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Abstract

The intention of this work is to study problems about transversals of graphs. A
transversal of a graph is a set of vertices or edges that intersects every object of some
type. We study three types of transversals: of longest paths, of longest cycles, and of
triangles. For each such type of transversal, we show upper bounds on the minimum
cardinality of a transversal in a given graph class.

The problems we study here have a strong connection with two well-known ques-
tions in graph theory: Gallai’s question and Tuza’s Conjecture. Gallai asked whether
all longest paths in a connected graph intersect. In terms of transversals, Gallai was
asking whether there is a transversal of longest paths of cardinality one. Although the
answer to this question is negative, it is still open for several classes of graphs. One part
of this work is as an attempt to solve Gallai’s question, and its corresponding analogous
question for cycles, on important classes of graphs. In some of these classes we are able
to solve the question and in others we present significant advances.

Tuza conjectured whether the minimum cardinality of a transversal of triangles is
at most twice the cardinality of a maximum packing of triangles, where a packing of
triangles is a set of edge-disjoint triangles in a graph. This conjecture is still open and
several related advances have been made in the literature. One part of this work is
an attempt to solve Tuza’s Conjecture for several classes of graphs. For some of these
classes we prove the conjecture. For some other classes, the conjecture was already
proved, so we show stronger results.

Keywords: graph theory, transversal, packing, longest paths, longest cycles, triangles.
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Chapter 1

Introduction

In Graph Theory, a classic problem consists in finding a set of vertices or edges that
intersects every object of some type. Such a set is called a transversal, and we look for
small transversals, possibly of minimum cardinality. Since determining the cardinality
of a minimum transversal can be very hard, other approaches have been considered
such as search for good upper bounds for its cardinality. In this thesis, our goal is to
study some types of transversals in graphs. For example, transversals of longest paths,
of longest cycles, and of triangles. Since it is difficult to obtain good bounds in general,
we concentrate on specific graph classes.

By duality of linear programming, minimizing the cardinality of a transversal of
some objects is related to maximizing the cardinality of a packing, that is, a set of pairwise
disjoint such objects. In fact, it is always the case that the cardinality of a maximum
packing is at most the cardinality of a minimum transversal. So, it is interesting to ask
for the ratio between them.

If the object is a longest path (cycle), the maximum cardinality of a packing of
vertex-disjoint longest paths (cycles) equals one, as a classic result states that every pair
of longest paths (cycles) intersect each other in a connected graph (in a 2-connected
graph). Hence, it is interesting to ask whether the cardinality of a transversal of longest
paths (cycles) in a connected graph (in a 2-connected graph) equals one. Gallai raised
this question for longest paths, that resulted in a negative answer from a small example.
For longest cycles, the answer to the corresponding question is also negative. It remains
open whether these questions have positive answers for some classes of graphs, or how
large the cardinality of a minimum transversal can be.

If the object is a triangle, then the cardinality of a packing of edge-disjoint triangles
can be arbitrarily large. Observe also that if we chose all the edges of all triangles of
an arbitrary maximal packing, then we obtain a (not necessarily minimum) transversal.
Hence, the cardinality of a minimum transversal is at most three times the cardinality of
a maximum packing of triangles. A conjecture of Tuza states that there is a transversal of
triangles of cardinality at most twice the cardinality of a maximum packing of triangles.

1



2 INTRODUCTION 1.1

1.1 Longest Paths and Longest Cycles

In Chapter 3 and Chapter 4, we study vertex-transversals of longest paths and of longest
cycles in graphs. That is, we look for small sets of vertices that intersect all longest paths,
and small sets of vertices that intersect all longest cycles. Gallai [EK68] asked in 1966 if
every connected graph has a longest path transversal of cardinality one. The answer
to Gallai’s question is negative. Figure 1.1 shows the example that was independently
found by Walther and Voss [WV74] and Zamfirescu [Zam76].

Figure 1.1: The classical 12-vertex example that yields a negative answer to Gallai’s question.
Observe that, for any vertex of the graph, there is a longest path that does not contain it. Thus,
it is not the case that all longest paths intersect.

However, when we restrict attention to some specific classes of graphs, the answer
to Gallai’s question turns out to be positive. For example, it is well-known that any set
of subtrees of a tree satisfies the Helly Property [Hel23, Hor72]. If we consider the set of
subtrees consisting on the longest paths of the tree, since they are pairwise intersecting,
we conclude that there is a vertex that belongs to all of them.

There are other graph classes which are known to yield a positive answer to Gallai’s
question. Klavžar and Petkovšek [KP90] proved that this is the case for connected split
graphs, connected cacti, and connected graphs whose blocks are Hamilton-connected,
almost Hamilton-connected or cycles. Balister et al. [BGLS04] proved the same for the
class of connected interval graphs and also for its superclass of connected circular arc
graphs, but there was a gap in their proof for the latter, that was then filled in by
Joos [Joo15]. De Rezende et al. [dFMW13] proved that the answer to Gallai’s question is
positive for 2-trees and Chen et al. [CEF+17] extended this result for connected series-
parallel graphs, also known as connected partial 2-trees. Chen [Che15] proved the
same for connected graphs with matching number smaller than three, while Cerioli and
Lima [CL16, Lim16] proved it for connected P4-sparse graphs, connected (P5, K1,3)-free
graphs, connected graphs that are the join of any two other graphs, and connected
starlike graphs, a superclass of split graphs. Also, Jobson et al. [JKLW16] proved it for
connected dually chordal graphs and connected cographs, and Golan and Shan [GS16]
for connected 2K2-free graphs.

A similar question can be asked, for 2-connected graphs, with cycles instead of
paths. For this case, the answer is also negative in general, as the Petersen graph



1.2 TRIANGLES 3

shows. Not so much attention has been given to this question as in the case of paths.
However, Jobson et al. [JKLW16, Corollary 8] mentioned that their proof for paths
in connected dually chordal graphs can be easily adapted to show that all longest
cycles intersect in 2-connected dually chordal graphs, which includes doubly chordal,
strongly chordal, and interval graphs. They also mention that their proof can be
applied to show that all longest cycles intersect in 2-connected split graphs. Also,
Fernandes and the author [FG17] showed that all longest cycles intersect in 3-trees.
Other questions about intersections of longest cycles have also been raised by several
authors [CFG98, Hip08, JS97, ST95].

As a common vertex to all longest paths (cycles) may not always exist, it is interesting
to look for a set of vertices such that every longest path (cycle) has at least one vertex
in that set. Such a set is called a longest path transversal (longest cycle transversal). The
minimum cardinality of a longest path (cycle) transversal is denoted by lpt(G) (lct(G)).
Since determining lpt(G) and lct(G) for a graph G can be very hard, other approaches
have been considered such as search for good upper bounds for their cardinalities.

In this direction, Thomassen [Tho78] showed that lct(G) ≤ dn/3e for any graph G
on n vertices. Rautenbach and Sereni [RS14] proved that lpt(G) ≤ d n

4 −
n2/3

90 e if G is
connected, that lct(G) ≤ d n

3 −
n2/3

36 e if G is 2-connected, that lpt(G) ≤ 9
√

n lg n for
planar graphs with at least 2 vertices, and that lpt(G) ≤ k + 1 if G has treewidth at
most k. Van Aardt et al. [vABD+15] showed that lct(G) ≤ n/L for graphs whose longest
cycles have length L ≤ 8. Fernandes and the author [FG17] showed that lct(G) ≤ 2 if G
is a 2-connected partial 3-tree. It was proven by Tutte [Tut56] that every 4-connected
planar graph is Hamiltonian, so lpt(G) = lct(G) = 1 when G is planar and 4-connected.

In this thesis, we give results for lpt(G) and lct(G) when G is chordal (Section 3.1
and Section 4.2), and when G is a partial k-tree (Section 3.2 and Section 4.3). We also give
results for lpt(G) when G is a full substar graph (Section 3.3) or a bipartite permutation
graph (Section 3.4), and for lct(G) when G is a split graph (Section 4.1) or a partial
3-tree (Section 4.4).

1.2 Triangles

In Chapter 5, we study edge-transversals of triangles in graphs. That is, we look for
small sets of edges that intersect all triangles and their relation with their natural dual.
Formally, a triangle transversal of a graph G is a set of edges of G such that all triangles
in G have at least one edge in that set. A triangle packing of G is a set of edge-disjoint
triangles in G. For every graph G, define τ(G) as the cardinality of a minimum triangle
transversal in G, and ν(G) as the cardinality of a maximum triangle packing in G. Note
that τ(G) ≥ ν(G). Indeed, as any triangle transversal of G must have at least one edge
in every triangle of a maximum triangle packing in G. Note also that τ(G) ≤ 3ν(G).
Indeed, the union of the edges of the triangles in any maximum triangle packing is a
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triangle transversal in G.

In 1981, Tuza [Tuz81] proposed the following conjecture.

Conjecture 1.1 (Tuza’s Conjecture). For every graph G, τ(G) ≤ 2ν(G).

Tuza’s Conjecture has been studied broadly. In 1990, Tuza himself [Tuz90] proved
his conjecture for planar graphs, graphs with n vertices and at least 7

16 n2 edges (which
include complete graphs with at least 8 vertices), and line graphs of triangle-free graphs.
For chordal graphs, he proved that his conjecture is true when the graph is K5-free.
Also, if G is a K4-free chordal graph, he proved that τ(G) = ν(G). Tuza’s Conjecture
is tight in the sense that there exist infinitely many graphs for which τ(G) = 2ν(G).
Indeed, τ(K4) = 2ν(K4) = 2, and τ(K5) = 2ν(K5) = 4. So, when the blocks of G are
isomorphic to K4, K5, or K2, the conjecture is tight. However, until now, there is no
characterization of the class of graphs for which the equality holds. Haxell [Hax99]
showed the first and unique nontrivial bound to Tuza’s Conjecture. She showed
that τ(G) ≤ 2.87 ν(G) for every graph G.

Tuza [Tuz90] also showed that τ(G) ≤ 2.34 ν(G) for a tripartite graph G. This
result was improved by Haxell and Kohayakawa [HK98], who proved not only Tuza’s
Conjecture for tripartite graphs, but proved that τ(G) ≤ 1.956 ν(G) for every tripartite
graph G. They remarked that finding a tripartite graph G with τ(G)/ν(G) much larger
than one seemed difficult. They found tripartite graphs that satisfy τ(G) = 5

4 ν(G).
The best known result on tripartite graphs is by Szestopalow [Sze16]. He showed that
τ(G) ≤ 1.87 ν(G) if G is tripartite.

In trying to generalize the result for tripartite graphs, Aparna et al. [ALBT11] showed
that for odd-wheel-free graphs, Tuza’s Conjecture holds. Observe that this is indeed a
stronger result because a 4-clique is a wheel with three external vertices. In the same
paper, they defined the class of triangle-3-colorable graphs. These are graphs whose
edges can be colored with three colors in such a way that each triangle receives three
distinct colors on its edges. They proved that Tuza’s Conjecture holds for this class and,
as a corollary, they showed that 4-colourable graphs satisfy Tuza’s Conjecture. Also,
they showed that, for every (K4, gem)-free graph G (a gem graph is a graph formed by
the union of a star with 5 vertices and a path that joins all vertices of the star that are
not the center), the equality τ(G) = ν(G) holds.

In another paper of the same authors, Aparna et al. [ALBT16] showed Tuza’s Conjec-
ture for graphs whose triangle graph is perfect. However, they mentioned that Gregory
Puleo told them that this result can be derived from another result proved by him. Puleo
[Pul15] considered an important measure of sparseness, the maximum average degree
of a graph G, denoted by Mad(G), and defined as Mad(G) = max{ 2|E(H)|

V(H)
: H ⊆ G}.

He showed that, if Mad(G) ≤ 7, then G satisfies Tuza’s Conjecture, by using a known
technique called “the discharging method” [CW16]. In the same paper, as an intermedi-
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ate result, Puleo showed that every minimal counterexample to Tuza’s Conjecture has
minimum degree at least 5.

As we mentioned, Tuza showed his conjecture for planar graphs [Tuz90]. Cui et
al. [CHM09] characterized planar graphs for which Tuza’s Conjecture is tight. Haxell
et al. [HKT12a] showed that, when G is a K4-free planar graph, the stronger inequal-
ity τ(G) ≤ 3

2 ν(G) holds. Moreover, equality is attained only for a particular class of
graphs. They also proved that the same statement is true if, instead of G being planar,
each edge of G belongs to at most two triangles.

A generalization of the result on planar graphs was shown by Krivelevich [Kri95].
He proved that Tuza’s Conjecture holds for K3,3-free graphs. Another generalization
for planar graphs happened as follows. Puleo [Pul15] mentioned that, by a theorem
of Wagner [Wag37], the Four-Color Theorem implies that all graphs with no K5-minor
are 4-colorable. So the proof for 4-colorable graphs by Aparna et al. [ALBT11] implies
that Tuza’s Conjecture is also valid for graphs with no K5-minor. Moreover, Puleo
[Pul15] extended this result and showed that Tuza’s Conjecture holds for graphs with
no K5-subdivision.

Krivelevich [Kri95] studied a fractional version of Tuza’s Conjecture. Let ν∗(G)

and τ∗(G) be the corresponding fractional versions of ν(G) and τ(G). The fact
that τ∗(G) ≤ 2ν∗(G) is obvious from linear programming duality. He proved
that τ(G) ≤ 2τ∗(G) and that ν∗(G) ≤ 2ν(G). The bound for the latter is tight, since
ν∗(K4) = 2 and ν(K4) = 1. For the former, Chapuy et al. [CDM+14] showed that
τ∗(G) ≤ 2τ(G)− 1√

6

√
τ∗(G), and that this bound is essentially best possible. Haxell et

al. [HKT12b] proved that τ∗(G) ≤ 1.8τ(G) for every K4-free graph G.

Chapuy et al. [CDM+14] generalized this conjecture to its natural capacited analogue.
That is, they considered integers capacities on the edges, so now the triangles in the
collection do not have to be disjoint, but the capacity of each edge bounds the number
of triangles with this edge that can exist in the collection. They showed that this new
conjecture is equivalent to Tuza’s Conjecture in multigraphs instead of simple graphs.
In their paper, they showed that the capacited version of the conjecture is true for planar
graphs. Also, they generalized the proof given by Haxell and proved a bound slightly
less than 3 for general graphs.

In this thesis, we give novel results regarding Tuza’s Conjecture (Chapter 5). We
prove Tuza’s Conjecture for graphs with treewidth at most 6 (Section 5.2). We also
show stronger results for other classes of graphs, namely, 3-trees (Section 5.3), planar
triangulations (Section 5.4), dense tripartite graphs (Section 5.5), and complete 4-partite
graphs (Section 5.6).



6 INTRODUCTION 1.3

1.3 Outline of the Thesis

We begin with a preliminary chapter (Chapter 2). In this chapter we review basic
definitions in graph theory and present basic preliminary results on longest paths and
longest cycles that are used in the next two chapters (Chapters 3 and 4). The following
chapters present the results obtained for each of the transversals considered.

In Chapter 3 we present our results on transversals of longest paths. We show
results for chordal graphs (Section 3.1), partial k-trees (Section 3.2), full substar graphs
(Section 3.3) and bipartite permutation graphs (Section 3.4). All these results appear in
a joint work with Márcia R. Cerioli, Cristina G. Fernandes, Renzo Gómez and Paloma
Lima. The results of this chapter were presented at the IX Latin and American Algorithms,
Graphs and Optimization Symposium (LAGOS 2017) under the title “Transversals of Longest
Paths” [CFG+17].

In Chapter 4 we present our results on transversals of longest cycles. We give results
for split graphs (Section 4.1), chordal graphs (Section 4.2), partial k-trees (Section 4.3) and
partial 3-trees (Section 4.4). The results of this chapter were presented at the XIII Latin
American Theoretical INformatics Symposium (LATIN 2018) under the title “Transversals of
longest cycles in chordal and bounded tree-width graphs” [Gut18].

In Chapter 5 we present our results on transversals of triangles. A special tool called
“rooted tree decomposition” is presented at the beginning of this chapter (Section 5.1).
We then proceed to show our results for partial 6-trees (Section 5.2), 3-trees (Section 5.3),
planar triangulations (Section 5.4), dense tripartite graphs (Section 5.5) and complete
4-partite graphs (Section 5.6). All these results are a joint work with Fábio Botler and
Cristina G. Fernandes. The result of Section 5.2 was presented at the III Encontro de Teoria
da Computação (ETC 2018) do XXXVIII Congresso da Sociedade Brasileira de Computação
(CSBC 2018) under the title “On Tuza’s conjecture for graphs with treewidth at most 6”
[BFG18].



Chapter 2

Definitions, Notation, and Proof Techniques

This chapter introduces basic concepts that serve as a basis for the next chapters. In
Section 2.1 we give basic graph theory definitions. The reader may choose to skip
this section and consult it only when necessary. The next sections can be viewed as
preliminaries to Chapters 3, 4, and 5. In Section 2.3 we give specific definitions on paths
and cycles, that are used in Chapters 3 and 4. In Section 2.5 we give core lemmas to be
used in Chapters 3 and 4.

2.1 Basic Graph Theory

A graph G is an ordered pair (V(G), E(G)) consisting of a set V(G) of vertices and a
set E(G) of edges, where an edge is an unordered pair of distinct vertices. For notational
simplicity, an edge {u, v} is denoted by uv or vu. We also say that u and v are adjacent,
and that u and v are the ends of uv 1 (Figure 2.1(a)).

v1

v2 v3

v4

v5

(a)

v1

v2 v3

v4

v5

(b)

v1

v2 v3

v4

v5

(c)

Figure 2.1: (a) A graph G with V(G) = {v1, v2, v3, v4, v5} and E(G) =
{v1v2, v1v3, v1v4, v2v3, v3v4, v3v5}. (b) {v2, v4, v5} is an independent set in G and {v1v2, v3v4} is
a matching in G. (c) {{v1v2, v3v4}, {v1v4, v2v3}, {v1v3}, {v3v5}} is an edge-coloring in G. We
can think that an edge-coloring is an assignment of colours to the edges of a graph such that no
two edges with the same colour share a vertex. In this example, we use four colours for G.

The neighbors of a vertex v are the vertices adjacent to v in G and this set is denoted
by NG(v). The degree of v is the number of vertices of NG(v) and is denoted by dG(v).

1In other sources, this object is named as simple graph. The reader may find references when the term
graph refers to multigraphs, which are graphs that allow distinct edges with the same ends.

7



8 DEFINITIONS, NOTATION, AND PROOF TECHNIQUES 2.1

If the context is clear, we write N(v) and d(v). An independent set in a graph G is a
set of vertices that are pairwise not adjacent. Two edges in G are adjacent if they have
an end in common. A matching in a graph G is a set of edges that are pairwise not
adjacent (Figure 2.1(b)). An edge-coloring of a graph G is a collection {M1, M2, . . . , Mk}
of pairwise disjoint matchings in G such that M1 ∪M2 ∪ · · · ∪Mk = E(G) (Figure 2.1(c)).
Given two graphs G and H, we say that G ' H if there is a bijection f : V(G)→ V(H)

such that uv ∈ E(G) if and only if f (u) f (v) ∈ E(H).

A graph G is called complete if all vertices of G are pairwise adjacent. A complete
graph on n vertices is denoted by Kn. A graph P is called a path if V(P) admits a
permutation (v1, v2, . . . , vk) such that E(P) = {v1v2, v2v3, . . . , vk−1vk}. We denote such
a path by v1v2 · · · vk. Vertices v1 and vk are the extremes of P, and all other vertices
are the internal vertices of P. We also say that P joins v1 and vk. A graph C is called a
cycle if it has at least three vertices and V(C) admits a permutation (v1, v2, . . . , vk) such
that E(C) = {v1v2, v2v3, . . . , vk−1vk, vkv1}. We can denote such cycle by v1v2 · · · vkv1.
The length of a path or a cycle H is the number |E(H)|, and it is denoted by |H|
(Figure 2.2). Two paths P1 and P2 are internally disjoint if they do not share any internal
vertex. A path P is internally disjoint from a cycle C if C does not contain any internal
vertex of P.

(a)

v1 v2 v3 v4 v5 v6

(b)

v1 v2

v3v4

(c)

Figure 2.2: (a) A complete graph on six vertices, denoted by K6. (b) A path v1v2v3v4v5v6 of
length five. (c) A cycle v1v2v3v4v1 of length four.

A graph H is a subgraph of a graph G if V(H) ⊆ V(G) and E(H) ⊆ E(G). If H
is a subgraph of G, we write H ⊆ G. Let U ⊆ V(G). The subgraph of G in-
duced by U is the graph (U, F), where F is the set of edges of G with both ends
in U. Such subgraph is denoted by G[U]. The graph G[V(G) \ U] is denoted
by G−U (Figure 2.3(b)). If v ∈ V(G), we abbreviate G− {v} by G− v (Figure 2.3(c)).
Let X ⊆ E(G). The graph (V(G), E(G) \ X) is denoted by G − X. If e ∈ E(G), we
abbreviate G− {e} by G− e (Figure 2.3(d)). The complement of a graph G on n vertices
is the graph Kn − E(G), and it is denoted by G (Figure 2.3(e)).
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v3v4
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(a)

v1

v2

v3v4

v5

(b)

v2

v3v4

v5

c b
a

(c)

v1

v2

v3v4

v5

c b
a

(d)

v1

v2

v3v4

v5

c b

a

(e)

v1

v2

v3v4

v5

c b
a

(f)

v1

v2

v3v4

v5

c b
a

(g)

Figure 2.3: (a) A graph G. (b) The graph G− {a, b, c}. (c) The graph G− v1. (d) The graph G−
v1v2. (e) The graph G. (f) v4v5cabv2 is a path in G and v1v2v3bv4cv1 is a cycle in G. (g) abc is a
triangle in G and {v1, v2, a, b, c} is a 5-clique in G. Moreover, ω(G) = 5.

Given a graph G and a subgraph H of G, we say that H is a path (cycle) in G if H
is a path (cycle) (Figure 2.3(f)). If H is a complete graph, we say that V(H) is a clique
in G. We also abuse notation and say that H is a clique. If H is a complete graph with k
vertices, we say that H is a k-clique in G. It is denoted by ω(G) the number of vertices
of a maximum clique in G. If H is a complete graph with three vertices, we say that H
is a triangle in G. When the context is clear, if ∆ is a triangle in G with V(∆) = {a, b, c},
then we write ∆ = abc (Figure 2.3(g)).

A graph G is connected if, for every two vertices u, v ∈ V(G), there exists a path in G
that joins u and v. A graph G is 2-connected if, for every two vertices u, v ∈ V(G), there
exists two internally disjoint paths in G that joins u and v. A component of a graph G is
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any subgraph of G that is connected and is maximal. An edge e ∈ E(G) is called a bridge
if the number of components of G− e is one more than the number of components of G.
Let G be a graph and let S ⊂ V(G). We say that S separates vertices u and v if u and v
are in different components of G− S. Let X ⊂ V(G). We say that S separates X if S
separates at least two vertices of X (Figure 2.4).

v1

v2 v3

v4

v5 v6

v7

Figure 2.4: A connected graph G with 7 vertices. Let S = {v3, v5}. Then S separates v1 and v7.
Let X1 = {v1, v3, v7} and X2 = {v1, v3, v5}. Then S separates X1 but not X2. Note also that v3v5
is a bridge in G.

A graph T is called a tree if T is connected and there exists no cycles in T. A leaf of T
is a vertex in T of degree one. A digraph G is an ordered pair (V(G), E(G)) consisting
of a set V(G) of nodes and a set E(G) of arcs, where an arc is an ordered pair of distinct
nodes. For notational simplicity, an arc (u, v) is denoted by uv. Given a tree T, a
partial orientation of T is a digraph T′ such that V(T′) = V(T) and, if uv ∈ E(T′), then
uv ∈ E(T) (Figure 2.5).

(a) (b)

Figure 2.5: (a) A tree T. (b) A partial orientation T′ of T. Note that V(T) = V(T′) but not all
edges of T are present in T′ as arcs.

A graph G is called k-partite if V(G) can be partitioned into k independent sets.
If {X1, X2, . . . , Xk} is such a partition, then G is denoted by (X1, X2, . . . , Xk, E(G)). We
say that G is complete k-partite if, for every pair Xi, Xj in the partition, G[Xi ∪ Xj]

has |Xi||Xj| edges. We also call a 2-partite graph a bipartite graph and a 3-partite graph
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a tripartite graph. A complete bipartite graph on the bipartition {A, B} is denoted
by K|A|,|B|. A star is a complete bipartite graph K1,k, for some integer k. If k ≥ 2, we call
the unique vertex of degree k the center of the star. If k = 1, we pick an arbitrary vertex
to be the center of the star. Given a subgraph S of G, we say that S is a star in G if S is a
star (Figure 2.6).

(a)

v1

v2 v3

v4

v5v6

(b)

v0
v1

v2 v3

v4

v5v6

(c)

Figure 2.6: (a) A bipartite graph. (b) A complete tripartite graph with
{{v1, v2}, {v3, v4}, {v5, v6}} as the corresponding partition of its vertex set. (c) A star with
center v0. We can think that a k-partite graph is a graph that can be assigned k colors to its
vertices such that no two vertices with the same color are adjacent. In this sense, a color is
assigned to each set in the partition of the graph.

2.2 Tree Decomposition, k-trees, and Chordal Graphs

A tree decomposition [Die10, p. 337] of a graph G is a pair (T,V), consisting of a tree T
and a collection V = {Vt : t ∈ V(T)} of (different) bags Vt ⊆ V(G), that satisfies the
following three conditions:

(T1)
⋃

t∈V(T) Vt = V(G);

(T2) for every uv ∈ E(G), there exists a bag Vt such that u, v ∈ Vt;

(T3) if a vertex v is in two different bags Vt1 , Vt2 , then v is also in any bag Vt such that t
is on the (unique) path from t1 to t2 in T.

The width of (T,V) is the number

max{|Vt| − 1 : t ∈ V(T)},

and the treewidth tw(G) of G is the minimum width of any tree decomposition of G. To
avoid confusion, we refer to the vertices of T as nodes.

Sometimes we are interested in particular tree decompositions. If G is a graph with
treewidth k, then we say that (T,V) is a full tree decomposition of G if |Vt| = k + 1 for
every t ∈ V(T), and |Vt ∩Vt′ | = k for every tt′ ∈ E(T) (Figure 2.7).
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Proposition 2.1 ([Bod98, Lemma 8][Gro14, Theorem 2.6]). Every graph has a full tree
decomposition.

v1

v8

v5

v4

v2

v7

v3

v6

(a)

t1

t5 t4

t3t2

(b)

t1 t2

t6 t5

t4t3

(c)

t1 t2

t3 t4

t5t6

t7 t8

t10 t9

(d)

Figure 2.7: (a) A graph G with treewidth two. We consider three tree decompositions of G:
(T1,V1) of width 3, (T2,V2) of width 2 and (T3,V3) of width 2. Only (T2,V2) is a full tree
decomposition. Next we describe each of the tree decompositions mentioned. (b) V(T1) =
{t1, t2, t3, t4, t5}, Vt1 = {v1, v2, v3, v4}, Vt2 = {v1, v2, v5}, Vt3 = {v2, v3, v6}, Vt4 = {v3, v4, v7},
and Vt5 = {v4, v1, v8}. (c) V(T2) = {t1, t2, t3, t4, t5, t6}, Vt1 = {v1, v2, v4}, Vt2 = {v2, v3, v4},
Vt3 = {v1, v2, v5}, Vt4 = {v2, v3, v6}, Vt5 = {v3, v4, v7}, and Vt6 = {v1, v4, v8}. (d) V(T3) =
{t1, t2, t3, t4, t5, t6, t7, t8, t9, t10}, Vt1 = {v1, v2, v4}, Vt2 = {v2, v3, v4}, Vt3 = {v1, v2, v5}, Vt4 =
{v2, v3, v6}, Vt5 = {v3, v4, v7}, Vt6 = {v1, v4, v8}, Vt7 = {v1, v2}, Vt8 = {v2, v3}, Vt9 = {v3, v4},
and Vt10 = {v1, v4}.

A k-tree is defined recursively as follows. The complete graph on k vertices is a k-tree.
Any graph obtained from a k-tree by adding a new vertex and making it adjacent to
exactly all the vertices of an existing k-clique is also a k-tree (Figure 2.8). A graph G
is a partial k-tree if and only if G is the subgraph of a k-tree. Partial k-trees are closely
related to the definition of tree decomposition, as the following proposition shows.

Proposition 2.2 ([Bod98, Theorem 35]). A graph G is a partial k-tree if and only
if tw(G) ≤ k.
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a b

c

v1

v2

v3

v4

v5

v6

v7

(a)

a, b, c, v1

b, c, v1, v2a, c, v1, v3

a, c, v1, v4

a, c, v3, v5

a, v3, v5, v6

v1, v4, c, v7

(b)

Figure 2.8: (a) A 3-tree G. To construct G, we begin with triangle abc and add the following
sequence of vertices: v1-v2-v3-v4-v5-v6-v7. (b) We can obtain a tree decomposition for G in the
following way: each time we add a new vertex, say vi, to an already existing triangle, say xyz,
we also add a new node, with corresponding bag {x, y, z, vi}, to the tree decomposition and
we make it adjacent to an already existing node whose corresponding bag contains x, y and z.
Moreover, the tree decomposition obtained by this proceeding is a full tree decomposition for G,
as G has treewidth 3 by Proposition 2.4

A graph is called chordal if every induced cycle has length three. The next proposition
is a direct consequence of Corollary 12.3.12 in Diestel [Die10].

Proposition 2.3. For every chordal graph G, tw(G) = ω(G)− 1.

Note that k-trees are chordal [Gol04, Theorem 4.1]. Thus, by Propositions 2.2 and 2.3,
we have the next proposition.

Proposition 2.4. Any k-tree with at least k + 1 vertices has treewidth k.

Next we define a special tree decomposition for chordal graphs. A tree decomposi-
tion (T,V) of a graph G is called a clique tree if V is the set of all maximal cliques in G
(Figure 2.9).

Proposition 2.5 ([Gav74, Theorem 2, Theorem 3]). Every chordal graph G has a clique tree.

2.3 Paths, Cycles, and Attractors

Given two internally disjoint paths P and Q that share (at least) one of their ends, the
path or cycle (V(P)∪V(Q), E(P)∪ E(Q)) is denoted by P ·Q. For a vertex v in a path P,
let P′ and P′′ be the paths such that P = P′ · P′′ with V(P′) ∩V(P′′) = {v}. We refer to
these two paths as the v-tails of P. For a pair of vertices {a, b} in a cycle C, let C′ and C′′

be the paths such that C = C′ · C′′ with V(C′) ∩V(C′′) = {a, b}. We refer to these two
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v1

v2

v3
v4

v5

v6

v7

v8

v9

(a)

v1, v2, v3, v4, v5

v1, v4, v5, v7

v1, v5, v7, v8

v4, v5, v7, v9

v2, v3, v6

(b)

Figure 2.9: (a) A chordal graph G. As ω(G) = 5, tw(G) = 4 by Proposition 2.3. (b) A
representation of a clique tree of G. Observe that the bags correspond to all maximal cliques
in G.

paths as the ab-parts of C. Moreover, we can extend this notation and define, for a triple
(4-tuple) of vertices {a, b, c} ({a, b, c, d}) in a cycle C, the abc-parts of C (abcd-parts) of C.
Given a path P that contains vertices a and b, when the context is clear, it is denoted
by Pa the a-tail of P that does not contain b and by Pb the b-tail of P that does not
contain a. Also, if the context is clear, it is denoted by P̃ the subpath of P that has a
and b as its extremes. In other words, P = Pa · P̃ · Pb. Given a cycle C that contains
vertices a, b and c, when the context is clear, it is denoted by Cab the ab-part of C that
does not contain c, by Cbc the bc-part of C that does not contain a, and by Cac the ac-part
of C that does not contain b.

Let S be a set of vertices in a graph G. We say that a path (cycle) P k-intersects S
if |V(P) ∩ S| = k. Moreover, we also say that P k-intersects S at V(P) ∩ S. A path
(cycle) P crosses a set S of vertices if S separates V(P) in G. Otherwise, S fences P. If P
crosses S and k-intersects S, then we say that P k-crosses S. We also say that P k-crosses S
at V(P) ∩ S. If P is fenced by S and k-intersects S, then we say that P is k-fenced by S. If
two paths (cycles) P and Q are such that V(P) ∩ S = V(Q) ∩ S, then we say they are
S-equivalent (Figures 2.10(a) and 2.10(b)).

If P and Q are paths fenced by S in a graph G, we write P ∼S Q if there exist
vertices u ∈ V(P) and v ∈ V(Q) such that u and v are in the same component of G− S.
Otherwise, we write that P �S Q. If the context is clear, we write P ∼ Q and P � Q.
Note that, in particular, if V(P) ⊆ S, then P �S Q for every path Q. If P ∼ Q and
Q ∼ R, then we can abbreviate it by P ∼ Q ∼ R. Analogous abbreviations are given by
P ∼ Q � R and P � Q ∼ R. Given a cycle C that 3-crosses S at {a, b, c}, we say that a
breaks C if Cab �S Cac. If the context is clear, we also say that a is a C-breaking vertex or
that a is a breaking vertex (Figures 2.10(a) and 2.10(c)).

A path (cycle) in a graph G is called a longest path (cycle) if it has maximum length
over all paths (cycles) in G. Let S ⊆ V(G) and P be a longest path (cycle) in G. We say
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c d

b v1

v2

v3

av4

v5

(a)

c d

b v1

v2

v3

av4

v5

(b)

c d

b v1

v2

v3

av4

v5

(c)

Figure 2.10: (a) A graph G with S = {a, b, c, d}. (b) Consider paths P1 = v1av5 and P2 = v3cdbv4,
and cycles C1 = v1bv2dv1 and C2 = v3v4cabv3. Then P1 and C1 cross S, and P2 and C2 are
fenced by S. Moreover, P1 1-crosses S, P2 is 3-fenced by S, C1 2-crosses S and C2 is 3-fenced by S.
(Also note that path cd and cycle abda are fenced by S.) Paths P2 and v1bcdv2 are S-equivalent.
Cycles C2 and v1bcv5av1 are S-equivalent. (c) Consider paths P1 = v3bd, P2 = v4ca, P3 = v1ba
and cycle C = av2bcv5a. Then P1 ∼S P2, P1 �S P3, P2 �S P3, Cab �S Cac, Cab �S Cbc and
Cbc �S Cac. Hence, a breaks C.

that P is an attractor for S if P is fenced by S and all S-equivalent longest paths (cycles)
are also fenced by S. We say that P is a k-attractor if |S ∩V(P)| = k. In this case, we also
say that S has a k-attractor.

