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Resumo

ALBUQUERQUE, Y. F. Otimização de forma e método do conjunto de nível aplicados a
problemas de inversão. 2021, 125 f. Tese (Doutorado) - Instituto de Matemática e Estatística,
Universidade de São Paulo, São Paulo, 2021.

Esta tese é sobre métodos eficientes de otimização de forma para a reconstrução de interfaces
nítidas nos problemas da tomografia de impedância elétrica (sigla em inglês EIT) e da exploração
geofísica pela inversão da forma da onda completa (singla em inglês FWI). Esses dois problemas
diferem experimentalmente. Em resumo, a tomografia de impedância elétrica é um método de
geração de imagens da estrutura interna de um corpo físico desconhecido, pela aplicação de
correntes elétricas nas proximidades da superfície do corpo. Já a tomografia sísmica, é uma
técnica para determinar a estrutura material do subsolo terrestre com base nos sinais sísmicos
gravados produzidos por ondas excitadas por alguma fonte e propagadas através do solo.

O objetivo aqui é contribuir com aspectos teóricos e práticos nas áreas de otimização de
forma, tomografia de impedância elétrica e inversão da forma da onda completa. Em particular,
estudamos o método do adjunto médio, que pode lidar com restrições adicionais, tais como
admitir descontinuidades nos parâmetros materiais, a depender das configurações específicas
dos espaços de função. Para tanto, resultados sobre a diferenciabilidade do operador em relação a
forma são estabelecidos e um algoritmo de otimização de forma, que utiliza o método do adjunto
médio, é proposto. Além disso, utilizamos algumas ideias da teoria clássica de otimização e
empregamos um procedimento de busca linear para aprimorar a reconstrução das interfaces de
forma. Adicionalmente, usamos nossa própria versão do método do conjunto de nível (level set)
para calcular com eficiência as interfaces em evolução.

Resultados numéricos são apresentados para os problemas inversos na tomografia de impedân-
cia elétrica utilizando medidas pontuais em fronteira descontínua e na exploração geofísica em
escala de reservatório no domínio sólido contendo corpos de sal para reconstrução de interfaces
nítidas pela inversão da forma da onda completa no domínio do tempo. Como parte desta tese,
duas implementações de otimização de forma que dependem do cálculo da derivada de forma
da função de custo, usada no método do conjunto de nível, foram desenvolvidas.
Palavras-chave: Otimização, derivada de forma, EIT, FWI.
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Abstract

ALBUQUERQUE, Y. F. Shape optimization and level set methods applied to inverse prob-
lems. 2021, 125 f. Tese (Doutorado) - Instituto de Matemática e Estatística, Universidade de
São Paulo, São Paulo, 2021.

This thesis is about efficient shape optimization methods for the reconstruction of sharp
interfaces in the problems of electrical impedance tomography (EIT) and geophysical exploration
by full waveform inversion (FWI). These two problems differ experimentally. In summary,
electrical impedance tomography is a method of imaging the internal structure of an unknown
physical body by applying electrical currents near the surface of the body. Seismic tomography,
on the other hand, is a technique to determine the material structure of the earth’s subsoil based
on recorded seismic signals produced by waves excited by some source and propagated through
the ground.

The objective here is to contribute with theoretical and practical aspects of shape optimiza-
tion, electrical impedance tomography, and full waveform inversion. In particular, we study the
averaged adjoint method, which can handle additional constraints, such as admitting disconti-
nuities in material parameters, depending on the specific configurations of the function spaces.
For that, results about the differentiability of the operator with respect to the shape are estab-
lished, and a shape optimization algorithm that uses the average adjoint method is proposed.
Furthermore, we use some ideas from classical optimization theory and employ a linear search
procedure to improve the reconstruction of shape interfaces. Additionally, we use our version of
the level set method to efficiently calculate evolving interfaces.

Numerical results are presented for the inverse problems in electrical impedance tomog-
raphy for point measurements in discontinuous boundary, and in geophysical exploration on
reservoir scale in the solid domain, containing salt bodies for reconstruction of sharp interfaces
in time-domain full waveform inversion. As part of this thesis, two implementations of shape
optimization that depend on the calculation of the shape derivative of the cost function, used in
the level set method, were developed.

Keywords: Optimization, shape-derivative, EIT, FWI.
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Notation

We provide the following notation list for the convenience of the reader. Most of the symbols
and definitions for Sobolev-Slobodeckij spaces are based on the notation used in the Lions-
Magenes book series [134, 135, 136] and for the symbols from the real analysis we mostly use
notations and definitions included in the Amman-Escher book series [13, 14, 15].

For sufficiently smooth Ω ⊂ RN , let n be the outward unit normal vector to Ω. Let f : Ω ⊂
RN → RN and φ : Ω ⊂ RN → R be sufficiently smooth functions, the vectors a, b ∈ RN , and
the second order tensors S,T : RN → RN×N .

N,Z,R, RN natural number, integers, real numbers, N−times product of R
Im(·) and Re(·) imaginary and real part of a complex number
AT, A−1 transpose and inverse of matrix A
a⊗ b the outer product defined as the second order tensor with

entries [a⊗ b]ij = aibj

a� b symmetric outer product of a and b defined as 1
2
(a⊗ b+ b⊗ a)

S : T the double dot product defined as
∑N

i,j=1 SijTij

bsc the largest integer smaller or equal to s
E, F Banach spaces with norms ‖ · ‖E , ‖ · ‖F
IN represents the identity matrix in RN×N

Id : x 7→ x for the identity in RN

int(Ω), ∂Ω,Ω interior, boundary, and closure of a set Ω ⊂ RN

supp(φ) support of a function φ, i.e., {x ∈ RN : φ 6= 0}
Df(x) the Fréchet derivative of f at x
∇Γφ tangential gradient∇φ

∣∣
Γ
− ∂nφ

∣∣
Γ
n

DΓf is the tangential derivative Df
∣∣
Γ
− (Df

∣∣
Γ
)n⊗ n

divΓ f is the tangential divergence div f
∣∣
Γ
− (Df

∣∣
Γ
)n · n

H := divΓ n
N−1

is the mean curvature of ∂Ω

Df(x)(v) directional derivative of f : Ω ⊂ E → F at x in direction v
DJ(Ω)(V ) Eulerian shape derivative of the shape functional J at Ω in direction V
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Function spaces
L(E,F) space of linear and continuous mappings from E to F
Ck(Ω) space of k-times continuously differentiable mappings from Ω to R
Ckc (Ω) space of functions f ∈ Ck(Ω) such that supp f ⊂ Ω

C0,α(Ω) Hölder space with exponent 0 < α < 1 (also known as Cα)
Ck,α(Ω) space of functions f ∈ Ck(Ω) whose k-th order derivatives
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W k
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b (RN ,RN) space of bounded and Lipschitz continuous functions

Space norms

‖f‖Lp(Ω) :=
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Ω

|f |p dx
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Chapter 1

Introduction

In this chapter we motivate our work, provide a summary of the related literature to put it
into context, explain its originality and describe its structure.

1.1 Motivations

In this thesis we investigate problems of reconstructing sharp interfaces using a shape
optimization framework. We consider the analysis of two different and important subjects in
the fields of mathematics and engineering: the first being the electrical impedance tomography
(EIT), and the second the full waveform inversion (FWI). In particular, we solve the inverse
problems of EIT with pointwise measurements and reconstruction of sharp interfaces in time-
domain full-waveform inversion.

1.1.1 Review of inverse problems

First, let us begin with a basic discussion of the definition of inverse problems. Following the
definition stated in [105] two problems are inverse to each other if the formulation of each of them
requires full or partial knowledge of the other. The problems that satisfy these requirements are
related by a sort of duality in the sense that one could be obtained from the other by exchanging
the role of the data and that of the unknowns. By this definition, it is arbitrary which of the two
problems we call the direct and which we call the inverse problem. In general, the situation is
quite different since the two problems are not on the same level. In the direct problem existence,
uniqueness, and stability of solutions is assumed, but in inverse problems, none of these qualities
can be taken for granted and this what makes inverse problems challenging. To clarify these
statements with examples, the problems of EIT, and FWI are inverse problems (see for instance
[6, 40, 131, 175]). These problems will be discussed in the next chapters.

There is often another more important difference between direct and inverse problems.
Hadamard (see [81]) introduced the concept of a well-posed problem, originating from the

1



2 INTRODUCTION 1.1

philosophy that the mathematical model of a physical problem has to have the properties of
uniqueness, existence, and stability of the solution. If one of the properties fails to hold, he
called the problem ill-posed. Often, existence and uniqueness can be forced by enlarging or
reducing the solution space (the space of models). If a problem has more than one solution, then
information about the model is missing. At first glance, it seems to be impossible to compute the
solution of a problem numerically if the solution of the problem does not depend continuously
on the data, that is, for the case of ill-posed problems. Under additional a priori information
about the solution, such as smoothness and bounds on the derivatives, however, it is possible
to restore stability and construct efficient numerical algorithms. See, for instance, [110], and
[6] where a regularization method for parameter identification problems modeled by ill-posed
nonlinear operator equations is analyzed.

In many cases, it is possible to formulate mathematically the direct problem as the forward
mapA : D(A) ⊂ X → Y representing a mathematical model of the corresponding direct prob-
lem. Here X and Y are suitable Hilbert spaces called model space and data space, respectively,
and the subset D(A) ⊂ X is the domain of definition of the bounded linear operator A. This
forward map is a mathematical model for the indirect measurements

m = Af + ε, (1.1)

where f ∈ D(A) ⊂ X is the quantity of interest,m ∈ Y is the measurement data, and ε is noise
satisfying ‖ε‖Y 6 δ with some known δ > 0. Roughly speaking, if sufficient data of a physical
experiment is known then one can have a classical mathematical description of this device
including uniqueness, stability, and existence of a solution of the corresponding mathematical
problem. On the other hand, if one of the functional parameters describing this experiment is
to be found, from additional boundary experimental data for instance, then we define an inverse
problem. A nontrivial mathematical task when building a model like (1.1) is to choose the spaces
X and Y and the forward map A. Additionally, in the modeling process, some of the following
aspects have to be considered: the physical process involved, the technical properties of the
measurement device, the geometry of the measurement, and possible limitation in data sets.

Thus, one can state:

• Direct problem. Given the model f and the forward map A, evaluate Af . When Af is
numerically approximated then ε might be considered as error generated by the approxi-
mation process.

• Inverse problem. Given the noisy measurements mε and the map A, solve Af = mε for
some model f .

The formulation of an inverse problem is well defined only if the forward map A including
its domain and image is explicitly defined. This information is fundamental to characterize a
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problem as finite-dimensional, semi-finite, and infinite-dimensional, as well as distinguish the
linear inverse problems from the nonlinear inverse problems. In general, the evaluation Af

means solving a boundary value problem for a differential equation or evaluating an integral.
Depending on the underlying physical problem the mathematical modeling might be hard due
to the implicit dependency of the measured data m on the model f . Another issue related to
inverse problems is that when the solutionm does not depend continuously on the data f , then,
in general, the computed solution f̃ has nothing to do with the true solution f . Indeed, there is
no way to overcome this difficulty unless additional information about f ∈ X is available.

1.1.2 Well-posed problems

In his lectures published in [81], Hadamard claims that a mathematical model for a physical
problem (hewas thinking in terms of a boundary value problem for a partial differential equation)
has to be "correctly set", i.e., well-posed in the sense that it has the following three properties.

H1: Existence. For anym ∈ Y there exists a solution f ∈ X of the problem (1.1).

H2: Uniqueness. For anym ∈ Y there is at most one solution f ∈ X satisfying (1.1).

H3: Stability. The solution f depends continuously on m, i.e, for every sequence {fn} ⊂ X

with ‖Afn −Af‖Y → 0, it follows that ‖fn − f‖X → 0 as n→∞.

Problems for which at least one of these properties does not hold are called ill-posed problems.
The first two properties of existence and uniqueness depend only on the algebraic nature of the
spaces and the operator. However, stability also depends on the topologies of the spaces, i.e., it
requires that the inverse operator A−1 : Y → X should be continuous. Additionally, due to the
open mapping theorem A.1.9, if the mapA is linear and continuous andX and Y are subsets of
some Banach spaces then A−1 is automatically continuous.

Example 1.1.1. Let C[0, 1] be the space of continuous functions equipped with the supremum
norm ‖f‖∞ := max06t61 |f(t)|. We set the direct problem as: Calculate I : C[0, 1] → C[0, 1]

with initial condition I(0) = 0 defined as the solution of

I(t) =

∫ t

0

f(s) ds t ∈ [0, 1],

where f : [0, 1]→ R is a continuous function.
Conversely, the inverse problem can be stated as: Given a continuous differentiable function

I : [0, 1]→ R with I(0) = 0 and the operator A : C[0, 1]→ C[0, 1] defined by

(Af) (t) =

∫ t

0

f(s) ds t ∈ [0, 1] for f ∈ C[0, 1],
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we want to determine f ∈ C[0, 1] satisfying dI
dt

= f . Searching for a solution to this inverse
problem stands for solving the integral equation

Af = I, (1.2)

which is just the derivative
dI

dt
= f , provided that I(0) = 0 and I ∈ C1[0, 1].

Now let f be the exact solution to (1.2), if we perturb I with respect to the norm ‖ · ‖∞, then
the perturbed right-hand side Ĩ does not have to be differentiable i.e., it is not necessarily that
dĨ

dt
= f .

Let us verify this fact by considering the perturbation Ĩ(t) = I(t) + ξ(t) for all t ∈ [0, 1].
Then, we calculate the derivative of Ĩ as

dĨ

dt
= lim

ε→0

‖Ĩ(t+ ε)− Ĩ(t)‖∞
ε

= lim
ε→0

‖I(t+ ε)− I(t) + ξ(t+ ε)− ε(t)‖∞
ε

6 lim
ε→0

‖I(t+ ε)− I(t)‖∞
ε

+ lim
ε→0

‖ξ(t+ ε)− ξ(t)‖∞
ε

=
dI

dt
+ lim

ε→0

‖ξ(t+ ε)− ξ(t)‖∞
ε

= f + max
06t61

|ξ′(t)|.

Even when Ĩ is differentiable, the solution f of the perturbed problem

Af = Ĩ ,

is not necessarily close to the exact solution to (1.2) which violates condition H2. For instance,
we can perturb I by ξ(t) = δ sin( t

δ2 ) for small δ > 0 and t ∈ [0, 1]. Then the error of the data

with respect to the norm ‖ · ‖∞ is δ and the error in the solution is
1

δ
.

Thus, the inverse problem (1.2) is ill-posed, additionally A : C[0, 1] → C[0, 1] is not
necessarily invertible, since condition H1 should also be violated if the perturbed data does not
belong to the image of the forward map, i.e., (Af)(t+ ε) /∈ A(D(A)).

Now, if we choose a different space Y := {I ∈ C1[0, 1]; I(0) = 0} and equip the space Y
with the stronger norm

‖f‖C1 := max
06t61

|f ′(t)|,

then, one could perturb I of (1.2) with respect to the norm ‖ · ‖C1 , and the problem becomes
well posed as A : C[0, 1]→ Y is now invertible.

This example illustrates the fact that well-posedness depends on the space topology. The
next theorem implies that linear equations of the form (1.2) are always ill-posed.

Theorem 1.1.2. LetX, Y be normed spaces andA : X → Y be a linear compact operator with
nullspace N = {f ∈ X | Af = 0}. Let the dimension of the factor space X \ N be infinite.
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Then there exists a sequence {fn} ⊂ X such that Afn → 0 but {fn} does not converge.
In particular, if A is bijective, the inverse A−1 : Y ⊃ R(A) → X is unbounded, where
R(A) := {Af ∈ Y | f ∈ X} is the range of A.

Proof. The operator Ã : X \ N → Y , induced by the norm ‖[f ]‖ := inf {‖f + g‖ | g ∈ N},
defined by Ã([f ]) := Af, [f ] ∈ X \ N is well-defined, compact and bijective. The inverse
Ã−1 : Y ⊃ R(A)→ X \N is unbounded, otherwise the identity Id = Ã−1Ã : X \N → X \N
would be compact as a composition of a bounded and compact operator, which contradicts the
hypothesis that the dimension of X \ N is infinite. Therefore, since Ã−1 is unbounded, there
exists a sequence ([gn]) ⊂ X \ N with Agn → 0 and ‖gn‖ = 1 for all n ∈ N. If we define

fn :=
gn + hn√
‖Agn‖

such that ‖gn + hn‖ >
1

2
for hn ∈ N .

then Afn → 0 for ‖fn‖ → ∞.

Remark 1.1.3. In the theorem above we can even choose {fn} such that ‖fn‖ → ∞ then Afn

is still going to zero for n→∞.

Theorem 1.1.2 can be used to show, for instance, that parameter identification problems in
partial differential equations are ill-posed, see [112, Sec. 4].

1.1.3 Literature review of EIT and FWI

The EIT problem can be described as an imaging technique, in which an unknown physical
body is probed with electric currents applied in a neighborhood of the boundary, and the
internal conductivity distribution is recovered from the measured voltage data. It is a low-
cost, non-invasive, radiation-free and portable imaging modality with various applications in
medical imaging, geophysics, civil engineering, and non-destructive tests. In particular, it is an
active field of research in medical imaging, where devices based on EIT are already used in
practice, with applications to lung imaging such as diagnosis of pulmonary embolism [139],
monitoring patients undergoing mechanical ventilation, breast imaging, acute cerebral stroke,
and cardiac activity monitoring [25, 32]. In geophysics, a similar imaging technique using
direct current, called electrical resistivity tomography (ERT), is used for various applications
such as environmental investigation, hydrogeology, archeological and mineral exploration; see
[138, 163].

Two mathematical models for EIT have been actively investigated over the last few decades.
The continuum model has been widely studied in the case where applied currents and volt-
age measurements are supposed to be known on the entire boundary. This model is closely
related to the Calderón problem [37], which has attracted the attention of a large community of
mathematicians in the last decades; see [25, 32]. It consists of determining the uniqueness and
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stability properties of the conductivity reconstruction when the full Dirichlet-to-Neumann map
is known, which corresponds, roughly speaking, to the availability of an unlimited quantity of
applied currents and their associated boundary measurements. Despite its usefulness, the contin-
uum model is not realistic for applications, indeed, in the case of medical imaging, for instance,
it does not take into account the fact that the currents are applied through electrodes attached by
small patches to the patient, and that voltage measurements are also performed through these
electrodes. In consequence, the applied currents and voltage measurements are available only in
a subset of the boundary. In the literature (see for instance, [100, 107, 114, 146]) this situation
is referred to as partial measurements or partial data, which is a generalization of the standard
Calderón‘s problem where the measurements are made on the whole boundary. Considering the
availability of only partial data leads to the more realistic electrode model [167], which also
takes into account the electrochemical reaction occurring at the interface between the electrode
and the skin.

As the field of EIT has grown more mature, the awareness of these restrictions has increased
also among mathematicians. As a consequence, the study of the continuum model with partial
boundary data has attracted much attention in recent years. Uniqueness results with partial
boundary data in dimension n > 3 were obtained in [101], in [107] for C2-conductivities,
and in [114] for W 3/2+δ,2n-conductivities with δ > 0. Uniqueness results were extended to
conductivities of class C1,∞(Ω) ∩ H3/2(Ω) and conductivities in W 1,∞(Ω) ∩ H3/2+δ(Ω) with
0 < δ < 1/2 arbitrarily small but fixed in [117]. We refer to [106] for a review of theoretical
results of the Calderón problem with partial data. Regarding numerical methods, sparsity priors
are used to improve the reconstruction using partial data in [70, 71]. The D-bar methods in two
dimensions were investigated in [11, 88] and resistor networks in [33]. Due to the small size
of the electrodes compared to the rest of the boundary in many practical applications, the idea
of modeling small electrodes by point electrodes using Dirac measures is appealing from the
mathematical perspective. This point of view has been introduced as a point electrode model
and justified in [83]; see also [42, 96, 97]. Mathematical models using point measurements are
for instance highly relevant for large-scale inverse problems in geophysics such as electrical
resistivity tomography or full-waveform inversion where the dimensions of the electrodes or
receivers are several orders of magnitude smaller than the dimensions of the physical domain
of the model; see [163, 178]. The problem of reconstructing conductivities presenting sharp
interfaces in EIT, also known as the inclusion detection problem, has attracted significant
interest in the last three decades, starting from the pioneering works [68, 69]. Several numerical
methods have been developed for reconstructing discontinuous conductivities including the
factorization method introduced in [35, 109]; see also the review [84], monotonicity-based
shape reconstructions [72, 85, 86], the enclosure method for reconstructing the convex hull
of a set of inclusions [98, 99], the MUSIC algorithm for determining the location of small
inclusions [18], a nonlinear integration method [57], and topological derivative-based methods
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[17, 31, 91, 92]. Shape optimization techniques, which are the basis of the present work, also
have been employed to tackle this problem: based on level set methods [45, 125], for a polygonal
partition of the domain [27] using second order shape-sensitivity [3], and using a single boundary
measurement [2, 90].

As mentioned at the beginning of this section, the second problem that we study in this thesis
is the reconstruction of sharp interfaces in time-domain FWI. The FWI is a matching procedure
between the predicted data from the model and the observed data, that can provide an Earth
subsurfacemodelwithwavelength scale resolution. Specifically, thismethod consists in inverting
an accurate model of discrete wave velocity c, from a given set of measurements of the pressure
wavefield u. It is also designed to invert subsurface elastic parameters (e.g., acoustic/elastic
velocities and density) from seismic marine or land data acquired at the subsurface. In general,
many physical processes may lead to wave dynamics, where signals are sent through a medium
to travel in space and time, without necessarily observing a permanent motion of the medium
itself. Geometries of the signal could undergo changes as they propagate through the matter.
The difficulty here is that, usually, only a few of the initial signals can be recognized at a later
stage in time-space. A comprehensive explanation of the full waveform inversion method can
be found in [177].

The most widely used optimization approaches for reconstruction of velocity models applied
to solve the FWI are based on smooth techniques such as the Tikhonov regularization [4].
However, realistic velocity profiles usually present various discontinuities and sharp interfaces,
for instance in the case of salt bodies. This discontinuity comes from the fact that wave sound
travels inside salt bodies with higher velocity in contrast to the neighboring sediments. Another
physical aspect that can impact the continuity properties of these problems is the high reflective
conditions of the layered media. Thus, the energy that comes from an external source could
be scattered before it reaches the area of interest, see [60]. We also mention preceding works
[77, 132] on salt segmentation bodies using a shape optimization approach. Altogether, these
issues are sufficient to justify the search for other solutions based on nonsmooth optimization
techniques to obtain sharper reconstructions. Shape optimization is a suitable theory to handle
these issues since we can add prior information about sharp interfaces and high contrasts
explicitly in the modeling of the problem which alleviates the ill-posedness of the problem
without overly distorting the solution. In this thesis, we propose a shape optimization-based
algorithm to track sharp interfaces of the velocity model for time-domain FWI.

1.2 Contributions

The guiding principle of this thesis is the use of the shape optimization theory to tackle the
problems described above and to develop stable and reliable algorithms that provide accurate
numerical approximations to the solution.
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The purpose of Chapter 2 is to explain the main results of the shape optimization theory and
the level set method. The literature on these methods is vast, thus in Chapter 2 we concentrate
all the ideas used to develop the theory presented in Chapters 3 and 4.

Here, the shape optimization algorithms are based on the distributed shape derivative ob-
tained via the averaged adjoint method, described in Section 2.4, which is a Lagrangian-type
approach. This method was introduced in [171]. In [173] the averaged adjoint method is demon-
strated to be more general than the approach in [54], as it does not require the saddle point
assumption (see [172] for a more precise statement) for the differentiability of a minimax prob-
lem of a shape Lagrangian function. Recently, the averaged adjoint method was extended to deal
with singular cases, see [22] where the averaged adjoint method is used to compute the first
and second-order topological derivatives and potentially higher-order topological derivatives for
PDE constrained shape functionals, and [148] where the shape derivative of energy potential
shape functional is computed.

In Section 2.7 our implementation of the level set method is described. There exist many
variations of the level setmethod, butwemay characterize them into two families: sharp-interface
and smooth-interface approaches. The smooth-interface approaches (see [174]) usually involve a
smoothing of theHeaviside function and a diffusive interface. This regularization is convenient to
compute derivatives and may be useful for numerical purposes, but it introduces a regularization
parameter that can be difficult to adjust, and requires an asymptotic analysis to determine its
mathematical consistency. In the framework of sharp interface approaches, we observe that
the shape differentiation is usually formal and the non-differentiability of the state due to the
interface is often ignored (see [179, 183]). This issue is discussed in details in [8, Chapter 4] in
the framework of structural optimization.

One important contribution of the present thesis is to provide a mathematically rigorous
analysis of the shape differentiation for domains with low regularity and to combine the dis-
tributed shape derivative with the sharp interface level set method. The two main advantages
of the distributed shape derivative are that it leads to a simpler implementation, compared to
using the boundary expression, as it does not require the precise location of the interface, and it
provides more accuracy in the context of finite element methods (see [9, 95, 122, 125, 157]).

Another key contribution of this thesis is to extend the averaged adjoint method to Banach
spaces, using the theory of Gröger [74, 75]. This theory is well-known in the optimal control
theory and we bring it here in the context of shape optimization. In Chapter 3 we extend the
framework developed in [125] to the case of point measurements in EIT. The main issue for
shape functionals involving point evaluations is that one needs the continuity of the state, for
which the usual H1-regularity in two dimensions is insufficient. We show that in general, the
shape derivative contains Dirac measures and that the adjoint state is slightly less regular than
H1 due to the presence of Dirac measures on the right-hand side. We also discuss the relations
between the domain and boundary expressions of the shape derivative depending on the interface
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regularity and the minimal regularity of the interface for which boundary expressions of the
shape derivative can be obtained in the context of EIT with point measurements.

In Chapter 4, the main novelty is to consider wave equations with discontinuous coefficients
within a shape optimization framework for time-domain FWI, and to propose a shape optimiza-
tion algorithm to reconstruct sharp interfaces. In the shape optimization literature, [36] does
not treat the case of discontinuous coefficients for instance, and in [152], the coefficients are
smooth. The case of wave equation with discontinuous coefficients is also mentioned in the
Ph.D. thesis [170] with piecewise smooth coefficients, but the damping case is not considered.
Here, we consider the interface of a salt body as the variable of a tracking-type cost functional. A
damping term in the neighborhood of the boundary is also used to model an unbounded domain.
We show that the shape derivative depends on an adjoint state, which is the solution of a wave
equation with the residual on the right-hand side. The interface evolution is performed using a
level set method.

1.3 Outline

In Chapter 2we give several definitions and concepts related to the shape optimization theory.
We start by defining shape functions and describing abstract shape optimization problems. Then
the main concepts about evolving domains by the velocity method are presented in Sections 2.1
and 2.2, respectively. A practical discussion on how to calculate the distributed shape derivative
via the averaged adjoint method (AAM) is shown in Sections 2.3 and 2.4. Also, in Section 2.6
we explain how these derivatives can generate a descent direction which is a fundamental tool
for the shape sensitivity analysis. The last part of this chapter is dedicated to the numerics, where
the algorithm of the level set method implemented by discretization of transport equation via
application of a suitable flux are presented in Sections 2.7 and 2.7.1. Chapter 2 ends with the
general description of the algorithm developed for the reconstruction of sharp interfaces in a
Lipschitz domain in Section 2.8, and in Section 1.1.1 we briefly review the theory of inverse
problems, and the fundamental concepts of existence, uniqueness and stability used to classify
an inverse problem as ill-posed or well-posed.

In Chapter 3 the shape optimization approach presented in the previous chapter is applied
to the inverse problem of EIT. We show how the averaged adjoint method can be adapted to the
context of Banach spaces. In Section 3.1 the problem of EIT with pointwise measurements is
considered and in Section 3.2 the mathematical framework is explained. Also, using the theory
of Sections 2.3,2.4 the shape derivative in distributed form is computed in Sections 3.2.1, 3.2.2,
and the boundary expression of the shape derivative is presented in Section 3.2.3. In Section 3.3
we explain the numerical algorithm developed to recover the geometry of the sharp interfaces
in EIT, and a set of numerical results is showed to attest the efficiency of the approach. Also, the
quality of reconstructions is discussed depending on the number of point measurements.
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Chapter 4 is organized as follows. In Section 4.2, we give regularity results for the wave
equation with discontinuous coefficients, which is a key ingredient for proving the shape dif-
ferentiability. In Section 4.3 we describe the shape optimization framework. In Section 4.4, we
recall the averaged adjoint method of [171] and compute the adjoint. In Section 4.5, we apply
the AAM to compute the distributed shape derivative of the cost function. Thereafter, in Section
4.6, the application of our theoretical results to FWI is presented. Finally, in Section 4.7 we show
the numerical algorithm and present several numerical results supporting our approach.

Appendix A is included for easy access to most of the fundamental concepts that are
referenced in this thesis. We also include the references to the proofs and articles with a
complementary and a more detailed presentation of the theory.



