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Resumo

Kadmo de Souza Laxa. Metaestabilidade em sistemas de processos pontuais com
memoria de alcance variavel interagindo entre si modelando redes sociais e
neuronais. Tese (Doutorado). Instituto de Matematica e Estatistica, Universidade de Sao
Paulo, Sao Paulo, 2022.

Estudamos o comportamento metaestavel de dois sistemas de processos pontuais com memoria de
alcance variavel interagindo entre si. Um dos sistemas é um novo modelo para uma rede social altamente
polarizada. Nesse sistema, os processos pontuais sio marcados e indicam os instantes sucessivos em que
um ator social expressa uma opinido “favoravel” ou “contraria” sobre determinado assunto. Para este
modelo, demonstramos que quando o coeficiente de polarizacdo diverge, a rede social atinge o consenso
instantaneamente e esse consenso tem um comportamento metaestavel. Isso significa que a direcdo das
pressdes sociais sobre os atores muda globalmente apds um tempo aleatério longo e imprevisivel. O segundo
sistema que consideramos modela uma rede de neur6nios com disparos. Neste modelo, associados a cada
neurdnio existem dois processos pontuais, descrevendo seus instantes sucessivos de disparo e vazamento.
Demonstramos que este sistema tem um comportamento metaestavel quando o tamanho da popula¢io
diverge. Isso significa que o instante em que o sistema fica preso pela lista de potenciais de membrana nulos

adequadamente reescalado converge para um tempo aleatério exponencial de média 1.

Palavras-chave: Metaestabilidade. Processos pontuais com memoria de alcance variavel interagindo entre

si. Redes sociais. Redes neuronais.






Abstract

Kadmo de Souza Laxa. Metastability in systems of interacting point processes
with memory of variable length modeling social and neuronal networks. Thesis
(Doctorate). Institute of Mathematics and Statistics, University of Sdo Paulo, Sdo Paulo,
2022.

We study the metastable behavior of two systems of interacting point processes with memory of variable
length. One of the systems is a new model for a highly polarized social network. In this system, the point
processes are marked and indicate the successive times in which a social actor express a “favorable” or
“contrary” opinion on a certain subject. For this model, we prove that when the polarization coefficient
diverges, the social network reaches instantaneous consensus and this consensus has a metastable behavior.
This means that the direction of the social pressures on the actors globally changes after a long and
unpredictable random time. The second system we consider models a network of spiking neurons. In this
model, associated to each neuron there are two point processes, describing its successive spiking and leakage
times. We prove that this system has a metastable behaviour when the population size diverges. This means
that the time at which the system gets trapped by the list of null membrane potentials suitably re-scaled

converges to a mean one exponential random time.

Keywords: Metastability. Interacting point processes with memory of variable length. Social networks.

Neuronal networks.
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Chapter 1

Introduction

In this PhD thesis we study the metastable behavior of two systems of interacting
point processes with memory of variable length. One of the systems we consider is a new
model for a highly polarized social network. The other system belongs to the class of
stochastic models for networks of spiking neurons introduced in a discrete time framework
in GALVES and LOCHERBACH, 2013 and in a continuous time framework in DE MAasI et al.,
2014.

Systems of interacting point processes with memory of variable length are non-trivial
extensions of both the class of interacting Markov processes introduced by Sp1TZER, 1970
and the class of stochastic chains with memory of variable length introduced by Ri1ssANEN,
1983. They appear as natural candidates to model networks of spiking neurons due to
the fact that neurons reset the value of their membrane potentials every time they spike.
They appear also as a good candidates to model social networks in a democratic society in
which each social actor accepts resetting their personal beliefs under the influence of the
reaction of the network every time they expresses an opinion.

The model for a highly polarized social network is a system of interacting marked
point processes. Each point process indicates the successive times in which a social actor
express a “favorable” or “contrary” opinion on a certain subject. The orientation and the
rate at which an actor express an opinion is influenced by the social pressure exerted on
them, modulated by a polarization coefficient. The social pressure on an actor is reset to 0,
when they express an opinion, and simultaneously the social pressures on all the other
actors change by one unit in the direction of the opinion that was just expressed.

For this model, we prove that when the polarization coefficient diverges, this social
network reaches instantaneous consensus. Here by consensus we mean the set of lists in
which all the social pressures push in the same direction. This consensus has a metastable
behavior. This means that the direction of the social pressures on the actors globally
changes after a long and unpredictable random time.

The second model we consider is a system of interacting point processes with memory
of variable length modeling a finite but large network of spiking neurons with leakage.
Associated to each neuron there are two point processes, describing its successive spiking
and leakage times. For each neuron, the rate of the spiking point process is an exponential
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function of its membrane potential, with the restriction that the rate takes the value 0
when the membrane potential is 0, while the leakage rate is a constant. At each spiking
time, the membrane potential of the neuron resets to 0, and simultaneously, the membrane
potentials of the other neurons increase by one unit. At each leakage time, the membrane
potential of the neuron is reset to 0, with no effect on the other neurons.

We prove that the system has a metastable behavior as the population size diverges.
This means that the time at which the system gets trapped by the list of null membrane
potentials suitably re-scaled converges to a mean one exponential random time.

A more detailed informal description of the results with references are presented in
the beginning of Chapters 2 and 3.

This thesis is organized as follows. In Chapter 2 we study the model for a highly
polarized social network. In Chapter 3 we study the model for a system of spiking neurons
with leakage. Each chapter starts with a more detailed informal description of the models
and the results obtained, with references.



Chapter 2

Fast Consensus and Metastability
in a Highly Polarized Social
Network

2.1 Introduction

Discrepancy between the results of electoral intentions carried out a few days before
the actual voting and the electoral poll results during the first round of the 2018 presidential
elections in Brazil was striking. See for instance Branco, 2018 and Franco, 2018.

At the time, it was conjectured that this discrepancy was the result of social-media
campaigning days before the elections. See for instance Berr1, 2018 and MELLO, 2018;
MELLO, 2019. This conjecture rises a question: is social-media campaigning enough to
change in a quite short period of time the voting intention of a significant portion of
voters? To address this question we introduce a new stochastic model that mimics some
important features of real world social networks.

The model we propose can be informally described as follows.

1. The model is a system with interacting marked point processes with memory of
variable length.

2. Each point process indicates the successive times in which a social actor express
either a “favorable” (+1) or “contrary” (-1) opinion on a certain subject.

3. The social pressure on an actor determines the orientation and the rate at which
they express an opinion.

4. When an actor express their opinion, social pressure on them is reset to 0, and
simultaneously, social pressures on all the other actors change by one unit in the
direction of the opinion that was just expressed.

5. The orientation and the rate at which an actor express an opinion is influenced by
the social pressure exerted on them, modulated by a polarization coefficient.
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It is natural to conjecture that the formation of the conjectured “wave” that pushes
the opinions in a direction is a consequence of the social pressure exerted on actors. In
our model, this is represented by the fact that every time an actor express an opinion, the
social pressure on them is reset to 0 and its new value depends on the group’s reaction to
the opinion that they have just expressed. This is the content of the fourth point of the
informal description given above.

Starting with the classical voter model, introduced by HoLLEY and LiGGETT, 1975,
several articles addressed issues associated to opinion dynamics in a social network. See
WassErRMAN and FAusT, 1994; CASTELLANO et al., 2009 and ALpous, 2013 for a general
review on this subject. However, to the best of our knowledge, a model with the features
introduced here was not considered yet in the literature of social networks.

Actually, our model belongs to the same class of systems of interacting point process
with memory of variable length that was introduced in discrete time by GALVEs and
LOCHERBACH, 2013 and in continuous time by DE MAsr et al., 2014 to model system of
spiking neurons. This class of systems was since then studied in several articles, includ-
ing DUARTE, OsT, and RODRIGUEZ, 2015; BROCHINI et al., 2016; DUARTE and OsT, 2016;
FourNIER and LOCHERBACH, 2016; GALVES and LOCHERBACH, 2016; YAGINUMA, 2016; FER-
RARI et al., 2018; ANDRE, 2019; BaAccELLI and TAILLEFUMIER, 2019; DUARTE, GALVES, et al.,
2019; GALVES, LOCHERBACH, PouzAT, and PRESUTTI, 2019; ANDRE and PLANCHE, 2021;
BaccEerLl and TAILLEFUMIER, 2021; NASCIMENTO, 2022; DE SANTIS et al., 2022; BACCELLI,
Davypov, et al., 2022; CHARIKER and LEBow1TzZ, 2022 and LOCHERBACH and MONMARCHE,
2022.

Let us now informally present our results. The existence of the process and the unique-
ness of its invariant probability measure is the content of Theorem 2.1.

When the polarization coefficient diverges, the invariant probability measure concen-
trates on the set of consensus lists and the time the system needs to get there goes to zero.
Here by a consensus list we mean any list in which all the social pressures push in the
same direction. This is the content of Theorem 2.2.

In the social network, the consensus has a metastable behavior. This means that the
direction of the social pressures on the actors globally change direction after a long and
unpredictable random time. This is the content of Theorem 2.3.

The notion of metastability considered here is inspired by the so called pathwise
approach to metastability introduced by CASSANDRO et al., 1984. For more references and
an introduction to the topic, we refer the reader to OLIvIERI and VARES, 2005; HOLLANDER,
2009 and FERNANDEZ et al., 2015.

This chapter is organized as follows. In Section 2.2 we introduce the model, the notation
and state the main results. In Section 2.3 we introduce some extra notation and prove
two auxiliary propositions. In Section 2.4, 2.5 and 2.6 we prove Theorems 2.1, 2.2 and 2.3,
respectively.
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2.2 Definitions, notation and main results

Let A = {1,2,..., N} be the set of social actors, with N > 3, and let O = {-1, +1} be the
set of opinions that an actor can express, where +1 (respectively, —1) represents a favorable
opinion (respectively, a contrary opinion).

Let § = 0 be the polarization coefficient of this network. The polarization coefficient of
the network parametrizes the tendency of each actor a € A to follow the social pressure
that the actors belonging to A \ {a} exert on a.

To describe the time evolution of the social network we introduce a family of maps on
the set of lists of social pressures. For any actor a € A, for any opinion o € O and for any
list u = (u(a) : a € A), where u(a) is a integer number, we define the new list 7%°(u) as
follows

u(b) + o0, if b # q,
z*(u)(b) =
(W) {O, if b =a.

The time evolution of the social network can be described as follows.

« Assume that at time 0, the list of social pressures exerted on the actors is u = (u(a) :

a€ A).

« Independent exponential random times with parameters exp (fou(a)) are associated
to each actor a € A and each opinion 0 € O.

« Denote (A;, O;) the pair (actor, opinion) associated to the exponential random time
that occurs first.

« At this random time, the list of social pressures changes from u to 7% (u).

« At the new list of social pressures 7% (u), independent exponential random times

with parameters exp ( BorArO( u)(a)) are associated to each actor a € A and opinion
0€O0.

« Denote (A,, O;) the pair (actor, opinion) associated to the exponential random time
that occurs first, and so on.

Let ((A;, 0,) : n = 1) be the sequence of pairs (actor, opinion), associated to the
exponential random times realizing the successive minima and let (T, : n = 1) be the
successive random times associated to them. Let also (Utﬁ ") ie[0.+o0) De the time evolution
defined as follows

Ul = uifo<t<T,

and for any t > Ty,
U = mm O (UL ), if T < £ < T,

where T, = 0.

So defined, the system of social pressures " t€[0,+00) €VOlves as a Markov jump process
taking values in the set

S={u=(u(a): ac A)e€Z" : min{|u(a)| : a€ A} =0}
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and with infinitesimal generator defined as follows

6w =Y Y exp (Boub)) [f(x" () - fw)], (2.1)

0€0 beA

for any bounded function f : S — R.

