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Resumo

Luana Tais Bassani. Modelo matricial de projeção populacional para Aedes aegypti
com influência de saneamento básico, condições climáticas diárias e impactos
sobre o estágio de quiescência . Tese (Doutorado). Instituto de Matemática e Estatística,

Universidade de São Paulo, São Paulo, 2023.

Modelos matriciais de populações estruturadas por estágios são úteis para investigar a dinâmica po-

pulacional e têm sido aplicados com sucesso na modelagem de vetores. Para construí-los, considera-se

que os blocos que compõem a matriz do sistema correspondem a processos biológicos que conectam o

indivíduo à população. Propomos um modelo com a finalidade de investigar o comportamento da dinâmica

populacional do Aedes aegypti e estimar a sua abundância em municípios brasileiros. Há quatro estágios,

que correspondem ao ovo quiescente, não-quiescente, ao desenvolvimento aquático (larva e pupa) e à

fêmea adulta. Cada coordenada do vetor mosquito representa o número de indivíduos no estágio atual com

mesma idade. Para isso, considera-se a matriz de projeção populacional, composta por funções de oviposição,

transição e mortalidade. São funções dependentes da temperatura média diária ou acumulada, de idade e

estágio do indivíduo, da precipitação diária ou acumulada, bem como do saneamento básico. Assim, para cada

passo de tempo, há uma matriz esparsa associada que rege o sistema e possibilita análise de sensibilidade e

estabilidade com condições climáticas constantes. Comparamos os resultados gerados pela simulação do

modelo com dados coletados de armadilhas, a fim de validar a médio prazo o modelo de predição da dinâmica

populacional e de estimar a abundância das fêmeas adultas, vetor transmissor de doenças em humanos.

Percebemos que a influência da temperatura e da precipitação, em conjunto com a abordagem da quiescência

e do saneamento básico urbano, possibilitaram compreender a interferência do clima e do saneamento básico

para o desenvolvimento e a manutenção da população de Aedes aegypti. Por meio da modelagem, avaliamos

o impacto de melhorias nos sistemas de saneamento sobre a dinâmica populacional, e fundamentamos a

importância de coletas de dados reais das regiões urbanas endêmicas mensalmente, com a realização de

programas de vigilância contínuos.

Palavras-chave: Modelos matriciais. Abundância de Aedes aegypti. Condições climáticas. Quiescência.

Saneamento básico urbano.





Abstract

Luana Tais Bassani. A matrix population forecasting model for Aedes aegypti
considering basic sanitation environment, daily weather, and its impact over the
dormancy state . Thesis (Doctorate). Institute of Mathematics and Statistics, University

of São Paulo, São Paulo, 2023.

Stage-structured matrix population models are useful to investigate population dynamics and have been

successfully applied to vector modeling. To construct this model, we consider that these matrices’ blocks

correspond to biological processes, which allows for building a bridge from the level of the individuals

to the whole population. With this purpose, we developed a model to investigate the behavior of Aedes
aegypti population dynamics and to estimate its abundance in Brazilian municipalities. There are four stages,

corresponding to the quiescent eggs, nonquiescent eggs, the aquatic development (larvae and pupae), and

the adult female mosquitoes. Each coordinate of the mosquito vector represents the number of individuals in

the current stage over the same age. We considered a population projection matrix composed of oviposition,

transition, and mortality functions, which depend on the daily mean or accumulated temperature, the

individual age and stage, as well as the daily or accumulated precipitation and the basic sanitation of acity.

There is an associated sparse matrix governing the system for each time step. Due to its structure, when

we set constant weather conditions, we are able to evaluate stability and sensitivity analysis by calculating

the net reproductive value. We compared the model simulation results to real data collected from mosquito

traps as we attempted to validate the forecasting of the model’s population dynamics for a medium-range

period and to estimate the eggs and adult females abundance. We pointed out that the use of temperature

and precipitation, together with the quiescence and urban sanitation approach, allowed us to verify the

interference of the weather and basic sanitation for the development and maintenance of the population.

Through modeling, we assessed the impact of sanitation improvements on Aedes aegypti fluctuation and the

importance of collecting monthly data from urban endemic regions to encourage and support continuous

surveillance schemes.

Keywords: Matrix models. Aedes aegypti abundance. Weather conditions. Quiescence. Urban basic sanita-

tion.
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Chapter 1

Introduction

Vector-borne diseases like Dengue, Zika, and Yellow Fever affect the human population
(Gould and Solomon, 2008). They are spread by the adult female of Aedes aegypti, which
has its biological stimuli influenced by environmental conditions.

Mathematical models are used to study this kind of phenomenon, helping to explain
the population dynamics of the vectors and the incidence of the diseases. The modeling
aims at vector control, and it can catch population fluctuations, forecast the epidemic
periods, and send warnings to public health programs and the whole population.

However, building a forecasting model able to predict health risks and apply prevention
strategies is a challenge (Morin and Ebi, 2018). The study of the dynamics of the adult
mosquito has contributed to the detection of fluctuations in this population (H. Yang et al.,
2009). The ability to accurately estimate the mosquito abundance has shown a way to
develop vector control (M. R. d. Silva, 2022; H. Yang et al., 2009; G. Yang et al., 2009).

Matrix population models are usually governed by stage and or age structure (Ahu-
mada et al., 2004; Cushing and Yicang, 1994; Usher, 1966; Werner and Caswell, 1977;
Loncaric and Hackenberger, 2011; Newman et al., 2014; Schaeffer et al., 2007; Yusoff
et al., 2012b; Yusoff et al., 2012a). Historically, based on Cushing and Yicang (1994), in
the Leslie, Lefkovitch, and Usher models, as well as the generalized structured population
models, the configuration allows associating an individual with all individuals. It occurs
according to biological characteristics in common, like age, life stage, survival, transition,
and a minimum and maximum time spent in each step of the development (Cushing
and Yicang, 1994). As a result, matrix models can provide a tool for understanding popu-
lation development phenomena, especially those related to the dynamics of structured
populations.

Age and stage-structured models were developed to model the population dynamics
of vectors, such as Aedes vexans, furcifer, africanus, and aegypti as well as Culex pipiens
(Loncaric and Hackenberger, 2011; Schaeffer et al., 2007; Yusoff et al., 2012b). These
models consider that the matrix blocks correspond to biological processes (Newman et al.,
2014), which build a bridge from the individual level to the whole population (Cushing
and Yicang, 1994). An advantage of this model is that the block structure produces a
sparse matrix that governs the dynamical system. We then study the properties of the
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model while we assume a weather-independent projection matrix for each city, based
on its typical weather and sanitation. Additionally, the matrix population model has a
net reproductive number, which allows the evaluation of the asymptotic dynamics of the
population (Cushing and Yicang, 1994).

The structured population approach allows exploring egg development in two stages,
the quiescent and nonquiescent eggs. Despite recent efforts in mosquito life cycle research,
few studies have focused on mosquito dormancy (DL Denlinger and Armbruster, 2014).
The Ae. aegypti dormancy ability allows survival during seasons since the characteristics
of the egg allow accumulation even in heat and precipitation absence (S. Souza et al.,
2010), and this has contributed to the mosquito abundance (R et al., 2014; Barrera et al.,
2014; Vieira, 2008; Trpis, 1972) apud (Lega et al., 2017). Therefore, we include embryonic
quiescence in a model as a stage to understand the success of the Aedes aegypti vector
(DL Denlinger and Armbruster, 2014).

In Brazil, one season produces a variability of environmental conditions due to its
continental size. The geographical location is intercepted by the parallel lines of the equator
and the tropic of Capricorn. Thus, Brazil’s summer starts on December 21st and ends on
March 20th, and its winter is from June 21st to September 22nd. Indeed, there are four
seasons, which have different characteristics according to the region (Jerônimo et al.,
2011).

In the same way as the model built for the climate diversity along an island by Johans-
son et al. (2009), we can model the Brazilian areas despite the different weather conditions.
We consider city conditions like temperature, precipitation, and sanitation, which we
apply to stem information about seasonality and environmental water abundance. The
photoperiod has a small variability in Brazil compared to temperate areas. For example,
in regions like the Northeast, the dryness period is a limitation for the Aedes aegypti
population. Besides, the floating periods may help in understanding the fluctuations and
dynamics.

The eggs can remain for a longer period waiting for environmental conditions to
develop. A usual tool to maintain surveillance in the city is monitoring houses. Unfortu-
nately, the Brazilian surveillance programs for mosquito development are temporary. This
ineffective monitoring of the situation can influence the risk of outbreaks by promoting
mosquito breeding once it increases by factors resulting from human behavior, such as
a temporary pause in disease control activities or overcrowding, and susceptibility to
changes in the habitat like deforestation or river damming (WHO, n.d.[a]).

Therefore, we studied possible relationships between the abundance data with the
surrounding variables (Reisen et al., 2008; G. Yang et al., 2009), as an attempt to predict
peaks in the mosquito population.

The Brazilian Fiocruz institution collected data about surveillance schemes using traps
for adults and eggs, arranged in 5 mid-sized cities located in Brazil (Codeço et al., 2015).
Each city has a distinct dengue-endemic region, provided by different environmental
conditions.

The vector-borne disease or population abundance modeling can provide information
to improve public health. In recent years, dengue has been considered an international
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public health concern, predominantly in urban and peri-urban areas (WHO, n.d.[b]).

Recently, Aedes aegypti spreading is a concern for cold cities in the South of Brazil. For
example, Santa Catarina is a Brazilian state above the Tropic of Capricorn (the Southern
Tropic). It combines severe winters and characteristics that used to be a hindrance to
Aedes aegypti’s development. However, health secretariats from Santa Catarina reported
an increase in cases of vector-borne diseases transmitted by Aedes aegypti, such as dengue
in humans (Gov, 2020; DIVE, 2022). The number of infested cities in 2022 represented an
increase from 2021 (DIVE, 2022).

Therefore, we built a model to investigate the behavior of Aedes aegypti population
dynamics and estimate its abundance in Brazilian municipalities. Through the city data of
weather, sanitation, and traps, we built a forecasting population model to predict the Aedes
aegypti population in different stages. After all, by predicting the abundance of females,
it was possible to study the transmission dynamics of the diseases caused by them. This
model can work as a warning of outbreak periods, and it is possible to couple it with
predictive models of diseases spread by Aedes aegypti.

The contribution of our model’s approach was that we relate weather with the city’s
sanitation characteristics and the Aedes aegypti population’s biological stages. The model
considers the basic sanitation panorama as an output of a fuzzy system and works with
development stages that combine quiescent egg characteristics, besides weather data,
through temperature and precipitation on a daily average and accumulated.

We cannot directly control the weather fluctuations. Despite this, humans are capable
of helping in the preservation of the environment, and “efforts to prevent their global
dissemination in the near future will be most effective if focused on preventing human-
mediated spread and establishment” (Kraemer et al., 2019).

In what follows, we describe the basic sanitation and fuzzy systems (Chapter 2), the
dynamics of the mosquito population including the basic biology of Aedes aegypti (Chap-
ter 3), the model construction including the assumptions and development (Chapter
4), the numerical simulations (Chapter 5), the final considerations (Chapter 6), and the
appendix.
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Chapter 2

Basic sanitation and Fuzzy systems

In mathematical applications, the modeling process can require a representation that in-
volves graduations, such as patterns of best and worst scenarios (Barros and R. Bassanezi,
2006). For some diagnostics, we justify the fuzzy set theory approach for categorizing the
weather predictions and basic sanitation services supply.

We considered there exists an influence of basic sanitation on the maintenance of
breeding sites of Aedes aegypti. Klafke et al. (2023) concluded that solid waste man-
agement and Aedes aegypti infestation are connected. Similarly, Almeida et al. (2020)
concluded a relationship between urban settlement, water supply, sanitation, and Ae.
aegypti development.

We will set a parameter ( 𝛼𝑐) that will play a role over Aedes aegypti development in
our mathematical model. This parameter will be considered an output of a fuzzy rule-
based system (FRBS), due to the subjectivity to measure it. This aims to quantify the
contribution attributed to the basic sanitation of the city on the maintenance of breeding
sites of Aedes aegypti. The rain absence has less influence on the dynamics of the Aedes
aegypti population as 𝛼𝑐 grows, because the sanitation panorama provides environmental
conditions for vector-borne development (J. Silva and Machado, 2018; WHO, 2020; WHO,
n.d.[a]; WHO, n.d.[b]).

After we search about Brazilian sanitation systems and the environmental influence
over Aedes aegypti development, a FRBS will be designed to supply the expert’s intuition.
Thus, the analysis of the system output will allow a municipality to predict outbreaks and
manage public policies, as they can discern the fluctuation in vector population dynamics
in an outcoming period while improving basic sanitation and controlling the vector.
Therefore, fuzzy logic allows us to expand classical logic, in addition to representing and
relating imprecise information, that helps in decision-making Barros and R. Bassanezi,
2006.

Instead of government spending on controlling outbreak consequences, such as re-
leasing insecticides and hospital beds, public policies can contribute earlier, by improving
the basic sanitation in the municipality and surveillance programs. The supply service
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companies measure a price to offer the service and cover structure repairs, acquire chem-
icals necessary for the waste treatments, and also make a profit, to continue to provide
a quality service. However, there must be a balance between investment and profit (G1,
2019). As long as the structure is not repaired and universalized, there are always goals to
achieve.

There is a Brazilian web school that offers free courses to the city hall staff, and any
interested person (GOV, 2024). Some courses explain how the system data are released
and provided by each city hall, and how sanitation works for each city. In this way, we
selected for the fuzzy system inputs variables the percentage of the urban population, and
the served population with basic sanitation of water supply, solid waste, and sewerage
treatment.

2.1 Basic sanitation in Brazilian cities
Basic sanitation refers to the set of services, infrastructures, and operational instal-

lations for the supply of drinking water, sanitary sewerage (collection, transportation,
treatment, and final disposal), urban cleaning, and management of solid waste and rainwa-
ter (BRASIL, 2007).

Ancient civilizations concluded that the population needed the promotion of basic
sanitation for the maintenance of public health (Brasil, 2013b). We emphasize that the
term sanitation comes from the verb to sanitize, which means to make it hygienic (Brasil,
2013b).

Therefore, the concept of sanitation is based on health prevention (Brasil, 2013c),
which means the effort to avoid diseases, and involves a larger dimension related to the
quality of life (C. Souza et al., 2015; Brasil, 2013c).

Organizations are concerned about control measures to guarantee public health. World
Human Organization indicates that the proper disposal of solid waste helps to reduce water
availability (WHO, n.d.[b]). Plus, the organization understands that an efficient method to
avoid dengue consists of harming the Aedes aegypti development through the removal of
mosquito breeding sites, which means that human interventions are required to contain
the spreading once there is no vaccine to protect against dengue (WHO, n.d.[b]).

Those diseases related to a poor sanitation infrastructure can occur due to the lack of
a collection and treatment system for solid waste, sewerage, as well as adequate rainwater
management (Brasil, 2013c).

The United Nations adopted a resolution in 2010 that recognized “the right to safe and
clean drinking water and sanitation as a human right”, which means they are essential for
the full enjoyment of life and all human rights (Nations, 2010, p. 2).

Previously, in 2007, the Law 11445, known as the Basic Sanitation Law, made it manda-
tory for serviceholders to prepare for the basic sanitation policy. From that law, the
Ministry of the Cities was subject to organizing a broader basic sanitation plan (BRASIL,
2010). Building a plan helps a city to guide the needed steps for a healthy sanitation
panorama.
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Nowadays, experts from the United Nations point out the benefits of providing funding
for basic sanitation (Brasil, 2014). According to them, each US$ 1 spent on sewerage
treatment implies an economy of around US$ 4 with health care (Brasil, 2014).

Brazilian public sanitation services aim to universalize access through a progressive
expansion of all occupied households to basic sanitation (BRASIL, 2007).

As an attempt to surveillance and plan the next steps, Brazil has its own sanitation
system. Indeed, SNIS means Sistema Nacional de Informações Sobre Saneamento, which is
a Brazilian sanitation information system (Brasil, 2019a). It is the most important Latin
American system of sanitation reports, created in 1996 through 1995 data of water and
sewerage (Brasil, 2019a). Since 2002 it has included solid waste management (Brasil,
2019a).

The Brazilian system SNIS calculates indicators about the sanitation basic informa-
tion for each municipality and all Brazilian territory (Brasil, 2019a). This tool helps the
construction of the Municipality Plan of Sanitation (Brasil, 2019a). Each company that
provides Water and/or Sewerage Services is responsible for providing information to SNIS
(Brasil, 2019a).

The system has two components, the first is about Water and Sewerage services, and
the second is Solid waste treatment (Brasil, 2019a). SNIS indicators are generated by
crossing at least two types of information (Brasil, 2019a).

The system processes information through the data inputted from the basic sanita-
tion service municipal providers, which can be state, public, and private companies, or
the Municipality city hall, through their secretariats or departments (Brasil, 2019c). It
evaluates the situation related to sanitation and assists in the preparation of the Municipal
Sanitation Basic Plan (Brasil, 2019a; Brasil, 2019c).

The companies have a local, micro-regional, or regional scope, which depends on how
many municipalities the entity is providing services (Brasil, 2019c).

The population that receives benefits from the water and/or sewerage service is con-
nected to the network and served (Brasil, 2019d). Otherwise, it is classified as not served.
Plus, the total population served is composed of urban and rural (Brasil, 2019d).

Based on the Brazilian National basic sanitation plan (PLANSAB - Plano Nacional de
Saneamento Básico), an adequate service of sanitation includes the following items (Brasil,
2011):

1) Water Supply: the supply of drinking water through a distribution network or well,
spring, or cistern, with internal channeling and without intermittent (Brasil, 2011).

2) Sanitary Sewage: the collection of sewage followed by treatment, as well as the use
of a septic tank (Brasil, 2011).

3) Solid Waste Management: For urban areas, it requires direct collection with daily
frequency or on alternate days and appropriate destination (Brasil, 2011). On
the other hand, in rural areas, direct or indirect waste collections are classified as
adequate (Brasil, 2011).
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Water treatment is a set of physical and chemical procedures that are applied to the
water to become drinkable (Brasil, 2019e). It is not all municipalities that have a Water
Treatment Station (Brasil, 2019e). However, disinfection and fluoridation operations can
be carried out as a Simplified Treatment Unit of water (Brasil, 2019e).

There are water supply alternatives such as well, springs, fountains, and cisterns,
which are adequate methods, while they are continuous and depend on internal chan-
neling (Brasil, 2012; Brasil, 2013b; Brasil, 2011). Weir, water truck, and structures
with intermittent or without internal channeling are inadequate (Brasil, 2013b; Brasil,
2011).

If the water supply has frequent intermittent, the population often use water tanks,
pots, and barrels, which are covered or not (Fiocruz, 2016; J. Silva and Machado, 2018;
Sardão, 2016). The SNIS carries information about the frequency of problems occurred
with the supply service through indicators.

We point out that alternative ways to obtain water supply may increase the breeding
sites when the structures are inadequate. Thus, people may carefully use and maintain
them, for example, by sealing the water tanks and putting grille in the drains (Fiocruz,
2017).

Public health organizations need to carry on measures aiming for an adequate universal
supply with no intermittent.

Aedes aegypti develops mainly in sites where collections of water are available in
artificial containers in the environment of human settlements (Fiocruz, 2016; Fiocruz,
2017;WHO, 2020), unlike wild species, which lay their eggs in the hollows of trees (Fiocruz,
2017). It implies that the solid waste may influence the breeding sites, due to the increase
in the environmental capacity (WHO, 2020; WHO, n.d.[b]).

Indeed, prevention of mosquito breeding can be realized by checking drinking-water
containers, covering them, frequently emptying them, or treating them (Fiocruz, 2016;
WHO, 2020). Therefore, solid waste collection can help in collecting containers, mainly
those placed in urban public areas. The rhythm is important to supply and avoid breeding
sites. In favorable environmental conditions, after the egg hatches, the pupa mosquito
develops into an adult and winged form, taking a period of around ten days (minimum of
nine days according to the model hypothesis). Therefore, if the water change is accompa-
nied by washing once a week, the mosquito’s life cycle will be interrupted. Thus, we note
the importance of conducting a weekly collection of solid waste (Vieira, 2008).

For example, everybody can give the right destination for an abandoned tire, but how
could we suggest to people not to store water in buckets, while nowadays some populations
still do not have intermittent services and do not know if they will have their daily basic
sanitation right guaranteed tomorrow?

Environmental sanitation involves the control of physical characteristics from where
the human acts or can exercise activities that result in harmful effects on own self’s
well-being, physical, social, or mental (Brasil, 2013b).

In 2023, the Brazilian government purposed to postpone goals for basic sanitation,
despite the sanitation program discussed during the last years and the measures proposed
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in the 2018-2022 period (Ribeiro, 2023; Brasil, 2011; Brasil, 2019g; Brasil, 2020a). Unfor-
tunately, it implies that a part of some Brazilians continue without basic sanitation, such
as water supply services and sewage treatment (SNSA, n.d. G1, 2019; Ribeiro, 2023).

Through the analysis, we discussed Aedes aegypti population fluctuations concerning
sanitation variables related to public health.

We add the term urban to categorize solid waste from urban cleaning and households
(Brasil, 2013c). According to Law 12305/2010, solid waste includes many types, as well as
those from health and civil construction (BRASIL, 2010).

In this context, solid waste characterizes material, substance, object, or discarded goods
(BRASIL, 2010). It results from human activities in society, and the appropriate destination
must keep it as solid or semi-solid states (BRASIL, 2010). In addition to that, the waste
may contain gases that cannot be discharged into sewage or water channels (BRASIL,
2010). Some types of waste require solutions inviable given the best available technology
(BRASIL, 2010).

The National solid waste Policy defines instruments as firstly a selective collection,
that must be implemented through the earlier separation of solid waste (Brasil, 2013c).
Secondly, the reverse logistics systems, which are characterized by the set of actions,
procedures, and means for collecting and returning solid waste to the business sector for
reuse in its life cycle or other production cycles (Brasil, 2013c).

Moreover, companies treat solid waste with sorting (separation of materials), recycling
(transformation into raw material again), and final disposal in landfills (Brasil, 2013c).
For that, the collection of usual waste requires a compactor truck, while for recyclables, it
needs a bucket truck or similar (Brasil, 2013c).

Adequate disposal of solid waste requires transporting it to a place called a sanitary
landfill (BRASIL, 2010). This technique is for disposing of urban solid waste on the soil,
avoiding damage to public health and safety, and minimizing environmental impacts
(BRASIL, 2010). The method uses engineering principles to confine solid waste to the
smallest possible area and allowable volume, covering them with a layer of soil between
short time intervals (BRASIL, 2010; Brasil, 2013a).

Brazil incinerates only 0.03% of the waste (Brasil, 2013a). Usually, the alternative is a
sanitary landfill, despite current generations of big cities having problems in finding places
for it since a closed landfill continues to generate pollutants, such as gas, and percolate,
for at least 15 years (Brasil, 2013a).

The sewage starts to be produced from the use of water, mainly coming from homes
(Brasil, 2019f). The natural process is that the sewage formed is taken by the sewerage
collection network to a Sewerage Treatment Station, which treats the effluent before the
final disposal (Brasil, 2019f; Brasil, 2013c).

In some places where there is no sewage direct collection and treatment, an adequate
alternative is the construction of a septic tank, which refers to a projected unit that treats,
at the primary level, household sewage (Brasil, 2013b; Brasil, 2019b). It is mainly found
in rural homes and performs the physical separation of the solid matter (Brasil, 2019b).
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This treatment serves as a great benefit to basic sanitation due to the prevention of diseases
related to hygiene care (Brasil, 2019b).

There are irregular and not recommended options for the disposal of household sewage,
which are rudimentary tanks, release into rainwater galleries, release into watercourses,
and open ditch (Brasil, 2013b; Brasil, 2019b).

A precarious sewerage service can pollute the environment, and pollution contributes
to floods. Besides, floods can expand the number and range of vector-borne habitats (WHO,
n.d.[a]).

Moreover, rainwater management interferes with flood periods, as it involves structures
to control drainage and measures for significant infiltration in the forest, as an attempt to
reduce runoff (Brasil, 2013a). However, they are subjective to evaluate. We assume that
daily and accumulated precipitations are enough to predict population fluctuations, which
means that flooding does not represent a direct impact on the model.

From the map in Figure 2.1, we located cities and their respective regions. Santarém-
PA is located in the North Region, Parnamirim-RN in the Northeast Region, Duque de
Caxias-RJ and Nova Iguaçu-RJ in the Southeast Region, and finally Campo Grande-MS in
the Central-West Region (more details in (Codeço et al., 2015)).

The percentage of the population served in each municipality is described in Table 2.1.
Basic sanitation was provided to a different proportion of households for each studied city
in urban and rural areas (SNSA, n.d.).

From the Table 2.1 we notice that zero means there is no service, while empty entries
mean unknown information (Brasil, 2019c). However, we associate that Santarém has
void information due to a precarious sewerage service reported in 2012 (SNSA, n.d.).

Nowadays, Santarém presents an alarming reality yet (Brasil, 2020b). Among the 100
most inhabited cities in Brazil, it received the 97th ranking position in 2019 and 2020, due
to its inadequate water and sewerage service, as well as investments and structures, i.e.,
only three Brazilian cities among those 100 obtained a worse panorama for sanitation
(Brasil, 2020b). The ranking scores did not consider waste collection.

We note that Duque de Caxias (91st ranking position in 2019 and 89th in 2020) and
Nova Iguaçu (82nd in 2019 and 72nd in 2020) are also classified with a ranking position
that indicates the city indicators shall be improved.

Campo Grande (31st ranking position in 2019 and 32nd in 2020) occupied a better
ranking position among the five studied cities.

The Parnamirim population (261,469) (IBGE, 2019) was not included in the ranking
of the 100 most inhabited cities, once the city with fewer inhabitants estimated by IBGE
in that ranking was Governador Valadares (278,685) located in the state of Minas Gerais
(Brasil, 2020b).

