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Resumo

PINTO, J. A. D. P. Aprofundando as noções de dependência e envelhecimento em dis-
tribuições bivariadas de probabilidade. 2014. 174 f. Tese (Doutorado) - Instituto de Matemática
e Estatística, Universidade de São Paulo, São Paulo, 2014.
A distribuição bivariada de Marshall-Olkin é estendida, relaxando-se a hipótese de choques expo-
nencialmente distribuídos e assumindo-se dependência entre os choques individuais. Abordagem
semelhante é considerada para sua versão dual. Representação por meio de cópula, propriedades
probabilísticas e de confiabilidade assim como resultados em valores extremos são então obtidos. A
propriedade de falta de memória bivariada é estendida assumindo-se uma função de dependência
sem memória. Uma nova classe de distribuições caracterizada por essa propriedade estendida é in-
troduzida. Correspondentes interpretações geométricas, procedimentos de construção, representação
estocástica, relação com cópula de sobrevivência e propriedades de confiabilidade são derivadas.

Palavras-chave: Modelo de Marshall-Olkin bivariado, Modelo dual, Representação exponencial,
Funçāo de dependência, Envelhecimento bivariado, Cópula, Cópula de sobrevivência, Ordem es-
tocástica, Distribuição bivariada de valores extremos, Medida de Pickands, Função de dependência
de Pickands, Taxa de falhas, Gradiente bivariado de riscos, Falta de memória bivariada, Vetor de
vidas residuais, Caracterização.
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Abstract

PINTO, J. A. D. P. Deepening the notions of dependence and aging in bivariate prob-
ability distributions. 2014. 174 f. Tese (Doutorado) - Instituto de Matemática e Estatística,
Universidade de São Paulo, São Paulo, 2014.
The bivariate Marshall-Olkin distribution is extended, relaxing the assumption of exponentially
distributed shocks and assuming dependence between the individual shocks. Similar approach is
considered for its dual version. Copula representation, probabilistic and reliability properties as well
as extreme value results are obtained. The bivariate lack-of-memory property is extended assum-
ing memoryless dependence function. A new class of distributions characterized by this extended
property is introduced. Corresponding geometric interpretations, building procedures, stochastic
representation, survival copula relation and reliability properties are derived.

Keywords: Bivariate Marshall-Olkin model, Dual model, Exponential representation, Dependence
function, Bivariate aging, Copula, Survival copula, Stochastic order, Bivariate extreme value distri-
bution, Pickands measure, Pickands dependence function, Failure rate, Bivariate hazard gradient,
Bivariate lack-of-memory, Residual lifetime vector, Characterization.
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Chapter 1

Introduction

A nonnegative continuous random variable X follows the exponential distribution with param-
eter λ > 0 if its density function is given by

fX(x) = λ exp{−λx}. (1.1)

The exponential distribution plays a central role in Statistics, not only for its properties, but
also for its applications and a thorough exposition on this probability distribution can be found in
Chapter 1 of Galambos and Kotz (1978) and in Balakrishnan and Basu (1995).

Among the several properties of the exponential distribution, one particularly important for this
thesis refers to the lack-of-memory. Denoting SX(x) = P(X > x) the survival function of X, the
lack-of-memory property is given by the functional equation

SX(x+ y) = SX(x)SX(y), (1.2)

for all x, y ≥ 0. In fact, if X is a nonnegative continuous random variable, then X follows an
exponential distribution if and only if its survival function satisfies (1.2). In other words, among
the continuous univariate distributions, the lack-of-memory property characterizes the exponential
distribution.

The lack-of-memory property is fundamental for obtaining a particular bivariate exponential
distribution, namely, the bivariate Marshall-Olkin distribution, see Marshall and Olkin (1967).

In this thesis, two different extensions will be obtained, both having the bivariate Marshall-Olkin
model as the starting point. The first extension is directly concerned with the distribution and its
dual version. The second one has to do with the generalization of the bivariate lack-of-memory
property introduced in Marshall and Olkin (1967).

1.1 Objectives

The objective of this thesis is twofold. In the first part, consisting of Chapters 3 and 4, we extend
the Marshall-Olkin distribution and its dual version, by allowing dependence between the subjacent
individual shocks, and study the properties of the resulting models. In the second part, covered on
Chapters 5 to 7, we extend the bivariate lack-of-memory property introduced in Marshall and Olkin
(1967), by requiring only a memoryless dependence function, and also study the properties of the

1



2 INTRODUCTION 1.3

class of distributions that satisfy this weaker property.

1.2 Contributions

The main contributions of this thesis are:

• In Chapter 3 we extend the Marshall-Olkin distribution, introduced in Marshall and Olkin
(1967), relaxing the assumptions of exponentially distributed and independent individual
shocks. For the proposed model we obtain the corresponding survival copula expression, an
inverse copula representation, probabilistic properties, an absolutely continuous version and
related aging properties, as well an extreme value result;

• In Chapter 4 we extend the dual generalized Marshall-Olkin distribution of Fang and Li
(2013) relaxing the assumption of independence between individual shocks. For the obtained
model we obtain the corresponding copula expression, probabilistic and stochastic order prop-
erties;

• In Chapter 5 we introduce a new class L(x; a) of nonnegative continuous distributions char-
acterized by a linear form for the sum of the components of the hazard gradient vector. This
new class contains all distributions which possess the bivariate lack-of-memory property, the
Gumbel´s type I bivariate exponential distribution and many others. These distributions ex-
hibit a characteristic aging behaviour. We characterize the members of this new class and
provide a methodology for obtaining them;

• In Chapter 6 we introduce a new type of bivariate lack-of-memory property, the linear Sibuya
bivariate lack-of-memory property (LS-BLMP), weaker than the classical property introduced
in Marshall and Olkin (1967). We require a memory-less dependence function and addition-
ally impose a natural aging condition on marginals. This property characterizes the class
L(x; a) introduced in Chapter 5. Closure and reliability properties are obtained;

• In Chapter 7 we introduce the Sibuya bivariate lack-of-memory property (S-BLMP), a weaker
form for LS-BLMP. We also introduce the class L(x; A), composed by nonnegative continuous
distributions characterized by a separable form for the sum of the components of the hazard
gradient vector, generalizing the class L(x; a). We show the equivalence between S-BLMP
and L(x; A). Concerning the members of L(x; A), we provide a stochastic representation,
characterize the absolutely continuous ones as well as propose a general building scheme. We
also generalize the S-BLMP in a way that parallels the approach of Oakes (2005).

1.3 Organization of the thesis

In Chapter 2 we review the bivariate Marshall-Olkin distribution and the various definitions of
lack-of-memory property. In Chapter 3 we extend the Marshall-Olkin distribution of Marshall and Olkin
(1967) and in Chapter 4, the dual generalized Marshall-Olkin distribution of Fang and Li (2013).
In Chapter 5 we introduce a new class of distributions, denoted by L(x; a) and in Chapter 6 we con-
sider a new type of bivariate lack-of-memory property, the linear Sibuya bivariate lack-of-memory
property (LS-BLMP). In Chapter 7 the Sibuya bivariate lack-of-memory property (S-BLMP) and
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a wider class of distributions L(x; A) are defined and studied. We also generalize the S-BLMP.
Conclusions are presented in Chapter 8.
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Chapter 2

Bivariate Marshall-Olkin distribution
and lack-of-memory property

2.1 Introduction

According to Galambos and Kotz (1978), multivariate versions of the exponential distribution
took time to be introduced due to the late development of statistical models based on the univariate
exponential distribution as well as the strong influence of the multivariate normal distribution on
theoretical and applied Statistics. The earliest bivariate extensions of the exponential distribution
were motivated by extreme value theory.

Differently from the normal distribution, there is not a unique bivariate exponential distribution.
Bivariate exponential distributions should have marginals exponentially distributed, but this is not
the rule and the distributions of Freund (1961), Friday and Patil (1977) and Arnold and Strauss
(1988) are sometimes denominated bivariate extensions of the exponential distribution.

In this chapter we will consider the bivariate exponential distributions proposed by Gumbel
(1960) and Marshall and Olkin (1967). For other bivariate (extensions of) exponential distributions,
we refer the reader to Basu (1988), Kotz et al. (2000) and Balakrishnan and Lai (2009).

2.2 Gumbel distributions

Gumbel (1960) suggested three different bivariate exponential distributions, also known as
Type I, II and III, with support on {(x1, x2) |x1, x2 ≥ 0}, and exponential marginals with unitary
parameter. Denoting bivariate survival functions as SX1,X2(x1, x2) = P(X1 > x1, X2 > x2), the
distributions proposed in Gumbel (1960) are respectively given by

SX1,X2(x1, x2) = exp{−x1 − x2 − θx1x2}, θ ∈ [0, 1], (2.1)

SX1,X2(x1, x2) = exp{−x1}+ exp{−x2}

+ (1− exp{−x1})(1− exp{−x2})[1 + α exp{−x1 − x2}]− 1, α ∈ [−1, 1],
(2.2)

SX1,X2(x1, x2) = exp{−(xm1 + xm2 )
1
m }, m ≥ 1. (2.3)

5
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The Gumbel´s Type I bivariate exponential distribution (2.1) has been differently characterized
in the literature, for example, Johnson and Kotz (1975), Raja Rao et al. (1993), Nair and Nair
(1988b), Nair and Nair (1988a), Roy (2002a) and Roy (2004). All these characterizations share a
common aspect, a new definition for bivariate lack-of-memory property, see Section 2.4.

By its turn, the Gumbel´s Type III bivariate exponential distribution (2.3) has applications in
extreme value theory, see Example 3.7.18.

These bivariate distributions have more general versions, where the marginals are exponentially
distributed, but the parameter is no longer unitary, see relations (3.12) and (5.3), for example, with
corresponding survival copulas given by (3.42) and (3.17). In Balakrishnan and Lai (2009) and
Kotz et al. (2000) one can find an extensive analysis of these distributions.

2.3 Bivariate Marshall-Olkin distribution

Marshall and Olkin (1967) introduced a bivariate exponential distribution with survival func-
tion given by

SX1,X2(x1, x2) = exp{−λ1x1 − λ2x2 − λ3 max(x1, x2)}, (2.4)

for all x1, x2 ≥ 0 and λi > 0, i = 1, 2, 3. Four different approaches that can be used to obtain this
distribution are shown in the sequel.

2.3.1 Derivations of the Marshall-Olkin distribution

“Fatal shock” model

Consider a two component system subject to three different shocks that, upon occurrence,
destroy the hit component. The first shock only hits the first component, the same for the second
shock, while the third one hits both components simultaneously, see Figure 2.1. For this reason, the
first two shocks are known as individual shocks and the third one is denominated common shock.

The shocks are governed by independent Poisson processes, Z1(t, λ1), Z2(t, λ2) and Z3(t, λ3),
where Zi, i = 1, 2, denote the individual shocks, Z3 the common shock and λi, i = 1, 2, 3, the
parameters of the corresponding Poisson processes.

Denoting by X1 and X2 the lifetimes of the two components, their joint survival function is
given by the Marshall-Olkin distribution (2.4).

Component 1 Component 2

Z1{t, λ1} arrives at
T1 = time to individual shock

Z2{t, λ2} arrives at
T2 = time to individual shock

Z3{t, λ3} arrives at
T3 = time to common shock

X1 = min(T1, T3) X2 = min(T2, T3)

Figure 2.1: “Fatal shock” model in Marshall-Olkin distribution.
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Non-fatal shock models

In this second approach a two component system is still considered, but the shocks may (or may
not) destroy the hit component, changing (or not) its state from 1 (working) for 0 (not working).

The state of the system is described by ordered pairs (1, 1), (0, 1), (1, 0) and (0, 0), where the
first position refers to the state of the first component and the second position to the state of the
second one. The shock i, i = 1, 2, can destroy component i with probability pi. The third shock can
change the state of the system from (1, 1) to (0, 0), (0, 1), (1, 0) or (1, 1) with probabilities p00, p01,
p10 and p11, respectively.

From this formulation it is possible to recover the Marshall-Olkin distribution (2.4), but not
so directly as in the previous formulation. The “Fatal shock” model is a particular case, when
p1 = p2 = 1 and p00 = 1.

Residual lifetime independent of age

In this third formulation, Marshall and Olkin (1967) initially tried to extend the univariate
lack-of-memory property to the bivariate dimension considering the functional equation

SX1,X2(x1 + t1, x2 + t2) = SX1,X2(x1, x2)SX1,X2(t1, t2), (2.5)

for all x1, x2 ≥ 0 and t1, t2 ≥ 0.

Meanwhile, condition (2.5) is too strong and the only continuous solution is

SX1,X2(x1, x2) = exp{−b1x1 − b2x2}, b1, b2 > 0,

i.e., X1 and X2 are independent and exponentially distributed.
A weaker version, obtained letting t1 = t2 = t in (2.5) was considered, resulting in the functional

equation
SX1,X2(x1 + t, x2 + t) = SX1,X2(x1, x2)SX1,X2(t, t), (2.6)

for all x1, x2 ≥ 0 and t ≥ 0. Relation (2.6) admits the probabilistic interpretation

P(X1 > x1 + t,X2 > x2 + t |x1 > t, x2 > t) = P(X1 > x1, X2 > x2). (2.7)

Remark 2.3.1. Relation (2.6), or its equivalent version (2.7), characterizes the earliest version of
the bivariate lack-of-memory property. In fact, bivariate survival functions that satisfy (2.6),
or (2.7), have the bivariate lack-of-memory property.

The continuous solution of the functional equation (2.6) is

SX1,X2(x1, x2) =

exp{−θx2}SX1(x1 − x2), if x1 ≥ x2 ≥ 0,

exp{−θx1}SX2(x2 − x1), if x2 ≥ x1 ≥ 0,
(2.8)

where θ > 0.

Imposing marginals exponentially distributed in (2.8) the Marshall-Olkin distribution (2.4) is
obtained. One can consider other marginal distributions in relation (2.8), such as mixtures of expo-
nential distributions. Meanwhile, restrictions on the marginals have to be considered so that (2.8)
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is a proper survival function, see Ghurye and Marshall (1984) and Kulkarni (2006).

Remark 2.3.2. Block (1977) characterized the lack-of-memory property based on a previous result
in Block and Basu (1974): let (X1, X2) be a bivariate nonnegative random vector with absolutely
continuous marginal distributions and consider the random variables X = min(X1, X2) and D =

X1 −X2. The lack-of-memory property holds true if and only if X and D are independent and X
is exponentially distributed.

Stochastic representation

Marshall and Olkin (1967) showed that the nonnegative continuous bivariate random vector
(X1, X2) follows the Marshall-Olkin distribution if and only if there exist random variables T1, T2
and T3 independent and exponentially distributed such that

(X1, X2) = (min(T1, T3),min(T2, T3)), (2.9)

providing a fourth characterization of this distribution. In Section 4 of Marshall and Olkin (1967)
these different characterizations are used to obtain the multivariate version of the distribution.

Remark 2.3.3. Other characterizations of the Marshall-Olkin distribution (2.4) can be found in
the literature, for example Obretenov (1985) and Roy and Mukherjee (1989).

2.3.2 Some probabilistic and statistical properties

Distributional properties

The Marshall-Olkin distribution can be decomposed into an absolutely continuous component,
SacX1,X2

(x1, x2), and a singular one, SsiX1,X2
(x1, x2), with support on the set

Ω =
{

(x1, x2) ∈ R2
+ |x1 = x2 = x

}
. (2.10)

Denoting α = P(X1 = X2), for the Marshall-Olkin distribution (2.4) we have

α = P(T3 < min(T1, T2)) =
λ3

λ1 + λ2 + λ3
> 0.

The distribution admits the Lebesgue decomposition

SX1,X2(x1, x2) = (1− α)SacX1,X2
(x1, x2) + αSsiX1,X2

(max(x1, x2)), (2.11)

where
SsiX1,X2

(max(x1, x2)) = exp{−(λ1 + λ2 + λ3) max(x1, x2)}. (2.12)

The distribution of X = min(X1, X2) is exponential with parameter λ = λ1 + λ2 + λ3. The
correlation coefficient ρ is such that ρ = α = P(X1 = X2) and is always nonnegative, i.e., 0 ≤ ρ ≤ 1.

Moreover, we have

0 ≤ SX1,X2(x1, x2)− SX1(x1)SX2(x2) = exp{−λ1x1 − λ2x2 − λ3 max(x1, x2)}

× (1− exp{−λ3 min(x1, x2)}),
(2.13)
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with implications on quadrant dependence properties, see Section 3.2.2.

Survival copula representation

Definition 2.3.4 (Nelsen (2006)). Copula is a function C : [0, 1]2 → [0, 1] with the following
properties:

1. for all u and v in [0, 1], C(u, 0) = 0 = C(0, v), C(u, 1) = u and C(1, v) = v;

2. for all u1, u2, v1 e v2 in [0, 1] such that u1 ≤ u2 and v1 ≤ v2, we have C(u2, v2)−C(u2, v1)−
C(u1, v2) + C(u1, v1) ≥ 0.

The survival copula C(u, v), corresponding to the copula C(u, v), can be obtained from the
relation

C(u, v) = u+ v − 1 + C(1− u, 1− v). (2.14)

Nelsen (2006) provides the expression of the Marshall-Olkin survival copula, also known as
Generalized Cuadras-Augé, as

Cη1,η2 (u, v) = min
(
u1−η1v, uv1−η2

)
=

u1−η1v, if uη1 ≥ vη2,

uv1−η2 , if uη1 ≤ vη2 ,
(2.15)

where 0 < η1, η2 < 1, (u, v) ∈ [0, 1]2. This survival copula can be obtained from (2.4) considering
that Cη1,η2 (u, v) = SX1,X2(S−1X1

(u), S−1X2
(v)), SX1(x1) = exp{−(λ1 +λ3)x1}, SX2(x2) = exp{−(λ2 +

λ3)x2}, η1 = λ3
λ1+λ3

and η2 = λ3
λ2+λ3

.

Parameter estimation

Given an independent and identically distributed sample (x1j , x2j), j = 1, . . . n, of a Marshall-
Olkin distribution (2.4), consistent estimators for λi, i = 1, 2, 3, were proposed by Arnold (1968).

Bemis et al. (1972) obtained the maximum likelihood estimators. Denoting Nk, k = 1, 2 the
number of observations such that xkj > x(3−k)j , the estimators are unique wheneverN1+N2 < n and
N1N2 > 0. Bemis et al. (1972) also proposed a test for the symmetric Marshall-Olkin distribution,
i.e., a test for λ1 = λ2. Further, the authors obtained moment based estimators.

Proschan and Sullo (1976) introduced estimators based on the first iteration of the maximum
of the log-likelihood function. Karlis (2003) obtained the maximum likelihood estimators via EM
algorithm. In a related topic, Meintanis (2007) proposed a test of fit for Marshall-Olkin distribu-
tions.

Under the assumption of stochastic independence among the parameters, Bayesian inference pro-
cedures for non-identical marginals were developed in Shamseldin (1979) and for identical marginals
in Shamseldin and Press (1984). Peña and Gupta (1990) obtained Bayesian estimators allowing
for dependence among the parameters.

Balakrishnan and Lai (2009) and Kotz et al. (2000) discuss other aspects related with param-
eter estimation of Marshall-Olkin distribution as well as indicate further literature on this topic.
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2.3.3 Generalizations of Marshall-Olkin distribution

The assumption of independent and exponentially distributed shocks brings mathematical tractabil-
ity and nice properties to the Marshall-Olkin distribution. However, in many practical situations,
such assumptions may not hold true.

In Chapter 3 the Generalized Marshall-Olkin model of Li and Pellerey (2011) will be addressed.
Such model, relaxing the assumption of exponentially distributed shocks, not only enlarges the field
of applications, but also shares some properties with the Marshall-Olkin distribution.

In the same chapter, a new model will be introduced, the extended Marshall-Olkin model. In this
model we relax the assumption of independence between the individual shocks in Li and Pellerey
(2011). Following a similar approach, in Chapter 4 we will introduce the dual extended Marshall-
Olkin model, extending the dual generalized Marshall-Olkin distribution of Fang and Li (2013).

2.4 Alternative concepts of lack-of-memory property

The bivariate lack-of-memory property was introduced by Marshall and Olkin (1967) and all
bivariate distributions with such a property have to satisfy the functional equation (2.6), or its
equivalent version (2.7). As shown in this section, these equations became the starting point for
generalizations and alternative formulations for bivariate lack-of-memory property.

2.4.1 Binary operation approach

Considering an associative binary operation ⊕, i.e., (x⊕y)⊕z = x⊕(y⊕z),Muliere and Scarsini
(1987) generalized the functional equation (2.7) as

P(X1 > x1 ⊕ t,X2 > x2 ⊕ t, |X1 > t,X2 > t) = P(X1 > x1, X2 > x2), (2.16)

for all x1, x2 ≥ 0 and t ≥ 0. The same binary operation ⊕ was additionally assumed to the marginal
distributions

P(X1 > x1 ⊕ t |X1 > t) = P(X1 > x1),

P(X2 > x2 ⊕ t |X2 > t) = P(X2 > x2),
(2.17)

for all x1, x2 ≥ 0 and t ≥ 0.

If the binary operation ⊕ is reducible, i.e., x⊕y = x⊕z or y⊕w = z⊕w if and only if z = y, then
the continuous solution of (x⊕y)⊕z = x⊕(y⊕z) is given in Aczèl (1966): x⊕y = g−1(g(x)+g(y)),
provided x, y and x⊕y belong to the same interval and the function g(x) is continuous and strictly
monotone. The solution g(x) is determined up to a multiplicative constant so that g(x) can be
considered strictly increasing. It is also assumed the existence of an identity element e such that
x⊕ e = x.

The marginal survival functions that solve (2.17) are given by

SXi(xi) = exp{−λig(xi)}, λi > 0, g−1(0) < xi < g−1(∞), i = 1, 2.

Different binary operations ⊕ generate different univariate distributions, as shown in Table 2.1.
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Table 2.1: Examples of univariate survival functions under different binary operations

x⊕ y SXi(xi) Survival function
x+ y exp{−λs} Exponential
x ∗ y s−λ Pareto

α
√

(xα + yα), α > 0 exp{−λsα} Weibull

The corresponding joint survival functions, solutions of (2.16), are

SX1,X2(x1, x2) = exp{−λ1g(x1)− λ2g(x2)− λ3g(max(x1, x2))}, λi > 0, i = 1, 2, 3.

Similarly, different binary operation ⊕ generate different bivariate distributions, as shown in
Table 2.2.

Table 2.2: Examples of bivariate survival functions under different binary operations

x⊕ y SX1,X2(x1, x2) Survival function
x+ y exp{−λ1x1 − λ2x2 − λ3 max(x1, x2)} Marshall-Olkin
x ∗ y x−λ11 x−λ22 [max(x1, x2)]

−λ3 Bivariate Pareto
α
√

(xα + yα), α > 0 exp{−λ1xα1 − λ2xα2 − λ3 max(xα1 , x
α
2 )} Bivariate Weibull

These bivariate survival functions share several properties with Marshall-Olkin distribution:
a singular component with support on Ω =

{
(x1, x2) ∈ R2

+ |x1 = x2 = x
}
; X1, X2 and X =

min(X1, X2) share the same distribution, but with different parameters; the stochastic representa-
tion (2.9) still holds true.

Muliere and Scarsini (1987) also considered different binary operations ⊕1 and ⊕2 in (2.7),

P(X1 > x1 ⊕1 t,X2 > x2 ⊕2 t |X1 > t,X2 > t) = P(X1 > x1, X2 > x2),

and imposed the same binary operations to the marginals,

P(X1 > x1 ⊕1 t |X1 > t) = P(X1 > x1),

P(X2 > x2 ⊕2 t |X2 > t) = P(X2 > x2),

for all x1, x2 ≥ 0 and t ≥ 0. In this more general formulation, all the bivariate survival functions
obtained share the Marshall-Olkin survival copula (2.15).

2.4.2 Other definitions

Other definitions for the bivariate lack-of-memory property have been formulated. Raja Rao et al.
(1993) introduced the setting the clock back to zero property. To emphasize the role of the vector
parameter on the joint distribution, they write the joint survival function as SX1,X2(x1, x2, θ) =

P(X1 > x1, X2 > x2 | θ), where θ is the vector parameter. When θ belongs to a parameter space Θ,

this defines a class of bivariate survival functions {SX1,X2(x1, x2, θ), x ≥ 0, y ≥ 0, θ ∈ Θ}.
According to Raja Rao et al. (1993), a class of distributions has the setting the clock back to

zero property if for each θ ∈ Θ, x0 > 0 and for all x1, x2 ≥ 0, the survival function satisfies the pair
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of equations

SX1,X2(x1 + x0, x0, θ)

SX1,X2(x0, x0, θ)
= SX1,X2(x1, x0, θ

∗), and
SX1,X2(x0, x2 + x0, θ)

SX1,X2(x0, x0, θ)
= SX1,X2(x0, x2, θ

∗∗),

where θ∗ = θ∗(x0) ∈ Θ and θ∗∗ = θ∗∗(x0) ∈ Θ.

Some examples of bivariate distributions with this property are the Marshall-Olkin distribu-
tion (2.4), the Gumbel’s Type I bivariate exponential distribution (2.1) and the bivariate Pareto
distribution with survival function SX1,X2(x1, x2, θ) = (1 + σ1x1 + σ2x2)

−α, where x1, x2 ≥ 0 and
σ1, σ2, (α− 1) > 0.

Marshall and Olkin (1995) considered distributions with limited memory, where the lack-of-
memory property holds true for a subset of the support of the distribution. With this weaker
condition several classes of distributions were obtained, for example, bivariate exponential distri-
butions with independent exponential marginals, the Marshall-Olkin distribution (2.4), bivariate
exponential distributions with exponential scaled minima and bivariate exponential distributions
with exponential minima.

Nair and Nair (1988a) proposed a definition of bivariate lack-of-memory property considering
the two conditional expectations

Mi(x1, x2) = E(Xi − xi |X1 > x1, X2 > x2), i = 1, 2, (2.18)

and imposing
Mi(x1, x2) = E(Xi |X3−i > x3−i), i = 1, 2. (2.19)

for all x1, x2 > 0, characterizing Gumbel’s Type I bivariate exponential distribution (2.1) as the
only absolutely continuous distribution with this property.

In Roy (2004), the definition of bivariate lack-of-memory property also considers the two con-
ditional expectations in (2.18) but imposes

SX1,X2(x1 + y1, x2)SX1,X2(0, x2) = SX1,X2(x1, x2)SX1,X2

(
y1
M1(0, x2)

M1(x1, x2)
, x2

)
and

SX1,X2(x1, x2 + y2)SX1,X2(x1, 0) = SX1,X2(x1, x2)SX1,X2

(
x1, y2

M2(x1, 0)

M2(x1, x2)

)
for all x1, y1, x2, y2 > 0.

As a result, in case of dependence between X1 and X2, Roy (2004) characterized the Gumbel´s
Type I bivariate exponential distribution (2.1), the bivariate Lomax distribution with survival
function SX1,X2(x1, x2) = {(1 + a1x1 + a2x2 + γx1x2)}−c, where x1, x2 > 0, a1, a2, c > 0 and
0 ≤ γ ≤ (c + 1)a1a2. The bivariate finite range distribution due to Roy and Gupta (1996) with
survival function SX1,X2(x1, x2) = {(1−p1x1−p2x2−δx1x2)}q, where 0 < x1 <

1
p1
, 0 < x2 <

1−p1x1
p2+δx1

,

p1, p2 > 0, p = 2k2

1−k2 ,
1√
3
≤ k ≤ 1, and q − 1 ≥ δ

p1p2
≥ −1 was also characterized. Sankaran (1992)

also characterized these distributions, see Remark 5.4.1.
In case of independence between X1 and X2, their univariate distributions follow either the

exponential distribution, the Lomax distribution with survival function SX(x) = (1 + x
a )−α, x ≥ 0

and a, (α − 1) > 0, or the finite range distribution SX(x) = (1 − x
a )α, x ≥ 0 and a, α > 0. In the

Lomax distribution, the restriction on the parameter (α − 1) > 0 is necessary for the existence of
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the first moment E(X).

Chukova and Dimitrov (1992) introduced the distributions having the almost lack-of-memory
property, defined by the relation

P(X − b ≥ x |X ≥ b) = P(X ≥ x),

for all x > 0 and infinitely many values of b. This property was extended to the bivariate case in
Dimitrov et al. (1994), considering

P(X1 ≥ a1 + x1, X2 ≥ a2 + x2 |X1 ≥ a1, X2 ≥ a2) = P(X1 ≥ x1, X2 ≥ x2),

for all x1, x2 > 0 and infinitely many different nonnegative values of a1 and a2. The corresponding
survival copula is given in Dimitrov and Kolev (2013).

Remark 2.4.1 (Other definitions). If Mi(x1, x2) in (2.18) are locally constants, i.e., Mi(x1, x2)

does not depend on xi, i = 1, 2, then the bivariate lack-of-memory property defined in Roy (2002a)
is obtained. This extension, along with the definition in Johnson and Kotz (1975) will be considered
in Chapter 5. By its turn, the definition in Ghurye (1987) will be addressed in Chapter 6.

Remark 2.4.2 (Reversed lack-of-memory property). According to Asha and John (2009), let X
be a random variable with support (a, b), where a < 0 and b ≥ 0. Then X is said to have the reversed
lack-of-memory property if P(X ≤ x |X ≤ x + t) = P(X ≤ 0 |X ≤ t), for all a < x ≤ x + t ≤ b.

The property means that given a component has maximum lifetime at most x + t then the failure
of the component at any instant before x+ t, say x, depends only on the residual time t left, rather
than x. This property was extended to the bivariate case and then generalized in John (2011).
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Chapter 3

Extended Marshall-Olkin Model

3.1 Introduction

Let us consider a vector X = (X1, X2) of nonnegative continuous random variables with joint
survival function SX1,X2(x1, x2) = P(X1 > x1, X2 > x2). As introduced in Chapter 2, recall that
the vector (X1, X2) meets the Marshall-Olkin model (to be abbreviated MO hereafter) whenever it
admits the stochastic representation (2.9), i.e.,

(X1, X2) = [min(T1, T3),min(T2, T3)],

where the random variables Ti are independent and exponentially distributed with positive param-
eters λi, i = 1, 2, 3, respectively. Moreover, the bivariate survival function of (X1, X2) is given by
(2.4), i.e.,

SX1,X2(x1, x2) = exp{−λ1x1 − λ2x2 − λ3 max(x1, x2)}.

The MO construction has a variety of applications. In reliability theory the MO model can
describe the lifetime of a system of two components operating in a random environment and subject
to three independent sources of damage, in actuarial science it can model the survival function of
a married couple in a contract of joint life with last-survivor annuity while in theory of credit risk
it can describe the times to default of two counterparties subject to three independent economic or
financial unfavorable events.

To overcome the restriction of shocks and marginals exponentially distributed assumed in
Marshall and Olkin (1967), Li and Pellerey (2011) proposed the Generalized Marshall-Olkin dis-
tribution (to be abbreviated GMO hereafter) assuming only independence among the nonnegative
continuous random variables T1, T2 and T3 in (2.9).

Let the lifetimes Ti have survival function STi(xi) = P(Ti > xi), density fTi(xi), failure rate
rTi(xi) =

fTi (xi)

STi (xi)
and denote by HTi(x) =

∫ x
0 rTi(t)dt their right continuous cumulative failure rate

functions satisfying
HTi(0) = 0, HTi(∞) =∞ and HTi(xi) <∞

for xi > 0, i = 1, 2, 3. Li and Pellerey (2011) show that in this case

SX1,X2(x1, x2) = ST1(x1)ST2(x2)ST3(max(x1, x2))

= exp{−HT1(x1)−HT2(x2)−HT3(max(x1, x2))}.
(3.1)

15
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Despite bringing more flexibility and enlarging the range of applications of MO distribution, the
independence assumption in GMO model may not be found in the following situations:

1. two electric machines operating in the same factory and sharing the same maintenance policy,
both subject to blackouts;

2. two components in the structure of the same building sharing reverse load or reverse set of
stresses, both subject to earthquakes;

3. two different species living in the same environment and competing for food, both subject to
floods and other natural catastrophes.

In the preceding examples, one can clearly identify dependence between T1 and T2: it is positive in
case 1 and negative in cases 2 and 3. The construction of a model that incorporates dependence
between the random variables T1 and T2 and preserves the stochastic representation (2.9) is the
core subject of this chapter.

The rest of this chapter is organized as follows. In Section 3.2 we describe our proposal for a
possible extension of the MO and GMO models (2.4) and (3.1), and provide its basic properties. In
Section 3.3 we derive the copula expression for the extended MO distribution, give related examples
and study the distribution of the residual lifetimes. In Section 3.4 we offer two alternative copula
representations. In Section 3.5 we present an absolutely continuous version of the extended MO
model. Reliability properties are considered in Section 3.6, extreme value properties are addressed
in Section 3.7 and a Bayesian data analysis is performed in Section 3.8. We finish with several
comments, including admissible related research and applied directions.

3.2 Extended Marshall-Olkin model and probabilistic properties

Let us consider a pair (T1, T2) of nonnegative continuous random variables defined by their joint
survival function

ST1,T2(x1, x2) = P(T1 > x1, T2 > x2) having marginals ST1(x1) and ST2(x2).

In addition, assume that the random variable T3 with survival function ST3(x) = P(T3 > x) is
independent of T1 and T2. Hence, following the MO construction (2.9) we obtain the extended MO
model (to be abbreviated EMO hereafter)

SX1,X2(x1, x2) = P(T1 > x1, T2 > x2, T3 > max{x1, x2}) = ST1,T2(x1, x2)ST3(max{x1, x2}). (3.2)

Observe that GMO model (3.1) is a particular case of the model (3.2) when T1 and T2 are
independent. If in addition the random variables T1, T2 and T3 are exponentially distributed with
parameters λ1, λ2 and λ3, respectively, one gets the classical bivariate MO distribution (2.4). Figure
3.1 illustrates the relationship among the three models.

3.2.1 Alternative representation for EMO model

In order to investigate the properties of the EMO model, the exponential representation of a
bivariate survival function turns out to be useful. Recall that any bivariate survival function can
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MO
T1, T2, T3 independent and
exponentially distributed

GMO
T1, T2, T3 independent
and nonnegative

EMO
(T1, T2) independent of T3
and nonnegative

Figure 3.1: MO, GMO and EMO models compared.

be represented by the relation

ST1,T2(x1, x2) = exp{−HT1(x1)−HT2(x2) +HT1,T2(x1, x2)}, (3.3)

where the dependence function HT1,T2(x1, x2) is defined by

HT1,T2(x1, x2) = ln

{
ST1,T2(x1, x2)

ST1(x1)ST2(x2)

}
, (3.4)

e.g., Finkelstein (2003). Representation (3.3) can be viewed as a generalization of the univariate
exponential representation (i.e. ST3(x) = exp{−HT3(x)} for example), see Barlow and Proschan
(1981).

It is worth noting thatHT1,T2(0, x2) = HT1,T2(x1, 0) = 0 for all x1, x2 ≥ 0.Moreover,HT1,T2(x1, x2) =

0 for all x1, x2 ≥ 0 characterizes independence between T1 and T2.
Under the above assumptions and notations, we define our Extended MO model in terms of

cumulative failure rate and dependence functions as follows.

Definition 3.2.1. The Extended MO model is given by its survival function

SX1,X2(x1, x2) = exp{−HT1(x1)−HT2(x2)−HT3(max(x1, x2)) +HT1,T2(x1, x2)}. (3.5)

Remark 3.2.2. Note that the only difference between GMO and EMO models is the presence of
the dependence function HT1,T2(x1, x2) in (3.5), which has important features to understand the
interaction between the random variables involved.

Remark 3.2.3. Whenever the joint distribution of the nonnegative random vector (T1, T2) is abso-
lutely continuous, with density function fT1,T2(x1, x2), following Finkelstein (2003), one can write

HT1,T2(x1, x2) =

∫ x1

0

∫ x2

0
[rT1,T2(y1, y2)− r1(y1, y2)r2(y1, y2)]dy1dy2,

where rT1,T2(x1, x2) =
fT1,T2 (x1,x2)

ST1,T2 (x1,x2)
and ri(x1, x2) = − ∂

∂xi
ln[ST1,T2(x1, x2)], i = 1, 2, are, respectively,

the bivariate failure rate, see Basu (1971), and the conditional hazard rates, see Johnson and Kotz
(1975).

Remark 3.2.4. Denote ΨS
T1,T2

(x1, x2) =
ST1,T2 (x1,x2)

ST1 (x1)ST2 (x2)
. Similarly to HT1,T2(x1, x2), the function

ΨS
T1,T2

(x1, x2) characterizes the dependence structure between the random variables T1 and T2, see
Remark 6.2.2.
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The next proposition shows two alternative representations for ΨS
T1,T2

(x1, x2).

Proposition 3.2.5. The function ΨS
T1,T2

(x1, x2)− 1 admits the following representations:

ΨS
T1,T2(x1, x2)− 1 =

[P (T2 > x2|T1 > x1)− P (T2 > x2|T1 ≤ x1)] [1− P (T1 > x1)]

P (T2 > x2)

and

ΨS
T1,T2(x1, x2)− 1 =

[P (T1 > x1|T2 > x2)− P (T1 > x1|T2 ≤ x2)] [1− P (T2 > x2)]

P (T1 > x1)
.

Proof. Notice that P(T2 > x2) can be written as

P (T2 > x2) = P (T1 > x1, T2 > x2) + P (T1 ≤ x1, T2 > x2)

= P (T1 > x1, T2 > x2) + P (T2 > x2|T1 ≤ x1)P (T1 ≤ x1) .

Multiplying both sides by P (T1 > x1),

P (T1 > x1)P (T2 > x2) = P (T1 > x1, T2 > x2) [1− P (T1 ≤ x1)]

+ P (T2 > x2|T1 ≤ x1)P (T1 ≤ x1)P (T1 > x1) .

The last expression can be also presented as

P (T1 > x1, T2 > x2) = P (T1 > x1)P (T2 > x2)

+ [P (T2 > x2|T1 > x1)− P (T2 > x2|T1 ≤ x1)]P (T1 ≤ x1)P (T1 > x1) .

Similar result holds true considering P(T1 > x1), finishing the proof.

Recall that a nonnegative random vector (X1, X2) is positively quadrant dependent (PQD)
if P(X1 ≤ x1, X2 ≤ x2) ≥ P(X1 ≤ x1)P(X2 ≤ x2) for all x1, x2 ≥ 0, and negatively quadrant
dependent (NQD) when the last relation is valid with the inequality sign reversed, see Lehmann
(1966).

Remark 3.2.6. From Proposition 3.2.5 it becomes clear the effect of a positive (or negative) quad-
rant dependence on the conditional probabilities P (T1 > x1|T2 > x2) and P (T1 > x1|T2 ≤ x2). For
example, let us suppose a positive quadrant dependence between T1 and T2. Then, for all x1, x2 we
have P (T1 > x1|T2 ≤ x2) ≤ P (T1 > x1) ≤ P (T1 > x1|T2 > x2) , what makes ΨS(x1, x2)−1 positive.
Notice that the difference P (T1 > x1|T2 > x2)−P (T1 > x1|T2 ≤ x2) can be considered as a measure
of local dependence.

3.2.2 Probabilistic properties

We will mention several probabilistic properties of the EMO model (3.5) formulated in Definition
3.2.1.



3.2 EXTENDED MARSHALL-OLKIN MODEL AND PROBABILISTIC PROPERTIES 19

Positive and negative quadrant dependence

The MO model (2.4) is always PQD, see relation (2.13), as well as the GMO model (3.1), see
Li and Pellerey (2011). The EMO model (3.5) may be positively or negatively quadrant dependent,
conditional on the distributional parameters involved. The following statement characterizes the
NQD property of the EMO model.

Theorem 3.2.7. The vector (X1, X2) following the EMO model is NQD if and only if

ST1,T2(x1, x2) ≤ ST1(x1)ST2(x2)ST3(min{x1, x2}) (3.6)

for all x1, x2 ≥ 0.

Proof. The necessary and sufficient condition given by relation (3.6) can be obtained from its
equivalent inequality SX1,X2(x1, x2) ≤ SX1(x1)SX2(x2)

The following Corollary gives another version of the inequality (3.6) in terms of dependence
function HT1,T2(x1, x2) given by (3.4) and the cumulative failure rate function HT3(x).

Corollary 3.2.8. The vector (X1, X2) following the EMO model is NQD if and only if

HT1,T2(x1, x2) +HT3 (min(x1, x2)) ≤ 0

for all x1, x2 ≥ 0.

Proof. Taking into account the exponential representation (3.5), one gets that the marginal survival
functions have the following form in terms of cumulative failure rates: SXi(xi) = exp{−HTi(xi) −
HT3(xi)}, i = 1, 2. The vector (X1, X2) is NQD if and only if SX1,X2(x1, x2) ≤ SX1(x1)SX2(x2) for
all x1, x2 ≥ 0. The last inequality is equivalent to

exp{HT1,T2(x1, x2) +HT3(min(x1, x2))} ≤ 1.

Taking logarithms on both sides we obtain the stated inequality.

Remark 3.2.9. Note that X1 and X2 defined by stochastic representation (2.9) are associated
random variables since they are increasing functions of random variables T1, T2 and T3. Hence,
X1 and X2 are PQD in the MO and GMO models (2.4) and (3.1), according to Theorem 2.2 and
Property P3 given on page 30 in Barlow and Proschan (1981). Hence, the statement of Proposition
2.1 in Li and Pellerey (2011) follows without the need of obtaining the copula corresponding to the
GMO distribution (3.1), nevertheless its usefulness. The same conclusion can not be handled for
the EMO model since the vector (T1, T2) may be NQD and not associated, therefore.

Before constructing an example of an EMO model which satisfies condition (3.6), we need the
following result.

Theorem 3.2.10 (Nelsen (2006)). Let C(u, v) be a copula. Then for every (u, v) ∈ [0, 1]2,

max(u+ v − 1, 0) ≤ C(u, v) ≤ min(u, v). (3.7)
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Remark 3.2.11. Relation (3.7) is known as Fréchet-Hoeffding bounds inequality for copulas, since it
holds true not only for bivariate copulas, but for bivariate distribution functions. The bounds in (3.7)
are themselves copulas. The lower bound is commonly denoted byW (u, v) = max(u+v−1, 0) whereas
the upper bound, by M(u, v) = min(u, v). If the copula that joins two random variables X1 and X2

is W (u, v), then the random variables are countermonotonic; but if the copula is M(u, v), then X1

and X2 are comonotonic. Another important copula, given by C(u, v) = uv, is the independence
copula, commonly used for performing quadrant dependence analyses, see Example 3.3.5.

Example 3.2.12. Let T1 and T2 be countermonotonic random variables, i.e., their joint distribution
is given by the lower Fréchet bound, see Remark 3.2.11. Define

θ = sup{ x | (x, x) ∈W(x1, x2) } = const > 0,

where the set W(x1, x2) ⊂ [0,∞)2 is given by

W(x1, x2) =
{

(x1, x2) ∈ [0,∞)2 | ST1(x1) + ST2(x2) > 1
}
. (3.8)

Define the distribution of T3 as follows: P(T3 > θ) = 1, i.e. the support of T3 is the interval (θ,∞).
It is direct to check that specified distributions of (T1, T2) and T3 compose an EMO model which is
NQD.

Fixing the distributions, consider two unit exponential countermonotonic random variables T1
and T2. One may easy obtain that θ = ln 2 in this case, i.e. P(T3 > ln 2) = 1. The dark area in
Figure 3.2 represents the set W(x1, x2) for the specifications considered. We have

ST1,T2(x1, x2) < ST1(x1)ST2(x2) and ST3(min(x1, x2)) = 1

if (x1, x2) ∈W(x1, x2), i.e. relation (3.6) is fulfilled. Observe that ST1,T2(x1, x2) = 0 when (x1, x2) /∈
W(x1, x2). Therefore, the corresponding vector (X1, X2) defined by (3.5) possesses the NQD prop-
erty.

x1

x2

0

ln 2

ln 2

Figure 3.2: Set W(x1, x2) in Example 3.2.12

Remark 3.2.13. It would be optimistic to expect in a real situation that NQD property of the vector
(X1, X2) would be valid for all observed pairs (x∗1, x

∗
2) which should belong to the set W(x1, x2)

defined in (3.8). In such cases, it is convenient to interpret “locally” the NQD property of (X1, X2)

when some pairs of observations are outside the set W(x1, x2), but the practical situation clearly
indicates the use of NQD model. Example 3.3.5 supports this conclusion in copula terms.
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Symmetry, asymmetry and bounds for the joint survival function

The MO model (2.4) may be exchangeable or not, depending on the parameters of the exponen-
tial distributions that T1 and T2 follow: if identically distributed then the MO model is symmetric.
If one considers the GMO model (3.1) the same happens: if T1 and T2 are identically distributed
then the GMO model is exchangeable. Both cases are analogous because the copula that joins T1
and T2 is the independence one, which is symmetric. Interestingly, in the EMO model (3.5), one
may start with identically distributed random variables T1 and T2, but connected by a non ex-
changeable copula. Then the resulting EMO model will be non exchangeable. In fact, we proved
the next statement.

Lemma 3.2.14. The EMO model is not necessarily exchangeable.

Example 3.2.15 (Non exchangeable EMO model with marginals identically distributed). Consider
the stochastic representation (2.9) and let Ti be exponentially distributed with parameter λi = 1,

i.e., HTi(xi) = xi, i = 1, 2, 3. Then we have X1 and X2 exponentially distributed with a common
parameter λ = 2, i.e., HXi(xi) = 2xi, i = 1, 2. Denote CT1,T2(u, v) the copula that joins (T1, T2)

and consider Example 3.16 at page 84 in Nelsen (2006)

CT1,T2(u, v) = uv + uv(1− u)(1− v)[(a− b)v(1− u) + b],

where |b| ≤ 1, b−3−
√
9+6b−3b2
2 ≤ a ≤ 1 and a 6= b. From (2.14) the corresponding survival copula

CT1,T2(u, v) is
CT1,T2(u, v) = uv{1 + (1− u)(1− v)[(a− b)(1− v)u+ b]}.

Let u = exp{−x1} and v = exp{−x2} to obtain the joint survival function of (T1, T2) as

ST1,T2(x1, x2) =
[

exp{−x1 − x2}
]

×
[
1 + (1− exp{−x1})(1− exp{−x2})[(a− b)(1− exp{−x2}) exp{−x1}+ b]

]
.

Therefore, the dependence function HT1,T2(x1, x2) defined by (3.4) is asymmetric

HT1,T2(x1, x2) = ln
[
1 + (1− exp{−x1})(1− exp{−x2})[(a− b)(1− exp{−x2}) exp{−x1}+ b]

]
.

As a result, (X1, X2) = (min(T1, T3),min(T2, T3)) compose an EMO model with marginals identi-
cally distributed and asymmetric survival function given by (3.5),

SX1,X2(x1, x2) =
[

exp{−x1 − x2 −max(x1, x2)}
]

×
[
1 + (1− exp{−x1})(1− exp{−x2})[(a− b)(1− exp{−x2}) exp{−x1}+ b]

]
.

Besides the knowledge of the marginal distributions of T1, T2 and T3, a key aspect for deriving
EMO models is the knowledge of joint distribution of T1 and T2 given by (3.3). An important
component in (3.3) is the dependence function HT1,T2(t1, t2) representing the dependence structure
between T1 and T2 free of the marginal influence. In the case of incomplete information, it is still
possible to obtain bounds for the survival function of the EMO model (3.5) based on knowledge of
the marginal survival functions STi or their cumulative failure rate functions HTi , i = 1, 2, 3. The
bounds for the survival function SX1,X2(x1, x2) of the EMO model are given below.
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Lemma 3.2.16. The lower and upper bounds for the survival function of the EMO model (3.5),
are given by

L(x1, x2) ≤ SX1,X2(x1, x2) ≤ U(x1, x2),

where

L(x1, x2) = max {[exp{−HT1 (x1)}+ exp{−HT2(x2)} − 1] , 0} exp{−HT3(max(x1, x2))}

and
U(x1, x2) = min {exp{−HT1(x1)}, exp{−HT2(x2)}} exp{−HT3(max(x1, x2))}.

Proof. Let a pair (x1, x2) belongs to the set W(x1, x2) defined by (3.8), i.e., ST1(x1) +ST2(x2) > 1.

From Theorem 3.2.10, apply the usual Fréchet-Hoeffding bounds to the joint survival function of
(T1, T2) written in the exponential representation (3.3), to obtain the lower bound

HT1,T2(x1, x2) ≥ HT1(x1) +HT2(x2) + ln [exp{−HT1(x1)}+ exp{−HT2(x2)} − 1]

and the upper bound

HT1,T2 (x1, x2) ≤ HT1(x1) +HT2(x2) + ln{min[exp{−HT1(x1)}, exp{−HT2(x2)}]}

for all (x1, x2) ∈W(x1, x2).
Substituting the above bounds in the expression of the survival function of EMO models (3.5),

lower and upper bounds L(x1, x2) and U(x1, x2) for the joint survival function SX1,X2(x1, x2) stated
by the Lemma will be obtained when (x1, x2) ∈W(x1, x2). The case when ST1 (x1) + ST2 (x2) ≤ 1

is trivial.

