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Resumo

Erick Manuel Delgado Moya. Modelos matematicos para o estudo da aderéncia ao
tratamento da tuberculose levando em conta os efeitos do HIV/AIDS e diabetes.
Tese (Doutorado). Instituto de Matematica e Estatistica, Universidade de Sao Paulo, Sao
Paulo, 2021.

Neste trabalho, propomos um novo modelo matematico para o estudo da eficicia do tratamento da
tuberculose, tendo em conta as subpopulacdes vulneraveis, o HIV/AIDS e doentes diabéticos. O nosso
modelo estuda os diferentes tipos de resisténcia ao tratamento, multirresistente (MDR-TB) e extensivamente
resistente aos farmacos (XDR-TB). Utilizamos duas técnicas de modelagem, equacdes diferenciais ordinarias
(EDO) e derivadas de ordem fracional (EDF) no sentido de Caputo. As principais caracteristicas matematicas
e epidemiolédgicas do modelo sdo investigadas. Foi obtido o ntimero basico de reproducio (R,) nas diferentes
subpopulacdes (diabéticos, HIV/AIDS, e aqueles que néo sofrem destas doengas). Apresentamos resultados
que nos permitem saber como o numero basico de reproducéo é afetado quando variamos os pardmetros
de resisténcia e recuperacdo conjuntamente. Realizamos uma anélise de sensibilidade dos pardmetros
associados a tuberculose. Demonstramos a persisténcia da tuberculose numa subpopula¢do num caso
particular, mostrando a necessidade de aplicar uma estratégia de controle. Formulamos e estudamos um
problema de controle 6timo com o objetivo de reduzir a resisténcia ao tratamento da tuberculose. Os controles
se concentram na reinfeccdo/reactivagdo, MDR-TB e XDR-TB diferenciados em subpopulag¢des. Para formular
estes problemas, utilizamos os modelos ODE e FDE. A fim de estudar o nosso modelo, realizamos simula¢des
computacionais. Entre os resultados obtidos, temos que o maior nimero de casos de infectados foram os TB
sensiveis, e os casos de MDR-TB ultrapassam os casos de XDR-TB, exceto na subpopulacéo de diabéticos, que
tem um crescimento de casos de XDR-TB que ultrapassa os outros compartimentos de todas as subpopulagdes.
Mostramos a necessidade de prestar uma atencao diferenciada a estas subpopulacdes vulneraveis devido
ao comportamento de casos resistentes. Em relacéo ao estudo de controle, obtivemos que a estratégia mais
eficaz é quando ativamos todos os controles e come¢amos com um controle elevado. Com esta estratégia,
reduzimos significativamente o numero de casos resistentes e impedimos o crescimento de casos ao longo
do tempo. Este trabalho ajuda as politicas de saide sobre como agir nesta doenga e estas ideias podem ser

aplicadas a outras epidemias de transmisséo respiratoria.

Palavras-chave: Modelo. Tuberculose. HIV/AIDS. Diabetes. Controle 6timo. Derivadas fracionarias no

sentido de Caputo.






Abstract

Erick Manuel Delgado Moya. Mathematical models for the study of adherence to
tuberculosis treatment taking into account the effects of HIV/AIDS and diabetes.
Thesis (Doctorate). Institute of Mathematics and Statistics, University of Sdo Paulo, Sdo
Paulo, 2021.

In this work, we propose a new mathematical model for the study of the effectiveness of TB treatment
taking into account the vulnerable subpopulations, HIV/AIDS and diabetic patients. Our model studies the
different types of treatment resistance, multidrug-resistant (MDR-TB) and extensively drug-resistant (XDR-
TB). We use two modeling techniques, ordinary differential equations (ODE) and fractional-order derivatives
equations (FDE) in the Caputo sense. The main mathematical and epidemiological properties of the model
are investigated. The basic reproduction number (R,) in the different subpopulations (diabetics, HIV/AIDS,
and those who do not suffer from these diseases) was studied. We present results that allow us to know how
the basic reproductive number is affected when we vary the parameters of resistance and recovery together.
We performed a sensitivity analysis of the parameters associated with TB. We proved the persistence of
tuberculosis in a subpopulation showing the need to apply a control strategy. We formulated and studied an
optimal control problem with the objective of reducing resistance to tuberculosis treatment. The controls
are focused on reinfection/reactivation, MDR-TB and XDR-TB differentiated into subpopulations. We use
the models with ODE and FDE in the formulation of the control problems. In order to study our models, we
performed computational simulations. Among the results obtained, we have that drug-sensitive TB reported
a greater number of cases with respect to MDR-TB and XDR-TB cases, and MDR-TB cases surpass XDR-TB
cases, except in the diabetes subpopulation, which has a growth of XDR-TB cases that surpasses the other
compartments of resistant of all the subpopulations. We show the need to pay differentiated attention to
these vulnerable subpopulations due to the behavior of resistant cases. Regarding the control study, we
obtained that the most effective strategy is to activate all controls and start with a high control. With this
strategy we reduced the number of resistant cases significantly and prevented the growth of cases. This
work helps health policies on how to act in this disease and these ideas can be applied to other epidemics of

respiratory transmission.

Keywords: Model. Tuberculosis. HIV/AIDS. Diabetes. Optimal control. Fractional derivatives in the Caputo

sense.
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Chapter 1

Introduction

Background Information

Tuberculosis (TB) is one of the top 10 causes of death worldwide. TB is a chronic
bacterial infectious disease contemporary caused by Mycobacterium TB. The bacteria get
released in the air by a carrier with active TB through coughing, sneezing or talking. The
largest number of TB patients are asymptomatic, in this case, it is named as latent TB and
does not constitute a risk of transmission. An important feature of this disease is that all
the TB people aren’t equally infectious [43, 80].

TB treatments are mainly based on the use of antibiotics and we have two lines of
treatment. Among the drugs included in the first-line of treatment are rifampicin (RIF),
isoniazid (INH), pyrazinamide (PZA), ethambutol (EMB), and streptomycin (SM). The
amikacin (AMK), kanamycin (KAN), capreomycin (CAP), cycloserine (CS)/Terizidone (LEV),
ofloxacin (OFX), moxifloxacin (MOX), levofloxacin, Ethionamide (ETH)/ prothionamide
(PTH), p-aminosalicylic acid (PAS) are in the second-line of treatment [91].

Multidrug-resistant tuberculosis (MDR-TB) is caused by resistance to at least isoniazid
and rifampicin, the main drugs used to treat tuberculosis. The extensively drug-resistant
TB (XDR-TB) is a type of MDR-TB that is resistant to isoniazid and rifampicin, in addition
to any fluoroquinolose (ofloxacin, levoflaxin, moxifloxacim, and ciprofloxacin) and at least
one of three injectable second-line drug (amikacin, kanamycin, capreomycin) [1, 91, 53].

A total of 1.5 million people died of TB in 2020 including 214,000 people with HIV.
Tuberculosis is the 13th leading cause of death in the world. An estimated 10 million
people fell ill with TB worldwide in 2020. An estimated 66 million lives were saved
through TB diagnosis and treatment between 2000 and 2020. Only one in three people
with drug-resistant TB accessed treatment in 2020 [95]. Tuberculosis transmission and
multidrug-resistant tuberculosis have a strong impact on the population and are a current
problems for the countries health systems.

Reinfection or reactivation is linked to the immune status of the patient and takes into
account the behavior of the prevalence of the disease; in the case of HIV, the higher the
prevalence, the higher the incidence of TB. Several studies have now shown that multiple
genotypes can be detected by sampling both respiratory and extrapulmonary sites in
seropositive individuals, illustrating the presence of migration routes within and between
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organs. Reactivation of TB may occur if the patient’s immune system is weakened and
cannot contain the latent bacteria. The bacteria then become active; they overload the
immune system and cause the person to become ill with tuberculosis [75].

The impact that HIV has on the pathogenesis of TB is evident. HIV infection has an
important role in increasing the likelihood of developing TB disease infection and increases
the risk of reactivation of TB (post-primary TB). The risk of transitioning from latent to
active TB is estimated to be 12 to 20 times higher in people living with HIV. The risk of
death in TB-HIV/AIDS co-infected persons is twice that of HIV-infected persons without
TB. The lifetime risk of progression from latent to active tuberculosis in HIV-positive
individuals is estimated at 5-10% [109].

Diabetes represents an important risk factor for respiratory diseases. It increases the
TB risk from 1.5 to 7.8 times and the TB risk relative among patients with diabetes is 3.11
(87, 9, 63, 80]. The tuberculosis treatment regimen for diabetics is the same as for the
general population, but diabetes can affect the efficacy of first-line TB drugs, particularly
the use of rifampicin [87, 24, 80]. TB can develop impaired glucose intolerance (IGT) in
patients. After successful completion of TB treatment, IGT normalizes, but it remains an
important risk factor for the future development of diabetes [17, 21, 80].

The metabolic factors related to HIV, and antiretroviral therapy, may increase the
incidence of diabetes over time. Anti-HIV drugs can contribute to the risk of diabetes. These
include the older reverse transcriptase inhibitors (zidovudine, stavudine and didanosine)
and protease inhibitors (indinavir, and lopinavir). The possibility that weight gain may
increase the risk of developing diabetes is being studied. Some current treatments, such as
integrase inhibitors (dolutegravir and bictegravir, raltegravir, and elvitegravir), have been
associated with weight gain, although the reasons remain unclear [32].

1.0.1 Objectives

The aim of this work topresent a new mathematical model to study the resistance to
TB treatment taking into account the influence of HIV/AIDS and diabetes and to present
and solve the optimal control problem to reduce resistance to TB treatment. The specific
objectives are:

« To present the mathematical model of TB treatment resistance with HIV/AIDS and
diabetes.

+ To use different modeling techniques, in particular ordinary differential equations
and fractional differential equations.

« To study the basic reproduction number and the influence of parameters associated
with resistance and recovery on it.

« To study the stability of the infection-free equilibrium points, the relationship with
the basic reproduction number, and the existence of endemic equilibrium points.

« To present, study and solve the optimal control problem of treatment resistance and
reinfection/reactivation of tuberculosis.

« To perform computational simulations to validate the model with the different
techniques and optimal control problems.
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1.0.2 Thesis Organization and Innovative Results

In the following section, we presented the theoretical results used in the work.

In the second chapter, we presented a state of art on the modeling of epidemics mainly
tuberculosis and its relationships with HIV/AIDS and diabetes. A new mathematical
model with ordinary differential equations focused on the resistance to the treatment of
tuberculosis that relates tuberculosis, HIV/AIDS and diabetes and taking into account
two types of resistance is presented. We found the basic reproduction number of the
general model and by subpopulations. We studied the influence of resistance and recovery
parameters on the basic reproduction numbers and obtained theoretical results that allow
us to characterize different scenarios. We characterized the infection-free equilibrium
points and their local and global stability related to the basic reproduction numbers. We
investigated the sensitivity index of the parameters on the basic reproduction number
and performed computational simulations to verify the theoretical results and studied
the resistance compartments. The model and the main results were published and are as
reference [80].

From the third to the fifth chapter, at the beginning a state of art was performed to
introduce the different modeling techniques and the applications to tuberculosis mainly.

In the third chapter, we incorporated controls on resistance and reinfection/reactivation.
As the controlled system is the model presented in the second chapter, it allows us to apply
differentiated control to the different subpopulations and to take into account the different
costs of control implementation. This is an important factor because reinfection/reactiva-
tion behavior, treatment resistance, and costs are not the same in different subpopulations.
We performed computational simulations with different control strategies and studied two
possibilities to start the control process.

In the fourth chapter, taking advantage of the use of fractional-order derivatives, we
studied the model using fractional derivatives in the Caputo sense. We studied the basic
properties of the model and the basic reproduction number using fractional-order derivative
theory. We performed computational simulations for different fractional-orders, in order
to validate the model and study the influence of the use of fractional-order derivatives in
the Caputo sense. This work was published and is found as reference [54].

In the fifth chapter, we used the model of the fourth chapter to incorporate the controls
and studied the optimal control problem. We presented a theoretical study of the control
problem using the optimal control theory with fractional-order derivatives and performed
computational simulations for different fractional-orders.

In the sixth chapter, we presented the final conclusions of the thesis.

1.1 Theorical Background

1.1.1 Basic Reproduction Number (R,)

The basic reproduction number, R, is among the most important quantities in infectious
disease epidemiology. It plays a fundamental role in the study of mathematical models
of emerging infectious diseases in outbreak situations and provides information for the
design of control strategies. In a population composed only of susceptible individuals, the
average number of infections caused by an infected individual is defined as R,.
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The R, is mathematically characterized considering the transmission of the infection as
a demographic process, in which the production of offspring is considered as causing a new
infection through transmission. Thus, in consecutive generations of infected individuals,
we can consider the infection process. Consecutive generations increasing in size indicate
a growing population, and the growth factor per generation indicates the growth potential.
This growth factor is the mathematical characterization of R,. Then, we have that, if
0 < R, < 1 the infection will die out in the long run and if Ry, > 1 the infection will be able
to spread in a population [45]. The higher the R, the more difficult it will be to control
the epidemic. The R, can be affected by several factors, such as the duration of infectivity
of the affected patients, the infectivity of the organism and the degree of contact between
the susceptible and infected populations. To find the R, in systems modeling epidemic
behavior defined with ODE, we start with the equations that describe the production of new
infections and the changes of state among infected individuals, which is called the infected
subsystem. We first linearize the infected subsystem over the infection-free steady state.
Linearization shows that R, characterizes the initial spread potential of an infected in a
fully susceptible population and we assume that the change in the susceptible population is
negligible during the first virus outbreak. In the next subsections, we show the relationship
between R, and the local and global asymptotic stability at the infection-free equilibrium
point [45].

The relationship between R, and local stability in disease-free point

The basic reproduction number depends on how we define the infected and uninfected
compartments, and not only on the structure of the model. We define the number of
individuals in the compartments as x = (xy, ..., X,), where x; > 0,i = 1,...,n. Then, we order
the compartments such that the first m (m < n) compartments correspond to infected
individuals. Let X; be the set of all disease-free states, that is

X, ={x>0] x=0,i=1,..,m}

Ti(x) is the rate of new infections in compartment i, ¥/ (x) the rate of transfer of
individuals into compartment i by other means, and X;(x) the rate of transfer out of
compartment i. We assume that all functions are continuously differentiable at least twice
in each variable. The disease transmission model is defined as:

x5 =Ti(x) - 3(x) = filx), i=1,.,n, (1.1)

with non-negative initial conditions, where X; = £~ — X! and the following assumptions
are satisfied:

(P1) If x > 0, then T;,%7,% > 0 for i = 1,..,m (each function represents a directed

transfer of individuals, and are non-negative).

(P2) if x; = 0 then X7 (x) = 0 (if a compartment is empty, there is no transfer of individuals
out of the compartment by any means).

(P3) T; = 0if i > m, (the incidence of infection for uninfected compartments is null).

(P4) If x € X, then T((x) = 0 and 2/ (x) = 0 for i = 1,..,m (there is no inmigration of
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infectives, density independent).

(P5) Consider a population near the disease-free equilibrium point x,. If, we introduce
some infected individuals it does not lead to an epidemic, i.e. the population remains
close to xp, then according to the linearized system the population will return to x.

% = Df(e)(x — ), (1.2)

af:
where D f(x,) is the Jacobian matrix, [a—ﬁ]( ) evaluated at the x,. We have that
Xj i,j
some derivatives are one-sided, since x; is on the boundary of the domain. We focus
our study to systems in which x, is stable in the absence of a new infection. That is,

If T(x) is set to zero, then all eigenvalues of D f(x,) have negative real parts.
The following lemma shows us a way to partition D f(x,) by the above conditions.

Lemma 1.1.1. Ifx, is the equilibrium disease-free point of system (1.1) and f.(x) satisfies
(P1)-(P5), then the derivatives DT (x,) and D3(x,) can be decomposed as

DT(x) = Eg}
Dz(xo):[z })]

oT, o3
where T and Y. are the m x m matrices defined by T = [a—(xo) , X = a—(xo) with 1 <,
X; X;

j < m. Further, T is non-negative, ¥. is a non-singular M-matrix' and all eigenvalues of ],
have positive real part.

The (j, k) entry of X! is the average length of time this individual spends in compart-
ment j during his lifetime, we assumed that the population remains close to disease-free
equilibrium and without reinfection. The (i, j) entry of T is the rate where individuals
in j produce new infections in i. Then, the input (i,k) in TX ™! is the expected number
of new infections in compartment i produced by the infected individual introduced in
compartment k. We define TX ™! as the next-generation matrix for the model and

9:{0 = p(TZ_l)s

where p(—TX™!) denotes the spectral radius of a matrix TX .
The following lemmas are part of the proof of the Theorem (1.1.4). For more details of
Lemmas (1.1.2)-(1.1.3) and Theorem (1.1.4) and its proofs, the readers could consult to [51].

Lemma 1.1.2. Let H be a non-singular M-matrix and suppose B and BH™' have the Z sign
pattern®. Then B is a non-singular M-matrix if and only if BH™! is a non-singular M—matrix.

'If B is non-negative matrix, and r > p(B) where p(B) is the spectral ratio of B, then A = rl,, — B is
non-singular M- matrix where I, is the identity matrix. If r = p(B), then A is a singular M-matrix [51].

% A matrix B = [b;;] has the Z sign pattern if b;; < 0 for all i # j.



1 | INTRODUCTION

Lemma 1.1.3. Let H be a non-singular M—matrix and suppose K > 0. Then,

i. (H — K) is non-singular M—matrix if and only if (H — K)H™' is a non-singular
M—matrix.

ii. (H —K) is singular M—matrix if and only if (H — K)H™! is a singular M—matrix.

If all the eigenvalues of matrix D f(x,) have negative real parts then x; is locally
asymptotically stable and unstable if any eigenvalue of D f(x,) has positive real part. Using
the Lemma (1.1.1), we can decompose the eigenvalues into two sets, the T — X eigenvalues
and those of —J; which all have negative real part. Therefore, the stability of the infection-
free point depends on the T —X eigenvalues. The following theorem shows the relationship
between the R, and the local stability in x;.

Theorem 1.1.4. Consider the disease transmission model given by (1.1) and f(x) satisfies
(P1)-(P5). If x, is the equilibrium disease-free point of the model, then x, is locally asymptoti-
cally stable (La.s) if Ry < 1, but unstable if R, > 1 with Ry = p(TX™").

Proof. The (P1)-(P5) conditions are used in the Lemmas (1.1.2) and (1.1.3) that are applied
in the proof.

Let J; = T — Z. As X is non-singular M-matrix and T is non-negative, —J; = ¥ — T, has
the Z sign pattern. Thus,

s(J1) < 0 & —J; is a non-singular matrix,

where s(J;) denotes the maximum real part of all the eigenvalues of the matrix J;. Since
TX ' is non-negative, —J;% ™' = I — TX ™" also has the Z sign pattern. For the application
of Lemma (1.1.2) with H = ¥ and B = —J; = X — T, we have

—J; is a non-singular M-matrix <= I — TX" is a non-singular M-matrix.

Finally, since TX™! is non-negative, all eigenvalues of TX ™! have magnitude less than
or equal to p(TX™!). Then,

I — TX ! is a non-singular M-matrix, <= p(TX™") < 1.

Hence,
S(Jl) <0 < mo <1

Analogously, we have that
s(J;1) = 0 &< —J, is a singular M-matrix,

< [ — TX' is a singular M-matrix, for Lemma (1.1.3) with H = X and K = T
= p(Tx™) =1.

The rest of the equivalences are obtained as in the non-singular case. Therefore,
s(J;) = 0 if and only if R, = 1. Then, we have that s(J;) > 0 if and only if R, > 1. O
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Global Stability for the Disease-Free Equilibrium

In this subsection, we list two conditions that if met, also guarantee the global asymp-
totic stability of the disease-free point. First, we write the system as:

dx
E = F(x, I),
Z—i = G(x,1), G(x,0) =0, (1.3)

where x € R"™™ denotes the number of uninfected individuals (components) and I € R™
denotes the number of infected individuals including latent, infectious, etc (components).
Xy = (x*,0) denotes the disease-free equilibrium point. The conditions (H;) and (H,) below
must be satisfied to guarantee local asymptotic stability.

d
« (H,): For d_)tc = F(x,0), x" is globally asymptotically stable (g.a.s) in Q,

o (Hy): G(x,I) = Al — G*(x,I), G*(x,I) > 0 for (x,I) € Q,

where A = D;G(x*,0) is an M-matrix (Jacobian of G with the off-diagonal elements
nonnegative) and Q is the invariant biologically feasible region of the system.

If the system (1.3) satisfies the above two conditions, then we have the following
theorem:

Theorem 1.1.5. The fixed point X, = (x*,0) is a globally asymptotic stable (g.a.s) equilibrium
point of the system provided that Ry < 1 (La.s) and that assumptions (H,) and (H,) are
satisfied.

This theorem, its proof and examples of its application can be found in [38].

Proof. Let I, = I(0), we have that I(t) > 0 if I, > 0 and that e? is a positive semigroup
(since A is an M- matrix). Hence, using the variation-of-constants formula, we have

t
0 < I(t) = e, — / AIG (e(s). I(5))ds < e, (1.4)
0

Since A is an M-matrix, A has a dominant eigenvalues m(A) with m(A) < 0 for R, < 1.
Thus,

lim|e¥]|=0 = limI(t)=0. (1.5)
t—o00 t—o0
. —_ x . dx
Note that x* is a g.a.s equilibrium of e F(x,0), a limiting system of i
F(x (@), 1(1)).
Thus,
lim x(t) = x™. (1.6)

t—o0

]



1 | INTRODUCTION

1.1.2 Fractional-Order Derivative

In this subsection, we present definitions and results that show the advantages of using
fractional-order derivatives in epidemiological models. The main bibliographic reference
used to present the results is [29].

Definition 1.1.1. (Fractional integral of Riemann-Liouville, [116, 29] ) Let @ € R*, b > 0
and f € LP([0,b] —» R™), with 1 < p < oo. The fractional integral of Riemann-Liouville, for
t € [0,b], of order a, is given by

I £ () = ﬁ / (= 5 f(s)ds,

where I'(+) is the Gamma function and when a € N, we have I'(«) = «a!
We define AC"[0, b] as the set of functions with order derivative n—1 absolutely continuous

in [0,b] [47).

Definition 1.1.2. (Fractional derivative of Riemann-Liouville, [116, 29]) Let @ € R*, b > 0,
f € AC"[0,b], and n = [a] (part entire of a). The fractional derivative of Riemann-Liouville
of order a, is given by

DI /() = DI f () = & (ﬁ [ - s)”““f(s)ds) (1.7

Definition 1.1.3. (Fractional derivative in the Caputo sense, [116, 29]) Leta € R*, b > 0
and f € AC"[0,b]. Fort € [0,b], the fractional derivative in the Caputo sense of order « is
given by
Dy f(8) = Di(f(8) = £(0)). (1.8)
For a € (0,1), we have that ‘
‘D f(£) =L, (), (1.9)
where f(t) represent of the first derivative of f.

Other definition of the fractional derivative in the Caputo sense is:

Definition 1.1.4. (See [99, 54]) Fora > 0, withn —1 < a < n,n € N, the fractional
derivative in the sense of Caputo is defined as

cmM\a _ daf(t) . 1 ! n—a—1 rn
DY f(t) = i T Tr—w) A (t—ys) f"(s)ds.

Now, we present definitions and statistical results that we will use.

Definition 1.1.5. (Beta distribution (Beta(-,-)), [99, 29]) A random variable’, X, follows the

3 A random variable is a variable whose value is unknown or a function that assigns values to each of an
experiment’s outcomes [52].
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Beta distribution if its probability density function is given by

£ = fexipog) = ﬁxﬁu R ) (1.10)

where p,q > 0, Lo 1) is the indicator function of interval (0, 1) and B(:) is the beta function.

Remark 1.1.6. When p = q = 1, the Beta distribution becomes the uniform distribution
over the range (0, 1).

Definition 1.1.6. (See [99, 29]) Let X be a continuous random variable with the probability
density function fx(-). The expectation or expected value of X is given by

E[X] = /mxfx(x)dx. (1.11)

Proposition 1.1.7. (See [99, 29]) Let g : R — R and X be a continuous random variable

with the probability density function fx(-). The expectation or expected value of g(X) is given
by

(o8]

Blg00) = | gt (112)

Let’s mention important properties of fractional derivatives in the Caputo sense.

Lemma 1.1.8. Letn—1 < a <n,n € N,a € R* and f(t) be such that ‘D} f(t) exists. Then,
° lima—m CID? f(t) = f(n)(t):
o limg,y DY f() = fO70() — F9(0),

where f™ and " are the classical integer derivatives of f of order n and n — 1 respec-
tively.

Lemma 1.1.9. (Linearly) Letn — 1 < a < n,n € N, A € C and the function f(t) and g(t)
be such that both ‘Df f(t) and D} g(t) exist. The Caputo fractional derivative is a linear
operator, i.e:

DEAF() + g(1)) = ADf f(1) + “Df g(t).

Lemma 1.1.10. (Non-commutative) Letn — 1 < @ < n andn,m € N and f(t) be such that
‘Dy f(t) exists. Then,

Dy D" f(1) = ‘D™ f() # D"(°Dy f(1)).

Memory Effect

The fractional calculus is a great tool that can be employed to describe real-life phe-
nomena with so-called memory effect. One way to introduce the memory effect into a
mathematical model is to change the order of the derivative so that it is non-integer [47,
29].

Let f be a real function defined in [0,¢], t;,t, € [0,t] are such that 0 < #; < t,, and
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F =*f)(t;) — @*f)(t), for @ € R*. If @ # 1 it can be seen that the value of F depends on
the entire range of f over [0,#,], whereas F depends only on the range of f over [t;,1,].
Now, if ¢ = 1 [29]:

F =" f)E) — @° f)(1r)

! ) a-l " a—1
= m[ /0 (tz = 5)* f(s)ds — /0 (t — ) f(s)ds]
) ﬁ[/t (=9 s + /0 1 =9 = @6 — 9] f(s)ds].

Note that if @« = 1, the second integral is eliminated and we obtain:

= / " fs)is.

Now, we study the memory effect in derivatives and integrals of fractional-order based
on the expected values of a random variable. The following proposition characterizes three
fractional operators that depend on expected values of a random variable (E[X]).

Proposition 1.1.11. Leta € R* and f € AC[0,b]. Under these conditions, we have

I7 f(t) = ( )E[f(tU)] (1.13)
Dy f() == (l_aa)E[ fEw)]+ - (;j SELFaL if 0<a<t (1.14)
D F(t) = (tl_“ G EfL i 0<a<t (1.15)

where U,V and W are random variables with U ~ Beta(1,a), V ~ Beta(2,1 — «) and
W ~ Beta(1,1 — ).

The previous proposition is presented and proved in [29]. Let’s present the proof of
(1.15).

Proof. For a € (0, 1), we have that

‘Df f() =1, _“f ()

r<1 = / (t — ) f(s)ds

I‘(l—a) <1——> f(s)ds

- m - /0 (1 — ) f(tu)du

tl—a 1 1 (1-a)-1
= B(l, 1— 0() %

f(tu)du
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B tl—a 1 (1 _ W)(l—a)—l
T (1-l(1-a) ), B(,1-a)

tl—a .
= s Eew]

Fltw)dw

where W ~ Beta(1,1 — «). Thus, we obtain (1.15). O]

Remark 1.1.12. We can rewrite Caputo’s derivative as follows [29]:

t—a 1-a

D; fO) = pry =gy ELAEW) = FO1+ a)E[f'(tV)]. (1.16)

The Hysteresis Phenomenon

When the current state of a system is influenced by its historical past, that system is said
to be influenced by the phenomenon of hysteresis. This is a typical kernel used to define
integral and fractional differential operators, such as the Caputo derivative. Fractional
operators can be interpreted from the statistical approach, through the mathematical
expectation, where the past history of the system follows a Beta distribution. As the «
parameter is between 0 and 1, recent times are more influential than past times in this
distribution [19, 29].

We can use fractional operator (1.13)-(1.15) to interpret the hysteresis effect. More
precisely, the rate of variation of the Caputo derivative is given explicitly by the weighted
average of all past derivatives as we can see in Formula (1.13). The other operators have
similar explanations [29].

As U has distribution B(1, «¢), the random variable S = tU has the values in the interval

t
(0.0). Thus, from (1.13), I f(1) coincides with - il)E[ £(S)], 0 < s < t. The I“£(£) is
(04

affected by all previous values in ¢ because the expected value E[ f(S)] is affected as well.
Given that E[ f(S)] is in (1.14) and (1.15), we may deduce that DY f(¢) and ‘D{ f(t) also have
memory effect. With the formulas (1.13)-(1.15), we arrive at the following interpretations
[29]:

« The fractional integral I? f(¢) is proportional to the weighted average of f(s), conside-
ring all prior values s of t, distributed by a Beta distribution;

« DY f(t) is the sum of two amounts proportional to the weighted average of f(s);

. ‘D" f(t) is proportional to the weighted average of the classic derivative f(s), con-
sidering all prior values s < t, distributed by a Beta distribution;

« if a = 1, then U ~ B(1, 1), U has uniform distribution such that I = tE[ f(tU)] =
J) $(s)ds. Therefore, Df (0 = ST (1) = & ) = (0 and “DLf0) ~ f0)] =
%]I? [f®)—f0)] = %[ f(t)— £(0)] = f(t). Consequently, when & = 1 the fractional

and integer calculus coincide.

The authors of [29] show the influence of Beta distribution on fractional operators, in
particular on the Riemann-Liouville and Caputo fractional operators.

11
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Numerical Method

The algorithm used in this work to numerically solve nonlinear differential equations
of fractional-order can be found in [48, 49, 50]. The algorithm has the structure of a PECE
(Predict-Evaluate-Correct-Evaluate) method and combines a fractional-order algorithm
with a classical method. The approach chosen is Adams-Bashforth-Moulton for both
integrators. The key to deriving the method in the fractional variant is to use the trape-
zoidal quadrature product formula. This algorithm is independent of the a—parameter and
behaves very similar to the classical Adams-Bashforth-Moulton method. The stability prop-
erties do not change in the fractional version compared to the classical algorithm.

Optimal Control Problem with FDE

The following definitions are used to formulate and study the fractional-order optimal
control problem (FOCP).

We assume that « € R*, b > 0, f € AC"[a,b], and n = [a]. We define the left-sided and
right-sided fractional integral Riemann-Louville for f : R* — R, a > 0 are:

N 1 L f(s)ds

ESO = s | G e (1.17)
w17 f(s)ds .
AE f(@) = F(a)/t G (Right) (1.18)

Note: Let’s define I7 f(t) = oI f(¢).
The left-sided and right-sided Riemann-Liouville fractional derivatives are define as
[33, 66]:

Daf()‘iil(

—s) S (s)ds> , (Left) (1.19)

DY £(t) = (r((n 1)") / (s — 1f(s)ds> (Right) (1.20)

Note: Let’s denote Df‘f(t) = (DY ().
The left-sided and right-sided fractional derivatives proposed by Caputo are given by
[33, 66]:

D f(t) = I( 1_ ) / (@t —s)"f(s)ds, (Left) (1.21)
_1\n b
Dy f(t) = F(( 1)0{) [ (s =) " f"(s)ds. (Right) (1.22)

Note: Let’s define ‘Dy f(t) = (Df f().
The Riemann-Liouville and Caputo derivatives are related by the following formulas
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[66]:
¢ o ea S AO) i
DY f() = JDf f() + % m(t —a), (1.23)
n—1 (k)
DO = DO+ Y, 1t (120

k=0

Now, we will present a general formulation of the fractional-order optimal control
problem (FOCP) and obtain the necessary conditions for the optimality of the FOCP.
Finding the optimal control u(¢) that minimizes the functional J is defined as:

J() = /Obf(t, x, u)dt, (1.25)
subject to the model with control
‘Df x(t) = g(t,x,u), (1.26)
with initial condition
x(0) = xy, (1.27)

where x(t) and u(t) are the state and control variables, f and g are differential functions
and0 < a < 1.

