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ABSTRACT

Urio, Paulo Roberto (2017). “Complex network component unfolding using a particle
competition technique”. Master’s dissertation. São Carlos: Instituto de Ciências Matemáti-
cas e de Computação (ICMC/USP), 75

This work applies complex network theory to the problem of semi-supervised and unsu-
pervised learning in networks that are representations of multivariate datasets. Complex
networks allow the use of nonlinear dynamical systems to represent behaviors according
to the connectivity patterns of networks. Inspired by behavior observed in nature, such as
competition for limited resources, dynamical system models can be employed to uncover
the organizational structure of a network. In this dissertation, we develop a technique for
classifying data represented as interaction networks. As part of the technique, we model
a dynamical system inspired by the biological dynamics of resource competition. So far,
similar methods have focused on vertices as the resource of competition. We introduce
edges as the resource of competition. In doing so, the connectivity pattern of a network
might be used not only in the dynamical system simulation but in the learning task as well.

Keywords: Semi-supervised learning. Complex networks. Machine learning. Data clus-
tering. Community detection.
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RESUMO

Urio, Paulo Roberto (2017). “Complex network component unfolding using a particle
competition technique”. Dissertação de mestrado. São Carlos: Instituto de Ciências Ma-
temáticas e de Computação (ICMC/USP), 75

Este trabalho aplica a teoria de redes complexas para o estudo de uma técnica aplicada
ao problema de aprendizado semissupervisionado e não-supervisionado em redes, espe-
cificamente, aquelas que representam conjuntos de dados multivariados. Redes comple-
xas permitem o emprego de sistemas dinâmicos não-lineares que podem apresentar com-
portamentos de acordo com os padrões de conectividade de redes. Inspirado pelos com-
portamentos observados na natureza, tais como a competição por recursos limitados, sis-
tema dinâmicos podem ser utilizados para revelar a estrutura da organização de uma rede.
Nesta dissertação, desenvolve-se uma técnica aplicada ao problema de classificação de
dados representados por redes de interação. Como parte da técnica, um sistema dinâmico
inspirado na competição por recursos foi modelado. Métodos similares concentraram-se
em vértices como o recurso da concorrência. Neste trabalho, introduziu-se arestas como
o recurso-alvo da competição. Ao fazê-lo, utilizar-se-á o padrão de conectividade de uma
rede tanto na simulação do sistema dinâmico, quanto na tarefa de aprendizado.

Palavras-chave: Aprendizado semissupervisionado. Redes complexas. Aprendizado de
máquina. Agrupamento de dados. Detecção de comunidades.
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INTRODUCTION

Had randomness not been brought aboard the fleet of computer science, many celebrated
algorithms in the Deterministic Bay would be missing today. It brings efficiency in ar-
eas of communication, cryptography, sorting and searching, data structures, distributed
computing, graph theory, and machine learning (Karp, 1991). The randomness in some
of those areas differs from true randomness. True random events are unpredictable and
present no structure or pattern. This property may be desired by applications in which ran-
domness holds an essential role, such as in the cryptography processes of securing data.
Apart from few delicate cases, randomness in computer modeling is rather controlled by
exact processes; they generate random events that signify properties that are well defined.
While they increase the uncertainty over choices, the sequence and the distribution of
numbers are fully regulated; permitting scientists to control the reproducibility of experi-
ments and to support analytical guarantees.

Though randomness has been powerful in the scientific world, it does not imply that
randomness governs the real world. History reveals to us that people have been likely to
call random any event they fail to guess most of the time. For example, since antiquity, dice
rolling has been considered unpredictable. Today, we know that exact equations of motion
describe the dynamics of a dice. In theory, the outcome is deterministic and predictable,
but in practice, the model is so sensitive to the initial position that a random process pre-
dicts it better (Kapitaniak et al., 2012). It does not only predict better, but it is also sim-
pler and more intuitive: the exact equations of motion require accurate and precise details
on the initial position of the dice and the friction of the surface on which the dice lands,
whereas the random process is a single random variable for six possible outcomes. The in-
tuition for the alternative random-process comes naturally: People perceive dice rolling as

13



14 CHAPTER 1. INTRODUCTION

a random action, just like any other activity that, to the naked eye, is too complicated or too
difficult to pin down as regards its exact nature. Often, when intuition doesn’t match the
objective reality but approximates it adequately, the intuitive approach inspires a simpler
model of reality.

Much of our scientific knowledge has been acquired through human perceptions of na-
ture. Trigonometry, for instance, was inspired by observational astronomy, and calculus
was inspired by experimental physics. Today, despite their original focuses, they solve sev-
eral problems of different natures. In computing, neuroscience has inspired models of arti-
ficial neuronal network algorithms, which are based on rough intuitions of how biological
neuronal networks work in reality. Although the architecture of those artificial networks
undermines the actual complexity of our brain, the addition of parallelism and layering to
a learning algorithm is itself a good idea. There would be no need to call them neuronal
networks, nor to adopt terms like neurons, axons, soma, and dendrites. By the time sci-
entists comprehend the underlying mechanisms, any mention to the original inspirations
could be dropped for more meaningful names, but it is undeniable that the inspiration
from neuroscience has helped scientists discover and explore those properties in learning
algorithms. Such inspirations play key roles in the study of fresh ideas; admitting an open
mind for the discovery of concepts that may bring new ways to solve problems.

Besides the growing diversity of approaches, the problems have changed as well. When
scientists solve a problem, they either increase the details in the same problem or move
to new problems. In both cases, as simple problems are solved, the newer problems are
consequently more complex. For example, modern problems have aimed at understand-
ing nontrivial interactions of the dynamics manifested in populations. They describe sce-
narios of aging, growth, disease propagation, evolution, and behavior of the Earth’s fauna
and flora. In earlier times, the models used to deal with few interacting elements and
plain, simple interactions. Today, scientists deal with millions and billions of interacting
elements and different patterns of interaction. The models have become more complex,
often inspired by and targeted to the real complexity of biological systems.

A model’s complexity varies according to the rules of interaction, which affect how in-
dividuals interact, and when they interact. The aspect of how they interact specifies the in-
dividuals’ actions and any resulting consequences. It is specified at a local level, from the
perspective of an individual, and can be either deterministic or stochastic. The aspect of
when they interact specifies whether two or more individuals should interact with one an-
other at a given moment. To tell when interactions occur, the individuals are set in regular
or irregular structures of interaction. Regular structures are the simplest, with individu-
als interacting according to the connections of chains, grids, or Euclidean lattices (Wang
and Chen, 2003). These structures add a little complexity to a model, enabling scientists
to understand better how the dynamics of interaction manifests alone (Strogatz, 2001).
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Irregular structures, on the other hand, increase the complexity of interactions. They ar-
bitrarily diversify the interactions: Some parts of the structure may connect to few others,
whereas other parts connect to several parts. Such irregular structures of interaction are
effectively represented by graphs of discrete mathematics. In this context, the graph rep-
resents a complex network.

Together, the components of interaction and the rules of interaction constitute a dy-
namical system, which evolves in time. The interest lies in setting rules that act upon single
and simple individuals, at the local level, that collectively emerge in dynamics at higher
and a populational level.

The study of systems with the emergence of collective dynamics has led to the devel-
opment of algorithms based on the behavior of birds, bees, ants, and bacterial colonies and
many other forms of intelligence. The behaviors of cooperation and competition or a com-
pound of the two often inspires the machinery for solutions. Competition, for instance, is
the concept of two or more individuals striving to outdo one another in controlling a terri-
tory and resources, seducing a mate, or rising to a leadership position. Suppose competi-
tion is motivated by limited resources. In the case of dynamic systems, the resource may
be the interaction structure where individuals are set, which is the analogue to the com-
petition for territory. In an irregular structure, the individuals would compete to dominate
parts of the complex network. Since the network is represented by a graph, the individu-
als are effectively competing for vertices or edges. In an application, an algorithm simu-
lates the competition process in a complex network, which results in ownership of territory
either by the individuals or by the group to which they belong. The algorithm thereafter
translates the ownership to a solution of the problem or an explicative variable.

Often in models of collective dynamics, scientists trade perfection for efficiency by
randomizing their models. Instead of dealing with a myriad of rules, with precise and
ever increasing information, they focus on rules that choose randomly over the possible
outcomes. In information theory, when Shannon (1948) introduced entropy, he handled
randomness as a measure of the amount of information introduced. Similarly, a model of
collective dynamics may use randomization to increase the information in the system. Un-
certain choices help to diversify the dynamics. If the individuals should move on a network
and explore territories, randomized individuals will further explore the network. An in-
dividual with greedy behavior, such as choosing the best neighborhood to move in could
trap himself in the same region of the network every time, whereas randomization would
allow him to escape and explore other places. Thus, randomness brings the advantages of
simplifying models of collective dynamics, and can also increase efficiency.

With such collective dynamics in complex networks, I am interested in developing and
studying simple and efficient models that solve the problems of machine learning.
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1.1 Machine learning

Machine learning is a field dedicated to the study of methods by which a machine can learn
from data by experience (Mitchell, 1997; Alpaydin, 2010; Flach, 2012). Three aspects char-
acterize the techniques and problems in this field: what information is available, how the
algorithm will learn from the data, and what the algorithm should learn from the data.

In the first aspect, the information available determines a priori of knowledge and the
domain of the data. The data may be quantitative (discrete or continuous) or qualitative
(nominal, ordinal, or binary). They are presented to an algorithm in structured formats (ta-
ble or graph), in semi-structured formats (described with markup languages like XML or
electronic file formats like email), or in unstructured formats (text, image, or video). The
order of information may be relevant (in a time series or tagged with timestamps), or irrel-
evant (the order of words in a text may be ignored). Additionally, the data can be identified
with the expected outcomes, which helps an algorithm to guide its learning process.

The second and third aspects, how and what an algorithm should learn, are explained
by grouping problems in supervised learning, semi-supervised learning, and unsupervised
learning.

In supervised learning, the problem is finding a relationship between a limited num-
ber of observations and their outcomes (Vapnik, 1995). The supervision manifests in two
cases. Either the data are presented together with the expected outcome and the algorithm
takes advantage of this knowledge, or the algorithm iteratively guesses and receive feed-
back from a supervisor with the correctness of the outcomes. Regarding the third aspect of
a problem of machine learning, the goal of a supervised algorithm may be the construction
of a regression model, estimation of density, or classification of data items (Flach, 2012).

In classification, the data are partitioned into classes, and the outcomes are the classes
of each data item. The algorithm may be inductive or transductive. Inductive classifiers
aim at building a model similar to the process that has generated the data. If the inducted
model correctly identifies the classes of unseen examples, then the algorithm has learned
by correctly generalizing from a limited set of examples to a generalized model (Mitchell,
1997). Transductive classifiers, on the other hand, do not generalize nor perform an in-
duction of a model. Instead of building a model that estimates classes for every possible
unseen example, they classify only the examples at the learning process (Vapnik, 1998).

In semi-supervised learning, the problems relate closely to the problems of transduc-
tive learning in classification (Chapelle, Schölkopf, and Zien, 2006). In classification, the
transductive step learns from labeled examples and classifies the unknown examples. In
semi-supervised learning, the transductive step learns from the labeled examples, together
with the unlabeled examples, prior to classifying the unlabeled examples used in learning.
They take advantage of the unknown data during the learning step, but can not always
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build models from the learning process. Hence, to classify any new data item requires the
algorithm to repeat the learning process with all the data. In problems for this group, few
labeled data and massive amounts of unlabeled data are available to the algorithm.

In unsupervised learning, an algorithm works without the knowledge of any expected
outcome; even the number of possible outcomes might be unknown. In this case, the learn-
ing process lacks a gold standard to take as guidance. Scenarios with this setting have
enormously increased with the recent evolution of data-acquisition and storage technolo-
gies. The problem is partitioning data into clusters, which is defined according to some
presumption of the underlying structure of the data or by regions with a high density of
examples in the feature space (Kononenko and Kukar, 2007). A cluster might be, for in-
stance, defined by the spatial closeness of examples that are considered similar (Jain and
Dubes, 1988; Hastie, Tibshirani, and Friedman, 2009), or by regions with high density of
examples in the feature space (Ester et al., 1996).

