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Resumo

MAIA, J. Transigao de fase em modelos de Ising: o semi-infinito com campo decaindo
e o longo-alcance com campo aleatério. 2023. Tese (Doutorado) - Instituto de Matematica e
Estatistica, Universidade de Sao Paulo, Sao Paulo, 2023.

Nesta tese apresentamos resultados referentes ao problema de transigdo de fase para dois mod-
elos: 0 modelo de Ising semi-infinito com um campo decaindo e o modelo de Ising de longo-alcance
com um campo aleatorio.

No modelo de Ising semi-infinito, o pardmetro relevante na existéncia de transicao de fase é A, a
interacao entre os spins do sistema e a parede que divide o lattice. Introduzindo um campo magnético
que da forma h; = /\\id]*‘S com § > 1, que decai conforme se afasta da parede, conseguimos mostrar
que, em baixas temperaturas, o modelo ainda apresenta um ponto de criticalidade 0 < A.(J,d)
satisfazendo: para 0 < A < A\.(J,0) existem multiplos estados de Gibbs e para A > A.(J,d) temos
unicidade. Mostramos ainda que quando § < 1, A.(J,d) = 0 e portanto temos sempre unicidade.

No modelo de Ising de longo-alcance com campo aleatério, estendemos um argumento de Ding
e Zhuang do modelo de primeiros vizinhos para o modelo com interagao de longo-alcance. Combi-
nando uma generalizagao dos contornos de Frohlich-Spencer, proposta por Affonso, Bissacot, Endo
e Handa, com um procedimento de coarse-graining introduzido por Fisher, Frohlich, and Spencer,
conseguimos provar que o modelo de Ising com interacao Jy, = |z —y|~® com a > d em dimensao
d > 3 apresenta transi¢ao de fase. Consideramos um campo aleatério dado por uma colecao i.i.d
com distribui¢do Gaussiana ou Bernoulli. Nossa prova constitui uma prova alternativa que nao usa
grupos de renormaliza¢do (GR), uma vez que Bricmont e Kupiainen afirmaram que seus resultados

usando GR funcionam para qualquer modelo que possua um sistema de contornos.
Palavras-chave: Transicao de fase, modelo de Ising semi-infinito, energia livre de superficie, campo

externo nao-homogéneo, modelo de Ising longo-alcance, campo aleatério, contornos, analise multi-

escala, coarse-graining, mecanica estatistica classica
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Abstract

MAIA, J. Phase Transitions in Ising models: the Semi-infinite with decaying field and
the Random Field Long-range. 2023. PhD Thesis - Institute of Mathematics and Statistics,
University of Sao Paulo, Sao Paulo, 2023.

In this thesis, we present results on phase transition for two models: the semi-infinite Ising model
with a decaying field, and the long-range Ising model with a random field.

We study the semi-infinite Ising model with an external field h; = A|ig| =%, A is the wall influence,
and § > 0. This external field decays as it gets further away from the wall. We are able to show
that when § > 1 and 8 > (.(d), there exists a critical value 0 < A, := A.(6, 5) such that, for A < A,
there is phase transition and for A > A, we have uniqueness of the Gibbs state. In addition, when
0 < 1 we have only one Gibbs state for any positive g and .

For the model with a random field, we extend the recent argument by Ding and Zhuang from
nearest-neighbor to long-range interactions and prove the phase transition in the class of ferromag-
netic random field Ising models. Our proof combines a generalization of Frohlich-Spencer contours
to the multidimensional setting proposed by Affonso, Bissacot, Endo and Handa, with the coarse-
graining procedure introduced by Fisher, Frohlich, and Spencer. Our result shows that the Ding-
Zhuang strategy is also useful for interactions J,, = |z —y|~* when o > d in dimension d > 3 if we
have a suitable system of contours, yielding an alternative proof that does not use the Renormal-
ization Group Method (RGM), since Bricmont and Kupiainen claimed that the RGM should also

work on this generality. We can consider i.i.d. random fields with Gaussian or Bernoulli distributions.

Keywords: Phase transition, semi-infinite Ising model, surface free energy, inhomogeneous external
field, Long-range random field Ising model, random field, contours, multiscale analysis, coarse-

graining, classical statistical mechanics.
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Introduction

The problem of the presence or absence of phase transitions is key in statistical mechanics. The
Ising model is one of the most studied ones on this matter. It was introduced by Lenz and studied by
Ising [52]. In the Ising model, we represent the positions of the particles by the points of the lattice
7%, Each site is associated with a spin oy, taking values +1 or —1. Configurations are elements of
Q = {—1,41}%". The parameters of importance are the interaction J = (Jij)i jeza, the external
field h = (h;);czq, and the inverse temperature 5. The family J represents that the energy of the
interaction of two sites 7 and j is —J;; if the spins are o; and o aligned, i.e. if having the same sign,
and is J;; otherwise. The most studied Ising model is the one with nearest neighbor ferromagnetic
interaction, for which J;; = J whenever ¢ and j are neighbors on the graph and are zero otherwise.
The external field h represents a quantity that favors each spin to align in the same direction as
the field, and so the formal Hamiltonian of the model is given by

Hip(o) =— Z Jojoj — Z h;o;,

i,j€ZY i€zd
li—j]=1

where J > 0 and |i — j| = 1 means that the distance in the graph is one. The role of the temperature
is expressed in the formal Gibbs measure, given by

where Zg’ p, 1s the partition function

B _ —BH
Zth — Ze BH (o)
oeN

In this thesis, we will study the phase diagram of two variations of this model. First, we will
study the semi-infiinite Ising model with non-homogeneous external fields. After that, we focus on
proving phase transition for the long-range random field Ising model for d > 3.

The semi-infinite Ising model is a variation of the Ising model where, instead of Z?¢ (d > 2),
the lattice is H‘j_ = 7971 x N and the configurations space is Q == {1, +1}Hi. In the semi-infinite
model, the sites in the wall W = Z?~1 x {1} are in contact with a substrate favoring one of the spins.
This influence is represented by an external field, with intensity A € R, acting only on spins at the
wall W. The other parameters of the model are the interaction J = (Jij)i, jerd > the external field
h = (h) icHd and the inverse temperature 5. We will always consider nearest neighbor ferromagnetic
interaction, hence J;; = J > 0 whenever |i — j| = 1 and are zero otherwise. The distance here is
taken concerning the £1-norm. The interaction J and the external field h play the same role in the
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energy as in the standard Ising model, so the formal Hamiltonian is

Hjzn(o) =— g Jojo; — E hio; — g A\o;.
i,jE€HY icH4 iew
|i—j]=1

The role of the temperature is expressed in the formal Gibbs measure, given by
e BH A R(0)

wran(o) =
J MR Zﬁ,x7h
where Z"? AR 1S the partition function, a normalizing weight. Throughout this thesis, we will assume
A > 0 for simplicity. The extension of our statements for A < 0 will follow from spin-flip symmetry.
The semi-infinite Ising model was extensively studied by Frohlich and Pfister in [38, 39|, where
they presented a wide range of results. Regarding the macroscopic behavior of the system, it was
shown that, for 8 < ., the system behaves exactly as the Ising model and the spins align inde-
pendently, where 5. denotes the critical inverse temperature of the Ising model. Below the critical
temperature, when there is no external field, there exists a critical value A, > 0 that determines the
behavior of the spins near the wall. When the influence of the wall is bigger than A., the influence
of the substrate "penetrates" the model and we see a thick layer of spins near the wall aligned with
the substrate phase:

Figure 1: Complete wetting: \=1> A., 3 =0.5, J =1. The + spins are black and the — are white.

This regime is then called complete wetting. When 0 < A < A., the influence of the substrate is
only capable of creating disconnected clusters on the wall, so we say there is partial wetting:

Figure 2: Partial wetting: A =0.03 < ., 8 =0.5, J =1. The + spins are black and the — are white.

In [39], they also showed that this critical value is related to the existence of multiple Gibbs
states, in the sense that, for 0 < A < A, there are multiple Gibbs states, and for A > A, we have
uniqueness. The existence of this critical value A. is proved using a notion of wall-free energy, defined
formally as

—J 2 +,J 2
(J \ h) I 1 <ZAmH1;A,h) i 1 1 <ZAmH1;A,h)
= 11m n — 11m n
Tw\Jy A, A—s7d Q‘W N A’ QX}{ A—s7d Q‘W N A’ QX,’{ )

where Qf,{ is the partition function of the Ising model (on Z¢) with 4+ boundary condition on

A, a finite set such that W N A # () and fol]‘[]ﬂd A\ p 18 the partition function of the semi-infinite
+7 b

Ising model with 4+ boundary condition on A ﬂHi. This quantity is suitable for measuring the wall
influence when there is no external field since the partition functions of the Ising model cancel out,
and the remaining terms can be written as an integral of the difference of the magnetization with
respect to the wall influence A, see Proposition 2.1.2.
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Figure 3: The - boundary condition of the semi-infinite model.

In the Ising model, adding a nonnull constant external field disrupts the phase transition at every
temperature, as a consequence of Lee-Yang theorem [36, 61]|. However, it was shown in [14] that we
can add an external field that decays as it goes to infinity and still preserves phase transition. This
paper started a streak of new results on models with decaying fields [1, 13, 15, 16].

One particular result [13], states that we can consider an intermediate external field h* =

(h})icza given by
h* ifi=0,
hi =4 - _
{i' otherwise.

that preserves phase transition for low temperatures when § > 1 and induces uniqueness at low
temperatures when § < 1. In the critical value § = 1, there is phase transition for A* small enough.
The proof of uniqueness when ¢ < 1 was extended to all temperatures in [25]. The argument
in [13] involves contour arguments and Peierls’ bounds techniques for low temperatures, while
[25] uses a generalization of the Edwards-Sokal representation. Both techniques are fairly distinct
and complement each other, which makes the complete proof of uniqueness involved. There is no
standard strategy to prove uniqueness, with each model requiring particular techniques.

For the semi-infinite Ising model, a more natural choice of the external field is one decaying as
it gets further from the wall, that is, h; < h; whenever j; < ig. Given h € R, one such external
field is b = (hi);eza with

ho="l
tq

forall ¢ € Hi. Figures 4 and 5 shows how this external field behaves. A particularly interesting

W

Figure 4: The influence of the external field in a box A,,.

f) = hx +1)°

|ﬂnnn
0

5 10

Figure 5: The external field w.r.t. the distance of a spin to the wall.
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choice of i is h = A, so we link the wall influence and the field. This particular case will be denoted
A= ()\z)z S Hi, with

We can prove that, when § > 1, the semi-infinite model with external field X behaves as the model
with no field, so if we fix 3 = 1, there exists a critical value A\.(.J) such that there are multiple Gibbs
states when 0 < A < A.(J), and we have uniqueness when \.(J) < A. At last, we show that when
0 < 1, the semi-infinity Ising model with this choice of external field presents only one Gibbs state
for any J > 0. To simplify the notation, we choose to fix § = 1 and let J vary, as in the previous
papers about the semi-infinite Ising model. Our results are summarized in the following theorem.

Theorem. Let d > 2, and let J,. be the critical value of the Ising model in Z¢ at 8 = 1. Given any
§ > 0, there exists a critical value Ao = A.(J,8) > 0 such that the semi-infinite Ising model with
external field p presents phase transition for all 0 < X\ < \. and uniqueness for A, < X\. Moreover,
for § > 1 and J > J. we have 0 < A.. When § <1, Ao = 0 and there is uniqueness for all J > 0.

In the second half of this thesis, we study the phase transition in the long-range random field
Ising model at dimensions d > 3. The problem of the presence or absence of phase transition is
central in statistical mechanics. To prove the existence of phase transition, the standard idea is to
define a notion of contour and use Peierls’ argument [66]. In the Ising model [52], particles of the
system interact only with their nearest neighbors. On ferromagnetic long-range Ising models [7],
there is interaction between each pair of spins in the lattice. The Hamiltonian of the model is given
formally by

H(o) =— Z Jey 020y,
RNy

where Jyy = J|lz —y|™%, J > 0, a > d. It is well-known phase transition in dimension 2 for Ising
models with nearest-neighbors implies phase transition for long-range interactions when d > 2, as
a consequence of correlation inequalities. For the one-dimensional lattice, it is known that short-
range models do not present phase transition [43]. In the long-range case, a different behavior was
conjectured depending on the exponent « (see [54]), but the problem was challenging.

In dimension d = 1, phase transition was proved first in 1969 by Dyson [33], for o € (1,2),
by proving phase transition in an auxiliary model, known nowadays as the Dyson model or hi-
erarchical model. Dyson’s approach fails exactly on the critical exponent o« = 2. It was already
known that for a > 2 uniqueness holds [43]. In 1982, Frohlich and Spencer [41] introduced a notion
of one-dimensional contours and then applied Peierls’ argument to show phase transition for the
critical value o = 2. These contours were inspired by the multiscale techniques previously intro-
duced to study the Berezinskii-Kosterlitz-Thouless transition in two-dimensional continuous spin
systems [40]. Later, Cassandro, Ferrari, Merola and Presutti [21] extended the contour argument
previously available for & = 2 to exponents a € (3 — {2—3, 2], with the additional restriction that
the nearest-neighbor interaction is strong, i.e., J(1) > 1; this restriction was removed for a subclass
of interactions in [16]. Further results were obtained using contour arguments, such as the decay
of correlations, cluster expansions, phase transition with random interactions, etc; some references
with these results are [22, 23, 48, 49, 53].

In the multidimensional setting (d > 2), Ginibre, Grossmann, and Ruelle, in [44], proved the
phase transition for @ > d + 1, using an enhanced version of Peierls’ argument and the usual
contours. Park used a different notion of contour for long-range systems in [64, 65|, extending
the Pirogov-Sinai theory available for short-range interactions assuming « > 3d + 1, although he
can also consider Potts models and models without symmetry with his methods. Some results in
the literature suggest that truly long-range effects appear only when d < o < d + 1, see [12].
Recently, Affonso, Bissacot, Endo, and Handa [1], inspired by the ideas from Frohlich and Spencer
in [40, 41], introduced a version of multiscale multidimensional contour and proved phase transition
by a contour argument in the whole region o > d. They can consider long-range Ising models with



deterministic decaying fields, first introduced in the context of nearest-neighbor interactions in [14].
For such models, the lack of analyticity of the free energy does not imply phase transition since
these models have the same free energy as the models with zero field. It is expected that slowly
decaying fields imply uniqueness. In this setting, a contour argument is useful for proofs of phase
transitions as well as for uniqueness, some papers with models with deterministic decaying fields
are [8, 13, 16, 25].

The Random Field Ising model (RFIM) [50] is the nearest-neighbor Ising model with an addi-
tional external field acting on each site (hy),cza that is a family of i.i.d. Gaussian random variable
with mean 0 and variance 1. Formally, the Hamiltonian of the model is given by

H(o)=— Z Joyoy —¢ Z hzos,

Y€z xeZd
|lz—y|=1

where J > 0, € > 0, and d > 1. A detailed account of the history of the phase transition problem
for this model, as well as detailed proofs, was given in [17|. Here we present a brief overview.

During the 1980s, the question of the specific dimension where phase transition for the RFIM
should happen attracted much attention and was a topic of heated debate. Two convincing argu-
ments divided the physics community. One of them, due to Imry and Ma [50], was a non-rigorous
application of the Peierls’ argument together with the use of the isoperimetric inequality. The key
idea of Peierls’ argument is to define a notion of contour and calculate the energy cost of "erasing"
each contour, i.e., the energy cost of flipping all spins inside the contour. When there is no external
field, the energy necessary to flip the spins in a region A C Z? is of the order of the boundary |0A|.
When we add an external field, we get an extra cost depending on this field. Imry and Ma argued
that this cost should be approximately \/m . By the isoperimetric inequelity, \/W < ]8A|2(dd*1>,
which is strictly smaller than |0 A| for all regions only when d > 3, so this should be the region where
phase transition occurs. The other argument, due to Parisi and Sourlas [63], based on dimensional
reduction [3| and supersymmetry arguments, predicted that the d-dimensional RFIM would behave
like the d — 2-dimensional nearest-neighbor Ising model, therefore presenting phase transition only
when d > 4.

The question was settled by two celebrated papers showing that Imry and Ma’s prediction was
correct. First, in 1988, Bricmont and Kupiainen [18] showed that there is phase transition almost
surely in d > 3, for low temperatures and € small enough. Their proof uses a rigorous renormalization
group analysis and it is considered involved. Still, they claimed that the result works for any model
with a suitable contour representation and centered sub-gaussian external field. Later on, Aizenman
and Wehr [6] proved uniqueness for d < 2. For detailed proofs of these results, we refer the reader
to [17] (see also |10, 20, 37, 57| for more uniqueness results).

Recently, Ding and Zhuang [31], provided a simpler proof of the phase transition, not using RGM.
In addition, Ding, Liu, and Xia [27] proved that if 5.(d) is the critical inverse of the temperature
of the Ising model with no field, for all 8 > (.(d) there exists a critical value go(d, 5) such that the
RFIM with € < gg presents phase transition.

In the present paper, we are considering a long-range Ising model with a random field, whose
Hamiltonian is given formally by

H(o)=— Z JoyOgoy — € Z heoy,

z,y€Ze x€Z

where Jpy = Jjz —y|™*, J,e >0, « > d, d > 3, and (hg),cza that is a family of i.i.d. Gaussian
random variable with mean 0 and variance 1. The only rigorous result on phase transition in
the long-range setting is for the one-dimensional long-range Ising model with a random field, by
Cassandro, Orlandi, and Picco [24]. They used the contours of [21] to show the phase transition
for the model when « € (3 — ﬁ%’ %), under the assumption J(1) > 1. We stress that, as remarked
by Aizenman, Greenblatt, and Lebowitz [4], although their argument does not work for the whole
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region of the exponent «a, the phase transition holds for values close to the critical value av = 3/2,
since by the Aizenman-Wehr theorem we know that there is uniqueness for a > 3/2.

The argument from Ding and Zhuang in [31], for d > 3, involves controlling the probability of
a bad event, which is related to controlling the quantity

Z:cEA ha
sup =S,
0cACz? 04
A connected
known as the greedy animal lattice normalized by the boundary. The greedy animal lattice nor-
malized by the size, instead of the boundary, was extensively studied for general distributions of
(he)pezd, see [26, 42, 46, 62]. When we normalize by the boundary, an argument by Fisher, Frohlich
and Spencer [34] shows that the expected value of the greedy animal lattice is finite. In dimension
d = 2, the expected value is not finite, see [29]. The supremum is taken over connected regions
containing the origin since the interiors of the usual Peierls contours are of this form.

For the long-range model, the interior of contours is not necessarily connected. In fact, long-
range contours may have considerably large diameters with respect to their size, so their interiors
can be very sparse. Our definition of the contours is strongly inspired by the (M, a,r)-partition
in [1], that are constructed using a multiscaled procedure that assures that the contours have no
cluster with small density. With them, we generalize the arguments by Fisher-Frohlich-Spencer [34],
and prove that the expected value of the greedy animal lattice is finite, even considering regions
not necessarily connected. Then, we prove the phase transition for d > 3. Our main result can be
stated as

Theorem. Given d > 3, a > d, there exists B. .= [(d,«) and €. = €(d, ) such that, for B > B,
and € < €., the extremal Gibbs measures /‘Es and lige are distinct, that is, ,ugs #* Ig.e P-almost
surely. Therefore the long-range random field Ising model presents phase transition.



Chapter 1

Semi-infinite Ising Model

In this chapter, we study the semi-infinite Ising model following [38, 39| closely. The model
represents the usual Ising model but now with a constraining wall that absorbs some state, that is,
it has a preference for aligning with the + or — spin. We first prove phase transition when there
is no external field. Then we show that the macroscopic picture described in [39] does not change
even if we add a non-homogeneous external field, that depends only on the distance to the wall and
is small in a sense.

1.1 The model and important definitions

To represent a wall in the usual Ising model we change the graph where the model takes place.
Instead of Z%, we consider the graph

HY = {i = (i1, 39, ...,ia) € Z% : ig > 0},

and the wall is denoted by W = {i € Hi : ig = 0}. To represent the influence of the wall in
its neighbors, we introduce a parameter \ and, for the finite sets A € H%, we define the local
Hamiltonian

H}‘\T;)\7h(0') == E Ji,jo'io'j - E hiO'Z' - E )\Ui- (111)
i~j €A 1eEANW
{4.33NA#D

Here, h = (hi)z‘eHi is the eaternal field and the interaction J = (J; ;)

i,j € Z% so we say the model is ferromagnetic. The configurations in A € Z? with boundary
condition 7 € Q are the elements of Q) = {w € Q: w; = n; for all ¢ ¢ A}. The finite Gibbs measure
in A with n-boundary condition is

ijemd 18 non-negative for all

e_B’HX;)\,h(U)

1.1.2)
A (
ZX;/\,h

M?\;A,h(U) = Lisean)

—_8HT . » . . .
where ZX’,‘/{ BT D eeqn € AHR(9) is the usual partition function. This measure is in the o-algebra

generated by the cylinder set, which coincides with the Borel o-algebra when we consider the
product topology on 2, a compact space. Then, the set of probability measures defined over the
Borel sets is a weak™® compact set.

To construct the infinite measures we consider sequences of finite subsets (A,,)nen such that,
for any subset A C Hi, there exists N = N(A) > 0 such that A C A,, for every n > N. We say
such sequences invades Hi and we denote it by A,, * Hi. A particularly important sequence that
invades Hi is the finite boxes

Apm={i €HY tig<m,—n <ip<nfork=1,...,d—1},
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with n,m > 0. We define also Wy, ,, .= W N Ay, the restriction of the wall for this boxes. The set
of Gibbs measures is the closed convex hull of all the weak* limits obtained by sequences invading
d .
H :
Gy =conv{py : g =w"- lim pxi, pt- (1.1.3)
A HE

To simplify the notation, we are omitting the dependency on 38, h and A in the definition of G ;.
Moreover, throughout this chapter and the next, we fix § = 1 and let J vary, to simplify the
notation. Most of this chapter will be dedicated to investigating whether |Gz| > 1, hence there is a
phase transition or |Gy| = 1, so there is uniqueness.

Replacing the semi-infinite lattice Hi by the whole lattice Z% in all definitions above, we can
define the set of Ising Gibbs measures with ferromagnetic interaction J = (J; j); jeze and external
field h = (h;);cza as

Gy = conv{py : py = w'- A}i}%d HRr0m)-
As an alternative for working with Gibbs measures, we can use the Gibbs states. These are linear
functional defined on the space of local functions. A function f : Q — R is said local when there
exists A € H% such that, Vo,w € Q, f(0) = f(w) whenever o; = w; for all i € A°. The smallest
such A, with respect to the inclusion, is called the support of f. Moreover, f is quasilocal if there is

a sequence (g ), of local functions such that lim,, o [|gn — f|lcc = 0. To each finite Gibbs measure,
we associate the local Gibbs state in A with n-boundary condition, defined by

A)\h —Zf MA,\h o).

geN

Moreover, the Gibbs state with n boundary condition is

(= Tm (R n

d
A JHE

when the limit exists. The semi-infinite model inherits several properties from the usual Ising model
in Z? once the Hamiltonian (1.1.1) can be seen as a particular case of the Ising model. The usual
Ising Hamiltonian in A € Z¢ is

HAh E JZJO'ZO'] E hO’Z (114)
€A
{i,j}ﬂAsﬁ@

where J = (J;;); jeze a family of non-negative real number and h = (h;);cz4 is the external field
with h; € R for all i € Z%. The Ising local state with boundary condition n € § is, for any local

function f,
() in = N flo)e M),
oeQ]

J
where QX’;',]l = ZUEQX e~ n(9) g the usual partition function. So, for A € HY, the state <f>7/(;>\,h

is the Ising state with interaction (J )\')Z‘7jezd given by

17-]
J- . .f .7 . C Hd ’
g =3 ti ]}_ + (1.1.5)
’ A otherwise,

and boundary condition nT given by, for all i € Z¢,

+ n if i € HY ,
= +1  otherwise.
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We are interested in phase transition results for a uniform interaction J = J > 0, A > 0 and
h; > 0 for all i € Hi. For the Ising model with no external field, the existence of two distinct states
translates to the fact that, on a macroscopic scale, the spins will align in the same direction. If
we consider the plus state, when we look at huge boxes, we will see a sea of pluses and some rare
occurrences of minus.

In the semi-infinite Ising model, again with no field, the macroscopic consequence of the phase
transition is different, it has to do with the existence of a layered phase separating the wall from
the bulk. Writing the semi-infinite model interaction as in (1.1.5), the minus state in a box is given
by the boundary condition like in Figure 1.1, so if A is big enough we have the phenomenon of

C0O0O0O00O0

ONONONONONONO)
—
=
=
ONONONONORONO)

<

060600006

Figure 1.1: The + spins in the wall compete with the — on the boundary.

complete wetting, where the wall forces to spin to align in the plus direction.

To better understand this type of phenomenon, we recommend the survey paper [51]. The surface
free energy of the wall is a quantity that tries to identify whether or not we have complete wetting
and is defined as follows. Consider the sequence that invades Hi given by A, = A, po for some
0 < a < 1. Take A/, as the reflection of A,, with respect to the line £ := {(i1,...,iq) € Z¢ : iq = —3}.
Similarly, define the reflection of the walls W, as W}, := [—n,n] x{—1}. Denoting A,, :== A,UA;], and
extending h to Z% by choosing h; = hi.....—ig—1) (the reflection of i through line £), the partition
function of the usual Ising model in A, with n-boundary condition is

Zi;h = Z exp{ Z JUin + Z hZO'l}
O vy, o '

and the free surface energy for the 4+ b.c. and — b.c. are, respectively,

1 (ZJF'}\Jh)z
FT(J,\ h) = lim — In | —2% (1.1.6)
oo 2\l QZ;;];h
and 7
1 Z,.)
F~(J,\h) = lim — In ( ﬁ:,h) . (1.1.7)
oo 2[Wy| QA;L;h

Here, ZTJLF,’)\Jh (respectively Z;’)\Jh) is the partition function of the semi-infinite model in the box A,,
with plus boundary condition. (respectively minus boundary condition).

All results in this chapter follows [38, 39| closely, with minor generalizations. We first prove
that these limits exists. As we do not fix a constant external field, this shows that the proof in [3§]
extends trivially for space dependent external fields. After that, we will study the wetting transition
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when h = 0. Using the surface free energy between the + and — b.c., defined as
Tw(Ja A, h) = F_(Jv A, h) - F+(J7 A h’)

we characterize the presence or absence of phase transition. Moreover, we will compare this quantity
to the interface free energy for the Ising model, defined as

1 ¥.J
In [ Bl | (1.1.8)

T(J) = n,}rlbgloo - ‘Wn‘ +,J

Am,n;0

where the F-boundary condition denotes the configuration o € €2 defined by

—-1, ifieHd,
o; =
Yl ifieH;

and

d—1

Appn = [—m,m|]" " x [-n,n].

At least, we present some characterizations of the macroscopic picture in both the uniqueness and
phase transition regime. In this last part, we consider the model with an external field that depend
only on the distance to the wall. We are able to show that the characterization presented in [39]
is preserved as long as the sum of the external field in a line perpendicular to the wall is small
enough.