Theorem 1.1.13. If f(x,u) is a minimizer of (1.25) satisfying the constraint (1.26) and
the boundary condition (1.27), then there exists a function A € C'[0,b] such that the triplet
(x,u, A) satisfies:

1. the state and co-state systems

‘Df x(t) = %(t, x(t), u(t), A(t)), (1.28)
D A) = 2, x(0), u(), A0, (12

2. the stationary condition
%(t, x(t), u(t), A(t)) = 0, (1.30)

3. and the transversality condition
Ay Al,_, = A(b) =0, (1.31)
where the Hamiltonian H is defined by

H(t,x,u,A) = f(t,x,u) + A- g(t, x,u). (1.32)

The theorem and its proof are in [66].

13
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Lemma 1.1.14 (See [66]). The following equations are equivalent:
oH
Dy AD) = = (8, x(2), u(®), A®)), (1.33)
oH
‘DiAb—t) = a—(b —t,x(b—1t),ub—1),A(b —1)), (1.34)
x

where a € (0, 1].

The proof of Lemma (1.1.14) is found in [66] and we can find applications of this lemma
in [66, 14].



Chapter 2

A Mathematical Model for the
Study of Effectiveness in Therapy
in Tuberculosis

2.1 Introduction

In recent years, the use of mathematical models with different techniques to predict
the behavior of epidemics has been increasing [18, 93, 94]. For example, Farman et al. [18]
used evolutionary computational techniques and the Padé approach to study a nonlinear
model of Hepatitis B. A. Omame et al. [93] introduced and analyzed a model of human
papillomavirus (HPV) and Chlamydia trachomatis co-infection, and studied different con-
trol strategies to eliminate HPV and Chlamydia trachomatis co-infection. Omame and
Okuonghae [94] proposed a co-infection model for oncogenic HPV and tuberculosis with
an optimal control analysis and proved that the combination of HPV prevention and
tuberculosis treatment has a positive impact on the reduction of oncogenic HPV and
co-infection [80].

In recent decades, the number of mathematical papers on the impact of tuberculosis
on society has been growing [25, 58, 90, 91, 92, 123, 118, 77, 76, 16, 88, 12]. For example,
Okuonghae and Ikhimwin [91] developed a mathematical model for the tuberculosis
transmission dynamics classifying latently infected individuals by their level of knowledge
of tuberculosis. Zhang and Feng [123] performed a global analysis of a dynamic model
for the propagation of tuberculosis with isolation and incomplete treatment. Nkamba et
al. [16] formulated a mathematical model to study the impact of vaccination on tuber-
culosis transmission and proved that vaccination is not sufficient to control tuberculosis
in the population. Trauer et al. [118] introduced a mathematical model to simulate the
transmission of tuberculosis in the highly endemic regions of Asia-Pacific. Egonmwan and
Okuonghae [88] proposed a mathematical model that investigates the impact of diagnosis
and treatment on latent and active cases of TB transmission in a population. Guzzetta et
al. [12] proposed a computational model that takes into account the age structure and
individual sociodemographic basis (IBM) for the dynamics of tuberculosis infection in an
epidemic situation [80].

15
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Tuberculosis is the most frequent opportunistic infection and the leading cause of
death among persons living with HIV/AIDS, and studies on TB-HIV/AIDS co-infection
have been increasing in recent decades. For example, Long et al. [74] introduced two
variants of a co-epidemic model (TB-HIV/AIDS) and showed the effects of each epidemic
on transmission. Azeez et al. [3] developed a mathematical model for the TB-HIV/AIDS
co-infection to predict the propagation of these diseases in different scenarios. Bhunu et al.
[30] proposed a mathematical model of HIV/AIDS and tuberculosis co-infection that takes
into account antiretroviral therapy and treatment of different forms of tuberculosis, and
showed that antiretroviral therapy has a strong influence on the reduction of tuberculosis
cases. Naresh et al. [83] proposed a nonlinear mathematical model to study the impact of
tuberculosis on the propagation of HIV infection. Gakkhar and Chavda [84] introduced a
mathematical model for TB-HIV/AIDS co-infection and showed that an increase in the rate
of progression from latent to active TB in coinfected people can increase the prevalence of
TB. Kumar et al. [68] formulated a mathematical model for the dynamics of TB-HIV/AIDS
co-infection taking into account the HIV treatment in active tuberculosis and co-infection
cases. Tanvi et al. [114] explored a model of HIV/AIDS and TB co-infection with detection
and treatment of both diseases, designed an optimal control problem, and showed the
importance of rapid detection of cases of both diseases and treatment to reduce co-infection
[80].

The study of the relationship between diabetes and tuberculosis has intensified in recent
years. For example, Coll et al. [42] introduced and studied a prevalence model for diabetes.
Ferjouchia et al. [13] presented a mathematical model describing the whole blood glucose-
insulin system and the objective is to propose a therapeutic scheme for diabetes patients.
Moualeu et al. [78] proposed a deterministic model to determine the impact of diabetes
on tuberculosis transmission and demonstrated the importance of chemoprophylaxis for
individuals with latent tuberculosis and treatment of diabetics with active tuberculosis.
Girard et al. [10] presented a study on the impact of migration on tuberculosis transmission
in the growing diabetes pandemic and showed that improved access to health care for
diabetic patients could decrease the impact of diabetes on tuberculosis among migrants
[80].

The aim of this chapter is to propose a new mathematical model to study resistance to
tuberculosis treatment considering the impact of HIV/AIDS and diabetes. We studied the
mathematical and epidemiological properties of the model. The local and global stability
conditions of the disease-free equilibrium points are deduced. Some simulations are pre-
sented to illustrate the behavior of the model. The innovative aspect of our work is that it
simultaneously models tuberculosis, HIV/AIDS, and diabetes, focusing on the efficacy of
tuberculosis treatment.

2.2 Model Formulation

The model has 18 compartments and the population is stratified into those who do not
suffer from HIV/AIDS neither diabetes (index T), those HIV/AIDS positive (index H), and
diabetic individuals (index D). We defined three subpopulations, TB-Only, TB-HIV/AIDS,
and TB-Diabetes. The compartments of the model are TB uninfected (S;, Sy and Sp),
latent individuals (Er, Ey and Ep), drug-sensitive TB individuals (Ir,, Iy, and Ip,), MDR-TB
individuals (Ir,, Iy, and Ip,), XDR-TB individuals (Ir,, Iy, and Ip,) and TB recovered (Rr, Ry
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and Rp). We have excluded cases starting with both diseases (HIV/AIDS and diabetes) [80].
The equations of uninfected individuals are:

ds

d_tT :MT—([J+6¥H+0{D+/1)ST,

dSy

ar = My + au(Sr + Sp) — (aup + p + pu + wuA)SH,

dSp

? = MD + aHDSH + (xDST - (aH + ll + a)D/l + ,uD)SD- (21)

The Mr, My and Mp, are recruitment rates for the different subpopulations. We assume
that the application of antiretroviral therapy begins from the detection of an HIV+ individ-
ual and we define the rate of acquiring diabetes by use of antiretroviral treatment as ayp
and it is assumed equal if is acquired for another cause. The rate of an individual acquiring
HIV is ay. The rate of developing diabetes is ap [80]. By definition ayp # ap.

The TB-infection rate is defined as

*ITI + ITz + IT3 + GH(IH1 + IH2 + IH3) + ED(ID1 + ID2 + ID3)

A=a ,
N

where * is the effective contact rate and N is the total population (N = Sp + Sy +Sp+ Er +
Ey + Ep + I, + Ity + Iy, + Iy, + Ip, + Ip, + I, + Iy, + Ip, + Ry + Ry + Rp). The parameters ¢,
j = H, D are modifications parameters, associated with TB infectivity in HIV-positive and
diabetic patients. The natural death rate u is the same from any compartment. Diabetics
not infected with tuberculosis , Sp, and HIV positive patients not infected with tuberculosis
Sy, are infected with TB at a rate wgyA, wpA, where wy, wp > 1, and are associated with
TB transmissibility of HIV-positive and diabetic patient respectively. The py is the death
rate by HIV/AIDS and pp, is the death rate by diabetes [80].
The dynamics of the latent individuals, are given by:

dE /

= MSr+ BiRr) — (an + ap + -+ n)Er,

dEH / *

ar waA(Su + B, Ru) + au(Er + Ep) — (égn + p + pm + aup)En,

dE / x

d_tD = wpA(Sp + B1Rp) + aupEwn + apEr — (an + €pn + p + pip)Ep. 2.2)

The latent state will be entered by those who come into contact with TB and those
who recover (partial immunity). We define e}f, j = H, D as the parameters modification
associated with resistance to tuberculosis treatment in HIV/AIDS and diabetics. We assume
that TB-recovered R;, i = T, D, H acquire partial immunity so that from the recovered
compartment enter the latent compartment with a parameter associated with reinfec-
tion/reactivation TB, 8, with f; < 1 [80].
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The drug-sensitive TB and MDR-TB, are represented by the following equations:

dgl = (1= BInEr — (Ir + tyay + tpap + p + dr + i),

d;? = (1= pr)f™nEr + Irly, — (tnay + tpap + my + 1 + t;dT + ma)l,,

% = tyop(Iy, + Ip,) + (1 — B7)eynEn — (Iy + p + pu + dry + ig + tupep)lu,,

dcll}zj‘l2 =ty (I, + Ip,) + (1 = pr)f €pnEn + luly, — (mp + pr+ pr + t;-[dTH + 115 + tupup)IH,,
dé% = tpaply, + typauply, + (1 — f)epnEp — (Ip + tgay + g+ drp + 13 + pp)Ip,,

délt)z = tpaply, + tupauply, + (1 — pp)esfnEp + Iplp, — (mp + tyay + j + tydrp + 16 + fip)Ip,.

(2.3)

The nis the natural rate of progression of tuberculosis. The * is the proportion of active
TB cases that are resistant. From the latent state, the person will move to three possible
compartments of infected, drug-sensitive TB, MDR-TB, or XDR-TB in a first infection. The
ty and tp are modification parameters associated with diabetes or HIV infection from the
compartments of active TB infection. We define dr, as TB death rate, dry is the death rate
by co-infection TB and HIV/AIDS and drp, is the death rate by combination TB and diabetes.
We assume that drp > dr and dry > dr. The t}, t;q and tz) represent modification parameters
associated with death by TB, death by combination TB-HIV/AIDS and by combination
TB-Diabetes after being MDR-TB. The I1, I and I, rates are the cases that will be MDR-TB
(first resistance). The expressions (1 — pr)n, (1 — py)e;n and (1 — pp)epny are the cases
that in a first infection are going to be MDR-TB and prn, puyeyn and ppep,n are the cases
that will be XDR-TB in a first infection. The typ is the parameter modification associated
with the combination of treatment for TB and antiretroviral therapy and the possibility of
developing diabetes. The 711, 71, and 13 are the recovery rate after being drug-sensitive
TB and mr, my and mp are the recovery rate after being MDR-TB. We assume that n;; > m
forl =1,2,3[80].

The XDR-TB and recovered dynamic, is interpreted by the following equations:

dI 3 * * *
d; = pTﬁ T]ET + 7714IT2 — (’711 + tgoy +tpap + pu + tTdT)ITy
dI 3 * % * *
dI: = puPegnEn + Nisly, + tyou (I, + Ip,) — (N}, + tuptup + p + pn + tydre)ly,,
dID3 * % * *
I = ppfrepnEp + nislp, + tupauply, + tpaply, — (tuany + 135 + 1+ up + thdrp)Ip,,
dRy . ,
W = mTITZ + UllITl + 7711[7"3 — ((XH +ap+pu+ ﬁ]A)RT:
dRy . ,
e mely, + Nioly, + 0,10, + au(Rr + Rp) — (@up + 1 + pu + fiwuA)Ry,
dRp

7 = mDIDZ + 7]13ID1 + UTSID3 + apRr + agpRy — (OCH +pu+pup+ ﬁ;wD/l)RD. (24)
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The n7,, nj, and 5, are the recovery rate after being XDR-TB. Due to the characteristics
of tuberculosis, let us assume that ny; > nj; and m; > nj, for [ = 1,2,3. The t}, t;; and ¢}
are modification parameters associated with death by TB, co-infection TB-HIV/AIDS and
combination TB-Diabetes after being XDR-TB respectively [80]. The parameters definition
is in Table (2.1).

H Parameter \ Description H
Mz, My, Mp Recruitment rates
ar Effective contact rates for TB infection
ap Acquiring diabetes rate
ay Acquiring HIV rate
aup Diabetes development rate by use of HIV therapy
WH, WD, €H, €D Modification parameters
U Natural mortality rate
n Natural rate of progression to active TB
ty, tp, tup, t7, ti7, t7, | Modification parameters
troto,t, Modification parameters
e e, B Modification parameters
I, Iy, Ip Resistant TB development rates
dr TB induced death rate
dri TB-HIV induced death rate
drp TB-Diabetes induced death rate
Ui s 1D Death rate of HIV/AIDS and diabetes respectively.
mr, My, Mp TB recovery rates for MDR-TB
B Proportion of active TB cases that are resistant.
N11s M1z N13 TB recovery rates of drug-sensitive TB infected
N14> 15> N6 Resistant (XDR-TB) TB development rates after being MDR-TB
N1 M1z N3 TB recovery rates of XDR-TB
Prs PH> PD Rates related to developing XDR-TB resistance

Table 2.1: Description of parameters of the model (2.5).

To summarize, the effectiveness of the TB treatment with the presence of HIV/AIDS
and diabetes is modeled with the following system of differential equations:

ds;

dt
dss
dt
ds,
dt
d;
dt
dEy
dt

=Mr—(u+ag+ap+A)St,

= My + ay(Sr + Sp) — (amp + p + p + 0 A)SH,
= Mp + aypSy + apSr — (g + p + wpA + pp)Sp,
= A(Sr + BiRr) — (o + ap + pt + mEr,

= wyA(Sy + ,B;RH) + ay(Er + Ep) — (€yn + p + pig + op)En,

19
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dE .
dtD = CODA(SD + ,BlRD) + aHDEH + OCDET ((ZH + €ph + H + /JD)ED,
dlr, .
I = (1 - nEr — (Iy + tyay + tpap + p + dr + ni)l,,
dIr, . p
d; = (1 — pT)ﬁ I]ET + ZTIT1 — (tHOfH + tpap + mr + u+ tTdT + 7714)17“2,
dI * *
d_It{] =tyag(Iy, +1Ip,) + (1 = f)eynEy — (g + p + pg + dry + M1z + tupaup)u,,
dI 2 * % /
dIZ =tyay(Ir, + In,) + (1 — pu)f eynEn + luly, — (my + p + pg + tydry + Mis + tupotup)In,,
dI * *
dI;I = tpaply, + tupouply, + (1 — B )epnEp — (Ip + tyay + p + drp + i3 + pp)Ip,,
dI 2 * D% 4
dlt) = tpaply, + tupouply, + (1 — pp)en S nEp + Iplp, — (mp + tyay + p + tydrp + N1 + pp)Ip,,
dIT3 * * *
T = pTﬁ I]ET + 7]1417"2 — (7]11 +tgoyg +ipap + p+ tTdT)IT3,
dI * % * *
dlf = puf eanEn + nisly, + tyag (I, + In,) — (1}, + tupQup + p + pg + tdre)ln,,
dID3 * % * *
It = ppfrepnEp + nislp, + tupouply, + tpaply, — (tuan + 115 + 1 + pp + thdrp)Ip,,
dRT ,
dt = mTIT2 + UIIITl + ’711-[7"3 (O.'H + ap + /l + ﬁlll)R’[,
dR . ,
d_f = myly, + Ni2ly, + 03,18, + au(Rr + Rp) — (aup + 1 + pn + fiwnA)Ry,
dR . p
d_tD = mDIDz + T]]gIDI + ’713ID3 + aDRT + OCHDRH - (OCH + ,U + ,UD + ﬁla)DA)RD, (25)

with initial conditions:

Sr(0) > 0, Sy(0) > 0, Sp(0) > 0, Er(0) > 0, E4(0) > 0, Ep(0) > 0, I1;(0) > 0, I,(0) > 0,
I, (0) > 0, I, (0) > 0, I, (0) > 0, Ip,(0) > 0, I, (0) > 0, I, (0) > 0, I,(0) > 0, Rp(0) > 0,
RH(O) > 0 and RD(O) > 0.

f
T
L

L

| 4
T |3 I ¥ |
LIH1 Iy, I |_€_T1 ITTIJ |_ID1
T
4

= T »J( | L & 11__)‘{;““ _LR»

e ) ]

Figure 2.1: Diagram of model (2.5).
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Model Properties

In this subsection, we show the existence, positivity, and boundedness of solutions and
find the biologically feasible region. The proof of the following results can be found in
[80].

Theorem 2.2.1. Let the initial data for the model (2.5) be 5;(0) > 0,E;(0) > 0,;,(0) >
0,1,,(0) > 0,1,,(0) > 0,R;(0) > 0,i = T, H, D. Then, the solutions (S;(t), E:(t), I, (), I, (¢), I, (2),
Ri(t)),i = T,H,D of the model (2.5), with positive initial data, will remain positive for all
timet > 0. Furthermore,

Mr + My + Mp

}im sup N(t) < (2.6)

Proof. Let us remark that the first equation of the system (2.5),

ds
d_tT:MT—(y+aH+aD+)L)ST,

can be rewritten as,

%[Sr(t) exp {(,u+aH+aD)t+ /0 tA(T)dT}] = My exp {(;1+aH+aD)t+ /0 tA(f)dT}. @2.7)

Hence, fot ; > 0,

Se(t) exp {(u+0{H+aD)t1+ /0 ) A(T)dr}—ST(O) - A "My [ exp {(y+aH+aD)y+ /0 ’ /l(f)dr}]dy.

2.8)

So that,

1) =51 (0) exp { = G+t + @)t — /O ’ A@)dr } +exp { = Gt + @)t - /O ’ ory
X/Otl MT[eXp{(,u+aH+aD)y+/Oy/l(r)dr}]dy>0. (2.9)

Analogously, a similar result can be shown for Sy (), Sp(t), Ei(t), I, (), I, (), I, (), Ri(t), i =
T,H,D, for t > 0. Thus, all solutions of the model (2.5) remain positive for non-negative
initial conditions [80].

Since the total population is the sum of all the compartments, we have that

dN

E = MT +MH +MD_ﬂN_ﬂH(SH +EH +IH1 +IH2 '|‘IH3 +RH)_,UD(SD +ED +ID1 +ID2 ‘|‘ID3 +RD)—
(dT(ITl + tI/“ITz + t;IT3) + dTH(IHl + t;-IIHz + t;IIHs) + dTD(IDl + tIDIDZ + t]_*)ID3))-

Then,

dN
MT+MH+MD_(ﬂ+ﬂH+,UD+dT+dTH+dTD)NSESMT'FMH'FMD_,UN,
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which give,
Mr + My + M Mr + My + M
! i D <liminf N(¢) < limsup N(¢) < ! H L. (2.10)
U+ pg + pp + dr +drg +drp — toe {00
So, we have that: Mot Mo s M
+ My +
lim sup N(t) < ! H D
t—o0 I’l
[

The biologically feasible region is where all variables are non-negative and the solutions
of the system (2.5) remain positive with non-negative initial conditions.

Lemma 2.2.2. The closed set

My + My + M
D:{(Si,Ei,Iil,I,»Z,IiS,Ri)elle,i:T,H,D CN() < /2 D},
7.

is positively invariant and attracts all positive solutions of the model (2.5).

Proof. The derivative of N (total population) is the sum of the derivative of all compart-
ments:

dN
E = MT+MH+MD—,UN—;1H(SH+EH +IH1 -f'IH2 '|'IH3 +RH)_/1D(SD +Ep +ID1 +ID2 +ID3 +RD)—

(dr(In, + trIp, + t03,) + drg (I, + tyl, + t50g,) + drp(Ip, + tolp, + th1p,)).
My + My + My

dN dN
Since ’r < Mr + My + Mp — uN, it follows that ’r <0,if N(t) >

Hence, a standard comparison Theorem [69] can be used to show that N(¢) <

Mr + My + M Mr + My + M
N(0) exp{—ut} + — i D (1 — exp{—pt}). In particular, if N(0) < ! il D
U
Mr + My + Mp

then N(t) < for all t > 0. Hence, the domain D is positively invariant.

M + My + M,
Furthermore, if N(0) > T il D, then either the solution enters the domain D

Mr + My + Mp

in finite time or N(t) approaches asymptotically as t — oo. Hence, the

domain D attracts all solutions in R® [80]. ]

The set D is the biologically feasible region of model (2.5). The model (2.5) is mathe-
matically and epidemiologically well posed in D.

Theorem 2.2.3. The solutions of model system (2.5) with non-negative initial conditions
exists for all times.

Proof. The right-hand side of the system (2.5) is locally Lipschitz continuous, and this
proves the local existence of the solution. Global existence of the solution follows from
bounds known a priory [80]. O]
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2.3 Basic Reproduction Number Study

In this section, the basic reproduction number, R,, is computed using the next-
generation matrix method [45, 51, 44]. We calculated the basic number of reproduction in
the different subpopulations to study the transmission of tuberculosis in them.

TB-Only Submodel

We have the TB-Only submodel when Sy = Sp = Ey = Ep =1Iy, = Iy, = Ip, = Ip, =
IHg = ID3 = RH = RD =0, which is given by

ds
d_tT = Mp — (u+ ag + ap + A7)Sr,
dE ,
d_tT = Ar(Sr + ByRr) — (o + ap + 1 + pEr,
dlr, .
ar = (1 - pmEr — (Ir + tyay + tpap + p +dr + ni)h,
dL, ) ,
d; = (1 — pT)ﬁ T]ET + lTIT1 — (mT +u+ tTdT + N4 + lgag + tDaD)ITz’
dIT3 * * *
ar = IB pTT]ET + 7’]14112 — (7’]11 + )i + tTdT + tgoyg + tDaD)IT3,
dR; ) ,
W = mTIT2 + UllITl + UllITs - (/J + ﬁl/lT + oy + OKD)RT, (211)

with initial conditions:

ST(O) >0, ET(O) >0, I, (0) >0, ITZ(O) > 0, IT3(O) > 0 and R7(0) > 0.

The TB-infection rate for this submodel is defined as

A + I, + I,

Ar =
T=0« N

and the total population is given by
Nr =57 +ET+IT1 +IT2 '|'IT3 + Ry.

Due to biological constraints, the system (2.11) is studied in the following region:

M
Dl = {(ST’ET’ITIBITZ’IT35RT) € ]Ri : NT(t) S TT}

We can show for this submodel (2.11) that the solutions, (Sr(¢), Er(2), I, (t), I, (t), Ir,(t), Rr())

are bounded and positively invariant in D; (biologically feasible region).

23
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Disease-Free Equilibrium Point

The disease-free equilibrium point of model (2.11) is given by €} = (Sg ,0,0,0,0, O),

My
U+ ag+ap
The matrices for the new infection terms, Fr and the other terms, V; for system (2.11)
are given by:

where S} =

0 M'[Of* MTOK* MTOK*
Nr(ay +ap+p) Nr(ag +oap+p) Nr(ag +oap + 1)
E =0 0 0 0 ,
0 0 0 0
0 0 0 0
ki1 0 0 0

V _ —(1 — ﬂ*)ﬂ k12 0 0
! - =pr)f'n I ki (U
—PTﬂ*U 0 -1y ku

where k;y = ag +ap +n+ p, kiz = by + tyag + tpop + g+ dr + n1y, ks :,u+t}dT+1714+
mr + tgoyg + tpap and k14 =H + t;dT + ’79{1 + tgoyg + tpap.
The basic reproduction number obtained is

Of*MTU((l — B ) kiskis + Ir(kig + 114)) + (1= pr)fkia(kis + ma) + ﬂ*kalsz)
Nr(ay + ap + pkiikiokiskis

5

Ry = p(FVY) =
(2.12)

where p(FrV;') indicate the spectral radius of FrV;'. We have the following lemma
[80]:

Lemma 2.3.1. The disease-free equilibrium point €! is locally asymptotically stable when
R{ < 1 and unstable when R} > 1.

Proof. The Jacobian matrix of the submodel (2.11) at €] is

[ —MT(Z* —MTO{* —MT(X*
—(u+ag +ap) 0 0
Nr(p ]*\'/IOfH*‘F ap)  Nr(p ]+V105H*+ ap) Nr(p }I\_/IaH*+ ap)
a T T
0 —k i 0
](eT) _ ! Nr(u+ag +ap) Nr(p+ag+ap) Nr(p+ay+ap)
0) = 0 (1- B —kyy 0 0 0 ;
n
0 (1 — pT)ﬂ*T] l]‘ —k13 0 0
0 prfn 0 N4 —k14 0
0 0 N1 mr ’79{1 _(IJ + ag + aD)_

TraC€U(€§)]=—2(aH +oap+p) — ki —kip — ki3 — ks <0,
and its determinant is

Det[J(e))]= —(au + ap + p)? (Mr—a*” ((1 — B ) ksks + Ir(kyg +114)) + (1 = pr)fkip(kyg +

(ag+ap+p)

M) + ,B*kalsz) - k11k12k13k14> > 0.
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If,
(am +ap + ,U)Of*MT’?((l = B )kiskig + Ir(kig + 1m1a)) + (1 = pr)frkip(kes +1m14) + ,B*kalsz) <

Nr
(ag + ap + p)’kikiokysk14, then

MTO-’*U((l — B ) kiskis + Ir(kys + m1a)) + (1 — pr)fkia(kes + 114) + ﬁ*kalsz) .
Nr(an + ap + pkiikiokiskis

Thus R} < 1, which means that the solution of Det[J(el) — AI]=0 (I is the Identity
matrix) have negative real parts, implying that €] is locally asymptotically stable whenever
R{ < 1 and unstable if R] > 1. ]

Now, we list two conditions that if met, also guarantee the global asymptotic stability
of the disease-free equilibrium point. Following [38], we rewrite the model (2.11) as

ds

— =F(S,I

dt (5.1,

dI

i G(S,I), G(S,0)=0, (2.13)

where S € R? is the vector whose components are the number of uninfected and recovered
individuals (Sy, Ry) and I € R? denotes the number of infected individuals including the
latent and the infectious (Er, I,, Ir,, Ir;).

The disease-free equilibrium is now denoted by El = (Sf*,0) where S, = (SI,0),

M
sg:(—f,())_
H+oag+ap

The conditions that must be fulfilled to guarantee the global asymptotic stability of E!
are,

ds
(H,) : For i F(S,0), Sy is globally asymptotically stable,

(Hy) : G(S,I)= Al -G*(S,I), G*(S,I)>0, for (S,I)€D;,

where A = D;G(S¢,0) (D;G(St,0) is the Jacobian of G at (S(*,0)) and D; is the region
where the model makes biological sense (biologically feasible region).

If model (2.11) satisfies the conditions (H;) and (H,), then the following result holds
[80].

Lemma 2.3.2. The fixed point E] is a globally asymptotically stable equilibrium of model
(2.11) provided that RY < 1 and that the conditions (H,) and (H,) are satisfied.
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Proof. Let

F(S.0) = (MT —(u +(;1H + aD)ST) _

As F(S,0) is a linear equation, we have that S* is globally stable, hence H, is satisfied.
Let’s

A = D;G(57,0) =

PT,B*U 0 Ma —ku

I= (ET’ ITla ITg; ITg) }
G*(S,I) = A" — G(S,1),

Gi(S.D| |y + I, + Ir,) (1 St b 1RT>
: Gy(8.1) Ar
GED=6is.n| 0
G;(S5,I) 0
Since Sy + ﬂ;RT is always less than or equal to Nr, ST+—’B;RT < 1. Thus, G*(5,1) > 0
for all (S,I) € D, and E{ is a globally asymptotically stable. ! ]

The proof of the local and global stability at the infection-free equilibrium point can
be found in [80].

Using the threshold quantity, R{, in (2.12), we want to study the impact of resistance to
tuberculosis treatment on the dynamics of the disease in a population and find conditions
that characterize these effects. Parameters I; and 14 associated with MDR-TB and XDR-TB
are between 0 and 1 by definition. Now, we are going to study the possible combinations
in the behavior of these parameters based on the limits. We have

RT — a*Mm((l — BOkiskis + (1 — pr)fkl ks + ﬁ*PTk?zk%) (2.14)
0 NT(aH + ap + Il)knk?zk%km ’ '

lim
lT—)O
N14—0

where kY, is k;, for Iy = 0 and k), is ky3 for ;4 = 0. Then, in practice Iy — 0 and 5,4 — 0
means zero resistance, i.e. elimination of resistance to tuberculosis treatment. If the limit
(2.14) is greater than unity, then when I — 0 and 5,4, — 0 it has a negative impact on TB
transmission control. That is, if

(X*T]MT kllkgzk%kl‘l

> . 2.15
Nolas +ap 1) (1= F)Rbakus + (1~ pr)fekiges + rprkighly &1

Now, we study the case when l; — 1 and 14 — 0. We have
lim mg _ Of*MTU((l - ﬁ*)(k%km + ki) + (1 - PT)ﬂ*kllzkm + ﬁ*PTkizk%) , (2.16)

Ir—1 Nr(ay + ap + ﬂ)kllk%zk(l]kaﬂ

n14—0
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where ki, is k;, for Iy = 1. Then, if the limit (2.16) is greater than unity, then when Iy — 1
and 7,4 — 0 it means a negative impact on TB transmission control. That is, when

(Z*MT S k11k112k§)3k14 (2 17)
Nr(oy +ap +p) = (1= B)(KSskya + ki) + (1 = pr)frkizkis + B prii,kds .
In the case of Iy — 0 and 1y4 — 1, follows that
. T a*Mm((l — Bkukys + (1= pr)fkiy(kiy + 1) + k?zkisﬂ*PT)
lim R, = 01 ; (2.18)
4174—;01 NT(O.'H + ap + ﬂ)k11k12k13k14

where kl, is ky3 for n;4 = 1 and ki, = k%, + 1. If the limit (2.18) is greater than unity, then
when I; — 0 and 1y, — 1 it has a negative impact on TB transmission control. That is,

if:
a*MT > kllkgzk%3kl4
Nr(ag +ap +p) = (1= fkukis + (1 — pr)frkdy(ki + 1) + k,kls fpr

(2.19)

For Ir — 1 and ;4 — 1, we have

lim RT = a*MTU((l — B )kiakis + (ki + 1) + (1 = pr)fkiy(kis + 1) + k}zk}aﬁ*PT)
lT_)l ’ - NT(aH + aD + ﬂ)kllk%zk%fiklél

Nia—1

(2.20)
If the limit (2.20) is greater than unity, then when I; — 1 and 1,4, — 1 it has a negative
impact on TB transmission control. That is, when

(Z*MT > kllk}zk}gkm
Ne(an +ap + )~ (1= B)kuskls + (kg + 1)) + (1= pr)fkip(kg + 1) + k%zkll3ﬂ*€7T. )
2.21
Let us define the following expressions:
*M,
Ar = il (2.22)
NT(O.’H + ap + /J)
k11 kS, k0. k
Ar, = - e — (2.23)
(1= Okiskia + (1 = pr)frkizkis + B priik?s
1 1.0
Aq, = ; Eulghighas ; —, (2.24)
(1 - ﬁ*)(k13k14 + k14) + (1 - PT)ﬁ*kmkM + ,B*PTklzkm
0 11
A, = - k11k12k130k14 — : (2.25)
(1 = p)kukis + (1 — pr)f<kiy (ks + 1) + kbykis f pr
kiikl, ki k
AT4 = 1 e 7 111 . (226)
(1 - ﬁ*)(k14k13 + (k14 + 1)) + (1 - pT)ﬁ*klz(kM + 1) + k12k13ﬁ*PT
We have the following lemma:
Lemma 2.3.3. 1. The impact when Iy — 0 and ;4 — 0 is positive in reducing TB

transmission in this subpopulation only if Ar < A, no impact if A = Ar, and a
negative impact if Ar > Arg,.
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2. The impact when Iy — 1 and ;4 — 0 is positive in reducing TB transmission in
this subpopulation only if Ay < Ar,, no impact if Ar = A, and a negative impact if
Ar > ATZ'

3. The impact when Iy — 0 and ny — 1 is positive in reducing TB transmission in
this subpopulation only if At < Ar,, no impact if Ar = Ar, and a negative impact if
Ar > AT3.

