Problemas de evolugao
com acoplamento local /nao local

Evolution problems
with local/nonlocal coupling

Bruna Cassol dos Santos

TESE APRESENTADA

AO
INSTITUTO DE MATEMATICA E ESTATISTICA
DA
UNIVERSIDADE DE SAO PAULO
PARA

OBTENCAO DO TITULO
DE

DOUTOR EM CIENCIAS

Programa: Matemaética Aplicada
Orientador: Prof. Dr. Sérgio Muniz Oliva Filho

Coorientador: Prof. Dr. Julio Daniel Rossi

Durante o desenvolvimento deste trabalho a autora recebeu auxilio financeiro
do CNPq (Processo: 142235/2016-4) e CAPES (Processo: 8887369814,/2019-00)

Sao Paulo, Julho de 2021



Evolution problems
with local /nonlocal coupling

This version of the thesis contains the suggested corrections
by the Ph.D. defense committee during the original version defense,
realized on July, 13th 2021. A copy of the original version is available at

Instituto de Matemaética e Estatistica da Universidade de Sao Paulo.

Ph.D. Defense Committee:

e Prof. Sérgio Muniz Oliva Filho, Ph. D. (Supervisor) - IME-USP
e Prof. Julio Daniel Rossi, Ph. D - UBA-ARG

e Prof. Joana Isabel Afonso Mourao Terra, Ph. D - UNC-ARG

e Prof. Fernando Quir6s Gracidan, Ph. D - UAM-ESP

e Prof. José Marfa Arrieta Algarra, Ph. D - UCM-ESP



Acknowledgment

Gostaria de agradecer a minha familia, minha mae Gléria, meu pai Dijalma, meu irmao Gian,
minha cunhada Kelidi e ao meu sobrinho Daniel por todo amor, paciéncia e carinho que tiveram
comigo desde o dia em que tomei a decisao de vir para Sao Paulo. No dia em que cheguei aqui, nao
foi muito facil pra mim, muito menos para os meus pais. Sendo filha de agricultores, a realidade
deles estava muito distante do que eu estava buscando, e o que era para ser um curso de 3 meses
acabou se tornando um mestrado e um doutorado. O apoio de vocés foi muito importante para
mim. Sinto muito orgulho de vocés e da pessoa que me tornei gragas ao exemplo que tive.

Agradego também a outra familia que ganhei aqui em Sao Paulo, meu esposo Lucas, meu
sogros Ana de Fatima e Helder, meus cunhados Mateus, Barbara e Priscila, minha segunda avo,
dona Geralda, as amigas Neide e Maria Lucia, pelo acolhimento e por tornarem Sao Paulo meu
lar. Obrigada pelo apoio e incentivo em todas as etapas e por todo o entusiasmo com as minhas
conquistas.

Agradeco em especial ao Lucas, por toda sua paciéncia, carinho, dedicag@ao e companheirismo ao
longo desses anos. Obrigada por ser essa pessoa incrivel e, em especial pela palavras de motivagao
e otimismo.

Aos amigos que fiz no IME, Ana Rojas, Pollyana Vicente, Larissa Sartori, Simone Britto, Vanessa
Steindorf, Jerusa Megale, Marcelo Caetano, Willian Ribeiro, André Zaidan, Mariana Figueiredo,
Pedro Russo, Valdir Filho, Anderson Almeida, Andre Porto (em memoria), Veronica Neves, Marcela
Alves, Clarice Martins, Franciele Triches, Lorena Bulhosa, que fizeram dos almocos no bandejao,
dos cafés na salinha, das discussoes, dos finais de semana um momento divertido, descontraido
e que me trazem muito boas lembrancas desses dias. As minhas queridas amigas, Silvia e Maria
Leidiana, as quais dividi muitas risadas, varios cafés, passeios e reformas muito divertidas. Guardo
recordagOes muito felizes com vocés. A Lucia, Mariane e Karla, obrigada pela amizade e pelas
risadas compartilhadas durante os anos de Crusp.

Ao meu orientador Sérgio Oliva por ter me aceitado como sua orientanda, por todas as conversas,
risadas e discussOes sobre matematica e sobre a vida. Obrigada por toda a confianca e incentivo
que sempre depositou em mim. Sou muito grata por tudo que aprendi com vocé e pela amizade
que cultivamos. A todos os meus professores, em especial, queria agradecer aos professores Pedro
Peixoto, Claudia Peixoto e Andre Salles, Saulo Barros (em memoria), por todas as conversas,
sugestoes, conselhos, que me estimularam durante toda a trajetéria que tive na Usp.

Em especial, meu agradecimento ao professor Julio Rossi, pela sugestdo do tema desta tese e
por me receber tao bem durante minha estadia em Buenos Aires. Tive o privilégio de trabalhar com
uma pessoa brilhante que além de me ensinar muito sobre matemética também sempre foi muito
aberto para falar sobre a vida. Além é claro de me ajudar com o espanhol e fazer uma 6tima parilla!

Por fim gostaria de agradecer ao CNPq e Capes pelo financiamento durante meu doutorado.



ii

Este realmente é um privilégio para poucas pessoas, infelizmente. Obrigado a todos os brasileiros

que contribuiram para que eu tivesse essa oportunidade.



Resumo

DOS SANTOS, B. C. Problemas de evolugao com acoplamento local/nao local. 2021. 127
f. Tese (Doutorado) - Instituto de Matematica e Estatistica, Universidade de Sao Paulo, Sao Paulo,
2021.
Modelos classicos, como Equagoes Diferenciais Parciais (EDPs), sao amplamente usados para fazer
aproximagoes locais, mesmo tendo algumas limitagoes para capturar efeitos de longo alcance. Por
outro lado, a modelagem de efeitos nao locais esté recebendo atengao em muitas areas aplicadas,
como ecologia, epidemiologia, fisica e engenharia. O desenvolvimento de uma estrutura teorica e
computacional rigorosa para modelos nao locais ainda estd em desenvolvimento em contrapartida
a teoria local.

