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Resumo

RASZEJA, T. Formalismo Termodinidmico para Shifts de Markov Contaveis Generaliza-
dos. 2020. 218 f. Tese (Doutorado) - Instituto de Matematica e Estatistica, Universidade de Sao
Paulo, Sao Paulo, 2020.

Shifts de Markov com alfabeto enumeravel, os quais denotamos por ¥4 para uma matriz 0-1
infinita A, s80 objetos centrais em Dinadmica Simbolica e Teoria Ergodica. R. Exel e M. Laca in-
troduziram suas correspondentes algebras de operadores como uma generalizacdo das dlgebras de
Cuntz-Krieger para um alfabeto infinito e contavel. Eles introduziram o conjunto X4 = >4 U Yy,
que é um tipo de shift de Markov contdvel generalizado, uma vez que coincide com o espago 4
no caso localmente compacto. O espaco X 4 contém como subconjuntos densos o shift de Markov
usual e um subconjunto de palavras finitas permitidas Y4, este ultimo é denso quando for nao vazio.
Desenvolvemos o formalismo termodindmico para os shifts de Markov generalizados, introduzindo
a noc¢ao de medida conforme em X4 e explorando suas conexdes com o formalismo termodinamico
usual em 3 4. Novos fendmenos surgem, como diferentes tipos de transicdo de fase e novas medidas
conformes que nao sao detectadas pelo formalismo termodinamico cléssico quando a matriz nao é
row-finite. Dado um potencial F e inverso da temperatura 3, estudamos o problema de existéncia e
auséncia de medidas conformes jig associadas a SF. Apresentamos exemplos onde existe um valor
critico B, em que temos existéncia de probabilidades conformes satisfazendo p15(X4) = 0 para todo
B > B. e, na topologia fraca®, quando tomamos o limite § indo para (., o conjunto de proba-
bilidades conformes para inverso de temperatura S > . colapsa para a probabilidade conforme
usual pg, tal que pg,(¥4) = 1. Estudamos em detalhe o shift renewal generalizado e modificagoes
deste. Destacamos a bijecao entre os elementos do alfabeto que sdo emissores infinitos e medidas
de probabilidade conformes para essa classe de shifts do tipo renewal. Provamos a existéncia de
automedidas de probabilidade da transformacdo de Ruelle para temperaturas baixas o suficiente
para um potencial particular no shift de renewal generalizado; estas medidas nao sdo detectadas no

renewal shift usual, dado que, para temperaturas baixas, o potencial SF' é transiente.
Palavras-chave: transicao de fase, shift de Markov com alfabeto enumeravel, formalismo ter-

modinamico, Exel-Laca algebra, estados KMS, dindmica simbolica, sistemas dindmicos, medidas

conformes.
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Abstract

RASZEJA, T. Thermodynamic Formalism for Generalized Countable Markov Shifts.
2020. 218 pages. PhD Thesis - Institute of Mathematics and Statistics, University of Sao Paulo,
Sao Paulo, 2020.

Countable Markov shifts, which we denote by ¥4 for a 0-1 infinite matrix A, are central objects
in Symbolic Dynamics and Ergodic Theory. R. Exel and M. Laca have introduced the corresponding
operator algebras as a generalization of the Cuntz-Krieger algebras for an infinite and countable
alphabet. They introduced the set X4 = >4 UY}4, a kind of generalized countable Markov shift that
coincides with the space X 4 in the locally compact case. The space X 4 contains as dense subsets the
standard countable Markov X4 and a subset of finite allowed words Y4. The last one is dense when
it is non-empty. We develop the thermodynamic formalism for the generalized countable Markov
shifts X 4, introducing the notion of conformal measure in X 4 and exploring its connections with
the usual thermodynamic formalism for ¥ 4. New phenomena appear, as different types of phase
transitions and new conformal measures that are not detected in the classical thermodynamic for-
malism when the matrix A is not row-finite. Given a potential F' and inverse of temperature [,
we study the problem of the existence and absence of conformal measures pg associated with SF.
We present examples where there exists a critical 8. such that we have the existence of conformal
probabilities satisfying pug(X4) = 0 for every 8 > (. and, on the weak® topology, when we take
the limit on 8 going to f., the set of conformal probabilities for the inverse of temperature 5 > S,
collapses to the standard conformal probability ug, such that g (¥4) = 1. We study in detail the
generalized renewal shift and modifications of it. We highlight the bijection between the elements
of the alphabet, which are infinite emitters, and extremal conformal probability measures for this
class of renewal type shifts. We prove the existence and uniqueness of the eigenmeasure (proba-
bility) of the Ruelle’s transformation at low enough temperature for a particular potential on the
generalized renewal shift; these measures are not detected on the standard renewal shift since for

low temperatures, the potential SF is transient.

Keywords: phase transition, countable Markov shift, thermodynamic formalism, Exel-Laca alge-

bra, KMS states, symbolic dynamics, dynamical systems, conformal measures.
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Introduction

The Thermodynamic Formalism consists in a rigorous and abstract approach from the point
of view of Mathematical Physics into the foundations of Equilibrium Statistical Mechanics. Its
Dynamical System and Ergodic Theory flavors were introduced by D. Ruelle [Rue67, Rue78], Y
Sinai [Sin72] and R. Bowen [Bow75|. One of the main topics of the area is the study of phase
transition phenomena [ABF87, BBE20, Dob65, Dob68c, VEFS93, FV18b, Geoll, Iom07, KQW20,
Pei36, Pesl4, PS74, Sar0Ola, Sar00]. A phase transition consists into an abrupt change in the system
and it can have many different meanings, some of them are equivalent and some not, as we explain
below:

(a) the Ising model on Z9, consisting in the study of ferromagnetism phenomena on a lattice
for a two state model (see chapter 3 of [F'V18b]), where the configurations are elements of
Q = {—1,+1}%". The set of Gibbs measures is the closed convex hull of thermodynamic limits
of the Gibbs distributions (see Theorem C.4.1 of [E1I06] or in [Isr79]) on increasing finite sets
{A}nen which invade Z¢, as we explain next. Given a boundary condition 7 € Q, consider a
configuration on a finite box A C Z¢ as an element of the finite set

Q% :={w e Q:w; =1 for every i € A}

The energy of a configuration w € Q} of the Ising model in 7% with inverse of temperature
B >0 is given by

BH} p(w) = =B Y oiw)oj(w) = BhY_ oiw)

{ijtedy e
where h € R is the external field o;(w) is the projection at the coordinate i of w. Also,
&Y= {{i,j} CZ%: {i,j} N A #0 and i ~ j},

where i ~ j means that ¢ and j are nearest neighbors, that is, ||i — j||; = Zzzl lix — k| = 1.

The Gibbs distributions at the set A with boundary condition 7 at parameters 5 and h is
defined by

AR R )

ZNpn

0, otherwise;

if we QF,
KA pn (W) =

where ZX,,B,h is the partition function, given by

Z TR D

we]

The pressure is thermodynamic limit with certain control on the boundaries' of the family
{An}Na
P(8,h) = lim P (5, h),
n n

!The ratio of the size of the boundary of A, over its volume goes to zero as it n goes to infinity.

1



2 INTRODUCTION 0.0

where the pressure at finite volume A is defined by
Pl (B,h) := L log Z7
A (B, h) = Al O ZA gk

The function P(f,h) is a well-defined convex function in which the limit does not depend on
the choice of the sequence {A,,} and of the boundary condition 7. For fixed h and g, some
of the most important Gibbs measures here are the weak* limit of sequences in the form
{M?{;,g,h}neN- In Probability Theory, also for the Statistical Mechanics community, a phase
transition occurs when there exists more than one Gibbs measure, for low enough temperature.
On the other hand, for the Dynamical Systems and Ergodic Theory communities and, in part
of the literature of Mathematical Physics, a phase transition occurs when P(S,h) is not
differentiable or analytic with respect to 5. Sometimes, the point where the system passes
from one to several measures coincides with the non-analyticity point (8. of the pressure
function. Theorem 3.25 of [FV18b| grants that there is no phase transition for d =1 or h # 0.
On the other hand, for d = 2 and h = 0, Onsager [Ons44]| determined the pressure explicitly,
and the non-analyticity point is precisely the critical point 8. which separates the regions of
uniqueness and where we have the existence of more than one Gibbs measure: there exists a
critical value . € (0,00) s.t. for § < . we have the uniqueness of the Gibbs measure, and
for B > B. we have non-uniqueness. For d > 2 and h = 0, the critical point of phase transition
in the sense of uniqueness of Gibbs measures [ABF87, ElI06] is a point of non-analyticity of
the pressure. The study of P(3,0) analyticity with respect to [ was recently closed by S.
Ott |Ott19, Ott20]. Here, the Gibbs measures are in the sense of Dobrushin-Lanford-Ruelle
[Dob68c, Dob68a, Dob68b, LR69], also called DLR measures.

(b) Although the two notions for phase transition are equivalent in the model above, the equiva-
lence does not hold in general. In [BCCP15], the authors considered a slight modification in
the model, by taking

Hiw)=—J Y oiw)oj(w) =Y hioi(w),

{i.gyesy €A

that is, the external field is not constant anymore, and in this case, it is taken to be

h* .
h(fL’): W? :1:7&07
h*, =0,

where « > 0, J > 0 and h* > 0. By taking van Hove sequences, it can be shown that
the pressure for this model is the same as in item (a) for h = 0, that is, when there is no
external field, and therefore there exists a critical value (. s.t. the pressure is not analytic. In
[BCCP15], if 0 < o < 1, they proved that there exists 5, < oo s.t. for § > 5, we have the
uniqueness of the DLR measure. On the other hand, by the Dobrushin Uniqueness Theorem
[Dob68c¢], we also have a unique DLR measure for 5 < 1/(2d.J). L. Ciolleti and R. Vila [CV15]
completed the description, proving that such uniqueness holds for every g > 0. Therefore we
have a model on Z? such that the notions of phase transition on lack of analyticity of the
pressure and the non-uniqueness of the DLR measures are not equivalent.

In the context of symbolic dynamics, when we compare the standard theory of Markov shifts
with the generalized one presented in this thesis, we have a similar change of behavior in the sense
of dissociation of the notions of phase transitions. In fact, we have by Theorem 5 of [Sar0lal, which
says that for the renewal shift space and a bounded above potential with summable variations s.t.
its induced potential is locally Hélder continuous, there exists a critical value . s.t. the Gurevich
pressure Pg(SF') is not analytic for 8 = .. Moreover, due to the Generalized RPF Theorem [Sarl5|,
we have the existence of a unidimensional space of conservative eigenmeasures for 5 < £, and the
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absence of conservative eigenmeasures for § > .. Eigenmeasures are examples of DLR measures
[Shw19, BBE20], which sometimes coincide, sometimes not [BBE20, CLS20]. On the generalized
renewal shift, we have an example of similar behavior in (b), since we have a unique probability
eigenmeasure for every # > 0, even with the pressure having a point which is non-analytic.

The first connection between C*-algebras and symbolic spaces was born in 1977 for the full
shift case by J. Cuntz |[Cun77]|. It was generalized for Markov shifts in the case of finite symbols J.
Cuntz and W. Krieger [CK80] three years later, where it was introduced the so-called Cuntz-Krieger
algebras O 4, with A being the transition matrix. These algebras are universal C*-algebras generated
by a family of partial isometries indexed by the alphabet under some conditions. They codify the
Markov shift spaces in the sense that a product of these generators is non-zero if and only if the
word correspondent to the product is admissible. Moreover, C'(X 4) is a commutative C*-subalgebra
of O4. Remarkable results for the case row-finite matrix A were achieved by A. Kumjian, D. Pask,
[. Raeburn and J. Renault in [KPRR97, KPRI8| by using the Groupoid C*-algebra theory (see
[Ren80]). In 1999, R. Exel and M. Laca |EL99| generalized the Cuntz-Krieger theory for the case
in which the matrix A is not row-finite. For this general case, ¥4 may not be locally compact.
The generalized Markov shift X 4 arises as a natural object to replace X4, and the C*-subalgebra
Co(X4) takes the place of C'(X4). The generalized setting includes X 4, and the dynamics can be
extended almost to the whole space, excepting by the which we call empty-stem configurations.

Since then, even with the progress of the Thermodynamic Formalism on countable Markov
shifts >4 in the last 20 years, no study on Thermodynamic Formalism was made for X 4. This
thesis aims to start the thermodynamic study of X4 and relate it to what was developed so far
for Y 4. It holds that ¥4 is dense in X4, and for locally compact standard Markov shift, these
sets coincide. The compatibility of Borel o-algebras for both settings, in the sense that the Borel
sets of X4 are included in the Borel g-algebra on X 4, plays a crucial role in order to allow that
conformal measures from the standard theory can be seen as conformal ones in the generalized
setting. Also, the topologies on each setting are partially similar. For instance, unlike in ¥4 case,
the complement of cylinders is not simply a union of cylinders, but they have an extra set that
lives in Y4 = 3. Also, X4 is always locally compact, and in many cases, it is compact, even
for 34 not locally compact. On the other hand, the Gurevich pressure, which its exponential is
the Ruelle’s operator eigenvalue for suitable potentials (recurrent), only considers the periodic
points, which cannot live in Y4. However, by Denker-Yuri [DY15] results for Iterated Function
Systems (IFS), it is possible to define the pressure at a point P(SF,x), x € X4, and for a class of
potentials presented in this thesis (section 5.6), this pressure coincides with the Gurevich pressure
on every point. Moreover, by Denker-Yuri’s eigenmeasure existence theorem, we grant for every
B > 0 that we have an eigenmeasure for the associated eigenvalue e”’(#%) We studied phase
transition phenomena for conformal measures and eigenmeasures, and by the set X 4, we can detect
new of the aforementioned measures than the standard setting. Furthermore, we highlight a length-
type phase transition phenomena: the existence of a critical value . s.t. in the region 5 < (., we
have the existence of a probability eigenmeasure that gives mass zero for Yy, and for 8 > S, the
eigenmeasure also exists, but vanishes in ¥ 4. The term length-type refers to that we can see the
elements of Y4 as finite words; sometimes, they have some multiplicity. For the case of conformal
measures, we have similar results but with the standard measure (living on ¥ 4) existing only for
8 = B instead of 8 < ., and the absence of these measures for 8 < ..

The main contributions of this thesis are:

e we prove the equivalence among several notions of conformal measure, including the standard
and generalized settings, beyond the particular case of shift spaces (generalized or not). The
result unifies Sarig’s definition of conformal measure, quasi-invariant measures on groupoids,
fixed point measures for Ruelle’s operator, and others. It holds for locally compact Hausdorff
second countable spaces;

e it is a general fact that for regular potentials F' and standard Markov shift spaces with finite
alphabet, we have the existence of KMSg states only for a unique (., which corresponds
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to the value for which we have pressure zero and the potential SF normalizes the Ruelle’s
operator (Lgr(1) = 1) [BJO04, Exe04, KP02, KSS07]. We give some examples which indicate
that, at least for the class of renewal type shifts on the generalized setting, the behavior is
different: we have an interval of values of 3 for which we have the existence of KMSg states.
In other words: for low temperatures, we have the existence of KMSg-states (fixed points of
the Ruelle’s transformation). For the generalized renewal shift, this is true for any potential
with a positive lower bound;

e for the renewal-type class of shift spaces and low temperatures, we have a bijection between
the infinite emitters and the extremal KMSg states. In particular, for the pair renewal and
prime renewal shifts, we have a phase transition on the number of KMSgz states: for high
temperatures, we have the absence of these states, and for temperature low enough, we have
infintely many KMSg states. For the pair renewal shift, we calculated the critical value expli-
citly for the phase transition, namely 8. = log(1 + v/2), and for this value, we have a unique
KMSg state;

e we study the weak convergence of measures on generalized countable Markov shifts. The study
completes recent results about weak convergence of measures on the countable setting [IV19].
The control of weak® convergence of the probability measures allows us to prove that the set
of e#F-conformal measures giving mass zero to ¥4 (living on Yy, for 3 > 8.) converges to a
probability measure pg, such that g (X4) = 1;

e we introduced the concept of pressure on generalized renewal shifts by adapting a notion of
Denker-Yuri for Iterated Function Systems. With this notion of pressure, we can produce
examples where the pressure coincides with the standard Gurevich pressure on countable
Markov shifts, and we found a new type of phase transition: the length-type;

e we present an example of potential for the generalized renewal shift such that we have the
existence of a unique eigenmeasure for each 5 > 0 but, after a critical value 8., the measure
gives mass 1 to the set of finite words Y. For 8 > f., the Gurevich pressure is zero and
therefore, in this case, the eigenmeasure is a fixed point of the Ruelle’s transformation, and
then it is associated to the a unique KMSg state. The the set of KMSg states is described for
every 3 > 0 since for 8 < 3. we have the absence of KMSg states.

The first three chapters contain the general mathematical background and, they were written
to make this thesis friendly to read for both Dynamical Systems and C*-algebras communities. We
briefly describe their contents as follows.

In chapter 1, we present the Markov shift spaces, which we denote by ¥4 for a transition
matrix A, and some of its properties, the different regularities for potentials in this theory and the
Gurevich pressure, the notions of conformal measures in both senses of Denker-Urbariski and Sarig,
the Ruelle’s operator, and the eigenmeasures associated with it. Moreover, we also present essential
notions and results from the Thermodynamic Formalism on Markov shifts, such as the equivalence
between the aforementioned measures (Corollary 1.39), the notion of recurrence for potentials, the
generalized Ruelle-Perron-Frobenius Theorem, which is a result of the existence of eigenmeasures
based on the recurrence of the potential; the Discriminant Theorem, which is a powerful result to
decide the recurrence of the potential, and a result on the linearity of the pressure on the inverse
of the temperature, after a critical value.

Chapter 2 contains the basics of C*-algebras and a significant result for this thesis: the Gelfand’s
theorem for C*-algebras. Also, in this chapter, we have an entire section dedicated to the construc-
tion of universal C*-algebras and its properties, which are essential to define both Cuntz-Krieger
and Exel-Laca algebras properly. Furthermore, we briefly introduce the notion of KMS-states, which
are connected to conformal measures.

Chapter 3 presents topological groupoids, and its main objective is to construct the definition of
a C*-algebra of a groupoid and present some of its properties. One of the main topological features
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for groupoids we studied is the etalicity of a topological groupoid. We briefly present the notion of
quasi-invariant measure, which connects the conformal measures to the KMS states via 1-cocycles
associated to continuous potentials.

Now, we describe the chapters 4 and 5, which are the main subject of this thesis, which com-
prehends the paper [BEFR18].

In chapter 4, we introduce the Cuntz-Krieger algebras and their generalizations, the Exel-Laca
algebras, both denoted by O 4. We show some of their properties. We compare each other, for ins-
tance, that the Exel-Laca algebras are, in fact, the universal algebras which generalize the Cuntz-
Krieger algebras. Moreover, in the crucial part of this chapter, we present the generalized Markov
shift spaces, denoted by X 4, which is the spectrum of a particular commutative C*-subalgebra of
O 4. Therefore it is a locally compact space. This topological aspect is very useful for Topology and
Measure Theory results, such as the Urysohn’s lemma and the Riesz-Markov-Kakutani representa-
tion theorem. We present some important facts about this set, such as the density of the standard
Markov shift in this space and the density of its complement Y4, when this one is non-empty, and
the compatibility of Borel sets between the standard and generalized shifts. It is also presented a
characterization of a particular partition of Y4 made of countable sets, which we call by Y4-families.
For the latter, we also explore the cylinder topology in this new setting. This chapter counts with
three examples: the renewal shift, the pair renewal shift, and the prime renewal shift. These exam-
ples have the property that the standard shift space is not locally compact; however, the generalized
one is compact. Moreover, the respective Y4 sets in these cases are countable, in particular, with a
finite number of infinite emitters for the renewal and pair renewal shifts, an infinite number of it
for the prime renewal shift. We also present an example of non locally compact >4 such that X4
is not compact and such that we have uncountable elements in Y. At the end of the chapter, we
have a section dedicated to present the Renault-Deaconu groupoid, a groupoid constructed from a
Singly Generated Dynamical System (SGDS), and its essential connection between the Exel-Laca
algebras and the Renault-Deaconu groupoid C*-algebra of the SGDS (X4, 0), where o is the shift
map: these C*-algebras are isomorphic.

Chapter 5 comprehends the Thermodynamic Formalism on X 4. First, we define and discuss
the weak™ convergence of measures and state theorem 5.3, a well-known result of Measure Theory
on weak® convergence with hypotheses on the basic sets which fits with our topology. Then, we
introduce the notions of conformal measure in both senses of Denker-Urbanski and Sarig and the
generalized version of the Ruelle operator, which we call Ruelle transformation, and jointly with
the notion of quasi-invariant measure, we obtained an equivalence result among these notions (the-
orem 5.13), similar to Corollary 1.39. Moreover, we proved that this theory is compatible with the
standard one, in the sense that, in Sarig’s sense, every conformal measure, when restricted to the
Borel o-algebra on ¥ 4, is a conformal measure on Y4, and every conformal measure in the standard
setting, when seen as a measure which vanishes out of ¥ 4, is a conformal measure in the generalized
setting. Furthermore, we proved that the extremal conformal (Denker-Urbanski sense) probability
measures on X 4 that vanishes in 3 4 are precisely those that live on a unique Ys-family associated to
an infinite emitter. Fach one of these families may have at most one conformal probability living on
them. We studied the existence of these new measures on renewal, pair renewal, and prime renewal
shift spaces and, in all these cases, we discovered extremal conformal measures beyond of where the
standard formalism reaches. For instance, on the renewal shift case, let U = Domo C X4 and a
given potential F', we have the following results (Theorem 5.28 and Corollary 5.29, respectively).

Theorem. For the generalized renewal shift, consider a potential F': X \ {€°} — R and 8 > 0,
we have the following:

1) If inf F > 0, for g > log 2 , there exists a unique e’F-conformal probability measure that
inf F' Mg
vanishes in Y 4.

(i) If 0 < supF < 400 and f < 8185%7 there are no ¥ -conformal probability measures that
vanish i X 4.
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Corollary. For the generalized renewal shift, let F© = 1. Then, for the constant 5. = log?2, the
result follows:

(i) For B > B. we have a unique e”-conformal probability measure that vanishes on 4.
(i1) For B < B. there is no €°- conformal probability measure that vanishes on X 4.

In the corollary above, for 5. = log 2, there is a unique conformal measure, which lives on X4,
and no other conformal measure living on ¥4 for any other 8. A e#F-measures i define a KMS 8-
state ¢, of the Renault-Deaconu full groupoid C*-algebra C*(G(X4,0) for a 1-cocycle dynamics
on the potential by setting

oulf) = /X f@,0,2)du(z), | € Ca(G(Xa,0).

For the pair renewal and prime renewal shift cases, we obtained similar results. After the afore-
mentioned studies, we searched for phase transition phenomena for the eigenmeasure probabilities
on the renewal shift. We discovered what we call length-type phase transition, which we explain
here by one of the examples of this thesis: it consists in the change of space that the eigenmeasure
lives after a critical value (.; by decreasing the temperature, the measure once were living on X4
passes to live on Y. We characterize all the probability eigenmeasures associated with the eigen-
value being the exponential of the Gurevich pressure for each 5. In order to do this, we see (X4, 0)
as an Interated Function System (IF'S), and by a result of Denker and Yuri [DY15], we grant the
existence of eigenmeasures for the eigenvalue being the exponential of the pressure at a point, a
different concept of pressure. For the class of potentials on the renewal shift that are bounded above
and such that they can be written in the form

F(z) = g(z0) — g(zo + 1),

where ¢ is a continuous function and g the first coordinate of the stem of the configuration, for
every § > 0 and every point £ € X4, both Gurevich pressure and pressure at the point on SF
coincide. Then the eigenmeasures of the Denker-Yuri theorem are eigenmeasures associated to the
aforementioned eingevalue on the Gurevich pressure. We obtain the following theorem:

Theorem. Let A be the renewal shift transition matriz and X 4 its generalized Markov shift space.
Consider the potential F': U — R given by

F(z) = log(zo) — log(zo + 1).

. Then, for every 8 > 0, there exists a unique eigenmeasure associated to the eigenvalue g =
ePaBF) - Moreover, there is critical value ., which is the (real) solution for ((B.) = 2 such that

(7) if B> Be, then the eigenmeasure lives on Ya;
(17) if B < B¢, then the eigenmeasure lives on X 4.

The theorem above shows the length-type phase transition and all the eigenmeasure are com-
pletely described.



Chapter 1

Thermodynamic Formalism on
Countable Markov Shifts

In the present chapter we introduce the classical notion of Markov shift space and some of
its topological properties. In addition we present the concepts of eigenmeasures and conformal
measures. This chapter is based mostly in the lecture notes [Sar09], the survey [Sarl5] and the PhD
thesis |Bell9]. Also, we are based on the papers [Daol3, DU9L, lom07, Sar99, Sar0la, Rue76] and
the book [Wal00].

1.1 Markov Shift Spaces

We consider a countable alphabet S = {1,...,n}, n € N, or S = N. The elements of S are called
letters or symbols and any finite sequence in S is a word. For any word w, we define its length |w| as
being the number of its elements and we write w = wq - - W}yy|—1 OT W = W, ..., W,|—1- The empty
word is the unique word on S with length zero and it will be denoted by (). A transition matriz A
over S is a {0, 1} matrix with entries indexed by S x S. A word w is said to be admissible if either
A(wo, w1) = -+ = A(w)y|-2, Wpy|—1) = 1 and |w| > 2 or |w| € 0, 1.

Definition 1.1 (Markov shift space). Given a countable alphabet S and a transition matriz A, the
Markov shift space is the pair (X 4,0) where
A= {x e Mo . A(xj,xjp1) =1, forall j € NO},

where Ng = NU{0}, endowed with the topology generated by the metric d : ¥4 x ¥4 — [0,1] defined

by

and o : X4 — X4 is the shift map, given by
T =xoT1T2- - > o(x) =120 - -

Remark 1.2. Many authors also call a Markov shift space as defined above as an one-sided Markov
shift space, since there is a similar construction for the two-sided Markov shift, in which case we

write
Sy e {z € S%: A(zj,2541) =1, forall j € Z}.

In the present work we shall restrict ourselves to one-sided Markov shift spaces.

Remark 1.3. For every transition matric A, Y4 is a closed subset of SN and the map o is
continuous.

There is a natural way to represent a Markov shift by directed graphs: take S as the set of
vertices and the set of edges as {(i,j) € S x S : A(i,j) = 1}. In other words, A(i,j) = 1 if and

7
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only if there is an edge from ¢ to j. The Markov shift space can be seen as the set of infinite paths
in this graph that start in some symbol. We call such graphs symbolic graphs. The example below
illustrates this construction.

Example 1. Consider the Markov shift for S = {1,2,3,4} and the transition matriz

1
0
. (1.1)
1

S O ==
— o O =
O O ==

The graph associated to X4 (or equivalently, to A) is the figure below.
T
CO+—@

| > 1)

@— @

In this thesis we will refer to a Markov shift space simply by >4, and the reader will be warned
about any features of the alphabet and the matrix when necessary.

Definition 1.4 (Cylinder sets). Consider a Markov shift space 3 4. For any non-empty word w =
wo -+ Wyy|—1- The set [w] := {(Ti)ien, € LAt xp = wp;k =0,..., |w| — 1} is said to be a cylinder
set of 4.

Remark 1.5. Every cylinder set is clopen and the family of all cylinder sets forms a topological
basis. Indeed, we have
za =i,

€S

and for every two admissible words w and v it follows that

[w], ifw is a sub-word of v;
wlN ] =< [v], ifvisasub-word of w;

0, otherwise.

Note that if w is not admissible, then [w] = 0. In addition, for ¢ € S, if A has all the entries
of the i-th row being zero, we have [i] = (). On the other hand, if A has zero columns, say the i-th
column, we have that 0~"([i]) = () and then ¥4 has dynamical drawbacks. In order to avoid these
problems we assume for the rest of this chapter the following.

Standing hypothesis: for any Markov shift space the transition matrix has no zero rows or

columns.

We are basically interested in two special classes of Markov shifts which we define next.
Definition 1.6 (Transitivity and Mixing properties). We say that a Markov shift ¥ 4 is

(i) transitive (or topologically transitive) if for every pair of symbols i,j € S there exists an
admissible finite word w such that iwj is admissible.

(i7) topologically mixing if for every pair of symbols i,j € S there exists N = N; j € N such that,
for every n > N, there is an admissible word w, |w| = n, such that iwj is admissible.
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In addition, we also say that A is transitive (or topologically mizing) when ¥4 is transitive (or
topologically mizing).

Most of the studied Markov shifts are transitive and we depict some of them next.

Example 2 (Full shift). The full shift consists of ¥4 without transition restrictions: A(i,j) =1 for
every i,j € S, that is ¥4 = SN0, Its symbolic graph is the complete directed graph on S. This shift
space has the property that every word is admissible, and hence any word can be inserted between
any two symbols. Therefore it is clear that the full shift is topologically mizing.

Example 3 (Renewal shift). The renewal shift is a Markov shift space for the alphabet N and the
following transition matriz:

. 1, ifj=i+1ori=1,
A(m)Z{

0, otherwise.

Its symbolic graph is the following.

= T

CO—@— @D

In addition, the renewal shift is topologically mizing. Indeed, given two symbols i,7 € N, it holds
that

o ifi =1, then i1¥j is admissible for every k € No, where
1F =111---111;
———
ktimes
o ifi#1, theni,i—1,...,1%j is admissible for every k € Ny.
Consequently, the topological mixing property holds.
Example 4. Consider X4 for S =N and

Al ) 1, ifj=i+1orifi=1 and j is even;
Z? = .
J 0, otherwise,

that 1s,
01010
10 000
A=10 1 0 0 0
00100

The symbolic graph of A is the following.

T

D—@—Q@«—D—@—--

We claim A is transitive. Indeed, for any i,j € N, we may take the path i,i—1,...,1,25,25—1,..., 7,
and therefore the claim is proved. However, ¥4 is not topologically mizing. If the word 1w?2 is
admissible, then w has even length.
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Now, we present some important topological properties of the Markov shift space.
Proposition 1.7. The metric space (X4,d) is complete and separable.

Proof. Completeness: Let (z")y be a Cauchy sequence in 3 4. Then, for every k € N there exists
N = N € N such that for any n,m > N we have

d(z™,z™) = 2~ nHpeNozpZap’} o=k
n
"=
eventually constant for each p < po, that is, the limit limz;, exists for each p < po. Take z € SNo

such that z;, = limz}. It is straightforward that = € X 4. We claim that limz" = z. Indeed, given
k € N there exists N = Ny € N such that z;; = x;, for every p < k and n > N, hence

and hence for x z,! for n,m > N and p < k. Then, for every py € Ny, the sequences (lﬂZ)neN are

d(w”,m) _ 27inf{p€N0:x;}7éxp} < 27}{7

and therefore the metric space (X4,d) is complete.
Separability: the family of all cylinder sets forms a countable basis for the topology, therefore
>4 is separable. O

Remark 1.8. The proposition above holds independently of any hypotheses on the transition matriz.

Proposition 1.9. Consider a countable alphabet S and any transition matriz A over S. Then X4
corresponding to the alphabet S and the matriz A is compact if and only if S is finite.

Proof. The discrete topology on S is compact if and only if S is finite. Also, the product topology
on SN0 is compact if and only if the topology on each coordinate space is compact. Since ¥4 is a
closed subset of SN0, we conclude that if S is finite then Y4 is compact. For the inverse implication
we must observe that, since A has not zero rows, the coordinate projection 7y : X4 — S, given by

7T0(CIZ) = X,
satisfies
o ({i}) #0, forallic S,
and therefore
TFU(EA) =S.
If S is countably infinite, then S is not compact. Suppose that 34 is compact. by the continuity of

the projection maps, we would have that my(X4) = S is compact, a contradiction. O

The last proposition describes precisely what are the compact Markov shifts, namely, those
related to a finite alphabet. Although these spaces are not compact for the infinitely countable
alphabet case, they might be locally compact. Proposition 1.10 will show that the Markov shift
spaces which are locally compact are precisely those whose transition matrix is row-finite, that is,
for every i € S we have that theset {j € S : A(,j) = 1} is finite. In order to prove the aformentioned
proposition, we need the following definition. Given a transition matrix A: S x S — {0,1}, k € Ny
and ¢ € 5, let

AR(i) = {“_}’ we=0
{jeN:A@G,j)=1}, ifk=1

If k > 2 we shall define A* (i) as follows:

k—2
pE Ak(l> <~ E|p1, ey Pl—1 € N: A(i,pl) H A(pjaijrl) A(pk—l,p) = 1, if k> 2,
j=1

pe AXi) < Tpy e N: A(i,p1)A(p1,p) = 1.
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Proposition 1.10. Consider a Markov shift space X4 with A transitive. The following are equiv-
alent:

(1) A is row-finite, that is, for each line of the transition matriz there is a finite number of 1’s;
(13) the cylinder sets of ¥4 are compact;
(7i1) X4 s locally compact.

Proof. We prove the following: (7) implies (i¢), (¢¢) implies (i7i), and (#¢7) implies (7).
(7) implies (i7): it is straightforward to notice that

[i] € {i} x A(i) x A%(i) x --- = [ ] A7(3) (1.2)
7=0

for every i € N. Since A is row-finite, the sets A¥(i) are finite for every k € N and therefore they are
compact sets in the discrete topology of N. By Tychonov’s Theorem, the RHS of (1.2) is compact,
and since [i] is a closed subset of it, we conclude that [i] is compact. Moreover, for any cylinder
set [w], w = wy - wp—1, n € N, we have that [w] is a closed subset of the compact set [wp], and
therefore [w] is compact due to the Hausdorff property of X 4.

(74) implies (iii): for any x € X4 we have that = € [zg], then [z¢] is a compact neighborhood
of z and therefore X 4 is locally compact.

(74i) implies (i): suppose A is not row-finite. Then there exists ¢ € S such that |A(i)| = co. By
local compactness and Hausdorff property, for every & € ¥4 there exists an open neighborhood of
x such that U is compact. We may write U as a union of the basic sets

U=Jwl

weL

where L is a family of admissible words. Hence, there exists an admissible word v € L such that
x € [v] CU C U, where we conclude that [v] is compact. The transitivity implies that there exists
a finite admissible word u such that the cylinder [vui] C [v] is non-empty, and hence [vui] is a
closed non-compact subset of [v] because its open cover {[vuij] : j € A(i)} does not admit a finite
subcover. By the Hausdorff property we conlude [v] is not compact because it has a non-compact
closed subset, a contradiction. O

From now on, given a topological space X, Bx will always denote the Borel g-algebra on X.

1.2 Potentials and Gurevich pressure

We call a measurable function f : ¥4 — R with respect to the Borel o-algebra By, a potential.
It defines a model on a classical Markov shift space. In order to maintain the relation between
dynamics and C*-algebras well-defined, potential functions will be, henceforth, supposed not only
measurable but also continuous.

Potentials can be classified by their regularity and here we present some of the main classes.
And for our purposes, we study them under following assumption.

Standing hypothesis: until the end of this chapter, every Markov shift space considered is
transitive.

We introduce the notions of Birkhoff sum and variations of a potential. These concepts will be
used to define some of the potential classes. In particular, the Birkhoff sum will be used to contruct
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some of the conformal measures for generalized Markov shift spaces which are not detected in the
standard setting presented in this chapter. In this section, the alphabet considered is N.

Definition 1.11 (Birkhoff sum). Given a continuous potential f : ¥4 — R and n € N, the n-th
Birkhoff sum of f is the function
n—1
falz) = foo'().
i=0

Definition 1.12 (Variation). Given a continuous potential f : ¥4 — R and n € N, the n-th
variation of f is the quantity

Var,, f :=sup{|f(z) — f(y)| : x; = yi,i € {0,....,n — 1} }.
Definition 1.13. Given a potential f : X4 — R, we say that f
e is summable (or exp-summable) if

> el < oo (1.3)

€N

e is locally Holder! if there exists a constant Hy > 0 and r € (0,1) such that for all k > 2
natural number, we have
Vary f < Hfrk;

e has summable variations if

ZVarkf < 00;

keN

e satisfies Walters’ condition |Wal78| if

sup Var, i fn < oo for each k € N and limsup Var,,p fn, =0.
neN k neN

Note that summable potentials cannot be bounded below, for the series (1.3) would not converge
otherwise. Furthermore, any locally Hélder potential has summable variations and every potential
having summable variations satisfies the Walters’ condition.

The next lemma presents sufficient conditions to bound Birkhoff sums of potentials satisfying
Walters’ condition over cylinders.

Lemma 1.14. Let f : X4 — R be a potential satisfying Walters’ condition with Vary f < co. There
ezists M > 0 s.t. for every cylinder set [w] with |w| > 0, we have

for every x,y € [w).

Proof. Let C':= sup,,»; Varp41 fi, +Vary f. Note that C' is finite by hypotheses. Consider a cylinder
[w] s.t. |w| > 0. For any x,y € [w], we have two cases:

e if |lw| =1, then
|f(@) = fW)l < sup [f(y) — f(z)] < Var, f < C;

z,y€w]
o if |w| > 1, then
il @) = fruo @) < | frug1 () = fruwj-1 (@) + [f (0™ () = fo!“17H ()]

< Var|y| flw|-1 + Var1 f < C.
'In the literature this property is also called weakly Holder.
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Lemma 1.15. Let f: X4 — R be a potential satisfying Walters’ condition. Then for every n € N
we have supy,, | fn| < 00, where w is an admissible word of length n + 1.

Proof. Take y = wy' € [w]. Then

sup fn = sup [fu(z) = fa(y) + fa(y)] < sup [fu(z) = fu(y)| + |fn(y)]

[w] z€[w] z€[w]

< Var,i1 fn + |fn(y)‘ < 0.
Since |fn(y)| is constant, we conclude that supy, f, is finite. O

In order to define the Gurevich pressure, we define partition functions on 4 as follows. Let >4
be topologically mixing and let f : X4 — R be a potential. For each n € N and a € S, we define

Za(f,lal) == Y Dy (a). (1.4)

or=x

Lemma 1.16. Suppose a potential f satisfies Walters’ condition, then for each a,b € S, there exists
constants C1,Cy > 0 and k1, ko € Ng such that

C1Zn—ky ([, [a]) < Zn(f, [b]) < CoZnik, (f,[al) (1.5)
for alln > k.

Proof. Fix a,b € S. By transitivity, there exist two admissible words w and v with |w| > 0 and
|v| > 0, and such that aub and bva admissible. Let k = |u| 4 |v| + 2, define the bijective map

Y:{zeb:o"x =21} - {zcla:o"Fr =2},

x = (auxg - x,v)°°,

where (auxg - - - £,v)* is the periodic word consisting of the repetition of the word auzg - - - z,v. By
the Walters property we get for every x € [b], 0"z = x, that

n+k—1
| sk (@) = fa(@)| = | Y foo'((aug - 2,0)™) = fulw)
=0
[u| , n+k—1 '
=2 foo(auzo - w)®) + 37 foo'(auro:  wn0)) = fu(x)
i=0 i=|ul+1
n+|v| '
= f|u|+1((au"£0 T xnv)oo) + Z f ocg'o O"qu((auxO te xnv)oo) - fn(x)
=0
n+|v| .
< [Sulz] ’f\qu‘ + Z fo 01((550 e 'xnvau)oo) - fn(x)
au i=0
|0 >0 nt ol ,
< oup [fua] + | 3 S 00 (@ -zavan)
n—1

+ Zf o O'i((l‘o s xpvan)™) — fo(z)

=0
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|v]

< sup |f|u\+1‘ + Z foatoo™((zg-- - ravau)™)
[aubd] i—0

n—1
+ Z fo ai((xo s xpvan)®™) — fo(z)
1=0

|v]

< sup [fua | + 3 0 (a2 1)%) + suplVara 1 £
aub i=0 n

< sup |f|u\+1‘ + sup ‘f|v|+1’ + sup[Vary, 11 fn].
[aubd] [bva] n

Define
log M := [SUE] ‘f|u|+1’ + [sbup] ’f\vH—l} + sup[Var,+1 fn),

and notice that log M < oco. Indeed, sup,[Var,+1 fn] < oo due to the Walters’ condition. Also,
SUP [ gh] |f|u‘+1‘ < 00 and Supp,q) ‘f|1,|+1| < 00 hold because of Lemma 1.15. It is straightforward to
observe that M = M (a, b, v,u) does not depend on n. In particular we have

fn+k(¢(90)) > fn(x) — log M,

and since v is one-to-one we get

Zn(f ) =M > efr@TosMyp gy <M Y el DL () ()

=M Y el D1 (x) = MZ k(£ [a]),
ontkr=g

that is

Zn(f,[0]) < MZnyi(f,a]),
for every n € N. Conversely there exist M’ > 0 and k' € Ny such that
Zn(f,la]) < M' Zy o (f, [0]),
that is,
(M) Ziyie (£, [a)) < Zun(f, [0)),
for all m > k’. By taking C1 = (M’')~!, Co = M, ky = k' and ks = k we get
C1Zn—ky (f,1a]) < Zu(f, B]) < CoZnir, (£, a])

for every n > kj. O

Proposition 1.17. Let X 4 be topologically mizing and f : X4 — R be a potential satisfying the
Walters’ condition. For every a € S, the limit

tim *1og Z, (o] (1.6)

exists in the extended real numbers set and it does not depend on a. Moreover, such limit is never
—00.

Proof. Let a € S. Since X4 is topologically mixing, there exists ng € N such that for every n > nyg
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there exists an admissible word w such that |w| = n+1 and wo = w,|—; = a, and then Z,(f,[a]) > 0
for every n > ng. Hence, the sequence ((n)n>ng, Where ¢, :=log Z,,(f, [a]) is well-defined. We prove
that such sequence is almost super-additive, that is, there exists some ¢ € R satisfying

Cntm = Cn + Gm — €, (1.7)

for every n,m > ng. In fact,

Zn(f;[a])Zm =y Y f@Hme

z€[a]: y€[al:
or=x cMy=y

Now, given z € [a] n-periodic word, that is, = satisfies 0™z = x, and y € [a] m-periodic word, we

may write £ = wuu--- = u™ and y = vov--- ;= v>°, where v = u(z) and v = v(y) are finite
admissible words satisfying |u| = n, |v| = m and ug = vg = a. So there exists the n + m-periodic
point z*Y € [a] given by z = uvuv - - - := (uv)*. Then,
D Zalf ) = T T MO St
x€lal: ye[a}

olx=x cMy=y

Z Z e‘fn(z)+fm(y)—fn+'m(zw’y)‘efner(zx’y).

z€la]: y€lal:
or=x cMy=y

We observe that
|fn(@) + fn(y) = fram(Z"Y)] = [fa(@™) + fm(v™) = frgm ((wv)>)]
= [fn(u™) = fu((uw0)™) + fm (v™) = frn((vu)™)]
< | fa(u™) = fo((wo)>)] + [fm (v™°) = fin((0u)™)]

< Varyi1 fn + Var,1 fm < c,

where ¢ = 2sup,,cy Var,41 fr < 00, due to the Walters’ condition. So,

Zn(f,1a)) Zin(f, e >N elmmEN <o N (@)

xe[a S [a]: z€la]:z=uwv,
oc"r=x cMy=y o u®=u>
oMy =9
c § : z c
<e 6fn+m( ) =e€ Zn+m(fa [a’])7
z€|al:
oM y=z

that is

Zn(fﬂ [a])Zm(fv [a]) < eCZn+m(f7 [a])

By applying log in the inequality above we obtain (1.7). There are two possibilities: either ¢, = oo
for some m > ng or —oo < (,, < oo for every n > ng. In the first case, the almost supper-additivity
implies that lim %” = 00. Now, suppose the second case and fix m > ng. For every n > m we may
write n = ¢,m+1ry,, where ¢, € Nand r, € {0,..., m—1}. By applying the almost supper-additivity
qn — 1 times, we have

Cl Cqmn—&-rn > GnGm + (rn - an QnCm + Crn — {gnC
n n qnm + 1y, o bPnm
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where
an+1, if gulm + Gy — gne > 05
Pn = .
qn — 1, otherwise.

Then,

Cizanm+Crn—qnc: <qn>cm+érn_<qn> <
n m

Dn DPn/j m Pnm DPn

By taking the limit inferior on n in the inequality above, we have

liminfc—n > C—m - 3,
noon m m
and then
liminfg—n > sup <<m — C) > lim sup <Cm — C) = lim sup C—m
noon T gp>pe \M M m m m m . m
¢n

Then, > converges. Now we prove that its limit does not depends on the choice of a. Indeed, let
b € S. By Lemma 1.16, there exists constants C,Ce > 0 and k1, ks € Ny such that

ClZn—’ﬂ (f> [a]) < Zn(fa [b]) < C2Zn+k2 (fa [a])
for all n > k1. By applying log in the inequalities above we obtain.
log Cl + log ankl (f7 [a]) S lOg Zn(f7 [b]) S IOg 02 + IOg ZTLJer <f7 [a])

The left inequality above gives

log Cy + log ank1 (fv [a]) < 10g Zn(fv [bD
n—kp n—kp o n — ki

)

and by the limit on n we obtain

< lim log Z,(f, [b])7
n n

Y ACAD)

n n

and similarly on the right inequality we obtain

ST ATAUT L ATAL)
n n n n

)

that is, lim,, w = lim,, M' Finally, such limit cannot be —oo since for every = € [qd]

such that 0™z = 2 we have that 0¥z = 2 and then Zp,,(f,[a]) > ef0@) = ebfro(z), so
llmk IOngno(f’[a‘D > fno(x)

kno = ng

> —00. O
One of central notions in Thermodynamic Formalism is the concept of pressure.

Definition 1.18 (Gurevich pressure). Let 34 be topologically mizing and f : ¥4 — R be a potential
satisfying the Walters’ condition. The Gurevich pressure of the potential f is the quantity

Po(f) == lim ~ log Zu(f, [a]),

non
where a € S.

Remark 1.19. The Gurevich pressure was constructed originally in [Gur69] by B. M. Gurevich, for
the zero potential, corresponding to the Gurevich entropy. Later, this construction was generalized
in [Gur8}] for Markovian potentials, that is, potentials depending on the two first coordinates. In
the original definition, the construction done above was made for the finite symbolic subgraphs and
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the Gurevich pressure was defined as the supremum on the finite subgraphs for these pressures. The
construction presented is based on Sarig papers [Sar99, Sar15] and notes [Sar09] and it is equivalent,
since in this case, the supremum construction done by Gurevich is a theorem. Sarig [Sar99, Sar09]
and Daon [Daol3] extended the Gurevich pressure for a larger class of potentials.

Remark 1.20. A natural question which arises when we study the notion of Gurevich pressure is
to provide conditions that ensures its finiteness. For the renewal shift endowed with a potential F,
it is sufficient that sup F' < co. Indeed, the quantity of n-periodic elements in [1] is 2"~ and then

Zn(BF,[1]) = Y @ <onlefnswF oy e N,
zell],

ot=x

and hence
1 1
Pg(BF) = lim —log Z,(5, [a]) < lim — log [2"*165nsupF
n n non

1
= lim — [(n — 1) log 2 + fnsup F]

n -n

=log2+ Bsup F' < oo,

and therefore P(BF) < oo for every 5 > 0. More general results can be found in [Sar09, Sarl1s,
Bel19].

1.3 Conformal measures and Eigenmeasures

The notion of conformal measure was introduced by Patterson [Pat76], and it was constructed
originally to calculate the Hausdorff dimension of the limit set of a finitely generated Fuchsian group
of the second kind. This idea was later adapted to the context of Markov shift spaces by Denker and
Urbanski [DU91| and they are, under some conditions, eigenmeasures of the Ruelle’s operator for
the eigenvalue 1. On the other hand, Sarig also defined a notion of conformal measure [Sar09] which
is not equal to the one stated by Denker and Urbaiiski; however, it is strictly related to it, and it is
related to eigenmeasures as well. In this section we present and relate these notions. In addition, we
present the recurrence modes and some existence and uniqueness results about conformal measures.

We start presenting the notion of conformal measure by Denker and Urbanski [DU91].

Definition 1.21 (Conformal measure - Denker-Urbaniski). Let (X,F) be a measurable space, o :
X — X a measurable endomorphism and D : X — [0,00) also measurable. A set B C X is called
special if B € F and op := o|p : B — o(B) is injective. A measure p in X is said to be D-conformal
in the sense of Denker-Urbanski if

p(o(B) = [ D (1.8)

for every special set B.

Remark 1.22. In the definition above, for X = ¥ 4, we have that every Borel set contained in a
cylinder 1s a special set.

Before we present the conformal measures constructed by Sarig we introduce some necessary
concepts.

Definition 1.23 (Non-singularity). Let (X, F,u) be a measure space and T : X — X be a mea-
surable map. We say T is non-singular or p is non-singular if po T~ ~ p, i.e.,

p(IT'E)=0 < pu(E)=0, EE€T. (1.9)
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For the next definition we observe first that, considering X = ¥4 and T = o, we have that
o(E Na]) is a borel set of ¥ 4. Indeed, we claim the restriction

ol i [a] = o(la]) ={y € Xa:ay € Xa}
x — o(x)

is a homeomorphism. It is straightforward to notice that o|(, is a bijection, and the inverse map is
given by
ol (W) = ay.
Also, since o is continuous, we have that ol is continuous as well (subspace topology). On the
other hand, for any sequence (y")y in o([a]) such that y™ — y € ¥ 4. Note that y € o([a]), because
the convergence y" — y is equivalent to the coordinate-wise convergence, and in particular there
exists No € N such that n > Ny implies yj = yo and therefore A(a,y0) = A(a,y") = 1, that is,
y € o([a]). Now,
ol (") = ay" = ay = ol 1 (),

hence J‘;l is continuous, and therefore o| o] 18 @ homeomorphism and this argument can be extended
to any cyﬂinder, which proves that ¢ is a local homeomorphism. Observe that

o(la)= [ ]| [ (1.10)
bes,
A(a,b)=1

for every a € S, and hence o([a]) is an open subset of ¥4. So given B € Bs,, we have that
BnNlal € By, N[a] :={CNJa]: C € By, } C By,. Since homeomorphisms perserves Borel sets, we
have that oliq)(B N [a]) = o(BN[a]) € Bs, No([a]) € Bs,. This discussion summarizes that the
measure defined next is in fact well-defined.

Definition 1.24. Suppose p is non-singular measure on 34 with alphabet S and set the measure

poo(E):=> p((ENn(d), EEcBs,. (1.11)
a€S

Remark 1.25. Note that in general p @ o(E) # p(o(E)). For instance, if E = [ab] U [cb], where
a,b,ce S, A(a,b) = A(c,b) =1, a # ¢, and p([b]) > 0. We have

16 o(E) = 2u(o(E)).

This also shows that the p® o gives the measure of T(E) by considering its multiplicity, in the sense
that it considers how much E is spreaded by the action of o over the basic cylinders [a], a € S.

It follows directly from Definition 1.24 that u ® o < u. Indeed, given a Borel set E, u(E) =0
if and only if u(E N [a]) = 0 for every a € S. It is straightforward the equation

p©o(EnN(a]) = p(la]),

hence
poo(E)=> noo(EnN(d)=0.
acsS

Also, it is clear that the non-singularity condition in Definition 1.24 does not require the non-
singularity of u. However, this extra condition is added in order to construct a Radon-Nikodym
derivative which defines the conformal measure in the sense of Sarig. The next lemma shows how
to evaluate integrals for u ® o and also that the non-singularity makes the measures p and p ® o
equivalent.

Lemma 1.26. For a Markov shift space X4 the following holds.
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1. For all non-negative Borel functions f : 34 — R,
fd,u@a—Z/ flaz)dp(zx).
acsS
2. u~poo.
Proof. 1. For f = 1p, where B is a Borel set, we have that

/EATle,u@U:M@U(B):ZM(U(B Z/U

/ Bﬁ[a
a€sS a€S

_Z/ HBﬂ[aOO—‘ Ydp = Z/ ]lBOJ][ (a]oa|[ )d,u,

a€sS

:Z/ IlBoa| du Z/ plazx)du(z).
acs /o(lal) o

By linearity of the integral and the positive sums above it follows that the result also holds for
simple functions. Now let f be a positive Borel function. Then, there exists a pointwise increasing
sequence of simple functions (¢, )nen such that ¢, — f pointwise. We have that

/ fdu@a:/ hmgond,uQU = hm/ gond,uQU—hmZ/ (ax)du(x)
YA S4

a€esS [a]

th/ (az)du(x th/ on(az)dp(z),

a€sS a€S

Bﬁ[a] acS

where in (o) we used the Monotone Convergence Theorem.

2. As we discussed previously, we only need to prove that y < u ® o. Suppose that for B Borel
set of X4 we have u © o(B) = 0. Then pu(o(B N la])) = pu(oly(B Nla])) = 0 for every a € S. By
the non-singularity property it follows that pu(o~'o|,(B N [a])) = 0. Since 0~ !|(g0] (B N [a]) €
a_la|[a} (BNJa]) and o is a local homeomorphism as we discussed previously, one gets, for all a € S,

0 < pu(BNla)) = po™ ol (BNal) < ulo™ ol (BNla))) =0 = u(BNla) =0,
and therefore p(B) = 0. O

Definition 1.27 (Conformal measure - Sarig). Given a Borel non-singular o-finite measure p on
Y4 and a potential f : X4 — R, we say p is (BF, X\)-conformal in the sense of Sarig if there exists
A > 0 such that
du®o
dp
In order to present the Ruelle’s operator, we present the notion of transfer operator, which
requires the following lemma.

() =X PP@) paexexy.

Lemma 1.28. Let T be a non-singular map on a o-finite measure space (X,F,un). Then, the

Radon-Nikodym deriwative
dﬂf o1

dp
where, f € LY (n) and duy := fdu exists and it belongs to L ().

, (1.12)

Proof. Let B € F such that u(B) = 0. By the non-singularity of 7' we have that u(7~!B) = 0 and
then

0< o TN EB) =iy (T7'E) = [ fau< | fln(E) =0,
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and hence pfoT 1 (E) =0. So ugoT 1 <« pu, and since (X, F, ) is o-finite, the Radon-Nikodym
Theorem grants the existence of the derivative (1.12). On the other hand, denoting the derivative
in (1.12) by h, we have

d 71
Il = [ sentndy = [ sgn() " = [ sgn(i)as o7

= /Sgn(h)(T(x))duf(x) = /Sgn(h)(T(m))f(x)du(ﬂf) < [ fllpr < oo,

—1
and therefore d“f;MT € L (u). O
The previous lemma ensures that the transfer operator is well-defined.

Definition 1.29 (Transfer operator). Let T be a non-singular map on a o-finite measure space
(X, F,p). The transfer transfer operator is the map T : L*(n) — L' () given by

~ dppoT™1
Fy o el
1

Y

The next proposition presents some properties of the transfer operator, and its proof can be
found in [Sar09].

Proposition 1.30. Let T be a non-singular map on a o-finite measure space (X, F,u). The fol-
lowing are true.

(i) If f € L (), then Tf is the unique function in L*(p) such that

[ tin= [won)sdn,

for every v € L™(p).
(i7) T is positive, in the sense that for every f € L'(u) such that f > 0 a.e., we have ff >0a.e..

(iii) T is a bounded linear operator on L' (1), satisfying ||T)| = 1.

[ Trdn= [ sdn.

Proposition 1.31. Consider the Markov shift ¥4 and a non-singular measure p on By,. The
transfer operator o is given by

(1v) T*1n = i, in the sense that

for every f € L'(u).

GHE = Y i) n-ae

yco~lx dp©o
for every f € L'(u).
Proof. First, note that
du du
X Guea W0 = D)) (113

for every © € ¥ 4. Indeed, it is a straightforward consequence from the following chain of equiva-
lences:

1

YyEo x < oy=1x < y=oax forsomea €S < x € o([a]) for some a € S.
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Now, given ¢ € L*°(u), we have that

du du
/1/1(33) 2 d,u@(f( /¢ 2 a) (T )dMQU(ax)f(aa:)du(x)
d
= [ 0oy ) a0) ) ()
acs
d
D PR Cry E— (@) f(ax)dp(x).
acS v o\
Observe that H := (¢po0) (du B U) f € L' (n). By dividing H into its positive and negative parts,
we have
dp
P(x W) f H (az)dp(z)
][ yEo— 1 M<:)U ;é; o([a])
= (Z H+(ax)du(a:)> — <Z H_(ax)du(:r))
acs ”o(lal) acs Y o(lal)

where in (o) we used Lemma 1.26. Then,

/ . W) Fy)du(z) = / (oo)f

oo d,u@az/(g[;oo)fd,u.

yeo— 1 dﬁLC)U

By Proposition 1.30 (i) we conclude that

=2

y€o~lx

d,LL@a fly) p—ae.

for every f € L'(u). O

Remark 1.32. The Radon-Nikodym derivative 15 also refered as the Jacobian of p.

du®o
It is straightforward to observe that, if p is a (8F, A)-conformal measure, then

)=\ Y Uy p-ae,

ye€o~ 1z

and since the conformal measures in this sense are non-singular we have that the equality above is
well-defined. By removing the term A~!, we have the Ruelle’s operator, as defined below.

Definition 1.33 (Ruelle’s operator). Let f: X4 — R be a potential on the Markov shift space 34
and consider v a (), BF)-conformal measure. The Ruelle’s operator is the function Lgp : L'(v) —
LY(v), defined by

(Lorf) (@)= Y TWf(y). (1.14)

yEo 1z

Remark 1.34. By Proposition 1.31 we have that the transfer operator & of a non-singular measure
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on %A is the Ruelle’s operator of its log Jacobian, i.e.,

3(5) = Ly ) (1)

dp®o

Remark 1.35. The Ruelle’s operator defined as above was constructed for an arbitrary alphabet S,
in order to make the sum in the RHS of (1.14) be convergent v — a.e. However, for locally compact
Markov shifts, the same sum converges for any f € C.(X4). In particular, if X4 is compact, we
may define the Ruelle’s operator on C(X4). See, for instance, the references [BCR0OS8, Rue76] for the
compact case. For the locally compact case, see [Shw19]. In addition, there is an different approach
of the Ruelle’s operator without the local compactness on [MUO1], by defining the Ruelle’s operator
on the bounded continuous functions and restricting the potentials to the exp-summable case.

Definition 1.36 (Eigenmeasures of the Ruelle’s operator). Given a Borel o-finite measure p on
34, a measurable potential F' : ¥4 — R and A > 0, we say that p is an eigenmeasure of Ly with

etgenvalue A when
[ zesdn=» [ sau

The different notions of conformality and eigenmeasures of the Ruelle’s operator are connected,
as we show next.

for every f € L'(p).

Theorem 1.37. Let X4 be a Markov shift, I : X4 — R a measurable potential and i a o-finite
measure. Then, p is (F,\)-conformal if and only if it is an eigenmeasure of the Ruelle’s operator
Lg for the eigenvalue \.

Proof. Let B € By ,. By item 1. from lemma 1.26, we have that

/]lBe du@a—Z/ (ax)el @) du( (.)/z:]l(7 (fa)(x)1p(ax)e Fa) gy (x)

acs ”o(lal) aes
= [ 1aw)e duts) = [ Letpd
yEo~ 1z

where the equality (e) is a consequence of the Monotone Convergence Theorem, while in (ee) is
proven by similar arguments used to prove (1.13). Hence we have

/]lBeFd,LL@J:/LF]leu. (1.15)

If 44 is a (F, \)-conformal measure, then by (1.15) we get

d
N(B):/]leMZ/leuggduCDU:)\1/1136qu@a:/LFILBdu,

that is,

/LFI[Bd/L:A/]le,u,. (116)

By linearity of the integral, the identity (1.16) is also valid for simple functions. Now, given f €
L'(p), f > 0, there exists a crescent sequence {g,}nen of simple functions that converges to
pointwise to f, that is

0 < gn(2) < gnt1(2) < f(@)gn(z) = f(2)
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for every n € N and z € ¥4, with g,(x) — f(z). By the Monotone Convergence Theorem, we have

)\/fd,u: )\/limgndu:hm)\/gnd,u,:lim/Lpgnd,u
— [t Legudn = [ Lrtimgudn = [ Lesdn

where in the last equality above we used that Lz is continuous on L!(x) because & is bounded due
to the item (iii) of Proposition 1.30. For the general case f € L'(u) is proved simply by applying
the previous case for f; and f_, and by using the linearity of the integral and L. Conversely, let
be an eigenmeasure of L for the eigenvalue \. Since p is a o-finite measure, there exists a pairwise
disjoint measurable partition {Fj}ren of X4 satisfying pu(Ey) < oo, for every k € N. Then,

_ D —
/,L(BﬂEk):/]leEkd,u(_i))\ 1/Lp]leEkdu(:))\ 1/1BmEkequ@a, (1.17)

where in (1) we used the definition of eigenmeasure? and in (1) we used the equation (1.15). Then,

[ =Y wBE) O S [1ppr e auo = [ XeFauoa  (11s)
B B

keN keN

where in (#) we used (1.17). By similar arguments used to prove that a (F, \)-conformal measure is
an eigenmeasure, we have that the result above is also valid for simple functions, then for positive
functions in L!(x) and finally for any function in L!(x). We conclude that

dp®o

o () =X @ —aexeXy,

that is, p is a (F, A)-conformal measure. Observe that in this case the non-singularity of the eigen-
measure is straightforward because of the validity of the equation (1.18). Indeed, given B € By,
such that p(B) = 0 and u(c='B) > 0, then u ® o(6~'B) > 0 and hence (1.18) does not hold.
Covnersely, if u(B) > 0 and u(c~1B) = 0, we necessarily have u® (0! B) = 0 and again we have
a contradiction on the validity of (1.18). O

Theorem 1.38. Let X 4 be a Markov shift and F' : ¥ 4 — R a measurable potential. A Borel measure
w is e -conformal (Denker-Urbarniski) if and only if it is non-singular and (—F, 1)-conformal (Sarig).