The opinion dynamics of the social network is described by the system of interacting
marked point process ((T}, (An, O,)) : n = 1) together with the initial list of social pressures
Bou
U= = u.

Observes that the rates of these marked point processes have a variable length depen-
dency from the past. This comes from the fact that each time actor a express an opinion,
the social pressure on them is reset to 0 and therefore, the actor forgets the past.

In a more formal way, for any pair (a, 0), with a € A, 0 € O and for any pair of real
numbers s < t, let us define the counting measure

+00

Z%((s,1]) = Y, 1{s < Ty = £,(A, On) = (a,0)}.

n=1

For any time ¢ > 0, let L{ be the last expression time of actor a before time ¢
L} =sup{T, <t : A, =a}.

We use the convention that sup @ = 0. Then, the social pressure on actor a at time ¢ > 0
can be equivalently defined as

u@+ Y > 0Z"(0,1]), ifLf=0,

Utﬂ,u(a) _ 0€0 beA\{a}

DY ez (L 1), if L¢ > 0.

0€0 beA\{a}

A standard computation shows that the rate of the point process N*° at time ¢, conditioned
in the past history, is given by
exp(poU!*(a)).

and this value depends on the history of the system in the interval (L, t] which has a
variable length.

The process (Utﬂ’u)te[o,m) is well defined for any t € [0,sup{T,, : m > 1}). The unique
thing that must yet be clarified is whether this process is defined for any positive time ¢,
ie if sup{T,, : m = 1} = +co or not. This is part of the content of the first theorem.

Theorem 2.1. For any f = 0 and for any starting list u € S, the following holds.
1. The sequence (T,, : m = 1) of jumping times of the process (Utﬁ’u)te[qm) satisfies
P(sup{T,, : m=1} = +o0) = 1,

which assures the existence of the process for all time t € [0, +c0).

2. The process (Utﬁ’u)te[o,m) has a unique invariant probability measure ji°.
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We define the set of positive (respectively negative) consensus lists as
C'={u€eS:u#0,ula)=0forallac A}
and
C={ueS :u#0,u(a)<0,forallae A},
where 0 € S is the null list. Consider also the set of positive and negative ladder lists
L={uesS : {u(l),.,u(N)} ={0,1,..,N-1}}
and
L7 ={ueS : {u1),..uN)} ={0,-1,...,-(N - 1)} }.
The set of ladder lists is given by £ = L" u L.

To state the next theorems, we define for any u € S and for any B c S, the reaching
time R#¥(B) as follows
RPYB) = inf{t > 0 : U’* € B},

Theorem 2.2 states that the invariant measure gets concentrated in the set of the ladder
lists as the polarization coefficient diverges. Moreover, for any non-null initial list, the
time it takes for the process to reach the set of ladder lists goes to 0, as the polarization
coefficient diverges.

Theorem 2.2.

1. There exists a constant C > 0, such that for any = 0 the invariant probability measure
1P satisfies
(L) =1-ce?.

2. For any fixed 6 > 0

sup lP(Rﬂ’“(E) > e'ﬁ(1"5)> — 0, as f — +oo.
ueS\{0}

Theorem 2.3 states that a highly polarized social network has a metastable behav-
ior.

Theorem 2.3. Forany v e C",

RPY(CY)

W — Exp(1) in distribution, as f — +oo,

where Exp(1) denotes the mean 1 exponential distribution.

2.3 Auxiliary notation and results

In this section we will prove some auxiliary results that will be used to prove Theorems
2.1, 2.2 and 2.3. To do this, we need to extend the notation introduced before.
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Extra notation

« The Markov chain embedded in the process (U’ ) tef0.+00) Will be denoted (TP 120.
In other terms, i )
Ul = u and UP" = Ufn’u, forany n = 1.
« The invariant probability measure of the Markov chain (U*),., will be denoted ji*.

« For any list u € S, the first return time of the embedded Markov chain (l]f’”)nzo to u
will be denoted ) )
RF*(u) = inf{n =1 : U = u}.

« For any u € S, the opposite list —u € S is given by
(-u)(a) = —u(a), for all a € A.
« Let 0 : A — A be a bijective map. For any u € S, the permuted list o(u) € S is

given by
o(u)(a) = u(o(a)), forall a € A.

+ The following event will appear several times in what follows. For a fixed u € S and
forany n > 1,

M, ={A, € argmax{|(}f_’lf(a)| :a€ A} and O,,fff_’lf(A,,) >0}.

Proposition 2.4.

1. Forany m = 1,

'(0)-<

eP
CePrefr2(N-1)

where

ep

— 1, as f — +oo.

2. Foranyu€ S,

. 3(N-1)
PO ec] () M)=1
j=1
Proof. To prove Part 1 of Proposition 2.4, we first observe that by the Markov property,

P <(r-n] Mj) =P (ﬁ:M] un = v) P (Mm‘Uf,’_”l = v) : (2.2)
J= j=

vES

Observe that the condition O, Uf;_”l (A,) = 0 in the definition of the event M,, is satisfied
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for any value of O,, € {-1, +1}, whenever (7,,61“1(14,,1) = 0. Therefore, the smallest value for
P (Mm | Ufl’,ul = v)

is obtained for any list in which all actors, except one, have null pressure, and the unique
actor with non-null pressure has pressure +1 or —1. This implies that for any v € S,

inf {IP (M,,, | P = v) L ve 5} - P(M,, | U = (1,0,..,0)) = .

Applying this lower bound m times in Equation (2.2), we conclude the proof of Part 1. [

The proof of Part 2 of Proposition 2.4 is based in two Lemmas. Before proving Lemmas
2.5 and 2.6, let us introduce some extra notation.

S* is the set of lists u € S such that there exists n(u) € {1,..., N - 1} and a sequence
of n(u) different actors a;(u), ..., any)(u) satisfying

u(aj(u)) =j, forj=1,.,n(u) and wu(a)=-(n(u)-1), forallae A.

In the same way, we define S~ as set of lists u € S such that there exists n(u) €
{1,...,N - 1} and a sequence of n(u) different actors a;(w), ..., au)(u) satisfying
u(a;(u)) = —j, forj=1,..,n(u) and u(a)< (n(u)-1), foralla€ A.

Let
t=inf{n=>1:A,€{A, ..., A 1}u{a€e A : u(a)=0}}

Note that the event {7 = 1} n M, is only possible if u = 0. In this case, Ulﬁ’” €ESTuUS.
Lemma 2.5. Assume that T > 2. For any initial list u € S, if the event M, occurs, then

Ut e S us.

Proof. At instant 7 - 1, we have that Uf_"f(A,_l) =0andforanyj=1,..,7 -2,
ﬁf_,,ll(Aj) = Oj+1 + ...+ Or—l’

which implies that y N
|UZ3(4) - OZ5(A )| = 0] = 1.

Moreover, for any a € A such that u(a) = 0, we have that
Ufilll(a) = Ol + ...+ OT—]'

Let,
m = maX{|OT_1|, |OT_2 + Of—l', cees |Ol + ...+ Of_1|}.
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It follows that there exists a set with m + 1 actors
{ag, ay,...,an} < {Ar, ..., A1} u{a€ A : u(a) =0},

such that either )
{(0"@a) : j=0,1,...,m} = {0,1,..., m}

or
(0P%a) : j=0,1,...,m} = {0,-1,...,-m}.

By assumption,
A, € argmax{|U”%(a)| : a€ A} and 0,U"%(4,) = 0.

This implies that ) i
1UP(A,)| = m = |UP*(a)|, forall a € A,

and therefore, either
{UP%a) : j=0,1,..,m-1} = {1,...,m} and UP*a)=~(m-1), foralla€ A,
or
{(}f’”(aj) :j=0,1,...,m-1} ={0,-1,...,-m} and Uf’”(a) <m-1, forallae A.

This concludes the proof of Lemma 2.5.

n(u)-1

Lemma 2.6. For any u € S, if the event ﬂ M; occurs, then P

w1 €C"-

Jj=1

Proof. If M, occurs, then
UP*(A,) = max{|u(a)| : a€ A} and O, = +1.

Moreover, by assumption, for any j = 0, ..., n(u) - 1 there exists an actor a;(u) € A such
that ﬁf’u(aj(u)) = u(a;j(u)) = j. Therefore,

f]f’u(aj(u)) = u(aq(u)+1=j+1
As a consequence,

{1,....n(w)} < {UP"a) : aec A} and UP“a)=-(n(u)-2), foralla€ A.

In general, for any k = 1,..., n(u) - 1, if ﬂjl.il M; occurs, then there exists a sequence of

actors ao(f]k’g_"f), an(u)(ﬁf_’?) such that for any j = 0,..., n(u) - 1, we have that

TP (a (U2 = j + 1,
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and therefore,

{1,...,n(w)} < {U’"(a) : ae A} and U’“(a) = —(n(u) - (k + 1)), forall a € A.
This concluded the proof of Lemma 2.6. [

In the proof of Part 2 of Proposition 2.4 that follows, we will indicate the initial list
u € S when referring to the event M,. In other words, for a fixed u € S and for any n = 1,
we will denote

M, ={A, € argmax{yﬁfﬁ(aﬂ :a€ A} and OnUfj'f(An) >0}.

Proof. We will now prove Part 2 of Proposition 2.4.

Lemma 2.5 and the fact that 7 < N for any initial list u € S, imply that if ()}, M}"
occurs, then

05’" €eS"uS.
Lemma 2.6 and the fact that n(v) < N - 1 for any v € S* u S, imply that if ()7 MY
occurs, then )
Ul ectuC.
We also have that for any o' € C* u C, if N}, MY occurs, then
Ui e

Putting all this together, by the Markov property we conclude that for any u € S,
) 3(N-1)
PO ec| () M) =
k=1
i N ) N-2 o N1
P0G = oMy ) P( O8% = o| (Mg )P ( 08 e |\ ).
k=1 k=1 k=1

We conclude the proof by noting that the sum above is equal 1. [

VESHUS™ veCHuC-

For any fixed I € L", let cg; be the positive real number such that
P(RP(L™) > cg)) = e (2.3)

Due to the symmetric properties of the process, it is clear that cg; = cg, for any pair of
lists [ and I’ belonging to L*. Therefore, in what follows we will omit to indicate [ in the
notation of cg. The next proposition gives an lower bound to cg.

Proposition 2.7. There exists C; > 0 such that for any f = 0,

cp = Cleﬂ.

11
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Proof. For any fixed [ € L7, let
1 _ . _ p.l
™V =inf{T, : O, = -1, UTH(A,,) >0}.

Consider also
@ =inf{T, : E, n(E,,uE, )},

where E, = {O, = -1, Ufn’i(An) = 0}. By definition,

RS\ C*) = min{rV, 7P},

For any t > 0,
P(rY > ) = P(Exp((N - 1)e?) > 1),

where Exp((N - 1)e”?) is a random variable exponentially distributed with mean e#/(N - 1).

Let n; = 0 and for j = 1,
. _ y
n; =inf{n>n, : O, = -1, U][fn_l(An) = 0}.
We have that ;
(2 _ _
=T Z;(Tnj Tnj_—l)’
=

where J = inf{j =1 : nj =n;, +1orn; = n/, +2}.

Therefore, for any t > 0,
G
P(r? > t|zV > t) = P ZEJ >t ],
j=1

where (E;);.; is a sequence of i.i.d. random variables exponentially distributed with mean 1,
and G is random variable independent from (E;);»; with Geometric distribution assuming
values in {1, 2, ...} with parameter

(N-1)

=2x —— L
A (N-1)+¢f

This implies that for any ¢ > 0,
P(z? > t|z > t) = P (Exp(Ag) > t) ,

where Exp(4s) is a random variable exponentially distributed with mean 1/4;.

