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Abstract

In this work we present the fundamentals of Classical Brouwer Theory. We start
with the works of L. E. J. Brouwer on translation arcs and the Brouwer translation theo-
rem. Next, we explore the notion of maximal free brick decompositions developed by A.
Sauzet. Finally, we conclude by presenting a proof of the foliated version of the Brouwer
translation theorem, due to P. Le Calvez.

Resumo

Neste trabalho, nós apresentamos os fundamentos da Teoria de Brouwer Clássica.
Nós iniciamos comos trabalhos de L. E. J. Brouwer emarcos de translação e no teorema
de translação de Brouwer. Em seguida, nós exploramos o conceito de decomposição em
tijolos livre e maximal, desenvolvida por A. Sauzet. Por fim, nós apresentamos a prova
de P. Le Calvez da versão folheada do teorema de translação de Brouwer.
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1 Introduction
The classical Brouwer theory is fundamental to the study of topological aspects

of surface dynamics. Initiated by L. E. J. Brouwer in 1912 (see [B12]), this theory investi-
gates fixed point free orientation preserving homeomorphisms of the plane, the so-called
Brouwer homeomorphisms. In general, classical Brouwer theory shows that, in the con-
text of planar homeomorphisms that preserve orientation, recurrence implies the exis-
tence of fixed points.

Brouwer’s original paper (see [B12]) introduced the foundations of classical Brouwer
theory and proved what still remains today one of the central results in the field, the so-
called Brouwer translation theorem. This theorem states that, given a Brouwer homeo-
morphism, then through each point of the plane passes a Brouwer line, i.e., a properly
embedded topological line that separates its image and preimage in different connected
components of its complement. This result allows us to establish a semi-local conjugacy
between Brouwer homeomorphisms and planar translations, which are the most simple
instances of such dynamics.

A very natural question that arises in this context is whether there exists a continuous
choice of Brouwer lines that gives us a foliation of the plane. In some particular cases,
such as in the case of time-one-maps of flows induced by non-singular C1 vector fields,
this question can be easily answered in the affirmative. However, it was only in the turn
of the 21st century that this assertion was proven true in the general case.

In 2004, P. Le Calvez was able to construct a topological foliation of the plane by
Brouwer lines for any given Brouwer homeomorphism (see [L04]). We remark that this
foliation is, in some sense, transverse to the dynamics of the homeomorphism. For every
point in the plane, we can construct an arc transverse to the foliation joining it to its image.
By concatenating these arcs, we obtain a line transverse to the foliation that contains the
entire orbit of the given point. This foliated version of the Brouwer translation theorem,
together with the techniques involved in studies of non-singular plane foliations, opened
a door to completely new results throughout topological surface dynamics.

The key technique underneath P. Le Calvez’s construction is the notion of a maximal
free brick decomposition of the plane. This concept relies on the notion of a free brick
decomposition, which was introduced by M. Flucher (see [F90]) and later used by P. Le
Calvez and A. Sauzet in order to obtain a topological proof of Brouwer’s translation theo-
rem (see [LS96]). The notion of amaximal free brick decomposition was developed years
later in A. Sauzet’s thesis (see [S01]) and, since them, it has been used extensively as a
tool to investigate the dynamics of surface homeomorphisms.

The objective of this work is to synthesize the developments of Brouwer theory that
precedes the foliated Brouwer translation theorem, and then present it in a structured,
self-contained and pleasant manner to the reader.

With that in mind, we structure the present text as follows. In Chapter 2, we explore
the initial concepts and results of Brouwer theory, making reference to the works of [B12],
[A67], [G94], [LS96] and [B06]. Then, in Chapter 3, we investigate structural and dynamical
properties of maximal free brick decompositions, following the original work of [S01] and
the survey of [C10]. Finally, in Chapter 4, we develop the construction that leads to the
proof of the foliated Brouwer translation theorem, following the original work of [L04].
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1.1 Preliminaries
Theorem 1.1 (Brouwer fixed point theorem).

If D ∈ Disk(R2) and f : D −→ D is continuous, then f has a fixed point, i.e. there
exists a point x ∈ D satisfying f(x) = x.
Theorem 1.2 (Jordan curve theorem).

If γ : S1 −→ R2 is continuous and injective, then R2 \ γ(S1) has exactly two connected
components, one bounded and one unbounded.
Theorem 1.3 (Schöenflies theorem).

If γ : S1 −→ S2 is continuous and injective, then S2 \ γ(S1) has exactly two connected
components and both of them are isotopic to the unit disk.

1.2 Notations
If A is a set, the notation ∃6=x, y ∈ Ameans that there exists x, y ∈ A such that x 6= y.

Also, if U is a topological set, we denote its interior by int(U) and its closure by U .
We consider R2 to be equipped with its usual orientation and topology. Let the eu-

clidean distance in R2 be denoted by dist : R2 × R2 −→ R. Then, for any r > 0 and
A ⊂ R2, we consider the ball Br(A) := {x ∈ R2 | dist(x,A) ≤ r}.

We say that a subsetD ⊂ R2 is a closed disk if it is homeomorphic to the ball B1(0).
The set of all closed disks in the plane is denoted by Disk(R2).

We denote by Homeo(R2) the set of all homeomorphisms of the plane. Moreover, we
denote by Tv the translation by a vector v ∈ R2 and Rθ the rotation by an angle θ. Re-
call that positive angles induce counter-clockwise rotations and negative angles induce
clockwise rotations.

We say that a subset l ⊂ R2 is a line if there exists an injective, proper and contin-
uous map l̃ : R −→ R2 satisfying l̃(R) = l. Observe that the orientation of R induces
through the embedding l̃ an orientaion in l, thus we can consider l to be equipped with
an orientation and say that it is an oriented line.

We remark that the complement of a line in the plane has exactly two connected
components. In the case of an oriented line, we can denominate these connected com-
ponents according to the orientation of the line. If l is an oriented line, we define R(l) to
be the closure of the connected component of R2 \ l located on the right of l and L(l) to
be the closure of the one on the left.

We say that two lines Γ and Γ′ do not intersect each other transversely if either Γ ⊂
R(Γ′) or Γ ⊂ L(Γ′). Equivalently, Γ and Γ′ do not intersect each other transversely if and
only if one of the following holds:

• R(Γ) ⊂ R(Γ′).

• L(Γ) ⊂ L(Γ′).

• R(Γ) ∪R(Γ′) = R2.

• L(Γ) ∪ L(Γ′) = R2.
At last, a setF of disjoint lines is said to be a topological foliation of the plane if every

point in the plane belongs to exactly one line in F . Moreover, the lines of a topological
foliation are called leafs.
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2 Brouwer homeomorphisms
2.1 Initial concepts and examples
Themain object of study of Brouwer theory is the Brouwer homeomorphism. To bemore
precise, one refers to classical Brouwer theory as the study of the dynamical properties
of these homeomorphisms of the plane. For a matter of curiosity, there are other rami-
fications inside Brouwer theory, that studies phenomena related to Brouwer homeomor-
phisms but not its dynamics strictly speaking, such as homotopic Brouwer theory.

We shall start the subject by defining what is a Brouwer homeomorphism.

Definition 2.1 (Brouwer homeomorphism).
Let h ∈ Homeo(R2). We say that h is a Brouwer homeomorphism if it preserves ori-

entation and has no fixed points.

For now on, let h be a Brouwer homeomorphism and denote the set of all Brouwer
homeomorphisms by Brouwer(R2). Observe that a composition of Brouwer homeomor-
phisms is not necessarily a Brouwer homeomorphism itself, take h ◦ h−1 for example.
Therefore, Brouwer(R2) is not a subgroup of the group of homeomorphisms the plane.

We start by discussing the orientation preserving condition. This condition comes
from an abstract notion of how a homeomorphism acts on the topological orientation of
amanifold. But in this particular case of the plane, there is a simple way to visualize such
property. IfD ∈ Disk(R2), then ∂D is homeomorphic to S1 and it admits two orientations,
clockwise and counter-clockwise. To say that f ∈ Homeo(R2) preserves the orientation
is equivalent to say that ∂D and f(∂D) have always the same orientation. This condition
is important because, in the case of the plane, it is equivalent to say that f belongs to the
connected component of the identity in the space Homeo(R2).

The condition on the non-existence of fixed points has many deep consequences,
some that we still do not completely understand. However, there is one immediate con-
sequence of this condition that is in the heart of most proofs regarding properties of
Brouwer homeomorphism, and it is stated below.

Lemma 2.2. If h ∈ Brouwer(R2) and p ∈ R2, then ∃ δ > 0 such that

h(Bδ(p)) ∩Bδ(p) = ∅.

Proof. By the continuity of h, we know that for all ε > 0, there exists an δ(ε) > 0 such
that

h(Bδ(ε)(p)) ⊂ Bε(h(p)).

Then, if we consider d := dist(p, h(p)), ε = d/3 and δ := min{d/3, δ(ε)} we conclude that

Bδ(p) ∩ h(Bδ(p)) ⊂ Bδ(p) ∩Bε(h(p)) = ∅ .

Under the light of Lemma 2.2, we aremotivated to define the concept of a free subset
of the plane. We say that a subset U ⊂ R2 is free under h if it satisfies h(U) ∩ U = ∅. In
the case that h is implicit in the context, we may simply say that U free.

Page 4 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Now that we properly defined what is a Brouwer homeomorphism, we reserve the
rest of this section to discuss examples. The simplest example of a Brouwer homeo-
morphism is the plane translation, given by

Tv : R2 −→ R2

x 7−→ x+ v

for any non-zero vector v ∈ R2. Later in the text, we will see that the dynamics of
Brouwer homeomorphisms are somewhat similar to the dynamics of translations, when
we present the celebrated Brouwer translation theorem. But, for now, this example does
not provide much about the characteristics and the behaviors of Brouwer homeomor-
phisms.

The first non-trivial example is presented below.

Example 2.3 (Reeb Flow).
Consider a vector field R ∈ X(R2) given by the equation

R(x, y) =


( y
√

2− y2 , y2 − 1 ) if −1 ≤ y ≤ 1

( 1 , 0 ) if y ≥ 1

( −1 , 0 ) if y ≤ −1

,

and a flow {ρt}t∈R which is the solution of the O.D.E.

dt
dt

(x, y) = R(x, y) .

The flow lines of {ρt}t∈R generate a foliation in the region {−1 ≤ y ≤ 1}, which is called
Reeb foliation, denoted by the letter R. A flow that has flow lines homeomorphic to R is
called a Reeb flow.

Figure 1: Ilustration of the flow lines of {ρt}t∈R.

Consider the time-one-map of {ρt}t∈R, which is the homeomorphism ρt=1. Observe
that ρ1 preserves orientation and has no fixed points, therefore belongs to Brouwer(R2).

Observe that both Brouwer homeomorphisms presented above can be seen as the
time-one-mapof someflow that has no singularities, we usually call themflowableBrouwer
homeomorphisms. Thismotivates us to questionwhether all Brouwer homeomorphisms
are flowable or not. This questionwill be elaborated and answered in detail in Section 2.3.
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2.2 Translation-arcs
One object that will allow us to investigate the dynamics of Brouwer homeomorphisms
is the translation arc. First, we need to clarify what we mean by arc. A subset α ⊂ R2 is
called an arc if there exists a continuous curve α̃ : [0, 1] −→ R2 such that α̃([0, 1]) = α.
If α̃ is a simple curve, we say that α is simple and if α̃ is a closed curve, we say that
α is closed. Also, we define α̊ := α̃((0, 1)) to be the interior arc of α and refer to the
points α̃(0) and α̃(1) as the endpoints of α. At last, if two arcs α and α′ have a common
endpoint, then their union is said to be a concatenation and we denote it by α � α′.

Definition 2.4 (Translation arc).
Let h ∈ Brouwer(R2) and α be a simple arc. We say that α is a translation arc for h if

it satisfies:

(I) ∃ p ∈ R2 such that p and h(p) are the endpoints of α.

(II) The interior arc α̊ is free under h..

Figure 2: Representation of a translation arc.

We begin by showing that every point on the plane has a translation arc passing
through it.

Lemma 2.5. If h ∈ Brouwer(R2) and p ∈ R2, then there exists a translation arc α such
that p ∈ α̊.

Proof. Let δ := sup{r ∈ R | Br(p) ∩ h(Br(p)) = ∅} and note that δ > 0, as a direct
consequence of Lemma 2.2. Also, observe that Bδ(p) satisfies

h(Bδ(p)) ∩Bδ(p) 6= ∅ and h(int(Bδ(p))) ∩ int(Bδ(p)) = ∅.

Thus, we also have that h(Bδ(p)) ∩ Bδ(p) = ∂h(Bδ(p)) ∩ ∂Bδ(p). Consider a point
x ∈ Bδ(p)∩h(Bδ(p)) and line segments r1 joining h−1(x) to p and r2 joining p to x. Observe
that the arc α := r1 � r2 contains p. Finally, since α̊ ⊂ int(Bδ(p)) and int(Bδ(p)) is free, we
conclude that α is a translation arc.

Figure 3: Representation of the setup in the proof of Lemma 2.5.
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Proposition 2.6 (Brouwer Lemma, [L. E. J. Brouwer, 1912] ).
If h ∈ Brouwer(R2) and α is a translation arc for h, then

l(α) :=
∏
i∈Z

hi(α)

has no self-intersections.
Proof. Let p and h(p) be the endpoints of α, and consider α̃ : [0, 1] −→ R2 to be a curve
whose image is α. If l(α) has self intersections, then at least one of the following holds:

(I) ∃ k ≥ 2 such that α̊ ∩ hk(α̊) 6= ∅ .

(II) ∃ k ≥ 2 such that hk(p) = p

(III) ∃ k ≥ 1 such that hk(p) ∈ α̊ .
First, suppose that (I) holds. Let k ≥ 2 be the smallest positive number satisfying

α̊ ∩ hk(α̊) 6= ∅ , tk := min{t ∈ (0, 1) | hk(α̃(t)) ∈ α̊}, q := hk(α̃(tk)) and t0 ∈ (0, 1) be
such that α̃(t0) = q. Consider the closed arc c obtained by the following concatenation:

c := α̃([t0, 1]) � h(α) � ... � hk−1(α) � hk(α̃([0, tk])) .

Observe that the arc

γ = h(α̃([t0, 1])) � h2(α) � ... � hk−1(α) � hk(α̃([0, tk]))

satisfies γ ⊂ c ∩ h(c). This allows us to define complementary arcs

c− γ̊ := α̃([t0, 1]) � h(α̃([0, t0])) and h(c)− γ̊ := hk(α̃([tk, 1])) � hk+1(α̃([0, tk])) .

Observe that the condition on q be the first point of intersection guarantees that

(c− γ̊) ∩ γ = (h(c)− γ̊) ∩ γ = q ∪ h(q).

Let C be the closed disk whose boundary is c. From h being orientation preserving
follows that the interior of C and h(C) are in the same side of γ.

Figure 4: Representation of the setup in case (I).

Now, we consider Hq,h(q)(R2 \ γ̊) to be the group of homotopy classes of curves in
R2 \ γ̊ with fixed endpoints in q and h(q). Observe that only two classes inHq,h(q)(R2 \ γ̊)
admit simple curves of R2 \ γ̊. If c − γ̊ and h(c) − γ̊ belong to different classes among
these two, we get that c and h(c) have different orientations, which is a contradiction with
h being orientation preserving. Thus, we have that c− γ̊ and h(c)− γ̊ belong to the same
class inHq,h(q)(R2 \ γ̊).
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Figure 5: Relation between h being orientation preserving and the classes inHq,h(q)(R2\γ̊)
that admit simple curves of R2 \ γ̊.

Consequently, there exists an homotopy {It : R2 −→ R2}t∈[0,1] satisfying

(i) I0 = Id.

(ii) I1(h(c)− γ̊) = c− γ̊.

(iii) I−1
t (x) = x for all x ∈ γ and t ∈ [0, 1].

Observe that {It ◦ h}t∈[0,1] is an homotopy from h to I1 ◦ h. Also, for all t ∈ [0, 1], the
map It ◦ h has no fixed points in c, because h(c− γ̊) ⊂ γ, Fix(h) = ∅ and It fixes the arc
γ for all t ∈ [0, 1]. This means that the Lefschetz index Ind(It ◦ h, c) (see Definition A.1) is
well defined for all t ∈ [0, 1]. Since c is invariant under I1 ◦ h, Proposition A.5 shows that
Ind(I1 ◦h, c) = 1. Thus, by Proposition A.3, we conclude that Ind(h, c) = Ind(I1 ◦h, c) = 1.
However, this leads to a contradiction, since Proposition A.2 shows that Ind(h, c) = 1
implies the existence of a fixed point for h.

Now, suppose that (I) does not hold but (II) does. Observe that this situation turns out
to be a particular case of (I) with tk = 0.

Finally, suppose that (I) and (II) do not hold but (III) does. Let k ≥ 1 be the smallest
positive number satisfying hk(p) ∈ α̊. Consider a sufficiently small ε > 0 so that the arc
dε := h−1(α̃([1− ε, 1])) satisfies dε ∩

(
�ki=0h

i(α)
)

= p. Hence, if we consider the point q :=
h−1(α̃(1− ε)), we obtain a translation arc α′ := dε � α̃([0, 1− ε]) with endpoints q and h(q).
Observe that α′ satisfies the condition (I) and, therefore, also leads to a contradiction.

Figure 6: Representation of the setup in case (III).
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Corollary 2.7. If h ∈ Brouwer(R2), then hn ∈ Brouwer(R2) for all n ∈ Z .

Proposition 2.6 is a significant result when it comes to the comprehension of orien-
tation preserving homeomorphism, as it allows us to show that the existence of periodic
orbits forces the existence of a fixed point. And, just as any other result that guarantees
the existence of fixed points in a dynamical system, it has many powerful applications.
This result came to be known as the Brouwer lemma on fixed points.

Lemma 2.8. If h ∈ Brouwer(R2) and D ∈ Disk(R2) is free under h, then D is also free
under hn for all n 6= 0 .

Proof. LetD ∈ Disk(R2) be free under h and consider

δ := sup{r > 0 | Br(D) ∩ h(Br(D)) = ∅},

which satisfies δ > 0 becauseD is free. Observe that this implies that

h(Bδ(D)) ∩Bδ(D) 6= ∅ and h(int(Bδ(D))) ∩ int(Bδ(D)) = ∅.

Thus, we also have that

h(Bδ(D)) ∩Bδ(D) = ∂h(Bδ(D)) ∩ ∂Bδ(D).

Suppose there exists ann ≥ 2 such that hn(D)∩D 6= ∅. Consider points q ∈ hn(D)∩D
and p ∈ Bδ(D)∩h(Bδ(D)). Observe that h−n(q) ∈ D, thus we can define a simple curve α
contained in int(Bδ(D)) that connects h−1(p) to p and passes through q and h−n(q). Since
int(Bδ(D)) ∩ int(h(Bδ(D))) = ∅, we get that α is a translation arc. However, α contains q
and h−n(q), which would imply that l(α) has a self-intersection, which is a contradiction
according to Proposition 2.6.

Figure 7: Illustration of the proof of Lemma 2.8.

Corollary 2.9. If h ∈ Brouwer(R2) and p ∈ R2, then the orbit O(p) := {hn(p)}n∈Z is a
proper image of Z into R2.

The developments of Section 2.2 culminates into Corollary 2.9. This final result gives
us a clear understanding of the orbits of a Brouwer homeomorphism. It says that, not
only its orbits cannot be periodic but also they cannot accumulate. In other words, all the
points in the plane wander under the action of a Brouwer homeomorphism.
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2.3 Flowable Brouwer homeomorphisms
In this section, we come back to the question proposed at the end of Section 2.1. We
start by properly defining what we mean by flowable Brouwer homeomorphism.

Definition 2.10 (Flowable Brouwer homeomorphism).
We say that h ∈ Brouwer(R2) is flowable if there exists a flow {Φt}t∈R such that

(I) Φt ∈ Homeo(R2) for all t ∈ R.

(II) Φt+s = Φt ◦ Φs for all t, s ∈ R.

(III) The family {Φt}t∈R depends continuously on t.

(IV) The time-one-map of {Φt}t∈R is the map h, i.e. Φ1 = h.

Moreover, in this case we say that h is embbeded in the flow {Φt}t∈R.

If {Ai}i∈I is a family of subsets of R2, indexed by I = Z or I = R, we say that {Ai}i∈I
escapes all compacts, and denote it by

Ai −→∞ as i −→∞,

if given any compact setK ⊂ R2 there exists an i0 ∈ I such thatAi∩K = ∅ for all i > i0.
Now, we provide a slightly stronger version of Corollary 2.9 for the case of flowable

Brouwer homeomorphisms.

Lemma 2.11. If h ∈ Brouwer(R2) is flowable and embedded in a flow {Φt}t∈R , then for
any point p ∈ R2 holds

Φt(p) −→∞ as t −→ ±∞ .

Proof. Suppose by contradiction that {Φt(p)}t∈R does not escape all compacts. Then,
there exists a compact set K ⊂ R2 and a sequence of real numbers {tk}k∈N such that
Φtk(p) ∈ K . Consider two sequences {nk}k∈N and {rk}k∈N satisfying tk = nk + rk , where
nk ∈ Z and 0 ≤ rk < 1, for all k ∈ N. This implies that

Φnk
(p) = hnk(p) ∈

⋃
−1≤t≤0

Φt(K) for all k ∈ N .

Since
⋃
−1≤t≤0 Φt(K) is compact, we get that {hnk(p)}k∈N has accumulation points, a

contradiction according to Corollary 2.9. Thus, we get that

Φt(p)→∞ as t→∞.

The same applies for the family {Φ−t(p)}t∈R, proving that Φt(p)→∞ as t→ −∞.

Definition 2.12 (Fundamental region).
Let h ∈ Brouwer(R2). Two points p, q ∈ R2 are said to be codivergent by h if there

exists an arc γ with endpoints p and q such that hn(γ)→∞ asn→ ±∞. The codivergence
relation is an equivalence relation on the plane, and the equivalence classes of codivergent
points are called fundamental regions of h.
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Proposition 2.13. If h ∈ Brouwer(R2) is flowable and embedded in a flow {Φt}t∈R , then
each fundamental region of h is invariant by Φt for all t ∈ R.

Proof. Let p ∈ R2 and t ∈ R. Consider the curve γ : [0, t] → R2 given by γ(s) = Φs(p).
Observe that the arc γt := γ([0, t]), which has endpoints p and Φt(p), is a segment of the
flow line of {Φs}s∈R that contains p. Therefore, by Lemma 2.11, we get that

Φs(γt) −→∞ as t −→ ±∞.