There are many ways to approach learning problems. Particularly, there has been a re-
markable growth in the study of learning algorithms based on a graph representation of
data. While there is little effort on utilizing graph-based algorithms for inductive learn-
ing (Zhu, 2005; Zhu and Lafferty, 2005), the transductive learning is the most common
setting (Chapelle, Schölkopf, and Zien, 2006; Subramanya and Talukdar, 2014). Origi-
nally, graph representations have emerged through the assumption that the data lied on a
low-dimensional manifold, and that a graph could approximate the manifold (Saul et al.,
2006). This approach allowed researchers to perform nonlinear dimensionality reduc-
tion of data (Tenenbaum, Silva, and Langford, 2000; Belkin and Niyogi, 2003), and to
work with graphs on semi-supervised learning and unsupervised learning problems (Blum
and Chawla, 2001; Szummer and Jaakkola, 2001; Zhu, Ghahramani, and Lafferty, 2003;
Bousquet, Chapelle, and Hein, 2004; Karypis, Han, and Kumar, 1999).

In the context of network theory, the problem of community detection in complex net-
works relates to the problem of data clustering in unsupervised learning (Fortunato, 2010).
Each data item is a vertex, and a connection denotes similarity between two items. This
way, an algorithm that solves community detection can also solve data clustering. The
community detection problem is finding a way that the vertices of a network can be grouped,
so that there are more connections between vertices within a group than connections be-
tween different groups. Each group of vertices is a community, and all groups form a com-
munity structure. To solve the problem efficiently, an algorithm can partition vertices of
a network into groups, maximizing some quality function of community structure (New-
man, 2010). Different approaches like the simulation of collective dynamics may be ex-
plored to solve the problem.
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1.1.1 Collective dynamics in machine learning and complex
networks

Quiles etal. (2008) solved the of problem community detection with an algorithm inspired
by the concept of competition for territory. Learning agents, called particles, walk a net-
work while competing to conquer and maintain ownership of vertices. To find 𝐾 commu-
nities, they put 𝐾 particles performing synchronous walking. A particle only walks within
its group of vertices, but it may try to move to rival vertices. With a fixed probability, the
walk mechanism alternates between choosing the next vertex at random, and choosing to
reinforce ownership of an owned vertex, whilst avoiding to return to the last vertex. After
simulating several iterations, the resulting groups of vertices correspond to the commu-
nity structure. Since the number of groups is unknown to the algorithm, they offer a strat-
egy to find the ideal number. They collect the accuracy by matching the results with the ac-
tual community structure for a different number of communities and select the number of
communities that yielded the best accuracy. This paper introduced the concept of particle
competition in complex networks, studying the algorithm’s ability to detect the structure
of many artificial networks and real networks.

Silva and Zhao (2012b) provided a formal definition of an algorithm for community
detection and data clustering with particle competition in complex networks. Inspired by
the technique of Quiles et al., they modeled a nonlinear, stochastic system for the dynam-
ics of competition with a few modifications to the original model. Particles are not con-
fined to their groups, and they walk on rival groups of vertices. Instead of a fixed probabil-
ity to alternate the rule of walking, both terms of random walk and preferential walk are
combined together into single rule. Because a particle can walk in rival territories, when
a particle goes too far or stays too long at a rival territory, it teleports to an owned vertex.
This mechanism is controlled by an energy level that increases and decreases when par-
ticles walk in owned or rival territories, in that order. An additional step that converts an
instance of data clustering into network allows the technique to solve data clustering prob-
lems as well. They compared the technique’s accuracy with many other techniques of data
clustering and community detection.

With a few modifications, Silva and Zhao (2012a) proposed the formal model adapted
to semi-supervised learning problems. The most important modification introduces a co-
operation mechanism to the competition model. Instead of a single particle, a team of
particles represents each group; characterizing a competition among teams of cooperat-
ing particles. To benefit from the knowledge of the number of possible classes, together
with a small set of items labeled with their classes available in semi-supervised problems,
the vertices representing labeled items have fixed ownership. With a rigorous mathemat-
ical model, computer simulations have reinforced the theoretical results. They presented
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a parameter analysis, visualization of the results with toy datasets, and assessed the per-
formance on real datasets.

In the three techniques, the competition always results in the ownership of vertices.
The result is straightforward because ownership is directly translated to the problem re-
sult. Also, they all have a mechanism of a preferential walk, which controls the particles’
decisions toward randomly walking or preferring to reinforce vertex.

In those works, the modeled system is also the system used for simulation; hence, if
the dynamics determine the behavior of a single element, then each element is simulated
separately. Such simulation has a computational complexity that depends on the size of
the network and the number of interacting elements. Conversely, an outcome of this dis-
sertation will be the contribution of an alternative modeling that allows a simulation with
running time, independent of the number of interacting elements, which will be obtained
in a deterministic manner.

1.2 Objectives

The goal of this dissertation is to develop machine learning techniques with dynamical
processes on complex networks that will perform a network component unfolding.

The focus will be on a transductive semi-supervised learning model that employs a
dynamical system in complex networks. In this dynamical system, particles compete for
edges in a network. Subnetworks are generated with the edges grouped by class dominance.
The specific goals are:

• To capture the connectivity pattern of the input data with competition of edges in-
tead of vertices.

• To model a simpler walk mechanism with a variable number of active particles, re-
placing the former preferential walk mechanism by a mechanism of generation and
absorption of particles.

• To offer an equivalent deterministic version of the stochastic competition model and
enable faster running times and a competition technique that is independent of the
number of particles.

An unsupervised learning model, with minor changes of the developed semi-supervised
technique, will be designed and tested for feasibility to find community structures as so-
lutions to data clustering problems.
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1.3 Organization

The remainder of this dissertation is organized as follows. The semi-supervised technique
is studied in Chapters 2 to 4. The unsupervised technique is studied in Chapter 5. Finally,
Chapter 6 concludes this dissertation.
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Fig. 1. lIIustration of one iteration of the particle competition process. The network has 7 vertices, where colored vertices are sources and sinks. The number 
by an edge represents the proportion of green particles that passed through the edge in the last iteration. In (Left), gray arrows indicate where each particle 
decided to move in the next iteration. (Right) is the iteration result; at the bottom, t indicates the absorbing state. 
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E. Subnetwork Construction and Vertex Labeling 





TABLE I 
TEST ERRORS (%) FOR SPLITS WITH 10 LABELED TRAINING POINTS 

g241c g241d DigitI USPS COIL BCI Text Avg. Rank 

I-NN 47.88 46.72 13.65 16.66 63.36 49.00 38.12 9.4 
SVM 47.32 46.66 30.60 20.03 68.86 49.85 45.37 13.1 
MVU + I-NN 47.15 45.56 14.42 23.34 62.62 47.95 45.32 9.1 
LEM + I-NN 44.05 43.22 23.47 19.82 65.91 48.74 39.44 8.9 
QC + CMR 39.96 46.55 9.80 13.61 59.63 50.36 40.79 7.0 
Discrete regularization 49.59 49.05 12.64 16.07 63.38 49.51 40.37 10.4 
T SVM 24.71 50.08 17.77 25.20 67.50 49.15 31.21 9.9 
Cluster kernel 48.28 42.05 18.73 19.41 67.32 48.31 42.72 10.0 
LDS 28.85 50.63 15.63 17.57 61.90 49.27 27.15 8.0 
Laplacian RLS 43.85 45.68 5.44 18.99 54.54 48.97 33.68 5.4 
LGC 45.82 44.09 9.89 9.03 63.45 47.09 46.83 6.7 
LP 42.61 41.93 11.31 14.83 55.82 46.37 49.53 5.3 
LNP 47.82 46.24 8.58 17.87 55.50 47.65 41.06 7.0 
Vertice Competition 41.17 43.51 8.10 15.69 54.18 48.00 34.84 3.7 
Our method 46.30 46.29 5.86 14.77 59.99 48.78 36.04 6.0 

TABLE II 
TEST ERRORS (%) FOR SPLITS WITH 100 LABELED TRAINING POINTS 

g241c g241d DigitI 

I-NN 43.93 42.45 3.89 
SVM 23.11 24.64 5.53 
MVU + I-NN 43.01 38.20 2.83 
LEM + I-NN 40.28 37.49 6.12 
QC + CMR 22.05 28.20 3.15 
Discrete regularization 43.65 41.65 2.77 
T SVM 18.46 22.42 6.15 
Cluster kernel 13.49 4.95 3.79 
LDS 18.04 23.74 3.46 
Laplacian RLS 24.36 26.46 2.92 
LGC 41.64 40.08 2.72 
LP 30.39 29.22 3.05 
LNP 44.13 38.30 3.27 
Vertice Competition 21.41 25.85 3.11 
Our method 41.16 39.77 2.37 
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We present a biologically inspired model for transductive semi-supervised learning tasks. Spe-
ci¯cally, this model consists of a set of particles that walk and compete in a complex network.

From an input dataset, similarities between labeled and unlabeled data points derive a network

representation. As particles walk the network, they compete to dominate the edges. Over the

process, particles can become inactive, and, to compensate, labeled vertices will feed new par-
ticles to the system. Resulted from the model simulation, we analyze sets of edges arranged by

their label dominance. Each set forms a subnetwork that is used to classify connected vertices.

Our computer simulations on arti¯cial and real datasets show that this technique can classify

nonlinearly formed data and detect vertices of di®erent classes in overlapping regions.

Keywords : Complex networks; nonlinear dynamical systems; particle competition; semi-
supervised learning.

1. Introduction

Over the last few years, the world has been experiencing a data deluge. An impressive

volume of data is produced in a short period, far more than people would be able to

absorb and process mentally. This situation motivates us to build computer systems

that can learn from an enormous volume of data. Consisted of a combination of

computer science and statistics tools, the ¯eld of machine learning has emerged

dedicated to the study of such computer systems.4,18

Many machine learning techniques have been developed, and we can classify them

by the available information in the problem dataset. In supervised learning problems,
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the dataset consists of completely labeled data, while, in unsupervised learning

problems, the dataset is formed by only unlabeled data.18,22 The third class of pro-

blems is the semi-supervised learning, in which a mixture of labeled and unlabeled

data forms the dataset, usually with several unlabeled data and only a few la-

beled.8,35 This latter scenario of partially labeled data scenario is increasingly com-

mon in our lives with the recent data boom. Several man-hours of domain experts

would be necessary to assign manually labels to a signi¯cant portion of the currently

produced data. As a consequence, little-labeled information is made available.

In the recent years, many semi-supervised learning techniques have been devel-

oped, including generative models,20 discriminative models,17 clustering and labeling

techniques,29 multi-training,5,33 low-density separation models,28 and graph-based

methods.9,24,32,34 In techniques based on a graph representation of datasets, a vertex

is a single data instance, and it connects to other vertices according to a prede¯ned

a±nity rule. Most of such techniques propagate labels (one label per class) in a graph

using an optimization heuristic.2,3,21,34 Recent graph-based techniques have been

using concepts from complex networks.

Complex networks are graphs that model natural phenomena with nontrivial

topology.1 They represent the topological and dynamical relationship among parts of

a system.6 A dynamical system is a set of mathematical rules that control the evo-

lution of a system. In the context of complex networks, these rules govern the in-

teraction between adjacent vertices.1,19 Several studies explore the ability of

dynamical processes to identify nonlinear features in data.10,13

Cooperation and competition are concepts intrinsic to the nature of relationships,

and they are readily understandable for us. Competition for limited resources, for

instance, has originated the scheduling problems in computing, which are e±ciently

solved by optimization algorithms.15,16,26,30,31 As we show in this paper, the same

concept of competition can rather be a mechanism to solve problems. That is, we

present a learning algorithm that employs a competition mechanism to solve general

semi-supervised classi¯cation problems.

Silva and Zhao25 and Breve et al.7 studied data classi¯cation with a system of

particles competing in vertices of complex networks. In their models, particles nav-

igate within the network, to explore new territories and defend conquered territory

against rival particles. A problem discussed by Silva and Zhao25 is the overlapping

nature of the vertices — this happens when data points of di®erent classes share the

same region in the attribute space. This subject has already been investigated by the

same authors,23 but we believe the edges of the network representation provide us

more information about overlapping regions.