Chapter 2

Shape optimization: an overview

Optimization consists of searching for maximum or minimum values of an objective func-
tion, subject to constraints on its variables. The first step of an optimization workflow is the
mathematical description of the elements: the objective function, the variables, and the con-
straints for a given problem. These constraints often come from the description of the physical
aspects of the assigned problem. This process is known as modeling. The goal of an optimiza-
tion algorithm is to find a new point in the domain of the problem that satisfies the optimality
conditions, i.e., that numerically approximates the solution. If the optimality conditions are not
satisfied, the model is improved to fit the solution by applying some specific methods.

One of thesemethods is the sensitivity analysis, whichmeasures the sensitivity of the solution
to changes in the model and data by studying the derivatives, up to order k > 1, of the objective
function. The methods to improve the models differ significantly depending on the kind of
optimization problem studied.

In shape optimization the objective function is a shape functional (see Definition 2.0.1),
and the variable is the geometry of an open bounded subset of the Euclidean space. The shape
optimization problem with this structure consists in the minimization of such objective function
with respect to the geometrical domain. Thus, in the standard shape optimization problem we
are looking for the solution of the following kind: Find a shape Ω? such that

Ω? ∈ Ξ, J(Ω?) = min
Ω∈Ξ

J(Ω), (2.1)

where the shapes Ω must belong to a specific admissible set Ξ of subsets of RN . Usually, the
domain definition of the shape functional J does not have a topological vector space structure and
requires specific concepts of continuity and differentiability. These concepts will be recapitulated
in this chapter.

11
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Definition 2.0.1 (Shape functional). Let D ⊆ RN and Ξ ⊆ P(D) := {Ω ⊂ D} ⊂ 2RN . Then

J : Ξ→ R,

Ω 7→ J(Ω)

is a functional defined on Ξ with values in R called a shape functional.

We consider shape optimization problems of the following type:{
minimize J(u,Ω),

subject to u = u(Ω) solves A(Ω, u(Ω)) = 0, (Ω, u) ∈ Ξ×X (Ω),
(2.2)

where X (Ω) is an appropriate function space. Usually, in applied problems, the constraint
A(Ω, u(Ω)) = 0 corresponds to a single partial differential equation (PDE) or a system of PDEs.
For these cases, we call the shape optimization problem PDE constrained or state constrained.
The subjects related to the existence of a solution to (2.1), the dependence of the functional
J(Ω) with respect to the domains Ω, the differentiation of J with respect to the shapes, the
compactness properties of the class of admissible shapes, and the identification of necessary or
sufficient optimality conditions of (2.1) are discussed in [161]. We also refer to [55, Chapter 10]
that explains how to compute the shape gradient depending on the solution of a bounded valued
problem like (2.2), and how these concepts can be applied to a compliance problem and problems
where the shape functional can be expressed as the saddle point of an appropriate Lagrangian.
In [173] a generalization of the theorem of Correa-Seeger [48] is described for the special class
of Lagrangian functions and removes the saddle point assumption.

To identify the points where the functional reach its extremal value, we need to derive
optimality conditions by differentiating the functional. In some simple problems, these optimality
conditions could result in an explicit solution, but most of the time a numerical algorithm has to
be designed to approximate the extreme points.

As mentioned in [123], shape functionals are often defined as integrals over a submanifold
Ω ⊂ RN of dimension d 6 N . As we shall see in the first example of the next section, the
shape derivative is obtained as an integral on Ω depending on the perturbation field V and its
derivative DV .

2.1 Domain transformations

To perform the sensitivity analysis of shape functionals we introduce a family of bijections
Tt : RN → RN for 0 6 t 6 t0 that satisfies the following assumption.

Assumption 2.1.1. Suppose that
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i) Tt and T−1
t belong to Ck(RN ,RN) for all t ∈ [0, t0),

ii) the mappings t 7→ Tt(x) and t 7→ T−1
t (x) belong to C1([0, t0)) for all x ∈ RN .

The family of domains {Ωt}06t6t0 is defined by

Ωt := Tt(Ω). (2.3)

The choice of Tt. Given a family of domains {Ωt}06t6t0 , for all t ∈ [0, t0]. We can define
transformations that are perturbations of the identity. A frequent choice for the functions Tt is

Tt(x) := x+ tV (x), with V ∈ W 1,∞(RN ,RN),

to perform the sensitivity analysis of the first shape derivatives.
Before moving on to the next section, let us define some spaces of interest. Let P(D) be the

set of open subsets of D ⊂ RN compactly contained in D, where D ⊂ RN is assumed to be
open and bounded. Define for k > 0 and 0 6 α 6 1,

Ck,αc (D,RN) := {V ∈ Ck,α(D,RN) | V has compact support in D},

and C∞c (D,RN) similarly, equipped with their usual topologies; see [1, 1.56, pp. 19-20]. Also,
for a given domain Ω ∈ P(D) with at least a C1 boundary, we introduce the space of vector field

Ck,α∂Ω (D,RN) := {V ∈ Ck,αc (D,RN) | V · n = 0 on ∂Ω}

where n is the outward unit normal vector to Ω.
The next section brings some physical aspects of the flow Tt, and Theorem 2.2.1 gives a

characterization of the vector field V that justifies (2.8).

Notation. Depending on the context, we will use notations T : [0, t0] × D → RN or Tt : D →
RN .

2.2 The velocity method

The set of all subsets of RN , denoted by 2RN , does not have a vector space structure.
Therefore, it is impossible to directly use the results from real analysis like the Fréchet (or
Gateaux) derivative to investigate the shape sensitivity of a shape functional (2.2) defined over a
domain included in P(D) ⊂ 2RN . A workaround of this issue is to use the velocity method [125]
whose main elements we briefly summarize in this section.

Since V ∈ C0,1
c (D,RN) we have by Nagumo’s Theorem [147] (also, a more recent version

of this theorem can be found in [55, Thm 5.1, p.194] whose statements are transcript in the next
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theorem) that for fixed t ∈ [0, t0] the flow Tt ∈ Hom(D) is a homeomorphism from D into
itself and maps boundary onto boundary and interior onto interior.

Theorem 2.2.1. Let D ⊂ RN be a regular domain and t0 > 0. Then the following statements
are true.

(i) Let the flow Tt be generated by the vector field V : D → RN satisfying V · n = 0 on
Γ = ∂D. Then D is strictly flow invariant, i.e., Tt(D) ⊆ D. Moreover, it follows that for
all t ∈ [0, t0], and some constants C1, C2 > 0

∀x, y ∈ D :‖Tt(x)−Tt(y)‖C1(RN ) 6 C1|x− y|,

‖T−1
t (x)−T−1

t (y)‖C(RN ) 6 C2|x− y| (2.4)

∀x ∈ D :t 7→ Tt(x) ∈ C1(RN),

t 7→ T−1
t (x) ∈ C(RN)

and

∀t ∈ [0, t0] : x 7→ T−1
t (x) ∈ Hom(D), (2.5)

(ii) Assume that the family of functions Tt : D → RN satisfies (2.4)-(2.5) and T0 = Id. Then
Tt is the flow of the time-dependent vector field

V (t, x) = Ṫt ◦T−1
t (x). (2.6)

where Ṫt = ∂T
∂t

is the time-derivative of the flow Tt for each t ∈ [0, t0].

In view of Theorem 2.2.1, let V with the form (2.6), then the associated flow Tt satisfying
(2.4) is defined for each x0 × D ∈ D as Tt(x0) := x(t, x0), where x : [0, t0] → RN is the
solution to the initial value problemẋ(t, x0) = V (x(t, x0)) for t ∈ [0, t0],

x(0, x0) = x0 ∈ D,
(2.7)

for some given t0 > 0. It is well-known (see [166, p. 50]) that (2.7) admits a unique solution for
a sufficiently small t0 > 0. Note that Tt(D) = D since V has compact support in D.
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Ω Ωt = Tt(Ω)

T−1
t

Tt

Figure 2.1: Transformation Tt.

2.3 Shape derivative

Here, we use the velocity method described in Section 2.2 to define the perturbation T on a
setΩ ⊂ D, in followingway: Given a vector field V ∈ C1,1

c (D,RN), we define the transformation
Tt as the associated flow Tt : D → D, t ∈ [0, t0] for some t0 > 0, defined for each x0 ∈ D as
Tt(x0) := x(t), where x : [0, t0]→ RN solves

ẋ(t) = V (x(t)) for t ∈ [0, t0], x(0) = x0. (2.8)

Definition 2.3.1. Let J : P(D) → R be a shape functional defined on some admissible
set P(D) ⊂ 2RN . Denote by T : [0, t0] × D → RN the flow generated by the vector field
V ∈ Ckc (D,RN), k > 1 as defined in (2.8). Let Ω ∈ P(D), set Ωt := Tt(Ω) and suppose
Ωt ∈ P(D) for t ∈ [0, t0]. Now, define

DJ(Ω)(V ) := lim
t↘0

J(Ωt)− J(Ω)

t
. (2.9)

When the limit (2.9) exists it is called the Eulerian semi-derivative.

(i) J is said to be shape differentiable at Ω if it has a Eulerian semi-derivative at Ω for all
V ∈ C∞c (D,RN) and the mapping

DJ(Ω) : C∞c (D,RN)→ R,

V 7→ DJ(Ω)(V ),

is linear and continuous.

(ii) The shape derivative DJ(Ω) is of finite order if there is an integer l > 0 and a constant
c > 0 such that for each compact K ⊂ D

|DJ(Ω)(V )| 6 c‖V ‖l ∀V ∈ C∞c (K,RN),

where ‖V ‖l :=
∑
|α|6l ‖∂αV ‖∞. The smallest such integer is called order of DJ(Ω).
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The shape derivative from Definition 2.3.1 has a particular structure (see [125, Thm.1.2
and Thm.1.4]). The functional remains constant under a transformation T that leaves Ω fixed;
i.e., T(Ω) = Ω, and consequently the shape derivative vanishes in this case. This property is
expressed in the following theorem and is proved in [185].

Theorem 2.3.2. Let Ω ∈ P(D) be an open or closed set. Let J be shape differentiable onP(D),
and V ∈ C0,1

c (D,RN) be a vector field with compact support in Ω and denote Ts its flow as
defined in (2.7). Then we have

DJ(Ω)(V ) = 0.

In 1907, Jacques Hadamard published his famous workMémoire sur le problème d’analyse
relatif à l’équilibre des plaques élastiques encastrées [80], where he observed the structure
of the shape derivative in a particular example using displacements along the normal to the
boundary Γ of a C∞-domain to compute the derivative of the first eigenvalue of the clamped
plate. The result, often called structure theorem or Hadamard formula, is fundamental in shape
optimization and was proven rigorously by Zolésio in 1979 in [185].

Theorem 2.3.3 (Structure theorem). Assume Γ := ∂Ω is compact and of class Ck+1, k ≥ 0. Let
the functional J be shape differentiable at Ω, and denote the shape derivative by

DJ(Ω) : C∞c (D,RN)→ R, V 7→ DJ(Ω)(V ).

Assuming DJ(Ω) is continuous for the Ckc (D,RN) − topology, then there exists a linear and
continuous functional g : Ck(Γ)→ R such that for all V ∈ Ckc (D,RN),

DJ(Ω)(V ) = g (V|Γ · n). (2.10)

See [55, Corollary 1, pp. 480-481] for a proof of Theorem 2.3.3.
Observe that DJ(Ω) always exists for vector fields with compact support in Ω. As conse-

quence of Theorem 2.3.2, independently of the representation of the shape derivative and the
regularity of Ω, the values of V outside the boundary of Ω have no influence on the shape
derivative.

In Theorem 2.3.3, for a specific class of shape functionals one can assume that g ∈ L1(Γ) is
an integrable function on Γ. If this is the case, then

DJ(Ω)(V ) =

∫
Γ

g(x)〈V (x), n(x)〉RN dΓ. (2.11)

Before giving an example on how to proceed with shape derivatives, let us recall the change
of variables formula for Lipschitz maps stated and proved in [63, p.99]. Let dom(φ) ⊂ RN

denote the domain of a function φ : RN → RM .
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Theorem 2.3.4 (Change of variables). Let φ : RN → RM be a Lipschitz function with N 6M .
Then, for each integrable function f : RN → R

∫
RN
f(x)Jφ(x) dx =

∫
RM

 ∑
x∈φ−1{y}

f(x)

 dHN(y), (2.12)

whereJφ(x) =
√

det(Dφ(x)TDφ(x)) = | detDφ(x)|,Dφ is the Jacobian matrix of φ, φ−1{y}
is the inverse image of a single point y ∈ RM , i.e., φ−1{y} = {x | x ∈ dom(φ) ⊂ RN , φ(x) =

y}, and denoting HN as the surface N -Hausdorff measure. If φ is also injective, then on the
right hand side of (2.12) we just have f(φ−1(y)) which yields∫

RN
f(x)Jφ(x) dx =

∫
RN
f(φ−1(y)) dy (2.13)

Observe that, in view of (2.12), Theorem 2.3.4 applies to any countable union of Lipschitz
functions, because a Lipschitz function is differentiable almost everywhere.

The following theorem, proved in [55, Thm. 4.2, pp. 483-484] is another useful result to
obtain an expression for the shape derivative; see also [171] and the example introduced in [161,
Sec. 5.2, p.191].

Theorem 2.3.5. Let V ∈ Ckc (D,RN), k > 1 be a vector field and Tt its associated flow.
Let f ∈ C([0, t0);W 1,1

loc (RN)) ∩ C1([0, t0);L1
loc(RN)), t0 > 0, and a bounded domain Ω with

boundary ∂Ω be given. The right-sided derivative of the function

I(t) :=

∫
Tt(Ω)

f(t) dx

at t = 0 is given by the distributed expression

I ′(0) =

∫
Ω

f ′(0) + div(f(0)V ) dx. (2.14)

If in addition ∂Ω is Lipchitz, we obtain

I ′(0) =

∫
Ω

f ′(0) dy +

∫
∂Ω

f(0)V · n dx. (2.15)

Proof. Consider the interval [0, t0) ⊂ R, an open bounded set D ⊂ RN , a measurable subset
Ω ⊂ D, and f : [0, t0)×D → RN a real valued function. LetTt : D → RN be a flow as defined
in (2.7). We want to differentiate the function

t→ I(t) =

∫
Ωt

f(t, x) dx (2.16)
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where Ωt := Tt(Ω) for all t ∈ [0, t0) is the image of a fixed measurable subset Ω ⊂ RN

by the diffeomorphism T(t, ·) : RN → RN defined for t ∈ [0, t0) with T(0, y) = y for all
y ∈ RN . Now, using Theorem 2.3.4 we can proceed with a change of variables by setting
x = T(t, y), y ∈ Ω in (2.16),

I(t) =

∫
Ω

f(t,T(t, y)) det(DyT(t, y)) dy

where, for all t ∈ [0, t0], det(DyT(t, y)) > 0 with respect to y for a.e. y ∈ Ω ⊂ RN .
Since f is of class C1, we can calculate the derivative of I as

I ′(t) =

∫
Ω

(
∂f

∂t
(t,T(t, y)) +∇yf(t, y)

∂T

∂t
(t, y)

)
det(DyT(t, y)) dy

+

∫
Ω

f(t,T(t, y))
d

dt
det(DyT(t, y))

∂T

∂t
(t, y) dy. (2.17)

Now defining the initial condition of the flow

∂T

∂t
(t, y)

∣∣
t=0

= V (0, y),

and using Taylor expansion with respect to t around 0, we can rewrite the Fréchet derivative of
T as

DyT(t, y) = DyT(0, y) + tDy(
dT

dt
(0, y)) + tε(t, y)

= IN + tDyV (0, y) + tε(t, y)

where ε(t)→ 0 in L∞(RN) and IN is the identity matrix in RN . We recall that forM ∈ RN×N ,
the determinant mapping M 7→ det(M) is differentiable. Its Fréchet derivative around the
identity isM 7→ tr(M). Therefore, for a.e. y ∈ RN ,

det(DyT(t, y)) = 1 + t tr(DyV (0, y)) + tε1(t, y)

= 1 + t divy V (0, y) + tε2(t, y)

=⇒ d

dt
det(DyT(t, y))

∣∣
t=0

= divy V (0, y). (2.18)

Thus, using (2.18) in (2.17), and evaluating at 0 results in

I ′(0) =

∫
Ω

∂f

∂t
(0, y) +∇yf(0, y)V (0, y) + f(0, y) divy V (0, y) dy

=

∫
Ω

∂f

∂t
(0, y) + divy(fV )(0, y) dy. (2.19)

Assuming now that ∂Ω is Lipschitz, we can apply the divergence theorem (see Theorem A.1.15)
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in (2.19) using n as the exterior unit normal vector and denoting HN−1 as the surface N − 1-
Hausdorff measure, which yields

I ′(0) =

∫
Ω

∂f

∂t
(0, y) dy +

∫
∂Ω

f(0, y)V (y) · n(y) dHN−1(y). (2.20)

Let us see a simple application of Theorem 2.3.5 in the context of shape optimization theory.

Example 2.3.6. Let t ∈ [0, t0], a domain D ⊂ RN , a shape Ω ⊂ D, f ∈ C1(D), and the shape
functional

J(Ω) :=

∫
Ω

f(x) dx,

been given. Consider the parametrization Ωt := {x+ tV (x) |x ∈ Ω}, than the shape derivative
of J atΩ in direction of V ∈ C1

c (D,RN) is calculated using the change of variables y = Tt(x) =

x+ tV (x), and Theorem 2.3.5 in the following way

DJ(Ω)(V ) =
d

dt
J(Ωt)

∣∣
t=0

=
d

dt

(∫
Ωt

f(y) dy

)
t=0

=
d

dt

(∫
Ω

f(Tt(x)) det(DTt(x)) dx

)
t=0

.

Observe that
d

dt
det(DTt(x))

∣∣
t=0

= div(V ) and
d

dt
Tt(x)

∣∣
t=0

= V , which results

DJ(Ω)(V ) =

∫
Ω

∇f · V + f(x) div(V ) dx.

In general, for state constrained shape optimization problems, where the state is a solution
of a partial differential equation, the shape differentiability may be hard to prove depending on
the PDE. Lagrangian-type methods are convenient to treat such cases.

Assuming that a(Ω, ϕ, ψ) is the weak form of a PDE constraint, b(Ω, ϕ) represents a cost
function and E and F are suitable spaces, it is possible to build a Lagrangian functional in the
following way,

G(Ω, ϕ, ψ) = a(Ω, ϕ, ψ) + b(Ω, ϕ) with ϕ ∈ E and ψ ∈ F (2.21)

which has a unique saddle point (u, p) ∈ E×F that is completely characterized by the variational
formulation of the PDE-constraints, where u represents the state variable and p represents the
adjoint state variable.

Then, the objective function J(Ω) can be expressed as a min-max of the Lagrangian func-
tional G taken over vector spaces E and F , i.e.,

J(Ω) = min
ϕ∈E

sup
ψ∈F

G(Ω, ϕ, ψ) (2.22)
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since

sup
ψ∈F

G(Ω, ϕ, ψ) =

b(Ω, u(Ω)), if ϕ = u(Ω),

+∞, if ϕ 6= u(Ω).
(2.23)

In the next section, we describe the averaged adjoint method introduced in [171], see also [125].
This technique was developed to handle problems like (2.22).

2.4 The averaged adjoint method

In this section we describe the averaged adjoint method introduced in [171]. Let t0 > 0 and
a domain D ⊂ RN be given, and let E = E(D), F = F (D) be two Banach spaces. Consider
a parameterization Ωt = Tt(Ω) for t ∈ [0, t0] such that Tt(D) = D, i.e., it leaves D globally
invariant. Our goal is to differentiate shape functions of the type J(Ωt) that can be written using
a Lagrangian as

J(Ωt) = L(Ωt, u
t, ψ̂), where ut ∈ E(D) and ψ̂ ∈ F (D).

The main appeal of the Lagrangian is that we only need to compute the derivative with respect
to t ofL(Ωt, ϕ̂, ψ̂) to compute the derivative of J(Ωt). Indeed, this is the main result of Theorem
2.4.3, but this requires a few explanations.

In the case where L(Ωt, ϕ̂, ψ̂) is constituted of integrals on Ωt and ∂Ωt, using a change of
variables, we can rewrite these integrals as integrals on the fixed domain Ω, and consequently
transfer the dependence on t to the integrand. In the class of transmission problems as the EIT
problem considered in the next chapter, L(Ωt, ϕ̂, ψ̂), is often constituted of integrals on D and
on ∂D that do not depend on t, so it seems that the change of variable is not necessary. However,
the dependence of the Lagrangian L(Ωt, ϕ̂, ψ̂) on Ωt is usually hidden in the piecewise constant
coefficients, as we will see this is the case of the conductivity σΩt in the EIT problem and the
material parameters κΩt , RΩt in the FWI problem.

Therefore, one needs to use the change of variables x 7→ Tt(x) inside the integrals anyway. In
the process appear the composed functions ϕ̂◦Tt ∈ E(D) and ψ̂◦Tt ∈ F (D), which do not have
good differentiability properties since the ϕ̂, ψ̂ are not sufficiently regular. The usual procedure
to circumvent this problem is to use the reparameterization L(Ωt,Ψt(ϕ),Ψt(ψ)) instead of
L(Ωt, ϕ̂, ψ̂), where Ψt is an appropriate bijection between E(Ω), F (Ω) and E(Ωt), F (Ωt), with
ϕ ∈ E(Ω), ψ ∈ F (Ω). Now, the change of variable in the integrals yields functions ϕ and ψ in
the integrand, which are independent of t.

Thus we consider a so-called shape-Lagrangian G : [0, t0]× E × F → R with

G(t, ϕ, ψ) := L(Ωt, ϕ ◦T−1
t , ψ ◦T−1

t ).
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The main result of this section, Theorem 2.4.3, shows that to obtain the shape derivative of L, it
is enough to compute the derivative with respect to t of G while assigning the proper values to
ϕ and ψ. The main ingredient is the introduction of the averaged adjoint equation. In addition,
we consider the specific form of the following Lagrangian equation

G(t, ϕ, ψ) := a(t, ϕ, ψ) + b(t, ϕ),

where
a : [0, t0]× E × F → R, b : [0, t0]× E → R,

are functions such that the map ψ 7→ a(t, ϕ, ψ) is linear for all t ∈ [0, t0] and ϕ ∈ E. For the
description of the averaged adjoint method, the Greek letters ϕ and ψ are used for variables, and
the roman letters u, p are used for the solutions of the state and adjoint states, respectively. Here,
dψG(t, u, p; ψ̂) denote the directional derivative of G : [0, t0] × E × F → R with respect to ψ
in direction ψ̂, when ϕ = u and ψ = p.

Thus, let us assume that for each t ∈ [0, t0] the equation

dψG(t, ut, 0; ψ̂) = 0 for all ψ̂ ∈ F. (2.24)

admits a unique solution ut ∈ E. Further we make the following assumptions for G.

Assumption 2.4.1. For every (t, ψ) ∈ [0, t0]× F

(i) [0, 1] 3 s 7→ G(t, sut + (1− s)u0, ψ) is absolutely continuous.

(ii) [0, 1] 3 s 7→ dϕG(t, sut + (1− s)u0, ψ; ϕ̂) belongs to L1(0, 1) for all ϕ̂ ∈ E.

Once Assumption 2.4.1(i) is satisfied, this ensures that for almost all s ∈ [0, 1] the derivative
dϕG(t, sut + (1 − s)u0, ψ;ut − u0) exists. Thus, for t ∈ [0, t0] we can introduce the averaged
adjoint equation associated with ut and u0: Find pt ∈ F such that∫ 1

0

dϕG(t, sut + (1− s)u0, pt; ϕ̂) ds = 0 for all ϕ̂ ∈ E. (2.25)

In case of t = 0, the solutions of the equation:
Find p ∈ F such that

dϕG(0, u0, p; ϕ̂) = 0 ∀ϕ̂ ∈ E, (2.26)

coincide with the solution set of the usual adjoint state equation. Thus, we call the solution p of
(2.26) an adjoint state.
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In view of Assumption 2.4.1 we have

G(t, ut, pt)−G(t, u0, pt) =

∫ 1

0

dϕG(t, sut + (1− s)u0, pt;ut − u0) ds (2.27)

for all t ∈ [0, t0]. We can now state the main result of this section.

Assumption 2.4.2. We assume that

lim
t↘0

G(t, u0, pt)−G(0, u0, pt)

t
= ∂tG(0, u0, p0).

The next theorem is proved in [171, Thm. 3.1] and also in [127, Thm. 2.1].

Theorem 2.4.3. Let Assumption 2.4.1 and Assumption 2.4.2 be satisfied and assume there exists
a unique solution pt of the averaged adjoint equation (2.25) for all t ∈ [0, t0]. Then for all ψ ∈ F
we have

d

dt
b(t, ut)|t=0 =

∂

∂t
(G(t, ut, ψ))|t=0 = ∂tG(0, u0, p0). (2.28)

Proof. Put g(t) := G(t, ut, 0)− G(0, u0, 0), and note that g(t) = G(t, ut, ψ)− G(0, u0, ψ) for
all ψ ∈ F and g(0) = 0. We have to show that

g′(0) = lim
t↘0

G(t, ut, 0)−G(0, u0, 0)

t
exists.

Thanks to Assumption 2.4.1 we can define the averaged adjoint pt and using thatG is affine with
respect to the third argument, we obtain

g(t) = G(t, ut, pt)−G(t, u0, pt)︸ ︷︷ ︸
=0 in view of (2.27)

+G(t, u0, pt)−G(0, u0, pt).

Dividing by t > 0 and using Assumption 2.4.2 yields

g′(0) = lim
t↘0

g(t)− g(0)

t
= lim

t↘0

G(t, u0, pt)−G(0, u0, pt)

t
= ∂tG(0, u0, p0)

which concludes the proof.

We point out that in terms of a and b, equation (2.25) reads:∫ 1

0

dϕa(t, sut + (1− s)u0, pt; ϕ̂) ds = −
∫ 1

0

dϕb(t, su
t + (1− s)u0; ϕ̂) ds

for all ϕ̂ ∈ E. If ϕ 7→ a(t, ϕ, ψ) is in addition linear, then (2.25) becomes

a(t, ϕ̂, pt) = −
∫ 1

0

dϕb(t, su
t + (1− s)u0; ϕ̂) ds for all ϕ̂ ∈ E.
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The meaning of Assumption 2.4.1 is that once satisfied, it is possible to apply the fundamental
theoremof calculus to the functionalGwith respect to the variable t. Observe that this assumption
is weaker than assuming Fréchet’s differentiability.

2.5 Tensor representation of the distributed shape derivative

In [123, 127], tensor expressions are used to represent the distributed form of shape deriva-
tives. Here, we intend to briefly introduce a general methodology, presented in [123], for
computing a range of boundary expressions derived from distributed expressions, depending on
the available domain regularity. Following the notation used in [19, pp. 399 - 414], we list some
convenient operations from tensor calculus.

Vector valued functions. The inner product of vectors a and b is denoted a·b. For sufficiently
smooth Ω ⊂ RN , vector-valued functions a, b : RN → RN and second order tensors S : RN →
RN×N and T : RN → RN×N whose entries are denoted by Si,j and Ti,j , the doubled dot (or
colon product) of S and T is defined as

S : T :=
N∑

i,j=1

Si,jTi,j.

From this definition one can obtain the following properties

tr(S) = S : IN , (2.29)

|S| =
√
S : S, (2.30)

tr(SST) = S : S = |S|2, (2.31)

S : T = T : S = ST : TT. (2.32)

The outer product a⊗ b is defined as the second order tensor with entries

[a⊗ b]i,j = aibj.

We now present several practical results to calculate the distributed and boundary expressions of
the shape derivative. The tensor expressions handled in this section are detailed in [19, Ch.11].
We use the following notation

• a� b := 1
2

(a⊗ b+ b⊗ a) for the symetric product of a and b,

• DΓa := Da− (Da)n⊗ n for tangential derivative on ∂Ω,

• divΓ a := div a− (Da)n · n for the tangential divergence on ∂Ω,

• ∇Γa := ∇a− (n⊗ n)∇a for the tangential gradient on ∂Ω,
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• div(S) is defined as the vector of the divergence of the rows of S,

• an := a · n and aτ := a− ann.

The following results are standard properties of tensor algebra.

Theorem 2.5.1 (Tensor calculus). For sufficiently smooth f : RN → R, vector-valued function
a, b, c, d : RN → RN and second order tensor S : RN → RN×N , we have

i) div(STa) = S : Da+ a · div(S),

ii) S : (a⊗ b) = a · Sb = STa · b = ST : (b⊗ a),

iii) S(a⊗ b) = Sa⊗ b and (a⊗ b)S = a⊗ STb,

iv) (a⊗ b)c = (c · b)a,

v) (a⊗ b) : (c⊗ d) = (a · c)(b · d) = (c⊗ b) : (a⊗ d) = c · (a⊗ d)b,

vi) div(a⊗ b) = (div b)a+ (Da)b and div(fIN) = ∇f .

As a consequence of Theorem 2.5.1 we have the following result whose proof can be found
in [123, Lemma 2].