1.2 Correlation inequalities and the limiting states

Before we introduce the correlation inequalities, we define the free boundary condition and the
state associated with it. This is an important state, for which all of the correlation inequalities
apply to. For A € Z¢ and a configuration o € €,

H;\T”Z(J) = — Z JZ’JUZ'UJ' — Z hio;, (1.2.1)
invj iEA
{i,J}CA
where, again, h = (hi);cza is a family of real numbers and J = (J;;); jeze are all positive real
numbers. The difference between this Hamiltonian and the usual one defined in (1.1.4) is that there
is no interaction between the interior and the exterior of A. The state defined by such Hamiltonian
is

Nhn = Eha) ™ 3 Fo)ein@), (1.2.2)

oe{—1,+1}2

where f is any local function and Z/f\; n, is the usual partition function

Zhp = Z eMan (@),
oe{—1,+1}2

The correlation inequalities we will need are the GKS, FKG and duplicated variables inequalities.
They are used to prove the existence and some essential properties of the limiting states. A proof
for the FKG and GKS inequalities can be found in [36]. Since both inequalities are classical results,
the proof of them will not be presented here. The duplicated variable inequalities were proven in
[58]. One important observation is that all of these inequalities are stated for the finite-volume Ising
states in Z<, but are easily translated to the semi-infinite states due to the particularization (1.1.5).
We start with the GKS inequalities:
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Proposition 1.2.1 (GKS inequalities). Let J = (J;;); jeze and h = (h;);cp+ be two collections of
’ d
non-negative real numbers and A € Z%. Then for any A, B € A we have

(0A){n =0 (1.2.3

(O‘AO’B>X;h > <UA>X;h<UB>Xh- (1.2.4)

Both inequalities also hold for the free boundary condition.

This inequality, named after Griffiths, Kelly, and Sherman, was first proved in [45, 55]. The next
inequality is the FKG, one of the most important in Statistical Mechanics and it is related to the
notion of non-decreasing function. Given two configurations w,o € 2, we write ¢ < w if 0; < w;
for all ¢ € H;r We say that a local function f is non-decreasing if, for all 0 < w, f(o) < f(w). The
FKG inequality, named after Fortuin—-Kasteleyn-Ginibre [35], is

Theorem 1.2.2 (FKG Inequality). Let J = (J;j); jeza be a collection of non-negative real numbers

and h = (h;),cy+ be a collection of arbitrary real numbers. Then for any A & 7% and any non-
d

decreasing functions f and g we have

for an arbitrary boundary condition n, including the free boundary condition.

Now we use some consequences of this inequality to characterize the limiting states and get
equivalences of phase transition. The first one is:

Lemma 1.2.3. Let f be a non-decreasing function, 8 > 0, J = (Jx,y)i7jezd a family of positive
real numbers and h = (hi>iEHd+ be any external field. Then, for any boundary condition n € £ and

A €7,
<f>X;h < <f>7\,h < <f>X,h

Moreover, if w €  is such that n < w, then

If f is also local satisfying supp(f) C A, then

- f
(Fan < (Fisn < (Han-
Another important consequence of FKG is that it allow us to define precisely the limiting states.

Lemma 1.2.4. For a non-decreasing local function f, 8 >0, J = (Jid')i’jezd a family of positive
real numbers and h = (hi)z‘eHj any external field, if i C Ao € Z¢ we have

(P hpn < DKL ne (1.2.6)
The same inequality holds for the —b.c when f is non-increasing.
Similarly, we can use the GKS inequalities to prove:

Lemma 1.2.5. Let J and h be as in the hypothesis of the GKS Inequalities, and Ay C Ay € Z°.
Then, for any A C Ay

(a)Nyn < (0K (1.2.7)

and
(04) hgin = (0A) Ay (1.2.8)
Both these lemmas are important to prove some fundamental properties of the limit states in

both the usual and the semi-infinite Ising models, including its existence. Below we enunciate some
of these properties for the semi-infinite model.
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Proposition 1.2.6. Let 8 > 0, J = (Jzy); jeza a family of positive real numbers, h = (h;); g+
> d
any external field and A € R be the wall influence. Then

1. Eztremality: The states <>;\rh 1s extremal, in the sense that it is not a convexr combination of
other states.

2. Tranlation invariance: For any local function f and a € W we have

(f0Oa) = (Nn

where O, is the translation of configurations defined by

(Ou(w))i = Wi—a, Vi e HJ. (1.2.9)

3. Short-range correlations: Given two local functions f and g we have

lim ((fo @a)g>j\r,h = <f>;\rh<9>j\rh

|a]—o0

Moreover, all of these statements are also true for the minus state.

At last, we discuss the so-called duplicate variable inequalities. This set of inequalities was
proved in [58] as a consequence of the GKS and a more general form of the FKG inequalities. In a
subset A € Z¢, we consider a Hamiltonian of two independent systems with free boundary condition

f f
H?\’;h,h/(gv O'/) = ,HX;h(O') + /HX;h’(O-/) = — Z JZ'J‘O'Z'O']' - Z JiJ'O'Z/-O'.;' - Zth'l - Z hiai
irvg irvg i€A ieA
{i.j}cA {i.7}CA
(1.2.10)

With this we can define the state
£t ] £.f _ J
<f>A;h,h/ = (ZA;h,h/) 1 Z f(O', O',) exp *BHA;h’h/(O', O',), (1211)
o0’ e{—1,+1}A
where f is any local function and

£f J /
ZNhh = Z exp —BHy.p p(0,07).
o0’ €{—1,+1}A

With this definition, we see that if f(o,0’) = f(o) and g(o,0’) = g(¢’), that is, f depends only
of the first variable and g depends only on the second, then

(Fakn = (Fin and (@) ann = (9 hnr,

)

so we say that the marginal distributions of (-)a.p ns are (- , and ()f ..
Introducing the random variables s; = 0; + o and t; = 0; — o, for all i € 7%, as well as

SA:HSj and tA:Htj
JEA JEA
for all A € Z%, the duplicate variable inequalities are:

Theorem 1.2.7 (Duplicate variable inequalities). Let J = (Ji;); jeza be a collection of non-
negative real numbers, h = (hi)ieHjl' and h! = (hi);eHj{
satisfying h; &£ h}, > 0 for all i € Z%. Then, for any A, B € Z%, we have

be two collection of arbitrary real numbers



1.2 CORRELATION INEQUALITIES AND THE LIMITING STATES 13

f.f f.f
0< <tASB>Ahh/ = <tA>Ahh/<SB>Ahh/, (1.2.12)
(tatB)in e > (EA) R (B) Sor (1.2.13)
<SASB>A :h,h’ > <SA>A;h,h’<SB>A;h,h" (1214)

One 1mportant remark is that we can make a change in the external field so that the marginal
distributions of (- > Ak b Decame (- )45, for some 7 € Q. Indeed, defining an altered external field h"
as

W =hi+ Y Jyn,
jri
FEZAA
for any configuration n € ), we have

<f>Ah77h/W— ZX‘;Lh’ Z fO'O' HAh o)+ HAh/( )

oeQl
UIGQ‘X

With this, it is straightforward that, for functions f(o,0’) = f(0), g(o,0’) = g(o’) and n,w € QU{f},

(f)Ahn hre = (fﬂ-h and (9)Ashn prw = <9>°K;h/-

3

For consistency, we are defining hf = h. To stress this properties we define the state, for n,w € QU{f}
and h = h/,

(VXinn = () ahnhe, (1.2.15)
and we have the following:

Corollary 1.2.8. Let J = (J;j); jeza and h = (hi);cza be a collection of non-negative real numbers.
Then, for any A, B € Z¢ and any n € QU {f}, we have

0 < (tasp)yp < (ta)An(sB)Aps (1.2.16)
MRS (1.2.17)

(sasp)up > (saA) A (sB)Aim- (1.2.18)

The most important consequence of the duplicated variables inequalities is

Proposition 1.2.9. Let J = (Ji;); jeza be a non-negative interaction satisfying Jij > 0 if |i—j| = 1,
h = (hi)icza be a non-negative external field and B > 0. Then, if (0:) 5 ), = <Ui>gh for some i € 79,
there is a unique Gibbs state.

Proof. Fix i,j € Z¢ with |i —j| = 1, and A € Z¢ containing i and j. For the duplicated variable
system with plus and minus boundary conditions, we will prove that

(titj) A = (tit; >{ i > 0. (1.2.19)

Start by rewriting the Hamiltonian of this duplicated system as

'HAhaa Z Jij( azaj—i-aa —l—Zh o+ o) Z Jij(oi — o}).
{i,j}CA €A 1€N,jEAC
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For any u € A, we can differentiate w.r.t. hy,

(it im) = Blttysad i — (Wt )i

U

which is negative by (1.2.16), hence <titj>X,’,: is decreasing in hy for all k € A. Given p > 0, define
the external field b + p;; as (h + pi )k = hi + plyenfi ), for all k € A. Then,

(titj) ki = (titi) i . (1.2.20)

To take the limit as p goes to infinity, write the Hamiltonian as

Do oreqy ity exp {B%X;’f:,h' (0,0") + B2 uenfijy #ou + U;)}
S ey 5P { B (0,0) + B uengugy 1w + 1) |

S vy titi 50 { B 0 (9,6) = B uenqigy 112 = (o + i)}
S v D BH i (0,0) = B ey #2 — (0u + 0L}

(tit) thebpi g

As e Prl2=(outau)]l does not converge to zero if and only if o, = o), =1, the limit is

: At
MEIJPOO@ it N, = ) (T me
The positivity of this limit comes from writing its Hamiltonian in terms of the s and ¢ variables

+,+

1
oynl0.07) = =5 Tij(sisj + tity) = (hi +2d = 1)s; = (hy +2d — 1)s;

Uniqueness follows from the simple calculation
+ -
{ti(tF + )i

—(tit]) n Zi(tz’tﬁ n () A

=

7zt

D'I
}—w-lk\r—t

where in the first inequality we use (1.2.16) and in the second we use (1.2.17). Taking the limit as
A 7% we conclude that if (t >+’h =0, then (¢ )X; = 0 for all j neighbour of i. As the graph is

connected and i, j are arbitrary, this yields (tj) A for all sites j € VAS O
The last result needed is

Proposition 1.2.10. Let A > 0 and h = (h;),cyt+ be a family of non-negative real numbers. Then,
d
forall A € Hj and all i,j € H:{

<Uigj>X;,\,h < <Jiaj>;t;)\,h (1.2.21)

and
<Uiaj>X;A,h - <Ji>X;A,h<Uj>X;A,h 2 <UiUJ>X;,\,h - <0i>/+\;/\,h<o-j>X;A,h (1.2.22)

Proof. Consider the duplicated state ()X,; where

(hA)i =h; + )‘]l{iGW}'
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The marginal distributions of this state are (-)3., , and (-}, - So,

1 +,— +,—
§<<sitj>A%hx + <t"5j>A;hA) -
1 / I\ +,— /
= 5 ({tos + D0 = o)) kom, + (03 = D)0 + T m, )
= (010) xin, — (0105 kin, = (0105 ko n — (010 xoan-

The positivity of the RHS of this equation comes from (1.2.16), and from the other part of the
inequality we get
1 +,— +,— +,—
<Ji0j>X;,\,h <UZUJ>A < 9 (<SZ>A Ry <tj>A;hA + <ti>A;hA <51>A;h,\)
I +77 +77
= (o)) xn iha e o~ () A, (T Alhy
<UZ>A A h(UJ>A \h <Ui>X;A,h<Uj>X;)\,h’
what concludes the proof. O

We finish this section by proving the existence of the limits (1.1.6) and (1.1.7). From now on we
always assume that the external field depends only on the distance to the wall, and when taking a
field h = (hk)gozo we hope it is clear that, in the Hamiltonian, h; = h;, for all i € H:lr. Moreover,
we will only consider the uniform interaction J; ; = J > 0 for all ¢, € ]HI:;.

Theorem 1.2.11. Given J > 0, A € R, an external field h induced by h = (h;)2, and Ay, == Ay po,
with 0 < o < 1, the limits

+,J \2
1 Z
lim In ( "”‘) (1.2.23)
7%%&)%}V ‘ CQA "
and
—J \2
1 Z
lim | "’A;]h) (1.2.24)
w%m)%)@%‘ ng%h

exists for all 0 < a < 1.

Proof. As the parameters J, A\, and h are fixed, we omit them from the notation. Also, in all the
sums we are going to omit ¢ ~ j since it is always the case. Start by noticing that

(Z5)2 = Z exp { Z Joioj + Z Joio; + Z hio; + Z Ao}

oeQf i, J€HY {4,5}NAn#£0 4,5 €M {4,5}NAL#0 i€A, iEWRUWY,

Defining
Hp (o) = Z Jojoj — Z Ao
iE€Wn,JEW), €W U,

we have that .
(Z5)?= Y exp—{Hron(o) + Hn(o)}

+
UGQAn

where Hyg p is the usual Ising Hamiltonian such that

CQAng__ jg: eXp‘{_}¥f&n}-

+
wEQAn
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1.3
Now, defining

En(t)= Y exp—{Hron(0) +tHu(0)}

aGQZn
we get
ZH ) =, (1 !
In WI =1In [:n(o)] :/ (%ln[En(t)])dt
As
Dzt = o S Huexp—{Hian(0) + 1)
dt —n - En(t) n €XP Isn n
UGQZn
= Y. Jeopit - Y M),
i€Wn JEW, iEW,UW!,
where (-);F

() are the Gibbs states with Hamiltonian Hrg (o) +tH,, and + boundary condition. Tak-
ing now the limiting states (-)™(¢) = limy, 00 (-);

T (t), these are invariant under translations parallel
to the wall since the local states are, and therefore

1
lim —— J{o;o)t —
n—oo 2‘Wn‘ iEWan:EW’ < ’ J>n

S Mol = 5 o) + Al

IEWRUWY,

for any 7,5 € W,. The factor % vanishes on the second term since the states are also invariant under
reflection through the line £. Now we just use the dominated convergence theorem to get

1

J
im In (Z:L:’\’hy el

1
J
= (o300 4+ Moy tdt
Qxln ] /0 27

1.3 The wetting transition with no field

In this section, we characterize the picture of the wetting transition with no external field. As
h = 0, we are omitting h from the notation through this whole subsection. We also assume \ > 0,

since the other case is equivalent by spin-flip symmetry. Also, as the external field plays no role, we
opt to emphasize the interaction J in the limiting states, so we write

<f>z7])\ = lim <f>71(n;)\,0-

’ n—0o0

With the previously defined wall free energy, 7,(J,\,h) == F~(J,A\,h) — F*(J,\,h) and the
interface free energy for the Ising model

J
(J)= i L Q0
T _n,rrlLrBoo ‘Wn‘ n Z,J 0 ’

our goal will be to show the following results, proved in [39]:
Proposition 1.3.1. For h =0, the wall free energy 1,(J,\) can be written as

A
Tw(J,A)Z/O (00) 7.4 — (00) 7 4ds. (1.3.1)

and
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Theorem 1.3.2. When h =0 and J > 0 we have
(a) 0 < 7y(J,A\) < 7(J) for all X\ > 0. Also, 1,(J,0) = 0;
(b) Tw is an monotonic non-decreasing function of J and A > 0;
(c) Tw(J,A) is a concave function of X > 0;
(d) If X > J then 7, (J,\) = 7(J).

With these results, we see that
Ae = 1nf{\ > 0: 7,(J, \,0) =7(J)}

is finite. Moreover, from (1.3.1) we get

Ae
()= [ on)f — fou) .

Let J. be the critical value for the phase transition for the Ising model. It was proved in [19]
that 7(J) = 0 for all J < J. and in [59] that 7(J) > 0 for all J > J.. This, together with
Theorem 1.3.2(a), shows that the semi-infinite Ising model has the same critical temperature as the
usual Ising model, independent of the wall influence .

The most import consequence of this results is that get a criteria for uniqueness of the states
once (o)t = (00)7, for A > A and for A < A, this equality does not hold. This will be proved
at the end of the Sec7tion7 completing the phase transition picture. We now proceed to the proof of
Proposition 1.3.1.

Proof of Proposition 1.5.1. We start by noting that, as we don’t have an external field, an =
@, -This simplifies the surface tension to

1 Za
— = _ t — 1 = _ A
Tw(S,A) = F7(J,\) — F7(J, \) nh_}nolo Wil In z (1.3.2)

Differentiating each term in the limit w.r.t. A we get

7=
—0y <ln [ZTJD = 0, (ln z5 -z
n;A
Py
() =7

(Z+J) SN e Hi 0@,

1E€Wn UEE+
n

(2)

Z+J

we conclude that

z
N <ln [ZI’AJ]> = > o) = (o (1.3.3)

;A 1EWn,
All of the above functions are continuous and bounded since they are the logarithm of positive
polynomials. Therefore we can apply the fundamental theorem of calculus to get

1

A
Tw(J,A) = lim / (o) bd — (o)) ds, (1.3.4)
n—00 |W | ZEXVV: ’ ’
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so the proof will be finished once we prove that, for any fixed s > 0,

lim > Ao (o0) (1.3.5)

n—o00 ‘W ‘ Pavel

and

> o) = (o0);, (1.3.6)

n—00 |W | Pavel

then, by the dominated convergence theorem we conclude (1.3.1).

We will prove only (1.3.5) since the proof for the other limit is analogous. Start by noticing that,

for any i € W, (o3)md LN (50)3 by the translation invariance of the limit state (Proposition

1.2.6).
The rest of the proof consists of bounding from above and below the terms in the limit (1.3.5).
For the upper bound, fix an m € N. For any n > m

1 N J 1 N J
|W | Z - |W | Z <O-l>'r—~z_;s + |W Z <O-Z>'r—~7,_;s .

nl

€Wy, ™M eWn_m EWn \Wa—m
If i € Wy we have that i + Ap, C Ay and by Lemma 1.2.4 (o3) < (oi) 47, = (oo)mia.
Therefore . .
+,J < + J +,J
Wi 2 O S g 2 (ool = (oo (1:3.7)

If i € Wy, \ Wy, then i + A,,, ¢ A,, and this set intersects the boundary of the wall
Wy ={i €W, : 3j € Wyy1 \ Wy st i~ 5},

so we can bound the number of such vertex by |A,,||0A,|. Since |(o) 7| <1, we have

1 ny 2]Am||8Wn|
g; nys Si
w2 (o Wl
1EWR\Wn_m

which goes to zero as n increases. Putting both bounds together we get
,J
i s {0 < (i

As m is arbitrary, we can take the limit to get the upper bound in (1.3.5). The lower bound is a
direct consequence of the translation invariance and Lemma 1.2.4 since

> ot < g S et

lGWn iEWn

1= g

therefore lim inf,, ﬁ D iew, (oi)md > (o0)d.

O

Remark 1.3.3. One fundamental difference when we have a non zero external field is that the
integral in (1.3.1) from 0 to A leaves one extra term, that does not vanish when the external field is
not zero.

Proof of Theorem 1.3.2.
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Proof of (a): We define the set QF of configurations with F-boundary condition as the config-
urations w such that, for all i € Hi,

+1,  ifig < n®/2
w; =
Yl -1 ifig > o2
Observe that

1 Z

lim In | =221 — 1.3.8
n—00 |Wn| Zr:l:;)\,h ( )
since (omitting ¢ ~ j in the sums)
Zn;/\,h = Z eXp{ Z JO'iO'j + Z hl'0'7;—|— Z )\O’i — Z JO‘i}
oy, 1,JEAR, €A, 1EWn €A,
jeEHLNAS
= > exp{-Hnlo)=2 Y Joi}
et €A,
JjeEHLNAS
ig<n®
<ZT.pexp{2 Y J}=Z7T, exp{2Jdn®(2n +1)* 2}
i€AnjEHLNA,
ig<n®
If in the last inequality we take o; = +1 instead, we get an similar lower bound, thus
1 Z, 2n +1)4-2
| In mdk < 2 gdne 1T
|Wn| Zn;)\,h ’Wn’
from which follows (1.3.8), since [W,| = O((2n)¢~!) and we choose 0 < a < 1.
This gives us
—,J
1 AR 1 Qnlin
Tw(J, A h) = lim — In | =222 | — In . (1.3.9)
’ nooo Wl 20 R 2l QL

For a fixed n < oo, if we take the derivative we get

:F
Zn;)\,h

+
Zn;)\,h

1

) = ‘Wn‘_l Z <Uz'>;;,\,h - <O—i>7:!;)\,h (1310)

1€Wn

which is positive by the second part of Lemma 1.2.3. Therefore, we bound each term of the sequence
by its limit when X\ goes to infinity, getting

1 In Z;F;)\,h < lim — 1 In Yocar P {2 jen, J0i05 + A iew, 0i — [Wal)}
[Whl Z;_;)\,h T Ao W Zaegx exp {Zz‘,jeAn Joioj; + )‘(Ziewn o — [Wal)}

_ 1 In ZUGQ}L eXp {Zi,jeAn Jo-io-j}]]‘{o'i:-‘rl, ViEWn}
Wal | Xoear exP{> i jen, J0i0i (o= 41, view,)

— 1 In EUEQIW,\W” exp {Zi7j€An\Wn Jo'io—j}
|Wn| ZO‘GQ+ exp {Zi,je/\n\wn JUin}

An\Wn
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Notice that, when h = 0, this last term is equal to

¥,J

1 In Q[fn,n}d—lX[fno‘/Q,na/Z],O
+.J

Wl Q[fn,n]dflX[fna/Z,n“/2],0

that coincides with the definition (1.1.8).

Proof of (b): Having in mind the simplification (1.3.2), the non-decreasing property of 7, w.r.t.

A comes directly from the positivity of (1.3.3), that is a consequence of Lemma 1.2.3. Analogously,
if we differentiate the RHS of (1.3.2) w.r.t. J we get

1 2k

—Jy In 71 ’

< ‘Wn‘ Zn;)\,h

-1 —
) - ’Wn’ Z <Uiaj>:;>\ - <Ui0-j>n;>\’ (1'3'11)
i~ J
{i.j}NAn 20
that is positive by Proposition 1.2.10, a consequence of the duplicate variables inequalities.

Proof of (¢): To see that T, is a concave function of A\, we use (1.3.3) to get

z3
A +,J +,J 3 —J —J —J
- % (ln [Z’LJD = Y (owopis — oot — o + o onas, (1312)
;A 1,JEWn

which is negative by Proposition 1.2.10. So 7, is the limit of concave functions, therefore it is con-
cave.

Proof of (d): For A > J, since 7,(J, \) is non-decreasing in A\, we have that
Tw(J,N) = 1w (], J).

But, by definition,

1 iy 1 Q?in n]d=1x[—n®/2ne /2};0
Tw(J,J) = lim ———1 =~ | = lim — In : ’ =1,
oo Wl Z;;J, n=oo [Whl [Q[Jr—n,n]dlx[—no‘/lno‘/?];o

where in the last equality we just used the representation of the semi-infinite model as the usual
one and the translation invariance of the latter. Going back to the definition of 7(.J), the last term
in the sequence above is just the sub-sequence m = n/2, which concludes the proof. O

We proceed to prove that such critical value coincides with the critical value for non-uniqueness
of the states, that is, A, defined as in (1.3) satisfies

Ae = 1nf{A > 0: (o0) = (00)y }- (1.3.13)

Proposition 1.3.4 (Uniqueness with h = 0). For A > ., we have (o0){ = (00)}

Proof. Indeed, since 7, is non-decreasing in A and bounded by 7(J), we get that 7,(J,\) is con-
stant equal to 7(J) for all A > A.. Therefore, for any given A > A, 7, is differentiable in A and
1w (J,\) = 0.

So, T, is differentiable in A and is the point-wise limit of the sequence |W, |10 (ln Z:,’/\J —1In Z;,’/\J) ,

which is concave. We can then use a known theorem for convex functions, see for example [36, The-
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orem B.12 |, to conclude that

1 _ ) 1 _ _
0= a)\Tw(J, )\) lim 78)\ (11122_;7)\‘] — ann;S\J) = lim W Z < i>7—;>\_<0i>n;>\ = <00>;\i_—<00>>\,

n—oo | Wi |
which is what we wanted to prove. The second equality is just (1.3.3) and the last was proved during
the demonstration of Proposition 1.3.1. O
Proposition 1.3.5 (Non-uniqueness with b = 0). For A < A, (o0)1 > (00)} .

Proof. By equation (1.3.12), we see that (o0){ — (00)} is a decreasing function of A, since the finite
states also are. Then

(00), — (o0)y < {o0)Y — (o0)y VA > (1.3.14)

Suppose that (o) = (00)y . Then, the RHS of the equation above is zero and so is the LHS. We
then have

A Ac
raldN) = [ o) = lou)ds = [ (ou) = (o) ds = 7(),
0 0
so A > A\, which is a contradiction. O
Lastly, we have some bounds for A.. A lower bound comes easily from (1.3.1), just by bounding

<00>Is and (o) 5, we get

Ae >

5 (1.3.15)

In particular, A.(J) > 0 for all J > J., since 7(J) > 0 for J > J, see [59]. An upper bound is a
direct consequence of Theorem 1.3.2(d):
Ae < J.

1.4 The macroscopic phenomenon of phase transition

To define precisely what is the layer described in the first subsection, we need to use contours.
We start this section by defining the low-temperature representation and the Peierls contours, and
then we show how the existence or absence of multiple states determines the wetting transition.

1.4.1 Low-temperature representation and Peierls contours

Looking back at the definition of the Ising model, we see that a low temperature (5 >> 0)
favors the configurations with spins aligned, so we rewrite the Hamiltonian trying to emphasize the
non-aligned spins. Remember that we are considering a uniform interaction J = J. Again, we can
see the semi-infinite model as the Ising model with interaction J as in (1.1.5).

Using the graph structure of Z9, we define £y = {{z,y} € Hj{ cx ~y,x € A}, the set of edges
with at least one vertex in A C H} and no vertices in the wall, and €YY = {{z,y} € Z¢: 2 ~ y,2 € AN W}
so we have that

- Z J; joioj = — Z Jojoj — Z Aoioj

i~ Jles Jreew
{1,}NA£0 thgleea thi}ees

=—JIEl = NEY I+ > Tl -+ > Al —0ioy).
{i.j}€€n {igre&Xy
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and the low temperature representation of the Hamiltonian is

Hioan(0) = =JIEA| — MEXY| + 2T |{{i, j} € En : 01 # 0} (1.4.1)
+2M{{i, 5} € EX 10 £ 0y} = > hioi.
€A

The Peierls contours are defined in Z¢, the dual graph of Z%. Such graph is constructed in the
following way: for each x € Z¢, the closed unit cube with the center in z is C,, C R%, and Z¢ is the
union of all faces C, N Cy, for x and y nearest neighbors in Z%. With this we define the interface of
a configuration w € ) as

Nw) = |J c.nc,. (1.4.2)

Ty
We FWy

Each maximal connected component of I'(w) is called a contour, which are usually denoted by ~.
Each one of the contours v € I'(w) separates the vertices of Z% into two subsets, the interior and the
exterior of 7. The interior of gamma, denoted Int(vy), are the vertices that are connected to infinity
only by paths that cross v, and the exterior is just Eat(y) := Z¢\ Int(vy). With these definitions,
we see that given a configuration w € 2 there is a one-to-one correspondence between non-aligned
spins and the faces of I'(w).

B S T N ol s o el e S S I S S S
N iy MMM MM

+
++—+\++|++\+ [
+
+

R T o e S N S o S i o e i

o2

2

Figure 1.2: An example of a configuration with plus boundary condition and its contours.

The last observation is that, as the interaction between vertices in the bulk and at the wall
differs, it is natural to differentiate faces separating the wall and the layer below it, so we consider
W ={C,NCy,:x €W,y € Hj} the wall on the dual lattice and we rewrite the measure “X;A,h
as

" (o) 1i,cqny exp {—25 > oner() TV AW+ Ay OW? ) + 3 ien hiai}
HANR\T) = .
5> exp {285 erw) (T \ W+ Ay AWVH) + iy hiwr |

n
wey

(1.4.3)

At least, if we fix a contour v*, the event that this contour occurs for some configuration has
probability

> weq! €xp {—Qﬂ > oner) TV AW Ay OWT]) + 370 hiwi}
7 el(w)

> exp {*25 Y ere) (T AWH + Ay D)) + 3,0 hM}

n
wey

Kan (V) = (1.4.4)

This is the basic setup of the famous Peierls” argument, one of the most important tools in the
study of phase transition in lower temperatures. One application will be seen in the next subsection.
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1.4.2 The wetting transition in terms of contours

To define precisely what it means to appear a thick layer of pluses in the wall we define the w”
boundary condition, where L € N and, for i € Z,

L) . +1, if’ieWL—ed,
—1, otherwise,

where eg = (0,...,0,1). For a fixed L € Nand Wy C A € Z%, if we pick any configuration w € Q%%
there will be one open contour vz, € I'(w) that is induced by the defect in the layer right below the
wall, that is, 7, is the contour that separates Wy, — eq from Wr1 \ Wr, — €4, as in Figure 1.3.