2.4 Branches

Let G be a graph and (T,V) be a tree decomposition of G. Given two different
nodes t, t′ ∈ V(T), we denote by Brancht(t′) the component of T − t where t′ lies.
We say that such component is a branch of T at t and that the components of T − t
are the branches of T at t [Hei13]. Similarly, for a vertex v /∈ Vt, it is denoted by
Brancht(v) the branch Brancht(t′) of T at t such that v ∈ Vt′ . In that case, we also say
that v ∈ Brancht(t′) or that v is in Brancht(t′).

Let t ∈ V(T). Let P be a path (cycle) in G fenced by Vt. If V(P) ⊆ Vt, we say
that Brancht(P) = ∅, that is, a subtree of T with empty set or nodes and empty set
of edges. Note that, in this case, Brancht(P) is different from any branch of T at t.
Otherwise, we say that Brancht(P) = Brancht(v), where v ∈ V(P) \ Vt. Also, we say
that P ∈ Brancht(t′) or that P is in Brancht(t′).

Next we show some basic properties of branches. For all the following propositions,
we fix a graph G and a tree decomposition (T,V) of G. Proposition 2.6 is used to justify
that the previous definitions are coherent.

Proposition 2.6.

(a) Let t ∈ V(T) and let v ∈ V(G) \ Vt. Let t′, t′′ ∈ V(T). If v ∈ Vt′ ∩Vt′′ ,
then Brancht(t′) = Brancht(t′′).

(b) Let u, v ∈ V(G), and let t ∈ V(T). If u, v /∈ Vt, and u and v are not separated by Vt,
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then Brancht(u) = Brancht(v).

(c) Let t ∈ V(T) and P be a path (cycle) in G fenced by Vt. For every two vertices u, v ∈
V(P) \Vt, Brancht(u) = Brancht(v).

Proof. Items (a) and (b) are Lemmas 3.2.2 and 3.2.4 in [Hei13] respectively. For item (c),
note that, by definition of fenced, Vt does not separate u and v, so we can apply
item (b).

Proposition 2.7 appears in the book of Diestel [Die10].

Proposition 2.7 ([Die10, Lemma 12.3.1]). Let tt′ ∈ E(T). Let u, v ∈ V(G) be such
that u /∈ Vt and v /∈ Vt′ . If u ∈ Brancht(t′) and v ∈ Brancht′(t), then Vt ∩ Vt′ separates u
and v.

The next proposition is crucial for our results on chordal graphs and partial k-trees.

Proposition 2.8. Let t ∈ V(T). Let P be a path (cycle) fenced by Vt such
that Brancht(P) = Brancht(t′), where tt′ ∈ E(T). If P does not have edges in G[Vt],
then Vt ∩V(P) ⊆ Vt′ .

Proof. Suppose by contradiction that there exists a vertex x ∈ (Vt ∩ V(P)) \ Vt′ .
As P is fenced by Vt and Brancht(P) = Brancht(t′), we have |P| > 0.
Thus, there exists an edge xy ∈ E(P). Since P does not have edges
in G[Vt], y /∈ Vt. Moreover, Brancht(y) = Brancht(P) = Brancht(t′) and,
as x ∈ Vt \ Vt′ , Brancht′(x) = Brancht′(t). But this is a contradiction to Proposi-
tion 2.7, which states that Vt ∩Vt′ separates x ∈ Brancht′(t) from y ∈ Brancht(t′).

2.5 Proof Techniques for Longest Paths and Longest Cycles

In this section we introduce the main idea for proving our results on chordal graphs
and partial k-trees when addressing longest paths and cycles. We begin by showing a
proof for the well-known Helly Property on trees (see [Hel23] and [Hor72]).

Lemma 2.9. Let T be a tree. Let C be a set of pairwise vertex-intersecting subtrees of T. There
exists a vertex t ∈ V(T) such that every tree in C contains t.

Proof. We define a partial orientation T′ of T as follows: tt′ ∈ E(T′) if and only if there
exists a tree P ∈ C, that does not contain t, such that V(P) and t′ are in the same
component of T − t. Suppose by contradiction that the lemma is false for T. Then every
node in T′ has outdegree at least one. Let tt′ be the last arc of a maximal directed
path in T′. As T is a tree, t′t is also an arc in T′, which implies that there exist two
trees P and Q in C such that V(P) and t′ are in the same component of T− t, and V(Q)
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and t are in the same component of T − t′. But then V(P) ∩V(Q) = ∅, a contradiction
(Figure 2.11).

Figure 2.11: The subtrees P and Q that determined the orientation of tt′ in Lemma 2.9.

Observe that, as every two longest paths in a connected graph intersect each other, a
direct corollary of Lemma 2.9 states that lpt(T) = 1 for every tree T. For the sake of
completeness, we show the known property that every pair of longest paths intersect
each other in connected graphs. We also show the analogous result for longest cycles.
These two results (Propositions 2.10 and 2.12) are used many times throughout the text,
we sometimes assume they are known properties and do not name them explicitly.

Proposition 2.10. Let P and Q be a pair of longest paths in a connected graph G.
Then V(P) ∩V(Q) 6= ∅.

Proof. Suppose by contradiction that V(P) ∩ V(Q) = ∅. Let R be a path, internally
disjoint from P and Q, with one extreme in P and the other in Q. Such a path exists
because G is connected ([BM08, Exercise 3.1.4]). Let {x} = V(P) ∩ V(R) and {y} =
V(Q) ∩V(R). Let P′ and P′′ be the two x-tails of P. Let Q′ and Q′′ be the two y-tails
of Q. Then P′ · R · Q′ and P′′ · R · Q′′ are both paths, one of them longer than |P|, a
contradiction.

Corollary 2.11. In a tree, all longest paths contain a common vertex.

Proof. This follows from Lemma 2.9 and Proposition 2.10.

Proposition 2.12. Let C and D be a pair of longest cycles in a 2-connected graph G.
Then |V(C) ∩V(D)| ≥ 2.

Proof. Suppose by contradiction that |V(C) ∩V(D)| ≤ 1. As G is 2-connected, there
exist two disjoint paths R and S, both of them with one extreme in C, the other
in D, and internally disjoint from both C and D ([BM08, Proposition 9.4]). Note
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that, when |V(C) ∩ V(D)| = 1, it can be the case that exactly one of {R, S} has zero
length. Let {x1} = V(C) ∩ V(R) and {x2} = V(C) ∩ V(S). Let {y1} = V(D) ∩ V(R)
and {y2} = V(D) ∩V(S). Let C′ and C′′ be the two x1x2-parts of C. Let D′ and D′′ be
the two y1y2-parts of D. Then C′ · R · D′ · S and C′′ · R · D′′ · S are both cycles, one of
them longer than |C|, a contradiction.

When considering chordal graphs and partial k-trees, our main technique is inspired
on the idea of orienting the edges of the tree, used in Lemma 2.9, so we apply it to the
corresponding tree decomposition of the graph. This is shown in Lemma 2.14. Before it,
we show a useful property.

Proposition 2.13. Let (T,V) be a tree decomposition of a graph G. If P is a path (cycle) in G
fenced by Vt, for some t ∈ V(T), then either V(P) ⊆ Vt or there exists an edge tt′ ∈ E(T) such
that Brancht(P) = Brancht(t′).

Proof. If V(P) ⊆ Vt, then there is nothing to prove. Otherwise, let u ∈ V(P) \ Vt.
As u /∈ Vt, there exists a bag Vt′′ that contains u. Clearly t′′ 6= t. Let t′ be the neighbor
of t in T such that t′ is in the (unique) path from t to t′′ in T. Then Brancht(P) =

Brancht(u) = Brancht(t′′) = Brancht(t′).

The next lemma is crucial for all proofs on chordal graphs and partial k-trees.

Lemma 2.14. Let (T,V) be a tree decomposition of a graph G. For every node t, let P(t)
be a set of paths (cycles) in G fenced by Vt but not contained in G[Vt]. If P(t) 6= ∅ for
every node t ∈ V(T), then there exists an edge tt′ ∈ E(T) and two paths (cycles) P ∈ P(t)
and Q ∈P(t′) such that Brancht(P) = Brancht(t′) and Brancht′(Q) = Brancht′(t).

Proof. We define a partial orientation T′ of T as follows: tt′ ∈ E(T′) if and only
if tt′ ∈ E(T) and there exists a path (cycle) P ∈P(t) such that Brancht(P) = Brancht(t′).
For every t ∈ V(T), as P(t) 6= ∅, there exists a path (cycle) P fenced by Vt and such
that V(P) * Vt. Thus, by Proposition 2.13, there exists a neighbor t′ of t in T such
that Brancht(P) = Brancht(t′). Hence every node in T′ has outdegree at least one.
Let tt′ be the last arc of a maximal directed path in T′. As T is a tree, t′t is also an arc
in T′, which implies that there exist two paths (cycles) P ∈ P(t) and Q ∈ P(t′) such
that Brancht(P) = Brancht(t′) and Brancht′(Q) = Brancht′(t).

We use Lemma 2.14 repeatedly to obtain results for longest paths and longest cycles
in chordal graphs and partial k-trees. It is not the first time this idea is used. According
to Diestel [Die10], given a graph G, a bramble in G is a set C with the following properties:
(i) every element H ∈ C is a subset H ⊆ V(G) such that G[H] is connected, and (ii)
every pair H1, H2 ∈ C is such that either H1 ∩ H2 6= ∅ or there exists an edge uv ∈ E(G)
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with u ∈ H1 and v ∈ H2. The order of C is the cardinality of a minimum set of vertices
that intersects every set in C.

The following theorem is due to Seymour and Thomas, and appears in the book of
Diestel.

Theorem 2.15 ([Die10, Theorem 12.3.9]). Let k ≥ 0 be an integer. A graph has treewidth at
least k if and only if it contains a bramble of order larger than k.

We can derive the following corollary, which was also observed by Rautenbach and
Sereni [RS14, Proposition 2.6] but only for longest paths.

Corollary 2.16. Let G be a connected (2-connected) graph. Then lpt(G) ≤ tw(G) + 1
(lct(G) ≤ tw(G) + 1).

Proof. Let C = {V(P) : P is a longest path (cycle) in G}. By Proposition 2.10 (Propo-
sition 2.12), every pair of elements in C intersect each other, so C is a bramble
in G. By Theorem 2.15, C has order at most tw(G) + 1, that is, lpt(G) ≤ tw(G) + 1
(lct(G) ≤ tw(G) + 1).

By Proposition 2.3, tw(G) = ω(G)− 1 when G is chordal. Hence, we can easily
conclude the following corollary, which was also observed by Balister et al. [BGLS04],
but only for longest paths.

Corollary 2.17. Let G be a connected (2-connected) chordal graph. Then lpt(G) ≤ ω(G)

(lct(G) ≤ ω(G)).

Proof. It follows from Corollary 2.16 and Proposition 2.3.

One of the main tasks in this thesis is to improve the bounds of Corollary 2.16
and Corollary 2.17. For that, as we said, we mimic the idea for trees with the help of
Lemma 2.14. First, we focus on an arbitrary bag Vt of the tree decomposition (if the
graph is chordal, we focus on a maximal clique). Then, unless the graph is complete, we
try to find a longest path (cycle) fenced by Vt that satisfies a particular property, which
will make our set P(t) nonempty for every t ∈ V(T), to finally apply our Lemma 2.14.

The main difficulty in every case is to prove that such a path (cycle) exists. But we
will see that it is very unlikely that a set of longest paths (cycles) that cross a particular
bag, and intersect the bag in a small quantity of vertices, can coexist. Hence, we will
obtain at least one fenced path (cycle), for each node of the tree decomposition, in order
to a partial orientation of the tree. In the next chapters (Chapter 3 and Chapter 4), we
will see the details of how this path (cycle) is obtained.

To finish this section, we give a proof of a result that is used directly in Theorem 4.22.
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Proposition 2.18. Let G be a 2-connected graph. Let L(G) be the length of a longest cycle in G.
If L(G) ≤ 4, then lct(G) = 1.

Proof. Suppose that L := L(G) = 3. Let abca be a longest cycle in G. Suppose by
contradiction that lct(G) > 1. Then, there exists a longest cycle C that does not contain a.
By Proposition 2.12, as G is 2-connected, b, c ∈ V(C). Let C′ and C′′ be the two bc-parts
of C, with |C′| ≥ |C′′|. As L = 3, we have |C′| = 2. But then ba · ac · C′ is a cycle of
length 4, a contradiction.

So we may assume that L = 4. Let C = abcda be a longest cycle in G. We show
that {a, b} is a transversal of G. Suppose by contradiction that this is not the case.
Let D be a longest cycle in G such that a, b /∈ V(D). As G is 2-connected, c, d ∈ V(D).
Let D′ and D′′ be the two cd-parts of D, with |D′| ≥ |D′′|. As L = 4, we have |D′| ≥ 2.
But then ab · bc · D′ · da is a cycle of length at least 5, a contradiction. Thus, {a, b} is a
transversal of G. Analogously, {b, c}, {c, d} and {a, d} are also transversals of G.

Suppose by contradiction that lct(G) > 1. Then, there exists a longest cycle D that
does not contain a. As both {a, b} and {a, d} are transversals of G, then b, d ∈ V(D).
Let D′ and D′′ be the two bd-parts of D. As these two parts are internally disjoint, we
may assume that c /∈ V(D′). Also, observe that |D′| ≥ 2, otherwise ab ·D′′ · da is a cycle
of length five, a contradiction. Moreover, |D′| = 2, otherwise ab · D′ · da is a cycle of
length five, a contradiction. As lct(G) > 1, there exists a longest cycle F that does not
contain b. By a similar analysis, with b instead of a, we may assume that F has an ac-
part F′ that does not contain d and |F′| = 2. If D′ and F′ are disjoint, then ab ·D′ · dc · F′

is a cycle of length six, a contradiction. Hence, there exists a vertex x ∈ V(D′) ∩V(F′).
In this case, abxcda is a cycle of length five, again a contradiction.



Chapter 3

Transversals of Longest Paths

In this chapter we address transversals of longest paths in some graph classes. Recall
that lpt is the minimum cardinality of a transversal of longest paths. We prove the
following:

• lpt(G) ≤ max{1, ω(G)− 2} for every connected chordal graph G (Section 3.1).

• lpt(G) ≤ k for every connected partial k-tree G (Section 3.2).

• lpt(G) = 1 for every connected full substar graph G (Section 3.3).

• lpt(G) = 1 for every connected bipartite permutation graph G (Section 3.4).

Throughout this chapter, we use L = L(G) for the length of a longest path in G. To
recall the basic definitions on longest paths, see Section 2.3.

3.1 Chordal Graphs

In this section, we prove that lpt(G) ≤ max{1, ω(G)− 2} for every connected chordal
graph G (Theorem 3.5). Our main idea is to generalize Lemma 2.9 with the help of
Lemma 2.14 (see Section 2.5). This idea has been successfully used for 2-trees [dFMW13].
To achieve this for chordal graphs, we use a corresponding clique tree of the graph (that
is, a tree decomposition as in Proposition 2.5). First, we focus on an arbitrary bag (a
maximal clique) of such a tree decomposition and analyze the behaviour of longest
paths whose extremes are separated or not by the clique (Lemma 3.1 and Lemma 3.2).
Then we use these results to prove that there exists a longest path that is fenced by that
clique and satisfies some special properties (Lemma 3.4). Finally, with the help of this
longest path, we use Lemma 2.14 to obtain our final contradiction (Theorem 3.5).

We start by analyzing the behaviour of longest paths, whose extremes are not sepa-
rated, in a particular clique. The next lemmas are valid for any graph (not necessarily
chordal).

21
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Lemma 3.1. Let G be a graph with a clique K. Let C be the set of all longest paths in G that
2-cross K and whose extremes are not separated by K. For every three paths in C there are two of
them that are equivalent.

Proof. Suppose by contradiction that there are (at least) three longest paths P, Q, and R
in C that are pairwise not K-equivalent. Say V(P) ∩ K = {a, b}, V(Q) ∩ K = {c, d},
and V(R) ∩ K = {e, f }, where {a, b}, {c, d}, and {e, f } are pairwise distinct but not
necessarily pairwise disjoint. We may assume that either {a, b} ∩ {c, d} = ∅ or {a, b} ∩
{c, d} = {b} = {d}. If P̃ is internally disjoint from Qc and from Qd, and Q̃ is internally
disjoint from Pa and from Pb, then Pa · ac · Q̃ · db · Pb and Qc · ca · P̃ · bd ·Qd are paths
whose lengths sum more than 2L, a contradiction, as at least one of them would have
length greater than L (Figure 3.1(a)). Observe also that, as P is a longest path, it has no
extremes in K, so both Pa and Pb have vertices not in K and, as P ∈ C, we have Pa ∼ Pb.
Analogously, Qc ∼ Qd and Re ∼ R f .

So,
either P̃ ∼ Qc ∼ Qd or Q̃ ∼ Pa ∼ Pb. (3.1)

Applying the same reasoning to paths P and R, and to paths Q and R, we conclude that

either P̃ ∼ Re ∼ R f or R̃ ∼ Pa ∼ Pb, (3.2)

and that
either Q̃ ∼ Re ∼ R f or R̃ ∼ Qc ∼ Qd. (3.3)

Also, as P, Q, and R cross K, from (3.1), (3.2), and (3.3), we have that

P̃ 6∼ Q̃, P̃ 6∼ R̃, and Q̃ 6∼ R̃. (3.4)

Without loss of generality, we may assume that P̃ ∼ Qc ∼ Qd (Otherwise, inter-
change P with Q, and {a, b} with {c, d}.) Now, if P̃ ∼ Re, then Q̃ 6∼ Re by (3.4), and
thus R̃ ∼ Qc by (3.3). But then R̃ ∼ P̃, and we contradict (3.4). Hence, P̃ 6∼ Re ∼ R f , and
R̃ ∼ Pa by (3.2). Similarly, one can deduce that R̃ 6∼ Qc ∼ Qd. Thus, Q̃ ∼ Re by (3.3),
and, again, we can deduce that Q̃ 6∼ Pa ∼ Pb (Figure 3.1(b). We conclude that

Pa ∼ Pb 6∼ Q̃, Qc ∼ Qd 6∼ R̃ and Re ∼ R f 6∼ P̃. (3.5)

We may assume that either {a, b} ∩ {e, f } = ∅ or {a, b} ∩ {e, f } = {b} = { f },
and that either {c, d} ∩ {e, f } = ∅ or {c, d} ∩ {e, f } = {d} = { f } (the proofs for
other cases are analogous). Therefore, by (3.5), we have three paths, Pa · ac · Q̃ · db · Pb,
Qc · ce · R̃ · f d ·Qd, and Re · ea · P̃ · b f · R f , whose lengths sum more than 3L, which leads
to a contradiction.
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Figure 3.1: (a) Paths P and Q from the proof of Lemma 3.1. (b) Paths P, Q, and R, and a
tripartite graph representing the interaction between their parts. The vertex set of the graph
has three vertices for each of the paths, one for each part. The edge set contains two types of
edges: straight edges connect parts that are in different components of G− K and dashed edges
connect parts that are in the same component of G− K. When the interaction between two parts
is not determined, we omit the edge between them.

The previous lemma treats how longest paths whose extremes are not separated by
a clique behave. The next lemma treats the case in which the longest paths have their
extremes separated by the clique. Observe that in both cases we are considering only
longest paths that cross the clique and intersect it at most twice.

Lemma 3.2. Let G be a graph with a clique K. Let C be the set of all longest paths in G that
intersect K at most twice and whose extremes are separated by K. Every two elements of C have
a common vertex of K.

Proof. Let P and Q be two arbitrary paths in C. Suppose by contradiction
that V(P) ∩V(Q) ∩ K = ∅. As K separates the extremes of P, path P crosses K and
therefore P either 1-intersects or 2-intersects K. To address these two possibilities at
once, let x and y be such that P intersects K at x and y, with x 6= y if P 2-intersects K.
Also, if x = y, then let P̃ be the path consisting of only vertex x, and we abuse notation
and consider that Px and Py are different x-tails of P. Let w and z, and possibly Qw, Qz,
and Q̃, be defined similarly for Q.

As K separates the extremes of both P and Q, we may assume without loss of
generality that Px � Qw and Py � Qz. (Otherwise interchange w and z.) Observe
also that either P̃ � Qw or P̃ � Qz. Without loss of generality, assume that P̃ � Qw.
(Otherwise interchange x and y, and w and z simultaneously.)

Note that either Q̃ � Px or Q̃ � Py. Suppose that Q̃ � Py. (See a representation
of the interactions between the parts of P and Q in Figure 3.2(a).) Then, one of the
paths Px · P̃ · yw · Qw or Py · yw · Q̃ ·Qz is longer than L, a contradiction. So, we may
assume that Q̃ ∼ Py and that Q̃ � Px.
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If P̃ � Q̃ (Figure 3.2(b)), then one of Px · P̃ · yz · Q̃ ·Qw or Py · yz ·Qz is longer than L,
a contradiction. If P̃ ∼ Q̃, then P̃ ∼ Q̃ ∼ Py � Qz. Hence Qz � P̃ (Figure 3.2(c)). Thus,
one of the paths Px · xz · Q̃ ·Qw or Py · P̃ · xz ·Qz is longer than L, a contradiction.
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Figure 3.2: Each bipartite graph represents the situation of paths P and Q in one of the cases of
the proof of Lemma 3.2. Each side of the bipartition has three vertices that represent the parts of
each path. There is a straight edge in the graph if the two corresponding vertices are in different
components of G− K and a dashed edge if they are in the same component.

The next lemma synthesizes the two previous lemmas when the graph is chordal and
connected. It says that, for every clique, when there is no transversal totally contained in
it, we would have a longest path that is an attractor for the clique. Recall that a longest
path P is an attractor for a clique K if P is fenced by K and all K-equivalent longest
paths are also fenced by K (Section 2.3).

For the proof of the lemma, we use the next result on connected graphs with
treewidth at most two.

Proposition 3.3 ([CEF+17]). If G is a connected graph with tw(G) ≤ 2, then lpt(G) = 1.

Lemma 3.4. Let G be a connected chordal graph such that lpt(G) > max{1, ω(G)− 2}. Let k
be an integer with k ≥ 2. For each clique of cardinality k in G, there exists an `-attractor,
with ` ≤ min{2, k− 2}.

Proof. If ω(G) ≤ 3, then tw(G) ≤ 2 by Proposition 2.3, so, by Proposition 3.3, we
have lpt(G) = 1 = max{1, ω(G) − 2}, and the proof follows. Therefore, ω(G) ≥ 4
and max{1, ω(G)− 2} = ω(G)− 2. Let K be a clique in G and k ≥ 2 be its cardi-
nality. If k < lpt(G), then there is a longest path that does not intersect K. Such
path is a 0-attractor for K. Hence, there is an `-attractor, with ` ≤ min{2, k− 2}
for K. Thus, k ≥ lpt(G). Since lpt(G) > max{1, ω(G)− 2} = ω(G)− 2, we have
k ∈ {ω(G)− 1, ω(G)}.

If k = ω(G)− 1, then, as lpt(G) > ω(G)− 2, for every vertex in K, there exists a
longest path that 1-intersects K at that vertex. Suppose by contradiction that none of
these paths is a 1-attractor for K. Then, for every vertex in K, there exists a longest
path that crosses K at that vertex. As k = ω(G)− 1 ≥ 3, two of these paths do not
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intersect each other at K, a contradiction to Lemma 3.2. Thus, there is a 1-attractor for K.
As k ≥ 3, there is an `-attractor, with ` ≤ min{2, k− 2} for K and we are done. Hence,
we may assume that k = ω(G) ≥ 4.

Case 1: There exists a longest path that 1-intersects K.

Let v be the corresponding vertex. Suppose by contradiction that K has no `-attractor,
with ` ≤ 2. Then, there exists a longest path P that crosses K at v. As lpt(G) > k− 2, for
every (k− 2)-clique in K containing v, there exists a longest path that does not contain
any vertex in that clique. If any of these longest paths 1-intersects K at a vertex w, then,
as K has no 1-attractor, there exists a longest path that crosses K at w, contradicting
Lemma 3.2.

Hence, for every edge in K not incident to v, there exists a longest path that 2-
intersects K at the ends of that edge. Again, by Lemma 3.2, as P crosses K at v, none of
these paths has its extremes separated by K. As k ≥ 4, there are at least three such paths.
By Lemma 3.1, there exists an edge e of K− v such that no longest path 2-crosses K at
the ends of e. Moreover, we know that there exists a longest path that 2-intersects K at
the ends of e. Hence, such path is a 2-attractor for K.

Case 2: Every longest path intersects K at least twice.

As lpt(G) > k− 2, for every edge e of K, there exists a longest path that 2-intersects K
at the ends of e. As k ≥ 4, there are at least six not K-equivalent longest paths that
2-intersect K. Suppose by contradiction that there is no `-attractor for K, with ` ≤ 2.
Then, for every edge of K, there exists a longest path that 2-crosses K at the ends of that
edge. Let A be a subgraph of K with four vertices. By Lemma 3.1, at least four of the
corresponding longest paths in A have their extremes separated by K. As at least two of
the corresponding edges of A are disjoint, by Lemma 3.2, we have a contradiction.

This concludes the proof of the lemma.

We can finally prove our main result.

Theorem 3.5. For every connected chordal graph G, lpt(G) ≤ max{1, ω(G)− 2}.

Proof. Let (T,V) be a clique tree of G, which exists by Proposition 2.5. If one of
such cliques have cardinality one, then |V(G)| = 1 and we are done. Thus, ev-
ery clique in V has cardinality at least two. For every t ∈ V(T), let P(t) be the
set of longest paths in G which are `-attractors for Vt, with ` ≤ min{2, |Vt| − 2}.
Suppose by contradiction that lpt(G) > max{1, ω(G)− 2}. Then, P(t) 6= ∅ for ev-
ery t ∈ V(T) by Lemma 3.4. As every P ∈P(t) is a longest path, V(P) 6⊆ Vt. Thus, by
Lemma 2.14, there exists an edge tt′ ∈ E(T) and two paths P ∈ P(t) and Q ∈ P(t′)
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such that Brancht(P) = Brancht(t′), Brancht′(Q) = Brancht′(t), P is an `-attractor for Vt,
with ` ≤ min{2, |Vt| − 2}, and Q is an `′-attractor for Vt′ , with `′ ≤ min{2, |Vt′ | − 2}.

Let u ∈ Vt \ Vt′ . Suppose for a moment that u ∈ V(P). Let uv ∈ E(P). By
Proposition 2.7, Brancht(v) 6= Brancht(t′), so v ∈ Vt. This implies that uv is an edge
in Vt and, as Vt is a clique, P contains all vertices of Vt, a contradiction to the fact
that ` ≤ min{2, |Vt| − 2}. Thus, (Vt \Vt′)∩V(P) = ∅ and (Vt′ \Vt)∩V(Q) = ∅, which
implies, by Proposition 2.7, that Vt ∩Vt′ separates a vertex in V(P) \Vt from a vertex
in V(Q) \Vt′ .

Suppose for a moment that |Vt ∩Vt′ | ≤ ω(G)− 2. As lpt(G) > max{1, ω(G)− 2},
there exists a longest path R that does not contain any vertex of Vt ∩Vt′ . This leads to
a contradiction, because, as G is connected, R must intersect a vertex in V(P) \Vt and
a vertex in V(Q) \Vt′ . Hence |Vt ∩ Vt′ | ≥ ω(G)− 1. Moreover, as both Vt and Vt′ are
maximal (and different), we conclude that |Vt| = |Vt′ | = ω(G) and |Vt ∩Vt′ | = ω(G)− 1.
Let {u} = Vt \Vt′ and {w} = Vt′ \Vt.

Since G is connected, V(P)∩V(Q) 6= ∅, therefore ` ≥ 1 and `′ ≥ 1. Indeed, suppose
for example that ` = 0. Then, as V(Q) ∩ (Vt′ \Vt) = ∅, we would have that P and Q
do not intersect, a contradiction. First suppose that P 1-intersects Vt at a vertex a. That
is, P is a 1-attractor for Vt. So V(P) ∩V(Q) = {a}. That is, P and Q only intersect each
other at a, which implies that a divides both longest paths in half. Let P′ and P′′ be the
two a-tails of P, and let Q′ and Q′′ be the two a-tails of Q. As P 1-intersects Vt, we may
assume without loss of generality that w /∈ P′.

Suppose that Q also 1-intersects Vt′ . Then, we may assume without loss of generality
that u /∈ Q′, which means that P′ ·Q′ is a longest path that crosses Vt at {a}, a contradic-
tion to the fact that P is a 1-attractor for Vt and intersects Vt at {a} (Figure 3.3(a)). Now
suppose that Q 2-intersects Vt′ at {a, b}. Note that either Qa = Q′ or Qa = Q′′. If u /∈ Qa

then P′ ·Qa is a longest path that crosses Vt at {a}, again a contradiction. Hence, u ∈ Qa.
But then P′ · Q̃ · Qb is a longest path that 2-intersects Vt′ and crosses Vt′ , a contradic-
tion to the fact that Q is a 2-attractor for Vt and intersects Vt at {a, b}. Therefore, P
2-intersects Vt.

By a similar reasoning, we conclude that Q 2-intersects Vt′ . Suppose that P 2-
intersects Vt at the ends of edge ab. First suppose that Q also 2-intersects Vt′ at the same
vertices. Then, |Pa| = |Qa|, |Pb| = |Qb|, and |P̃| = |Q̃|. If u /∈ Qa, then Pb · P̃ · Qa is a
longest path that 2-intersects Vt and crosses Vt, a contradiction to the fact that P is a
2-attractor for Vt and intersects Vt at {a, b} (Figure 3.3(b)). Hence, u ∈ Qa and u /∈ Q̃.
Thus Pa · Q̃ · Pb is a longest path that 2-intersects Vt and crosses Vt, again a contradiction.
Hence, we may assume that Q 2-intersects Vt′ at the ends of an edge bc with c 6= a.
Therefore Pa · ac · Q̃ · Pb and Qc · ca · P̃ ·Qb are paths, because a 6= u and c 6= w, and one
of them is longer than L, yielding the final contradiction (Figure 3.3(c)).
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Figure 3.3: Cases in the proof of Theorem 3.5.

The previous theorem implies the following results.

Corollary 3.6. If G is a k-tree, with k > 1, then lpt(G) ≤ k− 1.

Corollary 3.7. If G is a 3-tree or a connected chordal planar graph, then lpt(G) ≤ 2.

3.2 Partial k-Trees

The aim of this section is to prove that lpt(G) ≤ k for any connected partial k-tree G
(Theorem 3.10). Recall that, by Proposition 2.2, partial k-trees are exactly those graphs
with treewidth at most k. Rautenbach and Sereni [RS14] mentioned that lpt(G) ≤ k + 1
for any such G. This result is a direct corollary of a theorem of Seymour and Thomas.
(See Theorem 2.15 and Corollary 2.16). In fact, we need only the statement corresponding
to the first part of the proof of Theorem 2.15. Next we state this as a previous lemma
that is used in the proof of our main theorem.

Lemma 3.8. Let G be a connected graph. Let (T,V) be a tree decomposition of G. There exists
a node t ∈ V(T) such that Vt is a longest path transversal.

Proof. Suppose by contradiction that this is not the case. For every t ∈ V(T), let P(t) be
the set of longest paths in G that do not intersect Vt. Then, P(t) 6= ∅ for every t ∈ V(T).
Thus, by Lemma 2.14, there exists an edge tt′ ∈ E(T) and two paths P ∈ P(t)
and Q ∈P(t′) such that Brancht(P) = Brancht(t′) and Brancht′(Q) = Brancht′(t), P
does not intersect Vt, and Q does not intersect Vt′ . Therefore, P and Q do not intersect
each other, a contradiction.
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The following proposition is useful for our main result.

Proposition 3.9. Let G be a graph. Let (T,V) be a tree decomposition of G. Let tt′ ∈ E(T).
Let P′ be a path fenced by Vt that 1-intersects Vt such that Brancht(P′) = Brancht(t′). Let Q′

be a path fenced by Vt that 1-intersects Vt at a vertex in Vt \Vt′ . Then V(P′) ∩V(Q′) = ∅.

Proof. Suppose by contradiction that V(P′) ∩V(Q′) 6= ∅. As V(P′) ∩V(Q′) ∩Vt = ∅,
we must have that Brancht(Q′) = Brancht(P′) = Brancht(t′). By Proposi-
tion 2.8, Vt ∩V(Q′) ⊆ Vt′ , a contradiction.

We can finally prove our main result. Recall that if G is a graph with treewidth k,
then (T,V) is a full tree decomposition of G if |Vt| = k + 1 for every t ∈ V(T),
and |Vt ∩ Vt′ | = k for every tt′ ∈ E(T) (Section 2.2). Recall also that L = L(G) is the
length of a longest path in G.

Theorem 3.10. For every connected partial k-tree G, we have lpt(G) ≤ k.

Proof. Let (T,V) be a full tree decomposition of G, which exists by Proposition 2.1. By
Lemma 3.8, there exists a node t ∈ V(T) such that Vt, of cardinality k + 1, is a longest
path transversal. Suppose by contradiction that lpt(G) > k. Then, no set of k vertices
in Vt is a longest path transversal. As every longest path intersects Vt at least once, for
every vertex in Vt, there exists a longest path that 1-intersects Vt at that vertex. Let P be
a longest path that intersects Vt at x, let P′ and P′′ be the two x-tails of P. We show that

|P′|, |P′′| > 0, and Brancht(P′) 6= Brancht(P′′). (3.6)

Proof of (3.6): If |P′| = |P′′| = 0, then L = 0 and the proof follows trivially. Hence,
we may assume without loss of generality that |P′| > 0. So, by Proposition 2.13, there
exists a node t′ ∈ N(t) such that Brancht(P′) = Brancht(t′). As (T,V) is a full tree
decomposition, there exists a vertex y ∈ Vt \Vt′ . By Proposition 2.8, x ∈ Vt′ , so y 6= x.
Let Q be a longest path that 1-intersects Vt at y. Let Q′ and Q′′ be the two y-tails
of Q. By Proposition 3.9, both V(P′) ∩ V(Q′) and V(P′) ∩ V(Q′′) are empty. Hence,
V(P′′)∩V(Q) 6= ∅, which implies that |P′′| > 0. Moreover, Brancht(P′) 6= Brancht(P′′),
otherwise, by Proposition 3.9, both V(P′′) ∩V(Q′) and V(P′′) ∩V(Q′′) are empty.