Corollary 2.5.2. Let θ, ξ ∈ C1
c (Ω,RN), where Ω ∈ P(D) is C2. Then we have

DΓθξτ · n = Dθξτ · n = ∇Γθn · ξτ −DΓnξτ · θτ on ∂Ω. (2.33)

Theorem 2.5.3 (Tangential divergence theorem). Let Ω ⊂ RN be Ck, k > 2, and F ∈
W 1,1(∂Ω,RN), then we get ∫

∂Ω

divΓ(F ) =

∫
∂Ω

(d− 1)HF · n,

whereH is the mean curvature.

As mentioned in [123, Sec. 3], despite the fact that Theorem 2.3.3 describes the shape
derivatives as boundary distributions, the equivalent formulawritten as domain integrals presents
some interesting properties in numerical applications. We list some of these advantages below.

• The discretization and shape differentiation processes commute for the distributed expres-
sion but not for the boundary expression (see [28]).

• The distributed expression of shape derivatives provides better numerical accuracy in the
context of the finite element method (see [95]).
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• The numerical implementation of the level set method is less complex when using the
distributed expression rather than using a boundary expression; as showed with numerical
example in [122] and analytically demonstrated in [125].

• It is always possible to toggle between the distributed expression and boundary expression
of shape derivatives when the domain is sufficiently regular (see for instance the pioneer
studies of [125, 171, 173]).

The tensor representation of shape derivatives is well-known and has been studied since the
eighties in [52, 87], late nineties in [53], and more recently in [64, 125, 126]. This tensor
form is used in continuum mechanics with the elastic energy-momentum tensor, and it was
introduced by Eshelby in [58]. In [151, Sections 2.3, 2.5] the formal (i.e. everything is assumed
to be sufficiently smooth) shape sensitivity analysis is performed in the setting of continuum
mechanics where the concept of distributed shape derivative appears naturally.

Using a domain expression also helps to address the problem of finding the minimal domain
regularity for which boundary and distributed expressions exist by the analysis of the underlying
boundary value problem.

Definition 2.5.4 (Tensor representation). Let Ω ∈ P(D) and assume J : P(D) 7→ R has a
Eulerian shape derivative at Ω. The Eulerian shape derivative of J admits a tensor representation
of order 1 if there exist a first-order tensor S0 ∈ L1(Ω,RN) and a second order tensor S1 ∈
L1(Ω,RN×N) such that for all V ∈ C1

c (D,Rn),

DJ(Ω)(V ) =

∫
Ω

S1 : DV + S0 · V. (2.34)

The proof of the next theorem can be found in [123, p.338].

Theorem 2.5.5. Assume Ω ∈ P(Ω), V ∈ C1
c (D,RN), and J has a Eulerian shape derivative at

Ω with the tensor representation (2.34). If S1 ∈ W 1,1(Ω,RN×N), then

div(S1) = S0 in Ω, (2.35)

and

DJ(Ω)(V ) =

∫
Ω

div(ST
1 V ). (2.36)

If in addition Ω is Lipschitz, then we have the boundary expression

DJ(Ω)(V ) =

∫
∂Ω

(S1n) · V. (2.37)
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Moreover, if Ω is of class C1, we obtain the boundary expression

DJ(Ω)(V ) =

∫
∂Ω

(S1n · n)V · n. (2.38)

Although the property (2.35) is only one specific result in the general theory of distributed
shape derivative, in the context of elasticity and continuum mechanics, (2.35) is a fundamental
result for the balance of tensor moments (see [78, Chapter 4] and [79, Chapter 13]). Here,
we extend this theory to shape optimization in general, i.e., our results are not restricted to
applications just in elasticity. Also, these results in continuum mechanics are formal, and here
we rigorously study the required regularity.

Proof. In view of Theorem 2.3.2 (see also [127, Thm. 2.2]), if V has a compact support in Ω

then the shape derivative vanishes. Thus, using Theorem 2.5.1(1) and S1 ∈ W 1,1(Ω,RN×N),
we get

DJ(Ω)(V ) =

∫
Ω

S1 : DV + S0 · V

=

∫
Ω

div(ST
1 V ) + V · (S0 − divS1) = 0 for all V ∈ C1

c (Ω,RN). (2.39)

Since V has a compact support in Ω, we can extend ST
1 V and V · (S0 − divS1) by zero on

B, where B is a sufficiently large open ball which contains Ω. We keep the same notation
for the extensions for simplicity. Since the extension satisfies ST

1 V ∈ W 1,1(B,RN), using the
divergence theorem in B we get∫

Ω

div(ST
1 V ) + V · (S0 − divS1) =

∫
B

div(ST
1 V ) + V · (S0 − divS1)

=

∫
∂B

(ST
1 V ) · n+

∫
B
V · (S0 − divS1) (2.40)

=

∫
Ω

V · (S0 − divS1) = 0, for all V ∈ C1
c (Ω,RN),

which proves (2.35). For clarification, in (2.40) we use the fact that ST
1 V = 0 on ∂B.

Then, using (2.35) in (2.39) with V ∈ C1
c (D,RN) instead of V ∈ C1

c (Ω,RN), we get (2.36).
Further, applying a divergence theorem in Lipschitz domains to (2.36), see for instance [63,
Section 4.3, Theorem 1] we get (2.37). Now, in view of (2.37) we have thatDJ(Ω) is continuous
for the C0(D,R)-topology. Thus, if Ω is of class C1, we can apply Theorem 2.3.3 with k = 0.
With Ω of class C1, we also have n ∈ C0(∂Ω,RN) and V

∣∣
∂Ω
· n ∈ C0(∂Ω). Let V̂ ∈ C0(D,RN)
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be an extension to D of (V · n)n ∈ C0(∂Ω, RN), then using Theorem 2.3.3 we obtain

DJ(Ω)(V ) = l(V
∣∣
∂Ω
· n) = l(V̂

∣∣
∂Ω
· n) = DJ(Ω)(V̂ )

=

∫
∂Ω

(S1n) · V̂ =

∫
∂Ω

(S1n) · ((V · n)n) =

∫
∂Ω

(S1n · n)V · n,

which yields expression (2.38).

The main difference between the boundary expressions (2.37) and (2.38) is that the shape
derivative in (2.37) may depend on the tangential part Vτ , whereas the shape derivative in
(2.38) only depends on Vn. Expression (2.38) corresponds to the canonical structure g(V

∣∣
Γ
· n)

of Theorem 2.3.3. The expression (2.37) can be considered as an "intermediary" boundary
expression. The last result included in this section is the uniqueness of the tensor representation
(2.34). The next theorem, also proved in [123, p.339] states that different choices of tensor
representation must satisfy the same boundary conditions, i.e., if the tensors S1 and Ŝ1 are two
different extensions of the same boundary expression, they must satisfy Ŝ1n = S1n on ∂Ω.

Theorem 2.5.6 (Uniqueness of the tensor representation). Assume Ω ∈ P(D) is Lipschitz,
V ∈ C1

c (D,RN), DJ(Ω)(V ) has the tensor representation (2.34) with S1 ∈ W 1,1(Ω,RN×N),
and let Ŝ1 ∈ W 1,1(Ω,RN×N). Then Ŝ1 satisfies

Ŝ1n = S1n on ∂Ω (2.41)

if and only if

DJ(Ω)(V ) =

∫
Ω

Ŝ1 : DV + Ŝ0 · V (2.42)

with Ŝ0 := div(Ŝ1).

2.6 Descent direction, gradient flow and regular domain

Let us recall that C0,1
c (D,RN) is the space of Lipschitz continuous functions with compact

support in D equipped with the norm

‖f‖C0,1
c (D,RN )

:= sup
x∈D
|f(x)|+ sup

x 6=y
x,y∈D

|f(x)− f(y)|
|x− y|

.

Definition 2.6.1 (Admissible space). A Banach space H ⊂ C0,1
c (D,RN) is called admissible if

there exists a constant C > 0 such that

‖f‖C0,1
c (D,RN ) 6 C‖f‖H for all f ∈ H.
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Definition 2.6.2 (Gradient flow). Let H ⊂ C0,1
c (D,RN) be an admissible space. Given a shape

functional J : P(D)→ R as in Definition 2.0.1 that is differentiable at Ω ⊂ D in all directions
V ∈ C0,1(D,RN), and a shape Ω0 ∈ P(D). We will denote by∇HJ(Ω) ∈ H the solution to

DJ(Ω)(ζ) = (∇HJ(Ω), ζ)H for all ζ ∈ H. (2.43)

From (2.6), a flow T : [0, t0]×D → RN satisfying

−Ṫt = ∇HJ(Tt(Ω)) ◦Tt in D, (2.44)

will be called a gradient flow of J in D with respect to the metric (·, ·)H.

Definition 2.6.3 (Descent direction). Let V ∈ C0,1
c (D,RN) be a vector field. Then, V is called

a descent direction for J at Ω ∈ P(D) if

J(Tt(Ω)) 6 J(Ω) for all t ∈ [0, t0], (2.45)

where Tt is the flow generated by V solution to (2.44).

Decreasing condition. The consequence ofDefinition 2.6.3 is that anyV ∈ H ⊂ C0,1
c (D,RN)

satisfying

DJ(Ω)(V ) < 0 (2.46)

is a descent direction. Thus, from (2.44) we obtain that V := −∇HJ = Ṫt ◦T−1
t is a descent

direction for J since DJ(Ω)(−∇HJ(Ω)) < 0 due to

DJ(Ωt)(V ) = DJ(Tt(Ω))(Ṫt ◦T−1
t ) =︸︷︷︸

(2.43)

(
∇HJ(Tt(Ω)), Ṫt ◦T−1

t

)
H

=
(
−Ṫt ◦T−1

t , Ṫt ◦T−1
t

)
H

= −‖Ṫt ◦T−1
t ‖2

H 6 0.

In what follows, we need a precise definition for regular domains. First, let us recall the
concept of Lipschitz functions.

Definition 2.6.4 (Lipschitz function). Given X and Y metric spaces, and d(·, ·) a metric. A
function f : X → Y is Lipschitz continuous with Lipschitz constant α > 0 if

d(f(x), f(y)) 6 αd(x, y) x, y ∈ X.

Our study will almost exclusively be for bounded Lipschitz domains. Roughly speaking, the
set D ⊂ RN is a Lipschitz domain if it is a connected open set whose boundary ∂D can be
locally represented by a Lipschitz continuous function. Namely, for any x ∈ ∂D, there exists a
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neighborhood of x, G ⊂ RN , such that G ∩ ∂D is the graph of a Lipschitz continuous function
under a proper coordinate system.

Example 2.6.5. The simplest case occurs when there is a function ζ : RN−1 → R such that

G =
{
x ∈ RN | xN < ζ(x′),∀x′ = (x1, · · · , xN−1) ∈ RN−1

}
.

If ζ is Lipschitz, i.e., if there is a constantM such that

|ζ(x′)− ζ(y′)| ≤M |x′ − y′|, ∀x′, y′ ∈ RN−1

then we say that G is a Lipschitz hypograph.

We use the definition of Lipschitz domain described in [140].

Definition 2.6.6 (Lipschitz domain). An open setD ⊂ RN is a Lipschitz domain if its boundary
∂D is compact and if there exist finite families {Bj} and {Dj} having the following properties:

1. The family {Bj} is a finite open cover of ∂D, i.e., each Bj is an open subset of RN , and
∂D ⊆

⋃
j Bj .

2. Each Dj can be transformed to a Lipschitz hypograph by a rigid motion, i.e, by rotation
plus a translation.

3. The set D satisfies Bj

⋂
D = Bj

⋂
Dj for each j.

Definition 2.6.7 (Bi-Lipschitz transformation). Let U and V be subsets of RN . A bijection Φ :

U → V is called a bi-Lipschitz transformation, if Φ and Φ−1 are Lipschitz (see Definition 2.6.4)
with respect to the standard metrics of U and V .

Definition 2.6.8 (Regular domain). A set D ⊂ RN is said to be a regular domain in the sense
defined by Gröger, in [74], if D is a bounded subset of RN and if for every y ∈ ∂D there
exists subsets U, V of RN and a bi-Lipschitz transformation Φ : U → V such that U is an open
neighborhood of y ∈ RN and that Φ(U ∩ D) is one of the following sets

E1 := {x ∈ RN | |x| < 1, xN < 0}, (2.47)

E2 := {x ∈ RN | |x| < 1, xN 6 0}, (2.48)

E3 := {x ∈ E2 | xN < 0 or x1 > 0}, (2.49)

where x = (x1, . . . , xN), and | · | denotes usual the Euclidean norm of x ∈ RN .

Here, D is any subset of the Euclidian N−space RN . Thus, apart from boundedness, the
regularity ofDmeans, in general, that the parts Γ := D\ int(D) and Γ̃ := D\D of the boundary
∂D are separated by a Lipschitzian hypersurface of ∂D.
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The following two examples, borrowed from [173, pp. 106 - 108], establish an important
connection to the next section where we described the properties of the level set method intro-
duced in [154]. The reason is that using a bilinear form in Ω or D allows us to calculate the
gradient flow V defined on the entire domain. In general, this is a desired property for numerical
purposes. For instance, it is possible to use the level set method to compute the evolving interface
Ωt on Γ and extend it on the whole domain D by solving a parabolic equation. Here, we denote
the dependence of a function u on another function V is indicated by u[V ] while the dependence
on the spatial variable x by u(x) = u[V ](x).

Example 2.6.9. Let D ⊂ RN for N = 2, 3 be a regular domain in the sense of Definition 2.6.8,
with boundary Γ := ∂D. Denote by Ω ⊂ D any open subset with boundary ∂Ω such that for
some ε > 0 we have dΩ(x) > ε for each x ∈ Γ and let n be the unit normal vector along ∂Ω.

(i) H1−flow and boundary shape gradient. Assume that Γ, ∂Ω ∈ Ck with k > 3. Assume
J(Ω) admits a shape derivative in boundary form as in Theorem 2.3.3:

DJ(Ω)(V ) =

∫
∂Ω

gV · n ds, (2.50)

where g ∈ Hk−3/2(∂Ω). IfH = H1(Ω,RN) with inner product (v, w)H = (v, w)H1(Ω,RN )

then the gradient V := ∇HJ(Ω) is defined as a solution of the variational problem∫
Ω

DV : Dζ + V · ζ dx =

∫
∂Ω

gζ · n ds for all ζ ∈ H1(Ω,RN). (2.51)

Using the integration by parts formula on the left hand side of (2.51), yields the problem

−∆V + V = 0 inΩ,

∂nV = g on ∂Ω,

which is the strong form of (2.51).

(ii) H1−flow and distributed expression of shape derivative. Assume that Γ and ∂Ω are of
class C3. Assume that J has a distributed shape derivative of the form

DJ(Ω)(V ) =

∫
Ω

uΩ[V ] dx,

where uΩ : Ckc (Ω,RN) → H1(Ω,R) for k > 1 is linear in V . Let (·, ·)H be an inner
product of the space H = H1(Ω,RN). Assume that uΩ can be extended to a function
uΩ : H1(D,RN) → H1(Ω,R). The gradient flow V := ∇HJ(Ω) ∈ H1(Ω,RN) satisfies
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by definition∫
Ω

DV : Dζ + V · ζ dx =

∫
Ω

uΩ[ζ] dx for all ζ ∈ H1(Ω,RN).

ChoosingH = H1
0 (D,RN) instead ofH1(Ω,RN)yields the problem: FindV ∈ H1

0 (D,RN)

such that ∫
D
DV : Dζ + V · ζ dx =

∫
Ω

uΩ[ζ] dx for all ζ ∈ H1
0 (D,RN).

In this way, it is possible to build an extension of V to D.

These bilinear forms defined in Ω or D are useful to obtain a vector field V satisfying the
decreasing condition (2.46). When DJ(Ω)(V ) is written using the boundary expression (2.50)
then a straight choice is to take V = −g · n, and then to extend V to D. This choice assumes
that g and ∂Ω are quite regular. In numerical application this may yield a V with poor regularity
resulting in an unstable behavior of the algorithm such as irregular or oscillatory boundaries.
Choosing a smoother descent direction V requires less regularity from the domain Ω. We can
get a smoother V by solving the following variational problem:

Find V ∈ H(D) such that

B(V, ζ) = −DJ(Ω)(ζ) for all ζ ∈ H(D), (2.52)

whereH(D) is an admissible Sobolev space of vector fields onD, and B : H(D)×H(D)→ R is
a positive bilinear form. Note that V solution to (2.52) is defined onD and is a descent direction,
since

DJ(Ω)(V ) = −B(V, V ) < 0.

In the algorithms developed in Chapters 3 and 4 we choose

B(V, ζ) =

∫
D
α1DV : Dζ + α2V · ζ,

with α1 and α2 positive constants.

2.7 The level set method

The level set method introduced in [154] provides a general framework for the computation
of evolving interfaces using an implicit representation of these interfaces. In [40, 130] this
technique is closely related with the shape optimization theory. The core idea of this method is
to represent the boundary of the moving domain Ωt ⊂ D ∈ RN as the level set of a continuous
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function φ(·, t) : D → R. Let us consider the family of domainsTt(Ω) = Ωt ⊂ D. Each domain
Ωt can be defined as

Ωt := {x ∈ D | φ(x, t) < 0} (2.53)

where φ : D × R+ → R is continuous and called level set function. Indeed, if we assume
|∇φ(·, t)| 6= 0 on the set {x ∈ D, φ(x, t) = 0} then we have

∂Ωt = {x ∈ D | φ(x, t) = 0}, (2.54)

i.e., the boundary ∂Ωt is the zero level set of φ(·, t).
Let x(t) be the position of a moving boundary point of ∂Ωt with velocity ẋ(t) = V (x(t))

according to (2.7). Differentiating the relation φ(x(t), t) = 0with respect to t yields the transport
equation:

∂tφ(x(t), t) + V (x(t)) · ∇φ(x(t), t) = 0 for t ∈ [0, t0]. (2.55)

Since φ and V are defined on D, we can extend (2.55) to D in the following way:

∂tφ(x, t) + V (x) · ∇φ(x, t) = 0 in D × [0, t0], (2.56)

or alternatively, we can extend it to U × [0, t0] where U is a neighborhood of ∂Ωt.
When Ω is sufficiently smooth V = ϑnn is a normal vector field on ∂Ωt, noting that an

extension to D of the unit outward normal vector n to Ωt is given by ∇φ/|∇φ|, and extending
ϑn to all of D, one obtains from (2.56) the level set equation

∂tφ+ ϑn|∇φ| = 0 in D × [0, t0]. (2.57)

The initial data φ(x, 0) = φ0(x) accompanying (2.56) or (2.57) can be chosen as the signed
distance function to the initial boundary ∂Ω0 (see Fig. 2.2) in order to satisfy the condition
|∇φ(·, 0)| 6= 0 on ∂Ω, i.e.,

φ0(x) =

{
d(x, ∂Ω0) if x ∈ Ωc

0,

−d(x, ∂Ω0) if x ∈ Ω0.
(2.58)

We will see in Sections 2.7.1 and 2.8 that to evolve the shape Ωt toward the ground truth, an
initial guess Ω0 associated with φ0 has to be chosen. The initial level set function φ0 can be built
by some algebraic operations over sets.
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φ(x(t), t) = 0

φ ≈ d(x, ∂Ω)

Figure 2.2: An example of a level set function φ.

Remark 2.7.1. Let Ω,Ω1,Ω2 ⊂ D be domains associated with the level set functions φ, φ1,
φ2 : D → R.

i) A level set function φc for the complement Ω̄c of Ω is φc = −φ.

ii) A level set function φU for the union Ω1 ∪ Ω2 is φU = min(φ1, φ2).

iii) A level set function φI for the intersection Ω1 ∩ Ω2 is φI = max(φ1, φ2).

Advection equations of the form (2.56) are well-known, and efficient numerical schemes
exist for their resolution.

Example 2.7.2. In the context of the mean curvature flow, where the initial domain Ω0 evolves
according to the velocity field

Vt(x) = −κt(x)nt(x),

the unit outward normal vector nt(x) to Ωt can be approximated as

nt(x) ≈ ∇φt(x)√
|∇φt(x)|2 + ε2

for some 0 6 ε < 1,

and the mean curvature κt(x) of ∂Ωt can be approximated as

κt(x) ≈ div

(
∇φt(x)√
|∇φt(x)|2 + ε2

)
for some 0 6 ε < 1.

In the case of the distributed shape derivative (2.34), we do not extend ϑn to D, instead we
obtain directly a descent direction V defined inD by solving (2.52). Thus, unlike the usual level
set method, V is not necessarily normal to ∂Ωt and φ is not governed by (2.57) but rather by a
standard advection equation (2.56).

In shape optimization, ϑn usually depends on the solutions to one or several PDEs and
their gradient. Since the boundary ∂Ωt in general does not match the grid nodes where φ and
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the solutions of the partial differential equations are defined in the numerical application, the
computation and the extension of ϑn may require the interpolation on ∂Ωt of functions defined at
the grid points only, complicating the numerical implementation and introducing an additional
interpolation error. In the distributed shape derivative framework, V only needs to be defined at
grid nodes.

The design of efficient algorithms for solving (2.56) and (2.57) relies on the theory of
numerical schemes for first order Hamilton-Jacobi equations

∂φ

∂t
+H(x,∇φ) = 0 on D × [0, t0],

φ(x, 0) = φ0 on D.
(2.59)

Here, we will focus on the particular case where H(x,∇φ) = V (x) · ∇φ(x, t).

2.7.1 Discretization of Hamilton-Jacobi equations

Let D = (0, 1) × (0, 1) to simplify the presentation. For the discretization of the transport
equation (2.56), we first define a grid corresponding to a discretization ofD. LetPi,j be the nodes
with coordinates (i∆x, j∆y), 1 6 i, j 6 N where ∆x and ∆y are the steps of the discretization
in the x and y directions, respectively. Let us write tk = k∆t for the discrete time, with k ∈ N
and ∆t is the time step, as showed in Fig. 2.3. Let φki,j ' φ(Pi,j, t

k) be the approximation of φ
at Pi,j at time tk. We will also refer to the time step ∆t for the discretization of the variable t
of the transport equation (2.55) as the pseudo-time step, to distinguish it from the time step of a
time-dependent PDE.

∆x

∆y

j

j + 1

i i+ 1

Pi,j = (i∆x, j∆y)

Figure 2.3: Cartesian grid with steps ∆x, ∆y.

In the usual level set method, (2.57) is discretized using an explicit upwind scheme proposed
in [153, 154, 164]. This scheme applies to the specific form (2.57) but is not suited to discretize
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(2.56) required for our application. Equation (2.56) is of the form

∂tφ+H(∇φ) = 0 in D × [0, t0],

where H(∇φ) := V · ∇φ is the so-called Hamiltonian. We use a Lax-Friedrichs flux [156]
which writes in our case:

ĤLF (p−, p+, q−, q+) = H

(
p− + p+

2
,
q− + q+

2

)
− 1

2
(p+ − p−)αx − 1

2
(p+ − p−)αy,

where αx = |Vx|, αy = |Vy|, V = (Vx, Vy) and

p− = D−x φi,j =
φi,j − φi−1,j

∆x
, p+ = D+

x φi,j =
φi+1,j − φi,j

∆x
, (2.60)

q− = D−y φi,j =
φi,j − φi,j−1

∆y
, q+ = D+

x φi,j =
φi,j+1 − φi,j

∆y
, (2.61)

are the backward and forward approximation of the x-derivative and y-derivative of φ at Pi,j ,
respectively. Using a four-stage strong-stability-preserving (SSPRK) time discretization, the
numerical scheme corresponding to (2.56) goes as follows. Since ĤLF (p−, p+, q−, q+) is an
operator over p−, p+, q−, q+ which are computed for φi,j then, to simplify the notation we can
define L(φi,j) = −∆t ĤLF (p−, p+, q−, q+), where ∆t represents the pseudo time-step of level
set method. We set

a1 = φki,j +
1

2
L(φki,j)

a2 =
1

2
(φki,j + a1)− 1

4
L(φki,j) +

1

2
L(a1)

a3 =
1

9
(φki,j + 2a1 + 6a2)− 1

9
(L(φki,j) + 3L(a1)− 9L(a2))

(2.62)

which yields

φk+1
i,j =

1

3
(a1 + a2 + a3) +

1

6
(L(a1) + L(a3)). (2.63)

As we will see in Chapters 3 and 4, using SSPRK method resulted in better solutions for the
optimization problem when compared with a forward Euler time discretization

φk+1
i,j = φki,j −∆tĤLF (p−, p+, q−, q+). (2.64)
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2.7.2 Reinitialization

In Section 2.7 it was shown that for the domain Ωt to evolve toward a solution the associated
level-set function φ(·, t) should stay close, in some sense, to a signed distance function for all
t > 0. Additionally, for numerical accuracy, the solution of the level set equation (2.56) should
not be too flat or too steep and this is also fulfilled if φ is a distance function i.e. if it satisfies
|∇φ| = 1. However, even if one initializes φ using a signed distance function, the solution φ of
the level set equation (2.56) does not generally remain close to a signed distance function. In
[43, Sec. 3.4], it is explained that in the level set method, as the iterations steps progress, the
level sets of the surface φt could eventually collapse onto the boundary ∂Ωt, see Fig. 2.4. Thus,
for the efficiency of the algorithm we must regularly perform a reinitialization of φ; see [44]. By

φ0 = 0
φ0 > 0

φ0 < 0

φ0

φ1 = 0
φ1 > 0

φ1 < 0

φ1

...
...

φt = 0
φt > 0

φt < 0

φt

φt+1 = 0
φt+1

φt+2 = 0
φt+2

......
φ ≡ 0

Figure 2.4: Collapsing phenomena of the level set function φ.

the reinitialization of the surface φt, at regular intervals, to a signed distance function

φt ←

{
d(x, ∂Ωt) if x ∈ Ωc

t ,

−d(x, ∂Ωt) if x ∈ Ωt.

we can avoid the collapsing phenomenon. The process of reinitialization effectively moves the
nonzero level sets of φt, so the function φt gets closer to a signed distance function and the zero
level set remains fixed.

Here, we briefly show the procedure for the reinitialization introduced in [160]. The reini-
tialization at time t is performed by solving to steady-state the following Hamilton-Jacobi type
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equation

∂τϕ(x, τ) + S(φ)(|∇ϕ(x, τ)| − 1) = 0 (x, τ) in D × R+,

ϕ(x, 0) = φ(x, t) x ∈ D,

where S(φ) is an approximation of the sign function

S(φ) =
φ√

φ2 + |∇φ|2ε2s
,

with εs = min(∆x,∆y). For the discretization we use the standard explicit upwind scheme

ϕk+1
i,j = ϕki,j −∆t K(p−, p+, q−, q+),

where

K(p−, p+, q−, q+) = max(S(φi,j), 0)K+ + min(S(φi,j), 0)K−,

and

K+ = [max(p−, 0)2 + min(p+, 0)2 + max(q−, 0)2 + min(q+, 0)2]
1
2 ,

K− = [min(p−, 0)2 + max(p+, 0)2 + min(q−, 0)2 + max(q+, 0)2]
1
2

where p−, p+, q−, q+ are computed for φki,j using (2.60).

2.8 The algorithm for reconstructing sharp interfaces

Here we present the main ideas of the algorithm developed to solve the general shape
optimization problem (2.2) that was applied to the problems of EIT and FWI presented in
Chapters 3 and 4.

The algorithm starts with two main inputs, the collected data measurements d and the
initialization Ω0. The next step is to compute the solution to the state equation u and the solution
p to the adjoint state equation, see Fig. 2.5. The measurements d are implicitly dependent on the
shape Ω? representing the ground truth solution to the optimization problem, the state variable
u is implicitly dependent on the evolving interface Ωs obtained at each iteration by the level set
method, and the adjoint variable depends on both Ω? and Ωs. The cost function J(Ωs) is then
evaluated measuring the error between the measurements d and the computed u at iteration s.

The purpose of the error J(Ωs) is to measure the misfit between the model u dependent of
the evolving interface Ωs and the measurements d defined by the ground truth Ω?. If the value
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J(Ωs), s > 0, increases, i.e.,
J(Ωs)− J(Ωs−1) > 0,

we execute a line search algorithm. For these cases, the level set pseudo-time step needs to be
reduced, and a new trial to obtain the evolving interface Ωs is attempted using the same descent
direction V from the previous iteration.

Line search. Recall that, in the line searchmethod, given a descent direction V , the algorithm
should decide how far to move along that direction. We need to proceed with a line search for
numerical optimization since the decrease condition (2.46) alone is not sufficient to ensure that
the algorithmmakes reasonable progress along the given search direction. Thus, the well-known
backtracking approach (see [150, p.37]) is used in the line search algorithm to compute the new
step lengths with a sufficient decrease condition to execute the line search procedure.

Algorithm 1: backtracking line-search for shape optimization.
Input: The parameters ` = 0 and `max, β, β0, the step length reduction parameter γ,

level set functions φs and φs−1, cost function values J(Ωs) and J(Ωs−1), a
pseudo-time step ∆t satisfying the CFL condition of the level set method, and a
descent direction Vs.

Output: Ωs+1 = {x ∈ D | φs+1(x) < 0}, Vs+1, β, β0.