4. The impact when Iy — 1 and 4, — 1 is positive in reducing TB transmission in
this subpopulation only if Ay < Arg,, no impact if Ar = A, and a negative impact if
AT > AT4.

Now, we study the relationship between resistance and recovery parameters. The
treatment aims to avoid resistance and for patients to recover. First, we analyze the
relationship between the MDR-TB parameter (I;) and the recovery parameter (7,;), because
we want to avoid MDR-TB so it is necessary that the patient recovers before having this
resistance. We have the following limits:

lim R! = a*MTU((l — Bkiskia + (1 = pr)Bky(kas + 1m1a) + prﬁ*k(l);km)
Ir—0 0 NT(O(H + ap + H)kllk%knkm

n1—1

, (2.27)

where k9, represents ki, when Iy — 0 and n;; — 1.

lim R! = a*MTU((I — B )(kiskaa + (ks + m1a)) + (1 = pr)f ki (kua + mia) + PTﬁ*k%gkw)
U=

r;llTl——:lO Nr(ay + ap + pkikidkisky,

5

(2.28)
where ki) represents k;, when I; — 1 and 5;; — 0.

a*MTU((l — f)kiskig + (kig +114)) + (1 = pr)Bkiz (ks + mia) + pTﬁ*k%;kB)

lim R = ,
qlfl—_’}l 0 Nr(au + ap + pkiikizkiskis
(2.29)
where k}, represents ki, when Iy — 1 and ;; — 1.
. T OC*MT’Y((l — Bkiskis + (1 — pr) ks (kia + n1a) + PTﬁ*kgng)
lim R, = m , (2.30)
UIIT;OO Nr(ay + ap + pkiikiskiskyy
where k)5 represents k;, when I; — 0 and 5;; — 0.
Let us denote:
k11k%k, 3k
Ag; = * . 12* 1030 - #1001 ° (2.31)
(1 = B)kiskis + (1 = pr) ki (kis + 114) + prprkizks
k11k%2 K sk
Ag, = * . 12* 1031 > w01 (2.32)
(1 = Bkiskis + (1 — pr) ki3 (kis + n14) + prprkizkis
kllkllgkwkm (2.33)

Ap, = ,
o (1 — p*)(kiskiy + (kia + m14)) + (1 — pr)fekid(kis + nia) + prfrkidkis
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_ kukizkiskis
ATS - 11 11 ’ (2‘34)
(1 = p)kiskis + (kg + m1a)) + (1 = pr)fkiz(kia + ma) + prfrkizks
We have the following lemma:
Lemma 2.3.4. 1. The impact when Iy — 0 and n;; — 0 is positive in reducing TB

transmission in this subpopulation only if Ay < Ar, no impact if Ar = Ar, and a
negative impact if Ar > Ar,.

2. The impact when Iy — 0 and n;; — 1 is positive in reducing TB transmission in
this subpopulation only if Ar < Az, no impact if Ar = Ar, and a negative impact if
Ar > Arg,.

3. The impact when Iy — 1 and n;; — 0 is positive in reducing TB transmission in
this subpopulation only if Ay < Ar,, no impact if Ar = Ar, and a negative impact if
Ar > Ar,.

4. The impact when Iy — 1 and n;; — 1 is positive in reducing TB transmission in
this subpopulation only if Ay < Arg,, no impact if Ar = A, and a negative impact if
Ar > ATg'

Now, we examine the relationship between the XDR-TB parameter (7,4) and recovery
after reporting as XDR-TB (mr). The aim, in this case, is to have a patient recover before
reporting as XDR-TB. We show the relationships between these parameters with respect
to RI. We have

. (235)

lim R! = a*MTU((l — B)(KYkis + Irkia) + (1 = pr)fkigkis + pTﬂ*klzk%)
1714—0 0 NT(OCH + ap + ,u)kllklzk%ku

mr—1
where k} represents k3 when n;; — 0 and my — 1.

e gt = &M (G = Bk + bR+ D)+ (1= pr)f Kk + 1)+ prfkickit)
ma—o1" 0 - NT(aH +ap + ’u)kllklzkllng

mr—0

5

(2.36)
where ki) represents k3 when n;, — 1 and my — 0.

o Mpn((1 = B klikia + Ir(kis + 1) + (1 = pr)fkia(hn + 1) + prfikiki})

lim R =

fr:;:% Nr(ay + ap + pkiikizkiikis ’
(2.37)
where kj; represents k3 when n,, > 1 and mr — 1.
) T OI*MTU((l — B)kBkis + Irkis) + (1 = pr)fkigkys + PTﬂ*klzk?g)
lim R, = , (2.38)
71420 Nr(ay + ap + pkqikipk 5k

mr—0

where k3 represents k3 when 5, — 0 and mr — 0.
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Let us consider the following expressions:

_ kiiki2k{5k1s
Ar, = m o0 (2.39)
(1 = B)(kizkis + Irkis) + (1 = pr)frkia(kis + 1) + prprkiskis
kiikiokdzk
AT10 = 01 R 01’ (240)
(1 = p*)(kiskia + lrkia) + (1 = pr)frkiokia + prfrkiokis
10
ATn = — k11k12k13k14 - (2.41)
(1= g)kiskis + Ir(kis + 1)) + (1 = pr)frkia(kis + 1) + prfrkizkis
11
Ar, = - Kuukioksskis — (2.42)
(1 = g)kiskis + Ir(kis + 1)) + (1 = pr)frkia(kis + 1) + prprkizkis
We obtain the following lemma:
Lemma 2.3.5. 1. The impact when n;4, — 0 and my — 0 is positive in reducing TB

transmission in this subpopulation only if Ay < Arg,, no impact if Ar = Ag, and a
negative impact if Ar > Ag,.

2. The impact when 4, — 0 and my — 1 is positive in reducing TB transmission in
this subpopulation only if At < Ar,,, no impact if Ar = Ar,, and a negative impact if
AT > ATw'

3. The impact when 4, — 1 and my — 0 is positive in reducing TB transmission in
this subpopulation only if Ay < Ar,,, no impact if Ar = Ay, and a negative impact if
AT > ATH-

4. The impact when n;, — 1 and my — 1 is positive in reducing TB transmission in
this subpopulation only if At < Ar,, no impact if Ar = Ag,, and a negative impact if
Ar > Ale'

Studying the resistance parameters (I, 714) in conjunction with the recovery parameters
(111, mr). We present two cases, (1) when the resistance parameters tend to unity and the
recovery parameters tend to zero, (2) the opposite case:

oMy ((1 = Bk + (kig + 1)) + (1 — pr)B kiS(ky + 1) + prfkiokll)

lim R! = ’
i 0 Nr(ay + ap + pkikikidki
s
(2.43)
o My ((1 = BOKSkws + (1= pr)B itk + prp Ok
lim T = TU(( Bkiskia + ( PT)ﬁ01120114 prpkr 13>’ (2.44)
qllT;»Oo Nr(ag + ap + pkikikisk:s
)
and if we define
k k10k10k
ATla = 10 — LS 10 107.10° (2.45)
(1= B krs + ers + D) + (1= pr)fekiSChrs + 1) + prBkigkiy
kiik{yk {3k
Ay, = (2.46)

(1 = pkGkis + (1 = pr)frkkis + prprkizkiy’

we obtain the following lemma:
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Lemma 2.3.6. 1. The impact of the resistance parameters when they tend to unity
(I, n14 — 1) with respect to the recovery parameters when they tend to zero (1, mr — 0)
is positive in reducing tuberculosis transmission in this subpopulation only if At < Az,
no impact if Ar = Ar,, and a negative impact if Ar > Ar,.

2. The impact of the recovery parameters recovery parameters when they tend to unity
(11, mr — 1) with respect to the recovery parameters when they tend to zero (I, 14 — 0)
is positive in reducing tuberculosis transmission in this subpopulation only if Ar < Ar,,,
no impact if Ar = Ar,, and a negative impact if Ar > Ar,,.

Endemic Equilibrium Point

To find the endemic equilibrium point of TB-Only submodel (2.11), we solve the
following system of equations,

—(/J +ayg +oap + AT) 0 0 0 0 0 S; —My
Ar —k11 0 0 0 BiAr E: 0
0 A-pm —kp O 0 0 El | o
0 A-pr)fn b ks 0 0 Ll | o
0 prfn 0 Na —kia 0 Iﬁ 0
0 0 nm omroony —(p+ /3;/17 +ay + ap)) \Rf 0

Then, the endemic equilibrium point is €I = (S}, E;, I, I, I, R}), where:

. My . _ My Akiokiskia(on + ap + /311; + p)

T Mtag+ap+p 7 A ’

= M= BOnAikiskis(an + ap + BiA; + 1)

T Al >

I = MrXi(ay + ap + BiAs + p)(kikia (1 — pr) + kialr(1 — 1)

Ty Al ’

o = Mrdi(om +ap + B + )(Urnia(1 — BOn + k(1 — pr) + kizkisfnpr)
T - bl
3 Al

R = M A3 (1 = Bn(kiskianin + lr(kiamr + n7n1a) + (1 = pr)kwfn(kiamr + n7,114)
T Al

+kiokisnniy B pr)

(2.47)

Ay

and A, = (ay +ap + pt+ A7) + ap + p+ iAkikikiski — (ay + ap + p+ A7) B A5((1—
prdkifrnlkumr + n7ma) + (1= BOn(kiskiann + br(kuamr + n7im1a) + kiekos foony, pr).
Substituting equations (2.47) into the TB-infection rate for this submodel

It +1Ip, + I
()LT B T T , we have that

T
a*MrAr(an + ap + ﬁ;@ + ﬂ)((l — B In(kiskis + Ir(kis + n1a) + (1 = pr)ki (ks + n1a) + k12k13,3*77PT)

A=
T NrA,

5

which reduces to

Iy <05*MT/1;(05H +ap+ piA+ H)((l = Bn(kiskig + Ir(kig + 114) + (1 = pr)kizfn(kig + nig) + kleISﬂ*UPT))
T
NrA;
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3 (ag +ap +p+Ap)(ag +ap +p + ﬁf@)(knklzkmkm + A1 - pT)kIZﬂ*U(kMMT’ﬁlUM))
Ay
N (ag +ap +p+ ) ag +ap +p+ ﬁﬁ;)((l = B n(kiskianiy + lr(kyamr + 17 m14) + k12k13ﬂ*’7’7;1PT) ) —0
A -

where A7 = 0 corresponds to the disease-free equilibrium and A} # 0 means the existence
of endemic equilibrium. For a disease to spread, the force of infection (A7) should be
positive.

So for A} to be positive, we need the following inequality to be satisfied.

a*Mr(ay + ap + p)((1 = fIn(kiskis + Ir(kig + n1a) + (1 = prdkiafrn(kis + n1a) + k12k13ﬁ*’7pT)_
Nr

(ag +ap + ﬂ)2k11k12k13k14 >0,

and

a*Mr((1 = Bn(kiskis + (ki + n1a) + (1 = pr)kiafn(kis + nia) + kikis fnpr) S
Nr(ay + ap + pkiikizkiskis

5

which implies that R > 1.
Then, we have the following lemma:

Lemma 2.3.7. The TB-Only submodel (2.11) has a unique endemic equilibrium point €’,
whenever R} > 1.

TB-HIV/AIDS Submodel

The submodel that relates TB to HIV/AIDS is when Sp = St = Ep = Er =1Ip, = Ip, =
Iy, = I, = I, = Ry = Ip, = Rp = 0 and is given by

dS
d—:l = My — (app + p + pa + 0gAn)Sh,
dEy , .
I = wgAu(Sy + BiRu) — (exm + p + pu + aup)En,
dIHl *\
g (1= B")eynEy — (g + p+ pg + dry + 112 + tupoup)In,,
dly, . p
dI; = (1 - pu)f egnEn + luly, — (mg + p + pg + tydra + mis + tupatap)In,,
dIH3 * % * *
g = pufegnEn + nisly, — (13, + p + p + tydry + tupaup)ly,,
dRy . ,
7 = n’lHIH2 + UIZIHI + 771211-[3 — (,ll + pug + ﬁle/lH + aHD)RHa (248)

with non-negative initial conditions and

Lu(ly, + Iy, + In,)

Ag = ,
H=O Ny
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where NH = SH + EH + IH1 + IH2 + IH3 + RH.
Considering biological constraints, the system (2.48) will be studied in the following
region:

M
DZ = {(SH:EH:IHl,IHZsIH3aRH) € ]Ri : NH(t) S _H}~
U
It can be easily shown that the solutions (Sy(t), Ex, Iy, (), Iy, (t), I, (), Ry (2)) of the
system are bounded and positively invariant.
The disease-free equilibrium point, 66{, is given by 651 = <Sé{,0, 0,0,0, 0), where

R L —
0 Qugp + 1+ Uy
The matrices for the new infection terms, Fy and the other terms, Vy; are given respec-
tively, by:

—0 MHOK*(A)H€H MHa*a)HeH MHOC*CL)HGH ]
Quptp+py aupt+p+ [y Qup + H+ pg
FH = O 0 0 O s
0 0 0 0
0 0 0 0
ko 0 0 0
V. = —(1-pegm ke 00
H

QA —-p)fren —lu ks O
=B preyn 0  —ni5s ka

vilhere ko =aup + €+ p+ py, koy =g + pp+ pg + drg + 012 + tupoup, kos = p+ pg +
tydry + nis + my + tgpagp and kyy = p + pg + t;drg + 07, + tupayp. In this way, the basic
reproduction number is given by

Ry = p(FyVy") =

Nu(amp + p + prdkaikaskaskas
(2.49)

We define (H;) and (H,) as in the submodel (2.11) and using the same idea from the
demonstration, we get the following lemmas:

Lemma 2.3.8. The disease-free equilibrium €f is asymptotically stable when RY < 1 and is
unstable whenever R{ > 1.

M

Lemma 2.3.9. The fixed point Efl = (SH*,O, 0,0,0) where 56{* = —H, 0)isa
H + ayp + ,UH

globally asymptotically stable equilibrium of submodel (TB-HIV/AIDS) if R} < 1 and the

assumption (H,) and (H,) are satisfied.

Of*GHCOHMHf?JU((l — BN kaskas + lu(kag + 115)) + (1 = pu)Bkaa(kos + 115) + ,B*Pszsz)
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We make a procedure analogous to the model (2.11) for Iy and 7,5 (MDR-TB and
XDR-TB parameters for TB-HIV/AIDS submodel) and we obtain the limit:

on @ Muopenen((1— BkSka + (1= pi)Bkoskas + B prkiykds)
lim R, = B
lg—0 NH(,UH + aHD + ﬂ)k21k22k23kz4

n15—>0

. (2.50)

where k), is kg, for Iy = 0 and kY, is ky; for ;5 = 0. Then, in practice Iy — 0 and
n1s — 0 means zero resistance, i.e. elimination of resistance to tuberculosis treatment in
this subpopulation. If the limit (2.50) is greater than unity, then when Iy, ;5 — 0, it has a
negative impact on TB transmission control. That is, when

a*wger€mMy S ko1k9,kdkos
Ny(agp + pg + 1)~ (1= B)kSkas + (1 — pr)frkdokos + B prkdskds

(2.51)

Now, we study the case when I; — 1 and ;5 — 0. We get the limit

oy dogegeyMun((1 = B(KYskas + kae) + (1 — pr)Brkipkas + B priki,kds)
lim R, = T 1.0
Ig—1 Nu(aup + Hu + ka1k3okd5ka4

N15—>0

5

(2.52)
where kj, is k,, for Iy = 1. Then if the limit (2.52) is greater than unity, then when Iy — 1
and n;5 — 0 it has a negative impact on TB transmission control. That is, whereas

a*Q)HeHGEMH > k21kézkggk24 (2 53)
Ny(awp + pu + 1)~ (1 = B)(kdskos + koa) + (1 — pr)frkiskos + B prkiykds” .
In the case when Iy — 0 and 1,5 — 1. We have
lim RE — a*coHeHe}}MHli((l — ﬁ*)k24k;3 +(1- pH)ﬁ*kgz(k24 +1)+ kgzk§3ﬂ*pH) S0
éﬁ:ﬂ 0 Nu(anp + pu + kaikd,kysko ’
(2.54)

where ki, is ky; for ;5 = 1 and k;, = k3, + 1. If the limit (2.54) is greater than unity, then
Iy — 0 and ;5 — 1 means a negative impact on TB transmission control. That is, if we
have

0{*0)H€H€*HMH > kglkgzk%3k24
Nu(app + pu + 1)~ (1= fkaakys + (1 — pp)fkdy(kos + 1) + kS k3s f* pr

(2.55)

For Iy — 1 and ;5 — 1, we have

lim RY = a*MHwHeHe;m((l — B ) kaskys + (kos + 1)) + (1 = pr)Brhgy(kos + 1) + k%2k%3ﬁ*PH)
ly—1 0 NH((XHD + pg + y)k21ké2k%3kz4

n5—>1

(2.56)
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If the limit (2.56) is greater than unity, then when Iy — 1 and 7,5 — 1 has a negative
impact on TB transmission control, if

a*wgeg€erMy S kaiks,kykos
Ny(amp + pr + 1)~ (1= B)(kaakzs + (kog + 1)) + (1 = pr) Bk (ks + 1) + k%zkégﬂ*(PH' )
2.57
We consider the following expressions:
A, = FonenepMa (2.58)
Ny(aup + pu + 1)
kaikgakaska
Ag = s 2.59
= = B ks + (1= pi)B ks + B Pk, (259
110
Ay, = 0 KK gkas - —, (2.60)
(1 - ,B*)(k23k24 + k24) + (1 - pH)ﬁ*kzzkzél + ﬁ*Pszsz
ko kS kL. k
A, = : st — : (2.61)
(1 = Bkaakys + (1 — pr)frkoy(kag + 1) + kiokss B pr
ko kL kl.k
Ay, = 1 s — : (2.62)
(1 = B)kaskys + (kza + 1)) + (1 = pr)frkga(kas + 1) + kpokos f* pu
Then, we obtain the following lemma:
Lemma 2.3.10. 1. The impact when Iy — 0 and ;5 — 0 is positive in reducing TB

transmission in this subpopulation only if Ay < Ap,, no impact if Ay = Ay, and a
negative impact if Ay > Ap,.

2. The impact when Iy — 1 and n;5 — 0 is positive in reducing TB transmission in this
subpopulation only if Ay < Ap,, no impact if Ay = Ay, and a negative impact if
Ay > Mg,

3. The impact when ly — 0 and n;5 — 1 is positive in reducing TB transmission in this
subpopulation only if Ay < Ap,, no impact if Ay = Ap, and a negative impact if
Ag > AH3.

4. The impact when ly — 1 and 5 — 1 is positive in reducing TB transmission in this
subpopulation only if Ay < Ap,, no impact if Ay = Ay, and a negative impact if
Ay > Ap,.

We apply the same procedure as for the previous submodel to study the relationships
for Iy and 1;,. We have the following limits:

lim R = a*wHeHe;{MHn((l — B )kaskas + (1 = pr)Bkgy (kaa + 11s) + PH,B*k(z)%kﬁ)
0 ’ NH((ZHD + HH + ﬂ)k21k85k23k24

Niz2—1

5

(2.63)
where kY, represents ky, when Iy — 0 and 5y, — 1.

lim RE = a*a’HeHEEMHU((l — f)kaskas + (kag + 115)) + (1 — pr) Bk (kos + 11s) + pHﬁ*k;ngS)
It Nu(otup + p + kaikjkaskas

n12—>0

3

(2.64)
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where k,5 represents ky, when Iy — 1 and ;, — 0.

lim RH = a*wHeHG?{MHU((l — B ) kaskos + (koa + m15)) + (1 — pr) ks (kaa + 115) + pHﬁ*ké;kM)
lyo1 Ny (aup + pu + pkaikizkaskas

niz—1

5

(2.65)
where k;, represents ky, when Iy — 1 and n;; — 1.

a*wHeHe;{MHU((l — B kaskos + (1 — pr) ks (ko + 115) + PHﬁ*kggkzs)

lim RY = ,
éfliz—_)’% 0 Nu(aup + pu + ki kdkaska
(2.66)
where k) represents ky, when l; — 0 and ;, — 0.
Let us define the following expressions:
ko1 k%k,sk
An, = 21K3 20?:) 24 — (2.67)
(1 = Bkaskas + (1 — pr)frkoy(kos + m1s) + prfkiskas
ko1 kO kosk
AH6 — 21”22 2031 24 — ) (2.68)
(1 = Bkaskas + (1 — pu)Brkyy (ks + 115) + prPkirkas
10
Ay, = Karkapkaskas — —, (2.69)
(1 = B*)(kaskzs + (kaq + 1115)) + (1 — pr) Bk (koa + 115) + pufrkynkas
11
Ay, = Karkaghaskaq — —. (2.70)
(1 = B*)(kaskzs + (kzg + 1115)) + (1 = pr) Bk (koa + 115) + pufrkyskas
We obtain the following lemma:
Lemma 2.3.11. 1. The impact when ly — 0 and n; — 0 is positive in reducing TB

transmission in TB-HIV/AIDS subpopulation only if Ay < Ap,, no impact if Ay = Ap,
and a negative impact if Ay > Ap,.

2. The impact when ly — 0 and n, — 1 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ap,, no impact if Ay = Ap, and a negative
impact if Ay > Ap,.

3. The impact when ly — 1 and n; — 0 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ag,, no impact if Ay = Ay, and a negative
impact if Ay > Ap,.

4. The impact when ly — 1 and 5, — 1 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ag,, no impact if Ay = Ay, and a negative
impact if Ay > Ap,.

Now, we study the relationships between the parameters associated with XDR-TB (7;5)
and recovery after MDR-TB (my). We have the following limits:

lim RE = O‘*MH“HGB€H’7((1 — B)k3skas + lkas) + (1 — pr)fkarkas + pHﬁ*kzzkgé)
n15—0 0 NH(aHD n i n #)k21k22kg§k24

myg—1

5

(2.71)
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where k); represents ky; when ;5 — 0 and my — 1.

lim RE = a*MH“)HGEGH’?((l — B kygkos + l(kas + 1)) + (1 — pr)frkoo(kos + 1) + PHﬁ*kzzk;Q)
me=1 " Ny(amp + pg + pkoikookiSkoy

myg—0

B

(2.72)
where k;5 represents ky; when ;5 — 1 and my — 0.

lim RY = a*MH“’HE;IGHU((l — B )kyakos + l(kas + 1)) + (1 — pr)fkaa(kos + 1) + PHﬁ*kzzkgé)
e ’ NH(“HD + upg + ,U)kllkggk%%kﬂ

myg—1

>

(2.73)

where k;; represents ky; when ;5 — 1 and my — 1.

Of*MHCOHGBGHU((l — B k35kas + lukas) + (1 — pr)frkazkas + pHﬁ*kZZk(z)g)

lim R} =

7’11115{:% Ny(aup + pu + pki1kak3kos ’
(2.74)
where k) represents ky; when ;5 — 0 and my — 0.
We define the following expressions:
00
Ap, = 11 ok 00° (2.75)
(1 = B)(kgskos + likas) + (1 = pr)frkaskas + pufkaskss
korkookOk
AH10 = 01 L 01° (276)
(1 = B)(k3skas + likas) + (1 — pr)frkaskos + prfrkaokds
_ kaikazkygkaa
Am, = 0 -, (2.77)
(1 = B)kyskos + ly(kos + 1)) + (1 — pr)frkaa(kos + 1) + prfrkazkss
11
Ap, = — Karkaokzshag - . (2.78)
(1 = B)kyskos + l(kos + 1)) + (1 — pr)frkaa(kos + 1) + prfrkaskss
Then, we have the following lemma:
Lemma 2.3.12. 1. The impact when ;5 — 0 and myg — 0 is positive in reducing TB

transmission in TB-HIV/AIDS subpopulation only if Ay < Ap,, no impact if Ay = Ap,
and a negative impact if Ay > Ap,.

2. The impact when n;5 — 0 and myg — 1 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ap,,, no impact if Ay = Ag,, and a negative
impact if Ay > Ap,,.

3. The impact when n;s — 1 and my — 0 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ap,,, no impact if Ay = Ap,, and a negative
impact if Ay > Ap,, .

4. The impact when n;s — 1 and mg — 1 is positive in reducing TB transmission in
TB-HIV/AIDS subpopulation only if Ay < Ap,,, no impact if Ay = Ap,, and a negative
impact if Ay > Ap,,.
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We studied the relationships between resistance (Ip, 17;5) and recovered (9,2, my) pa-
rameters. We have that:

OK*MH&)HG}}fHU((l - ﬂ*)(ké3k24 + (kps + 1))+ (1 = PH)ﬁ*k;g(km +1)+ PHﬁ*kégk%g)

lim RY = ,
,élg_r)l’ll ° Nu(anp + pu + kaiksgksks
it
(2.79)
lim mH _ a*MHwHe}}eHr]((l — ﬁ*)kg§k24 + (1 — pH)ﬁ*kgékzél + pHﬁ*kg%kg;) (2 80)
éﬁ‘_}’% ’ Nu(amp + pu + pkakyrkisko ' '
s
We define the following expressions:
karkyaksskos
AH13 = % 10 <1.10 1.101.10° (281)
(1= p*)(kzskas + (kaa + 1)) + (1 — pr)Brkyp(kza + 1) + pufrhypkss
kakgskyskas
Aw,, = )01 101 +1017.01° (2.82)
(1= B*)kyskas + (1 — pr)frkyzkas + puBrharkss
We obtain the following lemma:
Lemma 2.3.13. 1. The impact of the resistance parameters when they tend to unity

(g, ms — 1) with respect to the recovery parameters when they tend to zero (112, my —
0) is positive in reducing tuberculosis transmission in TB-HIV/AIDS subpopulation only
if Ay < Ap,,, no impact if Ay = Ap,, and a negative impact if Ay > Ap,,.

2. The impact of the recovery parameters recovery parameters when they tend to unity
(12, my — 1) with respect to the recovery parameters when they tend to zero (I, ;5 —
0) is positive in reducing tuberculosis transmission in TB-HIV/AIDS subpopulation only
if Ay < Ap,,, no impact if Ay = Ap,, and a negative impact if Ay > Ap,,.

Endemic Equilibrium Point

To find the endemic equilibrium point, the subsystem (2.48) is transformed into the
following system of equations:

—(/J + pug +agp + AH) 0 0 0 0 0 SI’:I —My
(’)H/lH —k21 0 0 0 ﬁ;wH/lH E}il 0
0 (1- ﬁ*)ef{q —kys 0 0 0 Ilfll | 0
0 A-peyfn ly —ks O 0 Il | o
0 puprenn 0 ms  —kau 0 I, 0
0 0 Mma  mu mi,  —(u+pm + Pronds + anp)) \Ry 0
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Then, the endemic quilibrium point is € = (S}, Ej;, I I I R;};), where:

Sk o= My B = My oy Ajkaskoskas(amp + on Ay + p+ i)
B ophty +app +p+pg” ¢ A, ,
I = My(1 — BY)esmwnAfkaskas(anp + COH,B;AL + p+ py)
Hy A ,
= Muondy(anp + onfi Ay + p+ p)(Keokaaer (1 — pir) + Kaalr(1 = f)esy)
H N bl
2 A2
= MywuAj(anp + C‘)Hﬁi)t;l + p 4 p)Uanis(1 = B*)eqn + kifreqmmis(1 — pu) + kaskos frernpu)
H B 5
3 Az
R = MyopAy((1 — B)esm)(koskaania + lr(kosmu + 17,ms) + (1 — pr)kaaf egn(koamp + 17,m15)
H A
+haokos B ermmi, pu)

A, (2.83)
and A, = (aup + p + pu + ogAy)amp + p + pa + opfiAikakekyskss — (app + p +
o) ProaAy (1= prke fem(koame +13,ms)+ (1= )efn(koskoaniz + 1 (koame +17,112) +
kazkas €5y, pu)-

Proceeding analogously to the TB-Only submodel (2.11), we obtain the following
theorem:

Theorem 2.3.14. The TB-HIV/AIDS submodel (2.48) has a unique endemic equilibrium point
e, whenever ERSI > 1.

TB-Diabetes Submodel

The submodel that relates TB to diabetes is obtained when Sy = St = Ey = Er = Iy, =

Iy, = I, = I, = Iy, = Ry = I; = Ry = 0 and is given by the system:
ds
d—;) = Mp — (ag + p + pp + wpAp)Sp,
dEp ,
e wpAp(Sp + BRp) — (n + p + pp + ag)Ep,
dI 1 * *
d]lJ‘ = (1 - p")epnEp — (p + tyay + p + pp + drp + n13)Ip,,
d], . ,
dliz = (1 - pp)epB mEp + Iplp, — (tyag + mp + 1 + pp + tpdrp + N16)Ip,,
dID3 * % * *
at = ppP epnEp + nislp, — ()5 + tuay + p + pp + tpdrp)Ip,,
dRp . ,
7 = mDID2 + 7]13ID1 + ’713[D3 — (ocH +u+ pup + ﬂleAD)RD, (284)

with non-negative initial conditions and

L€pUp, +Ip, +Ip,)

Ap = ,
D=Q Np
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where ND = SD + ED + ID1 + IDZ + ID3 + RD.
The system (2.84) will be studied in the following region biologically feasible:

M,
Dy = {(SDaEDaIDpIDZ,IDg:RD) €RS : Np(t) < TD}

It can be easily shown that solutions (Sp(2), Ip,(¢), Ip,(t), Ip,(t), Rp(t)) of the system are
bounded and positively invariant.