Proof. Let u be a ef’-conformal measure. Observe that for every B € By, and a € S we have that
BN [a] is a special set. Then,

M(U(Bﬂ[a])):/ eF . (1.19)

BnNla)
By (1.19) we have

poa(B) = ueEnd) =Y [

eFdy = / efdp,
a€s aes B

N[a]

and then p is non-singular and
du

hence u is also (—F,1)-conformal. Conversely, suppose that p is non-singular and it is (—F,1)-
conformal measure and let B € By;, be a special set. Then, for every a,b € N, a # b, we have

I

o(ENla])Na(BN[b) =0.

2Observe that the eigenmeasure equation has its validity granted for L' (1) and since it u is not necessarily a finite
measure, we need to use a partition that witnesses the o-finiteness of p.
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Indeed, w.l.0.g. suppose that BN[a] # @ and BN [b] # 0. If y € o(BN[a]) No(BN[b]), then there
exist 2¢ € BN [a] and 2 € B N [b] such that y = o|p(2?) = o|p(zP). Since B is special, we have
that o|p is injective and therefore #% = z°, which is a contradiction since [a] N [b] = (. Moreover,
we have that
| |e(Bna)) = 0oB. (1.20)
ags
Indeed, it is straightforward that o(B Na]) C oB. Now, let y € 0B, and hence there exists z € B
such that oz = y. Consequently, there exists b € S such that € BN[b], and therefore y € o(BN[b]),
which proves (1.20). Then

du
/Fd“ Z/Bﬁ[a] e’ dy = Z/Bﬂ qu® Wwoo Z/B ldu®o

acs acs acs ’ BNldl
=> poaBnla)=>Y_ o a)) Y u(oB),
acs acs
where in (1) we used (1.20). We conclude that u is ef"-conformal. O

The next result summarizes the last two theorems.

Corollary 1.39. On a Markov shift ¥ 4, consider a potential F': ¥4 — R and p a Borel measure
on Y. The following are equivalent:

F

(1) p is " -conformal (in the sense of Denker-Urbariski);

(13) w is non-singular and it is (—F,1)-conformal (in the sense of Sarig);
(7i1) w is an eigenmeasure of L_p with eigenvalue 1.

Proof. 1t is a straightforward result from Theorem 1.37, for A = 1, and Theorem 1.38. Ul

Remark 1.40. The result above is also valid for gemeral X\, by exchanging the potential F' by
—log A\. Also, it is straightforward the validity of the equivalences here studied when we adapt the
potential in order to include the inverse of the temperature 8 > 0.

1.4 Recurrence, Conservativity and Existence of Conformal Mea-
sures

In the last section we presented the different notions of conformal measures and the notion of
eigen-measures of the Ruelle’s operator, and how these definitions are related, by presenting and
proving results about equivalences between these concepts. Now we present conditions that grants
the existence of the conformal measures by two different ways of approach. The first one is a Measure
Theory approach, and it is based on the notion of recurrence of the potential, which is inspired on
the theory of Markov chains (see [Sar09]). The second one is an approch by the point of the view
of Analysis, constructed by M. Denker and M. Yuri [DY15], and it will be presented for the context
of Generalized Markov shift spaces in chapter 5.

In order to present the definitions of recurrence we define the following. Let a,n € N, x € ¥4
and F': X4 — R be a potential, we define

® ¢u(x) := 1 (z)inf{n € N: 0™ (x) € [a]} (first return time);
d Z:L<F’ [G’D = Zo"m::p an(x)]l[apazn] ($)7
o \:= ) =1im,[Z,(F, [a])]"/".

Definition 1.41 (Modes of Recurrence). Let ¥4 be topologically mizing and F : ¥4 — R be a
potential such that Po(F) < co. Fiz a € N. We say that
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o Fis recurrent if Y .y AN " Zn(F, [a]) = oo;

o F is positive recurrent if it is recurrent and ) nA""Z)(F, [a]) < oo;
o F is null recurrent if it is recurrent and ) ynA""Z;(F, [a]) = oo;

o [ is transient if ) A" Z,(F), [a]) < oo.

Now, we present the notion of conservativity and we study its relation with the recurrence
modes.

Definition 1.42 (wandering sets and conservativity). Let T' be non-singular map on a sigma finite
measure space (X, F,v). A set W € F is said to be a wandering set if {T "W }pen, 5 a pairwise
disjoint family. We say that T (or p) is conservative if every wandering set W € F satisfies W = ()
or W =10 mod v.

Remark 1.43. Equivalently, W is a wandering set when T~*(W)NW =0 for every k € N.
The next result is an equivalence for conservativity.

Theorem 1.44 (Halmos). Suppose T is a non-singular map on a o-finite measure space (X, F,v).
T is conservative iff the following holds for every measurable set E of strictly positive measure: for
a.e x € E, we have T™(x) € E for infinitely many positive n’s.

Proof. First suppose that for every measurable set E of strictly positive measure we have that for
a.e ¢ € E, we have T"(z) € E for infinitely many positive n’s. For every wandering set W we have
necessarily that, for a.e. z € W, it holds that T%(z) ¢ W for every k € N, and by hypothesis we
have v(W) = 0, and therefore v is conservative. Conversely, suppose T' conservative, and assume
that there is a measurable set E s.t. v{x € E: #{n >0:T"(z) € E} < oo} # 0. Set

En:={z€E:[{n>0:T"(x) € E}| = N}.

There exists N € N satisfying v(Ey) # 0. For every k& € N. We claim that T"*Ey N Ey = 0.
Indeed, if there is a point € T~*Ey N Ey, then this point would visit E at least N + 1 times
(once at time zero, then N times at times k or larger). But this contradicts the definition of Ey,
and then the claim is proved. Consequently, Ey is a wandering set of positive measure, which is a
contradiction since T is conservative. O

Proposition 1.45. Let T be a non-singular map of a o-finite measure space.

1. If there is a non-negative f € L' 5.t > T”f =00 a.e, then T is conservative.

neN

2. If there is a strictly positive f € L' 5.t > T"f < o0 on a set of positive measure, then T

15 not conservative.

neN

Proof. Denote the underlying measure space by (X, F,v). Suppose f is non-negative integrable
St D nen T”f = 00 a.e. We will show that every wondering set W has measure zero. Since W is
wandering, > 1w o T™ < 1 everywhere. Indeed, every 2 must be on only one of the 77" (W)
or in no one. In the later the function is zero, otherwise it is one. Now, by Monotone Convergence
Theorem and Theorem 1.30 (i), we have

5= [ 1 (Z Ly T) dv = HEN/flw o =Y [ T [ S

neN neN neN

However, > T"f = 00 a.e., so W must have measure zero. This proves item 1.
For item 2, suppose that f is a stricly positive integrable function such that U := [ T"f < o0
has positive measure and we shall show that 7" is not conservative. Since Zn T <ocoonU,dBCU
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of positive measure such that [ ET”fdl/ < 00, this is due to the measure being o-finite. Now,
due to the Monotone Convergence Theorem,

/fZlBoT"dy—Z/flgoT”dy—Z/T"fdu—/ > T fdv < o,
neN neN neN B BnEN

whence since f is strictly positive ) y1poT" < oo a.e in X, whence in B. It follows that for a.e
x € B,T"(x) € B ouly finite many times. By Theorem 1.44, T' is not conservative, proving item
2. O

The next theorem relates recurrence with conservativity.

Theorem 1.46. Let ¥4 be a transitive Markov shift space, F be a potential, and suppose v is a
= \"Lef'. If f satisfies the Walters
voo

property, then v is conservative iff for some a € S (whence all a € S),

non-singular measure which is finite on cylinders and s.1.

iA—lzn(F, [a]) = oo. (1.21)
n=1

Proof. Since F satisfies the Walters property, by Lemma 1.16 we observe that if the series > oo | A1 Z,,(F, a)
converges for some a € S, then it converges for all a € S. Also, the transfer operator is 6g(z) =
At Zgy:x eFWg(y). By applying & on ¢ a finite number of times, we have by induction that

ghg(x) =AY e Wg(y).

ony=x
For every state b, there are constants C1,Co > 0 and kq, ko € N satisfying
CiA R Z, 4 (FLb) < 6™ (@) < Con™ (TR Z, 0 (FLD), (1.22)

for every x € [b] and every n > k1. We omit the proof, since it is similar to the proof of Lemma
1.16. Suppose Y A "Z,(F, [a]) = oo, then (1.22) implies that T”l[a} = 0o everywhere on X 4.
By Proposition 1.45, item 1, T" is conservative. Conversely, suppose that ) A™"Z,(F, [a]) < oo for
some state a. Then Y, A™"Z,(F, [b]) < oo for every b € S. By (1.22), for each b € S there exists
a constant Cgp > 0 st ), T"l[a] < Cgap on [b]. Choose b s.t. v[b] # 0, and consider {€g}qcs be
positive numbers s.t Y €,Cq, < 00 and > €,v[a] < co. The last inequality is possible because the
meagsure is finite on c¢ylinders. The function

h = Z Gal[a}

a€S

is positive and it belongs to L!(v). Moreover, for a.e. z € [b], it follows that

Zé’nh = Zzeaﬁnl[a} < ZeaCab < 0.
n=1

n=1acS a€sS
Since v[b] # 0, we obtain by Proposition 1.45 that v is not conservative. O

It is immediate from theorem above that the conservativity of a conformal measure depends
exclusively on the recurrence, a property of the potential. Indeed, for a topologically mixing >4 the
equation (1.21) is precisely the definition of a recurrent potential when ¢ = \.

Next, we present the generalized Ruelle-Perron-Frobenius Theorem, a result on the existence of
conformal measures on Markov shifts in the sense of Sarig, based on the recurrence of the potential.
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Theorem 1.47 (Generalized RPF Theorem). Consider ¥4 topologically mizing and F a potential
on ¥4 satisfying the Walters condition such that Pg(F') < co. The following is true:

(a) F is recurrent if and only if there exists A > 0, h : ¥4 — R non-negative and continuous
function, and v conservative measure, strictly positive and finite on cylinders, such that Lyh =
Al and Lpv = Av. In this case, A = efe(F).

(b) F s positive recurrent if and only if there exists A > 0, h : ¥4 — R non-negative and
continuous function and v conservative measure, strictly positive and finite on cylinders, such
that Lyh = Mh, Liv = Av and [ hdv < co. In this case, X = ePa(F) - Moreover, for each
cylinder [a] we have

hv|a]

| hdv

point-wise i X4 and also uniformly on compact sets;

AT %]l[a] — (1.23)

(¢) F is null recurrent if and only if there exists A > 0, h : ¥4 — R non-negative and continuous
function and v conservative measure,finite on cylinders, such that Lyh = Ah, Lpv = A\v and
[ hdv = . In this case, A\ = ePe(F) - Moreover, for each cylinder [a] we have

A "Ll — 0 (1.24)
uniformly on compact sets;

(d) F is transient if and only if there is not a conservative measure which is finite on cylinders v
such that LLv = Av for some X\ > 0.

Some important observations must to be made about the statements of theorem above.

(1) Conservativity: the conservativity does not interfere in theorem above because of Theorem
1.39 and Theorem 1.46, in the sense that every eigenmeasure which is finite on cylinders necessarily
is conservative when F' is recurrent.

(2) Uniqueness (eigenvalue): Proposition 3.3 in Sarig’s notes is part of the proof of the
generalized RPF Theorem and it is stated here as Proposition 1.48 below. Remark 1.49, about
the proof of this result, implies that the eigenvalues associated to the eigenmeasures are the same,
namely \ = efc(F),

Next propositions are the Propositions 3.3 and 3.4 of Sarig’s notes.

Proposition 1.48 (proposition 3.3 of [Sar09]). A potential F satisfying Walters’s condition is
recurrent if and only if there exists a conservative measure  which is finite on cylinders such that
for some X > 0, L = Ap. In this case X = ePe(F) and 1 gives any cylinder strictly positive
measure.

Remark 1.49. In the proof of proposition above, for any conservative eigenmeasure which s finite
on cylinders, we necessarily have that its associated eigenvalue is A = eF¢F) | And then this implies
that F is recurrent. So observe that for recurrent potentials, not only there exists a conservative
eigenmeasure, but also every eigenmeasure has the exponential of the Gurevich’s pressure as its
eigenvalue.

(3) Positive mass: the measures of the RPF generalized Theorem are strictly positive on
cylinders.

In particular, we present the following result about the existence of the eigenfucntion which is
part of the proof of the generalized RPF Theorem 1.47.

Proposition 1.50 (Proposition 3.4 of [Sar09]). If F' is a recurrent potential satisfying Walters’
condition and p 1s a conservative eigenmeasure which is finite on cylinders. Then there exists a
positive continous function h s.t.

1. Lph = e
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2. Varg[log h] < sup,,[Var, . Fy,] < 375, Varg F;
3. log h is uniformly continuous and Vari[logh] < oco.

Remark 1.51. In the original text, proposition above is for a measure in the conditions of Propo-
sition 1.48. We simply explicited it.

The next proposition is part of Proposition 3.5 of [Sar(09].

Proposition 1.52. Suppose F satisifies Walters’ condition and it is positive recurrent, and let h
and p1 as in Proposition 1.48 and Proposition 1.50. Then [ hdp < .

The next result is the unidimensionality of the eigenmeasures for positive recurrent potentials.

Proposition 1.53. Consider X4 topologically mizing and F a potential on X 4 satisfying the Wal-
ters® condition such that Pg(F) < co. If F is positive recurrent, then the family of eigen-functions
and eigen-measures associated to A = eF¢(F) have both dimension 1.

Proof. Let p and v eigen-measures associated to f and h respectively. If F' is positive recurrent,
then by (1.23) we have that % is constant for every a € N. Indeed, for each x € ¥4 and each
a € N we have

AT %]l[a](ib) — W, (1.25)

h(z)v[a]

(1.26)

By dividing the second equation above by the first one we obtain

| halal Jsdu i) _ fa)
Jhdv f(z)ula] [a]  h(z)
where o = f;tjz > 0. Repeating the calculation for fixed z and b € N one gets
vl _ vl _ J@
pla]  plbl h(x)’
therefore f = ~h for some v > 0. In a similar way, we have v[a] = 7/ u[d] fjfj: This can be extended

to the algebra of the cylinders. By Caratheodory Extension Theorem it is extendend to the Borel
o-algebra as well. O

In order to obtain a characterization of the recurrence of the potentials, Sarig proved an im-
portant result called Discriminant Theorem [Sar0lal, stated in this thesis. In order to provide the
statement of this result we introduce the notion of induced systems [SarOla, SarO1b].

Definition 1.54 (Induced Markov shift). Given a Markov shift space ¥4 with alphabet S. Fized
a €S, set Sipg = {[w] : w € W' w; =a < i=0,[wa] #0}, where W* is the set of finite
admissible non-empty words. The induced Markov shift space on a is the set Eij‘ld(a) = Sili‘é, where
the induced shift map oina : L34 (a) — 2 (a) is given by

O—ind(([wo]v [wl]v [w2]7 ) = ([wl]v [w2]7 [wg}v cee)s
for every ([w°], [wl], [w?],...) € 8%4(a). Let mina : 334 (a) — [a] the map given by

Tind (([0°], [w!], [w?], ...)) == (ww'w?...).

3Same valid for summable variations.
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Given a potential F : 4 — R, we define the induced potential on [a], F'™ : X1d(q) — R, by

pa—1
Find . — (Z Foak> O Tind-
k=0

The pair (X159(a), F™Y) 4s said to be the induced system on [a].

In other words, the induced system Zi}fd(a) is a full shift where symbols are a particular cylinders
in [a]. Besides that, the induced potential value taken on a sequence in the induced space is taken
on the Birkhoff sum on the first return of the a priori potential on the word on the original Markov
shift by connecting the symbols of the sequence of the induced shift space.

In terms of regularity, a locally Holder potential induces a locally Hélder induced potential.
However, a potential with summable variations does not necessarily imply that its induced poten-
tial does also have summable variations. Anyway, for the topologically mixing case, the Gurevich
pressure is well-defined for the induced system as stated below.

Lemma 1.55 (Lemma 2 of [SarOlal). Suppose that ¥4 is topologically mizing, S be its alphabet,
and let F : £ 4 — R be a potential with summable variations. Fized a € S, let ('34(a), Fd) be the
induced system on a. Then the following limit exists for all [w] € Sing (although it may be infinite)
and is independent of the choice of [w]:

. 1 .
Pg(F) = lim — log Z, (F™¢, [w]).
n n

Definition 1.56. Let X4 be topologically mizing and let F' : ¥4 — R have summable variations
and finite Gurevich pressure. Fiz a € S and let (X'19(a), F'"Y) be the induced system on [a]. Set

pi[F] := sup{p : Po((F + p)™) < oo}
The a-discriminant of F, denoted by A[F] is defined as follows:
Aol F] = sup{Pa((F +p)™) : p < p;[¢]} < oo.

Still assuming the topological mixing property, there are some important properties envolving
the a-discriminant, the Gurevich pressure and the partitions Z; (F, [a]), which is essentialy Propo-
sition 3 of |Sar0lal, presented next.

Proposition 1.57. Let X4 be topologically mizing and let F' be a potential with summable variations
and finite Gurevich pressure. Also consider the induced system (239 (a), F'™) on [a], where a € S.
Then Po((F + p)'™), seen as a function on p, is conves, strictly increasing and continuous in
(—o0, pi[F]). Moreover, the following identities hold:

AulF] = Pe((F + py[F))™), (1.27)

<Y Vari(F),, (1.28)

1
p,[F] = —limsup —log Z; (F, [a]), (1.29)
n n

<> Varg(F),, (1.30)

Pg((F +py[F])™) — log (Z M Z;i(F, [a])>
k=1
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where R in the identity (1.28) is the convergence radius of the power series Y ne, E¥Z (¢, [a]).

Remark 1.58. [t is important to observe that the relations (1.28) and (1.29) are consequences
from the inequality (1.30). Also, for potentials which depend on the first coordinate only, that is,
F(z) = F(xg) for every x € ¥4, we have

> Var(F) =0, (1.31)

k>2

since the n-variation is zero for each m > 2 and it is straightforward that they have summable
variations.

Now we present the Sarig’s Discriminant Theorem.

Theorem 1.59 (Discriminant Theorem). Let ¥ 4 be a topologically mizing and suppose F': ¥4 — R
be some potential with summable variations satisfying Pg(F) < co. For a fized state a € S,

1. The equation Pg((F + p)™) =0 has a unique solution p(F) if Aq[F] > 0 and no solution if
AL[F] < 0. The Gurevich pressure of F is given by

Pu(F) = {_P(F) if Ag[F] >0
—pa(F) if Aa[F] <0

2. ¢ is positive recurrent if Ag[F] > 0 and transient if Ay[F] < 0. In the case Ay[F]) =0, F is
either positive recurrent or null recurrent.

Remark 1.60. For X4 topologically mizing and o weakly Hélder continuous potential F', we have
the following:

o if AL[F] >0 for some a € N, then A[F] > 0 for every b € N;
o if AL[F] =0 for some a € N, then Ay[F] =0 for every b € N;
o if A, [F] <0 for some a € N, then Ay[F]| < 0 for every b € N.

The last statement is straightforward, since Ag[F] < 0 if and only if F is transient. The remaining
cases are consequences of the potential F having or not the spectral gap property (see [Sarl5] for
further details): Ay[F| > 0 if and only if the potential is positive recurrent and it has the spectral
gap property; and A [F| = 0 is equivalent to state that F is recurrent and it has not the spectral

gap property.
In particular, for the renewal shift we have the following result.

Theorem 1.61 (Theorem 5 of [SarOla]). Let ¥4 be the renewal shift and consider a potential
F : ¥4 — R with summable variations satisfying sup F < oo and such that F™ is locally Holder
continuous. Then there exists 0 < B, < 0o such that:

1. BF is strongly positive recurrent® for 0 < 8 < B, and transient for 3 > B;

2. Po(BF) is real analytic in (0, 5.) and linear in (B.,00). It is continuous but not analytic at
Be (in case B. < 00).

3. Set A, = esln(@)2€l0n=1.-01} 4nd let R(B) be the radius of convergence of
Fa(t):=>_ AN".
neN

If Fg(R(5)) is infinite for every [, then B. = oco. If there exists § > 0 such that Fg(R(5)) < 1,
then (B, < oo.

*For a potential F, we say F is strongly positive recurrent when A,[F] > 0 for some a € S.
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Next we present a potential on the renewal Markov shift space, which is one of the essential
examples of this thesis. This potential was suggested by Elmer R. Beltran.

Example 5. Let X4 be the renewal shift and consider the potential
F(x) = log(zo) — log(zo + 1). (1.32)

In order to study the thermodynamic properties in this model, we actually consider the potential
BF, where B > 0 is the inverse of the temperature. Such potential depends on the first coordinate
only, and by the remark 1.58, the sum of its variations is zero. Moreover, as it is proved in Example
3, 34 is topologically mixing. Then, by the inequality (1.28) in Proposition 1.57 and the identity
(1.31) for a =1, we get

AL[BF] = log (Z RMZ;(BF., [1])) , (1.33)
k=1

and we can calculate the 1-discriminant by calculating the series above. For every n-periodic sequence
T € X4 we have

Lig—n)(®) =1 <= ¢i(z) =n <= z€[l] and inf{m >1:0"z €[]} =n
<~ z=1,nn-1,..,2.

Note that c™(1,n,n—1,...,2) = 1,n,n—1,...,2. Then,
Z2(6F, 1]) = HFaTn 1), (1.34)

The equality above can be used to calculate the convergence radius R of the series in the RHS of
(1.33). Indeed, we get

BF,(1,n,n—1,...,2)
R= fim ZaBE) oy et
n—00 ZZ—Q—I(/BF’ [1]) n—00 eﬁFn+1(1,n+1,n ----- 2)

and stnce
n—1 n
FuTmn—T,2) = 3 F(* (T, =2) = 3 [log(k) — log(k + 1)] = —log(n+1), neN,
k=0 k=1
it follows that
* 1 g Blog(ntl) ) Blog( 1t
Z’IL(/BF7 [1]) = m and RZJE&W :nh_EI;oe (n+2) =1.

Now, we calculate A{[BF):

A1 [BF] = log (Z RFZ}(BF, [1})) = log (Z (k+11)ﬂ> : (1.35)

k=1 k=1

So we obtain

AL[BF] = log (Z kiﬁ - 1) . (1.36)
k=1

Let B. > 0 be the unique solution® of ((B.) = 2, where ( is the Riemann Zeta function. For
0 < B <1, the series in (1.36) diverges and therefore A1[F] = oo > 0. Now, for > 1, we may

5B, &~ 1.72865.
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write
A[BF] =log (¢(B) —1).

Since the € is strictly decreasing for f > 1, we have that ((8) — 1 > 1 for 1 < 8 < B, and in this
case we obtain 0 < A1[BF] < co. Also,

A1[B.F] = 0.

Furthermore, observe that ((8) > 1 for every B > 1 and it has 1 as its horizontal asymptote. Then,
for B > B. we have that 0 < ((8) — 1 < 1, and therefore A1[BF] < 0 for B > .. Therefore,
By the Discriminant Theorem, SF is positive recurrent for < B. and it is transient for 5 > ..
Consequently, by the Generalized RPF Theorem, there exists a conservatlive eigenmeasure of the
Ruelle’s operator Lgp which is finite on cylinders for B € (0, .) and we have the absence of such
measures for € (B, 00). Now note that since F depends only on the first coordinate, we may
consider its extension on the real strictly positive numbers on the first symbol, that is,

F(y) = log(y) —log(y +1), yeR}.

Moreover,

dF 1 1
- R .
dy (v) P >0, forallyeRYy

Then F' is a strictly increasing function on y, and then

sup F(z) = sup F(y) = lim F(y) =0 < oo, (1.37)
€Y 4 yER? y—oo

and hence sup F < co. On the other hand we claim that F'™ is locally Hélder. In fact, for every
x € L29(1) we have that x = [wP], [w!][w?]..., where, for each n € Ny, w"™ = w"(z) is a non-empty
admissible word starting with 1 such that does not have the symbol 1 in any other position which is
not the first letter, satisfying A(wﬁun\—p 1) = 1. Observe that ¢1 (7% (z)) = |w®(x)|. Then,

|wO(z)|-1

Fri@) = Y Foofw'(@w' (@)w(x)-). (1.38)
k=0

Given x,y € ngd(l), for each m € Ny, the identity T, = Ym in terms of induced system means
that w™(z) = w™(y), and hence

Vary, Fnd = sup{‘Find(:B) - Find(y)‘ cw™(x) =wm(y),m € {0,....k — 1}} .

For the potential (1.32) and every z,y € Y04(1) such that w'(z) = w’(y) = w°, it follows that
e1 (n(2)) = o1 (74(y)) = |w°| and then

|wf|
‘Find(x) - Find(y)‘ = Zl [F o of (Wl (z)w?(x) - ) — F™ o oF (ww! (y)w(y) - - - )]
k=0
w|-1 W) wl
= 2 [log <w2 _’T_ 1> — log <w2 i 1>} =0,

and therefore .
Vary, F"d = 0,

for every k > 2, and so it is straightforward that F™ is locally Holder. This regularity and the
inequality (1.37) shows that the potential F' satisfies the hypotheses of Theorem 1.61. Then Pg(BF)
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is linear on the variable B for B > B.. In other words, Po(BF) = Bpi[F]. By item 2 of Discriminant
Theorem and equation (1.29) from Proposition 1.57, we have that

1 1 1
*IF] = limsup — log Z*(F., 1) = li —1 — | =0. 1.39
Pi[F] 1mnsupn og Z1(F,1) 1mnsupn og (n+1> ( )
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Chapter 2

C*-algebras

In this chapter we introduce some important concepts about C*-algebras that are crucial in
this work. We introduce the general algebraic setting such as definition of C*-algebras, morphisms,
universal algebras. In addition, we also present the basics of the dynamical setting on these algebras,
such as the notions of C*-dynamical systems and the construction of the Kubo-Martin-Schwinger
(KMS) states and some of its properties.

2.1 Algebras, Banach Algebras and C*-Algebras

From now, we assume that the reader has some familiarity with some topics on functional
analysis, specially on theorems about normed and Banach vector spaces. The basic notions of the
C*-algebras are based on [Mur90, Dav96|, while the construction of universal algebras are mostly
based on |Bla85, Bla06, Tasl5|. For the KMS theory we used the references |[BR87, BRIG|.

For any vector over a field space we will denote the usual conventions for addition + and scalar
multiplication -.

Definition 2.1 (Algebra). The 4-tuple (A, +,-,0) is said to be an algebra over a field K (K = C
or R) if (A,+,-) is a vector space over K and o is an operation, namely

0: AxA— A,
(a,b) — aob=:ab,

called the (algebra) product and it satisfies the following properties.
e Associativity': for every a,b,c € A,

a(bc) = (ab)c;

e distribution over vector addition: for any a,b,c € A,

a(b+ c) = ab+ ac,
(a + b)c = ac + be;

e commutativity with relation to the scalar multiplication: for all a,b € A and \ € K,

A(ab) = (Aa)b = a(Ab).

!Some texts define algebras without associativity. In the context of operator algebras, the algebras are associative
by default.

35
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An algebra is said to be commutative if for every a,b € A,
ab = ba.
An algebra is said to be unital if there exists 1 € A s.t. for alla € A
la =al =a.
In this case 1 is called unity of A.

From now we will refer the algebra (A,+,-,0) simply by A. Also, the field will be always C
except if we are specifying the field we are working with it. Most of the facts we prove or mention
here are easily particularized to R.

Definition 2.2. A subspace B of an algebra A is a subalgebra if it is algebraically closed with
relation to the algebra product, i.e., ab € B for every a,b € B.

Example 6. We present some examples of algebras:

(a) consider a topological space X. The set C(X) of all complex continuous functions on X is a
commutative unital algebra over C with the algebra product being the pointwise product

(f9)(x) == f(x)g(x), f.g€CX), zeX;

(b) let H be a Hilbert space. The set B(H) of the bounded linear operators on H is an unital
algebra with the matriz product being the composition of operators. In particular, given n € N,
the vector space M, (C) of the n x n matrices with complex entries endowed with the matriz
product as the algebra product is a non-commutative unital algebra over C;

Definition 2.3 (Involution). Let A be an algebra. An involution on A is a unary operation * : A —
A satisfying the following: given a,b,c € A and A € C, then

(i) (Aa+b)* = Aa* + b*;
(17) (ab)* =b*a*;
(7i1) (a*)* = a.

Remark 2.4. [t is straightforward that o™ = 0 if and only if a = 0. Also, on a unital x-algebra we
necessarily have 1* = 1.

Definition 2.5. A x-algebra is an algebra endowed with an involution. Given a *-algebra A, a
x-subalgebra B of A is a subalgebra of A which is a x-algebra with respect to the involution on A
restricted to B.

Example 7. We introduce involutions on the algebras of the Example 6, turning them into *-
algebras:

(a) for a topological space X, the algebra C(X) endowed with the involution assinged by

() = flz), [feCX), zeX,
s a x-algebra;

(b) for a given Hilbert space H, the algebra B(H) can be endowed with the involution that maps
each operator to its adjoint operator, that is, for T € B(H), T* € B(H) is the unique operator
such that

(Az,y) = (2, A%)
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for every x,y € H, where (-,-) is the inner product. In particular, the complex algebra M, (C),
n € N, admits an involution as follows. For each a = (ai;) € M,(C), let a* € M, (C) defined
by aj; := (aji). The assignment a — a* defines an involution on M,(C), turning this algebra
into a x-algebra;

Not every subalgebra is a *x-subalgebra, as we show in the next example.

Example 8. Consider the x-algebra My(C) and take the subalgebra

o= {5 ) enech

Suppose that there exists an involution ¢ : Ma(C) — My(C) which its restriction to B is also an

involution. Then,
0 1\ (c d
?\o o) " \o o)

0 1\1° _ A cd
7o 0o/] “\o o)
However, since ¢ is an involution, we necessarily have

0 I 1 ) e (A A R R R

and then ¢ = 0 and hence,
0 1\ (0 d 4 0 1
Lo 0/ " \o o) "0 o)

o[+ 3)) =26 §)-w (3 3)

and then d = 0 and therefore
0 1

which is a contradiction due to Remark 2.4. Then B cannot admit an involution and therefore it is
not a *-subalgebra of Ma(C).

for some ¢,d € C. So,

By (2.1) we have

Definition 2.6. Given a x-algebra A, an element a € A s said to be
(1

self-adjoint when a* = a;

2

(ii) idempotent when a® = a;

)
)
(#i1) a projection when it is self-adjoint and idempotent;
(tv) an isometry when A is unital and a*a = 1;

In addition, given a set Y C A, we define Y* = {y* : y € Y}, and we say that Y is self-adjoint
when Y =Y.
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Proposition 2.7. For every element a in a x-algebra A, there exist unique self-adjoint elements
b,c € A such that a = b+ ic.

Proof. The existence is straightforward by taking

a+a* a—a*
andc = .
2 2

b=
Now, for the uniqueness, suppose that there exist b/, € A self-adjoint elements satisfying a =

b +ic. Then
(b—V)+i(c—c)=0. (2.2)

By applying the involution in the equation above and the self-adjoint property of b, ¥, c and ¢/, we
obtain
(b—1b)—i(c—c)=0. (2.3)

By summing the equation (2.3) in (2.2) we obtain b = ¥/, and by subtracting (2.3) from (2.2) we
get c = . O

Definition 2.8 (Normed algebra). Given an algebra A such that the vector space (A,+,-) has a
norm ||.||, we say that (A,+,-,0,|-||) is a normed algebra if its submultiplicave with relation to the
algebra product: for every a,b € A,

labll < [[allllol], a,b€ A.

We also will denote the normed algebra (A,+,-,0,| - ||) simply by A. A subalgebra of a normed
algebra A that is closed in norm is said to be a normed subalgebra of A.

Example 9. Using the same list of examples as in Example 6 and ils respective enumeration, we
present norms that turn those algebras into normed algebras.

(a) Both vector space norms
lal] := sup{[jav]| : v € C", [lv[| <1}, a € My(C),

and

lalli = lail, a € Ma(C),

ij=1
make M, (C) a normed algebra?;

(b) here we consider Cy(X) instead of C(X), the set of all bounded complex continuous functions
on X. The vector space norm

IfIF:= sup [f(z)], | e C(X),
rzeX
makes Cy(X) a normed algebra;
(c) the vector space norm
[ T|
IT]} := sup , T eB(H),
vert ]|

makes B(H) a normed algebra.

Given a set X and a metric d : X x X — [0,00), we recall that the metric space (X,d) is said
to be complete if every Cauchy sequence in X converges with respect to d. Also, we recall that any

*Note that both norms generate the same topology, since M, (C) is a finite dimension vector space.
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norm || - || on a vector space X induces a metric, given by
dyj(z,y) = llz —yl, zyeX.

The completeness structure on the Banach vector spaces is directly transfered to normed algebras
as in definition below.

Definition 2.9 (Banach algebra). A normed algebra A is said to be a Banach algebra if it is

complete with respect to its norm, i.e. (A,+,-,||-||) is a Banach space. If A is a Banach algebra
endowed with an involution x such that ||a*|| = ||a| for every a € A, then we call it a Banach
x-algebra.

Example 10. We recall the normed algebras of Example 9 and once again we keep the listing order.

(a) Both norms for the normed algebra M, (C) in the item (a) of Example 9 are Banach algebras;

(b) here we consider X a locally compact Hausdorff topological space and Co(X), the set of all
complexr continuous functions on X which vanishes at the infinity, i.e.

Co(X) :={f € C(X) : €(f,€) is compact for all e > 0},
where
C(fye):={x e X :|f(z)] > €}
Co(X) is a Banach algebra;

(¢) B(H) is a Banach algebra.

Moreover, if we endow these Banach algebras with the respective involutions of Example 7, they
become Banach x-algebras.

Definition 2.10 (C*-algebra). A C*-algebra A is a *-Banach algebra that satisfies the C*-property,
namely
la*all = |la]?,

for every a € A.

Definition 2.11 (Quotient vector space). Let A be a vector space and B C A a vector subspace.
We define the equivalence relation ~pg on A as follows: given x,y € A, we say that x is equivalent
to y, denoted by x ~p y when x —y € B. It is straightforward that the equivalence classes of ~p
are

[z] :=x+B={z+b:be B}.

The quotient space A/B is the set of all equivalence classes as above and it has the vector space
structure as next. Given x,y € A and X\ € C we define the addition on A/B as

(x+B)+ (y+ B) :=(x+y)+ B,

and its product by scalar as
Mz + B) := (A\z) + B.

Definition 2.12 (Ideals). Given an algebra A, let I C A be a subspace. I is said to be a left ideal
of A if

acA bel — abel.
Analogously, I is said to be a right ideal of A if

acA bel — ba€el.
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Also, we say that I I is a two-sided ideal of A if I is a left and o right ideal of A. The two-sided
ideals {0} and A are said to be trivial ideals. A two-sided ideal is said to be maximal if it is a proper
ideal of A that is not contained in any other proper two-sided ideal of A.

Example 11. Let X be a compact topological space and consider the Banach algebra C(X) with
the usual operations and the supremum norm and let y € X. The set

M, == {f € C(X) : f(y) = 0}
is a two-sided closed® ideal of C(X) of codimension® 1 and therefore it is a mazimal ideal of C(X).

Theorem 2.13. Let A be a x-algebra and I C A be a two-sided self-adjoint ideal. Define for every
(a+1),(b+ 1) € A/I the assignments

(a+Db+I):=ab+1 (2.4)
and
(a+1)" :==a"+ 1 (2.5)

Then, (2.4) and (2.5) define operations of product and involution on A/I respectively, and therefore
it turns A/I into a *-algebra.

Proof. Since A/I is a vector space, it remains to prove that the operations (2.4) and (2.5) are
well-defined and satisfy the axioms of product and involution, respectively. Since the axioms are
straightforward, we only prove that such operations are well defined. For the product let =,y € A
such that  + 1 =a+ I and y + I = b+ I. These equalities are true if and only if x = a + h; and
y =b+ hy, hy,hy € I. For every ¢ € A we have the following equivalences:

ceaxy+1 < ce(a+hy)(b+hy)+1 < c€ab+ahy+bhy+I <= cecab+1,

N——
el

and therefore xy + I = ab+ I, that is, the product is well defined. Now, for the involution, for any
xr € A with x 4+ I = a+ I, we have the following equivalences for any ¢ € A.

cex*+1 < ce(a+hy)"+1 < c€a"+ 2" +] < cea” +1,
el

and therefore x* + I = a* 4+ I and then the involution is also well defined. Consequently, A/I is a
x-algebra. O

Definition 2.14 (Partial isometry). Let A be a C*-algebra and a € A. We say a is a partial
isometry when a*a is a projection.

Proposition 2.15. For a given C*-algebra A and a € A, the following are equivalent:
(i) a is a partial isometry;
(17) a = aa*a;

(#i1) aa* is a projection.

Proof. We prove the chain (i) = (i) = (iii)) = (i).
Proof of (i) = (ii): let p = a*a and z = aa*a — a. Then,

2*2 = (a*aa* — a*)(aa*a —a) =p® —p* —p> +p =0,

3in the norm topology.
4Given a vector space V and S a subspace of V, the codimension of S is the dimension of the quotient space V/S.
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where we used in the last equality above that p is a projection. By the C*-property, we have that
|z||? = ||z*z|| = 0 and therefore z = 0, that is, a = aa*a.

Proof of (ii) = (iii): it is straightforward by multiplying the identity in (¢7) by a* from the
right.

Proof of (iii) = (i): by similar proof done for (i) = (ii) we get a* = a*aa® and by
multiplying this result by a from the right we get that a*a is a projection, that is, a is a partial
isometry. O

Definition 2.16 (C*-seminorm and norm). A C*-seminorm on a *-algebra A is a function || - | :
A — Ry such that, for every a,b € A and A € C, we have

(2) || - || is a seminorm, that is, it satisfies

o [[Aall = [Allal,
o lla+bl <llall +[b]];

(ii) || - || is submultiplicative, that is, ||ab|| < ||lal/||b]|;

(2i2) Jla*|| = [lall;

(iv) lla*all = [|al|.
If || - || is @ norm instead of a seminorm, we say that such function is a C*-norm.
Proposition 2.17. Let A be a x-algebra and || - || : A — R4 be a C*-seminorm on A. Let N :=

{a € A: ||la|]| =0}. Then, N is a two-sided self-adjoint ideal.
Proof. Let x € A and a,b € N, then

0 < lzall < [[z[llall = [|=[I - 0 = 0,

hence ||zal| = 0 and then xa € N. By similar calculations we also obtain az € N. On the other
hand, for every A € C we also have

0 < la+2b]| < fla]| + Al[[]] = 0+ |AJ0 =0,

and then a + A\b € N, that is, N is a vector subspace of A. So far we have that N is a two-sided
ideal. Now, it also holds that

0 < e[ = [la”]| = 0,
and therefore N is self-adjoint. O
Theorem 2.18. Let A be a x-algebra and || - || : A — Ry be a C*-seminorm on A. Let N := {a €
A : ||lal| = 0}. Then the quotient A/N is a normed x-algebra for the C*-norm |||-|| : A/N — R4

defined by
1o+ N == 1joll, b e A

Proof. By Proposition 2.17 we have that N is a two-sided self-adjoint ideal, and Theorem 2.13
grants that A/N is in fact a *-algebra. We claim that [||-||| is a well-defined function. In fact, given
a,b € A such that a+ N = b+ N we have that a — b € N and hence |ja — b|]| = 0. Then,

0 <{llall = [bll] < lla = bl} = 0,

and therefore |la]| = ||b||. In particular, ||a + N|| = 0 if and only if ||a|| = 0, that is, a € N. This
proves that ||-||| is in fact a norm, since the remaining requirements for such function be a norm are
satisfied as follows:

e + NI = l[Aall = [Mllall = [Alla + NI, for every A € C;
A (a +0) + N = lla + bl < lall + [|6]] = llla + NI +[llo + N



42 C*-ALGEBRAS 2.1

The submultiplicativity is also straightforward:

llab + NIl = [lab]| < [lafl{|o]] = [la + N{ib+ N

Moreover,
lla™ + NI = lla™|| = llall = lla + NI|
and
lla*a + N|| = lla*al| = l|a]* = fla+ N||*.
Therefore [||-||| is a C*-norm. O
Proposition 2.19. Let A be a x-algebra and || - || : A — Ry be a C*-norm on A. The completion

Al of A under || - || is a C*-algebra.

Proof. Let a be an element of the completion of A under ||-||. In particular, for every normed algebra,
its completion is a Banach algebra. We claim that the involution map is uniformly continuous on
A. Indeed, let a,b € A and € > 0. If ||a — b|| < ¢, then

la® =6 = ll(a = 0)*|| = [la — bl| <e,

which proves the claim. Then, since A is dense on its completion, there exists a unique extension of
« on Al'l which is an involution as well. Indeed, let a,b € All'l and X\ € C. Then there are sequences
(an)n and (by)n on A such that a = lim, a,, and b = lim,, b,,, then

(a®)*

((liTan an)*)* = liTILn((an)*)* = liTan anp) = a,

(a+ Ab)* = (lima, + Alimb,)* = lim(a, + Ab,)* = lim(a’ + \b%) = a* + A\b*,
(ab)* = ((lim ay)(limby,))* = lim(a,by,)* = lim(b)a;) = b*a*.
The properties between the norm and the involution can be proved similarly. O

Definition 2.20 (Morphisms). Given two algebras A and B and a linear operator ¢ : A — B, we
say that

e © is a homomorphism if it is a multiplicative map, i.e. for all a,b € A we have
p(ab) = p(a)p(b);

e © is an isomorphism if it is a bijective homomorphism;
e © is an endomorphism if it is homomorphism and A = B;

e © is an automorphism if it is an endomorphism and an isomorphism (i.e. if it is a bijective
endomorphism,).

We say that a homomorphism ¢ : A — B is unital if both A and B are unital and o(1) = 1.

In this part we will follow Murphy’s book [Mur90].
We will denote the algebra of all polynomials on the variable z and complex coefficients by C|z]
and observe that such algebra is normed with the norm

p|l == sup [p(A)].
<1

It is important to notice that such normed algebra is not complete.
Let a be an element of a unital algebra A and p € C[z] given by
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n
p(z) = Z)\kzk, A € C
k=0
for K =0,...,n. We define
n
p(a) = Z)\kak, A € C.
k=0
It is straightforward to see that the map
Clz] — A,
p~ pla),
is a unital homomorphism.

Definition 2.21 (Invertible elements). Given a unital algebra A, we say that a € A is invertible if
there exista b € A s.t.
ab="ba =1.

b is called an inverse of a.

We define the set
Inv A :={a € A:ais invertible}

of the invertible elements of the unital algebra A.

Given a unital algebra A, prove that Inv A is a group under the algebra multiplication.

Now we are ready to introduce the spectral theory and we start with the fundamental definition
of spectrum of an element of an algebra.

Definition 2.22 (Spectrum of an element). Let A be a unital algebra. The spectrum of an element
a € A is defined as the set

o(a)=ca(a) :={Ae€C: Al —a¢lInvA}
Example 12. We recall the recurrent main examples of these notes.
(a) For the algebra My, (C) and a € M, (C), o(a) is the set of eigenvalues of a;

(b) consider X a compact Hausdorff topological space and the algebra C(X). For given f € C(X),
we have that o(f) = f(X).

Remark 2.23. For any a and b elements of a unital algebra A, then 1 — ab is invertible if and only
if 1 — ba is invertible. Indeed, if c = (1 —ab)~! then (1 —ba)~! = 1+ bca, obtained by the following
calculations:

(1+bca)(1 —ba) =1 —ba+ bca — bcaba = 1 — ba + bc(1 — ab)a =1 —ba + ba =1,
(1 —ba)(1+ bca) =1+ bea — ba — babca = 1 — ba + b(1 — ab)eca =1 — ba + ba = 1.

The converse is analogous and we omit the proof. Consequently, we have o(ab) \ {0} = o(ba) \ {0}.
Indeed,

Neo(@)\ {0} = A —abdTnvA, A£0 < A(l-“;)gélnm, A£0

= >\<1b;>¢IDVA, A#£0 <= AN —ba¢InvA, NX#0

< A€ o(ba)\ {0}.

From now on, we will omit ‘1’ in A1.
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Theorem 2.24. Let a be an element of a unital algebra A. If o(a) # 0 and p € C[z], then

Proof. We may suppose that p is not constant. If u € C, there is n € N and elements Ag, ..., A, € C,
Ao # 0, s.t.

p(2) —p=2Ao(z = A1)+ (2 = An),

and hence

pla) —p=Xo(a— A1) (a— ).

It is straightforward to notice that p(a) — p € Inv A if and only if (a — Ag) is invertible for each
k =1,..,n. It follows that u € o(p(a)) if and only if u € p(\) for some A € o(a). The proof is
complete. O

The theorem above is also valid for analytic functions instead of only polynomials in the case of
analytical functions. Moreover, it is also valid for continuous functions on the case of C*-algebras.

Theorem 2.25. Let A be a unital Banach algebra and a € A with ||la|]| < 1. Then, 1 —a € Inv A

and
o0

(1—a)” Z

Proof. Since |ja|| < 1, one can use the submultiplicativity of the norm and obtain that

Z la™ < Z la]™ = (1 = [la]) ™" < oo,

hence >">°  |la”| is convergent and therefore > > ja™ converges, we say to b € A. Since (1 —a)(1+
~+a") =1—a""! converges to (1 —a)b = b(1 — a) and to 1 we conclude that b= (1—a)~!. O

The series above is called Neumann series for (1 — a)~!. We will only state the next theorem,
but its proof is found in Murphy’s book [Mur90].

Theorem 2.26. If A is a unital Banach algebra, then Inv A is an open set and the inversion map

InvA — A,

a»—>a*1,

is differentiable.

Lemma 2.27. Let A be a unital Banach algebra and a € A. The spectrum o(a) of a is a closed
subset of
Dy (0) :={z € C: || < [a]l}.

Furthermore, the map
C\o(a) = A,
A= (a =N
is differentiable.

Proof. 1f |A| > |la||, then ||A~!al| < 1, and hence 1 — A"'a € Inv 4, so is A — a and therefore
A ¢ o(a). Thus A € o(a) necessarily implies that [A| < [lal| and therefore o(a) C D)4 (0). Now, let
F :C — A given by

F(A\) =\—a,
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which is a continuous function. Hence ¢! (Inv A) = C \ o(a) is an open set®, and therefore o(a) is
closed. The differentiability of the map A — (@ — A)~! comes from the previous theorem. O

Note that the previous lemma actually says that o(a) is a compact set, since o(a) is closed and
it is contained in the closed disc Djq)(0) which is a bounded set. For the next important result we
recall the Liouville’s Theorem from the complex analysis below.

Theorem 2.28 (Liouville). Every entire bounded function must be constant.

We recall the reader that one of the equivalent definitions of an entire function is a function
that it is holomorphic everywhere, that is, it is a complex valued function f of one or more complex
variables that is complex differentiable in a neighborhood for each point of its domain. By ‘bounded’
we mean simply that there exists M > 0 s.t. |f(z)] < M for every z € C™.

Theorem 2.29 (Gelfand). If a is an element of a unital Banach algebra A, then the spectrum of
a 1s non-empty.

Proof. Suppose that o(a) # 0. If |A\| > 2||a||, then ||A\~!a|| < 1/2 and therefore 1 — [[A~1a| > 1/2.
Hence by Theorem 2.25 we have that

=270 =1) =[S0 tar| < 3l = sl <2 <o
n=1
Consequently, [|(1 — A7ta) — 1H < 2, and hence

o =27 = A=At < 2 < )

Note that o(a) = 0 implies necessarily that a # 0 and then the inequality above makes sense. By
Lemma 2.27 we know that in particular the map

A= (a—N)71

is continuous and therefore bounded on the compact disc 2|la||D;(0). Therefore the same map is
bounded in all C, and hence there is positive number M s.t. |(a — X)7!|| < M.

Let 7 € A*. Hence the function A — 7((a — A\)~!) is entire and bounded by M||7||, and by the
Liouville’s Theorem we conclude that such function is constant. In particular 7(a=1) = 7((a—1)71)
and hence a=! = (a — 1)7!, since the elements of A* separates points on A. We conclude that
a = a — 1, a contradiction. The proof is complete. ]

Definition 2.30 (Spectral radius). For a an element of a unital Banach algebra A, the spectral
radius of a is the number
r(a) = sup [\
A€o(a)

Observe that by compactness of o(a) makes the r(a) well defined as we call it a number.
Moreover, since o(ab) \ {0} = o(ba) \ {0} for every a,b € A, we have that r(ab) = r(ba).

Example 13. For a compact Hausdorff space X and A = C(X), we have that r(f) = || f|lco for all

feA.
Example 14. If A= M>(C) and
(01
~\0 0)’
we have that r(a) = 0 and that ||a| = 1 on any of the two possible norms presented in Ezample 9
(a).

°It is an equivalent definition of continuity: f : X — Y is continuous if and only if f~'(A) is an open set of X for
every A CY open.
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The next theorem we state relates the spectral radius with the norm of a unital Banach algebra.

Theorem 2.31 (Beurling). For a unital Banach algebra we have that

| "M for all a € A.

r(a) = 1r;f1 |a = li_>m l|la
n> n—00

Example 15. A = C*([0,1)]) is a Banach algebra under the usual pointwise operations and with a
norm given by

11 = 1 £lloo + 11 F'lloo, £ € C([0,1)).
On this context, consider the inclusion x : [0,1] — C. Then v € A. We have that ||z"| =1+ n for
every n € N and therefore r(x) = lim,_oo(1+n)/" =1 < 2 = ||z].

In general we do need to impose that our Banach algebra a priori be unital. There exists a
canonical process of including an unity element on a non-unital algebra called unitization which
we will explain here. Let A be an algebra and set A:= A& C as a vector space. Define the algebra
multiplication on A as it follows.

(@, A)(b, ) = (ab + Ab+ pa, Ap).
The unit on A is (0,1) and A is called the unitization of A. The map

A—>K,
a— (a,0),

is an injective homomorphism, which we use to identify A as an ideal of A.
We now use the notation a + A := (a, A). The map

ﬁ—)@,
a+A— A,

is a unital homomorphism with kernel A, called canonical homomorphism.
If A is a normed algebra, we define a norm on A by

la+ All = [lall + Al

if A is a Banach algebra, so is A
Now it is easy to set the spectral theory for a non-unital Banach algebra. We simply set that

oala) :=0z(a), acA

where 0 4(a) is the spectrum of a as an element of A and ¢ 7(a) is the spectrum of a as an element

of A. Now we also can set the spectral radius of a € A in analogous way of the unital case, namely

r(a) = sup |\l
A€o 4(a)
Note that in this case 0 € o(a) for every element in A. Now all the results we studied have
applications for non-unital Banach algebras.

Now we will briefly study the relationship between the spectrum of elements of an unital Banach
algebra and the spectrum of the algebra itself. It is important the reader has in mind that the word
‘spectrum’ is overloaded of different meanings here.

Let A and B be two algebras where A is not unital and B is unital. Given ¢ : A — B, then
there exists a unique unital homomorphism ¢ : A — B which extends ®.
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Proposition 2.32. If ¢ : A — B is a unital homomorphism between the unital algebras A and B,
then o(e(a)) C o(a) for every a € A. Consequently, p(Inv A) C Inv B.

Proof. Suppose that there exists A € o(p(a)) s.t. A ¢ o(a). We have that

a—A€lnvA and ¢(a)— A ¢ InvB.
Let b= (a — \)™!, we have that

1=¢(1) = ¢((a—A)b) = (¢(a) = A)e(b)
-1

and similarly we also obtain ¢(b)(¢(a) — \) = 1. Therefore we conclude that ¢(b) = (¢(a) — \) ™,
leading to a contradiction. The last part of the proposition is straightforward. O

Theorem 2.33. For every self-adjoint element a in a C*-algebra we have r(a) = ||al|.

Proof. In this case we have ||a?|| = ||a*a|| = ||a]|?, by induction one can obtain
n n
1" || = [lal*".

By Theorem 2.31 we have

nHl/n 2"”2_”

r(a) = lim ||a = lim ||a = lim ||a|| = ||a]| O
n n n

Theorem 2.34. Let ¢ : A — B be a x-homomorphism from a *-Banach algebra to a C*-algebra.
Then, ¢ is norm-decreasing.

Proof. W .l.o.g. we may suppose A and B unital. By Proposition 2.32 we have o(¢(a)) C o(a) for
every a € A, and then

le@)[? = lle(a) ()] = lle(a*a)ll = r(p(a’a)) < r(a*a) < |la*al| < ||,
where in (1) we used Theorem 2.33. O

Definition 2.35 (Characters). A character on an abelian algebra A is a non-zero homomorphism
7: A — C. The set of all characters on A is said to be the spectrum of A and it will be denoted by
A.

The next theorem links the characters of an abelian algebra to the maximal ideals of the same
algebra.

Theorem 2.36 (Theorem 1.3.3. of [Mur90|). Let A be a unital abelian Banach algebra.
o if T €A, then ||7| = 1;
o let J(A) be the set of the mazimal ideals on A. The map
A= 3(A),
T — ker T,
15 bijective.
The theorem above says that every maximal ideal in A is a kernel of some character on A.

However, the maximal ideals are not the unique relation on which the characters are participating,
as we can see in the theorem below.

Theorem 2.37 (Theorem 1.3.4. of [Mur90|). Let A be an abelian Banach algebra.

e if A is unital, then R
o(a)={7(a): 7€ A}, ac€A;



48 C*-ALGEBRAS 2.1

o if A is not unital, then R
o(a) ={7(a) : 1€ A}U{0}, ac€ A

Naturally we may endow A with the weak* topology.

Now we present the most important result of this section for this thesis. For a given abelian
Banach algebra A with A # () and a € A, we define the Gelfand transform of a, denoted by @, the
function

ZL\ZA\—)(C,
T+ 7(a).

The weak* topology on A is the smallest topology that makes a continuous for every a € A. We
present the Gelfand’s representation Theorem.

Theorem 2.38 (Gelfand representation). Suppose that A is an abelian Banach algebra s.t. A £ ().
The map

A — Co(4),
awra,
is a norm-decreasing homomorphism, and
r(a) = |la)|co, a € A.
If A is unital, then o(a) = a(A). If A is non-unital, then o(a) = a(A) U {0}.

Corollary 2.39 (Gelfand representation theorem for C*-algebras). Suppose that A is a non-zero
abelian C*-algebra, then the Gelfand representation

A = Co(A),

aw—a,
is an isometric x-isomorphism.

Lemma 2.40 (Lemma 2.2.2 of [Mur90|). Let A be a unital C*-algebra, a € A a self-ajoint element
and t € R. Then a > 0 if ||a — t1|| < t. In the inverse direction, if ||a|| < t and a > 0, then
la —t1]] <t.

Corollary 2.41. Let A be a unital C*-algebra and a € A a self-ajoint element satisfying ||a|| < 1.
The element a is positive if and only if |ja — 1| < 1.

Now we present the Uryshon’s Lemma in the version for locally compact Hausdorff spaces. This
lemma and the Gelfand’s Theorem will be used to prove Theorem 2.43, which states that sets of
separating point characters are dense in the spectrum of a commutative C*-algebra.

Lemma 2.42 (Urysohn’s Lemma for LCH spaces). Let X be a locally compact Hausdorff space.
If K, F C X are disjoint sets s.t. K is compact and F is closed, then there exists a continuous
function f: X —[0,1] s.t. flxk =1 and flp =0.

Theorem 2.43. Given a commutative C* algebra B, let Y C B such that for any a € B it follows
that
pla)=0 YpeVY = a=0, (2.6)

i.e., Y separates points in B. Then Y s dense in B (weak* topology).
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Proof. By the Gelfand representation theorem for commutative C*-algebras, it follows that the map

T :B — Cy(B)

b»—)g,

where b is the evaluation map on the spectrum, is an isometric *-isomorphism. Seeing B as Cy(X),
X = B, which is locally compact®, and Y C X, we may write the property the condition (2.6) as

fly)=0 YyeY = f=0. (2.7)

Observe that every point in X has a relatively compact neighborhood” since X is locally compact
and Hausdorff.

Now, suppose that Y is not dense in B. Then there exists a non-empty open set U C X such
that UNY = (). By the last paragraph, w.l.o.g. we may assume that U is relatively compact. Take
xo € U. Since {x(} is compact, by the Urysohn’s Lemma for LCH spaces (Lemma 2.42), there exists
a continuous function F : X — [0,1] such that F(x¢) = 1 and F|ye = 0. Note that suppF = U,
which is compact since U is relatively compact. We conclude that F' € C.(X) C Cp(X). Since
Y C U¢, we have that F(y) =0 for all y € Y and F # 0, a contradiction due to the hypothesis of
the validity of (2.7). O

Definition 2.44. Let A be a C*-algebra A. An element a € A is said to be positive if it is self-adjoint
and
O'(a) - R+.

The set of positive elements of A will be denoted by A™.

Remark 2.45. For every C*-algebra A, there is a natural partial order on A" : we say that a > b,
when a —b > 0.

Definition 2.46. A linear map ¢ : A — B between two C*-algebras A and B is said to be positive
when p(A1) C o(BT). In particular, when B = C, ¢ is said to be a positive linear functional.

Remark 2.47. Equivalently, @, as in definition above, is a positive linear functional if and only if
p(a*a) > 0. This is straightforward consequence of Theorem 2.2.5 (1) of [Mur90], which gives the
following characterization of positive elements of a C*-algebra A:

At ={a*a:a € A}.

Remark 2.48. In particular, every x-homomorphism is positive. Observe that there are positive
functionals that are not x-homomorphisms. For instance, take A = C(T) and consider m as being
the normalized arc length measure on T. The linear functional ¢ : C(T) — C given by

e(g) = /ngm

is positive and it is not a x-homomorphism.
The next result is the Theorem 3.3.1. of [Mur90].

Theorem 2.49. If v is a positive linear functional on a C*-algebra A, then it is bounded.

5We recall that the spectrum of a commutative Banach algebra in general is locally compact, and it is compact
if such algebra is unital.
"Fixed a topological space, s set is said to be relatively compact if its closure is compact.
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2.2 Universal algebras generated by relations

One of the main structures of this work is the Exel-Laca algebra, which is a universal algebra
generated by partial isometries under certain relations. In order to present these algebras properly,
we introduce the notion of universal algebras. We will see further that the relations of the Iixel-
Laca algebras are polynomials and then it is sufficient to study these universal structures under
the condition where the relations are polynomials, as it is in [Bla85, Bla06, Tasl5|. However we
inform the reader that these universal structures can be realized for a more general nature of the
relations, we mention for example the work [Phi89], where the relations can be any statement on
the generators that makes sense in a C*-algebra.

First, we construct the free associative complex *-algebra generated by a set.

Definition 2.50 (Free semigroup). Let D be a non-empty set. The free semigroup Fp generated by
D is the semigroup of the finite non-empty sequences of elements of D, endowed by the juzrtaposition
product of these sequences: given x1---Tp, Y1 Ym € Fp, n,m € N, then

(1‘1 PR ':Un) . (yl PEEY ym) :: xl PR x/fl/yl DY ym'
The set D is said to be the generator set of Fp.
It is straightforward that Fp is in fact a semigroup, since the juxtaposition product is associative.

Definition 2.51 (Free algebra). Let D be a non-empty set. The free algebra Ap generated by D is
the algebra over C spanned by the elements of the free semigroup Fp, that is, the set of the complex
polinomials on the non-commutative variables of D:

Ap ;:span{fp}: {Z)\,ﬂ“iZHGN;)\iEC,TiE‘FD,lgign}-
=1

where the operations of addition, product by scalar are the usual ones for polynomials. The algebra
product is the one inherited one from the semigroup Fp. We say that D is the generator set of Ap.

Now we introduce an involution on the free algebra.
Definition 2.52 (Free x-algebra). Let D be a non-empty set. Define a copy of D given by
D*={d*:de D}.

Consider the set D = D LU D*. The free associative complex x-algebra generated by the set D 1is the
free algebra Ap endowed with the following involution x. Given x € D, define

. h, ifx=h*¢e D*,
z* =
h*, ifx=heD.
Now, for every r =x1---x, € Fp, x; € D for every i, set

* * *
ry =, x| € Fp.

Finally, extend the operation above by taking

(Z Aﬂ'z) = ZL )\1'7”;,
i=1 =1

for every Z?zl Airi € Ap, where r; € Fp and A\; € C for each 1 < i < n. The set D is said to be
the generator set of the x-algebra Ap.
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Remark 2.53. Observe that the free x-algebras are not unital, however, as we see further in this
chapter, this does not interfer on the construction of unital universal C*-algebras.

From now, we fix D a generator set of a free x-algebra Ap, and we refer to D simply by ‘generator
set’.

Proposition 2.54. Let D be the generator and a C*-algebra B. Also and consider a function
O¢ : D — B. There exists a unique x-homomorphism © : Ap — B which is the extension of Oy.