This paper extends the results of our previous paper,27 a transductive semi-su-

pervised learning model that employs a dynamical process in complex networks. In

this process, namely Edge Competition, particles compete for dominance of edges in

a network. After the end of the process, subnetworks are created with the edges,

which are grouped by class dominance. Regarding the model proposed by Silva and
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Zhao,25 our learning technique di®ers in the following aspects:

. Rather than incorporating a preferential walk mechanism where particles tend to

avoid particles of di®erent classes, we allow the direct con°ict among di®erent

classes causing particles to \die" and be absorbed. Eliminating the preferential

walking mechanism largely simpli¯es the dynamical rules of particle competition

model. The new model features the competition of only random walking particles.

Such a simpli¯cation together with the continuous particle generating mechanism

permits us to ¯nd out an equivalent asymptotic deterministic version to improve

the model's e±ciency signi¯cantly.

. An asymptotically in¯nite number of particles compete instead of a ¯xed number.

The original particle competition is intrinsically stochastic. Thus, each simulation

generates a di®erent result in°icting the need for several simulation runs to obtain

an average of the result. The stochastic model, therefore, has a high computation

cost. Conversely, we consider an asymptotically in¯nite number of particles,

leading to the discovery of a deterministic transition matrix that describes the

dynamics of the expected number of particles in each vertex, and the number of

particles passing through each edge. The deterministic system has a running time

independent of the number of particles. Moreover, the deterministic model ensures

a stable learning model. In other words, for the same input, the new model gen-

erates the same output for each run. Therefore, with the new model, only one run is

enough for each input data set. Such a feature is quite attractive in practical

applications.

. Particles compete for the dominance of edges instead of vertices. Our intuition is

that the edge domination model gives us more detail than the vertex domination

model. This advantage is due to each vertex having from one to several edges.

Edges determine the network's topological structure. Consequently, our model has

the bene¯t of granting essential information concerning overlapping vertices

(vertices, which belong to more than one classes) by simply counting the edges

dominated by each class of particles. Currently, we are conducting studies to prove

the advantages of edge-centric dynamics over models of vertex-centric dynamics.

The studied model o®ers satisfactory performance on semi-supervised learning

problems. Moreover, it is suitable for detecting overlapping regions of the data.

Section 2 introduces the proposed model and Sec. 3 addresses its time and space

complexity order. Section 4 presents results of computer simulations that were

performed on both arti¯cial and real-world data to assess the model's performance.

Finally, Sec. 5 concludes this paper.

2. Model Description

In this section, we give an introduction to our framework model, explaining its basic

design. Whenever pertinent we go into detail for further clari¯cation.

Semi-Supervised Classi¯cation by Particle Competition in Complex Network's Edges
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2.1. Overview

Consider a complex network expressed by a simple, unweighted, undirected graph

G ¼ ðV; EÞ, where V is the set of vertices and E � V � V is the set of edges. If two

vertices are considered similar, an edge connects them. This network contains jVj ¼
l þ u vertices that can be either labeled or unlabeled data points. The set L ¼
fv1; . . . ; vlg contains the labeled vertices, where a vertex vi 2 L is labeled with

yi 2 f1; . . . ; Cg. The set U ¼ fvlþ1; . . . ; vlþug contains the unlabeled vertices. The

network is represented by the adjacency matrix A ¼ ðaijÞ where aij ¼ aji ¼ 1 if vi is

connected to vj. In semi-supervised learning, the goal is to assign correctly existing

labels to the unlabeled vertices U, using the labeled vertices L for training.

In this model, particles are the objects that °ow through the network while

carrying a label. They are generated by the labeled vertices, which are called sources.

After being released, a particle randomly walks the network. When walking the

network, there are two ways a particle can be absorbed. If it encounters a sink — a

labeled vertex whose class is di®erent from the particle's — it will be absorbed. Also,

it has a chance to be absorbed while passing through an edge that has particles

carrying di®erent labels. Details on the probability of a particle absorption will be

discussed later.

As said before, labeled vertices are sources for particles of the same class and sinks

for particles of other classes. This behavior is part of the competition model, in which

a sink acts as a barrier to the particles of other classes. We also provide means by

which a source may decrease its particle production over time. Since production can

eventually halt and the system becomes absent of particles, this mechanism entails a

stopping criterion. As it is not sure that every particle will be absorbed, the simu-

lation needs to be time-limited as well.

By observing particles passing through an edge, we can establish the edge domi-

nation — by the end of the process, the dominating class of an edge has the highest

share of visits of particles that have passed through the edge. The survival of a

particle, however, is only determined by the particles present in the edge at the same

time. If a particle survives, it reinforces its class presence on the edge andmay continue

walking; otherwise, the particle is absorbed, and it ceases to a®ect the system.

The process will eventually stop, and the result consists of edges grouped by their

dominating class. For every class, the set of dominated edges is a subnetwork of G.

Although an edge appears in only one set, an unlabeled vertex may appear in more

than one subnetwork. For an unlabeled vertex, we expect to assign the same label as

the subnetwork's label. However, if an unlabeled vertex appears in more than one

subnetwork, we assign to it the label of its closest source.

2.2. An illustrative example

To provide an intuitive understanding of the process, we illustrate an iteration in

Fig. 1. At the left-hand side of the ¯gure, there are 13 particles in the system and gray

P. R. Urio, F. A. N. Verri & L. Zhao
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arrows indicating where the particles have decided to move in the next iteration. The

number by each edge indicates the current edge dominance, where the value is the

proportion of light-green particles that passed through the edge during the last

iteration. The probability of a particle to be absorbed is inversely proportional to the

current edge dominance. If absorbed, a particle is moved to the absorbing state †.

At the right-hand side of the ¯gure, the result of the iteration is shown. We can see

that the particles 7, 9, 11, and 13 were absorbed — these particles failed to pass

through the edges and did not change the current edge dominance. The current edge

dominance updates with the proportion of the particles that successfully passed

through the edge. The sources — red and green vertices — generated a total of three

new particles (14, 15, and 16) to compensate for the absorbed particles. When no

particle passes through an edge, the dominance level at the time is equally distrib-

uted among the classes.

2.3. Mathematical model of the dynamical process

Recurrent notations in this section are listed in Table 1.

Formally, we de¯ne Edge Competition as a dynamical process X whose state at

time t is

XðtÞ ¼ ½n cðtÞ�cðtÞ�T ; ð1Þ

where the number of particles belonging to class c in each vertex is n cðtÞ ¼ ½nc
iðtÞ�i,

and the dominance of class c over each edge is the matrix�cðtÞ ¼ ð� c
ijðtÞÞi;j. Indexes i

and j are vertices in the network; ij is the edge between vi and vj.

Although we have an undirected network model, particle movement is directed.

The matrix�c is the count of the total number of particles that have passed through

each edge. The dominance of class c over edge ij is the sum � c
ij þ � c

ji.

Without going into detail yet, we de¯ne the evolution of the system. Let nc
i!jðtÞ

be the number of particles belonging to class c that moved from vertex i to vertex j at

Fig. 1. Illustration of one iteration of the particle competition process. The network has seven vertices,

where colored vertices are sources and sinks. The number by an edge represents the proportion of light-
green particles that passed through the edge in the last iteration. In (Left), gray arrows indicate where each

particle decided to move in the next iteration. (Right) is the iteration result; at the bottom, † indicates the

absorbing state (color online).
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time t. The evolution function � of the dynamical system is

� :

nc
iðt þ 1Þ ¼ nc

iðtÞ þ
X

j
ðnj!iðt þ 1Þ � nc

i!jðt þ 1ÞÞ;

� c
ijðt þ 1Þ ¼ � c

ijðtÞ þ nc
i!jðt þ 1Þ:

8><
>: ð2Þ

Intuitively, the number nc
i of particles that are in a vertex is the number of previous

particles, plus the number nc
j!i of particles arriving, minus the number nc

i!j of

particles leaving. Moreover, to calculate the total number � c
ij of particles that have

passed through an edge, we simply add up the number of particles at each time.

Values nc
i!j are obtained stochastically according to the dynamics of walking, ab-

sorption, and generation. Next, we present the dynamics in detail.

2.3.1. Particle motion

As previously stated, a particle randomly walks within the network. Formally, the

movement of particles belonging to class c is expressed by the transition matrix

W c ¼ ðwc
ijÞ. The element wc

ij is the probability of a particle moving from vi to vj. We

de¯ne the symbolic vertex † to represent the place where absorbed particles go. From

now on, we can treat the motion of the particles as a Markov chain whose state space

is given by S ¼ f†; 1; . . . ; jVjg.
For each class c, the state space is split into three disjoint sets:

Ac ¼ f†g; ð3Þ
X c ¼ fijvi 2 L and yi 6¼ cg; ð4Þ

Table 1. Recurrent notations used throughout the text.

Notation Description

G ¼ ðV; EÞ Simple, unweighted, undirected graph
Gc ¼ ðV; E cÞ Resulting subnetwork with edges dominated by label c

L ¼ fv1; . . . ; vlg Set of labeled vertices

U ¼ fvlþ1; . . . ; vlþug Set of unlabeled vertices

yi 2 f1; . . . ; Cg Label of vi
A ¼ ðaijÞ Adjancency matrix

n cðtÞ ¼ ½nc
i ðtÞ� Number (or fraction) of particles labeled with c in vi

�cðtÞ ¼ ð� c
ijðtÞÞ Dominance of class c over each edge

nc
i!j Number of particles labeled with c traveling from vi to vj

S ¼ f†; 1; . . . ; jVjg State space

Ac Absorbing states for class c
X c Unreachable states for class c
Tc Transient states for class c

� Competition parameter
� Production decay parameter

W c ¼ ðwc
ijÞ Motion probability for particles labeled with c

�c ¼ ð� c
ijÞ Survival probability for particles labeled with c

P c Transition matrix for particles labeled with c

P. R. Urio, F. A. N. Verri & L. Zhao
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Tc ¼ SnðAc [ X cÞ: ð5Þ

They represent, respectively, the absorbing, the unreachable, and the transient

states. The state † is the single absorbing state of the system, Eq. (3). We say that a

vertex labeled with c is a sink — an absorbing state — for any particle that does not

carry the same label. Whenever a particle chooses to move into a sink, it is absorbed

at the time of the decision, before reaching the sink. Thus, every sink is unreachable,

Eq. (4). All the remaining states are transient, Eq. (5).

Now, we can explicitly calculate the transition probabilities wc
ij, with deg vi

denoting the degree of vertex i. If i 2 Tc, then

wc
ij ¼

1

deg vi
aij if j 2 Tc;

1

deg vi

X
k2X c

aik if j ¼ †;

0 otherwise:

8>>>>><
>>>>>:

ð6Þ

On the other hand, if i 2 X c [ Ac, then wc
ij ¼ 1½j¼†�, where 1½�� is the indicator

function that yields one if the argument is logically true, and zero otherwise.

2.3.2. Particle absorption

Moving into a sink is not the only way a particle can be absorbed. When a particle

decides to go through an edge ij such that i; j 2 Tc, the presence of other particles

determines its survival. Mathematically, the survival probability � c
ij of a class c

particle to reach vj given it is in vi and it has chosen to move to vj is

� c
ijðtÞ ¼ ð1� �Þ þ ��n c

i$jðtÞ; ð7Þ

where � 2 ½0; 1� is the competition parameter and �n c
i$jðtÞ is the current relative

domination of class c in edge ij,

�n c
i$j ¼

nc
i!j þ nc

j!iPC
k¼1ðnk

i!j þ nk
j!iÞ

: ð8Þ

We go further and incorporate the survival probability into the transition ma-

trix W c. First, we need to de¯ne the matrix �cðtÞ ¼ ð� c
ijðtÞÞi;j2S whose entries are

given by Eq. (7), for all i; j 2 Tc. For other cases, we set � c
ij ¼ 0. Finally, let � be the

Hadamard (entrywise) product operator. The updated transition matrix is
~W cðtÞ ¼ �cðtÞ � W c þ ð~d c

ijðtÞÞi;j2S, where

~d c
ijðtÞ ¼

1�
X
k2S

� c
ikðtÞwc

ik if j ¼ †;

0 otherwise:

8<
: ð9Þ

Semi-Supervised Classi¯cation by Particle Competition in Complex Network's Edges
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2.3.3. Particle production

In our model, a source generates particles according to its degree and the current

number of particles in the system. Also, the particle production rate may decay over

time. Let ncðtÞ ¼
P

i2Tc n
c
i be the number of active particles belonging to class c in the

systemat time t.We de¯ne ecðtÞ ¼ ncð0Þ t��, where� 2 ½0;1Þ is the production decay
parameter. The lower the �, the longer sources will keep generating particles. When

� ¼ 0, particle production keeps the systemwith a constant number of active particles.

