o
=
2
o
o
<
V)]
LLl
a)
LL
a)
<
o
Vs
oc
LLl
>
P
-

Instituto de Ciéncias Matematicas e de Computacao

Dynamic output-feedback controllers for discrete-time linear
systems with markovian jumping parameters, imperfect mode
observation and additive noise perturbations

Pablo Ivan Zamora Mercado

Dissertacdo de Mestrado do Programa de P6s-Graduacao em Ciéncias
de Computacao e Matematica Computacional (PPG-CCMC)

SAO CARLOS

ICMC
i






SERVIGO DE POS-GRADUAGAO DO ICMC-USP
Data de Depésito:

Assinatura:

Pablo Ilvan Zamora Mercado

Dynamic output-feedback controllers for discrete-time linear
systems with markovian jumping parameters, imperfect
mode observation and additive noise perturbations

Master dissertation submitted to the Institute of
Mathematics and Computer Sciences — ICMC-USP,
in partial fulfillment of the requirements for the
degree of the Master Program in Computer Science
and Computational Mathematics.  EXAMINATION
BOARD PRESENTATION COPY

Concentration Area: Computer Science and
Computational Mathematics

Advisor: Prof. Dr. Eduardo F. Costa

USP - Sao Carlos
February 2020



Ficha catalografica elaborada pela Biblioteca Prof. Achille Bassi
e Secdo Técnica de Informéatica, ICMC/USP,
com os dados inseridos pelo(a) autor(a)

Zanora Mercado, Pablo Ivéan

Z25d Dynani ¢ out put - feedback controllers for discrete-
time linear systens wth markovian junping
parameters, inperfect node observation and additive
noi se perturbations / Pablo |Ivan Zanora Mercado;
ori entador Eduardo Fontoura Costa. -- Sao Carl os,
2020.

63 p.

Di ssertacao (Mestrado - Programa de Pés-G aduacao
em Ci énci as de Conputacdo e Matengtica
Conputacional) -- Instituto de Ci éncias Matendaticas
e de Comput acdo, Universidade de Sdo Paul o, 2020.

1. Markov junp linear systens. 2. Hybrid
systens. 3. Optimal control. 4. Optimzation. 5.
St ochastic Control. |. Fontoura Costa, Eduardo,
orient. Il. Titulo.

Bibliotecarios responséaveis pela estrutura de catalogagdo da publicacéo de acordo com a AACR2:
Glaucia Maria Saia Cristianini - CRB - 8/4938
Juliana de Souza Moraes - CRB - 8/6176




Pablo Ivan Zamora Mercado

Controladores dinamicos de feedback de saida para
sistemas lineares de tempo discreto com parametros de
salto markoviano, observacao de modo imperfeito e
perturbacoes aditivas de ruido

Dissertagdo apresentada ao Instituto de Ciéncias
Matematicas e de Computacdo - ICMC-USP,
como parte dos requisitos para obtengcdo do titulo
de Mestre em Ciéncias — Ciéncias de Computacéo
e Matematica Computacional. EXEMPLAR DE
DEFESA

Area de Concentragdo: Ciéncias de Computacdo e
Matematica Computacional

Orientador: Prof. Dr. Eduardo F. Costa

USP — Sao Carlos
Fevereiro de 2020






To my father Gerardo who gave me the greatest gift anyone could give another person: He
believed in me.
To my mother Ana Maria who taught me about gratitude, patience, faith and to be strong no
matter what.

To my Grandfather Hugo, for his wisdom and having his arms always open for me.






ACKNOWLEDGEMENTS

I want to thank CAPES Scholarship for the funding and also for supporting my research

activities.

I wish to express my deepest gratitude to Professor Dr. Eduardo F. Costa, who was like a
Father for during my time in Sdo Carlos, for his guidance and overall insights in this field that
have made this an inspiring experience for me. For his support, encouragement and patience I’'m
in debt.

I would like to thank to Luiz and Junior who are part of the Complex Systems, Particles

and Control Research group, his help was determinant during research.

To my family who was always there no matter what, Gerardo, Ana Maria, Vivian and

Fernando thank you.
To Omar my deepest gratitude, for helping in my darkest times.

To my friends in Sao Carlos Daniel, Paulo, Lito, Elvis, Mario, Juan Luis, and the guys

who were always there when I needed them the most.

To Ramalakwmi Justiniano, my girlfriend, best friend and true love, for putting up with

me being far away. Thanks for all your support






“...Ileave Sisyphus at the foot of the mountain. One always finds one’s burden again. But
Sisyphus teaches the higher fidelity that negates the gods and raises rocks. He too concludes that
all is well. This universe henceforth without a master seems to him neither sterile nor futile.
Each atom of that stone, each mineral flake of that night-filled mountain, in itself, forms a world.
The struggle itself toward the heights is enough to fill a man’s heart.

One must imagine Sisyphus happy...”

(The Myth of Sisyphus, Albert Camus)






RESUMO

ZAMORA, PI. Controladores dinamicos de feedback de saida para sistemas lineares de
tempo discreto com parametros de salto markoviano, observacao de modo imperfeito e
perturbacdes aditivas de ruido. 2020. 60 p. Dissertacdo (Mestrado em Ciéncias — Ciéncias
de Computagdo e Matemdtica Computacional) — Instituto de Ciéncias Matemadticas e de Computa-
¢do, Universidade de Sao Paulo, Sao Carlos — SP, 2020.

Uma classe de controladores de retorno de saida dinamicos estaciondrios para sistemas lineares
de salto markoviano em tempo discreto (MJLS), considerando a minimizacao de o custo médio

a longo prazo € estudado.

Uma classe de controladores de feedback de saida dinamicos estaciondrios para sistemas lineares
de salto markoviano em tempo discreto (MJLS), considerando a minimizacao de o custo médio a
longo prazo € estudado. A cadeia de Markov que governa os parametros nao precisa ser ergodica
e é permitido que seja periddica e contenha estados transitérios / classes ndo comunicantes, o
que aumenta a classe do sistema, compreendendo sistemas periddicos como uma subclasse. Uma
formulacdo compacta de otimizacao € obtida para o independente de modo/ baseado em detector
controlador de ordem parcial / total, permitindo explorar a complexidade e consequentemente
obtenha o melhor desempenho implementavel para um aplicativo. Desenvolvemos um algoritmo
de viabilidade - otimizacdo em dois estagios, usando a abordagem baseada no operador. Apre-
sentamos um conjunto de exemplos numéricos no contexto aleatério nao trivial sistemas sujeitos
a saltos para representar nossos resultados e comparar o desempenho com um algoritmo genético

cléssico, resultando em uma clara vantagem para o algoritmo proposto

).

Palavras-chave: Sistemas Lineares,parametros com saltos Markovianos,Controle Otimo, Con-

trole Estocdstico, Otimizacao.






ABSTRACT

ZAMORA, PI1. Dynamic output-feedback controllers for discrete-time linear systems with
markovian jumping parameters, imperfect mode observation and additive noise perturba-
tions. 2020. 60 p. Dissertagdo (Mestrado em Ciéncias — Ciéncias de Computag¢do e Matemadtica
Computacional) — Instituto de Ciéncias Matematicas e de Computacado, Universidade de Sao
Paulo, Sao Carlos — SP, 2020.

A class of stationary dynamic output-feedback controllers for discrete-time Markovian Jumping
Linear Systems(MJLS) considering the minimization of a long run average cost is studied. The
Markov chain that governs the parameters is not required to be ergodic, and it is allowed to be
periodic and contain transient states / non-communicating classes, which enlarges the class of
system, e.g. now comprising periodic systems as a sub-class. A compact optmization formulation
is obtained for the mode-independent/detector-based controller of partial/full order, allowing one
to explore the complexity and consequently obtain the best implementable performance for an
application. We develop a two stage feasibility - optimization algorithm using the operator-based
approach. We present a set of numerical examples in the context of random non-trivial systems
that are subject to jumps in order to represent our results and compare the performance with a

classical genetic algorithm, resulting in a clear advantage for our proposed algorithm.

Keywords: Linear systems, Markov jump parameters, optimal control, Stochastic Control,

Optimization.
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CHAPTER

INTRODUCTION

The first chapter of this thesis is devoted to explain the main characteristics of Markov
Jump Linear Systems, the principal topic of this work. We will justify his study and the control
scheme selected and his main characteristics. A description on how the chapters are organized is

given at the end.

1.1 Markov Jump Linear Systems

Influenced by mechanics and engineering in 1940, control theory emerged. These sci-
ences induced the need to model physical phenomena as state space ordinary differential equa-
tions. This interest led to the rise of three theoretical paradigms in control (POLDERMAN;
WILLEMS, 2010). Pontryagin developing the maximum principle, Bellman dynamical pro-
gramming and Kalman with his Linear Quadratic Gaussian(LQG) con- troller(BERTSEKAS,
1987). A good background material in to the foundations are(SONTAG, 1998; POLDERMAN;
WILLEMS, 2010). We make special emphasis in the LQG problem whose creation was a

breakthrough, in the sense that it achieves an optimal disturbance attenuation. Figure 1

Figure 1 — LQG Problem

Source: Polderman and Willems (2010).

W =~
({disturbance) Plant
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This result, considered for the first time the stochasticity in control and solved problems

that arose in the design of gunfire control systems, during the second world war as stated
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Figure 2 — A scheme of MJLS

Source: Vargas, Costa and Val (2013).