Neste trabalho, propomos e estudamos um problema de evolucao que acopla equagoes locais
e nao locais. A parte local é classicamente representada pelo operador Laplaciano, enquanto a
parte nao local é representada pelo operador de difusdo com um nicleo integravel em forma de
convolucdo, J(z — y). Como uma primeira aproximagao, estudamos as propriedades do modelo
no caso unidimensional. Resultados de existéncia, unicidade, conservagdo de massa e decaimento
assintotico das solugoes foram verificados. A seguir, estendemos esses resultados para dimensoes
mais altas. Para o caso unidimensional, com o reescalonamento adequado do nicleo nao local, é
possivel recuperar a equacao do calor em todo o dominio. Em seguida, continuando nossa analise
e, aproveitando as vantagens da estrutura de acoplamento particular, usamos o método Operador
de Divisdo para fornecer uma prova diferente de existéncia e unicidade de solugbes. Além disso,
desenvolvemos alguns experimentos numéricos para ilustrar os resultados tedricos obtidos. Usando
métodos numéricos classicos para EDPs, verificamos que a solugdo do modelo discreto converge para
o valor médio da condigao inicial (quando assumimos condigdes de contorno do tipo Neumann),
como mostramos teoricamente. Finalmente, estudamos as propriedades do problema de evolugao
em um dominio fino. Consideramos o caso limite quando o subdominio nao local é estreitado em
uma direcdo, fazendo com que o dominio nao local se concentre em um conjunto de dimensao
mais baixa. Dessa forma, obtemos um modelo no qual as partes locais e nao locais do problema
sao definidas em subdominios de dimensoes distintas. Também mostramos que o problema limite
compartilha as mesmas propriedades obtidas no caso unidimensional; existéncia e unicidade, con-

servagao de massa, comparagao e decaimento assintotico de solugoes, para t suficientemente grande.

Palavras-chave: Difusao nao local, equagéao do calor, comportamento assintético, métodos numéri-

cos, dominios finos.
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Abstract

DOS SANTOS, B. C. Evolution problems with local /nonlocal coupling. 2021. 127 f. Thesis
(Doctorate) - Institute of Mathematics and Statistics, University of Sao Paulo, Sao Paulo, 2021.

Classical models, such as Partial Differential Equations (PDE), are widely used for making local
approximations even if they have some limitations for capturing long-range effects. On the other side,
the modeling of nonlocal effects is getting attention in many applied areas, like ecology, epidemiology,
physics, and engineering. The development of a rigorous theoretical and computational framework
for nonlocal models is far less developed than its local counterpart.

In this work, we propose and study an evolution problem that couple local and nonlocal equa-
tions. The local part is classically represented by the Laplacian operator, while the nonlocal part
is represented by a diffusion operator with an integrable kernel in convolution form, J(z — y). As
a first approximation, we study the properties of the model in the one-dimensional case. Results
of existence, uniqueness, mass conservation, and asymptotic decay of solutions were verified. Next,
we extend these results to higher dimensions. For the one-dimensional case, with the appropriate
rescale of the nonlocal kernel, it is possible to recover the heat equation in the whole domain.
Next, we continue our analysis of this coupled problem and, taking advantage of the particular
coupling structure, we use the Splitting Operator method to provide a different proof of existence
and uniqueness. We also develop some numerical experiments to illustrate the obtained theoretical
results. Using classical numerical methods for PDE, we check that the solution of the discrete model
converges to the mean value of the initial condition (when we assume Neumann type boundary con-
ditions), as we have shown theoretically. Finally, we study the properties of the evolution problem
in a thin domain. We consider the limit case when the nonlocal subdomain is narrowed in one
direction, making the nonlocal domain concentrates in a set of smaller dimension. In this way, we
obtain a model in which the local and nonlocal parts of the problem are defined in subdomains of
different dimensions. We also show that the limit problem shares the same properties obtained in
the one-dimensional case; existence and uniqueness, mass conservation, comparison, and asymptotic

decay of solutions for large times.

Keywords: Nonlocal diffusion, heat equation, asymptotic behavior, numerical methods, thin do-

mains.
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Chapter 1

Introduction

Diffusion problems appear frequently, as they represent a natural process that occurs in various
situations of our daily life, such as, for example, the uniform spreading of a drop of ink in a container
with water, or even the disperse of species within an ecological environment. In mathematical
epidemiology, for example, diffusion models are used to map the dynamics of the spreading diseases.
This type of modeling allows the introduction of relevant information that will help us to understand
the patterns of the disease, like how the vector mobility affects the spreading.

In this sense, parabolic equations are widely used to model diffusion phenomena in applied
sciences. Probably the most studied diffusion equation is the classical heat equation,

O .1) = A, 1),
that is associated with a stochastic process, the Brownian motion, that describes the random move-
ment of a particle. This equation is linear and also a local PDE, since to verify that a function u
is a solution at a certain point (x,t) one only needs to know u in any neighborhood of (x,t). For a
general reference we refer to Evans (1998).

On the other hand, most of the problems in nature have more complex structures and behaviors,
which makes difficult to capture their dynamics in all its richness of details using linear and local
evolution PDEs like the heat equation. More precisely, long-range interactions cannot be captured
by classical diffusion. One way of considering this lack of local behaviour in the environment is by
using nonlocal kernels.

Concerning nonlocal evolution equations, one popular choice is given by a convolution type
equation in space, that is,

ou

5 (1) = /RN J(x —y)(u(y, ) — u(z,t))dy,

where J : RV — R is a nonnegative kernel (this kind of equation include the widely studied
fractional Laplacians). Here the equation at a point x and time ¢ depends on the values of the
unknown w at all points in the set x + supp J, which is what makes the equation nonlocal. This
kind of evolution equation is associated to jump processes. Evolution equations of this form and
variations of it have been recently used to model diffusion processes; see for instance Bates e Chmayj
(1999); Carrillo e Fife (2005); Cortazar et al. (2007); D’Elia et al. (2017); Fife (2003); Sastre Gomez
(2014); Wang (2002); Zhang (2004).

For example, in population models used in biology, if u(x,t) is thought of as the density of a
population at the point x at time ¢, and J(x — y) is regarded as the probability distribution of
jumping from location y to location x, then the rate at which individuals are arriving to position
 from all other places is given by [px J(y — )u(y,t) dy, while the rate at which they are leaving
location z to travel to all other sites is given by — [onx J(y—x)u(x,t) dy. Therefore, in the absence of
external or internal sources, the density u satisfies the nonlocal diffusion equation, see Fife (2003).

Besides of applications in ecology, this kind of equation is getting attention in other fields in
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natural sciences as biology, physics, and engineering, due to its flexibility to accurately capture ef-
fects that are not easily obtained from classical local models. Biological mobility models of animals
and plants are examples of how distinct patterns of mobility can affect the success of invasions
Berestycki et al. (2015); Strickland et al. (2014). In epidemiology, the effects of long-range interac-
tions are responsible for the spreading of diseases around the world Wang e Zhao (2011). Nonlocal
patterns also play an important role in molecular interactions in dissimilar interfaces, continuum
mechanics, Han e Lubineau (2012); Seleson et al. (2013), and peridynamics (a model of elasticity
and mechanics), Silling (2000); Silling e Lehoucq (2010).

In this work, we focus on nonlocal equations with smooth kernels (therefore, fractional Lapla-
cians are not considered). For applications of nonlocal equations with non-singular kernels we refer
to nonlocal continuum theories such as peridynamics, Silling e Lehoucq (2010), physics-based non-
local elasticity, Di Paola et al. (2009), and nonlocal descriptions resulting from homogenization of
nonlinear damage models Han e Lubineau (2012). For general references concerning nonlocal evo-
lution equations we refer the book Andreu-Vaillo et al. (2010) and references therein.