By (3.6), there exist two different nodes t′, t′′ ∈ N(t) such that
Brancht(P′) = Brancht(t′) and Brancht(P′′) = Brancht(t′′). As (T,V) is a full
tree decomposition, there exists a vertex a ∈ Vt \Vt′ and a vertex b ∈ Vt \Vt′′ . As t′ 6= t′′,
we have that Vt′ 6= Vt′′ and a 6= b. Let Q and R be corresponding longest paths that
1-intersect Vt at a and b respectively. By (3.6) (with either Q or R instead of P), both Q
and R cross Vt. Observe that x ∈ Vt′ ∩Vt′′ by Proposition 2.8, hence a 6= x and b 6= x.
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Let Q′ and Q′′ be the two a-tails of Q, and let R′ and R′′ be the two b-tails of R. By
Proposition 3.9, V(P′) ∩V(Q) = ∅. So, V(P′′) ∩V(Q) 6= ∅. We may assume, without
loss of generality, that Q′′ intersects P′′, thus Brancht(Q′′) = Brancht(P′′) = Brancht(t′′).
Analogously, with a similar analysis with R instead of Q, we may as-
sume that Brancht(R′) = Brancht(P′) = Brancht(t′). Applying (3.6) with Q
and R instead of P, one can show that Brancht(Q′) 6= Brancht(Q′′) and
that Brancht(R′) 6= Brancht(R′′). Thus, Q′ is disjoint from P, and R′′ is disjoint
from P. Also, as Brancht(R′) = Brancht(t′), by Proposition 3.9, paths Q and R′ do not
intersect. Analogously, R and Q′′ do not intersect (Figure 3.4(a)).

Let a′ ∈ V(P′′) ∩V(Q′′) be such that the subpath of P with extremes x and a′ is
internally disjoint from Q′′. Let Q1 and Q2 be the two a′-tails of Q, with Q1 containing a.
Let b′ ∈ V(P′)∩V(R′) be such that the subpath of P with extremes x and b′ is internally
disjoint from R′. Let R1 and R2 be the two b′-tails of R, with R1 containing b. Let P̃ be
the subpath of P that has a′ and b′ as extremes. As P̃ is internally disjoint from both Q
and R, we have that R1 · P̃ ·Q2 and Q1 · P̃ · R2 are paths (Figure 3.4(b)), whose lengths
sum more than 2L, a contradiction.

Q′

Q′′

P′

P′′

R′ R′′

(a)

Vt

Vt′′

Vt′

a

b
b′

x

Q′

Q′′

P′

P′′

R′R′′

b′

a′

(b)

Figure 3.4: (a) Paths P, Q and R from the proof of Theorem 3.10 and a tripartite graph
representing the interaction between their parts. The vertex set of the graph has two vertices
for each of the paths, one for each part. The edge set contains two types of edges: the straight
edges connect parts that are in different components of G−Vt and the dashed edges connect
parts that are in the same component of G − Vt. When the interaction between two parts is
not determined, we omit the edge between them. (b) Vertices a′ and b′ used to obtain the final
contradiction.

Planar graphs do not have bounded treewidth, because a grid graph on n vertices has
treewidth

√
n. However, Fomin and Thilikos [FT06] showed that any planar graph G

on n vertices has treewidth at most 3.182
√

n. More generally, Alon, Seymour, and
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Thomas [AST90] showed that any Kr-minor free graph on n vertices has treewidth at
most r1.5√n. Hence, we have the following corollary for Theorem 3.10. It improves
the upper bound of 9

√
n lg n given by Rautenbach and Sereni when the graph is

planar [RS14].

Corollary 3.11. For every connected planar graph G on n vertices, we have lpt(G) ≤ 3.182
√

n,
and for every connected Kr-minor free graph G, we have lpt(G) ≤ r1.5√n.

3.3 Full Substar Graphs

In this section, we prove that all longest paths intersect in connected full substar
graphs (Theorem 3.14). A graph G is a full substar graph if there exists a tree T
and a collection S = {Sv : v ∈ V(G)} of stars in T such that: (i) |V(Sv)| ≥ dT(xv)

for every v ∈ V(G), where xv is the center of Sv; and (ii) V(Su) ∩V(Sv) 6= ∅ for ev-
ery uv ∈ E(G). We call the pair (T, S) the intersection model of G. To avoid confusion,
we call the vertices of T as nodes. An example of a full substar graph can be seen in
Figure 3.5.

Figure 3.5: A full substar graph and a corresponding intersection model for the graph.

The definition of branch by Heinz [Hei13] (Section 2.4) applies naturally to an
arbitrary tree. Here we applied it to the tree T. For a node t ∈ V(T), let Ct be the set
of vertices of G whose corresponding stars have t as center and D(t, t′) be the set of
vertices of G whose stars are centered in a node that belongs to Brancht(t′).

In what follows, G is a connected full substar graph and (T, S) is an intersection
model of G.

Lemma 3.12. Let t ∈ V(T) and x ∈ Ct. If P is a longest path in G such that x /∈ V(P), then
there exists a node t′ ∈ NT(t) such that the following conditions hold:

(i) V(P) ⊆ Ct ∪D(t, t′),

(ii) |V(P) ∩ Ct| ≤ 1.
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Moreover, if |V(P) ∩ Ct| = 1, then t′ /∈ V(Sx).

Proof. First suppose that V(P) ∩ Ct = ∅. Suppose by contradiction that (i) is false.
Then P has vertices whose substars are centered in two different branches of T at t.
Since P contains no vertex of Ct, then P must contain two consecutive vertices whose
stars are centered in NT(t). That is, P contains two consecutive vertices that are adjacent
to x, a contradiction. This implies that (i) holds in this case and, since |V(P) ∩ Ct| = 0,
(ii) also holds.

Now assume that V(P) ∩ Ct 6= ∅. Suppose by a contradiction that (i) does not hold.
Then P has vertices whose substars are centered in two different branches of T at t.
Let u and v be such vertices. Moreover, suppose that the subpath P̃ of P with extremes u
and v is minimum over all choices of u and v. If |P̃| = 1 then we are in a previous case.
Hence, by the choice of u and v, every internal vertex of P̃ is in Ct. Since |Sx| ≥ dT(t),
one of {u, v} is adjacent to x. Without loss of generality, let u be such vertex and let y
be such that uy ∈ E(P̃). As y ∈ Ct, we have that y is also adjacent to x, a contradiction,
because P is a longest path. We conclude that (i) holds in this case. Let t′ be as stated
in (i).

For showing (ii), suppose by contradiction that |V(P)∩ Ct| > 1. Let b, f ∈ V(P)∩ Ct.
If b f ∈ E(P), then we can add x to P between these two vertices, a contradiction to the
fact that P is a longest path. Observe also that b is not an extreme of P. Hence, we
may assume that P = Pa · ab · bc · Pcd · d f · Pf , where Pa and Pf contain the extremes
of P, and possibly c = d, |Pa| = 0 or |Pf | = 0. Note that a, c, d /∈ N(x), hence t /∈ Sa,
t /∈ Sc, and t /∈ Sd. This implies, as ab, bc, d f ∈ E(G), that Sa ∩ Sb = {t′}, Sb ∩ Sc = {t′}
and Sd ∩ S f = {t′}. So, t′ ∈ Sa ∩ Sb ∩ Sc ∩ Sd ∩ S f and {a, b, c, d, f } induces a clique. But
then, Pa · ac · Pcd · db · bx · x f · Pf is a path longer than L, a contradiction (Figure 3.6).

To finish the proof, suppose by contradiction that |V(P) ∩ Ct| = 1 and t′ ∈ Sx.
Let {a} = V(P) ∩ Ct. Since |P| ≥ 1 and V(P) ⊆ Ct ∪ D(t, t′), there exists an
edge ab ∈ E(P) such that b ∈ D(t, t′). This implies that t′ ∈ Sb, so x is adjacent to
both a and b, a contradiction.

Pa PfPcd

a b c d f

x

Figure 3.6: Situation in the proof of Lemma 3.12.
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Lemma 3.13. Let t ∈ V(T). If lpt(G) > 1, then there exists a longest path P in G and a
node t′ ∈ NT(t) such that V(P) ⊆ D(t, t′).

Proof. Suppose for a moment that Ct = ∅. If there is no vertex v ∈ V(G) such that t ∈ Sv,
then any longest path satisfies the condition and the proof follows. Thus, let x ∈ V(G)

such that t ∈ Sx. As lpt(G) > 1, there exists a longest path P that does not contain x.
If there exists a node t′ ∈ NT(t) such that V(P) ⊆ D(t, t′), we are done. So, as Ct = ∅,
there exists an edge uv ∈ E(P) such that u ∈ Ct1 , v ∈ Ct2 , t1 6= t2, and t1, t2 ∈ NT(t).
As t ∈ Su ∩ Sv ∩ Sx, we have that x is adjacent to both u and v, a contradiction. Thus,
we may assume that Ct 6= ∅.

Let x ∈ Ct. Moreover, suppose that |V(Sx)| is maximum over all such x.
Since lpt(G) > 1, there exists a longest path P in G that does not contain x.
By Lemma 3.12, there exists a node t′ ∈ NT(t) such that V(P) ∈ Ct ∪D(t, t′).
If V(P) ∩ Ct = ∅, the statement holds. Otherwise, P has a vertex a such that a ∈ Ct.
Also, by Lemma 3.12, V(P) ∩ Ct = {a}. Moreover, by the last part of Lemma 3.12,
t′ /∈ Sx. This implies that |V(Sx)| = dT(t). And, by the choice of x, |V(Sa)| = dT(t).
That is, both Sx and Sa miss a node in the neighborhood of t. As Sx 6= Sa, there exists a
node t′′ ∈ Sx \ Sa.

Since lpt(G) > 1, there exists a longest path Q in G that does not con-
tain a. By Lemma 3.12, there exists a node p ∈ NT(t) such that V(Q) ⊆ Ct ∪D(t, p).
If V(Q) ⊆ D(t, p) we are done. Hence, |V(Q) ∩ Ct| = 1 and, as t′′ /∈ Sa, by the last
part of Lemma 3.12, p = t′′. Then V(P) ⊆ {a} ∪ D(t, t′) and V(Q) ⊆ {b} ∪ D(t, t′′).
As a 6= b and D(t, t′) ∩D(t, t′′) = ∅, P and Q do not intersect each other, a contradic-
tion.

We are now ready to prove the main result of this section.

Theorem 3.14. If G is a connected full substar graph, then lpt(G) = 1.

Proof. Suppose by a contradiction that lpt(G) > 1. Let (T, S) be an intersection model
of G. We define a partial orientation T′ of T as follows: tt′ ∈ E(T′) if and only
if tt′ ∈ E(T) and there exists a path P of G such that V(P) ⊆ D(t, t′). Hence every node
in T′ has outdegree at least one by Lemma 3.13. Let tt′ be the last arc of a maximal
directed path in T′. As T is a tree, t′t is also an arc in T′, which implies that there exist
two longest paths P and Q in G such that V(P) ⊆ D(t, t′) and V(Q) ⊆ D(t′, t). But
then, as D(t, t′) ∩D(t′, t) = ∅, P and Q do not intersect each other, a contradiction.

3.4 Bipartite Permutation Graphs

In this section, we prove that all longest paths intersect in connected bipartite permu-
tation graphs (Theorem 3.25). We begin by introducing the corresponding definition.
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Let L1 and L2 be two parallel lines in the plane. Consider two sets X = {x1, x2, . . . , xn}
and Y = {y1, y2, . . . , ym} of segments that join points in L1 with points in L2, such that
the extremes of every two elements in X ∪Y are pairwise disjoint. Moreover, every two
elements in X do not intersect each other and every two elements in Y do not intersect
each other.

Let σ be the function that maps the extreme in L1 of a segment to the other extreme.
That is, if ri is the extreme in L1 of a segment xi in X, then the other extreme is σ(ri); and
if si is the extreme in L1 of a segment yi in Y, then the other extreme is σ(si). Consider
an associated bipartite graph G = (X, Y, E) where xy ∈ E if and only if the segments x
and y intersect each other. We call the tuple (L1,L2, X ∪Y, σ) a line representation of G.
A graph is called a bipartite permutation graph if it has a line representation.

x1 x2 x3

y1 y2 y3 y4

(a)

r1 r2 s1 s2 r3 s3 s4

σ(s1) σ(s2) σ(s3) σ(r1) σ(s4) σ(r2) σ(r3)

(b)

Figure 3.7: (a) A bipartite permutation graph. (b) A corresponding line representation.

In what follows, we assume that G = (X, Y, E) is a connected bipartite permutation
graph, with a line representation (L1,L2, X ∪Y, σ), where X = {x1, x2, . . . , xn} and Y =

{y1, y2, . . . , ym}. We also assume that ri is the extreme of xi in L1 and that si is the
extreme of yi in L1. Moreover, we consider that the sets X and Y are ordered by their
extremes in L1. That is, ri < rj if and only if i < j, for every xi and xj in X; and si < sj

if and only if i < j, for every yi and yj in Y (Figure 3.7). For two elements xi and xj in X
with i < j, we also say that xi < xj, and we do the same for Y. Next we show some
basic properties of bipartite permutation graphs.

Proposition 3.15. σ(r1) < σ(r2) < · · · < σ(rn) and σ(s1) < σ(s2) < · · · < σ(sm).

Proof. Suppose by contradiction that there exist i and j such that ri < rj and σ(ri) > σ(rj).
Hence xi and xj would be adjacent, a contradiction to the fact that G is bipartite. A
similar proof applies for si and sj.

The next proposition says that the neighborhood of a vertex is either completely to
its left or completely to its right.

Proposition 3.16. If xi, xj ∈ N(yk) for some i, j, k, then (ri − sk)(rj − sk) > 0 . In a similar
way, if yi, yj ∈ N(xk) for some i, j, k, then (si − rk)(sj − rk) > 0.
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Proof. The two statements are symmetric, so we only analyze the first one. Suppose by
contradiction that there exist i, j, k such that ri < sk < rj and ri, rj ∈ N(sk). Then σ(rj) <

σ(sk) < σ(ri), a contradiction to Proposition 3.15.

Proposition 3.17. If xi is adjacent to yj1 and yj2 , with j1 ≤ j2, then xi is adjacent to every yj

with j1 ≤ j ≤ j2. If xi1 and xi2 , with i1 ≤ i2, are adjacent to yj, then yj is adjacent to every xi

with i1 ≤ i ≤ i2.

Proof. The two statements are symmetric, so we only analyze the first one. The case in
which j ∈ {j1, j2} is immediate, so we may assume that j1 < j < j2. By Proposition 3.16,
either xi < yj1 < yj < yj2 or yj1 < yj < yj2 < xi. Consider the first case. As xiyj2 ∈ E,
we have that σ(sj2) < σ(ri). Also, σ(sj) < σ(sj2) by Proposition 3.15. So σ(sj) < σ(ri),
implying that xi and yj are adjacent.

The next two properties are very important, as they are used repeatedly throughout
the next proofs.

Proposition 3.18. If xi1 yj2 , xi2 yj1 ∈ E, with i1 ≤ i2 and j1 ≤ j2, then xi1 yj1 , xi2 yj2 ∈ E. In
other words, {xi1 , xi2 , yj1 , yj2} induces a complete bipartite graph.

Proof. The case in which j1 = j2 or i1 = i2 is clear, so let us assume that i1 < i2
and j1 < j2. First suppose that ri1 < sj2 . Then σ(sj2) < σ(ri1) because xi1 yj2 ∈ E. By
Proposition 3.15, we have that σ(ri1) < σ(ri2) and σ(sj1) < σ(sj2). So

σ(sj1) < σ(sj2) < σ(ri1) < σ(ri2). (3.7)

Hence, as xi2 yj1 ∈ E, we have that ri2 < sj1 , and

ri1 < ri2 < sj1 < sj2 . (3.8)

By (3.7) and (3.8), we derive that xi1 yj1 , xi2 yj2 ∈ E (Figure 3.8(a)).

Now suppose that ri1 > sj2 . Then

sj1 < sj2 < ri1 < ri2 . (3.9)

As xi2 yj1 ∈ E, we have that σ(ri2) < σ(sj1). Using Proposition 3.15, we deduce that

σ(ri1) < σ(ri2) < σ(sj1) < σ(sj2). (3.10)

By (3.9) and (3.10), we derive that xi1 yj1 , xi2 yj2 ∈ E (Figure 3.8(b)).
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ri1 ri2 sj1 sj2

σ(sj1) σ(sj2) σ(ri1) σ(ri2)

(a)

sj1 sj2 ri1 ri2

σ(ri1) σ(ri2) σ(sj1) σ(sj2)

(b)

Figure 3.8: The two cases in the proof of Proposition 3.18.

Proposition 3.19. Let xi1 ≤ xi2 ≤ xi3 ≤ xi4 be vertices in X and yj1 ≤ yj2 ≤ yj3 ≤ yj4 be
vertices in Y. If xi1 yj4 and xi4 yj1 are in E, then xi2 yj3 , yj2 xi3 , xi2 yj2 , and xi3 yj3 are in E. In other
words, {xi2 , xi3 , yj2 , yj3} induces a complete bipartite graph.

Proof. By Proposition 3.18, we have that xi1 yj1 and xi4 yj4 are in E. By applying Proposi-
tion 3.17, once for xi1 and once for xi4 , we deduce that xi1 yj2 , xi1 yj3 , xi4 yj2 , xi4 yj3 are in E,
and now applying it for yj2 and for yj3 , we deduce that xi2 yj2 , xi3 yj2 , xi2 yj3 and xi3 yj3 are
in E.

Until now, we have used the line representation of G to prove some properties. From
now on, we will not need this line representation anymore. That is, we only need to
concentrate in graph G, viewed as a bipartite graph that has the previous properties.

We are interested in the behaviour of longest paths in a bipartite permutation graph.
We begin by showing that every longest path can be converted into another longest
path with the same set of vertices that is ordered in a special way. As we only care
about vertex intersection of longest paths, we are only interested in such ordered paths.
To be more precise, if P = a1b1a2b2 · · · akbk is a path in G, we say that P is ordered
if a1 < a2 < · · · < ak and b1 < b2 < · · · < bk. A similar definition applies when P has
even length.

Let P be a path in G with P∩X = {a1, a2, . . . , a|P∩X|} and P∩Y = {b1, b2, . . . , b|P∩Y|},
so that a1 < a2 < · · · < a|P∩X| and b1 < b2 < · · · < b|P∩Y|. For every i ∈ {1, . . . , |P∩X|},
let Xi = {a1, a2, . . . , ai} and Xi = P ∩ (X \ Xi). For every i ∈ {0, . . . , |P ∩ Y|}, let
Yi = {b1, b2, . . . , bi} and Yi = P ∩ (Y \ Yi). It is denoted by dP(Xi) the sum ∑v∈Xi

dP(v)
and by dP(Yj) the sum ∑w∈Yj

dP(w).

Proposition 3.20. Let i, j be such that 1 ≤ i ≤ |P ∩ X|, 0 ≤ j ≤ |P ∩ Y|, and either
i < |P ∩ X| or j < |P ∩ Y|. Then, there exists either an edge in P from Xi to Y j, or an edge
in P from Yj to Xi.

Proof. Without loss of generality, assume that i < |P∩X|. Let v ∈ P∩ (X \Xi). Suppose
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by contradiction that no such edge exists. Then, there is no path, in the subgraph of G
induced by E(P), between v and a vertex in Xi ∪Yj, a contradiction.

Proposition 3.21. Let i, j be such that 1 ≤ i ≤ |P ∩ X|, 0 ≤ j ≤ |P ∩ Y|, and either
i < |P ∩ X| or j < |P ∩ Y|. If dP(Xi) ≥ dP(Yj), then there exists an edge from Xi to Y j. If
dP(Yj) ≥ dP(Xi), then there exists an edge from Yj to Xi.

Proof. We prove only the first affirmation, as the proof for the second one is analogous.
Suppose by contradiction that dP(Xi) ≥ dP(Yj) and there exists no edge from Xi to Y j.
By Proposition 3.20, there exists at least one edge from Yj to Xi, so

dP(Yj) = |{wv ∈ E(P) : w ∈ Yj, v ∈ Xi}|+ |{wv ∈ E(P) : w ∈ Yj, v ∈ Xi}|

= |{vw ∈ E(P) : v ∈ Xi, w ∈ V(P)}|+ |{wv ∈ E(P) : w ∈ Yj, v ∈ Xi}|

= dP(Xi) + |{wv ∈ E(P) : w ∈ Yj, v ∈ Xi}|

> dP(Xi),

a contradiction.

Lemma 3.22. For every path P in a connected bipartite permutation graph G = (X, Y, E),
there exists an ordered path with the same vertex set as P.

Proof. Suppose that P ∩ X = {a1, a2, . . . , a|P∩X|}, P ∩Y = {b1, b2, . . . , b|P∩Y|}, a1 < · · · <
a|P∩X| and b1 < · · · < b|P∩Y|. Without loss of generality, we may assume that |P ∩ X| ≥
|P ∩ Y| and that, if |P ∩ X| = |P ∩ Y|, then i∗ ≤ j∗, where ai∗ is the extreme of P in X
and bj∗ is the extreme of P in Y. (If i∗ > j∗, then a similar proof applies by interchanging
X and Y.) Let k = |P ∩Y|. We show that

for every i ∈ {1, . . . , k}, there exists an edge with one end in Xi and the other in Yi−1,
(3.11)

and
for every i ∈ {1, . . . , k− 1 + |P ∩ X| − |P ∩Y|},

there exists an edge with one end in Yi and the other in Xi.
(3.12)

Proof of (3.11): Observe that dP(u) = 1 for at most two vertices u in Xi (the extremes
of P). Therefore, dP(Xi) ≥ 2|Xi| − 2 = 2|Yi−1|. As dP(w) ≤ 2 for every w ∈ Yi−1, we
have that dP(Yi−1) ≤ 2|Yi−1|. Hence, dP(Xi) ≥ dP(Yi−1) and, as i− 1 < k, (3.11) holds
by Proposition 3.21.

Proof of (3.12): First suppose that |P ∩ X| = k (= |P ∩ Y|). As i∗ ≤ j∗, we have
that dP(Yi) ≥ dP(Xi). Indeed, if ai∗ ∈ Xi then dP(Xi) = 2|Xi| − 2 and dP(Yi) ≥ 2|Yi| − 2,
and if ai∗ /∈ Xi then, as i∗ ≤ j∗, yj∗ /∈ Yi, so dP(Xi) = 2|Xi| and dP(Yi) = 2|Yi|. Thus,
as i < k, (3.12) holds by Proposition 3.21. Now suppose that |P ∩ X| = k + 1. Then,
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dP(w) = 2 for every w ∈ Yi. Therefore, dP(Yi) = 2|Yi| = 2|Xi|. As dP(v) ≤ 2 for every
v ∈ Xi, we have that dP(Xi) ≤ 2|Xi|. Hence, dP(Yi) ≥ dP(Xi) and, as i < k + 1, (3.12)
holds by Proposition 3.21.

Let i ∈ {1, . . . , k− 1}. By (3.11), there exists a vertex aq in Xi with a neighbor br′

in Yi−1. By (3.12), there exists a vertex br in Yi with a neighbor aq′ in Xi. As aq ≤ ai ≤
ai+1 ≤ aq′ and br ≤ bi ≤ bi ≤ br′ , by Proposition 3.19, both aibi and biai+1 are edges
(Figure 3.9). By (3.11), akbk is an edge, hence a1b1 · · · akbk is a path. This implies that if
|X ∩ P| = k, we are done. Also, if |X ∩ P| = k + 1, then bkak+1 is an edge, by (3.12), so
a1b1 · · · akbkak+1 is a path.

aq ai ai+1 aq′

br bi br′

Figure 3.9: Situation in the proof of Lemma 3.22.

As observed before, Lemma 3.22 says that we can restrict attention to ordered longest
paths from now on. Remember that we want to prove that lpt(G) = 1. We proceed in
two steps. First, we prove that lpt(G) ≤ 2. In fact, we prove that the ends of every edge
form a longest path transversal. Finally, we prove that one element in {x1, y1} is also a
longest path transversal, which implies that lpt(G) = 1.

Let xi1 yj1 and xi2 yj2 be two edges in G. We say that xi1 yj1 hits xi2 yj2 if
(i1 − i2)(j1 − j2) < 0. If this is not the case, we say they are parallel. We also say
that |i1 − i2| is the distance in X and that |j1 − j2| is the distance in Y between such edges.
It is denoted by distX(xi1 yj1 , xi2 yj2) and distY(xi1 yj1 , xi2 yj2) these two values, respectively.

Proposition 3.23. Let P be a longest path and xi1 yj1 ∈ E(P). Let vw ∈ E(G). If xi1 yj1 hits
vw, then P contains at least one of {v, w}.

Proof. Suppose by contradiction that {v, w} ∩ V(P) = ∅. Without loss of generality,
suppose that xi1 < v and yj1 > w. By Proposition 3.18, xi1 w and vyj1 are edges. Therefore,
(P− xi1 yj1) · xi1 wvyj1 is a path longer than P, a contradiction.

Lemma 3.24. Let G = (X, Y, E) be a connected bipartite permutation graph. Let vw ∈ E,
with v ∈ X and w ∈ Y. Every ordered longest path contains a vertex of {v, w}.

Proof. Suppose by contradiction that there exists an ordered longest path P that does
not contain either v or w. Then, by Proposition 3.23, all edges of P are parallel
to vw. Let xi1 yj1 be the edge of P that is “closer” to vw. That is, distX(xi1 yj1 , vw) =
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min{distX(e, vw) : e ∈ E(P)} and distY(xi1 yj1 , vw) = min{distY(e, vw) : e ∈ E(P)}. Ob-
serve that, as P is an ordered path, one of {xi1 , yj1} is an extreme of P. Suppose that xi1

is such an extreme. (A similar proof applies when this is not the case.) Without loss of
generality, we may assume that xi1 > v and that P is a path with minimum value of xi1

among all such paths.

Let H be the subgraph of G induced by the vertices {xi : i ≥ i1} ∪ {yj : j ≥ j1}.
As G is connected and G 6= H, there exists an edge between H and G− V(H). First
suppose that such an edge is between a vertex x` in H and a vertex yr in G − V(H).
Then, by Proposition 3.18, xi1 is adjacent to yr. Hence, yrxi1 · P is a path longer than P, a
contradiction (Figure 3.10(a)). Now, suppose that there is an edge between a vertex x`
in G − V(H) and a vertex yr in H. Then, by Proposition 3.18, xl is adjacent to yj1 .
So Q = (P − xi1 yj1) · x`yj1 is also a longest path. As V(Q) \ V(P) = {x`}, we have
that w /∈ Q. Observe also that v /∈ Q, otherwise Q · vw is a path longer than P. Hence,
by Proposition 3.23, all edges of Q are parallel to vw, which implies that v < x` < xi1 , a
contradiction to the way P was chosen (Figure 3.10(b)).

xi1 x`

yr yj1

(a)

x` xi1

yj1 yr

(b)

Figure 3.10: The two cases in the proof of Lemma 3.24. The solid lines represent the edges in P.

Given a collection C of ordered longest paths, we say that P ∈ C is a left-most
path if, for every other path Q ∈ C and for every i, the i-th vertex of P in X is less
than or equal to the i-th vertex of Q in X, and the same applies for Y instead of X.
Such a path exists because all paths in C are ordered. Recall that X = {x1, x2, . . . , xn}
and Y = {y1, y2, . . . , ym}.

Theorem 3.25. For every connected bipartite permutation graph G = (X, Y, E), lpt(G) = 1.

Proof. Suppose by contradiction that lpt(G) > 1. Then, there exists a longest path P
that does not contain y1 and a longest path Q that does not contain x1. We may assume,
by Lemma 3.22, that P and Q are ordered. As G is connected, we have d(x1), d(y1) > 0,
so x1y1 is an edge by Proposition 3.18. Hence, by Lemma 3.24, x1 ∈ P and y1 ∈ Q. We
may assume that both P and Q are left-most paths. Suppose without loss of generality
that n ≥ m. Thus, for all i ∈ {2, . . . , m}, it suffices to prove the following conditions:
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(a) yi is the (2i− 3)-th vertex of P, xi−1 is the (2i− 2)-th vertex of P, xi is the (2i− 3)-th
vertex of Q, and yi−1 is the (2i− 2)-th vertex of Q.

(b) xiyi is an edge.

Indeed, if that is the case, then we would have a path R = x1y1x2y2 · · · xmym

of length 2m − 1. As P does not contain y1, we would have |P ∩ Y| = |P ∩
{y2, y3, . . . , ym}| = m− 1. And, as G is bipartite, |P∩X| ≤ m. Hence |P| ≤ 2m− 2 < |R|,
a contradiction, because P is a longest path (Figure 3.11).

x1 x2 x3 x4

y1 y2 y3 y4

Figure 3.11: Situation in the proof of Theorem 3.25.

We proceed by induction on i. If i = 2, we need to prove that y2x1 and x2y1 are
the first edges of P and Q respectively, and that x1y1, x2y2 are edges. Remember that
x1 ∈ P. Obviously, x1 is not an extreme of P. So, as P is an ordered longest path, x1 is
the second vertex of P. Now we prove that y2 is the first vertex of P. If P starts in yj

with j > 2 then, as yjx1 and x1y1 are edges, x1y2 is an edge by Proposition 3.17. Thus
(P− x1yj) · x1y2 is also a longest path, contradicting the choice of P. A similar reasoning
shows that x2y1 is the first edge of Q. This implies, by Proposition 3.18, that x2y2 is an
edge, finishing the base case of the induction.

Now fix an i > 2 and assume that both (a) and (b) are valid for all j < i. Then, by
the induction hypothesis, yi−1xi−2 is the (2i− 5)-th edge of P. First, we prove that xi−1

is the (2i− 2)-th vertex of P. Indeed, suppose that xj is the (2i− 2)-th vertex of P with
j > i− 1. Let P = P′ · P′′, where P′ ∩ P′′ = {xi−2}. Then y1x1y2x2 · · · yi−2xi−2 · P′′ is an
ordered longest path that does not contain any vertex of {xi−1, yi−1}, a contradiction
to Lemma 3.24. So xi−1 is the (2i − 2)-th vertex of P. Now, we prove that yi is the
(2i− 3)-th vertex of P. Suppose that yj is the (2i− 3)-th vertex of P with j > i. Then, by
Proposition 3.19, as, by the induction hypothesis, xi−1yi−1 is an edge, xi−2yi and xi−1yi

are edges. Now, (P− xi−2yjxi−1) · xi−2yixi−1 is also a longest path, contradicting the
choice of P. A similar argument shows that xi is the (2i− 3)-th vertex of Q and that yi−1

is the (2i − 2)-th vertex of Q. This implies, by Proposition 3.18, that xiyi is an edge,
finishing the proof.
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3.5 Remarks

The problem of finding a minimum longest path transversal remains open for several
well-studied graph classes. In this work, we proved that connected bipartite permutation
graphs admit a transversal of cardinality one. This remains open for connected bicon-
vex graphs and connected permutation graphs, well-known superclasses of bipartite
permutation graphs. Even though our upper bound for lpt(G), when G is a connected
chordal graph, depends on ω(G), so far there are no examples of connected chordal
graphs that require a transversal of cardinality greater than one. In this direction, one
open problem is to look for such an example, if it exists, or to look for better bounds
for lpt(G) when G belongs to this graph class. It would be also interesting to generalize
Theorem 3.14 for the class of substar graphs. In this class, only condition (ii) of the
definition of full substar graphs is required to be satisfied. For more information about
substar graphs, the reader may refer to Joos [Joo14].

The classical counterexample of Walther and Voss, and Zamfirescu (Figure 1.1) has
treewidth three. (For a tree decomposition of such graph, see Figure 12 of [CEF+17].)
Hence, we have the following corollary of Theorem 3.10.

Corollary 3.26. Let ` be the minimum integer such that lpt(G) ≤ ` for every connected partial
3-tree G. Then, ` ∈ {2, 3}.



Chapter 4

Transversals of Longest Cycles

In this chapter we address transversals of longest cycles in some graph classes. Remem-
ber that lct is the minimum cardinality of a longest cycle transversal. We prove the
following:

• lct(G) = 1 for every connected split graph G (Section 4.1).

• lct(G) ≤ max{1, ω(G)− 3} for every 2-connected chordal graph G, where ω(G)

is the cardinality of a maximum clique in G (Section 4.2).

• lct(G) ≤ k− 1 for every 2-connected partial k-tree G (Section 4.3).

• lct(G) = 1 for every 2-connected partial 3-tree G (Section 4.4).

Throughout this chapter, we use L = L(G) for the length of a longest cycle in G. To
recall the basic definitions on longest cycles, see Section 2.3.

4.1 Split Graphs

We give a self-contained proof of a result given by Jobson et al. [JKLW16] that, in split
graphs, all longest cycles intersect in a common vertex. Observe that in this section, the
graphs considered are not necessarily 2-connected.

We say that a graph is split if there exists a partition of its vertex set into a clique and
an independent set. More formally, a spliting of a graph G is a partition (K, S) of V(G)

such that K is a clique and S is an independent set (Figure 4.1). It is known that split
graphs are chordal [Gol04, Theorem 6.3].

Proposition 4.1. Let G be a split graph with two longest cycles C and D.
Then V(C) ∩V(D) 6= ∅.

Proof. Suppose by contradiction that V(C) ∩ V(D) = ∅. As |C| ≥ 3, C must have
at least two vertices in K. Indeed, suppose for a moment that |V(C) ∩ K| ≤ 1.
Then |V(C) ∩ S| ≥ |C| − 1, which implies that all vertices of C, except maybe one, form
an independent set. Thus C has at most two edges, a contradiction. Analogously, D

41
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K
S

Figure 4.1: A split graph.

must have at least two vertices in K. Let {x, y} ⊆ V(C) ∩ K and {w, z} ⊆ V(D) ∩ K.
Let C′ and C′′ be the two xy-parts of C. Let D′ and D′′ be the two wz-parts of D.
Then C′ · xw · D′ · zy and C′′ · xw · D′′ · zy are both cycles, one of them longer than L, a
contradiction.

Proposition 4.2. Let G be a split graph with a spliting (K, S). If, for every pair of longest cy-
cles C and D in G, either V(C) ∩ K ⊆ V(D) ∩ K or V(D) ∩ K ⊆ V(C) ∩ K, then lct(G) = 1.

Proof. Let C be a longest cycle in G such that |V(C) ∩ K| is minimum. Let D be a longest
cycle in G. As |V(C) ∩ K| is minimum, then V(C) ∩ K ⊆ V(D) ∩ K. Hence every longest
cycle in G contains all vertices in V(C) ∩ K. As V(C) ∩ K 6= ∅, the proof follows.

Theorem 4.3. If G is a split graph, then lct(G) = 1.

Proof. Suppose by contradiction that there exists a split graph G such that lct(G) > 1.
Let (K, S) be a spliting of G. As lct(G) > 1, by Proposition 4.2, there exists two longest
cycles C and D in G and two vertices x ∈ V(C) \V(D) and y ∈ V(D) \V(C).