— e m m e mm m m m e m — - = - = - o ++++++++ -
e S it
———m - - - = i T S e
et S il

——m - - = - - L e -- -
—————————————— T R ittt

il 2 U Tt e i i
e T e  adiatit i i A
e e e e - - -
e e - —-- == - - -
B i e i B - - -

W+ o+ ++ - fF A+ - —[FF ] -
W-ey— — —|++ FF+++++++++++++++++F++ |

Figure 1.3: The vp contour of a configuration in Aps.

This boundary condition induces the limiting state

. L
(VXn = Jim, (Yians (1.4.5)
+

which exists since, for any Wr, € A1 C Ay € Hff_ and any local non-decreasing function f,
<f>‘/‘\]f;>\,h < <f>°/<§;>\,h' The proof of this is identical to the proof of Lemma 1.2.4. As expected,
the state (1.4.5) converges, as L diverges, to the minus state. Indeed, by Lemma 1.2.3, if L; < Lo
and Wp, C A,

(R < (DRSn

for any local non-decreasing function f. Therefore, (>§1h < <>§2h and we can then take the limit

as L — oo, which converges to the minus state since (), j, = limz oo (-)3% ., 5, Hence

lim ()%, = ()7,.
Ll_{go<>,\,h <>)\,h

From now on, we go back to the notation of Gibbs measures (1.1.2) since it is more intuitive
to use probabilities to deal with contours. Two key events are the configurations for which ~,
separates 0 and —eg, denoted by {7 € 0} and its complementary, denoted {vz € 0}. For example,
the configuration in Figure 1.3 belongs to {y. € 0}.

Proposition 1.4.1. Consider the nearest neighbour semi-infinite Ising model with interaction J >
0, wall influence A > 0 and external field h = (hz‘)ieHi induced by a non-negative summable sequence
h = (hg)g,, that is, hy = h;, for all i € Hi. Then, if there is phase transition, ,ui‘\)fh(’YL €0 >0
for every L large enough. Conversely, when “j\_h =ty o |B]]1 < 2min{J, A} and B is large enough,
we have that limy_oo uf’h(m; €0 =0.

Remark 1.4.2. The condition ||h||; < 2min{J, \} may seem very restrictive at first, but it is not
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so much. Given h = (hy)72,, consider the sequence h' that is equal to h, except at 0, where hy =
Then, for alln € Q, pl , = “K+h1 > Where b/ is the field induced by h'. The condition above, hence,
becomes ||1'|[1 < 2min{\ + hy, J}.

Proof. Notice that

MUKﬁ;A,h(JO) = /‘Xﬁ;x,h(gol{meg}) + “Xi;/\,h((joﬂ{neﬁ})

- #Xﬁ;Avh({FyL €0}) + Z “Xﬁ;%h(ao]lh:n})
~€e0

= “Xﬁ;A,h({VL € 0}) + Z “‘Xi;%h(goh = VL)/‘Xi;A,h(’Y =L)- (1.4.6)
~€el

If v € 0, it means that the origin is surrounded by a set with plus boundary condition. More
precisely, since the model is short range, for v € 0,

Nﬁ;/\,h(aow =L) = 'u}_nt(fy);)\,h(go)’

and by Lemma 1.2.4, 3" }, (ooly = v) > 13 1, (00). Together with (1.4.6), this implies that

MX,LL;,\,h(’VL €0) > N;\r,h(UO)(l - NXi;)JJ'VL €0)) — NXfL;)\7h(UO)-

Finally, taking the limit as n — oo,

—_

pkn(rn € 0)> 2 (15 n(00) — ik n(00) = 5 (00) — iz 00).

\V)

This shows that, as soon as we have a phase transition, there is a positive probability of not
seeing a layer of pluses on the wall. To get a converse, we express the magnetization as ,u‘XfL \hloo) =

1— 2,u°/§fl A n(00 = —1). When 0¢ = —1, either 77, € 0 or there exists a contour surrounding 0, hence
Hiran(00 = =1) = pil\ p (7L €0) Z Hoaron (Y (1.4.7)
ocInt(y)

We proceed to prove that we can take the limit as n — oo in the equation above, or equivalently,
that > . Int(y) Hx, L (7) < +00. We will do so by using a Peierls-type argument. For n > L and v*
a contour in A with 0 € I nt(y), the low temperature representation (1.4.4) yields

HRE A R() ZZ%J Yo I exp{-2K(y)+ > Bhiw}

n;\,h wew, vl (w) €A,
v*€l(w)
{=2K(v")+22  crne(y*) hit
- ord Y. I e {-2K0)+ > Bhiwi(l - 2Lgierui)}
ZTL AR w€Qw yel(w)\{v*} €A,
y*€l(w)
<exp{-28(JANYI+2 > hi}, (1.4.8)

i€Int(v*)

where K () = BJ|y\W*|+ BA|yNW*| is a bounded value that depends on y and x Ay := min{z, y}.
To relate the influence of the field in the interior of a contour with its size, we define the layers
of 7, layeri(y) = {i € Int(y) : ig = k}. The largest layer is layermq.(y), that is, |layermq. (v)| =
maxy—1 . no |layery(y)|. Hence

Z hi <th\layermam 7)|-

1€Int(y)
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Finally, for each vertex v = (v1,...,v4) € layermqa(7), there are two distinct vertices a,,b, €
{(v1,...,v4-1,8) € Hi :0 < s <n®+1} for which C, N Cy,,C, N Cy, € ~. This is because v is
surrounded by 7, so there is one plaquette of 7 above v and one below it. Hence |layerq.(7)] <
|v|/2. This, together with (1.4.8) yields

K52 (7)< exp (=28 A X) + Bl

Therefore e 1,4 ,uih(’y) < 400 whenever ||h||; < 2(JAX) and S is large enough. Hence, taking
n — 0o, (1.4.7) yields

pinloo=-1)=pXn(y €0+ D uin)
ocInt(v)

Since for the plus state uf, (0o = —1) = 2 ocInt(+) 1y, (7), we conclude that when we have
uniqueness, that is, ,uj h = My p, then

Jim X (v €0) = Jim (X p(oo=-1) = > min()) =txplco=-1)= > pxa()
oeInt(y) oeInt(y)

=uiploo=-1) = > ui,(1)=usplo0=—-1) = puf,(00=—-1)=0.
o€Int(v)
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Chapter 2

Semi-infinite Ising model with
inhomogeneous external fields

In this chapter, we consider some choices of external fields that vary according to the distance
to the wall. For the nearest neighbor Ising model with external field h* = (h});cz¢ given by

h*ifi=0,
{* ne (2.0.1)

hi =
=9, .
[P otherwise,

)

it was proved in [13] that when § < 1 we have uniqueness for temperatures below a critical one. In
[25], it was shown that this critical temperature must be zero. The proof in [13] involves contour
arguments and the one in [25] uses a generalization of the Edwards—Sokal representation.

For the semi-infinite Ising model, we first consider external fields h induced by a summable
sequence h = (hi)ieHi , that is, h; = h;, for all i € Hi. We show in Section 1 that such an external
field preserves the phase transition, as long as the ¢1-norm of h is small compared to A.

A more natural choice of the external field is one decaying as it gets further from the wall, that
is, h;y < h; whenever j; < ig. Hence, we will consider the external field given by h; = X0 In
Section 2 we prove that, when & > 1, the model behaves as the model with no field, so there is a
critical value \.(J,d) such that there are multiple Gibbs states when 0 < X\ < A.(J,d), and there is
uniqueness otherwise. We are also able to show that 0 < \.(J,d) < A, whenever J < J.. At last,
we show that when § < 1, the semi-infinity Ising model with this choice of external field presents
only one Gibbs state.

2.1 External field decaying with A

In order to simplify the notation, we make a slight change to the lattice defined previously. We
consider now the model takes place in ]H[i = 791 x N, with the natural numbers starting at 1. All
the definitions made previously can be easily adapted to this lattice. In particular, given h € R, the
external field we are interested in is h = (hi)ieHi with

(2.1.1)

for all ¢ € Hi. Figures 4 and 5 shows how this external field behaves. A particularly interesting
choice of h is h = A. This particular case will be denoted A = ()‘i)ieHi , hence

(2.1.2)

We will always assume A > 0.

27
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2.1.1 Critical behavior when § > 1

In the same steps of the case with no external field, we prove that there exists a critical value
e such that, for A > ). there is a unique state, and for A < )., there is a phase transition. To do
so, we need to use a modified notion of wall-free energy.

As we shifted the lattice, we reintroduce some previously defined regions. Consider the sequence

that invades HY given by A, == Ap, = [-n,n]?! x [1,n]. Take A/, as the reflection of A, with
respect to the line £ == {(i1,...,iq) € Z% : ig = %} Similarly, define the walls as W, == [—n,n]?! x
{1} and reflection of the walls W,, as W), :== [—n,n] x {0}. Moreover, we denote A,, := A,, UA/.

For any summable sequence of positive real numbers h = (hy);>1, let h = {hi}iGHd 4 be the external
+

Eeld iEduced by h, that is, h; = h;,, with i4 being the last coordinate of 7 € Z%. We also denote
h = {h;},cz4 the natural extension on h to Z?, defined by

B — h; if i € HY
hojie, ifieZd\HY,

where eg = (0,...,0,1) is a canonical base vector. Given any J > 0 and summable h = (hy),>, the
free surface energy for the +-boundary condition and —boundary condition are, respectively,

2
1 (Zn h)
F*(J,h) = lim — In ’
n—00 2‘Wn‘ QXH;J
and )
: L | ()
F~(J,h) = lim — In —
n—00 2|Wn| QAH;J

The difference between this definition and the one introduced previously, and in [39], is that we are
also erasing the external field in the partition functions of the Ising model. We first prove that this
limits are well defined.

Proposition 2.1.1. For any J > 0 and any summable sequence of positive real numbers h =
(hy)e>1, let h be the external field induced by h. The limits F*(J,h) and F~(J,h) are well defined.

Proof. As the parameters J and h are fixed, we will omit then from the notation. Also, in the sums,
we omit |¢ — j| = 1, since this is always the case. Start by noticing that

2

<er;h)2 = Z exp Z Joioj — Z Joioi_e, + Z h;o; + Z Jo;

et ij€AR €W €A, i€l
An J¢An
)

= Z exp Z JUZ'U]'-F Z JO'i_fIn(U) >

oceQt i,jEAR i€AR
an L JEAn

with I:In(a) =D iew, JOiTi—ey — D ica, h;o;. Take

En(t) = Z exp Z Joioj + Z Joi — tH, (o) p,
% ,JE€EAR i€AR
oeQk ije ;éAn

and let (-)X (¢) be the state with +-boundary condition given by the Hamiltonian H, (t)(c) =

n
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dijen, JOi0; + D ien, Joi — tH, (o). We can write
P n ]QATL
2
(Z;-h> E.(1 1d
In |+ =In [:n( )] = [ —(InZ,(s))ds
QA En(0) o ds
1 1 o
= [ Y S ek (s)ds + / S Wit (s, (213)
0 iewn 0 iea,
Considering (-)*(¢) :== limn_>oo(->Xn (t) the limiting state, we will show that
: 1 + +
i iy 3 o5, = fou-n (9, (2.14)

Defining, for all i € Z%, n; = (‘”27“), 7;1; is an increasing function and o;0; = 4n;n; — o;
To show (2.1.4), we first prove that

—o;— 1.
1

. o + _ +

nlggo |Wn| ieEW <77177%—€d>An (8) - <77077—€d> (S)

Fix m € N. For any n > m

‘Wln‘ g/; <77i77i—e,1>zn(8) = W\l/n! Z <77i77i—ed>Xn(s) + ’1 Z

1€EWn—m

|

(Mini—ea) &, (5).
TEW \Whn—m

If i € Wy, we have that i+A,, C A, and by Lemma 1.2.4 <77i77i—6d>Xn (8) < (Milizea) k. 1+s(5)
<77077—ed>Zm (s). Therefore

1 1
|W | Z <77i77i—ed>zn (S) < |W | Z <77077—8d>zm (8) = <77077—€d>Xm (8) (215>
MW m T e W —m

If i € Wy, \ Wy, then i + A,,, ¢ A,, and this set intersects the boundary of the wall
OWy ={i €Wy, : 3j €Wy \ Wy st i~ 3}

We can bound the number of such vertex by |A,,|[0A,|. Since [(mini—e,) X (s)| < 1, we have

1 2|Am | 1OW,
’W ’ Z <77i77i—ed>zn (3) < ||V|\|}||
M EWn \Wh—m "

which goes to zero as n increases. Putting both bounds together we get

. 1
lim sup Wi Z <77mi,ed>JArn(S) < <770777ed>Xm(8).
" ™ iew,

As m is arbitrary, we can take the limit to get the upper bound in (1.3.5). The lower bound is a
direct consequence of the translation invariance and Lemma 1.2.4 since

1 1
(0N —eq)*(8) = 5= (NiNi—ey) T (5) < —= (Nini—eq) A, (5)
o) W GZW:n il W ezwjn Milli-eq) A

therefore liminf,, IWilnl D iew, <nmi_ed>zn(s) > (non—e,)"(s). In a completely analogous way, we
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prove that

1
A AT Y (004, (5) = (00) " (s),

what shows (2.1.4). By the same argument, we can show that

e |W | Y hi(on X, () =D he ({re,) T (8) + (0 (-1)en) T (5) - (2.1.6)
/=1

1€A,

Notice that, since the sequence ({(o¢c,)™(s) + (a,(g,1)€d>+(s))n>0 is bounded by 2, the series in the

right hand side of equation above is well defined. Start by noticing that, by our choice of external
field,

D hifo), (9) = DD he ((Gigee) K, () + (Oim-1e) A, (5)) -
€A, iEW), =1

Fixed m € N, for any n > m, we split

Zzhe (Oitteq) A, (5) = Z Zhﬁ (Oireea) A, (5) + Z Zh€<‘”+‘ed>zn(8)

iEW! 1=1 iew! =1 IEWL\W,, _,, =1

If i € Wy, we have that i + A,,, C A,, and by Lemma 1.2.4 <ai+ged>zn(s) < <O-i+eed>JArm+i(S) =

<%d>Zm (s). Therefore

Z Zhg Uz+€ed n |W | Z Zhe Ueed Am 5) = Zh€<‘7€ed>zm(5) < Zh€<gf8d>zm(3)
n—m =1 (=1

ew! _ A= 1E€EWp—m £=1 =
(2.1.7)
In the last equation, we used that h, > 0 and <aged>zm(s), for all £ > 1. If i € W), \ Wy, then
i+ Ap & Ay, and this set intersects the boundary of the wall 9W,,. We can bound the number of
such vertex by |A;,||0A,|. Since ](aiMed}XH(s)\ <1, we have

1 - ~ 2AmlOWn
W S (oireea)h, (5) < | |V’\|)| |Zhe

nl PEWR\Wh—m £=1

which goes to zero as n increases. Putting both bounds together we get

Z ZhE Uer@ed An ) <

€W, (=1

lim sup

NE

hy(owe, )N (s).

m

\W\

~
Il

1

As m is arbitrary, we can take the limit to get the upper bound in the sum. The lower bound is a
direct consequence of the translation invariance and Lemma 1.2.4 since

Z Zhg O'H_ged |W | Z Zhﬁ O'H—éed )

1EW), =1 ieW), (=1

he(oge,) " (s

therefore lim inf), ﬁ > iew, Dy hg<ai+ged>Zn (s) > 3°7°  he(ope,)T(s). This proves that

T}l_{{)low Z Zhe Titteg) A, ( Zhg Opey) " (8). (2.1.8)

iEW! (=1
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By the exact same argument, we can show that
Z he(o_(0-1)ey)

hm—ZZhg Oi gled n

e |W |z€W’ /=1
and therefore we have (2.1.6). Equations (2.1.3), (2.1.4) and (2.1.6), together with the dominated

(s),

convergence theorem, yields

+(J,h):nli_>n;o—yw|/ ZJO‘zO'z eq) ()ds+

-/ J<aoa_ed>+<s>ozs—Zzz‘T [ 1 (ot 6) + (0 ) s,
i . ]

so FF(J,h) is well defined. The proof that the limit F~(.J,h) exists is analogous
To characterize the phase transition, we proceed as in [39] and use the wall free energy, defined
(2.1.9)

as
7o (J,h) = F~(J,h) — FT(J,h).
Notice that, when we do not have an external field, @ = @ . This simplifies the surface tension
to
7o(J,h) = li L (2.1.10)
w(J,h) = lim ———— 1.
n—oo  [W,|

First we prove that, similarly to (1.3.1), for the external field A, we can write 7, (J, A) in terms of

differences of the magnetization
Proposition 2.1.2. For J > 0 and X\ > 0, the wall free energy can be written as
/ Z @ (o)t <%d>“> ds. (2.1.11)
Proof. Using (2.1.10), the wall free energy simplifies to
(J,LA) =F (J,A) = FHJ,A) = 1 N “n3 (2.1.12)
Tw(J,A) = , ;A) = lim Wl n PN 1.
A
Differentiating each term in the limit w.r.t. A we get
2.5 by e
o (| 5| | = (mzn;’X - ann;’X>
;A
_ 1 +,J 1 —J
= 70 (2) - ——3 (z.4)
n;s\ ;A
As
ny 1w (o) ~ 1 M (o)
B (23)= X 5 foe x5 Lo
’ i€Ap gext @ iEW!, £=0
we conclude that
—J n
n;x 1 :
N iEW), (=1
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All of the above functions are continuous and bounded since they are the logarithm of positive
polynomials. Moreover, Z;[.O = Z - Hence we can write

_ —J
Rl N = i e 33 [ (o (o) ds

iEW), =1

The result follows from the dominated convergence theorem once we note that, for any 0 < s,

[o.¢]
1
+ J +,J
SINTADY > ol =3 o}

1EW!, (=1 /=1
and
| 1 1 g =1 -
o T 2 2 g e = 2 g5 (otedls
iEW!, (=1 =1
These limits are proved in the same steps we proved (2.1.8). O

This new wall free energy also presents the monotonicity and convexity properties of the previous
one. Such properties are described in the next proposition.

Proposition 2.1.3. For J > 0, and an external field h induced by a positive, summable sequence
h = (h)p2,, and A > 0, we have

(a) Tw(J, h) is non-decreasing in J and hy, for all £ > 1;
(b) Tw(J, 3\\) 18 a concave function of A > 0.

Proof. Ttem (a) follows from the representation (2.1.10) after we differentiate the liming term with
respect to the appropriate variable. Differentiating the term in the limit with respect to J we get

1
-0y In
<|wn|

that is positive by Proposition 1.2.10, a consequence of the duplicate variables inequalities. Differ-
entiating the same term we respect to hy for a fixed £ > 1 we have

1
—0h In
<|W|

that is positive by Lemma 1.2.3. To prove claim (b), we use a similar reasoning. By equation (2.1.13),
we have

— 03 <ln

11 +J +J 7 —J —J i
zu;v g;l B0 ( TitteaTjthea) 5 ~ (Tittea), 5 (Tjthea) 5 — (Tittea) 5 <Ui+€ed>n;3\<0'j+ked>mx) ,
7]€

Zn;/\,h
Jr
Zn;/\,h

) = |Vv’fl|71 Z <O-io-j>7—"z_;h - <Giaj>7:;h7
i~ J
(1,7} A0

Zn)\h

n)\h

) = |an|_1 Z <Ui+€€d>:lj;h - <Ui+€ed>;;hv

iEew),

) Z Z 8,\(0,+£ed> o <ai+éed>;&7)

1eEW!, =1

that is smaller or equal to zero by Proposition 1.2.10. So 7, is the limit of concave functions, and
therefore it is concave. O

To relate the wall free energy and the phase-transition or uniqueness, we introduce the critical
quantity B
Ac(J) =1inf{\ : 7 (J, )\) = max 7,(J,s)}.

s>0
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Using Proposition 2.1.3 we can show that the wall free energy reaches a maximum and therefore \.
is finite.

Lemma 2.1.4. For J >0, X, is finite and Ao < .. Moreover, Ao > 0 whenever J > J.,.
Proof. To prove that A. < A, it is enough to show that for J > 0 and A > A,
Fu(JA) = 7o (J, Ae).-

Indeed, for all 4,5 € H%, n € N and positive external field h, <ai>;: n — (0i),,.p is decreasing in hj,
since

3hj(<0i>z;h <0'z>n h) = <JZUJ>+h - <Ui>:;h<0j>:;h - <‘7i‘7j>;;h + <0i>;;h<0j>;;h <0 (2.1.14)

by Proposition 1.2.10. In particular, for any A > 0, <‘”>Z~X - <0i>;3\ < (o’iﬁ“)\ — (0i),.», and the

same inequality holds for the limit states. As (0;)} — (0;)5 = 0 for all A > A, and i € H%, using
Proposition 2.1.2 we conclude that

—

/0 Z g& Uf@d <056d> ) ds = /OAC i glé <<Ufed>+ <056d>;,§> ds = T (J, Ae)-

By the monotonicity on the external field, given A > 0 and taking Ao == {Al ey}, the external
field that is zero outside of W, we have

Tw(J,A) = Fu(J, Ao) < Fu(J, N) (2.1.15)

For J > J., it was shown in [59]| that 7(J) > 0. The lower bound (1.3.15) yields A, > 0, hence
Tw(J, Ae) > 0. Then, inequality (2.1.15) implies that

0 < Tw(J, o) < Fu(J, Ae),
and therefore A\, > 0 whenever J > J,. O

We end this section by proving that ). is the critical value for phase transition.

Proposition 2.1.5. For any 0 < \ < A, ()jx # <>;3\ And for A > A, <>}r;\ - <>;3\

) )

Proof. Fixed 0 < A < A, lets assume by contradiction that (- >J}\ (- >J)‘ As we argued before,
inequality (2.1.14) shows that the difference <Ji>+Ji — (i)~ 5 s decreasing in A for all ¢ € H.
n; k) n; k)
Hence, for every X > A,
N+ A\ N+ A\ —
<O-z>n;J,:\\’ <O-z>n;J,:\\’ < <Jz>n;J5\ <O_l>n;],3\ 0.

By Proposition 2.1.2; this implies that

/0 265 O’ged —(0teq) )ds = /Ok‘igld ((aged>}r (Gged>J )ds = ma(%{Tw(J 3).

In the last equation, we are using that the maximum is reached at A, since all concave functions
are continuous. This shows that A > A.. _ R

Since 7, is non-decreasing in A, for all A > A, 7, (J,A) = maxs>o Tw(J, 8). Moreover, it is
differentiable in A and is the point-wise limit of the sequence |[W,|™* <ln Z+ —-InZ _A) which is

concave. We can then use a known theorem for convex functions, see for example [36, Theorem B.12
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|, to conclude that

- 1 n - +,J —J
0= Opw(J,X) = lim A (mzmh —ann;h) = lim |W | ezwj ; 7 ( (Girees) 5 — (Tivtea) 5

o0

=3 (towatis ~towal3s)

By Lemma 1.2.3, all the terms in the sum are non-negative, therefore <O-£€d>j$\
>';3\ = (a,> 5 forall i e He, what show
uniqueness by Proposition 1.2.9. ’ O

= <0'g€d>7/\ for all

¢ > 1. By translation invariance, we conclude that (o;

2.1.2 Uniqueness for § < 1

In this section we will prove uniqueness for the semi-infinite Ising model with external field
A, for any inverse temperature 5 > 0 and ferromagnetic interaction. To do this, we will first
prove uniqueness for Ising model in Z¢ with external field h* given by (2.0.1) and interaction
JIx = (Jij)ijeze given by

. (2.1.16)
J  otherwise.

(J)\)'J:{; ifie Lgand j€ L_1ULq,
for |i — j| = 1. As we are always considering short-range interactions, J;; = 0 whenever |i — j| # 1.
We will then show how uniqueness for this model implies uniqueness for our model of interest.
The proof of uniqueness given by [13]| together with [25] only considers constant interactions.
The extension to the interaction J is a direct consequence of the monotonicity properties of the
Random cluster representation, proved first by [11] for constant external fields and extended by [25]
to more general models.

Random Cluster Representation and Edward-Sokal coupling

In this section, following [11] and [25], we define the Random Cluster model (RC), then we
introduce the Edward-Sokal (ES) coupling between the RC model and the Ising model. Next present
a result showing that uniquiness for the ES model implies uniquiness for the Ising model. We
conclude the section introducing some monotonicity properties of the RC model and proving that
there is only one RC measure.

In [11] and [25], they consider the Potts model and the General Random Cluster model, so their
setting is more general. We will restrict the results presented here to a particular case of interest.

The Random Cluster model

Given E = {{i,j} ¢ Z?: |i — j| = 1}, (Z? ) defines a graph. The configuration space of the
RC model is {}*. A general configuration will be denoted w and called an edge configuration. An

edge e € E is open (in a configuration w) if we = 1, and it is closed otherwise. A path (e, e1,...,€x)
is an open path if we, =1 for all k = 0,...,n. Vertices i, j € Z% are connected in w if there is an
open path (eq,...,e,) connecting ¢ and j, that is, i € ¢y and j € e,. We denote = +— y when

r and y are connected in w. The open connected component of z € Z% is C,(w) = {{i,j} € E :
x <— i} U{z}. An arbitrary connected component of w is denoted C(w). Moreover, for any £ C E
V(E) ={z € Z% : x € e for some e € E} is the set of vertices touched by E.

Given A € Z% consider E(A) = {{i,j} € E : z € A} the edges with at least one endpoint
in A. Consider also Eg(A) = {e € E : e C A}, the edges with both endpoints in A. For any
G = (V,E) finite sub-graph of (Z% E), the probability measure of the Random Cluster model
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in £ € E with ferromagnetic interaction J = (Jj;); ;, external field h = (h),cz¢ and boundary
condition wge € {0,1}7° is

1 s |
OB h(Wplwpe) = —peg - Bi(wr) 11 (1 + e P iccw hi), (2.1.17)
Zp.J.H C(w):C )V (E)£D

where the product is taken over connected open clusters only, with the convention that e=* = 0.
The term in the denominator is the usual partition function

A= Y men) ] Qe Tenn)
wref{0,1}F C(w):C(w)NV(E)#D
and By is the Bernoulli like factor
By(w):= [] (* —1).
e:we=1
This is not a Bernoulli factor since the weights can be bigger than one. Moreover, the interaction

of an edge e = {7, j} is, as expected, J. = J;j. For i = 0,1, let wg) be the configuration satisfying

wgi) = for all e € E°. Two particularly important measures are the RC model with free boundary
condition in A € Z%, given by

0
PAed b = (on(A);ﬁ;J,h(wEo(A)|wJ(EO)(A))’

and the RC model with wired boundary condition in A € Z¢, given by

1
¢/IX;J,h = OBy (A8 b (WEO(A) |WJ(E’O)(A) )-

The RC model is related to the Ising model through the Edwards-Sokal coupling, introduced next.