The two previous models (local or nonlocal) are well suited for homogeneous environments.
When one deals with an inhomogeneous diffusion process one possibility is to add a diffusion
coeflicient and consider equations like

%;(:::, t) = (,%: (M@%) (1),

G0 = [ alw)I - )t - e, 0) dy

However, by adding a diffusion coefficient one can not deal with media that combine local and
nonlocal diffusions in different regions. These coupling strategies are interesting since they can
include a transition region such that the local and nonlocal equations are superposed or a lower-
dimensional interface that separates the two regimes.

There are different strategies for couplings between local and nonlocal models. Let us briefly sum-
marize previous results in (D’Elia et al., 2016a,b; Du et al., 2018; Gal e Warma, 2017; Garriz et al.,
2020; Kriventsov, 2015), see also the review D’Elia et al. (2019). In D’Elia et al. (2016a), local and
nonlocal problems are coupled through a prescribed solid region in which both kinds of equations
overlap (the value of the solution in the nonlocal part of the domain is used as a Dirichlet boundary
condition for the local part and vice-versa). This kind of coupling gives continuity of the solu-
tion in the overlapping region but does not preserve the total mass. In Garriz et al. (2020) (see
also Gal e Warma (2017); Kriventsov (2015)), an energy and its associated gradient flow provide an
equation that combines local and nonlocal operators. For this model in the local region, the coupling
with the nonlocal part appears as an external source in the heat equation (that is complemented
with zero flux boundary conditions in the whole boundary of the local region). In probabilistic terms,
in the model described in Garriz et al. (2020), particles may jump across the interface between the
two regions but can not pass coming from the local side unless they jump.

In the same direction, in Berestycki et al. (2015) the authors study the effects of network trans-
portation on enhancing a biological invasion. The proposed mathematical model consists of one
equation with nonlocal diffusion in a one-dimensional domain coupled via boundary condition with
a standard reaction-diffusion, in a two-dimensional domain. The results suggested that the fast
diffusion enhances the spread inside the domain, in which the local diffusion takes place.

Motivated by the range of applications and because it is an area with a lot of potential for
development in what concerns its associated mathematical theory, our aim in this thesis is the
study of a strategy for coupling local and nonlocal diffusion equations. In particular, we combine a
local diffusion equation, the classical heat equation,

ou
E(m,t) = Au(z,t) (1.1)
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with a nonlocal diffusion equation with an integrable kernel

S0 = [T (.0 ~ ule)dy (1.2

The kernel J is assumed to be a function J € C(RY x RY R) nonnegative, with J(z,z) > 0 and
symmetric J(z,y) = J(y,z) (in some cases we will assume that J(z,y) = J(z — y)).

The coupling of the problems (1.1) and (1.2) was thought in such a way that the following
features (that are the usual ones when one deals with a diffusion problem) hold:

e The complete coupled problem is well-posed in the sense that there are existence and unique-
ness of solutions. Besides, a comparison principle holds.

e There is an energy functional such that the evolution problem can be obtained as the gradient
flow associated with this energy.

e When Neumann boundary conditions are imposed, the total mass of the initial condition is
preserved along the evolution.

e When Neumann boundary conditions are imposed, solutions converge exponentially fast to
the mean value of the initial condition.

e When homogeneous Dirichlet boundary conditions are imposed, solutions converge exponen-
tially fast to zero.

e By taking the limit on the rescaled nonlocal kernel we can recover the heat equation in the
whole domain.

For a first approach, we restrict ourselves to a simple configuration in one space dimension. We
will split the domain Q = (—1,1) into two subdomains (—1,0) and (0, 1). If we think the evolution
problem as a particle system, in the interval (—1,0) particles move by Brownian motion (this gives
the equation %(w,t) = %(:p,t), x € (—1,0)) with a reflexion at x = —1 (then %(—1,0) =0) and
when the particle arrives to x = 0 it passes trough to the other subdomain, (0,1) (this will give a
flux boundary condition at = 0). On the other hand, in (0, 1) particles obey a pure jump process
with jumping probability given by J(x —y) (this gives an equation of the form (1.2) in (0,1), when a
particle that is at = € (0, 1) wants to jump to a location y € (—1,0) it enters the domain (—1,0) at
the point 2 = 0 (particles are stuck there, giving the counterpart to the flux coming from (—1,0)).
At this point, it is important to notice that we do not impose any continuity of the densities at the
interface x = 0, but instead, we can ensure continuity of the densities inside the local and nonlocal
subdomains (—1,0) and (0, 1) by assuming continuity of the initial data.

Moreover, we can extend our results to higher dimensions. Take 2, as a bounded smooth domain
in RV and split it into two subdomains €; and €,,;, Q = QUQ,,;. Let us call £, the interface between
Q; and €, inside €2, that is,

Y=0nQ,; N0

We will assume that €2; has a Lipschitz boundary (in order to solve a heat equation with Newman
boundary conditions, we need some regularity of the boundary).

Let us state the energies that will be considered in this work. We split w € L?(Q2) as w = u + v,
with u = wxg, and v = wxq,,. Fix a nonnegative continuous kernel G : §},,; x ¥ — R. For any

w = (u,v) € B:={we L*(Q) : ulo, € H'(Q),v € L* () } -

The energy associated to our evolution problem will be composed by three positive terms given by

E(u,v) = ;/Ql |Vul|?dz + % /in /in J(z —y) (v(y) — v(x))? dydz

C

(1.3)
J,2 —u(2))? do(2)dx.
+ 5 /QHZ/EG(a:,z) (v(x) (2))"do(z)d
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Remark that in this energy we have
/ / Gla, 2) (0(x) — u(2))? do(2)dz (1.4)
Q. /e

as coupling term. This integral can be obtained from an integral of the form

//A J(x —y) (v(x) — u(z))? dyda

assuming the following geometric condition on the interface X; for every x € ; and every y € Q,;
with  — y € supp(J) there exists a unique z € 3 that belongs to the segment that joins x with y
(hence z = z(x,y)). To provide examples, notice that this geometric condition holds if ¥ is almost
flat. This assumption is useful since, from a probabilistic viewpoint, when a particle wants to jump
from y € Q; to x € Q; we want that it gets stuck at the interface (and then we want that there
exist a unique point on ¥ that belongs to the segment [z, y], otherwise, some selection principle has
to be assumed and, the selected point on the interface will not depend continuously on = and y, in
general). This assumption is used to make the change of variables

z=ar+ (1 —a)y

i J[ @ = @) = a2 dys

with A = {(z,y) : © € Qu,y € O, with z € 3,2 = az + (1 — a)y} to obtain the coupling term in
our energy, (1.4). The kernel G is nonnegative and comes from the change of variables that involves
a jacobian D(z, z).