Let Cxz be a subpath of C that starts at x, ends at a vertex z of C and is internally
disjoint from C. Such a vertex exists by Proposition 4.1. We now consider two cases. First
suppose that z ∈ S. Consider a neighbor z′ of z in D. Then (D− zz′) · z′x · Cxz is a cycle
longer than L, a contradiction (Figure 4.2(a)). Now suppose that z ∈ K. In this situation,
consider a neighbor z′ of z in D, and a neighbor z′′ of z′ in D different from z. Observe
that |Cxz| > 1. Otherwise, (C− Cxz) · xyz is a cycle longer than L, a contradiction.
Then (D− zz′z′′) · Czx · xz′′ is a cycle longer than L, again a contradiction.
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x
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K
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D

(a)

x

z

z′′

z′

K

S
C

D
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Figure 4.2: Cases in the proof of Theorem 4.3. (a) z ∈ S. (b) z ∈ K.

4.2 Chordal Graphs

In this section, we prove that lct(G) ≤ max{1, ω(G)− 3} for every 2-connected chordal
graph G (Theorem 4.13). As in our corresponding result for longest paths (Section 3.1),
our main tool is to use the idea of the Helly Property for trees (Lemma 2.9) that was
abstracted in Lemma 2.14 (Section 2.5). For this, again we use the corresponding clique
tree of the chordal graph (Proposition 2.5). But, it is important to observe that, in chordal
graphs, the bound for cycles is better than the bound for paths. This requires more work
to obtain, for every node t of the clique tree, our nonempty set P(t), which is finally
obtained in Lemma 4.12. For the proof of that Lemma, we need five previous lemmas.
Roughly speaking, Lemma 4.4, Lemma 4.5 and Lemma 4.8 analyze the behaviour
of several longest cycles that 2-intersects a clique, and Lemma 4.10 and Lemma 4.11
analyze the behaviour of several longest cycles that 3-intersects a clique.

We start our study of the behaviour of longest cycles that 2-intersect a maximal
clique by proving a lemma valid for all 2-connected graphs. This lemma is similar to
Lemma 3.1, but observe that the conclusion is stronger in the case of cycles.

Lemma 4.4. Let G be a 2-connected graph with a clique K. Then every two longest cycles that
2-cross K are K-equivalent.

Proof. Suppose by contradiction that there exists two longest cycles C and D that 2-
cross K and V(C) ∩ K 6= V(D) ∩ K. Let V(C) ∩ K = {a, b} and V(D) ∩ K = {c, d}. We
may assume that either {a, b} and {c, d} are disjoint or b = c. Let C′ and C′′ be the
two ab-parts of C. Let D′ and D′′ be the two cd-parts of D. As both C and D cross K,
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we may assume, without loss of generality, that C′ is internally disjoint from D′, and
that C′′ is internally disjoint from D′′. Hence C′ · bc · D′ · da and C′′ · bc · D′′ · da are
cycles, one of them longer than L, a contradiction (Figure 4.3).

K

d

c

b

a

C′′C′

D′D′′

Figure 4.3: Situation in the proof of Lemma 4.4. Possibly b = c.

The next two lemmas analyse the case when there exists a longest cycle that 2-crosses
some clique. Lemma 4.5 analyses the case when the clique has at least five vertices, and
Lemma 4.8 analyses the case when the clique is small. Note that the former result holds
for any graph. These two lemmas are analogous to Lemma 3.4.

Lemma 4.5. Let G be a 2-connected graph. Let K be a k-clique in G, with k ≥ 5. If there exists
a longest cycle that 2-crosses K and lct(G) > max{1, ω(G)− 3}, then there is an `-attractor
for K, with ` ≤ 3.

Proof. Let C be a longest cycle that 2-crosses K at {a, b}. Let S be a subset of K of
cardinality k− 3 that contains {a, b}. Such a subset exists because k ≥ 5. As lct(G) >

max{1, ω(G)− 3} = ω(G)− 3 ≥ k − 3, there exists a longest cycle D̄ that does not
intersect S. This implies that D̄ intersects K at most three times, and that D̄ does not
intersect {a, b}. If D̄ intersects K at most once, then D̄ is an `-attractor for K with ` = 0
or 1 and we are done. Thus, we may assume that D̄ intersects K at least twice. Suppose
that D̄ 2-intersects K. Recall that C 2-crosses K at {a, b}. Hence, by Lemma 4.4, every
longest cycle that intersects K at V(D̄) ∩ K is fenced by K. We conclude that D̄ is a
2-attractor for K.

Now suppose that D̄ 3-intersects K at {c, d, f }. Suppose for a moment that
there exists a longest cycle D that crosses K at {c, d, f }. As C and D cross K, any
of {Dcd, Dd f , Dc f } is internally disjoint from at least one of {C′, C′′}, and any of {C′, C′′}
is internally disjoint from at least one of {Dcd, Dd f , Dc f }. Thus, we may assume, without
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loss of generality, that C′ is internally disjoint from Dcd and Dc f , and that C′′ is internally
disjoint from Dd f . Then, C′ · ad · Ddc · Dc f · f b and C′′ · ad · Dd f · f b are both cycles, one
of them longer than L, a contradiction (Figure 4.4). Hence, every longest cycle that
intersects K at {c, d, f } is fenced by K. We conclude that D̄ is a 3-attractor for K.

K

a

b

f

d

c

C′′C′

Dc fDd f

Dcd

Figure 4.4: Situation in the proof of Lemma 4.5.

We can extend the previous lemma for smaller cliques, but just for chordal graphs.
Before that, we state two useful properties.

Proposition 4.6. Let (T,V) be a tree decomposition of a graph G. Let t ∈ V(T). Then Vt

separates, in G, two vertices in different branches of T at t.

Proof. Let u, v ∈ V(G) \Vt such that Brancht(u) = Brancht(t′) and Brancht(v) =

Brancht(t′′), where t′ and t′′ are neighbors of t in T. Observe
that Brancht(t′′) ⊆ Brancht′(t). Hence, Brancht(v) = Brancht′(t). By Proposition 2.7,
Vt ∩Vt′ separates, in G, u ∈ Brancht(t′) from v ∈ Brancht′(t).

Proposition 4.7. Let G be a chordal graph and K be a maximal clique in G. Let C be a
collection of at least two paths fenced by K, that 2-intersect K and whose extremes are in K.
If K ⊆ ⋃P∈C V(P), then there exist two paths P and Q in C, such that P �K Q.

Proof. Let (T,V) be a clique tree of G. As K is a maximal clique in G, there exists
t ∈ V(T) such that Vt = K. Suppose for a contradiction that P ∼K Q for every P, Q ∈ C.
Observe that no path P ∈ C has an edge in K, otherwise, P would consist of only this
edge, because P 2-intersects K and has its extremes in K, and thus P �K Q for every other
path Q ∈ C. This implies that Brancht(P) = Brancht(Q) for every P, Q ∈ C. Indeed,
let P, Q ∈ C. As P ∼K Q, there exists u ∈ V(P) and v ∈ V(Q) such that u and v are in the
same component of G−Vt, hence Brancht(u) = Brancht(v) by Proposition 4.6. So, by
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Proposition 2.13, there exists an edge tt′ ∈ E(G) such that Brancht(P) = Brancht(t′)
for every P ∈ C. Therefore, by Proposition 2.8, Vt ∩V(P) ⊆ Vt′ for every P ∈ C.
Hence, Vt ⊆ Vt′ , a contradiction because (T,V) is a clique tree.

Lemma 4.8. Let G be a 2-connected chordal graph with a maximal clique K such that |K| ≤ 4.
If there exists a longest cycle that 2-crosses K, then either lct(G)= 1 or there is an `-attractor
for K, with ` ≤ 2.

Proof. Let C be a longest cycle that 2-crosses K, say, at {a, b}. Suppose that lct(G) > 1.
Then there exists a longest cycle D in G that does not contain a. If D intersects K at most
once, then D is an `-attractor for K with ` = 0 or 1 and we are done. If D 2-intersects K,
then, by Lemma 4.4, all cycles that intersect K at V(D)∩K are fenced by K. We conclude
that D is a 2-attractor for K, so we are done.

It remains to consider the case in which |K| = 4 and D 3-intersects K, say, at {b, c, d}.
Let C′ and C′′ be the two ab-parts of C. Applying Proposition 4.7 to C = {C′, Dcd} and to
C = {C′′, Dcd}, we conclude that C′ �K Dcd and C′′ �K Dcd. As C and D intersect each
other in a vertex other than b (because G is 2-connected), we may assume without loss
of generality that C′ ∼K Dbd. By Proposition 4.7 again, applied to C = {C′, Dbc, Dbd}, we
conclude that Dbc �K Dbd ∼K C′. But then C′ · Dbc · Dcd · da and C′′ · Dbd · da are cycles,
one of them longer than L, a contradiction.

Now we study the behaviour of longest cycles that 3-cross a bag. Recall that, given
a longest cycle C that 3-crosses K at {a, b, c}, we say that a is a C-breaking vertex
if Cab �K Cac (Section 2.3).

Proposition 4.9. Let G be a graph and C be a cycle in G. Let K ⊆ V(G). Let ∆ be a triangle
in K. If C 3-crosses K at ∆, then ∆ has at least two C-breaking vertices.

Proof. Let ∆ = abc. As C crosses K, at least two of {Cab, Cac, Cbc} are in different
components of G− K. Suppose without loss of generality that Cab �K Cac. Then a is
a C-breaking vertex. Also, either Cbc �K Cab or Cbc �K Cac. Hence one of {b, c} is also a
C-breaking vertex.

The next two lemmas analyse the case when there exists a longest cycle that 3-crosses
some clique. Lemma 4.10 analyses the case when the clique has at least five vertices,
and Lemma 4.11 analyses the case when the clique is small. Note that the former result
holds for any graph.

Lemma 4.10. Let G be a 2-connected graph with a clique K such that |K| ≥ 5. If, for every
triangle ∆ ⊆ K, there exists a longest cycle that 3-intersects K at ∆, then at least one of these
cycles is a 3-attractor for K.
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Proof. Suppose by contradiction that none of these cycles is a 3-attractor for K. Then,
for every triangle ∆ ⊆ K there exists a longest cycle C∆ that 3-crosses K at ∆. By
Proposition 4.9, for every ∆ in K, ∆ has at least two C∆-breaking vertices. As there
are (|K|3 ) triangles in K, by pigeonhole principle, there exists a vertex v ∈ K such that v
is a breaking vertex for at least (|K|−1)(|K|−2)

3 of the triangles incident to v. Observe that
there exists at most |K| − 2 triangles incident to v that share a vertex other than v. Thus,
as |K| ≥ 5, there exists two edge-disjoint triangles incident to v such that v is a breaking
vertex for both of them. Let vab and vcd be such triangles, and let C and D be the
corresponding cycles respectively.

As v breaks both C and D, without loss of generality we may assume that Cva �K Dvc

and that Cvb �K Dvd. Also, there exists a part X ∈ {Dvc, Dvd} such that Cab �K X and
a part Y ∈ {Cva, Cvb} such that Dcd �K Y. Without loss of generality, we may suppose
that Cab �K Dvd. If Dcd �K Cva then Dvc · Dcd · da · Cav and Ddv · Cvb · Cba · ad are
cycles, a contradiction (Figure 4.5(a)). So Dcd ∼K Cva, and Dcd �K Cvb. If Cab �K Dcd

then Cva · ac · Dcv and Cvb · Cba · ac · Dcd · Ddv are cycles, a contradiction (Figure 4.5(b)).
So, Cab ∼K Dcd. As Dcd ∼K Cva, we conclude that Cab ∼K Cva. As Cva �K Dvc, we
conclude that Cab �K Dvc. Then, Cva · Cab · bc ·Dcv and Cvb · bc ·Dcd ·Ddv are both cycles,
one of them longer than L, again a contradiction (Figure 4.5(c)).

Cva

Cvb

Cab

Dvc

Dvd

Dcd
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Cva

Cvb
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Dvc
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Cva
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Dvc

Dvd

Dcd

(c)

Figure 4.5: Each bipartite graph represents the situation of the cycles C and D in the proof of
Lemma 4.10. Each side of the bipartition has three vertices that represent the parts of each
cycle. There is a straight edge in the graph if the corresponding parts, say X and Y, are such
that X �K Y.

We can extend the previous lemma for smaller cliques, but just for chordal graphs.

Lemma 4.11. Let G be a 2-connected chordal graph with a maximal clique K such that |K| = 4.
If for every triangle ∆ in K there exists a longest cycle that 3-intersects K at ∆, then ei-
ther lct(G) = 1 or there is an `-attractor for K with ` ≤ 3.

Proof. Let (T,V) be a clique tree of G. Suppose that K has no 3-attractor. Then, for every
triangle ∆ in K, there exists a longest cycle that 3-crosses K at ∆. By Proposition 4.9,
for every ∆ in K, ∆ has at least two breaking vertices. As |K| = 4, there are four such
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triangles. By the pigeonhole principle, there exists a vertex a ∈ K such that a is a
breaking vertex for at least two of the triangles incident to a. Let abd and acd be these
two triangles. Let C and D be the corresponding longest cycles respectively. Hence,

Cab �K Cad and Dac �K Dad. (4.1)

Also, by Proposition 4.7,
Cab �K Dcd and Cbd �K Dac.

By (4.1) either Cab �K Dad and Cad �K Dac, or Cab �K Dac and Cad �K Dad. In the first
case, Cba · Dad · Ddc · cb and Dac · cb · Cbd · Cda are cycles, one of them longer than L, a
contradiction (Figure 4.6(a)).

In the second case, Cbd �K Dcd. Indeed, suppose for a moment that Cbd ∼K Dcd.
Then, by Proposition 4.7, with C = {Cbd, Dcd, Cad} we have that Cad �K Dcd. And
by the same proposition, with C = {Cbd, Dcd, Dad}, we have that Cbd �K Dad,
so Cba · Cad · Ddc · cb and Dca · Dad · Cdb · bc are cycles, one of them longer than L, a
contradiction (Figure 4.6(b)). Hence, Cbd �K Dcd. Thus, Cad · Dad and Cab · Cbd · Ddc · Dca

are cycles (Figure 4.6(c)). But then, Cad · Dad is a longest cycle that 2-crosses Vt, and we
conclude the proof by applying Lemma 4.8.
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Figure 4.6: Each bipartite graph represents the situation of the cycles C and D in the proof of
Lemma 4.11. Each side of the bipartition has three vertices that represent the parts of each
cycle. There is a straight edge in the graph if the corresponding parts, say X and Y, are such
that X �K Y.

The following lemma synthesizes the previous four lemmas.

Lemma 4.12. Let G be a 2-connected chordal graph such that lct(G) > max{1, ω(G)− 3}.
Let k be an integer with k ≥ 2. For each clique of cardinality k in G, there exists an `-attractor,
with ` ≤ min{3, k− 1}.

Proof. Let K be a clique in G and k ≥ 2 be its cardinality. Then, for every set
of max{1, ω(G)− 3} vertices in K, there exists a longest cycle that does not inter-
sect that set. If one of these cycles intersects K at most once, then we are done. Indeed,
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such cycle could be an `-attractor for K, with ` = 0 or 1. Hence, we may assume that
every such cycle intersects K at least twice. Which implies, as max{1, ω(G)− 3} ≥ 1,
that k ≥ 3. Suppose for a moment that one of these cycles, say C, 2-intersects K. If C,
or any longest cycle equivalent to C, 2-crosses K, then we are finished by Lemma 4.5
and Lemma 4.8. Indeed, if k ≥ 5 then, by Lemma 4.5, there is an `-attractor for K
with ` ≤ 3 ≤ min{3, k− 1} and we are done. If 3 ≤ k ≤ 4 then, by Lemma 4.8, there is an
`-attractor for K with ` ≤ 2 ≤ min{3, k− 1} and we are done. So, all longest cycles equiv-
alent to C are fenced by K and thus C is an `-attractor for K with ` = 2 ≤ min{3, k− 1}.
Thus, as k−max{1, ω(G)− 3} ≤ 3, it remains to consider the case in which each of
these cycles 3-intersects K, which implies, as max{1, ω(G)− 3} ≥ 1, that k ≥ 4. By
Lemma 4.10 and Lemma 4.11 there is an `-attractor for K with ` ≤ 3 ≤ min{3, k− 1}
and we are done.

Finally, we obtain our main result.

Theorem 4.13. For every 2-connected chordal graph G, lct(G) ≤ max{1, ω(G)−3}.

Proof. Let (T,V) be a clique tree of G. If one of such cliques has cardinality one,
|V(G)| = 1 and we are done. Thus, every clique in V has cardinality at least two. For
every t ∈ V(T), let P(t) be the set of longest cycles in G which are `-attractors for Vt,
with ` ≤ min{3, |Vt| − 1}. Suppose by contradiction that lct(G) > max{1, ω(G)− 3}.
Then, P(t) 6= ∅ for every t ∈ V(T) by Lemma 4.12. Observe that, as Vt is a
clique, any cycle in P(t) has no edges in G[Vt]. Otherwise, such cycle will con-
tain all vertices of Vt, a contradiction to the fact that ` ≤ min{3, |Vt| − 1}. This
implies that, for any t ∈ V(T), no cycle in P(t) is contained in G[Vt]. Thus, by
Lemma 2.14, there exists an edge tt′ ∈ E(T) and two cycles C ∈P(t) and D ∈P(t′)
such that Brancht(C) = Brancht(t′), Brancht′(D) = Brancht′(t), C is an `-attractor for Vt,
with ` ≤ min{3, |Vt| − 1}, and D is an `′-attractor for Vt′ , with `′ ≤ min{3, |Vt′ | − 1}.

Let u ∈ Vt \Vt′ . Suppose for a moment that u ∈ V(C). Let uv ∈ E(C). By Propo-
sition 2.7, Brancht(v) 6= Brancht(t′), so v ∈ Vt. This implies that uv is an edge in Vt,
a contradiction. Thus, (Vt \Vt′) ∩V(C) = ∅ and (Vt′ \Vt) ∩V(D) = ∅, which implies
that Vt ∩Vt′ separates a vertex in V(C) \Vt from a vertex in V(D) \Vt′ .

Suppose for a moment that |Vt ∩Vt′ | ≤ ω(G)− 2. As lct(G) > max{1, ω(G)− 3},
there exists a longest cycle R that contains at most one vertex of Vt ∩Vt′ . This leads to a
contradiction, because, as G is 2-connected, R must intersect a vertex in V(C) \Vt and
a vertex in V(D) \ Vt′ . Hence |Vt ∩Vt′ | ≥ ω(G)− 1. Moreover, as both Vt and Vt′ are
maximal (and different), we conclude that |Vt| = |Vt′ | = ω(G) and |Vt ∩Vt′ | = ω(G)− 1.
Let {u} = Vt \Vt′ and {w} = Vt′ \Vt.

Case 1: Both C and D 3-intersect Vt and Vt′ , respectively.
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Let V(C) ∩ Vt = {a, b, c}. Consider the case when V(D) ∩ Vt′ = {a, b, c}.
Let Cab, Cbc, Cac be the corresponding abc-parts of C. Let Dab, Dbc, Dac be the corre-
sponding abc-parts of D. By pigeonhole principle, we may assume, without loss of
generality, that w /∈ Cab and that u /∈ Dab. As (C − Cab) · Dab and (D − Dab) · Cab are
cycles, |Cab| = |Dab| and both are longest cycles. Hence, (C−Cab) ·Dab is a longest cycle
that 3-crosses Vt at V(C)∩Vt, a contradiction to the fact that C is an attractor for Vt (Fig-
ure 4.7(a)). Now suppose that V(D)∩Vt′ = {b, c, d}, with d 6= a. Then, Cbc ·Cca · ad ·Ddb

and Dbc · Dcd · da · Cab are cycles, one of them longer than L, a contradiction.

Case 2: Both C and D 2-intersect Vt and Vt′ , respectively.

As G is 2-connected, we may assume that V(C) ∩Vt = V(D) ∩Vt′ = {a, b}.
Let C′ and C′′ be the two ab-parts of C. Let D′ and D′′ be the two ab-parts
of D. As (C− C′) · D′, (C− C′) · D′′, (D− D′) · C′ and (D− D′) · C′′ are cy-
cles, |C′| = |C′′| = |D′| = |D′′| = L/2. Without loss of generality we may assume
that u /∈ V(D′). Hence, D′ · C′ is a longest cycle that 2-crosses Vt at V(C) ∩Vt, a
contradiction to the fact that C is an attractor for Vt (Figure 4.7(b)).

Case 3: C 3-intersects Vt and D 2-intersects Vt′ .

As G is 2-connected, we may assume that V(C) ∩Vt = {a, b, c} and
that V(D) ∩Vt′ = {a, b}. Let Cab, Cbc, Cac be the corresponding abc-parts of C.
Let D′ and D′′ be the two ab-parts of D. Without loss of generality, we may assume
that u /∈ V(D′). Hence, (C− Cab) · D′ is a longest cycle that 3-crosses Vt at V(C) ∩Vt,
a contradiction to the fact that C is an attractor for Vt (Figure 4.7(c)).

This concludes the proof.

The previous theorem implies the following results.

Corollary 4.14. If G is a k-tree, with k > 2, then lct(G) ≤ k− 2.

Corollary 4.15. All longest cycles intersect in 2-trees, 3-trees, and in 2-connected chordal
planar graphs.

4.3 Partial k-Trees

Recall that, by Proposition 2.2, partial k-trees are exactly those graphs with treewidth at
most k. As in the case of paths (Section 3.2), it is easy to show an upper bound of k + 1
for lct(G) when G is a partial k-tree, by giving an analogous proof of Lemma 3.8 for cy-
cles instead of paths. In this section, we improve this bound and show that lct(G) ≤ k− 1
when G is a 2-connected partial k-tree (Theorem 4.18).

We begin by showing a useful lemma.

Lemma 4.16. Let G be a 2-connected graph with treewidth at least two. Let (T,V) be a full tree
decomposition of G. Let Vt ∈ V . If lct(G) > |Vt| − 2, then Vt has an `-attractor, with ` ≤ 2.
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Figure 4.7: Cases in the proof of Theorem 4.13.

Proof. As lct(G) > |Vt| − 2, for every subset of Vt of cardinality |Vt| − 2, there exists a
longest cycle that does not contain any vertex of it. If any of these cycles intersects Vt

at most once, then there is an `-attractor for Vt with ` ≤ 1 and we are done. Hence,
every such cycle 2-intersects Vt. That is, for every pair of vertices in Vt, there exists a
longest cycle that 2-intersects Vt at such pair. Suppose by contradiction that Vt has no
`-attractor, with ` ≤ 2. Then, for every pair of vertices in Vt, there exists a longest cycle
that 2-crosses Vt at such pair. Observe that it cannot be the case that all such cycles
contain an edge of Vt. Hence, there exists a longest cycle C that 2-crosses Vt at {a, b}
such that ab /∈ E(C). Let C′ and C′′ be the two ab-parts of C. As both C′ and C′′ are
fenced by Vt, by Proposition 2.13, there exists two nodes t′, t′′, neighbors of t in T, such
that Brancht(C′) = Brancht(t′) and Brancht(C′′) = Brancht(t′′), where possibly t′ = t′′.

Case 1: Vt ∩ Vt′ = Vt ∩ Vt′′ . As |Vt ∩Vt′ | = |Vt| − 1, there exists a ver-
tex x ∈ Vt \Vt′ = Vt \Vt′′ . Let y be an arbitrary vertex in Vt different from x.
Let D be a longest cycle that 2-crosses Vt at {x, y}. Then, as C and D intersect each
other in at least two vertices, there exists a xy-part of D, called it D′, such that
either Brancht(D′) = Brancht(t′) or Brancht(D′) = Brancht(t′′). If the former is true,
then, by Proposition 2.8, {x, y} = Vt ∩V(D′) ⊆ Vt′ , a contradiction to the fact that
x ∈ Vt \Vt′ . If the later is true, then, by Proposition 2.8, {x, y} = Vt ∩V(D′) ⊆ Vt′′ , a
contradiction to the fact that x ∈ Vt \Vt′′ .

Case 2: Vt ∩ Vt′ 6= Vt ∩ Vt′′ . As |Vt ∩Vt′ | = |Vt ∩Vt′′ |, there exists a vertex
x ∈ (Vt ∩Vt′) \Vt′′ and a vertex y ∈ (Vt ∩Vt′′) \Vt′ . Let D be a longest cycle that
2-crosses Vt at {x, y}. Then, as C and D intersect in at least two vertices, there
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exists a xy-part of D, called it D′, such that either Brancht(D′) = Brancht(t′)
or Brancht(D′) = Brancht(t′′). If the former is true, then by Proposition 2.8,
{x, y} = Vt ∩V(D′) ⊆ Vt′ , a contradiction to the fact that y ∈ (Vt ∩Vt′′) \Vt′ . If the
later is true, then by Proposition 2.8, {x, y} = Vt ∩V(D′) ⊆ Vt′′ , a contradiction to the
fact that x ∈ (Vt ∩Vt′) \Vt′′ .

Proposition 4.17. Let tt′ be an edge of T and let C be a cycle in G. If C has a vertex in Vt \Vt′

and a vertex in Brancht(t′), then |V(C) ∩Vt| ≥ 3.

Proof. Let u, v ∈ C such that u ∈ Vt \ Vt′ and v ∈ Brancht(t′). Then u ∈ Brancht′(t)
because t ∈ Brancht′(t). By Proposition 2.7, Vt ∩ Vt′ separates u from v. As u, v ∈ C,
there are two internally disjoint paths in G that joins u and v. As neither u nor v
belong to Vt ∩Vt′ , this set must intersect at least twice these two disjoint paths,
so |V(C) ∩Vt ∩Vt′ | ≥ 2, and as u ∈ Vt \Vt′ , we conclude that |Vt ∩V(C)| ≥ 3.

Finally, we prove our main theorem.

Theorem 4.18. For every 2-connected partial k-tree G, we have lct(G) ≤ k− 1.

Proof. Let (T,V) be a full tree decomposition of G. For every t ∈ V(T), let P(t) be
the set of longest cycles in G such that, for every C ∈ P(t), C is an `-attractor for Vt,
with ` ≤ 2. Suppose by contradiction that lct(G) > k− 1. As G is 2-connected, it is not
a forest, so k ≥ 2. Then, as |Vt| = k + 1, by Lemma 4.16, P(t) 6= ∅ for every t ∈ V(T).
Thus, by Lemma 2.14, there exists an edge tt′ ∈ E(T) and two longest cycles C and D
in G such that Brancht(C) = Brancht(t′), Brancht′(D) = Brancht′(t), C is an `-attractor
for Vt, with ` ≤ 2, and D is an `′-attractor for Vt′ , with `′ ≤ 2.

Note that the bags containing vertices of C are only in Brancht(t′) ∪ {t},
and that the bags containing vertices of D are only in Brancht′(t) ∪ {t′}.
As Brancht(t′) and Brancht′(t) are disjoint,V(C) ∩V(D) ⊆ Vt ∪Vt′ . Let Vt = {a, b, c, u}
and Vt′ = {a, b, c, w}. Suppose for a moment that u ∈ V(C). As C intersects Vt at most
twice, there exists a vertex v ∈ V(C) \Vt. As Brancht(C) = Brancht(t′), v ∈ Brancht(t′).
But then, |V(C) ∩Vt| ≥ 3 by Proposition 4.17, a contradiction.

So u /∈ V(C). Analogously, we can conclude that w /∈ V(D) and there-
fore V(C) ∩ V(D) ⊆ Vt ∩ Vt′ . As G is 2-connected, this implies that |V(C) ∩Vt| ≥ 2
and |V(D) ∩Vt′ | ≥ 2. Therefore, as C and D are given by Lemma 4.16, C 2-intersects Vt

and D 2-intersects Vt′ . As G is 2-connected, we may assume that V(C) ∩ Vt =

V(D)∩Vt = {a, b}. Let C′ and C′′ be the two ab-parts of C. Let D′ and D′′ be the two ab-
parts of D. As |V(C) ∩ V(D)| = 2, we can conclude that |C′| = |C′′| = |D′| = |D′′|.
We may assume that w /∈ V(D′). Hence, C′ · D′ is a longest cycle that 2-crosses Vt

at {x, y} = V(C) ∩Vt, a contradiction to the fact that C is a 2-attractor for Vt.
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Figure 4.8: Situation in the proof of Theorem 4.18.

The previous theorem implies the following result.

Corollary 4.19. All longest cycles intersect in 2-connected series-parallel graphs.

Again, as in the case of longest paths (Corollary 3.11), we have the following corollary
due to results of Fomin and Thilikos [FT06], and Alon, Seymour, and Thomas [AST90].

Corollary 4.20. For every 2-connected planar graph G on n vertices, we
have lct(G) < 3.182

√
n, and for every 2-connected Kr-minor free graph G, we

have lct(G) < r1.5√n.

4.4 Partial 3-Trees

In this section we focus on graphs with treewidth at most 3, also known as partial
3-trees (Proposition 2.2). By Theorem 4.18, every 2-connected partial 3-tree has a longest
cycle transversal of cardinality at most two. We show that in fact there is a transversal
of cardinality one, that is, all longest cycles intersect in a common vertex in 2-connected
partial 3-trees (Theorem 4.22).

The proof is longer than the previous proofs on longest cycles, so we break the
presentation in four subsections. In the first one, we state the main lemma (Lemma 4.21)
and proceed to the proof of the main result (Theorem 4.22). The other three subsections
contain the most technical parts of the proof. The second subsection introduces new
definitions to be used along all the proofs. The third subsection contains the proof of
the main lemma, using auxiliary results proved in the fourth subsection.

4.4.1 Proof of the main theorem

Generally speaking, the main idea of the proof is maintained (Section 2.5). The next
lemma conceals the heart of the proof of Theorem 4.22. The proof of that lemma is
presented in Subsection 4.4.3.

Lemma 4.21. Let G be a 2-connected graph with treewidth 3. Let (T,V) be a full tree
decomposition of G and Vt ∈ V . Then either lct(G) = 1 or there exists a longest cycle in G that
is fenced by Vt and intersects Vt at most three times.
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Using this lemma, we derive the main result of this section.

Theorem 4.22. If G is a 2-connected partial 3-tree, then lct(G) = 1.

Proof. If tw(G) ≤ 2 then lct(G) = 1 by Theorem 4.18. Therefore, we may as-
sume that tw(G) = 3. Assume by contradiction that lct(G) > 1. By Proposi-
tion 2.18, L := L(G) ≥ 5. Let (T,V) be a full tree decomposition of G, which exists
by Proposition 2.1. For every t ∈ V(T), let F (t) be the set of longest cycles in G that
are fenced by Vt and intersect Vt at most three times. By Lemma 4.21, F (t) 6= ∅
for every t ∈ V(T). Observe that, as L ≥ 5, for every such t, no cycle in F (t)
is contained in G[Vt]. Thus, by Lemma 2.14, there exists an edge tt′ ∈ E(T)
and two longest cycles C ∈ F (t) and D ∈ F (t′) such that Brancht(C) = Brancht(t′)
and Brancht′(D) = Brancht′(t).

Note that the bags containing vertices of C are in Brancht(t′) ∪ {t}, and the bags
containing vertices of D are in Brancht′(t) ∪ {t′}. Since Brancht(t′) and Brancht′(t) are
disjoint, V(C) ∩V(D) ⊆ Vt ∪Vt′ . Let Vt = {a, b, c, u} and Vt′ = {a, b, c, w}.

Suppose for a moment that u ∈ V(C). As C is not contained in G[Vt],
and Brancht(C) = Brancht(t′), C has a vertex in Brancht(t′). So C 3-intersects Vt

by Proposition 4.17. Let V(C) ∩ Vt = {u, a, b}. Then ua, ub ∈ E(C). Let Cau, Cbu, Cab

be the respective abu-parts of C. As |Cau| = |Cbu| = 1 and L ≥ 5, we conclude
that |Cab| ≥ 3. Suppose for a moment that w ∈ V(D). By a similar analysis, with D in-
stead of C, we have that |V(D)∩Vt′ | = 3. If V(D)∩Vt′ = {w, a, b}, then aw, bw ∈ E(D),
so (D − aw − bw) · Cab is a cycle and, as |Cab| ≥ 3, this is a contradiction. Hence,
without loss of generality, V(D) ∩Vt′ = {w, b, c}, which implies that bw, cw ∈ E(D).
As |V(C) ∩V(D)| ≥ 2, either u ∈ V(D) or w ∈ V(C). Without loss of generality, sup-
pose that u ∈ V(D). If w /∈ V(C), then (C− ub) · (D− ub) is a cycle longer than L, a
contradiction (Figure 4.9(a)). If w ∈ V(C), then (C− ub− bw) · (D− ub− bw) is a cycle
longer than L, again a contradiction (Figure 4.9(b)). Hence, w /∈ V(D).

As |V(C) ∩V(D)| ≥ 2, at least two of {a, b, u} are in D. Suppose for a moment
that both a and b are in D. Let D′ and D′′ be the two ab-parts of D, with |D′| ≥ |D′′|.
If u /∈ V(D′), then (C− ua− ub) · D′ is a cycle longer than L, a contradiction (Fig-
ure 4.9(c)). So, u ∈ V(D′). Let Da and Db be the corresponding u-tails of D′. As |D′| ≥ 3,
we may assume without loss of generality that |Da| ≥ 2. But then (C− ua) · Da is a
cycle longer than L, a contradiction. Therefore, without loss of generality, we may
assume that a, u ∈ V(D). Let D′ and D′′ be the two au-parts of D, with |D′| ≥ |D′′|.
As |D′| ≥ 3, (C− au) · D′ is a cycle longer than L, again a contradiction. We conclude
that u /∈ V(C).

Analogously, we can conclude that w /∈ V(D) and therefore V(C)∩V(D) ⊆ Vt ∩Vt′ .
As |V(C) ∩V(D)| ≥ 2, this implies that |V(C) ∩Vt| ≥ 2 and |V(D) ∩Vt′ | ≥ 2. Observe
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Figure 4.9: Cycles C and D as in the proof of Theorem 4.22. (a) w ∈ V(D) and w /∈ V(C).
(b) w ∈ V(D) and w ∈ V(C). (c) w /∈ V(D).

that any other longest cycle intersects Vt ∩Vt′ at least twice. Otherwise it would
intersect C or D at most once, a contradiction. As lct(G) > 1, there exists a longest
cycle F that does not contain a and a longest cycle H that does not contain c. By the
previous observation, F intersects Vt ∩Vt′ at {b, c} and H intersects Vt ∩Vt′ at {a, b}.
Let F′ and F′′ be the two bc-parts of F, with |F′| ≥ |F′′|. Let H′ and H′′ be the two ab-
parts of H, with |H′| ≥ |H′′|. The rest of the proof is divided into whether C and D
2-intersect or 3-intersect Vt ∩Vt′ .

Case 1: C 2-intersects Vt ∩Vt′ .