The Edwards-Sokal model
Given A € Z% and E € E, two configurations ¢ € Q, w € {0,1}* and weights
W(opn,wplopre, wpe) = H 001,05 (e?Pii — 1) Heﬁhi”",
{ij}eE: ieA
wi ;=1

the Edwards-Sokal (ES) measure in A € Z? and E € E is given by

W(op,wplope,wge)
Zﬁ%;J7h(0Ac,wEC) ’

¢E,%;J,h<UA7wE‘UAc, ch) =

with
ZR G p(one,wie) = Y W(na,Eploe, wie).
NAESA
EEE{Ovl}E
If Zﬁ%;J,h(UAC’wEC) = 0, we simply take ¢§%;J,h('|0Acvch) = 0. To simplify the notation, as we
are considering arbitrary interactions and external fields, we will omit them from the notation. We
also highlight two particularly important ES-measures, the ES-measure with free boundary condition

in A € Z%, given by
ES,0 ) 0
Pn5.an() = ¢E,%0(A)('|0AC’W§EO)(A))’
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and the ES-measure with wired boundary condition in A € Z%, given by
ES,1 ._ ,ES 1
Daganl) = ¢A,E(A)("UXC’WJ(E?2A))'

Remark 2.1.6. The measure gi)f%’?]h() does not depend on the choice of opc. Moreover, the
measures ¢f%(A)(-]0Ac,ch(A)) do not depend on the choice of configuration wgen). We choose to

keep it in the notation since, later on, we will want to see (;Sf%(/\) as an specification.

Remark 2.1.7. To simplify the notation, we will omit the dependency of the RC and ES measures
on B, J and h. They will appear again only on results concerning a specific interaction or external

field.

The following two lemmas guarantee that the ES model is indeed a coupling between the Ising
and the RC model.

Lemma 2.1.8 (Spin Marginals). Given A € Z% and f : Q — R with supp(f) C A,

Ox ) (Floae, wpaye) = 13.5.0(f)-

Proof. We first write the Boltzmann factor as

e—ﬁHx;h(U) — H eBJi.ioio] H ePhioi

{i,7}YeE(A) i€A

— H eﬂJi,j(Q(SUi,Uj_l) H eﬁhio'i
{i,7}€E(A) €A

_ H e BJij H 625‘71',]'502-,0]' H ePhioi
{i.7YeE) {i.7teE) ieA

Moreover, writing e2?7#%i75 =1 4 (eflii — 1)65;,0,, we have

{i.jyeE() {i.7YeE(A) icA
= H e—ﬂJi,j Z H (eﬁJi,j _ 1)50i,0j H eﬁhiai
{i.7YeEA) we{0,1}B(A) {i,j}eE(lA): icA
Wi 5=
= H e BJij Z W(O-A7WE|O-AC,WEC).
{i.i}eE(A) we{0,1}B@)

Multiplying by the normalizing factors, we get

Z/ESE;J,h(UAcvwEC) H

_BJi; +ES
2T e 3 oy (Flose, wiaye).
A\ h

:U’?r\;.],h(f) =
{i.jreE()

ES
ZA,E;J,h(UAC7wEC

m
ZA;X,h

Applying this for f = 1, we conclude that

) H{z‘,j}eE(A) =1, and the lemma follows.
O

Lemma 2.1.9 (RC Marginals). Given f,g:{0,1}* — R and A € Z¢ with supp(f) C Eo(A) and
supp(g) € E(A), o
dn " (f) = $a(f) (2.1.18)

and
x> (9) = B (9) (2.1.19)
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Proof. Given any w € {0,1}F, let Q) (w) = {0 € Q4 : VO (w) open cluster and 4,5 € C(w)NA,0; =
o;} be the configurations that are constant in the open clusters. Then,

Z8%(one e )0 = D0 @) [ e (@ - [

we{0,1}FoA) o€y {i,j}€Eo(A): i€A
wm-zl
= > > e T @]t
we{0,1}FoA) oeQp (w) {i,j}eEo(A) IS
wi ;=1
= 2 f@Bslnw) > [I¢M
we{0,1}Fo(A) o€Qp (W) 1€EA

As the sum above is only over configurations that are constant in the open clusters, we have

Z H Bhioi _ Z H 5Ziec(w)hi‘7i

c€Qp (w) i€EA 0€Qp (w) C(w)CA
— 65 ZieA @ H (6B Zz‘ec(w) hi + 6_6 ZiEC(w) hi) — H (1 + 6_25 Ziec(w) hi)'
C(w)CA C(w)CA

This shows that

2R (ore, o0 (f) = P Zeeals ST f(w)By(wpy) [] (e P Tecm)
we{0, 1}E0(A) C(w)CA

( )
— P lienh ZZ Fo(A) EO(A)¢A(f)

(0)
We get equation (2.1.18) by noticing that ngSO( 1) = ¢ (1) = 1, hence Z (’ )EO(A) eB 2 ien hi (ZES (o Ae, w](E))>

1. For the other equation, we take Qf (w) = Qa(w) N Q). This is the set of configurations with
constant configurations in the clusters, with the restriction that clusters connecting A and A° must
have sign +. Proceeding in the same steps as before, we can write

Z (UAC,WE )¢551( )= Z g(w BJ WEA Z Heﬁhaz

we{0,1}E®) 0€Q+( ) tEA

As we are considering wired boundary conditions, we can write

Z H eﬁhiai _ Z H eﬁziec(w) hio; H 6'8 Zz’ecm)m\ hi

oeQf (w) €A oe} (w) C(w):C(w)CA C(w):C(w)NASHED
g H (eBZiEC(w) hz + e_ﬁziec<w) hz) H eﬁziec(w)ﬂA hz
C(w):C(w)CA C(w):C(w)NACHD

— B lienhi H (1 + e 2 licow) hi)
C(w):C(w)CA

— P lienhi H (1 + e P Liccw) hi) _
C(w):C(w)NAAD

w®
This shows that Z¥ (aAc,w( ))qﬁf‘gl(f) — ePlierh ZZ ( B d)A( ). Again, this proves equation
RCw
E(A)

To define the infinity volume measures, we use the DLR equations. Let F; be the cylinders
o-algebra of {0,1}¥, and F» the cylinders o-algebra of Q x {0,1}*. We take P({0,1}*) the set

2.1.19) once we take g = 1 to conclude that ZES ol. w(l) BZlGA ZZ Em) =1. O
( g A Y E
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of probability measures in ({0, 1}%, F1) and P(Q x {0,1}%) the set of probability measures in
(2 x {0,1}%, F3). The set of RC measures is

gﬁJh = {d) e P({0,1}F) : /QSE (flwg)}do(w), whenever supp(f) C FE and E € E}

Analogously, the set of ES measures is

gth = {V € P(Q x {0, l}E) v(f) = /gbf% (f|0A,wE( ye)dv (o, w),
whenever supp(f) C A x E(A) and A € Zd} . (2.1.20)

We will often omit the parameters S and h in statements that hold for an arbitrary choice of them.
So Q.II%C denotes (]B 7.n and (].‘;J denotes gﬁ Th-

Remark 2.1.10. Since the families {¢p}per and {(Z)E%(A)}A@Zd are specifications, the sets Q?C
and Q.]}JS are the usual set of DLR Gibbs measures.

At first, it is unclear if the spin marginal of an infinity ES measure is a spin Gibbs measure
in Gy. In fact, an even stronger statement holds. The following theorem was proved in [11] and
extended to general external fields in [25].

Theorem 2.1.11. Let Ilg : g§5 — Q.I]S be the application that takes an ES - measure to its spin
marginal, that is, for any v € g§3 and f : Q — R with supp(f) € Z°,

_ / F(o)di(o,w).

Then, Ilg is a linear isomorphism. In particular, |Q§S| =1 if and only if ygf,5| =1.

This shows that uniqueness for the ES model implies uniqueness for the Ising model. It is left to
relate the uniqueness of the RC model with the uniqueness of the ES model. To do so, we use the
FKG property, and some consequences of it, of the RC and ES models. The main contribution of
[25] was the extension of these properties from the models with constant external fields to models
with non-constant external fields. These results are described next.

As we did for the configuration space, we can consider a partial order on {0, 1}* defining w < '’
when w, < W/, for all e € E. The first key property of the RC model is that it satisfies the so-called
strong FKG.

Theorem 2.1.12 (Strong FKG). Given E C E' C E and ¢ € {0,1}F, take rg,\E = {w e {0,1}F:

we =& Ve € E'\ E}. Then, for any A € Z* and non-decreasing functions f and g,
(L9105 5) = ST )R (9T 1)

whenever ¢9\(T£E/\E) > 0. The same result holds for ¢} .

Remark 2.1.13. Choosing E = Eg(A), E' = Eo(A)° and € = w© in the definition above, we
get 98 (f.g9) > ¢R(f)9R () for any non-decreasing functions f and g. Similarly, taking E = E(A),
E' = B(A)°® and € = wV) we conclude that ¢} (f.g) > ¢x(f)dh(g). This resembles the usual FKG
property for spin systems (1.2.5).

Two consequences of the FKG property are particularly important for us. One of them is the
existence and extremality of the limit measures with free and wired boundary conditions.

Theorem 2.1.14. Let 3 >0, J = {Jij}; jeza be any ferromagnetic nearest neighbor interaction,
and h = {h;};cza be a non-negative external field. Then, for any f and g quasi-local function,
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(I) The limits

°(f) = lim ¢}(f) and  ¢'(f) = lim @(f)

A7 A7
exists.

(1) The limits

¢70(g) = Alifn%dqbfs’o(g) and TS (g) = Jim, SE51(g)

exists.

(III) For any ¢ € GEC, if f is non-decreasing then

¢°(f) < o(f) < 0'(f)- (2.1.21)

All limits are taken over sequences invading Z°.

The next result allows us to compare the models with interaction Jy and constant interaction
J = J. The proof is a straightforward adaptation of [25, Theorem 7.

Proposition 2.1.15. Let J = {J;;}; jeze and J" = {J; ;}; jega be nearest-neighbor interactions
with 0 < J; ; < J] ., for alli,j € Z%. Then, for any A € Z* and f local non-decreasing function,

2,77
() <Rp(f)  and  oh () < Shr(f).
Proof. Consider a function g : {0,1}¥®) — R given by

eQBJe _ 1

g(w) = H (69“4_1)%'

e€E(A)

By the restriction on J and J’, the all the fractions above are at most 1, so g is non-increasing.
Given a non-decreasing local function f,

/ . ZO. ’
MR () = % > fwg) TT (2% =1) [T (14 e Zecw™) - ZARi R (f9).

0
A Jd we{0,1}Fo(N) ewe=1 C(w)

0
ZA;J

0
ZA;J’

Taking, in particular, f = 1, we get qﬁ?\, g(9) = . Using the FKG property, we conclude that

Pr.r(f-
¢9X,J(f) = W < ¢9&;J’(f)'

This exact same argument can be done for the wired boundary condition, what concludes the
proof. O

To guarantee uniqueness for the RC model, we can use the quantity

POO(/S)J7h) = Sup Ssup ¢(|CJ}| :+oo)
€7 peGRC

This next theorem was proved in [25].

Theorem 2.1.16. For any 8 > 0, ferromagnetic nearest-neighbor interacion J = {Ji;}; jeza and
non-negative external field h = (h;);cpa, if Poo(8,J,h) =0, then ]gES] = }QRC| =1
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Uniqueness for 6<1

To prove uniqueness for the semi-infinite Ising model, we first prove uniqueness for the usual
Ising model with interaction given by (2.1.16). To do so, we use the RC and ES models presented
in the previous section.

Theorem 2.1.17. The Ising model in Z¢ with interaction Jy defined in (2.1.16), A > 0 and external
field h* = (h});cza given by (2.0.1) has a unique state, for any inverse temperature 3 > 0.

Proof. Fixed g > 0, by Theorem 2.1.11, it is enough to show that ‘gﬁ 5N h*‘ = 1. It was shown

in [25] that, for any constant nearest-neighbor ferromagnetic interaction J = J, P (8, J,h*) =0
and, in particular, ¢}I7h* (|Cy| = +00) = 0 for all z € Z9. For any x € Z4, the function 14|y | =00}
is increasing. Then, Proposition 2.1.15 yields

¢AJA e (|Cz| = +00) <¢AJh*(\C’ +00)

for any A € Z% and x € Z¢. By Theorem 2.1.14, we can take the limit A * Z% to get gb‘lh’h* (|Cz| = 400

0 for all z € Z%. Since ¢}I>\7h* is extremal, in the sense of (2.1.21), we conclude that Py (8, Jy, h*) =
= 1 by Theorem 2.1.16.

O

0, and therefore we have ‘ggi B

Now we prove the main result of this section. We prove uniqueness for the semi-infinite Ising
with external field given by (2.0.1) and 6 < 1 at any temperature, by comparing it with the model
of Theorem 2.1.17.

Theorem 2.1.18. The semi-infinite Ising model with interaction J > 0 and external field X =
(Ni)i € H‘j with \; = % for alli e Hi and § < 1 has a unigue Gibbs state.
d

Proof. Proposition 1.2.9 guarantees that it is enough to prove <O‘ed>i = (0cy)x, Where eq =
(0,...,0,1) is a base vector of Hi. By spin-flip symmetry, we can assume without loss of gen-
erality that A\ > 0. Split Z¢ in layers Ly, := Z%! x {k}, with k € Z. For any A,, = [—n,n]" ' x [1,7n],
we rewrite the semi-infinite model as the usual Ising model but now with interaction Jy and external
field Ag given by

)\/2 ifie L,
(Xo)i = Alia |0, ifi€ Ly,k>1,
0 otherwise,
for any i, j € Z%. Hence,
+,J J
<0€d>XH;A <Ued>/\n,§0 and <U€d>A AT <Ued>i“;\0 (2.1.22)

where (F); = ﬂ{iezd\Hd} — ]l{zeHd} Consider A} an extension of Ay to Z?¢ given by (A\)); = (Ao)i
when i € H? and (X); == (A\o)# when i € Z¢\ H%, where ¢’ = (i1,...,iq—1, —i4). Since the boxes

A, and A/, = [-n,n]?! x [-n, —1] are not connected, taking A! = A,, U A, we have
+,J. +,J J J
(Teadaning = (Tead Al and (Oea)no = (Tea) A2y (2.1.23)

For every I > 0, let h™ be an external field acting only on Lo, that is k" = hl e,y for all i € ze.
Then, denoting A,, = A} U Ly,

— +.J I s F.J
AL _hh_>r20<06d>A ;6+hw and <J€d> n;)\ - ILH;O<06d> n-AO . (2'1'24)

)
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+,Jx _< >¥,JA
AwiAy+h0 " \Teq

is decreasing in h for h > 0. Proposition 1.2.10 was stated for the semi-infinite states, but it also
holds for Ising states since the DVI are in this generality. We can then bound the difference of the

states by choosing the particular case h = X. Denoting A; = A + A%, we conclude that

Differentiating in i and using Proposition 1.2.10, we see that the difference (o)

— +,J ,J
<U€d>j\_n;>\ - <08d>An;)\ S <U€d>An;>>\\l - <U€d>in;))\\l' (2'1'25)

Again by Proposition 1.2.10, the RHS of equation (2.1.25) in non-increasing in h;, the external field
on the site i, for any i € Z9. So, denoting A’* the external field (2.0.1) considered in [13] with
h* = A/2, we have that, for any i € Z¢, hl* = 3[i|70 < 3[iql® < (A1)s, hence

- +,J J
<‘76d>7(n;>\ —(Te)p,n S <U€d>An;;\IS - <‘76d>in;§\ls‘ (2.1.26)
Taking the limit in n, the RHS of equation above goes to <U€Ul>;\r}'s]A — ed)f}'sh, that is equal to 0
by Theorem 2.1.17. We conclude that (o.,)% — (0e,)y = 0, so there is only one Gibbs state. When
A > 2J, we replace Jy by J = J in the argument above and the same proof holds with minor
adjustments. ]

AniXy+ho
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Chapter 3

Random Field Ising Model

This chapter follows the argument of [31] and proves phase transition for the nearest-neighbor
Ising model with a random field. In Section 1 we present the model and the overall strategy of the
Peierls’ argument. In Section 2, we present the Ding and Zhuang approach to prove phase transition
and define the bad event. In Section 3, we follow the work of [34] and use a coarse-graining argument
to upper bound the probability of the bad event and complete the proof of phase transition for the
RFIM.

3.1 The model

The random field Ising model (RFIM) consists of the usual Ising model, previously introduced
in Chapter 1, but with an external field that is random. The local Hamiltonian of the random field
Ising model in A € Z% with n-boundary condition is HXSL : Q] — R, given by

HXSL = Z Jogoy — Z Jaxny725hxax, (3.1.1)

T,yeA zeNyeA® zeA
lz—yl=1 lz—y|=1

where the external field is a family {hy},czq of i.i.d. random variables in (ﬁ, A, P), and every h, has
a standard normal distribution!. The parameter ¢ > 0 controls the variance of the external field.
Given A € Z%, consider ., the o-algebra generated by the cylinders sets supported in A and .#
the g-algebra generated by finite union of cylinders. One of the main objects of study in classical
statistical mechanics is the finite volume Gibbs measures, which are probability measures in (2, %),

given by
IS —BH.5.(0)
WS (0) = 1oy (0) g (3.1.2)
: A ZRs (b
where 8 > 0 is the inverse temperature and ZX’,IﬁS . is called partition function, defined as
IS —BgHMS
Zhs () =Y e PRl (3.1.3)

n
4S5

One important remark is that, since the external field is random, the Gibbs measures are random
variables. To explicit the dependence of p] A 6 ., On Q we write p] A 5 €h[ w], with w being a general

element of Q. Two particularly important boundary conditions are given by the configurations
ny = +1 and - = —1, and are called + and — boundary conditions, respectively. For these
boundary conditions, we can P-almost surely define the infinite volume measures by taking the
weak*-limit

418 . 418
Mg, plw] = lim NA,L;@;;}L[WL (3.1.4)

n—oo

LOur results also hold for more general distributions of h,, see Remarks 3.2.3 and 3.2.5.

43
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where (Ay)nen is any sequence invading Z?, that is, for any subset A € Z¢, there exists N =
N(A) > 0 such that A C A, for every n > N. By Lemma 1.2.3, for any fixed external field, the
measures ui’}% .plw] are monotone, which guarantees the existence of the limits over sequences

invading Z?. To have more than one Gibbs measure, it is enough to show that 15 sh[ w] # pig’p [ ],
with P-probability 1, see [17, Theorem 7.2.2].

The standard strategy to prove phase transition in the Ising model is to use the Peierls’ argument,
which based on the idea of erasing contours. Contours are geometric objects in the dual lattice Z¢
defined as: denoting C, the closed unit cube in R? centered in x, Z‘j is the union of all faces C;, NC),
with | —y| = 1. Given a configuration, its contours are the maximal connected components of the
union of the faces C, N O satisfying o, # o,. The set of contours of ¢ is denoted by I'(c), and
~ denotes a generic element of I'(0). Moreover, I'(2) denotes all family of contours that can be
associated to a configuration, so I'(Q) := Uyeql'(0). The interior of a contour -, denoted I(vy), is
the set of points connected to co only by paths crossing v. Given n € N, take

Lo(n) = {yeT(Q) : 0€l(v), [ =n}

and I'g = Up>1T9(n). The operation 7., used to remove a contour v € I'(¢) can be written as a
particular case of the following one: given A C Z¢, take 74 : RZ? 5 RZ? ag

(r4(0)); = {_U" iie4, (3.1.5)

o; otherwise,

for every i € Z%. The transformation that erases a contour - is Ty (0) = Ti(y) (o). The key property of
this contour system is that we can bound the difference in the Hamiltonian after erasing a contours,
when there is no external field.

Proposition 3.1.1. There is a constant ¢1(d) > 0 such that, for any o € Q1 and v € T'(0),
Hy % (14(0)) = Hy () < —Jer(d)|]. (3.1.6)

This bound on the energy cost of erasing a contour is the first ingredient of a Peierls’ argument.
The second key ingredient in to bound the number of contours with a fixed size. It is well-known
that [To(n)| < e®?@" for a suitable constant c(d) > 0. The best bound for this constant is due to
Balister and Bollobas, [9].

3.2 Ding and Zhuang approach

The main idea used in Ding and Zhuang’s proof of phase transition in [31] is to make the Peierls’
argument on the joint space of the configurations and the external field, and when erasing a contour,
perform in the external field the same flips you do in the configuration. Doing this, the part on the
Hamiltonian that depends on the external field does not change, but the partition function does.
The complication of this method is to control such differences.

Given A C Z%, define the local joint measure for (o, h) as
Qip.(c € AheB)= / gk (A)dP(h),

for A C  measurable and B C R? borelian. Since 3, ¢ and A are fixed, we will omit then from the
notation. This measure Q has density

+IS —1p2 +,1I8
Ny H /76 2 g (o).
ueA



3.2 DING AND ZHUANG APPROACH 45

The main idea used in the proof of phase transition in [31] is to make the Peierls’ argument on
the measure Q, and perform in the external field the same flips you do in the configuration when
erasing a contour. Formally, in [31] they compare the density gX_’[Iisa(a, h) with the density after

erasing a contour 7y € I'(0), and performing the same flips on the external field, getting

+.,IS +,IS
Inzelosh) IS w15, o Zage(Ty(R)
— =exp{BH, y (14(0)) = BH) )" (o)} — s
L ()7 ) ’ O 0

(3.2.1)

For some realizations of the external field, the quotient of the partition functions can be bigger
than the exponential term. Denoting
+,IS
1 1 ZA;ﬁ,s(h )

Ay(h) = 3 n—ZX;’g)i:(TA(h))

(3.2.2)

for every A C Z¢, the bad event is

€= {sup M > 1}. (3.2.3)

~v€Tl'y Cl|7| 4

To control the probability of this bad event, we need a concentration result for Gaussian random
variables. The following one is due to M. Ledoux and M. Talagrand, and a proof can be found in
[60].

Theorem 3.2.1. Let f: RM — R be a uniform Lipschitz continuous function with constant CrLip,
that is, for any X,Y € RM
|f(X) = fF(Y)] < CLip||X = Y]|2.

Then, if X1,..., Xy are i.i.d. Gaussian random variables with variance 1,
Lip

Remark 3.2.2. If f is differentiable and ||V f(-)||2 is bounded, the mean value theorem guarantees
that sup zcpnm ||V f(Z)|)2 is a uniform Lipschitz constant for f.

Remark 3.2.3. If f has a compact support and convex level sets, an equation similar to (3.2.4)
holds, with some adjustments on the constants and replacing the mean by the median, see [17,
Theorem 7.1.3]. Therefore, our results hold when h; has a Bernoulli distribution P(h; = +1) =
P(hi=—1) = 3.

Given A C Z%, hy = (hg)zea denotes the restriction of the external field to the subset A. The
next Lemma was proved in [31] and is a direct consequence of Theorem 3.2.1.

Lemma 3.2.4. For any A, A’ € Z¢ and \ > 0, we have
2

-2
P(JAA(R)| > Ahae) < 2es%14l, (3.2.5)

and
)\2

P(JAA(h) — Aar(h)| > Ahauare) < 2e 8ZAAAT] (3.2.6)
where AAA' is the symmetric difference.

Proof. Start by noticing that
E(Aa(h)[hac) =0,
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since h =% 74(h) by the symmetry of the Gaussian distribution. Now, for any v € A,

d
O] = i (0] + ()] < 22

Hence, for any z € R4, ||V f(2)||2 < 26|A’%, which, together with Theorem 3.2.1 and Remark 3.2.2,
concludes the proof of equation (3.2.5).

For the second equation, notice that Ag(h) — Aa/(h) = %Z/J{ésg( A(h)) — Z/J{’BE(TA/(;L)). By
the symmetry of the Gaussian distribution, (74(h),74/(h)) and (74 o Ta(h), T4 o T4/(h)) have the
same distribution. Moreover, 74 0 T4 = Taa 4/, hence

Ba(h) = Barlh) = 238 (rans(h) = SZEH () = Baa(h)

and equation (3.2.6) follows from (3.2.5) applied to Aaar(h). O

Remark 3.2.5. This lemma holds whenever h = (hy),czd satisfy equation (3.2.4).As a consequence,
our results can be stated for more general external fields.

3.3 Controlling P (£°)

To control the probability of £¢ we use a multi-scale analysis method presented in [34]|. This
section is dedicated to prove

C
Proposition 3.3.1. There exists Cy := Ci(a, d) such that P(E°) < e 2.

As pointed out by [31], the proof presented in [34], despite being self-contained, is an indirect
application of Dudley’s entropy bound. Here we adapt the proof presented in [34] using this entropy
bound. For the detailed argument of the original proof, see [17]. First, we need to introduce some
probability tools, then we introduce the coarse-graining procedure and prove Proposition 3.3.1.

3.3.1 Probability Results

To control the probability of £¢, we use some results on majorizing measures. For an extensive
overview, we refer to [69]. Consider (7',d) a finite metric space and a process (X¢):er such that, for

every A>0and t,s € T,
)\2

2d(s,t)?
Assume also that E (X;) = 0 for every t € T'. One example of such process is (|Ay(y)|)yery(n), With

P(|X:— X >N <2exp—— (3.3.1)

the distance do(v,7) = 25|I(7)AI(7’)|% over the set I'g(n). For n € N, consider the quantities
N,, = 22" and Ny = 1.

Definition 3.3.2. Given a set T, a sequence (Ap)n>0 of partitions of T is admissible when |Ay| <
Ny, and Ap+1 = Ay, for alln > 0.

Given t € T' and an admissible sequence (A, )n>0, An(t) denotes the element of \A,, that contains
t.

Definition 3.3.3. Given 6 > 0 and a metric space (T,d), we define

vo(T,d) = inf sup Z 29 diam (A, (t)),

(An)n>o0 teT >0

where the infimum is taken over all admissible sequences.
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Theorem 3.3.4 (Majorizing Measure Theorem [68]). There is a universal constant L > 0 such
that

1
ZV?(Ta d) < E <sup Xt) < L’YQ(T7 d)
tel

Given € > 0, let N(T,d,€) be the minimal number of balls with radius € necessary to cover T,
using the distance d.

Proposition 3.3.5 (Dudley’s Entropy Bound [32]). Let (Xi)ier be a family of centered random
variables satisfying (3.3.1) for some distance d. Then there exists a constant L > 0 such that

E [supXt] < L/ V1og N(T,d, €)de.
0

teT

Dudley’s entropy bound together with the Majorizing Measure Theorem yields that there is a

constant L' > 0 such that,
v2(T,d) < L'/ V1og N(T,d, €)de. (3.3.2)
0

We also need the following result.

Theorem 3.3.6. Given a metric space (T,d) and a family (X¢)ier of centered random variables
satisfying (3.3.1), there is a universal constant L > 0 such that, for any u > 0,

P <sup Xt > L(y(T,d) + udiam(T))> <e
teT

where the diam(T') is the diameter taken with respect to the distance d

A proof can be found in [69, Theorem 2.2.27|. Using these results, the bound on the bad event
&¢ follows from the next proposition.

Proposition 3.3.7. Given n >0 and d > 3 there is a constant Ly :== Li(d, o) > 0 such that
Y2(To(n),d2) < eLin.
As a direct consequence of this Proposition, we can control the probability of the bad event £¢.

Proof of Proposition 3.3.1. To apply Theorem 3.3.6, notice that, by the isoperimetric inequality

L+757)

diam(I'g(n)) = Supy, yoerom) < 4eV/[1(n)] < denzl . Hence, for e small enough

__1_
e =gt

l(l,L) 1(1+L) _n___°—-
P ( sup AI('y)(h) > En < P | sup AI('y)(h’) > L(bsen + n2' " at/p2lita)) ) <e 2
Y Y

The union bound yields P(£¢) < ¢ for C > 0 large enough. O

The next subsections are dedicated to proving Proposition 3.3.7.