Proof. For every d € D, g1,...,9n € Fp, and a = 2211 Aix; € Ap, A\; € C and z; € Fp for all 4,
define © as follows:

O(d) := Og(d); (2.8)
O(d*) := O(d)* = Og(d)*; .
(g1 gn) == O(g1) - O(gn); (2.10)
°) (i)\ :1:) Z)\ O(x;). (2.11)
=1

By (2.8), it is clear that © is an extension of ©¢. The identity (2.11) imposes the linearity of ©.
Consider now b = 22:1 Nyyj € Ap, N € C and y; € Fp for all j. By (2.11) and (2.10) we have

m l m L m L
D Nim| (D Nwi| | =0 2D N miy) | =D (Xid))O(wiy;)
i=1 j=1 i=1 j=1 i=1 j=1
m / m
=D (AX)B(:)O(ys) = [Z NiO() | |- NiO(y))
i=1 j=1 i=1 j=1 |

and then © is a homomorphism. Now, write x; = a1, -ag;),; for each i = 1,...,m, where ¢ :
{1,...,m} — N is a function and a,, € D for every 1 < p < ¢(q) and each 1 < g < m. Then, by
(2.9) and the fact that © is a homomorphism, we have

=1 =1 =1
= XO(aj) - O(ai) =Y ABl(agp ) Olars)*
i=1 i=1
= _Ai(O(a13) -+ Olagy)" =D Xi(O(avi - ag(p)))" = © (Z Am) =0(a)’
=1 =1 i=1

Therefore © is a s-homomorphism. Given © : Ap — B a xhomomorphism which extends Oy,
we have @(d) = Op(d) = O(d) for every d € D, and since © is a homomorphism, we also have
O(d*) = ©(d)* = ©(d)*. Then, for every a = 2211 i1+ agy,; € Ap, we obtain

<Z 1L A, ) Z)\@a“- Z/\@a“ -+ O(agiy.)

=1

Z Cll FERR )72) = @ (Z )\ial,i e a¢(l),2> = @(CL)
i=1 =1

||
@
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Therefore, © = O, that is, such homomorphism is the unique one such that extends . O

Remark 2.55. Observe that the function ©g can also be extended uniquely to the unitization Ap
by taking ©(1) = 1.

Now that we constructed the free x-algebra, the next important step on the construction of
universal C*-algebras it is to define relations on the generator elements, and then we may construct
representations for the free x-algebra, which allows us to construct a C*-seminorm that can be
turned into a C*-norm. During this construction, it arises naturally the fact that the relations
between the generator elements must satisfy an admissibility condition for the universal C*-algebra
does exist.

Definition 2.56 (Relations). A relation on a non-unital x-algebra B is a pair (r,t) € B x Ry,
where B is the unitization of B.

Definition 2.57 (Representations of generators). Let D be the set of generators of the x-algebra Ap
and Z C Ap x Ry a family of relations on Ap. Given B a C*-algebra and o function ©y: D — B,
we say that ©g is a representation for the pair (D, %) if

el <t,

for every (r,t) € Z, where © : Ap — B is the unique x-homomorphism extending ©g such that

Ap, % C Ap x Ry,
P / ' b + and B=<B, if#¢ Ap xRy and B is unital,
Ap, otherwise; - ,

B, otherwise.

B, Z.f%C.ADXR_A,_,
-

Definition 2.58 (Admissibility). Let D be the set of generators of the x-algebra Ap and Z C
Ap xRy a family of relations on Ap. We say the pair (D, %) is admissible if for every d € D there
exists Kq € Ry such that ||O(d)|| < Ky for every © representation for (D, %).

Example 16. Here are some examples of admissible and non-admissible pairs:
(1) by taking D = {x} and # = 0, we have that the functions in the form

A0
@07)\(.13) = <0 )\> S MQ((C), A€ C,

are representations of (D, %), by vacuosity. However, this pair is not admissible, since for
each K € Ry, we can take A € C such that |\| > K and then

fosll = (5 )| =1>x;

(i1) by taking D = {x} and Z = {(x —2*,0)}, we have that the functions in the form ©g \(x) = A,
A € R, are representations of (D, %). Indeed, their respective extensions ©) give
10(z —2%)|| = |©(x) — O(z)"[| = |]A = Al = 0.
However, such pair is not admissible, since for every K € Ry, we may take A > K and then

1©@@)]] = A > K;

(iii) by taking D = {x} and Z = {(x — x*,0), (z,1), (1 — 22,1)}, we have that the functions in the
form ©g x(x) = X, X € [0, 1], are representations of (D, Z). Indeed, their respective extensions,



2.2 UNIVERSAL ALGEBRAS GENERATED BY RELATIONS 53

O, give
10(z —27)|| = [[©(x) = O(x)*|| =[x = Al =0,
[O@@)| =A<1,
11— O@)*| =1 - | <1,

Moreover, such pair is admissible, since for every © representation for (D, %) we have

1©()[| < 1;

(iv) by taking D = {x} and Z = {(1—x*x,0), (1 —xx*,0)}, we have that the functions in the form
Ooa(T) = fr, A € R, where fy : [0,27] — C, is the function f(y) = e~*, are representations
of (D, ). Indeed, their respective extensions, O give

lo(1 —a*z)[| = [|O(1) — ©(z")8(z)|| = |1 — e || = |1 — 1] =0,
lO(1 —za)[| = |0(1) = ©(x)0(a")|| = |1 — e ™| = |1 - 1] =0,

Also, such pair is admissible, since for every © representation for (D, %) we have
18(2)[* = [0(x) ©)| = 11| =1,
that is ||z|| = 1;

(v) take D = {x;; : 1 <i,j < n} and Z = {(wij — 2};,0), (23T — Ojx2ie, 0) : 1 < i, j, k, £ < n},
where ;5 is the Kronecker delta. Consider the function ©g : D — M, (C), given by

where Uy; is the matriz unit of M, (C) given by
(Ui')pq = dipdjg; (2.12)

that is, it assigns 1 for the entry in the i-th row and j-th column of U;; zero for its remaining
entries. O is a representation for (D, ) since the following is true:

16(xi; — %)l = IUi; — Ujll = [|Ui; — Uyl = 0,
1©(zijzre — jxzi0) || = [|UijUre — 051Use|| = 0.

Furthermore, the pair (D, %) is admissible. In fact, for every ©q representation of (D, %) we
have for every 1 < i <n that

1©(za)|I* = 10(zi)* O (i) | = 1©(xi1)O(wii)ll = ©(zi)|l,
that is, ||©(zy)|| € {0,1} and then ||©(x)|| < 1. On the other hand, for every 1 <i,5 <n

1©(zij)II* = 16(xi;) O(zi)ll = [18(zi;)O (i)l = 1O(xj)|* < 1.

Proposition 2.59. Let D a set of generators and Z C Ap x Ry a family of relations such that
the pair (D, %) is admissible. Define I' to be the set of all representations of the pair (D, %) for all

possible C*-algebras. Let ||-|| : Ap — Ry the function defined by
llall := sup [[©(a)]|, a€ Ap, (2.13)
el

is a C*-seminorm on Ap.
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Proof. Firstly we show that [|-|| is well-defined. In fact, let a = > " | Apyzm € Ap, where \; € C
and x; € Fp for all i. We can write x; = a1, -+ - ag(;); for each i = 1,...,m, where ¢ : {1,...,m} - N
is a function and ap 4 € D for every 1 < p < ¢(q) and each 1 < ¢ < m. Since (D, Z) is admissible, we
have that for each d € D that there exists Ky € Ry such that || ©(d)| < K, for every representation
© and then ||©(d*)|| < K4, and consequently for every i and © we have

(4)
1Ol < [T lIe(a)ll < K, < o0
j=1

where K, := H;bg K,. .. Then,

jii®
m
1B(a)l| < K, < oo,
i=1
and since it does not depend on ©, we get
llalll < oo,

and hence |[|-|| is well-defined. Now, we prove that this function is in fact a C*-seminorm: for every
a,b € Ap and \ € C we have

Aall] = sup [|[©(Aa)| = sup [[AS(a)[| = sup{[A[[[©(a)[[} = [Al sup [[O(a)[| = [Allllall;
CISIN CISIy SISy CISIN

lla + 0[] = sup [[B(a + b)[| = sup [[©(a) + O@) < sup{[[B(a)]| + [O(b)[|} < sup [|©(a)[| + sup [[O(b)]|
ecrl’ ecr’ ecrl’ ecrl’ ecr’
Then |[||-|| is a seminorm. Moreover,

llablll = sup |©(ab)|| = sup |©(a)O(B)|| < sup{[|©(a)[||O(b)[} < (Sup !@(a)ll> (Sup ||@(b)||) ;
ecrl’ ecrl’ ecrl’ ecrl’ ecrl’

lla™[Il = sup [|[©(a”)|| = sup [[©(a)*|| = sup |©(a)|| = [lall|;
ecrl’ ocrl’ ocr’

2
lla*all = sup [|8(a*a)l| = sup [©(a)*©(a)]| = sup [O(a)] = <sup u@<a>u) = JlalI?.
[CISN [CISN [CISN ocl’

Therefore, ||-|| is a C*-seminorm. O

By Proposition 2.59, the map |||-||, as in (2.13), is a C*-seminorm for and Ap and then we may
conclude by the proposition 2.17 that N := {a € Ap : ||al| = 0} is two-sided self-adjoint ideal.
Furthermore, Theorem 2.18 ensures that Ap/N is a normed *-algebra for the C*-norm

la+ NI =llall, a€cAp. (2.14)

And by Proposition 2.19, the norm completion (Ap/N)I'l is a C*-algebra and it is our central
definition of this chapter.

Definition 2.60 (Universal C*-algebra). Let D be a generator set and Z be a family of relations
on Ap, such that the pair (D, ) is admissible. The universal C*-algebra generated by the set D
satifying the relations % is the C*-algebra (Ap/N)I'I, where || - || is the norm in (2.14), and we
denote it by C*(D, Z).

Remark 2.61. Observe that Ap/N is dense on C*(D,Z) by construction. This fact will be used
further when we present examples of universal C*-algebras and specially when we study the Cuntz-
Krieger algebras and their generalizations, the Ezxel-Laca algebras.

Universal C*-algebras generated by sets and relations have two main aspects. The first one is that
their generators in fact satisfy the relations that their free algebra is imposed to obey. The second
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one is the universal property, which consists in the existence of a unique *-homomorphism between
the universal algebra and any other C*-algebra that admits a representation for the generating
pair. The next proposition proves the first aspect and, after we present some important examples,
we prove the universal property. From now on, given a universal C*-algebra C*(D,Z), we set
U: Ap — C*(D,Z) as being the canonical projection map.

Proposition 2.62. Let (D, %) be an admissible pair. Then the elements ¥(a), a € Ap, including
the elements of Ap when Z ¢ Ap xR, satisfy the respective relations in % which they are imposed
to obey before applying V. That is, if (a,t) € XZ, then

[W(a)]| <t
Proof. Given (a,t) € #, then

[(a)|| = [lall = sup [|©(a)|| < supt =1t.
SIS SIS

Example 17. We present next some well-known examples of universal C*-algebras.

(a) Let A a C*-algebra. Take D = A and X as the set of the identities from the azioms of
Cx-algebras, for instance, ((ab)* —b*a*,0) for every a.b € A. Then C*(A, %) ~ A.

(b) Set D = {z} and Z = {(x—z*,0), (z,1), (1—22,1)}. Then C*(D,Z) ~ Co((0,1]). In fact, Ap
is generated by only one element and then it is abelian. Consequently Ap/N is also abelian,
and so it is C*(D,Z). We indentify its spectrum Q[C*(D,Z)]. For every ¢ € Q[C*(D,Z%)],
since this C*-algebra is generated by only one element, ¢ is completely determined simply by
evaluating p(V(x)), because its extension to the whole C*-algebra is unique. In other words,
the elements of Q[C*(D,Z)] are determined by the equation

ox(T(x)) =N, @) €QC*D,Z)], NeC.

Now we determine the possible values for X by using Proposition 2.62. The relation (x —x*,0)
gives B
A= oa(¥(z)) = eA(¥(27)) = pa(¥(z)") = A,

and then A € R. Now, since every x-homomorphism from a Banach *x-algebra to a C*-algebra
is norm decreasing, the relation (x,1) gives

Al = lea(¥ (@) < [¥(2)]| < 1.

On the other hand, by Corollary 2.41 and (1 — 2%,1) we have that ¥(z) > 0 and then X\ > 0,
since py € o(¥(x))U{0} (see Theorem 1.3.4 of [Mur90]). Then, A € [0, 1]. However, for A =0
we necessarily have ©o(C*(D,Z)) = {0}, and therefore g is not a character. We obtained a
bijection between Q[C*(D,Z)] and (0, 1], defined by the map

©x > . (2.15)

Let (px,)n be a sequence on Q[C*(D,Z)] and an element ¢y € Q[C*(D,Z)]. We have that
©x, — o (weak topology) if and only if vy, (¥(x)) — @ea(¥(z)), which is equivalent to
the convergence A\, — X and therefore, the map (2.15) is a homeomorphism. By the Gelfand
representation Theorem (Corollary 2.39) we have that C*(D, %) ~ Cy((0, 1]).

(¢) Let D = {x,1} and Z = {(z —z*,0), (x,1), (1 — 22, 1), (1 —1*,0), (1 —12,0), (1z — z,0), (x1 —
z,0)}. Then C*(D,Z) ~ C([0,1]) by similar proof as done in the previous item.
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(d) Consider D = {x;; : 1 <1i,j <n} and Z = {(zi; — 23;,0), (Tijrre — djkwir,0) 1 1 < i, j, k, £ <
n}, where 0;; is the Kronecker delta. Then, C*(D, %) ~ M, (C). Indeed, the x-homomorphism
©: C*(D,Z) — M,(C) maps each generator x;; to its respective matriz unit U;;, which is the
matriz that assigns 1 to the entry on the i-th row at the j-column and zero at the remaining
ones, is surjective since U = {Us;; : 1 < 0,5 < n} is a basis for M,(C). We prove that © is
a injective as well. We observe that the generator set is algebraically closed under involutions
and products, and then any element x € C*(D,Z) is in the form

n

= Nee¥(we),

k=1 (=1

where A\ € C for every k and . Now, suppose that ©(x) = 0. Then,

0=> "> MeUn,

k=1 =1
and since U is a basis, we have that \gg = 0 for all k and ¢ and then x = 0. Therefore, © is
injective.
The next result presents and proves the universal property, one of the main properties that

characterizes universal C*-algebras.

Theorem 2.63 (Universal property). Let (D, %) be an admissible pair, B be a C*-algebra and
©p : D — B be a representation of (D, %) on B. Then, there ezists a unique *-homomorphism
T :C*(D,%Z) — B such that T(V(d)) = O(d) for every d € D, that is, the diagram

D% . p
T
w
C*(D, %)

commutes.

Proof. Let Yo : Ap/N — B be the mapping given by
YTo(a+ N) :=0O(a),

where © is the unique *-homomorphism that extends ©¢ to Ap, as granted by Proposition 2.54.
We claim that T is well-defined, since if for given a,b € Ap satisfying a + N = b+ N, we have
a—b+ N =04+ N and then

0=lla—0b+ N = gléIF)HE(a— b)|| = [|©(a = b)|| = 0,

and hence ©(a) = O(b), that is, Yo(a+N) = To(b+N), and the claim is proved. It is straightforward
that © is a *-homomorphism between Ap and B, and consequently Tq is a s-homomorphism
between Ap/N and B. Besides that, Y is norm-decreasing. Indeed, for every a € Ap/N we have

ITola+N)| = [[6(a)]| < sup [[O(a)l] = [la+N| = fla + N].
0

By density, Yy is extended to C*(D, %) to a norm-decreasing x-homomorphism Y : C*(D, %) — B.
Now we prove that the diagram of the statement of this theorem in fact commutes. Let d € D. We
have

T(¥(d)) = T(d+ N) = 6(d) = B(d),
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and we conclude that T o W = O, and therefore the diagram of the statement commutes. Now,
for the uniqueness, suppose that there exists a *-homomorphism ¢ : C*(D,#) — B such that
O(U(d)) = Og(d) for every d € D. Then, ®(¥(d)) = Og(d) = T(¥(d)) for every d € D, and since
D generates C*(D,#) we conclude that & = T. O

The next result shows the uniqueness of the universal C*-algebra.

Theorem 2.64 (Uniquenes of the Universal C*-algebra). Let B be a C*-algebra and 7 : D — B be
a representation for the admissible pair (D, ). If for every representation, ® : D — C, of (D, %)
on any C*-algebra C' there exists a unique x-homomorphism p : B — C' satisfying ® = pow, that
is, the diagram

%C

Proof. Given a C*-algebra C|, the Theorem 2.63 and the hypothesis gives that the following diagram
commutes

«—0C

Sy

commutes, then B ~ C*(D,%).
B

/112 \
B T
\

T3
D il Cc*(D, %)
Ty
)

=

C*(D, %

where Yy : C*(D, %) — C*(D, %), Yo: B— B, Y3:C*(D,%Z) — B and T4 : B — C*(D,Z) are
the unique *-homomorphisms satisfying respectively T1 o0 ¥; = Uy, Too Wy = Wy, T30 ¥ = Uy
and T4 o ¥p = ¥;. Immediately we obtain Ty = Idc«(p 4) and T2 = Idp. Moreover, we have that
Y30Ys:B— Band Y40 Y3:C*(D,Z) — C*(D, %) are *-homomorphisms satisfying

(T30T4)O\I’2 = (TgOIdC*(D’%) OT4)O\I/2 = \I’Q and (T4OT3)O\I’1 = (T4OIdB OTg)O‘l’l = \111,
By the uniqueness of Y1 and Yo, we conclude that
Tg o T4 = IdB and T4 ©) Tg = IdC*(D,,@)

and therefore B ~ C*(D,%). O

2.3 KMS states

As the last topic of this chapter, we introduce the notion of Kubo-Martin-Schwinger (KMS)
state [Kub57, MS59|. This section is based mostly on O. Bratelli’s books [BR87, BR96|. Before we
start with the Mathematical Background in its generality, we briefly present a heuristic motivation
from Physics on this subject.

Consider a physical system with n possible configurations and let {E1, ..., E,,} be the possible
distinct energies for each configuration. Also set p = {p1,...,pn} as the respective probabilities
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associated to each state. The expected energy is given by

n

E(p) = ijEj.

j=1

If we simply consider as a physical principle only the minimal expected energy, the weight choice
which minimizes the energy would be 1 for the smallest F; and zero for the rest. However, only
with that principle, the system gets too much rigid, being a deterministic system. In order to deal
non-deterministic systems we must consider the ‘lack of information’ of the system and such value
is determined by the Shannon’s information entropy, given by

n
=— ij Inp;.
j=1

The principle of maximum entropy states that the probability distribution which best represents
the physical system is the one which maximizes S. In order to conceal at same time the minimum
energy and the maximum entropy one may consider the minimization of the quantity

F(p) = E(p) — TS(p),

where T is usually seen as the temperature times the Boltzmann constant. F is said to be the free
energy. In order minimizate it, we recall that g(p) := Z;‘:l p; is the constant function equals to
1, since it is a probability. We shall minimize F' by using the Lagrange multipliers’ method. The
minimum is obtained where VF' is parallel to Vg, with the constraint g(p) — 1 = 0. We have that

OF dg

— =)=,

apj 8pj
Notice that

OF 9 [«
a—p] a(ZpkEk"‘TZPklnpk) =FE;+T(Inp; +1).

Considering the contraint ij =1, we obtain
Ej +T1npj +T = )\.

By taking 5 = % we hae
AN—T—E;

T :C—ﬁE]’,

Inp; =

=T

27—, and so

where ¢ =
pj = ‘e PEi,

The condition g = 1 gives

n

1
€Y e Phr=1 = e,
; Doy e

and the final distribution obtained is given by
e PEj

Pi= =5
D ey € Pk

The probability distribution above is the so-called Gibbs state. Roughly speaking, the idea of
quantization consists in to see the observables of the physical system as a non-commutative algebra.
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In our example of n states we may take M, (C) and set

Ey 0 - 0 0 - 0 ag 0 -~ 0

0 Ey --- 0 0 py - 0 0 ay --- 0
E= . . ) . ; P = . . i . 5 a = . . ) . ;

0o 0 --- E, 0 0 - p, 0 0 - a,

where a is a physical observable. Note that
E(p) = tr(EP),
which motivates to consider a linear functional w s.t.
w(a) = tr(aP)
for physical observables as a. Observe that w(1) =1 and

w(a*a) = tr(a*aP) = tr(a*aP?P?) = tr(P2a*aP/?)
= tr((PY?)*a*aP/?) = tr((aP"/?)*aP"?) > 0.

The condition above suggests some positivity condition. Also,

e_ﬂE

B tr(e—PE)

and Z(B) := tr(e”PF) is the partition function. In this algebra, one can introduce some dynamics,
since the Quantum Mechanics operators have a time evolution. In this case, it is the Heisenberg
dynamics (see chapter 2 of [Sak17| for further details), which is a 1-parameter group of automor-
phisms {6; };cr where the parameter is the time and it is described as follows: given a € M, (C) we

set ' '
0;(a) = e Fae E, (2.16)

Through some analyticity conditions we may extend the parameter for the entire plane C. Also, the
Gibbs state w satisfies the condition

w(ba) = w(ab;z(h)), a,be My(C), (2.17)

the so-called the Kubo-Martin-Schwinger condition. In 1967, R. Haag, N. M. Hugenholtz and M.
Winnink proposed the KMS condition as a criterion for equilibrium states for the quantum setting
in Statistical Mechanics in the paper [HHWG67].

In this section, given a normed vector space X, we denote the dual space of X by X'. Also,
o(X, X') denotes the weak topology on X. A function f: R — X is said to be (X, X')-continuous
when

nof:R—==C
is continuous for every n € X',
Definition 2.65. A state on a C*-algebra A is a positive linear functional w : A — C s.t. [|w|| = 1.

Our objective now is to define dynamical systems on a C*-algebra, and the notion of one-
parameter group of automorphisms is crucial for it.

Definition 2.66. Given a C*-algebra A, an one-parameter group of x-automorphisms is a family
7 = {7t }1er where

(1) ¢ is a *-automorphism on A for every t € R;

(19) Tiys = Te 0 Ts for every t,s € R;
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(1it) 0 = id.

A C*-dynamical system is a pair (A, T) consisting in a C*-algebra A and an one-parameter group
of x-automorphisms T = {7 }1cr which is strongly continuous, that is, the mapping

R — A,
t— 1(a), (2.18)

is norm continuous for every a € A. In this case, T is said to be the dynamics on A.

Remark 2.67. [t is sufficient to define the dynamics 7 on a dense x-subalgebra, since in this case
it admits a unique extension to a dynamics on the whole C*-algebra. For a proof for this fact, see
Lemma 5.1.12 of [Lim19].

Example 18. The Heisenberg dynamics 0 = {0, }1er, defined in (2.16), is a strongly continuous
one-parameter group of x-automorphisms, and then (M, (C),0) is a C*-dynamical system.

In particular every x-automorphism on a C*-algebra is an isometry and then ||7|| = 1 for every
t € R. Moreover, by Theorem 3.10 of [Brell], the norm continuity (2.18) in Definition 2.66, also
called strong continuity, is equivalent to the (X, X’)-continuity for the same map. Therefore, for
every (A, 7) C*-dynamical system, 7 is an one-parameter o(A, A’)-continuous group of isometries,
as in Definition 2.5.17 of [BR&7].

In other words, for every C*-dynamical system (A, 7), the mapping

R — C,
t — nomra),

is continuous for every a € A and every n € A’. We shall see further in this section that there are

special elements in A such that the map above can be extended analytically for some strip of C, in

particular, some of them can be extended in the whole C. Furthermore they are dense in A. These

elements, called analytic elements, shall be used to define KMS states and they will be defined next.
For the definition below, given A\ € (0, cc], we define the set

Iy={z€C:|Im(z)| < A}.

Definition 2.68. Let X be a Banach space and T be an one-parameter o(X, X')-continuous group
of isometries. We say an element a € X is analytic for T when there exists X\ > 0 and a function
f I — X, where the following holds

(a) f(t) =m(a) for every t € R;
(b) the function no f is analytic on I for everyn € X'.

In this setting, we write
m(a) = f(z), z€lx

When X\ = oo, the element a is said to be entire analytic for 7. Under this setting, we denote by
X, the set of entire analytic elements.

Remark 2.69. Observe that X; is a vector space. In fact, given a1 and ag entire analytic elements
and a € C, let fi and fo be the corresponding functions as in Definition 2.68 which witness the
entire analyticity of a1 and ag respectively. For every t € R we have that

fl(t) + afg(t) = Tt(al) + aTt(ag) = Tt(a1 + aag). (2.19)

Moreover, no (fi1 + afe) is analytic for every n € X'. Therefore a1 + aay is entire analytic.
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Further we shall see, when X = A and 7 is a dynamics in the definition above, that A, is a
dense x-subalgebra of A.
The next result is Proposition 2.5.18 of [BR87|.

Proposition 2.70. Let X be a Banach space and {7 }1cr be an one-parameter o(X, X')-continuous
group of isometries, and let p be a Borel measure of bounded variation on R. It follows that for each
a € X there exists b € X such that

mwz/ﬁmm»mw

for anyn e X'.

Next we present a result on existence and density of the entire analytic elements in a Banach
space X: Proposition 2.5.22 of [BR87]. For a more detailed proof, see [Lim19].

Proposition 2.71. If 7 is a one-parameter o(X, X')-continuous group of isometries, and a € X,

define for n € N,
n [ o
ap = \/;/_OO Ti(a)e P at.

For each n, ay, is an entire analytic element for T and ||a,|| < ||a| and lim,, a,, = a on the o(X, X")
topology. In particular, X., is a o(X, X")-dense subspace of X.

Remark 2.72. Proposition 2.70 is crucial for the proposition above, since it grants that

is well-defined for every z € C. Observe that, for s € R we have f,(s) = 7s(ay), for every n € N.

As a consequence of Proposition 2.71 we have Corollary 2.5.22 of [BR87]|, and this one is pre-
sented next.

Corollary 2.73. Let X be a Banach space and consider T an one-parameter o(X, X')-continuous
group of isometries. Then, the map

t— 7
1s strongly continuous, i.e., the mapping

R—X
t— 1(a),

1s norm continuous for every a € X, and X contains a norm-dense set of entire analytic elements.

Remark 2.74. Given X a Banach space and 7 a one-parameter o(X, X')-continuous group of
isometries, for X > 0, the element a € X 4s said to be strongly analytic on Iy if there exists
[ Ix — X satisfying (a) in Definition 2.68 and such that the limit

I ICERORIC)
h—0 h

exists for every z € I. It is true that a € X is analytic if and only if it is strongly analytic.

Lemma 2.75. Given X a Banach space and T a one-parameter o(X, X')-continuous group of
isometries, let a € X,. For every w € C, we have 1(a) € X,. Also, for every z € C it follows that

Torw(a) = 7 0 Ty (a).
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Proof. Since a € X, there exists a function f : C — X satisfying
o f(t) = 1(a) for every t € R;
e 7o f is entire analytic for every n € X'.

Now, observe that for s € R and n € X’, the function 5o fs, where fs: C — X is defined by

fs(w) = f(s +w),

is entire analytic. Let g : C — X be a complex function given by g(w) = 75 o 7,(a). It is straight-
forward to notice that n o g is entire analytic for every n € X’ because

nog(w) =mnotsomy(a)=(nots)o f(z),

for every w € C, no7s € X’ and a € X,. Moreover, for each t € R, we have

nog(t) =notsom(a) =mnots(a) =mno f(t+s)=mno fst).

Then by the Uniqueness Theorem for Analytic Functions (Theorem 6.9 of [BN10]|) we necessarily
have that no g = no fs. Since 7 is arbitrary and X'’ separates poins in X, we have that g and f;
coincide. Consequently,

Ts 0 Ty(a) = Tspy(a), w e C. (2.20)

Now we fix w € C and assume s is a real variable. Define f,, : C — X by fu(z) = f(w + 2).
Since a is entire analytic, the function no f,, is entire analytic for every n € X*. By equation (2.20),
we have for all t € R the equality

fu(t) = f(w+1) = Tipw(a) = 7 0 Tw(a).

We conclude that 7, (a) is entire analytic and

Tz O Tw(a) = fw(z) = f(w + Z) = TZ+w(a)'
O

Definition 2.76. Let (A, 7) be a C*-dynamical system. A set B C A is said to be T-invariant if
7(B) C B for every t € R.

Lemma 2.77. Given a C*-dynamical system (A, T), the set A is a x-subalgebra of A and it is
T-invariant.

Proof. Remark 2.69 gives that A, is a vector space, and Lemma 2.75 grants that A, is 7-invariant,
80 it remains to prove that the product and the involution are algebraically closed in A;.

Let a,b € A, and f1, fo : C — A complex functions which witness that ¢ and b are entire
analytic respectively, that is,

fit) =7(a) and fo(t) =1(b), tER,

and for every n € A’, no f1 and no fi are analytic on C. It is straightforward that for the function
f = fif2 holds that 5o f is analytic for every n € X’ and that

f@t) = fi(t) f2(t) = 7(a)1e(b) = 1¢(ab), tER,
and then ab is entire analytic. Now, let f{" given by f{(z) = fi1(2)* for every z € C. It follows that

@) = A0#)" =n(a)* =7(a*), teR.
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For n € A’ consider 17 € A’ given by 7j(c) = n(c*) for every ¢ € A. It is straightforward to observe
that

no fi(z) =m0 fi(2).
We claim that the map
Z 770 f1 (E)

is analytic. Indeed, we have that

o TohGER) - TORG) _
h—0 h a

o 12 H1E ) ~i70 F1(2)
h—0 E ’

By the RHS of the equation above, the limit exists beacuse 77 o fi is analytic. By Remark 2.74, we
conclude that no f{ is analytic, then a* € A,. O

Definition 2.78 (KMS states). For a given (A,7) C*-dynamical system and B € R, a state w on
A is said to be a T-KMSg-state when

w(atig(b)) = w(ba)
for every a,b in a norm-dense x-subalgebra Ag of T-invariant entire analytic elements.

We simply say w is a KMSg-state, that is, we omit 7, when this one is understood. In this case,
for B fixed, we simply say w is a KMS state.

Remark 2.79. In particular, every w KMSy-state, that is, for B =0, we have
w(ab) = w(ba), (2.21)

for every a,b € Ag. The state w is continuous due to Theorem 2.49, and then (2.21) holds for every
a,be A. In this case, w is said to be a tracial state.
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Chapter 3

Groupoids and Groupoid C*-algebras

The main objective of this chaper is to provide an introduction to the theory of groupoid C*-
algebras. Our main obejective is to present the definitions of full and reduced groupoid C*-algebras.
Further, when we present the Cuntz-Krieger and Exel-Laca algebras, we will use the groupoid
approach on these algebras, which in these particular cases the groupoid used is the Renault-
Deaconu groupoid, and the Markov shifts spaces play a crucial role when we define such structures.
This chapter is based on the J. Renault’s book [Ren80], the lecture notes of I. Putnam and A. Sims
[Putl6, Sim17], and the master theses of R. Frausino and R. Lima [Fral8, Lim19]. .

3.1 Groupoids, Topological Groupoids and Etalicity

We can understand a groupoid as a generalization of the concept of group, in the sense that
there there is defined a product and there is a identity and inverses, however the product is not
defined for every pair and in general the identity is not unique, since its product is not defined for
every element. Moreover, the product of an element by its inverse can result in different identities,
depending on which order the product is realized.

Definition 3.1 (Groupoids). A groupoid consists in a 4-tuple (G,G?),.,71), where G is a set,
G@ C G x G is named set of the composable parts, - : G — G is the product (or composition)
operation, and ~' : G — G, satisfying the following conditions:

(G1) (g1t =g, for every g € G;

(G2) if (g91,92),(92.93) € G, then (g192.93), (g1,9293) € GP, and in this case (gi1g2)gs =
91(9293) = 919293;

(G3) (9,97 ") € G for all g € G, and given (g1, g2) € GP it is true that
(91'91)92 = 91 ' (9192) = g2 and  g1(g2g5") = (9192)95 ' = g1

Unless we say the opposite, we always refer to a groupoid (G, G@ .-t ) by its set G.

As we commented before, the groupoid can be seen as a generalization of the concept of group,
and the definition above presents some properties which are similar to a group, namely the existence
of inverse elements and an associative product. However, it remains to present the units of the
groupoid. We define the unit space of a groupoid G as being the set

GO .={glg:geG} CG.

Note that GO = {gg~' : g € G} because g~'g = hh~! by taking h = g~!. Also we define two
surjective maps

r:G—=GO and s:G— GO,

65
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defined by

1

r(g) :=gg~ " and s(g):=g'g,

and named ranged and source maps, respectively. The next lemma shows that the elements of the
unit space can be interpreted as a generalization of the group notion of identity.

Lemma 3.2. Given a groupoid G and g € G we have that

(i) (r(9),9).(g.5(9)) € GP;

(i) r(g)g = gs(g) = g

(i) T( ') = s(9);

(iv) g~ is the unique element satisfying simultaneously (g,g~") € G® and gg=' = r(g);
(v) g~' is the unique element satisfying simultaneously (9=, g) € G and g~'g = s(g).

Proof. (i): by (G3) we have that (g,¢g7!), (g7, g) € G, where we used (G1) for the pair (g7, g).
By (G2) we have (997", 9), (9,97 '¢g) € G®), that is, (r(g),9), (9, 5(¢)) € G

(ii): by (i) and (G3) for g = g1 = g we have 7“( )9 =gs(9) =99 '9=g.

(iii): by (G1) we have that r(g7!) =g (g7 ) "t =g71g = s(9).

(iv): let (g,h) € G@ such that gh = r(g) = gg~'. By (G3) we have that (¢~',g) € G® and
by (G2) it follows that (¢~ 'g,h) € G, and by (G3), (i) and (iii) we get h = g 'gh = g~ 'r(g) =

(1) — 1

9 slg) =9

(v): similar steps as in (iv). O
Proposition 3.3 (Cancellation laws). Given a groupoid G, the following properties hold:

e if (91,h), (g2,h) € G@ such that g1h = goh, then g1 = go;

o if (h,g1), (h,g2) € GP such that hg, = hgs, then g1 = gs.

Proof. We prove the first one, since the second one is proved by similar steps. By (G3) we have
that (h,h~') € G®, g1 = g1hh~" and g = gohh~!, and by (G2) we get these products are in fact
well defined and they are associative, then

g1 = (gih)h ™" = (g2h)h™" = ga.
0

The next result, among other consequences, it gives us another characterization of the unit
space, in terms of terms of the range and source maps.

Proposition 3.4. Let G be a groupoid. The following holds:

Proof. (a): if s(g) = r(h), then g~'g = hh~!. By Lemma 3.2 (i) we have that

(9,5(9)) = (9.9 "g) = (9. hh™ ") € G

and
(r(h),h) = (hh™', h) € G®.
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Hence, by (G2) and (G3), it holds that (g,hh~'h) = (g,h) € G@). Conversely, let (g,h) € G2,
By (G1) and (G3) we have that (¢-',g) € G and then (G2) implies that (¢~*,gh) € G®.
Again by (G3), we obtain s(g)h = g~ 'gh = h = r(h)h. By Proposition 3.3, we conclude that
s(9) =g g =r(h).

(b): by (G1) and (G3) we have that (g,97 1), (¢, g) € G®. Combining this result with (g, k) €
G we obtain by (G2) the following:

(97159)7 (97h) S G(Q) — (gilagh) c (;’(2)7
(9:97"), (97" gh) € G® = (997", gh) = (r(9), gh) € G;

and Lemma 3.2 (ii) gives r(g)gh = (r(g9)g)h = gh = r(gh)gh, and Proposition 3.3 let us obtain
r(g) = r(gh). The remaining identity is proved with similar steps.
(c): let (g,h) € G@). We have that

s P r(n) = s(g) L r(g™) = (g G, (3.1
where in (o) we used the lemma 3.2 (4i7). Also,

stoh) L sy Er(n ) = (gh.h!) €GP, (3.2)
where in (1) we used the last item. The axiom (G2) and the relations (3.1) and (3.2) together imply
(gh,h~tg™1), (ghh~,g~') € G? and then

(gh)(h'g™") = (ghh™N)g" "= g9~ ! =r(g) = r(gh),

that is, (gh)(h~'g~!) = r(gh). This fact, together with (gh, h~'g~!) € G®, implies by the unique-
ness in Lemma 3.2 (iv) that (gh)~! = h~1g~L
(d): given = € G, we have z = g~'g for some g € G. By (b), we get

ri@)=r(g lg)=r(g ) =s(9) =g 'g=u1,

and
s(x) =s(g"g)=s(9g) =g g=u
O

The proposition above leads to a more graphical idea about what is a groupoid: a groupoid
G is a set of arrows from G to itself, such that each arrow comes from its source to its range.
The set G@ represents the pair of arrows (i.e. orientend paths) that can be connected, that is, for
(g,h) € G®@, since the source of ¢ coincide with the range of h we are able to define a resultant
arrow connecting s(h) to r(g) as an definitive path between these points of G(9). Even the elements
of GO are also arrows from elements of G(¥) to themselves, and in this particular case these arrows
are cyclic, since r(z) = x = s(z) as presented in Proposition 3.4. The figure 3.1 illustrates such
picturesque descricption presented in this paragraph.

Now we present some examples of groupoids. As we mentioned previously, a groupoid is a
generalization of the notion of group, and therefore groups are groupoids.

Example 19 (Groups). Consider a group G and its unit e. By setting G0 := {e} and G® = G x@G,
there is a unique way to define the range and source maps, namely r(g) := e =: s(g). The groupoid
axioms in this case follows directly from the group axioms. The figure 3.2 illustrates the group by
the arrow approach of the groupoid structure.

A groupoid that in general is not a group is the one that arises from equivalence relations on a
set. In particular, the Renault-Deaconu groupoid, which we will present later, is the most important
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Figure 3.1: A groupoid seen as a set of arrows from G©) to itself. In I we se two non-composable elements
g and h of the groupoid. In IT we see an element of G\°) represented as an arrow, however it is important to
understand the case illustrated here is a particular case, since in general there are elements on the groupoid
that the range coincides with the source that do not belong to G©) (see Example 19). The picture 111
represents the groupoid product of two elements go and g1, and in IV there is a representation of the inverse
operation of an element hy.

groupoid of this thesis and it comes from an equivalence relation. For now, we present the general
setting for an arbitrary equivalence relation.

Example 20 (Groupoids from equivalence relations). Let X be a set and consider an equivalence
relation ~ on it. Define

Gi={@y) e XxX:znyl and G2 :={((2,9),(y.2) : 2z ~y.y~ 2},

with the product and inversion given respectively by

(fL’,y) ’ (y,Z) = (.I',Z) and (wvy)il = (va)

The reflexivity and transitivity azioms of equivalence relation we have that the product is well-defined.
On the other hand, the asymmetry axiom makes the inverse map well-defined as well. Therefore G
s a groupoid. Consequently, we have

GO = {(z,2): z € X},
with the range and source maps being chosen' as r(x,y) = (z,7) and s(z,y) = (y,y).
A more concrete example is shown next.

Example 21 (groupoid from the general linear groups). Take G = | |, .y GLn(C) where G L, (C)
is the general linear group of degree n, that is, the set of all invertible complex n X n maitrices.
In this case, G@ = Ll,en GLn(C) x GL,(C), that is, G@ s the set of pairs of matrices of same

! Alternatively, we may exchange the definitions of r and s.
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Figure 3.2: A group seen as a groupoid and represented by arrows. The unit e is the unique element of G(©)
and the elements g1, go and g3 are elements of the group.

g1 g2

gs3

dimension. The product an inverse maps are the usual ones for matrices. Also, GO is the set of all
usual indentity matrices.

The example above can be extended for GG being a disjoint union of groups, where the composable
parts are the pairs of elements in a same group. The groupoid product is the usual group operations
on each group, and the set of units consists in all group indentities.

From now on, for any groupoid G' we use the notations r~!(x) := r~!({z}) and s~ !(z) :=
s~1({x}) for every x € G, We introduce next some special subsets on a groupoid, such as fibers
related to the range and source maps and isotropy groups.

Definition 3.5 (r/s-fibers). Let G be a groupoid and xz,y € GO, Define the sets

G®:=r"Yz) and G,:=s '(x),
respectively named r-fiber of G over x and s-fiber of G over x. Also define their intersection Gy =
G*NGy=r"Yz)ns(y).

Proposition 3.6. Given a groupoid G and z € G The set G C G, endowed with the product
and inverse operations inherited from the groupoid, is a group.

Proof. First we prove that the product and inverse maps restricted to G% are well-defined. Indeed,
for every g, h € GZ the pair (g, h) is composable by Proposition 3.4 since s(g) = x = r(h). Moreover,
by the same proposition, item (b) it follows that

r(gh) =1(g) = = = s(h) = s(gh),

and then gh € G%. On the other hand, by Lemma 3.2, we have that

r(g™) =slg)=z=r(g) =s(g™"),

and hence g~! € GZ. Now, we prove that G satisfies the axioms of a group. The associativity follows
straightforward from (G2). We claim that x is the group identity. Indeed, we have that =z € GZ by
Proposition 3.4 (d). In addition, by definition of range and source maps, for every g € GZ one gets

g lg=s(9)=x=r(9) =99 " (3.3)

The group inverse element of ¢ is its groupoid inverse element g~', as it is also proved by the

identities of (3.3). O
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The last proposition allows us to define the isotropy group.

Definition 3.7 (Isotropy group). Let G be a groupoid and x € GO The group G% 1is called the
1sotropy group at x.

From this point we introduce the following notation: given z € G(©) we use subscript (respect.
superscript) = to denote elements of G, (respect. G¥), for example h, € G, (respect. h* € G*. We
use both notations for elements in the isotropy group at z, for instance, hZ € GZ.

In groups, vector spaces and algebras, we have the notion of topological groups, topological
vector spaces and topological algebras, consisting into endowing these structures which make their
operations continuous. The same can be done for groupoids and, under some assumptions on the
chosen topology, we may define a x-algebra of compactly supported continuous complex functions
on the groupoid, which essentially allows us to construct the groupoid C*-algebras.

Definition 3.8 (Topological groupoid). Given a groupoid G, we say that G is a topological groupoid
when it 1s endowed with a topology such that the inverse and product operations are continuous, where
for the last one we endowed G with the subspace topology of the product topology on G x G.

Remark 3.9. It is an immediate consequence of the definitions of topological groupoid, range and
source maps that v and s are continuous.

We define next the notion of etalicity, the main assumption to construct the groupoid C*-
algebras.

Definition 3.10 (Etalicity). A topological groupoid is said to be étale when the range and source
maps are local homeomorphisms.

Example 22. Every discrete groupoid G is étale, because the subsets {g},{r(g)} and {s(g)} are
open in G and then the maps 7|gy : {g} — {r(9)}, sl(gy : {9} — {s(9)} are homeomorphisms.

Definition 3.11. Let U be an open subset of an étale groupoid G. We say U is an open bisection of
G whenever r(U), s(U) are open in GO, and the restricted maps rly : U — r(U) and sly : U — s(U)
are homeomorphisms.

The importance of etalicity lies on the description of topological groupoids: the basis of the
topology can be described by open bisections. As we see next, not only these sets forms a topological
basis for the groupoid but also it is crucial to describe the compactly supported complex continuous
functions on the groupoid.

Proposition 3.12. On an étale groupoid G, the family of open bisections of G is an open basis for
its topology.

Proof. Given U an open set of G, we claim that every g € U is contained in an open bisection
Uy s.t. g € Uy C U. Indeed, by etalicity, » and s are local homeomorphisms and that grants the
existence of two open neighborhoods of g, R4 and Sy, satisfying that

rlr, : Ry — r(Ry) and s|g, : Sy — s(Sy)

are homeomorphisms. Since every homeomorphism is an open map we notice that r(Ry) and s(S)
are open neighborhoods of G(9), By taking the non-empty set Uy, = RgNSyNU we have that r(Uy,)
is open in r(R,) and s(U,) is open in s(S,), and hence both r(U,) and s(U,) are open in G(®) and
S0

Tlu, Uy — r(Uy) and  sly, Uy — s(Uy)

are homeomorphisms. We conclude that for every open set U it follows that

U=]Ju,

geU

that is, the family of open bisections is a basis for the topology. O
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Remark 3.13. Note that in the proposition above we proved that the open bisections are an analytic
basis for the topology on G, and then it is also a synthetic basis that generates that topology.

Proposition 3.14. Let G be an étale groupoid. For every x € GO, the subspace topology of G*
and G, are equivalent to the discrete topology. In addition, if G is second countable, then G* and
G, are countable sets.

Proof. Given g € G*, by Proposition 3.12 there is an open bisection U, containing g. We claim
that Uy N G* = {g}. In fact, for any h € U; N G* we have r(h) = z, and by the injectivity of r
on Uy we conclude that h = g, and therefore {g} is open in G¥, that is, the subspace topology on
G” is the discrete topology. Similarly, for g € G*, by exchaning r by s in the proof above, we have
Uy NGy ={g}.

Now suppose that G is second countable. Then, G* and G, are also second countable. Since
both fibers are discrete, the families of pairwise disjoint open sets {{g} : ¢ € G*} and {{g} : g € G}
are countable, and therefore both fibers are also countable. O

Proposition 3.15. For every Hausdorff étale groupoid G, the set GO endowed with the subspace
topology, is a clopen subset of G.

Proof. First we prove GO ig closed. In fact, let (zq)p be a in GO such that limgepaxg = € G.
By Proposition 3.4 (d) we get x4 = r(z4) for every d € D and by the continuity of r we obtain
— i — i — G
z = limzg = lim r(zq) =r(x) € ,
and we conclude that G(© is closed. Now we prove that G() is open as well. Indeed, take z € G(©) and

let U, C G be an open bisection that contains x. The restriction 7|y : U — r(U) is a homeomorphism
and then r(U) C G© is an open set containing z due to Proposition 3.4 (d). Then,

GO = | r),

2€G(0)

a union of open sets, and therefore that G(9) is open. O

Definition 3.16 (Isotropy bundle). Let G be a groupoid. The isotropy bundle of G is the set

Iso(G) = | J Gi={9e€G:r(g)=s(9)}
z€G0)

Remark 3.17. In the notations of the definition above, Iso(G) is a subgroupoid of G.

Lemma 3.18. If G is a locally compact Hausdorff (LCH) second-countable étale groupoid, then for
every g € G such that r(g) # s(g), there exists an open bisection U containing g separating r(g)
from s(g), in the sense that r(U) N s(U) = 0. Furthermore, Iso(G) "U = O and, in particular, its
1sotropy bundle is closed.

Proof. For the first claim, assume that there is ¢ € G\ Iso(G), that is, g € G and r(g) # s(g),
satisfying
rU)NsU) #0 (3.4)

for all open bisections where g € U. Because of Proposition 3.12, the etalicity of G states that the
open bisections forms a basis for the topology. Furthermore, since G is second-countable there is
a countable subfamily {U,}n of the open bisections, which is also a basis for G, and hence every
open neighborhood of g contains at least one U,, for some m € N. In particular, the equality (3.4)
ensures the existence of gy, h, € U, satisfying r(g,) = s(hy) for every n € N. Since every locally
compact Hausdorff second-countable space is metrizable, we conclude by we proved so far that both
sequences (gn)n and (hy, )N converge to g. Consequently, by the continuity of r and s, we obtain

r(gn) = r(g) and r(gn) = s(hn) — s(h),
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that is, 7(g) = s(g), a contradiction because g ¢ Iso(G). Therefore, for any g € G \ Iso(G) there
exists an open bisection U, containing g and satisfying r(U,) Ns(Uy) = O and then U, NIso(G) = 0.
Moreover,

G\ Iso(G) = U U,

g€G\Iso(G)

is open and therefore Iso(G) is closed. O

The next lemma is an essential auxiliary resuts that allow us to grant that involution and con-
volution product defined to construct the groupoid C*-algebreas are well-defined and they work as
a sort of closure of the groupoid operations on the family of the open bisections: its first statement
grants that the groupoid inversion operation applied on a open bisection returns another open bisec-
tion, while the second one shows that by taking the allowed products between two open bisections
we obtain another open bisection.

Lemma 3.19. Consider a LCH second countable étale groupoid G. Then,

(i) for every open bisection U C G, its image under the inverse operation, given by
u'={g"':geul,
is an open bisection;

(17) for every pair of open bisections (U,V) C G x G, their image under the product operation
restricted to the composable ordered pairs, given by

UV ={gh:geUd,heV,(g,h) € G},
s an open bisection.

Proof. For (i), we recall that the inverse map is continuous and it is its own inverse, that is, it is
bicontinuous. In particular, =1 is open. We claim that rj;—1 : U=t — r(U~!) is an homeomor-
phism. Since this map is continuous and the inverse map is bicontinuous, we just need to prove the
injectivity. In particular, the fact that the inverse map is a bijection gives that, for any g1, g2 € U1
s.t. 7(g1) = r(g2), there are hy, ho € U satistying

g1 = hl_l and g0 = h;l.
We have

s(h1) = r(g1) = r(g2) = s(h2),

and then hy = hs because U is an open bisection, and therefore gy = go, proving the claim. The
proof of this claim can be made into that for the statement that sly;—1 : U~ — s(U~!) by mutatis
mutandis, and therefore /! is an open bisection.

Before we prove (i7), we show that we can take s(U/) = r(V) w.l.o.g. In fact, i and V are open
bisections and hence the set W = s(U/) N r(V) is open. Then, the sets Uy C U and Vy C V defined
as

Uy := sl;,' (W) and Vo =r7|,' (W)

are also open bisections, since they are pre-images of an open set under continuous functions and
they are contained in open bisections, and they satisfy s(Uy) = W = (V). By construction we
have U x VN G® D Uy x Vo N GP. We assert this inclusion is actually an equality. Indeed, let
(g,h) €U x VN GP and denote = = s(g). By the equivalence 3.4 (a), one gets = = s(g) = r(h),
and then z € W. Also, g = s|;,'(z) and h = r|;1(:z:), then g € Uy and h € Vy, proving the assertion.
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Consequently, we have the following:
Uy ={gh:gel,hev,(g,h) € G ={gh:(g,h) e x VNG?}
= {gh: (g,h) € Uy x Vo N G} = Up).

We conclude that ¢ and V can be chosen satisfying s(U/) = r(V) without loss of generality.

The proof of (i) follows next. Suppose s(U) = r(V). Define the homeomorphism T : U — V),
Y(g) := 7|," 0 slu(g), and the map v : U — U x V, 1(g) := (g, Y(g)). Observe that for every g € U
it holds that

r(T(9)) = r(rly" o s(9)) = s(g),

and then (g,Y(g)) € U x VN G, that is, Y(U) C U x VN G?. On the other hand, for any
(g,h) €U x VN GP that is, g €U, h € V and s(g) = r(h) and hence

h=r]," o slul(g) = T(g),

and therefore (g,h) = (g, Y(g)) = ¥(g), i.e., Y(U) =U x VN G® and then 1 is surjective. Also,
it is injective because 7']]_,1 and sy are injective as well, therefore ¢ is a bijection. Furthermore,
this map is continuous. We prove that projection on the first coordinate 7 : U x V' N G? - u,
7(g, h) := g, which is a continuous map, is the inverse of 1. Indeed, for every g € U,

mo(g) =n(g,Y(9)) =g

At same time, for any (g, h) € U x VNG, the bijectivity of ¢ means that (g,h) = (g, T(g)) = 1 (g)
and hence

(Y om)(g,h) =v(g) = (9,Y(9)) = (g, h).

Therefore 7 is the inverse of 1, and consequently 9 is a homeomorphism. Furthermore, this implies
that U x VN G@ an open subset of U x V, because U is open.

Now let p: U x VN GP — UV be the product operation on the composable pairs of U x V. Tt
holds that

rluv o p(g, h) = r(gh) = r(g) = rlu o (g, h),
for all (g,h) € U x VN GP. In other words, it is true that
Ty op =rlyom. (3.5)

The composition of homeomorphisms is also a homeomorphism, so it is r| o7 and by, (3.5), rlyyop
is a homeomorphism as well. Consequently, p is surjective and 7|y is injective.

We state that p is also injective. Indeed, given (gi,h1),(g2,h2) € U x V N G such that
p(g1, h1) = p(g2, h2), we have the sequence of implications

(g1, h1) = plga, ha) %l o m(gr, ha) = vl 0 (g2, ha) = Tlu(gr) = rlulge),

where in (o) we used (3.5). Hence g1 = g2 because U is an open bisection, and then

r(h1) = s(g1) = s(g2) = r(h2)

by the hypothesis (g1, k1), (g2, ho) € U x VNG, However, V is an open bisection and consequently
hi = hg. Therefore (g1,h1) = (g2, h2), i.e., p is injective and then it is a continuous bijection, as
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well it is 7[;»?, and the composition 7|y o p is a homeomorphism. It follows that both functions
are homeomorphisms. The proof that s|;y follows analogously.

Summarizing, we showed that UV is an open set s.t. r|yy and s|yy are homeomorphisms and
therefore it is an open bisection. O

3.2 Groupoid C*-algebras: the full groupoid C*-algebra

In the previous section, we presented and studied groupoids and some important topological
features we can introduce on their structure. We also mentioned that the groupoid C*-algebras are
constructed from a x-algebra of compactly supported continuous complex functions on the respective
groupoids. Continuity is a topological property and that justifies the necessity of introducing a
topology on a groupoid. However we may beforehand mention that x-algebra aforementioned is in
general non-commutative, and therefore the product between these functions will not be the usual
one, but it is a convolution. For instance, we will see here that the etalicity allows us, under some
conditions, to decompose those continuous functions on sums of functions of same properties but
with support contained in open bisections.

This section is based on the works [Fral8, Lim19, Sim17].

Definition 3.20. Let G be a LCH second countable étale groupoid. Given a function f: G — C,
the support of f is the set

supp f :={g € G : f(g) # 0}.

We say that f is compactly supported or it has a compact support when supp f is compact. In
addition, we define the set

C(G)={f:G— C: fis continuous and compactly supported}

of all compactly supported continuous complex functions on G.

We endow C.(G) with the usual addition and product by scalar operations, turning it into a
vector space. What we do next is to construct the convolution product and the involution, in order
to endow a *-algebra structure to C.(G).

Lemma 3.21. Let G be a LCH second countable étale groupoid. For every f € C.(G) there is a
finite family {U;}_, of open bisections and a finite family {fi}7—, of functions in C.(G), where
supp fi; C U; satisfying

r=3"1 (3.6)
=1

Furthermore, if [ is non-negative, then we can choose each f; as non-negative.

Proof. Given f € C.(G) with K = supp f. By Proposition 3.12 the open bisections form a basis
and then there exists an open cover of K by open bisections. Since K is compact, that cover a
subcover {U;}7 ; of open bisections. Now, define U, := G\ K, which is open because K is closed
due to the Hausdorff property, and hence {Z/li}gfll is an open cover of G. Let {P@'}?:ll be a partition
of the unit subordinate to {¢/;}7%. We get

n+1

F=) IP=) IP:
i=1 =1

where the second equality holds because fP,41 = 0, since supp f C U, | and supp Pry1 € Up1.
For each ¢ = 1,...,n, the function f; := fP; is continuous and supp f; C U;. Therefore the family
of functions { f;}"; is supported on open bisections and it satisfies (3.6). Moreover, since every P
assumes values in [0, 1], if f is non-negative then each f; is non-negative as well. O

r|uy is surjective by construction.
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Remark 3.22. [t is straightforward to notice that in Lemma 3.21 we have f; € C.(U;) for each i.
For any open bisection U, C.(U) is a vector subspace of C.(G).

Lemma 3.23. Let G be a LCH second countable étale groupoid.
(1) Let U be an open bisection and f € C.(U). Define the complex function f* on G by
f(9):=fg7).
Then f* € Co(U™1) and hence f* € Co(G).

(13) For any two open bisections Uy and Us, let f1 € Co(Uy) and fa € C.(Usz). Define the function
fi1-f2 on G by
(f1-f2)(9) = > filg1)fa(g2)

g192=9
Then f1- fa € Co(Uilhz) and hence fi - fo € Co(G).

Proof. In order to prove (i), we recall that the inverse map is a continuous because G is a topological
groupoid, and it is clear that the complex conjugation is also a continuous. Since f € C.(U), the
composition of these maps f* is continuous. We claim that supp f* = (supp f)~!. In fact,

supp f* = {9 € G+ J*(g ¢0}—{geG Fla D40} ={9€G: flg ) #0}
= (l0eG 10200 2 (GeGT@#0}) = (supp )™,

where in (e) is justified by the fact that the inverse map is continuous. Also by the continuity of
the inverse map, (supp f)~! is compact. Since supp f C U, we have supp f* = (supp f)~! C U~!
and hence f* € C.(U~!). By Lemma 3.19 (i), ! is an open bisection and therefore f* € C.(G).

Now we prove (ii). Given g ¢ Uilds, there is not a pair (g1,g2) € Uy x Us NGO s.t. g = g1go
and hence

(f1- f2)(g) = Z f1(g1) f2(g2) =0

9192=4g

implying that supp(fi- f2) C Uilhs. By Lemma 3.19 (i7), the set Uil is an open bisection and then
the maps
Ui : Z/lll/lg — Z/ll, and u2 :Z/lll/lg — UQ,

given by
up = r|&11 or, and wg:= s\&; o8,

are homeomorphisms. Now we state that for every g € Uils there exist unique elements g1 € U
and g9 € Ue where g = g1g9, that is, u1(g) = g1 and ua2(g) = g2. Indeed, for hy € Uy and hy € Us
with (hi, he) composable s.t. g = hihg, we have

r(g) = r(hih2) = r(h1) =r(g1) and s(g) = s(hiha) = s(h2) = s(g2).
However, U; and Us are open bisections and hence
hi=rlylor(g) =91 and hy = sl 0 s(g) = g,
proving the statement. We conclude that for each g € UyUs it holds that

(f1- f2)(9) = f1(u1(g)) fa(u2(g))-
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The continuity of uy, us, fi and fo, it follows that f; - fo is continuous. Moreover,

supp(f1- f2) = {g € thlha : (f1 - f2)(g) # 0} = {g € Urlha : f1(u1(g))f2(u2(g)) # 0}
= {g € Urllr : f1(u1(g)) # 0} N{g € Uhlha : f2(u2(g)) # O}
={gel: fi(g) #0}N{g € Us: fa(g) # 0} C (supp f1) N (supp f2),

hence supp(fi - f2) is a closed subset of a compact set, and then it is compact. Therefore we have
that f1 - fo € C.(Uilha), since supp(fi - f2) C Uhlha. We conclude that f1 - fo € C.(G) because Uil
is an open bisection. O

The previous lemma makes well-defined the functions f* and f; - fo for f, fi and fo complex
compactly supported functions on G with support contained in some open bisection. We extend
these results for the whole space C.(G).

Lemma 3.24. Let G be a LCH second countable étale groupoid. For every fi, fo € Co(G) we have

(fr-f)(9) == > Algfg) = > filgh™ = Y fi(k)f2(hMg).

g192=g heGy(g) heGr(9)
Moreover, the sums above are finite.

Proof. Given g1, g2 € G such that g1g2 = g. By (G3) in Definition 3.1 we have that (gf ,( ) 1y
and (g2, 95 ") belong to G?), and by (G1) in the same definition it holds that (g7, (97 ) 1

(971, g1)- Still from same definition, (G2) gives (971, g192) = (97 %, 9) (9192,95 1) = (9,95 ) € G
and we obtain the following equivalences:

N =99" <= =9 <= @=97'9g

Since (g7, 9), (9,95 ") € G@ we also get by Lemma 3.2 (iii) and Proposition 3.4 (a) that

r(g) =s(gr") =r(g) and s(g) =r(g;") = s(ga),

that is g1 € G"9) and gy € G(g)- Then, every h € G"9) we may take g; = h and then g = h™lg,
implying to
(fr-f2)9)= > fh)fa(h'g).

heGr(9)

Analogously, for each h € G, we may take go = h and then g; = gh~!, from which we obtain

(fr-f)@) = > filgh™")fa(h).

hEGs(g>

The sums above are finite for every g because both G"(9) and Gy(q) are closed? and the functions
f1 and fo are compactly supported. In fact,

{h € Gy : fi(h) #0} = Gy Nsupp f1 and {h € Gl fa(h) # 0} = Gy Nsupp fo

are intersecions closed sets with compact sets, and therefore they are compact sets. By Proposition
3.14 we have that both subspace topologies of G4 and G*19) are discrete spaces, and then both
Gy(g) Nsupp f1 and G,(4) Nsupp f2 are also discrete. Since every discrete space is compact if and
only if it is finite, they are finite sets. O

Lemma 3.25. Let G be a LCH second countable étale groupoid. Given f, f1, fa € Cc.(G) and A € C,
the following is true:

3Due to the continuity of  and s.
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(@) (fi+Afa)-f=(f1-f)+A(fa-f)and f-(fr+Af2) = (f- f1) +A(f- fa);
(b) (fi+ M) =i +Af5.

Proof. In (a) we prove the first equality only, the second one follows by similar steps. Given g € G,
we have

(LA - D)= D (A+A)00)f(g2) = D flg)flg) +X D falgr)f(g2)

9192=g g192=9g 9192=g

= (fi-N)g)+A(f2- f)(g)-

Now we prove (b). For every g € G, it holds that

(fr+A2)"(9) = (Fi+Af2)(g7") = filg™) + Malg™h) = fi(g) + Af5 ().