Therefore, for any t > 0,

P(R(S\ C*) > t) = P[Exp((N - 1)e”?) > t]P[Exp(4s) > t].
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This implies that
P(RP(L") > ¢5) = P(RP(S\ C*) > ¢p) = e # (VD)

and therefore 1

Cp = ((N - 1)67‘5 + /1/3)
With this we concluded the proof of Proposition 2.7.

2.4 Proof of Theorem 2.1

To prove Part 1 of Theorem 2.1 we first need to prove the following Lemma.

Lemma 2.8. Foranylistu € S,
inf {n=1: UL (A0 < N | < N.

Proof. The initial list of social pressures u belongs to S. Therefore, there exists a, € A
such that u(ay) = 0. By definition, for any m > 1,

More generally, if A, = a then for any m = 1,

Uﬂu ao)|

im.

m

UP* (a)] <

n+m

IECHE

Therefore, if no actor express opinions twice in the first N - 1 steps and moreover, a, # A;
forj=1,.,N-1,1ie.

j=1

|{a0, Al, ---,AN—1}| = N

then necessarily the social pressure on actor expressing opinion at instant Ty is smaller
than N in absolute value. This implies that

inf{n =1 : U (An)] < N} < N.

Now, if
|{a0,A1, ---;AN—1}| <N - 1,

there exists m € {1,..., N - 1} such that
A, € {ag, AL,y Api )

This implies that
|U£’n'fl(Am)| sm=sN -1,
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and therefore,
inf{n >1: |Uf:(An)| < N} <m<N.

1

Define T; = T; = 0 and for any k > 1,

T = inf{T, > Te, : [UP*(A,)| < N},

T =inf{T, > T;, : [UL"(A,)] = N}.

Lemma 2.8 implies that T; is well defined for any k = 1. Now we can prove Part 1 of
Theorem 2.1.

Proof. To prove Part 1 of Theorem 2.1, we will construct the process uf ") tef0,+00) With jump
times {T, : n = 1} as the superposition of two process with jump times {T; : k = 1} and
{T; : k = 1} in the following way. For any v € S, the jump rates of these two processes
are

q(v) = Z 1{v(a) < N}(eﬁv(a) + e—ﬁv(a))

acA

and
g () = Y 1{v(a) = N} + e7709),

acA

For any list v € S, we have that
q-(v) < A,
with
A= N(eﬂ(Nfl) + e*ﬁ(Nfl))'

For any v € S, define

®7(0) = @=*(0) = 0 and @>7(0) = &37(0) = A.

v

For any a € A, define
@57 (a) = D% (a - 1) + 1{|v(a)| < N}e P,

> (a) = O3 (a) + 1{|v(a)| < N}e?P*),
O (a) = D (a - 1) + 1{|v(a)| = N}e P29,

(%

@, (a) = @ (a) + 1{|v(a)| = N},
Using this partitions indexed by S (see Figure 2.1), we now construct the process

(U’ ") te[0.+0) as follows. Consider an homogeneous rate 1 Poisson point process in the plane
[0, +00)?. Call N the counting measure of this process. Given the initial list u € S, define

T, - inf{t -0 : N((o, 1] x {[0, g~(w)) u [)L,)L+q>(u))}) - 1}.
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Denoting R; as the second coordinate of the mark (T3, R;) of N, we have
A =b0,=-1, if R €[P(b-1),D,;7(b)u[D,(b-1),D, (b)),

A =b 0 =+1, if R €0 (), 0" (b)u[®(b), (b))

At time Ty, we have UL" = 740 (u).

@77 (5) - - @ (5)
@77 (4)
A
o(2) .
A - 9 (2)
@77 (6) ~- o= (6)
7(3) - o= (3)
@, (1) B (1)

Figure 2.1: The regions of plane [0, T1] x [0,A + q”(u)] considered on the construction Ty. In this
example, N = 6 and the list u € S, satisfies u(a) < N fora =1,3,6 and u(a) = N fora = 2,4,5.

More generally, for n = 1, we have
T, inf{t ST, N((:r,,_l, 1] % {[o, G (UL ) U4 A+ qYU%Z))} ) - 1}.

Denoting R, as the second coordinate of the mark (T}, R,) of N, we have

Ay=b0,=-1, if R,€ [cp;,;u (b-1),07, (b)) U [@E%:(b - 1), 07, (b)) ,

Tn1 Tn1 Tn-1

A,=b,0,=+1, if R,€ [q);é,’.:(b)’ @;%,il(b)) u [(I)Eé:(b), CD:]’%:(b)> .

At time T, we have U%” = ﬂA”’O"(U%i) (see Figure 2.2).

For any n > 1, we have that

TS = inf{Tm > T, : Ry €0, q<(Uf,;’f1))},

15
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A+ q>(U1€,u)|

A+ q (w)

q (u)

T T,

Figure 2.2: The regions of the plane (T,, Ty+1) x [0, q<(U%u)] and (Ty, Tpe1) x [A, A + q>(U£:u)], for
n=0,1,2,....

T = inf{Tm > T, : Ru€ [LA+q(UL")) }

Define TO’1 =0 and for any n > 1,
ri=inf {r> T2, N (T 0x[0.0) =1},

By construction, {T : n = 1} ¢ {T} : n = 1}. Also, {T} : n = 1} are the marks of a
homogeneous Poisson point process with rate A. Since sup{T* : n = 1} = +oo, we have
that sup{T; : n > 1} = +co. By Lemma 2.8, the event sup{T, : n > 1} = +co implies
that sup{T, : n = 1} = +oo. {T,, : n = 1} is the superposition of {T,; : n = 1} and
{T, : n =1}, and then, we conclude that sup{7T, : n =1} = +co. O

To conclude the proof of Theorem 2.1, we will prove that (Utﬁ ) iefo.+00) 18 an ergodic
Markov process.

Proof. To prove Part 2 of Theorem 2.1, let [ € L™ satisfies I(a) = a - 1, for all a € A. For
any u € S, we have that
l — ”1,+1 ° ”2,+1 0. 0 JTN’+1(U),

and then, if the event ﬂjlil{Aj =N -j+1,0; = +1} occurs, then I”ij” =1

For any v’ € S,

]P([jf;gN = l’ Ube = u’) >

P (ﬂ{lﬁfi}‘v(a)l < N}| O = u’)P (UffsN = 1| N{1T3@)1 < N}).

acA acA
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For any u € S, using Proposition 2.4 we have that

P<ﬂ{|0£’”(a>| < N}) 2 P<ﬂMj> =g
acA Jj=1

Also, there exists €' > 0 such that

P (UffsN = 1] N{IT7 (@) < N}) >

acA
min | P (ﬁf;;N = 1| O = U) L ve S, ({o@] <N} | =e.
acA
Therefore, for any v’ € S,

P(Uf;;‘N = l‘ Ut = u') > €.

Recall that R®!(I) = inf{n = 1 : UP! = I}. The last inequality implies that for any ¢ > 0,
P(RP(I) > t) < P(2N x Geom({y €") > 1),

where Geom(r) denotes a random variable with geometric distribution assuming values in
{1,2,...} and with parameter r € (0, 1). This implies that E(R?!(l)) < +co and then, (U**),.,
is a positive-recurrent Markov chain.

The jump rate of the process (Ut’g ) ief0.+0) Satisfies

Z(eﬁ”(“) + e PU9) > 2N,
acA

for any v € S. Putting all this together we conclude that (U’ ) tef0.+00) 18 ergodic.

2.5 Proof of Theorem 2.2

To prove Part 1 of Theorem 2.2 we will need the following Proposition.

Proposition 2.9. For any > 0 and u ¢ L such that max{|u(a)| : a € A} < N we have
that

ﬁﬂ(u) < C/efﬁ(Nfl)’

where C’ > 0.

Proof. First, we have that

+00

ER™w)= Y PRM™w) = m). (2.4)

m=3(N-1)
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For any u ¢ L such that max{|u(a)| : a € A} < N, considering Proposition 2.4 we

have that

3(N-1)
]P({Uf’” #u, forn=1,2,.,3(N-1)} n {Uﬁ;‘, ) E[l}) z]P( ﬂ M]>
j=1

Also, for any I € L and for any m = 1, we have that

P ({Ufz #u, forn=1,2,.., m}) =P <ﬂ{0jl~]jﬁ’f(Aj) > 0}> .
=1

Therefore, for any m > 1 we have that

3(N-1) m
P(R(u) 2 3(N - 1) + m) = P ( M MJ) P ( (oK) - 0}> '

j=1

For any [ € L, we have that

(ﬂ{o 04a) > 0}>
where
N-1
W
i=1
=5
Z(eﬁj + e M)
=0

Therefore, by Proposition 2.4 and Equations (2.4), (2.5) and (2.6), it follows that
3(N-1) (2N)73N-D
E(R(w) - IP( N M)( Zn’") oy
m=1

From the classical Kac’s Lemma (see Kac, 1947), this implies that

We have that

=0 N+1
<

1 P

(eﬂj " e*ﬂj)

j=0

Taking C’ = (N + 1)(2N)*¥-Y, we conclude that

= (N + 1)e PNV,

PP(u) < C'e PN,

(2.5)

(2.6)
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Corollary 2.10. i#(0) < C[e™™F for all > 0, where C] > 0.
Proof. Let v € S be the list in which v(1) = 0 and v(a) = 1, for a € A\ {1}. We have that

{uesS : JP(ﬁl'B’” =0)>0} = {o(v),-0(v) € Ssuch that ¢ : A — Ais a bijective map}.

Therefore,
#0) = Y. P(U" = 6)ji(u) = 2NP(U] = 0)ji(v).
ueS
Since
PO = 0) - 1 ’,

2+ (N-1D)(eP+eh) ¢

from Proposition 2.9 we conclude that

f(0) = (N + 1)(2N)*N Ve PN-D(oN)e P = Cle N,

Now we can prove the Part 1 of Theorem 2.2.

Proof. To prove Part 1 of Theorem 2.2, first note that for any u € S, the invariant measure

1P satisfies
ﬂ(u !
ﬁ(u H

(o) = Y (0 + e )

acA

where for any v € S,

is the jump rate of (Utﬁ ) tefo,+0) at list v. Therefore,

i Pa)\ e Py
) “‘; qﬁ(u (“ZG;g (Iﬁ ) Jf(eﬁj + e—ﬁj) (1% qﬁ(u/)>

1
Z]Aial(eﬂ] + e‘ﬂj) I’iﬁ(u/) .
L) L)

1+

By Proposition 2.4, we have that
pPL) = 2N)>ND,

We also have that N

Z(eﬁj + ey < 2NN,

Jj=0

_
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and then,
1

~ﬁ /
1+ (ZN)3(N—1)+1eﬂ(N—1) Z H (u/)
w'eLr Qﬁ(u )

1P(L) =

For any u € S such that max{|u(a)| : a € A} = N, we have that gs(u) = ¢’V, and then

Observe that for any u # 0, qp(u) = €f. Therefore, by Proposition 2.9 and Corollary 2.10, it
follows that for any u € L€ such that max{|u(a)| : a € A} < N, we have that

< Cle™PN,
qp(w) ~

Since |{u € £° : max{|u(a)| : a€ A} < N}| < N(2N - 1)N"!, we have that

74
(ZN)a(Nfl)Heﬂ(N*l) Z ILM:) < Ce”.

where
C = 2Ny W-D[1 4+ C/N(2N - 1)V ).

We conclude that

Now we can prove Part 2 of Theorem 2.2.

