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Resumo

Nesta dissertagao de mestrado, estudamos um teorema de Neshveyev [17] que descreve todos
os estados KMS em uma C*-algebra de um grupoide étale localmente compacto Hausdorff
satisfazendo o segundo axioma de enumerabilidade. Depois estudamos um resultado provado
por Thomsen [26] que caracteriza os estados KMS extremais nessa C*-algebra para um

grupo6ide de Renault-Deaconu.
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Abstract

In this master’s thesis we study a theorem due to Neshveyev [I7] which describes all KMS
states on the groupoid C*-algebra for a locally compact Hausdorff second countable étale
groupoid. Then we study a result due to Thomsen [26] which characterizes the extremal

KMS states on this C*-algebra for a Renault-Deaconu groupoid.

Keyworkds: C*-algebras, KMS states, conformal measures, groupoids.
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Chapter 1

Introduction

The purpose of this thesis is to find all KMS states on groupoid C*-algebras when the
groupoid satisfies certain topological conditions. This result was proved by Neshveyev in
[17]. Later we study a theorem due to Thomsen [26] which applies Neshveyev’s theorem to

a Renault-Deaconu groupoid to characterize its extremal KMS states.

Groupoids are a generalization of groups where not every pair of elements can be multiplied
but each element has an inverse. This structure can be seen as a collection of arrows attached
to points on a plane, as shown in Figure Such arrows can be composed if the end (called
range) of the first arrow is the source of the second. The inverse is obtained by reversing the
direction of the arrow and each point is identified with an element of the groupoid assuming

its corresponding vector is the null vector.

r(g) s(g) =r(h) L r(g) r(g) r(g) = gg~!
s(h) \
g9 \ g s(h) g g !
h et
s r(h) rg) g s9) s(9)  sle)=gg

Figure 1.1: Groupoids can be seen as arrows on a plane. s(g) and r(g) denote the source
r

and range of g. (a) g and h are not composable, since s(g) # r(h); (b) The composition of

1

g and h is gh; (¢) g~' is the inverse of g. Note that g~'g = s(g) and gg~! = r(g).



Given a groupoid G, G? is the set of composable elements. It consists of all pairs of
elements in G which can be multiplied. G C G is the set of units. G is endowed with the
multiplication (also called composition) and inversion operations. r,s : G — G© are the
range and source maps. Later we will define formally the notion of groupoids. The results
on groupoids in this thesis can be found in Rodrigo Frausino’s thesis [9]. In fact, this thesis
can be seen as a sequel of his work because he also describes groupoid C*-algebras and the

Renault-Deaconu groupoid. In addition, many results here are based on his work.

Under certain conditions, we can equip the groupoid with a topology in such a way that
r, s are local homeomorphisms and the sets GZ = s~!(z) Nr~!(z) are discrete and countable
groups, and we assume this topology satisfies other conditions. In this case, we can equip
the space of continuous and compactly supported functions on G, denoted by C.(G), with an
involution and a convolution which is not the pointwise multiplication. Then C.(G) becomes

a x-algebra, not necessarily commutative.

In order to define the groupoid C*-algebra C*(G), we equip C.(G) with a norm which
depends on the x-representations of C.(G). Then C*(G) is defined as the completion of
C.(G) with respect to this norm.

Let ¢ be a continuous R-valued 1-cocycle, that is, a continuous function ¢ : G — R such
that c(g1g2) = c(g1) + c(g2) for (g1, g2) € GP. Then we fix a dynamics on C*(G) defined by
7(f)(g) = €9 f(g) for every f € C.(G),g € G and t € R. For f € C.(G), we can extend
the definition of 7 to complex parameters, that is, 7,(f) is well-defined. Given € R, we say

that a state p on C*(G) is a KMS state if o(fimis(f2)) = @(faf1) for every fi, fo € C.(G).

KMS states characterizes the equilibrium states in quantum statistical mechanics. A
theorem due to Neshveyev describes every KMS state ¢ on C*(G) by an explicit formula.
In fact, there is a correspondence between ¢ and a pair (p, {ps}.cqo) satisfying some
conditions, such that g is a probability measure on G(©) and each ¢, is a state on C*(G?).
An important step in the proof of this theorem is the Renault’s disintegration theorem [15],

which will be used to obtain {¢,},cq© and g when a KMS state ¢ on C*(G) is given.

In the final part of the thesis, we define the Renault-Deaconu groupoid and prove Thom-
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sen’s theorem.

Let X be a locally compact, second countable, locally Hausdorff space. Given o : X — X

a local homeomorphism, the Renault-Deaconu groupoid is defined by

G={(xky):k=n—m,o"(x)=0"(y)},

with composition (x,k,y)(y,l,2) = (z,k + [, z) and inversion (z,k,y)"' = (y, —k, x).
Although the definition of G is abstract, it is useful to have an intuition about this
structure. Note that the sequence {o"(x)},eny can be seen as a trajectory starting at x.
Given y € X, (z,k,y) € G means that the trajectories of x and y eventually meet. k can be
interpreted as the delay of one trajectory with respect to the other. Figure shows this

idea.

Figure 1.2: If (x,k,y) € G then the trajectories {o'(z)}ien and {o'(y)}ien eventually meet.
k can be seen as the delay of one trajectory with respect to the other. In this figure, k = —1,
since o2(x) = o(y).

Given a continuous function F': X — R, we can define a continuous R-valued 1-cocycle

Cp by
el k) = 3 F(od (@) = 3 F(o?(y)

for n,m € N such that ¥ = n — m and o"(x) = ¢"(y). In fact, there exists a bijection

between R-valued 1-cocycles on G and continuous real-valued functions on X. Then we

define the dynamics on C*(G) by 7,(f)(g) = €9 f(g). We want to describe the KMS



states on C*(G) with respect to this dynamics.

Since extremal KMS states are sufficient to describe all KMS states on a C*-algebra,
Thomsen’s theorem characterizes only the extremal KMS states on the full C*-algebra of
this groupoid. In this case, we show that the probability measures corresponding to the
KMS states are e’F-conformal measures on X.

The orbit O(z) of = denotes the set of points y € X such that (z,k,y) € G for some k.
There is a bijection between orbits in X and the set of extremal atomic e®"-conformal prob-
ability measures on X. Thomsen’s theorem divides extremal KMS-states ¢ corresponding

to measures m in three cases:

e when m is continuous;
e when m purely atomic and corresponds to a periodic orbit;

e when m purely atomic and corresponds to an aperiodic orbit.

In each case the theorem gives a formula for ¢.
This thesis is structured in the following way:

Chapter [% we recall some concepts of measure theory. This chapter is important to
understand the properties of the measures corresponding to KMS states on grupoid C*-

algebras. We also define the integral of vector-valued functions on a Banach space.

Chapter[% we define groupoids and topological groupoids. Then we define the groupoid

C*-algebra and prove some properties of this C*-algebra.

Chapter [f} we define concepts necessary to understand Renault’s disintegration theorem

and we state this theorem. However, we do not prove this result.

Chapter [3 we define KMS states on arbitrary C*-algebras and prove some properties.
Then we prove two theorems due to Neshveyev, used to describe KMS states on some
groupoid C*-algebras. We state these theorems below and we refer to them as Neshveyev’s

first theorem and Neshveyev’s second theorem, respectively.



Theorem. [I7, Theorem 1.1] Let G be a locally compact Hausdorff second countable étale
groupoid. There is a one-to-one correspondence between states on C*(G) with centralizer
containing Co(G®) and pairs (11, {¢, }.) consisting of a probability measure z on G® and
a pu-measurable field of states ¢, on C*(G%). Namely, the state corresponding to (u, {¢s}z)

is given by
= [ 3 Hew)inta) o feCG)
9€G3

Theorem. [I7, Theorem 1.3] Let G be a locally compact second countable Hausdorff étale
groupoid. Let ¢ be a continuous R-valued 1-cocycle on G and 7 be the dynamics on C*(G)
defined by 7;(f)(g) = e f(g) for f € C.(G), g € G. Fix B € R. Then there exists a one-
to-one correspondence between KMSgs-states on C*(G) and pairs (p, {44 }zcqo)) consisting
of a probability measure z on G and a p-measurable field of states ¢, on C*(G?) such

that:

(i) p is quasi-invariant with Radon-Nikodym derivative e=¢;

(i) @z(ug) = @) (upgn-1) for every g € G% and h € G, for p-a.e. x; in particular, ¢, is

tracial for p-a.e. x;

(iil) ¢.(uy) =0 for all g € G\ ¢ 1(0), for p-a.e. x.

Chapter|[6t we define the Renault-Deaconu groupoid, describe some of its properties, then

we characterize the extremal KMS-states proving the following theorem due to Thomsen:

Theorem. [26] Theorem 2.2| Let § € R\ {0}. Assume that the periodic points of o are

countable. The extremal KMSg-states for 7 are

1. States ¢,,, where m is an extremal and continuous (non-atomic) e’*-conformal Borel

probability measure on X;
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2. The states ¢}, where A € C, |\| = 1 and z is periodic with minimum period p, such that

iF(aj(x)) =0 and Z Z exp (—BiF(aj(y))> < 00; (1.1)

3. The states ¢,,, where z is aperiodic and S-summable.

11



Chapter 2

Measure Theory

The main theorems in this thesis, described in Chapters[5land [0 shows that there is a relation
between a KMS state on a particular groupoid C*-algebra and a probability measure on a
subset of this groupoid. In order to understand these theorems, we should recall some results
from measure theory. We also generalize the notion of integral to functions from a measurable

space to a Banach space.

2.1 Radon-Nikodym Theorem

The Radon-Nikodym theorem proves that, under certain conditions, two measures v, i are
related by a non-negative measurable function f, denoted the Radon-Nikodym derivative.
In this case, v can be interpreted as the integral of f with respect to u. The results in this

section can be found in [I4].

Definition 2.1.1. Let X be a measurable space and let u,v be measures on X. We say v

is absolutely continuous with respect to p if
p(A) =0 implies v(A) =0, A measurable.

We denote v < p.

12



Note that < defines a partial order on the set of measures on X (assuming the o-algebra

is fixed.)

Theorem 2.1.2. (Radon-Nikodym Theorem) Let X be a measurable space and v, u be
o-finite measures on X. If v < p then there exists a measurable nonnegative function f on

X such that f is finite p-a.e. and
v(A) = / fdu, A C X measurable.
A

Moreover, v is finite if and only if f is integrable.

The function f in Theorem is called the Radon-Nikodym derivative of v with respect
to p and is denoted by

_dy

f=ar (2.1)

Although we write [2.1] as an equality, the function f is not unique. If there exists a function
g satisfying then f = g u-a.e. We assume equality since we can neglect values of f on a

null set.

Remark 2.1.3. If the measure space X is locally compact Hausdorff, the Radon-Nikodym

derivative is a local property. That is, if we want to find the Radon-Nikodym derivative

dv

m () on a neighborhood of a point z, it is sufficient to study the relation between v, u on

this neighborhood.

In fact, let U be an open neighborhood of x and assume there exists a measurable function

A on U such that

/Uf(y)dV(y)Z/Uf(y)A(y)du(y),

13



for every f € C.(U). Then using the definition of dv/du, we have

dl/
[ 15 @aut) = | 1))
Since f is arbitrary, we have

—(y) = A(y), for prae. yeU.

Example 2.1.4. Let u be the Lebesgue measure on R. Define the measure v on R by
v([a,b]) = a® — b3, for every closed interval [a,b]. Then

v(a b)) = / 32%u(a).

Then we have, by Remark

Now we state some results on the Radon-Nikodym derivative which will be used through-

out the thesis.

Proposition 2.1.5. Let u, v be o-finite measures on X such that v < u. Then, for every

integrable function g with respect to v we have

/ngZ/g—
X X

Proposition 2.1.6. If u, v are o-finite measures on X such that v < p and dv/du # 0

du _ ()"
dv  \du

p-a.e., then p < v and

14



Proposition 2.1.7. (Chain rule) If y, v, are measures on X satisfying n < v < pu, then
dn  dndv

du d_yd,u'

2.2 Pushforward Measure

Given a measurable function 7' : X — Y between two measurable spaces, assume X is en-
dowed with a measure p. Then we can define a measure on Y, referred to as the pushforward

measure. This notion is defined in [24].

This notion will be used to prove Theorem [6.3.21| on page [194:

Theorem. Let § € R. A measure pu on G is e?"-conformal if, and only if,  is quasi-

invariant with Radon-Nikodym derivative e~ .

This theorem shows that one of the hypothesis of Neshveyev’s second theorem holds for
every e’F-conformal measure on the unit space of the Renault-Deaconu groupoid. This will

be used to prove Thomsen’s theorem.

Definition 2.2.1. Let X,Y be measurable spaces. Let u be a measure on X. Given a

measurable function o : X — Y, we define the pushforward measure o, on Y by
/fd(a*,u) :/ f oaodpu. (2.2)
Y X
Lemma 2.2.2. Equation ([2.2) is equivalent to
o.i(A) = p(o™(A)),  for every A C Y measurable. (2.3)

Proof. Assume (2.2)) holds. Let A C Y be measurable. Then x4 is a measurable function

15



on Y. o is measurable, then x4 o o is measurable on X. Note that, for z € A,

1 ifo(z)e A 1 ifzeot(A4)
Xao0o(z)= = = Xo—1(4)-
0 otherwise 0 otherwise

Hence,
o.u(A) = /Y xa(y)d(oups) = /X xa 0 0(@)dp(z) = /X Nom1ydi(z) = o™} (4)).

Conversely, suppose (2.3)) holds. Let ¢ be a simple nonnegative measurable function on
Y. There exist ay,...,a, >0, Ay,..., A, measurable on Y such that ¢ = >"""  a;xa,. Then

n n

[ =Y au(4) = 3 el (A)

i=1 i=1

- Zai/)(Xcrl(Ai)(x)d:U’(x)

=Z [ xa o otwiin(s
:/Xgpoa(m)d,u(x).

Let f be a measurable function on Y. Assume f is nonnegative. Then there exists a sequence
of simple nonnegative functions bounded by f and converging to f. Hence (2.2)) holds for f.
Therefore (2.2)) holds for every measurable function on Y. O

Lemma 2.2.3. Let p be a measure on X. Let 0o : X — Y, 01 : Y — Z be measurable.

Then 01,0941 = (01 0 09) 4 ft.

Proof. Let A C X be measurable. Then,

01,02 41(A) = 01:(02.:41) (A) = o20p1(07 ' (A))
= oy (07 (A))) = p((o1002) 7 (A4))

16



— (01 0 03).(A).

]

Lemma 2.2.4. Let p, v be measures on X such that v < pu. Let 0 : X — Y be a measurable

bijection such that ! is measurable. Then o,v < 0,4 and

‘m%w=%w4@>yer

do,

Proof. Let f be a o,v-integrable function on Y. Then

| izt = [ foowine)

-/ foa(x)j—:(m)dﬂ<x>
— /Y (y)j_:(a—l(y))da*u(y)

Then o,.v < o, and

2.3 Purely Atomic and Non-Atomic Measures

In this section we recall that every finite Borel measure can be decomposed uniquely as a
sum of two measures, one being purely atomic and the other one being continuous. As a

consequence, an extremal probability measure is either purely atomic or continuous.

In order to prove Thomsen’s theorem, we will show in Chapter [6]that every extremal KMS

17



state corresponds to an extremal probability m, then m has one of the properties defined

below. The results in this section can be found in [12] and [25].

Definition 2.3.1. A finite Borel measure m on the topological space X is non-atomic or
continuous when m({z}) = 0 for every z € X and purely atomic if there is a Borel set

A C X such that m(A) = m(X) and m({a}) > 0 for all a € A.

Given a measure p, we write pu(z) = p({z}).

Proposition 2.3.2. If 1 is a o-finite measure on a g-algebra then there exist unique measures

p® and pf such that p = pu®* 4+ p¢ and such that p® is purely atomic and p¢ is non-atomic.

2.4 Measures on Locally Compact Spaces

The results in this section are presented in [6]. Here we introduce the notion of Radon
measures and we conclude that, if the topological space satisfies certain conditions, every

probability measure is Radon.

First we prove some properties of Hausdorff spaces.

Proposition 2.4.1. Let X be a Hausdorff space, and let K and L be disjoint compact
subsets of X. Then there are disjoint open subsets U and V of X such that K C U and
LcCV.

Proof. We can assume that K and L are both non-empty (otherwise we could use & as one
of our open sets and X as the other). Let us begin with the case where K contains exactly
one point, say . We show that there are open disjoint sets U,, V, such that x € U, and

LCV,.

Since X is Hausdorff, for each y € L there is a pair U, V,, of disjoint open sets such that
x € U, and y € V},. Since L is compact, there is a finite family v, ..., y, such that the sets
Vi ., Vi, cover L. The sets U, and V, defined by U, = N}, U,,, V, = UL, V,, are then the

Y1 -

required sets.

18



Next consider the case where K has more than one element. We have just shown that for
each x € K there are disjoint open sets U, and V, such that x € U, and L C V,. Since K
is compact, there is a finite family xy,...,x, such that U,,,...,U,, cover K. The proof is

complete if we define U = U \U,,, V =N, V... O

Proposition 2.4.2. Let X be a locally compact Hausdorff space, x a point in X, and U an
open neighborhood of x. Then z has an open neighborhood whose closure is compact and

included in U.

Proof. Since X is locally compact, there is an open neighborhood of z, say W, whose closure
is compact. By replacing W with W N U, we assume that W is included in U. The difficulty
is that 1 may extend outside U.

Use Proposition to choose disjoint open sets V; and V5 that separate the compact
sets {x} and W\ W. Note that the closure of V; W is included in W. In fact, suppose there
exists y € V1 N W such that y ¢ W. Then y € W \ W. By definition, V3 is a neighborhood
of y. Since y € Vi N W, there exists ; € V3 N W such that z; € V5. This leads to a
contradiction because V), NV, = @.

Then V; N W is compact and included in W, and hence in U; thus V; N W is the required

open neighborhood of z. m

A subset of a topological space X is a G if it is the intersection of a sequence of open

subsets of X, and F, if it is the union of a sequence of closed subsets of X.

Proposition 2.4.3. Let X be a locally compact Hausdorff space, let K be a compact subset
of X, and let U be an open subset of X that includes K. Then there is an open set V of X

that has a compact closure and satisfies K C V C V C U.

Proof. Proposition implies that each point in K has an open neighborhood whose
closure is compact and included in U. Since K is compact, some finite collection of these
neighborhoods covers K. Let V' be the union of these sets in such a finite collection; then V'

is the required set. O

19



Proposition 2.4.4. Let X be a locally compact Hausdorff second countable space. Then
each open subset of X is an F,, and is in fact the union of a sequence of compact sets.

Likewise, each closed subset is a Gj.

Proof. Suppose that U is a countable basis for the topology of X. Let U be an open set in
X. Given z € U, it follows from Proposition that there exists an open neighborhood
W, of x such that W, is compact and W, C U. Since U is the basis for the topology of X,
there exists V, € U such that z € V, € W,. Then V, is compact and V, C U. Thus,

U:UE.

zeU

Since each V,, € U and U is countable, then U is a countable union of compact sets. Therefore
Uis I,.
Let A C X be a closed set. Then A€ is open, and A€ is the union of a sequence {F,}

consisting of closed sets. Hence,

A= (A% = (U Fn) = Fs.
n=1 n=1
Therefore A is Gs. O]

Lemma 2.4.5. Let X be a locally compact Hausdorff second countable space. Given an
open subset U C X, there exists a sequence {K,} of compact subsets such that K, C K, 1

for every n, and U = U2, K.

Proof. Let U C X be an open set. It follows from Proposition that there is a sequence
of compact sets {F),} such that U = U, F,,. Define, for each n > 1, K,, = U, F;. Clearly
each K, is compact and K, C K, ;. Moreover, U = U}° | K,,. O

Let X be a Hausdorff topological space. Then B(X), the Borel o-algebra on X, is the
o-algebra generated by the open subsets of X: the Borel subsets of X are those that belong

to B(X).
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We turn to terminology for measures. Let X be a Hausdorff topological space. A Borel
measure on X is a measure whose domain is B(X). Suppose that A is a o-algebra on X

such that B(X) C A. A positive measure p on A is Radon if

(a) each compact subset K of X satisfies u(K) < oo,

(b) each set A in A satisfies

p(A) =inf{p(U) : AC U and U is open}, and

(c) each open set U of X satisfies

p(U) = sup{pu(K) : K C U and K is compact}.

A Radon Borel measure on X is a Radon measure whose domain is B(X). A measure that
satisfies condition (b) is often called outer regular, and a measure that satisfies condition

(¢), inner reqular.

Now we define the support of a Radon Borel measure. The following theorem is necessary

to show that the support is well-defined.

Proposition 2.4.6. Let X be a locally compact Hausdorff space, let u be a Radon Borel
measure on X. Then the union of all open subsets of X that have measure zero under p is

itself an open set that has measure zero under pu.

Proof. Let U be the collection of all open subsets of X that have measure zero under p, and
let U be the union of the sets in U. Then U is open. If K is a compact subset of U, then K

can be covered by a finite collection Uy, ..., U, of sets that belong to U, and so we have
p(K) <> u(U;) =0.
i=1

Since K is arbitrary, it follows from the definition of Radon measure that u(U) = 0. O
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It follows from Proposition that, for X, u, there is the largest open subset U C X
with p(U) = 0. Then we define the support as follows.

Definition 2.4.7. Let X be alocally compact Hausdortf space, and  a Radon Borel measure
on X. We define the support of p as the complement of the largest open subset of X with
measure zero. We denote the support of X by supp(u).

Note that supp(u) is closed. Now we prove some properties of Radon measures.

Lemma 2.4.8. Let X be a Hausdorff space in which each open set is an F,, and let u be a

finite Borel measure on X. Then each Borel subset A of X satisfies

pu(A) = inf{u(U) : AC U and U is open}, (2.4)
p(A) =sup{u(F): F C Aand F is closed}. (2.5)

In particular, x is Radon.

Proof. Let R denote the set of Borel sets A C X that satisfy conditions (2.4) and (2.5). We
prove that R contains all open subsets of X. Let U C X open. Clearly U satisfies (2.4). By
hypothesis there exists a sequence {F,} of closed sets such that U = U, F,,. We can assume

that F,, C F, 4, for each n without loss of generality. Then p(U) = lim,, u(F),). Therefore

(2.5) holds.
Now we show that conditions (2.4]) and (2.5)) hold for an arbitrary Borel set A if, and only

if, for every € > 0 there are U open, F' closed, such that
FCcAcCcUand p(U\F) <e. (2.6)

In fact, assume ((2.4) and (2.5 hold. Let A be measurable. Given ¢ > 0, by (2.4 there exists
U open such that A C U and

w(U) < pu(A) +¢/2. (2.7)
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Aplying (2.5)), there exists F' C A closed satisfying
w(F) > p(A) —e/2. (2.8)
Then, by and , we have
WU F) = p(0) = p(F) < ((A) + ) = (n4) = 5) = <.

Then (2.6) holds.
Conversely, assume (2.6) holds. Given ¢ > 0, there are U open, F' closed, such that
FcCcAcCUand u(U\ F) < e. Hence,

w(A) < 1(U) = p(A) + (U \ 4)
(A)+ u(U\ F) ,since F C A,

14
< (A) + ¢,
and

u(F) < p(A)

u(F) 4+ (AN F)
< u(F)+p(U\F) ,since ACU,
< p

(F)+e.

Since € > 0 is arbitrary, it follows that conditions ({2.4) and (2.5 are satisfied.

We can now show that R is a o-algebra. Clearly @ € R, since & is open. Given A € R,
e > 0, there are U open, F closed such that ' C A C U and p(U \ F) < e. Then
F¢ is open, U° is closed, and U® C A° C F°. Since F°\ U® = U \ F, it follows that
p(Fe\ U = u(U\ F) < e. Therefore A° € R.

Let {A,} be a sequence of sets in R. Then, for every n > 1, there exists U,, open, F,

23



closed such that

€

F,c A, cU, and u(Un\Fn)<2n+1.

Let U = U,U, and F = U,F,,. Then U, F satisfy the relations F' C U, A,, C U and

WUNF) < p (an \ Fn>> <Y HUNE) <Y 5m =5 (2:9)

The set U is open, but the set F' can fail to be closed. However for each N the set UN_| F,,

is closed, and since

p(U\ F) = p(U) = p(F) = p(U) = Jim_p (U F) ,

we can choose N such that
N
L (U\ U Fn> <e.
n=1

Thus U and UY_, F}, are the sets required in (2.6)), and R is closed under countable unions.

We have now shown that R is a o-algebra on X that contains the open sets. Since B(X) is
the smallest o-algebra on X that contains the open sets, it follows that B(X) C R. Therefore

this lemma is proved. O

Remark 2.4.9. Let X be a locally compact Hausdorff second countable space, then every
probability measure on X is Radon. In fact, it follows from Proposition that every
open set is G5. Then, given a probability measure g on X, it follows from Lemma that
1 is Radon.

We assume in Lemma that the measure p is finite, but this result can be generalized

to o-finite measures that are finite on compact sets.
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Proposition 2.4.10. Let X be a locally compact Hausdorff space that has a countable

basis, and let p be a Borel measure on X that is finite on compact sets. Then p is Radon.

Proof. First consider the inner regularity of . Let U be an open subset of X. Lemma [2.4.5

implies that U is the union of a sequence {K;} of compact subsets, then

°)

Let {U,} be a sequence of open sets such that X = U, U, and such that u(U,) < oo holds

||C:

p(U) = lim p (
n—oo

The inner regularity follows.

for each n (for instance, take a countable basis U for X, and arrange in a sequence those

sets U in U for which U is compact).

For each n define a Borel measure p,, on X by p,(A) = p(ANU,). The measures pu, are
finite, and so Lemma implies that they are outer regular. Hence if A belongs to B(X)

and if € is a positive number, then for each n there is an open set V,, that includes A and

satisfies 11,(V,,) < pn(A) +¢/2". Consequently,
p((Up NV \ A) < g/27.
Then set V defined by V' = U, (U, N'V},) is open, includes A and satisfies
w(V\ A) < Zﬂ (U, NV,) | A) <

Hence pu(V) < p(A) + €, and the outer regularity of u follows. O

Assume X is a locally compact second countable Hausdorff space. By definition, a Radon
measure x4 on X is finite on compact subsets of X. It follows from Proposition [2.4.10| that

a Borel measure on X is Radon if, and only if, it is finite on the compact subsets of X.

Proposition 2.4.11. [6, Proposition 7.2.6] Let X be a Hausdorff space, let A be a o-algebra
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on X that includes B(X), and let x be a Radon measure on A. If A belongs to A and is

o-finite under pu, then
p(A) =sup{p(K) : K C A and K is compact }. (2.10)

Remark 2.4.12. Let X be a locally compact second countable Hausdortf space, and u a
Borel measure which is finite on compact subsets of X. It follows from Propositions [2.4.10
and [2.4.11] that, for every A C X Borel, we have

pu(A) = inf{u(U) : AC U and U is open},

p(A) = sup{u(K): K C A and K is compact}.

Lemma 2.4.13. Let X be a locally compact Hausdorff second countable space, p be a
Radon Borel measure on X, B C X a Borel set, U C X an open set satisfying B C U.

Given a continuous non-negative function f on X, we have

/B fla)iute) = ,iut, /V F()du().

Proof. Since f is continuous and non-negative, we can define the Borel measure v on X by

v(A) = /Af(x)du(x), A Borel set.

The function f is continuous and g is finite on compact subsets, then v is finite on compact
subsets of X. Hence, from Proposition [2.4.10, v is Radon. Therefore, for every B C X
Borel,

| r@int) =o(B) = jnf vV) = ot [ f@)duta).

For every open set V' such that B C V, it follows that u(B) < p(V NU) < pu(U) and
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V' NU is open. Hence, we can take the infimum over the open sets V such that B C V C U.

Therefore,

/Bf(x)d,u(x):y(B): inf v(V)= inf /f(x)du(x)

V open V open
O

Lemma 2.4.14. Let X be a locally compact Hausdorff second countable space and u a

Radon measure on X. Given an open subset U C X, we have

w(U) = sup L/’f<xﬁuwx>
el

Proof. e Assume pu(U) < oo.

Note that for every f € C.(X) such that 0 < f < xy, we have
| Faduta) < )

Given ¢ > 0, there is a compact set K C U satisfying u(U \ K) < ¢ by Remark [2.4.12
Since X is locally compact Hausdorff, there is an open set V such that V is compact

and K CV CV C U by Proposition m

By Urysohn’s lemma, there exists a continuous function f assuming values in the
interval [0, 1] such that f equals one on K and vanishes outside V' C U. Then f €
Ce(X) and 0 < f < xv-

Using the fact that u(U) — pu(K) < e, we have u(K) > p(U) — €. Hence,

X U\K



Since ¢ is arbitrary, we have

w(U) = sup / f(@)du(x).
A

Suppose p(U) = oo.

Let n be a natural number. By Remark [2.4.12 there exists a compact set K,, C U
such that p(K,) > n. From Urysohn’s lemma, we can choose a continuous compactly
supported function f,, assuming values in the interval [0,1] such that f,(z) = 1 for

every © € K, and f, vanishes of U. Hence,

[ )it /fn () = u(Ky) > n.

Therefore,

sup /f( >Sup/ fo(2)dp(x
feCe(X)J X neN

0<f<xu

Hence the result follows.

2.5 pu-Measurable Functions

In this section we define the u-completion of a o-algebra. The definition here can be found

in [6]. This o-algebra will be necessary to understand one of the conditions in Neshveyev’s

first theorem.

Definition 2.5.1. Let (X,.4) be a measurable space and let p be a measure on A. The

completion of A under p is the collection A, of subsets A of X for which there are sets E
and F in A such that
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ECACF and u(F\E)=0.

A set that belongs to A, is said to be p-measurable.

In fact, A, is a o-algebra on X. We say that a function f on X is y-measurable if it is
measurable with respect to the o-algebra A,. Note that if f is measurable with respect to

the o-algebra A, then f is p-measurable.

Lemma 2.5.2. Let X be a topological space and p a Borel purely atomic probability measure

on X. Every complex-valued function on X is pu-measurable.

Proof. Let f be a complex valued function on X. Let I be the set of points x € X such that
n({z}) > 0, then I is countable (X \ I) = 0. Given V C C measurable, let A = f~1(V)

and J = I\ A. Then I, J are measurable since both are countable.

Note that TN A C AC X\ J. Since (X \ J)\ I C X\ [, it follows that

(XN < p(X\T) = 0.

Then A is p-measurable and, therefore, f is py-measurable. m

2.6 Vector-Valued Integration

Now we introduce the concept of vector-valued integral, that is, the integral of functions
f : R — B where B is a complex Banach space. This section is based on [2I]. We will
need this notion to prove Proposition on page [I05] and then define KMS states on a
arbitrary C*-algebra.

Recall that one of the main steps in the construction of the Lebesgue integral is the notion

of simple functions. A function ¢ : R — R is simple if there are Ay, --- , A, measurable sets
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and aq,...,a, real numbers such that

¥ = Z AiX A;-
=1

Then we define its integral by

/R PO = 3 a(4),

Then, under certain conditions, the integral of a measurable function can be approximated
by the integral of simple functions. We will try to define the integral of vector-valued

functions similarly.

Definition 2.6.1. Let u be a Borel measure on R and B a Banach space. A function

¢ : R — B is simple if there are ay,...,a, € B, and Ay,..., A, Borel subsets of B such that
= aixa, (2.11)
i=1
and each x4, : R — R is defined by

1, lfl’GAl,

0, if x ¢ Ai;

for x € R. We call (2.11) a representation of .

In the next example, we show that the representation (2.11)) is not necessarily unique.

Example 2.6.2. Let ¢ : R — R3 be defined by

;

(1,1,1), if0<az <1,
p(r) =1(1,2,2), ifl<z<2,

(1,2,3), if2<az<3.

\
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Then,

Y= (17 17 1)X(0,1} + (17 27 2)X(1,2] + (17 27 3)X(2,3]

- (17 17 1)X(0,3} + (07 17 1)X(1,3} + (07 07 1)X(2,3]-

Therefore ¢ is simple and can be written in at least two different representations.

Definition 2.6.3. Let u be a Borel measure on R and B a Banach space. Given a simple

function ¢ with representation (2.11), we define its integral by

/R Pdu() = 3 (A

Lemma 2.6.4. The integral in Definition (2.6.3) is well-defined, that is, it does not depend

on the representation.

Proof. Let B be a Banach space. Given a simple function ¢ : R — B, let a4,...,a, € B,
bi,...,b, € B, and let Ay,..., A,, By,...,B,, be Borel sets such that

= Z aiXa, = Z bixa,-
i=1 =1
Let
r= Z%’M(Az’) and y = ij,u(Bj).
i=1 =1

Note that x,y € B. Choose an arbitrary A € B*. Then Ao p : R — C is a simple function
with

Ao p = ZA(CL;’)XA,L- = ZA(bZ)XAz
=1

Since the integral of complex-valued functions does not depend on the representation, we
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have

[ (Ao @ttt = 30 Medui = Y- AwInE:

i=1

i=1 Jj=1

Since A is arbitrary and B* separates points in B, it follows that x = y. n

Remark 2.6.5. Given a simple function ¢ : R — B, A € B*, Aoy : R — C is a simple
function. Note that we used the property

A [ w0aun) = [ Ao

in Lemma to show that the integral is well-defined. Similarly, we will define the integral
in such a way that this property holds when we replace ¢ by a Borel function f : R — B.
Given A € B*, we denote Af = Ao f. Note that both Af and Ay are measurable functions.

Definition 2.6.6. Given a Banach space B, a function f : R — B is weakly measurable if

Af is measurable for every A € X*.

Remark 2.6.7. Note that every Borel function f : R — B is weakly measurable. In

particular, every continuous function from R to B is weakly measurable.

Definition 2.6.8. Let u be a Borel measure on R. Given a Banach space B, let f : R — B

be weakly measurable. If there exists y € B such that for every A € B*,

Ay = /R AF(8)dp(t),

then we define the integral of f by

l@ﬂmmw:y (2.12)
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Remark 2.6.9. Note that there exists at most one y such that (2.12)) holds. This follows
from the fact that B* separates points in B.

Definition 2.6.10. Given a Banach space B, C.(R, B) denotes the space of compactly
supported functions f : R — B which are continuous. Recall that the support of f is the
closure of the set {t € R: f(t) # 0}.