O

Theorem 3.26. Let G be a locally compact Hausdorff second countable étale groupoid. Given
[ f1, f2 € C(G) then [, f1 - fo € Ce(G).

Proof. By Lemma 3.21, we may write

f= Z@, fr = Z¢1 and  fo =Y ¢f,
k=1

where n,n1,ns € N, and the functions ¢;, qﬁjl and ¢? belong to C.(G) and are supported in open
bisections for every i = 1,...,n, j =1,...,m1 and k =1, ..., no. Lemma 3.25 gives that

F=> "0k and (fi-f2)(9) =D &)},
k=1 7=1 k=1

and since C.(G) is a vector space, we conclude that it is sufficient to prove that the statement of the
theorem holds for functions supported in open bisections, which is precisely the result in Lemma,
3.23. 0

The well-definition of f* and f; - f2 for arbitrary functions in C.(G) allows us to define the maps

f=f and (fi,fo)—= fi-fo

as operations in C.(G) as follows.

Definition 3.27. Let G be a locally compact Hausdorff second countable étale groupoid. We define
the involution x : C.(G) — Co(G) and convolution product, or simply convolution, - : C.(G) X
Co(GQ) = C.(G), defined by

@) =1Ffg ) and (fr-f2)9)= D filg1)fa(g2),

9192=9
for every f, fi, fo € Cy(G) and g € G.

Theorem 3.28. Let G be a locally compact Hausdorff second countable étale groupoid. The vector
space C.(G) endowed with the operations - and * is a *-algebra.

Proof. As we observed previously in this section, C.(G) is a vector space. Moreover, we also proved
in Theorem 3.26 that the involution and convolution product are well-defined. Furthermore, in
Lemma 3.25 we showed that the involution is conjugate-linear and that the convolution is linear.
We prove now the remaining axioms of x-algebra.
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e Associativity of the convolution: given f1, fo, f3 € C.(G) and g € G, we have

(fr-(f2- ) 9) = D Flg)(fo-f)(h) = DY > filgr)fa(g2) f3(gs)
grh=g gr1h=g g2g3=h
= > flg)fag)fslg) = D D filgr) f2(g2) f3(g3)
919293=9 hgs=g g192=h

=3 S Alefle) ] £ = 3 (i f) () fs(gs)

hgs=g \g192=h hgz=g

= ((f1- f2) - f3)(9)-

e Involution is its own inverse: let f € C.(G) and g € G. We have

(f)(g) = f(g=") = flg=)~") = flg).

e Distribution of the involution over the convolution: let fi, fo € C.(G) and g € G. It

holds that
(fr-f2)"9)=(h-f)e D= D, filg)fa(g)
g192=9~"1
Yo BN = Y, (e
9192=g~" 95 97" =g

By setting hy = 92_1 and hy = 91_1 one gets

Yo BlYAG) = Y B fihe) = (f5 - )9,

95 gy =g hihz=g

that is,
(fr-fo)=f3- 1.

O

The counstruction of the full groupoid C*-algebra of G emerges from the construction of the *-
algebra C.(G), and it is fulfilled by endowing C.(G) with a norm that satisfies the C* norm property,
followed by its norm completion. These will be our next steps from now. In order to construct the
aformentioned norm, we use the commutative %-subalgebra C.(G()) of C.(G).

Lemma 3.29. Given a LCH second countable étale groupoid G, the set CC(G(O)) endowed with the
ihnerited operations of Co(G) is a x-subalgebra of Co(G). Moreover, Co(G©)) is commutative, the
restriction of the convolution product this x-subalgebra coincides with the pointwise multiplication,
and the restriction of involution is given by f*(x) = f(z), f € Co(GO).

Proof. G is open due to Proposition 3.15 and hence C.(G(?) is a subspace of C.(G).

For the involution, let f € C.(G(?)). Theorem 3.28 gives that f* € C.(G). Let g € G satisfying
f*(g) # 0, that is, f(¢g~') # 0 and then ¢! € G(©). By Lemma 3.2 (ii7) and Proposition 3.4 (d),
we have

r(g)=slg™) =g =rlg") =s(9),
then (g, g) € G® due to Proposition 3.4 (7). Then we have

g=99 'g=gs(g) =99 =7r(9) =g,
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1

that is ¢ = ¢~ and therefore g € GO, Hence,

{9eG: f(9) =0} <G,

and we obtain supp f* € G(© because G is closed by Proposition 3.15. Therefore, f* € CC(G(O)),
that is, * is algebrically closed in C’C(G(O). In addition, note that we proved z € G(© implies z = z~!
and therefore f*(x) = f(z) for every f € C.(G(©).

For the convolution, let fi, fo € C.(G). Theorem 3.28 gives that f - fo € C.(G). By definition
of convolution, for every g € G satisfying (f1- f2)(g) # 0, there exists g1, g2 € G such that g = g1 g9,
fi(g1) # 0 and fo(go) # 0. Since fi, fo € C.(G?), we necessarily have g1, go € G(9). Note that by
construction (g1, g2) € G? and then s(g;) = 7(g2) due to Proposition 3.4 (a). Then,

g1 = s(g1) = r(g2) = g2

Hence,
g = 49192 = 9191 = 7“(91)91 =91,

and therefore g = g1 = go, that is,

{g€G:(fi- f2)(9) =0} €GO,

and recalling that G(©) is closed we conclude that supp(fi - fo) € GO, ie., fi - fo € C(GO).
Moreover,

(fr-f2)(9) = D filg)falg2) = fr(9) fa(9)-

9192=4g

Consequently, C.(G(?) is commutative. O

Lemma 3.30. Let G be a LCH second countable étale groupoid. The set Co(G(©)) is a union of
C*-algebras.

Proof. Given K C G compact, define €(K) as the set of all complex continuous functions
with support contained in K. We endow %' (K) with the usual vector space structure, the point-
wise multiplication and the complex conjugation as an involution. Then, ¥ (K) has the *-algebra
structure, and we also endow this space with the supremum norm, that is, || f|lc = sup,ex | f(z)],
for every f € €(K). Since every element has support on K, it is straightforward to conclude that
€(K) is a C*-algebra. By Lemma 3.29 the unit space C,(G(?)) is a s-subalgebra of C.(G(?). We
claim that
C(G) = | “(supp f).
FEC(GO)

In fact, for every f € C.(G(?), we have f € € (supp f) and hence C,(G)) C Urec,c) € (supp f).
Conversely, if f/ € UfGCC(G(()))%(supp f) then h € € (supp f) for some f € C.(G©), and then

supp(f’) C supp(f). By the compactness of supp(f), it follows that supp(f) is compact and
therefore C'C(G(O)) 2 UfeCc(G(O)) % (supp f)- =

Proposition 3.31. Let G be a locally compact Hausdorff second countable étale groupoid. For
every f € C.(G), there exists a constant Ky > 0 such that ||7(f)|| < Ky for every x-representation
7w Co(G) = B(H) of Co(G) on a Hilbert space H. In particular, if f is supported on an open
bisection, then we can take Ky = || f| co-

Proof. For any -representation m of C.(G), the restriction W’CC(Gm)) is a *-representation of C.(G(?)).

The lemma 3.30 gives that every f € C.(G®)) belongs to some € (K), K compact, and then 7
is a C*-representation of € (K) and therefore? ||7(f)|| < |If|loo-

%(K)

*Every homomorphism between C*-algebras is bounded by the norm.
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Lemma 3.21 gives that any f € C.(G) can be written as a sum of functions fi,..., f, € C.(G)
supported on the open bisections Uy, ..., Uy, respectively. By Lemma 3.23 (i), we have fix € CC(Z/lkfl),
and then the item (i) of the same lemma implies f; * -fx € C.(U~'U) for every k. Nevertheless,
UU~' = s(U) for every open bisection I. Indeed,

Z/{_lu = {gh HEVIS u_lv h € uv S(g) = T(h)} = {9;192 191,92 € U,T(gl) = T(QQ)}
={g97'g:g U} =sU),

where in the last equality we used the fact that U/ is an open bisection. Consequently, f/ fr €
Cec(s(U))) for every k and then

7 (fll* = lm(fi - fi)ll < I fix-fillos = IIFill®.
Now, by taking Ky =Y., ||fi|l and the triangle inequality, we have ||7(f)| < K. O

Proposition 3.32. Let G be a locally compact Hausdorff second countable étale groupoid and f €
C.(Q) satisfying f # 0. There exists a *-representation w of C.(G) such that 7(f) # 0.

Proof. If f # 0, there exists b’ € G satisfying f(h') # 0. Note that h’ € G, where z = s~!(h’). By
Proposition 3.14, G, is countable and then the vector space

*(Gy) == { {zg}geq, € C7 : Z |24]* < 00
9€Ga

is a Hilbert space, where the inner product is defined by
(z,w) := Z 24y
g€Gy
There exists a natural representation m, of C.(G) on B(¢*(G,)) defined by
(ﬂ-x(f/)z)g = Z f/(hl)zh2a fe Ce(G).
hi1ho=g
Equivalently, we may write

(me(fN2)g = > Flah Nan= Y ()21, (3.7)

heG,(y) heGr(9)

where in the first identity we set ho = h, hy = gh™', and in the second one we put h; = h,
ho = h™1g. It is straightforward that 7, is linear. We prove now that 7, is well-defined. By linearity
of m, and Lemma 3.21 it is sufficient to show that the representation is well-defined for functions
supported on an open bisection. So given f’ € C.(U), U open bisection, define

L:={geGy:3heG9 f(h)+£0} (3.8)

Given g € L, and h as in (3.8), we have that h € G"9) N, and since U is an open bisection, we
have that h is unique, so without ambiguity we may write h = h"9), and by the last equality of
(3.7) we obtain

(me(f)2)g = F'(B"9)2(prtary -1

for every g € G,. Moreover, g € G, \ £ implies (m;(f")z)q = 0. On the other hand, for g1,92 € £
satisfying (h"9))~1g; = (R"92))"lgy | then g = g¢o. Indeed, the hypothesis of this statement
implies s(h"91)) = s(h"92)). Since h™(91) and h"92) belong to the open bisection U, we obtain
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hr(91) = pr(92) and then g; = go. Furthermore, (h"(9))~1g € G, for every g € £ and hence the
family {(h"(9))~1 g}ger does not contain equal elements for different g’s. We have

lma(f)2l? = D |(ma(f)2)gl® = D 1(ma(F)2)gl? = D 1F (W) 20001

9eGy geL geL

<3 D Veroy-1gl® < 130 Y- Tanl® < 11501207 < oo,

geL heGy

and then 7, (f") € B(¢%(G,)), implying that the map 7, is well defined. Now we prove that 7, (f) #
0. In fact, by taking z € ¢2(G,) given by 2z = 0z.n, Where dqp is the Kronecker delta, we have

(me(H2)w = > f(Wzp-py = F(W)zp—apy = f(W)ze = f() # 0
heGrh)

It remains to prove that 7, is a x-representation. Since, 7, is linear, we just need to prove preser-
vation of * and - under .. Let f’ € C.(G) and z € £?(G,), by definitions of 7, and inner product
in /2(G,) we have

(.ma(f)2) = Y 2(ma(FD)2)y = D 29 D Fogh™Dan= ) 2z ) f'(hg ")

g€Gy g€eGy heGy geGy heGy

= Z Z f/(hgil)zg Zp = Z (Wx(fl)z)h@: (Wx(f/)z,?:).

heG: \9€Gy heGy

Therefore, 7, (f*) = (m:(f’))*. Now take f1, fo € C.(G) and z € (*(G,). We have

<7Tw(f1)(7rzc f2)z ) > Alg)m(f2)2)n =D filgr) Y falg2)zg

grh=g grh=g g293=h

Yo hlafal92)zes = Y | Do filg)fa(92) | Zes

919293=9 hgz=g \g192=h
= > (fi f2)(h)zgy = <7T:c(f1 : f2)Z>g7
hgs=g

and hence m,(f1 - fo) = mx(f1) - m2(f2). We conclude that 7, is in fact a *-representation of C.(G)
satisfying m,(f) # 0 for f # 0. O

The next result introduces the full groupoid C*-algebra, by introducing a norm on C.(G) that
consists in the supremum over all x-representations of C.(G). We show that this supremum is
well-defined and that it is an actual norm, and it makes C.(G) a dense subset.

Theorem 3.33. Let G be a locally compact Hausdorff second countable étale groupoid. There exists
a C*-algebra C*(G) containing C.(G) such that its norm satisfies the following:

If1l = sup{[[x(f)]l: 7 : Ce(G) = B(Hx) is a x-representation of Ce(G)},  f € Ce(G).
Moreover, C.(G) is dense in C*(QG).
Proof. By Proposition 3.31, we have that the set
{l|7(f)]| : 7 is a x-representation of C.(G)}

has a upper bound for every f € C.(G). Also, the trivial representation m = 0 is a *-representation
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of C.(G) and then the set above is non-empty. Hence, the map p : C.(G) — [0, 00) defined as

p(f) = sup [[7(f)],

TER

where R is the set of all #-representations of C.(G), is well defined. We prove that p is a sub-
multiplicative norm. Indeed, let A € C and f € C.(G). We have

p(Af) = sup |[T(Af)|| = Al sup [[7(f)[| = [Alp(f)-
TER TER
Now, let f1, fo € Ce(G). We obtain

p(fi + f2) = sup |[7(f1 + f2)|l < sup [[7(f)|l + sup [[7(f2)l| = p(f1) + p(f2)-
TER TER TER

and
p(f1- f2) = sup [|7(f1- fo)|| = sup [|7(fr)w(f2)|] < sup |[w(fo)|| sup [|[7(f2)l| = p(f1)p(f2).
TER TER TER TER

Let f € C.(G) satisfying f # 0. By Proposition 3.32, there exists a x-representation of C.(G) 7’
satisfying 7/'(f) # 0 and therefore p(f) > 0. We conclude so far that p is a submultiplicative norm
on C¢(G). Also, for every f € C.(G), we have

p(f*) = sup || (f*)|| = sup [|x(f)*|| = sup [|[=(f)[| = p(f)-
TER TER TER

Now we prove that p satisfies the C*-identity for the norm, that is, p(f*f) = p(f)?. Let f € C.(G),
it follows that

2
p(f*f) = sup |7(f* )|l = sup [lx(f) = (/)] = sup |=(f)|* = (Sup ||7T(f)||) = p(f)*.
TER TER

S S

The existence of C* algebra C*(G) is granted by defining it as the completion of C.(G) with respect
to the norm p. It is straightforward that C.(G) is dense on C*(G) O

Definition 3.34 (Full groupoid C*-algebra). Let G be a locally compact Hausdorff second countable
étale groupoid, the full groupoid C*-algebra of G, denoted by C*(G), is the norm completion of C.(G)
as in Theorem 3.33.

We mention here that there exists another groupoid C*-algebra, called reduced groupoid C*-
algebra, that can be seen as a C*-subalgebra of C*(G). Under a condition called amenability, the
full and reduced groupoid algebras coincide. The present thesis do not uses the notion of reduced
groupoid algebra, since the Generalized Renault-Deaconu groupoid, the unique groupoid used in
our research, is amenable under our conditions. If the reader is interested on a more deep approach
in this topic, see [Fral8, Ren80, Sim17].

The final results of this chapter are basically some topological properties of the full groupoid
C*-algebra.

Lemma 3.35. Given G a LCH second countable étale groupoid, we have that Co(G) is a C*-
subalgebra of C*(G). The norm in Co(G)) coincides with the uniform norm and C.(G)) is a
dense subset of Co(G).

Proof. This lemma is essentially Lemma 3.3.16 of [Lim19] and we omit the proof here. O

The last aim on this chapter is to prove that C*(G), under our usual assumptions for G, is
separable. In order to prove such result we use a version of the Stone-Weierstrass Theorem, and the
next definition is used to state this theorem.
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Definition 3.36 (Separating sets). Let C, D be two sets, a family F of functions from C to D is
said to be a separating set for C if for every x,y € C s.t. © # y there exists f € F s.t. f(x) # f(y).

Now we present the statement of the Stone-Weierstrass Theorem for complex valued functions.

Theorem 3.37 (Stone-Weierstrass Theorem). Consider a locally compact space X and a subalgebra
A of Co(X) satisfying the following:

(i) A is closed under the usual complex conjugation involution: if f € A, then f € A, where

f(x) = f(x), for every x € X;

(ii) A is a separating set for X;

(i) for every x € X, there exists f € A s.t. f(x) # 0.
Then A is a dense subset of Co(X).

Lemma 3.38. Let X be a LCH topological space. For every basis B, the family
B.:={B € B: B is compact}
s a basis for X.

Proof. Observe that B, C B and therefore it is a family of open sets, then topology generated by
B is contained in the topology of X. So it is sufficient to prove the inverse inclusion. Given an
open set V and x € V, since X is locally compact, there exists a compact neighborhood K, of x
contained in V. Since B is a basis, we also have that there exists B, € B such that z € B, C K,.
By the Hausdorff property, we have that every compact is closed and hence B, C K,. Therefore
B has compact closure and then B, € B.. Consequently we have

v= |J B

BEB:BCV
and therefore B, is a basis for the topology on X. O

Lemma 3.39. Given a non-empty LCH second countable topological space X, then C.(X) is sepa-
rable on the uniform norm.

Proof. If X is a singleton, then there is nothing to be proven. So assume X is not a singleton. By
Lemma 3.38, every basis of X contains a basis B, of relatively compact open sets. In particular,
since X is second countable, B. can be chosen countable. In this case, define

B? ={(U,V)e B, xB.:UNV =0}

Since B., we have that B£2) is countable as well. Also, Bg) # () because X is not a singleton. By

Urysohn’s Lemma 2.42, for each pair (U, V) € Bg), there exists a real continuous function fr7y on
X, such that

0< fuv <1, (fuyv)lv=1 and (fuv)lv=0.

For each pair (U, V) € B@, choose a function as above, and let § be the set of the chosen functions.
It is straightforward that § is countable. Now, consider the complex algebra A generated by §,
endowed with usual sum and products, and the subalgebra Ay, also generated by §, and with
scalars in Q + iQ. Observe that Ay is countable and dense in A. Observe that f € A for every
f € A, because the generators of f € A are real-valued functions. We claim that A is a separating
set for X. In fact, given x1,x9 € X, we have by Hausdorff property that there exist two disjoint
open sets Uy and Us s.t. 1 € Uy and xo € Us. By the local compactness of X, there are two
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compact sets K1 C Uy and Ko C Uy compact neighborhoods of 21 and s, respectively. Since B, is
a basis, there are By, Bs € B, satisfying

r1 € B C Ky and 9 € By C Ks.
It is clear that By N By = 0, and then (B, Bs) € B((;2). We have that

fBlyB2<x1) =1 and fBl,B2($2) =0,

and therefore A is a separating set for X. Since x1 is arbitrary, there exists a generator function f
such that f(x1) = 1. Hence, by the Stone-Weierstrass Theorem, A is dense in Cy(X). In particular
Ap is dense in C.(X). O

Corollary 3.40. Let X be a LCH second countable space. For every open subset U of X, C.(U) is
separable on the uniform norm.

Proof. C.(X) is a separable metric space by Lemma 3.39. Then the statement holds because C.(U)
can be seen as a metric subspace of C.(X) and every metric subspace of a separable metric space
is also separable. O

Proposition 3.41. If G is a LCH second countable étale groupoid, then C*(G) is separable.

Proof. Lemma 3.38 grants the existence of a countable family Z of open bisections with compact
support that covers G. Corollary 3.40 gives that C.(U) contains countable dense subset A;; with
respect to the supremum norm. Let Ag be the set of finite sums of elements in UyerAy. Observe
that Ag is countable.

Now, for given f € C.(G), there exists a family {U}}_, C Z, n € N, covering supp(f). So
consider {P}7_, a partition of unit subordinate to {Uy}}_;.

For every € > 0, there exists ¢, € Ay, s.t.

€
lloi = Piflloo < —.
n

Proposition 3.31 gives that
€
(i) — =(Pif)ll < =

for every s-representation of C.(G). Now, take ¢ = > }'_; ¢r € Ag. We obtain

> ok =Y Pufi

k=1 k=1

le—Fll =

n n €
<Y ek = Pefill =D sup Iw(pr) = m(Befi)ll <n—=e.
k=1 k=1T¢

We conclude that Ay is dense in C.(G). By density of C.(G) in C*(G), we obtain that C*(G) is
separable. m

3.3 Haar systems and quasi-invariant measures

Fixed a LCH second countable groupoid G, there is a way to create a Borel measure on G
starting from another Borel measure on G(9). This is possible when we have a family of mesures
{A\}peq©, with A" supported on G®. This construction, under some hipotheses, defines a Haar
system, which is a generalization of the concept of Haar measure, studied in Group Theory. In this
section we construct the notion of Haar system and present some of its properties. In particular,
we are interested in the case when the a priori measure on G(©) is quasi-invariant, since in this case
it is intrinsically related to the KMS states on groupoid C*-algebras.

First, we define the notion of Radon measure, that is necessary to define Haar systems.
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Definition 3.42 (Radon measures). A Borel measure p on a locally compact Hausdor[f space X
will be called a Radon measure when it is non-negative and satisfies the following

1. p(K) < oo for all compact sets K C X.

. wW(E) = Sup {u( ): K C E,K is compact} for all open sets E and all Borel sets E such that

) <

Remark 3.43. In [Coh13], Radon measures are called reqular measures and they are defined for
every o-algebra that contains the Borel o-algebra. In this thesis we work with Borel measures only.

(

2. pw(E)=if{u(V): ECV,V is open} for all Borel sets E
(E) =
(B

I

In particular, we will use the following result.

Lemma 3.44. Let X be a locally compact second countable Hausdorff space and let p be a Borel
measure on X. If p is finite on compact sets of X then p is Radon measure. Furthermore, any
Radon measure p on X satisfies:

w(E) =sup{u(K): K C E,K is compact}
for all Borel sets E.

Proof. The first statement comes from Proposition 7.2.3 and the second one comes from Proposition
7.2.6 of [Coh13]. O

Now, we define the concept of Haar system.

Definition 3.45. Consider a LCH groupoid G. A (left) Haar system is a family of Radon measures
{A\} e satisfying the following properties.

(i) For every x € G, supp \* = G¥;
(13) gwen f € C.(G), the map

e /G £(9)dX"(g)

(1ii) given f € C.(G) and h € G, we have

/fhg )drsth /f YA (g

Remark 3.46. The item (ii) in definition above is staled as it is in Definition 2.2.2 of [Pat99]. In
Definition 2.2. of [Ren80], the map
z /G f(g)dx*(g)

just need to be continuous. However, they are equivalent statements. In fact, for f € C.(G), let
K =supp f and F : GO — C be the continuous function defined by

= /G Fdx".

Since K is compact, we have that r(K) is compact as well. If x ¢ r(K), that is, {z} Nr(K) =0,
then G*NK C G*Nr—(r(K)) =0, hence G*NK = ), and then F(x) = 0. Therefore F € C.(G))

belongs to Co.(G©));



86 GROUPOIDS AND GROUPOID C*-ALGEBRAS 3.3

Remark 3.47. The notion of Haar system above generalizes the concept of Haar measure. As it
is in [Coh13], given a LCH topological group® G, we recall that G is a topological groupoid as well,
with GO = {e}. A (left) Haar measure is a non-zero Radon measure i on G such that

n(gB) = u(B),

for every g € G and every B measurable subset of G, where gB = {gb : b € B}. It is known that
a Radon measure p on a Haar measure if and only if {\.}, \°* = p, is a Haar system. A proof for
this fact can be found in [Lim19].

Accordingly to Lemma 3.15, for a Hausdorff étale groupoid G, we necessarily have that GO is
open. In this case, by Lemma 2.7 of [Ren80], if there exists the Haar system, it is unique and it
is the set of counting measures on the r-fibers. In this thesis we only work with Hausdorff étale
groupoids, then we will focus on the Haar system of these counting measures from now.

Proposition 3.48. For a LCH second countable étale groupoid G, consider the family of measures
{N}eqo, where X is the counting measure on r-fiber G*. Such family is a left Haar system.

Proof. We prove that each property of Definition 3.45 holds. By Proposition 3.14 we have that G*
closed discrete subset of G, then for every z € GO, the measure A? is well-defined for the Borel
o-algebra on G.

(i) Fix z € G Since G is closed, and by definition the counting measure A% is non-zero only
for non-empty subsets of G*, we have that supp \* = G*.

Now we prove that A\* is a Radon measure. Again by Proposition 3.14, we may take U, open
bisection satisfying U, N G* = {g}. Given K C G compact set, we have that K’ = K N G" is
compact as well and A*(K) = A\*(K'). By compactness, there are g1,...,g, € G* such that
K’ C Uy, Uy,. Since G is second countable, Proposition 3.14 gives that G* is countable and
then,

n

MN(K) = N (K') < \* (U uge) <D N (Uy) =D N (ge) =,
/=1 /=1

/=1 =

and we conclude that the measure A* is finite on compact subsets, and by Lemma 3.44 A" is
Radon measure.

(41) Consider U an open bisection and take f € C.(U). Also, set K = supp f, V = r(U) and
W = r(K). Note that V is open and W is compact. So we may define f € C.(r(V)) by

0, otherwise.

f(y) = {f(rll;l(y)), if Y (= W;

It is straightforward that

F(y) = /G £(g)AN'(g),

for every y € G(). The general case, for f € C.(G), is straightforward from the previous one,
due to Lemma 3.21 and the linearity of the integral.

(731) For fixed f € C.(G) and h € G, we have

/G Fhg)ax®(g) = 3" flng),

geigs(h)

5 A topological group is a group endowed with a topology such that the group operations are continuous.
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and since the map ¢ : GSW — G ¥(g) := hg, is bijective®, one gets

St = S F( /f )t

geGs(h) geGs(h) gEGT(h)

/ £(hg)dx*") (g) = / £(g)ax®(g). 0
G G

Now we define measures associated to the left Haar system.

that is,

Definition 3.49. Suppose that there exists a left Haar system {\"} .o, For each x € GO we
define the measure A\, by setting

Ae(B) = A*(B7Y),
for every B measurable subset of G, where B~! := {g~!: g € B}.

Now we show the system of measures {);} in the definition above are counting measures on each
s-fiber Gy, © € GO, when the left Haar system is the set of counting measures on each respective
r-fiber.

Lemma 3.50. Let G be LCH second countable étale, z € GO, and let \* be the counting measure
on the r-fiber G*. Then the measure \; is the counting measure on the s-fiber G.

Proof. Given B be a measurable set and denote by |B| its number of elements. Then,
Me(B) =N (B Y ={g:9e B *'nG"}}=|{h" ' :he BNG,}|,

where in the last we used that the inversion map is a bijection from B~! onto B and the same holds
from G” onto G. The bijectivity of the inverse map also implies that

{ht:heBNG.} =|{h:h€BNG}
where we used the change of variables h ++ h~!. Therefore, \, is the counting measure on G,. [

Now, we define two induced measures from the Haar systems.

Definition 3.51. Suppose that G' is LCH and consider a Haar system {\*},cqo) and a Radon
measure [1 on Bgo). We define the induced measures p,. and ps, given by

po(B)i= [ X(B)dula) and pu(B) = [ A(Bdu(o)
G G)
for every B € Bg.
Notation: v = [0 AXdp(z), v = [50) Aedp(z).

Remark 3.52. The definition above is equivalent to the following: for every f € C.(G), we define
the measuress p, and ps by the identities

Lroaw = [ | soav@ie [ oo = [ o)

Remark 3.53. The measures p, and ps as presented in Definition 3.51 when the Haar system
is the counting measure are also used out of the context of groupoids. In [Kim[, there is a similar
construction used to define conformal measures.

SIts inverse map o' : G"M — G*M is given by v (g) :=h"1g.
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In the paricular case when A? is the counting measure on G for each z € G(¥, we have

/f Ve (g /G@Z w(z) and /f Vs (g /G@Z

geG® 9€Gy

for every f € C.(G).

Now we present the notion of quasi-invariant measure.

Definition 3.54 (quasi-invariant measure). Let G be a LCH étale groupoid, {\*} o) be a Haar
system and consider a Radon measure  on GO, 1 is said to be quasi-invariant when . ~ fis.

Remark 3.55. Consider the group (0,00) endowed with the usual product. Item 3 of Corollary 3.14
of [Hah78] allows us to choose the Radon-Nikodym derivative Z—Z: being a homomorphism from G
0 (0,00).

Proposition 3.56. Consider a LCH second countable étale groupoid G and a Haar system {\"} .0

of counting measures \* on G*. Let 1 be a quasi-invariant measure on By . For p-a.e. x and all

gEG,wehaveﬁZ:—l

Proof. Consider the isotropy bundle Iso(G) = U, cq0)G%. By Lemma 3.18 we have that Iso(G) is
closed and hence it is a Borel set. For every positive measurable function f with support cointained

in Iso(G), we have
d "
| r@dnto) = [ 16 @dnto) 3.9

and by definition we also have

L@@ = [ ¥ rwdu) = [ 3 r@inte (3.10)

geG® geG?

where in the last equality we used the fact that supp f C Iso(G). Since supp (fgl’j;) C Iso(G) as
well, one gets

o[, S ofroms- [, Z rofoms o

9€Gy 9€GE

By inserting the identities (3.10) and (3.11) in (3.9), one obtains

/G(O) Z

geGE

(d;‘: ) F(g)du(z) =0 (3.12)

Now, define the sets

P, = {g € Iso(G) : jﬁ’“ (g) > 1} and P_:= {g € Iso(G) : ZZT (9) > 1}.

For f If we choose f = 1p,, equation (3.12) becomes

dpir
[ (%0) 1) duta) =0,
Go )gealmP Hs

dpr
and then ds = 1 p-a.e. on Py because
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for every 2 € G, Similar proof holds for P_. O

In this thesis, we are interested to relate quasi-invariant measures to KMS states via continuous
1-cocycles, defined as follows.

Definition 3.57. Let G be a groupoid. A 1-cocycle is a function ¢ : G — R satisfying
c(gh) = c(g) +c(h), (g,h) € G

For a LCH étale groupoid G a continuous 1-cocycle defines a C*-dynamical system (C*(G), 1),
where 7 = {7 }+cRr is the one-parameter group of automorphisms given by

(f)(g) = "9 f(g), (3.13)

for every f € C.(G) and g € G, and extended (uniquely) to C*(G). For f € C.(G), we can extend
(3.13) in t to the whole complex plane, and for 8 > 0, a KMSg state ¢ on C*(G) is precisely a state
that satisfies the KMS condition on C.(G), that is,

o(fitip(f2)) = e(faf1)

for every fi1, fo € Cc(G). The quasi-invariant probability measures s.t.

d,ur _ 6_50
dts

)

where c is a continuous 1-cocycle, are strictly related to KMSg states. For the generalized Renault-
Deaconu groupoid (see section 4.5) and a 1-cocycle associated to a potential (see chapter 5), we
discuss this relation in Remark 5.15.
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Chapter 4

Cuntz-Krieger /Exel-Laca algebras and
the generalized Markov shifts

This chapter focuses on two particular universal C*-algebras, namely the Cuntz-Krieger alge-
bras [CK80| and, specially, their generalization for the infinite alphabet, the Exel-laca algebras
[EL99]. We will explain how these algebras are related to the Markov shift spaces and how they are
represented in terms of groupoid C*-algebras.

4.1 Cuntz-Krieger algebras

In 1963, J. Dixmier proved the existence of a separable simple! infinite? C*-algebra [Dix63].
However, the first concrete examples of this type of algebra was constructed almost fifteen years
later, in 1977, by J. Cuntz [Cun77|, the Cuntz algebras. In 1980, J. Cuntz and W. Krieger [CK80]
generalized the Cuntz algebras to a bigger class of C*-algebras, whose structure encodes the Markov
shift spaces in its generators, and these algebras became famous, being called Cuntz-Krieger alge-
bras. Before we formally introduce the Cuntz-Krieger algebras in terms of universal C*-algebra
generated by a set under some relations, we construct them in a less abstract approach.

Given separable infinite dimensional Hilbert space H and n € N, we split H as

H=H1DHP - P Hn,

where each H; is also separable and infinite dimensional. Now consider a n X n transition matrix A
that every row and every column is non-zero. For each i < n, we consider the infinite dimensional

D

J:A; =1

separable subspace

and we may choose for each ¢ an isometric isomorphism

SZ' : @ Hj — /Hz
j:Ai,]'Zl

Example 23. If we take n = 4 and the transition matrix

1
0
1
1

O = O =
—_— == O

_ O = =

!We say a C*-algebra is simple if it does not contains non-trivial closed two sided ideals.
2A simple unital C*-algebra is said to be infinite if it contains an element a such that a*a = 1 and aa™ # 1.

91
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then the isometric isomorphisms are

S1:H1DHo ®Hs — Ha,
Syt H1 B Hy — Ho,

S3 1 Ho @ Ha ® Ha — Ha,
Sy:H1 D Ha ®Hy — Hy.

By extending each S; to H as S;a =0 for a ¢ @j:Ai_J:l H;, we obtain a family {S;}?"; of partial
isometries on H, i.e. '

S;SrS;=S;, i=1,..,n,

which satisfies the relations

> 8iSi=1 and S§7Si=_ A(i,5)S;S;. (4.1)
7j=1

j=1

The relations in (4.1) are called Cuntz-Krieger relations, and the next result shows that these
relations are suitable to create a universal algebra. From now on we refer the left equation in (4.1)
as (CK1) and the right one as (CK2).

Theorem 4.1. Consider the set D = {S;}I'_,, n € N, and Z the collection of the following relations
on D:

° (SiSfSZ‘ —5:,0),i=1,...,n;
. (1 -y Sjs;,o);
o and (S;*SZ- . A(z,j)sjs;,o), i=1,..n;

where A is a n X n matriz with entries in {0,1}. The pair (D, %) is admissible.

Proof. Let Ap be the free associative complex *-algebra generated by the set D and © : D — B
be a representation for the pair (D, %), where B is a C*-algebra. By the GNS construction, there
is always a Hilbert space H that admits a faithful representation ® : B — Z(#H). Since B(H) is
also a C*-algebra, then ® is an isometric map. Then,
® o O(S;)h
OS] = @0 0(s)] = sup 17O,

heH, | Al
llRll=1

On the other hand, for h € H satisfying ||| = 1, we have that

|® 0 ©(S;)h||* = (® 0 O(S;)h, ® 0 O(S;)h) = (B 0 O(S;)*® 0 O(S;)h, h)
= (@0 O(S;)*® 0 O(S;)h, h) < (h,h) = ||h|?,

where the inequality above becomes an equality when h ¢ ker (©(S;)). Since ||h]| > 0, it follows
that

[0 0Sh| _ |
172 T
and then
10(S:)| < 1.
Since the representation © is arbitrary, we conclude that the pair (D, %) is admissible. O

The theorem above grants that the Cuntz-Krieger algebras are in fact well defined and now we
define them formally as next.
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Definition 4.2. Consider n € N and a n X n transition matriz A. The Cuntz-Krieger algebra
O4 is the universal C*-algebra generated by a family of partial isometries {S;}7_, satisfying the
Cuntz-Krieger relations (4.1) for A.

Remark 4.3. Observe that Theorem 4.1 does not depend on the matriz A and hence Definition
4.2 has the same independency as well. However, supposing that the j-th row of A has only zeros,
we necessarily have that S; = 0. On the other hand, if the j-th column of A is zero, we have that
SiS; =0 for every i € S, this case is proven in Lemma 2.1 of [CK80].

For the rest of this section we assume the following standing hypothesis.

Standing hypothesis: any transition matrix for finite alphabets has only non-zero rows and
only non-zero columns.

In addition, we consider the projections P; = S;S} and Q; = S;'5;, i = 1,...n. We present next
some properties of these projections and the elements S;.

Lemma 4.4. Consider a Cuntz-Krieger algebra O, where A is a n X n matriz. The following
assertions are true:

(i) i#j = PiP;j=0;
(it) S;Sj = 0i;S;S;;

(1v

)
)
(1ii) S;S;S; = A(4,7)S;;
) ( ) =1 = RanSj - (ker Si)L,
(v) P = Zj 1 SiP;S;.
Proof. Indeed,
() accordingly to (CK1), we have that Y, _, P, = 1. Fix ¢, j{1,...,n} with i # j. Then,
n
P+ PP, P; = IDJ3+P]-1DZ‘PJ' = Pj(Pj+P;)P; < P; (Z Pk) P; < Pj1P; = P; = P;P;P; =0.
k=1
On the other hand, we have that
PiP.P; = Py(P)*P; = (P P})'P,P, = (PP P.P; = (PP,
and we conclude that P;P; = 0;

(i4) here we can use an equivalent definition® for partial isometries and get S;.S; = (57 8:57)(8;878;) =
S; PiP;Sj = 0157 5j;

(iii) SrSi8; "BV s A( k)SSeS; Y Ax, §)S;

(tv) from (CK2) we have that

SiS; = Z A(i, k)SkSE + 5553,
k=1,k#£j

*Remember that a is a partial isometry iff aa* is a projection iff = aa*a.
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hence Ran(S;57) C Ran(S;S;) because the projections {Py}j_, and are orthogonal each
other. Then,
(ker(S;))* = Ran(S;S;) D Ran(S;S5) = Ran(S;).

Therefore Ran S; C (ker S;)*;

(v) note that 7, P; =1, hence
n n
Pi= 857 =Si1Sf =8 [ > P | S =) _SiPS;.
=1 i=1

O

Remark 4.5. On the item (iv) in the lemma above we used that ker(S;)~ = Ran(S;S;). We justify
that claim as follows. Let x # 0 element of a Hilbert space H which has a representation of Oz
s.t2 8y # 0. Take z € ker S;, and suppose x € Ran(S;S;). We prove that (z,x2) = 0. Indeed, by
hypothesis there exists y € H s.t. S7S;y = x, then

(z,2) = (2,57 Siy) = (Siz, Siz) = (0, Siz) =0,
and hence Ran(S;S;) C ker(S;)*. Conversely, if x € ker(S;)*, that is S;x # 0, then
0 < (Siz, S;x) = (S; Sz, x),
s0 SS;x # 0 and therefore x € Ran(S;S;). We conclude that (ker(S;))* = Ran(S}.S;).

An important question answered by Cuntz and Krieger in [CK80] is related to the uniqueness
of the Cuntz-Krieger algebras. By ‘uniqueness’ we mean that for every two families we say {S;}7,
and {§Z}?:1 of non-zero partial isometries that satisfy the Cuntz-Krieger relations (4.1), then the
mapping R

Sil—>Si, 1€ {1,...,n},

extends to an *-isomorphism from the C*-algebra generated by {S;}? ; to the C*-algebra generated
by {gz}?zl In other words, all the faithful surjective representations of O 4 on any C*-algebra are *-
isomorphic. For the finite alphabet case, there is an important condition to ensure such uniqueness:
the condition (I) in [CK80|, which we explain now. First, let S C S be the subset of symbols
defined as follows: ¢ € S if and only if there exist at least two distinct admissible words g, ..., i,—1
and jo, ..., js—1, where r, s > 2, satisfying ig = 4,1 = jo = js—1 =t and ig,jp Fifor O < k <r—1
and 0 < ¢ < s — 1. The condition (I) is the hypothesis for the transition matrix follows:

(I) for every i € S there exists an admissible word ig - - - 4,—1, 7 > 1, such that ig = i and i,_1 € S.

The figure 4.1 illustrates examples of the absence and occurrence of the condition (I).

if S, = 0, then the result is immediate.
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Figure 4.1: Two examples of symbolic graphs. The figure I represents a Markov shift space that satisfies S =
(0, while in the figure II the graph represents a non-transitive Markov shift space such that S = {1,2,3,4,5}.

I. ’ 1. 2

The next lemma shows a sufficient condition for A to satisfy the condition (I).

Lemma 4.6. Let A be a n X n transition matriz. If A is transitive and it is not a permutation
matriz, then it satisfies the condition (I).

Proof. Let i € S. Since A is not a permutation matrix, there exists j € S such that A(j, k1) =
A(j, ko) = 1for k1, ko € S such that ky # ko. By transitivity of the matrix, there exist the admissible
words w and v of shortest length such that wo = k1, wj,—1 = J, vo = k2 and v}, |_; = j. Note that
the unique letters of w and v equal to j are the last ones. Then, the words jw and jv are admissible
and distinct satisfying (jw), # j for 0 < p < |w|, and (jv)q # j for 0 < ¢ < |v|, and therefore
j € 8. Again by transitivity of A, there exists an admissible word 4g...i,—1 such that ig = ¢ and
ir—1 = j € S and we conclude that A satisfies the condition (I). O

Example 24. By Lemma 4.6 the following matrices satisfy the condition (I):

= o O =

0
0
1
0

O O O
O O = O

The next example shows that the condition for the matrix in the previous lemma, is not necessary
to satisfy the condition (I).

Example 25. The matriz

1100
1 100
0011
0 011

15 not transitive since there is not admissible word connecting the symbols 1 and 3. However, we
have that S = S. In fact, the table 4.1 shows, for each i € S, two admissible distinct words starting
and ending in t, and that have not ¢ in the remaining positions.

i |1 ][ 2]3]4
words | 11 | 22 | 33 | 44
121 | 212 | 343 | 434

Table 4.1: Examples of distinct pairs of admissible words such that, for each symbol i € S, that starts and
ends with © and such that their remaining letters are not 1.

Then S = S and the validity of the condition (1) is straightforward.
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Under the point of view of the symbolic dynamics, a transition matrix that every row and every
column is non-zero satisfies the condition (I) if and only if the shift space ¥ 4 has not isolated points.
Also, A does not satisfies the condition (I) if and only if there exist an admissible word w, |w| > 1
such that P, = @, where

P, := 5,5, and Qu:=S.,Su,

with Sy := Sw, = Sw, _,- The condition (I) is the classification criteria in order to verify if the

uniqueness. In fact, the Uniqueness Theorem 2.13 of [CK80] states that, if the transition matrix
satisfies the condition (I) and there two families of partial isometries, we say {S;}7; and {S/}!,,

satisfying the relation Cuntz-Krieger relations (4.1), then the mapping
Si— Sl i=1,..,n;

extends to an isomorphism between the algebras generated by those families. The next section
presents the generalization of the Cuntz-Krieger algebras, the Exel-Laca algebras [EL99|. In this
general context there is also a uniqueness theorem in the sense here presented, and we prove that
these algebras are in fact generalizations of the Cuntz-Krieger algebras. Besides that, we show that
the general uniqueness theorem is also a an result that extends the original theorem for the finite
alphabet, and in this case we present now a definition and an equivalence for the condition (I) that
we recall further, in the next section.

Definition 4.7 (Circuits in the symbolic graph). Given a transition matriz A for a countable
alphabet, o circuit 1s any finite admissible word on the symbolic graph of A, xox1 - Tn_1, n € N,
such that A(xp—1,20) = 1. Given a circuit xox1 - - Tn—1, we define the following:

® we $ay xToTy - Tp—1 has an exit when there exists a symbol y € S, which we call exit symbol,
such that A(zy,y) =1 for some k € {0,...,n—1} and y # x11, where we set x, = xo. In the
case of absence of an exit symbol, we say that roxy - xn_1 18 a terminal circuit;

o the reduced form of xoxi---xy—1 15 its shortest subword xox1---xp, p < n — 1, such that
:Bp+1 “ e :L'n*l = ':L'O oo :L'nfpr-

In the definition above, a reduced form of a circuit consists in the same path of the a priori
circuit but ‘cutting off” its redundancies. For the rest of this section, we identify a circuit by its
closed path in the symbolic graph, and this is realized by a natural equivalence relation: two circuits
are equivalent if they have the same reduced form, up to a cyclic index permutation. Observe the
reduced forms are also circuits and then they can be choosen as representatives of the equivalence
classes. It is straightforward there exists a bijection between each one of these equivalence classes
and the finite closed paths in the symbolic graph.

Our last objective in this section is to show, for finite alphabet, that the condition (I) is equivalent
to the condition (L) as follows:

(L) every circuit has an exit.

This result is Lemma 3.3 of [KPR98] and we repeat the proof here. Part of the proof is the following
lemma.

Lemma 4.8. Suppose A is a n X n transition matriz whitout zero rows and without zero columns,
then for every i € S we have that i is contained in a circuit or there are two circuits (not necessarily

distincts) such that there exists an admissible word containing i connecting them in the symbolic
graph of A.

Proof. Since A does not have zero rows neither zero columns, for every i € S there exists an
bi-infinite admissible path in the graph of A containing ¢:

o= b3 —=>by—= b w1 —a; —>ay—az3— -

Note that |S| < oo, and hence there exists at least two symbols p and ¢ such that
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e there are admissible paths connecting ¢ to ¢ and ¢ to p, that is, we may take the bi-infinite
word above satisfying a, = p and by = ¢q for some r, s € N;

e p repeats in forward the direction and ¢ repeats in the backward direction, that is, 7/, s’ € N
st.r” >r s >s a»=pandby =q.

Now, we have two possibilities: there are p and ¢ as above such that p = ¢, and then ¢ belongs to
the circuit bs---7---a,; or for every p and g as above, we have p # ¢, and then, after choosing p
and ¢, the word w'iw? given by

1 0, ifb =q, 9 0, ifa =np,
w! = _ and w’ = .
bs_1---b1, otherwise; ai---ap—1, otherwise;

where r and s are the smallest values as possible, is an admissible word connecting a circuit con-
taining ¢ to a circuit containing a. O

Remark 4.9. FEquivalently, the lemma above says that for every symbol ¢ € S, there exists a
(possibly empty) admissible word w s.t. iw ends in a circuit.

Now we prove the equivalence between (I) and (L).

Proposition 4.10. Let A be a n X n transition matriz. A satisfies the condition (I) if and only if
every circuit in the symbolic graph has an exit.

Proof. Suppose that A satisfies the condition (I) and let xgzy---xp,—1 be a circuit. Given zy,
k € {0,...,n — 1}, by condition (I), there exists an admissible path ig---i,—1, 7 > 1, s.t. ig = xg
and i,_1 € §. And by definition of S there are two distinct circuits containing 4,_1, and then at
least one of them is not a subpath of zgx; - - - x,_1. Therefore (L) holds.

Conversely, suppose (L) and let ¢ € S. By Lemma 4.8 there exists an admissible path w, which
can be empty, such that (iw)),| belongs to a circuit. By hypothesis, there is a symbol j in this
circuit that connects to an exit. Observe that the circuit grants the existence of a path u, |u| > 22,
with up = up,—1 = j and uy, # j for 0 <m < |u| — 1, and s.t. it is a subpath in the circuit. Now,
let k € S be the exit symbol. We have the following cases:

1. if there exists a word connecting k to iw or to any symbol of the circuit, then we have a path
v, [v] > 2, and s.t. vo = vjy—1 = j, v1 = k and v, # j for 0 < n < [v| — 1. Certainly u # v,
because the path jk is v and but it is not in u. Hence, j € S;

2. if there is not a word connecting k to ‘w or to any symbol of the circuit, then consider the
path twt, where t is a path that connects the path w to the symbol k, then analyse the cases
again at previous item and then this one.

Note that after each repetition of the items above we have less options of symbols that can satisfy
the item 2. in the place of k. Since |S| < oo, the process must terminate. Therefore A satisifies
(T). O]

Remark 4.11. Observe that, for a general matriz with S = N, the condition (L) is weaker than
(1), which is also proved in Lemma 3.3 of [KPRI8]. In fact, the proof that (1) implies (L) does not
need the hypothesis | S| < oco. Moreover, consider the matriz given by

A(L,2)=A2n,2n+2)=A2n+1,2n—-1) =1, neN,

and zero in the remaining entries. This matriz has not zero rows neither zero columns. Moreover,
it satisfies condition (L), but condition (I) does not hold. Its symbolic graph is given by

D—0—0—0—0—0»—0
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4.2 Exel-Laca algebras

One of the most natural questions about the Cuntz-Krieger algebras was the possibility to
extend these algebras to an infinite alphabet. Note that for an infinite matrix, the series in (4.1)
do not converge in general. However, at this point, we will ignore this problem in order to show
a brief heuristic approach to the infinite countable alphabet case for the Cuntz-Krieger algebra
as it was done for this one, and after that we present its formal definition, which is the Exel-Laca
algebra. Later, we prove that the Exel-Laca algebras are in fact a generalization of the Cuntz-Krieger
algebras, showing that their respective relations are equivalent for finite alphabets.

Given separable infinite dimensional Hilbert space H and n € N, H as

i
=1

where each H; is also separable and infinite dimensional. Now consider a infinite transition matrix
A such that every row and every column is non-zero. For each i € N, we consider the infinite
dimensional separable subspace
D #
j:Aiyjil
and we may choose for each ¢ an isometric isomorphism
Si : @ Hj — H;.
JiA; ;=1

Example 26. If we take transition matriz of the renewal shift

11111
10 000
01 00O
A=10 01 0 0 )
000 1O
then the isometric isomorphisms are
(e.0)
S @PH: — Ha,
i=1

Sp:Hp—1 = Hp, p#1

By extending each S; to H as Sja = 0 for a ¢ @j:Aijzl H;, we obtain a family {S;}ien of
partial isometries on H, i.e. ’
S;S;Si =8, i=1,..,n.

As we observed in the beginning of this section, it is not possible to write the relations 4.1.
However, Exel and Laca [EL99| constructed the version of the Cuntz-Krieger relations for this
general setting. In order to construct the Exel-Laca algebra, we need to introduce a unital universal
C*-algebra, which eventually coincides with the Exel-Laca algebra, and then we define the Exel-Laca
algebra as it C*-subalgebra. First, we define the following.

Definition 4.12. Let A be a transition matriz on an countable alphabet S. For every X, Y C N
finite sets and j € N we set

rzeX yey
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Now prove the following.

Theorem 4.13. Consider a set of generators D = {1}L1{S; }ics, S countable satisfying the following
family Z of relations on D:

e (1—-1%0), (1-12,0), (1S; — S;i1,0) and (S; — SiSFS;,0) for every i € S;

o (575;5:8; — S875;575:,0) for every i, j € S;
e (S575;,0) whenever i # j;
. ((erx S%Sz) (Hyey(l - S;Sy)> -2 jenAX, Y,j)S’jS;,O) for every pair X,Y of finite

subsets of S such that A(X,Y,j) is non-zero only for a finite number of j’s.
Then, the pair (D, %) is admissible and therefore the unversal C*-algebra C*(D, %) exists.

Proof. The proof for S; is exactly the same as in Theorem 4.1, and for every representation ©g
for the pair (D, %), we have that ©g(1) = Oy(1)* = O¢(1)? and then ©(1) is a a projection, so
|190(1)|| < 1. We conclude that (D, %) is an admissible pair and therefore the C*-algebra C*(D, %)
exists. O

Remark 4.14. [t is important to observe that, given an admissible pair (D, %), and two elements
F,G € Ap such that (F — G,0) € Z means that F = G. Also, to affirm that there exists 1 € D
such that the relations (1—1*,0), (1—12,0) and (1d—d1,0) for every ¢ € & are in Z, is equivalent
to say that the universal C*-algebra C*(D, %) is unital.

Definition 4.15 (Exel-Laca algebra). Given a transition matriz A, we define the universal unital
C*-algebra O 4 generated by a family of partial isometries {S; : j € S}, and that satisfies the
relations of Z in Theorem 4.13, that is,

(EL1) SFS; and S7S; commute for every i,j € S;
(EL2) S;S; =0 whenever i # j;
(EL3) (S;S;)S; = A(i,7)S; for alli,j € S;

(ELJ) for every pair X,Y of finite subsets of N such that the quantity A(X,Y,j) is non-zero only
for a finite number of j’s we have

(H 5;;5;) [T =555, | = AX,Y,5)8;S;.

z€X yey jEN

Also, the relations (EL1)-(EL4) are called the Ezel-Laca relations. The Exvel-Laca algebra O is the
ungversal C*-subalgebra of O4 generated by the family {S; : j € S}.

Remark 4.16. By the definition above, we observe that there are only two possibilities: O ~0y
or Oy 1s the canonical unitization of O 4. Further in this section, we present precise conditions that
makes these algebras x-isomorphic.

For the particular case |S| < oo, the universal algebra O, is the Cuntz-Krieger algebra, as we
show next.

Proposition 4.17. Let A be a transition n X n matriz for the (finite) alphabet S. Then, Ox is
tsomorphic to the Cuntz-Krieger algebra O 4.
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Proof. We claim that the Exel-Laca relations are equivalent to the Cuntz-Krieger relations for the
finite alphabet case. Indeed, let .7 = {S;}}}_; be a family of partial isometries. Suppose .7 satisfies
the Exel-Laca relations. By the finiteness of the alphabet we have that A(X,Y, j) is always non-zero
for a finite quantity of j’s. Also note that A((, (), j) = 1 for every j, so (EL4) gives

isis* ZA (0,0,7)8;S; = <H S;SgC) (H(1 - S;sy)> =1-1=1,
=1

z€el) ke

and the validity of (CK1) is proved. Now, observe that for every i,5 € S we have A({i},0,j) =
A(i, 7). Again from (EL4), it follows that

ZAZ 7)8;S; —ZA {(i3,0,0)8;57 = T S:8: ) | [J( 558, | =57,

J=1 $€{Z} yE(Z)

and (CK2) is also proved. Conversely, suppose now that .7 satisfies the Cuntz-Krieger relations.
The items (¢7) and (#ii) of Lemma 4.4 are precisely the relations (EL2) and (EL3), and then these
relations are automatically valid. For (EL1), we use (CK2), Lemma 4.4 (i) and the fact that S;S}
is a projection for every k € S to obtain

S;S;8;S; = (Z A(z’,k)SkS,j> (Z A(j,f)SgS}‘) Z A(i, k)A(§,€) Sk S;S,S;
k=1 /=1 k=1

= A(i,k)A(j, k) Sk S;SkSp = > A(i, k) A(j, k) Sk Sk,
k=1 k=1

that is

S;S8iS;S; = A(i, k)A(j, k)SkSi, (4.2)
k=1

and, since the RHS of (4.2) does not change by exchanging the positions of i and j, we conclude
that S;‘SiS;Sj = SijS;‘Si, that is, (EL1) is satisfied. By applying the result above for a product
of projections S%S;, z € X C {1,...,n}, we have

11 558 =>" (H Az, k)) SS5. (4.3)

zeX k=1 \zeX

On other hand, if we subtract (CK1) from (CK2) we obtain

1—S;8i=) (1-A(i,§))S;S;, i€s,

j=1

and hence

[[a-s;s,) = (Z s,s,) @ ST - Aty 0)Ses;
Y

yey ye =1 =1 \yeYy

3

y, L SeSy, forevery Y C {1,..,n},
=1 yEY
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where () and (e) are exactly the same arguments as used in (4.2). Then,

n

[T -s;5) =S ( [Tt - Aw.0) | Ses;- (4.4)

yey =1 \yeY
We get
<H 5;&) [T -s:sp) | ( Ai, k) ) SkSk) T1( - AG.0) | Sist
iex JEY k=1 \ieX =1 \jev

kl=1 \ieX JjeY

A(Nf)) ( (1= A(G,k)) | SkS5SkS;
JE

A(z’,k)> ( (1 —A(F, k) | SkSk
JE€

where in (ee) we used the identities (4.3) and (4.4), in () we used Lemma 4.4 (i) as previously in
the proof. Also again, in (e) we used that S;55 is a projection. Then,

(Hsgksi> [Ta-s;s; ZAXYk:)SkSk,

i€X jey k=1

which is precisely the relation (EL4). By the uniqueness of the universal C*-algebras, Theorem 2.64,
we conclude that O 4 and the Cuntz-Krieger algebras are isomorphic. O

Corollary 4.18. Let A be a transition n X n matriz for the (finite) alphabet S. Then, the Ezel-Laca
algebra is isomorphic to the Cuntz-Krieger algebra. Moreover, in this case, the Ezel-Laca algebra is
unital.

Proof. By Proposition 4.17 we have that the Cuntz-Krieger algebra is isomorphic to O4. In par-
ticular, the Cuntz-Krieger algebra is generated by the family of partial isometries, and this family
also generates the Exel-Laca algebra by definition. We conclude that these three C*-algebras are
isomorphic. Consequently, the Exel-Laca algebra is unital for finite alphabet. O

Now we state the version of the Uniqueness Theorem of the Cuntz-Krieger algebra, in the sense
of the equivalence between faithful representations, for the Exel-Laca algebras, which is Corollary
13.2 of [EL99].

Theorem 4.19 (Uniqueness Theorem for Exel-Laca algebras). Let A be a transition matriz on an
alphabet S with no identically zero rows and suppose that its symbolic graph has no terminal circuits.
Let {Si}tics and {T;}ics be two families of non-zero partial isometries on Hilbert spaces, both of
them satisfying the Ezel-Laca relations. Then the C*-algebras generated by {S;}ics and {T;}ics are
isomorphic to each other under an isomorphism U such that V(S;) = T; for all i € S.

The next result grants that transitivity is a sufficient condition for a transition matrix on a
infininte alphabet to satisfy the hipotheses of Theorem 4.19.



102 CUNTZ-KRIEGER/EXEL-LACA ALGEBRAS AND THE GENERALIZED MARKOV SHIFTS 4.2

Proposition 4.20. Suppose that A is a transitive transition matriz on a countably infinite alphabet.
Then A has not indentically zero rows and every circuit is not terminal.

Proof. Let xg---xp—1, n € N, be a circuit. Since the alphabet is infininte, there exists z € N such
that z # z, for every p € {0,...,n — 1}. By the transitivity there exists an admissible word w,
|w| > 2, satisfying wg = o and Wy|—1 = 2. Since z is not a symbol in the word zq - - xp_1, there

exists the smallest k € {0, ..., |w| — 1} such that wy is not a symbol in the word zg---z,—1 and
therefore wy, is an exit for the circuit xg - - - £—1. Therefore the symbolic graph of A has not terminal
circuits. O

We assume for the rest of the thesis the following standing hypothesis.

Standing hypothesis: any transition matrix A has only non-zero rows and only non-zero
columns, and it is transitive.

4.2.1 Representation of the EL algebras in B((*(X,))

We present now a very special faithful representation of O 4 that connects the Exel-Laca algebras
with the countable Markov shifts.

Definition 4.21. Given a transition matriz A its Markov shift space ¥4, we consider the (non-
separable) Hilbert space B((*($4)) and its canonical basis {0z }res,, given by

(0z)y = {1 vr=y.

0 otherwise.
Let w: Oy — B(12(X4)) be a representation, defined by 7(S;) := T}, where

Oo(z) if T € [5],

0 otherwise.

T.(6,) = {5593 if A(s,xz9) =1,

0 otherwise;

with Ty (6,) = {
We also define the projections Ps :=TT; and Qs := T3 Ty, given by

P;(6,) = {5w ifwe s, and  Qs(0y) = {5‘” if weo([s]),

0 otherwise; 0 otherwise.

By Proposition 9.1 of [EL99], the representation above is the unique one such that 7 (S;) := Tj.
Also, by the standing hypothesis of transitivity, we have that A does not have terminal circuits and
then 7 is faithful (see Proposition 12.2 in [EL99]). The next proposition characterizes O4 in terms
of the representation of Definition 4.21.

Proposition 4.22. 5,4 1s wsomorphic to the closure of the linear span of the terms Ty, (HiEF Qz) Tg,
where o and B are admissible finite words or the empty word and F C S is finite.

Proof. We recall that O4 ~ C*({T} : i € S} U {1}). First, we will prove that

span {Ta <H Qi> T3 : F finite; a, (3 finite admissible words, including empty WOI‘dS} (4.5)
i€F

is a xalgebra. Indeed, the vector space properties are trivially satisfied, as well as the close-
ness of the involution. For the algebra product, take two generators in Oy4, T, (Hle P Qi) T g and
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Ty Qi) T% like in (4.5), with B =1-+- B, and o = o) ---a’, ; n,m € N. We wish that the
jeF B8 ) 1 m> 'Y
product

Ta (H Qi> TiTo | ] @i | 75 (4.6)
i€l JEF!

can be written as a linear combination of terms like the generators of (4.5) and hence we need to
study the term T3T,/. From the axiom (EL3) for the Cuntz-Krieger algebra for infinite matrices
we have that

QiT; = A, )T, (4.7)

and consequently
Ty Qi = A(i, j)T; . (4.8)

We have three cases to analyze as follows.
(a) If n =m, then by the axiom (EL2) and (4.7) we get
TETQ, = Tgn .. .TEQ(sﬁLOCIIQﬁITO/Q Ty = 5/31,0/1T/§n .. 'TEQTQ’Q Ty == 08,0/ QB
where g o is the Kronecker delta. So,
T, (H QZ-) T5To | [] Qi) Th = 650 Ta (H @-) QlIl@ |
i€F JEF i€F JEF

where @ = (g, if n > 0 and @ = 1 otherwise. We conclude that the product above belongs
to (4.5) in this case;

(b) if n > m, by similar calculations done in the earlier case using (4.8) instead of (4.7) and
defining 3 := By - -+ B we obtain 13Ty = 65,15 ---Tj . By using (4.8) several but finite

times on the term 77 (HJEF, Qj> we have that

T (H QZ-) TiTo | T] Qi | T = 0500 | 1T AU, Bntr) | Ta (H Qi) T3 60 rafn

i€F JEF JEF i€F
We conclude that the product above also belongs to (4.5);

(¢) for n < m the proof is similar to the previous item by using the (4.7) instead of (4.8).