For the IN—dimensional evolution model, we can also prove existence and uniqueness following
the same steps that we made for the one-dimensional case. In fact, the strategy of building a solution
as a fixed point of the composition of the maps that solves the problem for u (given v) and for v
(fixing u) also works here. Remark that we obtain a solution u(z,t) that is in H'(€;) for t > 0 and
hence u(z,t) is defined on ¥ in the sense of traces (and belongs to L?(X) for ¢ > 0).

In the following, we explore some numerical aspects of the coupled evolution problem. In par-
ticular, our coupling takes advantage of the fact that we can show a splitting structure for our
evolution equation allowing us to deal with the local and nonlocal parts of the equation separately.
This particular structure is quite flexible, allowing, for example, to consider different meshes in the
local and in the nonlocal region. We also perform some numerical experiments by using classical
methods to show the qualitative features of the model.

Finally, we propose to investigate the same coupled evolution problem acting in subdomains
with different dimensions. For this case, we consider the limit case when one of the subdomains is
thin in one direction (it is concentrated to a domain of smaller dimension) and as a limit problem
we obtain coupling between local and nonlocal equations acting in domains of different dimension.
The same qualitative properties (like existence, uniqueness of solutions and a comparison principle)
were verified for this limit model.

Concerning references for equations in thin domains, we refer to the references Arrieta e Pereira
(2011); Arrieta et al. (2006, 2009a,b); Pereira e Rossi (2018); Shuichi e Yoshihisa (1992) that de-
velop some techniques and methods to understand the effects of the geometry of the thin domain
on the solutions of elliptic and parabolic singular problems. We can find some applications in elas-
tic beam theories (as torsion and warping functions), see Rodriguez e Vianio (1998), fluid flows as
ocean dynamics, geophysical fluid dynamics, and fluid flows in cell membranes, see for instance
Iftimie et al. (2007).

In Arrieta et al. (2006), the authors investigate the dynamics of a reaction-diffusion equation
with homogeneous boundary conditions in a dumbbell domain. The type of domain is composed
of two disconnected regions joined by a thin channel, that depends on a thickness parameter &
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and degenerates to a line segment as the parameter ¢ — 0. As part of a series of articles (see
Arrieta et al. (2009a,b)) the authors also prove some properties about the continuity of the set of
equilibria. On the other hand, in Pereira e Rossi (2018) the authors deal with nonlocal evolution
problems with nonsingular kernels in thin domains obtaining a limit problem when the thickness
of the domain goes to zero, but without considering any coupling with a local part of the problem.
Passing to the limit in these coupling terms is one of the main contributions of this work.

Among the references raised in this work, that deals with coupling local /nonlocal models and,
also considering a small parameter, we emphasize that our approach takes into account that the evo-
lution problem is the gradient flow associated with an energy functional and also we do not impose
any kind of continuity at the coupling interface. Moreover, we can preserve the same qualitative
properties that both local and nonlocal problems satisfy separately.

1.1 Contributions

The main contributions of this work were collected in three articles. One of them has already
been published and the other two have already been submitted and are under review.

(i) DOS SANTOS, Bruna C.; OLIVA, Sergio M.; ROSSI, Julio D. A local/nonlocal diffusion
model. Applicable Analysis, p. 1-34, 2021.

In this work, we verified the existence and uniqueness of the solutions to the evolution problem
through two different proofs: using a fixed point argument and abstract semigroup theory. The
total mass of the initial condition is preserved and the solutions converge exponentially to
the average value of the initial data when ¢ goes to infinity. Finally, we recovered the heat
equation in the whole domain by taking the limit on the rescaled nonlocal kernel. Besides,
this results were generalized to higher dimensions.

(i) DOS SANTOS, Bruna C.; OLIVA| Sergio M.; ROSSI, Julio D. Splitting methods and numer-
ical approximations for a coupled local /nonlocal diffusion model. Submitted for the Journal
Computational and Applied Mathematics, SBMAC.

In this work, we provided the third proof for the existence and uniqueness of the solution for
the evolution problem by using the idea of splitting operators. Here the splitting idea was used
in a different way than usual and we prove that the splitting method converges to the unique
solution of the evolution problem as the time step goes to zero. Also, we developed some
numerical experiments using classical techniques for partial differential equations to verify
the theoretical results proved in the first paper.

(iii) DOS SANTOS, Bruna C.; OLIVA, Sergio M.; ROSSI, Julio D. Coupled local /nonlocal models
in thin domains. Submitted for the Journal Asymptotic Analysis.

In this work we investigate our evolution model to be defined in a thin domain Q. = QU
R. C RY by to considering two different approaches for coupling: via source term and at the
boundary. We have a particular interest in the limit as the nonlocal region, R, gets thinner,
that is, to study the limit as ¢ — 0. In this case we have the evolution problem defined in a
domain with different dimensions. After obtaining the limit equations, we will also prove some
qualitative properties of this limit problem (like conservation of the total mass and study the
asymptotic behavior of the solutions). Finally, we design some numerical experiments to check
the theoretical results.

1.2 Organization of the thesis

In Chapter 2, we present the results developed in the first paper, entitled A local/nonlocal
diffusion model. In this article we explore some properties of a problem of local evolution (classical
heat equation) defined in the interval (—1,0) coupled to a problem of nonlocal evolution, defined in
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the interval (0,1). The coupling was designed in such a way that the resulting evolution problem is
the gradient flow associated with the functional energy of this problem. For the resulting problem,
we verified the uniqueness and existence of the solution, mass conservation, asymptotic decay, and
we propose a strategy to recover the heat equation in the entire (—1,1) domain by re-scaling the
non-local core.

In Chapter 3 we deal with the numerical study of the evolution problem described in Chapter 2.
Given the construction of the evolution problem, it was possible to verify and apply the properties
of the Splitting Operator method. We prove the convergence of the numerical method and also
include some numerical experiments that show the convergence properties of the solution for the
average value of the initial data.

In Chapter 4 we analyze an evolution problem with local/nonlocal coupling acting in domains
with different dimensions. We prove qualitative properties such as existence, uniqueness, mass con-
servation, and asymptotic decay of solutions. Finally, we prove that solutions can be obtained when
the limit on the nonlocal domain is concentrated in a smaller domain.

In Chapter 5 we recall the results obtained in this work and point some possibilities of applica-
tions. We also list some possible extensions of our results for future work.

Finally, for completeness, in the Appendix section we enunciate the main results about L? spaces
and nonlocal equations used along all the three papers included in this thesis.



Chapter 2

A local /nonlocal diffusion model

The Chapter 2 is composed by the first paper entitled A local/nonlocal diffusion model
that was published by the journal Applicable Analysis.