With additional information concerning the dependence structure between (T1, T2) the bounds
in Lemma 3.2.16 can be even sharpened, see Nelsen et al. (2001).

Remark 3.2.17. Whenever max(x1, x2) > 0 we have L(x1, x2) > max(SX1(x1)+SX2(x2)−1, 0), as
well as U(x1, x2) < min(SX1(x1), SX2(x2)), i.e., the bounds obtained in Lemma 3.2.16 are sharper
than the well-known Fréchet-Hoeffding bounds given by (3.7) in Theorem 3.2.10.

3.3 Survival copula representation and distributional property for
residual lifetimes

Firstly, we will obtain the survival copula CX1,X2(u, v) corresponding to the joint survival func-
tion of the EMO model given by (3.5). Then, a distributional property of residual lifetimes vector
will be established.

3.3.1 Survival copula of the EMO model

By Sklar’s theorem, see Theorem 2.2.3 in Nelsen (2006), the dependence structure of a contin-
uous bivariate random vector (X1, X2) can be described by unique survival copula

CX1,X2(u, v) = SX1,X2(S−1X1
(u), S−1X2

(v)), (u, v) ∈ [0, 1],
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where S−1Xi is the (generalized) inverse of SXi , i = 1, 2, see Theorem 2.2.3 in Nelsen (2006). The
triplet (SX1 , SX2 , CX1,X2) allows to analyse the dependence properties between X1 and X2.

Since we noted in the proof of the Corollary 3.2.8 that the marginal survival functions of
SX1,X2(x1, x2) from (3.5) are given by SXi(xi) = exp{−HTi(xi) − HT3(xi)}, let us denote by
Gi(xi) = HTi(xi) +HT3(xi), i = 1, 2. Under the above notations, facts and relations, the following
statement is true.

Lemma 3.3.1. The survival copula CX1,X2(u, v) of the EMO model is given by

CX1,X2(u, v) =

uv exp{HT3(G−12 (− ln v)) +G(u, v)}, if G−11 (− lnu) > G−12 (− ln v);

uv exp{HT3(G−11 (− lnu)) +G(u, v)}, if G−11 (− lnu) ≤ G−12 (− ln v),
(3.9)

where u, v ∈ (0, 1) and G(u, v) = HT1,T2(S−1X1
(u), S−1X2

(v)).

Proof. Let CX1,X2(u, v) be the survival copula corresponding to SX1,X2(x1, x2) from (3.5), i.e.

ln[CX1,X2(u, v)] = ln[SX1,X2(S−1X1
(u), S−1X2

(v))], u, v ∈ (0, 1).

Observe that SX1(x1) = exp{−HT1(x1)−HT3(x1)} = exp{−G1(x1)}. Because of absolute continuity
of the distributions involved we have unique inverses. Solving SX1(x1) = u we get S−1X1

(u) = x1. By
analogy, from exp{−G1(x1)} = u we obtain x1 = G−11 (− lnu) and therefore

S−1X1
(u) = G−11 (− lnu), i.e. G1(S

−1
X1

(u)) = − lnu. (3.10)

In a similar way we obtain

S−1X2
(v) = G−12 (− ln v), i.e. G2(S

−1
X2

(v)) = − ln v. (3.11)

Let x1 > x2 ≥ 0, i.e. S−1X1
(u) > S−1X2

(v), or equivalently G−11 (− lnu) > G−12 (− ln v). Using relation
(3.5) we have

ln[CX1,X2(u, v)] = ln[exp{−HT1(S−1X1
(u))−HT2(S−1X2

(v))−HT3(S−1X1
(u)) +G(u, v)}],

with G(u, v) = HT1,T2(S−1X1
(u), S−1X2

(v)), which is equivalent to

ln[CX1,X2(u, v)] = lnu−HT2(S−1X2
(v)) +G(u, v).

Due to (3.11) we get

lnCX1,X2(u, v) = lnuv +HT3(S−1X2
(v)) +G(u, v).

Finally, CX1,X2(u, v) = uv exp{HT3(G−12 (− ln v)) +G(u, v)} if S−1X1
(u) > S−1X2

(v).

By analogy, when 0 ≤ x1 ≤ x2, i.e. G−11 (− lnu) ≤ G−12 (− ln v), one obtains

CX1,X2(u, v) = uv exp{HT3(G−12 (− ln v)) +G(u, v)}

and representation (3.9) is established.
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Remark 3.3.2. The function exp{G(u, v)} is the only product extra multiplier in (3.9) in addition
to the copula expression corresponding to GMO distribution and numbered (2.3) by Li and Pellerey
(2011). This extra term permits NQD modelling on (X1, X2), as shown in Example 3.3.5.

Remark 3.3.3. Whenever (T1, T2) is absolutely continuous, using Remark 3.2.3, we have the al-
ternative representation for G(u, v) given by

G(u, v) =

∫ S−1
X1

(u)

0

∫ S−1
X2

(v)

0
[rT1,T2(y1, y2)− r1(y1, y2)r2(y1, y2)]dy1dy2.

The following example illustrates how the survival copula given in (3.9) can be obtained in a
particular case.

Example 3.3.4 (Copula of the EMO model). Consider Ti exponentially distributed with parameter
λi > 0, i = 1, 2, and joined by the Gumbel survival copula (family B6 in Joe (1997)), also known
as Gumbel-Hourgaard copula (see equation (2.30) in Balakrishnan and Lai (2009)), so that

ST1,T2(x1, x2) = exp

{
−
[
(λ1x1)

θ + (λ2x2)
θ
] 1
θ

}
, (3.12)

where θ ≥ 1, and let T3 be independent of (T1, T2) with survival function ST3(x) = exp(−λ3x),

λ3 > 0.

Following the above specifications, we have HTi(x) = λix, i = 1, 2, 3. It is easy to check that
Gi(x) = (λi + λ3)x, G

−1
i (u) = u

λi+λ3
and S−1Xi (u) = − lnu

λi+λ3
, for i = 1, 2. By its turn,

HT1,T2(x1, x2) = ln
ST1,T2(x1, x2)

ST1(x1)ST2(x2)
= −

[
(λ1x1)

θ + (λ2x2)
θ
] 1
θ

+ λ1x1 + λ2x2.

Thus we have

G(u, v) = HT1,T2(S−1X1
(u), S−1X2

(v)) = −

[(
lnu

− λ1
λ1+λ3

)θ
+

(
ln v
− λ2
λ2+λ3

)θ] 1
θ

− lnu
λ1

λ1+λ3 v
λ2

λ2+λ3 .

Substituting the relations in (3.9) we get the survival copula

CX1,X2(u, v) =



u
λ3

λ1+λ3 exp

−
[(

lnu
− λ1
λ1+λ3

)θ
+

(
ln v
− λ2
λ2+λ3

)θ] 1
θ

 , if u
λ3

λ1+λ3 < v
λ3

λ2+λ3 ;

v
λ3

λ2+λ3 exp

−
[(

lnu
− λ1
λ1+λ3

)θ
+

(
ln v
− λ2
λ2+λ3

)θ] 1
θ

 , if u
λ3

λ1+λ3 ≥ v
λ3

λ2+λ3 ,

where u, v ∈ (0, 1]. Notice that when θ = 1 we obtain the MO copula, see relation (2.15).

In the next example we show that the same EMO survival function is locally PQD and locally
NQD, in the spirit of Remarks 3.2.13 and 3.3.2 (depending on parameters range).

Example 3.3.5 (Copula of the EMO model and quadrant dependence analysis). Let (T1, T2) follow
the Gumbel’s type I bivariate distribution with unit exponential marginals and corresponding survival
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function given by (2.1), i.e.,

ST1,T2(x1, x2) = exp(−x1 − x2 − θx1x2),

x1, x2 ≥ 0 and θ ∈ [0, 1] , and let T3 be independent of (T1, T2) with survival function ST3(x) =

exp(−λx), λ > 0. Following the above notations, we have HT1(x) = HT2(x) = x, HT3(x) = λx and
HT1,T2(x1, x2) = −θx1x2. Therefore,

G1(x1) = HT1(x1) +HT3(x1) = (1 + λ)x1 and G2(x2) = HT2(x2) +HT3(x2) = (1 + λ)x2.

Their inverse functions are given by

G−11 (u) =
u

1 + λ
and G−12 (v) =

v

1 + λ
.

Since ln(x) is an increasing function and 1 +λ > 0, we have the following set of equivalent inequal-
ities:

G−11 (− ln(u)) > G−12 (− ln(v))⇔ − ln(u)

1 + λ
>
− ln(v)

1 + λ
⇔ ln(u)

1 + λ
<

ln(v)

1 + λ
⇔ 0 < u < v ≤ 1.

Since G(u, v) = HT1,T2

(
G−11 (− ln(u)), G−12 (− ln(v))

)
= −θ ln(u) ln(v)

(1+λ)2
, we obtain the survival copula

for the EMO model

CX1,X2(u, v) =

uv exp{−λ ln(v)
1+λ − θ

ln(u) ln(v)
(1+λ)2

}, if 0 < u < v ≤ 1;

uv exp{−λ ln(u)
1+λ − θ

ln(u) ln(v)
(1+λ)2

}, if 1 ≥ u ≥ v > 0.

When 0 < u < v ≤ 1, we have CX1,X2(u, v) < uv if

exp
{
−λ ln(v)

1+λ − θ
ln(u) ln(v)

(1+λ)2

}
≤ 1.

This inequality is equivalent to

0 < u ≤ u0 = exp

{
−λ(1 + λ)

θ

}
.

By analogy, when 0 < v ≤ u ≤ 1 and 0 < v ≤ v0 = exp
{
−λ(1+λ)

θ

}
we get CX1,X2(u, v) ≤ uv.

Therefore, as illustrated in Figure 3.3, when (u, v) ∈
[
exp{−λ(1+λ)

θ }, 1
]2

we have the local PQD
property and outside this set, the local NQD property.

x1

x2

(0, 0)

(1, 1)

u0

v0
NQD NQD

NQD PQD

Figure 3.3: Dependence analysis of the EMO model in Example 3.3.5.
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3.3.2 Distributional property for residual lifetimes

Many authors have studied the monotonicity of the conditional probability

P(X1 > x1 + t,X2 > x2 + t | X1 > t,X2 > t)

in x1, x2 ≥ 0 for all t ≥ 0, which is the joint survival function of the random vector

Xt = [(X1 − t,X2 − t) | X1 > t,X2 > t], (3.13)

being the pair of residual lifetimes at time t ≥ 0. The problem has important and innumerous
applications in industry, medicine, finance, economics, insurance, see Singpurwalla (2006) and
McNeil et al. (2005).

The aging performance of the residual lifetime vector Xt is well studied when the dependence
structure between X1 and X2 is described by the family of Archimedean copulas, for details see
Bassan and Spizzichino (2005) and Mulero and Pellerey (2010). Thus, the results obtained are
valid for exchangeable random vectors, i.e. for the class of bivariate distributions with same marginal
distributions, which is a limitation for practical needs and applications.

The GMO type distributions given by (3.1) do not possess the bivariate lack-of-memory property
(2.6) and for this reason Li and Pellerey (2011) investigated the aging behaviour and dependence
properties of Xt. In particular, they show that if X has a GMO distribution, then so does Xt.

We are now interested to examine the property of the residual lifetime vector Xt under the
EMO model (3.5). The result is given in the following theorem.

Theorem 3.3.6. If the vector (X1, X2) follows an EMO model, then so does Xt for any t ≥ 0.

Proof. The survival function of the residual lifetime vector (3.13) is

P(Xt > (x1, x2)) = P(X1 − t > x1, X2 − t > x2 | X1 > t,X2 > t)

= P(min{T1 − t, T3 − t} > x1,min{T2 − t, T3 − t} > x2 | min{T1, T3} > t,min{T2, T3} > t).

Taking into account that in the EMO model the random variable T3 is independent of the vector
(T1, T2) we get

P(Xt > (x1, x2)) =
P(T1 > t+ x1, T2 > t+ x2)P(T3 > t+max{x1, x2})

P(T1 > t, T2 > t)P(T3 > t)
,

i.e.
P(Xt > (x1, x2)) =

ST1,T2(t+ x1, t+ x2)

ST1,T2(t, t)
× ST3(t+ max{x1, x2})

ST3(t)
.

The last relation means that

P(Xt > (x1, x2)) = P(T1,t > x1, T2,t > x2)P(T3,t > max{x1, x2}),

where Ti,t = [Ti − t | T1 > t, T2 > t], i = 1, 2, and T3,t = [T3 − t | T3 > t]. Thus, for any t ≥ 0 the
residual lifetime vector Xt in the EMO model has a stochastic representation

Xt = [min{T1,t, T3,t},min{T2,tT3,t}],
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e.g. Xt has the same form stochastic representation (2.9). This means that if the random vector
(X1, X2) follows an EMO model with survival function given by (3.5) then the corresponding
residual lifetime vector Xt also follows an EMO model.

As a consequence of the Theorem 6.B.16(b) in Shaked and Shanthikumar (2007), it follows
that (X1, X2) and Xt have the same type of copula (i.e., given by relation (3.9)) even if they are
generated by different triples of random variables.

Remark 3.3.7. If T3 is exponentially distributed and (T1, T2) possesses the bivariate lack-of-
memory property, i.e., ST1,T2(x1 + t, x2 + t) = ST1,T2(x1, x2)ST1,T2(t, t) for all x1, x2, t > 0, e.g., the
Block and Basu exponential distribution, see Block and Basu (1974), then (X1, X2) will exhibit the
bivariate lack-of-memory property, so that Xt and X will have the same distribution and copula,
which are independent of t. See also related Theorem 6.2.16.

3.4 Other survival copula representations

In this section we obtain an alternative copula representation of the EMO model as a function
of conditional hazard rates ri(x1, x2), i = 1, 2. After that we will present an inverse copula relation.
Several typical examples will be presented.

3.4.1 Alternative survival copula representation

Let us denote ΛT1,T2(x1, x2) = − lnST1,T2(x1, x2). Then the exponential representation (3.3)
implies the relation

ΛT1,T2(x1, x2) = HT1(x1) +HT2(x2)−HT1,T2(x1, x2).

It is direct to check that

ΛT1,T2(x1, 0) = − ln(ST1(x1)) = HT1(x1)

and
ΛT1,T2(0, x2) = − ln(ST2(x2)) = HT2(x2).

For the conditional hazard rates, let us consider ST1,T2(x1, x2) absolutely continuous, so we have

ri(x1, x2) = − ∂

∂xi
ln[ST1,T2(x1, x2)] =

∂

∂xi
ΛT1,T2(x1, x2), i = 1, 2.

By definition, r1(x1, x2) = ∂
∂x1

ΛT1,T2(x1, x2), i.e.,
∫ x1
0 r1(z, x2)dz =

∫ x1
0

∂
∂x1

ΛT1,T2(z, x2)dz,

which implies the relation

ΛT1,T2(x1, x2) =

∫ x1

0
r1(z, x2)dz +HT2(x2) (3.14)

Likewise

ΛT1,T2(x1, x2) =

∫ x2

0
r2(x1, z)dz +HT1(x1). (3.15)
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Since ST1,T2(x1, x2) = exp{−ΛT1,T2(x1, x2)}, from the expression for the survival function of
EMO models (3.2) we have

SX1,X2(x1, x2) = ST1,T2(x1, x2)ST3(max(x1, x2)) = exp{−ΛT1,T2(x1, x2)}ST3(max(x1, x2)).

Using (3.14) we obtain

SX1,X2(x1, x2) = exp

{
−
∫ x1

0
r1(z, x2)dz −HT2(x2)−HT3(max(x1, x2))

}
.

Remind that G2(x2) = HT2(x2) +HT3(x2) and assume x2 > x1 ≥ 0. Then

SX1,X2(x1, x2) = exp

{
−
∫ x1

0
r1(z, x2)dz −G2(x2)

}
.

If CX1,X2(u, v) is the survival copula corresponding to SX1,X2(x1, x2), we have

ln
[
CX1,X2(u, v)

]
= ln

[
exp

{
−
∫ S−1

X1
(u)

0
r1(z, S

−1
X2

(v))dz −G2(S
−1
X2

(v))

}]
. (3.16)

Using (3.16) we obtain the copula expression when x2 > x1, i.e., S−1X2
(v) > S−1X1

(u)

CX1,X2(u, v) = v exp

{
−
∫ S−1

X1
(u)

0
r1(z, S

−1
X2

(v))dz

}
.

Using the same steps, one can get the corresponding expression when x1 ≥ x2 ≥ 0, i.e., when
S−1X1

(u) ≥ S−1X2
(v). In fact, we have the following theorem.

Theorem 3.4.1. Let ST1,T2(x1, x2) be absolutely continuous. Then the survival copula CX1,X2(u, v)

of the EMO model (3.2) is given by

CX1,X2(u, v) =


v exp

{
−
∫ S−1

X1
(u)

0 r1(z, S
−1
X2

(v))dz

}
, if S−1X1

(u) < S−1X2
(v);

u exp

{
−
∫ S−1

X2
(v)

0 r2(S
−1
X1

(u), z)dz

}
, if S−1X1

(u) ≥ S−1X2
(v),

where u, v ∈ [0, 1].

The NQD property will be satisfied if
∫ S−1

X1
(u)

0 r1(z, S
−1
X2

(v))dz > − lnu = G1(S
−1
X1

(u)) when

S−1X1
(u) < S−1X2

(v), and if
∫ S−1

X2
(v)

0 r2(S
−1
X1

(u), z)dz > − ln v = G2(S
−1
X2

(v)) when S−1X1
(u) ≥ S−1X2

(v),

depending on the parameter values.

3.4.2 Inverse survival copula representation

The representation (3.9) gives the survival copula CX1,X2(u, v) of the EMO model as a function
of joint distribution of (T1, T2) and T3. In some occasions, one may be interested on inverse situation:
to obtain the survival copula CT1,T2(u, v) representing the dependence structure between T1 and T2
in the EMO model under the knowledge of the distribution of T3 and joint distribution of X1 and
X2. The next theorem provides this relation.
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Theorem 3.4.2. Let (X1, X2) be a bivariate random vector that follows the EMO model (3.2) gen-
erated by the random variables (T1, T2, T3) . If SX1,X2(x1, x2) and ST3(x) are the survival functions
of (X1, X2) and T3, respectively, then the survival copula of the bivariate random vector (T1, T2) is

CT1,T2(u, v) =
SX1,X2{H−1T1 (− lnu), H−1T2 (− ln v)}

ST3

{
max

(
H−1T1 (− lnu), H−1T2 (− ln v)

)} ,
where HT1(x1) = ln

(
ST3 (x1)

SX1,X2
(x1,0)

)
, HT2(x2) = ln

(
ST3 (x2)

SX1,X2
(0,x2)

)
and (u, v) ∈ (0, 1]2.

Proof. From the exponential representation for the survival function of T3, we have HT3(x) =

− ln (ST3(x)) . From the expression for survival function of EMO models (3.2) we obtain

ST1,T2(x1, x2) =
SX1,X2(x1, x2)

ST3(max(x1, x2))
.

Set x2 = 0 in the previous equation and use the expression for HT3(x) to obtain

HT1(x1) = − ln{SX1,X2(x1, 0)} −HT3(x1) = ln

(
ST3(x1)

SX1,X2(x1, 0)

)
.

From the exponential representation for bivariate survival functions (3.3), set x2 = 0 to obtain the
survival function of T1, i.e., ST1(x1), and fix ST1(x1) = u,

ST1(x1) = exp{−HT1(x1)} = u⇒ x1 = S−1T1 (u) = H−1T1 (− lnu).

Analogously, HT2(x2) = ln
(

ST3 (x2)

SX1,X2
(0,x2)

)
and x2 = S−1T2 (v) = H−1T2 (− ln v). Since CT1,T2(u, v) =

ST1,T2(S−1T1 (u), S−1T2 (v)), the result follows after the corresponding substitutions.

We apply Theorem 3.4.2 in the next four examples.

Example 3.4.3 (Lomax survival copula). Consider the EMO model with survival function

SX1,X2(x1, x2) = {(1 + a1x1 + a2x2 + γx1x2)(1 + a3 max(x1, x2))}−c,

where x1, x2 > 0, a1, a2, a3, c > 0 and 0 ≤ γ ≤ (c+ 1)a1a2. Moreover, let T3 follow a Pareto type II
distribution, with location parameter equal to 0, ST3(x) = (1 + a3x)−c, where x > 0. From Theorem
3.4.2, ST1,T2(x1, x2) = {(1 + a1x1 + a2x2 + γx1x2)}−c and HTi(xi) = c ln(1 + aixi), i = 1, 2. Thus,

H−1T1 (− lnu) = u−
1
c−1
a1

and H−1T2 (− ln v) = v−
1
c−1
a2

. After the corresponding substitutions, we obtain
the survival copula for (T1, T2) as

CT1,T2(u, v) =
uv

{1− (1− γ
a1a2

)(1− u
1
c )(1− v

1
c )}c

,

where u, v ∈ (0, 1], a1, a2, c > 0 and 0 ≤ γ ≤ (c + 1)a1a2. This is the Lomax survival copula, see
equation (2.41) in Balakrishnan and Lai (2009).

Example 3.4.4. Consider the EMO model with survival function

SX1,X2(x1, x2) = [(1− p1x1 − p2x2) exp{−max(x1, x2)}]c,
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where 0 < x1 <
1
p1
, 0 < x2 <

1−p1x1
p2

, p1, p2 > 0 and c > 1. Moreover, suppose T3 follows a Weibull
distribution, ST3(x) = exp{−xc}, where x > 0. From Theorem 3.4.2, ST1,T2(x1, x2) = (1 − p1x1 −
p2x2)

c and HTi(xi) = −c ln(1−pixi), i = 1, 2. Thus, H−1T1 (− lnu) = 1−u
1
c

p1
and H−1T2 (− ln v) = 1−v

1
c

p2
.

After the corresponding substitutions, we obtain the survival copula for (T1, T2) as

CT1,T2(u, v) = (u
1
c + v

1
c − 1)c,

where u, v ∈ (0, 1], u
1
c + v

1
c − 1 > 0 and c > 1. This is the survival copula associated with the

multivariate rescaled Dirichlet distribution, see Ma (1996), when considering the bivariate case.

Example 3.4.5 (Gumbel-Barnett survival copula). Consider the EMO model with survival func-
tion:

SX1,X2(x1, x2) = exp {−λ1x1 − λ2x2 − λ3 max(x1, x2)− θλ1λ2x1x2} ,

where x1, x2 > 0, λi > 0, i = 1, 2, 3, and 0 ≤ θ ≤ 1. Moreover, T3 follows an exponential distribution,
ST3(x) = exp{−λ3x}, where x > 0. From Theorem 3.4.2, ST1,T2(x1, x2) = exp {−λ1x1 − λ2x2 − θλ1λ2x1x2}
and HTi(xi) = −λixi, i = 1, 2. Thus, H−1T1 (− lnu) = − lnu

λ1
and H−1T2 (− ln v) = − ln v

λ2
. After the cor-

responding substitutions, we obtain the survival copula for (T1, T2) as

CT1,T2(u, v) = uv exp {−θ lnu ln v} , (3.17)

where u, v ∈ (0, 1] and 0 ≤ θ ≤ 1. This survival copula is known as Gumbel-Barnett, see equation
(2.49) in Balakrishnan and Lai (2009).

Example 3.4.6 (Pareto (or Clayton) survival copula). Consider the EMO model with survival
function:

SX1,X2(x1, x2) =



exp{−λ3 max(x1, x2)}, if 0 ≤ x1 < θ1 and 0 ≤ x2 < θ2,(
θ1
x1

)a
exp{−λ3 max(x1, x2)}, if x1 ≥ θ1 and 0 ≤ x2 < θ2,(

θ2
x2

)a
exp{−λ3 max(x1, x2)}, if 0 ≤ x1 < θ1 and x2 ≥ θ2,

(θ1θ2)a

(θ2x1+θ1x2−θ1θ2)a exp{−λ3 max(x1, x2)}, if x1 ≥ θ1, x2 ≥ θ2,

where λ3 > 0 and a > 0. Moreover, it is known that T3 follows an exponential distribution,
ST3(x) = exp{−λ3x}, where x ≥ 0. From Theorem 3.4.2, ST1,T2(x1, x2) = (θ1θ2)a

(θ2x1+θ1x2−θ1θ2)a , xi ≥ θi,

and HTi(xi) = a ln
[
xi
θi

]
, i = 1, 2. Thus, H−1T1 (− lnu) = θ1

a√u and H−1T2 (− ln v) = θ2
a√v . After the

corresponding substitutions, we obtain the survival copula for (T1, T2) as

CT1,T2(u, v) = (u−
1
a + v−

1
a − 1)−a,

where u, v ∈ (0, 1] and a > 0. This copula is known as Pareto (or Clayton) survival copula, see
equation (2.43) in Balakrishnan and Lai (2009).
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3.5 An absolutely continuous version of EMO model

If the bivariate random vector (X1, X2) satisfies the EMO model (3.5), its survival function has
no discrete component and from the Lebesgue decomposition (2.11) we have

SX1,X2(x1, x2) = (1− α)SacX1,X2
(x1, x2) + αSsiX1,X2

(max{x1, x2}), (3.18)

where SacX1,X2
(x1, x2) is an absolutely continuous survival function, SsiX1,X2

(max{x1, x2}) is the sin-
gular component with support on the set Ω given by (2.10) and α ∈ [0, 1].

Notice that α = P(X1 = X2), so if α = 0 then the joint distribution of the random vector
(X1, X2) is absolutely continuous. Denoting by

(1− α)facX1,X2
(x1, x2) =

∂2

∂x1∂x2
SX1,X2(x1, x2), (3.19)

the value of α can be obtained integrating both sides of (3.19)

1− α =

∫ ∞
0

∫ ∞
0

∂2

∂x1∂x2
SX1,X2(x1, x2)dx1dx2.

By its turn, the survival function of EMO models (3.2) can be decomposed in terms of the
survival functions of (T1, T2) and T3 as

SX1,X2(x1, x2) =

ST1,T2(x1, x2)ST3(x1), if x1 ≥ x2 ≥ 0,

ST1,T2(x1, x2)ST3(x2), if 0 ≤ x1 < x2,
(3.20)

so from (3.19)

(1−α)facX1,X2
(x1, x2) =

ST3(x1)
∂2

∂x1∂x2
ST1,T2(x1, x2) + ∂

∂x2
ST1,T2(x1, x2)

d
dx1

ST3(x1), if x1 ≥ x2 ≥ 0,

ST3(x2)
∂2

∂x1∂x2
ST1,T2(x1, x2) + ∂

∂x1
ST1,T2(x1, x2)

d
dx2

ST3(x2), if 0 ≤ x1 < x2,

which is calculated where the derivatives exist, and depends on the densities of (T1, T2) and T3.

Therefore, a necessary condition for SX1,X2(x1, x2) to be absolutely continuous is the absolute
continuity of the distributions of (T1, T2) and T3.

The singular component in (3.20) with support on the set Ω can be analysed using Theorem
1.1 of Joe (1997), which is stated in terms of distribution functions, but remains valid if one works
with survival functions.

Theorem 3.5.1 (Joe (1997)). Let FX1,X2(x1, x2) be a continuous bivariate distribution with uni-
variate margins FX1(x1), FX2(x2) and conditional distribution FX2 |X1

(x2 |x1) of the second variable
given the first. Suppose that FX2 |X1

(x2 |x1) has jump discontinuities totalling a mass of a(x1), and
a(x1) is continuous and positive on an interval. Then FX1,X2(x1, x2) has a singular component and
the mass of the singular component is

∫∞
0 a(u)dFX1(u). A similar result holds for the conditional

distribution FX1 |X2
(x1 |x2) of the first variable given the second.

Therefore, let us denote by SX2|X1
(x2|x1) the conditional survival function of X2 given X1 = x1,

SX2|X1
(x2|x1) =

− ∂
∂x1

SX1,X2(x1, x2)

− d
dx1

SX1(x1)
.
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In order to obtain the jump discontinuities of SX2|X1
(x2|x1) at the points x1 = x2 = x ≥ 0 we

first calculate

SX2|X1
(x2|x1) =


ST3 (x1)

∂
∂x1

ST1,T2 (x1,x2)+ST1,T2 (x1,x2)
d
dx1

ST3 (x1)

d
dx1

SX1
(x1)

, if x1 ≥ x2,
ST3 (x2)

∂
∂x1

ST1,T2 (x1,x2)

d
dx1

SX1
(x1)

, if x1 < x2.

When x1 = x2 = x ≥ 0, the jump discontinuities have mass a(x) = −ST1,T2 (x,x)fT3 (x)
d
dx
SX1

(x)
, and the

total mass of the singular component is given by:

α =

∫ ∞
x=0
−a(x)dSX1(x) =

∫ ∞
x=0

ST1,T2(x, x)fT3(x)dx.

Therefore, in order to remove this singularity, we have to impose

ST1,T2(x, x)fT3(x) = 0 for all x ≥ 0. (3.21)

The same conclusion is obtained when analysing the jump discontinuities of SX1|X2
(x1|x2) at the

points x1 = x2 = x ≥ 0.

Notice that if ST1,T2(x, x) > 0 for all finite and nonnegative x, then we have to impose fT3(x) = 0,

x ≥ 0. This last condition resembles Claims 4.5 and 4.6 in Singpurwalla (2006) when analysing the
discontinuity in MO model.

As an interpretation of relation (3.21), define the random variable T = min(T1, T2), with survival
function ST (x) = ST1,T2(x, x) : the EMO model does not possess a singular component whenever
α = P(X1 = X2) = 0, which happens if and only if P(T3 < T ) = 0.

The singular component in EMO model is removed after imposing three conditions:

1. The support of the random variable T is bounded from above. Let us denote
θ = sup{x ≥ 0 : ST1,T2(x, x) > 0};

2. the support of the random variable T3 is bounded from below. Let us denote
γ = inf{x ≥ 0 : ST3(x) < 1};

3. the following relation holds true: γ ≥ θ.

Remark 3.5.2. Notice that the first condition implies ST1,T2(x1, x2) = 0 whenever x1, x2 > θ, since
any survival function is non-increasing in both arguments. Moreover, if the supports of the marginal
distributions of the bivariate random vector (T1, T2) are not bounded from above then HT1(θ) and
HT2(θ) are finite. From the exponential representation for bivariate survival functions (3.3) we can
conclude that

HT1,T2(θ, θ) =

∫ θ

0

∫ θ

0
(rT1,T2(y1, y2)− r1(y1, y2)r2(y1, y2)) dy1dy2 = −∞,

meaning that at least one of the conditional hazard rates of (T1, T2) is unbounded from above.
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Therefore, the survival function of the EMO model under the above assumptions is

SX1,X2(x1, x2) =


ST1,T2(x1, x2), if 0 ≤ x1, x2 < γ;

ST1,T2(x1, x2)ST3(x1), if x1 ≥ min(x2, γ),

ST1,T2(x1, x2)ST3(x2), if x2 ≥ min(x1, γ).

(3.22)

Thus, we have proved the following Theorem:

Theorem 3.5.3. Suppose (T1, T2) and T3 are nonnegative absolutely continuous random variables,
with (T1, T2) independent of T3. Let θ = sup{x ≥ 0 : ST1,T2(x, x) > 0} and γ = inf{x ≥ 0 :

ST3(x) < 1}. If θ ≤ γ < ∞ then (X1, X2) = (min(T1, T3),min(T2, T3)) compose an absolutely
continuous EMO model with survival function given by (3.22).

Example 3.5.4 (Absolutely continuous EMO model). Consider the survival copula CT1,T2(u, v) =

(u
1
c + v

1
c − 1)c, where u, v ∈ (0, 1], u

1
c + v

1
c − 1 > 0 and c > 1, obtained in Example 3.4.4. Fix unit

exponential marginals for T1 and T2 to obtain

ST1,T2(x1, x2) =
(

exp
{
−x1
c

}
+ exp

{
−x2
c

}
− 1
)c
,

(x1, x2) ∈ D, where D = {(x1, x2) : x1 > 0, x2 > 0, exp
{
−x1

c

}
+ exp

{
−x2

c

}
− 1 > 0}. Following

Theorem 3.5.3, for such survival function, θ = c ln 2. Fix γ = θ and consider T3 independent of
(T1, T2), with survival function ST3(x) = exp{− (x− c ln 2)}, x ≥ c ln 2. Therefore, according with
Theorem 3.5.3, (T1, T2) and T3 compose an absolutely continuous EMO model with survival function:

SX1,X2(x1, x2) =

=


(
exp

{
−x1

c

}
+ exp

{
−x2

c

)
− 1
}c
, if (x1, x2) ∈ D, x1, x2 < c ln 2;(

exp
{
−x1

c

}
+ exp

{
−x2

c

}
− 1
)c

exp{− (x1 − c ln 2)}, if (x1, x2) ∈ D, x1 ≥ min(x2, c ln 2);(
exp

{
−x1

c

}
+ exp

{
−x2

c

}
− 1
)c

exp{− (x2 − c ln 2)}, if (x1, x2) ∈ D, x2 ≥ min(x1, c ln 2).

Moreover, we have α = P(X1 = X2) = 0 and the density function fX1,X2(x1, x2) can be obtained
from (3.19) as

fX1,X2(x1, x2) = ∂2

∂x1∂x2
SX1,X2(x1, x2) =

=



c−1
c exp{−x1+x2

c }
(
exp{−x1

c }+ exp{−x2
c } − 1

)c−2
, if (x1, x2) ∈ D, x1, x2 < c ln 2;

exp{−x1 − x2
c + c ln 2}

(
exp{−x1

c }+ exp{−x2
c } − 1

)c−2
×
(
2c−1
c exp{−x1

c }+ exp{−x2
c } − 1

)
, if (x1, x2) ∈ D, x1 ≥ min(x2, c ln 2);

exp{−x2 − x1
c + c ln 2}

(
exp{−x1

c }+ exp{−x2
c } − 1

)c−2
×
(
2c−1
c exp{−x2

c }+ exp{−x1
c } − 1

)
, if (x1, x2) ∈ D, x2 ≥ min(x1, c ln 2).
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3.6 Reliability properties

In this section we consider the bivariate lack-of-memory property (LMP) in EMO models. In
the sequel, we analyse their weak bivariate increasing failure rate as well as bivariate increasing
hazard rate properties.

3.6.1 Bivariate lack-of-memory property

We can obtain several examples of EMO models given by (3.5) that display the bivariate lack-
of-memory property. Consider the following

Example 3.6.1 (EMO model with bivariate LMP). Consider three nonnegative absolutely contin-
uous and independent random variables Yi, i = 1, 2, 3, and let SY1(x) = SY2(x) = exp{−x}. For the
failure rate of Y3, fix rY3(x) = 1 + sin(x) so that it has cumulative failure rate HY3(x) =

∫ x
0 [1 +

sin(u)]du = x−cos(x)+1. Consider the GMO distribution (T1, T2) = (min(Y1, Y3),min(Y2, Y3)) with
survival function ST1,T2(x1, x2) = exp{−x1−x2−HY3(max(x1, x2))}. Now, let the nonnegative abso-
lutely continuous random variable T3 be independent of (T1, T2) with failure rate rT3(x) = 1− sin(x)

and cumulative failure rate HT3(x) =
∫ x
0 [1− sin(u)]du = x+ cos(x)− 1. Let us compose the EMO

model (X1, X2) = (min(T1, T3),min(T2, T3)). From the expression for survival function of EMO
models (3.2) we have SX1,X2(x1, x2) = ST1,T2(x1, x2)ST3(max(x1, x2)). Therefore, SX1,X2(x1, x2) =

exp{−x1 − x2 − HY3(max(x1, x2)) − HT3(max(x1, x2))} = exp{−x1 − x2 − 2 max(x1, x2)}, i.e.,
(X1, X2) follows a Marshall-Olkin distribution (2.4) which displays the bivariate LMP according
with relation (2.6). Notice that ST1,T2(x1, x2) does not exhibit the bivariate LMP, is not absolutely
continuous nor T3 is exponentially distributed. This distribution will also be considered in Example
3.7.9.

Remark 3.6.2. In Example 3.6.1, ST1,T2(x1, x2) exhibits a singular component with support on the
set Ω = {(x1, x2) |x1 = x2 = x ≥ 0}. With additional conditions on the joint distribution of (T1, T2)

the bivariate LMP in EMO models can be uniquely characterized, see Theorem 3.6.6 and Corollary
3.6.8.

Let (T1, T2) display the bivariate LMP and let T3 follow an exponential distribution. Therefore,
the EMO model constructed with these random variables possesses the bivariate LMP, since from
the expression for survival function of EMO models (3.2) and the LMP of T3,

SX1,X2(x1 + t, x2 + t) = ST1,T2(x1 + t, x2 + t)ST3(max(x1 + t, x2 + t))

= ST1,T2(x1 + t, x2 + t)ST3(max(x1, x2) + t)

= ST1,T2(x1, x2)ST3(max(x1, x2))ST1,T2(t, t)ST3(t).

Thus, equation (2.6) holds true and SX1,X2(x1, x2) possesses the bivariate LMP. In fact, we have
the following Lemma.

Lemma 3.6.3. Let (T1, T2) and T3 compose an EMO model with survival function given by (3.2). If
(T1, T2) exhibits bivariate LMP and T3 is exponentially distributed, then (X1, X2) = (min(T1, T3),min(T2, T3))

exhibits bivariate LMP.

Two related results are presented in next Lemmas.



3.6 RELIABILITY PROPERTIES 35

Lemma 3.6.4. Let (T1, T2) and T3 compose an EMO model with survival function given by (3.2).
If (X1, X2) = (min(T1, T3),min(T2, T3)) exhibits bivariate LMP and T3 is exponentially distributed,
then (T1, T2) exhibits bivariate LMP.

Proof. From the general expression for survival function of EMO models (3.2) and the bivariate
LMP of (X1, X2) given by (2.6) we have

SX1,X2(x1 + t, x2 + t) = ST1,T2(x1 + t, x2 + t)ST3(max(x1 + t, x2 + t))

= ST1,T2(x1, x2)ST3(max(x1, x2))ST1,T2(t, t)ST3(t),

Since T3 is exponentially distributed, ST3(max(x1 + t, x2 + t)) = ST3(max(x1, x2))ST3(t), and we
conclude ST1,T2(x1 + t, x2 + t) = ST1,T2(x1, x2)ST1,T2(t, t).

Lemma 3.6.5. Let (T1, T2) and T3 compose an EMO model with survival function given by (3.2).
If (X1, X2) = (min(T1, T3),min(T2, T3)) and (T1, T2) exhibit bivariate LMP then T3 is exponentially
distributed.

Proof. Follow similar steps as the proof of Lemma 3.6.4.

With the additional assumption of absolutely continuity of the distribution of (T1, T2), in the
next theorem we proof the unicity of the constructions presented in Lemmas 3.6.3, 3.6.4 and 3.6.5.

Theorem 3.6.6. Let (T1, T2) and T3 compose an EMO model with survival function given by (3.2).
Suppose (X1, X2) = (min(T1, T3),min(T2, T3)) exhibits bivariate LMP and the joint distribution of
(T1, T2) is absolutely continuous. Then T3 is exponentially distributed and (T1, T2) exhibits bivariate
LMP.

Proof. Initially suppose x1 > x2 ≥ 0 and consider the general expression for survival function of
EMO models (3.5). Since (X1, X2) exhibits bivariate LMP given by (2.6),

exp{−HT1(x1 + t)−HT3(x1 + t)−HT2(x2 + t) +HT1,T2(x1 + t, x2 + t)

= exp{−HT1(x1)−HT3(x1)−HT2(x2) +HT1,T2(x1, x2)

× exp{−HT1(t)−HT3(t)−HT2(t) +HT1,T2(t, t).

Taking logarithms in both sides and calculating the mixed partial derivatives, we obtain

∂2

∂x1∂x2
HT1,T2(x1 + t, x2 + t) =

∂2

∂x1∂x2
HT1,T2(x1, x2).

Integrating the previous expression and taking into account that HT1,T2(0, x2) = HT1,T2(x1, 0) = 0

for all x1, x2 ≥ 0,∫ x1

0

∫ x2

0

∂2

∂u∂v
HT1,T2(u+ t, v + t)dvdu =

∫ x1

0

∫ x2

0

∂2

∂u∂v
HT1,T2(u, v)dvdu

we obtain the relation

HT1,T2(x1 + t, x2 + t)−HT1,T2(x1 + t, t)−HT1,T2(t, x2 + t) +HT1,T2(t, t) = HT1,T2(x1, x2). (3.23)
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From the bivariate LMP of (X1, X2) given by (2.6) we have

SX1,X2(x1, x2)

SX1(x1)SX2(x2)
=

SX1,X2
(x1+t,x2+t)

SX1,X2
(t,t)

SX1,X2
(x1+t,t)

SX1,X2
(t,t)

SX1,X2
(t,x2+t)

SX1,X2
(t,t)

. (3.24)

Applying the exponential representation (3.3) to (3.24) and considering (3.23) we obtain the func-
tional equationHT3(x2+t) = HT3(x2)+HT3(t), for all x2, t ≥ 0. This is a Cauchy functional equation
with only continuous solution given by HT3(x2) = θx2, see Sahoo and Kannappan (2011). Since
HT3(x2) is nonnegative we have θ > 0. The same conclusion is obtained when x2 ≥ x1. Thus, T3 is
exponentially distributed with parameter θ. Applying Lemma 3.6.4 we conclude the proof.

Remark 3.6.7. Relation (3.23) is an important characterizing functional equation and will be
considered again in Lemma 7.2.2 as relation (7.1).

Corollary 3.6.8. Let (T1, T2) and T3 compose an EMO model with survival function given by (3.5)
and the joint distribution of (T1, T2) be absolutely continuous. Denote (X1, X2) = (min(T1, T3),min(T2, T3)).

Then SX1,X2(x1, x2) exhibits bivariate LMP if and only if ST1,T2(x1, x2) exhibits bivariate LMP and
T3 is exponentially distributed.

Example 3.6.9 (EMO model with bivariate LMP and (T1, T2) absolutely continuous). Consider
the joint survival function for (T1, T2)

ST1,T2(x1, x2) =
λ

λ1 + λ2
exp{−λ1x1 − λ2x2 − λ12 max(x1, x2)} −

λ12
λ1 + λ2

exp{−λmax(x1, x2)},

where the parameters λ1, λ2 and λ12 are positive, λ = λ1 + λ2 + λ12 and x1, x2 > 0, i.e., (T1, T2)

follows the Block and Basu (1974) bivariate exponential distribution, which is an example of an
absolutely continuous distribution with bivariate LMP. Let T3 follow an exponential distribution
with parameter θ > 0, so that ST3(x) = exp{−θx}. Therefore

SX1,X2 = ST1,T2(x1, x2)ST3(max(x1, x2))

compose an EMO model with the bivariate LMP.

Remark 3.6.10 (Reliability property of marginals). From the exponential representation for EMO
models (3.5), let x3−i = 0 and calculate the failure rate functions of Xi to obtain rXi(xi) =

rTi(xi) + rT3(xi), i = 1, 2. Fixing for T3 an exponential distribution with failure rate rT3(x) = λ3,

λ3 > 0, the increasing (decreasing) behaviour of rXi(x), i = 1, 2, is solely determined by the in-
creasing (decreasing) behaviour of rTi(x), i = 1, 2 (in Example 3.6.9, X1 and X2 are both IFR, see
Block and Basu (1974)). Therefore, it is possible to obtain EMO models with bivariate LMP with
any combination of increasing or decreasing failure rate property of the marginals X1 and X2, see
Remark 3 in Kulkarni (2006) for details.

In next theorem we show that all EMO models which possess the bivariate LMP have a singular
component, i.e., are not absolutely continuous.

Theorem 3.6.11. Let (T1, T2) and T3 compose an EMO model with survival function given by
(3.2) and denote (X1, X2) = (min(T1, T3),min(T2, T3)). If (X1, X2) possess the bivariate LMP then
SX1,X2(x1, x2) is not absolutely continuous.
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Proof. Suppose SX1,X2(x1, x2) possess the bivariate LMP and is absolutely continuous. From the
bivariate LMP we have X = min(X1, X2) is exponentially distributed. But from the absolutely
continuity of SX1,X2(x1, x2), Theorem 3.5.3 holds true and this bivariate survival function is given
by the general expression (3.22), meaning that the support of the distribution of X is limited
from above by θ. Thus, X is not exponentially distributed, which is a contradiction. Therefore we
conclude SX1,X2(x1, x2) is not absolutely continuous.

3.6.2 Weak bivariate increasing failure rate

Under bivariate LMP property, the ratio

D(x1, x2, t) =
SX1,X2(x1 + t, x2 + t)

SX1,X2(x1, x2)
(3.25)

only depends on t and is non-increasing, see the defining bivariate LMP relation (2.6). Considering
EMO models, we now investigate the increasing/decreasing nature of the ratio (3.25) in x1, x2 ≥ 0

for all t ≥ 0.

Finkelstein and Esaulova (2005) defined the concept of weak bivariate increasing failure rate -
IFR (decreasing failure rate - DFR) considering a particular version of (3.25), when x1 = x2 = x ≥ 0.

Definition 3.6.12 (Finkelstein and Esaulova (2005)). The joint distribution of a bivariate random
vector (X1, X2) is weak increasing failure rate - IFR (decreasing failure rate - DFR) if

D(x, x, t) =
SX1,X2(x+ t, x+ t)

SX1,X2(x, x)
(3.26)

is decreasing (increasing) in x ≥ 0 for all t ≥ 0.

This definition tells us that the residual lifetime of a series system of two components with the
same initial ages stochastically decreases (increases) in x for all t ≥ 0. Following Finkelstein and Esaulova
(2005), the terms increasing and decreasing are not strict, i.e., increasing means non-decreasing as
well as decreasing means non-increasing.

Finkelstein and Esaulova (2005) established conditions to an absolutely continuous bivariate
survival function be weak IFR (DFR) as well as proposed a methodology to construct bivariate
distributions satisfying the weak IFR (DFR) aging property from bivariate distributions with the
same property. If we consider the absolutely continuous version of EMO model given by Theorem
3.5.3, log-concavity properties (e.g. Barlow and Proschan (1981)) imply a general condition for the
weak IFR aging property:

d2

dx2
ln [SX1,X2(x, x)] ≤ 0. (3.27)

From the general expression for survival function of absolutely continuous EMO models (3.22),
when x1 = x2 = x ≥ 0, SX1,X2(x, x) = ST1,T2(x, x), x ∈ (0, θ), θ defined in Theorem 3.5.3. In
fact, to investigate the weak aging property of the absolutely continuous EMO models we only have
to analyse the IFR (DFR) aging property of T = min(T1, T2). Therefore, we need to investigate
bivariate distributions for (T1, T2) that satisfy such property.

From Theorem 3.5.3, the support of T = min(T1, T2) is limited from above by θ. Since
∫ θ
0 rT (u)du =

∞, where rT (x) is the failure rate function of T, rT (x) has to be unbounded from above and, con-
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sequently, is not decreasing in x for all x ∈ [0, θ). This rules out the possibility of an absolutely
continuous EMO models with the weak DFR property. Thus, we have proved the following Lemma.

Lemma 3.6.13. Let the bivariate random vector (X1, X2) follow the absolutely continuous EMO
model from Theorem 3.5.3. Then SX1,X2(x1, x2) does not exhibit the weak DFR property.

In the next example, condition (3.27) is applied to an absolutely continuous EMO model to
investigate its weak IFR aging property.

Example 3.6.14 (Absolutely continuous EMO model and weak IFR). Consider the absolutely con-
tinuous EMO model presented in Example 3.5.4. To analyse its weak aging property, it is necessary
to take into account only the behaviour of

ST1,T2(x1, x2) =
(

exp
{
−x1
c

}
+ exp

{
−x2
c

}
− 1
)c
,

since our interest is in the performance of SX1,X2(x1, x2) when x1 = x2 = x ≥ 0, and SX1,X2(x, x) =

0 for x > c ln 2. Therefore,

d2

dx2
ln
[(

2 exp
{
−x
c

}
− 1
)c]

= −
2 exp{−x

c }
c(2 exp{−x

c } − 1)2
≤ 0,

for all x ∈ (0, c ln 2) and the distribution of (X1, X2) is weak IFR. Once the marginal distributions of
T1 and T2 are unit exponentials, from Theorems 2 and 3 in Finkelstein and Esaulova (2005), we can
conclude that the weak IFR aging property still holds true with arbitrary identical IFR marginals
for (T1, T2) as well as with arbitrary IFR marginals with proportional failure rates, provided we
maintain the same copula for (T1, T2). Notice that when the distributions of T1 and T2 are changed,
the support of the distribution of the absolutely continuous random variable T3 may have to be
adjusted in order to avoid singularities in the EMO model, according with Theorem 3.5.3.

To investigate the weak IFR property of the absolutely continuous EMO model, notice the
restriction to be imposed to the absolutely continuous random variable T3 is uniquely related with
its support, necessary to the EMO model be absolutely continuous, and we only have to analyse
the behaviour of the failure rate of the random variable T = min(T1, T2). From the exponential
representation for bivariate survival functions (3.3), condition (3.27) is equivalent to

rT1(x) + rT2(x)− d

dx
HT1,T2(x, x)

be increasing in x, x ∈ (0, θ), where θ is defined in Theorem 3.5.3.
Notice that from the definition of conditional hazard rates and from the exponential represen-

tation (3.3), the failure rates of Ti, i = 1, 2 can be expressed as

rTi(xi) = ri(x1, x2) +
∂

∂xi
HT1,T2(x1, x2), i = 1, 2.