We conclude that (4.5) is a -subalgebra of the C*-algebra O 4, and hence

B = span {Ta (H Qi> T5: F finite; «, B finite admissible WOI‘dS} (4.9)
i€EF

is a C*-subalgebra of O4. On other hand, if we take F' = (), « = s, s € S and 3 the empty sequence,
then we conclude that Ty € B for all s € S. Also, if we take F' = () and o = 8 empty sequence, it
follows that 1 belongs to (4.9). Since B is a C*-subalgebra of O 4 which contains its generators, we
have that O 4 C B and therefore the result follows. O

Remark 4.23. By similar proof as in Proposition 4.22, it is straightforward to verify that

F finite; «, B finite admissible words;
Oyp ~span{ T, (HieF Qi) Tg . F #0 or a is not the empty word
or B 1s not an empty word
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Remark 4.24. For an element T, (Hiep Qi) T; € O as in the Proposition 4.22, we have that
0, ’ ‘ € dA .7 =1 ) € F7
To | [T @i ) T5(00) = ¢ 2 if v € [0] and i, zjg) =1 for every i
ieF 0, otherwise;

for every x € X 4.

Now we define the commutative C*-subalgebras of O 4 such that their spectra are the generalized
Markov shifts.

Definition 4.25. Let D4 be the commutative unital C*-subalgebra of O giwen by

ZSA := span {Ta H QiTx  F finite; o finite word}

1eF

and denote by Dy its C*-subalgebra defined by

D4 = span {Ta H Q:Ty : F finite; v finite word; F # () or « is not the empty word}.
i€EF

‘The proof of Proposition 4.22 for « = 8 and o/ = 3’ shows that Dy is a unital C*-subalgebra
of O 4. Moreover, by easy calculations we note that D4 is in fact commutative.

Remark 4.26. As a particular case of Remark 4.24 we have that

To (H Qz> T*(5,) = {5307 if x € [a] and A(i,xw) =1 for everyi € F,

F 0, otherwise;
for every x € X 4. Then T, (HleF Qi) T is a diagonal operator and therefore both 75A and Dy are
C*-subalgebras of diagonal operators of £2(X4).

Now, we will obtain a more suitable set of generators for ZSA which will allow to see its spectrum
as a set of configurations on the Cayley tree. We present the notion of partial representation of a

group.

Definition 4.27 (Partial representations). Given a group G, denote its identity element by e, and
consider a Hilbert space H. A partial representation of G on H is a map u : G — B(H) such that,
for every g, h € G, it satisfies

(PR1) u(g)u(h)u(h™") = u(gh)u(h");
(PR2) u(g™") = u(g)*;
(PR3) u(e) =1,

Remark 4.28. For every partial representation u : G — B(H) defined as above, it follows that

ulg™Hulg)u(h) = u(g™")u(gh).
Indeed, by exchanging g and h™' in (PR1), we get
u(h™Hulg™Mulg) = u(h™ g™ ulg).
And by applying the involution in both sides of the equality above, it follows that

u(g) u(g™ ) *u(h™)* =u(g)*u(h g~ ")*
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and by (PR2) we obtain
u(g™ulg)u(h) = u(g™")u(gh).

Proposition 4.29. Given a partial representation v of a group G on a Hilbert space H, we have
that u(g) is a partial isometry for every g € G. The elements in B(H) defined by

e(g) :=u(g)ulg)”, g€G
are projections.

Proof. For every g € GG, we have that

u(g)ulg)"u(g) (9)u(gVulg) "2 u(ggYulg) = ule)u(g) "= u(g),

where in first two equalities above we used, respectively, the properties (PR2) and (PR1). In the
last equality above we used (PR3). Therefore, u(g) is a partial isometry, and therefore e(g) is a
projection. O

(PR2) (PR3)
= U =

Definition 4.30. Let F be a free group. We say that a partial representation of F on any Hilbert
space 1is

(a) semi-satured if u(gh) = u(g)u(h) whenever |gh| = |g| + |h|, for gh reduced;
(b) orthogonal if u(i)*u(j) =0 when i,j € S and i # j, where S is the generator set of F.

Consider the free group Fg generated by the alphabet S and let the map

T:]Fs—>6,4
s— T
5_1'—>T871 = TS*.

Also, for any word g in Fg, take its reduced form g = z...z, and define that T realizes the mapping
g—Tyg: =T T,

and that T, = 1. We are imposing conditions only on the reduced words in order to make T well-
defined. For example, note that e = i~ i for any i € S. If we would include non reduced words we
would get 1 = T, = Q; for all ¢ € S, which is not true. We prove that T defines a partial action
that is semi-satured and orthogonal, and the next lemma will be used for it. From now, we will
denote Fg by F. In addition, denote by F, the positive cone of F, i.e., the unital sub-semigroup of
F generated by S. The set Fjrl is the collection of the inverse elements of F, that is, the elements
g € Fsuch that g=! € F,.

Lemma 4.31. For any g € F reduced which is not in the form af~', with o, 8 € Fy, (including
the cases g =, g =v~t and g # e), it follows that T, = 0.

Proof. For a given g as in the statement of the lemma, its reduced form is g = go - - gp, p > 1, and
there exists i € {0,...,p — 1} such that g; = s™! and g;41 =, s5,¢ € S. Hence,

()
= Tyy-0---T, =0,

Ty=Ty - Tyr Ty Ty =Ty TiTy- Ty,
where in (&) we used (EL2). O

Proposition 4.32 (Proposition 3.2 of [EL99]). The map T constructed as above is a partial repre-
sentation of F on O4 that is semi-satured and orthogonal.
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Proof. (PR2) and (PR3) are straightforward as well as the semi-saturation property. The orthogo-
nality comes directly from (EL2). We divide the proof of (PR1) in claims.
Claim 1: For n € N, x1,...,2, € S and a = x1 - - - Ty, it follows that T3T, = AT} T, , where

n—1

A =TT Alwr, zxra).
k=1

Proof of the claim 1: the result is obvious for n = 1. By induction, assume that the result

follows for n — 1, n > 2, i.e., for B =21 x,_1 We have TETB =NT; Ty, ,, where

n—2
A/ == H A(;L‘k, $k+1).
k=1
We have that

* * * * ‘ * *
TiT, = T5, T, = 10 T5TT,, & NT2 T2 T, (T,

1
O N A, 00)TE, Ty, = AT T,
where in (#) we used the induction hypothesis and in ({) we used (EL3). This claim is proved.
Note that the claim above also shows that for all o € F it follows that T}7;, is idempotent
because A € {0,1}, and hence it is a partial isometry.
Claim 2: If o, § € F with |a| = |B| but o # f3, then T}T3 = 0.
Proof of the claim 2: let m = |a| = |3|. For m = 1, we have that (EL2) implies T;T3 = 0.
For m > 1, write a = o/x and 8 = 'y, with o/, 3’ € Fy and x,y € S. It follows that

Ti Ty = T, Ty = TiT5 T T,

Assume by induction that the result follows, i.e., T;T,, = 0 for u, v € F such that |u| = [v| =m—1
and p # v. Now, suppose that for m we have T;Ts # 0. By the induction hypothesis, we conclude
that o/ = 3, and the claim 1 implies that

T3 Ty =TTy = ATIT,
for any z € S and A € {0,1}. We conclude that
0+ TiTy = AL TIT.T = AA(z, y)TL T,

and by the case for m = 1 we conclude that = y and therefore a = 3, leading to a contradiction.
The claim 2 is proved.
Claim 3: For all o, 3 € Fy, if )T # 0, then o' € F, UF, L.
Proof of the claim 3: w.l.o.g. assume |a| < |3|. Then we can write 8 = 'y such that || = |a],
and ',y € F, then
0 # T;Tg = T;TgTW - T;TB/ #0.

By the claim 2 we have that a = 3/, hence o™ '8 =y € F, CF,_ U Fjrl. Note that for |a| > |5] we
obtain a™13 € IFjrl. The claim 3 is proved.
Let g € F and consider e(g) = T,T;. Observe that T, is a partial isometry for o € F.. Indeed,

.1 L AT T

AJa|-1" ¥a|-1

= ATou

where in () we used the claim 1 and in the last equality is justified by the fact that T, is a

o] —1
partial isometry, since A € {0,1}. Consequently, e(«) is a projection and hence it is self-adjoint and

idempotent.
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Claim 4: For all «, 5 € F the operators e(«) and e(/3) commute.
Proof of the claim 4: the proof is divided in two cases:

(i) a8 ¢ FL UF;'. In this case we have by the claim 3 that
e(a)e(B) = T T 1515 =0,
and e(f)e(a) = 0 by the similar argument.
(ii) a 1B € Fy U Fjrl. W.lo.g. write a~!8 = v € F,. We have that
e(a)e(B) = TaT: Toy T = TaTET, Ty T TE 2 1,1, T2 T
) T T T T T = TeTETL T = e(B)e(a).

For the equalities () and (*x) we used the fact that T, is a partial isometry. The proof is
analoguous when v € IE‘:Ll.

The claim 4 is proved.

Claim 5: For every z € S and o € F, the operators @), and T,QT; commute, where () is
either the identity operator or the initial projection @; of one of the isometries T;.

Proof of the claim 5: the case || = 0 is a direct consequence of (EL1). For |a] > 0, write
a =ya’ with y € S and o/ € F and note that (EL3) gives

Q:L‘Ta = QxTyTa’ = A(l’, y)Ta’a

and by applying the involution on the identity above we get T;Q, = A(x,y)T.,. Therefore we
obtain

QxTaQT; = A(:IZ, y)Ta’QT; = TaQTo:kQI?

and the claim is proved.

Claim 6: For every g, h € F the operators e(g) and e(h) commute.

Proof of the claim 6: by Lemma 4.31, we may assume that ¢ = pv~! and h = af7!,
with p, v, a, B being positive. Also, there are no problems if we assume that |g| = |u| + |v| and
|h| = || + |B]. It follows that

e(g) =T, T;T,T; and e(h) =T, T;T5T,.

Observe that e(g)e(h) = e(h)e(g) = 0 if T;T, = 0, so suppose from now that 7;;7, # 0, which
implies that g ‘o € Fy UFL!, by the claim 3. So w.l.o.g. we may assume that u~lo =~y € F.

Now, we use the notation @ = T;;T,. By the claim 1, if |v| > 0 then @Q is zero or equal to
some @, * € S. On the other hand, if ¥ = e then @ = 1. The same is valid for Q' = TB*TB and

Q" =T,T,. We have that
e(g)e(h) = T, TiT, TiT,n TiTs T = T, TiT, TiT T T T Ti TS = T,QQ T, Q Ti T
2 T, T,QTQQ'T: ¥ T, 1,QT:Q"QT; = T, T, T Ty T T T, Ty T, T,
= T DT T T = e(helg).
where in (O) we used the claim 5 and in () we used (EL1). The claim 6 is proved.
Finally, we prove (PR1), i.e.,

TgThTh—1 = TghTh—l, Vg,h € F,

by induction in |g| 4 |h|. The result is obvious for |g| = 0 or |h| = 0. Otherwise, write g = ¢’z and
h = yh', where x,y € SUS™L, |g| = |¢’| +1 and |h| = |W’|+ 1. Suppose as induction hypothesis that
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the result follows for all |g| + |h| <n —1, n > 2. If |g| + |h| = n, we analyze the only two following
possible cases:

(a) = # y~'. In this case we have that |gh| = |g| + |h|, and by the orthogonality it follows that
Ty = Ty4T},, and hence
TgThTh—l = TghTh_l;

(b) x =y~ L. In this case we have that

Ty Ty Thr = Ty Tymr Tiy-1o = Ty T T Ty T Ty = Tye(@)e(W)Ty ® Tye(h)e(x)T,

= Ty T T T T T, 2 Ty Ty T Ty ) Ty Ti Ty = TynThes,

where in (&) we used the claim 6, in (%) the fact that T, is a partial isometry, and in (%) the
induction hypothesis.

O

From now on, we denote the projections e(g) by e,.
Proposition 4.33. D4 ~ C*({eg : g € F}).

Proof. The main idea of the proof is to show that the faithful representation of the C*-algebra Dy in
B((*(X4)) coincides with the C*-subalgebra 4 = C*({e, : g € F}) contained in B(¢*(X4)), which
implies that they are isomorphic. We will show that the terms Tg, (Hle r Qi) T can be written as
terms in 4 and conversely that the terms e, can be written as terms in ZSA.

Let g € F. W.lo.g. we may assume that T, # 0. By Lemma 4.31 we have that ¢ = a8~! such
that o, 8 € F4, with @« = g+ - -y and 8 = By - - - B, for the respective cases that o and 8 are not
e. Assume that g is already its reduced form, i.e., g = af~!,a, 371 or e. By the axiom (EL3) we
have

eg = ToaTETRTy = ToTg, -+ T3, Qpo T, -+ Tp, T = T3, -+ T5,Tp, T, To = - -
=T, 15 Tp, T = TaQp, T € Da,

and we conclude that & C ZSA. The result above is similar for & = e or § = e. For the opposite
inclusion, let o € F, admissible or @ = e in its reduced form, and F C N finite. If o = e, we have

that
Ta (HQZ) T(;k = HQz = Hei*1 c sl

icF icF icF
On other hand, if F' = () and « # e is an admissible word, we have:
T, (H Ql) T =T, TF = eq € 8.
iEF

Now, suppose that a = aq---a; # e reduced and F # (). We will prove that

To | [T Qs | T = €a [] €aj (4.10)
jeF jeFr
JjFat

by induction in |F|. If |F| = 1 we have that

T. | [[ @i | Ta = ToTi T T,
JEF
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where i € F. If ay = 1, since e; is a projection we get
ToTy 1 Tyt = T T T Ty 1 = T i1 Ty -1 = ea,
where o/ =eif t =0 and o = ap---ay—1 if £ > 0. On other hand, if oy # 4, it follows that
T TiTy 1 = Tai—lT(ai—l)—l = €ai—1;

and it is easy to use (PR1) to verify that eye,;—1 = eq;-1. So, anyway we have that (4.10) is true
for |[F| = 1. Now, suppose the validity of (4.10) for |F|=n—1,n > 1. For |F|=n, fix k € F. One
can use (PR1) and the claim 1 of the proof of Proposition 4.32 in order to obtain

T (H @) Ty =TT T, (H Qz) T; = ToQu, (H Qi) Ti=TaQiQa, | ] @) T2

icF icF icF e F\{k}

=T TiTo | JI Q| Ti=ca| I] s |ea| I e€as: |-
ieF\{k} JE{k} JEF\{k}
JFay J#o

where in the last equality we used (4.10) for [F'| = 1 and the induction hypothesis. Since the e,’s
commute and they are projections, we conclude that

To (H Qi> T, = eq H €aj1 |
i€F jEF
JF# o) -1

as we wished to prove. The direct consequence of the results above is that Ty, (Hle P Qi) Tr e U,
for all & admissible finite word and for every F' C S finite. Then,

span {Ta (H QZ-) T : o admissible ,0 < |a| < 00,0 < |F| < oo} C il
i€l

and since il is a C*-algebra we conclude that the closure of the left hand side of the relation above
is still contained in 4, i.e., Dy C 4L The proof is complete. O

Now we have all the necessary background to introduce and study the space X4, and this is the
main object studied in the next section.

4.3 Generalized Countable Markov shifts

The construction of the commutative C*-algebras D4 and 15,4 leads to the construction of
the Generalized Markov shift space through the Gelfand Representation Theorem for C*-algebras
presented in Corollary 2.39, as the spectrum of these algebras, and it is defined next.

Definition 4.34 (Generalized Markov shift space). Given an irreducible transition matrizc A on
the alphabet N, the generalized Markov shift spaces are the sets

Xa:=specDy  and )?A = speclsA,
both endowed by the weak™ topology.

Remark~4.35. We remind t@e reader that wheniuhen O 4 is unital, then Dy is also unital. Conse-
quently, O4 = O4 and then Dy = Da and then X4 = X 4. Besides that, X s is locally compact and
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X4 is always compact. In particular, for every matrixz with o full row of 1’s gives X compact. In
fact, if there exists a symbol j € N such that A(j,n) =1 for everyn € N, then Q; = I7T; =1€ Dy
and therefore X 4 is compact.

Remark 4.36. Guwen a commutative algebra B and J a closed self-adjoint two-sided ideal of B,
then the set of characters of J is J ={¢ € B: ¢ [;# 0}. Therefore,

Da={¢lp,9€Da, ¢ lp,#0}=Xa.
It is straightforward to conclude that X 4 C X4.
Proposition 4.37. X4 = XA \ {po}, where g is the character in X4 given by

poleq) = {1’ do=c

0, otherwise.

Proof. Suppose that ¢g € X 4. Then for g # e we have
eo(TyTy) = poleg) =0 = o [p,= 0,

which is not a character for the algebra D4. By Remark 4.36 we have that X4 C )N(A \ {®0}
Conversely, for given ¢ € X4 such that ¢ # g, by Proposition 4.33 there exists g # e that we
have ¢(eg) = 1. Then ¢ [p,# 0. Then ¢ [p, is a character for ¢ [p, by Remark 4.36, hence

X\ {po} C Xa. O

Remark 4.38. Observe that if D4 is not unital, then X4 is the Alezandrov compactification of
X a, where the compactification point of X 4 is the character ¢q.

The next result connects equivalent conditions to Q4 be unital.
Theorem 4.39 (Theorem 8.5 of [EL99|). The following are equivalent:
(i) Oa=04;
(1i) O4 is unital;
(iii) po & Xa;
)

(iv) On the space {0,1}° (column space of the matriz A, endowed with the product topology), the

null vector is not an accumulation point® of the columns of A
(v) There is Y C S such that A(0,Y,j) has finite support on j

At this point, the name Generalized Markov shift space must be justified: the Markov shift space
is not only included in X4 but also is dense subset, and moreover, >4 coincides with X4 when it
is locally compact, that is, when A is row-finite. All these facts are presented and proven next.

Definition 4.40. Given A an trreducible matriz and its corresponding Markov shift space Y4, we
define the map i1 : X4 — X4, ¥4 D w— ¢, [p,€ Xa, where ¢, is the evaluation map

©u(R) = (Ré,,0,), ReB(I*(Za)). (4.11)
will be denoted by i1 and the context will let evident if the codomain is X o or )N(A.

Lemma 4.41. The map i1 is an injective continuous function.

®We recall that null vector is an accumulation point of the column space if for every neighborhood V' of {0}scs
there exists an infinite set of j’s such that the column ¢; is in V.
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Proof. The injectivity is straightforward: let w,n € ¥4 such that ¢, = ¢,. If w # 7, then there
exists n € N such that wp...wp—1 # Mo...Mm—1. By taking R = T , € Da we have that

Ownlwow

Peo(Lig..con 1T:0 wn1) = Togon_ 1T¢jo wn_10w: 0w) =1 and

Son(Two W — 1Tw*0 Wi 1) = (Two Wi 1T¢30 Wn 577’577) =0
and hence we have that ¢, # ¢, a contradiction, and we conclude that 4; is injective. Now
we prove its continuity It is sufficient to prove that ¢n(R) — ¢, (R) for every R in the form
R =1, (HzeFQ) >, since these are generators of Dy and the elements of the spectrum ar *-

homomorphisms®. Let (w"),en be a sequence in ¥4 converging tow € X 4. Take R = To([[;cp Qi) T
an arbitrary generator of D4. We have that

1, ifw”e€[a]and A(i,wﬁxl) =1Vie F,
@wn( ):

0, otherwise;

1, ifwe€ o] and A(i,w)y) =1Vi € F,
pu(R) = { a

0, otherwise.

For large enough m € N, we have that w(}...w& = wWp...W|q| for every n > m, and then we have
wun(R) = vu(R). Since F and « are arbitrary, we have for every generator R € D4 that

pur (R) = @u(R),

that is, @un N pw- Therefore ¢ is continuous. O

The lemma above shows that in fact X4 is included in X 4. ]:%Vesides that, the inclusion is
continuous. From now on, we omit the notations 0f~restriction to Dy and Dy on ¢,. The next
result we prove that X4, seen as a subset of X4 (or X4), is weak*-dense.

Proposition 4.42. i1(3,) is dense in X4 and in X (when considered).

Proof. We claim that the elements of i1(X,4) separate points in D4. Suppose that there exists
R € D4 such that ¢, (R) = 0 for every w € ¥ 4. By Remark 4.26, R is a diagonal operator. Suppose
that ¢, (R) =0 for every w € ¥ 4, then

u(R) = (R8u,0,) =0

then span{d, : w € ¥4} C ker R, and therefore span{d, : w € ¥4} C ker R since ker R is closed. We
conclude that R = 0 and the claim is proved By Theorem 2.43 it follows that zl(ZA) = {Quwtwer,
is dense in X 4. Since X4 is dense in XA, we have that i1(X4) is also dense on X 4. O

Now, we prove that if A is row-finite, then ¥4 = X4, that is, 41 is a surjection.
Proposition 4.43. If X 4 is locally compact, then i1 is surjective.

Proof. Let ¢ € X 4. By Proposition 4.42, there exists a sequence (@ n)nen in i1(X4), where w™ € ¥4

for every n € N, such that ¢ n N . Since @ is a character, we have necessarily that ¢ # 0, and by
Proposition 4.33, there exists g € F such that ¢(ey) # 0. W.lL.o.g. we may assume g = « positive
admissible word”, and Proposition 4.29 implies that ¢(eq) = ¢(e2) and hence ¢(ey) = 1. Then
there exists N € N such that for every n > N we have

Puwn (ea) =1,

5Notice that the characters are continuous functions because they are *-homomorphisms between C*-algebras.
"It is straightforward from the proof of Proposition 4.33.
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that is,
(T T 0w, 6un) =1,

and hence for every n > N we have that w™ € [a]. On the other hand, since ¥ 4 is locally compact,
Proposition 1.10 grants that [a] is compact, and so the sequence (@ n)nen has a convergent sub-
sequence (@ mp )pen in [, converging to some w € ¥ 4. By the continuity of i; proved in Lemma
4.41 we have that lim, g, = @y,

p =lim @, =lim e, m = @,
n P

and therefore ¢; is surjective. O

Remark 4.44. At this point due to the density of i1(X4) on X4, one could ask if the inclusion
i1 has some familiar topological feature. When X 4 is compact, then i1 s simply a homeomorphism
between compact metric spaces. If 34 is non-compact and locally compact, one could ask if 11 would
be the compactification of ¥ o with a Martin Boundary similarly as in O. Shwartz’ paper [Shw19],
which is a construction for locally compact spaces. In this case the answer is ‘no’, since the Martin
Boundary adds extra points to the space. Futhermore, it cannot be any compactification, since in
this case X 4 = X 4 and therefore it is not compact. Maybe the most interesting case is 3 4 not locally
compact and X 4 compact, as it happens, for instance, when A has a full row of 1’s, as presented
in Remark 4.35. In this case we have that i1 is in fact a compactification of ¥ 4, and certainly it
is not the Stone-Céch compactification [Eng89] since both ¥4 and X 4 are metric spaces and X 4 is
not compact.

Proposition 4.33 gives us a easier way to see X4 (repect. )?A). Given ¢ € X4 or )Z'A, we
can determine its image completely simply by taking its values on the generators (eg)ger. Since
ey is idempotent for any g, it follows that ¢(e;) € {0,1}. By endowing {0, 1} is endowed the
product topology of the discrete topology in {0, 1}, we introduce now the mapping that realizes the
characters of the generalized Markov shift spaces as configurations on the Cayley tree generated by
F.

Definition 4.45. Let A be a transition malriz and consider ils respective generalized Markov shift
space X 4. Define the map is : X4 — {0,1}F (repect. for X ) given by ia(p) := &, where

§g = mg(&) = p(eg), g€F.

An element & € {0,1}F is called a configuration. We say that a configuration is filled in g € F when
£ =1.

Remark 4.46. It is important to notice the difference between how the configurations of {0,1}F
are presented here and in [EL99]. Here, for a given configuration & and a word g € F we will use
& = 1 instead of g € € as used in [ELIIJ]. Our choice of notation is motivated by the Markov shift
notation for sequences in X 4.

The next proposition shows that the topological properties of X4 are preserved under is.
Proposition 4.47. The inclusion io is a topological embedding.

Proof. First we show that iy is injective and continuous. The injectivity is straightforward: given
0, € Xa s.t.iz(p) = i2(1), it follows that ¢(eg) = 1(ey) for all g € F. Since {e4 : g € F} generates
D4, there exists an unique *-homomorphism which extends the function

eqg — leg), geF

and such uniqueness implies that ¢ = 1, i.e., 42 is injective. For the continuity, let (¢, )nen be a
sequence in X 4 such that ¢, — ¢ € X 4. The topology in X4 is the weak* topology and it is
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metrizable. We have the following equivalences:

on = @ == pnleg) = pleg), VgeF == {pnleg)lger — {w(eg)}ger,

where the last convergence above is the precisely the one in the product topology. We observe
that every injective continuous map from a compact space to a Hausdorff space is a topological
embedding. And this is exactly the case we are dealing: X4 is compact, {0, 1}IF is Hausdorff and
i9 is continuous and injective. We conclude that i5 is a topological embedding. The proof is the
same for X4 when it is compact, and for X4 non-compact, it follows straightforward by taking the
restriction on 49 from the X 4 case. O

Now we can see the characters in X4 and X4 as configurations in the Cayley graph generated
by F, where the words g are the vertices and the oriented edges multiply by the right the word in
the source vertex by a letter a, leading to the range vertex. Of course, the inverse way of the edge
represents a multiplication by the inverse of the correspondent letter a.

g a ga

The next corollary is straightforward.

Corollary 4.48. iz 0i1(X4) is dense in i2(Xa). Moreover, if O4 is not unital, then iz 0i1(X4) is
dense in i2(X4).

From now we will describe X 4 (respect. X ) by its copy ia(X4) (respect. ia(X 1)) contained in
{0,1}F, except when the map is is explicitly needed.

Definition 4.49. A configuration £ is said to be convez if for any two a,b € F filled in £, the whole
shortest path in the Cayley tree between a and b is also filled in &.

Remark 4.50. Note that a configuration £ is convex and it is filled in e if and only if, for every
g €F filled in &, the subwords of g are also filled.

Now, we present some properties of the configurations in X 4 (respect X A), and for such objective
we define the following set, as it is done in [EL99].

Definition 4.51. For a given transition matriz A, we define the set

€c{0,1}F: ¢ =1, € conven,
Oy =4 if & =1, then there exists at most one y € N s.t. &,y =1, . (4.12)
if€o =8y =1, y€N, then for allz € N ({,,-1 =1 <= A(z,y) =1)

Alz,y) =1 A(z,y) =0
Wy wy Wy wy

Figure 4.2: Representation of the last condition of Q7. The black dots represents that the configuration &
is filled.

Remark 4.52. The set V) generates the Toeplitz-Cuntz-Krieger algebra TOy4. Theorem 4.6 of
[EL99] presents a isomorphic correspondence between TO 4 and C(Q7) x F.
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The set above is compact and it contains X 4 (respect. X 4), and these two properties are proved
next.

Lemma 4.53. )7 is a closed set.
Proof. Let (£€")y be a sequence in 7 that converges to ¢ € {0,1}F, i.e.,
Vg €F,AN, eN:in> N, — €' =¢,. (4.13)
Now, let us prove that £ € Q).
1. & = 1. Tt follows by applying (4.13) for g = e;

2. £ is convex. By the previous condition we simply need to prove that if {; = 1, then &, =1
for every h subword of g. Indeed, let {; = 1 and h be a subword of ¢g. By (4.13) we have that
for n > Ny we have {g = {; = 1, hence ' =1 for all n > N, and therefore §, = 1;

3. if &, = 1, then there exists at most one y € N s.t. §,, = 1. If {, =1, {,; = 1 and
{wy = 1, then by (4.13) there exist Ny, Nuz, Ny € N such that N:n > Ny, = £ = &,
g = w,wz,wy. By taking n > max{ Ny, Nyz, Nuwy} we get that £, = £, = 1 and by definition
of 0, we get that z = y;

4.if &, =&y = 1, y € N, then for all x € N (§{,,-1 =1 <= A(z,y) = 1). Similarly
as the previous condition, we can take N = max{N,,, Nyy, N, -1} and for n > N we have
that £ =&, =1, for g = w,wz~ ! wy. We conclude that & ,-1 = 1 = §.p—1 and the second
equality happens if and only if A(z,y) = 1.

O
Corollary 4.54. Q7 is a compact subset of {0,1}F.

Proof. From Lemma 4.53, Q7 is a closed subset of {0, 1}¥. On the other hand, {0, 1}¥ is the product
space of compact space and then by the Tychonoff’s Theorem it is compact. Since every closed subset
of a compact space is also compact, and therefore {7, is compact. O

Proposition 4.55. iy(X4) C Q7.

Proof. 1t is sufficient to prove that i2(i1(2X4)) € Q7 since iz(i1(X4)) is dense in i9(X ), due to
Corollary 4.48, and Q7 is closed, by Lemma4.53, and therefore i2(Xa) = i2(i1(Z4)) C Q7. By
Lemma 4.31, for any reduced word g € F which is not in the form g = a8~! for o, 3 € F (the
case g = e is included), we have that e, = 0. Given the character { € i2(i1(X4)), we have that
¢ =i2(pw), w € ¥4, where N

Yw(R) = (Rdw,dy), VR EDa.

By direct checking we have for any v € ¥4 that

8y, if v € [a] and A(Bjg/—1,Vja|) = 1;
ealg—léy = .
0, otherwise;

where | is the length of o and @ = ap - - - || (with analogue conventions for ). Also, we conven-
tioned that [a] = X, for |af = 0 and ‘A(Bjg|—1, ajq|) = 1" simply vanishes for || = 0. We conclude
that

1, if w € [a] and A(Bjg—1,wWa|) = 1;

ap-1 = 12(Pw)ap-1 = Pu(€ap-1) = (€ap-10u,0u) = {0, otherwise:

(4.14)
Now we are able to prove the proposition.
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(a) & = 1. It is obvious since & = @y (ee) = pu (1) =1,

(b) & is convex. Since & = 1, it is sufficient to prove that for given g € F s.t. {; = 1 we have
that &, = 1 for every subword h of ¢. Indeed, let ¢ = 37! be a finite reduced word such that
§ap1 = 1, a, B € Fy. From (4.14) we obtain that w € [a] and A(Bg—1,w}q|) = 1. We have
two possibilities for any h reduced subword of g, namely h = 045|73|1,1 e szl, 0<p<|B|l—1,
and h = ag---ap, 0 < p < |af — 1. Both of the possibilities give us that &, = 1, since for
all w € [a] we have that w € [ag---p], 0 < p < |af — 1. On other hand the condition
A(B)g|-1,W|q)) = 1 remains unchanged for h = 045[8‘171 . -Bljl, 0 <p<|Bl—1and it is not
necessary when h = ap---ap, 0 < p < |a] — 1, when you take w = h. Therefore we can use
(4.14) again to conclude that &, = 1;

(c) if {; =1, then there exists at most one y € N s.t. £, = 1. Suppose §; = gy = g = 1,
with z,y € N. Since e; = 0 unless g = a~! with a, 3 € F, we have two possibilities: |3] # 0
and |3] = 0. If || # 0 we have necessarily that x = y = o, otherwise we get {5y = {40 = 0,
a contradiction. If |5] = 0, then we have that g = « and by (4.14) we get w € [az] N [ay].
However, [az] N [ay] # 0 if and only if z = y;

(d) if §g =&y =1, y € N, then for all € N ({;,-1 =1 <= A(wz,y) = 1). Once again we
recall that e, = 0 unless g = af~! with a,8 € F,. Also again we divide the proof in the
same two possibilities as in (¢), namely |3| # 0 and |3] = 0. For || # 0, again the unique
non contraditory possibility is that y = By and {,,—1 = 1 if and only if A(z,5) = 1, ie,
A(z,y) = 1. Now, if || = 0 we have by (4.14) that w € [ay], so We have the equivalences

fgx—l =1 << &,,1=1 € [Oé] A A(x,W|a|) =

Hence, {y,-1 = 1 if and only if A(z,y) = 1 because wjy = y.
[

The proposition above shows that the elements of X 4 satisfies the rules that define 17. Now,
we introduce the definition of stem and root of a configuration as in [EL99].

Definition 4.56. By a positive word in F we mean any finite or infinite sequence w = wowy - - -
satisfying w; € Fo for every j, including the empty word e. As well as it is defined for the classical
Markov shift spaces, a positive word w in F is said to be admissible when A(wj,wjt1) =1 for every
j. Given an either finite or infinite positive word w = wowy - -+, define the set

[[Ld]] = {6, Wo, WoW1, WowWiwa, « - }
of the subwords of w.
Remark 4.57. Observe that if w is an infinite positive word, then w ¢ [w].

The next lemma shows the existence well-definition of a special positive admissible word: the
stem of a configuration. In order to prove it we name the properties that define {27 as the rules
below:

R1

7

R2

IS convex;

(R1) ¢
(R2) ¢
(R3) if £, = 1, then there exists at most one y € N s.t. gy = 1;
(R4) if &, = &gy =1, y € N, then for all € N it follows that

§go1 =1 <= A(z,y) =1
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Lemma 4.58. Let £ € ). There exists a unique positive admissible word w such that
{geF:¢{=1NFy = [w]. (4.15)

Proof. Let & € € and define
G&):={gelF: =1 nF,.

We observe that (R4) implies that every element in G(&) is admissible. Due to (R1) and (R2),
we have that if w € G(&) then every subword of w is also contained in G(£). We claim that given
w,w’ € G(§) we necessarily have either w € [w'] or o' € [w]. In fact, w.l.o.g. we may assume
|| < |w|. If w" = e the claim is straightforward, so suppose w’ # e. If W’ ¢ [w], then there exists
ke {0,..,|w| —1} s.t. wy # wj, and we may take the smallest k£ with such property. Then, the

element
e, ifk=0;
9=9 .

/ 1 .
Wy wy_;, otherwise;

is such that §; = 1, {4, = 1 and 59% = 1, a contradiction, because of (R3). So the claim holds.
Consequently, for each n € N, G(€) has at most one element of length® n. We have two cases:

e (G(&) is finite. As we noticed in the beginning of the proof, every subword of w belongs to G(§)
and then [w] € G(&). The inverse inclusion is a consequence of the claim above and the fact
that w is the largest word in G(&);

e (G(&) is (countably) infinite. In this case, take the infinite sequence w that coincides with the
sequence of G(§) with length n € Ny when on its first n + 1 coordinates. By construction,
[w] € G(§). The inverse inclusion follows by the same argument as in the previous case.

O

The existence and uniqueness of the word in the lemma above for each configuration motivates
part of the next definition.

Definition 4.59 (stems and roots). Let £ € Q7. The stem of &, denoted by k(§), is the positive
admissible word such that

{geF:&{=1}NnFy = [w].

We say that a configuration £ € 17 is a bounded element if its stem has finite length. If § is not
bounded we call it unbounded.
Given g € F s.t. § = 1, the root of g relative to £, denoted by R¢(g), is defined by

Re(g) i={r €8 : {1 =1}
Remark 4.60. Observe that if k() # e, then K|, _1 € Re(k(§)).

Roughly speaking, we may compare the notions of stem and root as a hydrographic basin as
follows. The stem of a configuration correponds to the ‘positive main river’ of a configuration, that
is, the longest path of positive finite words which are filled in the configuration. On the other hand,
the root of an element of g € F on a configuration corresponds to the ‘affluent edges that disembogue
to the vertex g’. Observe that the inclusion iy 01 : £ 4 — {0, 1}F necessarily maps the elements of
> 4 to unbounded configurations. Moreover, every unbounded configuration in 7, comes from an
element of X 4. This relation is presented and proved next.

Proposition 4.61. The inclusion iz 0 i1 : X4 — Q7 is a bijection between X4 and the unbounded
elements of (V.

8We set that e has length zero.
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Proof. The fact that every w € ¥, is mapped to an unbounded configuration £(w) € 7 is a
straightforward consequence of Definition 4.40, by evaluating {(w)s = ¢w(€q) = 1 for every a € [w],
and hence it is a unbounded configuration. Conversely, given an unbounded configuration § € €07,
we observe that (R4) imposes that £ is the unique configuration of 27 having a stem (). On
the other hand x(§) € ¥4 since it is an infinite positive admissible sequence. Since the stem of
ig 0i1(r(&)) is K(§), we conclude that every unbounded element of € comes from ¥4, concluding
the proof. O

Corollary 4.62. X4 ()N(A, when it is considered) is the closure of the unbounded elements of (07.
Proof. 1t is a straightforward consequence of Corollary 4.48 and Proposition 4.61. 0

Now we can characterize the bounded elements of X 4, denoted by the set Y4, that is,
Ya:=X4\24,

where we ommited the inclusions 71 and io. What we do next is to characterize the bounded
elements of 7, and Y4. In order to realize that, we consider the most important root for every
bounded configuration, namely R¢(x(£)), that is, the root of the stem of a configuration relative
to this one. Observe that Y4 = ) if and only if X4 is locally compact, and then the existence of
bounded configurations requires that the alphabet be infinitely countable, and hence from now and
until the end of this thesis, we adopt the following standing hypothesis.

Standing hypothesis: the alphabet on the FExel-Laca algebras considered is N. Moreover, the
transition matrix is not row-finite, that is, there exists at least one symbol in N that is an
infinite emmiter in the symbolic graph.

The hypothesis above combined with the transitivity of the matrix implies that the correspond-
ing Markov shifts 34 are not locally compact.
The next proposition characterizes the bounded elements of 0.

Proposition 4.63. Let £ € Q7 a bounded configuration. Then & is uniquely determined by its stem
and R¢(k(€)). Conversely, every pair (k, R), where k is a finite positive admissible word and R C N
satisfying’ Kig—1 € R, determines a configuration £ € QY s.t. k = k(§) and R = Re(k(§)) = Re(k).

Proof. Suppose that there exists £, n € Q7 s.t. £(€) = r(n) = k and Re(k) = Ry (k). Given g = af~?
irreducible we have by (R4) that, if 5 # e, then

=1 =1,

Sl
and the same is valid for 7. We have two possibilities:

e o # k. By Lemma 4.58 and (R4)'Y we have that

& =1 ac[s]\{x} and AB5| |, Kja) =1 &= ny=1

e o = k. It is straightforward that &, = 1, = 1, so suppose 8 # e, we have by the hypothesis
R¢(k) = Ry (k) that
§g=1 <= n,=1

9Observe that if x = e, then Kl—1 € R is a vacuous condition.
107f B = ¢, then (R4) is not necessary.
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We conclude that & = 7. Now, take a pair (k, R) as in the statement of this proposition. We
construct the following configuration of ¢ € {0,1}F by setting the following

(1) & =1 for every w € [&];

)
(ii) &,j-1 = 1 for every j € R;
(iii) §up-1 = 1if and only if o € [k] \ {s}, B is positive admissible and A(Bjg—1, K|a|) = 1;
)

(iv) &p-1 = 1 for every 3 positive admissible such that Big-1 € R;
(v) & =0 for every g € F in the remaining possibilities.

We have that £ € 27, Indeed, (7) implies (R1); (R2) is a consequence from the fact that every path
between two filled words is a set of elements of g € F described in the conditions (i) — (iv); (R4)
comes from the conditions (i7i) and (iv), by the fact that every subword of « is also admissible,
and that the lack of admissibility leads to the case (v). Let us prove (R3). For (R3) suppose that
there exists g € IF, that {; = &5 = &4 = 1 for two distinct elements 7,5 € N. Since {;, = 1, we
have necessarily that ¢ = a3~!, where a and S are admissible. Moreover, we must have 8 # e,
otherwise we would have two different positive admissible words of same length which implies that
one of them does not belong to [«] and hence £, = 0 or {;; = 0, a contradiction. However, if § # e
then we have g = a3~ 1i and by (v) we have that £, = 0. We conclude that (R3) holds. Therefore
£ € Q. O

For the next proposition, we see the root relative to the stem of a configuration of this configu-
ration itself as an infinite matrix column in {0,1}N, endowed with the product topology.

Proposition 4.64. Let £ € Q7. Then £ € Ya if and only if it satisfies simultaneously the two
following items:

(a) k(&) =e or k(&) ends in an infinite emmiter letter;

(b) If k(&) # e, Re(k(§)) is an accumulation point of the sequence (¢(7)) a(x(¢) i)=1 of columns

[R(§)[-1>
of A, with these columns seen as elements of {0, 1}N. If k(&) = e, Re(k(€)) is an accumulation

point of the sequence (¢(7))ien.

Proof. Let £ € Y4. By Corollary 4.62, there exists a sequence {¢"}y in ¥4 converging to £. Then,
we have that

(") — 1 and  (£")we)a — 0,

where the second convergence holds for every a € N. Since the convergence is inherited from the
product topology of {0, 1}, for each a € N, the sequence {(€")w(¢)atn is eventually constant. Hence,
we necessarily have that x(£) = e or it ends in an infinite emmiter, otherwise it would exist a symbol
b € N such that (5”%(5)1) = 1 for infinitely many values of n, leading to a contradiction, because
this fact would imply that ), = 1. On the other hand, suppose that x(§) # e, we have

Ren(r(€)) = {j € Nz A(j,a,) = 1} = c(an) (4.16)

where a,, € N is the unique symbol due to (R3) s.t. &6y, = 1 and c(ay) is the a,-th column of A
when we see Ren(1(€)) as an element of {0, 1}, Since £€" — ¢ we have that

R&"("i(f))j = f:(g)jfl — fm(s)jfl = R&("i(f)j%

for every j € N, that is, c(an) = R¢(x(£), and therefore R¢(x(€)) is an accumulation point of the
set {c(i) : A(K(E)|n(e)—1,9)} of the columns of A, and therefore it is an accumulation point since
this set is countable. The proof is similar for x(§) = e.
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Conversely, suppose that { € Q7 satisfies (a) and (b). We construct a sequence {£" } of elements
>4 converging to Yy, by setting
Ene) = Sneim = b
where {i(n)}y is an enumeration of distinct elements of an infinite subset of {k € N : A(k(§)|.(¢), k) =
1} if |k(€)] > 0, and an infinit subset of N otherwise, in both cases satisfying ¢(i(n)) — Re(x(£). In
addition, for each n € N we choose w,, € [£(§)i(n)] and set &} := 1 for every u € [wy]. This choice
determines uniquely each &”. It is straightforward that 5;‘(5) =1 for every n € N,

o= 0 and  Ren(s(€)) = c(i(n)) — Re(x(€)).

We constructed a sequence in ¥4 that converges to an element £ € 27, by density, we necessarily
have that £ € Y. O

In order to provide more intuition to the reader, we discuss how the convergence of elements
of elements of ¥4 to elements of Y, occurs. Let & € Y4. Due to Corollary 4.62, there must exist a
sequence {{"}y in X4 that converges to £. Let w be the stem of £&. We must have necessarily that
wj — 0 for every j € N. In particular, only need to consider those j s.t. wj is admissible. Then we
must have for each one of these particular j’s that £, = 1 for a finite quantity of n’s. So w.l.o.g. we
may suppose that {7 for each n and that jn # jim, if n # m. That make us understand that must
be an infinite different possible j.’s s.t. w7 is admissible, that is, w = e or w ends in an infinite
emmiter. The figure 4.3 illustrates this discussion.

Figure 4.3: A sequence of unbounded elements of X 4 converging to an element of Y, viewed close to the
stem w of the limit configuration. The black dots represents the filled vertices and the white dots represents
the non-filled vertices. The oriented edge from the vertex w to wji, k € N represents the multiplication of w
by Jk-

® v O wi O wi O wihi
O wj2 @ v O wi2 O wia
O wjg=—— O wjg=——» Qo vis— Qwjsg=——p ooe
O wja O wja O wia @ wis
w w w w

Also, we have the converse density, that is, the density of Y4 on X4, as proved next.
Proposition 4.65. Y, is dense in X4.

Proof. We recall that there exists a symbol ¢ € N such that |{j € N : A(4,j) = 1}| = oo. Let
& € Y4, that is, k() = v = xor122--- € X 4. By transitivity of ¥ 4, there exists an admissible
word wy, such that zxwyi is also admissible. Since A(i,j) = 1 is satisfied for an infinite values of
J, by 4.61 and Corollary 4.62 we may construct for each n € Ny at least one £" € Y4 satisfying
k(") = zg - - - zpw™i. For each n choose one of the possible ™ as previously. We claim that " — €.
Indeed, for every p € Ny the sequences {({")z..z, fneN, are constant for n > p and therefore
convergent, and moreover
(€ )azy = 1= Expy

Consequently for every g € F in the form g = ay~! or v~ ! irreducible, where a and v are admissible

words, we have that (£), is constant for n > |a| (we consider |a| = 0 for g = y~1) due to (R4). So

(€")g = &g
and therefore £ — £. O

We warn the reader that, although in many cases Y4 is countable, this is not granted, even
under the transitivity hypothesis, we can have Y4 uncountable, as we show in the next example.
Futhermore, this example shows a transition matrix A s.t. both 34 and X 4 are not compact.
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Example 27 (Uncountable Yy). Consider the transition matriz A as follows: each of its columns is
a periodic sequences in {0, 1}, excluding the zero sequence. Also, we order the columns by increasing
minimal period. Sel

and  A(n,2) =

— = R R =
_ O = O = O

'
—
S
[\
SN—
Il
O = O = O

And for the remaining columns with same minimal period, take any ordering'?. Denote by p(n),
n € N, the minimal period of the sequence of the n-th column. It is straightforward that p(n) < n
for ever n > 2. We prove the following claims.

Clatm: for b € N, b > 2, there exists ¢ € N satisfying A(c,b) = 1 and ¢ < p(b). In
fact, suppose that for every ¢ < p(b) we have A(c,b) = 0. Then we have that the b-th column has
only zeros in its first p(b)-entries as il is shown in figure 4.4, and since p(b) is the period of such
sequence, it follows that A(n,b) = 0 for every n € N, a contradiction because every column of A is
not the zero column.

Figure 4.4: A contradiction on the matriz constructed in this example if, for some b > 2, we would have

A(c,b) = 0 for every ¢ < p(b). In this case, the first p(b) terms of A(n,b) must be zero, and by periodicity,
we conclude that A(n,b) = 0, for every n € N.

A(n, b)

NP 8 minimal
, period first p(b)
]:If;;)d (IE;S 8 greater column entries
p 0 than p(b)
A =

minimal
period equals
to p(b)

Claim: A is transitive. Indeed, let a,b € N. The case b =1 and b = 2 are clear: since for
b =1, we have A(a,b) = 1 for every a because A(n,1) is the column of the constant sequence of
1’s. On the other hand if b =2, then A(1,b) =1 and A(a,1) =1, and so alb is admissible.

Now, suppose b > 2. By the previous claim, there exists ¢y € N ¢; < p(b) < b s.t. A(cy,b) = 1. If
c1 < 2, then aleib is admissible. Otherwise, then we restart the process, by taking ca < p(c1) < 1

12Tt does not matter the choice of ordering among sequences of same minimal period, since it is a finite set of
columns.
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such that A(ce,c1) = 1 and verifying if ca < 2 or not. Since the process must terminate, after m € N
iterations, we find c1,...,cy € N, with ¢, < 2, and s.t. alc,cp—1 - - - c1b is admissible.

Claim: A s topologically mixing. It is straightforward from the last claim and the fact that
A(1,1) = 1. In fact, by the proof above, for every a,b € N, if b = 1, then, for every n € N we have
the admassible word al™1, where

1"=1---1.
——

n times

Now, if b = 2, then alb is admissible. Again, we have that al™b is admissible for every n € N. If
b > 2, by the proof of last clavm, there exists m € N s.t. alcy, ---c1b is admissible and therefore
al™cp, - - c1b for every n € N, and we conclude that A is topologically mizing.

Claim: the accumulation points of the sequence (¢(n))y, where ¢(n) is the n-th column
of A is a uncountable set. This is straightforward from the fact that periodic sequences are dense
in the uncountable set {0, 1. In fact, for every w = ajas - -- € {0, 1}Y, consider as the first element
of the subsequence take v' = A(n,1). Now, for k > 1, take v* = (ay,...,a31)®. For each m € N,
(VF)m is eventually constant and equals to an,, and then v* — w. Then the set of accumulation
points of the sequence is (¢(n))N.

Claim: X4 and X4 are not compact. For ¥ 4 is straightforward, observe for instance, that
A(n,1) = 1 for infinite quantity'® of n’s. By the last claim, every element in {0,1} is an accu-
mulation point of (¢(n))n, so in particular the null vector is it, and by Theorem 4.39 (iv), we have
that O 4 is not unital, then Dy is not unital, and therefore X 4 is not compact.

From now we shall use the following notation: we denote by €(A) the set of columns of A, also
the elements of € are denoted as follows: given j € N we denote by ¢(j) the j-th column of the

matrix A, that is,
. 1, if A(i,j) =1,
«(j)i = .)
0, otherwise.

Now, we prove the compatibility between the classical and generalized Markov shift spaces in
terms of Measure Theory.

Proposition 4.66. iy 0i1(X4) is a measurable set in the Borel o-algebra of ia(Xa).

Proof. Using the fact that is is a homeomorphism,

i2(Xa\i1(£4)) = i2(Xa) i 0i1(2a) = {€ € ia(Xa) : [K(€)] < 00} = [ J{€ € i2(Xa) : 5(€) =
acl

where L is the countable set of all admissible finite words. Note that

H(a) : = {€ € ia(Xa) : 5(€) = a} = {€ € i2(X4) : &4 = 1 and &uy = 0, ¥s € N}
={{€i2(Xy): & =1}N{ €ia(Xa): s =0, Vs € N}

Since H(«) is an intersection of two closed sets, this means that H(«) is closed in ia(X4). As
i2(X4) \ i2 0i1(X4) is an countable union of those sets, we conclude i2(X ) \ 42 041(24) is a Fy,
hence i3 0i1(X4) is a Gy, a Borel set. O

Proposition 4.67. For every Borel set B C ¥4, i1(B) is a Borel set in X 4.

Proof. 1t is equivalent to prove that is 01 (B) is a Borel set. Also, it is sufficient to prove the result
for the cylinders in ¥4 because they do form an countable basis of the topology. Given a cylinder
set [a] C 34, we have that i3 091 ([a]) = {€ € 12(X4) : k(&) is infinite and &, = 1}.

3 Actually every row has infinite quantity of 1’s, that is, every symbol is an infinite emitter.
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Denoting by 7, the projection of a word g in the Cayley tree it follows that

izoir(fa]) = | [ m ' ({1}) | Nizoi(Ta)

velal
is a Borel set in i9(X4). O

Since the Borel sets of ¥4 are preserved in the sense that they are also Borel sets of X4 we
are able to see Borel measures of ¥4 as measures of X4 that lives on X 4. Conversely, when we
restrict Borel measures on X 4 to X4 we obtain a Borel measure on ¥ 4. This compatibility of Borel
o-algebras and measures is crucial for a stronger result: the compatibility of conformal measures on
classical and generalized Markov shift spaces. This will be proved in chapter 5.

We now introduce the generalized shift map for X4, inherited from 3 4.

Definition 4.68 (Generalized shift map). Consider the generalized Markov shift space. The gene-
ralized shift map is the function o : X\ {€ € Xa : k(§) = e} — X4 defined by

(‘7({))9 = €x6197 g € Fa
where xog = k(§)o, that is, xq is the first letter of the stem of €.

Observe that ¢ is simply a translation on the configurations of the Cayley tree of generated by
N. Tt is straightforward that such map is well-defined surjective continuous map. More than that, o
is a local homeomorphism. Next, we define the Y -families for X 4, a notion that will be used later
to characterize extremal conformal measures on X 4 that vanish on X4, in the next chapter.

Definition 4.69 (Yj-family). Let {€%¢}.ce, the collection of all configurations on X4 (or X4)
that have empty stem. We define the Ya-family of €% as the set

Ya(€®e) = | | o™, (4.17)

n€eNg
Remark 4.70. When )N(A is considered, Ya(po) is a singleton.
We prove some properties of the Yj-families.

Proposition 4.71 (Properties of the Yy-families). Consider the family {€%%}.ce of all distinct
configurations in Y4 with empty stem. The following properties hold:

(i) Ya(€%®) NYa(E%) = 0 whenever ¢ # ¢';
(i) Ya = ees Ya(6%);
(i) Ya(€%%) is o-invariant for all ¢ € &, in the sense that

U(YA(SO’Q) NDomo) = YA(§078>;

() fized e € &, Re(K(§)) = Reo.e (k(E7°)) for every & € Ya(€2°);

(v) Ya(£%%) ds countable for every e € &;

(vi) Ya(£%%) is a Borel subset of X4 for every e € &.
Proof. We divide the proof accordingly to the properties labeled in the statement.

(i) Let € € Ya(£2¢) N YA(€9), where ¢ # ¢/. Then £9¢ = ¢"(¢) = £0¢, where n = |k(€)], a
contradiction because ¢ £ £0:¢'
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(73) The inclusion
Ya2 || Ya(e™)
ees
is straightforward. For the converse, take £ € Ya. If k(€) = e, there is nothing to be proven,
so suppose k(£) = k # e. Then % (€) = £%° for some ¢ € & and hence ¢ € Y4(£%°), proving
the inclusion

Ya C | | Va(e®).

ecé

(iii) Given ¢ € Y4(£%%) N Domo and since the translation o preserves the root of the stem, we
have that o () € Ya(£0°).

(iv) it is straightforward from definition of Y4(£0).
(v) Ya(€%%) is at most a countable union of countable sets and therefore it is countable.

(vi) Since X4 is Hausdorff, every singleton is closed and then it is a Borel subset of X 4. By (v),
each Y4 (£%%) is a countable union of Borel sets, and therefore the Y-families are Borel subsets
of X4.

O]

By conditions (i) and (iz) we have that the collection of Ys-families forms a partition of Yjy.
By (iv), two distinct configurations in a same Yj-family necessarily have distinct stems. Then,
for fixed empty stem configuration £%¢, there exists a bijection between the all possible stems in
configurations of Y4 (%) and their respective configurations. Considering this fact, we define the
following.

Definition 4.72. Given a transition matriz s.t. its respective set of empty stem configurations
{€0%} e in Ya. We define the sets

Re = {w: k(€) = w for some & € Y(£%%)},
for each e € &. If & = {e}, that is, & is a singleton, we simply write R, = R.

We now focus on some particularly special examples. They will be recalled further when we
construct the Thermodynamic Formalism on generalized Markov shift spaces, since in these cases
we explore concrete examples of a new type of phase transition that is not detected in the classical
theory.

4.3.1 The Generalized Renewal shift

We first characterize the generalized renewal shift space. By taking the alphabet N, we recall
the renewal transition matrix, presented in Example 3 of chapter 1: A(1,n) = A(n+1,n) =1 for
every n € N and zero in the remaining entries. From the same example, we also recall its symbolic

graph:

CO—Q—@e— O

First we observe that the C*-algebra O4 for the renewal matrix is unital. In fact, in the represen-
tation of @4 on B(L?(X4)), Remark 4.23 gives

1=Q, =TTy € Oy
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Then we have that O4 is unital and by Theorem 4.39 we conclude that X4 is compact'. On the
other hand, we observe that 1 is the unique infinite emitter in the symbolic graph. Observe that

) _{1, ifie{1,j+1}

0, otherwise.

Then, the unique accumulation point of the set of matrix columns of A is

)
I
oo o~

We conclude that there exists a unique Y4-family, where
R = {e} U {wpositive admissible word, |w| > 1, wj,—1 = 1}.

We denote by € the unique configuration in Y4 with empty stem, and it is represented in the figure
4.5.

3 1-19-19-1

1-lg9—11—-19-1

1121112131

4

Figure 4.5: The empty stem configuration of the renewal shift. Only the filled vertices are shown. The blue
vertices are some explicit examples of filled elements of FF.

The configuration of the figure 4.6 presents the unique configuration relative to the stem 321.
Its uniqueness is a straightforward consequence of Proposition 4.71.

4 Alternatively we also can prove that X4 by noticing that A(0, {1},4) = 0 for every j € N and again by using
Theorem 4.39.
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Figure 4.6: 321 stem configuration for the renewal shift. The directed graph denoted by €°\ {e1} is o0b-
tained removing the root e and the edge ey, labeled with 1, from the directed graph associated to the empty
configuration £° in the figure 4.5.

Since this shift space is a simple concrete and explicit example, we show explicitly how the shift
map acts on it. The figure 4.7 shows the shift action on the configuration of the figure 4.6, and
the figure 4.8 presents the same shift action in the same configuration with focus on where each of
branch disemboguing to the stem is translated.

Figure 4.7: Shift action on the 321 stem configuration for the renewal shift, focusing on the transportation
of the branches disemboguing in the stem. The directed graph denoted by £°\ {e1} is obtained removing the
root e and the edge e, labeled with 1, from the directed graph associated to the empty configuration £° in the
figure 3. .
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Figure 4.8: Shift action on the 321 stem configuration for the renewal shift. The directed graph denoted by
€9\ {e1} is obtained removing the root e and the edge e1, labeled with 1, from the directed graph associated
to the empty configuration £° in the figure 4.5. Each displayed branch is translated under o accordingly to
the shape that sorrounds it, i.e., the circled in the left configuration goes to the circled one in the right
configuration, and the analogous transportation occurs for the squared and triangled branches. .

The next proposition is the precise counting number of elements in R with length n, that is,
the number of elements of Y4 with stem of length n, for each n € Ny.

Proposition 4.73. There is ezactly one element in Y5 whose stem has length zero, namely £°, and
for each n > 1, there are exactly 2"~ elements in Y4 whose stem has length n.

Proof. Every stem of a configuration in Yy is admissible and it ends with 1. Hence, for any n € N
we have that
{we® € Ya i |w| =n} =0~ "7D(1),

where o is the shift map restricted to Y4. Since the transition matrix is given by A(s + 1,s) =
A(1,s) =1 for all s € N and zero in the rest of entries we conclude that |o=1(n)| = 2 for all n € Y.
It follows that

[{we® € Ya i w| =n}| = o~ " D(1)| = 2",

Indeed, it is obvious for n = 1. Then suppose that the result above follows for £ € N, i.e.,
o~V (1) =257,
then for a word 7 in o~ *~1(1) we have that |¢~'(n)| = 2 and then
(1) = [0~ o D)) = 2o V(1)) = 2"

The proof is complete. O
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4.3.2 The Pair Renewal shift

This shift space corresponds to a slightly modification on the renewal shift, by adding another
infinite emmiter to the symbolic graph, and this is described now. Consider the transition matrix
satisfying

A(l,n) = A(2,2n) = A(n+1,n) =1,YneN

and zero otherwise. This shift will be called from now by Pair Renewal Shift and its explicit
associated transition matrix is

S OO OO OO
[=NeleoNeoBeoNeol Sl
DO OO O = OO
OO OO, OO
OO O+ OO oo
OO OO OO -
O R OO OO o O
O OO OO o+
SO OO OO OO

Its symbolic graph is the following:

c® %@ Be— Oe—@+— O«

w

The current transition matrix A has a full line of 1‘s in the first row and then Q4 is unital as the
renewal shift and therefore X 4 is compact. The only two possibilities for accumulation points on
the sequence of columns of A are

1= and o = (4.18)

SO O ==
o O OO

By Proposition 4.64, there are only two distinct emtpty stem configurations, as it is shown in the
figure 4.9, and then there are only two Y4-families. Observe that the unique infinite emmiters the
pair renewal shift symbolic graph are the symbols 1 and 2. Moreover, note that (¢(j))4(1,j)=1 =
(¢(4))n, and then that sequence has ¢; and cp as accumulation points, on the other hand (¢(j)) a2,j)=1
converges to c1, so again by Proposition 4.64 we determine the non-empty stem configurations in
Y4: for £ € Yy, with k(§) = w # e we have that one of the following holds:

I. wendsin 1 and R¢(w) = cy;
2. wendsin 2 and Re¢(w) = cy;

3. wendsin 1 and Re¢(w) = ca.
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Alternatively, one could prove the above by applying Proposition 4.71 (i)-(ii) instead. Indeed, each
empty stem generates a unique Y4-family and it is straightforward that every configuration with
no empty stem of Y4 belongs to one of these families. The two first items correspond precisely to
the elements of Y4(¢%!), where ¢%! is the empty stem configuration with Kkeoa(e) = cp; the last
condition corresponds exactly to the elements of Y4(£%2?) with non-empty stem, where ¢%2 is the
remaining empty-stem configuration. We have that

M1 = {e} U{w positive admissible word, |[w| > 1,w,—1 € {1,2}},
Ry = {e} U {w positive admissible word, |w| > 1,w),,—1 = 1}.

Figure 4.9: The two empty stem configurations of the pair renewal shift. The left configuration %1 satisfies
Reo.1(e) = c1, while the right one %% corresponds to Reo.2(e) = ca, where ¢ and cy are the column vectors
of (4.18).

The next result theorem gives, for each k € {1, 2}, the number of configurations in Y (£%%) with
stem of same fixed length. Such theorem will be crucial in the next chapter, when we study phase
transition phenomena for the pair renewal shift. In order to prove the next theorem, we say that
an edge c that conects two filled vertices of any empty stemn configuration is in the n-th generation,
n € N if the unique admissible path that connects this edge to the vertex e has n edges including c.