Function Level-set(Vs, φs, β∆t) :
return φs+1 ← solve (2.64)

end
if J(Ωs) > J(Ωs−1) and ` < `max then

Line search:
` ← `+ 1,

β ← γβ,

φs ← Level-set(Vs, φs−1, β∆t),

then Ωs = {x ∈ D | φs(x) < 0},
else

Compute new level set function:
φs+1 ← Level-set(Vs, φs, β∆t), then
Ωs+1 = {x ∈ D | φs+1(x) < 0}
Compute new descent direction:
Vs+1 ← solve (2.65)
if ` = `max then

β0 ← max(γβ0, 0.1βinitial)

end
if ` = 0 then

β0 ← min(β0/γ, 1.0)

end
`← 0

β ← β0

end

In Algorithm 1 we show the implemented line search procedure that is similar to the back-
tracking approach. The parameter `max is the maximum number of iterations in the line search
procedure. Choosing 0 < γ < 1, when ` = `max the step length β is decreased by the maximum
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between γβ0 and 10% of βinitial; for ` = 0, β is increased by the minimum between β0/γ and 1.
In case 0 < ` < `max, we use the same β0 as the previous iteration to set β. These changes in β
are summarized as follows

β =


max(γβ0, 0.1βinitial) if ` = `max,

min(β0/γ, 1.0) if ` = 0,

previous β0 if 0 < ` < `max.

Observe that the parameter β is defined by the heuristics of γ and the strategy adopted for the
shape reconstruction using the level set method. We use β to calculate the level set pseudo-time
step length ∆t = β∆t and then recompute the new level set function φs by solving (2.64) using
φs−1. The line search procedure ends when it finds Ωs+1 satisfying J(Ωs+1) < J(Ωs) or if
` > `max.

Start, s = 0

Initialization
Ω0

Compute solutions of
state u and adjoint p

Evaluate cost
functional J(Ωs)

J(Ωs)− J(Ωs−1)
> 0 ?

Assemble shape derivative

Compute new descent
direction Vs by solve (2.65)Vs ← Vs−1

Apply
Level Set method

φs+1 = Level-set(Vs, φs,∆t)

Update shape
Ωs ← Ωs+1

Collect
data measurements d

s = 0

s
←

s
+

1

s > 0

No

Yes

Backtracking line search:

`s ← `s+1,

∆t← β∆t

φs ← φs−1

Figure 2.5:Diagram of the shape optimization algorithm based on the averaged adjoint method and level
set method.

If the cost functional is decreasing, then the distributed expression of the shape derivative
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DJ(Ω)(ξ) is assembled

DJ(Ω)(V ) =

∫
D
S0 · V + S1 : DV,

where S1 ∈ L1(D,RN×N) and S0 ∈ L1(D,RN) are defined by the underlying PDE constraints,
and the elliptic problem∫

D
α1DV : Dξ + α2V · ξ = −DJ(Ω)(ξ), for all ξ ∈ H1

0 (D,RN), (2.65)

is solved using finite elements (we take advantage of the domain specific language FEniCS, see
[137]) to get a new descent direction V . Here, V represents the velocity of the interface ∂Ω.
Then, the level set procedure is executed using the descent direction to update the shape Ωs.

Following the definitions made for Ω in (2.53) and (2.54), this update Ωs is in fact the
approximation to the ground truth solution obtained at iteration s. Thus, the algorithm is restarted
considering the new shape Ωs which will generate a new iteration.

Note that the minus sign in front of the shape derivative in (2.65) is necessary to get a descent
direction for V . The positive constants α1, α2 are determined heuristically and their choice may
affect the regularity of the reconstructed shape, as a larger ratio α1/α2 results in a smoother
reconstruction.

We use FEniCS (see [10, 120, 137]) to implement the described algorithms in the python
programming language. The choice of FEniCS is convenient due to its near-mathematical
notation, which turns the programming of complicated variational formulations easier and more
human-readable. It is a suitable choice since the expression of the distributed shape derivative
is usually densely defined and involves tensor operations in finite element spaces.

1 class Omega1(SubDomain):

2 def inside(self, x, on_boundary):

3 if (x[0]>=0 and x[0]<=1 and x[1]>=0 and x[1]<=1 and phi(x) < 0):

4 return True

5 else:

6 return False

7

8 domains.set_all(0)

9 omega1 = Omega1()

10 omega1.mark(domains, 1)

11 dx = Measure('dx')(subdomain_data=domains)

Listing 1: Python code snippet to index the sub-domains in FEniCS

The FEniCS package also allows us to index the subdomains Ω andD\Ω defined by the level
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set functions φ computed at each iteration. This is a useful feature in FEniCS to solve integral
equations with piecewise-defined variables on the domain. To illustrate the suitability of using
FEniCS in our framework, in Listing 1, we show the code snippet in python that we use to assign
the label 1 to the domain Ω. This allows FEniCS to correctly solve the integral equations in the
indexed domain (see [120, Sec. 4.3]). The python package FEniCS also allows the computation of
the gradients∇u and∇p in each indexed domain. Note that this is different from computing the
gradient on the whole domain as we are dealing with discontinuous parameters in the problems
of EIT and FWI, as we will show in Chapters 3 and 4.
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Chapter 3

EIT with point measurements

In this chapter we show an application of the theory presented in Chapter 2 by calculating the
shape derivative defined in Section 2.3 using the averaged adjoint method presented in Section
2.4. Then we apply these results in a version of the algorithm for the shape recovery presented
in Section 2.8. Specifically, we solve the inverse problem of shape geometry recovery from the
pointwise measured data produced by the electrical impedance tomography (EIT) experiment.
To introduce the physical settings of the EIT experiment, we explain that it is an imaging
technique where electrodes are placed on the surface of the body, and a low-frequency current
is applied on the electrodes below the threshold of human perception. The voltage distributions
on the electrode can then be measured. The measurements are repeated for a specified set of the
current pattern or choices of current amplitudes at each electrode. The current-to-voltage map
serves as data for the inverse problem, see [142, ch. 12]. The goal in medical applications is
to recover the conductivity distribution inside the body given electric boundary measurements
performed on the body’s surface. It is a nonlinear and severely ill-posed problem. Medical EIT,
for instance, is based on the fact that the conductivity and permittivity of the tissues in the body
vary significantly and reconstruction of these spatially and temporally dependent properties
allows one to form an image. See Fig. 3.1 for an illustration of EIT chest imaging workflow.

In this framework, the conductivity is assumed to be piecewise constant or piecewise smooth,
and it is then convenient to reformulate the problem as a shape optimization problem [166] in
order to investigate the sensitivitywith respect to perturbations of a trial interface. This sensitivity
analysis relies on the calculation of the shape derivative, witch can be written either in a strong
form, usually as a boundary integral, or in a weak form which often presents itself as a domain
integral involving the derivative of the perturbation field. The usefulness of the weak form of
the shape derivative, often called domain expression or distributed shape derivative, is known
since the pioneering works [52, 87] but has been seldom used since then in comparison with
the boundary expression. A revival of the distributed shape derivative has been observed since
[28], and this approach has been further developed in the context of EIT and Level-Set methods
in [125], see also [73].

43
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Data
collection

Reconstruction
algorithm

Numerically solve
the inverse
problem

Information
output

Image recovery of
an inner body
structure

Figure 3.1: Schematic experiment of EIT imaging of a human chest.

Functionals with point evaluations and pointwise constraints have been studied intensively
in the optimal control literature. For instance, in [82] the relevance of the Hölder property
of semilinear elliptic optimal control problems with pointwise state constraints was analyzed,
and in [176, Section 6.2.1] the authors discussed the pointwise optimality conditions for a
linear-quadratic elliptic control problem with differentiable cost functional and pointwise state
constraints. In particular, a convenient idea from optimal control is to use Gröger’sW 1

q -estimates
[74, 75] with q > 2 to obtain continuity of the state in two dimensions. Here, we adapt this idea
in the context of shape optimization and of the average adjoint method, in the spirit of [102].

3.1 EIT with point measurements: problem formulation

This section starts with a formal description of the inverse problem of EIT with point
measurements. The detailed function space setting will be described afterwards. For sufficiently
smooth data, we consider the following conductivity equation with mixed boundary conditions

−div(σ∇u) = f in D,

∂nu = g on Γ, (3.1)

u = 0 on Γ0,

where D ⊂ R2 is bounded, Γ ⊂ ∂D and Γ0 = ∂D \ Γ.
The boundary value problem (3.1) is slightly more general than the usual forward model for

EIT. In particular case of EIT, g represents an input, in this case an electric current applied on
the boundary of D, u is the corresponding potential, and f ≡ 0. Depending on the application,
Γ0 may be interpreted as a grounded region, i.e. u = 0 on Γ0, or as a region distant from the
source where the potential u has dissipated to zero. Then, measurements h of the potential on
a subset Γh of D are performed. In EIT the measurements are usually made on the boundary,
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i.e., Γh ⊂ ∂D, but our results apply to the more general case Γh ⊂ D. Given the Cauchy data
(g, h), the task in EIT is to find the best possible approximation of the unknown conductivity
σ. To obtain a better reconstruction, we apply several input currents gi, i = 1, · · · , I , and the
corresponding measurements are denoted by hi. Denoting ui the solution of (3.1) with g = gi,
the EIT problem becomes:

given {(gi, hi)}Ii=1 find σ such that ui = hi in Γh for i = 1, .., I . (3.2)

Here, we study the case of piecewise constant conductivities σ. Let Ω ⊂ D and denote by
χΩ the characteristic function of Ω, Ωc := D \ Ω, and n the outward unit normal vector to Ω.
We claim that σΩ = σ1χΩ + σ0χΩc , where (σ0, σ1) are known positive scalars with σ1 > σ0.
Note that Ω may have several connected components, as illustrated in figure 3.2, and we have
assumed that σ = σ1 on each of these components. Observe also that, in this setting, u depends
on Ω through σΩ. Then, we may recast the EIT problem as the following shape optimization
problem, in the sense that the geometry Ω is the unknown:

Given {(gi, hi)}Ii=1 find Ω such that ui = hi in Γh for i = 1, .., I . (3.3)

The inverse problem (3.3) is idealized since in practice the measurements hi are corrupted
by noise, therefore we cannot expect that ui = hi be exactly achievable, but rather that |ui − hi|
should be minimized. When Γh is a manifold of one or two dimensions, a common approach is
to minimize an appropriate cost functional such as

J(Ω) =
1

2

I∑
i=1

∫
Γh

(ui − hi)2. (3.4)

Another popular approach is to use a Kohn-Vogelius type functional as in [38, 115, 125].
Here, we are interested in the case where Γh = {xk}Kk=1 ⊂ D is a finite set of points, meaning

that we only have a finite collection of point measurements.
The functional (3.4) can be adapted to the case Γh = {xk}Kk=1 in the following way. For

i = 1, · · · , I , assume that measurements {hi(xk)}Kk=1 ∈ RK are available. For Ω ⊂ D and, we
consider the shape functional

J(Ω) :=
1

2

I∑
i=1

µi

K∑
k=1

δxk((ui − hi)2) =
1

2

I∑
i=1

µi

K∑
k=1

(ui(xk)− hi(xk))2, (3.5)

where δxk : C(D) → R is the Dirac measure concentrated at xk and µi are given constants.
The weights µi can be used to balance the terms in the sum over the currents indices i. In
particular in our optimization algorithm we choose µi as the inverse of

∑K
k=1(ui(xk)−hi(xk))2

computed at the initial value of J(Ω) is equal to I/2. Note that in order to have well-defined
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point evaluations in the cost function (3.5), ui needs to have a higher regularity than the usual
H1-regularity. Here, the main idea is working with solutions ui ∈ W 1

q (D) with q > 2. Indeed,
thanks to the continuous embedding W 1

q (D) ⊂ C(D) for q > 2 in two dimensions, the point
evaluations ui(xk) in (3.5) is well-defined.

Without loss of generality, we will compute the shape derivative of J(Ω) for the simpler
case I = 1 and µ1 = 1, in which case the cost functional becomes

J(Ω) =
1

2

K∑
k=1

δxk((u− h)2) =
1

2

K∑
k=1

(u(xk)− h(xk))
2. (3.6)

The formula of the shape derivative in the general case (3.5) can then be obtained by summation.

Ω, σ1

Ω, σ1Ωc, σ0

Γ0

Γ0

Γ \ Γ0Γ \ Γ0

Figure 3.2: Partition D = Ω ∪ Ωc.

3.2 Mixed boundary value problems inW 1
q

In order to study existence of solutions of (3.1) in W 1
q (D) for q > 2, which allows us to

consider point evaluations, we need an appropriate function space setting. We start with several
definitions and notations.

Definition 3.2.1 (see [74, 82]). Let D ⊂ R2 and Γ ⊂ ∂D be given. In our purpose, we say that
D∪Γ is regular (in the sense of Gröger) ifD is a bounded Lipschitz domain, Γ is a relative open
part of the boundary ∂D,Γ0 := ∂D \ Γ has positive measure, and Γ0 is finite union of closed
and nondegenerate (i.e. not a single point) curved pieces of ∂D. The set of regular domains in
the sense of Gröger is denoted by

Ξ := {(D,Γ) | D ⊂ R2,Γ ⊂ ∂D, and D ∪ Γ is regular}. (3.7)
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We also define the set of admissible shapes

P(D) := {Ω ⊂ D | Ω open and compactly contained in D}. (3.8)

Definition 3.2.2 (W 1
q (D) spaces). Let (D,Γ) ∈ Ξ and Γ0 := ∂D \ Γ. For d > 1 we define

C∞Γ (D,RN) := {f |D | f ∈ C∞(R2,RN), supp f ∩ Γ0 = ∅}. (3.9)

In scalar case, i.e. N = 1, we write C∞Γ (D) instead of C∞Γ (D,R) and use a similar notation
for the function spaces. We denote by W 1

q (D), 1 6 q 6 ∞ the Sobolev space of weakly
differentiable functions with weak derivative in Lq(D). For q, q′ > 1 satisfying 1

q
+ 1

q′
= 1, we

define the Sobolev space

W 1
Γ,q(D,RN) := C∞Γ (D,RN)

W 1
q
, (3.10)

whereW 1
q stands for the usual normW 1,q(D,RN), and the dual space

W−1
Γ,q := (W 1

Γ,q(D,RN))∗. (3.11)

Notations. Here, the notation Id denotes the identity function in R2, and I is the 2 × 2

identity matrix.
We can now state the variational formulation corresponding to the strong formulation of the

mixed boundary problem (3.1) in the appropriate function space:
Find u ∈ W 1

Γ,q(D) solution of

∫
D
σ∇u · ∇v dx =

∫
D
fv dx+

∫
Γ

gv for all v ∈ W 1
Γ,q′(D) (3.12)

with (D,Γ) ∈ Ξ, g ∈ L∞(∂D), f ∈ Lq(D) and the conductivity σ ∈ L∞(D) satisfying
σ > σ > 0.

In order to study existence of solutions for (3.12), we recall the framework introduced in [74]
for obtaining a W 1

q -estimate for solutions to mixed boundary value problems for second order
elliptic PDEs. Let 2 6 q <∞ and 1 < q′ 6 2 satisfying 1

q
+ 1

q′
= 1. Let A ∈ L∞(D,R2×2) be

matrix-valued function satisfying for all η, θ ∈ R2 and x ∈ D:

A(x)θ · θ > m‖θ‖2 and ‖Aη‖ 6M‖η‖, withm > 0 andM > 0, (3.13)
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where ‖ · ‖ denotes the Euclidean norm andm 6M . Introduce

a : W 1
Γ,q(D)×W 1

Γ,q′(D)→ R

(v, w) 7→
∫
D
A∇v · ∇w.

(3.14)

Then, define the corresponding operator

Aq : W 1
Γ,q(D)→ W−1

Γ,q (D), (3.15)

v 7→ Aqv := a(v, ·). (3.16)

Let P be defined by, for u, v ∈ W 1
Γ,2(D),

〈Pu, v〉 :=

∫
D
∇u · ∇v + uv. (3.17)

By Hölder inequality (A.25) it follows that P : W 1
Γ,q(D) → W−1

Γ,q (D) is a well-defined and
continuous operator for all q > 2. We also introduce the constant

Mq := sup
{
‖v‖W 1

q (D) | v ∈ W 1
Γ,q(D), ‖Pv‖W−1

Γ,q(D) 6 1
}
.

Using (A.5), it is easily to see thatM2 = 1.

Definition 3.2.3. Denote by Rq, 2 6 q <∞ the set of regular domains (D,Γ) ∈ Ξ for which P
mapsW 1

Γ,q(D) ontoW−1
Γ,q (D).

We can now state an adapted version of [75, theorem 1] which plays a key role in our
investigations. The main contribution of theorem 3.2.4 is to prove existence of solutions u in
the space W 1

Γ,q(D) for the conductivity equation (3.12), with q > 2. Recall that thanks to the
continuous embedding W 1

Γ,q(D) ⊂ C(D), the W 1
Γ,q-regularity of u allows us to work with the

point evaluations u(xk), where {xk}Kk=1 are the positions of the point measurements.

Theorem 3.2.4. Let (D,Γ) ∈ Rq0 for some q0 > 2. Suppose thatA satisfies conditions (3.13) for
q0 and let A be defined by (3.15). Then Aq : W 1

Γ,q(D)→ W−1
Γ,q (D) is an isomorphism provided

that q ∈ [2, q0] andMqk < 1, where k := (1−m2/M2)1/2, and

‖A−1
q ‖L(W−1

Γ,q(D),W 1
Γ,q(D)) 6 cq, (3.18)

where cq := mM−2Mq(1−Mqk)−1. Finally, the inequalityMqk < 1 is satisfied, if

1

q
>

1

2
−
(

1

2
− 1

q0

)
‖ log k‖
logMq0

for q ∈ [2, q0]. (3.19)

Remark 3.2.5. • If (D,Γ) ∈ Rq, thenMq <∞.
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• For every regular (D,Γ) ∈ Ξ, there exists a q0 > 2 so that (D,Γ) ∈ Rq0 ; see [74, theorem
3].

• For sufficiently small q > 2, the constant cq in (3.18) can be chosen to be independent of
q; see [102, corollary 5].

We now explain how a particular case of the theory described in this section can applied to
the EIT problem with point measurements. Let (D,Γ) ∈ Ξ and suppose that the conductivity
σ ∈ L∞(D) satisfies pointwise a.e. σ > σ > σ > 0, where σ, σ > 0 are constants. Its clear
that A := σI ∈ L∞(D,R2×2) satisfies conditions (3.13). In view of remark (3.2.5), there exists
q0 > 2 such that (D,Γ) ∈ Rq0 . For q ∈ [2, q0], f ∈ Lq(D) and g ∈ L∞(∂D), the functional

〈F, v〉 :=

∫
D
fv +

∫
Γ

gv, v ∈ W 1
Γ,q′(D), (3.20)

defines an element in (W 1
Γ,q′(D))∗ = W 1

Γ,q′(D). In view of (3.14), (3.15) and A := σI, we have

〈Aqu, v〉W−1
Γ,q ,W

1
Γ,q′

=

∫
D
σ∇u · ∇v. (3.21)

Thus, the equation: Find u ∈ W 1
Γ,q(D) such that∫

D
σ∇u · ∇v =

∫
D
fv +

∫
Γ

gv for all v ∈ W 1
Γ,q′(D), (3.22)

can be written as 〈Aqu, v〉W−1
Γ,q(D),W 1

Γ,q′ (D) = 〈F, v〉W−1
Γ,q(D),W 1

Γ,q′ (D). Since Aq : W 1
Γ,q(D)→ W−1

Γ,q

is an isomorphism if the conditions of theorem 3.2.4 are satisfied, there is a unique u ∈ W 1
Γ,q(D)

solution to ∫
D
σ∇u · ∇v =

∫
D
fv +

∫
Γ

gv for all v ∈ W 1
Γ,q′(D),

provided q ∈]2, q0] is sufficiently close to 2.

3.2.1 Shape Lagrangian for the EIT

The average adjoint method is a Lagrangian-type approach introduced in [171] to compute
the derivative of shape functionals with PDE constraints. In this section we apply this method
to compute the distributed shape derivative of J(Ω), similarly of what was described in the
Section 2.4 but here we take E(D) = W 1

Γ,p(D), F (D) = W 1
Γ,p′(D), and Ψt(ψ) = ψ ◦ T−1

t is
then a bijection of E(D) and F (D); see [184, Theorem 2.2.2, p.52].

For Ω ∈ P(D) as defined in (3.8) and V ∈ C1
c (D,R2), define Ωt as in (2.3). Since V has

compact support in D, we have Ωt ⊂ D for all t ∈ [0, t0]. Henceforth, we assume that the
conductivity is piecewise constant, i.e. σΩ = σ1χΩ + σ0χΩc , where (σ0, σ1) are positive scalars
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with σ1 > σ0, and also that fσ = f1χΩ + f0χΩc , where (f0, f1) ∈ H1(D). We consider the
Lagrangian L : P(D)×W 1

Γ,q(D)×W 1
Γ,q′(D)→ R associated with the cost functional (3.6) and

the PDE constraint in variational form (3.12) defined by

L(Ω, ϕ, ψ) :=
1

2

K∑
k=1

(ϕ(xk)− h(xk))
2 +

∫
D
σΩ∇ϕ · ∇ψ − fΩψ −

∫
Γ

gψ, (3.23)

3.2.2 Distributed shape derivative via average adjoint method

Following the methodology of the averaged adjoint method presented in Section 2.4, we
introduce the shape-Lagrangian G : [0, t0]×W 1

Γ,q(D)×W 1
Γ,q′(D)→ R as

G(t, ϕ, ψ) :=L(Ωt, ϕ ◦T−1
t , ψ ◦T−1

t )

=
1

2

K∑
k=1

(ϕ ◦T−1
t − h)2(xk) +

∫
D
σΩt∇(ϕ ◦T−1

t ) · ∇(ψ ◦T−1
t )− fΩtψ ◦T−1

t

−
∫

Γ

gψ ◦T−1
t .

Notice that for all q ≥ 1 we have ϕ ∈ W 1
Γ,q(D) if and only if ϕ ◦ Tt ∈ W 1

Γ,q(D); see [184,
Theorem 2.2.2, p.52]. Observe that

σΩt ◦Tt = σ1χΩt ◦Tt + σ0χΩct
◦Tt = σ1χΩ + σ0χΩc = σΩ.

We also introduce the notation

f t := fΩt ◦Tt = f1 ◦Tt χΩt ◦Tt + f0 ◦Tt χΩct
◦Tt = f1 ◦Tt χΩ + f0 ◦Tt χΩc . (3.24)

Using the fact that Tt = Id on ∂D and proceeding with the change of variables x 7→ Tt(x)

inside the integrals in G(t, ϕ, ψ), we obtain using the chain rule

G(t, ϕ, ψ) :=
1

2

K∑
k=1

(ϕ ◦T−1
t − h)2(xk) +

∫
D
σΩA(t)∇ϕ · ∇ψ − f tψ −

∫
Γ

gψ, (3.25)

where

A(t) := det(DTt)DT−1
t DT−Tt . (3.26)
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For t ∈ [0, t0], let us define the perturbation Atq of Aq defined in (3.15) as follows:

Atq : W 1
Γ,q(D)→ W−1

Γ,q (D),

v 7→
(
w 7→ 〈Atqv, w〉 :=

∫
D
σΩA(t)∇v · ∇w

)
.

(3.27)

By continuity of t 7→ A(t) : [0, t0]→ C(D,R2×2), for every ε > 0 there exists δ > 0 so that the
following result (see [102, Lemma 13]) follows immediately:

A(t)(x)η · η > (1− ε)|η|2 for all η ∈ R2 and all (t, x) ∈ [0, δ]×D, (3.28)

|A(t)(x)| 6 1 + ε for all (t, x) ∈ [0, δ]×D. (3.29)

The core element of the average adjoint method is so-called averaged adjoint pt defined in
(2.25), which is the solution to a PDE involving the adjoint of the operator Atq; see the proof of
the theorem 3.2.7 for more details. In order to obtain a solution of the averaged adjoint equation
in the desired space W 1

Γ,q(D), we need the following perturbed version of the theorem 3.2.4,
showing that Atq is an isomorphism for t in a small neighborhood of 0. We also need this result
to prove existence of solution for the perturbed state ut ∈ W t

Γ,q(D), see (3.38). Such result can
be achieved using properties (3.28) and (3.29).

Theorem 3.2.6. For each (D,Γ) ∈ Ξ there exists q0 > 2, ε > 0 and δ > 0 so that for all t ∈ [0, δ]

and all q ∈ [2, q0] satisfyingMqk < 1, where k := (1−m2/M2)1/2 < 1 withm = σ0(1− ε) and
M = σ1(1 + ε), the mapping Atq : W 1

Γ,q(D) → W−1
Γ,q (D) defined by (3.15) is an isomorphism.

Moreover, we have for all t ∈ [0, δ] that

‖(Atq)−1‖L(W−1
Γ,q(D),W 1

Γ,q(D)) 6 cq, (3.30)

where cq := mM−2Mq(1 −Mqk)−1 is independent of t. Finally, the inequality Mqk < 1 is
satisfied, if

1

q
>

1

2
−
(

1

2
− 1

q0

)
| log k|
logMq0

for q ∈ [2, q0]. (3.31)

Proof. We have σ1 > σ > σ0 > 0 with σ0 < σ1. Let us choose ε < 1 and δ such that
(3.28),(3.29) are satisfied, and let t ∈ [0, δ). In view of (3.28),(3.29) it immediately follows
that A = σΩA(t) ∈ L∞(D,R2×2) satisfies assumptions (3.13) with m = σ0(1 − ε) and
M = σ1(1 + ε). Hence, the result follows directly from Theorem 3.2.4, since M and m are
independent of t.

The main statement of this section is the following theorem.
Notations. For vectors a ∈ RN and b ∈ RN , the outer product a ⊗ b is defined as the

second order tensor with entries [a⊗ b]ij = aibj and the symmetric outer products as a� b :=
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(a⊗ b+ b⊗ a)/2. For second order tensors S ∈ Rd×d whose entries are denoted by Sij andTij ,
the double dot product of S and T is defined as S : T =

∑d
i,j=1 SijTij .

Theorem 3.2.7 (Distributed shape derivative). Let D ∪ Γ ⊂ R2 be a regular domain in the
sense of Gröger and Ω ∈ P(D) (see (3.8)) and J : P(D)→ R be defined in (3.6). Assume that
Γh ∩ ∂Ω = ∅ and fΩ = f1χΩ + f0χΩc where f0, f1 ∈ H1(D). Then the shape derivative of J at
Ω in direction V ∈ C1

c (D,R2) is given by

DJ(Ω)(V ) = S0(V ) +

∫
D
S1 : DV, (3.32)

where S1 ∈ L1(D,R2×2) and S0 ∈ (C(D,R2))∗ are defined by

S1 = −2σΩ∇u�∇p+ (σΩ∇u · ∇p− fΩp)I, (3.33)

S0(V ) = Ss0(V ) +

∫
D
Sr0 · V, (3.34)

Sr0 = −p∇̃fΩ, (3.35)

Ss0 = −
K∑
k=1

((u− h)∇u) (xk)δxk , (3.36)

where ∇̃f := ∇f1 χΩ +∇f0 χΩc and Sr0 ∈ L1(D,R2).
Also, there exists q > 2 such that the adjoint p ∈ W 1

Γ,q′(D) is the solution to

∫
D
σΩ∇p · ∇ϕ = −

K∑
k=1

(u(xk)− h(xk))ϕ(xk) for all ϕ ∈ W 1
Γ,q(D). (3.37)

Proof. We employ the averaged adjoint approach of [171] and follow the arguments of [102],
we refer back to the Section 2.4 for a review of the method. Let us define the perturbed state
ut ∈ W 1

Γ,q(D) solution of∫
D
σΩA(t)∇ut · ∇ϕ =

∫
D
f tϕ+

∫
Γ

gϕ for all ϕ ∈ W 1
Γ,q′(D), (3.38)

where f t is defined in (3.24) and A(t) in (3.26). The mapping Ft : W 1
Γ,q′(D)→ R defined by

〈Ft, v〉 :=

∫
D
f tϕ+

∫
Γ

gϕ for v ∈ W 1
Γ,q′(D).

is well-defined and continuous. Consequently, thanks to Theorem 3.2.6 there is a unique
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solution to (3.38) inW 1
Γ,q(D) for q > 2 sufficiently close to 2. Using (3.30) we get

‖ut‖W 1
Γ,q(D) 6 cq‖Ft‖W−1

Γ,q(D) 6 C(‖f t‖L2(D) + ‖g‖L∞(∂D)).

It follows that for some constant C independent of t, we have

‖ut‖W 1
Γ,q(D) 6 C. (3.39)

Following (2.25), the averaged adjoint equation reads: Find pt ∈ W 1
Γ,q′(D), such that

∫ 1

0

dϕG(t, sut + (1− s)u0, pt)(ϕ) ds = 0 for all ϕ ∈ W 1
Γ,q(D), (3.40)

which is equivalent to, using the fact that A(t)T = A(t),

∫
D
σΩA(t)∇pt · ∇ϕ dx =

1

2

K∑
k=1

(ut ◦T−1
t (xk) + u0 ◦T−1

t (xk)− 2h(xk))ϕ ◦T−1
t (xk)

for all ϕ ∈ W 1
Γ,q(D). (3.41)

In view of the definition (3.27) of Atq, the adjoint operator is defined as

(Atq)∗ : W−1
Γ,q (D)∗ = W 1

Γ,q′(D)→ W 1
Γ,q(D)∗ = W−1

Γ,q′(D),

w 7→
(
v 7→ 〈(Atq)∗w, v〉 := 〈w,Atqv〉

)
.