Proof. To prove Part 2 of Theorem 2.2, we first note that for any u € S'\ {6}, we have that

3(N-1) 3(N-1)
]P(Rﬁ’“(ﬁ) > t) <P <Rﬂ’“(£) >t ﬂ M]) + IP( U Mj> (2.7)

Part 2 of Proposition 2.4 implies that the right-hand side of Equation (2.7) is bounded

above by
3(N-1) 3(N-1)
P Ty > t, ﬂMj +P UMJ.c .
j=1

J=1

By Part 1 of Proposition 2.4, we have that

3(N-1) P 3(N-1)
P M ) <1- . 2.8
g i )= (eﬂ+eﬂ+2(N—l)> @8)

Note that the exit rate of any list different from the null list is always bigger than e
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Therefore,

3(N-1) 3(N-1)
Pl vy >t, [\ M )<P( > E.>t), (2.9)
n=1

J=1

where (E,),.; is an i.i.d. sequence of exponentially distributed random variables with mean
1/€8. 1t follows that

3(N-1) 3(N-1) t 5
1\ ,—PH(B(N-1))
P E{ E,>t)=<P U1 {En>—3(N_l)} < 3(N - 1)e .

We conclude the proof by considering t = e#"% and noting that the bounds in (2.8) and
(2.9) does not depend on u. [

The next corollary follows from Theorem 2.2.

Corollary 2.11. For any fixed § > 0,
JP(Rﬁ’a(E) > 7+ e’ﬁ(1’§)> — 0asff — oo,

where T exponentially distributed random time with mean 1/2N.

Proof. Corollary 2.11 follows directly from Part 2 of Theorem 2.2 and the fact that given
the initial list 0, the first jump time T; is an exponentially distributed random time with
mean 1/2N. ]

2.6 Proof of Theorem 2.3

Recall that in Section 2.3, for any [ € L£* and for any > 0 we considered ¢ as the
positive real number such that

P(RPN(L7) > cg) = e .

To prove Theorem 2.3, we prove Proposition 2.12 which is interesting by itself.
Proposition 2.12. Foranyl€ L*

RAN(L7)
s

— Exp(1), as p — +oo,

where Exp(1) is a random variable exponentially distributed with mean 1.
To prove Proposition 2.12, we will first prove the following lemma.
Lemma 2.13. Forany f = 0, for any |l € L and for any s > 0,

1- (L)

P(U e S\L) =<
P (L)

21
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Proof. For any s > 0,

W)=Y PP e+ Y @uPU e L).
uel ueS\L

By the symmetric properties of the process, it follows that for any , I’ € L,
P(UP e £) = P(UP € ).

Moreover,
> WWPUMeL)<1- L)

ueS\L
This implies that
L) < OPUP € £) + (1= (L)),
and therefore,
#(L) - (1 - (L))
pH(L)
With this we concluded the proof of Lemma 2.13.

P(UP € L) =

]

Proof. We will now prove Proposition 2.12. First of all, we will prove that for any [ € L*
and for any pair of positive real numbers s, t > 0, the following holds

b (Rﬂ”(/i‘) s t) P (Rm(ﬁ_) - s> p <Rﬂ’l(ﬁ‘) R t)‘ =0.  (210)
Cp s %

To simplify the presentation of the proof, we will use the shorthand notation R/*
instead of R**(L"), for any u ¢ L£~.

lim

P—+00

Indeed, for a fixed [ € L,

RB! RPI RAI
]P<—>S+t>—]P<—>S>]P<—>t>
Cp Cp Cp

RP! RPu RAI
Z]P(Uf’slzu,—>s>]P< >t>—lP(—>t>
! s s

ueS\L” Cp
By the symmetric properties of the process, for any u € L,

R RP!
]P< >t>=]P<—>t>.
Cp Cp

Therefore, the left-hand Equation (2.11) is bounded above by

RP! Rbu RAI
Z]P(Uf’slzu,—>s>]P< >t)—]P(—>t>
! s cp

UES\L Cp

=<

. (2.11)

<
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RP!
]P(UﬁJES\[:,_>s>sP(UCi’SIES\[:). (2.12)

C/gS Cﬂ

By Lemma 2.13, Equation (2.12) and Theorem 2.2 implies (2.10).

RPN~
]P( (&) > 1) =el.
s

Iterating (2.10) with t = s = 27", for n = 1, 2,...., we have that

P (R/”(ﬁ‘)
%

By definition,

> 2’") —e?’, as f — +oo.
More generally, we have that for any
tEe {Z b(n)2™" : b(n)e {0,1},n=1,..,m,m> 1}
n=1

is valid that

RPN~
. ( (£)
Cp
Any real number r € (0, 1) has a binary representation

> t) — e, as f — +oo. (2.13)

where for any n > 1, b(n) € {0, 1}. Therefore, the monotonicity of

p <Rﬁ,l(£—> i t)
s

implies that the convergence in (2.13) is valid for any ¢ € (0, 1). Moreover, for any positive
integer n > 1, Equation (2.10) implies that

Bl -
IP(R ()
Cp

n) — e, as ff — +oo.

We conclude that (2.13) is valid for any t > 0. O

Remark 2.14. Foranyl € L and for any = 0, the function fg : [0, +00) — [0, 1] given by

RPA(L™) ;
%

fp(t) =P (

is monotonic. Also, by Proposition 2.12, it converges pointwise as f — +oco to a continuous
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function. Therefore, given €g > 0 such that lim eg = 0, for any t > 0 we have that

P—r+00
RE(L RA(L-
limlP( ( )>t+eﬁ>=limIP( ( )>t—6ﬂ>:e_t.
p—r+oo Cﬁ P—+00 Cﬁ

To prove Theorem 2.3, we will first prove the two following lemmas.

Lemma 2.15. Forany u € S, let

3(N-1)
Pu =P<Rﬂ’"(£+> < Rﬁ’“(£'>) M M)

Jj=1

Then, for any t > 0,

lim sup = 0.

foreo yes\r-

RPu(L”
P( ()>t)_e_tpu
s

Proof. Denoting Eg, = {RF*(L) < €/, ﬂj.flvfl) M;}, we have that for any u ¢ L,

RPu(L™ RPH(L™
P ( () > t) =P ( () > t,Eg ., RPY(L) < R’“(L“)) + (2.14)
s Cp
RPH(L~ RPM(L~
]P( (&) t, Eg., RPU(L7) < R’“(E*)) +]P< (&) t,EEu) .
Cﬁ cﬂ s

By Proposition 2.7, there exists f3, > 0 such that for any f§ > f3;, cst > €/’*. This implies that,
for any S > f;,
P (Rﬁ’“([,‘)

Cp
Considering [ € L*, for any u € S\ L™ and for all § > f,, the left-hand side of Equation
(2.14) is bounded bellow by

> t, Egy RPU(LT) < Rﬁ’”(ﬁ*)> = 0.

P ( RPL(L7) - t) pull - P(E§,)] (2.15)
Cp

and bounded above by

RB(LC- BI2
P < CONS e—> pu+P(ES,). (2.16)
Cp Cp ’

By Theorem 2.2 and Corollary 2.11,

lim sup P (E;u) = 0.

B+ yesve-



2.6 | PROOF OF THEOREM 2.3

By Proposition 2.7, it follows that lim e’/ cg = 0. Therefore, by Remark 2.14 we have that

P—+00

pl( - pl( - pr2
lim 1P<R (£)>t>= lim IP(R (£)>t—e—>:e_t.

P—+00 Cﬁ P—+00 cﬂ Cﬁ

We conclude the proof by noting that the limits in the last equation do not depend on u.
O]

Lemma 2.16. There exists a € (0,1) and B, > 0 such that for any f > p, and anyl € L,
the following upperbound holds
RPN~
P ( (&) > n> < a’,
Cp

Proof. By Lemma 2.15, for any fixed « € (e™!, 1), there exists f8, such that for all § > f, and

foranyu ¢ L,

RPu(L”

]P( ( )>1>sa<1. (2.17)
s

Forany [ € £* and for any n € {2,3,...},

P (Rﬁ’l(ﬁ_) > n) = ) P (% >n-1,Ul , = u> P (Rﬁ’u(ﬁ_) > 1) :

Cp ueS\L- Cp Cp

for any positive integer n = 1.

Equation (2.17) implies that for any § > f,,

P (Rﬁ’l(ﬁ’) > n) < aP (R/“(ﬁ‘) N 1) . (2.18)
cp Cp

We finish the proof by iterating (2.18). [

Proof. We will now prove Theorem 2.3.

First of all, we will prove that for any [ € L*, the following holds

RPA(L™)

m — Exp(1) in distribution, as f§ — +oo. (2.19)

Considering Proposition 2.12, we only need to show that

. E[RPY(L)]
hm — = =1.
ﬂ—>+oo cﬂ
Actually,
’ E[RP(L7)] '

= ﬁlim P(RP(L) > cgs)ds.

25
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Lemma 2.16 and the Dominated Convergence Theorem, allow us to put the limit inside
the integral in the last term

+00

lim P(RPI(L™) > cgs)ds = / lim P(RP(L7) > ¢gs)ds = / eds = 1.
0 0

p—r+00 0 f—+00
This and Proposition 2.12 imply (2.19).
For any f > 0, for any u € C* and for any s > 0,
P(R**(C7) = cps) = P(R**(C) = cps, Epu) + P(R**(C") = csS, Eg )

where
Ep, = {RP*(L") < min{1, RP**(C")},RP*(L") < RP*(C") + 1}.

For any [ € L*, we have
RPN~
. ( (£)

s

RAH (L) 1
=5-—, Eﬁ,u
Cp Cp

1
=S+ —,Eﬁ,u> < ]P(Rﬁ’“(C") > cgs,Eg,) < P (
Cp

(2.20)
By Theorem 2.2, for any u € C*,

Jim P(E5) =1,

and then,

, RP(LY) 1 , RP(LY) 1
lim P =2s+—,Eg, | = lim P >s+— |,
ﬁ—>+oo cﬁ C,B [3—>+oo Cﬁ C,B

lim P(R**(C7) = cgs, Ep,) = ﬁlim P(RF(C") = cgs),

P—r+o0

_ RAH(L) 1 , RAH(L) 1
lim P =s-—,Eg, | = lim P =s-— |.
f—r+00 C,B C,B f—r+00 Cﬁ C,B

—>+00

Bl - Bl -
lim]P(R (ﬁ)zs+l>=lim]P<R (ﬁ)zs—l)=e"s.

P—r+o0 cﬂ Cﬁ p—r+00 C,B Cﬂ

By Proposition 2.7, ﬁlim cgl = 0. Therefore, Remark 2.14 implies that

The conclusion follows from Equation (2.20) and by observing that the Dominated Con-
vergence Theorem allow us to replace ¢; by E[R**(C")] as we did to prove that Equation
(2.19) holds.

]



Chapter 3

Metastability in a Stochastic
System of Spiking Neurons with
Leakage

3.1 Introduction

We study a system of interacting point processes with memory of variable length
modeling a finite but large network of spiking neurons with leakage. We prove that when
the population size diverges this system has a metastable behavior.

The system we consider can be informally described as follows. Each neuron is associ-
ated to two point processes. The first point process indicates the successive spiking times
of the neuron. The rate of this point process is an exponential function of the membrane
potential of the neuron, with the restriction that the rate takes the value 0 when the
membrane potential is 0. When a neuron spikes, its membrane potential resets to 0, and
simultaneously, the membrane potentials of the other neurons increase by one unit.

The second point process associated to each neuron indicates its successive leakage
times. This point process has a constant rate 1. At each leakage time of the neuron,
its membrane potential is reset to 0, with no effect on the other neurons membrane
potentials.

Let us now informally present our results. For any initial configuration of membrane
potentials, the number of spiking and leakage times of the system is finite. Moreover,
the process gets trapped after a finite time in the configuration in which the membrane
potentials of all neurons are 0. This is the content of Theorem 3.1.

Let us suppose that the system starts with a configuration in which a sufficiently large
set of neurons have strictly positive membrane potential. With such a starting point, as
the number of neurons of the system diverges, the system instantaneously reaches a set of
configurations in which all neurons but one have strictly positive membrane potentials
and these membrane potentials are all different. The system are in this set with probability
approaching to 1, for any instant before it gets trapped as the number of neurons of the
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system diverges. This is the content of Theorem 3.2.