Moreover, whenever HT1,T2(x1, x2) is differentiable, the derivative d
dxHT1,T2(x, x) can be written

in terms of the gradient of HT1,T2(x1, x2) as

d

dx
HT1,T2(x, x) =

∂

∂x1
HT1,T2(x1, x2)|x1=x2=x +

∂

∂x2
HT1,T2(x1, x2)|x1=x2=x,
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see Remark 5.2.4. Therefore, we have proved the following Lemma.

Lemma 3.6.15. Let the bivariate random vector (X1, X2) follow the absolutely continuous EMO
model from Theorem 3.5.3 and HT1,T2(x1, x2) be a differentiable dependence function. Then (X1, X2)

is weak IFR if and only if r1(x, x) + r2(x, x) is increasing in x.

The next example illustrates an application of Lemma 3.6.15.

Example 3.6.16. Consider the absolutely continuous EMO model presented in Example 3.6.14.
The conditional hazard rates are given by ri(x1, x2) =

exp{−xic }
exp{−x1c }+exp{−x2c }−1

, i = 1, 2. Therefore,

r1(x, x) + r2(x, x) =
2 exp{−x

c
}

2 exp{−xc}−1
and

d

dx

(
2 exp{−x

c }
2 exp

{
−x
c

}
− 1

)
=

2 exp{−x
c }

c(2 exp{−x
c } − 1)2

≥ 0,

for all x ∈ (0, c ln 2). From Lemma 3.6.15 we conclude that the distribution of (X1, X2) is weak IFR.

There exists a connection between bivariate distributions with the property that the minimum
is increasing failure rate and log-concave functions, whose definition can be found in Hu and Li
(2007).

Definition 3.6.17 (Hu and Li (2007)). A non-negative function γ : Rn → R is said to be log-
concave if, for all x,y ∈ Rn and for all α ∈ (0, 1) we have

γ(αx + (1− α)y) ≥ [γ(x)]α[γ(y)]1−α.

This definition is equivalent to ln γ(x) be concave. As noted in An (1998), if the function γ(x)

is log-concave, then the set Υ = {x ∈ Rn : γ(x) > 0} is a convex subset of Rn.
Denoting by Γ(x) = − ln(γ(x)), Definition 3.6.17 is equivalent to the Hessian matrix associated

with Γ(x) be nonnegative definite, provided the elements of the Hessian matrix exist and are
continuous in Υ, see Proposition 3.67 in Ghorpade and Limaye (2010).

Interesting properties of log-concave and log-convex functions in the univariate case can be
found in Bagnoli and Bergstrom (2005) and Al-Zahrani and Stoyanov (2008). An (1998), besides
the univariate case, also presents some results to the multivariate case. Walther (2009) presents
inferential and modeling aspects of log-concave distributions.

Hu and Li (2007) investigated increasing failure rate properties of the minimum of multivariate
distributions with log-concave densities, and they proved the following theorem.

Theorem 3.6.18 (Hu and Li (2007)). Let (X1, ..., Xn) be a random vector with a log-concave
density function. Then T = min(X1, ..., Xn) is IFR.

Remark 3.6.19 (Truncation of log-concave density functions to convex sets). As observed in
Hu and Li (2007), a multivariate random vector with log-concave density function truncated to a
convex set possesses a log-concave density function. In the bivariate case, the corresponding survival
function can be used as ST1,T2(x1, x2) in Example 3.6.14, provided the distribution of T3 is chosen
such that the conditions of Theorem 3.5.3 hold true.
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Remark 3.6.20 (Multivariate log-concave densities). Examples of multivariate log-concave densi-
ties can be found in Hu and Li (2007), such as multivariate normal and multivariate Pearson type
II distributions, and in Gupta and Balakrishnan (2012), such as multivariate skew-normal models
of Azzalini (1985) and of Azzalini and Dalla Valle (1996).

3.6.3 Bivariate increasing hazard rate

Several generalizations of the univariate increasing (decreasing) failure rate definition to the mul-
tivariate setup can be found in the literature. Among others, we can mention Harris (1970), Basu
(1971) and Brindley and Thompson (1972), see Definition 6.3.2 in Section 6.3. Johnson and Kotz
(1975) present the definition of Multivariate Increasing Hazard Rate - MIHR (Decreasing Hazard
Rate - MDFR), which, in the bivariate case is

Definition 3.6.21 (Johnson and Kotz (1975)). An absolutely continuous random vector (X1, X2)

with survival function SX1,X2(x1, x2) is Bivariate Increasing Hazard Rate - BIHR (Decreasing Haz-
ard Rate - BDHR) if

∂

∂xi
(− lnSX1,X2(x1, x2))

is an increasing (decreasing) function of xi for all values of (x1, x2), i = 1, 2..

Note that if X1 and X2 are independent, their joint distribution is IHR (DHR) if and only if
the marginal distributions of X1 and X2 are IFR (DFR). In other words, Definition 3.6.21 includes
the IFR (DFR) notion assumed by Barlow and Proschan (1981).

This property has been investigated in Gupta and Gupta (1997), Ma (2000), Gupta and Gupta
(2001), Horrance (2005), Hu and Li (2007) and Gupta and Balakrishnan (2012), among others,
for some multivariate distributions.

The following theorem, whose multivariate version is proved in Ma (2000), relates the log-
concavity of a survival function SX1,X2(x1, x2) to the monotonicity of its conditional hazard rates
ri(x1, x2) as a function of xi, i = 1, 2.

Theorem 3.6.22 (Ma (2000)). Let (X1, X2) be an absolutely continuous random vector with sur-
vival function SX1,X2(x1, x2). If SX1,X2(x1, x2) is log-concave, then the random vector (X1, X2) is
bivariate IHR.

The next theorem, whose multivariate version proof can be found in An (1998), shows that
bivariate log-concave densities generates bivariate log-concave survival distributions, as well as their
univariate marginal densities are also log-concave.

Theorem 3.6.23 (An (1998)). If fX1,X2(x1, x2) is log-concave, then:

1. SX1,X2(x1, x2) is log-concave;

2. fXi(xi), i = 1, 2 are log-concave.

Theorem 3.6.24 shows how an absolutely continuous EMO model satisfying the bivariate IHR
property can be obtained.

Theorem 3.6.24. Let the bivariate random vector (X1, X2) follow the absolutely continuous EMO
model from Theorem 3.5.3. If (T1, T2) is bivariate IHR and T3 is IFR, then (X1, X2) is bivariate
IHR.
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Proof. Consider the general expression for survival function of absolutely continuous EMO models
(3.22),

SX1,X2(x1, x2) =


ST1,T2(x1, x2), if 0 ≤ x1, x2 < γ;

ST1,T2(x1, x2)ST3(x1), if x1 ≥ min(x2, γ),

ST1,T2(x1, x2)ST3(x2), if x2 ≥ min(x1, γ).

For i = 1, 2 we have

∂

∂xi
(− ln(SX1,X2(x1, x2))) =


∂
∂xi

(− ln(ST1,T2(x1, x2))) , if 0 ≤ x1, x2 < γ;

∂
∂xi

(− ln(ST1,T2(x1, x2))) + d
dxi

(− ln(ST3(x1))) , if x1 ≥ min(x2, γ),

∂
∂xi

(− ln(ST1,T2(x1, x2))) + d
dxi

(− ln(ST3(x2))) , if x2 ≥ min(x1, γ).

Thus, d
dxi

(− ln(ST3(x1))) and d
dxi

(− ln(ST3(x2))) are equal to 0 or to the increasing failure
rate function of T3, depending on the value of i, i = 1, 2. Since (T1, T2) is bivariate IHR, then
∂
∂xi

(− ln(SX1,X2(x1, x2))) is increasing in xi for all values of (x1, x2), see Definition 3.6.21, what
concludes the proof.

The next example illustrates an application of Theorem 3.6.24.

Example 3.6.25 (Absolutely continuous EMO model and bivariate IHR). Consider the survival
function already considered in Example 3.4.4,

ST1,T2(x1, x2) = {(1− p1x1 − p2x2)}c,

where 0 < x1 < 1
p1
, 0 < x2 < 1−p1x1

p2
and p1, p2 > 0, c > 1, i.e., the bivariate case of the

multivariate rescaled Dirichlet distribution presented in Ma (1996), see also equation (9.32) in
Balakrishnan and Lai (2009). Suppose T3 follows a Weibull distribution with location parameter

1
p1+p2

,

ST3(x) = exp

{
−
(
x− 1

p1 + p2

)b}
,

where x ≥ 1
p1+p2

and b > 1. Notice that Theorem 3.5.3 holds true, i.e., (X1, X2) = (min(T1, T3),min(T2, T3))

compose an absolutely continuous EMO model. The survival function ST1,T2(x1, x2) is log-concave,
since calculating the elements of the Hessian matrix H associated with the function − lnST1,T2(x1, x2)

we have

H =
c

(1− p1x1 − p2x2)2

[
p21 p1p2

p1p2 p22

]
.

Once p21 ≥ 0, p22 ≥ 0 and p21p
2
1− (p1p2)(p1p2) ≥ 0, we have H nonnegative definite and ST1,T2(x1, x2)

is log-concave. From Theorem 3.6.22, (T1, T2) is bivariate IFR. Because T3 is IFR, from Theorem
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3.6.24, the absolutely continuous EMO model given by

SX1,X2(x1, x2) =

=


{(1− p1x1 − p2x2)}c, if (x1, x2) ∈ D, 0 ≤ x1, x2 < 1

p1+p2
;

{(1− p1x1 − p2x2)}c exp

{
−
(
x1 − 1

p1+p2

)b}
, if (x1, x2) ∈ D, x1 ≥ min(x2,

1
p1+p2

);

{(1− p1x1 − p2x2)}c exp

{
−
(
x2 − 1

p1+p2

)b}
, if (x1, x2) ∈ D, x2 ≥ min(x1,

1
p1+p2

),

where D = {(x1, x2) : x1 ≥ 0, x2 ≥ 0 and 1− p1x1 − p2x2 ≥ 0} is bivariate IHR.

Remark 3.6.26. Bagnoli and Bergstrom (2005) list several nonnegative univariate distributions
with log-concave densities which generates log-concave survival distributions. Such distributions can
be chosen as the distribution for T3 in Example 3.6.25, provided a location parameter is introduced
so that Theorem 3.5.3 holds true. From Theorem 3.6.23, log-concave bivariate survival functions can
be obtained from log-concave bivariate density functions. Remarks 3.6.19 and 3.6.20 remain useful
when analysing the bivariate IHR property.

3.7 Extreme value EMO models

In this section we investigate properties of extreme value EMO models. In the following two
subsections we give notations and review the necessary facts to make the exposition self-containing.
In the last subsection we obtain extreme value EMO models, their corresponding survival copulas
and Pickands measure.

3.7.1 Univariate and bivariate extreme value distributions

The univariate theory of extreme value has been extensively analysed, see Galambos (1978),
Beirlant et al. (2005) and the references therein for a complete exposition. Start with a sequence of
independent and identically distributed random variablesXi, i = 1, . . . , n, with distribution function
F (x), and define Mn = max(X1, . . . Xn). Suppose that there exists a sequence of normalizing
constants an > 0 and bn such that when n→∞ we have the convergence in distribution,

P
(
Mn − bn

an
≤ z
)

= Fn(anz + bn)→ G(z),

where G(z) is a nondegenerate distribution function.
In this case, G(z) must be a member of the class of the Generalized Extreme Value (GEV)

distributions, i.e., location-scale families of distributions based on Weibull, Fréchet and Gumbel
distributions, see Theorem 2.4.1 of Galambos (1978), and F (x) is in the domain of attraction
of G(z). The sequence of normalizing constants need not be unique, and the effect of different
and appropriate choices for such constants is a change in the location and scale parameters of the
limiting distribution G(z).

Considering that Wn = min(X1, . . . Xn) = −max(−X1, . . . −Xn), similar results hold for Wn,

see Theorem 2.4.2 of Galambos (1978). Necessary and sufficient conditions for the weak convergence
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of the distributions of Mn and Wn to a member of the class of the GEV distributions can be found
in Theorems 2.4.3 and 2.4.4 of Galambos (1978).

The extension of the analysis of extreme value distributions for the bivariate case is not imme-
diate, since there is not a unique way to order bivariate observations, see Barnett (1976). Here we
will consider the most widely used approach, the componentwise ordering.

Consider n independent and identically distributed bivariate random vectors Xi = (X1,i, X2,i),

i = 1, . . . , n, and define Mn = (M1,n,M2,n) such that

Mj,n = max {Xj,i, i = 1, . . . n} , j = 1, 2.

Note that sinceM1,n andM2,n are componentwise maxima, Mn need not to be an observation, i.e.,
need not belong to the set {Xi, i = 1, . . . n}.

Analogously to the univariate theory, if there exist sequences of normalizing constants aj,n > 0

and bj,n, j = 1, 2, such that when n→∞ we have the convergence in distribution,

P
(
M1,n − b1,n

a1,n
≤ x1,

M2,n − b2,n
a2,n

≤ x2
)

= FnX1,X2
(a1,nx1 + b1,n, a2,nx2 + b2,n)→ G(x1, x2),

where G(x1, x2) is a proper distribution function, nondegenerate in each margin, then G(x1, x2) is
a bivariate extreme value distribution and FX1,X2(x1, x2) is in its domain of attraction.

Whenever the limiting distribution G(x1, x2) exists, it is continuous, see Theorem 5.2.2 of
Galambos (1978). Its analysis can be split in two parts: the marginal distributions and the de-
pendence structure.

Concerning the marginal distributions, we have the convergence in distribution of the marginal
distributions of FnX1,X2

(x1, x2) to the marginal distributions of G(x1, x2). Moreover, the marginal
distributions of G(x1, x2) belong to the class of the GEV distributions, see Lemma 5.2.1 and The-
orem 5.2.2 in Galambos (1978).

Since the class of GEV distributions is composed by continuous distributions, by Sklar’s Theo-
rem, see Theorem 2.2.3 in Nelsen (2006), the bivariate copula C(u, v) associated with G(x1, x2) is
unique and can be used to investigate the dependence structure of bivariate extreme value distri-
butions. Therefore, we have

G(x1, x2) = C(V1(x1), V2(x2)) (3.28)

where Vi(xi), i = 1, 2, belong to the class of GEV distributions.
The copula C(u, v) in (3.28) is such that

[C(u, v)]q = C(uq, vq), (3.29)

where q > 0, see Theorem 5.2.1 and Lemma 5.4.1 of Galambos (1978). Copulas that satisfy (3.29)
are denominated extreme value copulas. Examples of extreme value copulas are the independence,
comonotonicity (see Remark 3.2.11), Gumbel-Hougaard (see relation (3.42) in Example 3.7.18) and
Marshall-Olkin (see relation (2.15)) survival copulas, among others.

The characterization of bivariate extreme value distributions can be done by means of Theorem
5.2.4 of Galambos (1978): G(x1, x2) is a bivariate extreme value distribution if and only if its
marginal distributions are members of the class of GEV distributions and relation (3.29) is verified.
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3.7.2 Pickands representation for bivariate extreme value copulas

Other characterizations for bivariate extreme value copulas are possible, such as the Pickands
representation, see Pickands (1981). Following McNeil et al. (2005), such copulas can be com-
pletely characterized as

C(u, v) = exp

{
(lnuv)A

(
lnu

lnuv

)}
, (3.30)

where u, v ∈ (0, 1), A(w) =
∫ 1
0 max((1 − x)w, x(1 − w))dH(x), for a positive finite measure H on

[0, 1], denominated Pickands measure.
The function A(w) : [0, 1]→ [12 , 1], named Pickands dependence function, besides being convex

satisfies
max(w, 1− w) ≤ A(w) ≤ 1.

The Pickands dependence function can be extracted from the corresponding copula as

A(w) = − lnC(exp{−w}, exp{−(1− w)}) w ∈ [0, 1], (3.31)

see McNeil et al. (2005) for details, and uniquely corresponds to the measure H,

H([0, w]) =

1 + d
dwA(w), if w ∈ [0, 1),

2, if w = 1,
(3.32)

where d
dwA(w) is the right-hand derivative ofA(w), see Theorem 3.1 in Pickands (1981) and Section

8.2.5 in Beirlant et al. (2005). Moreover, the point masses of H at 0 and 1 are given by

H({0}) = 1 +
d

dw
A(0) and H({1}) = 1− d

dw
A(1),

where d
dwA(1) = sup0≤w<1

d
dwA(w).

Two important examples of Pickands dependence functions are:

• the lower bound A(w) = max(w, 1 − w), w ∈ [0, 1], that corresponds to the comonotonicity
copula. The corresponding Pickands measure puts mass 2 at w = 1

2 ;

• the upper bound A(w) = 1, w ∈ [0, 1], that corresponds to the independence copula. The
corresponding Pickands measure assigns mass 1 to both w = 0 and w = 1.

3.7.3 Construction of extreme value EMO models

When bivariate extreme value copulas take on univariate GEV distributions one obtains bivari-
ate extreme value distributions for maxima, but when the copulas take on GEV survival margins
for minima, bivariate extreme value survival functions for minima are obtained, see page 176 in Joe
(1997). In particular, considering relation (3.29) and exponential survival marginals, we conclude
that if SX1,X2(x1, x2) is an extreme value survival function with exponential marginals, then for
q > 0

SX1,X2(qx1, qx2) = [SX1,X2(x1, x2)]
q. (3.33)

Remark 3.7.1 (Bivariate extreme value distributions with Fréchet marginals). Considering relation
(3.29), if FX1,X2(x1, x2) is an extreme value distribution function with Fréchet marginals, where the
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shape parameter α = 1 and scale parameter si > 0, i.e., FXi(xi) = exp

{
−
(
xi
si

)−1}
, i = 1, 2, then

for q > 0 we obtain the expression F qX1,X2
(qx1, qx2) = FX1,X2(x1, x2).

It is possible to obtain a family of extreme value survival copulas derived from extreme value
EMO models. Notice that the survival function of the EMO model (3.5) can be equivalently pre-
sented as

SX1,X2(x1, x2) = {ST1,T2(x1, x2)} {min[ST3(x1), ST3(x2)]} . (3.34)

Remark 3.7.2. Equation (3.34) can be interpreted as a product of two bivariate survival functions,
where the last one refers to a bivariate random vector with comonotonic components sharing the
same marginal distribution as T3, see related Remark 3.2.11.

Since the margins of any multivariate extreme value distribution must be a member of the class
of univariate GEV distributions, for simplicity we can choose exponential margins for X1 and X2

in the alternative representation of EMO models (3.34). That has no influence on the copula to be
obtained, for strict monotone transformations can be used to move from one member to the other
in the class of GEV distributions, see Galambos (1978), Tawn (1988) and Beirlant et al. (2005)
for a discussion on that.

Analysing the survival function of EMO models given by (3.2), in order to obtain Xi expo-
nentially distributed with parameter λXi , i = 1, 2, we only have the restriction on the failure rate
functions rTi(xi) + rT3(x3) = λXi . In particular, we will consider Ti exponentially distributed with
parameter λi, i = 1, 2, 3. This choice has nice properties and will be justified in Theorem 3.7.8.

Remark 3.7.3. Other choices for the distributions of Ti, i = 1, 2, 3, exist. For example consider
the following failure rate functions rT1(x) = rT2(x) = 2 + sin(x) and rT3(x) = 1 − sin(x) to obtain
λXi = 3, i = 1, 2. These failure rate functions will be used in Example 3.7.9.

Since the comonotonic copula is an extreme value copula, whenever CT1,T2(u, v), the survival
copula corresponding to ST1,T2(x1, x2), is also an extreme value copula and Ti are exponentially
distributed, i = 1, 2, 3, considering the property of bivariate extreme value copulas given in (3.29)
and q > 0 we obtain

SX1,X2(qx1, qx2) = CT1,T2(exp{−λ1qx1}, exp{−λ2qx2}) min[exp{−λ3qx1}, exp{−λ3qx2}]

= {CT1,T2(exp{−λ1x1}, exp{−λ2x2})}q{min[exp{−λ3x1}, exp{−λ3x2}]}q

= {SX1,X2(x1, x2)}q.

Thus, relation (3.33) holds true and SX1,X2(x1, x2) is an extreme value survival function with
exponential marginals. In fact, we proved the following lemma.

Lemma 3.7.4. If ST1,T2(x1, x2) is an extreme value survival function in (3.2) with exponential
marginals and T3 is exponentially distributed, then SX1,X2(x1, x2) is an extreme value EMO model
with exponential marginals.

The next two lemmas relate the distributions of (T1, T2), T3 and (X1, X2) in a similar way.

Lemma 3.7.5. If SX1,X2(x1, x2) is an extreme value survival function with exponential marginals
in (3.2) and T3 is exponentially distributed, then ST1,T2(x1, x2) is an extreme value survival function
with exponential marginals.
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Proof. From the general expression for survival function of EMO models (3.2), let x3−i = 0 to
obtain SXi(xi) = STi(xi)ST3(xi). Once Xi and T3 are exponentially distributed, we conclude that
Ti are exponentially distributed, i = 1, 2. Since SX1,X2(x1, x2) is an extreme value survival function
with exponential marginals, then relation (3.33) holds true and considering again representation
(3.2) with q > 0

SX1,X2(qx1, qx2) = ST1,T2(qx1, qx2)ST3(max(qx1, qx2))

= [SX1,X2(x1, x2)]
q = [ST1,T2(x1, x2)ST3(max(x1, x2))]

q,

But T3 is exponentially distributed, so that ST3(max(qx1, qx2)) = [ST3(max(x1, x2))]
q, and we

conclude ST1,T2(qx1, qx2) = [ST1,T2(x1, x2)]
q, finishing the proof.

Lemma 3.7.6. If ST1,T2(x1, x2) and SX1,X2(x1, x2) are extreme value survival functions with expo-
nential marginals in (3.2), then T3 is exponentially distributed.

Proof. Follow similar steps as in the proof of Lemma 3.7.5.

With the additional assumption of absolutely continuity of the joint survival function of (T1, T2),

in the next theorem we justify the particular choice of Ti, i = 1, 2, 3, to be exponentially distributed
in order to obtain extreme value EMO models with exponential marginals in (3.34).

Theorem 3.7.7. If the joint survival function of (T1, T2) is absolutely continuous and SX1,X2(x1, x2)

is an extreme value survival function with exponential marginals in (3.2) then ST1,T2(x1, x2) is an
extreme value survival function with exponential marginals and T3 is exponentially distributed.

Proof. Suppose x1 > x2 ≥ 0 and q > 0. Since SX1,X2(x1, x2) is an extreme value survival function
with exponential marginals, then relation (3.33) holds true. Moreover, taking into account the
general expression for survival function of EMO models (3.2) and the exponential representation
for bivariate survival functions (3.3), for q > 0 we have

SX1,X2(qx1, qx2) = exp{−HT1(qx1)−HT3(qx1)−HT2(qx2) +HT1,T2(qx1, qx2)}

= [SX1,X2(x1, x2)]
q = exp{−qHT1(x1)− qHT3(x1)− qHT2(x2) + qHT1,T2(x1, x2)}.

Taking logarithms in both sides and calculating the mixed partial derivatives, we get

q
∂2

∂x1∂x2
HT1,T2(qx1, qx2) =

∂2

∂x1∂x2
HT1,T2(x1, x2).

Integrating the previous expression we have∫ x1

0

∫ x2

0
q
∂2

∂u∂v
HT1,T2(qu, qv)dvdu =

∫ x1

0

∫ x2

0

∂2

∂u∂v
HT1,T2(u, v)dvdu.

The boundary conditions HT1,T2(x1, 0) = HT1,T2(0, x2) = 0 imply the following relations for partial
derivatives ∂

∂x1
HT1,T2(x1, 0) = ∂

∂x2
HT1,T2(0, x2) = 0, x1, x2 ≥ 0. Thus we arrive to the functional

equation
HT1,T2(qx1, qx2) = qHT1,T2(x1, x2). (3.35)
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Since SX1,X2(x1, x2) is an extreme value survival function with exponential marginals, from (3.33)
and q > 0, [

SX1,X2(x1, x2)

SX1(x1)SX2(x2)

]q
=

SX1,X2(qx1, qx2)

SX1(qx1)SX2(qx2)
. (3.36)

Applying the exponential representation for bivariate survival functions (3.3) to (3.36) and consid-
ering (3.35) we obtain the functional equation HT3(qx2) = qHT3(x2), for all x2, q > 0. Denoting
λ3 = HT3(1) we have the general solution HT3(x2) = λ3x2. Since HT3(x2) is nonnegative then
λ3 > 0. The conclusion is the same when x2 ≥ x1 ≥ 0. Thus, T3 is exponentially distributed with
parameter λ3. Applying Lemma 3.7.5 we conclude the proof.

From Theorem 3.7.7 and Lemma 3.7.4 we obtain the following characterization statement.

Theorem 3.7.8. Let the joint survival function of (T1, T2) be absolutely continuous. Then SX1,X2(x1, x2)

in (3.2) is an extreme value EMO model with exponential marginals if and only if ST1,T2(x1, x2) is
an extreme value survival function with exponential marginals and T3 is exponentially distributed.

Relaxing the assumption of absolutely continuity of the survival function ST1,T2(x1, x2), it is pos-
sible to obtain an extreme value EMO model where Ti, i = 1, 2, 3, are not exponentially distributed,
as shown in the next example.

Example 3.7.9 (Extreme value EMO model function with non-exponentially distributed Ti). The
Marshall-Olkin distribution is an example of extreme value survival function as well as of EMO
model. In Example 3.6.1 we obtained the Marshall-Olkin survival function in a two step construction,
first using a GMO model and then an EMO model. In particular, in the second step we considered
nonnegative continuous random variables (T1, T2) with survival function ST1,T2(x1, x2) = exp{−x1−
x2 −HY3(max(x1, x2))}, where HY3(x) = x − cos(x) + 1. Then we took T3 independent of (T1, T2)

with cumulative failure rate HT3(x) = x+cos(x)−1 to obtain (X1, X2) = (min(T1, T3),min(T2, T3))

with Marshall-Olkin survival function SX1,X2(x1, x2) = exp{−x1 − x2 − 2 max(x1, x2)}. Notice that
ST1,T2(x1, x2) is neither an extreme value survival function nor absolutely continuous, as well as T3
is not exponentially distributed. See also Remark 3.7.3.

Remark 3.7.10. In Example 3.7.9, the survival ST1,T2(x1, x2) has a singular component with sup-
port on the set Ω =

{
(x1, x2) ∈ R2

+ |x1 = x2 = x
}
.

Remark 3.7.11. Notice that the functional equation (3.35) on dependence function HT1,T2(x1, x2),

being homogenous of order 1, can be used to characterize bivariate extreme value survival functions
ST1,T2(x1, x2) with exponential marginals, even when absolute continuity does not hold true, see
Theorem 6.2 in Joe (1997).

We deduce the following characterization in the general case.

Lemma 3.7.12. A bivariate survival function with exponential marginals is extreme value if an
only if its dependence function is homogeneous of order 1.

To characterize the extreme value EMO models with exponential marginals when the joint
survival function of (T1, T2) is not absolutely continuous we will need and an additional assumption.
It is given below.
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Theorem 3.7.13. Let Xi be exponentially distributed, i = 1, 2. Then SX1,X2(x1, x2) in (3.2) is an
extreme value EMO model if and only if for all q > 0,

HT1,T2(qx1, qx2) +HT3(qmin(x1, x2)) = qHT1,T2(x1, x2) + qHT3(min(x1, x2)).

Proof. Observe that under the stated conditions the dependence function for the EMO model can
be obtained from (3.5) as HX1,X2(x1, x2) = HT1,T2(x1, x2) +HT3(min(x1, x2)). To finish the proof,
just apply Lemma 3.7.12.

Given the result obtained in Theorem 3.7.8, in the sequel we consider absolutely continuous
survival function for (T1, T2) so that we have Ti exponentially distributed with parameter λi, i =

1, 2, 3.

In the next theorem we obtain the general expressions of the survival function, survival copula
and Pickands measure for extreme value EMO models.

Theorem 3.7.14. Suppose SX1,X2(x1, x2) given by (3.2) is an extreme value survival function with
exponential marginals and the joint survival function of (T1, T2) is absolutely continuous. Then, the
survival function of (X1, X2) is

SX1,X2(x1, x2) = exp

{
−(λ1x1 + λ2x2)AT1,T2

(
λ1x1

λ1x1 + λ2x2

)}
× exp{−λ3 max(x1, x2)},

(3.37)

where AT1,T2(w) is the Pickands dependence function corresponding to CT1,T2(u, v) and λi > 0,

i = 1, 2, 3. The survival copula of the bivariate extreme value EMO model, is given by

CX1,X2(u, v) =

= exp

{
(lnuv)

[(
λ1w
λ1+λ3

+ λ2(1−w)
λ2+λ3

)
AT1,T2

( λ1w
λ1+λ3

λ1w
λ1+λ3

+
λ2(1−w)
λ2+λ3

)
+ max

(
λ3w
λ1+λ3

, λ3(1−w)λ2+λ3

)]}
,

(3.38)

where u, v ∈ (0, 1) and w = lnu
lnuv . The Pickands measure H is given by

H([0, w]) =



1 +
(

λ1
λ1+λ3

− λ2
λ2+λ3

)
AT1,T2

( λ1w
λ1+λ3

λ1w
λ1+λ3

+
λ2(1−w)
λ2+λ3

)
+
(

λ1w
λ1+λ3

+ λ2(1−w)
λ2+λ3

)
d
dwAT1,T2

( λ1w
λ1+λ3

λ1w
λ1+λ3

+
λ2(1−w)
λ2+λ3

)
− λ3

λ2+λ3
, if 0 ≤ w < λ1+λ3

λ1+λ2+2λ3
,

1 +
(

λ1
λ1+λ3

− λ2
λ2+λ3

)
AT1,T2

( λ1w
λ1+λ3

λ1w
λ1+λ3

+
λ2(1−w)
λ2+λ3

)
+
(

λ1w
λ1+λ3

+ λ2(1−w)
λ2+λ3

)
d
dwAT1,T2

( λ1w
λ1+λ3

λ1w
λ1+λ3

+
λ2(1−w)
λ2+λ3

)
+ λ3

λ1+λ3
, if λ1+λ3

λ1+λ2+2λ3
≤ w < 1,

2 if w = 1,

(3.39)
where d

dwAT1,T2(.) refers to the right-hand derivative.

Proof. From Theorem 3.7.7, T3 is exponentially distributed and ST1,T2(x1, x2) is an extreme value
survival function with exponential marginals. Denote by λi = 1

E(Ti)
> 0, i = 1, 2, 3. From Sklar’s

Theorem, see Theorem 2.2.3 in Nelsen (2006), and the expression for bivariate copulas written in
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terms of Pickands dependence function (3.30) we have

ST1,T2(x1, x2) = CT1,T2(ST1(x1), ST2(x2)) = CT1,T2(exp{−λ1x1}, exp{−λ2x2})

= exp

{
−(λ1x1 + λ2x2)AT1,T2

(
λ1x1

λ1x1 + λ2x2

)}
Considering the expression for EMO survival functions (3.1) we obtain relation (3.37), i.e., the
survival function of (X1, X2).

Let u = SX1(x1) = exp{−(λ1 + λ3)x1} and v = SX2(x2) = exp{−(λ2 + λ3)x2}. From Sklar’s
Theorem, CX1,X2(u, v) = SX1,X2( − lnu

λ1+λ3
, − ln v
λ2+λ3

). Applying relation (3.31), we have the Pickands

dependence function given byAX1,X2(w) = − lnSX1,X2

(
w

λ1+λ3
, 1−w
λ2+λ3

)
. Substituting SX1,X2(x1, x2)

by its expression given by (3.37) we obtain

AX1,X2(w) =

(
λ1w

λ1 + λ3
+
λ2(1− w)

λ2 + λ3

)
AT1,T2

(
λ1w
λ1+λ3

λ1w
λ1+λ3

+ λ2(1−w)
λ2+λ3

)

+ max

(
λ3w

λ1 + λ3
,
λ3(1− w)

λ2 + λ3

)
.

(3.40)

Considering again expression for extreme value copulas (3.30) along with relation (3.40), we obtain
(3.38), i.e., the survival copula of the bivariate extreme value EMO model. By its turn, from the
expression of Pickands measure in terms of the derivative of Pickands dependence function (3.32)
and the previous relation (3.40) we obtain (3.39), the Pickands measure H.

Remark 3.7.15. The point masses of H at w = 0 and w = 1 are given by

H({0}) = 1 +
d

dw
AX1,X2(0) and H({1}) = 1− d

dw
AX1,X2(1),

where d
dwAX1,X2(1) = sup

0≤w<1

d
dwAX1,X2(w).

Remark 3.7.16. Whenever the derivative of AT1,T2(w) is continuous, for all the copulas satisfying
(3.39) we have

H
({

λ1 + λ3
λ1 + λ2 + 2λ3

})
=

λ3
λ1 + λ3

+
λ3

λ2 + λ3
. (3.41)

We apply relations established in Theorem 3.7.14 in the next two examples.

Example 3.7.17 (Marshall-Olkin survival function). Consider the Marshall-Olkin survival function
given in (2.4),

SX1,X2(x1, x2) = exp{−λ1x1 − λ2x2 − λ3 max(x1, x2)},

where λi > 0, i = 1, 2, 3. In this case, CT1,T2(u, v) = uv, i.e., the independence copula. Therefore,
AT1,T2(w) = 1, w ∈ [0, 1]. From (3.40) the Pickands dependence function is

AX1,X2(w) =
λ1w

λ1 + λ3
+
λ2(1− w)

λ2 + λ3
+ max

(
λ3w

λ1 + λ3
,
λ3(1− w)

λ2 + λ3

)

=

1− λ3w
λ1+λ3

, if 0 ≤ w < λ1+λ3
λ1+λ2+2λ3

λ2
λ2+λ3

+ λ3w
λ2+λ3

, if λ1+λ3
λ1+λ2+2λ3

≤ w ≤ 1.
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Considering that w = lnu
lnuv , u, v in (0, 1), AX1,X2(w) can be presented as

AX1,X2(u, v) =

1− λ3
λ1+λ3

lnu
lnuv , if 1 > u

λ3
λ1+λ3 > v

λ3
λ2+λ3 > 0,

λ2
λ2+λ3

+ λ3
λ2+λ3

lnu
lnuv , if 0 < u

λ3
λ1+λ3 ≤ v

λ3
λ2+λ3 < 1.

From (3.38), the Marshall-Olkin survival copula writes as

CX1,X2(u, v) =

exp
{

(lnuv)
(

1− λ3
λ1+λ3

lnu
lnuv

)}
, if 1 > u

λ3
λ1+λ3 > v

λ3
λ2+λ3 > 0,

exp
{

(lnuv)
(

λ2
λ2+λ3

+ λ3
λ2+λ3

lnu
lnuv

)}
, if 0 < u

λ3
λ1+λ3 ≤ v

λ3
λ2+λ3 < 1.

This survival copula can be simplified to

CX1,X2(u, v) =

u
λ1

λ1+λ3 v, if 1 > u
λ3

λ1+λ3 > v
λ3

λ2+λ3 > 0,

uv
λ2

λ2+λ3 , if 0 < u
λ3

λ1+λ3 ≤ v
λ3

λ2+λ3 < 1.

From (3.39) the Pickands measure is

H([0, w]) =


λ1

λ1+λ3
, if 0 ≤ w < λ1+λ3

λ1+λ2+2λ3
,

2− λ2
λ2+λ3

, if λ1+λ3
λ1+λ2+2λ3

≤ w < 1,

2, if w = 1.

Therefore, in the Marshall-Olkin case the Pickands measure

H({w}) =


λ1

λ1+λ3
, if w = 0,

λ3
λ1+λ3

+ λ3
λ2+λ3

, if w = λ1+λ3
λ1+λ2+2λ3

,

λ2
λ2+λ3

, if w = 1,

is a discrete measure whose support on the two-dimensional simplex consists of three points, a result
already obtained by Mai and Scherer (2010).

Example 3.7.18 (EMO extreme value survival function where the dependence structure of (T1, T2)

is represented by Gumbel-Hougaard survival copula). Consider the Gumbel’s type III bivariate
exponential survival function with unit exponential marginals and survival function (2.3),

S(x1, x2) = exp{−(xm1 + xm2 )
1
m },

where m ≥ 1, and its corresponding survival copula

C(u, v) = exp{−[(− lnu)m + (− ln v)m]
1
m }, (3.42)

also known as Gumbel (family B6 in Joe (1997)), Gumbel-Hougaard (equation (2.30) in Balakrishnan and Lai
(2009)) or logistic survival copula (in Tawn (1988)). Since this is an example of bivariate extreme
value copula, choose Ti exponentially distributed with parameter λi, i = 1, 2, and consider the Gum-
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bel’s Type III bivariate exponential survival function for (T1, T2) given by (3.12), i.e.,

ST1,T2(x1, x2) = exp{−[(λ1x1)
m + (λ2x2)

m]
1
m }.

Choosing T3 exponentially distributed, independent of (T1, T2) and considering the expression of
EMO survival function (3.1), we obtain the following bivariate extreme value EMO survival function

SX1,X2(x1, x2) = exp{−[(λ1x1)
m + (λ2x2)

m]
1
m } exp{−λ3 max(x1, x2)}.

From (3.31), the Pickands dependence function for (T1, T2) is

AT1,T2(w) = [wm + (1− w)m]
1
m ,

and from (3.40), the Pickands dependence function for (X1, X2) is

AX1,X2(w) =

[(
λ1w

λ1 + λ3

)m
+

(
λ2(1− w)

λ2 + λ3

)m] 1
m

+ max

(
λ3w

λ1 + λ3
,
λ3(1− w)

λ2 + λ3

)
.

Applying relation (3.39), we obtain the Pickands measure as

H([0, w]) =



1− λ3
λ2+λ3

+
[(

λ1w
λ1+λ3

)m
+
(
λ2(1−w)
λ2+λ3

)m] 1
m
−1

×
[(

λ1
λ1+λ3

)m
wm−1 −

(
λ2

λ2+λ3

)m
(1− w)m−1

]
, if 0 ≤ w < λ1+λ3

λ1+λ2+2λ3
,

1 + λ3
λ1+λ3

+
[(

λ1w
λ1+λ3

)m
+
(
λ2(1−w)
λ2+λ3

)m] 1
m
−1

×
[(

λ1
λ1+λ3

)m
wm−1 −

(
λ2

λ2+λ3

)m
(1− w)m−1

]
, if λ1+λ3

λ1+λ2+2λ3
≤ w < 1,

2, if w = 1.

Applying relation (3.41) in Remark 3.7.16

H
({

λ1 + λ3
λ1 + λ2 + 2λ3

})
=

λ3
λ1 + λ3

+
λ3

λ2 + λ3
.

Notice that when m = 1, the Gumbel survival copula becomes the independence copula and we obtain
the results of Example 3.7.17. For 1 < m <∞, the remaining mass, 2−

(
λ3

λ1+λ3
+ λ3

λ2+λ3

)
, is spread

over the interval [0, λ1+λ3
λ1+λ2+2λ3

)
⋃

( λ1+λ3
λ1+λ2+2λ3

, 1] and, in particular, H({0}) = H({1}) = 0.

3.8 Bayesian data analysis with EMO models

Presented in Section 3.5, expression (3.18) provides the joint survival function of EMO models
decomposed in absolutely continuous and singular components. By its turn, the density function of
EMO models is given by

fX1,X2(x1, x2) =


fT1,T2(x1, x2)ST3(x1)− ∂

∂x2
ST1,T2(x1, x2)fT3(x1) if x1 > x2 ≥ 0;

fT3(x)ST1,T2(x, x) if x1 = x2 = x ≥ 0;

fT1,T2(x1, x2)ST3(x2)− ∂
∂x1

ST1,T2(x1, x2)fT3(x2) if 0 ≤ x1 < x2.

(3.43)
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X
2

X1

Figure 3.4: UEFA Champion’s League data - Meintanis (2007)

In the EMO survival function (3.2), let us fix T3 to be exponentially distributed, i.e., ST3(x) =

exp{−λx}, λ > 0, to obtain

SX1,X2(x1, x2) = ST1,T2(x1, x2) exp{−λmax(x1, x2)}. (3.44)

In this Section we consider the survival function (3.44) to illustrate how EMO models can be
used to analyse bivariate data sets with a singular component along the main diagonal. Bayesian
estimation of the parameters are performed using the software OpenBugs.

We selected the data presented in Meintanis (2007) to illustrate the procedure. In a football
(soccer) data set of UEFA Champion’s League, Meintanis (2007) considered matches where (i)
there was at least one goal scored by the home team, and (ii) there was at least one goal scored
directly from a kick (penalty kick, foul kick, or other kick) by any team. Let X1 be the time (in
minutes) of the first kick goal scored by any team, and X2 be the time of the first goal of any type
scored by the home team. With this kind of nonnegative continuous data, one may have X1 < X2,

X1 > X2 or X1 = X2, see Figure 3.4.
Five models are considered in the analysis of UEFA Champion’s League data set: two of them

are absolutely continuous and three belong to the class EMO (exhibiting a singular component
along the main diagonal x1 = x2 = x ≥ 0), with survival function given by (3.44).

The absolutely continuous models are Gumbel (1960) type I bivariate exponential and the
bivariate exponential distribution of Block and Basu (1974):

Table 3.1: Absolutely continuous survival functions for lifetimes (X1, X2)

Model Description SX1,X2 (x1, x2)

(M1) Gumbel (1960) type I exp{−[λ1x1 + λ2x2 + θλ1λ2x1x2]}

(M2) Block and Basu (1974)
λ1+λ2+λ12
λ1+λ2

exp{−[λ1x1 + λ2x2 + λ12 max(x1, x2)]}
− λ12
λ1+λ2

exp{−[(λ1 + λ2 + λ12)max(x1, x2)]}

where λ1, λ2, λ12 > 0 and θ ∈ [0, 1].

Concerning the models of the class EMO with survival function (3.44), we considered the fol-
lowing options for ST1,T2(x1, x2):

Table 3.2: Joint survival functions for lifetimes (T1, T2)

Model Description ST1,T2
(x1, x2)

(M3) Marshall and Olkin (1967) exp{−[λ1x1 + λ2x2]}
(M4) EMO-1 Gumbel (1960) type I
(M5) EMO-2 Block and Basu (1974)

With the previous choices, we use equation (3.43) to obtain the joint density of the EMO models.
In addition, we have to adopt the prior distributions for the parameters of the five models. Our
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choices are given in Table 3.3.

Table 3.3: Prior distributions

Parameter Prior
λ1, λ2 and λ12 Gamma(0.1, 0.1)

λ Gamma(1, 1)
θ Uniform[0, 1]

We generated 55.000 samples for the joint posterior distribution of the considered parameters,
where the first 5.000 samples are discarded (burn-in sample). Thus we eliminate the effect of the
initial values for the parameters of the model. Selecting every 10th simulated Gibbs sample, we
obtain a final sample of size 5.000 to get the posterior summaries of interest.

The five models to be compared have different number of parameters. We consider the DIC
(Deviance Information Criterion) defined in Spiegelhalter et al. (2002) as

DIC = D(θ̂) + 2nD = 2D −D(θ̂),

where D(θ̂) is the deviance evaluated at the posterior mean θ̂ = E[θ|data] and D = E[D(θ)|data]

is the posterior deviance measuring the quality of the data fit for the model. Note that nD is the
effective number of parameters of the model given by nD = D−D(θ̂). Smaller value of DIC indicates
better model.

The posterior summaries obtained for the five models are summarized in next tables.

Table 3.4: Model (M1) - Gumbel (1960) type I bivariate exponential

Parameter Mean Sd 95% Credible Interval
λ1 0.0238 0.003964 (0.01663, 0.03216)
λ2 0.02935 0.004974 (0.02038, 0.03982)
θ 0.1734 0.1588 (0.00450, 0.5925)

Table 3.5: Model (M2) - Block and Basu (1974) bivariate exponential

Parameter Mean Sd 95% Credible Interval
λ1 0.000094 0.000209 (4.42E-08, 0.000669)
λ2 0.000727 0.001383 (1.06E-06, 0.004847)
λ12 0.045470 0.005589 (0.03553 , 0.05784)

Table 3.6: Model (M3) - Marshall and Olkin (1967) bivariate exponential

Parameter Mean Sd 95% Credible Interval
λ1 0.005507 0.002521 (0.00164, 0.01134)
λ2 0.0172 0.00383 (0.01049, 0.02547)
λ 0.01926 0.003882 (0.01224, 0.02749)

Table 3.7: Model (M4): EMO-1 (Gumbel (1960) type I for (T1, T2))

Parameter Mean Sd 95% Credible Interval
λ1 0.01315 0.003003 (0.007974, 0.01966)
λ2 0.004985 0.002501 (0.001329, 0.01094)
θ 0.02985 0.005555 (0.01984, 0.02952)
λ 0.3959 0.2801 (0.01376, 0.9522)

In Table 3.9 we present the resulting models ordered by increasing DIC value criteria. It can be
noticed that EMO models (which take into account singularity along the main diagonal) provided
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Table 3.8: Model (M5) - EMO-2 (Block and Basu (1974) for (T1, T2))

Parameter Mean Sd 95% Credible Interval
λ1 2.20E-04 4.96E-04 (2.04E-03, 0.001639)
λ2 4.83E-05 1.27E-04 (2.39E-04, 3.75E-01)
λ12 0.0332 0.005764 (0.02273, 0.0448)
λ 0.02034 0.004648 (0.01269, 0.03013)

a better fit than the absolutely continuous bivariate exponential distributions of Block and Basu
(1974) and Gumbel (1960) type I bivariate exponential distributions. Particularly, the model EMO-
2 (considering Block and Basu (1974) distribution for (T1, T2)) presented the best fit according with
DIC criteria, followed by model EMO-1 (Gumbel (1960) type I distribution for (T1, T2)).

Table 3.9: Monte Carlo estimates for DIC

Model Description DIC
(M5) EMO-2 (Block and Basu (1974) for (T1, T2)) 546.8
(M4) EMO-1 (Gumbel (1960) type I for (T1, T2)) 584.0
(M3) Marshall-Olkin (1967) 600.1
(M2) Block and Basu (1974) 633.9
(M1) Gumbel (1960) type I 687.0

3.9 Concluding remarks

The classical MO model (2.4) finds applications in Reliability, Survival Analysis, Finance and
Life Insurance, among other fields. Hence, any extension of this model has its theoretical and
practical relevance. In this chapter we extended the MO model (2.4) by assuming dependence
between the individual shocks represented by the random variables T1 and T2 in the stochastic
representation (2.9).

The dependence structure in EMO model enlarges the field of applications of MO and GMO
distributions allowing one to use the stochastic representation (2.9) even when the assumption of
independence between T1 and T2 is violated. Examples of such situations were provided in Section
3.1.

In Sections 3.2 and 3.3 we studied some probabilistic properties of the extended model, obtained
its survival copula representation and investigated the distributional property of residual lifetimes.
Quadrant dependence properties, symmetry and asymmetry behaviour and bounds for the extended
model were obtained. In spite of the bivariate lack-of-memory property does not hold true for all
extended MO models, it was shown that the original vector X = (min(T1, T3),min(T2, T3)) and the
vector of residual lifetimes Xt have the same type of survival copula given by (3.9).

In Section 3.4 we provided alternative and inverse survival copula representations for EMO
models, which may have a significant effect on analysis of specific probability models relevant to
environmental, biological, insurance and finance studies, especially when NQD property naturally
holds.

An absolutely continuous version of EMO model that preserves the stochastic representation
(2.9) was obtained in Section 3.5. We began Section 3.6 investigating the bivariate LMP in EMO
models. Only extended models with singular component have this property. Moreover, it was shown
that if ST1,T2(x1, x2) is absolutely continuous then X possess the bivariate LMP with exponential
marginals if and only if (T1, T2) possess the bivariate LMP and Ti are exponentially distributed,
i = 1, 2, 3.. In the sequel, weak aging properties were studied for the absolutely continuous version
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of the extended model. This version does not possess the weak DFR aging property and conditions
for satisfying the weak IFR property were obtained. Then, the bivariate IHR property was analysed
and sufficient conditions for obtaining bivariate IHR absolutely continuous extended MO models
were established.

In Section 3.7 bivariate extreme value survival copulas that naturally arise from the stochastic
representation (2.9) were constructed. Since in the bivariate case the Pickands dependence function
as well as the Pickands measure characterize the copula, these expressions were also presented.
Considering equation (3.1), the Marshall-Olkin survival copula is obtained. But taking into account
relation (3.2), where T1 and T2 are no more independent, extreme value survival copulas derived
from EMOmodels can be generated taking into account Theorem 3.7.13 and the restriction rTi(xi)+

rT3(xi) = λXi , i = 1, 2, where λXi are the constant failure rates of the marginals of extreme value
EMOmodel (3.2). In particular, if ST1,T2(x1, x2) is absolutely continuous then extreme value survival
copulas corresponding to EMO models are obtained if and only if the survival copula that joins
(T1, T2) is an extreme value copula and Ti are exponentially distributed, i = 1, 2, 3.