Note that every function f € C.(R, B) is weakly measurable.

Given a Banach space B, we define the norm on C.(R, B) by

[ /lloe = sup | F(©)Il

Lemma 2.6.11. Let p be a Borel measure on R, B a Banach space and f € C.(R, B) such
that there exists y = [, f(t)du(t). Then

vl < / 1£(8)lldp(t).

Proof. Since B is a Banach space, we have

|yl = sup |Ayl|.
AeB*
IATi<1

However, for every A € B* such that ||A|| < 1, we have

|Ay| =

/R Af(t)du(t)‘ < / AF(1)]du(t) < / IANIF @) du(t) < / 1£(8) | duc).

]

Lemma 2.6.12. Let u be a Radon measure on R. Let f € C.(R, B). Then, for every ¢ > 0,
there are Ay, ... A, disjoint Borel sets, t1,...,t, € R, such that the function



satisfies the following property: ||¢ — fllc < €.

Proof. Let ¢ > 0. Since f is continuous, for every t € R, there exists an open set U; such

that for every s € Uy, || f(s) — f(t)] <e.

Let K be the support of f. Then there are ¢4,...t, € K such that Uy ,..., U, is an open

cover for K. Let, fori=1,...,n,

Utl le:1

Uti\Aifl 1f2:2,,n

Then each A; is Borel, and U, A; = U?_,U,,. Define ¢ by
= flt:)xa,
i=1

Now we prove that || — fllec < e. Let t € R. If ¢t ¢ U Uy, then ¢(t) = 0 by definition.
Moreover, t ¢ K, since Uy,,...,U;, cover K. Then f(t) =0 and ||f(t) — p(t)]| =0 <e.

Assume t € U ,U,,. By definition of A, ..., A,, there exists a unique ¢ such that ¢t € A,.
Hence ¢(t) = f(t;). Since A; C Uy, we have

le(@) = FOI = 17 E) = FDI <e.

Therefore,

lp = flloo = Sup le®) = fFD)] <e.

]

In order to prove the existence of the integral of functions in C.(R, B), we will state

Theorem [2.6.14] which is an application of a theorem proved in [22].
Definition 2.6.13. Let X be a normed vector space. Given a subset S of X, we define
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its conver hull as the smallest convex set containing S. We denote the convex hull of S by

co(S).

Theorem 2.6.14. [22, Theorem 3.25] Suppose H is the convex hull of a compact set K in
a Banach space B. Then H is compact.

Theorem 2.6.15. Let p be a Radon measure on R. Let B be a Banach space. Given
f € C.(R, B), the integral of f:

y= [ soanty
exists.

Proof. Assume p is a probability measure.
Let K =supp(f). Let L = f(K)U{0}. This set is compact because f is continuous and
K is compact. Define H to be the closure of co(L). Then H is compact by Theorem [2.6.14

Given k£ € N with £ > 1, it follows from Lemma [2.6.12] that there is a simple function
©®) . R — B such that there are disjoint Borel sets Agk), e ,Ag?, and tgk) t(k) e R

satisfying

ng N 1

o0 =3t e and o =l < 4

i=1

Let
Up = / Mdu(t) Z FEP) (AP, (2.13)
R

Since the sets Agk), e ,AS{? are disjoint and u is a probability measure, we have

S APy <1 and el < 1]l (2.14)
=1
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Moreover, since each f(#) € H and 0 € H, it follows from (2.13) and (2.14) that y), € H.

H is compact, then {yi}ren has a subsequence {y, }jen converging to some y € H.

Let A € B*. Assume A # 0 without loss of generality. Since A is continuous, we have

Ayr, — Ay. However, by Remark
o, =A ([ 9 0aun) = [ 26 0auto 2.15)
By definition, each ©*i) satisfies ||o®*)(¢)|| < ||f|ls. Hence, for t € R,
A O] < A" @I < TANFlloo-

Moreover, Ap*5) converges to Af pointwise. Since yu is a probability measure, we can apply

the dominated convergence theorem, obtaining

[ Ar@dute) = im [ AG®@dut) = im g, = Ay,
R R J—00

Jj—00

Since A is arbitrary, we have
v= [ Fe)dute)
R

Now assume g is an arbitrary Radon measure on R. Let K be the support of f.

Suppose p(K) = 0, then for each A € B*,

/R A(F(8))du(t) = / A(F (1)) du(t) = 0.

K
Therefore [, f(t)du(t) = 0.

Now suppose p(K) > 0. Define the measure o on R by

p(I N K)

ﬁ(]):TK),
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for every Borel set I C R. Then i is a probability Borel measure on R.

Let y = [, f(t)dfi(t). Then, for every A € B¥,

Ay = / A(F(1))dfi(t)
- /K A(F (1) dA(t)

Therefore,

w(K)y = / F()dpt).

]

Proposition 2.6.16. Let x be a Borel measure on R and let B be a Banach space. Let
f R — B be a continuous function such that [~ ||f(¢)||du(t) < co. Then the integral

[ F(t)du(t) exists.

Proof. Let, for each n, h, be a continuous function such that h, equals 1 in the closed
interval [—n,n] and vanishes outside | —n — 1,n + 1[. For each n, fh, € C.(R, B). Define,

for every n,

Yo = / (1) f(£)da(2).

In order to show that the sequence of y, converges, we only need to prove that {y,} is a

Cauchy sequence because B is complete. Given € > 0, let ny be such that
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Given n,m > ng, assume n > m without loss of generality. By definition, we have
hn(t) = hy(t) =1 for t satisfying |t| < ng. (2.16)

In this case, |h,(t) — hy,(t)| = 0. Then,

h ()dp(t) / B (¢ H
R

/m D17 O)ldu(t)
[PVM> WO Olldu), by @T9),

Hyn - ymH =

< AP (hn(@®)] + [P (DI @)l dpal?)
< 2/ Il f(t)||du(t), because hy, h,, assume values in [0, 1],
[t|>no

<2-=-¢.

l\DI(‘f)

Therefore y, — y for some y € B.

Now we prove that [, A(hy,(t) f(t))du(t) = [5 A(f(t))du(t). For every t, we have

[AChn () SO < AL

By assumption, the function ¢ — ||f(¢)|| is integrable. Then, the dominated convergence

theorem implies,

n—oo R n—oo

lim MMWMWMzéﬁmMMMWMszéMWWW)

38



Note that, for every n,

A [ w00 = [ Ao @)

The left-hand side equals to Ay, and thus converges to Ay. As we already proved, the
right-hand side converges to [, A(f(t))du(t). Therefore,

Ay = / A (1)) dp(t).

A is arbitrary, then the integral

y= / F()dp(t)

exists. O

Corollary 2.6.17. Let B be a Banach space and p a Borel measure on X. Let f: R — B
be a continuous function such that ¢ — ||f(¢)| is integrable. Given a linear and bounded

operator L : B — Bj such that B; is a Banach space, then

L ([ sau0) = [ pisnaute

Proof. Let y = [, f(t)du(t). The function Lf : R — By is continous, moreover, ¢ —
|IL(f(t))] is integrable, since

[ It < 12l [ 15 @ldno < o
Let z = [, L(f(t))du(t). Given A € B*, AL € B*. Hence,

A=A / L(F(8))du(t)
- / AL(F(t))du(t)

39



_ / (AL)(£(t))dpu(t)
= (AL) /R (f(£))dp(t)

= (AL)y
= A(Ly).

Since A is arbitrary, it follows that z = Ly. Thus,

L ([ sano) = [ 1esopauco
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Chapter 3

Groupoids

Groupoids can be understood as a generalization of groups where the unit is not unique
and not every pair of elements can be multiplied. Each groupoid G is endowed with two
functions  and s from G to the subset G© of units. We equip the groupoid with a topology
such that r, s are continuous.

If G has some nice topological properties, we can define C.(G), the space of continuous
and compactly supported complex functions on G. Moreover, we can endow this space with
an involution and a product which is not necessarily commutative. Then we define a norm on
C.(G) which depends on the s-representations of C.(G). Then the full groupoid C*-algebra,
denoted C*(G) is the completion of C.(G) with respect to this norm.

Most definitions and results in this chapter can be found in [9].

3.1 Introduction

In this section we define groupoids and give some examples. The results in this section are

taken from [9] and [20].

Definition 3.1.1. A groupoid is a set G together with a subset G (called units, unit space

or objects), two surjective maps r,s : G — GO (called range and source, respectively) and
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a law of composition
(9,h) €GP = gh=g-heG,

where G = {(g,h) € G x G : s(g) = r(h)} is called the set of composable elements or

composable pairs.

A groupoid satisfies the following properties for g, h, k € G:

(i) s(gh) = s(h) and r(gh) = r(g) if (g,h) € G®
(ii) r(z) = s(z) if z € GO);
(iii) gs(g) =g and r(g)g = g;
(iv) (gh)k = g(hk) if (g, h), (b, k) € G,

(v) ¢ has a two-sided inverse ¢! such that gg=' = r(g) and g~ 'g = s(g).

The maps (g, h) € G® s gh and g — g~ are called product and inverse, respectively.

We can interpret groupoids as a collection of arrows attached to points on a plane. Two
arrows can be composed only if the end of the first arrow meets the start of the second.
Units are points with the null vector and the inverse of an element is obtained by reversing

the direction of the arrow. Figure [3.1] shows this idea.

r(g) s(g) =r(h) L r(g) r(g) r(g) =gg~!
s(h) NG
g \ g s(h) g g
h et
o) (b ) gh @) sle)  sl9) =glg
(a) (b) (c)

Figure 3.1: Groupoids can be seen as arrows on a plane. s(g) and r(g) denote the source
and range of g. (a) g and h are not composable, since s(g) # r(h); (b) The composition of
g and h is gh; (c) g~ ! is the inverse of g. Note that g~'g = s(g) and gg~! = r(g).
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Example 3.1.2. Every group is a groupoid. Let G be a group with unit e. Let G = {e},
G® = @ x G and define the range and source maps by 7(g) = s(g) = e.

Since the range and source of each element is e and G is associative, one can easily show

that properties (i)-(v) are satisfied.

Example 3.1.3. We show that a group action defines a groupoid. Let G be a group with
identity e and X a set. Recall that a group action [19] is a map G x X — X denoted by
(g, x) — gz, satisfying the following properties:

(i) g(hz) = (gh)x for g,h € G,z € X,
(i) ez =2 forz e X.

If G is an action, we say that G acts on X.

The cartesian product H = G'x X has a groupoid structure with unit space H® = {e}x X.
The range and source maps are s(g,z) = (e,z) and r(g,z) = (e, gz) and the operations are

defined by
(g, ha)(h,x) = (gh,x) and (g,2)"" = (97", gx).

H is a groupoid, called the action groupoid (or transformation groupoid |23]). In fact,

(i) s((g,2)(h,y)) = s(g,y) = (e,y) = s(h,y) for (g,x), (h,y) composable;
(ii) r(e,z) = (e,ex) = (e,x) = s(e, x) for z € X;

(iii) Given (g,x) € H,

(9,7)s(g,z) = (g,7)(e, x) = (ge,z) = (g, )

r(g,2)(g,%) = (e, 92)(g, %) = (eg, x) = (g, 2);

(iv) Let (g, ), (h,y), (k,z) € H such that ((g,z), (h, %)), ((h,v), (k,2)) € H®. By hypoth-
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esis, x = hy and y = kz. Hence, x = hkz. Then

[(9,2)(h, y)] (k, 2) = (gh,y)(k, 2)
= (ghk, z)

= (g,7)(hk, 2)
= (

g,%) [(h, y)(k, 2)] .
(v) Given (g,x) € H,

(9:2)(g, )" = (g,2) (97" g2) = (99", gx) = (e, gx) = r(g, x)

(9,2)7(g,2) = (97", 92)(g,2) = (97" g, 2) = (e,2) = 5(g,2).
Example 3.1.4. Let ~ be an equivalence relation on a set X. Let

G={(z,y) e X x X :z~y},
GO = {(z,z):x € X}, and

G? ={((x.9). (y,2) & ~y,y ~ 2},

Define the range and source maps by r(z,y) = (z,z) and s(x,y) = (y,y). Let (x,y)"' =

(y,z) and (z,y)(y, 2) = (x, z). The inverse and multiplication maps are well-defined by the

reflexivity and transitivity of ~. Hence G is a groupoid.

Remark 3.1.5. Note that [9] and [20] define groupoids differently. On the one hand, [9]
introduces a groupoid as in Definition On the other hand, Renuault [20] describes

groupoids as follows:

A groupoid is a set G endowed with a product map (g, k) — gh : G® — G, where G® is
a subset of G x G called the set of composable pairs, and an inverse map g+ g ' : G — G

such that the following relations are satisfied:
@) ()™ =g
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() T (g, 1), (h, &) € G, then (gh, k). (4. hk) € G and (gh)k = g(hk):
(i) (97, 9) € G and if (g,h) € G®), then g~ (gh) = h;
(iv) (9,97") € G? and if (h,g) € G?, then (hg)g~' = h.

Given g € G, we define r(g9) = gg~! and s(g) = g 'g. The unit space is defined by
GO = 5(G) =r(G).
These definitions are equivalent.

First, suppose G is a groupoid as in Definition Note that r(z) = s(x) = x for each
€ GO, In fact, r(z) = s(z) by property (ii). Since s : G — G(© is surjective, there exists

g € G such that x = s(g) = g~'g. Hence,

Now we prove properties (i’)—(iv’).

i) (g "=y

Since s(g) = g~'g and s(s(g)) = r(s(g)), we have

s(s(g)) = s(9) =g 'g,

r(s(g) =rlg gy =rg™) =g (g "

Then g~ 'g = g7'(¢7!)~! and therefore g = (g71)~L.

(ii") (gh)k = g(hk)

This holds by property (iv).

(iii") g~ '(gh) =h

Note that s(g) = r(h). Then

9~ (gh) = (g7 9)h = s(g)h = r(h)h = h.
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(iv?) (hg)g™ =h

Note that s(h) = r(g). Then

(hg)g™" = h(gg™") = hr(g) = hs(h) = h.

Then G is a groupoid as defined in [20].
Conversely, assume that G is a groupoid as in [20].

First we show that G® = {(g,h) : s(g) = r(h)}. Suppose (g, h) € G?. Then,

g9~ (gh) = h by (iii"),
lg7 (gh)]h™" = hh™ by (iv"),
(g™ g)hlh™ = hh™!
g 'g=hh""

s(g) = r(h).

Suppose g, h € G are such that s(g) = r(g). Then

(h, k™), (k™1 h) € G@ by (i), (iv),

= (hh™,h) € G?
= (r(h),
= (s(9),

= (979,
= (g7'g,h) € G®

) €
h) €
h) €
h) €
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On the other hand,

(9,971, (g7 9) €GP by (iiD), (iv),

= (9,9 'g) € G?.

Then (g,97'9), (g7 g, h) € G?. Therefore (g,h) € G?.
Now we prove properties (i)—(v).

(i) s(gh) = s(h), r(gh) = r(g)
By assumption, (g,h) € G®. Also, (h,h™') € G® by (iii). Then s(h) = r(h™!) and
(gh,h~1) € G@. This implies s(gh) = r(h™') = s(h).

The proof of r(gh) = r(g) is analogous.
(ii) r(z) = s(z) if v € GO

Given z € G there exists g € G such that z = r(g) = gg~*. Then

Note that s(gg~1) = s(g~!) by (i).
(iii) gs(g) =g and r(g)g =g

9s(9) =9(97'9) = (g7 ") (g '9) =g,

r(9)g= (99 g = (997" )(g )" =g

(iv) (gh)k = g(hk)

This is equivalent to (ii’)

(v) 7(9) =g97" g9 = s(g)

This follows from the definition of r, s.

47



Therefore the definitions are equivalent.
Remark 3.1.6. Given A, B subsets of a groupoid G, one may form the following subsets of
G-
Alt={geG:g'c A}, AB={ghe€G:gc A hec B}.
Given z,y € GO):

G*=r"Yx), G,=s""(y), and G, =G"NG,.

G* (resp. Gy) is called the r-fiber of G over z (resp. s-fiber of G over y) as in [7].

Note that G2 is a group. It is called the isotropy group at x. In fact,
(i) gh € G* for g,h € G%;
(i) g9t = g7'g = x for g € G%. Hence z is the unity of G;
(iii) the product in G% associative.
Notation 3.1.7. Unless otherwise specified, we will use the following notation in this thesis:
G denotes a groupoid; its units are denoted by the letters z,y, z; g, h are elements in G.

Subsets of G may be written as the uppercase letters U, V. The letters may be indexed or

marked with an accent or symbol.

3.2 Topological Groupoids

If GG is a groupoid endowed with a topology, it is useful that its operations have interesting
topological properties. We define the notion of topological groupoid, where its operations
are continuous. We also define étale groupoids, where the range and source maps are local

homeomorphisms. This section is based on [9] and [20].

48



Definition 3.2.1. A topological groupoid is a groupoid G with a topology such that G® has

the induced topology from G x GG, and both the product and inverse maps are continuous.

Remark 3.2.2. Let G be a topological groupoid. Since r and s are defined by r(g) = gg~*

and s(g) = g~ 'g, it follows that these functions are continuous.

Now we define the notion of étale groupoid. The main results in this thesis assume the

groupoid has this property.

Definition 3.2.3. A topological groupoid is étale if the maps r and s are local homeomor-

phisms.

Example 3.2.4. Every discrete groupoid G is étale. In fact, for every g € GG, the subsets

{9}, {r(9)},{s(g)} are open in G. Moreover, the maps r|(, : {9} = {r(9)}, slig : {9} —

{s(g)} are homeomorphimsms. In particular, every discrete group is étale.

Example 3.2.5. Let X be a topological space and let r,s : X — X be identity maps.

1

Moreover, defined for each © € X, xx = x and 7 = z. Then X is an étale groupoid

because 7, s are homeomorphimsms.

Another example of étale groupoid is the transformation groupoid G x X when the group

G is discrete. We prove this in the following lemma:

Lemma 3.2.6. Let G be a group endowed with a topology. Let X be a topological space
and fix a continuous group action G x X — X. Suppose G x X is the action groupoid as in
Example [3.1.3| and equip this space with the product topology. Then G x X is étale if, and
only if, GG is discrete.

Proof. e Suppose G is not discrete.
There exists g € G such that for each neighborhood U of g, U \ {¢} # @.

Fix z € X and let V be an arbitrary open neighborhood of x. Let U be an open
neighborhood of g. Then there exists h # g such that h € U. Then (g, z), (h,z) € UxV
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and s(g,x) = s(h,z) = (e,z). Since U,V are arbitrary, it follows that s is not a local

homeomorphimsm. Therefore, GG is not étale.

Now suppose that G is discrete

Then the product and inverse maps on the group G are continuous. Note that product
and inverse maps on the groupoid are continuous because they are compositions of

continuous functions. Then G x X is a topological groupoid.

For each ¢ € G the map X — X defined by x — gz is a homeomorphimsm with
inverse x — g~ 'x. Then, for every open set U C X, the set gU = {gx : z € U} is open
in X.

Now we show that G x X is étale. Let (¢g,2) € G x X, U a neighborhood of z € X.
Then {g} x U is an open neighborhood of (g, z). Then

r({g} xU) = {(e,g2) : x € U} = {e} x gU,
s({g} xU)={(e,z) :x €U} ={e} x U.

Then r({g} x U), s({g} x U) are open sets in G x X.

The function s|(g«y is injective. The function + € U +— gz is injective, then r
is injective on {g} x U. Since g and U are arbitrary, it follows that r, s are open

bisections. Therefore, G x X is étale.

]

Definition 3.2.7. An open subset U of an étale groupoid is an open bisection of G if

rU), s(U) are open in G, and 7|y : U — r(U) and s|y : U — s(U) are homeomorphisms.

Notation 3.2.8. We will usually denote an open bisection by the cursive letter /. This

letter may be indexed or marked with an accent or symbol.

Remark 3.2.9. Many times throughout the thesis, we will evaluate sums which take into

account values f(g) such that g ranges over G, or G*, assuming f € C.(G). However, if this
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function is supported on an open bisection, we can consider only one term in the sum. This

element is usually denoted h, (resp. h*) and h, € G, NU (resp. h* € G* NU).

Later we prove that every f € C.(G) can be written as a finite sum of continuous functions
supported on open bisections. Hence, in many cases, we can assume f is supported on an

open bisection without loss of generality.

Proposition 3.2.10. Let G be an étale groupoid. The set of open bisections of GG forms an
open base for the topology of G.

Proof. Let U be an open set of G. We will show that for every g € U there exists an open
bisection U, such that g € U, C U. In fact, let g € U. Since G is étale, r,s are local
homeomorphimsms. Then there exist R,, S, open neighborhoods of ¢ such that r(R,) and
s(Sy) are open in G, and r|g, : Ry — r(Ry), s|s, : Sy — s(S,) are homeomorphisms.

Let U, = R,N S, NU. r(U,) is open in 7(R,), then r(,) is open in G©. Hence,
rlu, : Uy — r(U,) is a homeomorphism. Analogously sy, : U, — s(U,) is a homeomorphism.

Therefore, for every open set U, we have U = Ugeng‘ O

Proposition 3.2.11. If G is an étale groupoid, then the subspace topology of G* and G, is
equivalent to the discrete topology for all z € G, Furthermore, if G is second countable,

then G* and G, have a countable number of elements.

Proof. Let g € G*. There exists an open bisection U, containing g. We show that U, NG* =
{g}. Suppose there exists h # g such that h € U;NG*. Then r(h) = z. Contradiction, since
r is injective on U,. Hence {g} is open in G*. Therefore G* is endowed with the discrete
topology.

Assume G is second countable. Then G* is second countable. Since the sets {g}, g € G7,
form a family of disjoint open sets in G*, it follows that G* is countable. The proof for G,

is analogous. O

Proposition 3.2.12. If G is a locally compact Hausdorff étale groupoid, then G© is a
clopen subset of G. We assume G(© is endowed with the subspace topology.
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Proof. We divide the proof in two parts.

e G is closed
Let z; be a net in G converging to € G. The function r is continuous, then
r(z;) — r(z). As 7, € GO we have r(z;) = 2;. Hence z = r(z) € G, Therefore G()

is closed.

e G is open

Let z € G, Let Y C G be an open bisection containing z. Let V = G NY{. Then
V is an open neighborhood in G of x. Moreover, V' C r(U), since r(y) = y for every
yeV.

Since 7|y : U — r(U) is a homeomorphimsm, 7|;,'(V) = V. Then V is open in G.

Therefore G is open.

O

Let G’ = Uxe(;(O)Gx

x?

called the isotropy bundle. The following lemma shows that G’ is

closed.

Lemma 3.2.13. Let G be a locally compact Hausdorff second countable étale groupoid.
Given g € G such that r(g) # s(g), there exists an open bisection I including g such that
r(U) Ns(U) = @. Moreover, G’ N"U = @. In particular, G’ is closed.

Proof. Suppose this lemma is false. Then there exists ¢ € G \ G’ such that for every open

bisection U including g, we have
r(U)NsU) # 2.

Since G is second countable and étale, we can choose a countable family {U,} of open

bisections containing g such that every neighborhood of g contains at least one U,,. Hence,
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for every n there are g,, h, € U, satisfying

7(gn) = s(hy). (3.1)

By definition, both sequences { ¢, }nen, {fn}nen converge to g as n — oco. Then, by continuity
of r, s, we have r(g,) — r(g) and s(h,,) — s(g). However, from (3.1]), we have s(h,,) — r(g).

Hence 7(g) = s(g). This leads to a contradiction because we assumed g ¢ G'.

Therefore we can choose U satisfying r(U) N s(U) = @. Moreover, G’ NU = &. Since
g € G\ G is arbitrary, it follows that G’ is closed. m

Remark 3.2.14. Let G be a groupoid and V C G0, We define G|y = Gnr=1(V)ns=(V).
Note that G|y is a groupoid. If G is a topological groupoid, then G|y is also a topological
groupoid. Analogously, if G is étale, so is G|y .

3.3 Groupoid C*-Algebras

Now we define the full groupoid C*-algebra and prove some properties of this C*-algebra.

The results in this section can be found in [5], [9] and [23].

Let G be a locally compact second countable Hausdorff étale groupoid. Denote C.(G) by

Co(G) ={f:G— C: fis continuous and supp(f) is compact}.

Recall that the support of f is defined by supp(f) = {g € G : f(g) # 0}. We define the

convolution and involution operations on C.(G) by

(fi-f)9) = D hlg)fag) and  [*(g) = flg~h) (32)

9192=4g

Example 3.3.1. Let n be a positive integer and define the groupoid G = {(4,7j) : i,j =
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1,...,n} such that

GO ={(i,i):i=1,...,n}

G = {((i,k), (k, 7)) 4,5,k =1,....,n},

and define the operations

(i, k)(k,5) = (i,5) and (i,5)"" = (4,1).

Equip G with the discrete topology. Then G is locally compact Hausdorff. Moreover, G is
¢tale by Example [3.2.4]

Note that there is a bijection from C..(G) to M,,(C) given by f — F' such that F; ; = f(i, j).
Moreover, we can identify C.(G) with M, (C). In fact, let f), 2 € C.(G). Assume A is a

matrix corresponding to f - f@). Then, for every 4,5 =1,...,n,
A= (D OG5 =S fO6 k) Ok, ) = ZFZ(?FIC(Q]) — (FOF@), .
k=1 k=1

then A = FWF®.
Now assume F' € M,(C) corresponds to f € C.(G). Then F* corresponds to f*. In fact,

fori,j=1,...,n,

*

F;',j = Fj,i = f(]az) = f((la.])il) = f*(za‘])
Therefore we can identify M, (C) with C.(G). Moreover, C.(G) is not commutative.

Notation 3.3.2. We usually denote a function in C.(G) by f. Note that, for an open
subset U C G, every function in C.(U) can be extended uniquely to a function in C.(G)

whose support lies in U. Thus, for every open set U C G, we will denote without loss of
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generality,

Ce(U) ={f € Ce(G) : supp(f) C U}

Thus C.(U) is a subspace of C.(G).

The letter h sometimes denotes elements in C.(G(?)). However, h is also used to indicate

elements in G.

Given f1, fo € C.(G), f1f2 denotes the pointwise product of these functions, while f; - fo

denotes the convolution product.

Lemma 3.3.3. Let G be a locally compact second countable Hausdorff étale groupoid.

Given fi, fo € Co(G), g € G,

(fr-f2)(9)= D filgh™")fa(h) (3.3)
h€Gis(g)

= Y. AW hH(g). (34)
heGr(9)

Proof. Let gigo € G such that gigo = g. This is equivalent to g; = gg,'. This equation
holds only if g, € G*9). Therefore, for every h € G*9) we can choose g, = h and g, = gh™".
Then,

(fi-f)9) = D> hlgh™)fa(h).

heGr(9)

This sum is finite for every g, since G"9) is countable and f5 is compactly supported, then the

set of elements h € G™9 such that fy(h) # 0 is finite. The proof for (3.4)) is analogous. [J

Lemma 3.3.4. Let f € C.(G), h € C.(G®), g € G. Then

(h- f)(g) = Nh(r(g))f(g), and (f-h)(g)= f(g)h(s(g))-
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Proof. Tt follows from Lemma that

(h-1)9)= D hk)[(Eg).
keGra)
Suppose h(k) # 0 for some k € G™9). Then k € G and r(k) = r(g). Hence k = r(g) and

therefore,

(h- f)(g) = h(r(9)f(r(9)~"g) = h(r(9))f(r(9)g) = h(r(9))f(9).

The proof for f - h is analogous. O]

Now we show that every function in C.(G) can be decomposed as a sum of continuous
compactly supported functions whose support are included in open bisections. This result
will be used many times in the thesis because many results are easier to prove when the

function is supported on an open bisection.

Lemma 3.3.5. Let G be a locally compact second countable étale Hausdorff groupoid.
Given f € C.(G), there are Uy, ..., U, open bisections and fi,..., f, functions such that
f=fi+...+ f, and each f; € C.(U;). Moreover, if f is non-negative, we can choose each

fi to be non-negative.

Proof. Let f € C.(G) with support K. From Proposition the set of open bisections
forms an open base for G. Then there exists a finite cover Uy, . ..U, of K such that each U;
is an open bisection.

Let U, 11 = G\ K. Then {1} is an open cover of G. Let {a;}!"] be the partition of
unit subordinate to the the open cover {Ui};‘:f. Note that fa,.1 = 0 since a1 is supported

on U, 41 \ K. Then,

n+1 n
f:Zfai:Zfai~
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Define f; = fa; for ¢ = 1,...,n. By definition of «;, each f; € C.(U;). Moreover,
since «; assumes values in the interval [0, 1], if f is non-negative, it follows that each f; is

non-negative. O

Lemma 3.3.6. Let GG be a locally compact Hausdorff second countable étale groupoid. If

U,V C G are open bisections, then
UV ={gh:gcl,h eV, (g,h) € G?}

is an open bisection.

Proof. Before we prove UV is an open bisection, we will show that we can assume s(U) = r(V)
without loss of generality. Let W = s(U/) Nr(V). Then W is an open set in G©) because U,

) are open bisections.

Let Uy = s|,,;'(W) and Vy = 7|, (W). Both Uy, V, are open bisections, since they are

open subsets of open bisections. Moreover, we have
s(Up) = sosl (W) =W =ror|,) (W) =r(V).

Now we show that U x VNG® = Uy x VyNG®@. In fact, given (g, h) € Ux VNG, we have
g €U, h €V and s(g) = r(h). If we define x = s(g), then z € W. Moreover, g = s|,,' (z),
which implies g € Uy. Analogously, h € Vy. Then (g,h) € Uy x Vo N G@. Therefore
UxVNGP C Uy xVyNGP. Since Uy € U and V, C V, we have U x VNGP = Uy x VyNGP.

By definition UV, we have

UV ={gh:geld,heV,(g.h) € G?}
={gh:(g,h) eUxVNGP}
= {gh: (g,h) €Uy x Vo N GP}
= UpV,.
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Therefore we can assume s(U/) = r()) without loss of generality.

Now we prove UV is an open bisection. Assume s(U) = r(V). Let ¢ : U — V be the

homeomorphism defined by ¢ = r[},;' o sly.

Define the map f from U to U x V by f(g) = (9,¢(g)). The image f(U) is included in
U x VNG, since

We claim f(U) =U x VNG, Suppose (g,h) €U x VNG, Then s(g) =r(g), g €U,
h € V. Hence

h=r["oslu(g) = 6(g).

Thus (g,h) = (g,6(g9)) = f(g). Therefore f(U) =U x VN G?.

By definition of f, we have that f is injective, thus. We will show that f is a homeomor-
phism. Let 7 : U x VNG® — U be the projection onto the first coordinate. 7 is continuous

by definition. So we will show that 7 is the inverse of f.

Given g € U,
mo f(g) =7(g,6(9)) = g.

Given (g,h) €U x VNG, we have (g,h) = (g,¢(g)) = f(g) since f is a bijection. Then

(fom)(g,h) = f(g) = (9,9(9)) = (g, h).

Therefore 7 is the inverse of f and f is a homeomorphism. Hence the set U x VN G® is

open in U x V.
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Now we can consider the product p : U x V N G? — UV and observe that
rlyyop=rlyom. (3.5)
In fact, given (g,h) €U x VNG,

Tluy o p(g, h) =r(gh) =r(g) = 1|y o (g, h).

Equation (3.5)) shows that 7|,y o p is a homeomorphism. Moreover, we conclude that p is

surjective and 7|y is injective.

In addition, p is injective because if p(g1, h1) = p(gah2), we have by (3.5) the following

result,

rluom(gr, bi) = rlu o (g2, ha)
rlu(g1) = rlu(gr)
g1 = g2, since U is an open bisection,
r(hn) =r(hs)  because (g1, h), (g2, ha) €U x VNG,

hy = hy since V is an open bisection.

Therefore p is injective. Hence |y, p are continuous bijections such that their composi-

tion is a homeomorphism. Therefore p: U x VN G® — UV is a homeomorphism.

Since U x VNG®@ is an open set, so is UV. We already proved that |y is injective. The

proof for sl is analogous. Therefore, i) is an open bisection. O

Lemma 3.3.7. Let G be a locally compact Hausdorff second countable étale groupoid. If

U C G is an open bisection, then U~' = {¢g~' : g € U} is an open bisection.

Proof. Let + : G — G be the inverse map. ¢ is continuous and ¢ o ¢ is the identity. Then

U™ = 1(U) is open.
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Let g1,92 € U™! such that 7(g1) = r(g2). There exist hi,ho € U such that g; = h; ',
i =1,2. Then

s(h1) = 7(g1) = r(g2) = s(ha).

Since U is an open bisection, we have h; = hy. Then g, = go. The proof for s is analogous.

Therefore &/~ is an open bisection. O

Lemma 3.3.8. Let GG be a locally compact Hausdorff second countable étale groupoid.

(i) Given U;,Us open bisections, f1 € C.(Uy), fo € C.(Us), then fi - fo € Co(Uhlhs).
(ii) If U is an open bisection and f € C.(U), we have f* € C.(U™).

Proof. (i) Note that Ul is an open bisection by Lemma [3.3.6]

Let g ¢ Uiy Then f;- fo(g) = 0 since f(g) # 0 implies that there are g, € Uy, g2 € Us
satisfying g19o = ¢g. Therefore the support of f; - f5 lies in Uils.

Since Uiy is an open bisection, the maps ui,us are homeomorphisms where u; :

UUy — U, is defined by u; = 7’\;,11 or and us : Uyls — Uy is defined by uy = 5@1 0 S.

Given g € Uylha, g1 = u1(g), go = uz(g) are the only elements satisfying g1 € Uy, g2 €
Us, g = g192. In fact, suppose there are (hy, hy) € Uy X Us N G such that g = hihs.
Then r(hi) = r(g). Since U, is an open bisection, we have hy = 7|, o r(g) = gi.

Analogously hy = gs.

Therefore, for every g € Uils,

(f1- f2)(9) = fi(ur(g)) f2(u2(9))-

For i = 1,2, u; : Uylhs — U; is continuous and f; : U; — C is continuous. Hence f; - fo

is continuous on U;lUs. Since fi - fo vanishes outside UiUs, we have fi - fo € C.(Uilhy).
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(ii) Let ¢ : G — G be the inverse map. ¢ is continuous. Since f* is defined by f* = fou,

then f* is continuous.