Without loss of generality, assume that C 2-intersects Vt ∩ Vt′ at {a, b}. Suppose
for a moment that F′ is internally disjoint from C. As F and C intersect each other at
least twice, F′′ and C intersect each other at a vertex x different from b. Let F′′cx be the
subpath of F′′ that is internally disjoint from C, starts at c and ends at x. Let Cxb be
the subpath of C with extremes x and b such that |Cbx| ≥ L/2. Then F′ · F′′cx · Cxb is a
cycle longer than L, a contradiction (Figure 4.10(a)). We conclude that F′ is internally
disjoint from D. If D 2-intersects Vt ∩ Vt′ , then, as |V(C) ∩ V(D)| ≥ 2, we must have
that D intersects Vt ∩Vt′ at {a, b}. But then we obtain a contradiction as before, with D
instead of C. So D 3-intersects Vt ∩ Vt′ (at {a, b, c}). Let Dab, Dac, Dbc be the abc-parts
of D. As C′′ · Dab and (D− Dab) · C′ are both longest cycles, we have that |C′| = |Dab|.
Similarly, |C′′| = |Dab|. Hence |C′| = |C′′| = |Dab| = L/2. As F′ is internally disjoint
from D, Dab · F′ · Dca is a cycle longer than L, again a contradiction (Figure 4.10(b)).
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Case 2: Both C and D 3-intersect Vt ∩Vt′ .

Let Cab, Cac, Cbc be the abc-parts of C. Let Dab, Dac, Dbc be the abc-parts of D. Assume
without loss of generality that F′ is internally disjoint from C. Observe that both (C−
Cbc) · F′ and Cbc · F′ are cycles. We conclude that |Cbc| = |Cab|+ |Cac| = |F′| = |F′′| =
L/2. As (C − Cbc) · Dbc and (D − Dbc) · Cbc are cycles, |Cbc| = |Dbc| = L/2. A
similar analysis with H instead of F shows us that |Cab| = |Dab| = L/2. This implies
that |Cac| = 0, a contradiction (Figure 4.10(c)).

This concludes the proof of the theorem.
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Figure 4.10: Cycles C, D, F and H as in the proof of Theorem 4.22. (a) C 2-intersects Vt ∩ Vt′

and F′ is internally disjoint from C. (b) C 2-intersects Vt ∩Vt′ and F′ is internally disjoint from D.
(c) C 3-intersects Vt ∩Vt′ .

4.4.2 New definitions

In what follows, we fix a 2-connected partial 3-tree G such that tw(G) = 3, and a full
tree decomposition (T,V) of G.

For every t ∈ V(T), and for every triple of vertices ∆ in Vt, it is denoted by Bt(∆)
the union of the branches of the neighbors of t in T such that the corresponding bag
contains ∆. That is,

Bt(∆) =
⋃
{Brancht(t′) : tt′ ∈ E(T) and ∆ ⊆ Vt′}.

For a vertex v ∈ V(G), we say that v is t-inside ∆ if v ∈ Vt′ for some t′ ∈ V(T)
with Brancht(t′) ⊆ Bt(∆). Otherwise, we say that v is t-outside ∆. When the context is
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clear, we just say that v is inside or outside ∆.

Figure 4.11: A partial 3-tree of treewidth 3 and a corresponding full tree decomposition. The
dashed lines imply that there is no edge between the corresponding vertices. If t is the node
with Vt = {v2, v3, v4, v5} and ∆ = {v2, v4, v5}, then the vertices v2, v4, v5, v8, v9, v10, v11, v12 are t-
inside ∆ and all the other vertices are t-outside ∆. Also, the cycles v2v5v8v2 and v4v12v5v11v4
are t-inside ∆, the cycle v5v7v3v4v6v5 is t-outside ∆, and the cycles v2v5v14v2 and v3v4v11v5v6v3 t-
jump ∆.

Given a path C′ that 2-intersects ∆ at the extremes of C′, we say that C′ is t-inside ∆
if every vertex of C′ is t-inside ∆, and C′ is t-outside ∆ otherwise. Given a cycle C
that intersects ∆ at least twice, we say that C is t-inside ∆ if every ∆-part of C is t-
inside ∆, C is t-outside ∆ if every ∆-part of C is t-outside ∆, and C t-jumps ∆ if C has
a ∆-part t-inside ∆ and a ∆-part t-outside ∆.

Again, if the context is clear, we just say that C is inside, outside, or jumps ∆ (Fig-
ure 4.11). Furthermore, we abuse notation and, when the context is clear, for a cycle C
that jumps ∆, we say that C `-jumps ∆ if |V(C) ∩ ∆| = `. Observe that ` ∈ {2, 3}.
Moreover, if C `-jumps ∆, we say that C `-jumps ∆ at V(C) ∩ ∆. Throughout this
chapter, we abreviate a triple of vertices {a, b, c} by abc.

Proposition 4.23. Let G be a graph with tw(G) = 3 and let (T,V) be a full tree decomposition
of G. Let t ∈ V(T) and Vt = {a, b, c, d}. If C′ is a path with extremes a and b that 2-
intersects Vt at {a, b}, then Brancht(C′) ⊆ Bt(abc) ∪Bt(abd).

Proof. If V(C′) ⊆ Vt then, by definition, Brancht(C′) = ∅ and we are
done. Thus, by Proposition 2.13, there exists an edge tt′ ∈ E(T) such
that Brancht(C′) = Brancht(t′). As |V(C′) ∩Vt| = 2 and V(C′) 6⊆ Vt, C′ does
not have edges in G[Vt]. Hence, by Proposition 2.8, {a, b} = Vt ∩ C′ ⊆ Vt′ .
Since |Vt ∩Vt′ | = 3, we have that either Vt ∩Vt′ = {a, b, c} or Vt ∩Vt′ = {a, b, d}.
Hence Brancht(C′) = Brancht(t′) ⊆ Bt(abc) ∪Bt(abd).
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4.4.3 Proof of the main lemma

For all lemmas in this subsection, we fix a graph G with tw(G) = 3 and lct(G) > 1, a
full tree decomposition (T,V) of G, and a node t ∈ V(T). We let X2 be the set of all
longest cycles in G that 2-cross Vt, and let F be the set of all longest cycles in G that
are fenced by Vt and intersect Vt at most three times. Therefore, proving Lemma 4.21
reduces to prove that F 6= ∅.

Proof of Lemma 4.21. Suppose that X2 6= ∅. If there are two non Vt-equivalent longest
cycles in X2, then we are done by Lemma 4.24. If all cycles in X2 are Vt-equivalent, then
we are done by Lemma 4.25. Hence X2 = ∅, and we are done by Lemma 4.28.

Lemma 4.24. If there are two non Vt-equivalent longest cycles in X2, then F 6= ∅.

Proof. Let Vt = {a, b, c, d}. Suppose by contradiction that C, D ∈ X2, V(C) ∩Vt = {a, b}
and V(D) ∩Vt 6= {a, b}. Let C′ and C′′ be the corresponding ab-parts of C. By
Proposition 4.23, we have that Brancht(C′), Brancht(C′′) ⊆ Bt(abc) ∪Bt(abd). If D
2-crosses Vt at {c, d}, let D′ and D′′ be the corresponding cd-parts of D. By Proposi-
tion 4.23, we have that Brancht(D′), Brancht(D′′) ⊆ Bt(acd) ∪Bt(bcd), which implies
that V(C) ∩ V(D) = ∅, a contradiction. Hence, we may assume that D 2-crosses Vt

at {a, c}. Let D′ and D′′ be the corresponding ac-parts of D. By Proposition 4.23,
we have that Brancht(D′), Brancht(D′′) ⊆ Bt(acd) ∪Bt(abc). Also, as both C and D
cross Vt, we may assume, without loss of generality, that C′ is internally disjoint from D′

and that C′′ is internally disjoint from D′′. As lct(G) > 1, there exists a longest cycle F
that does not contain a. If F is fenced by Vt, we are done, so let us assume that F
crosses Vt.

First consider the case in which F 2-intersects Vt. If F intersects Vt at {b, d} then, by
Proposition 4.23, we have that Brancht(F′), Brancht(F′′) ⊆ Bt(abd) ∪Bt(bcd), where F′

and F′′ are the corresponding bd-parts of F. Hence, D and F do not intersect each other,
a contradiction. By a similar argument, with C instead of D, we cannot have that F
intersects Vt at {c, d}. Thus, F 2-intersects Vt at {b, c}. Let F′ and F′′ be the correspond-
ing bc-parts of F. By Proposition 4.23, Brancht(F′), Brancht(F′′) ⊆ Bt(abc) ∪Bt(bcd).
Suppose that C, D and F are t-inside abc. As G is 2-connected, there exist two internally
disjoint paths starting at d and ending at distinct vertices in {a, b, c}. Let P and Q be
these two paths, and suppose without loss of generality that b is an extreme of P and
that c is an extreme of Q. By Proposition 2.7, abc separates d from any vertex inside abc
different from any of {a, b, c}, so both P and Q are internally disjoint from C and D.
But then P ·Q · D′ · C′ and P ·Q · D′′ · C′′ are both cycles, at least one of them longer
than L, a contradiction (Figure 4.12(a)). We conclude that at least one of {C, D, F} is
not t-inside abc. Without loss of generality, assume that C is not t-inside abc, and that
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Brancht(C′′) 6⊆ Bt(abc). Hence Brancht(C′′) ⊆ Bt(abd). Thus C′′ is internally disjoint
from both D and F. As D and F 2-cross Vt, we may assume that D′ is internally disjoint
from F′ and that D′′ is internally disjoint from F′′. But then C′′ · D′ · F′ and C′′ · D′′ · F′′

are both cycles, at least one of them longer than L, a contradiction (Figure 4.12(b)).
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Figure 4.12: (a) C, D and F are t-inside abc. (b) At least one of {C, D, F} is not t-inside abc.

Now suppose that F 3-intersects Vt (at {b, c, d}). Let Fbc, Fcd and Fbd be the
respective bcd-parts of F. If both C and D are t-inside abc, then we can pro-
ceed as in the previous paragraph with Fbd and Fcd instead of P and Q respec-
tively. If both C and D are t-outside abc, then Brancht(C′), Brancht(C′′) ⊆ Bt(abd)
and Brancht(D′), Brancht(D′′) ⊆ Bt(acd), which implies that V(C) ∩ V(D) = {a}, a
contradiction. Hence, at least one of {C, D} t-jumps abc. Without loss of generality,
suppose that C t-jumps abc and that Brancht(C′′) ⊆ Bt(abd), which implies that C′′

is internally disjoint from D. By Proposition 4.23, Brancht(Fbd) ⊆ Bt(abd) ∪Bt(bcd),
hence Fbd is internally disjoint from C′ and D. By the same proposition, Fcd is disjoint
from C. Let R be the subpath of Fbd that starts at d, ends at a vertex of C′′ and is inter-
nally disjoint from C′′. Such a subpath must exist, because C′′ does not contain d and Fbd

contains b. Suppose that the other extreme of R is x. First consider the case in which D
also t-jumps abc, and without loss of generality suppose that Brancht(D′) ⊆ Bt(acd).
Let S be the subpath of Fcd that starts at d, ends at D′ and is internally disjoint from D′.
Such a subpath must exist, because D′ does not contain d and Fcd contains c. Suppose
that the other extreme of R is y. Let C′′ax and C′′bx be the two x-tails of C′′. Let D′ay

and D′cy be the two y-tails of D′. Then C′ · C′′bx · R · S · D′ya and D′′ · D′cy · S · R · C′′xa

are cycles, at least one of them longer than L, a contradiction (Figure 4.13(a)). Finally
consider the case in which D is t-inside abc. Recall that C′ is internally disjoint from D′.
Then C′ · C′′bx · R · Fdc · D′ and D′′ · C′′ax · R · Fdc are cycles, at least one of them longer



60 TRANSVERSALS OF LONGEST CYCLES 4.4

than L, a contradiction (Figure 4.13(b)).
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Figure 4.13: Cases in the proof of Lemma 4.24. F 3-intersects Vt. (a) D t-jumps abc. (b) D
is t-inside abc.

Lemma 4.25. If X2 6= ∅ and all cycles in X2 are Vt-equivalent, then F 6= ∅.

Proof. Let Vt = {a, b, c, d}. Let C ∈ X2. Assume without loss of generality
that V(C) ∩Vt = {a, b}. As lct(G) > 1, there exists a longest cycle D that does not
contain a, and a longest cycle F that does not contain b. If either D or F is fenced
by Vt, F 6= ∅. So, as all cycles in X2 are Vt-equivalent, both D and F 3-intersect Vt.

Claim 4.26. Every cycle that 2-crosses Vt at {a, b} jumps both abc and abd.

Proof of Claim 4.26. Let C̄ be a longest cycle in G that 2-crosses Vt at {a, b}. Let C̄′ and C̄′′

be the two ab-parts of C̄. Suppose by contradiction and, without loss of generality,
that C̄ is t-inside abc, that is, Brancht(C̄′), Brancht(C̄′′) ⊆ Bt(abc). Let D′ and D′′ be the
two bc-parts of D. Let F′ and F′′ be the two ac-parts of F. As D and C̄ intersect in at least
two vertices, we may assume that D′ is t-inside abc, and, moreover that D′ internally
intersects one of {C̄′, C̄′′}. Analogously, we may assume that F′ is t-inside abc, and,
moreover that F′ internally intersects one of {C̄′, C̄′′}. First suppose that both D′ and F′

internally intersect with the same part of C̄, say C̄′. As C̄ crosses Vt, C̄′′ is internally
disjoint from both D and F. Hence D′′ · C̄′′ · F′ and F′′ · C̄′′ · D′ are both cycles, one of
them longer than L, a contradiction. Now suppose, without loss of generality, that D′

internally intersects C̄′ and F′ internally intersects C̄′′. Let R be the subpath of C̄′ that
starts at a, ends at a vertex x of D′ and is internally disjoint from D′. Let Dcx be the
subpath of D′ with extremes c and x. Observe that, as C̄ crosses Vt, R is internally
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disjoint from F. Then F′′ · R · Dxc and (D− Dcx) · R · F′ are both cycles, at least one of
them longer than L, again a contradiction.

Let C′ and C′′ be the two ab-parts of C. By Claim 4.26, we may assume that C′

is t-inside abc and that C′′ is t-inside abd.
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Figure 4.14: Cases in the proof of Claim 4.27 of Lemma 4.25. (a) F jumps both abc and abd. (b) F
jumps only abd and Fcd does not jump acd. (c) F jumps only abd and Fcd jumps acd. (d) F jumps
only abc.

Claim 4.27. D and F jump both abc and abd.

Proof of Claim 4.27. If D does not jump at least one of {abc, abd}, then C and D only
intersect at b, a contradiction to the fact that G is 2-connected. Hence D jumps at
least one of {abc, abd}. Analogously, F jumps at least one of {abc, abd}. Suppose by
contradiction that the claim is not true. Then, one of {D, F}, say D, jumps exactly one
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of {abc, abd}, say abc. First suppose that F jumps both of {abc, abd}. Recall that C′′ is
the ab-part of C that is t-inside abd. Let R be the subpath of C′′ that is internally disjoint
from F, starts at b and ends at a vertex x of F (possibly x = a). Let Fac, Fcd, Fdx, and Fax be
the corresponding acdx-parts of F. Let Dbc, Dcd, and Dbd be the corresponding bcd-parts
of D. Then Fcd · Fdx · R · Dbc and Dcd · Ddb · R · Fxa · Fac are cycles, one of them longer
than L, a contradiction (Figure 4.14(a)).

So, F jumps exactly one of {abc, abd}. Suppose for a moment that it is abd.
Let Fac, Fcd, and Fad be the corresponding acd-parts of F. Let Dbc, Dcd, and Dbd be
the corresponding bcd-parts of D. If Dcd is internally disjoint from Fac, we proceed as
before. Hence, we may assume that Dcd is t-inside acd. If Fcd is t-outside acd, then
Fcd · Dcd and Dbc · Fca · Fad · Ddb are longest cycles, with the former with empty inter-
section with C, a contradiction (Figure 4.14(b)). Thus, Fcd is t-inside acd. Let R be
the subpath of C′ that is internally disjoint from D, starts at a and ends at a vertex x
of D (possibly x = b). Let Dbd, Ddc, Dcx, and Dxb be the corresponding bdcx-parts
of D. Then Fdc · Fca · R · Dxb · Dbd and Ddc · Dcx · R · Fad are cycles, one of them longer
than L, a contradiction (Figure 4.14(c)). Now suppose that F jumps abc (and not abd).
Then Fcd · Fda · C′′ · Dbc and Dcd · Ddb · C′′ · Fac are cycles, one of them longer than L,
again a contradiction (Figure 4.14(d)).

By Claim 4.27 and Proposition 4.23, Brancht(Fac), Brancht(Dbc) ⊆ Bt(abc)
and Brancht(Fad), Brancht(Dbd) ⊆ Bt(abd) (Figure 4.15).
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Figure 4.15: The structure given by Claim 4.27 of Lemma 4.25.

Now, by Corollary 4.36, as lct(G) > 1, there exists a longest cycle H that does
not t-jump abc. If H intersects Vt at most once, then H is fenced by Vt and F 6= ∅.
So H intersects Vt at least twice. Suppose for a moment that H 2-intersects Vt. If H
is fenced by Vt, then F 6= ∅ and we are done. Hence, H ∈ X2. As all cycles in X2
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are equivalent, H 2-intersects Vt at {a, b}. By Claim 4.26, H jumps abc, a contradiction.
So, H intersects Vt at least three times.

Suppose for a moment that H 4-intersects Vt. As H is a cycle, either H has a
subpath from a to c that is disjoint from b and d, or H has a subpath from b to c that
is disjoint from a and d. Without loss of generality assume the former. Let Hac be
such subpath. Then there exists a subpath R of Hac from a to Dcd that is internally
disjoint from both C and D. Let x be its extreme in D. Let Dbc, Dcx, Dxd, and Ddb be
the bcxd-parts of D. Then Dbc · C′′ · R · Dxc and C′ · Dbd · Ddx · R are both cycles, one of
them longer than L, a contradiction (Figure 4.16(a)). We conclude that H 3-intersects Vt.
If H is t-inside abc, then H is fenced by Vt by Corollary 4.36, so F 6= ∅ and we are done.
Thus, H is t-outside abc.

If H contains both a and c, then Hac, the subpath of H from a to c, is internally
disjoint from C and we proceed as before. Hence, either H does not contain a or H does
not contain c. Suppose for a moment that H does not contain a. Then Hbc, the subpath
of H from b to c, is internally disjoint from C so we proceed as before (with C and F
instead of C and D). So, we may assume that H does not contain c. Let Hab, Hbd, and Had

be the abd-parts of H. Let Fac, Fcd, and Fad be the acd-parts of F. As H is t-outside abc,
we have that Hab is t-inside abd. Moreover, observe that H is t-inside abd. Indeed,
if for example Hbd is t-outside abd then we proceed as before. The same reasoning
applies if Had is t-outside abd. Thus, as (F− Fad) · Had and (F− Fad) · Hab · Hbd are
cycles, we have that |Fad| ≥ L/2. Now, repeating the argument with abd instead of abc,
we deduce that there exists a longest cycle J that 3-intersects Vt at abc and is t-inside abc.
Hence |Fac| ≥ L/2. This implies that |Fcd| = 0, a contradiction (Figure 4.16(b)).
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Figure 4.16: Cases in the last part of the proof of Lemma 4.25. (a) H 4-intersects Vt. (b) H
3-intersects Vt.
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The next lemma is the most technical one. Its proof is organized into four claims,
namely, Claims 4.29, 4.30, 4.31, and 4.32. The proof of Claim 4.29 depends on an auxiliary
result (Corollary 4.36) presented and proved ahead, in Subsection 4.4.4. Claim 4.30
depends on Claim 4.29, while Claims 4.31 and 4.32 depend on Claim 4.30. The proof of
Lemma 4.28 itself uses Claims 4.29, 4.31, and 4.32.

Lemma 4.28. If X2 = ∅, then F 6= ∅.

Proof. As lct(G) > 1 and X2 = ∅, for every triple of vertices ∆ ⊆ Vt, there exists
a nonempty collection C∆ of longest cycles that 3-intersect Vt at ∆. Suppose by
contradiction that F = ∅. Then, for every ∆ ⊆ Vt, every cycle in C∆ crosses Vt.
Let C = {C∆ : ∆ ⊆ Vt}.

Claim 4.29. For every triple of vertices ∆ ⊆ Vt, at least one cycle in C \ C∆ does not jump ∆.

Proof of Claim 4.29. Suppose by contradiction that all cycles in C \ Cabc jump abc. (The
other cases are analogous.) Then, as Cabd, Cbcd, Cacd 6= ∅, for every {i, j} ⊆ abc, there
exists a longest cycle that 2-jumps abc at {i, j}. Hence, by Corollary 4.36 applied to abc,
there exists a longest cycle C that does not jump abc. If C intersects Vt at most once
or is as item (ii) or (iii) of Corollary 4.36, then, as X2 = ∅, C is fenced by abc, which
implies that F 6= ∅, a contradiction. Thus, we may assume that C is as item (i) of
Corollary 4.36, that is, C is outside abc.

Case 1: C 3-intersects Vt.

As all cycles in C \ Cabc jump abc, we have C ∈ Cabc. Let Cab, Cbc, and Cac be the abc-
parts of C. Let D ∈ Cabd. Let Dab, Dbd, and Dad be the abd-parts of D. We know that D
jumps abc. If D jumps both acd and bcd, then (C− Cab) · Dab and (D− Dab) · Cab are
longest cycles (Figure 4.17(a)).

Then (D− Dab) · Cab ∈ Cabd but does not jump abc, a contradiction. If D jumps
neither acd nor bcd, then Cab · Dab and (C− Cab) · (D− Dab) are both longest cycles
(Figure 4.17(b)). But then Cab · Dab is a longest cycle that 2-crosses Vt, contradicting the
fact that X2 = ∅.

Hence,
every D ∈ Cabd jumps exactly one of {acd, bcd}. (4.2)

Analogously, we can conclude that

every F ∈ Cacd jumps exactly one of {bcd, abd}, (4.3)

and that
every J ∈ Cbcd jumps exactly one of {abd, acd}. (4.4)
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Let (D, F, J) ∈ Cabd × Cacd × Cbcd. Suppose that D jumps acd and F jumps abd. Then,
by (4.2) and (4.3), both (D− Dab) · Cbc · Fca and (F− Fac) · Ccb · Dba are cycles, one of
them longer than L, a contradiction (Figure 4.17(c)).
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Figure 4.17: Case 1 in the proof of Claim 4.29 of Lemma 4.28. (a) D jumps both acd and bcd.
(b) D does not jump neither acd nor bcd. (c) D jumps acd and F jumps abd. (d) D jumps acd
and F jumps bcd and J jumps abd.

Repeating the same argument with {D, J} and {F, J}, by (4.2), (4.3), and (4.4), we
conclude that, without loss of generality,

D jumps acd, F jumps bcd, and J jumps abd.

But then, (D− Dab) · Fac · Ccb, (F− Fac) · Jcb · Cba, and (J − Jbc) · Dba · Cac are cycles
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(Figure 4.17(d)), one of them longer than L, a contradiction.

Case 2: C 4-intersects Vt.

Without loss of generality, suppose that C has abdc-parts, Cab, Cbd, Cdc, and Cca. As C
is outside abc, we have that Cab is inside abd and Cac is inside acd.

We show that
every cycle in Cabd does not jump acd. (4.5)

Let D ∈ Cabd. Let Dab, Dbd, and Dad be the corresponding abd-parts of D. Sup-
pose by contradiction that D jumps acd. If Dbd is outside abd, then (D− Dab) · Cab

and (C− Cab) · Dab are both longest cycles. Then (D− Dab) · Cab ∈ Cabd but does not
jump abc, a contradiction (Figure 4.18(a)). If Dbd is inside abd, then both Cab · Cbd · Dda

and (D− Dad) · Cac · Ccd are longest cycles and Cab · Cbd · Dda ∈ Cabd but does not
jump abc, a contradiction (Figure 4.18(b)).

By symmetry, we can also show that

every cycle in Cacd does not jump abd. (4.6)

Let (D, F) ∈ Cabd × Cacd. Let Dab, Dbd, and Dad be the corresponding abd-parts of D.
Let Fac, Fcd, and Fad be the corresponding acd-parts of F. By (4.5) and (4.6), Dad is
outside acd, and Fad is outside abd. This implies that (D− Dad) · Fad and (F− Fad) · Dad

are both longest cycles. Then (D − Dad) · Fad ∈ Cabd and jumps acd, a contradiction
to (4.5) (Figure 4.18(c)).

This concludes the proof of the Claim.
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Figure 4.18: Case 2 in the proof of Claim 4.29. (a) D jumps acd and Dbd is outside abd. (b) D
jumps acd and Dbd is inside abd. (c) D does not jump acd and F does not jump abd.

The next claim is used in the proofs of Claims 4.31 and 4.32. It uses Claim 4.29.

Claim 4.30. For every triple of vertices ∆ ⊆ Vt, every cycle in C∆ jumps at least two of
{abd, acd, bcd, abc} \ {∆}.
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Proof of Claim 4.30. Suppose that ∆ = abc and there exists a cycle, say C ∈ Cabc, that
jumps at most one of {abd, acd, bcd}. If C jumps no one of {abd, acd, bcd}, then C is
inside abc. Let Cab, Cbc, and Cac be the abc-parts of C. By Claim 4.29, there exists a
longest cycle D ∈ C \ Cabc that does not jump abc. Without loss of generality, suppose
that D ∈ Cabd and let Dab, Dbd, and Dad be the abd-parts of D. Then Cab · Dab and
(C − Cab) · (D − Dab) are both longest cycles, but Cab · Dab ∈ X2, a contradiction. So,
without loss of generality suppose C jumps abd. This means that

Cbc, Cac are inside abc, and Cab is inside abd. (4.7)

Let D ∈ Cabd. Suppose for a moment that D jumps abc. That is,

Dab is inside abc. (4.8)

Note that |Cab|, |Dab| > 1. Then, by (4.7) and (4.8), we have that Cab · Dab and
(C− Cab) · (D− Dab) are both longest cycles. Hence, Cab · Dab is a longest cycle that
2-crosses Vt, contradicting the fact that X2 = ∅ (Figure 4.19(a)). Hence, D is outside abc.
Thus, as both (C− Cab) · Dab and (C− Cab) · (D− Dab) are cycles, we conclude that

|Cab| ≥ L/2. (4.9)
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Figure 4.19: Cases in the proof of Claim 4.30 of Lemma 4.28. (a) D jumps abc. (b) D is outside abc
and F ∈ Cabc. (c) D is outside abc and F ∈ Cacd.

By Claim 4.29, there exists a longest cycle F ∈ C \Cabd that is outside abd. If F ∈ Cabc

then both Cab · Fab and Cab · (F− Fab) are cycles. By (4.9), they are both longest cycles.
But then Cab · Fab is a longest cycle that 2-crosses Vt, contradicting the fact that X2 = ∅
(Figure 4.19(b)). If F ∈ Cacd then there exists a subpath R of Cbc starting at b, that ends
at a vertex x of Fac and is internally disjoint from F. Let Fxa be the subpath of F that is
inside abc with extremes x and a. Then, by (4.9), either Cab · R · Fxa or Cab · R · (F− Fxa)

is a cycle longer than L, a contradiction (Figure 4.19(c)).
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The case in which F ∈ Cbcd is symmetric to the case in which F ∈ Cacd. So, every
cycle in Cabc jumps at least two of {abd, acd, bcd}. Analogously, for every triple of
vertices ∆ ⊆ Vt, every cycle in C∆ jumps at least two of {abd, acd, bcd, abc} \ {∆}.

Claim 4.31. There exists a triple of vertices ∆ ⊆ Vt such that every cycle in C∆ jumps exactly
two of {abd, acd, bcd, abc} \ {∆}.

Proof of Claim 4.31. By Claim 4.30, for each triple of vertices ∆ ⊆ Vt, every cycle in C∆

jumps two or three of {abd, acd, bcd, abc} \ {∆}. Suppose by contradiction that each
triple of vertices ∆ ⊆ Vt is such that there exists a longest cycle in C∆ that jumps the
three of {abd, acd, bcd, abc} \ {∆}. Let C, D, and F be corresponding cycles in Cabc, Cabd,
and Cbcd respectively. Let Cab, Cbc, and Cac be the abc-parts of C. Let Dab, Dbd, and Dad be
the abd-parts of D. Let Fbc, Fcd, and Fbd be the bcd-parts of F. Observe that (F− Fbc) · Cbc

and (C− Cbc) · Fbc are cycles, hence

|Fbc| = |Cbc|. (4.10)

Observe that (F− Fbd) · Dbd and (D− Dbd) · Fbd are cycles, hence

|Dbd| = |Fbd|. (4.11)
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Figure 4.20: Situation in the proof of Claim 4.31 of Lemma 4.28.

Let H be a corresponding cycle in Cacd. Let Hac, Hcd, and Had be the acd-parts of H.
We have that both Fcb · Cba · Dad · Hdc and Fdb · Dba · Cac · Hcd are cycles, and their lengths
sum more than |Fbc|+ |Fbd|+ |Cab|+ |Cac|+ |Dab|+ |Dad|. By (4.10) and (4.11), this sum
equals |Cbc| + |Dbd| + |Cab| + |Cac| + |Dab| + |Dad| = |C| + |D| = 2L, a contradiction
(Figure 4.20).
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Suppose that abc is the triangle given by Claim 4.31. Let C ∈ Cabc (which exists
because, by assumption, Cabc 6= ∅). As C jumps exactly two of {abd, acd, bcd}, we may
assume without loss of generality that C jumps abd and acd, and is outside bcd.

This means that

Cbc is inside abc, Cac is inside acd, and Cab is inside abd.

By Claim 4.29, there exist cycles F, H, J ∈ C such that F 2-intersects abd but does not
jump abd, H 2-intersects acd but does not jump acd, and J 2-intersects abc but does not
jump abc.

Claim 4.32. F ∈ Cbcd and H ∈ Cbcd (Figure 4.21(d)).

Proof of Claim 4.32. Suppose that F ∈ Cabc. By Claim 4.30, F jumps both acd and bcd.
If H ∈ Cbcd then, by Claim 4.30, H jumps both abc and abd. Note that |Fbc|, |Hbc| > 1.
Hence, Fbc · Hbc and (F− Fbc) · (H − Hbc) are both longest cycles. But then Fbc · Hbc 2-
crosses Vt, a contradiction (Figure 4.21(a)). If H ∈ Cabd, by Claim 4.30, H jumps both abc
and bcd. Note that |Cab|, |Hab| > 1. Hence, both Cab · Hab and (C− Cab) · (H − Hab) are
longest cycles. But then Cab · Hab 2-crosses Vt, a contradiction. If H ∈ Cabc then, by
Claim 4.30, H crosses both abd and bcd. Without loss of generality, we may assume
that J ∈ Cabd. So, by Claim 4.30, J jumps both acd and bcd. As both (J − Jab) · Fab

and (F− Fab) · Jab are cycles, we have that |Fab| = |Jab|. Also, (J − Jab) · Cab is a cycle,
so |Fab| = |Jab| ≥ |Cab|. As (C− Cab) · Jab is also a cycle, we have that |Cab| ≥ |Jab|,
concluding that |Cab| = |Jab| = |Fab|. But then (F− Fab) · Cab is a cycle in Cabc that jumps
the three of {abd, acd, bcd}, a contradiction to the choice of abc according to Claim 4.31
(Figure 4.21(b)).

Now suppose that F ∈ Cacd. Then, by Claim 4.30, F jumps abc. Note that
|Fac|, |Cac| > 1. Hence, both Fac · Cac and (F− Fac) · (C− Cac) are longest cycles.
But Fac · Cac 2-crosses Vt, a contradiction (Figure 4.21(c)). We conclude that F ∈ Cbcd. By
a similar argument, we also conclude that H ∈ Cbcd (Figure 4.21(d)).

The rest of the proof of Lemma 4.28 is divided on two cases depending on J.

Case 1: J ∈ Cbcd (Figure 4.22(a)).

Let Jbc, Jcd, and Jbd be the bcd-parts of J. As Jbc is outside abc, we have that
both (J − Jbc) · Cbc and (C− Cbc) · Jbc are longest cycles. But then (C− Cbc) · Jbc is a
cycle in Cabc that jumps the three of {abd, acd, bcd}, a contradiction to the choice of C as
in Claim 4.31.

Case 2: J ∈ Cabd (Figure 4.22(b)).
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Figure 4.21: Cases in the proof of Claim 4.32 of Lemma 4.28. (a) F ∈ Cabc and H ∈ Cbcd. (b)
F, H ∈ Cabc, and J ∈ Cabd. (c) F ∈ Cacd. (d) F, H ∈ Cbcd.

Let Jab, Jbd, and Jad be the abd-parts of J. By Claim 4.30, J jumps both acd and bcd.
As (C− Cac) · Hcd · Jda is a cycle, we have that

|Cac| ≥ |Hcd|+ |Jad|. (4.12)

As both (C− Cab) · Jab and (J − Jab) · Cab are cycles, we have that |Cab| = |Jab|. Moreover,

|Jbd|+ |Jad| = |Cac|+ |Cbc|. (4.13)

By (4.12) and (4.13), we conclude that

|Jbd| ≥ |Cbc|+ |Hcd|. (4.14)
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As both (F− Fbd) · Jbd and (J − Jbd) · Fbd are cycles, we have that

|Fbd| = |Jbd|. (4.15)

As both (F− Fbc) · Cbc and (C− Cbc) · Fbc are cycles, we have that

|Cbc| = |Fbc|. (4.16)

As (H − Hcd) · Fcd is a cycle, we have that

|Hcd| ≥ |Fcd|. (4.17)

By (4.14), (4.15), (4.16), and (4.17), we conclude that |Fbd| ≥ |Fbc|+ |Fcd|. Hence,

|Fbd| ≥ L/2. (4.18)

Now, let R be the subpath of Fcd that is internally disjoint from Cac, starts at d and ends
at a vertex x in Cac. Let S be the subpath of C that starts at x, ends at b, and is such
that |S| ≥ L/2. Then, by (4.18), Fbd · R · S is a cycle longer than L, a contradiction.

This concludes the proof of the lemma.
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Figure 4.22: Cases in the last part of the proof of Lemma 4.28. (a) J ∈ Bbcd (Case 1). (b) J ∈ Babd
(Case 2).
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4.4.4 Proof of the auxiliary lemmas

For all lemmas, propositions and corollaries in this subsection, we fix a graph G
with tw(G) = 3, a full tree decomposition (T,V) of G, and a node t ∈ V(T) with
Vt = {a, b, c, d}.

We begin by extending the definition of branch. Given a component A of G−Vt, we
say that Brancht(A) = Brancht(v), where v is a vertex in A. Observe that Brancht(A)

is well defined. Indeed, as every pair of vertices in A are not separated by Vt, we can
apply part (b) of Proposition 2.6 to every such pair.

Given a triple of vertices ∆ ⊆ Vt, it is denoted by At(∆) the set of components
inside ∆, that is,

At(∆) = {A : A is a component of G−Vt and Brancht(A) ⊆ Bt(∆)}.