3.3.2 Coarse-graining Procedure

We will apply these results for the family (|A;_(,)|),eryn)- To construct the covering by balls
in Dudley’s entropy bound, we use the coarse-graining idea introduced in [34]. For each 0 < ¢ and
each contour 7 € I'y, we will associate a region By(y) that approximates the interior I(y) in a scaled
lattice, with the scale growing with £. This is done in a way that two contours that have the same
representation are in a ball with fixed radius, depending on /.
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For any x € 7% and m > 0,

d
Cp(x) = (

)

(2, 2™ (x; + 1))) Nz, (3.3.3)
1

is the cube of Z¢ centered at 2™x + 2m~1 — % with side length 2" — 1. Any such cube is called an
m-cube. As all cubes in this paper are of this form, with centers 2™z +2m~1 —% and z € Z%, we will
often omit the point = in what follows, writing C, for an m-cube instead of C,,(x). An arbitrary
collection of m-cubes will be denoted ¢, and By, = Uceg,, C is the region covered by %,,. We
denote by %, (A) the covering of A € Z? with the smallest possible number of m-cubes.

(=}
® 6 6 0|06 o o O

Figure 3.1: The cube C3(0) is formed by the black dots. The dashed lines delimit four smaller cubes Cs.
Here we see that our cubes Cy, are cubes with side length 2™ centered outside of 7.

Fixn e N,y e€Tg(n), and £ € {0,1,...,k}. An l-cube Cy is admissible if it more than a half of
its points are inside I(+y). Thus, the set of admissible cubes is

€)= {Cr 1 N1 = 2 [CHl).

We choose By(7) = Bg,(), the region covered by the admissible cubes. Notice that By() is uniquely
determined by 0By(v). Moreover, OBy() is uniquely determined by

OC(7y) = {{Cp, C}} : Cp € (), C; & &, Cy shares a face with Cy}.

We will now control the number of cubes in €;(y) by proving a proposition similar to [34, Proposition
2]. This proposition was written for d = 3 and  simply connected, but it can clearly be extended to
d > 2 with no restriction in +, see [17]. As we could not find a detailed proof anywhere, we provide
one here.

Given a rectangle R = [1,r1] x [1,r9] X -+ x [1,rg], consider R; := {z € R : z; = 1} the face of
R that is perpendicular to the direction e;, for ¢ = 1,...,d. The line that connects a point = € R;
to a point in the opposite face of R; is €% = {x + ke; : 1 < k < r;}. Given A C Z%, the projection
of ANR into the face R; is

Pi(ANR) ={z e R;: L NA#0}.
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Figure 3.2: The light gray region is AN'R, the projections P1(ANTR) and P3s(ANR) are the dark gray
region. The dashed line £11, s a bad line and the dotted line ff;, is a good one. In this particular example,

all points in P1(ANR) are bad and all points in P3(ANTR) are good, hence PBE(ANR) = Pi(ANTR) and
PY(ANR) =P3(ANR).

In many situations, we will split the projections into good and bad points. The set of good points
is P(ANR)Y = {x € Pi(ANR) : £ N (R\ A) # B}, that is, there exist a point in £ N'R that is
not in A. The bad points are defined as PP(ANTR) = Pi(ANR)\ PF(ANR).

Figure 3.3: Considering ANR the gray region, both points p,p’ € P1(ANTR) are in the projection, but p
is a good point and p’ is a bad point. The doted lines represent ﬂ}, and fll),.

Given x € P;(ANR)Y, by definition of the projection, there exists a point in £2 N A. Therefore,
there exists a point p € £%, such that p € 9x A NR. As all lines are disjoint, we conclude that

IPEANTR)| < |8exANTRY. (3.3.4)
We now prove two auxiliary lemmas.

Lemma 3.3.8. Given d > 2, for any family of positive integers © = (r;)%_, with R < r; < 2R for
some R>2,0< A< 1 and A CZ%, there exists a constant ¢ = c(d, \) such that, if

Pi(ANR)| < AR (3.3.5)

foralli=1,...,d, then
d

> IPANR)| < c|oex AN R,
=1

where R = [1,7r1] x -+ x [1,74].
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Proof. The proof will be done by induction on the dimension. For d = 2, take a rectangle R = [1,r1] x [1,r2].
If there is no bad points in P;(ANR), then

PLANTR)| = [PFANR)| < |0xANTR|. (3.3.6)

If there is a bad point p = (1,p2) € PP(ANR), {;, C ANR by definition of bad point. As
|P1(ANR)| < A|R1| < |R1, there is a point p’ = (1,ph) € R1\P1(ANR) that is in the face Ry but
not in the projection. By definition of the projection, E}D, € A°NR. Therefore, for any 1 < k < rq,
(k,p2) € ANR and (k,ph) € A°NR, we can find a point p* = (k, p&) € Jex A N'R. Since p¥t # ph?
for every ki # ko, we have 11 < |0exA N R|, hence

‘Pl(A N R)‘ < ‘7—\’,1‘ =r9 < 2R <2r < 2’anAﬂR‘. (3.3.7)

A completely analogous argument can be done to bound |P(A NR)|, and we conclude that

2
Y IP(ANR)| < 4|0 ANR|,
i=1

and take ¢(2, \) = 4. Suppose the lemma holds for d —1 and fix a rectangle R = [1,r;] x - - X [1,74].
We split R into layers Ly = {z € 7 xg = k}, for k = 1,...,r4. We can then partition the

projection and write
Td

Pi(ANR) =) [P(ANR) N L,

k=1
for any ¢ € {1,...,d — 1}. This yields

d d—1 7rq

Y IPANR) =D D IP(ANR) N Ll + [Pa(ANR)|
=1 =1 k=1
4 d—1

=> D IP(ANR) N Ly + [Pa(ANR)]. (3.3.8)

k=1 1=1

Notice now that P;(ANR) N Ly = P;(AN (RN Ly)). Defining the rectangle R* :== R N Ly, for
every point p € PJB(A NRF), £, C ANRF. Moreover, we can associate every point x € £5 in the
line with a point &’ € P4(ANR) by taking z;, = x,, for m < d —1 and 2/, = 1, therefore

HIPPANRN = Y 1B < [Pa(ANR)].
pEP P (ANRK)
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Figure 3.4: Considering ANR the light gray region, the dark gray region is a layer Ly and the dotted region
is ANRF, the restriction of A to the layer Ly.

Using the hypothesis (3.3.5) we conclude that

i
pranr) < Bl Mt 1T i) (3.39)
J J q#j,d

We consider know two cases:

(a) If |P;(ANRF)| < 2L |(RF),], for all i < d— 1, then we are in the hypothesis of the lemma in
d — 1 and therefore

d—1

1
S IP(ANR:) < e (d —1, A;) |0ex A N RE|. (3.3.10)
=1

(b) If there exists j € {1,...,d — 1} satisfying |P;(A N RF)| > 2 |(RF);|, by (3.3.9) we have
[PF(ANRE)| = [Pi(ANRY)| - [PPANRY)| > 152|(R¥);], hence

2
(RF);] < ﬁmexfl NnR.

Using that |(R*);] < (2R)92 < 24-2|(RF);| for every i € {1,...,d}, we conclude that

d—1 -1
YO IP(ANRY <Y (RM)l < (d—1)207%(RY);] <
1

U

(d—1)2¢-1

T |0x ANRF.  (3.3.11)

=1 7

In both cases we were able to bound the sum of projections by a constant times the size of the
boundary of A in R¥. Applying (3.3.10) and (3.3.11) back in (3.3.8) we get

d Td d—1
A+1 d—1)2
E \PZ-(AHRNSE {c(d—l, ; >+( 1)/\ ]|8exAmRmLk|+\Pd(AmR)\
i=1 k=1

1 —1)2d-1
:[c(d—l,)\;— )-I-(dl_))\ ]|aexAﬂ'R|+‘77d(Aﬂ'R)|.
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We finish the proof by noticing that we can repeat this exact same argument but now splitting R
into layers L = {x € R : ; = k}. By doing so, we have that

d
A+1 d—1)29-1
ZU%(AHR)IS[c(d—l, ;>+( 1_)A }|66XAOR|+|P]-(AHR)|
=1

for any j € {1,...,d}. Summing both sides in j we conclude

d
1 —1)2d-1
Z|P1(A0R)| < 4 [c (d— 1, AT > + (d—1) } |Oex AN R, (3.3.12)
— d—1 2 1—\

which proves our claim if we take c(d, \) == ;4 [c(d — 1,2y + %] =2d+ %. O

Remark 3.3.9. This lemma can be proved when R < r; < kR for any v > 1. When applying the
lemma, we will choose X = % to simplify the notation. All the proofs work as long as we choose
A>3

Lemma 3.3.10. Given ACZ% (>0 and U = Cy U C; with Cy and C} being two {-cubes sharing
a face, there exists a constant b := b(d) such that, if

1 1
SICl<ICenAl and  [CiN Al < 5IC (3.3.13)

then 20~ < bl AN U|.

Proof. For £ = 0, (3.3.13) guarantees that Cy = {z} C Aand C; = {y} C A°, hence |0exAN{z,y}| =
1 and it is enough to take b > 1. For £ > 1, (3.3.13) yields

1 3
52“ <|ANU| < 52“. (3.3.14)

To simplify the notation, we can assume wlog that U = [1, 24971 x [1,2F1]. As discussed before,
for each point p € PJB (ANU) in the projection, #, C ANU and the lines are disjoint. Moreover, the

size of the lines is constant r; == 4], hence \P]B(A NU)Irj =3 ,epBany) || < |ANU|. Together
J
with the upper bound (3.3.14), this yields

3

B ld,,—1

Py (ANU)| < 52 T (3.3.15)
Using the isometric inequality, the lower bound on (3.3.14) yields d2a24d-1) < |0ex(ANTU)|. As

1
%WGX(A NU)| <|0n(ANT)| = |0n(ANTU) NOnU| + [0m(ANTU)N (U \ 0iU)]
d d
<2) [P(ANT)| + [0wANT| <2 [P(ANT)| + [0 AN U,
i=1 i=1
we get
. d
20712170 <23 P(ANT)| + [0 AN U (3.3.16)
=1
We again consider two cases:

(a) If |P;(ANU)| > £|U;| for some j =1,...,d, by (3.3.15) and (3.3.4) we get

7 3 pa
glUil < [P (ANU)| < |0 AN + 52‘% L
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A simple calculation shows that %25(‘1_1) < I|Uj| - %2“7“;1, therefore
1
g2‘<d—1> < 0ex ANTU. (3.3.17)
(b) If |Pi(ANU)| < £|U;| for all i, by Lemma 3.3.8, there is a constant ¢ = ¢(d) such that

d
STIP(ANU)| < cldexANT). (3.3.18)
=1

Together with (3.3.16), this yields

2 + 1
2la-1) <« 2T s Anu. (3.3.19)

1
2q~1

Equations (3.3.17) and (3.3.19) shows the desired results taking b := max{8, (2¢ + 1)21_%}. O

Proposition 3.3.11. For the functions By, ..., By defined above, there exists constants by, by de-
pending only on d and v such that

DexI ()] b el

|
‘8¢€(7)‘ < bl 2€(d—1) = 123((1—1) (3320)

and
|Be(7)ABey1(7)] < 022 (3.3.21)
for every £ € {0,...,k} and v € Ty(n).

Proof. Fix £ € {0,...,k}. Given a pair (Cy,(}), we will write Cy ~ C when (Cy, Cy) € 9€(7),
and the union we be denoted by U = C; U C}. Then, defining ¢, = {Cr € 9C(y) : C¢ ~
C} for some Clrime ¢ €;(v)}, for any A € Z%,

Y JAn{cuc< Y. Y (IAnGl+]AnCy))

(Ce,C))EOC,(7) Ce%y Crte(v)
Cy~Cl
< ) 2ANC+ ) 2d|ANCyl < 2d|A]
CgG?e Cz¢cé('7)

Any pair of cubes Cy ~ C} are in the hypothesis of Lemma 3.3.10, hence 52491 < |96, I(7)NU.
Applying equation above for A = OeI(y) we get that

b _ 1
D old=1) |9, (v)| < 5 > [0l (y) N{CrUCPH < [0exI ()]

2d
(Ce,Cp)EOL,(7)

that concludes (3.3.20) for by := 2d/b.

Given C(y11) € Co41)(Ber1(7)\Be(7)), there is a f-cube Cj C Cy(p41) with C) ¢ €y(), otherwise
(Be1(7) \ Be(7)) N Cg41) = 0. There is also a f-cube Cy C Cppqq) with Cp € €(7y), otherwise we
would have

1
1) NClapl = > () N Cel < 51Ce4n)l-
C[CC([+1)
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Moreover, we can assume that Cy and C share a face. Again, we use Lemma 3.3.10 to get,

‘Be+1(7) \ BE(’Y) N C(Z-H)’ < ’C(g+1)| — 9dgtot(d—1)
< 2929 0exI () N {Cr U Oy}

< 292°0|0exI () N Cpg)- (3.3.22)
Therefore,
|Bey1(7) \ Be(v)| = Z |Beg1(7) \ Be(v) N Crygy]
Cle41)€EC 11y (Ber1(M\Be(7))
< S 212]3al(7) 1 Clpin| < 2210l(7)]

Cle41)€C e41) (Ber1(M\Be (7))

with by = b2%+1. To get the same bound for | By(v)\ Bey1(7)| we repeat a similar argument, covering
By(v) \ Bet1(v) with (£ + 1)-cubes. 0

Corollary 3.3.12. For any £ > 0 and any two contours v1,v2 € L'o(n) such that Be(y1) = Be(7y2),
there exists a constant bg > 0 such that

dg(")/l, ’}/2) < 48[)32%77,%.

Proof. This is a simple application of the triangular inequality, since da(y1,72) < da(y1, Be(71)) +
d2(72, Be(72)) and

14 )4
da(1, Be(m)) <Y do(Bi(n), Bi-1(m)) = Y 26/ Bi(m)AB;-1(m)
i=1 =1

[ .
<3 2ey/Bp28 v/ < 2e\/ba(V2 + 1)23 Vi
=1

where in the second to last equation used (3.3.21). As the same bound holds for da(v2, Be(7y2)), the
corollary is proved by taking b3 = v/ba(v/2 + 1) O]

Remark 3.3.13. This corollary shows that we can create a covering of Tog(n), indexed by By(To(n)),
of ball with radius deby23n3. Therefore N(To(n), d2,45b32§n%) < |By(Tp(n))|.

In the next proposition we bound |By(T'g(n))|, again following [34].

Proposition 3.3.14. There ezists a constant by = by(d) such that, for any n € N,

baln
[Be(To(n))| < exp {25(‘16!1)}7 (3.3.23)

that is, the number of coarse-grained contours in By(To(n)) is bounded above by an exponential
term.

Proof. Start by noticing that |Be(T'o(n))| = |0B¢(To(n))|, and to each By(y) we can associate a
contour &(v) with I(€) = By(y). Given & € &(To(n)) for £ € {1,..., K}, let {g", &%, ....g™}
be the connected components of . To connected component §él) we can uniquely associate a pair

(Cy, Cp) € 0€y(y) with Beg, C I(flgi)). By Lemma 3.3.10, there are at least b=12/(9=1) points of

OexI(y) in Cy U C}. Hence & has at most % connected components and we take M, = %.

Moreover, by Lemma 3.3.11, |¢,| = S2M» \ﬁéi)] = 2Ud=119¢,(v)| < byn.
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Fixed z1,29,..., 2y, € 2/Z% and s, s2,..., sMn € 2(d-DN 1fI‘({9BZ}Z B {82} ") is the number

of coarse-grained contours with z; € I(§ l@) and ]{éi)| = s' for every i, then

My, )
s
D({zi )M, {si}Mm) < exp (m (4d)22£(d_1)> < exp (b1 In (4) - 1)) (3.3.24)
=1
. bin
The number of choices of s',s%,...,s! € 2N with Y4 18" < bin is less then 22"(;—1). This is a

simple bound on the number of ways of putting up to balls on M, spaces.

bin
20(d—1)
It remains know to bound the number of choices for (mz)f\i” Set di = |z1| and d; = |x; —x;—1| for
i=2,...,M,.Foreveryi=1,..., M,, we choose y1, . ..,yn, € I(7)such that |z;—y;| = d(z;,1(7)).

With this choice we get d(z;, ;) < d2°. Since all the cubes are not connected, d(y;, y;_1) > 2¢, hence

d(zi, yi) < dlyi — yi—1]-

As all y; are in I(y) and yp = xg = 0, we can reorder the terms to minimize the sum of distances,
getting

My,
> d(yiyio1) < 2d|0ed(7)] = 2dn.
=1
This yields
Zd <2Zcz:c“yz +Zd YirYi-1) < (2d + 1) Zd yi,yi1) < (2d +1)%n (3.3.25)

=1

Fixing di,ds, ..., dy, the number of ways of choosing z1,...,z, is bounded by H " (2d;)<.
maximum of thlb quantity is reached when all the dlstanceb are the same. Assumlng di =
dq = d*, equation (3.3.25) yields

g (204 1)%n  (2d + 1)224d—D)
= Mn - b )

so we have at most

(2d +1)%2%4D) [ _amm (2d+1).. In
T < B

( a )2 <expy (2d(d—1)In(2)bln ( 5 ))2£(d_1) (3.3.26)
ways of choose x1, ..., 2y, givendy, ..., dy, . The number of solutions (dy, ..., dxr,) to Ef\i’j di=N

is ( ) As ( ) < ]XZ" < (%)M", the number of solutions of (3.3.25) is bounded by

277/
(2‘%1:) eN\ M § /(2d+1)2n+1 ez \ M e — oM 20 )2n+1 ((2d+1)2n+1\"
— \M, = Jo M, N M, +1 M,
2¢(2d + 1 22E(d71) 2¢(d—1) /¢

< ( e(2d + b) <exp {465_1 In(2)(2d + 1)226(ziTi1)}' (3.3.27)

Taking by = max {b; In (4d),2d(d — 1) In (2)bIn (24)) ep=11n(2)(2d 4 1)2}, equations (3.3.24),
(3.3.26) and (3.3.27) proves the proposition. O

We are ready to prove the main proposition.
Proof of Proposition 3.3.7: As N(I'g(n),ds, €) is decreasing in €, we can use Dudley’s integral
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bound to bound

IE[ sup Ay ] / V1og N(Ty(n), da, €)de

v€lo(n)

o0

< 2ebznz Y (25 — 2“71)\/1059; N(To(n), da, ebs2
/=1

N\(\

nz). (3.3.28)

14
2

Remember that, as discussed in Remark 3.3.13, N(I'g(n), d2, £b32 %) < |B¢(Tp(n))|. Therefore,

by Proposition 3.3.14,

oo

¢ 1 > baln
Z 3 —2 2 \/logN (To(n),ds, ebs22n2) §2(25 4d )
(=1

/=1
(1— \f 1/ (3.3.29)

1

N)\»—A

IN
5

n

Denoting 7(d) = >0, w/Qg(d 57> and bs = 27(d)bz/bs(1— 22) equation (3.3.28) and (3.3.29) yields

E

sup Ay (h)| < bsen.
v€lo(n)

3.3.3 Phase transition for the RFIM

Let us first prove an auxﬂlary lemma showing that if u Al 5 h( —1) > ¢ has positive proba-

bility, then u A 5 h 7 ML 6 ., P-almost surely.

Lemma 3.3.15. If there exists a constant 0 < ¢ < % such that, for all A € Z2,
P(uihalco=-1)<e) >1-c,

then uﬁ h 7é Ig. 62 P-almost surely.

Proof. Notice first that, as the function 1y, __;y is non-increasing, by FKG ;LX }jsah(ao =-1) <
MZ"IﬁSEh (0g=—1) forall A C A € Z%. As ,u;’gls is the weak limit of the local measures MAAI,% oh by

continuity of P we have

IS . 418

P(uslntoo=—1) <) = fim P}l (00 =-1) <) >1-c.
Like in the usual Ising model, we can write
JIs IS
e (00) = 1= 2157y (00 = 1),
so {h : NESFSL(UO) >0} D {h: ,uzgel,?( = —1) < ¢} and therefore ]P’(u;;’alfsb(oo) > O) >1-—c
Moreover,
IS —IS 1S _IS
P (15(02) # 1555 (02) for some & € 24) > B (45 83(00) > 0, 153 (00) < 0)
>P (M;;;SL(UO) > O) +P (ug’g(ag) < 0> —1>1-2¢>0,

where in the second inequality we used that P(ANB) > P(A)+P(B)—1 for any events A and B. Con-
sidering the translation map T'(h) = (hyte, )peze and B(de) the Borel g-algebra of RZ’, P is mixing
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in the dynamical system (RZ B,P,T)and {h: pg Eh(crgﬁ) # uggfsl(ax) for some x € Z4} is a transla-
tion invariant event with positive probability, therefore P <u;§£ (0z) # N,EEI;SL (o) for some z € Zd) =

1. We conclude the proof by noticing that P (,uﬁ oh F g, €h> >P (uﬂ eh(%) % ug”gg(aaj) for some x € Zd>.
O

Theorem 3.3.16. For d > 3, there exists a constant C = C(d, «) such that, for all § >0, e < C
and A € Z¢, the event ,
pap (oo = —1) < e” P 4 7/ (3.3.30)

has P-probability bigger then 1 — e~ P — e=C/e,

In particular, for B > B, and € small enough, there is a phase transition for the long-range Ising
model.

Proof. The proof is an application of the Peierls’ argument, but now on the joint measure Q. By
Proposition 3.3.1, we have

IS 1s IS
Qupel00 = —1) = Q5. ({oo = =1} N E) + Q5. ({0 = ~1} N &)

< QLR (oo =-1}NE) +e O/ (3.3.31)
since Q} /Igsa({ =-1}N&° < QL }J,SE( ¢) = P(E¢). When o9 = —1, there must exist a contour =y
with 0 € V' (), hence

+,IS

Hpgen(o Z HA; 5 e (2
~v€Co

where Q(v) ={c € Q:vy CI'(0)}. So we can write

Qup-({oo=—13n€) = / > gl (o, h)dh

o:00=—1
+IS
<> / > ot o nan
v€Co aeﬂw)

Z 2oen(y) gA;’B,e(U’ h)dh
+IS
~€eCo fg ceQ(y QA 8, - (79(0), Ti(y) (R))dh

+,IS
o, h
< Z sup +,IsgABE( : .
hGE’Y gA;ﬁ,g(T’Y(U)vTI(’y) (h))

(3.3.32)

In the second inequality we used that [, 200y gj{,’ésa(q(a),7'1(7)(h))dh = 1. By (3.2.2) and
the definition of the event &,

’ S 5 S
sup 9ipe(7:1) < sup exp{—fc !7\}21;’;’5(71(7)(11))
S = —Palyli— s
&7 95 (71(0), 71 (1) Jhee Z3j5-(h)
= sup exp{—fc|y|+ BA,(h)}
heé
ceQ(y)

< exp{- 5 -1}, (3.3.33)
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since A (h) < 3(c1]7]), for all h € €. Equations (3.3.31), (3.3.32) and (3.3.33) yields

Qiiloo=—-1)< > 2Mlexp (=BTl +e 0/
768/’\"’15
0eV(v)

<Y Y e {(-BL )} 4 e

nZlyeef lvl=n
0€V (%)

< Z ’CO exp{ B% +1ln 2)71} + 6701/52 < Z e(cg—ﬁ%Jran)n + 6760/52_

n>1 n>1

When g is large enough, the sum above converges and there exists a constant C' such that

Qi (o0 = —1) < e7720 4 720/,

The Markov Inequality finally yields
Qg (o0 = —1)
s Gy -
e—B2C | o—2C/e? .
OBy O =

IS — — 2
P (it8Balon = 1) 07 4 <

e—CB | 6—0/82’

what proves our claim. O



Chapter 4

Long-range Random Field Ising Model

In this chapter, we prove phase transition in the long-range random field Ising model. First, we
use an argument by Ginibre, Grossman, and Ruelle [44] to extend the results from the previous
chapter in the region a > d + 1. When d < o« < d 4 1, we need to work with a different contour
system. By adapting the contour argument presented in [1], we extend the arguments of [31] to the
long-range model, proving the main result:

Theorem. Given d > 3, o > d, there exists Be = B(d,a) and e, = (d, ) such that, for > .
and € < e, the extremal Gibbs measures ,u,ﬁ and g are distinct, that is, ,uﬂs #* Mg P-almost
surely. Therefore the long-range random field Ising model presents phase transition.

We now present a sketch of the main steps of the proof.

Ideas of the proof: We first introduce a suitable notion of contour, for which we can control
both the energy cost of erasing a contour (Proposition 4.2.14) and the number of contours of a
fixed size that surrounds the origin (Corollary 4.4.13). Our contours, as in the Pirogov-Sinai theory,
are composed of a support, that represents the incorrect points of a configuration, and the plus
and minus interior, which are the regions inside the contours. We denote Cy the set of all contours
surrounding the origin and Cy(n) the set of contours in Cy with n points in the support. We also
denote I_(n) the set of all subsets of Z¢ that are the minus interior of a contour in Co(n).

By the Ding-Zhuang method, we can show that phase transition follows from controlling the

probability of the bad event
A h 1
g e | up BT
veeo 2l 4

where |y is the size of the support of a contour v and (A4)gezq is a family of functions that, by
Lemma 3.2.4, have the same tail of > __ 4 h., and the distribution of A4(h) — A4/(h) is the same
as Aaaar(h), for all A, A’ € Z finite, see [31].

When the contours are connected, all the interiors I_(+) are connected, and the two properties
in Lemma 3.2.4 together with the coarse-graining procedure introduced by Fisher, Frohlich, and
Spencer in [34] is enough to control P(£¢). Given a family of scales (2"¢)s>0, with r being a suitable
constant, we can partition Z¢ into disjoint fitting cubes with sides 27, see Figure 3.1. Each such
cube is called an rf-cube, and all cubes throughout our analysis will be of this form unless stated
otherwise. The strategy of the coarse-graining argument is to, at each scale, approximate each
interior I_ () by a simpler region By(7), formed by the union of disjoint cubes with side length
27 see Figure 4.1. The argument follows once you have two estimations: on the error of this
approximation and on the size of the set By(Co(n)) :== {B C Z%: B = By(), for some v € Co(n)}
containing all regions that are approximations of contours in Cop(n).

In Corollary 4.4.3, we show that |By(7)AL(7)| < ¢2™|y], so the error in the approximation is
not too large. This bound follows [34] closely since we approximate the interiors in the same way.
Then, we need to estimate |By(Co(n))|, which is done by a fairly distinct argument. The difficulty

59
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O—0
QB

Figure 4.1: The figure on the left represents the minus interior of a contour vy, while the central figure
represents its approximation. The picture on the right depicts the error of the approximation, that is both
the cross-hatched regions not covered by the gray area and the gray areas not intersected by the cross-hatch
TeGLON.

of the proof comes from the fact that our contours may be disconnected. As the regions By(y) are
the union of disjoint cubes, they are, up to a constant, determined by 0;,&(7), the collection of
cubes needed to cover By(7) that share a face with a cube that does not intersect By(7), see Figure

1.2
ot By(7) - ]

L€ On(v)

Figure 4.2: The region By(vy) is the approzimation of the interior in Figure 4.1, and 0y Cre(7y) is the
collection containing all the doted cubes.

Following the argument of Fisher, Frohlich, and Spencer we show that [0in&.e(v)| < My,
(see Proposition 4.4.1), so we can bound |B¢(Co(n))| by counting all possible choices of M, s non-
intersecting cubes with side length 27 in Z¢, with a suitable restriction. When the contours are
connected, this restriction is that all cubes must be close to a surface with size n, and the proof
follows once you can use that the minimal path connecting all the cubes has length at most cn.
This is not true for our contours, so we need a different strategy.