At time t, a source generates new particles if ncðtÞ < ecðtÞ. Also, we guarantee

that ncðtÞ is a nonincreasing function so that the number of particles generated at

some time never surpasses the number of particles in vertex †.

Since the number of generated particles depends on the number of absorbed

particles, we denote gc
i as the expected number of generated particles belonging to

class c in the vertex i. Let Gc ¼ fvijvi 2 L and yi ¼ cg be the sources for particles

that belong to class c. At some time,

gc
i ¼ � c

i � ðec � N cÞ � 1½nc<ec�; ð10Þ

where

� c
i ¼

deg viX
vj2G c deg vj

if vi 2 Gc;

0 otherwise:

8><
>: ð11Þ

This behavior can be incorporated into the transition matrix. The transition matrix

P cðtÞ ¼ ðpc
ijðtÞÞ that embraces the whole dynamics of the process is

P cðtÞ ¼ �cðtÞ � W c þ ðdc
ijðtÞÞi;j2S ; ð12Þ

where

dc
ijðtÞ ¼

1�
X
s2S

� c
isðtÞwc

is if i 6¼ † and j ¼ †;

1� ecðtÞ � ncðtÞ
ncð0Þ 1½ncðtÞ<ecðtÞ� if i ¼ † and j ¼ †;

1

ncð0Þ gc
iðtÞ if i ¼ † and j 6¼ †;

0 otherwise:

8>>>>>>>>>><
>>>>>>>>>>:

ð13Þ

2.4. Process simulation

We simulate the system with an asymptotically in¯nite number of initial particles.

The vector n c is understood as a stochastic row vector. The expected value for

nc
i!jðt þ 1Þ is equal to nc

iðtÞ � pc
ijðtÞ. At the beginning of the process, nc

i is propor-

tional to the degree of vertex i. The simulation halts in two situations: when the

system is considered to be absent of particles— that is, when nc
† � 1 for all label c —,

and when the time limit has been reached.

P. R. Urio, F. A. N. Verri & L. Zhao
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2.5. Subnetwork construction

After the end of the process, we construct C complex networks Gc ¼ ðV; E cÞ where
fE cgc is a partition of E.

An edge ij is in E c if and only if it is dominated by class c. That is,

ij 2 E c , argmaxk
��

k
ij ¼ c, where the relative domination is

��
c
ij ¼

� c
ij þ � c

jiPC
k¼1ð� k

ij þ � k
jiÞ

:

2.6. Vertex labeling

The networks Gc are used in the vertex classi¯cation. We assign a label yj 2
f1; . . . ; Cg for each unlabeled vertex j, vj 2 U, based on the information provided by

the networks Gc and the labeled vertices, vi 2 L. We denote l c
ji for the length of the

shortest path from vj to vi within the network Gc. If there are no paths between vj
and vi in Gc, then l c

ji ¼ 1.

A vertex is assigned with the label of its nearest labeled vertex in some network

Gc. If two labeled vertices are equally distant from vertex j, instead of the nearest

labeled vertex, the label is determined by the largest number of labeled vertices in the

same component as vertex j. Formally, let � < jLj�1 be ¯xed and R c
j ¼ fijl c

ji < 1g.
The label for vertex j is

yj ¼ argmin
c

min
i

l c
ji � �jR c

jj
� �

: ð14Þ

Note that due to the rules of the system evolution, when there is at least one path

between vertex j and vertex i in the process network, l c
ji ¼ 1 if yi 6¼ c. Hence, R c

j
contains only vertices i such that yi ¼ c. Although unlikely, if two or more classes

minimize Eq. (14), the label is chosen at random.

3. Computational Complexity

Here, we provide the theoretical time and space complexity of our algorithm in the

worst case scenario.

To simulate the process, we ¯rst initialize the scalars nc
ið0Þ and � c

i for every vertex

vi and class c. Also, we initialize matrix W c for each class c. Since W c consists of jEj
nonzero entries, using sparse matrices this step has time and space complexity

OðCjVj þ CjEjÞ.
After the initialization, we simulate the system until it halts. Matrix P c is cal-

culated every iteration according to Eq. (12). Calculating jEj entries of matrix �c

takes time complexity OðCjEjÞ. Thus, an element-wise multiplication of Eq. (12)

requires OðCjEjÞ operations. The second part of the same equation requires OðjVj2Þ
calculations. In conclusion, P c comprises OðjEj þ jVjÞ nonzero entries obtained by

OðCjEj þ jVj2Þ operations.
In each iteration, we multiply the current vector n c and matrix P c. This multi-

plication takes OðjEj þ jVjÞ operations since P c is sparse. Consequently, simulating

Semi-Supervised Classi¯cation by Particle Competition in Complex Network's Edges
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the process until it halts has time complexity order of OðT C2jEj þ T CjVj2Þ, where T
is the number of iterations that depends on the user-de¯ned time limit. Finally, the

subnetwork construction requires OðCjEjÞ operations.
The vertex labeling step is the last step of the algorithm. The time complexity of

this step can be e±ciently calculated by using a breadth-¯rst search in Gc starting at

the labeled vertices. Hence, the worst-case time complexity OðCjUjðjVj þ jEjÞÞ.
In summary, considering the discussion above, our algorithm runs at the worst-

case in OðT C2jVj2Þ and has space complexity OðCjVj þ CjEjÞ because jVj2 > jEj.

4. Computer Simulations

To assess the model's performance, in this section, we present the results for both

arti¯cial and real datasets. First, we show the process on synthetic data. Then, we

present the simulation results for well-known benchmark datasets.

4.1. Simulations on arti¯cial datasets

For a better understanding of the steps, we illustrate the process on three synthetic

datasets. Each dataset has a di®erent class distribution — a banana-shaped distri-

bution, a ring-shaped distribution, and a Highleyman distribution. (The ¯rst and

third datasets were generated with the PRTools framework.11) The data of a class in

the banana dataset are uniformly distributed along a banana shape and then

superimposed on a normal distribution with the standard deviation of 1 along the

axes. The ring-shaped dataset consists of data points distributed along ¯ve inter-

secting rings, a ring for each class. In Highleyman distribution, two classes are

de¯ned by bivariate normal distributions with di®erent parameters.

Because the datasets are not in a network representation, we use the k-nearest
neighbor (k-NN) graph construction method before applying our technique. In the

constructed network, a vertex represents a data point, and it connects to its

k-NNs — determined by Euclidean distance. We set parameters � ¼ � ¼ 1 for the

¯rst and third datasets. For the dataset with ring shapes, we set � ¼ 0:5 and � ¼ 1.

The ¯rst synthetic dataset has 600 samples equally split into two classes.

Figure 2(a) depicts the initial state of the process where the dataset is represented by

a network. (The network representation is obtained by setting k ¼ 4 for the k-NN
graph construction.) At this stage, the edges are not dominated by any of the classes.

Though the particles are not shown, Figs. 2(b) and 2(c) are snapshots of the process

evolution — at time 3 and 15 — where the edges are colored with the dominating

classes at the time. In these illustrations, a solid line in dark red stands for an edge ij
such that ��

red
ij > ��

green
ij , while a dashed line in light green stands for the opposite.

When ��
red
ij ¼ ��

green
ij , an edge is drawn in a solid light gray line. As expected, edges close

to sources are dominated ¯rst, and farther edges are progressively dominated. At time

15, Fig. 2(c), every edge has been dominated, and the process stops. Figure 2(d) shows

the classi¯cation following the process result. With 1% of the points in the labeled set,

the technique can correctly identify the pattern formed by each class.
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The ring-shaped dataset consists of ¯ve classes with 200 samples each, with 8% of

the data points randomly selected as labeled. Figure 3(a) depicts this dataset. (We

set k ¼ 7 for the k-NN algorithm.) Di®erently from the other two arti¯cial experi-

ments, this dataset has many intersecting regions. Five rings are disposed, side-by-

side, in columns with three rings on the ¯rst column and two other in the second

column, obtaining ¯ve intersecting regions. These intersecting regions have up to

three di®erent classes. Figure 3(b) shows the result of classi¯cation after a single

epoch of the competition process simulation. Many edges were never visited by any of

(a) (b)

(c) (d)

Fig. 2. Process evolution on a banana-shaped distribution dataset. Dark red and light green colors
represent the two classes. Unlabeled points are black; labeled points are larger and colored. Edges are

colored according to the dominating class at the time, where light gray stands for not dominated. (a) The

network representation of the dataset at the beginning of the process. (b) and (c) Process at time 7 and 15,
respectively. (d) The result of the dataset classi¯cation (color online).
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(a) (b)

(c) (d)

Fig. 3. (a) Ring-shaped distribution dataset. White colored points are unlabeled data items. Labeled data

points are larger and colored according to its class. (b)–(d) Classi¯cation results on a ring-shaped distri-

bution dataset at time 1, 5, and 30. Vertex colors indicate the predicted class, and edge colors indicate the

class of particles that dominated at the time. Edges in light gray were not dominated by any of particles,
having dominance of 1/5 for any class. Labeled data points are depicted in larger vertices (color online).
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particles, letting a domination level set to 1/5 for each class. Therefore, the neigh-

boring vertices of those edges were randomly classi¯ed.

In this second experiment, we set � ¼ 0:5, which contrasts with the other two

experiments set to the maximum competition. A smaller � allows particles to move

farther into regions already dominated by rival particles. Particularly, in this

dataset, particles may traverse the rival ring to reach an interlocked region of the

ring. After a few simulation epochs, Fig. 3(c), particles have dominated most of the

edges, but there were still some unvisited edges randomly classi¯ed. The boundaries

were beginning to become well de¯ned. Finally, Fig. 3(d) shows the classi¯cation

result when the system had been converged to a state with stable boundaries between

classes. Although some parts of the rings are encircled by data points of a di®erent

class (the interlocked parts of the rings), the presence of a labeled data point within

the inner region, and even in the overlapping regions resulted with a better classi-

¯cation performance.

The third synthetic dataset has 300 samples, of which six are labeled. This dataset

is shown in Fig. 4(a). (We set k ¼ 20 for the k-NN algorithm.) We can observe that

the labeled vertices of light-green class form a barrier to particles belonging to the

dark-red class. After the convergence, however, the constructed subnetworks are still

connected — there is a single component connecting all the vertices of the subnet-

work (see Fig. 4(b)). This result reveals that the competition process in edges pro-

vides more information than the competition in vertices because it can identify the

overlapping vertices as a part of the process.

An interesting question worth looking into is the subnetwork convergence. The

process has a convergent state of subnetworks if there is some iteration at the process

evolution that all subnetworks Gc keep unchanged in the next iterations. Particu-

larly, we consider a case where the number of active particles is always greater than

zero, no particle production, and the competition setting is at maximum. That is,

when � ¼ 0 and � ¼ 1.

(a) (b)

Fig. 4. (a) Highleyman dataset with 600 samples. Larger points are labeled. The color indicates the class.

(b) Subnetworks generated by the proposed model at time t ¼ 100. Larger vertices are the source of

particles (color online).
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The subnetwork convergence is assessed by simulating the dynamical process in

the ring-shaped dataset with di®erent sets of labeled vertices. We varied the fraction

of labeled vertices in 0.5%, 1%, and 2%. For each fraction, the system was simulated

with 30 random initial con¯gurations.

In Fig. 5, the number of edges whose dominant class has changed in one iteration

is depicted over the process evolution. A colored line depicts the average number of

changes in a system that started with a given proportion of labeled vertices. For

every tested combination of parameters, the process converges with a speed pro-

portional to the number of particles' sources. Furthermore, in every combination, the

average number of changes is fewer than 1 for all t � 31.

4.2. Simulations on benchmark datasets

We compare our model with 14 semi-supervised techniques tested on Chapelle's

benchmark.8 The benchmark consists of seven datasets that have 1500 data points

each, except for BCI, which has 400 points. The datasets are described in Ref. 8.