Concluding the proof that p andΦt(p) belong to the same fundamental region for all t ∈ R.

Finally, we have all the results necessary to construct the following classical example
of a non-flowable Brouwer homeomorphism.

Example 2.14 (Non-flowable Brouwer homeomorphism, [S. Andrea, 1965] ).
Let pi := (i, 0) ∈ R2, qi := (i+ 1/2, 0) ∈ R2 andBi := B1/2(pi) for each i ∈ Z . Observe

that qi = Bi ∩ Bi+1 for all i ∈ Z. Consider the region R1 :=
⋃
i∈ZBi and the half-planes

R2 := {y ≥ 1} and R3 := {y ≤ −1}. Then, define R4 and R5 to be the upper and lower
connected components of R2 \ (R1 ∪R2 ∪R3), respectively.

Let F be a foliation of R2 \ R1 which is a horizontal foliation in R2 ∪ R3 , and a Reeb
foliation inR4 andR5 , i.e. foliations homeomorphic toR (see Example 2.3). Now, consider
a continuous flow {Φt}t∈R in R2 \ R1 following the lines of F with constant velocity π/2,
with orientation to the right in R2 and R3, and with orientation to the left at points near R1.

Figure 8: Illustration of the flow {Φt}t∈R defined in R2 \R1 .

Let h : R2 −→ R2 be the homeomorphism given by

h(x) =

{
Φ1(x) if x ∈ R2 \R1

x− (1, 0) if x ∈ R1

.

Suppose that h is flowable and embedded in a flow {Ψt}t∈R defined in R2. Observe
that h(Bi) = Bi−1 for all i ∈ Z and the fundamental regions of h are R1, R2, R3, R4 and
R5. By Proposition 2.13, the fundamental region R1 must be invariant by Ψt for all t ∈ R.
However, since each qi disconnects R1, we conclude that the set

⋃
i∈Z qi is invariant by Ψt

for all t ∈ R. Since
⋃
i∈Z qi and Ψt depends continuously on t, we get that Ψt(qi) is constant

along t. Which is a contradiction, since Ψ0(qi) = qi and Ψ1(qi) = h(qi) = qi−1 for all i ∈ Z.
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2.4 Brouwer translation theorem
By now, we have explored the properties and subtleties of Brouwer homeomorphism.
However, it still remains to explain why this object arouses such mathematical interest.
The initial appeal for the study of Brouwer homeomorphisms came in great part from
the Brouwer translation theorem, which established a semi-local conjugacy between
Brouwer homeomorphisms and planar translations.

In this section, we present a proof of the Brouwer translation theorem which is based
on dynamical properties of brick decompositions (see [LS96]). Therefore, to follow this
proof it will be necessary to use that will be introduced and explored in Chapter 3.

We start by introducing the concept of Brouwer line.

Definition 2.15 (Brouwer line).
Let h be a Brouwer homeomorphism. A line l ⊂ R2 is said to be a Brouwer line for h if

h(l) and h−1(l) belong to different connected components of R2 \ l. In this case, we can
consider a natural orientation in l so that h(l) ⊂ R(l) \ l and h−1(l) ⊂ L(l) \ l.

We now present the Brouwer translation theorem and later we will explore some of
its implications.

Theorem 2.16 (Brouwer translation theorem, [L. E. J. Brouwer, 1912] ).
If h ∈ Brouwer(R2) and p ∈ R2, then there exists a Brouwer line l for h such that p ∈ l.

Figure 9: Representation of a Brouwer line passing through a point p.

Proof. Let α be a translation arc for h with endpoints p and h−1(p). First, we argue that
the arc α � h(α) can be taken as an horizontal segment without any loss of generality.
From Proposition 2.6, we know that α � h(α) is a simple arc and, therefore, we can apply
Shöenflies theorem (see Preliminaries) to obtain a map g ∈ Homeo(R2) that satisfies
g(α � h(α)) = [−1, 1]× {0} , g(h−1(p)) = (−1, 0) , g(p) = (0, 0) and g(h(p)) = (1, 0) .

Observe that themap g◦h◦g−1 is a Brouwer homeomorphism and that [−1, 0]×{0} is
a translation arc for it. In other words, thanks to the Shöenflies theorem, we can suppose
without loss of generality that α = [−1, 0]× {0} and h(α) = [0, 1]× {0}.

Let q = (c1, 0) ∈ α̊ be a point and h(q) = (c2, 0) ∈ h(α̊) be its image by h. Now,
observe that there exists a sufficiently small ε > 0 such that the rectangles

D−1 := [−1, c1]× [−ε, ε] , D0 := [c1, 0]× [−ε, ε] and D1 := [0, c2]× [−ε, ε]

are free under h. Also, we consider rectangles that are not necessarily free,

Q1 := [c2, 1]× [−ε, ε] , Q2 := [−1, 1]× [−ε,−1] and Q3 := [−1, 1]× [ε, 1] }.
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Once we defined the rectangles above, we can consider the collection of rectangles

B := {D−1, D0, D1, Q1, Q2, Q3} ∪ { [i, i+ 1]× [j, j + 1] | i, j ∈ Z \ {0,−1} } .

Observe that the same method applied in Proposition 3.20 to obtain a free brick de-
composition from an initial square decomposition can be applied in B. In this specific
case, the rectangles D−1, D0 and D1 will not be shrunk, since they are already free, but
their vertices at the intersection of four rectangles will be blown up. In fact, we want to
take these blow ups to be sufficiently small so that by the end of the process we still have

h−1(p) ∈ D′−1 , q ∈ D′−1 ∩D′0 , p ∈ D′0 ∩D′1 and h(q) ∈ D′1 .

Hence, we obtain a free brick decomposition (B = B, h) such thatD′−1, D
′
0, D

′
1 ∈ B.

Figure 10: Representation of the setup in the proof of Theorem 2.16.

Observe that D′1 ∈ A(B,h)(D
′
0) and that D′0 /∈ A(B,h)(D

′
0) by Proposition 3.19. Thus,

we have that p ∈ ∂A(B,h)(D
′
0). Consider l to be the connected component of ∂A(B,h)(D

′
0)

that contains p. From the definition of A(B,h)(D
′
0), follows that

h(π(A(B,h)(D
′
0))) ⊂ π(A(B,h)(D

′
0)).

In particular, h(l) ⊂ π(A(B,h)(D
′
0)). Suppose by contradiction that h(l) ∩ ∂A(B,h)(D

′
0) 6= ∅.

Then, in this case there exists a brick b ∈ B satisfying b ∩ h(l) 6= ∅ and b /∈ A(B,h)(D
′
0).

However, since l ⊂ π(A(B,h)(D
′
0)), we get that b∩h(π(Ah(b))) 6= ∅ and, consequently, that

b ∈ A(B,h)(b), which is a contradiction by Proposition 3.19. Therefore, we conclude that

h(l) ⊂ int(A(B,h)(D
′
0)) .

Since D′−1 ∈ R(B,h)(D
′
0), p ∈ ∂R(B,h)(D

′
0) and int(R(B,h)(D0)) ⊂ R2 \ π(A(B,h)(D

′
0)),

we can apply the same argument to show that

h−1(l) ⊂ R2 \ π(A(B,h)(D
′
0)) .

Therefore, to conclude that h−1(l) and h(l) belong to different connected components
of R2 \ l, it suffices to see that the arc α � h(α) meets l only once and crosses it trans-
versely. Finally, note that it remais two possibilities: either l is a line or a closed simple
arc. However, if l is a simple closed arc and U is the bounded connected component of
R2 \ l, then Ū is a closed disk that satisfies either h(Ū) ⊂ Ū or h−1(Ū) ⊂ Ū . Which is a
contradiction, according to the Brouwer fixed point theorem (see Preliminaries).

Hence, we conclude that l is indeed a Brouwer line for h.
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Observe that the region between Brouwer lines h−1(l) and l is mapped homeomor-
phically to the region between l and h(l). Even further, we can consider an orientation
preserving homeomorphism φ : R2 −→ R2 satisfying

h−1(l) = φ({−1} × R) , l = φ({0} × R) , h(l) = φ({1} × R)

and φ−1 ◦ h ◦ φ
∣∣
[−1,0]×R = T(1,0).

This motivates us to introduce the concept of a translation domain.

Definition 2.17 (Translation domain).
Let h ∈ Brouwer(R2) and D ⊂ R2 be an open and connected subset of the plane. We

say thatD is a translation domain of h if there exists a Brouwer line l for h such that

∂D = h(l) ∪ l .

The existence of translation domains is a dynamically significant question. If D is a
translation domain for a given Brouwer homeomorphism h, then

V =
⋃
i∈Z

hi(D)

is an open and h-invariant subset of the plane where h
∣∣
V

is topologically conjugated to
the translation T(1,0).

We remark that V may not be the whole plane, such as in the case of the Reeb flow.

Figure 11: Illustration of Brouwer lines for the Reeb flow.

As a direct consequence of the Brouwer translation theorem, we have the plane is
covered by translation domains.

Corollary 2.18. If h ∈ Brouwer(R2), then every point belongs to some translation domain.

Proof. Recall that, according to Lemma 2.5, for every point q ∈ R2 there exists a transla-
tion arc α satisfying q ∈ α̊. Let us denote p and h−1(p) the endpoints of α. Finally, observe
that the proof of Theorem 2.16 constructs a Brouwer line l for h passing through p in such
a way that l∩α = p and h−1(l)∩α = h−1(p). This proves that q belongs to the translation
domain of boundary l ∪ h−1(l).
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3 Brick decompositions
3.1 Fundamental structure of brick decompositions
In this section, we introduce and explore basic properties of brick decompositions.

Definition 3.1 (Brick decomposition).
Let B ⊂ Disk(R2) and consider the set

VB :=
{
v ∈ R2 | ∃6= b1, b2, b3 ∈ B : v ∈ b1 ∩ b2 ∩ b3

}
.

The set B is said to be a brick decomposition if it satisfies:

(i) The set B covers the plane, i.e.
⋃
b∈B b = R2.

(ii) Distinct elements of B have disjoint interior.

(iii) The intersection of more than three distinct elements of B is empty.

(iv) The set VB is discrete, i.e.
⋃
v∈VB v is a discrete subset of the plane.

From now on, let B be a brick decomposition. The elements of B are called bricks
and VB is called the set of vertices of B. If a vertex v ∈ VB has non-empty intersection
with some brick b ∈ B, we say that v is a vertex of b. It is important to mention that the
condition of VB being discrete is essential to guarantee that any compact subset of the
plane intersects at most finitely many bricks.

Proposition 3.2. If B is a brick decomposition, then the set

EB :=
{
a ⊂ R2 | ∃6= b1, b2 ∈ B : a is a connected component of b1 ∩ b2

}
is a collection of simple arcs connecting distinct vertices in VB.

Proof. Let b1 ∈ B and p ∈ ∂b1. Then, either p ∈ VB or p /∈ VB. First, suppose that p /∈ VB.
Thus, there exist a unique b2 ∈ B such that p ∈ b1 ∩ b2 = ∂b1 ∩ ∂b2. Since VB is discrete,
there exists a sufficiently small neighbourhoodU of p such thatU∩VB = ∅, which implies
U ⊂ b1 ∪ b2. Consequently, all points in U ∩ ∂b1 are accumulated by points in b2, which
implies that U ∩ ∂b1 = U ∩ ∂b2. Thus, since ∂b1 and ∂b2 are homeomorphic to S1, there
exists an arc γ such that p ∈ γ̊, γ ⊂ ∂b1∩U ⊂ b1∩b2. Thus, the connected component a of
b1∩ b2 that contains p is an arc. To see that a is simple, it suffices to see that a ⊂ ∂b1 and
a 6= ∂b1, because otherwise b2 would not be a closed disk. To see that a has endpoints
x, y ∈ VB , it suffices to observe that if x /∈ VB the argument above could be applied to x,
which would imply that x ∈ å, a contradiction.

Now, suppose that p ∈ VB. Then there exists b2, b3 ∈ B such that p ∈ b1 ∩ b2 ∩ b3 =
∂b1 ∩ ∂b2 ∩ ∂b3. Since VB is discrete, there exists a sufficiently small neighbourhood U of
p such that U ⊂ b1 ∪ b2 ∪ b3 and U ∩ VB = p. Therefore, every point q ∈ U ∩ ∂b1 which is
different from p belongs to exactly two bricks, and consequently to an arc with endpoints
in VB. Since ∂b1 is homeomorphic to S1, we can apply the arguments developed in the
previous case to conclude that p is the endpoint of an arc contained at the intersections
of each pair of bricks, which falls into the first case.
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Corollary 3.3. If B is a brick decomposition and v ∈ VB , then

# {a ∈ EB | v ∩ a 6= ∅} = 3.

Proof. As shown in the proof of Proposition 3.2. Any v ∈ VB is the endpoint of elements
in EB. Since v is the intersection of exactly three bricks and there exists 3 combinations
of pairs of bricks among three bricks, we conclude that there must be exactly three ele-
ments in EB that have v as an endpoint.

The elements ofEB are called edges of the brick decomposition B. If an edge a ∈ EB
is contained in some brick b ∈ B, we say that a is an edge of b. If a vertex v ∈ VB is
contained in an edge a ∈ EB , we say that v is a vertex of a. A collection {ai}1≤i≤n ⊂ EB
of edges of b is said to be well-indexed if, for any i 6= j and 1 ≤ k < n, it satisfies

ai 6= aj, ak ∩ ak+1 6= ∅ and a1 ∩ an 6= ∅.

The set SB :=
⋃
a∈EB a is said to be the skeleton of B. The choice of term "skeleton"

comes from the observation that SB is a singular 1-submanifold of the plane that allows
us recover the brick decomposition just by taking bricks as the closure of the connected
components of R2 \ SB. At last, it will be also useful to consider the mold of B, which is
defined asMB := B ∪ EB.

Figure 12: Example of a skeleton of a brick decomposition.

Definition 3.4. Let B be a brick decomposition. Then, consider the following definitions:

(i) The projection of a subsetX ⊂MB is defined as π(X) :=
⋃
m∈X

m ⊂ R2.

(ii) The neighbourhood in B of a subset of bricksX ⊂ B is defined as

NeighB(X) := {b ∈ B | b ∩ π(X) 6= ∅} .

(iii) The set of bricks in B which are adjacent toX ⊂ B is defined as

AdjB(X) := NeighB(X) \X .

(iv) A brick decomposition B′ is said to be a subdecomposition of B, denoted by B′ / B ,
if each brick in B′ is a union of bricks in B.
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The projection map π defined above allows us to import topological notions from
the plane to subsets of bricks. More specifically, the interior of X ⊂ B is defined to be
int(X) := int(π(X)); The boundary of X ⊂ B is defined as ∂X := ∂(π(X)) ⊂ R2; A
subset of bricksX ⊂ B is said to be bounded if π(X) is bounded and unbounded if π(X)
is unbounded; A subset of bricks X ⊂ B is said to be connected if π(X) is a connected
subset of R2; If Y ⊂ X ⊂ B, we say that Y is a connected component of X if π(Y ) is a
connected component of π(X).

Lemma 3.5. If B is a brick decomposition and X ⊂ B is a connected subset of bricks,
then for every pair of bricks b, b′ ∈ X there exist bricks {bi}1≤i≤n ⊂ X satisfying

b1 = b, bn = b′ and bi+1 ∈ AdjB(bi) for all 1 ≤ i < n.

Proof. Observe that π(X) is path-connected, because π(X) is connected by definition
and π(X) = int(π(X)). Thus, given any pair of bricks b, b′ ∈ X , we have an arc γ whose
endpoints are γ̃(0) = x ∈ b and γ̃(1) = x′ ∈ b′. Observe that, for any brick b′′ ∈ X
intersecting γ, the set {t ∈ [0, 1] | γ̃(t) ∈ b′′} is a finite union of closed intervals in [0, 1].

This allows us to consider bricks {bi}1≤i≤n ⊂ X satisfying

∃ 0 = t0, t1, ..., tn = 1 ∈ [0, 1] : γ̃([ti−1, ti]) ⊂ bi for all 1 ≤ i ≤ n.

Observe that, for each 1 ≤ i < n, the point γ̃(ti) belongs to the bricks bi and bi+1. As a
direct consequence, we conclude that the bricks bi and bi+1 are adjacent for all 1 ≤ i < n.

Despite bricks in subdecompositions being taken as the union of adjacent bricks in
the original brick decomposition, it is not any connected union of bricks that yields a valid
brick. Wemust be careful so that this union of bricks yields a closed disk. In order to solve
this issue, we introduce the following concepts.

Definition 3.6 (Internal and external brick).
Let B be a brick decomposition andX ⊂ B be a subset of bricks. The set of all internal

bricks of X in B, denoted IntB(X), is the union of all bounded connected components of
B\X . The set of all external bricks ofX inB, denoted ExtB(X), is the intersection between
AdjB(X) and the union all unbounded connected components of B \X .

Figure 13: Representation of the sets of internal and external bricks ofX ⊂ B.

Observe that ExtB(X) is a subset of the set of bricks adjacent toX , but IntB(X) is not.
In fact, the connected components of AdjB(X) are contained either in IntB(X) or ExtB(X).
IfX ⊂ B is finite and connected, we get that ExtB(X) is non-empty and connected.
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Definition 3.7 (Generated brick).
Let B be a brick decomposition andX ⊂ B be a connected and finite subset of bricks.

The brick generated byX is defined to be

BrickB(X) := π(X ∪ IntB(X)) ⊂ R2 .

The motivation behind the definition of generated brick is that it gives us a reliable
way to obtain brick subdecompositions from any finite union of adjacent bricks. This
happens because, by construction, the brick generated is always a closed disk.

Proposition 3.8. If B is a brick decomposition andX ⊂ B is a finite and connected subset
of bricks, then

B(X) := (B \ (X ∪ IntB(X))) ∪ {BrickB(X)}
is a brick decomposition and satisfies B(X) / B.

Proof. Observe that each element in B(X) is the union of elements in B by construction,
therefore follows that the intersection of more than three distinct elements in B′ is empty
and that VB′ ⊂ VB is discrete. Also, note that B(X) covers the plane and its elements
have disjoint interior. Finally, since B is already a brick decomposition and BrickB(X) is a
closed disk, we conclude that B(X) ⊂ Disk(R2). This concludes the proof.

For any given subset of bricksX ∈ B, the brick decomposition B(X) /B described in
Proposition 3.8 is said to be the subdecomposition generated byX . We remark that the
set of bricks adjacent to BrickB(X) in the generated subdecomposition B(X) is given by

AdjB(X)(BrickB(X)) = ExtB(X).

We conclude this section by introducing a tool that will allow us to modify the local
structure of a brick decomposition while still preserving number of bricks locally.

Definition 3.9 (Modification).
Let B be a brick decomposition, X ⊂ B be a finite subset of bricks and X ′ ⊂ Disk(R2)

be such that #X = #X ′ and π(X) = π(X ′). IfB′ := (B\X)∪X ′ is a brick decomposition,
we say that B′ is a modification of B that replacesX ⊂ B byX ′ ⊂ B′.

In this context, we say that X ⊂ B is the support of the modification and X ′ ⊂ B′ is
the replacement of the modification.

Figure 14: Illustration of a modification.

Later on the text, we will be interested in working with certain types of modifications
that preserve some important structural property of the brick decomposition.
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3.2 Dynamics in brick decompositions
In this section, we ought to study how planar homeomorphisms interact with our brick
decomposition. For that, let B be a brick decomposition and f ∈ Homeo(R2). Observe
that the dynamical system (R2, f) induces a natural system (B, f) in the brick decompo-
sition through the advent of the map ϕ(B,f) : P(B) −→ P(B), given by

ϕ(B,f)(X) = {b ∈ B | ∃ b′ ∈ X : b ∩ f(b′) 6= ∅} .

We define the inverse map ϕ−1
(B,f) by taking the induced map of f−1, i.e. for anyX ⊂ B

ϕ−1
(B,f)(X) := ϕ(B,f−1)(X).

We now define a notation that will help us visualize the dynamics of the pair (B, f).
Whenever two bricks b, b′ ∈ B satisfy f(b) ∩ b′ 6= ∅, we write

b
f−−→ b′.

In cases where the homemorphism f is implicit in the context, wemay omit f and simply
say that b→ b′.

This notation allows us to introduce the concept of a chain of bricks.

Definition 3.10 (Chain of bricks). Let f ∈ Homeo(R2) and B be a brick decomposition. A
finite sequence of bricks (bi)1≤i≤n in B is said to be a chain of bricks of (B, f) if it satisfies

b1
f−−→ b2

f−−→ ...
f−−→ bi

f−−→ bi+1
f−−→ ...

f−−→ bn.

Let (bi)1≤i≤n be a chain of bricks of (B, f). If b, b′ ∈ B are bricks such that b = b1 and
b′ = bn, we say that (bi)1≤i≤n links b to b′. If a chain of bricks links a brick to itself, then this
chain is said to be closed. At last, we say that the chain of bricks (bi)1≤i≤n is irreducible
if it satisfies

bi −→ bj =⇒ j = i+ 1

for every 1 ≤ i ≤ n− 1.
A chain of bricks (b′k)1≤k≤m of (B, f) is said to be a subchain of (bi)1≤i≤n if

∃ 1 ≤ i1 < i2 < ... < im ≤ n : b′k = bik ∀1 ≤ k ≤ m.

We remark that irreducible chains of bricks are exactly those which do not admit any
distinct subchain. Furthermore, it is worth observing that any chain of bricks linking a
given pair of bricks has an irreducible subchain linking the same two bricks.

At last, given any pair b, b′ ∈ B and n > 0, holds the equivalence

b ∈ ϕn(B,f)(b
′) ⇐⇒ ∃ a chain of bricks of (B, f) from b′ to b.

It is this equivalence that explains why chains of bricks are so useful when it comes to
representing the dynamics induced in the brick decomposition.

With the following proposition, we ought to describe the behavior of the system under
union and intersections of subsets of bricks.
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Lemma 3.11. If f ∈ Homeo(R2), B is a brick decomposition and {Xi}i∈I is a family of
subsets of bricks in B, then

ϕ(B,f)

(⋃
i∈I

Xi

)
=
⋃
i∈I

ϕ(B,f)(Xi) and ϕ(B,f)

(⋂
i∈I

Xi

)
⊂
⋂
i∈I

ϕ(B,f)(Xi) .

