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Abstract

The usage of classical p-value in significance tests for evaluating statistical hypotheses is a
common practice among scientists of different areas of sciences. However, this practice has
been widely criticized for its interpretation for many years and from many points of view due
to of its misuse. Consequently, alternatives to this procedure are needed. In this work statis-
tical hypothesis testing using weighted likelihood functions and adaptive significance levels
are reviewed, with special emphasis on exploring the properties of this procedure. Specifi-
cally, it is proved that this procedure follows both the non-informative “nuisance” parameter
principle and an invariance property. These properties lead to a reduced model and tractable
parametric spaces that allow tackling the problem of testing hypotheses more easily. In ad-
dition, the conditional P-value is presented as a measure of evidence of the hypotheses. The
proposed test is applied to test independence and diagonal symmetry on contingency tables,
compare two Poisson means and to test the Hardy-Weinberg Equilibrium hypothesis. The

advantages of this methodology are discussed and possible future works are suggested.

Keywords: P-values, Contingency Tables, Bayes factor, Homogeneity, Independence, Diag-

onal symmetry, Hardy—Weinberg equilibrium, Poisson means comparison.
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Resumo

O uso do walor-p cléssico em testes de significancia para avaliar hipoteses estatisticas é um
procedimento comum entre cientistas de diferentes areas das ciéncias. No entanto, esse pro-
cedimento tem sido amplamente criticado por sua interpretacao ha muitos anos e de muitos
pontos de vista devido ao seu mau uso. Consequentemente, sao necessarias alternativas
para esse procedimento. Neste trabalho, o teste de hipoteses estatisticas usando fungoes de
verossimilhanca ponderadas e niveis de significancia adaptativos é revisado, com énfase es-
pecial na exploracao de propriedades desse procedimento. Especificamente, prova-se que este
procedimento segue o principio do parametro “nuisance” nao informativo e uma propriedade
de invariancia. Essas propriedades levam a um modelo reduzido e a espacgos paramétricos
mais trataveis que permitem enfrentar o problema de testar hipéteses com mais facilidade.
Além disso, é apresentado o valor-P condicional como uma medida de evidéncia das hipote-
ses. Os resultados sao aplicados para testar a independéncia e simetria diagonal em tabelas
de contingéncia, também para comparar duas médias de Poisson e o teste de Equilibrio de
Hardy-Weinberg. A discussao geral apresenta as vantagens dessa metodologia e sugere pos-

siveis trabalhos futuros.
Palavras-chave: Valor-P, Tabelas de contingencia, fator de Bayes, Homogeneidade, Inde-

pendéncia, Simetria diagonal, Equilibrio de Hardy—Weinberg, Comparacao de médias de

Poisson.
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Chapter 1
Introduction

In experimental sciences, tests of significance are the most commonly used method for in-
ference. However, the significance test has been generally criticized for their interpreta-
tion for many years and from many points of view because of its misuse, see for example
Berger and Delampady (1987); Demidenko (2016); Schervish (1996a); Trafimow and Marks
(2015) and references therein. In view of this, we present some ideas from the point of view
of Fisher and Neyman involving p-value and some of its limitations, which motivated to
implement new measures of evidence.

According to Schervish (1996a), the p-value is interpreted as an evidence measure of

the null hypothesis. This interpretation distinguishes Fisher’s theory from the theory of
Jerzy Neyman who refused the idea that p-values can be seen as a measure evidence . Ac-
cording to Neyman, the result in a hypothesis test is a decision between alternate actions
(Johnstone et al., 1986), i.e, to accept or reject the null hypothesis (Neyman, 1960). Ney-
man’s interpretation of tests of significance was not well received in its epoch, although the
mathematical concepts he developed with Egon Pearson, especially the concept of “power”,
are the concepts used explicitly by every orthodox (not-Bayesian) statistician to characterize
and compare tests of hypotheses (Johnstone et al., 1986).
As said by Berger and Delampady (1987), for many years, it has been alleged that Fisher’s
logic, specifically his much-vaunted disjunction, is fundamentally misconceived, since if the
probability of an event F given the null hypothesis H, p(F|H), is small, it is not enough
to discredit the null hypothesis H unless there is an alternative hypothesis A such that the
probability p(E|H) is relatively large, i.e. such that the likelihood ratio p(E|H)/p(E|A) is
small, certainly less than 1 (Berger and Delampady, 1987; Johnstone et al., 1986).

The idea that the null hypothesis is not discredited unless the likelihood ratio p(E|H)/p(E|A)
is less than 1 is one version of the so-called “law of likelihood” presented by Hacking (1965).
If the law of likelihood is logical, which most theorists accept, at least intuitively, then
Fisher’s disjunction, which takes into account p(E|H), but not p(F|A), makes no sense.
Thus, Fisher’s disjunction conflicts with Bayes’ theorem. This inconsistency, which is often

described as a “paradox”, was elaborated by Lindley (1957) who demonstrated that for any



prior probability p(H) > 0, and for any level of significance p, no matter how small, there is
always a sample size n such that the posterior probability of the null hypothesis H equals
1—p. As explained, first by Jeffreys (1998) and later by Cornfield (1966), the interpretation
of the level of significance p-values based depends on the sample space. The sample space is
defined in part by the sampling rule, i.e. the rule (routine) with which the sample is drawn.
Thus, the p-value depends not only on the discrepancy of the sample with the null hypothesis
but also on the stopping rule, the scheme of experimental randomization and the type of null
hypothesis being tested. Note that the inferences based on the likelihood does not depend
on the stopping rules and if one accepts the likelihood principle one must reject p-value as
evidence against the null hypothesis (Berger and Delampady, 1987; Johnstone et al., 1986).

Another inconsistency in Fisher’s philosophy is its lack of coherence. Suppose that one
hypothesis implies another, e.g., H; : 8 € (—o0,0] implies Hy : § € (—o0,10] because
(—00,0] is a subset of(—oo,10]. Then, H; and Hy are coherent if rejection of Hy always
entails rejection of H; (Gabriel, 1969), and we say that a measure of support for hypotheses is
coherent if, whenever H; implies Hs, the measure of support for H, is at least as large as that
for Hy (Schervish, 1996a). For example, a coherent measure’s support for Hy : 6 € (—o0, 10]
is at least as large as its support for H; : 6 € (—o0,0]. Thus, p-values are incoherent
for point hypotheses, for one-sided hypotheses and for hypotheses of the bounded interval
(Barber and Ogle, 2014; Schervish, 1996a). In addition, notice that, the p-value is computed
not only using the observed result, but also considering all unobserved results more extreme
than the observed result. It seems sensible to include the observed result in a measure
of evidence. However, to include more extreme results that are somehow hypothetically
observable, but are actually unobserved, seems unreasonable. The p-value often provides
only a measure of how well the observed data fit the null hypothesis. This seems useful for
comparing data sets relative to a single hypothesis, however, we typically have just one data
set and possibly multiple hypotheses (Barber and Ogle, 2014).

As mentioned by Kass and Raftery (1995) and Etz and Wagenmakers (2017), the
Bayesian approach to hypothesis testing was developed by Wrinch and Jeffreys (1919, 1923a,b)
and Jeffreys (1935, 1936) as a major part of his program for scientific inference. Ever since,
there is growing evidence that this approach is very useful in practice, and not just a cudgel
for bashing frequentists. See for example, Dickey and Lientz (1970); Good (1950, 1965);
Irony and Pereira (1995); Lindley (1968); Montoya et al. (2001); Pereira and Wechsler
(1993); Pereira et al. (2017); Savage (1961); Wald (1947). Among them, there is a consen-
sus on the advantages of Bayesian procedure through the Bayes factor. For instance, they
emphasize that the Bayes factor not only is an exact test, that is, it does not depend on
asymptotic results but also that it offers a way of evaluating evidence in favor of a null
hypothesis and its results are simpler to interpret.

As most of the Bayesian procedures, the Bayes factor follows the likelihood principle.
Despite that, the Bayes factor is often criticized for its sensitivity to the choice of priors.

However, today there exists considerable literature in eliciting probabilistic information from



experts and sensitivity analysis that can help us with this limitation (see for example Florez
(2015), Kass and Raftery (1995) and references therein). Another criticism is that, in some
cases, no alternative hypothesis can be specified. Consequently, without an explicit alterna-
tive hypothesis, no Bayes factor or posterior probability can be calculated. Thus, the justi-
fication is, there is no other option except to use the p-values. But, if we are conscious that
p-values overstate the evidence against the null hypothesis H when the alternative hypoth-
esis is known, how can we argue that no problem exists when the alternatives are unknown?
To the contrary, what we have learned about testing hypothesis when we have alternatives
should serve as overwhelming evidence that a small p-value against a null hypothesis simply
may not indicate strong evidence to doubt the hypothesis (Berger and Delampady, 1987).

Bayes factor has the form of a likelihood ratio, where the densities under each hy-
pothesis involved are obtained by integrating (not maximizing) over either whole or partial
parametric space. Up to now, many integration techniques have been adapted to problems
of Bayesian inference, including, of course, the computation of Bayes factors. For instance,
when the dimension of the subspace defined by any of the hypotheses is smaller that of
the original parameter space, it is possible to determine the Bayes factor using either line
or surface integrals. Pereira et al. (2017) proposed such an approach for hypothesis testing
that, roughly speaking, reduces to test simple versus simple hypothesis.

Nowadays there is a large number of statistical methodologies that over the years have
been resistant to attempts to correct them. The use of fixed significance levels is one of
them, even when different authors agree in that there are no scientific justification to use
fixed or nominal significance level, see for example (DeGroot, 1986; Pericchi and Pereira
, 2016; Pérez and Pericchi, 2014; Rosnow and Rosenthal, 1992) and references therein. As
explained by Gill (1999) these arbitrary rejection thresholds were presented by Fisher at
a time when computers were rare and expensive, thereby, the table of significance levels
cannot give every possible value in the range of a test statistic, so particular discrete values
had to be provided by convention. However, this logic no longer applies due to the ubiquity
of computers in research and teaching environments. On what basis do we decide that p =
0.051 is unacceptable but p = 0.049 is ? Such a distinction relies on the assumption that
there is virtually no measurement error, and also that in most situations there is no precise
limit to the type I probability error that can be tolerated (Lehmann and Romano, 2006).
Furthermore, the use of nominal levels in discontinuous data can be seriously misleading.
This warning is made by Yates (1984), where he showed how in the toss of a fair coin 10
times, the probability of getting 8 or more heads is 0.055 and for 9 or more is 0.011, ie.,
only 1.1 percent of all samples on average will be declared significant at a nominal level of
5 percent.

Previous criticisms generated dissatisfaction among the scientific community, see for
example Trafimow and Marks (2015); Wasserstein and Lazar (2016). Part of that dissat-
isfaction is due to a phenomenon known as “p-hacking”. The “p-hacking” occurs when re-

searchers try out several statistical analyses and/or data eligibility specifications and then



selectively report those that produce significant results (Head et al., 2015). We shall ad-
dress the methodologies presented by Irony and Pereira (1995); Pereira and Pereira (2005);
Pereira (1985); Pereira et al. (2017); Pericchi and Pereira (2016) as a solution to overcome
those criticisms. We will also explore new properties that were not yet explored in the liter-
ature and show its applicability in count data arranged in contingency tables.

Analysis of contingency tables is a statistical area where the adequacy of a hypothesis is
generally evaluated by the outcome of a classical p-value against a nominal significance level
through the standard tests likelihood ratio from Neyman and Pearson (1957) and Pearson’s
chi-squared from Wilks (1935), although other methods have also been developed (see, for
example, Agresti (2013); Upton (1982) and references therein). Nevertheless, in situations
where the sample size is small or the count cells are close to zero, these standard tests
may have poor performance because they are based on asymptotic results, that is, for a
large sample size. Therefore, when the sample size is small, the performances of this test
are not optimal. Indeed, when there are count cells close to zero it is not possible to use
the asymptotic likelihood ratio test. In these cases, the exact tests are a natural alternative
(Graziadei, 2015; Klein and Linton, 2013). Even if the sample size is large and there are no
probabilities close to zero, the "standard" methods inherit the problems previously discussed
about tests of significance and, also, the Lindley’s paradox Lindley (1957).

This work is organized as follows: in chapter 2, we explore the methodology presented
by Pereira et al. (2017) and the NNP and Invariance principles. These principle are used to
develop new solutions for count data. In chapter 3, we apply these developments for count
data, to test homogeneity, independence, and symmetry on contingency tables, comparison
of means between populations that follow Poisson distribution and in Hardy Weinberg equi-
librium problem. Examples and simulations of practical problems are presented in chapter

4 and in the final chapter, conclusions and suggestions for future work are presented.



Chapter 2
Preliminaries

In this chapter we start with the traditional definitions of statistical model and hypothesis
testing. Later we introduce the Bayes factor and the adaptive significance levels. With these
definitions, we prove that the P-P test obeys both the invariance principle and the non-
informative nuisance parameter principle, which are the main results of our work. Other
definitions are introduced and we finish the chapter with definitions of conditional version

of the adaptive level of significance and the Bayesian P-value.

2.1 Statistical model

As usually described, the mathematical formulation of the statistical model requires some

notions of measure theory. We assume that there is a probability space

(X, F,P), (2-1)

where X denotes the sample space, F a o-field of subsets of X and P a parametric family
of distributions. Sets in F are often known as random events and generic elements z € X
as the data coming from an experiment which are assumed to follow a joint probability
distribution, P(-), belonging to P. Frequently, the distributions are indexed by a parameter,
say 0 : X — O, where © C R* is a parameter space with Borel o—field given by o(0©), so
that

P={P:0¢c06} (2-2)

Usually, © will be a subset of some finite-dimensional Euclidean space. For more details see

Pace and Salvan (1997); Schervish (1996b). Under this setting, we define for each x € X,
L,:0—=R, as

Ly = L(0) = L(0]|x) = P(x|0), (2-3)

the likelihood function where ¢(z) > 0 is a constant of proportionality. The function L(6|z)
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gives information on 6 for each observed z. It is assumed that the family of likelihood
functions indexed by x must be measurable in the prior o-field.

In the Bayesian paradigm, in addition to the conditional distribution of P(x |6), 6 has
prior probability measure 7(-) over ¢(©). From the prior distribution and the likelihood

function we obtain the posterior probability function (6 | x).

2.2 Hypotheses test

Statistical hypotheses testing consists of a decision problem in which the objective is to
choose a statistical hypothesis among two complementary hypotheses, say, H and A. Each
one of these hypotheses defines a specific subset of the parameter space ©, that is, H : 0 €
On; A: 0 € Oy, where Oy UO 4 =0 and Oy (104 = 0 with ©4 € 0(O) and Oy € 0(O)
(for further explanation see Schervish (1996b)). Thus, following the above definition, the
hypotheses to be tested in this work are given by:

H: 0ec0o,

2.4
A: 0e6g (24)

Where, Oy is some subset of the parametric space © and Oy is its complement. Let us define
a test function 6 : X — {0,1} by

o(z) =

1 if we reject H when x is observed.
(2-5)

0 if we do not reject H when x is observed.

In frequentist approach, it is common to use the Neyman-Pearson procedure for testing
simple hypotheses, say H : 6 € O versus A : 0 € Of hypotheses. In that case, the type I

and type II error probabilities for the test ¢ are expressed as

a(0) =P(0(x) =116 € Oy) (2-6)

and

p(0) = P(6(x) =00 € 6). (2-7)

Under their theory, a rejection region is shaped by fixing beforehand an upper bound value
for a(d) € [0, 1], and, based on this rejection region, the decision between H and A is made,

i.e, the choice of a test procedure is restricted to those tests § where:

a(8') < oy, 6 € Oy and Min (34(5)), 0 € ©F, (2-8)

with o € [0, 1] fixed beforehand (this idea also has been generalized for composite hypothe-
sis). In the next section we examine the problem of testing (2-5) from a Bayesian perspective.
Actually, there are different Bayesian methodologies to help researchers decide about the null

hypothesis H. For instance, the Bayes factor presented by Jeffreys (1935) which is based on
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likelihood ratio, methods based on posterior probabilities such as the posterior predictive
p-value developed by Rubin (1984) or methods based on the highest posterior density region
like the Full Bayesian Significance Test presented by Pereira and Stern (1999). Each one of
these methods has its own properties and depending on the situation they could perform
better than other statistical tests. Despite this, we limit our work to the tests based on the

Bayes factor proposed by Pereira et al. (2017).

2.2.1 Bayes Factor

The Bayes factor has its origins in Jeffreys (1935, 1936) and until today it is one of the main
tools used by Bayesian statisticians for hypotheses testing. According to Hacking (1965)’s
Likelihood Law

If the hypothesis H implies that the probability that a random variable X
takes the value x is fy(x|0), while hypothesis A implies that the probability is
fa(z|0), then the observation X = x is evidence supporting H over A if and only

if fu(x|0) > fa(x|0), and the likelihood ratio LR = ;Z((gg)), measure the strength

of that evidence.

In this work, we use the Bayes factor as the index of evidence in favor of the null hypothesis

H in (2-5). Let us define the predictive function of the data under each hypothesis as

fulw) = B(L(0]2) |0 € Og) = /@ L8] 2)dP,(6) (2-9)

and
Fa@) = E(L(0]2)] 0 € OF) = / L(0| 2)dP ., (6). (2-10)
5
where P (-) and P,(+) are, respectively, the conditional measures of § given the hypothesis
H and A. For each x € X, (2-9) and (2-10) can be seen as evidence measures for the data x

under each hypothesis. Hence, the Bayes factor can then be defined as

Bf(x) = §ZE§§ (2-11)

and it measures the evidence of z € X supporting H over A. Note from (2-9) and (2-10)
that fy(x) (fa(x)) has the form of a likelihood weighted by the prior distribution under each

hypothesis. In what follows we will refer to the predictive function under each hypothesis

as weighted likelihoods, where, the prior measure may be seen as a preference system in the
parameter space (Lindley et al., 1979; Winkler, 1967). This preference system could suggest
that some subset of values in © are, a priori more likely than others. This can be described
by a probability density function m(#). And for any event this probability can be evaluated
by

P(0 € ©) = / 7(0)dd = m,, and P(0 € ©)) = / 7(0)d0 = 7,. (2-12)
©o 0
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When we are testing “simple versus simple” hypothesis, the Bayes factor is the likelihood
ratio. In other cases, when either one or both of the hypotheses are composite, the Bayes
factor is still given by (2-11), where, for the case of sharp hypotheses, the integral symbol
in (2-9) or (2-10) will possibly represent either line or surface integrals.

In this work, we limit our comments on the Bayes factor to those already presented in
the introductory chapter. For an in-depth discussion about the Bayes factor we recommend
Etz and Wagenmakers (2017); Kass and Raftery (1995); Lavine and Schervish (1999).

2.2.2 Adaptive Significance Levels

In both Neyman-Pearson’s and Fisher’s approaches for hypothesis testing, the choice of «,
is totally arbitrary, since in most situations there is no precise limit to the type I probability
error that can be tolerated (Lehmann and Romano, 2006). As an alternative to these ap-
proaches, Cornfield (1966) and DeGroot (1986) recommend that, instead of fixing type I
error probability and minimizing type II error probability to test hypothesis, it is better to
use a test that minimizes the linear combination of the two error probabilities, in the case

of simple versus simple hypotheses testing, that is

]\/Iéin[a x ap(8) + b x Bp(0)], where, a,b> 0. (2-13)

Pericchi and Pereira (2016) showed that using weighted likelihoods it is possible to construct
a test 0% : X — {0, 1} that minimizes the linear combination of weighted error probabilities.

This optimal test is given by

5(2) = {1 it afu(z) > bfa(w) (2-14)

0 if afu(z) < bfa(x)
and accept any of them if afy(z) = bfa(x), with a > 0 and b > 0. Pereira et al. (2017) uses
this test 0*(x) to calculate an optimal level of significance that depends on the sample size,
thus avoiding the “Lindley paradox” in Bayesian hypothesis testing. Under their proposal

the adaptive significance level a4+ is defined as

age =P(Bf(X) <b/a| X ~ fu)
— LO|2)dP,(0) =Y  fu(x),
). x

where ® = {x € X : Bf(z) < b/a}. Similarly, the adaptive type II error probability (s is
defined as

(2-15)

Ba* :]P(Bf(X) > b/a|X ~ fA)
= L<9|x)dIPA(9> = fA('T)'
>J. >

The above idea can also be useful in determining the sample size. For instance, if one wants

(2-16)

to calculate a sample size for which the adaptive type I probability error does not exceed, say,
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0.05. On the other hand, we want to point out that the condition X ~ fg (X ~ fa) tells us
that the decision problem has been reduced to choose one of these densities fg(f4) as being
the true generator of the observed data. In a sense, the problem of testing H : 6 € O, against
A 0 € ¢ is replaced by testing H : X ~ fy(z) versus A" : X ~ fa(z). In other words,
we are always transforming a general hypotheses ( simple v.s composite and composite v.s
composite ) to a “simple versus simple" hypothesis testing. In addition, Pereira et al. (2017)

define a new P-value for the observed value x( as

P — value(xzp) = Z fu(x), (2-17)
Do
where ©, = {x € X : Bf(xz) < Bf(zo)}. In order to get a better understanding of this new
method consider the next example.