Let €,1.(7) be the smallest collection of cubes, in the rL scale, needed to cover 7. The property
we will use is that, for all L > ¢, every cube in 0i,@y(7) is covered or is next to a cube in %, (7),
see Figure 4.3. As every cube with side length 2"~ contains 2740 cubes with side length 27¢, any
fixed collection %, (7) covers 274L=9|%, | (v)| cubes in the r¢ scale.

So, roughly, we can bound |B,(Cy(n))| by counting all the possible choices of M, ¢ cubes in the
274 scale that are covered by a collection in 6,1 (Co(n)) == {€,1 : €, = €-(7) for some v € Cy(n)},
that is, we can bound

rd(L—{)
Bicom)< Y (2 '%L’).

€€ (Co(n)) n.¢
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2t OnC(v)

orL(0) (grL(ﬁ) (7)

\ ....... SN O S S S

Figure 4.3: The contour 7y is the one the originates the interior 1_(v) in Figure 4.1. The dotted cubes are
the cubes in 0in€e(y) and the larger cubes are the ones needed to cover the contour 7.

The construction of our contours allow us to upper bound |%,1(v)| and |%,1(Co(n))|, see Propo-
sition 4.4.10 and Proposition 4.4.12, and we are able to get the same bound for |By(Cy(n))| as in [34]
by making an appropriate choice of the large scale L = L(¢) depending on the smaller one. From
this, the control on the probability of the bad event follows as an application of Dudley’s entropy
bound.

In Section 1, we define the model of interest and the notion of contour we will use. Then, in
Section 2, we present the Ding and Zhuang method [31] of proofing phase transition and the bad
events for the RIFM with long-range interaction. After that, we control the probability of the bad
events by extending the arguments of [34] to our case. Finally, in the last section, we prove the
phase transition for the long-range RFIM.

4.1 The Long-range RFIM

The set of configurations of the long-range Ising model is, as usual, Q = {—1, 1}Zd. However,
each spin interacts with all others, not only its nearest neighbors, so the interaction {ny}xyezd is
defined as

J .
e if ;
oy = {“A fo#y (4.1.1)

0 otherwise,

where J > 0, a > d and the distance |z — y| is given by the ¢;-norm. We write A € Z? to denote a
finite subset of Z?. Fixed such A, the local configurations are Qy = {—1,1}*. Moreover, given n € €,
the set of local configurations with 7 boundary conditions is Q} := {0 € Q : 6, = 1, Vz € A°}. The
local Hamiltonian of the random field long-range Ising model in A € Z% with n-boundary condition
is Hy., : Q) — R, given by

HY ,(0) =~ Z JoyOaoy — Z JoyOztly — Z ehyoy, (4.1.2)

z,yeEA zEN,yeAC TzEA

where the external field is a family {h;},czq of 1.i.d. random variables in (Q, A, P), and every h,
has a standard normal distribution'. The parameter ¢ > 0 controls the variance of the external
field. Given A € Z?, consider .Zx the o-algebra generated by the cylinders sets supported in A
and % the o-algebra generated by finite union of cylinders. One of the main objects of study in
classical statistical mechanics are the finite volume Gibbs measures, which are probability measures

LOur results also hold for more general distributions of h,., see Remarks 3.2.3 and 3.2.5.
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n (Q,.%), given by

ar(®) = Ly (0) (1.13)
LA o) =1gn(0) =7+, 1.
A7ﬁ7€h A ZX 6 E(h)
where 8 > 0 is the inverse temperature and ZX g 18 the partition function, defined as
Zy 5 (h) =Y e PRl (4.1.4)

oeQ]
As in the short-range case, since the external field is random, the Gibbs measures are random
variables. To make the dependence of /f]\; 5.en O Q explicit, we write //]\; 8.ch [w], with w being a

general element of Q. Two particularly important boundary conditions are given by the configu-
rations ny = +1 and n— = —1, and are called + and — boundary conditions, respectively. For
these boundary conditions, we can P-almost surely define the infinite volume measures by taking
the weak*-limit

’U’gyﬁh[ w] = lim MAn,,B,ah[w]v (4.1.5)

n—oo

where (Ay)nen is any sequence invading Z?, that is, for any subset A € Z%, there exists N =
N(A) > 0 such that A C A, for every n > N. By Lemma 1.2.3, for any fixed external field, the
measures ufn. g.enlw] are monotone, which guarantees the existence of the limits over sequences

invading Z?. To have more than one Gibbs measure, it is enough to show that ;LE enlw] # pg ],
with P-probability 1, see [17, Theorem 7.2.2].

4.1.1 Phase Transition for a« > d+ 1

When a > d+1, Ginibre, Grossman and Ruelle [44]| showed that we can use the standard Peierls’
argument, with the short-range contours, to prove phase transition for the long-range model. This
happens since we can extend the bound (3.1.6) a class of models with long-range interactions. This
is shown in the next proposition

Proposition 4.1.1. For the long-range Ising model with o > d+ 1, there is a constant ¢1(«,d) > 0
such that, for any o € Q and v € I'(0)

HY o(m(0)) = Hy(0) < =Jer(a)n]. (4.1.6)
Here, T'(0) is the collection of short-range contours defined in the previous chapter.

Proof. A straightforward computation shows that

HKO(T’Y(O-)): Z JayTy(0)Ty (0 Z Jg:yT»\/ )aTy (0 Z JoyTy(0)aTy(0)y
z,y€l(y) z,y€l(y z€l(y)
y€l(v)®
= — Z JuyOz0y — Z JyOr0y + Z JuyO ey
z,y€l(y) z,y€l(y)¢ zel(y
?JEI(’Y)

= HIJ{’O(O') +2 Z JayOr0y.
z€l(7)
yel(v)°
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Therefore, the difference can be bounded in the following way

1

SHo () = HYo(0)) = Y Jwyoaoy= D Jowoy+ D Juyowoy
z€l(y) z€dinI(7), z€l(y),
y€l(v)© y€dex1(7)¢ y€l(v)©
|z —y[>2

<—Jhl+ > Juy
z€I(7y)
y€l(y)°
|z—y|>2
= —Jhl+ > Josl{{z.y} iz €1(7), y € 1(7)% 2 —y = k}.
kezd
|k]>2

For i =1,...,d, let v; be the faces of v perpendicular to the direction e;. Using that

d
{a,y}ix €1(9), y €Iz —y =kl <D [Killyl,
=1

we get

J
H/to(ﬂ/(a)) - HX,()(U) < —2J]y|+2 Z W‘ﬂ

kezd
[k|>2

Taking c1(a) = 2(1 = >4 cpd W%), we conclude our proof by noticing that ¢;(«) > 0 if and only
k| =2
ifoo>d+1. O

Remark 4.1.2. Notice that the proof above holds for any interaction J = {ny}x7yezd that s
translation invariant and satisfy

> zilJow < Joe

z€Z?

|z|>1
for everyi=1,...,d, where e; is a base vector in the i-th direction and x; is the i-th coordinate of
x.

With Proposition 4.1.1, we can use the exact same argument from the previous section, only
replacing the measure uX;EEh(G) by ,uX; 5.en(0), to prove the next theorem.

Theorem 4.1.3. For d > 3 and o > d + 1, there exists a constant C' := C(d,«) such that, for all
B >0 and e < C, the event ,

ihpen(o0 = —1) < O 4 O (11.7)
has P-probability bigger then 1 — e~ P — e=C/e

In particular, for 8 > B, and € small enough, there is phase transition for the long-range Ising
model.

The only difference between the two cases is that, for the long-range model, the error function
is
Ap(h) = —=log —/——— (4.1.8)
B Z g (ta(h)
for any A € Z%. We are abusing the notation here since A4(h) denotes two different random
variables; (3.2.2) and (4.1.8). We hope this does not cause any confusion, since the only property



64 LONG-RANGE RANDOM FIELD ISING MODEL 4.2

we use from A 4 is that it satisfies Lemma 3.2.4. Moreover, all remarks and claims made in Section
3.2 hold for both definitions of A 4.
For d < a < d+ 1, we need to use a different contours system, introduced next.

4.2 Long-range Contours

Contours were first defined in the seminal paper of R. Peierls [66], where he introduced these
geometrical objects to prove phase transition in the Ising model for d > 2. This technique is known
nowadays as the Peierls’ Argument. One of the most successful extensions of this argument was
made by S. Pirogov and Y. Sinai [67], and extended by Zahradnik [70]. This is known as the Pirogov-
Sinai Theory, which can be used in models with short-range interactions and finite state spaces,
even without symmetries. The Pirogov-Sinai Theory was one of the achievements cited when Yakov
Sinai received the Abel Prize [56].

For long-range models, using the usual Peierls’ contours with plaquettes of dimension d — 1,
Ginibre, Grossman, and Ruelle, in [44], proved phase transition for « > d + 1. Park, in [64, 65],
considered systems with two-body interactions satisfying |Jy| < |z — y|™® for a > 3d + 1, and
extended the Pirogov-Sinai theory for this class of models. Frohlich and Spencer, in [41], proposed
a different contour definition for the one-dimensional long-range Ising models. Roughly speaking,
collections of intervals are the new contours but arranged in a particular way. When they are
sufficiently far apart, the collections of intervals are deemed as different contours, while collections of
intervals close enough are considered a single contour. Note that this definition drastically contrasts
with the notion of contour in the multidimensional setting since now they are not necessarily
connected objects of the lattice. This fact implies that the control of the number of contours for a
fixed size could be much more challenging.

Inspired by such contours, Affonso, Bissacot, Endo, and Handa proposed a definition of contour
extending the contours of Frohlich and Spencer to any dimension d > 2, see [1]. With these contours,
they were able to use Peierls’ argument to show phase transition in the whole region o« > d, with
d > 2. Note that such contours can be very sparse, in the sense that its diameter can be much larger
than its size. We modify the contour definition of [1] using a similar partition through multiscale
methods. We choose to use the new definition of contours for two main reasons: the definition is
simpler, and we can improve the control of the number of cubes needed to cover a contour, from
a polynomial bound to an exponential bound, see Propositions 4.4.9 and 4.4.10. We would like to
stress that the main results of this paper still hold if we adopt the notion of contour presented in
[1]. In Remark 4.4.17 we describe the key adaptations that must be made in our arguments. In this
section, we describe our contours.

Definition 4.2.1. Given o € Q, a point x € Z% is called + (or - resp.) correct if o, = +1, (or —1,
resp.) for all points y such that |x — y| < 1. The boundary of o, denoted by 0o, is the set of all
points in Z% that are neither + nor — correct.

The boundary of a configuration is not finite in general, it can even be the whole lattice Z¢.
To avoid this problem, we will restrict our attention to configurations with finite boundaries. Such
configurations, by definition of incorrectness, satisfy o € Q}t or o € {1, for some A € Z%. We also
defined, for each A € Z%, A(© as the unique unbounded connected component of A°. The volume
of A is defined as V(A) :== Z¢\ A©). The interior of A is I(A) := A®\ A©),

The usual definition of contours in Pirogov-Sinai theory considers only the connected subsets
of the boundary do. We have to proceed differently for long-range models since every point in the
lattice interacts with all the others. The definition below, which was presented in [1], allows contours
to be disconnected, and in return, we can control the interaction between two contours.

Definition 4.2.2. Fiz real numbers M,a,r > 0. For each A € 7%, a set T(A) = {7 : ¥ C A} is
called an (M, a,r)-partition when the following conditions are satisfied:

(A) They form a partition of A, i.e., Uﬁerl(A) ¥ = A and ¥N5 = 0 for distinct elements of ' (A).

/!

Moreover, each 7' is contained in only one connected component of (7)°.
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(B) For ally € TY(A) there exist 1 <n < 2" — 1 and a family of subsets (;,)1<k<n Satisfying

(B1) 7 = U <k<n Vi
(B2) For all distinct 7,75 € T''(A),

a
ist(y,% M mi i ol i ~ 4.2.1
dist(¥,7") > M min {1I<naX diam(7,,), lrgr%);,dlam(%)} , ( )

<k<n
where (Y;)1<j<n 18 the family given by item (B1) for 7.

This partition was used to define the contours in [1], and they are enough to control the energy
of erasing a contour. Moreover, by suitably constructing these partitions, with a proper choice
of the constants M, a, and r, the authors can control the number of contours with a fixed size
surrounding the origin. These are the two main ingredients of the Peierls’ argument. We introduce
a new partition, that has a much simpler definition. This partition will also be constructed by a
multiscale procedure, described next.

Definition 4.2.3. Let M > 0 and a,d > d. For each A € 7%, a set T'(A) == {7 : 57 C A} is called
a (M, a,d)-partition when the following two conditions are satisfied.

A) They form a partition of A, i.e., | )= 5 =A and yN7 =0 for distinct elements of T'(A).
YET(A)

(B) For all5,5 € T'(A)

A7) > Mmin {[VF), [VF)[}° . (4.2.2)
Remark 4.2.4. Our construction and the control of the energy works for any d < § < w and
a > (i(ii;r)l/\)l. To simplify the calculations, we will take 6 = d+ 1 and a = a(a,d) = (i(ii;)% from
now on, so § = (ajl)ﬂ and a (M, a,d)-partition will be called (M, a)-partition.

In Figure 4.4 we give an example of a region A € Z% that is only one contour using the (M, a, r)-
partition of [1], but can be partitioned into multiple components to form a (M, a)-partition.

A
r = 2
M2ra€ M2ra€ M2ra€
27“( / 27“€ 27“( \ 27‘€
Ay Ag A A
3 4 A
(M,a) — partition (M,a, r) — partition
F(A) = {A17 A27 A3> A4} {A}

Figure 4.4: We wish to partition the gray area A. Each cube has side 2" and the distance between each
other is M2 . With r =2, 2" — 1 = 3 and therefore no partition into smaller parts is a (M, a,r)-partition.
However, the partition into connected components { Ay, Ag, Az, Ay} is an (M, a)-partition, since V(4;)5 =
2ra§t < oral whenever § > d.
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The existence of a (M, a)-partition for any A € Z¢ does not depend on the choice of M, a > 0.
However, to guarantee the existence of phase transition, we have to choose particular values for
these parameters, see Remark 4.2.4. Later on, in Proposition 4.2.14, M will be taken large enough.

We write I'(0) := I'(9do) for a (M, a)-partition of do. In general, there is more than one (M, a)-
partition for each region A € Z%. Given two partitions I' and I” of a set A, we say that I' is finer
than T”, and denote I' <X I, if for every 7 € I' there is 7/ € I" with ¥ C 7. The next proposition
shows that the finest (M, a)-partition exists.

Proposition 4.2.5. For every A € 7%, there is a finest (M, a)-partition.
Proof. Given any two (M, a)-partitions I'(A) and I(A), consider
N ={Fn7 :5eT(A), ¥ €T'(4), yn7 # 0}.
Then, I'NT" is a (M, a)-partition of A finer than I'(A) and IV (A). Indeed, given 7, N7}, 7, N7, €
rnr,
d(71 N1, 72 NF5) = d(71,72) = M min {[V (7)1, [V (F,)[} 47
> Mmin{|V(7; 0 71), [V (32 N72) [}

As the number of (M, a)-partitions is finite, we construct the finest one by intersecting all of
them. O

From now on, when taking a (M, a)-partition I'(A), we will always assume it is the finest. It is
easy to see that the finest (M, a)-partition I'(A) satisfies the following property:

(A1) For any 7,5 € I'(A), 7' is contained in only one connected component of (7).

Property (A1) is essential to define labels as in [1]. It implies in particular that 7’ is contained
in the unbounded component of 7€ if and only if V(§) NV (§’) = (). See Figure 4.5 for an example
of partition not satisfying (A1).

Figure 4.5: An example of how Condition (A1) works: considering %' the dotted region and 5" the grey
region, one can readily see that %' intersects two different connected components of (7). To turn this into
a partition satisfying condition (A1), one should separate ¥ in two different sets of T'(A).

Counting the number of contours surrounding zero using the finest (M, a)-partition may be
troublesome since the definition provides very little information on these objects. To extract good
properties of these contours, we establish a multiscale procedure, depending on a parameter r, that
creates a (M, a)-partition of any given set. To define this procedure, we introduce some notation.
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For any x € 7% and m > 0,

d
Cn(z) = (

1

[2ma;, 2™ (x; + 1))) Nz, (4.2.3)
1

is the cube of Z¢ centered at 2™z 4 2™~ ! — % with side length 2™ — 1, see Figure 3.1. Any such
cube is called an m-cube. As all cubes in this paper are of this form, with centers 2™z + 2m~1 — %
and = € Z¢, we will often omit the point = in what follows, writing C,, for an m-cube instead of
Cn (7). An arbitrary collection of m-cubes will be denoted %, and By, = Ugeg,, C is the region
covered by %;,. We denote by %,,(A) the covering of A € Z? with the smallest possible number of
m-cubes.

For each n > 0, define the graph G, (A) = (V,,(A), E,,(A)) with vertex set V,,(A) = 6,(A) and
En(A) ={(Cy,CL) : d(Cy, CL) < M2}, Let 9, (A) be the connected components of Gy, (A). Given
G = (V,E) € 9,(A), we denote A® := AN By the area of A covered by G. In the next proposition,
we will introduce a procedure that can generate a (M, a)-partition that can be nontrivial.

Proposition 4.2.6. For any r > 0 and A € Z%, there is a possibly non-trivial (M, a)-partition
I"(A).

Proof. Given r > 0 and A € Z%, I'"(A) is the partition of A created by the following procedure. In
the first step we consider A; := A and we take the connected components of G € 4,.(A;) such that
AlG have small density, that is, consider

P ={G e G.(A) : |V(AF)| < 2rld+1)},

Then, the subsets to be removed in the first step are I'}(A) = {A{ : G € £} and the set left to

partition is Ao == A1\ |J ~. We can repeat this procedure inductively by taking
veri(A)

P ={G € Gn(Ay) : [V(AG)| < 27D,

then define I7(A) = {AS : G € #,} and A, 1 = A,\ U 7. As the cubes invade the lattice,
vET,(A4)

this procedure stops, in the sense that for some N large enough, &2, = () for all n > N. We then

define I'"(A) = Up>0I'},(A). By this construction, I'"(A) is clearly a partition of A, so condition

(A) follows. To show condition (B), take 7,7 € T"(A). Let m > n > 1 be such that 7 € I'},(A)

and 5 € I'7 (A). Then,

d(7,7) > M2 > M (2Tn(d+1))TH S MV

If m = n, the same inequality holds for |V (¥')| and condition (B) holds. When m > n, ¥ was not
removed at step n, so [V (F)| > 27D > |V(7F)|, so |V (F)| = min{|V(F)|, |V (F)|} and again we
get condition (B). O

The construction in Proposition 4.2.6 works for any r > 0, but we need to take r large enough
for the computations in Section 3 to work. So we fix 7 := 4[logy(a + 1)] + d + 1, where [z] is the
smallest integer greater than or equal to . This r is taken larger than the one in [1] to simplify some
calculations. All our computations should work with the previous choice of r, with some adaptation.
Next, we define the label of a contour.

Definition 4.2.7. For A C Z%, the edge boundary of A is OA = {{z,y} C Z¢ : |x —y| = 1,z €
A,y € A°}. The inner boundary of A is OnA = {x € A : Jy € A such that |x — y| = 1} and the
external boundary is OexA == {x € A°: Jy € A such that |x —y| =1}

Remark 4.2.8. The usual isoperimetric inequality states that 2d\A\% < |OA|. The inner boundary
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and the edge are related by |OinA| < |OA] < 2d|0inA|, so we can write the inequality as \A\% <
|Oin A

To define the label of a contour, the naive definition would be to take the sign of the inner
boundary of the set 7. However, this cannot be done since this inner boundary may have different
signs, see Figure 4.6.

Figure 4.6: An example of I'(c) = {7}, with ¥ having regions in the inner boundary with different signs. In
the figure, the grey region are for incorrect points, the black and white borders corresponds to, respectively,
+1 and —1 labels.

For any A € Z% its connected components are denoted A, ... A Given 7 € I'(s), a
connected component 7¥) is external if V(79)) ¢ V/(F*)), for all other connected components 5/
satisfying V (79)) N V(7)) # §. Denoting

= _ ~(k
Yext = U 7( )7
k>1
~7(¥) is external

it is shown in [1, Lemma 3.8] that the sign of o is constant in 0i,V (J.y ). The label of 7 is the
function lab : {(F)@, 17)M ... 1(7)™} — {~1,+1} defined as: lab=(I(7)*)) is the sign of the
configuration o in 95,V (I(7)*), for k& > 1, and lab=((7)(?)) is the sign of ¢ in G,V (Fex). We then
define the contours.

Definition 4.2.9. Given a configuration o with finite boundary, its contours ~y are pairs (7,laby),
where 5 € I'(0) and laby is the label of 7 as defined above. The support of the contour v is defined
as sp(y) =7 and its size is given by |y| = |sp(7)].

Another important definition is of the interior of a contour ~y, given by I(7) = I(sp(y)). This
notion of interior and volume works as expected since I(v) = V(sp(v)) \ sp(y). We also split the
interior according to its labels as

k>1,
lab (I(7)*))==1
To simplify the notation, we write V(v) := V(sp(7)). Different from Pirogov-Sinai theory, where
the interiors of contours are a union of simply connected sets, the interior I(7) is at most the union
of connected sets, that is, they may have holes.

Moreover, there is no bijection between families of contours I' = {71, ...,7,} and configurations.
Usually, more than one configuration can have the same boundary. First, I' may not even form a
(M, a)-partition. Even so, their labels may not be compatible. We say that I' is compatible when
there exists a configuration o with contours precisely I'.
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I

Figure 4.7: Here we have two different cases of incompatibility. First, v1 and o are too close to be split in
two, thus they should be the same contour. Moreover, v1 and 3 are not compatible since their labels do not
match.

A contour v in I' is external if its external connected components are not contained in any other
V(¥), for o/ € T'\ {7}. Taking I(T) := U erli(y) and V(') := U,erV (v), for each A € Z¢ we
consider the sets

X ={0 ={v,...,7} : [ is compatible,y; is external,lab%((%)(g)) ==+1,V(T') C A},

of all external compatible families of contours with external label + contained in A. When we write
v E Sff we mean {7y} € E[jf. Most of the time the set A will play no role, so we will often omit the
subscript.

The first step for a Peierls-type argument to hold is to control the number of contours with a
fixed size. Consider Co(n) == {y € £ : 0 € V(v),|y] = n}, the set of contours with fixed size with
the origin in its volume, and Cp := Up>1Co(n).

We will later show in Corollary 4.4.13 that the size of the set Cy(n) is exponentially bounded
depending on n. Before we start the estimations of the Peierls arguments, let us present a property
of the new contours that, despite not being necessary in our results, highlights a major difference
between our construction and the contours of [1].

Proposition 4.2.10. There exists a constant ¢ == ¢(d,a) such that all o € Q and v € T'(0),

diam(y) < ¢ly| i 0+a)

Proof. Let j > 1 be such that v € I'}(0), that is, v is removed in the j-th step of the construction.
Then, |V ()| > 2/ @DG=D_ For any A, A’ € Z¢,

diam(A U A) < diam(A) + diam(A’) + dist(A, A'),

and we can always extract a vertex from a connected graph in a way that the induced sub-graph
is still connected, by removing a leaf of a spanning tree. Using this and the fact that G,; =
(¢rj(7v), Erj(7)) is connected, we can bound

diam(y) < diam(Ba,, (7)) < [%,5(7)[(d2"7 + M2™)
< 2Md2™ || = 2M 279270V |y | < 2Md27|V (7)| 7+ ||
< 2Md2m|7‘1+ﬁ(1+ﬁ)’
what concludes our proof for ¢ = 2M d2"¢. O

Repeating this argument for the contours defined by (M, a,r)-partition, we would get a sub-
exponential bound on the diameter. The only difference in the argument is that we must replace
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[V (y)] > 2r@+DG=1 by |V ()| > 2. We also need to use that j < n!°82(2)/r=d=1 " otherwise, by
Proposition 4.4.9, we would have only one r(j — 1)-cube covering ~, and therefore j would not be
the step the contour was removed.

A key step of a Peierls-type argument is to control the energy cost of erasing a contour. Given
I' € £, the configurations compatible with T' are Q(T') = {o € Qf : I' C I'(0)}. The map
0 Q(T) — Qf defined as

o, ifzx el (T)uV (D),
m(0)e =% —0p ifzel (1), (4.2.4)
+1 if x € sp(T),

erases a family of compatible contours, since the spin-flip preserves incorrect points but transforms
—-correct points into +-correct points. Define, for B € Z¢, the interaction

FB = Z ny.

z€B
yeB©

In [1] it was proved the following proposition:

Proposition 4.2.11. For M large enough, there exists a constant co = ca(c,d) > 0, such that for
any configuration o € Q and ¥ € I'(0), with 7 external and 0 € V(7), it holds that

H{y(0) — Hfy(r5(0)) > eafrl. (4.2.5)

We now need to extend this proposition to our contours. To do so, we need some auxiliary
lemmas.

Given B C Z% and ¢ € Q with 9o finite, let T'1y (0, B) be the contours o/ with sp(vy') € I'(o)
and enclosed by B, that is, sp(y’) C B. Define also I'gy( (0, B) as the contours 7' with sp(y’) € I'(o)
outside B, that is, sp(y') C B°.

Lemma 4.2.12. Given o € Q with o finite and a contour vy with sp(y) € I'(0) , there is a constant
rD = m(ll)(a, d), such that, for B = sp(vy) or B =1_(v) we have

|B] FB} , (4.2.6)

1 i (d—a)
> Toy < KD | gV ) 4 38
y€V (TExs (0,B)\{7})

Proof. Fixed o and B, we drop them from the notation, so I'gxt = I'pxt (0, B). Splitting I'pxt \ {7}
into Ty :={v €T \ {7} : IV(Y)| = [V(7)|} and To = Ty \ (T1 U7y) we get

Yo TS D Tyt Y uy
B

x€eB xE zeB
Y€V (Cexe\{7}) yeV (Y1) yeV(Ts2)

For any v € Y1, d(v,~') > M|V (v)|71. Moreover, V(y') C V(v)¢, otherwise we would have
a region contained in V() with volume bigger than |V (v)|. Hence, for any z € B and y € V(v/),
with ’)// S Tl, .

d(z,y) = d(v,7') = M|V (7)]7T.