Theorem 4.74. Consider the pair renewal shift and n € Ng. Then,

o] = 3 [(1= VA" (= VB (1 VR (1 VB

and

o) =4 I =0
2=V (1 =V2)"+ 1+ V2)" L+ (1+V2)"],  otherwise.

Proof. For n = 0 the result is straightforward in both cases, as well as in the case n = 1 for
€92 Observe that the configuration ¢%2? has the same graph tree in terms of labeled edges than
€01 if we remove the vertex e and the edge from 17! to e. Then, for n > 1, we have |0~"(£%?)| =
lo= (=D (£91)|, and therefore it is sufficient to prove for the configuration £€%'. Moreover, the number
of configurations in ¢~"(¢%!) is the number of edges of n-th generation. This counting problem
depends of the number of edges that can connect to a labeled edge. By the transition matrix, we
have the following:
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(7) if an edge is labeled with an odd number, then there are two edges that connect directly to
him: one with an odd label, and another one with an even label;

(7i) if an edge is labeled with an even number, then there are three edges that connect directly to
him: two with odd label, and another one with even label.

We can define an iterated map to count the number of edges as follows. Let G be the set of
edges of generation k € N, and we make no distinction among all of its odd labeled edges, and we
do the same for all their even labeled edges. We consider R? endowed with the ¢!-norm, that is,
(21, 2)| = |71| + 2| for every (x1,22) € R% We associate the odd and even labeled edges to the

respective canonical basis vectors
1 1
e = <0> and eg = <0> .

In this setting, the number of elements of Gy, is

ICL=r GG =

where 7, s € Ny are respectively the number of odd and even edges in Gi. By the characterization
done in items (i) and (i7) above, we have that the number of elements in Gjy; depends on the
number of edges in G, and how many of these edges are odd and how many are even, since they
generate a different number of edges. Furthermore the number of odd and even edges in Ggyq is
given respectively by 7 + 2s and r + s. In terms of vectors in R?, we have that the total of edges is

o GG DO
v=(13)

does not depend of k, hence we have that we can count the number of edges by iterating M, that
is, the number of elements in Gy, is

Note that the matrix

, (4.19)

where 19,59 € Np are respectively the number of odd and even edges in (1, which in our case
we have rg = so = 1. It is straightforward that M can be written in diagonal form, since its
determinant is —1, so we diagonalize to make the calculations easier to obtain the quantity in 4.19.
The characteristic polynomial of M is

p(\) = det(M — A1) = X2 — 2\ — 1,
then the eigenvalues of M are
M=1-v2 and A\ =1+V2

and their respective associate eigenvectors are
-2 V2
v = 1 and vy = i

v = —V2e +e3 and vo = V2e; + €9,

Now, observe that
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and conversely

1 1
vyg and ey = —v; + —vo.

1 1
272 1 2v2 21Ty

By representing Rg and Rg for the vector space R? on the canonical and eigenvector basis respec-
tively, we have the following change of basis matrices:

P:<_221\/1; ) and Pl:<_‘/é ﬁ)

1 1
where P : R2 — RZ and P~ : RZ — RZ. We denote the diagonal form of M by D, hence

€] =

D= DO

M =P 'DP

and then for n € N we have
—n 0,1y _ _ =1 (|| _|[p=1pn—1p (L)l _ 1 V2(R1 + Ry)
et = ot ()] = e (3= 55 | (2R

Ri=(01—-+v2)" and Ry=(1+V2)"
It is straightforward to observe that Ry > |R;|, and then

.

where

o€ = 1 [(1- VR + -V (VI VD] @20)

Observe that the formula 4.20 also holds for n = 0. Consequently we have that

@) = 5

for n € N. O

(A= V" 4 (1= VR + (14 V2T 4+ (L VD),

4.3.3 Prime Renewal shift

This example is one step furhter on generalizating the renewal shift. Take matrix A as follows:
for each p prime number and n € N we have

A(n+1,n) = A(l,n) = A(p,p") =1

and zero for the other entries of A. From now on, we will call this shift Prime Renewal Shift. The
transition matrix is

SO OO OO OO ==
[=lielelNolBoNeol Sl
OO O OO == O
OO OO = OO - =
O OO R M OO O
OO R OO O oo
O R R, OOOOoO o
_ o O O OO O+
[=lelNeNoeNeNell =l
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Now, consider the space of the columns of A endowed with the product topology. The possible
accumulation points of sequences of elements of €(A) are

1

0
0 1
0
(p) = ' or e(1)= |0
0 0

1 (p-th coordinate)
0

where p is a prime number. For each p, one may take the sequence {¢(p”)}n that converges to ¢(p),
and the sequence {¢(pn)}p,is the n-th prime converges to 1. The prime renewal shift has a transition
matrix with a full line of 1’s in the first row and then Q4 is unital as the renewal shift and therefore
X 4 is compact. The next proposition is a straightforward consequence of Proposition 4.64.

Proposition 4.75. Consider the prime renewal shift. The elements of Y4 has as stems the finite
words ending with 1 or any prime number p, otherwise they have empty stem. Moreover,

(1) for each finite positive admissible word w ending in a prime number p, there exists exactly one
configuration in Y with stem w;

(i7) for each k € {1} U{p € N: p is a prime number} and each w positive admissible word ending
in 1, there exists exactly one configuration with stem w s.t. wj~' is filled only for j € {1,k};

(i) for each k € {1} U{p € N : p is a prime number}, there exists exactly one configuration with
empty stem such that j=1 is filled only for j € {1,k}.

We denote by £%P the configuration with empty stem such that f?f’l = £2L1 = 1, where p is prime

or 1. By Proposition 4.75, it is straightforward that the Ya-families Y4 (£%P) and are characterized
by the sets of words

M1 = {e} U{w positive admissible word, |w| > 1,wy -1 = 1}, if p=1;

Ry, = {e} U{w positive admissible word, |w| > 1,w|, -1 € {1,p}}, if p is a prime number.

Now we estimate, for every Y-family above, the number of elements of stem with length n, for
each n € N.

Proposition 4.76. For the prime renewal shift we have that
21 < [{€ € Ya(E®P) : [n(€)| =n} <37, VneN,
for every p € {1} U{q € N: q is a prime number}.
Proof. Given j € N, let us estimate |{i € N: A(7,j) = 1}|. We have two possibilities:

1. j =p™, with m € N and p prime number, and in this case A(i,j) = 1 if and only if i = p™ +1,
i=pori=1;
2. Otherwise, A(i,j) =1ifand only ifi =j+1ori=1.
If p = 1, then there exists only one ¢ in Y4(£%(1)) such that |k(¢)| = 1. Hence, by the possibilities

shown above, we have
2"t <o m(€%(1)) <37, vneN,
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For p prime number, we have a similar calculation but with the difference that there exist exactly

two different ¢ in Y4 (£%P) such that |k(€)| = 1, therefore 2" < |o7"(¢0P)| < 3", ¥n € N. Then,
2" < {E € Ya(€™) 1 k(€)= n}| < 3", VneN,

for every p € {1} U{q € N: ¢ is a prime number}. O

4.3.4 Alternating Renewal shift

We finish this section with an example of a matrix A generating an unital Exel-Laca algebra
O 4 that has no full line of 1’s, in contrast with the previous examples of the renewal class. Consider
the matrix A defined by the entries

A(l,2n) =A(2,2n—-1)=A(n+1,n) =1, forallneN,

and zero for the remaining entries. The matrix A is the following:

0101010
1010101
010000 0
001000 0

A=10 00100 0
000010 0
0000010

Although A has not a full line of 1’s, the corresponding Exel-Laca algebra is unital. Indeed, we have
that Q1 + Q2 = 1, and therefore

F finite; «, B finite admissible words;
1espan{ To ([Tep Qi) T;: F# () or cv is not the empty word ~ Oy,
or 8 is not an empty word

that is, O4 is unital, and hence X 4 is compact. The graph associated to the matrix A has 2 infinite
emitters and therefore ¥ 4 is not locally compact. The only two possibilities for accumulation point
on the space of columns of A are

cl = and co =

o O O o
o O O = O

By Proposition 4.64, the possible configurations in £ € Y, are precisely following ones:
1. k(&) ends in ‘1" or e and Re¢(k(§)) = ci;
2. k(&) ends in ‘2’ or e and R¢(k(§)) = ca.

The empty stem configurations are displayed in figure 4.10.
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Figure 4.10: The empty stem configurations of the alternating renewal and only the filled vertices are shown.
The configuration (a) is the one such that the root of e relative to this configuration is c1, and the remaining
one (b) it satisfies that the root of e relative to this configuration is cs.

4.4 Topological Aspects of Generalized Markov shifts

Now we study the generalized Markov shift space X 4 more deeply under the topological point of
view. We recall that the topology on X 4 is the subspace topology of the product topology on {0, 1}¥.
In other words: the topology of X 4 is generated by the subbasis {7, 1(B)NX4 :w € F, B C {0,1}}.
It is straightforward to notice that the topology of X4 is second countable. Consider the generalized
cylinder sets defined by C, = {{ € X4 : &, = 1}, where w € F. We have that

0, if B=40,

w, 1f B ={1},
ijl(B)ﬂXA: 2 1 {1}

Co 1fB:{0}7

X4, if B={0,1}.
If we consider the topological basis B of the finite intersections of the elements of the family
{Cyrg=ar"FU{CFg=ar""},

then we already have a topological basis under the hypotheses of Theorem 8.2.17 of [Bog07]. How-
ever, many of the elements of B are redundant and we do not need to test the convergence for every
Cy, g € IF, as well as the are not needed to be part of the basis. Indeed, since for every g € F which
is not in the reduced form ay~! for all «, y finite positive admissible words, we have that & = 0 for
all € € Xy, then m;1(B) € {0, X4} and such terms may be excluded of the basis without changes in
the topology. In addition, we can simplify the basis even further by the following results. The main
idea is to simplify the topological basis and prove the convergence of the measures on it. In the
classical case, the convergence of measures on cylinders is sufficient to grant the weak™ convergence
and the same idea will be used here.

Theorem 4.77. Let a be a positive admissible word and suppose that O 4 is non-unital. Then the
set Cy, is compact on X 4.
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Proof. 1t is equivalent to prove that C, C X4 is closed on )?A. Since the topology on )~(A is the
product topology on {0, 1}¥ we have that any sequence (£7)y in X4 converges to an element £ € X4
if and only if it converges coordinate-wise. Let (£")y be a sequence in C,, converging to & € X 4.
Then &, = limy, 00 (£")o = limy 00 1 = 1. Therefore £ € C,, and then C, is closed in )N(A, that is,
C,, is compact in X 4. O

Proposition 4.78. For any a,v positive admissible words with v = o+ -7y -1, |7| > 1, we have
that chfl =C -

N )
Yy -1

Proof. The inclusion Cy-1 C C__ -1 is obvious from the convexity property and the fact that
[v]-1
& = 1 for all configurations in X 4 give us the equivalence

Ev=1 <= & =1,V e [uw], (4.21)
which is valid for the particular case when £ € C, -1 w = ay~! with v = ay‘_‘l_l. For the opposite
inclusion, we recall that for any configuration & € X 4 the following holds: if w € F and y € N satisfy
§w = &y = 1, then for any x € N

Epp1 =1 <= A(z,y) = 1. (4.22)

In particular, we may apply the equivalence above for £ € ch_l , W= oz'y|;|1_1, Y = Y|y|-1 and
[v]-1

T = |y|—2- The rest of the proof follows by repeating the process for w = a(7y, - "Ylvlfl)_lv Y=

and x = vy,-1 for p € {1,..., Yy -2} O

In order to proceed with more simplifications of the basis, we define the following. For given
positive admissible words « and v we define the finite sets F,, := {€ € Y4 : k(§) € [o] \ {a}},
Fy={£€Ya:w(&) €[]} and F$ = {£ € F, : a € [(§)]}. Note that F/ = () and that F* = () if
a ¢ [v]. Also, define for any H,I C N the sets G(a, H) :={{ € Xa : k(§) = ,§,j-1 = 1,Vj € H},
with G(a,j) := G(a,{j}), for j € N; K(a, H) := {{ € Xa : k(§) = a,&,;-1 = 0,Vj € H}, with
K(a,j) == K(a,{j}), for j € N; and GK(o,H,I) := G(a, H) N H(ev, I), with GK (v, 5, k) =

K(a,{j},{k}), for j,k € N. Finally, for m € {0,1,...,|a| — 1}, define the words 6°(a) = e and
0"M(a) = ag -+ Qp—1, for m # 0.

Proposition 4.79. For every a positive admissible word and for every j € N s.t. j # a)q—1 we
have that

Cojr =G, j)u | | Cur.
k:A(j,k)=1

Proof. The inclusion

Cpj—1 2 Gla,j) U I_I Cak
k:A(4,k)=

is straightforward. For the opposite inclusion, let £ € Cajfl. If k(&) = «, then £ € G(a, 7). Suppose
then x(§) # a. By convexity and & = 1 we get « € [£(£)] \ {+(§)}, and hence ak € [k(§)] for some
k € N. Since &,;-1 = 1, we have necessarily that A(j, k) = 1. O]

Remark 4.80. On the notations of the proposition above, it is straightforward to notice that

G(a,j) = |_| Cak \ |_| Cak =0 |_| Cak )

kA(j,k)=1 k:A(j,k)=1 k:A(j,k)=

n other words,

Cojr= || Cur Cak
k:A(j,k)=
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Proposition 4.81. Let a be a non-empty positive admissible word. Then,

|la[-1

C’CCy = Fy U |_| |_| Cﬁm(a)k

m=0 k#am

Proof. The inclusion
lof—1

Cé 2 F, U |_| |_| C&’”(a)k

m=0 k#am

is straightforward. Let £ € CS. If k(&) € [«] then we necessarily have that £ € F,. Suppose that
k(&) ¢ [a]. Then there exists m € {0, ..., |a] — 1} and k € N\ {ay, } such that 6" (a)k € [k(§)] and
therefore § € Csm (q)- O

Proposition 4.82. Let a be a non-empty positive admissible word and j # oq)—1. Then,

|| —1
Coa=Ka,)uFau| || || Com@p|U || Cap
m=0 p#am p:A(j,p)=0

Proof. By Proposition 4.79 and Proposition 4.81 we obtain

|a

ciin= () |Gl nFa)u || [] Glei)nConany

k:A(4,k)=1 m=0 p#£(ak)m
In order to characterize the sets G(«, j)¢ N F,i we use the following identity,

Gla,j)*=XAaUG UGy UK (a,j), where Gy =C5NYy and
Gy ={¢eYa:ae[sE]\{x()}}.

It is straightforward to verify that
FunNXy=FuNGy=0, FuNGi=F, FunK(aj) =K,j).
Now we use the decomposition
G(a,j) =Gs U K(a,j), where Gs = {£ € Xa: k(&) # a},
in order to obtain for m € {0, ..., |a|} and p # (ak),, the identities
Csm(akyp N G3 = Cymaryy and  Csm(ar)y N K(a,j) = 0.

Thus we have

|a]—1
Coiv = K(a,j)uFau () L] L Cmep |t () || Ca
k:A(j,k)=1 \ m=0 p#am k:A(j5,k)=1p#k
la|—1
=K, )uFaU| || || Com@p | || Cop
m=0 pF#am p:A(j,p)=0

O]

Remark 4.83. Proposition 4.79 and Proposition 4.82 are also wvalid for o = e, removing the
hypothesis j # v q|—1- The proof is the same as presented above.
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We moved some auxiliary lemmas to the appendix to avoid technicalities. The lemmas are used
to prove the next theorem and identities involving intersections of generalized cylinders, the most
obvious is the following:

Co, ifvye[a],
CaNCy =40y, ifacly], (4.23)

(), otherwise;

which holds for every « and - positive admissible words.

Summarizing the results, Proposition 4.78 grants that we only need to consider the basis of the
finite intersections of generalized cylinders in the form C, and C,;-1, o positive admissible word
and j € N, and their complements. However, Proposition 4.79, 4.81 and 4.82 show that C,;-1 as
much as Cy and C, ;-1 can be written as a disjoint union of generalized cylinders disjointly united
with a subset of Y4. It is remarkable that for any finite intersection of these elements we obtain
again a disjoint union between a subset of Y4 and a disjoint union of cylinders. It is important to
emphasize that all these open sets are actually clopen sets.

The next result presents all the possible intersections between two elements of the subbasis.

Theorem 4.84. Given «,~ positive admissible words and j, k € N we have that

o lv[—1
Ul Uiy, Conigs €I,

CaNCl=19Ca, ad¢[y] andy ¢ [a], (4.24)
0, otherwise;
Car a€l
e vela,
c, N 07 = oy, (4.25)

/ 'Yy -1
Fy UFS ™™ U F ™ 0 (U U, Coma)

L (|_|‘O/|<n<|y|_1 |_|p7é,yn Cé‘n(,y)p> , otherwise;
C’yj_la a € [h/]]v
CaNCij-1 =49 Co, ve€[a]\{a} and A(j, o)) =1, (4.26)

0, otherwise;

. o -1
K(’ij) U F’y U <|—|l’?l|a| |_|p7é'\fm CCS"('Y)P) U up:A(j,p):O C’Yp’ Q€ [[’Y]]’
CaNCjm1 =\ Ca, 7€ [al\{a} and A(j,ap,) =0, ora ¢ [1] and a ¢ [], (4.27)

0, otherwise;
0

, ae[q],
Cone, = G(’y,]:) L F] |_.|€[oz,%j], v € [a] \ {oz}- and A(j,apy)) = 1, (4.28)
G(v.j)ulle,v,j], v €la]\{a} and A(j, ) =0,

C,j-1, otherwise;

Ce acl,
K(v,j)uFyU Fa"" o (I_I'ﬁ’l?)l p#n C5”(v)p>
UDa,y, 4], v € el \{a} and A(j, ) = 0,
)07 (B e v i
© LD, v, 7], v € [\ {a} and A(j, apy)) = 1,
Ky ) U ES 0 B G (UL Uy, Comare)
U (Ureti<nctyi=1 Upn, Contan)
U |_|p:A(j7p):0 Cyp, otherwise;




4.4

Caj—l N 07171 =

Cajfl ﬁ C’il_l —

Ce NG

where

Cla, v, 7] -

and

Dla,7,J] :
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Gla, {4, 13) U lkagmyag =1 Caks @ =1,

Gy, ) U lmagmy=1 Cym:  a € VI \{v} and A(j,7q) =1
G(a,j) U le:A(j,k):l Cok, 7 € [a] \{a} and A(l, 1)) = 1,
0, otherwise;

(4.30)

GE (0, J, 1) ULk agiiy=1,40,)=0 Caks @ =1,
K(y,1) UG(a, j) U Fy " L ely, a, j]
Ul a@my=0 Coms @ € [\ {7} and A(j, 7)) =1
Gla, j)U (v, 7)), a€[v]\ {7} and A(j, 7)) =0, (4.31)
G(a, j) Uy agjpy=1 Cor, v € [a] \ {a} and A(l, o) =0
orif a ¢ [v] and v ¢ [o]

0, otherwise;
K(a,{j,1}) U Fy U <|_|kAjk )=A(l,k)=0 Cak)
( Ia\ 1 s, C&m(a)k> o=,
K (0, ) UK (7,0) U Fo U FS u@w,a 00 (LI5S Uiz, Comarr)
U (Upacagm-0 Cw) s @€ DI\ {7} and AG, w) ~o,
K(a,j)UFy UD[y,a,l]
U (U Uk, Comean )+ @ € I\ {7} and A, ya) = 1
K(0,j) UK (3,0 U By U R 0D,y 510 (LS Uy, Conerrn)
U (Uagagu=o Cor) s 7 € [al\ {a} and AL, agy)) =0,
K(v,)) U Fy UD|e, v, ]
U (ot . cgn(y)p), v €[]\ {a} and A(l, o) = 1
K(o, )Y UK (y,) U Fp U YO FO‘W‘“’I L (l_lk.A A K)=0 )Cak:>
U LlpA(A(lp) 0) ) (U‘al 1|—|k760cm Com (a)k )

U |_||a’\<n<m—1 |_|p7g% Can(fy)p , otherwise;
(4.32)

Up:A(j,p):L Cyp, ol =y +1,
PFQYy|

-1
(ULZLMH—I Urzarm Cém(a)k) Ullpagp=1, Cyw, ol > 7[+1,
Py

)
Up:aGip)=0, Crps ol = |7+ 1,

P#y|

-1
(I—l‘ﬁ:lvlﬂ |—|k¢am C5m(a)k> U l—lpiA(j,P):Q Cyps ol > [y +1.
\ PFQy|

Also, o is the longest word in o] N [v].

Proof. See appendix A. O
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Proposition 4.85. Consider the set X 4. Then,

X = |_|G(€,]) U |_|CJ

JjEN JjEN
Proof. The inclusion

Xa2 (]Gl |ulL]C
JjEN JjEN
is straightforward. For the opposite inclusion, let £ € X 4. We have two possibilities, namely x(§) # e
or k(&) = e. In the first case, we have necessarily that £ € C; for some j € N. Now if k(§) = e, we

have necessarily that § € G(e, j) for some j € N, otherwise §{ = ¢, the configuration filled only in e.
This is not possible because ¢ ¢ X4 if X4 O4 is unital and ¢ € X4 \ X4 otherwise. O

Corollary 4.86. [t is true that
Xa=Jo(c)).

JEN
Proof. Let £ € X 4. By Proposition 4.85 we have two possibilities: { € Cj, for some j € N, or
£ € G(e,j) for some j € N. In the first case, we have that {; = 1 for some j € N and hence
Re(j) ={i € N: -1} = {i € N: A(7, j) = 1}, which is not empty because A is transitive. Then
we have at least one'® i € N such that

§ € a(Cij) C a(Cy),

where A(i,j) = 1. Now, if £ € G(e, j) for some j € N, then ;-1 = 1. It is straightforward to notice
that j¢ € C; and o(j€) = €. Therefore, £ € o(Cj). O]

4.4.1 Cylinder topology: Renewal shift

In the particular case of the renewal shift, we have a simple characterization and we present it
now. Observe that, for every generalized cylinder C, on a positive word «, if it does not end with
1, we have

Co =C,,

where 7 is the unique shortest word that it starts with a and ends in 1.

Lemma 4.87. For the renewal shift we have

{a§0}7 Alo|-1 = 1 and F = {1}7

0, otherwise;

G(a, F) = {

and
K(a, F) = {agO}, a|?é|_1 =1 and F # {1},
0, otherwise;

for a non-empty finite admissible word.

Proof. From the renewal shift we have that there exists & € Y4 such that (&) = a, that is, £ = a?,
if and only if ajq|—1 = 1. We complete the proof by recalling that R,eo(a) = {1} for a ending with
1. O

Remark 4.88. The lemma above 1s also valid for a = e, just by removing the condition ayq_; = 1.

5 Actually &€ € o(C;;) for every i such that A(i, ) = 1.
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Corollary 4.89. Consider the set X 4 of the renewal Markov shift. For any o positive admissible
word, |a| # 0, and any j € N, we have that C, ;-1 is the empty set or C,;-1 = C,, where 7y is a
positive admissible word.

Proof. If j = aq -1 then the statement is obvious. So consider j # a|q|—1. By Lemma 4.87 we have
G(a, F) = (. Also,

Co(aa_1-1))  Qaj-1 > Land j =1,

Ll Car=1{Cayn, ap1=1
k:A(j,k)=1 0, otherwise;

and therefore, by Proposition 4.79 we conclude that

Co(aja_1-1)>  Uaj-1 > Land j =1,
Coj=1 = 4 Cagi=1)s  Qaj—1 = 1,

(0, otherwise.

O
Remark 4.90. If a = e, then
X =1
CJ71 — A7 .] .7
0, otherwise;
which is straightforward from the renewal shift.
Remark 4.91. In the renewal shift, for given positive admissible words o and =y, we have that
Fo={nt" €Ya:ny1=1nela]\{a}}, Fi={ne eYa:ny_1=1n¢l[},
Fy ={n" € Fy:a € ]},
all finite sets.
Corollary 4.92. Let a be a non-empty positive admissible word and j # ajq—1. Then,
gé(a|o¢‘71_1)’ QAlg|—1 > 1 and j =1,
ngj—l = Cg(j_ly Ala|-1 = L,
X4, otherwise
Proof. Tt is straightforward from the proof of Corollary 4.89. O
Remark 4.93. Equivalently, by Proposition 4.81, we have
lot] -
Foaa-1-1) U Umm0 Uk (atage - 1=1))m Com(ataga s~k @Xaj—1 > 1 and j =1,
Coj1 = Fo-1u |_||r(§|:o Ukt(ati=1))m ComaG-1)k>  ¥aj-1 =1,
X4, otherwise.
(4.33)

The previous results in this subsection allow us to reduce the subbasis of the renewal shift to
generalized cylinders on positive words and their complements. Moreover, for these cylinders, we
only need to consider the words ending in ‘1’. We present the pairwise intersections of the elements
of the subbasis for the generalized renewal shift in the next corollary.
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Corollary 4.94. For any positive admissible words o and v we have that

Ca, if v € [a],
CanCy =40y, Hachl,
0, otherwise;
o [v-1
FeUL,E o Ui, Coniryis @€ I,
CaNCy=1qCa, ady] andy ¢ [a],

(), otherwise;

(Ce, ac],
cs, v e€la,
Cg{ ﬂ C’i = a/a|a

y ’ 'y -1
Fr U F, ‘uFE, Y (|_|‘$|:o le:;éam Cém(a)k)

H (l—lla’\<n<\7\—1 I—'p#% Cé"(v)p) ,  otherwise.

Proof. The first identity is straightforward, while the rest of them are precisely the equations (4.24)
and (4.25) from Theorem 4.84. O

From the corollary above, it is straightforward that every finite intersection among the elements
of the subbasis is in the form

FuU| | Cuw). (4.34)

neN

where F' C Y} is finite and w(n) is a positive admissible word for each every n € N.

4.4.2 Cylinder topology: Pair Renwewal shift

As well as it was done in subsection 4.4.1, we also characterize the cylinders and intersections
for the pair renewal shift. Particularly for this section, we use the following notation: for a positive
admissible word, we denote by a&%* the configuration of stem « that belongs to Y4 (¢%%) k € {1,2}.

First, we notice that, for every generalized cylinder C, on a positive word «, if it does not end
with 1 or 2, then

Ca = Ly

where 7 is the unique shortest word that it starts with o and ends in 2.

Lemma 4.95. For the pair renewal shift we have

{ag®!,ag?, a1 =1 and F = {1};
{a™}, g1 =1 and F € {{1,2},{2}};
{a™}, g1 =2 and F € {{1},{1,2},{2} };
0, otherwise,

G(a,F) =

and
{a®!,a€%?},  ajgy =1 and {1,2} Z F;

K(o, F) = ¢{ag%?}, aqg-1=1, 1¢ F and 2 € F;

0, otherwise,

for a non-empty finite admaissible word.

Proof. From the pair renewal shift we have that there exists £ € Y4 such that x(§) = a, if and only
if € = 2! or a&%2. We complete the proof by using that

o £ =at™ if and only if ajy_; € {1,2} and Re(a) = {1,2};
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o £ =at™ if and only if ajy_; = 1 and Re(or) = {1}
O
Remark 4.96. The lemma above is also valid for a = e, just by remouving the conditions for aq—1.

Corollary 4.97. Consider the set X 4 of the pair renewal Markov shift. For any o positive admis-
sible word, |a| # 0, and any j € N, we have for j # oo 1 that

CO&(OC‘M,;[—I); Zf a|0(‘—1 > 2 and] — 1,

Ca(a\aH—l), if Q-1 > 2 and , j =2 and a)q_1 15 even;
COéj_l — {Oégo,l} L Cal U |—|]€€N Ca(zk)’ Zf Oé'oc‘—l — 2 andj _ 1’
{045071} U Cal U |—|k€N Ca(Qk)v Zf Oé|a‘_1 =1 and ] = 2’

0, otherwise;

Proof. By Lemma 4.95 we have G(a, j) = 0 if ojqj—1 > 2 and {1} if when Qg|—1 =2and j =1,
and when «a|,_1 = 1 and j = 2. The remaining cases are empty. By Proposition 4.79, it remains to
analyze the unions in the form

|| Cax

k:A(j,k)=1

It is straightforward from the pair renewal transition matrix that

Coc(Oqa\fl—l)a lf Oé‘oé|_1 > 2 and j = 1’
Co(aja_1-1), Hajg1>2and, j=2and o) is even;
|_| Cak = { Ca1 U ey Cagerys g1 =2and j =1; . -
k;:A(jJC):l Cal LJ I—'kEN Coz(Zk’)? lf Oé|a‘_1 =1 and ] = 2,
(), otherwise;

Remark 4.98. When j = a|q|—1, then Cyj-1 is a cylinder or X4. If a = e, then

XA7 .] = 17
Cj1 = {" YU CrL U pen Cory, 1=2,
0, otherwise;

which is straightforward from the pair renewal shift.

Remark 4.99. In the pair renewal shift, for given positive admissible words o and v, we have that

Fo={nt €Ya:ny_1e{L,2},nelo]\{a}}, Fi={neYa:ny_1=1n¢€ ][]},
Fg ={ne € Fy:a e [},

all finite sets.

Corollary 4.100. Let o be a non-empty positive admissible word and j # aq|—1. Then,

Cgt(a\(q_l—l)v if Qlg|—1 > 2 and j =1,

C
a(a)q-1—-1)’

Cocéj71 =< F, U (Ll‘od_l C(;m(a)p) , if Q-1 = 2 and j =1,

if oj—1 > 2 and , j =2 and a1 15 even;

m=0 DFm
—1 . .
{0450,2} L F, U <|_||;;‘:0 p£aim C(;m(a)p) (] LlpEN C()c(?p-l—l)? if Qjo|-1 = 1 and j = 2;

Xa, otherwise;
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Proof. 1t is straightforward from Proposition 4.82, Lemma 4.95 and Corollary 4.97. O

Unlike the renewal shift case in subsection 4.4.1, the cylinders in the form C, ;-1 cannot be writ-
ten as another cylinder. However, they are pairwise disjoint unions of positive generalized cylinders,
jointly with finite subsets of Y4. And the same occurs with their complements. On the other hand,
we only need to consider when « ends in a symbol of {1,2}. Similarly to the renewal shift case,
from Theorem 4.84, it is straightforward that every finite intersection among the elements of the
subbasgis is in the form

Fu | | Cupm (4.35)

neN

where F' C Yy is finite and w(n) is a positive admissible word for each every n € N.

4.5 The Groupoid approach of the Exel-Laca algebras

In this section the groupoid C*-algebras theory meets the Exel-Laca algebras, as it is in Renault’s
work [Ren00]. Our main goal is to present the isomorphism between the Exel-Laca algebras and the
full groupoid C*-algebra of the generalized Renault-Deaconu groupoid, proved in the aforementioned
paper. Consider a locally compact topological space X and a local homeomorphism T : Dom T —
Ran T, where Dom T and RanT are open subsets of X. The pair (X, T) is called Singly Generated
Dynamical System (SGDS). Since we often use the maps TP, p € N, defined on domains where
these maps make sense, we make it clear what are the domains of these respective iterated maps
and that these maps are local homeomorphisms, as it is stated and proved in the next lemma.

Lemma 4.101. Let (X,T) be a SGDS. For every p € N, consider the maps
TP : Dom(T?) — X,
where, the domain above is the largest one in DomT. Then,
Dom(7?) = T~®~1(Dom T, (4.36)
where T is the identity map. Moreover, TP is a local homeomorphism.

Proof. We have that © € Dom(TP?) if and only if TP(z) is well-defined, that is T?~1(z) € Dom(T),
ie., z € T-®=1(Dom(T)) and then the validity of the equation (4.36) is straightforward. Observe
that it is immediate that Dom(T**!) C Dom(T*) for every k € Ny. Now fix 2 € Dom(TP). Since
T is a local homeomorphism, for each kK = 0,...,p — 1, there exists an open set UTk(x) containing

T*(x) such that the map T restricted to Urk(z) 1s a homeomorphism onto its image. Then the set

p—1
U= ﬂ T_k(UTk(z))
k=0

is an open set containing x such that 7P|y is a homeomorphism onto its image. O

Remark 4.102. Note that if U is an open set such that TP|y is a homeomorphism onto its image,
then T*|; is also a homeomorphism onto ils image for every k < p.

The main object of this section is the generalized Renault-Deaconu groupoid!®, and it is pre-
sented next.

6 The term ‘generalized’ is used to indicate that the local homeomorphsim T is not necessarily defined in the whole
space X.
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Definition 4.103 (generalized Renault-Deaconu groupoid). Let (X,T) be a SGDS. The generalized
Renault-Deaconu groupoid is given by

dIn,m € Ny s.t. k=n—m,

G(X,T) = {(w,k’,y) X XLxX x € Dom(T™),y € Dom(T™),T"(z) = T™(y) } (4.37)

where T is the identity map defined on the whole space X, and set of composable parts is defined
as
G® = {((&,k,2),(w,L,y)) € G(X,T) x G(X,T) : 2 = w},

on which in it we define the product
(x,k,2)(z,ly) == (x,k+ 1, y).

The inverse map is given by

(z,k,y) "' = (y, —k, z).

Remark 4.104. Observe that in fact the product and the inverse maps are well-defined. Indeed,
if ((m,k,z),(z,l,y)) € GO then there exist n,m,p,q € N such that k = n—m, | = p — q,
z € Dom(T"), z € Dom(T™) N Dom(1?), y € Dom(T?), and satisfying the indentities

T (x) =T"(2) and TP(z) =T(y).

W.l.o.g. we may suppose that m > p, and then we may write m = p + d, d € N. In the proof of
Lemma 4.101, we observe that Dom(T* 1) C Dom(T*) for every k € Ny, that is, if w € Dom T*
for some t € Ny then T*(w) € Dom(T**) for every s < t. Then, T9(y) = TP(z) € Dom(T?), and
therefore y € Dom(T9+%). Moreover,

T"(z) = T™(2) = T(T*(2)) = T(T"(y)) = T™(y), (4.38)

and observe that k+1=n—m+p—q =n — (d+ q) and therefore (zv,k +1,y) € G(X,T). The
well-definition of the inverse map is straightforward.

A simple calculation let us determine the set of units G (0).

(:E,k‘,y)(l’,k‘,y)_l = (x,k:,y)(y, _k>$) = ($707$)7

that is
GO = {(£,0,2) : z € X}.

And the range and source maps, denoted respectively r and s, as
r(x7 k? y) = ($7 07 x) and 8($7 k? y) = (y7 07 y)'

In order to construct the groupoid C*-algebra of G(X,T), we construct a topology that, under
some circunstances which we describe further, it fits to the theory presented in chapter 3.

Definition 4.105 (Topology generators for G(X,T)). For the groupoid G(X,T), define the sets
W(n,m,U,V):={(z,n—m,y):x € U,y e V.T"(x) =T"(y)},

where n,m € Ng and the sets U and V are respective open subsets of Dom(T™) and Dom(T™), such
that T"|y and T™|y are injective.

The generators above form a topological basis for G(X,T'), as we prove next.

Proposition 4.106. The family of all sets W (n, m,U, V') as in Definition 4.105 forms a topological
basis for G(X,T).
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Proof. Tt is straightforward that such family covers G(X,T'). Let two elements of that family, we
say W(ni,m1,U1, V1) and W(ng, ma,Us, Va), with non-empty intersection. We claim that such
intersection is actually an element of the same family. Indeed, if the intersection is non-empty, then
np —mip = ny — my and w.l.o.g. we may assume n; > ny and consequently mq > my. Let

U=U;NU; and V =ViNW.

Note that U is such that T" |y and T*|y are homeomorphisms onto their respective images for every
r <n; and s < mj. We prove that

W(ni,m1,Ur, Vi) N W(na, ma, Us, Vo) = W(na, ma, U, V). (4.39)

In fact, suppose that (z,k,y) € W(ni,m1,Ur, Vi) N W(ng, mg,Us, Vo) then x € Uy NU; = U,
yeVinNVy =V and T™(z) = T™2(y) and therefore (z,k,y) € W(ng, me,U, V). Conversely let
(x,k,y) € W(na,me,U, V). Then, x € Uy N Uz and y € Vi NV, and T"2(z) = T™2(y). Note that
z € DomT™ and y € Dom 7™, and hence T"2*F(2) = T™27F(y) for every k € {0, ...,n1 —n2} (note
that ny —ng = m1 —my). In particular, 7™ (z) = T (y). Therefore, (z, k,y) € W(n1,m1,Uy, V1)N
W (ng, ma, Us, Va). It is straightforward that the family of the sets in the form as in Definition 4.105
is a topological basis. O

Now we show that the topology generated by the basic open sets of Definition 4.105 makes
G(X,T) a topological groupoid. From now on we endow G(X,T') with such topology. We need the
following two auxiliary lemmas.

Lemma 4.107. Consider a net {(xq, kq,yaq)}aep in G(X,T) converging to (x,k,y). Then zq4 — x,
ya — y and there exists dy such that kg = k for every d = dy. Consequently, w.l.o.g. we may take
kg constant.

Proof. Let n,m € Ng such that T"(z) = T (y) and k = n—m. Let U,V be open neighborhoods of
x,y such that T"|y and T™|y are injective, respectively. Then there exists dy such that for every
d > do, (x4, kq,yq) € W(n,m,U, V), hence

zg €U, yg€V, and kg=n—m==k.
Therefore kg is eventually constant, zq — = and yq — ¥. O

For the next lemma, given n,m € N and z,y € X, we define ™™ (x,y) being the set of pairs
(U, V) of subsets of X satisfying the following:

e U and V are open neighborhoods of z and y, respectively;
o T|% and T| are injective!”.

Lemma 4.108. Let ng,mo € N and z,y € X. Consider a net {(zq4,k,yq)}acp in G(X,T), and
suppose that for every (U, V') € P00 (x, ), there exists dy satisfying (xq, k,yq) € W (ng, mo, U, V)
for d ~ dy.

Then, for every (U,V) € B (x,y), where n,m € N, and (z,k,y) € W(n,m,U, V), there exists
do such that

(x4, kyyq) € W(n,m, U, V) ford > dy.

Consequently, (xq,k,yq) — (z,k,y).

Proof. Note that k = ng — mg. Let n,m € N such that T"(z) = T™(y) (hence 2 € Dom(T") and
y € Dom(T™)) and k = n —m and consider U and V open neighborhoods of = and y, respectively,

17”And then 2 € Dom(7™) and y € Dom(7™).
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s.t. T|}; and T} are injective. Observe that for every U’ and V' respective open neighborhoods of
x and y, the open sets B B

U=U'NnUNU" and V=V'NVnNV"
satisfy (U”, V") € P00 (z,y). By hypothesis, there exists dy € D such that d > do implies
(x4, k,yq) € W(ng,mo,U, V). We have two possibilities:

e 1 > ng. In this case, let p =n —ng =m — mg > 0, then
T"(za) = TP(T" (xa)) = TP(T" (ya)) = T™ (ya)-
Hence, (x4, k,yq) € W(n,m, U, ‘7) C W(n,m,U,V) for d > dy;

e n < ng. We necessarily have that 7|, @) and T q|Tm0,q(‘~/) are homeomorphisms onto their

respective images for every p € {0,...,n9} and ¢ € {0,...,mg}, then by taking p =n —ng =
m —mg < 0 we have

T"(24) = T 5(2) = T 3y (7715 (20)) = TP |y 3y (T (4)
= ] o i (T 5 (40)) = T™ ().

And then we also have (x4, k,yq) € W(n,m, U, 17) CW(n,m,U, V).
It is straightforward that (x4, k,yq) — (x,k,y). O

Corollary 4.109. Let (x,n—m,y) € G(X,T). Let {xq}aecp, {yatdcp be sequences in X such that
xqg — T and yqg — y. If T (xq) = T™(yq) for each d, then (x4,n—m,yq) — (x,n—m,y) in G(X,T).

Proof. Let U and V' open neighborhoods of « and y, respectively, and s.t. T'|; and T'|{? are injective.
There exists dyp € D such that d > dp implies x4 € U and yg € V. Since T (zq) = T™(yq), it follows
that (zqg,n — m,yq) € W(n,m,U,V), and Lemma 4.108 gives that (z4,n —m,yqs) — (z,n —m,y)
in G(X,T). O

Now we show that the Hausdorff property on X implies that G(X,T) is not only an étale
topological groupoid, but also it is Hausdorff topological space.

Theorem 4.110. Let (X,T) be a SGDS such that X is Hausdorff and consider its generalized
Renault-Deaconu groupoid G(X,T) endowed with the topology generated by the basic open sets in
Definition 4.105 is an étale topological groupoid. Moreover, G(X,T) is Hausdorff.

Proof. Let 0 : G — G(X,T) and v : G(X,T) — G(X,T) be the product and inverse operations
of G(X,T), respectively. We divide the proof that G(X,T) is a topological groupoid in three steps
as follows.

Step 1. G is closed in G x G.
Consider a net {(gq, hq)Yaep in G® converging to (g,h) € G x G. Then g4 = (x4, k4, ya),
ha = (ya, %4, zq) for each d € D. Assume g = (x,k,y) and h = (v/,1,2). By Lemma 4.107,
we obtain yq — vy and yg — ¥’ in X. Because X is Hausdorff, we have y = 3/, and therefore
(9,h) € G2

Step 2. 1 is continuous.
Consider a basic open set W (m,n,V,U) of G. Then,

VAW (m,n, V,U)) = {(z,k,y) € G(X,T) : (y, —k,x) € W(m,n,V,U)}
= {(x,k,y) € g(XvT) Yy € ‘/,JJ € Uva<y) = Tn(.’L'),k' =n—- m}
=W(n,m,U, V).

We conclude that the inverse map is continuous.
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Step 3. 6 is continuous.

Let {(g4, ha)}aep be anet in G&) converging to (g, h). By step 1, it follows that (g,h) € G2.
So we may set g = (z,k,y), h = (y,¥, z), and by Lemma 4.107 we may also write g; = (x;, k, y;)
and h; = (yi, ¢, z;) for each d € D.

Consider nj, my,n2, my € Ny such that z € Dom(7T™), y € Dom(7"2) N Dom(1T™), z €
Dom(7™2), and satisfying

k=ny—mq, T (z)=T"(y) and {£=ng—mq, T"(y)=T"%(2).

Since (x4, k,yq) — (x,k,y) and (yq, ¥, zq) — (y,4,2), it follows that for U, V and W open
neighborhoods of z, y and z s.t. T |y, T™@<{m1n2}| - and T™2|yy are homeomorphisms, there
exists dg € D such that

(4, k,yq) € W(ny,my,U, V) and (yg,k, zq) € W(ng,me, VW), for d > dy.
Hence, for d > dy, we have two possibilities:
e mq > no. In this case we have,
T (xq) =T (ya) =T v (ya) = T™ " |1r2 (v) (T |v (ya))

= T2 g ) (T2 (24)) = T 72772 (2) = T2y ().
N————

eTm2(V)

Observe that k = ny — (my +mg —ng) = k+ ¢, and then (xq,k + ¢, 25) € W(ni,m1 +
mg —na, U, W) for every d = dy, and by Lemma 4.108 we conclude that (z4,k+ /¢, zq) —
(z,k+1,2);

e mq < no. In this case we have,

T (24) = T (ya) = T"|v (ya) = T |gma (1) (T v (ya))
=T | () (T |y (wa)) = T 7" () = T 7y (24)-
~—_———

eT™1(V)

Similarly to the previous case, we observe that k = (ny — my +ny) — mg = k + £, and
then (xg,k+ 4, z3) € W(ni +ng —mq, me, U, W) for every d > dy, and again by Lemma
4.108 we obtaain that (zq,k + £, zq) = (x,k + ¢, 2).

Therefore 0 is continuous.

Since the inverse and product maps are continuous, we conclude that G(X,T) is a topological
groupoid. Now we show its etalicity. Indeed, take (x,n —m,y) € G(X,T) satisfying

x € Dom(T"), y € Dom(T™) and T"(z)=T"(y).

Since T is a local homeomorphism, there are U C Dom(7™) and V' C Dom(7™) open neighborhoods
of z and y, respectively, s.t.

T™(U) is open and T"|y : U — T™(U) is a homeomorphism,
T™(V) is open and T™|y : B — T™(B) is a homeomorphism.

Hence, (z,n — m,y) € W(n,m,U, V). Since G is a topological groupoid, r is continuous (Remark
3.9). We prove that r is a local homeomorphism by showing that the following claims are true.

Claim 1. 7|y, m,u,v) is injective.
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Suppose there exist 1,22 € U, y1,y2 € V such that r(x1,n —m,y1) = r(x2,n —m,y2). Then
y1 = y2. In addition,

zy =T"u(T" () =T "o (T (y2)) = z2.
Therefore (z1,n — m,y1) = (z2,n — m,y2) and the claim is proved.

Claim 2. r(W(n,m,U,V)) is open.

r(W(n,m,U,V)) ={(y,0,y) € G(X,T) : (x,n—m,y) € W(n,m,U,V)}
={(y,0,y) € G(X,T):z €U,y e V,T"(x) =T"(y)}
={(y,0,y9) €G(X.T) :y e Via=T|;"(T"(y)) € U}
={(y,0,9) € G(X,T) :y e V,T"(y) € T"(U)}
={(y,0,9) €G(X,T) :y e Viy e T|;,"(T"(U))}
=W (0,0,C,C),

where C' =V N T|,"(T"(U)), an open set.

Claim 3. ) is continuous.

-1
T’W(n,m,U,V
Let {(ya, 0, yq) taep be anet in (W (n, m, U, V')) converging to some (y, 0, y) in r(W(n,m,U,V)).
Then yq — y € V. Define the net x4 = T'|;" (1™ (yq)). Then xq — x = T'|;"(T™(y)). Observe
that x4 is the unique element in U s.t. T™(zq) = T™(yq), then

('rdv n—m, yd) = T|I;/1(n,m,U,V) (yda 0, yd)

Analogously, (z,n —m,y) = r];vl(n,m,U’V) (y,0,y). Then, it follows from Corollary 4.109 that
(xda n—m, Z/d) — (.’IJ, n—m, y)

We conclude that 7|y (nm,u,1) is a homeomorphism onto its image. Since W(n,m,U,V) is an
arbitrary basic set, it follows that r is a local homeomorphism. The proof that s is a local homeo-
morphism holds by similar steps, and therefore G(X,T) is étale.

Finally, we prove that the groupoid topology is Hausdorff. Indeed, let (x1, k1, y1), (22, k2,y2) €
G(X,T), where (x1,k1,y1) # (x2, ke, y2). Let ny,no, my, mo € Ns.t. kj =n; —my, x; € Dom(T™),
y; € Dom(7T™) and T™i(x;) = T™(y;), for i = 1,2. We have two possibilities:

e ny —my # ng — my. Then, (x1,k1,y1) € W(ny,my, Dom(T™), Dom(T™)), (x2, ka,y2) €
W (nga, ma, Dom(T™2), Dom(7"2)) and

W (ny, m1, Dom(T™), Dom(T™")) N W (ng, ma, Dom(T™?), Dom(T™?)) = ;

e N1 — my = ng — mo. In this case, we have 1 # xo or y1 # yo. W.l.o.g. suppose 1 # xo.
Since X is Hausdorff, we can choose U; C Dom(7") open neighborhood of z; and such that
T™ |y, is injective, respectively for ¢ = 1,2, and satisfying U; N Uy = 0. Then (x;, ki, y;) €
W(ny,m1,Us, V1), where V; C Dom(7"™) is any open neighborhood of y; s.t. 7™y, is injec-
tive, i = 1,2. Also, W(nl,ml, Ui, Vl) N W(TLQ,TTLQ, Us, ‘/2) = 0.

Therefore, G(X,T') is Hausdorff. O

Corollary 4.111. If X is Hausdorff, then the family of open basic sets of Definition 4.105 are open
bisections.

Proof. 1t is straightforward from the proof of Theorem 4.110 from the part where it is proved that
G(X,T) is étale. O
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The next result shows how the other topological properties on X reflect on the properties of the
groupoid topology.

Lemma 4.112. Let (X,T) be a SGDS and p € Ny. If X second countable, then there exists a
countable basis for Dom(TP) such that the restriction of TP to its basic open sets is injective.

Proof. Every subspace of a second countable of a topological space is also second countable, then
Dom(7TP?) is second countable. Let B = {B; }ien be a basis for Dom(7?) and x an element in such
space. Since T? is a local homeomorphism, there exists U, an open neighborhood of z such that
1P|y, is injective. Since B is a basis, there exists ((x) € N such that » € B,y C U, and hence
7P| B, 18 also injective. Then, there exists there exists a function ¢ : B — N such that

(®) ‘
Bi=J B = U B,
zeB; jeJd;
where in (o) we used the fact that B is countable, J; := «(B;) C N for each i € N, and B; € Bis
such that TP|g: is injective. We have that the family
J
{Bj:ieN,je J}

is a sub-basis for the topology of Dom(7?) such that TP restricted to each one of these elements is
injective. Consequently, the same occurs to the basis generated by that sub-basis. O

Theorem 4.113. Given a (X,T) a SGDS and let G(X,T) be its generalized Renault-Deaconu
groupoid. The following holds:

(a) if X is second countable, then then G(X,T) is second countable;
(b) if X s locally compact and Hausdorff, then G(X,T) is locally compact;

Proof. Ttem (a): let n,m € Ny. By Lemma 4.112, both Dom(7™) and Dom(7") have the respective
countable bases
B, :={Bi(n):i€ N} and B, :={Bj(m):jeN}

such that 7" |p,(,,) and T"|p, () are injective for every i, € N. We claim the countable family
{W(n,m, Bi(n), Bj(m)) : n,m € Ng;i,j € N} (4.40)
is a basis for G(X,T). In fact, given

(z,k,y) € W(n1,ma, Biy (n1), Bj, (m1)) N W (nz, ma, B, (n2), Bj,(m2))

LW (n,m, Biy (n) 0 By (n2), By, (m1) 1 By (m2),
where in () we used the equation (4.39), n = min{ni,n2} and m = min{m;, ma}. Since B,, and
B,, are basis, there are B(n) € B, and B(m) € B, such that x € B(n) C B;,(n1) N B;,(n2) and
y € B(m) C Bj,(m1) N Bj,(mg2). Hence,

(z,k,y) € W(n,m, B(n), B(m)) C W(ni,m1, B, (n1), Bj, (m1)) N W(na, ma, Bi,(n2), Bj,(m2)).

Since the family (4.40) covers G(X,T) we conclude that such collection is a countable basis, and
therefore G(X,T') is second countable.

Ttem (b): given n,m € N, let U C Dom(T™) and V C Dom(T™) be open sets s.t. U and V are
compact subsets of Dom(7™) and Dom(7™), respectively, and s.t. 7"y and T™ |y are injective.
Then, W (n,m,U,V) C W(n,m,U,V), where

W(n,m,U,V)={(z,n—m,y) € GX,T) : T"(x) =T™(y),r € U,y € V}.
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Let {(z4,n — m,y4q)}aep be a net in W(n,m,U, V). Then {(24,yq)}aep is a net in the compact
set U x V. Hence, there exists converging subnet {(z),yy)}aep satisfying 2, — = for some
x € U, and gy, — y for some y € V. By continuity of T', we have T™(x) = T™(y), and therefore
W(n,m,U,V) is compact. We conclude that G(X,T) is locally compact. O

The next result allows us to identify topologically X with G(©).

Proposition 4.114. Given (X,T) a SGDS, the unit space GO of its generalized Renault-Deaconu
groupoid, endowed with the subspace topology, is homeomorphic to X.

Proof. It is straightforward that the map p: G — X, given by p((x,0,z)) = z is a bijection. We
prove that such map is a homeomorphism. Let n,m € No, U C Dom(7™) and V' C Dom(7™) open
sets. If W(n,m,U, V)N GO £ Q. then n = m. In this case,

p(W(n,m,U,V)NGY) = p({(z,0,2) :z e UNV}) =UNV,

which is open in X, and then p~!

have

is continuous. On the other hand, for any open set U C X, we

p N U) = {(z,0,z) : z € U} = W(0,0,U,U),
and then p is continuous. We conclude that p is a homeomorphism. O

By setting X = X4 and T' = o, we have that G(X4,0) is a locally compact Hausdorfl second
countable étale topological groupoid, where X 4 ~ GO,

For a continuous function F' : U — R, we think of R as an additive group, we can define a
continuous homomorphism cp : G(X,0) — R as

n—1 m—1
crlan—my) = Fol(2)) - 3 Fo'(y)). (4.41)
j=0 J=0

Definition 4.115 (Markov partition). Let X be a compact, Hausdorff and totally disconnected
topological space and consider two open sets U, V € X, and T : U — V a local homeomorphism
from U onto V. A Markov partition for (X,T) is a partition of U by a family {U; : i € I} of
non-empty pairwise disjoint compact open sets such that

i. the restriction T; := T [y, is a homeomorphsim from U; onto a compact open set V; = T'(U;) C
v

it. for all (i,7) € I x I, either U; C Vj or U;NV; = 0;

iii. the Boolean algebra By generated by {X,U;,V;,i € I}, seen as a Boolean subalgebra of the
power set of X, is a generator in the sense that

o
\/ T "By
n=0

1s the family of all compact open subsets of X.

In particular, for our context, (X 4,0) is a SGDS that admits a natural Markov partition, as it
is proved and present next.

Proposition 4.116. (X4,0) and (X4,0) are SGDS that admit the dense Markov partition € :=
{Ci}s, where we consider X 4 instead of X o when the last one is not compact.
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Proof. Observe that X4 and X 4 are totally disconnected, since they admit a basis of clopen sets. In
addition, it is straightforward that X, is locally compact, that Dom(c) = | |,c¢ C; and Ran(o) =
X 4 are open, and o is a local homeomorphism, since every x € Dom(o) belongs to a C;, for some
i €S, and o|c, : C; — 0(C;) is a homeomorphism for every ¢ € S. It is straightforward that the
sets of the family € are non-empty and and pairwise disjoint. By therorem 4.77 we have that C; is
compact for every i € S when X4 is not compact (the remaining case also holds, by compactness
of X4). From now in this proof, we suppose that X 4 is compact, since the same proof holds for X4
when that is not true. We prove the conditions stated in Definition 4.115 hold:

(i) o is a local homeomorphism and hence it is a continuous open map. By continuity of o, we
have that o(C;) is also compact, and by o being an open map, we have that o(C;) is open,
for every i € S. Observe that X4 compact implies that o(C;) is also closed. As we mentioned
before, the restriction o|¢, is a homeomorphism onto its image;

(’LZ) note that A(Z,j) =1 <— Cj - O'(CZ) and A(Z,j) =0 <— Cj ,@ U(CZ) <~ Cj ﬁU(CZ') =
0

(iii) let

oo
Cce\/ o "By,

n=0
where By is the Boolean algebra generated by {X4,C;,o(C;) : i € S}. Then, there exists
k € Ng s.t. C C Dom(c*) and C € o7 *By, that is, C = ¢~%(B) for some B € By. Since the
generators of By are clopen, we have that every element in By is clopen as well. By continuity
of o*, we have that C is clopen, and therefore it is an open compact set. Conversely, let C' be
a compact open set of X 4. By compactness,

where O; is a basic set, that is, a finite intersection elements of the subbasis. Hence, it is
sufficient to prove that the elements of the sub-basis are compact. Given « an admissible
word and j € S, we have that

o] —1 loo|—1
Co= () o7 ¥Ca), Cs= ] o7"CE,),
k=0 k=0
lor]—1
Cojr =0 10 (Cy)) N () o7*(Cay),
k=0
la]—1
oy = o lo(Ch U | o R (CE,):
k=0
Since -
\/ U_kBQ
k=0

is a Boolean algebra, we have that each O; is clopen and hence C'is also clopen, and therefore
C is open and compact.

We conclude that € is a Markov partition. Its density is straightforward.
O

Now, define the set J4 of accumulation points of the sequence {¢;};en of columns of the tran-
sition matrix A.
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For every ¢ € I, define the bisections of G(X,T) by G; = {(z,1,T(z)),z € U;}. Hence, it
is straightforward that r(G;) = U; and s(G;) = V;. We may identify these bisections with their
rescpective characteristic functions R; := 1, in the C*-algebra C*(G(X,T')). Also, observe that

A, ) 1, ifU; CV,
1 =
700, v cve

In our context we have that {R;}icr is a family of partial isometries that satisfies (EL1)-(EL4).
In addition, every totally disconnected compact SGDS endowed with a dense and countable Markov
partition can be codified by a matrix like it is above. In particular, if that matrix generated is such
that every circuit has an exit, the Uniqueness Theorem 4.19 holds for similar partial isometries as
constructed for the generalized Renault-Deaconu relative to this SGDS. Furthermore, this stabilishes
an isomorphism between its groupoid C*-algebra and the Exel-Laca algebras as it is in Proposition
4.8 of [Ren00] as it is presented below.

Proposition 4.117. Given a SGDS (X, T) endowed with a dense Markov partition that is generated
by a transition matriz A. Suppose that its symbolic graph satisfies that every circuit has an exit.
Then we have that

(a) if 0 & T then Oy ~ C*(G(X,T));
(b) if 0 € Jq then Ox ~ C*(G(X \ {p},T)).

In the statement above, ¢ is the (unique) element of the complement of Dom T URan T, when such
element erxists.

Remark 4.118. ¢ as above do exists if and only if 0 € Ja (see Theorem 4.59).

For the generalized Markov shift space, we have that O4 ~ C*(G(X4,0)), since in the proposi-
tion above, X = X4 if 0 ¢ J4 and X = X4 otherwise.
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Chapter 5

Thermodynamic Formalism on
Generalized Countable Markov Shifts

In this chapter, we introduce the Thermodynamic Formalism for the generalized Markov shift
space. Among the results, we emphasize the equivalences between the notions of conformality in
this generalized context, the compatibility between the notion of conformal measure in the classical
and the generalized settings, and the existence of new conformal measures which are not detected
in the classical theory. In particular, these new measures actually let evident a new type of phase
transition, which we present in concrete examples, as the renewal shift, the pair renewal shift and
the prime renewal shift. Later in the chapter, we adapt the Denker-Yuri results for iterated function
systems on the generalized setting.

5.1 Weak* convergence of measures on X4

When we study the thermodynamic formalism on a dynamical system, we are interested in
potentials which carry a factor S > 0, corresponding to the inverse of the temperature, and the
behavior of special measures (conformal measures, equilibrium measures, etc) is related to 3, which
generate nets of measures indexed by 8. The control of the weak™ convergence of probability mea-
sures over the configuration space (symbolic space) is one of the first facts which we want to know,
so we present next the notion of convegence for net of measures in metric spaces. Given a metric
space X, we denote by Cp(X) the set of the bounded continous real functions on X.

Definition 5.1 (weak® convergence of measures). Let X be a metric space and denote by Mp,(X)
the set of finite Borel measures on X . Let {ug}p be a net in Mg, (X). Given a measure 1 € Mg, (X),
we say that {pg}s converges weakly* to p when, for every f € Cy(X), we have

lin /X Fdpg = /X fdp.

When this happens, we use the notation pg — .
In particular, we restrict the definition above to the set of the Borel probabilities on X.

Remark 5.2. The nets we are interested here are those which the directed set associated to them
is a semi-finite interval [a, 00) with the reverse order. In this case, the net convergence is equivalent
to state that every sequence {Sk}ren in (a,00) converging to a satisfies g, — M-

In the standard case of countable Markov shifts, it is known that that a sequence of probability
measures (i, )nen converges in the weak* topology (weak topology for the probabilists) to a probabil-
ity measure p when, for each cylinder set [zg, 1, ..., Zm—1], we have limy,_,o0 pin([x0, 1, ..., Tm—1]) =
p([zo, 21, ..., m—1]). For a recent reference on this topic, we mention [IV19].

153
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When we use the approach on taking limits of measures on generalized cylinders for the study of
the weak™ convergence, we find some differences and similarities with respect to the usual symbolic
space. In fact, unlike in the standard Markov shift case, the intersections of generalized cylinders
(associated to any g € F) does not necessarily gives another cylinder. Moreover, the complement of a
cylinder is not a union of cylinders as it happens to the standard case. In general, both intersections
and complements give a countable union of disjoint cylinders jointly with a subset of Y4 which does
not intersects the cylinder union. In other words, the cylinder subbasis it is not a basis, and a typical
element of the basis generated by the subbasis has the form

Fu | | Cugm (5.1)

neN

where w(n) is a positive admissible word for each n € N, and F' C Y4 (see Theorem 4.84). However,
in many cases, as it happens to the renewal shift and the pair renewal shift, the extra disjoint
set of finite words F' as above is finite, and, when we take the limit to the critical value where
conformal measures living on Y4 disappear, the measure on F' vanishes too. So F' does not give any
contribution to the measure at the limit.

In this thesis, we describe conformal measures which are not detected by the standard theory
and we also take limits on nets of these measures. This brief section presents a way how to take
these limits and conditions of existence of a limit measure on the weak* topology. The main result
we present below is a less general version of the Theorem 8.2.17 of [Bog07| as follows.

Theorem 5.3. Let {ug} be a net of Borel probability measures on a separable metric space X and
let u a probability measure on X. Suppose that the equality

lim p3(U) = u(U)

is fulfilled for all elements U of some base B of the topology of X that is closed with respect to finite
intersections. Then the net of measures {jg} converges to p on the weak™ topology.