Example 1. Let X be a random variable that follows a Binomial distribution with pa-
rameters n and . Then, the likelihood function generated by =z € {0,1,...,n} is given
by

L(0]z) = (Z) 6=(1 — 6)"". (2-18)

Assume that 6 € [0, 1] has prior distribution 7(6) such that

F(Cl+02) c1—1 _ p\ca2—1 _
Ma)l(e)’ (L7071, (2-19)

where, ¢1,co > 0. Then, the hypotheses which we are interested can then be represented by

m(0) =

H HSQO

(2-20)
A: 0> 007

with 0y € (0,1). Hence, to perform the P-P test, the first step is to compute the weighted
likelihood under each hypothesis, i.e.,

@) = [ LOl)a0

0o
_(™)Jo
x

grreal(1— )" tee—ld (2-21)

)

0o
/ 05171(1 70)6271d0
0

and

falz) = /@ L(0]a)dP A(0)

g

The second step is to compute the Bayes factor

1
/ 0w+clfl(1 o o)nferczflde (2_22)
)

1
/ 6 -1(1— ) ~1dg

0o
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6o 1
/ grreni(1 —gyrrteaigg [ 69 (1 — g)ld
0 6o

Bf(x) =

1 0o )
/ ez-l—cl—l(]_ _ 9)n—x+cg—1d9 / ecl—l(l o 9)02—1d9
0

0o
for simplicity, we will assume a uniform distribution for 6, i.e, ¢; = ¢o = 1. Now, if our
experiment yields the result x = 6 for a sample size n = 10 and we want to know if 8y < 0.5,
then, the Bayes factor is expressed as

0.5

6=(1 — 6)°=dg

Bf (l‘) = =0 1 :
6% (1 — 0)'°*do
0.5
Table 2-1 presents the weighted likelihood functions and the Bayes factor for all possible

results of z.

Table 2-1 Weighted likelihoods functions and
the Bayes factor for all possible results of
Binomial population with sample size n = 10.

v fu(x) falz) Bf(x)
0 0.18 0.00 2047
1 0.18 0.00 170
2 0.18 0.01 30
3 0.16 0.02 7.8
4 0.13 0.05 2.6
) 0.09 0.09 1
6 0.05 0.13 0.4
7 0.02 0.16 0.1
8 0.01  0.18 0.03
9 0.00 0.18 0.01
10 0.00 0.18 0

Thus, the adaptive significance level considering b/a = 1 is given by

ag = Y fulr) = 0.1685,
3

and the Bayesian P-value by

P — value(6) = fu(x) = 0.0071.
Do

As in other standard tests, we can decide between to reject or not reject the hypothesis H (in
2-20) if the Bayesian P-value(zy) < ag« or P-value(xg) > as+ respectively. In this case, the
decision is to reject H. Note that, to compare P-value(xg) with g« is equivalent to testing

by using 6*(x) in (2-14). This equivalence is proved in Pereira et al. (2017).
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In this work, we adopt adaptive significance levels and the Bayesian P-value as tools
to make a decision (reject/not reject) about null hypothesis of interest. In the next section,

properties of this new procedure are presented.

2.3 The resulting hypothesis tests and some properties

The P-P test procedure has been explored by Gannon et al. (2019); Irony and Pereira
(1995); Montoya et al. (2001); Olivera (2014); Pereira and Pereira (2005); Pereira et al.
(2017); Pericchi and Pereira (2016). The idea is basically to compute the Bayes factor for all
possible values of x, then, compute the adaptive type I error probability (2-15) by summing
up the weighted likelihood under the null hypothesis f;;(x) of those values x for which the
Bayes factor is less than b/a and compute the Bayesian P-value (2-17) for those values « for
which the Bayes factor is smaller than the Bayes factor evaluated in the observed value x.
Finally, one chooses between one of the hypotheses in (2-4) if the Bayesian P-value< (>)a-.
This new hypothesis test is an exact test that does not require any constraints on the
dimensionalities of the sample space and parameter space, and that takes advantage of the
ordering of sample space made by the Bayes factor to compute the Bayesian P-value. This
Bayesian P-value may be used as a test statistic (as well as the frequentist p-value), but
the difference here is that instead of comparing it to nominal values such as 0.05 or 0.01,
the Bayesian P-value is compared to an adaptive significance level that is a function of the
sample size, obtained from (2-13), avoiding the Lindley paradox Lindley (1957). In addition

to this, the P-P test has several interesting properties.

2.3.1 Likelihood Principle

The Likelithood Principle concerns about either justification or evaluation of statistical infer-
ence procedures. It is frequently invoked in arguments about correct statistical reasoning. In
simpler terms, the likelihood principle tells us that all information ( resulting from an exper-
iment ) about the parameter 6 should be contained in the Likelihood function. In addition,
if two likelihood functions have the same information about 6, they must be proportional
each to other. A formal definition of the likelihood principle is given by Berger and Wolper
(1988):

The Formal Likelihood Principle : Consider two experiments £; = (X1, 0, P!)
and & = (X,,0,P?), where, X;, for i = 1,2. is the sample space, © is the
parameter space ( 0 is the same quantity in each experiment) and P! a family
of probability density functions indexed by the conditioning parameter § € O.
Suppose that for the particular realizations xj € X; and z5 € X, from &; and

Es, respectively,

L(0]a?) = k x L(6)a3), (2-23)
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where k = k(z7, x7) does not depend on . That is, the likelihood generated by
data z7 in experiment &; differs by a constant £ from the likelihood generated

by data 23 in experiment &. Then

Ev(&,x7]) = Ev(&, x3), (2-24)

where Ev(-) represents the inferences made from the experiments and the corresponding
observed sample point. In the context of hypotheses testing it means the decision about
the null hypothesis (2-4) always must be the same under both Ev(&;,z}) and Ev(&,, ),
regardless of the details of the experiment that produced the observations, if (2-23) holds.
Pereira et al. (2017) showed that the P-P test does not violate the Likelihood Principle, i.e,

Ev (Bf(l)(x’{), f{) = FEv (Bf(2) (x3), xz) , (2-25)

the decision about the hypotheses (2-4) is the same when the Bf*(x}) is computed under

proportional likelihoods L'(0|z%) = k x L*(|z3}). In the following sections we shall present

other two useful properties of this new procedure.

2.3.2 Invariance Principle

The invariance principle is not a new topic of discussion in Statistics. Initially formalized
by Hotelling (1936) and Pitman (1939), its use and applications have been extensively
explored. For instance, as is indicated by Berger (1985), in fiducial inference of Fisher
(1935), the structural inference of Fraser (1968, 1979) and non informative priors. Accord-
ing to Lehmann and Romano (2008) and Lehmann (2012), in an unpublished work by
Hunt and Stein (1946), this principle began to be used in hypothesis testing. Different def-
initions of invariant tests are presented in Eaton (1989) and Lehmann (2012). Since our
aim is to show that the P-P test is invariant under transformations, we do not delve into
everything related with invariance topic. We recommend the interested reader in this topic
to see the mentioned references.

As is explained by Pace and Salvan (1997), through of his Parameterization Invariance

Principle,

Parameterization invariance principle: If 6 and A are two alternative param-
eterizations for the parametric model P, g(z) is an inferential procedure, C'®
and C* are the conclusions that g(-) leads to, expressed, respectively in the pa-
rameterizations # and A, the same conclusion C* should be reached both by
the application of g(+) in the parameterization A and by the translation into the

parameterization A of the conclusions C'©.

When the inferential procedures can be considered as “intrinsic functions” that do not depend
on the coordinate system expressed by the parameterization defined on P, the Parameteriza-

tion invariance principle holds, that is, no matter which one parameterization is chosen, the
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conclusion will be the same. In the next theorem, we shall formalize the idea that the P-P
test has the property of invariance when we are going from a fixed measure to another fixed
measure in another parametric space, consequently, the decision about the null hypothesis

is the same no matter which one parameterization is chosen.

Theorem 1. Consider the probability spaces where © C RF and A C R* are the full
parametric spaces, o(-) is the Borel o —field from each parametric space and IP 4, is obtained
from P4y by direct random transformation of the form A = h(f), where H(A) represents
the evaluated hypothesis. Then, define @© : X — {0,1} and @* : X — {0,1} as the P-P
test under (©,0(0), Pr(a)) and (A, o(A), Py 4)), respectively, where

and (2-26)

@:{ 1 if Bf9(x)<c

o = 1 if Bf*xz)<c
0 if Bf9(z)>c

0 if Bf:(x)>c

Let h : © — A be a measurable functions, i.e., h™'(Ag) € o(O) for all Ag € o(A) and in

addition, let A be a measure-preserving transformation, such that,

]Pﬁ(A>(h(@0)) = IPH(A)(h_l(h(GO))) = IPH(A><@O)7 (2‘27)

where H (121) represent the hypotheses under the alternative parameterization A, for ©g €
o(©) and Ay € o(A). Then, equation (2-27) implies that Bf®(z) = Bf*(z), consequently,

the P-P test is invariant under reparameterizations.

Thus, Theorem 1 imply that the diagram (2-1) holds for the P-P test,

7(0) - 7(8)
P Paca
(C) A
® Pray 0 ht ®

Figure 2-1: The statistical procedure IP(.y is invariant under reparameterization if the
conclusions @© and @ are the same, no matter what parameterization © or A was chosen.

It means that no matter which parameterization is chosen, the conclusion about the null
hypothesis will be the same by considering the measure Py in the original parametrization
(0) or by considering P . This is a useful result, because in cases where the hypotheses of
interest are “complex” under the original parameterization, a reparameterization could turn

it into a "straightforward" hypotheses test in another coordinate system.

Example 2. To illustrate the principle we consider three cases, each one representing

different sets of full parametric space A C R*. We show that for a measure-preserving
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transformation h the P-P test obeys the Parameterization invariance principle in all of

them. For this, let us define the hypotheses in the alternative parameterization as

H: Mel

- (2-28)
A XNeEAS.

In addition, let f(.) and 7(-) be the predictive function and prior distribution respectively
for the alternative parameterization.
Case 1: Let Ag in (2-28) be Ay = B, with B C A, that is, B is a subset of A. Hence, the

transformation h has jacobian J given by

691 891
Ox1 T O
J = : :
ey 005,
Ox1 T O

Therefore, the prior distributions for A under each hypothesis in (2-28) are given by:
7 (h(9))

FOX € Ag) =
/A 7 (h(8)) | 1P 5 ()

)

and
7 (h(6))

[ 7017510 5 ()

FOAIN € AG) =

The predictive functions under each hypothesis in (2-28) can then be represented as

fg(x)Z/AL(h(Q)Iw)W(h(Q)Ih(Q) € Ao)|[Jg|dP (M),

and

fala) = /AL(h(H) | 2)m(h(0) [ h(0) € AG)[J4ldPP 5(A),
thus, the Bf(z) is expressed by

| L0:0) |2)7(1(0) 11(0) € Al Tg P 5 (3

L(n(0) [ x)m(h(0) | h(6) € AG)| T 1dP 5(A)

™
—
>

(x) =

L) [2)m(h~ ) [h™H(N) € O9)|Ju | 1dPk (0)

L(h= (V) [a)m(h=H(A) [A7H(A) € ©F)[Jal = dP 4(0)

L(0]2)7(0]0 € Og)dP ()

T—o— s—lo— —

= Bf°(x). (2-29)
L(6|z)m (0|0 € ©F)dP A(6)

Case 2: Let Ag in (2-28) be Ay = {b}, where b € A, that is, b is a singleton in A. Hence, A
has degenerate distribution in b, consequently, this leads to the following equation for prior

distributions:
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i A
TN € Ro) == o))
=1
and
(A x € Ag) =——U0)
/A #(h(8))1 5]dP 5 (V)

=#(h(0)).

The predictive functions under each hypothesis are given by:

fi(x) = L(h(b) [ x)

and
Fala) = / L((8) | 2)r(h(8))|]1]dP 4(N).

hence, the Bayes factor Bf*(x) can be expressed as

/A L(h(8) |2 (h(6))]] 5]dP 5()

_ L(h ' (B))
RGBT PR O

__ LO=bY) preqy) (2-30)
JRICBECENG

Case 3: Let Ag in (2-28) be Ay = {|b|}, where b € A, that is, b is a singleton in A. Thus,

the prior distributions under each hypothesis can be represented as

ﬂMAeA@:Zme»

7 (h(6))
=m(AA € o)),

and

7 (h(8))

FO|A € AG) =
/A #(h(60))]J 51dP 5()

=m(h(0)),

accordingly, the prior predictive functions under each hypothesis can be written as

fa(@)=>_L(h(0)|x)x (h(6)| h(0) € {Ib]}),
{161}
and
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Fale) = / L((6) | ) (h(0)) | 751 5(V),

consequently, the Bayes factor Bf*(x) is given by:

:Z{w} L(h(0) |z)m (h(0) | (6) € {[b[})
JRZLCIEUONEAT O

Bf*(x)

S HO ) [2)7 (O [ € (i)
L B0 ) 27 (071 0)) 1941 4B 4(0)

:Z{m} L(0|x)m (010 € {|b]})
JRAGBLOENG

We just show for the continuous case since for discrete cases the procedure is similar.

= Bf®(x).

2.3.3 NNP Principle

When a multidimensional parameter, say (6, 02) takes values in the cartesian product of the

corresponding ranges, say (01, 02), and the Likelihood function (2-3) factorizes as

L(0lz) = L' (61]2) - L? (6o]2) , (2-31)

it seems reasonable that inferences about 6; and 65 can be performed independently. On
the other hand, if @ is partitioned as 6 = (0, 60,), and just 6; is of interest, then it seems
sensible under (2-31) that we achieve the same conclusion either by using just L!(6;|x)
or the whole likelihood function L (6|z). Thus makes sense to disregard the information
contained in L? (fy|z) and focus the interest on 6;. As mentioned by Pace and Salvan (1997),
examples of Likelihood functions with separable parameters like (2-31) are rare, but if (2-31)
holds, it would be a useful property for Bayesian and non-Bayesian schools, especially in the
presence of nuisance parameters. We use the equation (2-31) to motivate and revisit the
principle of inference named the Noninformative Nuisance Parameter Principle (NNPP) by
Berger and Wolper (1988),

Noninformative Nuisance Parameter Principle: Suppose £ is an experiment
such that (2-31) is satisfied. Let £ be the "thought" experiment in which, in
addition to x, 6, is observed. Then 6, is a noninformative nuisance param-
eter if Evg, (£%,(z,0,)) is independent of f,. The NNPP states that if £ and z

are as in (2-31) and 6, is as noninformative nuisance parameter, then
Euvg, (€,7) = Ev(E®, (,0,)).

That is, if one were to reach identical conclusion for every 65, were 5 is known,

then the same conclusion should be reached even if 05 is unknown.
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Despite its relevance in eliminating nuisance parameters in the analysis of data with nui-
sance parameter, Berger and Wolper (1988) presented the NNP principle in their remark-
able book, but they have not explored this principle in-depth as far as we have examined
in the literature. In this work, we examine this principle and put it in the context of the
hypothesis testing problem.

Elimination of nuisance parameters and different notions of non-information have been
studied in more detail in Barndorff-Nielsen (1976, 1978); Basu (1977) and Jorgensen
(1994), where, based on suitable statistics T, the concepts of B, S and G non-information
are presented. The generalized Sufficiency and Conditionality principles are also discussed.

To sketch those ideas we will quote from Basu (1977) the following paragraph:

Corresponding to any statistic 7" we can conceive of a decomposition of the
experiment £ into a two-stage experimental setup in which the marginal exper-
iment & is followed by the conditional experiment £ that corresponds to the

observed value t = T'(x) of T'. The original data (£, x) may then be viewed as
{(gT’ t)a (gtTa CL’)}
Let us to introduce some definitions:

Definition 2.3.1. Variation independent : A multidimensional parameter O is said to
be variation independent if its range is the Cartesian product of the separate ranges of its
coordinates ©; and O,, i.e, © = O x O,.

Definition 2.3.2. p-Sufficiency (Basu): The statistic T is partially sufficient (denoted by
p-sufficient) for 0, if for each fixed 0y € O, the statistic T is sufficient with respect to the
model (X, F,P,,), where, P,, = {FP: 61 € O1,6;fixed} and if the marginal distribution of
T only depends on 6.

Definition 2.3.3. s-Ancillarity (Basu): The statistic T is a partial ancillary (s-ancillary)
for 6, if for each fixed 0, € O, the statistic T' is sufficient with respect to the model
(X, F,Py,), where, Py, = {Fp: 6, fixed,, € O} and if the marginal distribution of 7" only
depends on 6,.

Then, Basu (1977) argues that if the statistics T is p-sufficient for the parameter which
we are interested for inference, say 6;, where the general vector is given by 6 = (6, 6,),
then it makes good statistical sense just to use the marginalized part of the data (Er,t).
Conversely, if T' is s-ancillary for 6, then it appear logical to use the conditional part of the
data (€], z). Note that Basu’s approach is an application of the NNP principle: which the
same conclusion should be achieved either by using the marginal experiment (or conditional
experiment depending on the type of statisitcs T7) or the whole experiment. Consequently, for
a non-Bayesian analyst, Basu’s reasoning implies that when the likelihood comes factored
as in (2-31) and 6 = (61, 0,) is variation independent (see definition below) there exist a
statistic T': X — 7T such that it is either p-sufficient or s-ancillary for 6. As a consequence

of this, we can state the following theorem.
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Theorem 2. Let X be a random vector with likelihood function L : ©® — R, . Assume the
parameter vector § = (01, 605) is variation independent. Then, if 37 : X — T such that T is
either p-sufficient or s-ancillary for 0y, then for all z € X the likelihood function L(6|z) can
be factored as (2-31).

On the other hand, Bayesian methods for eliminating nuisance parameters based on a
suitable statistics T' involve different definitions of sufficiency, for instance, K-Sufficiency,
Q-Sufficiency, L-Sufficiency (see for example Basu (1977) and references therein). However,
we are concerned with the particular fact that for a Bayesian statistician who faces an
analysis that involves nuisance parameters, it will be ideal that the posterior distribution of
6 given x can be factored as £(0y, 03|x) = £(01|x)E(02|x). And thus (by using Basu’s words),
it makes good statistical sense to work only with the posterior distribution that involves the
parameter of interest ¢;. Note that if the likelihood comes factored in the manner (2-31)
above and the prior distribution can be as written 7w(6) = 7w (6,)m(f2), then the posterior

distribution will also have a factored form. We formalize this in the following theorem.

Theorem 3. Let X be random variable with likelihood function L : © — R,. Assume the
parameter vector § = (61, 65) is variation independent and let 7 be the prior distribution for
0 with #; independent of 05, then for all z € X,

0, 1L Oz <= 3L :0 - R,, (2-32)
such that L(0|xr) = L*(0,|x)L*(0;|x) for i = 1.2.

Based on the theorems and definitions given above, we present the NNP principle ap-
plied to the problem of statistical hypothesis testing. In what follows, we adapt the concepts
introduced by Berger and Wolper (1988) (presented in the beginning of this section) for
hypothesis testing. A formal study of the principle proposed by Berger and Wolper (1988)

for more general inferential procedures is the subject of investigation for future works.

Suppose € = (X, 0, P) is an experiment such that (2-31) is satisfied. Let £ = (X x O,, 01, P)
be the "thought" experiment in which, in addition to x, 65 is observed where the parametric

space © = ©; x O, is variation independent. Then, consider the following definition.

Definition 2.3.4. Non-Informative Nuisance Parameter: Let ¢ : X x ©3 — {0,1} be
test for the hypotheses
H: 0eB
_ (2-33)
A: 0¢B°
with B C ©;. Then, for every § = (61,0,) and x € X such that (2-31) holds, we will say
that 6, is Non-Informative Nuisance Parameter (NNP) to testing H versus A if ¢ (x,60,) is

independent of 5, that is, it only depends on .



THE RESULTING HYPOTHESIS TESTS AND SOME PROPERTIES 19

In Definition (2.3.4) we have introduced the concept of Non-Informative Nuisance Pa-
rameter in the context of hypotheses testing as a preamble to a formal definition of Non-
Informative Nuisance Parameter principle. In a nutshell, this definition tells us about some-
thing that appears intuitive, that is, if 6, is a Non-informative parameter for 6, then ¢

should not depend on 6. In the following example, we illustrate this idea.