The disease-free equilibrium point, €}, is given by €} = (SOD, 0,0, 0,0,0>, where

=
O u+pptay
The matrices for the new infection terms, Fj, and the other terms, V, are given by:

MDOC*Q)DGD MD(X*OJDGD MDOC*O)DGD

0
g+ U+ up og+pu+pup oag+p+plp
Fp, =10 0 0 0 ,
0 0 0 0
0 0 0 0
ks, 0 0 0
v —(1—=pepn ks 0 0
D

T |- - po)epfn —lp ks O |
—ppepfn 0 N6 ks

where k3, = ay +e€n+ p+ pup, ksp = Ip + p+drp + 13 + tyay + pp, ks = p+tpdrp + 16 +
mp + tgay + pp, and ksg = g+ pp + thdrp + nj; + tuay.
The basic reproduction number is given by

a*waDMD((l — B*)epn(ksskss + Ip(kss + 1m16)) + (1 — pp)ep S nksa(kss + 116) + k32k3363/3*f7PD)

RD = p(FyVi;') =
o = PHYH Np(an + p + pp)ksiksoksskss

(2.85)

We define (H,) and (H,) as in the previous submodels (2.11) and (2.48) and using the same
idea from the demonstration, we have the following lemmas:

Lemma 2.3.15. The disease-free equilibrium €5 is asymptotically stable when RD < 1 and
is unstable whenever RY > 1.
D D D Mp .
Lemma 2.3.16. The fixed point E; = (S,°,0,0,0,0) where Sy* = | ————,0 ) isa
ptoam+ [p
globally asymptotically stable equilibrium of submodel (TB-Diabetes) if R) < 1 and the
assumption (H,) and (H,) are satisfied.

We make a procedure analogous to the previous submodels for I, and 1,4 (MDR-TB and
XDR-TB parameters for TB-Diabetes submodel) and we obtain the following limits:

lim RY = a*Mpwpepenn (1 — BkSskss + (1 — pp)f kSykss + B poki,ks; )
p—o 0 Np(pp + ag + p)ksikdykdsksy

N16—0

. (2.86)
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where k), is ks, for Ip = 0 and kY, is k33 for ;s = 0. Then, in practice I — 0 and
N6 — 0 imply zero resistance, i.e. elimination of resistance to tuberculosis treatment. If
the limit (2.86) are greater than unity, then when Iy, ;4 — 0 has a negative impact on TB
transmission control. That is, if we have

a*wpepennMp S k313, k3skss (2.87)
Np(an + pp + 1)~ (1 = B)kSskss + (1 — pp)frkSksa + B pokd,kds .
Now, we study the case when I, — 1 and 14 — 0. Then, we have that
. D a’*wDeDQ*)MDT]((l - ﬁ*)(k§3k34 +ksq) + (1 - PD)ﬂ*kész + ﬁ*PDkézk(ag)
lim R, = ) , (2.88)
’;?;10 Np(an + pp + ksiksykgskss

where kj, is ks, for Ip = 1. Then, if the limit (2.88) are greater than unity, then when I, — 1
and 1y — 0 has a negative impact on TB transmission control. That is, if we have

O(*Q)DGDGBMD S k31k31,2k23k34 (2 89)
Np(ag + pp + 1) = (1 = p)(kSsksa + ksa) + (1 — pp)frkizkss + B ppkiykSs .
In the case when I — 0 and ;4 — 1. We have
o dpepepMpn((1 = fkskls + (1 — pp)BkSy(kss + 1) + kS,k3 87 pp)
lim R, = R , (2.90)
,5?6101 Np(an + pp + pksiksyksskss

where k3, is k33 for s = 1 and ki, = k3, + 1. If the limit (2.90) are greater than unity, then
when Ip — 0 and 1y — 1 has a negative impact on TB transmission control. That is, if we
have

0 1.1
a*wpepep,Mp k1 k3,ks5ks4

> .
Np(ag + pp + 1)~ (1 = fksakis + (1 — pp)frk3y(kss + 1) + k3,k358* pp

For Ip — 1 and ;4 — 1. We have that

(2.91)

lim R? =
p>1 0 Np(ay + pp + pksikizkiskss

nie—1

(2.92)
If the limit (2.92) are greater than unity, then when I, — 1 and 5,4 — 1 has a negative
impact on TB transmission control. That is, if we have

* * 1.1
(44 C()DGDeDMD k31k32k33k34

> .
Np(ay +pp + 1) = (1 — p*)(ksakis + (ksy + 1))(1 — pp)frkiy(kss + 1) + k%zké?ﬁ*Pl(J )
2.93

a*Mpwpepepn((1 — Br)(ksaki; + (ksa + 1) + (1 = pp)B ki, (ks + 1) + kiK1 po)

41
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Let us consider the following expressions:

Q'*C()DEDGBMD
Ap = , 2.94
" No(ap + Hp + 1) (2.54)
Kotk K K
Ap, = , 2.95
P ks + (1 po)f ks + B ok 259
170
Ap, = 0 Eokaghsslss g o (2.96)
(1 - ﬁ*)(k33k34 + k34) + (1 - pD)ﬂ*kgssz + ﬂ*pDk3zk33
ks k3, ki k
Ap, = 1 S s8I — (2.97)
(1 = B*)ksakss + (1 — pp)frksy(ksa + 1) + ksykss f pp
1.1
Ap, = : Ka1kspkakss : — . (2.98)
(1 - ﬁ*)(k34k33 + (k34 + 1))(1 - PD)ﬁ*k3z(k34 + 1) + k32k33ﬁ*PD
We have the following lemma:
Lemma 2.3.17. 1. The impact when Ip — 0 and s — 0 is positive in reducing TB

transmission in this subpopulation only if Ap < Ap,, no impact if Ay = Ap, and a
negative impact if Ay > Ap,.

2. The impact when ly — 1 and n;s — 0 is positive in reducing TB transmission in this
subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative impact if
Ap > Ap,.

3. The impact wheNlp — 0 and ;s — 1 is positive in reducing TB transmission in this
subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative impact if
Ap > AD3.

4. The impact whenlp — 1 and 1,4 — 1 is positive in reducing TB transmission in this
subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative impact if
Ap > Ap,.

We will study the relationship between resistance and recovery parameters. First, we
start with the relationship between I, and ;3. We obtain the following limits:

lim R = a*a)DeDE*DMDU((l — fksskss + (1 = pp) k3 (ksa + 116) + PDﬁ*kgékss) . (2.99)

Ip—0 Np(an + pp + ksik§ikssksy

ni3—1
where kj; represents ks, when I — 0 and ;3 — 1.

lim R = a*wDeDe}SMDU((l — ) ksskss + (ksa + 116)) + (1 = pp)fkzy(kss + 1716) + PDﬁ*kgk%)
bt Np(ap + pp + Dksiksgksskss

130

5

(2.100)
where k;) represents ks, when Ip — 1 and 1733 — 0.

lim RP = a*“’DEDeEMDU((l — B ) ksskss + (ksq + 1116)) + (1 — pp)Bhsy (ks + 1116) + pDﬁ*kéék%)
oo ' ND(aH + HD + ﬂ)k31k%%k33k34

ni3—1

5

(2.101)
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where k3, represents k3, when Ip — 1 and ;3 — 1.

Of*CODGDe}BMDU((l — B ksskss + (1 — pD)ﬁ*ké)S(ka4 + 116) + PDﬁ*k§;k33)

lim R? = ,
’5?;% ‘ Np(ag + pip + pks1k§9ksskss
(2.102)
where k)9 represents ks, when I — 0 and 1733 — 0.
Let us consider the following expressions:
ks1k3skssksa
Ap. = , 2.103
D (1 = f*ksskss + (1 — pp)frk3okss + ppfrkigkss ( )
k31kgék33k34
Ap = s 2.104
P = = B sskon + (1= po) B Kss + 116) + pof ki (2.104)
ks ki0kssk
Ap, = B —, (2.105)
(1 = B*)(ksskss + (ksq + 1116)) + (1 = pp)frksg(kss + 1116) + ppfrksgkss
11
Ap, = Kikshesskss - —. (2.106)
(1 = B*)(ksskss + (ksg +1116)) + (1 — pp)Brkiz(kss + n16 + ppfrkszkss
We have the following lemma:
Lemma 2.3.18. 1. The impact when Il — 0 and n;3 — 0 is positive in reducing TB

transmission in TB-Diabetes subpopulation only if Ap < Ap,, no impact if Ap = Ap,
and a negative impact if Ap > Ap,.

2. The impact when I — 0 and n;3 — 1 is positive in reducing TB transmission in
TB-Diabetes subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative
impact if Ap > Ap,.

3. The impact when I — 1 and n;3 — 0 is positive in reducing TB transmission in
TB-Diabetes subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative
impact if Ap > Ap,.

4. The impact when I — 1 and n;3 — 1 is positive in reducing TB transmission in
TB-Diabetes subpopulation only if Ap < Ap,, no impact if Ap = Ap, and a negative
impact if Ap > Ap,.

Now, we study the relationship between the XDR-TB parameter (1;5) and recovery
(mp). We have the following limits:

lim R? = a*MDwDeBGD’T((l — B)(k$3kss + Ipkss) + (1 — pp)fkspkss + pDﬁ*k%kg;)
meso " Np(ag + pp + pksiksskika,

mp—1

bl

(2.107)
where k); represents ki3 when ;4 — 0 and mp — 1.

lim RC = a*MDwDeBqu((l — B)(k33kss + Ip(kss + 1)) + (1 — pp)fksp(kss + 1) + PDﬂ*kgzkég)
Tl No(at + pip + kKol

mp—0

5

(2.108)
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where k;1 represents ki3 when n;s — 1 and mp — 0.

Of*MDa)De}BGD’T((l — B)kizkss + Ip(kss + 1)) + (1 = pp)frksp(kss + 1) + PDﬁ*kazkéé)

lim R? = ,
ms—1 0 Np(ay + pp + pksikszkszkss
(2.109)
where k;; represents ks; when n;¢ — 1 and mp — 1.
a*Mpwpese 1— B)k%%kss + (1 — *ksokss + *kgy k30
lim ERE _ DWDED D’](( B 33K34 ( PD)/(})O s2kss + ppfks; 33)’ (2.110)
Z;;:g Np(ay + pp + pksiks2k§9ksy
where k)5 represents ki3 when ;4 — 0 and mp — 0.
Let us define the following expressions:
k3iksok3skss
Ap, = , 2.111
P (1 = B)kBkss + (1 — pp)fksokss + ppfrksakss ( )
ks1ks, kO k
Ap, = - e =, (2.112)
(1 = p*)(k3skss + Ipkss) + (1 — pp)B*ksskss + ppfrksskss
ks ks, k10K
Ap, = p S % =, (2113)
(1 = p)(ksskss + Ip(kss + 1)) + (1 — pp)Brksa(kss + 1) + ppfrkszkis
ks1ksokilk
Ap,, = o T _ (2114)
(1 = p)kszkss + Ip(kss + 1)) + (1 — pp)Brksa(kss + 1) + ppfrkszkis
We obtain the following lemma:
Lemma 2.3.19. 1. The impact when ;s — 0 and mp — 0 is positive in reducing TB

transmission in TB-Diabetes subpopulation only if Ap < Ap,, no impact if Ap = Ap,
and a negative impact if Ap > Ap,.

2. The impact when ;s — 0 and mp — 1 is positive in reducing TB transmission in
TB-Diabetes subpopulation only if Ap < Ap,,, no impact if Ap = Ap,, and a negative
impact if Ap > Ap,,.

3. The impact when n;s — 1 and mp — 0 is positive in reducing TB transmission in
TB-Diabetes subpopulation only if Ap < Ap,,, no impact if Ap = Ap,, and a negative
impact if Ap > Ap,,.

4. The impact when ;¢ — 1 and mp — is positive in reducing TB transmission in TB-
Diabetes subpopulation only if Ap < Ap,,, no impact if Ap = Ap,, and a negative
impact if Ap > Ap,,.

Studying the resistance parameters (Ip, n14) respect to the recovery parameters (1;3, mp).
We have:

lim R = a*MDa)DGBEDU((l — B)(k33kss + (ksq + 1)) + (1 = pp) B k3g(kss + 1) + pDﬂ*k;gkég)
oy No(as + o + )k ki3S |
7130

mp—0

(2.115)
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a*Mpwpepepn((1 — fkSkss + (1 — pp)B*kSskss + pofkkS)

lim Ry = 2.116
éDI—_)r{}]O 0 ND(C(H + KD + Il)kglkg%kg%k34 ( )
Lo
Let us consider:
k klOkIOk
Ap,, = #Y(1-10 SEns *1-10 #1-107.10° (2.117)
(1 = B*)(ksskss + (ksa + 1)) + (1 = pp)frksz(kss + 1) + ppfrksokss
ksikspkssks
Ap,, = #\101 101 +1.017.01° (2.118)
(1 = p)kssksa + (1 — pp)Bkszkss + ppfrkszkss
We obtain the following lemma:
Lemma 2.3.20. 1. The impact of the resistance parameters when Ip, ;s — 1 with respect

to the recovery parameters when 13, mp — 0 is positive in reducing tuberculosis
transmission in TB-Diabetes subpopulation only if Ap < Ap,,, no impact if Ap = Ap,,
and a negative impact if Ap > Ap,,.

2. The impact of the recovery parameters recovery parameters when they tend to unity
(13, mp — 1) with respect to the recovery parameters when they tend to zero (Ip, 6 —
0) is positive in reducing tuberculosis transmission in TB-Diabetes subpopulation only
if Ap < Ap,,, no impact if Ap = Ap,, and a negative impact if Ap > Ap,,.

Endemic Equilibrium Point

To find the endemic equilibrium point the subsystem (2.84) is transformed into the

following system of equations:

—(,u + ug +ag + /11)) 0 0 0 0 0 SB —Mp
b —ks 0 0 0 Biwpp E} 0
0 (1-pebn  —ksz 0 0 0 | | o
0 (1 - pD)EBﬁ*I] lD —k33 0 0 IBZ B 0
0 pofiepn 0 Ne  —kss 0 Ip, 0
0 0 nms mp N —(p+pp+ ﬁ;wD/lD +ag)) \Rp 0

Then, the endemic quilibrium point is € = (S}, EpIp Ip I R}), where:

st = Mp B = MpwpApkssksskss(ay + COD,B;AE + p+ pip)
wpAly +ag +p+pup P As ’
I = Mp(1 — f)epnwpApkssksy(ay + a)Dﬂi/lB +u+ ,uD)’
1 A,
I = MpwpAp(am + wpPiAp + i+ pp)(ksoksaeh, Bn(1 — pp) + ksalp(1 — ﬁ*)GB’]),
2 A3
I = MpawpApy(an + opBiAp + i+ up)Upnis(1 = [Z)ejsn + ks epnmis(1 — pp) + k32k33ﬂ*6BUPD),
3
R, = MpwpAp((1 = B )epn)(kssksanis + Ip(ksamp + 175m16) + (1 — pp)ksaepn(ksamp + nisn16)
A
+hsokss B €pnmis po)

2.119
A, (2.119)
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and As = (ag+p+pp+opAs) g+ p+pp+op B A5 ks kspksskss—(ap +p+wpAs) fropAs(1—
pp)kso B epn(ksamp +133116) + (1 — B*)epn(kasksans +Ip(ksamp +133113) + ksokssen fnnis pp)-

Analogous to the procedure applied to the previous submodel (2.11), we can obtain the
following theorem:

Theorem 2.3.21. The Diabetes-TB submodel (2.84) has a unique endemic equilibrium point
€, whenever RD > 1.

Persistence

In previous sections, we worked with a” (effective contact rate) as a constant for a
given situation. In many situations, we can see it as depending on the situation/region
and it takes different values. In general, o relates to the level of contagion/propagation
of the disease. Now, to study persistence we will consider a* as dependent on Nj, (total
population) and a particular case ty = 1.

S E
Firstly, we will normalize the model with respect to Np. Then, x; = FD’ Xy = N—D,
D D
I I I
X3 = &, Xy = ﬁ, X5 = &, Xg = =D and express (2.84) in these terms, as followed:
Np Np Np Np
ND = SD+ED —l-ID1 +ID2 +ID3 +RD,
dND 4 *
I = Mp — (u + pp + ag)Np — drp(xs + tpxs + t5x5)Np,
dx M ,
=L = —D(l — x1) — wpep® (X3 + x4 + x5)x; + drp (365 + x4 + 1) Xs5) %1,
dt Np
de . ’ MD . ’ .
E = Wp€EpAx (X3 + x4 + X5)(x1 + ﬂ1x6) — (FD — €ph | X2 + dTD(x3 + tDX4 + th5)x2,
dx M ’
_3 = (1 — /3*)65 — lD + 7713 + _D X4 + dTD(x?, + tDX4 + tBXS — 1)X3,
dt Np
dX4 . % MD ’ % ’
—_ = (1 — pD)ﬁ GD — | mp + ’716 + — Xyq + dTD(x?, + tDX4 + thS — tD)X4,
dt Np
de * % * MD / * *
— =ppfren — | 1z + — |xa + drp(os + thxy + x5 — 1)),
dt Np
dx6 . % MD ’ .
r = MpXy + N13%3 + N]3%5 — wpepa” (Np) (x5 + x4 + X5)x5 — Fx6 + drp(x3 + tpxy + thxs)Xe.
D

(2.120)

We have that x; + x5 + x5 + x4 + x5 + x, = 1. The manifold x; + x; + x3 + x4 + X5 + x4 = 1,
X1, X2, X3, X4, X5, Xg > 0, is forward invariant, under solution flow of system (2.120), which
has a global solution that satisfies (2.84). Now, let’s find the conditions under which the
disease and host subpopulation will persist.

Theorem 2.3.22. Let «*(0) = 0, N(0) > 0. Then, the population is uniformly persistent, that
is,
liminf N(t) > €, (2.121)

t—o0

where € > 0 does not depend on the initial data.
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Proof. We have to demonstrate that the set

6
X, = {N=0,xi >0,i=1,..,6 Y %= 1},
i=1

is uniform strong repeller for

6
XZ = {N>0,xi Zo,l: 1,...,6,23(,': 1}
i=1

The following results are presented and proved in [30, 117, 107] and are used to demostrate
the conditions of persistence.

Theorem 2.3.23. Let X be a locally compact metric space with metricd. Let X be the disjoint
union of two sets X; and X, such that X, is compact. Let ¢ be a continuous semiflow on X;.
Then X, is a uniform strong repeller for X.

Theorem 2.3.24. Let D be a bounded interval inR and g : (t;,0) x D — R be bounded
and uniformly continuous. Further, let x : (t),0) — D be a solution of x = g(t, x), which is
defined on the whole interval (t,, ). Then there exist sequences s,,t, — oo such that

lim g(sp, Xoo) = 0 = lim g(¢,, x%). (2.122)

Lemma 2.3.25. If the assumptions of Theorem (2.3.24) are satisfied, then

1.
lir'nf inf g(t, x) > 0 > lim sup g(t, x), (2.123)
t—1in t—oo

2.
lir.nf inf g(¢,x%) > 0 > lim sup g(t, x™). (2.124)
I—In t—o00

We have that the assumptions of Theorem (2.3.23) are satisfed, it suffices to show that
X, is a uniform weak repulsive for X;. We define

r=2x+ x5+ x4+ x5 + Xg. (2.125)

Then,
, . My , .
r = wpepa” (Np)(xs + x4 + x5)x1 — N—r + drp((r — 1)(x3 + tpxy + thxs)). (2.126)
b

Using that x;, x2, X3, X4, x5, x5 < 1, we have

M ,
N—Z +drp(1 = r)(1 + 1, + 1)) < 3wpepa”(Np) (2.127)
D
M drp(1 = 1)1 + t, + ¢t
— a*(Np) > —— (1 =)ty +15) (2.128)

30)D€DN5° 30)D€D



48

2 | AMATHEMATICAL MODEL FOR THE STUDY OF EFFECTIVENESS IN THERAPY IN TUBERCULOSIS

From the equation of Np in (2.120), we obtain

.. 1 dND MD 00 4/ 00, %00 MD ¢ %), .00
}Ll’g inf N—DF 2 N—Bo—(,ll+dTD(x3 +ipx, +ipXs )) > N—Bo+(ﬂ+dTD(1+tD+tD)r ). (2129)

As Np increase exponentially,

M ,
D <y drp(1 4+t + ), (2.130)
ND
that is ) M
. (—D - y) < (2.131)
drp(1 4+t +tH) \NY
Combining (2.128) and (2.131), we have
1 Mp Mp ,
)z (M2 ) ) e 1), @12
(No) 3opep N5~ H)\30penNS (L + 1, + 1) (1 +ip +1p) ). (2152)

As a*(0) = 0 and a*(Np) is continuous at 0, N7’ > € > 0 whit € not depending on the
initial data. From (2.132), we see that we can relax a*(0) = 0 and require that:

1 M M ,
a*(0) < ((—D - y)( b - 1) +drp(1+ 1, + t;;)>. (2.133)
SwDeD Z\[Doo 36<)D€DN1;0(1 + tD + tf))

This conclude the proof. O]

With this result, we proved the persistence of tuberculosis in this subpopulation.
Therefore, it is necessary to apply control strategies to reduce and eradicate the disease in
the community.

Full Model Study
The model (2.5) has a disease-free equilibrium, given by
€S =(St,8,5,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).

We computed the basic reproduction number as in the previous submodels by next-
generation matrix method. The dominant eigenvalues of the next-generation matrix are
RT, R and RD. Therefore, the basic reproduction number of the model (2.5) is

R, = max{R], R, RO}

Using the analytical results of the TB-Only, TB-HIV/AIDS and TB-Diabetes submodels,
we have conditions for which the MDR-TB and XDR-TB parameters have a positive impact
on the reduction of TB transmission for the full model [80].
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Global Stability

Now, we list two conditions that if satisfied, also guarantee the global asymptotic
stability of the disease-free equilibrium point. Following [38], we can rewrite the model
(2.5) as

ds

— =F(S,I

dt (5.1,

dI

i G(S,I), G(S,0) =0, (2.134)

where S € RS is the vector whose components are the number of uninfected and recovered
and I € R!? denotes the number of infected individuals including the latent and the
infectious (the other variables of the model (2.5)).

The disease-free equilibrium is now denoted by ES = (S;,0), S; = (S0,0,0,0), Sy =

M

(ST, SH, SP) where S} = —r sH=— " apndsP=—""2__
H+ag+ap M+ g + dup U+ pp +ap

The conditions (H; ) and (H,) below must be satisfied to guarantee the global asymptotic
stability of ES.

ds
(H) : For i F(S,0), S, is globally asymptotically stable,

(Hy) : G(S,I)= Al -G*(S,I), G*(S,I)>0, for (S,I)eQ,

where A = D;G(S;,0) (D;G(S;, 0) is the Jacobian of G at (S;,0)) is a M-matrix (the off-
diagonal elements of A are non-negative) and Q is the biologically feasible region.
We have de following theorem:

Theorem 2.3.26. The fixed point E§ is a globally asymptotically stable equilibrium of model
(2.5) provided that R, < 1 and that the conditions (H,) and (H,) are satisfied.

Proof. Let

Mr — (u + ay + ap)Sy
My — (u + pr + app)Su
Mp — (u + pip + ax)Sp
0
0
0

F(S,0) =

As F(S,0) is a linear equation, we obtain that S; is globally asymptotic stable, thus H; is
satisfied.
Let’s, A = [A; | A;], where
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—ki1 0 0
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ap XHD —ks:
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(1= pr)fn 0 0
Al 0 =B 0
0 (1= pu)frenn 0
0 0 (1—B"epn
0 0 (1—-pp)fepn
prfn 0 0
0 prenpn 0
0 0 poeppn
a‘ey a“ep aep a”
O)HGK*EH CL)HOK*GD C()HO.’*GD a)Ha*
wp’ey wpa*ep wpa'ep wpa”
0 0 0 0
0 0 0 0
0 tgay 0 0
A2 - —k23 0 tgoy 0
0 —ksy 0 0
tHDAHD Ip —ks3 0
0 0 0 —ki4
N1s 0 0 tyoy
0 0 N6 tpap

WHA
[0)514
—ki2
Iy
thoy

tpap
0

S O O

aey
C()HO.’*GH
wp €y
0
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0
—kay

tHDAHD

a aey
wHA® wgatey
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—ki3 0
0 k2
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0 tHp®HD
tpap 0
N4 0
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0 0
a‘ep
CL)HCK*ED
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0
0
0
0 ,
0
0
0
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—ks4

1=( Er, Ey, Ep, Iy, Ly, Iy, Im, Ip, In, In, In, Ip, ),

G*(S,I) = AI" - G(S,1),

Sr+ BR
a* (ITl + ITZ + IT3 + EH(IH1 + IH2 + IHg) + 61)(1])1 + IDZ + ID3)) <1 — TTﬁlT
G50 . S + BiRu
GZ(S’I) wHa (IT1 + ITZ + IT3 + EH(IH1 + IH2 + IH.'s) + (:‘D(ID1 + IDg + IDg)) 1-— T
Gi(S.1) e
GZ(S,I) wpa® (ITl + ITZ + IT3 + 6H(IH1 + IH2 + IH;;) + GD(ID1 + ID2 + ID;;)) (1 SR S
Gy(S.1) . N
" _|GeS.D | _
Gi(S.1) 0
Gi(S,]) 0
Giy(S. D) 8
Gi(S.]) 0
Giy(S.1) ’
0
Sr+ ﬁlRT

Since Sy + B, Ry, Sy + Ry and Sp, + B, R), are always less than or equal to N,

<1lan

SH + ﬂ;RH d SD + ﬂ;RD
N N

)

<1

b

< 1. Thus, G*(S,I) > 0 for all (S,I) € D, the E is a globally
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asymptotically stable. [

Analogous proofs of this theorem can be found in the bibliographic references [97, 98].
After analyzing the basic reproduction number, the infection-free equilibrium points,
and the endemic equilibrium points, we have the following conclusions:

o if Ry = max{R], R, RD} < 1, then €, €ll, €L exist and are globally asymptotically
stable (Lemmas (2.3.2), (2.3.9) and (2.3.16)) and €} is globally asymptotically stable
(Theorem (2.3.26)).

o if Ry = max{R], R, RE} > 1, and we suppose that Ry = R} then € is unstable and
we will study 3 possible cases:

1. Ry = RTand R, RY < 1, then €] is unstable (Lemma (2.3.1)), €&/, €2 are globally

asymptotically stable (Lemmas (2.3.9) and (2.3.16)) and exists € (Lemma (2.3.7)).

2. Ry =Rl and RY > 1,RD < 1, then €] and €f are unstable (Lemmas (2.3.1) and
(2.3.8)), € is globally asymptotically stable (Lemma (2.3.16)) and exist €. and
el (Lemmas (2.3.7) and (2.3.14)).

3. Ro = NI and R, RD > 1, then €], €l €D are unstable (Lemmas (2.3.1), (2.3.8)
and (2.3.15) and exist €I, € and € (Lemmas (2.3.7), (2.3.14) and (2.3.21)).

2.4 Sensitive Analysis

In this section, we study the impact of the parameters on the threshold quantity, R,. The
sensitivity analysis of the basic reproduction number determines the relative importance
of the parameters present in the basic reproduction number, such as the parameters of
transmission, resistance, recovery, among others. The sensitivity index can be defined
using the partial derivatives, provided that the variable be differentiable with respect to
the parameter under study. Sensitivity analysis also helps to identify the transcendence of
the parameter values in the predictions using the model [86, 40, 122].

Definition 2.4.1. ([122]) The normalized forward sensitivity index of a variable, v, that
depends differentiability on a parameter p is defined as:

P
v o= 2l (2.135)
ap v

We can characterize the sensitivity index as follows:

« A positive value of the sensitivity index implies that an increase in the parameter
value causes an increase in the basic reproduction number.

« A negative value of the sensitivity index implies that an increase of the parameter
value causes a decrease of the basic reproduction number.

We will study the sensitivity index specifically for parameters associated with TB
transmission, resistance, and recovery. We obtain the following expressions:
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e +1, if R, = mg
Mr 0, Otherwise.

Sensitivity index expressions for f*, " and 7 are:

( B (=kiskis — Ir(kia + 114) + (1 = pr)kiz(kis + 114) + k12k13PT) T
s f ERO 91“():
(1 = p)kiskis + Ir(kig + 11a)) + (1 = pr)frkia(kia + 11a) + kizkis S pr
Yo — B (=kaskaos — In(kas + m15) + (1 — pr)koo(kos + 115) + kaokos pr) i Ro—RH
F (1 — B)(kaskas + l(kos +1m15)) + (1 — PP koo (kas + 115) + kzzkzsﬂ*PH, e
B (=ksskss — Ip(kss + 116) + (1 = pp)ksa(kss + 116) + kszkss pp) R = R
| (1 = B*)(ksskss + Ip(ksa +116)) + (1 — pp)frksa(kss + 116) + ksokss B pp’ ° 0

Yo =Y = +1

Sensitivity index expressions for parameters associated with resistance are:

Iy ((1 = B)k1a((1 = £)dr + Oy — Mr) + a1 = 6)dr + (11 — ’7?1))) i R= R
Y?:O = 1 kio ((1 = B kiskrs + lr(era + mia)) + (1 = pr)prkiz(ia + mis) + kizkisprpr) ’ v
0, Otherwise.
ZH((l — B kaa((1 — ty)drer + (2 — My) + m1s(1 — t5)drer + (12 — ’ﬁz))) R =R
Y;):,O = 1 koo ((1 = B)kaskas + Ik + m15)) + (1 = pr)rhaa(kos + mis) + kaskos p*prr)” ’ 0
0, Otherwise.
Ip ((1 — B)ksa((1 = tp)drp + (13 — Mp) + m1s(1 — £5)drp + (13 — ’7?3))) i R RO
Ymo = k32((1 — B )kssksa + Ip(ksa +1m16)) + (1 — pp)Bkaz(kss + 116) + kazkss f* PD) ’ o
Otherwise.
N1 ((1 =) + k(1 - PT))((tT —t{)dr + (Mg — ’711))) £ Ro= T
YR = 3 ks (1= ) kaskas + rCkas + 100) + (1= pBkralhns + 11) + kiokisB*pr) v
Otherwise.
Mis (((1 = B) + ko (1 = pr))((ty — ti)dra + (my — ’7;2))) i Ro= R
Yi‘; = $ ka3 ((1 = ) (kaskaa + LCkaa + m15)) + (1 = pr)Bkaa(kaa + mis) + kazkosfprr)” ’ o
0, Otherwise.
M6 (((1 = B7) + ksop*(1 = pp))((tp — t5)drp + (Mp — 1}3)) R = RO
Yi‘; = $ ka3 ((1 = B*)(ksskss + Ip(ksa + 116)) + (1 — pp)Bksa(kss + 116) + kszkssf*pp)’ ’ v
0, Otherwise.