(3.42)

Using (3.15) and the fact that A(t)T = A(t) we get for w ∈ W 1
Γ,q′(D) and v ∈ W 1

Γ,q(D),

〈(Atq)∗w, v〉 =

∫
D
σΩA(t)∇w · ∇v.

Now in view of Theorem 3.2.6 there exists q > 2 and δ > 0 such that the mapping

Atq : W 1
Γ,q(D)→ W−1

Γ,q (D)

is an isomorphism for all t ∈ [0, δ]. Thus the adjoint mapping

(Atq)∗ : W 1
Γ,q′(D)→ W−1

Γ,q′(D)

is also an isomorphism, too.
Now the functional Rt : W 1

Γ,q(D)→ R defined by

〈Rt, v〉 :=
1

2

K∑
k=1

(ut ◦T−1
t (xk) + u0 ◦T−1

t (xk)− 2h(xk))v ◦T−1
t (xk) for v ∈ W 1

Γ,q(D),
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is well-defined and continuous. Therefore, since (Atq)∗ is an isomorphism, the averaged adjoint
equation (3.41), which can be written as (Atq)∗pt = Rt has a unique solution pt ∈ W 1

Γ,q(D).
Using the continuous embedding of W 1

Γ,q(D) into the space of continuous functions C(D)

for q > 2 in two dimensions, it also follows that

‖pt‖W 1
Γ,q′ (D) ≤ C max

k∈{1,...,K}
|(ut ◦T−1

t + u0 ◦T−1
t − 2h)(xk)|

≤ C

(
‖ut‖W 1

Γ,q(D) + ‖u0‖W 1
Γ,q(D) + max

k∈{1,...,K}
|h(xk)|

)
.

Then using (3.39) we get, for some constant C independent of t,

‖pt‖W 1
Γ,q′ (D) 6 C. (3.43)

The estimate (3.43) yields that pt ⇀ p0 weakly inW 1
Γ,q′(D) as t↘ 0. Using (2.27) we have

G(t, ut, pt)−G(0, u0, p0)

t
=
G(t, u0, pt)−G(0, u0, pt)

t
(3.44)

and then in view of (3.25)

G(t, u0, pt)−G(0, u0, pt)

t
=

1

2

K∑
k=1

(u0 ◦T−1
t − h)2(xk)− (u0 − h)2(xk)

t

+

∫
D
σΩ
A(t)− I

t
∇u0 · ∇pt − f t − f 0

t
pt.

(3.45)

Using the assumption Γh ∪ ∂Ω = ∅, we have for all k = 1, . . . , K, that xk belongs either to Ω

or to D \Ω. Since σΩ is constant in Ω and in D \Ω, u is harmonic in these sets, therefore using
elliptic regularity results we have u ∈ C∞(B(xk, rk)) for sufficiently small rk, where B(xk, rk)

denotes the open ball of center xk and radius rk. Thus the first term on the right hand side of
(3.45) converges as t ↘ 0. Now if xk ∈ ∂D, then Tt(xk) = xk due to V ∈ C1

c (D,R2), and the
first term on the right hand side of (3.45) is equal to zero, so we obtain the same formula as in
the case xk ∈ D \ Ω, using V ∈ C1

c (D,R2) we have the following convergence properties (see
[104, Lem. 3.1])

A(t)− I
t

→ A′(0) := div(V )−DV −DV T strongly in C(D,R2×2), (3.46)

f t − f 0

t
→ fΩ div(V ) + ∇̃fΩ · V strongly in L2(D), (3.47)
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where ∇̃f := ∇f1χΩ +∇f0χΩc . We conclude that the right hand side of (3.45) converges to

−
K∑
k=1

(u0 − h)(xk)∇u0(xk) · V (xk)

+

∫
D
σΩA

′(0)∇u0 · ∇p0 − (fΩ div V + ∇̃fΩ · V )p0.

(3.48)

In view of (3.25),(3.44) and (3.45) this shows

lim
t↘0

G(t, ut, pt)−G(0, u0, p0)

t
= ∂tG(0, u0, p0) (3.49)

which shows that assumption 2.4.2 is satisfied.
Using tensor calculus, the property div(V ) = I : DV , the notations u = u0 and p = p0, we

can further transform (3.48) in the following way:

σΩA
′(0)∇u · ∇p = σΩ div(V )∇u · ∇p− σΩDV∇u · ∇p− σΩDV

T∇u · ∇p

= σΩ(∇u · ∇p)I : DV − σΩDV : (∇p⊗∇u)− σΩDV : (∇u⊗∇p)

= σΩ((∇u · ∇p)I− 2∇u�∇p) : DV,

and (fΩ div(V ) + ∇̃fΩ · V )p0 = (fΩpI) : DV + p∇̃fΩ · V . Gathering these results, (3.48) can
be brought into expression (3.32).

The regularity S1 ∈ L1(D,R2×2) is due to u ∈ W 1
Γ,q(D), p ∈ W 1

Γ,q′(D) and fΩ ∈ Lq(D),
and the regularity of Sr0 is a consequence of the regularity of p and fΩ.

3.2.3 Boundary expression of the shape derivative

An interesting feature of theorem 3.2.7 is to show that the distributed shape derivative exists
even when Ω is only open. Another relevant issue is to determine the minimal regularity of Ω for
which boundary expression of the shape derivative can be obtained. This section is devoted to
the study of this question. We start recalling the well-known result which describes the structure
of the boundary expression of the shape derivative; see [55, pp. 480-481].

The structure theorem 2.3.3 requires Ω to at least C1, however we show in proposition 3.2.8
that even for Lipschitz domains one can obtain a boundary expression for the shape derivative,
see (3.53), even though we get a weaker structure than (2.10) since the tangential component
of V may be present in (3.53). Recall that a bounded domain is called Lipschitz if it is locally
representable as the graph of a Lipschitz function. It is well-known that the surface measure is
well-defined on ∂Ω and there exists an outward pointing normal vector n at almost every point
on ∂Ω; see [63, Section 4.2, p. 127].



56 EIT WITH POINT MEASUREMENTS 3.2

Notations. For Ω ∈ P(D) and given function φ : D → Rn×n, the notations φ+ and φ−

denote the restrictions of φ to Ω and to D \ Ω, respectively. If φ+ ∈ W 1,1(Ω,Rn×n) and
φ− ∈ W 1,1(D \Ω,Rn×n) then JφK := φ+

∣∣
∂Ω
−φ−

∣∣
∂Ω

denotes the jump of the traces of φ across
the interface ∂Ω.

Notations. Let S : RN → Rn×n be a second order tensor, then div(S) is defined as the vector
of the divergence of the rows of S.

Proposition 3.2.8. Suppose that the conditions of Theorem 3.2.7 are satisfied, and that V ∈
C1
c (D \ Γh,R2), then we have

div(S+
1 ) = (Sr0)+ a.e. in Ω \ Γh (3.50)

div(S−1 ) = (Sr0)− a.e. in (D \ Ω) \ Γh. (3.51)

If S+
1 ∈ W 1,1(Ω,R2×2) and S−1 ∈ W 1,1(D \ Ω,R2×2) then

DJ(Ω)(V ) =

∫
Ω

div(ST
1 V ) +

∫
D\Ω

div(ST
1 V ). (3.52)

If in addition Ω is Lipschitz, we also have the boundary expression

DJ(Ω)(V ) =

∫
∂Ω

JS1Kn · V. (3.53)

If in addition Ω is of class C1, we obtain the boundary expression

DJ(Ω)(V ) =

∫
∂Ω

(JS1Kn · n) V · n. (3.54)

Proof. In view of [125, Theorem 2.2], if V has compact support in Ω then the shape derivative
vanishes. Assume V ∈ C1

c (Ω \ Γh,R2) and denote U := suppV ⊂ Ω \ Γh, then u and p
are clearly harmonic on U since σ is constant on U . In view of (3.33) and the regularity of
fΩ, this yields S1 ∈ L1(U,R2×2) and div(S1) ∈ L1(U,R2). Thus, we have div(ST

1 V ) = S1 :

DV + V · div(S1) ∈ L1(U). For such V we also have Ss0(V ) = 0, so we obtain

DJ(Ω)(V ) = Ss0(V ) +

∫
D
S1 : DV + Sr0 · V

=

∫
U

div(ST
1 V ) + V · (Sr0 − divS1) = 0 for all V ∈ C1

c (Ω \ Γh,R2). (3.55)

Since suppV = U ⊂ Ω \ Γh, we can extend ST
1 V and V · (Sr0 − divS1) by zero on B, where B

is a sufficiently large open ball which contains U . We keep the same notation for the extensions
for simplicity. Since the extension satisfies ST

1 V ∈ W 1,1(B,R2), using the divergence theorem



3.2 MIXED BOUNDARY VALUE PROBLEMS INW 1
q 57

A.1.15 (or see, for instance, [63, Section 4.3, Theorem 1]) in B we get∫
U

div(ST
1 V ) + V · (Sr0 − divS1) =

∫
B

div(ST
1 V ) + V · (Sr0 − divS1)

=

∫
∂B

(ST
1 V ) · n+

∫
B
V · (Sr0 − divS1)

=

∫
Ω

V · (Sr0 − divS1) = 0, for all V ∈ C1
c (Ω \ Γh,R2).

which proves (3.50). Then we can prove (3.51) in a similar way by taking a vector V ∈
C1
c (D \ Ω) \ Γh,R2).
Now let us assume that V ∈ C1

c (D\Γh,R2) and denote U2 := suppV ⊂ Ω\Γh. By standard
elliptic regularity, we have u ∈ H1(U2) and p ∈ H1(U2).

Assuming S+
1 ∈ W 1,1(Ω,R2×2) and S−1 ∈ W 1,1(D \ Ω,R2×2), and using (3.50)-(3.51) we

obtain

DJ(Ω)(V ) = Ss0(V ) +

∫
D
S1 : DV + Sr0 · V

=

∫
Ω

S1 : DV + Sr0 · V +

∫
D\Ω

S1 : DV + Sr0 · V

=

∫
Ω

div(ST
1 V ) + V · (Sr0 − divS1) +

∫
D\Ω

div(ST
1 V ) + V · (Sr0 − divS1)

=

∫
Ω

div(ST
1 V ) +

∫
D\Ω

div(ST
1 V ),

which yields (3.52). If in addition Ω is Lipschitz, applying the divergence theorem to (3.52) we
get (3.53).

In view of (3.53), we have that DJ(Ω) is continuous for the C0(D,RN)-topology. Thus, if
Ω is of class C1, we can apply theorem 2.3.3 with k = 0. If Ω is of class C1, we also have
n ∈ C0(∂Ω,R2) and (V

∣∣
∂Ω
· n)n ∈ C0(∂Ω,R2). Let V̂ ∈ C0

c (D \ Γh,R2) be an extension of
(V
∣∣
∂Ω
· n)n, then using theorem 2.3.3 and (3.53) we obtain

DJ(Ω)(V ) = l(V
∣∣
∂Ω
· n) = l(V̂

∣∣
∂Ω
· n) = DJ(Ω)(V̂ )

=

∫
∂Ω

((S+
1 − S−1 )n) · V̂ =

∫
∂Ω

(JS1Kn) · ((V · n)n) =

∫
∂Ω

(JS1Kn · n)V · n,

which yields expression (3.54).

Remark 3.2.9. Proposition 3.2.8 is in fact valid for any shape functional whose distributed
shape derivative can be written using a tensor expression of the type (3.32), and which satisfies
appropriate regularity assumptions. Note that in general, one should not expect that the assump-
tion S+

1 ∈ W 1,1(Ω,R2×2) and S−1 ∈ W 1,1(D \Ω,R2×2) in proposition 3.2.8 can be satisfied for
any Lipschitz set Ω. For instance in the case of the Dirichlet Laplacian, one can actually build
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pathological Lipschitz domains for which S1 does not have such regularity; see [49, Corollary
3.2]. However this assumption for S+

1 ,S
−
1 can be fulfilled for polygonal domains, as shown in

Corollary 3.2.10.

Corollary 3.2.10. Suppose that the conditions of theorem 3.2.7 are satisfied and that in addition
f0 ∈ C∞(D)) and V ∈ C1

c (D \ Γh,R2). If Ω is Lipschitz polygonal or if Ω is of class C1, we
obtain

DJ(Ω)(V ) =

∫
∂Ω

(JσΩ∂nu∂npK + JσΩK∇∂Ωu · ∇∂Ωp− JfΩKp)V · n, (3.56)

where∇∂Ω denotes the tangential gradient on ∂Ω.

Proof. In the case where Ω is of class C1, a quick calculation using (3.54) and (3.33) yields
(3.56).

In the case where Ω is polygonal, we can proceed in the following way. Let D̂ be a smooth
open set such that suppV ∪ Ω ⊂ D̂ ⊂ D and the boundaries of Ω and D̂ are at a positive
distance. Since f0 ∈ C∞(D), using elliptic regularity we get that u and p are C∞ on ∂D̂. Thus
u
∣∣
D̂ and p

∣∣
D̂ are also solutions of transmission problems defined in D̂ with inhomogeneous

Dirichlet conditions on ∂D̂, consequently we are in the framework considered in [149]. Denote
L the number of vertices of the polygon Ω. We apply [149, Theorem 7.3] in the case k = 0,
m = 1 and for the regularity W 2,4/3. This yields the decomposition u

∣∣
D̂ = u0 +

∑
`∈L S`

with u+
0 ∈ W 2,4/3(Ω), u−0 ∈ W 2,4/3(D̂ \ Ω) and S` are singular functions with support in the

neighbourhood of the vertices of Ω. Here S`(r`, θ`) are of the type rλ`` v(r`, θ`), where (r`, θ`)

are local polar coordinates at the vertex ` and v(θ`) is a linear combination of sin(λ`θ`) and
cos(λ`θ`). It is show in [50, Theorem 8.1(ii)] that λ` > 1/2 for all ` = 1, . . . , L. Thus, we also
obtain

∑
`∈L S

+
` ∈ W 2,4/3(Ω) and

∑
`∈L S

−
` ∈ W 2,4/3(D̂ \ Ω).

Proceeding in a similar way for p and gathering the results, we obtain the regularity u+, p+ ∈
W 2,4/3(Ω) and u−, p− ∈ W 2,4/3(D̂ \ Ω). Then we have ∇(∇u · ∇p) = (D2u)p + (D2p)u and
using (D2u)+, (D2p)+ ∈ L4/3(Ω) and (∇u)+, (∇p)+ ∈ W 1,4/3(Ω) ⊂ L4(Ω) and the same
regularity on D̂ \ Ω, we obtain S+

1 ∈ W 1,1(Ω,R2×2) and S−1 ∈ W 1,1(D̂ \ Ω,R2×2).
Then, using the fact that V ∈ C1

c (D \ Γh,R2) we obtain in view of (3.53) of Proposition
3.2.8

DJ(Ω)(V ) =

∫
∂Ω

JσΩ∂nuK∇∂Ωu · V + JσΩ∂npK∇∂Ωp · V

+

∫
∂Ω

(JσΩ∂nu∂npK + JσΩK∇∂Ωu · ∇∂Ωp− JfΩKp)V · n.

Finally, using the fact that JσΩ∂nuK = 0 and JσΩ∂npK = 0 we obtain (3.56).

Remark 3.2.11. Expressions similar to (3.56) are known when Ω is at least C1, see [2, 125]. It
is remarkable that one obtains the same expression (3.56) when Ω is Lipschitz polygonal. Also,
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Figure 3.3:D is meshed using a regular grid of 128× 128 elements. The conductivities σ0 = 1, σ1 = 10
are defined outside and inside of the inclusions, respectively.

note that (3.56) is similar to the formula obtained in [27] for a polygonal inclusion in EIT, which
was obtained in the framework of the perturbation of identity method. In [27] an estimate of the
singularity of the gradient in the neighborhood of the vertices of the polygonal inclusion was
used to obtain the boundary expression. Here, we have used higher regularity of u and p in the
subdomains Ω and D̂ \ Ω to obtain (3.56). The core idea of these two approach is to control the
singularity of the gradient of u and p near the vertices of the polygonal inclusion.

3.3 Numerical approach

We use the software package FEniCS for the implementation; see [10, 120, 137]. For the
numerical tests the conductivity values are set to σ0 = 1 and σ1 = 10. We choose fΩ ≡ 0,
D = (0, 1)× (0, 1) and Γ = ∂D\ ([0.4, 0.6]×{0}∪ [0.4, 0.6]×{1}). The domainD is meshed
using a regular grid of 128× 128 elements, see Fig 3.3.

For the measurement points we choose Γh = {xk}Kk=1 ⊂ Γ. Recall that no measurements
are performed on Γ0 = ∂D \ Γ and that u satisfies Dirichlet boundary condition on Γ0.

Synthetic measurements {hi(xk)}Kk=1 are obtained by taking the trace on Γ of the solution of
(3.12) using the ground truth domain denoted by Ω?, fΩ? ≡ 0 and the currents gi, i = 1, . . . , I .
To simulate noisy EIT data, each measurements hi are corrupted by adding a normal Gaussian
noise with mean zero and standard deviation δ ∗ ‖hi‖∞ , where δ is a parameter. The noise level
is computed as

noise =

∑I
i=1

(∑K
k=1 |hi(xk)− h̃i(xk)|2

)1/2

∑I
i=1

(∑K
k=1 |hi(xk)|2

)1/2
, (3.57)
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where hi(xk) and h̃i(xk) are respectively the noiseless and noisy point measurements at xk
corresponding to the current gi.

In the numerical tests, we use two different sets of fluxes, i.e. I ∈ {3, 7}, to obtain mea-
surements. Denote Γupper, Γlower, Γleft and Γright the four sides of the square Ω. When I = 3 we
take

g1 = 1 on Γleft ∪ Γright and g1 = −1 on Γupper ∪ Γlower,

g2 = 1 on Γleft ∪ Γupper and g2 = −1 on Γright ∪ Γlower,

g3 = 1 on Γleft ∪ Γlower and g3 = −1 on Γright ∪ Γupper.

When I = 7 we take in addition a smooth approximation of the following piecewise constant
function

g4 = 1 on Γleft ∩ {x2 > 0.5}, g4 = −1 on Γleft ∩ {x2 6 0.5} and g4 = 0 otherwise,

and g5, g6, g7 are defined in a similar way on Γright, Γupper, Γlower, respectively.
For the numerical simulations we use the cost functional given by (3.5):

J(Ω) =
1

2

I∑
i=1

µi

K∑
k=1

(ui(xk)− h(xk))
2 , (3.58)

where ui is the potential associated with the current gi. The weights µi associated with the
current gi are chosen as the inverse of

∑K
k=1(ui(xk)− h(xk))

2 calculated at the initial guess. In
this way, each term in the sum over i = 1, · · · , I is equal to 1 at the first iteration, and the initial
value of J(Ω) is equal to I/2.

To get a relatively smooth descent direction we solve the following partial differential equa-
tion: Find V ∈ H1

0 (D)2 such that∫
D
α1DV : Dξ + α2V · ξ = −DJ(Ω)(ξ) for all ξ ∈ H1

0 (D)2. (3.59)

Supposing V 6= 0 and choosing ξ = V in (3.59), we obtain

DJ(Ω)(V ) = −
∫
D
α1DV : DV + α2V · V < 0,

which shows that the solution V of (3.59) is a decent direction for J . The regularity of the
reconstructed shape can be controlled via the coefficient α1 > 0: a larger ratio α1/α2 yields a
smoother reconstruction. For the numerical tests, we have found the heuristic values α1 = 0.3

and α2 = 0.7. To simplify the implementation, we use Dirichlet conditions on ∂D instead of the
compact support condition V ∈ C1

c (D \ Γh,R2) (see Sections 2.1, 2.2 and 2.3).
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Considering that fΩ ≡ 0 in D, V = 0 on ∂D and that the points {xk}Kk=1 belong to Γ, in
view of Theorem 3.2.7 we get Ss0(V ) = 0 which leads to the following equation for V :∫

D
α1DV : Dξ + α2V · ξ = −

∫
D
−2σΩ(∇u�∇p) : Dξ+(σΩ∇u · ∇p)I : Dξ

for all ξ ∈ H1
0 (D)2.

(3.60)

The relative reconstruction error E(Ωr) is defined as

E(Ωr) :=

∫
D
|χΩ? − χΩr |∫
D
χΩ?

,

where Ωr is the set obtained in the last iteration of the minimization algorithm. We use E(Ωr)

as a measure of quality of the reconstructions.

3.3.1 Numerical experiments

We present three numerical experiments. In the first experiment, the ground truth consists of
two ellipses andwe use I = 3 currents; see Figure 3.6. In the second experiment, the ground truth
is a concave shape with one connected component and we use I = 3 currents; see Figure 3.4.
In the third experiment, the ground truth consists of two ellipses and one ball and we use I = 7

currents; see Figure 3.8. For each experiment, we study the influence of the point measurements
pattern by comparing the reconstructions obtained using three different sets Γh = {xk}Kk=1 with
K ∈ {16, 34, 70}. The point measurements patterns and the corresponding reconstructions are
presented in Figures 3.7, 3.5 and 3.9 for the respective experiments.

As expected, the reconstructions improve as K becomes larger. However, one obtains rea-
sonable reconstructions in the case of the concave shape with I = 3 currents and in the case of
two ellipses and ball with I = 7 currents, even K = 16 points and in the presence of noise; see
Figure 3.5 and Figure 3.9. In the case of two ellipses, the deterioration of the reconstruction for
K = 16 points is much stronger compared to the case K = 70. This indicates that the number
of currents I = 3 is too low to reconstruct two ellipses wit only K = 16 points. We conclude
from these results that the amount of applied currents is more critical than the number of point
measurements to obtain a good reconstruction.

For each experiment, we also study how the noise level affects the reconstruction depending
on the amount of point measurements. The results are gathered in Tables 3.2, 3.1 and 3.3, where
the rows correspond to three different levels of noise, and the columns to three different numbers
of points K ∈ {16, 34, 70}. In the case of two ellipses (Table 3.2), the reconstruction using
K = 70 points is very robust with respect to noise, whereas it deteriorates considerably using
K = 16. In the cases of concave shape (Table 3.1) and the two ellipses and ball (Table 3.3), the
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degradation of the reconstructions when the noise becomes larger are of a similar order in terms
of reconstruction error, independently of the value K.

These results indicate that a larger number of points K may improve the robustness of the
reconstructions with respect to noise mainly when the number I of currents is low compared to
the complexity of the ground truth.
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Figure 3.4: Reconstruction of a concave shape using I = 3 currents and K = 34 point measurements
with 0.55% noise.
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Figure 3.5: Reconstruction of a concave shape using I = 3 currents and three different sets of point
measurements shown in the first row.
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Table 3.1: Influence of noise and number of point measurements on the reconstruction of a concave shape
using I = 3 currents (the noise value is the average over the noise values for the three levels of point
measurements).
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Figure 3.6: Reconstruction of two ellipses using I = 3 currents and K = 70 point measurements with
1.12% noise.
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Figure 3.7: Reconstruction of two ellipses using I = 3 currents and three different sets of point measure-
ments shown in the first row.
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noise K = 16 points K = 34 points K = 70 points

0%

error: 28.7%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 17.5%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 19.37%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

0.28%

error: 49.87%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 21.23%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 17.44%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

1.09%

error: 96.2%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 36.65%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

error: 19.46%

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Table 3.2: Influence of noise and number of point measurements on the reconstruction of two ellipses
using I = 3 currents (the noise value is the average over the noise values for the three levels of point
measurements).
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Figure 3.8: Reconstruction of three ellipses using I = 7 currents andK = 70 point measurements with
0.29% noise.
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Figure 3.9: Reconstruction of three ellipses using I = 7 currents and different sets of point measurements
shown in the first row.
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Table 3.3: Influence of noise and number of point measurements on the reconstruction of three ellipses
using I = 7 currents (the noise value is the average over the noise values for the three levels of point
measurements).



Chapter 4

Reconstruction of sharp interfaces in
time-domain full waveform inversion

4.1 Introduction

Seismic imaging is a set of techniques to produce images of the subsurface of the Earth.
Seismic waves generated by controlled sources at the surface propagate into the medium, and
reflections occur at the transitions between different materials; the reflected waves are then
recorded at a set of point receivers, located either at the surface or underground. In Fig. 4.1 we
show an schema of the marine seismic data acquisition. Usually, in marine seismic surveys, due
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Figure 4.1: Schema of the marine data acquisition.

to the source’s location be near the water surface, it is impossible to transmit the source energy

71



72 RECONSTRUCTION OF SHARP INTERFACES IN TIME-DOMAIN FWI 4.1

straight to the ocean floor. These sources can then be interpreted as pressure differentials induced
into the water layer. The relationship between the total energy transmission (we denoted by TE)
from this type of source and the pressure p(t) variation in time can be derived by combining the
circle area of the propagated water bubble πd2 times the speed of the sound c in the flow times
the total energy density (potential plus kinetic) integrated over time t ∈ [0, t0]

TE =
πd2

rc

∫ t0

0

p(t) dt,

where d is the diameter of the water bubble, c =
√
K/r is the acoustic wave speed in the

given physical media, K is the bulk modulus, r is the density, see [158, p.8]. The marine
acquisition is executed by using large vessels outfitted with sources and receivers that are towed
behind the ship. During this survey the vessels continuously sail from shot to shot, then the
receivers stay continuously recording the waves reflected (see [23, 61]). Important applications
of seismic imaging include hydrocarbon exploration and imaging of the lithosphere, glaciers,
and subsurface structures in volcanic areas.

Full waveform inversion (FWI) is a recent variant of seismic tomography that uses the full
wavefield information for the inversion, instead of simpler information such as travel times and
phase velocities, by interactively minimizing the difference between synthetic and observed
data. In practical terms, this method is designed to invert subsurface elastic parameters (e.g.
acoustic/elastic velocities and density) from seismicmarine or land data acquire at the subsurface;
see [65, 177] for an overview of this method.

FWI relies on the numerical solution of the acoustic or elastic wave equations to obtain a
realistic modeling of seismic wave propagation through heterogeneous media; thus FWI can be
formulated as an optimization problem with PDE constraints.

The ill-posed nature of seismic inversion requires the use of a regularization. Due to its
smoothness and ease of use, the Tikhonov regularization is probably the most frequently used
regularization scheme for inverse problems, particularly for FWI. Its main drawback is that it
tends to produce smooth velocity models, which precludes the reconstruction of singular features
such as sharp interfaces, discontinuities, and high contrasts in the model. Such sharp features
are nonetheless crucial for certain applications. For instance, in hydrocarbon exploration, sound
waves travel with greater velocity inside salt bodies compared to the neighboring sediments.

Salt bodies also present a sharp velocity contrast to the sediment velocities at their boundaries
and irregular geometries so that an accurate representation of the interface may considerably
improve the quality of the images. Thus, an alternative regularization that preserves sharp
features and discontinuities is beneficial for the inversion. For this purpose the total variation
regularization is widely used in image processing and has been applied to seismic imaging; see
[5, 59] and the references therein. Another possible approach is to incorporate prior information
about sharp interfaces and high contrast explicitly in the modeling of the problem; this has a
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regularization effect which alleviates the ill-posedness of the problem without oversmoothing
the solution.

Another possible advantage of the sharp-interface assumption is the sparse representation,
which is useful in the context of large-scale applications.

In this work, we propose the use of geometric optimization techniques (cf. [166]) for the
reconstruction of sharp interfaces in the coefficients (wave speed and mass density) of the
acoustic wave equations. We consider the reconstruction of salt bodies and assume that the
velocity models are piecewise constant for simplicity, with known but distinct constant values in
the salt body and in the sediment region. In this way, the optimization problem is recast as a shape
optimization problem where the interface of the salt region becomes the unknown. The problem
is formulated as the minimization with respect to the interface geometry of a cost functional
measuring the misfit between the velocity model and the observed data, and the evolution of the
interface is performed using a level set method (see [125, 155]).

Spatial reconstructions in the frequency domain using the full-waveform inversion technique
in the framework of shape optimization and in the spirit of topological derivatives are studied
in [12]. FWI can be considered either in the frequency domain or in the time domain. Shape
optimization (design problems) and level set−based approaches have been developed recently
for FWI in the frequency domain (see [51, 76, 77, 93, 103, 108, 119, 132, 133, 165, 180]) but are
lacking in the time domain. Our work (see also [7]) seems to be the first to develop and perform
a mathematical analysis of a level set−based shape optimization approach for time-domain FWI
in the acoustic case; see also [121] for a recent contribution using a level set approach based on
reaction-diffusion equations.

One of the main challenges arising in the shape optimization framework is the low regularity
of the solution to the wave equations caused by the discontinuity of the wave speed and the mass
densitywhich affects both the state and adjoint state. The existing literature on shape optimization
problems for the wave equation often assumes smooth coefficients; see [36, 39, 152], and [143]
for an optimal design problem in the context of exact controllability for the 2D wave equation
with an internal control. Optimal design problems have also been considered for stabilization of
the wave equation involving a discontinuous damping potential in [89, 144, 145], and for exact
controllability of the wave equation in [162].