Based on the information in Table 2.1, we note that both cities did not evolve signifi-
cantly, from 2010 up to 2020. Indeed, the actual panorama for Duque de Caxias is one of
the worst in Rio de Janeiro (G1, 2019).
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Figure 2.1: Five Brazilian cities’ locations and their neighborhoods (A, B, C), according to the figure
extracted from Codeço et al. (2015).

As we cited previously, inadequate sanitation service can develop related diseases
(Brasil, 2013c), and provide a surrounding environment for mosquito development (WHO,
2020; WHO, n.d.[b]).

As activities aimed at disease control are not carried out continuously in Brazil (J. Silva
and Machado, 2018; WHO, n.d.[a]), any outbreak risk identified through weather fore-
casting can be potentially increased when followed by the high percentage of households
without sanitation services. Especially Santarém and Rio de Janeiro scenarios indicate a
potential to increase the breeding sites’ availability.

Recently, researchers found that 9 PM is adequate to control mosquitoes by using
spraying interventions in Florida, where Aedes aegypti is abundant (Wilke et al., 2023).
However, basic sanitation control can provide an effective method to reduce Aedes aegypti
population in Brazil, without insecticide techniques.

From Table 2.1, we focused on total population and services, even that Aedes aegypti
mosquito is frequent in urban areas, due to the discussion about the difficulty of categoriz-
ing urban and rural areas.
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Municipality Year Tpop Upop Twat Uwat Tsew Usew Twas
Campo Grande 2018 885711 98.66 100.00 100.00 82.71 83.83 99.00
Campo Grande 2012 805397 98.66 98.36 99.70 68.42 69.35 100.00
Campo Grande 2011 796252 98.66 98.20 99.54 61.28 62.11 98.81
Campo Grande 2010 786797 98.66 97.72 99.05 60.26 61.08 98.66
Campo Grande 2009 755107 98.66 98.32 99.66 59.35 60.16 98.66
Campo Grande/MS 09-12 785888 98.66 98.15 99.49 62.33 63.18 99.03
Santarém 2018 302667 73.25 51.29 70.02 4.19 5.72 73.25
Santarém 2012 284401 73.25 45.78 62.50 22.83 31.16 75.60
Santarém 2011 297040 73.25 41.44 56.58 73.25
Santarém 2010 294580 73.25 50.80 69.35 73.25
Santarém 2009 276665 70.96 55.09 77.63 74.57
Santarém/PA 09-12 288172 72.68 48.28 66.52 22.83 31.16 74.17
Duque de Caxias 2018 914383 99.66 84.50 84.79 43.07 43.22 99.90
Duque de Caxias 2012 867067 99.66 85.51 85.80 44.40 44.55 98.96
Duque de Caxias 2011 861158 99.66 85.41 85.70 44.35 44.50 99.29
Duque de Caxias 2010 855048 99.66 85.09 85.39 41.60 41.75 97.80
Duque de Caxias 2009 872762 99.60 70.92 71.21 100.00
Duque de Caxias/RJ 09-12 864009 99.64 81.73 82.02 43.45 43.60 99.01
Nova Iguaçu 2018 818875 98.91 93.15 94.18 45.03 45.53 97.06
Nova Iguaçu 2012 801746 98.91 93.97 95.01 45.08 45.58 85.00
Nova Iguaçu 2011 799047 98.91 93.70 93.70 44.99 45.49 95.00
Nova Iguaçu 2010 796257 98.91 92.09 92.10 42.00 42.46 100.00
Nova Iguaçu 2009 865089 100.00 69.43 69.43
Nova Iguaçu/RJ 09-12 815535 99.18 87.30 87.56 44.02 44.51 93.33
Parnamirim 2018 255793 100.00 100.00 100.00 5.49 5.49 100.00
Parnamirim 2012 214199 100.00 98.77 98.77 0.89 0.89 100.00
Parnamirim 2011 208426 100.00 91.35 91.35 0.81 0.81 100.00
Parnamirim 2010 202456 100.00 86.17 86.17 0.71 0.71 100.00
Parnamirim 2009 184222 100.00 90.13 90.13 0.65 0.65 100.00
Parnamirim/RN 09-12 202326 100.00 91.61 91.61 0.77 0.77 100.00

Table 2.1: Tpop: Total population; Upop: Urban population percentage; Twat: Percentage of the
total population with water supply; Uwat: Percentage of urban population with water supply; Tsew:
Percentage of the total population with sewerage service; Usew: Percentage of urban population with
sewerage service; Twas: Percentage of the total population with solid waste collection. We calculate the
percentages according to SNIS data (SNSA, n.d.). The lines which include averages among the 2009 and
2012 periods carry the fuzzy system entries.

We perceived that the most inhabited cities of Brazil often have a higher percentage
of the urban population supplied with basic sanitation than rural ones, once the total
population percentage is lower than that for urban (SNSA, n.d.).

Indeed, an important question is how to classify urban areas. This classification helps
in understanding the geography of countries and mainly in directing funding for public
policies (IBGE, 2017).
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2.2 Urban versus rural zones

The relationship between urban and rural places shall consider the connections among
rural, peri-urban, and urban zones, which can be represented by flows of people, material
goods, resources, work, services, technologies, et cetera (IBGE, 2017).

Instead of a large percentage of the served population in each city, some studies indicate
that the urban population is about to double by 2050 (IBGE, 2017). It represents a trend
where several rural areas can transform into urban ones. Thus, we expect that companies
supply the demand for sanitation services, following this evolution.

Often government agencies are not able to follow a quickly increasing amount of urban
population (IBGE, 2017). Besides, official limits are subject to fiscal objectives from the
city hall, which implies that the definitions are obtained through a selection of aspects,
and can hinder public policies and investments (IBGE, 2017).

Moreover, the urban-rural classification can misrepresent that an urban area is well-
served. Consequently, the municipality could be considered as a reference, even if there is
a rural area classified conveniently and needing improvements.

Indeed, one question is how to classify urban-rural areas. This categorization helps
in understanding the geography of countries, and mainly in directing funding for public
policies and actions.

Usually, the procedure followed for categorizing areas includes some management and
classification techniques (Endlich, 2010 apud IBGE, 2017). We highlight aspects such as
administrative or political-administrative delimitation, demographic density, the economic
occupation of the population, and lifestyle (Bernardelli, 2010 apud IBGE, 2017).

Plus, another challenge to considering a portion urban of the population is that we
can find spaces inside an urban zone that seem rural, and vice-versa, which suggests
considering how they are connected and overlapped (Castree et al., 2013 apud IBGE,
2017). The criteria are criticized for not including a closer dimension to reality, capturing
it partially (IBGE, 2017).

International agencies, such as WHO and the United Nations, use different approaches
for classifying urban-rural areas, which depend on the characteristics of the countries
(IBGE, 2017). However, a proposal mixing rural and urban, as the “continuum” sight, also
has problems (Rosa and Ferreira, 2010 apud IBGE, 2017). If we recognize those areas as
isolated or continued, it is a partial approximation of reality (IBGE, 2017).

Society needs parameters to statistically categorize and evaluate the areas to guide and
promote public policies (IBGE, 2017). Both England and Wales and the USA characterized
around 19% of the rural population in the country (IBGE, 2017). Differentiating criteria
in Brazil can assign a larger rural population than the country could have. Often, waste
collection is carried out in rural areas on a small scale, while the percentages of inadequate
water supply and sewage treatment are high.

The decree law no. 311/1938 associated urban and rural zones, pointing out some
differences between city and village, which previously did not exist (IBGE, 2017). This
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decree-law presented a political-administrative definition to identify an urban area that
was the target of much criticism (IBGE, 2017).

The territorial manual edited by IBGE maintained the provisions of that decree law. It
established that the municipality defines the limits of the urban area and, by exclusion,
the rural area (IBGE, 2017).

Specifically, the IBGE territorial basis manual considers the legal reference for the
definition of urban and rural areas. The first area is internal to the urban perimeter, created
through municipal law, whether for tax purposes or urban planning. For cities or villages
where there is no legislation regulating these areas, a census collection can guide the urban
perimeter (IBGE, 2014).

The rural area is the one not included in the urban perimeter by municipal law (IBGE,
2014). It is usually a land destined for rustic land use, with large tracts of land and low
housing density (IBGE, 2014). They include fields, forests, crops, and pastures (IBGE,
2014).

Urbanization tends to reduce the natural permeability of the soil (Brasil, 2013c). It
increases surface runoff, reduces underground flow, and decreases evapotranspiration
(Brasil, 2013c).

For the statistical approach, IBGE works with a particular classification which includes
transition groups between urban and rural areas. The diversity of territorial aspects guided
IBGE to use more than one legal and political-administrative division to classify the
areas (IBGE, 2017). In this context, IBGE established census sectors, according to the
morphological aspects of the territory (IBGE, 2017).

Therefore, IBGE considers the number of households and the distance between resi-
dences inside a sector (IBGE, 2017). There are eight sectors, from which those contained in
the urban perimeter are urban areas, non-urbanized areas, and isolated urban areas (IBGE,
2017). On the other hand, those outside are a rural agglomeration of urban extension,
thorp, nucleus, village, and rural area (IBGE, 2017).

The rural agglomeration of urban extension can be a potential area for spreading
once it constitutes an occupation with urban characteristics, near the urban perimeter
(IBGE, 2014), besides human populations becoming ever more connected (Kraemer et al.,
2019).

We can access urban occupation by population density because it is related to built
areas (IBGE, 2017). In this way, possible problems with sanitation and breeding sites are
encouraged.

Consequently, we realize that it is important to consider the population to measure
the breeding site capacity in a municipality.

Usually, our FRBS evaluates an approximate reality of the total population, which means
rural and urban groups compose the inputs together. The urban population approach is
isolated only in one fuzzy system input. Therefore, we apply the percentage of the total
population served for the rules.
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2.3 System Components

A fuzzy inference system uses fuzzy set theory to map inputs to output. It has three
components (Pedrycz and Gomide, 2007):

• Dictionary: it defines the fuzzy sets of linguistic variables. Membership values
express the degrees to which each element of a universe is compatible with the
properties distinctive to the class. We define variable inputs and outputs.

• Rules basis: they establish a relationship among variables.

• Inference method: it determines the system output according to the given inputs.

Eventually, we add a component called defuzzification: it transforms the fuzzy output
into a real number or a classic set.

2.3.1 Input variables and Sets

The system inputs involve the percentage of the urban population, as well as the
percentage of served population by water supply, frequent solid waste collection, and
sanitary sewerage.

To define a fuzzy (sub)set, the range of the characteristic function - found in clas-
sical mathematics, whose set is {0, 1} - is expanded to the interval [0, 1] (Barros and
R. Bassanezi, 2006; Pedrycz and Gomide, 2007).

Starting from 𝑈 a classical universe set, a fuzzy (sub)set 𝐴 of 𝑈 is defined as the
application:

𝜑𝐴 ∶ 𝑈 → [0, 1], (2.1)

where 𝜑𝐴 is a pre-fixed function called the membership function of the fuzzy subset
𝐴.

In an attempt to quantify the degree of membership with which the element 𝑥 of
the universe 𝑈 is in the fuzzy set 𝐴, the membership value 𝜑𝐴(𝑥) ∈ [0, 1] is used, where
𝜑𝐴(𝑥) = 0 and 𝜑𝐴(𝑥) = 1 represent non-membership and total membership to the set.

We observed that 𝐴 is composed of elements 𝑥 belonging to a classical set 𝑈 and
which have a membership value associated with 𝐴, represented by 𝜑𝐴(𝑥). According to
the literature, the membership function 𝜑𝐴 can be conventionally denoted by just 𝐴, with
the notation 𝜑𝐴(𝑥) becoming just 𝐴(𝑥) (Barros and R. Bassanezi, 2006).

Given the fuzzy subset 𝐴 and 𝛼 ∈ [0, 1], the 𝛼-level of 𝐴 is the classical subset of 𝑈 of
the form:

[𝐴]
𝛼
= {𝑥 ∈ 𝑈 ∶ 𝜑𝐴(𝑥) ≥ 𝛼} ; 0 < 𝛼 ≤ 1. (2.2)

The establishment of 𝛼-levels helps in the relationship between different subsets. A fuzzy
subset is formed by elements that can be represented by degrees, such that an element 𝑥
of 𝑈 belongs to the given class if it presents a degree of membership with a value greater
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than a given level 𝛼 ∈ [0, 1], which defines the class. Therefore, the concept is necessary
for cases in which the sets are not classical, that is, that have a transition from membership
to non-membership gradually, and not abruptly (Castanho, 2005).

From this definition, a fuzzy number can be characterized. According to (Barros and
R. Bassanezi, 2006), a fuzzy subset 𝐴 is a fuzzy number if 𝐴 is defined in the universe set
of real numbers ℝ, and satisfies the following conditions:

i) All 𝛼-levels of 𝐴 are non-empty, where 0 ≤ 𝛼 ≤ 1;

ii) All 𝛼-levels of 𝐴 are closed intervals of ℝ;

iii) supp(𝐴) = {𝑥 ∈ ℝ ∶ 𝐴(𝑥) > 0} is limited.

Thus, [𝐴]𝛼 is a closed and non-empty interval. In particular, one can represent the
𝛼-levels of the number 𝐴 in the form [𝐴]

𝛼
= [𝑎

𝛼

𝐼
, 𝑎

𝛼

𝑆
].

Furthermore, every real number is a fuzzy number in which its membership function
coincides with its characteristic function (Barros and R. Bassanezi, 2006).

The fuzzy numbers that will be used later are classified as triangular - whose member-
ship function has the form of a triangle based on the interval [𝑎, 𝑏] and a single vertex that
does not belong to the basis, the point (𝑢, 1), where 𝑎, 𝑏, 𝑢 ∈ ℝ, with 𝑎 ≤ 𝑢 ≤ 𝑏 defined
as:

𝐴(𝑥) =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0, se 𝑥 ≤ 𝑎

𝑥−𝑎

𝑢−𝑎
, se 𝑎 < 𝑥 ≤ 𝑢

𝑥−𝑏

𝑢−𝑏
, se 𝑢 < 𝑥 ≤ 𝑏

0, se 𝑥 > 𝑏 .

Therefore, with the numbers 𝑎, 𝑏, 𝑢 the triangular fuzzy number 𝐴 is defined, denoted by
the triple (𝑎; 𝑢; 𝑏), so that the representation of the 𝛼-levels is of the form

[𝑎𝐼 , 𝑎𝑆] = [(𝑢 − 𝑎)𝛼 + 𝑎, (𝑢 − 𝑏)𝛼 + 𝑏], ∀ 𝛼 ∈ [0, 1].

Now, as the possibility of 𝑎 ≠ 𝑏 exists, it is possible that the fuzzy number is not symmet-
ric.

For our system, the state variables are triangle fuzzy numbers, which we selected
according to Section 2.1, and categorized them in subsets.

For example, three among four inputs work on 0 to 100% percentage of the population
served, with a gradual membership degree, where 100% is ideal.

i) Percentage of urban population (SNSA, n.d.):

Previously, we noticed that Aedes aegypti breeding sites are spread in urban re-
gions.

We set this variable as Few [0 0 100] or Many [0 100 100], as the Figure 2.2.

ii) Percentage of the served population by frequents solid waste collection services
(SNSA, n.d.):

We set this variable as Defective [0 0 100] or Ideal [0 100 100], as the Figure 2.3.
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Figure 2.2: Fuzzy set for the input about percentage of urban population, which is blue for few and
red for many.

Figure 2.3: Fuzzy set for the input about percentage of the served population by frequents solid waste
collection services, which is green for defective and brown for ideal.

iii) Percentage of the served population by sanitary sewerage services (SNSA,
n.d.):

We set this variable for the percentage of the served population by sanitary sewerage
as Defective [0 0 100] or Ideal [0 100 100], as the Figure 2.4.

iv) Percentage of the served population by water supply services (SNSA, n.d.):

We set this variable as Defective [0 0 100] or Ideal [0 100 100], as the Figure 2.5.

Remark: Periods of rain absence are not considered as a system entry once both cities
(Campo Grande (Spark, n.d.[a]), Duque de Caxias (Spark, n.d.[b]), Nova Iguaçu (Spark,
n.d.[c]), Parnamirim (Spark, n.d.[d]), and Santarém (Adams et al., 2006; Spark, n.d.[e]))
present around 6 months of the dry season.
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Figure 2.4: Fuzzy set for the input about percentage of the served population by sanitary sewerage
services, which is green for defective and blue for ideal.

Figure 2.5: Fuzzy set for the input about the served population by water supply services, which is
purple for defective and red for ideal.

2.3.2 Rules Basis
The system considers that water supply and solid waste are the main characteristics of

sanitation associated with Aedes aegypti development, followed by sewerage service and
urban population percentage.

There are 16 rules to build the inference, where 4 inputs are combined, according to
Table 2.2, and produce one output.

2.3.3 System structure: Fuzzy Relation and Compositional
Inference

We built the system as 2.6. It used Mamdani’s fuzzy inference method and the center
of gravity as the defuzzification technique.

A fuzzy relation 𝑅 is defined by the membership function 𝜑𝑅 = 𝑅 ∶ 𝑈1 × 𝑈2 ×⋯ × 𝑈𝑛 →
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Rule Urban Population Water Supply Solid Waste Sewerage Sanitation Power
1 Few Defective Defective Defective Precarious
2 Few Defective Defective Ideal Inadequate
3 Few Defective Ideal Defective Adequate
4 Few Defective Ideal Ideal Adequate
5 Few Ideal Defective Defective Adequate
6 Few Ideal Defective Ideal Adequate
7 Few Ideal Ideal Defective Ideal
8 Few Ideal Ideal Ideal Ideal
9 Many Defective Defective Defective Precarious
10 Many Defective Defective Ideal Precarious
11 Many Defective Ideal Defective Inadequate
12 Many Defective Ideal Ideal Adequate
13 Many Ideal Defective Defective Inadequate
14 Many Ideal Defective Ideal Adequate
15 Many Ideal Ideal Defective Adequate
16 Many Ideal Ideal Ideal Ideal

Table 2.2: The rules of the fuzzy logic system.

[0, 1]. Thus, the number 𝑅(𝑥1, 𝑥2,⋯ , 𝑥𝑛) ∈ [0, 1] indicates the degree to which the elements
𝑥𝑖, 𝑖 = 1,⋯ , 𝑛 are related according to the relation 𝑅 (Barros and R. Bassanezi, 2006).

Regarding the inference relationship, we can highlight the Cartesian product, which is
used in controllers. We notice it is similar to the intersection. However, at the intersection,
there are subsets of the same universe, while with the Cartesian product, it is possible to
use different subsets. The Cartesian product of 𝐴1, 𝐴2, ⋯ , 𝐴𝑛 belonging to 𝑈1, 𝑈2, ⋯ , 𝑈𝑛

respectively, is represented by 𝐴1 × 𝐴2 ×⋯ × 𝐴𝑛, where the membership function is given
by:

𝐴1 × 𝐴2 ×⋯ × 𝐴𝑛(𝑥1, 𝑥2,⋯ , 𝑥𝑛) = 𝐴1(𝑥1) ∧ 𝐴2(𝑥2) ∧⋯ ∧ 𝐴𝑛(𝑥𝑛),

where ∧ is the minimum.

One way to obtain the relationship is by considering the compositional rule of inference.
Given 𝑈 and 𝑉 two sets, 𝐹(𝑈 ) and 𝐹(𝑉 ) are the classes of fuzzy subsets of 𝑈 and 𝑉 ,
respectively, and 𝑅 is a binary relation over the Cartesian 𝑈 × 𝑉 . Then the relation 𝑅

defines a functional of the form 𝑅 ∶ 𝐹(𝑈 ) → 𝐹(𝑉 ), in order to associate each element
𝐴 ∈ 𝐹(𝑈 ) with the element 𝐵 ∈ 𝐹(𝑉 ), through the equation

𝐵(𝑦) = (𝐴 ◦ 𝑅)(𝑦) = 𝐴(𝑥) ◦ 𝑅(𝑥, 𝑦) = sup

𝑥∈𝑈

[𝐴(𝑥) △ 𝑅(𝑥, 𝑦)],

where △ represents any t-norm.

A t-norm is an operator △ ∶ [0, 1] × [0, 1] → [0, 1], △(𝑥, 𝑦) = 𝑥 △ 𝑦 that satisfies the
following conditions:

i) Neutral element: △(1, 𝑥) = 1 △ 𝑥 = 𝑥;

ii) Commutative: △(𝑥, 𝑦) = 𝑥 △ 𝑦 = 𝑦 △ 𝑥 = △(𝑦, 𝑥);
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iii) Associative: 𝑥 △ (𝑦 △ 𝑧) = (𝑥 △ 𝑦) △ 𝑧;

iv) Monotonicity: if 𝑥 ≤ 𝑢 and 𝑦 ≤ 𝑣, then 𝑥 △ 𝑦 ≤ 𝑢 △ 𝑣.

Note that t-norms extend the operator ∧, which models the connective “and” in classical
theory. There are still t-connorms, which model the connective “ou” (Barros and R.
Bassanezi, 2006), and will be used in the compositional rule, to calculate the supreme
.

The t-connorms, in turn, are operators ▽ ∶ [0, 1] × [0, 1] → [0, 1], ▽(𝑥, 𝑦) = 𝑥▽𝑦 that
satisfy the following conditions:

i) Neutral element: ▽(0, 𝑥) = 0▽𝑥 = 𝑥;

ii) Commutative: ▽(𝑥, 𝑦) = 𝑥▽𝑦 = 𝑦▽𝑥 = ▽(𝑦, 𝑥);

iii) Associative: 𝑥▽(𝑦▽𝑧) = (𝑥▽𝑦)▽𝑧;

iv) Monotonicity: if 𝑥 ≤ 𝑢 and 𝑦 ≤ 𝑣, then 𝑥▽𝑦 ≤ 𝑢▽𝑣.

The term linguistic variable refers to a variable in which the assumed values are fuzzy
subsets, that is, it is a noun with values that correspond to adjectives, which in turn are
represented by fuzzy sets (Barros and R. Bassanezi, 2006).

Linguistic terms serve to transcribe knowledge in the form of a collection of rules.
In this way, the rule includes possible combinations between input and output variables,
which builds a collection of propositions (B. Bassanezi et al., 2011) .

In agreement with Barros and R. Bassanezi (2006), it can be mentioned that there is
the elaboration of the ruled basis that mathematically represents the information available
in the knowledge basis of the fuzzy system, created considering the selected linguistic
variables. Given an FRBS, each input is associated with one or more outputs through
the controller - capable of approximating continuous functions -, the system being a
function of ℝ𝑛 in ℝ

𝑚 constructed in a way that uses the membership functions of each
fuzzy set involved in the process, obtained from among some possibilities, through curve
adjustments and intuition.

The classical relationship between two elements or sets indicates whether there is an
association between them, while in the fuzzy relationship, in addition to indicating the
existence, it also indicates the degree, which provides an adequate approximation when
displaying an extensive rule basis, which brings together propositions of the form: if ‘state’
then ‘response’ Barros and R. Bassanezi, 2006. In this way, each state and each response
comes from the adjective values that the linguistic variables assume, represented by the
fuzzy sets Barros and R. Bassanezi, 2006, with each fuzzy proposition being assigned a
name 𝑅𝑖, 𝑖 = 1,⋯ , 𝑟 , with 𝑟 being the number of rules.

From the arrangement of the data, we identify the important variables in the process,
both input and output from the system, as well as the intervals to classify their state in
linguistic terms. With this, the terms are translated by a membership function, which
characterizes a fuzzy subset, and in this way, the phase called fuzzification is obtained. At
this stage the discussion through literature or specialists is important.
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Figure 2.6: Fuzzy logic system structure.

Then, a fuzzy inference is used, created to mathematically translate each fuzzy propo-
sition, among which the Mamdani method stands out. The purpose of inference methods
is to calculate the response variable (output) of the FRBS based on the values of the
input variables, as with the values of the degrees of relevance of the input variables it is
possible to find the value of the degree of relevance of the response variable. Finally, a
defuzzification method is performed, which consists of a process that makes it possible to
represent the fuzzy set by a real number.

In effect, after fuzzification and elaboration of the rule basis, with rules of the
form:

If 𝑥1 is 𝐴1 and 𝑥2 is 𝐴2 and ⋯ and 𝑥𝑛 is 𝐴𝑛, then 𝑢1 is 𝐵1 and 𝑢2 is 𝐵2 and ⋯ and 𝑢𝑚 is 𝐵𝑚,

Mamdani’s inference method was used, in addition to the area center method for defuzzifi-
cation.

The inference method allows mathematical translating of fuzzy propositions, and
Mamdani’s method proposes a binary fuzzy relation which means that for each rule 𝑅𝑖 of
the rule basis, the conditional “If 𝑥 is 𝐴𝑖, then 𝑢 is 𝐵𝑖” be modeled by the minimum, since
the t-norm ∧ is adopted for the connective “and”.

Thus, we have the fuzzy relation 𝑀 , a subset of the Cartesian 𝑋 × 𝑈 , with membership
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function:

𝑀(𝑥, 𝑢) = max
1≤𝑖≤𝑟

(𝑅𝑖(𝑥, 𝑢)) = max
1≤𝑖≤𝑟

[𝐴𝑖(𝑥) ∧ 𝐵𝑖(𝑢)] (2.3)

Note the use of the max-min composition, which becomes the union after making the
intersection, that is, the union of the partial outputs of each rule is used.

Mamdani’s inference method has been discussed in the literature and is considered to
have good results (Barros and R. Bassanezi, 2006; Bassani, 2016). In this method, we use
the t-norm operator, based on the t-norm of the minimum, which refers to the use of the
connective “and”.