Example 3. Consider the experiment £ = (X x ©,01,P) and let ¢ : X x O, — {0,1} be

the test for the hypotheses
H: 0, €B

/_1 5 91 ¢ B7 (2_34)

such that the null hypothesis will be rejected when the conditional probability of B given x

and 05 is small, that is,

@(fﬂ,ez) =1 P(c91 €eB ’ $,(92) < 5, (2—35)

Let us verify that when 6; and 6, are independent, 65 is NNP for testing these hypotheses

by means of @, where the right side of (2-35) leads to the following equation
P(91 S B|l‘,92) = 71'(91 |$,92)d91

LY(0y | z)m(6y)d6, (2-36)

m\m\

Ll (91 | .Z‘)?T(@l)dtgl

1

o

then, we have that

/ Ll (01 ‘ x)w(@l)dﬁl

B

/ L1(01 |£L’)7T(91)d91
(O}

Note that the equation (2-37) is independent of 6,, so, 6, is NNP for 6;.

@(x,HQ) =1&

<. (2-37)

Example 4. As in the example 3, consider the experiment £ = (X x ©,, 01, P) where in
addition to z, 0 is also observed and let ¢ : X x ©y — {0,1} be the FBST test for the
hypotheses

H: 6,€B
S (2-38)
A 01 ¢ B.
Then, the null hypothesis will be rejected when
@(l‘,@g) =1& P(@l c T(I, 62) ’.T,@Q) > 0, (2-39)
where,
T(LC, 92) = {91 € @1 : 7T(91| LE,@Q) > Supﬂ'(&l | I‘,QQ)}. (2—40)

0.€B
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Thus, from Theorem 3 we have that for all z € X such that (2-31) holds and 6; 1L 65, then,
01 L 05| z. Hence

T(ZL‘, 92) :{91 € @1 : 7T(91| 1’,92) > Supw(@l | l‘,gg)}

01€B

(2-41)
={0, € ©1 : (01| z) > ;S’UZB)W(Hl |z)} =T"(x),
1€
consequently,
o(x,05) =1<P(6, € T(x, 6 ,02) >0
p(x,02) (6 (z, 02) | x,02) (2-42)

SP0, €T (x)|z) > 0.

Again, note that the equation (2-42) is independent of 6, so, 05 is NNP for ¢(z, 0). Now,
if 6, and 6 are not independents, then 6, is not NNP for ¢(z,6,), even if (2-31) holds.

Hence, based on the Definition (2.3.4) it is essential to present a formal definition of the

NNP principle for hypothesis testing.

Definition 2.3.5. Non-Informative Nuisance Parameter Principle: Assume & =
(X,0,P) and £ = (X x ©,,0,,P) experiments as in definition (2.3.4). Let the paramet-
ric space © = ©; X O, be variation independent. In addition, let ¢ : X — {0,1} and
@ : X x O3 — {0, 1} be the tests for the hypotheses

H: e Bx06 H: 0, €B
€5 and reohe (2-43)
A 9¢BX@2, A 91¢B,

respectively, where B C ©; and for x € X the equation (2-31) holds. Then, if 6, is NNP for
test @ (z,02), 80 p(z) =1 @ (x,0,) = 1.

Basically, the NNP principle for statistical hypothesis testing says that in both experi-
ments, in the first one just x is observed while in the second one in addition to z, 6, is also
observed, the decision about #; € B should be the same. Note that the previous definition
is limited to hypothesis testing, but it can be extended to other inferential procedures. The

following two examples illustrate these ideas.

Example 5. (continuation of example 3) Consider £ = (X,0,P) and let ¢ : X — {0,1}

be the test for the hypotheses
H: 0 e B x @2

(2-44)
A: 0 ¢ B x @2,

with the parametric space © = ©1 x O, variation independent, #; 1L #, and x € X such that
(2-31) holds. Then, the null hypothesis will be rejected when

px) =1 Pl e Bx0Oy|zx)<d. (2-45)
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We can write the right side of equation (2-45) as

/ L0 2)n(6)do
_ Bx0©q
/ L(0| 2)n(6)do
©

/L1(91|$)7T(91)d91/ L?(6s | ) (62)df-

P(0 € B x O,]x) :/ (0] x)do
B><62

= 92 (2_46)
/ L1(61 ‘ .’L‘)7T(91)d91 / L2 (92 | {,C)ﬂ'(eg)deg
@1 62
/ LY(0y | ) (01)dor
B
/ L' (01 | 2)m(61)d6;
©:
Hence, we will reject the hypothesis if
/ LY (01 | z)m(61)d6,
5 <. (2-47)
/ LY (01| z)m(61)db,
©:

Now, from Example 3 we have that

/ L0y | @) (6:)d6r
B

/ LY (601 | )7 (61)db
CH

As a result from equations (2-47) and (2-48) we have that p(z) = 1 < @(x,02) = 1, thus,
the NNP principle is obeyed.

(ﬁ(ﬂ?,eg) =1

< 0. (2-48)

Example 6. (continuation of example 4) Assume X = (X, Xy) given 0 = (60y,605) be
a conditionally independent random variables such that each X; |60 ~ Bernoulli(6;), para
i = 1,2. In this case © = [0,1] x [0,1]. Let ¢ : X — {0,1} be the FBST procedure for the

hypotheses
H: 0e{1/2} x[0,1]

(2-49)
A: 0¢{1/2} x[0,1].
Here, the null hypothesis will be rejected when
plz) =1 POeT, | X =1) >4, (2-50)
where
T,={0c 0,1 :7(0|x)> Sup =(0|z)}, (2-51)

0e{1/2}x0O2

is the tangent region used in the FBST test from Pereira and Stern (1999). Assuming that
01 1L Oy with 6; ~ U(0,1) for i = 1,2. Then, for x; = x5 = 1, we have that the likelihood

function is given by

L(0 ‘ xr = 1,£C2 = 1) :9192

(2-52)
=LY (01|21 = Loy = 1)L (0 |21 = 1,20 = 1)
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Note that the equation (2-52) satisfies (2-31), in addition, by Theorem 3, 0; L 0| x1 = 25 = 1
and 0;| x1 = x9 = 1 ~ Beta(2,1) for i = 1,2. Then

Sup w(0|xy=x0=1)=7(1/2,1) = 2. (2-53)
0e{1/2}x 0,

The tangent region T, (displayed in Figure 2-2) is given by

T, ={(61,60:) € [0,1]% : 46,6, > 2}

1 (2-54)
={(61,0,) € [0,1)*: 0 > —1}.
260,
o Tx
Figure 2-2: Tangent Region for FBST example of non-informative nuisance parameter.
Thus,
1 1
P(9 eT, ‘ 1 = Ty = 1) :/ / 46,05d05db,
1/2 J1/26
1
_ 2|1
_/1/2 201 % 03], 5, b1 (2-55)
! 1 log(A1)|'
:/ 20, — ——df; = 07 — =0,4035.
1/2 201 2 1/2

Then, for § = 1/2 we have that ¢(1,1) = 0, hence the null hypothesis is not rejected. Now,
let @ : X x ©3 — {0, 1} be the test for the hypotheses

ﬁoi 01:1/2

- (2-56)
H1 . 91 7£ ]_/2

Analogously, as in the Example 4, the null hypothesis will be rejected (recall the tangent set

constructed on the posterior for ¢y given (z,62) does not depend on 6y and, #; and 6, are
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independent given x) when

P(x,0) =1 PO, €Tr | X =x)> 4. (2-57)

Once more, for X = (1,1), we have that

POeT,|X=(1,1)=P <6 € {9' €[0,1] : 20" > 2%} X = (1,1)) ) (2-58)
Because
Sup 7|1 = 79 = 1) = 7(1/2 |21 = 29 = 1) = 2, (2-59)
fe{1/2} 2

Then, T = (1/2,1]. As a result,

P6h Tyl X =(1,1) =P € (1/2,1]| X = (1,1)) = 3/4, (2-60)

and consequently ¢(x,6y) = 1, that is, the null hypothesis is rejected. Now, since ¢(z, 6;) =
1 % ¢(z) =1, we can say that the FBST test does not obey the NNP principle.

Theorem 4. Let £ = (X,0,P) and £ = (X x ©3,0;,P) be two experiments as defined in
(2.3.4) and (2.3.5) respectively. In addition, let ¢ : X — {0,1} and @ : X x ©2 — {0,1} be
the P-P test for the hypotheses

H: 6c06)x0, H: 0ec0o,

and _ (2-61)
A: 9¢90X@2 A 9%@0,

respectively, where ©g = {0y} and 6y € ©,. Assume 6 = (6,,05) absolutely continuous with
density function f and marginal density f; for i = 1,2, with #; independent of #5. Then, the
P-P test satisfies the NNP principle to test . That is to say, 65 is NNP and for all xz € X,
() =14 ¢" (x,05) = 1.

Corollary 1. Assume the same conditions of Theorem 4 and suppose that 37 : X — T
such that T is p-sufficient for #y and s-ancillary for #;. Then, for all x € X, p*(z) = 1 &

@* <$,92) = 1.

Theorem 4 tells us that when the likelihood function may be factored as (2-31) the P-P
test obeys the NNP principle. This is a good property since it reduces the statistical model
and consequently the test of hypotheses that involves intensive calculations may become
simpler. However, the predictive functions under the the original null hypothesis Oy x O,
and under the reduced null hypothesis Oy are different for both the reduced model and the
whole model, hence, it becomes necessary to define the P-value and adaptive significance

levels o for the reduced problem in such a way that these new quantities preserve the original



THE RESULTING HYPOTHESIS TESTS AND SOME PROPERTIES 24

decision-making between the hypotheses. Next, we present the definitions of conditional P-
value and conditional a* and we show that those new definitions are conditional versions of

(2-17) and (2-15).

2.3.4 Conditional P-value and conditional adaptive significance level

Following Basu’s approach, for the case where X is a countable set, we use a suitable statis-
tic T' to define the conditional P,-value and the conditional . Let us define Fy as the
probability measure associated with fy(-). That is, Fy : P(X) — [0, 1] is such that for each
B € P(X), Fu(B) = ) ,cp fu(x). Analogously, for ¢t € T'(X) define Fy, : P(X) — [0, 1]
as Fp(B) = %. Based on these probability measures, consider the following
definitions.

Definition 2.3.6. Conditional P-value: Assume the same conditions of Corollary 1 and
Theorem 4. Then, we define the P-value conditional on 7', Py-value : X — [0, 1] for testing
the hypotheses H versus A as

Pr-value (z0) =F g 1z, {z € X: Bf(x) < Bf (20)})

_Fu({z e X:Bf(x) < Bf(x0),T (z) =T (20)})
Fru({zeX:T(x) =T (x0)})

> fulz)
_55
Y fala)
Dr

(2-62)

Where D8 = {z € X : Bf(z) < Bf(xo),T(x) = T(x0)} and D7y = {x € X : T(x) = T(x0)}
with xg as the observed value. It is worth mentioning that in case T is p-sufficient for 6 and

s-ancillary for 6, with H : §; = 6, against A : 6, # 6y, the Pp-value can be written as

N ACEIIAE IRACERC dﬂ
D5 O3

95 L

2 Jul) > L (0] ) /@ L% (0] 2) f2 (6) dez}

_ (2-63)
> |2 @lo) [ P =T(@)|60) 1 <02>d02}

o L

I

5 [ 6] ) | P =16 120 dez]

Dr L

and consequently is reduced to

; L (6| ) g (T (o)) %3 P(X = 2| T(X) = T(x0),00)

o5 o5 ’ (2-64)
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Definition 2.3.7. Conditional Adaptive significance level: Assume the same condi-
tions of Corollary 1 and Theorem 4. Then, we define the conditional adaptive significance

level given T', o}, as

o =Frr.1(ey) ({ € X : Bf(2) < ba})

_Fu({zeX: Bf () <b/a,T (z) =T (20)})
Fy({zeX:T(x)=T (x0)})

> fu(x)
Dr
Where ©* = {z € X : Bf(z) <b/a,T(z) = T(x¢)}. As it was commented before, Def-
initions (2.3.6) and (2.3.7) are conditional versions of the Definitions (2-17) and (2-15) for

the reduced model when 65 is NNP. Note that P,- value and . can be seen, respectively, as

(2-65)

an alternative evidence measure of the reduced null hypothesis and an alternative threshold
value for testing hypotheses in the reduced setting since they are statistics such as (2-17)
and (2-15). In addition, those conditional measures are easier to calculate than the original
ones (as we will see in some examples in the following chapter). From these new definitions

we can obtain the following theorem.

Theorem 5. Assuming the same conditions of Corollary 1 and Theorem 4, then, for all
zo € X we have that ¢* (zg) = 1 < Pp-value (2¢) < o

Finally, we close this section reinforcing that although Theorem 4 has been shown for the
case where Oy is a singleton, this theorem holds for other types of hypotheses, as mentioned
earlier in this chapter. In the next examples, we show how the P-P test follows Theorem 4

in two different scenarios.

Example 7. Consider the experiment & = (X,0,P) where only = was observed and
¢ : X — {0,1} is the P-P test for the hypotheses
H: 0 € O (2—66)
A: 0€06y,

where ©g = B X O, with B C ©; for the whole parametric space ©® = ©; x O, variation
independent with ¢; L 6y and = € X such that (2-31) holds. Then, the null hypothesis will

be rejected when

o(z) =14 Bf(x) < b/a, (2-67)

where, the Bf(x) = fci ((z)) Thus, the prior distribution for # under the null hypothesis can

be expressed as
0 if €0

if 6 € 0y,
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and note that

(06 €Oy = m (9) _ 7 (61) 7 (62)

/ = (6)dPy (6) / 7 (61) 7 (62) dBy dbs
e [SH)

_ m (01) 7 (62)
/ / T (91) ™ (02) d91d92
B JOs
_ ™ (61) m (02)

/ 7T(91)d91/ 77(92) d02
B O2
:7'('(01|01 EB)W(92|92€@2),

which means that, under the null hypothesis, the prior distribution for # can be written as

a marginal product (Theorem 3). Analogously, for the alternative hypothesis we have that

0 if 8 €0
@0y =3__ x@0) if 6 €0
/ 7 (0) dP 5 (6)
(C]
then,
7 (0) _ 7 (01) 7 (02)

T(0]0 €08 =

/ 7 (0)dP 4 (6) / 7 (61) 7 (02) d6,db;
C) o5
since ©f = (B x O3)¢ we have that

(B X 05)°=(B°x03)U(Bx05)U(B°x 03)

= (Bc X @2)7
thus,
_ m (61) 7 (62)
/ ™ (91) ™ (6‘2) d91d92
(Bcx0O3)

m(01) 7 (02)

/ m (91) d01/ 7T (92) d92
c @2
=T (91|91 € BC)W (92|92 € (")2) .

Hence, the predictive functions under each hypothesis can be written as
Fu(z) = / / LY (0, | 2)L2(0s | 2)m(01 | 0y € B)n(02] 05 € ©2)dPy (62) APy (61)
@1 @2
= / L1(91 |.1‘)7T(91 |01 € B) (/ L2(92 | 33‘)71'(92 |92 € @2)d92> df
B (D}

:/ L0y | @) (61 |0, € B)d@l/ L2(0 | 2)7(02 | 6 € ©5)dbs,
B [SP
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and
fA(LL') = /@ ‘/@ L1(91 |$)L2(92 |:L‘)7T(91 |91 S BC)TF(QQ |92 € @Q)d]PA (92) dP 4 (91)
_ /B LY(61 | 2)7(61 |61 € B) (/02 L2(0, | 2)7(02 | 05 € @2)d02> a6,

:/ L0y | @) (61 |0, € Bc)del/ L2(0 | 2)7(02 | 6 € ©5)dbs,
Be 92

as a result, the Bayes factor Bf(x) can then be represented as

/ LY (01 ]2)m (01 | 6 € B)d&l/ L2(0 | 2)7(02 | 6 € ©5)d0s
B (S

Bf(x) =

/ L0y | 2)m (61 | 6 € BC)dos / L2(0 | 2)7(02 | 6 € ©5)d0s
Be O

/ L0, | 2)7(6: | 6, € B)d6,
B

/ L0, | 2)m (61 |61 € BO)do,
Be

/ (] 00)7(61 ] 01 € B)doy
_ B

/B" f(x|01)m(01 61 € Bc)dé’l'
Now, consider the experiment €& = (X x ©,, Oy, P) where in addition to z, 6, also is observed.
Let ¢ : X x O3 — {0,1} be the P-P test for the hypotheses
H: 6,€06,
A: 6 ¢e;
for ©g = B with B C ©; and x € X such that (2-31) holds. Then, the null hypothesis will

be rejected when

(2-68)

(2-69)

@(x,05) = 1 < Bf(x) < b/a, (2-70)

where, the Bf(x) = ’}Z ((g Let the likelihood for 6; generated by (z,6s) be written as

E(gl |£L’, 92) = f(iC,@Q ‘ 01)
= f(:E | 923 91)f(02 | 91)7
as 0116, we have that
L(6y |z, 02) = L' (61| z)L?(02 | =) £ (62)

= f(z|61)f(z|02)f(62).
Let 7(6;) be the prior distribution for 6, thus, the predictive functions under each hypothesis

(2-71)

are given by
fH(.%‘) = /@ E(Ql |.’)3792)7T (91 |91 S B) d]PH (91)
= [ 11005 8:)702) 01|61 € Byapy (00)

— F(x|62)(6:) /B F(z]00)7 (0161 € B) by,
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and
falz) = /@ E(Gl | z,05)7 (016, € B)dP z (61)
:Af@Mﬁm%W@ﬂ&M€FMEWQ

= f(x|02)f(62) . f(z|60) (6,6, € B%)db,.

The Bayes factor Bf(z) can then be represented as

F@16£162) [ Fla]6)m 01161 < B) do
Bf(x) - z

f(x]02)f(62) . f(@]0)m (6116, € B)db

/Bf(17|91)7r (0,0, € B)db,

T L f(@ 007 (0116, € BYd, (2-72)
Consequently, we have that
o(x) =14 Bf(z) < b/a
/ f(z]6,)m(6, |0, € B)db,
& = <b/a (2-73)
f(x|0))7(6, |6, € B%)db,
Be
& Bf(r) < b/a.
Hence,
() =1 p(r,0,) = 1. (2-74)

Example 8. Consider £ = (X,0,P) the experiment in which only x was observed and
¢ : X — {0,1} is the P-P test for the hypotheses

H : 0 € O

(2-75)
A: 0€06j,

where ©g = {|b|} x O with b € O; for the whole parametric space © = ©; x O, variation
independent with ¢; L 6y and = € X such that (2-31) holds. Then, the null hypothesis will
be rejected if

o(z) =14 Bf(x) < b/a, (2-76)

where, the Bf(z) = f‘i ((:f)) . Then, the prior distribution for § under the null hypothesis is

given by
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~ (6)
/ 7 (6) Py (6)
©

7'('(01) % 7'('(02)

> (6) / 7 (0) dfs
[SP

{lel}

W(Q‘@E@o)z

=T (91 ‘91 S {‘b|})ﬂ'(92 ‘ f € 62)7

analogously, for the alternatively hypothesis we have that

7 (0]6 € ©5) :/ (”)(9) "
w(60)dP 4 (0
©
_ 7T(91) 7T(92>
/{|b|}c 71'(91)6[91 /@2 7T(¢92) d92

=m (616 € {|b|]}) 7w (62|62 € O2).

Hence, the predictive functions under each hypothesis can be written as

fu(z) :/@Ll(e1 | 2) L% (02 | )7 (0]0 € Og)dP 1 (0)
:/@Ll(e1 | 2)L?(02 | z)m (01|61 € {|b]}) 7(02 |62 € ©2)dP g (0)

= Z L1(91 ‘.’E)?T (91 |(91 € {|b‘}) X /6 L2(92 | .Z‘)?T(92 |(92 S @2)(192,
{01} 2
and

falz) = / / LY(01 | 2)L? (02 | 2)m (61 |61 € {|b]}°) 7 (62|02 € O2) dP 4 (62) dP 4 (61)
01 JO2
S IRACIELOEI TS ([ 20100 10: € 0 a02) av

:/ L0y | )7 (61 | 60 e{\b|}c)d01/ L2(05 | 2)7 (62 | 0 € Os) dbs.
{lb[}e

O3

This leads to the following equation for the B f(z),

S oy 61 | 2)m (81161 € {]bl}) % / L2(05 | @) (62 | 0> € ©s) dbs
Bf(x) = 2

/ L1(91 |$)7T (91 |91 c bc) d&l/ L2(92|x)7r (92|(92 S @2) d92
{lv]}e O,

oy L1601 |2)m (61161 € {[ol})

LY(0y | x)m (01|61 € {|b|}°) b,
{Ibl}e

Now, consider the experiment £ = (X x O, Oy, P) where in addition to x, §, also is observed.
Let ¢ : X x O3 — {0,1} be the P-P test for the hypotheses

(2-77)

H: 01 € O

. , (2-78)
A: 91 ¢ @6,
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for ©g = {b} with B € ©; and = € X such that (2-31) holds. Then, the null hypothesis will
be rejected when

@(z,02) =1 < Bf(z) < b/a, (2-79)

where, the Bf(x) = ffz ((;3 Let the likelihood for 6; generated by (z,6s) be written as

L(0y | z,02) = f(x,02]61)

= f(IL' | 02a gl)f(GQ | 91)7
as 01_ll 85 we have that

E(Ql |z,0z) = El(el |$)E2(92 | ) f(02)

(2-80)
= f(z|61)f(z|62)f(62).
Hence, the prior predictive functions under each hypothesis are given by
fa(z) = o f(x|61) f(z|62) f(02)7 (61|01 € {[b[}) dP 1 (61)
(€165)f(62) > fla|61)m (61] 61 € [b])
{lol}
and
falz) = g f(@]01) f(x]02)f(02)m (61]01 € {|b]}) dP 5 (61)
= f(z62)f(62) - f(z]00)m (01 ]601 € {|b]}) dbr.
As a result, the Bayes Factor Bf(z) is given by
Bf(x) = J(@[02)f(02) > oy S [01)7 (01] 01 € {[b]})
f(x]02)f(02) - f(@]00)m (61 ] 01 € {|b]}) dby
Sy £ 007 01162 € (11 -
[z |61)m (6161 € {|b]}7) do,
{lb[}e
Consequently, we have that
p(x) =14 Bf(z) <b/a
> oy S (@ | 00)m (01161 € {[b]})
<b/a (2-82)

f(x]6)m (61161 € {[b]}%) do,
ol

& Bf(z) < b/a.