The system has a metastable behavior, namely the time at which it gets trapped in the
null membrane potentials configuration re-normalized by its mean value converges in
distribution to a mean 1 exponential random time as the population size diverges. This is
the content of Theorem 3.3. Theorem 3.3 assumes that the system starts with the same
type of initial configuration considered in Theorem 3.2. This initial configuration condition
prevents the system to be immediately attracted by the null configuration.

This system belongs to the class of models introduced by FERRARTI et al., 2018. In this
article it was considered the case in which the spiking rate is 1 when the membrane
potential is strictly positive and it is 0 otherwise, the leakage rate is constant and the set of
neurons is the set of all integers, with each neuron interacting only with its two neighbors.
In this framework it was proven that there exists a critical value for the leakage rate such
that the system has either one or two extremal invariant measures when the leakage rate
is either greater or smaller than the critical value, respectively. It was proven by ANDRE,
2019 that for a finite system with a sufficiently small leakage rate, the system displays
a metastable behavior when the number of the neurons diverges (see also ANDRE and
PLANCHE, 2021 and ANDRE, 2022).

This system belongs to the class of systems of interacting point process with memory
of variable length that was introduced in discrete time by GALvEs and LOCHERBACH, 2013
and in continuous time by DE Mas1 et al,, 2014 to model systems of spiking neurons. The
metastable behavior of systems of interacting point processes with memory of variable
length was also analyzed by Yu and TAILLEFUMIER, 2022 and LOCHERBACH and MONMARCHE,
2022. Other aspects of systems of interacting point processes with memory of variable
length in this class of models was considered in several articles, including DUARTE, OsT, and
RoODRIGUEZ, 2015; BROCHINI et al., 2016; DUARTE and OsT, 2016; FOURNIER and LOCHERBACH,
2016; GALVES and LOCHERBACH, 2016; YAGINUMA, 2016; BAcCELLI and TAILLEFUMIER, 2019;
DUARTE, GALVES, et al., 2019; GALVES, LOCHERBACH, PouzAT, and PREsuTTI, 2019; BACCELLI
and TAILLEFUMIER, 2021; NASCIMENTO, 2022; BAcCELLI, DAvYDOV, et al., 2022; CHARIKER
and LEBow1TZ, 2022 and DE SANTIS et al.,, 2022. For a self-contained and neurobiological
motivated presentation of this class of variable length memory models for system of
spiking neurons, both in discrete and continuous time, we refer the reader to GALVEs,
LOCHERBACH, and Pouzart, 2021.

The notion of metastability considered here is inspired by the so called pathwise
approach to metastability introduced by CAsSANDRO et al., 1984. For more references and
an introduction to the topic, we refer the reader to OLIvIERI and VARES, 2005; HOLLANDER,
2009 and FERNANDEZ et al., 2015.

This chapter is organized as follows. In Section 3.2 we present the definitions, basic and
extra notation and state the main results. In Section 3.3 we prove Theorem 3.1. In Section
3.4 we present a coupling construction and prove some auxiliary results. In Sections 3.5
and 3.6 we prove Theorems 3.2 and 3.3, respectively.
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3.2 Definitions, notation and main results

Let Ay = {1,2,.., N} be the set of neurons, with N > 2 and denote
Sy = {u =(u(a) : a€ Ay)€{0,1,2,..}Y : min{u(a) : a € Ax} = O}
the set of lists of membrane potentials.

We want to describe the time evolution of the list of membrane potentials of a system
of spiking neurons. To to this, for any neuron a € Ay, we define the maps 7** and 7%" on
Sy as follows. For any u € Sy,

u(b)+1 ,if b # a,

) = {o ifb-a

u(b) ,if b+ a,

a ¥t -
SR P

The map 7%" represents the effect of a spike of neuron a in the system. When we apply
the map 7%’, the membrane potential of neuron a resets to 0 and the membrane potentials
of all the other neurons increase by one unit.

a,t

The map =
When we apply the map 7%, the membrane potential of neuron a resets to 0 and the
membrane potentials of all the other neurons remain the same.

The time evolution of the system of neurons can be described as follows. Denote
the initial list of membrane potentials U;* = u € Sy. The list of membrane potentials
(U™ [0.+e0) €volves as a Markov jump process taking values in the set Sy and with
infinitesimal generator G defined as follows

Gfw = Y ¢ @1{u(b) > 0} [f(r" W) - fw)] + ¥ [FrTw) - fw)]

be AN be AN

for any bounded function f : Sy — R.
Observe that the null list BN € Sy, defined as
On(a) = 0, for any a € Ay

is a trap for the process. The goal is to study the time the process takes to get trapped and
its behavior before get trapped.

To state our main results, we need to introduce some notation. Let
N = inf{t>0: UMY = Oy}

and define NV as the number of spikes and leakages of membrane potential of the

represents the leakage effect on the membrane potential of neuron a.
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process, namely

NN = {s € (0,7 : UN" # lim UtN’"}

t—s~

We consider also the set
SO —{ueSy:|{ae Ay : u(a) >0} = [N"?]}

and the set

Wy = {uESN :{1,..,N-N"|} c {u(a) : a€ Ay}; ﬂ ﬂ{u(a)# u(b)}}.

a€AN b+a

We can now state our main results.

Theorem 3.1. For any N = 2 and for any initial list u € Sy, it follows that
]P(NN’” < +00) =1

and
]P(TN’” < +Oo) =1.

Theorem 3.2. For anyt > 0, it follows that

inf P (UtN’” € Wy | N s t) — 1, as N — +oo.

u€ S;fj»

Theorem 3.3. For any sequence (uy € S}f;) : N = 2),

N,uN

E[cN] — Exp(1) in distribution, as N — +oo,

where Exp(1) denotes a mean 1 exponential distributed random variable.

To prove our results it is convenient to extend the notation introduced before.

Extra notation

« Let Ty = 0 and for n = 1,..., NV* denote T, the successive jumping times of the
process (U"")se[o.+w0), Namely

T,=inf{t> Ty : UV # Upt}.

« Forn=1,.., NN* we define A, € Ay and O, € {+ T} as the pair such that

N, , N,
Uyt = g (UY).
n n-1
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3.3

The leakage times are defined as TOT =0andforn =1,

Tf =inf{T, > T, , : O =t}

n

The spiking times are defined as T; = 0 and for n > 1,
T, =inf{T, > T, _, : O, =+}.
For any time interval I c [0, +00), the counting measures indicating the number of

leakage times and spiking times that occurred during the time interval I are defined
as

ZT(I):§1{T;EI} and Z*(I):il{T;nEI}.

For any u € Sy, we define af, ..., ay € Ay in the following way
a; € argmin{u(a) : a € Ay},

ay € argmin{u(a) : a € Ay \{a'}},

ay € argmin{u(a) : a € Ay \{a,a;,...ay_;}}.
To avoid ambiguity, we use the following convention: if u(a) = u(a},,), then g <
at,.
j+1

The set of ladder lists is defined as

Ly = {uESN :{u(a) : a€ Ayx} = {0,1,...,N—1}}.

Let o : Ay — Ay be a bijective map. For any u € Sy, the permuted list o(u) € Sy
is defined as

o(u)(a) = u(o(a)), for all a € Ay.
For any 4 > 0, 5{” and (fj{’l} : j =1,2,...) will always be, respectively, a random

variable exponentially distributed with mean A™! and a sequence of independent
random variables exponentially distributed with mean A7".

Proof of Theorem 3.1

In this section we will prove Theorem 3.1. First we need to prove the following
lemma.

Lemma 3.4. For any u € Sy \ {On}, it follows that

1 N-1
P(UY* € L) = .
( TN*I € N) <2(N— 1))



32

3 | METASTABILITY IN A STOCHASTIC SYSTEM OF SPIKING NEURONS WITH LEAKAGE

Proof. For any initial list u € Sy \ {6N}, the occurrence of the event {A; = ay, O; =+}

implies that Ug " € Ly in the case N = 2, and implies that

N,u
UT1

UN,u N,u
— T
a' =0, q

U
=1, ajT1 >1,forj=3,...,N,

in the case N > 3. As a consequence, the occurrence of the event
UN,u
T
Ay = aK], O =+,Ay =ay' ,0, =+

implies that implies that UY"* € Ly in the case N = 3, and it implies that
Ty

O R S
a’ =0,a° =1,a¢"° =2 q° > 2, forj=4,..,N.

in the case N = 4. Iterating this, we conclude that the occurrence of the event

z

-1 N,u

v
{Aj = aN s Oj :*}

I
—_

J

implies that Ugv " € Ly. Therefore,
N-1 o
PUN" € Ly) =P ({4 =ay". 0 =+} ).
j=1

The smallest value for
]P(A1 = af\{p O, =*)

(3.1)

is obtained for any initial list u in which all neurons, except one, have membrane potential

equal 1. This implies that

. v v 0 :
inf {P(A = ay, Oy =+ | "* = 0) : v€ Sy \ {On}} 2 5.

We conclude the proof by using Markov property and applying this lower bound N - 1

times in Equation (3.1).

Proof. We will now prove Theorem 3.1.
For any N = 2 and for any u, v’ € Sy \ {BN}, we have that
]P(J\fN’“ <n+2(N - 1)‘ Uﬁ’“ = u’) >
P (UN’“ €Ly ‘ UM = u’> P (NM" <n+2N-1)| UM € EN) .

ThiN-1 TheN-1

Using together the Markov property and Lemma 3.2, we get

Tn+N71

P (UN’” €Ly j UM = u’) > [2(N - )],

]



33

3.4 | A COUPLING CONSTRUCTION

The invariance by permutation of the process implies that, for any [, I’ € Ly, we have

]P(./\/N’”sn+2(N—1)‘UN’” =l> =IP(NN’“sn+2(N—1)‘UN’” =l’>-

Tn+N71 Tn+N71
Calling
e’=JP<./\fN’”s ne2(N-1)| U = l),

ThiN-1

we conclude that

IP(J\/'N’“sn+2(N—1)‘UN’“ €£N>=6’>0.

Tn+N—1

Therefore, for any v’ € Sy,
]P(NN’“ < n+2(N - 1)| U = u’) > [2(N - )] Ve,
The last inequality implies that for any n > 1,
P(N™* 2 n) < P(2(N - 1) x Geom([2(N - 1)] V"V¢’) = n),

where Geom(r) denotes a random variable with geometric distribution assuming values in
{1,2,...} and with mean 1/r. This implies that P(N'N'* < +o0) = 1, concluding the first part
of the proof.

The jump rate of the process (U}"")c0..«) satisfies

Z 1{'(a) > 0}(e“@ + 1) = e + 1,

a€AN

for any v’ € Sy \ { On}. Putting all this together we conclude that P(z"* < +o00) = 1.

3.4 A coupling construction

In this section we will prove the following proposition.

Proposition 3.5. The following holds

lim sup sup )JP(TN’W > 1) - ]P(TN’W, > )| =0.

N—+too 40 w,wEWN

To prove Proposition 3.5, we need to introduce a coupling construction of the processes
(UM ) 1oy ad (UY? ) seqo.100) Starting from two different lists v/, v’ € Sy.

We want to describe the time evolution of (U,N ’“/, UtN ’U/)te[o,m). To to this, for any
index j € {1,..., N}, we define the maps /™", 7/ and 7T on S% as follows. For any
(u,v) € SZ,

M (u, v) = (29 (u), 1% (v)),
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(7% (u),v) ,if u(af’) > v(ay),

ﬁmew:{mnww»,ﬁdﬁbu@%

2 (u, v) = (29 (w), 79 ().

The map 7/™"(u, v) represents the simultaneous effect of a spike of neuron aj in the

system (U" )0 and a spike of neuron a; in the system oy ’v/)te[o,m).

The map 7/™*(u, v) represents the effect of either a spike of neuron @ in the system
(UN )0 in the case in which u(a) > v(a;), or a spike of neuron a; in the system
(UtN’vl)te[O,m) in the case in which v(af) > u(a;).