C. DOS SANTOS, Bruna; OLIVA, Sergio M.; ROSSI, Julio D. A local /nonlocal diffusion model.
Applicable Analysis, p. 1-34, 2021.
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Abstract: In this paper, we study some qualitative properties for solutions to an evolution
problem that combines local and nonlocal diffusion operators acting in two different subdomains.
The coupling takes place at the interface between these two domains in such a way that the resulting
evolution problem is the gradient flow of an energy functional. We prove existence and uniqueness
results, as well as that the model preserves the total mass of the initial condition. We also study
the asymptotic behavior of the solutions. Besides, we show a suitable way to recover the heat
equation at the whole domain from taking the limit at the nonlocal rescaled kernel. Finally, we
propose a brief discussion about the extension of the problem to higher dimensions.

2021 Mathematics Subject Classification. 35K55, 35B40, 35A05.
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1 Introduction and main results

Numerous records along the past decades provide examples of how the spreading and establishment
of worldwide transport networks have contributed to the development of global pandemics. The
Black Death, in the middle of the 14th century, is a classical example of one of the most aggressive
and devastating epidemics in history. By killing more than 200 million people in Europe, the
disease spread fastly across Europe through the silk routes [37]. Recently, another communicable
disease takes place and surprise the whole world for its rapid spread and fatality becoming a global
public health concern. First observed in Wuhan, a Hubei province, China, the virus spreads to
many countries in a few months by air network, and once at a new place, the diffusion occurs
slower [27].

Another example of fast diffusion appears in ecology. Studies have corroborated the hypoth-
esis of successive invasion waves of mosquitoes of the species Culex pipiens, Aedes aegypti, and
more recently, Aedes albopictus, facilitated by the worldwide shipping [3, 24, 18]. Due to their
ability to survive and develop in artificial containers (such as tires and bamboo), mosquitoes have
obtained a high success rate in invasions to new regions. Besides, the effect of climate change, in
particular, the increase of the temperature has played a fundamental role in creating favorable con-
ditions for the establishment and local propagation of these invasive species across their common
geographical boundaries [3, 31]. Further interesting behavior of propagation lines occurs on the
wolves population [30]. The authors observed in this study that the wolves concentrate and move
faster along seismic lines formed in areas of oil and gas exploration in the Western Canada Forest.
Nonlocal patterns also play an important role in molecular interactions in dissimilar interfaces [16],
continuum mechanics [15, 25, 33], peridynamics applied to elasticity and mechanics [34, 35].

From a modeling perspective, empirical studies have shown that the spreading effect involves
much more complex characteristics than the classical models have suggested, as the classical heat
equation, %(m, t) = Au(x,t), which is associated with a process (Brownian motion) and describes
the random movement of a particle [10]. This type of modeling has largely ignored long-range
dispersion.

On the other hand, an alternative to capture these features is the nonlocal diffusion equations.
One popular choice is %(x,t) = [an J(z — y)(u(y,t) — u(z,t)) dy, where J : RV — R is a non-
negative kernel (these kind of equations included the widely studied fractional Laplacians). Here
the equation at a point z and time ¢ depends on the values of the unknown u at all points in the
set x + supp J, which is what makes the diffusion nonlocal. These kinds of problems are associ-
ated to jump processes. Evolution equations of this form and variations of it have been recently
widely used to model diffusion processes; see for instance [2, 6, 8, 11, 20, 21, 26, 28, 38, 39]. For
example in biology, if u(z,t) is thought of as the density of a population at the point x at time ¢,
and J(x — y) is regarded as the probability distribution of jumping from location y to location z,
then the rate at which individuals are arriving to position z from all other places is given by
Jan J(y—x)u(y,t) dy, while the rate at which they are leaving location x to travel to all other sites
is given by — [pn J(y — x)u(x,t) dy = —u(z,t). Therefore, in the absence of external or internal
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sources, the density w satisfies the nonlocal diffusion equation, see [20].

The two previous models (local or nonlocal) are well suited for homogeneous environments.
When one deals with an inhomogeneous diffusion process one possibility is to add a diffusion
coefficient and consider equations like %(x, t) = %(a(w, t)%)(x, t), or %(m, t) = fpn alz,y)J(z—
y)(u(y,t) —u(x,t)) dy. However, by adding a diffusion coefficient one can not deal with media that
combine local and nonlocal diffusions in different regions. Therefore, to provide good models for
inhomogeneous media we need to study couplings between local and nonlocal diffusion equations.
These coupling strategies can include a transition region such that the local and nonlocal equations
are superposed or a lower-dimensional interface separates the two regimes (we will describe these
previous results below).

In [4] the effects of network transportation on enhancing biological invasion is studied. The
proposed mathematical model consists of one equation with nonlocal diffusion in a one-dimensional
domain coupled via boundary condition with a standard reaction-diffusion, in a two-dimensional
domain. The results suggested that the fast diffusion enhances the spread in the domain in which
the local diffusion takes place.

From a mathematical point of view, interesting properties arise from coupling local and nonlocal
models. See for instance [12, 13, 17, 22, 23, 29] and references therein. In [12], local and nonlocal
problems were coupled through a prescribed region in which both kinds of equations overlap (the
value of the solution in the nonlocal part of the domain is used as a Dirichlet boundary condition
for the local part and vice-versa). This kind of coupling gives continuity of the solution in the
overlapping region but does not preserve the total mass. In [12] and [17], numerical schemes using
local and nonlocal equations were developed and used to improve the computational accuracy when
approximating a purely nonlocal problem. In [23] (see also [22, 29]), energy closely related to ours
was studied, but the gradient flow of this energy (that it has all the nice properties listed above)
gives an equation in the local region in which the coupling with the nonlocal part appears as an
external source in the heat equation (that is complemented with zero flux boundary conditions in
the whole boundary of the local region). In probabilistic terms, in the model described in [23],
particles may jump across the interface between the two regions but can not pass coming from the
local side unless they jump.

Here, our aim is the study of coupling local and nonlocal diffusion equations and propose a
model in which there is a sharp interface between the two regimes, and the coupling is done via
the fluxes at the interface. In particular, we combine a local diffusion equation, the classical heat
equation,

ou 0%u
—(z,t) = =—(z,t 1.1
with a nonlocal diffusion equation with an integrable kernel

St = [ I =)0~ e 0)dy (12)

The kernel J(z) is assumed to be nonnegative, continuous, symmetric, compactly supported with
supp(J) = [-R,R] and [ J(z)dz =1 (these hypotheses on J will be assumed from now on).

The coupling of the problems (1.1) and (1.2) was thought in such a way that the following
features (that are the usual ones when one deals with a diffusion problem) hold:

e The problem is well-posed in the sense that there are existence and uniqueness of solutions.
Besides, a comparison principle holds.

e There is an energy functional such that the evolution problem can be obtained as the gradient
flow associated with this energy.

e The total mass of the initial condition is preserved along with the evolution, naturally ob-
tained by the Neumann boundary condition.

e Solutions converge exponentially fast to the mean value of the initial condition.