Hence,

or)=1< @(z,0,) = 1. (2-83)



THE RESULTING HYPOTHESIS TESTS AND SOME PROPERTIES 31

In this chapter, we have introduce the P-P test and we have shown that it obeys both
principles, the noninformative nuisance parameters (NNP) and invariance. In addition, we
saw that when the NNP principle is applied, the predictive functions are reduced: this is
the reason why it is necessary to redefine the Bayesian P-value and the adaptive significance
levels to the conditional version. All of these properties are useful to compute the Bayes
factor when it involves complex integrals. In the next chapter, we will use these properties
and we will show how the Bayes factor in hypotheses that are initially difficult to test can

be estimated in a simpler way.



Chapter 3
Application to count data

In this chapter we study alternative solutions to traditional problems of hypotheses testing
that involve count data such as homogeneity, independence and symmetry on contingency
tables, comparison of Poisson means and Hardy—Weinberg equilibrium test. In all of them,
we use the P-P test considering alternative parameterizations of the corresponding models.
The alternative parameterizations result in likelihood functions that satisfy equation (2-31)
and allow the use of the NNP Principle in those settings which at last may reduce the

calculations involved in the determination of P-values and adaptive significance levels.

3.1 Contingency Tables

Contingency tables are formed with frequency counts of categorical data. They are common
in fields such as social and health sciences, although, not restricted to those areas. More
precisely, the cells of the contingency table represent the number of units observed under a
cross-classification of two or more categorical variables. The analysis of contingency tables
consist of identifying the dependence structure between the variables using statistical models.
The statistical models depend on the sampling scheme, i.e., the way the data are collected
(Agresti, 2007; Andersen, 2012). Data arranged on a contingency table are usually modeled
by the sample scheme Poisson, Binomial, Multinomial or Hypergeometric. Here, we use the
results from Chapter 2 to analyze the dependence structure on two-way contingency tables

assuming both Multinomial and product of Multinomial schemes.

3.1.1 Homogeneity

As commented by Upton (1982), the comparison of proportions in contingency tables is
a frequent practice in diverse areas of knowledge. There exists an extensive literature on
this topic which reveals the importance of the problem, but also reflects the lack of univer-
sally accepted methods for testing the most common hypotheses of interest. In frequentist
statistics, the common way for testing the compatibility of the data with the hypothesis

of homogeneity of two or more proportions is through the standard likelihood ratio tests

32



CONTINGENCY TABLES 33

from Neyman and Pearson (1957) and Pearson’s chi-squared from Wilks (1935), although
other methods have also been developed (see, for example, Upton (1982) and references
therein). Nevertheless, in situations where the sample size is small or the count cells are
close to zero, these standard tests may have poor performance because they are based on
asymptotic results, that is, for a large sample size. Therefore, when the sample size is small,
its performance is not optimal. Indeed, when there are count cells close to zero it is not pos-
sible to use the asymptotic likelihood ratio test. In these cases, the exact tests are a natural
alternative (Agresti, 2013; Graziadei, 2015; Klein and Linton, 2013). Even if the sample size
is large and there are no counts close to zero, the "standard" methods inherit the problems
previously discussed about tests of significance and, also, the Lindley’s paradox Lindley
(1957).

Next we use both Bayes factors and adaptive significance levels for the Binomial case
as presented by Pereira et al. (2017) to decide about equality of proportions between m
populations. Although it is a special case of the Multinomial model: it is more instructive
to begin with it and then to extend it to Multinomial model and in this way to introduce

this methodology applied to contingency tables.

Binomial Proportion

Consider m populations with a specific characteristic. Consider that samples from these
populations are observed with respect to this characteristic. Let X; be a random variable
denoting if the characteristic is observed and 6; be the probability of success in each popu-
lation, for i = 1,2,...,m. Assume X, Xs,...X,, follow independent Binomial distribution
with parameters (ny,61), (ng,02) ... (nm, 0,) respectively. We want to test whether or not
the success probability #; are the same among of this m populations. Let us formulate the

following hypotheses

H:01:92:...:9m
(3-1)
A0, #60; for i#£j€1,2,.. .m.
In this case, the likelihood function is given by
L0 |z) 71-1;[1 <x>9 (1 —6;)"~=1(6; € (0,1)). (3-2)
Also, assume (61,05, ...,0,,) are independent and that the prior distribution for each 6; is
given by
_ Dlai+5y) 0% 1 (1—0,)% (0, € (0,1)), i=1,2...,m, (3-3)

m(é) = [(a;)I'(b:)
that is, m(6;) is a Beta distribution with parameters a; > 0 and b; > 0. Thus, the pre-
dictive function under the null hypothesis H can be expressed as (for the details see the
subsection A.3.1)
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fulz) = /@ L(8|z)dP 1 (0)

(3-4)
[T, G)T(B)T(O (52 (ai + bi) — 2(m — 1))

TT(B+O (T ai— (m— 1)L (L b — (m— 1))’
where B =3 " (a; + ;) — (m —1), C = >"" (n; + b; — ;) — (m — 1). Analogously, the

predictive function under alternative hypothesis A can be expressed as

fale) = /@ L(8|z)dP A ()

m (3-5)
a E [(sz) ['(ai)T'(bi) L(ni +b; + a;) ’
Thus, the Bayes factor B f(z) in favor of H is given by:
Bf(x) = o (OB (3= (@i +bi) —2(m — 1)) (3-6)

(C+ B (i ai— (m—1))T (3 b — (m— 1) [[[Z, Dy’

T'(a;i+b;) T(a;+x;)T(ng+b;—x;) .
T(a)D(b;)  D(ni+bit+a;) fori=1,2

geneity can be tested using this methodology.

where, D; = ,...,m. Example 9 illustrates how homo-

Example 9. Consider three populations (m = 3), and suppose that we are interested in
testing if those populations have the same success proportions. It is of interest to test if
H:0, =0, =05vs. A:0; #0, for i # j. Let X, for © = 1,2, 3., represents the number
of positive outcomes (or success outcomes) in the i-th population following a Binomial
distribution with likelihood function (3-2) and sample sizes ny = ny = ng = 3. For simplicity,

we consider in (3-3) each a; = b; = 1. Hence, the predictive function under each hypothesis

is given by
Fao) = [Ty () g )
_ H?:l (27) (3-7)
(gg_l :l) (Z?:l n; + 1)
i=1"1
and

FaG) =TTy () Thy g

1 (3-8)
[T (i + 1)
Table 3-1 presents the Bf(x) for all possible results of x1,xs, 3.
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Table 3-1 Bf(z) for homogeneity hypotheses in 3
Binomial populations with sample size of n = 3.

X3
X; Xy 0 1 2 3
0 64 213  0.533 0.0762
0 1 213 1.6 0.686 0.152
2 0533 0.686 0.457 0.152
3 0.0762 0.152 0.152 0.0762
0 213 1.6 0.686 0.152
1 1 1.6 206 1.37 0.457
2 068 137 137 0.686
3 0.152 0.457 0.686 0.533
0 0.533 0.686 0.457 0.152
2 1 068 137 137 0.686
2 0457 137 2.06 1.6
3 0.152 0.68 1.6 2.13
0 0.0762 0.152 0.152 0.0762
3 1 0.152 0.457 0.686 0.533
2 0152 0686 1.6 2.13
3 0.0762 0.533 2.13 6.4

Suppose zo = (3,3,1) was observed. Then, in this case, Bf(z¢) = 0.533 for b/a = 1. The

adaptive significance level and the Bayesian P-value are given by

Qs = Z fu(z) =0.257 and P-value(xo) = Z fu(z) =0.129.

zeX rEX
BF(z)<1 BF(2)<0.533

Since P-value(zo) < a,+, the decision in this case is to reject the null hypothesis in (3-1).

Multinomial Proportions

Now, we will extend the methodology from Binomial to Multinomial proportions. We are go-
ing to evaluate whether frequency counts are distributed identically across M different popu-
lations. Consider X = (X1, Xy, ..., X}/) as the observations of M independent Multinomial
random quantities each one with k categories and parameters (nq,6y), (ne,02), ..., (nu,00nm)
respectively, with 8; = (6i1,...,0ik-1)), 0;; > 0 and 0;1 + 02 + ... + 0;3—1) < 1 (consid-
ering 0 = 1 — (01 + 0i2 + ... + ;1)) where 6;; is the probability of each category and
n = (ny,...,ny) the sample sizes for the M populations. We want to test the following

hypotheses:

H:0,=0,=...=96
1 2 M (3_9)
A017é0j for Z?’éj€1,2,M

Then, in this case, the likelihood function is given by

M k

1@z =[] {"ﬁ'afg . (3-10)

x15lT! . L 2!
i=1j=1 L7132 ki
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Assume that the prior distribution for 6 is given by

M k k
F(zi Oll) ai—1
m(0) = —==— e (3-11)
[[ [T Teg) [[ ’
where, 6,...,0,; are independent and follows a Dirichlet distributions with parameters
vector v = (a1 > 0,...,a;n > 0). Hence, the predictive function (2-9) under the null

hypothesis H is given by (for details see subsection A.3.2)
ful@) = [ LOle)aP 1 6)
(S]

=C

I T (X ey + i) — (M = 1)) T (S (zgflaij_w_l)))] (3-12)
(S0 (Si(as + o) = (M =1)) T (Si ey - -1) |

with ¢y = [V o

————. Analogously, the predictive function under the alternative hy-
25+ Thkj

pothesis A is

fa(e) = | LO@)dPA0)
[S]
M k 3-13
“1I l ) DO @ + 1 H [ I(aij + i) (3-13)
=1 [Timi T(aij) Hz  D(@ig +1) j=1 Ez 1 Q5+ @)
As a result, the Bayes factor Bf(x) in favor of H is given by
HM [F(Elezij+1)} 5, (0 (g taag) —(M—1)) T(XE, (X7% e —(M-1)))
J=1 [ TI_, Dl +1) | T(SE, (3] M Waijt+mi)—(M=1))) I, T(EM, ai—(M-1))
Bf(x) = MO am) L w70 | M [ Iy Das Fany)
H_ i=1 Yty i=1 %y H_i |: i:}c ij ij }
[HLF(%J‘)HLF@U‘H)} I=1 | P(Cio cij+zig)
-14
[T T (S5 e +2i) — (M = 1)) T (S, (S) a0 — (M= 1)) (3-14)

1% [REre re e | T (Bh (Sih(ew o) - 00 -1))
XHz 1 (Z =1 %5 — (M_l))
Let us illustrate the result with the following example.

Example 10. Now, we are interested in testing if two populations, each one with three
categories k = 3, according to a characteristic of interest, have the same parameter vector
of proportions. We want to test H : 8; = 05 vs. A : 01 # 65, as in Example 9. We consider
sample sizes n; = ny = 3. Let X; for i = 1,2, represent the number of outcomes in the
populations. For simplicity, we consider in (3-11) that 6, and 0y ~ Dirichlet(1,1,1). The

predictive function under each hypothesis can be expressed as

_ - 3
fulx) = ﬁ (i i) [T} i (ain + iz + 21 + 52 — 2)! ((Eizl i1 +aiz —1) — 1)!
H - 3 3
=1L [Tizy @45! i ((Zle i1+ g+ T + X — 1) — 1)! [Ti=: (ain + ag; — 2)!

2 T 3 T 3
_ H iz i) | TG Loy (ma + 242)!
3 )
=1L [T 25! | (Zle Ti1 + T + 2)!
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and

3 3
ﬁ (Zizl aij) t (32@ v 1) H3 1 [(avi1 + @i1) H (ai2 + T2)
Jj=1 7, 1 r (alj) Hi:l F xl] + 1 r _1 a1 + le) I =1 [075) + x12)
_ 4
(i +2)(m 4+ 1) (n2 +2)(ng + 1)
Table 3-2 presents the Bf(z) for all possible results of £; and x5 and n; = ny = 3.

Table 3-2 Bf(z) for homogeneity hypotheses in 2 Multinomial populations with n1 = ny = 3 and 3 levels.

Xy
X, (0,0,3) (0,1,2) (0,2,1) (0,3,0) (1,0,2) (1,1,1) (1,2,0) (2,0,1) (2,1,0) (3,0,0)
7143 3571 1429 0357 3571 1429 0357 1429 0357  0.357
3571 4286 3214 1429 2143 2143 1.071  1.071 0714  0.357
1429 3214 4286 3571 1071 2143 2143 0714 1071 0.357
0357 1429 3571  7.143 0357 1429 3571 0357 1429  0.357
3571 2143 1.071 0357  4.286 2143  0.714 3214  1.071  1.429
1429 2143 2143 1429 2143 2857 2143 2143 2143 1429
0357 1.071 2143 3571 0714 2143 4286  1.071  3.214  1.429
1429 1071 0714 0357 3214 2143 1071 4286 2143  3.571
0357 0714  1.071 1429  1.071 2143  3.214 2143 4286  3.571
0357 0357 0357 0357 1429 1420 1429 3571 3571  7.143

wnv R R oo oo
O ON— O WO
SO, O— N O N W

NN N N N N N N S
PN NI NN N NN

Suppose the following outcome was observed for each z;

Table 3-3 Observed outcomes
for each level in the populations.

k
0 1 2
rr 3 0 0
Tz 2 0 1

Then, in this case Bf(x1,z2) = 3.572 and the adaptive type I error probability and the

Bayesian P-value for b/a = 1 are given

As(z) = ZfH(x) =0.013 and P-value(xy, z3) Z fu(z) =0.195.

TEX:
BF(z)<1 BF| (z)g 3.57

Since P-value(zy,xs) > a,+, the decision is to not reject the hypothesis H in (3-9).

3.1.2 Independence

In different applied fields, statistical data can be presented in a two-way contingency table,
and it is common that a scientist wants to answer the question of whether there exists or not
an association between the variables arranged in a two-way contingency table. To test associ-
ation, scientists typically use the chi-squared test, log-likelihood ratio test, Neyman-modified
chi-squared test, Kullback-Leibler test, Freeman-Tukey test and Cressie-Read test (Agresti,
2013; Kullback, 1971; Menéndez et al., 2005). All of them are performed with asymptotic x?
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distribution under the null hypothesis, and due to, the performances of these tests are poor
when the contingency tables are sparse or with small samples. The classical alternative for
small samples is the Fisher exact test. However, it is developed only for 2 x 2 contingency
tables. Here, we provide a new solution to the problem of testing independence between two
categorical variables by using the P-P test taking into account a parameterization of the
model for which the likelihood function has the form (2-31). At the end, the problem of

testing independence becomes an elementary test of homogeneity.

Independence hypothesis for 2 x 2 contingency table

Under a Multinomial sampling scheme, each 6¢;; in Table 3-4 represents the probability of
observing the i-th category of X; and j-th category of X5, with X; and X, random variables.

We want to test if there exists independence between this variables,

Table 3-4 Proportion of outcomes for
independence hypothesis in the 2 X 2 case

X,
911 912 91.
Xi 10,0 6 | 6
0, 05 |1

where 0 < 6;; < 1and ) 6ij = 1. In this case, the hypothesis of independence is represented
by the following equation.

H 1911 = 81.0'1

(3-15)
A Z(911 7é 01.0.1,

Let X = (X1, X12, Xo1, X22), where Xj; is the number of outcomes for the row ¢ and column
j of Table 3-4. We assume that X has a Multinomial distribution with parameter n and
0 = (011,012,091), where n represents the sample size (under Multinomial sampling n is
known) and each 6;; the probability presented in the Table 3-4. The likelihood function

generated by x = (211, 12, Ta1, Toz) can be defined as

n!

LO|z) = om0z, (3-16)

ZEH! e IQQ!
Also, consider 7(@) as the prior distribution for @ following a Dirichlet distribution with

parameter vector & = (a1, (g, (o1, (rag), that is

F(Oéll + ...+ OéQQ)
F(an) e F(O&QQ)
Hence, the predictive function under the null hypothesis of independence can be expressed

by

() = oot ese (3-17)
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fulz) = /@ L(8|z)dP 1 (0)

o ?{ O g e gy ) (3-18)

S ! mo! a11—1pana—1 pasy —1 pass—1
(01)3‘91111 ‘91212 l92121 92222 dPH(o)

)

where the symbol ¢ represents the line integral. Note that given the occurrence of § € Oy,
the possible results of the random variable X preserve the same relative odds as they had
before the experiment was carried out Barry (1996). Then, when the predictive functions
have different dimensions we use the line integral to get these relatives odds. For further
information about line integral, the reader can see Courant and Fritz (1974). Thus, the

predictive function under alternative hypothesis A, is given by

falz) = /@ L(8|z)dP 4(0)

(3-19)

_ n! F(Ozu +..f 0522) 9$11+0611—19$12+a12—16z21+0&21—19I22+a22—1d0
- | ' T r 11 12 21 22 ’
T11:...T9292: (0411)... (0422) (0,1)3

where 017 + 015 + 02 < 1. Note that the integral in (3-18) is not simple to compute directly.
But, considering a suitable reparameterization we obtain a likelihood function of the form (2-
31) and then we can make use of the NNP principle for the P-P test. The test of independence
can then be tackled in an easier way. Consider the new parameter A = (Ay, Ay, A3) defined
by

011 021
AM=—"7— dog=—— d A3=0,+6 3-20
Y 0+ 01 27 O + O . ’ e ( )
with the new parametric space A = [0,1]°. Hence, the hypotheses (3-15) can be rewritten
as:
ﬁ Z)\ € AO
) (3-21)
A\ e Ay,

with Ag = B x A*, where B = {(A;,X2) € [0,1]° : A\ = Xy} and A* = [0,1]. Then,
with abuse of notation we use L(:) to denote the likelihood function for A generated by

T = ($117$127$21;$22) as

, z11 T12 T21 T22
n! 011 612 021 022

_ zulzileorlzas! \ 0114612 011+0612 0211022 021+0622
L(Alz) =

% (911 + 012)1’11+112 (921 + 922)I21+$22

|
= AT (L AT AR (L ) A (1 ag) (3-22)

(111-0-9612))\51611 (1 _ )\1)9312 (z21+9622))\§21 (1 _ )\2)9322

11 21 .
(zuimm))\gll—i_gﬂm (1 - )\3)9021+9:22
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Observe that the new hypotheses (3-21) are independent of A3 and that the likelihood func-
tion (3-22) can be factorized into two parts, one containing A\; and As and the other con-
taining A3. Hence, given that the prior distribution of A = (A1, A2, A3) can be written as a
product of Beta distributions, see (Equation A-44), the conditions of Theorem 4 are satis-
fied. Consequently, now we are in a straightforward problem as we have solved the problem
of testing homogeneity by means of P-P test in the previous section. Note that under this
new parameterization, the Bayes factor B f(z) is “simpler” to compute. Thus, the predictive

function under the null hypothesis (3-18) is given by

Fal@|T = 21) :/AL()\|:::)dIPH(/\)

) (3-23)
L(na+ai +a — DN+ ar2 + oz — DIGG 5 iy — 2)

F(n + Zij:l Q5 — Q)F(Ozll —+ o1 — 1)F(0112 + Qoo — ]_)
where, Cy = (x11+w12) ("”’321”22)7 n;= Z?Zl z;; and n,; = 23:1 x;j, with 7, j = 1,2. Now, the

11 21

:CQ X

predictive function under the alternative hypothesis (3-19) is

fal®| T =x;) Z/AL()\\x)dIPA(A)

(3-24)
H?Zl T(ait + i)l (211 + 1) (w12 + ca2)T (w21 + c01)T (w22 + 22)

Hijzl I )T(z11 + 12 + a1 + c12) (@21 + 292 + o1 + a22)

:CQ X

)

where z; = 22:1 z;; and Cy = (””“”12) (:”21”22). Hence, the Bf(x) can be expressed as

11 21
T(ny+an + a2 — D0(na + o+ ans — DI(YT
Bf(z) = x (n1. + a1 + ai2)l(n2, + az1 + az) H?,j:l ) (3.25)
F(TL + Z?,j:l Oéij — Q)F(Oéll =+ 91 — 1)F(Ot12 =+ 29 — 1)F(l’11 —+ 0411) ' ;
X T(x12 + a12)T (@21 + 1) (@22 + r22) H?:1 I'(ovi1 + aiz)

1 Qij —2)

Independence hypothesis for r x [ contingency tables

We should note that the problem in the new parameterization is not exactly the same
problem specified in the original parameter space. However, we have chosen the alternative
model in order to meet the conditions of Theorem 4 and apply the NNP principle to the P-P
test which reduces, at first sight, the calculations involved in the obtainment of the relevant
quantities such as Bayes factors, P-values and adaptive significance levels.