(Recall the definition of Bt(∆) in subsection 4.4.2.)

Lemma 4.33. For every ij ∈ {ab, bc, ac}, let Cij be the collection of all longest cycles in G
that 2-jump abc at {i, j}. Let Cabc be the collection of all longest cycles in G that 3-jump abc.
Let C = Cab ∪ Cbc ∪ Cac ∪ Cabc. If Cij 6= ∅ for every ij ∈ {ab, bc, ac}, then all longest cycles
in C pairwise intersect each other in a component of At(abc).

Proof. Let (C̄, D̄) ∈ Cab × Cac. Let C̄′ and C̄′′ be the two ab-parts of C̄. Let D̄′ and D̄′′

be the two ac-parts of D̄. As C̄ and D̄ jump abc, we may assume that C̄′ and D̄′ are
inside abc and that C̄′′ and D̄′′ are outside abc. Suppose for a moment that C̄′ and D̄′

are internally disjoint. Let F ∈ Cbc, which exists by the hypothesis of the lemma. Let F′

and F′′ be the two bc-parts of F. As F jumps abc, we may assume that F′ is inside abc and
that F′′ is outside abc. Let R be a subpath of F′ that is internally disjoint from C̄′ and D̄′

connecting C̄′ and D̄′. Observe that such a subpath exists because V(F′) ∩V(C̄′) 6= ∅
and V(F′) ∩V(D̄′) 6= ∅. Moreover, |R| > 0 because a /∈ V(F) and V(C̄′)∩V(D̄′) = {a}.
Suppose that V(R) ∩V(C̄) = {x} and that V(R) ∩V(D̄) = {y}. Then C̄′′ · C̄′bx · R · D̄′ya

and D̄′′ · D̄′cy · R · C̄′xa are both cycles, one of them longer than L, a contradiction
(Figure 4.23(a)). Thus C̄′ and D̄′ internally intersect inside abc. As C̄′ and D̄′ 2-
intersects abc, they are fenced by abc. Hence, as they internally intersect each other,
there exists a component A ∈ At(abc) such that all internal vertices of C̄′ and D̄′ are
in A. We show that A is the desired component. That is, all longest cycles in C pairwise
intersect each other in A.



4.4 PARTIAL 3-TREES 73

a

b

c d

C̄′

D̄′
F′

x

y

(a)

a

b

c d

C̄′

D̄′

F′

x

y

(b)

Figure 4.23: Cases in the proof of Lemma 4.33. (a) Pair (C̄, D̄) ∈ Cab × Cac with C̄′ and D̄′

inside abc and the path F′. (b) Pair (C, D) ∈ Cab ×Cab with C′ and D′ inside abc and the path F′.

Let (C, D) ∈ Cab × Cac. Let C′ and C′′ be the two ab-parts of C. Let D′ and D′′ be
the two ac-parts of D. Analogously to the previous paragraph, C′ and D′ internally
intersect inside abc. Also, C′ and D̄′ internally intersect inside abc. Hence the internal
vertices of C′ and D′ are in A. We conclude that C′ and D′ intersect in a vertex of A. A
similar proof shows that every pair of cycles in (Cab × Cbc) ∪ (Cbc × Cac) intersect each
other in a vertex of A.

Let (C, D) ∈ Cab × Cab. Let C′ and C′′ be the two ab-parts of C. Let D′ and D′′

be the two ab-parts of D. As C and D jump abc, we may assume that C′ and D′ are
inside abc and that C′′ and D′′ are outside abc. By the previous paragraph, C′ and D̄′

internally intersect in A, and D′ and D̄′ internally intersect in A. Hence, all internal
vertices of C′ and D′ are in A. So, it suffices to prove that C′ and D′ internally intersect
inside abc. Suppose for a moment that C′ and D′ are internally disjoint. Let F ∈ Cbc,
which exists by the hypothesis of the lemma. Let F′ and F′′ be the two bc-parts
of F. As F jumps abc, we may assume that F′ is inside abc and that F′′ is outside abc.
Let R be a subpath of F′ that is internally disjoint from C′ and D′ connecting C′

and D′. Observe that such a subpath exists because F′ internally intersects C′ and D′

by the previous paragraph. Let {x} = V(R) ∩V(C′) and {y} = V(R) ∩V(D′). Note
that |R| > 0 because a /∈ V(F). Then C′′ · C′bx · R · D′ya and D′′ · D′by · R · C′xa are both
cycles, one of them longer than L, a contradiction (Figure 4.23(b)). A similar proof
shows that every pair of cycles in (Cbc × Cbc) ∪ (Cac × Cac) intersect in A.

Let (C, D) ∈ Cabc × Cab. Let Cab, Cbc, and Cac be the abc-parts of C. Let D′ and D′′

be the two ab-parts of D, with D′ inside abc. By the previous paragraph, D′ and C̄′

internally intersect in A. Hence, all internal vertices of D′ are in A. So, it suffices
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to prove that D′ internally intersects any of {Cab, Cbc, Cac}. Suppose for a moment
that D′ does not internally intersect any of {Cab, Cbc, Cac}. As C jumps abc, at least
one of {Cab, Cbc, Cac} is inside abc. If Cab is inside abc then Cac · Ccb · D′ and D′′ · Cab

are longest cycles. Indeed, D′ is internally disjoint from Cac and Ccb, and Cab is in-
ternally disjoint from D′′. As D′′ · Cab ∈ Cab, by the previous paragraph, D′′ · Cab

intersects D in a vertex of A. As D′′ is outside abc, Cab and D′ internally intersect
in A, a contradiction. Hence Cab is outside abc. Let F ∈ Cbc, and let F′ be the bc-part
of F that is inside abc. Let R be a subpath of F′ internally disjoint from D′ and C,
connecting D′ and C. Such a subpath exists because F′ and D′ internally intersect
and c ∈ V(F′) ∩V(C). Let {x} = V(R) ∩ V(D′) and {y} = V(R) ∩ V(C). As at
least one of {Cbc, Cac} is inside abc, we may assume (the proof for the other case is
similar) that y ∈ V(Cbc) (observe that possibly y = c but x 6= b). Note that |R| > 0.
Let Cby and Cyc be the two y-tails of Cbc. Let D′bx and D′xa be the two x-tails of D′.
Then Cab · D′bx · R · Cyc · Cca and D′′ · Cby · R · D′xa are cycles, one of them longer than L,
a contradiction (Figure 4.24(a)). Hence, every pair of cycles in Cabc × Cab intersect in A.
A similar proof shows that every pair of cycles in (Cabc × Cbc) ∪ (Cabc × Cac) intersect
in A.
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Figure 4.24: Cases in the proof of Lemma 4.33. (a) Pair (C, D) ∈ Cabc × Cab, with Cbc and D′

inside abc, and the path F′. (b) Pair (C, D) ∈ Cabc × Cabc with Cab, Cbc, Dab and Dbc inside abc,
and the path F′.

Finally, let (C, D) ∈ Cabc × Cabc. Let Cab, Cbc, and Cac be the abc-parts of C.
Let Dab, Dbc, and Dac be the abc-parts of D. Suppose that only one of {Cab, Cac, Cbc},
say Cab, is inside abc. Let F ∈ Cab, F′ be the ab-part of F that is inside abc, and F′′ be
the ab-part of F that is outside abc. Then Cac · Ccb · F′ and F′′ · Cab are longest cycles.
By the previous paragraph, as F′′ · Cab ∈ Cab, Cab and D intersect in a vertex of A.
Hence, we may assume that two of {Cab, Cac, Cbc} are inside abc, and, analogously, two
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of {Dab, Dac, Dbc} are inside abc. Without loss of generality we have two cases.

First suppose that Cab, Cbc, Dab, and Dbc are inside abc. Let F ∈ Cac. Suppose for a
moment that C and D do not intersect in A. As F intersects C and D in A, there exists a
subpath R of F inside abc, internally disjoint from C and D, that starts at a vertex x of C
and finishes at a vertex y of D, say x ∈ V(C′), where C′ ∈ {Cab, Cbc} and y ∈ V(D′),
where D′ ∈ {Dab, Dbc}. Then (C− C′bx) · R · D′yb and (D− D′by) · R · C′xb are cycles, one
of them longer than L, a contradiction (Figure 4.24(b).)

Now suppose that {Cab, Cbc} and {Dab, Dac} are inside abc. Let F ∈ Cab. Suppose
for a moment that C and D do not intersect in A. As F intersects C and D in A,
there exists a subpath R of F inside abc, internally disjoint from C and D, that starts
at a vertex x of C and finishes at a vertex y of D. We have two cases. If x ∈ Cab,
then let D′ be the element of {Dab, Dac} that contains y, and let D′ya be the subpath
of D′ with extremes a and y. Let Cax be the subpath of Cab with extremes a and x.
In that case, (C− Cax) · R · D′ya and (D− D′ay) · R · Cxa are cycles, one of them longer
than L, a contradiction (Figure 4.25(a)). Finally, consider the case in which x ∈ Cbc.
Let Cbx be the subpath of Cbc with extremes b and x. If y ∈ Dab, then (C− Cbx) · R · Dyb

and (D − Dby) · R · Cxb are cycles, where Dby is the subpath of Dab with extremes b
and y, a contradiction. If y ∈ Dac, then (C − Ccx) · R · Dyc and (D − Dcy) · R · Cxc are
cycles, where Dcy is the subpath of Dac with extremes c and y, again a contradiction
(Figure 4.25(b)).
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Figure 4.25: Pair (C, D) ∈ Cabc × Cabc, with Cab, Cbc, Dab and Dac inside abc. (a) x ∈ Cab
and y ∈ Dab. (b) x ∈ Cbc and y ∈ Dac.

As C × C = (Cab × Cab) ∪ (Cac × Cac) ∪ (Cbc × Cbc) ∪ (Cab × Cac) ∪ (Cab × Cbc) ∪
(Cbc × Cac) ∪ (Cabc × Cab) ∪ (Cabc × Cac) ∪ (Cabc × Cbc) ∪ (Cabc × Cabc), the proof follows.
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Given a vertex v /∈ Vt, it is denoted by T[v] the subtree of T induced by v, that
is T[v] = T[{t : v ∈ Vt}]. Given a component A of G − Vt, it is denoted by T[A] the
subtree of T induced by the vertices of A, that is, T[A] = ∪v∈AT[v]. Note that T[A]

is indeed a tree as T[A] is connected. It is denoted by t∗(A) the node in T[A] that is
closest to t in T. Observe that, as T[A] is connected, this node is unique.

Proposition 4.34. Let A be a component of G − Vt. If a′ is a vertex in A and aa′ ∈ E(G),
then a ∈ Vt∗(A).

Proof. Let t∗ := t∗(A). As aa′ ∈ E(G), by the definition of tree decomposition, there
exists a node t′ such that {a, a′} ⊆ Vt′ . As a′ ∈ A, by the definition of T[A], t′ ∈ T[A]. By
the definition of t∗, the unique path from t′ to t in T contains t∗. Hence, as a ∈ Vt ∩Vt′ ,
we conclude that a ∈ Vt∗ .

Lemma 4.35. For every ij ∈ {ab, bc, ac}, let Cij be the collection of all longest cycles in G
that 2-jump abc at {i, j}. Let Cabc be the collection of all longest cycles in G that 3-jump abc.
Let C = Cab ∪ Cbc ∪ Cac ∪ Cabc. If Cij 6= ∅ for every ij ∈ {ab, bc, ac}, then all cycles in C

intersect at a common vertex t-inside abc.

Proof. By Lemma 4.33, there exists a component A ∈ At(abc) such that all cycles in C

pairwise intersect in A. Let t∗ := t∗(A). As Cij 6= ∅ for every ij ∈ {ab, bc, ac}, there
exists an ij-part C̄ij of a cycle in Cij such that all internal vertices of C̄ij are in A, for
every ij ∈ {ab, bc, ac}. Let a′ be the neighbor of a in C̄ab, b′ be the neighbor of b in C̄bc,
and c′ be the neighbor of c in C̄ac. As {a′, b′, c′} ⊆ A, by Proposition 4.34, {a, b, c} ⊆ Vt∗ .
Let Vt∗ = {a, b, c, f }. We proceed by induction on the number of vertices t-inside abc
different from a, b, and c. If f is the only vertex t-inside abc different from a, b, and c,
then, as all cycles in C pairwise intersect in A, f is in all cycles in C and the proof follows.
So, there exist at least two vertices t-inside abc different from a, b, and c. Suppose by
contradiction that there is no vertex in A that belongs to all cycles in C. Then, there
exists (at least) one longest cycle in C that does not contain f . We divide the rest of the
proof in two cases, depending on the type of this cycle.

Case 1: A longest cycle in Cab ∪ Cbc ∪ Cac does not contain f .

Let C be such a cycle. Without loss of generality, assume that C ∈ Cab. Let C′ and C′′

be the two ab-parts of C. As C t-jumps abc, we may assume that C′ is t-inside abc and
that C′′ is t-outside abc. Note that, as C′ 2-intersects Vt∗ at {a, b}, and its extremes are
in Vt∗ , C′ is fenced by Vt∗ . Also, C′ has at least one vertex not in Vt∗ , so the internal
vertices of C′ are in a component, say A′, of G−Vt∗ . We show that A′ ∈ At∗(abf ). Let t′

be the neighbor of t∗ such that Brancht∗(A′) = Brancht∗(t′). By the definition ofAt∗(abf ),
we must prove that {a, b, f } ⊆ Vt′ . Let a′ be the neighbor of a in C′, and let b′ be the
neighbor of b in C′. As {a′, b′} ⊆ A′, by Proposition 4.34, {a, b} ⊆ Vt′ . As |Vt′ ∩Vt∗ | = 3,
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either c ∈ Vt′ or f ∈ Vt′ . If the former is true then, by Proposition 2.7, abc separates f
from a′. But then f and a′ are not in the same component of G− Vt, a contradiction.
Hence, f ∈ Vt′ as we wanted.

Let D ∈ C. As C′ and D intersect in a vertex not in abf , and all the internal vertices
of C′ are in A′, then C′ and D intersect in a vertex of A′. Thus, D has at least one abf -
part t∗-inside abf . As D t-jumps abc, it also has an abc-part t-outside abc. This implies
that D has also an abf -part that is t∗-outside abf , so we conclude that D t∗-jumps abf .
Hence,

every cycle in C t∗- jumps abf . (4.19)

Now we show that if D ∈ Cac, then D t∗-jumps abf at {a, f }. As D t∗-jumps abf , there
exists an abf -part of D, say D′, that is t∗-inside abf . As b /∈ V(D), then D′ is an af -part
of D. Let D′′ be the other af -part of D. As c ∈ V(D′′) is a vertex t∗-outside abf , D′′ is t∗-
outside abf . Hence D t∗-jumps abf at {a, f }. Analogously, we can show that if D ∈ Cbc,
then D t∗-jump abf at {b, f }. We conclude that C

′
ij 6= ∅ for every ij ∈ {ab, bf , a f },

where C
′
ij is the collection of all longest cycles that 2-jumps abf at {i, j}. Note that every

vertex t∗-inside abf is also t-inside abc. Hence, as c is t-inside abc but not t∗-inside abf ,
by induction hypothesis, there exists a common vertex to all cycles that t∗-jump abf .
Also, by (4.19), there exists a common vertex to all cycles in C (Figure 4.26(a)). Moreover,
this vertex is t-inside abc.
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Figure 4.26: Cases in the proof of Lemma 4.35. (a) A longest cycle C ∈ Cab that does not
contain f (Case 1). (b) A longest cycle C ∈ Cabc that does not contain f (Case 2.2), and every
cycle in Cbc t′-jumps both abf and acf (Equation (4.21)).

Case 2: A longest cycle in Cabc does not contain f .
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Let C be such a cycle. Let Cab, Cbc, and Cac be the corresponding abc-parts of C. As C
has at least a vertex in A (recall that A is the component given by Lemma 4.33), at least
one of {Cab, Cbc, Cac} has all its internal vertices in A. Also, as C t-jumps abc, at least
one of {Cab, Cbc, Cac} is t-outside abc (hence not in A).

Case 2.1: Exactly one of {Cab, Cbc, Cac} has all its internal vertices in A.

Without loss of generality, let Cab be the corresponding part. Let D ∈ Cab and D′ be
the ab-part of D such that all internal vertices of D′ are in A. Let D′′ be the other ab-part
of D. Then D′ · Cac · Ccb and Cab · D′′ are both longest cycles. Observe that Cab · D′′ is a
longest cycle in Cab. But then f is not in Cab · D′′ and we are in Case 1.

Case 2.2: Exactly two of {Cab, Cbc, Cac} have all their internal vertices in A.

Without loss of generality, let Cab and Cac be the corresponding parts. Let A′

be the component of G − Vt∗ where the internal vertices of Cab lie. Let A′′ be the
component of G−Vt∗ where the internal vertices of Cac lie. As in Case 1, we can show
that A′ ∈ At∗(abf ) and that A′′ ∈ At∗(acf ). Next we prove the following statements.

Every cycle in Cab internally intersects Cac and
every cycle in Cac internally intersects Cab,

(4.20)

every cycle in Cbc t∗-jumps both abf and acf , (4.21)

every cycle in Cab t∗-jumps abf and every cycle in Cac t∗-jumps acf , (4.22)

every path that 2-intersects Vt∗ at {b, c} is t∗-outside bcf . (4.23)

Proof of (4.20): Let D ∈ Cab. Let D′ and D′′ be the two ab-parts of D with D′ t-
inside abc and D′′ t-outside abc. If D′ does not internally intersect Cac, then both D′′ · Cab

and D′ · Cac · Ccb are longest cycles. Thus, D′′ · Cab is a longest cycle in Cab that does not
contain f and we would be in Case 1. We conclude that D′ internally intersects Cac. A
similar proof applies when D ∈ Cac.

Proof of (4.21): Let H ∈ Cbc. We show that H t∗-jumps both abf and acf . Suppose that H
does not t∗-jump abf . Let D be a cycle in Cac. By (4.20), there exists an af -part of D,
say D′, such that D′ internally intersects Cab. Let R be the subpath of D′ that is internally
disjoint from Cab, starts at f and ends at a vertex x ∈ V(Cab). Let Cbx be the subpath
of Cab with extremes b and x. Let Hbf be the subpath of H with extremes b and f
that does not contain c. As Hbf is t∗-outside abf , we have two cycles, (C− Cbx) · R · Hfb

and (H − Hbf ) · R · Cxb, one of them longer than L, a contradiction (Figure 4.26(b)). The
proof of the other case is symmetric.



4.4 PARTIAL 3-TREES 79

Proof of (4.22): Let D ∈ Cab. If f /∈ V(D), then we would be in Case 1. Hence f ∈ V(D).
Let Daf , Dbf , and Dab be the abf -parts of D. Suppose that D does not t∗-jump abf .
Then Dbf is internally disjoint from Cab. Also, by (4.20), Daf is internally disjoint
from Cab. Let H ∈ Cac. By (4.20), H internally intersects Cab. Let R be the subpath of H
that is internally disjoint from Cab, starts at f and ends at a vertex x ∈ V(Cab). Let Cbx be
the subpath of Cab with extremes b and x. As Cbx is internally disjoint from Dbf , we have
two cycles, (C − Cbx) · R · Dfb and (D − Dbf ) · R · Cxb, a contradiction (Figure 4.27(a)).
The proof for Cac is symmetric.

Proof of (4.23): Suppose by contradiction that there exists a path R that 2-intersects Vt∗

at {b, c} and is t∗-inside bcf . Let D ∈ Cab and F ∈ Cac. If f /∈ V(D), then we would
be in Case 1. Hence f ∈ V(D). Analogously, f ∈ V(F). Let Daf , Dbf , and Dab be
the abf -parts of D. Let Faf , Fcf , and Fac be the acf -parts of F. By (4.20), Daf is t∗-inside acf
and Faf is t∗-inside abf . By (4.20) and (4.22), we have that Dbf and Fcf do not internally
intersect R. Then Dab · R · Fcf · Ffa and Fac · R · Dbf · Dfa are cycles, one of them longer
than L, a contradiction (Figure 4.27(b)).
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F

D
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Figure 4.27: Situations in Case 2.2 of Lemma 4.35. We have a longest cycle C ∈ Cabc that
does not contain f . (a) We show that every cycle in Cab t∗-jumps abf and that every cycle
in Cac t∗-jumps acf (Equation (4.22)). (b) We show that every path that 2-intersects Vt∗ at {b, c}
is t∗-outside bcf (Equation (4.23)).

We show that
every cycle in C t∗-jump abf . (4.24)

Suppose by contradiction that this is not the case. Let D be a cycle in C that does
not t∗-jump abf . By (4.20), if D ∈ Cac, then D internally intersects Cab, so D jumps ab f .
Therefore D /∈ Cac. By (4.21), D /∈ Cbc. By (4.22), D /∈ Cab. We conclude that D ∈ Cabc.
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Suppose for a moment that f /∈ V(D). As D ∈ Cabc, exactly two of {Dab, Dbc, Dac}
are t-inside abc, otherwise we are in Case 2.1. By (4.23), we know that Dbc is
not t∗-inside bcf . Hence, both Dab and Dac are t-inside abc, so Dab is t∗-inside abf ,
and D t∗-jumps abf , a contradiction. We conclude that f ∈ V(D).

As D 3-intersects abc, we have two cases, depending on the abf -parts of D. First
suppose that there is an abf -part of D, say D′, such that the extremes of D′ are b
and f , and D′ does not contain c. Consider a cycle H ∈ Cbc. If f /∈ V(H) then
we are in Case 1. Hence, f ∈ V(H). Let Hbc, Hcf , and Hbf be the bcf -parts of H.
By (4.21), Hbf is t∗-inside abf and Hc f is t∗-inside acf . By (4.23), Hbc is t∗-outside bcf .
Recall that D does not jump abf . Hence, (D− D′) · Hbf and (H − Hbf ) · D′ are longest
cycles. Then (H − Hbf ) · D′ ∈ Cbc but does not t∗-jump abf , a contradiction to (4.21)
(Figure 4.28(a)). Now suppose that there exists no such part of D. Hence Daf , Dfc, Dcb,
and Dba are the abcf -parts of D, with D = Da f · Dfc · Dcb · Dba. As D ∈ Cabc, exactly two
of {Dab, Daf ·Dfc, Dbc} are t-inside abc, otherwise we are in Case 2.1. If Dab is t-inside abc,
then D t∗-jumps abf and we are done. Hence, Dbc is t-inside abc, a contradiction to
(4.23) (Figure 4.28(b)).

By (4.20), (4.21), and (4.22), we have that C
′
ij 6= ∅ for every ij ∈ abf , where C

′
ij

is the collection of all longest cycles that 2-jump abf at {i, j}. Note that every ver-
tex t∗-inside abf is also t-inside abc. Hence, as c is t-inside abc but not t∗-inside abf ,
by induction hypothesis, there exists a common vertex to all cycles that t∗-jump abf .
Also, by (4.24), there exists a common vertex to all cycles in C. Moreover, this vertex
is t-inside abc.

This concludes the proof of the lemma.

Corollary 4.36. Let ∆ be a triple of vertices in Vt. If lct(G)> 1 and for every pair of ver-
tices {i, j} in ∆ there exists a longest cycle that 2-jumps ∆ at {i, j}, then there exists a longest
cycle C in G such that either C intersects Vt at most once, or one of the following possibilities is
true:

(i) C is t-outside ∆,

(ii) C is t-inside ∆ and 2-intersects ∆,

(iii) C is t-inside ∆, 3-intersects ∆, and is fenced by ∆.

Proof. Without loss of generality, let ∆ = abc. For every ij ∈ {ab, bc, ac}, let Cij be the
collection of all longest cycles in G that 2-jump abc at {i, j}. Let Cabc be the collection
of all longest cycles in G that 3-jump abc. Let C = Cab ∪ Cbc ∪ Cac ∪ Cabc. As Cij 6= ∅
for every ij ∈ {ab, bc, ac}, by Lemma 4.35, all longest cycles in C intersect at a common
vertex, say x, that is t-inside abc. As lct(G) > 1, there exists a longest cycle C in G that is
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Figure 4.28: Cases in the last part of the proof of Lemma 4.35. A cycle D ∈ Cabc that does not
jump abf .

not in C. Hence, C does not jump abc. We may assume that C intersects Vt at least twice.
If C is t-outside abc, then (i) holds and we are done. So, assume that C is t-inside abc.
If C 2-intersects ∆, then (ii) holds and we are done. Hence, we may assume that C
3-intersects ∆.

Suppose by contradiction that C crosses ∆. Let Cab, Cbc, and Cac be the abc-parts
of C. Let A be the component of G − ∆ where x lies. As C crosses ∆, at least one
of {Cab, Cbc, Cac}, say Cab, has all its internal vertices not in A. Let D ∈ Cac. Let F ∈ Cbc.
Let D′ and D′′ be the two ac-parts of D. Let F′ and F′′ be the two bc-parts of F. As D
and F jump abc, we may assume that D′ and F′ are t-inside abc, and that D′′ and F′′

are t-outside abc. Moreover, as D and F contain x, and x is in A, both D′ and F′

have all its internal vertices in A. As Cab has all its internal vertices not in A, Cab is
internally disjoint from D′ and F′. As C is t-inside abc, Cab is internally disjoint from D′′

and F′′. Hence, D′ · Cab · F′′ and F′ · Cab · D′′ are both cycles, one of them longer than L,
a contradiction.

4.5 Remarks

In this chapter we showed upper bounds for the minimum cardinality of a set of vertices
that intersects all longest cycles in a 2-connected graph. A natural question asks for
lower instead of upper bounds. It is known that it is not always the case that all longest
cycles intersect in arbitrary 2-connected graphs, so there are 2-connected graphs G such
that lct(G) > 1. The question of whether lct(G) = 1 when G is chordal is still open.
There exists a 2-connected graph G given by Thomassen on 15 vertices [SZZ13], with



82 TRANSVERSALS OF LONGEST CYCLES 4.5

treewidth four and lct(G) = 2 (Figure 4.29).

(a) (b)

Figure 4.29: (a) Thomassen’s graph. Calling it G, we have that lct(G) = 2. (b) A chordal
completion of G. As G itself is a forbidden minor for partial 3-trees [APC90], we conclude
that tw(G) = 4.

Hence, by Theorem 4.18, we conclude the following corollary.

Corollary 4.37. Let ` be the minimum integer such that lct(G) ≤ ` for every partial 4-tree G.
Then, ` ∈ {2, 3}.



Chapter 5

Transversals of Triangles

In this chapter we address transversals of triangles, and their relation with packings
of edge-disjoint triangles, in some graph classes. Recall that τ(G) is the minimum
cardinality of a triangle transversal of a given graph G and that ν(G) is the maximum
cardinality of a triangle packing of G. We prove the following:

• τ(G) ≤ 2ν(G) for every partial 6-tree G (Section 5.2).

• τ(G) ≤ 9
5 ν(G) + 1

5 for every 3-tree G (Section 5.3).

• τ(G) ≤ 3
2 ν(G) for every planar triangulation G different from K4 (Section 5.4).

• τ(G) ≤ n2

3·(4m−n2)
· ν(G) for every tripartite graph G with n vertices and m ≥ n2

4

edges (Section 5.5).

• τ(G) ≤ 2ad+2bc
2ad+ac−2c−2d · ν(G) for every complete 4-partite graph G with parts of

cardinalities a, b, c, and d, a ≥ b ≥ c ≥ d, and a > 1 (Section 5.6).

Throughout all this chapter, we use the term transversal instead of triangle transversal,
and packing instead of triangle packing. Before presenting our results, we introduce new
concepts that are used in Sections 5.2 and 5.3.

5.1 Rooted Tree Decomposition

A rooted tree is a pair (T, r), where T is a tree and r is a vertex of T. Given t ∈ V(T), it is
denoted by PT,r(t) the unique path in T that joins r and t. If t′ is a vertex in V(PT,r(t)),
then we say that t′ is an ancestor of t. Every vertex in T that has t as its ancestor is called
a descendant of t. If t 6= r, then the parent of t, denoted by pT,r(t), is the ancestor of t
that is adjacent to t. The successors of t are the vertices whose parent is t, and the set of
successors of t is denoted by ST,r(t). The height of t, denoted by hT,r(t), is the length of
a longest path that joins t to a descendant of t. When (T, r) is clear from the context, we
simply write P(t), p(t), S(t), and h(t).

Let G be a graph. Let (V , T) be a tree decomposition of G and let r ∈ V(T). We say
that (V , T, r) is a rooted tree decomposition if

83
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• (V , T) is a full tree decomposition; and

• if t ∈ V(T) \ {r}, then Vt ∩Vp(t) 6= Vt ∩Vt′ for every t′ ∈ S(t) (Figure 5.1).

c d

b

a

v1
v2

v3

(a)

a, b, c, d

a, b, c, v1

a, b, c, v2

a, b, d, v3

a, b, c, d

a, b, c, v1 a, b, c, v2 a, b, d, v3

(b)

Figure 5.1: (a) A graph with treewidth 3. (b) Two full tree decompositions of the graph. Only
the second is rooted.

Proposition 5.1. Every graph G has a rooted tree decomposition of width tw(G).

Proof. By Proposition 2.1, there exists a full tree decomposition of G of width tw(G).
Let (T,V , r) be a triple that minimizes ∑t∈V(T) |PT,r(t)|, where (T,V) is a full tree
decomposition of G of width tw(G), and r ∈ V(T). We claim that (V , T, r) is
a rooted tree decomposition. Suppose, for a contradiction, that there exist two
nodes t ∈ V(T) \ {r} and t′ ∈ ST,r(t) such that Vt ∩ Vp(t) = Vt ∩ Vt′ . Let T′ be a tree
such that V(T′) = V(T) and E(T′) = E(T) \ {tt′} ∪ {pT,r(t)t′}. Next we show that T′

is a full tree decomposition of G. For this, it suffices to show that |Vt′ ∩ VpT,r(t)| =
tw(G). Let p = pT,r(t). As Vt ∩ Vt′ = Vt ∩ Vp, we have Vt ∩Vt′ = Vp ∩Vt ∩Vt′ .
So, |Vt′ ∩Vp| ≥ |Vt ∩Vt′ ∩ Vp| = |Vt ∩Vt′ | = tw(G). As |Vt′ | = |Vp| = tw(G) + 1 and
Vt′ 6= Vp, we have |Vt′ ∩Vp| = tw(G). Note that, for every t′′ 6= t′ that is a descendant
of t′, we have |PT′,r(t′′)| = |PT,r(t′′)| − 1. Hence ∑t∈V(T′) |PT′,r(t)| < ∑t∈V(T) |PT,r(t)|, a
contradiction to the choice of (T,V , r).

Given a rooted tree decomposition (V , T, r) of a graph G, and a node t ∈ V(T) \ {r},
we say that the vertex in Vt \Vp(t) is the representative of t. Observe that this vertex is
indeed unique, because every rooted tree decomposition is also full.

5.2 Partial 6-Trees

In this section we prove Tuza’s Conjecture on graphs with treewidth at most 6, also
known as partial 6-trees (Proposition 2.2). A set of tools for dealing with graphs that
contain vertices of small degree was introduced by Puleo [Pul15] (see Lemma 5.3), and
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Tuza’s Conjecture was verified for graphs with maximum average degree less than 7,
i.e., for graphs in which every subgraph has average degree less than 7. In this section,
we extend the technique of Puleo (see Lemma 5.4) in order to prove Tuza’s Conjecture
for graphs with treewidth at most 6 (Theorem 5.6). The following example (Figure 5.2)
shows that there are graphs with treewidth at most 6 whose maximum average degree
is more than 7. So our result is not implied by the previous one.

Figure 5.2: A graph with treewidth 6 (it is a 6-tree) and average degree 22
3 >7.

A nonempty set V0 ⊆ V(G) is called reducible [Pul15, Definition 2.1] if there is
a set X ⊆ E(G) and a set Y of edge-disjoint triangles in G such that the following
conditions hold:

(i) |X| ≤ 2|Y|;

(ii) every triangle in G containing a vertex of V0 has an edge in X; and

(iii) if uv ∈ E(A) for some A ∈ Y, and u, v /∈ V0, then uv ∈ X.

When V0, X, and Y satisfy the definition above, we say that V0 is reducible using X
and Y. When G has no reducible set, we say that G is irreducible.

The following lemma comes naturally.

Lemma 5.2 ([Pul15, Lemma 2.2]). Let G be a graph and V0 ⊆ V(G) be reducible using X
and Y. Let G′ = (G− X)−V0. If τ(G′) ≤ 2ν(G′), then τ(G) ≤ 2ν(G).

We say that a graph G is robust [Pul15, Definition 2.3] if, for every v ∈ V(G), ev-
ery component of G[N(v)] has at least 5 vertices. The following lemma (see [Pul15,
Lemma 2.7]) is an important tool in our proofs. In what follows, the closed neighbor-
hood N(u) ∪ {u} of a vertex u ∈ V(G) is denoted by N[u] and ∆(G) is the maximum
degree of a vertex in G.

Lemma 5.3. If G is an irreducible robust graph and x, y ∈ V(G), then the following hold

(a) if d(x) ≤ 6, then ∆(G[N(x)]) ≤ 1 and |E(G[N(x)])| 6= 2;
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(b) if d(x) ≤ 6 and d(y) ≤ 6, then xy /∈ E(G);

(c) if d(x) = 7 and d(y) = 6, then N[y] 6⊆ N[x];

(d) if d(x) ≤ 8 and d(y) = 5, then N[y] 6⊆ N[x].

In this section we extend the result above to the following lemma.

Lemma 5.4. If G is an irreducible robust graph and x, y ∈ V(G) are such that d(x),
d(y) ≤ 6, and |N(x) ∪ N(y)| ≤ 7, then d(x) = d(y) = 5, |N(x) ∩ N(y)| = 3,
and G[N(x)], G[N(y)] ' K5.

Proof. Let G, x and y be as in the statement. Because G is robust, d(x), d(y) ≥ 5. We di-
vide the proof on whether d(x) = d(y) = 6; d(x) = 6 and d(y) = 5; or d(x) = d(y) = 5.

Case 1: d(x) = d(y) = 6.

Suppose, without loss of generality, that N(x) = {v1, v2, v3, v4, v5, v6}. By
Lemma 5.3(a), E(G[N(x)]) is either empty, an edge, or a matching of cardinality 3. Sup-
pose, without loss of generality, that E(G[N(x)]) ⊆ {v1v4, v2v5, v3v6}. If N(y) = N(x),
then put

X = E(G[{v1, v2, v3, v4, v5, v6}]);
Y = {v1v3v5, v2v4v6, xv1v2, yv2v3, xv3v4, yv4v5, xv5v6, yv1v6}.

Note that |X| ≤ 15 ≤ 16 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible
using X and Y, a contradiction.