Effectively, we can think of our model in terms of a particle system. To simplify the exposition
we will restrict ourselves to a one-dimensional problem and comment on the extension to higher
dimensions at the end of the paper. We split the domain 2 = (—1,1) into two subdomains (—1,0)
and (0,1) (to simplify we will restrict ourselves to this simple configuration). In (—1,0) particles
move by Brownian motion (this gives the equation %;‘ (x,t) = 32772‘(;10, t), x € (—1,0)) with a reflexion
at x = —1 (then %(—1,0) = 0) and when the particle arrives to x = 0 it passes trough to the
other subdomain, (0,1) (this will give a flux boundary condition at = 0). On the other hand, in
(0,1) particles obey a pure jump process with jumping probability given by J(x —y) (this gives an
equation of the form (1.2) in (0, 1), when a particle that is at « € (0, 1) wants to jump to a location

€ (—1,0) it enters the domain (—1,0) at the point x = 0 (particles are stuck there, giving the
counterpart to the flux coming from (—1,0)). This process has a density w(z,t), which obeys an
evolution equation associated with the gradient flow of a local/nonlocal energy that we describe in
the next section. At this point, it is important to notice that we do not impose any continuity of
the densities at the interface x = 0, but instead, we can ensure continuity of the densities inside
the local and nonlocal subdomains (—1,0) and (0,1) by assuming continuity of the initial data.

1.1 A local/nonlocal diffusion model

As we mentioned, let us consider as the reference domain 2 = (—1,1) C R that is divided in
two disjoint regions, the intervals €; = (—1,0) and Q,; = (0, 1), the local and nonlocal domains,
respectively. We split a function w € L?(—1,1) as w = u + v, with u = wx(~1,0) and v = wx(0,1)-
For any

w=(u,v) € B:={we L*(—1,1):ue H'(-1,0),v € L*(0,1)}

we define the energy

0 1
B(u,v) = / @‘2@ + CJJ e =) (o0) = o@))? g

CJQ// Jz—y )_u(o))2dyda:,

where C;1 and Co are fixed positive constants. Notice that, in this energy functional we have

two terms 0
2
1/ gu) dx C‘]l/ / J(z —y) (v(y) — v(z))? dyda
x

that are naturally associated with the equations (1.1) and (1.2), plus a coupling term

% /0 /_1 J(x —y) (v(x) — u(0))* dydz

that involves only the value of u at x = 0.
We aim to write our model as the gradient flow associated with this energy, that is, (u,v) will
be the solution of the abstract ODFE problem

(w,0)'(t) = —0E[(w,0)(t)], =0,

with u(0) = ug, v(0) = vy and, IF [(u,v)] denotes the subdifferential of E at the point (u,v). Let
us compute the derivative of E at (u,v), in the direction of ¢ € C§°(—1,1),

E(u+ ho,v+ hp) — E
0pB(u,v) = lim (u W’+h ?) = B(u,v)
_)

0 du &pd C'J1

| Oz O J(x —y)(v(y) — v(@))(p(y) — ¢(x))dydz

1 r0
" % /0 /_1 J(z = y)(v(z) = u(0))(p(z) — ¢(0))dydz.
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Thus, if u is smooth, we would have

[ Pt [ { e — ) - o)y ol

w0 [ [ -0 - uonay b ot

-1
Since (0F[u,v],¢) = 0,E(u,v), we can derive the local/nonlocal problem associated to this
gradient flow. The evolution problem consists of two parts. A local part, composed of a heat
equation with Neumann/Robin type boundary conditions,

ou d%u

E(%t) = @(xﬂf)a
ou
ga 10 =0 (1.3)
U 0 1
5000 =Coa [ [ o= 4)(0(0.0) ~ u(0. )y
\u(:c,()) = UO('T)’

for x € (—1,0), t > 0. Notice that we have a Robin type boundary condition at = 0 that encodes
the coupling with the nonlocal part of the problem.
We complete the system with the nonlocal part,
0

1
G0 =Car [ I =) (008) = o0 dy = Cuz [ I = w)dv(e.) = u(0.0), »

’U(x70) = Uo(.flf),
for € (0,1), t > 0. Here we have a nonlocal diffusion problem for v, where the coupling with
the local part u appears as a source term in the equation, while the value of w appears only at the

interface x = 0.
The complete problem can be summarized as follows: we look for w defined by

~Ju(x,t), if x € (-1,0),
wle,t) = {U(:L‘,t), if ze(0,1), (1.5)

where (u,v) are the solutions to (1.3)—(1.4).
For this problem we have the following result:

Theorem 1.1. Given wo = (ug,vo) € L?(—1,1), there exists an unique mild solution
w(-,t) e B:={we L*(-1,1) :u € HY(-1,0),v € L*(0, 1)}
to the local/nonlocal problem (1.5) with (u,v) satisfying (1.3)—(1.4) that is globally defined. If,
wo = (ug,vg), with ug € C([—1,0]) and vy € C([0,1]) then, the solution (u,v) is such that u(-,t) €
C([-1,0]) and v(-,t) € C([0,1]) for every t > 0.
A comparison principle holds: if the initial data are ordered, wg > zg, then the corresponding

solutions are also ordered, they verify w > z in (—1,1) x R;.
Moreover, the total mass of the solution is preserved along the evolution, that is,

/11 w(z,t)dx = /11 wo(x)dz = /01 ug(z)dx + /01 vo(z)dz.

Remark 1. Notice that, for a continuous initial datum ug and vg, we obtain a solution (u,v)
such that u(-,t) € C([-1,0]) and v(-,t) € C([0,1]) for every ¢t > 0, but we are not imposing (nor
obtaining) continuity across the interface, that is, we do not necessarily have u(0,¢) = v(0,1).



1.2 Asymptotic behavior

Once we proved the existence and uniqueness of a global solution, our next goal is to look for its
asymptotic behavior as t — oco. We start by observing that the constants are stationary solutions
of (1.3)—(1.4).
For the heat equation

ou 0%u

ot dx?
with Neumann boundary conditions, it is well known that solutions have an exponential time decay
to the mean value of the initial condition, that is,

ul-,t) —][uo

The same is valid (with a different ) for solutions to the nonlocal heat equation

?;t)(q;,t) = /0 J(z —y)(v(y,t) —v(z,t))dy,

< C(ug)e L.

L2

with the additional assumption on the kernel, M (J) := [ J(2)|z[*dz < oo, see [1, 7].

The problem (1.5) shares of the same behavior as each, local and nonlocal equation have,
individually, that is, the solution of the coupled local /nonlocal problem converges exponentially to
the mean value of the initial condition.

Theorem 1.2. Given wg € L*(—1,1), the solution to (1.5) with initial condition wo converges to
its mean value as t — oo with an exponential rate.

oo

where B1 > 0 depends only on J and ) and, the constant C' depends on the initial condition, wq.