As in the 2 x 2 case, under the Multinomial sampling scheme, each 6;; in (Table 3-
5) represents the probability of the i-th category of X; and j-th category of X5, where
0 <6;; <land) #ij = 1. Thus, we want to test if the variables X; and X, are independent,
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Table 3-5 Proportion of outcomes for
independence hypothesis in the r x [ case.

X
011 O ... Oy | 01
KXol
97”1 67"2 cee er Q'r.
9.1 9.2 e 011 1

The hypotheses for testing independence in the r x [ case are given

H :Qij = 919J
(3-26)

A 2‘9ij 7é 91’.9.;'7
for (i=1,...,r; j=1,...,1). Let X;; be the number of outcomes in the i-th row and j-th
column of Table 3-5. We assume that X = (Xy;,...,X,;) has a Multinomial distribution
with parameter n and @ = (611, . ..,6,;), where n represents the sample size and each 6,; the
probability presented in Table 3-5. The likelihood function generated by & = (x11,..., %)

can be expressed by

LO|z)= — g o (3-27)

xll! .. -xrl!

As in the 2 x 2 case, we assume the prior distribution for 6 is

F(Oéll + ...+ Oérl)

7(0) = oot oo 3-28
( ) F(all)---r(arl) 11 rl ( )
where, 7(@) is a Dirichlet distribution with parameter vector a = (aqq, ..., o) with a;; > 0.
The predictive function under null the hypothesis H in (3-26) is defined by
fu(@) = [ L6])P1u(6)
(]
n! % Hz 1 Hg 1 QZ]JJFO‘ (0) (3_29)
H”HQ L Tij! j{l_L N PN eiat) 39 ()
and under the alternative hypothesis A in (3-26) by
£ao) = [ 160]2)ap.4(0)
(]
(3-30)

T ]

Again, notice that under H the integral (3—29) is not simple to compute and for this reason
we adopt as alternative for the model. Consider a reparameterization as in (2-27), where the

new parameters are defined as
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Al = %; A1 = %; /\1(l 1) = 91
Ag1 = %; Azg = %; Ao(-1) = 92(9l2 2
(3-31)
A1 = %L:; Arg = Gﬁ; ce S Are) = GTS;“
m=01; m=0; ... n—1=0u1.

Note that the new parametric space is given by A = {(\ij,m:) : Soi—y m € [0, 1], 22;11 Aij €
[0,1]) for A\;; > 0,m; > Oand ¢ = 1,...,r.}. With this reparameterization, the hypotheses

(3-26) can be reformulated as

gl/\GAO
R (3-32)
A:X €N,

where Ay = B X A*, with B = {\jj : A\yy = Ay = ... = N\ys 1 = 1,2,...,r — 1.} and

A ={(m,. 1) €[0,1]"": 37— mi < 1}. Thus, with abuse of notation we use L(-) to
denote the likelihood for A generated by x = (x11,...,x,), that is

W(Anm)m“()\um)m” co (= (A = Az — o= A1) D (A1 (r—1) )T
X A@—12Mer—1)70 2 (I =1y A1 = Ap—1)2 = -+ = Ap—1)-1))) "

- i xz])' ﬁ )\x” [ n! ] ﬁn 5.:1 Tij
ij r l % .
i=1 ] 1 Tig! j=1 HiII(Z] i) ]
(3-33)

As in the 2 x 2 case, the new hypotheses (3-32) are independent of 7; and the likelihood

LA |z) =

function (3-33) can be factorized in two parts: one depending on \;; and the other depending
on 7; only (not depending on )\;;). In addition, it follows from Equation A-55 that \;; are
independent of 7;. Hence, we are under the conditions of Theorem 4, consequently, the
problem is now simpler because under reparameterization (3-31) and from Theorem 4 one
needs now to perform a test of homogeneity which we discussed above and the Bf(x) is
simpler to compute. The predictive function under the null hypothesis (3-29) can be rewritten

as

Fa(@|T = 21) :/AL(,\| 2)dP 5 (\)

(3-34)

_Hl =1 mij)!} H;:1F(a;—r+l)f‘(2§ 1(04**—7“—1—1))
I (Zézl(a;f —r+ 1)) [T, T (g —r+1)
and under the alternative hypothesis (3-30) as

]
J 1 Tij!
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falx|T =x;) /L
A

- [ 1 %ij) ] [H?—l [TTji T (s + i) T (0] ] (3-35)
ITi-, [F (af) H;:1 r (aij)} ’

i=1 —1 Tij!

. l * l *x T T I l
where z; = Zj 1 Lij, O = Zj:l Tij + iy, O = D0 Ty + oy, ofF = Zj:l a; and

it = > i, a;;. Thus, the Bayes factor is reduced to

[Tma T (5 =+ )T (Shoi(eg” =+ 1) Ty [T (@) TTmy T (esy)] ]
. (3-36)
I‘(Z; (o —r+1)) HJ 1I‘(a**—7“+1) IT_, [H;:lr(xij+aij)r(a:*):|

pre- |

In Example 11 we illustrate the test of independence on a 3 x 3 contingency table.

Example 11. Let Table 3-6 represent the observed frequencies of the variables X; and X5.
We want to test the hypotheses (3-32), i.e., to test if X; and X, are independent.
Table 3-6 Observed frequencies

of X; and X5 for independence
hypothesis for the Example 11.

X
2 0 13
X1 1 012
2 2 115
5 3 2110

For simplicity, we assume that @ in (3-28) follows a Dirichlet distribution with parameter
a;; = 1,V1, 5. Hence, from (3-34) and (3-35), the predictive functions under each hypothesis

are defined as

- (2221 T5)! Hj=1 n ;!
fa(z) =T(3) x ]j[l [ 0o ] S (3-37)
and ) (Zl | H H
fi(x) =T(3)° x 11 [ i xj' ] Hlf;ll(nj. i 22)3' (3-38)

For the observed data, the Bayes factor is Bf(z) = 1.364. Considering b/a = 1 we do not
reject the null hypothesis since B f(x) > 1. In this case, the conditional adaptive significance

level and the conditional Bayesian Pr-value (xy) are given

ag = Z fu(z) =0.284 and Pr-value (z) Z fu(x) =0.395.

zEX:
BF(z)<1 BRE a6

Again, since P-value(xg) > g+, the decision is to not reject the null hypothesis H (3-32).
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3.1.3 Diagonal Symmetry

The analysis of the cell frequencies about the main diagonal in a r X r two-way contin-
gency table is also an important problem. For instance, scientists who work with data that
represent paired values or repeated values in time are frequently focused on whether or
not the row classification is symmetric with the column classification, and how the row
classification is symmetric or asymmetric with the column classification (as it is said by
Tahata and Tomizawa (2014), in square contingency tables there is a strong association be-
tween two classifications and there is not statistical independence between them). For testing
diagonal symmetry several methods have been proposed, see for example, Bowker (1948),
Ireland et al. (1969), Kullback (1971), Bernardo et al. (2012) and references therein. A
complete revision about symmetry and asymmetry models applied to contingency tables are
found in Agresti (2013) and Tahata and Tomizawa (2014). Next, we propose a solution to
this problem by means of the P-P test and its properties studied in the previous chapter.
We show, first for the 3 x 3 case and then for r x r case, that by applying a suitable
transformation on the parameter vector 6, the likelihood function associated to the new
parameter factorizes as (2-31). Then, the predictive functions (2-9) and (2-10) can be easily
integrated and consequently, an exact test for testing diagonal symmetry through Bayes
factor (2-11) is achieved. Also, when the symmetry hypothesis does not hold, the P-value

(2-17) provides measure of the degree of departure from symmetry.

Diagonal Symmetry hypothesis for 3 x 3 contingency tables

Let Table 3-7 represent the observed frequencies of cross classified cases, according to vari-
ables X; and X,

Table 3-7 Observed frequencies of
X1 and X3 for diagonal symmetry
hypothesis in the 3 x 3 case.

Xo
T11 T12 T13 | T,
X1 | o1 Ta2 o3 | My,
T31 T3z T3z | N3,
n1 no ns n

where, as in the former examples, we assume that the vector X = (X,..., X33) follows
a Multinomial distribution with parameters n and 8 = (6y1,...,032) with 6;; > 0 and

> 6;; = 1. The hypotheses for testing diagonal symmetry are formulated as

where 0;; denotes the probability that an observation will fall in the ¢-th row and j-th column

(3-39)

of Table 3-7. The likelihood function generated by £ = (x11,...,x33) is given by
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n!

L) = 0O (3-40)

Assume that the probability vector 8 = (611, ...,6032) has prior distribution 7(6) Dirichlet
with parameter vector a = (o, .., ass) for o;; > 0 such that

7T(0) _ F(Ozll +...+ CVBS)G?lu—l o 9;232—1 (1 0 — ... — 932)a3371 ’ (3_41)

I'(aq1)...T(ass)
In the symmetry test, the predictive function under the null hypothesis f,(z) involves calcu-
lating a surface integral that may be somewhat cumbersome. To avoid that, we use a suitable
reparameterization as in (2-27), such that, the conditions of the Theorem 4 are satisfied and

in this way calculations are simplified. Let us define the new variables as

_ _bia . _ _ b3 . _ B3 . _ .
Az = 0124021 )\13 T 013+031° )\23 T Oa3+032° T = 612 + 9217

(3-42)
Ma = ths + 0315 o3 = Oz + 0305 i1 = 0115 12 = Oaa.

Thus, the new parametric space is given by A = {(X\;;, ;) : >_m € [0,1], > \;; € [0,1] fori =
1,2,3.andi < j}. Then, we can reformulate the hypotheses (3-39) as

ﬁ: )\GAO

! (3-43)
A: AeA§.

where, defining ¥ = {(4,75) : i < j for i,j =1,2,3.}. Ag = B x A*, where B = {\;; : \;; =
1/2, V(i,5) € ¥.} and A* = {(m2,...,m2) € (0,1)° : - n;; < 1}. Thus, with abuse of

notation we use L(-) to denote the likelihood function for A generated by = (11, ..., 33)

as

LA |z) = P [H Aif? (1= Aij) '”] lHnijJ+ ’ Hmi”] . (3-44)
b7 i=1

Hi,j:l Tij: 7
As in the case of independence, the new hypotheses (3-43) are independent of 7;; and the
new likelihood function (3-44) can be factorized in two parts, one part depending on \;; and
other depending on 7;;. Hence, given that the prior distribution for A = (A3, A13, A23) can be
written as a product of Beta distributions, see (Equation A-67), once again the conditions
of Theorem 4 are satisfied. Consequently, we are in a straightforward problem, since the
reparameterization (3-42) transforms (3-39) into a simple hypothesis and, as we discussed
above, conditional on that hypotheses, it is easier to compute the Bf(z). The predictive

function under the null hypothesis can be rewritten as
(@ T = ay) :/AL(Mx)d]PH()\)

(1/2)%w Tiatsi H (xij + sz‘)

4

(3-45)
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and

falx|T =xz4) /L
A

3-46
- % + Im [Ty D(eij + aji) [Ty Ui + 0i)T ()i + ai) (340
ij H@ (cij )T (i) Iy Dlmig + 250 + oy + o) |
where x, = > g ®i; + ;. Finally, the Bf(x) is given by
JRZEBLEY
BF(z) =74
/A L(A\lz)dP ;(\) o

_(1/2)S it {qu (aij)(aji) TTg D@ + 250 + o + a5i) |
[Ty Tlaij + i) Tly T(wij + )T (2ji + ai)

The above methodology is easy to extend for the general case, which will be done in the

sequel.

Diagonal Symmetry hypothesis for r x r contingency tables

Notice that for the general case the new reparameterization (3-42) can be defined as

Nj= for i<j and i =1,2...,1
i Jt

Nij = 0,7 +9ﬂ for Z<] and Z,j = 1,2,...,7“. (3—48)
Th]:&u for Z:] and i,j:1,2,...,r—1.

Then, the hypotheses have the same form as in (3-43). That is

H: XeA
peoAs (3-49)
A XAeA.

where, defining ¥* = {(i,7) : i < j for i,j = 1.} Ng = B x A*, where B = {)\; :

T+T

Nij = 1/2, V(i,7) € ¥*.} and A* = {(7712,...,77T<T,1>) (0,1) 2

new likelihood function for the general case is given by

277@] < 1} Thus, the

L()\|(II) H:g 1.23” [HAZ] - ZJ Ll] [H ZJ7+I7 an ita—1| (3—50)

o

Note that for the general case the likelihood may be factorized. Hence, once again we are
under conditions of Theorem 4. Then, the predictive function under the null hypothesis H

can be written as
faal T =) = [ L3 2)P4 ()

—(1/2)%w maten ]| (xij + a:ji>’ (3-51)

i Tij

and, the predictive function under the alternative hypothesis A as
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fa@|T = x4+) :/AL(/\\z)d]PA()\)

(3-52)

)

_ wij + a5\ [Lg- Tlauy + i) [g- D@y + i)y + i)
()

v N 2 ) g Tlai)T(agi) [Tg- T(wij + 50 + aij + i)

where Ty = Y . ij + ;. Finally, the Bf(x) for the general case is given by

/A L[ 2)dP ;(N)
/A LA z)dP 5(A) (3-53)

_(1/2) S w5 [qu* D(ai)T(ayi) [Tg- (@ + 350 + iy + i)
[Tg- Dleij + aji) Tl T(@ij + i) Ui + i)

Bf(z) =

In the next example we illustrate how to apply this methodology to test symmetry on a

3 x 3 contingency table.

Example 12. Assume that Table 3-8 represents the observed frequencies of cross classified
cases, according to two variables X; and X5.
Table 3-8 Observed frequencies of

X1 and X3 for diagonal symmetry
hypothesis for the Example 12.

2

Xy

W

Akwr—t»—tk

W = O
=W NN

14

For simplicity, suppose that @ = (6;1,...,6032) a prior follows a Dirichlet distribution with

parameters «;; = 1V, j. Hence, the predictive functions under each hypothesis are given by

Fal@) = (1/2)%w ot I (m; ) (3-54)
o * ()
and 0 . N
_ _ px LigLij: Tij + Xji i
fal=) = [Ty (2ij + 250 + 1)!} 1;[ ( Tij ) (3:55)

Again, for the observed data, the Bayes factor is B f(z) = 5.273. Considering a = b(b/a = 1)
we do not reject the null hypothesis since Bf(x) > 1. In this case, conditional the adaptive

significance level and the conditional Bayesian Pr-value (x) are

= Z fu(z) =0.048 and Pr-value () Z fu(z) = 0.252.

BF| (z)\U}-

Since Pr-value(xg) > o, the decision is not to reject the null hypothesis in (3-32).
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3.2 Other Applications

Our purpose so far has been to use the P-P test (with weighted likelihoods and adaptive
significance levels) on count data in contingency tables. We showed how the NNP principle
can be used to achieve a simpler form of the original problem. Next, we show the use of
the procedure developed by (Pericchi and Pereira, 2016) in other cases. The first one is
the comparison of means between two populations that follow Poisson distributions, the
second one is the test of Hardy-Weinberg equilibrium in relative genotype frequencies and,
finally, we apply the results of independence and symmetry to a real data set from Brazilian

aeronautics.

3.2.1 Poisson means comparison

Suppose we are interested in testing the equality between two Poisson means. For this
purpose, let X = (X1, X5) be independent observations that follow a Poisson distribution
with parameters m6; and n#, respectively, with m,n € N=1,2,3,... as the sample size for

each random variable. The hypotheses to be tested can be formulated as

H:0€@0

(3-56)
A:0 € O,

where ©g = {(01,02) € R% : 6; = 65}. The likelihood function for 8 = (6, 6,) generated by
x = (11, 22) € N? is defined by

(m91 )zl (neg)l’?

L(|x) = e e, (3-57)
Assuming that € has prior distribution as
( ) _ b d 9a710c716—91b6—92d7 (3—58)

S T(g)T(e) ' 72
that is, 6; and 605 are distributed as a Gamma distributions with parameters (a > 0,6 > 0)
and (¢ > 0,d > 0) respectively and 6; 1L 0y. Then, the predictive function under the null
hypothesis H can be expressed by

fulz) = /@ L(8|z)dP 1 (8)

(3-59)
_mTin*? TD(xy +x2 +a+c—1)(b+d)ete D
xylzs! | (b+d+m+n)@tetate- DD (g4 c— 1)
Analogously, the predictive function under the alternative hypothesis A is given by
fa@) = [ L(O|2)dPA(0)
(C]
(3-60)

b d® mTn® [ T(zp4a)  T(zz2+c)
" T(a)T(e) xylze! | (m+ b)@rta) (n 4 d)(w2to)

Then, the Bayes factor B f(x) is expressed by
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T'(a)T(c) D(z) + 20 +a+c—1)(b+d) @t (m4 b)Erta)(n 4 g)@2to)
bade (b+d+m+n)@itzatate=D(qg+c—1)  T(z; +a)l(z2+c¢)

Bf(z) = (3-61)

The problem of comparing two Poisson means by using (3-61) was first presented by Irony and Pereira
(1995). They explain how a production process can be monitored through hypotheses testing
using weighted likelihoods. Note that in order to calculate P-values and adaptive significance
levels for the P-P test for the equality of means, one should conceptually determine the Bayes
factor in (3-61) for infinitely many points in the sample space N2, which is not viable from
any point of view. To overcome this difficult, we reparametrize the model, and make use of
Theorem 4 to reduce the amount of calculations and to obtain conditional quantities instead.

Next, we show that assuming equal sample sizes and equal rate parameters, i.e.,

n=m and b=d, (3-62)

and by using a suitable reparameterization in order to obtain a factored likelihood, the P-P
test procedure meets the condition of Theorem 4, and consequently, this problem will be

reduced to a sharp hypothesis testing problem. Thus, the new parameters can defined as

01+ 6
The new parametric space is A = [0, 1] x R,. Now, the hypotheses (3-56) can be rewritten

A

and /\2 = 01 + 92. (3—63)

as

H:\ €A (3-64)
A €A,

with Ag = B x A*, where B = {\; : \; = {1/2}} and A* = (0, 00). Note that, since X; and

X, are independent, the likelihood function (3-57) can be expressed as

P(X1=$17X2:$2|0) ZP(X1 :.Z‘1|X1 + Xo = a1 +$2,0)P(X1 +X2=$1+$2‘9)

:n11+m2 (1'1 + 1’2) < 01 )zl < 92 >12 e*n(91+92)(91 + 92)9614»:52 (3-65)

1 01 + 05 01 + 04 (.’L’l + .’[72)!

Hence, the new likelihood function for A = (A1, A2) generated by & = (z1, x3) can be written

as

T1+22
L\ |z) = K”jl;x?) A (1 — Al)“] [( z )\51“"26_)‘2“} . (3-66)

xr1 + 1'2)'

and the prior distribution for A is given by

['(a+c)

T(A) = {F (T A1 — >\1)01} {Fflwﬂ%mﬂbd)w} . (3-67)

a+tec)?

Thus, the predictive function under the null hypothesis H can be expressed by
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falz) = /A LM |2)dP (M)

o | (/27 /0 Agrtartateslomaa AR ) (3-68)

= o0 b
x1lxs! / yate—1,-ap D sy
2
0

and the predictive function under the alternative hypothesis A as

£2(0) = [ LA |25y
A
1 oo (3-69)
— > |:/ / Azlvl-&-a—l(l _ Al):52+571Ag1+x2+a+c—lef)\2()\1(m+b7n7d)+n+d)d)\2)\1 ,
0 0

where C' = % rcff:) ”Zl!;:f . Now, note that assuming n = m and b = d the predictive functions

are reduced to

(1/2)11+z2 /oo )\§1+x2+a+c716—)\2(n+b)d/\2
0

nxt +z2

fa(@) =
H x1!x2! /OO )\g+c—1e—>\2bd)\2
0 (3-70)

n“”?} { D(z1 + 22 +a+c)b*te }

:(1/2)w1+z2 { F(a+c)(n+b)xl+x2+a+c

$1!JJ2!

and
1 00
f/i(x) :CS > |:/ / A:f1+a71(1 _ Al)z2+c—1A§1+z2+a+cle—)\Q(n+b)d)\2)\1:|
0 0
1

=C5 x [ / AprFeml g )zeteslgy, / A;l”ﬁaﬂ—leAz("*b)d&] , (3-71)
0 0

_pFtTe {F(ml +a)l(z + c)] [ pate ]

zylzo! | (n+ b)@itretate) | | T(a)T(c)
As in the previous cases, the likelihood function (3-66) comes factorized as (2-31) and the
prior distribution of A can be written as a product of distributions, in this case, of a Beta
and a Gamma distributions. Then, by Theorem 4, the predictive functions can be calculated

disregarding Ao. It follows that

fa(@|T = x1 + 2) =(1/2)"1 72 (””1:1””2) : (3-72)
and
i B (r1+ a2\ [Tz +a)l(z2+¢)] [T(a+c)
i =t =(" 1) (R erg ) @) (37)
Consequently, the Bayes factor B f(x) is given by
Bf(@) =(1/2yte L L T e a0 (3-74)

T'(a+c) D(xy +a)l(xe +c)
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In Example 13 we present an application of the previous results.