In Section 3.8 we provided a Bayesian analysis of the data set presented in Meintanis (2007),
which displays a singular component along the main diagonal (x1 = x2 = x ≥ 0). Due to this
singularity, EMO distributions are suitable to model such kind of data and, as expected, exhibited a
better performance than the two absolutely continuous models considered. For comparison purposes,
in the three EMO distributions used in the analysis we fixed the independent common shock T3
exponentially distributed. Notice that in the Marshall-Olkin bivariate exponential distribution the
only source of dependence between the observed random variables X1 and X2 comes from this
common shock. In Table 3.9 it can be noticed that among the models with singular component, the
Marshall-Olkin distribution has the weakest performance. The additional dependence between the
individual shocks T1 and T2 introduced in the two other EMO models has the effect of providing a
better fit to the data. It is worth noting that the parameters of EMO models can be also estimated
using the maximum likelihood procedure and the density function (3.43). Meanwhile, the complexity
of the maximization procedure heavily depends on the functional form of the survival function
ST1,T2(x1, x2), e.g., Model (M5) in Table 3.2.

Block and Basu (1974) obtained an absolutely continuous bivariate exponential distribution
from the MO model by removing the singular part in (2.4) and retaining only the absolutely con-
tinuous one. The same technique was applied by Kundu and Gupta (2010) in the MO distribution
with Weibull exponentials. The obtained models no more possess exponential or Weibull marginal
distributions as well as the stochastic representation (2.9) is lost. Meanwhile, they can be used when
the observed data does not exhibit ties. It is object of future investigation the properties of abso-
lutely continuous EMO models obtained from this same approach as well as estimation techniques
for extended MO models and the multivariate extensions.
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Chapter 4

Dual extended Marshall-Olkin Model

4.1 Introduction

Fang and Li (2013) introduced a dual version of the Generalized Marshall-Olkin (GMO) model
of Li and Pellerey (2011) and studied its properties, motivated by its potential applications in
risk analysis, financial engineering and economics. The dual GMO model admits the stochastic
representation

(X1, X2) = [max(T1, T3),max(T2, T3)], (4.1)

where the continuous random variables Ti, i = 1, 2, 3, with support in R = (−∞,∞) are assumed
independent.

Denote by FX1,X2(x1, x2) = P(X1 ≤ x1, X2 ≤ x2) the joint distribution function of the random
vector (X1, X2) and by FTi(x) = P(Ti ≤ x) the distribution function of random variables Ti, i =

1, 2, 3, where x ∈ R. Then, the joint distribution function of the dual GMO model (4.1) is given by

FX1,X2(x1, x2) = P(T1 ≤ x1, T2 ≤ x2, T3 ≤ min{x1, x2})

= FT1(x1)FT2(x2)FT3(min{x1, x2}).
(4.2)

Fang and Li (2013) named the model (4.2) “dual”, because it is the counterpart of the GMO
model based on min instead of max operation in the stochastic representation (4.1). Another dif-
ference between GMO model and its dual version is that in GMO model the random variables Ti
are assumed to be non-negative.

Similarly to the GMO model, its dual version (4.2) can be interpreted in terms of a “fatal shock”
model, see Figure 4.1.

Component 1 Component 2

T1 = time to individual shock T2 = time to individual shock

T3 = time to common shock

X1 = max(T1, T3) X2 = max(T2, T3)

Figure 4.1: “Fatal shock” model in dual generalized Marshall-Olkin distribution.

57
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It happens that the independence assumption between the individual shocks, although adequate
in some situations, may not hold in others, as illustrated in the following examples:

1. An insurance company assigns by (4.1) the loss vector of two insured apartments located in the
same building. Each insurance policy covers only the largest loss incurred. Both apartments
are subject to common disasters, such as earthquakes or tornados, as well as to individual
casualties. The common loss can be considered to have the same value for both apartments.
Since they are located in the same neighborhood, some individual casualties, such as thefts,
are not supposed to be independent;

2. Let (4.1) represent the time to failure vector of two machines operating in the same factory.
Each machine can be fed by two different sources of energy: an individual source and an
external one, able to feed both equipment. The machines operate whenever at least one of
the sources is properly working. If the two individual sources of energy share some facilities
in the factory, their failure times may be dependent random variables.

In this chapter we extend the dual GMO model assuming dependence between the random
variables T1 and T2 in (4.1). In Section 4.2 we specify the model and provide few probabilistic
properties. We also obtain the corresponding copula which helps to establish aging properties of
the model and the distribution of the inactivity times. Several stochastic order comparisons are
presented in Section 4.3 and are illustrated with examples. Conclusions are presented on Section
4.4.

4.2 Dual Extended Marshall-Olkin model and probabilistic prop-
erties

Firstly we will formalize the dual extended model. After that we will establish its basic prob-
abilistic properties, obtain the corresponding copula and illustrate its applicability with several
examples.

4.2.1 Model specification and basic probabilistic properties

We define the dual Extended Marshall-Olkin model (to be abbreviated d-EMO hereafter) as
follows. Let Ti, i = 1, 2, 3, be continuous random variables with support in R satisfying the
stochastic representation (4.1). Assume that the joint distribution function of (T1, T2) is given
by FT1,T2(x1, x2) = P(T1 ≤ x1, T2 ≤ x2). Suppose that the continuous random variable T3 is inde-
pendent of T1 and T2. Following (4.1) we obtain the relation

FX1,X2(x1, x2) = P(T1 ≤ x1, T2 ≤ x2, T3 ≤ min{x1, x2}).

Thus, we specify the d-EMO model by relation

FX1,X2(x1, x2) = FT1,T2(x1, x2)FT3(min{x1, x2}). (4.3)

Observe that the dual GMO model (4.2) can be obtained from (4.3) when T1 and T2 are
independent random variables. Picture 4.2 illustrates the relationship among the two models.
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dual GMO
T1, T2, T3 independent

dual EMO
(T1, T2) independent of T3

Figure 4.2: Dual GMO and dual EMO models compared.

When the random variables Ti are absolutely continuous having density fTi(x), i = 1, 2, 3,

Barlow et al. (1963) and Keilson and Sumita (1982) define the reversed failure rate mTi(x) and
the remaining reversed failure rate MTi(x) as

mTi(x) =
fTi(x)

FTi(x)
=

d

dx
[lnFTi(x)] and MTi(x) =

∫ ∞
x

mTi(u) du

respectively. Notice that the joint distribution function admits the representation

FTi(x) = exp{−MTi(x)}, or equivalently MTi(x) = − ln[FTi(x)], i = 1, 2, 3. (4.4)

The bivariate version of univariate exponential representation (4.4) for the joint distribution
function is given by

FT1,T2(x1, x2) = exp{−MT1(x1)−MT2(x2) +AT1,T2(x1, x2)}, (4.5)

where the dependence function AT1,T2(x1, x2) is defined by

AT1,T2(x1, x2) = ln
FT1,T2(x1, x2)

FT1(x1)FT2(x2)
, (4.6)

see Sankaran and Gleeja (2006). Notice that the dependence function AT1,T2(x1, x2) = 0 if and
only if T1 and T2 are independent random variables. As interpretation, the dependence function
AT1,T2(x1, x2) postulates (describes) the association between random variables T1 and T2 free of
(i.e. excluding) the marginal contribution into their mutual (genuine) dependence.

Under the above assumptions and notations, we define the d-EMO model as follows.

Definition 4.2.1. The joint distribution function of the d-EMO model is given by

FX1,X2(x1, x2) = exp
{
−MT1(x1)−MT2(x2)−MT3

(
min(x1, x2)

)
+AT1,T2(x1, x2)

}
. (4.7)

Remark 4.2.2. Note that the only difference between dual GMO and d-EMO models is the presence
of the dependence function AT1,T2(x1, x2) in (4.7), which may have important features to understand
the interaction between the random variables involved.

Therefore, besides the knowledge of the distribution of T3, a key aspect for deriving d-EMO
distribution is the knowledge of joint distribution of T1 and T2 given by (4.5). An important compo-
nent in (4.5) is the dependence function AT1,T2(x1, x2), given by (4.6), representing the dependence
structure between T1 and T2 in addition to the marginal influence.

Remark 4.2.3. Let the joint distribution of the random vector (T1, T2) be absolutely continu-
ous having joint density fT1,T2(x1, x2). Bismi (2005) defined the bivariate reversed failure rate



60 DUAL EXTENDED MARSHALL-OLKIN MODEL 4.2

by mT1,T2(x1, x2) =
fT1,T2 (x1,x2)

FT1,T2 (x1,x2)
. Denote the conditional reversed hazard rates by mi(x1, x2) =

∂
∂xi

ln[FT1,T2(x1, x2)], i = 1, 2, see Roy (2002b). Following Sankaran and Gleeja (2006), the depen-
dence function AT1,T2(x1, x2) can be written as

AT1,T2(x1, x2) =

∫ ∞
x1

∫ ∞
x2

[mT1,T2(y1, y2)−m1(y1, y2)m2(y1, y2)] dy1 dy2.

Bounds for the joint distribution function

In the case of missing information regarding the dependence function AT1,T2(x1, x2), it is still
possible to obtain bounds for the distribution function of the d-EMO distribution (4.7) based on
knowledge of the marginal distribution functions FTi(x) or, equivalently, in terms of their remaining
reversed failure rates MTi(x), i = 1, 2, 3. The bounds for the distribution function FX1,X2(x1, x2)

of the d-EMO distribution are given below.

Lemma 4.2.4. The lower and upper bounds for the distribution function of the d-EMO distribution
(4.7), are given by

L(x1, x2) ≤ FX1,X2(x1, x2) ≤ U(x1, x2),

where

L(x1, x2) = max
{

exp {−MT1 (x1)}+ exp {−MT2 (x2)} − 1, 0
}

exp
{
−MT3

(
min(x1, x2)

)}
and

U(x1, x2) = min
{

exp{−MT1(x1)}, exp{−MT2(x2)}
}

exp
{
−MT3

(
min(x1, x2)

)}
.

Proof. Let a pair (x1, x2) belong to the set W(x1, x2) defined by

W(x1, x2) =
{

(x1, x2) ∈ R2
∣∣ FT1(x1) + FT2(x2) > 1

}
. (4.8)

Applying the usual Fréchet-Hoeffding bounds (3.7) to the joint distribution function of (T1, T2)

written in the exponential representation (4.5), we obtain the following bounds for the dependence
function AT1,T2(x1, x2)

AT1,T2 (x1, x2) ≥MT1 (x1) +MT2 (x2) + ln
[
exp {−MT1 (x1)}+ exp {−MT2 (x2)} − 1

]
and

AT1,T2 (x1, x2) ≤MT1 (x1) +MT2 (x2) + ln
[
min [exp {−MT1 (x1)} , exp {−MT2 (x2)}]

]
for all (x1, x2) ∈W(x1, x2). Substituting the above bounds in the expression or the joint distribution
function of d-EMO models (4.7), lower and upper bounds L(x1, x2) and U(x1, x2) for FX1,X2(x1, x2)

stated by Lemma 4.2.4 will be obtained when (x1, x2) ∈ W(x1, x2). The case when FT1 (x1) +

FT2 (x2) ≤ 1 is trivial.

Note that the bounds L(x1, x2) and U(x1, x2) in Lemma 4.2.4 are sharper than the usual Fréchet-
Hoeffding bounds, given by (3.7), because of the multiplier exp

{
−MT3

(
min(x1, x2)

)}
.
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Positive and negative quadrant dependence

A random vector (X1, X2) assuming values in R2 is positive quadrant dependent (PQD) if
P(X1 ≤ x1, X2 ≤ x2) ≥ P(X1 ≤ x1)P(X2 ≤ x2) for all x1, x2 and negative quadrant dependent
(NQD) when the last relation is valid with the inequality sign reversed, see Lehmann (1966).
The dual GMO model (4.2) is always PQD, see equation (3) in Fang and Li (2013). The d-EMO
model (4.7) may be positively or negatively quadrant dependent, conditional on the distributional
parameters involved. The next statement characterizes the NQD property of the d-EMO model.

Lemma 4.2.5. The d-EMO model (4.3) is NQD if and only if

FT1,T2(x1, x2) ≤ FT1(x1)FT2(x2)FT3(max{x1, x2}) (4.9)

for all x1, x2 ∈ R.

Proof. The necessary and sufficient condition given by relation (4.9) can be obtained from its
equivalent inequality FX1,X2(x1, x2) ≤ FX1(x1)FX2(x2).

The following Corollary gives another version of the inequality (4.9) in terms of dependence
function AT1,T2(x1, x2) and the remaining reversed failure rate MT3(x).

Corollary 4.2.6. The d-EMO model is NQD if and only if

AT1,T2(x1, x2) +MT3

(
max(x1, x2)

)
≤ 0

for all x1, x2 ∈ R.

Proof. Taking into account the exponential representation for d-EMO models (4.7), one gets that
the marginal distribution functions have the following form in terms of remaining reversed failure
rates:
FXi(xi) = exp{−MTi(xi)−MT3(xi)}, i = 1, 2. The vector (X1, X2) is NQD if and only if
FX1,X2(x1, x2) ≤ FX1(x1)FX2(x2) for all x1, x2 ∈ R. This last inequality is equivalent to

exp
{
AT1,T2

(
x1, x2

)
+MT3

(
max(x1, x2)

)}
≤ 1,

which is the inequality stated.

We will construct in the next example a d-EMO distribution which satisfies the NQD condition
(4.9).

Example 4.2.7 (d-EMO distribution with NQD property). Let T1 and T2 be countermonotonic
random variables, i.e., their joint distribution is given by the lower Fréchet bound, and define

θ = inf{x | (x, x) ∈W(x1, x2) } = const,

where the set W(x1, x2) is defined in (4.8).
Fix the distribution of T3 as follows: P(T3 ≤ θ) = 1, i.e. the support of T3 is the interval (−∞, θ].

It is direct to check that specified distributions of (T1, T2) and T3 compose a d-EMO distribution
which is NQD.
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x1

x2

ln 2

ln 2

0

W(x1, x2)

Figure 4.3: Set W(x1, x2) in Example 4.2.7.

For example, let us consider two unit exponential countermonotonic random variables T1 and
T2. One may easy obtain that θ = ln 2 in this case, i.e. P(T3 ≤ ln 2) = 1. For the specifications
considered, the set W(x1, x2) is presented in Figure 4.3. We have

FT1,T2(x1, x2) < FT1(x1)FT2(x2) and FT3
(

max(x1, x2)
)

= 1

if (x1, x2) ∈ W(x1, x2), i.e. the NQD condition (4.9) holds true. Observe that FT1,T2(x1, x2) = 0

when (x1, x2) /∈W(x1, x2). Therefore, the corresponding vector (X1, X2) defined by (4.3) possesses
the NQD property.

Remark 4.2.8. It would be optimistic to expect in a real situation that NQD property of the vector
(X1, X2) would be valid for all observed pairs (x∗1, x

∗
2) which should belong to the subset W(x1, x2)

defined in (4.8). In such cases, it is convenient to interpret “locally” the NQD property of (X1, X2)

when some pairs of observations are outside the set overlineW(x1, x2), but the practical situation
clearly indicates the use of NQD model. Example 4.2.16 supports this conclusion in copula terms.

Remark 4.2.9. Recall that if a bivariate distribution is PQD, then for every pair of increasing
function gi(x), i = 1, 2, we have Cov {g1(X1), g2(X2)} ≥ 0, see Barlow and Proschan (1981). Such
a restriction holds for dual GMO distributions, see Fang and Li (2013), but does not apply to
d-EMO distributions.

Symmetry and asymmetry

The dual GMO model (4.1) may be exchangeable or not, depending on the distributions that
T1 and T2 follow: if identically distributed then the dual GMO model is symmetric. Interestingly,
in the d-EMO model (4.3), one may start with identically distributed random variables T1 and T2,
but connected by a non exchangeable copula. Then the resulting d-EMO distribution will be non
exchangeable. In fact, we have the next Lemma.

Lemma 4.2.10. The d-EMO model is not necessarily exchangeable.
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4.2.2 Copula of the d-EMO distribution

By Sklar’s theorem, the dependence structure of a continuous bivariate random vector (X1, X2)

can be described by unique copula

CX1,X2(u, v) = FX1,X2

(
F−1X1

(u), F−1X2
(v)
)
, (u, v) ∈ [0, 1],

where F−1Xi
(u) is the (generalized) inverse of FXi(x), i = 1, 2, see Theorem 2.2.3 in Nelsen (2006).

As we noted in the proof of the Corollary 4.2.6, the marginal distribution functions of FX1,X2(x1, x2)

from (4.7) are given by FXi(xi) = exp{−MTi(xi) − MT3(xi)}. Denote by Gi(xi) = MTi(xi) +

MT3(xi), i = 1, 2. Under the above relations, the following statement is true.

Lemma 4.2.11. The copula CX1,X2(u, v) of the d-EMO distribution is given by

CX1,X2(u, v) =

uv exp
{
MT3

(
G
−1
1 (− lnu)

)
+G(u, v)

}
, if G

−1
1 (− lnu) > G

−1
2 (− ln v);

uv exp
{
MT3

(
G
−1
2 (− ln v)

)
+G(u, v)

}
, if G

−1
1 (− lnu) ≤ G−12 (− ln v),

(4.10)

where u, v ∈ (0, 1] and G(u, v) = AT1,T2
(
F−1X1

(u), F−1X2
(v)
)
.

Proof. Let CX1,X2(u, v) be the copula corresponding to FX1,X2(x1, x2) given by (4.7), i.e.

ln[CX1,X2(u, v)] = ln
[
FX1,X2

(
F−1X1

(u), F−1X2
(v)
)]
, u, v ∈ (0, 1].

Because of continuity of the distributions involved we have unique inverses.
Since FX1(x1) = exp{−MT1(x1)−MT3(x1)} = exp{−G1(x1)}, we have

F−1X1
(u) = G

−1
1 (− lnu), implying G1

(
F−1X1

(u)
)

= − lnu. (4.11)

In a similar way, from FX2(x2) = exp{−MT2(x2)−MT3(x2)} = exp{−G2(x2)} we obtain

F−1X2
(v) = G

−1
2 (− ln v), i.e. G2

(
F−1X2

(v)
)

= − ln v. (4.12)

Let x1 > x2, i.e. F−1X1
(u) > F−1X2

(v), or equivalently G−11 (− lnu) > G
−1
2 (− ln v). Using the exponen-

tial representation for d-EMO distributions (4.7) we have

ln[CX1,X2(u, v)] = ln
{

exp{−MT1

(
F−1X1

(u)
)
−MT2

(
F−1X2

(v)
)
−MT3

(
F−1X2

(v)
)

+G(u, v)}
}
,

with G(u, v) = AT1,T2
(
F−1X1

(u), F−1X2
(v)
)
, which is equivalent to

ln[CX1,X2(u, v)] = −MT1

(
F−1X1

(u)
)

+ ln v +G(u, v).

Due to (4.11) we get

lnCX1,X2(u, v) = lnuv +MT3

(
F−1X1

(u)
)

+G(u, v).

Finally, CX1,X2(u, v) = uv exp
{
MT3

(
G
−1
1 (− lnu)

)
+G(u, v)

}
if F−1X1

(u) > F−1X2
(v).
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By analogy, when x1 ≤ x2, i.e. G
−1
1 (− lnu) ≤ G−12 (− ln v), one obtains

CX1,X2(u, v) = uv exp
{
MT3

(
G
−1
2 (− ln v)

)
+G(u, v)

}
and representation (4.10) is established.

Remark 4.2.12. The function exp{G(u, v)} is the only product extra multiplier in (4.10) in
addition to the copula expression corresponding to dual GMO distribution and numbered (4) by
Fang and Li (2013). This extra term permits NQD modelling on (X1, X2).

Remark 4.2.13. Whenever (T1, T2) is absolutely continuous, using Remark 4.2.3, we have the
alternative representation for G(u, v) = AT1,T2

(
F−1X1

(u), F−1X2
(v)
)
,

G(u, v) =

∫ ∞
F−1
X1

(u)

∫ ∞
F−1
X2

(v)
[mT1,T2(y1, y2)−m1(y1, y2)m2(y1, y2)]dy1dy2.

The following two examples illustrate how to get the copula representation (4.10) of d-EMO
distribution in particular cases.

Example 4.2.14 (Copula of d-EMO distribution under proportional reversed failure rate marginals).
Consider a baseline remaining reversed failure rate functionM(x) and suppose FTi(x) = [exp{−M(x)}]λi ,
λi > 0, i = 1, 2, 3, see Gupta et al. (1998). After some algebra relation (4.10) simplifies to

CX1,X2(u, v) =

u
λ1

λ1+λ3 v exp{G(u, v)}, if G
−1
1 (− lnu) > G

−1
2 (− ln v);

uv
λ2

λ2+λ3 exp{G(u, v)}, if G
−1
1 (− lnu) ≤ G−12 (− ln v),

where u, v ∈ (0, 1]. Notice that when T1 and T2 are independent we have G(u, v) = 0 for all u, v ∈
(0, 1] and we obtain the survival copula of the Marshall-Olkin bivariate exponential distribution given
by (2.15), see the corresponding comments in Li (2008).

Example 4.2.15 (Copula of the d-EMO distribution given the marginal distributions and inter-
nal dependence structure). Let T1 and T2 follow Fréchet distribution with parameter α > 0, i.e.
FTi(xi) = exp{−x−αi } for xi > 0, i = 1, 2. Assume that the vector (T1, T2) is Farlie-Gumbel-
Morgenstern distributed, e.g.

FT1,T2(x1, x2) = exp
{
−x−α1 − x−α2

} [
1 + θ

(
1− exp{−x−α1 }

) (
1− exp{−x−α2 }

)]
,

where θ ∈ [−1, 1], see Family B10 in Joe (1997). From relation (4.6) we obtain the dependence
function

AT1,T2(x1, x2) = ln
FT1,T2(x1, x2)

FT1(x1)FT2(x2)
= ln

[
1 + θ

(
1− exp{−x−α1 }

) (
1− exp{−x−α2 }

)]
.

Fix T3 to be independent of (T1, T2) with distribution FT3(x) = exp{−x−2α}, x > 0. Following
the above specifications, we have MT1(x) = MT2(x) = x−α, and MT3(x) = x−2α. Then Gi(x) =
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MTi(x) +MT3(x) = x−α + x−2α and therefore

G
−1
i (u) =

 α

√
−1 +

√
1 + 4u

2

−1 and F−1Xi
(u) =

 α

√
−1 +

√
1− 4 lnu

2

−1 , i = 1, 2.

Applying G(u, v) = AT1,T2
(
F−1X1

(u), F−1X2
(v)
)
we have

G(u, v) = ln

[
1 + θ

(
1− exp

{
−−1 +

√
1− 4 lnu

2

})(
1− exp

{
−−1 +

√
1− 4 ln v

2

})]
.

Substituting above relations in the expression for the copula of d-EMO distribution (4.10) we get

CX1,X2(u, v) =



uv exp
{
−1+

√
1−4 lnu
2

}2

×
[
1 + θ

(
1− exp

{
−−1+

√
1−4 lnu
2

})(
1− exp

{
−−1+

√
1−4 ln v
2

})]
, if u > v;

uv exp
{
−1+

√
1−4 ln v
2

}2

×
[
1 + θ

(
1− exp

{
−−1+

√
1−4 lnu
2

})(
1− exp

{
−−1+

√
1−4 ln v
2

})]
, if u ≤ v;

where u, v ∈ (0, 1].

In the next example we use the copula from Example 4.2.15 to justify the comments in Remark
4.2.8, i.e. the same d-EMO copula may be “locally” PQD and NQD.

Example 4.2.16 (Quadrant dependence analysis of the copula from Example 4.2.15). Consider
the d-EMO copula of Example 4.2.15. Whenever θ ∈ [−1, 0] the joint distribution of (T1, T2) is
NQD, as a property of the Farlie-Gumbel-Morgenstern copula. Let us consider the extremal negative
dependence, substituting θ = −1, and define the decreasing function

B(u) =
−1 +

√
1− 4 lnu

2
.

When 1 ≥ u > v > 0, CX1,X2)(u, v) is NQD if and only if

exp{−B(u)}+ exp{−B(v)} [1− exp{−B(u)}] ≤ exp{−B2(u)},

which is equivalent to[
1− exp{−B(u)}

][
1− exp{−B(v)}

]
≥ 1− exp{−B2(u)}.

Since the function 1− exp{−B(v)} is decreasing and 1− exp{−B(0+)} = 1, the former condition
holds true if and only if

0 ≤ B(u) ≤ 1 and exp{−B(v)} ≤ exp{−B2(u)}−exp{−B(u)}
1−exp{−B(u)} .

After some algebra, one can conclude that the local NQD property holds if and only if (u, v) ∈ Nu>v

where

Nu>v =

(u, v) ∈ (0, 1]2
∣∣∣ exp{−2} ≤ u ≤ 1 and 0 ≤ v ≤ exp


1−

(
1− 2 ln exp{−B2(u)}−exp{−B(u)}

1−exp{−B(u)}

)2
4


 .
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Figure 4.4: Dependence analysis of the d-EMO distribution in Example 4.2.16

By analogy, when 0 < u ≤ v ≤ 1, CX1,X2(u, v) is locally NQD if and only if (u, v) ∈ Nv≥u where

Nv≥u =

(u, v) ∈ (0, 1]2
∣∣∣ exp{−2} ≤ v ≤ 1 and 0 ≤ u ≤ exp


1−

(
1− 2 ln exp{−B2(v)}−exp{−B(v)}

1−exp{−B(v)}

)2
4


 .

Therefore, for (u, v) ∈ (0, 1]2, whenever (u, v) ∈ {Nu>v ∪Nv≥u} we have the local NQD property
and outside this set, the local PQD property, see Figure 4.4.

4.2.3 Preservation of the d-EMO distribution

Let X = (X1, X2) be a bivariate random vector following the d-EMO model (4.7). Denote by

X(t) =
[
(t−X1, t−X2) | X1 ≤ t,X2 ≤ t

]
, t ≥ 0

the corresponding inactivity times vector which has nonnegative marginals. Consider the vector

−X(t) =
[
(X1 − t,X2 − t) | X1 ≤ t,X2 ≤ t

]
, (4.13)

which is the symmetric image of X(t) with respect to the point (0, 0). We are interested to examine
the distribution of the random vector −X(t). The result is given in the following

Lemma 4.2.17. If the vector X = (X1, X2) follows a d-EMO distribution, then so does −X(t).

Proof. Since the random vector in (4.13) is non positive, consider y1 ≤ 0 and y2 ≤ 0. Because of
the stochastic representation (4.1), the joint distribution of −X(t) is given by

P(max{T1, T3} − t ≤ y1,max{T2, T3} − t ≤ y2 | max{T1, T3} ≤ t,max{T2, T3} ≤ t).

Taking into account that in the d-EMO model the random variable T3 is independent of the vector
(T1, T2) the last probability can be rewritten as

P(T1 − t ≤ y1, T2 − t ≤ y2 | T1 ≤ t, T2 ≤ t)P(T3 − t ≤ min{y1, y2} | T3 ≤ t).

The last relation means that

P
(
−X(t) ≤ (y1, y2)

)
= P

(
−T12(t) ≤ (y1, y2)

)
P
(
− T3(t) ≤ min{y1, y2}

)
,

where −T12(t) =
[
(T1 − t, T2 − t) | T1 ≤ t, T2 ≤ t

]
and −T3(t) = [T3 − t | T3 ≤ t]. Therefore, for any
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t > 0, the vector −X(t) admits the stochastic representation

−X(t) =
[

max{−T1(t),−T3(t)},max{−T2(t),−T3(t)}
]
,

where −T1(t) and −T2(t) are the marginals of −T12(t). Thus, −X(t) satisfies the stochastic repre-
sentation (4.1). This means that if the random vector (X1, X2) is d-EMO distributed, then so does
−X(t).

Corollary 4.2.18. If the vector X = (X1, X2) follows a d-EMO distribution, then X and −X(t)

have the same type of copula, given by relation (4.10).

Remark 4.2.19. Similar result is valid for the Extended MO model defined by the random vector

(Y1, Y2) = [min(Z1, Z3),min(Z2, Z3)],

where the nonnegative random variables Z1 and Z2 are dependent, but being independent of Z3. In
this case, the residual lifetime vector

Xt = [(X1 − t,X2 − t) | X1 > t,X2 > t], t ≥ 0

follows EMO model, see Theorem 3.3.6.

4.3 Stochastic order comparisons

In this section we will present several stochastic order comparisons between bivariate random
vectors that follow d-EMO distributions. The first result is related to the usual stochastic order
between random vectors (X1, X2) and (Y1, Y2), to be denoted by (X1, X2) ≤st (Y1, Y2). To remind,
this means that E[ψ(X1, X2)] ≤ E[ψ(Y1, Y2)] for every increasing function ψ such that expectation
exists, see Shaked and Shanthikumar (2007).

Lemma 4.3.1. Consider continuous random variables Si and Ti, i = 1, 2, 3, and suppose (S1, S2) ≤st
(T1, T2) and S3 ≤st T3. Then (X1, X2) ≤st (Y1, Y2), where

(X1, X2) = [max(S1, S3),max(S2, S3)] and (Y1, Y2) = [max(T1, T3),max(T2, T3)]

follows a d-EMO distribution.

Proof. Since S3 is independent of (S1, S2) and T3 is independent of (T1, T2), we have
(S1, S2, S3) ≤st (T1, T2, T3). Taking into account that max(x, y) is increasing in x and y, the result
follows from Theorem 6.B.16(a) from Shaked and Shanthikumar (2007).

Remark 4.3.2. Notice that the function g(s1, s2, s3) = [max(s1, s3),max(s2, s3)] is increasing and
convex in its arguments. Thus, Lemma 4.3.1 remains valid if we replace the usual stochastic order by
the increasing convex order, as a direct application of Theorem 7.A.5(a) from Shaked and Shanthikumar
(2007).

The concordance order for copulas of d-EMO distributions is considered in the sequel. First will
we need Lemma 4.3.3, which is proved in Fang and Li (2013), see their Theorem 2.
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Lemma 4.3.3 (Fang and Li (2013)). Suppose Si and Ti, i = 1, 2, 3, are independent and continuous
random variables such that Si ≤st Ti, i = 1, 2, and S3 ≥st T3. Then CX1,X2(u, v) ≥ CY1,Y2(u, v) for
all u, v ∈ [0, 1] where

(X1, X2) = [max(S1, S3),max(S2, S3)] and (Y1, Y2) = [max(T1, T3),max(T2, T3)].

When the individual shocks in the d-EMO model are no more independent, it is still possible
to obtain similar results, but additional assumptions concerning the dependence structure have to
be stated.

In Lemma 4.3.4 we compare the copulas of d-EMO distributions obtained from the same pair
of random variables (S1, S2) but considering two different common shocks represented by random
variables S3 and T.

Lemma 4.3.4. Suppose Si, i = 1, 2, 3, and T are continuous random variables and AS1,S2(x1, x2) =

ln
FS1,S2 (x1,x2)

FS1 (x1)FS2 (x2)
is non-decreasing in x1 and x2. If S3 ≥st T , then CX1,X2(u, v) ≥ CY1,Y2(u, v) for

all u, v ∈ [0, 1] where

(X1, X2) = [max(S1, S3),max(S2, S3)] and (Y1, Y2) = [max(S1, T ),max(S2, T )]

follow d-EMO distributions.

Proof. Since FXi(x) = FSi(x)FS3(x), FYi(x) = FSi(x)FT (x) and S3 ≥st T, then F−1Xi
(u) ≥ F−1Yi

(u)

i = 1, 2. Thus, AS1,S2(F−1X1
(u), F−1X2

(v)) ≥ AS1,S2(F−1Y1
(u), F−1Y2

(v)). The result follows from the
expression for the copula of d-EMO distributions (4.10) and Lemma 4.3.3.

Example 4.3.5 (Copula comparison for the same dependence function AS1,S2(x1, x2)). Consider
the Ali-Mikhail-Haq copula, see family (4.2.3) in Nelsen (2006), and suppose (S1, S2) is jointly
distributed as

FS1,S2(x1, x2) =
(1− exp{−λ1x1})(1− exp{−λ2x2})

1− θ exp{−λ1x1 − λ2x2}
,

with θ ∈ [−1, 0], xi ≥ 0 and λi > 0, i = 1, 2.

Therefore, AS1,S2(x1, x2) = ln
[

1
1−θ exp{−λ1x1−λ2x2}

]
is non-decreasing in x1 and x2, as required by

Lemma 4.3.4.
Fix FS3(x) = 1 − exp{−λ3x} and FT (x) = 1 − exp{−λ4x}, where x ≥ 0, λ4 ≥ λ3 > 0. Hence
S3 ≥st T, which implies F−1S3

(u) ≥ F−1T (u) and

FXi(x) = FSi(x)FS3(x) ≤ FSi(x)FT (x) = FYi(x), i.e. F−1Xi
(u) ≥ F−1Yi

(u), i = 1, 2.

Notice that

FXi(F
−1
S3

(u)) = FSi(F
−1
S3

(u))FS3(F−1S3
(u)) = FSi(F

−1
S3

(u))u = FSi(F
−1
S3

(u))FT (F−1T (u))

≥ FSi(F
−1
T (u))FT (F−1T (u)) = FYi(F

−1
T (u)),

i.e., FS3(F−1Xi
(u)) ≤ FT (F−1Yi

(u)), i = 1, 2. Thus, from the expression for the copula of d-EMO
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distributions (4.10) we have

CX1,X2(u, v) = uvmin

{
1

FS3

(
F−1X1

(u)
) , 1

FS3

(
F−1X2

(v)
)} exp

{
G
(
F−1X1

(u), F−1X2
(v)
)}

≥ uvmin

{
1

FT
(
F−1Y1

(u)
) , 1

FT
(
F−1Y2

(v)
)} exp

{
G
(
F−1X1

(u), F−1X2
(v)
)}

≥ uvmin

{
1

FT
(
F−1Y1

(u)
) , 1

FT
(
F−1Y2

(v)
)} exp

{
G
(
F−1Y1

(u), F−1Y2
(v)
)}

= CY1,Y2(u, v).

In Lemma 4.3.6 we consider the case when two d-EMO distributions are composed by the same
common shock (represented by a random variable S3) and different individual shocks, represented
by the pairs of random variables (S1, S2) and (T1, T2).

Lemma 4.3.6. Suppose Si, i = 1, 2, 3, and Ti, i = 1, 2, are continuous random variables and let
AS1,S2(x1, x2) = ln

FS1,S2 (x1,x2)

FS1 (x1)FS2 (x2)
≥ AT1,T2(y1, y2) = ln

FT1,T2 (y1,y2)

FT1 (y1)FT2 (y2)
for xi ≤ yi, i = 1, 2. Define the

d-EMO distributions

(X1, X2) = [max(S1, S3),max(S2, S3)] and (Y1, Y2) = [max(T1, S3),max(T2, S3)].

If S1 ≤st T1, S2 ≤st T2, then CX1,X2(u, v) ≥ CY1,Y2(u, v) for all u, v ∈ [0, 1].

Proof. From the stochastic ordering among the random variables involved, we have
F−1Xi

(u) ≤ F−1Yi
(u), i = 1, 2. Since AS1,S2(F−1X1

(u), F−1X2
(v)) ≥ AT1,T2(F−1Y1

(u), F−1Y2
(v)), the result

follows from the expression for the copula of d-EMO distributions (4.10) and Lemma 4.3.3.

Corollary 4.3.7. Under the assumptions of Lemma 4.3.6 we have (X1, X2) ≤st (Y1, Y2).

Proof. From the exponential representation for bivariate distribution functions (4.5) we have (S1, S2) ≤st
(T1, T2) and the result follows as a direct application of Lemma 4.3.1.

Example 4.3.8 (Copula comparison). Suppose (S1, S2) and (T1, T2) are jointly distributed as

FS1,S2(x1, x2) =
(1− exp{−λ1x1})(1− exp{−λ1x2})

1− θ1 exp{−λ1x1 − λ1x2}
, θ1 ∈ [0, 1]

and
FT1,T2(x1, x2) =

(1− exp{−λ2x1})(1− exp{−λ2x2})
1− θ2 exp{−λ2x1 − λ2x2}

, θ2 ∈ [−1, 0],

where λ1 ≥ λ2 > 0 and xi ≥ 0, i = 1, 2.

Therefore, for all x1 ≤ y1 and x2 ≤ y2 we have

AS1,S2(x1, x2) = ln

[
1

1− θ1 exp{−λ1x1 − λ1x2}

]
≥ ln

[
1

1− θ2 exp{−λ2y1 − λ2y2}

]
= AT1,T2(y1, y2).

Since Si ≤st Ti, i = 1, 2 from Lemma 4.3.6 we have CX1,X2(u, v) ≥ CY1,Y2(u, v) for all u, v ∈ (0, 1]
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where

(X1, X2) = (max(S1, S3),max(S2, S3)) and (Y1, Y2) = (max(T1, S3),max(T2, S3)).

Notice that the copula that joins S1 and S2 has the PQD property while the corresponding copula of
T1 and T2 is NQD. In addition, one may choose arbitrary continuous distribution for S3.

Example 4.3.9 (Insurance application). Consider an insurance company offering two policies. The
first policy covers a pair of random losses (X1, X2) which are subject to dependent individual risks
(with potential losses S1 and S2). The second one covers the random losses (Y1, Y2), also exposed
to dependent individual risks denoted by T1 and T2. Moreover, there exists a common risk, with
random loss S. If the policies cover only the largest loss, we have

(X1, X2) = [max(S1, S),max(S2, S)] and (Y1, Y2) = [max(T1, S),max(T2, S)].

Suppose that for each of these two policies, the retained loss of the insurance company is some
nondecreasing function hi(.) of the random losses, i = 1, 2,. For the first policy its expected retained
loss is given by E[h1(X1) + h2(X2)]. Analogously, E[h1(Y1) + h2(Y2)] is the expected retained loss
for the second policy. Under specifications in Example 4.3.8, the conditions of Lemma 4.3.6 hold
true. Applying Corollary 4.3.7 we conclude that (X1, X2) ≤st (Y1, Y2). Thus, we have

E[h1(X1) + h2(X2)] ≤ E[h1(Y1) + h2(Y2)],

provided the expectations exist. Therefore, the expected retained loss is smaller in the first insurance
policy than in the second one.

With additional assumptions in Lemma 4.3.6, we can obtain another related concordance order
result for copulas of d-EMO distributions. We will consider the most general case, when two d-
EMO distributions are obtained from different pairs of random variables (S1, S2) and (T1, T2), and
different common shocks S3 and T3. The result is presented in the next Lemma.

Lemma 4.3.10. Suppose Si and Ti, i = 1, 2, 3, are continuous random variables and let
AS1,S2(x1, x2) = ln

FS1,S2 (x1,x2)

FS1 (x1)FS2 (x2)
≥ AT1,T2(y1, y2) = ln

FT1,T2 (y1,y2)

FT1 (y1)FT2 (y2)
for xi ≤ yi, i = 1, 2. Define the

d-EMO distributions

(X1, X2) = [max(S1, S3),max(S2, S3)] and (Y1, Y2) = [max(T1, T3),max(T2, T3)].

If S1 ≤st T1, S2 ≤st T2, S3 ≥st T3 and is verified that X1 ≤st Y1 and X2 ≤st Y2, then
CX1,X2(u, v) ≥ CY1,Y2(u, v) for all u, v ∈ [0, 1].

Proof. Since FXi(x) ≥ FYi(x), then F−1Xi
(u) ≤ F−1Yi

(u), i = 1, 2. The result follows from the expres-
sion for the copula of d-EMO distributions (4.10) and Lemma 4.3.3.

Corollary 4.3.11. Under the assumptions of Lemma 4.3.10, (X1, X2) ≤st (Y1, Y2).

Proof. Since Xi ≤st Yi, i = 1, 2, we have FXi(x) ≥ FYi(x). Therefore

FX1,X2(x1, x2) = CX1,X2(FX1(x1), FX2(x2)) ≥ CX1,X2

(
FY1(x1), FY2(x2)

)
≥ CY1,Y2

(
FY1(x1), FY2(x2)

)
= FY1,Y2(x1, x2).
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4.4 Concluding remarks

A dual version of the generalized Marshall-Olkin of Li and Pellerey (2011) was introduced by
Fang and Li (2013) motivated by its potential applications in Risk Analysis, Financial Engineer-
ing and Economics. In this chapter we extended the model of Fang and Li (2013) relaxing their
assumption of independence between the subjacent individual shocks. In the proposed dual ex-
tended Marshall-Olkin distribution (4.7), the dependence structure between its two components is
explained not only by the common shock, but also by the joint distribution of the individual shocks.
We do believe that d-EMO model will be both of further theoretical and practical interest.

With the additional source of dependence, represented by the function AT1,T2(x1, x2) given by
(4.6), the d-EMO distributions allow modeling both positive and negative quadrant dependence
between its components. Moreover, the joint distribution may be non-exchangeable even if the
marginals have the same distribution. These properties enrich and complement possibilities of the
generalized version introduced by Fang and Li (2013) and overcomes its restrictive assumption of
independence between the subjacent individual shocks.

A distributional property of inactivity times, similar to the one related with residual lifetimes
in extended MO model and presented in Chapter 3, was demonstrated. Bounds for the joint dis-
tribution were obtained and several stochastic and concordance order results were reported with
supporting examples.

Absolutely continuous version for d-EMO, bivariate reversed lack-of-memory (see Remark 2.4.2)
and reliability properties as well as extreme value results can be obtained, following similar approach
as in Chapter 3. We did not consider inference procedures related to the d-EMO model (4.7), nor
application for real data set. These important issues, as well as multivariate extensions, are part of
our future lines of research.
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Chapter 5

Bivariate Distributions with Linear Sum
of Hazard Gradient Components

5.1 Introduction

In Chapter 1 we introduced the functional equation (1.2) as the defining relation for the uni-
variate lack-of-memory property (LMP) of the exponential distribution. That equation admits the
equivalent representation

P(X > x+ t | X > t) = P(X > x) for all x ≥ 0, t ≥ 0, (5.1)

and plays a central role in survival analysis, reliability, insurance, finance and many other fields.
Equation (5.1) tells us that the conditional distribution of X − t given {X > t} is independent of
“age” t.

The same property is extended in a multivariate framework in Marshall and Olkin (1967). As
shown in Chapter 2, in the bivariate case they look for continuous distributions such that relation
(2.7) holds true, i.e.,

P(X1 > x1 + t,X2 > x2 + t | X1 > t,X2 > t) = P(X1 > x1, X2 > x2)

for all x1, x2 ≥ 0 and t ≥ 0. They characterize the Marshall-Olkin bivariate exponential distribution
with exponential marginals.

Remark 5.1.1. Marshall and Olkin (1967) demonstrate that, in relation (2.7), bivariate LMP,
absolute continuity and exponential marginals cannot occur simultaneously except for bivariate dis-
tributions with independent exponential marginals.

The distribution of Xi − t given {Xi > t}, i = 1, 2, generally depends on the “age” t (since
it is not necessarily exponential), whereas Xi − t is independent on the same “age”, when the con-
ditioning set is {X1 > t,X2 > t} as in relation (2.7). Therefore, do exist distributions satisfying
(2.7) with non-exponential marginals. Apart from Marshall and Olkin’s bivariate exponential dis-
tribution, other known solutions of (2.7) are the bivariate distributions obtained by Freund (1961),
Block and Basu (1974), Proschan and Sullo (1976), Friday and Patil (1977) and all distributions
shown in Kulkarni (2006), see Chapter 10 in Balakrishnan and Lai (2009) for related discussion
as well.

73
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We view (x1, x2) as the realization of a continuous random vector (X1, X2) taking values on the
first quadrant R2

+ = {(x1, x2) | x1 ≥ 0, x2 ≥ 0} . Relation (2.7) can be equivalently rewritten as the
functional equation (2.6), i.e.,

SX1,X2(x1 + t, x2 + t) = SX1,X2(x1, x2)SX1,X2(t, t)

for all x1, x2 ≥ 0 and t > 0 which is named bivariate lack-of-memory property, to be abbreviated
BLMP1.

Following Johnson and Kotz (1975) let us define the two components of the hazard gradient
vector R(x1, x2) = (r1(x1, x2), r2(x1, x2)) as

ri(x1, x2) = − ∂

∂xi
lnSX1,X2(x1, x2), i = 1, 2,

which uniquely determine the joint distribution, see Marshall (1975). All distributions possessing
BLMP1 satisfy the equation r1(x1, x2) + r2(x1, x2) = a0 where a0 is a nonnegative constant, see
Theorem 2 in Kulkarni (2006) for details.

In fact, Johnson and Kotz (1975) introduce another version of the bivariate LMP under the
name local lack-of-memory property. They enforce conditional distributions {X1 | X2 > x2} and
{X2 | X1 > x1} to possess (preserve) the univariate LMP defined by (5.1), see their sections
3(iv) and 5.4. The local LMP was rediscovered by Roy (2002a) and named BLMP2. This prop-
erty was identified by a local “constancy” of the conditional failure rates ri(x1, x2), i = 1, 2, in
Johnson and Kotz (1975), in the sense that ri(x1, x2) does not depend on xi, i = 1, 2.

The only absolutely continuous distribution with such a property is the Gumbel’s type I bivariate
exponential distribution, given by (5.3). For Gumbel’s bivariate exponential one gets ri(x1, x2) =

a0i + a1x3−i, i = 1, 2, for some non-negative constants a01, a02 and a1. Thus, substituting a0 =

a01 + a02, the sum of the components of the hazard gradient vector is r1(x1, x2) + r2(x1, x2) =

a0 + a1x1 + a1x2.
In this chapter we link BLMP1 and BLMP2 in a new class of bivariate continuous distributions

(to be denoted by L(x; a) with x = (x1, x2) and a = (a0, a1, a2)), such that the sum r1(x1, x2) +

r2(x1, x2) is a linear function of both arguments x1 and x2.
In Section 5.2 we formalize and characterize the class L(x; a). It will be also recognized that only

certain marginal distributions are allowed. The corresponding restrictions for the marginal densities
as well as the geometric interpretation of the class L(x; a) are presented. In Section 5.3 we suggest a
method for constructing related bivariate distributions starting from marginal failure rates or from
a member of the class L(x; a). We illustrate the methodology developed by typical examples. A
detailed discussion, possible alternative approaches, multivariate extensions and conclusions finalize
this chapter.

5.2 Model formalization and characterization

We will give first few necessary notations and facts. In what follows, the class of continuous
nonnegative bivariate distributions with linear sum of components of the hazard gradient vector
will be defined and characterized.

Let X1 and X2 be two nonnegative continuous random variables defined by their survival func-
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tions SXi(xi) = P(Xi > xi), xi ≥ 0, densities fXi(xi) or failure rates rXi(xi) =
fXi (xi)

SXi (xi)
, i = 1, 2.

It is well known that the univariate failure rate uniquely determines the distribution of a random
variable due to the fundamental relation

SXi(x) = exp

{
−
∫ x

0
rXi(u)du

}
= exp{−HXi(x)},

where HXi(x) is the cumulative failure rate function, see Barlow and Proschan (1981).
Denote by fX1,X2(x1, x2) the bivariate density of X1 and X2. As a natural extension of failure

rate in the bivariate case Basu (1971) suggested the relation rX1,X2(x1, x2) =
fX1,X2

(x1,x2)

SX1,X2
(x1,x2)

. In
general, the bivariate failure rate rX1,X2(x1, x2) does not uniquely determine the joint distribution
of X1 and X2, consult Navarro (2008) for corresponding necessary conditions. So, complementary
(conditional) characteristics should be taken into consideration. We will explore the conditional
failure rates ri(x1, x2), i = 1, 2, being the two components of the hazard gradient vector R(x1, x2) =

(r1(x1, x2), r2(x1, x2)).

5.2.1 Model specification

We begin with the definition of the class L(x; a).

Definition 5.2.1. The class L(x; a) is composed by nonnegative bivariate continuous distributions
that satisfy the relation

r(x1, x2) = r1(x1, x2) + r2(x1, x2) = a0 + a1x1 + a2x2 (5.2)

for all x1, x2 ≥ 0, where x = (x1, x2) and a = (a0, a1, a2) is the parameter vector with nonnegative
elements.

In other words, the class L(x; a) is composed by nonnegative bivariate continuous distributions
such that the sum of the components of hazard gradient vector is a linear function of both arguments
x1 and x2. Detailed restrictions of constants a0, a1 and a2 will be given in Theorem 5.2.14 and
Proposition 5.2.17.

Remark 5.2.2. Note that the class L(x; a) may include distributions with a singularity along the
line x1 = x2 = x ≥ 0, where the conditional failure rates r1(x1, x2) and r2(x1, x2) will not be defined.
In such cases one should consider the rule r(x, x) = − d

dx lnSX1,X2(x, x), see related comments in
Remarks 5.2.4 and 5.2.7.

To understand the physical meaning of the sum r1(x1, x2) + r2(x1, x2) one needs knowledge
about directional derivative for a function s : Rm → Rn when m = 2 and n = 1, consult page 42
in Munkres (1991), for example.