(A1,B1,H1)
E Xk+1
(A3,B3.H5)  [eemen el

on (ASTROM, 1970). The study of a subgroup of this theory, resulted in an original paper
by Krasovskii and Lidskii in 1961 (KRASOVSKII; LIDSKII, 1961), introducing a class of
systems, that has abrupt parameter changes according to a stochastic process. Markov jump linear
systems are a subclass of stochastic systems that can be characterized for having a continuous-
valued (discrete-valued) dynamics that is linear in time and a discrete-valued dynamic that is
modeled as a Markov chain that is independent of the other set of continuous-valued (discrete-
valued) dynamics. For the Markov jump linear system, a more didactic explanation can be done,
considering that a dynamical system G, is described by a non autonomous ODE in matrix form
(A1,B1,H;). In a certain moment, suppose an abrupt change caused the model to change and be
described by (A, By, H>), more generally, we can imagine that the system is subject to a series

of changes that make it switch, over time, among a countable set of models 6.

1.2 Control of Markov Jump Linear Systems

In this section, we will giver some brief explanations of main concepts on MJLS we will
reference forward, we also denote the main articles where the theoretical framework of this work

lies.

The Markov Jump Linear Systems(MJLS) framework allows a more complex approach
in order to model processes that have abrupt changes or disturbances, a new way to deal with the
control of those systems. Much work has been done extending the theory of control of linear
systems to MJLS (COSTA; FRAGOSO; MARQUES, 2005). And much investigation has to be
done to extend results to other systems and controllers applications of MJLS include. Considering
the broad applications the development of this theory has brought,for example for macroeconomic
systems(VAL; BASAR, 1999), networked control (HESPANHA; NAGHSHTABRIZI; XU, 2007),
Fault isolation in Multi-Agent systems(MESKIN; KHORASANI, 2009), Finance and Portfolio
Optimization(COSTA; ARAUJO, 2008),(ELLIOTT T. K. SIU; LAU, 2007) , Quadcopter failure
Control(DRAGAN; COSTA, 2016a), A DC motor device(VARGAS; COSTA; VAL, 2013) ,
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Robotics and fault tolerant manipulators (SIQUEIRA; TERRA, 2009).

1.2.1 Output feedback controllers

In the state feedback scheme we assume complete access to the state vector x, which is
not always possible in real world problems due to physical limitations and/or costs involved.
This assumption makes it impossible to apply a state feedback approach,so new schemes are
introduced. One possibility is to use static output feedback in the form u(¢) = Fy(¢); this is an
easy to implement controller, however the task of finding a suitable F is frequently very complex.
Another possibility is to use the so called dynamic controller, which we denote by G.. we will

use the system output vector,

Figure 3 — State feedback stabilization block diagram

) = L geesBan [ O
y(t) vy= Cy(l)$ -— U(t)
e = Ka(i)zec + Kg(i)y

u= K¢ (i)ze

For a discrete-dynamical system one can construct the closed loop system coupling the
output of the controller to the control variable of the system and the output of the system to the

input of the controller.

1.2.2 Class of controllers with partial or non-observation of the mode

The theoretical framework for optimal control of MJLS with mode observation is quite
mature and it has many strong results(COSTA; VARGAS, 2011; COSTA; FRAGOSO; MAR-
QUES, 2005; COSTA; FRAGOSO; TODOROV, 2013; CHIZECK; WILLSKY, 1986; DRAGAN;
COSTA, 2016a). The situation is different in control problems with partial or no information
of the Markov state, there are few existing results(VARGAS; COSTA; VAL, 2013; DOLGOV;
CHLEBEK; HANEBECK, 2016). This type of problem is much harder because the controller
can, in principle, be used to both optimize the objective function and to help raise information
about the Markov state and these tasks are sometimes conflicting. Now, although the problem is
far more complex, there is a great practical appeal for studying it, because the Markov state is
not available in many applications. It is particularly interesting for applications that the controller
does not take information on the chain into account at all. Which makes it easier to implement
in a embedded controller for example. This approach has narrow results; previous works have

been focusing in a particular class of controllers, the state feedback controllers, the results are
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presented in (VARGAS; COSTA; VAL, 2016; BORTOLIN, 2012; OLIVEIRA, 2014; SILVA,

2012) where the state variable, x is assumed to be available.

In this work we assume x is not available and it is worth to mention that, (DRAGAN;
COSTA, 2016a) is a natural starting point because it uses a general approach the one we are
looking for; it computes the gains for a dynamic stabilizing output feedback controller sadly
the approach cannot be used totally in the sense that it is based on filtering and control coupled
Riccati equations that can be solved by well-known,sadly this efficient methods are not possible
to use in the case when we cannot observe the governing Markov chain.That is why we also
study results of the work of the KIT Intelligent Sensor-Actuator-Systems (ISAS) Research
Group (DOLGOV; HANEBECK, 2015; DOLGOV; CHLEBEK; HANEBECK, 2016; DOLGOV;
HANEBECK, 2017) as the ones from Vargas et al.(VARGAS; COSTA; VAL, 2013) that explores
the state feedback approach(also without the observation of the mode) we will also use the
results from (TODOROV; FRAGOSO; COSTA, 2018; COSTA; FRAGOSO; TODOROV, 2015;
de Oliveira; Costa; Daafouz, 2018) were the detector based solution is explored, by detector, we

mean that an process estimates the situation of the markov chain governing the switching.

1.3 Motivation

The interest in this type of problem is due to a combination between the potential for
applications and, at same time, availability of results and algorithms that can be used for finding
solutions. For instance, the controller given in (DRAGAN; COSTA, 2016a) is computed based
on filtering and control coupled Riccati equations that can be solved by well-known, efficient
methods. Moreover, the formulation in (DRAGAN; COSTA, 2016a) allows one to explore
the trade-off between the complexity and performance of the controller; more specifically, the
dimension of the dynamic controller can be selected by the user, ranging from n, =0 to a
full order controller with n. = n, where n is the dimension of the state component x of the
plant. Another relevant aspect for application of an MJLS is that the jump variable 6 is not
necessarily observed in a perfect and immediate way (VARGAS; COSTA; VAL, 2016; DOL-
GOV; CHLEBEK; HANEBECK, 2016; DOLGOV; HANEBECK, 2017), which motivated the
development of mode-independent and detector-based controllers, see e.g. (VARGAS; COSTA;
VAL, 2016; DOLGOV; HANEBECK, 2017) and (TODOROV; FRAGOSO; COSTA, 2018;
COSTA; FRAGOSO; TODOROV, 2015; de Oliveira; Costa; Daafouz, 2018) respectively. The
controller studied in this note gives one more step towards flexibility and applicability. It is
detector-based featuring variable dimension 7., and the case of static output feedback is also
included. In this way, at one extreme one can design a controller of dimension n, = 0 and only
one mode (as in (VARGAS et al., 2016)), and at the other extreme a full order mode dependent
controller (as in (DRAGAN; COSTA, 2016a)). The intermediary cases with 1 < n, <n and
mode-independent/detector-based controllers for the considered class of problem are studied

here for the first time in literature.
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CHAPTER

NOTATION AND PRELIMINARY RESULTS

In the second Chapter an extended presentation is made for the notation that is used
along the Thesis, we also show some fundamental results that will be used in the next chapters

and support its development.

2.1 Notations

Let R" denote the usual r-th dimensional Euclidean space, M, x4 (M) be the linear
space formed by all real matrices R™¢ (R?*4), let S; C M be the linear subspace of symmetric
matrices of size d x d and S; (Sg) the closed (open) convex cone of positive semi-definite

(definite) matrices.

./\/l/r\id is the N -th cartesian product M, 4 X Mg X - -+ X M4 indexed by the set
® :={1,...,N'} forming a linear space of indexed matrices, that is, for an arbitrary V :=
(V(1),..,V(N)) € MY we have that V(i) € M,q4; the sets Sé\/, S;\/(Jr) and SZ\/(O) are

rxd’
defined following the same principle.

We also employ the ordering V > U (V > U) for elements of S;, meaning that V (i) — U (i)
is positive definite (semi-definite) for all i € ®. Relations involving elements of ./\/l/r\i 4 are defined
in an element-wise way, e.g. S = UV is such that S(i) = U(i)V (i), in addition, with V € /\/lf\id
and T € R*! the product VT represents the indexed set (V (1)T,...,V(N)T), following the same
logic for TV. We define |, as the indexed identity matrix (Z,(1),...,L,(N)).

We denote ¢r{-} as the trace operator. For this space an inner product is defined,
N
(V,U)=Y V()T U(i)). (2.1)
i=1

for an arbitrary V,U € M, and a corresponding norm ||V ||3 = (V,V), inducing a Hilbert

space structure on ./\/lév .
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If f: M,«q — Ris a differentiable function on the domain M, ;, we denote the partial
derivative d f(G)/dG as dg f(-) whenever G € M, 4.

We define the independent stochastic processes {6 }r>0, {Wi }x>0 and {vi}x>0 on a
probability space (Q,F,P). It is assumed that wy and v; are independent, and Gaussian random
sources of noise, with zero-mean covariances:

Elw] =0, E[w] =0, Ewew[] =W, E[wv[] =V and E[wv]] = 0. Also, E[w,w]] =0,
Elvv]]=0,1#k.

{6k } x>0 is an homogeneous Markov chain whose state 6y takes values in the set ® = {1,2,..., '},
with a transition probability matrix P = (p; j), (i, j) € ® x O, thatis, p; j = P(64+1 = j|6; =1).
7 = (m(1),...,m(N) denotes the distribution of 6.