Example 13. Irony and Pereira (1995) says that a methodology to detect a shift in a
production process is to compare the quality index of the current rating period, Ay, with the
quality index of the previous rating period, Ay_1, using (3-61). We take this idea to elaborate
a numerical example. Suppose that we want to know if a process is under control. For this,
two audit samples of size n = 10 are collected at rating periods 7'—1 and 7T respectively. Let
X, represent the number of defects found in the first sample and X, represent the number
of defects found in the second sample. Also let, X; and X5 follow a Poisson distribution with

parameters nA; and n\,, respectively. For simplicity, we will assume the hyperparameters

in (3-58) as a = b = ¢ = d = 1. Hence, the predictive functions under each hypothesis are
given by:
fule) = /250 [+ 0 () | (2) T () (375
" ! 2 1 n+1 n+1 ’
and
n xr1+xo 1 2
Jalz) = <n+1) <n+1) ' (3-76)
Consequently, the Bayes factor Bf(z) can be expressed by
Bf(z) = (1/2)"+%2 (21 + 25 + 1) (“; zz). (3-77)
1

Now, suppose that xo = (2,9) was found. In this case Bf(xq) = 0.322 and the conditional
adaptive significance level and the conditional Bayesian P,-value are given, respectively by

>, [ul®) >, fulx)

zeX:Bf(x)<b/a, e X:Bf(x)<Bf(z0).
af = ——"—— =0.227 and Pr-value (zy) = —————— = 0.065.
T ful®) ' > ful®)

) i)
Since Pr-value(zg) < o, the decision is to reject the null hypothesis in (3-64). Note that
(X1, X3) € N2, Therefore, computing the P-value and ag- from (2-17) and (2-15) respectively,
is an exhaustive work since it is necessary to find the Bayes factor for the whole cartesian
product N2, In this case, it make sense to us to use the conditional P,-value and the condi-
tional a7 since the comparison between them is equivalent to the comparison between the

original P-value and as+ with the advantage of performing finitely many calculations.

3.2.2 Hardy—Weinberg Equilibrium

The “Hardy-Weinberg law” was initially formulated by Hardy (1908) and Weinberg (1908)
and later, the term “Hardy-Weinberg equilibrium” (HWE) appeared in Stern (1943). As
mentioned by Graffelman (2019), this law plays an important role in the context of genetic
association studies since disequilibrium may be the result of genotyping error, most typically

the confusion of heterozygotes and homozygotes. Test for HWE is a useful tool in the analysis
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of DNA evidence, used in human identification and paternity studies (Council et al., 1996).
The conclusions reached by analyzing such evidence depend on the probabilistic evaluation
of this evidence, where, the evaluation is simplified if HWE holds (Montoya et al., 2001).
On the other hand, disequilibrium among cases in a case-control study may be indicative of
disease association. Thus, tests for HWE may also provide clues in marker-disease association
studies (Graffelman, 2019; Montoya et al., 2001; Shoemaker et al., 1998).

In short, the HWE may be described as follows: Consider a single autosomal biallelic
locus, comprising alleles a and b with respective frequencies p and 1 — p. This locus is said
to be in Hardy-Weinberg equilibrium if the relative genotype frequencies of aa, ab and bb,
(faas favs o), are given by p?, 2p(1 — p) and (1 — p)?, respectively, for some 0 < p < 1.
Suppose that the system is codominant where all alleles can be recognized by genotypes, so
that direct estimation of the frequencies of alleles is possible (Thomson et al., 2009). Then,
in a sample of size n, the frequencies of members in each class x1, x9, and w3, satisfy the
condition Zf’zl x; = n (Graffelman, 2019; Montoya et al., 2001). Thus, the test for the HWE
verifies if a population follows the genotypes proportions given by the HWE proportions.
Then, considering § = {(61,6,) € [0, 1]2 20 +6, < 1,03 =1—60; — 6y} the equilibrium

hypotheses can be written as

H:He@o

(3-78)
A:0 € 6,

where ©g = {(p?, (1 — p)?) : 0 < p < 1}, see figure (3-1).

& 0.50

0.25

0.00

0.00 0.25 0.50 0.7 1.00
61

Figure 3-1: The HWE curve. The complete parametric space is shown by the
shaded area and the Hardy-Weinberg equilibrium is represented by the curve.

For testing (3-78), we consider that the sample size n is known and sample elements of geno-
types frequencies are obtained independently in such a way that the vector X = (X3, X5, X3)

follows a Multinomial distribution with parameters n and 8. Thus, the Likelihood function
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for @ generated by x = (1, x9, x3) is defined by

n! i .

In addition, we assume that the parameter vector € follows a Dirichlet distribution, with

parameter @ = (ay, ag, ag) for o > 0, that is

D% ) 11 panet
(@) = === | o™ 3-80
( ) Hle F(O{l) 22111 7 ( )

Then, the predictive function under the null hypothesis H can be expressed by
fulz) = / L(6|)dP:(6)
)

1
n! / ( 1-3p(1 - P)) pPtAzT2(1 - p)Petda—2gy (3-81)
: 0

H3 il [ 2 2 2 2 7
=11 / ( 1— 3p(1 _ p)) P ajt+oag— (1 7p) az+oo— dp
0

and under the alternative hypothesis A by

fale) = /e L(8|z)dP 4(0)

I(>% o) 1) As—1 Ay
:[H?’ 'r1<a»> ., ! /6914 ooy de
=1 3 =1 "

I o) nl [T, T(A)
Ty D) [Ty @it | T, A

where A; = z; + «; for i = 1,2,3. Note that the exact calculation of (3-81) is not feasible.

(3-82)

c
[¢]

Thereby, as in the previous cases, we apply a suitable reparameterization that makes the task
of obtaining (3-81) easier. For this, we consider the parameter (0, 03) in place of (61, 6>) (and,
in this case the equilibrium hypothesis is {(p?, (1 —p)?) : p € [0,1]} sketched in Figure 3-2)

and define the new parameters

Ve
Al_m, Xy = /01 + /0. (3-83)

The new parametric space A is defined by A = {(A1,X2) € RY : A\ € [0,1]and0 < Ay <
{\2 4+ (1—A1)?}~Y2} and the HWE hypothesis corresponds to the line segment Ay = 1 (that
is, [0,1] x {1}), on the right side of Figure 3-2. This choice will make the computation of

predictive function easier.
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1.0+ [ sqy :

63
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0.5+ @ 0.5

0.0+ 0.0

0, A

Figure 3-2: HWE - variable re-parametrization .The complete parametric
space is shown by the shaded area and the HWE is represented by the black line.

Thus, the hypotheses (3-78) can be rewritten as:

H:X€ Ay

A e Ag,
with Ag = B x {1} and B = [0, 1]. Then, the predictive function under the null hypothesis
H is given by

(3-84)

falz) = /A LN @)dP 5 (A)

, (3-85)
o2 ’I’L' F(2A1 + A2 — 1)F(2A3 + A2 — ].)F(Q Zi:l a; — 2)
[T, 2! | T(201 + a2 — ) (2a3 + ag — DIR2Y0 [ A, —2) |
From Theorem 1, it follows that
BORYRINELS
= / L(0|z)dP 4 (3-86)
(S]
:fA(z)a
that is the final result of (3-82). Therefore, the Bayes factor B f(z) can expressed as
3 3 3
Bf(a) = s | L2AUF A2 = DDA + 43— DTS o =D TEL D) DS, A)] o
(201 + ag — I(2a3 + s — DD, A; — 2) TN, ) [1°, T(A;)

where A; = x; + «;. If we assume that the prior distribution function for € is uniform, that

is, considering o; = 1, for i = 1,2,3., Bf(x) is given by:

Bf(z) = 2!

(n+2)! [31(221 4 z9 + 1)!(223 + 25 + 1)!} . (3-88)

[Ty ! I'(3)(2n+3)!
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In order to analyze the performance of the P-P test, we compare its results with the
frequently used statistical tests for HWE (Chi-Square, Likelihood Ratio, Exact test and
Approximated Bayes Factor). Table 3-9 shows the Rejection/Not Rejection proportions for
all allelic combinations of 10 genotype samples. Under this scenario, the Bayes factor B f(x)

and the Aprox Bayes factor presented the minor proportion of not rejection.

Table 3-9 Rejection/Not Rejection proportions of
different tests against Bayes factor Bf(z) for HWE hypothesis.

Bayes factor
Not Reject Reject

Exact test ot g:}igz 0'(4)1 ’ 82(5)

e N0
Chi-Square test Not ;gggt 832 8?8
Ao By Facor 0 Rt 02T 008

In Table 3-9 Approximated Bayes Factor refers to the methodology presented by Montoya et al.
(2001) and Exact test refers to the methodology implemented by Wigginton et al. (2005),
the latter methodology is implemented in the HardyWeinberg package of R Core Team
(2017) and can be invoked with the function HWEzact(). The other two are the well-known
tests, Likelihood Ratio and Chi-Square from Neyman and Pearson (1957) and Wilks (1935)
respectively.
Next, we apply all tests in simulated data by the HWData() function from Graffelman
(2015) R package. Since this function returns data being in HWE, the tests should not reject
the hypothesis of HWE.

P 1.00
/ L
PN
~
\ ,/

095 075 N NS 5
c
§ Method 5 Method
g- . Aprox Bayes Factor § Aprox Bayes Factor
a | s N e g
g 0.90 | Ve \\// ~oU Bayes Factor & 050 Bayes Factor
2 Chi-Square 5 Chi-Square
> Exact 3 Exact
E Likelihood Ratio E Likelihood Ratio
5
z 0.85

0.25
0.80
0.00
10 20 30 40 25 50 75 100
Sample Sample
Figure 3-3: Rejection proportion for simulated data Figure 3-4: Rejection proportion for simulated data
(under HWE) from the HardyWeinberg R package. (not under HWE) by using rmultinom R function.

Figure (3-3) shows the performance of all tests for different samples sizes. Note that, the
Chi-Square test presented the worst performance for all sample sizes, and in small samples,

the approximated Bayes Factor test presented slow performance too.
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3.2.3 CENIPA data application

To illustrate the results derived in Subsections (3.1.2) and (3.1.3) we shall use a data set from
aeronautical occurrences. This data set is managed by the Brazilian Aeronautical Accident
Investigation and Prevention Center (CENIPA, in Portuguese). The data set is of public
access and contains aeronautical events notified to CENIPA in the last 10 years which
occurred into Brazilian territory. The available information from each event includes data
on aircraft involved, fatalities, location, date and time of events, and typical taxonomy

information from accident investigations (AIG) (Cenipa, 2019).

Independence

Table 3-10 presents the number of air accidents, incidents and severe incidents by kind of
engines in February 2019. We want to know if there exists an association between the kind

of event and the kind of engines of the airplanes.

Table 3-10 Number of accidents and Incidents by kind of engines.

Aircraft Engines Accident Incident Serious Incident

Jet 0 9 0
Piston 8 7 6
TurbolJet 1 0 1
Turboprop 1 3 0

The adaptive type I error probability and the Bayesian P-value are given

ag = Y fu(x) =0.0263 and P-value(zo) = > fu(x) = 0.0003.

zTEX: TEX:
Bf(z)<1 Bf(@)<BF(zo)

Since P-value(zg) < as-, the decision, in this case, is to reject the null hypothesis, i.e, there
exists some kind of association between the kind of accident and the engines. Table 3-11
presents the results of other test procedures for the same data set. Notice that all tests
rejected the null hypothesis, except for the LRT test that appears not to work when the
table has cell counts equal to zero. Even though the chi-square test rejects the null hypothesis
at the 5% level, it does not reject it at 1%. In addition, note that the approximations should

be poor because some cells have small counts.

Table 3-11 Significance indices for test independence
between accidents and kind of engines.

Test Measure Value Significance Level

Bayes factor P-value 0.0003 0.0263
FBST e-value 0.000 0.05
LRT p-value 0.9969 0.05

Chi-square P-value 0.0219 0.05
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Symmetry

Table 3-12 presents the number of planes that suffered accidents twice. We are interested

in knowing if the kind of accident that occurred for the first time is the same that occurred

in the second.

Table 3-12 Number of accidents involving aircraft failed twice.

Second Time

First Time Accident Incident Serious Incident
Accident 0 1 0
Incident 1 22 1

Serious Incident 1 7 0

The adaptive significance level and the Bayesian P-value are given

ag = fulz)=0.1386 and P-value(xg) = Y fu(x) = 0.0521.

zeX: zeX:
() BF(z)<Bf(x0)

Since P-value(xg) < ag+, the decision in this case is to reject the null hypothesis, i.e, there
are differences between orders of two types of accidents. Table 3-13 presents the results of

other test procedures for the same data set. Notice different decisions are made if the Bayes

factor or McNemar test is used.

Table 3-13 Significance indices for test diagonal symmetry
between two-time accidents.

Test Measure Value Significance Level
Bayes factor P-value 0.0521 0.1386
FBST e-value 0.000 0.05
McNemar’s chi-squared  p-value 0.1386 0.05




Chapter 4
Discussion

Statistical hypothesis testing is present in the day-to-day of scientists in different areas of
knowledge. However, with the computational advances and data revolution, different misuses
of this important tool have come to light. As discussed in Chapter 1, over the years, problems
with tests of significance and fixed significance levels generated a growing dissatisfaction
among statisticians and the modern scientific community. On the other hand, credibility in
Bayesian framework for hypotheses testing increases in this community for its advantages
in application and interpretation. Under the Bayesian approach, we want to emphasize that
the use of the Bayes factor along with adaptive significance levels is a practical and powerful
tool for hypothesis testing since this methodology can be used in sharp, one-sided and two-
sided hypotheses while it allows us to avoid all the problems inherent of significance tests
and fixed significance levels. Nonetheless, there exist hypotheses for which the computation
of Bayes factor is complex. the computation of In several cases the integrals involved in
the Bayes factor are not easy to calculate: for example, the independence hypothesis in a
two-way contingency table and the HWE hypothesis. We showed that besides being in a
sense invariant under reparameterization, the Bayes factor also obeys the non-informative
nuisance parameter principle (NNPP). Based on this, we use reparameterizations of standard
models for count data (analysis of contingency tables and comparison of Poisson means) to
perform simpler (reduced) versions of the P-P test: it usually demands the determination
of complex integrals and after reparameterization, some parameters are considered non-
informative and consequently removed from the calculation of the Bayes factor, thus, its
calculation is simplified.

Generally, in hypothesis tests of homogeneity, independence and symmetry on two-way
contingency tables traditional methods such as Chi-squared, LRT and McNemar statisti-
cal tests are used. When these procedures deal with small samples sizes or sparsity (cells
counts close to zero), their performances are very poor, as we can see in the LRT test
(Table 3-11). Although some modifications have been made (see, for example, Sulewski
(2019) and their references), there is not a complete solution yet. From a Bayesian per-

spective, there is a wide literature on methods for analyzing data with contingency tables

98



29

(Agresti and David (2005); Lindley and Smith (1972)). However, we focused on the works
presented by Irony and Pereira (1995); Pereira and Pereira (2005); Pereira et al. (2017);
Pericchi and Pereira (2016) and we used them as a baseline for applying our main results
concerning mainly the NNPP for hypothesis testing and a kind of invariance. Under this ap-
proach, we have proposed a solution to the problem of testing independence in contingency
tables that is easier to implement by means of the P-P test: it reduces the original problem
to a simpler test of homogeneity , although the problem we deal with is not exactly the same
as the original one because of the reparameterization taken into account. In a similar way,
the diagonal symmetry hypothesis was transformed into a simple hypothesis. In addition,
we derived an exact test for the HWE. Furthermore, we used our proposal to carry out
a Poisson means comparison, where we found that, when both the sample sizes and rate
parameters (in the prior distribution) are equal, the hypothesis test for means comparison
turns into a test of a simple hypothesis.

The use of the NNP principle along with the invariance property on Bayes factor is an
unexplored methodology that could be used in many other problems that involve complex
hypotheses. However, note that both adaptive significance levels and P-value need the eval-
uation of the Bayes factor for all sample points and this implies high computational costs in
large sample sizes. For example, tables with a sample size greater than 100 could demand
much time to calculate the adaptive significance level and the P-value. In addition, when the
P-P test has been applied some parameters are considered as non-informative and therefore
removed from the Bayes factor calculation, simplifying the computation of relevant quanti-
ties. The resulting expression in the predictive function under each hypothesis H (A) is not
equivalent to original predictive function with all parameters, consequently, is necessary to
use the conditional o and conditional P,-value for the analysis.

Although we believe that the properties of the P-P test examined in this work may be
useful and contribute to hypothesis testing involving count data, we are aware that there are
still many things to do. For example, to develop this methodology for multi-way contingency
tables and other statistical models, to explore other statistical areas where the NNP principle
could be applied to transform the original hypotheses into simpler ones, to explore another
logical properties of the NNPP and its extensions for other inferential procedures and its

behavior in large samples.



Appendix A

Proofs

A.1 Invariance

Let (©,0(0)) and (A, 0(A)) be measurable spaces and h : © — A a measurable and invertible

function. Then, consider the hypotheses

H: 6¢c6 H: Melg

A: 0¢ 06 A: N¢ Ao,
where, ©y € 0(0) and Ay = {h(0) : 6 € ©}. Let P, and P, be probability measures
conditioned on the hypotheses H and A for 6 respectively. In addition, define P : o(A) —
Ry as Py(B) = Py (h"Y(B)) and P; : o(A) — Ry as P4(B) = P, (h " %(B)). Let L :
©® — R, be the likelihood function generated by x for # and L : A — R, the likelihood
function over the alternative parameterization given by L(A|z) = L(h~'(\)|z). Then, we
define @® : X — {0,1} and @* : X — {0,1} as the P-P tests for the hypotheses (A-1)

under the parameterization © and A respectively by

(A-1)

o ) 1 if Bf®x)<c A | 1 if Bffx)<c
® _{ 0 it Bfo@) se 4@ _{ 0 if Bfi(z)>c (A-2)

where,

/ L(0] )dP, (6) / L(\| 2)dP 4 (6)
© A

Bf®(x) = and Bf(zx) = . (A-3)
/ L(6] 2)dP A (0) / LA 2)dP ()
€] A
We shall prove that for all z € X, @®(z) = 1 < @*(x) = 1. Then, we have that
|zl
Px)=1< 28 <ec (A-4)

JRCEENG
€]

However, note that the predictive function under the null hypothesis in the alternative

parameterization can be written as
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JREETHOE
A

(E o h) (6] )dP ,(0)
((Loh™) oh) (0] 2)dP(0)

I
@\@\@\

(Lo (h™"oh)) (6] 2)dP(6)

- / L8] 2)dP  (6),
©

and applying the analogous procedure (note that this result follows directly from the proper-
ties of the integral of a transformation), we have that [, L(A| z)dPz(\) = [, L(0] z)dP4(6),

hence
/ (o
/ (0

L\ ) (A-6)
/

&9

@

@

=

>>

y=1 0O.

A.2 NNP principle.