Thus, we may assume that |N(x) ∩ N(y)| = 5. Suppose, without loss of gen-
erality, that v1 /∈ N(y). Thus, we may assume that N(y) = {v2, v3, v4, v5, v6, v7},
for some v7 ∈ V(G). Since E(G[N(x) ∩ N(y)]) ⊆ E(G[N(x)]), we have
E(G[N(x) ∩ N(y)]) ⊆ {v2v5, v3v6}. If E(G[N(x) ∩ N(y)]) = {v2v5, v3v6}, then
|E(G[N(x) ∩ N(y)])| = 8. Now, let

X = {xv1, yv7} ∪ E(G[{v2, v3, v4, v5, v6}]);
Y = {v2v4v6, xv2v3, xv4v5, yv3v4, yv5v6}.

Note that |X| = 10 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction. Thus, we have E(G[N(x) ∩ N(y)]) ≤ 1, and by Lemma 5.3(a),
we have |E(G[N(x)])|, |E(G[N(y)])| ≤ 1.

Suppose that |E(G[N(x) ∩ N(y)])| = 1, then |E(G[N(x) ∩ N(y)])| = 9, and we may
assume, without loss of generality, that v3v6 ∈ E(G[N(x) ∩ N(y)]). This implies, by
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Lemma 5.3(a), that v3v7 ∈ E(G[N(y)]). Now, let

X = {xv1, yv7, v3v7} ∪ E(G[{v2, v3, v4, v5, v6}]);
Y = {v2v4v6, v3v4v5, xv2v3, xv5v6, yv2v5, yv3v7}.

Note that |X| = 12 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction (Figure 5.3(a)).

Thus, we may assume that |E(G[N(x) ∩ N(y)])| = 0, i.e., |E(G[N(x) ∩ N(y)])| = 10.
Now, let

X = {xv1, yv7} ∪ E(G[{v2, v3, v4, v5, v6}]);
Y = {v2v4v6, v3v4v5, xv2v3, xv5v6, yv2v5, yv3v6}.

Note that |X| = 12 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction.

(a) (b) (c)

Figure 5.3: Cases in the proof of Lemma 5.4. In each figure, the corresponding packing is repre-
sented by triangles with different line traces, and the corresponding transversal is represented by
the edges with little rectangles. (a) d(x) = d(y) = 6 and |E(G[N(x) ∩ N(y)])| = 1. (b) d(x) = 6,
d(y) = 5, and N(y) 6⊆ N(x). (c) d(x) = 5, d(y) = 5, and |N(x) ∩ N(y)| = 3.

Case 2: d(x) = 6 and d(y) = 5.

First, suppose that N(y) ⊆ N(x). Assume, without loss of generality, that N(x) =
{v1, v2, v3, v4, v5, v6}. By Lemma 5.3(a), G[N(x)] is either empty, or an edge, or a
matching of cardinality 3. Thus, we may assume, without loss of generality, that
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E(G[N(x)]) ⊆ {v1v4, v2v5, v3v6} and that v1 /∈ N(y), thus, N(y) = {v2, v3, v4, v5, v6}.
Analogously to the case above, we have that E(G[N(x) ∩ N(y)]) ⊆ {v2v5, v3v6}. Now,
let

X = {xv1, v1v6} ∪ E(G[{v2, v3, v4, v5, v6}]);
Y = {v2v4v6, xv1v6, xv4v5, xv2v3, yv3v4, yv5v6}.

Note that |X| ≤ 12 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction.

Thus, we may assume that N(y) 6⊆ N(x). In this case, |N(x) ∩ N(y)| = 4.
Assume, without loss of generality, that N(x) = {v1, v2, v3, v4, v5, v6}, and that
N(y) = {v3, v4, v5, v6, v7}. By Lemma 5.3(a), |E(G[N(x)])|, |E(G[N(y)])| 6= 2 and
∆(G[N(x)]), ∆(G[N(y)]) ≤ 1. Then, we may assume, without loss of generality, that
either E(G[N(x)]) ∩ E(G[N(y)]) = {v4v5} or E(G[N(x)]) ∩ E(G[N(y)]) = ∅. In the for-
mer, we may assume, without loss of generality, that E(G[N(x)]) ⊆ {v1v6, v2v3, v4v5}
and E(G[N(y)]) = {v4v5}. In the latter, we may assume, without loss of gen-
erality, that E(G[N(x)]) ⊆ {v1v3, v1v4} and E(G[N(y)]) ⊆ {v4v7, v5v7}. Let
H = G[{v2, v3, v4, v5, v6}].

In the former case, we let

X = {xv1, yv7, v1v5} ∪ E(H);
Y = {xv1v5, xv2v4, xv3v6, yv3v5, yv4v6, v2v5v6}.

(Figure 5.3(b)). In the latter case, we let

X = {xv1, yv7} ∪ E(H);
Y = {xv3v5, xv4v6, yv3v6, yv4v5, v2v3v4, v2v5v6}.

Note that, in both cases, |X| ≤ 12 = 2|Y|. It is not hard to check that V0 = {x, y} is
reducible using X and Y, a contradiction.

Case 3: d(x) = d(y) = 5.

Assume, without loss of generality, that N(x) = {v1, v2, v3, v4, v5}. In what follows,
we divide the proof on whether N(x)∩ N(y) has five, four, or three elements. Note that,
by Lemma 5.3(a), |E(G[N(x)])|, |E(G[N(y)])| ∈ {9, 10}.

First, suppose that |N(x) ∩ N(y)| = 5, which implies that N(x) = N(y). We may
assume, without loss of generality, that E(G[N(x)]) ⊆ {v1v2}. Let

X = E(G[N(x)]);
Y = {v1v4v5, v2v3v5, xv1v3, xv2v4, yv3v4}.

Note that |X| ≤ 10 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction.
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Now, suppose that |N(x) ∩ N(y)| = 4. Assume, without loss of gener-
ality, that N(y) = {v2, v3, v4, v5, v6}, and let H = G[{v2, v3, v4, v5}]. Since
|E(G[N(x)])|, |E(G[N(y)])| ∈ {9, 10}, we may assume, without loss of generality,
that E(H) ⊆ {v3v4}. Let

X = {xv1, yv6} ∪ E(H);
Y = {xv2v3, xv4v5, yv2v4, yv3v5}.

Note that |X| ≤ 8 = 2|Y|. It is not hard to check that V0 is reducible using X and Y, a
contradiction.

Finally, suppose that |N(x) ∩ N(y)| = 3. Assume, without loss of generality that
N(y) = {v3, v4, v5, v6, v7}, and let H = G[{v3, v4, v5}]. Suppose that |E(H)| < 3. Then
we may assume that v3v5 /∈ E(H) and v3v4, v4v5 ∈ E(H) . Let

X = {v2v3, v3v4, v2v4, v4v5, v5v6, v6v4, v2v5, v3v6, v1v3, v7v4, xv1, yv7};
Y = {v2v3v4, v4v5v6, xv2v5, yv3v6, xv1v3, yv7v4}.

Note that |X| = 12 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction (Figure 5.3(c)). We conclude that the set N(x) ∩ N(y) induces a
triangle in G.

Suppose by contradiction that either G[N(x)] or G[N(y)], without loss of general-
ity G[N(y)], does not induce a complete graph. Since N(x) ∩ N(y) induces a triangle
in G, we may assume, without loss of generality, that E(G[N(y)]) ⊆ {v3v6, v6v7}. Let vx

be a neighbor of v1 in {v2, v3}. Let vy be a neighbor of v6 in {v3, v7}. Then let

X = E(G[N(y)]) ∪ {xv1, xv2, v1vx};
Y = {v3v4v7, vyv5v6, xv1vx, xv4v5, yv5v7, yv4v6}.

Note that |X| = 12 = 2|Y|. It is not hard to check that V0 = {x, y} is reducible using X
and Y, a contradiction.

This concludes the proof.

Recall that, given a rooted tree decomposition (T,V , r) of a graph G, the representa-
tive of a node t 6= r is the (unique) vertex in Vt \Vp(t).

Proposition 5.5. Given a rooted tree decomposition (T,V , r) of a graph G, if t 6= r is a leaf
in T and y is the representative of t, then N(y) ⊆ Vt.

Proof. Suppose that there is a vertex y′ ∈ N(y) \Vt. By condition (T2) of the definition of
tree decomposition, there is a bag Vt′ such that y, y′ ∈ Vt′ , and hence, by condition (T3) of
the definition of tree decomposition, as t is a leaf, we have y ∈ Vp(t), a contradiction.
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The following theorem is the main result of this section.

Theorem 5.6. If G is a graph with treewidth at most 6, then τ(G) ≤ 2ν(G).

Proof. Suppose, for a contradiction, that the statement does not hold, and let G be
a graph with treewidth at most 6, τ(G) > 2ν(G), that minimizes |V(G)|. We claim
that G is irreducible. Indeed, suppose that there exists a set V0 ⊆ V(G) that is reducible
using X and Y. Note that G′ has treewidth at most 6 and, by the minimality of G, we
have that τ(G′) ≤ 2ν(G′). Thus, by Lemma 5.2, we have τ(G) ≤ 2ν(G), a contradiction.

Claim 5.7. G is robust.

Proof. Suppose, for a contradiction, that x is a vertex of G such that G[N(x)] con-
tains a component C of cardinality at most 4. Let EC = {xv : v ∈ V(C)}. Let M′ be
a maximum matching in C. If M′ = ∅, then there is no triangle in G containing
the edges in EC. Therefore, every transversal of G′ = G − EC is a transversal of G,
i.e., τ(G) ≤ τ(G′). Moreover, every triangle packing of G′ is a triangle packing of G,
which implies ν(G) ≥ ν(G′). By the minimality of G, we have τ(G′) ≤ 2ν(G′), and
hence τ(G) ≤ 2ν(G), a contradiction. If M′ = {v1v2}, then C is either a star or a tri-
angle. If C is a star, let u be the center of C, and if C is a triangle, then let u be the
vertex of C not incident to the edge in v1v2. Note that if A is a triangle of G containing
edges of EC, then A contains v1v2 or A contains xu. Let G′ = G− E(xv1v2). By the
minimality of G, we have τ(G′) ≤ 2ν(G′). Let X′ and Y′ be a minimum transversal and
a maximum packing of G′, respectively. Note that X′ ∪ {v1v2, xu} is a transversal of G,
and Y′ ∪ {xv1v2} is a packing of G. Hence

τ(G) ≤ |X′|+ 2 = τ(G′) + 2 ≤ 2ν(G′) + 2 = 2|Y′|+ 2 ≤ 2ν(G),

a contradiction.

If M′ = {u1u2, v1v2}, then we put G′ = G− E(xu1u2)− E(xv1v2). By the minimality
of G, we have τ(G′) ≤ 2ν(G′). Let X′ and Y′ be a minimum transversal and a maximum
packing of G′, respectively. Note that X′ ∪ {u1u2, v1v2, xv1, xv2} is a transversal of G,
and Y′ ∪ {xu1u2, xv1v2} is a packing of G. Hence

τ(G) ≤ |X′|+ 4 = τ(G′) + 4 ≤ 2ν(G′) + 4 = 2|Y′|+ 4 ≤ 2ν(G),

a contradiction.

Suppose that |V(G)| ≤ 7 and let x, y ∈ V(G). Since G is irreducible and robust,
and d(x), d(y) ≤ 6, by Lemma 5.3(b), we have |E(G)| = ∅. Thus τ(G) ≤ 2ν(G),
a contradiction. Therefore, we may assume |V(G)| ≥ 8. By Proposition 5.1, G has
a rooted tree decomposition (T,V , r) of width tw(G) ≤ 6. Since |V(G)| ≥ 8, we
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have |V(T)| > 1, and hence there is a node t ∈ V(T) with h(t) = 1. If t 6= r, then let vt

be the representative of t; otherwise, let vt be an arbitrary vertex of Vt. First, suppose
that S(t) = {t′}. Let x be the representative of t′. By Proposition 5.5, we have that
d(x) ≤ |Vt′ | − 1 ≤ 6, and, by Claim 5.7, we have d(x) ∈ {5, 6}. Also, by Proposition 5.5
applied to G− x, (T − t′,V \ {Vt′}, r), and t, we have that NG−x(vt) ⊆ Vt (if t = r, then
this holds trivially). Thus d(vt) = |N(vt)| ≤ |NG−x(vt)|+ 1 ≤ |Vt| ≤ 7.

Note that if d(vt) = 7, then vt must be incident to every vertex in Vt \ {vt}, and
also to x. Since Vt′ ⊆ Vt ∪ {x}, we have N[x] ⊆ N[vt], a contradiction either to
Lemma 5.3(c) or to Lemma 5.3(d). Therefore, we may assume that d(vt) ≤ 6, and
hence, by Lemma 5.3(b), we have vtx /∈ E(G). Thus, we have N(x) ∪ N(vt) ⊆ Vt \ {vt},
which implies |N(x) ∪ N(vt)| ≤ |Vt| − 1 ≤ 6. On the other hand, by Lemma 5.4, we
have d(vt) = d(x) = 5 and |N(x) ∩ N(vt)| = 3, which implies |N(x) ∪ N(vt)| = 7, a
contradiction.

Therefore we may assume that |S(t)| > 1. First, suppose that |S(t)| ≥ 3, and
let t1, t2, t3 ∈ S(t). Let zi be the representative of ti, for i = 1, 2, 3. Note that, by
Proposition 5.5, |N(zi) ∪ N(zj)| ≤ |Vt| = 7, for i, j ∈ {1, 2, 3} and i 6= j. Thus, by
Lemma 5.4, d(zi) = 5, and G[N(zi)] ' K5 for every i ∈ {1, 2, 3}, and |N(zi)∩N(zj)| = 3,
for i, j ∈ {1, 2, 3} and i 6= j. Let N(z1) = {v1, v2, v3, v4, v5}. Since |N(z1) ∩ N(z2)| = 3,
we may assume, without loss of generality, that N(z2) = {v3, v4, v5, v6, v7}. It is not hard
to check that, since |N(z1) ∩ N(z3)| = |N(z2) ∩ N(z3)| = 3 and |N(z3)| = 5 , then N(z3)

contains exactly one vertex in N(z1) ∩ N(z2). So we may assume, without loss of
generality, that N(z3) = {v1, v2, v3, v6, v7}. Let H = G[{v1, v2, v3, v4, v5, v6, v7}] and
note that every pair of vertices of H is contained in at least one N(zi) for i ∈ {1, 2, 3}.
Thus, since G[N(zi)] ' K5 for i ∈ {1, 2, 3}, we have H ' K7. Let X = E(H) and note
that |X| = 21. Let

Y1 = {z1v1v3, z1v2v5, z2v3v4, z2v5v6, z3v1v6, z3v2v4};
Y2 = {v1v2v7, v2v3v6, v4v6v7, v3v5v7, v1v4v5},

and note that for Y = Y1 ∪Y2, we have |Y| = 11 and |X| ≤ 2|Y|. Hence V0 = {z1, z2, z3}
is reducible using X and Y, a contradiction (Figure 5.4). We conclude that |S(t)| ≤ 2.

Recall that, when t 6= r, vt is the representative of t and, if t = r, then vt is
an arbitrary vertex of Vt. Let t1, t2 ∈ S(t) and let x, y be the representatives of t1, t2,
respectively. Again, by Lemma 5.4, we have d(x) = d(y) = 5, |N(x) ∩ N(y)| = 3,
and G[N(x)], G[N(y)] ' K5. This implies that Vt ⊆ N(x) ∪ N(y). Note that t is a
leaf of (T′,V ′, r), where T′ = T − t1 − t2 and V ′ = V \ {Vt1 , Vt2}, hence dG−x−y(vt) ≤ 6.
Thus, we have dG(vt) ≤ 8. Note that vt ∈ N(x) ∪ N(y) and assume, without loss of
generality, that vt ∈ N(x). Since G[N(x)] is a complete graph, we have N[x] ⊆ N[vt], a
contradiction to Lemma 5.3(d). This concludes the proof.



92 TRANSVERSALS OF TRIANGLES 5.3

Figure 5.4: A case in the proof of Theorem 5.6. The corresponding packing is represented by
triangles with different line traces, and the corresponding transversal is represented by the edges
with small rectangles.

To finish this section, we mention that Theorem 5.6 generalizes a result of Tuza
about chordal graphs [Tuz90, Proposition 3].

Corollary 5.8. If G is a K8-free chordal graph, then τ(G) ≤ 2ν(G).

Proof. As G is K8-free, we have ω(G) ≤ 7. Thus, by Proposition 2.3, we have
tw(G) = ω(G)− 1 ≤ 6, and τ(G) ≤ 2ν(G) by Theorem 5.6.

5.3 3-Trees

It is easy to see, by Theorem 5.6, that Tuza’s Conjecture holds for 3-trees, as they have
treewidth at most 6 (Proposition 2.4). In this section, we improve this result. We prove
that τ(G) ≤ 9

5 ν(G) + 1
5 if G is a 3-tree (Theorem 5.10). We say that a pair (X, Y) is

a 9
5 -TP of a graph G if X is a transversal of G, Y is a packing of G, and |X| ≤ 9

5 · |Y|+
1
5 .

Observe that if G has a 9
5 -TP, then τ(G) ≤ 9

5 ν(G) + 1
5 .

Let (T,V , r) be a rooted tree decomposition of a graph G. Given a
node t ∈ V(T) \ {r}, we denote by R(t) the set of all representatives of all de-
scendants of t. Recall that S(t) is the set of successors of t. For every triple of
vertices ∆ ⊆ Vt, we let S∆(t) = {t′ ∈ S(t) : Vt′ ∩Vt = ∆}. When t is clear from the
context, we simply write S∆.

Our proof strategy is to analyze nodes in the tree decomposition with small height.
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We start by analyzing nodes with height one and conclude that a minimal counterexam-
ple to our theorem must have a particular configuration around such nodes.

Lemma 5.9. Let G be a 3-tree such that τ(G) > 9
5 ν(G) + 1

5 , and G is minimal over all such
graphs. If (T,V , r) is a rooted tree decomposition of G of width 3, t ∈ V(T) \ {r}, and h(t) = 1,
then |S(t)| = 1.

Proof. Let Vt = {a, b, c, d}. Suppose by contradiction that |S(t)| > 1. Without loss of
generality, assume that Vp(t) ∩Vt = {b, c, d}. Let S(t) = {t1, t2, . . . , tk}. For every i ∈ [k],
let vi be the representative of ti. As h(t) = 1, at least one of ∆ in {abc, abd, acd} is such
that S∆ 6= ∅.

Case 1: Exactly one triangle ∆ in {abc, abd, acd} is such that S∆ 6= ∅.

Without loss of generality, let Sabc 6= ∅. Let G′ = G− R(t). Note that G′ is a 3-tree.
As G is minimal, there exists a 9

5 -TP of G′, say (X′, Y′). Thus, (X′ ∪ {ab, bc, ac}, Y′ ∪
{acv1, abv2}) is a 9

5 -TP of G, a contradiction. Indeed, τ(G) ≤ τ(G′) + 3 ≤ 9
5 ν(G′) + 16

5 ≤
9
5 (ν(G)− 2) + 16

5 ≤
9
5 ν(G) + 1

5 (Figure 5.5(a)).

Case 2: At least two triangles ∆ in {abc, abd, acd} are such that S∆ 6= ∅.

Case 2.1: |S(t)| = 2.

Without loss of generality, assume that t1 ∈ Sabc and t2 ∈ Sabd. Let G′ = G− R(t).
Note that G′ is a 3-tree. As G is minimal, there exists a 9

5 -TP of G′, say (X′, Y′).
Let e ∈ X′ ∩ E(bcd). Without loss of generality, we have two cases. If e = bc, then
we let X = X′ ∪ {ad, av1, bv2}. If e = cd, then we let X = X′ ∪ {ab, cv1, dv2}. In any
case, (X, Y′ ∪ {acv1, abv2}) is a 9

5 -TP of G, a contradiction (Figure 5.5(b)).

Case 2.2: |S(t)| ≥ 3.

Without loss of generality, assume that either t1, t2 ∈ Sabc and t3 ∈ Sabd,
or t1 ∈ Sabc, t2 ∈ Sabd and t3 ∈ Sacd. Let G′ = G− R(t). As G is minimal, there ex-
ists a 9

5 -TP of G′, say (X′, Y′). Without loss of generality suppose that cd ∈ X′.
Then (X′ ∪ {ab, bc, ac, bd, ad}, Y′ ∪ {acv1, abv2 adv3}) is a 9

5 -TP of G, a contradiction
(Figure 5.5(c)).
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Figure 5.5: Situations in the proof of Lemma 5.9

This concludes the proof of the Lemma.

Finally, we prove the main theorem of this section.

Theorem 5.10. If G is a 3-tree, then τ(G) ≤ 9
5 ν(G) + 1

5 .

Proof. Suppose by contradiction that the statement does not hold. Let G be a minimal
counterexample over all 3-trees with τ(G) > 9

5 ν(G) + 1
5 .

Claim 5.11. If (T,V , r) is a rooted tree decomposition of G of width three, then |V(T)| ≥ 4.

Proof. If |V(T)| = 1, then |V(G)| = 4, τ(G) = 2, and ν(G) = 1, a contradiction.
If |V(T)| = 2, then |V(G)| = 5, τ(G) = 3, and ν(G) = 2, a contradiction. If |V(T)| = 3,
then |V(G)| = 6, τ(G) ≤ 4, and ν(G) = 3, again a contradiction.

Claim 5.12. If (T,V , r) is a rooted tree decomposition of G of width three, then T is not a star.

Proof. Suppose by contradiction that T is a star. Suppose for a moment that T is
centered at r. Then h(r) ≤ 1. By Claim 5.11 |V(T)| ≥ 4, so h(r) ≥ 1. Hence, h(r) = 1
and we have two cases. First suppose that, for every p, q ∈ S(r), Vp ∩Vr = Vq ∩Vr.
Without loss of generality, let Vr = {a, b, c, d} and Vr ∩Vp = {a, b, c} for every p ∈ S(r).
Let p ∈ S(r) and let v be the representative of p. Then (E(abc), {abd, acv1}) is a 9

5 -TP
of G, a contradiction.

Now suppose that there exist two nodes p, q ∈ S(r) with Vp ∩ Vr 6= Vq ∩ Vr. We
may assume that p is a successor of r such that |{t′ ∈ ST,r(r) : Vp ∩ Vr = Vt′ ∩ Vr}|
is minimum. Let A = {t′ ∈ ST,r(r) \ {p} : Vp ∩ Vr = Vt′ ∩ Vr}. Let T′ be a tree
with V(T′) = V(T) and

E(T′) = E(T) \ {rt′ : t′ ∈ A} ∪ {pt′ : t′ ∈ A}.
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Then the triple (T′,V , p) is a rooted tree decomposition of G. By
Lemma 5.9, |ST′,p(r)| = 1. Note that ST′,p(r) = ST,r(r) \ ({p} ∪ A). By the choice
of p, |A| = 0. Indeed, suppose for a moment that |A| > 0. Let q be the only element
of ST′,p(r). Then |{t′ ∈ ST,r(r) : Vq ∩ Vr = Vt′ ∩ Vr}| = |{t′ ∈ ST′,p(r) : Vq ∩ Vr =

Vt′ ∩ Vr}| = 1, a contradiction to the choice of p. This implies that |V(T)| = 3, a
contradiction.

Hence, T is not centered at r, which implies that |S(r)| = 1. So r1, the only successor
of r, is the center of T, which implies that h(r1) = 1. Hence |S(r1)| = 1 by Lemma 5.9.
Then |V(T)| = 3, a contradiction to Claim 5.11.

Claim 5.13. There exists a rooted tree decomposition (T,V , r) of G of width three with a
node t ∈ V(T) \ {r} such that h(t) = 2.

Proof. Note that |V(G)| ≥ 4. So, by Proposition 2.4, G has treewidth three. Thus,
by Proposition 5.1, G has a rooted tree decomposition, say (T,V , r), of width 3.
If hT,r(r) ≥ 3, then we are done. If hT,r(r) ≤ 1, then T is a star centered at r, a
contradiction to Claim 5.12. So, let us assume that hT,r(r) = 2, which implies that
there exists a path rr1r2 in T with hT,r(r1) = 1 and, by Lemma 5.9, ST,r(r1) = {r2}.
If |ST,r(r)| = 1, then T is a star centered at r1, a contradiction to Claim 5.12. So, let us
assume that |ST,r(r)| > 1.

Let S̄(r) = {t′ ∈ ST,r(r) \ {r1} : Vr ∩ Vt′ = Vr ∩ Vr1}. Let T′ be a tree
with V(T′) = V(T) and

E(T′) = E(T) \ {rt′ : t′ ∈ S̄(r)} ∪ {r1t′ : t′ ∈ S̄(r)}.

Then the triple (T′,V , r2) is a rooted tree decomposition of G of width 3. If hT′,r2(r1) ≥ 2,
then we are done. Thus hT′,r2(r1) = 1, which implies, by Lemma 5.9, that ST′,r2(r1) = {r}
and |V(T)| = 3, a contradiction to Claim 5.11.

Let (T,V , r) be a rooted tree decomposition of G given by Claim 5.13, and let t be the
node in T with t 6= r and h(t) = 2. Let L = {`1, `2, . . . , `m} be the set of successors of t
that are leaves, that is, h(`i) = 0 for every i ∈ [m]. For every i ∈ [m], let ui be the rep-
resentative of `i. Let Q = S(t) \ L = {q1, q2, . . . , qk}. That is, h(qi) = 1 for every i ∈ [k].
By Lemma 5.9, |S(qi)| = 1 for every i ∈ [k]. For every such i, let S(qi) = {q′i}. Also,
let Q′ = {q′1, q′2, . . . , q′k}. For every i ∈ [k], let vi be the representative of qi and let v′i be
the representative of q′i. Also, as h(t) = 2, we must have k ≥ 1 (Figure 5.6).

Without loss of generality let Vt = {a, b, c, d} and Vt ∩Vp(t) = {b, c, d}.

Claim 5.14. Let G′ = G− R(t). If X′ is a transversal of G′, then there exists a transversal
of G with cardinality |X′|+ 1 + m + 2k.
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Figure 5.6: Situation in the proof of Theorem 5.10.

Proof. As X′ is a transversal of G′ and bcd is a triangle in G′, X′ ∩ E(bcd) 6= ∅. With-
out loss of generality, we may assume that bc ∈ X′. Given a 4-clique K in G and a
set X ⊆ E(G) such that E(K) ∩ X = {e}, it is denoted by K⊗ X the only edge in K that
does not share any vertex with e. For instance, Vt ⊗ {bc} = ad.

For every i ∈ [m], we let ei = V`i ⊗ {bc, ad}. For every i ∈ [k], we let
fi = Vqi ⊗ {bc, ad} and f ′i = Vq′i

⊗ {bc, ad, fi}. Note that X = X′ ∪ {ad} ∪ {ei : i ∈ [m]} ∪
{ fi : i ∈ [k]} ∪ { f ′i : i ∈ [k]} is a transversal of G and |X| = |X′|+ 1 + m + 2k.

Claim 5.15. Let G′ = G− R(t). If X′ is a transversal of G′, then there exists a transversal
of G of cardinality at most |X′|+ 5 + k.

Proof. Let X = X′ ∪ E(G[Vt]) ∪ {viv′i : i ∈ [k]}. Note that X is a transversal of G. As X′

is a transversal of G′ and bcd is a triangle in G′, X′ ∩ E(bcd) 6= ∅ so |X′ ∩ E(G[Vt])| ≥ 1.
Thus |X| = |X′|+ |E(G[Vt])| − |X′ ∩ E(G[Vt])|+ k ≤ |X′|+ 5 + k.

Claim 5.16. Let ∆ be a triple of vertices in Vt with ∆ 6= Vt ∩ Vp(t). Let t′ ∈ S∆(t).
Let G′ = G− R(t′). If |S∆(t)| ≥ 3, then there exists a minimum transversal X′ of G′

with E(∆) ⊆ X′.

Proof. Without loss of generality, let ∆ = abd. We may also assume that
S∆(t) \ {t′} = {`1, `2, . . . , `m′} ∪ {q1, q2, . . . , qk′}. Let X′ be a minimum transver-
sal of G′. For every i ∈ [m′], let Fi = {aui, bui, dui}. For every i ∈ [k′],
let Hi = E(G[Vqi ∪Vq′i

]) \ E(abd). Consider the following set.

X′′ = X′ \ ({Fi : i ∈ [m′]} ∪ {Hi : i ∈ [k′]}) ∪ E(abd) ∪ {viv′i : i ∈ [k′]}.

Note that X′′ is a transversal of G′. If E(∆) ⊆ X′, then we are done. So, we may assume
that, for every i ∈ [m′], |X′ ∩ Fi| ≥ 1; and, for every i ∈ [k′], |X′ ∩ Hi| ≥ 2. Thus,

|X′′| ≤ |X′| −m′ − 2k′ + |E(∆) \ X′|+ k′ ≤ |X′| −m′ − k′ + 2 ≤ |X′|,
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where the second inequality holds because ∆ ∩ X′ 6= ∅, as ∆ is a triangle in G′ and X′

is a transversal of G′, and the last inequality holds because m′ + k′ + 1 = |S∆(t)| ≥ 3.
Hence X′′ is a minimum transversal of G′ that contains ab, bd, and ad, and we are
done.

Claim 5.17. Let ∆ be a triple of vertices in Vt with ∆ 6= Vt ∩Vp(t). Then |S∆(t)| ≤ 2.

Proof. Without loss of generality, let ∆ = abd. Suppose by contradiction that |S∆(t)| ≥ 3.
First suppose that there exists a node in S∆(t) ∩ L. Without loss of generality, let `1 be
such node and let G′ = G− u1. By Claim 5.16, there exists a minimum transversal X′

of G′ such that |X′ ∩ E(∆)| = 3. As G is minimal, there exists a packing Y′ in G′ such
that (X′, Y′) is a 9

5 -TP of G′. But then (X′, Y′) is also a 9
5 -TP of G, a contradiction. Now

suppose that there exists a node in S∆(t) ∩Q. Without loss of generality, let q1 be such
node and let G′ = G− v1 − v′1. By Claim 5.16, there exists a minimum transversal X′

of G′ such that |X′ ∩ E(∆)| = 3. As G is minimal, there exists a packing Y′ in G′ such
that (X′, Y′) is a 9

5 -TP of G′. But then (X′ ∪ {v1v′1}, Y′ ∪ {v1v′1w1}) is also a 9
5 -TP of G,

where w1 is a vertex adjacent to both v1 and v′1, a contradiction.

Claim 5.18. Let ∆ be a triple of vertices in Vt with ∆ 6= Vt ∩Vp(t). If S∆(t) = {t1, t2}, then
either S∆(t) ∩ L = ∅ or S∆(t) ∩Q = ∅.

Proof. Suppose by contradiction, and without loss of generality, that ∆ = abd and `1, q1 ∈
S∆(t). Without loss of generality, suppose that Vq1 ∩Vq′1

= {b, d, v1}. Let G′ = G− v′1.
As G is minimal, there exists a 9

5 -TP, say (X′, Y′), of G′. Without loss of generality,
assume that bd ∈ X′ ∩ E(bdv1). Suppose for a moment that there exists an edge, say bd,
of bdv1 that is not in Y′. Then (X′ ∪ {v1v′1}, Y′ ∪ {bdv′1}) is a 9

5 -TP of G, a contradiction.
Thus, every edge of bdv1 is in Y′. As dG′(v1) = 3, we must have that bdv1 ∈ Y′

and that av1 /∈ E(Y′). Suppose for a moment that both of {bu1, du1} are not in Y′.
Then (X′ ∪ {v1v′1}, Y′ \ {bdv1} ∪ {bv1v′1, bdu1}) is a 9

5 -TP of G, a contradiction. Hence,
at least one of {bu1, du1}, say bu1, is in Y′. This implies, as dG′(u1) = 3, that abu1 ∈ Y′

and that du1 /∈ E(Y′). But then, (X′ ∪ {v1v′1}, Y′ \ {bdv1, abu1} ∪ {dv1v′1, abv1, bdu1}) is
a 9

5 -TP of G, a contradiction.

We now continue with the main proof of the theorem. For every
triple of vertices ∆ ⊆ Vt such that ∆ 6= Vt ∩Vp(t), we abuse notation and
let h(∆) = 1 + max{h(t′) : t′ ∈ S∆(t)}. We divide the rest of the proof in three
cases, depending on how many triples of vertices ∆ ⊆ Vt have h(∆) = 2.

Case 1: |{∆ ⊆ Vt : h(∆) = 2}| = 1.
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Without loss of generality, we may assume that h(abc) = 2 and that
Vq1 ∩Vt = {a, b, c}. We define

Y1 =

{
{acv1, bv1v′1} if Vq′1

∩Vq1 = {a, b, v1},
{abv1, cv1v′1} if Vq′1

∩Vq1 = {a, c, v1} or Vq′1
∩Vq1 = {b, c, v1}.

By Claim 5.17 and Claim 5.18, we may assume, without loss of generality, that either
Sabc(t) = {q1} or Sabc(t) = {q1, q2}. In the former case, we let Y2 = Y1 and, in the later
case, we let Y2 = Y1 ∪ {v2v′2w2}, where w2 is a vertex adjacent to both v2 and v′2. Note
that |Y2| = 1 + k.

Let G′ = G − R(t). By Claim 5.17, we have |Sabd(t)|, |Sbcd(t)| ≤ 2. By Claim 5.18,
we have that |Sabc(t) ∩ L| = 0. Thus we have 0 ≤ m ≤ 4. In any case, we show that
there exists a packing Y3 of cardinality 1 + k + dm/2e in G− E(G′). If m = 0 then we
let Y3 = Y2. If either m = 1 or m = 2 then we let, without loss of generality, Y3 =

Y2 ∪ {adu1}. If either m = 3 or m = 4 then, without loss of generality we may assume
that V`1 ∩Vt = {a, b, d} and that V`2 ∩Vt = {a, c, d}. In that case, if Vq′1

∩Vq1 = {a, b, v1}
then we let Y3 = Y2 ∪ {abu1, adu2} (Figure 5.7(a)) and, if either Vq1 = {a, c, v1} or Vq′1

∩
Vq1 = {b, c, v1}, then we let Y3 = Y2 ∪ {adu1, acu2} (Figure 5.7(b) and Figure 5.7(c)).

c d

b

a

v1
u1

u2

v′1

(a)

c d

b

a

v1
u1

u2

v′1

(b)

c d

b

a

v1 u1

u2

v′1

(c)

Figure 5.7: Situations in Case 1 of Theorem 5.10.

Let (X′, Y′) be a 9
5 -TP of G′. By Claim 5.14, there exists a transversal X of G with

cardinality |X′|+ 2k + m. Also, Y = Y′ ∪ Y3 is a packing in G of cardinality |Y′|+ 1 +

k + dm/2e.
Note that, as m ≤ 4 we have that m ≤ 2/5 + 9m/10 ≤ 2/5 + 9dm/2e/5. Also,

as k ≤ 2, we have that 1+ 2k ≤ 9k/5+ 7/5. So, 1+ 2k + m ≤ 9/5(1+ k + dm/2e). Thus,
(X, Y) is a 9

5 -TP in G, a contradiction.