Let K = supp(f) and L = supp(f*). Then

L={geG:f*g) #0}
={9€G: flg") #0}
={9eG:f(g7") #0}
~{eG T £0}
=({geG:flg)#0})!

=({geG: f(g) #0}) 1, since the inversion is continuous,

=K.

The inversion on G is continuous, thus L is compact. Moreover, L C U~'. Thus
ffec.u™m.
m

Theorem 3.3.9. Let GG be a locally compact Hausdorff second countable étale groupoid.

C.(G) with the operations (3.2)) is a *-algebra.

Proof. Clearly C.(G) is a vector space.

e The product is bilinear.

Let f1, fo, f € Co(G), A € C, g € G. Then,

[(fr+ M) flla) = D (fr+Af2)(91)f(92)

= Z fi(g1) f(g2) + A Z fo(91) f(g2)
9192=9 9192=9

= [f1- fl(g) + Alfz - fl(9).
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The proof for f - (fi + Af2) is analogous.

e The product is associative.

Let f1, fa, f3 € C(G). Given g € G,

Lfi-(f2- f3))(g) = Z fi(g)(f2 - f3)(h)

g1h=g

- Z Z J1(g1) f2(g2) f3(g3)

g1h=g g2g3=h

- Z f1(91) f2(92) f3(g3)

919293=9g

— Z Z J1(91) f2(92) f3(g3)

hgs=g g1g2=h

— Z (Z fl(gl)fz(gz)) f3(93)

hgs=g \g1g2=h
= > (fr- f2)(h) fs(gs)
hgz=g

=[(fi- f2) - f3](9).

o fi-foe CAG)if fi1, fo € C.(G).

Since the product is bilinear and, from Lemma every function in C.(G) can be
written as a finite sum of continuous functions supported on open bisections, it suffices
to show that f, - fo € C.(Uilhy) for f € C.(U), fo € Ce(Us) where Uy, Uy are open
bisections. Note that UUs is an open bisection by Lemma However, we already
proved fi - fo € Co(Uilly) in Lemma [3.3.§

o For f € C.(G), f** = f.

Let g € G, then

f(g) = f*(g7") = f((g=")) = f(9)-
o For fi, fo € Cc(G), (f1- fo)* = fo* - fi".
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Let g € G. Then,

(fi- f2)*(9) = (fi- fo)(g7)
= Z fi(g1) f2(g2)

g192=9~1

= Y Me YA

g192=g~!

= Z f2*(a2 ) (g,
95 91 =g

making the change of variables hy = g; ', hy = g; ',

= > fF(h)fi*(hs)

hiha=g

= (f2*- 1i")(9)-

The involution is conjugate-linear.

Let fl, f2 S CC(G), A€ C, g < G. Then,

(fi+ M) 9) = (i+ ML) g ) = filg™) + Aalg™h) = fi*(g) + A" (g).

If f € Cu(G), then f* € C.(G).

Since the involution is conjugate-linear, we can assume f € C.(U/) for an open bisection.

It follows from Lemma that f* € C.(U).

]

In Theorem we proved C.(G) is a *-algebra. Now we will equip this space with a

norm such that its completion is a C*-algebra.

Lemma 3.3.10. Let G be a locally compact Hausdorff second countable étale groupoid.

C.(G©) is a sub-*-algebra of C,(G). Moreover, C.(G®)) is commutative with product given

by the pointwise multiplication and involution defined by f*(z) = f(z).
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Proof. From Proposition [3.2.12| it follows that G(© is open. Then C.(G®) is a subspace of
C.(G) as described in Notation [3.3.2]

o [*eC(G)if f e C(GY)

Let f € C.(G®). Then f* € C.(G) by Theorem [3.3.9] Let g € G such that f(g) # 0.
Then f*(g) = f(g~1) # 0. Thus g~! € G© by assumption. Then g = g~! € G
Therefore f* is also supported on G(©).

o fi-fa=fifr € C(GY)
Now let f1, fo € C.(G®). Then f, - f» € C.(G) by by Theorem Given g € G, we

have

(fl f2 Z fl (51 f2 92)

9192=49

Suppose there are g1, g such that g = gi1g> and f1(g1)f2(g2) # 0. Then gy, 9, € G©
Hence g € G and g = g1 = go. Therefore, (f1- f2)(g) = f1(9)f2(g).

Therefore C,(G) is commutative.

]

Proposition 3.3.11. Let GG be a locally compact Hausdorff second countable étale groupoid.
For each f € C.(G), there is a constant K; > 0 such that ||7(f)|] < K for every x*-
representation 7 : C.(G) — B(H) of C.(G) on a Hilbert space H. If f is supported on an

open bisection, we can take Ky = || f]| -

Proof. Suppose 7 is a x-representation. Then 7T|CC(G(0)) is a *-representation of the commu-

tative x-algebra C.(G(®), and so ||7(h)|| < ||h]|s for every h € C.(G©).

Let f € C.(G). There are fi,..., f, with f =>"" | f; such that each f; € C.(l4;) and U;
is an open bisection. Fix 7, hence f;* € C.(U™') and therefore f;*- f; € C.(U~'U). However,
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UU = s(U). Tn fact,

UU={gh:geU " hel,s(g) =r(h)}

= {9192 : 91,92 € U, 7(g1) = 7(92)}
={g'g:gcU} since U is an open bisection
= s(U).

Thus f;*f; € C.(s(U)). So

I (fll? = lw(fi* - fll < - filloo = LAl

Let Ky =", |lfill. Applying triangle inequality, we have ||7(f)| < K. O

Proposition 3.3.12. Let f € C.(G) such that f # 0. There exists a *-representation of
C.(G) such that «(f) # 0.

Proof. Let € G such that f(h,) # 0 for some h, € G,. Since G, is countable,

*(G,) = {{§Q}QEG¢ & € C, Z |§g’2 < OO}

9€Gy

is a Hilbert space with inner product given by

= Z fgc_g'

geGy

Define 7, : C.(G) — B((*(G,)) by

7Tx f1 Z f1 hl fhz

hiha=g
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Note that

(me(f)E)g = Y filgh™&= > [y,

hEGs(g) heGr(9)

making the change of variables hy = h, hy = gh~! in the first sum, and hy = h, hy = h™lg

in the second sum. Note that 7, is linear.

o 7, is well-defined.

We will prove that the image of 7, is in B(¢*(G,)). Since m, is linear, it is sufficient
to show that 7.(f1) € B((*(G,)) for every f € C.(U) such that & C G is an open

bisection.

Let U C G be an open bisection, f; € C.(U). Let L denote the set of g € G, such that
there exists h € G"9 satisfying f(h) # 0. h is unique for every g € L and it will be
denoted by k"9, Then, for every ¢ € (2(G,), g € L,

(m2(f1)€)g = F1(R" )V phriory-1,

Note that (m,(f1)§), =01if g € G, \ L.

Suppose there are g1, g, € L such that (h"91))~1g; = (h792))~lg,. Then s(h"¥V)) =
s(h7(92)). Since h"(91) h7(92) € U, we have h"(9) = h7(92) Then g, = go. Since h"9g €

G, the family {£,-o),}4er has distinct elements. Hence,

I (FOENP = > I(malf1)€

geGy

- Z ’(ﬂ-m(fl)g)g 2
geL

= 1AM priary1
geL

<A 1 prn

g€eL

66



< £l Z &>, since {&,r0)4}ger has distinct elements,
heGy

< A€

Therefore |7, (f1)|| < || filloo < 0.

o m.(f)#0.

Let & € (*(G,) such that & =1 and § = 01if [ # x. Let g € G, such that f(g) # 0.
Then, by definition of &,

(m(£)g = Y F(W)h-1g = F(9)&14 = [(9)& = f(g) # 0.

heGr(g)

o m.(f1- f2) = T (f1)m(f2)
Let fi, fo € CC(G) Then,

e (1) (ma(£2))], = D filgn) (ma(f2)E)n

gih=g

_ zh; filgr) Ehfz(gz)é“gg

= Zf fi(91) f2(92)E6s

_ hz < thl(gl)f2<g2)> Egs
= 3020

= [ﬂ-m(fl ' f2)€]g

o m.(f1*) =m(f1)*
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Let f1 € C.(G), & € *(G,). Then

(& ma(A7)E) = D &lma( )],

geGy

=Y &> fifgh )

QEGz hEGz

= > &> hlhg™a

geGy heGy

=) (Z fl(hgl)£g> &

hGG,y; gEGz

= Z [Wx(fl)g]hg_h

heGy

= <7T27<f1>£7 €>

Therefore 7, (f1*) = m.(f1)™.

It follows that 7, is a *-representation of C.(G) such that m,(f) # 0. O

Theorem 3.3.13. Assume G is a locally compact Hausdorff second countable étale groupoid.
There exists a C*-algebra C*(G) such that C.(G) is dense in C*(G) and the norm on C*(G)

satisfies
£l = sup{||7(/)||: 7 : Ce(G) — B(H,) is a x-representation of C.(G)},

for every f € C.(G).

Proof. For every f € C.(G), Proposition [3.3.11| shows that the set
{||7(f)]| : m is a *-representation of C.(G)}

is bounded above, and it is nonempty because of the zero representation. So we can define
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p: Ce(G) = [0,00) by
p(f) = sup{[[x(f)Il : 7 : Ce(G) — B(Hy) is a #-representation}.
pis anorm on Cu(G). In fact, given A € C, f € C.(G),
pAf) = sup [[r(Af)] = IAlsup [[=(H)f = [Ale(f).
Given f1, fo € C.(G),
plfi+ fo) = sup(fr+ fo)ll < sup [Iw(f)]| + sup Iw(f)ll = p(f1) + £(f2)-

Given f € C.(G) such that f # 0, p(f) > 0 by Proposition [3.3.12

The norm is submultiplicative. Given fi, fo € C.(G),

p(fi-f2) = sup [7(fr- f2)ll = sup [ (f)m(fo)ll < sup |7 (f1)]l sup 7 (f2)ll = p(f1)p(f2).

Given f € C.(G),

p(f*) = sup | ()] = sup |7 (f)*] = sup (N = p(f)-

Moreover, p satisfies the C*-identity. Indeed, given f € C.(G),

p(f*f) = sup [lx(f*f)Il = sup |7(f)* = ()] = sup |7 (f)II* = sup [=(f)I] = p(f)*.
So we define C*(G) to be the completion of C.(G) with respect to the norm p. C*(G) is a
C*-algebra. O

Definition 3.3.14. Given a locally compact Hausdorff second countable étale groupoid G,

C*(G) is called the full C*-algebra of G.
Remark 3.3.15. In this thesis we also say C*(G) is the groupoid C*-algebra for G. However,
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this is not the unique C*-algebra defined as the completion of C.(G). For example, in
[9] the reduced C*-algebra is defined as the closure of C.(G) with respect to the norm
|fIl = llmA(f)]l, where 7y is a x-representation of C.(G) called the regular representation of

C.(G).

Lemma 3.3.16. Let GG be a locally compact second countable Hausdorff étale groupoid.
Then Cy(G?) is a sub-C*-algebra of C*(G) and the norm on Cy(G(?) is the uniform norm.
Moreover, C.(G©) is dense in Cy(G®).

Proof. From Proposition [3.2.12) we have that G is clopen in G. Moreover, G(*) is an open
bisection because r and s are injective on G(®). From Lemma [3.3.10| we have that C.(G®)

is a sub-x-algebra with product given by pointwise multiplication and involution defined by
*(x) = [(x).

Let h € C.(G©). Tt follows from Proposition that ||m(h)]] < ||h||e for every
representation 7 of C.(G). Then ||A|| < ||h|co-

We will show that ||h]| = ||h]|e for every h € C.(G®). Given x € GO, let 7, : C.(G) —
B((*(G,)) be the x-representation as in the proof of Proposition 3.3.12, Then, for every
h € C.(GO), € € 2(G,), we have

= 3 hg)g, = h(r(9))&,

9192=9g

because h vanishes outside G(¥. Let ¢ € £2(G,) such that (, = 0 if g # 2 and (, = 1. Then
I¢ll =1 and

e (W)* > me (RIS = [me(B)Col* = [ma(R)* = |h(r(2)* = |R(z)].
9€Gy

Then,

|h]| = sup{||7(h)| : 7 : C.(G) — B(H,) is a *-representation}
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> sup |my(h)| = sup |h(z)] = |[h]l-
zeG0) zeG(0)
Then ||h]| = ||h||s- Recall that Co(G®) is the closure of C.(G©) with respect to the
norm || - ||o. Therefore, Co(G®) is a sub-C*-algebra of C*(G).

]

Example 3.3.17. Let X be the groupoid of Example [3.2.5] and assume that X is locally
compact Hausdorff second countable. Then the operations on C.(X) are the pointwise
multiplication and the complex conjugate by Lemma [3.3.10] It follows from Lemma [3.3.16
that Co(X) = C*(X) and the norm on this C*-algebra is the uniform norm.

Now we define the inductive limit topology. Later we show that convergence with respect
to the inductive limit topology on C.(G) implies convergence in the norm of C*(G). This
definition can be found in [I0]. Then we will prove that C*(G) is separable.

Definition 3.3.18. Suppose X is a locally compact Hausdorff second countable space. Given
a sequence {f,}neny on Co(X) and f € C.(X), we say that f, — f with respect to the
inductive limit topology if, and only if, f,, — f uniformly and there exists a compact set K
in X such that, eventually, all the f,, and f vanish outside K. Given a topological space Y,
we will say that a function F' : C.(X) — Y is continuous in the inductive limit topology if

F(f.) = F(f) whenever f,, — f with respect to the inductive limit topology.

Lemma 3.3.19. Let G be a locally compact Hausdorft second countable Hausdorff étale
groupoid. Let {f;};en be a sequence in C.(G) such that f; — f with respect to the inductive
limit topology. Then f; — f in C*(G).

Proof. Let K be a compact set such that f; eventually vanishes outside K. Let U, ..., U,
be open bisections which cover K. Let py,...,p, be a partition of unit subordinate to the
open cover.

Let 7 : C.(G) — B(H,) be a xrepresentation of C.(G). Fix j =1,...,n. Then p;f and
each p;f; are supported on the open bisection U;. Hence, by Proposition we have for
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every 1,

17 (psfi) = ms NI < Mpifi = piflloe < M1fi = Flloo-

By taking the supremum on 7, we have ||p;fi — p; f|| < ||fi — fllw. Since f; converges to f
uniformly, it follows that p;f; — p;f in C*(G). Since {p;} is a partition of unit subordinate
to the open cover of K, and the sequence f; is eventually supported on K, it follows that

fi — fin C*(G). m

We state the Stone-Weierstrass theorem below, which can be found in [1T] . This theorem

will be used to prove that C*(G) is separable.

Theorem 3.3.20. (Stone-Weierstrass theorem for complex-valued functions) Let K be a
compact space, A a subalgebra of C'(X) which separates points in K, that is, for every
r1,75 € K, there is f € A such that f(x,) # f(x3). Assume f € A for every f € A.
Moreover, suppose that for every x € K there exists f € A with f(z) # 0. Therefore A is
dense in C(K).

Lemma 3.3.21. Let X be a locally compact Hausdorff second countable space. Let U be
an open subset of X with compact closure. Then C.(U) is separable with respect to the

supremauin norimn.

Proof. Let F = {U,} be a countable family of open sets such that U, is compact and
U = U,U,. Given n,m such that U, NU,, = @, let fnm € Co(U) such that f, |7 =1 and
famlos =0

Let A be the algebra generated by f,, ., and Ay be the set generated by sums and products

of fnm, and also by multiplication of scalars in Q +¢Q. Note that Ay is countable and dense
in A. Moreover, if f € A, then f € A.

Note that A separates points in U. Let x1, x5 € U. It follows from Propositions and
2.4.2| that there are Uy, U, € F such that Uy NU, = @, 21 € Uy, x5 € Us. Then fio(xy) =1
and f1,2($2) = 0.
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Therefore, by the Stone-Weierstrass theorem, Ay is dense in C.(U). n

Proposition 3.3.22. Let GG be a locally compact Hausdorff second countable étale groupoid.
Then C*(G) is separable.

Proof. Let I be a countable family of open bisections with compact support that covers G.
From Lemma [3.3.21] there exists a countable subset Ay, of C.(U) such that Ay is dense in
C.(U) with respect to the supremum norm. Let Ay be the set generated by finite sums of

elements in UyerAy. Then Ag is countable.

Let f € C.(G). There is a finite family U, ..., U, € I that covers the support of f. Let
P1, ..., Pn be a partition of unit subordinate to Uy, ..., U,.

Let ¢ > 0. Giveni = 1,...,n, p;f € C.(U;). Then there exists F; € Ay, satisfying

|E; — pifillo < €/m. Tt follows from Proposition [3.3.11| that |7(F;) — n(p:f)| < ¢/n, for
every s-representation of C.(G). Then || F; — p;f|| < ¢/n.

Let F =3%"" | F,. Then F' € A;. Moreover,
I1F— fll =

Z F; — sz‘fi
=1 i—1

n
€
< g 1F: —pifill < n-=e
i=1

Therefore Ag is dense in C.(G). Since C.(G) is dense in C*(G), it follows that C*(G) is
separable. O
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Chapter 4

Renault’s Disintegration Theorem

Neshveyev’s theorems describe KMS states ¢ on a groupoid C*-algebra. It is possible to
write (f) as an integral on G©) with respect to a probability measure u such that, for each
x, there is a state ¢, on C*(GZ%). Moreover, the family of states ¢, depends on u.

Recall from the theory of C*-algebras |2], [16] that we can write ¢(f) = (7(f)E,€) for a
representation 7 : C*(G) — H, and & € H. Analogously, we can write ¢, (f) = (7.(f)&:, &)
for a representation 7w : C*(G?) — H,, and &, € H

A fundamental step in the proof of Neshveyev’s theorem is the Renault’s disintegration
theorem which shows a relation between 7 and the family of 7,. Moreover, it proves that

we can assume £ = {&,},cq©. In this case we say € € ffj(o) Hdp(z).

The results in this chapter can be found in [4] and [10].

4.1 Haar Systems

Given a measure p on G, it is possible to define a measure v on G if we have a family
of measures A\* supported on G*. The family {A\"},.q is called a Haar system. A Haar

system is a generalization of the notion of Haar measures on groups.

If we fix the Haar system, we can define a family of measures A, supported on G, and,
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1

with this family, we can construct another measure ! on G. When v, v~! are equivalent,

we say j4 1S quasi-invariant.

Given a state ¢ on C*(G), it follows from Neshveyev’s first theorem that there is corre-
sponding probability measure p on G, In addition, if this state is KMS, then this measure
is necessarily quasi-invariant with respect to the Haar system given by counting measures
A* on G*.

The results in this section are based on [4] and [10].

Definition 4.1.1. Let G be a locally compact Hausdorff groupoid, a (left) Haar system
{N},eqo for G is a family of Radon measures on G, such that the following conditions

hold:
(i) supp(A®) = G7 for every z € G,
(ii) (continuously varying) for f € C.(G), the function
T / f(g)dX*(g)
a
is in C,(G);
(iii) (left invariance) for f € C.(G), h € G,

/ £(hg)dx® (g) = / £(g)dN™(g).
G G

Now we prove that Haar systems are a generalization of Haar measures, as defined in
[6]. A topological group is a group G endowed with a topology such that its operations are
continuous functions. Given a locally compact Hausdorff group G, a (left) Haar measure is

a non-zero Radon Borel measure p on G satisfying

p(gA) = pu(A)  for every g € G and A C G measurable.
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Lemma 4.1.2. Let G be a locally compact Hausdorff topological group. Let u be a Radon

measure on G. Then y is a Haar measure if, and only if, {\"}, .o is a Haar system assuming

A= p.

Proof. Note that a group G is a groupoid such that G(® = {1}.

Assume p is a Haar measure. First we show that supp(u) = G' = G. We prove that the

properties of Haar system hold for {\"}, .o

(i)

supp(\H) =G =G

Suppose there exists an open non-empty set U C G such that pu(U) = 0. Let h € U.
Then h~'U is an open neighborhood of 1 and pu(h™'U) = u(U) = 0. Let V = h~'U.

Let K be a compact set. For every g € K, gV is an open neighborhood of g. Then there
are gi, ..., g, € K such that ¢;V,..., g,V is an open cover of K. However, u(g;V) =0
for every ¢ = 1,...,n. Hence u(K) = 0. Then, by definition of Radon measure, we

have
w(G) =sup{K C G : K is compact} = 0,

which leads to a contradiction. Therefore, p is positive on all open subsets of G.

Now let F' be the support of u. Then, by definition, F' is closed and p(G \ F') = 0.
Since G'\ F'is open, we have G \ F' = @, that is, G = F.

Property (ii) in Definition since G(©) is singleton.

Left invariance in Definition m

Let f € C.(G). We can assume f > 0 without loss of generality. Let A C G measurable
and a > 0 such that ¢ = axs < f.

Given h € @G, the function g — ¢(hg) satisfies p(hg) = xn-14(9) < f(hg) for every
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g € G. Hence,

/G e(9)du(g) = ap(A) = ap(h™'A) = /G w(hg)du(g). (4.1)

Equation (4.1]) holds for every simple function ¢ < f by linearity of the integral. Then,
by taking the supremum over ¢ < f,

/f )y /fhgdu

The other inequality is proven analogously.

Conversely, assume {\"}, ..o is a Haar system with \' = p.

Let U C G be an open set and let h € GG. Note that there is a correspondence between

measurable functions 0 < f < xy and 0 < fg Xn-1y given by the relation

flg) = f(h7'g). (4.2)

In fact, given f satisfying f < xy, g € G such that f(g) # 0, then f(h_lg) # 0. Hence
h=tg € U. Then g € hU. Therefore 0 < fg Xnv- Analogously, given 0 < fﬁ Xnu, there is
a unique 0 < f < xy such that (4.2) holds.

Hence, by Lemma [2.4.14
= sup /f )du(g) = sup /fh '9)du(g) = sup /f )du(g) = p(hU).

feC.(G) fec.(G feC
0<f<XU 0§f<XU 0<f<XU

Let A be a Borel set. Since the map g — hg is a homeomorphism, for every open set V' DO hA,

there exists a unique open set A C such that V = hU. Then,

pA) = inf u(U)= inf u(hU)= inf u(V)=pu(hA).
U open U open V open
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Therefore 1 is a Haar measure. [l

Now we prove that the family \* of counting measures on G” is a Haar system. In fact,

this will be the Haar system used in Chapter [5

Proposition 4.1.3. Let GG be a locally compact étale groupoid. If \” is the counting measure

on G”, then {\"},cqwo is a left Haar system.

Proof. Each G” is countable, then the counting measure A\* is well defined. We show the

properties of Definition hold.

(i)

Given z € GO, G* is closed in G. Moreover, by Proposition [3.2.11) G® is countable.
Then G” is the support of \*.

Since G is étale, for every g € G* there exists an open bisection U, such that U, NG* =
{g}. Let K C G be compact. Then K’ = K N G? is compact and \*(K) = \"(K').
Moreover, there are gq,...g, € G* such that K’ C U, U...UU,,. Hence,

N(K) = N (K') S XUy, U UUy,) <3 N U,) =D X(gi) =n.
=1 =1

Then A” is finite on compact subsets. Therefore, A* is Radon by Proposition [2.4.10]

Let f € C.(G). First assume f € C.(U), where U is an open bisection. Let K =
supp(f). Define the open set V' = r(U) and the compact set L = r(K). Hence, we can
define the function f € C,(r(V)) by

y rl (y)), ifyeL,
fyy = ]I, e

0, otherwise.

Note that, for every y € G,

F(y) = /G £(g)dN(g).
78



(i)

Now let f € C.(G) arbitrary with support K = supp(f). Since K is compact and G
is ¢étale, K has a finite open cover Uy, ..., U, of open bisections. By Proposition [3.3.5]
there are fi,..., f, such that f = fi+...+ f,, and each f; € C.(U;). As we have shown,

for every ¢ = 1,...,n, the function

y /G fi(g)dX\¥(g)

is continuous and compactly supported. Then the function

Y /G £(g)aN'(g)

is continuous and compactly supported.

Given f € C.(G), h € G,

/G F(hg)dxD(g) = 3 f(hg).

geGs(h)

We can use the change of variables § = hg because the function from G**) to G

defined by ¢g — hg is injective. Then we have § € G"™ and

>t = Y 1@ = [ f@av)
) G

geGs(h) geGr(h

]

Given a Haar system {\*}, we define for x € G(©) the measure )\, by \,(E) = \*(E~1),

for every F/ C G measureable.

Lemma 4.1.4. If G is a locally compact Hausdorff étale groupoid, and A\* is the counting

measure on G*, then A, is the counting measure on G,.

Proof. Given a set A, |A| denotes the number of elements in this set. Let £ C G measurable,
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then

Ao(E) = N (ETY)
=Hg:9€e BT NG}
=|{h':he ENG,}|, by the change of variables h™' =
—{h:he ENG,Y,

since h — h™! is a bijection. Then A, is the counting measure on G,. [

Definition 4.1.5. Let G be a locally compact Hausdorff groupoid with a Haar system

{A"}cqo. Given a Radon measure p on G© we define the induced measures on G by

v(E) = /G N (Eue), v E) - /G  A(E)u(a),

for every Borel set E. Or equivalently, for every f € C.(G),

[rowe = [ | ron@ae. [ oote- [ [ @ toyinta)

We denote v = [, N dpu(z), v = [0 Asdp(x).

If G a is locally compact Hausdorff étale groupoid and endowed with a Haar system {A*}
such that each A\* is a counting measure on G*, then we denote the induced measures v and

v~ by p, and p,. In this case,

[ Hardunts /Gw)Zf inte), [ o)ty /G(O)Zf Jaju(z

geG® g€Gy

Definition 4.1.6. Suppose 1 is a measure on G9. We say p is quasi-invariant if v and v~
are equivalent measures. In this case we take A : G — (0,00) to be the Radon-Nikodym

derivative dv/dv™!
Remark 4.1.7. It follows from [I0, Theorem 3.72| that it is possible to choose A to be a
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homomorphism from G to (0, 00), where (0,00) is a group with respect to the product.

Proposition 4.1.8. [[|Let G be a locally compact Hausdorff étale groupoid with Haar system
{\*} given by counting measures \* on G*. If ;1 is a quasi-invariant measure on G, then

for p-a.e. x and all g € GZ, we have A(g) = 1.

Proof. Let G’ be the isotropy bundle defined by G’ = U, 40 G%. Note that G’ is closed in G.
In fact, if {g;} is a sequence in G’ converging to some g in G, it follows from the continuity
of r and s that r(g;) — r(g) and s(g;) — s(g). Since r(g;) = s(g;) for every i, we have
r(g) = s(g), that is, g € G'. Therefore G’ is measurable.

Let f be a positive measurable function whose support lies in G'. Then, by assumption,

/ £(9)dpe(g / 7(9)D(9)dpa(g). (4.3)

It follows from the definition of yu, that

| 1@anto = [ Y flodnte

geGe

- [ X fauta (4.4)

geGT

since f is supported of G'. Note that fA is also supported on G'. Then, by definition of s,

we have

| 108w = [ 3 roain

9€Gy

_ /G Y H@)A)du) (4.5)

9eGE

I'Thanks Frausino!
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Applying (4.4) and (4.5) in (4.3]), we have

[ 30 - Df(g)dula) =0
GO 9eGE
Define Bt ={g€ G’ : A(g) > 1} and B~ ={g € G’ : A(g) < 1}. If we choose f = xp+,

we have

Since the function z — 3 _.qp+ (A(g) — 1) is non-negative, it follows that for p-a.e. z,

Y. (Al -1=0
geGENBT
From the definition of BT, for p-a.e. x and all g € G%, if A(g) > 1, it follows that A(g) = 1.
Analogously for B~, for p-a.e. x and all g € G2, if A(g) < 1, it follows that A(g) = 1.
Therefore, for p-a.e. x and all g € G%, we have A(g) = 1. O

Remark 4.1.9. When we study Neshveyev’s second theorem, we will consider measures
i such that A(g) = e for a continuous R-valued 1-cocycle ¢ : G — R. It follows from
Proposition that for p-a.e. 2 € G all g € G7, we have ¢(g) = 0. In Remark [6.3.22

on page 200, we prove this result for extremal e’F-measures using the properties of the

Renault-Deaconu groupoid.

4.2 Borel Hilbert Bundles

Given a group G, [18| defines a unitary representation of G as a pair (L, H), where H is a
complex Hilbert space and L is homomorphism from G to the group of unitary operators on
H, usually written U(#), with product as group operation. We will denote L, as the image
of g in G under the map L.
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We want to extend this notion to groupoids. By definition of groupoids, two elements are
not necessarily composable. In order to define a unitary representation of groupoids, we will
consider unitary operators Ly : Hyg) — Hr(g), Where {H,},cqo is a family of Hilbert spaces
indexed by G© and satisfying certain conditions.

Given this family of Hilbert spaces, we define a Hilbert space L*(X * §, i), also denoted
by ffj H,du(x). By Renault’s Disintegration Theorem, a representation 7 : C.(G) — H
corresponds to a groupoid representation. Moreover, H can be identified with ff Hdp(x).

In this section we use results from [27], [10], [4], and [15].

Let $ = {H.}.ex be a collection of separable (nonzero) complex Hilbert spaces indexed
by a locally compact Hausdorff second countable space X. Then the total space is defined
by

X*x9={(x,h):heH,},

and we let p: X % 9§ — X be defined by p(x,h) = x.

Remark 4.2.1. The total space X x § is defined in [27] assuming X is analytic. However,
we will always assume that X is locally compact Hausdorff second countable without loss of
generality. Theorem 5.3 in [13] shows that every locally compact Hausdorff second countable

space is analytic. More details about analytic and Polish spaces can be found in [6].

A section of X x §) is a function f: X — X * § such that (po f)(z) = z for each z € X.
The total space can be seen as the union of Hilbert spaces such that each H, is glued to a

point x € X. A section maps z to some point in {x} x H,, as shown in Figure

Example 4.2.2. Let H, = C for every x € X. Then X x$ = X x C. In this case, each
section f corresponds to a complex-valued function f such that f(z) = (z, f(z)). Then we

can identify fwith f without loss of generality.

Given a Borel measure p on X, we want to define a space of square-integrable sections,

which we denote by L?(X * $, ), such that it is a Hilbert space and every section f €
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x y
%

Figure 4.1: X x$) can be seen as a union of Hilbert spaces H, such that every H, corresponds
to a point x in X. A section is a function that maps z to an element of {x} X H,.

L3(X x $), u) satisfies

/X 1 (@) [Pdp(z) < .

Here we identify functions that are equal p-a.e.

If we endow X x $ with a Borel structure, we would naturally be interested in a subset

of measurable sections, denoted by Sec(X % £)) such that
x> (fi(z), fo(x)) is measurable for every fi, fo € Sec(X * 9), (4.6)

since we want to define the inner product on L?(X * ) as

i fa) = /X (F1(@), fale))du().

We will replace condition (4.6) by simpler conditions which consider a countable family of
sections. Later we will see that for every pair of measurable functions, (4.6)) holds.

Definition 4.2.3. Let $ = {#H,}.cx be a family of separable Hilbert spaces indexed by a

locally compact Hausdorff second countable space X. Then (X x $,p) is an analytic Borel
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Hilbert bundle if X * $) has a Borel structure such that
(a) For every E C X, p~'(E) is a Borel in X * §) if, and only if, F is Borel in X;

(b) There is a sequence of sections {f,} such that

(i) the map f, : X % $ — C defined by f,(x,h) = (fu(z), h)s, is Borel for each n,
(ii) for each n and m, x +— (f,(x), fm(x))s, is Borel, and

(i) the functions {f,} and p separate points of X * §.

The sequence { f,} is called a fundamental sequence for (X x $,p).

Remark 4.2.4. Given an analytic Borel Hilbert bundle (X, p), we let Sec(X x £) denote
the set of sections f : X — X % § such that

z = (f(2), ful2))

is Borel for every f,. It follows from [27, Remark F.3] that a section f of X % §) is in
Sec(X * ) if, and only if, it is Borel.

Remark 4.2.5. Note that given a section f of X % §, f(z) is an element of {z} X H,.
Although this is an abuse of notation, we will identify {x} x H, with H,. Hence, the inner
product (f(z),h) is well-defined for h € H,. We can also write (fi(x), fa(x)) for sections

f1, fo without further comments.

Example 4.2.6. Let X be a locally compact Hausdorff second countable space. Let H be
a separable Hilbert space. Define H, = H for each x € X. Then X «H = X x H. Endow
X x H with the product topology. Given E C X, p~'(E) = E x H. Thus p~!(F) is Borel
if, and only if, E is Borel. Therefore property (a) of Definition holds.

Assume {e,} is an orthonormal basis for H. Define a sequence of sections of X % § by

fo(x) = (2,€,) € {x} x H,. We will prove that {f,} is a fundamental sequence:
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(i) fo: X x H — Cis defined by f,(z,h) = (fo(x),h) = (e, h). f, is continuous, then it

is Borel.

(ii) Given n,m, the function z — (f.(x), fm(z)) = (en,en,) is constant, therefore this

function is Borel.

(iii) Let (z,h), (y, k) € X x H. If x # y, then p(z,h) # p(y, k) by definition of p. Assume
z =y and h # k. There exists e, such that (e,, h) # (en, k). Thus, fu(z, h) % fo(y, k).

Therefore (X x H,p) is an analytic Borel Hilbert bundle.

Example 4.2.7. Given a locally compact Hausdorff second countable space X, let X =
X UX;UXsU. .. be a Borel partition of X, i.e., every X, is Borel and the collection of

Xy is disjoint.

For every d = 00,1,2,..., let H@ be a Hilbert space of dimension d and basis {ed }"=4.
Then
d=o00
X9 =[] XoxH?.
d=1

Endow X +§) with a Borel structure such that £ C X+ is Borel if, and only if, EN(XyxH @)
is Borel for all d.

Define, for every n = 00, 1,2, ..., the section f, such that

ed ifreXyand 1 <n<d,

fn(x) = "

0, otherwise.

We prove that (X * £, p) is an analytic Borel Hilbert bundle. Recall from Example
that (X, xH@, p|x,) is an analytic Borel Hilbert bundle. Moreover, {f,|x,} is a fundamental
sequence. Here we assume f,|x, : Xqg = Xy X H@ and p]XdXMd) : Xy X HD — X, without

loss of generality.