Proof Theorem 2: Suppose there exists a statistic 7' : X — T such that it is both p-Sufficient
for 6, and s-Ancillary for 65, then

P(X =2|0) =P(X =z, T(X) = T(x)0)
=P(X —fb’T() T(x)]6:,6)

=g(T'(x)| 01, 02)f(z| T(X) = T'(x), 61, 62) (A-7)
=g(T(x)[61) f (x| T(X) = T(x), 62)
:L1(91| IL‘)L2<92| ZE)

The proof when T is both p-Sufficient for #5 and s-Ancillary for 6; is analogous. [

Proof Theorem 3: Suppose that x € X is such that the posterior distribution of # can be
factorized as w(0] x) = m1(01]| x)m2(0s] ). Then,

LOT0) g

/ LOle)r(6)d0
(C]

= 7T1(91 |$)7T2(92|J))

/e L(6]z)m(6)dbs / L(6]2)m(6)d6;

/ (0|x)m(6)do / 0|x)m

(A-8)
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Due to the fact that 6 L 65, equation (A-8) can be written as

/ /@ L(6z)m1(61)d6:
LOlw) = | L(0]2)ms(05)d0s 2"
o [ Lo )
C]
=L"(61]x)L?(62]),

where,

/L(0|:L‘)7T(91)d91

SH

L1(81|x):/6L(0|x)ﬂ2(02)d92 and  L*(6y]z) = 0. (A-10)

/ L(6)z)m(6)do
o

This implies that if the prior distribution for #; and #, are independent and the posterior
distribution for # can be factorized, then the likelihood can also be factorized in two parts,
one that depends just on #; and other that depend only on 65. Now, suppose that the
likelihood can be factorized as L(0| z) = L'(0y]| x)L*(02| z). Then

L(0] z) = L (0| 2) L*(6s] z) = (A-11)

L(0) 2)7(0) = LY (01| 2) L*(0s| 2)7(0) = (A-12)

_ L@z)m(0) L*(01|2) L?(0a] )7 (6)
£(0]x)
/@ L(0]2)(0)d0 /@ L)L o) (o)
_ L1(01|93)L2(92|x)7r1(91)7r2(92)

/ LA (01 2) L2 (0]2) ) (01)72(0,)d0
©1Xx0O9

(A-13)

Under these conditions, we can use Tonelli’s theorem in (A-9). Then

L1(91|I)7T1(¢91> L2(92|$)7T2(92)

£(0lz) =
/@1 LY (6] x)7" (61)d6y /@2 L?(0a|x)m*(0)db; (A-14)

= §(01|2)E(0:]),

where the last equality follows from direct calculation of the posterior marginal distributions
from (by integration) the posterior joint density. The equation (A-14) implies that if 6; and 65
are independent and the likelihood function can be factorized as L(0| z) = L*(61| z)L*(62| z),

then the posterior distribution for § will be factorized too [.

Proof Theorem 4: We want to show that for z € X such that (2-31) holds, ¢*(z) = 1 &
©* (x,02) = 1. We first verify that if 65 is NNP. Then, we know that
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Q" (x,09) =1 & M < 9 (A-15)

fTA ('T7 92) a ’
where f, () is the predictive function under each hypothesis. Thus, consider the likelihood

function generated by (xg, 63) with 2o € X and 65 € O, as

E<91 | 0, 02) =P (X = 20| 01,00) f (02| 01) = L (61,02 x) fo ()
=L' (01 | 20) L? (02| wo) f2 (02) -

Then, the predictive function under null hypothesis 6; = 6y can be calculated as

(A-16)

fi (o, 62) —/ L (61| zo,05) dPg, (61)
e (A-17)
- / LY (61| 20) L2 (62 | 20) fo (6) APy, (61).

where Py is the conditional distribution of ;]6; = 6. Due to the fact that the distribution
of 0160, = 0y is degenerate at 6, we have that

fH (9507 92) =L (90 | Io) L? (92 ’ iUo) I (6’2) . (A‘18)
In addition, the predictive function under the alternative hypothesis is given by

Fa (0, 02) = / LY (0| 20) L? (02| 20) f (62) dPg, (6)
_ /@ LY (60 | 20) L2 (6| 20) fa (6) f1 (61) dbs (A-19)

L2 (6, | z0) f2 (62) / L' (6 | 20) f1 (61) dby.

01

Thus, the Bayes factor can be expressed by

:H (x0,02) _ L' 6y | zo) L? (02| z0) f2 (62)
A(20:0) 12 (0, 24) £ (60) / LY (6 | 20) f1 (61) dby
L* (6 | 20) (4-20)

/ L (91 |I0) 1 (91) d91.
01

Note that Equation (A-20) is independent of 6,. As a result, the test in (A-15) does not
depend on 6, consequently, f, is NPP for the test ¢* and the hypotheses H versus A. Now,
we shall determine the test ¢* for H versus A. Thus, the likelihood function under null

hypothesis is defined

fu (x0) = /@ . L(01,02 | 20)dPy (61, 02) - (A-21)
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Where it is possible to verify that for fixed 6y € © the conditional distribution of 6 given
0, = 6, satisfies that

e 01|60, = 0y is degenerated at 6

e 05|60, = 0y is absolutely continuous, with density function fs ( when #; and 6, are not

independent the density function for 6| 0; = 6, is % )

Then, the predictive function for the null hypothesis is given by

fH ({110) :/@ o L (91, 6‘2 |£U0) dPHU (91, 92)
- /O L (60 | w0) L2 (62 | 70) > (62) db (A-22)

:Lwﬂqﬂo/'L%%|myﬁwgd%.

O

And, for the alternative hypothesis we have that

fa(zo) = /@ L (O ) L2 (B2 ) P 61,02

:/ Ll (91 ‘Io) L2 (92 |£C0) d]P’(Hl,Gg)
01%92 (A-23)

=/ / LY (61| zo) L* (02 | 20) f1 (61) fa (62) d6:1db-
©; JOo

:/ Ll (91 |Io) f1 (91) d91 / L2 (02 | .’130) f2 (92) d92
O,

O3

Finally,

1 . 2 (9, | 20) fo (Bs) d6s
fH(l‘o)_ L* (0o | 0)/@2L (02 | 20) f2 (02) dO

fa (zo) /@ LY (6, | z) f1 (61) del/@ L? (02| xo) f2 (62) dba (A-24)

L' (6o | o) _ Jau (%0,65)
/@ LY 0y |2) fr (1) dg, T

hence,

(A-25)

and consequently

(p* (CU()) =1& @* (1‘0,92) =1 0O (A—26)

Proof Corollary 1: The proof of the corollary follows directly from Theorem 2 and Theo-

rem 4.

Proof Theorem 5: In fact, from Theorem 4 and Corollary 1 we have that for all o € X

. Ju (1’0)
AR

Q| o

¢ (20) = 1 < Bf (20) ) (A-27)
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which is equivalent to

Z F i1 2a) ( ({z}) < Z Fureo ({z}), (A-28)

zeX:Bf(z)<Bf(z0) zeX:Bf(z)<b/a

where the last equivalence comes from a similar argument presented by Pereira et al. (2017).
Then

. Fir ({2} 0 {T(z) = T(z0)}) Fyr ({2} 0 {T(2) = T(x0)})
)=le > T e —T@)) S 2 Fa(@w -Twpn O

TEX:Bf(2)<Bf(z0) zeX:Bf(z)<b/a

But,

i ({2} N {T(2) = T(wo)}) = {f nle) A T(w) =T (z) (A-30)

0 if T(x)# T(x).
Then

Ju (17(5) = o) fu (@)1 (T(2) = T(zo)
Sl =le 2 R {I@ - Te) <2

R G s

T( ; T(x)=T!

z @ TS fa@

T(x0) 2EX:T()=T (w0)

=
< Pr-value(zg) < ol 0.
A.3 Homogeneity

A.3.1 Binomial

To test the hypotheses (3-1) we compute the predictive functions under each hypothesis.

Hence, the predictive function under the null hypothesis is given by

fulz) = /@ L(B])dP 11 (6)

7{ L(6]z)7(8)dP 1 ()
[S)

o w)pa(e (A32)

1
/ tzglxi“"’*l(l—t)ZZ’;lnq:eri—x,;q\/Zdt
0

9

1
/ o wi (] — )Xl b LA g
0

where, A = (%)2—1— (%’f) +...+ (89*") . Hence, the arch v/A that represents the hypothesis

H is given by the equations

o 00, 00, 00,
01—02——0m—t then, W_E__W_l’ (A—33)

thus, the predictive function under H can be written as
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1
/ toima witai=l(] _ t)ZEL nitbi—wi—l, /o gt
0
1
Z?: a;—1 _ Z?: b;—1
/ot B G L (A-34)

I (O)TBIT(OT (S ai + ) = 2(m — 1))
T(B+ O (T ai — (m— )T (i, b — (m— 1))’

where, B = 3" (a; +x;) — (m—1) and C = > (n; + b; — x;) — (m — 1). Analogously,

the predictive function under the alternative hypothesis A can be written as

fu(z) =

fale) = /@ L(8])dP 4(6)

_Hz 1 ni F(“ —Ii:?b) /Hl 17 1_ )nl_dePA(e)
(A-35)

=T ) v 1T / R (R N

ni\ I'(ai+b;) m  I'(ai+x;)T(ni+bi— )
_Hz 1( ) )F(b)Hi:1 . T'(n;+bi+a;) =

Note that in this case the distribution of § under A coincides with the distribution of # on
the whole parametric space since A = © \ H, where H is a set of probability zero. Finally,
Bayes factor Bf(z) is given by

D(O(B)L (325 (ai +b;) —2(m — 1))
F(A+B)F(Z?l1ai—(m—l))F(ZZ’llbi—( _1>)Hz 1 Di 7

_ F(ai-i-bi) F(ai—i-:ci)l“(ni—f—bi—xi)
where, Di = 50,5100 ™ T b rar)

Bf(zx) =

(A-36)

A.3.2 Multinomial

As a generalization of Binomial test, we compute the predictive functions under each hy-

pothesis for testing (3-9). Hence, the predictive function under null hypothesis is given by
fu() z/@L(Glm)dIPH(g).
§ L6101 0
e
0)dP (6
jéﬂ( )dP 5 (0) -
Hf:l {ml‘wnij‘"}/ H§:1 tSijl aijt+wij l)ﬂdt
— j 25Ty 0
= 1 o
/ Hf:l tz(zjzl i 1)\/Edt
0

b

in this case, A = > D;, where D, represents the determinant of the i-th squared sub-
matrix of order (k — 1) of the partial matrix of derivatives .J,. Hence, the arch v/A that

represents the hypothesis H for the Multinomial case is given by the equations
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ty =01 = bag = ... = Oar
(A-38)
tk—1) =0k-1)1 =0-12=-.. = O_1)1,
where, the partial derivatives matrix J, is given by
B 06011 0011 T - -
ot e at(lc71) 1 e O
a0 ., o0 ‘.,
gt11)1 e at((z,ll))l 0o ... 1
00 0
8t112 e Bt(klfl) ]. e 0
900, o0
Jo = i 3;(]1711))2 =0 1 (A-39)
(991 891
i at(k—Tl) 1 ... 0
39<k;1>T ‘99<k.—1)T 0o ... 1
L oty e (’)t(k,l) _ - -
Therefore, the predictive function under the null hypothesis H is given by
1
n;! Syt —1 7
HJM:1 |:Ilj!I2jJ!f..zkj!:| / Hf:l tz‘( ' ) V Zi:l D dt
fH(z) = 1 .
k (Zlyi1 04117‘_1) ™
Hi:l ti Zi:l Djdt
0
1
M n,! k(TN aitmi—1)
_Hj:l {m] /0 [Tiei ts dt (A-40)
[T e
0
k M k M
T T (S (e + i) — (M = 1) T (S (S 0y - (4 - 1))
=C1x k M k M
(S (S + o) = (M = 1)) T T (S a1 — (M =1))
with C = Hj\il #ﬂ'xk], Analogously, the predictive function under the alternative hy-
pothesis A can be written as
£a(e) = [ Lible)aP,(0)
o
M | n;! M ko pzij
=112 m] /@Hj:l [Tiz, 67 dPA(6)
(A-41)

_Hi=1 F(a'ij) zlj!azgj!...wkj!

_ 1
M TR aiy) n;! M k aijtxij—1
=Il= | T2 ) [Li=: 63 db;

_ HM [0, eny) POOE, fij“)} HM [ P F(aij'i‘wij)}
J=1 | TIiy Dlovig) Tz, Tlwag+1) | =1 [T(2E ) aujtaiy)

As a result, the Bayes factor Bf(z) in favor of the null hypothesis H is
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M F(Zi;c:l z;+1) H1 (Z;u (agjtmg)—(M— 1)) F( (Z;u L i —(M— 1)))
Hj 1 ka—l I(wij+1) ( ’-C— (EM (avijtaiz)—(M—1 )) ) ( 1 Qi — (M- 1))
Bf(.’l:) = — k —— kl k
HM [F(Zi=1 aii) T i, wij+1):| H ) |:H'=1 F(O‘u +$u)]
1=, Dleig) Tz, Dwag+1) | 1A=L [ PR, aigtaay)

[T, 0 (ko o) = M = 1) T (TE, (S5 0 - (M - 1)) (A-42)
% [peres et g o (S (Sihes +o) - 1 - 1)) |
X Hl 1 (Z] 1 Qg — (M_l))

A.4 Independence

Independence hypothesis for 2 x 2 contingency table

Under the hypotheses (3-15) the predictive function (3-18) is not easy to compute. Then,
we use the reparameterization (3-20) to factorize the likelihood function as (2-31). Thus
it satisfies the conditions of Theorem 4 allowing the computation of Bf(z). Then, with
the reparameterization (3-20) the likelihood function for A = (A1, A2, A3) generated by & =

(CL’H, T12,T21, ZEQQ) is defined as

T11 T12 21 22
n! 011 012 021 022
zi1lzi2!zarlzae! \ 0114+012 011+012 021+022 021+022

X (911 + 912)z11+m12 (021 + 022)37214-3@22

L(\|z) =

n'

:m B /\wn (1 _ /\1)0612 )\:521 (1 _ )\2)@2 )\gu-i—mz (1 _ /\3)f£21+r22 (A_43)
11 1'22

($11+112))\JC11 (1 _ )\1)9512 ($21+i22))\$21 (1 _ )\2)9522

T11 21
% (mllixlg)Agn-i_xn (1 _ )\B)I21+122

And the prior distribution of # under the reparameterization (3-20) is given by

[F(a11+a12) )\au 1(1_>\1)a12—1} |: T(az2i+a22) )\@21 1(1_/\2)042271}
() = (1) (a12) T(o21)T (v22) (A-44)

B F(Zl aij) + 2
% |:F(a11+a12])l“1(a2f+a22))\all Q12— (1 _ >\3)O¢21+a22 2}

Note that the prior distribution (A-44) can be seen as a product of Beta distributions. Thus,

the predictive function under the null hypothesis (3-21) can be written as
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fa(x) = [ LAlz)dPa(X)

LA[z)m(X)|J[dP 1 (A)

S S—

m(A)[J|dIP 1 ()
A

r 1
/ tI11+3721+0411+0421—2(1 _ t>$12+m22+a12+0¢22—2dt (A—45>
0

1
X/ A§11+x12+a11+a12—2(1_)\3)w21+122+a21+a22*2|<]|\/Zd)\g
0

| 1
T11!...T99! / t°‘11+a2172(1 _ t)a12+°‘2272dt
0

1
x/ Ao =21 ag)emten=2| 11\ /Ad),
0

where [J| = A3(1 — A3) is the Jacobian of the transformation and A = (%)2 + (%)2.

Hence, the arch v/A that represents the null hypothesis H is given by the equations

O\ O)g

/\1 = )\2 =1 then, E = W = 1, (A—46)
thus,
oM (o’
a5 ()
—\/(1) + (1)’ i

and consequently,

1
/ t$11+$21+0¢11+a21*2(1 _ t)$12+$22+a12+a22*2dt
0

1
| X/ /\§11+I12+0¢11+0412*1(1 _/\3)$21+9€22+a21+a22—1d)\3
n:

0

T11+...222:

1
/ ta11+a21—2(1 _ t)a12+a22—2dt
0

! A-48
x )\g11+a12*1(1 _ )\3)&21+a2271d/\3 ( )
L 0 .

[T(n1+ a1+ o — 1T (ng + a12 + g2 — 1)I'(n1. + 11 + ou2)
n! X T(n2, + s + as)T(27 ) ai; — 2T(X7 ) ayy)
20! ['(n + Z?,j:l aij —2)I'(n+ Z?,j:l @ij)l(a1 + a1 — 1)

L x I'(a12 + a2 — 1) an1 + ao2)T (21 + aa2)

T11+.--

where, n; = Zle z;; and n; = 2321 x;;, with 7,7 = 1,2. Now, for the predictive function

under the alternative hypothesis A we have that
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fale) = /A LNz)dP 5 ()

2
n! I( i,j=1 aij) )\111+Q1171<1 Y )x12+a12—1)\z21+o¢2171
$11!...$22! F(all).‘.F(azg) (0 1)2 1 1 2

tay;—1)

T oo (.
x (1— /\2)122+a22—1d)\1d/\2/ )\321=1(111 (1— /\3)25:1(m2j+a2g—1)u|d/\3
0

(A-49)

1 1
1 (Y2 g _ _ —
n (Zz,gfl ij) / )\:fn-‘rall 1(1_)\1)m12+a12 1d)\1/ )\%214-0121 1
0 0

111!...122! F(an)“.F(agg)

1
X (1 _ )\2)122+a2271d)\2/ >\§11+$12+C¥11+O¢12—1(1 _ )\3):1321+I22+Ot21+0422*1d)\3
0

B n! [F(Z?,j—l a;j) Dz + )T (@12 + a12)T (@21 + ao1)T (222 + r22)
z11! Z2o! F(Z?,j:l Tij + Oéij) H?,j:l F(aij)
Note that the likelihood function (A-43) comes factorized as (2-31) and the prior distribution

of A can be written as a product of distributions, in this case, Beta distributions. Then, by

Theorem 4, the predictive functions can be calculated disregarding A3z, that is

(-T11+?£12) ($21+$22)

11 21

fu@ T =) = y L(na 4011+ ag — D (ns + oz + ao — 1)F(Z?,j o —2) | (4-50)
I'(n+ Z?,j:l a5 — 2) (a1 + ao1 — )T (a2 + g — 1)

and

(111+m12) (121+I22>
T11 T21

) (A_B]')

T =x; =
falal zi) o H?Zl T(ayr + ai2)T (211 + 011)T (212 + ca2)T (221 + c01)T (222 + qva2)
H?ﬁjzl I'(j ) T(x11 + 212 + i1 + o) T(@21 + 222 + o1 + a22)

where z; = 232:1 z;j. As a result, the Bayes factor B f(x) can be expressed as

I(ni+ a1+ a1 —1I(ng + ae + ags — 1)1—‘(2@2,3‘:

x T'(n1. + aq1 + a12)I' (2. + a1 + a92) Hijzl I(a5)
I'(n+ Zijzl a;j — 2)'(a11 + g1 — D (a12 + age — 1211 + 1)
X T(x12 + c12)T (@21 + 1) (@2 + r22) H?Zl (o1 + u2)

1 Qi — 2)

Bf(x) =

(A-52)

Independence hypothesis for r x [ contingency tables

As in 2 x 2 case, under the null hypothesis in (3-26) the predictive function (3-29) is not
easy to compute. Then, one more time, we use a suitable reparameterization that satisfies

the conditions of Theorem 4. Then, consider the following reparameterization
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011. 012 . . O10-1
)\11 QL;) AIQ - ﬁ) ey A1(l—1) (91 )
021 . _ B, . a1
)\21 = QL;a >\22 - %;7 s 1>\2(l—1) (92_ :
(A-53)
67‘ . _ 07‘ . . _ 97" -1
>\7'1 = 9_:7 )\TZ - 9_37 cee 7)\7‘(l—1) — fgr' :
m=01; m=0; ... n—1=0u1.

Thus, by using equation (A-53) the likelihood function is defined as

r l zij)! l N -
L(/\|.'I:)=Hl [—%;:M) HIA]] [H;(Z e 111 i1 (A-54)

and the prior distribution is given by

CTS L o) 1 a1 | TS S i) o St
T(A,n) = e | B = J It A-55
A 21;[1 {H;—l (o) ]1;[1 ] Hi:lr(zzzl i) i[[ln | )

Therefore, the predictive function under each hypothesis (3-21) can be written as:

fa(z) = [ LAlz)dPa(X)

LA[z)m(A)|J[dP i (A)

?Sx>\

m(A)[J]dPr (A)

A
l zij+ai;—1 r Y= (@itai—1)
. /(0 1)1_11_[] 1t]Z 1@ ) \/Kdt/(o N _1H1:1 ;- /| dm
i l . : ii— 7 r lvfl aj;—1 ’
MMt | [ g VRa [ T
(071)1,—1 (O,I)T_l

(A-56)
where |J| = []/_, 7" is the Jacobian of the transformation and A = 37" D;, where D,
represents the determinant of the i-th squared sub-matrix of order (I—1) of the partial matrix
of derivatives (A-39). Note that the new parameterization converted the independence test
into one of homogeneity, thereby, in this case, the equations to the arch v/A also are given
by (A-38). Consequently,

i / T —l+(r—1
/0111 Jlj Zl 1‘Ddt/01T_1Hz 1nz o )d"7
fula) 0o x | : ST
/ ] 1 ] sz 1D dt/ Hz 17 d”?
LJ(0,1)1-1 (0,1)7—1
[ ITiT (o —r+ 1) T, T (o —1+7) (A-57)
. X T (Xioi(ag” = r+ 1) T (Si af* — 1+ 7)
= 2)( I
F(Eé (5 T+1))F(Zi (o =1+71))
i XHJ 1 ( **frJrl)H Tlag*—=1+7)

and



fale) = /A L(Nz)dP 5 ()

:OQ X

_ (eg™)
CQ X Hz 1 [Hl F(a ]) /(0’1)11

Iy [T T @ + @) T (a7 T, T (f = 147)T

:CQ X

r F(Zé:l aij) T [ l ijtQij
[T [H;lr(aij):| /(071)l_1Hi_1 IT;= 1/\13
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]d)\

r Zl':1(ri‘+ai'_1)
x / T, =Y 7 g
o0 (A-58)

Hi 1/\”]+u "%l)\]/( : HZ:lﬁ?:_H(T_l)dn

(i (e =14 7))

where Cs

J

| l
= T % = D i1 Tig + iy & = D00 T + i, A
a* =37 «ay;. Analogously to the 2 x 2 case, the likelihood function (A-54) is factorized

[T [T @) TToa T (i) | T (S (af = 1+ ) Ty T (a7 = 14 7)

*k

l
= 2 ;1 and

as (2-31) and the prior distribution of (A,n) can be written as a product of distributions,

now, Dirichlet densities. Then, by Theorem 4, the predictive functions can be calculated

independently of ), that is

r ! ) H{}:FoﬁffrJrlF S (e —r+1)
fg(x|T=xi.>=Hl(Z; ”“?] — ( RO ) , (A-59)
L mwst |1 (Shoieg = r+ ) o T (05 = r 4+ 1)
and
- )] [Ty [TToa T (s + i) T (o)
fa@|T = i) H[ J,] T{  Rppeees | : (A-60)
ot [ [jm 2! Ty [T @) I T ()]
where x; = Z;Zl x;;. As a result, the Bayes factor Bf(x) can be expressed by
i T (o —r+ 1) T (Xjoi(ey —r+ 1) =y [T (@) [T=y T (asy)
BM{ R CRADR Jusy| ] } .
L (Y@ —r+ D) T T (057 =+ 1) Ty [TThoy T (@ + i) T (a77)]

A.5 Diagonal Symmetry

A.5.1 Diagonal Symmetry for 3 x 3 case

Under the null hypothesis in (3-39) we have that 6,;

eterization (3-42) we have:

6)12 = 921
‘913 = 931
923 = 032

Consequently,

= 0;; V1 < j, then, using the reparam-

& NoAe = 7712(1 - )\12)
& MigAiz = 7713(1 - )\13)
& MagAaz = Naz(1 — Aog).