The Cesaro limit distribution of the Markov chain can be computed as

N
p™() =Y mk)pr;, 1<j<N 2.2)
k=1

where the vector o = (7(1),...,m(N)) is the initial distribution of the Markov chain. py ; are
elements of the following matrix IT, whose existence is demonstrated in (DOOB, 1953)
1 T
= lim- Y P~ (2.3)
T—oo T =0

For the same space, 14 be the indicator function over a set A for a set, is defined for any @ € Q

(Dirac measurement).

Finally for sake of generality, we define a stochastic process {¥ }x>0, wWith 3 € I' =
{1,...,.2}, satisfying P(y = £|6x = i) = g; ¢, we call this process a "detection process", with a
detection probability matrix Py = (g, j), (I,j) € I' x T, thatis, g; j = P(¥i+1 = |¥% = j). for this
new index we have Mf C Mﬁl\/ and respectively for the other spaces defined above.

2.2 Lyapunov type operators

We introduce on the space Sév the linear operator L;, considering matrices A & ./\/lﬁ\i d
in the space defined above and the elements of the stochastic matrix P defined by:
(LaV)(D) =} pi AV (DAG)T, 1<i<N, (2.4)

j€®
forall V= (V(1),...,V(N)) € Sév . By direct calculation one obtains that the adjoint operator
of L.; with respect to the inner product (2.1) is described by:

(LoV) (@) = Y, pijADTV()HA®), 1<i<N. (2.5)

j€O
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CHAPTER

THE DETECTOR BASED DYNAMIC
OUTPUT-FEEDBACK CONTROLLER
PROBLEM

In this chapter, the problem, focus of this thesis is presented. We present a class of
discrete-time dynamical system, that needs to be controlled by a detector based output feedback
controller; we present operators and functionals that will help us to develop the theoretical
framework of the solution proposal for them. With these tools we develop an deterministic cost
function that later on will be formulated as an optimization problem finishing with a compact

cost function that needs to be optimized.

3.1 Problem formulation

Let a class of discrete-time dynamical system G be of the form,

X1 = Ao %k + Blg, ur + Hg Wi 3.1)

Yk = Cloy Xk +J(6,) vk
where x; € R" is the state vector, u; € R? is the control variable and y; € R™ is the system
output available to feed the controller. The system matrices belong to given sets of matrices with
dimensions A € MV, B e Mﬁl\ip, He MY  CeMV, andJeM), .

nxl[’

Consider also the following stationary linear dynamic controller G,

XAk+1 = F(Yk)x/\k + K('}/k)yk (3 2)

e = Ly %+ My Ve

where X, € R" denotes the internal state of the controller!, vk € R™ the input of the controller,

uy € R? the output.

' The dimension n. can be defined as any value in the interval 0 < n. < n.
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The goal of this work is to design a dynamic/static output feedback controller that
depends only on the detector, that is, ¥ is the only measure available to the controller. This
is general enough as to include the case of no observation of 6; (by making . = 1), cluster
observation of 6y, and perfect observation of 6; (with . = N and gi¢ = 1 when i = /) (de
Oliveira; Costa; Daafouz, 2018).

The controller matrices belong to sets of matrices F € M{l\cf ;Ke /\/lf wms L € Mp‘g;ne and
M e ./\/l;?; . Of appropriate dimensions; these matrices are to be determined by an optimization

problem whose objective function (or cost function) is given by:

K

. 1
m —F Z [x]IQ(ek)x—I—u,IR(ek)uk] , (33)

J=1
Y S

with weighting matrices that belong to the sets Q € S,/,\/ and R € Sz,\/(ﬂ.

The controller (3.2) is coupled to the system, yielding a closed loop system that can be

rewritten as

Xk+1 = ACl(ekJ/k)Xk + HCl(ekJ’k)wk (3.4)
where x;, € RU+7e) | w, € RUFT)
Ty

X =[x )T we = [w] v]T, (3.5)

Ag(i,l) = -A(l)—'_B(l)M(f)C(l) B(i)L()
R ORI |
Ha(i,0) = H(i) B(i)M(£)J(i)
cl\ty _ 0 K(ﬁ)](l) .

Remark 1. Assumptions and notations established describe a minimal set of properties involved
in the system. As in (DRAGAN; COSTA, 2016a) the ergodicity hypothesis is not taken into
account,in particular, results apply for MJLS with periodic Markov chains unlike for example
(DOLGOV; CHLEBEK; HANEBECK, 2016).

3.2 Associated functionals and operators

3.2.1 Second moment and related results

We start defining the second moment matrix for our system using (3.5),

%((l) = E[kall-l{ek:i}], Vie 0, Vk > 0. (3.6)
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Note that 2" € Sﬁy , where ry = (n+n.) X (n+n,). Based on (3.5) we consider the partitioned

form

Zii) = Zi(h 22 3.7)
(Zk(i)12)T Zi(i)2
_ | Bl g —i] Ebatiio—]| (3.8)
E[tixg ] Eff{1g-]

We will also present an adaptation of (COSTA; FRAGOSO; MARQUES, 2005, Proposition
3.35) for our specific case, using (3.5),(3.4) and using previous definition of second moment
(3.6). We state the following,

Lemma 1 (Adapted from (COSTA; FRAGOSO; MARQUES, 2005)).

L1 () =Y, pjige;j[Aa(i,0) 2k(j)Aa(j, 0)T +Ha(j, £)SHea (j,0)Tm ()] (3.9)
jEO® LT

Proof.

E[(xk1) (Xk+1) g0, =] =

@% rE[(Acl(ek,mxk+Hcl(ek,mwk)(Acl(ek,mxk+Hcl(ek,n)wk)T1{9k+1:i},{ek:j}1{yk+1:€ﬂ =
j€®,le

Recalling that 6y 1,%1 and x; are conditional independent events,
P01 =i,0c = j, % =) = P61 = i[Ok = j, Yo = £) X P(% = |6 = i) x P(6 = i) =
P(6c=j)pji a.j = E[Lig=plPji qcj

= Y E[(Aa(j,Oxk+Ha(j, O)we) (A (j, O)xc +Ha(j, )W) "Lig,— | pjigr.j
jeO®Lel

= Y [(Aa(,OEXx]11g-]Aa(j,O)T +Ha(j, O EwWw 1 - 3 Ha(j, 0)T] pji
je@®Lel

using previous definition of second moment (3.6) and the fact that E[w,w] 11g, _ 1] = E[W; W] P (6; =
J) = Sm(j) where,

T T
wiw wiv
wiw] = [wi vI]Tw] v]] = [ f f] (3.10)
S = WO (3.11)
(%

That gives us,

= Y piiae {Aa(, 0 2k (A4, 0T +Hea(j,)SHa(j, 0)Tm(j)} (3.12)
je®Lel

which completes the proof [
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3.2.2 Modified Lyapunov type operator

We present a modified lyapunov operator using (2.4)(2.5) and based on the coefficients
of the linear system (3.4) and the elements of the stochastic matrix P and P, the detector process

transition probability, we introduce on the space Sé\/ the linear operator L; defined by:

(LaV) (@)=Y, pjiaeAa(j,OV()Aa(j,0)T, 1<i<N, (3.13)
jeO®Lel

for all V= (V(1),...,V(N)) € SY¥. By direct calculation one obtains that the adjoint operator
of L; with respect to the inner product (2.1) is described by:

LoV =Y pijaeira(,OTV()AAG,L), 1<i<N. (3.14)
jeEO®LeT

3.3 The long run average cost 7

Given the new closed-loop system, a new cost functional (3.3) can be written,

1 TE
J=Jim B | X [ Quooc+ uiRio
Using the linearity of the expectation operator and replacing output function fo the controller
(3.2),

E[ x{ Qg%+ uiR g ux | =
[ 27O (0% + (L e+ My (Cig e+ 10,vi))T Rigyy (Lig) T+ My (Coxi+ (g vi) | =

X1 Qo xk + (R{L],, ) +x{Clg My + VI MT, ) Rig) (Liy) £+ My Cio, Xk + My o, vi) |
T

X7 Qo) + KL L{, R6) Ly Rk + XL, \RM(y) Co) i + KL LT, R0 M(y) (6, Vit

51 Clog My Rio iy K+ x(Clo \ M, Rig) My Clap) X +5{ Clo \MTRM T (g, vict

Vi (g0 M o Rie0 L) B+ Vid (g My RiogMiy) Cloo ¥k + il (g My RiogMJ 0, vic

Based on the assumptions of the problem statement, it may be inductively verified that for each

k > 0 the random vectors x;,w; and v; are independent among them, therefore:

E %L, R0)M(y)T (6, ve] E [x{Clo M{, Ri6)My T (6, Vi
=E [)eIIL(Tyk)R(Qk)M(Yk)J(Qk)]E [Vk} =0 =E [xlIC(Tek)M(Tyk)R(Gk)M(Yk)J(Gk)}E [Vk} =0
E [vid fo M{ RigoLiy) 5] E [vid by M(, R0 My Clo k]
= E [viJ g M[, Rioy Ly | E ] =0 = E[viJ g\ M[, Rio)M(y)Clon |E[[%] =0
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This allows us to obtain,

E[ [0 g%k T u[R(gyux | =
E [ (x{ Q0% + 5L L{, \R(ay) Ly K+ 5L L{, R0 My o ¥k +X{Clo M, Rig L) Bt

(%) (% (6) (%)
+x7Clo M, Ri0)M(y) Clo k) +id g M, Rioy My (6, i |
(3.15)

and use (3.5) to rewrite,

E[x[ Qg% +u R ux | =

Qo +Cl. MT R \M., \C C' .M" R\L
ZE“xlfkT} ) oMo Cen CoMonSeton | \xe) e m i
LiyReyMmCiay LioReoLlm | [%