Definition 5.2.3 (Munkres (1991)). Given set C ⊂ R2 = [−∞,∞]2, consider the function s :

C → R and suppose C contains a neighborhood of x = (x1, x2) ∈ C. Given the non-zero vector
u = (u1, u2) ∈ R2 the directional derivative of s(., .) at x with respect to the vector u is given by

s′(x; u) = lim
z→0

s((x1, x2) + z(u1, u2))− s((x1, x2))
z

,

provided the limit exists.
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Remark 5.2.4 (Directional derivative). Directional derivatives at a point x with respect to a vector
u can be easily computed when the function s(., .) is differentiable at (x1, x2). In such cases we have

s′(x; u) =
∂

∂x1
s(x1, x2)u1 +

∂

∂x2
s(x1, x2)u2,

see Theorem 5.1 at page 44 in Munkres (1991). We are particularly interested when u = (1, 1), i.e.
we get

s′((x1, x2); (1, 1)) =
∂

∂x1
s(x1, x2) +

∂

∂x2
s(x1, x2).

Thus, the directional derivative of s(., .) at (x1, x2) with respect to the vector (1, 1) is given by the
sum of the corresponding partial derivatives.

Substituting − ln[SX1,X2(x1, x2)] = s(x1, x2) in the right hand side of last equation we obtain
the sum of elements of the hazard gradient vector R(x1, x2). The interpretation is that wherever
SX1,X2(x1, x2) is differentiable, the sum r1(x1, x2) + r2(x1, x2) establishes the performance of the
joint survival function SX1,X2(x1, x2) along the lines parallel to {x1 = x2 = x ≥ 0}, i.e. having 450

inclination.

The next theorem, numbered Theorem 6.2 at page 50 in Munkres (1991), will be necessary in
characterization Theorem 5.2.11.

Theorem 5.2.5. [Munkres (1991)] Let A be an open set in R2. Suppose the partial derivatives of
the function s exist at each point x = (x1, x2) ∈ A and are continuous. Then s is differentiable at
each point of A.

Remark 5.2.6. A function satisfying the hypothesis of Theorem 5.2.5 is often said to be continu-
ously differentiable, or of class C1 on A.

Remark 5.2.7. Combining Theorems 5.1 and 6.2 in Munkres (1991), whenever the partial deriva-
tives of the function s exist and are continuous at each point (x1, x2) of an open set A belonging to
the domain of s, the directional derivative of s(., .) at (x1, x2) ∈ A with respect to the vector (1, 1)

is given by the sum of the partial derivatives.

Now, let us analyse the relation (5.2) from completely different point of view. Define the function

ψ(x1, x2) = r(x1, x2)− a0 and set A1(x1) = ψ(x1, 0), A2(x2) = ψ(0, x2).

The linear functions Ai(xi) = aixi satisfy Ai(xi + yi) = Ai(xi) + Ai(yi) for all xi, yi ≥ 0, i = 1, 2,

i.e. Ai(x) are additive functionals and only continuous solutions of Cauchy functional equation
f(x + y) = f(x) + f(y), see Theorem 1.1 in Sahoo and Kannappan (2011). In fact, we arrive to
the following statement.

Lemma 5.2.8. The class L(x; a) of nonnegative bivariate continuous distributions specified by
relation (5.2) can be equivalently defined by linear (additive) functionals

A1(x1) = r(x1, 0)− a0 and A2(x2) = r(0, x2)− a0,

being the only continuous solutions of the functional equation f(x+ y) = f(x) + f(y).
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Bivariate distributions following the property (5.2) do exist. From our discussion in Section
5.1 we already know that Marshall-Olkin’s bivariate exponential, given by (2.4), and Gumbel’s
type I bivariate exponential distribution, given by (5.3), satisfy relation (5.2). Distributions with
independent marginals will be discussed in Section 5.3.1. Few typical examples that will be explored
in the exposition are considered in Remark 5.2.9.

Remark 5.2.9 (Few members of the class L(x; a)). Here we will give five examples.

• From Section 2.3, one obvious extension of the univariate LMP to the bivariate case is given
by relation (2.5), i.e.,

SX1,X2(x1 + y1, x2 + y2) = SX1,X2(x1, x2)SX1,X2(y1, y2)

for all x1, x2, y1, y2 ≥ 0. The only solution of this functional equation is given by

SX1,X2(x1, x2) = exp{−b1x1 − b2x2}, for b1, b2 > 0,

i.e. X1 and X2 are independent and exponentially distributed with parameters b1 and b2. One
can get this (absolutely continuous) case from (5.2) by setting a0 = b1 + b2 and a1 = a2 = 0;

• Let a1 = a2 = 0 in (5.2). Hence, we obtain all bivariate distributions shown in Kulkarni
(2006) having a constant sum a0 of the hazard gradient components, i.e. r1(x1, x2)+r2(x1, x2) =

a0 > 0. These distributions possess the BLMP1 given by the functional equation (2.6).

In fact, the marginal distributions treated by Kulkarni (2006) do not need to have a con-
stant failure rate (i.e. to be exponential), but the corresponding bivariate distributions satisfy
(2.6). As a particular case, when the marginal failure rates are constant, one gets the classical
bivariate Marshall-Olkin (MO) exponential distribution given by (2.4), i.e.,

SX1,X2(x1, x2) = exp{−λ1x1 − λ2x2 − λ3 max(x1, x2), } x1, x2 ≥ 0

exhibiting singularity along the line x1 = x2 = x ≥ 0, where λi > 0, i = 1, 2, 3.

It is well known that MO distributions are characterized by the stochastic representation (2.9),
i.e.,

(X1, X2) = [min(T1, T3),min(T2, T3)]

(i.e. by the Marshall-Olkin “fatal” shock model), where Ti are independent exponentially dis-
tributed random variables with parameters λi > 0, i = 1, 2, 3, see Section 2.3;

• The absolutely continuous Gumbel’s type I bivariate exponential distribution

SX1,X2(x1, x2) = exp{−λ1x1 − λ2x2 − θλ1λ2x1x2}, x1, x2 ≥ 0 (5.3)

is a result of substituting a0 = λ1+λ2 and a1 = a2 = θλ1λ2 in (5.2) where λi > 0, i = 1, 2 and
θ ∈ [0, 1]. This distribution does not have a singular part, of course. It is negative quadrant
dependent since SX1,X2(x1, x2) < SX1(x1)SX2(x2) for all x1, x2 ≥ 0.

As we noted in Introduction, the Gumbel’s distribution represented by (5.3) is characterized by
BLMP2, which requires that conditional distributions of {X1 | X2 > x2} and {X2 | X1 > x1}
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should preserve the univariate lack-of-memory property, i.e.,

P(Xi > xi + yi | Xj > xj) = P(Xi > xi | Xj > xj)P(Xi > yi | Xj > xj) (5.4)

for i = 1, 2 and j = 3−i. These conditions are equivalent to impose that a bivariate distribution
possesses the BLMP2 if and only if both relations

SX1,X2(x1 + y1, x2)SX1,X2(0, x2) = SX1,X2(x1, x2)SX1,X2(y1, x2)

and
SX1,X2(x1, x2 + y2)SX1,X2(x1, 0) = SX1,X2(x1, x2)SX1,X2(x1, y2)

are satisfied for all choices of non-negative x1, x2, y1 and y2;

• The bivariate Schur-constant law SX1,X2(x1, x2) = exp{−x1 − x2} can be obtained letting
a0 = 2 and a1 = a2 = 0 in (5.2). Barlow and Mendel (1992) have characterized it in terms
of bivariate no-aging property (used in Bayesian reliability analysis) by relation

P(X1 > x1 + t | X1 > x1, X2 > x2) = P(X2 > x2 + t | X1 > x1, X2 > x2),

see Nair and Sankaran (2013) as well. In fact, the last equation is a particular case of (5.4),
i.e. valid for exchangeable distributions (which should have the same marginals) possessing the
local lack-of-memory property;

• If we set a0 = λ3 > 0, a1 = 2λ1 > 0 and a2 = 2λ2 > 0 in (5.2) we will obtain the joint
survival function

SX1,X2(x1, x2) = exp{−λ1x21 − λ2x22 − λ3 max(x1, x2)}, x1, x2 ≥ 0, (5.5)

which has a singular component along the line x1 = x2 = x ≥ 0 and satisfies the stochastic
representation (2.9). The distribution given by (5.5) is a member of the generalized Marshall-
Olkin (GMO) distributions introduced by Li and Pellerey (2011). The random variables T1, T2
and T3 in (2.9) are assumed to be independent in the class of GMO distributions, relaxing MO
assumption of exponential marginals, see Section 3.1. It is direct to check that SX1,X2(x1, x2) >

SX1(x1)SX2(x2) for all x1, x2 ≥ 0, i.e the bivariate distribution in (5.5) is positive quadrant
dependent.

Therefore, one can find many examples of bivariate distributions possessing the BLMP1 and
BLMP2 represented by (2.6) and (5.4), respectively, as well as those exhibiting positive or negative
quadrant dependence that belong to the class L(x; a), satisfy (5.2), or the equivalent condition in
Lemma 5.2.8 related to Cauchy functional equation.
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5.2.2 A characterization

The hazard gradient vector R(x1, x2) = (r1(x1, x2), r2(x1, x2)) uniquely determines the bivariate
distribution by means of the line integral

SX1,X2(x1, x2) = exp

{
−
∫
C

R(z) · dz

}
where C is a sufficiently smooth continuous path beginning at (0, 0) and finishing at (x1, x2).

Remark 5.2.10. In particular, when SX1,X2(x1, x2) is continuous, the hazard gradient vector is
useful even when it does not exist everywhere on the support of SX1,X2(x1, x2), i.e., on the set{

(x1, x2) ∈ R2
+ | SX1,X2(x1, x2) > 0

}
, where R2

+ is the first quadrant. In fact, the above expression
holds true provided along the path of integration C we have

∫
CR(z) · dz absolutely continuous and

R(x1, x2) exists almost everywhere, see Marshall (1975). We make use of this property and consider
integration paths C that do not intercept the set {x1 = x2 = x ≥ 0}, where it may happen the joint
survival function possess a singular component.

The next characterization theorem holds for bivariate distributions belonging to the class L(x; a),
whose survival functions are continuous and possess continuous first partial derivatives (and hence
hazard gradient vector R(x1, x2)). A possible anomaly (singularity) that may happen when x1 =

x2 = x ≥ 0 is discussed in Remark 5.2.12.

Theorem 5.2.11. If SX1,X2(x1, x2) is continuous with continuous first partial derivatives, relation
(5.2) is fulfilled if and only if the corresponding joint survival function can be represented by

SX1,X2(x1, x2) =

SX1(x1 − x2) exp
{
−a0x2 − a1x1x2 − a2−a1

2 x22
}
, if x1 ≥ x2 ≥ 0,

SX2(x2 − x1) exp
{
−a0x1 − a2x1x2 − a1−a2

2 x21
}
, if x2 ≥ x1 ≥ 0.

(5.6)

Proof. From Remarks 5.2.7 and 5.2.10, the sum of the components of hazard gradient equals the
directional derivative of − lnSX1,X2(x1, x2) along the direction of the vector (1, 1) as well as the
hazard gradient vector can be used to recover the corresponding survival function.

Assume (5.2) is satisfied. Consider a sufficiently smooth continuous path (curve) C beginning
at point (0, 0) and finishing at point (x1, x2) in R2

+. Suppose that along this path SX1,X2(x1, x2) is
absolutely continuous and hazard components ri(x1, x2), i = 1, 2 do exist almost everywhere in the
set C.

Let us parameterize the curve C by smooth functions yi(t) for t ∈ [a, b], such that yi(a) = 0

and yi(b) = xi, i = 1, 2. Now, using the path independence property of line integrals, define the
function RX1,X2(x1, x2) as

RX1,X2(x1, x2) =

∫
C

R(z) · dz =

∫ b

a
r1(y1(t), y2(t))y

′
1(t)dt+

∫ b

a
r2(y1(t), y2(t))y

′
2(t)dt. (5.7)

Following Marshall (1975), we have

SX1,X2(x1, x2) = exp {−RX1,X2(x1, x2)} . (5.8)

Initially let x1 ≥ x2 ≥ 0 and choose a particular path C from (0, 0) to (x1, x2) as the union of
two line segments: the first linking (0, 0) with (x1 − x2, 0) and the second joining (x1 − x2, 0) with
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(x1, x2). Denote these line segments by C1 and C2, respectively, see Figure 5.1. Notice that curves
C1 and C2, can be parameterized as follows

C1 =
{

(y1(t), y2(t)) ∈ R2
+ such that (y1(t), y2(t)) = (t, 0), with t ∈ [0, x1 − x2]

}
and

C2 =
{

(y1(t), y2(t)) ∈ R2
+ such that (y1(t), y2(t)) = (x1 − x2 + t, t), with t ∈ [0, x2]

}
.

(0, 0)

C1

C2

C1 =
{
(y1(t), y2(t)) ∈ R2

+ such that (y1(t), y2(t)) = (t, 0), with t ∈ [0, x1 − x2]
}

C2 =
{
(y1(t), y2(t)) ∈ R2

+ such that (y1(t), y2(t)) = (x1 − x2 + t, t), with t ∈ [0, x2]
}

x1 − x2

x2

x1

Figure 5.1: Paths of integration C1 and C2 when x1 ≥ x2 ≥ 0.

Along the path C1 we have SX1,X2(x1, x2) = SX1,X2(x1, 0) = SX1(x1) and therefore r1(x1, 0) =

rX1(x1) together with y′2(t) = 0. Applying (5.7) along the path C1 with y′1(t) = 1 gives

RX1,X2(x1 − x2, 0) =

∫ x1−x2

0
rX1(t)dt = HX1(x1 − x2).

Notice that along the line segment C2 we have y2(t) = t and y1(t) = x1 − x2 + t, i.e. y′1(t) =

y
′
2(t) = 1. The use of (5.7) and relation (5.2) implies

RX1,X2(x1, x2)−RX1,X2(x1 − x2, 0) =

∫ x2

0
[r1(x1 − x2 + t, t) + r2(x1 − x2 + t, t)] dt

=

∫ x2

0
[a0 + a1(x1 − x2 + t) + a2t]dt.

Taking into account the representation (5.8) we obtain

SX1,X2(x1, x2) = exp

{
−HX1(x1 − x2)−

∫ x2

0
[a0 + a1(x1 − x2 + t) + a2t]dt

}
= SX1(x1 − x2) exp

{
−
∫ x2

0
[a0 + a1(x1 − x2 + t) + a2t]dt

}
.

Finally, solving the integral in the foregoing equation we get

SX1,X2(x1, x2) = SX1(x1 − x2) exp

{
−a0x2 − a1x1x2 −

a2 − a1
2

x22

}
.

By analogy, for x2 ≥ x1 ≥ 0 we obtain

SX1,X2(x1, x2) = SX2(x2 − x1) exp

{
−a0x1 − a2x1x2 −

a1 − a2
2

x21

}
.

and necessary part of the statement is proved.
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Now suppose that the joint survival SX1,X2(x1, x2) function is given by (5.6). Direct calcu-
lus show that hazard components ri(x1, x2) = − ∂

∂xi
lnSX1,X2(x1, x2), i = 1, 2 should satisfy the

following relations

r1(x1, x2) =

rX1(x1 − x2) + a1x2, if x1 ≥ x2 ≥ 0,

a0 + (a1 − a2)x1 + a2x2 − rX2(x2 − x1), if 0 ≤ x1 ≤ x2
(5.9)

and

r2(x1, x2) =

a0 + a1x1 + (a2 − a1)x2 − rX1(x1 − x2), if x1 ≥ x2 ≥ 0,

rX2(x2 − x1) + a2x1, if 0 ≤ x1 ≤ x2.
(5.10)

This means that r1(x1, x2) + r2(x1, x2) = a0 + a1x1 + a2x2 for all x1, x2 ≥ 0, i.e. condition (5.2) is
fulfilled. This completes the proof.

Remark 5.2.12 (Hazard vector elements in singularity case). The bivariate survival functions con-
sidered in Theorem 5.2.11 are not necessarily absolutely continuous (and therefore not differentiable
almost everywhere). We do not exclude the possibility of existence of a singular component along
the line x1 = x2 = x ≥ 0 in our model, i.e. it may happen that P(X1 = X2) > 0. Therefore, in the
presence of such a singular component, the function SX1,X2(x1, x2) is not differentiable on the set
Ω =

{
(x1, x2) ∈ R2

+ |x1 = x2 = x
}
. In this case the hazard gradient vector R(x1, x2) does not exist

along the line x1 = x2x =≥ 0. Hence, (5.9) and (5.10) have to be rewritten as follows

r1(x1, x2) =


rX1(x1 − x2) + a1x2, if x1 > x2 ≥ 0,

does not exist, if x1 = x2 ≥ 0,

a0 + (a1 − a2)x1 + a2x2 − rX2(x2 − x1), if 0 ≤ x1 < x2

and

r2(x1, x2) =


a0 + a1x1 + (a2 − a1)x2 − rX1(x1 − x2), if x1 > x2 ≥ 0,

does not exist, if x1 = x2 ≥ 0,

rX2(x2 − x1) + a2x1, if 0 ≤ x1 < x2.

Thus, taking into account Remark 5.2.2, one has to use a simple univariate derivative of
− lnSX1,X2(x, x) with respect to x instead of the sum of partial derivatives.

We finish this subsection with the following

Remark 5.2.13 (Particular cases). Let us consider once more the following three models:

• Substituting a1 = a2 = 0 in (5.2) and (5.6) (or/and in (5.9) and (5.10)), we obtain the char-
acterization of all bivariate distributions specified in Theorem 2 and Corollary 1 in Kulkarni
(2006);

• Let marginals be exponentially distributed, P(X1 = X2) = 0 and a1 = a2. It is direct to
verify from (5.9) that r1(x1, x2) = r1(0, x2) being locally constant with respect to x1. A similar
treatment of (5.10) ensures local constancy of r2(x1, x2) with respect to x2, i.e r2(x1, x2) =

r2(x1, 0). As we noted in Introduction, both relations characterize the BLMP2 and Gumbel’s
bivariate distribution (5.3) when SX1,X2(x1, x2) is absolutely continuous, see again sections
3(iv) and 5.4 in Johnson and Kotz (1975).;
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• Consider bivariate Schur-constant distribution in its general form

SX1,X2(x1, x2) = S(x1 + x2), where S(x) = SX1(x) = SX2(x).

We obtain rX1(x) = rX2(x) and ri(x1, x2) = rXi(x1 + x2), i = 1, 2. Because of the exchange-
ability of the model we get a1 = a2 = a in (5.2) and the joint survival function can be written
as

SX1,X2(x1, x2) = exp
{
−a0

2
(x1 + x2)−

a

4
(x1 + x2)

2
}

for all x1, x2 ≥ 0.

5.2.3 Restrictions on the marginal densities

Theorem 5.2.11 characterizes bivariate distributions belonging to the class L(x; a), i.e. having
joint survival function specified by relation (5.6), which imply some more restrictions on the margins
of these distributions. In other words, SX1,X2(x1, x2) in (5.6) is a valid survival function only for
certain marginal distributions of X1 and X2. The next result shows the corresponding constraints
in terms of marginal densities for nonnegative a1 and a2 when a1 + a2 > 0. The case a1 = a2 = 0

is detailed studied by Kulkarni (2006).

Theorem 5.2.14. Let Xi be a random variable with absolutely continuous density fXi(xi), i = 1, 2.

Then SX1,X2(x1, x2) in (5.6) is a proper bivariate survival function if and only if there exist non-
negative constants a0, a1 and a2 with a1 + a2 > 0, such that

A(xi, xj)− aixj +
d

dxi
log fXi(xi − xj) + ai[xjA(xi, xj)− 1]

SXi(xi − xj)
fXi(xi − xj)

≥ 0 (5.11)

where A(xi, xj) = a0 + aixi + (aj − ai)xj for all xi ≥ xj ≥ 0, i 6= j, i, j = 1, 2. In addition

[fX1(0) + fX2(0)− a0]
√

π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]
∈ [0, 1].

(5.12)

Proof. Let SX1,X2(x1, x2) be given by (5.6). Then, the condition

∂2

∂x1∂x2
SX1,X2(x1, x2) ≥ 0

after some algebra transforms into the inequality (5.11).
Since SX1,X2(x1, x2) may have a singular component along the line x1 = x2 = x ≥ 0, then let

α = P(X1 = X2) ∈ [0, 1]. The bivariate survival function SX1,X2(x1, x2) in (5.6) will be proper if
and only if both the absolutely continuous part SacX1,X2

(x1, x2) and the singular part SsiX1,X2
(x1, x2)

are survival functions and from (2.11)

SX1,X2(x1, x2) = (1− α)SacX1,X2
(x1, x2) + αSsiX1,X2

(max{x1, x2})

for α ∈ [0, 1]. An equivalent expression in terms of joint densities is given by

fX1,X2(x1, x2) = (1− α)facX1,X2
(x1, x2) + αfsiX1,X2

(max{x1, x2})I(x1=x2),
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where I(.) is the indicator function and

(1− α)facX1,X2
(x1, x2) =

∂2

∂x1∂x2
SX1,X2(x1, x2). (5.13)

Following Bemis et al. (1972), the function fX1,X2(x1, x2) is a density function relative to the
measure µ, where µ(A) = γ2(A) + γ1((A ∩ {x1 = x2})p), where γi denotes the i−dimensional
Lebesgue measure and the subscript p denotes the projection of the set in question onto the x1
axis.

To ensure existence of SX1,X2(x1, x2) we should evaluate the parameter α which is equivalent
to impose that 1−α = P(X1 > X2) +P(X2 > X1) ∈ [0, 1], so one has to calculate the probabilities
in the last sum. We have

P(X1 > X2) =

∫ ∞
0

∫ u

0
(1− α)facX1,X2

(u, v) dv du.

Computing the inner integral I(u) =
∫ u
0 (1− α)facX1,X2

(u, v) dv we get

I(u) = −fX1(0) exp

{
−a0u−

a2 + a1
2

u2
}
− a1u exp

{
−a0u−

a2 + a1
2

u2
}

+ fX1(u).

Therefore,

P(X1 > X2) =

∫ ∞
0

I(u) du

= −fX1(0)

∫ ∞
0

exp

{
−a0u−

a2 + a1
2

u2
}

du

− a1
∫ ∞
0

u exp

{
−a0u−

a2 + a1
2

u2
}

du+ 1.

(5.14)

In order to solve integrals in (5.14), we use the following two expressions taken from Gradshteyn and Ryzhik
(2007) for positive constants c and d:∫ ∞

0
exp{−cu2 − du} du =

1

2

√
π

c
exp

{
d2

4c

}[
1− Erf

(
d

2
√
c

)]
,

(see equation 3.322.2 on page 336), and∫ ∞
0

u exp{−cu2 − du} du =
1

2c
− d

4c

√
π

c
exp

{
d2

4c

}[
1− Erf

(
d

2
√
c

)]
,

(see equation 3.462.5 on page 365), where Erf(x) = 2√
π

∫ x
0 exp{−t2}dt.
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Adjusting the constants c = a1+a2
2 and d = a0 we obtain from (5.14)

P(X1 > X2) = 1− fX1(0)

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]

− a1
a1 + a2

+
a0a1
a1 + a2

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]
,

i.e. P(X1 > X2) = a2
a1+a2

−
[
fX1(0)− a0a1

a1+a2

]√
π

2(a1+a2)
exp

{
a20

2(a1+a2)

}[
1− Erf

(
a0√

2(a1+a2)

)]
.

In a similar way we get

P(X2 > X1) =
a1

a1 + a2
−
[
fX2(0)− a0a2

a1 + a2

]√
π

2(a1 + a2)
e

a20
2(a1+a2)

[
1− Erf

(
a0√

2(a1 + a2)

)]
.

Since α = P(X1 = X2) = 1− P(X1 > X2)− P(X2 > X1), from the last expressions and (5.14)
we finally arrive to

α = [fX1(0) + fX2(0)− a0]
√

π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]
. (5.15)

But α ∈ [0, 1] and we obtain from (5.15) the permissible values of the constants: a0 ≥ 0, a1 ≥ 0

and a2 ≥ 0, with a1 + a2 > 0. So, we got relation (5.12) and the theorem is proved.

Proposition 5.2.15. The singular component of SX1,X2(x1, x2) in (5.6) is given by

SsiX1,X2
(x1, x2) =

1− Erf
(
a0+(a1+a2)max(x1,x2)√

2(a1+a2)

)
1− Erf

(
a0√

2(a1+a2)

) .

Proof. Let x1 = x2 = x ≥ 0 in (2.11) to obtain

αSsiX1,X2
(x, x) = SX1,X2(x, x)− (1− α)SacX1,X2

(x, x). (5.16)

In order to evaluate (1−α)SacX1,X2
(x, x) in (5.16) we proceed with the following decomposition

(1− α)SacX1,X2
(x, x) = P(X1 > X2 ≥ x) + P(X2 > X1 ≥ x)

=

∫ ∞
x

∫ u

x
(1− α)facX1,X2

(u, v) dv du+

∫ ∞
x

∫ v

x
(1− α)facX1,X2

(u, v) dudv.

(5.17)

Denoting by Ii(x), i = 1, 2, each one of the integrals in (5.17), let us first compute

I1(x) =

∫ ∞
x

∫ u

x
(1− α)facX1,X2

(u, v) dv du,

where (1−α)facX1,X2
(x1, x2) is obtained from relations (5.6) and (5.13). The inner integral in previous
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expression is given by∫ u

x
(1− α)facX1,X2

(u, v) dv = fX1(u− x) exp

{
−a0x− a1ux−

a2 − a1
2

x2
}

+ a1xSX1(u− x) exp

{
−a0x− a1ux−

a2 − a1
2

x2
}

− fX1(0) exp

{
−a0u−

a2 + a1
2

u2
}
− a1u exp

{
−a0u−

a2 + a1
2

u2
}
.

In the last relation one can recognize that the two first terms in the right hand side of the
equality can be written as

fX1(u− x) exp
{
−a0x− a1ux− a2−a1

2 x2
}

+ a1xSX1(u− x) exp
{
−a0x− a1ux− a2−a1

2 x2
}

= − d
duSX1(u− x) exp

{
−a0x− a1ux− a2−a1

2 x2
}
,

so that their integral is given by∫ ∞
x

{
− d

du
SX1(u− x) exp

{
−a0x− a1ux−

a2 − a1
2

x2
}}

du = exp

{
−a0x−

a1 + a2
2

x2
}

= SX1,X2(x, x).

Now, in order to finish the evaluation of I1(x), two integrals remain to be calculated. They are
respectively given by∫ ∞
x

{
−fX1(0) exp

{
−a0u−

a2 + a1
2

u2
}}

du = −fX1(0)

√
π

2(a1 + a2)

× exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]
,

and

∫ ∞
x

{
−a1u exp

{
−a0u−

a2 + a1
2

u2
}}

du = −
a1 exp

{
−a0x− a1+a2

2 x2
}

a1 + a2

+
a0a1
a1 + a2

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}
×

[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]
.
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Therefore,

I1(x) = SX1,X2(x, x)− fX1(0)

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]

− a1
a1 + a2

SX1,X2(x, x) +
a0a1
a1 + a2

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]

= SX1,X2(x, x)

(
1− a1

a1 + a2

)
−
(
fX1(0)− a0a1

a1 + a2

)√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]
.

Analogously,

I2(x) = SX1,X2(x, x)

(
1− a2

a1 + a2

)
−
(
fX2(0)− a0a2

a1 + a2

)√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]
.

Thus we have

(1− α)SacX1,X2
(x, x) = SX1,X2(x, x)

− (fX1(0) + fX2(0)− a0)
√

π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}
×

[
1− Erf

(
a0 + (a1 + a2)x√

2(a1 + a2)

)]
.

(5.18)

Thus, substituting (5.15) and (5.18) in (5.16)

SsiX1,X2
(x, x) =

1− Erf
(
a0+(a1+a2)x√

2(a1+a2)

)
1− Erf

(
a0√

2(a1+a2)

) .

To finish the proof, when x1 6= x2 since SsiX1,X2
(x1, x2) is concentrated on x1 = x2 = x ≥ 0 we

substitute x by max(x1, x2) on the previous expression.

Remark 5.2.16. When a1 = a2 = 0, Marshall and Olkin (1967) obtained the distribution of the
singular component as

SsiX1,X2
(x1, x2) = exp {−a0 max(x1, x2)} ,

see their equation (5.6).

Notice that if inequality (5.11) is fulfilled for some a0 = u > 0, then it is also satisfied for all
a0 ≥ u. Denote by

τ = the greatest lower bound of the set of possible values of a0 satisfying (5.11).

Depending on the marginal densities, it may happen in some special cases that τ > fX1(0)+fX2(0),
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which contradicts (5.12) since always α = P(X1 = X2) ≥ 0, i.e. a0 ≤ fX1(0) + fX2(0) according to
(5.15). Such high τ -values are unacceptable for validation of our model.

The range of possible values of a0 are shown in Proposition 5.2.17 which is crucial for the
construction of proper bivariate survival functions belonging to the class L(x; a) from specified
marginal densities. In Section 5.3.2 we provide related examples.

Proposition 5.2.17. Suppose τ ≤ fX1(0) + fX2(0). If

a0 ∈ [max{τ,max(fX1(0), fX2(0))}, fX1(0) + fX2(0)] , (5.19)

then Theorem 5.2.14 is verified.

Proof. In the absence of singularity (whenever α = P(X1 = X2) = 0), one concludes from (5.15)
that fX1(0) + fX2(0)− a0 = 0. Therefore, always a0 ≤ fX1(0) + fX2(0), which is the upper bound
for a0 in (5.19).

The increase of the singular contribution into SX1,X2(x1, x2) implies increasing of the nonnega-
tive parameter α up to 1. Let us denote by

E(a0, a1, a2) = a0

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]
.

It is direct to check that 0 ≤ E(a0, a1, a2) ≤ 1. We may represent (5.14) as

P(X1 > X2) = 1− fX1(0)

a0
E(a0, a1, a2)−

a1
a1 + a2

[1− E(a0, a1, a2)].

The right hand side of the last equation is nonnegative if fX1(0) ≤ a0. By analogy, from the
expression for P(X2 > X1) we obtain fX2(0) ≤ a0.

Notice that if a0 ∈ [max{fX1(0), fX2(0)}, fX1(0)+fX2(0)] then α = P(X1 = X2) ∈ [0, 1]. Finally,
the lower bound in (5.19) can be obtained by taking into account the restriction on a0 imposed by
inequality (5.11) and possible related τ−values. This completes the proof.

Remark 5.2.18 (Absolutely continuous rule). Observe that whenever the upper bound aU for a0
given by (5.19) is attainable, i.e. if aU = a0 = fX1(0)+fX2(0), one obtains an absolutely continuous
bivariate distribution that belongs to the class L(x; a), i.e., for which (5.2) holds true. Therefore,
equation (5.15), besides representing the constraint a1 + a2 > 0, also offers a way to identify the
presence of singularity.

Consider a joint distribution given by SX1,X2(x1, x2) = exp{−0.5a1x
2
1 − 0.5a2x

2
2}. Observe that

both fX1(0) = fX2(0) = 0 implying a0 = 0 and α = P(X1 = X2) = 0. This special absolutely
continuous bivariate distribution with independent marginals case may be treated as an “exception”,
see the paragraph following Corollary 5.3.1.

Hence, for absolutely continuous distributions belonging to the class L(x; a), it may happen that
the lower and upper bound in (5.19) coincide, being even zero when fX1(0) = fX2(0) = 0, or
equivalently, when rX1(0) = rX2(0) = 0, indicating that a0 = 0.

Remark 5.2.19 (Singularity of the GMO models). Let us consider the joint survival function of
(Y1, Y2) belonging to the class of GMO distributions and represented by (5.5), with λi = ai

2 , i = 1, 2,



88 BIVARIATE DISTRIBUTIONS WITH LINEAR SUM OF HAZARD GRADIENT COMPONENTS 5.2

and λ3 = a0. It is direct to check that

P(Y1 = Y2) = a0

√
π

2(a1 + a2)
exp

{
a20

2(a1 + a2)

}[
1− Erf

(
a0√

2(a1 + a2)

)]
.

Observe that the right hand side in the last equation is just the function E(a0, a1, a2) used in the
proof of Proposition 5.2.17.

Remark 5.2.20 (Singularity of the BLMP1 models). In the particular case a1 = a2 = 0, the
condition (5.11) transforms into inequality (ii) of Theorem 5.1 in Marshall and Olkin (1967). In
addition, the possible interval values of a0 in (5.19) are compatible with those given by Kulkarni
(2006) in her Remark 5.2.12.

5.2.4 Geometric interpretations

Here we will illustrate geometrically the properties of the sum r(x1, x2) specified by relation by
(5.2).

x1

x2

z

0

r(x1, x2)

aU

a0

aL

P1

L1 : a0 + a1x1

L2 : a0 + a2x2

P

L3 : aU + a1x1

L4 : aU + a1x2

P2

P3

Figure 5.2: Geometric representation of the class L(x; a)

Graphical interpretations for the distributions belonging to the class L(x; a) are shown in Figure
5.2. The vertical axis 0z represents the values of the sum r(x1, x2) of the hazard vector elements,
i.e. r1(x1, x2) + r2(x1, x2). One can localize the lower and upper bounds aL and aU of the constant
a0 according to (5.19), i.e.

aL = max{τ,max(fX1(0), fX2(0))} and aU = fX1(0) + fX2(0).

In general, all members of the class L(x; a) lie in the first octant over the plane {P} given
analytically by P : r(x1, x2) = a0 + a1x1 + a2x2. The plane {P} crosses the axis 0z at the point
(0, 0, a0) and crosses the planes {x2 = 0} and {x1 = 0} in lines L1 : a0 + a1x1 and L2 : a0 + a2x2,
respectively. The lines {L1} and {L2} have always nonnegative inclination, since a1, a2 ≥ 0.

One can recognize the following basic cases displayed on Figure 5.2.

(i) The plane P1 : r(x1, x2) = a0 crosses 0z at the point (0, 0, a0) and is parallel to the plane
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{z = 0}. The plane {P1} represents distributions possessing BLMP1 and exhibiting singularity
along the line x1 = x2 = x ≥ 0;

(ii) The plane P2 : r(x1, x2) = aU + a1x1 + a1x2 is the image of BLMP2 (characterizing the
Gumbel’s bivariate exponential distribution from (5.3)). The plane {P2} crosses the planes
{x2 = 0} and {x1 = 0} in the lines L3 : aU + a1x1 and L4 : aU + a1x2, with equal inclination.
Observe that the image of all exchangeable absolutely continuous distributions belonging to
the class L(x; a) have similar characteristics;

(iii) The planes representing the absolutely continuous bivariate distributions as well as those with
independent marginals cross the axis 0z at the point (0, 0, aU ). The corresponding common
lines with planes {x2 = 0} and {x1 = 0} have nonnegative inclination which may be symmetric
(if a1 = a2), asymmetric (when a1 6= a2), or parallel to the plane {z = 0}, whenever a1 =

a2 = 0. The plane P3 : r(x1, x2) = aU + a1x1 + a2x2 is a typical example.

5.3 Construction of bivariate distributions belonging to the class
L(x; a)

In this section we will offer procedures to build bivariate distributions belonging to the class
L(x; a) for the following basic situations: those having independent marginals; under the knowledge
of marginal failure rates and finally, by using some known L(x; a)-distribution as a baseline. The
methodology is supported by examples.

5.3.1 Bivariate distributions with independent marginals

Let the random variables X1 and X2 be independent. Hence

SX1,X2(x1, x2) = SX1(x1)SX2(x2) for all x1, x2 ≥ 0.

In terms of conditional failure rates, the independence betweenX1 andX2 implies that ri(x1, x2) =

rXi(xi), i = 1, 2. Therefore, relation (5.2) transforms into

r(x1, x2) = rX1(x1) + rX2(x2) = a0 + a1x1 + a2x2.

The last equation is equivalent to both

rX1(x1) = α1 + a1x1 and rX2(x2) = α2 + a2x2,

where α1 ∈ [0, a0] and α2 = a0 − α1. This tells us that rX1(0) + rX2(0) = a0, i.e. SX1,X2(x1, x2)

should be absolutely continuous, according to Remark 5.2.18.
Hence, we obtain the following result.

Corollary 5.3.1. The class L(x; a) has independent marginals if and only if their marginal survival
functions SXi(xi) have one of the following three possible analytic forms

(i ∗ 1) exp{−αixi}, (i ∗ 2) exp{−0.5aix
2
i } and (i ∗ 3) exp{−αixi − 0.5aix

2
i }, i = 1, 2,
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Table 5.1: Basic expressions for independence case

SX1(x1) SX2(x2) SX1,X2(x1, x2) = SX1(x1)SX2(x2) rX1(x1) + rX2(x2)

(1 ∗ 1) (2 ∗ 1) exp{−α1x2 − α2x2} a0
(1 ∗ 1) (2 ∗ 2) exp{−α1x1 − 0.5a2x

2
2} α1 + a2x2

(1 ∗ 1) (2 ∗ 3) exp{−α1x1 − α2x2 − 0.5a2x
2
2} a0 + a2x2

(1 ∗ 2) (2 ∗ 3) exp{−0.5a1x
2
1 − α2x2 − 0.5a2x

2
2} α2 + a1x1 + a2x2

(1 ∗ 3) (2 ∗ 3) exp{−α1x1 − 0.5a1x
2
1 − α2x2 − 0.5a2x

2
2} a0 + a1x1 + a2x2

where α1 + α2 = a0 and x1, x2 ≥ 0.

The marginal distributions shown in Corollary 5.3.1 generate 9 admissible joint distributions
belonging to the class L(x; a). Note that one would obtain joint distribution with a0 = 0 if the
marginals are of the type (1 ∗ 2) and (2 ∗ 2).

We present in Table 5.1 basic expressions for joint survival function and corresponding sum of
hazard elements in independent case. Because of the symmetry in the corresponding expressions,
we did not include in the Table 5.1 the cases when r(x1, x2) is equal to α2 + a1x1, a0 + a1x1 and
α1 + a1x1 + a2x2.

Geometrical interpretation of the sum r1(x1, x2) + r2(x1, x2) in independence case can be iden-
tified by Plane {P3} in Figure 5.2, see the related discussion in item (iii), Section 5.2.4.

5.3.2 Bivariate distributions with given marginal failure rates

As we noted in the proof of Theorem 5.2.14, if the survival function SX1,X2(x1, x2) given by
(5.6) is proper then ∂2

∂x1∂x2
SX1,X2(x1, x2) should be nonnegative. This condition is equivalent to the

requirement

SX1,X2(x1, y1) + SX1,X2(x2, y2)− SX1,X2(x1, y2)− SX1,X2(x2, y1) ≥ 0

for any two points (x1, y1) and (x2, y2) in R2
+ such that x1 ≤ x2 and y1 ≤ y2. For example if

x1 ≤ x2 ≤ y1 ≤ y2 and a2 = 0 we conclude from (5.6) that the last inequality is equivalent to

SX2(y1 − x1)− SX2(y2 − x1)
SX2(y1 − x2)− SX2(y2 − x2)

≤ exp
{
−(x2 − x1)

[
a0 +

a1
2

(x2 + x1)
]}

.

In general, such constraints between marginal survival functions are not easily verified. Relations
(5.11) and (5.12) in Theorem 5.2.14 give alternative conditions in terms of absolutely continuous
marginal densities fXi(x), i = 1, 2. Depending on the complexity of the analytical form of the
densities involved, these restrictions may be also difficult to check.

Alternative marginal failure rates restrictions

The next result gives another set of equivalent constraints for the model parameters but in
terms of marginal failure rates rXi(x). This may serve as a useful guide for constructing bivariate
distributions possessing property (5.2), i.e. belonging to the class L(x; a).

Theorem 5.3.2. Let the marginal failure rates rXi(x), i = 1, 2, be differentiable functions and for
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some nonnegative constants a0, a1 and a2, with a1 + a2 > 0, the following relations hold

0 ≤ rXi(xi) ≤ a0 + aixi; (5.20a)

rXi(xi − xj)[K(xi, xj)− aixj − rXi(xi − xj)]

+
d

dxi
rXi(xi − xj) + ai[xjK(xi, xj)− 1] ≥ 0,

(5.20b)

with K(xi, xj) = a0 + aixi + (aj − ai)xj , for xi ≥ xj ≥ 0, i, j = 1, 2, i 6= j;

a0 ∈ [max{τ,max(rX1(0), rX2(0))}, rX1(0) + rX2(0)] , (5.20c)

where τ denotes the greatest lower bound of the set of values of a0 for which the inequality (5.20b)
is satisfied.

Then the joint survival function SX1,X2(x1, x2) given by (5.6) is proper with marginals

SXi(xi) = exp

(
−
∫ xi

0
rXi(u)du

)
,

xi ≥ 0, i = 1, 2. The joint distribution is absolutely continuous if a0 = rX1(0) + rX2(0), otherwise
it possesses a singular component.

Proof. Let the univariate failure rates rXi(xi), i = 1, 2 be differentiable functions. Then SX1,X2(x1, x2)

given by (5.6) is a valid survival function with components of the hazard gradient vector satisfying
(5.2), when (5.20a) to (5.20c) are fulfilled.

Really, let us consider the case when x2 ≥ x1 ≥ 0. Then substituting x1 = 0 in (5.9) one gets
r1(0, x2) = a0 + a2x2 − rX2(x2) ≥ 0 and therefore rX2(x2) ≤ a0 + a2x2. By analogy, from (5.10) we
conclude that rX1(x1) ≤ a0 + a1x1 if x1 ≥ x2 ≥ 0 and (5.20a) is established.

Note that the inequality (5.20b) is equivalent to (5.11) by using the relation

d

dxi
[log fXi(xi − xj)] =

d

dxi
[log rXi(xi − xj)]− rXi(xi − xj) for xi ≥ xj .

Implication (5.20c) follows from (5.19) since rXi(0) = fXi(0) for i = 1, 2. This completes the
proof.

Conditions (5.20a) to (5.20c) in Theorem 5.3.2 imply several simple practical steps that help
to fix the permissible parameter space of the coefficients a0, a1 and a2. We give them in the next
remark.

Remark 5.3.3 (Parameter space of the class L(x; a)). Inequality (5.20a) says that the bivariate
distributions from the class L(x; a) satisfying (5.2) cannot have marginal distributions with failure
rates rXi(xi) above the line a0 + aixi, i = 1, 2. For example, distributions with univariate failure
rate of the form ax2i , for a > 0 are unable to meet (5.2).

In addition, observe from (5.20a) that the coefficients ai should be nonnegative, because in the
opposite case the line a0 +aixi would cross in some moment the zero-level which is impossible, since
always rXi(xi) ≥ 0 for i = 1, 2. See related Remark 7.3.5.
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Therefore, the parameter space for the coefficients a0, a1 and a2 satisfying (5.2) in terms of
marginal failure rates is given by

a0 ∈ [max{τ,max(rX1(0), rX2(0))}, rX1(0) + rX2(0)] , a1 ≥ 0, a2 ≥ 0, a1 + a2 > 0.

Note that admissible values for coefficients a1 and a2 may be further restricted as a consequence
of inequality (5.20b) from Theorem 5.3.2, see Examples 5.3.6 and 5.3.7.

Finally, since rXi(.) is a failure rate, then
∫∞
0 rXi(u)du =∞ and because of (5.20a) the support

of Xi, i = 1, 2, cannot be bounded from above, i.e. has to be the entire half line [0,∞).

It may happen that the joint survival function SX1,X2(x1, x2) is degenerate (i.e. having degen-
erate marginal distribution). In this case one can obtain from (5.6) that

SdeX1,X2
(x1, x2) =


exp

{
−a0x2 − a1x1x2 − a2−a1

2 x22
}
, if 0 ≤ x2 < x1 = const,

exp
{
−a0x− a1+a2

2 x2
}
, if 0 ≤ x2 = x1 = x = const,

exp
{
−a0x1 − a2x1x2 − a1−a2

2 x21
}
, if 0 ≤ x1 < x2 = const.

Obviously, SdeX1,X2
(x1, x2) does not have differentiable failure rates as required by Theorem 5.3.2.

The converse of Theorem 5.3.2 also holds for non-degenerate distributions and the statement is
given below.

Proposition 5.3.4. If SX1,X2(x1, x2) is non-degenerate bivariate survival function given by equa-
tion (5.6) and having differentiable marginal failure rates then it must satisfy conditions (5.20a) to
(5.20c) in Theorem 5.3.2.

Proof. Follows step by step the proof of Proposition 1 in Kulkarni (2006).

The rules established in Theorem 5.3.2 for building bivariate distribution in the class L(x; a)

may be enriched and supported by additional available information regarding monotone behaviour
of marginal failure rates. In fact, our class of bivariate distributions L(x; a) may have arbitrary
combination of marginal failure rates: increasing, decreasing, constant, bathtub, etc., implying cor-
responding restrictions for the parameter space, of course.

Examples

The next three examples illustrate how Theorem 5.3.2 can be used to construct bivariate dis-
tributions from L(x; a) with given marginal failure rates.

Example 5.3.5 (Constant failure rate marginals). Let

SXi(x) = exp{−λix}, for x ≥ 0, λi > 0, i = 1, 2.

Then fXi(x) = λi exp{−λix}, rXi(x) = λi and fXi(0) = rXi(0) = λi. i = 1, 2. From (5.20c) we
obtain the first restrictions

max(λ1, λ2) ≤ a0 ≤ λ1 + λ2.

When x1 ≥ x2 and since a1 ≥ 0 inequality (5.20b) transforms into

0 ≤ a1 ≤ (λ1 + a1x2)[a0 − λ1 + a1(x1 − x2) + a2x2],
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for all x1 ≥ x2 ≥ 0. The function (λ1 + a1x2)[a0 − λ1 + a1(x1 − x2) + a2x2] is non-decreasing and
its minimum is equal to λ1(a0 − λ1) when x1 = x2 = 0. Thus,

0 ≤ a1 ≤ λ1(a0 − λ1).

To find the greatest lower bound τ for which condition (5.20c) in Theorem 5.3.2 is true, is
equivalent to verify when λ2(a0 − λ2) + λ2a0a1x2 + λ2a0a1x

2
2 ≥ 0. The last inequality is satisfied

when a0 ≥ λ2. But we got this lower bound for a0 already.
Analogously, for x2 ≥ x1 we obtain 0 ≤ a2 ≤ λ2(a0 − λ2).
Summarizing, the parameter constraints are

max(λ1, λ2) ≤ a0 ≤ λ1 + λ2, a1 + a2 > 0 and 0 ≤ ai ≤ λi(a0 − λi), i = 1, 2.

The bivariate survival function will be absolutely continuous if a0 = λ1 + λ2, see (5.15). In such
case one obtains ai = θiλ1λ2 for θi ∈ (0, 1], i = 1, 2. With these specific parameters we get from
(5.6) the representation

SX1,X2(x1, x2) =


exp

{
−
[
λ1x1 + λ2x2 + λ1λ2x2(θ1x1 + θ2−θ1

2 x2)
]}

, if x1 ≥ x2 ≥ 0,

exp
{
−
[
λ1x1 + λ2x2 + λ1λ2x1(θ2x2 + θ1−θ2

2 x1)
]}

, if x2 ≥ x1 ≥ 0,

(5.21)

which may be named Generalized Gumbel’s bivariate exponential distribution.
Observe, that if put θ1 = θ2 = θ in the last relation we obtain as a particular case the Gumbel’s

type I bivariate exponential distribution represented by (5.3).
A bivariate survival function with absolutely continuous and singular components can also be con-

structed when a0 < λ1+λ2. Suppose λ1 > λ2 and let a0 = λ1. Notice that with this parameter choice
the restrictions in (5.20c) are fulfilled. Hence we obtain a1 = 0 and a2 = θλ2(λ1 − λ2), where θ ∈
(0, 1]. Substituting these parameter values in (5.6) we get

SX1,X2(x1, x2) =

exp
{
−
[
λ1x1 + θλ2(λ1−λ2)

2 x22

]}
, if x1 ≥ x2 ≥ 0,

exp
{
−
[
(λ1 − λ2)x1 + λ2x2 + θλ2(λ1 − λ2)x1(x2 − x1

2 )
]}
, if x2 ≥ x1 ≥ 0.

This joint distribution has along the line x1 = x2 = x ≥ 0 the singular component

SsiX1,X2
(x) =

1− Erf
(
λ1+θλ2(λ1−λ2)x√

2θλ2(λ1−λ2)

)
1− Erf

(
λ1√

2θλ2(λ1−λ2)

) ,

see Proposition (5.2.15). From expression (5.15), its contribution to the joint distribution is

P(X1 = X2) = λ2

√
π

2θλ2(λ1 − λ2)
exp

{
λ21

2θλ2(λ1 − λ2)

} [
1− Erf

(
λ1√

2θλ2(λ1 − λ2)

)]
.

In the next two examples, firstly we will build a bivariate distribution where marginals have
increasing failure rate functions. Then we will present a case where one of the marginal failure rate
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functions is increasing and the other is decreasing.

Example 5.3.6 (Increasing failure rate function marginals). Consider

SXi(x) = exp
{
−λix2 − λ3x

}
for x ≥ 0, λi > 0, λ3 > 0, i = 1, 2

Since fXi(x) = (2λix+λ3) exp
{
−λix2 − λ3x

}
, then rXi(x) = 2λix+λ3, i = 1, 2, i.e., the marginals

have increasing failure rate functions. First restrictions on the parameter space come from inequal-
ities (5.20a) and (5.20c), i.e. a0 ≥ λ3 and ai ≥ 2λi, i = 1, 2.