Now we show that all properties in Definition hold for (X x $,p).
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(a) Let E C X. Then

pHE) = DOO(E N Xg) x H@. (4.7)

d=1

Assume F is Borel and fix d = 00,1,2,.... Then E N X, is a Borel subset of X,;. Since
(Xa x HD p|x, cnw) is a Borel Hilbert bundle, it follows that

p‘)_(ixﬂ(d)(E n Xd) = (E N Xy) X HD is Borel.

Note that d is arbitrary. From (4.7)) we have that p~!(E) is Borel.

Conversely, assume p~'(E) is Borel. Fix d = 00,1,2,.... Then p~*(E) N (Xg x H¥) is
Borel in Xy x H@. However, from ([.7), p~ ' (E)N(Xyx HY) = (EN X,) x HD. Hence
E N X, is Borel in X. Since d is arbitrary, it follows that F is Borel.

(b) (i) Fix n. ﬁ’xd is Borel for every n,d from Example .
Since fo = fulxe + fulx, 4 fulx, + - -, it follows that f, is Borel.

(ii) Fix d and let n,m € {00,1,2,...}. {fnlx,} is a fundamental sequence for the Borel
Hilbert bundle (X4 x H9, p|x . sy@). Then the function from X, to C defined by
x> (fn(z), fm(z)) is Borel.

Since d is arbitrary, the function from X to C defined by z — (f,(z), fi(z)) is
Borel.

(iii) Let (z,h),(y, k) € X x9. If z £y, p(z,h) = p(y, k).

Assume x = y. Let d be such that z € X;. Since (X x ’H(d),p|XdX%<d>) is an

analytic Borel Hilbert bundle with fundamental sequence {f,|x, .y }n=:", there

exists n such that ]7n|deH<d>(x, h) # ﬁ’XdX'H(d) (y,h). Thus ﬁl(:v, h) # fn(x, k).
Therefore (X x §,p) is an analytic Borel Hilbert bundle.

Given f1, fo € Sec(X x9), |27, Proposition F.6| shows that the function z — (fi(x), fo(x))

is Borel. If ;1 is a Borel measure on X, we can define the normed vector space L*(X * §, i)
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formed by the quotient of
LAX*9,u) ={f €Sec(X *9): 2 — || f(z)||* is p-integrable},

where functions agreeing p-almost everywhere are identified. L*(X * $), u) is a Hilbert space

with inner product defined by

i fa) = /X (1 (@), fal))dpu(z).

Here we also denote L*(X * ) by f)? Hdp(x).

Given a Borel Hilbert bundle X % §), we can define a groupoid, called the isomorphism

bundle, consisting of unitary operators between Hilbert spaces in the family {H,}.

Definition 4.2.8. Given X a locally compact Hausdorff second countable space, let (X x5, p)
be an analytic Borel Hilbert bundle. The isomorphism bundle of X x $) is the set

Iso(X % $) = {(, L,y) such that L : H, — #, is unitary}

endowed with the smallest Borel structure such that, for all fi, fo € Sec(X % $),

S5 (2, Lyy) = (Lfi(Y), f2(x)) (4.8)

define Borel functions from Iso(X % $) to C.

Lemma 4.2.9. Iso(X*$) is a groupoid whose units are defined by (z,idy,, ). Two elements
(x,L,y) and (y', M, z) are composable if y = 3. In this case, we define their product by
(v, L,y)(y, M, z) = (x, LM, 2). The inverse in Iso(X %)) is defined by (=, L,y)™' = (y, L*, z).
The range and source maps are defined by r(x, L, y) = (x,idy,, ) and s(x, L,y) = (y, idy,, y)

Proof. Given z € X, idy, is unitary. Hence (x,idy,,x) € Iso(X*$). Then r, s are surjective.

Note that we can identify (x,idy,,z) with  without loss of generality. Thus we will assume
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X =Tso(X * )0,

Now we show that the product in Iso(X x $)) is well-defined. In fact, given (x, L,vy),
(y, M, z) € Iso(X % ), then LM : H, — H, is a unitary operator. Thus (x, LM, z) €
Iso(X *9). The inverse is well-defined as well, since (z, L,y)™! = (y, L*, x) by definition and
L*:H, — H, is unitary.

Now we prove the conditions in Definition B.1.1] Let g = (x,L,y), h = (y, M, z) and
k = (z, N,w) be elements of Iso(X % $)). Then

(i) s(gh) = s((x, L,y)(y, M, z)) = s(x, LM, z) = z = s(y, M, z) = s(h), and
r(gh) = r((x, Ly)(y, M, z)) = r(x, LM, z) = x = r(x, L,y) = r(g).

(i) = = r(z,idy,, ) = r(z), and = = sz, idy, , ) = s(z).

(ii)) gs(9) = gy = (z, L, y)(y, idn,, y) = (2, Lidy,,y) = (v, L,y) = g, and
r(9)g = zg = (x,idy,, x)(x, L,y) = (x,idy, L,y) = (z, L,y) = g.

(iv) (gh)k = [(z, L, y)(y, M, 2)] (z, N, w) = (x, LM, 2)(z, N,w) = (z, LM N, w), and
g(hk) = (2, L,y) [(y, M, 2)(z, N, w)] = (2, L, y)(y, MN, w) = (z, LM N, w).
Then (gh)k = g(hk).

(v) 997" = (&, Ly)(y, L*, x) = (z, LL¥, ) = (x,idy,, x) = = = r(g), and

g 'g=(y, L* z)(x,L,y) = (y,L*L,y) = (y, idy,,y) =y = s(g).

Therefore Iso(X * £) is a groupoid. O

Definition 4.2.10. Let G be a locally compact Hausdorff second countable étale groupoid
with Haar system {\*},cqco. A unitary representation of G is a triple (u, G x §, L) such
that p is a quasi-invariant measure on G, L = {L,},c¢ is a family of unitary operators

Ly : Hg) — Hrg), and L:G — Iso(G©® «$) is a Borel homomorphism such that g — Zg =

(r(9), Lg, 5(9))-
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Now we define a norm on C.(G) which will be an upper bound for the norm of a rep-
resentation obtained with the Renault’s disintegration theorem. This norm is defined in

[20].

Definition 4.2.11. Let G be a locally compact Hausdorff second countable étale groupoid
with Haar system {\"}, .. We define the I-norm on C.(G) by

||f||1:max{sup/|f )|dA®(g), sup /|f )| dAz(g }
z€G(0) z€G(0)

If the Haar system is given by counting measures \* on G*, then

Hf||z—ma><{sup > 1F@) sup Y |f(9) }

2€G(0) geGe z€G(0) 9€Gy

Lemma 4.2.12. Let GG be a locally compact Hausdorff second countable étale groupoid with
Haar system given by counting measures A* on G*. Then ||f||; < oo for every f € C.(G).

Moreover, || - || defines a norm on C.(G).

Proof. Let fi, fo, f € C.(G), A € C.

e ||fll; =0 implies f = 0.

Assume ||f||; = 0. Let g € G and z = r(g). Then,

A< Y ImI<Ifl=0.

heG®

Therefore f = 0.

o [IAfIF= A

Let z € G©, Then

Y M@l =1 1f(9)

geG® geG®
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Thus,

sup > Al

zeGO ger

Analogously,

w3 A

zeGO gEG

Therefore || Af]lr = ||l f]|z--

o [lfv+ Lallr < [l fallr +11f2lr

sup > | filg

zeG0) geG®

[f1+ follr = max{
<max{ swp 3 (1ilg
Q?EG(O) ger

< max<{ sup Z | f1(g
zeG(0)

geG®

= [lfallr + 2l

)= Al sup > If (o)l

gEG’”

)= 1Al sup > If (o)l

gEG

) + f2(9)], sup Z |f1(g9) + foly |}
z€GO) 9€Gy
)+ 129D, sup > (1f(9)] + | fa )|)}
z€G0) 9€Gy

)+ 2l sup Z (g

2€G©

)|+ HfZHI}

Now we show that || f||; < oo for every f € C.(G).

Let U be an open bisection of G and let f € C.(U). For every x € r(U), there is a unique

h* € U satisfying 7(h*) = z. Note that x = r|;,' (z). Hence,

> (g

geG®

)| = [f(h7)].

91



Since 7|y is a homeomorphism, we have

sup Y [f(9)| = sup |f(h")| = sup IfOT’Izjl(x)!:?Glglf(g)l = [[fllsc-

zer(U) geGe zer(U) zer(U)

If © ¢ r(U), then f(g) =0 for every g € G*. Thus,

sup > [£(9)] = [ fl|oe-

IL’GG(O) gEGw

Analogously, we can prove that

sup > [£(9)] = [1fl|oe-

2€G(0) 9€Gy

Therefore || f||; = || flloo for f € C.(U).

Now let f € C.(G). It follows from Proposition that there exist fi,... f, continuous
functions supported on open bisections such that f = f; + ...+ f,. Then ||f|l; < || fill +

.+ |Ifull < 0o. Therefore || - ||; is a norm on C.(G).

4.3 Renault’s Disintegration Theorem

The results in this section can be found in [15]. The Renault’s Disintegration Theorem can
also be found in [4] and [10]. However, both use the abstract notion of upper semi-continuous

C*-bundle and the theorem is stated in a more general case than the results presented here.

Proposition 4.3.1. Let G be a locally compact Hausdorff étale groupoid with Haar system
N} cam- I (0, GO % $, L) is a unitary representation of G, then we obtain a || - ||;-
norm bounded representation 7w of C.(G) on fé?(o) H.du(zx), called the integrated form of
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(1, GO % 9, L), determined by

(k) = [ @) Loh i) Mlo) (o), (4.9)
where v = [, dN"dp(x), v = [0 dAdp(x) and A = dv/dv~" as described in Definition
s

Renault’s disintegration theorem shows that a representation 7 : C.(G) — H can be

identified with a groupoid representation (u, G(® % §, L) such that E(G) is measurable in
Iso(G© x §). Condition (4.8)) on page [88] will be necessary in order to write (4.9).

Definition 4.3.2. Given a vector space Hy, Lin(#,) denotes the set of linear operators
T : Ho — Ho. Note that Lin(#H,) is an algebra whose product is defined by composition of

operators.

Theorem 4.3.3. (Renault’s disintegration theorem) Let G be a locally compact Hausdorff
étale groupoid. Suppose that Hg, is a dense subspace of a complex Hilbert space H. Let
7 : C.(G) — Lin(#H,) be a homomorphism such that:

(a) {m(f)h: f € C(G) and h € Hy} is dense in H;

(b) For each h,k € H,,

[ (m(f)h, k)

is continuous in the inductive limit topology on C.(G);

(c) For f € C.(G) and h,k € H,, we have
(m(P)h, k) = {h, w(f*)k).

Then each 7(f) is bounded and extends to an operator 7(f) on H of norm at most || f||;.

Furthermore, 7 is a representation of C.(G) on H and there is a unitary representation
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(1, GO %, L) of G such that H ~ L*(G©® % $, 1) and 7 is equivalent to the integrated form
of (1, GO % $, L).

Remark 4.3.4. Recall that the inductive limit topology is introduced in Definition [3.3.18
on page [71]

Lemma 4.3.5. Let G be a locally compact Hausdorff second countable étale groupoid. Let
¢ be a state on C*(G) with GNS-triple (H, 7, &). Then 7 satisfies the conditions of Renault’s

disintegration theorem:.

Proof. Assume ¢ is a state on C*(G). Let (H, 7, &) be the corresponding GNS-triple.

(@) {7(f)h: f € C(GQ) and h € H} is dense in H
Since £ is a cyclic vector, it follows that 7(C*(G))¢ is dense in H. Recall that C.(G) is
dense in C*(@G), then 7(C.(G))¢ is dense in w(C*(G))E. Therefore, the property holds.
(b) For h,k € H, f + (m(f)h, k) is continuous in the inductive limit topology on C.(G)

Let h,k € H. Given f € C.(G), let {f;}ien be a sequence in C.(G) such that f; — f
with respect to the inductive limit topology. It follows from Lemma [3.3.19| that f; — f
in C*(G). Then ||7(f;) — 7(f)|| — 0 and therefore ((w(f;) — w(f))k, h) — 0.

(©) (x(f)h, k) = h,7(f*))
Let h,k € H, f € C.(G). Since 7 is an *-representation of C*(G), we have n(f*) =
7(f)*. Therefore the property holds.

94



Chapter 5

Neshveyev’s Theorems

In this chapter we describe the KMS states of a groupoid C*-algebra. Neshveyev proves
this result in [I7] in two theorems: the first theorem describes all states satisfying a certain
condition, and the second theorem describes all KMS states and it is a corollary of the first
result. These theorems show a correspondence between a KMS state ¢ on C*(G) and a pair
(14, {02 }sec) consisting of a probability measure u on G© and a family of states ¢, on
C*(G%) satistying a certain condition.

Before proving Neshveyev’s theorems, we define KMS states on a C*-algebra as described

in 2], [3] and [9].

5.1 KMS States

In this section we define the notion of KMS states and prove some of their main properties.
The results in this section can be found in [2], [3] and [9]. KMS states characterizes the

equilibrium states in quantum statistical mechanics.

Before we define KMS states, let us recall the definition of approximate unit and prove

some properties of states on a C*-algebra.

Let A be a C*-algebra. An approzimate unit for A is an increasing net {u, }rep of positive
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elements in the closed unit ball of A such that a = lim, au, for all a € A. Equivalently,
a = limy uya. From [16], it follows that every C*-algebra A contains an approximate unit.

Moreover, if A is separable, then it admits an approximate unit which is a sequence.

Recall the following theorems on positive linear functionals from [16]:
Theorem 5.1.1. If ¢ is a positive linear functional on a C*-algebra A, then it is bounded.

Theorem 5.1.2. Let ¢ be a bounded linear functional on a C*-algebra A. The following

conditions are equivalent:

(i) ¢ is positive.

(ii) For each approximate unit {uy}aea, ||¢]] = limy @(uy).
(iii) For some approximate unit {uy}aea, ||| = limy o(uy).

Proof. Assume ¢ # 0. First we show the implication () = (i) holds.

Note that the map A? — C defined by (a,b) — ¢(b*a) is a positive sesquilinear form on
A. Hence ¢(b*a) = p(a*b) and the Cauchy-Schwarz inequality |o(b*a)| < o (b*b)/2p(a*a)/?
holds.

Let (uy)xea be an approximate unit of A and let a € A with a # 0. Then, for every A € A,

[(aun)|* < pa*a)p(uruy) = p(a*a)p(uy), (5.1)

by the Cauchy-Schwarz inequality. Since the net {u,}ea is increasing and its elements are in
the unit ball, then the net {u3}\ca is also increasing and included in the unit ball. Because

¢ is positive and bounded, we have sup,¢, ¢(u3) = limyep p(u3). Then, for every i € A, we

have by (5.1)),

)2 < p(a*a)li 3 < *al| 1i 3 = *1i 2
|p(aw)” < pla*a) lim p(u3) < [lolllla*alllim p(u3) = [Jell]lal]” lim p(u3)
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Therefore, using the continuity of ¢,

I )% < 2lim ¢ (u
tim [o(au;)[* < [lolllla] lim o (u3)

(@) < llellllal® lim o(u)

lp(a)l
|al?

<[]l li 2
< llplHim p(uy)
Since a is arbitrary, ||| < limyep p(u3). On the other hand, for each A € A,

p(u3) < llelllluill < llell

Then ||| = limyea p(u?). Note that u2 —uy < 0 for every A, thus ¢(u3) < ¢(uy). Therefore,
=li 7)< i < |lell-
lell = limp(uy) < limp(uy) < [l¢]

It is obvious that (i) = (iii).

Now we show that (iii) = (i). Suppose that {u,},en is an approximate unit such that
1 = limp, 00 7(uy,). Let a be a selft-adjoint element of A such that ||a|| < 1 and write
7(a) = o+ if where «, § are real numbers. To show that 7(a) € R, we may suppose that

£ < 0. If k is a positive integer, then

la —iup]|? = ||(a + iku,)(a — iku,)||
= |la® + K*uZ — ik(au, — u,a)|

<14 K + kllau, — uqall,

so |T(a — iku,)|? <1+ k* + kllau, — u,al| because ||7]| = 1.

However, limg_,o, 7(a — iku,) = 7(a) — ik by hypothesis, and limy_,.(au, — u,a) = 0, so
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in the limit as n — oo, we get
la+ i —ik|? = |7(a) — ik]* = |a +iB —ik]* < 1+ K,
then

a? 4+ B2 —2kB+ K> <14 n?

= -2k <1-p*—a

Since [ is not positive and this inequality holds for all positive integers n, § must be zero.

Therefore, 7(a) is real if a is hermitian.
Now suppose that a is positive and ||a|| < 1. Then w,, — a is hermitian and ||u,, — al|| < 1,
so T(u, —a) < 1. But then 1 —7(a) = lim,, o 7(u, —a) < 1, and therefore 7(a) > 0. Thus,

7 is positive and we have shown (iii) = (7). O

We want to show that, if the C*-algebra A is commutative and unital, then the extremal
states are precisely the characters on A. We need some results on convex spaces before

studying this.

Definition 5.1.3. Given a commutative C*-algebra A, a character is a non-zero homomor-

phism ¢ : A — C.

Definition 5.1.4. Let X be a normed vector space. A functional 7 in a convex subset
C C X*is an extreme point in C (or extremal) if the condition n = tn; + (1 — t)n, where

n,ne € C, 0 <t <1, implies that n = n; = n,.

Definition 5.1.5. We say that a state ¢ on A is pure if it has the property that whenever
p is a positive linear functional on A such that p < ¢, necessarily there is a number ¢ € [0, 1]

such that p = tep.

Theorem 5.1.6. |3, Theorem 2.3.15] Let A be a unital C*-algebra. The set of states on A

is convex and its extremal points are the pure states.
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Theorem 5.1.7. [16, Theorem 5.1.6] Let ¢ be a state on a commutative C*-algebra A.

Then ¢ is pure if, and only if, it is a character on A.

Lemma 5.1.8. Let X be a Borel space endowed with a probability measure p. Let A be a
separable C*-algebra and Ay a dense subset of A. Let ¢, be a family of states on A defined
for p-a.e. x € X such that for every a € Ay the map = +— 1,(a) is y-measurable. Define ¢
by

o) = [ dula)dula)
X
Then ¢ is a state on A.

Proof. Let V C X be a conull set such that ¢, is defined for every x € V. Define for every
a € A the function F, : X — C by

F(a) Ue(a) ifzeV

0 otherwise.
By assumption, F, is py-measurable for every a € A,.

Let a € A. Since A is dense in A, there exists a sequence {a, }nen in Ay converging to a.

Then, using the continuity of v, we have for py-a.e. x,

F,(z) = ¢.(a) = nhﬁng(J Ue(a,) = lim F, (x).

n—o0

Therefore F, is measurable. In other words, the function = — ,(a) is p-measurable for

every a € A.

In order to show that ¢ is a state, we begin by proving that ¢ is a positive linear functional.

Since each ¢, linear, it follows from the definition of ¢ that ¢ is also linear. Let a be a positive
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element in A. Then ¢, (a) > 0 for p-a.e. x. Thus,

o(a) = /X bula)du(z) > 0.

By Theorem [5.1.1] ¢ is bounded. Tt follows from Theorem that, for some approximate
unit {uy, }nen of A,

ol = lim p(u,) = lim Wy (uy)dp(z).
n—oo n—oo X
However,

[0 (un)| < [[@alllunll = [Junll <1,

for every n and for p-a.e. x € X because each 1), is a state and every u,, satisfies ||u,|| < 1.

Therefore we can apply the dominated convergence theorem, then

el = tim [ ()t
= [ (i v (u)) dita)

= / ldu(x), since each 1, is a state,
X

1.

]

Now we define the notion of dynamical system on a C*-algebra and prove some of its

properties.

Definition 5.1.9. We say that 7 = {7 }1cr is a one-parameter group of x-automorphisms of

a C*-algebra A if 1 : A — A is an x-automorphism and
(i) 7iys =T 07 for all ¢, s € R;
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(i) 7o = id.

Example 5.1.10. Consider the algebra of square matrices M,(C) for some n. Let H €
M, (C), and define each 7; : M, (C) — M,(C) by 1(A) = e Ae=". Note that 7; is linear

and 79 is the identity. Each 7; is a homomorphism because
T (AB) = e ABe™ M = ¢t pemitH gitH po—ith — - (A)7(B).
Also, the equality 7, = 7 o 7, holds, since
Teps(A) = eitHH fomilt)H _ (it gisH po—isH o=itH _ GitH . ( A)e=itH — 1 (7 (A)).

Definition 5.1.11. A C*dynamical system is a pair (A, 7) where A is a C*-algebra and
T = {7 }er is a one-parameter group of x-automorphisms strongly continuous, i.e., t — 7(a)

is continuous in the norm for all a € A. If we fix 7, we say that 7 is the dynamics on A.

Now we prove that, under certain conditions, if we define a one-parameter group of *-
automorphisms 7 on a dense *-algebra of a C*-algebra A, then we can extend the operators

uniquely on A. Moreover, 7 defines a dynamics on A.

Lemma 5.1.12. Let Ay be a dense *-subalgebra of a C*-algebra A. Let 7 = {7 }icr be a

family of x-automorphisms 7; : Ag — Ag such that
(i) 7pys = o7 for t,s € R,
(i) 70 = id,
(iii) t — 7¢(a) is continuous in the norm for each a € Ay.

Moreover, assume

|7 (a)|| < |lall, for everyte R,a € A,. (5.2)
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Then 7 can be extended uniquely to a dynamics on A, which we also denote by 7 = {7, }1er

without loss of generality.

Proof. First we show that each 7; can be extended uniquely to A. Let a € A. Since Ajg is
dense in A, there exists a sequence {a, },en converging to a.

Using the fact that Ay is a vector space and the equation (5.2)), we have that {7(a,) }nen
is a Cauchy sequence, then we can define 7(a) = lim,,_,o, 74(ay).

Note that 74(a) is well-defined. In fact, let {b,},en be an arbitrary sequence converging

to a, and let x = lim,,_,, 74(b,). Then
[7e(a) — 2|l = lim |[7(an) — 72(by)|| < lim [ja, — b,]| = 0.
n—oo n—oo

It follows from the defintion of 7, on A that ||7(a)| < |la|| for every a € A.

Note that the extension 7 also satisfies 7p = id and 7, s = 7, 0 75. In fact, given a € A, let
{a, }nen be a sequence in Ay converging to a. Then

ro(a) = lim 7o(a,) = lim a, =a

Tirs(a) = nlg& Tirs(an) = r}in;o 7, 0 Ts(a,) = 7 0 T5(a).

Then 7, is invertible with inverse 7_,.

Now we show that 7, : A — A is an automorphism. Let a,b € A and {a, nen, {bn }nen
sequences in Ay converging to a, b respectively. Then

7(ab) = lim 7 (ayb,) = lim 7(a,)7(b,) = 7 (a)7(b),

n—oo n—00

T(a*) = 7}1{20 T(an™) = nlgl;} Te(an)* = 1(a)*.

Finally, we show that 7 is strongly continuous. Let a € A and fix 5. Given ¢, there exists
ag € Ap such that [ja — ao|| < €/3. Let § > 0 such that ||7(ag) — 75(ao)|| < /3 for every
t € R such that |t — ¢o] < 9.
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Given t with |t — ty| < 0, we have

I7i(a) = 7o (@) < [Iea) = 7i(a0) || + lI7e(a0) — 7o (a0)[| + lI7s(a0) — 7o ()]
< 2[la = aol| + [I7e(ao) = 71, (ao)|

g 9
<2- 4=
=43ty

= E&.

O

Let X be a complex Banach space and X* its dual. Let (X, X*) denote the topology

on X induced by the functionals on X. This topology is denoted the weak topology on X.

Remark 5.1.13. We say that a function f : R — X is o(X, X*)-continuous if o f : R — C

is continuous for every n € X*.

Definition 5.1.14. Given a Banach space X, let {7;};cr be a family of linear and bounded
operators 7y : X — X. This family is called a one-parameter o(X, X*)-continuous group of

isometries if
(i) 7pys =T 07 for all ¢, s € R;
(i) 0 = 1id;
(iii) ||| =1 for all ¢t € R;
(iv) t — 1(a) is o(X, X*)-continuous for all a € X.

Lemma 5.1.15. Let A be a C*-algebra and 7 its dynamics. Then 7 is a one-parameter

o(A, A*)-continuous group of isometries.

Proof. Note that properties (i) and (ii) in Definitions [5.1.9| and [5.1.14] are equal. In both,

every T is a linear operator on A. So we need to show properties (iii) and (iv) of Definition

B.II4
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(iif) [Jfl =1

This follows from the fact that every x-automorphism on a C*-algebra is an isometry.

(iv) t — 1(a) is o(A, A*)-continuous for all a € A

Let a € A and ty € R. 7 is strongly continuous by assumption. Then 7(a) — 7,(a)
in the norm as ¢ — ¢,. Thus, for every n € A*, n(n(a)) = n(n,(a)) as t — t;. Thus

property (iv) holds.

Therefore 7 is a one-parameter o(A, A*)-continuous group of isometries. O

Note that, for every a € X, the function ¢ — 7o 7(a) is continuous for all n € X*. If we
can extend this function to an analytic function on a strip in C which we will define later,

we say that a is analytic. We will prove that the set of analytic elements is dense in X.

Definition 5.1.16. Let 7 be a one-parameter o (X, X*)-continuous group of isometries. An
element a € X is analytic for 7 if there exists A > 0 and a function f : I, — X, where

Iy ={z € C:|Im(z)| < A}, such that
(i) f(t) = 7(a) for all t € R;
(ii) The function z — n(f(z)) is analytic in I, for all n € X*.

Under these conditions we write

T.(a) = f(z), for z € I,.

If A = oo, we say that a is entire analytic for 7.

Remark 5.1.17. Suppose a1,ao € X are entire analytic, and a € C. Let fi, fo be the
corresponding functions as in Definition [5.1.16] Then, for every t € R,

fi(t) +afe(t) = mi(ar) + ari(az) = (a1 + aas). (5.3)
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Moreover, the function z — n(f1(z) + af2(z)) is analytic for every n € X*. Thus a; + cas is
entire analytic. Therefore the set of entire analytic elements in X, denoted X, is a subspace

of X. For ay,as € X, a, z € C, it follows from (5.3) that 7.(a; + caz) = 7.(a1) + 7.(az).

Later we will prove that X, is also dense in X, both in the o(X, X*)-topology (see

Proposition [5.1.19) and with respect to the norm (see Corollary [5.1.24)).

When 7 defines a dynamics on a C*-algebra A, A, is not only a vector space, but a

x-subalgebra. We will prove this result in Lemma [5.1.22| on page [110]

Lemma 5.1.18. Let n be a positive integer, and 6 > 0. Then

n o0 —nt?
- =1 A4
\/;/_oo € dt s (5 )

n —nt? 1 42
- e "dt = — e U dt. 5.5
\/;/uza VT Jj> s =

Moreover, the second integral converges to zero as n — oo.
. . 2 .
Proof. Let 0 > 0. Since the function t — e~ is even, we have

\/E/ e”tht:2\/E/ e dt
T J|t|>6 T Ji>6
2

2

e *'ds, by the change of variables s = \/nt,

B ﬁ s>+/nd
1 2

= — e % ds.
VT Sy v

Thus the equality (5.5)) follows. If 6 = 0, we have

\/E/ e~ dt = \/E/ et = — e % ds = —/ e~ ds = 1.
T J -0 T Jit|>0 VT |s|>0 T J -

Therefore the integral \/gfmms e dt converges to zero as n — oQ. O]

Proposition 5.1.19. If 7 is a one-parameter o (X, X*)-continuous group of isometries, and
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a € X, define forn=1,2,.. .,

n oo 2
a, = \/;/_OO 7i(a)e”™ dt.

Then, for each n, a, is an entire analytic element for 7 and ||a,|| < ||a|/. In addition,

7.(an) = \/g/ Tt(a)ein(tiz)thv

for every z € C. Moreover, a,, — a on the o(X, X*) topology as n — co. In particular, X,

is a o(X, X*)-dense subspace of X.

Proof. Let a € X. Define for each n = 1,2, ... the function f, : C — X by

fa(2) = \/g/_oo Tt(&)e_"(t_z)2dt.

t—2z)2

This function is well-defined since ¢ +» e~ is an integrable function, ||7(a)|| < ||la|| for

every t, and ¢ — e‘"(t_z)QTt(a) is continuous, then we apply Proposition . Note that for

each s € R, we have

fals) = \/E/ ri(a)e " dt
™ — o
_ \/E / T s(@)e " dt
™ — o
- \/E/ 75 07i(a)e " dt
™ — o

=T (\/E/ Tt(a)e_”tht) , by Corollary [2.6.17]
T J -0

= 74(ay,).

Let n € X*. Let z, 29 € C such that z # 2,. By definition of f,, it follows that

'n(fn(Z)) - Z(fn(Zo)) B \/g/oo ot — 2)e=" =y (r(a))dt

z —
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equals to

Ve Lo (S o

—n(t—2)% _ _—n(t—=z0)?
(6 ‘ —on(t — z)e_”(t_z)2> n(r(a))dt

Z— 20

n(t— 2)2 e n(t—z0)2 it
/ = 2n(t = 2)e " n(ri(a))
Z— 20
t Z)2 e n(t—z0)2 5
<Hnnnau\f [t e

since [n(7(a)| < |Inllllm(a)|| < [In|l|la|| for each t. This integral goes to zero when z — zg

and the entire analyticity follows. Also, f,(z) = 7.(a,) for every z € C.

In addition, we have ||a,| < ||a||. In fact,

|lan|| = H\/g/ Tt(a)e_”t2dtH
T J—0

< \/E/ ||Tt(a)\|e_”t2dt, from Lemma [2.6.11],
T J -

< ||a|r\/5 [ et
7T — 00

= ||al|, from Lemma [5.1.18

Now we prove that a, converges to a on the o(X, X*) topology. Let n € X*. If n =0
or a = 0, it follows that n(a,) = n(a) = 0 for every n. Then we assume 1 # 0 and a # 0

without loss of generality.

Note that

n(an —a) = n(an)

\/7/' Tt dt <a)7 by deﬁnition Of an;
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=% [ )~ aane

since /2 [® e*dt = 1 by Lemma [5.1.18
Ve y

Let € > 0. Since the map ¢ — 7(a) is continuous and n € X*, there exists § > 0 such

that
|t| < 0 implies |n(ri(a)) —n(a)| < /2. (5.6)

Moreover, from Lemma, |5.1.18] there exists N > 0 such that, for every n > N, we have

n —nt? g
D et S (5.7)
\/;/uza Afnlllal

Then, for each n > N,

lan =l =[/2 [ e tmta) — ntaae
< ’\/g A y e~ (n(ri(a)) — n(a))dt’ + ‘\/g 4 . e " (n(ri(a)) — n(a))dt
< \/g /t y e [n(r(a)) — n(a))|dt + \/g /t . e " n(re(a)) — n(a))|dt
<2 [ et —atar+ 52 [ i tom @D,
<% [l ey 5% [ et
<2 [ ntal - elhar+ 52 [ o sine g =1,
a2 [ et Syt [ et

£ £ n 2
<lllall~—— + —\ﬁ [ e wom @),
il T2V 7 Sy &1

€ e In [* 2
<9 [ —4 = —nt dt
<2l gran 2\ﬁ /_of /
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_< + E, from Lemma [5.1.18
2 2
=¢.
Hence a,, — a in the topology o(X, X*). O

Remark 5.1.20. Let 7 be a one-parameter o(X, X*)-continuous group of isometries. Given
A, we say that a is analytic on the strip I if the conditions in Definition [5.1.16| hold for a
and .

We say that a € X is strongly analytic on the strip I, if there exists f : I, — X such that
condition (i) in Definition [5.1.16|is satisfied and the limit

L ) = f(2)
h—0 h

exists for every z € I,. We now show that these two notions are equivalent.
Lemma 5.1.21. Let 7 be a one-parameter o(X, X*)-continuous group of isometries, and
a € X,. Given w € C, 1,(a) € X,. Moreover, for every z € C we have

Torw(@) = T, 0 Ty(a).

Proof. Let a € X,. Then there exists a function f: C — X such that f(t) = 7(a) for every

t € R, and no f is entire analytic for n € X*.

Fix s € R. Let f; : C — X be the function defined by fs(w) = f(s+ w). Then no f; is

entire analytic for all n € X*.

Define g : C — X by g(w) = 7s07,(a). Note that nog is entire analytic for every n € X*.

In fact, given w € C,

nog(w)=mnorsom(a) = (no7)o f(2).

Since no 1y € X* and a is entire analytic, it follows that (no 7)o f is entire analytic. Thus
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n o g is entire analytic. Moreover, for ¢ € R, we have

nog(t)=notsom(a) =noty(a) =no f(t+s)=mno ft).

Thus n o g and n o fs are entire analytic functions which agree on the real line. Thus, by
the uniqueness theorem for analytic functions [I, Theorem 6.9] we have no g =no f,. nis

arbitrary and X* separates poins in X, thus ¢ = f,. Therefore, for every w € C,
Ts 0 Ty (@) = Toy(a). (5.8)

Now we fix w € C and assume s is a real variable. Define f,, : C — X by f,(2) = f(w+2).

Since a is entire analytic, the function no f,, is entire analytic for every n € X*. By equation

(5.8), we have for all ¢t € R the equality
fu(t) = f(w +1) = Tiyu(a) = 7 0 Ty(a).
Therefore 7,,(a) is entire analytic and

T, 0 Tw(a) = fu(2) = f(w+ 2) = Toyw(a).
]

Let 7 define a dynamics on a C*-algebra. We say that a subset Ay is 7-invariant if

Ti(a) € Ay for every t € R,ja € A;.

Lemma 5.1.22. Let (A, 7) be a C*-dynamical system. Then A, is a x-subalgebra which is

T-invariant.

Proof. A, is a vector space by Remark [5.1.17] Moreover, A, is 7-invariant by Lemma[5.1.21

Given a,b € A,, let f1, fo : C — A be the functions such that no f;,n o fy are analytic
for all n € A*, and such that fi(t) = 7(a), fo(t) = 7(b) for every t € R.
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Let f = f1fo. Then no f is analytic for all n € A*. Moreover, given t € R,

ft) = L) f2(t) = mi(a)7(b) = 7i(ab).

