipulation, alteration or editing of the
requested material;
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C) Posting e-reserves, course management systems, e-coursepacks or other academic distribution for audiovisual content, which grants not only the authorizations
described in Section 14(b)(i)(A) above, but also the following authorizations: (i) to include the requested material in course materials for use consistent with Section 14(b)(i)(A)
above; (ii) to display and perform the requested material to such members of such class in the physical classroom or remotely by means of streaming media or other video
formats; and (iii) to "clip" or reformat the requested material for purposes of time or content management or ease of delivery, provided that such “clipping” or reformatting does
not alter the underlying editorial content or meaning of the requested material and that the resulting material is used solely within the scope of, and in a manner consistent
with, the particular authorization described in the Order Confirmation and the Terms. Unless expressly set forth in the relevant Order Conformation, the License does not
authorize any other form of manipulation, alteration or editing of the requested material.

ii) Unless expressly set forth in the relevant Order Confirmation, no License granted shall in any way: (i) include any right by User to create a substantively non-identical copy of the
Work or to edit or in any other way modify the Work (except by means of deleting material immediately preceding or following the entire portion of the Work copied or, in the case
of Works subject to Sections 14(b)(1)(B) or (C) above, as described in such Sections) (ii) permit "publishing ventures" where any particular course materials would be systematically
marketed at multiple institutions.

iii) Subject to any further limitations determined in the Rightsholder Terms (and notwithstanding any apparent contradiction in the Order Confirmation arising from data provided
by User), any use authorized under the electronic course content pay-per-use service is limited as follows:

A) any License granted shall apply to only one class (bearing a unique identifier as assigned by the institution, and thereby including all sections or other subparts of the class) at
one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays, poems or articles;
C) use is limited to not more than the greater of (a) 25% of the text of an issue of a journal or other periodical or (b) two articles from such an issue;
D) no User may sell or distribute any particular materials, whether photocopied or electronic, at more than one institution of learning;

E) electronic access to material which is the subject of an electronic-use permission must be limited by means of electronic password, student identification or other control
permitting access solely to students and instructors in the class;

F) User must ensure (through use of an electronic cover page or other appropriate means) that any person, upon gaining electronic access to the material, which is the subject
of a permission, shall see:

o a proper copyright notice, identifying the Rightsholder in whose name CCC has granted permission,
o astatement to the effect that such copy was made pursuant to permission,

o a statement identifying the class to which the material applies and notifying the reader that the material has been made available electronically solely for use in the class,
and

o astatement to the effect that the material may not be further distributed to any person outside the class, whether by copying or by transmission and whether electronically
or in paper form, and User must also ensure that such cover page or other means will print out in the event that the person accessing the material chooses to print out the
material or any part thereof.

G) any permission granted shall expire at the end of the class and, absent some other form of authorization, User is thereupon required to delete the applicable material from
any electronic storage or to block electronic access to the applicable material.

iv) Uses of separate portions of a Work, even if they are to be included in the same course material or the same university or college class, require separate permissions under the
electronic course content pay-per-use Service. Unless otherwise provided in the Order Confirmation, any grant of rights to User is limited to use completed no later than the end of
the academic term (or analogous period) as to which any particular permission is granted.

v) Books and Records; Right to Audit. As to each permission granted under the electronic course content Service, User shall maintain for at least four full calendar years books and
records sufficient for CCC to determine the numbers of copies made by User under such permission. CCC and any representatives it may designate shall have the right to audit such
books and records at any time during User's ordinary business hours, upon two days' prior notice. If any such audit shall determine that User shall have underpaid for, or
underreported, any electronic copies used by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC shall bear the costs of any such audit.
Any amount determined by such audit to have been underpaid by User shall immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from
the date such amount was originally due. The provisions of this paragraph shall survive the termination of this license for any reason.

c) Pay-Per-Use Permissions for Certain Reproductions (Academic photocopies for library reserves and interlibrary loan reporting) (Non-academic internal/external business uses
and commercial document delivery). The License expressly excludes the uses listed in Section (c)(i)-(v) below (which must be subject to separate license from the applicable
Rightsholder) for: academic photocopies for library reserves and interlibrary loan reporting; and non-academic internal/external business uses and commercial document delivery.

i) electronic storage of any reproduction (whether in plain-text, PDF, or any other format) other than on a transitory basis;

i) the input of Works or reproductions thereof into any computerized database;

iii) reproduction of an entire Work (cover-to-cover copying) except where the Work is a single article;

iv) reproduction for resale to anyone other than a specific customer of User;

v) republication in any different form. Please obtain authorizations for these uses through other CCC services or directly from the rightsholder.
Any license granted is further limited as set forth in any restrictions included in the Order Confirmation and/or in these Terms.