=E {XIIQ(Qk)Xk + VII [‘]TR(9k)M(Yk)J]vk

If we take the second term and use properties of the trace operator,his linearity,and

commute it with the expectation operator:

E[V,{J(Tek)M(Tyk)R(gk)M(yk)J(gk)vk} = @Z;' rtr[E[J(i)TM(E)TR(i)M(E)J(i)vkv,I]1{9k:i}1{ =t} |
IS ORAS

= Y wr[J()TMO)TRGM(0)J (i) E[vivilig—n]l{ y=01]
i€0,lel
If we take into account that,
E[vkvgl{ek:,-}] =E[wv[|P(0(r) = i) x P(0(t) =)
using problem assumptions we have, E[vgv[] =V so,

Evivilig—in] = Vm(i)

Resulting in:

E[v,[J(Tek)M(E)TR(i)M(ﬁ)J(ek)vk] = (; Fnk(i) qo; tr[M(O)J()VIG)TME)TR()]  (3.16)

In intern product notation,

ElvJ Tek

(oM ()T R(i)M(€)J g, )] = (RTMJ,MJV) (3.17)
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rewritting the first term
EX[Qug ¥ = Y, [EXQu(i,)xk 1ig-4]]
€0,

= ¥ E[1r[Qu(i,f) (]|,

i€c®

= Y 1r[Qui(i,0) E[xix]1(g,—)]]
€0

using the definition of Second Moment of x; at mode i, we have
= Y tr[Qu(i,0) Zi(i)]
i€e®el’
That is,
E[x[Qu(i,Oxd) = Y tr[Qali,t) Zi(i)] (3.18)
i€®el’

In intern product notation,
E X[ Qei(g,.)%] = (Q, Z) (3.19)

Combining (3.18) and (3.16) to obtain the value performance (3.3) the result states as

follows,

Proposition 2. The performance index (3.3), for the system (3.4) can be expressed as

K

g=jim =¥ | ¥ riQuli.02i(0)

k=0 Lie® el

+ Y mli)ge, tr[M(OIEVI() M(ﬁ)TR(i)}] .

i€®.el

(3.20)

where,

ch(i 6) -
0(i) +CT()M(O)TR(i)M(£)C(i) CT(i)M(E)TR(i)L(E)]
LIOTRGM(0)C(i) L(OTR()L(F)

If a limiting 2~ = lim;_,., Z} exists, then
J =(9, Z)+ (RTMJ,MJV) (3.21)

where Q € Mﬁ,\/, Re /\/lﬁ,v, Je M{,\[X,, MeMZ  andV e M m satisfy

pxms

R=(R(1),....RN)), J = (J(1),....J(N)),
Q= (Qu(1),..,Qa(N)) M= (M(1),...,M(Z))
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3.4 A compact formulation for the cost

Although the cost formulation in (3.20) is quite compact, it is valid under the condition
that the limiting 2, exists, which is not always the case — e.g. when the Markov chain is periodic.
In this section we get around this inconvenience by working with a “time-average” of 2. We

also develop an even more compact notation. Let us write

and U= (U(1),...,UWN)) € Myyxry, Where ry = (n. + p) x (n. +m). Let the operator F :
SZI\/ X /\/l;f — Sﬁv be such that, for V € M,r, we have

F(V,U) = diag ( (£aV) (1).... (LaV) (V).
We also define its adjoint operator G : Sc/l\[ X /\/l';% — S[/l\jfv
G(V,U) = diag (L5V) (1), (L5V) (V).

Note that the controller matrix U is implicit in the closed-loop operators in the above expressions.

Along the lines of the above definitions, we write

2:diag(. Z pjle/z,ijT(J';g),---
JjE€O®Lel (3.22)

Y PjNCIé,ijT(J}ﬁ))
JjEO®LET

and
5 - diag( Y om0 T (0.

ic@./
jeetel (3.23)

Y Pj/\fﬂj(kM&jT(jag))'

jed el

where we write T(j,¢) = Hc(j,¢) S Hei(j,¢)T for convenience. Also,

Q= diag(Qd(D: cee JQCI(N))
Zy = diag(2k(1), ..., Zx(N))

In terms of the operators and notation above, the result of Lemma 1 becomes simply
Ziv1 =F(Z,U) + & (3.24)

In order to handle periodic states of the Markov chain,we define 0 as the least common multiple
of 01,...,0), where §;, i € 0, is the period of the Markov state i (or §; = 1 if i is aperiodic), and
consider

Xi==Z+Zis1 4+ +Zpi5-1),

k) = =(m(k) + m(k+ 1)+ +m(k+ 6 —1)).

| = O =
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Note that
Xt = 5 (P24 U) +F (2, U) 4o+ F(Zi51,0)
+E 1+ s (3.25)
=F(X;,U) + %,
where

ik:diag( Y, piae;T(,0O7;(k),...
j€B el

o X pinanTGO%(K)
JjEBLeD
The “time-average second moment variable” X; has as an intrinsic advantage over X}
that 7;(k) converges (exponentially fast) to a limiting p (recall (2.2)) as k — oo, as opposed to
m;(k) that fails to converge in the case when the Markov chain is periodic. When the initial
distribution of {6} coincides with the Cesaro limit, that is, 1) = p = limy_,., (k) it is simple

to see that X, is governed by a stationary version of (3.25):
Xyl = F(Xk,U) + 2. (3.26)

Hence, for any U that yields convergence of Xy, the limiting X is a fixed point solution of the

above equation,

Xoo = F(Xeo, U) + X. (3.27)

Moreover, when 7y # p, the fact that 7T;(k) converges exponentially fast to p can be used to show
that the limit X, is unaltered. It is worth mentioning that, even if X; converges, both .2} and Z;,
may fail to converge because of the periodicity of the Markov chain, preventing us from using

the result given in Proposition 2.

Having established a suitable framework for the general Markov chain scenario, we

rewrite the cost,

k
. 1
=R+ lim E{ —5*1tr(Q(Z,C+1+~~+Z,C+5_1)) (3.28)

where

R="Y qupi e[M(O)J(i)VIG)TM(O)TR(D)]
i€®.elr

For any U for which there is a corresponding limiting X, it is simple to show that the terms
Zi+j, 0 < j <8 —1 are bounded in the sense that exists some Z such that Z; < Z for large
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enough j (otherwise the average X; would not converge); this yields

N | _
j:R—l—}éﬂoﬁ{ — 8 (Q(Zics1 + +Zicys 1))+

K 1 _ _
+k§)[tr(QXk)] } < Ié+/éi31d€{ ~ 5 'wr(QZ+--+2))+ (3.29)
+§‘6 [tl’(QXk)} } =R+ lim % {;ﬁb [tr(QXk)} }

A similar evaluation follows by using the lower bound Z; > 0, leading to,

J > R+1limg_se % {Z/’S:o {tr(QXk)} }; this and (3.29) provide

X 1 &
= lim —
7 Rmm{i

k=0

tr(QXk)] } . (3.30)

Consider an arbitrary time instant 1 > 0. Rearranging terms and taking into account that
the matrix F, (X, U) converges (exponentially fast) to F(X,U) we write:

Jﬂﬂéig;%{ [tr(QXO+---+QXl+
+Q(F(X;,U) +X) +--- + Q(FF (X, U)+

LRz u) +---+F(2,U)+2))} +0(l)}
(3.31)

C—oo

— B+ lim %{tr[(QXO+~--+QXl+
+(G(Q, U)X, +QX) +---+G*(Q, U)X, +

+(GM1(Q,U) +--- +F(Q,U) +Q)2)] +0(1)}.

We have used a compact notation for composition of operators, e.g. F2(-, U) denotes F(F(-,U),U).
Inspired on the operator G the self adjoint of F, we define the “co-state” P; with the same dimen-

sions as X satisfying,
Pii1=G(P,U)+Q. (3.32)
with initial condition Py = 0. Note that e.g. P; = Q and P, = G(Q,U) + Q with P, € S},

Substituting this in (3.30) and rearranging terms,

« 1
J :R—i_;éiinwf{trl(Q(Xo""'”‘"Xl)
(3.33)
+(PIC _Q>Xl ‘|‘(Pl +P2+"'+P;cl)2] +0(l)}.

Taking 1 as the dividend of /2 in the above, and taking limits,

J =R+tr((1/2)QXe + (1/2)PoE). (3.34)
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Different formulas can be obtained by rearranging the terms in (3.33), e.g. if 1 is fixed then
J(U) = R+tr(P..X). With 1 = k — 1 we have 7 (U) = R+ tr(QX..). We collect the main results

of this section in the following theorem,

Theorem 3. Consider a controller U for which X, = lim;_,.. X; and P. = lim;_,., Py exist.
Then: (i) Both P., and X, are irrespective of the initial conditions 7, xo and (ii) The long run

average cost J defined in (3.20) can be written as
J =R+1tr((1/2)QXe + (1/2)P.X)
= R+ tr(P..X)
= R+ tr(QX..).
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CHAPTER

AN ALGORITHM FOR THE LARC

Considering the results of Theorem 3, we study the optimization problem that consists of

miny x_ p.. J subject to the constraint (3.27) and its dual counterpart
P.. = G(P..,U) +Q. “4.1)

This is a highly nonlinear problem in the sense that, if we expand any of the formulas given in the
theorem, exposing the hidden controller matrices, we will find terms involving multiplication of
up to four of the variables of the optimization problem. Moreover, the relative high dimension and
the fact that both X., and P. are frequently ill-conditioned matrices in real world applications,
makes it difficult to obtain a high precision numerical solution by means of standard methods.
In some cases it is reported that X.. and P.. leave the cone of positive semi-definite matrices
(DOLGOV, 2017). Another complication is that X.. and P, are restricted to the cone of positive

semi-definite matrices Sﬁm—) (which is considered throughout the paper).