Therefore ab is entire analytic.

Define fi1* by fi*(z) = f1(2)*. Then, for t € R,
fi¥(t) = L)* = mi(a)* = 7(a™).

Given n € A*, let n; € A* be defined by n;(b) = n(b*) for b € A. Then,

no fi*(z) = n(fi(2)*) = m o [(3).

Note that the function z — 7 o f1(%) is analytic. In fact,

i 0 AE+R) —mo fi(Z) _ (lim T © f1(3+ﬁ_)— Mo f1(5)>'
h—0 h h—0 h
This limit exists since 7y o f; is analytic. Then no f1* is analytic, and therefore a* is entire

analytic. [

Proposition 5.1.23. Let 7 be a one-parameter o (X, X*)-continuous group of isometries.

Given A\ > 0, a € X is analytic on the strip [, if, and only if, a is strongly analytic on ).

Proof. Let n € X*. Let 29 € I. There exists r > 0 such that D(zo,7/2) C D(z,7) C I,.

Let h,k € D(0,7/2). Then zy + h, 2y + k € D(zo,7/2). Using Cauchy’s integral formula

and assuming C' = 9D(z, ), we have

n(f(z0)) = — jé &)y,

2w

Mot 1) = 5 fc %d
n(f(z0+ k) = % fc %d
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Then

h k
1 1 1 1 1 1 1
—ﬁgC“ﬂﬂ>h<z_%—h‘z_%)—z(z_%_k‘z_a)}w (5.9)

Note that ﬁ — % = a(ab_b) for a,b complex numbers such that a # b and a # 0. Applying

this, we have that (5.9) equals to

n<f(20+h)—f(zo) f(20+’f)—f(20)>

1 1 h 1 k
2mi Cn(f(z)) [ﬁ(z—zo)(z—zo—h) B E(z—zo)(z—zo—k)] dz
1 1 1
- — d
2mi Cn(f(Z)) {(z—zo)(z—zo—h) (z—zo)(z—zo—k:)] :
SR I11C)) N S .
21 Jo 2 — 20 |z2—20—h z—2—k
=— z
2mi Jo 2 — 20 (22— 20— h)(z — 20 — k)
Note that for every z such that |z — 25| = r, we have
roor
e —hl >l — sl — Rl > — - = _
|lz—20—h| > |z—2| — |h| > 5= 5
Thus
1
_— < d
|lz—2z0—h| = h (5.10)

Analogously, \leo—M < % Recall that C' denotes the set of points z satisfying |z — zo| = 7.

Therefore,

f(zo+h) = fz0) _ flz0+F) = flz0) 1 [ n(f(2) h—k
‘U( h a k )‘:%ﬁz—zo (z—zo—h)(z—zo—k)dz
BN 06 N

zeC |Z—Zo| ’Z—ZO—hHZ—ZO—k‘
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4
<r— maxMVL—kl, by (5.10)),
r2 zeC |z — z|

4
— S max (/) [1h — H

4
< linllmax |l f(2)l[[h — &l.
Using the fact that [|z|| = sup, =, [[n(z)]| in a Banach space, we obtain

i -

Since X is complete, it follows that the limit

lim

h—0

f(z0 + 1) — f(z)
h

exists. In other words, a is strongly analytic on I.

Conversely, suppose that a is strongly analytic on the strip I,. Let z € I,. By hypothesis,

there exists z € X such that

e i L E T~ f(2)
h—0 h

Let n € X*. Then

_ i M+ 1) = 0(f(2))

h—0 h—0 h

) = (j ZEE D=1

Hence n o f is analytic at z. Since z and n are arbitrary, it follows that a is analytic on
I,. [

Corollary 5.1.24. If 7 = {7, }cr is a one-parameter o(X, X*)-continuous group of isome-

tries, then 7 is strongly continuous and X, is norm-dense in X.

Proof. Note that by strongly continuous, we mean that the map ¢ — 7(a) is continuous with

respect to the norm in X for every a € X.

113



Suppose X, is not dense in X. Let H be the norm closure of X.. By hypothesis, H is a
proper subspace of X. Let y € X \ H. By the Hahn-Banach for the sets H and {y}, there

exists a p € X* such that

Re(p(y)) < Re(p(y)), heH. (5.11)

Since H is a proper subspace of X and ¢ is linear, Re(p(H)) must be either {0} or R. By
equation (5.11), Re(¢(H)) = {0}.

Note that Im(p(H)) = 0. In fact, let h € H. Then there is A € R such that p(h) = .
Since H is a complex vector space and ¢ is linear, ih € H and p(ih) = A. It follows that
A = 0. The choice of h is arbitrary, thus Im(p(H)) = {0}. Hence ¢ is zero on H and
w(y) # 0.

From Proposition X, is dense in X with respect to the o(X, X*)-topology. Since
H contains X, H is also dense in X in this topology. Thus there exists a sequence {y,} in
H converging to y in the o(X, X*)-topology. Since ¢ € X* we have p(y,) — ©(y). This
leads to a contradiction because ¢(y) # 0 and ¢(y,) = 0 for every n. Therefore H = X,

that is, X, is norm dense in X.

Now we show that 7 is strongly continuous. Given a € X,, z € C, it follows from

Proposition [5.1.23| that the limit

Terh(a) — Tz (CL)

h

lim

h—0

exists. Thus ||M|| converges to zero as h — 0, i.e., the function z — 7,(a) is

continuous with respect to the norm.

Now choose a € X arbitrary, fix t € R and let € > 0. Since X, is norm dense in X, there

exists a. € X, such that ||a —a.| < ¢/3.

Since a. € X, there exists 6 > 0 such that for every h € R with |h| < §, we have
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| 7e4n(a:) — 7(a:)|| < €/3. Then

I7e4n(@) = mi(@)l| < lI74n(a) = meenla) | + lImenlac) = mlac)|| + [Im(ac) — (o)
< Imnlllle = acll + 1 7e4n(ac) = mla) || + l[7llllac — all

= [la = acl| + [I7e4n(ac) = 7ilac) [l + flac — all

£ €

< 3+ Imeenlac) — mla)l + 5
3 3
2

= 2e+ lman(as) = miloc)|

< 2 + €
_8 p—

-3 3

= €.

Then the map ¢t — 7(a) is continuous. Since a is arbitrary, 7 is strongly continuous. O

Definition 5.1.25. Let (A, 7) be C*-dynamical system, ¢ a state on A and 5 € R. We say
¢ is a T-KMSg-state if

p(atig(b)) = p(ba)

for all a,b in a x-subalgebra Ay composed of entire analytic elements such that Ay is norm-

dense and T-invariant.

When 7 is implicit, we just say that ¢ is a KMSg-state in order to assert that ¢ is a
7-KMSgs-state. Moreover, if 3 is fixed, we just say ¢ is a KMS state.

Remark 5.1.26. If ¢ is a KMS-state and 8 = 0, we have

p(ab) = ¢(ba),
for every a,b € Ag. From the continuity of ¢, this equality holds for every a,b € A. In this
case, we say the state ¢ is tracial.
Definition 5.1.27. Let (A, 7) be a C*-dynamical system. We say that a € A is T-invariant
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if 74(a) = a for every a € A.

Definition 5.1.28. Let A be a C*-algebra with dynamics 7. We say that a state o on A is

T-invariant if ¢(7(a)) = @(a) for every a € A and t € R.

In this section we defined KMS-states as described in [3]. However, Neshveyev’s theorem
assumes a diferent definition of KMS-states in [I7]. The definition used is the item (ii) of

the next theorem. Now we show an equivalence in the definition of KMS states when [ # 0.

Proposition 5.1.29. Let A be a C*-algebra with dynamics given by 7 and let 8 € R\ {0}.

Given a state ¢ on A, the following are equivalent:
(i) ¢ is a KMSg-state;

(ii) ¢ is 7-invariant and

p(aTig(b)) = ¢ (ba) (5.12)

for a dense set of analytic elements a,b € A.
(iii) Equation (5.12) holds for every a,b € A..

Proof. Assume (> 0 without loss of generality.

(¢) = (i1) Let ¢ be a KMSg-state. By definition, there exists a subalgebra A, composed of
entire analytic elements such that Ag is norm-dense, 7-invariant and such that holds
for every a,b € Ag. Thus, we only need to show that ¢ is 7-invariant.

Let a € Ay. Define f: C — C by f(z) = ¢(1.(a)). Since a is entire analytic and ¢ € A*,

it follows that f is entire analytic.

Let {uy}rea be an approximate unit for A. Fix A € A. Since Ag is norm dense in A, for
every ¢ > 0 there exists u{? € Ay satisfying |[u{ — u,| < e. Both v, a € Ay and ¢ is a
KMSg-state, then

p(u)i5(a)) = p(aul)).
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Using the continuity of ¢, we have

p(urtip(a)) = p(auy),

for every A € A. Again, using the continuity of ¢ and the fact that {u,}ea is an approximate

unit, we have
p(Tis(a)) = lim p(urtig(a)) = limp(auy) = ¢(a).

Define g : C — C by g(z) = ¢(T21is(a)) — ¢(7:(a)). Since a is entire analytic and ¢ € A*,
it follows that g is entire analytic. Note that ¢ is zero on the real line. In fact, given ¢t € R,

we have by Lemma [5.1.21

9(t) = p(rivipa)) — ¢(mi(a)) = @(7is(1:(a))) = ¢(7i(a)) = 0.

Hence g(z) = 0 for every z € C, that is,

P(T=visa)) = p(7=(a)). (5.13)

Let f : C — C be the analytic function defined by f(z) = ¢(7.(a)). From (5.13) it follows
that f is periodic, that is, for every z € C there exists s € R and 0 < ¢t < f such that
f(z) = f(s+it). Then, for every z € C, we have

|/ (2)] < sup [f(w)]

weC

< sup |f(s+it)]
seR
0<t<s

= sup [o(Tori(a))|
seER
0<t<p

< sup ||Teri(a)ll
seER
0<t<p
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= sup ||7s(m(a))||, by Lemma [5.1.21]

seR
0<t<p

< sup ||i(a)|], by definition of 7, for s € R,
0<t<p

< 00,

since f is continuous. Then f is entire analytic and bounded. Therefore f is constant. Thus,

for every z € C, we have

In particular, for every a € Ay and ¢t € R, we have

p(ti(a)) = p(a). (5.14)

Since Ay is dense in A, it follows that (5.14]) holds for every ¢t € R a € A. Therefore ¢ is

T-invariant.

(17) = (uii) Let ¢ be a T-invariant state and suppose that there exists a dense set A; of

analytic elements such that (5.12)) holds for every a,b € A;. Let
Ds={z€C:0<Im(z) <p}.

Let a,b € A,. Define n € A* by n(x) = p(ax). Then we can define the entire analytic
function f: C — C by f(z) = p(at.(b)) because f(z) = n(r.(a)).

Since A; is dense in A, there are sequences {ay }nen, {bnnen in A; such that a, — a and

b, — b. Let o' =sup,, ||a,||, b’ = sup,, ||b,||. Both @', are finite.

For every n, there exists A\, > 3 such that b, is analytic on the strip I . So we can define
the analytic function f, by fu(z) = @(an7s(bn)) for z € I,. Let f, = f;l|pﬁ. We will show

that {f,}nen is a Cauchy sequence with respect to the supremum norm.
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In fact, given n,m, define A, ,, = min{\,, \;,}. Then ﬁL‘I/\n_m — fm‘lxn_m is analytic on
Iy,.,.. Then the supremum of |f, — f| is attained on the boundary of Ds. Hence, for each

z € Dg, we have

) — f ()|<maX{Sup|fn() fm(t)l,stlelﬂlglfn(tHﬁ)—fm(t+i5)|}-

However, for every t € R,

[n(t) = fn(D)] = [0(anTi(bn)) = p(amTi(bm))]
< J@(anTi(bn)) = p(anTi(bm))| + [(an7e(bm)) = P(amTi(bm))|
< NlanTi(bn) = an7e(bm)|| + [|anTi(bm) = anmi(bm)]|
< llanllI7:(bn = )| + llan = am|[lI7:(bm)l
< lan[lbn = bmll + llan = am][]|bm|l

< d[bp = bl + llan — am|[V'.
On the other hand,

[t +18) = fm(t + i) = l@(anTirip(bn)) — @(amTeris(bm))]
= [ (72 (bn)an) — £ (7i(bm)am)|
= (7 (bn)an) = @ (7e(bn)am)| + |@(7e(bn)am) = @(7e(bm)am)|
< [I7e(bn)an = 7(bn)am|| + [|7(0n)am — 7(bm) |
< [le(on)llllan = amll + 1I7:(bn) = 72 (bm)[[[|am |
< [1bnllllan = amll + 1[bn = bm|[[lam|l

< Vllan — am|| + [1bn — bylla’.

Therefore || f, — finll < V||an — am|| + ||bn — b ||@’. Hence { f,, }nen is a Cauchy sequence and

then this sequence converges to a continuous function f: Dz — C which is analytic on the
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interior of Dg. Note that for every ¢ € R,

f(t) = plam(b)) = lim @(anm(bn)) = f(1),

n—oo

by the continuity of ¢ and 7. Therefore f|p, = fby the uniqueness theorem for analytic

functions. Moreover,

p(aTis(b)) = f(iB)
= lim p(a,7i5(bn))

= lim ¢(b,a,)

n—o0

= ¢(ba),

for every a,b € A,. Therefore ¢ is a KMSg-state.

(1i1) = (i) From Lemma [5.1.22] A, is a *-subalgebra and is 7-invariant. By Corollary
5.1.24] A, is dense in A. Hence ¢ is a KMSg-state. O

Remark 5.1.30. Let ¢ be a 7-invariant state on a C*-algebra A. In order to prove that ¢ is
a KMSg-state, it suffices to show that ¢(a7;s(b)) = ¢(ba) in an arbitrary dense *-subalgebra
of A. In fact, if § # 0, this follows directly from Proposition [5.1.29, If g = 0, this follows

from the continuity of .

Definition 5.1.31. Given a C*-algebra A and a state ¢ on A, we define the centralizer of
@ as the set

{a € A:p(ab) = p(ba) for every b € A}.

Lemma 5.1.32. Let (A, 7) be a C*-dynamical system, 5 > 0, and ¢ a 7-KMSgs-state. Then,

for every a € A such that a is 7-invariant, it follows that a is in the centralizer of .
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Proof. Let a € A be T-invariant. Then 7;(a) = a for every t. Then we can define the function
f:C— Aby f(z) = a. Then we have f(t) = 7,(a) for every t € R. The function f is
constant, then f is strongly analytic on C. Then, by Proposition |5.1.23] a is entire analytic.

Let b € A,. Then,

p(ba) = p(bris(a)) = p(ab),

because ¢ is a T-KMSg-state. m

Now we show that the set of KMS states, for a fixed 5 > 0 is convex. Moreover, in order
to describe all KMS states on a C*-algebra, it is sufficient to find only its extremal KMS

states.

Lemma 5.1.33. Let A be a C*-algebra with dynamics 7. Let 5 € R. The set of KMSs-states

1S convex.

Proof. Let A be a C*-algebra with dynamics 7. Fix 8 € R. Given ¢,y KMS states,
0 <t <1, define p =t + (1 —t)py. Now we show that ¢ is a KMS state.

(i) ¢ is a state.

Note that ¢ is positive. In fact, given a positive element a € A,

p(a) =tpi(a) + (1 —t)pa(a) >0,

since both ¢y (a), p2(a) > 0. Moreover, we prove that ¢ has norm 1. Applying Lemma
we have for every approximate unit {uy}rep of A,

lll = lim p(us)
= hin (tor(un) + (1 = )pa(un))

= thim(pr(ua)) + (1 = ) lim(pz(us))
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= tllpall + (1 = 1)l
=t+(1—1t)

= 1.

(i) ¢ is KMS

Given a,b € A,

p(atip(b)) = te1(atig(b)) + (1 — t)p2(arip(b)) = te1(ba) + (1 = t)pa(ba) = o(ba).

O

In order to prove that the extremal KMS-states are sufficient to describe all KMS-states,
we are going to use a the Krein-Milman theorem. But, before using this theorem, we show
that the set of KMSg-states is compact with respect to a topology we define below, the
weak™® topology. Results used in this part can be found on [16] and [22].

Let X be a normed vector space. The weak*-topology on X* is generated by the family
of seminorms p, : X* — R such that n — p.(n) = |n(x)|.

Theorem 5.1.34. (The Banach-Alaoglu theorem) If V' is a neighborhood of 0 in a normed

vector space X and if

K={neX*:|nx)] <1 foreveryz eV},

then K is compact in the weak*-topology.

In this case, we can also say that K is weak™-compact.

Lemma 5.1.35. Let A be a C*-algebra with dynamics 7. Let 8 € R. The set of KMSg-states

is compact in the weak*-topology.
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Proof. Let A be the unitization of A. Let

K={neA*:|n(a)| <1 foraec Awith ||la <1}

= {ne A*:||n|| < 1}.

It follows from the Banach-Alaoglu theorem that K is weak*-compact.

Let {¢a}rea be a net of KMSg-states on A. Define for each A, ¢, the extension of ¢, on
A. Since each Oy € K and K is compact, there exists a subnet {{), }cs converging to some

% € K in the weak*-topology. Hence, for every a € A,

p(a) = lim gy, (a).

jeJ

Also, since each ) is a state

p(1) =limpy, (1) = 1.

jeJ

It follows from Theorem that ¢ is a state. Hence ¢ is a state. We will prove that ¢ is
a KMSg-state.

Let a,b € A.. Then

p(atig(b)) = ?g} wj(atig(b)) = lim p;(ba) = ¢(ba).

jed
Therefore the set of KMSg-states is weak™*-compact. O]

We will use the fact that the set of KMS states is compact and convex to prove that the
extremal KMS states are sufficient to describe all KMS states. Before proving this, we define
some concepts about convex sets and state then state the Krein-Milman theorem. Here all

results are defined for subsets of X*. For more general results, see [16].

Definition 5.1.36. Let X be a normed vector space. Given a subset S of X*, €6(5) denotes

the closure of co(S) with respect to the weak*-topology.
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Now we state the Krein-Milman theorem for X*.

Theorem 5.1.37. Let X be a normed vector space. Let C' C X™* be a non-empty convex

weak*-compact subset. Then the set E of extreme points of C' is non-empty and

C =co(E).

Moreover, if S'is a closed subset of C' with respect to the weak*-topology such that ¢6(S) = C,
then S contains F.

Now we apply the Krein-Milman theorem to show that the extremal KMS states are
sufficient to describe all KMS states on A.

Corollary 5.1.38. Let A be a C*-algebra and 7 its dynamics. Fix 8 > 0. Let C' denote the
set of KMSg-states on A and assume C # @. Let E be the set of extremal KMSg-states.
Then C' =¢o(E) and E # @.

Proof. 1t follows from Lemmas|5.1.33|and [5.1.35|that C' is convex and compact. By hypoth-

esis, C' # @. Then we can apply the Krein-Milman theorem and the result follows. O]

5.2 First Theorem

Let G be a locally compact Hausdorff second countable étale groupoid. Neshveyev’s first
theorem shows that for every state ¢ on C*(G) with centralizer containing Cy(G?) there
is a corresponding pair (i, {¢,}.), where p is a probability measure on G and {p,}, is a
p-measurable field of states ¢, on C*(G?) for z € G, The results in this section can be
found in [17].

In Section , we will define a dynamics 7 on C*(G) such that every function in Co(G®)
is 7-invariant. Thus, by Lemma the centralizer of every KMS state contains Cy(G(©).
Therefore, we can apply Neshveyev’s first theorem to KMS states.

Now we describe p-measurable field of states as described in [5].
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Definition 5.2.1. Let GG be a locally compact Hausdorff second countable étale groupoid,
and let 11 be a Radon Borel measure on G, For each x € G, g € GZ, we let u, denote the
canonical unitary generators of C*(G%), i.e., u, € C.(G%) is a function defined by u,(g) =1
and ug(h) = 01if h # g.

We call a collection {¢,},cqa0 a p-measurable field of states if each ¢, is a state on

C*(G%) and the function:

GOz > fg)ealuy)

9€GE
is p-measurable for each f € C.(G).

Remark 5.2.2. Fix a probability measure z on G, Given a conull set V C GO, let
{@z}zev be a family of states ¢, on C*(G?) such that for every f € C.(G) the function

v xv() Y f(9)ea(uy) (5.15)
9eGg
is p-measurable. Then there exists a p-measurable field of states {@, },eq such that @, =
@, for every x € V. In fact, any C*-algebra C*(G%) has at least on state, then you can just
choose any family of states ¢, on C*(GZ%) such that ¢, = ¢, for € V. Since the function
defined by is p-measurable, then {©,} is a p-measurable field of states.

Later we will prove in Neshveyev’s first theorem that if {p,},cq0, {@rtreqo are two
p-measurable field of states whose states are equal on a conull subset of G, then (u, {©,}2)

and (u, {@:}.) define the same state.

Remark 5.2.3. When there is no risk of confusion, we denote the p-measurable field of

states {ps}ocqo by {@z}a-

Lemma 5.2.4. Let G be a locally compact Hausdorff second countable étale groupoid and

let # € GO, Given g1, g2, 9 € G, Ug, * Ugy = Ug, g, aNd U™ = uy—1.
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Proof. Let h € GZ. Then

Ug, * Ug, (h) = Z ugl(hl)u92<h2>'

hih2

Note that for every hq, hy such that hy # gy or hy # ga, we have u,, - ug,(h) = 0. Thus,

1 it h= g9,
Ug, - ug2(h> = = Ugygo (h).
0 otherwise

We also have

=uy(h™"), since u, is real-valued,
1 ifh =g,

0 otherwise,

)
1 ifh=g"t

\ 0 otherwise,

Therefore the result follows. O

Remark 5.2.5. If u is purely atomic, it follows from Lemma that that every family
{@s }reco of states ¢, on C*(GZ) is a p-measurable field of states.

Given a state ¢ on C*((), we obtain from Renault’s disintegration theorem a unitary
representation of G. The following lemma uses this representation to find a representation
7, on C*(G?) for each x € G, In the proof of Neshveyev’s first theorem, we will use 7, to

define a state ¢, on C*(G%).
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Lemma 5.2.6. Let G be a locally compact Hausdorff second countable étale groupoid. Let
(11, GO %9, L) be a unitary representation of G. Let 2 € G»). The linear map 7, : C*(G%) —
B(H,) defined by m,(u,) = L, is a representation of C*(GZ%).

Proof. Tet x € GV Let g € G%, then
To(ug™) = mp(ug-1) = Lyg-1 = L™ = m,(ug)*.
Given g1, g2 € G2,

7Tac<ug1ugz) = 7%(“9192) = Lggy = Lg Ly, = 7790(%1)7%(“92)-
O

Given a state @, on C*(GZ), it corresponds to a representation 7, : C*(G%) — B(H.).
We can use 7, to define a unitary map L, : H, — H, by L, = m,(uy), for every g € G=.
Using this fact, we can apply Lemma [5.2.7] and obtain a Hilbert space K,. We use this result
in the proof of Neshveyev’s first theorem to show that there exists a state v, corresponding

to K,. Then we use Lemma to find the state ¢ on C*(G).

Lemma 5.2.7. Let GG be a locally compact Hausdorff second countable étale groupoid with
Haar system defined by the counting measures on G*. Let {Lp,}neer be a family of unitary
operators Ly, : H, — H, on a Hilbert space H, defined for all h € G% and x € GO, Given
z € GO let K, be the family of functions v : G, — H, such that

v(gh) = Lp*v(g) for g € G, and h € G (5.16)
and

> u(@))? < oo (5.17)

9€G./GZ
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Then K, is a Hilbert space.

Proof. Note that G, /G2 is defined by the following equivalence relation on G,:
g1 ~ go if g1 = goh for some h € G=.

In order to prove that (5.17)) is well-defined, we will show that ||v(g1)]| = ||v(g2)]| in this case.
In fact, by definition of v,

[o(goll = llo(g2) | = 1 Ln*o(g2)ll = llv(g2)]l,

since L, is unitary.

K, is a vector space. In fact, let u,v € K,,\ € C. Then, for g € G,,h € G%,

(u+ A\v)(gh) = u(gh) + Mv(gh)
= Lp*u(g) + La*Mv(g)
= Lp* [(u+ Av)(g)].-

Now we can define the inner product on K, by

(wvy = (ulg),v(9))- (5.18)

9€G4/GZ

Note that (5.18)) defines an inner product on K. In fact, given g1, g2 € G, h € G% such
that g = gsh, we have for u,v € K,

(u(gr),v(g1)) = (u(g2h), v(g2h)) = (Ln*u(g2), Ln*v(g2)) = (u(ga), v(g2))-

It is easy to show this operation satisfies

(up + Aug,v) = (ug,v) + Mug,v) , (u,uy >0 and  (u,v) = (v, u),
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for u, uy,us, v € K, A € C.

Suppose (v,v) = 0. Let g € G, then (v(g),v(g)) = 0 by definition. Therefore v = 0. We
denote the norm defined in by || - ||

Now we prove that K, is Banach. Let {v,} be a Cauchy sequence on K,. Given g € G,
{vn(g)} is a Cauchy sequence on H,, hence v,(g) — v(g), where v : G, — H, is a function.

We show that v satisfies (5.16]). Let g € G,, h € G%. Then v,(gh) — v(gh). But for each
n, v,(gh) = Lp*v,(g). Since Ly is unitary, it follows that

v(gh) = lim vn(gh) = lim Ly*v,(g) = Li*v(g).

n—o0

Now we prove that v, converges to v with respect to the norm. Since G is second countable
and étale, it follows from Proposition that G, is countable. Then G, /G? is countable.
If G,/G% is finite, then pointwise convergence implies convergence in the norm. So we assume
G./G% is infinite and denote its elements by a sequence {gi}. Given € > 0, let ng > 0 such

that for every n,m > ng, we have ||v, — v,|| <.

Fix ki. If n > ng, we have
k?1 kl
> loalge) —v(gn)* = lim > floa(ge) — v (gi)|* < €°.
k=1 k=1
Since k; is arbitrary, we have
k1

2 : 2 2
v = vl| e ,?_ [vn(gr) —vlge)l” < e

Hence ||v, — v|| = 0. Therefore v,, converges to v in the norm. Moreover, it is easy to see
that ||v|| < co. In fact, choose n such that ||v, — v|| < 1. Hence ||v| < [[v, — v|| + ||val] <

1+ ||va]] < 0. ]

Proposition 5.2.8. Let G be a locally compact Hausdorff second countable étale groupoid.

Let f € C.(G) and assume there exists an open set U including the support of f such that

129



UNG'=@. Then we can write f = f1 + ...+ f, where for every i = 1,... n, fi € C.(U;)

and U; is an open bisection satisfying r(U;) N s(U;) = @.

Proof. Let f € C.(G) and U an open set U containing its support such that U N G’ =
Since K is compact, there exists an open set V whose closure is compact and KX C V C U.
Then, by Lemma for every g € V there exists an open bisection U, containing g
such that r(U,) N s(U,) = @. However, V is compact, then there are gi,...,g, such that
Uy, ..., Uy, cover V. Denote U; =U,, fori=1,...,n

Let h;i = 1" be the partition of unity subordinate to the open cover {U;}" ;. For each
i=1,...,n,let fi="h;f. Then f; € C.(U;) and f = fr+ ...+ fa. O

Theorem 5.2.9. (Neshveyev) Let G be a locally compact Hausdorff second countable étale
groupoid. There is a one-to-one correspondence between states on C*(G) with centralizer
containing Co(G®) and pairs (11, {¢,}.) consisting of a probability measure z on G® and
a pu-measurable field of states ¢, on C*(G%). Namely, the state corresponding to (u, {¢s}z)
is given by

N=[ 3 Hpw)iuta) o fe )

geGE

Proof. Endow G with the Haar system given by counting measures A* on G*.

Assume ¢ is a state on C*(G) with centralizer containing Co(G®). Let (H,, ) be the
corresponding GNS-triple. It follows from Lemma that 7 satisfies the conditions of
Renault’s disintegration theorem. Therefore there is a unitary representation (1, G % $, L)
of G such that H is isomorphic to L?(G® x $, 1) and 7 is equivalent to the integrated form
of (11, G % $, L). Here we identify H with L*(G® % $, 1) without loss of generality. Hence,

p(f) = ((f)&,€)
/f ggs r(g)> T(g)A(g)iédﬂrﬁg)
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/G<) Z F(9)(LgEs(g)s &) mt A(g)fédﬂ(x)- (5.19)

geG®

Now we prove that for every f € C.(G) and for p-a.e. * € G we have

ST FO L) Eam. Alg)"F = 0. (5.20)

gEG*\GE

Using the lineariy of (5.20) with respect to f we can assume it is supported on an open
bisection Y. Since the isotropy bundle G’ is closed from Lemma [3.2.13|and the sum in ({5.20))
does not take into account elements in G’, we can assume U NG’ = &. Then, by Proposition

5.2.8) we can assume 7(U) N s(U) = @ without loss of generality.

Let h € Co(r(U)). Then f-h = 0. In fact, given g € G, (f-h)(g9) = f(g)h(s(g)). Suppose
f(g) # 0. Then g € U. Thus s(g) € s(U). Since s(U) Nr(U) = @ by hypothesis, it follows
that s(g) ¢ r(U). Thus h(s(g)) = 0. Therefore f-h = 0.

Since ¢ has centralizer containing Co(G®)), we have p(h - f) = o(f - h) = 0. Applying
for h - f, it follows that

0=ep(h-f)
= (h+ £)(9)(Lobatg) &) A (g) 2 dpa(x)
G geG®
= / h(r(g»JC(Q)(ngs(g)a§m>A(g)_%d,u(a:), by Lemma |3.3.4]
G© geG®

/G(O) h(fL‘) Z f(g)<Lg§s(g), §$>A(g)_%dﬂ(l’)

-/ M@ S )y M) bdu(e), since h € C.(00),

geG®

- /u) Z f(g gés(g)vﬁﬁA(g)f%du(x), sinceU NG = @.

geGT\G2

Since h € C.(r(U)) is arbitrary, it follows that for p-a.e z € r(U), (5.20) holds. Since
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f e C.U), (5.20) holds for every = ¢ r(U). Indeed, given = ¢ r(U), g € G, then g ¢ U.
Hence f(g) = 0. Therefore (5.20)) holds for all f € C.(U), for p-a.e. x. Therefore, (5.20)) is
valid for every f € C.(G).

Let f € C.(G). Applying (5.20)) on (5.19), we have

o(f) = /G o > F9){ Loty )i Alg) " 2dp(z)

geG®T

= /G(O) Z f(g)<Lgfs(g)v§x>H1A<g)7%dﬂ(l’)

9€GE

= [ 3 S0 ) M) ().

9€GE

From Lemma [5.2.6] we can define for every z € G a representation 7, : C*(G%) —
B(H.) such that m,(u,) = L, for all g € GZ. Then

N = [ 3 H@) ) M) Hna)

9geGE

By Proposition [4.1.8, A(g) = 1 for all g € G for p-a.e. + € G¥. Hence,

(N = [ 3 Kl & dn(o)

9eGg

Since & € L*(X * $H, 1), the set V C G© of elements = such that &, # 0, is measurable.
Let i be a measure on G(© such that dji/du(x) = ||&]|>. Note that fi is supported on V.

Moreover, 1 is a probability measure. In fact,

[ i@ = [ lelPduta) = e =1
G(©) GO

Let & be defined by & =0if z ¢ V, and & = & /||& || if 2 € V. Then € € L*(X = §, u) and

132



I€] = 1. Moreover,

0= [ 3 H)m ) mdite)

9€GE

_ /V > F)ma(tg)ée, &) din(x)

9EGE

= [ 3 oS g

Z [k

:/V Z f(g)<7rx<u9)gﬂ“gx)%”@H?du(x)

9€Gg

- / > F9) (a6 Exd, i)

9eGT

For every « € V, there is a state ¢, on C*(G?) such that

0u(uy) = <wx(ug)§$,§w>m, for every g € G2. (5.21)

From Remark we can choose a fi-measurable field of states {¢, } such that ¢, is defined
by (5.21) for every x € V. Therefore,

o(f) = /V S F(0)pn (ug)dfi(x)

9geGE

= [ X faentug)dito)

9eGT

Conversely, let 1 be a probability measure on G(°) and let a pu-measurable field of states
. on C*(GE).
Given z, let (H,, 7., &) be the GNS-triple for ¢,. Define for every h € GZ, L, = m,(uy).

Each Lj, is unitary, since

Li* = mp(up)* = 7 (up*) = mo(up—1) = mo(uy ') = mp(up) ™' = L
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Let K, be the Hilbert space as in Lemma Let ¢, : C.(G) — B(K,) be defined by

(Y, = > f(hw(h'g) for f € Cu(G),g € G,

heGr(g)

First we show that each 9,(f) is in B(K,). In fact, 9,(f) is linear on K, by definition.
Let v € K,, g € G, and k € G%. Then

(o) (gh) = > f(hyv(h™'gk)

heGr(9)

ZZf )Li*v(h™'g)

heGr(9)

=L [ D fon!

heGr(g)

= Li* [(0(f)v)(9)] -

Also, we need to show that ||J,(f)||*> < oo for every f € C.(G). Since 9, is linear, we can

assume f € C.(U), where U C G is an open bisection.

Let g € G,. Assume r(g) & r(U). Then, for every h € G"9 it follows that h ¢ U, which
implies f(h) = 0. Hence (¢.(f)v)(g) = 0. Now assume r(g) € r(U4). Since U is an open

bisection, there exists a unique A9 in U such that A"@ € G"@. Then

(Vs = > [ = f(WD)((W9)g).

heGr(9)

Note that if g1, g2 € G, are equivalent, then r(g;) = r(g2). Indeed, there is k € GZ such
that g1 = gok. Hence r(g1) = r(g2k) = r(g2). Moreover, if r(g1) € r(U), it follows that

lo((h™ ) gu)l| = [lo((h™9) " gsk)|
= [lo((h") 1 gsk)|l,  since r(g1) = r(ga),

= [|Le*o((h"9)) " gs)]|
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= [lo((h") 1 gy)]|.