The benchmark provides, for each dataset, 24 distinct, unbiased sets (splits) of

labeled points. Half of the splits are formed by 10 labeled points and the other half by

100 labeled points. The benchmark ensures that each split contains at least one data

point of each class. The result from a technique is the average test error — the

proportion of data points incorrectly labeled — over the splits. Simulation results

were collected from Ref. 8, except for LGC, LP, LNP, and Vertice Competition that

were found in Ref. 25.

Fig. 5. Simulation to assess the subnetworks stability. Three colored lines indicate the average number of

changes along the process evolution, for simulations that started with 0.5%, 1%, and 2% of labeled vertices;

a 95% con¯dence interval estimative is depicted in light gray. The number of changes is the average

number of edges whose dominant class has changed between time t � 1 and t (color online).
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For the dataset network representation, k-NN is used. However, the network may

have components without labeled vertices, preventing particles from circulating

through all vertices. Therefore, we connect two components with an edge between

the closest pair of vertices until there is only one component.

For the simulation, we discretize the intervals of the parameters in � ¼
f0; 0:25; . . . ; 1g and � ¼ f0; 0:50; . . . ; 3g. We also vary the k-NN parameter

k 2 f1; 2; . . . ; 10g. We tested every combination of k, �, and �. We halt the process at

time t ¼ 1000 if the system does not become absent of particles up to this iteration.

For each run, the combination that yields best accuracy is selected as the result.

The results of test errors for splits with 10 labeled points are shown in Table 2;

results for splits with 100 labeled points are shown in Table 3. In addition to the

results from each dataset, the average performance rank of a technique over the

Table 3. Test errors (%) for splits with 100 labeled training points.

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 43.93 42.45 3.89 5.81 17.35 48.67 30.11 11.6

SVM 23.11 24.64 5.53 9.75 22.93 34.31 26.45 8.0

MVU + 1-NN 43.01 38.20 2.83 6.50 28.71 47.89 32.83 10.6

LEM + 1-NN 40.28 37.49 6.12 7.64 23.27 44.83 30.77 10.6
QC + CMR 22.05 28.20 3.15 6.36 10.03 46.22 25.71 6.6

Discrete regularization 43.65 41.65 2.77 4.68 9.61 47.67 24.00 7.1

TSVM 18.46 22.42 6.15 9.77 25.80 33.25 24.52 7.6

Cluster kernel 13.49 4.95 3.79 9.68 21.99 35.17 34.28 7.3
LDS 18.04 23.74 3.46 4.96 13.72 43.97 23.15 5.1

Laplacian RLS 24.36 26.46 2.92 4.68 11.92 31.36 23.57 4.2

LGC 41.64 40.08 2.72 3.68 45.55 43.50 56.83 9.1

LP 30.39 29.22 3.05 6.98 11.14 42.69 40.79 8.1
LNP 44.13 38.30 3.27 17.22 11.01 46.22 38.45 11.2

Vertice competition 21.41 25.85 3.11 4.82 10.94 41.57 27.92 5.0

Our method 41.16 39.77 2.37 5.59 15.11 45.44 28.43 7.9

Table 2. Test errors (%) for splits with 10 labeled training points.

g241c g241d Digit1 USPS COIL BCI Text Avg. Rank

1-NN 47.88 46.72 13.65 16.66 63.36 49.00 38.12 9.4
SVM 47.32 46.66 30.60 20.03 68.86 49.85 45.37 13.1

MVU + 1-NN 47.15 45.56 14.42 23.34 62.62 47.95 45.32 9.1

LEM + 1-NN 44.05 43.22 23.47 19.82 65.91 48.74 39.44 8.9

QC + CMR 39.96 46.55 9.80 13.61 59.63 50.36 40.79 7.0
Discrete regularization 49.59 49.05 12.64 16.07 63.38 49.51 40.37 10.4

TSVM 24.71 50.08 17.77 25.20 67.50 49.15 31.21 9.9

Cluster kernel 48.28 42.05 18.73 19.41 67.32 48.31 42.72 10.0
LDS 28.85 50.63 15.63 17.57 61.90 49.27 27.15 8.0

Laplacian RLS 43.85 45.68 5.44 18.99 54.54 48.97 33.68 5.4

LGC 45.82 44.09 9.89 9.03 63.45 47.09 46.83 6.7

LP 42.61 41.93 11.31 14.83 55.82 46.37 49.53 5.3
LNP 47.82 46.24 8.58 17.87 55.50 47.65 41.06 7.0

Vertice competition 41.17 43.51 8.10 15.69 54.18 48.00 34.84 3.7

Our method 46.30 46.29 5.86 14.77 59.99 48.78 36.04 6.0
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datasets is shown in the last column. The ranking for a dataset is sorted by accuracy.

The technique studied in this paper has a higher rank for splits with 10 labeled

points. More labeled points allow our method to get better results though it does not

bene¯t as much as other techniques. The fact that the technique can perform well

with few labels is an interesting behavior since manual data labeling is an expensive

process.

Notably, the proposed technique is not among the best for the g241c and g241d

datasets. These two datasets are formed by two Gaussian-distributed classes with an

overlapping region. In these two, the data points in overlapping regions are the most

di±cult to classify, even for an expert person. However, the bene¯t of this technique

is the availability of edge information. It is expected to have di®erent classes dom-

inating the edges adjacent to vertices in the overlapping region. This feature implies

that the vertices in overlapping regions will appear in more than one subnetwork

during the classi¯cation step. As the framework model allows di®erent methods to

decide which class the vertex belongs to (we used the shortest path distance to a

source), this could be the case for active learning, i.e. asking an expert to label a

vertex in an overlapping region.

Table 4 shows the results with the standard deviation over the splits along with

the combination of parameters that led to the best accuracy result.

We statistically compare the results shown in Tables 2 and 3. For all tests, we set

our level of signi¯cance at 5%. First, we use a test based on the average rank of each

method to evaluate the null hypothesis that all the techniques are equivalent. With

the Friedman test,14 there is statistically signi¯cant di®erence between the rank of

the techniques (p < 0:01). At a 5% signi¯cance level, the null hypothesis is rejected.

Therefore, we cannot say that all techniques are equivalent.

Since the Friedman test result reports statistical signi¯cance, we can use the

Wilcoxon signed-rank test14 for all possible pair combinations of techniques. In this

paired di®erence test, the null hypothesis is that the ¯rst technique has greater or

equal error results than the second. If rejected at a 5% signi¯cance level, then we say

the ¯rst technique is superior to the second. By analyzing results for splits with 10

and 100 labeled points together, we conclude that our technique is superior to 1-NN

(p < 0:01) and MVU + 1-NN (p < 0:04). Examining separately, for splits with 10

labeled points, our method is also superior to discrete regularization and SVM

Table 4. Test errors (%) with standard deviation and best parameters.

10 labeled k � � 100 labeled k � �

g241c 46:30	 2:49 6 0.75 0 41:16	 1:95 9 1 1

g241d 46:29	 3:42 7 1 0 39:77	 1:53 10 1 1.5

Digit1 5:86	 2:51 4 0.5 0.5 2:37	 0:48 4 0.75 0.5

USPS 14:77	 5:65 4 0.25 2.5 5:59	 0:77 4 1 1.5
COIL 59:99	 3:62 1 0 1 15:11	 2:88 1 0 0

BCI 48:78	 1:82 6 1 1.5 45:44	 2:96 1 1 0.5

Text 36:04	 2:98 8 0.75 0 28:43	 0:92 3 0.75 0.5
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(p < 0:01); whereas for splits with 100 labeled points, Laplacian RLS, LDS, and

Vertice Competition (p < 0:03) are superior to ours. This test result con¯rms that

our method performs well with a small set of labeled points while not bene¯ting

greatly from larger labeled sets.

5. Conclusion

We presented a two-step semi-supervised learning technique based on a dynamical

process on complex networks. First, the Edge Competition process is simulated on an

input network. Second, the process results are used to generate subnetworks for each

class in the problem. Labels are assigned according to the closest labeled vertex in the

subnetworks.

The novel process is mathematically modeled in detail. In summary, an asymp-

totically in¯nite number of particles compete for edges in a network. When a particle

passes by an edge, it increases its dominance whilst decreasing other classes' domi-

nance. Three dynamics provide a biologically inspired scenario of competition and

cooperation.

The proposed method is suitable for the task of semi-supervised data classi¯cation

and revealed its ability to provide information about overlapping regions. Further-

more, it is straightforward to adapt the model for data clustering and community

detection.

Despite the satisfactory performance, the classi¯cation step is rather limited. In this

step, only the shortest paths between the vertices in the subnetworks have been con-

sidered. We believe communicability between pairs of vertices12 may be a favorable

alternative. In the future, we will further investigate the advantages of dynamics in

edges. Moreover, studying mathematical properties of no-competition scenarios

(� ¼ � ¼ 0, and � ¼ 0 with� ! 1), we will better comprehend complex cases (� > 0).
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Abstract: We study how collective dynamics can solve
Machine Learning tasks. The Edge Domination System is
an algorithm to reveal patterns and obtain information of the
underlying complex network. The algorithm consists in the
simulation of a dynamical system based on particle competi-
tion for the dominance of edges. In this paper, we apply this
method to semi-supervised tasks of data learning problems.
We propose a vertex-centric version of this model and assess
the differences between the edge-centric model.

keywords: Analysis and Control of Nonlinear Dynamical
Systems with Practical Applications, Complex Networks,
Nonlinear Dynamics and Complex Systems, Collective Dy-
namics and Particle Competition, Machine Learning.

1. INTRODUCTION

We study how collective dynamics can benefit us on data
learning tasks. Among the proposed models found in the
literature, we have those which feature self-organized and
distributed behavior, through the topological structure of the
interacting network, and simple evolution rules. Examples of
decentralized natural systems include models of ant colonies,
birds with flocking behavior, and models of competition for
resources and cooperation between species — such models
are applied to optimization and learning problems and are
increasingly found in the literature [1–3].

A model we have proposed before is the Edge Domina-
tion System (EDS) [4], which is a deterministic algorithm

used to obtain information of the underlying complex net-
work by exploring patterns revealed by the collective dynam-
ics of particle competition. The model consists of particles
randomly walking a complex network. Particles carry fixed
labels and try to dominate the edges of the network by pass-
ing through more frequently than rival particles. Unlike sim-
ilar approaches, in this model the resource of competition is
the edges instead of vertices. However, the advantages of
such approach are not clear. Therefore, in this paper, we ex-
plore the differences between resources of competition. We
propose a comparable model of particle competition on ver-
tex, and we compare with the EDS.

2. MODEL DESCRIPTION

The Edge Domination System [4] models a particle com-
petition process in a complex network. Particles compete for
the domination of edges of the network. The network is a
simple, unweighted, undirected graph G = (V; E), where
V = L ∪ U is the set of vertices and E ⊆ V × V is the set of
edges. The sets L = {v1; : : : ; vl} and U = {vl+1; : : : ; vl+u}
contain the labeled and the unlabeled vertices, respectively.
Each labeled vertex vi ∈ L has a label yi ∈ {1; : : : ; C}. The
number of labels C is greater than 1. We denote (i; j) as
the edge between vertices vi and vj . The number of ver-
tices is |V| = l + u, and we suppose that l � u. The
network is represented by the adjacency matrix A = (aij)
where aij = aji = 1 if vi is connected to vj .



Particles randomly walk from vertex to vertex while car-
rying a fixed label. For a particle carrying label c, any parti-
cle/vertex of a label different from c is a rival particle/vertex.
The edge counts the number of particles that pass through it,
separately by each label. The label with the highest count is
the label which dominates that edge. In this system, a vari-
able number of particles can be generated into or be removed
from the system. The three action rules described below.

Walking. A particle in any vertex chooses the next ver-
tex with equal probability between the neighbors of the cur-
rent vertex. Let deg vi be the degree of vi. A particle in vi
chooses to move to vj with probability aij= deg vi.

Absorption. The current label domination in that edge
determines whether the particle either goes to the vertex or it
vanishes from the system (absorbed). This rule applies unless
the next vertex is a rival source (sink), in which case the par-
ticle is absorbed. Thus, if the destination vertex is not a sink
and the rule is applicable, the survival probability is 1−��c

ij ,
where � ∈ [0; 1] is the competition parameter and �c

ij is the
proportion of rival particles that passed through edge (i; j) in
the previous iteration.