We recall that X 4 is a metric subspace of {0, 1}F and its topology is generated by the generalized
cylinder sets and their complements, which forms a subbasis. Consequently, the basis of the finite
intersections of generalized cylinders is a topological basis for X4, and it is clearly closed under
intersections. Moreover, such basis is countable, that is, X 4 is second-countable, and therefore it
is separable. We conclude that the generalized Markov shifts fulfills the topological requirements
for Theorem 5.3. Observe that, by the theorem above, since for the standard Markov shift spaces
the subbasis coincides with the basis and it is closed under finite intersections, it is sufficient to
evaluate the limits on the standard cylinder sets.

5.2 Conformal Measures on Generalized Markov Shifts

In this section we present the generalized notions of Ruelle’s operator, conformal measures and
eigenmeasures when the dynamics is partially defined. In addition, we also present the notion o
quasi-invariant measure, which is related to the groupoid structure from the Renault-Deaconu’s
theory. We prove that there is a similar result to corollary 1.39 about the equivalences between
the aforementioned measures. Furthermore, we compare and study the connections among these
generalized measures to the classical ones for the generalized space X4 in terms of restriction of
the generalized measures to X4 and extension of the classical ones to X 4. Properties such as non-
singularity and conservativity of the aforementioned measures are discussed in this new setting as
well. The notions presented next could be considered in a much more general context, but we specify
them to X 4 in further sections, when we will obtain new phase transition results.

The first definitions and results in this section are general: we fix a locally compact, Hausdorff
and second countable topological space X endowed with a local homeomorphism o : U — X, where
U is an open subset of X. In addition, consider its respective Renault-Deaconu groupoid G(X, o),
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and a continuous potential F' : U — R. Since we are interested in phase transition phenomena, we
also consider the inverse of the temperature S > 0, which will be a factor multiplying F', and it
can be absorved in the potential if one whishes to state the definitions here in the same way as was
done in chapter 1. After Remark 5.15, we restrict the study for the set X 4.

We define now the Ruelle’s transformation, which is the generalized version of the Ruelle’s
operator.

Definition 5.4. The Ruelle’s transformation is the linear transformation
Lgp : Co(U) = Ce(X)
fe Lor()(@) = ) P (y). (5:2)
o(y)=z
Proposition 5.5. Lgr as in Definition 5.4 is a well-defined linear transformation.

Proof. W.l.o.g. assume 3 = 1. Let f € C.(U) and observe that, for every x € X, the set
K, = supp(f) No ' (z),

where 071 (x) := o71({x}), is a compact set, since it is a closed subset of a compact set. For every
x € X and y € K, we have the following:

e by local compactness of X, there exists an open neighborhood Vyl(a:) of y, s.t. Vyl(a:) is
compact;

e since o is a local homeomorphism, there exists an open neighborhood VyQ(x) of y, s.t. O'|Vyz(x)
is a homeomorphism onto its image.

Define V,(z) := V,}(x) N V(). It is straightforward that V,(z) is compact and that O’|Vy2($) is a
homeomorphism onto its image. Also,

supp(f) € | | Vi(e).

rzeX yeK,

By compactness' of supp(f), there exists n € N and a family

{Vitizr S{Vy(2) v € X,y € Ko} (5.3)
satisfying
supp(f) € | Vi (5.4)
k=1
In particular,
KIE - U an
k=1

then supp(f) No~!(x) is a finite set for every x, and hence the sum

Le(f)@) = 3 TWf(y)

o(y)==

is a finite sum for every x € X, and therefore Lr(f) is a well-defined function on X. Now we prove
that Lp(f) € Cc(X). Define the set

H:={zeX:o Y(z)nsupp f # 0},

!Observe that supp(f) is a compact subset of U and then it is also a compact subset X.
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and observe that, for every 2 € H®, we have 0~ 1(2) Nsupp f = ), and then

Lr(f)(z)= Y LWy =0,

o(y)=
hence H¢ C {z € X : Lr(f)(z) = 0}, that is,
{x€ X : Lp(f)(z) # 0} C H. (5.5)
We claim that .
Hc | Jo(Vi),
k=1

where the family {V}}}_, is the same as in (5.3). In fact, for every x € H, we have
o~ (@) Nsupp(f) S supp(f) € [ J Vi € | V-
k=1 k=1

Then?,

n

{2} = o (o7 (2) Nsupp(f)) C o (U vk> — o),
k=1

k=1

and the claim is proved. Since each V}, is compact, we have that o(V}) is compact, and so Jj_; o(V%)
is compact. By (5.5) we have supp(Lp(f)) C H and therefore Lp(f) € Ce(X). It remains to prove
that Lp(f) is continuous. By (5.4), for every x € X we have that

o~ (z) N supp(f)| = Ny < n.

W.lo.g. assume N, > 0 and write o~ () Nsupp(f) = {1, ..., yn, }, with y € Vi. For each y; there
exists an open neighborhood Q; C V; s.t. Q; N Q; = () whenever i # j. It is straightforward that
the restriction o|q, is a homeomorphism onto its image. We may assume that o(€;) = o(£;) for
every i,j € {1,..., Nz }. Now, consider a sequence {x,,}men converging to x. There exists M € N
s.t. m > M implies x,, € 0(€);), and then we may take a|53(xm) for each i. Note that, for ¢ # 7,

U|§L1(xm) i 0‘5]1(56711) We claim that

o Nwy) Nsupp(f) C {a|521(xm) ci=1,..., Nz}

for m sufficiently large. Indeed, suppose that for infinitely many values of m we have

o N xy) N supp(f) € {a|53(xm) ci=1,..., Nz}, (5.6)

so we may consider the subsequence {x,,, }ren be of the elements that satisfy (5.6) and {z,, } C

supp(f) those elements that o(zm, ) = Tm, S-t. zm, ¢ Ui,v:ﬂ”l Vp (otherwise, they would be in the

form a|5i1 (@n,)). Since
supp(f) N (U2, V,)°

is compact, {zn, } has a convergent subsequence which we also will denote by {z, }. Let y be its
limit. By continuity of o we have

Ty = 0(2m,) = o(y).
Since x,,, — , we also obtain = o(y). Since y ¢ V), for every p € {1, ..., N, } we have that
o™ (@) N supp(f)| > No,

2For every function f : A — B and, it holds that f(f~'(C)) = C, if C is a sigleton contained in the image of f.
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a contradiction. The claim is proved. Then,

N, .
lim Lg(f)(zm) —hm Z Wy :limZeF(U|Qi(xm»f(a\g_)il(:vm))
o(y)=zm i=1
—Ze Clol@ poll @) = 3 FWf(y) = Le(f)(@).
o(y)=z

O

Definition 5.6 (Eigenmeasure associated to the Ruelle Transformation). Consider the Borel o-
algebra Bx. A measure p on Bx is said to be an eigenmeasure with eigenvalue A for the Ruelle
transformation Lgr when

[ Lar@dnta) =2 [ fa)auta 5.7)

for all f € C.(U).
In other words, the equation (5.7) can be rewritten by using (5.2) as

/ Z BFW) £ () du(x —)\/f )dp(x (5.8)

o(y)=x

for all f € C.(U). As in the standard theory of countable Markov shifts, when a measure m satisfies
the equation (5.8) we write Ljppu = Ap.

Now we introduce the notions of conformal measure in the senses of Denker-Urbarnski and Sarig
in the generalized setting.

Definition 5.7 (Conformal measure - Denker-Urbanski). Let (X, F) be a measurable space and
D : U — [0,00) also measurable. A measure p in X is said to be D-conformal in the sense of

Denker-Urbariski if
:/Dw, (5.9)
B

for every special set B C U.
Although the previous definition is very general, we will always consider F = Bx.

Definition 5.8. Given a Borel measure i on X we define the measure u © o on U by

= wla(E))

€N

For every measurable set E C U, where the {E;}ien s a family of pairwise disjoint measurable sets
such that o|E; is injective for every i, and E = U, E;.

Remark 5.9. We show that p © o is well defined. First we prove the existence of at least one
countable family {E;}, as above. Indeed, if E C U, since o is a local homeomorphism for each x €
E there is an open subset Hy > x such that o is injective, we have E C UyepH,. For each of those
H, there is an open basic set U, such that x € U, but the topology basis is countable, so we can
enumerate {U,} = {Uy,Us, ...} and we observe that o is injective on each U;. Take Ey .= ENU,
E,:=ENU,\ |_|?:_11 E; and we have what we claimed.

Now we shall see that the definition does not depend on the decomposition of E. Let E = | | E; =
LI Fj, then E =], ; E; N Fj. Therefore,

> wo(E) =D plo(WE: N Fy) = > p(Uso(Ei N Fy)) Zu (Ei N Fy)
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Doing analogously for {F;} instead of {E;} we conclude that
> ulo(E)) = ulo(Fy))
( J

We therefore have that the measure p ® o is well defined.

Definition 5.10 (Conformal measure - Sarig). A Borel measure p in X is called (BF, \)-conformal
in the sense of Sarig if there exists A > 0 such that

du®o

i () =X PP jaexel.

Remark 5.11. Both notions of conformal measures in the senses of Denker-Urbariski and Sarig do
not require that the potential be continuous.

Now we define the 1-cocycle associated to the potential for the generalized Renault-Deaconu
groupoid.

Definition 5.12. Consider the generalized Renault-Deaconu groupoid G(X, o) and a continuous
potential F' : U — R, we define the continous 1-cocycle cp : G(X,0) — R, associated to the
potential F, as follows. Let (x,n —m,y) € W(n,m, Vi, Va), set

Yo F(o'(x) = S0 Fo'(y), if z,y € U;
> 1F(U(:L‘), ifeeU andy € U (m = 0);
— SV E(oi(y)), ifrx €U andy €U (n=0);

0, otherwise.

cp(z,n—m,y) =

The next theorem is the generalized version of the Corollary 1.39.

Theorem 5.13. Let X be locally compact, Hausdorff and second countable space, U C X open and
o:U = X a local homeomorphism. Let p be a Borel measure that is finite on compact sets. For a
given continuous potential F': U — R, the following are equivalent.

(1) pis ePF -conformal measure in the sense of Denker-Urbatiski;
(i1) p is a eigenmeasure associated with the Ruelle Transformation L_gp, that is
| ¥ 1w ) = [ i
o(y)=2 v
forall f € C(U);
(iii) p is e~ P°F -quasi-invariant on G(X,0), i.e
/ S eBerO) fy)dpu( / S f)duls (5.10)
r(y)=z s(y)=z
for all f € Co(G(X,0));
(iv) w is (—BF,1)-conformal in the sense of Sarig.

Proof. (iii) = (it) is analogous to Proposition 4.2 in [Ren03], but we repeat the proof. For any
f e C.(U), consider:

/ Z F(g)e PO dpu(z) = / S (fe P or) (1) Ls()du(z).
X s()=e

o(y)=
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where S is the set {(z,1,0(x)) : x € U}. Now, we use that u is quasi-invariant to conclude that
|3 e o / 3 (e orO)s)et Vit )= [ fan.
X s(p)=e

Proving the implication we were interested.

For (ii) = (i) let V be an open subset of U such that o|y is injective, and let W = o (V).
Also denote by 7: W — V the inverse of the restriction of o to V. We then have two measures of
interest on V', namely

(ulw) and Fuly.

We claim that the above measures on V' are equal. By the uniqueness part of the Riesz-Markov
Theorem, it is enough to prove that

/ng*(ulw)z/geﬂqulv, (5.11)
|4 14

for every g in C.(V). Given such a g, we consider its extension to the whole of U by setting it to
be zero on U \ V . The extended function is then in C.(U). Defining f = ge’!" | we then have that

5.13.41 _
/geBquvz/ fu 2 )/ Z F)e PO dp(y)
v U X s

/ G ") dpu(w) = /Wgw(:c))du(x): /V gdr* (p).

This proves (5.11), and hence also that 7*(u|w) = e®F u|y. Tt follows that, for every measurable set
ECV,

(o (E)) = p(r=(B)) = m* (ulw) (E) = [E S dp.

Now, suppose E C U is a special set, since o is a local homeomorphism and X is second countable,
there exists a countable collection of open sets {V;};en such that oly; is injective and E C (J;cn Vi
Then we have a countable collection of measurable sets { E; };cn, pairwise disjoint, such that E; C V;
and F = U;enFE;. We conclude, using that E is special, that

=S noE) =Y [ au= [ "

ieN ieN

(1) = (uit). We consider the open bisections defined in the preliminaries W(n, m,C, B).
W.l.o.g we can consider ¢™(C) = 0™ (B), since if not we could take open sets ¢’ C C and B’ C B
such that ¢™(C’") = ¢"(C) N o™ (B) = o™ (B’). Also, we can suppose that ¢™ is injective when
restricted C, similarly for 0" and B. In this setting, we can define the map o 5" := 05" o0 and
similarly 0" == o," 0 0.

n m
O'C O'B
n—m
g,
CcB
C e T » B
<o Pts
oo
9BC

Let f € C.(G(X,0) s.t. supp(f) € W(n,m,C,B). Let us see how the equation (5.10) on item
(7i7) simplifies in this case. Observe first the left hand side. If x ¢ C| clearly there is no v €
W(n,m,C, B) such that r(v) = z, so the integration can be done in C. Now, for z € C, consider
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7,72 € W(n,m,C, B) such that r(y1) = r(y2) = z. Since the range map is injective in such set
we have 73 = 79 and we conclude the summation on the left hand side of equation (5.10) have at
most one non-zero term for each x € C. Denoting this term by ~,, we see this term is written as
Yo = (2,n —m,op45"(x)). So, the left hand side of equation (5.10) is

/C 5P 02) f(, )dp(z) = /C fer(@n—mals™ @) f(z n — m, %z (2))dp(x). (5.12)
Calculation on the right hand side of equation (5.10) is done in a similar fashion, we have:

/ flogc" (y),n —m,y)du(y). (5.13)

Now let g : C — C defined by g(x) = f(zr,n — m,o055"(x)). Observe that g(og-"(y)) =

f(oga"(y),n —m,y), which is the function in the equation (5.13). We rewrite the quasi-invariant
condition with the considerations from above

[ eserenme D gwyiu(e) = [ gl w)auty) (5.14)
C B

for g € C.(C). We just need to prove that item (¢) implies equation (5.14). First, observe that item
(7) implies for all C' open subset of U, o|¢c injective that

/ 9(2)e"F @ dp(z) = / 9(0~ (@) du(z), (5.15)
C o(C)

for all g € C.(C). We observe as well that equation (5.15) is equation (5.14) when m = 0 and n = 1.
To prove (5.14) we proceed by induction on n+m. If n +m = 0 we have C = B , 05" = Id and
cr(z,0,2) =0, so equation (5.14) is clearly satisfied. Take n # 0.

/C\

n—m BC’ n—1

=’

Let ¢’ : C" = 0(C) — C defined by ¢'(z) = g(a‘l(a:)), g € C.(C"). By induction hypothesis,
/B g (5o W)du(y) = / eferlentmme ) gl (@) du(a).
On the other hand, using as reference the figure above
/Bg (5" (W) dnly) = /Bg(J LoD ())dp(y) = /Bg(a}?a”(y))du(y)
Which is the right hand side of equation (5.14). Then,

[ esertenime ) gy = [ e T g N (510

g2()
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The equation (5.15), using a change of variables, can be seen as well as

/ 92(0/(2))ePF @ dp(x) = / ga@)du Vgs € Colo(O)).
C o(C)

Applying it to (5.16), we obtain

cp(zn—1—m,c(m==—m(g T
/,eﬂ plentomo D) ol (2) dp() :/ng(o(x))em du()

_ /C efer (0(z)n=1=m.o " D" o(@) 0 (1) BF@) gy ().
It is left to verify that
er(o(@),n — 1= m, 0" (o(2))) + F(x) = cplz,n — m, 0" (2)),

because that is the left hand side of equation (5.14). It is true by the cocycle property of cp and
the fact that F(x) = cp(z,1,0(x)) along with the observation that

(z,1,0(x))(o(x),n —1—m,c" " (z)) = (x,n —m,o(x)).

The implication (i) == (i4i) is proved for f supported on the open bisection W(n,m,C, B),
d
therefore proved for every f € C.(G(X,0)). Now, we prove (i) <= (iv). Suppose that ,ud® 7 _
1

ePF pa.ex € U. Take E C U such that o|g is injective. Then,

o (E) = p© o(E) = /

1g d,u@az/ 157 @ dp(z) :/ B dp(z)
U U

E

and we have proved item (7). Now the converse. Let E C U and {E;};en be its decomposition.
Hence,

poo(B) = 3 ulo(E) = 3 [ 15O ua) = [ " @du(a),
ieN ieN /X E
Since this is true for every measurable set £ C U, we have
dpu® o
dp
This concludes the theorem. O

(z) =@ paexel.

Remark 5.14. Similarly to the standard Markov shift case, the theorem above also is generalized
to general eigenmeasures, for any eigenvalue, through absortion of the eigenvalue to the potential
like it 18 shown in Remark 1.40.

Remark 5.15. The above theorem is of particular interest, since it is known that if a measure
is e PeF _quasi-invariant on G(X, o), then the state defined by

onlf) = /X f(2.0,2)du(x), | € C(G(X,0)) (5.17)

is a KM Sg state of the full groupoid C*-algebra C*(G(X, o)) for the one parameter group of auto-
morphisms (n;) defined as

m(f)(7) =TV f(y), e CG(X,0),7€G(X, ).

More than that, if the subgroupoid c}l (0) is principal, then every KMSg state of C*(G(X, o)) forn
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is of the form ¢, for a p e Ber _quasi-invariant measure (see Theorem 3.8.12 of [Ren09] for these
assertions). By principal we mean that the isotropy subgroupoid I1so(G) := {v € G : r(v) = s(v)}
coincides with G). Observe that the units of c.*(0) are X.

As an example, suppose F' > 0. Then for v = (x,n —m,z) € Iso(c;ﬂl(O)), we have

n—1 m—1
Y F(o'(x) =) F(o'(x))
=0 =0

which can only happen if n = m, thus v = (z,0,2) € X and we conclude that c}l (0) is principal.

Some natural questions arise from this new setting, such as when these measures are non-singular
and when they are conservative. Also one could ask if these measures when restricted to By, are
also eigenmeasures in the standard Markov shift space, or even if an eigenmeasure in the classical
case when extended to X 4 is an eigenmeasure in this generalized setting. Our aim now is to answer
all these questions. First, we prove that every eigenmeasure on X 4 is non-singular in U.

Proposition 5.16. FEvery eigenmeasure on X4 4s non-singular in U.

Proof. For every eigenmeasure with eigenvalue A > 0, we have

| srO@aut) = [ s@iuo) (5.18)
Xa U

and then

[ Ly (D) = [ @) (5.19)

so by the equivalence of conformal measures of Theorem 5.13, we have that pisa <— I3 (F + log)\) , 1) -
conformal measure in the sense of Sarig, that is

log A
dlgjg(x) = 6’6<F(I)+ 5 ) =XP@ —ae on U. (5.20)

Suppose that there exists B C U a Borel set s.t. u(B) = 0 and p(c~'B) > 0. Then,
kool B) = 3 uo(@ o B) < 3 u(B) = 0.
1€EN 1€EN

So, u ® o(0~1B) = 0, and combining this with the equation (5.20) we have that

(o IB) = )\1/ e PF@ a0 0 =0,
o~ 1B

a contradiction. Conversely, if B C U is a Borel set satisfying p(B) > 0 and p(c~'B) = 0, then
there exists i € N s.t. u(o(C;iNo~'B)) > 0 and then p ® o(B) > 0. But
(o tB) = )\_1/ e PF@ oo =271 Z/ e PF@du oo >0,
oc—1B keN CyNo—1B
and therefore we have a contradiction again. We conclude that p is non-singular in U. O

Theorem 5.17. For X4, let F : U — R be a potential and \ > 0 such that there exists a (F,\)-
conformal measure |1 on X 4.

(a) Let px,, the restriction measure of p to By, ,, defined by

s, (B):=p(ENXs), FE€Bx,.
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Then, ps, is also a (F,\)-conformal measure. Moreover, its domain restriction® to Bs,,
1548, 5 @5 a (Fls,, A)-conformal measure.

(b) Let py, the restriction measure of p to By, , defined by

py,(E) :=pu(ENYy), E€Bx,.

4

Then, py, is also a (F,\)-conformal measure. Moreover, its domain restriction® to By,,

1y By, s @8 a (Fly,, A)-conformal measure.

Proof. Without loss of generality, we may assume A = 1.
Proof of (a): pyx, is well defined since X 4 is a Borel subset of X 4, because of Proposition 4.66.
For every F € Bx,, £ C U, we have

i3, ©0(E) =3 ps, (0(E) = S ulo(B)N=a) L S u(0(BiNTa) = p0o(ENS), (5.21)
€N 1€EN 1€N

where (E;) is a decomposition of E such that o|g, is injective. In (o) we used the fact that o is
surjective and then o(071(X4)) = 0(X4) = 4. Due to p ® o ~ p in U and (5.21), we have that
ps, © o ~ ps, and then the Radon-Nikodym derivative

d:uEA ©o
dpis 4

is well defined py; ,-a.e. Now, for every E € Bx,, E C U, we have

e F@dp(z) = / 1ens,e T @ du(z)

s @ a(B) = poo(ENT) = [
Xa

ENY 4
= sup {/ wdp 1 0 < p(x) < 1gns, (2)e ™) and ¢ is a simple function}
Xa

0 sup {/ odpy,,, 0 < p(z) < lgny, (2)e~ @ and ¢ is a simple function}
Xa

=/ Lpns e Fdus, :/ e Fdus,.
Xa E

The equality (1) is justified as follows: for every simple function

n
= Z ailp;
i=1

satisfying 0 < p(z) < 1gny, (x)e_F(‘”), we may choose B; € By, C Bx, for every i. Since p1 = pyx,

on By ,, we have
/ pdp = / pdps -
Xa Xa

We conclude, by uniqueness of the Radon-Nikodym derivative, that

dps, ©o

_ —F(x) _ U
dis., (x)=¢e ps, — a.e. on U,

30Observe that us , B, = HlBs , -
“Observe that By alBy, = 1By, -
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and therefore py , is a (F, 1)-conformal measure. When we restrict p to By ,, we have
plss, (E) = ps, (E), VE € Bs,.
It is straightforward that
poolp,, (E)=pls,, ©0(E)=pn, ©c(E), VEEBs,. (5.22)

And therefore p|g,,, is a (F|z,,1)-conformal measure.
Proof of (b): it follows from similar steps done in (a), by observing that By, C Bx,, since
Y4 = X is a Borel subset of X 4. O

Theorem 5.18. Let A be a transition matriz.

(a) Let F: ¥4 — R be a potential, F be an extension of F to U, and A > 0. Also, suppose that
there ezists a (F, \)-conformal measure p1 on ¥ 4. Consider its natural extension fiey s, on
X4, defined by

Pents,(E) = p(ENXy), Ee€Bx,.

Then, fieg s, is a (F,X)-conformal measure on X 4.

(b) Let F : Y4 — R be a potential, F be an eztension of F to U, and X\ > 0. Also, suppose that
there exists a (F,\)-conformal measure p on Ya. Consider its natural extension fiegy, on
X4, defined by

Hext,Y4 (E) = ,u(E N YA), FE e BXA-

Then, fiegty, 15 a (F', X)-conformal measure on X 4.

Proof. Proof of (a): observe that jiext s, is well defined because By;, € Bx,. W.l.o.g. we consider
the case that p # 0 and A = 1. For every E € Bx,, E C U, we have

Hext, x4 © U(E) = ZMext,EA(U<E)) = ZM(O’(E) N EA) (;) Z,u(o‘(E N ZA)) =u® U(E N ZA),
€N €N 1€N

where in (e) we used the same arguments for the (o) in Theorem 5.17. Once again, we have piext s, ©
0 ~ lext,x, on U, because u® o ~ p and that both measures plexi sz, © 0 and piexs s, are both zero
on every borel set contained in Y4. Then, the Radon-Nikodym derivative

dﬂext,EA ©o
dﬂext,EA

is well defined on U. On the other hand, for every E € Bx,, E C U, it follows that

Hext, ¥ 4 Oo(E)=p0o(ENX,) :/

e Fdu = / IlEmgAe_qu
ENX4 XA

= sup {/ pdp 0 < p < ]lEmgAe_F and ¢ is a simple function}
Xa
(L) sup {/ Pdpiexty, 1 0 <@ < ﬂEmgAe*ﬁ and ¢ is a simple function}
Xa
= / 1gns, e Fdpext s, = / e Fdptext s -
X4 E

The equality (1) is justified as follows: for any simple function on X 4

Y= Z a;lpg,
i=1



5.2 CONFORMAL MEASURES ON GENERALIZED MARKOV SHIFTS 165

such that 0 < ¢ < ]lEmgAe*F, we have that a; > 0 and B; € By, C Bx, for all <. On the other
hand, for any simple function ¢ on Bx,, its restriction is a simple function on By, ,. Moreover,

/ S/Edﬂext,EA :/ gd,uext,EA +/ @dﬂext,EA :/ @dﬂext,EA :/ $|2Adﬂa
XA pIY Ya DI DI

because fext,y, = pon By, = Bx, NX4 and pext, s, (Ya) = 0. Also, for any simple function ¢ on
>4 we always have an extension of ¢ because X 4 is a Borel set of X 4. For instance, the function

~ o(z), ifze Xy,
' 0, otherwise;

is simple function which extends . For any extension ¢ of ¢ it is true that

/ Szdﬂext,EA :/ @‘EAd,UJemeA +/ &’YAdueXt,EA :/ gb/d,uext,ZA :/ ()Od:u’
Xa YA Ya Ya YA

And therefore (f) is justified. We conclude, by uniqueness of the Radon-Nikodym derivative, that

d#ext,EA © J(:L’ _ e—f(z)

d Hext, 5, — a-e. on U,
Next,ZA

that is, ftext,n, is a (ﬁ, 1)-conformal measure.
Proof of (b): it is similar to the previous proof. O

The next corollary is a straightforward consequence of the Theorems 5.17 and 5.18.

Corollary 5.19. Consider the space X4, a potential F : U — R 8 > 0, and A > 0. Then every
(F, \)-conformal measure can be decomposed into the linear combination of the two (F, \)-conformal
measures

=y, + fyy

as defined in the Theorem 5.17.

Conversely, let ' : X4 — R and G : YaNU — R be potentials with a common extension
F:U=> R, A > 0. Also, let v and n be, respectively, a (F,)\)-conformal measure and a (G, \)-
conformal measure for same B > 0 and associated eigenvalue N > 0. Then, any positive linear
combination of the measures

W= 01Vegt s 4 + A2Mext,Y,, Q1,02 € R-H (523)

With Vegt s, and Mgy, as defined in Theorem 5.18, is a (FV, A)-conformal measure.

Remark 5.20. In particular, every conformal probability, in the sense of Sarig on Xa, can be
decomposed into a conver combination of finite conformal measures, with one vanishing on X4,
and another one vanishing on Ya. In particular, if the decomposition is non-trivial in the sense
that both X4 and Y4 are not null, then the decomposition can be taken as a convexr conbination of
probabilities.

We define the notion of measure that lives on a set.

Definition 5.21. Given (X, F,u) a measure space, where p is a positive measure, we say that p
lives on B € F if u(B) > 0 and p(B°) = 0.

Now we characterize measures that live on Y4-families. Every non-zero positive Borel measure
pon X 4 that lives on Y4(£%¢) for some ¢ is necessarily an atomic measure. In other words, these
measures are written in the form p(E) = 3 cn. 1r(w)cw, where we identify each configuration in
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Ya(€%¢) with its stem, since this defines a bijection between Y4(¢%¢) and R, and E C X4 is a
measurable set. We define
cw = p({w}), weR,, (5.24)

From now on, the idea is to consider the family of variables {cy },en,. The Denker-Urbaniski con-
formality condition (5.9) here is written with

D(w) =ef"@,  w+e,

and we get the general formulation for the conformal measures in Y4-families in the theorem below.

Theorem 5.22. A measure pu which lives on a Ya-family Y4(£%°), where £%¢ is an empty-stem
configuration, satisfies the Denker-Urbanski conformality condition if and only if the coefficients c,
in (5.24) satisfies

cwD(W) = oy, w € Re\ {e}.
Proof. Tt is straightforward from the Denker-Urbanski conformality condition for characteristic
functions on the special set {w}, hence the condition above is necessary. The converse is clear
because, for every special set E, we have that e ¢ E and

Z D(w)cw = Z Co(w)
weE wer

implies the Denker-Urbanski corformality condition. O

From the theorem above, every non-zero conformal measure living on an Y4-family necessarily
gives mass to every point of this family. Observe that the identity c,D(w) = ¢ (., w # €, implies

|| -1

co [ D0 (W) =ce, we RN\ {e},

=0
where c. := u({¢%¢}). The equation above can be rewritten as
coeflel@) = ¢, we R\ {e}. (5.25)

where F), is the Birkhoff’s sum.

In order to construct any potential which would give a e’ -conformal probability measure in a
Ys-family we must keep c. > 0, otherwise all other ¢,’s are zero by (5.25). That is equivalent to
impose ¢, > 0 for all w € R, since it is a necessary condition to obtain ¢, > 0. At the same time

we wish to have
d =1, (5.26)
wWEMR,

F

which imposes that p is in fact a probability measure. The following result is a consequence of this
caracterization.

Theorem 5.23. Fized a potential F : U — R and a Ya-family Y (€0°), there exists at most one

ef'-conformal probability living on such family.

Proof. Nothing is need to be proven if there are no ef-conformal probabilities living on Y. So

suppose there exists a two collection of strictly positive numbers {c, }pen, and {dy }uen, satisfying

{cw = e_Flw\(w)ce, w € R, {dw = e_Flw\(”)de, w € A,
and
ZwEfRe Co =1 Zwefﬁg d, =1.

Since c. and d, are positive numbers, there exists A € R% s.t. de = Ac.. Then, for every w € R,,

d, = e Flwl@g, = e~ Flul@) \e, = \d,,.
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On the other hand,

1= Zdw: Z)\CWZ)\ZCWZ)\,

weiﬁe weiﬁe we%e
and hence A = 1. Therefore, d,, = ¢, for every w € fR,. O
Corollary 5.24. Given a potential F' : U — R, the space of eigenmeasures for an associated
eigenvalue A lwing on an Ya family has dimension at most 1.
Proof. 1t is straightforward from Theorems 5.13 and 5.23. O
F

Lemma 5.25. Given a potential F' : U — R, suppose that there exists a e -conformal measure
living on Y and let Yj be a Ya-family. Then the restriction of u to (Yj)c, given by

I/(B)(Yj)c =v(Bn (Y1), Be€Bx,

is a e -conformal measure as well.

Proof. Similar to Theorem 5.17. 0

Corollary 5.26. Let F : U — R be a potential. The extremal ef’-conformal probabilities living on
Y4 are precisely the ones living on each Y -family.

Proof. A ef-conformal probability living on a Y-family is necessarily extremal due to Theorem
5.23. Conversely, let 1 be an ef-conformal probability on Y4 and suppose that u gives mass on
more than one Y-family. Let Y} be a Ys-family satisfying (Y1) > 0. Then u((Y})¢) > 0. Then
the measures given by

pBNY) p(B N (YA
(V)

defined for every B € By, are ef’-conformal probabilities on X4 such that

(B = and  jiz(B) =

= p(Yi) 1 + p((YA)%) o

Since u(Y}) + p((Y1)¢) = 1 and u(Y4) € (0,1), we written u as a non-trivial convex combination
of two distinct ef'-conformal probabilities, we conclude that p is not extremal. O

Now we study phase transition phenomena on X 4.

5.3 Phase Transition on X4

In this section we present phase transition results for conformal measures and eigenmeasures on
X 4 and we connect these results to the standard theory on ¥ 4. In particular, we present the length
type phase transition, which consists in a change of space where the measure lives, from Y4 to X 4,
on decreasing f. The examples here presented are the renewal, pair renewal and prime renewal
shift spaces. It is important to notice that in these examples, the set of empty stem configurations
is countable, and therefore Y4 is countable as well. In particular, every conformal probability that
lives on a Ys-family is an extremal measure, in the sense that it can only be represented as a convex
combination of conformal measures by the trivial one.

5.3.1 Phase transitions of conformal probabilities for the generalized renewal
shift

We recall that the generalized renewal shift has only one Y-family, which is Y4 itself.
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Example 28. We first look the class of potentials that depends only on the length of the word,
i.e, F'(w) = F(|w]). In this case, the coefficients c,’s have the same property, i.e., ¢, = c|,|. This
imposition affects directly (5.26), one may rewrite it as

Ce + Z Z Cw prop-_4.73 co+ Z onle, =1,

neN weR neN
|w|=n

where ¢, is the coefficient c,, when |w| = n. The equalily above imposes c. € (0,1). We summarize
the conditions on the atomic probability p which vanishes on X 4

co + ZnGN anlcn = 1,
co € (0,1).

By (5.25) and |w| = n, we have c ™) = ¢y, then

Fo(w) = log <C°> , neN (5.27)

Cn

The identity above allow us to determine F in Y4 \ {€°},

For a > 2, take ¢, = a,f(“c_ﬁl).
F

ef"-conformal probability measure is given by the constant function F = log o defined in X4 \ {€°}.

The potential which makes p, defined by the coefficients ¢y, a

Remark 5.27. In fact, because of the structure of our renewal shift, potentials that depends only
on the length of the word, are the constant ones. To see this, take any continuous potential I :
Xa\ {€°} — R such that, for any w € Y4 we have F(w) = g(|w|) where g : N — R. In this case,
F is a constant function. Let x # y on X4 and consider two sequences (Tn)neN and (Yn)nen on Yy
such that x,, — © and y, — y, with |z,| = |y,| = n, this choice is possible because A(1,n) =1 for
every n € N. This implies that F(x) = F(y), since X 4 is dense on X4, F is constant.

Theorem 5.28. Consider a potential F : X4\ {¢€°} — R and B > 0, we have the following:

7 mn >0, jor p > = , there exists a unique e~ -conjormal prooability measure [ a
) Ifinf FF > 0, for 8 > %82 th st que e’ | probabilit 5 that
vanishes in Y 4.

(1) If 0 < supF < 400 and f < SISS?,, there are no ¥ -conformal probability measures that

vanish m X 4.

Proof. The equations (5.25) and (5.26) give us

1+ %\:{ }e—ﬁz'f—'(?l”"j(“’)) = Cl > 0. (5.28)

Since F'(w) > inf F for all w € R, by Proposition 4.73 we obtain

a5l g 1 2 \"
L Y e Pamo F ))§1+22<6,81an> :
weR\{e} neN

The series )y (eﬁl%)n converges if § > llrcl’fg I%, therefore the validity of the last inequality grants

el F (o7 (w))

that the series Zwem\{e} P> converges and we obtain the existence of a e#F'-conformal
probability measure p5 that vanishes on ¥4, given by the coefficients ¢, in equation (5.25). The
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uniqueness is straightforward. This proves item (i) and a similar procedure proves item (ii). Indeed,
it is clear that

—ﬁZF ) > —Bnsup F. (5.29)

Hence,

B P9 (w)) 2 \"
Z z 1/22 <eﬁsupF ’

weR\{e} neN
The last sum diverges if 5 < Slggf,, which means that no e®F-conformal probability measure van-

ishing on ¥4 can be obtained in such interval. O
Corollary 5.29. Let F = 1. Then, for the constant 5. = log 2, the result follows:

(i) For 8> 3. we have a unique €°-conformal probability measure that vanishes on X 4.

(i) For 8 = . there is a unique eP-conformal probability measure that vanishes on Y.
(i) For B < f. there are not e°-conformal probability measures.

Proof. For this potential, we have inf F' = sup F' = 1 and we apply Theorem 5.28 for the constant
potential F' = 1. For f,, it is a straightforward calculation that the series associated with it diverges.
This characterizes the existence and the absence of the e’-conformal probability living on Y. For
the aforementioned absence region . < log?2, if there exists a e’-conformal probability v, then
necessarily v vanishes in Y4. By Theorem 5.17 we may restrict the measure to the standard theory,
and turn it into a question on finding eigenmeasures for the potential —GF by corollary 1.39. In
particular, this potential is positive recurrent for every 5. Indeed, we have that

Zu(=B,[1]) = Y e ipy(a) =2""te P,

o=z

and then
1
Pe(~B) = lim = log Z,(~BF, [1)) = log2 — 6.

And setting A = e"¢(=#) = 2¢=8 we have

Z)\ nZ 22nﬁn2n1 ﬁn: 00,

neN neN
and then the potential is recurrent for every S > 0. Observe that
Il[m:n](:c) =1 <+ z=1,n,n-1,..,2,
hence

Z* Z e —bn ﬂ[«m n]( ) )

o=z

S ATz (=8, [1) = o2 e e P = 1 < oo,

neN neN

therefore

and we conclude that in fact the potential is positive recurrent for every 5. By the Generalized
RPF Theorem 1.47 and the recurrence, there exists an eigenmeasure for every (3, and for every
eigenmeasure, it follows that its associated eigenvalue is A. So necessarily we only can have an
eP-conformal measure at 3 = log 2. Moreover, the positive recurrence implies, via Proposition 1.53,
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that we have at most one probability eigenmeasure for every § > 0. Now, we must find v that solves

the equation
/fdu:/L_gfdy, feLl(v),

Observe that for every n € N we obtain

/fdy: /L’iﬁfdu, feLlv), (5.30)
and
(L2sf)(x) = Z e Prfy) v—ae, felLv). (5.31)
o™ (y)==

For every admissible (positive) word « that ends in ‘1’, we get

(5.:30) Z/ Ll ‘]la]du -3 Z/ —Ia\]l[a](y)du(x).

aeN a€eN a—‘(’|(y) T

Now we claim that for given a € N, it follows that

Z ]l[a](y) =1, =xe€ [a]

olol(y)=z

{ﬂm (y) =1, (5.32)

ol (y) = a;

admits the unique solution y = ax for all x € NYo_ Since « is admissible, such solution belongs to
[a] if and only if A(qq—1,a) = 1, which is satisfied because aj4—; = 1. The claim is proved and
consequently we get

In fact, the system of equations

v(le]) = 27100, (5.33)

By observing that [n] = [n,n —1,...,1] for every n > 2 we have

dovnl) =) w2 " =1,

neN neN

and therefore v is a probability. O

Remark 5.30. The probability in (5.33) is the unique eigenmeasure in X 4, for every B > 0. Indeed,
for general B, the eigenmeasure satisfies

26—5/fdy:/L_5fdy, feLv),

Simalarly to the proof in corollary above, we have, for every n € N the following:

(26_6)"/de:/LT_Lﬁfdy, ferLv). (5.34)

and in this case for every a admissible ending in ‘17, we obtain
(2¢~%)ly (o)) P20 5O / L gdr =Y / =111, () v ().
aeEN CL aeN U“l| y) x

By (5.32) we conclude that
(2e )y ([a]) = e, (5.35)
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and therefore v is the same as in (5.33).

Remark 5.31. As we can see in the proof of corollary 5.29, the eP-conformal probabilities are
eigenmeasures of the Ruelle’s transformation for the potential FF = —1. One could ask about the
existence of eigenmeasure probabilities associated to the eigenvalue €76 =P) which, unlike in Remark
5.30, vanishes in X 4. The answer is no. In fact, since in this case we have Pg(—f) = log2 — f3,
we have that p is an eigenmeasure probability for L_g for the eingevalue e (=B) if and only if

Llgpppt =t

that 1s,
Lt log2M = K

log 2

and by Theorem 5.18, this is equivalent to state that p is a e°%°-conformal probability, and by

corollary 5.29, p necessarily must vanish in Yy.

The picture 5.1 compares the standard formalism with the generalized one for the renewal shift
and potential F' =1, as in corollary 5.29.

- existence
existence
() | () -
p absence B
absence & _ _ absence _ J SV e >
log 2 log2

Figure 5.1: The phase transitions on different thermodynamic formalisms for conformal probabilities in the
renewal shift space with potential F' = 1. The picture (a) represents the standard formalism on ¥ 4, where
we have a unique e’-conformal probability for a unique possible inverse of temperature, namely 3 = log 2
(red dot). The picture (b) represents the generalized formalism on X a and, unlike in (a), we are able to
detect not only the previous standard e -conformal probability, but also, for each B > log?2, we have a unique
e -conformal probability (red interval), in this case the measures live on Y.

Let pg, B > log2, be the conformal measure of the corollary 5.29 for the inverse of temperature
B. This measure is explicitly obtained by the equation (5.28) combined with (5.25). By denoting

ps({ag®}) = & we obtain

—Bla] —lalB(eB _ 9
cg _ e e (e )

= = 5.36
ES SRS .

Perhaps the corollary 5.29 can be seen as a pathological fact in contrast with the Sarig’s theorem
in [SarOla] about renewal shifts considering >4 instead of X 4. He proved, for potentials regular
enough, if we have a phase transition at some f3., then there exist (—fSF, eP(*ﬁF))—conformal mea-
sures at high temperatures (8 < f.) and these measures do not exist at low temperatures (5 > f).
Our theorem tells us the exact opposite behavior for the eF-conformal measures which vanish
on X 4. Nevertheless, the Sarig’s conformal measure is intrinsically connected with the ones of the
corollary 5.29: there exists the weak*-limit of the net of measures {3} 3>, of the aforementioned
corollary when 8 — .. In order to verify this fact, we need to discuss some particularities of the
topology of X4 of the renewal shift to study the weak™ convergence of measure on this space as it
follows.

We recall from subsection 4.4.1 that every generalized cylinder on a positive admissible word is
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written by choosing this word ending in ‘1’. Hence,

:U’B(Ca) = Z Cg,

weY:a€w]
and then,
pe(Ca) =2 >
neENweY :a€w]
|w|=n
where

B ._ 6’8—2
o= A1)

However, if a € [w], then |w| > |a| and hence

pe(Ca)= > > o

n=|o] weYy:ac[w]
|w|=n

Lemma 5.32. Let w € R s.t. a € [w]. Write n = |w| = |a| +p, p € Ng. If p =0, then there exists
a unique word in Ya s.t. a € [W]. If p € N, then there are 2P~ words in Y4 which satisfies o € [w].

Proof. If p = 0, the result is obvious, then suppose that p € N, that is, |w| > |a|. Then, w = a7,
where both « and v end with ‘1’ and |y| = p and therefore the number of possibilities for v, and
consequently w, is 2°~! due to Proposition 4.73. O

By the lemma above we have that
o0 oo
—lal— k—
G =yt 3o B e ST
n=|a|+1 k=1
where in the last equality we used the change of index k = n — |a/ in the sum. It follows that

8 _ 2 1 o0 2k—1

(&

_ ERONT:
1s(Ca) = 5 Lw +> SOHaNB | T ¢

By taking the limit, we get

: _ 9—|a
ﬁglrgﬂuﬁ((/‘a) =271,

Before we proceed the calculation of the limit above for the remaining elements of B, we will show
that limg_j0g2 pg(F) = 0, for every finite F' C Y4, which implies that the limit for the basic
elements can be evaluated just by ignoring the part which is not a union of generalized cylinders
and that if there exists the limit measure, then in fact it lives only in ¥ 4.

As we discussed in subsection 4.4.1, any € € Yy is in the form &, a positive admissible word
ending with 1. We calculate the following limit,

B2

(&

1‘11] 0 = l.ll _— O
ﬂ—ilogfuﬁ({af }) B—ilogZ e\alﬁ(eﬂ — 1)

This implies that for finite F' C Y4, limg_,1o52 #(F') = 0 and since every element of the basis of X4
of the renewal shift is in the form
FU |_| Cw(p)a

peN
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where F' C Y, is finite and w(p) is some positive admissible word ending in ‘1’ we have that

Ao | TH L G | =l | L oo
peEN peEN
=t > s (Cog) =3 tim 115 (Cug) - (5.37)
peEN peN

Now we will compare this result with the measure v of (5.33) from corollary 5.29. Given «
positive admissible word ending in ‘1’, we have

2loly(Cy) = 2y (fa]) = /H ldv(z) = v(24) = 1.

a€eN

Therefore,
v(Cy) = 27l

and finally
= 1.
v(Ca) 5l ,18(Ca)
By the last equality, the o-additivity of measures and the identity (5.37), we obtain for every basic
open set B, which is in the form F'U[ |, Cy ) (see subsection 4.4.1) that

v|FU |_| Cw(p) = nglg2u6 Fu |_| Cw(p) ,
peEN peN
that is,
WB) = i is(B).

Now we prove the weak™ convergence of the conformal measures of the corollary 5.29.
Theorem 5.33. The net {{18}g>10g2 converges to v in the weak* topology for  — log 2.

Proof. We know that the basis is closed under finite intersections, and that the net of the statement
converges numerically to v for every basic set. Since the measures ug, 8 > ., and v are defined
on the Borel o-algebra of a metric space, the hypotheses of Theorem 5.3 are satisfied and therefore
the weak™* convergence holds. O

5.4 Empty stems and extremal conformal measures on Y,

As in the previous section, now we shall study conformal measures which live in Y4, but for shifts
that have more than one configuration with empty stem. The reader will notice some similarities
with the renewal shift example. Due to corollary 5.23, we have at most a bijection between the
number of extremal conformal probability measures living on Y4 and configurations with empty
stem. However, for generalized shifts as the renewal or with similar construction, as the pair and
prime renewal shifts, we observe that, for lower temperatures and potentials bounded away from
zero, we have in fact a bijection between the extremal conformal measures living on Y4 and the
family of empty stem configurations, see Theorems 5.34 and 5.38.

5.4.1 Phase Transition on Pair Renewal shift
For the pair renewal shift and general potential, we have the following result.

Theorem 5.34. For the generalized pair renewal shift X4, let F': U — R be a potential. We have
the following:
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(i) If inf FF > 0, for g > %, there exist two extremal ePF -conformal probability measures
liwing on Ya;

(1) If 0 < sup F < oo, for 5 < % there are no €5 -conformal probability measures living
on Yy.

Proof. For each k € {1,2} we denote by ¢, 1 the coefficient ¢, = pu({w}), w € Ry, for a measure
living on Y4 (¢%%). The Denker-Urbanski conformality condition for extremal measures is

Coe = cepe” PILD)@) (e 0y, (5.38)

In order to make the collection of numbers {c, ; },en, be a probability we must have

1= cop=cop|1+> > el (5.39)

wWENRE neNweRy
lw|=n

By freedom of choice on c. 1, the condition above is equivalent to state that the right series above
converges. If inf F' > 0, then

Z Z e —BFn(w) <Z‘ gOkz ‘6 Bninf F (5_40)

neNweR, neN
|w|=n

Theorem 4.74 gives |0 ™(£92)| = |o~ (=D (£01)| for n € N, and the upper bound in RHS of (5.40),
for any k € {1, 2}, converges if and only if the series

LUPPEr(g) = [(1 —V2) 4+ (1 =V2)"T 4 (1 +V2) 4 (1 + V2) | g AnintE (5.41)
neN
converges, where in the series above we constructed by using
AN =1 - V2)"+ (1= V2)" T+ 1+ V2)" + (1 +V2)"™, neN,.
The ratio test for £'PP¢"(/3) is calculated next:

lim e PRI — V2" 4 (1= V)" 4 1+ V)" 4 (14 V2)" _ o~ Binf Ftlog(14v2)
n e—Bninf F [(1 —V2)r 4 (1 =2 (1 +V2)n + (1 + \/i)n+1]

log(14+v/2)

T and in this case there exist two extremal

Therefore, the series (5.41) converges if 8 >
ePF-conformal measures living on Yy.

On the other hand, if 0 < sup F' < oo, we have

Z Z —BFp(w > Z |O_—n §0k | —anupF (542)

neNweRy neN
|w|=n

and analogously to the proof of (i), the lower bound in RHS of (5.42) diverges if and only if the
series

Slower(ﬁ) — Z [(1 _ \/Q)n + (1 _ \/§)n+1 + (1 + \/i)n + (1 + \/§)n+1 e_ﬂnsupF (543)

neN
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diverges. We calculate the ratio test of the series above:

lim e PSR [(1 — V)" 4+ (1 - V)" 4 (L4 V)™ 4 (L4 V)] _ o~ Bsup Ftlog(1+v3)

n e—Bnsup F [(1 — V2 (1= V2)rH - (1 +V2)r + (1 + \/Q)nﬂ]

Therefore, the series diverges for § > w. For g = % the series £1°7°"(3) also diverges
because in this case we have

ower [ log(1+v2)) _
¢ ( sup F' >_Z

neN

(1-v2)"+ (1= V2" 4+ (1 +v2)" + 1+ V2"
(1+v2)"

_ (_1)n (_1)n+1 B
_7%[(1+\/§>2n " (14 +/2)2n+1 +2+\/§} = 00.

Therefore, for g < %, we have the absence of extremal e’-measures living on Y4, and

therefore there are not e?*-measures living on Yj. O

For the pair renewal shift and potential F' = 1 we have the following result.

Theorem 5.35. For the pair renewal shift and constant potential F' = 1, there exists a critical
value B. = log(1 +/2) s.t.

(1) for B > B. there exist two extremal e°-conformal probabilities living on Y4, each one living on
a distinct Y a-family;

(ii) for B = B, there exists a unique e®-conformal probability living on ¥ 4;
(iii) for B < Be, there are no e-conformal probabilities.

Proof. By Theorem 5.34 for F = 1, we have sup /' = inf F = 1 and therefore there exist two
extremal e®-conformal probabilities living on Yy for 8 > log(1 + v/2), and for 8 < log(1 + v/2) we
have the absence of these measures. Now, we analyze the existence of these probabilities, but living
on X 4. For every n € N, any e”-conformal probability measure that lives on ¥ 4 necessarily satisfies

uslo((n)) = /[ s = ps(in), e N (5.44)
We also have that,

o) =24, o(@)=0u | |2a] and o) =li-1], i#1.

b
By (5.44), we have

1= Pup()) = pa(()) =7, (5.15)
and we claim that

up(lnl) = e P Dps(2), n>2. (5.46)

In fact, the result is straightforward by using the conformality equation (5.44) for n = 3. Now,
suppose that (5.46) holds for some n € N\ {1, 2}, again by (5.44), we have

up([n)) = ps(o([n +11)) = e ps(fn + 1))

and then

pp(ln + 1)) = e us([n]) = e Pe PP pg([2]) = e Vg ([2])
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and the claim is proved. Now, for the cylinder [2], we have by (5.45), the claim above and once
more equation (5.44), that

1up(2) = e + s([2]) + Ze e (5.47)
Then,
<eﬁ -y ﬁ) po(2) = 22O L)) = e (5.49)
n=0

The number multiplying 15([2]) in the identity above is zero if, and only if, sinh(3) = %, and for such
(3 it is straightforward that there is not a probability conformal measure, and that 8 # log(1+/2).
Consider from now on the remaining case that sinh(3) # % By imposing that pg is a probability,
that is,

1—e b
—B -nB _ —
e 7+ ps([2]) + pa([2 E e " eﬁ+e—25—2_1’

we turn the equation above, by the substitution y = e~?, into

1 y
1—yy—1_ 1
I—y

1—-y=

for y > 0 and y # 1. The equation above becomes,
Wy -1 -y =y"(1 -9,
and since y # 1, we may divide both sides by (1 — y) and we obtain
y?+2y—1=0,

which the roots are —1 + /2. Since y > 0, we must have

1
=—1+V2=—"_,
1+2
and therefore the measure g is a probability if and only if 8 = log(1 + v/2) = 8. In this case, the
measure fig, satisfies

pa([1]) = e,
1—e 20
— ,—Be
/’Lﬁc([2]) =€ 281nh(,66) _17
_ o—20c
pg.([n]) = ey Lo TF

2sinh(B3.) — 1’

Its uniqueness is granted because, for every cylinder [a], |a| > 1, we may apply the conformality
equation (5.44) finite times, and therefore the measure for every cylinder [« depends only on the
cylinders of length one.

Summarizing the results, there exist two conformal probability measures living on Y4 if and only
if 8 > (., and there exists a conformal probability measure living on ¥4 if and only if 8 = §.. By
Corollary 5.19, every probability conformal measure on X 4 can be written as a sum of its normalized
restrictions on X 4 and Y4, there are no conformal probability measures on X4 for § < ., and we
conclude that the statement holds. O

Remark 5.36. We observe that a similar characterization for the conformal probability living on X 4
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by its value on length one cylinders is possible on each Ya-family when B8 > B., with the difference
that we must to consider the measure on the singletons with on the respective empty stems. We have

o(Cr NYA(EO%)) = 0(C,) NY4(E%%), neN, ke{1,2},

and then,
Ya(%%), ifn=1;
0(Cn) NYA(E™) = S YA N (C1UUen Con) i n =2
Ya(€"%)NCho1, otherwise,

where k € {1,2}. The conformality equation (5.44) is analogous for generalized cylinders. We denote
by ppx the extremal conformal probability living on Y4(€%%), k € {1,2}. We have

pp.E(Ch) = e 7,

pak(Cn) = e P2 g 1 (Co), > 2.

And since these measures are probabilities we must have

s u(Co) = P + pgr(Ca) + pau({€71) + Y e P Vg 1 (Cy).

n=2

By similar series study done for Theorem 5.34 also done for Theorem 5.35, we obtain
4eB _ 1—e—28 . 1.
1 + ﬁﬁ)) e ’Bm, Zf k = 1,

4¢P —B_1—e28 e
1+ 4+e*652(ﬁ)) € EQSiHhB(B)—l’ if k=2,

psk(C2) =

where
2(B) = > [(1= V2" + (1= VR 4 (1 +V2)" + (1+ V2]

n€Ng

The figure 5.2 compares the standard formalism of ¥ 4 to the generalized one of X 4 for the pair
renewal shift and potential F' = 1.

Still for the case where F' = 1, we shall connect the e®-conformal measures living on Y, (8 >
log(1 4+ v/2) to the unique one living on ¥4 (3 = log(1 + v/2)) next. Consider the set ®5 of e-
conformal probabilities living on Y4 for the pair renewal shift and potential F(x) = 1 as above,
which is the set of convex combination of the extremal probabilities p151 and p52. Also we consider
the Hausdorff distance (see [Mun00]) between ®g and pg, on the probability space for X4, which
is given by

Ay (ps., ) = maX{ inf d(pg,,y), sup d(uﬁc,y)} = sup d(pug,,y),
yeds yEdg yEDs
where d is a metric compatible with the weak*-topology.
Theorem 5.37. dg(pg,, ®g) = 0 for B — . by above.
Proof. Since for k € {0,1} we have

4

s ({€273) = na({e™'}) = 75 "

when 8 — (. by above, then for every finite set F' C Y4 it holds that

,u,/g,k(F) — 0.
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existence

(a) (b) extremal measure

living on Y4 (EU'] )

existence
absence l absence p absence p
_____ o - - osence __ absshbe > conv;xt.
combinations
log(1+V72) log(1+v/2)

extremal measure
livingon Y, (50’2)

Figure 5.2: The phase transitions on different thermodynamic formalisms for conformal probabilities in
the pair renewal shift space with potential F' = 1. The picture (a) represents the standard formalism on
Y4, where we have a unique conformal probability for a unique possible inverse of temperature, namely
B =log(1 + +/2) (red dot). The picture (b) represents the generalized formalism on X 4 and, unlike in (a),
we are able to detect not only the previous standard conformal probability, but also, for § > log(1 + \/ﬁ),
two extremal conformal probabilities (purple lines), each one living on a different Ya-family. In this case, by
convex combinations (red triangle) we have infinitely many conformal measures for each § > log(1 + v/2).

Also, it follows by Remark 5.36, the continuity of H and the fact tha the generalized cylinders are
clopen that

) i 4¢P
(o) = Jy (14 555 ) H8) = H(50) = s (2D

. . 4¢P
515%6 pp,2(C2) = /3152c <1 + 4—}-6_/32@) H(B) = H(Bc) = pp.([2]).

That is, limg_,ge g 1 (C2) = pp.([2]), k € {1,2}. Consequently,

lim Cp) = nl), n>2,

Jim, 115.6(Co) = s (o)
and for C the limit above is straightforward, and by (5.44) the limit above also holds for every
generalized cylinder set on positive words. i.e.,

ﬁh—%c L k(Co) = pp.([o]), « positive admissible word.

We recall that every basic set generated by the subbasis of cylinders and their complements of
the generalized pair renewal shift X 4 is a countable union of disjoint positive generalized cylinders
jointly with a finite subset of Y4 as in (4.35). Also, the basis of finite intersections of these cylinders
and complements of cylinders is, by definition, closed under finite intersections. So, by Theorem
5.3, both extremal measures ug 1 and g2 converges to pg, on the weak™ topology. We claim that
Pg is closed. In fact, Let {n,}n be a sequence in ®5 converging weakly* to a Borel probability v.
Since U is open, C.(U) can be seen as a subspace of C.(X4), so by Theorem 5.13 we have

/den = lim/denn :lim/XA L_gp(f)dn, = /XA L_gr(f)dn,

and hence n € ®g, and the claim is proved. Since X 4 is a compact metric space, we have that the
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space of probability Borel measures is compact on the weak* topology and therefore ® is compact,
since it is closed. On the other hand, the function

Vi d(/"LB(J V)

is continuous, and by compactness of ®g, there exists vg € ®4 satisfying

sup d(pg.,v) = d(pug,, vs)-
V€<I>ﬁ

We prove now that limg_, 5. d(ug,,ms) = 0. Indeed, given € > 0 there exists ¢, s.t. #— . < ¢ implies

‘/fd,u/g—/fd,ugc’ <e¢ and ’/de@—/fd,uﬁc

for every f € C'(Xa). Since ng = Aug1 + (1 — A g2, for some X € [0,1], we get

' [ tavs— [ gams,

hence limg_, g, d(,uge, VB) = 0, and therefore limg_, 3, dH(,ugc, (135) =0. O

< €

< €,

5.5 Phase Transition on Prime Renewal shift

Now we study the conformal measures on the prime renewal shift. We will see that the existence
of infinitely many empty configurations can lead to the existence of infinite extremal conformal
measures living on Yjy. First, we characterize the extremal conformal measures living on Y4 as we
realized in the case of the standard renewal shift. Take p € {1} U{q € N : ¢ is a prime number},
and define

Cuop 1= H{wEY), weR, (5.49)

where €97 is the empty stem configuration such that and Reop(e) = {1,p}, as it is in subsection
4.3.3. Consider a potential F': U — R, where U is the open set of elements for which we can apply
the shift map. In Y4 we use the following notation F'(w,p) := F(£(w,p)), p prime or one. As in the
case of the standard renewal shift, we define:

D(w,p) = e!"@np),

By Theorem 5.22, identity (5.26) and Corollary 5.26, every extremal conformal probability living
on Yy lives in some Y-family Y(¢%P) and it satisfies

{cw’per(“’p) =c, weR\{eh (5.50)

Zweﬁp vap = 1'

Now, we have an analogous result to the Theorem 5.28 for the case of countably infinite empty
configurations.

Theorem 5.38. Consider a potential F : U — R, we have the following:

. . . : log 3
() Suppose inf F' > 0. For each p € {1} U {p € N : p is a prime number} and § > 8%, there

erists a unique e -conformal probability measure pug, that vanishes out of Ya(£%(p)).

(i) Suppose 0 < sup F' < +o0 and f < slggiﬂ, there are no ePF-conformal probability measures
which vanish i X 4.
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Proof. For each p € {1} U{q € N: ¢ is a prime number}, the system (5.50) gives

1= Z Cop=Cep | 1+ Z Z e PFnwp)

wERY neNweR,
|w|=n
that is
C
neNweR, e,p
|w|=n

where ¢.;, € (0,1), and then ¢ [1, (1,00), otherwise we have absence of conformal probabilities

on Y4(€%P). Since the LHS of the identity above is greater than 1 and the terms of the series are
positive, then there exists a (unique) conformal probability living on Y4(£%P) if and only if the
series above converge. If inf F' > 0, we have

Z Z e —BFp(w,p) <Z Z efnﬁlan < Zgn —nBinf F __ ZenmfF fsfg;l )

neENweR, neENweR, neN neN
|w|=n |w|=n
where in (e) we used Proposition 4.76. By last equation above, it is straightforward that 8 > lll‘jfg g

implies the existence of a conformal probability living on Y4 (£%P). On the other hand, if 0 < sup F' <
oo, then

Z Z e_ﬂFn(wap) > Z Z e—nﬁsupF (é) %Z 2ne—nﬁsupF — ZenmfF(:‘i)g?_ﬁ),

neNweR, neNweR, neN neN
|w|=n |w]=n

where in (e) we used again Proposition 4.76. It is straightforward that we have the absence of
conformal probabilities living on Y4 (£%P). Since p is arbitrary, the proof holds for every Y-family
of X4. O

Corollary 5.39. Let F = 1. Then, we have the following results.

(1) For 8 >log(3) , all eP-conformal probability measures pp that vanishes on X 4 can be written
as a conver combination of the measures g .

(i) For B <log(2) there is no - conformal probability measure that vanishes on ¥ 4.

Proof. Apply Theorem 5.38 for the constant potential F' = 1. For 8 > log(3), if g is a eP-conformal
measure that vanishes on ¥ 4, denote

J={pe{1}U{p e N:pisprime} : ug(Ya( (€°(p) #0}
and we have for E C Yy,

na(ENYa(€(p)))
1s(Ya(€(p)))

ps(E) =Y ps(ENYa(€(p) = > ns(Yal€'(p)))

peJ peJ

= ns(Ya(€ () s p(E).

peJ

Observe that pg, are extremal measures. For § < log(2) is a direct consequence of the previous
theorem. O
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5.6 Pressures

Our main goal in this section is to present the concept of pressure at a point € X 4 and compare
it with the Gurevich pressure defined in chapter 1. For the pressure of a potential F' : U — R at
a point x, denoted by P(F,z), we follow [DY15]. This concept is introduced on a more general
setting, called an Iterated Function System, i.e a pair consisting of a Polish Space X and a family
V of homeomorphisms v : D(v) — v(D(v)) C X defined on a closed nonempty subset D(v) C X.
The authors require as well the existence of point which the orbit is infinite, but since our goal is
to apply the theorems on the generalized symbolic space X 4, which contains X 4, this hypothesis
is automatically satisfied.