Case 2: |{∆ ⊆ Vt : h(∆) = 2}| = 2.

Without loss of generality, we may assume that Vq1 ∩ Vt = {a, b, c} and
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that Vq2 ∩Vt = {a, b, d}. We define Y1 as in Case 1, that is

Y1 =

{
{acv1, bv1v′1} if Vq′1

∩Vq1 = {a, b, v1},
{abv1, cv1v′1} if Vq′1

∩Vq1 = {a, c, v1} or Vq′1
∩Vq1 = {b, c, v1}.

If ab /∈ E(Y1), then we let

Y2 = Y1 ∪
{
{abv′2, adv2} if Vq′2

∩Vq2 = {a, b, v2}
{abv2, v2v′2d} if Vq′2

∩Vq2 = {a, d, v2} or Vq′2
∩Vq2 = {b, d, v2}

(Figure 5.8). If ab ∈ E(Y1), then we let Y2 = Y1 ∪ {w2v2v′2}, where w2 is a vertex adjacent
to both v2 and v′2 (Figure 5.9).

Let G′ = G − R(t). Observe that Y2 is a packing in G − E(G′). More-
over, |Y2| ∈ {3, 4}, and if |Y2| = 3, then ac, ad /∈ E(Y2).

c d

b
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v′1 v′2
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c d

b
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v1
v2

v′1

v′2

(b)

c d
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v1

v2

v′1 v′2

(c)

Figure 5.8: Situations in Case 2 of Theorem 5.10 when ab /∈ E(Y1).

By Claims 5.17 and 5.18, m ≤ 2. We define

Y3 =



Y2 if m = 0
Y2 if m = 1 and |Y2| = 4
Y2 ∪ {acu1} if m = 1 and |Y2| = 3
Y2 if m = 2 and |Y2| = 4
Y2 ∪ {acu1, adu2} if m = 2 and |Y2| = 3.

Observe that |Y3| ≥ 3 + min{1, m}.
For every qi ∈ Sabc(t) ∪ Sabd(t) \ {q1, q2}, let wi be an arbitrary vertex in {a, b, c, d}

adjacent to both vi and v′i. We let Y4 = Y3 ∪ {viv′iwi : qi ∈ Sabc(t) ∪ Sabd(t) \ {q1, q2}}.
Note that |Y4| ≥ 1 + k + min{1, m}.

As G is minimal, there exists a 9
5 -TP of G′, say (X′, Y′). So, Y = Y′ ∪Y4 is a packing

in G of cardinality at least |Y′|+ 1+ k +min{1, m}. By Claims 5.14 and 5.15, there exists
a transversal X of G with cardinality |X′| + min{1 + m + 2k, 5 + k}. By Claims 5.17
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Figure 5.9: Situations in Case 2 of Theorem 5.10 when ab ∈ E(Y1).

and 5.18, 2 ≤ k ≤ 4 and m ≤ 2, so min{1 + m + 2k, 5 + k} ≤ 9
5 (1 + k + min{1, m}).

Thus, (X, Y) is a 9
5 -TP in G, a contradiction.

Case 3: |{∆ ⊆ Vt : h(∆) = 2}| = 3.

Without loss of generality, we may assume that Vq1 ∩ Vt = {a, b, c} and
that Vq2 ∩Vt = {a, b, d}. We define Y1 and Y2 as in Case 2. Let q3 ∈ Sacd(t). We let

Y3 = Y2 ∪
{
{cv3v′3} if Vq′3

∩Vq3 = {a, c, v3} or Vq′3
∩Vq3 = {c, d, v3}

{dv3v′3} if Vq′3
∩Vq3 = {a, d, v3}

and

Y4 = Y3 ∪


{adv3} if |Y2| = 3 and Y3 \Y2 = {cv3v′3}
{acv3} if |Y2| = 3 and Y3 \Y2 = {dv3v′3}
∅ if |Y2| = 4.

Note that Y4 is a packing of cardinality 5 in G − E(G′) (Figure 5.10). For ev-
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Figure 5.10: Situations in Case 3 of Theorem 5.10.

ery qi ∈ Sabc ∪ Sabd ∪ Sacd \ {q1, q2, q3}, let wi be an arbitrary vertex adjacent to both vi

and v′i. We let Y5 = Y4 ∪ {viv′iwi : qi ∈ Sabc ∪ Sabd ∪ Sacd \ {q1, q2, q3}}. Note that |Y5| ≥
2+ k. As G is minimal, there exists a 9

5 -TP, say (X′, Y′), of G′. By Claim 5.14, there exists
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a transversal X of G with cardinality |X′|+ 1 + 2k in G. Also, Y = Y′ ∪Y5 is a packing
in G of cardinality at least |Y′|+ 2 + k. Thus, because 1+2k

2+k ≤
9
5 , (X, Y) is a 9

5 -TP in G, a
contradiction.

This concludes the proof of the theorem.

A natural question asks whether the bound stated in Theorem 5.10 can be improved
when the 3-tree is also planar. The next section show that this can be done to a broader
class of planar graphs.

5.4 Planar Triangulations

In this section, we show that τ(G) ≤ 3
2 ν(G) for every planar triangulation G different

from K4 (Theorem 5.25). We begin by introducing new definitions. A graph is planar if it
can be drawn in the plane so that its edges intersect only at their ends. Such a drawing
is called a planar embedding of the graph, and the regions obtained by dividing the plane
by such a drawing are called the faces of the planar embedding.

We say that a connected graph is a planar triangulation if it has a planar embedding in
which all of its faces are triangles. Fixed a planar embedding of a planar triangulation G
with at least four vertices, the dual graph G∗ of G is the graph whose vertex set is the set
of faces of the embedding, and in which two vertices are adjacent if and only if their
corresponding faces intersect 1.

A cubic graph is a graph in which all its vertices have degree 3. The following
proposition comes naturally. See [BM08, Proposition 10.11] and [BM08, Exercise 10.2.6].

Proposition 5.19. The dual of planar triangulation with at least four vertices is cubic and has
no bridges.

Our proof is divided in two parts. In Lemma 5.22, we give an upper bound for τ(G)

and in Lemma 5.24 we give a corresponding lower bound for ν(G). For the first part,
we need the following theorem of Petersen and Euler’s formula.

Proposition 5.20 ([Pet91]). Every bridgeless cubic graph contains a perfect matching.

Proposition 5.21 ([BM08]). Let f be the number of faces in a connected planar graph G, then
f = |E(G)| − |V(G)|+ 2.

Lemma 5.22. If G is a planar graph with V(G) > 1, then τ(G) ≤ n− 2.
1There is a broader definition for the dual of planar graphs, but it implies working with multigraphs,

that is, graphs that admit self-loops and parallel edges. This broader definition implies to add an edge in
the dual for every edge that the corresponding faces share. In this text we do not use it, as we are only
interested in planar triangulations, and it is known that the dual (in this broader sense) of any planar
triangulation with at least four vertices, is always a simple graph [BM08, Exercise 10.2.6]
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Proof. Let G′ be a maximal planar graph containing G with V(G) = V(G′). If V(G) < 4,
then the proof is straightforward. So, we may assume that V(G) ≥ 4. Note that
τ(G) ≤ τ(G′). Let f be the number of faces in G′. As G′ is maximal, G′ is connected
and all faces in G′ are triangles. Thus, |E(G′)| = 3

2 f and, by Proposition 5.21, f = 2n− 4.
Since G′ is a planar triangulation with at least four vertices, by Proposition 5.19, the
dual G∗ of G′ is a cubic graph on 2n − 4 vertices. Moreover, G∗ is bridgeless by
Proposition 5.19. Thus, by Proposition 5.20, G∗ contains a perfect matching M∗.

Let M′ be the edges of G′ corresponding to the edges in M∗. Note that M′

is a transversal of G′. Note also that |M′| = |M∗| = |V(G∗)|/2 = f /2 = n − 2.
Hence τ(G′) ≤ |M′| = n− 2.

Observe that Lemma 5.22 is valid for all planar graphs, not only for planar trian-
gulations. We now proceed to prove a lower bound for ν(G). Before this, we state the
well-known Brook’s theorem.

Proposition 5.23 ([Bro41]). If G is a connected graph that is neither an odd cycle nor a
complete graph, then G is ∆-partite, where ∆ is the maximum degree of G.

Lemma 5.24. If G is a planar triangulation different from K4, then ν(G) ≥ 2
3 (n− 2).

Proof. Let G∗ be the dual graph of G. Since G is a planar triangulation different
from K4, G∗ is also different from K4. Thus, as G∗ is cubic by Proposition 5.19, G∗

is neither an odd cycle nor a complete graph. Thus, by Proposition 5.23, there exists
an independent set Y∗ of G∗ with cardinality at least |V(G∗)|

3 . Let Y be the faces of G
corresponding to the vertices in Y∗. As Y∗ is an independent set in G∗, Y is a packing
of G, and ν(G) ≥ |Y| = |Y∗| ≥ |V(G∗)|

3 = 2
3 (n− 2).

Finally, we show our main result.

Theorem 5.25. If G is a planar triangulation different from K4, then τ(G) ≤ 3
2 ν(G). Moreover,

this bound is tight.

Proof. The first part of the proof follows directly from Lemmas 5.22 and 5.24 applied to G.
For the second part, consider the graph K5 − e (Figure 5.11). In this graph, τ(G) = 3
and ν(G) = 2.

Planar 3-trees are also planar triangulations. Moreover, the graph of Figure 5.11 is
also a planar 3-tree. Hence, we have the following corollary.

Corollary 5.26. For every planar 3-tree G different from K4, τ(G) ≤ 3
2 ν(G). Moreover, this

bound is tight.



5.5 DENSE TRIPARTITE GRAPHS 103

Figure 5.11: The graph K5 − e. This graph has a packing of cardinality 2 and a transversal of
cardinality 3.

We finish this section by remarking that the graph of Figure 5.11 is not the only
planar triangulation that has a bound of 3/2. An interesting question is to obtain an
infinite family of such graphs.

5.5 Dense Tripartite Graphs

Improving a previous bound of Tuza [Tuz90, Proposition 8], Haxell and Ko-
hayakawa [HK98] showed that τ(G) ≤ 1.956 ν(G) for every tripartite graph G. This
bound was improved by Szestopalow [Sze16, Theorem 4.1.5]. He showed that
τ(G) ≤ 1.87 ν(G) if G is tripartite.

Another result of Szestopalow [Sze16, Proposition 4.1.6] implies that, when G is a
complete tripartite graph, we have τ(G) = ν(G) (see also [ALBT11, Proposition 11]).
Tuza showed that Tuza’s Conjecture holds if G is a graph with n vertices and at least 7n2

16

edges [Tuz90, Theorem 5]. Motivated by this result, we show a similar result when G is
a dense tripartite graph. (Theorem 5.30 and Corollary 5.31).

Recall that an edge-coloring of a graph G is a collection {M1, M2, . . . , Mk} of pairwise
disjoint matchings in G such that M1 ∪M2 ∪ . . . ∪Mk = E(G) (Section 2.1). We start by
stating two important propositions. The first one is the well-known Theorem of König.

Proposition 5.27 ([Kö16]). Every bipartite graph admits an edge-coloring with cardinality ∆,
where ∆ is the maximum degree of the graph.

The next proposition appears implicitly in the proof of a result of Aparna et
al. [ALBT11, Proposition 11].

Proposition 5.28. Every complete tripartite graph G = (A, B, C, E(G)) with
|A| = a ≥ |B| = b ≥ |C| = c has a packing of cardinality bc.

Proof. By Proposition 5.27, there is an edge-coloring of cardinality b in the bipartite
graph G[B ∪ C]. Let {M1, M2, . . . , Mb} be such edge-coloring. As every matching
in G[B ∪ C] has cardinality at most c, and the number of edges in G[B ∪ C] is bc, we
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have |Mi| = c for every i ∈ {1, 2, . . . , b}. Then we can extend this edge-coloring to form
a packing of G in the following way. Let A = {v1, v2, . . . , va}. For every i ∈ {1, 2, . . . , b},
let Yi = {viuw : uw ∈ Mi}. Observe that every Yi is a packing in G, as every Mi is a
matching in G[B ∪ C]. Observe also that |Yi| = |Mi| = c. Also, as every pair of elements
in {M1, M2, . . . , Mb} is disjoint, Y1 ∪Y2 ∪ . . . ∪Yb is a packing in G of cardinality bc.

The next lemma is an adaptation of a result of Győri and Tuza [GT87, Proposition 4]
for the case of tripartite graphs.

Lemma 5.29. Every tripartite graph G = (A, B, C, E(G)) with |A| = a ≥ |B| = b ≥ |C| = c
has a packing of cardinality t/a, where t is the number of triangles in G.

Proof. Let n = a + b + c. Let G∗ be the complete tripartite graph on (A, B, C). By
Proposition 5.28, there exists a packing S of cardinality s = bc in G∗. Let T be the set of
all triangles in G. We say that a permutation π of the vertices of G is a 3-permutation if,
for every X ∈ {A, B, C} and for every x ∈ X, π(x) ∈ X. In other words, π consists of a
permutation of each side of the tripartition. It is clear that there are exactly a! · b! · c!
such permutations.

For an arbitrary 3-permutation π of V(G), put tπ = |T ∩ π(S)|, where π(S) is the
image of S after applying π. Let T ∈ T and T′ be a triangle in G∗. Observe that there are
(a− 1)! · (b− 1)! · (c− 1)! permutations such that π(T′) = T. Choosing a 3-permutation
uniformly at random, the expected value of tπ is ts/abc. Consequently, there exists a
3-permutation π for which π(S) is a packing of cardinality ts/abc = t/a.

The following theorem is the main result of this section.

Theorem 5.30. Every tripartite graph G with n vertices and m ≥ n2

4 edges is such
that τ(G) ≤ n2

3·(4m−n2)
· ν(G).

Proof. Let t be the number of triangles in G. By Bollobás [Bol78, Corollary 6.1.9] (see
also [Fis89, Figure 1]), t ≥ n

9 (4m− n2). So, by Lemma 5.29,

ν(G) ≥ t/a ≥ (4m− n2)n
9a

.

Now, as τ(G) ≤ bc, we have that

τ(G)/ν(G) ≤ bc
(4m−n2)n

9a

=
9abc

(4m− n2)n
≤

n3

3
(4m− n2)n

=
1
3
· n2

(4m− n2)
,

and the proof follows.
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As stated in the introduction of this section, given a tripartite graph G, the best
known upper bound for τ(G)/ν(G) is 1.87 and was given by Szestopalow [Sze16,
Theorem 4.1.5]. The following corollary shows that this bound is improved if G is dense
enough.

Corollary 5.31. For any α > 0, every tripartite graph G with at least ( 1+3α
12α )n2 edges is such

that τ(G) ≤ αν(G). In particular, if G has at least 0.295n2 edges then τ(G) ≤ 1.86ν(G).

5.6 Complete 4-Partite Graphs

Aparna et al. [ALBT11, Corollary 7] showed that Tuza’s Conjecture holds for 4-partite
graphs. In this section, we improve this bound for the subclass of complete 4-partite
graphs (Theorem 5.35). We begin by stating the well-known theorem of Vizing.

Proposition 5.32. [Viz89] (see also [Die10, Theorem 5.3.2]) Every graph admits an edge-
coloring with cardinality ∆ + 1, where ∆ is the maximum degree of the graph.

The next lemma will help us to find a subgraph of a complete bipartite graph
that is regular in some sense. Given a vertex v in a graph G, we say that dG(v) ∼ `

if dG(v) ∈ {b`c, d`e}.

Lemma 5.33. Let G = (X, Y, E) be a complete bipartite graph with x = |X|, y = |Y|
and x ≥ y. Let k be a positive integer with k ≤ x. There exists a subgraph of G, with the same
vertex set of G, such that dY(v) = k for every v ∈ Y and dX(v) ∼ yk/x for every v ∈ X.

Proof. Let r = yk mod x. Let X = {v0, v1, . . . , vx−1} and Y = {w0, w1, . . . , wy−1}. We
construct a capacited directed graph D = (N, A, c) such that N = X ∪ Y ∪ {s, t},
and A = {viwj : vi ∈ X, wj ∈ Y} ∪ {svi : vi ∈ X} ∪ {wjt : wj ∈ Y}, c(viwj) = 1
if viwj ∈ E(G), c(svi) = dyk/xe if i < r, c(svi) = byk/xc if i ≥ r, and c(wjt) = k for
every wj ∈ Y. We prove that every st-cut has capacity at least ky. Let S be a set of nodes
of D that separates s from t. If |X ∩ S| ≥ k, then c(S) ≥ k|Y \ S|+ k|S ∩ Y| = k|Y| and
we are done. So, suppose that |X ∩ S| < k. Then,

c(S) = ∑
vi∈X\S

c(svi) + |X ∩ S| · |Y \ S|+ k|Y ∩ S|

= ∑
vi∈X

c(svi)− ∑
vi∈X∩S

c(svi) + |X ∩ S| · |Y \ S|+ k|Y ∩ S|

= ky− ∑
vi∈X∩S

c(svi) + |X ∩ S| · |Y \ S|+ k|Y ∩ S|

> ky− ∑
vi∈X∩S

dyk/xe+ |X ∩ S| · |Y \ S|+ |X ∩ S||Y ∩ S|

= ky− |X ∩ S|dyk/xe+ |X ∩ S| · |Y|

= ky + |X ∩ S|(y− dyk/xe)
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≥ ky.

As there exists a cut of value ky, by the max-flow min-cut theorem [FF56], there
exists a flow of value ky. By Dantzig and Fulkerson [DF55], this flow is integer. We can
convert this flow into the desired subgraph.

The next proposition shows how to convert edge-colorings in tripartite graphs into
packings in 4-partite graphs. It can be viewed as a generalization of Proposition 5.28.

Proposition 5.34. Let G = (A, B, C, D, E(G)) be a complete 4-partite graph. If there exists a
subgraph G′ of G[B ∪ C ∪ D] with dG′(v) ≤ |A| − 1 for all v ∈ V(G′), then ν(G) ≥ |E(G′)|.

Proof. By Proposition 5.32, there exists an edge-coloring of G′ with cardinality a := |A|.
Let {M1, M2, . . . , Ma} be such a coloring. We can extend each of these matchings to
form a packing of G in the following way. Let A = {v1, v2, . . . , va}. For every i ∈
{1, 2, . . . , a}, let Yi = {viuw : uw ∈ Mi}. Observe that every Yi is a packing in G, as
every Mi is a matching in G′. Observe also that |Yi| = |Mi|. Also, as every pair of
matchings in {M1, M2, . . . , Ma} is disjoint, and each matching forms triangles with
a different vertex from A, Y = Y1 ∪ Y2 ∪ · · · ∪ Ya is a packing in G of cardinality
|M1|+ |M2|+ · · ·+ |Ma| = |E(G′)|.

Finally, we prove our main theorem.

Theorem 5.35. Let G = (A, B, C, D, E(G)) be a complete 4-partite graph with a := |A| ≥
b := |B| ≥ c := |C| ≥ d := |D|, and a > 1.

• If a ≥ b + c + 1, then τ(G) = ν(G).

• If c + d < a ≤ b + c, then τ(G) ≤ ad+bc
ad+bc−d · ν(G).

• If a ≤ c + d, then τ(G) ≤ 2ad+2bc
2ad+ac−2c−2d · ν(G).

Proof. For every P, Q ∈ {A, B, C, D}, we say that the PQ edges are the edges of G with
one end in P and the other in Q. We divide the proof in the three obvious cases.

Case 1: a ≥ b + c + 1.

By Proposition 5.34, with G′ = G[B ∪ C ∪ D], ν(G) ≥ bc + cd + bd. Also, the set
of BC edges joined to the set of CD and BD edges form a transversal of G, with
cardinality bc + cd + bd. Thus τ(G) ≤ bc + cd + bd ≤ ν(G).

Case 2: c + d < a ≤ b + c.

By Lemma 5.33, with k = a− b− 1 ≤ c, there exists a subgraph G′CD of G[C ∪ D]

such that dG′CD
(v) = a− b− 1 for every v ∈ D and dG′CD

(v) ∼ d
c (a− b− 1) ≤ a− b− 1 for
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every v ∈ C. Let G′ = G[B ∪ D] ∪ G[B ∪ C] ∪ G′CD. Observe that, for every v ∈ V(G′),
we have dG′(v) ≤ a − 1. Indeed, if v ∈ B, then dG′(v) = c + d ≤ a − 1; if v ∈ C,
then dG′(v) ≤ b + (a− b− 1) = a− 1; if v ∈ D, then dG′(v) = b + (a− b− 1) = a− 1.
By Proposition 5.34, ν(G) ≥ |E(G′)| = bc + bd + (a − b − 1)d = bc + ad − d. Also,
the set of BC edges joined to the set of AD edges form a transversal of G, with
cardinality ad + bc. Hence, τ(G) ≤ ad + bc ≤ ad+bc

ad+bc−d ν(G).

Case 3: a ≤ c + d.

By Lemma 5.33, with k = b a−1
2 c ≤ c, there exists a subgraph G′CD of G[C ∪ D] such

that dG′CD
(v) = b a−1

2 c for every v ∈ D, and dG′CD
(v) ∼ d

c (b
a−1

2 c) ≤ b
a−1

2 c for every v ∈ C.
By Lemma 5.33, with k = d a−1

2 e ≤ b, there exists a subgraph G′BD of G[B ∪ D] such
that dG′BD

(v) = d a−1
2 e for every v ∈ D, and dG′CD

(v) ∼ d
b (d

a−1
2 e) ≤ d

a−1
2 e for every v ∈ B.

By Lemma 5.33, with k = b a−1
2 c ≤ b, there exists a subgraph G′BC of G[B ∪ C] such

that dG′BC
(v) = b a−1

2 c for every v ∈ C, and dG′BC
(v) ∼ b

c (b
a−1

2 c) ≤ b
a−1

2 c for every v ∈ B.
Let G′ = G′BD ∪ G′BC ∪ G′CD.

Observe that, for every v ∈ V(G′), we have dG′(v) ≤ a − 1. Indeed, if v ∈ B,
then dG′(v) = dG′BC

(v) + dG′BD
(v) ≤ b a−1

2 c + d
a−1

2 e = a − 1; if v ∈ C, then dG′(v) =

dG′BC
(v) + dG′CD

(v) ≤ 2b a−1
2 c ≤ a − 1; if v ∈ D, then dG′(v) = dG′BD

(v) + dG′CD
(v) =

b a−1
2 c+ d

a−1
2 e = a− 1. Thus, by Proposition 5.34,

ν(G) ≥ |E(G′)|

= |E(G′BC)|+ |E(G′CD)|+ |E(G′BD)|

= c
⌊

a− 1
2

⌋
+ d

⌊
a− 1

2

⌋
+ d

⌈
a− 1

2

⌉
= c

⌊
a− 1

2

⌋
+ d(a− 1)

≥ c(
a
2
− 1) + d(a− 1)

= ad +
ac
2
− c− d.

Also, the set of BC edges joined to the set of AD edges form a transversal of G, with
cardinality ad + bc. Hence, as a > 1, τ(G) ≤ ad + bc ≤ 2ad+2bc

2ad+ac−2c−2d · ν(G).

This concludes the proof of the theorem.

5.7 Remarks

In this chapter we showed upper bounds for the quotient τ(G)/ν(G) for different
classes of graphs. When the corresponding graph has treewidth at most 6 (Section 5.2),
the stated bound is exactly the bound established in Tuza’s Conjecture. In the rest of the
classes, the corresponding bound is better than 2. Hence, they can be seen as bounds to
stronger versions of Tuza’s Conjecture.
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Several interesting questions are open. It remains to verify Tuza’s Conjecture for
partial k-trees with k ≥ 7. We believe that the present technique can be used to find
a result when k = 7. For k ≥ 8, more advanced techniques must be discovered. Also,
we believe that the technique shown for 3-trees can be extended to show new results
for the class of k-trees. Moreover, we have not shown that the bound of 9

5 for 3-trees
is tight. In fact, we conjecture that a bound of 3

2 holds for 3-trees. The graph K5 − e is
not the only graph that makes Theorem 5.25 tight. Two interest questions are to find an
infinite family of such graphs and characterize the planar triangulations for which the
corresponding bound is 3

2 .

Theorem 5.10 and Corollary 5.8 give us a direction to work on the class of chordal
graphs. At the moment, no result for the entire class of chordal graphs has been proved.
It seems difficult to prove Tuza’s Conjecture even for split graphs. Finally, we believe our
techniques for dense 3-partite graphs and complete 4-partite graphs can be extended to
find a result for the dense k-partite graphs and for general dense graphs.



Chapter 6

Conclusions and Future Work

In this thesis, we study three types of transversals: transversals of longest paths,
transversals of longest cycles, and transversals of triangles. Our results imply an
advance to the present literature on the subject. However, there remains many open
questions to solve. In this final chapter, we review the results on the literature and
propose lines of research for future open problems.

6.1 Longest Paths and Longest Cycles

New results for several classes of graphs can be obtained. In Figure 6.1 and Table 6.1 we
show maps for the classes that have been studied for longest paths and longest cycles.
They show us good insights on what steps this research can be continued. We present
them as open problems. Some of them are present as conjectures, as we believe they
are true. New techniques, or extensions of the ones presented in this work, should be
developed to solve these open questions.

Figure 6.1: A map of the graph classes for lpt and lct. An arrow from a class A to a class B
indicates that B is a subclass of A. There are results for the classes with a dashed line and they
are due to other people. We have results for the classes with a thick line. The classes with thin
straight line have not yet been studied.

109
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Class lpt References lct References
Arbitrary dn/4e [RS14] dn/3e [RS14]
Partial k-tree k Section 3.2, [CFG+17] k− 1 Section 4.3, [Gut18]
Partial 3-tree {2,3} Corollary 3.26 1 Section 4.4, [Gut18]
Partial 4-tree {2,3,4} Theorem 3.10 {2,3} Corollary 4.37
Chordal ω− 2 Section 3.1, [CFG+17] ω− 3 Section 4.2, [Gut18]
k-tree k− 1 Corollary 3.6 k− 2 Corollary 4.14
3-tree {1,2} Corollary 3.6 1 Corollary 4.15
Bip. Permutation 1 Section 3.4, [CFG+17] ?
Full substar 1 Section 3.3, [CFG+17] ?
Dually chordal 1 [JKLW16] 1 [JKLW16]
Cograph 1 [JKLW16] ?
Split 1 [KP90], [JKLW16] 1 [JKLW16], Section 4.1

Table 6.1: A resume of the main results on transversals of longest paths and longest cycles. Cells
with a question mark indicates that the corresponding class has not been studied yet.

Problem 6.1. Find better upper bounds for lpt(G) and lct(G) when G is arbitrary.

Problem 6.2. Are there constant upper bounds for lpt(G) and lct(G) when G is arbitrary?

Conjecture 6.3. If G is a connected graph, then lpt(G) ≤ 2.

Conjecture 6.4. If G is a 2-connected graph, then lct(G) ≤ 2.

Problem 6.5. Find better upper bounds for lpt(G) and lct(G) when G is a partial k-tree.

Conjecture 6.6. If G is a connected partial 3-tree, then lpt(G) = 2.

Conjecture 6.7. If G is a 2-connected partial 4-tree, then lct(G) = 2.

Problem 6.8. Find a better upper bound for lpt(G) when G is a partial 4-tree.

Problem 6.9. Find better upper bounds for lpt(G) and lct(G) when G is chordal.

Conjecture 6.10. If G is a connected chordal graph, then lpt(G) = 1.

Conjecture 6.11. If G is a 2-connected chordal graph, then lct(G) = 1.

Problem 6.12. Find better upper bounds for lpt(G) and lct(G) when G is a k-tree.

Conjecture 6.13. If G is a k-tree, then lpt(G) = 1.

Conjecture 6.14. If G is a 2-connected k-tree, then lct(G) = 1.

Conjecture 6.15. If G is a 3-tree, then lpt(G) = 1.

Conjecture 6.16. If G is a 2-connected bipartite permutation graph, then lct(G) = 1.

Conjecture 6.17. If G is a 2-connected full substar graph, then lct(G) = 1.
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Class τ/ν References Tight?
Arbitrary 2.87 [Hax99] No
Partial 6-tree 2 Section 5.2, [BFG18] No
3-tree 1.8 Section 5.3 No
Planar 2 [Tuz90] Yes
K3,3-free 2 [Kri95] Yes
No K5-subdivision 2 [Pul15] Yes
K4-free planar 1.5 [HKT12a] Yes
Planar triangulation 1.5 Section 5.4 Yes
Tripartite 1.87 [Sze16] No
4-partite 2 [ALBT11] Yes

Table 6.2: A resume of the main results on Tuza’s Conjecture.

Problem 6.18. Find upper bounds for lpt(G) and lct(G) when G is a substar graph.

Conjecture 6.19. If G is a 2-connected cograph, then lct(G) = 1.

Problem 6.20. Find better upper bounds for lpt(G) and lct(G) when G is planar.

Problem 6.21. Find better upper bounds for lpt(G) and lct(G) when G is a polyhedral graph.

Problem 6.22. Find upper bounds for lpt(G) and lct(G) when G is a biconvex graph.

Problem 6.23. Find upper bounds for lpt(G) and lct(G) when G is a distance hereditary
graph.

Problem 6.24. Find upper bounds for lpt(G) and lct(G) when G is a permutation graph.

Problem 6.25. Find better upper bounds for lpt(G) and lct(G) when G is bipartite.

Problem 6.26. Find upper bounds for lpt(G) and lct(G) when G is a comparability graph.

Problem 6.27. Find upper bounds for lpt(G) and lct(G) when G is a circle graph.

Problem 6.28. Find upper bounds for lpt(G) and lct(G) when G is a perfect graph.

6.2 Triangles

As in the case of longest paths and longest cycles, new results regarding triangles can
be obtained for several classes of graphs. In Figure 6.2 and Table 6.2 we show maps for
the classes that have been studied for Tuza’s Conjecture. They show us good insights
on what steps this research can be continued. We present them as open problems.

Problem 6.29. Answer Tuza’s Conjecture.

Problem 6.30. Find a better upper bound for τ(G)/ν(G) when G is an arbitrary graph.

Problem 6.31. Find a better upper bound for τ(G)/ν(G) when G is a partial 6-tree.
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Figure 6.2: A map of the graph classes mentioned for Tuza’s Conjecture. There are results for
the classes indicated with a dashed line and they are due to other people. We have results for
the classes indicated with a thick line. The classes indicated with a thin straight line have not
yet been studied.

Problem 6.32. Find a better upper bound for τ(G)/ν(G) when G is a 3-tree.

Problem 6.33. Find a better upper bound for τ(G)/ν(G) when G is tripartite.

Problem 6.34. Find an upper bound for τ(G)/ν(G) when G is a chordal graph.

Problem 6.35. Find an upper bound for τ(G)/ν(G) when G is a partial k-tree.

Problem 6.36. Find an upper bound for τ(G)/ν(G) when G is a k-tree.

Problem 6.37. Find an upper bound for τ(G)/ν(G) when G is K8-free.

Problem 6.38. Find an upper bound for τ(G)/ν(G) when G is 7-partite.

Problem 6.39. Find an upper bound for τ(G)/ν(G) when G is k-partite.

Problem 6.40. Characterize graphs for which τ(G) = 2ν(G).

Problem 6.41. Characterize graphs for which τ(G) = 3
2 ν(G).

Problem 6.42. Characterize graphs for which τ(G) = ν(G).
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6.3 Other Types of Transversals

One can extend the question of transversal and packing of triangles to any k-clique.
This extension was considered for the case k = 4 by Szestopalow [Sze16, Chapter 5].
Moreover, Tuza asked a similar question when the graph considered is arbitrary and
not bipartite [Tuz01, Problem 35]. It would be interesting to show new results in these
directions.

Beside longest paths, longest cycles, and triangles, there are also problems regarding
other types of transversals and packings that can be studied, both with algorithmic
and structural approaches. We close this chapter mentioning some of the literature
regarding them: transversals of odd cycles [FHRV07, Tho88, RR01, Yan78, RSV04,
Huf09], transversals of maximal cliques [EGT92, CFT93, CCCY96, GR00, LS15, BNR96,
CCCY96, BDLS06, LC06, GLS02, AST91, BT09, SCK08], and Woodall’s conjecture [FY87,
LW01, LW06].
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(K4, gem)-free graph, 4
lct, 3
lpt, 3
', 8
τ, 3
k-attractor, 15
k-clique, 9
k-cross, 14
k-fenced, 14
k-intersects, 14
k-partite graph, 10
k-tree, 12
t-inside cycle, 57
t-inside path, 57
t-inside vertex, 56
t-outside cycle, 57
t-outside path, 57
t-outside vertex, 56
2-connected graph, 9

adjacent, 7, 8
ancestor, 83
arc, 10
attractor, 15

bag, 11
bipartite graph, 10
bipartite permutation graph, 33
bramble, 18
branch, 15
break, 14
breaking vertex, 14
bridge, 10

center of a star, 11
chordal graph, 13
clique, 9
clique tree, 13
complete k-partite graph, 10

complete graph, 8
connected graph, 9
cross, 14
cycle, 8

degree, 7
descendant, 83
digraph, 10
distance in X, 37
distance in Y, 37
dual graph, 101

edge, 7
edge-coloring, 8
end, 7
equivalent, 14
extreme, 8

face, 101
fence, 14
full substar graph, 30
full tree decomposition, 11

graph, 7

height, 83
hit, 37

independent set, 8
induced graph, 8
inside vertex, 57
internal vertex, 8
intersection model, 30
irreducible, 85

joined vertices, 8
jump, 57

leaf, 10
left-most path, 38
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line representatión, 33
longest cycle, 14
longest cycle transversal, 3
longest path, 14
longest path transversal, 3

matching, 8
maximum average degree, 4

neighbor, 7
node of a digraph, 10
node of a tree, 11, 30

odd-wheel-free graph, 4
order of a bramble, 19
outside vertex, 57

packing, 1, 83
parallel edges, 37
parent, 83
partial k-tree, 12
partial orientation, 10
parts of a cycle, 14
path, 8
planar embedding, 101
planar graph, 101
planar triangulation, 101

reducible, 85
representative, 84
robust, 85
rooted tree, 83
rooted tree decomposition, 83

split graph, 41
spliting of a graph, 41
star, 11
subgraph, 8
successor, 83

tails of a path, 13
transversal, 1, 83
tree, 10
tree decomposition, 11
treewidth, 11
triangle, 9
triangle packing, 3
triangle transversal, 3
triangle-3-colorable graph, 4

tripartite graph, 11

vertex, 7

width, 11
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