< Ce 2Pt t>0,
L2(—1,1)

1.3 Rescaling the kernel

In the following, we will show that the solutions of the evolution problem (1.3)-(1.4), with the
kernel J rescaled suitably, converges to the classical local problem (given by the heat equation) at
the whole domain. The idea consists of to rescale the kernel J by a £ > 0 parameter

1 T
Fo@) == (2). 1.6
(0) = 57 (2 (16)
From now on, we choose (and fix) the constants Cj; and C;2 that appears before the nonlocal

terms as

2
= ith M — 2 = 1. 1.
CJJ - M(J) wit (J) /J(z)z dz and CJQ ( 7)

Summarizing, our goal is to show that, the solutions of the local heat equation with Neumann
boundary conditions,

([ Ow 0*w
E(wat)_W(xﬂf): I’G(—l,l), t>0,
Qw0 (1.8)
81?( lvt)_ax<17t>_07 t>07

| w(®,0) =wo(x), =€ (-1,1),

can be obtained as the limit as ¢ — 0 of the solution w® to our local/nonlocal problem with J
replaced by J¢, given by (1.6). We will call w® = (u®,v®) the solution to (1.3)—(1.4) with the
rescaled kernel and a fixed initial condition w(z,0) = uo(z)x(—1,0)(*) + vo(T)Xx(0,1)(2)-

We have the following result:
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Theorem 1.3. Let wy € L?(—1,1). For each ¢ > 0, let w® be the solution to (1.3)-(1.4) with J
replaced by J¢ ((1.6)) and, initial condition wgy. Then, it holds the following

lim (max | 8) = w(et) HLQU,U) o,

e—0 \t€[0,T

where w is the solution to (1.8).

ORGANIZATION OF THE PAPER: The paper is organized as follows: In Section 2, we prove
a key result concerning the control of the pure nonlocal energy by our local/nonlocal energy. In
Section 3, we prove the existence and uniqueness of the problem, the total mass conservation
property, and the asymptotic behavior of the solutions for large times. In Section 4, we deal with
the rescaling of the kernel. Finally, in the final section (Section 5), we explain how to extend our
results to higher dimensions.

2 Preliminaries

2.1 Control of the nonlocal energy

In this section, we prove the first important lemma that ensures the domination of the energy for
the complete problem over the pure nonlocal energy.

Lemma 2.1. Let
(u,v) € B:={ue H'(-1,0),v € L*(0,1)}.

Then, there exists a constant k := k(J,Q2) > 0 such that

;/0 2 cﬂ/ / I —y )—v(x))zdydx+0‘2]’2/Ol/olJ(x—y)(v(:c)—u(O))zdyda:
>k / 1 / I = ) (w(y) — w(w)’ dyda.

Proof. Assume that the conclusion does not hold. This implies that, there exists a sequence
{w,} € L?(—1,1), with {u,} € H'(~1,0) and {v,} € L?(0,1), such that it satisfies

(2.1)

1 1
/ 1 / T =) (an(9) — wi ) Py = 1. (2.2)

[ e [
CJl// (@ — ) (va(y) — va(2))*dyde +—/ / (2 = y)(un( )—vn(ar))zdxdy)

(2.4)

and satisfying,

and
2
1>n (/ Oun,
-1

for every n € N.
Taking the limit in n, in (2.4), we obtain

h{n( / (?;;" ):0, (2.5)
i (S22 [ [ = )0 (0) = ) ) =, (26)




and

lign <C‘2]2 /01 /01 J(z —y)(un(0) — Un(x))zdxdy> = 0. (2.7)

From equations (2.2)-(2.3) and (2.5), it implies a bound on the L?norm of w,, so we can take
a subsequence, also denoted {u,}, which weakly converge for some limit in H'(—1,0). This limit
is given by a constant A,

u, =+ A in L?(—1,0) and,
Up — A uniformly in (—1,0).

Note that, in particular, u,(0) — A.

Since the sequence {w,} is bounded in L?(—1,1) we have that {v,} is also bounded in L?(0, 1)
and then extracting a subsequence if necessary we can assume that their mean values converge,
fol vp(x)dz := B,, — B. Now, from [1] we know that there exists a constant ¢ such that

1
0

1 1
|| 9@ = 0)0a) = vafe) Pady = ¢ [ (0a(a) - B)da
0 0

Therefore, from equation (2.6) we also can take a subsequence, also denoted as {v,, }, which strongly
converges for some limit in L2(0, 1) that is given by the constant B.

From the (2.7), we obtain A = B. Moreover, from equation (2.3) we get that A+ B = 0, which
leads to A = B = 0. On the other hand, we have

1,1
| [ 96— (o)~ wale)Pdyds =1,
which implies
1 pl
/ / J(x —y)(A — B)?dydx = 1,
-1J-1
that give us the contradiction. O

The main advantage of this estimate is to observe that the constant obtained from (2.1) can be
taken independent of &, when we consider the rescaled kernel J¢, as we will prove by Lemma 2.3.

2.2 A Poincaré-type inequality

Let us consider w, as in the introduction, that is,

(2) = ue(x), if xe€(-1,0)
YT Y oe@), iz e (0,1).

From [1] we have that

Lemma 2.2. There exists a constant C > 0 (independent of €) such that, for every {w.,} €

L?(—1,1) it holds
2 1 pl
1 —
de < C— / / J (x Y
€nJ-1J-1 En

e, @)~ f e @)

1

[,

As a consequence of (2.8) and the control of the nonlocal energy given by (2.1) we have the
following Poincaré-type inequality [32].

> (we, (y) — we, (x))?dydz.  (2.8)
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Lemma 2.3. Let w. € B := {u. € H'(—1,0),v. € L?(0,1)}. Then there exists a constant k :=
k(J,Q) > 0, independent of €, such that
CJ1 (

1 [0 0w, 2
2 / oz 453
) (we(z) — we(0))? dydx (2.9)

izﬁ// (=
2’ﬂ//‘]<

Proof. Let us argue by contradiction. Suppose that (2.9) is false. Then, for every n € N, there
exists a subsequence ¢, — 0, and {w,,} € L?(—1,1) N H'(—1,0), such that

1 0 1
/ We,, :/ Ue, +/ Ve, =0, (2.10)
1 1 0

) we(y) — we(z))? dyds

) (w2(y) — w.(2))? dyd.

2 L[ (22 et topane = .
and,
Lo Ppaa S ( L) ) — e, o)y 212)
CJ2 ( > (we, (0) — w., (x))2dxdy> , VneN.

Taking the limit in n in (2.12), we obtain

lim <2/1 8;’; >:0, (2.13)
hm(f;’; /0 1 /0 E <x€‘n y) <w5n<y>w5n<x>>2dydx) ~o, (2.14)
" lim <C“ / / ( ) wEn(O)—wan(x))Qda:dy> = 0. (2.15)

From Lemma 2.2 and the limit (2.13) we have that w,, is bounded in H'(—1,0), so passing to
a subsequence, also denoted {we, }, such that ¢, — 0, we have
., —w in H'(-1,0),
w., —w in L*(—1,0) and

converges uniformly in (—1,0).