Given a rule basis system, where 𝐴 = 𝐴1 × 𝐴2, the following rules and inference
structure are obtained for two inputs and one output (Barros and R. Bassanezi, 2006;
Bassani, 2016):

If 𝑥1 is 𝐴11 and 𝑥2 is 𝐴12, then 𝑢 is 𝐵1

Or
If 𝑥1 is 𝐴21 and 𝑥2 is 𝐴22, then 𝑢 is 𝐵2

So when considering the triple 𝑡 = (𝑥1, 𝑥2, 𝑢), we have:

𝑀(𝑡) = {𝐴11(𝑥1) ∧ 𝐴12(𝑥2) ∧ 𝐵1(𝑢)} ∨ {𝐴21(𝑥1) ∧ 𝐴22(𝑥2) ∧ 𝐵2(𝑢)} (2.4)
= max{𝐴11(𝑥1) ∧ 𝐴12(𝑥2) ∧ 𝐵1(𝑢), 𝐴21(𝑥1) ∧ 𝐴22(𝑥2) ∧ 𝐵2(𝑢)} (2.5)

Obtaining partial outputs through inference, the union is performed and the final output
is obtained. In general, this output is a surface, and if it is necessary to translate it into a
crisp value, we process a defuzzification, which is possible with the center of area method,
among others.

After the activation of each input set 𝐴𝑖, the minimum is performed, with 𝑖 = 1, 2

according to the rule basis. The resulting value represents membership in the partial output
set 𝐵𝑖. After obtaining activation in each partial output set through each rule, these 𝐵𝑖 sets
are joined to compose the output set.

With computational tools, the center of the area can be obtained through a sum, given
a significant number of surface partitions, under a finite domain,

𝐷(𝐵) =

∑
𝑛

𝑖=0
𝑢𝑖𝐵(𝑢𝑖)

∑
𝑛

𝑖=0
𝐵(𝑢𝑖)

. (2.6)

Furthermore, it may be favorable to use integral calculus, in a continuous case.

𝐷(𝐵) =

∫
ℝ
𝑢𝐵(𝑢)𝑑𝑢

∫
ℝ
𝐵(𝑢)𝑑𝑢

(2.7)

2.3.4 Output set



2.3 | SYSTEM COMPONENTS

23

The fuzzy system provides as output a number. It represents the sanitation influence
for each city.

We considered this variable with four states, as Ideal [-0.15 0 0.15], Adequate [0 0.15
0.35], Inadequate [0.15 0.35 0.5], or Precarious [0.35 0.5 0.65], as the Figure 2.7.

Figure 2.7: Fuzzy set for the output about sanitation influence, which is green for precarious, brown
for inadequate, red for adequate, and blue for ideal.

A value closer to 0 means that the sanitation panorama of the city is ideal, and the
Aedes aegypti population development is limited, according to lower precipitation periods,
i.e., water sources’ lack.

Unlike Campo Grande/MS, both Santarém/PA, Parnamirim/RN, and Rio de Janeiro’s
cities have a higher parameter 𝛼𝑐, as we will calculate later.

2.3.5 Active rules for each city
The system output feeds the parameter 𝛼𝑐, which aims to quantify the contribution

attributed to the basic sanitation of the city on the maintenance of breeding sites of Aedes
aegypti, mainly during periods without rain.

We use data disclosed by the Brazilian institutions IBGE and SNIS (Instituto Brasileiro
de Geografia e Estatística - Brazilian Institute of Geography and Statistics; Sistema Nacional
de Informações sobre Saneamento - Brazilian sanitation information system). We present
the data in Table 2.3, the lines that include averages among the 2009 and 2012 periods
carry the fuzzy system inputs.

The system entries are fuzzy sets that involve four linguistic variables, which are the
percentage of the urban population, as well as the percentage of served population by
water supply, frequent solid waste collection, and sanitary sewerage.

We show the membership activation, that is, how the system works for two rules in
Figure 2.8. Mamdani’s inference takes the minimum among the if inputs and combines
them as a membership for the consequence set "then". The maximum works to compose
an output set through the union of the rules.
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City Year Tpop Upop Twat Uwat Tsew Usew Twas 𝛼𝑐

Campo Grande 09-12 785888 98.66 98.15 99.49 62.33 63.18 99.03 0.086
Santarém 09-12 288172 72.68 48.28 66.52 22.83 31.16 74.17 0.250

Duque de Caxias 09-12 864009 99.64 81.73 82.02 43.45 43.60 99.01 0.142
Nova Iguaçu 09-12 815535 99.18 87.30 87.56 44.02 44.51 93.33 0.147
Parnamirim 09-12 202326 100.00 91.61 91.61 0.77 0.77 100.00 0.182

Table 2.3: Percentages of basic sanitation indicators according to an average of 2009-2012 period.
*Legend for the Table; Tpop: Total population; Upop: Urban population percentage; Twat: Percentage
of the total population with water supply; Uwat: Percentage of urban population with water supply;
Tsew: Percentage of the total population with sewerage service; Usew: Percentage of urban population
with sewerage service; Twas: Percentage of the total population with solid waste collection; Sanitation
parameter: output value for the city’s sanitation influence.

After the activation of each input set, the minimum is performed according to the rule
basis. The resulting value represents membership in the partial output set. After obtaining
activation in each partial output set through each rule, these sets are joined to compose
the output set.

Figure 2.8: Rules 11 and 15 are active for Parnamirim.

Obviously, we have 16 rule actives for each city, as we see in the following Figures (2.9,
2.10, 2.11,2.12,2.13).



2.3 | SYSTEM COMPONENTS

25

Figure 2.9: Fuzzy Rule-Based System output for Parnamirim/RN, with inputs [100 91.61 100 0.77].

Figure 2.10: Fuzzy Rule-Based System output for Campo Grande/MS, with inputs [98.66 98.15 99.03
62.33].

Figure 2.11: Fuzzy Rule-Based System output for Santarém/PA, with inputs [72.68 48.28 74.17 22.83].



26

2 | BASIC SANITATION AND FUZZY SYSTEMS

Figure 2.12: Fuzzy Rule-Based System output for Nova Iguaçu/RJ, with inputs [99.18 87.3 93.33 44.02
].

Figure 2.13: Fuzzy Rule-Based System output for Duque de Caxias/RJ, with inputs [ 99.69 81.73 99.01
43.45].
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Chapter 3

Mosquito Population Dynamics

Mosquitoes are insects belonging to the order Diptera and family Culicidae and their
evolution allowed various survival strategies developed by them, in both tropical and
temperate regions (Diniz, Albuquerque, et al., 2017). Among the approximately 3500
species, about 300 have medical and veterinary importance (Diniz, Albuquerque, et al.,
2017).

Some characteristics of Aedes aegypti and the remaining mosquito species are signifi-
cantly different. Dengue, Zyka, and Yellow fever are spread by the adult female Aedes ae-
gypti, which are important viral diseases transmitted by arthropods (Gould and Solomon,
2008).

Diapause and quiescence are two different categories of dormancy. Nevertheless, the
literature often assumes them as synonyms (DL Denlinger and Armbruster, 2014; Diniz,
Albuquerque, et al., 2017; H. Silva and I. Silva, 1999). In the embryonic phase, both
biological devices allow the inhibition of larval hatching (Diniz, Albuquerque, et al.,
2017). However, during the larval and adult stages, the dormancy is caused only by the
diapause device (Diniz, Albuquerque, et al., 2017).

With respect to diapause, the arrested development starts in any stage of insect de-
velopment according to an environmentally preprogrammed period (DL Denlinger and
Armbruster, 2014). It is hormonally programmed and is not immediately terminated
due to favorable conditions, because it happens with a fixed period of latency, which
needs to be completed, and from this, there exists the continuity of the development (DL
Denlinger and Armbruster, 2014). On the other hand, quiescence is a dormancy caused
due to unfavorable environmental conditions and immediately terminated if favorable
(DL Denlinger and Armbruster, 2014). The embryonic quiescence contributes to the
maintenance and the spread of the Aedes aegypti population (Diniz, Albuquerque, et al.,
2017).

3.1 General concepts about Aedes aegypti

The egg of Aedes aegypti measures approximately 1 mm in length (Vieira, 2008).
The female deposits it on the inner walls of breeding sites, close to the water surface
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(Vieira, 2008). It means that an Aedes aegypti egg, which is probably quiescent, is an
offspring deposited above the water surface line. It can be prompted immediately with
immersion into the water (Schaeffer et al., 2007; Yusoff et al., 2012a), and (Denlinger
et al., 2012) apud (Diniz, Albuquerque, et al., 2017)). As this species lacks diapause ability,
it is restricted to subtropical and tropical habitats (DL Denlinger and Armbruster, 2014).
For example, the Aedes albopictus diapause is programmed during a fixed interval of time,
such that the submersion does not change the time that the eggs can respond to the water
stimulus (Pener, 1992) apud (Diniz, Albuquerque, et al., 2017).

Likewise, there is no diapause period for the Aedes aegypti larvae, pupae, or adult
mosquitoes, and the dormancy period occurs only for eggs (Diniz, Albuquerque, et al.,
2017). When the egg dormancy period starts, the incubation period can extend up to 492
days (Vieira, 2008; H. Silva and I. Silva, 1999). This ability helps mosquito survival.

According to Rezende et al. (2008), the authors concluded that the formation of a serosal
cuticle along with the eggshell provides desiccation resistance because they developed
experiments using eggs 10, 11, 13, and 20 hours after egg-laying. The eggs were exposed to
chlorine digestion, from which the thirteen-hour-eggs were able to resist the desiccation,
while the ten and eleven-hour-eggs groups did not resist and disintegrated (Rezende et al.,
2008). After all, when the egg had a dry exposition till 20 hours after the egg-laying, it
developed a desiccation resistance (Rezende et al., 2008). Often, it happens around 15
hours later (Vieira, 2008).

To lay eggs, the female needs to mate with a male adult mosquito once in her lifetime
(Schaeffer et al., 2007; Laboissière, 2016). Starting each gonotrophic cycle, females need
to find a blood meal host, and they posit eggs when the cycle ends (Schaeffer et al., 2007).
The oviposition relapses with a similar periodicity (Schaeffer et al., 2007).

Another typical behavior is related to the water preference concerning the salinity of
the oviposition site (Tracey, 2019). Researchers found that Aedes aegypti females prefer
pure fresh water, with an aversion to sites with seawater (Tracey, 2019). The salinity
is decisive for the larva since it starts to die when water is as little as 12.5% of seawater
(Tracey, 2019).

Several biological characteristics of Aedes aegypti are in Table 3.1. Besides, the mathe-
matical modeling for some biological experiments is in Sections 3.2 and 3.3. Using Table
3.1, we note a convergence in the reported number of days spent over the phases. However,
the period length, and consequently the developmental rates, depend on environmental
conditions. One of the main factors that produce this variability is temperature (Couret
and Benedict, 2014), which we point out from a review of several papers (Beserra,
Castro Jr., et al., 2006; Beserra, Fernandes, et al., 2009; Couret and Benedict, 2014;
Farnesi et al., 2009; Loncaric and Hackenberger, 2011; Otero et al., 2006; Schaeffer
et al., 2007; H. Silva and I. Silva, 1999; Soares-Pinheiro et al., 2017; H. Yang et al., 2009;
Yusoff et al., 2012b; Yusoff et al., 2012a).

Aedes aegypti eggs develop faster in warm temperatures until a certain threshold is
reached since studies suggested that warmer temperatures harm dengue transmission
and decrease the population (Nakhapakorn and Tripathi, 2005; Beserra, Fernandes,
et al., 2009; M. R. d. Silva, 2022). While temperatures are around 26ºC, the Aedes aegypti
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population development is faster, and dengue cases increase (Beserra, Fernandes, et al.,
2009; M. R. d. Silva, 2022). Until the egg accumulates enough heat, it remains quiescent
over a long period (H. Silva and I. Silva, 1999), and the environmental condition provides
a stimulus for the quiescent eggs to develop faster or slowly.

Characteristic Information (unit and reference)
Lifetime egg waiting 1 - 492 days (H. Silva and I. Silva, 1999).
for the water

Incubated eggs that 1 - 85 days (H. Silva and I. Silva, 1999).
will hatch to larva

Larval period 5† - 21 days (Beserra, Castro Jr., et al., 2006).

Pupal period 1 - 7 days (Beserra, Castro Jr., et al., 2006).

Larval and pupal Average of 53 days with a final time of 103 days
(H. Yang et al., 2009). Another study reported a
range of 6† - 28 days (Beserra, Castro Jr., et al., 2006).

Life time adult 1 - 63 days (H. Silva and I. Silva, 1999).
female mosquito

Eggs total/female Range of [3.4, 610.6], it varies with temperature
(Beserra, Fernandes, et al., 2009).

Mosquito bite Adult female (H. Yang, 2014).

Egg quiescence Present (Diniz, Albuquerque, et al., 2017).

Other dormancy Absent (Diniz, Albuquerque, et al., 2017).

Number of annual It used to be above 20 generations, and up to
generations 38 generations under laboratory conditions

(Beserra, Fernandes, et al., 2009).
† The lower threshold does not consider natural death.

Table 3.1: Characteristics of Aedes aegypti (time period counted by day).

Results found in the literature and reported through laboratory experiments indicate a
wide range of time spent at the aquatic development stage. From Beserra, Castro Jr.,
et al. (2006) they evaluate the development over 5 temperatures (18, 22, 26, 30, and 34ºC
with similar water temperatures), while H. Silva and I. Silva (1999) used only one fixed
temperature (28±1ºC). By doing this, the studies obtained a similar lower threshold for the
larval and pupal period, around 6 and 7 days (Beserra, Castro Jr., et al., 2006; H. Silva
and I. Silva, 1999; Yusoff et al., 2012b). Plus, for adult females, the maximum age reported
is also similar, around 56.2±2.38 and 57.8±4.85 (Beserra, Castro Jr., et al., 2006; H. Silva
and I. Silva, 1999). However, we found a report that one female laid 752 eggs over 72 days
in 1960 (Christophers, 1960).

In breeding site conditions, we assume the water stimuli are necessary for the egg
hatching (Chen et al., 2007), the larva or pupa development, and the female oviposition
since females lay eggs in standing water (Tracey, 2019) and water from storm drains
(Chen et al., 2007).
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Besides, the life cycle of Aedes aegypti is short, and natural death is different during the
development stages. We define the mortality rate as a function that determines individuals
who died during each time step. In general, it depends on the temperature (H. Silva and
I. Silva, 1999; H. Yang et al., 2009).

According to the literature review, we assumed that the daily mean temperature and
the precipitation are the main environmental variables that stimulate Aedes aegypti devel-
opment in tropical or subtropical regions (Lega et al., 2017; Loncaric and Hackenberger,
2011; CW Morin et al., 2015; Rossi, Lopez, et al., 2015; Yusoff et al., 2012b; Yusoff et al.,
2012a). The temperature dependence is motivated by the fluctuations along the year and
its effect on Aedes aegypti biology. After all, it influences insect physiology and behavior
(Loncaric and Hackenberger, 2011; Siraj et al., 2017; M. R. d. Silva, 2022; M. R. d. Silva
et al., 2022).

We will study the influence of temperature and precipitation during the population
dynamics through numerical simulations, then we set a table for precipitation and tem-
perature fixed values. Also, the population dynamics of a municipality will be estimated
according to its historical weather data and sanitation panorama, to compare with collected
data. There are several studies using temperature and precipitation to forecast the dynamics
of the mosquito population. Nevertheless, we set a quiescent stage and a basic sanitation
parameter to organize the population development, and to construct the transition and
mortality functions depending on the egg age and the weather data during previous
days.

Through our model, we are building functions for understanding Ae. aegypti population
development. For this purpose, we established that the oviposition, transition, and mortality
functions always depend on the daily mean temperature. And often the individual age,
the accumulated temperature, and the daily or accumulated precipitation. The daily mean
temperature threshold is 6.8 to 36ºC, and it incorporates all cities during the period for
which we have surveillance data, as well as most Brazilian municipalities.

The temperature and precipitation influence, together with the quiescence and sanita-
tion approach, will help us to verify the interference of the weather and basic sanitation
for the development and maintenance of the population.

From table 3.1, similar to Maimusa et al. (2016) we got a minimum of 8.9 days for
females to emerge from the egg. This occurs if the temperature and humidity are favorable
to this emergence (Maimusa et al., 2016). To account for the minimum periods of our
study, we got a minimum of 1 day (quiescent egg) plus 1 (nonquiescent egg) plus 5 (aquatic
development, as larva and pupa) equals 7 days. Therefore, the individual needs 7 days
during the previous stages, and it could emerge adult female during its 8th day. Otherwise,
it will become a fertile adult female after its 9th day. For the number of offspring 𝑛 and
the mean duration time 𝛾 , we note that they vary according to the weather and the basic
sanitation.

We believe that even the older eggs were younger than 500 days in Brazil because the
weather had some fluctuation and was well-defined in four seasons. Besides, precipitation
was not a problem for more than six months in Brazil.

We used the term individuals as a generic way to refer to eggs, larvae, pupae, or adult
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female mosquitoes. Concerning the stages, the individual moves due to age or growth.
These movements describe the maturing of the individuals and we are using transition
matrices to represent them.

3.2 Literature based functions

In some mortality and transition functions, we use the parametrized functions modeled
by H. Yang et al. (2009) for Ae. aegypti according to temperature-controlled experiments
carried out over approximately one year and a half.

Briefly, in these experiments, the mosquitoes were placed in a cage with water and
honey, where their blood meal was an immobilized mouse. The way to count eggs was
from the amber glass with filter paper for egg-laying. Furthermore, the numbers of survival
of males and females were recorded.

To monitor the development of the newly hatched eggs, they were put in a bowl and
fed with freely available fish, then it was possible to measure the time spent in this stage
over different temperatures. After the procedure, the pupae were transferred and remained
inside the chamber (H. Yang et al., 2009).

To fit the data and calculate the functions, they chose a polynomial of degree 𝑚 given by
𝑃𝑚(𝜃) = ∑

𝑚

𝑖=0
𝑏𝑖𝜃

𝑖, and used probability functions to estimate the 𝑏𝑖 parameters considering
the period between the individual emergence at the new stage until its death, as well the
temperature dependence (H. Yang et al., 2009).

The fittings were functions of temperature, and the coefficients were usually determined
for 10 ≤ 𝜃 ≤ 35ºC or 10 ≤ 𝜃 ≤ 40ºC (H. Yang et al., 2009), referring to the daily mean
temperature.

We adopt all transition and mortality functions for the range between 6.8 ≤ 𝜃 ≤ 36ºC
due to their biological meaning in the interval. H. Yang et al. (2009) worked with a
probability distribution, calculating parameters for functions such that the range gives
values near zero, and they do not represent a significant change between a rate and a
probability distribution, while we assume low rates.

• The aquatic development mortality rate (only larvae and pupae, based on H. Yang
et al. (2009) and represented in Figure 3.1(a).

𝑅
0

𝐷
(𝜃) = 6.794×10

−6
𝜃
4
− 6.778×10

−4
𝜃
3
+ 2.457×10

−2
𝜃
2
− 3.797×10

−1
𝜃 + 2.130 . (3.1)

This means the rate of individuals who died on the day 𝑡 according to the temperature.

• The aquatic development transition rate (only larvae and pupae, based on H. Yang
et al. (2009)):
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Symbol Definition
𝜃 The daily mean temperature on the day 𝑡, that is 𝜃(𝑡).

𝑅
0

𝐸
𝑞 (𝜃) The mortality rate of quiescent eggs who died on the day 𝑡 according to the

temperature.

𝑅
0

𝐸
(𝜃) The mortality rate of nonquiescent eggs who died on the day 𝑡 according to

the temperature.

𝑅
0

𝐷
(𝜃) The aquatic development mortality rate of individuals (larva and pupa),

who died on the day 𝑡 according to the temperature.

𝑅
0

𝐴
(𝜃) The mortality rate of adult female mosquitoes who died on the day 𝑡

according to the temperature.

𝑅
𝐸𝑡

𝐸
𝑞 (𝜃) The rate of quiescent eggs that move to the nonquiescent stage on the day 𝑡

according to the temperature.

𝑅
𝐸𝑗

𝐸
𝑞 (𝑗) The rate of quiescent eggs that move to the nonquiescent stage on the day 𝑡

according to the age 𝑗 .

𝑅
𝐷

𝐸
(𝜃) The rate of nonquiescent eggs that move to larva on the day 𝑡 according to

the temperature.

𝑅
𝐴

𝐷
(𝜃) The aquatic development transition rate represents the rate of individuals

(only larva and pupa) who move on the day 𝑡 to adult female according to

the temperature.

𝑅
𝐸
𝑞

𝐴
(𝜃) Oviposition rate of quiescent eggs laid by an adult female on the day 𝑡

according to the temperature.

Table 3.2: Parameters description.

𝑅
𝐴

𝐷
(𝜃) = −3.420 × 10

−10
𝜃
7
+ 5.153 × 10

−8
𝜃
6
− 3.017 × 10

−6
𝜃
5

+ 8.723 × 10
−5
𝜃
4
− 1.341 × 10

−3
𝜃
3
+ 1.164 × 10

−2
𝜃
2

− 5.723 × 10
−2
𝜃 + 1.310 × 10

−1
. (3.2)

For 𝜃 < 10.12ºC, we set the aquatic transition as 0, as Figure 3.1(b). It represents the
rate of individuals who move on the day 𝑡 according to the temperature.

• The mortality rate of the female mosquito was adapted from H. Yang et al. (2009)
and represented in 3.1(c):

𝑅
0

𝐴
(𝜃) = 3.809×10

−6
𝜃
4
− 3.408×10

−4
𝜃
3
+ 1.116×10

−2
𝜃
2
− 1.590×10

−1
𝜃 +8.692×10

−1
. (3.3)
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Figure 3.1: (a) The lower mortality in the aquatic development stage is around 17ºC. (b) The transition
is improved around 27ºC. (c) The lower mortality is around 29ºC. (d) The oviposition is stimulated
around 30ºC.

• Oviposition rate, based on H. Yang et al. (2009):

𝑅
𝐸
𝑞

𝐴
(𝜃) = −1.515×10

−4
𝜃
4
+ 1.015×10

−2
𝜃
3
− 2.124×10

−1
𝜃
2
+ 1.800 𝜃 − 5.400 . (3.4)

For 𝜃 < 11.624ºC, the oviposition depending on temperature is 0, as Figure 3.1(d).

Equation (3.4) represents the rate of quiescent eggs laid by an adult female on day 𝑡

according to the temperature.

However, the transition and mortality functions from quiescent to nonquiescent eggs,
and also that of nonquiescent eggs to aquatic development phase were not reported in
H. Yang et al. (2009).

We found a temperature dependence function for the transition between nonquiescent
egg and larva from Rossi, Ólivêr, et al. (2004) that does not consider the water influence,
as we see in (3.5),

𝑅
𝐷

𝐸
(𝜃) = 0.00764 (𝜃 + 273)

e40.55−
13094.10

𝜃+273

1 + e92.501−
28169.2

𝜃+273

. (3.5)
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Equation (3.5) determines the rate of nonquiescent eggs that become larvae on day 𝑡

according to the temperature. The temperature influence over this transition can be seen
in Figure 3.2(a).

Figure 3.2: (a) The biggest transition is stimulated around 31ºC. (b) The lower mortality is around
7ºC.

We selected this model since Rossi, Ólivêr, et al. (2004) also considers the standard unit
of measure as Celsius degree, although 𝜃 was truly a number in a similar range to the daily
mean temperature but it was composed of the daily average temperature together with
geographical coordinates. In our model, we are not interested in all those environmental
aspects.

We considered the same mortality rate for quiescent and nonquiescent eggs who died
on day 𝑡 according to the temperature (see Figure 3.2(b)). According to Rossi, Ólivêr, et al.
(2004),

𝑅
0

𝐸
𝑞 (𝜃) = 𝑅

0

𝐸
(𝜃) = 0.0731 (exp ( 0.0595 𝜃 )) . (3.6)

However, we combine transition, mortality, and fertility rates, and they compose the
entries of the probabilities matrix in the same way as Yusoff et al. (2012b). There are
temperature-dependent functions combined with sanitation or precipitation parameters
calculated based on data from experiments or the environment. For example, about the
oviposition function from equation (3.4), we include precipitation influence according to
Chen et al. (2007). From Rossi, Lopez, et al. (2015), they set an oviposition function also
depending on temperature and rain information, although with a different approach.

Finally, we built the functions described in Section 3.3 and Chapter 4 considering
biological and environmental aspects as follows.

3.3 Novel functions
We note from Farnesi et al. (2009) that the embryonic development was evaluated

using a temperature ranging between 12 and 36ºC (at 12, 16, 22, 25, 28, 31, 35, and 36ºC).
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The main results are described in Table 3.3.

Temperature (ºC) Days (≈) Hours † Eclosion (%)
12 40 960∗ -
16 20 489.3 81.1
22 4 98.3 93.9
25 3 77.4 96.0
28 3 61.6 93.3
31 2 48.4 82.8
35 2 50.3 48.5
36 - - -

† Hours elapsed for eclosion of 50% of larvae specimens between 16 and 35ºC. ∗While for
12ºC it is about the first larva eclosion reported.

Table 3.3: Results of laboratory experiments from Farnesi et al. (2009).

Through these experiments, they reported that the velocity of the complete devel-
opment was directly proportional to the temperature till 31ºC because at 35ºC it was
slower.

According to Table 3.3, at 12ºC the first egg hatching was observed after 40 days.
Regarding 16ºC, the number of days required for the completion of embryogenesis of half
of the sample eggs was reported as 20 days. Quickly development was obtained at 28ºC
and 31ºC (a little over 48 hours). Then we assume 2 as a minimum of days spent by an egg
during the quiescence and nonquiescence stages.

In this way, we considered a minimum of 1 day of quiescence, plus 1 day in the
nonquiescence stage. In fact, the quiescent egg needs at least 1 day, because the egg will
be fertilized when it is laid, that is, the embryo will be generated after the egg laying once
the procedure happens outside of the female organs.