The map 77 (u, v) represents the simultaneous leakage effect on the membrane poten-
tial of neuron a;' in the system (UN");50 and on the membrane potential of neuron a; in

the system (U ,v/)t€[0,+oo).

The pair of lists of membrane potentials (U} v UN ’v/)te[O,m) evolves as a Markov jump
process taking values in the set S and with infinitesimal generator G, defined as fol-
lows

N
Gef(u,v) = 3 e DD 1 {min{u(a)), v(af)} = 0} [f(r"™"(u, v) - f(u 0)] +

> e {u(af) # o(a)) [f™(w 0) - fw 0)] + Y [Fr (w o) - fu0)]

for any bounded function f : S — R.
For the coupling construction we introduce some extra notation.

Extra notation - coupling construction

+ Define
™(u,v) = inf{s > 0 : (UN*, UN"?) = (On,0n)}.

« Define N'V(u, v) as the number of spikes and leakages of membrane potential of the
coupling process, namely

NN, v) =

{s € (0, ™ (u, v)] + (UN*, UN?) # (hm ur, hm UN”>}‘.

t—s~

. Let Ty(u,v) = 0 and for n = 1,..., N'N(u, v) denote T,(u, v) the successive jumping
times of the process (U, U} ) tef0,+00)» NaMely

Tn(u, ’U) = inf {t > Tn—l(U, U) . (UtN,u’ UtN,v) + (UNu UN’U )} .

1(w,0) 7 Thy(u,0)

« For each n = 1,..., N'N(u,v), we define J,(u,v) € {1,...,N} and K,(u,v) €
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{min, max, 1} as the pair such that

(UNH

],, 0),Kn(u,0) N, N
Tn(u,0)? (uv))_ “ “ (U . X )

Tp-1(u,0)° = Tpo1(w,0)

« For any j = 1, we define the event

zjl'Nl/Z‘l

Ei(u,v) = ﬂ {Jo(u,v) = N,K,(u, v) # T}.

n=2(j-1)[N2]+1

« The number of jumping times of the process (U;"*, UY "“)tefo.+o0) until the first leakage
time is defined as

N (u,v) = inf{n : K,(u,v) = 1}.

« The number of jumping times of the process (U"*, U\ )te[0,+w) Until the coupling
time is defined as

N¥(u, v) = inf { n : exists 0 : Ay — Ay bijective, such that U uv) =0 (Uf(zv))} .

Remark 3.6. There exists a bijective map ¢ : Ay — Ay such that

UM =0 (UN?), foralls = Ty (o) (s 0)-

N

Moreover, if there exists t = 0 such that UN"* € Ly and UMY € Ly , then't = Ty (o)W, 0).

The proof of Proposition 3.5 is based on the three following lemmas about the coupling
construction.

Lemma 3.7. For any lists w, w' € Wy, if the event E,(w, W) occurs, then

N (w, w') < 2[NV4].

Proof. The occurrence of the event

Z[N”Z]

Exw, w) = () {Julw, ) = N, Ky(w, w) # 1}

implies that in the first 2] N'/?] steps of the coupling construction there are neurons spiking
and at each step, the neuron that spikes is the neuron with greatest membrane potential.

For the first step, denoting u; = UY"

Ty (w,w’)

o If Ji(w,w') = N and K;(w, w’) = min, then

{1 NN 41} e {m(a) s a€ Ayd: () [ {w(a) # w(b))

ac AN b#a

and u] = UN ) We have two possible cases:

35
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and

{1,..,N-N"|+1} c{uj(a) : a€ Ay}; ﬂ (\{u1 ) # uj(b)}.

a€AN bta

« If Ji(w,w") = N and K;(w, w’) = max, then either ; = w’ and

{1 N=IN" 51} e u(a) s ae Anks () () # w(b)}

acAN b#a
. Uy / u{
in the case u;(ay) > uj(ay ), or u; = w and

{1, .N-IN"’|+1} c{uj(a) : a€ Ax}; [ [ J{ui(a) # u(b)}

ac AN b+a
in the case u(ay) > wi(ay).
Iterating this, we conclude that if the event E;(w, w’) occurs, then

TZ[NI/Z](W,W Z[Nl/Z](W w

By Remark 3.6, (3.2) implies that NN (w, w’) < 2[N'2]. N

Lemma 3.8. For any n > 1 and for any w, w' € Wy,
P(NE(w, ') < 2n[N"*] < NN (w,w')) =
2n|'N1/2‘|

Z[Nl/z] eLNl/ZJ
P ((Geom (£7) <) o ,
eom | { <n NPT 5 2(N — 1)

where { = 1 - ¢ and Geom ({¥N"1) is a random variable with geometric distribution
8
assuming values in {1,2,...} and with mean 1/{4N"1,

Proof. For any n = 1 and for any w, w’ € Wy, the occurrence of the event

znl'Nl/Z‘l

() {Jm(w, w) € {N = [N"*] +1,..,N}, K(w, w') # T}

implies that U™ € Wy and UY"" € Wy, for all m = 1, ..., 2n[N"?]. This implies that for
any W’ W, E WN,
P(NY(w, W) < 2n[N"*] < N (w, w)) =

2n[N"/2]
(UEm(w w’), ﬂ {Jn(w, W) € {N = IN"?| +1,..., N}, Kn(w, W) # T})
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For any lists u, v € Wy we have that

max{u(ay),v(ag)}

(3]

P(K;(u, v) # T). (3.3)

P(i(u,v) = N,Ki(u, v) # T) =

emax{ u(a}'),v(a;)}

M-

Il
Do

J

The left term of the right-hand side in Equation (3.3) is bounded below by

(N-1)

Q

> (.

z

-1

e

~.
Il
—

Therefore,

2[N2]
IP<El<w, W), () {n(w, W) € (N = [INYZ] 4 1, N}, Ky, W) # ”) )

Z[NI/Z‘l
;AN ( () {Un(w, W) € {N = [N"*] +1,..., N}, Kp(w, W) # T}) ,
m=1
and more generally, for any n = 1,2,...,

n zn[Nl/Z]
' <U En(w,w), () {Jn(w, W) € {N = IN*] + 1,...N}, Kn(w, W) # ”) -

(1- (1—@’“””)”)]?( () {Tnlw. w') € {N = IN"2] + 1,..._N}, K, W) # T}>~

To conclude the proof, note that for any lists u, v € Wy, we have max{u(ay), v(ay)} =
N -1and u(a}f]_lNuzJ) = v(af\’,_[NUzJ) = N - |N'2] - 1. This implies that

2n[N12]
]P< ﬂ {]m(w, w) € {N - IN2] +1,...,N}, Kp(w, W) # T}) >

CLNI/ZJ zn[Nl/Z]
elN"*l + 2(N - 1) '

Lemma 3.9. The following holds

inf ]P(J\fé\](w, w) < VN2 < ./\/}fv(w, w’)) — 1, as N — +oo0.

w,wEWN
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Proof. For any w, w’ € Wy, taking n = |eN'"“N-2|/(2[NV2]) in Lemma 3.8, we have that
P(NY(w,w) < [N 2| < N (w, W) = (3.4)

V2
2[NY/2] L‘31\11/21\”2J/(2[N1/2]) e[Nl/:zJ |eNY2 N2
1_(1_§ ) eleJ+2(N_1) — 1, as N — +o0.

To finish the proof, just note that the bound of Equation 3.4 does not depend on the initial
lists w, w’ € Wy and take n = [¢¥"“N"2]/(2[N"?]) in Lemma 3.8. ]

Corollary 3.10. The following holds

_(N_Nl/Z))

sup  P(Tury (W, W) > € — 0, as N — +oo,

w,wEWN

Proof. For any w, w’ € Wy and for any t > 0,
]P(T./\/'é‘](w,w’)(w’ W,) = t) =

]P(T.N‘g](w,w’)(w’ W,) > 1, N‘é\l(w’ W/) < eNl/zN—Z < N‘{'\](W’ W/))+
PN (w, w') < V"N < N (w, w)}°).

Lemma 3.9 implies that

sup PUNY(w, ') < NN < Njf\’(w, w')}) — 0, as N — +oo.

w,wEWN

Moreover,
V2
P(Tpr () (W, W) > L, N (w, w') < eV N2 < N (w, ) <

P(T) ooy (W, W) > £, N (w, W) < VN2 < NN (w, w)). (3.5)
For any initial lists w, w’ and for any s > 0, if the event NV 5 (w, w) > eV " N2 occurs, then

N-1)

P(Ty(w, w') = Ty a(w, w') > 5) < P(E*" " > s), forany j=1,...,[e" 'N7|.

Therefore, taking ¢ = e ™ V" the right-hand side of Equation (3.5) is bounded above by

[NV N2
(N-1) 1
P Z fj{eN M W 0 as N — +oo. (3.6)
=1

We conclude the proof by putting Equations (3.5) and (3.6) together and noting that the
bound on (3.6) does not depend on the lists w, w’ € Wy.

]
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Remark 3.11. By Remark 3.6 and Equation (3.2), we can replace N X (w, w’) by
inf{s >0 : {UNY e Ly} n {UM" € Ly}}
in Lemmas 3.7, 3.8 and 3.9. This implies that

sup P(inf{s >0 : UN" € Ly} > e‘(N‘Nm)) — 0, as N — +co.
wEWN

Proof. We have now all the ingredients to prove Proposition 3.5.

For any ¢ > 0 and for any w, w’ € Wy,
P(e™" > 1) < P(e¥Y > £, N¥ (w, w') < N (w, W) + PN (w, w') > N (w, w))
Now, note that
P(r™ > £, N (w, w') < N (w, w")) = P(eNY > t, NN (w, w') < N (w, w)).
This implies that
P(eVY > 1) = P(eNY > 1) < PN Y (w, w') > NV (w, w')).
Analogously,
PN > 1) = P(eV > 1) = PNV (w, w) > N (w, w)),
and therefore,

IP(2NY > 1) = P(2N > 1) <« PN (w, w') > NN (w, w')).

By Lemma 3.9, we conclude that

sup sup [P(™Y >t) - P(-VY > H < sup PN (w,w) < J\/}N(w, w')) — 0,

120 wweWy w,wEWN

as N — +oo, and with this we concluded the proof. U]

3.5 Proof of Theorem 3.2

To prove Theorem 3.2 we need to introduce the auxiliary process (U )ief0,+00) that
evolves as a Markov jump process taking values in the set Sy = Sy \ {Oy} with initial list
u € Sy and with infinitesimal generator G defined as follows

Gy =Y eD1{u(b) > 0} [f(x* W) - fw)] + ¥ 1" (w) # Oy} [Fr" W) - fw)],

beAN beANn

for any bounded function f : Sy — R.

Remark 3.12. In general, the processes (UtN’”)te[o,m) and (UtN’”)te[o,m) have the same jump
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rates. The only exception is that ((IN’“)E[O,W) can not jump from a list in which only one
neuron has non-null membrane potential to the null list.

This implies that the processes (U} )tefo,+00) and (N ief0,+00) can be coupled in such way
that )
USN’” = USN’”, foralls € [0, TN’”).

For the auxiliary process (UN ") tef0,+w), let us introduce some extra notation.

Extra notation - auxiliary process
« Denote To =0and forn = 1,2,..., denote Tn the successive jumping times of the

process (UN")e(o.+00), namely

Tn = inf{t > Tn_l : (~]tN’“ + ff;\’“}

« Forn=1,2,.., we define A, € Ay and én € {+, T} as the pair such that

"IN, u AnO “TN,u
U.>" =g (U )
Tn Tn—l

+ The leakage times are defined as f“OT =0andforn = 1,

szlnf{fm = ’frjl : O~m= T}

+ The spiking times are defined as fg =0andforn =1,

T: =inf{T, > T, : O, =<}.