Fortunately, if we fix X. and P, then the objective function (OF) comprises multiplica-
tions of no more than two of the variables of the optimization problem. Inspired by optimization
methods that sequentially use an optimization operator and an feasibility operator, for problems
where both operators are computationally inexpensive (Shaikh; Caines, 2007), and taking into
account what we described before, it is natural to consider a method that minimize the OF in the
variable U and then projects X. and P., onto the solution of (3.27) / (4.1). In the next sections

we construct these operator, separately.

4.1 Two stage Optimization - Feassibility method

4.2 Optimization operator

Here we focus on the problem miny J for given, fixed X, P... Although the equations

given in Theorem 3 are useful for computing the long run average cost, (specially when one
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computes Xo, and P via (3.27), (4.1)) In fact, by using the Kronecker product, one can transform
(3.27) in a conventional linear system in the form .o/ x = b, and similarly for P., leading to a
relatively inexpensive way to compute the cost for a given U. However, we shall modify the OF
to obtain some useful properties that will be used later. First we use the equivalences in Theorem
3 to obtain tr(PoX — QX.) = 0, then we subtract this term from the first equality given in the
theorem, yielding

J =R+1tr((3/2)QXe — (1/2)PX). 4.2)

One can check via the definition of Q and X that the terms of the above OF contain the blocks M
and K of U, only; in a descent-like method we seek for, which updates U based on the gradient
of the OF, this would cause entire blocks of U to be fixed along iterations. To avoid this, we
substitute (3.27) into (4.41) to get

J(U) = R+1r((3/2)QXe0 + (1/2)Pes (F(Xeo, U) — Xoo).
The optimization problem can now be written as
min R+1tr((3/2)QXe0 + (1/2)Pes(F(Xeo, U) — Xoo)

st Xeo=F(Xe,U)+ X, (4.3)
P.. = G(P,U) +Q.

By expanding the OF (4.3) and introducing a convenient notation that makes the dependence on
U explicit, one can write (4.4)
: lo et e

0 XNe I Onv 0n~><m
2J(U) = 2tr(P(i) P o o | U .
iga { Opxn. 0p Omxn,  J(O)VIT(i) R(i) 0,
Onxnc B(i) U On(,xn In(, >% (l)( A(l) On><nc +
C(i)  Omxn, ”

Inc Oncxp Oncxn On(
+3 tr( [Q(l) 0”><”1,"| + [O”X'lc' CT(l) UT [OO”L' On[,><[)

Ai)  Onxn,
Onp xn Onc

On Xne B(l)
Inc Onc xXp

+

neXn Onzr Inc Onc xXm pxne R(l)

“4.4)

where 2 (i) is the i—th block-diagonal element of X.,, and similarly for the i—th block-diagonal
P (i) of Poo; and £(i) = Y jce PijPw(J) is introduced to ease notation. Note in (33) that all
blocks of U are relevant. It is also interesting that no more than two variables U appear in each
sum, so that the cost is “quadratic” in U. In order to avoid possible saddle points, we need a
lower bound for the objective function, which follows from the fact that

T (U) +tr((1/2)PeXee) = R+ tr((3/2)QXeo + (1/2)PoF (X0, U)).
is a non-negative number, leading to J (U) > —(1/2)tr(PeXe) and
T (U) = = (1/2)n|[Pe | [ Xe0) I, (4.34)

explaining why we have adopted (4.2). We are now in position to state the main result of this

section.

U Onc>.<n Inc )T:|+
C@i)  Omxn,

o o ])0-s(r-0m0)]

+
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Lemma 4. 7(U) defined in (4.4) has at least one finite norm global minimum.

Proof. Consider a matrix norm for U, denoted by ||U||, the set B, = {U : ||U|| = r}, and define
the function i : By — R by
hy(U) = mO%nj(aU).

Using (4.4) we can write 7 (aU) = J(0) +a;(U)a + az(U)a? where a1 (U),a,(U) are scalar-
valued functions, continuous in U, and we know that either a»(U) > 0 or ax(U) = a;(U) =0 in
view of (4.34), so its minimizer is & = —a;(U)/az(U) when a > 0 or any o when ap = 0. This
implies that Ay is well defined for each U. One can check that there exists k¥ > 0, uniform in B
such that |a; (U)| < k|az(U)| (otherwise, the smaller is |a,| when compared with |a; |, the smaller
is the minimum of 7 (aU), eventually violating the lower bound expressed in (4.34). This implies
that the minimizer (obtaining by differentiating the above polynome) o = —a;(U)/(2a(U)) is
such that |ot| < x/2, which allows to write

inf 7(U) = inf hy(U)= inf min J(QU
infJ(U) = dof hu(U) = inf min J(aU)

= inf min J(aU)= inf J(U).
UeB, s |a]<1/2 UeBy/»

Finally, note from Theorem 1 that 7 is continuous in U; then it follows from Weirstrass theorem

that the inf on the right hand side of the above equation is realized by some minimizer U € B ;.
Lemma 4 allows us to define the optimality operator O : M,,;, — M, of the method as:

O(U) = argmin J(U). (4.35)
U

Since the minimizer of 7 (U) always exists, one can compute it by taking the partial derivatives
of J w.r.t. U and set it to zero (dy J (U) = 0). The result is as follows.

Theorem 5. The minimizer of 7 (U) is the solution of the matrix equation
On, 0p, 0,. 0. 5m

5 {20 | oty O Do

i€® Opsne R() | [Omxn, J@OVIT(P)

0n~><n In~ . A ] 0n><n . 0”><n~ CT ]
— Z{ c c g(l) (l) C l%'m(l) (4 (l)
i€c® BT (l) OPX’lc O”c xXn O”c Inc Oncxm

+n()U VM(i)} =

|

On‘ n In~ On ne B(i
e X % 5,(P°°) Xne (l)
BT(Z) OP><"c

(4.36)

where,

(i) =3

Onc Onc Xp
Op Xne R(l)

Onp>.<n I, r%/'oo(i) Onxn( CT(i)
C(l) Omxnc In(; 0np><m

Proof. 1f we consider, the partitioned control matrix U, and we explicit the control term in every

I ne Onz: xXp

Y (i) =

matrix component of the cost, we have
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Al On n On n B(i On n In
Aaliy o) = | AW Owanc| | Onne - (D) e e (4.37)
Onc XN Onc Inc Onc xp C(l) O x ne
H(i) O 0 B(i 0 0
Hcl(i,g) _ (l) nxr n nxne (l) U e x1 ncf<r (438)
ne X1 Oncxr Inc 0nc><p Om><l J(l)
) 0 0 CT(i 0 0 0 I
ch(i,g) _ Q(l) nxne n nxne (l) uT ne nc>'<p nC>.<n Ne XN (4.39)
Onexn One Lic Opexm Op><nc R(l) C(l) Omxn,
R(i) :tr( Opxne p | O Onon Jyp | Onexp Onexp ) (4.40)
Opxn. Opxp Omxn, J(H)VIT(i) R(i) 0p
Recalling the cost functional,
T =tr(R) +17((3/2)QXe0 + (1/2)Ps (F(Xoo, U) — X.) (4.41)

In that sense we can rewrite the cost,

)+

Opxn,  R(0)

‘7:2 tr(p(i) Opxne 1y U One F)”CX’". uT O"cX.P Onexp
e Opxne Opxp|  [Omxn, J(@)VIT(D) R(i) 0,

+(3/2) Z tr( [Q(i) OanC] 2o(i)+ [O,,ch CT(i)

i€c® neXn Onc Inc Onc Xm
0y, I
. C>‘<n neXne %oo(l))“f—
C(i) Omxn,
'A . O ; O " B . O " I
+(1/2) Y tr[&(PQ( O Owanc | 1Owen B) e e )%oo(i).
€0 _O”CX" O"c Inc Onc><P C(l) Oanc
< AT O], [Omene CT@] yr [Onn I >] .
0n><nc Onc L Inc Onc><m BT(Z) 0p><nc
-(1/2))Y tr(Pw(i)%w(i)>
ic®

(4.42)

For the extended cost form, 7, we have that for an optimal U,

du J(U)=0 (4.43)
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+

0— Z (p(z) Onc Oncxp U Onc Onc><m
ic® Opxn, R(D)+RT(E) | |Omxn, J(@OVIT(P)

InC OnC Xm

Onc Onc><p
C(i) Opmxn,

+(3/2) [

0. I,
+ Ne XN ne Si(Poo)

O _ {2 p(l) Onc IOnCXp ‘ U Onc pncxm ‘
i€® ()pX}’lc R<l) +RT(Z) Omxnc J(l)VJT (l)

+ (3 Onc 'Oncxp ‘ Oncx.n InC gi(Poo) Onxnc B(i) )

Opxn.  R(i) +RT(i) BT(i) Opxn, I Onexp
Onc>'<n Iy, %oo(i) Onxnc CT(i)
C(i) Omxn,

Oi’lc><n Inc ISI(POO) [A(l) OanC] %m(l) [OVlXﬂc CT(l)

BT(Z) Opxnc Onc><n Onc Inc Onc'Xm

(4.44)

1, ne Onc xXm

We take R(i) as a symmetric positive definite matrix, in order to compare it with (DRA-
GAN; COSTA, 2016a) MJLS dynamic output feedback Riccatti approach.