Furthermore, the egg spent more than 2 days to complete its embryogenesis at 35ºC, if
completed (Farnesi et al., 2009). Around 36ºC, they did not observe any eclosion (Farnesi
et al., 2009). These duration times were counted by hours during the experiment, and often
the difference between the time spent for the first egg eclosion was approximately equal
to the time performed for half of the sample eggs.

The study justifies the hatching rates once the three-day-old egg has more probability
to hatch than a forty-day-old one (Table 3.3). This kind of behavior we noticed from other
studies, as follows (see Figures 3.4 and 3.5).

From then on, the biggest eclosion rates were obtained between 22-28ºC (approximately
90%) (Farnesi et al., 2009). For exposition considering the temperatures of 16ºC and 31ºC,
they decreased to 80% while at 35ºC the eclosion rate was approximately 50%. Despite
this, they concluded 35°C as the maximum temperature supported during embryonic
development since no hatching was observed above 36ºC (Farnesi et al., 2009).

While we consider this sample, we have the velocity of the completion of embryonic
development. However, we need the information of temperature around forty previous
days, including other surrounding conditions, and it is costly computer-wise. Besides, the
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experiment means the eclosion time for half of the eggs, but they felt the environmental
stimulus before the reported time, and we are interested in investigating it. Let us consider
the data about the percentage of egg hatching. According to Table 3.3, we fit the data as a
sum of sines,

𝑅
𝐸𝑡

𝐸
𝑞 (𝜃) = 𝑎1 sin(𝑏1𝜃 + 𝑐1) + 𝑎2 sin(𝑏2𝜃 + 𝑐2), (3.7)

calculating the coefficients as defined by

𝑎1 = 478.7, 𝑏1 = 0.1435, 𝑐1 = −1.63,

𝑎2 = 384.5, 𝑏2 = 0.1579 and 𝑐2 = 7.491.

The resulting curve is represented by Figure 3.3 and normalized in the following
equation,

𝑅
𝐸𝑡

𝐸
𝑞 (𝜃) =

478.7 sin(0.1435𝜃 − 1.63) + 384.5 sin(0.1579𝜃 + 7.491)

100

, (3.8)

where 𝜃 = 𝜃(𝑡). We set (3.8) once the unknown percentage is around 10 and 15ºC and we
expect it to be significantly lower than that for 16ºC. Besides, through these six coefficients,
according to the range 16-36 Celsius degrees, that is, a set of 7 points, we observe the
R-square reaches the maximum of 1.

We built a model using data about seven points with six parameters, but more than
looking at the 𝑅

2 to choose the fitting, we paid attention to the biological behavior. From
then on the sum of sines provides a decrease in the extremes (12ºC and 36ºC) of the
experiment, as the references, we mentioned about Aedes aegypti.

Equation (3.8) determines the rate of quiescent eggs that move to nonquiescent eggs
on day 𝑡 according to the temperature 𝜃. Therefore, given good humidity, the temperature
influence over the eclosion was evaluated (Farnesi et al., 2009).

The modeling from (3.8) is due to that we assumed the dormancy ends through stimuli
according to a rate, and this biological mechanism has a similar behavior to the eclosion,
which means it has a similar temperature dependence.

Obviously, faster development is highly determined by temperature, but we also inves-
tigate the age influence on it.

In order to justify our point of view, we found results showing that eggs were exposed
for 3 days to the water stimulus adhered in sheets of filter paper (Soares-Pinheiro et al.,
2017). Afterward, the eggs were left outdoors for 1 day. Therefore they were dried through
evaporation and stored in groups in paper envelopes, plastic bags, or plastic cups.

Despite the absence of water, those three days were enough to hatch a lot of eggs.
Indeed, from this stimulus, the hatching rates of egg batches stored during 12 to 61 days
were bigger with rates between 84 to 90% (Soares-Pinheiro et al., 2017). A significant
decrease was reported between 89 to 118 days, with 63 and 48%, respectively. Besides, this
study looked for eclosion up to 8 months where the viability of Aedes aegypti remained
high until 4 months. From the viability tests, they reported a rate for 12, 19, 32, 61, 89, 118,
158, 186, 240, and 271 storage days, as described in Table 3.4.
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Figure 3.3: Modeling the viability versus temperature using a sum of sines (Farnesi et al., 2009).

Storage days Eclosion (%)
12 90.0
19 80.7
32 88.9
61 83.7
89 63.5
118 48.2
158 10.6
186 2.7
240 0.2
271 0.0

Table 3.4: Results of experiments from Soares-Pinheiro et al. (2017).

According to the research, the egg was not counted daily immediately upon its hatching
so the eclosion number was accumulated (Soares-Pinheiro et al., 2017). However, they
did not report how many days they watched the eggs. Through the pilot experiment and
comparisons with the development of the three-day-old eggs during 10 days (Soares-
Pinheiro et al., 2017), we conclude they watched the eggs for over 10 days.

Starting with this behavior we could be invited to set models such as Gompertz, logistic
curve, or Bertalanffy for fitting the data. However, those models produce curves with a
limited growth, which reaches a maximum value in a mid-point between the asymptotes
(R. Bassanezi, 2012; Winsor, 1932) and usually, they represent some relationship between
age and growth, from where it is possible to analyze the growth behavior of a unique
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individual over time (Freitas, 2005; L. Souza, Caires, et al., 2010; Carneiro et al., 2009;
L. Souza, Carneiro, et al., 2011). This means that the individual had a weight on time 𝑡

and on the next day 𝑡 +1, it still had some weight. In this approach, the biological meaning
was related to age and eclosion. Thus, since the individual hatched, it did not continue to
hatch during the following days.

On the other hand, another experiment reported that 492 days old eggs could hatch
according to a rate of 0.2% (H. Silva and I. Silva, 1999). Even though the rate eclosion
from Table 3.4 was reported as null for 271 days old eggs (Soares-Pinheiro et al., 2017),
we do not consider this information because we assumed that the watching period for the
study was short. Assuming a partial sample from Table 3.4 given by

𝑎 = [12 19 32 61 89 118 158 186 240] and (3.9)
𝑏 = [90.0 80.7 88.9 83.7 63.5 48.2 10.6 2.7 0.2] ,

we point out that the behavior can be represented by a Gaussian curve, such that

𝑅
𝐸𝑗

𝐸
𝑞 (𝑗) = 𝑎1 e−(

𝑗−𝑏
1

𝑐
1 )

2

, (3.10)

where 𝑗 means the quiescent egg age and we fit the data available during 12-240 days
because the percentage for 271 days is unknown and it could be near but not equal to zero
(H. Silva and I. Silva, 1999).

Thus, we plot the curve in Figure 3.4 and obtain the coefficients (with 95% confidence
bounds) given by

𝑎1 = 89.95 (82.61, 97.29); 𝑏1 = 36.8 (22.33, 51.28) and 𝑐1 = 91.9 (70.68, 113.1), (3.11)

where 𝑅
2
= 0.985.

Mathematically, this gives a good fitting. In practice, the transition of quiescence
to nonquiescence happens before eclosion. However, we assume eclosion rates carry
information about the development.

Finally, we represent a rate depending on age (𝑗) given by

𝑅
𝐸𝑗

𝐸
𝑞 (𝑗) =

89.95 exp (−((𝑗 − 36.8)/91.9)
2
)

100

. (3.12)

Despite a smooth increase and an unworthy hatchability rate for the 300-day-old
individuals, we use this model for fitting the data, which composes the transition func-
tion.

From Figure 3.4, we concluded that age influences hatchability. Our approach is justified
by the fact that eggs were stored in different containers and places (Soares-Pinheiro
et al., 2017), which means the study produced a tendency to model how the quiescent egg
felt enough stimulus according to its age. Indeed, the eggs were exposed over three days
in the water, and afterward they were stored (Soares-Pinheiro et al., 2017). Some of them
received air humidity also, that is, the eggs stored in cups received a few more stimuli
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Figure 3.4: Gaussian fitting for the viability sample from Soares-Pinheiro et al. (2017).

than those stored in envelopes and plastic bags with their edges sealed (Soares-Pinheiro
et al., 2017).

We expected that the transition between quiescence and nonquiescence could be
controlled by environmental conditions, which implies building a model with more inputs
than the temperature (Schaeffer et al., 2007).

Sample 3.9 (selected, as mentioned, from Table 3.4) is according to results from labora-
tory experiments performed in Brazil with Ae. aegypti reported in H. Silva and I. Silva
(1999). The individuals were maintained at a temperature of 28 ± 1ºC, over a relative
humidity of 80 ± 5% and a photoperiod of 12 hours. Plus, eggs of different ages immersed
for eight months had a viability period of up to 492 days, while they found higher hatching
rates between three and 121 days (H. Silva and I. Silva, 1999).

Similarly, in Australia, the eggs remained viable for more than a year maintaining a
hatching rate of approximately 2-15% (Faull and Williams, 2015). As for lower temper-
atures, a study performed experiments and an Aedes aegypti development over 1ºC has
been reported by Christophers (1960), but they concluded that, when the eggs hatched,
the larvae were dead.

As described above, H. Silva and I. Silva (1999) obtained the biggest eclosion rates for
groups of 3 to 121 days old quiescent eggs. This means that the quiescent eggs were stored
for 3 to 720 days according to their oviposit colony and after this, they were exposed to
favorable temperatures and water. Although the storage was for 4 months, they developed
very well. However, lower rates were found for the 154 days old group and so on, which
were similar to the results reported by Soares-Pinheiro et al. (2017).
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The approach was convenient since they dried eggs by evaporation and stored them
(H. Silva and I. Silva, 1999), which is a reasonable procedure if we compare it to the
process in outdoor places. The available eggs were up to 720 days old, but they found a
nonzero rate until the 492 days old group (H. Silva and I. Silva, 1999).

Therefore, both studies reported data about the quiescence ability and egg viability.
However, while H. Silva and I. Silva (1999) kept the eggs dried for then to expose them to
good environmental conditions, Soares-Pinheiro et al. (2017) developed another proce-
dure that began by exposing the eggs for three days to the water stimulus, and after they
maintained the eggs in containers where the environmental conditions were reduced to
temperature and some air humidity, varying the type of container and the surroundings.
The procedures were different, but the egg viability fluctuations had similar behavior.

The rates in Table 3.5 were adapted from H. Silva and I. Silva (1999) and H. Yang (2014).
Both were calculated according to results obtained by H. Silva and I. Silva (1999).

Group Quiescence Eclosion Per-capita eclosion Per-capita mortality Mean eclosion
age (days) (%) rate (𝑑𝑎𝑦𝑠−1) rate (𝑑𝑎𝑦𝑠−1) (𝑑𝑎𝑦𝑠−1)

1 3 85.4 0.1067 0.0182 86.1
2 32 41.1 0.007593 0.0109 5.3
3 63 36.0 0.01092 0.0194 6.4
4 91 47.7 0.01640 0.0180 12.1
5 121 97.2 0.01762 0.00051 13.2
6 154 1.3 0.002 0.1518 1.6
7 273 4.3 0.01405 0.3127 8.6
8 337 0.3 0.00164 0.5439 1.0
9 427 10.9 0.00665 0.05437 5.6
10 462 0.5 0.00125 0.2488 1.0
11 492 0.2 0.000585 0.2922 1.0

Table 3.5: Basic rates of Aedes aegypti.

From Figure 3.5(a) we plot the data about quiescent egg age and per-capita eclosion.
We analyze the column per-capita eclosion because it means the number of eggs per total
eclosion rate. Also, by Figure 3.5(b), we have the percentage of eclosion according to the
egg age group.

The laboratory experiments reflected how egg development happens during the quies-
cent period according to age, once they were carried out in a biological chamber (H. Silva
and I. Silva, 1999). We pointed out that there are outliers, but in a general way, the viability
was lower when the egg was older. Thus, we supported the hypothesis that age influences
egg viability. Besides, through the data about egg eclosion and viability, we could model
the way the quiescent egg turns into a nonquiescent one.

In a similar way, from Diniz, Melo-Santos, et al. (2015) the quiescent egg viability
studied up to 180 days was around 70%. Before this, eggs stored for up to 150 days presented
a viability rate of 80% (Diniz, Melo-Santos, et al., 2015). Indeed, egg hatchability depends
on many factors due to the influence of poor embryonal development and desiccation
(H. Yang et al., 2009).
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Figure 3.5: Eclosion from then two calculations (H. Silva and I. Silva, 1999).

After all, the success of the Aedes aegypti population is motivated by its hatchability
and lifetime as an egg (Diniz, Albuquerque, et al., 2017; Vieira, 2008; H. Silva and
I. Silva, 1999). The stored eggs and hatchability are motivated by the past days’ weather,
such that we considered accumulated temperature and precipitation.

Although researchers such as Rossi, Ólivêr, et al. (2004) used the daily minimum,
maximum, and mean temperatures to compose the inputs of dynamical systems, we
assumed that applying daily mean temperature can provide enough information about
the temperature influence over the Aedes aegypti life cycle (Lega et al., 2017; Loncaric
and Hackenberger, 2011; Rossi, Lopez, et al., 2015; Yusoff et al., 2012b; Yusoff et al.,
2012a).
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Chapter 4

Model construction

We propose a structured matrix population model by age and stage, to investigate the
behavior of Aedes aegypti population dynamics and to estimate its abundance for Brazilian
municipalities.

4.1 Model assumptions and some considerations
This Section explains the assumptions established to build the mathematical

model.

Age-structured models adapt to this approach since we built a single newborn class
model where the offspring are born into the first age class only, similar to Leslie models
(Cushing and Yicang, 1994). In this way, individuals in age-class 𝑖 at time 𝑡 can move
to age-class 𝑖 + 1 as a Leslie model (Cushing and Yicang, 1994), but they also can grow
up, so it has the idea of an age and stage-structured model, i.e., generalized structured
population models, where we assume some functions and parameters to represent the
rates during the life cycle, composed of survival, age, growth, and birth.

For the next step, the individual can move to the next stage, or it remains the same for
one more day. It does not need to finish the previous stage classes to move. Likewise, age
means the time spent in each development stage, similar to Loncaric and Hackenberger
(2011).

It is known that the older an individual gets, the higher the probability of moving to
the next stage (Loncaric and Hackenberger, 2011). However, the relationship between
age and growth is different for a quiescent egg.

Through the block structure, we represent the biological processes (Newman et al.,
2014). According to Newman et al. (2014), our model seems a BRS model because it includes
growth (R), and also a BAS model because it includes age incrementation (A), both of them
followed by survival (S) and birth (B).

Our system is a (time) variant. We can also classify it as dynamic because we are using
entries from previous steps (precipitation and temperature). It is stochastic because we are
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modeling some aleatory events, such as the probability of the quiescent egg turning into
nonquiescent.

(i) The population has an age structure.

We consider the individual ages through classes once the biological conditions give
a maximum life expectancy.

Secondly, age can restrict biological processes, such as the minimum age for larval
and pupal development and the threshold for female fertility.

Finally, we have data about eggs accumulated up to 5 days old. Then, it is required
information about the individuals in this age group, to compare the outputs of the
respective five days with the real collected data. It means we do not have an egg
storage measure, we only estimate the number of younger individuals.

(ii) We categorize the Aedes aegypti population into four compartments.

There exist quiescent eggs 𝐸𝑞 , nonquiescent eggs 𝐸, the aquatic development 𝐷 (larva
and pupa), and adult female mosquito 𝐴, as illustrated in Figure 4.1. It produces a
life cycle as Figure 4.2.

Figure 4.1: Compartments of the model.

(iii) We use one stage for quiescent eggs and assume eggs start with quiescence.

Ae. aegypti has embryonary quiescence (Diniz, Albuquerque, et al., 2017). We
know from Chapter 3 an Aedes aegypti quiescent egg is probably deposited above the
water line, once it can be prompted immediately with the immersion into the water
((Denlinger et al., 2012) apud (Diniz, Albuquerque, et al., 2017)). However, eggs
sometimes need more than one stimulus to hatch to larva (Diniz, Albuquerque,
et al., 2017).

The egg is the most resistant individual during the Ae. aegypti development (H. Yang,
2014). Although the serosal cuticle vulnerability during the first hours after the egg-
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Figure 4.2: Aedes aegypti life cycle. Adapted from Ishikawa (2012), E. Souza (n.d.), Diáriogaúcho
(2015), and Loyola (2016).

laying (Rezende et al., 2008), the quiescence characteristic guarantees population
maintenance.

The quiescent egg can turn into nonquiescent when the weather is good, which
occurs quickly or not (H. Silva and I. Silva, 1999). It is possible because the egg has
biological protection which provides enough food, depending on stored maternal
reserves (Otero et al., 2006; H. Yang, 2014).

The egg hatching rate depends on age as well as weather conditions since the
hatching rate of a 121-day-old quiescent egg was greater than for a 427-day-old
egg (H. Silva and I. Silva, 1999). While with 492 days the hatching rate was almost
zero (H. Silva and I. Silva, 1999). However, the Ae. aegypti eggs from the same
laying (at the same age) had different hatching rates along the quiescent period
when maintained under the same environmental conditions (Diniz, Albuquerque,
et al., 2017).

After the first stimulus, when the embryo starts to develop itself, the weather helps
it. Otherwise, there will be the probability that the egg will not be prompt, which
persists over time (Dickerson, 2007; Maimusa et al., 2016; H. Silva and I. Silva,
1999).

Then, we assumed the nonquiescent egg has a shorter maximum age than the
quiescent egg, because of its faster development. Besides, we assumed the eggs have
two stages because the development rates are different.

(iv) We considered the larval and pupal stages together as the aquatic development
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stage.

Since they have a similar water dependence to survive and develop. Besides, we
assume the transition and mortality functions proposed by H. Yang et al. (2009),
which were together.

The data provides information about eggs and adults (Codeço et al., 2015). Then,
assuming only one stage, we now focus on the distribution of the population in
these two steps of development.

(v) The availability of breeding sites depends on rainfall and temperature.

As well as in Rossi, Lopez, et al. (2015), the authors assumed both variables. However,
from Otero et al. (2006), we found a model based on temperature, not on rainfall,
because they explored regions where there was no dry season.

In Brazil, we assume that frequent rainfalls increase the abundance of breeding sites
for the female mosquito to lay its eggs (Loncaric and Hackenberger, 2011).

We set the mean daily temperature of breeding sites as the same as the air (Otero
et al., 2006). That is, through the daily mean temperature data, we assume that
atmospheric temperature provides an estimated temperature for the water.

(vi) Where there is water, there is enough food.

From item (iii), the egg has maternal reserves. Nevertheless, during the larval stage,
the individual needs food. It can eat protozoa, bacteria, and fungi present in the
water. In this way, larvae mortality is influenced by habitat desiccation (Schaeffer
et al., 2007) while pupae do not eat (Loncaric and Hackenberger, 2011; Otero
et al., 2006), but they breathe and need water.

On the other hand, the adult mosquito eats plants (A. P. d. Souza et al., 2020) or
blood, which doesn’t depend immediately on water resources.

(vii) Desiccation is intrinsic to natural death.

We considered desiccation is not a mortality factor as Otero et al. (2006), based on
the daily mean temperatures reported from the studied cities. Indeed, the hatching
of mature eggs is greatly stimulated by the soaker, which means it is more common
to occur after rainfall ((Christophers, 1960) apud (Otero et al., 2006)).

(viii) Quiescent eggs can turn into nonquiescent after the needed temperature stimulus,
even during the rain absence. The same occurs between nonquiescent egg to larvae.

The egg has maternal reserves (Otero et al., 2006; H. Yang, 2014). It counts if they
were exposed to the water in some previous days as quiescent eggs, or in a place
where it developed through the evaporation process.
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(ix) The quiescent period does not influence the time during larva and pupa stages,
nor the female longevity.

We point out through biological experiments that groups of different quiescent
days presented a similar number of days for aquatic stage development or female
mosquito longevity (see Tables 3 and 4 from H. Silva and I. Silva (1999)).

(x) The gonotrophic cycle is periodic (Schaeffer et al., 2007), and the availability of
male mosquitoes is always enough.

In the breeding season, there are male mosquitoes available for copulation. The
sperm is stored throughout the female’s lifespan (H. Yang et al., 2009). The eggs are
fertilized when they are formed (H. Yang et al., 2009) outside the female organs.

(xi) The adult female does not lay eggs at any age (Costa et al., 2010; Maimusa et al.,
2016; H. Yang et al., 2009).

Furthermore, similar to H. Yang et al. (2009) - where they assumed the mosquitoes
copulated 24 hours after the emergence as an adult female -, we incorporate the first
oviposit from the second day as an adult (Maimusa et al., 2016). Around 50% of the
females copulated, fed, and laid eggs one day after their emergence, while another
50% needed two days to lay eggs for the first time, during their third day.

There is a biological threshold of 2 up to 22 days old for female fertility (Maimusa
et al., 2016). Besides, adult females lay eggs every 2 days (see Table 3.1). It means
we assume 11 cycles as the maximum for fertile females. In fact, Aedes aegypti
reproduces 10.75 times in an average of 15.77 days (Maimusa et al., 2016).

(xii) We have different daily survival and transition rates for eggs, aquatic development,
and adult females.

Each stage is susceptible to stimuli. We set functions from literature (Section 3.2)
and novel functions (Section 3.3).

(xiii) We propose a singular age and stage structure.

A second overview of the mosquito life cycle is shown in Figure 4.3. Through this
is distinguished the individuals according to their stages as well as their age (see
description on Table 4.1). Beyond this cycle, we consider the time spent in each
stage, in the same way as developed by Loncaric and Hackenberger (2011) for
Aedes vexans, because the individuals can move to the next stage before the end of
its stage, as specified by Table 3.1.

(xiv) The rates can fluctuate while the weather provides different environmental condi-
tions.

Summer, late Spring, and early Fall are the favorite periods for the breeding season.



48

4 | MODEL CONSTRUCTION

Figure 4.3: The flow chart of mosquito’s life cycle as established in the model.

In this way, we consider a model where the quiescent eggs are the robust individuals
who can survive over lower temperatures and rain absence.
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Figure 4.4: The flow chart of mosquito’s life cycle as established in the model. One color represents
the path trends in the same class.

About adult mosquitoes, the urban areas and the environmental conditions can
increase the surrounding outdoor availability and the duration of the day when
female mosquitoes bite most frequently (WHO, 2019). However, the indoor habitat
is less susceptible to climatic variations and can increase the mosquitoes’ longevity
(WHO, 2019). Still, indoor environment specificities do not influence the model once
we consider outdoor trap data.

(xv) It is a mid-term period when there is no migration.

(xvi) The model has a one-day projection interval, which means Δ𝑡 = 1 day.

(xvii) The oviposition function considers temperature and precipitation dependence.

The biology of the adult female mosquito depends on the temperature to oviposit
eggs (remember equation (3.4)).



50

4 | MODEL CONSTRUCTION

Symbol Definition
𝐸
𝑞

𝑡,𝑗
Representing the quiescent egg stage
The number of 𝑗 days old quiescent eggs on the day 𝑡.

𝐸𝑡,𝑗 Representing the nonquiescent egg stage
The number of 𝑗 days old nonquiescent eggs on the day 𝑡.

𝐷𝑡,𝑗 Representing the aquatic development stage - larval and pupal stages
The number of 𝑗 days old larvae and pupae on the day 𝑡.

𝐴𝑡,𝑗 Representing the adult female stage
The number of 𝑗 days old adult female mosquitoes on the day 𝑡.

𝜂𝑄 The maximum age reported for quiescent eggs.
𝜂𝐸 The maximum age reported for nonquiescent eggs.
𝜂𝐷 The number of days required for larvae and pupae development.
𝜂𝐴 The maximum age reported for adult female mosquitoes.

Table 4.1: Compartments description.

Moreover, we represent a rain influence once that at the same temperature, in Costa
et al. (2010), they verified that lower humidities increased the egg-laying.

4.2 Model development

The matrix 𝑃𝑡 is called the population projection matrix associated with the model.
Through the settings, we estimate the population number on the day 𝑡 depending on the
population on the day 𝑡 − 1. As the matrix entries change according to the environmental
conditions, then 𝑃𝑡 is weather-dependent.

The projection matrix is composed of the fertility 𝐹𝑡 and transition 𝑇𝑡 matrices, so it
has a form 𝑃𝑡 = 𝑇𝑡 + 𝐹𝑡 and

𝑀𝑡+1 = 𝑃𝑡𝑀𝑡 , (4.1)

with 𝑀0 ≥ 0. We organize the Aedes aegypti population as if each coordinate of the
mosquito vector 𝑀𝑡 represents the number of individuals in the current stage over the
same age class, once the population stages can be organized in a vector according to the
individuals’ age.

There are four stages corresponding to the quiescent 𝐸𝑞

𝑡
and nonquiescent 𝐸𝑡 eggs,

the aquatic development 𝐷𝑡 (larva and pupa), and the adult female mosquito 𝐴𝑡 . For
this approach, we consider 𝐸

𝑞

𝑡
= (𝐸

𝑞

𝑡,1
, 𝐸

𝑞

𝑡,2
,⋯ , 𝐸

𝑞

𝑡,𝜂𝑄
), 𝐸𝑡 = (𝐸𝑡,1, 𝐸𝑡,2,⋯ , 𝐸𝑡,𝜂𝐸

), 𝐷𝑡 =

(𝐷𝑡,1, 𝐷𝑡,2,⋯ , 𝐷𝑡,𝜂𝐷
) and 𝐴𝑡 = (𝐴𝑡,1, 𝐴𝑡,2,⋯ , 𝐴𝑡,𝜂𝐴

), where

𝑀𝑡 = (𝐸
𝑞

𝑡
, 𝐸𝑡 , 𝐷𝑡 , 𝐴𝑡)

′
.

For example, 𝐸𝑞

𝑡,𝑗
means the number of 𝑗 days old quiescent egg on the day 𝑡, as well as

the maximum age is 𝜂𝑄 days old, and so on (see Table 4.1). Thus, we set an 𝜂𝑄 , 𝜂𝐸, 𝜂𝐷, and
𝜂𝐴 big enough, according to biological reports.