Therefore ||v(h"9)g)]| is well-defined for g € G,/G® with r(g) € 7(U). Then,

Wa(Hol> = > 11Wa(Hv) ()l
9€G /G,
r(g)er)

= D IO o((R79) g)|1?
g€G4/GE
r(g)erU)

IN

17 Y (@) g (5.2
9€G. /G
r(g)ert)

Note that for gi,gs with 7(g1) € U, g1, go are equivalent if, and only if (R"91))~1g, and
(h"(92))_1gg are equivalent. In fact, suppose ¢g; and g, are equivalent. Then ¢g; = g9k for
some k € G?. Recall that 7(g;) = r(g2). Then h"@) = p7(92) and (h79)) g, = (h"92))"1gyk.
Therefore (h"91)) g, and (h"(92)) g, are equivalent.

Conversely, assume (h™9))~1g; and (h"(92))~1g, are equivalent. Then there is k € G such

that (R"9))~1g, = (h7(92))~1gyk. Note that
s(h"9) = p((A"9) =) = r((R"9)) " gy) = r((R"92) " Lgy) = r((R"@2) 1) = s(R"(92)).

Since A9V p92) € 14 and U is an open bisection, it follows that A"@) = h"92) Then
g1 = gok. Therefore g; and g, are equivalent.
Then the set of elements (h"9)~1g for g € G, /G= with r(g) € r(U) is a subset of the set

{9:9€ G,/G%}. Hence, by (5.22)),

19=(Holl> < A% D () ")
9€Gs/GY,
r(g)erlU)

<l D @)l

9€G4/G%
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= 1%l

< 00.

Therefore, ||J,(f)| < oo for every f € C.(G).

Now we prove that ¥, is a representation of C.(G) on K.

ﬁm(fl : f2) - 19$(f1)79:c<f2)-
Given f1, fo € C.(G),v € K, g € G,

Walfi- f2)0)9) = D (fi- f)(B)u(hg)

heGr(9)
= > | > Ak v(h™'g), by ([B-4) on page[53]
heGr(9) \ keGrh)

= > > ALK W)

heGr(9) keGr(9)

= Y Ak Y ARG R )

keGr(9) heGr(9)

= Z fi(k Z fa(k h~'kk™tg)
keGr(9) heGr(9)

= Z fi(k Z fa(k k)T g).
keGT(9) heGr(9)

Making the change of variables h = k~1h, then h € Gr*™) = Gr*"'9) Then,

(W (fr - fo)v Z fi(k) Z fz( )( h'k"g)
keGr(a) hegr(k—1lg)
Z fi(k v)(k'g)
keGr(9)
= (1) (V= (f2)v)(9)-

o U.(f*) = ()"
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Given v,w € K,

Wo(fo,wy =Y (0u(f)0)(9), wlg))

9€G4/GE

Y. > [ g) wig)).

9€G /G heGr(a)

On the other hand,

(W, 0 (fHw)y = D (wlg), (9(f*)w)(9))

g€G. /GZ

= > Y fAR)lg),whg)

9€G4 /GE heGria)
= > > fn w(h™'g)) (5.23)

9€G4/GE heGr(9)

Note that for every g € G,/G%, h € G™9), there exist unique § € G,/G7, heGq®

satisfying

Then we can make the change of variables in (5.23]), obtaining

W= > > fh w(g))

9€G2/GE heGr@)

= (0.(f)v, w).
Thus 9, (f*) = 9(f)*.

Let ¢, be defined by (,(g9) = 7, (u, )& if g € G%, and (,(g) = 01if g € G, \ GZ. Note that
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(p is in K,. Given h € G2, g € G, (:(gh) =01if g ¢ GZ. If g € G%, by definition of K,

C:Jc(gh) = Wx(ugh*)gw = Wx(uh*ug*)gx = Wz(uh*)ﬂ-(ug*>£x = Wx(“h*>gx<g)'

Moreover, [|G|| = [|Ca(2)]| = [|€.]] = 1. Let . be the state on C*(G) defined by 1, (f) =
(02(f)Ce, ). Then, for f € Cu(Q),

()= D 0:(£)(9). Gl9)

9G4 /GE

= ((02(f)C) (), Ca())
=) () (G(h ), Col))

heG®

= 3 FO G, )

heG*®

= Z f(g Vo, me(uy®)E), by definition of (,,

geGE

= Z f 7790 ug fmﬂw(ux )§x>

geG?

= Z f 7Tx Ug fx,ﬁx(ux)§w>

geGE

= > F(9)paluy). (5.24)

9€Gg

Note that Co(G() is in the centralizer of 1),. From Lemma [3.3.16 we have that C.(G®)
is dense in Cy(G®)). Using the continuity of 1, it is sufficient to show that C.(G®) is in
the centralizer of . Given f € C.(G) and h € C.(G?), we have

Yol f ) = (fh)(@)ealug) = Y F@h(@)ea(ug) = > (h+ F)(9)pa(ty) = tulh - ).

geG? geG? geG?

By assumption, the map z — 1, (f) is g-measurable for every f € C.(G). By Lemma
we can define a state ¢ on C*(G) by ¢(f) = [0 Ya(f)dp(z).
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Finally we show that if (i, {¢.}.) and (1, {¢.}.) define the same state o, then p = g and
v, = @, for p-a.e. x.
Recall from Proposition [3.2.12[ that G(©) is clopen in G. Let f € C.(G). Then,

fyo Z @t = [ 32 1007yt

geG? geGE
f(@)ea(ug)dpu(x) = F(@)Po(ug)dii(z),  since f e Co(GO),
G G
f@)dp(x) = | f@)dfi(z), u, is the unity in C*(GY).

G(0) G(0)

Since f is arbitrary, we have u = .

We will prove that ¢, = @, for p-a.e. . Let W C G be the set of ¢ € G’ such that
z = 1(g) and ¢, (u,) # Px(u,). Let V.C GO be the set of x € G such that ¢, # &,. Note
that V = r(W).

Given g € W, let U, be an open bisection containing g. Using the topological properties

of G, we can assume the family {U,},cw is countable without loss of generality.

Given f € C.(r(U,)), there exists F' € C.(U,) such that f = F o r|&gl. We denote by
h* = r\&j(m), hence F'(h") = f(x) for every x € r(U,). Hence,
[ @) - ) duta)
(UsNG')
[ F) ) — El0) o)
UsNG')

= / ey 22 PO 91 = ). s 1 € 6

/ Z ) lpa(h) — 3o (k)] dia(z)
—o(F) — o(F)
=0.
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Since f is arbitrary, it follows that ¢, (up=) = @u(upe) for p-a.e. = € (U, N G"). Then
pu(r(Wni,)) = 0. The family of U, indexed by g € W is countable, and V' = Ugewr(WNU,).
Then (V) = 0. O

Remark 5.2.10. If we define a dynamics 7 on C*(G) such that every function in Co(G®) is
T-invariant, it follows from Lemma [5.1.32] that every KMS state ¢ on C*(G) has centralizer

containing Cy(G®). In this case, we can apply the first Neshveyev’s theorem.

5.3 Second Theorem

The second theorem shows the conditions that the pair (i, {¢, }.) satisfies if its corresponding
state is KMS. We begin by defining a dynamics 7 on C*(G).

Definition 5.3.1. Let GG be a topological groupoid. A continuous R-valued 1-cocyle on G
is a continuous function ¢ : G — R such that c(gh) = c(g) + c(h) for every (g,h) € G?.

Now we will prove a lemma which will help us to show that the dynamics defined by the

cocycle is well-defined.

Lemma 5.3.2. Let G be a locally compact Hausdorff second countable étale groupoid. Let
K be Ror C. Let F: Kx G — C be a continuous function. Let &/ C G be an open bisection
and suppose there exists a compact set K C U such that F(z,g) = 0 for every z € K, g ¢ K.

Define for every z € K the function F, : G — C by F,(g) = F(z,g). Then the map from
K to C.(G) defined by z +— F, is continuous with respect to the norm of C*(G).

Proof. We can assume K = C without loss of generality. Note that each F, is continuous

and its support is included in the compact set K.

Fix zg € C. Note that F' is continuous at (2g,g) for every g € K. Thus, for each g € K
there exists 0, > 0 and an open neighborhood Uy of g such that

Y

[F'(2,h) = F(z0,9)] <

N ™
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for every (z,h) satisfying 2 € Bs,(2) = {w € C: |w — 29| < 4}, h € U,

The family {Bs,(20) x Uy}ger forms an open cover for the compact set {2} x K. Then

there are g1, ..., g, € K such that {Bs, (20) x Uy, }i_; covers {z} x K. Let

§= %min{égl, U

Now let z € C such that |z — 29| < J. Let g € K. There exists ¢ € {1,...,n} such that
(20,9) € Bs,,(20) x Uy,.

Since 0 < dy,, we have (z,g) € Bs, (20) x Uy,. Thus,

’F(ng) - F(207g)| < ‘F(Zag) - F(Z()vgl” + |F(207gi) _F(Z07g)|

<+

N | ™
TR

IA
™

because (z, g), (20, 9) € Bs, % Uy,. Since g € K is arbitrary, we have

|, — Fol| < ||F. — F.lleo, from Proposition [3.3.11

= sup |FZ(9) - FZO(g)|
geK

= sup |F(z,9) — F(20,9)|
geK

<e.

Therefore the map z — F, is continuous. O

The next lemma is useful to prove that the elements of C.(G) are entire analytic for our

dynamics.

Corollary 5.3.3. Using the same conditions of Lemma for K = C, suppose that for
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every g € C the function z — F\(z, g) is differentiable. Define F’: C x G — C by

’ 3F . FZ‘f‘h,g —FZ7g

Suppose [ is continuous. For every z € C, define F, : G — C by F,(g9) = F'(z,g). Then

we have the limit

for every z € C.

Proof. Fix z € C. By definition, F” is supported on K. Define the function H : Cx G — C
by

F.in(9) — F.(9)
H(h,g) = h
0 if h=0.

This function continuous. Moreover, using the notation from of |5.3.2] we have that Hj, is

supported on K for every h. Then by Lemma [5.3.2)]

0 = lim || H, — Hy||
h—0

— Jim |
h—0

i | Bl
h—0 h

]

Now we define a dynamics on C*(G) for a continuous R-valued cocycle. Throughout this

section, the dynamics is fixed.

Lemma 5.3.4. Let G be a locally compact Hausdorff second countable étale groupoid and

¢ : G — R a continuous R-valued cocycle. Define 7 = {7, },cr by 7:(f)(g) = €9 f(g) for
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every g € G, f € C.(G). Then (C*(G), 1) is a C*-dynamical system.

Proof. Fix t € R. Note that 7(f) € C.(G) for every f € C.(G). By definition, 7 is a linear
map on C.(G).

e 7; is a *-homomorphism.

Given fi, fo € C.(G), g € G,

m(f1- f2)(g9) = eitc(g)(fl - f2)(9)
=" N filg) fa(g2)

9192=4g

= Y ") £ (g1) fo(g2)

9192=9g

- Z (eitc(gl)fl (91))(6itc(92)f2(9?>)

9192=9g

— Z 7e(f1)(g1)7e(f2)(g2)

9192=9

= (r:(f1) - =(f2))(9)-

Given f € C.(G), g € G, we have

T(f*)(g) = ™9 f¥(g) = e~itc) f(g~1) = etlo ) f(g~1) = 7(f)(g71) = =(f)*(9)-

Thus 7; is a *-homomorphism.

e 7,07y = Ty s and 7y is the identity

Given f € C.(G), g € G, t,s € R,

mo(N(9) = (i N)9)
= 07 (1)(9)

— eitc(g) eisc(g)f(g>
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— ei(t+8)6(g)f(g)

= Tees(f)(9).

By definition, 7 is the identity.

Each 7, is invertible. Therefore every 7; is a x-automorphism.

T is strongly continuous

Let f € C.(G). Let K be the support of f. Assume there exists and open bisection U
such that K C U.

Define F': R x G — C by F(t,g) = 7:(f)(g) = €9 f(g). Both c and f are continuous
functions, then F' is continuous. Let K be the compact support of f. Then F(t,g) =0
for every t € R, g ¢ K. Using the notation of Lemma [5.3.2 we have 7(f) = F,.
Therefore, by Lemma[5.3.2] the function ¢ — 7(f) is continuous.

Now let f € C.(G) be arbitrary. There are open bisections Uy, . ..,U, and functions
fi,--., fn such that each f, € C.(Uy) and f = f;1 + ...+ f,. Since the function
t — 7:(fx) is continuous for every k and each 7; is linear, it follows that the function

t — 7¢(f) is continuous.

Note that, for every f € C.(G), ||[7(f)]| < ||f]|- In fact, let = be a *-representation of
C.(G). Then 7o is an *-representation of C.(G). Then. by defintion of the norm on
C.(G), we have

[7 (DI = N7 o m (NI

Since 7 is arbitrary, using the defintion of ||7(7(f))||, we have
7 (I <[]
Therefore, from Lemma [5.1.12] 7 defines a dynamics on C*(G).
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]

Lemma 5.3.5. Let G be a locally compact second countable étale groupoid. Fix g > 0.

Assume ¢ is a KMSg-state. Then the centralizer of ¢ contains Cy(G(®).

Proof. Let h € Cy(G®). Note that for every x € G, ¢(x) = c(zx) = 2¢(x) = 0. Then

c¢(x) = 0. Since h is supported on G©, we have for every t € R,
7i(h)(9) = " Wh(g) = h(g) for g€ G.

Then 7;(h) = h. Therefore, by Lemma [5.1.32} h is in the centralizer of . [

Lemma shows that we can apply Theorem for every KMS state ¢ on C*(G).

Then ¢ corresponds to a pair (i, {¢y},eq©) as shown in that theorem.

Lemma 5.3.6. Let G be a locally compact Hausdorff second countable étale groupoid. Then

every f € C.(G) is entire analytic for 7.

Proof. Let f € C.(G). Since the set of entire analytic elements in C*(G) forms a vector space
and each function in C.(G) can be decomposed as a sum of functions in C.(G) supported on
open bisections, we can assume f is supported on an open bisection without loss of generality.

Let K = supp(f).

Define F': C x G — C by F(z,g) = €9 f(g). Then F is continuous. Define for every
2€C, F,:G—Cby

F.(9) = F(z,g) = e*W§f(g).

Note that Fi(f) = 7(f) for every t € R. For every z € C, F, is continuous and supported
on K. Analogously, define F’ : C x G — by

oF

F'(z,9) = 5-(2,9) = ic(9)e™9 f(g).
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Then F” is continuous. From Corollary we have the limit

Fz+h_Fz

li — F!|| =0.
h h N
Therefore f is entire analytic. In this case, we can write 7,(f) = F, for z € C. O

The following lemma proves some properties of compactly supported functions. These

properties will be used in the proof of Neshneyev’s theorem.

Lemma 5.3.7. Let G be a locally compact Hausdorff second countable étale groupoid. Let

U be a an open bisection and let f; € C.(U), fo € C.(G). Then, given g € G,

(fi-f2)(g) =

(f2- fi)(g) =

(

\

\

fi(h®) fo((h7)7g), for z € r(U), g € G,

(5.25)
0 it r(g) ¢ ().
falha) fog(he) ), for @ € (), g € G, (5.26)
0, if s(g) & s(U).

For z € r(U), h* denotes the unique element in U N G*. Analogously, for x € s(U), h, is the

unique element in U N G,.

Proof. Let f1 € C.(U), f2 € C.(G).

Equation (5.25): Let x € G, g € G*. Note that G*NU = @ if x ¢ r(U). From Lemma

3.3.3l we have

(f1- f2)(9)

:Zfl th 9)

heG®

— Z fi(R)f2(h™tg), since fi € C.(U),

heGenu
fi(h®) fo((h*)~1g), forz € r(U), g € G,
0, if r(g) & r(U).
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Equation (5.26): Let z € G, g € G,. Note that G, NU = @ if v ¢ s(U). From Lemma
3.3.3, we have

(fa- f)(9) =D falgh™) fi(R)

heGy
— Z f2(gh ") fi(h), since f1 € C.(U),
heG,NU
| Blata) i), it e s@),
0, otherwise.

]

Lemma 5.3.8. Let G be a locally compact Hausdorff second countable étale groupoid. Let
¢ be an R-valued l-cocyle. A measure 1 on G is quasi-invariant with Radon-Nikodym

derivative €€ if, and only if, for every open bisection U C G, we have

dT,p

T = e, (5.27)

for = € s(U), where h, € U is the unique element such that s(h,) =z and T : r(U) — s(U)

is the homeomorphism defined by T'(r(h,)) = z. In particular, T' = sl o r|;,".

Proof. Let U be an open bisection in G. Then h, = s|;,'(x) for every x € s(U). Let
T:r(U) — s(U) such that T(r(h,)) = x for every x € s(U). Then, for every z,

v =T(r(hs)) = T(rlu(ha)) = T(rlu(sly' (2)))-

Therefore T = (r|y 0 sl;;") ™' = sl o 7|},
First we show a formula which holds if, and only if, condition ([5.27) is satisfied. Note

that equation (5.27)) holds if, and only if, for every f € C.(s(U)),

F(@)d(Tos) (&) = / et) f(2)dpu(z). (5.28)

sU) s(U)
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Recall that a measure 1 on G(© is quasi-invariant with Radon-Nikodym derivative e if,

and only if, for every f € C.(G),

/ 7o) (g) = / e Flg)dus(g).
G G

From the definition of u,, us, this is equivalent to

/ > flg)du(z / > flg)dp(z). (5.29)

gEGz gEGx

Since f € C.(U), we can consider only g € U in the integrals. Recall that U N G = {h*},
if z € r(U), where h* = r|;,'(x). Analogously, U NG, = {h,} if + € s(U). Then we can

rewrite (5.29) as
[ Fudu) = [t fih)duo) (5.30)
) s(U)

Therefore 41 is quasi-invariant with Radon-Nikodym derivative e if, and only if, (5.30) holds
for every open bisection U, f € C.(U).

Note that for every z € r(U), h* = |, (z) = s|,,* o sl or|;, (x) = 5|, (Tx) = hry. Then

(5.30)) is equivalent to
[ Fwduta) = [ )auta). (5.31)
r(U) s(U)

There is a bijection from C.(s(if)) to C.(U) given by f — f = fos|y. This holds because
Sly : U — s(U) is a homeomorphism. Therefore, for every x € s(U), f(x) = f(s(hs)) =
f(hy). In the rest of this proof, given f € C.(s(U)), we denote by f its corresponding function
in C.(U). Analogously, given f € C.(U), f is the corresponding function in C,(s(U)).

Assume p is quasi-invariant with Radon-Nikodym derivative e®. Let U be an open bisec-
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tion of G. Let f € C.(s(U)). Then

x)d x
[ J@aTn@ = [ featme

f(hre)du(z), from the definition of T,

[, 7
=/ ) f(hy)dp(x), by (5.31)
/

sU)

) f(a)dp().

sU)

Hence, (5.28)) holds, then ([5.27) holds.

Conversely, suppose ([5.28)) holds. Given an open bisection U, fe C.(U), we have

/ Fhry)du(z / f(Tx)du(z

= f(@)d(Top) ()

sU)

— [ e f@duto)
sU)

- / e f(hy)dp(x).
s(U)

Then (5.31) holds for f. Therefore, ;1 is quasi-invariant with Radon-Nikodym derivative
e’ [

Lemma 5.3.9. Let ¢ be a state on C*(G) with centralizer containing Cy(G?). Assume ¢
corresponds to the pair (i, {¢,}.). Then ¢ is 7-invariant if, and only if,

0o(uy) =0  for every g € G%\ ¢ '(0), p-ae. m. (5.32)

Proof. Assume ¢ is T-invariant. It follows from the continuity of ¢ that ¢~1(0) is closed. Let
G € G such that ¢(q) # 0. Let t € R such that tc(q) € (0,27). Then 1 — %@ £ 0. There

exists an open bisection U containing § such that 1 — €9 £ 0 for every g € U.
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Let f € Cu(s(4)) and define f = f o sly € C.(U). Let z € GO. Suppose g € GZNU.
Then x € s(U) and g = h,, where h, = s|;,'(z) denotes the unique element in U N G,.

Hence, we can write

o(f) = / F(9)pa(ttg) dp(x)

_ / F(9) 0 (ug)du(z)

f(9)px(ug)dp(z)

)
= Xc' (he) oz (up,) f(x)du(x), by definition of f. (5.33)
)
Analogously,
pr(P) = [ e )n(un, ) a)dl). (5.34)
s(U)

Since gp(Tt(f)) = ¢(f) by hypothesis, then from equations and we have
[ 1= ) Sint) = 0
The function f € C.(s(U)) is arbitrary and each 1 — ¢“("«) =£ 0. Then, for p-a.e. z € s(U),
xXa' (ha)pz(un,) =0,
or equivalently, for p-a.e. z € s(U), g eUNG,

xa(9)pz(uy) = 0. (5.35)
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Note that G\ ¢7'(0) can be covered by a countable family of open bisections {U, }nen
such that (5.35) holds for each U,. Therefore, for p-a.e.x € GO, for all g € G, \ ¢71(0),

Xa'(9)px(ug) = 0.

Thus, for p-a.e. z € GO, for all g € GZ, ¢, (u,) = 0.

Conversely, assume ([5.32) holds. Let f € C.(G). Then, for p-a.e. # € G and all g € G=,
¢(uy) # 0 implies ¢(g) = 0. Then, for p-a.e. z € GO

Z F(9)pz(uy) Z 9 £(g)n(uy). (5.36)

geG? geG?®

Therefore,

M= [ 3 )t

geGE
/Gz;f )ex{us ()
= ¢(f).

Since ¢ and ¢ o 7, are continuous functions and C.(G) is dense in C*(G), it follows that

o(1(a)) = ¢(a) for every a € C*(G). In other words, ¢ is 7-invariant. O

Now we prove Neshveyev’s second theorem. Note that in this theorem we assume a
different definition for KMS-states. Given € R, a state ¢ on a C*-algebra A is a KMSg-
state if ¢ is 7-invariant and ¢(amg(b)) = @(ba) for a dense subset of analytic elements
a,b € A. This definition corresponds to item (ii) in Proposition , so it is equivalent to
the definition introduced in Section [5.1] when 3 # 0.

Theorem 5.3.10. (Neshveyev) Let G be a locally compact second countable Hausdorff étale
groupoid. Let ¢ be a continuous R-valued 1-cocycle on G and 7 be the dynamics on C*(G)

defined by 7,(f)(g) = €9 f(g) for f € C.(G), g € G. Fix B € R. Then there exists a one-
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to-one correspondence between KMSgs-states on C*(G) and pairs (p, {0z }ycqo)) consisting
of a probability measure z on G and a p-measurable field of states ¢, on C*(G?) such

that:

(i) p is quasi-invariant with Radon-Nikodym derivative e="¢;

(ii) @z(ug) = @) (upgn-1) for every g € G% and h € G, for p-a.e. x; in particular, ¢, is

tracial for p-a.e. x;
(iii) ¢.(uy) =0 for all g € GZ\ ¢ 1(0), for p-a.e. x.

Proof. From Lemma , the centralizer of any 7-KMS-state ¢ contains Co(G®). By
Theorem ¢ is defined by a pair (i, {¢.}.) consisting of a probability measure y on
G and a p-measurable field of states o, on C*(G?). It follows from Lemma m that
property (iii) is satisfied if and only if ¢ is T-invariant.

Therefore we have to prove that properties (i) and (ii) are satisfied if, and only if,
e(fi- f2) = ¢(fo-Tig(f1)), forevery fi, fo € Ce(G). (5.37)

Each function in C.(G) can be decomposed as a finite sum of continuous functions sup-
ported on open bisections from Lemma Every function in C.(G) is entire analytic by
by Lemma Note that 7,4 is linear on C.(G) by definition. Therefore (5.37) holds if,

and only if, for every open bisection U we have

o(f1- fa) =(fo-1i(f1)), forevery f1 € C.(U), f2 € Ce(Q). (5.38)

We will show (5.38)) is equivalent to another equation and we will use this to prove the
equivalence between (5.38)) and conditions (i) and (ii). Given an open bisection U, define
h* = r|,'(z) for every z € r(U). Analogously, define h, = s|;,'(x) for x € s(U). Then, for
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every x € r(U),

Tz = sy orl, (x) =s(h"), and

hre = sl (Tx) = sl (sl o 7l () = rly' (@) = b
Suppose (5.37) holds. Let f; € C.(U), fo € C.(G). It follows that

olfs - ) /G 3 (e £ g)enlug)du(o)

geGE

/ Z Fi(h) f2(R") ' g)@u(uy)dp(z),  from Lemma [5.3.7]

geG”

/!ﬁ )3 B((B) ) ) ().

geG®

Since 7;5(f1) € C.(U), we can apply Lemma and obtain

mnm/‘wammmwm>

geGE

=ﬂ S ra() (o) falg () )pu(ug)dp(a),  from Lemma F37

U QEGI
/ ol )‘fl )fQ(g(hx)_l)gpx(ug)d#(l')
@) geGZ
= /S(u) e_ﬁc(h Z Falg(h) (px ug)dﬂ( )

geG?%

Therefore (5.38)) is equivalent to the following equation for f; € C.(U), fo € C.(G), U open

bisection.

/Qh ) S b ¢MMM)ﬂw&Wf )" Falghe) (g )diz).

geGT geGE

(5.39)
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Suppose holds. Let f € C.(s)), then we can define f; € C.(U) such that
flu = fosly. Let jé = fl* Then ﬁ e C.(U™) by Lemmam

Let € r(U),g € G® such that fo((h*)"Lg) # 0. Then (h*)"'g € U~ which implies
g 'h® € U. Recall that U is an open bisection and h* € U. Moreover, s(g~1h*) = s(h®),

then g='h* = h®, hence g = x. Therefore, for all z € r(U), we have

> Fal(h) g)pa(ug) = fo(h) ' 2)pu(us) = fol(h) 7).

geGT

Therefore, for fi, fa, We can rewrite (5.39) as

/ &R ) = / ) RO T )
— [ Rl Ddue), (540
r(U)

because hr, = h* for z € r(U). Using the definition of f1 and f,, we have for every x € s(U),

filha) = f o slu(ha) = f o slu(sly' () = f(2),

Fo((ha)™) = fi*((he)™Y) = fi(he) = f(2).

Then we can replace the values in the integrals in (5.40]) and obtain

/ e e0)| £ () Paa(z) = / (T) ().
sU) r(U)

Since f is arbitrary, it follows that for every f € C.(s(U)),

/ e 5e0) () du(z) = / F(T2)du(z)
s(U) r(U)

(z) = e~PU=) It follows from Lemma [5.3.8| that property (i) holds.

AT,

Hence

Now we show that property (ii) is satisfied. Let & be an open bisection and f € C.(r(U)),
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define f; € C.(U) such that fi|,y = for|y. Then f1(h") = f(x). Given fy € C.(G) arbitrary,
define the function F : G(® — C by

F(z) =Y (f2r f1)(9)pa(uy).

9€GE

This function is p-measurable because f; - f; € C.(G) and {¢,}. is a p-measurable field of

states. Moreover, by Lemma [5.3.7],

fi(hz) decg fZ(g(hx)_1>90x(ug)a if x € s(U),

F(x) =
0, otherwise.
Then
) Y fg(h") Vera(ug)du(x) = [ fi(W7) D folg(B) ) pre(ug)dp()
EGTE r(U) gEG
= | filhre) D falg(hre) era(ug)du(z)
r(U) geGTz
_ / F(Ta)du(z)
r(U)
_ / F(2)dT.p(x)
s(U)

= / e~Pha) P () dp(x),
s(U)

by property (i) that we already proved. Then,

:/(u) ha) > fa(g(ha) ™ pu(ug)dp(z),

geGT

1) S fal(h) )y du(a),

(Z/{ gGGx
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by (5.39). Then,

() > fal(h*) ' 9)px(ug)du(z),

(Z’{ gGG'c

if we make the change of variables § = h®g(h*)™!, we get

Z f2 9095<u(h" ghl)du( )

EGTI

Assume U has compact closure. Let )V be an open bisection with compact closure such
that s(V) C s(U). We can assume s(V) = s(U) without loss of generality. In fact, if this is

not the case, just replace U by s|;,' o s(V). VU™" is an open bisection from Lemmas
and B.3.7

Assume f, € C.(G) is such that f, is positive on VU~ and vanishes outside this set.

Since f € C.(r(U)) is arbitrary, we have for p-a.e. z,

Y Lolg(h) ) paluge)-1gne) — oralug)] = 0. (5.41)
GTo:

Let z € r(U) be such that (5.41)) holds. Let g € V N Gr,. Then g(h*)~! is the unique

element in VUU~'. Thus we can write (5.41)) as
@o(Une)-1gne) = o12(ug) for g € GIENV, p-ace. x € r(U). (5.42)

Since the preimage of s(U/) under s can be covered by a countable family of open bisections
V with compact closure such that s(V) C s(U), it follows that for p-a.e. x € r(Ud),g € G2,

we have

Spm(u(hl)*lghf) = @Tm(ug) = SDS(h””)(ug)-

156



Note that the set

{z € G2 : p,(uy) # r(n)(ungn—1) for some g € G2, h € G,}
={z € GO : p,(uy) # @rn-1)(Up-14s) for some g € G2, h € G}
={z € GO : p,(uy) # @sn) (un-14) for some g € G% h € G*}
(

= U{x € G 1 v, (uy) # sy (un-141) for some g € GZ h € G*NU}

has measure zero. Here U ranges over a countable open cover of GG such that r, s are injective

on U. Therefore property (ii) holds.

Conversely, assume properties (i), and (ii) are satisfied. Given an open bisection U, let

f1 € CC<Z/{), f2 € CC(G) Then

1) S fal(h) )y du(a)

(u o
/ f1(h®) Z fo(g gpx(uhl pey-1)dp(x) , making g = (h*)~tgh®,
EGTT
/ fi(h") Z F2(G(h*) ™) pr(ne) (upsgney -1 ) dp()
GTac
/ fl hT:c Z f2 hTz QDT hTz)<uhng(hTz 1)du(x)
geG
/ fi(hry) Z f2(G(hre) Y ora(ug)du(x),  from property (ii),
gEG
_ / ) £ () Y fal(he) " )a(ug)du(x),  from (i) and Lemma [5.3.8)
s(U)

geG?
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Then (5.39) holds. However, we already proved this is equivalent to equation (5.37)). n
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Chapter 6

Renault-Deaconu Groupoid

In this chapter we prove a theorem due to Thomsen [26] which characterizes the extremal
KMS states on the full C*-algebra of the Renault-Deaconu groupoid. The definition of this
groupoid depends on a local homeomorphism ¢ : X — X such that X has some topological

properties. We can identify the subset of units with X.

We can apply Neshveyev’s theorems to this groupoid C*-algebra in order to describe its
KMS states. In this chapter we show that, on this groupoid, quasi-invariant measures are
the same as conformal measures. Moreover, the corresponding measure of an extremal KMS

state is either continuous or supported on an orbit.

Under certain conditions, Thomsen’s theorem gives an explicit formula for the extremal

KMS states. The results in this chapter are based on [9] and [26].

6.1 Introduction

Now we define the Renault-Deaconu groupoid and prove some of its topological properties.

Definition 6.1.1. Let X be a locally compact second countable Hausdorff space. Let o :
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X — X be a local homeomorphism. The Renault-Deaconu groupoid is the groupoid
G=A{(x,k,y) e X xZxX :InmeNk=n—m,o"(x) =0c"(y)},
such that

G® = {((x1, k1, p1), (22, k2,12)) € G X G 1 y1 = 22},

with the following multiplication and inversion laws
(I’, klu y)(ya k27 Z) = (37, kl + k27 Z) and (‘TJ ka y)il = (Z/’ _k7 Q?),

and unit space defined by G = {(,0,2) : v € X}.

The range and source maps are defined by r(z, k,y) = (x,0,z) and s(z, k,y) = (v,0,y).
Since the map z + (2,0, z) is a bijection from X to G, we identify X with G(©.

Remark 6.1.2. We assume, by convention, that ¢° is the identity.

The groupoid G can be understood intuitively as follows: given z € X, we can interpret

the sequence {o™(x)}nen as a trajectory starting at z, as shown in Figure
x — o(x) — ol(z) — o3%(x) — o3(z) —> -+~

Figure 6.1: The sequence {0™(z)}nen, € X, can be interpreted as the trajectory of .
If, for some y € X, there is some n such that ¢”(y) is an element of the trajectory of

xr, we can say the trajectories eventually meet. In other words, there exists m such that

o"(x) = o"(y). k = m — n is the delay of one trajectory with respect to the other. Hence
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(x,k,y) € G if the trajectories of z and y eventually meet. This idea is shown in Figure

o*(x) = *(y)
SN

o(x) ()

\ .

~
a/'
~a 9

Figure 6.2: If (x,k,y) € G then the trajectories {o'(z)}ien and {o'(y) }ien eventually meet.
k can be seen as the delay of one trajectory with respect to the other. In this figure, k = —1,
since o%(x) = o(y).

Proposition 6.1.3. The Renault-Deaconu groupoid is a groupoid.

Proof. Let G be the Renault-Deaconu groupoid. Clearly the maps r and s are surjective.

The product is well-defined: In fact, let g,h € G be composable. Then g = (z, k,y),
h = (y,l, z) for some z,y,z € X, k,l € Z.

By definition of G, there exist m,n € N such that k = m —n and ¢”(x) = 0™ (y). There

are p,q € N satisfying | = p — ¢ and o?(y) = 09(z). Hence,
0" (x) = o (0™(x)) = 0"(0"(y)) = 0" (y) = 0" (0" (y)) = 0" (07(2)) = o"(2).

The inverse is well-defined: Given (z,k,y) € G, there exist m,n € N such that
k=m—nand 0™(z) = 0"(y). Then —k = n—m and ¢"(y) = 0™ (x). Hence (y,—k,z) € G.

Now we show G satisfies properties (i)-(v) of Definition [3.1.1}

(i) Let g = (z,k,y) €G, h=(y,l,2) €G, then

s(gh) = s(x,k+1,2)= 2z = s(h)

r(gh) =r(x,k+1,2)=x =r(g).

(ii) Given z € X, r(z,0,2) = (x,0,2) = s(x,0, z).
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(iii) Given g = (x,k,y) € G,

9s(9) = (@, k,y)(y,0,y)= (z,k,y) = g
7(9)g = (z,0,z)(z, k,y)= (v,k,y) = g.