Proof. We start by proving the first equality. From the definition of ϕ(B,f), we have

b ∈ ϕ(B,f)

(⋃
i∈I

Xi

)
⇐⇒ ∃ b′ ∈

⋃
i∈I

Xi : b′
f−−→ b.

However, to say b′ ∈
⋃
i∈I Xi means that there exists some k ∈ I such that b′ ∈ Xk.

Thus, we obtain the following equivalence

b ∈ ϕ(B,f)

(⋃
i∈I

Xi

)
⇐⇒ ∃ k ∈ I : b ∈ ϕ(B,f)(Xk) ⊂

⋃
i∈I

ϕ(B,f)(Xi).

We now prove the second property. From the definition of ϕ(B,f), we have

b ∈ ϕ(B,f)

(⋂
i∈I

Xi

)
⇐⇒ ∃ b′ ∈

⋂
i∈I

Xi : b′
f−−→ b.

To say that b′ ∈
⋂
i∈I Xi means that b′ ∈ Xi for all i ∈ I . Therefore, we obtain the

equivalence

b ∈ ϕ(B,f)

(⋂
i∈I

Xi

)
⇐⇒ b ∈ ϕ(B,f)(Xi) , ∀i ∈ I ⇐⇒ b ∈

⋂
i∈I

ϕ(B,f)(Xi).

Now, we show that the dynamics in the brick decomposition inherits an important
topological property of (R2, f).

Proposition 3.12. If f ∈ Homeo(R2), B is a brick decomposition and X ⊂ B is a con-
nected subset of bricks, then ϕ(B,f)(X) is also connected.

Proof. Observe that π(X) is path-connected, once π(X) is connected in R2 and satisfies
π(X) = int(π(X)). Consequently, we have that the set f(π(X)) is also path-connected,
because f is a homeomorphism. Furthermore, by the definition of ϕ(B,f), we have that

f(π(X)) ⊂ π(ϕ(B,f)(X)) and b ∩ f(π(X)) 6= ∅ ∀b ∈ ϕ(B,f)(X).

Thus, given any pair of bricks bi, bj ∈ ϕ(B,f)(X), there are points pi ∈ bi ∩ f(π(X)) and
pj ∈ bj ∩ f(π(X)) which are endpoints of an arc

γ ⊂ f(π(X)) ⊂ π(ϕ(B,f)(X)).

Hence, we conclude that π(ϕ(B,f)(X)) is path connected and, therefore, connected.

In this last part of the section, we define the overlap relation between bricks in the
system (B, f) and establish a criteria to preserve this relation under modifications.

Page 20 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Definition 3.13 (Overlap).
Let f ∈ Homeo(R2), B be a brick decomposition and b ∈ B. A brick b′ ∈ B is said to

overlap b in (B, f) if either
b

f−−→ b′ or b′
f−−→ b.

We then define the overlapping set of b in (B, f) to be

Over(B,f)(b) := {b′ ∈ B | b′ overlaps b in (B, f) } .

The dynamical behavior of the system (B, f) will be studied, in most part, in terms of
the overlapping relation.

Figure 15: Representation of overlapping relation between bricks.

Now, we introduce the notion of an anchor set, which will allow us to determinate the
overlapping set of any given brick in the decomposition.

Definition 3.14 (Anchor set).
Let f ∈ Homeo(R2), B be a brick decomposition, J ⊂ R2 be a subset of the plane and

denote, for each brick b ∈ B, the set J b := J ∩ b. We say that J is an anchor set of (B, f)
if, for every b ∈ B, it satisfies:

(i) #J b ≤ #Over(B,f)(b).

(ii) J b ∩
(
f(J b′) ∪ f−1(J b′)

)
6= ∅ for any b′ ∈ Over(B,f)(b).

Observe that, if J is an anchor set of (B, f), then the overlapping set of any brick
b ∈ B is completely determined by the set J b. In addition, since the overlapping set
of any brick is always finite, we have that J is a discrete subset of the plane. In other
words, an anchor set is a discrete subset of the plane that completely characterizes the
overlapping relations of the system (B, f).

Figure 16: Representation of a point p ∈ b in the anchor set J in the case b f−−→ b′.

Before we proceed to the last definition of the section, we prove by construction that
anchor sets indeed exist.
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Proposition 3.15. If f ∈ Homeo(R2) and B is a brick decomposition, then there exists an
anchor set of (B, f).

Proof. For each pair b, b′ ∈ B satisfying b f−→ b′, consider a point Pb(b′) ∈ b ∩ f−1(b′).
Then, for every brick b ∈ B, consider the set

Jb :=
⋃
b′∈ B
b

f−→b′

{Pb(b′), f(Pb(b
′))} .

Finally, we define the subset of the plane

J :=
⋃
b∈B

Jb.

At last, observe that, for each brick b ∈ B, the set J b := J ∩ b contains exactly one
point from the set Jb′ , for any brick b′ ∈ Over(B,f)(b). Thus, we have that J satisfies (i).
Then, to conclude that J satisfies (ii), it suffices to see that

J b ∩ f(J b′) 6= ∅ if b′
f−−→ b.

This proves that J is indeed an anchor set of (B, f).

We conclude this chapter by introducing overlap preserving modifications.
Definition 3.16 (Overlap preserving modification).

Let f ∈ Homeo(R2), B be a brick decomposition and B′ be a modification of B that
replaces X ⊂ B by X ′ ⊂ B′. We say that (B′, f) is an overlap preserving modification of
(B, f) if there exist an anchor set J of (B, f) and an anchor set J ′ of (B′, f) such that, for
every b ∈ X , there exists a brick b′ ∈ X ′ satisfying

J b ⊂ (J ′)b
′
.

Now, let us consider a few remarks about the dynamical properties of such modifica-
tions. Let (B′, f) be an overlap preserving modification of (B, f) that replaces X ⊂ B by
X ′ ⊂ B′, and consider anchor sets J and J ′ of (B, f) and (B′, f), respectively, satisfying
the conditions of Definition 3.16.

Then, we remark that for every b ∈ B there exists exactly one brick b′ ∈ B′ satisfying

J b ⊂ (J ′)b
′
.

This is a direct consequence of the fact that
#X = #X ′ <∞.

Thus, the brick b′ ∈ B′ that satisfies J b ⊂ (J ′)b
′
for some given brick b ∈ B can be called

the successor of b in B′.
Observe that, if b′ ∈ B′ is the successor of b ∈ B, then the successor of any brick in

Over(B,f)(b) is guaranteed to overlap b′ in (B′, f). This justifies the nomenclature, since
this kind of modifications preserves the overlapping properties of the original brick de-
composition.

The notion of a successor brick can also be exported to subdecompositions. Observe
that, given a subdecompositionB′/B, we have that any brick inB is contained in a unique
brick in B′. This motivates us to say that a brick b′ ∈ B′ is the successor of b ∈ B if it
satisfies b ⊂ b′.
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3.3 Free brick decompositions
The dynamics induced in a brick decomposition depends not only on the homeomor-
phism of the plane, but also on the structure of the brick decomposition itself. If we want
to investigate properties that (B, f) inherit from (R2, f), we need to find useful structural
features of B that will help us establish deeper connections between these two systems.
In the case where f is a Brouwer homeomorphism, this structural feature is given by the
notion of a free brick decomposition.

Definition 3.17 (Free brick decomposition).
Let h ∈ Brouwer(R2) and B be a brick decomposition. We say that the pair (B, h) is a

free brick decomposition if every brick in B is free under h.

From now on, let (B, h) be a free brick decomposition. If B′ /B is a subdecomposition
such that each brick b′ ∈ B′ is free under h, we say that (B′, h) is a free subdecomposition
of (B, h) and denote it by (B′, h) / (B, h). If (B′, h) is an overlap preserving modification
of (B, h) such that each brick b′ ∈ B′ is free under h, we say that (B′, h) is a free overlap
preserving modification of (B, h).

At last, for the sake of notation, we use the projection π to extend the notion of free
subsets of the plane. We say that a subset of bricks X ⊂ B is free in (B, h) whenever
π(X) is free under the action of the Brouwer homeomorphism h.

The following lemma is the motivation behind the definition of generated brick. It
shows why the generated brick is such a useful concept when it comes to obtaining free
brick subdecompostions.

Lemma 3.18. If (B, h) is a free brick decomposition and X ⊂ B is finite, connected and
free under h, then BrickB(X) is also free under h. Consequently, (B(X), h) is a free brick
decomposition and satisfies (B(X), h) / (B, h).

Proof. Let Y ⊂ B \X be a connected component of IntB(X). We start by observing that
π(Y ) is a closed disk. SinceY is bounded, we know that it is finite and, consequently, π(Y )
is a closed disk if and only if IntB(Y ) is empty. Suppose by contradiction that IntB(Y ) is
non-empty. At first, this implies that B \ Y is not connected. Now, observe that both
IntB(Y ),ExtB(Y ) ⊂ X , since IntB(Y ),ExtB(Y ) ⊂ B \ Y and Y ⊂ B \ X . However, this
implies thatX has non-empthy intersection with two distinct connected components of
B \ Y , which is a contradiction sinceX ⊂ B \ Y andX is connected.

Now, suppose by contradiction thatX ∪ Y is not free. Then, we have that either

h(π(X)) ∩ π(Y ) 6= ∅ or h−1(π(X)) ∩ U 6= ∅.

Since X is free, we then get that either h(π(X)) ⊂ π(Y ) or h−1(π(X)) ⊂ π(Y ). This im-
plies that either h(π(Y )) ⊂ π(Y ) or h−1(π(Y )) ⊂ π(Y ). However, both are contradictions
by the Brouwer fixed point theorem (see Preliminaries). This proves thatX ∪ Y is free.

Since X is finite, IntB(X) has finitely many connected components. Thus, the argu-
ment above can be repeated for each connected component of IntB(X), concluding that
X ∪ IntB(X) is also free. Finally, since Proposition 3.8 shows that B(X) is a subdecom-
position of B, we conclude that (B(X), h) is a free subdecomposition of (B, h).
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We now present the result that shows why the structural characteristic of a free brick
decomposition allows us to establish a deeper connection between the dynamics of a
Brouwer homeomorphism and the induced dynamics in the Brick decomposition.

Proposition 3.19. If (B, h) is a free brick decomposition and b ∈ B, then

A(B,h)(b) :=
⋃
k≥1

ϕ(B,h)
k({b}) and R(B,h)(b) :=

⋃
k≥1

ϕ(B,h)
−k({b})

are infinite subsets of bricks that satisfy b /∈ A(B,h)(b) and b /∈ R(B,h)(b).

Proof. If b ∈
⋃
k≥1 ϕ(B,h)

k({b}) then there exists a closed chain of bricks {bi}1≤i≤n of (B, h)
linking the brick b to itself. Thus, let us suppose by contradiction that this chain of bricks
indeed exists. Observe that this chain can be taken to be irreducible, otherwise it would
suffice to consider its irreducible subchain instead.

For each 1 ≤ i ≤ n−1, consider the points pi ∈ bi∩h−1(bi+1) and qi+1 := h(pi) ∈ bi+1.
Since b1 = bn, we can also define q1 := qn. Thus, we get that pi, qi ∈ bi for all 1 ≤ i ≤ n−1,
which allow us to consider an arc γi with endpoints pi and qi satisfying γ̊i ⊂ int(bi) for
each 1 ≤ i ≤ n− 1.

Figure 17: Representation of the setup in the proof of Proposition 3.19.

We want to show that the arcs {γi}i∈{1,...,n−1} are disjoint. For now, we can only guar-
antee that γ̊i∩ γ̊j = ∅ if i 6= j, because the bricks in B have disjoint interiors. To obtain the
desired result, it is necessary to observe that the endpoints pi and qi of γi cannot belong
simultaneously to different bricks in {bi}1≤i≤n−1.

Suppose that pi ∈ bj , where i, j ∈ {1, ..., n− 1} and i 6= j. Thus, bj −→ bi+1, because
pi ∈ h−1(bi+1). However, since the chain of bricks is irreducible, we get that i = j, which is
a contradiction. Analogously, suppose that qi ∈ bj , where i, j ∈ {2, ..., n} and i 6= j. Thus,
bi−1 −→ bj , because qi = h(pi−1). Which also leads to the contradiction i = j. Observe
that the same holds for q1, since q1 = qn and b1 = bn.

This allows us to conclude that the curves {γi}1≤i≤n−1 are disjoint and free, because
each brick in B is free. Therefore, for each i ∈ {1, ..., n − 1}, we can get a sufficiently
small ri > 0 so that {Bri(γi)}i∈{1,...,n−1} are all disjoint and free.

Observe that, by construction, the disks {Bri(γi)}i∈{1,...,n−1} form a closed free disk
chain for h (see Definition B.1). However, according Proposition B.2, we get that h has a
fixed point. Which is a clear contradiction. SinceR(B, h)(b) = A(B,h−1)(b), we proved that
b /∈ A(B,h)(b) and b /∈ R(B,h)(b).

Finally, note that if A(B,h)(b) or R(B,h)(b) were finite, this would imply the existence of
closed chains of bricks, which we already proved to be a contradiction in the case of a
free brick decomposition.
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We end this section by showing that the structural condition imposed in free brick
decompositions is not void, i.e. we prove that free brick decompositions always exist for
any given Brouwer homeomorphism.
Proposition 3.20 (Existence of a free brick decomposition).

If h ∈ Brouwer(R2), then there exists a free brick decomposition (B, h).
Proof. Let B := {bi,j = [i, i+ 1]× [j, j + 1] | i, j ∈ Z} be the family of unit squares in the
plane. Observe that B is neither a valid brick decomposition nor free under h. Nonethe-
less, we still can obtain a free brick decomposition by shrinking the squares and blowing
up the vertices belonging to four squares in B.

First, given any square b ∈ B, we say that b(1), b(2), b(3) and b(4) are the four quadrant
squares of b if their sides have half the length of the side of b and b = b1 ∪ b2 ∪ b3 ∪ b4.
Now, consider the following criteria to shrink the squares in B. If a square b ∈ B is not
free, then we consider b(1), b(2), b(3) to be the quadrant squares of b and redefine B :=
(B \ {b})∪{b1, b2, b3, b4}. If a square b ∈ B is already free, then no shrinking is necessary.

Figure 18: Method to shrink squares that are not free.

Observe that this process is finite for each square. Otherwise, we would obtain a
sequence of nested squares {bik}k∈N whose lengths converge to zero and each satisfy
h(bik) ∩ bik 6= ∅. However, this implies that p = ∩k∈Nbik is a fixed point for h, which is
a contradiction. As a consequence, we obtain a family of free squares B that still has
non-empty intersections of four squares.

Figure 19: Blow up method of vertices at the intersection of four squares.

Now, consider the followingmethod to blow up the vertices at the intersection of four
squares. Let p ∈ R2 be a point at the intersection of four squares, namely b1, b2, b3, b4 ∈ B.
Consider a square b′, sufficiently small so that it is free, centered at p and whose vertices
are contained in the edges a1 = b1 ∩ b2, a2 = b2 ∩ b3, a3 = b3 ∩ b4 and a4 = b4 ∩ b1.
Also, define the squares b′i := bi \ int(b′) for each i ∈ {1, 2, 3, 4}. Thus, we can redefine
B := (B \ {b1, b2, b3, b4})∪ {b′, b′1, b′2, b′3, b′4}. By repeating this process for all points at the
intersection of four squares, we obtain a free brick decomposition (B = B, h).

Page 25 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

3.4 Maximal free brick decompositions
Up to this point, we have just prepared the ground to introduce the central object of this
chapter: maximal free brick decompositions.

Definition 3.21 (Maximal free brick decomposition).
Let (B, h) be a free brick decomposition. We say that (B, h) is a maximal free brick

decomposition if it has no distinct free subdecompositions.

We remark that a free brick decomposition (B, h) is a maximal free brick decomposi-
tion if and only if every brick b ∈ B satisfies

AdjB(b) ⊂ Over(B,h)(b).

Otherwise, we could consider a distinct free subdecomposition of (B, h) by taking bricks
generated by adjacent bricks that do not overlap each other.

Definition 3.22 (Orientation of edges).
Let (B, h) be amaximal free brick decomposition, b, b′ ∈ B be adjacent bricks satisfying

b −→ b′ and a ∈ EB be an edge common to b and b′. We define the orientation of a to be
such that b is on the left of a and b′ is on the right of a.

Figure 20: Orientation of edges in a maximal free brick decomposition.

For the rest of this chapter, we consider (B, h) to be a maximal free brick decompo-
sition. Observe that Proposition 3.19 guarantees that the orientation of every edge in EB
is well defined, since any pair b, b′ ∈ B cannot satisfy b −→ b′ −→ b. Also, observe that
every edge in EB admits an orientation, since AdjB(b) ⊂ Over(B,h)(b) for every brick b ∈ B.

Since any edge a ∈ EB is oriented, we can define s(a) ∈ VB to be the start of a,
e(a) ∈ VB its end, r(a) ∈ B its right-side brick and l(a) ∈ B its left-side brick.

Lemma 3.23. If (B, h) is a maximal free brick decomposition, then there exist no distinct
edges a1, a2, a3 ∈ EB such that s(a1) = s(a2) = s(a3) or e(a1) = e(a2) = e(a3).

Proof. Let a1, a2, a3 be distinct edges in EB such that v = a1 ∩ a2 ∩ a3 ∈ VB. Consider the
bricks b1, b2, b3 ∈ B such that a1 ⊂ b1 ∩ b2, a1 ⊂ b2 ∩ b3 and a3 ⊂ b1 ∩ b3. Observe that the
cases v = s(a1) = s(a2) = s(a3) and v = e(a1) = e(a2) = e(a3) imply that either

l(ai) = bi ∀ i = 1, 2, 3 or r(ai) = bi ∀ i = 1, 2, 3.

Both cases leads to the existence of a closed chain of bricks

b1 −→ b2 −→ b3 −→ b1 and b1 −→ b3 −→ b2 −→ b1.

However, this is a contradiction according toProposition 3.19 and, thus, proves the lemma.

Page 26 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Observe that the previous lemma allows us to classify vertices into two distinct types.
If v ∈ VB is the start of two distinct edges, then v is said to be a starting vertex. Otherwise,
i.e. if v is the of two distinct edges, then we say that v is an ending vertex.

In addition, we can also classify the edges of a given vertex. Given v ∈ VB , we define
the central edge of v, denoted aC(v), to be the edge in EB satisfying e(aC(v)) = v if v
is a starting vertex and s(aC(v)) = v if v is an ending vertex. Subsequently, we define
the right edge and the left edge of v, denoted aR(v) and aL(v), to be the edges in EB
satisfying r(aC(v)) = r(aR(v)) and l(aC(v)) = l(aL(v)).

Figure 21: Illustration of a starting vertex and an ending vertex.

Proposition 3.24. If (B, h) is a maximal free brick decomposition and b ∈ B, then there
exist edges a1, a2 ∈ EB such that r(a1) = l(a2) = b.

Proof. Let {ai}1≤i≤n be awell-indexed collection of edges of b ∈ B. Also, consider {bi}1≤i≤n
to be the collection of bricks in B satisfying ai ⊂ b ∩ bi for all 1 ≤ i ≤ n.

Suppose that the claim of the lemma does not hold. Then,the brick b is either on
the right of all edges ai or on the left of all edges ai. We can suppose without loss of
generality that b = r(ai) for all 1 ≤ i ≤ n, once the exchange between h and h−1 reverses
the orientation of all edges in EB.

Since b is free and bi → b for all 1 ≤ i ≤ n, Proposition 3.19 implies that

h(b) ∩ NeighB(b) = ∅.

Furthermore, since h is a homeomorphism, each h(bi) is connected and satisfies
h(bi) ∩ b 6= ∅ and h(bi) ∩ h(b) 6= ∅. Thus, for each 1 ≤ i ≤ n there exists some 1 ≤ j ≤ n
such that bi −→ bj.

Figure 22: Illustration of setup in the proof of Proposition 3.24.

This allow us to consider a sequence (ik)k∈N of elements in {1, ..., n} that satisfies
bik −→ bik+1

for all k ∈ N. However, {1, ..., n} is finite. Therefore, there exist k1 < k2 ∈ N
such that ik1 = ik2 . In other words, (bik)k1≤k≤k2 is a closed chain of bricks of (B, h), which
is a contradiction according to Proposition 3.19.
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Beforewe continue the investigation of the boundary of the bricks, we need to present
an improvement of Proposition 3.19 for the case of maximal free brick decompositions.

Proposition 3.25. If (B, h) is a maximal free brick decomposition, then the subsets of
bricks A(B,h)(b) andR(B,h)(b) are connected for every b ∈ B.

Proof. As we have seen in Proposition 3.12, ifX ⊂ B is connected, then ϕ(B,h)(X) is also
connected. In addition, as a consequence of Proposition 3.24, we know that every brick
b ∈ X has a brick b′ ∈ AdjB(b) satisfying b −→ b′. This implies that b′ ∈ ϕ(B,h)(X). Thus,
for the specific case of a maximal free brick decomposition, holds

X ⊂ B is connected =⇒ ϕ(B,h)(X) ∪X is connected

This argument can be evoked repeatedly to show that
⋃n
k=1 ϕ

k
(B,h)({b}) is connected

for all n > 0. Observe that, given any pair of bricks b′, b′′ ∈ A(B,h)(b), there exists an n > 0
such that b′, b′′ ∈

⋃n
k=1 ϕ

k
(B,h)({b}). Thus, we can apply Lemma 3.5 in order to obtain

bricks {bi}1≤i≤m contained in
⋃n
k=1 ϕ

k
(B,h)({b}) satisfying

b1 = b′, bn = b′′ and bi+1 ∈ AdjB(bi) for all 1 ≤ i < m.

However, since
⋃n
k=1 ϕ

k
(B,h)({b}) ⊂ A(B,h)(b), this also proves that A(B,h)(b) is connected.

Lastly, the same argument applies toR(B,h)(b), onceR(B,h)(b) = A(B,h−1)(b).

Finally, we conclude this section by presenting a complete characterization of the
orientation of edges in the boundary of a brick in a maximal free brick decomposition.

Proposition 3.26. If (B, h) is a maximal free brick decomposition, then the boundary of
every brick b ∈ B is composed by two arcs

Γ− =
∏

1≤i≤n

ai and Γ+ =
∏

1≤i≤n′
a′i ,

such that each ai and a′i belong to EB and satisfy e(ai) = s(ai+1), e(a′i) = s(a′i+1), s(a1) =
s(a′1), e(an) = e(a′n′) and l(ai) = r(a′i) = b.