For this approach, we considered Table 4.2, and similar to Cushing and Yicang (1994)
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we built the projection matrix

𝑃𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑉𝑡 0 0 𝑍𝑡

𝑆𝑡 𝑋𝑡 0 0

0 𝑊𝑡 𝑄𝑡 0

0 0 𝑅𝑡 𝑈𝑡

⎤

⎥

⎥

⎥

⎥

⎦

, (4.2)

where 𝑃𝑡 ∈ ℝ
𝑚×𝑚 such that 𝑚 = 𝜂𝑄 + 𝜂𝐸 + 𝜂𝐷 + 𝜂𝐴. The transition and the fertility matrices

(Cushing and Yicang, 1994) are given by

𝑇𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑉𝑡 0 0 0

𝑆𝑡 𝑋𝑡 0 0

0 𝑊𝑡 𝑄𝑡 0

0 0 𝑅𝑡 𝑈𝑡

⎤

⎥

⎥

⎥

⎥

⎦

and 𝐹𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

0 0 0 𝑍𝑡

0 0 0 0

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

.

Symbol Definition
𝑃𝑡 The population projection matrix on the day 𝑡.
𝑇𝑡 The transition matrix on the day 𝑡, consisting of the transition probabilities.
𝐹𝑡 The fertility matrix on the day 𝑡 is composed by the 𝑍𝑡 block.
𝑀𝑡 The mosquito vector on the day 𝑡.
𝑉𝑡 The daily survival transition of 𝐸𝑞

𝑡
.

𝑋𝑡 The daily survival transition of 𝐸𝑡 .
𝑄𝑡 The daily survival transition of 𝐷𝑡 .
𝑈𝑡 The daily survival transition of 𝐴𝑡 .
𝑆𝑡 The transition of quiescent egg that receives good environmental

condition to become a nonquiescent egg.
𝑊𝑡 The transition between nonquiescent egg and larval stages (hatching).
𝑅𝑡 The transition between adult female that emerges from the pupa.
𝑍𝑡 The fertility matrix that represents the eggs laid by a fertile adult

female mosquito.
Table 4.2: Matrices blocks description.

Thus, the system (4.1) is equivalent to

𝑀𝑡+1 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑉𝑡 0 0 𝑍𝑡

𝑆𝑡 𝑋𝑡 0 0

0 𝑊𝑡 𝑄𝑡 0

0 0 𝑅𝑡 𝑈𝑡

⎤

⎥

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎜

⎝

𝐸
𝑞

𝑡

𝐸𝑡

𝐷𝑡

𝐴𝑡

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

𝑉𝑡𝐸
𝑞

𝑡
+ 0 + 0 + 𝑍𝑡𝐴𝑡

𝑆𝑡𝐸
𝑞

𝑡
+ 𝑋𝑡𝐸𝑡 + 0 + 0

0 +𝑊𝑡𝐸𝑡 + 𝑄𝑡𝐷𝑡 + 0

0 + 0 + 𝑅𝑡𝐷𝑡 + 𝑈𝑡𝐴𝑡

⎞

⎟

⎟

⎟

⎟

⎠

.

Where the equations are
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⎧
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎩

𝐸
𝑞

𝑡+1
= 𝑍𝑡

[𝜂
𝑄
,𝜂
𝐴
]
𝐴𝑡

[𝜂
𝐴
,1]

+ 𝑉𝑡
[𝜂
𝑄
,𝜂
𝑄
]
𝐸
𝑞

𝑡
[𝜂
𝑄
,1]

𝐸𝑡+1 = 𝑆𝑡
[𝜂
𝐸
,𝜂
𝑄
]
𝐸
𝑞

𝑡
[𝜂
𝑄
,1]

+ 𝑋𝑡
[𝜂
𝐸
,𝜂
𝐸
]
𝐸𝑡

[𝜂
𝐸
,1]

𝐷𝑡+1 = 𝑊𝑡
[𝜂
𝐷
,𝜂
𝐸
]
𝐸𝑡

[𝜂
𝐸
,1]

+ 𝑄𝑡
[𝜂
𝐷
,𝜂
𝐷
]
𝐷𝑡

[𝜂
𝐷
,1]

𝐴𝑡+1 = 𝑅𝑡
[𝜂
𝐴
,𝜂
𝐷
]
𝐷𝑡

[𝜂
𝐷
,1]

+ 𝑈𝑡
[𝜂
𝐴
,𝜂
𝐴
]
𝐴𝑡

[𝜂
𝐴
,1]

. (4.3)

Compared to Schaeffer et al. (2007), they built a vector without coordinates related to
age. Thus, one biological stage was composed of one entry, and the next entry represented
the following stage.

Age coordinates configuration can limit life expectancy and determine high probabili-
ties for biological processes, such as laying eggs and moving the individual to the next
stage or remaining in the same but in the next class (as older).

Exceptions about the relationship between age and biological processes are found, once
for the last stage the individual does not move to the next class, and for some instances
of biological limitation, it dies. About eggs, the approach is very important once the egg
hatching rate depends on its age as described in item (iii).

On the other hand, in Schaeffer et al. (2007) a constant value is used to move the
individual over the stages, but recognizing it was a simple representation obtained through
data modeling.

We assume a hypothesis about the movements among 𝐸𝑡 → 𝐷𝑡 , 𝐷𝑡 → 𝐴𝑡 and 𝐴𝑡 → 𝐸
𝑞

𝑡

because we consider from some age, the individual is not age-dependent anymore and it
matures and moves according to the environmental conditions. However, the relationship
between 𝐸

𝑞

𝑡
→ 𝐸𝑡 may be considered age-dependent (according to item (iii)) and we can

find an expression to represent this behavior.

Likewise, we set 𝜌𝑞

𝑡,𝑗
, 𝜌𝑒

𝑡,𝑗
and 𝜌

𝑑

𝑡,𝑗
, where 𝜌𝑠

𝑡,𝑗
is the transition rate for individuals in stage

𝑠 to the next stage. It means the individual leaves the stage with a probability determined
by 𝜌

𝑠

𝑡,𝑗
. Who remains in the same stage has probability represented by the complementary

number, (1 − 𝜌
𝑠

𝑡,𝑗
).

Moreover, to deal with who survives, we set (1−𝜇
𝑠

𝑡
), and it is useful for both movement

phenomena.

Through those settings and Table 4.3, we can build the main diagonal blocks of the
transition matrix 𝑇𝑡 to calculate the number of individuals that remain in the same stage,
such as,

(1 − 𝜌
𝑠

𝑡,𝑗
) (1 − 𝜇

𝑠

𝑡
) . (4.4)

Otherwise, we set
𝜌
𝑠

𝑡,𝑗
(1 − 𝜇

𝑠

𝑡
) , (4.5)

for the individuals that grow up and move to the next stage, where 0 ≤ 𝜌
𝑠

𝑡,𝑗
≤ 1 and more

strictly,
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Symbol Definition
𝜇
𝑠

𝑡
The daily mortality rate of individual in stage 𝑠 on the day 𝑡.

𝜇
𝑞

𝑡
= 𝜇

𝑒

𝑡
The daily mortality rate of quiescent and nonquiescent egg on the day 𝑡.

𝜇
𝑑

𝑡
The daily mortality rate of larva and pupa on the day 𝑡.

𝜇
𝑎

𝑡
The daily mortality rate of adult female mosquito on the day 𝑡.

𝜌
𝑠

𝑡,𝑗
The daily transition on the day 𝑡 of 𝑗 days old individuals in stage 𝑠 to the

next stage, according to environmental conditions.

𝑝𝑖𝑗 Element of 𝑖th -row and 𝑗th-column of 𝑇𝑡 on the day 𝑡.

𝑠1,𝑗 Element of 1st-row and 𝑗th-column of 𝑆𝑡 on the day 𝑡.

𝑤1,𝑗 Element of 1st-row and 𝑗th-column of 𝑊𝑡 on the day 𝑡.

𝑟1,𝑗 Element of 1st-row and 𝑗th-column of 𝑅𝑡 on the day 𝑡.

𝑧𝑡,𝑗 Nonzero element of 𝑗th-column of 𝑍𝑡 on the day 𝑡.

𝑣𝑡,𝑗 Nonzero element of 𝑗th-column of 𝑉𝑡 on the day 𝑡.

𝑥𝑡,𝑗 Nonzero element of 𝑗th-column of 𝑋𝑡 on the day 𝑡.

𝑞𝑡,𝑗 Nonzero element of 𝑗th-column of 𝑄𝑡 on the day 𝑡.

𝑢𝑡,𝑗 Nonzero element of 𝑗th-column of 𝑈𝑡 on the day 𝑡.

𝑓
∗

𝑡
The number of eggs laid by one each two fertile adult female mosquito

on the day 𝑡 according to temperature and precipitation.

Table 4.3: Matrices entries and rates description.

0 ≪ 𝜇
𝑠

𝑡
≤ 1 . (4.6)

Considering that the total population (100%) in each stage is represented by the prob-
ability 1. The range of 𝜇𝑠

𝑡
is such that we guarantee the dissipative condition (Cushing

and Yicang, 1994), that the sums of the columns of 𝑇𝑡 are less than 1 (see more in Chapter
4).

The considerations above are enough to build the transition matrix 𝑇𝑡 . The transitions
are ruled according to the transition matrix 𝑇𝑡 (Cushing and Yicang, 1994), which is
basically composed of equations (4.4) and (4.5).

Indeed, the blocks from 𝑇𝑡 represent who moves to the next stage (𝑆𝑡 , 𝑊𝑡 and 𝑅𝑡) and
who remains in the same stage adding one unit time to its age (𝑉𝑡 , 𝑋𝑡 , 𝑄𝑡 and 𝑈𝑡), with
a one-day projection interval. For this approach, we consider the descriptions in Table
4.2 and the matrices sparse configuration as (4.7) and (4.8). It consists of these transition
probabilities. The blocks indicate who moves to the next age or to the next stage.

The question is how to consider 𝜌𝑠

𝑡,𝑗
and 𝜇

𝑠

𝑡
using temperature and, in some instances,

age and precipitation.
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In order to study the matrix 𝐹𝑡 , we have a block composed of a time-dependent rate,
which depends on temperature. Plus, breeding sites are more available after precipitation.
Also, the matrix can depend on female feed, but we consider that the search for a blood
meal needs one time lower than the time step, with the time step defined as a time lower
than the minimum residence in any stage taking into account item (xvi) where Δ𝑡 = 1 day.
Then, we do not consider the search for a meal as a delay, in the same way as Schaeffer
et al. (2007).

Thus, the mortality and the transition functions need to be functions such that the
individual dies or moves to the next age/stage. The entries for the daily survival transition
matrices are described in (4.7) and (4.8).

𝑉𝑡 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 ⋯ 0 0

(1 − 𝜌
𝑞

𝑡,1
)(1 − 𝜇

𝑒

𝑡
) 0 ⋯ 0 0

0 (1 − 𝜌
𝑞

𝑡,2
)(1 − 𝜇

𝑒

𝑡
) 0 0

⋮ ⋱ ⋮ ⋮

0 0 ⋯ (1 − 𝜌
𝑞

𝑡,𝜂𝑄−1
)(1 − 𝜇

𝑒

𝑡
) 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝑋𝑡 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 ⋯ 0 0

(1 − 𝜌
𝑒

𝑡
)(1 − 𝜇

𝑒

𝑡
) 0 ⋯ 0 0

0 (1 − 𝜌
𝑒

𝑡
)(1 − 𝜇

𝑒

𝑡
) 0 0

⋮ ⋱ ⋮ ⋮

0 0 ⋯ (1 − 𝜌
𝑒

𝑡
)(1 − 𝜇

𝑒

𝑡
) 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝑄𝑡 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 ⋯ 0 0 ⋯ 0 0

1 − 𝜇
𝑑

𝑡
0 0 ⋯ 0 0

⋱ ⋮ ⋮ ⋱ ⋮ ⋮

0 1 − 𝜇
𝑑

𝑡
0 ⋯ 0 0

0 ⋯ 0 (1 − 𝜌
𝑑

𝑡
)(1 − 𝜇

𝑑

𝑡
) 0 0

⋮ ⋱ ⋮ ⋱ ⋮ ⋮

0 ⋯ 0 0 ⋯ (1 − 𝜌
𝑑

𝑡
)(1 − 𝜇

𝑑

𝑡
) 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

𝑈𝑡 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 ⋯ 0 0

1 − 𝜇
𝑎

𝑡
0 ⋯ 0 0

0 1 − 𝜇
𝑎

𝑡
0 0

⋮ ⋱ ⋮ ⋮

0 0 ⋯ 1 − 𝜇
𝑎

𝑡
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

(4.7)

According to (4.7), the individual dies or moves to the next class due to its age, similar
to Newman et al. (2014). The null last column of these matrices shows that we do not use
the last vector entry now, because the remaining population will not be in the same stage
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anymore.

Notice that, from 𝑞2,1, 𝑞3,2 till 𝑞6,5, only the mortality is used, based on the literature
(Table 3.1), once the individuals do not have sufficient age to maturate and move to the
next stage, then all individuals continue as older, at the next class.

Referring to the entries of 𝑈𝑡 , the pattern is due to there is no next stage because the
adult female gets older and dies.

About 𝑉𝑡 and 𝑋𝑡 , the entries are almost the same, depending on the day 𝑡. However,
while 𝑋𝑡 does not depend on age, 𝑉𝑡 depends on it.

The following matrices are able to describe how population growth happens concerning
the movements of the stage.

𝑆𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜌
𝑞

𝑡,1
(1 − 𝜇

𝑒

𝑡
) ⋯ 𝜌

𝑞

𝑡,𝜂𝑄−1
(1 − 𝜇

𝑒

𝑡
) 𝜌

𝑞

𝑡,𝜂𝑄
(1 − 𝜇

𝑒

𝑡
)

0 ⋯ 0 0

⋮ ⋱ ⋮ ⋮

0 ⋯ 0 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑊𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜌
𝑒

𝑡
(1 − 𝜇

𝑒

𝑡
) ⋯ 𝜌

𝑒

𝑡
(1 − 𝜇

𝑒

𝑡
)

0 ⋯ 0

⋮ ⋱ ⋮

0 ⋯ 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑅𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

0 ⋯ 0
1

2
𝜌
𝑑

𝑡
(1 − 𝜇

𝑑

𝑡
) ⋯

1

2
𝜌
𝑑

𝑡
(1 − 𝜇

𝑑

𝑡
)

0 ⋯ 0 0 ⋯ 0

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

0 ⋯ 0 0 ⋯ 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑍𝑡 =

⎡

⎢

⎢

⎢

⎢

⎣

0 𝑓
∗

𝑡
⋯ 𝑓

∗

𝑡
0 ⋯ 0

0 0 ⋯ 0 0 ⋯ 0

⋮ ⋮ ⋱ ⋮ ⋮ ⋱ ⋮

0 0 ⋯ 0 0 ⋯ 0

⎤

⎥

⎥

⎥

⎥

⎦

. (4.8)

To build (4.8), we assume 𝑠1,1 exists because 𝐸
𝑞

𝑡,1
can turn into 𝐸𝑡+1,1 as if the embryo

is developed before its first 24 hours and it received enough stimulus during the first
hours. Similarly, 𝑤1,1 does exist because the individual can be a larva during its third day
(according to Table 3.3).

On the other hand, from the aquatic development stage, we assume larvae and pupae
need at least six days to become an adult mosquito, thus 𝑟1,1 = ⋯ = 𝑟1,5 = 0, but 𝑟1,6 ≠ 0

and so on.

Relative to 𝑅𝑡 , we also note the proportion of half the population. Indeed, about the
egg population (with quiescent or nonquiescent), we want to estimate the abundance of
both sexes to compare with the trap data from Fiocruz (Codeço et al., 2015). However, the
adult traps only provide data about the female mosquito, so after the aquatic development
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stage we consider half of the number of individuals who move to the adult stage, as a
gender-limiting factor.

About the last entries, notice that 𝑠1,𝜂𝑄 , 𝑤1,𝜂𝐸
and 𝑟1,𝜂𝐷

can move a rate of the population
while the remaining population is ignored. That is, the model considers the remaining
individuals as unworthy, which works in some way different than the pattern found in the
previous entries because the individuals are at the end of some stage. The end happens
when they have the maximum age as the biological experiments attest (see Table 3.1). Thus,
there is no way to continue in the same stage: they will die or mature. The assumption
comes from the maximum age described in the literature and is included in Table 3.1.

Referring to ((xi)), we verify that the fertile females’ threshold is 2 until 23 days old
(Maimusa et al., 2016). Then we have just 𝑧1,2 = ⋯ = 𝑧1,23 = 𝑓

∗

𝑡
≠ 0 (see more about it in

equation (4.10)).

As the lifetimes spent in both stages are not short, there were individuals already dead
according to the weather and the mortality function. Then the model discarded some
remaining populations, which developed slowly once their biology was unsafe.

Since 𝜂𝑄 is big enough, 𝑠1,𝜂𝑄 represents a small probability that the egg with quiescence
turns into nonquiescent. If the transition at 𝜂𝑄 age has not occurred, the egg can not hatch
anymore, and it does not contribute to the population dynamics.

The matrices entries in (4.7) and (4.8) depend on age, temperature, and precipitation.
Each definition is described in Table 4.3, and the respective function is described as follows.
The general matrix setting is a sparse matrix.
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⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 ∗ ⋯ ∗ 0 ⋯ 0 0

∗ ⋱ ⋮ ⋮ 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋱ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 ⋮ ⋮ ⋱ ⋮ ⋮ ⋱ ⋮ ⋮

0 ∗ 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

∗ ⋯ ∗ ∗ 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 ∗ ⋱ ⋮ ⋮ 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

⋮ ⋱ ⋮ ⋮ 0 ⋱ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ∗ 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 ∗ ⋯ ∗ ∗ 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 ∗ ⋱ ⋮ 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋱ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ ∗ 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 ⋮ ⋱ ⋮ ⋮ 0 ⋯ 0 ∗ ⋱ ⋮ 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋱ 0 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ∗ 0 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 ∗ ⋯ ∗ ∗ 0 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 ∗ 0 ⋯ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 ∗ ⋱ ⋮ 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋱ 0 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ∗ 0 ⋯ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 ⋮ ⋱ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ 0 ∗ ⋱ ⋮ ⋮

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ⋱ 0 0

0 ⋯ 0 0 0 ⋯ 0 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯ 0 0 ∗ 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

4.3 Composing all functions

Through this Section, we composed the functions that determine the flow of the Aedes
aegypti population. More parameters and functions are described in Table 4.4.

Arriving at the fertility matrix 𝑍𝑡 , the entries configuration is very different from the
transition matrix blocks, once the nonzero terms are all located at the first line of the
matrix block.

As a first idea, let 𝑟𝑓 (𝑡) be a rain factor, defined to represent the existence of a significant
rainy days 𝑟𝑑(𝑡) during the present day 𝑡 and the previous 2 days, which is similar to Lon-
caric and Hackenberger (2011). Referring to that, in Loncaric and Hackenberger (2011)
they used a rainfall dependence to determine the female fecundity, using the cumulative
number of rainy days through an 8-day period, for another Aedes aegypti species cycle. In
the same way, we adopt the function for Ae. aegypti, replacing the cumulative number
of rainy days for 3 days, firstly based on Table 3.1 from where we see Ae. aegypti female
mosquito often lays eggs every 2 days, and secondly because we consider that the humidity
remains a few times after rain. Thus we set,

𝑟𝑓 (𝑡) = max{𝑟𝑑(𝑡), 𝑟𝑑(𝑡 − 1), 𝑟𝑑(𝑡 − 2)}. (4.9)
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Symbol Definition
𝑓𝑡,𝑗 The number of eggs laid by only one 𝑗-days-old fertile adult female

mosquito on the day 𝑡 depending on temperature.

𝑓
∗

𝑡
The number of eggs laid by one each two fertile adult female mosquito

on the day 𝑡 according to temperature, sanitation and precipitation.

𝑡𝑝 The constant time between two ovipositions.

𝑟𝑓 The rain factor is defined to represent the existence of significant rainy

days during the present day 𝑡 and the previous 2 days.

𝑟𝑑 It indicates daily precipitation greater than a threshold referenced by 𝑞𝑎.

𝑞𝑎 The city’s historical annual mark of precipitation is divided by 365 days.

𝑞𝑝 The precipitation on the day 𝑡, that is 𝑞𝑝(𝑡).

𝜃𝑚 An average of temperature about the present up to 21 previous days.

𝛼𝑐 It measures the influence of the absence of precipitation during the past days

for each city. It is an output of a fuzzy rule-based system.

𝑞
†

𝑝 The indicator for accumulated precipitation of past days.

𝑡𝑚 The number of previous days limited by the age of the individual where

0 ≤ 𝑡𝑚 ≤ 21.

𝑞𝑝𝑚 An average of precipitation of previous days limited by the age of the

individual or 𝑡𝑚 + 2.

Table 4.4: Functions and parameters description.

We calculate 𝑟𝑑(𝑡) through a sentence, such that it counts one when the precipitation on
the day 𝑡 is greater than the threshold given by 𝑞𝑎. The threshold 𝑞𝑎 considers a historical
amount of significant rain millimeters per day, such that its calculus is based on the city
annual mark cited in Chapter 1, divided by 365 days so that it represents an average, but
we take into account 75% of it. For both cities, we notice that 3𝑚𝑚 < 𝑞𝑎 < 6𝑚𝑚. Then we
have

𝑟𝑑(𝑡) =

{

1, if 𝑞𝑝(𝑡) > 0.75 𝑞𝑎 ,

0, otherwise.

Notice that as the period is short for the female oviposition, we can consider any
water level greater than 75% of the historical daily mean of precipitation, to compose the
sum in (4.9). This accounts for the strength of the rainfall influence on the Aedes aegypti
egg-laying.

The threshold above 1𝑚𝑚 is because any rain level under 1𝑚𝑚 is quickly absorbed
or evaporated. Besides, the air humidity does not present a significant change. In fact, it
is considered rain levels above 1𝑚𝑚 as standard reporting threshold for airport METAR
weather reports (Spark, n.d.[a]; Spark, n.d.[b]; Spark, n.d.[c]; Spark, n.d.[d]; Spark,
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n.d.[e]).

Assuming a constant time 𝑡𝑝 between two oviposition, where 𝑡𝑝 = 2 days (Lega et al.,
2017; Yusoff et al., 2012b), then we often find 5 - 7 cycles (Schaeffer et al., 2007). About
the first female egg-laying, we consider as in item (xi), that for 50% of them, it occurs for
the first time during their second adult day, and for another part, it is during the third day
as an adult.

As described in item (xi) and according to Maimusa et al. (2016), the females have up
to 11 cycles, thus we assume that for the females which started to lay eggs on their second
day, they lay eggs till their 22nd day. A similar assumption is about the female which
started to oviposit on its third day, then the fertile period is until its 23rd day (Maimusa
et al., 2016).

Let 𝑓𝑡,𝑗 be the number of eggs laid by only one 𝑗-days-old fertile adult female mosquito
on the day 𝑡 depending on temperature, 1 < 𝑗 ≤ 23 < 𝜂𝐷. This term composes matrix 𝑍𝑡 .
To obtain the number of eggs laid by all 𝑗-days-old fertile adult female mosquitoes on the
day 𝑡, we multiply 𝑍𝑡 to the vector 𝐴𝑡 from the system in equation (4.3).

Using the result from (3.4) to compose 𝑓𝑡,𝑗 , it yields a temperature-dependent poly-
nomial, which in contrast does not vary on age 𝑗 , for 1 < 𝑗 ≤ 23 < 𝜂𝐷 and we can set
𝑓𝑡,𝑗 = 𝑅

𝐸
𝑞

𝐴
(𝜃), 1 < 𝑗 ≤ 23 < 𝜂𝐷.

Further, Ae. aegypti is considered an urban mosquito (Barbosa et al., 2019; Gama
et al., 2013; Soares et al., 2008; WHO, n.d.[b]). The poor urban structure can provide
breeding sites, especially in water collections in and around houses, such as drinking water
containers, water tanks, discarded car tires, elevator shafts, and flower vases (Fiocruz,
2016; CW Morin et al., 2015; WHO, 2020; WHO, n.d.[b]). When rainfall is absent for a long
period, the females have nowhere to lay eggs (Loncaric and Hackenberger, 2011). Plus,
if the females are living in unfavorable weather conditions, they decrease the fecundity in
an attempt to increase their longevity (Beserra, Castro Jr., et al., 2006).

Here, we include precipitation through 𝑟𝑓 (𝑡). This option is justified by the fact that
frequent rainfalls increase the abundance of breeding sites for the female mosquito to lay its
eggs (as assumption (v)) (Loncaric and Hackenberger, 2011). The historical precipitation
data often requires more than 3 days for the 𝑟𝑓 function to be nonzero. However, even if
there is no recent rain 𝑟𝑓 (𝑡) = 0, there are places where some females lay eggs, thus the
fecundity cannot be zero.

The parameter rrf quantifies the minimum number of eggs that one female lays living
in a period with a few rainy days. It is called by the authors the rest-rain fecundity, which
was represented by the constant value 5 for other species in Loncaric and Hackenberger
(2011). The reason to set this constant value is that even when the environmental conditions
are extremely unfavorable, and there is no rain, there are places where some females lay
eggs (Loncaric and Hackenberger, 2011). For now, we consider equation (4.11) where
𝑟𝑟𝑓 = 3, is the minimum number of eggs per female for each oviposition, reported in
Table 3.1. It means that over temperature and precipitation conditions, the females may
have a different oviposition than in laboratory conditions. Thus, we build as fecundity
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function,

𝑧𝑡,𝑗 = 𝑓
∗

𝑡
=

1

2
(3 𝑓𝑡,𝑗 𝑟𝑓 (𝑡) 𝛼𝑐 𝑟𝑟𝑓 + 7 𝛼𝑐 𝑟𝑟𝑓 ) , 2 ≤ 𝑗 ≤ 23 < 𝜂𝐴. (4.10)

⇒ 𝑧𝑡,𝑗 = 𝑓
∗

𝑡
=

3

2

𝛼𝑐 (3 𝑟𝑓 (𝑡) 𝑓𝑡,𝑗 + 7) , 2 ≤ 𝑗 ≤ 23 < 𝜂𝐴. (4.11)

Therefore, as 𝑧𝑡,𝑗 multiplies the number of fertile adult females with 𝑗 age on the day 𝑡,
we fix 1/2 in (4.10) to represent that half of the females lay eggs in the present day, and
the remaining females in the next, as previously remarked.