Generation. A labeled vertex (source) generates parti-
cles according to its degree and the current number of active
particles in the system. Let nc and nc0 be the current and
the initial number of particles carrying label c, respectively,
and Gc be the set of sources for particles carrying label c.
If the total number of particles is fewer than the initial num-
ber, then each source performs nc0−nc trials with probability
�ci ∝ deg vi of generating a new particle.

The original model considers an accumulated domination
to produce the unfoldings [4]. Conversely, we use only the
current domination to simplify our investigation. The con-
vergence of the system justifies this decision because, after
several iterations, the current domination becomes propor-
tional to the accumulated domination.

We present now the slightly modified version of the EDS
and its vertex-based counterpart model.

2.1. Edge Domination System

The Edge Domination System is a nonlinear Markovian
dynamical system with the state and evolution function

X(t) =

 nc(t) =
[
nci (t)

]
i=1,...,jVj

N c(t) =
(
ncij(t)

)
i,j=1,...,jVj


c=1,...,C

(1)

{
nc(t+ 1) = nc(t)× P c

(
N1(t); : : : ; NC(t)

)
+ gc(nc(t))

N c(t+ 1) = diagnc(t)× P c
(
N1(t); : : : ; NC(t)

)
,

(2)

where P c(·) =
(
pcij(·)

)
i,j

,

pcij(·) =

0 if vj ∈ L and yj 6= c ,
aij

deg vi

(
1− ��c

ij(·)
)

otherwise,
(3)

�c
ij(N

1; : : : ; NC) =


1−

ncij + ncji∑C
q=1 n

q
ij + nqji

if
∑C

q=1 n
q
ij + nqji > 0,

1− 1

C
otherwise,

(4)

and gc(n) =
[
gci (n)

]
i
, where

gci (n) = �ci max{0; 1− 1 · n} . (5)

The initial state of the system X is given by an arbi-
trary discrete distribution nc(0) of initial active particles and
ncij(0) = 0 for all i; j; c.

We group the edges by label domination at the current
time. For each label c, the subset of edges Ec(t) ⊆ E is

Ec(t) =
{
ij

∣∣∣∣argmax
q

(
nqij(t) + nqji(t)

)
= c

}
. (6)

Thus, the unfolding Gc that comprises the edges dominated
by the label c at time t is Gc(t) = (V; Ec(t)) .

2.2. Vertex Domination System

Based on the EDS, we model a vertex-centric system with
state and evolution function

X(t) =
[
nc(t) =

[
nci (t)

]
i=1,...,jVj

]
c=1,...,C

(7)

nc(t+ 1) = nc(t)× P c(n1(t); : : : ;nC(t)) + gc(nc(t)) , (8)

where P c(·) is eq. (3) with

�c
ij(n

1; : : : ;nC) =


1−

ncj∑C
q=1 n

q
j

if
∑C

q=1 n
q
j > 0,

1− 1

C
otherwise,

(9)

and gc(n) is eq. (5).
The initial state of the system X is given by an arbitrary

discrete distribution nc(0) of initial active particles.

3. COMPUTER SIMULATIONS

In this section, we present empirical experiments that ad-
dress the differences between both systems — Edge Domi-
nation System (EDS) and Vertex Domination System (VDS).

First, we formulate a simple example where the system
behaves quite differently. Afterward, we compare the per-
formance of each system in artificial semi-supervised tasks.
Finally, we measure properties of both systems over time.

3.1. Motivation

Consider the network whose vertices are points in a 2-
dimensional plane depicted in fig. 1a. The vertices of this
network can be either positive (green, light, shaping a vertical
pattern) or negative (red, dark, shaping a horizontal pattern).
The central vertex (blue, dark) does not have a defined label.
Four vertices (square-shaped) are labeled. We connect each
vertex to its nearest neighbor. Using this network as the input
of EDS and VDS, one shall expect the fraction of positive and
negative particles to be the same in the central vertex for both
systems. Figure 2a demonstrates this behavior.

Now, consider adding a new vertex to this dataset as
shown in fig. 1b. Notice that the modification barely changes
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Figure 1 – Toy networks with (a) 9 vertices and (b) 10 vertices.
Square-shaped vertices are initially labeled.
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Figure 2 – Fraction of positive particles in each vertex over time
with (a) 9-vertices and (b) 10-vertices networks as input.

the network’s topology. However, using this network as in-
put both systems behaves quite differently, see fig. 2b. On the
one hand, the proportion of different kinds of particles in the
central vertex alternates about the same in the edge-centric
system. On the other hand, the central vertex is dominated
by positive-labeled particles in the vertex-centric system.

This example motivates us to investigate the advantages
of the edge-centric model against the vertex-centric one.

3.2. Systems’ comparison

Before comparing both systems, we propose a random
network with labeled vertices.

The undirected random network G(n;m; p; q) has n+m
vertices of which n are positive and m negative labeled. Let
yi ∈ {+;−} be the label of vertex vi, the probability of ex-
isting an edge between (i; j) is p if yi = yj , and q if yi 6= yj .
Networks G that n;m > 0, p; q ∈ [0; 1], and p > q are a
good representation of common machine learning tasks.

We compare classification accuracy of the systems for
varying levels of difficulty. The mean accuracy is calculated
over 30 independently sampled networks G(250; 250; 0:6; q)
for all q ∈ {0:1; 0:2; : : : ; 0:6}. We fixed � = 1 and set the
fraction of initially labeled vertices in {0:01; 0:02; 0:05}.
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Figure 3 – Mean accuracy of both systems in different networks
varying the fraction of labeled input vertices.

To classify an unlabeled vertex vi, we adopt the orig-
inal strategy for the EDS at time � = 500, yi =
argmaxc |E(N c

i (�))| , where |E(N c
i (�))| stands for the

number of edges in the neighborhood of vi in Gc(�).
In VDS, we just consider the dominating label of the ver-

tex at time � = 500, yi = argmaxc n
c
i (�) .

The accuracy results varying the network G and the num-
ber of sources is shown in fig. 3. Consistently, as q increases
and the number of sources decreases, the problem becomes
harder, and the systems obtain lower accuracies.

When p = q = 0:6, both systems fail to discriminate the
label of the vertices because the network has no meaningful
topology. Besides the number of sources compensating the
difficulty of the problem, EDS performs better in realistic
scenarios where sources are enough to discover a non-trivial
class topology.

Now, we detail some general dynamical properties of the
systems. Let �(·) be 1 for a true argument and 0 otherwise;
the properties are listed below.

Positive domination. Defined as the fraction of vertices
with the number of positive particles greater than the negative
ones,

1

|V|
∑
i

�
(
n+i (t) > n�i (t)

)
. (10)

Active particles. Defined as the sum of active particles
in the system, ∑

i

n+i (t) + n�i (t) . (11)

Mean entropy. Defined as the average of the entropy
considering the labels of active particles in each vertex,

− 1

|V|
∑
i

n+i (t) log2 n
+
i (t) + n�i (t) log2 n

�
i (t) . (12)

The experimental results for the three properties over time
are shown in fig. 4. Each result corresponds to the aver-
age of 30 independent simulations with � = 1 and networks
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Figure 4 – Properties of EDS and VDS over time.
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Figure 5 – Active particles and mean entropy properties vary-
ing the survival parameter λ.

G(250; 250; 0:6; 0:3) with one positive and one negative la-
beled vertex. Since the network has the same size and topol-
ogy for the two labels, half network is dominated by each
label in both systems. However, the number of active parti-
cles and the entropy are higher in the edge-centric system.

High entropy suggests that particles propagate farther,
reaching larger regions dominated by rival particles. As a
result, a greater exploration behavior emerges, and particles
are more likely to learn from the network’s topology. Con-
versely, a large number of active particles means that fewer
particles are absorbed — it could be a consequence of better
boundaries between positive and negative labeled vertices,
justifying the better accuracy of EDS in these networks.

Using the same network configuration and the number of
executions, we also study how two properties — active par-
ticles and mean entropy — behave according to the setting
of the survival parameter � at time t = 50. The results are
shown in fig. 5. On the one hand, as � → 0, the two prop-
erties in EDS and VDS become identical, which is expected
since the two systems operate identically, without competi-
tion. On the other hand, as � approaches 1, EDS presents a
higher number of active particles and higher entropy.

4. FUTURE WORKS

In the previous section, we presented experimental in-
vestigations that address the differences between the sys-
tems EDS and VDS. In future works, we will provide an-
alytical studies that explain the advantages of EDS over
VDS. To do so, we will consider two simplifications in the
systems: (a) ignore sink absorption, and (b) suppose that
ncij(t) + ncji(t) > 0 for all i; j; t for at least one label c.

Since we expect few labeled vertices, we can neglect the
sinks effect in the system. The second simplification means
that we expected that there are no regions in the network
that lack particles walking in. The resulting system evolu-
tion equations for EDS and VDS, respectively, are

nci (t+ 1) = �ci

1−
∑
j

ncj(t)

+
∑
j

ncji(t+ 1)

ncij(t+ 1) = nci (t)
aij

deg vi

(
1− �

[
1−

ncij(t) + ncji(t)∑
q n

q
ij(t) + nqji(t)

]) , (13)

nci(t+1)=�ci(1−∑jncj(t))+ ∑
j n

c
j(t)

aji

deg vj

(
1− �

[
1− nc

i (t)∑
q nq

i (t)

])
. (14)

5. CONCLUSION

In this paper, we present a vertex version of the model of
particle competition, which is similar to the already proposed
Edge Domination System. We also perform experiments to
study their differences.

Since both systems have the same time and memory com-
plexity order, we conclude that using EDS is preferred over
VDS, as the former have better features for learning tasks.
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Abstract. This paper presents a model for a dynamical system where
particles dominate edges in a complex network. The proposed dynamical
system is then extended to an application on the problem of community
detection and data clustering. In the case of the data clustering problem,
6 di�erent techniques were simulated on 10 di�erent datasets in order to
compare with the proposed technique. The results show that the pro-
posed algorithm performs well when prior knowledge of the number of
clusters is known to the algorithm.

1 Introduction

Consider a dataset that is represented by a weighted, undirected graph where a
vertex represents a data point and an edge a relationship of similarity. Particu-
larly, if a dynamical system can take place in this graph representation then this
graph can be studied with tools of the complex network theory [2].

In machine learning, methods that are based on networks have increasingly
being studied. The representation of a dataset as a network allows the method to
work not only with a similarity score among pairs of nodes, but it also provides a
topological information. Within this context, the goal of this paper is to present
a dynamical system of particle competition system on edges of complex networks
for the community detection and the data clustering problem.

Regarding previous work with semi-supervised learning, in this paper the
presented model modifies dynamics of particle generation and introduces the
information of weights in edges. In Section 2 the model is introduced with an
overview and a mathematical description. In Section 3 simulations on a real
network, artificial datasets, and real-world datasets are presented. Finally in
Section 4, some final considerations regarding the studied model are discussed.

2 Edge Domination System

In this section, I give an introduction to the proposed technique, namely Edge
Domination System. First an overview and then its mathematical modeling.
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2.1 Overview

Consider a complex network expressed by a simple, undirected, weighted graph
G = (V; E), where V is the set of vertices and E ⊆ V × V is the set of edges. If
two vertices are considered similar, then they are connected by an edge. Denote
(i; j ) to be the edge between vertices vi and vj , which has a weight W(i; j ) ∈ R.
The weights represent the similarity between two vertices where a larger value
indicates higher similarity. The graph that expresses this network is represented
by the weighted adjacency matrix W = (wij) where wij = wji =W(i; j ) if vi is
connected to vj and zero otherwise. The process’ result consists of K groups of
vertices that are not necessarily connected.

In this model, particles are the objects that flow within the network. Ev-
ery particle belongs to a class, defined at time of their creation. After being
released in any node of the network, a particle randomly walks the network. The
probability among adjacent vertices to be chosen as the next vertex follows the
distribution of the weights of the possible edges. Consider a particle that is in vi.
This particle decides to move to vj with probability

wij ·

0

@
|V|X

k=1

wik

1

A

−1

.