d) Electronic Reproductions in Online Environments (Non-Academic-email, intranet, internet and extranet). For "electronic reproductions", which generally includes e-mail use
(including instant messaging or other electronic transmission to a defined group of recipients) or posting on an intranet, extranet or Intranet site (including any display or performance
incidental thereto), the following additional terms apply:

i) Unless otherwise set forth in the Order Confirmation, the License is limited to use completed within 30 days for any use on the Internet, 60 days for any use on an intranet or
extranet and one year for any other use, all as measured from the "republication date" as identified in the Order Confirmation, if any, and otherwise from the date of the Order
Confirmation.

ii) User may not make or permit any alterations to the Work, unless expressly set forth in the Order Confirmation (after request by User and approval by Rightsholder); provided,
however, that a Work consisting of photographs or other still images not embedded in text may, if necessary, be resized, reformatted or have its resolution modified without
additional express permission, and a Work consisting of audiovisual content may, if necessary, be "clipped" or reformatted for purposes of time or content management or ease of
delivery (provided that any such resizing, reformatting, resolution modification or “clipping” does not alter the underlying editorial content or meaning of the Work used, and that
the resulting material is used solely within the scope of, and in a manner consistent with, the particular License described in the Order Confirmation and the Terms.

15) Miscellaneous.

a) User acknowledges that CCC may, from time to time, make changes or additions to the Service or to the Terms, and that Rightsholder may make changes or additions to the
Rightsholder Terms. Such updated Terms will replace the prior terms and conditions in the order workflow and shall be effective as to any subsequent Licenses but shall not apply to
Licenses already granted and paid for under a prior set of terms.

b) Use of User-related information collected through the Service is governed by CCC's privacy policy, available online at www.copyright.com/about/privacy-policy/.

) The License is personal to User. Therefore, User may not assign or transfer to any other person (whether a natural person or an organization of any kind) the License or any rights
granted thereunder; provided, however, that, where applicable, User may assign such License in its entirety on written notice to CCC in the event of a transfer of all or substantially all of
User's rights in any new material which includes the Work(s) licensed under this Service.

d) No amendment or waiver of any Terms is binding unless set forth in writing and signed by the appropriate parties, including, where applicable, the Rightsholder. The Rightsholder
and CCC hereby object to any terms contained in any writing prepared by or on behalf of the User or its principals, employees, agents or affiliates and purporting to govern or otherwise
relate to the License described in the Order Confirmation, which terms are in any way inconsistent with any Terms set forth in the Order Confirmation, and/or in CCC's standard
operating procedures, whether such writing is prepared prior to, simultaneously with or subsequent to the Order Confirmation, and whether such writing appears on a copy of the
Order Confirmation or in a separate instrument.

e) The License described in the Order Confirmation shall be governed by and construed under the law of the State of New York, USA, without regard to the principles thereof of conflicts
of law. Any case, controversy, suit, action, or proceeding arising out of, in connection with, or related to such License shall be brought, at CCC's sole discretion, in any federal or state
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court located in the County of New York, State of New York, USA, or in any federal or state court whose geographical jurisdiction covers the location of the Rightsholder set forth in the
Order Confirmation. The parties expressly submit to the personal jurisdiction and venue of each such federal or state court.

Last updated October 2022
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you confirm your acceptance of and obligation to be bound by these Terms and
Conditions.

1. Grant and Scope of License

1. 1. The Licensor grants you a personal, non-exclusive, non-transferable, non-
sublicensable, revocable, world-wide License to reproduce, distribute, communicate to
the public, make available, broadcast, electronically transmit or create derivative
works using the Licensed Material for the purpose(s) specified in your RightsLink
Licence Details only. Licenses are granted for the specific use requested in the order
and for no other use, subject to these Terms and Conditions. You acknowledge and
agree that the rights granted to you under this License do not include the right to
modify, edit, translate, include in collective works, or create derivative works of the
Licensed Material in whole or in part unless expressly stated in your RightsLink
Licence Details. You may use the Licensed Material only as permitted under this
Agreement and will not reproduce, distribute, display, perform, or otherwise use or
exploit any Licensed Material in any way, in whole or in part, except as expressly
permitted by this License.

1. 2. You may only use the Licensed Content in the manner and to the extent permitted
by these Terms and Conditions, by your RightsLink Licence Details and by any
applicable laws.

1. 3. A separate license may be required for any additional use of the Licensed
Material, e.g. where a license has been purchased for print use only, separate
permission must be obtained for electronic re-use. Similarly, a License is only valid in
the language selected and does not apply for editions in other languages unless
additional translation rights have been granted separately in the License.

1. 4. Any content within the Licensed Material that is owned by third parties is
expressly excluded from the License.

1. 5. Rights for additional reuses such as custom editions, computer/mobile
applications, film or TV reuses and/or any other derivative rights requests require
additional permission and may be subject to an additional fee. Please apply to
journalpermissions(@springernature.com or bookpermissions@springernature.com for
these rights.