« For any time interval I c [0, +0), the counting measures indicating the number of
leakage times and spiking times that occurred during the time interval I are defined

as
ZiD=> 1T e1} and Z(I)=) 1{T el}.
j=1 j=1

« In the next proposition, we prove that (U;'"*) cjo..) has an unique invariant proba-
bility measure. We use the symbol pV to denote this probability measure.

Proposition 3.13. The process (U;'"*) 0.+ is ergodic.
Proof. Let | € Ly satisfies [(a) = a— 1, for all a € Ay. For any u € §N, we have that
l=7a%om®*o... oV (u),

and then, if the event ﬂﬁl{Aj =N-j+1, (5]- =«} occurs, then ﬁﬁ” =

Let 3 i
NN =inf{n=1: Ug’“ =1}
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As in Theorem 3.1, for any v’ € S~'N, we have that
lP(./\N/'N’”s n+2N—1)U]iV’“= u’) >
P(ON €Ly 0N = )P (N <nraN-1|0M ecLy).
ThiN-1 Ty TniN-1

Moreover, the right-hand side of the equation above is bounded above by [2(N - 1)]"V-1¢,

where

N
é:mln{P(m{Anﬂ :N—j+ 1’én+j :*} ‘ (}Yl}j’u = U) : UEﬁN}

Jj=1

We conclude that for any n > 1,
1P(./\~fN’l >n) < lP((ZN - 1) x Geom([Z(N - 1)]’<N’1)€) > n),

where Geom(r) denotes a random variable with geometric distribution assuming values
in {1,2,...} and with mean 1/r. This implies that E(N"M!) < +c0 and then, ((7?’”),120 isa

positive-recurrent Markov chain. The jump rate of the process (U ) tef0,+w0) Satisfies

Z 1{u/(a) > 0} (e”/(“) + 1{nT (W) # 6N}) > e,

acAN

for any u’ € Sy. Putting all this together we conclude that (UN"),¢(o,.s) is ergodic. ]

The proof of Theorem 3.2 is based on two lemmas.
Lemma 3.14. The invariant probability measure N of the auxiliary process satisfies

NWy) — 1, as N — +oo.

Proof. To prove Lemma 3.14, we will first show that there exists sets S(l), 51(\‘? and SJ(\?) such
that
SV 5595850 5wy
and for any j € {1, 2,3}, _
pN(SI(\]])) — 1, as N — +oo.
Let )
S](\}) ={ueSy:|{ae Ay : u(a) =0}/ = Nz}

and consider the following events

EY, = {Z'([0,N?]) = 1},

41
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For any u € Sy, the rate in which the process has a leakage is bounded above by N.
Moreover, the rate in which the process has a spike is bounded bellow by e. This implies
that

P(EY,) = P (5{6} < Né) — 1, as N — +oo, (3.7)
N? )
]P(E](\})Z) =P Z fj{N} =Nz | -1, as N — +oo. (3.8)
=1

For any list u € Sy and for any instant n > 1, we have that

~ N 1
P (00 =00 =) = .

n-1

This implies that for any initial list u € S'N and for any j = 1,..., N%/ [NTUZJ,

~ ~ ~ 1 N1/2
(2 ([1] sy T ) = 1) = (Geom (3) = [N -1).
GO+ L 2 2

where Geom (%) is a random variable with geometric distribution assuming values in
{1,2,...} and with mean 2. Therefore,

N1/2

N2/ N2
]P(EE)S) > <1 _ z—lTJJrl) 2

— 1, as N — +o0, (3.9

If the event Eﬁ)l n EI(\},)Z n E](\})g occurs, then until time N'? the process has at least one
spiking time and at most [N'?] - 1 successive leakage times (with no spiking times in
between). This implies that INJJSTI’,Z‘ € S};). Since the inequalities of Equations (3.7) , (3.8) and
(3.9) holds for any u € Sy and they do not depend on w, it follows that

sup ]P(Uj\x/lzl ¢ SS)) — 0, as N — +oo,

UESN

and as a consequence,

,uN(Sﬁ)) = Z yN(u)]P(U]]\}];/’Z‘ € SI(\})) — 1, as N — +o0.

UES‘N

Let

Sﬁ) = {u € 5~'N : there exists aj, ..., apyi2] € A, such that 1 < u(a;) < ... < u (a[Nuz])}
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and consider the following events

N2 M2
@ _ S ([ 7t il
Ex = Q {Z ([To—nlNi”Jﬂ’Tth;”J]) = 1}’
E?, = {Z([0,N"%]) = N?},

As in Equation (3.8) and (3.9),

@) N1/2 Nz/[%/zj
P(Ey}) = (1 - 2_LTJ”> — 1, as N — +oo, (3.10)
NZ
]P(EI(\?,)2 = <Z fj{N} > N‘1*> — 1, as N — +oo0. (3.11)
j=1

For any initial list u € S, the occurrence of E}(\?)l n Ez(\?,)z implies that until time N~

the rate in which the process has a spike is bounded bellow by e(N — 2[N*/2]). This implies
that

[Nl/Z]
]P(Ej(\?)?,) > P < Z ,fj{e(N‘z[Nl/z])} < N}t) P (Eﬁ?l n Eﬁg) — 1, as N — +oo.
j=1

For any initial list u € S, if the event Eﬁ?l n Eﬁ)Z n Eﬁg occurs, then until time N~* the
process has at least [N'/?] spiking times and at most [ N"?| - 1 successive leakage times

(with no spiking times in between). This implies that 1713134 € SI(\']Z). Therefore,

sup P(U,)1, ¢ S¥) — 0, as N — +oo,

uES;})
and as a consequence,

,uN(SJ(\?)) = Z ,uN(u)IP((7]\]77_’1’54L € SI(\?)) — 1, as N — +oo0.

L{ES'N

Let
SV ={ueSy:u@)zj-1, foralj=1,.,N}

and consider the following events

EY, = {Z1([0,N?]) = 0},

EY, = {Z'([0,N?]) = N}.

For any u € SJ(\',Z),
]P(Eﬁ?l) =P (§{N} > N‘z) — 1, as N — +oo,
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For any initial list u € S, the occurrence of the event Ez(\?)1 implies that until time N2 the
rate in which the process has a spike is bounded bellow by el "I This implies that

N 12
]P(E}(\?)z) =P (Z Szj{ew h < N—2> P (ES)I) — 1, as N — +oo.
=1

For any initial list u € S, if the event Eﬁ)l n Eﬁ)z occurs, then until time N~? the process

has at least N spiking times and does not have any leakage. This implies that f]]y;‘ € SS).
Therefore,

sup lP(UAI}]_’f ¢ SS)) — 0, as N — +oo,

uESI(\?)

and as a consequence,

,uN(Sﬁ)) = Z ,uN(u)IP((}If,V:;‘ € SS)) — 1, as N — +o0.

MESN

Recall that

Wy = {uESN : {1,...,N—[N1/2J} c{u(a) : a€ Ax}; ﬂ ﬂ{u(a)# u(b)}}

a€AN b#a

and consider the following events

~ _ _N\1/4
EY = {Z7([0,e VN = 0},

« - (N-NY4 ~“Nu, %
EN) = {Z 1T = N, ONA) < N - [N'2],0, =4} = O},

=1

o _(N-N4
EY, = {Z'([0,e M N]) = N + [NV},
N+[N1/2] N ) i

E](\Z]l,)4 = ﬂ {Uglu(Aj) > maX{Ugf(G) cac AN} _ [Nl/zJ}.

j=1

For any u € §N,

]P(EJ(\‘;?I) =P (.f{N} = e’(N’NlM)) — 1, as N — +oo,

The rate in which the process has a spike of a neuron that in the moment of the spike have
membrane potential smaller or equal N — |[N?] is bounded above by NeNIN"*l Therefore,

_In1/2
P(EY,) = P (§{N‘3N T e_(N‘NM)) — 1, as N — +oo.

For any u € S, the occurrence of the event EI(\‘}?I implies that the rate in which the
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process has a spike is bounded bellow by eV, Therefore,
N+[N"2]
]P(EI(33 >]P< Z gjeNl)} *(N N1/4>IP<E](3’)1> — 1, as N — +oo0,
Moreover, the probability

P (Ug“(zﬁil) > max {u(a) : a € Ay} - [N”zj) (3.12)

is minimized when the difference between the membrane potential of the neuron with
greatest potential and the membrane potential of the other neurons is [N?| + 1. This
implies that (3.12) is bounded bellow by

elNl/ZJ

elNl/ZJ + Z(N _ 1)a

and therefore,

N+[NV2]

lNl/ZJ
]P(E;\Afl,)4 z ( N1 3 (N - 1)> P (E](\Z,{)l n EI(\?,)3) — 1, as N — +oo.

For any initial list u € S, if the event El(j)l n...n EY, occurs, then until time e”™-N"")

the process has at least N + [N'?] spiking times, does not have any leakage of membrane
potential and does not have any spike of a neuron with membrane potential smaller or
equal N - |[NV2|. This implies that

{1 Nl/ZJ} {UN(;;NM)( ) : aEAN}.

Moreover, the occurrence of the events Eﬁ)l nEA‘})3nE]3)4 implies that all neurons spikes atleast

once in the first N + [N'?] steps of the process. This implies that U S (@) # U St (@)

for all a # a’. We conclude that U((wam) € Why.

Therefore,
sup 1P< T - WN) — 0, as N — +oo,

u€ 5(3)

and as a consequence,

= Z N (u)P (UNUL‘NU4 € WN> — 1, as N — +oo.

u€5' N

From Lemma 3.14 it follows Corollaries 3.15 and 3.16, that are used to prove Theorems
3.2 and 3.3.

45
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Corollary 3.15. The following holds

inf P (inf{f‘n : U;V” € EN} < t(N) + e‘(N’Nw)) — 1, as N — +oo,

UESN

Wh-ere t(N) = Nl/2 + N—1/4 + N—Z n e_(N_NlM).
Proof. First, note that

inf P (mf{fn L OMve wN} < t(N)) .

UuESN
lr;f ]P <U]\J>[1)/124 E S}\})) U]\]>[1’/121+N71/4 e S(Z)a UJGII’/124+N71/4+N72 E 5(3)9 Utl(\[]\);; E WN) N
UESN

Remark 3.11 implies that for any w € Wy,

inf P (inf{fn : U;\]W € L’N} < e_(N’NUZ)) — 1, as N — +o0,

wEWN

We conclude the proof by putting all this together with Lemma 3.14 and Markov property.
N

Corollary 3.16. The following holds

inf P (inf{Tn : Uﬁ’“ € £N} < t'(N)) — 1, as N — +oo,

uES}f,))

where /(N) = N4+ N2 4 g W-N") 4 oo (N-N'P),

Proof. Note that starting from any list u € SO as in the proof of Lemma 3.14 we have that
P (E](\?)1 n Eﬁ)z n Eﬁé) — 1, as N — +o0.

Then, as in Corollary 3.15 we have that

in:[;)]P (inf{fn : ﬁ;\’” € EN} < t’(N)) — 1, as N — +oo, (3.13)
UESy "

By the definition of the events Eﬁ’)l, Eﬁ)l and Eﬁ’)l, we have that

in(f)}P(inf{fn : ‘ae Ay : U%V’”(a) > 0‘ = 1} > t’(N)) — 1, as N — +oo,

uESA?
By Remark 3.12 and the coupling construction, it follows that

inf P (UtN” = UtN’”, for all t € [0, t'(N)]) — 1, as N — +oo.

uESJ(\(]))

Therefore, we can replace U by U and T, by T, on Equation (3.13) and with this we
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concluded the proof.

Lemma 3.17. For any N = 2, for any list | € Ly and for any s > 0,
HNOVR)
pN(WN)

P(U" € W) = + (N, s),

where limy_, .. 8(N, s) = 0, for any s > 0.