(IV) Let (91792)7 (92793) € 9(2) Then g1 = (ZE, klay)a g2 = (ya k?a 2)7 gs = (Za k?nw)' Hence7

(9192)93 = (ZE,le + k?g,Z)(Z,k’g,U)) = (:E7k1 + kQ + k37w)

91(9293) = (x, k1, y)(y, k2 + ks, w)= (2, k1 + ko + k3, w).
(v) Given g = (z,k,y) € G,

99" = (x. k,y)(y, —k,z)= (2,0,z) = r(g)

9 'g=(y,—k,z)(x, k,y)= (y.0,y) = s(g).

Example 6.1.4. Let X = {z = {2z, }nen : @, € {0,1}}. Endow X with the metric
d(l‘, y) _ 2—min{n€N: a:nyéyn}'
Moreover, o is a local homeomorphism. Indeed, let x € X. Define the map p: X — X by

xg, ifn=0
P(Y)n =
Y1 ifn>1.

Then p is continuous, since for y, z € X,

d(o(y), o(z)) = 27 min{n2lwmazza1} — 9=1g(y 2)
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Moreover, for every y € B(x,1), yo = x9. Hence y = poo(y) = oo p(y). Therefore o is

invertible on B(z,1) with inverse p. That is, p is a local homeomorphism.

Then (z,k,y) € G if there are n,m € N such that k = n —m and 0" (z) = ¢™(y). For
instance, if z = (0,1,0,0,...) and y = (1,1,1,1,0,0,...) then (z,—2,y) € G, as shown in
Figure |6.3]

o(x)
z = (0,[1,0,0,...)
y=(1,1,1,1,0,0,...)

3 (y)

Figure 6.3: Tt follows from the equality o(z) = o3(y) = (1,0,0,...) that (z,—2,y) € G.

Now we define a topology on G which makes the Renault-Deaconu groupoid an étale
groupoid.

Given A, B open subsets of X, m,n € N, let
Uys ={(z,n—m,y) €G:0"(x) =0"(y),z € A,y € B}.

These sets form a basis of the topology on G.

Proposition 6.1.5. The family of sets U, for A, B open subsets of X and n,m € N,

generates a topology on G. Moreover, G is second countable.

Proof. First we show that G is the union of these sets. Let (x,k,y) € G. Then there exist
n,m such that o™(z) = 0™(y). Hence (z,n —m,y) € UY'y.

Now we prove that for every (v,k,y) € Uy 5! N UL there exists Uy'p such that
(@, k,y) € Uy C UL NULE,.

Let (v, k,y) € Uy 5! NU,R. Then,

reANAy, ye BiN By, Um(x)zaml(y), 0n2($):‘7m2<y)~
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Let p1 = no, po = ny. Note that my — ny = mo — ny implies my + p1 = mo + py. From the

definition of pq, ps, we have nq + p; = ny + po.

For i = 1,2, let U; be an open neighborhood of 6" (x) such that o? is injective on U;. Let

n=mny+p =ne+ps
m=1mq+ p1 = mo + Po
A=A NAyNo™(U) No "2 (Us)

B = B1 N BQ N 0.—m1(U1) N U_mz(UQ).

From continuity of o™i, ¢™, it follows that A and B are open sets.

We show that (z, k,y) € Uy Clearly n—m = ni +p1 — (m1+p1) = ny —my = k. Then,
On(ﬂf) — 0P1+n1 (.17) = g (O-nl (.CE)) = gh (O_ml (y)) — 0P1+m1 (y) — am(y)

For i = 1,2, o™(x) € U;, 0™i(y) = o™ (x) € U;. Then x € A, y € B. Therefore (z,k,y) €
ULs-
Now we show that Uy C UL NULE. Let (u, k,v) € Uy'g.

For : = 1,2, we have

o"(u) = o™ (v)
O.nz‘ﬂoi(u) = gMitPi (’U)

o7 (0™ (1)) = 0™ (0™ (u)).

Since 0" (u),0™(v) € U and oP is injective on this set, it follows that o™ (u) = o™i(v).
i,y ni,mi n2,ma2

Hence (u, k,v) € Uy Therefore (u,k,v) € Uy gl NULR?.

Now we show that G is second countable.
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Let B be a countable base of X. Then the family of sets of the form
Uy such that n,m € Nand A, B € B

is also countable. We show this family form a base for G. Let u’g;’g with A, B arbitrary open
sets in X and n,m € N. Let (z,n —m,y) € Uy;. There exists A, B such that z € A C A,
y € B C B. Then (z,n —m,y) eUTE CUYE. O

Lemma 6.1.6. Let {(z;, ki, ;) }ien be a sequence in G converging to (z, k,y). Then x; — z,
y; — y and there exists ig such that k; = k for every ¢ > 4. Hence we can assume, without

loss of generality, that k; is constant.

Proof. Let n,m € N such that ¢™(z) = 0™(y) and k = n —m. Let A, B be neighborhoods

of x,y, respectively. Then there exists ig such that for every i > io, (2, ki, y;) € Uy'p, then,
r€A yeB, kk=n—m=k.

Therefore k; is eventually constant, x; — x and y; — y. O]

Lemma 6.1.7. Fix ng,mp € N. Given a sequence {(z;, k, ;) }ieny a net assume that for all

n0,M0

neighborhoods A of z and B of y there exists ig such that (x;, k,y;) € U,'p " for i > ig.

Then for every A, B open neighborhoods of z,y, respectively, n, m such that (x,k,y) €

L{Z:"Bf. There exists ¢y such that
(zi,k,y;) € UL for i > iy

Then (x;, k,y;) — (x,k,y).
Proof. Note that k = nyg—myg. Let n,m € N such that ¢"(z) = ¢™(y) and k = n—m. Then
ng +m = n —+ my.

Let V be an open neighborhood of 0™ (z) = 0™ (y) where ¢" and is injective. Since z; — x

and y; — y and o is continuous, there exists ig such that for every i > ig, 0™ (x;), 0™ (y;) € V.
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Then, given @ > i,
0" (i) = 0" (0" (w)) = 0" (0™ (i) = " (yi) = 0" (i)

Then o™ (0" (x;)) = o™ (o™ (y;)). Since o"(x;),0™(y;) € V and o™ is injective on V, it
follows that o"(x;) = 0™ (y;) for every i > 4.

Note that (z,k,y) ¢ Uys if n —m # k.

Let A, B be open neighborhoods of z, y respectively. Let m,n such that m —n = k. Since

x; — x and y; — vy, there exists ig such that if i > i,
v, €A,y €B,  o"(x)=0"(y),

or equivalently, (z;, k, ;) € Uy’ for every i > i. O

Corollary 6.1.8. Let (x,n —m,y) € G. Let {x;}ien, {¥i}ien be sequences in X such that

xr; — x and y; = y. If 0" (x;) = 0™ (y;) for each i, then (z;,n —m,y;) — (x,n —m,y) in G.

Proof. Let A be an open neighborhood of x, B an open neighborhood of y. There exists
ip such that, for every i > ig, x; € A,y; € B. By hypothesis, 0"(z;) = 0™(y;). Then
(zi,n —m,y;) € Uy From Lemma m it follows that (x;,n —m,y;) — (z,n —m,y) in
g. O
Theorem 6.1.9. The Renault-Deaconu groupoid G, with topology generated by ug;’g is a

topological groupoid, locally compact Hausdorff, second countable and étale.
Proof. e G is a topological groupoid

(i) G@ is closed in G x G.
Assume {(g;, hi)}ien is a sequence in G converging to (g,h) € G x G. Then
gi = (i, ki, ui), hi = (yi, i, z;) for each 7. Assume g = (x,k,y) and h = (7,1, 2).
It follows from Lemma that y; — y and y; — ¢ in X. Since X is Hausdorff,
we have y = §j. Therefore (g,h) € G,
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(ii) The inverse is continuous

Denote the inverse map by ¢. Let Z/{E’Z be an open set in the topological base of

G. Then,

T UER) = (R y) s (y, —k, ) € Uy
={(z,k,y):ye B,x € A,0™(y) =0c"(x),k =n—m}

__7/mm
=Uyp-

Therefore the inverse map is continuous.

(iii) The product is continuous
Let (gs, hs) — (g, h) in G@. We can assume g = (2, k,y),h = (y,1, z) and for each
i7 g9i = (x'h kvyz) and h’b = (ylvl7zz)

Let ni, my,no, my € N such that

kE=ni—mqy, o™ (x)=0c"(y)

l=ng—my, ™ (y)=0"%(z2).

Since (4, k,y;) — (z,k,y) and (y;,1,2) — (y,l,2), it follows that for A, B

neighborhoods of z and z, there exists ¢y such that
(zi, byys) € UNY™  and  (yi, b, 2:) € Uy'g™ for i > g,

Hence, if 7 > 1,
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Then (z;, k + 1, 2;) € Uy'5"™ ™. Tt follows from Lemma that
(zik+1,2) = (2, k+1,2).

e ( is Hausdorff

Let g; = (z;,n; — my,y;) € G such that o™ (x;) = o™i (y;), i = 1,2. Assume g; # ¢o.

(i) If ny —my # ng — meo,
then g1 € Uy'y", g2 € U™ and U™ NUYK™ = 2.

(ii) If ny —my = ng — mo,
Then x1 # x5 or y; # yo. Assume x1 # xo. Since X is Hausdorff, we can choose
Ay, Ay open neighborhoods of x, x5 respectively, such that A; N Ay, = @. Then
gi €U i =12, and Uy NUEY = 2.

The proof for y; # ys is analogous.

e G is locally compact.
Let A, B be open sets of X such that A, B are compact, and let n,m € N. Then

Uy's CULTE, where

Usg={(z,n—m,y) €G:0"(z) =0™(y),z € A,y € B}.

)

Let {(w3,n — m, i) }ien be a sequence in Uz . Then {(z,y;) }ien is a sequence in the
compact set A x B. Then there exists a subsequence {(z;;,%;,)}jen such that z;, — x
for some z € A and y;;, — y for some y € B. By continuity of o, 0™(z) = o™ (y).
Therefore Uz 5 is compact.

e G is étale.

Let (x,n —m,y) € G such that ¢"(z) = ¢™(y). Since o is a local homeomorphism,
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there are A, B open neighborhoods of x, y, respectively, satisfying

o"(A) is open and 0"|4 : A — ¢"(A) is a homeomorphism

o™ (B) is open and ¢™|g : B — ¢™(B) is a homeomorphism.

Then (z,n—m,y) € L{Z:g. Since G is a topological groupoid, r is continuous. In order
to prove r is a local homeomorphism, we will show 7 is injective on Uy, r(Uy'y) is

open and r\&%,m is continuous.
A.B

(i) r is injective.
Suppose there exist x1, s € A, y1,y2 € B such that r(zy,n —m,y;1) = r(xe,n —

m,yz). Then y; = yo. Moreover,
z1 =0 "[a(0™(y1)) = o "al0™(12)) = 2.

Therefore (z1,n —m,y;) = (x2,n — m, ys).

(ii) r(U}g) is open.

rUyp) ={(y,0,y) €G: (x,n—m,y) € Uy
JeEG:xe Aye B,o"(x)=0c"(y)}

y,0,9) €G:y € Byw=0["(0"(y)) € A}

y,0,y) €G:y € B,o"(y) € 0"(A)} note that 0™(A) is open
)

={(y,0,y) €G:y€ B,ycolz"(c"(A)}

where C' = BNo|z" (0" (A)).

-1 - .
(iii) T|uz,jg is continuous.
Let {(yi,0,y;) }ien be a sequence in 7 (U ) converging to some (y, 0,y) in r (U %)

Then y; — y € B. Define the sequence x; = o|;"(¢™(y;)). Then x; — x =
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al4" (0™ (y))-

Note that x; is the only element in A satisfying o™ (z;) = 0™ (y;), hence,

(xlan mayz) T|U21g(y“0’yl)'

Analogously, (z,n —m,y) = 7“|Z;:‘11,7g(y, 0,y). Then, it follows from Corollary [6.1.8

that (z;,n —m,y;) — (z,n —m,y).

Analogously, we can show s is a local homeomorphism.

]

The next lemma shows that we can identify X wth the unit space of G. In this chapter,

we fix X and o, and we assume G is the Renault-Deaconu groupoid.

Lemma 6.1.10. We can identify the unit space G(© with the set X. In fact, both have the

same topology.

Proof. Clearly the map ¢ : G — X defined by (z,0,z) — 2 is a bijection. Denote this map

by ¢. We will show ¢ is a homeomorphism.

Let n,m € N, A,B C X open sets. If Uz N GO +£ & then n = m. In this case,

Uy € GO Hence,
v(UYE) = {(z,0,z) ;e € ANB}) =ANB
is open in X. On the other hand, for any open set A C X,
SHA) = {(@,0,2) € A} =13,

Therefore ¢ is a homeomorphism. O]
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6.2 Full orbits

Given x € X, the full orbit of  denotes the set of elements in X whose trajectories eventually
meet the trajectory of x. There are two types of orbits, periodic and aperiodic. In this section

we will study their properties.

Definition 6.2.1. Let x € X, the full orbit of x is the set
O(x) = {y € X : there exists k € Z such that (z,k,y) € G}.

Lemma 6.2.2. Given z,y € X, O(z) = O(y) if, and only if, y € O(z).

Proof. Let y € O(x). There exists (z, k,y) € G.

e O(y) C O(y) Let z € O(y). There exists (y,l,z) € G. Hence (z,k+1,2) € G. Then
z € O(xz). Therefore O(y) C O(x).

e O(x) C O(y) Let z € O(x). There exists (z,l,2z) € G. Then (z,k —1,y) € G. Thus
z € O(y). Then O(x) C O(y).

Therefore O(x) = O(y).

Conversely, assume O(z) = O(y). By definition, (y,0,y) € G. Then y € O(y) = O(z).
0

Remark 6.2.3. Lemma is a fact of general groupoids. Given a groupoid G, if we define
the set O(z) = r(G,) for every x € G, then the Lemma holds.

Lemma 6.2.4. Given z € X, O(z) is countable.
Proof.
O(z) = {y € X : there exists k € Z such that (z,k,y) € G}

—{yeX Gl #2)
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={r(9): g€ G, # @} identifying X with G
=r(G,).

G is second countable étale from Theorem [6.1.9) It follows from Proposition [3.2.11] that G,

is countable. Therefore O(z) is countable. O

There are two types of full orbits: periodic and aperiodic orbits. This difference will be

fundamental when we define the extremal conformal measures later.

Definition 6.2.5. Given x € X, we say it is periodic or o-periodic if there is a positive
integer p such that
of(z) = x. (6.1)

The minimum positive natural number such that (6.1]) holds is called the minimal period of

T.
Definition 6.2.6. A point z € X is called aperiodic if O(z) does not contain periodic points.

Definition 6.2.7. Let y € X. If O(y) has periodic points, O(y) is called periodic. Otherwise,

O(y) is aperiodic.

When represented graphically, periodic and aperiodic orbits look different. An aperiodic

orbits look like a tree while a periodic orbits has a single cycle, the trajectory of a periodic
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element. Figure shows these two types of orbits.

/ B
: AN

N

/ 3 ANV

/N VA \

(a) (b)

Figure 6.4: Periodic and aperiodic orbits look different. The periodic orbit (a) has a cycle,
while the aperiodic orbit looks like a tree. Circles in green represent the trajectories of x
and z.

Given y in the orbit of z, the trajectory of y eventually meets the trajectory of x. If z is
periodic, we can see in Figure that y eventually meets the point x, that is, there exists

an n such that ¢"(y) = . Now we will prove this result.
Lemma 6.2.8. Let 2 € X be a periodic point with minimum period p. Given y € O(z),

there exists n € N such that o"(y) = «.

Proof. Let y € O(z). Let ny,my; € Nsuch that 0™ (z) = 0™ (z). Let N be a natural number
such that N +m € pN. Define n = N + ny. Then

N+n1(

o"(y) =0 y)=o

m
Lemma 6.2.9. Assume the set of periodic points in X is countable. Let I denote the set of

aperiodic points. Then [ is countable

Proof. Let N be the set of points with periodic orbits. Then I = X \ N and we can write

N = U O(x).

vEX
x periodic
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O(x) is countable for every x € X by Lemma |6.2.4. Moreover, the set of periodic points is
countable by hypothesis. Then N is countable and p(N) = 0. [

Lemma 6.2.10. Let z € X be aperiodic. Then G = {(z,0,2)}. If y € X is such that O(y)

has a periodic point with minimum period p, then G = {(y, kp,y) : k € Z}.

Proof. Let z € X be aperiodic. Let k € Z such that (z, k, z) € G. Then there exists n,m € N
such that o™(z) = 0™ (2), k =n —m.
Assume without loss of generality that n > m. Denote © = 0™ (z) € O(z). Then x is

periodic, since
o' Mx) =0"""(0™(2)) = 0" (2) =" (z) = x.

Contradiction. Then k& = 0 and therefore GZ = {(2,0, 2)}.

Let y € X such that O(y) is periodic. Then there exist x € X periodic with minimum
period p, and [ € Z such that (z,l,y) € G. Then (y,—l,x)(z,p,z)(x,l,p) = (y,p,y) € G.
Therefore, by induction, (y, kp,y) € G for every k € Z.

Suppose there exists k ¢ pZ such that (y, k,y) € GJ. Let k1, ko € N such that k = ky +kap,
0 < k; < p. Note that k; # 0 by hypothesis.

Then (x,k,x) € G since (z,k,z) = (y,—1,x)(y, k,y)(y,l,z). Hence there exist n,m € N

such that n —m = k and ¢"(z) = o™ ().
Assume n > m without loss of generality. Let N be an integer such that N +m € pN.
Then,

r=0""N(z)=0"N(2) =" (™ (2)) = "™ (2)

= o"(x) = cMTRP () = oF1 (o*2P(2)) = o™ ().

Contradiction, since x has minimum period p. Therefore G = {(y, kp,y) : k € Z}. ]
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6.3 Conformal Measures

We will show explicitly all the extremal atomic e?F-conformal probability measures on G.
for g # 0.

Now we define conformal measures as described in [§].

Definition 6.3.1. Consider a measurable function 7' : X — X on a measurable space
(X, F) and a measurable nonnegative function f on X. A measure p on (X, F) is called

f-conformal if

W(T(A)) = / f(@)dp(z),

whenever A C X is a measurable set, for which T'(A) is measurable and T : A — T'(A) is

invertible.

A set A as in Definition is called special.

The set of f-conformal probability measures p forms a convex set. We say p is extremal

if 14 is an extremal point in this set.

Definition 6.3.2. Let u be a f-conformal probability measure. We say that p is extremal
if for all pq, o, t € (0,1) such that p = tuy + (1 — t)ue, it follows that pu; = pe = p.

Lemma 6.3.3. Let y be a finite measure on the topological space X with p = pu® + u¢, p®

purely atomic and p© non-atomic. Then pis f-conformal if and only if u®, u© are f-conformal.

Proof. Since p = u® + p, both p, u¢ are finite measures.

Assume 1 is f-conformal. Let X® be the Borel set such that u*(X*) = pu*(X) and pu(x) > 0
for every x € X Since p® is finite, then X* is countable and u¢(X*) = 0.

Let A be a special set. Since X® is countable, T (AN X?) is also countable, then T'(ANX%)
is measurable. Note that T(A) =T(ANX*)UT(A\ X% and T(ANX*)NT(A\ X*) = 2.
Hence T'(A\ X%) is measurable.

p(T(ANX*) =0 since T(AN X?) is countable. Now we show u*(T'(A\ X%)) = 0. Let
y € T(A\ X®). There exists a € A\ X® such that y = T'(a). Using that p is f-conformal
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Since p = p* on X* and p® = 0 outside X?, then p* is f-conformal. The proof for u¢ is
analogous.

Conversely, assume u?, u¢ are f-conformal. Let A be a Borel set such that 7: A — T'(A)

is invertible. Then

u(T )+ 15(T(A))

(A)) = p*(T(A
— /A f(x)du(z) + /A f(z)dp‘(x)

- / f(@)du(z).

Then p is f-conformal. O

Remark 6.3.4. Fix a continuous function F' : X — R and assume § # 0. It follows
from Lemma that every extremal e®"-conformal measure is either purely atomic or
non-atomic. In fact, let  be an extremal e’"-conformal probability measure and assume is

neither purely atomic nor non-atomic. By Lemma [6.3.3] © = p* + p¢, p® is purely atomic
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and p° is non-atomic.

Let ¢t = pu*(X). Then ¢t > 0 (otherwise p = u¢) and t < 1 (otherwise u = p®). Define

1 =t1% e = (1 —t)~'u. Note that juq, o are probability measures. In fact,
7 [, p 7 i1, o y
i (X) = 0 (X) = =1

and

(1 =)~ pe(X)
(1 =) (u(X) = p*(X)) , since p = p* +

1-t)"'1—1t)=1.

f12(X)

Then 1, p1o are probability measures. Now let A be a special set. Then

() = () o

&Wmmw—/%mmmw
A A

and

PE@ dpe(x) = / PF@ dpy(2).
A

W@M»:O—QWWWM:O—Ql/

A

Therefore ju1, jto are e’F-conformal.

In this section we want to find all extremal e®!-conformal purely atomic probability

measures on X. Given u e®F-conformal, then u(o(z)) = €@ pu(x).

Lemma 6.3.5. Let 5 € R and p an e’"-conformal measure on X, n a positive natural

number. Given y € X, we have

MﬂanGimﬂm%@. (6.2)

177



Proof. We prove this by induction. Assume holds for n. Then

wlo™(y)) = plo(o™(y) = e W (o™ (y)) |, since p is e’ -conformal,

n—1

— SFE™ ) exp (52 F(O'k(y))> w1(y) , by hypothesis,

k=0

— exp (5 > F(o’“(y))> #(y)

(n+1)—1
= exp (6 F (Uk(y))) 1(y).
k=0

Then (6.2)) holds for n + 1. Let n = 1. Using the fact that p is e®f-conformal, we have

(o™ (y)) = p(o(y)) = " Pu(y) = exp (6 i F(Uk(y))> u(y).

]

Proposition 6.3.6. Given 3 € R, let i be an e’"-conformal measure on X, x € X. Then,

for every y € O(x),

where 0" (x) = o™ (y).

Proof. Let y € O(x). There exist m,n > 0 such that ¢"(z) = 0™(y). Then

n—

p(o"(z)) = exp (5 F(o’ (:E))> p(z) and  p(o™(y)) = exp (5

1
J=0

Since ¢"(x) = 0™ (y), it follows that

exp (ﬁ > o <y>>) ) = exp (ﬁ > o <:c>>) (@)
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It follows from Proposition that if two e?"-conformal measures s, ji9 are equal on
a point z € X, then puy, ps are equal on O(x). Moreover, if p is an e’-conformal measure

such that p(z) > 0, then u(y) > 0 for every y € O(x).

Corollary 6.3.7. Let x € X and 8 € R. There exists at most one e’"'-conformal probability
measure that vanishes outside O(z). In particular, if u is an e’F-conformal probability

measure that vanishes outside O(z), then p is extremal.

Proof. Let i, us be a e#F-conformal probability measures vanishing outside O(z). Tt follows
from Proposition that py(z), po(z) > 0. In fact, let ¢« = 1,2. Since O(zx) is countable
and p; is a probability measure whose support lies in O(x), there exists y € O(x) such that
pi(y) > 0. Then pu;(x) > 0 by Proposition [6.3.6}

Suppose that pi1(z) < p2(x). Then py(y) < po(y) for every y € O(z) by Proposition [6.3.6]
Therefore

1= m(X) = m(0(x)) = p2(0(2)) = pa(X) =1,
which is a contradiction. is not a probability measure. The proof is analogous for p;(z) >

po(x). Then pi(x) = po(z). Then py and pe are equal on O(x) by Proposition
Therefore p; = po.

Now we show s is extremal. Let p, to be two e’F-conformal probability measures such
that g =ty + (1 —t)ue, 0 <t < 1. Let A =X\ O(z). A is measurable. Since u(A) =0
and p1(A), p2(A) > 0, we have pi(A) = pa(A) = 0. By previous arguments, 1 = 1 = fo.

Therefore p is extremal. O
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Corollary 6.3.8. Assume 3 € R\ {0}. Let u be an e’"-conformal measure. Tet r € X

periodic with minimum period p such that pu(x) > 0. It follows that

3
L

F(o’(z)) = 0.

Proof. o?(x) = x. Then,

p(x) > 0, hence

k=0
p—1

Note that § # 0. Therefore Z F(o*(z)) = 0. O
k=0

Lemma 6.3.9. Let y be a purely atomic extremal e®7-conformal probability measure, 3 € R.

Then there exists © € X such that for y € X, u(y) > 0 if, and only if, y € O(x).

Proof. Let x € X such that p(z) > 0.

Suppose there exists y € X \ O(x) such that u(y) > 0. Since p is a probability measure,
pu(xz) >0and x ¢ O(y), we have 0 < u(O(y)) < 1. Let t = u(O(y)). Define py by

t=tu(z2) if z € O(y)
m(z) = :
0 otherwise

Then (i is a probability measure. Note that o(z) € O(y) if, and only if, z € O(y). In fact,

O(0(2)) = O(z) from Lemma[6.2.2] Then

p(o(2)) =t u(o(2)) = Ot pu(z) = O (2).
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Therefore 1 is e’F-conformal. Define py by

(1 —=1)""u(z) if 2 ¢ O(y)

0 if z € O(y)

pa(z) =

Lo is an e?F-conformal probability measure as well. In fact,

p2(X) = p2(X \ O(y))
=(1—t)7'u(X\ O(y))
= (1 =)' [u(X) — 1(O(y))]
=(1—t)7' [1—1 ,since t = pu(O(2)),

= 1.

Then i is a probability measure. Given z ¢ O(y),o(z) ¢ O(y). In fact, suppose o(z) €
O(y). Then O(o(z)) = O(y) by Lemma [6.2.2] but O(z) = O(o(z)). Then O(o(z)) = O(y).
Therefore z € O(y). Contradiction. Then,

pa(0(2)) = (L—1) " p(o(2))

= PP (1 —t)tu(z) , since p is €°

F_conformal

= eﬂp(z)lm(z)-

Therefore jis is e?F-conformal.

Moreover, 1 = tuy 4 (1 —t)us. Therefore p is not extremal. Contradiction. Then p(y) = 0
if y ¢ O(x).

Let y € O(x). It follows from Proposition that p(y) > 0. O

For 8 # 0, each extremal atomic e’F-conformal probability measure corresponds to an
orbit O(x). However, an orbit O(z) does not necessarily have a correspondent extremal

atomic e’F" -conformal probability measure.
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Proposition 6.3.10. Let 5 € R\ {0}. Let x € X be a periodic point with minimum period
p. There exists an extremal atomic e’F-conformal probability measure with support O(z)

if, and only if,

where Y, =0 "(z)\ U‘?*Ol o~ (x) for n > 1, and Yy = {x}.

In this case, the measure is denoted by

me = (1+M)™*

43 S (-5 e ). 63)

n=1ycYy, §=0

Proof. Let ;1 be an extremal atomic e’-conformal probability measure with support O(z).
L

It follows from Corollary that (6.3)) holds.
Let y € O(x), by Lemma there exists a minimum natural number n such that

0"(y) = x. Hence y € Y,,. Therefore

O@)=JYn and  p(O() = u(Yy).

Let y € Y,,. From Proposition [6.3.6]
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O(x) is countable by Lemma Thus,

p(Yo) = ply ZeXp( Z_: F(o '(y))> p(z).

yEYn YyEYy

Hence,

= 4(O) = 3 uthi
— ula) + fj > ew (—5 Z F(aﬂ(y») u(a)
) |1+ i > e —5§F<0j<y>>)]
= p(z)(1+ M) "

Then M < oo and p(z) = (1+ M)~ Giveny € Y,,, n > 1,

uly) =1+ M)~ exp( BZFJJ )

Therefore ( @ ) holds.
Conversely, assume (6.3), (6.4) hold. Given n > 1,

m (Vo) = (14 M)~ Zexp( i ('(y))>-

YEY,

Hence,
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=(1+M)'1+M)=1.

Then m, is a probability measure. Now we prove m, is e?F-conformal.

Lety € Y,, n > 2. Then o(y) € Y,,_1. In fact, 0" (o(y)) = 0" (y) = . Let 0 <[ <n—1,
then o!(o(y)) = oF(y) # z, since 1 <1 < n. Let y = o(y), then

mg(o(y)) = (1 + M) exp ( o] ZF )
= (1+ M) texp < o] Z F(o )
= PP (1 4+ M) exp ( BZF )

5F(y)mx (y)

=€

Let y € Y, n =1. Then o(y) = =. Hence,

ma(0(y)) = ma(z) = (1+ M)~

_ eﬁF(y)(l + M) texp (—BF(y))

Note that o(z) € Y,_1. In fact, o? ' (o(x)) = oP(x) = z. Given 0 <1 < p—1, d'(o(x)) =

ot(x) # x since 1 <1+ 1 < p. Then, if 2’ = o(x), we have
my(o(z)) = (1+ M)~ exp( BZF (0 (x >

=(1+ M) exp( BZFUJ )
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= PF@ (1 4+ M) exp <_5 Zﬂﬂ(m)))

=P+ M)t from (6.3)

= eﬁF(x)mw(x).

Therefore m, is e’F-conformal. m, has support O(x) by definition. From Corollary

m, 1S extremal. O

Definition 6.3.11. Given a continuous function F': X — R we define ¢cr : G — R by

n—1 m—1
cr(t,kyy) =) F(o’(z)) = ) F(o’(y)),
=0 =0
for n,m € N such that k =n —m and o"(z) = o™ (y).

Lemma 6.3.12. ¢ is well-defined.

Proof. Let (x,k,y) € G. For i =1,2, let n;, m; € N such that 6" (x) = 0™ (y), k = n; — m,.

Then ny — ny = mo — my. Assume ny > ny without loss of generality. Then mo > m; and

Z F(o(2)) - mZ F(o'(y))
- §F<aﬂ<x>>+§ﬂaj<x>>) - (m:olﬂaﬂ(y))+§1F<aﬂ<y>>)
- ijF(af(w))+n2§;—1F<aﬂ+m<x>>> - (nilF(af(y))+m2;zn:_lF<af+ml<y>>>
- §F<aﬂ<x>>—§1w<y»> + "Qé_lnaﬂwx» mg_lﬂaf*ml(y»)

- T:F(a%x))—mimw(y»% an;_lF<af<o"1<x>>>—n2;§n;_lF<aﬂ<oml<y>>>>
_ §F<oﬂ<x>>—ng<y>>>+ m:1F<aﬂ<om1<y>>>—m§1F<oﬂ<aml<y>>>>



=(Zﬂﬂm—FW@O~

Therefore cp(x, k,y) does not depend on the choice of n, m satisfying k = n — m. O

Proposition 6.3.13. ¢ is a continuous R-valued 1-cocycle on G.

Proof. Let (x,k,y), (y,l,2) € G. There exist m,n,p,q € N such that k =m —n, [ =p—q,
oc™(x)=0"(y) and o"(y) =0(z).

Then m+p—n—q=k+1and c™P(z) = 0"P(y) = 0""%(2). Hence,

cr(z,k+1,2) = Z F(oi(x)) — Z F(o?(2))
m—1 m+p—1 qg—1 n+q—1
=Y F(d(2)) + Z F(o/(x ZF(UJ'(Z))— > F(ol(2))
:_ﬂﬂm+zﬂwwm— Flod(2)) - 3 F(o7())
=Y Fi@) + 3 P (w) - S F () - 3 P (y))
;11 ;;g—l ;:; éi;—l
=Y R+ Y F) - Y F@E) - Y P ()

Il
=
Q
<
&
|
=
Q
.
S
_|_
=
Q
<
Y

j=0 ]ZO 7=0
g—1 p+n—1
F(o?(z)) + Z F(o(y F(o?(y))
j=0 7=0
= CF(xa k> y) + CF(ya l> Z)

Now we prove the continuity of cp. Let (x;, ki, v;) — (2,k,y). Then z; — x and y; — v.

There exists m,n € N with m —n = k and ig such that o™ (z;) = o™(y;) for every i > iy. By
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continuity of o, 6™ (z) = o"(y).

Hence, for every i > iy,

m—1 n—1
cr(wi, ki, yi) = F(o?(2;)) — ZF(UJ(%))
j=0 J=0
Since F' and ¢ are continuous on X, we have cp(z;, ki, y;) — cp(z, k,y). O

The following lemma will be used to prove that every continuous R-valued 1-cocycle

corresponds to a unique cp.

Lemma 6.3.14. Let (z,n — m,y) € G such that ¢"(z) = ¢™(y). Suppose that n,m > 1.
Then

(w,n —m,y) =(z,1,0(x))(0 (), 1,0%(x)) -+~ (6" (2), 1, 0" ())

(0™ (), Lo )™ (), —1.0™ *(y) -+ (o(y). ~Ly).  (6.6)
Proof. First we show that for every natural number N > 1,

(z,N,oN(2)) = (z,1,0(z)) - (" (2), 1,0V (2)). (6.7)
Clearly holds for N = 1. Suppose that is satisfied for an arbitrary N. Then

(x, N+ 1,0 (x)) = (2, N, o™ (z))(cV (2), 1,0V (2))

= (:B, 1, O'(%)) e (JN<x>7 L O-N+1<x))'

Hence, (6.7) is satisfied for every N. In particular, this equality holds for N = n. By the

same argument,

(y.m,0™(y)) = (g, L,0(y)) - (0" ' (y),1,6™(y)).
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Then, applying the inverse on both sides, we have

(0™ (), —m,y) = (6™ (y), —=1,0™ (y)) -+ (o(y), =1, ).

Since ¢"(x) = 0™ (y), we have

(z,n —m,y) =(x,n,0"(x))(c™(y), =m,y)
=(z,1,0(x))(o(2),1,0%(x)) - ("' (x),1,0"(2))

(0™ (y), =L o™ () (0™ (y), —1,0™2(y)) - - (o (y), —1,).

O

Now we will prove that there exists a bijection between continuous R-valued 1-cocycles
on G and the continuous functions from X to R. Recall from Proposition [6.3.13| that every

cr is a continuous R-valued 1-cocycle.

Proposition 6.3.15. For every continuous R-valued 1-cocycle ¢ on G, there exists a unique

continuous function F': X — R such that ¢ = cp.

Proof. Let ¢ : G — R be a continuous R-valued 1-cocycle. Define the function F' : X — G
by F(z) = c(x,1,0(x)).