O:Z{zp(i) ‘ “rlu ‘ : CXT Shi
i€c® Opsn, R(i) O, J(@H)VIT(i)

0y, 0, 0n, xn I, Onxn B(i
+ (3 S R &P [T 0 )
Opxn.  R(0) BT(i) Opxn, L, On.xp
On n In . On n CT ]
U c>.< ¢ %'w(l) Xne (l)
C(i) Omxn,

+[0W I, ]5,-(&)[/“") O] 200 [o CT(i)

Inc Onc Xm

BT (l) Opx ne Onc Xn OHC Inc Onc xXm
We rename,
0 0 0 I 0 B(i
w(i =3 [ e Qo (O b g gy (Omn B
Ole’lC R(l) BT<Z) OpXI’lC Inc O”CXP
0 I 0 CT(i
wi) = | e | gy e €70 (446)
C(i)  Omwn, by Opsm




38 Chapter 4. An algorithm for the LARC

Leading to the following matrix equation,
Z { 2 p (l) Onc Onc >'<P U Onc an- Xm .
i€® Op><nc R(l) OanC J(Z)VJT(Z)

O}’l-><l’l Il’l A ] OI’!X}’[- . Onxn. CT ]
= { e e | 20 O gy | O 7O
€0 BT(Z) OPch Oncxn Onc Inc Onc><m

nU m(i)} _

|

4.47)

4.2.1 Matricial Equation for U

The equation presented in Theorem 5 can be transformed into a linear system in the
form @7 - x = b, with &/ € Sév by using stack-column operators and the Kronecker product
properties. In this system, the solution matrix is of dimension ry. Another alternative is to write
it as a general Sylvester equation and use a gradient-iterative or a least-square iterative method
e.g (DING; CHEN, 2005a; DING; CHEN, 2005b).

We can expand the matrix equation obtained in (4.47), by using the partitioned form of
U, 2 (i) and P (i),

Recalling, that we defined for a partitionated Pw (i) and 2 (i),

N 21(0)  Z(i) nd Po(i) — Pi(i) P
7= [(%@'))T %m]adﬂ"“ [(Plz(i))T sz] @49

We define the operator,

E(P)= Y pisPull) (4.49)
Jj€®
and his partitioned version,
Ei(Pw) = 4.50
(P) [(512(i))T 52@] (%0

In that order we start with y;, (4.45)
) & (i) SITZ(i)B(i)
= 4.51)
r() [BT(i)&z(i) 140, (

where,

71 (i) = 3R(i) + BT (i)&B(i) (4.52)

and s (4.46) form,

Z2(i)  25()CT()

. . (4.53)
C(i) Z12(i) ¥

(i) =
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where

Ym = C(0) 21()CT (i) (4.54)

With the partitioned U, (4.51) and (4.53) replacing in (4.47)
y {2 o(i) (O Osm | & ELWOBM| ;| 220) 26T
o Opsn ROMI@VIT() | [BT(0)E12(i) (i) C(i) Z12(0) Yn

=—Z{ ELDAW Zia()  ELDAWDZi()CT(0)
S U |BTOET AW Zia() BTHEDAG) 21 ()CT ()

L
|

i€®

y {[ ELOAN212()  ELHAG) 21 (G)CT(i)
BT()EN(DAG) 212(i)  BT(0)E (A 23 ()CT (i)

On On><m
} B Z@{ [o 2 p(i)R(i)MJ(i)VJT(i)] !

E(N)F 25(i) + EL(D)B)L 25 (i) + E2()KC (i) Z12(i) + EL (D) B())MC (i) Z12(i)
_|_

BT (i) () F 25(i) + 11 (i) L2 (i) + BT (i) €12 (1) KC(i) 212 (i) + % () MC (i) 212 (i)

Ex(D)F Z35()CT (i) +EL()BHL 2L ()CT (i) + E2()K (i) + E () B() M i (i)

BT (i) () F 2 5()CT (i) + 11 () L2 5 ()CT (i) + BT (i) E12 () K Yo (8) + 71 () M i (i)
Leading to the following coupled set of matrix equations,
,é) {&(i)E%(z‘) +E()KC(i) 12 (i) + ET, (i) B() L2 (i)+
+ELOBOMC() Z1a(0) +€L<i>A<z’>%2a>} _o,
L {EZ(OE%(")CT(") + E2(i)K i) + EL (DBHLZ L ()CT (i) +

+EL(DB(O)Mym(i) + EL, (DA 24 (l')CT(l‘)} =0,
(4.55)

Y {BT(i)glz(i)E%(i) + BT (i)E12(1)KC (i) Z12(i) + 1 (i) L2 (i) +
ic®

o ()MC() Ziai) + BT (1)) (z‘)A(i)%(i)} 0y

T {50800 E 23070+ 5 (Km0 + HOLZH0CT 0+

+1 (MY (i) +2 p(OREOMI ) VIT(i) + BT (i) E1()A>) 21 (i)CT(i)} = Opxm



40 Chapter 4. An algorithm for the LARC

Using vec operator and kronecker product properties we can factorize F,K,L, M,

Trr Trx Trr Trum| [vec(F) T'rc
F}K F[([( F](L FKM vec(K) FKC
+ = 04y, (4.56)
F};L F;(L FLL FLM vec(L) FLC
Try Tk Uiy Tmm] [vee(M)]  |[Twc|
where,
Trr = Y (23() @ & () Trk = ), (2H0)CT (1) @ &(0))
i€c® i€c®
T = 3 (#20) 2 £5)5() Crr = X (23500760 @ £L0)8(0)
[re = vec( Z(:) (5{2(1')14(1') 3{12(1')) )
Igx = X(:a (Y (D) @ E2(i)) g = 'Z(:o (C() Za(i) @ EL(1)B(D))
Tku = Z@ (Tn(D) @ EL()B(i))
Tkc = vec( Z(‘,a (ELOAG)21()CT (D)) )
T =Y (Z:() @) Tiv =Y (250)CT () @ (i)
i€® i€c®
[ = vec( % (BT(i)&1()A() Z12(i)) )

Taie =), (Yn(D) @ 1(0) +2 p()J (()VIT (i) @ R(D))
ic®

I'viec = vec( Z@ (BT(i)&1()A() 21 (i)CT (i) )

And the solution can be obtained solving the linear system (4.56),

Xsys = (I)7(=C) (4.57)

4.3 Feasibility operator and the basics of the algorithm

Aiming at a numerically inexpensive feasibility operator, and taking into account that

the fixed point equations (3.27), (4.1) may be written as conventional linear systems in the form
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r - x = b by using stack-column operators and the Kronecker product properties, we start
defining F : {(x,p) € Sf\/N(H X Si\/\//(ﬂ}

F(Xeo, Poo) = feasb{(Xeo, Ps) : (3.27) and (4.1) hold true}. (4.58)

00y 00

An inconvenience is that we can not show existence of solution to the above feasibility problem.
This motivated us to “relax” the use of F, as described next. We need some additional notation:
we write the OF in (4.35) as J (U, X, Pw) to emphasize the dependence on its arguments. Also,
we denote U™, X1, P2 the solution at the n-th iteration of the algorithm. Given U, X1, PZ one

computes

Ut = o(x1,P1),

providing UT*! X2 PI. If the following conditions hold:
(@) (XD, PO = T(UM) exists,

and

(i) F (UL X1 pntlhy < 7 (Ut X1 P) (4.59)

then set 1 =N + 1 and go back to the optimization step. If any of (i)/(ii) fails, or both fail,

compute

Xaux = F(XZ’O,UTIJ’_I) +Z’

(4.60)
Paux = G(P1, UM Q.

Now, if 7 (UM, Xoux, Paux) < J (UM, XL, PL) then set 1 =1 + 1 and go back to the optimiza-
tion step.; otherwise, find the largest p,0 < p < 1 such that

(X2, P == p (X, P1) + (1= p) (Xaux, Paux)
satisfies (4.59). Such a p always exists because, in view of Lemma 4, j(U”“,Xgo,Pgo) <

J(un x1 pl).

4.4 The algorithm

The algorithm explained in Section 4.3 is formalized in the sequel.
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Algorithm 1 — Two Stage O-F

Result: U
Initialize: U°, X% P maxIter
n+o0
while n < maxlter do
U™t — O(x2,Pl)
if 7(U"*!) then
(XTT Py T (um)
JN <« J(un, X3 pl)
JNH o guntt xatt plth
if 711 > 77 then
| (x2t Pt R(XT, P, UL U, gM)
end
else
|(xat Pt R(xZ, P, U U, M)
end
n+1<n

end

procedure R(XI, P1 UMt UM FM)
(X, Pa) = T (XL, P, UM+
jn_H < j(U’H‘l ;Xaux,Paux)
while 77! > 77 do
(X3 PE) « p(X2,P2) + (1 — p) (Xaux Paux)
p < p+0.01
end

Theorem 6. Algorithm 1 converges.

Proof. The proof is immediate from the facts that Lemma 4 ensures 7 (UT*! X1 Pll) <
J (UM, X2 PL) and that X2t , pat! satisfy the condition in (4.59).