Proof. For any s > 0,

oy = Y N @P@N e Wy« Y NPT € Wy).

ueEWN ues, N\ WN

By Remark 3.12, for any [ € Ly and w € Wy we have
P(UN™ € Wy) < P(UM € Wy) + P ({ Tux (L w) > st u{NE (L w) > NI w)}) .
Considering

(N, s) =sup sup P ({TNQ’(LW)(L w) > s} u {NY (L w) > NN(L, w)}),

leLny WEWN

by Lemma 3.9 and Corollary 3.10 it follows that lim J(N, s) = 0, for any s > 0. Moreover,

N—+o0

> N WPON € Ly) < 1- N (Wy).

uESN'N\WN

This implies that
KN OVy) = pN WP € Wy) + 8(N, ) + (1 - ¥ (W),

and therefore,

PN (Wy) = (1= ¥ (Wy)
pN(WN)

With this we concluded the proof of Lemma 3.17.

P(UN! € Wy) = - 8(N,s).

Proof. Now we will prove Theorem 3.2.

By Remark 3.12 and the invariance by permutation of the process it follows that for
any u € SI(\(,)), for any I € Ly and for any ¢t > 0,

P (UtN’“ € Sy \ Wy | TV - t) < P(nf{t >0 : UM € Ly} > t/2)+ sup P (TN € Sy \ Wy).

s€[t/2,t]
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By Corollary 3.16,

sup P(inf{t >0 : UM € Ly} > /2) — 0, as N — +oo.

ues}f})

By Lemma 3.17,

R N N c
sup P (UM € Sy \ Wy) = 7 S(N, t/2).

se[t/2,t] .UN(WN )

By Lemmas 3.14 and 3.17 it follows that

lim (N, t/2) = Nlim N W5) =0

N—+oc0

and with this we concluded the proof.

Remark 3.18. For any N = 2, P(inf{t > 0 : U"" € Ly} > t/2) and 5(N, t/2) decreases
with t. This implies that for any (ty : N = 2) such that lim ty = +oo, we have

N—+oo

inf ]P(Uti]’” € Wy | N > tN) — 1, as N — +o0,

uESI(\?)

3.6 Proof of Theorem 3.3

For any fixed [ € Ly, let cy; be the positive real number such that
P(t™! > cyy) = e (3.14)

Due to the invariance by permutation of the process, it is clear that cy; = ¢y, for any pair
of lists [ and I’ belonging to Ly. Therefore, in what follows we will omit to indicate [ in
the notation of cy.

To prove Theorem 3.3, we first prove the following proposition that gives a bound for
CN.

Proposition 3.19. For any N = 3,

N-1+¢eN2

NETN-y

Proof. For a initial list € Ly, let

Tf\]=inf{Tn : 0, = T,U{On_j=1'}}.
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We have .
N =T - T,
j=1

where G = inf{j : Z*([T;fl, Y;T]) <N -2}

The rate in which the process has a leakage is bounded above by N - 1. Therefore, for
any j = 1 and for any s > 0,

P(T/ - T, > 5) 2 PEN > ).

Recall that
Sﬁ) ={u€ Sy : u(a]'.‘) >j-1, foranyj=1,..,N}.
For any initial list w € Wy, we have that
UMY e Sﬁ), forany t < T

Moreover, for any initial list u € Sy \ {6N}, if O = ... = On_; =+, then Ugv “1 € Sﬁ). Together

with Markov property, this implies that for any m > 1 and for any j > 1,
N-1

P(Z(T T D=N-2|T!, =T, G=j)=P <U{o,-+m = 1} ) On=1Up" € s}?) :

j=1

The probability on the right-hand side of equation above is bounded above by

N -1
R

Therefore, for any s > 0,

Geom(Ay)
P(zN > s) =P Z é{N‘l} >t],
j=1

where Geom(Ay) is a random variable independent of (fj{N_l}) ;-1 with Geometric distribu-
tion assuming values in {1, 2, ...} with mean 1/Ay. This implies that

P(zN >s) =P (§{AN(N-1)} > 3) ]

Therefore,
el = ]P(’Z'N’l > CN) > ]P(TEV > CN) > e_cNAN(N_l)’

and then,
1

AN(N = 1)

CN =

49



50

3 | METASTABILITY IN A STOCHASTIC SYSTEM OF SPIKING NEURONS WITH LEAKAGE

To prove Theorem 3.3, we prove Proposition 3.20 which is interesting by itself.

Proposition 3.20. For any sequence (Iy € Ly : N = 2),

7'.N,lN

— Exp(1), as N — +oo,
CN

where Exp(1) is a random variable exponentially distributed with mean 1.

Proof. First of all, we will prove that for any sequence (ly € Ly : N = 2) and for any pair
of positive real numbers s, ¢t > 0, the following holds

N,lN N,lN NalN
T T T
]P( >S+t>—]P< >S>JP< >t>
N CN N

Indeed, for any N > 2 and for any [ € Ly,

N, N,l N,l
P(T—>S+t>—P<T—>S>]P<T—>t>
CN CN CN

lim

N—+c0

= 0. (3.15)

=<

NI Nou NI
> ]P(Ué‘vf’slzu,—>s>]P< >t>—]P<—>t>. (3.16)
ueSy\ {0y} N N N
The right-hand side of Equation (3.16) is equal
v NI Nou NI
Y P(UN =u—>s||P st)-P—>t)|+
uEWy N N N
NI N N
> P(Ugf:u,—>s>P< >t>—lP(—>t>s
uESN\{ Wy U Oy} N N N
sup |[P(cN > cyt) - P(cM™ > cNt)) +P (Ucﬁsl € Sy \ Wy, V! > ch) . (3.17)
WEWN

By Theorem 3.2, Remark 3.18 and Propositions 3.5 and 3.19, Equation (3.17) and the
invariance by permutation of the process implies (3.15).

By definition, for any N = 2 and for any [ € Ly,

NI
-

p <_ . 1> _ e
CN

Iterating (3.15) with t = s = 27", for n = 1, 2, ..., we have that for any sequence (Iy € Ly :
N = 2),

TN -n
P >2") > e?", as N — +oo.
CN
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More generally, we have that for any

tE {Zm: b(n)2™" : b(n)€e {0,1},n=1,..,m,m=> 1}

is valid that

AN
P < > t> — e, as N — +oo. (3.18)
N

Any real number r € (0, 1) has a binary representation

where for any n > 1, b(n) € {0, 1}. Therefore, the monotonicity of

NIy
T
t— P ( > t)
CN

implies that the convergence in (3.18) is valid for any ¢ € (0, 1). Moreover, for any positive
integer n = 1, Equation (3.15) implies that

N
P >n| —e", asN — +o0.
N

We conclude that (3.18) is valid for any ¢ > 0. [

Remark 3.21. Forany N = 2 and for any Iy € Ly, the function fy : [0, +c0) — [0, 1] given

by
N,y
fu() =P (T > t)

CN

is monotonic. Also, by Proposition 3.20, it converges pointwise as N — +0o to a continuous
function. Therefore, for any (ey : N = 2) such that Nlim ey =0, foranyt > 0 and for any
—>+00

sequence (Iy € Ly : N = 2), we have
TN,IN TNJN
. . —t
lim IP( >t+eN>=11m ]P( >t—eN>=e.
N—+o0 CN N—+oc0 CN

To prove Theorem 3.3, we need the two following lemmas.

Lemma 3.22. Foranyt > 0,

) TN,u .
lim sup P >t)=e.

N=4% sesyfin) N
Proof. For any u € Sy \ Ly and for any N = 2, considering the event

En, = { min{ ™" inf{T, : Uﬁ’” ELNIY <NV AN LNZL e (NN e‘(N-N”Z)}’
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we have that

TN’u TN,u . N,u N,u
P >t =P > t,Eny, inf{T, : U " € Ly} < 77" ) + (3.19)
CN CN "

TN,u N ,Z.N,u
P >t Eny, TV < inf{T, : UN" € Ly} ) +P >t,E, |-
CN " CN ’

By Proposition 3.19, there exists N; > 0 such that for any N > N,, we have that cyt >
NY2 4 N7V 4 N2 4 NN o o-(N-N") This implies that, for any N > N, and for any

uGSN\ﬁN,

N,u
JP(T >t,EN’u,TN’“<inf{Tn : U#’”EWN}) =0.
CN n

Considering [ € Ly, for any u € Sy \ {Ly v BN} and for any N > N, the left-hand side of
Equation (3.19) is bounded above by

NI NY2 4 N-V4 4 N2 4+ e—(N—N”“) n e—(N—NW) .
Pl— >t- + P(ES ). (3.20)

CN CN
By Remark 3.12 and Corollary 3.15, it follows that

lim sup P(Ey,)=0.

N=eo uESN\{aN}
By Proposition 3.19, it follows that

_ _ _(N_N1/4 _(N_N1/2

i N1/2+N1/4+N2+€(NN)+€(NN) 0

1m = 0.
N—+oc0 CN

Therefore, by Remark 3.21 we have that

- > t-
CN CN

lim supP

N—+o0 lely

1/4 1/2
(TN,I N2 4 N4 4 N2 4 o (N-N") | -(N-N )) .
=e .

We conclude the proof by noting that the limits in the last equation do not depend on u.

]

Lemma 3.23. There exists a € (0,1) and N, > 0 such that for any N > N, and any l € Ly,
the following upperbound holds
N
P (— > n) <a”,
N

for any positive integer n > 1.
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Proof. By Lemma 3.22, for any fixed a € (e, 1), there exists N, such that for all N > N,,

7'.N,u
sup P >1)=sa<1l (3.21)

ueSN\{ﬁN} CN
For any [ € Ly and for any n € {2,3, ...},

Nl NI N
P{—=>n)-= Z P —>n—1,UN’ll=u]P >1]).
CN CN en(n-1) CN

uESN\{aN}

Equation (3.21) implies that for any N > N,

N,I NI
]P<T—>n>sa]P<T—>n—l>. (3.22)
CN CN

We finish the proof by iterating (3.22). [

Proof. We will now prove Theorem 3.3.

First of all, we will prove that for any sequence (Iy € Ly : N = 2), the following holds

TN’IN

W — Exp(1) in distribution, as N — +oco. (3.23)

Considering Proposition 3.20, we only need to show that

E[cNN
lim [ ] =1.
N—+o0 CN
Actually, .
]E T SIN +00
lim [ ] = lim P(rNN > cys)ds.
N—+o00 CN N—+oo Jo

Lemma 3.23 and the Dominated Convergence Theorem, allow us to put the limit inside
the integral in the last term

+00

lim P(rVN > cys)ds = / lim P(zV™ > cys)ds = / e’ds=1.
0 0

N—+eo f, N—>+o0
This and Proposition 3.20 imply (3.23).
For any N = 2, for any u € 51(\?) and for any s > 0,
P(rN* > cys) = P(t" > cys, Exy) + P(TV" > cys, Ey )

where
EN,u = {Hlf{t : UtN’u € EN} < 1}

For any I € Ly, by Markov property and the invariance by permutation of the process we
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have
NI

N Nu T 1
P{— >s)PEny) =P >cns,Eny) <P — > s—- — | P(Eno). (3.24)
CN N CN

By Corollary 3.16,
ngrfoo uler;;f? P(En.a) =1,

and then, for any sequence (uy € S}\(])) : N =2),

lim P(zV*™ > cys, Eyyy) = lim P(2V™ > cys).

N—+o0 N—+o0

Proposition 3.19 and Remark 3.21 implies that for any sequence (Ily € Ly : N = 2),

_ NI . NIy 1 B
lim P >s) = lim P >s—— | =¢€".
N-—+oo cN N—+c0 CN CN

The conclusion follows from Equation (3.24) and by observing that the Dominated Con-
vergence Theorem allow us to replace cy by E[7V*¥] as we did to prove that Equation

(3.23) holds. [
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