The particle’s decision, however, does not imply it will succeed at moving to
the neighboring vertex. If the edge that is connecting this vertex has been visited
by particles of different classes, this particle might be absorbed before reaching
the vertex and then it will cease to affect the system. If the particle succeeds at
moving to the neighboring vertex, it is said that this particle has survived—and
it will continue walking through the network. This walking dynamics is modeled
in terms of level of subordination and domination of a class in relation to all
other classes of particles.

In order to determine the level of domination and subordination of each
class in an edge we observe the active particles at a given time in the system.
Define current directed domination ñc

ij(t) to be the number of active particles
that belong to class c that have decided to move from vi to vj at time t and
survived. Similarly, define current relative subordination �̃ c

ij to be the fraction
of active particles that do not belong to class c and have successfully passed
through edge (i; j ) regardless of direction at time t. The latter is defined as

�̃ c
ij :=

8
>><

>>:

1−
ñc
ij + ñc

ji
P K

q=1
�
ñq
ij + ñq

ji

� if ñq
ij + ñq

ji > 0;∀q,

1

K
otherwise.

The survival of a particle depends on the current relative domination of the
edge and the destination vertex. The survival probability is

1− � �̃ c
ij(t)



where � ∈ [0; 1] is the competition parameter.
Since particles are absorbed through the dynamics of competition, a mech-

anism to perform replacement of absorbed particles is needed in order to avoid
a state where there are no active particles in the system. This replacement is
done by creating new particles according to the distribution of the current active
particles of a given class in the system.

Let nc
i (t) be the number of active particles that belong to class c at time t.

The number of new particles that will belong to class c in vi at time t follows
the distribution

(
B(bñc(0)− ñc(t)c ; � c

i ) if bñc(0)− ñc(t)c > 0,

B(1; 0) otherwise,

where

� c
i :=

ñc
i

P |V |
j=1 ñc

j

and B(n; p) is a binomial distribution. In other words, if the number of active
particles is less than the initial number of active particles, then it is performed
bñc(0)− ñc(t)c trials with probability � c

i at generating a new particle in vi.
It follows that the expected number of new particles that belong to class c

in vi at time t is
(

� c
i bñc(0)− ñc(t)c if bñc(0)− ñc(t)c > 0,

0 otherwise.

The information of the current directed domination ñc
ij(t) determines the

class of particles that dominates each edge in the system. The edges of the
network are grouped in sets by the class that dominates them. For each class c,
the subset of edges Ec(t) ∈ E is

Ec(t) :=

�
ij

�
�
�
�arg max

q

�
ñq
ij(t) + ñq

ji(t)
�

= c
�

.

Define the unweighted subnetwork

Gc(t) := (V; Ec(t)) (1)

to be the unfolding of network G according to class c at time t. This subnetwork
can be interpreted as a subspace with the most relevant relationships for a given
class. The available information in these subnetworks will be utilized for the
study of community detection and data clustering.

Next, a formal modeling of this dynamical system is presented.

2.2 Mathematical Modeling

Formally, we define Edge Domination System as a dynamical system X̃ (t). Let
ñc
i (t) be the number of active particles that belong to class c in vi at time t. The



internal state of this dynamical system is

X̃ (t) := [ ~nc(t) ]
T

, (2)

where

~nc(t) :=
�

ñc
i (t)

�
i
.

Let g̃c
i (t) and ãc

i (t) be, respectively, the number of particles generated and
absorbed in vi at time t. The evolution function �̃ of the dynamical system is

�̃ :

�
ñc
i (t + 1) = ñc

i (t) +
X

j

�
ñc
ji(t + 1)− ñc

ij(t + 1)
�

+ g̃c
i (t + 1)− ãc

i (t + 1) .

Intuitively, the number ñc
i of active particles that are in a vertex is the total

number of particles arriving minus the number of particles leaving and particles
the have been absorbed. Additionally, there is a term for the number g̃c

i of
generated particles. Values ñc

ij , g̃c
i , and ãc

i are obtained stochastically according
to the dynamics of walking, absorption, and generation. The initial state of
the system is given by an arbitrary number ñc

i (0) of initial active particles and
ñc
ij(0) = 0.

In order to achieve the desirable network unfolding, it is necessary to aver-
age the results of several simulations of the system with a very large number of
initial particles ñc

i (0). However, the computational cost of a such simulation is
very high. Alternatively, a system X (t) that achieves similar results in a deter-
ministic manner can be modeled. This alternative system considers that exists
an asymptotically infinite number of initial active particles.

2.3 Alternative Mathematical Modeling

Consider the dynamical system whose internal state is

X (t) :=

2

4
nc(t) =

�
nc
i (t)

�
i

N c(t) =
�
nc
ij(t)

�
ij

3

5

that is a nonlinear Markovian dynamical system with the deterministic evolution
function

� :

(
nc(t + 1) = nc(t)× P c(X (t)) (nc(t)× P c(X (t)) · 1)

−1

N c(t + 1) = diagnc(t)× P c(X (t)) ,
(3)

where

P c(X ) :=
�

pcij(X )
�

ij
,

pcij(X ) :=
wij

P |V |
k=1 wik

�
1− �� c

ij(X )
�

, (4)



� c
ij(X ) :=

8
>><

>>:

1−
nc
ij + nc

ji
P K

q=1
�
nq
ij + nq

ji

� if nc
ij + nc

ji > 0, ∀c,

1

K
otherwise.

(5)

The initial state of system X is given by an arbitrary discrete distribution
nc(0) of initial active particles and nc

ij(0) = 0. This system performs an unfolding
in O(K |E|) operations.

2.4 Community Detection

In the context of community detection, we simulate the alternative model with
K classes—here K is also the number of communities—up to time T and work
with the unweighted subnetworks Gc(T) in order to determine the community
structure within the network G. A vertex is said to belong to community c if
the density of edges in a neighborhood is higher in Gc(T) than in every other
unfolding. Formally, the community to which vj belongs to is

yj = arg min
c∈{1,...,K}

Sdensity
c,j ,

where Sdensity
c,j ∈ [0; 1] is the grade of membership of xj on community c. Let

N o
c,j be the neighborhood of a given order o of vj in the unfolding Gc(T). De-

note the number of edges in this neighborhood as
�
�E(N o

c,j)
�
� . Thus, the grade of

membership by density of vj in unfolding Gc(T) is

Sdensity
c,j :=

�
�E(N o

c,j)
�
�

P K
q=1

�
�E(N o

q,j)
�
�

. (6)

2.5 Data Clustering

For the application of data clustering, the community structure itself can be the
dataset partition. This might be enough for data that can be easily partitioned.
If the data, however, are nonlinearly distributed then a community structure
with the same number of communities as of classes might not yield satisfactory
results. In such cases, disconnected groups of vertices within a community can
be the unfolding result. Depending on the definition of community in networks,
treating a disconnected group as a single community is an inconsistency. For
the problem of data clustering, I assume a cluster of data point is not divided in
two by a second cluster, and therefore this is the case where disconnected groups
within communities is an undesirable behavior. One way to circumvent this, is to
superestimate the actual number of clusters by imposing a little larger number
K of classes of particles. After the end of the process, the community structure
is reduced to C communities, resulting thus in the final data clustering.

The reduction step tries to combine adjacent communities in such a way
that the network’s modularity is maximized. The modularity of a community



structure within a network is a quality function of how well-defined are the
communities [15]. The intuition of modularity is that there should be more links
within a community than links among communities. In this aspect, the goal in
the first step of the proposed technique is to simplify the problem by creating
an initial number of communities and then, in the second step, the problem is
treated as an optimization of the network’s modularity.

Since there are
�
K
C

�
possible combinations of communities for the reduction,

in this paper a greedy construction of the dendrogram is performed. Starting
from the initial community structure given by yj , the merging of two adjacent
communities that yields larger modularity is sought out. For a partition with
K communities, the algorithm tries all possible merges of adjacent communities
that result in K − 1 communities. As a consequence, up to

�
K

K−1

�
merges and

modularity evaluations are performed. Next, by picking the partition with high-
est modularity, the next best merging is determined by performing up to

�
K−1
K−2

�

evaluations. Repeat this until there are C communities. Thus, the maximum
number of evaluated merges is

K−1X

i=C

�
i + 1

i

�
=

1

2
(K − C) (K + C + 1) = O

�
K 2 − C2�

= O
�
K 2�

.

Since only sparse networks do present a community structure [8], the num-
ber of adjacent communities and, hence, the number of merge evaluations are
considerably lower. Together with the process, the entire technique is simulated
in the order of O(K |E|+ K 2).

3 Computer Simulations

In order to assess the proposed model, computer simulations were performed.
This section starts with simulations of the proposed model for the problem of
community detection in complex networks. Afterwards, the data clustering tech-
nique is applied for both artificial and real-world datasets.

3.1 Simulation for Community Detection

A real-world network borrowed from social science literature is here utilized
for evaluating the ability to detect a community structure in a network. The
chosen network is the Zachary’s karate club [16], a very well-known network that
has become a benchmark test for community detection methods. This network
describes the relationship of 34 members of a US university club in the 1970s.
Each member is a node in the network, and a link between two nodes indicates
whether two members know each other. As the time passed an internal conflict
between the president, John A., and the instructor, Mr. Hi, divided the group
between members that supported the president and the members that supported
the instructor. The goal is to split the club members in a group that supports
the president and a group that supports the instructor.



In Figure 1, the process’ result for community detection on the karate club
is shown. In edges, the colors represent the class of particles that dominated the
edge at the end of simulation. In vertices, the color is the result of community
detection by using the density information. The color of vertices represent the
community structure detected by the proposed model. Even though this is an
unweighted network (the links denote only whether two members know each
other) the proposed model was able to detect the correct group of members by
using the weight of 1 for all links.
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Fig. 1. Community detection result for the proposed model on Zachary's karate club
network. Red and blue colors denote a group. For edges the color is the class of particles
that dominates the edge at the end of the simulation. For vertices the color is the
community to which a vertex has been grouped. All members were correctly grouped.

3.2 Simulations for the Data Clustering Problem

Six techniques with different approaches to tackle the problem of data clustering
were selected to compare with the proposed technique: K -means [10], Fuzzy c-
means [3], Hierarchical DBSCAN* with Density-Based Clustering Validation
index (DBSCAN + DBCV) [4, 14], Chameleon [13], Expectation Maximization
algorithm with parameterized Gaussian mixture models [9], and an adapted
greedy algorithm based on modularity of networks [5].

In order to evaluate the quality of a partition found by an algorithm, the
measure of Adjusted Rand Index [11] was calculated for each generated partition.
This measure index is defined in the range [−1; 1] where values close to 1 indicate
that the partition is close to the a prior knowledge of the dataset’s clusters and
values close to zero indicate the partition is likely to be as good as an algorithm
that partitions the dataset at random.



Table 1. Adjusted Rand Index values for simulations on four arti�cial datasets.

Banana Highleyman Lithuanian Spirals Avg.
Rank

K -means .2429 .2617 -.0016 -.0020 6.2
Fuzzy c-means .2442 .3201 -.0017 -.0019 5.8

HDBSCAN + DBCV .4714 .2085 .7024 .2507 4
Chameleon .9215 .4348 .9343 .0119 3

Expectation Maximization .3304 .7977 -.0015 -.0020 4.5
Modularity .3510 .5033 .4259 1.0000 3

Proposed technique .9408 .7164 .9538 1.0000 1.5

Three techniques rely on stochastic initialization (K -means, fuzzy c-means,
and Expectation Maximization)—for these, the reported results are the aver-
age over 50 runs for each dataset. For the simulations all techniques had prior
knowledge of the number of classes in the data clustering problem. That way,
the reported results assess the ability of a technique to perform the dataset
partitioning given that the number of clusters is known. In case of Chameleon
and the proposed technique, the algorithms start with an possibly larger num-
ber of clusters/communities before agglomerating to the desirable number. For
Chameleon, the initial number of clusters varied within {C; C+1; : : : ; |X |}, where
|X | is the number of data points in the dataset. For the proposed technique, the
competition parameter is fixed at � = 0:5 with the number of classes of parti-
cles varying in {2; 5; : : : ; 30}. Moreover, modularity and the proposed technique
are graph-based methods, which implies the dataset input must be in a graph
representation. The k-NN method was used, varying k ∈ {1; 2; : : : ; 30}.