2. Reservation of Rights

Licensor reserves all rights not expressly granted to you under this License. You
acknowledge and agree that nothing in this License limits or restricts Licensor's rights in
or use of the Licensed Material in any way. Neither this License, nor any act, omission, or
statement by Licensor or you, conveys any ownership right to you in any Licensed
Material, or to any element or portion thereof. As between Licensor and you, Licensor
owns and retains all right, title, and interest in and to the Licensed Material subject to the
license granted in Section 1.1. Your permission to use the Licensed Material is expressly
conditioned on you not impairing Licensor's or the applicable copyright owner's rights in
the Licensed Material in any way.

3. Restrictions on use

3. 1. Minor editing privileges are allowed for adaptations for stylistic purposes or
formatting purposes provided such alterations do not alter the original meaning or
intention of the Licensed Material and the new figure(s) are still accurate and
representative of the Licensed Material. Any other changes including but not limited
to, cropping, adapting, and/or omitting material that affect the meaning, intention or
moral rights of the author(s) are strictly prohibited.

3. 2. You must not use any Licensed Material as part of any design or trademark.

3. 3. Licensed Material may be used in Open Access Publications (OAP), but any such
reuse must include a clear acknowledgment of this permission visible at the same time
as the figures/tables/illustration or abstract and which must indicate that the Licensed
Material is not part of the governing OA license but has been reproduced with
permission. This may be indicated according to any standard referencing system but
must include at a minimum 'Book/Journal title, Author, Journal Name (if applicable),
Volume (if applicable), Publisher, Year, reproduced with permission from SNCSC'.

4. STM Permission Guidelines
4. 1. An alternative scope of license may apply to signatories of the STM Permissions

Guidelines ("STM PG") as amended from time to time and made available at
https://www.stm-assoc.org/intellectual-property/permissions/permissions-guidelines/.

4. 2. For content reuse requests that qualify for permission under the STM PG, and
which may be updated from time to time, the STM PG supersede the terms and
conditions contained in this License.

4. 3. If a License has been granted under the STM PG, but the STM PG no longer
apply at the time of publication, further permission must be sought from the
Rightsholder. Contact journalpermissions@springernature.com or
bookpermissions@springernature.com for these rights.

5. Duration of License

5. 1. Unless otherwise indicated on your License, a License is valid from the date of
purchase ("License Date") until the end of the relevant period in the below table:

Reuse in a medical Reuse up to distribution or time period indicated in
communications project  [License

Reuse in a o .

dissertation/thesis Lifetime of thesis

Reuse ma Lifetime of journal/magazine

ournal/magazine

Reuse in a book/textbook [Lifetime of edition
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Reuse on a website 1 year unless otherwise specified in the License

Lifetime of presentation/slide kit/poster. Note:

Rreezseitle?tiin Jslide publication whether electronic or in print of
1'21 tposter presentation/slide kit/poster may require further

permission.

Reuse in conference

broceedings Lifetime of conference proceedings

Reuse in an annual report  [Lifetime of annual report

Reuse in training/CME Reuse up to distribution or time period indicated in

materials License
Reuse in newsmedia Lifetime of newsmedia
Reuse in . . .
Reuse up to distribution and/or time period
coursepack/classroom L P
; indicated in license
materials

6. Acknowledgement

6. 1. The Licensor's permission must be acknowledged next to the Licensed Material
in print. In electronic form, this acknowledgement must be visible at the same time as
the figures/tables/illustrations or abstract and must be hyperlinked to the
journal/book's homepage.

6. 2. Acknowledgement may be provided according to any standard referencing
system and at a minimum should include "Author, Article/Book Title, Journal
name/Book imprint, volume, page number, year, Springer Nature".

7. Reuse in a dissertation or thesis

7. 1. Where 'reuse in a dissertation/thesis' has been selected, the following terms
apply: Print rights of the Version of Record are provided for; electronic rights for use
only on institutional repository as defined by the Sherpa guideline
(www.sherpa.ac.uk/romeo/) and only up to what is required by the awarding
institution.

7. 2. For theses published under an ISBN or ISSN, separate permission is required.
Please contact journalpermissions(@springernature.com or
bookpermissions@springernature.com for these rights.

7. 3. Authors must properly cite the published manuscript in their thesis according to
current citation standards and include the following acknowledgement: 'Reproduced
with permission from Springer Nature'.

8. License Fee

You must pay the fee set forth in the License Agreement (the "License Fees"). All
amounts payable by you under this License are exclusive of any sales, use, withholding,
value added or similar taxes, government fees or levies or other assessments. Collection
and/or remittance of such taxes to the relevant tax authority shall be the responsibility of
the party who has the legal obligation to do so.

9. Warranty

10.

11.

9. 1. The Licensor warrants that it has, to the best of its knowledge, the rights to
license reuse of the Licensed Material. You are solely responsible for ensuring that
the material you wish to license is original to the Licensor and does not carry the
copyright of another entity or third party (as credited in the published version).
If the credit line on any part of the Licensed Material indicates that it was reprinted or
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