For indirect variational methods initialization plays a huge role, in the sense that it can influence

the quality of convergence and its domain, for our method (Algorithm 1) we initialize first, that

is, we initialize with a starting feasibility set: (X%, P2) that by definition is bounded from below

(by its positive definiteness); with this set we encounter a minimizer U° for O(X%,P2). In our

experience fast convergence is achieved for small random initialization values of X2, PY. Two

main conclusions can be drawn for the analysis of the initialization of Algorithm 1, the first one

is for the convergence of a static controller

Corollary 1. For 7(X%,P%) := {(al.n, BL)|, B € R} Algorithm ?? converges and O(U")
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is a static controller defined by the solution of the matrix equation:

¥ {2 pORGMIOVIT(0)+ 1) M 1) | =
<0 (4.61)

_y {BT@&<i)A<i>%<i>CT<i>}
icO
where,
1(0) = 3R() + BT()E (1))
Y = CO) 23 ()CT ()

Proof. The proof is straightforward, we calculate with the feasibility set {X%,P% 1} := (o diag (1)), B diag(IV)

0 0
the optimization operator for the initial minimizer O(U") whom is of the form U! = 0 M and
0
leads to a new feasibility set that is of the form {XL,PL} := {diag( {‘%0(1) 8] et {ﬁ‘ﬁéf\’) 8] ),
diag( {Pl (()1) 8} ooy {PI (()N) 8] ) } deriving in to a new minimizer O(U!) for the matrix equation

(4.61).

Remark 2. When the feasibility set, is set with (Xg,, Pg,) with quadratic dimension n + n. with
0 < n, < n, we will obtain a "reduced-order" controller in the sense that the £ will have a
reduction in dimension with respect to the system state x, this fact comes from (3.5) and (3.6).
We can say that Algorithm ??, can converge also to a detector based controller in the sense that a

sequence of controllers can be obtained following a cluster of modes.
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CHAPTER

NUMERICAL SIMULATION

We applied the proposed control strategy for 10° instances of the system (3.1) and for our
cost function, which were randomly created. We obtained the parameters for the controller (3.2)
using the proposed Algorithm O — F, and also using a genetic algorithm (GA). The implemented
GA follows the classical concepts proposed by Holland (HOLLAND, 1975), having the steps of
fitness, selection, crossover, mutation and replacement. We denote by Jo 7 the OF obtained with
Algorithm O — F, and Jag the OF via the AG.

Table 1 shows the proportion of instances / methods yielding 7 < 10'°, and Figure 4
gives a comparison of the costs using both algorithms, when the cost is smaller than 7 < 1019,
As we can see, the proposed Algorithm O — F clearly outperforms the GA: the percentage of
instances with costs below 10! is much higher (55.47% + 28.53% = 84% via O — F versus
8.61% +28.53% = 37.14% via AG) and Figure 4 contains more points above and far from the
line Jor = JaG-

Regarding the instance generator, the dimension of the state variable, output, noise
processes and Markov state have uniform distribution with2 <n, <5,2<n, <5,1<n;, <5,
1<n;j<5,1<n.<5and2<N <4.

Some features of the modes are also random, e.g. (A1, B;) has 80% of chance of being

controllable.

For each instance we run the Riccati-based algorithm in (DRAGAN; COSTA, 2016b)
(that is, in the scenario of perfect observation of 0) and we discard the instance when the cost
is higher than 10'%, for it is likely not to be stabilizable in the scenario we are dealing with.
Around 50% of instances were discarded, indicating that the generator creates hard problems.
For the remaining 103 instances, 80% are not stable - that is, when all matrices B; = 0, there is
no solution for (22) with ¥ = I, again indicating that a significant share of the instances are hard
to handle. This also means that 20% of the instances are easy (stable), which makes the 37.14%

success rate of the AG less significant when compared with the 84% of our algorithm.
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Figure 4 — Costs obtained with the GA and O — F algorithm.
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Figure 5 — Costs obtained with the GA and O — F algorithm along execution time for instance number 1.

Table 1 — Percentages of instances / methods with costs smaller than 100 (“success rate” of the methods).

| %

TIac < 1010, 7o > 100 | 8.61%
TIac > 1010, 7o r < 1010 | 55.47%
TIac < 1010, 7o r < 1010 | 28.53%
TIac > 1010, 7o > 1010 | 7.39%
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CHAPTER

CONCLUSIONS AND DISCUSSION

This thesis has studied discrete-time linear systems and stationary dynamic output-
feedback controllers, featuring selectable dimension n,, additive noise, jump parameters governed
by a Markov chain that is not necessarily ergodic (periodic and transient states allowed), and
detector-based observation of 0". A compact formulation for the optimization problem was
obtained, relying on an operator-based approach, which is the starting point for us to develop
the two stage O — F (optimality - feasibility) algorithm. Numerical experiments with randomly
created plants and weighting matrices indicate that our method finds solutions with “feasible cost”
(J < 10'9) in 84% of the 10 random instances, versus only 37.14% by the genetic algorithm.
Future research may further explore the complexity of the OF, similarly to what was done in
Section IV, and include weights in the OF to modulate the relative importance of the terms in the

partial derivatives of the optimization step.
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APPENDIX

APPENDIX

A.1 Matrix Derivatives

If f: M™¢ — R s a differentiable function on the domain M™*¢, we denote the partial
derivative d f(X)/dX as dx f(X), whenever X,A,B,C € M"™*¢.

ox tr(AXB) =ATBT oy tr(AX"B) = BA

(A.1)
dx tr(AXCXTB) = ATCTXBT + CAXB

A.1.1 Derivatives

Given the cost functional

J=) tr(p(i) [O"X"” I”] u [OO”C Onexm

i® pxnc Op mxne J(DVIT(P)

Ut Oncxp Oncxp
R@) 0y

)+

i) 0 0 CT(i 0 0
+(3/2)Z ll"( Q(l) nXxne %oo(l)‘f’ nXxne (l) UT ne nc>.<P U
€0 neXn Onc ne O”cxm OPX”c R(l>
) Oncxn Incxnc %oo(l))—’_
C(l> Omxnc
[A(i) © 0 B(i 0 I
+(1/2) Y tr [&(Pw)( O Owanc |\ \Onxne BU) T, e e )%W(i)-
€0 _O”c xXn Onc Inc Onc Xp C(l) Om XNe
( AT(i) Oncxn + 0n><nC CT(i) T Oncxn Inc )}_’_
Onxnc Onc i InC Oncxm BT(1> Opxnc

—122 r| Po(i) Zo(i
(/)ie(al( (i) ())
(A.2)
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Derivation with respect to U4 matrix, to ease the derivation we will denote every term as

follows,

JU)=TU)+DHU)+ TU), (A3)
with,
Z tr(

p><nL Onc Onc><m UuT O"cXP Onc><p )
c® p><nc m><nc J(i)VJT(i) R(l> OP

=(3/2) Z ([ nan] 2.0) + lonxnc CT(i) Uyt [00,% One xp y

€O ne On(‘xm pXne R(l)

nL><n
m><nc

A(l) 0n><nc 0n><nc B(i)
-73( )_ (1/2> i§9 {&(Pw)( [Oncxn Onc ] " [ InC Oncxp

70 0] e Tt i )
l pxne

0n><nc Onc
For dy;(J(U)) we obtain the derivative for each term:
0 0 0 RT(i Op, 0
aLI(Jl (u)) — Z (p(z) NeXp e Xp pXne (l) U ne 'nc><m . +
€0 I[J Op 0p><nc Op Om><nc J(l)VJT(l)
+ Onc><p Onc><p Opxnc Ip u Onc Onc><m >
R@)  Op | |Opxne Op|  [Omxn. J(OVIT()

wun @)= ¥ (0 [00"“ o ”[o: J(g’%(ﬂb

OnC Xn I,

C@ OmX] ) Zoo(i) -

Inc Oncxm

pxn. R(i) +RT(0)

Ousn, CT@) |, | On O Onxn In,
aininr-omg afo( [ Ol Selufis ] o))
i€® | e Onexem Opxn.  R(i) C@@)  Omxn,
[ On Onexp|, [Onn I Ouscn, CT(i
=3/2)Y) @{n( R V78 R L) | (0 w)}
i€® Opxn R(’)_ C(i)  Omxn, L. Onoxm

-32)Y ( One Onoxp 1 Onoen Ine | gy 1 Onne CTAN
€O 0p><l1c R(l> C(’) Omxnc Inc Onc><m
Onc Ol’lc X'P Onc ><n Inc C%;o (l) 0n><nc CT (l) )
OPch RT(Z) C(l) 0m><nc Inc Oncxm

wu(hU)=03/2) Y ( [Oonc Oncxr

ico \ [Opxn. R() +RT(i)

On n In . On n T(i
U c>.< ¢ %'w(l) Xne C (l)
C(i) Omxn,




A.1. Matrix Derivatives 55

Oncxn In

C(i) om:nj ) '
v o )

=(1/2) Z au{ tr(&(Pw) [A(i) O Zo(i)

- | A(D)  Ousne|  |Onxn.  B()
8u(13(u))—(1/2)i§)Bu{fr{c‘?z(Pw)([Oncxn OnC]—F[InC o,w,u

AT(i) Op.xn
0n><nc Onc

Onxn, CT(i) |,

-%M(i)( +

1, ne Onc xXm

€0 Oncxn Onc |
[A(G)  Opxn. | 0 CT(i 0 I
+tr<5i(Poo) O Onanc | g iy |Orene CTO Ny | Oneen I )+
_Oncxn OnC InC Oncxm BT(l) Opxnc
0 B@H ] fo L | (AT(i) 0
+tr<€,-(Poo) wane BU) |y NOnoxn a0 1 AT() O )+
Inc Oncxp_ i C(l) Omxnc_ _Onxnc Onc
e G T 17 R E U i P O B
| Iy, OncXp_ _C(l) Omxnc_ i L, Opoxm BT(i) 0pxn,

0 I All 0 0 CT(i
_ (1/2) Z ( nc><'n ne gi(Poo) (l> nxne :%m(i) nxne (l) i
i€® BT(’) OPXﬂc Onc><n Onc Inc Oncxm
g {Orem D gy | AW O] g gy O €T
_BT(Z) Opxnc_ _On(‘xn Onc i Inc Onc><m

Onc><n [nc 8(P) Onxnc B(i) U Oncxn Inc z (l) 0n><nc CT(i>
1 o =)

_BT(Z) OPch_ L Inc OncXP_ L C(l) OanC_ L Inc OncXm_

0 I, | 0 BG) |, [o I, | 0, CT(D) ]
i nc><.n ne 8i(Poo) nxne (l) U nc>'<n ne %oo(i) nxne (l) )

_BT(Z) Opxnc_ L In, OncXp_ _C(l) Omxnc_ I Iy, Oncxm_

ou(S3U)) =(1/2) Z (2 [Oﬂcxn fn ]&(Pw) [A(i) O”X”C] 2 (i) [O”X"c CT(i)

i€® BT (l) OP Xne Onc Xn Onc Inc Onc xXm

On n In On n B ] Ol’l n If'l . On n CT ]
2 c><' ¢ gl(Poo) Xne (l) u c>'< c gby'oo(l) Xne (l)
BT<Z> Op><nc Inc Oncxp C(l) Omxn(’.