When x1 ≥ x2 ≥ 0, from (5.20b) we get a nonnegative function that is increasing in x1 and x2

2λ1 − a1 − [2λ1(x1 − x2) + λ3 + a1x2][(2λ1 − a1)(x1 − x2) + λ3 − a0 − a2x2] ≥ 0

with a minimum at the point (0, 0). Hence we obtain a1 ≤ 2λ1 + λ3(a0 − λ3).
Analogously, for x1 ≥ x2 ≥ 0, we get 2λ2 ≤ a2 ≤ 2λ2 + λ3(a0 − λ3).
Summarizing, we have the constraints

λ3 ≤ a0 ≤ 2λ3 and 2λi ≤ ai ≤ 2λi + λ3(a0 − λ3), i = 1, 2.

If a0 = 2λ3 we obtain an absolutely continuous bivariate survival function. In this case ai =

2λi + θiλ
2
3, θi ∈ [0, 1], i = 1, 2 and letting these values in (5.6) one gets

SX1,X2(x1, x2) =

exp
{
−
[
λ1x

2
1 + λ3x1 + λ2x

2
2 + λ3x2 + λ23x2(θ1x1 + θ2−θ1

2 x2)
]}

, if x1 ≥ x2 ≥ 0,

exp
{
−
[
λ2x

2
2 + λ3x2 + λ1x

2
1 + λ3x1 + λ23x1(θ2x2 + θ1−θ2

2 x1)
]}

, if x2 ≥ x1 ≥ 0.

Observe that the expression of the joint survival function involves a complete second degree polyno-
mial in the exponent. In addition, notice that θ1 = θ2 = 0 implies independence between X1 and
X2.

A bivariate survival function having absolutely continuous and singular component can also be
captured substituting

a0 = (1 + θ0)λ3, θ0 ∈ [0, 1), ai = 2λi + θ0θiλ
2
3 and θi ∈ [0, 1], i = 1, 2

in (5.6). Let θ0 = 0 in the corresponding expressions to get relation (5.5), i.e the distribution from
the class of GMO distributions, see Li and Pellerey (2011).

Example 5.3.7 (One marginal has increasing and other has decreasing failure rate function). Let
us fix

SX1(x) =
1

1 + x
and SX2(x) = exp

{
−λ2x2 − λ3x

}
for x ≥ 0, λ2 > 0, λ3 > 0.

Since fX1(x) = 1
(1+x)2

we have rX1(x) = 1
1+x , and X1 has decreasing failure rate. We choose the

random variable X2 to be the same as in Example 5.3.6, e.g. having an increasing failure rate.
From (5.20a) and (5.20c) we have the first restrictions

a0 ≥ max(1, λ3), a1 ≥ 0 and a2 ≥ 2λ2.
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When x1 = x2 = 0, inequality (5.20b) is equivalent to 0 ≤ a1 ≤ a0 − 2. In order to have a1 ≥ 0

we should impose a0 ≥ 2 which implies λ3 ≥ 1 and the range for a0 is

max(2, λ3) ≤ a0 ≤ 1 + λ3.

For (x1, x2) 6= (0, 0) and x1 ≥ x2 ≥ 0, the validity of (5.20b) requires that

(1 + x1 − x2)[a0 − a1 + (a2 − a1)x2] + a1x2[a0 + a1(x1 − x2) + a2x2](1 + x1 − x2)2 ≥ a0 − a1.

The last inequality is satisfied when 0 ≤ a1 ≤ a2, say.
In Example 5.3.6 we got 2λ2 ≤ a2 ≤ 2λ2 + λ3(a0 − λ3) when x2 ≥ x1 ≥ 0. Thus, the parameter

space in this case is

λ3 ≥ 1, max(2, λ3) ≤ a0 ≤ 1 + λ3, 0 ≤ a1 ≤ a0 − 2, 0 ≤ a1 ≤ a2

and 2λ2 ≤ a2 ≤ 2λ2 + λ3(a0 − λ3).

If a0 = 1 + λ3 ≥ 2, we can obtain an absolutely continuous bivariate version, substituting
a1 = α1(λ3 − 1), a2 = 2λ2 + α2θ, αi ∈ [0, 1], i = 1, 2 in (5.6).

To ensure that a2 ≥ a1, the parameters involved have to satisfy the inequality 2λ2+(α2−α1)λ3+
α1 ≥ 0. Hence we obtain

SX1,X2(x1, x2) =


1

1+x1−x2
exp

{
−
[(
λ2 +

α2
2
λ3 − α1

2
(λ3 − 1)

)
x22 + (1 + λ3)x2 + α1(λ3 − 1)x1x2

]}
, if x1 ≥ x2 ≥ 0,

exp
{
−
[(
α1
2
(λ3 − 1)− α2

2
λ3

)
x21 + x1 + λ2x

2
2 + λ3x2 + α2λ3x1x2

]}
, if x2 ≥ x1 ≥ 0.

Bivariate survival functions with absolutely continuous and singular components do exist by
letting λ3 > 2 and a0 = λ3 + α0, α0 ∈ [0, 1). Now, the restrictions are

0 ≤ a1 ≤ λ3 + α0 − 2, 0 ≤ a1 ≤ a2 and 2λ2 ≤ a2 ≤ 2λ2 + λ3(a0 − λ3).

The inequality a2 ≥ a1, is equivalent to 2λ2 + (α0α2 − α1)λ3 + α1(2− α0) ≥ 0.

Setting
a1 = α1(λ3 + α0 − 2), a2 = 2λ2 + α0α2λ3, αi ∈ [0, 1], i = 1, 2

in (5.6) one can find the corresponding expression for SX1,X2(x1, x2).

We finish this section with additional resources of the class L(x; a): its closure properties.

5.3.3 Closure properties of the class L(x; a)

Let L(x; D) denote the class of all survival functions given by (5.6) with a parameter space
Θ(D) defined by (5.19), i.e.

D0 ∈ [max{τ,max(fX1(0), fX2(0))}, fX1(0) + fX2(0)] ,

D1 ≥ 0 and D2 ≥ 0, with D1 +D2 > 0. Note that Θ(D) may be different for different vectors D =
(D0, D1, D2) satisfying (5.2).
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We will present in the next statement closure properties of the class L(x; D). These properties
along with Theorem 5.2.14 and Proposition 5.2.17 can be used to generate families of distributions
belonging to the same class as a second step to the methodology developed and illustrated in Section
5.3.2.

Theorem 5.3.8. Denote by S,S1 and S2 survival functions belonging to the class L(x; D). The
following closure properties are fulfilled:

(LS1) If S1, S2 ∈ L(x; D) then their product S1S2 ∈ L(x; D);

(LS2) If S ∈ L(x; D) then (S)c ∈ L(x; D) for c ≥ 1;

(LS3) If S1, S2 ∈ L(x; D) then (S1)c1(S2)c2 ∈ L(x; D) for c1, c2 ≥ 1;

(LS4) If SY1,Y2(x1, x2) belongs to L(x; D) and β > 0, then SX1,X2(x1, x2) = SY1,Y2(βx1, βx2) also
belongs to L(x; D);

(LS5) If S1, S2 have the same parameter vector D and belong to L(x; D), then S1+S22 ∈ L(x; D);

(LS6) If SY1,Y2(x1, x2) belongs to L(x; D) and the exponentially distributed random variable Y3 is
independent of (Y1, Y2), define (X1, X2) = (min(Y1, Y3),min(Y2, Y3)). Then SX1,X2(x1, x2)

belongs to L(x; D).

Proof. The properties (LS1)-(LS6) follow after applying relation (5.6) for the corresponding case.

Relations (LS1), (LS3), (LS5) and (LS6) can be easily extended to any finite number of survival
functions belonging to L(x; D).

If the vector (Y1, Y2) is independent of the vector (Z1, Z2) and their survival functions belong
to L(x; D) class, the implication (LS1) means that the survival function of the vector (X1, X2) =

[min(Y1, Z1),min(Y2, Z2)] also belongs to L(x; D). This fact has applications in series systems. One
may observe the similarity of the stochastic representation of (X1, X2) with those given by (2.9).

The closure properties listed in Theorem 5.3.8 enable us to construct a wealth of bivariate
distributions belonging to L(x; D) by using as a base a known distribution from the L(x; a) class
defined by (5.2). We will give two applications below.

Example 5.3.9 ((LS1) based construction). Let us assume that a vector (Y1, Y2) belonging to
L(x; a) is already built starting from its (previously known or pre-specified) marginal failure rates
rY1(x) and rY2(x). Consider a particular joint survival distribution given by

SZ1,Z2(x1, x2) = exp
{
−(b1x1 + b2x

2
1 + c1x2 + c2x

2
2)
}
, x1, x2 ≥ 0,

that belongs to L(x; D) where b1, c1, b2, c2 ≥ 0. Then the marginal failure rates of X1 and X2

are given by rX1(x) = rY1(x) + rZ1(x) = rY1(x) + b1 + 2b2x and rX2(x) = rY2(x) + rZ2(x) =

rY1(x) + c1 + 2c2x.
To finalize building procedure, one may use rX1(x1) and rX2(x2) to get a joint distribution

(X1, X2) from the class L(x; D), but with different parameter vector D.
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Example 5.3.10 ((LS6) based construction). Let the survival function of the bivariate random
vector (Y1, Y2) have Gumbel’s type I bivariate exponential distribution given by (5.3). Also let Y3 be
exponentially distributed with parameter λ3 > 0 and independent of (Y1, Y2). Therefore,

(X1, X2) = [min(Y1, Y3),min(Y2, Y3)], (5.22)

belongs to L(x; D) and its survival function is given by

SX1,X2(x1, x2) =

exp{−(λ1 + λ3)x1 − λ2x2 − θλ1λ2x1x2}, if x1 ≥ x2 ≥ 0,

exp{−λ1x1 − (λ2 + λ3)x2 − θλ1λ2x1x2}, if x2 ≥ x1 ≥ 0.
(5.23)

Notice that SY1,Y2(x1, x2) is absolutely continuous, but SX1,X2(x1, x2) displays a singular component
along the line x1 = x2 = x ≥ 0. This survival function will be reconsidered in Examples 7.2.5 and
7.3.18.

Remark 5.3.11 (Expanding Gumbel’s bivariate law). The construction in Example 5.3.10 incorpo-
rates a singular component into the resulting distribution, which belongs to a wider class of Extended
Marshall Olkin (EMO) bivariate distributions introduced in Chapter 3.

It is worth noting that SX1,X2(x1, x2) given by (5.23), despite being continuous (but not absolutely
continuous), preserves the local constancy of the conditional failure rates r1(x1, x2) and r2(x1, x2)
in a very similar fashion as Gumbel’s bivariate distribution (5.3) does. In fact, the components of
the hazard gradient vector in this case are

ri(x1, x2) =


λi + λ3 + θλ1λ2x3−i, if xi > x3−i ≥ 0,

does not exist if x1 = x2 = x ≥ 0,

λi + θλ1λ2x3−i, if 0 ≤ xi < x3−i

for i = 1, 2. Therefore, we may consider (5.23) as a Gumbel’s extended bivariate exponential dis-
tribution with a singularity along the line x1 = x2 = x ≥ 0 (see also Remark 6.3.6). If substitute
λ3 = 0 in (5.23), one will get absolutely continuous Gumbel’s version (5.3).

Observe that in Example 5.3.5 we got an absolutely continuous version represented by (5.21)
which is another generalization of the Gumbel’s bivariate law. See related Remark 6.3.6.

5.4 Alternative representations and generalizations of the class L(x; a)

We will first discuss two equivalent representations of the class L(x; a) based on mean residual
life time and reciprocal of the coordinate subtangent vector. In Section 5.4.2 we suggest several
possible extensions: analytical, covering the case of censoring and multivariate one.

5.4.1 Comparable representations

We will assume in this subsection that P(X1 = X2) = 0, i.e. we will consider absolutely contin-
uous bivariate distributions belonging to the class L(x; a).

In the next remarks we outline two versions of relation (5.2) that defines the class L(x; a).
Of course, there exist other possibilities depending on the choice: residual variance vector, vitality
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function vector, etc.

Remark 5.4.1 (Mean residual lifetime vector). Shanbhag and Kotz (1987) provided a definition
of bivariate mean residual life vector M(x1, x2) with components given by (2.18)

Mi(x1, x2) = E[Xi − xi | X1 > xi, X2 > x2], i = 1, 2.

It is shown by above authors that M1(x1, x2) and M2(x1, x2) determine the joint distribution of
(X1, X2) uniquely.

Note that the vector M(x1, x2) is determinable as a simple descriptive statistics (being mathe-
matical expectation), while the hazard gradient vector R(x1, x2) is defined as an instantaneous failure
rate and involves limits. Intuitively, the components of M(x1, x2) and R(x1, x2) are inversely related
to each other. For example, if the joint distribution is given by SX1,X2(x1, x2) = exp{−b1x1− b2x2}
then both vectors have constant components

(r1(x1, x2), r2(x1, x2)) = (b1, b2) and (M1(x1, x2),M2(x1, x2)) = (b−11 , b−12 ),

i.e. being really inverse, with products ri(x1, x2)Mi(x1, x2) = 1, i = 1, 2.
In general, the relation of the components of both vectors is

ri(x1, x2) =
1

Mi(x1, x2)
+

∂

∂xi
ln[Mi(x1, x2)], i = 1, 2.

Then relation (5.2) can be equivalently represented by

1

M1(x1, x2)
+

1

M2(x1, x2)
+

∂

∂x1
ln[M1(x1, x2)] +

∂

∂x2
ln[M2(x1, x2)] = a0 + a1x1 + a2x2.

A counterpart to (5.2) in terms of M(x1, x2) could be the class of distributions such that

M1(x1, x2) +M2(x1, x2) = C1(x1) + C2(x2),

for some nonnegative functions Ci(xi), i = 1, 2. For example, consider the vector

(M1(x1, x2),M2(x1, x2)) = (Kx1 +B1(x2),Kx2 +B2(x1)),

for a constant K ∈ (−∞,∞) and positive functions B1(x2) and B2(x1).
Sankaran (1992) shows that there exist three distributions satisfying the last relation (bivariate

Gumbel represented by (5.3), when K = 0; bivariate Pareto, if K > 0 and bivariate finite range,
whenever K < 0), see his Theorem 3.1, page 94 (see also the characterization result of Roy (2004)
just before Remark 2.4.1). Asadi (1999) characterizes one more distribution with a similar property.

It is worth noting that the components of R(x1, x2) corresponding to the components of M(x1, x2)

given above are

(r1(x1, x2), r2(x1, x2)) = [(Cx1 +D1(x2))
−1, (Cx2 +D2(x1))

−1],

where C = K(1 +K)−1 and Di(xj) = Bi(xj)(1 +K)−1, i 6= j, i = 1, 2.
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Remark 5.4.2 (Reciprocal of the coordinate subtangent vector). The components of the vector
valued reciprocal of the coordinate subtangent have been defined by Roy and Roy (2010) as

Ti(x1, x2) = − ∂

∂xi
ln[fX1,X2(x1, x2)], i = 1, 2,

where fX1,X2(x1, x2) is the corresponding bivariate density. The authors show that Ti(x1, x2) =

ri(x1, x2), i = 1, 2, if and only if the underlying distribution is a mixture of exponential distributions
with density

fX1,X2(x1, x2) =
1

E(X1X2)

∫ ∞
0

∫ ∞
0

exp{−λ1x1 − λ2x2}D(dλ1, dλ2), λ1, λ2 > 0, (5.24)

where D(., .) is a probability law located on the set Λ = {λ1λ2 = [E(X1X2)]
−1}. Therefore, these

(equilibrium) distributions belong to the class L(x; a) whenever T1(x1, x2)+T2(x1, x2) = a0+a1x1+

a2x2 according to (5.2).
It happens that the constancy of the bivariate failure rate fX1,X2

(x1,x2)

SX1,X2
(x1,x2)

due to Basu (1971) is
characterized also by equalities Ti(x1, x2) = ri(x1, x2), i = 1, 2. As a complement, Nair et al. (2004)
characterize the class defined in (5.24) by constancy of M(x1, x2) = E[(X1 − x1)(X2 − x2) | X1 >

xi, X2 > x2], the product moment residual life function.

5.4.2 Extensions

We list three possible extensions of the class L(x; a) that may be treated as open problems.

• Analytical extensions.We found a very fruitful idea in the recent paper by Nair and Sankaran
(2013). The authors construct a bivariate absolutely continuous and symmetric survival func-
tion in the form SX1,X2(x1, x2) = exp{−g(x1, x2)} where the continuous function g(x1, x2)

is defined by functional equation g(x1, x2) = H−1Y (HY (x1) + HY (x2)). Here HY (x) is the
cumulative failure rate function of nonnegative random variable Y which satisfies the relation
P(Y > g(x1, x2) | Y > x1) = P(Y > x2), see Proposition 2.1 in Nair and Sankaran (2013).
The usual univariate LMP is a particular case if substitute g(x1, x2) = x1 + x2 in the last
equation. It is known, since Muliere and Scarsini (1987), that in this case g(x1, x2) = x1⊕x2,
where “⊕” means associative and reducible binary operation, see Section 2.4.

Our suggestion is as follows: To define a kind of BLMP by condition

P(X1 > γ1(x1, t), X2 > γ1(x2, t) | X1 > γ2(t), X2 > γ2(t)) is independent of t,

under corresponding compatibility constraints on continuous functions γ1(x, t) and γ2(t). It is
evident that the BLMP1 characterized by (2.7) is the result of letting γ1(x, t) = x + t and
γ2(t) = t in the foregoing relation;

• Censoring case. Our considerations did not cover the censoring data case. This can be
done by applying the methodology suggested in Dabrowska (1988) who developed a product
integral representation of the bivariate survival functions, see her Proposition 2. This decom-
position allows one to evaluate bivariate distributions with any kind of marginal supports:
purely continuous, purely discrete, or supports that have discontinuities lying along lines
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orthogonal to the coordinate axes. Moreover, the tool can be used for analysis of partially
observed data, i.e. in the frequently met in practice case of censoring. In addition, Dabrowska
(1988) introduced a bivariate analogue of the Kaplan-Meier estimate of the survival function
of the censored failure times. The results in the cited paper can serve as a key-stone approach
in order to extend the class L(x; a) of continuous bivariate distributions to the larger class
having arbitrary marginal distributions;

• Multivariate extension. Let us consider the n−variate nonnegative continuous random
vector X = (X1, ..., Xn), n ≥ 2. The components of the hazard gradient vector are given by

ri(x1, ...xn) = − ∂

∂xi
ln [SX1,...,Xn(x1, ...xn)], i = 1, 2, ...n.

The class L(n)(x; a) in n-dimensional case can be defined by relation

n∑
i=1

ri(x1, ...xn) = a0 + a1x1 + . . .+ anxn, aj ≥ 0, j = 0, 1, ..., n.

One could get representation of the survival function SX1,...,Xn(x1, ...xn) corresponding to
(5.6) in multivariate case, but the expressions are cumbersome. We provide below the analog
of Theorem 5.2.11 when n = 3.

Theorem 5.4.3. If SX1,X2,X3(x1, x2, x3) is continuous and nonnegative with continuous first
partial derivatives, the relation

r1(x1, x2, x3) + r2(x1, x2, x3) + r3(x1, x2, x3) = a0 + a1x1 + a2x2 + a3x3, ai ≥ 0, xi ≥ 0,

is fulfilled if and only if the corresponding joint survival function is given by
SX1,X2(x1 − x3, x2 − x3) exp

{
−a0x3 − (a1x1 + a2x2)x3 − a3−a1−a2

2 x23
}
, if x1, x2 ≥ x3 ≥ 0,

SX1,X3(x1 − x2, x3 − x2) exp
{
−a0x2 − (a1x1 + a3x3)x2 − a2−a1−a3

2 x22
}
, if x1, x3 ≥ x2 ≥ 0,

SX2,X3(x2 − x1, x3 − x1) exp
{
−a0x1 − (a2x2 + a3x3)x1 − a1−a2−a3

2 x21
}
, if x2, x3 ≥ x1 ≥ 0.

5.5 Concluding remarks

In this chapter we recalled known results and the latest progress associated with celebrated
BLMP. We introduced the class L(x; a) and characterized it by the following equivalent relations

Lemma 5.2.8⇔ L(x; a)⇔ (5.2)⇔ (5.6).

It was shown that many bivariate distributions, in addition to those possessing BLMP1 and
BLMP2, belong to L(x; a). A building methodology was developed for various scenarios and il-
lustrated with many examples in Section 5.3. We discussed possible extensions and tried to put
out open problems in Section 5.4.2. It is question of time to the corresponding successful solutions
and further investigations appear in literature. We do believe that a parallel methodology will be
elaborated in bivariate and multivariate discrete settings as well.
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Thus, the class L(x; a) helps to profound the BLMP-notion giving possibility to model the aging
phenomena in the complement to the “non-aging” one, which fixes the world on equations (2.6) or
(5.4), via BLMP1 and BLMP2 correspondingly. So, our “world” and base is now equation (5.2).
Its graphical interpretation can be seen on Figure 5.2.

The introduced class is promising in modeling dynamic aging dependence, being much more
realistic than the virtual “non-aging world”. The class L(x; a) includes symmetric and asymmetric
continuous distributions with possible singularity, those which are positive or negative quadrant
dependent, distributions from the GMO and EMO classes, etc.

This huge variety of bivariate distributions would help to choose the “right” model consistent
with the physical nature of the observations. The selection of bivariate distribution to be used
depends on considerations involving both the physical scenario at hand and the properties of chosen
distribution. Of course, nobody can forbid the influence of the subjective intuition and personal
point of view of the investigator who takes the final decision.

We would like to recall the attention on the following. The seminal Gumbel’s type I bivariate
exponential distribution given by (5.3) has a central place in probability theory, being object of
many characterization results. To mention some of them: it is the only absolutely continuous bi-
variate distribution possessing BLMP2, a key bivariate extreme value distribution and it belongs
to the class L(x; a). See also Section 2.4 for other characterizations of this distribution. We got two
extensions of the Gumbel’s type I distribution: one being absolutely continuous and the other not,
represented by (5.21) and (5.23) respectively, consult Remark 5.3.11. We do believe that further
characterizations based on relations (5.21) and (5.23) will elevate these generalized Gumbel’s laws
as a new starting point and base for richer bivariate models, with higher flexibility and chances to
model the genuine dependence structure.

We did not consider the inference part related with the class L(x; a) given by (5.2), nor its appli-
cation for real data set. Difficulties would come in the case of continuous distributions with singular
part. In general, one may make use of techniques for estimation of multivariate density function
with partially differentiable kernels, e.g. Scott (1992). Another option is to apply the Kaplan-Meier
estimate of bivariate survival function, even in the case of censoring, following Dabrowska (1988),
for example. Possible local linearities or local/global constancies of the observed data can be ex-
amined from the corresponding empirical estimates. Once the model is selected, goodness of the fit
can be tested with conventional methods.
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Chapter 6

Linear Sibuya Type Bivariate
Lack-of-memory Property

6.1 Introduction

In Chapter 5 we considered two classical versions of bivariate lack-of-memory property:

1. the BLMP1, where the joint distributions of Xt = [X1 − t,X2 − t |X1 > t,X2 > t] and
X = (X1, X2) as well as their marginals coincide and do not depend on t > 0, and

2. the local univariate lack of memory, denoted by BLMP2, preserving the univariate LMP for
the conditional distributions [Xi |X3−i > x3−i], i = 1, 2, as in relation (5.4).

In this chapter we profound the notion of BLMP by introducing a version of lack of memory
that joins three objects: a new concept of bivariate lack-of-memory property, continuity (including
absolutely continuous distributions or distributions having absolutely continuous and singular parts)
and arbitrary nonnegative marginals.

The new notion of the bivariate lack-of-memory property is based on the flexible and (possi-
bly) asymmetric class of bivariate continuous nonnegative distributions with joint survival function
specified by the relation

SX1,X2(x1 + t, x2 + t) = SX1,X2(x1, x2)SX1,X2(t, t)B(x1, x2, t), x1, x2 ≥ 0, t ≥ 0. (6.1)

It can be recognized that members of this class may have a singular component (or not) depending
on the specific building scheme chosen.

The continuous function B(x1, x2, t) should satisfy the boundary conditions

B(x1, x2, 0) = B(0, 0, t) = 1. (6.2)

It may be decreasing or increasing in x1 and x2 and in t depending of parameters of distributions
involved. The function B(x1, x2, t) is named “aging factor” by Ghurye (1987), see page 457 in
Balakrishnan and Lai (2009) as well.

Without some simplifying assumptions on B(x1, x2, t) such a class is too cumbersome to be
of use. We will therefore perform our analysis for an aging function of the form B(x1, x2, t) =

exp{−a1x1t − a2x2t}, where a1 and a2 are given nonnegative constants. This choice introduces

103
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a specific aging effect on distribution which will be discussed in Section 6.3. Of course, other
expressions for B(x1, x2, t) are possible, depending on the real problem to be modeled, and are
considered in Chapter 7.

To justify this specific choice of the “aging factor”, let us consider a system with two ele-
ments with lifetimes given by nonnegative random variables X1 and X2. We view (x1, x2) as a
realization of a continuous random vector (X1, X2) taking values on the first quadrant R2

+ =

{(x1, x2) | x1 ≥ 0, x2 ≥ 0} . Suppose that during the first t units of time the system is protected by
breakdowns (by warranty or insurance, say). It is natural to assume that t < min(x1, x2). After
these first t units of time the system can be affected by two independent “fatal shocks” governed by
homogeneous Poisson processes: the i−th unit is damaged with intensity ait, i = 1, 2, see Figure
6.1. The probability of the system survival is given by

SX1,X2(x1 + t, x2 + t) = SX1,X2(t, t)SX1,X2(x1, x2) exp{−a1x1t− a2x2t}, (6.3)

for all x1, x2 ≥ 0 and t ≥ 0.

1st el.

t x1 + t

X1

T1 such thatST1(x1) = exp{−(a1t1)x1}

2nd el.

t x2 + t

X2

T2 such thatST2(x2) = exp{−(a2t2)x2}

Figure 6.1: An interpretation for relation (6.3).

Remark 6.1.1. As an interpretation, the right hand side in (6.3) is the probability SX1,X2(t, t) that
both elements survive the protected initial t units of time multiplied by SX1,X2(x1, x2) exp{−a1x1t−
a2x2t} - the probability of absence of shocks during the following xi units of time for the i-th element,
i = 1, 2.

Two potential applications of the scenario described are given below:

• Let a vehicle have a warranty period of t units of time, t = 3 years, say. During this period,
any problem with the car is repaired at no cost to its owner. Later, suppose the proprietary
is concerned with problems in the engine as well as in the transmission of the car. Based on
the probabilities of occurrence of such problems and associated costs to repair, the decision
when to sell the car after warranty period is taken.

• Consider a bank deciding upon lending money in a scheme that the first of several payments
is due t months from today. The decision is taken based on the expert analysis of the solvency
of the debtor and its collateral after this period.

In Section 6.2 we define a new, Sibuya-type of bivariate lack-of-memory property based on rela-
tion (6.3). We characterize that property and show that it is equivalent to the class of distributions
L(x; a) introduced in Chapter 5. A related survival copula relation is obtained. In Section 6.3 we
use the closure properties presented in Theorem 5.3.8 as a base for constructing related bivariate
distributions. Reliability properties treating the aging phenomena are discussed as well. We finish
with a short discussion.
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6.2 A new notion of BLMP

In this section we will define a new version of the BLMP which also characterizes the class
L(x; a) introduced in Chapter 5. We will obtain a relation between survival copulas of the continuous
random vector X = (X1, X2), which belongs to L(x; a), and of its corresponding residual lifetime
vector Xt, as well.

6.2.1 Linear Sibuya-type BLMP

Let SX1t(x1) and SX2t(x2) be the marginal survival functions of residual lifetime vector Xt given
by relation (3.13). We have

SX1t(x1) =
SX1,X2(x1 + t, t)

SX1,X2(t, t)
and SX2t(x2) =

SX1,X2(t, x2 + t)

SX1,X2(t, t)
. (6.4)

In fact, we will require in Definition 6.2.1 that the baseline vector X = (X1, X2) and its residual
lifetime vector Xt have the same dependence function HX1,X2(x1, x2) given by (3.4), which does
not depend on t > 0. Hence, our aim is to transfer the memory-less property of the distribution
of the vector Xt or conditional distributions into the “lacking of memory” dependence function
HX1,X2(x1, x2) corresponding to (X1, X2) via (3.4). Such an approach has not been considered in
the literature for the best of our knowledge.

Thus, under the above notations, we propose the following definition.

Definition 6.2.1. The continuous bivariate distribution of X = (X1, X2) possesses Linear Sibuya-
type BLMP (to be abbreviated LS-BLMP) if and only if

SXt(x1, x2)

SX1t(x1)SX2t(x2)
=

SX1,X2(x1, x2)

SX1(x1)SX2(x2)
(6.5)

for all x1, x2 ≥ 0, t ≥ 0 and

SXit(xi) = SXi(xi) exp{−aixit} for ai > 0, i = 1, 2. (6.6)

Remark 6.2.2. We named the BLMP in Definition 6.2.1 Sibuya-type referring to the work of
Sibuya (1960) who considered bivariate distributions written as a product of the two marginals and
dependence function ΨF

X1,X2
(x1, x2) defined for x1, x2 ≥ 0 via

ΨF
X1,X2

(x1, x2)FX1(x1)FX2(x2) = FX1,X2(x1, x2) or ΨF
X1,X2

(x1, x2) =
FX1,X2(x1, x2)

FX1(x1)FX2(x2)
.

The function FX1,X2(x1, x2) is the joint distribution of X1 and X2 with marginal distributions
FX1(x1) and FX2(x2). A similar expression in terms of survival functions, with dependence function
ΨS
X1,X2

(x1, x2), say, is valid too, i.e.

SX1,X2(x1, x2) = SX1(x1)SX2(x2)Ψ
S
X1,X2

(x1, x2). (6.7)

In other words, any bivariate survival function may be decomposed as a product of marginal sur-
vival functions (representing the independence case) and a dependence function ΨS

X1,X2
(x1, x2) (see
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Proposition 3.2.5 for a related result). Due to relation ΨS
X1,X2

(x1, x2) = exp{HX1,X2(x1, x2)}, we
call the corresponding BLMP “Sibuya-type”.

Remark 6.2.3. Equation (6.3) profounds the usual Sibuya-type decomposition given by (6.7) in
the following sense: The joint distribution SX1,X2(x1 + t, x2 + t) can be represented by a product of
bivariate survival functions with non-overlapping arguments and an aging function, exp{−a1x1t−
a2x2t} in our case.

It is direct to verify that condition (6.5) is equivalent to

SX1,X2(x1 + t, x2 + t)

SX1,X2(x1 + t, t)SX1,X2(t, x2 + t)
=

SX1,X2(x1, x2)

SX1(x1)SX2(x2)SX1,X2(t, t)
. (6.8)

Now we will show the importance of representation (6.3) in connection with the LS-BLMP
introduced by relations (6.5) and (6.6) in Definition 6.2.1.

Theorem 6.2.4. Relation (6.3) characterizes the LS-BLMP specified by Definition 6.2.1.

Proof. Let (6.3) be true. Put xi = 0 in (6.3) to get exp{−ajxjt} =
SXjt (xj)

SXj (xj)
for i 6= j, i, j = 1, 2,

which is (6.6), in fact. Substitute the last exponents in (6.3) to obtain relation (6.5). Conversely,
let (6.5) and (6.6) be fulfilled. Substitute expression (6.6) in the left hand side of (6.5) to recover
the representation (6.3).

The linearity with respect to x1 and x2 in the exponent participating on (6.3) was our motivation
to add the term Linear before Sibuya-BLMP in Definition 6.2.1.

Of course, there exist joint distributions that satisfy (6.5) but not (6.6) and therefore do not
possess LS-BLMP according to Definition 6.2.1. A simple illustration is given in the following
example.

Example 6.2.5. Let X1 and X2 be two nonnegative, absolutely continuous and independent random
variables that are not exponentially distributed. Their absolutely continuous joint distribution does
not satisfy BLMP1 nor BLMP2. Because of independence between X1 and X2, the components of the
corresponding residual lifetime vector Xt = (X1t, X2t) are also independent. In this case the joint
distribution of (X1, X2) and Xt satisfies (6.5). But since (6.6) does not hold true, the LS-BLMP is
not verified.

Remark 6.2.6. Let us analyse the condition (6.6) in Definition 6.2.1 for i = 1. From (6.4) it may
be rewritten as

SX1t(x1) =
SX1,X2(x1 + t, t)

SX1,X2(t, t)
= SX1(x1) exp{−a1x1t},

i.e.
SX1,X2(x1 + t, t) = SX1(x1)SX1,X2(t, t) exp{−a1x1t}.

First note that SX1,X2(t, t) is the survival function of the random variable X = min{X1, X2}, to be
denoted by SX(t). Therefore SX1,X2(x1 + t, t) may be represented as a product of univariate survival
functions SX1(x1) and SX(t) = SX1,X2(t, t) and an “aging” function given by exp{−a1x1t}.

To give another interpretation, observe that X1t (being the first element of residual lifetime vector
Xt) admits a stochastic representation X1t = min{X1, Z1} where Z1 is exponentially distributed with
parameter a1t and independent of X1. Similar conclusion is valid for SX2t(x2).
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The following two examples illustrate the importance and generality of the LS-BLMP in com-
parison to the BLMP1 or BLMP2.

Example 6.2.7. All bivariate distributions possessing the BLMP1 also exhibit LS-BLMP. Gumbel’s
type I bivariate exponential (5.3) possesses BLMP2 and LS-BLMP. The product of two bivariate
survival functions possessing BLMP1 results a new distribution with BLMP1. Similarly, the product
of two bivariate Gumbel’s distributions defined by (5.3) possesses BLMP2. Therefore, the class of
distributions possessing BLMP1 is closed under the product operation. The same happens with the
class of BLMP2 distributions. Additionally, in both cases LS-BLMP is preserved.

Example 6.2.8. Multiplying a survival function possessing BLMP1 with Gumbel’s type I bivariate
exponential given by (5.3) one obtains a new survival function that does not exhibit neither BLMP1

nor BLMP2, but satisfies LS-BLMP.

In fact, Examples 6.2.7 and 6.2.8 are particular cases of the closure properties of the LS-BLMP
distributions discussed in Section 5.3.

Observe that Theorem 5.2.11 states that the class L(x; a) specified by (5.2) is characterized by
the joint survival function SX1,X2(x1, x2) given by (5.6). Second, it was shown in Theorem 6.2.4
that LS-BLMP can be equivalently represented by (6.3). To close the circle and to conclude that
LS-BLMP is characterized by the class L(x; a), we will demonstrate in Theorem 6.2.9 that relations
(5.6) and (6.3) are equivalent as well.

The next characterization theorem serves as a bridge between relation (5.6) and LS-BLMP. The
result helps to give an alternative representation for distributions belonging to the class L(x; a) and
serves as a tool for their generation.

Theorem 6.2.9. The joint survival function of (X1, X2) is given by (5.6) if and only if (6.3) is
satisfied.

Proof. Notice that from (5.6) we have SX1,X2(t, t) = exp
{
−a0t− a1+a2

2 t2
}
. In addition, applying

(5.6) for SX1,X2(x1 + t, x2 + t) we obtain

SX1,X2(x1 + t, x2 + t) = SX1(x1 + t−x2− t) exp{−a0(x2 + t)−a1(x1 + t)(x2 + t)− a2 − a1
2

(x2 + t)2},

which is identical to (6.3). The result is the same if x2 ≥ x1 ≥ 0.
Conversely, suppose (6.3) holds. Define the function S(x1, x2) such that

SX1,X2(x1, x2) = S(x1, x2) exp
{
−a1

2
x21 −

a2
2
x22

}
. (6.9)

Notice that S(x1, x2) does not need to be a bivariate survival function. Substituting (6.9) in (6.3)
we obtain the functional equation

S(x1 + t, x2 + t) = S(x1, x2)S(t, t). (6.10)

Fix x1 = x2 = x ≥ 0 to get S(x+t, x+t) = S(x, x)S(t, t). From Theorem 3.6 in Sahoo and Kannappan
(2011), this functional equation has as solution S(x, x) = exp(−a0x) for some constant a0 > 0.

Now consider x1 ≥ x2 ≥ 0 and let x2 = 0 in (6.10) to obtain S(x1 + t, t) = S(x1, 0)S(t, t). Put
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y1 = x1 + t and y2 = t to get S(y1, y2) = S(y1 − y2, 0) exp{−a0y2}. From (6.9) we have

S(y1 − y2, 0) = SX1,X2(y1 − y2, 0) exp
{a1

2
(y1 − y2)2

}
= SX1(y1 − y2) exp

{a1
2

(y1 − y2)2
}
.

Therefore

SX1,X2(y1, y2) exp
{a1

2
y21 +

a2
2
y22

}
= SX1(y1 − y2) exp

{a1
2

(y1 − y2)2
}

exp{−a0y2},

i.e. SX1,X2(y1, y2) has the form (5.6).
Identical steps and conclusion follow if 0 ≤ x1 ≤ x2.

With a direct application of Theorem 6.2.9 we have the following

Corollary 6.2.10. If SX1,X2(x1, x2) is continuous with continuous first partial derivatives, relation
(5.2) is fulfilled if and only if (6.3) is fulfilled.

Remark 6.2.11. In the proof of Theorem 6.2.9, notice that if S(x1, x2) in (6.9) is a survival
function, then it exhibits the BLMP1, because of (6.10), and satisfies (5.6) with a1 = a2 = 0.

To summarize, the LS-BLMP, being equivalent to relation (6.3), characterizes the class L(x; a)

as well.

Remark 6.2.12. Ghurye (1987) investigated a similar multiplicative representation of the joint
survival function as given by (6.3), see his Section 4. However, the findings in Ghurye (1987) are
particular case of our characterization Theorem 6.2.9. For example, Gumbel’s bivariate distribution
(5.3) satisfies relation (6.9) but the corresponding S(x1, x2) is not a survival function. Indeed, (5.3)
does not meet equation (4.9) in the cited paper.

The proof of Theorem 6.2.9 indicates a procedure for constructing bivariate distributions be-
longing to the class L(x; a), using as base a member of BLMP1-distributions as follows:

1. Choose a bivariate distribution (Y1, Y2) possessing BLMP1;

2. Following (6.9), multiply SY1,Y2(x1, x2) by exp{−a1
2 x

2
1 − a2

2 x
2
2}, a1, a2 ≥ 0, to obtain a new

joint distribution that satisfies (5.6) for all x1, x2 ≥ 0.

This procedure is demonstrated by the following example.

Example 6.2.13 (Baseline BLMP1 distribution used to construct LS-BLMP one). Suppose (Y1, Y2)

follow the bivariate exponential distribution considered in Block and Basu (1974), i.e.

SY1,Y2(x1, x2) =
λ

λ1 + λ2
exp {−λ1x1 − λ2x2 − λ12 max(x1, x2)} −

λ12
λ1 + λ2

exp {−λmax(x1, x2)} ,

where the parameters λ1, λ2 and λ12 are positive and λ = λ1+λ2+λ12. This distribution is absolutely
continuous and possesses BLMP1. Applying (6.9), multiply SY1,Y2(x1, x2) by exp{−a1

2 x
2
1 − a2

2 x
2
2},

a1, a2 ≥ 0, to obtain

SX1,X2(x1, x2) =



λ
λ1+λ2

exp
{
−λ1x1 − λ2x2 − λ12x1 − a1

2 x
2
1 − a2

2 x
2
2

}
− λ12
λ1+λ2

exp
{
−λx1 − a1

2 x
2
1 − a2

2 x
2
2

}
, if x1 ≥ x2 ≥ 0,

λ
λ1+λ2

exp
{
−λ1x1 − λ2x2 − λ12x2 − a1

2 x
2
1 − a2

2 x
2
2

}
− λ12
λ1+λ2

exp
{
−λx2 − a1

2 x
2
1 − a2

2 x
2
2

}
, if x2 ≥ x1 ≥ 0,
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which possesses LS-BLMP according to Theorem 6.2.9. One may check that SX1,X2(x1, x2) admits
the representation given by (5.6): consider x1 ≥ x2 ≥ 0 and notice that X1 has marginal survival
function written as

SX1(x1) =
λ

λ1 + λ2
exp

{
−λ1x1 − λ12x1 −

a1
2
x21

}
− λ12
λ1 + λ2

exp
{
−λx1 −

a1
2
x21)
}
.

Using x1−x2 instead of x1 in the last equation we obtain just the form (5.6) of SX1,X2(x1, x2) when
λ = a0. By analogy, we obtain the second expression in (5.6) when x2 ≥ x1 ≥ 0.

6.2.2 Survival copula representations of the class L(x; a)

Recall that a bivariate copula, denoted by the function C(u, v) : [0, 1]2 → [0, 1], is a bivari-
ate probability distribution with marginals uniformly distributed on [0, 1], and the corresponding
survival copula C(u, v) is given by

C(u, v) = u+ v − 1 + C(1− u, 1− v),

see Definition 2.3.4 and relation (2.14), respectively. The bivariate survival function, its marginals
and the corresponding survival copula are related by the equation

SX1,X2(x1, x2) = C (SX1(x1), SX2(x2)) (6.11)

Since copulas are widely used to describe the dependence between random variables, it is
worthwhile to consider how this concept is related with Definition 6.2.1, where it is required that
X = (X1, X2) and Xt have the same dependence function HX1,X2(x1, x2), see relation (6.5). Let us
first consider the following Lemma.

Lemma 6.2.14. Let (X1, X2) be a nonnegative bivariate random vector with continuous joint sur-
vival function SX1,X2(x1, x2) and residual lifetime vector Xt given by (3.13). If SX1,X2(x1, x2) pos-
sesses the BLPM1, given by the functional equation (2.6), then X = (X1, X2) and Xt have the same
survival copula.

Proof. Denote by C(u, v) and Ct(u, v) the survival copulas corresponding to SX1,X2(x1, x2) and
SX1t,X2t(x1, x2), respectively, and suppose the BLMP1 holds true. Thus, from the definition of
residual lifetime vector (3.13) and the functional equation (2.6) we have

SX1t,X2t(x1, x2) =
SX1,X2(x1 + t, x2 + t)

SX1,X2(t, t)
= SX1,X2(x1, x2) (6.12)

for all x1, x2 ≥ 0 and t ≥ 0. Thus, Xi and Xit, i = 1, 2, have the same continuous survival
functions. From Sklar’s Theorem, see Theorem 2.2.3 in Nelsen (2006), we have C(u, v) = Ct(u, v),

for all u, v ∈ [0, 1] and t ≥ 0.

The converse in Lemma 6.2.14 is not true, as shown in the next example.

Example 6.2.15 (X and Xt have the same survival copula but BLMP1 does not hold true). Let
us consider the Clayton copula given by C(u, v; δ) = (u−δ + v−δ − 1)−

1
δ , where u, v ∈ [0, 1] and

0 < δ <∞, see family B4 in Joe (1997), and two unit exponential marginals, SXi(xi) = exp{−xi},
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i = 1, 2, to obtain the joint survival function SX1,X2(x1, x2) = 1
exp{x1}+exp{x2}−1 . The joint survival

function of the residual lifetime vector is given by

SX1t,X2t(x1, x2) =
SX1,X2(x1 + t, x2 + t)

SX1,X2(t, t)
=

2− exp{−t}
exp{x1}+ exp{x2} − exp{−t}

,

and the marginals are SXit(xi) = 2−exp{−t}
exp{xi}+1−exp{−t} , i = 1, 2. Letting u = SX1t(x1), v = SX2t(x2)

and noticing that

SX1t,X2t(x1, x2) =
1

exp{x1}+1−exp{−t}
2−exp{−t} + exp{x2}+1−exp{−t}

2−exp{−t} − 2−exp{−t}
2−exp{−t}

,

using the relation between survival functions and survival copulas (6.11) we obtain Ct(u, v) =

C(u, v), for all u, v ∈ [0, 1] and t ≥ 0. Meanwhile, SX1t,X2t(x1, x2) 6= SX1,X1(x1, x2) for t > 0,

i.e., SX1,X1(x1, x2) does not possess BLMP1.

In the next theorem we present the relation between the survival copulas of X and Xt when the
bivariate random vector X = (X1, X2) belongs to L(x; a).

Theorem 6.2.16. Consider a bivariate random vector X = (X1, X2) that belongs to the class
L(x; a) and the corresponding residual lifetime vector Xt with survival function given by

SXt(x1, x2) =
SX1,X2(x1 + t, x2 + t)

SX1,X2(t, t)
= SX1,X2(x1, x2) exp{−a1x1t− a2x2t}. (6.13)

Denote by C(u, v) and Ct(u, v) the survival copulas of X and Xt, respectively. Then

Ct(u, v) =C
(

exp{−HX1

(
G−11t (− lnu)

)
}, exp{−HX2

(
G−12t (− ln v)

)
}
)

× exp{−a1tG−11t (− lnu)− a2tG−12t (− ln v)},
(6.14)

where Git(x) = HXi(xi) + aixit are the cumulative failure rates of Xit, i = 1, 2.

Proof. From (6.6) the marginals of Xt have survival functions given by SXi(xi) exp{−aixit}, i = 1, 2.

Using the relation between survival functions and survival copulas (6.11), equation (6.13) can be
rewritten as

Ct
(
SX1(x1) exp{−a1x1t}, SX2(x2) exp{−a2x2t}

)
=C
(
SX1(x1), SX2(x2)

)
× exp{−a1x1t− a2x2t}.

(6.15)

Let u = SX1(x1) exp{−a1x1t} and v = SX2(x2) exp{−a2x2t}. Since SXi(xi) = exp{−HXi(xi)},
i = 1, 2, then Git(x) = HXi(xi) + aixit, so we get x1 = G−11t (− lnu) and x2 = G−12t (− ln v).

Substituting u and v in (6.15) we have relation (6.14).

Corollary 6.2.17. Consider a bivariate random vector X = (X1, X2) that belongs to the class
L(x; a) and the corresponding residual lifetime vector Xt, with survival copulas C(u, v) and Ct(u, v),

respectively. If a1 = a2 = 0 in (5.2) then C(u, v) = Ct(u, v) for all u, v ∈ (0, 1] and t ≥ 0.

Proof. Besides relation (5.2), equation (6.3) also characterize the members of L(x; a), see Theorems
6.2.4 and 6.2.9. Thus, considering a1 = a2 = 0 in (6.3) we have SX1,X2(x1, x2) possessing BLMP1

since the functional equation (2.6) holds true. The result follows from Lemma 6.2.14.
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The next example illustrates an application of Theorem 6.2.16.

Example 6.2.18. Suppose SX1,X2(x1, x2) belongs to L(x; a) with marginals exponentially dis-
tributed, SXi(x) = exp{−λixi}, λi > 0, i = 1, 2. Then Git(x) = λixi + aixit, and G−1it (u) = u

λi+ait
,

i = 1, 2. From (6.14), we have

Ct(u, v) = C

(
exp

{
λ1 lnu

λ1 + a1t

}
, exp

{
λ2 ln v

λ2 + a2t

})
exp

{
a1t lnu

λ1 + a1t
+

a2t ln v

λ2 + a2t

}
,

which can be simplified to

Ct(u, v) = C
(
u

λ1
λ1+a1t , v

λ2
λ2+a2t

)
u

a1t
λ1+a1t v

a2t
λ2+a2t . (6.16)

First let (X1, X2) follow Gumbel’s type I exponential distribution with survival function given by
(5.3), so that SX1,X2(x1, x2) belongs to L(x; a). Therefore, C(u, v) = uv exp{−θ lnu ln v}, θ ∈ (0, 1],

i.e., we obtain the Gumbel-Barnett survival copula with parameter θ, see (3.17). Substituting C(u, v)

in (6.16)

Ct(u, v) = uv exp

{
− θ

(1 + θλ2t)(1 + θλ1t)
lnu ln v

}
.

Therefore, Ct(u, v) also follows the Gumbel-Barnett survival copula, but with parameter that depends
on t. When t = 0 we recover the survival copula C(u, v) of (X1, X2) and letting t → ∞, we obtain
the independence copula C∞(u, v) = uv.

Second, let SX1,X2(x1, x2) possess BLMP1, i.e., a1 = a2 = 0 in (6.3), so that SX1,X2(x1, x2) =

exp{−λ1x1−λ2x2}, corresponding to θ = 0 in (5.3). Thus, from (6.16) we obtain Ct(u, v) = C(u, v)

for all t ≥ 0.

In the sequel we obtain a characterizing functional equation involving the survival copula Ct of
Xt for the absolutely continuous members of the class L(x; a).

Theorem 6.2.19. The absolutely continuous random vector (X1, X2) belongs to the class L(x; a),
if and only if there exist nonnegative constants a1 and a2, such that the functional equation

Ct

(
SX1,X2(x1 + t, t)

SX1,X2(t, t)
,
SX1,X2(t, x2 + t)

SX1,X2(t, t)

)
= Ct

(
SX1(x1) exp{−a1x1t}, SX2(x2) exp{−a2x2t}

)
,

(6.17)
is satisfied for all x1, x2, t ≥ 0, where the survival copula Ct of Xt is differentiable in its arguments.