Proceeding to other matrix blocks, the behavior of the population over 𝑡 is ruled
according to equations (4.4) and (4.5). The transition between quiescent to nonquiescent
egg is modeled taking into account that sometimes an egg needs more than a first stimulus
to develop. Besides, according to Chapter 3, age strongly influences the eclosion rate.

First of all, we consider a transition related to age. Thus, we know from Soares-
Pinheiro et al. (2017) if the eggs receive three days with water in a short period and
after they were dried and stored, they may develop according to the age as modeled in
(3.11).

The development depends on egg age but also temperature (see Figure 3.3). Thus, we
build a function considering the equations (3.8) and (3.12), as well as the fact that the
newborn is able to move for the next stage, the nonquiescent egg, if it receives a good
temperature.

The temperature is considered during some couple of last days as alive because we
consider they need approximately 44 days to hatch (see Table 3.3).

Thus, we assume the importance of the 22 previous days wherefore the egg feels
enough stimulus to start the embryonic development, even with an average temperature
around 10ºC (following a probability according to the transition function). Notice that if
the egg has an age lower than 22, we use the temperature information since the individual
was born. It becomes to consider temperature about the present up to 21 previous days,
which yields 𝜃𝑚.

We know that the females recognize the promising places to lay eggs and that the
eggs can develop through the air humidity. For this, we use precipitation to estimate the
oviposition. Until now, we focused on temperature and age to compose this transition
function.

We consider the daily precipitations, and if it rained more or equal to 24𝑞𝑎 millimeters
over the 24 past days (the present and 23 previous days), then the indicator value 𝑞

†

𝑝 is
1, otherwise, it is zero. Hence, the precipitation indicator is replaced by 𝛼𝑐. We are using
accumulated precipitation during 24 days once humidity influences the hatching rate
(Costa et al., 2010).

Even during periods of intermittent rainfall, there are urban places where some eggs
can develop (Caprara et al., 2009) apud (Novaes et al., 2022). For this, we set a parameter
𝛼𝑐, where 0 ≤ 𝛼𝑐 ≤ 𝛼𝑓 𝑢𝑧𝑧𝑦 = 0.5, that is a rate to measure the influence of the absence of
precipitation during past days for each city.
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A value closer to 0 means that the sanitation panorama of the city is ideal, and the
Aedes aegypti population development is limited, according to lower precipitation periods,
i.e., water sources’ lack. It is an output of a fuzzy rule-based system described in Chapter
2, which is also used to compose the aquatic development stage mortality and female
fertility.

Based on the sanitation-related services situation in Brazilian regions, around 55%
of the total population has wastewater collection and only 47% is treated (Novaes et al.,
2022). As well as for urban waste is not better since 92% of the population has a waste
collection, but just 59% is disposed of adequately (Novaes et al., 2022). We set 𝛼𝑓 𝑢𝑧𝑧𝑦 = 0.5

as the maximum value, which varies according to the city sanitation’s panorama.

Finally, we build

𝜌
𝑞

𝑡,𝑗
= (𝑅

𝐸𝑡

𝐸
𝑞 (𝜃𝑚)𝑅

𝐸𝑗

𝐸
𝑞 (𝑗)) (𝛼𝑐 + (1 − 𝛼𝑐) 𝑞

†

𝑝
) , (4.12)

in which 𝜃𝑚 and 𝑞
†

𝑝 are functions with argument 𝑡, once they depend on the weather on
the day 𝑡 and previous days.

Thus, 𝜃𝑚 is a medium accumulated temperature. We use information up to 22 previ-
ous days, but with double importance over the stimulus provided by the present day. It
becomes,

𝜃𝑚 =

𝜃(𝑡) + 𝜃(𝑡 − 1) + 𝜃(𝑡 − 2) +⋯ + 𝜃(𝑡 − 𝑡𝑚) + 𝜃(𝑡)

𝑡𝑚 + 2

, (4.13)

while 𝑗 − 𝑡𝑚 > 0 and 0 ≤ 𝑡𝑚 ≤ 21. That is,

𝜃𝑚 =

𝜃(𝑡) +∑
𝑡𝑚

𝑘=0
𝜃(𝑡 − 𝑘)

𝑡𝑚 + 2

, (4.14)

such that 𝑗 − 𝑡𝑚 > 0; 0 ≤ 𝑡𝑚 ≤ 21.

Similarly, 𝑞†𝑝 in (4.12) quantifies an indicator for accumulated precipitation of past days.
It indicates the accumulated precipitation of two days more than for temperature, once
we expect there is still humidity a few days after the rain because it is stored in containers,
roofs, leaves, and so on, which contributes to the population dynamics. Hence, we assume
the egg can receive humidity through precipitation of a recent day. Then we build the
precipitation indicator,

𝑞
†

𝑝
(𝑡) =

{

1, if 𝑞𝑝𝑚(𝑡) ≥ 𝑞𝑎 ,

0, otherwise . (4.15)

Upon we calculate an average of precipitation of previous days limited by the age of
the individual, that is a mean of precipitation 𝑞𝑝𝑚 including the information of 2 previous
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days more than the days considered in (4.14),

𝑞𝑝𝑚(𝑡) =

𝑞𝑝(𝑡) + 𝑞𝑝(𝑡 − 1) + 𝑞𝑝(𝑡 − 2) +⋯ + 𝑞𝑝(𝑡 − (𝑡𝑚 + 2))

𝑡𝑚 + 3

. (4.16)

Again, 𝑗 − 𝑡𝑚 > 0 and 0 ≤ 𝑡𝑚 ≤ 21. Hence,

𝑞𝑝𝑚(𝑡) =

∑
𝑡𝑚+2

𝑘=0
𝑃(𝑡 − 𝑘)

𝑡𝑚 + 3

, (4.17)

such that 𝑗 − 𝑡𝑚 > 0; 0 ≤ 𝑡𝑚 ≤ 21.

When the indicator of 𝑞†𝑝 is zero, the parameter 𝛼𝑐 of the city contributes to the model.
Notice that 𝑞†𝑝 is an indicator function, from where we sum the precipitation during the
past days and check if the sum is bigger than 24𝑞𝑎𝑚𝑚 to ensure the indicator receives 1,
otherwise, it is zero.

It means that we use the temperature data since the egg was laid (limited by 21 previous
days) and the precipitation data from 2 days earlier (limited by 23 previous days).

For this approach, if the environmental conditions do not provide the same laboratory
conditions, then it is important to consider some restrictions on this population. Therefore,
we are taking into account the age. After 492 days, we do not have reports to prove the egg
can hatch as an alive larva. Thus, we consider time as a limiting factor assuming that a 500
days old quiescent egg does not interfere with the population dynamics anymore.

Indeed, through 𝑅
𝐸𝑗

𝐸
𝑞 (𝑗) in (4.12), the 500 or plus days-old eggs have a small percent-

age according to the function. When it is multiplied by the temperature function and
the precipitation parameter, it is negligible. Hence, the last entry of the quiescent egg
compartment (𝑀𝑡(500, 1)) is ignored, i.e., it is not used for the calculus about the next
time.

The mortality function for quiescent and nonquiescent eggs comes from (3.6), both
depending on temperature. Thus,

𝜇
𝑞

𝑡
= 𝜇

𝑒

𝑡
= 𝑅

0

𝐸
𝑞 (𝜃) = 𝑅

0

𝐸
(𝜃). (4.18)

After the egg is living as nonquiescent, it does not need more water for a few days,
once it has some stored reserves and is more exposed to the temperature stimulus. With a
good temperature, the egg may hatch.

Thereby, for the transition between nonquiescent egg and larva, following equation
(3.5),

𝜌
𝑒

𝑡
= 𝑅

𝐷

𝐸
(𝜃) = 0.00764 (𝜃 + 273)

e40.55−
13094.10

𝜃+273

1 + e92.501−
28169.2

𝜃+273

. (4.19)
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Then, we use (4.18) and (4.19) to replace into (4.20),

𝑥𝑡,𝑗 = (1 − 𝜌
𝑒

𝑡
) (1 − 𝜇

𝑒

𝑡
) for 1 ≤ 𝑗 ≤ 𝜂𝐸 − 1 and

𝑤1,𝑗 = 𝜌
𝑒

𝑡
(1 − 𝜇

𝑒

𝑡
), for 1 ≤ 𝑗 ≤ 𝜂𝐸. (4.20)

Regarding the mortality rate, it is classified as temperature-dependent by Lega et al. (2017)
and assumes the function given by Rossi, Ólivêr, et al. (2004) described in (3.6),

𝜇
𝑒

𝑡
= 0.0731 (exp ( 0.0595 𝜃 )) . (4.21)

We set this function although the authors established the mortality taking into account
only one egg compartment, not two as in this work. In this case, we consider the same
mortality function for quiescent and nonquiescent eggs (see Figure 3.2(b)). Besides, ac-
cording to equations (4.18) and (4.21) we expect that older quiescent eggs (with more than
500 days old) do not contribute to the population dynamics, as 𝑣𝜂𝑄 ,𝜂𝑄 and 𝑠1,𝜂𝑄

determine in
(4.7) and (4.8).

To improve the model we consider larvae and pupae stages together as an aquatic
development stage, similar to H. Yang (2014) and H. Yang et al. (2009). For its mortality
and transition rates, H. Yang et al. (2009) proposed parametrized functions that depend on
the temperature as described in (3.1) and (3.2). Then, we build,

𝜇
𝑑

𝑡
= 6.794 × 10

−6
𝜃
4
− 6.778 × 10

−4
𝜃
3
+ 2.457 × 10

−2
𝜃
2

− 3.797 × 10
−1
𝜃 + 2.130 ,

𝜌
𝑑

𝑡
= −3.420 × 10

−10
𝜃
7
+ 5.153 × 10

−8
𝜃
6
− 3.017 × 10

−6
𝜃
5

+ 8.723 × 10
−5
𝜃
4
− 1.341 × 10

−3
𝜃
3
+ 1.164 × 10

−2
𝜃
2

− 5.723 × 10
−2
𝜃 + 1.310 × 10

−1
. (4.22)

However, we add the water abundance influence in this stage as an attempt to estimate
the city maintenance when there are a few rain episodes. For this, we apply 𝛼𝑐 and 𝑟𝑓 (𝑡)

again. Given 𝑟𝑓 (𝑡) = 0, i.e., if there was no significant rain level during the present day and
two previous days, it yields greater mortality of the aquatic development stage, once it
needs water for maturing,

𝜇
𝑑

𝑡
= 𝜇

𝑑

𝑡
(1 + (𝛼𝑓 𝑢𝑧𝑧𝑦 − 𝛼𝑐)) = 𝑅

0

𝐷
(𝜃)(1.5 − 𝛼𝑐) . (4.23)

From equation (4.23), we notice that the larval and pupal development varies with the
basic sanitation if there is no rain.

Therefore, we replace the transition and mortality functions as (4.22) to obtain
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(4.24),

𝑞𝑡,𝑗 = (1 − 𝜌
𝑑

𝑡
)(1 − 𝜇

𝑑

𝑡
) for 6 ≤ 𝑗 ≤ 𝜂𝐷 − 1 , and

𝑟1,𝑗 = 𝜌
𝑑

𝑡
(1 − 𝜇

𝑑

𝑡
), for 6 ≤ 𝑗 ≤ 𝜂𝐷 , (4.24)

considering only (1 − 𝜇
𝑑

𝑡
) for those specific entries of 𝑄𝑡 where 𝑗 = 1, 2,⋯ , 5. In this way,

the functions do not depend on age, only temperature, and precipitation.

Finally, we have the adult female stage. For the mortality rate, we set a temperature-
dependent function from H. Yang et al. (2009) given by (3.3) and we replace it to configure
the matrix 𝑈𝑡 , where 𝑢𝑡,𝑗 = 1 − 𝜇

𝑎

𝑡
is based on (4.25),

𝜇
𝑎

𝑡
= 𝑅

0

𝐴
(𝜃) = 3.809 × 10

−6
𝜃
4
− 3.408 × 10

−4
𝜃
3
+ 1.116×10

−2
𝜃
2

− 1.590 × 10
−1
𝜃 + 8.692 × 10

−1
, (4.25)

for 1 ≤ 𝑗 ≤ 𝜂𝐴 − 1.

Therefore, we built the whole model, as the matrix 𝑍𝑡 was already described (remember
equation (4.11)).

We are not modeling the functions and parameters through the data provided by
Fiocruz. Instead, we seek out biological experiments from the literature. The parameters
can be difficult to determine over field conditions, due, for instance, to nutrient competi-
tion (Schaeffer et al., 2007). These sensitive parameters can distort the model outputs
(Schaeffer et al., 2007). One way to set parameters and validate the model is to compare
it with real data. The data helps us to catch the individual’s fluctuations when we run the
model, and compare the results. From then on, we improve the model by adding important
variables.

4.4 System Structure
Structured population models denote classifications or cohorts of individuals and follow

these groups in time (Cushing and Yicang, 1994). In fact, these models afford to consider
the knowledge and data that biologists have amassed about the individuals (Cushing and
Yicang, 1994).

When we run the model, 𝑃𝑡 is different than 𝑃𝑡−1 because the projection matrix depends
on the weather in the present and previous days. Indeed, if we consider (4.2) through (4.7)
and (4.8), we note that the calculations vary according to the day 𝑡.

Studying the model taking into account the equation (4.1), it becomes

𝑀𝑡+1 = 𝑃𝑡 𝑀𝑡 = (𝑇𝑡 + 𝐹𝑡) 𝑀𝑡 = 𝑇𝑡 𝑀𝑡 + 𝐹𝑡 𝑀𝑡 , (4.26)

with 𝑀0 ≥ 0. Population amount is not negative, then we investigate the equilibrium
solution and its stability (Cushing and Yicang, 1994).

Considering 𝑀𝑡+1 ≈ 𝑀𝑡 , for a convergence problem with a fixed point method, we
assume when it tends to the equilibrium, equation (4.26) yields
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𝑀𝑡 = 𝑇𝑡𝑀𝑡 + 𝐹𝑡𝑀𝑡 ⇒ 𝑀𝑡 − 𝑇𝑡𝑀𝑡 = 𝐹𝑡𝑀𝑡

⇒ (𝐼 − 𝑇𝑡)𝑀𝑡 = 𝐹𝑡𝑀𝑡 ⇒ 𝑀𝑡 = (𝐼 − 𝑇𝑡)
−1
𝐹𝑡𝑀𝑡 . (4.27)

And we can study the matrix (𝐼 − 𝑇𝑡)
−1
𝐹𝑡 , instead of 𝑃𝑡 . It provides results even in cases

where we cannot find 𝑃𝑡 eigenvalues, especially those analyzed over extreme conditions.
After all, 𝐹𝑡 includes a first line with values that used to be greater than 1, while 𝑇𝑡 has
entries non-negatives and smaller than one.

For the existence of (𝐼 − 𝑇𝑡)
−1, a sufficient condition is that each sum of the column of

𝑇𝑡 is strictly less than 1 (Cushing and Yicang, 1994),

0 ≤

𝑚

∑

𝑖=1

𝑝𝑖𝑗 < 1 . (4.28)

The sums of the columns of 𝑇𝑡 are strictly less than 1, because we built the mortality
functions such as the mortalities were never zero for any environmental conditions. It
means there is a loss at each class over each time step, which implies the dissipative
condition (Cushing and Yicang, 1994). It implies for the 𝑗-column, in general, we add
𝜌
𝑠

𝑡,𝑗
(1 − 𝜇

𝑠

𝑡
) to 0 or to (1 − 𝜌

𝑠

𝑡,𝑗
)(1 − 𝜇

𝑠

𝑡
), from where we obtain

[(1 − 𝜌
𝑠

𝑡,𝑗
) + 𝜌

𝑠

𝑡,𝑗
](1 − 𝜇

𝑠

𝑡
) = 1(1 − 𝜇

𝑠

𝑡
).

By doing this, we guarantee a sufficient condition for the existence of (𝐼 − 𝑇𝑡)
−1,

because as determined in equation (4.6), all the mortality functions yield 1 ≥ 𝜇
𝑠

𝑡
≫ 0,

besides 1 ≥ 𝜌
𝑠

𝑡,𝑗
≥ 0. Then according to Cushing and Yicang (1994), the product (𝐼 −𝑇𝑡)

−1
𝐹𝑡

exists.

We set 𝑃𝑡 as weather-independent 𝑃 to study the stability of the model according
to different scenarios. For this, we assume mean temperature and precipitation remain
constant over the days, that is, 𝑃 = 𝑇 + 𝐹 is time-invariant. It is weather-independent
when we build a linear autonomous structural model. In this case, we are able to apply
some results found through the literature (Cushing and Yicang, 1994).

4.5 The theory behind general structured models
Structured population models designate classifications or clusters of individuals, follow-

ing them in time (Cushing and Yicang, 1994). We discussed linear autonomous structured
models for populations closed to immigration and emigration. For this, we supposed the
matrix was constant over 𝑡, i.e., ignoring the day dependence in the model, as if the weather
and sanitation were constant during the days.

Assume that individuals of a population are distributed into 𝑚 classes. The number (or
density) 𝑀𝑖(𝑡) in class 𝑖 at time 𝑡 is arranged in a class distribution vector 𝑀(𝑡).
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Let 𝑝𝑖𝑗 ∈ [0, 1] be the fraction of individuals in class 𝑗 expected to shift to class 𝑖 during
one unit of time. It means that 0 ≤ ∑

𝑚

𝑖=1
𝑝𝑖𝑗 ≤ 1, for 𝑗 = 1, 2,⋯ , 𝑚. We denote by 𝑇 the

𝑚 × 𝑚 transition matrix composed of these transition probabilities,

𝑇 = (𝑝𝑖𝑗), 𝑝𝑖𝑗 ∈ [0, 1]

0 ≤

𝑚

∑

𝑖=1

𝑝𝑖𝑗 ≤ 1, 𝑗 = 1, 2,⋯ , 𝑚. (4.29)

Regarding the individuals in the population at time 𝑡, arranged in 𝑀(𝑡), when they
survive to time 𝑡 + 1, they are redistributed according to the vector 𝑇 𝑀(𝑡) (Cushing and
Yicang, 1994).

Plus, let 𝑓𝑖𝑗 represent the expected number of 𝑖-class newborns per 𝑗-class individual
alive at time 𝑡 + 1. It comes from the births which occur during the time interval (𝑡, 𝑡 + 1).
Thus, 𝐹 is the 𝑚 × 𝑚 fertility matrix

𝐹 = (𝑓𝑖𝑗) ≥ 0, 𝑓𝑖𝑗 ≥ 0 and
𝑚

∑

𝑖,𝑗=1

𝑓𝑖𝑗 ≠ 0. (4.30)

The vector of newborns at time 𝑡 + 1 comes from 𝐹 𝑀(𝑡).

Considering both products, we calculate the distribution at time (𝑡 + 1) through the
matrix difference equation system

𝑀(𝑡 + 1) = 𝑃 𝑀(𝑡), 𝑀(𝑡0) ≥ 0, 𝑡 = 𝑡0, 𝑡0 + 1, 𝑡0 + 2, ⋯ (4.31)

where the projection matrix 𝑃 is given by

𝑃 = 𝐹 + 𝑇 ≥ 0. (4.32)

In this way, 𝑀(𝑡) is uniquely determined for all 𝑡 > 𝑡0 by recursive formula (4.31), once
the initial population 𝑀(𝑡0) is given.

First of all, we suppose that

the matrix 𝑃 given by (4.32), (4.30) and (4.29) has a positive, simple, strictly (4.33)
dominant eigenvalue 𝜆 whose associated (right) eigenvector 𝑣 > 0 is strictly positive.

Sufficient for this assumption is that for 𝑃 = 𝑇 + 𝐹 , we get (𝐼 − 𝑇 )
−1
𝐹 non-negative,

irreducible, and primitive (or equivalently, that some integer power of (𝐼 − 𝑇 )
−1
𝐹 ≥ 0

is strictly positive. However, this is not necessary since we do not require that the left
eigenvalue be strictly positive. Therefore, assumption 4.28 implies (𝐼 − 𝑇 )

−1
= ∑

∞

𝑘=0
𝑇
𝑘,

thus (𝐼 − 𝑇 )
−1

≥ 0 (Cushing and Yicang, 1994).

The dynamics of the model population (4.31) provide the analysis of the equilibrium
(constant) solutions and the stability of the equilibrium.

The sum from (4.32) is expected to define the net reproductive number 𝑛 for the matrix
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𝑃 . This value allows studying the stability of the model, instead of calculating its eigenvalue
𝜆. That is, we determine the eigenvalue of the matrix (𝐼 − 𝑇 )

−1
𝐹 instead of the eigenvalue

of the matrix 𝑃 . The net reproductive number is easily calculated when 𝑇 and 𝐹 agree with
the following assumptions.

First of all, we assume the inverse

(𝐼 − 𝑇 )
−1

= (𝑒𝑖𝑗) exists. (4.34)

The condition from equation (4.29) is necessary but making it more strict is a sufficient
condition of existence. That means to guarantee that all of the column sums of 𝑇 be strictly
less than 1, such that

0 ≤

𝑚

∑

𝑖=1

𝑝𝑖𝑗 < 1, 𝑗 = 1, 2,⋯ , 𝑚. (4.35)

It produces some loss to each class over each time interval, which can be biologically
seen as natural mortality.

The entry in (4.34), 𝑒𝑖𝑗 , gives the expected time spent in class 𝑖 by an individual starting
in class 𝑗 during its lifetime (Cushing and Yicang, 1994). On the other hand, we consider
(𝐼 − 𝑇 )

−1
𝐹 = 𝐺 = (𝑔𝑖𝑗).

Thus, 𝑔𝑖𝑗 produces the expected number of 𝑖 class offspring that an individual born
into class 𝑗 will produce over its life time (Cushing and Yicang, 1994).

Finally, the second assumption is about 𝐺, where

(𝐼 − 𝑇 )
−1
𝐹 has a positive, simple, strictly dominant eigenvalue n whose right (4.36)

eigenvector 𝑦 > 0 is strictly positive.

A non-necessary but sufficient condition for this assumption is that (𝐼 − 𝑇 )
−1
𝐹 is non-

negative, irreducible, and primitive or, equivalently, that some integer power of (𝐼−𝑇 )−1𝐹 ≥

0 is strictly positive. We do not need to guarantee this condition since we do not require
that the left eigenvalue be strictly positive. In fact, 𝐹 ≥ 0 by definition in (4.30). According
to (4.35),

(𝐼 − 𝑇 )
−1

=

∞

∑

𝑘=0

𝑇
𝑘
,

therefore (𝐼 − 𝑇 )
−1

≥ 0.

Assume that 𝐹 and 𝑇 satisfy (4.34) and (4.36). Then 𝑛 is named (4.37)
the net reproductive value for the model equation (4.31)–(4.32).

4.5.1 Net reproductive number 𝑛
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For Leslie’s models, the newborns are always in the first age class, so the surviving
individuals proceed to the next age class, which turns out that is easy to watch a cluster of
individuals in time, with respect to their movements and reproductive activity. Hence the
achievement of 𝑛 in terms of the age-specific fertility and survival rates is quite simplified,
which produces the expected number of offspring per individual over its lifetime (Cushing
and Yicang, 1994).

In the general structured model described in (4.31), newborns are able to lie in any
class, and individuals in one class can move to any other class in one unit of time.

For example, consider the newborn cohort produced by an adult population with 𝑦 > 0,
for 𝑦 the positive eigenvector corresponding to 𝑛. For straightforwardness, we assume
(4.35). Hence,

(𝐼 − 𝑇 )
−1
𝐹 𝑦 = 𝑛 𝑦 ⇒ 𝐹 𝑦 = 𝑛 (𝐼 − 𝑇 ) 𝑦.

Considering a distribution where 𝑏 = 𝐹𝑦, then 𝑏 = 𝑛(𝐼 − 𝑇 )𝑦. We will watch a cohort
in time and calculate the average number of offspring over the expected lifetime. After 𝑘
time steps the distribution of this cohort 𝑏 is 𝑇 𝑘

𝑏, 𝑘 = 0, 1,… In the same way, the offspring
produced by this cohort is 𝐹𝑇 𝑘

𝑏. Therefore, the distribution of the total expected number
of offspring produced by the cohort 𝑏 along the time is

∞

∑

𝑘=0

𝐹𝑇
𝑘
𝑏 = 𝐹(𝐼 − 𝑇 )

−1
𝑏 = 𝑛𝑏.

Analyzing a singular individual, we conclude that the expected number of offspring
produced by one individual over its lifetime is the net reproductive number (Cushing and
Yicang, 1994),

∑
𝑚

𝑖=1
𝑛𝑏𝑖

∑
𝑚

𝑖=1
𝑏𝑖

= 𝑛.

The net reproductive value 𝑛 determines the stability of the trivial equilibrium in
age-structured population models (Cushing and Yicang, 1994). For generalized structured
population models, the net reproductive number is a generalization of that for the age
model under assumptions (4.33), (4.34) and (4.36).

Lemma (for details see Cushing and Yicang (1994)). For a initial distribution 𝑀(𝑡0) =

𝑀
𝑜
≥ 0 (≠ 0), 𝑛 provides information about the population densities, where

(i) 𝑛 < 1 implies lim
𝑡→∞

𝑀𝑖(𝑡) = 0 for all 𝑖 = 1, 2,… , 𝑚.