Sensitivity index expressions for parameters associated with recovery are:

3 N ((1 = B ) ksky + Ir(kyg + ’714)) £ Ro—wT
Yif = ko (1 = B)(kiska + Ir(kia + m1a)) + (1 = pr)fhia(kus + ma) + kikisp*pr)’ ’ v
0, Otherwise.
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B N2 ((1 — B ) kaskas + L (ko + 1715))
Y,”,fg = kzz((l — B )kaskos + I(kos + 115)) + (1 — pr)frkao(kas + 115) + kzzkzaﬁ*PH) ’
0,

B 7713((1 — B )(kssksq + Ip(ksq + ’716))
Y,,”‘Q = kso (1 = *)(kssksa + Ip(kss +116)) + (1 = pp)f*kaz(kss + M16) + kaokssppp)’
0,

3 mT((l = Bl (kig + g + (1 = pr)Bkia(kiy + 7714))
Yﬁi = k13((1 = B)kiskig + Ir(kig + 114)) + (1 = pr)frkia(kis + 114) + k12k13ﬁ*PT) ’
0,

mH((l = B)lu(kos + 115 + (1 — pu)f kaa(kos + 7715))

Y?:l,[), = k23((1 — ) kaskas + lir(kag + 115)) + (1 = pr)Brkaa(kas + m1s5) + k22k23/3*PH) ’

mp ((1 = B)p(kss + m16 + (1 — pp) B ksa(kss + 7716))
Y%g = ka3 (1 — ) (ksskss + Ip(kss + m16)) + (1 — pp)Brksa(kss + i) + kszkssp*pp)

~ 751 (maCr(1 = B7) + (1 = pr)kiofi*) + knksf pr)
qu%? ks ((1 = B)(kiskus + br(kis + 1)) + (1 = pr)fkia(kis + 1) + kizkisppr)
0>

N (Uls(lH(l =B+ = prkaf*) + k22k23,B*PH)

Y,»;;Z i k23((1 — B ) kaskas + lir(kag + 115)) + (1 = pr)Brkaa(kas + 11s5) + k22k23ﬁ*PH) ’
0’

- 1is (ms(o(1 = B7) + (1 = po)ksaf™) + ksokss ™ po)
Y;'R%z - k33((1 = P )kssksq + Ip(kss + 116)) + (1 = pp)Bksz(kss + 116) + k32k33ﬂ*PD) ,
0,

Using the conditions of the parameters in our study, we have that:

if Ry =R,

Otherwise.

if Ry =RD,

Otherwise.

if Ry =R,

Otherwise.

if R, =R

Otherwise.

if R =R,

Otherwise.

if Ry =R,

Otherwise.

if R, =R,
Otherwise.
if Ro=RND,

Otherwise.

« The sensitivity index of parameters My, a* and 7 are positive or null this means that
a growth in these parameters leads to a growth in the basic reproduction number.

« The sensitivity index of parameters associated with recovery (mr, mg, mp, 1, 15;, 1 =
1, 2, 3) are negative or null, which implies that an increase in these parameters leads

to a decrease in the basic reproduction number.

« The sensitivity index of the other parameters studied depends on the scenario where

the model is applied.

We can characterize the sensitivity index of R, with respect to f* with the following
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lemma:

Lemma 2.4.1. The sensitivity index of the basic reproduction number with respect to the *
parameter is greater than zero if:

((1 = pr)kiz — Ir)(kis + 114)
kis(kis — klsz)

((1 = pr)ka — Ig)(kaa + 115)
ks (ks — kzzPH)

((1 = pp)ksz — Ip)(kss + 116)
ks3(ksq — ksz PD)

>1, for R,=R., (2.136)

>1, for Ro=RY, (2.137)

>1, for Ro=RY. (2.138)

2.5 Numerical Results

For the numerical simulations, we use a set of parameters extracted from [35, 78, 122,
107, 36, 37, 64, 61, 5, 41] with illustrative purposes and to support the analytical results,
see Tables (2.2)-(2.3) and we use the fourth-order Runge-Kutta numerical scheme coded in
MATLAB programming language. The initial conditions for the TB-Only and TB-Diabetes
subpopulations are taken from [35], and the values for the subpopulation of TB-HIV/AIDS
are assumed and do not represent a specific demographic area, but fall within the range
of actual achievable data, see Table (2.2). The parameter values and initial conditions
assumed were discussed and validated by specialists. Numerical simulations of Model (2.5)
for another scenario can be found in the work referenced as [80].

Variable | Value Variable | Value | Variable | Value
57(0) 8741400 | Sp(0) 111000 | Sp(0) 200000
E7(0) 565600 | Eg(0) 5000 | Ep(0) 8500
I, (0) 20000 Iy, 0) 1400 IDI(O) 1800
I1,(0) 1300 I, (0) 400 I, (0) 550
I,(0) 700 I, (0) 210 I, (0) 250

R (0) 8300 Ry (0) 500 Rp(0) 300

Table 2.2: Numerical values for the initial conditions of model (2.5).
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Parameter Value Reference

My, My, Mp | 667685, 10000, 50000 [78, 35], Assumed, Assumed
a 9.5 [35, 78, 122]

ay, ap 0.0075, 0.009 Assumed, [78, 35]

Wy, Wp 1.22,1.10 [78, 35, 107]

D 0.00173 [36]

€H, €D 1.3,1.1 Assumed, [78, 35]

Uy H s D 1/53.5,0.045,0.03 [78, 35, 107], Assumed
n, p* 0.05, 0.04 [78, 35, 107, 37, 64]

dT, dTHs dTD 0.0275, 0.033, 1.5 * dT [78, 35, 107]

€51, €D 1.3,1.1 [107], Assumed

t}, t;,,tz) 1,1.01, 1 Assumed

1t b 1.01, 1.02, 1.01 Assumed

B 0.9 [107]

I, Iy, Ip 0.0018, 0.0022, 0.0048 [122, 61, 5, 41], Assumed
mr, mg, mp | 0.6266,0.45,0.4054 [78, 35], Assumed

N14, N155 M16 0.013, 0.022, 0.026 [122, 61, 5, 41], Assumed
N11> N12s 13 0.7372, 0.55, 0.7372 [78, 35], Assumed

Pr, PH, PD 0.00225,0.0035,0.0041 [122, 37, 64], Assumed
N1 N1z Ui 0.4006,0.255,0.3317 [78, 35], Assumed

ta, tp, typ 1.01, 1.01, 1.01 Assumed

Table 2.3: Numerical values for the parameters of model (2.5).

The values of the basic reproduction numbers for the values of the Table (2.3) are
R{ = 1.3156, R = 0.1182 and R = 0.2101, then Ry = max{R], R}, RV} = 1.3156 > 1.

We study the behavior of R, with respect to the effective contact rate (¢*) and the
parameters associated with MDR-TB and XDR-TB. For the variation of a*, we have that the
RD is in the interval [0.0995,0.3317], R{ is in [0.6232, 2.0773] and R is in [0.0560, 0.1866].
We can observe that the basic reproduction number for TB-HIV/AIDS and TB-Diabetes
subpopulations is less than unity. This implies a decrease in the number of contagions
if there is a reduction in the effective contact rate, see Figure (2.2). For the TB-Only
subpopulation, R} takes values greater and less than unity, this means that for certain
values of o the infection will be able to start spreading in this subpopulations, and for
others there will be a decline in the number of cases.

In Figure (2.3), we analyze the response of R, when the parameters that represent MDR-
TB and XDR-TB are varying. For Figure (2.3a), we vary Ir, Iy and I, to study what happens
with the basic reproduction number with respect to these parameters that represent the
MDR-TB. The RY € [0.2095,0.2217], R € [1.3153,1.3311] and RE € [0.1181,0.1205]. In
Figure (2.3b), we varied 7114, ;5 and 155 (parameters associated with the XDR-TB) and we
obtain that RY € [0.2099,0.2103], R] € [1.3151,1.3177] and R € [0.1181,0.1184].

In both cases, the R of the TB-Only subpopulation remains greater than unity, demon-
strating that growth in the parameters associated with MDR-TB and XDR-TB negatively
affects this community and in the TB-HIV/AIDS and TB-Diabetes subpopulations, the
opposite occurs. The greatest difficulty of control is found in the TB-Only subpopulation.
However, to control the epidemic it is necessary to control it in all subpopulations.
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Basic Reproduction Number (% )

25

Ro-VaIue

05

T

T

T

Contact effective Rate (a')

Figure 2.2: Behavior of R with respect to effective contact rate, a*, for the different subpopulations
and a* € [4.5,15].
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Figure 2.3: (a) Graphical behavior of R with respect to the variation of the MDR-TB parameters
(7,1y,1Ip), forlr € [0.0005,0.065], Iy € [0.001,0.075] and Ip € [0.001,0.0855]. (b) Graphical behavior
of Ry with respect to the variation of the XDR-TB parameters (114, 15, H16) for n1a € [0.001,0.065],
M5 € [0.001,0.075] and n € [0.001,0.085].

The following Table (2.4) presents the application of the Lemmas (2.3.3)-(2.3.6) to the
scenario under study:
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Value Values Inequalities | Results
Ar =0.0894 | Ar, =0.0680 | Ar > Arg, Using the result (2.3.3), we have that any variation of Ir
Ar, = 0.0627 | Ar > Ay, and 7,4 negatively affects EROT.

AT3 = 0.0671 Ar > AT3
An = 0.0533 Ar > An

Ar =0.0894 | Az, =0.0056 | Ar > Ag For the variations of Iy and #;; using the Lemma (2.3.4),
Ar, =0.0889 | Ar > A, we have that any variation negatively affects ZRg.
AT7 = 0.0375 Ar > AT7
ATg = 0.0710 Ar > ATg

Ar =0.0894 | Ar, =0.0459 | Ar > Ag, Analogously, variations of 114 and mr using Lemma
A, =0.0691 | Ar > Ag, (2.3.5) negatively affect R].

ATU =0.0647 | Ar > ATH
Ale =0.0678 | Ar > AT]Z

Ar =0.0894 | A, =0.0231 | Ar > Ag, For Ir, 114 tending to unity and 51, mr tending to zero,
A, =0.0909 | Ar < Arg, the R} is negatively affected and in the opposite case it
is not affected, using Lemma (2.3.6).

Table 2.4: Study of the RY.

Figures (2.4a) and (2.4b) show the behavior of R] when we vary I and 7,,. We can
see that in this case, any variation of these parameters affects negatively the R[] since the
R > 1.

Figures (2.4c) and (2.4d) show the behavior of R} when we vary I; and 7;;. In this case,
it is always greater than unity and presents the highest value of the whole study when
Ir and 5y, tend to zero. We recommend paying attention to the joint behavior of these
parameters and their relationship with other parameters.

Figures (2.4e) and (2.4f) show the variation of the parameters ,, and m; in RY. The R
is always greater than unity, so it is evident that the epidemic in the submodel will persist.

We show that variations of the resistance and recovery parameters (in pairs) in this
scenario negatively affect R! and in these cases R] is always greater than unity.

The following Table (2.5) shows the application of the Lemmas (2.3.10)-(2.3.13) to the
scenario under study.

Value Values Inequalities | Results

A =0.0076 | Ap, = 0.0025 Ay > Apg, The variations of the parameters [y and 15
Ay, = 0.0178 Ay < Ap, result (2.3.10) do not negatively affect iRgI
Ap, = 0.0201 Ar < Ap, using the except when Iy and 7,5 tend to zero.
AH4 = 0.1745 Ag < AH4

A =0.0076 | Ap, =3.9350e — 04 | Ay > Ap, For the variations of Iy and 1;, tending to zero
Ap, = 0.0047 Ay > Ap, and Iy tending to zero and 75y, tending to unity
Ap, = 0.0128 Ay < Ap, negatively affect ER(I)J and other cases not affect
Ay, = 0.0251 Ay < Apg, R, using the Lemma (2.3.11).

Ay =0.0076 | Ag, = 1.0036e — 04 | Ay > Ap, The variations of 115 and my tending to zero
Ap,, = 0.0098 Ay < Ap, affect ERgI and the other cases do not affect it
Ag,, = 0.0105 A < Ap, negatively, using the Lemma (2.3.12).
Ale = 0.0366 A < Asz

Ay =0.0076 | Ap,, = 0.0746 Ay < Ap, For Iy, 115 tending to zero and 71z, my tending
Ap,, = 0.0168 Ay < Ap, to unity and the opposite case it is not affected

the RE using (2.3.13).

Table 2.5: Study of the R}

57



58

2 | AMATHEMATICAL MODEL FOR THE STUDY OF EFFECTIVENESS IN THERAPY IN TUBERCULOSIS

For the variation of the parameters in their respective intervals, the RY is always less
than unity, see Figures (2.5a)-(2.5f).

When we vary Iy and 7;,, the worst results are obtained when they are tending to zero
and when Iy tends to zero and 7, tends to unity, see Figures (2.5¢) and (2.5d). We can
verify the theoretical result presented in Lemma (2.3.11) applied to this scenario.

Figures (2.5e) and (2.5f) show the variation of 1,5 and my; in R, in this case, we see
that the negative influence is observed when the parameters tend to zero (theoretical result
verified) but also the highest values are reached when 7,5 tends to zero and my tends to
unity. We observed that the difference between Ay and Ay, is smaller with respect to the
combinations of the parameters that do not have a negative influence. We recommend to
pay attention to this case because the system can be influenced by other parameters.

The following Table (2.6) shows the theoretical results (2.3.17)-(2.3.20) applied to this
scenario.

Value Values Inequalities | Results

Ap =0.0174 | Ap, = 0.0039 Ap > Ap, The variation of Ip and 74 tend to zero negatively
Ap, = 0.0257 Ap < Ap, affects RY and the other cases does not affect,
Ap, = 0.0359 Ap < Ap, using the Lemma (2.3.17).
AD4 = 0.2499 Ap < AD4

Ap =0.0174 | Ap, = 4.6227e — 04 | Ap > Ap, When I, and 75 tend to unity it does not negatively
Ap, = 0.0059 Ap > Ap, affects RY and the other cases affect negatively to
Ap, = 0.0167 Ap > Ap, RD, using the Lemma (2.3.18).
ADB = 0.0329 Ap < ADg

Ap =0.0174 | Ap, = 1.8483e — 04 | Ap > Ap, For n;6 and mp tending to zero, negatively affected
Ap,, = 0.0185 Ap < Ap,, to RY and in the other cases, it is not affected,
Ap,, = 0.0200 Ap < Ap,, using Lemma (2.3.19).
ADIZ = 0.0695 Ap < ADIZ

Ap =0.0174 | Ap,, = 0.0981 Ap < Ap, For Ip and 1y tending to zero and 7;3 and mp tending
Ap,, = 0.0243 Ap < Ap, to unity and Ip and 74 tending to unity and 7,3, mp

tending to zero, using (2.3.20) the RY is not affected.

Table 2.6: Study of the RY.

The variation of the parameters I and 76, the R is always less than unity, see Figures
(2.6a) and (2.6b).

For the variation of I, and 7,3, we have that RY takes values greater and less than
unity. When I and 7,4 tend to zero, the highest value of ERE are achieved (Ap > Ap,) and
when [ tends to zero and 7, tends to unity (Ap > Ap,), verifying the theoretical results
presented in the Table 2.6. When 5,3 tends to unity and 7,4 tends to zero, we find values
for which RY is greater and less than unity so we must take into account the relationship
with other parameters. We recommend to apply control strategies to the behavior of these
parameters, see Figures (2.6c) and (2.6d).

When we vary 7, and mp together, the RY always remains less than unity. The worst
results are reached when 15 and mp are tending to zero which is when these parameters
according to the theoretical results (Ap > Ap,) affect negatively R, see Figures (2.6e) and
(2.60).

In the two-by-two variations in the different basic reproduction numbers the highest
values were obtained for R corresponding to the TB-Only submodel, as the general model
has the basic reproduction number defined as R, = max{R?!, R, RL} then, we can extend
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the results to the general model (2.5).

These results allow us to know how the variations of these parameters (resistance and
recovery) affect the transmission of tuberculosis in the different submodels and general

model, using the basic reproduction numbers.
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Figure 2.4: Variations of the resistance and recovery parameters in R}, for Iy € [0.0005,0.065],
N1 € [0.001,0.065], 71, € [0.01,0.75] and my € [0.01,
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Figure 2.5: Variations of the resistance and recovery parameters in R}, for Iy € [0.001,0.075],
n1s € [0.001,0.075], 712 € [0.01,0.65] and my € [0.01,0.85].
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The Table (2.7) shows the sensitivity index of the parameters with respect to the basic
reproduction number. They are calculated knowing that for the values of the simulations
the R, = RI. The inequality (2.136) is 1.3156 > 1 so we have that f* has a positive
sensitivity index and the increase in its value causes an increase in the basic reproduction
number.

Parameter | Value

Mr +1

a* +1

n +1

B +0.0068

Iy +0.0029

M +0.0123

. —0.8664

mr —0.0378

i —7.4598e — 4

Table 2.7: Sensitivity index of the parameters in the scenario under study.

Now, we will present the behavior of the resistant and recovered, comparing the
subpopulations for 10 years.

In the study of MDR-TB cases, we found that the highest number of cases was reported
by the TB-Only subpopulation followed by the TB-Diabetes subpopulation, see Figures
(2.7a) and (2.7b). This shows that diabetics are more prone to this type of resistance
compared to HIV/AIDS. Here, we can mention the influence of antiretroviral treatment
and medical follow-up on HIV-positive people because TB represents an opportunistic
disease in this subpopulation.

An important fact is that when we compare the TB-Only and TB-HIV/AIDS subpopu-

MDR-TB Cases MDR-TB Cases

TB-Only
TB-HIV/AIDS
TB-Diabetes

TB-HIV/AIDS
TB-Diabetes
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(a) Comparison of MDR-TB cases between subpopula- (b) Comparison of MDR-TB cases between HIV/AIDS
tions, time 10 years. and diabetes subpopulations, time 10 years.

Figure 2.7: Behavior of MDR-TB cases over time.

lations, despite the fact that TB-HIV/AIDS presented the lowest number of cases at the
beginning of the study, at approximately 6 months, it surpasses TB-Only (which presents



2.5 | NUMERICAL RESULTS

the largest population), see Figure (2.8d). The XDR-TB in the TB-Only subpopulation,
throughout the study, maintained a decreasing behavior. The TB-Diabetes subpopulation
throughout the study maintained an increasing character in the number of cases. In
practice, we recommend special attention to this subpopulation, as diabetic XDR-TB cases
outnumber all resistant infected compartments. The TB-HIV/AIDS subpopulation initially
has a decreasing number of cases but after approximately 5 years this situation is reversed.
We recommend for this subpopulation to take advantage of the decrease in the number of
cases at the beginning and to apply control strategies to avoid the growth in the number
of cases.

When, we study the compartments of infected by subpopulation, we obtain the follow-
ing results:

« Drug-sensitive cases outnumber resistance cases except for TB-Diabetes subpopula-
tion. In practice, we have that the epidemic has a greater behavior of being sensitive
to treatment than resistant, see Figure (2.9).

« In the TB-Only and TB-HIV/AIDS subpopulations, MDR-TB cases outnumber XDR-
TB cases throughout the study, see Figures (2.9a) and (2.9¢c). This implies that XDR-TB
has a lower incidence in this subpopulation. Here, we can in particular note the
influence of the follow-up of cases with TB-HIV/AIDS co-infection which among
other things controls for non-adherence to treatment.

« In the TB-Diabetes subpopulation, MDR-TB initially outnumbered XDR-TB, but at
approximately 1 study time, it began to outpace not only MDR-TB in this subpopu-
lation but also all resistant compartments, see Figures (2.9) and (2.9f). This implies
that XDR-TB has a strong incidence in the TB-Diabetes subpopulation.

In the study of the recoveries, the highest number was in the TB-Only subpopulation, see
Figure (2.10a). This was followed by the TB-Diabetes subpopulation, which outnumbered
the TB-HIV/AIDS, see Figure (2.10b). In practice, although diabetics have a higher incidence
of resistance, mainly to XDR-TB, they also have a higher number of recoveries. We
recommend to control the resistance in this subpopulation to increase the number of
recoveries.
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Figure 2.10: Behavior of the recovered over time.

Partial Conclusions

In this chapter:

We proposed a new mathematical model for the study of resistance to treatment
for tuberculosis in the presence of diabetes and HIV/AIDS. Our main objective is to
evaluate the role of diabetes and HIV/AIDS in resistance to TB treatment.

A mathematical and epidemiology analysis of the model has been presented.

We computed the basic reproduction number of the model and obtained results that
show its relationship with the resistance and recovery parameters.

We found the sensitivity index of the parameters associated with the transmission,
resistance, and recovery with respect to the basic reproduction number. We have
that the sensitivity index for the recovered parameters are null or negative, this
implies that it may not influence on the basic reproduction number or that its growth
causes a decrease in the basic reproduction number.

We validated our model with data and parameters from the bibliography, in an
biologically feasible scenario. Among the results, we obtained that:

— If we analyze the basic reproduction number with respect to the resistance
parameters independently, we have that the basic reproduction number of
the TB-Only submodel is greater than unity and for the other submodels it
is less than unity. In this case, the basic reproduction number general (R, =
max{R], RE, RD}) is greater than unity and the epidemic will grow and not
disappear, see Figure (2.3). If we analyze the R, with respect to the resistance
parameters together it is greater than unity, see Figures (2.4a-2.4b). This is
evidence of the need to apply control strategies in all subpopulations.

— The MDR-TB cases in all subpopulations have an analogous asymptotic behav-
ior where they initially decrease and then increase, see Figure (2.7). Given this
situation, it is recommended to apply control measures from the beginning in
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these compartments to avoid future growth in the number of cases.

— The XDR-TB cases in the TB-Only subpopulation decreased throughout the
study. The number of XDR-TB cases in HIV/AIDS subpopulation, initially de-
creases and then tends to increase. Attention needs to be paid to the TB-Diabetes
subpopulation because XDR-TB cases outnumber all resistant compartments,
see Figure (2.8). We propose to pay attention to the TB-Diabetes subpopulation
because XDR-TB cases outnumber all resistant compartments. Given the re-
sults obtained, we propose to monitor the entry into the compartments of the
diabetic subpopulation, due to the growth of XDR-TB cases, using strategies
such as increasing specialized medical consultations to achieve permanence in
treatment, and diabetes testing in the different subpopulations.
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Chapter 3

Optimal Control Strategy for the
Effectiveness of TB Treatment

3.1 Introduction

Optimal control theory has been used to study the transmission dynamics of TB in
[67, 108, 64, 106]. For example, Kim et al. [67] proposed optimal control strategies to
reduce the number of patients at high risk for latent and infectious tuberculosis with
minimal intervention costs. Numerical simulation with data from the Philippines showed
that distancing control is the most efficient control strategy when a single intervention is
performed. Jung et al. [64] applied optimal control theory to a two-strain tuberculosis model
with aim to reduce the latent and infectious groups with resistant-strain tuberculosis, where
the controls are two types of treatments. Bowong [31] proposed an optimal control problem
for the transmission dynamics of tuberculosis with controls as a term on chemoprophylaxis
to reduce the number of individuals with active TB. Silva et al. [106] incorporated time
delays on the diagnosis and beginning of treatment of TB active in a TB model and
studied the optimal control problem where controls represent the effort on early detection
and the application of chemotherapy or post-exposure vaccine to persistent latent cases.
Moualeu et al. [79] proposed an optimal control problem based on the education, diagnosis
campaign, and chemoprophylaxis of latent infected with the aim of minimizing the amount
of money the Cameroonian government spends on TB control. Silva and Torres [108]
applied optimal control theory to a tuberculosis model with the objective of minimizing the
cost of interventions, considering reinfection and post-exposure interventions. Lambura
et al. [70] presented a mathematical model for the transmission and control of helminth-
TB co-interaction, and showed that sanitation is the most effective strategy to control
helminth-Mtb co-infection. Liu et al. [73] proposed an optimal control problem to minimize
the total number of infectious individuals with the lowest cost and suggested an optimal
strategy aiming at exposed and infected populations.

The problems of HIV/AIDS control and TB-HIV/AIDS co-infection with different
techniques have become a problem that has been extensively studied by researchers in
recent years. For example, Ngina et al. [85] applied optimal control theory to investigate
the key roles played by the various HIV treatment strategies and showed that an optimal
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controlled treatment strategy would ensure a significant reduction in viral load and HIV
transmission in the population and that the protease inhibitor plays a key role in virus
suppression. Marsudi et al. [20] incorporated in an HIV model, human education campaign,
screening and treatment of infected humans as controls with the goal of minimizing the
infected population and slow down the epidemic outbreak of HIV. Tahir et al. [113]
extended a mathematical model of TB-HIV/AIDS co-infection to study the optimal control
problem, and defined different schemes to minimize and control infection in any population.
Boukhouima et al. [6] proposed a fractional epidemic model with a general incidence in
order to describe the dynamics of HIV-AIDS infection and formulated a fractional optimal
control system to minimize the spread of the disease into the population. Qin et al. [101]
presented and solved the optimal control problem for the age-structured HIV model and
found the necessary condition for minimization of the viral level and the cost of drug
treatment. Agusto and Adekunle [4] used optimal control theory and demonstrated that the
application of the combined strategy of prevention of treatment failure in drug-sensitive
TB infected individuals and treatment of individuals with drug-resistant TB is the most
cost-effective control strategy. Silva and Torres [107] formulated a population model for
TB-HIV/AIDS co-infection that considers antiretroviral therapy for HIV infection and
treatments for latent and active TB, and used the theory of optimal control to reduce
the number of individuals with active TB and AIDS. Awoke and Kassa [27] presented
a mathematical model for transmission of TB-HIV/AIDS co-infection that incorporates
the change in the prevalence in the population and treatment, proposed optimal control
problem to minimize the aggregate cost of the infections and the control efforts, and
showed that the treatment control is more effective than the preventive controls.

The study of diabetes control and its relationship to TB has increased in recent decades.
For example, Kouidere et al. [26] proposed conducting awareness campaigns based on
the severity of complications of diabetes, the importance of a balanced lifestyle, and the
correct use of treatment as an optimal control strategy. Chavez et al. [39] formulated a
control system for optimal insulin delivery in type I diabetic patients using the linear
and quadratic control problem theory. The linear model is used for the glucose-insulin
dynamics and the non-linear for the evaluation of the regulatory controller. Kouidere et al.
[8] proposed to study an optimal control with delay in state and control variables in the
model presented for the authors in [7] where the delay represents the measuring of the
extent of interaction with the means of treatment or awareness campaigns.

The aim of this chapter is to present and solve the optimal control problem to reduce
TB treatment resistance, taking into account the influence of HIV/AIDS and diabetes.
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3.2 Model with Controls, Optimal Control Problem
and Analysis

Definition of Controls and its Policy

Our aim with the help of the optimal control theory is to decrease the total number of
patients with MDR-TB and XDR-TB during a period of time [ty, t;]. The control strategy is

decomposed in four controls uy, 11, u;, and u;; defined as follows:

« uy(t) (control over reinfection/reactivation)- this refers to preparing patients recov-
ering from TB to avoid possible reinfection/reactivation of the bacteria, scheduling
medical consultations and lab tests periodically. Control the entry of new genotypes
of TB in the population. Also, to inform patients on how to maintain an active
immune system, particularly immunocompromised patients (HIV/AIDS) with ad-
herence to antiretroviral treatment, stimulation of a good (healthy) diet, physical
exercise, among others.

u1,(t) (control for TB-Only)- this includes personal respiratory protection, educa-
tional programs for public health, and activities that ensure treatment completion to
reduce relapse following treatment. Patients receiving treatment for MDR-TB should
be monitored to ensure the completion of the treatment. Otherwise, TB infection
may become resistant. As part of this control, it is needed to check blood glucose
levels and make HIV tests to determine if the person is diabetic and/or HIV positive.

u1,(t) (control for HIV/AIDS cases)- the control will be based on clinical follow-up
(we assume all cases are diagnosed), and we consider all cases are using antiretroviral
therapy and have a follow-up on their CD4 count and viral load. In particular, from
the beginning of treatment for TB, the return of the patient should occur in up to
15 days. Monthly consultations until the end of the TB treatment. Consultations
by other members of the multi-professional team, with the objective of promoting
treatment adherence and identifying interoccurrences that may interfere with the
correct use of TB drugs and antiretrovirals. Another important element is to check
blood glucose levels and determine if the person is diabetic.

u13(t) (control for diabetics cases)- the control is focused on monitoring glycemic
parameters throughout TB treatment, and promoting adherence to treatment, identi-
fying interoccurrences that may interfere with the efficacy of TB treatment. Another
important factor is to make HIV tests to control the exits of this subpopulation.

In particular, u;,(t) is the control in the entrance to compartments Ir,, Ir,, u;,(t) is the control
in the entrance to compartments Iy,, Iy,, u13(t) is the control in the entrance to compartment
Ip,, Ip,, ug(t) is the control in the entrance to compartments Er, Ey and Ep compartments
by reinfection/reactivation and (1 —u,), (1 —uy;), (1 —uy;) and (1 —uy3) represent the effort
that prevents failure of the treatment. System (3.1) shows the incorporation of the controls
in the compartments of model (2.5). The Figure (3.1) shows the control dynamics.
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Figure 3.1: Schematic representation of model with controls, the arrows (discontinued) and boxes red
represents the inputs and compartments to be controlled.
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dSp
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dE; ,
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dE , .
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dI . . .
d_? = fis = prfnEr + (1 — ws)aly, — (0 + tway + tpap + p + trdp)l,
dl . . .
d? = fia = pufreynEy + (1 — up)nisly, + tyay(I, + Ip,) — (0], + tupaup + g + pg + thdry )y,
dI 3 * % * *
d];‘) = fis = ppp epnEp + (1 — us3)nielp, + tuptuply, + tpaply, — (tyay + 15 + p + pp + tydrp)Ip,,
dRr . ,
I = fie = mrly, + nuly, + i, — (ag +ap + g+ (1 — ug) B ARy,
dR . ,
d_tH = fi7 = muly, + Naly, + 03,18, + au(Rr + Rp) — (amp + 1+ pg + (1 — uo) fiwnA)Ry,
dR . ,
d_tD = 'flg = mDIDz + ’713‘[D1 + ’713ID3 + aDRT + aHDRH - (aH + l,l + )uD + (1 - uO)lBIwDA)RD

(3.1)

Optimal Control Problem and its Analysis

Our objective functional to be minimized is
b
J(uo, uy, iz, us3) = / (Er(t) + En(t) + Ep(1)) + (Ir,(t) + I, (1) + Ip, (1)) + (I, (t) + Iy, (1) + Ip, (1))
to
1
+ 5 (Boug(t) + (Bl + B4)U?1(t) + (Bz + B5)u?2(t) + (B3 + Bé)u%(t))dt

The structure of our functional is consistent with recent works (see [67, 108, 64, 106,
113, 4, 57]).
The coefficients B,,, m = 0, 1, ..., 6 represent the constant weight associated with the relative
costs of implementing the respective control strategies on a finite time horizon [t,, /]
(where the initial time is f, = 0 and the final time is t; = 10 in years) and consists in the
cost induced by the efforts of the four different types of controls. The B;, B, and B; are
associated with the implementation of control on the MDR-TB and B,, Bs and By to the
XDR-TB. Given the characteristics of resistance to tuberculosis and its treatment, which in
some cases may include hospitalization, high drug costs, the use of other drugs to stimulate
the immune system, among others, let’s assume that B; < B,, B, < Bs and B; < B and
these constants cannot be neither zeros nor very large (realistic values). The cost involved

. . tr Byu? tr Bou? tf Bau?
in the control about the compartments Ir,, I;, and Ip, is taken as ftof o, /tof 2z, ftof 2,

tf Byu?| tf Bsul, tf Bouls ty Boud
for I, Iy,, Ip, are /to > ’/to 2 ’/to 2 , for Er, Ey and Ep are _fto =5 We seek to find

the optimal controls ug, uj,, uj, and uj, that satisfy

J(ug, uyy, up, ujs) = T{l]idn](uo, Uy, Uya, Uss), (3.2)
a

where U,y = {(ug, uys, Ui, Uss)|  Ug, Ury, Usz, U3,  Lebesgue measurable, 0 < u, <
1, k=0,11,12,13, V€ [t tf]}
The necessary and sufficient conditions of optimal control

We will study the sufficient conditions for the existence of an optimal control for our
control system using the conditions in Theorem (4.1) and its corresponding Corollary in
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[59]. After that, we will characterize the optimal control functions by using Pontryagin’s
Maximum Principle and then we derive the necessary conditions for our control problem.
We have that solutions of the control system are bounded and non-negative for finite time
interval in the biologically feasible region. These results are important to establish the
existence of an optimal control.