Simulations on Arti�cial Datasets Four artificial datasets were generated
with PRTools framework [7]. The datasets are formed by points in two-dimensional
space equally splitted into two classes that form two clusters to be detected by
the algorithm. Except for the dataset of spirals that contain 500 points, the other
four datasets are formed by 600 points. Because the datasets are not in a net-
work representation, the k -Nearest Neighbor (k-NN) graph construction method
is employed to obtain a graph that is the system’s network. In the constructed
network, a vertex represents a data point, and it connects to its k nearest points
determined by Euclidean distance.

Figures 2 to 5 show the generated dataset, the result obtained by application
of K -means, and the result of the proposed technique. In Table 1, the adjusted
rand index of each technique is shown. The last column is the average ranking
position that a technique obtained. The technique is able to correctly detect
the shape distribution in the four datasets. The graph representation naturally
determine how particles flow through the network. If the clusters have a slow
interconnectivity, as the case of spirals (see Figure 5), both modularity and the
proposed, which both are network-based techniques, are able to correctly parti-
tion the data without any mistake. But the network is not the only important
aspect. For instance, modularity could not partition data points of different



classes in overlapping regions, as the case of Highleyman dataset, whereas the
proposed was able to find a disconnected community (see Figure 3).

(a) (b)

Fig. 2. Banana-shaped distribution
dataset with two classes. (a) Result
obtained by K -means. (b) Result ob-
tained by the proposed technique.

(a) (b)

Fig. 3. Highleyman dataset with two
classes. (a) Result obtained by K -means.
(b) Result obtained by the proposed tech-
nique.

(a) (b)

Fig. 4. Lithuanian dataset with two
classes. (a) Result obtained byK -means.
(b) Result obtained by the proposed
technique.

(a) (b)

Fig. 5. Spirals dataset with two classes. (a)
Result obtained by K -means. (b) Result ob-
tained by the proposed technique.

Simulations on Real Datasets Ten real-world datasets were selected from the
UCI repository [1]. A brief description of the datasets is given in Table 2. Results
of adjusted rand index for simulations of these datasets is shown in Table 3. In
this table, the last column is the average ranking position of each technique over
all datasets. The ranking is sorted accordingly to the adjusted rand index. A
higher index indicates that a technique has partitioned the dataset in a way
more similar to the prior knowledge. Thus, the technique that obtained the
highest index for a dataset has a ranking position of 1 for that dataset; the
second highest index is associated to a ranking position of 2, and so on.



The parameter combination the obtained the highest adjusted rand index
is shown in Table 4. Notably for all real-world datasets, simulating the system
with a higher value for the number K of classes of particles, and thereafter in a
second step merging to C communities has given the best results.

Table 2. Description of the real-world datasets, with the number of data points, the
number of dimensions in the attribute space, and the number of clusters the data points
are partitioned.

Instances Dimensions Classes

Breast cancer 699 9 2
Car evaluation 1728 6 4
Credit approval 690 15 2
Contraceptive method 1473 9 3
Glass 214 9 6
Ionosphere 351 34 2
Iris 150 4 3
Vowel 90 10 11
Wine 178 13 3
Seeds 270 7 3

It is expected that the modularity algorithm do not have a significant dif-
ference, since the intuition of the present technique is to simplify the problem
by finding some communities in a first step for later optimize the partitions ac-
cording to a quality function, such as the modularity. An interesting aspect of
the reported results is that the average rank of presented technique do not vary
much accordingly to the dataset domain, which could mean the technique does
not have a great bias of domain. Nevertheless, the artificial toy datasets have a
show case where the technique is able to get a better partitioning by loosing the
definition of community and allowing disconnected communities.

Chameleon has a very similar insight as the proposed technique in the way
it approaches the data clustering problem. First, Chameleon splits the network
representation of the dataset into small groups of vertices. Afterwards, it agglom-
erates these groups into larger ones until obtained the desired number of clusters.
One problem is the step of defining the small groups. If the small groups of ver-
tices are not well defined—such as in cases of data with overlapping regions—,
the agglomerative step will result in a poor data clustering. Conversely, if well-
defined then it obtains good results as in the case of the Glass and Ionosphere
datasets, which were the two datasets the Chameleon obtained a higher value
for adjusted rand index.

In order to evaluate whether the average ranking position of the techniques
are significantly different, the average rankings are examined in a statistical
manner. The methodology applied here follows a procedure described in Dems̆ar
[6] and Japkowicz and Shah [12]. The first test, Friedman test compares the
techniques under the null-hypothesis that all the techniques are equivalent and
so their average rank positions. According to Dems̆ar [6], since we have N = 10
datasets and k = 7 techniques, we have the degrees of freedom df1 = k − 1 = 6



Table 3. Comparison of the Adjusted Rand Index of seven di�erent techniques on 10
real-world datasets.

Breast
cancer

Car
eval.

Credit
approval

Contr.
method

Glass Ion. Iris Vowel Wine Seeds
Avg.
Rank

K-means .7302 .0294 .2389 .0215 .1610 .1776 .6540 .1736 .8582 .7049 4.8
Fuzzy c-means .7305 .0307 .3725 .0242 .1632 .1727 .7287 .0892 .8498 .7266 4.3

HDBSCAN+DBCV .2556 .1313 .0794 .0236 .2575 .7030 .5657 .0814 .3385 .4303 5.4
Chameleon .7192 .1496 .1653 .0253 .2918 .6767 .6844 .1949 .8249 .7436 3.6

E. Maximization .6955 .0367 .1987 .0112 .1571 .1547 .9222 .1541 .9472 .6671 4.8
Modularity .4474 .1872 .1734 .0329 .2118 .0708 .9038 .2505 .8858 .8125 3.5

Proposed technique .7930 .1880 .4890 .0433 .2377 .3057 .9222 .2259 .9488 .8377 1.6

Table 4. Best parameter combinations for both arti�cial and real-world datasets. The
best combination is associated to the highest adjusted rand index obtained. The listed
parameters are the k-NN, the number of classes of particles, and the order of the
neighborhood considered for grouping vertices in communities.

k-NN K Neighborhood

Banana shape 4 2 4
Lithuanian 7 24 2
Highleyman 11 8 4
Spirals 5 18 1
Breast cancer 4 30 3
Car evaluation 16 11 4
Credit approval 28 27 3
Contraceptive method 10 11 2
Glass 28 8 3
Ionosphere 9 30 2
Iris 8 5 1
Vowel 7 30 2
Wine 8 24 3
Seeds 4 21 3

and df2 = (N − 1)(k − 1) = 54, resulting in the critical value F (6; 54) ≈ 2:27.
With such values, we get a Friedman statistic FF ≈ 4:88. Since FF > F (6; 54)
the null-hypothesis is rejected at a 5% significance level, allowing us to proceed
with a post-hoc test.

Fix a significance level of 5% for the post-hoc. The interest is at comparing
the proposed model with the other six techniques. For that the Bonferroni–Dunn
test is employed, because there are multiple techniques over multiple datasets,
and only the difference between a fixed technique and all others is of interest [12].
Therefor, six null-hypothesis of the proposed technique’s average rank being
equivalent to an other technique are tested. To accomplish this, the t statistic
between a fixed and an other technique must be by at least a Critical Difference
(CD). If they differ that much, then the null-hypothesis is rejected and therefore
there is a significant statistical difference between the average ranking position
of the two techniques. For the setting in this paper, we get a CD ≈ 3:33. The
proposed technique has significant statistical difference when compare with K -
means, Fuzzy c-means, HDBSCAN + DBCV, and Expectation Maximization.
The techniques Chameleon and Modularity do not present significant statistical
difference. But, nevertheless, these two together with the proposed technique,
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HDBSCAN + DBCV
Expectation Maximization

K-means
Fuzzy c-means

Proposed technique
Modularity
Chameleon

Fig. 6. Visualization of post-hoc Bonferroni{Dunn test. Fixing the proposed technique
as the control, the average ranking of the other six techniques were compared. All
techniques with average rankings outside the bold-marked interval are signi�cantly
di�erent from the proposed technique, with a signi�cance level of 5%.

put network-based methods in a good position at data clustering problems. A
visualization of the post-hoc test, as suggested in [6], is shown in Figure 6.

4 Conclusion

In this paper, a novel model for particle competition in complex networks is
presented. Particles flow through the network and their presence dominates an
edge. The information is then used to determine the pertinence of vertices in
communities of the network. A second step allows the maximization of the mod-
ularity by locally maximizing the modularity of the community structure. This
final structure is used to the problem of data clustering.

Simulations on both artificial and real-world datasets show that the proposed
technique performs well and have a significant better performance under the
condition that the algorithms have prior knowledge of the number of clusters.
Furthermore, the technique has a deterministic alternative model with a low
computational complexity.

The information of dominance of edges have a potentially higher granularity
information about the interaction network formed by the graph representation of
the dataset. This information might allow to grasp more properties of the process
and consequently help into find a better approach to the local maximization of
the community structure.

Finally, in a data clustering setting it is not uncommon to run algorithms
on datasets with noise and no prior knowledge of the number of clusters. The
proposed technique here present could be extended for such applications.
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6
CONCLUSIONS

The developed work in this dissertation solved machine learning problems with complex
networks and dynamical processes. The main goal was to develop a transductive tech-
nique for semi-supervised and unsupervised learning problems, with a new approach to
particle competition in a two-step design process. First, a model was created as a stochas-
tic process with interactions determined at an individual level. Afterward, an equivalent
deterministic system was found at a populational level.

In the semi-supervised technique, the classification process is decomposed into three
steps. First, the input data are mapped into an interaction network. Then, the model of
particle competition is simulated on this network, leading to the unfolding of components
of the network. At this stage, teams of particles compete to dominate the edges of the net-
work. Whenever a particle passes through an edge, the team’s domination over that edge
is reinforced while decreasing the rivals’ dominance. Such competition process is mod-
eled with three dynamics—of walking, absorption, and production—inspired by behaviors
observed in nature. The dominated territories become labels, which are used to signal to
which component each edge belongs.

After modeling the dynamics separately, the deterministic equivalent system brought
advantages over its stochastic counterpart. The time complexity of the deterministic one
does not depend on the number of particles; it benefited from better results when consid-
ering a continuously varying number of initial particles. Besides, the transductive semi-
supervised learning technique becomes stable and with a subquadratic order of complex-
ity.

In the unsupervised technique, the lack of initially labeled data allowed a simplified
model at the competition step but required a more sophisticated community optimization
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process. With the dynamics of particle production changed to generated particles accord-
ing to their team distribution, the modified model used a simpler particle production sys-
tem. In contrast, a larger number of teams are required before an agglomerative step of
the unfolded components to optimize the modularity of the community structure.

6.1 Future works

The technique is constituted by components that may be replaced by those specific to an
application. We have aimed at building a network representation of data on a metric space
with a simple graph construction method—thek-nearest neighbors. The unweighted graph
is used as the interaction network of the particle competition to perform the network com-
ponent unfolding. Not only a different graph construction method can be studied, but the
weights of the edges may lead to better results, although modifications on the competition
and the network unfolding model need to be elaborated.

Regarding the classification step, which is done by the network unfolding, the current
method is a straightforward decomposition of unweighted subgraphs. We have observed
the existence of overlap of components during the network unfolding process, which re-
main to be explored. Since there is a competition process, and teams of particles try to
dominate the territories of rivals, instead of a crisp division of network components, the
unfolding may be regarded as a fuzzy pertinence.

Such modifications may lead to increasing the model’s complexity, but the other way
round is also an interesting path. Since simpler models may require less computational
time without relinquishing too much learning performance, some aspects of the technique
may be further simplified. With a thorough investigation of the technique’s behavior, a
parameter analysis should help better understand which scenarios are adequate for some
combination of parameters.

As regards the unsupervised model, currently, only data clustering problems have been
studied as community detection problems. The initialization of the particle distributions
remains a problem because the current methods may lead to unconnected communities
when the number of initial particle teams is too low for the dataset. While this has been
dealt with by applying a preprocessing step to the numerical data, such initialization would
not be possible on data that is already in a network structure.

6.2 List of publications

The results have contributed to machine learning, with results reported published in form
of scientific papers in international journals and conferences.
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