The uniqueness and stability of the inverse problem for time-harmonic elastic waves with
piecewise constant Lamé parameters and density has been studied in [26], and the reconstruction
of small conductivity inhomogeneities for the scalar wave equation has been investigated in [16].
In PDE-constrained optimization, there are a few contributions on inverse problems governed by
the acoustic wave equation with discontinuous coefficients, and on the Fréchet differentiability of
the parameter-to-solution map; see [21, 111, 170] and [113, 129] in the elastic case. In [29, 30],
a semismooth Newton-CG method for constrained parameter identification is studied. We also
refer to [47] for a recent study of the multibang control approach for the reconstruction of the
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mass density in the scalar wave equations.
To show the global well-posedness and the regularity properties of the corresponding state

and adjoint state, we make use of the semigroup theory in combination with elliptic regularity
results and techniques by Ball [20]. The semigroup theory is particularly suitable to deal with
nonsmooth coefficients and the hyperbolic first-order structure of the PDE model (see, e.g.,
[41, 113, 181, 182]). Besides the discontinuity of the coefficients, the possibly low regularity of
the interfaces is also challenging for the shape optimization approach.

Indeed, the boundary expression of the shape derivative, also known as the Hadamard
formula, which is commonly used in the shape optimization approach (see, for instance [76,
77, 165]) usually requires a certain regularity of the boundary. Here, we propose a method
based on a weak form of the shape derivative, also called the distributed shape derivative, which
allows working with nonsmooth domains and functions with low regularity and often offers
better accuracy than the boundary expression for numerical approximation; see [52, 94, 124,
125] and the references therein. The proof of the shape differentiability and the calculation of
the distributed shape derivative are achieved using the averaged adjoint method introduced in
[171], which is a Lagrangian-type approach for shape optimization problems; see also [125].
The shape derivative depends on the time and space derivatives of the state and the adjoint
state where the adjoint is the solution of a backwards wave equation with terminal conditions.
Based on the distributed shape derivative and on the level set method, we eventually propose a
numerical algorithm for the minimization of the cost functional. The efficiency of the algorithm
is demonstrated through several examples of reconstruction with synthetic data.

4.2 Regularity results for the wave equation
with discontinuous coefficients

In this section we give several well-posedness and regularity results for the solution of the
acoustic wave equations with damping and discontinuous coefficients. These results are essential
for the study of the shape differentiability in the subsequent sections. Let D ⊂ RN ,N ≥ 2, be a
bounded Lipschitz domain. Let Γ ⊂ ∂D be a connected subset of ∂D where the homogeneous
Dirichlet condition is imposed. On Γn := ∂D \ Γ, we impose the homogeneous Neumann
condition. Let H1

Γ(D) be the closed subspace of H1(D) of functions with vanishing trace on Γ.
Furthermore, we introduce the following Hilbert spaces:

X := L2((0, T ), H1
Γ(D)) ∩H1((0, T ), L2(D)),

X0 := {ψ ∈ X | ψ(0) = 0}, XT := {ψ ∈ X | ψ(T ) = 0},
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endowed with the scalar product

(u, v)X :=

∫ T

0

uv + utvt +∇u · ∇v

and the associated norm ‖ · ‖X :=
√

(·, ·)X .
Let us consider the following second-order wave equations:

κutt − div(R∇u) + ηut = f in D × (0, T ), (4.1)

u(0) = 0 in D, (4.2)

ut(0) = 0 in D, (4.3)

u = 0 on Γ× (0, T ), (4.4)

R∇u · n = 0 on Γn × (0, T ), (4.5)

where the material parameters κ : D → R, R : D → RN×N and η : D → R satisfy the following
assumptions.

Assumption 4.2.1. Let κ ∈ L∞(D), η ∈ L∞(D), and R ∈ L∞(D,RN×N). There exist positive
constants 0 < κ < κ such that κ ≤ κ(x) ≤ κ holds true for a.e. x ∈ Ω. Moreover, η is
nonnegative, and R is symmetric and uniformly positive definite; i.e., there exists a positive
constant R > 0 such that

ξTR(x)ξ ≥ R|ξ|2 for all ξ ∈ RN and a.e. x ∈ RN . (4.6)

A function u ∈ C([0, T ], H1
Γ(D)) ∩ C1([0, T ], L2(D)) is called a mild solution to the hyper-

bolic forward problem (4.1)−(4.5) if and only if
d

dt

∫
D
κut(t)ψ dx+

∫
D
R∇u(t) · ∇ψ + ηut(t)ψ dx =

∫
D
f(t)ψ dx

for all ψ ∈ H1
Γ(D) and a.e. t ∈ (0, T ),

u(0) = ut(0) = 0,

(4.7)

and for every ψ ∈ H1
Γ(D) the mapping t 7→ (κut(t), ψ)L2(D) is absolutely continuous.

Remark 4.2.2. Suppose that D is an open set in RN and ϑ : D → RN is a field with all
components belonging to L2(D). We say that ϑ has a divergence in the distributional (weak)
sense if, there exists a function ω ∈ L2(D) such that, for all ϕ ∈ C∞c (D) we have∫

D
ωϕ dx = −

∫
D
ϑ · ∇ϕ dx ⇒ (ω, ϕ)L2(D) = −(ϑ,∇ϕ)L2(D)N .

In this case ω = div ϑ.
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Remark 4.2.3. Let A be a linear operator (generally unbounded and non self-adjoint) densely
defined on a suitable subspace of a Hilbert space H having an inner product (·, ·)H and denote
D(A) the domain of A.

Definition 4.2.4. ([24, def.2.1]). A is dissipative if

2 Re(Aξ, ξ)H = (ξ,Aξ)H + (Aξ, ξ)H 6 0 for all ξ ∈ D(A) ⊂ RN .

Definition 4.2.5. ([24, def.2.2]). A one-parameter family of bounded operatorsT(t) on a Hilbert
space H, t > 0 is a strongly continuous semigroup if Tt+σ = TtTσ, and for all ξ ∈ H we have
‖Ttξ − Tσξ‖H → 0 as t→ σ for t, σ > 0, with T(0) = Id.

Definition 4.2.6. ([24, def.2.3]). A strongly continuous semigroup is a contraction semigroup
whenever ‖Tt‖H 6 1.

Theorem 4.2.7. If Assumption 4.2.1 is satisfied, then for every f ∈ L1((0, T ), L2(D)), the
hyperbolic forward problem (4.1)−(4.5) admits a unique mild solution u satisfying
u ∈ C([0, T ], H1

Γ(D)) ∩ C1([0, T ], L2(D)) and∫
D
κu2(t) dx ≤ t

∫ t

0

‖κ
1
2f(σ)‖L2(D)dσ ∀t ∈ [0, T ], (4.8)(∫

D
κu2

t (t) dx+

∫
D
R∇u(t) · ∇u(t) dx

) 1
2

≤
∫ t

0

‖κ
1
2f(σ)‖L2(D)dσ ∀t ∈ [0, T ]. (4.9)

Proof. Uniqueness: Suppose that u(1), u(2) ∈ C([0, T ], H1
Γ(D))∩C1([0, T ], L2(D)) satisfy (4.7).

Then the difference d := u(1) − u(2) satisfies

d

dt

∫
D
κdt(t)d(t) dx+

∫
D
R∇d(t) · ∇d(t) + ηdt(t)d(t) dx = 0 for a.e. t ∈ (0, T ).

Using the fact that
∫
D ηdt(t)d(t) dx = 1

2
d
dt
‖η 1

2d(t)‖2
L2(D) and d(0) = 0, we obtain by integrating

the above equality over the time interval [0, τ ] for any 0 ≤ τ ≤ T that∫
D
κdt(τ)d(τ) dx+

∫ τ

0

∫
D
R∇d(t) · ∇d(t) dxdt+

1

2
‖η

1
2d(τ)‖2

L2(D) = 0.

Thus, in view of (4.6), it follows that

d

dt
‖κ

1
2d(t)‖2

L2(D) =

∫
D
κdt(t)d(t) dx ≤ 0 ∀t ∈ [0, T ] =⇒︸︷︷︸

d(0)=0

d ≡ 0.
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Existence: We introduce the Hilbert spaces

H(div) := {v ∈ L2(D)N | div v ∈ L2(D)},

HΓ(div) := {v ∈ H(div) | (div v, ϕ)L2(D) = −(v,∇ϕ)L2(D)N ∀ϕ ∈ H1
Γ(D)}, (4.10)

where the divergence is understood in the distributional sense. Furthermore, letH := L2(D)×
L2(D)N equipped with the scalar product

((u1, v1), (u2, v2))H :=(κu1, u2)L2(D) + (R−1v1, v2)L2(D)N . (4.11)

Using these Hilbert spaces, we introduce the densely defined (unbounded) operator:

A : D(A) ⊂ H → H, A(u, v) := −(κ−1(div v + ηu), R∇u) (4.12)

with the effective domain D(A) := H1
Γ(D) × HΓ(div). By definition, it holds for all (u, v) ∈

D(A) that

(A(u, v), (u, v))H =︸︷︷︸
(4.11)&(4.12)

(− div v − ηu, u)L2(D) − (v,∇u)L2(D)N

=︸︷︷︸
(4.10)

−(ηu, u)L2(D) ≤ 0 (4.13)

since η is nonnegative. In other words, A : D(A) ⊂ H → H is dissipative 4.2.3. Let us now
show that the operator A − I : D(A) → H is surjective. To this aim, let (g, q) ∈ H. By the
Lax−Milgram lemma, there exists a unique u ∈ H1

Γ(D) such that

(R∇u,∇ϕ)L2(D)N + ((η + κ)u, ϕ)L2(D) = −(κg, ϕ)L2(D)−(q,∇ϕ)L2(D)N (4.14)

∀ϕ ∈ H1
Γ(D).

Making use of the solution to (4.14), we set

v := −(q +R∇u) ∈ L2(D)N . (4.15)

In view of (4.14), the vector field v satisfies

(v,∇ϕ)L2(D)N = ((η + κ)u+ κg, ϕ) ∀ϕ ∈ C∞0 (D),

and so the distributional definition of the divergence 4.2.2, yields that v ∈ H(div) and

div v = −(η + κ)u− κg. (4.16)
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Furthermore, from (4.14)-(4.16), we also have that

(div v, ϕ)L2(D) = −(v,∇ϕ)L2(D)N ∀ϕ ∈ H1
Γ(D) ⇒ v ∈ HΓ(div).

All together, (4.12), (4.15) and (4.16) lead to the desired surjectivity result:

∀(g, q) ∈ H, ∃(u, v) ∈ D(A) : (A− I)(u, v) = (g, q). (4.17)

Thanks to (4.13) and (4.17), the Lumer–Phillips theorem [159, Theorem 4.3] implies that
the operator A : D(A) ⊂ H → H generates a contraction semigroup {Tt}t≥0. Making use of
this semigroup, we introduce

(u, v)(t) :=

∫ t

0

Tt−σ(F (σ), 0) dσ ∀t ∈ [0, T ],

F (σ) :=

∫ σ

0

f(ξ) dξ ∀σ ∈ [0, T ]. (4.18)

Since (F, 0) ∈ W 1,1((0, T ),H), classical arguments yield that (u, v) ∈ C([0, T ],D(A)) ∩
C1([0, T ],H) is the unique solution to

(
d

dt
−A

)
(u, v)(t) = (F (t), 0) ∀t ∈ [0, T ] =⇒︸︷︷︸

(4.12)

vt +R∇u = 0,

(u, v)(0) = (0, 0),

(4.19)

and
(ut, vt)(t) =

∫ t

0

Tt−σ(f(σ), 0) dσ ∀t ∈ [0, T ], (4.20)

where we have used the fact that F ′ = f and F (0) = 0 to obtain the above variation of constants
formula. Then, applying the classical result by Ball [20] to (4.20), it follows that (ut, vt) satisfies

d

dt
((ut, vt)(t), (ϕ, z))H − ((ut, vt)(t),A∗(ϕ, z))H = ((κ−1f(t), 0), (ϕ, z))H

for all (ϕ, z) ∈D(A∗) and a.e. t ∈ (0, T ),

(ut, vt)(0) = (0, 0),

(4.21)

and the mapping t 7→ ((ut, vt)(t), (ϕ, z))H is absolutely continuous. On the other hand, in view
of (4.12) and (4.10), we have that H1

Γ(D)× {0} ⊂ D(A) ⊂ D(A∗) and

−((ut, vt)(t),A∗(ϕ, 0))H =(ut(t), ηϕ)L2(D) − (vt(t),∇ϕ)L2(D)N

=︸︷︷︸
(4.19)

∫
D
R∇u(t) · ∇ϕ+ ηut(t)ϕdx ∀ϕ ∈ H1

Γ(D).
(4.22)
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Therefore, considering z = 0 and ϕ ∈ H1
Γ(D) in (4.21), we conclude from (4.22) that u satisfies

(4.7). It remains to prove that u satisfies the stability estimates (4.8)-(4.9). Since {Tt}t≥0 is a
contraction semigroup, the variation of constants formula (4.18) implies∫

D
κu2(t) dx ≤︸︷︷︸

(4.11)

‖(u, v)(t)‖H ≤︸︷︷︸
(4.18)

∫ t

0

∫ σ

0

‖κ
1
2f(ξ)‖L2(D) dξdσ ∀t ∈ [0, T ],

which immediately yields the desired estimate (4.8). Similarly, the second estimate (4.9) is
obtained as follows:(∫

D
κu2

t (t) dx+

∫
D
R∇u(t) · ∇u(t) dx

) 1
2

=︸︷︷︸
(4.19)

(∫
D
κu2

t (t) dx+

∫
D
R−1vt(t) · vt(t) dx

) 1
2

=︸︷︷︸
(4.11)

‖(ut, vt)(t)‖H

≤︸︷︷︸
(4.20)

∫ t

0

‖κ
1
2f(σ)‖L2(D)dσ ∀t ∈ [0, T ].

This completes the proof.

Corollary 4.2.8. Let Assumption 4.2.1 be satisfied and let f ∈ W 1,1((0, T ), L2(D)). Then,
the unique mild solution u ∈ C([0, T ], H1

Γ(D)) ∩ C1([0, T ], L2(D)) of the forward hyperbolic
problem (4.1)-(4.5) satisfies the higher regularity property u ∈ C2([0, T ], L2(D)) and

κutt(t)− div(R∇u(t)) + ηut(t) = f(t) ∀t ∈ [0, T ], (4.23)

i.e., it is the strong solution to (4.1)−(4.5).

Proof. Again by classical arguments, since f ∈ W 1,1((0, T ), L2(D)), the variation of constants
formula (4.20) implies that ut ∈ C1([0, T ], L2(D)). Applying this higher regularity property to
the variational equality (4.7) yields that∫

D
R∇u(t) · ∇ϕdx =

∫
D

(f(t)− ηut(t)− κutt(t))ϕdx ∀ϕ ∈ H1
Γ(D) ∀t ∈ [0, T ].

Thus, as C∞0 (D) ⊂ H1
Γ(D), the distributional definition of the divergence implies that

R∇u(t) ∈ H(div) and div(R∇u(t)) = −f(t) + ηut(t) + κutt(t) ∀t ∈ [0, T ]. (4.24)

In conclusion, u is the strong solution to (4.1)−(4.5).
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Assumption 4.2.9. Suppose that there exists an open set O ⊂ D such that

R(x) = r(x)IN ∀x ∈ O (4.25)

holds for the identity matrix IN ∈ RN×N and a Lipschitz-continuous function r ∈ C0,1(O).
Moreover, there exists a positive constant r > 0 such that r(x) ≥ r holds for all x ∈ O.

Corollary 4.2.10. Suppose f ∈ W 1,1((0, T ), L2(D)) and Assumptions 4.2.1 and 4.2.9 hold.
Then, the unique mild solution u of the forward hyperbolic problem (4.1)-(4.5) satisfies

u ∈ C([0, T ], H2(ω))

for every open set ω ⊂ O ⊂ D satisfying ω ⊂ O.

Proof. Let ω ⊂ O be an open set satisfying ω ⊂ O. The classical interior elliptic regularity
result implies that for any y ∈ H1(O) and z ∈ L2(O) satisfying

−∆y = z in O (in the weak sense)

it holds that y ∈ H2(ω). Furthermore, there exists a constant C, depending only on ω and O,
such that

‖y‖H2(ω) ≤ C(‖z‖L2(O) + ‖y‖L2(O)). (4.26)

Now, according toCorollary 4.2.8, the uniquemild solutionu ∈ C([0, T ], H1
Γ(D))∩C2([0, T ], L2(D))

and f ∈ W 1,1((0, T ), L2(D)) ↪→ C([0, T ], L2(D)) satisfy for every fixed t ∈ [0, T ] the elliptic
problem

− div(R∇u(t)) = f(t)− ηut(t)− κutt(t) in D,

and so by Assumption 4.2.9 it follows that

−∆u(t) = r−1 (∇r · ∇u(t) + f(t)− ηut(t)− κutt(t)) in O ∀t ∈ [0, T ]. (4.27)

As the right-hand side of (4.27) belongs to L2(O), it follows that u(t) ∈ H2(ω) for all t ∈ [0, T ].
To prove the uniform regularity in C([0, T ], H2(ω)), let t, τ ∈ [0, T ] be arbitrarily fixed. By the
superposition principle, (4.27) yields that

−∆(u(t)− u(τ)) = r−1 (∇r · ∇(u(t)− u(τ)) + f(t)− f(τ))

+ r−1 (−η(ut(t)− ut(τ))− κ(utt(t)− utt(τ))) in O.
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Consequently, the a priori estimate (4.26) implies that

‖u(t)− u(τ)‖H2(ω) ≤ C(‖r−1(∇r · ∇(u(t)− u(τ)) + f(t)− f(τ)

− η(ut(t)− ut(τ))− κ(utt(t)− utt(τ)))‖L2(O)

+‖u(t)− u(τ)‖L2(O)).

(4.28)

Applying the regularity

u ∈ C([0, T ], H1
Γ(D)) ∩ C2([0, T ], L2(D)),

and
f ∈ W 1,1((0, T ), L2(D)) ↪→ C([0, T ], L2(D))

to (4.28), we deduce that
lim
τ→t
‖u(t)− u(τ)‖H2(ω) ≤ 0.

In conclusion, u ∈ C([0, T ], H2(ω)).

Let us close this section by introducing an appropriate variational formulation for the forward
problem (4.1)−(4.5) which is important for our shape sensitivity analysis:

Find u ∈ X0 :∫ T

0

∫
D
R∇u · ∇ψ − κutψt + ηutψ dx dt =

∫ T

0

∫
D
fψ dx dt ∀ψ ∈ XT . (4.29)

Theorem 4.2.11. Let Assumption 4.2.1 hold and f ∈ W 1,1((0, T ), L2(D)). Then, the variational
problem (4.29) admits a unique solution u ∈ X0, which coincides with the strong solution to
(4.1)-(4.5). In particular, the unique solution to (4.29) enjoys the regularity property u ∈
X0 ∩ C([0, T ], H1

Γ(D)) ∩ C2([0, T ], L2(D)).

Proof. Uniqueness: Suppose that u(1), u(2) ∈ X0 are solutions to (4.29). By definition, the
difference d := u(1) − u(2) ∈ X0 satisfies∫ T

0

∫
D
R∇d · ∇ψ − κdtψt + ηdtψ dx dt = 0 ∀ψ ∈ XT .

Testing the above variational equality with ψ := µϕ for µ ∈ C∞0 (0, T ) and ϕ ∈ H1
Γ yields

−
∫ T

0

µ′(t)

∫
D
κdt(t)ϕdx dt+

∫ T

0

µ(t)

∫
D
R∇d(t) · ∇ϕ+ ηdt(t)ϕdx dt = 0 ∀µ ∈ C∞0 (0, T ),

from which it follows by the definition of the weak (time) derivative that

d

dt

∫
D
κdt(t)ϕdx+

∫
D
R∇d(t) ·∇ϕ+ηdt(t)ϕdx = 0 for all ϕ ∈ H1

Γ(D) and a.e. t ∈ (0, T ).



82 RECONSTRUCTION OF SHARP INTERFACES IN TIME-DOMAIN FWI 4.3

Using the fact that
∫
D ηdt(t)d(t) dx = 1

2
d
dt
‖η 1

2d(t)‖2
L2(D) and d(0) = 0, we obtain by setting

ϕ = d(t) and integrating the resulting equality over the time interval [0, τ ] for any 0 ≤ τ ≤ T

that ∫
D
κdt(τ)d(τ) dx+

∫ τ

0

∫
D
R∇d(t) · ∇d(t) dxdt+

1

2
‖η

1
2d(τ)‖2

L2(D) = 0.

Thus, it follows that

d

dt
‖κ

1
2d(t)‖2

L2(D) = 2

∫
D
κdt(t)d(t) dx ≤ 0 for a.e. t ∈ (0, T ) =⇒︸︷︷︸

d(0)=0

d ≡ 0.

Existence: As f ∈ W 1,1((0, T ), L2(D)), Corollary 4.2.8 yields that the mild solution to
(4.1)−(4.5) enjoys the regularity property u ∈ C([0, T ], H1

Γ(D))∩C2([0, T ], L2(D)) and satisfies
(4.23); i.e., it is the strong solution to (4.1)−(4.5). It is straightforward to see that u is a solution
to the variational problem (4.29).

4.3 Shape optimization setting for FWI

In this section we adapted the a general shape optimization framework to find an approxi-
mation solution of the FWI. The key tool to perform the sensitivity analysis of the problem is
the notion of shape derivative. Let us first denote the set of admissible shapes by

P(D) := {Ω ⊂ D | Ω open, ∂Ω ∩ ∂D = ∅}

and introduce F : R× RN × [0, T ]→ R for the shape functional as follows:

F (u, x, t) =
1

2

Nρ∑
ρ=1

wρ(x)(u− dρ(t))2, Nρ ∈ N, (4.30)

for given mappings dρ : [0, T ] → R and wρ : D → R. The required mathematical assumptions
for this function and all other data involved in the shape optimization problem are summarized
as follows.

Assumption 4.3.1. Let Ω ∈ P(D). The material parameters κ and R are assumed to be
piecewise constant:

κ = κΩ = κ0χΩ + κ1χD\Ω and R = RΩ = R0χΩ +R1χD\Ω

with positive real constants κ0, κ1 > 0 and symmetric and positive definite matrices R0, R1 ∈
RN×N . Furthermore, suppose that η ∈ L∞(D) is nonnegative, and f ∈ W 1,1((0, T ), L2(D))

is given. Concerning (4.30), we assume that dρ ∈ W 1,1((0, T ),R) and wρ ∈ C2(D) for all
ρ = 1, . . . , Nρ.
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Under Assumption 4.3.1, our focus is set on the following shape optimization problem:

min J (u,Ω) :=

∫ T

0

∫
D
F (u(x, t), x, t) dx dt

subject to Ω ∈ P(D) and (4.29).
(4.31)

In view of (4.30), J is a general misfit functional where dρ represents the observed data at a
receiver indexed by ρ. The precise meaning of wρ and dρ in the context of FWI is described in
Section 4.6. Denoting by u(Ω) ∈ X0∩C([0, T ], H1

Γ(D))∩C2([0, T ], L2(D)) the unique solution
to (4.29) associated with κ = κΩ andR = RΩ (see Assumption 4.3.1), theminimization problem
(4.31) can be equivalently reformulated as

min
Ω∈P(D)

J(Ω) := J (u(Ω),Ω). (4.32)

4.4 Applying the averaged adjoint method in FWI

In this section we describe the averaged adjoint method introduced in [171] to establish the
shape derivative of the reduced cost functional J (Ω) = J (u(Ω),Ω). The notation is adapted to
the particular setting of our problem, and we refer the reader to [125] or [171] for a presentation
of the method in the general case.

Let Assumption 4.3.1 hold in all of what follows. Furthermore, let θ ∈ C0,1
c (D,RN) with

the associated flow Φs : D → D and Ωs = Φs(Ω) as in Section 4.3. Furthermore, we write
us = u(Ωs) for the unique solution to (4.29) associated with κ = κΩs = κ0χΩs + κ1χD\Ωs and
R = RΩs = R0χΩs +R1χD\Ωs .

The averaged adjoint method relies on the use of the Lagrangian L : P(D)×X0×XT → R
associated with the minimization problem (4.32) as follows:

L(Ω, ϕ, ψ) :=

∫ T

0

∫
D
F (ϕ(x, t), x, t) +R∇ϕ · ∇ψ − κϕtψt + ηϕtψ − fψ dx dt. (4.33)

By definition, it holds that

J(Ωs) = L(Ωs, us, ψ) ∀ψ ∈ XT .

Thus, we can compute the shape derivative using

DJ(Ω)(θ) =
d
ds
L(Ωs, us, ψ)|s=0 ∀ψ ∈ XT . (4.34)

We will see shortly that the above calculation can be significantly simplified by choosing a
particularψ. In order to differentiateL(Ωs, ϕ, ψ)with respect to s, the change of coordinates x 7→
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Φs(x) is used in (4.33). In the process the compositions ϕ ◦Φs and ψ ◦Φs appear, which creates
differentiability issues. To compensate this effect, one considers the reparameterized Lagrangian
L(Ωs,Ψ

−1
s (ϕ),Ψ−1

s (ψ)) where the pullback Ψs is defined by Ψs(ψ) = ψ ◦Φs. It can be checked
that Ψs : X0 → X0 and Ψs : XT → XT are bijections; see [184, Theorem 2.2.2, p. 52]. Thus
we introduce the so-called parameterized shape-Lagrangian G : [0, t0]×X0 ×XT → R as

G(s, ϕ, ψ) := L(Ωs, ϕ ◦ Φ−1
s , ψ ◦ Φ−1

s ). (4.35)

Denote by us := us ◦ Φs ∈ X0 and by dψG(s, us, 0; ψ̂) the directional derivative of G with
respect to ψ in direction ψ̂ at (s, us, 0). It can be checked, using the change of coordinates
x 7→ Φs(x), that the equation (2.24) is equivalent to the state equation (4.29) for us, and with
κ = κΩs and R = RΩs; see (4.57) for an explicit expression of (2.24) for the FWI case.

In view of (2.28), the shape derivative depends on the adjoint state p ∈ XT . Taking s = 0

in (2.25), the adjoint equation reads as follows:

Find p ∈ XT : ∂ϕG(0, u, p; ϕ̂) = 0 ∀ϕ̂ ∈ X0, (4.36)

where u ∈ X0 ∩ C([0, T ], H1
Γ(D)) ∩ C2([0, T ], L2(D)) is the unique solution to (4.29) with

κ = κΩ and R = RΩ. Using ∂uF (u, x, t) =
∑Nρ

ρ=1wρ(x)(u− dρ(t)) and (4.33), the variational
problem (4.36) is equivalent to∫ T

0

∫
D
R∇ϕ̂ · ∇p− κϕ̂tpt+ηϕ̂tp dx dt

=−
∫ T

0

∫
D
∂uF (u(x, t), x, t)ϕ̂ dx dt ∀ϕ̂ ∈ X0.

(4.37)

Our goal now is to show that the adjoint state satisfies a backwards wave equation with
terminal conditions and determine the strong form of the adjoint equation. To this aim, we
consider the following auxiliary problem

κqtt − div(R∇q) + ηqt = −∂uF (u(T − t), ·, T − t) in D × [0, T ], (4.38)

q(0) = 0 in D, (4.39)

qt(0) = 0 in D, (4.40)

q = 0 on Γ× [0, T ], (4.41)

R∇q · n = 0 on Γn × [0, T ]. (4.42)

Since u ∈ C2([0, T ], L2(D)), Assumption 4.3.1 ensures that t 7→ ∂uF (u(T − t), ·, T − t) is
of class W 1,1((0, T ), L2(D)) such that Corollary 4.2.8 yields the existence of a unique strong
solution q ∈ C([0, T ], H1

Γ(D)) ∩ C2([0, T ], L2(D)) of (4.38)-(4.42). According to Theorem
4.2.11, the strong solution to (4.38)-(4.42) is exactly the unique solution to the variational
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problem∫ T

0

∫
D
R∇q · ∇ψ − κqtψt+ηqtψ dx dt

=

∫ T

0

∫
D
−∂uF (u(x, T − t), x, T − t)ψ dx dt ∀ψ ∈ XT .

(4.43)

Now, introducing p̂(t) := q(T − t) we obtain

κp̂tt(t)− div(R∇p̂(t))− ηp̂t(t) = −∂uF (u(t), ·, t) ∀t ∈ [0, T ],

and p̂ ∈ XT ∩ C([0, T ], H1
Γ(D)) ∩ C2([0, T ], L2(D)). Defining the test function ϕ̂ ∈ X0 by

ϕ̂(t) := ψ(T−t), proceeding with the change of variables t 7→ T−t in (4.43) and integrating by
parts in time the term depending on ηqtψ, we obtain the same equation as (4.37) for p̂, also using
the fact thatR is symmetric. This shows that p̂ ∈ XT∩C([0, T ], H1

Γ(D))∩C2([0, T ], L2(D)) is the
unique solution to (4.37) where the uniqueness follows the same argument as in Theorem 4.2.11.
In conclusion, we have shown the following result.