Figure 23: Orientation of the boundary of a brick in a maximal free brick decomposition.
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Proof. Let {ai}1≤i≤n be awell-indexed collection of edges of b ∈ B. Also, consider {bi}1≤i≤n
to be the collection of bricks in B satisfying ai ⊂ b ∩ bi for all 1 ≤ i ≤ n.

We start by recalling that Proposition 3.24 guarantees the existence of edges a, a′ ∈ B
such that b is the left-side brick of a and the right-side brick of a , i.e. b = l(a) = r(a′).
Thus, to say that the claim of the proposition does not hold is equivalent to say that there
exist 1 ≤ i1 < i2 < i3 < i4 ≤ n such that

b = r(ai1) = l(ai2) = r(ai3) = l(ai4) or b = l(ai1) = r(ai2) = l(ai3) = r(ai4).

Observe that the exchange between h and h−1 reverses the orientation of all edges inEB.
Consequently, to prove the proposition, it suffices to prove that one of these cases leads
to a contradiction.

Therefore, let us suppose by contradiction that there exist 1 ≤ i1 < i2 < i3 < i4 ≤ n
satisfying

b = r(ai1) = l(ai2) = r(ai3) = l(ai4).

According to the orientation of these edges, we have that

bi2 , bi4 ∈ ϕ(B,h)({b}) and b, bi1 , bi3 /∈ ϕ(B,h)({b}).

Figure 24: Representation of the setup in the proof of Proposition 3.26.

Let C be the connected component of (b ∪ bi2 ∪ bi4) \ int(h(b)) that contains b. Note
that there is no obstruction to the construction of C , since b ∪ bi2 ∪ bi4 is connected and
b is free.

All of this allows us to consider the points

pi2 ∈ C ∩ ∂(h(b)) and pi4 ∈ bi4 ∩ ∂(h(b)).

Observe that h(b) andC are, in fact, path connected, since they are connected and satisfy

h(b) = int(h(b)) and C = int(C).

Thus, we can consider simple arcs γ1 and γ2, both with endpoints pi2 and pi4 , satisfying

γ̊1 ⊂ int(h(b)) and γ̊2 ⊂ int(C).
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Observe that γ1 �γ2 is a closed simple arc, therefore by the Jordan curve theorem (see
Preliminaries), the subsetR2\(γ1 �γ2) has an unbounded connected componentU1 ⊂ R2

and a bounded connected component U3 ⊂ R2. From the construction of γ1 � γ2 follows
that the bricks bi1 and bi3 belong to different connected components of R2 \ (γ1 � γ2). We
can suppose, without loss of generality, that bi1 ⊂ U1 and bi3 ⊂ U3.

Let us define the subset of bricks

X := ϕ(B,h)(b) ∪ {b}.

Observe that X is connected and bi3 belongs to IntB(X). This allows us to consider X3

to be the connected component of IntB(X) that contains bi3 . Note that X3 ⊂ IntB(X) is
bounded and, therefore, finite.

Recall that, for any brick b′ ∈ ϕ(B,h)(b), there exists a chain of bricks (bi)1≤i≤m linking
the brick b to b′, i.e.

b = b1 −→ ... −→ bi −→ bi+1 −→ ... −→ bm = b′.

This implies that there exists no chain of bricks (b′i)1≤i≤m′ linking b′ to bi3 , because it would
imply the existence of a closed chain of bricks

b −→ ... −→ bi −→ bi+1 −→ ... −→ b′ −→ ... −→ b′i −→ b′i+1 −→ ... −→ bi3 −→ b.

Consequently, together with the fact that b /∈ R(B,h)(bi3), we conclude that

R(B,h)(bi3) ∩X = ∅.

Finally, observe that Proposition 3.24 shows that

AdjB(bi3) ∩R(B,h)(bi3) 6= ∅

and Proposition 3.25 shows thatR(B,h)(bi3) is connected. Consequently,

R(B,h)(bi3) ⊂ X3.

However, this is a contradiction, since Proposition 3.19 shows that R(B,h)(bi3) is infinite
whileX3 is a finite subset of bricks.

This proposition motivates us to define, two special vertices for every brick in B. In
the context of Proposition 3.26, we define the vertex s(b) := s(a1) = s(a′1) ∈ VB to be the
start of b and the vertex e(b) := e(an) = e(a′n′) ∈ VB to be its end. Since this concept is
defined for both edges and bricks, we can consider s and e to be maps as follows:

s : MB −−→ VB

m 7−→ s(m)

and e : MB −−→ VB

m 7−→ e(m)

Observe that the restrictions s
∣∣
B and e

∣∣
B are both injective. Furthermore, every vertex

in s(B) is a starting vertex and every vertex in e(B) is an ending vertex, which implies that
s(B) ∩ e(B) = ∅. This motivates us to define, for a given vertex v ∈B , the brick b(v) ∈ B
to be the brick satisfying

s(b(v)) = v if v ∈ s(B)

e(b(v)) = v if v ∈ s(B).
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3.5 Existence theorem for maximal free brick decompositions
In this section, we take some time to prove that maximal free brick decompositions al-
ways exist for any given Brouwer homeomorphism.

Theorem 3.27 (Existence of maximal free brick decompositions, [A. Sauzet, 2001] ).
If h ∈ Brouwer(R2), then there exists a maximal free brick decomposition (B, h).

However, in order for us to be able to prove Theorem 3.27, we need first to present a
few results that will help the development of the arguments involved in the proof.

Lemma 3.28. If (B, h) is a free brick decomposition and b ∈ B, then there exists a free
subdecomposition (B′, h) / (B, h) such that the successor b′ ∈ B′ of b satisfies

Over(B′,h)(b
′) ∩ AdjB′(b

′) 6= ∅ .

Proof. We can suppose that b ∈ B satisfies Over(B′,h)(b
′) ∩ AdjB′(b′) = ∅. Otherwise,

the lemma would hold for B′ = B. Let NeighB(NeighB(...(NeighB(b))) iterated n times be
denoted by NeighB

n
(b). Observe that⋃

n∈N

NeighB
n
(b) = R2,

therefore there exists a k ≥ 1 such that NeighB
k
(b) is free, but NeighB

k+1
(b) is not.

Then, one of the following cases holds:

(A) There exists b1 ∈ AdjB(NeighB
k
(b)) such that NeighB

k
(b) ∪ b1 is not free.

(B) There exist b1, b2 ∈ AdjB(NeighB
k
(b)) such that b1 ∪ b2 is not free.

Figure 25: (a) Representation of case (A). (b) Representation of case (B).

If case (A) holds, then b1 ∈ ExtB(NeighB
k
(b)). Indeed, because b1 ∈ IntB(NeighB

k
(b))

would imply that (NeighB
k
(b) ∪ b1) ⊂ BrickB(NeighB

k
(b)). Which is a contradiction, since

Lemma 3.18 shows that BrickB(NeighB
k
(b)) is free. In this case, we can define

X := NeighB
k
(b), b′ := BrickB(X) and B′ := B(X).

If case (B) holds, then by the same argument used in case (A), we have that b1 ∈
ExtB(NeighB

k
(b) ∪ {b2}). Thus, we can define

X := NeighB
k
(b) ∪ {b2}, b′ := BrickB(X) and B′ := B(X).

Observe that, in both cases, (B′, h) / (B, h) and b1 ∈ Over(B′,h)(b
′) ∩ AdjB′(b′) .
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Proposition 3.29. If (B, h) is a free brick decomposition and b ∈ B is a brick such that

(I) Over(B,h)(b) ∩ AdjB(b) 6= ∅.

Then there exists a free subdecomposition (B′, h) / (B, h) such that

(i) b ∈ B′.

(ii) B \ NeighB(b) = B′ \ NeighB′(b).

(iii) (AdjB′(b′i) ∩ AdjB′(b)) ⊂ Over(B′,h)(b
′
i) holds for every b′i ∈ AdjB′(b).

Proof. Let {ai}1≤i≤n be awell-indexed collection of edges of b ∈ B. Also, consider {bi}1≤i≤n
to be the collection of bricks in B satisfying ai ⊂ b ∩ bi for all 1 ≤ i ≤ n. We can suppose
without loss of generality that b1 is the brick in AdjB(b) that overlaps b.

Consider the number k1 := max{1 ≤ k ≤ n | ∪ki=1bi is free }. Observe that, if k1 = n,
we have that

C :=
n⋃
i=1

{bi} is free and b ∈ BrickB(C).

However, according to Lemma 3.18, BrickB(C) is free, which is a contradiction with the
condition that b1 ∈ Over(B,h)(b), because b1 ∪ b ⊂ BrickB(C). Thus, we conclude that
k1 < n, which allow us to consider k2 := max{1 ≤ k ≤ n | ∪ki=k1+1bi is free }.

We starting by defining

X1 :=

k1⋃
i=1

{bi} and X2 :=

k2⋃
i=k1+1

{bi}.

Then, we consider the generated brick b′1 := BrickB(X1) and the generated subdecom-
position B′1 := B(X1). Now, observe that X2 ⊂ B′1, thus we can consider the generated
brick b′2 := BrickB′1(X2) and the generated subdecomposition B′2 := B′1(X2). Recall that,
according to Lemma 3.18, we have that

(B′2, h) / (B′1, h) / (B, h).

If k2 = n, observe that b′2 ∈ Over(B′2,h)(b
′
1), because b′1∪ bk1+1 is not free and bk1+1 ⊂ b′2.

This would conclude that the proposition holds by taking B′ = B′2. On the other hand, if
k2 < n, we can continue to define kj , Xj , b′j and (B′j, h) / (B′j−1, h) analogously, until we
reach km = n.

In the last step, we take km = n and

Xm :=
n⋃

i=k(m−1)+1

{bi} ⊂ B′m−1.

If the brick b′m := BrickB′m−1
(Xm) satisfies b′m ∈ Over(B′m,h)(b

′
1), then the proposition holds

by taking B′ := B′m−1(Xm). However, if b′1 /∈ Over(B′m,h)(b
′
m), then we define

X ′ := Xm ∪ {b′1} ⊂ B′m−1

and conclude that the proposition holds by taking B′ := B′m−1(X ′).
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Lemma 3.30. Suppose (B, h) is a free brick decomposition, b ∈ B and bi ∈ AdjB(b) is a
brick such that

h(b) ∩ bi 6= ∅ and h(int(b)) ∩ int(bi) = ∅ .

Then there exists a free overlap preserving modification (B′, h) of (B, h) supported in
NeighB(b) such that the successors of b and bi, denoted respectively b′, b′i ∈ B′, satisfy

h(int(b′)) ∩ int(b′i) 6= ∅ .

Proof. Let {aj}1≤j≤n be a well-indexed collection of edges of b ∈ B. Also, consider
{bj}1≤i≤n to be the collection of bricks in B satisfying aj ⊂ b ∩ bj for all 1 ≤ j ≤ n.
Let us fix 1 ≤ i ≤ n so that bi is the brick satisfying

h(b) ∩ bi 6= ∅ and h(int(b)) ∩ int(bi) = ∅ .

We start by considering an anchor setJ of (B, f). Now, let p ∈ ∂b be a point satisfying

h(p) ∈ ∂(h(b)) ∩ ∂bi

andX ⊂ B be the subset of bricks containing the point p. Observe that pmay or may not
belong to J , but both cases can be treated equally.

We recall thatJ is discrete. Consequently, there exists a sufficiently small neighbour-
hood V ⊂ R2 of p such that

(V \ {p}) ∩ J = ∅, V ⊂ π(X) and V ∩ (h(b) ∪ h−1(b)) = ∅.

Observe that V ∩h(int(bi)) 6= ∅, because h(V ) is a neighbourhood of h(p) ∈ ∂bi. Since
the initial hypothesis says that h(int(b)) ∩ int(bi) = ∅, there exists a brick bm ∈ X \ {b}
that satisfies

int(bm) ∩ h−1(int(bi)) 6= ∅.

Figure 26: Representation of the setup in the proof of Lemma 3.30.

We then consider a point q1 ∈ (b ∩ bm ∩ V ) which does not belong to VB and another
point q2 ∈ int(bm) ∩ h−1(int(bi)). Let γ be a simple arc with endpoints q1 and q2 that
satisfies

γ̊ ⊂ int(bm) ∩ V.

Now take a sufficiently small ε > 0 so that

b′ := b ∪Bε(γ) and b′m := bm \Bε(γ)
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are closed disks. Therefore, if we consider

B′ = (B \ {b, bm}) ∪ {b′, b′m}

we conclude that (B′, h) is a free overlap preserving modification of (B, h).

Proposition 3.31. If (B, h) is a free brick decomposition and b ∈ B is a brick such that

(I) Over(B,h)(b) ∩ AdjB(b) 6= ∅.

(II) (AdjB(bi) ∩ AdjB(b)) ⊂ Over(B,h)(bi) holds for every bi ∈ AdjB(b).

Then, there exists a free overlap preserving modification (B′, h) of (B, h) supported in
NeighB(b) such that the successor of b, denoted b′ ∈ B′, satisfies

(i) AdjB′(b′) ⊂ Over(B′,h)(b
′).

(ii) (AdjB′(b′i) ∩ AdjB′(b′)) ⊂ Over(B′,h)(b
′
i) holds for every b′i ∈ AdjB′(b′).

Proof. Let {aj}1≤j≤n be a well-indexed collection of edges of b ∈ B. Also, consider
{bj}1≤i≤n to be the collection of bricks in B satisfying aj ⊂ b ∩ bj for all 1 ≤ j ≤ n.
We can suppose without loss of generality that b1 is the brick in AdjB(b) that overlaps b.
From hypothesis (II), follows that bi ∈ Over(B,h)(bi+1) for all 1 ≤ i ≤ n− 1.

Let 1 < i1 < ... < ik ≤ n be indexes satisfying bij /∈ Over(B,h)(b) for every 1 ≤ j ≤ k.
Observe that this implies that each b∪bij is free. Also, since i1 > 1, the brick bi1−1 satisfies

bi1−1 ∈ Over(B,h)(b) ∩ Over(B,h)(bi1).

From bi1−1 ∈ Over(B,h)(b), we get that either b −→ bi1−1 or bi1−1 −→ b. Observe that,
since b ∪ bi1 is free, it is not possible to have b −→ bi1−1 −→ bi1 nor bi1 −→ bi1−1 −→ b.
Thus, remains two possibilities, either

b −→ bi1−1 and bi1 −→ bi1−1, or bi1−1 −→ b and bi1−1 −→ bi1 .

Let us start with the case b → bi1−1 and bi1 → bi1−1. According to Lemma 3.30, we
can suppose, up to a free overlap preserving modification supported in NeighB(b), that

h(int(b ∪ bi1)) ∩ int(bi1−1) 6= ∅.

Consider C to be the connected component of bi1−1 \ h(b ∪ bi1) that contains the
intersection bi1−1 ∩ (b ∪ bi1). We remark that this is possible because b ∪ bi1 is free. If we
take a point p ∈ ∂C \ ∂bi1−1, then there are two possibilities:

(A) p ∈ ∂h(b).

(B) p ∈ ∂h(bi1).
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First, suppose that (A) holds. Let us fix an anchor set J of (B, h). Recall that J is
discrete. Therefore, we can consider a simple arc γ with endpoints q ∈ bi1 ∩ bi1−1 and p
such that

γ̊ ⊂ int(C) and γ ∩ J = ∅.

Furthermore, there exists an ε > 0 such that

Bε(γ) ⊂ int(C ∪ bi1) , Bε(γ) ∩ J = ∅ and b′i1 , b
′
i1−1 ∈ Disk(R2),

where b′i1 := bi1 ∪Bε(γ) and b′i1−1 := bi1−1 \Bε(γ).
Therefore, in this case, we define

B′1 := (B \ {bi1 , bi1−1}) ∪ {b′i1 , b
′
i1−1}.

Now, in the case where (B) holds, the argument will be analogous, with γ being an arc
with endpoints q ∈ b ∩ bi1−1 and p. This process will also yield closed disks

b′ := b ∪Bε(γ) and b′i1−1 := bi1−1 \Bε(γ).

In this case, we define
B′1 := (B \ {b, bi1−1}) ∪ {b′, b′i1−1}.

Observe that, in both cases, (B′1, h) is a free overlap preserving modification of (B, h)
satisfying

b′i1 ∈ Overh(B′1,h)(b) ∩ AdjB′1(b).

Figure 27: (a) Representation of case (A). (b) Representation of case (B).

Observe that the arguments above are still valid under the exchange of h by h−1.
Therefore, the case where bi1−1 −→ b and bi1−1 −→ bi1 admits the same arguments
used above to construct the free overlap preserving modification (B′1, h).

At last, this process can be repeated for each ij , which will lead to a free overlap
preserving modification (B′k, h) of (B, h) satisfying conditions (i) and (ii) by construction.

Finally, we have all the ingredients necessary to prove the existence of amaximal free
brick decomposition.
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Proof of Theorem 3.27.
We start by recalling that Proposition 3.20 guarantees the existence of a free brick

decomposition (B, h). Then, Lemma 3.28 shows that we can suppose without loss of
generality that B contains a brick overlapping at least one of its adjacent bricks. Let
b′ ∈ B denote the brick satisfying

Over(B,h)(b
′) ∩ AdjB(b′) 6= ∅ .

Now, we describe an algorithm to obtain a free brick decomposition containing a suc-
cessor of b′ that overlaps all of its adjacent bricks.

According to Proposition 3.29, there exists a free subdecomposition (B′, h) / (B, h)
that also contains the brick b′ and such that

(AdjB′(b
′
i) ∩ AdjB′(b

′)) ⊂ Over(B′,h)(b
′
i) ∀ b′i ∈ AdjB′(b

′).

In otherwords, each brick b′i ∈ B′ adjacent to b′ inB′ overlaps every brickwhich is adjacent
to b′i and b′ in B′ simultaneously. It is important to highlight that bricks in B that are
not contained in the generated brick BrickB(X) for some free subset X ⊂ AdjB(b′) also
belong to B′.

Now, Proposition 3.31 shows that there exists a free overlap preserving modification
(B∗, h) of (B′, h) supported in NeighB′(b), where the successor b∗ ∈ B∗ of b satisfies

AdjB∗(b
∗) ⊂ Over(B∗,h)(b

∗).

In other words, b∗ overlaps all of its adjacent bricks in B∗. Again, we remark that bricks in
B′ that are not contained in the support NeighB′(b′) also belongs to B∗.

Observe that we can apply the algorithm described above to each brick adjacent to
b∗ in B∗, since all of them overlap at least one of its own adjacent bricks. After each time
that we apply the algorithm to a brick adjacent to b∗, the successor of b∗ continues to
be adjacent to the successors of the bricks in AdjB∗(b∗) and, furthermore, the number
of bricks adjacent to the successor of b∗ does not increase. Therefore, it is possible to
repeat the algorithm to each successor of a brick in AdjB∗(b∗), thus obtaining at the end a
free brick decomposition (B0, h) containing a brick bwhich is a successor of b∗ and such
that every brick bi ∈ NeighB0(b) satisfies

AdjB0(bi) ⊂ Over(B0,h)(bi).

In other words, every brick in
X0 := NeighB0(b)

overlaps all of its own adjacent bricks.
Again, we can repeat the same process to each brick in AdjB0(X0), since all of them

overlap at least one of its own adjacent bricks. However, this time, after each iteration of
the algorithm we obtain a free brick decomposition that still contains b, because b does
not belong to the neighbourhood of the bricks where the algorithm is being applied nor is
contained in a brick generated by a free subset of bricks in this neighbourhood. Therefore,
after applying the algorithm to a successor of each brick in AdjB0(X0), we obtain a free
brick decomposition (B1, h) containing the brick b and such that every brick in the subset

X1 := NeighB1
2
(b)
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overlaps all of its adjacent bricks.
Again, the algorithm can be applied to every brick in AdjB1(X1). This process pro-

vides, just as before, a free brick decomposition (B2, h) that contains the subset of bricks
NeighB1(b) and such that every brick in

X2 := NeighB2
3
(b)

overlaps all of its adjacent bricks.
This process can be continued indefinitely, which allow us to define iteratively the free

brick decomposition (Bn, h) obtained after the algorithm being applied to the successors
of each brick in AdjBn−1

(Xn−1), where we define

Xn := NeighBn
n+1

(b).

Observe that the brick decomposition Bn is constructed in such a way that

Neighn−1
Bn−1

(b) ⊂ Bn

and every brick inXn ⊂ Bn overlaps all of its own adjacent bricks.
Consequently, we conclude that

NeighnBn(b) ⊂ Bm for all m > n.

This allows us to define the sets B0 := {b} and

Bn := NeighnBn(b) \ Neighn−1
Bn−1

(b) for all n > 0.

Observe that these sets satisfy

n⋃
k=0

Bk ⊂ Bn for all n ≥ 0 and π

(⋃
k≥0

Bk

)
= R2.

Therefore, if we define
B̂ :=

⋃
k≥0

Bk,

we conclude that (B̂, h) is a free brick decomposition where each brick overlaps all of its
adjacent bricks. In other words, (B̂, h) is a maximal free brick decomposition.
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3.6 Attractors and repellers
In this last section of Chapter 3, we finally present the feature of maximal free brick de-
compositions that allows us to construct Brouwer lines for the Brouwer homeomorphism
in question.

Definition 3.32 (Attractor and repeller).
Let (B, h) be a maximal free brick decomposition. A subset of bricks X ⊂ B is said to

be an attractor of (B, h) if it satisfies ϕ(B,h)(X) ⊂ X . In the other hand, if X ⊂ B is the
complement of an attractor of (B, h), i.e. ϕ(B,h)(B \ X) ⊂ B \ X , then we say that X is a
repeller of (B.h).

It is important to remark the dynamical motivation behind the definition of a repeller.
Let (B, h) be a maximal free brick decomposition. If X ⊂ B is a repeller of (B, h), since
π(B \ X) = R2 \ π(X), we have that h(R2 \ π(X)) ⊂ R2 \ π(X) and, consequently,
h−1(π(X)) ⊂ π(X). In other words, the subsetX is an attractor of the maximal free brick
decomposition (B, h−1).

Note that we have already given examples of attractors and repellers along the text.
In the statement of Proposition 3.19 we have defined, for a given brick b ∈ B, the subsets
of bricksAB,h(b) andR(B,h)(b). In fact, given any subset of bricks Y ⊂ B, we can naturally
define the subsets of bricks

A(B,h)(Y ) :=
⋃
k≥1

ϕ(B,h)
k(Y ) and R(B,h)(Y ) :=

⋃
k≥1

ϕ(B,h)
−k(Y )

to be the natural attractor and the natural repeller of Y , respectively.
Observe that, if a brick b ∈ B belongs to an attractorX ⊂ B of (B, h), then the natural

attractor AB,h(b) is contained inX . This allow us to write

X =
⋃
b∈X

AB,h(b).