For us, the polish space X is the space X4 and the family of homeomorphisms are chosen to
be {(c|c,)~! : i € N}, the inverses of the shift map when restricted to the generalized cylinder sets
C; ::{§€XA:§1':1}.

For every finite admissible word «, |a| < n, n € N, we define the set W) of the words of length
n which ends with a.

Definition 5.40. Given 8 > 0 and a potential F : U — R and x € X 4, the n-th patition function
at the point x s defined by

Zn(ﬁFa I’) = Z eﬁFn(y)’
o (y)=x
where F,, 1s the Birkhoff sum of F. The pressure at the point x is
1
P(BF,x) := limsup — log Z,(BF, ).
n

n—oQ

Until the end of this section, we assume that X 4 comes from the Renewal Shift and the potential
F depends only on the first coordinate, i.e F(x) = F(xg),z € U.

Remark 5.41. With the hypothesis above we can write the Gurevich pressure in another way. Let
a =1, we have

Zn(BF, [1]) = > Pn@) = 3 IFo(@) = 3 (FFu(@)

z€X g0 (x)=x,x0=1 €Y g:0™(z)=x,20=1 acW}
We will use that last expression of Z,(BF,[1]) for most of our calculations.

Observe as well that 2|W,}| = [W2 ‘| = 2" for every « finite admissible word and n € N. For

n+|a
given z € Y4 and n € N we define the maps J, : WT} — Wﬁﬂn and T, : WT} — W1f+\x| as
Jn(a) =ax and T,(a):= 0" (a)(xo+ ) ... (zo+ 1)z. (5.51)

Proposition 5.42. Given x € Y4 and n € N, the following statements are true:
(1) both Jp and T, are injective;
(“) JH(WT}) N Tn(Wﬁ) = (D;

(iid) Jn(Wa) UTu(Wa) = WE, .

Proof. (i) : the injectivity of J, is straightforward. For T}, we claim that T, (W,!) = @0t bz,

n+|z|
The inclusion T;,(W}) C Wé‘f‘;l)w comes directly for the defintion of T,. Now, let a € Wéiﬂ;l)x,

then o = o/(zo + p)(xo +p —1)...(xo + 1)z for some p € N and o’ is an admissible word which
ends with ‘1’ or the empty word. Take the least p with such property and note that p < n. In
addition, observe that p = n if and only if o is the empty word and it is straightforward to notice
that o = Tp,(n(n — 1)...1). Now, if p < n, then o ends with ‘1’ and it is straightforward that
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a=T(p(p—1)...1a'), and therefore the claim is proved. Since |W,!| = |WT(LT|;1)$
necessarily that T;, is injective.

(i1) : it is a direct consequence form the facts: T,,(W,}) = Wﬁ:)';r‘l)z and J,(W,}) = Wifﬁm, two
disjoint sets by definition.

| = 2771 we have

(ii) : since A(j,zo) = 1 if and only if j € {1, 0+ 1}, we have Wéﬂjﬁ’f Wl =W O
By the definition of Z, (8F, x) we have
Zn(/BF’ QZ) — Z eﬁFn(y) — Z eﬁFn(a) — Z eﬁFn(a) + Z eﬁFn(O‘)
o (y)=z aEWTQfHI‘ aeWii‘z‘ aeWT(Lio‘;r‘l)z
= Z eﬁFn(a) + Z eﬁFn(O‘)7
a 1 (z )ES
GWn CMGWH_*_O‘:‘l
that is,
Zn(BF,x) = Zy(BF,[1]) + Y en(Tne), (5.52)
acW}

The identity above implies that Z,(8F,z) > Z,(BF,[1]). In the current section we consider the
class of potentials F': X4 \ {€°} — R, given by F(z) = g(xo) — g(xo + 1), where g is a continuous
function. This potential has summable variations, since all of its variations are zero.

Lemma 5.43. For every o € W} and n > 2 it is true that
Ey(Tho) = Fy(a) + g(xo +1) — g(@0 + a0 +1) + g(ao + 1) — g(1).

Proof. First we claim that

ap—1

Fo(The) = Fp(a) + Y [F(z0 + ag — i) — F(ag — )]
=0

for every a € W} and n > 2. Indeed, by the definition of Birkhoff’s sum and T«

n—1
F,(Tha) = Z Flo' (o (a)(zo + ag) . .. (xo + 1)2)].
i=0
If ag < n, then
n—ag—1 ' apg—1
Fo(Tha) = Y F(o™(a)(xo + o) ... (zo + )z) + Y F(wo+ag—1)... (o + 1)z)
=0 i=0
n—ag—1 ag—1 n—1 ap—1
= F(ang+i) + Z F(zo+ap—1) = Z F(a;) + Z F(zo+ ap —17)
i=0 i=0 i=ap i=0
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If g = n the equality obtained above also holds:

n—1 n—1
Fo(Tpa) = > F((wo+n—i)...(zo+ D)a) = > F(wo+ ag — i)
i=0 1=0
n—1
= Fu(o) = Fu(a) + Y F(zo + o — 1)
1=0
apg—1
=Fu(a)+ Y [Flao+ ag — i) — F(ai)] .
=0

However, for any «; with 0 < ¢ < ag — 1 we necessarily have «; = ag — ¢, and the claim is proved
Now, note that

Oé()—l Oc()—l

Y Flmo+ag—i)=glzo+1)—glzo+ao+1) and > Flag—1i)=g(1) — g(ag + 1),
i=0 1=0

and therefore

apg—1
Fn(Tna) = Fn(a) + Z [F(x(] + ap — Z) - F(al)]
1=0
= Fu(a) + g(xo + 1) — g(zo + a0 + 1) + g(ao + 1) — g(1).

O]

Theorem 5.44. Lel x € Y4 and 8 > 0. Consider a potential F : U — R, bounded above, such that
F(x) = g(x0) — g(xo + 1), then P(BF,z) = Pg(BF).

Proof. First, we compare the fraction
Zn(BF, x)

Zn(BF,[1])
We have that

Zo(BF,z) (5.52) Zn(BF,[1]) + Zaewg eBFn(Tna) Zaewg eBFn(Tae)

1< oo = =1+
Zn(BF,[1]) Zn(BF, (1) Zn(BF, [1])
Lemma 5.3 | EaeW}L eBFn(@)+B(g(xo+1)—g(zo+ao+1)+g(ao+1)—g(1))
Zn(BF,[1])

Since the potential is bounded above, there exists M > 0 such that
F(m) =g(m) —g(m+1) <M, meN,

thus
glao +1) —glxo+ ag+ 1) < xoM

and we obtain

BFn(a)
Zn(BF,2) . laCeot1)-g)roonr) Zzacw &
- Zn(BF, [1]) _
— 1 4 Pla(zo+)—g(1)+zoM] J — 1 4 Pla(@o+)—g(1)+zoM]
Zn(BF,[1])

Therefore, we get
Zn(BF,x) < Zn(BF, [1])(1 4 ePlolrot V=gt aoM]) (5.53)



184 THERMODYNAMIC FORMALISM ON GENERALIZED COUNTABLE MARKOV SHIFTS 5.6

Now, for the pressures, we have that

P(BF,z) < Pg(BF,[1]) + limsup % log(1 4 ePlo@otD=g(M+zoM]y — p(gF [1]). (5.54)
Therefore,
P(BF,x) = Pg(BF,[1]). O

Proposition 5.45. Let 8 > 0 and F : U — R be a potential depending only on the first coordinate.
For every x € ¥ 4 there exists an * € Y such that P(BF,z) = P(BF,x)

Proof. For x = xpx1---x;—1---, let ¢ be the least positive integer such that z; 1 = 1 and so we
can define T = xoxy - x;-1&0 € Ya. Given y € 07 "(x), y = Yo+ - Yn—1T0 - - - Tj—1 - - -, we can define
U= yo  Yn—1%0- - Ti—1& € Ya. It is clear that y € o~ "(Z) and it is not difficult to see that
y — 7y defines a bijection between o~ "(z) and o~ " (7). More than that, we have, using the fact that
¢ depends only on the first coordinate,

n—1 n—1
Fuly) =Y F(o'(y) =Y F(y:) = Fu())
=0 i=0

With these observations,

Z”(BF7'%.) = Z eﬁF’"(y) - Z e/BFn(Zj) = Zn(ﬁF> ZE)?

yeo () yeo (@)
concluding that P(SF,z) = P(BF,x). O

The most important conclusion of this section is a direct consequence of Theorem 5.44 and
Proposition 5.45.

Corollary 5.46. Let x € X4 and 8 > 0. Consider a potential F : U — R, bounded above, such
that F(z) = g(xo) — g(xo + 1). Then P(BF,x) = Pg(BF).

As a subclass of examples, F satisfies the hypothesis of the corollary 5.46 if we take g as being
an increasing function. In particular, we are interested in the case g(x) = log z because in this case
F is transient for 8 > 3., 5. € (1,2), and it is positive recurrent for § < f,.

5.6.1 Existence of eigenmeasures

At this point, one could ask if it is always possible to grant the existence of a conformal measures
for some potential. In order to answer this question, we extend the notion of summable potentials in
Definition 1.13 for U = Dom ¢ as follows: a continous potential F': U — R is said to be summable
(or exp-summable) when

EneNeS“pF‘Cn < 0.

Similarly, one can also extend the notion of n-th variation and summable variations by extending
them to the set U. For a summable potential with summable variations on X4, its restriction to
>4 is a continuous potential, which has summable variations and it is summable. In this case, it is
known by Theorem 1 of [FV18a] that, for each 8 > 1, there exists a unique equilibrium state pg.
Then, by Theorem 1.2 of a paper of Buzzi and Sarig [BS03], g necessarily satisfies

dpg = hgdvg,

where hg : ¥4 — R is a positive continuous function and vg is a Borel measure finite on cyliders
with full support satisfying [ hgdrg = 1, and such that

Lgrhg = Aghg and  Lipvg = Agvg
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for \g = ePc(BF) By Theorem 5.18, the eigenmeasure vg is also an eigenmeasure on X4 for SF
by extending back the restriction of F' to 3 4. As an example of potential with such regularity one
could choose

F(&) = =r(&)o-

The existence of conformal measures for summable potentials was also studied by R. D. Mauldin
and M. Urbanski in [MUO1]|, where they obtained the existence of probability eigenmeasures, which
the eigenvalue is the exponential of the pressure. These existence results in [FV18a, MUO1] above
are very general in terms of the nature of the matrix A, since the only hypothesis on it is transitivity,
while the nature of potentials is somewhat restrictive.

On the other hand, by Theorem 1.1 of [BS03], if we look for the set of equilibrium measures
associated to a summable variations potential SF defined on ¥ 4, the only options are the absence
or the existence of an unique equilibrium measure for SF for each . In other words, the phase
transition is in the sense of the existence or not of the equilibrium state. Depending on the recur-
rence nature of the potential, the study of phase transitions, in the sense of existence-absence of
eigenmeasures, can be realized by a change of the type recurrent-transient for some critical value
Be, by combining the Generalized RPF Theorem [Sar99, Daol3] and the Discriminant Theorem
[Sar01la).

Since Y4 € X4 and in many cases X 4 is compact, it is very natural to expect to find more eigen-
measures (they are constructed via subsequences of atomic measures) for the Ruelle transformation
on X4 than in the standard symbolic space X 4.

In the last subsection of this chapter, we shall exhibit a concrete example of a potential F' :
U — R such that its restriction to the classical symbolic space presents a phase transition respect
to the existence of the eigenmeasure which disappears when we consider the same potential defined
on U C Xj4.

In particular for this section, we shall give a fairly general condition on a potential F': U — R
for the existence of an eigenmeasure m with eigenvalue A > 0 for the Ruelle transformation Lp, in
other words,

/fdm = /L_(log/\_p)fdm for every f € C.(U),

by Theorem 5.13, m is a €A~ F_conformal measure. Our result for existence is a direct consequence

of Theorem 3.6 on [DY15], but due to some differences on notation and some minor changes on the
statement of the theorem, we will be providing a proof below.

Theorem 5.47 (Denker-Yuri). Let X4 be compact and suppose there exists a x € X4 such that

P(F,z) is finite, then there exists an eigenmeasure m for Ly with eigenvalue ePFx),

Proof. We shall use Lemma 3.1 of [DU91| to construct our measure. Given a sequence of real
numbers (a,) there exists a sequence of positive numbers (b, )nen such that

Z by exp (an, — ns) =

{<oo s>c
neN

~ s<ec (5.55)

and limy, by, /by1+1 = 1, where ¢ := limsup,, a,/n. As the pressure P(F,x) is finite, Z,,(F, z) is finite
for n large enough. Then, without loss of generality, we assume that Z,(F,x) is finite for every
n € N. By taking a,, = log Z,,(F, x), we have ¢ = P(F, ), and we may define

M(p,x) = bue ™Z,(F.z), p>c,
neN

and the measures

m(p, ) = Mp,z) ™Y bue™™ Y W, (5.56)
neN o (y)=x

where ¢, is the Dirac measure on y. From (5.55) we claim that lim, p(zz) M (p,r) = oo. Indeed,
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for every sequence (pg)y such that px | ¢, let S(N,k) = Egzl by, exp(—npy) Z,(F, ). Such se-
quence of two variables is increasing on both of them, by Monotone Convergence Theorem, we have
limy limg S(N, k) = limg limy S(V, k), and the claim is proved because limy limg S(N, k) = oo.
Now, fix a sequence py | P(F,x) such that m(pg, x) — m weakly. We have

[ Eegwimer, o)) = Mg ) Y e 3T P Lieg(y)

neN o (y)=x

ot (w)=z

for every g € C.(U). Define

Lptlg(a) = > efmlg(w). (5.57)

ontl(w)=z

By using that b, = b, + bp+1 — bp41, one gets
0
/Lpg(y)m(pk, )(dy) = epkM pka -1 Z n/bn+1 n+1€_(n+1)pkL%+lg(m)
n=1

e / 9(y)m(pk, ) (dy) — b(1)M (p, )~ Lirg(x).

Now, by taking py | P(F,z), the RHS of above expression becomes eP(Fx) [ 9(y)dm(y). In fact,
note that

b(1)M (pi,z) ' Lpg(z) — 0,
/ o(y)m(pr, z)(dy) — P ED / 9(y)dm(y).

We claim that

M(pr,2) ™) bae ™ > W Lpg(y) = 0.

neN o (y)=x

Indeed, the term above has the upper bound
o
™ M(p, ) " glloe D 1bn/bng1 — Lbnrre” TIPRZ, 1 (F ). (5.58)
n=1

Now, for every e > 0, there exists N € N s.t. |b,/bp+1 — 1| < € for every n > N, then (5.58) is
bounded above by

N o0
epkM(pka l')_IH.gHoo (Z |bn/bn+1 - 1|bn+16_(n+1)pkzn+l(F’ .’L’) +e Z bn+l€_(n+1)pkzn+l(Fa :E))
n=1 n=N+1

It is straightforward that the first term in the last expression vanishes when k goes to infinity, since
it is a finite sum. The remaining term in same expression is less or equal to € because

o
Z borre” "I Z 0 (Fyx) < M(pr, ).
n=N+1
Since € is arbitrary the expression goes to zero as py | P(F,x), proving the claim. O

Remark 5.48. We emphasize to the reader that (5.57) was used just as a notation. We did not
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define it as a transformation on C.(U).

Theorem 5.49. For A s.t. ¥4 is topologically mizing, let F : U — R be a potential s.t. Flx,
satisfies the Walters’ condition and take 5 > 0 s.t. Po(BF|x,) < oo and BF|x, is positive recurrent.
Also suppose that there exists x € X4 s.t. P(BF,x) = Pg(BF|s,). If a Denker-Yuri’s probability
ergenmeasure mg from Theorem 5.47 lives in X 4. Then, it coincides with the Sarig’s eigenmeasure

probability for the same eigenvalue A = ePe(BFls ),

Proof. The restriction of mg to By, is an eigenmeasure associated to the same eigenvalue as in
the statement due to Proposition 5.17. Since mg(X4) = 1, the restriction to ¥4 is a probability
as well. Since F'|y;, satisfies Walters’ condition we have, by positive recurrence and the generalized
RPF theorem, the existence of the Sarig’s eigenmeasure, and the space of the eigenmeasures has
dimension 1. Then, we necessarily have that mg is the Sarig’s eigenmeasure. O

Remark 5.50. In the conditions of the theorem above, it is straightforward that the existence of
the Denker-Yuri’s probability eigenmeasure implies the finiteness of the Sarig’s eigenmeasure.

5.6.2 Different thermodynamics for the same potential.
Standard versus generalized symbolic spaces: a concrete example

In this section, we give an explicit example to illustrate the differences which can be found when
we use the standard countable Markov shift ¥4 and the generalized one X4 as the configuration
space for a fixed potential.

Lemma 5.51. For the generalized renewal shift, consider 5 > 0 and the potential F': U — R given
by
F(§) := log(wo) — log(zo + 1),

where xqg is the first coordinate of the stem of {. If a probability measure pg is an eigenmeasure for
the Ruelle transformation Lgr, with associated eigenvalue X > 0, then

1 1

Ho(Cn) = w T 1P (5.59)
for every n € N. In particular,
1 1
L= ps({H+ ) NP (5.60)
neN

Proof. By Theorem 5.13, j15 is an eigenmeasure as in the statement of this lemma if and only if it
is a Ae #F_conformal measure in the sense of Denker-Urbanski, and then

o) = [ N d, (5.61)
for every n € N. For n = 1, we have 0(C1) = X4, and since pg is a probability, equation (5.61)
gives
1= (o) = [ A s = 32s(Ch),
1

Now, for n # 1, then ¢(C,) = C,_1 and then (5.61) implies

o) =€) = [ e s =2 (1) e,

n
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i.e.,
n
n+1

B
(@ = (57 ) alConn) (5.63)

Now we prove the validity of (5.59). The result is straightforward for n = 1 because of (5.62). Now,
suppose that (5.59) holds for C),. By equation (5.63) we have

1 /n+1\° 1/n+1\" 1 1 1 1
Cn = - Cn =73 \n = )

and the equation (5.59) holds by induction. The identity (5.60). O

Remark 5.52. Observe that the existence of an eigenmeasure probability pg as in the statement of
the lemma above imposes that the series in RHS of (5.60) converges.

Lemma 5.53. For the generalized renewal shift and the same potential as in Lemma 5.51, let 8 > 0
and pg be an eigenmeasure for the Ruelle transformation Lgr, with associated eigenvalue A > 0.
Then, for « = ag- -+ an_1, n > 1, positive admissible word, we have

eBERZd Fla) 1

18(Co) = o) G TP (5.64)

where F'(p) := F|c, =log(p) —log(p+1), pe N

Proof. We recall that, if g is an eigenmeasure as in the statement above, then

palo(Ca)) = [ Ae s, (5.65)

o

for every «a positive admissible word s.t. |a| > 1. We prove the lemma by induction. For n = 2, the
identity above becomes

18(Cay) = ps(0(Cagay ) = / Ae P dpg = Ae P 115(Cogan )

Caoal

that is,
ePBF(a0) eBF(a0) 1

#8(Caoan) = —5—H8(Con) = o G 3 197

where in the last equality we used Lemma 5.51. Now, suppose that (5.64) holds for some n > 2
and let « = o - - - a, be a positive admissible word. By (5.65) and the inductive step for the word
Qaj - - ay, we have

C B/BF(OCO) C 66 ZZ;S F(O‘k) 1
(o) = s Cot) = S

A
O

Theorem 5.54. Let A be the renewal shift transition matriz and X 4 its generalized Markov shift
space. Consider the potential F : U — R given by

F(z) = log(zo) — log(zo + 1).

Then, for every B > 0, there exists a unique eigenmeasure associated to the eigenvalue \g = ela(BF)
Moreover, there is critical value B, which is the (real) solution for ((B.) = 2 such that

(7) if B> Be, then the eigenmeasure lives on Ya;

(13) if B < B, then the eigenmeasure lives on ¥ 4.
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Proof. The proof is a summarization of some results we developed and proved in this thesis:

(1)

The function given by g(xo) = log(xg) is continuous. In Example 5 we shown that F is
bounded above. Hence, by Corollary 5.46, we conclude that P(8F,x) = Pg(BF) for every
x € X 4. Moreover, since sup F' < oo, we have by direct calculations for the renewal shift
space Y4 that Pg(8F) <log2 + Bsup F < oo, for every 5 > 0.

Since X 4 is compact (see subsection 4.3.1) we have by (1) and Theorem 5.47 that there exists
a probability eigenmeasure mg of the Ruelle operator for every f > 0, and the associated
eigenvalue is A\g = eP(BFx) — oFa(BF)  Therefore, the first claim of the statement of this
theorem is proved, and by Lemma 5.51 we have

1= ma{eh) + 30 Alg(ljn)ﬂ (5.66)
neN

Again by Example 5, there exists a critical value ., which is precisely the positive solution
of {(B.) = 2 such that the potential is positive recurrent for 0 < 8 < (. and transient for
B > B.. We study each case as follows.

(3.a) Case 0 < 8 < (.. By the Generalized RPF Theorem 1.47, since the potential is positive
recurrent, there exists an eigenmeasure ug living in Y4 and it is necessarily associated
to the eigenvalue e”(PF) Accordingly to Theorem 30 of [BBE20], since the potential
satisfies Var; F' < oo, the eigenmeasure is finite, so consider that pg is normalized, that
is, it is a probability. By Proposition 1.53, ug is the unique probability eigenmeasure on
Y 4. Theorem 5.18 (a) gives that pg can be seen that the unique eigenmeasure probability
on X 4 which lives on ¥ 4. Again by Lemma 5.51, we obtain

L=ns({") +Z/\” 1+n Z)\" 1+n (567)

and we conclude that

Z)\g 1—|—n

In other words, the series above does not depend on the measure, and by (5.66) we
conclude that mg(€%) = 0, and then mg(Ya) = 0, so mg is an eigenmeasure probability
that lives on X4 and then mg = pug. Therefore, given 0 < 8 < B, ug is the unique
probability eigenmeasure associated to the eigenvalue A\g = e (BF) and it lives on 4.

(3.b) Case 8 = .. By Example 5 we have that Pg(8.F) = 0, that is, Ag, = 1 and then

L=ma (€D +D g = ma(ED =14 ﬁ mp({€"}) —1+((Be). (5.68)

nGN neN

Since ((B.) = 2 we conclude that mg({¢°}) = 0. So ps lives on X4. Moreover this
measure is unique, since by Lemma 5.53 we obtain a unique value for mg(Cy), |of > 2,
for every generalized cylinder on positive words, namely

_ oBe S Fon) 1
pa () = 15, (Ca) = —

and this can be extended for the whole space uniquely.

(3.c) Case 8 > f.. Once more by Example 5, we have that Pg(SF) = 0 for every 5 > [,
i.e., A\g =1 and then

1 =mg({€°}) +Z ) = mp({£°}) — 1+ ¢(B). (5.69)

neN
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Since 1 < ¢(B) < 2 for B8 > B, we have mg({£°}) = 2—((B) € (0,1), and then necessarily
we must have mg(Y4) > 0. We claim that mg(X4) = 0. In fact, if mg(X4) > 0. Let
vg be the restriction of mg to By,. We observe that vg is a non-zero eigenmeasure on
> 4 with associated eigenvalue 1, due to Theorem 5.17, and it is finite because ug is a
probability. So we may take vg normalized in order to be a probability, and by Lemma

5.51 we have )

L=vs({EN) + X s = L),

neN

and we obtain ((f) = 2, a contradiction. Therefore mg lives on Y4 and it is unique
because £° is the unique with empty stem.

O

Remark 5.55. Since for B > . the eigenmeasure probability mg in Theorem 5.54 is a e PF.
conformal measure, and it is explicitly determined by 5.25, that is,

ma(w) = o = eMlel@e, = PFu (2 — ¢(8)), wenR
For example, we have

A =272 ((B), N =22-CF) & =372-B)
The next two results is a straightforward corollary of Theorem 5.54 above.

Proposition 5.56. Consider the generalized renewal shift space X4 and the potential F': U — R
given by
F(z) =log(xo) — log(zo + 1).

Also, consider the C*-dynamical system (C*(G(Xa,0)),7), where 7 = {7 }4cr is the one-parameter
group of automorphisms given by

(f)(7) = e PrOf(y)
and (uniquely) extended to C*(G(Xa,0)). Then, we have the following:
(a) for B > B. there exists a unique KMSg state on C*(G(Xa,0));
(b) for B < B. there are not KMSg states on C*(G(Xa,0)).

Proof. Since Pg(BF) = 0 for > f3., we have by Theorem 5.54 (i), there exists a unique eigenmea-
sure probability mg, and in this case the eigenvalue is 1. Then, by Theorem 5.13, mg is a ePer_quasi-
invariant probability measure, and therefore by Remark 5.15 there exists a unique KMSg-state, given
by

onlf) = /X f(2,0,2)du(x), | € Co(G(X,0)).

For 8 < (., Theorem 5.54 (i1), there exists a unique eigenmeasure probability living on ¥ 4, and in
this case the eigenvalue is strictly greater than 1, so there are not e’“F-quasi-invariant probability
measures, and therefore there are not KMSg states. OJ

Corollary 5.57. Consider the renewal shift space ¥4 and the potential F': ¥4 — R given by
F(z) =log(xo) — log(zo + 1).

Then,

1 1 _ 1, of B < B
Z enPa(BF) (n + 1)ﬁ - {C(ﬁ) —1, ifB> 8., (5.70)

neN
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where B is the unique positive real number s.t. ((B.) = 2.

Remark 5.58. The existence of eigenmeasures living on X4 for transient potentials like in the pre-
vious example already was obtained in the standard thermodynamic formalism for countable Markov
shifts by Van Cyr [Cyr10], see also [Shw19], assuming that ¥4 is locally compact. In our exam-
ple, X4 is not locally compact, and for B s.t. BF is transient we discovered that the eigenmeasures
always exist due to compactness of X4 and Denker and Yuri’s [DY15] eigenmeasure existence The-
orem 5.47. Moreover, the phase transition in this setting is not in the sense of existence or absence
of eigenmeasures, but meaning that the eigenmeasure changes the space which it gives mass, from
YA to Yu. Figure 5.3 compares the phase transitions between standard and generalized formalisms.

existence

.

absence 5

@ ocoooeeness

existence existence
(livingon X 4) (livingon Y 4)

A =S

(b) -
b

Figure 5.3: The phase transitions on different thermodynamic formalisms for probability eigenmeasures in
the renewal shift space with potential as in Theorem 5.54. In this figure, 5. is the unique real positive solution
for the equation ((5.) = 2. The picture (a) represents the standard formalism on X 4, where we have a unique
eigenmeasure for each 8 < . (blue interval). In this case it is not possible to detect any eingenmeasure
probability for 8 > B.. The picture (b) represents the generalized formalism on X4 and, unlike in (a), we
can see more than the standard eigenmeasure probabilities; we can detect a unique eigenmeasure for each
B > log2 (red interval), and this measure vanishes on ¥ 4.

Theorem 5.59. For each B be the unique eigenmeasure probability as in Theorem 5.54. Then, the
net {mg}g>p. converges on the weak* topology to mg, as 8 goes to f3..

Proof. Observe that
ns({e}) =l =2-¢(8) =0

as 8 — B¢ by above. Then,

lim ju5(F) — 0,
Jim_ps(F)

by above for every F' C Y4 finite set. For § > ., the associated eigenvalue is 1, and by Lemmas
5.51 and 5.53, we have for every o positive admissible word that 113(Cy) is continous on 3 and then

15(Ca) = 1. (Ca) = pp.([a])
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as 8 decreases to B.. Then, for a typical basic element in the form

Fu |_| Cw(n),

neN
where F' C Yy is finite and w(n) is a positive admissible word, one gets
neN neN neN neN

We conclude the proof by Theorem 5.3. Ul



Chapter 6

Conclusions and Further Research

In this thesis, we introduced the thermodynamic formalism for generalized countable Markov
shifts. We were able to extend many notions of conformal measures and the concept of Ruelle’s
operator. Moreover, we discovered new conformal measures that are not detected by the standard
theory. A new kind of phase transition, namely the length-type phase transition, which is the change
of set which the conformal measure lives, from Y4 to X 4, as the temperature increases. Furthermore,
we gave a complete description of the eigenmeasures on X 4 for a couple of potentials. In most cases,
we also connected the measures on Y, with the standard ones in ¥4 by weak® limits on 3.

Among the possible further research directions which can be investigated from this thesis, we
highlight the following:

1. Try to apply similar formalism done for X 4 on more realistic physical models. The results
obtained in this thesis gives a good opportunity to interact more with the physicists, and a
possible path is to verify if X4 may substitute the usual configuration space in some model
in Statistical Mechanics, pointing out new conformal measures.

2. To extend the study of conformal measures on the generalized setting for shift spaces, which
are beyond the class of the renewal type shifts and, as well as it was done here, to compare
it with the standard setting. In particular, to investigate the length-type phase transition
phenomenon on a more general class of shift spaces beyond the renewal class.

3. To find a suitable definition for the pressure for models on X 4, since the Gurevich pressure uses
periodic points on its partition function, it does never deal with finite words. In this thesis, we
used Denker-Yuri’s paper [DY15], which works for the renewal type shifts; however, we could
have, for instance, non-compact X4 and more general potentials. One possible direction on
this topic could be, for example, to adapt the definition of pressure developed by Thompson
in [Tholl].

4. To investigate if the length-type phase transition phenomenon also occurs on a more general
class of shift spaces beyond the renewal type class and to prove more general results on the
occurrence of this phenomenon.

193
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Appendix A

Proof of the Theorem 4.84

A.1 Auxiliary Results
Lemma A.1. For any two positive admissible words o and vy it is true that

()
Co NFE, =F}
(i)
Fo, a€[v],
Fosz'y: Fry, ')/E[[CK]],

" .
E},, otherwise,

where o/ is the longest word in [of N [v];

(7it) for fized n € N with n € {0,1,...,|y| — 1}, let be the natural number j # ~v,. We have

Csn(y)js  a€[v] and n > |af,
CaNCsnyyj =19 Car, ad v,y ¢la],n=]|d]andj= a,

0, otherwise;

where o is the longest stem in o] N [7].

(iv) for j €N,
G(v.j), a<Dl
0, otherwise;

CaNG(y,5) = {

(v) for j €N,
K(v,j), ael
0, otherwise;

CamK(77j) = {

(vi) for H,I CN,
G(O[,HUI), &=,

0, otherwise;

K(avHUI)> a =17,

0, otherwise;

(vii) for H, I CN,

195
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(viii)
G(7,9), vela]\{a},

0, otherwise;

FoNG(v,7) = {

K(v.4), ~vela]\{a},

F.NK(v,j) =
“ (.9) {(Z), otherwise;

Proof. For (i), the proof is straightforward. Now, for the proof of (ii), we notice from the definition
of F,, that

Foan By ={¢eYa:w(§) € (lel n[v]) \{e,7}}-

If o € [7] then [af C [v] and therefore ([a] N [v]) \ {a, 7} = [@] \ {a}. In this case, we obtain
F, N F, = F,. A similar proof holds for the case that v € [a]. The remaining possibility occurs
when « ¢ [v] is simultaneous to v ¢ [a], and here we consider o’ as in the statement. It follows
immediately that ([a] N []) \ {a,7} = [¢], since we only must have |o/| < min{|af, |y|}. We
conclude that £ € F,, N F, if and only if x(§) € [o'] and therefore F,, N Fy, = F,.

To prove (iii) we use (4.23) and obtain

Co, i 6"(v)j € [a],
Ca N C&n(,y)j = C§"(’7)j’ if a € [[(Sn(’y)]]],

(), otherwise.

When « € [v] it never occurs that 6"(y)j € [«], for any n and j. Indeed, if 6"(vy)j € [a] then
0"(v)j = ap---ap and n < |a| — 1, and consequently j = ay, = 5, a contradiction. If a € [6™ ()]
and n > |af, then Cy 2 Cyn(yy; and Cq N Csn(y); = Cyn(q);- On other hand, if n < |af then it
is clear that Cy N Csn(y); = 0 since j # oy Now, let us consider o ¢ [v], which implies that
|l > 0 because, otherwise, we would get o = e, which is subword of every positive admissible
word. If v € [[@], observe that §"(v)j ¢ [a] because j # yn = ay,, and hence Cyn(,y; C CF, that is,
Csn(y); N Co = (. For the case that v ¢ [, let o’ be the longest word of [a] N[v]. If n = |o/| and
J = Qjq|, then it follows directly that Co, C Cjn(yy; and hence Cy N Csn(yy; = Co. If n = |a/[ and
J # o) then it is clear that Cy, N Cn(y); = 0. Now, if n < [o|, then also occurs Cy N Cyn(y); = 0
because j # v, = «,. The same happens for n > |o/| since « ¢ [7'] for any +' € [y] with || > |a.

The proofs of (iv) — (iz) are straightforward. O O

Lemma A.2. Let a. v be finite admissible words such that v € [o] \ {a} and consider k,p € N,
m € {0,1,...,|a] — 1}, such that k # oy, Then,

Csmrs i o] > v +1, p=ayy, and m > |y|+1;
Coma)k NCyp = § Cyps  if m =17l k = p; (A1)

0, otherwise.

Proof. Lemma A.1 (7ii) gives

Csm(ayr: 70 € [a] and m > |y|+ 1,

Csma)k NCrp = § Cop, w0 & [, a & [yl m = ||, k= (vp)}), (A.2)
(), otherwise;

Since v € [a] \ {a}, we have that vp € [] if and only if p = a),. Note that yp ¢ [a] implies
a ¢ [yp]. Also, (yp)|7| = p, and when k = p we necessarily have p # a),|. The equality (A.2)
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becomes
Csmayks P =y and m > |y| +1,
Cém(a)k N Cw =9Cyp m= v, k=p, (A.3)
(), otherwise.
For |a| = |y| + 1, if the conditions p = a},| and m > |y| + 1 are satisfied, we have necessarily that
vp = a and then Csm )k NCyp = Com(a)NCa = (), for any m and k considered, because m < |a|—1
and k # aup,. O O

Lemma A.3. Let a. 7y be finite admissible words such that v ¢ [o] and o ¢ [v], and o the longest
word in o] N [v]. Also, consider k,p € N, m € {0,1,...,|a| =1} and n € {0,1,...,|y| — 1} , such
that k # ay, and p # v,. Then,

’

Com(ayk = Csn(yyp,  #f n=m <|d'| and p =k,

Comay, Y n=I| <m and p= ay;
Csn(1)ps

0, otherwise.

Cgm(a)k N C(;n(,y)p = (A.4)

ifm=|d| <n and k = yp;

Proof. The identity (4.23) gives

C5m(oc)k7 if 5n(7)p € ﬂdm(a)k]]a
C(;m(a)k N C(;n(,y)p = Cén(,y>p, if 5m(0é)k3 € [[5”(7)])]],
(), otherwise.

The case §"(v)p € [0"™(«)k], which implies that n < m, occurs if and only if vy - y—1p =

Qg - -+ ap_1l, where
- k, n=m,
Qp, n<m.

However, by the definition of o/, we have 7; = ; for all i =0, ...,n—1if and only if n—1 < |o/| — 1,
that is, n < |&/|. If n = m, then it is straightforward that §"(y)p € [0™(a)k] if and only if
p = k. Now, suppose that n < m < ||, then ¢"(y)p € [6™(«)k] if and only if p = «,,, which
never happens since p # 7, = «, for this case. If n < |&/| < m we have a similar problem as
in the previous situation and hence this never happens. Finally, if n = |o/| < m we have that
0" (y)p € [0™(a)k] if and only if p = @, # v, We conclude that 6" (y)p € [0™(a)k] if and only if
n=m and p =k, or n = |&/| < m and p = «,. It is analogous to prove that §™(a)k € [6"(7)p] if
and only if n =m and p =k, or m = |&/| < n and k = . O O

Corollary A.4. Let o and v be positive admissible words. If o € [], then

laf—1 Ivl-1 laf—1
|_| |_| |_| |_| Csm(ayk N Csn(y)p = |_| |_| Com (k-
m=0 k#am n=0 pF£y, m=0 k#am
If a ¢ [v] and v ¢ [o], then
laf—1 lyl-1 laf—1
L L U U GmennCopp=| L L Comn | U L U G | -
m=0 k#am n=0 pFyn m=0 k#am lo/|<n<|y|=1p#Tn

where o is the longest word in [o] N [7].
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Proof. If a € [v], then we may write

|a]—1 [v|—1 |a]—1
L L L L GmennComp=1{ L] L L L CommrNConpp
m=0 kfam n=0 pn m=0 0<n<|a|—1 kam pErn

Ja|—1

ul L L L] [ Comiamr N Coniapp | -

m=0 |a|—1<n<|y|—1 k#am pF#¥n

and it is straightforward that

o] -1 o —1
U U U U e Comn= LI L G
m=0 0<n<|al-1 k#am p#n m=0 k#am

because 0" () = 6" () and a,, = 7y, for 0 < n < |a| — 1. It is straightforward that

laf—1

L] L] L] || Comiax N Conapp =0,

m=0 |a|-1<n<|y|—1 k#am p#n

because if n > |a| — 1 then §"(y) = oy’ for some admissible positive word +' such that o’ is also
admissible, while we have that 6™ («)k with k # a,, in the union above.
Suppose now that a ¢ [y] and v ¢ [a]. Then, we may write

o1 lv/-1
|_| |_| |_| |_| Csm(ayk N Con(yyp = |_| |_| |_| |_| Csm(ayk N Con(y)p
m=0 k#am n=0 p#yn 0<m<|a’| 0<n<|a!| k#£am pETn

vl U L L] L Coman N Congryp

0<m<|o/| |/ |<n<|y|—1 kFam p£yn

U L LI L L ComanrnConi

|o/|<m<|a]—10<n< |/ | k#am pFn

U | L L1 L Comayn N Congyyp

|o/|<m<|a]—1 |o/|<n<|v|—1 k#om p£Tn

By applying Lemma A.3 on each of the four parcels above, we obtain

||

|_| |_| |_| |_| Com(ayk N Con(yyp = |_| |_| Csm(a)ks

0<m<|a’| 0<n< | | k#am pF#Tn m=0 k#am
U U U UG&enCom= U L Crow
0<m<|| o |[<n<|y|=1 k#Fam p#n lo/|<n<|y|—1pF#¥n
|_| |_| |_| |_| Csm(aye N Con(yyp = |_| |_| Csm(ak
lo/|<m<|a|—10<n<|a!| k#om pFyn |o/|<m<|a|—1 k#am

L] L L] L] Csmam N Conipp =0,

|’ |<m<|a|-1 |o/|<n<|y|—1 kZam pF£Vn
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and the proof is finished by noticing that

lo'| la]—1
|_| |_| C(Sm(a)k’ u |_| |_| Cém(a)k = |_| |_| Cgm(a)k.
m=0 k#om lo |<m<|a|—1 k#am m=0 kam

L O

A.2 Proof of the Theorem 4.83

Proof of (4.24): let a € [y], then by Proposition 4.81 we have that

lyl-1
CanCS=(CanF)u | | | || CanCsnpy,
n=0 \Jj#Tn

By Lemma A.1 (¢) and (z) it is clear that (4.24) holds for this case. Similarly the same proof
holds! for when o ¢ [y] and v ¢ [o]. If? v € [a] then for every ¢ € C,, we have that &, = 1 and
therefore £ ¢ C5, implying that C, N CS = 0.

Proof of (4.25): we notice that if o € [v] is equivalent to affirm that C, O C.,, which is
equivalent to state that Cg C Cf and hence Cg N CS = Cg,. A similar proof is used when 7 € [a].
For the last case, when a ¢ [v] and v ¢ [a], we write

[v]—1 |a]—1
cence=FnE)U| || [ FanCoeys |l || || Fy0Comiap
n=0 j#vyn m=0 k#am
jol=1 i1

ol L U U U Gomean N Csniay;

m=0 kam j=0 j#v;

By Lemma A.1 (i) and (¢7), and Corollary A.4 we obtain

Iyl-1 laf—1
concs=rFyul [ L] ESOT ul | | Fek
n=0 j#v, m=0 k#am,
a1
RN I I I et NE LI L Goe
m=0 k#am lo/|<n<|y|=1pF#yn

Since o is the largest word in [a]N[7], we separate in the possibilities as follows. If 0 < m < |o/| (for
|a’| > 0), we have that 0™ (a)k ¢ [k(£)] for any £ € Y4 such that x(§) € [y] because k # = V.
The same occurs for m = |o/| with k # 7, and for m > |o/|. It m = |/| with k = 7;,,, we have that
0" (a)k € [k(&)] for every & € Y4 such that (&) € [7] \ {7} and |«(§)| > m + 1. Hence,

o'y o
Fém(a)k {F’Y l ‘7 m = |O/|ak:’me
ol

(), otherwise.

Analogously we obtain

oy

[ _ L

i = Jfa T = ], = an,
(), otherwise.

! Alternatively, it is straightforward to notice that C, C C7 for this case.
% Also this follows similarly for the case a € [7].
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Therefore,
, , |a]—1
(e e TDW) « o
Cgé N Cﬁ = F;/ U F, lofh Fy el L |_| |_| Cém(a)k L |_| |_| C(Sn(V)p
m=0 k#om lo/|<n<|y|-1 pF#Tn

Proof® of (4.26): if a € [y], then it is straightforward that C,j-1+ € C, C C4 and hence
CoNCyj-1 = Cyj-1. A similar argument follows when v € [a] \ {a} and A(j, ;) = 1, leading
to Cyj-1 2 Co. If v ¢ [7] and v ¢ [o] \ {a} it is straighforward that CJ,_, 2 Ca, and the same
happens when v € [[a] \ {a} and A(j, o)) = 0.

Proof of(4.27): Proposition 4.82 gives

[v-1
CanNCSin=(CaN K, ))U(CanFYu | || ] CanCoopp | || CanCop,
n=0 p#yn p:A(j,p)=0
By Lemma A.1 (4i7) and (v), if a € [y] then
[v-1
CanCSn =K@ HUuFsu| || L] Cow|U || Cow
TL:|OZ‘ DFYm p:A(j,p):O

On other hand, if v € o] \ {a}, the same lemma gives us that

CaNCSa= || CanCyp=

{ca, A(j, ) =0,
p:A(j,p)=0

0, otherwise.

Now, if o ¢ [7] and o & [], it is straightforward that Co N CS;_1 = Ca.

Proof of (4.28): we consider first the case when a € [v]. For given { € C, ;-1 it follows that
¢, =1 and hence &, = 1, that is, C ;-1 C C, and therefore C§ N C. ;-1 = 0. Now, if o ¢ [7] and
v ¢ [a] we necessarily have that « ¢ [y] \ {7}. Indeed, since v ¢ [a] we have only two possibilites,
namely o € [y] \ {7} and a ¢ [v] \ {7}. If the first one happens we conclude that o € [v], a
contradition. Hence, for given § € C, ;-1 we have that {, =1 and then {, = 0, that is, C, ;-1 C C§
and therefore C;NC, ;-1 = C,;-1. For the remaining case, namely v € [a] \ {a}, we use the identity

I
a1
CSNCyy = (FaNG(7,4)) U || Foncyp|ul L] | Com@nnGa.i)
pA(j.p)=1 m=0 kan

laf—1

U |_| |_| |_| Csm(ay NCop |

m=0 k#am p:A(j,p)=1

which is a direct consequence from Propositions 4.81 and 4.79. Lemma A.1 (i) gives F,NC,, = FQP,
which is empty for p # a,|. It is straightforward from Lemma A.1 (iv) and (viii) that F,NG(7,j) =
G(7,4) and that Csm (), NG (7, j) = 0 for every m and k considered. The equality

laf—1

Q:[av ’Y?J] = |_| |_| |_| Cém(oz)k N CVP' (A5)

m=0 ktam p:A(j,p)=1

is a straightforward consequence of Lemma A.2.
Proof of (4.29): if a € [v], then for any £ € C§, that is £ = 0, we have necessarily that
& = 0 and hence C§ C C¥. In addition, the inclusion C. ;-1 C C implies C’sj,l 2 CF and then

3 Alternatively, the equality can be proved by using Lemma A.1.
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Ca € C;-1 and therefore CgNCY,_, = CF. Now, suppose that v € [a]\{a}. For any £ € C, ;-1 we
have only two possibilities, namely §y = 0 or §, = 1 with ;-1 = 0. For the first possibility, we have
by 4.82 that { € F, |_||_|13L61 oty Cony)p © Cf because v € [o] \ {a}. For the second one, we have
necessarily that § € K(v,) UL, a¢;j =0 Cvp- However, for v € [o] \ {a} it is straightforward that
K(v,j) € F, and hence C5 N K(v,7) = K(v,j). As showed in the proof of (4.28), the hypothesis
v € [a] \ {a} implies that C,, N F, = F”, which is empty if [a] = ||+ 1 or p # a},. As a
consequence of Lemma A.2 we have that

|a]—1
@[a,'y,j] =Cg N |_| Cﬂ/p = |_| |_| I_I C(Sm(oc)k N C,yp.
p:A(j,p)=0 m=0 k#am p:A(j,p)=0

For the remaining case a ¢ [v] and 7 ¢ [«] we use the identity

lvl=1
ConCsy = (Fan Ky, ))U(FanF)U | || || FanCongyp | U || Foncy,
n=0 p#n p:A(j,p)=0
=1 |yl jal—1
ol L U U U GrapnCop || L L Comar N K1)
m=0 k#am n=0 p#£y, m=0 k#am
o] -1 Ja|—1
L |_| |_| C(gm(a)k NE, | U I_I |_| |_| C(;m(a)k N nyp
m=0 k#om m=0 k#om p:A(j,p)=0

We have F, N K(v,j) = Fo N Fy =0, since a ¢ [v] and v ¢ [ implies v ¢ [a] \ {a}. Let o' be
the longest word in [a] N [vy]. By Lemma A.1 (i) we get

Iv[—1 Iv-1 oo

677, Oél
L] L] FanCsopp= || || FSOP=F ",
n=0 p#vn n=0 p#n

’

where the last equality holds because 6" (y)p € [«a] if and only if n = |«

we obtain
|| Funcy,= || Fr=0,
p:A(j,p)=0 p:A(4,p)=0

and p = |y Similarly

where the last equality holds because each F,” is empty. Indeed, suppose that there exists a config-
uration £ € FJ?, that is, k(¢) € [o] \ {a} and yp € [k(£)]. Then, v € [x(£)] C [@], a contradition
since v ¢ [a]. Corollary A .4, gives

|| -1 Iv[=1 |1
|—| |_| |_| |_| C‘sm(a)k N Cén(ﬂp - |_| |_| C5m(a)k U |_| |_| C5n(7)p
m=0 kzam n=0 p#m m=0 kam o/ |<n<|7|~1 p#7m

Lemma A.1 (v) gives
|1

|_| |_| C(;m(a)ka(’)/,]):K(’)/,j),
m=0 k#am

because? K(v,j) C C’é‘a/‘( . Also, we have

a)’ﬂa’\

laf=1

o'y o
|_| |_| C(gm(a)kﬂFV:F’y | l,
m=0 k#am

4N0te that V! 75 Q|-
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because ) )
Fa Yl M=l and k=741,
i )

(0, otherwise.

Cém(a)k M F7 = {

In addition,

Ja|—1

|_| |_| |_| C5m(a)/€ NCyp = |_| Cip,

m=0 k#cm p:A(j,p)=0 p:A(5,p)=0
since C, C Cé"’"(a)v)w for every p.

Proof of (4.30): Proposition 4.79 gives

m:A(l,m)=1

Cpj—1 NCy1 = (G(a, j) NG (7, 1)) U ( || Glei)n c,ym)

ol [ Caka(%Z)>u | ] || CarnCom.
k:A k:A

1A(g,k)=1 (A(7,k)=1m:A(l,m)=1

The proof is concluded by taking by applying Lemma A.1 (iv) and (vi) in order to obtain

G(a7 {]71})7 o =17,
(), otherwise;

G, j) NGy, 1) = {

, G(a,j), v €la]\{a} and m = o,
G(a,j) N Coyp = ’ v A6
(@.3) K {@, otherwise; (4.6)

G(f% l)v S [[FY]] \ {7} and k = Vals
Coat NG(v,1) = A7
g ™) {@, otherwise; (A7)

and by noticing that
Cok, 7€ [[Oé]] \ {a} and m = Q|
m dk= als

Cok = Cymy, a=vand k=m

(0, otherwise.
Proof of (4.31): we have that

[v|—1
Cojm1 N C51 = (Gla, ) N K (7,1) U(Gla, j (|_| | | Gla,s) mcgnmp)

n=0 p#vn

ol U G(a,jmcm) u( ] camKw,w)
)=0

m:A(l,m)= k:A(j,k)=1

L LJ) C@krwﬁy) L ( | ] |TJ1 | | Carn Con, )

k:A(5,k k:A(j,k)=1 n=0 p#vyn

L | | || Cawn Cvm)
)

k:A(4,k)=1m:A(l,m)=0
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due to Propositions 4.79 and 4.82. By definition of GK(a, j,1) we have that

GK(a,j,l), a=4,

@, otherwise.

G, j) N K(7,1) = {
Lemma A.1 (viii) gives

G(a,j), a€v]\{}

(0, otherwise.

Glo,j)NF, = {
From Lemma A.1 (iv) we have

: G(v,5), 6"(p € [a],
Gle3) 0 Csnp = {@ otherwise;
and from Lemma A.1 (i) we get
Cox N Fy = FOF,

which is empty if° o ¢ [v] \ {7} or k # Y|a|; and then

|| CunF - {Fﬁ“', a € 1\ {r} and AG.7a) = 1,
ak N F’y - .
ke AGk)=1 (), otherwise.

If v € [o], then 6"(y)p ¢ [«] because p # v, = ;. The same happens when a € [v] \ {7}
and n < |a] — 1. Now, if a € [y] \ {7} and n < |a| — 1 we have also that " (y)p ¢ [«] because we
must have p # v, = a,. The last possibility consists in « ¢ [y] and v ¢ [«], where we consider o,
the longest word in [a] N [y]. We have the same result as before, except when n = |&/|, where it is
straightforward that 6" (y)p € [ if and only if p = |4/ # 7|os|- We conclude that

" ; G(a,j), « , |,
r|L_|0 pgn )N Conrp = {Q),( O]t)herwisj bl #lel (A.9)

The intersection C,,, N G, j) was already explicited in (A.6) and therefore

' d A(l =
|_| G(ij) N Cn/m _ G(OD]), ’7 S [[Oé]] \ {a} an ( ’O‘HI) O’
m:A(l,m)=0 0, otherwise.

We also have
K(v, 1), ac[y]\{v}and k=4,
(), otherwise,

chkﬁK(’%l):{

which is proved similarly as in (A.7) and gives

| Cur K(w)_{mm, o € D]\ {7} and A,y = 1, (A.10)

k:A(G k)=1 0, otherwise.

°It can be empty even satisfying the opposite of the conditions stated, but these cases are included in the definition
of the F’s, we are just simplyfing the statements.
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Now, if o € [y] \ {7}, then by (A.5) we have that

Q:[’% Oé,j] = |_| |_| |_| Car N C(S"(q/)p'

k:AGK)=1 n=0 prn

The remaining case, when a ¢ [v] \ {7}, is separated into two possibilities, namely v € [«o] and
v ¢ [o]. For the first one, we have necessarily that 6"(v) € [o] \ {a} for every n possible. Since
P # Yn = an, we conclude that Cox N Cn(y)p = () for every n and k and therefore

k:A(j,k)=1 n=0 p#yn
The second case is equivalent to the condition v ¢ [a] and « ¢ [v], and we have that

Cak: n=la
C&"(v)p NCok = {(Z) o'

and p = a|q/|;

otherwise;

obtained from Lemma A.1 (iii) and considering that Cyn ()N Cak = (Csn(4)pMCa)NCax. Therefore,

in this case we have
[v|—1

|_| I_I |_| Cok N Csn(yyp = I_I Cak-

k:A(j,k)=1 n=0 p#vyn k:A(Gk)=1

Summarizing, we get

-1 v, a,g], aev]\ {7}

Ll L L CarnConiypp = § Uieagay—1 Cors @ &[] and 5 ¢ [a], (A11)
k:A(j,k)=1 n=0 p#vy, 0, otherwise.

From (A.8) we obtain

Uk aj k)=1,40,6)=0 Cak, @ =1,
|_| |_| Cooe N C’ym _ I—lm:A(l,m)ZO C’Ym7 o€ [h/]] \ {7} and A(jafy\cd) =1, (A]_Q)
k:A(j,k)=1m:A(l,m)=0 Uk:a¢iy=1 Cak, v € [a] \ {a} and A(l, o) =0,
(0, otherwise.
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[v]—1
CSima NCS = (K (0, 5) N K (3,1) U (K (a, j <|_| | | K(e,5) N Csaa )
n=0 p#yn
U | ] K(a,j)ﬂCvp) U (Fo VK (y,0)) U (Fy N Ey)
p:A(l,p)=0
[v]-1
L |_| |_| Faﬁc(gn(w)p) LJ ( |_| Faﬂnyp)
n=0 p£yn p:A(l,p)=0
la]—1 la]—1
Ul L] L] Csmmrn K@D ) (|_| || Coma kﬂF)
m=0 k#am, m=0 k#aym
lal—1 vl-1 laj—1
(LU L Yemmnamn)o(U U U cmane,
m=0 k#a,m;, n=0 p#yn m=0 k#am p:A(l,p)=
U | ] C’akﬂK(’y,l)) L ( | ] Ca,va)
k:A(j,k)=0 k:A(j,k)=0
[v[-1
ol L L L] CarnCingy ) ( | ] | ] cakmcw).

k:A(5,k)=0 n=0 p#yn

Lemma A.1 (vii) gives

k:A(j,k)=0 p:A(l,p)=0

. K a7 jvl ) o = ’Ya
K(a,j) N K(v,1) = (e }).
(0, otherwise.
Also we have
K )
K(a,j) N F, = (v, 4), o€ I\ {~}
(), otherwise;
and
K(v,1
Fa m K('y,l) — (’Y? )7 ’7‘ e [I:a]] \ {a}7
), otherwise;

due to Lemma A.1 (ix). In addition,

[v]—1

|_| |_| K(a,j) N Csn(y {K
n=0 p#yn 9,
and ol
L] || Csmpn K (v, 1) {é( )
n=0 k#ay ’

ad [y, v ¢ lal,

othervvlse

a ¢ V], v ¢ lal,

otherwise;

due to a similar proof as it was done to prove (A.9). In analogous way, the identities

K(a’])7

|| K(aj)nc,,= .

p:A(l,p)=0

{

otherwise;

v € [a] \ {a} and A(l,p)) =0

205
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and
] camm,l):{ff(w% a € 7T\ {7} and A, yya)) = 0.

k:A(j,k)=0 0, otherwise.

are proved similarly to what is done to proof (A.10). As presented in Lemma A.1 (ii),

Fo, a€[n],
FamF’Y: F’Y’ ’76[[&]]’

F,, otherwise.

Moreover, by Lemma A.1 (i) we have

a’ala/‘

Fo 0 a¢ I\ v ¢la]\{a} and n =]

FamC&n -
O {@, otherwise;

and the proof is straightforward for a ¢ [y]\ {7} and v ¢ [a]\{a}. For a = , the proof is the same
as for v € [a] \ {a} and for a € [y] \ {7} with 0 <n < |a| — 1, because in all these cases we have
P # Yn = ay,. For the remaining case, a € [y] \ {7} and n > |a| — 1 it follows that |6 (y)p| > |«],
however for every § € I, it is true that [x(£)| < |a] —1 and therefore Fiy N Cyn(,), = 0 for this case.
Then,
"7‘_1 oo o
oo [E 0 g B ) and 4 ¢ ]\ {ab,
|_| |_| @ 6™(v)p 0 therwise:
N0 pm , otherwise;
and ol
al—1 'y
F, 1w and « al,
I Ucém(a)mﬂ:{w ¢ DI\ 7} and 5 ¢ o]\ {a)
m=0 ko (0, otherwise.

On the other hand, Lemma A.1 (i) gives®

FJ?, vyela]\{a}and p= Qs
(), otherwise.

Famcw:{

Hence, we have

|_| F.N C _ {Fo’ravl’ y - [[Oé]] \ {OZ} and A(Z,Oé‘,ﬂ) = O’
a v = o
P A(lLp)=0 0, otherwise;
and
C ) N F.— {F’y Py\al’ o € [[7]] \ {'}’} and A(], ’7|Oc‘) = 07
k:A(j,k)=0 0, otherwise;
In addition,
e Dla,v,1], vela]\{a},
I_I I_I |_| Céﬂl(a)k N C’yp = |—|p:A(l,p):0 pr, « ¢ [[’)/]] and y ¢ [[a]],
m=0 kam p:A(l,p)=0 0, otherwise;

Tt may happen that ~ is the longest word in [a] \ {a}. In this case we have FJ? = Fg = ().
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and
[v|—1 9[77 aaﬂ) o€ [h/]] \ {7}7
Ll L L Car N Conip = S Ukeaginymo Carr @ & [7] and v ¢ [o],
k:A(j,k)=0 n=0 p#vyn @, otherwise;

as analogously we proved (A.11). Also we have

Uk:A(j,k):o,A(z,k):o Cok, a=1,
I_I |—| Cak N C’Yp — I-Im:A(l,m):O C’Vma OV AS [['Y:I] \ {'Y} and A(]7 ’7|Oz‘) = O,

k:A(j,k)=0 p:A(l,p)=0 I_lk:A(j,k):o Cak, 7 € [a] \ {a} and A(l, O‘\’yl) =0,

(0, otherwise;

analogous to the proof of (A.12). The remaining parcel

|| —1 [v]-1

LI U L L Gomamn Conpp

m=0 k#am n=0 p#vyn

was already studied in Corollary A.4.
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Appendix B

Boolean Algebras

Definition B.1. Let X be a topological space.

o We say X 1is said to be disconnected when it is the union of two disjoint non-empty open sets.
Otherwise, X 1is said to be connected.

o A subset of X is said to be connected if it is connected under its subspace topology.

o A subset of X is said to be a connected component of X if it is connected and mazimal under
the inclusion ordering.

o X is said to be totally disconnected if all of its connected components are singletons.

Remark B.2. Connected components of a topological space are closed sets of the whole space and
they form a partition, that is, they are disjoint and their union is the whole space.

Definition B.3 (Boolean Algebra). A Boolean algebra is a siz-tuple (B,V,A\,—,0,1), where B is
a non-empty set, V and A are two binary operations, resepectively named ‘and’ and ‘or’, — is a
unary operation called ‘not’, and 0 and 1 are two distinct elements of B, respectively called ‘zero’
and ‘one’. Such siz-tuple must satisfy, for every a, b, ¢ € B the following properties

o idempotency on V and A:
aVa=a and ala=a;

o commutativity on V and A:

aVb=bVa and aNb=bAa;

e associativity on V and A:

aV(bVe)=(avb)Ve and aN(bAc)=(aNb)Ac

e absorvency on V and A:

aV(aAb)=a and aA(aVd)=aq;

o distributive between V and A:

aV(bAc)=(aVb)A(aVec) and aN(bVe)=(aAb)V(aAc);

e lhNa=aand0Va=a;

e aA(—a)=0and aV (—a) =1.

209
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Definition B.4 (Generated Boolean Algebras). Let B be a Boolean algebra and A C B. The
Boolean algebra generated by A is the smallest Boolean subalgebra of B containing A. Equivalently,
the Boolean algebra generated by A is the intersection of all Boolean subalgebras of B containing A.

Proposition B.5. Let B be a Boolean algebra and A C B, and denote by B(A) the Boolean
subalgebra generated by A. Every element of B(A) has a disjunctive normal form (DNF), that is,
if C € B(A), then

n ¢ n)

=V A G

=1 j=1
where ¢ : {1,...,n} — N is a function and either Cj; € A or Cf; € A.
Proof. Let C be all the elements written in DNF using elements of A. It is straighforward that

C C B(A). It remains to prove that C O B(A). Observe that the join of two elements of C is in C.
We claim that the complement of an element in C is also in C. This is proven in three steps:

e if K € C and either V€ Aor V¢ e A, then V A K € C. Indeed, if

n ’VL
=V /\
=1 j5=1

then
n ¢(n)

Env=\/ \ (KynV),
i=1 j=1

which is in DNF using elements in A;

o if K,V €C, then K AV €C. In fact, each term

/\ (Kij AV)

can be written in DNF by using the previous step iteratively. Then, the join of all these terms
again is in DNF and therefore K AV € C;

e if K € C, then K¢ € C. Indeed, if
p(n)

n
K=\/ \ Ky,
=1 j=1

.

then
- A \/ i
=1 j=1
which is the meet of n elements in C and then K¢ € C by the previous step.

We conclude that C is closed under the operation A and complementation and it is straighforward

that it is also closed under the join operation. Then C is a Boolean subalgebra of B containing A
and hence C D B(A). Therefore C = B(A). O
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