Theorem 4.4.1. Let u ∈ X0 ∩ C([0, T ], H1
Γ(D))∩ C2([0, T ], L2(D)) denote the unique solution

to (4.29), and let the Assumption 4.3.1 hold. Then, the variational problem∫ T

0

∫
D
R∇ϕ̂ · ∇p− κϕ̂tpt + ηϕ̂tp = −

∫ T

0

∫
D
∂uF (u(x, t), x, t)ϕ̂ ∀ϕ̂ ∈ X0 (4.44)

admits a unique solution p ∈ XT ∩C([0, T ], H1
Γ(D))∩C2([0, T ], L2(D)) satisfying the following

backwards wave equations with terminal conditions:

κptt(t)− div(R∇p(t))− ηpt(t) = −∂uF (u(t), ·, t) in D × (0, T ), (4.45)

p(T ) = 0 in Ω, (4.46)

pt(T ) = 0 in Ω, (4.47)

u = 0 on Γ× (0, T ), (4.48)

R∇u · n = 0 on Γn × (0, T ). (4.49)

4.5 Shape differentiability and shape derivative

Applying the averaged adjoint method presented in Section 4.4, we prove the shape differ-
entiability and provide the expression of the distributed shape derivative of the cost functional
using a tensorial representation, in the spirit of [124, 125].

Theorem 4.5.1. Let Assumption 4.3.1 hold with η ∈ C1(D) and f ∈ W 1,1((0, T ), H1(D)).
Suppose that θ ∈ C0,1

c (D,RN). Furthermore, let u ∈ X0∩C([0, T ], H1
Γ(D))∩C2([0, T ], L2(D))
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and p ∈ XT ∩ C([0, T ], H1
Γ(D)) ∩ C2([0, T ], L2(D)) denote, respectively, the unique solutions

to (4.29) and (4.44). Then the shape derivative of J at Ω in direction θ is given by

DJ (Ω)(θ) =

∫
D
S1 : Dθ + S0 · θ, (4.50)

with S1 ∈ L1(D,RN×N) and S0 ∈ L1(D,RN) defined by

S1 =

[∫ T

0

F (u(t), ·, t)− κutpt +R∇u · ∇p+ ηutp− fp dt
]
IN

−
∫ T

0

∇u⊗RT∇p+∇p⊗R∇u dt,
(4.51)

S0 =

∫ T

0

∇xF (u(t), ·, t) + put∇η − p∇f dt, (4.52)

where ∇xF (u, x, t) = 1
2

∑Nρ
ρ=1∇wρ(x)(u− dρ(t))2 and IN ∈ RN×N is the identity matrix.

Proof. We check that the assumptions of Theorem 2.4.3 are satisfied. Before computing the
shape-Lagrangian G defined in (4.35), a few remarks are in order. Introducing
κs = κΩs = κ0χΩs + κ1χD\Ωs , we have

κΩs ◦ Φs = κ0χΩs ◦ Φs + κ1χD\Ωs ◦ Φs = κ0χΩ + κ1χD\Ω = κΩ, (4.53)

and in a similar way RΩs ◦ Φs = RΩ. We also have ∂t(ϕ ◦ Φ−1
s ) = ∂tϕ ◦ Φ−1

s since Φs is
independent of t.

Applying definitions (4.35) and (4.33) as well as Φs(D) = D, and proceeding with the
change of coordinates x 7→ Φs(x) in the integrals, we get the shape-Lagrangian
G : [0, t0]×X0 ×XT → R as

G(s, ϕ, ψ) =

∫ T

0

∫
D
F (ϕ(x, t),Φs(x), t)ξ(s)

+

∫ T

0

∫
D
A(s)∇ϕ · ∇ψ − κϕtψtξ(s) + ηsϕtψξ(s)− fsψξ(s),

(4.54)

with ξ(s) := | det(DΦs)|, A(s) := ξ(s)(DΦs)
−1R(DΦs)

−T, fs := f ◦Φs, and ηs = η ◦Φs. For
s sufficiently small we have ξ(s) = det(DΦs) > 0. The following asymptotic expansions hold
(see [166, Lemma 2.31]):

ξ(s) = 1 + s div(θ) + o(s), DΦs = I + sDθ + o(s), DΦ−1
s = I − sDθ + o(s), (4.55)

with o(s)/s → 0 as s → 0 with respect to ‖ · ‖C(Ω) and ‖ · ‖C(Ω,R3×3), respectively. Note that
A(s) is definite positive due to (4.55). The asymptotic expansions (4.55) imply that there exists
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a constant C > 0 dependent only on θ such that

‖ξ(s)‖L∞(Ω) + ‖DΦs‖L∞(Ω,R3×3) + ‖DΦ−1
s ‖L∞(Ω,R3×3) ≤ 1 + Ct0. (4.56)

Using (4.54), we obtain the following explicit expression for (2.24) of us := us ◦ Φs:∫ T

0

∫
D
A(s)∇us · ∇ψ̂ − κ∂tus∂tψ̂ξ(s)+ηs∂tusψ̂ξ(s)

=

∫ T

0

∫
D
fsψ̂ξ(s) for all ψ̂ ∈ XT .

(4.57)

We first check condition (i) of Assumption 2.4.1 of Theorem 2.4.3. We compute

d
dζ
G(s, ζus + (1− ζ)u, ψ) =

∫ T

0

∫
D
∂uF (ζus + (1− ζ)u,Φs(x), t)(us − u)ξ(s)

+

∫ T

0

∫
D
A(s)∇(us − u) · ∇ψ − κ∂t(us − u)ψtξ(s)

+ ηs∂t(u
s − u)ψξ(s),

where

∂uF (u, x, t) =

Nρ∑
ρ=1

wρ(x)(u− dρ(t)). (4.58)

Using Assumption 4.3.1, ζ ∈ [0, 1], (4.56), (4.58), ψ ∈ XT , and
us ∈ C([0, T ], H1

Γ(D)) ∩ C1([0, T ], L2(D)) we get∣∣∣∣ ddζG(s, ζus + (1− ζ)u, ψ)

∣∣∣∣ = C1 + C

∫ T

0

∫
D

(1 + |us|+ |u|)|us − u| ≤ C2.

This shows that the mapping [0, 1] 3 ζ 7→ G(s, ζus + (1 − ζ)u, ψ) is Lipschitz and therefore
absolutely continuous; hence condition (i) of Assumption 2.4.1 is satisfied.

Now we check condition (ii) of Assumption 2.4.1 of Theorem 2.4.3. We have, using As-
sumption 4.3.1,∫ 1

0

|dϕG(s, ζus + (1− ζ)u, ψ; ϕ̂)| dζ ≤
∫ T

0

∫
D
|A(s)∇ϕ̂ · ∇ψ − κϕ̂tψtξ(s) + ηsϕ̂tψξ(s)|︸ ︷︷ ︸

≤C1 due to (4.55),ψ∈XT and ϕ̂∈X0

+

∫ T

0

∫
D

(∫ 1

0

|∂uF (ζus + (1− ζ)u,Φs(x), t)ξ(s)ϕ̂| dζ
)
.

≤ C1 + C

∫ T

0

∫
D
|ξ(s)ϕ̂|

(∫ 1

0

1 + |ζus + (1− ζ)u| dζ
)

︸ ︷︷ ︸
≤C2 due to us∈X0 and (4.56)

,
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where we have used (4.58) and Assumption 4.3.1. This shows that condition (ii) of Assump-
tion 2.4.1 is satisfied.

Then it is easy to check that the averaged adjoint equation (2.25) for ps ∈ XT is given by∫ T

0

∫
D
A(s)∇ϕ̂ · ∇ps − κϕ̂tpstξ(s) + ηϕ̂tp

sξ(s) dx dt

=−
∫ 1

0

∫ T

0

∫
D
ϕ̂∂uF (ζus + (1− ζ)u,Φs(x), t)ξ(s) dx dt dζ, for all ϕ̂ ∈ X0.

(4.59)

Introducing an auxiliary function qs(t) := ps(T − t) and test functions ϕ̃(t) := ϕ̂(T − t), we
have that qs ∈ X0 and ϕ̃ ∈ XT . Using Fubini’s theorem, a change of variables t 7→ T − t in
(4.59), an integration by parts with respect to t for the term ηϕ̃tq

sξ(s) and the fact that A(s) is
symmetric, one obtains the following equation for qs:∫ T

0

∫
D
A(s)∇qs · ∇ϕ̃− κϕ̃tqst ξ(s) + ηϕ̃qst ξ(s) dx dt = −

∫ T

0

∫
D
f̂sϕ̃ dx dt

for all ϕ̃ ∈ XT .

(4.60)

where

f̂s(x, t) := ξ(s)

∫ 1

0

∂uF (ζus(x, T − t) + (1− ζ)u(x, T − t),Φs(x), T − t) dζ. (4.61)

Using (4.58) we get

f̂s(x, t) = ξ(s)

Nρ∑
ρ=1

wρ(Φs(x))

(
1

2
us(x, T − t) +

1

2
u(x, T − t)− dρ(T − t)

)
, (4.62)

∂tf̂s(x, t) = − ξ(s)
Nρ∑
ρ=1

wρ(Φs(x))

(
1

2
∂tu

s(x, T − t) +
1

2
∂tu(x, T − t)− d′ρ(T − t)

)
.

Using Assumption 4.3.1 and (4.58) we obtain the estimates

∫
D

(∫ T

0

∣∣∣f̂s∣∣∣ dt)2

dx ≤ C0

Nρ∑
ρ=1

‖dρ‖2
L1 + C1

∫
D

(∫ T

0

|us(x, T − t) + u(x, T − t)| dt
)2

dx <∞,

∫
D

(∫ T

0

∣∣∣∂tf̂s∣∣∣ dt)2

dx ≤ C0

Nρ∑
ρ=1

‖dρ‖2
W 1,1 + C1

∫
D

(∫ T

0

|∂tus(x, T − t) + ∂tu(x, T − t)| dt
)2

dx <∞,

where we have used (4.56) and the fact that us ∈ C([0, T ], H1
Γ(D)) ∩ C1([0, T ], L2(D)). This

shows that f̂s ∈ W 1,1((0, T ), L2(D)). Thus, we can apply Corollary 4.2.8 to (4.60) with A(s)

instead of R, κξ(s) instead of κ, and ηξ(s) instead of η, since A(s), κξ(s) and ηξ(s) sat-
isfy Assumption 4.2.1. This shows that the equation for qs admits a unique mild solution
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qs ∈ C([0, T ], H1
Γ(D)) ∩ C1([0, T ], L2(D)). Consequently, (4.59) also admits a unique mild

solution ps ∈ C([0, T ], H1
Γ(D)) ∩ C1([0, T ], L2(D)). This shows that (2.25) consequence of

Assumption 2.4.1 of Theorem 2.4.3 is satisfied.
Now we verify Assumption 2.4.2 of Theorem 2.4.3. First of all, we have

G(s, u, ps)−G(0, u, ps)

s
=

∫ T

0

∫
D

F (u,Φs(x), t)ξ(s)− F (u, x, t)

s

+

∫ T

0

∫
D

A(s)− IN
s

∇u · ∇ps − κutpst
ξ(s)− 1

s

+

∫ T

0

∫
D

ηsξ(s)− η
s

utp
s − fsξ(s)− f

s
ps.

(4.63)

To calculate the limit s→ 0 of the above expression, we first need a uniform estimate on ps. In
view of (4.9) and (4.61), using Assumption 4.3.1 and the fact that κξ(s) is uniformly bounded,
we also have

C1‖qs‖2
X ≤

∫ T

0

∫
D
κξ(s)(qst )

2(t) dx+

∫
D
A(s)∇qs(t) · ∇qs(t) dx

≤︸︷︷︸
(4.9)

∫ T

0

(∫ t

0

‖(κξ(s))
1
2 f̂s(x, σ)‖L2(D)dσ

)2

≤ C2

∫ T

0

∫
D
f̂s(x, σ)2 ≤︸︷︷︸

(4.62)

C3

∫ T

0

∫
D

1 + |us|2 + |u|2. (4.64)

In view of (4.57), using (4.8) and uniform bounds on fs, ξ(s), we have∫
D
κξ(s)(us)2(t) dx ≤t

∫ t

0

‖(κξ(s))
1
2fs(σ)ξ(s)‖L2(D)dσ

≤Ct
∫ t

0

‖f(σ)‖L2(D)dσ ∀t ∈ [0, T ],

(4.65)

with C independent of s and t. Thus, using (4.64) and (4.65) we obtain

‖qs‖2
X ≤ C4

∫ T

0

‖f(t)‖L2(D) dt ≤ C5,

where the constant C5 does not depend on s, and consequently due to qs(t) = ps(T − t) we also
get ‖ps‖X ≤ C for some constant C independent of s.

Since X is a Hilbert space, we can extract a weakly converging subsequence ps ⇀ p in X ,
using the uniform boundedness of ‖ps‖X . Due to (4.55) and η ∈ C1(D), we have the strong
convergences (ξ(s)−1)/s→ div θ in C(D) and (ηsξ(s)−η)/s→ η div θ+∇η ·θ in C(D). Using
f ∈ L1((0, T ), H1(D)), we also have (fsξ(s)− f)/s→ f div θ+∇f · θ in L1((0, T ), L2(D));
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see [166, Section 2.14]. Using again (4.55) we obtain the strong convergence

lim
s↘0

A(s)− I
s

= (div θ)R−DθR−RDθT in L∞(D,RN×N).

We now prove that

lim
s↘0

F (u,Φs(x), t)ξ(s)− F (u, x, t)

s
= F (u, x, t) div(θ)+∇xF (u, x, t) · θ

in L1((0, T ), L1(D)).

(4.66)

Using a Taylor expansion we have

wρ(Φs(x)) = wρ(x) + s∇wρ(x) · θ +
s2

2

d2

ds2
[wρ(Φs(x))]|s=λ (4.67)

for some λ ∈ [0, s]. We compute the following using (2.7):

d2

ds2
[wρ(Φs(x))] = ∇2wρ(Φs(x))(∂sΦs(x), ∂sΦs(x)) +∇wρ(Φs(x)) · ∂2

sΦs(x)

= ∇2wρ(Φs(x))(θ(Φs(x)), θ(Φs(x))) +∇wρ(Φs(x)) ·Dθ(Φs(x))θ(Φs(x)).

Using wρ ∈ C2(D) and θ ∈ C0,1
c (D,RN) we obtain∥∥∥∥ d2

ds2
[wρ(Φs(x))]|s=λ

∥∥∥∥
L∞(D)

< C, (4.68)
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where C is independent of λ. Using Assumption 4.3.1 we get∫ T

0

∫
D

∣∣∣∣F (u,Φs(x), t)ξ(s)− F (u, x, t)

s
− F (u, x, t) div(θ)−∇xF (u, x, t) · θ

∣∣∣∣
≤
∫ T

0

∫
D

∣∣∣∣F (u,Φs(x), t)− F (u, x, t)

s
−∇xF (u, x, t) · θ

∣∣∣∣+

∣∣∣∣F (u, x, t)
ξ(s)− 1

s
− F (u, x, t) div(θ)

∣∣∣∣
+

∫ T

0

∫
D

∣∣∣∣(F (u,Φs(x), t)− F (u, x, t))
ξ(s)− 1

s

∣∣∣∣
≤1

2

Nρ∑
ρ=1

∥∥∥∥wρ(Φs(x))− wρ(x)

s
−∇wρ(x) · θ

∥∥∥∥
L∞(D)︸ ︷︷ ︸

→0 due to (4.67)−(4.68)

∫ T

0

∫
D

(u− dρ)2︸ ︷︷ ︸
<+∞

+
1

2

∥∥∥∥ξ(s)− 1

s
− div(θ)

∥∥∥∥
L∞(D)︸ ︷︷ ︸

→0 due to (4.55)

Nρ∑
ρ=1

∫ T

0

∫
D
|wρ|(u− dρ)2︸ ︷︷ ︸
<+∞

+
1

2

Nρ∑
ρ=1

‖wρ(Φs(x))− wρ(x)‖L∞(D)︸ ︷︷ ︸
→0

∥∥∥∥ξ(s)− 1

s

∥∥∥∥
L∞(D)︸ ︷︷ ︸

→div(θ)

∫ T

0

∫
D

(u− dρ)2︸ ︷︷ ︸
<+∞

,

where we used the strong convergences (ξ(s) − 1)/s → div θ in C(D), (Φs(x) − x)/s → θ in
C(D,RN), and also dρ ∈ W 1,1((0, T ),R), wρ ∈ C2(D) and u ∈ C([0, T ], H1

Γ(D)). This proves
(4.66).

Gathering the previous results and using (4.63) we have shown that

lim
s↘0

G(s, u, ps)−G(0, u, ps)

s
= ∂sG(0, u, p).

Thus, Assumption 2.4.2 is satisfied and we can apply Theorem 2.4.3. This yields the shape
derivative

DJ (Ω)(θ) =∂sG(0, u, p)

=

∫ T

0

∫
D
F (u, x, t) div(θ) +∇xF (u, x, t) · θ

+

∫ T

0

∫
D

((div θ)R−DθR−RDθT)∇u · ∇p− κutpt div(θ)

+

∫ T

0

∫
D
ηutp div(θ) + utp∇η · θ − fp div(θ)− p∇f · θ.

Using the tensor formulae

DθR∇u · ∇p = Dθ : (∇p⊗R∇u) and RDθT∇u · ∇p = Dθ : (∇u⊗RT∇p),
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the fact that R is symmetric, and div θ = Dθ : Id, we obtain the distributed shape derivative in
tensorial form (4.50).

Using the assumption f ∈ W 1,1((0, T ), H1(D)), Theorem 4.4.1 and Corollary 4.2.8, we
obtain the regularity

u ∈ C([0, T ], H1
Γ(D)) ∩ C2([0, T ], L2(D)) and p ∈ C([0, T ], H1

Γ(D)) ∩ C2([0, T ], L2(D)).

Then, using η ∈ C1(D) and the fact that F satisfies the conditions of Assumption 4.3.1, we
obtain the regularity S1 ∈ L1(D,RN×N) and S0 ∈ L1(D,RN) in view of the expressions (4.51)
and (4.52) of S1 and S0.

Notations. For Ω ∈ P(D) and given Φ : D → RN×N the notation Φ+ and Φ− denote
the restrictions of Φ to Ω and to D \ Ω, respectively. If Φ+ ∈ W 1,1(Ω,RN×N) and Φ− ∈
W 1,1(D \ Ω,RN×N) then JΦK := Φ+|∂Ω − Φ−|∂Ω denotes the jump across the interface ∂Ω.

In view of Theorem 2.5.5 the following proposition give us the boundary expression of shape
derivative from the distributed expression obtained in Theorem (4.5.1).

Proposition 4.5.2. Let the hypothesis of Theorem 4.5.1 and Assumption 4.3.1 holds. Assume
Ω ∈ P(D), θ ∈ C1

c (D,RN) and the shape derivative of J at Ω in direction of θ has a tensor
representation (4.50) then

div(S+
1 ) = S+

0 in Ω, (4.69)

div(S−1 ) = S−0 in D \ Ω. (4.70)

(4.71)

If S+
1 ∈ W 1,1(Ω,R2×2) and S− ∈ W 1,1(D \ Ω,R2×2) then

DJ (Ω)(θ) =

∫
Ω

div(ST
1 θ) +

∫
D\Ω

div(ST
1 θ). (4.72)

If Ω is Lipschitz, we also have the boundary expression

DJ (Ω)(θ) =

∫
∂Ω

JS1Kn · θ. (4.73)

If in addition Ω is of class C1, we obtain the boundary expression

DJ (Ω)(θ) =

∫
∂Ω

(JS1Kn · n)θ · n. (4.74)

Proof. In view of [125, Theorem 2.2] if θ has compact support inΩ then the shape derivative van-
ishes. Assume θ ∈ C1

c (Ω,R2), denote U := supp θ ⊂ Ω and suppose f ∈ W 1,1((0, T ), L2(D)).
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In view of (4.51) and let the hypothesis S1 ∈ W 1,1((0, T ), H1(D)) holds then S1 ∈
L1(U,R2×2), div(S1) ∈ L1(U,R2), and we have div(ST

1 θ) = S1 : Dθ + θ · div(S1) ∈ L1(U).
For such θ we obtain

DJ (Ω)(θ) =

∫
D
S1 : Dθ + S0 · θ

=

∫
U

div(ST
1 θ)− θ · div(S1) + S0 · θ

=

∫
U

div(ST
1 θ) + θ · (S0 − div(S1)) = 0 for all θ ∈ C1

c (Ω,R2).

Since supp θ = U ⊂ Ω, we can extend ST
1 θ and S0 − div(S1) by zero on B, where B is

a sufficiently large ball which contains U . We keep the same notation for the extensions for
simplicity. Since the extension satisfies ST

1 θ ∈ W 1,1(B,R2), using the divergence theorem
A.1.15 in B we get

div(ST
1 θ) + θ · (S0 − div(S1)) =

∫
B

div(ST
1 θ) + θ · (S0 − div(S1))

=

∫
∂B

(ST
1 θ) · n+

∫
B
θ · (S0 − div(S1))

=

∫
Ω

θ · (S0 − div(S1)) = 0, for all θ ∈ C1
c (Ω,R2),

where
∫
∂B(ST

1 θ) · n = 0 is an integral over a closed path ∂B. Thus, we prove (4.69), and we can
prove (4.70) in similar way by taking a vector θ ∈ C1

c (D \ Ω,R2).
Assuming S+

1 ∈ W 1,1(Ω,R2×2) and S−1 ∈ W 1,1(D \ Ω,R2×2) and using (4.69) and (4.70)
we obtain

DJ (Ω)(θ) =

∫
D
S1 : Dθ + S0 · θ

=

∫
Ω

S1 : Dθ + S0 · θ +

∫
D\Ω

S1 : Dθ + S0 · θ

=

∫
Ω

div(ST
1 θ) +

∫
D\Ω

div(ST
1 θ),

which yields (4.72). If in addition Ω is Lipschitz, applying the divergence Theorem to (4.72) we
get (4.73).

In view of (4.73), we have thatDJ (Ω) is continuous. Thus, if Ω is of class C1 we can apply
the structure theorem (Thm. 2.3.3) with k = 0. If Ω is of class C1 we also have n ∈ C0(∂Ω,R2)

and (θ|∂Ω · n)n ∈ C0(∂Ω,R2). Let θ̂ ∈ C0
c (D,R2) be an extension of (θ|∂Ω · n)n, then using
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Theorem 2.3.3 we obtain

DJ (Ω)(θ) =l(θ|∂Ω · n) = l(θ̂|∂Ω · n) = DJ(Ω)(θ̂)

=

∫
∂Ω

((S+
1 − S−1 )n) · θ̂ =

∫
∂Ω

(JS1Kn) · ((θ · n)n)

=

∫
∂Ω

(JS1Kn · n)θ · n.

which yields expression (4.73).

4.6 The particular case of FWI

In Section 4.5 we have obtained a general expression for distributed shape derivatives
of cost functionals depending on the solution of the acoustic wave equation with damping and
discontinuous coefficients. The acoustic approximation in time-domain FWI fits into this general
framework, with the following choice of parameters: D is a rectangle, the Neumann conditions
correspond to the free surface of the Earth, and we choose R = Id in (4.1)-(4.5). This yields the
following damped acoustic wave equation with discontinuous coefficient κ:

κutt −∆u+ ηut = f in D × [0, T ], (4.75)

u(0) = 0 in D, (4.76)

ut(0) = 0 in D, (4.77)

u = 0 on Γ× [0, T ], (4.78)

∂nu = 0 on Γn × [0, T ], (4.79)

In this context, u represents the acoustic pressure and κ denotes the square slowness defined as
κ = 1/c2, where c is the acoustic wave speed in the given physical media. Here c =

√
K/r,

whereK is the bulk modulus and r is the density; see [66, Section 2.3] for a detailed discussion
of this acoustic approximation. We assume that f ∈ W 1,1((0, T ), H1(D)) and κ ∈ L∞(D) is
piecewise constant, i.e. κ = κΩ = κ0χΩ + κ1χD\Ω for some Ω ∈ P(D), where κ0, κ1 > 0 are
positive constants. In the context of FWI, the damping η is used to prevent the reflection of
waves on the artificial boundary Γ in order to simulate an unbounded domain. In this case, η is
chosen equal to 0 inside the physical domain and positive inside a boundary layer, sometimes
called sponge layer or damping mask, in the vicinity of the Dirichlet part Γ of ∂D; see Figure
4.4 for an illustration of the damping mask used in our numerical experiments.

For the FWI application, the function F : R × D × [0, T ] → R in the shape optimization
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Ω, κ0

D \ Ω, κ1

Ω, κ0

D

Γ

Γn

Figure 4.2: Partition D = Ω ∪ Ωc

problem (4.31) is chosen as F = F1 + F2χω with

F1 ≡ 0, and F2(u, x, t) =
1

2|ω|

Nρ∑
ρ=1

(u− dρ(t))2, (4.80)

where ω is a small open set containing the points xρ, ρ = 1, . . . , Nρ. We have that ∇xF2 ≡ 0,
∇xxF2 ≡ 0,

∂uF2 =
1

|ω|

Nρ∑
ρ=1

(u− dρ), ∂2
uuF2 ≡

Nρ

|ω|
, and ∂t∂uF2(u, x, t) =

1

|ω|

Nρ∑
ρ=1

−d′ρ(t).

Then, by dρ ∈ W 1,∞((0, T ),R), we conclude that the function F = F1 +F2χω defined by (4.80)
satisfies Assumption 4.3.1. The adjoint satisfies (4.45)-(4.49), and (4.45) becomes in particular

κptt − div(r∇p)− ηpt = −χω
|ω|

Nρ∑
ρ=1

(u− dρ) in D × [0, T ], (4.81)

We assume thatNρ receivers are located at a set of points xρ ∈ Γn for ρ = 1, . . . , Nρ, i.e. the
receivers are located on the surface. For ρ = 1, . . . , Nρ, the seismograms dρ ∈ W 1,∞((0, T ),R)

denote the gathered data at these receivers. For the FWI application, the function F : R×RN ×
[0, T ]→ R in the shape optimization problem (4.31) is given by (4.30) withwρ(x) := w(x−xρ),
where w is a mollifier of the Dirac measure at 0. We assume that w has compact support on a
small open subset ω ⊂ D.

Since the damping η is concentrated on a boundary layer in the vicinity of Γ, and the source
f is concentrated near the surface Γn, we can make the following assumption.

Assumption 4.6.1. The supports of f, η and θ satisfy supp(θ) ∩ [supp(η) ∪ supp(f)] = ∅.

Under Assumptions 4.3.1 and 4.6.1, and with the specific choice of parameters described at
the beginning of this section to model the acoustic approximation used in FWI, the distributed
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shape derivative (4.50) is given by

DJ (Ω)(θ) =

∫
D
S1 : Dθ + S0 · θ, (4.82)

with

S1 =

[∫ T

0

−κutpt +∇u · ∇p dt
]

Id−
∫ T

0

∇u⊗∇p+∇p⊗∇u dt, (4.83)

S0 = 0. (4.84)

The adjoint satisfies (4.45)-(4.49), and with the parameters used for the acoustic approximation
of FWI, (4.45) becomes in particular

κptt −∆p− ηpt = −
Nρ∑
ρ=1

wρ(u− dρ) in D × [0, T ]. (4.85)

Corollary 4.6.2. Suppose that Assumption 4.6.1 holds with f ∈ W 1,1((0, T ), L2(D)), and that
conditions of Theorem 4.5.1 are satisfied. Let θ ∈ C1

c (D,R2), κ ∈ L∞(D) piecewise constant,
and assume the specific choice of parameters R, η described at the beginning of this section. If
S1 ∈ W 1,1(D,R2×2) and Ω is of class C1 then

DJ (Ω)(θ) =

∫
∂Ω

(

∫ T

0

J−κutpt +∇u · ∇p− 2∇u�∇pKn · n)θ · n, (4.86)

where ∇u�∇p =
1

2
(∇u⊗∇p+∇p⊗∇u).

Proof. Assuming θ ∈ C1
c (Ω,R2), and denote U := supp θ ⊂ Ω. Using Corollary 4.2.10 we have

u ∈ C([0, T ], H2(U)) and proceeding with the reparametrization p̂(t) = p(T − t) we can also
use Corollary 4.2.10 to prove that p ∈ C([0, T ], H2(U)). In view of (4.83), let Assumptions 4.3.1
and 4.6.1 holds, using η ∈ C1(D) and κ ∈ L∞(D). Then S1 ∈ L1(U,R2×2). Taking a vector
θ ∈ C1

c (D\Ω,R2) and U2 = supp θ ⊂ (D\Ω) we can also prove that S1 ∈ L1(U2,R2×2) which
verifies the hypothesis S+

1 ∈ W 1,1(Ω,R2×2), and S−1 ∈ W 1,1(D\Ω,R2×2) of Proposition 4.5.2.
Thus we can proceed with a quick calculation using (4.74) and (4.83) which results (4.86).