We denote the vector of states X = [Sr, Su, Sp, Er, Ex, Ep, I, Iy, I, I, Ip, I, Iy Iy » I, s
Ry, Ry, Rp]" and the controls vector u = [uq, uy1, Uz, t13]".

Theorem 3.2.1. There is an optimal control u* = (ug, u3,, uj,, uj;) to problem
min J(ug, U1q, Urs, y3)  subject to model (2.5) with controls

where
u‘e U-

Proof. We use the requirements of Theorem (4.1) and Corollary (4.1) in [59] to prove the
Theorem (3.2.1). Let I(t, X, #) as the right-hand of (2.5) with controls. We will show that
the following requirements are satisfied:

L. lis of class C! and there is a constant C such that

II. The admissible set I of all solutions to system (2.5) with controls (3.1) in U, is non
empty;

L. I(t,x,u) = a,(t, X) + a,(t, X)u;
IV. The control set U = [0, 1] x [0, 1] x [0, 1] is closed, convex and compact;
V. The integrand of the objective functional is convex in U.

We can write system (2.5) with controls as

MT—(‘U+0{H+0(D+A)ST
My + ay(Sr + Sp) — (aup + p + pu + @gA)Sy
Mp + agpSy + apSr — ((XH +u+up + Q)DA)SD
At + (1 — ug)B;Rr) — (g + ap + p + )Er
wgA(Sa + (1 — uo)BiRy) + ar(Er + Ep) — (€jn + p + pur + amp)En
a)D/l(SD + (1 — uo)ﬁiRD) + aHDEH + O{DET — (OCH + (:‘ET] +u+ pD)ED
(1= B ImEr — (1 — uyly + tgay +tpap + p +dr + Nyl
(1= pr)BnEr + (1 — uy)lely, — (twow + tpap + mr + p + trdr + (1 — wyy)na)k,
tgap(Iy, +Ip,) + (1 — f9)egnEn — (1 — ui)ly + p + pg + dry + n1a + tupaup )y,
tuau(Ir, + Ip,) + (1 — pr)ey f nEn + (1 — ui)luly, — (my + p + pu + tydry + (1 — ti2)fs + tupamp)IH,
tpaply, + typapply, + (1 — B*)epnEp — (1 — ugs)lp + tyay + p + pp + drp + n13)Ip,
tpaply, + tupauply, + (1 — pp)epfnEp + (1 — uss)lplp, — (mp + tgay + 1+ pp + tpdrp + (1 — u13)N16)Ip,
prnEr + (1 — uy)nuly, — (3, + tyay + tpap + p + t7de)I,
prenEn + (1 — uyo)nisly, + tyan (I, + Ip,) — (13, + tupaup + p + pu + tidra)ly,
pDE*D’]ED + (1 — u13)1716[D2 + lLHDO!HDIH3 + lLDOlDIT3 — (tH(ZH + ’7;3 + U+ up + lL;SdTD)ID3
mTITZ + I]HITI + Tﬁllj"z — ((XH +op+u+ (1 - uo)ﬁ;/I)RT
muly, + NIy, + miyln, + an(Rr + Rp) — (ap + g+ pr + (1 — uo) By A)Ry
I’rlDID2 + 7713ID1 + ’]T3ID3 + agRr + agpRy — (O(H +u+up + (1 - uo)ﬁ;wD/l)RD

I(t,x,u) =

Then, we have that I(t, X, #) is of class C! by the model construction. Let’s
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1, X, w)| =

—p ARy
—,B%a)H)LRH
—ﬁla)D)LRD

S O O O O O O O

0
B ARy
IB;COHARH
ﬁiwD)LRD

S O O O O

0
I,
—lrIr, + n1aly,

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
ZHIH1 0
—lgly, + nisly, 0
0 Inlp,
0 —IpIp, + n16lp,
0 0
—N151h, 0
0 —N16Ip,
0 0
0 0
0 0

L.(t,x,u) =[A|B], where
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a*Sr wga* Sy wpat*Sp (1- uo)ﬁ;a*RT
where ¢; = , 0 = ——, ¢ = ——, ¢ = ¢ + —————,
I N N N
1—u wga*R 1—u wpd*R
C; = C + ( 0)1[13\} H H, Ce = C3 + ( 0))]8\} b D, kl() = ﬂ + ay + ap + /1,

kyo = p+ py + ayp + wyl, ks = U+ pp + ag + wpl, ky = ,u+aH+laD+(1—u0),B;/1,
kso = p+ pg + aup + (1 — up)fiwu, keo = p + pp + ag + (1 — up)f,wpA. The kS,, kS,
ks,, kis, kS, and kS, represent the kg, ki3, koo, ka3, ksp and ki3, with the respective control

expressions. We have that [I(t, 0,0)| = | (M, My, Mp, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, o)T .
All the variables of the model are positive and bounded by definition of the Q
R)eR¥,i=T,H,D :

39

(biologically feasible region). Remember that, Q = {(Si, E,L,L, I

Mr + My +M
N@) < ! il D }, where N(t) is the total population. Then, there is a constant C
U

such that |I(£,0,0)| < C, |L(t,x,u)| < C(1 + [u]), |l.(t X,u)] < C. Thus condition I is
satisfied.

By the construction of the model and the condition L, system (2.5) with controls has a
unique solution for constant controls, this implies that condition II. is satisfied.

We can write the system (2.5) with controls as

MT—(‘LI+C(H+(,¥D+A)ST
My + (XH(ST + SD) — (OKHD +p+ g+ COH/DSH
MD + aHDSH + O{DST — ((XH +u+pup + a)D/l)SD
A(ST + ﬂ;RT) — (OZH +oap+pu+ ?])ET
wuM(Sy + BiRu) + an(Er + Ep) — (€5 + pt + ptr + arp)Exy
wD/l(SD + ﬁ;RD) + aHDEH + aDET — (OZH + 6*DT] +u+ /lD)ED
(1 — ﬁ*)T]ET — (lT + tgog + tpap + H+ dT + Ull)ITl
(1 — pr)BnEr + Iy, — (s + tyay + tpap + my + p1 + trdp)I,

I(t.7.5) = tuau(Iy, +Ip,) + (1 = f)eynEn — (g + p + pu + dra + 12 + tup@up )y,
o twog(I, + Ip,) + (1 — pr)ey S nEn + luly, — (15 + my + p + pu + tydry + tupowp)Ig, N
tDOCDIT1 + tHDaHDIH1 + (1 — ﬂ*)G*DT]ED — (lD + tgog + M+ Up + dTD + 1713)1131 ay(t,%)

l’DO(DIT2 + tHDaHDIHz + (1 — pD)eB,B*UED + lDID1 — (’716 +mp +tgoayg + p+ pUp + t/DdTD)IDZ
pTT]ET + ’714IT2 — (’7;(1 + tgag + tpap + M+ t;dT)I]‘S
preinEn + tyay (I, + Ip,) + msly, — (07, + tupaup + p + pu + tidre)ly,
PDEBUED + tHDaHDIH3 + tD(XDIT3 + UIGIDZ - (tHaH + T]T3 +u+up + tE)dTD)IDg
mTIT2 + 17111]"1 + UTIITs — (ﬁ;/l + oy +oap + /J)RT
myly, + Mol + 1iply, + ag(Rr + Rp) — (BiouA + aup + p + up )Ry
mDID2 + }713ID1 + UT3ID3 + aygRr + agpRy — (ﬁ;&)DA +oyg+p+ [lD)RD

a;(t,X)

Then, I(¢, X, 1) = a,(t, X) + a,(t, X)u.

This means that condition III. holds. By construction the sets U is closed, convex and
compact and condition IV. is satisfied.

Now, we are going to prove the convexity of the integrand in the objective functional

- Byu;(t)
f(t, X, U) :ET(t) + EH(t) + ED(t) + ITz(t) + IHZ(t) + IDz(t) + ITg(t) + IH3(t) + IDg(t) + T+

(B + BOW(D) | (B + BJut®) | (B + BJuds()
2 2 2 ’

+1,(t, X, 1) x
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this implies proving that

(1 - f(t.%,4) +qf(t,X,0) > f(t.%,(1 - @)t + qv),

where u, v are two control vectors with g € [0, 1].
It follows that

(1 - CI)f(t> -7_5: zjz) + qf(t> J_C)a 6) =

Boug " (Bl + B4)U%l n (BZ + BS)U%Z "

(1_q)<ET+EH+ED+IT2 +IH2 -|-ID2 +IT3 '|'IH3 '|'ID3 +

2 2 2
Bs; + Bo)u? Byv? B, + B,)v? B, + B2
%)+q(ET+EH+ED+ITz+IHz+IDz+IT3+IH3+ID3+ Oo+( 1 24) 11+( 2 25) 2
B, + By)v? Bo(av? + (1 — o
%) :ET+EH+ED+ITZ+IHZ+ID2+IT3+IH3+]D3—|—( O(qo ; q) 0)+
(By + By)(qv}, + (1 — @ud,) LBt Bs)(qui, + (1 — q)u?,) L (Bs Bo)(qu?, + (1 — q)u§3)>
2 2 ; ’

and

2

— — —> B
f, %0 —qi+qv) = Er +Ey + Ep+ I, + Iy, + Ip, + I, + Iy, + I, + ?O (1 — q)uo + quo

2 2
B: + B
+ (3—26) [(1 — qQuys + qug] .

(B, + By)
2

(B; + Bs)
2

2
[(1 — q)uy; + quy [(1 — Q)uy2 + quip

Then, we have
(A —-q)ft.x,u)+qft.x,0) - f(t.X,(1 — )i + qv) =

By ((1— g + qui — ((1—q>uo+qvo)2) , Bt B

2
(B; + Bs)
2

((1 g, + ot — (1 — qun + qvu)2>+

(Bs + By)

<(1 - q)uiz + C]Ufz - (1= quy, + qU12)2) + 2

((1 i+ s — (1 - Qs + qu13>2) _

b [\/q(l — q)uo — \Jq(1 — q)vg q(1 — Qui; — Jq(1 — @Qvyy

(Bz Bs) [\/ﬁulz mvlz (Bs + 6)[ ,q(l— Quis — \Jq(1 —q )013

with this, we prove the requirement V. and the proof of the theorem is complete. O]

The Pontryagin’s Maximum Principle, provides the necessary conditions an optimal
control must satisfy. Firstly, the Hamiltonian for the control problem is defined by

Bouzﬁ(t) n (B, + B4)U§1(t)+

H = ET(t) + EH(t) + ED(t) + ITz(t) + IHg(t) + IDz(t) + IT3(t) + IH3(t) + ID3(t) + 2

(By + Bs)u?,(t) + (Bs + Bg)ui,(t) + i Af

5 ; (3.3)

n=1
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where Ay, A,, -+, 415 are the adjoint variables.
Now, we are going to prove the following theorem:

Theorem 3.2.2. Given an optimal controls ug, uj,, uj,, uj; and associated solutions S;*,

*k **k *k * *k *%k *k **k *k **k *k *k *%k Kk **k *%k *k . . -
St Sp's ErYs Ex BN It I Iy, I, I, Iy, I, I, ISy, Ry, Ry and RS, that minimizes
J(uo, uy1, Uz, uy3) over the domain Uy, there exists adjoint function, A,(t), n = 1,..,18 that
satisfy:

dA, oH
=—-——, n=1,..,18,
dt 8xl~

where X = ST, SH, SD, ET, EH, ED, ITl; ITZ’ IHI: IHZ’ ID]) IDg:IT3: IHS’ ID3, RT, RH, RD. In association
with the transversality conditions A,(t;) = 0 forn = 1,2,...,18. Moreover, the following
characterization holds

. . { { piA ((/14 — hie)Rr + wu(As — Ai7)Ry + wp(As — /118)RD) }
U, = min{ max , 1},

By
{ I, (As — A7) + Nalr, (A3 — As) }
4}, = min { max {0, 17,
B, + B,
* { Il (Ao — Ao) + 15T, (Mg — Aso) }
uj, = min { max {0, 1,
B, + Bs
IpIp. (Ap — A11) + n1lp, (A5 — A
ut, = mm{ max | 0, plp,(Ar2 1) + N16lp, (Ass 12) ,1}. (3.4)
Bs + B¢
Proof. Using Pontryagin’s Maximum Principle [100], the adjoint equations are obtained:
dA oH
o= =55, = @l =) +ap(h = 22) + A = 20) + ks,
dA oH
T: = T = aup(Az — A3) + wpA(A2 — As) + (p + pe)s,
dA oH
7: = —E = ap(As — A2) + wpA(As — A¢) + (p + pp)As,
dAy oH .
I = _TET = -1+ aug(As — A6) + ap(As — As) + n((As — A7) + 7 (A7 — As) + pr(As — A13))) + pAy,
dis  oH . )
I = —E = -1+ aup(As — Ag) + ne((As — o) + B (A9 — A10) + pr(Aio — A14))) + (1 + prr)As,
d\,  oH . )
I = _E = =1+ ag(As — As) + nep((Ag — A1) + B (A1 — A12) + pp(Aiz — A15))) + (p + pip) e,
dA oH
7; = _8IT = —1+tgau(ls — Ao) + tpap(As — A11) + n11(A7 — Ase) + (1 — u)lr(A; — Ag)+

ar ,
~N (4 = 2)St + wrSr(As — As) + wpSp(As — Ag) + (1 — ug) B, (Rr(Ais — Aa)+

wiRH(A17 — A5) + @pRp(Ais — A6))) + (1 + dr)As,

dA oH
7: = _E = =1+ (1 — ug)na(Ag — A13) + tnag(As — A1o) + tpap(As — A1z) + mr(Ag — Aie)+

*

% (A = A)St + 0rS (A — As) + @pSp(As — Ag) + (1 — ug)B,(Rr(Ayg — Ag)+
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wiRr(Mi7 — As) + wpRp(is — A))) + (u + trdr)s,

dA oH
I 2= = =141 = u)lg(Ao — A10) + m2(Ao — A17) + tuparp(Ae — A1)+
T

ar ,
NEH((AI = A)St + wpSa(A2 — As) + wpSp(As — Ag) + (1 — ue) B (Rr(As — Ag)+

wuRy(A17 — A5) + @pRp(Ais — A6))) + (i + prr + drir)ds,

dt aIH2
wpRu (A7 — As) + wpRp(Ais — AG))) + tapanp(Aio — A12) + mu(Aio — A7) + (1 — us)ms(Ao—

dA oH a* /
L= =1+ ﬁeH((/ll — A4St + wpSa(A2 — As) + @pSp(As — A¢) + (1 — up) B (Rr (A6 — Ae)+

Aa) + (u+ pg + t;daH)Aw,
dA oH at ,
Tn =-——=-1+ *60((/11 — Aa)St + wuSu(A2 — As) + wpSp(As — Ag) + (1 — ug) B (Rr(Ais — Aa)+
t (3ID1 N
wuRi(A17 = A5) + wpRp(Aig — /16))) + (1 = u3)lp(A1 — Ar2) + mi3(Aan — Aig)+
tgo(A — Ao) + (i + pp +drp)in,
d/llz oH a* ’
a =-1+ *GD((/M — A4)St + wSu(A2 — As) + wpSp(As — Ag) + (1 — ug)B1(Rr(Ass — Aa)+
T N
wiRH(A17 = A5) + @pRp(Ais — 46))) + trrar(Aiz — Aro) + mp(Aiz — Aig)+

(1 = u13)me(Aiz — A1s) + (u + pp + tj/)dTD)/hZa
dA13 oH a* ’
Lk 1+ — (& = 2)St + wrSu(Az — As) + wpSp(As — Ae) + (1 — ug) B (Rr(A1s — o)+
t ol N
wuRy (A7 = A5) + @pRp(is — A6))) + 1131 (Ais — Aig) + tpap(Aus — Aus)+
tpor(Ags — Arg) + (u + t1dr)Ass,
dhe  H

dt  aly,
wiRy(Mi7 — A5) + @pRp(is — 4))) + 015 (Aia — Ai7) + trparp (A — Ais)+

(p + pu + tgdre) A,

dA oH a* ,
T;S =T, -1+ NeD((Al = A)St + wpSu(A2 — As) + wpSp(As — Ag) + (1 — uo) By (Rr(As — Aa)+

wiRH(A17 = A5) + @pRp(Ais — A6))) + ni5(Ais — Aig) + tan(Ais — A+

(u + pp + thdrp)rss,

a* ’
-1+ NEH((/II — A)Sr + @pSa(Ay — As) + @pSp(As — A¢) + (1 — ug) By (Rr(A1s — A4)+

dA oH ,
—r - = (1 = uo)BiA(A1s — Ag) + ap(A1s — A1s) + ap(Ais — A17) + pidse,
dt oRr
dA oH ,
L= —=(1- uo) i Awn(A17 — As) + aup(Aiy — Aig) + (p + pE)Avg,
dt ORy
dA oH /
d;8 " "oRp (1 = ug)piAwp(Ais — Ae) + am(dis — A7) + (1 + pp)ss. (3:5)

oH
Optimality is when the equations P = 0 at ug for k = 0,11, 12, 13. Then,
Uy,

oH ,
P Bouy + ﬁlﬁ((lm — ARy + wp(A7 — As)Ry + wp(Ais — /16)RD) =0,

U

which implies that

U= ﬁ;l((/h — hi)Rr + 0n(As — Ji7)Ry + wp(As — /118)RD)
=
By

5

81
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on the set {t : 0 < u;(t) < 1}.

oH
5 = (B; + By)uyy + IrIr, (A7 — As) + nralr,(As — A13)Rp = 0,
11

which implies that

ut = I, (As — A7) + N4l (A3 — As)
" B, +B,
on the set {t : 0 <uj,(t) < 1}.
Analogously, for the optimal control uj,, we have

b

oH
Y (By + Bs)uya + Iyl (Ao — A10) + 1151, (As — A14)Ry = 0.
12

Therefore,

Ut = luly, (Ao — Ao) + ’715[H2(/114 — A1)
12 B, + Bs ’

on the set {t : 0 < uj,(t) < 1}. For the control uj,, we obtain

oH
E = (B; + Bg)uys + Iplp, (A1 — Av2) + nislp, (A2 — Ais) = 0,
13

and this implies that

U = IpIp,(A1z — A11) + mi6lp,(Ais — Arz)

13 B; + B

on the control set {t : 0 < uj,(¢) < 1}.
Note that the optimality conditions only hold on the interior of the control set.
The second derivative respect to uy, k = 0,11, 12, 13 are:

*H 0*H 0*H o*H
_Z:BO>O’_Z:B1+B3>O’ _2:B2+B4>Oand ) :B3+Bé>0
ou; oui, aus, ui,

3.3 Numerical Results

The aim of this section is to simulate the application of the controls in the population.
First, the optimality system is numerically solved using the iterative method with the
Runge-Kutta fourth-order scheme. We use the forward-backward sweep method for finding
the solution of the optimality system which has the state equation (2.5) with controls,
adjoint equation (3.5), control chraterization (3.4) and initial/final condition (initial and
tranversality conditions). The method starts with initial values for the optimal control and
we solve the state system forward in time using Runge-Kutta method of the fourth-order.
Following, we solve the adjoint equation backward in time with Runge-Kutta of the fourth-
order using the state variables, initial control guess and transversality conditions. The
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controls uy(t), uy;(t), uy(t) and uy3(t) are updated and used to solve the state and adjoint
system respectively. This iterative process continues until that current state, adjoint, and
control values converge [4, 71].

For the numerical simulations, we use the values of Tables (2.2)-(2.3). We assume that
B, = 200, B; = 50, B, = 150, B; = 75, B, = 100, B; = 250 and B, = 150 and the control is
always applied in the TB-HIV/AIDS subpopulation because tuberculosis is classified as
an opportunistic disease and HIV/AIDS cases are monitored by the use of antiretroviral
therapy. Also, reinfection/reactivation of TB is always controlled in all strategies because
of its impact on treatment resistance. Then, our control strategies are defined as:

« Strategy 1. We activate all controls (uo(t) > 0,u;;(t) > 0, u1,(t) > 0, uy3(t) > 0).

« Strategy II. Combination of uy(t), u;;(t), u;x(t) while setting u;3(t) = 0
(uO(t) > 0, ull(t) > 0, ulz(t) > 0 and u13(t) = 0)

« Strategy III. Combination of uy(t), u1,(t), uy3(t) while setting uy;(t) = 0 (uo(t) >
0,u12(t) > 0,u13(t) > 0 and ull(t) = 0)

We are going to study how we start the control process, with highly efficient control (type
I) and with minimum value (type II).

Figure (3.2) shows the profiles of the resistance controls (u1,(t), uy2(t), u13(t)) over time for
the different strategies and control types.

Strategy I. In this strategy all controls are active (uo(t) > 0, uy;(t) > 0, upp(t) > 0
and u3(t) > 0). In other words, reinfection/reactivation and resistance are controlled.
We show the behavior of the controls over time (3.2a) for control type I and (3.2b) for
control type II. It is observed that when this control strategy is implemented, there is
a significant decrease in the number of TB resistant compared with the model without
control, see Figure (3.3). In the case of MDR-TB, in the different subpopulations before
the study year, a decrease in the number of reported cases was observed, see Figures
(3.3a2)-(3.3c). In the case of XDR-TB, the reduction in the number of cases will occur
over a longer period time, but this reduction is significant, mainly in XDR-TB diabetics,
which have a strong incidence in the dynamic, see Figure (3.3d)-(3.3f). In the case of
MDR-TB and XDR-TB in the TB-HIV/AIDS subpopulation, the control manages to avoid
the growth of the number of cases because in the dynamic these compartments tend
to decrease initially and then grow. This strategy takes advantage of the decrease in
the number of cases and avoids an future growth. The type I control showed better
results so it is recommended to start with a high control efficacy and this evolves over time.

Strategy II. Here, we activate the controls uy(t) > 0, uy;(¢) > 0 and u(t) > 0 and
u3(t) = 0, this means that we control resistance in the TB-HIV/AIDS and TB-Only
subpopulations and reinfection/reactivation TB in the full model. The behavior of the
controls is shown in Figure (3.2c)-(3.2d). This strategy succeeds in reducing the number of
resistant cases, but this reduction is lower than that of strategy I. It is important to keep in
mind that the largest number of resistant cases are XDR-TB diabetics and this strategy
reduces this compartment but not sufficiently. It is recommended to maintain control over
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diabetic resistant compartments, due to their impact on resistance dynamic, mainly of
XDR-TB. The XDR-TB in the TB-HIV/AIDS and TB-Diabetes subpopulations, the controls
decreased the number of cases but did not take advantage of the decrease in the number
of cases and the asymptotic behavior was maintained. The type I control was more effective.

Strategy III. This strategy does not control resistance in the TB-Only subpopulation.
As in the previous strategies, the objective of reducing resistance in the dynamic is met.
Controls applied for XDR-TB cases in HIV/AIDS and diabetic patients reduced the number
of cases and asymptotic behavior was maintained, but the results were better than strategy
II for the different types of controls. This strategy also failed to take advantage of the
decrease in the number of cases, reducing the number of cases but not avoiding future
asymptotic growth, see Figures (3.5a), (3.5¢) and (3.5f). Here too, controls of type I achieved
better results.

In general, all strategies and types of controls met the objective of reducing the number
of cases of MDR-TB and XDR-TB. The most efficient strategy was the strategy I with
type I controls. In addition to significantly reducing the number of cases in all resistance
compartments, it also takes advantage of the decrease in dynamic and prevents the future
growth of cases. In all strategies, type I control showed better results, so it is recommended
to start with a high control efficiency. The numerical results in the Subsection (2.5) show
the need to reduce XDR-TB in diabetics due to the growth in the number of cases that
occurs in this subpopulation, so strategy II does not meet significantly this objective.
The strategy II is not recommended because it fails to significantly reduce resistance in
diabetics and diabetes is a risk factor for adherence to TB treatment.
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Figure 3.2: The profiles of the controls associated with resistance in the different strategies and for the

different types of controls.
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3.4 Partial Conclusions

In this chapter:

« We studied the optimal control problem to achieve better adherence to treatment,
taking into account the influence of HIV/AIDS and diabetes and in order to avoid
MDR-TB and XDR-TB.

« The controls are defined as uy, u;;, u;; and u;3 and are based on avoiding reinfec-
tion/reactivation of the bacteria and on differentiated care and follow-up in cases
who do not suffer from HIV/AIDS neither diabetes, HIV/AIDS and diabetics.

« The optimal control theory was derived analytically by applying the Pontryagin’s
maximum principle and we demonstrated the existence of optimal control.

« For the computational simulations, we used a fourth-order Runge-Kutta for-
ward/backward scheme. We experimented different control strategies. We presented
the results of the resistance compartments (Ir,, Iy, Ip,, Ir,, Iy, and Ip,).

« We concluded for our scenario that, all strategies with the different types of controls
met the objective of reducing the number of resistant cases. The strategy that
obtained the best results was the strategy I (activating all controls) with type I
controls (starting with high control efficiency), see Figure (3.3). Recommend keeping
all subpopulations under control and starting with a maximum control. However, if
we have to use only three control, we recommended to use the strategy III, because all
the resistance compartments and mainly the diabetic XDR-TB are reduced compared
with strategy II. We do not recommend the use of strategy II, since one of the main
factors of resistance to TB treatment is diabetes and this strategy did not manage to
reduce significantly the number of resistant cases to TB treatment in diabetics.






Chapter 4

Mathematical Model using
Fractional-Order Derivatives

4.1 Introduction

In recent years, there has been an increase in the number of papers using fractional
order derivatives to epidemics model [23, 82, 22, 81, 119, 11, 120, 102, 55, 65, 96, 56, 34, 104,
103, 60, 105, 15]. For example, Naik et al. [23] developed a fractional-order model for HIV
with the impact of prostitution on the population. Naik et al. [82] proposed and studied a
fractional order model for HIV transmission with an exposed compartment and divided
the infected class of sex workers into conscious and unconscious infectees. Naik et al.
[22] using the Caputo and Atangana-Baleanu-Caputo operators presented and analyzed a
model for the transmission of the COVID-19 epidemic. Naik [81] studied a SIR structure
epidemic model with non-linear fractional-order with Crowley-Martin type functional
response and Holling type II treatment rate. Ullah et al. [119] studied the dynamics of
tuberculosis with a fractional-order model in the Caputo sense. Fatmawati et al. [11]
analyzed a Caputo and Atangana-Baleanu fractional model for tuberculosis dynamics
stratified in two age groups. Ullah et al. [120] explored a model for tuberculosis using the
Atangana-Baleanu fractional derivative [54].

In the study of TB and HIV/AIDS co-infection we have that, Farman et al. [55] proposed
a mathematical model of HIV/AIDS and TB co-infection using the Caputo and Caputo-
Fabrizo fractional derivative. Khan et al. explored a Mittag-Leffler fractional HIV/AIDS-TB
co-infection model and proved the existence of a unique set of model solutions and Hyers-
Ulam stability [54].

In the study of HIV/AIDS we have that, Pinto and Carvalho [96] introduced a fractional-
order model for HIV infection, which includes latently infected cells, macrophages, and
CTLs. Fatmawati et al. [56] presented a Caputo-derived model for the propagation of
HIV/AIDS disease in a sex-stratified population and studied HIV and HCV (hepatitis C
virus) co-infection. Carvalho et al. [34] proposed a fractional-order model for the HIV/HCV
co-infection dynamics [54].

For the dynamics of diabetes we have that, Saleem et al. [104] presented a fractional-
order nonlinear model using the Caputo-Fabrizio derivative for the treatment with insulin
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in diabetics. Sakulrang et al. [103] proved that fractional-order differential equation mo-
dels could give better fits than integer order models with respect to continuous glucose
monitoring data from patients with type 1 diabetes [54]. Carvalho et al. [35] developed
a non-integer order model for the study of tuberculosis, the impact of diabetes, and
multidrug-resistant strains and showed that diabetic individuals with multidrug-resistant
tuberculosis require extreme attention due to their rapid growth.

For other epidemics such as Dengue and Ebola, Hamdana and Kilicmana [60] proposed
a model of dengue transmission using a fractional-order derivative as the generalization
of an integer order model. Shah et al. [105] investigated epidemic model of dengue fever
disease with Caputo-Fabrizio fractional derivative. Area et al. [15] presented an Ebola
epidemic model using classical and fractional-order derivatives and its comparison with
real data [54].

The aim of this chapter is to study the model (2.5) with fractional-order derivatives,
taking advantage of the benefits provided by this modeling technique.

4.2 Model Formulation

For this model, the definitions of the variables and parameters of the model (2.5) are
maintained. The transmission dynamics is analogous to model (2.5). According to [46], the
fractional derivative operator ‘D has a dimension time™ instead of time ™!, so that, due
to dimensional analysis, on the right-hand side of the model all parameters of dimension
yr~! will have power . Then, the effectiveness of the TB treatment with the presence of
HIV/AIDS and diabetes using Caputo’s operator derivative can be expressed as:

‘Df Sy =My — (u* + af, + af; + A%)Sr,

Dy Su =My + ai(Sr + Sp) — (agp + 1 + pir + @ A*)SH,

‘Df Sp =M}, + af;p Sy + apSr — (af; + p* + pfy + wpA®)Sp,

‘D Er =A“(Sr + B, Rr) — (s + af; + 4 + n™)Er,

‘D* Eyy =wpA*(Sy + BiRy) + a%(Er + Ep) — (€50% + p® + & + a%p)En,

‘D* Ep =wpA“(Sp + B,Rp) + a%pEx + a%Er — (af + ein® + p + pu%)Ep,

‘D I, =(1 — (B")In“Er — (I + tpap + tyay + p* +di +n5 ),

‘D I, =(1 — pX)(B) N Er + 1T, — (tpal + tya + m& + p® + trd% + %)k,

D In, =tuog (I, + Ip,) + (1 = (") )en”En — (y + p* + py + dry + 0, + tupagp)ln,»

‘D} Iy, =tgog(I, + Ip,) + (1 — pi)er, (B n“Ey + 11y, — (m$; + p® + pgy + t;{df'fH + 1% + tupagip) Iy,
‘Df Ip, =tpaply, + tupagply, + (1 — (B7))epn“Ep — (I + tyag, + p* + ppy + dip + 155)Ip,,

‘Df In, =tpaply, + tupasply, + (1 — pR)en(B)n“Ep + I5Ip, — (m§) + tyag; + p* + pp + t;,d{'fD + 15)Ip,,
‘D} I, =pF(B)'n"Er + n5,0r, — (n])" + tpafy + tyagy, + p* + t7df) I,

Df In, =pr(B") eun”En + nfsln, + tnagy(I, + In,) — ((3,)" + tupatyp + 1 + piy + tydiy)In,,

‘Df In, =pp () epn“Ep + n54Ip, + tupagiply, + tpaply, — (tgag; + (77,)" + p + pf + t5d5p)Ip,,

‘DY Ry =m&ly, + 1% I, + () I, — (o, + a% + pu® + B ARy,

‘D* Ry =m% Iy, + 1%y, + (7,) Iy, + a%(Rr + Rp) — (a%p + p® + p& + BrwuA%)Ry,
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‘Df Rp =m{Ip, +n5Ip, + (173) Ip, + afRr + afipRy — (af; + p* + pf) + ﬁia)D/l"‘)RD,
(4.1)

where
_ (Cf*)a (IT1 + ITZ + IT3 + (:”H(IH1 + IHZ + IHg) + 6D(ID1 + IDz + IDg))

N bl

AO{

with initial conditions:

Sr(0) > 0, S5(0) > 0, Sp(0) > 0, Er(0) > 0, Ex(0) > 0, Ep(0) > 0, I,(0) > 0, I;,(0) > 0,
Iy, (0) > 0, Iy,(0) > 0, Ip,(0) > 0, Ip,(0) > 0, I;(0) > 0, I;1,(0) > 0, In,(0) > 0, Rr(0) > 0,
Ry(0) >0, Rp(0) > 0 and « € (0, 1].