Proof. Let us assume that the functional equation (6.17) is satisfied. We will show that (5.2) is
fulfilled. Using the chain rule, we take the derivative of (6.17) with respect to t to obtain

C
1
t

(
SX1,X2

(x1+t,t)

SX1,X2
(t,t)

,
SX1,X2

(t,x2+t)

SX1,X2
(t,t)

)
[S1

X1,X2
(x1+t,t)+S

2
X1,X2

(x1+t,t)]SX1,X2
(t,t)−SX1,X2

(x1+t,t)[S
1
X1,X2

(t,t)+S2
X1,X2

(t,t)]

[SX1,X2
(t,t)]2

+C
2
t

(
SX1,X2

(x1+t,t)

SX1,X2
(t,t)

,
SX1,X2

(t,x2+t)

X1,X2
(t,t)

)
[S1

X1,X2
(t,x2+t)+S

2
X1,X2

(t,x2+t)]SX1,X2
(t,t)−SX1,X2

(t,x2+t)[S
1
X1,X2

(t,t)+S2
X1,X2

(t,t)]

[SX1,X2
(t,t)]2

= C
1
t (SX1(x1) exp{−a1x1t}, SX2(x2) exp{−a2x2t}) (−a1x1SX1(x1) exp{−a1x1t})

+C
2
t (SX1(x1) exp{−a1x1t}, SX2(x2) exp{−a2x2t}) (−a2x2SX2(x2) exp{−a2x2t}),

where the superscripts 1 and 2 denote the partial derivatives with respect to the first and second
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arguments of the corresponding functions. Letting x1 = 0 in last equation we have

C
2
t

(
1,

SX1,X2
(t,x2+t)

SX1,X2
(t,t)

)
[S1
X1,X2

(t,x2+t)+S2
X1,X2

(t,x2+t)]SX1,X2
(t,t)−SX1,X2

(t,x2+t)[S1
X1,X2

(t,t)+S2
X1,X2

(t,t)]

[SX1,X2
(t,t)]2

= C
2
t (1, SX2(x2) exp{−a2x2t}) (−a2x2SX2(x2) exp{−a2x2t}).

When xi = 0 in (6.17) we get relations (6.6) in Definition 6.2.1, i = 1, 2 and therefore

[S1
X1,X2

(t,x2+t)+S2
X1,X2

(t,x2+t)]SX1,X2
(t,t)−SX1,X2

(t,x2+t)[S1
X1,X2

(t,t)+S2
X1,X2

(t,t)]

[SX1,X2
(t,t)]2

= −a2x2SX2(x2) exp{−a2x2t}.

Since r(t, x2 + t) = −
S1
X1,X2

(t,x2+t)+S2
X1,X2

(t,x2+t)

SX1,X2
(t,x2+t)

and r(t, t) = −S1(t,t)+S2(t,t)
S(t,t) we get

−
SX1,X2(t, x2 + t)

SX1,X2(t, t)
[r(t, x2 + t)− r(t, t)] = −a2x2SX2(x2) exp{−a2x2t},

which is equivalent to
r(t, x2 + t) = r(t, t) + a2x2. (6.18)

Analogously we obtain the equation

r(x1 + t, t) = r(t, t) + a1x1. (6.19)

Now we will represent r(t, t) as a function of a0, a1, a2 and t. Taking the partial derivative
of (6.17) with respect to x1 we have

C
1
t

(
SX1,X2(x1 + t, t)

SX1,X2(t, t)
,
SX1,X2(t, x2 + t)

SX1,X2(t, t)

)
S1
X1,X2

(x1 + t, t)

SX1,X2(t, t)
= C

1
t (SX1(x1) exp{−a1x1t}, SX2(x2) exp{−a2x2t})

× (−fX1(x1) exp{−a1x1t} − a1tSX1(x1) exp{−a1x1t}),

where fX1(x1) is the density of X1. Applying (6.6) in last equation we obtain

S1
X1,X2

(x1 + t, t)

SX1,X2(t, t)
= −fX1(x1) exp{−a1x1t} − a1tSX1(x1) exp{−a1x1t}

and fixing x1 = 0 we arrive to
r1(t, t) = fX1(0) + a1t.

Similarly we have
r2(t, t) = fX2(0) + a2t,

where fX2(x2) is the density of X2. The sum of last two equations gives

r(t, t) = r1(t, t) + r2(t, t) = [fX1(0) + fX2(0)] + a1t+ a2t.

Let t = 0 in last relation to get fX1(0) + fX2(0) = a0 ≥ 0. Thus,

r(t, t) = a0 + a1t+ a2t.

Taking into account (6.18) and (6.19) we conclude that r(x1, x2) = a0 + a1x1 + a2x2. Therefore, we
obtain relation (5.2) which defines the class L(x; a). In addition, corresponding bivariate distribu-



6.3 COMPLEMENTARY PATRIMONY OF LS-BLMP 113

tions are absolutely continuous because of equation fX1(0) + fX2(0) = a0, see Remark 5.2.18.
Conversely, assume that the random vector (X1, X2) belonging to the class L(x; a) is absolutely

continuous. From Theorem 6.2.4 we have (6.3) equivalent to (6.5) and (6.6). Applying Sklar’s
theorem to (6.3) we obtain the functional equation (6.17).

In the next example we find a particular form of functional equation (6.17).

Example 6.2.20. Let us consider the absolutely continuous joint survival function given by (5.21),

SX1,X2(x1, x2) =


exp

{
−
[
λ1x1 + λ2x2 + λ1λ2x2(θ1x1 + θ2−θ1

2 x2)
]}

, if x1 ≥ x2 ≥ 0;

exp
{
−
[
λ1x1 + λ2x2 + λ1λ2x1(θ2x2 + θ1−θ2

2 x1)
]}

, if x2 ≥ x1 ≥ 0,

where θi ∈ (0, 1], and λi > 0, i = 1, 2.

The marginal survival functions are SXi(xi) = exp{−λixi}, i = 1, 2. The survival function of the
residual lifetime vector Xt can be obtained from (6.3). After some algebra we get the corresponding
survival copula

Ct(u, v) =


uv exp

{
− θ1
γ1(t)γ2(t)

lnu ln v
}

exp
{
−λ1(θ2−θ1)

2λ2γ21(t)
(ln v)2

}
, if u−λ2γ1(t) ≥ v−λ1γ2(t);

uv exp
{
− θ2
γ1(t)γ2(t)

lnu ln v
}

exp
{
−λ2(θ1−θ2)

2λ1γ22(t)
(lnu)2

}
, if u−λ2γ1(t) < v−λ1γ2(t),

where γ1(t) = 1 + λ1θ2t, γ2(t) = 1 + λ2θ1t and u, v ∈ (0, 1]. Fix ai = λ1λ2θi, i = 1, 2 in (6.17) to
verify that

Ct(exp{−λ1x1 − λ1λ2θ1x1t}, exp{−λ2x2 − λ1λ2θ2x2t}) =
SX1,X2(x1 + t, x2 + t)

SX1,X2(t, t)
,

for all t ≥ 0. Therefore, the generalized Gumbel’s bivariate exponential distribution given by (5.21)
is member of the class L(x; a).

6.3 Complementary patrimony of LS-BLMP

We will consider in this section closure and reliability properties of the class L(x; a), or equiva-
lently, of the survival functions possessing LS-BLMP.

6.3.1 Closure properties

The closure properties from Theorem 5.3.8 enable us to construct a wealth of bivariate distribu-
tions possessing LS-BLMP using as base a distribution having LS-BLMP, or equivalently, starting
from a distribution belonging to the L(x; a) class defined by (5.6). Several consequences in terms
of univariate failure rates are discussed below.

Remark 6.3.1. In Section 5.3 we suggested a procedure to generate distributions belonging to the
class L(x; a) starting from given marginal failure rate functions. The construction scheme was then
enriched by the closure properties listed in Theorem 5.3.8. Few comments are given below.



114 LINEAR SIBUYA TYPE BIVARIATE LACK-OF-MEMORY PROPERTY 6.3

• Relation (LS1) says that if SY1,Y2(x1, x2) and SZ1,Z2(x1, x2) belong to L(x; D) then their prod-
uct SX1,X2(x1, x2) = SY1,Y2(x1, x2)SZ1,Z2(x1, x2) ∈ L(x; D). Hence, the marginal failure rate
function of X1 is sum of the failure rates of Y1 and Z1 (analogously for X2). Therefore, using
(Y1, Y2) and (Z1, Z2) as a baseline distributions having LS-BLMP (constructed by procedure
developed in Section 5.3), one will obtain the resulting vector (X1, X2) which possesses LS-
BLMP, but with different constants ai, i = 1, 2, in (6.6).

• Property (LS2) may be interpreted as follows. If SY1,Y2(x1, x2) has LS-BLMP, then SX1,X2(x1, x2) =

[SY1,Y2(x1, x2)]
c will possess LS-BLMP for c ≥ 1 and the vector (X1, X2) may be constructed

through marginal failure rate functions rX1(x) = crY1(x) and rX2(x) = crY2(x);

• The resulting marginal failure rate functions from (LS3) are given by

rX1(x) = c1rY1(x) + c1rZ1(x) and rX2(x) = c1rY2(x) + c2rZ2(x)

and one would be able to generate a bivariate distribution of (X1, X2) having LS-BLMP;

• Following (LS4) the corresponding marginal failure rate functions are rX1(x) = αrY1(αx) and
rX2(x) = αrY2(αx).

6.3.2 Reliability properties

As mentioned in Section 6.1, the function B(x1, x2, t) introduces a specific aging effect on dis-
tributions belonging to the class L(x; a). Here we will present few reliability properties of the class
L(x; a). Initially consider the following definition.

Definition 6.3.2 (Brindley and Thompson (1972)). A survival function defined in the positive
quadrant is Bivariate Increasing Failure Rate (BIFR) if the conditional probability P(X1 > x1 +

t,X2 > x2 + t |X1 > x1, X2 > x2) is decreasing in x1, x2 for all t > 0. It is called Bivariate
Decreasing Failure Rate (BDFR) if the last conditional probability exhibits an increasing behaviour.

Therefore all bivariate distributions that satisfy (6.3), e.g. that possess LS-BLMP, are BIFR
according to Definition 6.3.2.

The following statement is true.

Lemma 6.3.3. If SX1,X2(x1, x2) satisfies (6.3) then X = min(X1, X2) is increasing failure rate.

Proof. Let SX(t) = P(min(X1, X2) > t). From Theorem 6.2.9, we have (6.3) equivalent to (5.6).
Since SX(t) = SX1,X2(t, t), from (5.6), SX1,X2(t, t) = exp{−a0t− a1+a2

2 t2}, which is IFR.

Note that if a1 = a2 = 0 we have the BLMP1 and X = min(X1, X2) has constant failure rate,
i.e. it is exponentially distributed.

The next results are related with bivariate increasing hazard rate (BIHR) and bivariate decreas-
ing hazard rate (BDHR) definitions of Johnson and Kotz (1975), see Definition 3.6.21.

Lemma 6.3.4. Suppose SX1,X2(x1, x2) satisfies (6.3). If a1 = a2 = a > 0 and X1 and X2 are
univariate IFR then SX1,X2(x1, x2) is BIHR.
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Proof. Let us first analyse r1(x1, x2). From Theorem 6.2.9, we have (6.3) equivalent to (5.6). Thus,
imposing the condition a1 = a2 = a in the expression for r1(x1, x2) given in (5.9) we obtain

r1(x1, x2) =

a0 + ax2 − rX2(x2 − x1), if 0 ≤ x1 < x2,

rX1(x1 − x2) + ax2, if x1 > x2 ≥ 0.
(6.20)

Clearly, r1(x1, x2) is increasing in x1 in both regions {0 ≤ x1 < x2} and {x1 > x2 ≥ 0}.
Let us analyse r1(x1, x2) when x1 = x2 = x ≥ 0. First, suppose SX1,X2(x1, x2) is absolutely

continuous, i.e. a0 = fX1(0)+fX2(0) = rX1(0)+rX2(0). Thus, r1(x1, x2) is continuous at (x1, x2) =

(x, x), which implies
r1(x, x) = a0 + ax− rX2(0) = rX1(0) + ax.

Therefore, r1(x1, x2) is increasing in x1 for all x1, x2 ≥ 0. Similar conclusion holds for r2(x1, x2).
Note that in the absolutely continuous case we have

lim
x1→x−2

ri(x1, x2) = lim
x1→x+2

ri(x1, x2), i = 1, 2.

If SX1,X2(x1, x2) is not absolutely continuous, r1(x1, x2) and r2(x1, x2) are not defined when
x1 = x2 = x ≥ 0 but one can still consider the limits

lim
x1→x−2

r1(x1, x2) and lim
x1→x+2

r1(x1, x2).

For bivariate distributions with singular part we have a0 < rX1(0) + rX2(0), so we get the
inequality

lim
x1→x−2

r1(x1, x2) < lim
x1→x+2

r1(x1, x2).

Thus, r1(x1, x2) exhibits an upward jump at points (x1, x2) = (x, x). Consequently, is increasing in
x1 for all x1, x2 ≥ 0.

Analogously one can verify that r2(x1, x2) realizes a jump at points (x1, x2) = (x, x), i.e. it is
increasing in x2 for all x1, x2 ≥ 0.

Remark 6.3.5. Consider the proof of Lemma 6.3.4 and let Ti be independent exponentially dis-
tributed with parameter λi in stochastic representation (2.9). Then, expression (6.20) for bivariate
MO exponential distribution takes the form

ri(x1, x2) =

λi, if 0 ≤ xi < x3−i,

λi + λ3, if xi > x3−i ≥ 0

for i = 1, 2. This example is just an illustration of the fact that when a1 = a2 = a, Xi is IFR and in
the presence of singularity ri(x1, x2), i = 1, 2, is increasing in x1, with a jump at x1 = x2 = x ≥ 0.
In this example we have a = 0.

Remark 6.3.6. If X1 and X2 have constant failure rates, e.g. rX1(x) = c1 and rX2(x) = c2, then
r1(x1, x2) and r2(x1, x2) given by (6.20) are locally constants under conditions of Lemma 6.3.4. So,
we obtain the Gumbel’s bivariate exponential distribution given by (5.3) after imposing absolutely
continuity to SX1,X2(x1, x2). Without imposing absolutely continuity, one would get a distribution
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with singularity along the line x1 = x2 = x ≥ 0 such that the two components of the hazard gradient
vector r1(x1, x2) and r2(x1, x2) will be locally constants as well, see the survival function given by
(5.23) and Remark 5.3.11, as well.

In the proof of Lemma 6.3.4 we got that

lim
x1→x−2

r1(x1, x2) ≤ lim
x1→x+2

r1(x1, x2),

with equality only in the case of absolute continuity. An analogous relation is valid for r2(x1, x2).
Therefore, one can obtain a similar condition SX1,X2(x1, x2) to be BDHR under absolute continuity
assumption as stated in the next lemma.

Lemma 6.3.7. Suppose SX1,X2(x1, x2) satisfies (6.3) with a1 = a2. If X1 and X2 are univariate
DFR and SX1,X2(x1, x2) is absolutely continuous, then SX1,X2(x1, x2) is BDHR.

Proof. Follows the same steps of Lemma 6.3.4.

When a1 6= a2 in (6.3) we have the following version.

Lemma 6.3.8. Suppose SX1,X2(x1, x2) satisfies (6.3). If a1 > a2 (or a2 > a1) and X1 and X2 are
univariate IFR such that

d

dx
rX1(x) ≥ a1 − a2

(
or

d

dx
rX2(x) ≥ a2 − a1

)
.

Then, SX1,X2(x1, x2) is BIHR.

Proof. Suppose a1 > a2. From Theorem 6.2.9, we have (6.3) equivalent to (5.6). Thus, from (5.9),
r1(x1, x2) is an increasing function of x1 for all x1, x2 ≥ 0. In particular,

lim
x1→x−2

r1(x1, x2) ≤ lim
x1→x+2

r1(x1, x2).

From the expression for r2(x1, x2) given in (5.10) we have

r2(x1, x2) =

a0 + a1x1 + (a2 − a1)x2 − rX1(x1 − x2), if 0 ≤ x2 < x1,

rX2(x2 − x1) + a2x1, if x2 > x1 ≥ 0.

When 0 ≤ x2 < x1 under the condition d
dxrX1(x) ≥ a1−a2, we conclude that r2(x1, x2) is increasing

in x2. If x2 > x1 ≥ 0, we similarly conclude that r2(x1, x2) is increasing in x2 if X2 is IFR. Moreover

lim
x2→x−1

r2(x1, x2) ≤ lim
x2→x+1

r2(x1, x2),

and r2(x1, x2) is an increasing function of x2 for all x1, x2 ≥ 0.

The proof is analogous if we assume a2 > a1 and d
dxrX2(x) ≥ a2 − a1.

6.4 Concluding remarks

In this chapter a new notion called “Linear Sibuya-type of bivariate lack-of-memory property”
(LS-BLMP) was introduced and its usefulness for explaining the aging phenomena pointed out.
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The set of bivariate distributions possessing LS-BLMP is rich: it is composed by continuous
distributions that are BLMP1 or BLMP2; symmetric or asymmetric; PQD or NQD; absolutely
continuous or having a singular component. None of these distributional subsets are related to each
other. Therefore, starting the modeling process with a flexible family of distributions with enough
members (as LS-BLMP is) increases the chances to accommodate different data situations.

Our motivation was to link the two classical BLMP versions (BLMP1 and BLMP2) into a more
general one. The key idea was to preserve the dependence function HX1,X2(x1, x2) specified by (3.4)
for the residual lifetime vector Xt and the original one X = (X1, X2), independent of time t. Notice
that the preservation of the dependence function is a weaker condition than the preservation of
both the dependence function and marginals, as required under BLMP1.

In Definition 6.2.1 of the LS-BLMP we additionally impose natural aging conditions on marginals,
see corresponding expression (6.6). This new definition of BLMP is not limited to exchangeability,
which is a desirable feature since the symmetry model becomes more and more restricted in large
dimensions.

It happens that LS-BLMP is characterized by relation (6.3), see Theorem 6.2.4. Therefore, the
LS-BLMP is an appropriate candidate to describe the aging phenomena, offering a model (6.3) as
a counterpart and complement to the virtual “non-aging” BLMP1 world represented by (2.7). The
additional nonnegative parameters a1 and a2 enter naturally as intensities of homogeneous Poisson
processes causing individual shocks and provide flexibility with respect to modeling.

The LS-BLMP has an important interpretation related with the hazard vector fields known
in classical physics. It was proved in Theorem 6.2.9 that LS-BLMP is characterized by the class
L(x; a), introduced in Chapter 5 and composed by bivariate continuous distributions such that the
sum of the components of hazard gradient vector is a linear function of both arguments x1 and x2,
i.e. satisfy (5.2).

From the point of view of distribution theory, we provided a method for constructing a wealth
of bivariate distributions possessing LS-BLMP starting from another distribution belonging to the
class L(x; a), see Section 6.3.

A multivariate version of LS-BLMP can also be introduced. We did not consider inference
procedures related to LS-BLMP, nor application for real data set. This important issue is part of
our future lines of research. We do believe that the new bivariate memory-less notion will be both
of theoretical and practical interest.
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Chapter 7

Sibuya Type Bivariate Lack-of-memory
Property

7.1 Introduction

In Chapter 5, Definition 5.2.1 introduced the class L(x; a) of nonnegative bivariate continuous
distributions such that the sum of the components of hazard gradient vector is a linear function
of both arguments x1 and x2 and Theorem 5.2.11 presented the general form of the corresponding
survival function. In Chapter 6, Definition 6.2.1 introduced the linear Sibuya BLMP and Theorem
6.2.9 showed the class L(x; a) can be characterized by the LS-BLMP.

Remark 7.1.1 (Restriction on the distributions). Because of this important equivalence between
LS-BLMP and the class L(x; a), it will be assumed hereafter that SX1,X2(x1, x2) is decomposable
into an absolutely continuous component, with support on R2

+, and a singular one, with support on
the set Ω given in (2.10),

Ω = {(x1, x2) ∈ R2
+ |x1 = x2 = x}.

Whenever we make use of such equivalence, we suppose the continuous survival function SX1,X2(x1, x2)

has continuous first partial derivatives, with the possibility of nonexistence on the set Ω. See also
the related Remarks 5.2.2, 5.2.7, 5.2.10 and 7.3.10.

According with Definition 6.2.1, the nonnegative continuous random vector (X1, X2) possesses
the linear Sibuya BLMP if and only if conditions (6.5) and (6.6), i.e.,

SXt(x1, x2)

SX1t(x1)SX2t(x2)
=

SX1,X2(x1, x2)

SX1(x1)SX2(x2)
for all x1, x2 ≥ 0, t ≥ 0 and

SXit(xi) = SXi(xi) exp{−aixit} for ai > 0, i = 1, 2.

hold true, where SX1t(x1) and SX2t(x2) are the marginal survival functions of residual lifetime
vector Xt corresponding to (X1, X2).

It is direct to check that LS-BLMP transforms into BLMP when a1 = a2 = 0 in relation
(5.2) which defines the class L(x; a). Really, for continuous bivariate distributions with BLMP1, we
always have r1(x1, x2) + r2(x1, x2) = a0, see Theorem 2 in Kulkarni (2006).

Since many bivariate distributions possess BLMP1 when relaxing the assumption of marginals
exponentially distributed, it would be fruitful to ignore condition (6.6) in Definition 6.2.1 of LS-

119
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BLMP and obtain the class of distributions characterized by this weaker property, to be named
Sibuya BLMP in Definition 7.2.1. Of course, this larger class, to be denoted by L(x; A), will contain
all members of L(x; a).

In this chapter we find the functional form for the sum r1(x1, x2)+r2(x1, x2) when only requiring
relation (6.5) to be satisfied, i.e. in the case of memory-less dependence function HX1,X2(x1, x2).

In Section 7.2 we define the Sibuya BLMP based on relation (6.5), establish a characterizing func-
tional equation in terms of dependence function HX1,X2(x1, x2) and, considering the Generalized
Marshall-Olkin (GMO) models studied by Li and Pellerey (2011), provide an indication for the
decomposition of the sum r1(x1, x2) + r2(x1, x2) we are looking for.

In Section 7.3 we introduce the extended class L(x; A) and show its equivalence with the class of
distributions characterized by Sibuya BLMP. Several characterizations of L(x; A) are also obtained
and illustrated with examples. In Section 7.4 we present the closure properties of the extended class
and suggest a general building procedure to generate its members. Non-aging survival copulas are
briefly considered in Section 7.5. In Section 7.6 we offer a stronger version of S-BLMP. Conclusions
are presented in Section 7.7.

7.2 Weaker version of the linear Sibuya-BLMP

In the first part of this section we define a weaker form of LS-BLMP and characterize the distribu-
tions with this property via a functional equation involving the dependence function HX1,X2(x1, x2).
In the second part we find under which conditions the GMO distributions satisfy the introduced
property. This will help us to define the corresponding extended class L(x; A) in Section 7.3.

In what follows, we consider nonnegative bivariate continuous distributions that, besides condi-
tion stated at Remark 7.1.1, satisfy the weaker form of LS-BLMP as postulated by the following

Definition 7.2.1. The nonnegative continuous bivariate distribution (X1, X2) possesses Sibuya
BLMP (to be abbreviated S-BLMP) if and only if relation (6.5)

SXt(x1, x2)

SX1t(x1)SX2t(x2)
=

SX1,X2(x1, x2)

SX1(x1)SX2(x2)

is satisfied for all x1, x2 ≥ 0 and t ≥ 0.

Definition 7.2.1 can be interpreted as follows: the baseline vector (X1, X2) and its residual life
time vector Xt, given by relation (3.13), should share the same dependence function HX1,X2(x1, x2),

defined by relation (3.4), which does not depend on t ≥ 0. This new concept includes as a special
case the preservation of joint distributions of (X1, X2) and corresponding Xt, as advocated by
BLMP.

7.2.1 A characterizing functional equation

Remind that the marginal survival functions of residual lifetime vector Xt are given by

SX1t(x1) =
SX1,X2(x1 + t, t)

SX1,X2(t, t)
and SX2t(x2) =

SX1,X2(t, x2 + t)

SX1,X2(t, t)
,
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see relation (6.4). Moreover, from Section 6.2, condition (6.5) from Definition 7.2.1 is equivalent to
(6.8), given by

SX1,X2(x1 + t, x2 + t)

SX1,X2(x1 + t, t)SX1,X2(t, x2 + t)
=

SX1,X2(x1, x2)

SX1(x1)SX2(x2)SX1,X2(t, t)
.

The following characterization is valid.

Lemma 7.2.2. The S-BLMP is characterized by the functional equation

HX1,X2(x1 + t, x2 + t) = HX1,X2(x1 + t, t) +HX1,X2(t, x2 + t)

+HX1,X2(x1, x2)−HX1,X2(t, t),
(7.1)

which has to be fulfilled for all x1, x2, t ≥ 0. The solution has to satisfy the inequalities

max[0, exp{HX1(x1)}+ exp{HX2(x2)} − exp{HX1(x1) +HX2(x2)}] ≤ exp{HX1,X2(x1, x2)}

≤ min[exp{HX1(x1)}, exp{HX2(x2)}],

where HXi(xi) are the marginal cumulative failure rates, i = 1, 2.

Proof. Apply the exponential representation (3.3) in (6.8) to get the functional equation (7.1).
Inversely, use the defining relation for dependence function given by (3.4) in (7.1) to recover (6.8).

Notice that equation (7.1) does not involve the marginal cumulative failure rates and one can ob-
tain solutions that do not generate a proper survival function SX1,X2(x1, x2) given in its exponential
representation form by (3.3). Hence, restrictions on HX1,X2(x1, x2) are needed.

It is easy to deduce that applying the usual Fréchet-Hoeffding bounds given by (3.7) to SX1,X2(x1, x2)

we get

max

{
0,
SX1(x1) + SX2(x2)− 1

SX1(x1)SX2(x2)

}
≤

SX1,X2(x1, x2)

SX1(x1)SX2(x2)
≤ min

{
1

SX1(x1)
,

1

SX2(x2)

}
.

One can obtain the inequalities in Lemma 7.2.2 using the definition of dependence function given
by relation (3.4) and 1

SXi (xi)
= exp{HXi(xi)}, i = 1, 2.

Remark 7.2.3. In Section 3.6 we obtained relation (7.1) as the functional equation (3.23) and
used it to establish BLMP1 in EMO models.

The trivial solution of the functional equation (7.1) is HX1,X2(x1, x2) = 0, which characterizes
the independence between nonnegative continuous random variables X1 and X2. In fact, if X1 and
X2 are independent, so are the components of the corresponding residual lifetime vector Xt.

As a direct consequence of Lemma 7.2.2 we have the following

Corollary 7.2.4. Let HY1,Y2(x1, x2) and HZ1,Z2(x1, x2) be two different solutions of the functional
equation (7.1). Then, any linear combination of these solutions is also a solution of (7.1).

The next example illustrates an application of Corollary 7.2.4.

Example 7.2.5 (Revisiting Example 5.3.10). Let the bivariate random vector (T1, T2) follow the
absolutely continuous Gumbel’s type I bivariate exponential distribution with survival function given
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by (5.3)
ST1,T2(x1, x2) = exp{−λ1x1 − λ2x2 − θλ1λ2x1x2}, θ ∈ [0, 1], λ1, λ2 > 0.

Its dependence function is HT1,T2(x1, x2) = −θλ1λ2x1x2 and satisfies the functional equation (7.1),
i.e. the distribution possesses S-BLMP. Let T3 be exponentially distributed with parameter λ3 > 0

and independent of (T1, T2). Applying the stochastic representation (2.9), the resulting joint survival
function for (X1, X2) is given by equation (5.23), i.e.,

SX1,X2(x1, x2) =

exp{−(λ1 + λ3)x1 − λ2x2 − θλ1λ2x1x2}, if x1 ≥ x2 ≥ 0,

exp{−λ1x1 − (λ2 + λ3)x2 − θλ1λ2x1x2}, if x2 ≥ x1 ≥ 0.

This survival function has absolutely continuous and singular parts, the last one with support on the
set Ω given by (2.10). Its dependence function is given by

HX1,X2(x1, x2) = λ3 min(x1, x2)− θλ1λ2x1x2,

which is a linear combination of dependence functions that solve the functional equation (7.1).
Therefore, according with Corollary 7.2.4, the distribution given by (5.23) possesses S-BLMP.

In the next example, where we consider a stochastic representation different from (2.9), Corollary
7.2.4 can be applied as well.

Example 7.2.6 (A stochastic representation generating S-BLMP distributions). Let (Y1, Y2) and
(Z1, Z2) be two independent nonnegative continuous random vectors. Suppose that their depen-
dence functions HY1,Y2(x1, x2) and HZ1,Z2(x1, x2) satisfy the functional equation (7.1). Consider
the stochastic representation

(X1, X2) = (min{Y1, Z1},min{Y2, Z2}) (7.2)

and notice that

SX1,X2(x1, x2) = P (Y1 > x1, Z1 > x1, Y2 > x2, Z2 > x2) = SY1,Y2(x1, x2)SZ1,Z2(x1, x2).

Therefore, HX1,X2(x1, x2) = HY1,Y2(x1, x2)+HZ1,Z2(x1, x2). According with Corollary 7.2.4, SX1,X2(x1, x2)

possesses S-BLMP.

In what follows, we find under which conditions the GMO distributions satisfy the S-BLMP
introduced in Definition 7.2.1. This will help us to define the corresponding extended class of
bivariate distributions in Section 7.3.

7.2.2 Related GMO models

Let us consider the GMO models introduced by Li and Pellerey (2011), with joint survival
function given by (3.1). GMO models satisfy the stochastic representation (2.9) but the independent
nonnegative absolutely continuous random variables Ti are not necessarily exponentially distributed,
i = 1, 2, 3.

Since GMO models satisfy the functional equation (2.6) only in the case of exponentially dis-
tributed Ti, i = 1, 2, 3, in general such models do not possess BLMP1. But in some special cases
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GMO distributions follow LS-BLMP: for example see the survival function given by (5.5) and Ex-
ample 7.3.14. Notice that GMO models exhibit a singular component with support on the set Ω

given by (2.10), so they are not absolutely continuous.
Let us verify under which conditions the GMO models fulfill (6.5), i.e., we are interested when

GMO distributions possess S-BLMP. The answer is given in the following lemma.

Lemma 7.2.7. The GMO distributions (3.1) follow S-BLMP if and only if T3 is exponentially
distributed.

Proof. The dependence function HX1,X2(x1, x2) of GMO models (3.1) is given by

HX1,X2(x1, x2) = ln

{
SX1,X2(x1, x2)

SX1(x1)SX2(x2)

}
= HT3(min{x1, x2}), (7.3)

see defining relation (3.4).
Let the GMO distribution follow S-BLMP. From Lemma 7.2.2, the functional equation (7.1)

holds true. Initially suppose that x1 ≥ x2 ≥ 0. Substitute (7.3) in (7.1) to obtain the Cauchy
functional equation

HT3(x2 + t) = HT3(x2) +HT3(t) for all x2, t ≥ 0

with only continuous solution HT3(x) = a0x for some constant a0. Since HT3(x) ≥ 0 for all x ≥ 0,

we have a0 ≥ 0. The same is the conclusion when x2 ≥ x1 ≥ 0. This means that T3 is exponentially
distributed with parameter a0.

To finish the proof, observe that if T3 is exponentially distributed with parameter a0 in (3.1),
from (7.3) we have the dependence function HX1,X2(x1, x2) = a0 min{x1, x2} and the functional
equation (7.1) is fulfilled.

From expression (7.3), Lemma 7.2.7 and relations ri(x1, x2) = − ∂
∂xi

lnSX1,X2(x1, x2), i = 1, 2,

one arrives to the following

Lemma 7.2.8. The GMO distributions with survival function given by (3.1) follow S-BLMP if and
only if

r1(x1, x2) + r2(x1, x2) = a0 + rT1(x1) + rT2(x2), a0 > 0

for all x1, x2 ≥ 0, where rTi(x) are the failure rate functions of random variables Ti, i = 1, 2.

Therefore, the sum of the components of the hazard gradient vector of GMO models can be
represented as a sum of a constant and two continuous integrable functions of xi, being marginal
failure rate functions rTi(xi), i = 1, 2.

7.3 Characterizations of S-BLMP

Based on the additive decomposition of the sum r1(x1, x2) + r2(x1, x2) obtained in Lemma
7.2.8 for GMO models, in the first part of this section we extend the class L(x; a), characterized
in Chapter 5 by relation (5.2), and denote it by L(x; A). We also obtain the general expression
of the survival function for the members of L(x; A). In the second part, we show the equivalence
between the class L(x; A) and the distributions possessing S-BLMP. In the third part, we provide a
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stochastic representation for the members of L(x; A). We close this section presenting a condition
that characterizes when a member of L(x; A) is absolutely continuous or, additionally, has a singular
component with support on the set Ω given by (2.10).

7.3.1 Definition and characterization of the extended class L(x;A)

The representation for the sum of the hazard gradient vector components obtained in Lemma
7.2.8 characterizes the GMO distributions possessing S-BLMP. That particular additive decomposi-
tion for r(x1, x2) is not restricted to GMOmodels. Observe that, from Section 6.2, the characterizing
relation (6.5) is equivalent to (6.8), which can be alternatively presented as

SX1,X2(x1 + t, x2 + t) = SX1,X2(x1, x2)SX1,X2(t, t)Q1(x1, t)Q2(x2, t), (7.4)

where the functions Qi(xi, t), i = 1, 2, are given by

Q1(x1, t) =
SX1,X2(x1 + t, t)

SX1,X2(t, t)SX1(x1)
and Q2(x2, t) =

SX1,X2(t, x2 + t)

SX1,X2(t, t)SX2(x2)
,

and are such that Qi(0, t) = Qi(xi, 0) = 1, i = 1, 2. Notice that Qi(xi, t) =
SXit (xi)

SXi (xi)
, i = 1, 2.

According with Remark 5.2.4, if SX1,X2(x1, x2) is differentiable at (x1, x2), the sum of the
components of the hazard gradient vector can be equivalently represented by the derivative of the
function of − ln[SX1,X2(x1, x2)] along the direction of the vector −→u = (1, 1). Thus, from Definition
5.2.3 with z = t and (u1, u2) = (1, 1) we have

r(x1, x2) = lim
t→0

− ln[SX1,X2(x1 + t, x2 + t)]

t
= − ∂

∂t
ln[SX1,X2(x1 + t, x2 + t)],

evaluated at t = 0. Substituting SX1,X2(x1 + t, x2 + t) by its alternative expression given by (7.4)
we obtain

r(x1, x2) = − ∂

∂t
ln[Q1(x1, t)Q2(x2, t)SX1,X2(t, t)SX1,X2(x1, x2)]

∣∣∣∣
t=0

.

If all the derivatives exist,

r(x1, x2) =

[
− d

dt
ln[SX1,X2(t, t)]− ∂

∂t
ln[Q1(x1, t)]−

∂

∂t
ln[Q2(x2, t)]

]∣∣∣∣
t=0

. (7.5)

The conclusion is that r(x1, x2) can be decomposed into a sum of a constant and two continuous
and integrable functions, one that only depends on x1 and the other that only depends on x2. Notice
that representation (7.5) has the same form advocated by Lemma 7.2.8, valid for GMO models.

Therefore, based on relation (7.5) we propose the following definition for the extended class of
bivariate distributions L(x; A).

Definition 7.3.1. The nonnegative continuous bivariate survival function SX1,X2(x1, x2) belongs
to the class L(x; A), where x = (x1, x2) and A =

(
a0, A1(x1), A2(x2)

)
, if and only if the sum of the

components of its hazard gradient vector can be represented as

r(x1, x2) = r1(x1, x2) + r2(x1, x2) = a0 +A1(x1) +A2(x2), (7.6)

where a0 > 0 and the continuous integrable functions Ai(xi) are such that Ai(0) = 0 and Ai(xi) >



7.3 CHARACTERIZATIONS OF S-BLMP 125

−a0 for all xi > 0, i = 1, 2.

Observe that relation (5.2), that characterizes the class L(x; a), can be obtained from expression
(7.6) substituting Ai(xi) = aixi, i = 1, 2. Therefore, all members of the class L(x; a) belong to the
extended class L(x; A), introduced by Definition 7.3.1.

Remark 7.3.2 (Sum of hazard gradient vector components rule). Our construction of survival
functions relies on the performance of SX1,X2(x1, x2) along the direction of the vector −→u = (1, 1)

and, according with Remark 7.1.1, we allow the existence of a singular component with support on
the set Ω given by (2.10). Therefore, we can obtain absolutely continuous distributions as well as
distributions composed by absolutely continuous and singular parts. When there exists a singular
part, the hazard gradient vector components are no longer defined for (x1, x2) ∈ Ω, so one should
assume that

r(x, x) =
d

dx
[− lnSX1,X2(x, x)] ,

see related Remark 5.2.2.

The following statement is a consequence of Definition 7.3.1 and will be applied in Theorem
7.3.6, where we establish the equivalence between the class L(x; A) and the class of distributions
possessing S-BLMP.

Lemma 7.3.3. Relation (7.6) that defines the class L(x; A) is equivalent to the functional equation

r(x1 + t, x2 + t) = r(x1 + t, t) + r(t, x2 + t)− r(t, t) (7.7)

for all x1, x2 ≥ 0 and t ≥ 0.

Proof. Let (7.6) be valid. Making the corresponding substitutions we obtain (7.7). Now suppose
(7.7) holds true. Let t = 0 to obtain r(x1, x2) = r(x1, 0) + r(0, x2)− r(0, 0). Denoting r(0, 0) = a0,

notice that r(x1, 0) = a0 + A1(x1) and r(0, x2) = a0 + A2(x2) for some functions Ai(xi) such that
Ai(0) = 0 and Ai(xi) > −a0 for xi > 0, i = 1, 2. Thus we obtain (7.6).

Substitute in (7.6) ψ(x1, x2) = r(x1, x2)− a0 and let A1(x1) = ψ(x1, 0) and A2(x2) = ψ(0, x2).

Hence we get the functional equation

ψ(x1, x2) = ψ(x1, 0) + ψ(0, x2) (7.8)

with solution
ψ(x1, x2) = A1(x1) +A2(x2).

Therefore, the class L(x; A) can be equivalently defined by (7.6) or by the functional equations
(7.7) or (7.8).

In Theorem 7.3.4 we provide the general expression for the survival function of the members of
the class L(x; A).

Theorem 7.3.4. If SX1,X2(x1, x2) is continuous with continuous first partial derivatives, with a
possible exception on the set Ω given by (2.10), then the defining relation (7.6) is fulfilled if and
only if the corresponding joint survival function can be represented by

SX1,X2
(x1, x2) =

SX1
(x1 − x2) exp {−a0x2 − I1(x1) + I1(x1 − x2)− I2(x2)} , if x1 ≥ x2 ≥ 0,

SX2(x2 − x1) exp {−a0x1 − I1(x1)− I2(x2) + I2(x2 − x1)} , if x2 ≥ x1 ≥ 0,
(7.9)
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where d
dxIi(x) = Ai(x), i = 1, 2.

Proof. Assume (7.6) is fulfilled. Following the same steps as in the proof of Theorem 5.2.11 in
Section 5.2, we obtain

SX1,X2
(x1, x2) =

SX1(x1 − x2) exp
{
−
∫ x2

0
[a0 +A1(x1 − x2 + t) +A2(t)]dt

}
, if x1 ≥ x2 ≥ 0,

SX2(x2 − x1) exp
{
−
∫ x1

0
[a0 +A1(t) +A2(x2 − x1 + t)]dt

}
, if x2 ≥ x1 ≥ 0.

Taking into account that d
dxIi(xi) = Ai(xi), we have

∫ b
a Ai(u)du = Ii(b) − Ii(a), i = 1, 2. In

particular, notice that I1(0) = I2(0) = 0.

Let x1 ≥ x2 ≥ 0. To evaluate
∫ x2
0 A1(x1−x2+t)dt, consider the change of variable u = x1−x2+t

and notice that du = dt to obtain∫ x2

0
A1(x1 − x2 + t)dt =

∫ x1

x1−x2
A1(u)du = I1(x1)− I1(x1 − x2).

Solving the integrals in the foregoing equation we get (7.9). We proceed similarly when x2 ≥ x1 ≥ 0

and the necessary part of the statement is proved.
Now suppose that the joint survival SX1,X2(x1, x2) function is given by (7.9). Direct calculus

show that hazard gradient vector components ri(x1, x2) = − ∂
∂xi

lnSX1,X2(x1, x2), i = 1, 2, should
satisfy relations

r1(x1, x2) =

rX1(x1 − x2) +A1(x1)−A1(x1 − x2), if x1 > x2 ≥ 0,

−rX2(x2 − x1) + a0 +A1(x1) +A2(x2 − x1), if x2 > x1 ≥ 0
(7.10)

and

r2(x1, x2) =

−rX1(x1 − x2) + a0 +A1(x1 − x2) +A2(x2), if x1 > x2 ≥ 0,

rX2(x2 − x1) +A2(x2)−A2(x2 − x1), if x2 > x1 ≥ 0.
(7.11)

In particular, when x1 = x2 = x ≥ 0, from (7.9) and Remark 7.3.2 we have

r(x, x) =
d

dx
[− lnSX1,X2(x, x)] =

d

dx
[a0x+ I1(x) + I2(x)] = a0 +A1(x) +A2(x),

and condition (7.6) is fulfilled.

Remark 7.3.5 (Bounds for marginal failure rates). Since ri(x1, x2) ≥ 0, i = 1, 2, from (7.10),
let x1 = 0 to obtain 0 ≤ rX2(x) ≤ a0 + A2(x). Analogously, from (7.11) we obtain 0 ≤ rX1(x) ≤
a0 + A1(x). Therefore, the behaviour of the marginal failure rate functions rXi(x) is limited from
above by a constant a0 added to the corresponding function Ai(x), i = 1, 2. See also related Remark
5.3.3. These restrictions are important and have to be taken into account when generating members
of the class L(x; A), see Section 7.4.

7.3.2 Equivalence between the class L(x;A) and distributions possessing S-
BLMP

Following the same arguments as in Theorems 5.2.11 and 6.2.9, where we established the class
L(x; a) can be characterized by LS-BLMP, in Theorem 7.3.6 we show that S-BLMP characterizes
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the distributions belonging to the class L(x; A). Having this equivalence at hand, we prove the
characterization Theorem 7.3.8 which is, in fact, an additional bridge between the class L(x; A)

and the distributions possessing S-BLMP.
The next theorem establishes the equivalence between the class of distributions possessing S-

BLMP and the class L(x; A).

Theorem 7.3.6. The S-BLMP given by relation (6.5) characterizes the distributions belonging to
the class L(x; A) defined by (7.6).

Proof. Suppose SX1,X2(x1, x2) possesses S-BLMP, so that (6.8) is satisfied, for it is equivalent to
(6.5), see Section 6.2. Let x1 ≥ x2 ≥ 0 to obtain

SX1,X2(x1 + t, x2 + t) = SX1(x1 − x2) exp

{∫ x2+t

0
r(x1 − x2 + u, u)du

}
.

In a similar way one may obtain corresponding expressions for

SX1,X2(x1 + t, t), SX1,X2(t, x2 + t), SX1,X2(x1, x2) and SX1,X2(t, t).

In particular, when x1 = x2 = t ≥ 0, we assume that d
dt [− lnSX1,X2(t, t)] = r(t, t), see Remark

7.3.2. Substituting these quantities in (6.8), after some algebra (taking logarithm in both sides
and differentiating with respect to t) we obtain the functional equation (7.7), which is valid for
x1 ≥ x2 ≥ 0 and all t ≥ 0. From Lemma 7.3.3, (7.7) is equivalent to the defining relation (7.6),
which characterizes the class L(x; A). The same is the conclusion when x2 ≥ x1 ≥ 0. Therefore,
SX1,X2(x1, x2) belongs to the class L(x; A).

Now suppose SX1,X2(x1, x2) belongs to the class L(x; A) defined by relation (7.6). From Theorem
7.3.4, SX1,X2(x1, x2) can be represented by the general expression (7.9) whenever SX1,X2(x1, x2) is
continuous with continuous first partial derivatives. Thus, from (7.9), it is direct to check that (6.8)
holds true. But, as already noted, relation (6.8) is equivalent to (6.5). According with Definition
7.2.1, the survival function possesses the S-BLMP, finishing the proof.

From Theorems 7.3.4 and 7.3.6 we arrive to the following

Theorem 7.3.7. Let SX1,X2(x1, x2) be continuous with continuous first partial derivatives, possibly
non existing on the set Ω given by (2.10). Then bivariate survival functions exhibiting S-BLMP
given by (6.5) can be alternatively characterized by the general expression (7.9).

In the next theorem we obtain a functional equation relating the survival functions of (X1, X2)

and of its corresponding residual lifetime vector Xt. This functional equation also characterizes the
members of the class L(x; A).

Theorem 7.3.8. The joint survival function of (X1, X2) is given by expression (7.9) if and only if
holds true the functional equation

SX1,X2(x1 + t, x2 + t) = SX1,X2(x1, x2)SX1,X2(t, t)Q1(x1, t)Q2(x2, t), (7.12)

where the functions
Qi(xi, t) = exp{−[Ii(xi + t)− Ii(xi)− Ii(t)]}, (7.13)

with d
dxIi(x) = Ai(x), i = 1, 2.
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Proof. Suppose x1 ≥ x2 ≥ 0. From (7.9) we have

SX1,X2(t, t) = exp {−a0t− I1(t)− I2(t)} .

In addition, from (7.9) the expression for SX1,X2(x1 + t, x2 + t) is

SX1,X2(x1 + t, x2 + t) = SX1(x1 − x2)

× exp{−a0(x2 + t)− I1(x1 + t) + I1(x1 − x2)− I2(x2 + t)},

which is identical with (7.12). The result is the same if x2 ≥ x1 ≥ 0 and the first part of the theorem
is proved.

Conversely, suppose relation (7.12) holds true. Define the continuous function S(x1, x2) such
that

SX1,X2(x1, x2) = S(x1, x2) exp {−I1(x1)− I2(x2)} . (7.14)

Notice that S(x1, x2) do not need to be a bivariate survival function. Substituting (7.14) in (7.12)
we obtain the functional equation

S(x1 + t, x2 + t) = S(x1, x2)S(t, t),

which is valid for all nonnegative x1, x2 and t. Consider x1 ≥ x2 ≥ 0 to obtain the only continuous
solution of the previous functional equation as

S(x1, x2) = S(x1 − x2, 0) exp[−a0x2],

for some a0 > 0. From (7.14) we have

S(x1 − x2, 0) = SX1,X2(x1 − x2, 0) exp [I1(x1 − x2)]

= SX1(x1 − x2) exp [I1(x1 − x2)] ,

since I2(0) = 0, see the proof of Theorem 7.3.4. Therefore

SX1,X2(x1, x2) exp [I1(x1) + I2(x2)] = SX1,X2(x1 − x2, 0) exp [I1(x1 − x2)] exp[−a0x2],

i.e. SX1,X2(x1, x2) is represented by (7.9). Identical steps and conclusion follow if x2 ≥ x1 ≥ 0,

finishing the proof.

Corollary 7.3.9. Relation (7.12) characterizes the class L(x; A) as well as the class of bivariate
distributions possessing S-BLMP.

Proof. The result is a direct consequence of Theorems 7.3.6 and 7.3.8.

Remark 7.3.10. Notice that Theorem 7.3.8 holds true without the assumption of continuity of the
first partial derivatives of SX1,X2(x1, x2). But this condition is necessary to obtain the remaining
equivalence relations, see Remark 7.1.1.

The equivalences so far obtained are summarized in Figure 7.1 in Section 7.7.
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7.3.3 Stochastic representation

We will obtain a stochastic representation of the class L(x; A) assuming additional properties
for the functions Ai(xi), i = 1, 2, given in Definition 7.3.1. In fact, we have the following result.

Theorem 7.3.11. Let the joint survival function of (X1, X2) belong to the class L(x; A) and the
continuous and integrable functions Ai(xi) in (7.6) be strictly increasing with limxi→∞Ai(xi) =∞,
i = 1, 2. Then there exists a random vector (Z1, Z2) independent of (X1, X2) such that Xt =

(min{X1, Z1},min{X2, Z2}).

Proof. From Theorem 7.3.4 it follows that if the joint survival function of (X1, X2) belongs to the
class L(x; A) and is continuous with continuous first partial derivatives, then SX1,X2(x1, x2) is given
by (7.9). According with Theorem 7.3.8, relation (7.9) can be equivalently represented by (7.12).
Fix t = t0 > 0 and let us introduce the functions

Ii(xi + t0)− Ii(xi)− Ii(t0), i = 1, 2, (7.15)

entering in the exponent of (7.13). Since Ai(xi) = d
dxi
Ii(xi) are increasing in xi, i = 1, 2 we have

d

dxi
[Ii(xi + t0)− Ii(xi)− Ii(t0)] = Ai(xi + t0)−Ai(xi) > 0, i = 1, 2,

i.e., the functions in (7.15) are increasing in xi. Observe that when xi = 0 we have Ii(t0)− Ii(0)−
Ii(t0) = 0. From the monotonicity of Ai(xi), it follows that Ii(xi + t0)− Ii(xi) =

∫ xi+t0
xi

Ai(u)du ≥
t0Ai(xi). Thus, taking into account the conditions limxi→∞Ai(xi) =∞, i = 1, 2, we arrive to

lim
xi→∞

[Ii(xi + t0)− Ii(xi)− Ii(t0)] =∞.