(ii) 𝑛 > 1 implies lim
𝑡→∞

𝑀𝑖(𝑡) = +∞ for all 𝑖 = 1, 2,… , 𝑚.

For 𝑛 = 1 there exist positive equilibrium solutions 𝑀 = 𝑐𝑣 of the model equations.

Theorem (for details see Cushing and Yicang (1994)). Assume that 𝑃 satisfies (4.33)
and that 𝐹 and 𝑇 satisfy (4.34) and (4.36). Then 𝜆 > 1 (respectively 𝜆 < 1 of 𝜆 = 1) if and
only if 𝑛 > 1 (respectively 𝑛 < 1 or 𝑛 = 1).
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Corollary ((Cushing and Yicang, 1994)). Let 𝑃 satisfy (4.33). Then 𝑛 < 1 ⇒ 𝑛 ≤ 𝜆 ≤ 1

and 𝑛 > 1 ⇒ 1 ≤ 𝜆 ≤ 𝑛.

4.5.2 Single Newborn Class Model
In this Section, we consider a general population model, but with an assumption: all

newborns lie in the same class. Let class 𝑖 = 1 as our model, without loss in generality.

An eigenvalue that carries biological information about the stability of the trivial
equilibrium is the one associated with the system

(𝐼 − 𝑇 )
−1
𝐹 𝑦 = 𝑛 𝑦. (4.38)

If 𝑛 is positive, it is called the net reproductive number.

We expect a positive eigenpair to investigate population biology. Once the net repro-
ductive number is the expected number of offspring per individual over its lifetime, and
only for 𝑦 strictly positive the initial assumption in equation 4.36 is valid.

The entries in the inverse (𝐼 − 𝑇 )
−1

= (𝑒𝑖𝑗), for 𝑖, 𝑗 = 1,⋯ , 𝑚 are given by 𝑒𝑖𝑗 =
𝑐𝑗𝑖

det(𝐼−𝑇 )
,

according to the transpose of the cofactors matrix, where 𝑐𝑗𝑖 is the cofactor of the 𝑗𝑖-𝑡ℎ
entry in 𝐼 − 𝑇 . Thus, we built

(𝐼 − 𝑇 )
−1
𝐹 =

1

𝑑𝑒𝑡(𝐼 − 𝑇 )

⎛

⎜

⎜

⎜

⎜

⎝

𝑐11 𝑓11 𝑐11 𝑓12 ⋯ 𝑐11 𝑓1𝑚

𝑐12 𝑓11 𝑐12 𝑓12 ⋯ 𝑐12 𝑓1𝑚

⋮ ⋮ ⋱ ⋮

𝑐1𝑚 𝑓11 𝑐1𝑚 𝑓12 ⋯ 𝑐1𝑚 𝑓1𝑚

⎞

⎟

⎟

⎟

⎟

⎠

.

We highlight that each row is a scalar multiple of the first row in 𝐹 , then 0 is an
eigenvalue of multiplicity 𝑚 − 1. The remaining eigenvalue and associated eigenvector for
our single newborn class model, we calculated it by

𝑛 =

1

det(𝐼 − 𝑇 )

𝑚

∑

𝑘=1

𝑓1𝑘𝑐1𝑘 . (4.39)

It sweeps matrix columns because the model has a unique class of newborns. The entry
𝑓1𝑘 is at the 𝑘-𝑡ℎ column and the first line of the fertility matrix. Here 𝑐1𝑘 is the cofactor of
the 1𝑘-𝑡ℎ entry of (𝐼 − 𝑇 ) (Cushing and Yicang, 1994). It composes the 𝑦 vector either, as
𝑦 = (𝑐11, 𝑐12,⋯ , 𝑐1𝑚)

′.

Biologically, 𝑛 measures the expected number of offspring per individual over its
lifetime (Cushing and Yicang, 1994). This number is used numerically to study the
asymptotic dynamics of the population (Cushing and Yicang, 1994). It ”can be used to
determine the stability of the trivial equilibrium and hence the growth and survival or the
decay and ultimate extinction of the population“ (Cushing and Yicang, 1994).

We conclude the stability 𝑛 < 1 or instability 𝑛 > 1 of the trivial equilibrium. If 𝑛 = 1,
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then there exists a family of positive equilibria 𝑥 = 𝑐𝑣, where 𝑐 is an arbitrary positive
constant. Therefore, we conclude the trivial equilibrium is asymptotically stable if 𝑛 < 1,
and unstable for 𝑛 > 1. Cushing and Yicang (1994) reported a patterned way to find 𝑛

for general matrix models with a single newborn class. Thus, there are explicit algebraic
formulas for 𝑛, which are often derivable, when no such formulas for 𝜆 are available
(Cushing and Yicang, 1994).

Besides, a corollary guarantees that 𝑛 provides a threshold for 𝜆, such that 𝑛 ≤ 𝜆 ≤ 1

or 1 ≤ 𝜆 ≤ 𝑛.

If both 𝑛 and 𝜆 are known, we calculate the mean generation time as

𝛾 = ln 𝑛/ ln 𝜆,

where 𝜆 represents the growth rate of the population (Cushing and Yicang, 1994).

We expect zero to be stable in the case we have a matrix that represents bad weather,
i.e., colder or warmer temperatures, and few precipitations. After all, different initial
conditions still produce a decrease in the population. This tendency is reflected by 𝑛 < 1,
where the trivial equilibrium is stable.

Instead, good environmental surrounding improves a net reproductive number greater
than 1, where any perturbation around the trivial equilibrium is unstable.

Note that the matrix 𝐹 carries the biggest numbers of 𝑃 . We study (𝐼 − 𝑇 ) proprieties
since this matrix is lower diagonal, where all entries are ranged between [0, 1], which
improves the mathematical tools concerning to determinant and cofactor matrix. In fact,
as 𝑇 has a null main diagonal, it implies that the determinant used to compose the net
reproductive value is always 1. We perceive from mathematical simulations, that the matrix
(𝐼 − 𝑇 ) was better conditioned than 𝑃 .

4.5.3 Structure example

We consider an example studied for the perennial plant Dipsacus sylvestrix Huds.
They have a medicinal application for Lyme disease and a mathematical application for
population projection matrix. Werner and Caswell (1977) categorized the plants into
seven life cycle stages: seeds, 1-year dormant seeds, 2-year dormant seeds, small rosettes,
medium rosettes, large rosettes, and flowering plants as Figure 4.5.

The fertility and transition matrices compose the projection matrix 𝑃 = 𝑇 + 𝐹 , where
its entries are given by
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Figure 4.5: Dipsacus sylvestrix. Source: the authors (Jul. 2020).

𝑃 = 𝑇 + 𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 431

0.748 0 0 0 0 0 0

0 0.966 0 0 0 0 0

0.008 0.013 0.01 0.125 0 0 0

0.070 0.007 0 0.125 0.238 0 0

0.002 0.008 0 0.038 0.245 0.167 0

0 0 0 0 0.023 0.75 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

The matrix 𝑇 satisfies the dissipative condition Cushing and Yicang (1994), such
that it consists of the sums of the columns of 𝑇 that are less than 1 (the condition was
mentioned in equation 4.6).

We know the fertility and transition matrices compose the projection matrix 𝑃 = 𝑇 + 𝐹 ,
where its entries are given by

𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 0

0.748 0 0 0 0 0 0

0 0.966 0 0 0 0 0

0.008 0.013 0.01 0.125 0 0 0

0.070 0.007 0 0.125 0.238 0 0

0.002 0.008 0 0.038 0.245 0.167 0

0 0 0 0 0.023 0.75 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0 0 431

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

The formula from equation 4.39 can calculate the net reproductive number. As for the
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fertility block we have only the non-null entry 431, then the formula becomes

𝑛 =

1

det(𝐼 − 𝑇 )

7

∑

𝑘=1

𝑓1𝑘 𝑐1𝑘 ⇒ 𝑛 =

1

det(𝐼 − 𝑇 )

𝑓17 𝑐17 ⇒ 𝑛 =

1

det(𝐼 − 𝑇 )

431 𝑐17 . (4.40)

The entry 𝑓17 is at the 7-𝑡ℎ column and the first line of the fertility matrix.

Here 𝑐17 is the cofactor of the 17-𝑡ℎ entry of (𝐼 − 𝑇 ). Thus, we disregarded the first
column and line of the matrix, and calculated the determinant of the resulting 6×6 matrix,
as

𝑐17 =

|
|
|
|
|
|
|
|
|
|
|
|

−0.748 1 0 0 0 0

0 −0.966 1 0 0 0

−0.008 −0.013 −0.01 0.875 0 0

−0.070 −0.007 0 −0.125 0.762 0

−0.002 −0.008 0 −0.038 −0.245 0.833

0 0 0 0 −0.023 −0.75

|
|
|
|
|
|
|
|
|
|
|
|

⇒ 𝑐17 = 1.8525 × 10
−2
.

As (𝐼 − 𝑇 ) is sparse, we easily calculate its determinant, where det(𝐼 − 𝑇 ) ≈ 0.55541.
Therefore,

𝑛 ≈

1

0.55541

⋅ 431 ⋅ 0.01825 ⇒ 𝑛 ≈ 14.376.

For this matrix model, we have 𝑦 = [0.5554 0.4154 0.4013 0.0158 0.0574 0.0229 0.0185]
′
>

0. Therefore, 𝑛 > 1 represents this population growing exponentially and the trivial
equilibrium is unstable. The eigenvalue of the matrix 𝑃 is given by 𝜆 ≈ 1.8842. Then the
mean generation time for this species is 𝛾 = ln 𝑛/ ln 𝜆 ⇒ 𝛾 = 4.207.
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Numerical simulations

We present numerical simulations performed in Matlab and used to explore the fluctu-
ations of Aedes aegypti population for a city over a year.

Additionally, we obtained results and compared them with the trap and weather
data concerning 5 cities based on Spearman’s and Pearson’s correlation. The analysis
includes the calculus of the net reproductive number for each city. Through simulations,
we evaluated if the quiescent compartment and the derived functions could model a city
scenario of Aedes aegypti fluctuation.

For each given municipality, Codeço et al. (2015) proposed and selected three areas
with approximately 1𝑘𝑚

2 each and 2000 properties (as we presented in the map from
Section 2.1). The surveillance was performed in different periods, and we used collected
data from traps named BioGent-Sentinel and ovitraps, respectively, arranged in 5 mid-sized
cities located in Brazil (Codeço et al., 2015). The program was carried out from December
2009 to January 2012 (except for Nova Iguaçu, which occurred from July 2011 until June
2012) (Codeço et al., 2015).

5.1 The cities’ weather characteristics
• Campo Grande, state of Mato Grosso do Sul (Campogrande, n.d.[a]; Climate-Data,

n.d.[a]; Codeço et al., 2015; Spark, n.d.[a]): It has a highland tropical climate, with a
dry and cold winter. The temperature range during the year varies more than in the
other studied cities.

April to October used to present a dry season.

The annual mean temperature is around 23.4°C, and the mean total year precipitation
is 1449𝑚𝑚.

• Santarém, state of Pará (Adams et al., 2006; Climate-Data, n.d.[d]; Codeço et al.,
2015; Spark, n.d.[e]): It has a tropical climate, with a monsoon season from January
to May. High and variable precipitation throughout the year, mainly in March and
April.
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Some references consider there is no dry season, but the river level fluctuates 5
meters between the break of dry (July to December) and floating (January to June)
seasons.

The annual mean temperature is around 26ºC. The mean total year precipitation is
2150𝑚𝑚.

• Parnamirim, state of Rio Grande do Norte (Climate-Data, n.d.[b]; Codeço et al.,
2015; Spark, n.d.[d]): It has a tropical climate, with warm temperatures during the
year, even in the winter.

The precipitation reaches its maximum between April and May. October used to be
a dry month. The rain absence period is from September to December.

The annual mean temperature is around 25.6°C, while the mean total year precipita-
tion is 1261𝑚𝑚.

• Duque de Caxias and Nova Iguaçu, state of Rio de Janeiro (Climate-Data, n.d.[c];
Codeço et al., 2015; Spark, n.d.[b]; Spark, n.d.[c]): Both are adjacent cities that
have a tropical climate. The high water marks occur during summer. The dry period
occurs from April to October.

The temperatures fall during the winter, especially in July.

In Duque de Caxias, the annual mean temperature is around 23.2°C and the mean
total year precipitation is 1299𝑚𝑚. Similarly, in Nova Iguaçu, the annual mean
temperature is around 23.4°C, while precipitation is 1408𝑚𝑚.

5.2 Setting the initial conditions

According to Table 3.1, the life cycle in Figure 4.3, and the assumptions in items (iii)and
(ix). We set 𝜂𝑄 = 500 days once H. Silva and I. Silva (1999) reported eclosion with 492
days, and they did not find eclosion up to 720 days. Besides, 𝜂𝐸 ≪ 𝜂𝑄 where the maximum
age is 𝜂𝐸 = 85, and 𝜂𝐷 = 103 days, respectively. About 𝜂𝐴, it was reported that the adult
female mosquito can live around 57.8 ± 4.85, thus we consider 𝜂𝐴 = 63. Likewise, the
dimensions of each block of the projection matrix were determined based on the maximal
time required to develop to the next stage.

In Schaeffer et al. (2007), the authors divided the model into two seasons. The first was
concerned with the dry season, while the second was related to the wet season considering
two peaks of accumulated rain (Schaeffer et al., 2007). We assume only one model for
fitting a year due to the similar photoperiod during the year for all municipalities and the
weather influence over the model parameters.

We started running the model in the late overwintering period, or the start of breeding
sites, depending on two weeks after the driest day, to provide the initial conditions. We
highlight that the historical weather defined these days. The Weather Spark analyzed
weather data from 1980 to 2016 period, to detect information that we describe in Table
5.1.
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Brazilian ∗Year’s coldest Year’s driest day Drier Season ♦Annual †50% of that
Municipality day (day, ºC) (day, millimeter) (months, period) (millimeter) Annual for 24 days
Campo Grande Jul. 19 (16) Jul. 20 (26) 6.2 (Apr. 5-Oct. 10) 1449 47.64
Santarém Jul. 11 (24) Sep. 15 (20) 6.3 (Jun. 14-Dec. 25) 2150 70.68
Parnamirim Jul. 31 (22) Oct. 14 (4) 6.2 (Jul. 29-Feb. 4) 1261 41.46
Duque de Caxias Jul. 20 (17) Aug. 6 (29) 6.9 (Mar. 31-Oct. 27) 1299 42.71
Nova Iguaçu Jul. 20 (16) Aug. 6 (27) 6.7 (Apr. 2-Oct. 25) 1408 46.29

Table 5.1: Critical days and characteristics (Climate-Data, n.d.[b]; Climate-Data, n.d.[c]; Climate-
Data, n.d.[a]; Climate-Data, n.d.[d]; Spark, n.d.[a]; Spark, n.d.[b]; Spark, n.d.[c]; Spark, n.d.[d];
Spark, n.d.[e]). ∗Mean of the minimum daily temperature (average 𝑇𝑚𝑖𝑛, not average daily temperature).
♦The annual mean accumulated precipitation. †Half of the annual mean accumulated precipitation
per 365 days multiplied by 24 days.

Using weather data from the studied cities we define the coldest or driest day during
the year, depending on the city’s historical weather, which represents when the most
unfavorable period ends and the breeding season starts, which we assume is the favorable
period for Aedes aegypti development.

We start testing the mosquito breeding year through (two weeks after) the “Year’s
driest day”, once it is right after the year’s lowest chance of precipitation day, and the
“Year’s coldest day”. Besides, the driest day is inside the “drier season” period, which implies
we can expect the environmental conditions will start becoming better from the worse
day.

In colder cities such as Campo Grande, where the adult population reaches its minimum
after the coldest days of the year (Otero et al., 2006), we also consider a critical day set by
the driest day of the year, which occurred after the coldest.

Then we estimate the individual’s proportion of younger eggs and fertile females
according to the data. As we mentioned in item (i), we have information about five
accumulated days about eggs while we know a unique day per month about female
mosquitoes.

For the adults, BG-Sentinel collects the females searching for a blood meal (Codeço
et al., 2015). As they located the traps in strategic places near electric power, we assumed
they were fertile females searching for breeding sites.

We use the scheme from Figure 5.1 to obtain the model output due to the egg density for
about 5 consecutive days. On day 𝑡 + 4 we kept the information since the day 𝑡, supposing
the ovitrap was exposed on the day 𝑡. Then we use the information of the newborns in
day 𝑡 and what happened with them over the next four days as well as what happened
with the new newborns during this period.

Since ovitraps stuck the quiescent egg with adhesive, and they counted 5 days of
accumulated eggs per month (Codeço et al., 2015), even those dead, we consider a scheme
similar to the tree of possibilities from Figure 5.1. Thus, the young individual could develop
till day 𝑡 + 4 if it would not be stuck.

Our approach compares the number of eggs collected during the day 𝑡 up to 𝑡 + 4,
which were counted even dead, to the individuals that could be alive during these 5 days
according to the weather data, but without considering the natural mortality. It means
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Figure 5.1: Scheme for identifying the individuals that sum a total of 5 days old on the day 𝑡 + 4 from
day 𝑡.

the individual could be already dead in the outputs of the model, and it composed an
auxiliary variable to simulate what hypothetically would happen to it if it was alive, during
a maximum of 5 days after its death.

Concerning that tree (Figure 5.1), the absence of natural mortality implies that the
number of five-day-old individuals on the day 𝑡 + 4 has the same value if we sum the
one-day-old quiescent eggs in days 𝑡, 𝑡 + 1,… , 𝑡 + 4.

It implies that the number of 5-day-old alive individuals is always lower than the
number of individuals that we are assuming as output and comparing with the ovitrap
data.

About the initial condition, but now referring to the aquatic development stage, we
use a number between eggs and mosquitoes to represent the total number of individuals
living in this stage.

Similarly, for the ages of quiescent and nonquiescent eggs, and the aquatic development,
we use the same number of individuals for the initial condition. On the other hand, we
use a lower value for the adult mosquito.

Therefore, the initial condition vector for the five cities was the same, given by =
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(𝐸
𝑞
, 𝐸, 𝐷, 𝐴)

′ where the entries of 𝐸𝑞
, 𝐸, 𝐷 were 50000, while 𝐴 = (1000, ..., 1000)

′. We
assumed an initial condition based on the real number in nature, instead of using the first
data.

In fact, we set at the start there were more eggs than other individuals, once there are
more coordinates for egg vectors (remember matrices sizes), following (Schaeffer et al.,
2007), and the collected data tendency. Indeed, at first, Schaeffer et al. (2007) assumed
there were only immature eggs at time 0 into tree holes, because they modeled Aedes
furcifer and africanus that live in forests.

We chose not to calculate a particular initial condition for each city. From our point
of view, the system feeds itself, and when we start the comparisons with the data, the
“initial condition” was absorbed by the dynamics of the model. That is why we do not
compare the correlation during the first months of simulation due to the fluctuation. We
concluded through a sensibility analysis that the results were not significantly influenced
by the initial condition.

5.3 Data, model simulation, and discussion

The Brazilian institution Fiocruz collected data about surveillance schemes using traps
for adults and eggs, named BioGent-Sentinel and ovitraps, respectively, arranged in 5
mid-sized cities (Codeço et al., 2015). For a municipality, Codeço et al., 2015 purposed
and selected three areas, with approximately 1𝑘𝑚

2 each and 2000 properties.

The ovitraps were exposed during five consecutive days of each month. Referring to
the BG-Sentinel, the exposition happened during one day. Both were located in three
neighborhoods from each city, once they were arranged in urban regions with 1 km2 of
the area each.

BioGent-Sentinel (BG-Sentinel) is a bucket. There is an artificial wind produced by
electric power to collect the mosquito flying near to the surface Codeço et al., 2015. There
is a white gauze covering. In the middle of this cover, there is a black tube from where a
flow is created by an exhauster fan that captures mosquitoes flying. 24 BG-Sentinels were
installed for 24 hours per 1km2 area (monthly). They were placed indoors due to their
energy requirement.

Ovitraps are containers filled with 300ml of hay infusion and with wooden paddles
(Codeço et al., 2015). They exposed 120 traps per 1 km2 area, for 5 days (monthly) (Codeço
et al., 2015).

To install the traps, researchers needed to select houses, and a random set of geograph-
ical coordinates was taken and once in the field, the closest house was chosen (Codeço
et al., 2015).

The number of traps installed per km2 was different between trap types, according to
manufacturer’s or literature recommendations (Codeço et al., 2015). We included the data
for each city, obtained from the surveillance schemes.
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Figure 5.2: BG-Sentinel and ovitrap used by Codeço et al. (2015).

Figure 5.3: Campo Grande’s BG and ovitrap data for the surveillance period. The red line represents
ovitrap data, while the blue line is for BG-Sentinel data.

As we described before (see Figure 5.1), the Scheme sums the newborns that we kept
alive and simulates what happens with them according to the transition matrix. While
“Newborns up to 5” represents the alive individuals up to 5 days old as a total age. We
organized the simulations considering Table 5.2.
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Figure 5.4: Santarém’s BG and ovitrap data for the surveillance period. The red line represents ovitrap
data, while the blue line is for BG-Sentinel data.

Figure 5.5: Parnamirim’s BG and ovitrap data for the surveillance period. The red line represents
ovitrap data, while the blue line is for BG-Sentinel data.

5.4 Population dynamics for Duque de Caxias/RJ
The surveillance in this city occurred from November 2009 to October 2010, and the

trap data collected is shown in Figure 5.7.

Through the data, we concluded there were newborns and mosquitoes in Duque de
Caxias because the traps registered data nonzero during a one-year surveillance pro-
gram.
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Figure 5.6: Nova Iguaçu’s BG and ovitrap data for the surveillance period. Instead of July to June, as
BG was collected on June, 29th, in June 2012 they did not collect ovitrap, and it was collected lately, on
July, 3rd. The red line represents ovitrap data, while the blue line is for BG-Sentinel data.

Figure 5.7: Duque de Caxias’s BG and ovitrap data for the surveillance period. The red line represents
ovitrap data, while the blue line is for BG-Sentinel data.

We built a vector composed of information about the days which we got data from
Duque, adding all of its three neighborhood data, in comparison with a second vector
composed of the outputs of the model for the respective days.

We use this methodology once ovitraps were exposed on the same day over the three
neighborhoods, as well BG-Sentinel traps were exposed over the three neighborhoods on
the same day (Nov. 17th for ovitrap and Nov. 13th for BG). Therefore, we built a vector
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Symbol Definition
MQE Representing the model output about the total number of quiescent eggs.
MNE Representing the model output about Nonquiescent eggs.
MQN Representing the model output about quiescent new eggs.
MFI Representing the model output about five-day-old individuals considering

the mortality.
MDT Representing the model output about the aquatic development stage

(larva and pupa).
MAF Representing the model output about adult females.
MFF Representing the model output about fertile adult females.
MNS Representing the model output about new individuals as determined by

Scheme, i.e., the five-day-old individuals without considering the mortality.
DAF Representing the data from BG-Sentinel about the adult female mosquito.
DOV Representing the data from ovitraps about the five-day-old individuals.

Table 5.2: Organizing data, inputs, and outputs of the model.

Figure 5.8: Weather, ovitrap and BG-Sentinel data over Nov. 2009 to Oct. 2010 in Duque de Caxias.

with nonzero data in different coordinates for BG and ovitrap.

From Chapter 2, we run the model with 𝛼𝑐 determined according to the fuzzy rule-based
system output. It produced 𝛼𝑐 = 𝛼𝐷𝐶 = 0.142 for Duque de Caxias, and we obtained plots
in Figure 5.9.

Through the first plot in Figure 5.9, we realized that the initial condition provides
intense fluctuation during the starting days. From our point of view, the system feeds itself,
and when we start the comparisons with the data, the “initial condition” was absorbed by
the dynamics of the model. That is why we do not compare the correlation during the first
months of the simulation.

In general, the simulation collected the trap fluctuations, as we compared in Figure
5.10.

We evaluated the correlation between the model outputs and the data through Pearson’s
and Spearman’s correlations to study the model accuracy according to the real data. The
relationships between data and the numerical results are presented in Figure 5.11.
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Figure 5.9: Aedes aegypti population dynamics for Duque de Caxias.

Figure 5.10: Model output and trap data along the year. The red lines represent the data, and the blue
lines are the model output. While the first plot is about new individuals, the second one is about adult
females.

.

We obtained a strong correlation with an adequate 𝑝-value for Spearman and Pearson’s
correlation. For ovitrap, we found a Spearman correlation of 0.818, with 𝑝-value = 0.002,
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Figure 5.11: Dependence between variables.

while for BG-Sentinel, compared to all females, the Spearman’s correlation was 0.713,
with 𝑝-value = 0.012. Related to BG and fertile females, the correlation was 0.6154 (with
𝑝-value= 0.037). For Pearson’s correlation, we got 0.728 for ovitrap (with 𝑝-value = 0.007),
and better results for BG, around 0.7714 (with 𝑝-value= 0.003) referring to all females and
0.7709 (with 𝑝-value= 0.0033) for fertile females.

5.5 Population dynamics for Parnamirim/RN
The surveillance in this city occurred from December 2009 to January 2012, and the

trap data collected was presented in Figure 5.5.

Through the data, we concluded there were newborns and mosquitoes in Parnamirim
because the traps registered data during a surveillance program of 26 months.

Figure 5.12: Weather, ovitrap and BG-Sentinel data over Dec. 2009 to Nov. 2010 in Parnamirim.

We built a vector composed of information about the days which we got data from
Parnamirim, adding all of its three neighborhood data, in comparison with a second vector
composed of the outputs of the model for the respective days.

We used this methodology once ovitraps were exposed on the same day over the three
neighborhoods.
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However, BG-Sentinel traps were exposed over the three neighborhoods on the same
day except for January and April 2010. In April BG data was provided on days 9 or 10 for
its three areas. In January 2010, Emaus neighborhood BG data was zero. Therefore, we
calculate correlation and plots comparing the simulation of a sum of two neighborhoods,
and also without computing this month.