Basic Properties of Model

Now, let us prove the existence and positivity of the solution of the system (4.1), and
let’s find the biologically feasible region. The following results and their proofs can be
found in [54].

Existence and Non-Negativity of Solutions
Let’s denominate

Qf = {x :(ST:SH:SDaET:EH:ED;ITNITZ:IHlaIHz,IDlaIDZ:IT3aIH3aID3aRT;RHaRD) :
STa SH, SD’ ET: EH: ED& ITls ITZ: IHla Ist IDla IDZ’ IT33 IH3’ ID37 RT) RH> RD 2 0}

The following lemma and corollary will be used in the proof of Theorem (4.2.2) and
can be found in [89].

Lemma 4.2.1. (Generalized mean value theorem) Suppose that f € Cla,b] and ‘D f €
Cla,b], for a € (0,1]. Then, Vt € (a,b], witha < € <t we have

(0= @)+ £=(DF fEXE = a)"
where I'(.) is the Gamma function.
Corollary 4.2.1.1. Consider that f € Cla,b] and ‘Df f € Cla,b], for « € (0,1]. Then if
« D} f(t) > 0,Vt € (a,b), then f(t) is non-decreasing for each t € [a,b],
« ‘D} f(¢) <0,Vt € (a,b), then f(t) is non-increasing for each t € [a,b].
Theorem 4.2.2. There is a unique solution x(t) = (Sr, Sy, Sp, Et, En, Ep, I, I, I, In,, Ip,, I,
I, In,, Ip,, Rr, Ry, Rp)! of the model (4.1) fort > 0 and the solution will remain in Q.

Proof. By Theorem (3.1) and Remark (3.2) of [72], we have that the solution in (0, o) of
the initial value problem (4.1) exists and is unique. Now, we will prove the positivity of the
solution of the model (4.1). In order to do this, we need to prove that for every hyperplane
bounding the nonnegative orthant, the vector field points to Qr. From model (4.1), we
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have:

“Dy S,y =Mf >0,

“Df Suls,_, =M >0,

“Df Spls,_, =Mp > 0,

“Df Er, _, =A“(Sr + BiRr) > 0,
‘D Enl,, _y =0nA“(Su + B\ Ru) + o (Er + Ep) > 0,

‘DY ED‘ED:0 =wpA*(Sp + BRp) + afpEy + a%Er > 0,

"D |y, =(1 = (B) W Er 2 0,

"Dy I[,, _, =1 = pP)(B) N Er + [T, > 0,

‘Df I, |IH1 _o =tuag (I, +1Ip) + (1 = (B))egn En > 0,

“Df Iy, -y =twey (I, + Ip,) + (1 = p)eyy (B 1" Ex + I, >0,
‘DY I, }IDI:O =tpaily, + tupagply, + (1 — (B))epn“Ep > 0,

‘DY IDZ}IDZ:O =tpagly, + tapagiply, + (1 — pi)en(B) n“Ep + I51p, > 0,
‘Dy I, ‘ITz _o =Pr(B ) n"Er + ni I, >0,

Df I, _y =P(B) €50 En + sl + tucty (I, +Ip,) > 0,

"Dy In,|y, o =pB(B") €pn"Ep + ielp, + tupeiplu, + toa I, > 0,
‘Dy RT|RT:0 =mily, +n5 I, + (n7,) I, > 0,

“Df Rulp,_ =miili, + 05l + (07) I, + ar(Ry + Rp) 2 0,

DE Rply, _y =i, + 1fIp, + (73)" I, + aRy + iRy > 0. (42)
Using the Corollary (4.2.1.1), we have that the solution will remain in QF [54]. [

Biologically Feasible Region

Now, let’s prove that Q is the biologically feasible region for the model (4.1).

Lemma 4.2.3. The closed set Q* = {(Si,Ei,Iil,Iiz,I,-z,R,-) € R%i=THD : Nt <
M7 + Mg + M
/10(

} is positively invariant with respect to model (4.1).

Proof. The fractional derivative in the Caputo sense of the total population is

‘Df N(t) =D} Sr(t) + ‘Df Sy(t) + ‘D Sp(t) + ‘DY Er(t) + D} Ex(t) + °Df Ep(t) + Dy I, (t)+
‘D; I,(t) + Dy Iy, (t) + DY Iy, (t) + D} Ip,(¢) + Dy Ip,(t) + ‘DY Ir,(t) + ‘Dy Iy, (H)+
‘DY Ip,(t) + Dy Re(t) + “Df Ry (t) + ‘DY Rp(t),

and we have that
‘DY N(t) + p*N(@) < M7 + Mj; + Mj,. (4.3)
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To continue the proof, we use the following definitions:

Definition 4.2.1. The Laplace transform of the Caputo fractional derivatives of the function
¢(t) with order a > 0 is defined as

£[DE §(1)] = s“4(s) — 3 0, (4.4

Definition 4.2.2. The Laplace transform of the function t*'E, 4, (£At%) is defined as

a—aq

S

ﬁ[tal_lEa,al(ﬂ:Ata)] TETE

(4.5)

where E, ,, is two-parameters Mittag-Leffler function o, ; > 0. Futher, the Mittag-Leffler
function satisfies the fallowing equation:

1

Eu(£) = f*Euea (D + 1o (46)
Applying the Laplace transform to (4.3), we have
g - st < TR ey @)
which further gives
sy < MEEME My S o), (4.5)

+
s(s* + p*) s* + p®
Using the equations (4.4)-(4.6), we assumed that (S (0), S;(0), Sp(0), Er(0), E(0), Ep(0), I, (0),
I1,(0), I, (0), I, (0), I, (0), I, (0), I, (0), I, (0), Ip, (0), Rr(0), Ryz(0), Rp(0)) € R, then

N(@) < (Mf + My; + Mp)t“Eq a1 (—p“t") + N(0)Eq1 (—p“t%). (4.9)

Using the asymptotic behavior of the Mittag-Leffler function presented in the back-
Mf + Mj + M3

ground theorical (1.1.2), we can observed that N(t) — when t — oo,

The Q% region is well established and all solutions with initial values that belong to Q¢
remain in Q* for each time t > 0 [54]. 0

Study of the Equilibrium Points and the Basic Reproduction
Number

In this subsection, we study the equilibrium points and their relation to the basic
reproduction number for the model with fractional-order derivatives. We study by
subpopulations and use the next-generation matrix method [51].
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TB-Only Submodel

The TB-Only submodel with fractional-order derivatives is:

‘Df St = M — (p* + apy + ag + AP)St,

‘D Er = A5(Sr + B\Rr) — (& + af; + 0" + p)Er,

‘Df I, = (1 — () IMEr — (I + tpap + tyay + p* +df + 05,

‘Df I, = (1 — pP)(B*)*n*Er + I, — (m5 + p* + t}d{'f + 1%, + tpajy + tyai)lr,,

‘D I, = () pinEr + ni,I, — ((n7)" + p* + trdf + tpafy + tyaf)Ir,,

“Df Ry = miy, + iy Iy, + (75", — (u + LA + afy + )Ry, (4.10)

with initial conditions:

ST(O) > 0, ET(O) >0, ITl(O) > 0, ITZ(O) > 0, ITg(O) > 0 and RT(O) > 0.
The TB-infection rate for this submodel is

(I, + Iy, + Ir,)

= @y,

where
Nr=Sr+ Er +IT1 +IT2 +IT3 + Ry.

We study the submodel (4.10) in the following region:

M2
Dtlz = {(STsET’ITl’ITz’ITS’RT) € ]Ri : NT(t) < ,U_Z}

Using previous methodologies, we have that the solutions of the submodel (4.10),
(Sr(t), Er(t), Ir, (t), Ir,(t), I, (t), Rr(t)) are bounded and positively invariant in D{ (biologi-
cally feasible region) for all & € (0, 1].

Disease-Free Equilibrium Point

The disease-free equilibrium point of model (4.10) is given by

e = <S§“, 0,0,0,0, 0>,

My
e+ al + ol
The basic reproduction number is compute using next-generation matrix method
(analogous to the model with ordinary differential equations) and is defined as

T,
where S)* =

() Mg (1 = (B I (kk, + 15(kE, + n5) + (1 — pOB) ks (kS + n%y) + kks (B ) 0" pf)
NT(ag +ap + ﬂa)klﬁktflzk?sk(ﬂ ’
(4.11)

R =
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where k%, = af + a% + 1% + p% k% = 1% + tpal + tyal + p® +d¢ + 5%, k% = p® + t.d% +
Ny + m§ +tpady + tyagy, and k§, = p* + t7df + (97" + tpafy + tyaf;.

Lemma 4.2.4. (Theorem (2) of [115]) For any q,r € Z., such that gcd(q,r) =1 Let a = g
-
and we define M = r, then the disease-free equilibrium is locally asymptotically stable if

/4
|arg(A)| > M for all roots A of the associated characteristic equation

Det(diag[AIA9IA9IAIAI27] — J(el)) = o, (4.12)

where J(el*) is the jacobian matrix of submodel at €l¢. The disease-free equilibrium e} is
. ron Ty
unstable if Ry > 1.

Proof. The Jacobian of submodel at disease-free equilibrium is

—(u* + afy + afy) 0 0 0 0 0
0 —k, 0 0 0 0
0 A-@yr -k, 0 0 0
0 A=-pPOB) ™ If —ki 0 0
0 pr(B7)n” 0 My ki 0
0 0 mho omp () (" +ap +ap)

Expanding, Det(A9l; — ] (el)) = 0, where I is the identity matrix of order 6, we obtain
the following equation in terms of A:

(—af — a% — p® — AT (A% + by A% + by A% + b3 AT + by) = 0. (4.13)
The arguments of the roots of equation —aj; — af; — p* — A? = 0 are given by:

T

T 27T T
W=tk
arg(4) g g M 2

where k =0,1,...,(q — 1).
Now, the coefficients of p(1) = A* + byA%7 + byA*0 + byA? + b, are

by =k{, + ki, + ki5 + k¥,

a 1.0 a 1.0 o 1. a 1. a 1.0 Ma(a*)ana
b, :knklz + k11k13 + k11k14 + k12k14 + k13k14 - NT(y“T+ a% + aa)’
D H
Mg (a”)*n”

bs =kiikizkts + ki kiphty + ki kiskty + kipkiskt, —

(1= (B +k)+

Nr(ue + afy + af)
(1= pOBY s, + (B sty — t9)d + (mff — (7)) + 154,

a a (4 (04 Ma(a*)ar’a *\A (04 (04 (o4 o (4 a (4 *\A (4
b4 :k11k12k13k14 - NT(,U“T—F o + 0{"‘) ((1 - (ﬁ ) )(k13k14) + lT(k14 + ’714) + (1 - PT)klz(ﬁ ) (k14+
D H

ni) + kki(B)pE) = (1 - Rg).

The function p(1) has eigenvalues with negative real part if by, by, b3,by > 0 and
bibybs > b3by + b?. All b;’s are greater than zero if R( < 1, and the conditions b;b,b; >
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b’b, + b? ensure the stability of the disease-free case when Ri* < 1. If R{* < 1, then the

necessary condition fulfill for all the roots of characteristics equation i.e.,| arg(1)| > %

Thus, the infection-free equilibrium point is locally asymptotically stable if Ri* < 1. [
This proof can be found in [54].

Endemic Equilibrium Point

To find the endemic point, we apply a methodology analogous to the TB-Only submodel
with ODE (2.11). Then, the endemic equilibrium point is €&« = (S, E, Ite, Ie, I, R7.)
where,

g = My L MEQEKGKGKS (af + af + B (AD)* + p)
T QY af +al p T A? ’
I _ MEQ = ()OI (A kGkfy (af + af; + B (%) + .Ua)
e = AT
I _ MEQD) (@ + afy + BN + p) (kK (B (1 — pf) + kI = (B))n")
T = A< ,
I _ MEQEY (afy + afy + B8 + p ), (1 = (B + k5B n 0, (1 — pf) + k& kG (B n* pf)
Ty — Aa ’
R: _ MEQP (1 = (B)In*(kiskSanty + 1 (kfyms + (n7) +ny) + (1 = pPkH(B*) n*(kFymF + (7)) (m7,)")+
T — A?
ko kan® (ny)* (B )aP%)

(4.14)

A(Z
and AY = (af, + af + p* + (A" Nap + af + p* + .31()L YOk kS kK, — (af, + af + p* +
(A9 ).81()L )’ ((1 POKLB ) (k§yms + (1) n5,) + (1 = (B) I (kiskfnS, + I (kiam§ +

M) + k30" ’711PT)-
Applying the analogous methodology to the TB-Ony submodel with ODE (2.3), we have

the following lemma:

Lemma 4.2.5. The TB-Only submodel (4.10) has a unique endemic equilibrium point €=,
whenever R(* > 1.

TB-HIV/AIDS Submodel

The TB-HIV/AIDS submodel (S; = Sp = Ey = Ep = I, = I, =Ip, = Ip, = I, = I, =
Rr = Rp = 0) is determined by
‘D Sy = Mf, — (agp + p° + pgy + 0oaAf)Sh,
‘D* Eyy = wuA%(Sy + PiRy) — (€% + p + p% + a%)En,
Df I, = (1 = (B")VeynEn — (g + p* + py + dry + 1, + tupatyp) I,
DE Iy, = (1= p)B Y €l En + Esliy, — (ms + 1+ iy + 6%y + 1 + paip )i,
Df In, = pi(B7) eunEn + nisln, — ()" + p* + py + tydiy + tupaip)ln,,
“Df Ry = miyly, + 1551, + (07) T, — ( + iy + Proon Al + afip)Ra, (4.15)
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with non-negative initial conditions and

€H(IH1 + IHZ + IH3)

A% = (@) N

b

where NH = SH + EH + IH1 + IH2 + IH3 + RH.
The system (4.15) is studied in the following region:

MO(
= (SH’EH5IH aIH9IHsRH)€]R6 : NH(t)S_H .
1 2 3 + 'ua

It can be easily shown that te solutions (SH(t), En(t), I, (t), Iy, (2), I, (1), RH(t)) of the
system are bounded and positively invariant.

The infection-free equilibrium point is egl" = (Sé{ “0,0,0, 0,0) where Sf @ =
MOC
— B and
B+ py + o
() enwpMg (1 — (B)eqn(kisks, + 15 (ksy + 1%) + (1 — pier (B n ks, (kS, + n%s) + ki, ksser,(B)*n” piy)

mH
Ny(afip + p* + pgks ksykgsksy

(4.16)

where k3, = ayp + egn® + p* + p, kyy = I+ p® + pi + dig + 01 + tapap, ki =
PO+ iy + tdfy + s + mi + tupagyy, and K, = p® + g + trdfy + (77" + tupafy.

Using an analogous procedure to the TB-Only submodel with FDE (4.10), we obtained
the following lemma:

Lemma 4.2.6. The infection-free equilibrium point, e)* is asymptotically stable if Rg" < 1
and unstable if R > 1.

. 3K . . . . Ha _ * * * *
The endemic equilibrium point is given by e = (Sqe, Ejje, Ifie, Ifig, I, Riye)
where,
¢ My «_ Mion(A5) kgkssksy(agp + o (Af)" + p° + .”H)
B og(A8) +alp +po +pg” H Aj
= Mi( = (B)epn" on(Af) kisks (agp + wrfi(Af)" + 4+ pfy)
H{l - Aa ’
= Mpon(Af) (afip + “’H.Bl(/1 )+ p® + g )(kgkg e (B7) (1 — pf) + kgl (1 — (B*)*)erm®)
Hy = Az ,
. = Migor(Af)"(afp + oufi 8" + g+ pE)Ums(L— (B)Veqn® + k(B i nis(L = pi) + kepkS3(B*) € pfy)
HE = ,
3 Ag
RE. = Mg (Af) (1 = (B)")eqm™ Nkgskgunt, + L(kgme; + (n1)"n%s) + (1 = piks,(B*)*epn” (kgum; + (i) " nis)+
He =
A
k5ok3s (B )a€H’7a(’712)aPH) (4.17)
AS ’

and A7 = (aHD+ﬂ +.UH+60H(/1 ) )(“HD"‘.U +ﬂH+C<)H(,B) ()L )" )k§1k§2k§3k5‘4 (aHD+.U +
a)H()L )" )ﬁlc‘)H(/1 ) ((1- PH)k (ﬂ )aeHﬂa(k WMy +(’712)a’7 )+ - (p )a)efq’?a(kga'kzﬂhz
15 (kgymg; + (3,)"n,) + kgzkgs(ﬁ Yerm® (1) p).

We apply an analogous procedure to the previous submodel, we have the following
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lemma:

Lemma 4.2.7. The TB-HIV/AIDS submodel (4.15) has a unique endemic equilibrium point
etle whenever ERSI“ > 1.

TB-Diabetes Submodel

The TB-Diabetes submodel is obtained when Sy = St = Ey = Er =1y, =1y, = I, =
It, = Iy, = Ry = I, = Ry = 0 and is defined as:

‘Df Sp = My, — (ag; + p* + pip + wpAp)Sp,

‘DY Ep = wpAS(Sp + BiRp) — (1 + p* + p + af)Ep,

‘Df Ip, = (1 = (B)epn”Ep — (Ify + tyaf; + p* + pfy + dip + n13)Ip,,

‘Df Ip, = (1 — pPep(B)n“Ep + I3Ip, — (tgag; + mp + p* + ppy + ti)d?D + 15 )Ip,,

D Iy, = B Y By + T, — (O 4 a4 4 4 Ll

“Df Rp = mIp, + n55Ip, + (155) In, — (af; + p* + i + ropA5)Rp (4.18)

with non-negative initial conditions and

GD(IDl + ID2 + ID3)
Np

2= (@)

where Np =5p+Ep+ IDI + ID2 + ID3 + Rp.
The system (4.18) will be studied in the following region biologically feasible:

Ma
Dg = {(SD,ED,ID1’ID251D35RD) e ]Ri : ND(t) S l’l_f}'

It can be easily shown that solutions (SD(t), Ep(t), Ip,(t), In,(t), Ip,(t), RD(t)) of the system
are bounded and positively invariant.
The disease-free equilibrium point, €}°, is given by:

€0" = <S€",o, 0,0, o,o),

Mp
P+ g+ oy
The basic number reproduction is:

D
where Sy =

(@) epwpMp ((1 = (B))epn (k§skss + 5(Ks, + nie)) + (1 = ppen(B) nky(Ks, + niy) + k§yk§sen(B) 0" pp)

Re" =
’ No(afy + p® + pp ks kskssks,

>

(4.19)

where k§; = af; + e + p* + p, ks, = I + p + dfip + 1y + tuafy + p, k= 4+ tpdip +
I+ + ety + i and KE = -+ i+ tdi + (i) +

The following result is proved by applying the analogous methodology to the TB-Only
submodel (4.2).
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Lemma 4.2.8. The infection-free equilibrium point, €, is asymptotically stable if Ry < 1
unstable if Ry > 1.

For the TB-Diabetes submodel (4.18) we have the following endemic equilibrium point
€2 = (Spus B I Ly Ly, Riy) where,

o _ M . MEop(A8) KKk, (o + wpfy(A8)" + 4 + 115)
P op(f) +afy +pe gy Af ’
. = Mo = (B) el wp(Ap)"Kssks, (o + wpfy (AR + p* + i)
Do AZ >
. = Mpwp(p) (afy + wpfi(Ap)" + p* + pup kK5, (B™) ey (1 — pi) + ksulp(1 — (B*)erin®)
DS AS ,
It = Mwp(A)* (af + wpfi(A8)* + p® + g )50t (1 — (B)epn® + ke (B nni (1 — pf) + kS kserm®pg)
D¢ = >
3 Agf
RE = Mpwp(A5) (1 = (B)")epn™(kssksynTs + Ip(ksymp + (15)n%e) + (1 — pp)kser(B) n* (ksymp, + (n73) 0 )+
D =
A3
k3kssen(B) n” (ni3)" pp)

4.20
AL (4.20)

and A5 = (afy + 4 + pf + wp(A5)Magy + p* + pfy + opBy(A5) W5 kipkssks, — (afy + p* +
0p(AB)IBwn(A5)" (1 = pEkG(B) epn“(k§ums + (i) i) + (1 — (B ) epn™ (kssksunss +
15 (kymis + (71,)*n's) + Kkaen, (B (i) P )-

Analogously, we obtain the following lemma:

Lemma 4.2.9. The TB-Diabetes submodel (4.18) has a unique endemic equilibrium point
€P« whenever ERf))“ > 1.

Analysis of the Full Model

For the full model (4.1), infection-free equilibrium point is
€5 = (S5, Sy, Sy, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),

and the basic reproduction number is calculated using next-generation matrix method.
The dominant eigenvalues of the next-generation matrix are R, Rg“ and Rp*. Then, the
basic reproduction number of the model (4.1) is

RE = max{R", Re“, RE}.

Global Stability

Now, using a methodology analogous to that applied to Model (2.5), we prove the
global stability of the infection-free equilibrium point. Following [38], we can rewrite the
model (4.1) as

‘DS = F(S,1),
‘DI =G(S,I), G(S,0) =0, (4.21)
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where S € RS is the vector with uninfected and recovered and I € R!? have the other

compartment of the model (4.1).
The disease-free equilibrium is now denoted by Eff" = (8¢,0), S¢ = (85,0,0,0), Sy =
ME Mg M3
(STa, Sé{a,SODa) Where Sga = (x—aTa’ (I)_Ia = H—H(x and SODa = a—aDa’
K +oap +ay H® + [y + app K* + pip + ay
The conditions (HY) and (Hy') below must be satisfied to guarantee the global asymptotic
stability of ES.

(H) : For ‘D}S=F(S0), S; isgloballyasymptotically stable,
(Hy) : G(S,1)=AI -G*(S,I), G*(S,I)=0, for (S1I)eQ

where A = D;G(S?,0) (D;G(S%,0) is the Jacobian of G at (S7,0)) is a M-matrix (the off-
diagonal elements of A are non-negative) and Q“ is the biologically feasible region.

The following results show the global stability of the infection-free equilibrium
point:

Theorem 4.2.10. The fixed point ES° is a globally asymptotically stable equilibrium (g.a.s)
of model (4.1) provided that R, < 1 and that the conditions (H{") and (Hy') are satisfied.

Proof. Let

Mg — (p* + ofy + af)Sr
My = (U + pfy + afip)Su
My — (u + pp + a)Sp
0
0
0

F(S,0) =

As F(S,0) is a linear equation, then Sj is globally stable. Then, (H{) is satisfied.
Let’s A = [B; | B,] where

K 0 0 @)F @ (@Yen
Ay —k3, Qg wp(@”)* wp(a’)* wp(a*)ey
ap A —k3 wp(a”)*  wp(a”)* wp(a*)ey

A=) m" 0 0 —kf, 0 0

(1= pp)(F* 0" 0 0 I —k¢, 0
B. — 0 (B ) ern” 0 tyog, 0 —kS,

! 0 (1= p&)(B)*esn” 0 0 tad 1
0 0 Q- (B )ern” tpad 0 adn

0 0 (1= pS)(B*)*ern” 0 tpad 0

pr(B)n” 0 0 0 M 0

0 phen (B 0 0 0 0

0 0 pien (B 0 0 0
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B,

wH(a*)“ (IT1 + ITz + ITg + EH(IH1 + IHZ + IHg) + GD(ID1 + ID2 + IDg))

CL)D(O.’*)a (IT1 + ITZ + IT3 + GH(IH1 + IH2 + IH3) + eD(IDl + IDZ + ID3)) (1

(a)en  (a")ep
wp(a)*eg  wpla®)*ep
wp(a*) ey wp(a*)*ep

0 0
0 0
0 tyogy
ks, 0
0 —k3,
tHDa?[D lD
0 0
s 0
0 0

(a*)ep

(a*)*

wp(a™)ep wp(a®)”
wp(a)*ep  wpla’)*

0

0

0
tyog;

0
—kss

0

0

o
Mie

1=( Er, Ey, Ep, Ly, I,

(@) (Ir, + Ir, + I, + eu(Ty, + Iy, + In,) + €p(p, + Ip, +Ip,)) (1

0

oS O o O

0
—ki,
ty 0.’?1
Ip ag

(a")"en (a")e;
wp(a)eqg wp(a™)ep
wp(a)*ey  wpla)*ep

0 0

0 0

0 0

0 0 ’

0 0

0 0

0 0

k34 tH g
tHDAfip —ks,

Iy, In, Ip, In, Ly, In, Ip, ),

G*(S,I) = A" —G(S,I),

G*(S,I) =

Gi(S,I)
G;(S,1)
G;(S.I)
Gy(S,I)
Gi(S,I)
Gi(S,1)
Gi(S,1)
Gy(S.I)
Gy(S,I)
Glo(S, 1)
GL(S, D)
Gip(S.1)

0

S O O O O o o o

_ S+ PR
N

L SutBiRy
N

_ Sp+BiRp
N
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/ / / S + /R
Since St + B, Rr, Sy + Ry and Sp + R are always less than or equal to N, TT’BIT <1,

SH + ﬂ;RH SD + ﬂ;RD

< 1land < 1. Thus G*(S,I) > 0 for all (S,I) € D. The ES* is a globally

asymptotically stable. U

This proof'is in [54] and analogous proofs can be found in the bibliographical references
[97, 98].

4.3 Numerical Results

For the simulations, we use different fractional-orders (¢ = 0.3,0.5,0.7, 0.9, 1.0) to study
the behavior of the basic reproduction number and the resistance compartments. The
numerical results of the Caputo derivative are obtained by the predict-evaluate-correct-
correct-evaluate (PECE) method of Adams-Bashforth-Moulton type [48, 49, 50], presented
in the Subsection (1.1.2) of theoretical background. Here, we use 10 years for the time
horizon. The Tables (2.2)-(2.3) show the values used as the initial conditions and parameters
for these simulations.

We are going to study the basic reproduction number when we vary (a*)* and the
resistance parameters in the same intervals as in the ODE study in Section (2.5) for different
a—values.

When we vary (a*)* (effective contact rate) in the basic reproduction numbers and
study the different a-values, we get that: for lower a-values we obtain lower Rl in){ “
and R{" respectively, see Table (4.1) and Figures (4.1a)-(4.1c). In particular, the R(" for the
model with & = 1.0 it reaches values greater and less than unity. For o < 1.0, we have that
mﬁa will always be less than the unit. Therefore, we recommend to control the influence of
the (a*)* in order to keep R{* always less than unity. For RE* and RY<, varying (a*)* we
have that R« < Ry for a > 0.5, and for & < 0.5 the opposite situation occurs.

Ry’ Ry Ry
a-value | min max min max min max
0.3 2.4314e — 05 | 3.4892e — 05 | 7.4907e — 05 | 1.0735e — 04 | 3.7999¢ — 05 | 5.4545e — 05
0.5 5.3385e — 04 | 9.7467e — 04 | 5.2741e — 04 | 9.6292e — 04 | 3.7494e — 04 | 6.8415e — 04
0.7 0.0099 0.0232 0.0038 0.0089 0.0039 0.0090
0.9 0.1601 0.4730 0.0235 0.0695 0.03006 0.0905
1.0 0.6232 2.0773 0.0560 0.1866 0.0995 0.3317

Table 4.1: Values of the basic reproduction numbers for different a-values varying (a*)*.



4.3 | NUMERICAL RESULTS

Basic Reproduction Number (D?;) Basic Reproduction Number (%g)
25 T T T T T 0.2 T T T T
—a=1 —a=1
=09 018 =09
————— a=0.7 —-—-=0=0.7
2 =05 1 016 =05
2=0.3 2=0.3

05

(a) Rl values varying (a*)* for different a-values. (b) R values varying (a*)* for different a-values.

Basic Reproduction Number (%g)
0.35 T T T

(c) ERIOD“ values varying (a*)* for different a-values.

Figure 4.1: R[*, R, EROD" values varying (a*)* for different a-values.

o a

When we vary the parameters If, If;, I§, n%,, n}s and n{, and study the basic reproduction
numbers for the different a-values, it happens analogous to when we vary (a*)?, see Table
(4.2) and (4.3) and Figures (4.2a)-(4.3c). But, we have that when a = 1.0, R}* always takes
values greater than unity, the same conditions are fulfilled for R{“ and RY with respect
to a-values (for @ > 0.5 implies R* > R« and for a < 0.5 implies RY* < R{“) and for

smaller a—values the basic reproduction numbers are smaller.

Rl R RO
a-value | min max min max min max
0.3 2.1596e — 05 | 2.1665¢ — 05 | 9.3579¢ — 05 | 9.3805e¢ — 05 | 4.7477e¢ — 05 | 4.7751e — 05
0.5 6.5121e — 04 | 6.5682e — 04 | 7.6577e — 04 | 7.7312e — 04 | 6.1631e — 04 | 6.2922¢ — 04
0.7 0.0155 0.0157 0.0064 0.0065 0.0069 0.0072
0.9 0.3080 0.3120 0.0461 0.0470 0.0606 0.0639
1.0 1.3153 1.3311 0.1181 0.1205 0.2095 0.2217

Table 4.2: Values of the basic reproduction numbers for different a-values varying I, i =T, H, D.

1
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Basic Reproduction Number (9?;) Basic Reproduction Number (%:)

0.14

-Value

T
RO
=g
o

0.12 I

011
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=~ 0.06

%
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0.02

(a) iRg“ values varying If for different a-values.
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Figure 4.2: R values varying I¥,i = T, H, D for different a-values.