Yoo T < Y Jw =Bl Y oy (4.2.7)
(S

z€B reB yily|>R
yeV (Y1) y:ly—z|>R

We can then bound

with R := M|V (v)|7.
Defining s4(n) == |[{z € Z? : |z| = n}|, it is known that sg(n) < 229 1ed=Ind=1 see for example
[1, Lemma 4.2]. Using the integral bound of the sum, we can show that
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> dw=J) Sdn(:) < g2ty na}d+1

e - " 2d—1 ,d—1 d—1+a,d—1 (4.2.8)
° 1 J2447 e J24T et
2d—1 _d—1 d—a d—a
§J2 (& / waid+ld$§ (a—d) LRJ S wR .
LR]
Together with (4.2.7), this yields
J2d—1+aed—1 o 1d—a
Toy < 1Bl [ MV (7)[751]
gg;g Y (a—d)
yeV (Y1)
d—14+a,d—1 o
J2T T 1Bl |y atia, (4.2.9)

<
-~ (a—d) Mod

To bound the other term, split Yo into layers Yo, = {7 € To: V()| = m}, for 1 <m <
|V (7)| — 1. Denoting y , € sp(y’) the point satisfying d(z,sp(y’)) = d(z,yy »), we can bound

Yoo T < D> W) ey, <m0 D ey,

z€eEB z€B z€EB
yeV(T2,m) v E€YT2,m ¥ €Y2,m

Consider the minimal paths )\x,yw, . that connects = and y,/ .. Denoting )\my ~ the path re-

/

stricted to the last %mﬁ steps, we have

M o
gmd+l vayv’,z < Z Iy (4.2.10)
YyEN

Yt

Since d(z,yy 2) = d(v,7") > Mmdil, and d(yy 2, Yy 2) > d(¥, ") > Mm@ for any +, 7" €
T2.m, the balls with radius 4 md+1 centered in y. ., for all ' € T p, are disjoint and are contained
in B¢. Hence, the paths )\xy ., and )\f,cy », are disjoint, for all v, 4" € Tom, and are in B
Therefore, summing equation (4 2.10) over all points contours in Yo, we get

> ey, < DD DI
Yy

'YIETZ,m Y GTZ ,m y€>\

Mmd+1

Y

and we recuperate the desired inequality by summing over x € B we conclude that

Z Jz,y,y/yx < %FB

B Mmd+1
’YIETZ,m
That gives us
V()] a
3C(7 — 1
Yo T < Z s i =D, (4.2.11)
z€eB m=1 Mmd+1 M
yEV(Tg)

what concludes the proof for kY = % +3¢(z57 — 1) O

Corollary 4.2.13. For any configuration o € Q and vy € T'(0),



72 LONG-RANGE RANDOM FIELD ISING MODEL 4.2

F,

S Ty < 2553)]\4(%(3))“, (4.2.12)

z€sp(y)

yeV (TN {1)

3 oy < 241)%, (4.2.13)

z€l_(v)

Y€V (TExs (0.l (v)\{7})
and e

3 oy < KSNT(”) (4.2.14)

z€l_(7)°
Y€V (Pt (0,1-(7)))

Proof. The first inequality is a direct application of the Lemma 4.2.12 for B = sp(7y), once we note

_ : ol ol : :
that T'pxt (0, B) = T'(0) \ {7} and, our choice of a, o D < Wiy < 1 The second inequality
is likewise a direct application of Lemma 4.2.12 for B = V' (), since V)l < VOl < 1. For

V(y)arte=d = V()]

the last inequality, we cannot apply Lemma 4.2.12 directly. However,|t}(12:) ‘proof works in the similar
steps when we take B = I_(y)¢. Moreover, notice that V(I (0, 1-(7))) = V(Iext (0, 1-(7)¢)) and,
for all v/ € T(o,1-(7)), |[V(Y)| < |V(v)|- In the notation of the proof of Lemma 4.2.12, this
means that To = Iyt (0,1-(7)¢), so equation (4.2.11) yields

a (e
< — .
) R
z€l_(v)¢
yeV (Text (0,1 (7))
Since F1_(4)e = F1_() and C(ﬁ -1 < K,S), we get the desired bound. O

We are ready to prove the main proposition of this section:

Proposition 4.2.14. For M large enough, there exists a constant cy == ca(a,d) > 0, such that for
any A € Z¢, v € £, and o € Q(y) it holds that

Hy (o) = Hyo(14(0)) > ca (7] + F1_(y) + Fip(y)) - (4.2.15)

Proof. Fix some o € (). We will denote 7,(0) := 7 and I'(¢) := I' throughout this proposition.
The difference between the Hamiltonians is

HX_(U) Z J:cy TxTy — Uacay) + Z Jacy(Ta: - U:c)
{z,y}CA yxeefi\c
= Z Joy(TaTy — 020y) + Z oy (T — 02) Z Joy(Te — 02)
{zy}cV(T) zeV (T eV (T)
yEA\V( ) yEA®
= Z oy (TaTy — 020y) + Z oy (Te — 02),
{:c,y}CV(F) (ITEV
er(F)

(4.2.16)

where the second equality is due the fact that outside V(I') the configurations o and 7 are equal
to +1. Since 7, = 0 for z € V(I' \ {}) we have

Z Joy(TaTy — 020y) Z Juy(0z — 72) = Z Joy(TaTy — 020y) + Z oy (Tooy — 020y).

{zy}cV(D) zeV (T {zy}CV(y) eV (v)
er(r) yeV (v)°©



4.2 LONG-RANGE CONTOURS 73

We focus now on the sum involving the terms {z,y} C V(7). We can split it accordingly with
V(7) = sp(y) UI(7). Then,

Z Jay(TaTy — 020y) Z Jay(TaTy — 020y) Z oy (TaTy — 020y) + Z Joy(TaTy — 020y)

{zy}CV(v) {z,y}Csp(7) {zy}Cl(7) z€sp(7)
y€l(v)
Z Joy(1 = 0z0y) — 2 Z JayOu0y + Z Tey(—1)11- (7)(y)‘7 — 020y),
{z,y}Csp(7) zel_(v) zesp(y)
y€lL(7) y€el(v)

where for the second equality we used the definition of the map 7, and 1;_,)(y) = 1if y € I_(v)
and 1y_(,)(y) = 0 if y € L1 (7). For the same reason, we have

Z oy (To0y — 020y) Z Joy(oy — 0g0y) — 2 Z JoyOa0y

z€V(y) z€sp(7) z€l_(7)
yeV(v)° yeV(y)° yeV(y)¢

Putting everything together and using that to, — oy0y = 2145, 45,3 — 215, 51} We get

HX() H+ Z ny]l{agc;éay}"i_ Z ny]l{az¢ay} 2 Z nyUzO'y
x€sp(y) xesp(7) z€l_(7)
yezd yEsp(7)© yEB(Y)
=2 ) Jaylipem1y =2 Y Jaylio,—t1}s (4.2.17)
zesp(y) z€sp(7y)
yEB(7) y€l_(v)

with B(y) =14 (7) UV (7).
We first analyze the last two negative terms. It holds that

Z nyl{oy:fl}"i_ Z meﬂ{ay:+1}§ Z Ja:ya

x€sp(y) z€sp(y) x€sp(y)
yEB(Y) y€el_(v) yeV (T (a)\{7})

since the characteristic function can only be non-zero in the volume of other contours. By Corollary

4.2.13,
E

S Uy < 2@”%. (4.2.18)
z€sp(y)
veV (LN {})

For the negative term left, taking I'' the contours inside I_(y) and I =T'(o0) \ (I U~) we can
write

Z JoyOp0y = Z JryOu0y + Z JryOs

zel_(y) zeV (V) zeV (I)
yE€B(7) yGV(F”) yEB(\V (")
— Z Jyoy — Z Jry-
z€l_()\V(T) z€l_ ()\V(T)
yeV (") yEB(M\V(T)

We can write the first term as

Z J:vany: Z Jzy— Z 2J$yﬂ{oz7éay}'

zeV(T) zeV (I) zeV(I)
yeV (") yeV (") yev ()
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Similarly, we have

Z JoyOz — Z Juyoy = Z 2Jey g, =11} — Z Ty

zeV(I) z€l_(y)\V(I) zeV (1) zeV(I)
yEB(Y\V () yev (") yeB(y\V () yEB(Y\V(I")
+Y . 2yl = Y ay
€l (M\V(T) zel_(Y)\V(IV)
yeV (") yeV(I)

Putting the equations together we have

Z Ty =Y Jay+ D 2Dyl oyt Y 2yl

z€l_(v) zeV (1) z€l_(y)\V(I) zeV ()
yEB(7) yev(T") yeV([T") yEB(M\V (")
= Y Tm— Y 20mleey— >, ey (42.19)
z€l_(y)\V(I) zeV(I7) z€l_(v)
yev (") yev(Ir”) yEB(\V(I")

We can bound the first two terms by

Fr_
S eyt Y 2l <2 Y Jyy < 4&3”}\4(7%)“. (4.2.20)
zeV(I) z€l_(y)\V(I) z€l_(v)
yGV(F”) yeV () yGV(F”)

In the second inequality, we are applying Corollary 4.2.13. For the next term, since B(~)\ V(I'") C
I_(v)¢, we can bound

F1_(y)

1 —
> 2l <Y 200y < 260 iR (4.2.21)
zeV (1) zeV(I)
yEB(M\V(I') yel_(v)°

In the last inequality, we are again applying Corollary 4.2.13.
For the negative terms in (4.2.19), we bound the term containing 1y, ., by 0 and multiply
the remaining terms by W, getting

1
Yo Tat Y 20lpeyt D Jzyzw S Tt ) Ty

sl ()\V(I)  zeV(l) 2el_(7) wel_()\V(I") zel_(7)
yev(r”) yev(r”) yeBA\V (™) yev(r”) yeB(\V ()

Using the second inequality of (4.2.20), we have

Z Juy + Z Jwy—FI GO Z Jry — Z Iy

zel_(y)\V () z€l_(v) zeV(I7) z€l_(y)
yeV (") yeBM\V () yeV (") yesp(7) (4.2.22)

~() ~ Fsp(y)-
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Plugging inequalities (4.2.20), (4.2.21) and (4.2.22) back in (4.2.19) we get

I3 2xG) R 1 1
<) _T1-00) o -
EIZ:( )nyax"y < brg N (a—d)AT t (2d + 1)20F1 Mla=dAL (24 + 1)20+1 B+ (2d + 1)2a+1Fsp(7)
zel_ (v

yeB(v)

1
< [ 6x) + 2'%( : I1_(y) _ 1y Fap(y)
- (2d 4 1)20+1 | Mla=dAL (2d 4 1)20+1  (2d + 1)20+!
Foog | Fo) — Fig)

M (a—d)AL (2d + 1)2a+1

< 8kM (4.2.23)

For the positive terms in (4.2.17), we can use the triangular inequality to bound, for every
z,y € Z¢,

DT S Y (= e

!/ __ —_
|lz—a’|<1 Ty |lz—a'|<1 2" =yl lz—a’|<1 " =yl
< > (1 - 1>a < (2d +1)2°
< T <
ol N
This shows that
me2(2d+1 Z Jazy7
le—a’|<1
and therefore
1
Y Juliptoy t D Toylite,) 2 Qd+1)2e (Jealvl + Fopy) (4.2.24)
z€sp(y) zesp(7)
yezd yEsp(7)©

with ¢, = ZyEZd\O ly|~“. Plugging (4.2.18), (4.2.23) and (4.2.24) back in (4.2.17) we get

(1) (1)
Jeo 1 16K 1 4k
+ + _ a _ a
Hilo) = Hy(r) = (2d + 1)2“‘7| " ((2d+ 1)20+1 M(a—dMl) Lo ((2d+ 1)20+1 M(a—d)M) Esp();
what proves the proposition for M(@~dAL > 16/{,(11)20‘"”(2(1 +1). O

4.3 Joint measure and bad events

In the short-range case, the spins that need to be flipped to erase a contour are precisely the ones
in the interior of it. This is not the case for the long-range model, so we make a slight modification
in the argument, and instead of performing the same flips in both spaces, we flip the external field
only on I_(v). Doing this, not only does the partition function change, but we also get an extra
cost when comparing the original energy with the energy after performing such a transformation.
This extra term depends only on the external field in sp(7).

In this section, we define the measure in the joint space and show that, with high probability,
the change of partition function resulting from such flipping is upper-bounded by the size of the
support |7y|, with high probability.

Given A C Z?, a contour associated with a configuration in Qj{ is not always inside A. To avoid
this, we consider the event © = {0 : 0, is +-correct for all z € di,A} and the conditional measure

VR pen(A) = 13,5 (AlOA) (4.3.1)
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for any A C Q measurable. First, we show that l/A Beh 18 also a local Gibbs measure. To do this,
we need the so-called Markov property of the local Gibbs measures, which states that, for any
A C Ay €78 ,ne€Qandw e QY ,

“Xz;ﬂ,sh( | op =we, Ve € Ag\ ) = “Xuﬁ,ﬁh(')‘

Consider the set A’ = {x € A : d(z, A°) > 2}, that is the set A after we remove the sites at the
inner boundary and all of its neighbors. Then, © = {0 € Q} : 0, = +1, Vo € A\ A'}. Using the
Markov property, for every A C 2 measurable we have

I/X_;ﬁﬁh(A) = 'LLX;IB,E}L(A|O-$ =+1, Ve e A\N) = MX’;B,sh(A)'

This not only shows that VX_, B.ch is a local Gibbs measure, but it also that lim,_, I/X_n, Beh = ME cho

with the limit being taken over any sequence (A,),>o invading Z?. Define the joint measure for
(o,h) as

Qip.(c€AheB):= /B Vi.g.en(A)dP(h),

for A C Q measurable and B C R* a Borel set. This measure Q A8, has density

1h2
gABeah erQIXVAﬂsh()

TEA

The operation 7, used to remove a contour v € I'(c) can be written as a particular case of the
following one: given A C Z<, take 74 : RZ" 5 RZ as

—Ux f Aa
e HTE (4.3.2)

(Ta(0))s = {

Oy otherwise,

for every z € Z. Defining sp(7y,0)* = {z € sp(y) : 0, = £1}, the transformation that erases a
contour 7 is 7 (0) = Ti_(1)usp—(7,0)(7)-

The main idea used in the proof of phase transition in [31] is to make the Peierls’ argument on
the measure Q4.3, and perform in the external field the same flips one does in the configuration
when erasing a contour. Formally, in [31] they compare the density g;{; 8, (o, h) with the density after
erasing a contour v € I'(0), and performing the same flips on the external field. For the short-range
model, the spins that need to be flipped to erase a contour are precisely the ones in the interior of
it. This is not the case for the long-range setting, so we compare ng{;,B,a (0, h) with the density after
erasing -y and flipping the external field only in I_(v), getting

e~ O P Hhen o (PO) = PHLaoD =g )
zZy h
cop(-duhl-29 Y O (g
zesp~(v,0) AiBe

where the constant cs is the one given by Proposition 4.2.14.

The sum of the external field in sp~ (v, 0) can be shown to be of order |sp~ (v, 0)|, and do not
influence the Peierls’ argument. However, the quotient of the partition functions can be bigger than
the exponential term. Again, the bad event is

A h 1
e e ) gup Pl 1L
v€Co C2|7| 4
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where A4(h) is the function previously defined in (4.1.8). Let us remind again that we are
abusing the notation once A 4(h) denotes two different random variables, (3.2.2) and (4.1.8). We do
so since the only property we use from A 4 is that it satisfies Lemma 3.2.4. Moreover, all remarks
and claims made in Section 3.2 hold for both definitions of A 4.

To control the probability of the bad event, we the concentration inequalities presented in Section
3.3.1. Using then, the bound on the bad event £¢ follows from the next proposition.

Proposition 4.3.1. Given n > 0, d > 3 and o > d, there is a constant L1 = Ly(d,a) > 0 such
that
’72(17(71),(12) < eLln.

As a direct consequence of this Proposition, we can control the probability of the bad event.

C
Proposition 4.3.2. There exists Cy := C1(a, d) such that P(E°) < e for any €2 < C1.
Proof. By the union bound,

|AL('y)(h)| 1 > Cco
P({sup —————>—-| <>» P| sup |[A_y(h)|]>—]]- (4.3.4)
(”/ECO caly 4 222 recotmy >3

n—=

Let 7,7 € Co(n) be two contours satisfying diam(I_(n)) = dao(I-(7),I_-(v’)), where the diameter is
in the do distance. By the isoperimetric inequality,

= 2v/2en(a1)7 = 2\/§€n(%+ﬁ).

D=

diam(I_(n)) = 2¢[I_ ()AL (7))

Together with Proposition 4.3.1, this yields

C2 [ C2
—|v| =L |eL L -1
2y f1n+el<%hL )4
I 14 C2 L
>L I_ d — [ —=— -1 2720@-1( 1
> _’72( (n),dz2) + e (45L1L > n iam( (n))]
[ cf i1
> L |v2(I-(n),d2) + —n2 26@-Udiam(I_(n))| ,
€
/ 1 1
with C] = 16%13 and € < 8]5%. Applying Theorem 3.3.6 with u = %ni_m, we have

C C
P(S@ mLMw»>jw0=P(swrmw>>jﬂ
¥€Co(n) Iel_(n)

Iel_(n)

1
CP2p' @D
< exp - (-
£

Using this back in equation (4.3.4), we get

1

AL i) 1) & Cfn'” @D

Plsup ————> -] < ex _
(s ) e Se{-CE0

c2||

gp(amrmw>>Lhﬂ4mﬂg+i%?%%mmMLmﬂ>
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The integral bound gives us

We conclude that

A1 (y(R)| 1 8 P Ch
P s D) < — it T O A
<3é‘é°o ohl  4) T opt eXp{ 252}‘”‘1’{ }

2 ’
for €2 < Oy and C; := C1(a,d) = min{(ﬁ) ,%12}. The dependency on « is due to the depen-
dency on ca(a, d). O

The next two subsections are dedicated to proving Proposition 4.3.1.

4.4 Controling v (I_(n),ds)

The next section is dedicated to proving Proposition 4.3.1. To construct the cover by balls in
Dudley’s entropy bound, we use the coarse-graining idea introduced in [34]. For each ¢ > 0 and
each contour v € Cy(n), we will associate a region By(v) that approximates the interior I_(7) in
a scaled lattice, with the scale growing with ¢. This is done in a way that two interiors that are
approximated by the same region are in a ball in distance do with a fixed radius, depending on £.

An rl-cube C,y is admissible if more than a half of its points are inside I_(«y). Thus, the set of
admissible cubes is

1
&) = {Cur s 1Ce N ()] 251G}

With this notion of admissibility, two contours with the same admissible cubes should be close in
distance do. Consider functions By : £f — P(Z4), with P(Z9) := {A : A € Z%}, that takes contours
7y to Be(7) == Beg,(y), the region covered by the admissible cubes. We will be interested in counting
the image of By by Cy(n), that is, |B¢(Co(n))| = [{B : B = By(y) for some v € Cy(n)}|. Notice that
By(7) is uniquely determined by 0By(). Given any collection %,,, we define the edge boundary of
G aS

06m = {{Cm,Cl,} : Coy € G, C), & €m and C), shares a face with C, }.

We also define the inner boundary of %, as
OnGym = {Cpm € G : AC),, & €, such that {Cp,, Cr.} € 3G}

With this definition, it is clear that 9By(y) is uniquely determined by 0€,(y). Hence, defining
0€,¢(Co(n)) = {0% : €0 = €(y) for some v € Cy(n)}, we have |By(Co(n))| = [0€¢(Co(n))|. In a
similar fashion we define 9i,&,¢(Co(n)) = {Oin%re¢ : Cre = €4(y) for some v € Cy(n)}. We will now
control the number of cubes in € (7).

Proposition 4.4.1. For the functions (By)e>o defined above, there exists constants by, by depending
only on d and r such that

|OexI— ()] kel
and
|Be(7)ABpi1(7)| < 522", (4.4.2)

for every £ >0 and v € Co(n).
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Remark 4.4.2. This proposition shows that when Wl(lﬁ‘l) < 1 there are no admissible cubes. There-

1 b
fore, in some propositions, we assume £ < w

tary case follow trivially.

, since the relevant bounds on the complemen-

The proof of Proposition 4.4.1 follows the same steps of 3.3.11, since both lemmas 3.3.8 and
3.3.10 can be used for the new admissible regions as they do not require A € Z? to be connected.

The next Corollary estimates the difference between the minus interior of a contour and its
approximation, see Figure 4.1.

Corollary 4.4.3. There exists a constant bs > 0 such that, for any £ > 0 and any two contours
V1,72 € Co(n) with Be(y1) = Be(2),

do(I- (1), T-(72)) < 4ebs2% n.

Proof. This is a simple application of the triangular inequality, since da(I_(y1),1-(72)) < do(I_(71), Be(71))+
d2(I-(72), Be(y2)) and

l

Bi_1(m)) 226\/|B 7)AB;—1(71)|
=1

< 25\/@\/52 2% < de\/022% /0
=1

da2(I- (1), Be(11))

||Me\

where in the second to last equation used (4.4.2). As the same bound holds for da(1-(7y2), Be(72)),
the corollary is proved by taking b3 = 2/bs. O

Remark 4.4.4. Corollary 4.4.3 shows that we can create a cover of I_(n), indexed by By(Co(n)),
of balls with radius Aebs25 . Therefore N(I1_(n),dy, 4eb32% n2) < |B¢(Co(n))].

We now proceed to bounding |B¢(Co(n))|. As we discussed before, in the definition of admis-
sibility at the beginning of this subsection, |B;(Co(n))| = |0€¢(Co(n))|. In the short-range case, a
key ingredient to count the admissible cubes is that despite By(vy) not being connected, all cubes
are close to a connected region with size |y|. As the contours now may not connected, we need to
change the strategy: we choose a suitable scale L(¢) and count how many rL(¢)-coverings of con-
tours there are. That is, we first control |€,.1(¢)(Co(n))|. Once a rL(f)-covering is fixed, we choose
which r¢-cubes inside this covering will be admissible. At last, we choose the scale L(¢) in a suitable
way.

The first step is to bound |%,.1(Co(n))|, for L > 0. For n,m > 0, we say that %, is subordinated
to Gm, denoted by 6,, = G, if for all C, € €, there exists C,,, € 6, such that C,, C C},. Moreover,
define

N(Cmyn, V) = {Cn : €n 2 6m,|6n] =V},

the number of collections of n-cubes %, subordinated to a fixed collection %, and with |€,| =V
Notice that every m-cube contains 2¢ (m—1)-cubes, all of them being disjoint. Therefore, the number
of n-cubes inside a m-cube is 20"~ and we have N (G, n,V) = (2(m73d|(gm‘)

bound on the binomial (}) < (%)k yields

27 G, (o41)| 27| G, (p41)] v
N(Cgr(f—i-l)v e, V) - 174 < # . (4.4.3)

. In particular, the

For any subset A € Z?, define

ny(A)
= 2 [6rn(A)
n={
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where n,.(A) = [logy-(diam(A))]. To control V¥(A) we bound the number of coverings at a fixed
step L > 0.

Proposition 4.4.5. Let k > 1 and G be a finite, non-empty, connected simple graph with vertex
set v(G). Then, G can be covered by [|v(G)|/k]| connected sub-graphs of size at most 2k.

We omit the proof since it is the same as in [1|. Remember that, given G = (V, E) € 4,(A),
A% = A N By denotes the area of A covered by G. Remember also that, for A € Z% and j > 1,
P;(A) are the partition elements removed at step j, in the construction presented in Section 2.
Using this construction we can prove the following lemma.

Lemma 4.4.6. Let A€ Z%, v € T"(A) and j > 1 be such that vy € I'%(A). Then, for any £ < j and
Grﬁ € grﬁ(’y): L
2r(1-1) < |i5,4(75) (1.4.4)

Proof. Given G,y € 9.4(7), by our construction of the contour, 27(@1D¢ < |V (4Gre)|. A trivial
bound gives us |V (y5)| < 274|%,,(V (v9))|. Associating each cube C,,(z) to x, we get a one-
to-one correspondence between m-cubes and lattice points that preserves neighbors, that is, two
m-cubes C,(x) and Cy,(y) share a face if and only if |x — y| = 1. We can therefore apply the
isoperimetric inequality to get |G (V (79))| < |81n<€,,g(V(*yG’“‘v’))|ﬁ < |<€M(WGM)\U%I, where in
the last equation we are using that every cube in the boundary of cubes must cover at least one
point of v%¢. We conclude that 27(+1D¢ < 27¢d| g, (5Gre )|%, and (4.4.4) follows. O

As a corollary, we can recuperate a key lemma of [1], which is the following.

Lemma 4.4.7. Given A € Z%, n > 1 and v € T"(A), if |%n(7)| > 2 then [v(Grn(y))| > 27 for
every Grn(Y) € %n(7)

The next proposition bounds the partial volume.

Proposition 4.4.8. There exists a constant by := bs(d, M, r) such that, for any A € Z, v € T"(A)
and ¢ > 0,

Vi) < b3(0V 1)[%re()]-

Proof. Start by noticing that v € I'"(A) implies that I'"(y) = {v}. Let’s assume first that ¢ > 2.
Define g : N — Z by

n — 2 — logyr (2M
g(n) = \‘ ag2 ( )J (4.4.5)
It was proved in |1, Proposition 3.13| that
1
[Crn(M] < G=g=7Crgm) (V)] (4.4.6)

whenever g(n) > 0, and every connected component of G4, () has more than 2" — 1 vertices.
This is equivalent, by Lemma 4.4.7, t0 |9,4(n) (V)] = 2 o1 |4y (V)] = 1 with [v(Gpgmy(7))] > 27
Consider then the auxiliary quantities

li(n) == max{m : g"(n) > £} and lz(n):=max{m : |Z.gmu)(7)| =1 and [v(G,gm(n))| < 2" —1}.

We first show that l2(n) is not zero for only a constant number of scales n. For any m < la(n),
as SpY C B, () diam(~y) < diam(Bchgm(n)M). Moreover, since the graph G,gm(n) € Ggm(n)(7)
has v(Grgm () = Crgmn) (), and [€gmny(y)| < 2" — 1. For any A, A" € ze,

diam(A U A) < diam(A) + diam(A") + dist(A, A'),
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and we can always extract a vertex from a connected graph in a way that the induced sub-graph is
still connected, by removing a leaf of a spanning tree. Using this we can bound

diam('y) < diam(Bcgrgm(n)(w) < Z diam(CTgm(n)) + |U(Gi)|M2argm(n)
Crgm(n)E’U(Grgm(n))

< (d279" ) 4 Md2 9" )G )y | < 2M 92979 T (4.4.7)

g™ (n

Applying the logarithm with respect to base 2" we get

+1

logyr (diam(y)) < logyr(2Md®) + ag™(n) + 1 < logyr(2Md®) + ]

Assuming diam(y) > 2% T1Md® we can isolate the term depending on m in the equation above
and take the logarithm on both sides to get

log, (n) — log,(logy- (diam(y)) — logy- (2Md*) — 1)
logy(a)

Equation above holds for any element of {m : [, gmn)(A)| = 1, [0(Grgm(n))| < 2" — 1} thus it also
holds for lg(n). This shows in particular that la(n) = 0 for n < logy-(diam(y)) — logyr (2Md®) — 1.
Taking Ny = n,(y) — logg-(2Md®) — 2, as Ny < logy- (diam(y)) — logy-(2M d*) — 1 we can bound

nr(y

)
D 1) < (logyr (2Md®) + 2)|Ge(7)). (4.4.8)
n=Np

We consider now n < Np. Knowing that la(n) = 0 and [€x(v)| < |€;(7)], for all j <k, we get

1
G (V)] < mrfreﬁﬂ- (4.4.9)
We claim that B
l - 0, ifn<b+/¢ 4410
002 | saltonB20 | i 5 (4.4.10)

where b = (a + 2 + logyr (2M))(a — 1)~1. Given n > b + ¢, consider

n — 2 —logy-(2M)

g(n) = - — 1.

It is clear that g(n) > g(n) and both functions are increasing, therefore g™ (n) > g™ (n) for every

m > 0. As .
cmpy gy a1
g"(n) = am aml(a—1)

with ¥ = (a + 2 + logy- (2M))a™!, it is sufficient to have

no_ar
a®  (a—1) =~

We get the desired bound by applying the logarithm with base two in the equation above. The
bounds (4.4.9) and (4.4.10) yields
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b+0—1 No—1 nr(y)
Vi) = D 1Gm@I+ D G+ Y [Gn(1)]
n={ n=b-+¢ n=Np

7 r—d—1/7 =d-l 1 a
<G| + G2 B+ )o@ > — - + (logor (2Md”) + 2)[%re(y)]
b1t n logz(a)

r—d—1 r—d—1 e 1

< (b+logyr (2Md*) + 2)| G ()| + |€re(7)[27 7 (B + DPm@ lont y © —
n=t41 n'oe2(@

— g1 - r—d—1 log (a)
< B+ 1og,r (2Md®) + 2 + 2791 (h 4 1) om2(@ 2 "
< (B4 tog (2Ma) 4 2 2 o RS B o),

where in the last inequality we used the integral bound

(0.0
_r—d-—1 S _r—d—1 10 a _r—d—1
§ n log2(a) < / x log2(a) dy = 7 g2( 1) gl loga(a) |
- r—d—1+4logs(a
et ¢ + logy(a)

If diam(vy) < 22"+ M, we have
Vi) < (ne(7) = £+ 1)[Ge(7)] < (3 + logyr (2M))[%re(7)].