The function F is continuous. In fact, let {x, },en be a sequence in X converging to z € X.
By definition of G, (z,1,0(z)) € G and each (z,,1,0(z,)) € G. Since o is continuous, we
have o(z,) — o(x). It follows from Corollary that (z,,1,0(z,)) — (x,1,0(x)). Since

¢ is continuous, we have F(z,) — F(x). Therefore F' is continuous.

Let (x,n —m,y) € G such that ¢™(z) = ¢™(y). Assume that n,m > 1 without loss of

generality. Then, by Lemma [6.3.14)

(.CE, n—m, y) :(113, L, 0(33))(0(37)7 1a 02(37)) e (Jn_1($)7 17 Un(aj))

=(0™(y), =L o™ W) (™ N (y), —1,06"*(y)) -~ (o (y), —1,y).
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Then

c(x,n —m,y) =c(z,1,0(z)) + - + c(c" " (z),1,0"(x))

+ C(Um<y)7 _17 Um_l(y))

+

o telo(y), —1,y).

C<Ui+1 (y) g _17 O-i (y))

|
PN
q&
—
3
=
q&
+
—
8
~
~
+
11
o

3 o @), Lo @) - 3 el (y), Lo )
—N Foi(a) = 3 Flo'(y)

Finally we prove that cp is unique. Suppose that there exists a continuous function

H : X — R such that cg = c¢p. Then, for every x € X,
H(x) =cy(x,1,0(x)) = cp(z,1,0(x)) = F(x).

Therefore H = F'. O]

The following lemma shows a equality for cp on G where O(y) is periodic.

Lemma 6.3.16. Let x € X be a periodic point with minimum period p. Then

p—1
cr(y,kp,y) = kY _ F(o’(x)),
=0
for every y € O(x), k € Z.
Proof. Since o?(z) = x, we have
p—1
CF<x7p>I> = F<O-J(‘T))
7=0



Let y € O(x). Then, from Lemma [6.2.8) there exists n such that o™(y) = x. Thus

(y,n,x) € G. Then

CF(y7 kpa y) - kaF(y,p, y)

= kep((y,n, z)(x,p,x)(z, —n,y))

= k[CF(y>n>$) + CF(mapv l’) + CF(':Ea —n, y)]

= kj[CF(y77’L,ZE) + cp(x,p, ZE) - CF(ZL', _n7y)]

- kCF(xvpa ZL‘)

= kZF(aJ(:B))

O

Proposition 6.3.17. Let 8 £ 0. Let z € X be aperiodic. There exists an extremal atomic

ePF-conformal probability measure with support O(z) if, and only if,

M = Z e W) < 0,
y€O(2)

where

with 0™ (y) = 0™(z). In this case the measure is defined by

m, = M1 Z e’ﬁf(y)éy.
y€O(2)

In particular, if = satisfies condition (6.8)), we say z is S-summable.

(6.8)

(6.9)

(6.10)

Proof. First we prove F is well-defined. Let y € O(z). There exists a unique k € Z such

that (z,k,y) € G. In fact, suppose there are ky, ko € Z satisfying (z, k1,v), (2, k2,y) € G.
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Then (z,ky — k1,2) € G. ko — k; = 0 from Lemma [6.2.10

Let m,n € N such that ¢”(y) = 0"(2). Then (z,n —m,y) € G. Hence k =n —m and

—

3
|

—

" Foi () — 3 F(09(2) = —enle k).

J=0

.
Il
=)

Therefore F(y) does not depend on the choice of m,n.

Let p be an extremal atomic e?F-conformal probability measure with support O(z). Given

y € O(z) there exist m,n € N such that 6™ (y) = 0"(z). Then by Proposition [6.3.6]

p(y) = exp (—ﬁ (Z F(o?(y)) — Zﬂﬂ@))) p(z) = e Wp(z).

Since p is a probability measure, it follows that
=4O = X = 3
yeO(z yeO(z

Hence,

-1

p(z) = Z e A7) =M

y€O0(2)

Therefore M < oo and p(y) = M~te 7 W for y € O(2).

Conversely, assume holds. We prove that m. is an extremal e®"-conformal proba-

bility measure.

( M Z —BF(y) — 1M — 17

yeO(z

then m. is a probability measure. Now we show m, is e’F-conformal. Let y € O(2), n,m € N
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such that 0™ (y) = 0™(z), m > 2. Then 0™ (0(y)) = 0™(2) and

Flow) =3 Flolow) - S Fe(2) = 3 Fo'(y) - 3 Flo(2))
= P+ Y R w) - Y F(2)
=—F(y)+ F(y)

Then,

m.(o(y)) = M 1e=PFW) — Nl BEFWHFW] — pf—1c8F W) o=BF(y) — eﬂF(y)mz(y).

Therefore m, is e’F-conformal. By definition of m., its support is O(z). From Corollary

6.3.7, m, is extremal. O

Lemma 6.3.18. Let X be a locally compact second countable Hausdorff topological space,
it a Borel measure which is finite on compact subsets of X. Given a local homeomorphism

o : X — X, and a non-negative function f on X, p is f-conformal if, and only if,

(o) = [ fa)dnto) (6.11)
A
for every open set A such that |4 is injective.

Proof. The measure p is Radon by Proposition 2.4.10, Assume p is f-conformal, then (6.11)
holds by definition.

Conversely, suppose (6.11)) holds. Let A be a measurable subset such that o is injective

on A. First we assume there exists an open set U such that A C U and o is injective on U.

Given an open set W including o(A), there exists an open set W’ =W No(U) such that
o(A) c W Co(U) and pu(W’) < u(W). Since p is a Radon measure and W is arbitrary, we
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have

A)) = inf W) = inf wh.
(o (A)) dgkad ) dAthh“Ou( )
W open W' open

The function o is injective on U, then for every open set W satisfying o(A) C W C o(U),
there is a unique open set V such that A C V' C U and W = o(V). Clearly o is injective on
each V. Then,

w(o(A) = inf p(o(V))

ACVcU
V open

= AVCH\}ch/Vf(x)dﬂ(x)’ by hypothesis,
open

= / f(z)du(z), by Lemma [2.4.13
A

Now let A be an arbitrary measurable set A such that |4 is injective. Since o is a local
homeomorphism and X is second countable, there exists a countable open cover {U, } ey of

A such that o is injective on each U,. Define A; = AN U; and, for every n,

Apir = ANUni\ | J 4.

Jj=1

Then A = U2, A, and the family {4, }.en is disjoint. Moreover, A,, C U, for every n.
Then,

(o (An)) = Aﬂ@@@)

Since o is injective on A, we have,

(o) = o ple(a) = Y [ f@duta) = [ faino)
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Therefore p is f-conformal. O

Lemma 6.3.19. Let 0 : X — X be a local homeomorphism. Let n € N* z € X. Then

there exists an open neighborhood U of z such that for j =1,...,n,
0|pi-1ry : 07 (U) — 07(U) is a homeomorphism and ¢/(U) is open. (6.12)

Proof. We prove this by induction. Let n = 1. There exists an open neighborhood U of x
such that o(U) is open and oy : U — o(U) is a homeomorphism. Then the result holds for
n=1.

Now assume the result holds for n > 1. Since ¢ is a local homeomorphism, there exists
an open neighborhood W of ¢™(z) in ¢™(U) such that o(WW) is open and oy : W — o(W)
is a homeomorphism.

Let V = o|,"(W). V is an open neigborhood of z in U. Let j = 1,...,n. Note that
oli; : U — ¢7(U) is a homeomorphism. Since V' C U, then ¢/ (V) is open and o7 (V) C ¢7(U).
Hence o|,i-1(vy : 0771(V) = 07 (V) is a homeomorphism for i = 1,...,n.

Note that ¢" (V) = o (0|} 0 o|;"(W)) = o(W). Then ¢"" (V) is open. It follows that

Olonqvy : 0™(V) = o"t1(V) is a homeomorphism, therefore the result holds for n + 1. [

Remark 6.3.20. Let 2,y € X such that o™(z) = 0™ (y) for n,m € N. Assume A is an
open neigborhood of x such that holds for j = 1,...,n, replacing U by A. By the
same argument, suppose there exists B, an open neighorhood of y such that holds for
j=1,...,m. Then we can assume without loss of generality that c™(A) = c™(B).

In fact, let V = 0"(A) N o™ (B). V is an open neighorhood of ¢"(x). Let Ay = o|;"(V),
By = o|z"(V). Clearly Ay and By are open neigborhoods of z,y, respectively. Then, for
j=1,...,n, holds for Ay, since 0/71(A4y) C 07/71(A) and ¢7(Ag) C 07/(A) are open
sets. Analogously holds for B,.

Moreover,

0" (Ag) = a"(a[,"(V)) =V = " (05" (V)) = 0™ (Bo).
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Theorem 6.3.21. Let 5 € R. A measure p on G is e#F-conformal if, and only if, 4 is

quasi-invariant with Radon-Nikodym derivative e 5¢F.

Proof. Assume p is e?F-conformal.

Let U C G be an open bisection. Let T : () — s(U) be the homeomorphism defined by
T = sy orl;,'. Given y € s(Ud), let h, = s|,,' (y) = (z,k,y). There are A, B C X open sets,
n,m € N such that h, € U5 CU.

By Lemma, [6.3.19] there exists an open neigborhood of z, Ay C A, such that for j =

1,...,n,

Oloi-1(4) o/ (Ag) — 07(4yp) is a homeomorphism and o7(4,) is open.

By the same argument, there exists an open neigborhood By of y, with By C B, such that

forj=1,...,m,
0|pi-1(8g) : 071 (Bo) = 07 (By) is a homeomorphism and ¢”/(By) is open.

We can assume 0" (Ag) = 0™(By) without loss of generality. Then h, € Uy, C UYL
Note that s(Uy"; ) = Bo and r(Uy"; ) = Ag. In fact, since o[} , o, are homeomor-
phisms, it follows that
Uy, ={@'n—m,y) 2" € Ao,y € Bo,o"(2') =™ (y')}
= {(ol4y (015, (), n —m.y') : y' € Bo}
={(@',n—m,olg"(0]4,(21)) : 2" € Ao}

Moreover, T4, = o|g" o o, . Note that

olgy o oly, = 0!53 © ‘7‘;(130) ©...0 U’;m—l(BO) o ol%,

= 0|E{)’L 0 0 |gn-1(49) © Tlon—2(49) © - - - Olo1(ag) © T|4,-
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Given j =0,...,n+m, let

- olg oa|Z]-_(JAO), if0<j<n,

J .
J|§;n_”+], ifn<j<n+m.

Then Ty = T)a, and T4y = id|p,. Note that Tj : 0/(Ag) — Bo if j < n and Tj :

gn+mfj(BO) — By if 7 > n. Moreover,

_ i _ —i1
T = 0l5g" © 0lgiag) = 0lig" © Tlstiag) © Tloian) = Tj1 © loiag)-

Then T4y =Tj o 0|;].1(A0). Also,

Tty = off, " 0ol (9)
— (o], o ol (@)
= (o[, 0 012) " 0 ol (2)

= olly, o ol5; o all, (@)

= 0, (2)-

Let By C By be measurable. Then,

Tjs1,0(B1) = Tj*0|;j1(AO)*l‘(Bl)
= U|;31(A0)*M(7}71(Bl))

= u(o(T;(By)).

T;7'(By) is measurable, since T} is continuous. Since T;7'(B;) C 07(Ap), o is injective
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on 09(Ag) and p is ePF-conformal, we have
po @ B = [
T; ' (Bo)

— / PP T gy, ()
T (Bo)

= [ AT () by @) on page [
Bo

Then
7}+1*u (y) — eﬁF(TJfly) _ 6ﬂF(o'j(£E))'
Typ
Therefore,
T, —BF (a7
H () = PP, (6.13)
Tj+1*M
eifn<j<n+m-—1,
7—,] _O_’—m n+j
( |m+n ])
(U’o—m+n j— I(BO OO'|m+7’L ] 1) 1
m+n—j—1
:( ’ +n—j— ) oa|am+n i=1(By)
—m—n 1 -
(0—’ It ) © a—lgT}l-Fn—J—l(Bo)
g ]+1 (@] O‘|;¢}L+n—j—l(B0)'
Moreover,
Ty = ol (y) = o™i (),
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Let B; C By measurable. Then,

Tjip(Br) = 7}+1*‘7‘;1n+n7j71(30)*/ﬁ<31>
= U’;imfjfl(go)*ﬂaﬁ-ll(Bl))

= u(o(T;31(B)))-

Note that T}, (By) is measurable by continuity of T},;. Since

Tip1 '(By) C o™ (By),
o is injective on o™t I"1(By) and pu is e’F-conformal, we have

(o (T (By))) = / PO dpu(u)

1
T2 (B1)

- / PFTTATI) 4y (1)
T4 (B)

= [ TIEERAT ) by @) on page 15
B1

Then,
dT;, p BF(TZL( mtn—j—1
— L () = PFTA W) = ™), 6.14
T (6.14)
Therefore,
dT,p dTo.p
d—(y) = dT—(y)
K mn
dTl*ljf dTZ*H ‘ dTn—l—m*H

n—1 dT]*,u ( ) n+m—1 dT]*,u ( )
= Yy = V)
s dTj1 in dTj1,
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3

—

n—1 n+m—1
(He BF(ci(x)) > ( 6 m+nj1(y))> from " and ‘ ,

— ( - —6F (o9 (z)) ) ( eﬂF(G'”_j_l(y))> _
j=0 Jj=

Making the change of variables j — m — j — 1 in the second product, we have

n—1 m—1
:< —Mwm»>< gﬂwmv
7=0 7=0

|u
Il

= exp ( B g F(o’(z)) — ‘_ F<Uj(y))>>
_ —Ber(z,k,y)

Since y € s(U) is arbitrary, the equality holds for every y € s(U). U is any open bisection.
Therefore, by Lemma, [5.3.8]  is quasi-invariant with Radon-Nikodym derivative e=7¢F.

Conversely, assume j is quasi-invariant with Radon-Nikodym derivative e=#¢F.

Let A C X be an open set such that o|4 is invertible. L{S&) 4 is an open bisection. In

fact,

US&)A ={(z,-ly):x€0(A),yc A, x=0(y)}
={(o(y), —Ly) 1y € A}.

Since o is injective on A, it follows that r, s are injective on UB&) 4 Moreover, A = s(L{S&) )5

o(A) = T‘(US’(;)A), and T : 0(A) — A is given by T = o|,'. From Lemma [5.3.8}

dl.

— p—Bcr (hy)
W(@ e

= exp (—fBecr(o(y), —1,9))
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Hence,

w0 (A)) = u(o]4(A)) = u(T~1(A)) = Tuu(A) = / PO du(y).

It follows from Lemma [6.3.18| that s is e#F-conformal.
O]

Remark 6.3.22. Let 3 # 0. Given a e’"-conformal measure, it follows from Theorem [6.3.21
that j is quasi-invariant with Radon-Nikodym derivative e 7%#. From Remark we have

—Berp(g) = 0 for prae. z € GO and all g € G2, (6.15)
then
cr(g) = 0 for p-a.e. z € G and all g € G, (6.16)

We can show this fact for extremal e?"-conformal probability measures using the properties

of G when the set of periodic points in X is countable.

Let 41 be an extremal e®F-conformal probability measure. From Lemma and Lemma
6.3.9, the measure falls in one of these cases: p is continuous; p is purely atomic and

supported on a periodic orbit; or p is purely atomic and supported on an aperiodic orbit.

Suppose u is continuous. Since the set of periodic points is countable, it follows that for

p-a.e. y, G = {(y,0,y)}. However, cr(y,0,y) = 0. Then the result holds for u continuous.

If p is purely atomic and supported on an aperiodic orbit O(z), then G¥ = {(y,0,y)} for
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every y € O(z). Then (6.16) holds.

If 1 is purely atomic and supported on a periodic orbit O(x) for a periodic point = with

minimum period p, it follows from that
p—1
> F(o'(x)) =0.
i=0

Given y € O(x), GY = {(y, kp,y) : k € Z} from Lemma 6.2.10} From Lemma|6.3.16, we have
cr(y, kp,y) = 0 for every k € Z. Then (6.16]) holds.

Hence, the result follows for every extremal e’F-conformal probability measure.

6.4 KMS States on the Renault-Deaconu Groupoid

In this section we find all extremal KMS states on C*(G) using Neshveyev’s Theorems.
Since the continuous R-valued 1-cocycle on G is given by cg as in Definition [6.3.11] we fix
the dynamics 7 on C*(G), given by 7,(f)(g) = e®r f(g).

We will show that all extremal KMS states are ¢, ., ¢, defined below.

Let m be an extremal e’"-conformal non-atomic probability measure on X. We define

¢m by
bl f) = /X £(9,0,)dm(y),

where f € C.(G).

Given an aperiodic S-summable point z, by Proposition 6.3.17| m. is an extremal e’F-

conformal probability measure. We define ¢,,. by

b () = /X £(3,0, y)dm.(y).

with f € C.(G).
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Given a periodic point x with period p with x satisfying the conditions of Proposition

6.3.10, A € C with |\| = 1, we define ¢ by

AN = [ A p)dma ),

keZ

for f € C.(G).

Lemma 6.4.1. Let x € G Given gy, g2 € G2, uy, - Uy, = Uy,4- As a consequence, C*(G%)

is a commutative C*-algebra with identity wu,.

Proof. Let g € G, then

(U’gl 'u92)<g) = Z Ug, (a>u92 (b)
1 ifgig2 =g

0 otherwise

= Ugigo (g>

]

Lemma 6.4.2. Let v € X, y € O(x), h € G;. There exists an *-isomorphism P : C*(GY) —

C*(G?) given by P(uy) = upgp—1. Moreover, P is an isometry.

Proof. Let P : C*(GY) — C*(G7) be the linear map defined by P(u,) = upgp-1. Note that
P is invertible with inverse given by P~': C*(GF) — C*(GY), defined by P~ (ug) = w15,

First we show that P is a homomorphism. Given g1, g2,9 € G},

P(ugl ) ug2> - P(U’glgz) = Uhgygoh=t = Uhg h—1hgoh—1 = Uhgih—1 " Uhgoh=1 = P(ugl) ’ P(qu),

P(ug*) = P(ug—1) = uhg_1h_1 = U(hgh—l)—l = U(hgh—l)* = P(ug)*
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Since P is linear, we have that P is a *-homomorphism. So is P~! by the same arguments.

Then P is an *-isomorphism between C*-algebras and therefore P is an isometry. O]

Remark 6.4.3. Lemma [6.4.2] can be generalized for a locally compact Hausdorff second
countable étale groupoid G. Given z,y € G© such that G, # O, there exists an *-
isomorphism P :: C*(GY) — C(G%) given by P(uy) = upgn-1.

Proposition 6.4.4. Suppose the set of periodic points in X is countable. Let 5 € R\ {0}.
Let ¢ be the KMSg-state corresponding to the pair (u, {¢,},). Then ¢ is extremal if and

only if x is an extremal e’"-conformal measure and ¢, is a character for p-a.e. y.

Proof. 1t follows from Theorem [5.3.10[that u is quasi-invariant with Radon-Nikodym deriva-
tive e=P¢r. Tt follows from Theorem [6.3.21] that p is €*F-conformal.

Assume ¢ is extremal.

e Suppose p is not extremal, then p = tu; + (1 — t)po where pp, py are e’F-conformal

probability measures, 0 < ¢t < 1 and iy # po.

Then p; and py are quasi-invariant with Radon-Nikodym derivative e#°F. Since
pi, iz < 1, conditions (i) and (iii) of Theorem [5.3.10] are satisfied. Then (11, {0y }y)),
(p2, {py}y)) correspond to the KMS states ¢1, ¢o, respectively. Note that ¢; # ¢o.
Then

t¢1(f) (1_t¢2 _t/Zf (;Oscug dll’Ll 1_t/z.f 9090 Ug d:u2()

gege gege
= [ 3 forentug)dttm + (1 = D))
geGe
/Zf g)Px Ug )dp ()
geGE
— 8(f).

Then ¢ is not extremal. Contradiction.
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e Suppose u is extremal and non-atomic. Let I be the set aperiodic points in X. Then
u(I) = 1 by Lemma [6.2.9) Given y € I, GY = {y} by Lemma [6.2.10] Then every
element in C*(GY) in the form au,, where a € C. In addition ¢,(u,) = 1 because ¢ is

a state and u, is the unit of C*(GY). Therefore ¢, is a character.

e Assume p is extremal and atomic. Then there exists an orbit I with p(I) = 1. Suppose
there is x € I such that ¢, is not a character. Then, by Lemma there are states
<p§}), cpgf), t € (0,1) such that goggl) + P and ¢, = tgog(gl) +(1-— t)gpg(f).

Define the field of states {gpg,l)}y, {goy(f)}y by

Soéi) (ungn-1) ify € I, and h € Gy arbitrary,

for i = 1,2. Note that hgh™! does not depend on the choice of g. In fact, given
y € O(x), g € Gy, h €G,, there exists k,l € N such that g = (y, k,y) and h = (z,1,y).
Then hgh™ = (z,k, z).

It is clear that 905]') is a state for y ¢ I. We will show that gpg) is also a state when
y € I. Given h € G, let P : C*(GY) — C*(G7) be defined by P(u,) = upgp-1 for every
g € Gy. It follows from Lemma that P is an isometry. Moreover, by definition of

<p3(f), we have gpg) = @;’) oP. <p§]') is linear and bounded because

leg”ll < e IIPI = Nl

Since ¢\ = gpg) o P71 we can show analogously that ||90§f)|| < ||gog(f)|| Then ||90?(f)|| =

H%(CZ)H = 1. Moreover,

oy (uy) = 0 (unyn-1) = 0 (upn-1) = 91 (ue) = 1.

Note that u, is the unit of C*(GY). It follows from Theorem [5.1.2] that o) is a state.
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Since p is atomic, {%(f)}y defines a p-measurable field of states by Remark [5.2.5, For
i = 1,2, let ¢ be the state defined by (y, {gpg(f)}y). We will show that ¢ is a KMS
state. In order to prove this, we have show that properties (i)-(iii) in Theorem [5.3.10
hold.

We already know that p is quasi-invariant with Radon-Nikodym derivative e=#¢F so

property (i) holds.

We will prove property (ii). Let y € I, then there exists k € G;. Let h € G,. Then
r(k) € I and kh™! € G, For every g € G, we have
gOf‘i()h)(U/hgh—l> = <p§f) (’Z,Lkh—l(hgh—l)hk.—l), by definition of goii()h),

(@)

= 0y (Ugr—1)

- g0.7(]) (uy)7 by definition of Spg)

Then property (ii) holds.

For p-a.e. y € X, all g € GY, we have cr(g) = 0 by Remark [6.3.22l Then property (iii)
holds.

By definition of gog(f), oy(uy) = tgoél)(ug) +(1— t)<pg(,2) (ug) ify ¢ 1. It y € I, there exists
h € G,. Then,

py(ug) = @T(h)<uh9h*1>
= ‘Px(uhgh—l)
= t@g)(uhghfl) + (1= t)pl? (Ungh—1)

=t (ug) + (1 — ) (uy).

Hence ¢, = tol) + (1= 1)l and o\ # o for every y € I. By definition of {cpg(f)}y,

(1, {SDg(f)}y) defines a state ¢, i = 1,2. Note that ¢ # ¢,
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Then, for f € C.(G),

/Zf )y (ug)dpa(y)

gEgy

/ S £9) [t g) + (1 — e ()] dpa(y)

9€Gy
_t/;ggf 1_t/;ggf

=t (f) + (1= )P (f).

Then ¢ is not extremal. Contradiction. Therefore p is extremal and ¢, is a character

for p-a.e. y.

Conversely, suppose p is extremal and ¢, is a character for p-a.e. y. Suppose there exist
KMS states ¢V, ¢, t € (0,1) such that ¢ =t + (1 — )¢ and each ¢ corresponds to
the pair (u;, {(pl(f)}y). Since X is clopen G, we have for every f € C.(X),

o(f) = 160 () + (1 — ) (f
/f e /f Y (z 1—t/f s

Then p = tuy + (1 — t)ug. Since p is extremal, we have u; = ps = p. Then, for every
feC.G),

o(f) =tV (f) + (1 =)o (f)

—t/Zf 9)@8) (ug)dp(x 1—t/Zf 9)¢$ (ug)dpu(x)

geGE gegGe
/Zf [t (1) + (1 — )6 (u,)] dpa(x).
gege

Each ol + (1 — 1)t is a state on C*(G¥). Moreover, {tgog) +(1 —t)gp;(f)}x is a p-measurable
field of states. Then the pair (u, {tgpggl) +(1 —t)gog(f)}x) also defines ¢. It follows from Theorem
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that

0 =t + (1 =)@, for p-a.e. x

Since ¢, is a character u-a.e., it follows that ¢, = <p§¢1) = <p§c2) for pu-a.e. x. Then, by Theorem

5.2.9, ¢ = ¢ = ¢, Therefore ¢ is extremal. O

Lemma 6.4.5. Let y € X be aperiodic. There is a unique state ¢, on C*(G¥). In particular,

¢y is a character.

Proof. Since GY = {y}, it follows that C*(GY) is isomorphic to C. Hence there is a unique

state on C*(GY), which is a character. O

Lemma 6.4.6. Let y € X such that O(y) is periodic with period p. Let A € C such that
|Al = 1. Define the linear functional ¢, on C*(GY) by @ (u(ykpy) = A*. Then ¢} is a
character on C*(G¥). In fact, ¢} are the only characters defined on C*(GY).

Proof. Note that we can identify GY with Z by the isomorphism (y, kp,y) — k. Moreover,
C*(Z) is isomorphic to C(S"), the set of continuous functions on the complex unit circle. In

fact, for k € Z, let u;, : Z — C be defined by

1 ifl=k
ug(l) =
0 otherwise,

and let py, : S* — C be defined by pi.(2) = 2*.

There exists an isomorphism from C*(Z) to C(S') given by uy + pg. Since {py}rez
generates the commutative C*-algebra C(S'), it follows that all characters of C'(S') corre-
spond to elements on the unit circle S*. Hence, each character ¢ on C*(gg) corresponds to

a character A\ on C(S') such that

Uiy kpy)) = Pre(A) = A"
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]

Now we describe all extremal KMSg-states on C*(G). Recall that the dynamics on C*(G)

is given by 7(f)(g) = "r f(g).

Theorem 6.4.7. |26, Theorem 2.2] Let 5 € R\ {0}. Assume that the periodic points of o

are countable. The extremal KMSg-states for 7 are

1. States ¢,,, where m is an extremal and continuous (non-atomic) e’*-conformal Borel

probability measure on X;

2. The states ¢}, where A € C, |\| = 1 and z is periodic with minimum period p, such that

-1

=

F(o/(z))=0 and Z Z exp <—ﬁ Z_:F(aj(y))> < 00; (6.17)

n=1 yeY,

<
Il
=)

3. The states ¢,,, where z is aperiodic and S-summable.

Proof. Let ¢ be an extremal KMSg-state corresponding to the pair (p, {¢y,},). From Propo-
sition , v is an extremal e’"-conformal probability measure, and ¢, is a character for

[-a.e. y.
It follows from Theorem [6.3.21] that p is quasi-invariant with Radon-Nikodym derivative

e PeF . Since u is extremal, y is either atomic or non-atomic.

(i) Suppose g = m is non-atomic or pu = m, for z aperiodic.
If 4 = m,, then z is S-summable by Proposition [6.3.17]
Let ¢ be an extremal KMSg-state corresponding to the pair (m, {¢,},). Define I by

e the set of aperiodic points, i.e. points X whose orbits are aperiodic, if x is non-

atomic. From Lemma we have m(I) = 1.

o [ =0(z)if p=m,.
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Then p(I) = 1 and y € I is aperiodic for every y € I. Then by Lemma Py
defined by ¢, (u,) = 1 is the unique character defined on C*(GY).

Hence ¢ is defined by

/Zf )dp(y /fy,Oydu /fy,OydM()-

9€Gy
Then ¢ = ¢, if p=m and ¢ = ¢y, if p=m..

Suppose p = m, with x periodic with minimum period p.

From Proposition [6.3.10] conditions (6.17) must hold.

Let I = O(x). Let ¢ be an extremal KMSg-state with corresponding pair (m,, {¢y},)-
It follows from Proposition and Lemma that o, = ¢ for some \ € S*.

Let y € O(x), then there exists h = (v,l,y) € G for some | € Z. Let g € GY,
then g = (y, kp,y) for some k € Z by Lemma |6.2.10, Then applying property (iii) of

Theorem [5.3.10

0y (tg) = @riny (tngn—1)
= P2 (UaLy) (yhpa) (v, La))
= Qo (U(z kp))
= 5 (UG kpa))
= \F
= ‘P;(u(y,kny))

= @2(“9)-

Then ¢, = ¢ for every y € I. Then for f € Cc(G),

/Zf )y (ug)dm(y)
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/Zf )y (g )dm (y)

9eGy
/Z f Soy Ug dmx( )
gegy
= [ 10,900}y )dmal)
I kez
~ [ 3 Ny

Iyen

/X > fy kp,y)Nedme(y)

kEZ

= o3 (f).

Hence every extremal KMS state has the form ¢,,, ¢,,. or ¢..

Now we prove that ¢, ¢, ¢} satisfying the conditions of the theorem always define

extremal KMS states.

Note that, for an extremal e®"-conformal probability measure ;. on X, it follows from
Remark that for p-a.e. z € X, all g € G*, we have c¢x(g) = 0. Then in order to
prove that a state defined by (1, {¢,},) is KMSg, we only need to show that property
(ii) of Theorem holds.

* Om
Let m be an extremal and continuous e’"-conformal Borel probability measure

on X. Let {¢,},ex be a family of states ¢, on C*(GY).

Let I be the set of aperiodic points. m(X \ 1) = 0 by Lemma Let f € C.(G).
Given y € I, G/ = {y}. Then

> floye f(y,0,y).

gegy

Thus {¢,}, is a m-measurable field of states. Moreover, it follows from Lemma

that ¢, is a character for every y € 1.
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Now we show that (m, {¢,},) defines a KMS state. Let y € I, then its orbit is

aperiodic. Let h € G,. g =y is the unique element in gg. Then

0y (ug) = @, (u,) =1, and

©r(h) (Ungh-1) = @) (Unyn-1) = @rn) (Unn-1) = @y (Urany) = 1.

Then property (ii) of Theorem [5.3.10| and, therefore, ¢,, is a KMS state. Since m
is extremal and ¢, is extremal for m-a.e. y, it follows from Proposition that

O 18 extremal.

Prm,

This case is analogous to the proof for m continuous if we define I = O(z). Note
that m, is defined only if z is S-summable by Proposition [6.3.17]

¢/\

Let z € X be periodic with minimum period p such that (6.17) holds. Then

the extremal e’-conformal probability measure m, supported on O(x) exists by

Proposition [6.3.10, Let {¢, },ex be a family os states such that ¢, = @2 for every

y € O(x). Then {p,},ex defines a m,-measurable field of states. Moreover, ¢, is

a character for p-a.e. y by Lemma [6.4.6

Now we show that (m,, {¢,},) defines a KMS state, so we will show that property

(i) of Theorem [5.3.10{holds. Let h € G,. There is [ € Z, such that h = (r(h), [, x).
Let g € GF. Then there exists k € Z such that g = (x, kp, z). Hence,

901‘(“9) = Sox(u(x,kp,z)) = >‘k> and

2r(n) (Ungh—1) = Pr(h) (Ur(h) 1.2) @ kpi) e tr(1))) = Pr(n) (U () dpar(p))) = AT

Then (m,, {¢,},) defines a KMS state. Moreover, this state is extremal by Propo-
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sition Given f € C.(G), this state is defined by

/Zf )@z (ug)dm, = /Zf )i (ug)dm,

9€Gy 9€Gy

/Zf yakp7 gpx( ykpy)dmm

1 keZ

/IZ f(y, kp,y)\ dm,

kEZ

/Zf y, kp, y) N dmy,
X

ke
= ¢ (f).
Therefore the extremal KMS states on C*(G) are precisely ¢y, ¢, and ¢ ]

Corollary 6.4.8. Let 5 € R\ {0}. Assume F is positive on X. Then there exists a
correspondence between the extremal KMSg-states and the extremal and continuous e“F'-

conformal probability measures on X.

Proof. Let m be an extremal and continuous e’¥-conformal probability measure on X. Then

¢ is a KMSg-state on C*(G) by Theorem [6.4.7]

Conversely, suppose ¢ is an extremal KMSg-state. We will see that ¢ is not in cases 2

and 3 of theorem Theorem [6.4.77

2. Suppose ¢ = ¢ for some A € C with |\| = 1 and z € X periodic with minimum period
p > 0. Then

Contradiction, since F' assumes positive values.

3. Suppose ¢ = ¢,,,. for some z € X aperiodic.
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Define the sequence {y, }nen by ¥y, = 0™(2). Then

Flg) =~ Y Flo () = = Y Flu)

1
=0 J=0

Then, for each n, F(y,i1) < F(yn). Hence, e 37 Wn+1) > e=BFwn)  Gq,

oo
S e BF — o,
n=0

Then

Z e PFWY) — 5.

yeO(2)

Therefore z is not S-summable. Contradiction, since we assumed ¢ = ¢,,,._.

Therefore ¢ = ¢,, for an extremal and continuous e’F-conformal Borel probability measure

on X. OJ
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Chapter 7

Concluding Remarks

In this thesis we described KMS states on groupoid C*-algebras for locally compact Hausdorff
second countable étale groupoids using Neshveyev’s theorems. Then we studied a theorem
due to Thomsen which characterizes the extremal KMS states for the Renault-Deaconu
groupoid.

Neshveyev’s theorem proved to be a useful tool to find an explicit formula for all KMS
states. However, the proof of this theorem depends on the fact that the groupoid is étale.
When the groupoid is not étale, it is possible to define groupoid C*-algebras which are similar
to the C*-algebras studied in this thesis. For instance, [10] defines the crossed product of
a C*-algebra by a groupoid G where this groupoid is locally compact Hausdorff and is
endowed with a Haar system. This space is a closure of a space of continuous and compactly
supported functions f on X such that, for every x € X, f(z) is an element of a C*-algebra.
The operations in this space are analogous to the operations in a full C*-algebra. So, one

challenge is to extend Neshveyev’s theorem to non-étale groupoids.

Christensen [5] generalized the theorem of Neshveyev to describe KMS weights. This
result can be applied to describe KMS weights for different groupoids.
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