Thus, following Proposition 3.25, we get that X is an infinite subset of bricks and that
each connected component ofX is also an attractor. Consequently, the following holds:

Y ⊂ B is connected =⇒ A(B,h)(Y ) ⊂ B is connected.

Even further, observe that any attractorX ⊂ B of (B, h) satisfies

h(π(X)) ⊂ int(π(X)).

Otherwise, there would exist an edge a ∈ EB in ∂X satisfying a∩h(π(X)) 6= ∅. This would
imply that both bricks containing a would belong to ϕ(B,h)(X), which is a contradiction
with the fact that a ⊂ ∂X .

We now introduce the notion of an admissible family of edges.

Definition 3.33 (Admissible family of edges).
Let (B, h) be a maximal free brick decomposition. A family {ai}i∈I of edges in EB ,

indexed by an interval I ⊂ Z, is said to be admissible in (B, h) if

e(ai) = s(ai+1) ∀ i ∈ I.
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Observe that, if {ai}i∈I is an admissible family of edges, we can naturally consider the
set Γ :=

∏
i∈I ai ⊂ SB. If the interval I ⊂ Z is finite, then Γ is a simple arc, closed or not.

Now, if I is infinite, then Γ may be either closed simple arc or a line, depending whether
there is repetition of edges in {ai}i∈I or not. Motivated by this observation, any arc and
any line that can be represented as the concatenation of an admissible family of edges
is said to be admissible as well. If Γ ⊂ SB is an admissible arc or an admissible line, we
can define its right and left neighbourhood to be

r(Γ) := {r(ai) | i ∈ I} and l(Γ) := {l(ai) | i ∈ I}.

We conclude this section by showing why attractors and repellers are so useful for
the construction of Brouwer lines for the Brouwer homeomorphism h.

Proposition 3.34. If (B, h) is a maximal free brick decomposition andX ⊂ B is an attrac-
tor of (B, h), then each connected component of ∂X is an admissible line and a Brouwer
line for h.

Proof. We start by remarking that ∂X ⊂ SB and that any edge a ∈ EB contained in ∂X
satisfies r(a) ∈ X and l(a) ∈ B \X . Indeed, if l(a) was contained inX we would get that
r(a) ⊂ X as well, because r(a) ∈ A(B,h)(l(a)), and consequently the edge awould not be
contained in the boundary ofX .

Let Γ ⊂ SB be a connected component of ∂X and v ∈ VB be a vertex contained in Γ.
Observe that exactly two edges that contain v belong to ∂X , denote then by a1, a2 ∈ EB
and denote the remaining edge by a′. Consider b1 ∈ B to be the brick containing a1 and a′,
b2 ∈ B the brick containing a2 and a′, and b′ ∈ B the brick containing a1 and a2. Observe
that, since a1 ∪ a2 ∈ ∂X , either

b1, b2 ∈ X and b′ /∈ X or b1, b2 /∈ X and b′ ∈ X.

Which implies that either v = s(a1) = e(a2) or v = s(a2) = e(a1). In other words, Γ is
admissible and satisfy r(Γ) ∈ X and l(Γ) /∈ X .

Now, Γ can either be a closed simple admissible arc or an admissible line. Suppose
that Γ is a closed simple arc. Then, by the Jordan curve theorem (see Preliminaries),
R2 \ Γ has a bounded connected component U whose boundary is Γ. Since X satisfies
h(π(X)) ⊂ int(π(X)), we know that

h(Γ) ∩ Γ = ∅.

Thus, U either satisfies h(U) ⊂ U or h−1(U) ⊂ U , which is a contradiction, since the
Brouwer fixed point theorem would imply the existence of a fixed point for h. We then
conclude that Γ is an admissible line.

Finally, Γ being a Brouwer line for h follows directly from the fact that h(Γ) ⊂ π(X),
h−1(Γ) ⊂ R2 \ π(X) and h(Γ) ∩ Γ = ∅.
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4 Foliation of the plane by Brouwer lines
4.1 Brouwer lines in the skeleton
As we have seen in Section3.6, attractors and repellers are useful tools that help us con-
struct Brouwer lines in the skeleton of a given maximal free brick decomposition. In this
section we deepen our understanding of such Brouwer lines in the skeleton.

Definition 4.1 (Σ-Brouwer line).
Let (B, h) be a maximal free brick decomposition. We say that the line Γ ⊂ SB is a

Σ-Brouwer line of (B, h) if Γ is a Brouwer line for h.

From this point on, let (B, h) be a maximal free brick decompositon. We start by re-
calling that, according to Proposition 3.34, if X ⊂ B is an attractor of (B, h), then every
connected component of ∂X is a Σ-Brouwer line of (B, h). As a direct corollary, we con-
clude that every edge in a ∈ EB is contained in some Σ-Brouwer line of (B, h). Indeed, it
suffices to see that

a ⊂ ∂A(B,h)(l(a)).

Nonetheless, there is more to be said about this relation between attractors and Σ-
Brouwer lines. Here, we present the result that complements Proposition 3.34 in order to
give a complete characterization of the Brouwer lines in the skeleton.

Proposition 4.2. If (B, h) is a maximal free brick decomposition, then a line Γ ⊂ SB is a
Σ-Brouwer line of (B, h) if and only if Γ is the connected component of the boundary of an
attractor of (B, h). Consequently, every admissible line is a

Proof. First, note that the "only if" implication is already proven in Proposition 3.34. Thus,
here we just prove the "if" part of the proposition.

Let Γ =
∏

i∈Z ai ⊂ SB be a Σ-Brouwer line of (B, h). Observe that, since Γ ⊂ SB ,
there exists a subset of bricksXΓ ⊂ B satisfying π(XΓ) = R(Γ). Now, note thatXΓ is an
attractor of (B, h), because R(Γ) satisfies h(R(Γ)) = int(R(Γ)) and, consequently,

ϕ(B,h)(XΓ) ⊂ XΓ.

Therefore, Γ is a connected component of the boundary of the attractorXΓ.

Figure 28: Representation of a Σ-Brouwer line for (B, h).

Now, we prove a result that determines whether an admissible arc can be extend to
a Σ-Brouwer line. In order to be precise, we say that an admissible arc Γ ⊂ SB can be
extended to some Σ-Brouwer line Γ′ if they satisfy Γ ⊂ Γ′.
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Proposition 4.3. If (B, h) is a maximal free brick decomposition and Γ ⊂ SB is an admis-
sible arc, then Γ can be extended to some Σ-Brouwer line of (B, h) if and only if

l(Γ) ∩ A(B,h)(r(Γ)) = ∅.
Proof. We first prove the "if" implication. Let Γ ⊂ SB be an admissible arc that can be
extended to some Σ-Brouwer line of (B, h). Then, according to Proposition 4.2, there
exists an attractorX ⊂ B satisfying

Γ ⊂ ∂X, A(B,h)(r(Γ)) ⊂ X and l(Γ) ⊂ B \X.
Thus, the intersection in the proposition is clearly empty.

Now, we prove the "only if" implication. Let Γ ⊂ SB be an admissible arc satisfying
l(Γ) ∩ A(B,h)(r(Γ)) = ∅.

Then, in this case, Γ is contained in the boundary ofA(B,h)(r(Γ)). SinceA(B,h)(r(Γ)) is an
attractor for (B, h), the connected component of its boundary that contains Γ is itself a
Σ-Brouwer line of (B, h). In other words, Γ can be extended to a Σ-Brouwer line of (B, h).

Corollary 4.4. If (B, h) is a maximal free brick decomposition and Γ :=
∏

i∈Z ai ⊂ SB ,
then Γ is a Σ-Brouwer line of (B, h) if and only if the arcs Γn :=

∏n
i=−n ai can be extended

to some Σ-Brouwer line of (B, h) for all n > 0.
Proof. The "if" implication holds trivially, because in this case every Γn :=

∏n
i=−n ai can

be trivially extended to Γ. Thus, we go directly to the proof of the "only if" implication.
Let Γ :=

∏
i∈Z ai ⊂ SB be an admissible line such that, for every n > 0, Γn :=

∏n
i=−n ai

can be extended to some Σ-Brouwer line of (B, h). As a consequence of Proposition 4.3,
for every n > 0, holds

l(Γn) ∩ A(B,h)(r(Γn)) = ∅.
Thus, if we construct the attractor

X =
⋃
n>0

A(B,h)(r(Γn)),

we conclude that Γ is a connected component of ∂X . Or equivalently, that Γ is a Σ-
Brouwer line of (B, h), as Proposition 3.34 shows.

This characterization of Σ-Brouwer lines allows us to define the topological space of
all Σ-Brouwer lines of (B, h). For the rest of this section, our objective is to construct
and study this space. We start by considering the discrete topology on EB , the product
topology on EBZ and the shift map

σ : EB
Z −−→ EB

Z

(ai)i∈Z 7−→ (ai+1)i∈Z

Now we define the subset of EBZ given by

∆(B,h) :=

{
(ai)i∈Z ∈ EBZ | Γ :=

∏
i∈Z

ai is a Σ-Brouwer line of (B, h)

}
.

Also, for any given edge a ∈ EB , we consider the subset of ∆(B,h) given by
∆a

(B,h) := {(ai)i∈Z ∈ ∆(B,h) | a0 = a}.
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In this context, we have the following lemma.

Lemma 4.5. If (B, h) is a maximal free brick decomposition, then ∆(B,h) is a σ-invariant
and closed subset of EBZ. Moreover, for any a ∈ EB , the set ∆a

(B,h) is compact in ∆(B,h).

Proof. First, observe that ∆(B,h) is σ-invariant by construction. Now, let (αn)n∈N be a se-
quence of elements in ∆(B,h) converging to α ∈ EBZ. Consider, for each k ∈ Z, the set

Uk = {α ∈ EBZ | αi = αi ∀i = −k, ..., 0, ...k}.

Since each Uk is open inEBZ, for any k > 0 there exists some n(k) > 0 so that αn(k) ∈ Uk.
Consequently, we get that each αk is admissible, since

e(αk) = e(α
n(k)
k ) = s(α

n(k)
k+1 ) = s(αk+1),

and that each Γk =
∏i=k

i=−k αi can be extended to a Σ-Brouwer line of (B, h). Therefore,
according to Corollary 4.4, we get that α ∈ ∆(B,h). Consequently, ∆(B,h) is closed in EBZ.

Now, observe that ∆a
(B,h) is closed in ∆(B,h), since every α ∈ EBZ that is the accumula-

tion point of a sequence in ∆a
(B,h) satisfies α0 = a. Moreover, consider for every Z ⊂ EB

the subset of edges

P (Z) := {a′ ∈ EB | ∃ aZ ∈ Z such that e(aZ) = s(a′)}
P−1(Z) := {a′ ∈ EB | ∃ aZ ∈ Y such that s(aZ) = e(a′)} .

Observe that, if Z ⊂ EB is non-empty and finite, then P (Z) and P−1(Z) are also non-
empty and finite. Finally, to see that ∆a

(B,h) is a compact subset of ∆(B,h), it suffices to
note that ∆a

(B,h) is a closed and satisfies

∆a
(B,h) ⊂

∏
i∈Z

P i(a),

because each P i(a) is compact and, thus, the product is also compact.

Now, let us define the set

Σ(B,h) := {Γ ⊂ SB | Γ is a Σ-Brouwer line of (B, h)} .

Observe that Lemma 4.5 paves the way for us to define a topology on Σ(B,h). This lemma
shows that the map

δ : ∆(B,h) −−→ Σ(B,h)

(ai)i∈Z 7−→
∏

i∈Z ai

establishes a bijection between ∆(B,h)/σ and Σ(B,h). Thus, the map δ defines a natural
topology on Σ(B,h) by transporting the quotient topology of ∆(B,h)/σ. The space Σ(B,h)

equipped with this topology is called the space of Σ-Brouwer lines of (B, h).
Let us denote for every a ∈ EB the set Σa

(B,h) := {Γ ∈ Σ(B,h) | a ⊂ Γ}. We remark that,
the collection {Σa

(B,h)}a∈EB forms a subbase of the topology of Σ(B,h). We further observe
that the restriction of δ to ∆a

(B,h) induces a homeomorphism between ∆a
(B,h) and Σa

(B,h).
Therefore, each Σa

(B,h) is open and compact subset of Σ(B,h). At last, we remark that, even
though the topology of ∆(B,h) is Hausdorff and each ∆a

(B,h) is closed, the same does not
necessarily hold for Σ(B,h) and Σa

(B,h).

Page 42 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

4.2 Foliation frames
Now, our objective is to introduce and study the concept of a foliation frame, which is a
topological subspace of the space of Σ-Brouwer lines whose elements do not intersect
each other transversely. For that, let (B, h) be a maximal free brick decomposition.

First, we characterize transverse intersections between Σ-Brouwer lines.

Proposition 4.6. If (B, h) is a maximal free brick decomposition and Γ,Γ′ ∈ Σ(B,h), then
the following is equivalent:

(i) The lines Γ and Γ′ have a transverse intersection.

(ii) Both l(Γ) ∩ r(Γ′) and r(Γ) ∩ l(Γ′) are non-empty subset of bricks in B.

Proof. We start with (i) =⇒ (ii). Since Γ and Γ′ have a transverse intersection, we have

Γ ∩ (R(Γ′) \ Γ′) 6= ∅ and Γ ∩ (L(Γ′) \ Γ′) 6= ∅.

Since int(π(r(Γ))) is dense in r(Γ) and (R(Γ′) \ Γ′) and (L(Γ′) \ Γ′) are open, we get that

int(π(r(Γ))) ∩ (R(Γ′) \ Γ′) 6= ∅

int(π(r(Γ))) ∩ (L(Γ′) \ Γ′) 6= ∅.

Since int(π(r(Γ))) is pathwise connected, we then get that int(π(r(Γ))) must intersect Γ′.
Recall that Γ′ ⊂ π(l(Γ′)), thus by the same arguments we get that

int(π(r(Γ))) ∩ int(π(l(Γ′))) 6= ∅.

Observe that
⋃
b∈l(Γ′) int(b) and

⋃
b∈r(Γ) int(b) are dense subsets of int(π(r(Γ))) and

int(π(l(Γ′))), respectively. Thus, we get that there exist bricks b ∈ π(r(Γ)) and b′ ∈ l(Γ′)
satisfying int(b) ∩ int(b′) 6= ∅. However, bricks in B have disjoint interiors, thus we get
that b = b′ and, consequently, r(Γ) ∩ l(Γ′) 6= ∅. The argument to show r(Γ′) ∩ l(Γ) 6= ∅ is
completely analogous.

We now show that (ii) =⇒ (i). Suppose by contradiction that Γ and Γ′do not have a
transverse intersection. Then, we show that all possible cases lead to a contradiction.

(A) If R(Γ) ⊂ R(Γ′), observe that π(l(Γ′)) ⊂ L(Γ′) and that π(r(Γ)) ⊂ R(Γ). Thus, we
get that R(Γ) ∩ L(Γ′) 6= ∅, because r(Γ) ∩ l(Γ′) 6= ∅. A contradiction.

(B) If R(Γ′) ⊂ R(Γ), then a contradiction follows analogously to case (A).

(C) If L(Γ) ∪ L(Γ′) = R2, then R(Γ) ∩ R(Γ′) = Γ ∩ Γ′. However, if Γ and Γ′ have an
edge a ∈ EB in common, their orientation on amust coincide, which would lead to
r(a) ⊂ R(Γ) ∩ R(Γ′), a contradiction. Thus, we have that R(Γ) ∩ R(Γ′) = ∅ and,
consequently, R(Γ) ∪ R(Γ′) is not connected. On the other hand, if we consider a
brick b ∈ l(Γ) ∩ r(Γ′) we have that b ∩ Γ 6= ∅ and b ⊂ R(Γ′), which would imply that
R(Γ) ∪R(Γ′) is connected. A contradiction.

(D) If R(Γ) ∪R(Γ′) = R2, then a contradiction follows analogously to case (C).
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Corollary 4.7. If (B, h) is a maximal free brick decomposition, then the set{
(Γ,Γ′) ∈ Σ(B,h) × Σ(B,h) | Γ and Γ′ have no transverse intersections

}
is closed in Σ(B,h) × Σ(B,h).

Proof. Let Γ,Γ′ ∈ Σ(B,h) be written as Γ =
∏

i∈Z ai and Γ′ =
∏

i∈Z a
′
i. If Γ and Γ′ have a

transverse intersection, then there exists i1, j1, i2, j2 ∈ Z such that

l(ai1) = r(a′j1) and r(a′j2) = l(ai2).

Thus, any pair of Σ-Brouwer lines in the open set

(Σ
ai1
(B,h) ∩ Σ

ai2
(B,h))× (Σ

a′j1
(B,h) ∩ Σ

a′j2
(B,h))

have a transverse intersection. Therefore, we get that the set of pairs of Σ-Brouwer lines
of (B, h) that have a transverse intersection is open in Σ(B,h) × Σ(B,h).

We start by introducing the concept of a compatible and a complete family of Σ-
Brouwer lines. Our objective is to prove that every maximal free brick decomposition
admits a compatible and complete family of Σ-Brouwer lines.

Definition 4.8. Let (B, h) be a maximal free brick decomposition and {Γi}i∈N be a family
of Σ-Brouwer lines in Σ(B,h). Then:

(I) The family {Γi}i∈N is said to be compatible if any for any i, j ∈ N the lines Γi and Γj
have no transverse intersection.

(II) The family {Γi}i∈N is said to be complete if for any a ∈ EB there exists some n > 0
such that a ⊂ Γn.

The following lemma is the heart of the construction of a compatible and complete
family in Σ(B,h).

Lemma 4.9. If (B, h) is a maximal free brick decomposition and EB = {ai}i∈N, then, for
any n ≥ 0, there exists a family {Xn

i }i∈N of attractors of (B, h) such that:

(i) The boundary ofXn
i contains the edge ai for every i ≥ 0.

(ii) The attractorsXn
0 , ..., X

n
n are comparable by the inclusion relation.

Proof. We start by enumerating the set of edges EB = {ai}i∈N and then defining the
family of attractors for n = 0. For every i ≥ 0, consider

X0
i := A(B,h)(ai).

Observe that, bothX0
0 ∪X0

1 andX0
0 ∩X0

1 are attractors of (B, h), and that either a0 ⊂
∂(X0

0 ∪ X0
1 ) or a0 ⊂ ∂(X0

0 ∩ X0
1 ). The first case happens if l(a0) /∈ X0

1 , because this
implies that r(a0) ∈ X0

0 ⊂ X0
0 ∪ X0

1 and l(a0) /∈ X0
0 ∪ X0

1 . The second case happens
if l(a0) ∈ X0

1 , because this implies that r(a0) ∈ X0
1 , since l(a0) → r(a0) and X0

1 is an
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attractor. Consequently, in this case we get that r(a0) ∈ X0
0 ∩ X0

1 and l(a0) /∈ X0
0 ∩ X0

1 ,
because l(a0) /∈ X0

0 .
This gives us an easy way to construct the family of attractors for n = 1. First, we

define the attractors

X1
0 :=

{
X0

0 ∪X0
1 if l(a0) /∈ X0

1

X0
0 ∩X0

1 if l(a0) ∈ X0
1

X1
1 := X0

1

and then consider the rest of the attractors in the family to be copies of the ones in the
previous family, i.e. X1

i := X1
i for all i ≥ 2. Observe that this yields a family of attractors

satisfying the conditions of the lemma.
This process allows us to define all the families by induction. Suppose that, for some

n > 0, we have a family {Xn
i }i∈N of attractors satisfying the desired conditions. Then, we

define, for every 0 ≤ i ≤ n, the attractors

Xn+1
i :=

{
Xn
i ∪Xn

n+1 if l(ai) /∈ Xn
n+1

Xn
i ∩Xn

n+1 if l(ai) ∈ Xn
n+1

.

By considering Xn+1
j := Xn

j for every j > n, we obtain a family of attractors {Xn+1
i }i∈N

satisfying the conditions of the lemma.

Now, we have all the necessary ingredients to prove the next existence result.

Proposition 4.10. If (B, h) is amaximal free brick decomposition, then there exists a com-
plete and compatible family of Σ-Brouwer lines in Σ(B,h).

Proof. Let EB = {ai}i∈N and, for any n ≥ 0, consider {Xn
i }i∈N to be the family of attrac-

tors from Lemma 4.9. We denote by Γni the connected component of ∂Xn
i that contains

the edge ai. Observe that Γni belongs to Σ(B,h) as a consequence of Proposition 3.34.
Moreover, we have that l(Γnj ) ∩ r(Γni ) = ∅ if Xn

i ⊂ Xn
j , because l(Γnj ) ∩ Xn

j = ∅ and
r(Γni ) ⊂ Xn

i . Thus, according to Proposition 4.6, Γni and Γnj do not have a transverse
intersection if 0 ≤ i, j ≤ p.

LetGn := (Γni )i∈N ∈
∏

i∈N Σai
(B,h), where

∏
i∈N Σai

(B,h) is equipped with the product topol-
ogy. Since each Σai

(B,h) is compact in Σ(B,h), there exists an adherence point of the se-
quence (Gn)n∈N, denotedG = (Γi)i∈N ∈ ΣN

(B,h). Finally, according to Corollary 4.7, we have
that the Σ-Brouwer lines Γi and Γj do not have transverse intersections for all i, j ∈ N.

Once we proved that a complete and compatible family of Σ-Brouwer lines always
exist, we can define the concept of a foliation frame.

Definition 4.11 (Foliation frame).
Let (B, h) be a maximal free brick decomposition. A subset Λ ⊂ Σ(B,h) is said to a

foliation frame of (B, h) if there exists a complete and compatible family of Σ-Brouwer
lines {Γi}i∈N in Σ(B,h) satisfying

Λ := {Γi}i∈N ⊂ Σ(B,h).
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From now on, let Λ be a foliation frame of (B, h). We remark that Corollary 4.7 says
that the Σ-Brouwer lines in Λ also do not intersect each other transversely. Thus, we can
consider an order in Λ given by

Γ ≤ Γ′ if R(Γ) ⊂ R(Γ′).

Observe that this order is well defined in Λ, sinceR(Γ) ⊂ R(Γ′) andR(Γ′) ⊂ R(Γ) implies
the equality Γ = Γ′. We highlight that this order is not necessarily total in Λ.