4.7 Numerical implementation

For the numerical tests we take D = {(x, z) ∈ [0, 1] × [0, 0.65]}. Here, the Cartesian
coordinates (x, z) represent the position on the surface and the depth, respectively, i.e. z = 0

corresponds to the surface. In the previous sections we have considered only one source f to
simplify the presentation of the results. In FWI, a set of point sources {fσ}Nσσ=1 is available,
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typically Ricker wavelets (see Fig. 4.3) at various locations.

5 · 10−2 0.1 0.15 0.2

−2

0

2

4

t

fσ

Figure 4.3: Example of a Ricker wavelet with peak frequency of 5hz simulated over time 0.25 seconds.

In this case an acoustic pressure uσ and an adjoint pσ are computed for each source fσ and
we simply sum the individual contributions of the cost functionals (4.30) over σ = 1, . . . , Nσ,
i.e., we replace the objective functional of (4.31) by

1

2

Nσ∑
σ=1

Nρ∑
ρ=1

∫ T

0

∫
D
wρ(x)(uσ(x, t)− dρ,σ(t))2dx dt, (4.87)

where dρ,σ denotes the seismogram corresponding to fσ and the receiver at xρ.
The global shape derivative is then also the sum of the expressions (4.82) over σ = 1, . . . , Nσ.

Also, from the perspective of the FWI application, it is natural to assume that the support
of the mollifier wρ is smaller than the grid size so that, from a numerical viewpoint, wρ is
indistinguishable from a Dirac measure at xρ. In this case, the numerical discretization of (4.87)
approximates

1

2

Nσ∑
σ=1

Nρ∑
ρ=1

∫ T

0

(uσ(xρ, t)− dρ,σ(t))2dt,

which is typically used in FWI as the objective functional.
In order to obtain a smooth descent direction θ, i.e. a vector field satisfying DJ(Ω)(θ) < 0,

we solve the following elliptic equation: Find θ ∈ H1
0 (D)2 such that∫

D
α1gDθ : Dξ + α2gθ · ξ dx = −DJ (Ω)(ξ) for all ξ ∈ H1

0 (D,R2),

which means∫
D
α1gDθ : Dξ + α2gθ · ξ dx = −

∫
D
S1 : Dξ + S0 · ξ for all ξ ∈ H1

0 (D,R2), (4.88)
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Figure 4.4: 3D view (left) and 2D view (right) of the damping mask η. In the physical domain, whose
limits are represented by the dashed lines, we have η ≡ 0, while η is large close to the artificial boundary
Γ in order to mitigate wave reflections.

where α1 = 0.01, α2 = 0.97. The function g : R2 7→ R is designed to be almost constant inside
D and take large values close to the boundary, in order to force θ to take small values close to
the boundary, and in particular in the damping layer where η is positive.

The evolution of the domain is modeled via a level set method, introduced in [155]. The
key idea of this numerical method is to implicitly represent the boundary of the moving domain
Ωs ⊂ D ∈ RN as the zero level set of a Lipschitz continuous function φ : D × [0, s0] → R. A
family of moving domains Ωs ⊂ D is defined as

Ωs := {(x, z) ∈ D | φ(x, z, s) < 0}, so that ∂Ωs = {(x, z) ∈ D | φ(x, z, s) = 0},

where we assume |∇φ(·, s)| 6= 0 on ∂Ωs. It can be shown that the evolution of φ depends on the
descent direction θ through the following transport equation:

∂sφ(x, z, s) + θ(x, z) · ∇φ(x, z, s) = 0 in D × R+ . (4.89)

The algorithm consists in first calculating θ using (4.88), and then to solving (4.89) to update the
domain Ωs. We use a Lax−Friedrichs flux for the discretization of (4.89), and refer the reader
to [122] for implementation details.

To simulate noisy seismic data, each synthetic seismogram dρ,σ(t) is first generated using
the ground truth and then corrupted by adding random samples, proportional to δ · ‖dρ,σ‖, from
a uniform distribution over the interval [0, 1), where δ is a parameter. Let dρ,σ and d̃ρ,σ denote
respectively, the noiseless and noisy seismograms corresponding to the source fσ and recorded
at the receiver ρ. The noise level is then computed as

noise level =

[∫ T
0

∑Nσ
σ=1

∑Nρ
ρ=1 |dρ,σ(t)− d̃ρ,σ(t)|2∫ T

0

∑Nσ
σ=1

∑Nρ
ρ=1 |dρ,σ(t)|2

]1/2

.
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We present three numerical experiments with acoustic wave speed c0 = 4.12 km/s and
c1 = 1.95 km/s, with κ0 = 1/c2

0 and κ1 = 1/c2
1. These specific values of c0, c1 are based on

common geophysics standards, and correspond to real data of wave speed propagation inside
salt and sediments; respectively. The domain D is a rectangle of length 1 km on the x-axis and
depth 0.65 km on the z-axis, which is meshed using a regular grid with nx × nz grid points.

The wave equations (4.75)-(4.79) are solved using a second-order explicit finite-difference
scheme. The time step ∆t is constrained by the CFL condition

∆t ≤ a

cmax(∆x−1 + ∆z−1)
,

with the grid steps ∆x = 1/nx and ∆z = 0.65/nz, cmax = max{c(x) | x ∈ D} is the maximum
of the wave speed inside the domainD, and a is the Courant number equal to 0.4 in our numerical
experiments.

In all three numerical experiments, we use Nσ = 10 shots modeled by Ricker wavelets with
dominant frequency of 5Hz to simulate the data acquisition, and Nρ = 80 receivers placed on
the surface Γn with a spacing of 0.01 km between the receivers. The shots and receivers are
placed at grid points for simplicity. We use a regular grid with nx×nz = 200× 130 grid points,
and synthetic seismograms of T = 2 seconds are recorded at the receivers using the ground
truth.

In the first experiment, the ground truth consists of one block representing the salt body,
and we initialize Ω using a large ellipse; see Figure 4.5. In the second experiment, the ground
truth consists of two disconnected blocks representing two salt bodies, and we initialize Ω

using two small disks; see Figure 4.6. In the third experiment, the ground truth consists of
three disconnected blocks representing three salt bodies, and we initialize Ω using three small
disks; see Figure 4.7. We observe that in all three experiments the interface reconstruction
is very accurate in the upper region of the salt body. In the first experiment (Figure 4.5) the
reconstruction is also very accurate in the lower part of the salt body, although small defects
can be observed. In the second and third experiments (Figures 4.6 and 4.7), the reconstruction
is still reasonably accurate in the lower region, but the defects are visibly larger than in the first
experiment. These inaccuracies were expected due to the lack of illumination of the lower parts
of the salt bodies and are standard in FWI.

These numerical results show that the method is capable of accurate reconstructions in the
framework of piecewise constant velocities. A line for future research consists in filling the gap
towards more realistic applications. In particular, this includes applications to large-scale 2D and
3D problems, and extending the method to handle more complex structures such as piecewise
smooth reconstructions.Well-known in the literature, the implementation of an initial model that
is close to the expected global optimum is crucial in full-waveform inversion (see for instance [66,
Section 13.4.2]). Thus, since the initialization for our algorithm is heuristic, the implementation
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Figure 4.5: Reconstruction of one inclusion, using 10 shots with Ricker wavelet with dominant frequency
of 5Hz, 80 receivers placed on the surface Γn, a 200×130 grid, and a noise level of 2.05%. Superposition
of ground truth (gray shape) and dashed contour of the initialization (top left), ground truth (top right),
contour of the reconstructed shape Ω (bottom left), and superposition of the reconstruction and of the
ground truth (bottom right).

of a routine that provides a good guess for the initial model would be an improvement for our
method. Therefore, we can implement a workflow that uses the raw data from a seismic survey
in a topological derivative-based full-waveform inversion algorithm (see [12, 17]) that gets the
first approximation for the velocity profile that could be used as initialization for our algorithm.
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Figure 4.6: Reconstruction of two inclusions, using 10 shots with Ricker wavelet with dominant frequency
of 5Hz, 80 receivers placed on the surface Γn, a 200×130 grid, with a noise level of 2.0%. Superposition
of ground truth (gray shape) and dashed contour of the initialization (top left), ground truth (top right),
contour of the reconstructed shape Ω (bottom left), and superposition of the reconstruction and of the
ground truth (bottom right).
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Figure 4.7:Reconstruction of three inclusions, using 10 shotswithRickerwavelet with dominant frequency
of 5Hz, 80 receivers placed on the surface Γn, a 200×130 grid, and a noise level of 1.88%. Superposition
of ground truth (gray shape) and dashed contour of the initialization (top left), ground truth (top right),
contour of the reconstructed shape Ω (bottom left), and superposition of the reconstruction and of the
ground truth (bottom right).



Chapter 5

Conclusion

In practical aspects, this thesis contributes to the mathematical understanding of shape
optimization problems. The essence of the previous chapters are highlighted here.

In Chapter 2 we have defined the basic concepts of shape optimization theory and reviewed
the averaged adjoint method to prove the shape differentiability of shape functions which depend
implicitly on the solution of a partial differential equation. A useful framework for the level set
method using the distributed shape derivative was presented. A new approach extending the
averaged adjoint method to Banach spaces, using the theory of Gröger [74, 75] was developed.
This theory is well-known in the optimal control theory and it is presented here in the context of
shape optimization. Through several numerical examples, in Chapters 3 and 4 we demonstrate
the efficiency and practicality of using the distributed shape derivative to find a smooth descent
direction on the entire domain, which simplifies the implementation of the level set method,
compared to using the boundary expression of the shape derivative.

In Chapter 3, Theorem 3.2.4 from Gröger’s woks [74, 75] was extended by Theorem 3.2.6
to obtain continuity of the state in two dimensions in the context of shape optimization and of
the average adjoint method. We applied this result to an EIT problem with point measurements
to compute the shape derivative of the cost function and determine the sufficient regularity for
the state and adjoint state variables. In Section 3.3, we presented several numerical experiments
for the reconstruction of inner inclusions that corroborates with the theory.

In Chapter 4, we proved Theorem 4.2.7 using the semigroup theory and the Lumer–Phillips
theorem [159, Theorem 4.3], in combination with elliptic regularity results and techniques by
Ball [20]. In particular, we proved that (4.1) − (4.5) has a unique mild solution that satisfies
the stability estimate of Theorem 4.2.7 since the operator A generates a contraction semigroup.
In the context of full-waveform inversion the shape derivative was obtained for the general
setting of piecewise constant parameters, and the time domain FWI was recast as a shape
optimization problem. In Section 4.7, we have shown that the developed tools from Chapter 2
allow the numerical treatment of shape optimization in time domain FWI in Section 4.7, where
we successfully reconstructed the shape of inclusions representing salt bodies inside the Earth’s
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subsoil.

5.1 Directions for future research

Possible extensions of this work and further related questions are discussed here. In more
general terms, two topics can guide future directions to continue the research of this thesis.
First, the success of optimization methods that have been presented in this work is dependent
on the initial configuration, which might be a severe limitation in cases where a sufficiently
good initial material model is not available. To automatize the initialization process, in the case
of EIT, one could use a multi-frequency inversion in the spirit of [128] for the detection of
multiple impedance obstacles using topological gradient based methods. In FWI, one could use
a quantitative resolution analysis that overcomes the limitations of classical synthetic inversions
(see [67]).

Second, to avoid inverse crime we considered noisy data in the numerical simulations.
However, the numerical experiments in this thesis have been carried out with synthetic data. New
challenges arise when real-world problems using actual recordings from medical tomography
tests or geophysical exploration are considered, and this would be an interesting direction for
future research. Although the results in this work are promising, the developed methods yet have
to prove their suitability and efficiency for application to real data.



Appendix A

General theory

In the appendix, we collect the necessary theory for our discussion. Here, we present the
basic notions about Lipschitz domains, multi-index notation for weak differentiation, function
spaces, and standard definitions from functional analysis and measure theory. These topics was
profoundly studied, for instance, in [1, 34, 62], and we refer to [56, chapter 4] for extensive
analysis about linear operators and Hilbert spaces.

Here we compile a few properties of linear operators. Assume now that E and F are normed
spaces and A ∈ L(E,F ) is linear.

Definition A.0.1 (Linear maps). A linear map A : E → F is continuous if and only if it is
bounded, i.e.,

‖Au‖F ≤ C‖u‖E, ∀u ∈ E ⇐⇒ ‖A(u1 − u2)‖F ≤ C‖u1 − u2‖E, ∀u1, u2 ∈ E (A.1)

provided u = u1 − u2 for u1, u2 ∈ E. The vector space L(E,F ) consisting of all such bounded
linear maps is itself a normed space, with

‖A‖L(E,F ) := sup
06=u∈E

‖Au‖F
‖u‖E

. (A.2)

Thus, we can define

L(E,F ) := {A ∈ Hom(E,F ) ; A is bounded}.

For every A ∈ L(E,F ), there is an α > 0 for which (A.1) holds. Therefore

‖A‖ := inf{α > 0 ; ‖Ax‖ 6 α‖x‖, x ∈ E}

is well defined. We call ‖A‖L(E,F ) := ‖A‖ the operator norm of A.
See also the book [116, chapter 2] for an explanation about linear operators.

Definition A.0.2 (Almost everywhere). If B ⊂ A ⊂ Rn and µ(B) = 0, then any condition that
holds on the set A \B is said to hold almost everywhere (abbreviated a.e) in A.
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A.1 Functional Analysis and Sobolev Spaces
The space Lp(D). Let D be a domain in Rn and let p be a positive real number. We denote

by Lp(D) the class of all measurable functions f defined on D for wich∫
D
|f(x)|p dx <∞. (A.3)

We identify in Lp(D) functions that are equal a.e. in D; the elements of Lp(D) are thus
equivalence classes of measurable functions satisfying (A.3). For convenience, we will write
f ∈ Lp(D) if f satisfies (A.3) and f = 0 in Lp(D) if f(x) = 0 a.e. in D.

Theorem A.1.1 (Riesz representation theorem). Let 1 < p <∞ and let Φ ∈ (Lp)∗. Then there
exists a unique function u ∈ Lp′ such that

〈Φ, f〉 =

∫
uf ∀f ∈ Lp. (A.4)

Moreover,

‖u‖p′ = ‖Φ‖(Lp)∗ . (A.5)

The theorem (A.1.1) says that every continuous linear functional on Lp (1 < p <∞) can be
represented "concretely" as an integral. The mapping Φ 7→ u, wich is linear surjective isometry,
allows us to identify the "abstract" dual space (Lp)∗ with Lp′ .

Proof. The proof can be found in [34, p. 97].

In what follows, we will make the identification

(Lp)∗ = Lp
′ (A.6)

The Lp norm.

||f ||p =

(∫
D
|f(x)|p dx

)1/p

(A.7)

is a norm on Lp(D) provided 1 ≤ p <∞.
If p = 2, L2(D) is called a Hilbert space with inner product

〈f, g〉L2(D) =

∫
D
f(x)ḡ(x) dx, ḡ is the complex conjugate of g. (A.8)

Given a measurable function f : D → R, the extended real number

inf {C ≥ 0; ‖f‖ ≤ C a.e. in D} ∈ [0,∞] (A.9)

is called the essential supremum of f and the essentially bounded function space L∞(D) had it
norm defined by

||f ||L∞(D) = ess sup
D
|f | <∞. (A.10)
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consists of all (equivalence classes of) measurable functions whose essential supremum is finite.
Let C∞0 (D) the space of infinitely differential functions, Φ : D → R, in D that vanish in

some neighborhood of ∂D; namely any Φ ∈ C∞0 satisfies supp(Φ) ⊂ D, where

supp(Φ) = closure of {x ∈ D|Φ(x) 6= 0}. (A.11)

In this work we will sometimes refer to a function Φ belonging to C∞c (D) as a test function.
Weak Derivatives. We inspiring our notation for weak derivatives in [62, chapter 5]. Assume

we are given a function f ∈ C1(D). Then if Φ ∈ C∞c , we see from the integration by parts
formula that ∫

D
f(x)Φxi(x) dx = −

∫
D
fxi(x)Φ(x) dx (i = 1, · · · , n). (A.12)

There are no boundary terms, since Φ has a compact support in D.
If k is a positive integer, f ∈ Ck(D), and α = (α1, · · · , αn) is a multi-index of order

|α| = α1 + · · ·+ αn = k, then∫
D
f(x)DαΦ(x) dx = (−1)|α|

∫
D
Dαf(x)Φ(x) dx (A.13)

holds since

DαΦ(x) =
∂α1+α2+···+αn

∂xα1
1 ∂x

α2
2 · · · ∂xαnn

Φ(x) (A.14)

and we can apply formula (A.12) k times. But, if f 6∈ Ck(D), we can always ask if there exists a
locally summable function g for which formula (A.13) is valid, with g replacing Dαf .

Definition A.1.2. Suppose f, g ∈ L1

loc(D) and α is a multi-index. We say that g is the αth-weak
partial derivative of f , if there exists a locally summable function g for which (A.13) is valid,
with g replacing Dαf , written∫

D
g(x)Φ(x) dx = (−1)|α|

∫
D
f(x)DαΦ(x) dx (A.15)

for all test functions Φ ∈ C∞c (D).
Thus, one can define the spaces W k,p and W s,p. Let 1 6 k 6 ∞, 1 6 p 6 ∞ and

η := s− bsc ∈ (0, 1), s > 0 then,

W k,p(Ω) := {f ∈ Lp(Ω); Dαf ∈ Lp(Ω) ∀α ∈ Nn with |α| 6 k} (A.16)
W s,p(Ω) := {f ∈ W bsc

p (Ω); sup
|α|=bsc

|Dαf |W p
η (Ω) <∞}. (A.17)

DefinitionA.1.3. [168] For any non-negative integer k andD ⊆ Rn, the Sobolev spaceW k,p(D)
is the space of functions f ∈ Lp(D) such that Dαf exist and Dαf ∈ Lp(D) in the above sense,
whenever |α| ≤ k. The spaceW k,p(D) is equiped with the norm

||f ||Wk,p :=


(∑

|α|≤k
∫
D |D

αf(x)|p dx
)1/p

(1 ≤ p <∞)∑
|α|≤k ess supD |Dαf(x)| (p =∞).

(A.18)
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Definition A.1.4. 1. Let {fm}∞m=1, f ∈ W k,p(D). We say fm converges to f ∈ W k,p(D),
written

fm → f inW k,p(D), provided that lim
m→∞

||fm − f ||Wk,p(D) = 0. (A.19)

2. We write

fm → f inW k

loc,p(D) to mean fm → f inW k,p(V) (A.20)

for each V ⊂⊂ D.
We denote by

C∞(D)
Wk,p(D)

(A.21)

the closure of C∞(D) inW k,p(D).

Definition A.1.5. A function f : D → R is differentiable at x ∈ D if there exists a ∈ Rn such
that

f(y) = f(x) + a · (y − x) + o(|y − x|) as y → x. (A.22)

In other words,

lim
y→x

|f(y)− f(x)− a · (y − x)|
|y − x|

= 0 (A.23)

If a exists, it is unique. We write Df(x) = a and call it gradient of f .

Theorem A.1.6 (Differentiability a.e.). Assume f ∈ W 1,p

loc(D) for some n < p ≤ ∞. Then f is
differentiable a.e in D, and its gradient equals its weak gradient a.e.

Proof. See the proof in [62, pp. 295, 296].

Theorem A.1.7 (Hölder inequality). Let 1 < p < ∞ and let q denote the conjugate exponent
defined by

q =
p

p− 1
, that is

1

p
+

1

q
= 1 (A.24)

which also satisfies 0 < q < 1. If f ∈ Lp(D) and g ∈ Lq(D), then fg ∈ L1(D), and∫
D
|f(x)g(x)| dx ≤ ||f ||p||g||q. (A.25)

Equality holds if and only if |f(x)|p and |g(x)|q are proportional a.e. in D.

Proof. Let a, b > 0, A = ln(ap) and B = ln(bq). The exponential function is strictly convex,
what give us the following inequality

exp(
A

p
+
B

q
) ≤ 1

p
exp(A) +

1

q
exp(B),
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and the equality holds if and only if A = B. Hence,

ab ≤ ap

p
+
bq

q

again with equality occurring if and only if ap = bq. If either ||f ||p = 0 and ||g||q = 0 then
f(x)g(x) = 0 a.e. inD and (A.25) is satisfied. Because we can substitute a = |f(x)|

||f ||p and b = |g(x)|
||g||q

in the above inequality and integrate over D to obtain (A.25).

Theorem A.1.8 (Interpolation inequality). Let 1 ≤ p < q < r, so that

1

q
=
θ

p
+

1− θ
r

(A.26)

for some θ satisfying 0 < θ < 1. If f ∈ Lp(D) ∩ Lr(D), then f ∈ Lq(D) and

||f ||q ≤ ||f ||θp||f ||1−θr . (A.27)

Proof. Let s = p
θq
. Then s ≥ 1 and s′ = s

s−1
= r

(1−θ)q if r <∞. In this case, by (A.25)

||f ||qq =

∫
D
|f(x)|θq|f(x)|(1−θ)q dx (A.28)

≤
(∫
D
|f(x)|θqs dx

) 1
s
(∫
D
|f(x)|(1−θ)qs′ dx

) 1
s′

= ||f ||θqp ||f ||(1−θ)qr (A.29)

and the result follows at once.

Theorem A.1.9 (Open mapping). Let E and F be two Banach spaces (i.e.X is a Banach space
if and only if each absolutely convergent series inX converges inX ) and let T be a continuous
linear operator from E into F that is surjective. Then there exists a constant c > 0 such that,

BF (0, c) ⊂ T (BE(0, 1))

the direct image T of any open subset of E is an open subset of F . Here, BF (0, c) is the open
ball in the space F centered ate the origin of E with radius c.

Proof. See [34, pp. 35 - 37].

Let f : X → X be a mapping from a setX into itself. A fixed point of f is any point x ∈ X
that satisfies

f(x) = x.

Let (X, d) be a metric space. A mapping f : X → X is a contraction if there exists a
constant k such that

0 < k < 1 and d(f(x), f(y)) ≤ kd(x, y) for all x, y ∈ X.

Theorem A.1.10 (Banach fixed point theorem). Let (X, d) be a complete metric space. Then
any contraction f : X → X has one and only one fixed point x ∈ X . Besides, given any point
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x0 ∈ X , the sequence (xn)∞n=0 defined by

xn+1 = f(xn) for all n ∈ N,

converges to x as n→∞, and the following estimate holds

‖xn − x‖ ≤ Ckn, n ≥ 0, C :=
d(f(x0), x0)

1− k
.

Proof. See [46, p. 153].
Recall that Cλ(Ω), 0 < λ < 1, consists of continuous functions u on Ω with finite norms

‖u(Ω)‖λ := ‖u(Ω)‖0 +
‖u(x)− u(y)‖
‖x− y‖λ

for x 6= y and x, y ∈ Ω.

Here, Ω is any subset of Rn, ‖u‖0 = sup ‖u(x)‖, x ∈ Ω and

Ck+λ(Ω) := {u; ‖u(Ω)‖k+λ =
∑
|α|6k

‖∂αu(Ω)‖λ <∞}.

When λ = 0, these spaces are defined when only the term ‖u‖0 is left in the definition of the
norm. These are known to be the Banach spaces.

Now we introduce the Sobolev spaceHk
p (Ω) for open sets Ω ∈ Rn of Ck-smooth manifolds.

We recall that for k = 0, 1, . . . this space can be defined as the completion of Ck(Ω) with respect
to the same norm

‖u(Ω)‖k,p =
(∑

‖∂αu‖pp
)1/p

where the sum is over |α| 6 k, Hk
p0(Ω), which is the completion of Ck0 (Ω) with respect to the

same norm. In literature, it is always established the notation Hk(Ω) = Hk
2 (Ω). For negative k,

the space Hk(Ω) is defined as the space of linear continuous functionals on Hk
0 . It is know that

an element u of such a space can be represented as
∑
∂αuα with uα ∈ L2(Ω), with |α| 6 k,

and derivatives are understood in the weak sense A.1.2.

Theorem A.1.11 (Extension). . For any set Ω ∈ Rn, there is a linear continuous operator E
mapping Ck+λ(Ω) into Ck+λ(Rn) such that Eu = u on Ω. This operator depends on Ω, k, and
λ, but its norm depends only on k, λ, and diam Ω

For any Lipschtz Ω ⊂ Ω ⊂ B(0;R) and k = 0, 1, . . . , there is a continuous operator E
mapping Hk

p (Ω) into Hk
p0(B(0;R)) such that Eu = u on Ω. If ∂Ω ∈ Ck, then there is a similar

continuous extension operator from Hs(Ω) into Hs
0(Rn) when s 6 k and a bounded extension

operator fromHk−1/2(∂Ω)× · · ·×H1/2(∂Ω) intoHΩ such that the extended function u has the
given Cauchy data (u, . . . , ∂k−1

v u) in this product of spaces.

The proof of Theorem A.1.11 can be found in [169, p. 180, section 3.1,chapter VI].

Extensions operators of Sobolev spaces are constructed in [141, p. 74, thm.3.4.3] for integer
k, and the case p = 2 for all nonnegative k is considered in the book [135, chapter 4] which
is also observed that the operator extending u as 0 outside Ω is continuous from Hs(Ω) into
Hs(Rn) if and only if 0 6 s < 1

2
.

The next theorem is a classical result basically obtained by Sobolev in the 1930s.
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Theorem A.1.12 (The Sobolev Imbedding theorem). . For any bounded Lipschitz domain Ω,
there is a constant C(p, q, λ) such that for all functions u ∈ Hk

p (Ω) we have

‖u(Ω)‖q 6 C‖u(Ω)‖k,p when q 6
np

n− kp
for n > kp,

‖u(Ω)‖m,q 6 C‖u(Ω)‖k,p when m 6 k, p 6 q and n(1/p− 1/q) 6 k −m,
‖u(Ω)‖λ 6 C‖u(Ω)‖k,p when λ 6 k − n/p and n < kp.

Moreover, in case of strict inequalities, corresponding embedding operators are compact.

The proof is discussed in [1, thm 4.12, p. 85].

The second inequality ismore contemporary, and one can find it inmany books on embedding
and interpolation of Sobolev-type spaces.

Theorem A.1.13 (On traces). . For any bounded Lipschitz domain Ω ⊂ Rn and any (n − 1)-
dimensional Lipschitz surface S ⊂ Ω, there is a constant C(S, k, q, p) such that for all functions
u ∈ Hk

p (Ω) we have

‖u(S)‖q 6 C‖u(Ω)‖k,p when 1 < kp < n and q 6
p(n− 1)

n− pk
for S ∈ Ck,

‖u(S)‖1/2 + ‖∇u(S)‖−1/2 6 C‖u(Ω)‖1.

The result for Hk
p -spaces can be found in [118, p. 41], while the claim about Hk-spaces is

proven in the book [134].
Next we state a theorem for interpolation of Sobolev spacesHs similar to A.1.8 also proved

in [134].

Theorem A.1.14 (Interpolation for Hs-spaces). There is a constant C(Ω) such that

|∂αu(Ω)|m 6 C|u(Ω)||α+m|/(k+λ)
k+λ |u(Ω)|1−(|α|+m)/(k+λ)

0 ,

‖u(Ω)‖s 6 C‖u(Ω)‖1−θ
s1
‖u(Ω)‖θs2 ,

provided that s = (1− θ)s1 + θs2 6= −1
2
− k, for any k = 0, 1, 2, . . . and 0 < θ < 1.

For convenience we recall the integration by parts formula∫
Ω

u∂jv =

∫
∂Ω

uvνjdΓ−
∫

Ω

∂juv, (A.30)

which is valid at least for functions u ∈ H1
p (Ω), v ∈ H1

q (Ω), 1/p+ 1/q = 1, 1 6 p, and domains
Ωwith piecewise Lipschitz boundary ∂Ω. More exactly, u, v (that are defined almost everywhere)
must be take as their representatives with well-defined traces on (n− 1)-dimensional surfaces.
The formula (A.30) is formally stated in the next theorem

Theorem A.1.15. Assume Ω is a bounded domain, ∂Ω is Lipschitz, 1 6 p 6∞.

i) There exist a bounded linear operator

T : W 1,p(Ω)→ Lp(∂Ω,Hn−1)
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such that
Tf = f on ∂Ω

for all f ∈ W 1,p(Ω) ∩ C(Ω).

ii) Additionally, for all ϕ ∈ C1(Rn,Rn) and f ∈ W 1,p(Ω),∫
Ω

f divϕ dx = −
∫

Ω

Df · ϕ dx+

∫
∂Ω

(ϕ · ν)Tf dHn−1,

ν denoting the unit normal to ∂Ω.

We can interpret the function Tf as the boundary values of f on ∂Ω. The proof of this
theorem can be found in [63, thm.1, p. 133].

An integration by parts leads to the foll formula for the (formally) adjointA∗ to the differential
operator A = div(a∇) + b · ∇+ c,

A∗ = div(a∇)− b · ∇+ (− div b+ c)

and to the following Green’s formula,∫
Ω

vAu− uA∗v =

∫
∂Ω

v∂ν(a)u− u∂ν(a)v + (b · ν)uv

where ∂νv = ν · a∇u. Which yields in the following simple form when A = ∆∫
Ω

v∆u− u∆v =

∫
∂Ω

v∂νu− u∂νv. (A.31)
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