)

Inc Onc Xm
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Therefore,

On Oncxm
Opscn,  J(D)VIT (D)

Ne XN In . nxmn, T(i
U Oc>< c ]%oo(l)loxc C(l> +

C(i)  Omxn,
+(1/2) (2 [0 Ine ]5,-(&,) A) Onxnc] 2200 [0 i),
2 O”CX” Inc ]gi(Poo) lonxnc B(i) U

Onc Xn OnC
Inc Onc Xp

On O}’lX On On xXm
) =X {plo rexr Onexn |y
) Opsn. R +RT(D)| " |Omen, JOVIT(0)
0, 0, Onc n Inp ~ | On ne CT(i
+(3/2) Orexo g | e g gy | O CTON
OP><nc R(l) + RT(Z> C<l> Om><nc I, 0nc><m
Ouxn Iy [A(D) Ousn| e 1o [Onsne €T
+ c><' c El(Poo) ( ) XNe %00(1) XN ( )
_BT<Z) Opxnc_ _On(-X}’l Onc ] In Oncxm
Ouxn Iy Ouxn. BG) |, [Onsn NOusn, CTG
+ c><' c 51(Poo) Xne () c>.< a%'oo(l) Xne () }
_BT(Z) 0p><nc_ I, Onc><p_ C(l) Omxnc I On(.xm

A.1.2 Observations on FKLM and U

; 0n  Ouxp 0y Onxm
ié){zp()[opm R(i) ulomxn J(i)VJT(i)]
[ &) EL()BG) 2()  250CT(0) }:
BT()EnG) 1) C(i) Z12(i) Yin

:_Z{[€MWWMb® ELDAW) 23 ()CT()
BTHEN(DAG) 212()  BT()E(DA() 23 (1)CT ()

U

ic®
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Applying vec operator and kronecker properties,

a0

®[On Onsp]
= o JOVIT@) | [Opn R()
23()  2H6)CT() &(i) 6I2<z'>B<z‘>]}vec(u):
CHZul) BT()EG)  mli

~—vee( 1 ELOAD20)  ELDADZI(OCT)
S| BTGET()AG) 21a()) BT()E (DA®) 21 ()CT (i)

A.1.3 Coupled matrix linear equations for one mode

y {&@z%@ + E()KC() Ziali) + EL(DBULZ3 (i) +
i€c®

+ELDBOMC() Zi2() + E(AD 2120 p =0,
r {&(imqg(i)@(i)+ez<i>mm<i>+s;2<i>3<i>;%1;<i>cw>+

+EL(D)B()M (i) + EL (DA(i) 21 (i)cT(,-)} — Oy
(A.5)

y {BT<i>slz<i>w<i> L BT(0)En()KC() Zn(i) + H(ILZA()+
€O

—i—}/z(i)MC(i)«%z(i)+BT(i)51(i)A(i)=%z(i)} 0y
X(:a{BT(i)&z(i)E%Tz(i)CT(i)+BT(i)€1z(i)K7m(i)+%(i)L<%”1Tz(i)CT(i)+

+n<i>z\_4ym<z‘>+2p<i>R<i>A_u<i>wT<z‘>+BT<i)sl<i>A<i>%1<i>CT<i>} = Opem

Solving the system for one mode, i € ® : {1}, can be approached in O (n?) using Gaussian-
elimination analytically,

E(DE25(i) + E()KC(i) Z12(i) + EL(D)B(I) L2 (i) + EL ()B(i))MC(i) 212 (i) = —EL (DA>) Z12(i)
E(0)KYom + 04 (E1,()B(i)) MYom = —E], (DA (D) Bom
YoLL 25 (i) + Yor M (C(i) 212(i)) = —BorA(i) Z12(i)

YOLMYOM +2 p(i)R(i M‘l(i)VJT(i) = _BoLA(i)ﬁoM
(A.6)



58 APPENDIX A. Appendix

with,

Yom = (W) — C(0) 212(0) 251 (i) 275, ()CT (D))
Yor = (%(i) — BT ()€12(i ) ( )51Tz(l)B( )
Borm = ( 21() — 212(0) 25 250))CT (i)
Bor = BT (i) (£1() — B ()512() , H(DEL(D)

=

Replacing (4.54) and (4.52),
You = C(i) (21(0) — Z12(D) 25 () 25(0)) CT(0) (A7)
Yo = 3R (i) + BT (i) (&1 — E12()E; (1) €L, (1)) B(i) (A.8)
Therefore we have,
Ex(I)E 23(1) + Ex()KC(i) Zi(i) + EL(DBULL(0) + EL()BOMC () 212(i) = ~EL(DAG) Z1a(i)
E(KC(i) + (EL(DB()MC(i) = —E (1A (i)
(3R(i) — BT (i) Yoe B(i)) (L2 (i) +M(C(i) Z12(i))) = —BT (i) YogA(i) Z12(i)
(i)

(3R( i) —BT(i )YOSB(Z))M (i) = —BT(i)YeAl(i
(A9)

with
Yor = (£1(0) — En(D)E; ' ()E] (i) (A.10)
Operating,
Ex()F 253(i) + E(D)KC() Zia (i) + EL,(BUOILZ3 (1) + EL(DBEMC() Zia(i) = ~EL(DA) 21 (i)
E2()KC(i) + (EL,(1)B(i) ) MC(i) = —E,(1)A(i)
(3R(i) = BT (i) Yoe B(i)) L2 (i) — BT (i )?’osA( ) Z12(i) = —BT( ) YoeA(D) Z12(i)
(3R(i) — B (i) YoeB(i) ) MC(i) = =BT (i) Yoe A(i)
(A.11)

A.1.4 Iterative general Sylvester matrix equations

We present two ways of solving the matrix equation, both of them reducing the equation

into a general sylvester equation form.

First we show the existence of the solution,

; 0, Onxm 0, 0n><p
(ié{zp g lom J(i)VJT(i)] ¢ [0 R()

—vec O I | A(i) O, ;
B <z§9{ BTU) Opxn] SZ(POO) On On] %w()

i) 1)} ) veelt) =

)

0, CT(i)
Il’l 0n><m
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renaming,
D=— vec< Y { [ 0”. L ] £(P.) [A(i) On] 2200 0, CT(i) })
S UIBT() 0pxn 0, O I, Oy A
0 0 0 0
' {g‘a <2p(i> lomzn J(i):/XJmT(i)] N opzn R(lf (i) © ()
We have,
I'vec(U) =D (A.13)
So if T" is non-singular vec(Uf) exists, and it is the solution of,
vecUd) =T""'D (A.14)

As I is almost always near to singular so instead of using the inverse we use the generalized

Moore-Penrose pseudoinverse,

vec(U) =T"D (A.15)

We use a gradient iterative solution for based on ??, in that sense we accommodate our matrix

equation to the form of a general sylvester equation,

Y AXB;j=F (A.16)
ic®
A1XB| —I—AzXBz—I—"-—f—ANXBN:F (A.17)
for A, B € M4 with j the index of ®.
If we rename,
0, 0, : 0, Onxcm
Rr(i) =2 p(i) N ERAOE o (A.18)
Opxn  R(i) Omxn J(H)VIT(i)

Then we have,

(}’M(l) U '}’L(l)) I (}/M(Z) U yL(z)) e (YM(N) U YL(N))+ a0

+ (Rr(l) u Jr(l)) + <Rr(2) U Jr(2)) oot (RF(N) u Jr(N)) =D

We see that ¥, and Rr, % and Jr have the same dimensions respectively, considering that each

matrix is indexed by i € ® whose cardinality is A/, we can group them in new indexing sets with
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cardinality of €N,
A= {}/L(l),...,yL(N),Rr(l),...,Rr(/\/)} (A.20)
B= {yM(l),...,}/M(N),Jr(l),...,Jr(/\/)} (A.21)
and considering a new index set, Y :=1,...,2N We have,
Y Alg)U B(g)=D (A.22)
qeY

And the gradient iterative solution is given by,

Algorithm 2 — Gradlt for Grl Sylvester equation
Result: ¢/
Initialize Up(i) 5
p=1/1E1ADO 1P 1B()]P]
while k < maxIter do

Un(i) = Uy 1 (1) + AT () [D - z§£1A<j>uk_1B<j>] B7(i)

U= [Uk(l) +Z/{k(2) + e +Z/{k(2N)]/2N
if |Uy —Uy_1| < minTol then
k++
BREAK
end

k++
end
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