We can also define, for each edge a ∈ EB , the set

Λa := Λ ∩ Σa
(B,h).

Recall thatΣa
(B,h) is an open and compact subset ofΣ(B,h). Thus, sinceΛ is closed inΣ(B,h)

and eqquipedwith the topology induced by the inclusion Λ ⊂ Σ(B,h), we have that each Λa

is also an open and compact subset of Λ. Furthermore, since {Σa
(B,h)}a∈EB is a subbase

for the topology of Σ(B,h), we also get that {Λa}a∈EB is a subbase for the topology of Λ.

Definition 4.12 (Λ-Singular edge).
Let (B, h) be a maximal free brick decomposition, Λ be a foliation frame of (B, h) and

a ∈ EB. We say that the edge a isΛ-singular for Λ if Γ+
a = Γ−a , i.e. Λa has only one element.

Otherwise, if Γ+
a 6= Γ−a , the edge a is said to be Λ-regular.

Now, for the rest of this section, we focus on investigating the topology of frame
foliations.

Proposition 4.13. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and a ∈ EB is an edge of B, then holds the following:

(i) The order in Λa is total.

(ii) Λa is an interval of Λ.

(iii) The topology of Λa induced by the inclusion Λa ⊂ Λ is the order topology.

Proof. To show that the topology of Λa is the order topology, it suffices to obtain a strictly
increasing continuous map from Λa to R. We first associate every line Γ =

∏
i∈Z ai ∈ Λa,

indexed in such a way that a0 = a, with a sequence (ρi)i∈Z ∈ {0, 1}Z as follows:

• If i ≥ 0 and ∃ a′ ∈ EB satisfying s(a′) = e(ai) and l(a′) = r(ai+1), then ρi = 1.

• If i < 0 and ∃ a′ ∈ EB satisfying e(a′) = s(ai+1) and l(a′) = r(ai), then ρi = 1.

• In any other case, ρi = 0.

We then consider the map

ρ : Γ ∈ Λa 7−→
∑
i∈Z

ρi
4|i|

,

which sends each element of Λa to its associated sequence (ρi)i∈Z.
We first prove that ρ is a continuous map. Let Γ =

∏
i∈Z ai ∈ Λ, indexed in such a way

that a0 = a, and take an arbitrary open set V =
⋂i=n
i=−n Λai around Γ. Let (ρi)i∈Z be the
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sequence associated to Γ and (ρ′i)i∈Z be the sequence associated to an arbitrary element
Γ′ in V . Observe that ρi = ρ′i for all i = −(n− 1), ..., 0, ..., n− 1. Consequently, we have∣∣∣∣∣∑

i∈Z

ρi
4|i|
−
∑
i∈Z

ρ′i
4|i|

∣∣∣∣∣ <∑
i≥n

1

4|i|
+
∑
i≤−n

1

4|i|
.

Since the right term of the inequality converges with n, we get that ρ is continuous.
Now, we show that ρ is strictly increasing. Let Γ =

∏
i∈Z ai and Γ′ =

∏
i∈Z a

′
i be

distinct lines in Λa. Thus, there exists positive numbers k1, k2 > 0 such that ai = a′i for all
i = −(k2 − 1), ..., 0, ..., k1 − 1 , ak1 6= a′k1 and a−k2 6= a′−k2 .

Suppose that Γ ≤ Γ′, and consequently that R(Γ) ⊂ R(Γ′). If we have ρk1−1 = 1, then
r(ak1) = l(a′k1). However, this implies that r(ak1) ∈ R(Γ) \R(Γ′), which is a contradiction
with R(Γ) ⊂ R(Γ′). Therefore, we get that ρk1−1 = 0 and ρ′k1−1 = 1. By a completely
analogous argument, we obtain that ρ−k2 = 0 and ρ′−k2 = 1.

We then have the equality∑
i∈Z

ρ′i
4|i|
−
∑
i∈Z

ρi
4|i|

=
1

4k1−1
+

1

4k2
+
∑
i≥k1

ρ′i − ρi
4|i|

+
∑
i<−k2

ρ′i − ρi
4|i|

.

Now, since

1

4k1−1
>
∑
i≥k1

1

4i
≥

∣∣∣∣∣∑
i≥k1

ρ′i − ρi
4|i|

∣∣∣∣∣ and
1

4k2
>
∑
i<−k2

1

4|i|
≥

∣∣∣∣∣ ∑
i<−k2

ρ′i − ρi
4|i|

∣∣∣∣∣ ,
we conclude that ∑

i∈Z

ρ′i
4|i|
−
∑
i∈Z

ρi
4|i|

> 0 .

This concludes the proof that ρ is strictly increasing and continuous.

The result above allows us to introduce the concept of minimal and maximal lines in
Λ for edges in EB. More specifically, given a ∈ EB , we define the minimal and maximal
Σ-Brouwer lines of a in Λ to be

Γ−a := min Λa and Γ+
a := max Λa.

Now, let {Γi}i∈N be a sequence in Λ converging to some Γ ∈ Λ. Observe that, for any
neighbourhood Λa of Γ, there exists a sufficiently large n > 0 such that Γi ∈ Λa for all
i > n. This means that we can always compare Γi with Γ if i > n for sufficiently large n.
Thus, we can say that

• A sequence {Γi}i∈N ∈ ΛN converges from the left to Γ ∈ Λ if Γi ≤ Γ for all i > n.

• A sequence {Γi}i∈N ∈ ΛN converges from the right to Γ ∈ Λ if Γi ≥ Γ for all i > n.

This also motivates us to say that

• Γ ∈ Λ is isolated on the left if no sequence in Λ converges to it from the left.

• Γ ∈ Λ is isolated on the right if no sequence in Λ converges to it from the right.

Now, our objective is to show that the lines in Λ which are isolated, either on the left
or on the right, are exactly the lines which are minimal or maximal for some edge.
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Lemma 4.14. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and Γ :=

∏
i∈Z ai ∈ Λ satisfies Γ 6= Γ−ai (resp. Γ 6= Γ+

ai
) for all i ∈ Z . Then, for any

finite interval I ⊂ Z , there exists Γ′ ∈ Λ such that∏
i∈I

ai ⊂ Γ′ and Γ′ < Γ (resp. Γ′ > Γ ).

Proof. We just prove the case where Γ 6= Γ−ai , since the arguments to prove the case
Γ 6= Γ+

ai
are completely analogous. If n ∈ N is the cardinality of the finite interval I ⊂ Z ,

we prove the theorem by an induction process in n.
First, for the case n = 1 is clear. It suffices to take Γ′ = Γ−ai , where we denote I = {i}.
For n = 2, while denoting I = {i, i + 1}, the result also holds. Once the case n = 1 is

already proven, we know that that there exist Γi,Γi+1 ∈ Λ such that

ai ⊂ Γi, Γi < Γ and ai+1 ⊂ Γi+1, Γi+1 < Γ.

Let v ∈ VB be the vertex common to ai and ai+1, i.e. v = e(ai) = s(ai+1). Also, let
a′ ∈ EB be the third vertex that contains v as an endpoint. If v = s(a′), then ai ⊂ Γi+1

and, therefore, Γi+1 satisfies the desired conditions. If not, i.e. v = e(a′), then it is Γi that
satisfies the desired conditions, because in this case ai+1 ⊂ Γi.

Now, we suppose that the result holds for some n ≥ 2 and then prove for n+1. Denote
by I = {i, i + 1, ..., i + n} the interval of cardinality n + 1. Thus, there exist Σ-Brouwer
lines Γi,Γi+1 ∈ Λ satisfying∏

i≤j<i+n

ai ⊂ Γi, Γi < Γ and
∏

i<j≤i+n

ai ⊂ Γi+1, Γi+1 < Γ.

Observe that both lines Γi and Γi+1 contain the arc
∏

i<j<i+n ai and they do not intersect
each other transversely. Therefore, Γi and Γi+1 are comparable. If Γi < Γi+1 < Γ, then
Γi+1 is forced to contain

∏
i≤j≤i+n ai and, thus, satisfies the condition of the lemma. If

Γi+1 < Γi < Γ, then Γi satisfies the condition of the lemma.

Proposition 4.15. If (B, h) is amaximal free brick decomposition and Λ is a foliation frame
of (B, h), then Γ ∈ Λ is isolated on the left (resp. right) if and only if there exists an edge
a ∈ EB such that Γ = Γ−a (resp. Γ = Γ+

a ).

Proof. Observe that the "only if" implication holds trivially. Thus, we just prove the "if"
implication. Also, observe that it suffices to prove the case where Γ is isolated on the
left, since the arguments for the other case are completely analogous.

If Γ =
∏

i∈Z ai ∈ Λ is not a minimal line Γ−a for any edge a ∈ EB , then Lemma 4.14
implies that for every n > 0 there exists Γn ∈ Λ such that

n∏
i=−n

ai ⊂ Γn, Γn < Γ.

The sequence {Γn}n∈N converges to Γ from the left, and consequently Γ is not isolated
on the left. In other words, if a line Γ ∈ Λ is isolated on the left, then it is the minimal line
Γ−a for some edge a ∈ EB.
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We conclude this section by studying the relation betweenmaximal andminimal lines
of edges belonging to the same brick.

Proposition 4.16. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and a, a′ ∈ EB are edges of the same brick in B, then: Then, the following holds:

(i) If l(a) = l(a′), then Γ+
a = Γ+

a′ .

(ii) If r(a) = r(a′), then Γ−a = Γ−a′ .

(iii) If l(a) = r(a′), then Γ+
a = Γ−a′ and ]Γ+

a , Γ−a′ [= ∅.

Proof. According to Proposition 3.26, we canwrite boundary of a brick b ∈ B as the union
of two admissible arcs ∏

1≤i≤n

ai and
∏

1≤i≤n′
a′i ,

where b = r(a′i) = l(aj), s(b) = s(a1) = s(a′1) and e(b) = e(an) = e(a′n′).
We start by proving (i). Let 1 ≤ i < n and a ∈ EB be the third line which has v =

e(ai) = s(ai+1) as its vertex. Suppose that v = e(a). Then Γ+
ai

contains ai+1 and, thus,

Γ+
ai
≤ Γ+

ai+1
.

Since l(a) = r(ai), we have that ai ⊂ Γ+
ai+1

, otherwise we would get that Γ+
ai+1

< Γ+
ai
.

Hence, we conclude that both Γ+
ai
and Γ+

ai+1
are equal. The argument for the case v = s(a)

is analogous.
Since this argument holds for every 1 ≤ i < n, we then have that every edge satisfying

l(ai) = b have the same maximal line in the foliation frame Λ.
The proof of (ii) is completely analogous to the proof of item (i), thus we now go to

the proof of (iii). Denote by a− the edge in EB satisfying e(a−) = s(b). Then, observe that
the lines Γ+

a1
and Γ−a′1

are comparable, because both of them belong to Λa− . Moreover,
since b = r(a′1) = l(a1), we have that

Γ+
a1
< Γ−a′1

.

Now, let Γ ∈ [Γ+
a1
, Γ−a′1

]. Observe that Γ must contain the edge a−. Then, we have two
possibilities. Either Γ contains the edge a1 or the edge a′1. If a1 ⊂ Γ, then Γ must be equal
to Γ+

a1
. If a′1 ⊂ Γ, then Γ must be equal to Γ−a′1

. Thus, concluding the proof.

The previous result shows that the notion of maximal and minimal Σ-Brouwer lines
in Λ can also be defined for bricks in B. Given b ∈ B, we denote by

Γ−b := Γ+
a if l(a) = b

Γ+
b := Γ−a if r(a) = b

the minimal and maximal Σ-Brouwer lines of b in Λ.
Observe that, according to Proposition 4.16, the maximal and minimal Σ-Brouwer

lines of any brick satisfy
]Γ−b , Γ+

b [= ∅.
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4.3 Chains of equivalence
We start this section by observing that a foliation frame always defines an equivalence
relation in the set of bricks of amaximal free brick decomposition. Let (B, h)be amaximal
free brick decomposition and Λ be foliation frame of (B, h). Then, consider the relation

b ∼Λ b
′ ⇐⇒ Γ+

b = Γ+
b′ and Γ−b = Γ−b′ .

We remark that ∼Λ defines an equivalence relation in B, and the equivalence classes
of bricks are elements in the quotient space B/ ∼Λ. Also, observe that adjacent bricks
cannot belong to the same class in B/ ∼Λ, because every edge a ∈ EB satisfies

Γ+
g(a) > Γ−g(a) = Γ+

a ≥ Γ−a = Γ+
d(a) .

This equivalence relation allow us to index maximal and minimal Σ-Brouwer lines of
a brick b ∈ B by its equivalence class in B/ ∼Λ. Given a class [b] ∈ B/ ∼Λ , we denote
the minimal and maximal Σ-Brouwer lines of [b] in Λ by

Γ−[b] := Γ−b′ and Γ+
[b] := Γ+

b′ , for any b′ ∈ [b].

The objective of this section in to investigate this equivalence relation and introduce
the concept of equivalence chains, which are subsets of the plane that connect bricks
which are equivalent under the relation ∼Λ.

Proposition 4.17. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and [b] ∈ B/ ∼Λ is a class of bricks, then the following are equivalent:

(i) b′ ∈ [b].

(ii) b′ ∈ r(Γ+
[b]) ∩ l(Γ

−
[b]).

(iii) b′ ⊂ R(Γ+
[b]) ∩ L(Γ−[b]).

Proof. (i) =⇒ (ii): Since b′ ∈ [b], we have that Γ+
[b] = Γ+

b′ and Γ−[b] = Γ−b′ . Consequently,

b′ ∈ r(Γ+
b′) ∩ l(Γ

−
b′) = r(Γ+

[b]) ∩ l(Γ
−
[b]).

(ii) =⇒ (i): Observe that there exists an edge a ∈ EB common toΓ+
[b] andΓ+

b′ satisfying
r(a) = b′, since b′ ∈ r(Γ+

[b]). This implies that the lines Γ+
b and Γ+

b′ belong to Λa and,
according to Proposition 4.13, thismeans that they are comparable. Now, since Γ+

b′ = Γ−a ,
we get that Γ+

b′ ≤ Γ+
[b]. In addition, observe that b′ ∈ l(Γ−[b]) implies the existence of an

edge a′ ∈ EB common to Γ−[b] and Γ−b′ satisfying l(a′) = b′. By a completely analogous
argument, we then get that Γ−[b] ≤ Γ−b′ . At last, since ]Γ−[b], Γ+

[b][= ∅ and

Γ−[b] ≤ Γ−b′ < Γ+
b′ ≤ Γ+

[b],

we conclude that Γ−b′ = Γ−[b] and Γ+
b′ = Γ+

[b]. Which implies that b′ ∈ [b].
(ii) =⇒ (iii): Since π(r(Γ+

[b])) ⊂ R(Γ+
[b]) and π(l(Γ−[b])) ⊂ L(Γ−[b]), we get that

b′ ⊂ π(r(Γ+
b ) ∩ l(Γ−b )) ⊂ R(Γ+

b ) ∩ L(Γ−b ).
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(iii) =⇒ (ii): It suffices to show that R(Γ+
b ) ∩ L(Γ−b ) ⊂ π(r(Γ+

b ) ∩ l(Γ−b )). We start by
observing that if a ∈ EB is an edge of b, then

l(a) /∈ R(Γ+
b ) if r(a) = b

r(a) /∈ L(Γ−b ) if l(a) = b.

Thus, the connected component ofR(Γ+
b )∩L(Γ−b ) that contains the brick b is exactly

b ⊂ R2. The same argument can be applied to any brick equivalent to b, resulting that
any connected component X of R(Γ+

b ) ∩ L(Γ−b ) that contains a brick b′ ∈ [b] satisfies
X = b′. Therefore, the equivalence between (i) and (ii) shows that, if we show that any
connected component X of R(Γ+

b ) ∩ L(Γ−b ) contains a brick from r(Γ+
b ) ∩ l(Γ−b ), then X

is contained in π(r(Γ+
b ) ∩ l(Γ−b )) and this would conclude the proof.

With that in mind, let b′ ∈ B be a brick contained in R(Γ+
b ) ∩ L(Γ−b ) and denote by X

the connected component of R(Γ+
b ) ∩ L(Γ−b ) that contains b′. Since L(Γ−b ) is connected

and contains L(Γ+
b ), then there exists a sequence {bi}0≤i≤n of bricks contained in L(Γ−b )

such that, for all i = 0, ..., n− 1, we have

bi+1 ∈ AdjB(bi), b0 = b′, and bn ⊂ L(Γ+
b ).

Observe that this sequence can be taken so that, for all i = 0, ..., n − 1, the brick bi is
contained in R(Γ+

b ). Consequently, for all i = 0, ..., n− 1, we have that

bi ⊂ X and bn−1 ∈ r(Γ+
b ).

Observe that, the maximal and minimal lines of a brick always have a common edge,
it suffices to observe that the edge starting at the end of this brick belong to both lines.
Thus, Γ+

b and Γ−b have a common edge and, therefore, r(Γ+
b ) is not contained in L(Γ−b ).

This allows us to consider a sequence {b′i}0≤i≤n′ of bricks contained in r(Γ+
b ) such that

for all i = 0, ..., n′ − 1

b′i+1 ∈ AdjB(b′i), b′i ⊂ L(Γ−b ), b′0 = bn−1, and b′n
′ ⊂ R(Γ−b ).

Consequently, for all i = 0, ..., n′ − 1, we have that

b′i ⊂ X and b′n′−1 ∈ r(Γ+
b ) ∩ l(Γ−b ).

Figure 29: Representation of the setup in the proof of Proposition 4.17.

We then obtained a brick from r(Γ+
b ) ∩ l(Γ−b ) which is contained in X . Consequently,

we conclude thatX = b′ and, thus, b′ ∈ r(Γ+
b ) ∩ l(Γ−b ).
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The result above motivates us to make an observation. Let [b] ∈ B/ ∼Λ be a class of
bricks and a ∈ EB be an edge contained in the maximal line Γ+

[b]. Then, either

r(a) ∈ l(Γ−[b]) or r(a) ∈ r(Γ−[b]),

since they satisfy ]Γ−[b] , Γ+
[b][= ∅. According to Proposition 4.17, the first case implies

r(a) ∈ [b], while the second implies that a ∈ Γ+
b ∩ Γ−b .

What we conclude by this is that the bricks in r(Γ+
b ) either belong to the class [b] or

belong to r(Γ−[b]) ∩ r(Γ
+
b ). Thus, since adjacent bricks cannot belong to the same class,

we conclude that [b] is formed by non-adjacent bricks whose edges belong to Γ+
[b] ∪ Γ−[b].

In other words, a brick b′ ∈ B belongs to the class [b] ∈ B/ ∼Λ if and only if

b′ ⊂ R(Γ+
[b]) \ int(R(Γ−[b])) = L(Γ−[b]) \ int(L(Γ+

[b])) ⊂ R2.

This analysis motivates us to extend the notion of concatenation, that is already es-
tablished in EB , for all elements in the moldMB. Given any pairm,m′ ∈MB , we then say
that the concatenationm �m′ is well defined if they satisfy e(m) = s(m). Now, we define
what is a chain of equivalence.

Definition 4.18 (Chain of equivalence). Let (B, h) be a maximal free brick decomposition
and Λ be a foliation frame of (B, h). We define the chain of equivalence of a given class
of bricks [b] ∈ B/ ∼Λ to be the concatenation

C[b] :=
∏
i∈Z

mi ,

wheremi ⊂ R(Γ+
[b]) \ int(R(Γ−[b])) and e(mi) = s(mi+1) for all i ∈ Z.

Figure 30: Representation of the chain of equivalence of [b] ∈ B/ ∼Λ.

Observe that, given any b′ ∈ B and [b] ∈ B/ ∼Λ, we have the equivalence

b′ ∈ [b] ⇐⇒ b′ ⊂ π(C[b]).

Furthermore, note that π(C[b]) is a connected union of bricks and edges in such a way
that any two bricks in π(C[b]) are separated by a concatenation of edges.

From now on, our objective is to construct a continuous family of Brouwer lines for h
that foliates the projection π(C[b]) for any given [b] ∈ B/ ∼Λ. But first, we need to present
the fundamental lemma of this construction.
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Lemma 4.19. IfX is an ordered set, Y ⊂ X is a finite subset ofX and (µx)x∈Y is a family
of increasing homeomorphisms of [−1, 1] such that, for any pair x, x′ ∈ Y , holds

x < x′ =⇒ µx(1/3) < µx′(−1/3).

Then, for any x0 /∈ Y , there exists an increasing homeomorphism µx0 of [−1, 1] such that
for any pair x, x′ ∈ Y ∪ {x0}, holds

x < x′ =⇒ µx(1/3) < µx′(−1/3).

Proof. Denote the sets

Y − = {x ∈ Y | x < x0} and Y + = {x ∈ Y | x > x0}

and consider all possible cases below:

(A) If Y − = Y + = ∅, we take an arbitrary µx0 .

(B) If Y − = ∅ and Y + 6= ∅, we take µx0 satisfying

µx0(1/3) < min
x∈Y +

µx(−1/3).

(C) If Y − 6= ∅ and Y + = ∅, we take µx0 satisfying

µx0(−1/3) > max
x∈Y −

µx(1/3).

(D) If Y − 6= ∅ and Y + 6= ∅, we take µx0 satisfying

max
x∈Y −

µx(1/3) < µx0(−1/3) < µx0(1/3) < min
x∈Y +

µx(−1/3).

Observe that, in case (iv), themaximummaxx∈Y − µx(1/3) and theminimumminx∈Y + µx(−1/3)
are attained by some element in Y − and Y +, since Y is finite. If we denote by x+ ∈ Y +

and x− ∈ Y − the elements satisfying

µx−(1/3) = max
x∈Y −

µx(1/3) and µx+(−1/3) = min
x∈Y +

µx(−1/3)

we get that µx−(1/3) < µx+(−1/3), since x− < x0 < x+. This shows that µx0 can be
constructed without any obstruction.

Corollary 4.20. IfX is a finite or enumerable ordered set, then there exists a family (µx)x∈X
of increasing homeomorphisms of [−1, 1] such that, for any pair x, x′ ∈ X , holds

x < x′ =⇒ µx(1/3) < µx′(−1/3).

Proof. The construction of (µx)x∈X is done inductively, by applying Lemma 4.19 at each
step in order to obtain the homeomorphism µx for each one of the x ∈ X .
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We now present the final construction of this section.