Ry R Ry

a-value | min max min max min max

0.3 2.1599¢ — 05 | 2.1615e — 05 | 9.3438¢ — 05 | 9.3710e — 05 | 4.7513e — 05 | 4.7561e — 05
0.5 6.5137e — 04 | 6.5237e — 04 | 7.5462¢ — 04 | 7.768%9¢ — 04 | 5.3651e — 04 | 5.5168e — 04
0.7 0.0155 0.0156 0.0064 0.0065 0.0065 0.0066

0.9 0.3080 0.3086 0.0460 0.0462 0.0599 0.0602

1.0 1.3151 1.3177 0.1181 0.1184 0.2099 0.2103

Table 4.3: Values of the basic reproduction numbers for different a-values varying n%.,r = 4,5, 6.

In conclusion, in this case, we must pay attention to the behavior of the basic repro-
duction number due to its variation with respect to the different a-values and how it
influences the transmission of the epidemic. The Table (4.4) shows the values of the basic
reproduction numbers for the fractional-orders studied in this scenario, we can see that
the basic reproduction numbers increase for higher a-values. Figures (4.4a)-(4.4c) show the
graphical behavior of the basic reproduction numbers when we vary the fractional-order.
We have that for a € [0.9333, 1] the R{* € [0.5043, 1.3156], which implies that from these
a-values in the scenario under study we should pay attention to this behavior.
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Figure 4.3: R, values varying n$.,r = 4,5,6 for different a-values.

a-value | Rl R SROD“

0.3 3.0424e — 05 | 9.3605¢ — 05 | 4.7543e — 05
0.5 7.7566e — 04 | 7.6631e — 04 | 5.4478e — 04
0.7 0.0167 0.0064 0.0066

0.9 0.3136 0.0461 0.0600

1.0 1.3156 0.1182 0.2101

Table 4.4: Values of R§ for the different a-values with the values of the parameters of the Table (2.3).

The following computational simulations for the resistant compartments and their
discussions can be found in [54].

For MDR-TB cases in all subpopulations at the beginning of the study, we have a
decrease in the number of cases reported. Initially, fewer cases are reported for the lower
a-values (lower a-values imply fewer cases). At about the year of study (depending on
the subpopulation) behavior changes and higher a-values report lower numbers of cases,
see Figures (4.5b), (4.5d) and (4.5f). Then, a growth begins in all subpopulations of MDR-
TB and at the end of the study period, a higher number of cases was reported for the
highest a-values, see Figures (4.5a), (4.5¢) and (4.5¢). The highest number of MDR-TB cases
was reported by the TB-Only subpopulation followed by the TB-Diabetes subpopulation
throughout the study period and for the different a-values. Due to these results, it is
recommended to apply MDR-TB control in all subpopulations at the beginning of the
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Figure 4.4: Behavior of R§ for a € (0.00001, 1).

study period to control the growth in the number of cases [54].

The XDR-TB cases in the TB-Only subpopulation decreased throughout the study
period. At the beginning of the study, fewer cases were reported in less time for lower
a-values but at the end of the study period, the opposite occurred (higher a-values reported
a lower number of cases). We must pay attention when @ = 1.0 because at the end of the
study there is a slight increase in the number of cases, see Figures (4.6a) and (4.6b) [54].

In the TB-HIV/AIDS subpopulation at the beginning of the study, there is a decrease
in the number of cases where lower a-values report fewer cases (up to approximately
one year of study). Over time, the decrease in the number of cases continues, but now
with higher a-values the number of cases is lower. Approximately 5 years into the study,
we have an increase in the number of cases for & > 0.5 and at the end of the period of
study, we can distinguish results for the different . For @ > 0.5, higher a-values reported
a higher number of cases. For ¢ < 0.5, the opposite is true, at lower a-values the number
of reported cases is higher, see Figures (4.6¢) and (4.6d). This event is important to take
into account for the application of an effective control strategy in this subpopulation. We
recommend applying control from the beginning of the study in order to avoid the growth
of cases taking advantage of the initial decrease in these compartments [54].

In the TB-Diabetes subpopulation, there is an increase in the number of cases during
the entire study period. At the beginning of the study, the highest number of cases was
reported for lower a-values, see Figure (4.6e). At the end of the study period, it happens
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Figure 4.5: Behavior of MDR-TB cases for different a-values over time.

that higher a- values report a higher number of cases, see Figure (4.6f). In general, the
highest number of XDR-TB cases was reported from the TB-Diabetes subpopulation. We
recommend applying an effective control strategy in this subpopulation with the objective
of reducing the number of XDR-TB cases due to the growth of cases throughout the study

period for all a-values [54].
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During the computational experimentation, we found that the MDR-TB compartments
have a decrease at the beginning of the study period and a growth at the end for the
different a-values, which allows us to design a control strategy with the objective of
avoiding the growth of the number of cases. For XDR-TB cases, we recommend paying
attention to the TB-HIV/AIDS and TB-Diabetes subpopulations due to the growing number
of cases. In particular to the diabetic XDR-TB cases because they report the highest number
of cases compared to all resistance compartments [54].
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4.4 Partial Conclusions

« The innovative aspect of this chapter is the use of fractional-order derivatives in the
Caputo sense to the model presented in Chapter (2).

« We studied MDR-TB and XDR-TB in the different subpopulations TB-Only, TB-
HIV/AIDS, and TB-Diabetes and calculated and analyzed the equilibrium points of
the different subpopulations (using results of fractional analysis).

« For the computational simulations, we used a predict-evaluate-correct-correct-
evaluate (PECE) method in order to study the behavior of the different resistance
compartments over time for different a-values.

« Among the results of the simulations, we have that:

For the MDR-TB at the beginning of the study, there is a decrease of cases in all
subpopulations. Then, the number of cases begins to grow and at the end of the
study period in MDR-TB, a higher number of cases is obtained for the higher
a-values, see Figure (4.5). For MDR-TB control, we recommended controlling
from the beginning of the study to avoid the growth in the number of cases.

Throughout the study, the number of XDR-TB cases in the TB-Only subpopu-
lation decreased. At the beginning of the study (before the year of study) for
lower a-values, fewer cases are reported, and later in the study, the higher
a-values report fewer cases, see Figure (4.6a).

The XDR-TB cases in the TB-HIV/AIDS subpopulation initially have a decrease
in the number of cases. Approximately 5 years into the study there is a growth
in the number of cases for « > 0.5 and at the end of the study, there is a
differentiated behavior, for « > 0.5 the higher a-values reported a higher
number of cases and for ¢ < 0.5 the lower the a-values the higher number
of cases reported, see Figure (4.6¢). This factor must be taken into account to
design an effective control strategy.

In the TB-Diabetes subpopulation throughout the study period, there is an
increase in the number of XDR-TB cases. At the beginning for lower a-values
the number of cases is higher and at the end of the period, the opposite situation
occurs, see Figure (4.6e). The diabetics XDR-TB are the highest number of
resistance cases compared to all TB treatment resistance compartments. We
recommend paying special attention to the control in this compartment due to
its growth.

« Computer simulations provide information for an effective design of a control
strategy for tuberculosis (treatment resistance and transmission).



Chapter 5

Optimal Control with
Fractional-Order Derivatives

5.1 Introduction

The optimal control problem with fractional-order derivatives used in epidemic control
has increased in the last decades, due to the advantages of this type of modeling. For
example, Bashir and Bilgehana [28] based on a mathematical model with fractional-order
derivative in the Caputo sense for COVID-19, formulated and solved a fractional opti-
mal control problem. Sweilam et al. [112] presented an optimal control problem with a
fractional-order mathematical model in the Caputo sense, with multiple-delays for the
co-infection of HIV/AIDS and malaria. Sweilam et al. [111] studied the optimal control
problem for a TB infection model with the presence of diabetes and resistant strains using
fractional-order derivatives in the Atangana-Baleanu-Caputo (ABC) sense and presented a
new numerical scheme to simulate an optimal fractional-order system with Mittag-Leffler
kernels. Rosa and Torres [102] formulated and solved a fractional optimal control problem
(FOCP) based on a Caputo fractional-order mathematical model for the transmission
of tuberculosis (TB) presented in [121]. Elal et al. [2] used two numerical methods to
study the nonlinear fractional optimal control problem for a HIV model. Wang et al. [14]
analyzed and designed an optimal control strategy for a Caputo-Fabrizio fractional-order
model of the HIV/AIDS epidemic. Kieri and Jafari [66] presented a fractional model for
HIV/AIDS with treatment and incorporate three control efforts (effective use of condoms,
ART treatment, and behavioral change control) and studied the optimal control problem
for different a-values (fractional-order). Sweilam et al. [110] presented a new fractional-
order Coronavirus (2019-nCov) mathematical model with modified parameters and an
optimal control problems for this model. Jajarmi et al. [62] formulated a new fractional
mathematical model using a non-singular derivative operator to study the relationship
between diabetes and TB, and introduced four controls in order to reduce the number of
infected individuals.

The purpose of this chapter is to present and solve an optimal control problem based on
the model (4.1). The novelty lies in the use of fractional order derivative in the model with
controls and to take advantage of the benefits of this type of modeling technique.
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5.2 Model with Controls, Optimal Control Problem
and Analysis

Now, we present the formulation of the problem of optimal control, with fractional-
order derivatives in the Caputo sense. We maintain the definition of the controls, coefli-
cients B,,,m = 0, 1, ..., 6 and the functional of the optimal control problem with ODE of the
Section (3).

J(uo, ty1, Uz, tg3) = /tf Er(t) + Ex(t) + Ep(t) + I, (t) + I, (t) + Ip,(t) + I, (t) + Iy, (t) + Ip,(H)+

% (Bou(z)(t) T+ (By + B, () + (By + Bo)uy(t) + (By + Bé)ufg(t)> dr.
(5.1)

The novelty of the formulation of this problem is that for the constraints, we use the
fractional-order derivatives in the Caputo sense and take advantage of all the benefits of
this formulation. So, the objective is to find the optimal controls ug, uj,, uj, and uj, that
satisfy

Juy, ujy, uyy, ) = mUin](uo, Uiy, U, Us3), (5.2)
ad

where U,y = {(ug, urr, Ui, Uss)|  Uo, Ury, Usz, U3,  Lebesgue measurable, 0 <y, <
1, k =0,11,12,13, Vt € [t,t;]}. In this section, we will work with an initial time
equal to zero.

The constraints of the control problem is the model (4.1) incorporating the controls
and is defined as follows:

DESy = fif =ME — (1 + oy + afy + A5,

‘Df Sy = fy =M} + of,(Sr + Sp) — (afyp + p* + pf; + wyA®)Sy,

‘Df Sp = fy =Mp + af;pSu + apSr — (af; + p* + ufy + wpA®)Sp,

“Df Er = f =A*(Sr + (1 — uo)f,Rr) — (@ + oy + p* +n)Er,

‘DY By = f* =wgA“(Sy + (1 — ug)f,Ry) + af(Er + Ep) — (€50 + 1 + & + a%)En,

‘D Ep = f* =wpA*(Sp + (1 — ue) B Rp) + a%pEy + aZEr — (@ + eon® + pu* + p%)Ep,

‘Df I, = 7 =1 = (B )M Er — (1 — uy)If + tpap + tgag; + p +di +n{)Dh,,

DIy, = f& =(1— p)(B) N Er + (1 — uy )Ly, — (tpa® + tyal + mé + p® + t,d%+
(1- ull)’ﬁ4)IT2,

‘Df Iy, = fy =tgay(Iy, +1Ip,) + (1 — (B ))egn”Ex — (1 — up)lyy + p + pgy + dry+
% + tupotgp )y,

‘Df In, = fio =twag (I, + Ip,) + (1 — pgley(B) 0 Ex + (1 — i)l Ly, — (my + p+
18+ tdey + (1= u)n% + tupa® ), ,

‘Df Ip, = f1 =tpapl, + tupasply, + (1 — (B)*)epn™Ep — (1 — ups)If + tyag + p+
pp + dip + 113)Ip,,

‘D} Ip, = f =tpaply, + tupasply, + (1 — pp)en(B) n“Ep + (1 — uys)IjIp, — (m§ + tyag+
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o+ o+ t;)dio"[D + (1 — u)ni)Ip,s
‘Df I, = fi5 =pr(B) n“Er + (1 — wy)nfydr, — ()" + toap + tyag; + p + trdP)I,,
‘Df In, = fiz =pa(B) € En + (1 — wio)nisly, + tnagy (I, + Ip,) — ((112)" + tupagp + p° + pg+

tHd H)IH3’
Df Ip, = fi5 =pp(B) epn“Ep + (1 — wis)nislp, + tuppplu, + tpaply — (nag + (7s)" + p* + pp+
thdip)p,,

‘D Ry = % =m%ly, + 5% Ir, + (75) Iy, — (@ + % + p* + (1 — ue) f,A%)Ry,

‘D Ry = f% =m%Iy, + n%In, + (15,) Iy, + a%(Rr + Rp) — (a%p + p® + p% + (1 — u) fwu )Ry,

‘D Rp = f% =m&1Ip, + n%Ip, + (755) Ip, + a%Rr + a% Ry — (@& + p® + p% + (1 — uo) B wpA®)Rp,
(5.3)

with

(05*)"‘ (ITl + IT2 + IT3 + EH(IH1 + IHz + IHg) + GD(IDI + ID2 + ID}))

A= ,
N

and initial conditions:
Sr(0) > 0, Sy(0) > 0, Sp(0) > 0, Er(0) > 0, Ey(0) > 0, Ep(0) > 0, I1;(0) > 0, I,(0) > 0,
Iy, (0) > 0, Iy,(0) > 0, Ip,(0) > 0, Ip,(0) > 0, I1;(0) > 0, I;1,(0) > 0, In,(0) > 0, Rr(0) > 0,
Ry(0) > 0, Rp(0) > 0 and « € (0,1].

For this problem, the Hamiltonian is defined as:

H® =Er(t) + Ey(t) + Ep(t) + Ir,(t) + Iy, (t) + Ip,(t) + I, () + Iy, (t) + Ip,(2) +

2

(B, + BsJuy(t) | (By + Bs)ulg(t) Z ]

2 (5.4)

where Ay, A,, -+, 415 are the adjoint variables.

Theorem 5.2.1. Ifu;, uj,, uj, and uj, are controls of the optimal control problem (5.2), S;*,
St Sy Er B ER Ikt I Ly, Iy, Iy, Iy I, I Iy Ry, Ry and Ry, are corresponding
optimal paths, them there exists co-state variables A,,n = 1,...,18 such that, besides the
control system (5.3) is satisfied, the following conditions are satisfied:

I co-state equations

‘Dy M) = af(As — M) + al(Ay — Ay) + A%(Ag — Ay) — p%As,
‘Dff Ma(t) = afip(As — A2) + wpA®(As — A2) — (U + pf)Aa
Df A3(t) = afi(Aa = As) + @A™ (s = A3) = (u” + i),
‘Df L) =1+ ap(de = Ag) + ag(As — Ag) + (A7 — Aa) + () ((As — A7) + pr(dis — As))) — " As
‘Dy As(t) =1+ app(Ae — As) + e (Ao — As5) + (B)* (Ao — A9) + pr(A1a — A10))) — (u* + pgp)As,
Df As(t) = 1+ afi(As — A) + nep((Aar — Ae) + (B)* (a2 — A11) + pE(Ais — 12))) — (1 + ),
DY A () = 1+ tpal Ay — Ar) + tga (Ao — A7) + 1%, (Ags — A7) + (1 — ug)IE(As — Ap)+

(a )"

(A4 = A)St + wpSp(As — A2) + wpSp(As — A3) + (1 — o)y (Rr(Aa = Aig)+

CUHRH(AS — A7) + wpRp(As — A1) — (u* + d)As,
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D Ag(t) = 1+ (1 — ur)nfy(Ais — Ag) + tpaf(Aiz — Ag) + traf(Aao — Ag) + m§(Ars — Ag)+
(a*)"
N
wiRy(As — A7) + wpRp(As — A15))) — (U™ + trdf)As,
(")

‘Df /19(t/) =1+ (1 —u)lf(Ao — Ao) + n73(A17 — Ao) + tupagp (A1 — Ag) + TEH ((/14 — A)Sr+

((le = A4St + wpSu(As — A2) + wpSp(As — A3) + (1 — uo)By(Rr(Aa — Aig)+

wiSH(As — A2) + wpSp(As — A3) + (1 — ug) B (Rr(Ag — A6) + 0 Rp(As — Ai7)

+ wpRp(As — A15))) — (U + py + difg) o,

a* a ’
( N) err((As = 1St + wuSu(As — A2) + wpSp(As — A3) + (1 — ug) By (Rr(Ae — Aie)+

wiRy(As — A7) + @pRp(As — A1) + tupafin(Aiz — Aio) + mfy(Ai7 — Aio) + (1 — w5 (Aia—
Awo) — (U + pr + t;-ld%H)Alo,
(a")”

N
wp Ry (As — A17) + wpRp(As — /118))) + (1 = us3)lp(Az2 — An) + ni3(Ais — A+
tgag (Ao — A1) — (U + pp + drp)hi,

(“;V)a en (Ol — 2081 + 0nSuis — A2) + 0nSp(ls — A3) + (1 — u)f (R (s — o)+

‘DY Ap(t) =1+

‘Dy An(f/) =1+ €D((A4 — A)Sr + wpSH(As — A2) + wpSp(Ae — A3) + (1 — uo)ﬁ;(RT(/L; — A1)+

‘DI Ap(t) =1+

wiRi(As — A17) + wpRp(As — AIS))) + tgag (Ao — Ar2) + mp(Aig — Ag2)+
(1 = urs)nTs(Ais — A12) — (u* + pipy + t/DdTD)/IIZ:
(a")*

Df As(t) =1+ N (A4 = A0St + wrSr(As — A3) + wpSp(As — A3) + (1 — uo)By(Rr(Ay — Aie)+

wuRy(As — A17) + wpRp(As — /118))) + (11)* (A6 — A13) + tpap(Ais — Aiz)+
tpag (A — Ai3) — (U + trdf)As,

(a]:f)a €H((/14 — 2)St + wpSu(As — A2) + @pSp(Ae — As) + (1 — o)y (Rr(Ag — Ayg)+

wiRr(As — A7) + wpRp(As — A15))) + (5,)* (A7 — A1) + trparyp (s — Ava)—
(" + pig + tydim) A

(“;V)a en (Ol — 2081 + 0nSuis — A2) + 0nSp(ls — A3) + (1 — u)f, (Re(la — o)+

wiRr(As — A7) + wpRp(As — A15))) + (75)* (Ais — Ais) + trafy(Ara — Ais)—
(" + pp + tpdrp)iss,
Dff io(t) = (1= u0)f, (e = Aag) + (s — Aug) + @iy — i) = 1A,
DF diy(t) = (1 — ug)pyA“0n(As — Aig) + (s — Ai) — (U + pi) A,
“Df us(t') = (1 = w0 A“@p(Ae = Ais) + afy(hir = Ar) = (B + s, (5.5)

DI A ) =1+

DI As(t) =1+

witht =t; —t.
II. with transversality conditions

M) =0,  n=1,.18 (5.6)

III. Optimalitity conditions:

QA Q** Q%% Q%% ok ok kk TRk TRk TRk TRk TRk TRk TRR TRR TR% wok Kok *k *\
H (S 35 ’S sE'[‘ sEHsEDsITl’ITZ5IH13IH2;ID131D231T3aIH3aID3>RT sRH3RD’An3uk)_
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. o *% *% *% *% *% *% *% *% *% *% *% *% *% *% *% *% *% *% *
Jmin HS7, 87, S5 By By By I I T B I I I I I R RiF R A )

n=1,..,18, k=0,11,12,13. (5.7)

Furthermore, the control functions uy,k = 0,11,12, 13 are given by

. . { { ﬁ;ﬂa ((M — he)Rr + wp(As — Ai7)Ry + wp(As — A18)RD) }
U, = min{ max4 0 ,1},

b BO
I, (A — A7) + n% I, (A3 — A
Uy, = min{ max { 0, - 1,(As — A7) + iyl (Ais — ) ’1},
B, + By
u, = min{ max 4 0, I, (Ao — A9) + 5l (g — Ao) 1 },
B, + Bs
18In,(A1g — A1y) + 0% Ip, (A5 — A
u’1<3 — min{ max 1 0, D Dl( 12 1) M6 Dz( 15 12) ’1}’ (5.8)
Bs + Bg

oH
where the stationary condition is P =0, k=0,11,12,13.
Uy

Proof. The existence of the optimal control (ug, uj,, uj,, uj;, ) and associated optimal so-
lution (S, S, S5 EX By, B I I I I, I I I I I Ry, Ryf, RY) come from
the convexity of the integrand of the functional (5.1) (was proved in Chapter (3)) with re-
spect to the controls uy € Uy, k = 0,11, 12, 13 and the Lipschitz property of the state system
with respect to state variables (Sr, Sy, Sp, Er, En, Ep, Iy, Iy, In,, In,, Ip, Ip,» Ity Iy, Ip,» Rrs Ry, Rp).
According to the Pontryagin’s maximum principle, if u, € Uy, k = 0,11,12,13, is
an optimal for the problem (5.2)-(5.3) with the initial conditions and t; fixed, then
there is a nontrivial absolutely continuous mapping A : [0,t;] — R", A(t) =
(A1(®), A2(8), As(2), Aa(2), A5(2), A6 (), A7 (2), Ag(2), Ao(2), A1o(2), Ar1(£), Ara(2), A13(2), Ara(2),

Ais(2), A1(), A17(1), A15(2)), called adjoint vector, such that

oH*
axl ’

f]Df; An(t) = n=1,-,18, (5.9)
where x; = Sr, Sy, Sp, Er, En, Ep, ITI, ITQ, IHl, IHZ, IDl, IDZ,IT3, IHg, ID3, Ry, Ry, Rp and H” is
the Hamiltonian defined as (5.4). All conditions of (5.6) in [0,t;] and the transversality
conditions (A,(tf) = 0,n = 1,..., 18) are satisfied. The system (5.5) is derived from (5.9) and
the optimal control (5.8) are obtained from the minimization condition (5.7). ]

5.3 Numerical Results

To numerically solve the optimal control problem, we use a predict-evaluate-correct-
correct-evaluate (PECE) method of Adams-Basforth-Moulton for case (0 < a < 1)
analogous to the one used in Section (3.3) implemented in MATLAB. First, we solve the
system (5.3) using PECE with the initial conditions for the state variables presented in
Table (2.2) and a guess for the control in the time interval [0, tf], and we obtain the values
of the state variables. We solve the system (5.5) and the transversality conditions (5.6)
with the PECE and the values of the co-state variables A,,n = 1, ..., 18 are obtained. The
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controls are updated using a convex combination of the previous control and the value
calculated by (5.7). This procedure is repeated iteratively until the stop condition is met,
which is that the values of the controls in the previous iteration are very close to those of
the current iteration. The case « = 1.0 was confirmed using the basic scheme presented in
Chapter (3).

The values of the initial conditions and parameters are in Tables (2.2)-(2.3) and the
values of the control application costs B,,,m = 0, ..., 6 are the same as in Section (3.3). We
use the same control strategies defined in Section (3.3) with the objective of studying them
with fractional-order derivatives and we apply type I controls because in the ODE control
problem presented in Section (3.3) it showed better results.

Strategy I: In the case of MDR-TB, the best results are achieved for ¢ = 1.0, and
the higher the a-value the more efficient the control behaves. In the case of @ = 0.9 at
the end of the period, it has a growth in the number of cases. In particular, in the case of
the TB-Only subpopulation, this achievement does not reach the results obtained with
a = 0.7,0.5. For the case « = 1.0 in the TB-Only subpopulation, besides showing the
best results, it also has a growth at the end of the study period. We recommend paying
attention to this behavior to avoid this growth in the number of cases, see Figures (5.1b),
(5.1d), and (5.1f).

In XDR-TB in the TB-Only and TB-HIV/AIDS subpopulations, the number of cases was
reduced and the future growth of cases was avoided. At the beginning of the study, the
best control results were reported for the lowest values of @—values but then the opposite
situation occurred (higher a—values reported a lower number of cases) until the end of
the study, see Figures (5.2b) and (5.2d).

For the XDR-TB in the TB-Diabetes subpopulation at the beginning of the study the
best results are achieved for the highest a—values and it is observed that the lowest of
a—value under study (o = 0.3) achieves the best results, see Figure (5.2f). This strategy
showed a strong quantitative reduction in the number of cases in this compartment, which
is important due to its impact on the dynamic.

Strategy II: In the MDR-TB in the TB-Only subpopulation, the strategy at the beginning
and the end of the period achieves the best results for the lowest a—values. In this case,
the growth in the number of cases is not avoided and the worst results are achieved
for higher a—values at the end of the study, see Figure (5.3b). In the TB-HIV/AIDS and
TB-Diabetes subpopulations, the best result is achieved for @ = 1.0. In this subpopulations
the highest number of cases are reported for the highest a—values and for @ = 0.7,0.9 in
these subpopulations it occurs that lower a-values will report higher number of cases,
see Figures (5.3c) and (5.3f). For all the MDR-TB compartments considering o > 0.5, we
have an increase at the end of the study. In the application of this control strategy, it
is recommended to pay attention to the behaviors @ = 0.9,0.7 due to the growth in the
number of cases at the end of the study.

For XDR-TB in TB-Only at the beginning of the study the reduction of cases was
not significant, but for lower a—values better results were achieved, and at the end of
the period the opposite occurred. This control strategy in this compartment manages
to avoid growth at the end of the period for a = 1.0, 0.9, see Figures (5.4a) and (5.4b). In
the XDR-TB in the TB-HIV/AIDS subpopulation, the increase in the number of cases
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for « = 0.7,0.9, 1.0 is not avoided. The best results at the end of the period are achieved
for @ = 0.7,0.5 and for a < 0.5, the higher the a—values, the lower the number of cases
reported (compared to model without control), see Figures (5.4c) and (5.4d). In TB-Diabetes
the asymptotic behavior of the model without control is maintained, but although for
all a-values the number of cases is reduced, this reduction is not transcendent because
a significant number of diabetic XDR-TB cases are still reported, see Figures (5.4e) and (5.4f).

Strategy III: In this strategy, MDR-TB cases behaved asymptotically as in strategy
I, but strategy II reduced further the number of cases reported for all a—values, see
Figures (5.5a-5.5f). In XDR-TB the opposite is the case, this strategy does not prevent
future growth in the number of cases, but manages to reduce the number of XDR-TB
more than strategy II, see figures (5.6a-5.6f). In particular for diabetic XDR-TB showed
greater effectiveness which is important because this behavior has a great impact on the
dynamics of TB resistance and transmission, see Figure (5.6f).

In summary, all strategies succeed in reducing the number of resistant cases for all
a-values compared to the model without controls. The most effective strategy is the
strategy I because it reduces the number of resistant cases with respect to the other
strategies, avoids future growth of resistant cases, and in particular, significantly reduces
diabetic XDR-TB which has a strong impact on the resistance and TB transmission. For
all compartments, the best results are achieved for higher a-values, except for diabetic
XDR-TB. Strategy II is not recommended for any a-value because it continues to report a
large number of XDR-TB cases in the TB-Diabetes subpopulation.
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5.4 Partial Conclusions

In this chapter, we presented a study of an optimal control problem for a model
with fractional-order control in the Caputo sense. We presented three control strategies
analogous to the optimal control problem with ODE presented in the Subsection (5.2) and
studied the different fractional-orders (0.3, 0.5,0.7, 0.9, and 1.0). We compared the results
with respect to the model without control. The strategy that showed the best results is
when all controls are activated due to the reduction in all compartments, it manages to
avoid future growth in the number of MDR-TB and XDR-TB cases in the TB-Only and
TB-HIV/AIDS subpopulations and significantly reduced XDR-TB in diabetic patients, see
Figures (5.1a)-(5.2f).



Chapter 6

Conclusions

We presented a new mathematical model for the study of TB treatment efficacy consi-
dering the influence of diabetes and HIV/AIDS. Our aim is to examine the impact of diabetes
and HIV/AIDS on treatment resistance and transmission of tuberculosis. Based on this
model, we studied the optimal control problem to obtain a better adherence to treatment
and thus avoid MDR-TB and XDR-TB. The controls are focused on reinfection/reactivation
of TB, MDR-TB, and XDR-TB. In order to take advantage of the fractional-order derivative,
we studied this model with fractional-order derivatives in the Caputo sense and as a
consequence, we used this system as a constraint in the fractional optimal control problem.

We found the basic reproduction number using the next-generation matrix method
for the ODE and FDE models. We studied the basic properties of the models such as the
existence, uniqueness, and positivity of the solution, and found the biologically feasible
regions. Using the respective ODE and FDE techniques, we studied the local stability of
the respective infection-free equilibrium points related to the basic reproduction numbers.
We proved the global stability of the infection-free equilibrium point. We showed the
existence of endemic equilibrium points if the basic reproduction numbers are greater
than unity. For the model with ordinary differential equations, we presented results that
allow us to know the behavior of the basic reproduction number by submodel (TB-Only,
TB-HIV/AIDS and TB-Diabetes), and general model, based on the different joint variations
of the resistance and recovery parameters.

We carried out a study of the sensitivity of the parameters with respect to the basic
reproduction number, in particular the parameters associated with tuberculosis. We ob-
tained that the recruitment rate and the effective contact rate always have a positive effect
on the basic reproduction number and we presented a lemma characterizing the impact of
B” on the basic reproduction number. For the TB-Diabetes submodel in a particular case,
we studied the persistence of TB and evidenced the need to apply control strategies.

The optimal control theory for these models is derived analytically by applying Pon-
tryagin’s maximum principle and we demonstrated the existence of optimal controlS.

We studied in the numerical simulations the variation of the basic reproduction number
concerning the effective contact rate, and we concluded that we must pay attention to this
variation in the TB-Only submodel because we can find situations where it can be greater
than unity. For the variation with respect to the resistance parameters, it is always greater
than unity. This implies that, we should pay attention to tuberculosis transmission in this
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subpopulation.

In the numerical simulations of the different resistance compartments, we observed
the strong influence that diabetes has on the dynamics and in particular on the XDR-TB
so that any control strategy that is applied must comply with the reduction of diabetic
XDR-TB given the impact of these cases.

In the optimal control problem, we evaluated different strategies but the one that
showed the greatest efficacy was when we activated all the controls (reactivation/reinfec-
tion, MDR-TB, and XDR-TB) and starting with high control effectiveness as it reduces all
the resistance compartments, avoids future growth of cases, and controls the impact of
diabetic XDR-TB.

For the fractional-order model, we studied the basic reproduction number for the
different a—values. The computational simulations allowed us to observe the behavior
of the different compartments for the different ¢—values and this helps us in making
decisions for future controls. We can see that for any a—values the diabetic XDR-TB has a
strong impact on the epidemic.

With the study of fractional optimal control problem in the Caputo sense, using the
same strategies of the optimal control problem with ODE, we found that for the different
a—values the most effective strategy is when we activated all the controls because it meets
all the objectives (to reduce the resistance MDR-TB and XDR-TB and avoid future growth
of cases) but paying attention to the case when a = 0.9 due to its behavior.

This work allows us to study the treatment and transmission of tuberculosis with the
presence of diabetes and HIV/AIDS, which are subpopulations vulnerable to infection. It
helps to design control strategies and decide how to initiate the control process to reduce
the impact of tuberculosis and increase the effectiveness of treatment.

In future work, we will perform parameter estimation using current techniques and
computational simulations for real scenarios and study the control problem with a—level
controls.
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