Therefore, the functions given in (7.15) share the properties of cumulative failure rate functions of
continuous nonnegative random variables to be denoted by Zi, i = 1, 2. The survival function of Zi
depends on t0 and is given by Qi(xi, t0) in (7.13), i = 1, 2. Thus, the product Q1(x1, t0)Q2(x2, t0)

is the joint survival function of the random vector (Z1, Z2) with independent marginals. Since
SX1,X2

(x1+t,x2+t)

SX1,X2
(t,t) is the joint survival function of Xt, the required stochastic representation follows

from (7.12).

Remark 7.3.12. The class L(x; a) introduced in Chapter 5 is characterized by the relation r(x1, x2) =

a0 +a1x1 +a2x2, so that we have Ai(xi) = aixi, ai, xi ≥ 0, i = 1, 2. Therefore, the conditions stated
in Theorem 7.3.11 are satisfied. Due to the linear form of the functions involved, the stochastic re-
lation between (X1, X2) and Xt stated in Theorem 7.3.11 admits a simple interpretation in terms of
shocks, represented by the random variables Z1 and Z2, governed by independent Poisson processes.

Remark 7.3.13 (Reliability property). Notice that expression (7.15) besides increasing in xi is also
increasing in t0, meaning that SX1,X2

(x1+t1,x2+t1)

SX1,X2
(x1,x2)

≥ SX1,X2
(x1+t2,x2+t2)

SX1,X2
(x1,x2)

for t1 ≥ t2 > 0. Therefore,
whenever Ai(xi) are strictly increasing in xi, i = 1, 2, SX1,X2(x1, x2) is bivariate increasing failure
rate (BIFR), according with the Definition 6.3.2.

Example 7.3.14. Consider the GMO distributions given by (3.1). Let HTi(x) = λix
3, λi > 0,
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i = 1, 2, and HT3(x) = a0x, a0 > 0, to obtain

SX1,X2(x1, x2) = exp{−λ1x31 − λ2x32 − a0 max(x1, x2)}. (7.16)

The sum of the components of the hazard gradient vector is r(x1, x2) = a0 + 3λ1x
2
1 + 3λ2x

2
2, so that

Ai(xi) = 3λix
2
i , i = 1, 2 in defining relation (7.6). From Lemma 7.2.8 this distribution possesses

S-BLMP and from Theorem 7.3.4, with Ii(xi) = λix
3
i , i = 1, 2, admits the representation

SX1,X2
(x1, x2) =

exp{−λ1(x1 − x2)3 − a0(x1 − x2)} exp
{
−a0x2 − λ1x31 + λ1(x1 − x2)3 − λ2x32

}
, if x1 ≥ x2 ≥ 0,

exp{−λ2(x2 − x1)3 − a0(x2 − x1)} exp
{
−a0x1 − λ1x31 − λ2x32 + λ2(x2 − x1)3

}
, if x2 ≥ x1 ≥ 0.

Applying Theorem 7.3.8,

SX1,X2(x1 + t, x2 + t) =SX1,X2(x1, x2)SX1,X2(t, t)

× exp
{
−
[
λ1
(
(x1 + t)3 − x31 − t3

)
+ λ2

(
(x2 + t)3 − x32 − t3

)]}
.

Since Ai(xi) = 3λix
2
i , then Ai(0) = 0 and Ai(xi) is strictly increasing in xi and unbounded from

above, i = 1, 2. From Theorem 7.3.11, the residual lifetime vector admits the stochastic representa-
tion Xt = (min{X1, Z1},min{X2, Z2}), where Z1 and Z2 are two absolutely continuous nonnegative
independent random variables such that SZi(xi, t) = exp{−3λit(x

2
i + txi)}, i.e., Zi follow distribu-

tions with parameters that depend on t, i = 1, 2.

7.3.4 Characterization of absolutely continuous S-BLMP distributions

The parameter a0 plays an important role in the class L(x; a), being equivalent to LS-BLMP. In
fact, if a0 = fX1(0)+fX2(0) then the joint survival function SX1,X2(x1, x2) is absolutely continuous
and, if a0 < fX1(0)+fX2(0), the distribution exhibits a singular component with support on the set
Ω given in (2.10), see Remark 5.2.18. Similar property can be established for distributions possessing
S-BLMP, as is shown in the next theorem.

Theorem 7.3.15. Consider the members of the class L(x; A) with survival function given by (7.9)
and let Xi be absolutely continuous random variables with density function fXi(xi), i = 1, 2. Then
a0 ≤ fX1(0) + fX2(0). The survival function (7.9) is absolutely continuous if and only if fX1(0) +

fX2(0) = a0.

Proof. Since distributions possessing S-BLMP property may have a singular component with sup-
port on the set Ω given by (2.10), let α = P(X1 = X2) ∈ [0, 1]. According with (2.11), let us
decompose the continuous bivariate survival function SX1,X2(x1, x2) in (7.9) into an absolutely
continuous part SacX1,X2

(x1, x2) and a singular one SsiX1,X2
(x1, x2) so that

SX1,X2(x1, x2) = (1− α)SacX1,X2
(x1, x2) + αSsiX1,X2

(max{x1, x2})

Let us denote (1 − α)facX1,X2
(x1, x2) = ∂2

∂x1∂x2
SX1,X2(x1, x2), see equation (5.13). To evaluate the

parameter α, notice that 1− α = P(X1 6= X2) = P(X1 > X2) + P(X2 > X1). We first compute

P(X1 > X2) =

∫ ∞
0

∫ u

0
(1− α)facX1,X2

(u, v) dv du.
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The inner integral I(u) =
∫ u
0 (1− α)facX1,X2

(u, v) dv gives

I(u) = fX1(u)− fX1(0) exp {−a0u− I1(u)− I2(u)}

−A1(u) exp {−a0u− I1(u)− I2(u)} .

Therefore,

P(X1 > X2) =

∫ ∞
0

I(u) du

= 1−
∫ ∞
0

[(
fX1(0) +A1(u)

)
exp {−a0u− I1(u)− I2(u)}

]
du.

Analogously, we obtain

P (X2 > X1) = 1−
∫ ∞
0

[(
fX2(0) +A2(v)

)
exp {−a0v − I1(v)− I2(v)}

]
dv.

Thus,

1− α = 2−
∫ ∞
0

[
(fX1(0) + fX2(0)− a0 + a0 +A1(y) +A2(y)) exp {−a0y − I1(y)− I2(y)}

]
dy.

Notice that ∫ ∞
0

[(
a0 +A1(y) +A2(y)

)
exp {−a0y − I1(y)− I2(y)}

]
dy = 1,

being the integral of the density function of the random variable X = min(X1, X2) over its support.
Hence

α =

∫ ∞
0

[
(fX1(0) + fX2(0)− a0) exp {−a0y − I1(y)− I2(y)}

]
dy

Since for all y ≥ 0 we have exp {−a0y − I1(y)− I2(y)} ≥ 0 and α = P(X1 = X2) ∈ [0, 1], then
a0 ≤ fX1(0) + fX2(0).

To conclude the proof, the survival function given by (7.9) is absolutely continuous if and only
if α = 0, which is equivalent to the condition fX1(0) + fX2(0) = a0.

Remark 7.3.16 (Lower and upper bounds for a0). Additional conditions, which depend on the
functional forms of Ai(xi), i = 1, 2, and on the distributions of X1 and X2, have to be imposed
so that SacX1,X2

(x1, x2) and SsiX1,X2
(max{x1, x2}) in Theorem 7.3.15 are proper survival functions.

As a result, improved lower and upper bounds for a0 can be established. For example, in the case
of BLMP1, i.e., Ai(xi) = 0, i = 1, 2, see Theorem 3 in Kulkarni (2006) and for LS-BLMP, i.e.,
Ai(xi) = aixi, ai ≥ 0, i = 1, 2, see Theorem 5.2.14.

Example 7.3.17 (Singular component in GMO distributions). Consider the GMO distribution
from Example 7.3.14 where SXi(xi) = exp{−λix3i − a0xi}, i = 1, 2. We have fXi(0) = a0, i = 1, 2,

and fX1(0)+fX2(0) = 2a0 > a0. According with Theorem 7.3.15, the corresponding survival function
has an absolutely continuous and a singular component.

Example 7.3.18 (Gumbel’s type bivariate distributions (5.3) and (5.23)). Consider the Gum-
bel’s Type I bivariate exponential distribution given by (5.3). We have SXi(xi) = exp{−λixi},
i.e., fXi(0) = λi, i = 1, 2. From defining relation (7.6), a0 = λ1 + λ2 and Ai(xi) = θλ1λ2xi,
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i = 1, 2. Thus, fX1(0) + fX2(0) = a0 and the corresponding survival function is absolutely con-
tinuous. The last conclusion fails for the survival function given by (5.23) in Example 5.3.10,
where SXi(xi) = exp{−(λi + λ3)xi}, and fXi(0) = λi + λ3, i = 1, 2. From defining relation (7.6),
a0 = λ1 + λ2 + λ3. Thus, fX1(0) + fX2(0) = a0 + λ3 > a0. Applying Theorem 7.3.15 we conclude
that the corresponding joint survival function has absolutely continuous and singular components.

7.4 Generation of distributions possessing S-BLMP

In this section we discuss the closure properties of the class L(x; A). In the sequel these prop-
erties, together with the methodology developed in Kulkarni (2006) to generate distributions pos-
sessing BLMP1, are used to construct distributions with S-BLMP.

7.4.1 Closure properties

Let L(x; D) denote the class of all survival functions possessing S-BLMP, according to Definition
7.2.1, with a parameter space Θ(D) established in Definition 7.3.1. Note that Θ(D) may have
different decomposition for different vectors D = (D0, D1, D2) satisfying (6.5) with x1, x2 ≥ 0.

The closure properties of the class L(x; D) are given in the following theorem.

Theorem 7.4.1. Denote by L(x; D) the class of survival functions possessing S-BLMP according
to Definition 7.2.1. This class has the following closure properties.

(S1) If S1, S2 ∈ L(x; D) then their product S1S2 ∈ L(x; D);

(S2) If S ∈ L(x; D) then [S]c ∈ L(x; D) for c ≥ 1;

(S3) If S1, S2 ∈ L(x; D) then [S1]c1 [S2]c2 ∈ L(x; D) for constants c1, c2 ≥ 1;

(S4) If SY1,Y2(x1, x2) belongs to L(x; D) and α > 0, then SX1,X2(x1, x2) = SY1,Y2(αx1, αx2)

also belongs to L(x; D);

(S5) If SY1,Y2(x1, x2) belongs to L(x; D) and the exponentially distributed random variable Y3
is independent of (Y1, Y2), then SX1,X2(x1, x2) belongs to L(x; D), where (X1, X2) =

(min(Y1, Y3),min(Y2, Y3)).

Proof. It is direct to check the distributions obtained in (S1) to (S5) satisfy relation (7.6).

Remark 7.4.2 (Extensions of the closure properties). Closure properties (S1) and (S3) can be
easily extended to any finite number of survival functions belonging to L(x; D).

The next two examples illustrate applications of the closure properties (S1) and (S5). They will
be useful to offer a general scheme to generate a wealth of distributions possessing S-BLMP.

Example 7.4.3 (An application of (S1) to stochastic representation (7.2)). Suppose SY1,Y2(x1, x2)

and SZ1,Z2(x1, x2) belong to the class L(x; A), where (Y1, Y2) is assumed to be independent of
(Z1, Z2). In particular, let SZ1,Z2(x1, x2) be composed by independent nonnegative absolutely con-
tinuous marginals, so that the dependence function HZ1,Z2(x1, x2) = 0, for all x1, x2 ≥ 0. Apply
the stochastic representation (7.2) and the closure property (S1) to obtain a new survival function
SX1,X2(x1, x2) = SY1,Y2(x1, x2)SZ1,Z2(x1, x2). The following three relations are fulfilled:
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• rXi(xi) = rYi(xi) + rZi(xi), i = 1, 2;

• rX(x1, x2) = rY(x1, x2) + rZ(x1, x2), where rX(x1, x2), rY(x1, x2) and rZ(x1, x2) denote the
sum of the components of the hazard gradient vectors of SX1,X2(x1, x2), SY1,Y2(x1, x2) and
SZ1,Z2(x1, x2), respectively;

• HX1,X2(x1, x2) = HY1,Y2(x1, x2).

Example 7.4.4 (Closure property (S5) applied to Generalized and Extended Marshall-Olkin
distributions). Consider two independent nonnegative absolutely continuous random variables Y1
and Y2 such that their joint survival function belongs to the class L(x; A). Let Y3 be indepen-
dent of (Y1, Y2) and exponentially distributed with parameter a0. Consider the stochastic repre-
sentation (2.9) and apply the closure property (S5) to obtain the corresponding GMO distribution
that belongs to the class L(x; A), has survival function given by (3.1) and dependence function
HX1,X2(x1, x2) = a0 min(x1, x2), see Lemma 7.2.7.

Assume now that Y1 and Y2 are dependent random variables with joint survival function be-
longing to the class L(x; A). If (Y1, Y2) is independent of Y3, apply the stochastic representation
(2.9) to obtain an EMO model with survival function given by (3.2) and dependence function
HX1,X2(x1, x2) = HY1,Y2(x1, x2) +a0 min(x1, x2). See equation (5.23) and Example 7.2.5 for partic-
ular cases. From closure property (S5) the resulting EMO model is a member of the class L(x; A).

The following relations are valid:

• rXi(xi) = a0 + rYi(xi), i = 1, 2;

• rX(x1, x2) = a0 + rY(x1, x2), where rX(x1, x2) and rY(x1, x2) denote the sum of the compo-
nents of the hazard gradient vectors of SX1,X2(x1, x2) and SY1,Y2(x1, x2), respectively;;

• SX1,X2(x1, x2) and SY1,Y2(x1, x2) share the same function Ai(xi), i = 1, 2, in relation (7.6).

7.4.2 Common building scheme

In order to construct distributions possessing S-BLMP we take into account the characterizing
Theorem 7.3.6, so that we equivalently consider distributions that belong to the class L(x; A).

For each pair of functions Ai(xi), i = 1, 2, in relation (7.6), a specific building scheme that
characterizes all members of the corresponding class L(x; A) should be used. For instance, the case
Ai(xi) = 0, i = 1, 2, is considered in Theorem 3 in Kulkarni (2006), where the whole class of
BLMP1 survival functions is obtained. If Ai(xi) = aixi, ai ≥ 0, i = 1, 2, we refer to Section 5.3 to
obtain all possible survival functions having LS-BLMP.

Depending on the functional form of the functions Ai(xi), i = 1, 2, the specific construction
scheme may lead to complex relations for the parameter constraints of the resulting joint survival
function given by expression (7.9) in Theorem 7.3.4.

Alternatively, we propose two common building schemes based on the closure properties of the
class L(x; A) given in Theorem 7.4.1 and on the methodology for constructing BLMP1 distributions
developed in Theorem 3 in Kulkarni (2006).

As mentioned in Remark 7.3.5, the marginal failure rates rXi(x) are limited from above by
a0 +Ai(x), i = 1, 2, so that one has to respect this restriction. Thus, we will consider the following
two possible scenarios to generate S-BLMP distributions:



134 SIBUYA TYPE BIVARIATE LACK-OF-MEMORY PROPERTY 7.4

(Scenario 1) The pre-specified continuous integrable functions Ai(xi) in Definition 7.3.1 of S-
BLMP are supposed to be nonnegative and to satisfy

∫∞
0 Ai(u)du =∞, i = 1, 2;

(Scenario 2) The distributions possessing S-BLMP have pre-specified differentiable marginal fail-
ure rate functions rXi(xi), i = 1, 2.

Considering Scenario 1, we propose the following three-step building procedure:

1. Start with a set of survival functions that possesses BLMP1, i.e., satisfy relation (7.6) with
Ai(xi) = 0, for all xi ≥ 0, i = 1, 2. Denote this set of survival functions by S1BLMP ;

2. Use the closure property (S1) from Theorem 7.4.1 and multiply each member of S1BLMP by
SY1,Y2(x1, x2) = exp{−I1(x1) − I2(x2)}, where Ii(xi) =

∫ xi
0 Ai(u)du, i = 1, 2. The resulting

survival functions will satisfy the defining relation (7.6) with the pre-specified functions Ai(xi),
i = 1, 2, see Example 7.4.3;

3. Apply closure property (S5) from Theorem 7.4.1 to enrich the set of distributions obtained in
the previous step.

Remark 7.4.5. Notice that in step 1 we only take into account the constant a0 in relation (7.6),
while in step 2 we introduce the two pre-specified continuous integrable functions Ai(xi), i = 1, 2.

Remark 7.4.6. In the last step only the constant a0 in relation (7.6) will be affected, see Example
7.4.4. Moreover, if the distribution obtained in step 2 is absolutely continuous, then, in step 3, the
resulting survival function will display a singular component, with support on the set Ω given by
(2.10).

Remark 7.4.7 (Limitation of the building scheme in Scenario 1). The building procedure suggested
for Scenario 1 is a general one and unable to cover all the elements of the class L(x; A) for the
given functions Ai(xi), i = 1, 2. In fact, in Section 5.3 we obtained the Gumbel’s Type I bivariate
exponential distribution (5.3) using a specific procedure that characterizes nonnegative continuous
survival functions such that Ai(xi) = aixi, with ai ≥ 0, i = 1, 2. This distribution is not an outcome
of the three-step building scheme presented above. See also the related Remark 6.2.12.

Remark 7.4.8 (Obtaining different solutions). The obtained set of distributions is not unique, since
it will depend on the choice of two failure rate functions in step 1. Considering other choices, at
the end of step 3 different bivariate survival functions will be found, but sharing the same functions
Ai(xi), i = 1, 2, in relation (7.6), see Example 7.4.9 in the sequel.

Example 7.4.9 (Building S-BLMP survival functions with given functions Ai(xi), i = 1, 2). Let
us obtain nonnegative continuous survival functions possessing S-BLMP such that A1(x1) =

√
x1

and A2(x2) = ln(1 + x2) in defining relation (7.6). Notice that Ai(0) = 0, Ai(xi) are nonnegative,

i = 1, 2, with I1(x1) =
∫ x1
0 A1(u)du =

2
√
x31

3 and I2(x2) =
∫ x2
0 A2(u)du = (1 + x2) ln(1 + x2) − x2,

so that I1(x) and I2(x) are unbounded from above. Thus, the proposed building procedure can be
applied. In step 1, choose two differentiable failure rate functions satisfying Theorem 3 in Kulkarni
(2006) and obtain the corresponding BLMP1 survival functions (for instance, consider the bivariate
survival functions to be obtained in step 2 of Example 7.4.12). In step 2, consider SY1,Y2(x1, x2) =

exp{−2
√
x31

3 − (1 + x2) ln(1 + x2) + x2}. Finally, in step 3, use an exponentially distributed random
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variable Y3 and apply the closure property (S5) from Theorem 7.4.1 to get the output. Notice that
choosing two other failure rate functions in step 1 will lead to a different set of survival functions
at the end of step 3.

In Scenario 2 one wishes to obtain survival functions possessing S-BLMP with prescribed dif-
ferentiable marginal failure rates rXi(xi), i = 1, 2. The building algorithm is as follows:

1. Choose a real constant K > 0 and two differentiable failure rate functions rZi(x), i = 1, 2,

such that

(a) 0 ≤ rZi(x) ≤ K, for all x ≥ 0;

(b) rZi(x)
[
K − rZi(x)

]
+ d

dxrZi(x) ≥ 0, ∀x ≥ 0;

(c) rZ1(0) + rZ2(0) > K;

(d)
∫ xi
0 [rXi(u)− rZi(u)]du is non-decreasing and unbounded from above;

2. Apply the procedure presented in Theorem 3 in Kulkarni (2006) to obtain all BLMP1 survival
functions having as marginal failure rates the chosen functions rZi(xi), i = 1, 2, from step 1.
Denote this set of survival functions by S2BLMP ;

3. Define the nonnegative functions αi(xi) = rXi(xi)−rZi(xi) and denote by Ii(xi) =
∫ xi
0 αi(u)du,

i = 1, 2. To obtain the desired survival functions, according with the closure property (S1) in
Theorem 7.4.1, multiply each member of S2BLMP by SY1,Y2(x1, x2) = exp{−I1(x1)− I2(x2)}.

Remark 7.4.10. Notice that the restriction (a)-(c) on the marginal failure rate functions in step
1 are, in fact, the conditions in Theorem 3 in Kulkarni (2006). Moreover, we require condition (d)
in order to ensure valid marginal cumulative failure rate functions Ii(xi), i = 1, 2.

Remark 7.4.11 (Various possible solutions). The resulting set of survival functions under Scenario
2 is not unique, since it depends on the choice of the constant K and on the two failure rate functions
rZi(x), i = 1, 2. Considering other choices, different distributions, with different functions Ai(xi),
i = 1, 2, in relation (7.6) will result. Nonetheless, all bivariate survival functions obtained will share
the same pre-specified marginal failure rates rXi(xi), i = 1, 2.

In this second building procedure we did not make use of closure property (S5) from Theorem
7.4.1 as a final step since this property does not preserve the marginal failure rates, see Example
7.4.4.

Example 7.4.12 (Building S-BLMP survival functions from pre-specified differentiable marginal
failure rates rXi(xi), i = 1, 2). Let us obtain nonnegative continuous bivariate survival functions
possessing S-BLMP with marginal failure rate functions given by rX1(x1) = λ1 − λ2

a+x21
+ a1x

3
1 and

rX2(x2) = λ1 − λ2
a+x22

+ a2x
5
2, where λ1, λ2, a > 0 and λ1 ≥ 2λ2

a . Notice that λ1 − λ2
a+x2

≤ λ1 ∀x ≥ 0.

In step 1 let us choose K = λ1, and consider rZ1(x) = rZ2(x) = λ1 − λ2
a+x2

. Notice that with these
choices, conditions (a)-(d) are satisfied. In step 2 we follow Section 5.4 in Kulkarni (2006) and
obtain the set of survival functions S2BLMP given by

SZ1,Z2(x1, x2) =


exp

{
−λ1x1 − (d− λ1)x2 + λ2√

a
arctan

(
x1−x2√

a

)}
, if x1 ≥ x2 ≥ 0,

exp
{
−λ1x2 − (d− λ1)x1 + λ2√

a
arctan

(
x2−x1√

a

)}
, if x2 ≥ x1 ≥ 0,
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where the constant d ∈
[
λ1, 2

(
λ1 − λ2

a

)]
. In the last step we consider α1(x1) = a1x

3
1 and α2(x2) =

a2x
5
2 to obtain the increasing and unbounded functions I1(x1) = a1

4 x
4
1 and I2(x2) = a2

6 x
6
2. Let

SY1,Y2(x1, x2) = exp{−a1
4 x

4
1 − a2

6 x
6
2} to obtain the desired survival functions as SX1,X2(x1, x2) =

SZ1,Z2(x1, x2)SY1,Y2(x1, x2). Notice that the resulting distributions are absolutely continuous if c =

2
(
λ1 − λ2

a

)
, otherwise have a singular component with support on the set Ω given by (2.10). Finally,

choosing another value for K and two other failure rate functions rZi(xi), i = 1, 2, in step 1, a
different set of survival functions will result at the end of step 3.

7.5 Bivariate survival functions with non-aging survival copulas

In this section, instead of memoryless dependence functions HX1,X2(x1, x2), we consider non-
aging survival copulas C(u, v). Let us denote byA the class of continuous bivariate survival functions
SX1,X2(x1, x2) such that (X1, X2) and the corresponding residual lifetime vector Xt have the same
survival copula for all x1, x2 and t ≥ 0, i.e., C(u, v) = Ct(u, v) for all u, v ∈ [0, 1]. Therefore, the
following functional equation

C
(
SX1(x1 + t), SX2(x2 + t)

)
C
(
SX1(t), SX2(t)

) = C

(
C
(
SX1(x1 + t), SX2(t)

)
C
(
SX1(t), SX2(t)

) ,
C
(
SX1(t), SX2(x2 + t)

)
C
(
SX1(t), SX2(t)

) )
(7.17)

has to be satisfied for all x1, x2 ≥ 0 and t ≥ 0. We will assume that the survival copula C is time
invariant (or non-aging) if it corresponds to a member of the class A.

All bivariate survival functions possessing BLMP1 belong to A. It happens that this time in-
variance property is not restricted to BLMP1 survival functions. Other members of the class A are
presented in Examples 7.5.1 and 7.5.2 in this section.

Let D(t) = {(u, v) ∈ (0, 1] |u = SX1(t), v = SX2(t), t > 0} represent the curve on the unit
square parameterized by t > 0. In such a case, from (7.17) we may obtain non-aging survival copula
whenever C is invariant along the curve D(t). In particular, if the equality in distribution X1

d
=X2

holds true, we have invariance of the survival copula along the main diagonal of the unit square.

Example 7.5.1 (Invariance along the main diagonal). The Cuadras-Augé copula

Cα(u, v) = [min(uv)]α[uv]1−α, α ∈ [0, 1]

is invariant on the main diagonal of the unit square, see Charpentier and Juri (2006). Let us ini-
tially consider equally distributed marginals SX1(x) = SX2(x) = SX(x). If SX(x) is exponentially
distributed, then SX1,X2(x1, x2) = Cα(SX1(x1), SX2(x2)) is a particular case of Marshall-Olkin’s
bivariate exponential distribution, see Marshall and Olkin (1967), possessing BLMP1 and, conse-
quently, belonging to the class A. Now fix a gamma distribution for SX(x). In this case, BLMP1 does
not hold true but the corresponding joint survival function still belongs to A. In a third scenario,
where X1 and X2 do not share the same distribution but are joined by the Cuadras-Augé survival
copula, SX1,X2(x1, x2) neither possesses BLMP nor belongs to A.

Example 7.5.2 (Invariance along a curve). The Marshall-Olkin survival copula

Cη1,η2(u, v) = min(u1−η1v, uv1−η2), η1, η2 ∈ (0, 1)
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is invariant on the curve {(u, v) = (zη1 , zη2), z ∈ (0, 1)}, see Charpentier and Juri (2006). Notice
that when η1 = η2 we obtain the Cuadras-Augé copula from Example 7.5.1. Initially let us consider a
baseline survival function SX(x) x ≥ 0, and marginals SX1(x) = [SX(x)]η1 and SX2(x) = [SX(x)]η2 .

Then the corresponding joint survival function S(x1, x2) = Cη1,η2(SX1(x1), SX2(x2)) belongs to A. In
particular, if the marginals are exponentially distributed, not necessarily sharing the same parameter,
then S(x1, x2) possesses BLMP1. But choosing X1 exponentially distributed and X2 beta distributed,
say, the corresponding joint survival function is not a member of the class A.

The cases considered in the last two examples depend on the choice of the marginal survival
functions. A general invariance property can be obtained when we consider the Clayton survival
copula. In such a case, for any marginals we have time invariant survival copulas, see Section 7.6
for a related discussion. We refer the reader to Section 4 in Charpentier and Juri (2006) for more
details on time invariant copulas.

Remark 7.5.3. In Mulero and Pellerey (2010) it is given a characterization of the survival func-
tions which simultaneously have Clayton copula and possess BLMP1, see their Theorem 3.2.

In the next statement we establish a necessary condition to an absolutely continuous bivariate
survival function be a member of the class A.

Theorem 7.5.4. Let SX1,X2(x1, x2) be an absolutely continuous survival function belonging to the
class A. Then its survival copula satisfies the functional equation

C(u, v) =

[
u− fX2(0)C

2
(u, 1)

a0

]
C

1
(u, v) +

[
v − fX1(0)C

1
(1, v)

a0

]
C

2
(u, v), (7.18)

for all u, v ∈ [0, 1] and a0 > 0, where C1 and C2 mean the partial derivative of C with respect to
the first and second argument, correspondingly.

Proof. Take the derivative in (7.17) with respect to t and substitute t = 0 to get (7.18).

The knowledge of first partial derivatives of survival copula C(u, v) is sufficient to recover the
distribution of min(U, V ), where U and V are uniformly distributed with survival copula C(u, v). In
fact, P(min(U, V ) > t) = C(t, t) for t ∈ [0, 1]. Substitute u = v = t in (7.18) to get the corresponding
equation (and the main diagonal copula).

In the next remark we show two known functional equations which are particular cases of the
necessary condition given by relation (7.18).

Remark 7.5.5. Additionally to the assumptions of Theorem 7.5.4, let fX1(0) = fX2(0) in relation
(7.18). Then

C(u, v) =

[
u− C

2
(u, 1)

2

]
C

1
(u, v) +

[
v − C

1
(1, v)

2

]
C

2
(u, v).

The same equation is obtained in Proposition 3 (ii) in Charpentier (2003) under the condition that
X1 and X2 are uniformly distributed on the unit square, i.e. fX1(0) = fX2(0) = 1.

Further, assume that C(u, v) is exchangeable. Thus, C2
(u, 1) = C

1
(1, u), C

2
(u, v) = C

1
(v, u)

and the last equation transforms into

C(u, v) =

[
u− C

1
(1, u)

2

]
C

1
(u, v) +

[
v − C

1
(1, v)

2

]
C

1
(v, u),
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see Proposition 3 on page 18 in Gourieroux and Monfort (2003).

7.6 A stronger version of S-BLMP

As we noticed in Section 2.3, in one of the first attempts to extend the lack of memory property
to the bivariate dimension Marshall and Olkin (1967) considered the functional equation

SX1,X2(x1 + t1, x2 + t2) = SX1,X2(x1, x2)SX1,X2(t1, t2),

for all x1, x2, t1, t2 > 0, that expresses the residual life be independent of age. According with
Theorem 2.1 in Marshall and Olkin (1967), the only continuous solution of this functional equation
is

SX1,X2(x1, x2) = exp{−b1x1 − b2x2}, b1, b2 > 0.

Therefore, in a similar way, it is natural to investigate when the dependence function of the
random vector X(t1,t2) = (X1 − t1, X2 − t2|X1 > t1, X2 > t2) is the same as that of X = (X1, X2),

i.e., when
HX(x1, x2) = HX(t1,t2)

(x1, x2), (7.19)

for all x1, x2, t1, t2 ≥ 0 and to expect that the result in Theorem 2.1 in Marshall and Olkin (1967)
belongs to the set of survival functions to be obtained under condition (7.19). In fact, in Example
7.6.3 we show this last fact.

Let us consider the definition of dependence function given by equation (3.4) and apply the
exponential representation (3.3) to relation (7.19) and get the equivalent functional equation

HX1,X2(x1 + t1, x2 + t2) = HX1,X2(x1 + t1, t2) +HX1,X2(t1, x2 + t2)

+HX1,X2(x1, x2)−HX1,X2(t1, t2)
(7.20)

in terms of dependence function HX1,X2(x1, x2), which has to be satisfied for all x1, x2, t1, t2 ≥ 0.

Remark 7.6.1. Notice that in (7.20), the boundary conditions for a dependence function of two non-
negative random variables X1 and X2, namely HX1,X2(0, x2) = HX1,X2(x1, 0) = 0 for all x1, x2 ≥ 0,

always hold true.

In the next theorem we characterize all continuous solution of the functional equation (7.20).

Theorem 7.6.2. The only continuous solution of the functional equation (7.20) is HX1,X2(x1, x2) =

cx1x2 for some constant c and all x1, x2 ≥ 0.

Proof. Let t2 = 0 in the functional equation (7.20) to obtain

HX1,X2(x1 + t1, x2) = HX1,X2(x1, x2) +HX1,X2(t1, x2).

Considering x2 > 0 as a constant, the last expression is a Cauchy functional equation in x1 and
t1 with continuous solution given by HX1,X2(x1, x2) = x1c2(x2), for some continuous function
c2(x2). Analogously, let t1 = 0 and x2 > 0 in (7.20) to obtain HX1,X2(x1, x2) = x2c1(x1), for some
continuous function c1(x1). Comparing the two solutions we conclude that c1(x1)

x1
= c2(x2)

x2
= c for

x1, x2 > 0, i.e., ci(xi) = cxi, for some real constant c, i = 1, 2. The cases x1 = 0 or x2 = 0
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are addressed in Remark 7.6.1. Therefore we have HX1,X2(x1, x2) = cx1x2, what concludes the
proof.

Example 7.6.3. If c = 0 we obtain HX1,X2(x1, x2) = 0 for all x1, x2 ≥ 0, which is the trivial
solution of the functional equation (7.20) and corresponds to X1 being independent of X2. Ad-
ditionally, if X1 and X2 are exponentially distributed, we recover the result in Theorem 2.1 in
Marshall and Olkin (1967).

Recall that Gumbel’s Type I bivariate exponential distribution (5.3) has dependence function
HX1,X2(x1, x2) = −θλ1λ2x1x2 = cx1x2. Therefore, (5.3) satisfies this stronger version of S-BLMP.

In fact, it is not the only distribution with such a property. For example, consider (Y1, Y2)

distributed according with (5.3) and the nonnegative bivariate random vector (Z1, Z2) composed
by independent absolutely continuous marginals. Both distributions possess the stronger version
of S-BLMP. Since the dependence function HZ1,Z2(x1, x2) = 0 for all x1, x2, we conclude that
SY1,Y2(x1, x2)SZ1,Z2(x1, x2) also possess the the property. In fact, closure properties similar with
(S1) to (S4) in Theorem 7.4.1 hold true for this stronger version of S-BLMP.

Remark 7.6.4. In spite of the support of (5.3) be R2
+, the result obtained in Theorem 7.6.2 is also

valid for survival functions with support in R2. In fact, consider the trivial solution of the functional
equation (7.20), HX1,X2(x1, x2) = 0 for all x1, x1 ∈ R, and two independent marginals X1 and X2

with support in R, for instance, two independent standard normal distributions. Then the support
of SX1,X2(x1, x2) is R2 and the stronger version of S-BLMP holds true.

Since copulas are widely used to describe the dependence between random variables, it is worth-
while to consider how this concept is related with the result obtained in Theorem 7.6.2, where it is
required that X and X(t1,t2) have the same dependence function, see condition (7.19). In the rest of
this section we provide a comparison between the stronger version of S-BLMP and the preservation
of copula structure under truncation.

Oakes (2005) investigated a similar property, but with the dependence structure between the
random variables X1 and X2 specified by the corresponding survival copula. According with Oakes
(2005), if X has absolutely continuous distribution, X and X(t1,t2) will share the same survival
copula if and only if the survival copula is the Clayton copula given by

C(u, v; δ) = (u−δ + v−δ − 1)−
1
δ , 0 < δ <∞, (7.21)

see family B4 in Joe (1997).
Our result goes in a different direction, since we consider the original dependence function

HX1,X2(x1, x2) while Oakes (2005) works with bivariate copulas, where HX1,X2(x1, x2) is trans-
formed from the support of the original distribution to [0, 1]2, the support of bivariate copulas.

Paralleling the two approaches, notice that if one considers that a bivariate copula expresses
the dependence between two random variables, then by just “plugging” univariate distributions
into the copula, several bivariate distributions with same dependence structure can be obtained.
Alternatively, considering the function HX1,X2(x1, x2) expresses the dependence, one has to rely on
closure properties to generate other distributions with the same dependence function.

Interesting to notice that in both results unique solutions are obtained, but with different as-
sumptions: Oakes (2005) requires absolutely continuity of SX1,X2(x1, x2) while we require the
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continuity of HX1,X2(x1, x2).

When X1 and X2 are independent random variables, the two results coincide. In fact, under
independence, X and X(t1,t2) have the same dependence functionHX(x1, x2) = HX(t1,t2)

(x1, x2) = 0,

which can be obtained from Theorem 7.6.2 letting c = 0, and also have the same survival copula,
i.e., the independence copula C(u, v) = uv, which can be obtained from Clayton copula as a limiting
case, letting δ → 0 in (7.21).

Meanwhile, the result obtained in Theorem 7.6.2 does not hold true for any marginal distribu-
tions. In fact, SX1,X2(x1, x2) = exp{−x21 − x22 − cx1x2}, x1, x2 ≥ 0, c 6= 0, is not a proper survival
function, since ∂

∂x1∂x2
SX1,X2(x1, x2) is not necessarily nonnegative for all x1, x2 ≥ 0. Thus, the

result is not a copula property and, as such, is not expressed in copula terms as in Oakes (2005).

7.7 Concluding remarks

In this chapter we introduced the Sibuya BLMP (S-BLMP) via relation (6.5), which covers a
huge class of nonnegative bivariate continuous distributions SX1,X2(x1, x2) such that the depen-
dence function HX1,X2(x1, x2), defined by relation (3.4), is shared with the survival function of the
corresponding residual lifetime vector Xt for all t > 0.

The S-BLMP is a weaker version of both BLMP (which preserves the joint survival functions
of (X1, X2) and Xt) and LS-BLMP, introduced in Chapter 6. Therefore, the set of bivariate distri-
butions possessing S-BLMP is very rich.

It happens that S-BLMP is equivalent to the class L(x; A) defined by relation (7.6), where
the functions A1(x1) and A2(x2) are continuous and integrable. This equivalence is established
by characterization theorems 7.3.4, 7.3.6 and 7.3.8. Additional characterizations in terms of func-
tional equations have been obtained as well, see Lemma 7.2.2 and Lemma 7.3.3. The corresponding
relations are displayed in Figure 7.1.

Definition 7.2.1: S-BLMP
SXt (x1,x2)

SX1t
(x1)SX2t

(x2)
=

SX1,X2
(x1,x2)

SX1
(x1)SX2

(x2)

Relations (6.5) or (6.8)

Definition 5.2.1: Class L(x; A)
r(x1, x2) = a0 + A1(x1) + A2(x2)

Relation (5.2)

Functional equation (7.12)

Relation (7.9)

Th. 7.3.7Th. 7.3.4

Th. 7.3.8

Functional equation (7.1)

Lemma 7.3.3

Functional equation (7.7)

Lemma 7.2.2

Figure 7.1: Equivalence relations for S-BLMP and class L(x; A).
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Observe that the functional equation (7.12) is identical with (7.4), which was used to motivate
the additive representation (7.6), used to define the class L(x; A). It should be underlined that
expression (7.9) for the joint survival function SX1,X2(x1, x2) is, in fact, the solution of the functional
equation (7.12).

A stochastic representation of the class L(x; A) was specified in Theorem 7.3.11 under the
additional assumption of strictly increasing functions Ai(xi) in relation (7.6). The members of
L(x; A) can be absolutely continuous or, additionally, exhibit a singular component. In Theorem
7.3.15 we obtained a simple condition that characterizes the absolutely continuous survival functions
that belong to the extended class.

Based on characterization results and closure properties of S-BLMP we suggested in Section 7.4
two algorithms to generate distributions possessing S-BLMP.

It can be seen in Figure 7.2 the relation among the three lack-of-memory concepts so far dis-
cussed (classical BLMP, LS-BLMP introduced in Chapter 6 and S-BLMP). One will find in the
corresponding intersection areas the position of many discussed examples, including Gumbel’s type
bivariate distributions, specified by (5.3) and (5.23), GMO and EMO models. In particular, GMO
models possess S-BLMP if and only if T3 is exponentially distributed in stochastic representation
(2.9), see Lemma 7.2.7.

BLMP
r(x1, x2) = a0

LS-BLMP
r(x1, x2) = a0 + a1x1 + a2x2

S-BLMP

r(x1, x2) = a0 +A1(x1) +A2(x2)

GMO models

EMO models

Marshall-Olkin (2.4)

Gumbel (5.3)

Gumbel (5.23)

Equation (7.16)

Example 7.4.12

Example 7.4.4

Figure 7.2: The three BLMP concepts and corresponding examples of distributions

We considered a stronger form of the S-BLMP and, under the assumption of continuity of
the dependence function, obtained a unique solution for HX1,X2(x1, x2). This result is compared
and contrasted with Oakes (2005) that, in a similar context, but considering the survival copula
represents the dependence between two random variables, obtained as unique solution the Clayton
copula.

The characterization results and established relations between well-known and new classes of
bivariate distributions obtained in this chapter will help to profound and complement the BLMP
knowledge by considering “non-aging” dependence function HX1,X2(x1, x2) as a base.

Further research on this topic include inference procedures, appropriate fields of application of
S-BLMP distributions and multivariate extension of the discussed results.
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Chapter 8

Conclusions

In this last chapter, in Section 8.1 we summarize the main results obtained in the thesis. More-
over, since during the course of our work we identified open problems and possible extensions of
our results, in Section 8.2 we suggest potential topics for future research. Finally, in Section 8.3
we report talks, technical reports and submitted papers based on the material presented in the
previous chapters.

8.1 Concluding remarks

The classical Marshall-Olkin bivariate exponential distribution is relevant not only for its wide
range of applications, such as Reliability, Survival Analysis, Finance and Life Insurance, but also for
extending the univariate lack-of-memory property to the bivariate and multivariate settings. Among
recent theoretical and applied advances in Marshall-Olkin exponential distribution we can mention
Mai and Scherer (2010), Mai (2010), Mai and Scherer (2011), Lin and Li (2012), Bernhart et al.
(2013) and Baglioni and Cherubini (2013).

In this thesis, our starting point was the generalized Marshall-Olkin distribution of Li and Pellerey
(2011), where we introduced dependence among the individual shocks obtaining the extended
Marshall-Olkin model. Corresponding survival copula representation, probabilistic and reliability
properties as well as extreme value result were provided. Applying a similar approach, we intro-
duced dependence among the individual shocks in the dual generalized Marshall-Olkin distribution
of Fang and Li (2013) obtaining the dual extended Marshall-Olkin model. Related copula repre-
sentation as well as probabilistic and reliability properties were discussed.

Given that the Marshall-Olkin bivariate exponential distribution is characterized by the bivariate
lack-of-memory property, in a related topic of research we considered a weaker version of this
property, where the lack-of-memory holds only for the dependence function HX1,X2(x1, x2). Initially
we introduced a new class of distributions such that the sum of the components of the hazard
gradient vector is a linear function of both arguments x1 and x2. Then we showed all bivariate
distributions that belong to this class are characterized by a memoryless dependence function along
with a specific aging behaviour on the marginals. Geometric interpretations, characterization results
building procedures, survival copula relation and reliability properties were discussed.

Then we introduced a more general class of bivariate distributions, such that the sum of the
components of the hazard gradient vector is decomposable into a sum of two functions, one that
only depends on x1 and another that only depends on x2. All bivariate distributions that belong
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to this class are characterized by a memoryless dependence function, i.e., this new class is obtained
from the previously introduced class relaxing the aging behaviour condition on the marginals.
Stochastic representation, characterization of the absolutely continuous members and a general
building procedure were presented.

Finally, we offered a stronger version of the bivariate lack-of-memory property previously intro-
duced, obtaining a result comparable to Oakes (2005), where copulas are considered to represent
the dependence between two random variables.

8.2 Future research

The topics addressed in this thesis open some potential subjects for future research which are
presented at the end of each chapter. In this section we summarize them. Concerning the extended
Marshall-Olkin model introduced in Chapter 3, one possibility consists in obtaining an absolutely
continuous version of the EMO distribution, following an approach similar to Block and Basu
(1974). Such a model should be suitable to analyse data without ties. Estimation techniques for
extended MO models, with or without censoring, remain to be developed as well as the multivariate
version. Similar research, related to the dual extended Marshall-Olkin model introduced in Chapter
4, can also be performed.

In Chapter 5 we introduced the class L(x; a) composed by nonnegative bivariate continuous
distributions such that the sum of the components of hazard gradient vector is a linear function
of both arguments x1 and x2. A parallel methodology remains to be elaborated in bivariate and
multivariate discrete settings. Our approach did not cover the censoring data case as well. The
inference procedures for the elements of L(x; a) and applications for real data sets are also object
of future research. Difficulties would come in the case of continuous distributions with singular part
and one possible solution, even in the case of censoring, is to apply the Kaplan-Meier estimate of
bivariate survival functions, following Dabrowska (1988). In fact, the results in the cited paper can
serve as a key-stone approach to extend the class L(x; a) of continuous bivariate distributions to a
larger class having arbitrary marginal distributions.

Another potential topic for future research is based on the recent paper by Nair and Sankaran
(2013). The authors construct a bivariate absolutely continuous and symmetric survival function
of the form SX1,X2(x1, x2) = exp{−g(x1, x2)} where the continuous function g(x1, x2) is defined by
functional equation g(x1, x2) = H−1Y (HY (x1) +HY (x2)). Here, HY (x) is the cumulative failure rate
function of the nonnegative random variable Y which satisfies the relation P(Y > g(x1, x2) | Y >

x1) = P(Y > x2), see Proposition 2.1 in Nair and Sankaran (2013). The usual univariate LMP is
a particular case substituting g(x1, x2) = x1 + x2 in the last equation. Our suggestion is to define
a new kind of BLMP by the condition

P(X1 > γ1(x1, t), X2 > γ1(x2, t) | X1 > γ2(t), X2 > γ2(t)) is independent of t,

under corresponding compatibility constraints on continuous functions γ1(x, t) and γ2(t). It is
clear that the classical bivariate lack-of-memory property, see relation (2.7), is the result of let-
ting γ1(x, t) = x+ t and γ2(t) = t in the foregoing relation.

In Chapter 6 we defined the concept of LS-BLMP and showed it can be used to characterize
the class L(x; a). In Chapter 7 we extended the results obtained in Chapter 6. Similar approaches
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can be followed as the discrete and multivariate versions of the class L(x; a) are developed.

8.3 Talks, technical reports and submitted papers

Earlier versions of the results obtained in this thesis have been reported in several opportunities,
as shown in Table 8.1.

Table 8.1: Conferences, workshops and talks

Title Conferences, Workshops, Talks

On the IFR aging of bivariate lifetime distri-
butions under binary associative operation

Probability Theory and its Applications - In
Commemoration of the Centennial of B.V.
Gnedenko (Moscow, June 2012)

Extended Marshall-Olkin Model and Finance
Applications

Talk held at IMPA (Rio de Janeiro, August
2012)

Extended Marshall-Olkin Model and Finance
Applications

1st European Actuarial Journal (EAJ) Con-
ference (Lausanne, September 2012)

Extended Marshall-Olkin Model and Finance
Applications

Talk at Technische Universität München
(München, September 2012)

Extended Marshall-Olkin Model and Finance
Applications

Talk at Technical University of Innsbruck
(Innsbruck, September 2012)

Extended Marshall-Olkin Model and Finance
Applications

Workshop on Stochastic Modeling at Piraeus
University (Athens, October 2012)

Extended Marshall-Olkin Model and Finance
Applications

Talk held at Izmir University of Economics
(Izmir, November 2012)

Extended Marshall-Olkin Model and Finance
Applications

Satellite Copula Workshop - IMECC - UNI-
CAMP (Campinas, March 2013)

Properties of the Extended Marshall-Olkin
Model

Satellite Copula Workshop - IMECC - UNI-
CAMP (Campinas, March 2013)

A note on bivariate extreme value copulas Sixth Brazilian Conference on Statistical
Modelling in Insurance and Finance (Mare-
sias, March 2013)

Continuous bivariate distributions with linear
sum of the hazard gradient components

Talk held at UFSCAR and ICMC-USP (São
Carlos, August 2013)

Sibuya-type copula function Risk Management Reloaded - Technische
Universität München (München, September
2013)

Continuous bivariate distributions with linear
sum of the hazard gradient components and
actuarial applications

Financial and Actuarial Mathematics at
Technische Universität Wien (Vienna,
September 2013)

Extended Marshall-Olkin Model and its dual
version

Marshall-Olkin Distributions: Advances in
Theory and Applications (Bologne, October
2013)

Extended Marshall-Olkin Model and Appli-
cations

Marshall-Olkin Distributions: Advances in
Theory and Applications (Bologne, October
2013)

A new notion of bivariate lack-of-memory
property

3rd Workshop in Survival Analysis and Ap-
plications (Campinas, November 2013)
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Four Technical Reports were elaborated at the Institute of Mathematics and Statistics of the
University of São Paulo, according with Table 8.2:

Table 8.2: Technical Reports at Institute of Mathematics and Statistics (USP)

Title Number

Extended Marshall-Olkin model and applications RT-MAE 2012-06, 13p.
Continuous bivariate distributions with linear sum of the hazard
gradient components

RT-MAE 2013-05, 32p.

Sibuya-type Bivariate Lack of Memory Property RT-MAE 2014-01, 23p.
Extreme value properties of the extended Marshall-Olkin model RT-MAE 2014-02, 12p.

Six papers were submitted for publication:

1. Extended Marshall-Olkin Model and Applications;

2. Dual Extended Marshall-Olkin Model and Applications;

3. Continuous Bivariate Distributions with Linear Sum of the Hazard Gradient Components;

4. Linear Sibuya-type Bivariate Lack of Memory Property;

5. Extreme value properties of the Extended Marshall-Olkin model;

6. Sibuya-type bivariate lack of memory property.

Finally, there are two invitations to write chapters in Proceedings of Springer Verlag covering
part of the material presented in this thesis.
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