Proposition 4.21. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and [b] ∈ B/ ∼Λ, then there exists a continuous family of lines (Γt[b])t∈[−1,1]

such that

(i) Γt[b] is a Brouwer line for h for all t ∈ [−1, 1].

(ii) Γt[b] and Γt
′

[b] have no transverse intersection for all t, t′ ∈ [−1, 1].

(iii) Γ−1
[b] = Γ−[b] and Γ1

[b] = Γ+
[b].

In this case, (Γt[b])t∈[−1,1]
is said to be a semi-foliation of π(C[b]) by Brouwer lines.

Proof. Let b ∈ B be an arbitrary brick in the class [b] ∈ B/ ∼Λ. We start by foliating b by a
continuous family of arcs (γtb)t∈[−1,1] with endpoints in s(b) and e(b). First, we consider an
orientation preserving homeomorphism gb : b −→ B1((0, 0)) satisfying hb(s(b)) = (−1, 0)
and hb(e(b)) = (1, 0). Note that each edge a ∈ EB that satisfies r(a) = b is sent to the
upper half-plane {y ≥ 0} by gb and the ones satisfying l(a) = b are sent to the lower
half-plane {y ≤ 0} by gb. Thus, for each t ∈ [−1, 1], we can define

γtb(s) = g−1
b

(
(s, t
√

1− s2)
)
.

Thus, we obtain a continuous family of lines (Γt[b])t∈[−1,1]
by considering

Γt[b] =
(

Γ−[b] ∩ Γ+
[b]

) ⋃
b∈[b]

γtb.

Observe that (Γt[b])t∈[−1,1]
is contained in the projection π(C[b]) and has no transverse in-

tersections, since R(Γt[b]) ⊂ R(Γt
′

[b]) if t ≤ t′.

Figure 31: Illustration of the family (Γt[b])t∈[−1,1]
in the proof of Proposition 4.21.

It is important to mention that, if h(R(Γ+
[b])) ⊂ int(R(Γ−[b])), then (Γt[b])t∈[−1,1]

is a family
of Brouwer lines for h. However, this condition is not necessarily satisfied. The objective
of this second part of the section is to show that, even if the above condition is not at-
tained, there exists a reparameterization of the families (γtb)t∈[−1,1] for each brick b ∈ [b]

in such a way that (Γt[b])t∈[−1,1]
becomes a family of Brouwer lines for h.

First, recall that the maximal and minimal Σ-Brouwer lines of [b] satisfy

h(Γ−[b]) ∈ int(R(Γ−[b])) and h(Γ+
[b]) ∈ int(R(Γ+

[b])).
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This allow us to reparameterize any family (γtb)t∈[−1,1] in order to satisfy

t ∈ [−1,−1/3] =⇒ h(γtb) ⊂ int(R(Γ−[b]))

t ∈ [ 1/3, 1] =⇒ γtb ⊂ int(L(h(Γ+
[b]))) .

Figure 32: Illustration of the reparameterization in the proof of Proposition 4.21.

Now, observe that the relation

b < b′ ⇐⇒ b ∈ A(B,h)(b
′) =

⋃
n≥1

ϕn(B,h)(b
′)

defines an order in B. Therefore, we can apply Corollary 4.20 to obtain a family (µb)b∈[b]

of homeomorphisms of [−1, 1] that satisfies µb(1/3) < µb′(−1/3) if b < b′.
We want to show that this construction implies that, for each t ∈ [−1, 1], the line

Γt[b] :=
(

Γ−[b] ∩ Γ+
[b]

) ⋃
b∈[b]

γ
µ−1
b (t)

b

is a Brouwer line for h.
Since we know that h(Γt[b])∩R(Γt[b]) 6= ∅ and h−1(Γt[b])∩L(Γt[b]) 6= ∅, it suffices to show

that h(Γt[b]) ∩ Γt[b] = ∅ in order to conclude that Γt[b] is a Brouwer line for h. Therefore,
suppose by contradiction that h(Γt[b]) ∩ Γt[b] 6= ∅. Then, there would exist bricks b, b′ ∈ [b]

such that h(b′) ∩ b 6= ∅, i.e. b < b′, and

h(γ
µ−1
b′ (t)

b′ ) ∩ γµ
−1
b (t)

b 6= ∅.

Consequently, we would have that h(γ
µ−1
b′ (t)

b′ ) ∩ L(Γ−[b]) 6= ∅ and γµ
−1
b (t)

b ∩ R(h(Γ+
[b]) 6= ∅,

which would imply that µ−1
b′ (t) > −1/3 and µ−1

b (t) < 1/3, or equivalently

µb′(−1/3) < t < µb(1/3).

However, this is a contradictionwith the property of (µb)b∈[b] guaranteed by Corollary 4.20.
Therefore, we conclude that (Γt[b])t∈[−1,1]

is a family of Brouwer lines for h satisfying
conditions (i), (ii) and (iii) of the proposition.
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4.4 Coupling charts and derived foliation
In this section wewill finally be able to present Le Calvez’s foliated version of the Brouwer
translation theorem, originally published in [L04].

Theorem 4.22 (Foliated Brouwer translation theorem, [P. Le Calvez, 2004] ).
If h ∈ Brouwer(R2), then there exists a topological foliation F of the plane where each

leaf is a Brouwer line for h.

But first, we need to introduce fundamental concepts that will help us construct such
foliation. In this section, let (B, h) be a maximal free brick decomposition and Λ be a
foliation frame of (B, h). We start by defining the notion of Λ-ideal neighbourhoods.

Definition 4.23 (Λ-ideal neighbourhoods).
Let (B, h) be a maximal free brick decomposition and Λ be a foliation frame of (B, h).

A connected and simply connected neighbourhood Uv ⊂ R2 of an edge a ∈ EB is said to
be a Λ-ideal neighbourhood of a if it is free under h and satisfies

h(Ua) ⊂ R(Γ−a ) and h−1(Ua) ⊂ L(Γ+
a ).

Moreover, a family U = {Ua}a∈EB is said to be a choice of Λ-ideal neighbourhoods if, for
every a ∈ EB , we have that Ua is a Λ-ideal neighbourhood of a.

In this first part of the section, we ought to construct objects that will be associated
to each choice of Λ-ideal neighbourhoods. These objects will allow us to construct the
foliation of the plane by Brouwer lines. We start by establishing a convenient coordinate
system inside these ideal neighbourhoods, then we construct the associate objects.

Let U = {Ua}a∈EB be a choice of Λ-ideal neighbourhoods and v ∈ VB be an arbitrary
vertex. Observe that, up to the conjugacy of an orientation preserving homeomorphism,
we can always suppose that v = (0, 0),

Kv := [−1, 1]2 ⊂ UaC(v) ∩ UaR(v) ∩ UaL(v)

and that the following holds:

(i) If v is a starting vertex, then

aC(v) ∩Kv = [−1, 0]× {0}

aR(v) ∩Kv = [0, 1]× {0}

aL(v) ∩Kv = {0} × [0, 1]

(ii) If v is an ending vertex, then

aC(v) ∩Kv = [0, 1]× {0}

aR(v) ∩Kv = [−1, 0]× {0}

aL(v) ∩Kv = {0} × [0, 1]

We now construct the objects associated to each of these cases:
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Figure 33: Representation ofKv for starting and ending vertices.

(i) If v is a starting vertex, we define

Ie(aC(v)) := IeR(aC(v)) � IeR(aC(v)) � IeR(aC(v)),

where IeR(aC(v)), IeC(aC(v)) and IeL(aC(v)) are the oriented segments given by

IeR(aC(v)) :=

{
{−1} × [0, 1/4]+ if aR(v) is Λ-regular

(−1, 0) if aR(v) is Λ-singular

IeC(aC(v)) :=

{
{−1} × [1/4, 1/2]+ if aR(v) is Λ-regular

{−1} × [0, 1/2]+ if aR(v) is Λ-singular

IeL(aC(v)) :=

{
{−1} × [1/2, 3/4]+ if aL(v) is Λ-regular

(−1, 1/2) if aL(v) is Λ-singular

In addition, we define subsets

Λe
R(aC(v)) ⊂ IeR(aC(v)) and Λe

L(aC(v)) ⊂ IeL(aC(v))

that are isomorphic (as ordered topological sets) respectively to ΛaR(v) and ΛaL(v),
and, moreover, that contain respectively the endpoints of IeR(aC(v)) and IeL(aC(v)).
We remark that the existence of these sets is guaranteed by a map analogous to
the map ρ, described in the proof of Proposition 4.13.

Then, we define

Λe(aC(v)) := Λe
R(aC(v)) ∪ Λe

L(aC(v)) ⊂ Ie(aC(v)),

which is isomorphic to ΛaC(v), contains the endpoints of Ie(aC(v)) and has empty
intersection with int(IeC(aC(v))).

Next, we define Is(aR(v)) and Is(aL(v)) to be the oriented segments

Is(aR(v)) :=

{
{0} × [0, 1/4]+ if aR(v) is Λ-regular

(0, 0) if aR(v) is Λ-singular

Is(aL(v)) :=

{
[−1/4, 0]− × {1} if aL(v) is Λ-regular

(0, 1) if aL(v) is Λ-singular
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In addition, we define subsets

Λs(aR(v)) ⊂ Is(aR(v)) and Λs(aL(v)) ⊂ Is(aL(v))

that are isomorphic (as ordered topological sets) respectively to ΛaR(v) and ΛaL(v),
and, moreover, that contain respectively the endpoints of Is(aR(v)) and Is(aL(v)).

Now, we define Is(b(v)) to be the oriented segment

Is(b(v)) :=

{
{0} × [1/4, 1]+ if aR(v) is Λ-regular

{0} × [0, 1]+ if aR(v) is Λ-singular

Figure 34: Representation of the objects associated to Kv in each possible situation of
the case where v is a starting vertex.

Finally, observe that ΛaC(v) is isomorphic to the union ΛaR(v) ∪ ΛaL(v). Thus, our
construction allows us to consider a strictly increasing homeomorphism

φaC(v) : Λe(aC(v)) −→ Λs(aR(v)) ∪ Λs(aL(v)).
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(ii) If v is an ending vertex, we define Is(aC(v)) := IsR(aC(v)) � IsR(aC(v)) � IsR(aC(v)),
where IsR(aC(v)), IsC(aC(v)) and IsL(aC(v)) are the oriented segments given by

IsR(aC(v)) :=

{
{1} × [0, 1/4]+ if aR(v) is Λ-regular

(1, 0) if aR(v) is Λ-singular

IsC(aC(v)) :=

{
{1} × [1/4, 1/2]+ if aR(v) is Λ-regular

{1} × [0, 1/2]+ if aR(v) is Λ-singular

IsL(aC(v)) :=

{
{1} × [1/2, 3/4]+ if aL(v) is Λ-regular

(1, 1/2) if aL(v) is Λ-singular

In addition, we define subsets

Λs
R(aC(v)) ⊂ IsR(aC(v)) and Λs

L(aC(v)) ⊂ IsL(aC(v))

that are isomorphic (as ordered topological sets) respectively to ΛaR(v) and ΛaL(v),
and, moreover, that contain respectively the endpoints of IsR(aC(v)) and IsL(aC(v)).
We remark that the existence of these sets is guaranteed by a map analogous to
the map ρ, described in the proof of Proposition 4.13.

Then, we define

Λs(aC(v)) := Λs
R(aC(v)) ∪ Λs

L(aC(v)) ⊂ Is(aC(v)),

which is isomorphic to ΛaC(v), contains the endpoints of Is(aC(v)) and has empty
intersection with int(IsC(aC(v))).

Next, we define Ie(aR(v)) and Ie(aL(v)) to be the oriented segments

Ie(aR(v)) :=

{
{0} × [0, 1/4]+ if aR(v) is Λ-regular

(0, 0) if aR(v) is Λ-singular

Ie(aL(v)) :=

{
[0, 1/4]+ × {1} if aL(v) is Λ-regular

(0, 1) if aL(v) is Λ-singular

In addition, we define subsets

Λe(aR(v)) ⊂ Ie(aR(v)) and Λe(aL(v)) ⊂ Ie(aL(v))

that are isomorphic (as ordered topological sets) respectively to ΛaR(v) and ΛaL(v),
and, moreover, that contain respectively the endpoints of Ie(aR(v)) and Ie(aL(v)).

Now, we define Ie(b(v)) to be the oriented segment

Ie(b(v)) :=

{
{0} × [1/4, 1]+ if aR(v) is Λ-regular

{0} × [0, 1]+ if aR(v) is Λ-singular
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Figure 35: Representation of the objects associated to Kv in each possible situation of
the case where v is an ending vertex.

Finally, observe that Λe(aR(v)) is isomorphic to Λs
R(aC(v)) and Λe(aL(v)) is iso-

morphic to Λs
L(aC(v)). In this case, we consider strictly increasing homeomor-

phisms

φaR(v) : Λe(aR(v)) −→ Λs
R(aC(v))

φaL(v) : Λe(aL(v)) −→ Λs
L(aC(v))

Every object constructed above is associated to the respective ideal neighbourhood
Uv. Thus, if we denote by O the set of oriented simple arcs in the plane, for every choice
of Λ−ideal neighbourhoods {Ua}a∈EB , we have associated maps

Is : MB −→ O and Ie : MB −→ O,

sending each element in the mold m ∈ MB to its starting segment Is(m) and to its
ending segment Ie(m).
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Even further, for every edge a ∈ EB , we have sets Λs(a) ⊂ Is(a) and Λe(a) ⊂ Ie(a)
both isomorphic to Λa and a strictly increasing homeomorphism φa, which sends Λe(a)
isomorphically to a subset of

⋃
{a′∈EB |s(a′)=e(a)} Λs(a′).

Since Λe(a) is itself isomorphic to Λs(a), we can consider φa to be defined in Λs(a).
It is by extending the map φa continuously to the entire interval Is(a) that we obtain the
notion of a coupling map for the edge a ∈ EB.

This allows us to introduce the notion of a coupling chart.

Definition 4.24 (Coupling chart).
Let (B, h) be a maximal free brick decomposition, Λ be a foliation frame of (B, h) and

U be a choice of Λ−ideal neighbourhoods. A family Ψ = {Ψm}m∈MB of strictly increasing
and continuous maps

Ψm : Is(m) −→
∏

m′∈MB ,
s(m′)=e(m)

Is(m′).

is said to be a coupling chart of U if, for every b ∈ B and a ∈ EB , it satisfies

Ψb(I
s(b)) = IsC(aC(e(b))) and Ψa

∣∣
Λs(a)

= φa .

Now that we have introduced the concept of a coupling chart, our objective is to con-
struct the notion of a derived foliation. We will start by constructing the leafs of the
derived foliation that are contained in the union of Λ-ideal neighbourhoods. This con-
struction process will guarantee that these leafs are Brouwer lines for h and, moreover,
the collection of these leafs will be isomorphic to the frame foliation Λ. But, before we
start, we establish another convenient coordinate system that will help us with the con-
struction.

Let U = {Ua}a∈EB be a choice of Λ-ideal neighbourhoods, Ψ = {Ψm}m∈MB be a
coupling chart of U and a ∈ EB be an arbitrary edge. Consider Ks(a) and Ke(a), together
with all of its associated objects, just as we constructed before. Observe that, up to the
conjugacy of an orientation preserving homeomorphism, we can always suppose that

a = [−3, 3]× {0} , s(a) = (−3, 0) , e(a) = (3, 0) , [−4, 4]× [−1, 1] ⊂ Ua

and that the squares [−4,−2]× [−1, 1] and [2, 4]× [−1, 1] are the squaresKs(a) andKe(a)

up to a translation and a rotation. More specifically, we consider

[−3,−1]× [−1, 1] =

{
T(−3,0) (Ks(a)) if a = aC(s(a)) or a = aR(s(a))

T(−3,0) ◦R−π/2 (Ks(a)) if a = aL(s(a))

[1, 3]× [−1, 1] =

{
T(3,0) (Ke(a)) if a = aC(e(a)) or a = aR(e(a))

T(3,0) ◦Rπ/2 (Ke(a)) if a = aL(e(a))

Now, we start the construction of the derived foliation. First, recall that both Λs(a) ⊂
Is(a) and Λe(a) ⊂ Ie(a) are isomorphic (as an ordered topological set) to Λa. Thus, we
can consider a strictly increasing homeomorphism from Λs(a) to Λe(a) and extend it to
an incresing homeomorphism

τa : Is(a) −→ Ie(a)

that satisfies τa(Λs(a)) = Λe(a).

Page 61 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Figure 36: Example of convenient coordinates in the casewhere a = aL(s(a)) = aC(e(a)).

Following the convenient coordinates, let γta be the line segment with endpoints t ∈
Is(a) and τa(t) ∈ Ie(a). Recall that Is(a) and Ie(a) are contained in the brick l(a) and
their inferior endpoints are both contained in a. Thus, since τa is a strictly increasing
homeomorphism, we conclude that {γta}t∈Is(a) is a family of arcs contained in Ua whose
elements do not intersect each other.

Now, define Qa ⊂ Ua to be the polygon of sides Is(a), γmin Is(a)
a , Ie(a) and γmax Is(a)

a .
It is worth mentioning that, if a is a Λ-singular edge, then Qa collapses into a segment
contained in a. Observe that, by construction, {γta}t∈Is(a) gives a foliation of Qa.

Figure 37: Representation of the polygon Qa and the family of arcs {γta}t∈Is(a).

Next, still following the convenient coordinates, we define ηta to be the line segment
with endpoints t ∈ Ie(a) and Ψa ◦ τa−1(t) ∈

∏
{m∈MB | s(m)=e(a)} I

s(m). Observe that
Ψa ◦ τa−1 is a strictly increasing homeomorphism, thus {ηta}t∈Ie(a) is also a family of line
segments that do not intersect each other.

Now, we consider two different situations:

(i) If e(a) is an ending vertex, then either a = aR(e(a)) or a = aL(e(a)), moreover

{m ∈MB | s(m) = e(a)} = {aC(e(a))}.

Observe that, in this situation, we have

Ψa(I
s(a)) =

{
IsR(aC(e(a))) if a = aR(e(a))

IsL(aC(e(a))) if a = aL(e(a))

(ii) If e(a) is a starting vertex, then a = aC(e(a)) and

{m ∈MB | s(m) = e(a)} = {aR(e(a)), aL(e(a)), b(e(a))}.
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Observe that, in this situation, we have

Ψa(I
s(a)) = Is(aR(e(a))) � Is(b(e(a))) � Is(aL(e(a))).

In both cases, we define Qe
a to be the polygon of sides Ie(a), ηmin(Ie(a))

a , Ψa(I
s(a)) and

η
max(Ie(a))
a . Again, it is worth mentioning that, the edges Is(aR(e(a))) and Is(aL(e(a)))

may collapse into a single point, depending on their Λ-regularity. But, regardless of that,
observe that {ηta}t∈Ie(a) gives a foliation of Qe

a in both cases.

Figure 38: Representation of the polygon Qe
a and the family of arcs {ηta}t∈Is(a) in three

different cases. (a) When a = aC(e(a)), which is implies that e(a) is a starting vertex. (b)
When a = aR(e(a)), which implies e(a) is an ending vertex. (c) When a = aL(e(a)), which
implies e(a) is an ending vertex.

Finally, we remark that the segment γta can be concatenated with the segment ητa(t)
a

for every t ∈ Is(a). This allows us to define the arc ξta := γta � η
τa(t)
a , which is said to be a

derived arc of Ψ relative to the edge a. These arcs forms a continuous family of arcs{
ξta
}
t∈Is(a)

:=
{
γta � η

τa(t)
a

}
t∈Is(a)

,

that joins each t ∈ Is(a) to its image Ψa(t) ∈
∏
{m∈MB | s(m)=e(a)} I

s(m). Observe that, for
any edge a′ ∈ EB and t ∈ Is(a) satisfying s(a′) = e(a) and Ψa(t) ∈ Is(a′), we can consider
the following concatenation

ξta � ξ
Ψa(t)
a′ .

Thus, for every edge a0 ∈ EB and point t0 ∈ Λs(a0), we can obtain a line∏
i∈Z

ξtiai

that satisfies ai ∈ EB , s(ai+1) = e(ai) and ti+1 = Ψai(ti) for every i ∈ Z. This line is
called a derived leaf of Ψ. Observe that these derived leafs are all contained in the union
of Λ-ideal edge neighbourhoods

⋃
i∈Z Uai . Furthermore, observe that any pair of derived

leafs
Γ =

∏
i∈Z

ξtiai and Γ′ =
∏
i∈Z

ξt
′
i

a′i

of Ψ satisfying ai = a′j are comparable and, moreover, Γ ≤ Γ′ if and only if ti ≤ t′j

Page 63 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Proposition 4.25. Let (B, h) be amaximal free brick decomposition, Λ be a foliation frame
of (B, h), U be a choice of Λ−ideal neighbourhoods and Ψ be a coupling chart of U . If the
line Γ =

∏
i∈Z ξ

ti
ai

is a derived leaf of Ψ, then Γ′ =
∏

i∈Z ai ∈ Λ and, for every i ∈ Z, we have
that ti is the element of Λs(ai) that corresponds to Γ′.

Proof. Γ =
∏

i∈Z ξ
ti
ai

is a derived leaf of Ψ. First, recall that if ti ∈ Λs(ai) for every i ∈ Z,
then the line in Λ that corresponds to every ti is exactly the line

∏
i∈Zmi. Furthermore,

for every i ∈ Z, holds

Ψ−1
mi

(Λs(mi+1)) ⊂ Λs(mi)

Ψm(Λs(mi)) ∩ Is ⊂ Λs(mi+1).

Thus, in order to prove (i), it suffices to show that at least one of the ti belongs to Λs(mi).
Suppose by contradiction that ti /∈ Λs(mi) for all i ∈ Z. Then, we can take the maxi-

mum and minimum values of the following compact sets

t+0 := min{t ∈ Λs(m0) | t > t0}

t−0 := max{t ∈ Λs(m0) | t < t0}.

Since t+0 , t−0 ∈ Λs(m0), we have lines Γ+,Γ− ∈ Λ, denoted

Γ+ =
∏
i∈Z

a+
i and Γ− =

∏
i∈Z

a−i ,

associated to the points t+0 and t−0 , respectively. Observe that a+
0 = a−0 = m0.

Since t+0 6= t−0 , we have that Γ+ 6= Γ−. Thus, there exists i ≥ 0 such that a+
i 6= a−i . Let

i0 ≥ 0 be the smallest such integer. Denote by ai := a+
i = a−i for every i = 0, 1, ..., i0 − 1.