The first days of the collection were Dec.8th for ovitrap and Dec.4th for BG. Therefore,
similar to Duque de Caxias, we built a vector with nonzero data in different coordinates
for BG and ovitrap for comparisons.

From Chapter 2, we run the model with 𝛼𝑐 determined according to the fuzzy rule-based
system output. It produced 𝛼𝑐 = 𝛼𝑃𝐴 = 0.182 for Parnamirim, and we obtained plots in
Figure 5.13.

Figure 5.13: Aedes aegypti population dynamics for Parnamirim.

The first plot in Figure 5.13 showed that the initial condition provided intense fluctua-
tion during the starting days. That is why we compared the correlation with and without
the first month of the simulation (December 2009).

From the correlation’s value and plot behavior, we concluded that comparisons after
February were better than with December.

The simulation collected the trap fluctuations, as we compared in Figure 5.14.
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Figure 5.14: Model output and trap data along the year. The red lines represent the data, and the blue
lines are the model output. While the first plot is about newly individuals, the second one is about
adult females.

We evaluated the correlation between the model outputs and the data through Pearson’s
and Spearman’s correlations to study the model accuracy according to the data.

The relationship between data and the numerical results is presented in Figure
5.15.

Figure 5.15: Dependence between variables for Parnamirim results.

We calculated the correlation and 𝑝-value for Spearman and Pearson’s correlation. We
found a Spearman’s correlation for ovitrap and the model output scheme of 0.5385, with
𝑝-value = 0.075.

Between BG-Sentinel and fertile females, Spearman’s correlation was 0.6923, with
𝑝-value = 0.016, while we included January 2010. When we did not include it, we got 0.700,
𝑝-value of 0.021. Related to all females, the correlation was lower, around 0.44, which
we justified according to the location of the traps, once fertile females fly near breeding
sites.

For Pearson’s correlation, we got 0.5476 for ovitrap (with 𝑝-value = 0.065). Related to
BG, we got the Pearson’s correlation of 0.525 (with 𝑝-value= 0.0797) with fertile females
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(December to November including January), but weak results referring to BG and total
females, of 0.2136 with January, or 0.256 without January (with 𝑝-value= 0.448).

We highlighted that from February to November (months 3 to 12) Pearson’s correlation
was stronger, about 0.645 for BG and fertile according to Pearson (𝑝-value 0.04), and even
better for Spearman (for fertile females was 0.782 while for all females was 0.8303, with
𝑝-value 0.0056).

In December 2009, the correlation may be weak due to the proximity of the initial
condition.

If we consider fertile females only, Pearson’s correlation also became stronger, about
0.525 with 𝑝-value = 0.0797 with January, or 0.5605 without January, as well as 0.646,
𝑝-value = 0.044 from February 2010 to November 2010.

5.6 Population dynamics for Campo Grande/MS
In the capital city of the state of Mato Grosso do Sul, Campo Grande/MS, the total

area was around 8100 km2 while the urban area was around 332 km2 (Campogrande,
n.d.[b]). For urban and total population information remember the IBGE numbers in
Section 2.1.

The surveillance in this city occurred from December 2009 to January 2012, and the
trap data collected is in Figure 5.3.

Figure 5.16: Weather, ovitrap and BG-Sentinel data over Dec. 2009 to Nov. 2010 in Campo Grande.

Through the data, we concluded there were newborns and mosquitoes for Campo
Grande because the traps registered data nonzero during the surveillance program, except
a few non-data neighborhoods (about both traps in Carlota on Jan/2010, and one zero data
about ovitrap on Jan/2011 in Guanandi, as well there was null BG information of Planalto
in Mar/10, Guanandi in Oct/2010, and Carlota in Sep/2011).

We built a vector composed of information about the days which we have data from
Campo Grande (adding its three neighborhoods), in comparison with a second vector
composed of the output of the model for the respective days.
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We used this methodology once ovitraps were exposed on the same day over the
three neighborhoods. On the other hand, BG-Sentinel traps were exposed over the three
neighborhoods on the same day, but it used to be a different day than the ovitraps exposure,
which implied we built a vector with nonzero data in different coordinates for BG and
ovitrap.

We ran the model from Chapter 2 with 𝛼𝑐 determined according to the fuzzy rule-based
system output. It produced 𝛼𝐶𝐺 = 0.0861 for Campo Grande.

Firstly, we simulated a one-year period between December 2009 and November 2010
5.17.

Figure 5.17: Aedes aegypti population dynamics for Campo Grande.

The dynamic for this period was compared for twelve months period, producing a
weaker correlation than the one produced through the vectors without considering the
months where a neighborhood presented null data.

For the results between the model outputs for females and the data through Pear-
son’s correlation, while we did not take into account January/2010, March/2010, and
October/2010 due to the BG null information, we got 0.9153, 𝑝-value=0.0005. Plus, 0.45
(𝑝-value=0.23) for Spearman’s correlation, therefore it was weak.
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Figure 5.18: Model output and trap data along the year. The red lines represent the data, and the blue
lines are the model output. While the first plot is about newly individuals, the second one is about
adult females.

However, for fertile females, Pearson’s correlation was 0.927, 𝑝-value=0.0003. Spear-
man’s correlation was weak (0.45 𝑝-value=0.223).

For ovitrap, we ignored only January 2010 and obtained a Pearson’s correlation of
0.585 𝑝-value=0.0586. On the other hand, we did not get a correlation for Spearmann
(only 0.2455). Therefore, we obtained a significant correlation with adequate 𝑝-value with
Pearson.

One year of intermittent data we found in Duque de Caxias for example, but not for
Campo Grande during the surveillance program Dec. 2009-Jan. 2012. Pearson’s correlation
for 12 months was 0.787 (𝑝-value 0.0024) between BG and fertile females, 0.793 (0.0021) for
BG and total females. In spite of this, we got a weak correlation for ovitrap, 0.447 (𝑝-value
0.1451). For Spearman’s, the null information produced weaker correlations through the
year, about 0.5175 (0.0887) for BG and fertile females, also 0.5175 between BG and all
females, while for ovitrap 0.3007 (𝑝-value 0.3475).

It means the data was limited and its effects of making decisions without a month of
comparisons can produce consequences, which can be better if we consider only the nine
months with all data, as we agree in the model results.

The relationship between data and the numerical results is presented in Figure
5.19.

5.7 Population dynamics for Nova Iguaçu/RJ

In the second city of Rio de Janeiro, the surveillance program occurred for one year,
but later, from July 2011 to June 2012. Nova Iguaçu is located 15 km in the Northwest
direction of Duque de Caxias (Cidade-Brasil, 2021). Nova Iguaçu is not the capital city of
the state of Rio de Janeiro, nor Duque de Caixas. Its total area was around 521.3 km2 with
a density of 1575 inhabitants/km2 (Cidade-Brasil, 2021). For urban and total population
information remember the IBGE numbers in Section 2.1.
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Figure 5.19: Dependence between variables for Campo Grande results.

The surveillance in this city occurred during a leap year, which was considered for the
temporal scale, and the trap data collected is in Figure 5.6. We plot together the data with
daily mean temperature and precipitation (see Figure 5.20).

Figure 5.20: Weather, ovitrap, and BG-Sentinel data for Nov, 2011 to Oct, 2012 in Nova Iguaçu.

Through the data, we concluded there were newborns and mosquitoes because the
traps registered data nonzero during the surveillance program, except for the special case
of June 2012. An interesting fact is that instead of announcing July to July, in June they
did not collect ovitrap, it was collected at the start of July*, 3rd. Only BG was collected
on June, 29th. It was considered in the temporal vector, as we confirm through the plots
5.20.

We used this methodology once traps were exposed on the same day over the three
neighborhoods. On the other hand, BG-Sentinel traps were exposed over the three neigh-
borhoods on the same day, but it used to be a different day than the ovitraps exposure,
which implied we built a vector with nonzero data in different coordinates for BG and
ovitrap.

We ran the model with 𝛼𝑁𝐼 = 0.147 determined according to the fuzzy rule-based
system output (remember Table 2.3).

As the historical driest day occurs in August (remember Table 5.1), we started simula-
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tions in August, for a fixed initial condition, and compared correlation during the periods
of November to June* in Figure 5.21.

Figure 5.21: Aedes aegypti population dynamics for Nova Iguaçu.

The dynamic for this period was compared for an eight-month period, producing a
correlation between adult females and the Scheme representing younger individuals. A
linear dependence is better represented in Figure 5.22.

From Figure 5.22, we see in November the tendency of the data is different from the
model. If we have data and use it as an initial condition in the model, the first month of
forecasting can be improved. We ran a fixed initial condition for all cities after the worst
period, trying not to influence the results, that is, trying to look at the abundance even
given a not realistic initial condition.

For the results between the model outputs for females and the BG data, Spearman’s
correlation was strong (LaMorte, 2021) for fertile females, 0.691 (𝑝-value= 0.069), but not
for all females 0.571 (𝑝-value= 0.151). On the other hand, Pearson’s correlation produced
high 𝑝-values and weaker correlation. It was 0.516 (p= 0.19) for fertile, while 0.406 for all
females (𝑝-value= 0.318).

For ovitrap, we obtained a Pearson’s correlation of only 0.401, with inadequate 𝑝-
value=0.324. Similarly, we got a correlation for Spearman around 0.429, with inadequate
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Figure 5.22: Model output and trap data along the year. The red lines represent the data, and the blue
lines are the model output. While the first plot is about newly individuals, the second one is about
adult females.

𝑝-value=0.299.

It means we are not able to accurately forecast this city. It could be improved if we get
more data collected, that is, if the data was not limited to one year, and starting in the
unfavorite period (July and August). The effects of making decisions without a year of
comparisons can not be evaluated.

The relationship between data and the numerical results is presented in Figure
5.23.

Figure 5.23: Dependence between variables for Nova Iguaçu results.

5.8 Discussion for Santarém/PA
The surveillance in this city occurred from March 2010 to February 2012 and the trap

data collected was shown in Figure 5.4.

Through the data, we concluded there were newborns in Santarém, but the traps
registered data zero during the second year of the surveillance program (Codeço et al.,
2015).
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According to Codeço et al. (2015), “the two years of study were very similar in climate
but very different in mosquito abundance”. There was the implementation of a new vector
control program during the second year, which caused significantly fewer mosquitoes
than the first year. Besides, the neighborhoods presented non-data during some months.
Their findings produced a negative correlation Codeço et al., 2015, and also in our model
the null data did not help in getting results, once we analyzed the correlation. In Rossi,
Ólivêr, et al. (2004), they also used Spearman’s correlation to evaluate the outputs of the
model.

5.9 Weather scenarios and extreme conditions
One way to validate the model is by studying it over extreme conditions. For this,

we set different scenarios corresponding to extreme temperatures and constant rainfall.
Therefore, we analyzed the population behavior and the weather influence over 𝑛 by setting
different scenarios concerning mean temperatures and frequencies of rainy episodes. The
simulation started with a fixed initial condition.

It can help to evaluate the contribution of precipitation to population maintenance.
Besides, extreme temperatures for Aedes aegypti shall provide a slower development or
even population extinction.

The weather was accessed daily and accumulated because we used a historical sample
of precipitation and temperature to compute an indicator of past rainy days and the average
temperature during the previous days, respectively.

The initial condition is the same for both sets, where it is given as an attributed
population in each stage and age. Also, the parameter 𝛼𝑐 is constant for a city, in order to
analyze only weather influence, where 𝛼𝑐 = 0.0 would represent the output of the fuzzy
rule-based system for a city with better sanitation panorama than Campo Grande.

We built scenarios considering the cities’ basic sanitation panorama without climate
fluctuations. We analyzed the population behavior and the weather influence over the
stability through the calculus of the largest eigenvalue of 𝑃𝑡 and (𝐼 − 𝑇 )

−1
𝐹 , given by the 𝜆

and the net reproductive number 𝑛, respectively. The parameter 𝛾 is the mean generation
time, as we mentioned in Subsection 4.5.1.

For numerical analysis, according to different scenarios, we highlighted that over
extreme conditions (drier or hotter days), the net reproductive number was easily obtained
due to the matrix (𝐼 − 𝑇 )

−1
𝐹 being well conditioned, even when the bigger eigenvalue of

𝑃 = 𝑇 + 𝐹 could not be quickly numerically calculated. For short and long periods of the
year, weather and sanitation produced an impact on the population fluctuations.

The procedure is fast as 𝑃𝑡 is sparse. While we ran the model, the infinity norm of 𝑇𝑡
gave a number lower than 1. That is, as the functions are such that the separate sum of
each column of 𝑇𝑡 is lower than 1, then (𝐼 − 𝑇𝑡)

−1 exists and the system is stable.

The scenarios concerned constant mean temperature and daily precipitation for a city
with a basic sanitation panorama similar to the studied cities. The simulation started with
a fixed initial condition.
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For cities with annual mean precipitation and basic sanitation similar to Duque de
Caxias, which means a medium sanitation panorama, where 𝛼𝑐 = 0.142, we built Table 5.3
for daily precipitations of 1 or 7mm per day, over temperatures of 15, 16, 21, 22, 28, 33, and
34ºC.

According to Tables 5.3 and 5.4, we note the weather impact on the net reproductive
number and the increasing or decreasing trend of population densities. It varies according
to 𝑛 and 𝜆. Although the sparse matrix 𝑃 , several weather conditions produced a slow rate

𝜃 15 16 16 21 21 22 22 28 28 33 33 34
𝑞𝑝 7.0 7.0 1.0 7.0 1.0 7.0 1.0 7.0 1.0 7.0 1.0 7.0
𝑛 0.282 0.477 0.125 1.107 0.133 1.226 0.124 1.823 0.085 0.502 0.018 0.232
𝜆 0.977 0.985 0.963 1.004 0.942 1.007 0.937 1.025 0.919 0.975 Error 0.951
𝛾 53.82 48.76 55.84 28.78 33.75 27.37 32.09 24.72 29.20 27.75 - 29.20

Table 5.3: Net reproductive number 𝑛, growth rate 𝜆 and mean generation time 𝛾 for daily temperature
(𝜃 in ºC) and precipitation (𝑞𝑝 in mm) for Duque de Caxias scenarios.

of Aedes aegypti population maintenance.

There was a case over warm temperature and a few rain millimeters, where we obtained
only the calculus of the largest eigenvalue of (𝐼 − 𝑇 )

−1
𝐹 .

Thus, the Error entry means that using eigs function for sparse matrices in Matlab we
could not calculate the eigenvalue of 𝑃 to adequate accuracy. Therefore, the net repro-
ductive number gave information about the population, while an error was found over a
warm temperature 𝜃 = 33ºC and few rainfalls 𝑞𝑝 =1mm, and the system reported that it
did not find any eigenvalues of 𝑃 to sufficient accuracy.

We highlight that for an adequate temperature 𝜃 = 28ºC but few rainfalls, 𝑞𝑝 =1mm,
the mean generation time of 29.2 days for Aedes aegypti development was the same as
over a warm temperature 𝜃 = 33ºC with significant rainfalls 𝑞𝑝 =7mm.

Consider a pair of plots as it appears in the sequence in Figure 5.24. From the first
and second pairs, we highlighted that over temperatures of 22, and 28ºC, and frequent
rainy episodes of 7mm, the population increased at all stages. However, even at a good
temperature of 28ºC, the population decreased quickly because of rain absence and the
adequate sanitation panorama of the city. Concerning the plots from the first and second
pairs, we note that even at a good mean temperature, precipitation was necessary to
maintain the population of this city. Constant and significant rain episodes, together with
standard temperatures, could provide adequate environmental conditions for breeding
sites, increasing the population.

The first pair from Figure 5.25 showed that even over rainy days, the warmer mean
temperature had a negative effect on population dynamics. A warmer mean temperature
is not adequate for Aedes aegypti development, and we noticed that larvae and pupae are
alive for a few days. Without larvae, the whole population was decreasing. Without rain,
it decreased even earlier.

Even though, from Figure 5.25, the plots suggest a cold period has a negative influence
over the Aedes aegypti population. The population was getting older and dying.
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Figure 5.24: Aedes aegypti population dynamics over extreme constant conditions in Duque de Caxias.

From sets of cold or warmer mean temperatures, we noticed they were not adequate
for Aedes aegypti development, and larvae and pupae were alive for a few days. Without
larvae, the whole population is decreasing. Without rain, it decreased even earlier. After
some months the population could be extinct.

For 16ºC, the population had a smooth decrease. For 15ºC, the development was even
slower.

A warmer temperature of around 34ºC also produced a negative behavior (see Figure
5.25). If there was more rain, the decrease in the population was slower than for an
insignificant amount.

An overview of the plots from the frame of Figures 5.24 and 5.25 suggested a consistent
relationship between mean temperature, precipitation, and mosquito abundance. The
mean generation time increases as long as we approximate the 16ºC. A better panorama
involves temperatures near 21ºC to 28ºC, with frequent rainy episodes.

On the other hand, for cities with inadequate basic sanitation, such as Santarém, where
𝛼𝐶 = 0.25, we found that the mean temperature of 33ºC together with significant rain still
produces a good habitat for Aedes aegypti. Despite the panorama for Duque de Caxias, the
same weather produced an immediate decreasing effect.

Although the sparse matrix 𝑃 , several weather conditions produced a slow rate of Aedes
aegypti development. For this city, Matlab routine was able to calculate the eigenvalue of
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Figure 5.25: Aedes aegypti population dynamics over extreme weather constant conditions in Duque
de Caxias.

𝜃 16 16 21 21 22 22 28 28 33 33 34
𝑞𝑝 1.0 7.0 1.0 7.0 1.0 7.0 1.0 7.0 1.0 7.0 7.0
𝑛 0.330 0.840 0.368 1.949 0.348 2.158 0.254 3.209 0.057 0.884 0.409
𝜆 0.978 0.996 0.969 1.024 0.966 1.030 0.952 1.050 0.913 0.995 0.969
𝛾 50.81 45.75 31.57 27.77 30.16 26.47 27.73 23.97 31.55 26.71 27.97

Table 5.4: Net reproductive number 𝑛, growth rate 𝜆 and mean generation time 𝛾 for daily temperature
(𝜃 in ºC) and precipitation (𝑞𝑝 in mm) for Santarém scenarios.

𝑃 using the eigs function for sparse matrices, due to the poor sanitation conditions helped
the Aedes aegypti development.

Consider a pair of plots as it appeared in the sequence in Figure 5.26. From the first and
second pairs, we highlighted that over good temperatures of 22, and 28ºC, and frequent
rainy episodes of 7mm, the population increased at all stages. However, even at a good
temperature of 28ºC, the population decreased because of rain absence. It decreased
slowly if we compare it to Duque de Caxias, due to the inadequate sanitation panorama of
Santarém.

Similar conclusions from Duque de Caxias simulations, we can validate for Santarém,
once we note that even at a good mean temperature, precipitation is necessary to maintain
the population of this city. Constant and significant rain episodes, together with standard
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Figure 5.26: Aedes aegypti population dynamics over extreme constant conditions in Santarém.

temperatures, provide adequate environmental conditions for breeding sites, increasing
the population.

The first pair from Figure 5.27 reflects that even over rainy days, the warmer mean
temperature had a negative effect on population dynamics. A warmer mean temperature is
not adequate for Aedes aegypti development, but we noticed that the inadequate sanitation
panorama helped the population at the start, and continuously provided environmental
conditions, so the population was not extinct.

Even though, from Figure 5.27, the plots suggest that a cold period had a negative influ-
ence over the Aedes aegypti population. For 16ºC, the population had a slow decrease.

Even over inadequate mean temperatures for Aedes aegypti development (21 and 22ºC),
in the presence of significative precipitation, we conclude 𝑛 > 1 and the population
grows.

From sets of cold or warmer mean temperatures, we noticed they were not adequate
for Aedes aegypti development, and larvae and pupae were alive for a few days. Without
larvae, the whole remaining population decreased. Without rain, it decreased earlier. The
population could be extinct some months later.

A warmer temperature of around 34ºC also produced a negative behavior (see Figure
5.27). If there was more rain, the decrease in the population was slower than for an
insignificant amount.
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Figure 5.27: Aedes aegypti population dynamics over extreme constant conditions in Santarém.

An overview of the plots from the frame of Figures 5.26 and 5.27 suggested a consistent
relationship between mean temperature, precipitation, and mosquito abundance.

On the other hand, for cities with inadequate basic sanitation, we found that the mean
temperature of 33ºC, with significant rain, still produced an adequate habitat for Aedes
aegypti, in spite of the panorama for Duque de Caxias, where it produced an immediate
decreasing effect.

5.10 Sensitivity analysis for the basic sanitation
parameter 𝛼𝑐

We established comparisons among different basic sanitation characteristics, consider-
ing the same weather constant panorama, but analyzing the 𝛼𝑐 parameter.

The results from Table 5.5 showed the net number varying according to the basic
sanitation of the city. That influence was represented in Figures 5.28 and 5.29.

An overview of the plots from the frame of Figures 5.28 and 5.29 suggested a consistent
relationship between basic sanitation and mosquito abundance. After all, the fluctuations
for Santarém showed slower mortality during rain absence, which is a result of breeding
site conditions over inadequate sanitation. Similarly, there was a faster development of
rain abundance.
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𝛼𝑐 = 0.25 𝛼𝑐 = 0.142

(Santarém) (Duque de Caxias)
𝜃=16, 𝑞𝑝=7 0.84 0.48
𝜃=22, 𝑞𝑝=7 2.16 1.23
𝜃=28, 𝑞𝑝=7 3.21 1.82
𝜃=33, 𝑞𝑝=7 0.88 0.50
𝜃=33, 𝑞𝑝=1 0.06 0.02
𝜃=28, 𝑞𝑝=1 0.25 0.08
𝜃=22, 𝑞𝑝=1 0.35 0.12

Table 5.5: The net reproductive number 𝑛, for a fixed daily temperature (𝜃 in ºC) and precipitation
(𝑞𝑝 in mm for Duque de Caxias and Santarém basic sanitation panorama.

5.11 What if Brazilian policies for sanitation are
achieved?

The national policies for basic sanitation called "Marco legal do saneamento básico"
has a goal of 99% of the population being served with a water supply and intermittent
services until 2033 (Brasil, 2020a). Also, it requires that 90% be served with sewerage
services (Brasil, 2020a).

We recognized there were challenges to control Aedes aegypti abundance and providing
the quality of the basic sanitation services to the population. However, these services are
not free and the service companies can reinvest in structure maintenance and improve-
ments.

This mark would improve public health by decreasing Aedes aegypti population ac-
cording to the scenarios for all the studied cities.
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Figure 5.28: Aedes aegypti population dynamics over extreme constant conditions for different basic
sanitation panoramas. We selected Santarém (first column) and Duque de Caxias (second column).
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Figure 5.29: Aedes aegypti population dynamics over extreme constant conditions for different basic
sanitation panoramas. We selected Santarém (first column) and Duque de Caxias (second column).
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Chapter 6

Final considerations

Our model simulations assessed the impact of basic sanitation improvements on Aedes
aegypti population development and the importance of collecting trap data monthly from
urban endemic regions to encourage and support continuous surveillance schemes.

We pointed out that the matrix model could provide a powerful tool for forecasting
different endemic regions, and was sensitive to the Aedes aegypti fluctuations. The model
provided a tool to investigate peaks in the Aedes aegypti population and its dynamics in
Brazilian municipalities.

We organized functions from several papers and used biological experiments to create
novel functions for Aedes aegypti development. We found temperature, precipitation, and
sanitation functions that connected the population data to the surrounding variables.
The contribution of our model’s approach was that we related weather with the city’s
sanitation characteristics and the Aedes aegypti population’s biological stages. The model
considered the basic sanitation panorama as an output of a fuzzy system and worked
using development stages that combine quiescent egg characteristics, besides weather
data, temperature, and precipitation on a daily average and accumulated.

These findings help in building a model that can capture the population dynamics for
cities in different regions, only calculating the parameter related to the basic sanitation
characteristics of the city and the mean of the annual rainfalls in millimeters. Thus, we
input the historical and forecasting weather and the sanitation percentages reported by the
national system. This powerful tool can be improved by using real data collected to feed
the system inputs. Together, we can promote warnings of outbreaks in the medium-term
period.

Data and forecasting can provide a guide to detect potential breeding sites, endemic
regions, and periods accessing possible outbreaks to intervene. It is possible to couple the
model with predictive models of diseases spread by Aedes aegypti. After all, by predicting
the abundance of females, it is possible to study the transmission dynamics of the diseases
they cause.

Unfortunately, human efforts can not directly change the weather, while basic sanitation
can be evaluated and improved. In this way, public health does not need to be considered
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when we identify a problem, if we can predict an outbreak and act before it happens. Famous
minds studied ways to enhance public health through basic sanitation improvements (Kone,
2021).

However, in Brazil, the surveillance programs are sporadic. Plus, the Brazilian system
of basic sanitation just recently organized information from all states in an online platform.
We noticed limitations for forecasting, due to missing data, and also some data that reflected
contrasts between small towns and big cities, especially if we take into consideration the
Northern and Northeastern regions.

By improving sanitation services, sanitation data online system, government policies,
surveillance, and human actions, we may improve public health. With the mathematical
tool, we can obtain the contribution from a city’s data and forecast guiding periods in
which Brazilian sanitary systems can use technologies and governmental policies in order
to bring about population control for Aedes aegypti. This mark would improve public
health by decreasing Aedes aegypti population according to the scenarios for all the studied
cities. There are measures that the government policies, the sanitation system, and the
population can take to avoid the worst-case scenarios for Aedes aegypti and related diseases
in Brazil. Also, there are initiatives and projects, such as the "Marco legal do saneamento
básico" (national policies for basic sanitation) that we can follow in an attempt to improve
scenarios (Brasil, 2020a), which includes using technologies, mathematical models to
purpose govern interventions, and investments to provide health quality.
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