(A-62)
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812 = 021 = )\12 = 1/2
O3 =105 & Az=1/2 (A-63)
923 = 932 <~ )\23 = 1/2

Hence, the hypotheses (3-39) can be rewritten as:

H: AeA
_ < Ao (A-64)
A XAeA,
where,
U ={(i,j):i<j fori,j=1,2,3}, (A-65)

then, AO = B x A*, with B = {)\Z] : )\ij = 1/2, V<Z,j) € \Ij} and A* = {(7712,...,7722) €
(0,1)° : > m;; < 1}. Thus, the new likelihood function for A generated by z = (211, ..., 233)
is given by

4

Hm = [H (o )= 1 lm(mwm'n, Sl H"“ 1 e

and the prior distribution is given by

D(ai; 4+ ags) Las—1 i1 F(Z?] 1 j) toy, a1
T(A) = — T\ 1_)\ij Je T .
W llq_/[ Plag)F(age) ¥ ( ) 1 le 1 Tla) [Io T (aij+aji)1_\1;[ Hﬂ
(A-67)

Therefore, the predictive function under null hypothesis for the 3 x 3 case is defined by

falz) = /A LOz)dP5(\)

e [ e 0= )] [Ty n ™ T i aBa )

i,j=1Tij*

! /B [H\I} )\?jz‘fraijfl(l _ Aij)xji+(¥ji—1i| d)‘/A {H\IJ nfjij+1ji+aij+&ji*2 1—[?:1 niii+aii71} |J‘d77

3 | ai—1 ai— ajjtoag;—2 i—
THEES [ mexg @ =agpetan [ Myt I0L ] 1l
(A-68)

where |J| represents the jacobian of the transformation, given by

|J‘ = T27137)23-

The predictive function under null hypothesis of (A-64) can be written as
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Tijt+ejitagjto;—1 I'ii“raii*ld
nl x (1/2)Sw @i +osi /A H g H??“ g

=1
]:]:17.771 g

J e Hn“ n
ATy

x (1/2)% mtein [Ty Dy + i+ o + i) Ty D + o)
x I (Zq: aij + agi+ iy an)
H’ij:l Iij!F (Z\y Tij + T + Qg + o+ Zle Ti + Ozn>
x [Ty Ty + i) Tz, Taw)
Now, the predictive function under the alternative hypothesis for the 3 x 3 case is defined
by

fg(@) =

(A-69)

fala) = / L(Mz)dP (A)

ZW/ ([T X" (1= Xij)™t] {H\p Uffjﬂji [Ty }d]P (A)

B 3
=03 x / H\p )\fjiﬂraij*l(l _ Aij)l'ji“raji_ldA/ anjz‘j+wji+0ﬁj+aji*1 aniwraiﬁldn , (A-70)
|/ Be Ay i=1
_Cy x [y D@y + i) D(wgi + i) Tl D@y + 250 + g + i) [T Twa + o)
I [Ty D(wij + 250 + cuj + o) p (Z\p ij F Tji + Qg a0 Oln')
. n! F(Zﬁjzl Ocij) . . . .
with C3 = : . Note that, the likelihood function (A-66) comes factorized

H?,jzl ! H?,j:l I(cvij)
as (2-31) and the prior distribution of (X,n) can be written as a product of distributions,

one more time, Beta distributions. Then, by Theorem 4, the predictive functions can be

calculated without considering 7, that is

Fal@ T = w0) = [(1/2)3 s ()| (A7)
U v
and
xij + i\ [Lg T(ouj + i) [y T2 + )T + i)
(@] T = 2,) = J T N J T v J J J i) | i
Pt =) [1;[ < i ) [Ty Taij)T(ei) [Ty Ui + 250 + cij + ai) (A-72)
where z, = >y, ®;; + ;. As a result, the Bayes factor Bf(z) can be expressed as
fi(x)
Bf(z) =
e
(A-73)

_(1/2)Sw aan LoD (W (0s) Iy T@is + 256 + 0ig + i)
[To T(ai; + aji) [Ty T(@ij + i) Ui + aji)

A.5.2 Diagonal Symmetry for r x r case

For the general case the hypothesis of symmetry (A-64) has the same form. Then, proceeding

as in the previous section, we have
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012 = O < MmaAi2 = M2(l — Ar2)
glr - 91’1 - n1r>\1r - nlr(]- - /\17’>
023 : 032 <~ N23A23 = U?3(1 — Ag3) (A-74)
927’ = 9r2 = 7]27")\27' = 772r(1 - /\2r>
8(7’—1)7“ = 97’(7‘—1) <~ 7](7’—1)7")‘(7’—1)7‘ = 7](7’—1)7“(1 - /\(r—l)r)'
Consequently,
012 = O & Ap=1/2
917’ = erl <~ )\1r = 1/2
23 32 23 | / (A-75)
927“ = 07"2 ~ /\27‘ = ]-/2
e(rfl)r = 07‘(1”71) ~ A(rfl)r = ]-/2
Hence, the hypotheses (A-64) can be generalized for the r x r case as
H: AeA
- 0 (A-76)
A XAeA,
where,
U ={i,j:i1<yjfori,j=12...,r}, (A-77)

then, the space Ag is Ag = B* x A*, where B* = {\;; : \;; = 1/2, V(i,j) € ¥*} and
A* = {¥n;; € (0,1)0*+=4/2 . S~y < 1}, Thus, the new likelihood function for A generated

by x = (z11,...,233) can be generalized as

n! Tij Zji LijTLji - Lig
) = g [T - x| [T Tl a9
i,j=1"1]" P * P * i=1

and the prior distribution is generalized as

)

F(ai’+a’i) o—1 1 F(Z: =1 aij) iitaii—1 - 1
7r(/\ — J J )‘z ij (1 _ )\z .)04], 5] ,'71_ ij ji 773-”
) 1\1,_[ ()T (agi) v ! ITi—1 D) [Ty Tavij + 0) 1;[ ! };[1
(AZ79)

Hence, the predictive function under the null hypothesis H is defined by
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Falz) = /A L\z)dP(\)

e [T A5 = 2 [Ty w7 Ty ] P

Zijtoij—1 yziite Tijt@jitaijtai—=2 rr it —
n! /B* [H\p* Aij (1 — Agy)maitesis d’\/ v Nij [Lizy mii * 1} |J|dn
1 ! — st N
Hl] 1% / [H\I, a” 1( — )\ij) JiT ] d/\/ [Hq,* e ZHz 177““ } |J‘d"7
(A-80)

where |J| represents the jacobian of the transformation, it is given by:

[l =TT
b

Thus, the predictive function under null hypothesis of (A-76) is given by

Tijtxjitosjtaj;—1 Tii+0s
Z i ij 77
12y 5 ot | Ja-
T
Hi,j:l x”! ajjtoag;—1 agi—1g
1173 Hmi
A g i=1

X (1/2) wx Tij+Tj4 H F(I‘U + .T,']Z + O{U =+ O[]Z) HZ 1 F(Jf” ta“)
_ X T (D g @ij + agi + 35y i)
H;jzl i\ T (D ge Tij + 25 + ij + Qi + D0y T + i)
X [Ty T 4 i) [Ti—; Tei)

Now, the predictive function under the alternative hypothesis for the r x r case is:

fa(@) =

(A-81)

fa(x) Z/AL(/\|m)dIPA()\)
:W/ ([T A7 (1= Aij) ] {H\p* VSRR | }d]P )

:C4 X |:/ H\IJ* )\Z?J'"'aij_l(l _ )\ )$JL+O¢Ji—1dA/ H‘I/ Z]7+m itoijtaj;i—1 HZ 177“ ito ’—1d,r':|
B*c

—0y [Hm U(wij + aig)D(@ji + i) [l D(@ij + 250 + ouj + agi) [Ty T + Oéu')}
[Ty D + x50 + iy + i) T (g @ij + i + g + i + D5y Ti + i) |

(A-82)

with Cy = T ”!lx__, FH(TZi:Fl(z’)) . As in the 3 x 3 case, the likelihood function (A-78) comes
i,j=1%ij 1lij= ij

factorized as (2-31) and the prior distribution of (A,n) can be written as a product of

distributions, in this case, Beta distributions. Then, by Theorem 4, the predictive functions

can be calculated without considering n, that is

fa@|T = 240) =(1/2) 5w 2ot I (w” N mj) (A-83)

i Tij

and
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Fal®|T = 24-) = [H <%‘ + Ijz‘) [l Dlaij + aji) [Tge Ty + )T (ji + aji)

v 2y ) [y Tlaig)T(agi) [Ty T(wij + 50 + aij + i) (A-84)
where Ty« = Y . ij + ;. As a result, the Bayes factor Bf(z) can be expressed
fa(x)
B =
I fa(z)
(A-85)

_(1/2) S wis [y D(aij)I (i) Ty Dlwi + @50 + o +a5i) |
[To- Dlaij + aji) [Tg- @i + i) T(@) + i)

A.6 Poisson means comparison

Let X = (X, X3) be the observations following a Poisson distribution with parameters m#;

and n#, respectively, with m,n € N. Then, the likelihood function is given by

(mby)* (ndy)*

Zlfl! [L’Q!

L(f)x) = e time=ben, (A-86)

Assuming that € has prior distribution as

br  d°
™0 =t

that is, ¢, € R, and 0y € R, are distributed as a Gamma distribution with parameters

93195 e 01be=02d, (A-87)

(a,b) € Ry and (¢,d) € Ry respectively and 6; L 6,. Then, the predictive function under
the null hypothesis H of (3-56) can be expressed by

falz) = /@ L(8]z)dP;(©)

§ L0))(0)ap 1(0)

f{a ~(0)dP 1 (6) (A-88)

%)
S / t(wl +z2+a+c—1)—1e—t(b+d+m+n) /A dt
0

x1 1z, /OO flate=1)=1,~t(b+d) /A gt ’
0
where A = (%)2 + (%)2. Hence, the arch v/A that represents the null hypothesis H is
given by the equations ¢; = 6, = t, then
() (%)
ot ot (A-89)
=2

)

consequently,
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oo
- / t(ml+m2+a+cfl)7167t(b+d+m+n) dt

fu(x) =

x1lwo! % (ate—1)—1—t(b+d)
/0 t e dt (A-90)

_m*in®? [ (21 + 29 +a+c—1)(b+d)@teD
( :

aylze! | (b+d+m+n)@tetate- DT (g 4 ¢ — 1)

Analogously, the predictive function under the alternative hypothesis A is given by

falx) = /@ L(B]z)dP A(8)

b*  d° m*in®2 > Rl
_ H*1 +a—1_—60;(m+b) 46 / 912-&-0—1 —02(n+d) do _
(@) T(0) a1lwa! UO roe vy e 2 (4-91)

b d® mPa™ [ T(xy +a) [(zy +¢)
" T(a)(e) zqlza! [ (m+b)@ita) (n 4 d)(@2to) |

Note that in this case there not exists line integral because the alternative hypothesis A of

(3-56) only excludes the line where 6; = 5. Hence, Bayes factor B f(z) is given by

I'(a)T(c) D(zy + 2o +a+c—1)(b+d) @t (m+ b)@ta)(p 4 g)@2te)
bede | (b+d+m+n)@rteetateD(g+c—1)  T(zg +a)l(a2 + )

Bf(z) = (A-92)

Next, we shall show that assuming equals sample sizes and equals rate parameters, i.e.,

n=m and b=d, (A-93)

and by using a suitable reparameterization in order to obtain a factored likelihood, the P-P
test procedure meets the condition of Theorem 4, and consequently, this problem will be
reduced to a “simple” sharp hypothesis testing problem. Thus, the new variables can be

written

01
01 + 65

where, the new parametric space is A = [0,1] x Ry. Now, let the hypotheses (3-56) be

A= and Ay = 07 + 0o, (A—94)

rewritten as

H:)\ €A (A05)
A\ €A,

with Ag = B x A*, where B = {\; : \; = {1/2}} and A* = (0, ). Note that, since X; and

X, are independent the likelihood function (3-57) can be expressed as

P(XliIl,X2:$2|0) :P(Xl :$1|X1+X2:’£1 +IL‘2,0)P(X1 +X2:$1+5132‘0)

z1+w2 <$1 + fE2) ( 01 )Il < 0, )rz e—n(61+02) (91 4 92)w1+a;2 (A-96)
:n )
1 01 + 02 0, + 0 (1 + 22)!
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Hence, the new likelihood function for A = (A1, A2) generated by & = (z1, z5) can be written

as

—X2\Z1tT2
LA |z) = norte (“ T2 A7 (A-97)

and the prior distribution is given by

X (lEl +£L'2)' '

7T()\> _ |:1]:<(Z>——I’:<CC)))\?1(1 . /\1>ca:| l%)\%+c2e)\g)\l(bd))\2d ) (A-98)

Thus, the predictive function under the null hypothesis H can be expressed by

falz) = / LM 2)dPy; (A)

=— //\‘”1 — A1) e NG R AP 4 (X)
- ol (A-99)

o0

1 _y. (mt+ntbtd)
s | (/2777 / Agrretarele A T ),
0

- 21 l1o! o0 (b+d) ’
1:T2: / )\a+c—le—>\2 5 d/\2
2
0

and the predictive function under the alternative hypothesis A as:

fil@) = / L(M|z)dP ;(A)

= //\””1 — A1) e NG AP 5 ()
1‘1 1‘2

. (A-100)
=C5 x |:/ / A:f1+a71(1 _ Al)z2+c—1A3201+I2+a+cle—()\1>\2)(7n+b)e—A2(1—)\1)(n+d)dA2/\1:|
0 0

1 00
:05 > |:/ / )\:lv1+a—1(1 o )\1):52+c1/\32v1+a:2+a+c—16Ag()\l(m+bnd)+n+d)d)\2)\1:| ,
0 0

ba dC (1/1 nl‘z
I['(a) T(c) z1'za!

functions are reduced to

where C5 = . Now, note that assuming n = m and b = d the predictive

(1/2)11+z2 /oo )\§1+x2+a+c716—)\2(n+b)d/\2
0

nEite2

N o0
HAREDY / )\g+c—1e—>\2bd)\2 (A-lOl)
0

n““”l”?} { [(z1 422 +a+c) b }

:(1/2)w1+z2 { F(a+c)(n+b)xl+m+a+c

$1!.’I}2!

and
1 e}
~ .’L‘) =C5 x |:/ / )\3{?14-(1—1(1 _ )\1)w2+c—1)\gl+:E2+a+6—1e—)\2(n+b)d)\2)\1:|
0 0

1 o]
:CS % |:/ )\T1+a71<1 _ Al)x2+c—1d)\1/ )\§1+I2+a+c16—/\2(n+b)d>\2:| , (A-IOQ)
0 0

1’1!1’2!

v Moot o] [ ]
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As in the previous cases, the likelihood function (A-97) comes factorized as (2-31) and the
prior distribution of A can be written as a product of distributions, in this case, of Gamma
distributions. Then, by Theorem 4, the predictive functions can be calculated unregarding

Ao, in this way

F@|T = 21 + 29) =(1/2)71+72 <x1;x2) : (A-103)
1
and
i B (1t a2\ [T(@1+a)l(z2+¢) | [T(a+c)
it =enren =(" 1) [r OS] [ Mar] (A-104)
Consequently, the Bayes factor Bf(x) can be expressed as
Bf(z) =(1/2)n e LWL T oy Fato) (A-105)

I'(a+c¢) Tz + a)l(z2 +¢)

A.7 Hardy—Weinberg Equilibrium

For testing (3-78), we consider that the sample size n is known and sample elements of geno-
types frequencies are obtained independently in such a way that the vector X = (X3, X», X3)
follows a Multinomial distribution with parameters n and 8. Thus, the Likelihood function

for @ generated by & = (1, 2, x3) is defined by

L@ |z H 0 (A-106)

1 1x1 =1
In addition, we assume that the parameter vector @ follows a Dirichlet distribution, with

parameter @ = (ay, am, ag) for oy > 0, that is

3
7(6) = %(323—;(0‘)) [Tox" (A-107)
i=1+ \Qi) ;1

Then, the predictive function under the null hypothesis of (3-78) is given by
fula) = / L(BJz) P (6)

/Hz 19193 dIP
z 13:1 e

f L8 )7 (6)].7|dP 1 (0)
=28 (A-108)

¢ @)1J1dPu(6)
(C]

1
n! / ( 1—3p(1 - P)) p*htAzT2(1 — p)Petda—2gy
Z2 : 0

- H?) z!l [ 2 —2 2 -2
=11 / ( 1 . 3p(1 o p)) P a1+as (1 7p) asz+ag dp
0

)
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where A; = x; + o for i = 1,2, 3. Note that the exact calculation of (A-108) is not feasible.
Thereby, as in the previous cases, we are going to apply a suitable reparameterization that

makes the task of obtaining (A-108) easier. For this, consider the new variables

Vb
1 T+ O, 2 =V01+03 ( )

Then, the new parametric space A is given by A = [0,1] x [0, (A7 + (1 — A1)?)7"/?] and the

new hypotheses can be expressed as

H:\e A

i (A-110)
A:Xe A,

with Ay = B x {1} and B = [0,1]. Then, the new predictive function under the null
hypothesis H is given by

falz) = /A L\ 2)dP ;5 (A)

yﬂ L(A|2)w(N)|T|dP g ()

f () T|dP 1 (A)
A
1
nl / PR (L= — (1= 1)) (1= )P D4 VAt (A-111)
. 0

3 1
| / $2(oa=D+L] g2 (1 - p)2)eel(] — g)2esDHL /N gy
0

1
ol / t2(A1—1)+A2(1 _ t)Q(A3—1)+A2 VA dt
:21‘2 : 0

H?’ z! ! ’
=14 / t2(a171)+a2(1 o t)2(a371)+a2 \/Kdt
0

where |J| is the jacobian of the transformation (A-109) given by [J| = 4X;(1 — A)A3 and
A= (%)2 + (%)2. Hence, the arch v/A that represent the null hypothesis H is given by

the equations A\ =t and Ay = 1, then,

() ()
=(1)* + (0)°.
Consequently, f;(x) can be computed as
n!

[ () =2 N

Now, the predictive function under the alternative hypothesis H is calculated in its original

(A-113)

[(24; + Ay — 1)D(243 + Ay — D2 Y0 oy — 2)
['(200 4+ a2 — (203 + ag — DIE2Y0 [ A, —2) |

parameterization; it is given by
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:/ L(6)z)dP 4 (6
e
I'( 10‘% n! / A1—1pAs—1 A5—1
= = Oyt 02050 dl A-114
[H _1 Do) [Tz 13”2'] (0,1)2 ( )
F(H% !]H%NA)
IT; [Ty ] T(Z0, A)

As a result, the Bayes factor B f(z) is given by

(241 + Ay — DT (243 + Ay — DT 37 os — 2) [T, T(ow) T(5, A))
(201 4+ a2 — (203 + ag — DTE20 A, —2) T, au) T, T(A)

Bf(z) = 2" (A-115)
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