Observe that i0 ≥ 1 and that r(a+
i0

) = l(a−i0).
Note that Γ+,Γ− ∈ Λai for every i = 0, 1, ..., i0 − 1. Let t+i and t−i be the points of Λs

ai

associated to Γ+ and Γ−, respectively. Thus, for all i = 0, ..., i0 − 2, we have

Ψai([t
−
i , t

+
i ]) = [t−i+1, t

+
i+1].

We then have thatmi = ai and ti ∈ [t−i , t
+
i+1] for every i = 0, 1, ..., i0−1. Since the interval

]t−0 , t
+
0 [ contains no element in Λs(m0) by construction, follows that

]t−i , t
+
i [ ∩ Λs(mi) = ∅

for every i = 0, 1, ..., i0 − 1. This means that ]Γ−, Γ+[ in an empty interval in Λ.
Now, since the line Γ+ contains the edge a+

i0
, we have that Γ−

a+i0
≤ Γ+. On the other

hand, Γ−
a+i0

> Γ−, since both Γ−
a+i0

and Γ− contain the edge ai0−1 and Γ− contains a−i0 . Thus,

we conclude that Γ−
a+i0

= Γ+ and, analogously, that Γ+

a−i0
= Γ−.

Consequently, if we consider b ∈ B to be the brick satisfying b = r(a+
i0

) = l(a−i0), we
have that Ψai0−1

(]t−i0−1, t
+
i0−1[) ⊂ Is(b). However, this means thatmi0 = b /∈ EB , therefore

a contradiction.
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This result motivates us to define, for any coupling chart Ψ, the application

ΘΨ : Λ −−−−−−−→ ΘΨ(Λ)

Γ =
∏

i∈Z ai 7−→
∏

i∈Z γ
ti(Γ)
ai

where each ti(Γ) is the element of Λs(ai) associated to Γ. Observe that ΘΨ is a bijection,
thus we can transport the topology of Λ to ΘΨ(Λ) via the map ΘΨ. Consequently, the
application ΘΨ becomes trivially a homeomorphism.

However, there is more that can be said. Note that ΘΨ(Λ) also admits the order

Γ ≤ Γ′ if R(Γ) ⊂ R(Γ′).

Here, we show that ΘΨ(Λ) is, in fact, isomorphic (as an ordered topological set) to Λ
and each derived leaf in ΘΨ(Λ) is constructed to be a Brouwer line for h, just like the
Σ-Brouwer lines in Λ. This is proved in the proposition below.
Proposition 4.26. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h), U = {Ua}a∈EB is a choice of Λ−ideal neighbourhoods and Ψ is a coupling chart of
U , then the homeomorphism ΘΨ is strictly increasing and each derived leaf in ΘΨ(Λ) is a
Brouwer line for h.
Proof. Note that, for every Γ =

∏
i∈Z ai ∈ Λ, every i ∈ Z and every t ∈ [min Is(ai), ti(Γ)],

the arc ξtai is contained in l(Γ). Consequently, we have

R(Γ) ⊂ R(ΘΨ(Γ)) ⊂ R(Γ) ∪ π(l(Γ)).

Even further, we also have that

R(ΘΨ(Γ)) ⊂

(⋃
i∈Z

Uai

)
∪R(Γ),

since each derived family
{
ξtai
}
t∈Is(ai)

is contained in the Λ-ideal edge neighbourhoodUai .
Thus, let Γ,Γ′ ∈ Λ be such that Γ′ > Γ and denote them by

Γ =
∏
i∈Z

ai and Γ′ =
∏
i∈Z

a′i .

If Γ and Γ′ have no edges in common, then we have

R(ΘΨ(Γ)) ⊂ R(Γ) ∪ π(l(Γ)) ⊂ R(Γ′) ⊂ R(ΘΨ(Γ′)).

If Γ and Γ′ have a common edge ai = a′j , then ti(Γ) < tj(Γ
′) and, consequently, we also

haveR(ΘΨ(Γ)) ⊂ R(ΘΨ(Γ′)).Therefore, we conclude thatΘΨ(Γ′) > ΘΨ(Γ), which proves
that ΘΨ is strictly increasing.

Now, to see that each derived leaf ΘΨ(Γ) is a Brouwer line for h, it suffices to see that

h(R(ΘΨ(Γ))) ⊂ h

(⋃
i∈Z

Uai

)
∪ h(R(Γ))

⊂

(⋃
i∈Z

int(R(Γ−ai))

)
∪ int(R(Γ))

⊂ int(R(Γ)) ⊂ int(R(ΘΨ(Γ))).

Page 65 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Now, in order to obtain a foliation of the plane, we ought to construct derived arcs
of Ψ relative to each brick in B in such a way that every point in the plane belongs to a
derived arc of Ψ. Before we proceed to their construction, let us mark the regions that
are yet to be foliated.

If v ∈ VB is an ending vertex and b ∈ B is the brick satisfying b(v) = b, following
the convenient coordinates, we define Qe

b ⊂ UaC(e(b)) to be the polygon of sides Ie(b),
η

max Ie(aR(v))
aR(v) , IsC(aC(v)) and ηmin Ie(aL(v))

aL(v) . Observe that polygons of the form Qe
b are not

foliated yet.
Now, let b ∈ B be an arbitrary brick and {ai}1≤i≤n, {ai}1≤i≤n ⊂ EB be the edges in b

described in Proposition 3.26. It means that the boundary of b consists in the union of
two admissible arcs

Γ− =
∏

1≤i≤n

ai and Γ+ =
∏

1≤i≤n′
a′i,

where r(a′i) = l(ai) = b, s(a′1) = s(a1) = s(b) and e(a′n′) = e(an) = e(b).
Observe that the polygons of the edges {a′i}1≤i≤n′ are contained in R2 \ int(b). Mean-

while, the polygons of the edges {ai}1≤i≤n satisfy

Qai ⊂ b ∀1 ≤ i ≤ n

Qe
ai
⊂ b ∀1 ≤ i < n , T ean ⊂ R2 \ int(b).

Furthermore, if we denote by {bi}1≤i≤n ⊂ B the bricks satisfying ai ⊂ bi ∩ b , we get that

Qe
bi
⊂ b if e(bi) ∈ b

Qe
bi
⊂ R2 \ int(b) if e(bi) ∈ b

We consider the setDb to be the union of all the polygons of the formQa andQe
m that

are contained in b. Then we define Qb := b \Dd. Observe that Db is a closed disk whose
boundary is formed by the concatenation

∂Db = Is(a0) �
∏

1≤i≤n

ai � I
e(an) � γmax Is(ai)

ai
�

( ∏
1≤i<n

ξmax Is(ai)
ai

)
.

Therefore, since
Is(a0) �

∏
1≤i≤n

ai � I
e(an) ⊂ ∂Qd ,

we get that Qd is also a closed disk.
Observe that the regions that remain to be foliated are the regions of the form Qb

and Qe
b for some brick b ∈ B. We start by foliating the regions of the form Qb. Since

the boundary of Qb contains the arcs Is(b) and Ie(b), we can consider an orientation
preserving planar homeomorphism gb that satisfies

gb([−1, 1]2) = Qb , gb({−1} × [−1, 1]) = Is(b) and gb({1} × [−1, 1]) = Ie(b).

For each t ∈ [−1, 1], let rt ⊂ [−1, 1]2 be the line segment with endpoints (−1, t) and (1, t).
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Figure 39: Representation of the disksDb and Qb of a given brick b ∈ B.

Now, we define the homeomorphism

τb : Is(b) −→ Ie(b)

given by the composition τb = gb ◦ T(2,0) ◦ g−1
b . Then, for every t ∈ Is(b), we define the arc

γtb := gb(r
x), where x = p2 ◦ g−1

b (t). Observe that γtb is an arc with endpoints t ∈ Is(b) and
τb(t) ∈ Ie(b). Thus, we obtain a family of arcs {γtb}t∈Is(b) that foliates Qb.

Now, in order to foliate the region Qe
b , recall that

Ψb(I
s(b)) = IsC(aC(e(b))).

Therefore, using again the convenient coordinates inKe(b), we can define ηtb to be the line
segment with endpoints t ∈ Ie(b) and Ψb ◦ τ−1

b (t) ∈ IsC(aC(e(b))). Thus, we conclude that
the family of arcs {ηtb}t∈Ie(b) foliates Qe

b.
At last, observe that γtb can be concatenated with ητb(t)

b for every t ∈ Is(b). This allows
us to define the arc ξtb := γtb � η

τb(t)
b , which is said to be the derived arc of Ψ relative to the

brick b. These arcs forms a continuous family of arcs{
ξtb
}
t∈Is(b)

:=
{
γtb � η

τb(t)
b

}
t∈Is(b)

,

that joins each t ∈ Is(b) to Ψb(t) ∈ IsC(aC(e(b))).
Therefore, we have finally obtained derived arcs of Ψ relative to every element inMB.

Observe that, if s(m′) = e(m) and t′ = Ψm(t), then we can consider the concatenation

ξtm � ξt
′

m′ .

Thus, for everym0 ∈MB and t0 ∈ Is(m0), we can obtain a line∏
i∈Z

ξtimi

Page 67 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

that satisfies s(mi+1) = e(mi) and ti+1 = Ψmi
(ti) for every i ∈ Z. This line is also called

a derived leaf of Ψ.
Now, we remark that all of the regions of the form Qm and Qe

m are closed disks with
disjoint interiors. Furthermore, the intersection of the boundary of two such regions is
either a starting segment, an ending segment or a subarc of a derived arc ofΨ. Therefore,
we conclude that every point in the plane belongs to exactly one derived leaf ofΨ. In other
words, we have obtained a foliation of the plane, which is the so called derived foliation.

Beforewe highlight the definition of derived foliation, let us introduce a useful notation
for this context. We say that an element

(mi, ti)i∈Z ∈MBZ ×
∏
i∈Z

Is(mi)

is suitable for a given coupling chart Ψ = {Ψm}m∈MB if it satisfies e(mi) = s(mi+1) and
ti+1 = Ψmi

(ti) for all i ∈ Z. Now, we finally present the definition of a derived foliation.

Definition 4.27 (Derived foliation).
Let (B, h) be a maximal free brick decomposition, Λ be a foliation frame of (B, h), U

be a choice of Λ−ideal neighbourhoods and Ψ be a coupling chart of U . In this case, the
plane foliation given by

FΨ :=

{∏
i∈Z

ξtimi

∣∣ (mi, ti)i∈Z is suitable for Ψ

}

is said to be the derived foliation of Ψ.

We remark that FΨ also admits the natural order

Γ ≤ Γ′ if R(Γ) ⊂ R(Γ′).

Not only that, the foliation FΨ admits a natural quotient topology that comes from the
usual topology of R2. In particular, this topology is Hausdorff if and only if FΨ is a totally
ordered set. Furthermore, observe thatΘΨ(Λ) is contained inFΨ and its topology induced
by the map ΘΨ coincides with the topology induced by the inclusion ΘΨ(Λ) ⊂ FΨ. Thus,
we conclude that ΘΨ(Λ) is a closed subset of FΨ which is isomorphic to Λ and whose
elements are all Brouwer lines for h.

From now on, our objective is to study properties of derived foliations and, at last,
present the result that finally proves the foliated Brouwer translation theorem.

We start by enunciating a result that follows directly from the construction of derived
foliations.

Proposition 4.28. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h), U is a choice of Λ−ideal neighbourhoods and Ψ = {Ψm}m∈MB is a coupling chart
of {Uv}v∈VB , then two leafs

Γ =
∏
i∈Z

ξtimi
and Γ′ =

∏
i∈Z

ξt
′
i

m′i

of the derived foliation FΨ satisfying mi = m′j for some i, j ∈ Z are comparable and,
moreover, Γ ≤ Γ′ if and only if ti ≤ t′j .
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Now, our objective is to categorize the leafs of the derived foliation. For that, we
present the next result.

Proposition 4.29. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h), U is a choice of Λ−ideal neighbourhoods and Ψ = {Ψm}m∈MB is a coupling chart
of U , then there are two types of derived leafs Γ =

∏
i∈Z ξ

ti
mi

in FΨ:

(i) Γ ∈ ΘΨ(Λ) if and only if there exists a line Γ′ =
∏

i∈Z ai ∈ Λ and {ti ∈ Λs(ai)}i∈Z
such that ΘΨ(Γ′) = Γ and

Γ =
∏
i∈Z

ξtiai .

(ii) Γ ∈ FΨ \ΘΨ(Λ) if and only if there exists a chain of equivalence C[b] =
∏

i∈Zmi and
points {ti ∈ int(Is(mi))}i∈Z such that

Γ =
∏
i∈Z

ξtimi
.

Proof. The proof of (i) follows directly from Proposition 4.25. Thus, we go directly to the
proof of (ii). Note that the "only if" implication holds, since (i) is already prove. Thus, we
only need to prove the "if" implication.

Let (ti,mi)i∈Z be suitable for Ψ, such that m0 ∈ B. Then, consider the derived leaf
Γ =

∏
i∈Z ξ

ti
mi

. First, observe that if t0 = max Is(m0), then we have that Γ = Θ−1
Ψ (Γ+

[m0]).
Similarly, if t0 = min Is(m0), then Γ = Θ−1

Ψ (Γ−[m0]). Since Γ ∈ FΨ\ΘΨ(Λ), we conclude that
t0 ∈ int(Is(m0)). Consider the chain of equivalence C[m0] =

∏
i∈Zm

′
i so that m′0 = m0.

We know thatm′−1 = m−1 andm′1 = m1, because there is only one edge starting at e(m0)
and only one ending in s(m0).

Let Γ−[m0],Γ
+
[m0] ∈ Λ be the minimal and maximal lines of the class [m0] and denote

Γ−[m0] =
∏
i∈Z

a−i and Γ+
[m0] =

∏
i∈Z

a+
i , so that a−−1 = a+

−1 = m−1.

For every i ∈ Z, let t−i ∈ Λs(a−i ) be the point associated to Γ−[m0] and t
+
i ∈ Λs(a+

i ) be the
point associated to Γ+

[m0]. If n
−, n+ > 0 are integers so that

∂m0 =
∏

0≤i<n−
a−i �

∏
0≤i<n+

a+
i ,

then a−n− = a+
n+ = m′1. Now, suppose that there exists an i ≥ 1 such that m′i ∈ B.

Let i0 ≥ 0 be the smallest such integer. Thus, for every i = 0, 1, ..., i0 − 2, we have
a−i+n− = a−i+n− = m′i+1.Meanwhile, we have that

l(a−i0−1+n−) = r(a+
i0−1+n+) = m′i0 .

Thus, for all i = 0, ..., i0 − 3, holds that

[t−i+n− , t
+
i+n+ ] ⊂ Is(m′i+1)

Ψm′
i+17−−−−−−−−−−−→ [t−i+1+n− , t

+
i+1+n+ ] ⊂ Is(m′i+2).
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On the other hand, we have

]t−i0−2+n− , t
+
i0−2+n+ [ ⊂ Is(m′i0−1)

Ψm′
i0−17−−−−−−−−−−−→ ]t−i0−1+n− , t

+
i0−1+n+ [⊂ int(Is(m′i0)).

Finally, since t1 ∈]t−n− , t
+
n+ [, we conclude that mi = m′i for every i = 0, ..., i0 and that

ti0 ∈ int(Is(mi0)). Which concludes the proof.

Finally, the following result proves Theorem 4.22.

Proposition 4.30. If (B, h) is a maximal free brick decomposition, Λ is a foliation frame of
(B, h) and U is a choice of Λ-ideal neighbourhoods, then there exists a coupling chart Ψ
of U so that all leafs in the derived foliation FΨ are Brouwer lines for h.

Proof. Recall that Proposition 4.26 shows that, given any coupling chart Ψ of U , the leafs
in ΘΨ(Λ) ⊂ FΨ are Brouwer lines for h. Thus, if we want to show that all leafs in FΨ are
Brouwer lines for h, it suffices to verify for leafs in FΨ \ΘΨ(Λ).

Even further, suppose that Ψ is a coupling chart of U and that Γ =
∏

i∈Z ξ
ti
mi

belongs
to FΨ \ΘΨ(Λ). From Proposition 4.29, there exists a chain of equivalence C[b] =

∏
i∈Zmi

and the point ti belongs to int(Is(mi)) for every i ∈ Z. Observe that Γ is disjoint from Γ−[b]
and that R(Γ−[b]) ⊂ int(R(Γ)).

Let b0 = mi0 and b1 = mi1 be successive bricks in the chain of equivalence C[b]. Recall
that the arcs γti0b0 and γti1b1 are the sub-arcs ofΓ contained inQb0 andQb1 , respectively. Letα
be the sub-arc ofΓ separating γti0b0 and γti1b1 . Observe thatα is contained in

⋃
i0<i<i1

Umi
and

that it is also contained in π
(
l
(∏

i0<i<i1
mi

))
. From the first inclusion follows that h(α) ⊂

int(R(Γ−[b])) and, consequently, that h(α) ⊂ R(Γ) \ Γ. The second inclusion shows that
α ⊂ L(Γ+

[b]) and, thus, that h
−1(α) ⊂ int(L(Γ+

[b])). This implies that h−1(α) do not intersect
any brick in [b]. Now, observe that h−1(α) do not meet any Λ-ideal neighbourhood Ua of
any edge a ∈ C[b], since h(Ua) ⊂ R(Γ−[b]) and α ⊂ int(L(Γ+

[b])). Thus, we conclude that
h−1(α) ⊂ L(Γ) \ Γ.

This means that, to conclude that the leafs ofFΨ are all Brouwer lines for h, it suffices
to verify that any leaf Γ =

∏
i∈Z ξ

ti
mi
∈ FΨ \ΘΨ(Λ) satisfies

h(γtjmj
) ∩ γtimi

= ∅, ∀mi,mj ∈ B.

We now begin the proof of the proposition. First, observe that, for any brick b ∈ B,
the construction of the family of arcs {γtb}t∈Is(b) that foliates Qb do not depend on the
choice of coupling chart Ψ. Then, observe that we can reparameterize {γtb}t∈Is(b) in or-
der to index it by [−1, 1]. Furthermore, as argued in the proof of Proposition 4.21, this
reparameterization can be taken so that {γtb}t∈[−1,1] satisfies

t ∈ [−1,−1/3] =⇒ h
(
γtb
)
⊂ int(R(Γ−[b]))

t ∈ [ 1/3, 1] =⇒ γtb ⊂ int(L(h(Γ+
[b]))) .

Now, let {Ψa}a∈EB be any family of coupling maps for every edge in EB. Then, let us
fix a class of bricks [b] ∈ B/ ∼Λ and let C[b] =

∏
i∈Zmi be the chain of equivalence of [b].
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Recall the order over [b] defined in the proof of Proposition 4.21. From Corollary 4.20, we
get a family (µb)b∈[b] of homeomorphisms of [−1, 1] satisfying

b < b′ =⇒ µb(1/3) < µb′(−1/3).

Then, for any pair b0 = mi0 and b1 = mi1 of successive bricks in the chain of equiva-
lence C[b], we take the coupling map Ψb0 of b0 to satisfy

Ψmi1−1
◦Ψmi1−2

◦ ... ◦Ψmi0+1
◦Ψb0(µ

−1
b0

(t)) = µ−1
b1

(t).

We then apply thismethod to obtain couplingmaps for every brick inB. At last, we obtain
a coupling chart Ψ = {Ψm}m∈MB such that, given t ∈ [−1, 1] and equivalent bricks b ∼Λ b

′,
the arcs γµ

−1
b (t)

b and γµ
−1
b′ (t)

b′ belong to the same derived leaf in FΨ.
Therefore, if we suppose that Γ ∈ FΨ \ ΘΨ(Λ) meets its image, then there exists

equivalent bricks b ∼Λ b
′ such that

h(γ
µ−1
b (t)

b ) ∩ γµ
−1
b′ (t)

b′ 6= ∅.

However, as we have seen in the proof of Proposition 4.21, this leads to a contradiction.
Which proves that every leaf in FΨ is a Brouwer line for h.

Page 71 of 73



A synthesis on Classical Brouwer Theory Nelson Orsalino Schuback

Appendix A - Lefschetz index
Theorem A.1 (Lefschetz index). Let f : R2 −→ R2 be continuous and γ ⊂ R2 be a simple
closed arc such that Fix(f) ∩ γ = ∅. We define the Lefschetz index of f on γ, denoted by
Ind(f, γ), to be the winding number of

(f(γ̃(t))− γ̃(t))t∈S1 ,

where γ̃ : S1 −→ γ is a counter-clockwise parameterization of γ.

Theorem A.2 (Existence of fixed points). If f : R2 −→ R2 is continuous and γ ⊂ R2 is a
simple closed arc such that Ind(f, γ) 6= 0, then

Fix(f) 6= ∅.

Theorem A.3 (Homotopy invariance). If {ft : R2 −→ R2}t∈[0,1] is an homotopy of contin-
uous maps and γ ⊂ R2 is a simple closed arc such that Fix(ft) ∩ γ = ∅ for every t ∈ [0, 1],
then

Ind(f0, γ) = Ind(ft, γ) ∀ t ∈ [0, 1].

Theorem A.4 (Topological invariance). If f : R2 −→ R2 is continuous, h : R2 −→ R2 is a
homeomorphism and γ ⊂ R2 is a simple closed arc, then

Ind(f, γ) = Ind(h ◦ f ◦ h−1, h(γ)).

TheoremA.5 (Index for invariant closed arcs). If f : R2 −→ R2 is continuous and γ ⊂ R2

is a simple closed arc such that Fix(f) ∩ γ = ∅ and f(γ) = γ, then

Ind(f, γ) = 1.

Appendix B - Franks lemma on free disks
Theorem B.1 (Free disk chain). Let h ∈ Brouwer(R2) and {Di}1≤i≤n be a sequence of
closed disk in R2. We say that {Di}1≤i≤n is a free disk chain for h if it satisfies

(i) Di if free under h for every 1 ≤ i ≤ n.

(ii) int(Di) ∩ int(Dj) = ∅ for every 1 ≤ i 6= j ≤ n.

(iii) For every 1 ≤ i < n, there exists ki > 0 such that

hki(Di) ∩ int(Di+1) 6= ∅.

Moreover, we say that the free disk chain {Di}1≤i≤n is closed if, in addition, it satisfies

(iv) There exists kn > 0 such that

hkn(Dn) ∩ int(D1) 6= ∅.

Otherwise, we say that {Di}1≤i≤n is open.

Theorem B.2 (Franks free disk lemma). If h ∈ Brouwer(R2) then every free disk chain
for h is open.
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