— r—d—1
Taking bl := max{2"~9"2(2 + %) (b + logy, (2Md®) + 3)"52{*) | 3 + log,- (2M)} we get the desired
bound when ¢ > 2. For £ = 0, a trivial bound yields V,(y) = 2|y| + V,2(y) < (2 +b52)|y|. Similarly,
for £ = 1, V(v) = |€-(7)| + V2(y) < (1 + ¥52)|%,.(7)| and we conclude the proof by taking

We then need to bound the minimal number of r¢-cubes necessary to cover a contour. Using only
Lemma 4.4.7, it is possible to prove the next proposition, in the same steps as in [1, Proposition
3.13|.

Proposition 4.4.9. There exists a constant b = b}j(a, d) such that for any A € Z¢, v € T'(A) and
1<t<n,.(A),

Y
Gl <t
{Toza(@)

Next, we can improve this upper bound using our construction. This is the most relevant prop-
erty of the new contours.

Proposition 4.4.10. There exists constants by = by(a,d) and b, = b)(«,d) such that for any
AEeZ% yeTj(A) and 0 <€ < j,

0V 1)~
|Gre(7)] < b4<2m,2\7|, (4.4.11)

d+1+r(1—%)(a+2—d ' +logyr (2M))(a—d 1) !
logy(a+1—d—1)

=

with a' == (1=y)

%

and Kk = . Moreover, for £ > j

-

a—

[Cre(7)] < V" <2!7\£ v 1> : (4.4.12)

a

Proof. Lets first consider £ < j. Define f : N — Z by

(4.4.13)

£(0) = V— logyr (2M) — lJ

a+(1-1)
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Following the proof of (4.4.6) in [1, Proposition 3.13|, we can show that

2d+1

|re(7)] < W!C@f@ (7)1 (4.4.14)

By definition, %, s(s)(7) is the set of all connected components of G (), hence

Gopo()] = 270~ DIO 3 _P@)I (4.4.15)

Proposition 4.4.5 guarantees that we can split G’ into sub-graphs G;, with 1 <14 < [U(G)/Qr(l_é)f(é)w
and |v(G;)| < 2" (A=) O+ ! Proceeding as in (4.4.7), we can bound

diam(By)) < Y diam(Crpp) + [0(Gy) [ M2
Cr€v(Gi)
< |U(Gi)‘(d27‘f(f) + M2arf(€)) < oNforlf(O(1=F)+al+1
S 27‘4
The last inequality holds since M, a,r > 1. This shows that every G; can be covered by a cube

with center in Z? and side length 27, Every such cube can be covered by at most 2¢ ré-cubes.
Indeed, it is enough to consider the simpler case when the cube is of the form

d

H[%’, g +2") Nz, (4.4.16)
i=1

with ¢; € {0,1,...,2"¢ — 1}, for 1 <4 < d. Tt is easy to see that
[%’7 g + 27‘5] C [0, 2r£) U [21”[7 2r£+1).

Taking the products for all 1 < i < d, we get 2% rf-cubes that covers (4.4.16). We conclude that,
to cover a connected component G € 9.4y, we need at most QdHU(G)|/2T(175)f(£)1 r f(¢)-cubes,
yielding us

‘%M('Y” < |<grf(B‘thf(g)('y))| < Z ‘%M ’ < Z 2d ’7 1 )’( )“ (4.4.17)
GE€%ri o) GE€%r )

When every connected component of G, ¢(y)(y) has more than or(1=2)f(0) vertices, we can bound

1 @) ] . (@)
1 — 1 *
or(1=3)f () or(1=3)f(0)

Together with Inequalities (4.4.15) and (4.4.17), this yields

©, < 24+t | @ )| _ 4.4.18

1
E
Ge%ﬂg)

Equation (4.4.14) can be iterated as long as f(¢) is positive. Considering then the auxiliary
quantity
m(f) == max{m : f™(¢) > 0},
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we have
Cre(7)] < 2 ] (4.4.19)
re\Y)| > m . Vs k.

2’"(1_%) <Zi:(f) fl(e))

so we need upper and lower estimates for m(¢). We claim that
0 0, if £<b : )
m(£) 2 4 | log,(£)—log, (b) . - 4.4.20

g e

where b = (@ + 1 + logyr(2M))(@—1)"! and @ := a + (1 — %). Given ¢ > b, consider

— _6—1—10g27(2M)_

J) a—l—(l—é) L

It is clear that f(¢) > f(£) and both functions are increasing, therefore f™(¢) > f"(¢) for every

m > 0. As ,
—m am —1
N =y L T
7 am a"Ya-1)
with ¥ = (@ + 1 + logy-(2M))a~!, it is sufficient to have

1 ab’ >0

am (@a—1)

We get the desired bound by applying the logarithm with base two in the equation above. Moreover,
we can bound

o ab’ - =w =
S PO = —m() -2 = LTy e
1=1 ;

>

For the upper bound on m(f), take f(£) = +(f - As f(¢) < f(¢) and f is increasing, for every
ar{i=g

m >0, f™(¢) < f™(£). Notice that, if f™(¢) <1, f™+1(¢) < 0, and therefore m 4+ 1 > m(f). As
m . . _1yim . o log, (£) logs (£)

fm™(¢) < 1ifand only if ¢ < [a+(1—1)]™, taking m = LogQ(af(lé))—‘ we get ’VIOgQ(aj(lé))—‘ +1>
m(¢). Applying this bound on (4.4.19) we conclude that

_ _ d+1+4r(1—1)p
1 a d
2d+1+r(1_3)(a—1+1)b£ loga (@)

[Cre(7)| < v, (4.4.21)

P S,

d+14r(1—-1)b

for £ > b. When ¢ < b, we can take by := min{(j vV 1) ©°&@ o=zl . < j < b} and then
d+14r(1—-1)p
1 ((V1) Pe®

54 2T(1_é)ailé h/’

[Gre(V)] < || <

This, together with equation (4.4.21), yields inequality (4.4.11) with by == max{2H1 (=) (5 +1)8 31y,
To prove inequality (4.4.12), we first notice that for any ¢ > j,

jf{

G| < 161 (0)] < b2 5o

. (4.4.22)
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When ¢ < aj, this already gives us (4.4.12). For £ > aj, we can give a better bound once we notice
that, by the construction of the contour, the graph G,;(7) is connected and its vertices are the
covering %,;(7). In a similar fashion as done previously, by Proposition 4.4.5 we can split G,;(7)

into [|v(Gr;j(7))|/k] connected sub-graphs Gy, ..., Gy, with k = [ﬁ-| and |[v(G;)| <2 {Q—M-‘ for

oraj oraj

alli=1,..., k. Assuming £ > aj, we have |[v(G;)| < 27¢=2)+2 Ag

diam(Byq;)) < [v(Gi)|(d2"7 + M2¥7) < 2Md2"7 |v(G;)|
< 8Md2"™,
By, can be covered by (8M d)? cubes centered in Z¢ with side length 2. As we seen before,

every such cube can be covered by at most 2¢ rf-cubes, therefore |6¢(Byq,))| < (16Md)? and we
conclude that

[o(Grj (M)I/K] 1%.5(7)]
|<g'r’l(7)| < Z |%T€(B’U(Gz))| < (16Md)d { T;i “
i=1 27aj
J , or(aj—e)
< 2016Md)":2" " | “5a— V1) (4.4.23)
As we are assuming ¢ > aj,
or(aj—f)  gr(a—a’)j
ora’j = ort
27‘(1—%/)3 1

< Y = a0

2 21";6
what concludes the proof of (4.4.12) with b, = 2(16Md)%b42" . O

For any non-negative V, M, a, r, define
f‘g/ = {Cgre : ‘/;'E(B(gv‘é) = ‘/7 B(g'rﬁ C [_dia’m(B(grl)7dia‘m(B(gTZ)}d}'

Using equation (4.4.3), in the same steps as [1, Proposition 3.11], we can show that the number
of collections in Fy is exponentially bounded by V.

Proposition 4.4.11. There exists bs = bs(d, r) such that
|Fo| < eV, (4.4.24)

Proof. We start by splitting 77, into fém = {6 € Fi : ny(Bg,,) = m}. Since £ < n,(Bg,,) <
VH(Bg,,) + £, we get

V4L
Fol < 1 Fvml- (4.4.25)

m=~{

Denoting (V;,)™_, an arbitrary family of natural numbers satisfying

> Ve <V, (4.4.26)
n=~¢
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with Vi, < Vi(,—1), we can bound

|.7:‘£/7m| < Z {%: Bg, C =27, 2™ |G (Bg,,)| = Vin, for every £ <n < m,n.(Bg,) =m}|.
(Vrn);n:[
(4.4.27)

As [-2,2"]4 is a cube centered in Z? with side length 2"+ 4 1, it can be covered by 3¢
(rm 4+ 1)-cubes. Indeed, it is enough to consider the simpler case when the cube is of the form

d

g, q + 2 nzd, (4.4.28)
i=1

with ¢; € {0,1,...,2"™*1} for 1 <i < d. It is easy to see that
g5, i + 271 € [0, 27y U [2rm L 22y [rm 2 grmes)

Taking the products for all 1 < i < d, we get 3¢ (rm -+ 1)-cubes that covers (4.4.28). We can give
an upper bound to the right-hand side of equation (4.4.27) by counting the number of families
(Grn)pey such that €, X € (,41), for n <m, and €, =< %ﬁmﬂ, yielding us
Foml < D HGm)nie : 6enl = Vi, Gon = Gotnrn)s Grm < G}
(Vrn)m71

n=>~¢
< > > Do X NGl V),
Vo)) Com =0, 11 Cr(m—1) Cre+1)
|Crm|=Vem Crim-1)1=Ve(m-1) [ e+1) 1= V(e 1)
Cr(m—1)<Crm Cr(t+1)=2, (4 2)

Iterating equation (4.4.3) we get that

Vrm p— VT"I'L
29060, |\ " (27 Vs
’}-‘leg Z ( Vm+1 H V( )

(Vrn)?:g n=~{
9de3d Vrm ]
(rdlog(2)+1)Vin

= x () I

(Vm);":—el n=>~{

m—1

< Z e(dlog(2)+1+dlog(3))Vrm H 6(rdlog(2)+1)Vrn < Z e('rdlog(2)+1+dlog(3))V

(Ven)nsy! n=t (Ven )y

As the number of solutions of (4.4.26) is bounded by 2V, we conclude that

Ve
‘f-"é/‘ < Z |F€m’ < V2Ve(rdlog(2)+l+dlog(3))V’
m={
therefore equation (4.4.24) holds for b5 := [rd + 1]log(2) + 2 + dlog(3). O

With these propositions we can control the number of coverings of contours at a given scale,
that its, we can give an upper bound to |6, (Co(n))| = |[{ ¢ : €0 = €re(7y) for some v € Co(n)}|.

Proposition 4.4.12. Let n >0, A € Z%. There exists a constant bg == bg(a,d) > 0 such that,

1%,0(Co(n))] < exp {bﬁ(z v 1)et <2:Z,Z v 1) }

a
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Proof. Proposition 4.4.8 together with Proposition 4.4.10 yields,

V() = Vi (B, ) < ba(by + b)) (£ v 1) <2:2’e v 1) =: Ry . (4.4.29)

Therefore,

{(grf DG = Cgré(y) for some v € CO(”)}
c {%.0: V!(Bs,) < Ruy B, C [~diam(Bg,,), diam(By,)|" |

[Rn.c]
c | m
V=1
and Proposition 4.4.11 yields

[Rne]

|{Cre : €0 = €re(y) for some v € Co(n)}| < Z |F5| < exp {2651)3(()4 + b)) (£ v 1)t < 72, v 1> }
V=1

This concludes the proof for bg := 2b5b3(bs + ). O

A consequence of Proposition 4.4.12 is that we get an exponential bound on the number of
contours with a fixed size.

Corollary 4.4.13. Let d > 2, and A € Z%. For alln > 1, |Co(n)| < eb™.

Remark 4.4.14. This result was also proved in [1] when the contours are the finest partition.
However, it is only required that the contours are the partition given by the construction in [1,
Proposition 3.5]. Our Lemma 4.4.6 shows that our contours are a subset of such contours, thus the
same counting holds.

By the construction of all contours, not all the graphs (%,.¢(7), E¢(7y)) are connected. However,
the use of Propositions 4.4.8 and 4.4.9 together, recuperates a bound on |%,,(Co(n))| as if it was
the case. This is shown by the next proposition. Although such a Proposition is not necessary to
prove our results, we provide a proof for completeness.

Lemma 4.4.15. Given £ > 0, consider the graph G = (€.¢(Z%), E), with two vertices C,C" being
connected if and only if d(C,C") < M2, There exists a constant bk := b(d, ) such that

{€ ¢ : Cre(0) € €rp, 6re is connected , |G| = N} < st (4.4.30)

Proof. To count |{%¢ : Cre(0) € Grp, G is connected ,|6.y| = N}|, it is enough to count the
number spanning trees containing C,.;(0) with N vertices. Let Ty be the set of all such trees. Fixed
T € Ty, for each Cyp € v(T), let dp(Ciy) be the degree of C,p. As T is a tree, ZCMGU(T) dr(Cry) =
2(N — 1). Moreover, as there are at most 2"4(@¢+1ogzr M=) 1p_cubes inside a 7(al + logy: M)-cube,
each cube Cyy € T has at most 2r4(@+losr M=1E pejohbours. Let (d;)Y., denote a general solution

to
D di=2(N-1), (4.4.31)
with d; < 2rd(atlogsr M=1)€ o1 1] j = 1,..., N. Then

|{Cgr€ : CTZ(O) € Cre, Cre is connected ’Cﬁrd = NH < Z HT €To: dT(CZ) = d2}|
()7L,
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In the set above, {C',C?,...,CN} is any ordering of v(T") with C' = C,4(0). Therefore,

2rd(a+10g2r M-1)¢

N > < (€2rd(a+log2r M—l)K)N'

A N
{Te%:@@%=@H<II(
=1

As the number of solutions to (4.4.31) is bounded by 2V, we conclude that
{0 : Cre(0) € €y, Crp is connected ,|6rg| = N} < oV eNgrd(atlogyr M—1)IN < ebISEN,
with bf :=1log2 + 1+ rd(a + logy M — 1)log 2. O
We are finally ready to upper bound the number of admissible regions |B;(Co(n))| at scale r¢.

Proposition 4.4.16. Letn >0, A € Z% and 1 < ¢ < logy-(bin)(d — 1)1, There exists a constant

¢4 = cy4(a, d) such that,
gm-i—l

BulCali)] < exp { s |- (14.32)

Proof. The upper bound on ¢ may seem artificial, but Remark 4.4.2 shows that this is not the case.
Remember that | B¢(Co(n))| = [0€(Co(n))|. Moreover, given {Cy¢, Cl,} € 0C(), either Cry € 0iny
or C!, € &in€;. Using that YF_ (£) = 2P, we have

|0€4(Co(n))] = > {0C]s - OnGly = OnGre}
Oinre€0in€e(Co(n))
Qd‘ain%p'rd

< 3 3 <2d8;:%” |) (4.4.33)

OinCre eain€€ (CO (n)) k=1

< Y 22 <9, (Co(n)) | FHH P D
Oin6re€0in €y (CO (n))

where in the last inequality we applied Proposition 4.4.1. For every L > £ and an arbitrary collection
%1, define 6,1, = €, U{C’; : 3C,1, € 6,1, such that C!; shares a face with C,}.

Given Cyy € 0in€y(7), either C,p or one of its neighbouring cubes intersects sp(«y). Hence, for any
L >4, 0mC(y) 2 6-1(7). Moreover, the number of rf-cubes inside a collection %1 () of r L-cubes
is bound by €, (7)|27%=9 < 2d|6,1,(v)|2"4E) . Using again Proposition 4.4.1, we can bound

B

rd(L—0)
|0in€e(Co(n))] < Z Z <2d‘%L |lj )

%TLE%TL(CO(TL)) k=0

_bin
< Z €2d| 6, |2r L0 | 2D
byn2-rtd=1)

CrL E(KTL (CO (TL))
L 2byn
<y (CRdigul2Ty
banM
(g'rL e(g'rL (CO (n))

where in the last equation we used that, for any 0 < M < N, Z;{.\io (JZ) < (%)M Moreover, the

restriction £ < logyr (b1n)(d — 1)~1 gives us 1 < Tf(l%l), so we bounded [Tzl‘ﬁl)-‘ < 2322). Given

a(d—1)¢
a//

a scale ¢, we choose L(¢) = { J The restriction ¢ < logyr(byn)(d — 1)~! allow us to bound

<" V 1> < (b}n \Y, 1> < (b12r%2r(d"7_1)e V 1) < bl(QT’% \Y, 1)2r<d+1>2 assuming w.l.o.g. that

or & L(£) or&-L(0)
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b1 > 1, so, for any 6,.1¢) € €(1)(Co(n)), Proposition 4.4.10 yields

"gruo?”““)S(b4+bQ)L(£)K< : vl) ord®ldzl
or e L(6)

d—1)a\" .« )
< b (ba +b) ((a,)a) {QTEW grod=Dr(gi ey,

hence

_2bim
e2dby (bs + b)) ((CH)“> {2*%} pro(d—Dr(g—1)e, | 270D

a/
blTZQM

<

2byn
62d|(er(g)’2rdL(€) or€(d—1)
banM

2b1n

= <€2d(b4 +b}) (a(d_l)> {2’”%/] 6“2[(d_1)(2(/1_1)—1]r£) 27 2(d=T)

< o
< ,  In
> exp C4W )

with ¢, = [1 + log(2d(bs + 1) <<d;}>“)” [27"%]) + ok ((d—1)(24 — 1) — 1) log(2)r]2b;. Moreover,
by Proposition 4.4.12,

K+1 ’ K41
)1 n a(d—1) pa1 "
i Cotr)] < exp (b1 (v | < e {b«am (52 %] g

so equations (4.4.33) and (4.4.34) yield

a(d—1)\"" a7 £5n In n
10€4(Co(n))| < exp {b6b1 ((a,)) 2% | gy + g + log(2)2db1W}.

(4.4.34)

r+1 o
that concludes our proof taking c4 = bgby (@) [27"?-‘ + ¢y + log(2)2db; . O

a

Remark 4.4.17. Using the notion of long-range contours of [1], we can get a worse upper bound
on |By(Co(n))| that is still good enough to prove phase transition in d > 3. Using Proposition

_ r—d—1-logg(a)
4.4.9, we can prove in the same steps as Proposition 4.4.12 that |€.¢(Co(n))| < bjnt logz(a)
With this, we can proceed similarly as in the proof of Proposition 4.4.16 but now choosing L({) =

or| et |
27 Lr—d=1-loga(a) | “yhich gives us the bound

n
[Be(Coln))| < exp{ ¢ e

2log,(a)

For r large enough, d — 1 — Td=1 dogg(a)

adaptations.

> 1 and the proof of Proposition 4.5.1 follows with small

Proof of Proposition 4.3.1

At last, we prove the main proposition of this section.
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Proof. As N(I_(n),ds,€) is decreasing in €, we can use Dudley’s entropy bound to get

E | sup AI_(,Y)(h)] :IE! sup Ar(h)
vECo(n) Iel-(n)
/ V1og N(I_(n),ds, €)de
< 2ebsn2 2(22 _ 9" \/logN I_(n ),dg,eb32%zn%).

(=1

We can bound the first term by noticing that N(I_(n),d2,0) = [I_(n)| < 2"|Cyo(n)|, 2" being an
upper bound on the number of labels given a fixed support. By Corollary 4.4.13, |Co(n)| < e“™,
and hence

45b3Ln2\/IogN “(n), da,0) < debsL(cy + log 2)2m.

Since dg( —(m), 1o (2)) < 2ey/[I-(m1) [+ T-(2)] < 2f€n2 @ for any 71,72 € Cop(n), when
1
4ebsL27 03 > 2/2en? 2<d 1 only one ball covers all mterlors hence all the terms in the sum above

with ¢ > k(n) = Llo(gy 13 )| are zero. As N(I_(n ),da,eb322 n3) < |By(Co(n))|, see Remark 4.4.4,
using Proposition 4.4.16 we get

k(n) K+1
sup Apyy(h)| < 4eb332%\/an% Z 2% 1/ % + 4ebsL(cy + log 2)%71
veCo(n) — or(d—1)
m+1
1
(cl+log22—|—z< d2>>

The series above converges for any d > 3, and we conclude that

E

< 4ebsL27 /¢y

E| sup Ap (y(h)| <eLin
"/ECo(n)
— k+1
with L} := 4bs[22 /¢4 [(cl + log 2)% +> 2, (@)] . The desired result follows from Theorem
3.3.4 taking the constant Ly := LL]. O

4.5 Phase transition

Theorem 4.5.1. Ford > 3 and o > d, there exists a constant C' := C(d, ) such that, for all B > 0
and e < C, the event ,
Vpen(oo = —1) < 7P 4 =C/2 (15.1)

has P-probability bigger then 1 — e~¢8 — e=C/e,

In particular, for 8 > B, and € small enough, there is phase transition for the long-range Ising
model.

Proof. The proof is an application of the Peierls’ argument, but now on the joint measure Q. By
Proposition 4.3.2, we have

QX;B,a(UO =-1)= QX;g,s({Uo =-1}N&)+ @X;g,g({ao =—-1}N¢&°
<Qfp.({oo=-1}NE) +e O/, (4.5.2)
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When g = —1, there must exist a contour v with 0 € V (), hence
Vigen(00 = —1 ZVA,Bah
~v€Co

where Q(v) = {0 € Q:sp(y) C'(0)}. So we can write

QAﬁs({UO—_l}ﬂg / Z gAﬁgah)dh

o:00=—1

<Z/ > gigeloh)dh

v€Co c€Q(7)

o,h)
<3 o / sup i H e 33dh,  (4.5.3)

~v€Co £ 7€0() Inp,(T2(0), 7 ) sen V27

In the third equation, we used that }°, o, 95, (T4(0), 111y (h)) < 20 X TTen \/%e—%’ﬁ,

since the number of configurations that are incorrect in sp(7) are bounded by 217!, Equation (4.3.3)
implies,

+
Inpelosh)
sup < oxp{-Besh| + AW} sup exp{-26 Y ehy}
a€Q(y) gA;B,e(T’Y<O—)7TI_('y)(h)> oeQ(y) v€sp—(7,0)
< exp{- B*I”y!} sup exp{—28 > cha}, (4.5.4)
7€Q(7) zesp~ (v,0)

since Ay(h) < %|v|, for all h € £. Moreover, notice that

/Sup exp{-28 >  ¢chs —thQ}dh < sup / exp {—28 Z ahx—%Zhi}dhm
&

o€Q() z€sp~ (v,0) zEA o€Q() z€sp—(7,0) zEA
JA]
7

=(2m)2 sup exp{2(Se)’ \Sp_(%ff)!},

a€Q(v)

where in the equality we used the Gaussian integral formula. Notice that, since in this problem we
need to take 3 large and € small, we can make this choice in a way that 83¢2 < c¢y. This observation,
together with Equations (4.5.2), (4.5.3) and (4.5.4) and the inequality above yields

362 _ 2
+ — 2 C1/e
@A;ﬁﬁ(ao =-1)< Z ol exp{—,@(T —2Be9) |y} +e v/

WGEX
0eV(y)

<Y en{(-L +log2n} +e

n2lyegl lyl=n

0eV(7)
< 37 ICo(m)] exp {(~57 +log2)n} + e~/
n>1
S Ze(bs—ﬁ%—l—log%n + 6_01/52_
n>1

When S is large enough, the sum above converges and there exists a constant C' such that

@X-ge(‘fo — _1) < 67520 + 6720/52‘
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The Markov Inequality finally yields

P (oo 1) 2 00

what proves our claim.

@X;ﬁ,a (00 = 1)

e—CB _ —C/e?
e P20 | =20/

¢~CB 1 -0/

<

e CB 4 ¢=C/l2

4.5



Concluding Remarks

In this thesis, we studied two Ising models: the semi-infinite Ising model with a decaying field
and the long-range random field Ising model.

For the semi-infinite Ising model with an external field of the form h; = A|ig|™®, where X is the
wall influence, we proved the existence of a critical value . for which there is phase transition for
0 < X < A and there is uniqueness for A > \.. Moreover, we proved that when § < 1, A, = 0 hence
there is uniqueness for all temperatures and all wall parameters.

In the semi-infinite model, the external field A. resembles the long-range Ising model interaction.
One natural question is if the phase transition results can be extended to a long-range semi-infinite
Ising model. The case § > 1 should be expandable with little effort. However, the proof of uniqueness
when 6 < 1 should be far from trivial.

For the critical exponent 6 = 1, the Ising model with external field considered in [13]| presents
phase transition for a region of the parameters. This indicates that the semi-infinite model with a
decaying field should also present a phase transition. However, our methods are not well suited to
treat this case since the wall-free energy may be ill-defined.

One last thing regarding this model is that, on [39], they show that the macroscopic behavior
of the system is as expected: there is a macroscopic layer on the wall when A > \., and the same
do not happen when A < A.. This macroscopic behavior is described using the Peierls’ contours
configuration for "defect" boundary conditions: if there is a contour surrounding the origin, the wall
layer is thick, otherwise, it is thin. However, the Peierls’ contours are not well suited for dealing
with long-range interactions, so an interesting question is how to define the macroscopic behavior
of the system in terms of the long-range contours considered in [1, 2].

In the second part of the thesis, we proved the existence of phase transitions for the long-range
random field Ising model in d > 3 and « > d, by following a new method of proving phase transition
introduced by Ding and Zhuang [31], and using a modification of multidimensional contours defined
in [1]. The key part of the argument was to extend the results of [34] to contours that are not
necessarily connected. This proof can be extended to other models with a contour system, as long
as the probability of the event £¢ decreases to zero for large ¢.

For the long-range random field model, there is a wide range of very interesting problems to
study next. The most interesting one is the presence of phase transition in dimensions d = 1, 2.
In d = 1, it is expected that the PT occurs in the entire region o € (1, %), without the restriction
J(1) >> 1 presented in [24]. In two dimensions, as shown in [29], we are unable to control the
greedy animal lattice normalized by the boundary, so the PT results do not extend to this region.
Also, it is expected that the long-range model random field model preserves the critical temperature
as the model without an external field, in the same sense as the RFIM [27].

Regarding the decay of correlations, not much is known about the long-range model. The most
prominent results are in one dimension, where Imbrie and Newman [48, 49| showed a polynomial
decay rate, that matches the interaction at high temperatures. In [47], the authors use the GHS
inequality to show that, when there is no external field, the truncated correlation of two points x,y
is always larger than c(d, ) Jy. The only known result for the long-range random field model is [57],
where they show a polynomial decay of correlations at high external fields or high temperatures.

A first interesting question is if this lower bound of [47] still holds when we have a random
field. For an upper bound, a new correlation inequality [28] shows that the addition of any field
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only increases the difference of the magnetization at plus and minus boundary conditions. As
an application, the bounds of Imbrie and Newman can be used to control the difference of the
magnetization in the random field case. However, their results are limited to the region o > 2, so it
is still left to study the behavior of the correlations in the region a € [%, 2). Similarly, in d = 2, the
RFIM presents exponential decay of correlations [5, 30]. For the long-range model the decay should
be slower (polynomial) in the uniqueness region o > 3.
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