We

We

n

Thanks to (2.13), and by the weak lower semicontinuity of the norm, we also know that

|20 <ty [ [P
ox larf—% 2 /41 Ox

Hence, the limit w is a constant, let us call w = A; € H'(—1,0).
Now, we shall see that, {w,, } is also bounded in L?(0, 1), and by taking a subsequence {w., },
as e, — 0, {we, } weakly converges in L2(0, 1) to some limit w (that will be a constant As).
Thanks to (2.8) and, by the assumption (2.11), we have

/.

2

2

1
we, (T) —][ we, (z)dz| dr < C,

-1
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which implies

1 0 1
/ |we,, (w)dx\zd:r = / lue,, (:L')d:n\zd:r —I—/ |ve,, (x)dac]2dx < C. (2.16)
-1 -1 0

Besides, from (2.16) we have that {v., } is bounded in L?(0, 1) and then, there exists a subsequence,
also denoted by {v.,}, which weakly converges for some limit w € L?(0,1).
Performing a variable change in (2.14), x = y + £,,2, we obtain

1—y
CJ,l ! ! €r — y 2 Cj,l ! en (wsn (y) - wsn (y + 6nz))2
e /0 /0 J - (we,, (y) — we, (x))“dydz = 4/0 /y J(z) 2 dzdy.
(2.17)
As the limit in (2.14) is zero, it follows that
1 oy _ 2
% / / J() Wen ) “’52 Wen2)” ) gy < (2.18)
0o J= n

&n

So, as a consequence of (2.18) and the weak convergence of {v., } in L?(0,1), by [[1], Theorem
6.11] we have that, the limit w € H'(0,1) and, moreover

<CZ,1J(Z)>1/2 (we, (¥) —iin(y-&-snz)) . (Cf J(Z)>l/22.‘;7i(y)

weakly in L?(0,1) x L?(R). Therefore, taking the limit ¢, — 0 in (2.17) we get,

1
L2 o
2 Jo 10z
Hence, w = A is just a constant.
Besides, from (2.14) we ensure the strong convergence of a subsequence in L?(0,1). Finally,
from (2.15), taking €, — 0 and by the Monotone Convergence Theorem, we obtain that A; = As.
On the other hand, from equation (2.10) we get that A; + Ay = 0, which contradicts (2.10). [

3 The local/nonlocal problem

3.1 Existence and uniqueness

Now, our goal is to show the existence and uniqueness of solutions. The main idea to prove this
result is, given a function u defined for x € [—1, 0] we will use it as an initial input for the equation
(1.4) in [0,1]. The solution v of this problem is then used to solve the equation (1.3) in [—1,0],
which yields a function z. This procedure in two steps can be regarded as an operator H given
by H(u) = z. Now our task is to look for a fixed point of H via contraction in an adequate
norm, meaning that, there must exists v = H(u), solving the equation for z € [—1,0] with its
corresponding v solving the equation for x € [0, 1].
Fix T > 0 and consider the Banach spaces

Xr={ueC([-1,0] x [0,T])} and Ypr={veC(0,1] x[0,T])},
with the respective norms

| w|;= max max |u| and || v |;= max max |v|.
t€[0,T] z€[—1,0] t€[0,7] z€[0,1]

Given T > 0, we define the operator Hy : X7 — Yp as Hi(u) = v, where v is the unique solution
of

v 1 0
G0 =Car [ I =) 0.t) ~ o) dy = Cuz [ I = )0(o.0) ~ u(t.0)dy,

v(0,z) = vo(x),
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for x € (0,1) and ¢t € (0,T).
In the next lemma we will show that this problem has an unique solution (that means that Hy
is well defined). In addition, we show continuous dependence on u.

Lemma 3.1. There are constants Cj;, i = 1,2, depending only on J, such that for T € <0, m ,
given u(z,t) € C([—1,0]x[0,T]) and vy € C([0,1]), there ezists an unique v(x,t) € C([0,1]x][0,T]),

solution to (1.4). Moreover, if v1 and vy are the solutions corresponding to uy and ug then

CL],QT
2C;1 +Cy2)T

o1 =2 lu< 1= ( | w1 — w2 i (3.1)

Proof. To show the existence and uniqueness we will use a fixed point argument. Let us define an
operator A, (v) : Ypr — Yr as

t pl
Ay(v)(t,x) :=vo(z) + Cya /0 /0 J(x—1y)(v(y,s) —v(x,s))dyds

_CJQ// (x—y xsdyds—i—C’Jg// (x — y)u(0, s)dyds.

Taking the difference A, (v1) — Ay(v2) we get

| Au(v1) = Au(v2) |l < CJ,ltfe%i)j{] Joax / / (z —y)|vi(y, s) — v2(y, s)|dyds

+ Cj1 max max// (z —y)|va(z, ) — v1(x, s)|dyds

t€[0,T] z€[0,1

+ Cj2 max max// J(xz —y)|va(z, s) — vi(x, s)|dyds.

J2 te[0,7] z€[0,1
Since J > 0 and fR J =1, applying Fubini’s theorem, we obtain
| Au(v1) = Au(v2) [li< (2C71 + Cu2)T || v1 = v2 |l -

Choosing T' < 3073 A, is a strict contraction, and hence it has an unique fix point.

To check the dependence on the data, let v; and vy be defined as v1 = Ay, (v1) and vy = Ay, (v2).
Indeed, following the same idea as before we will get

[ v1 —v2 < (2Cs1 + Cu2)T || v1 — v2 [ +Cu2T || ur — u2 ||,
which yields (3.1) and it completes the proof. O

Remark 2. In particular, any positive constants C;, i = 1,2 will ensure the statement (3.1). More
specifically, we specify these constants, as in (1.7), to recover the classical heat equation at the
whole domain from rescaling the nonlocal kernel.

Remark 3. We also have existence and uniqueness in L?, that is, given u(x,t) € L2([-1,0] x [0, T))
and vy € L?([0,1]), there exists an unique v(t,x) € L*([0,1] x [0,7T7]), solution to (1.4). The proof
is analogous and hence we omit the details.

In addition, we have a comparison principle, if we have two ordered functions v > 4 and two
initial conditions vy > ¥y then the corresponding solutions verify v(x,t) > 0(z,t).

Now, we need to look back to the local part. Given v € C([0,1] x [0,77]), we will show that
there exists a unique solution v € C([—1,0] x [0,77]) to (1.3), with ug as initial condition. We define
H : Yr — X as the solution operator Ha(v) = u and once again we will prove continuity of this
operator.
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Lemma 3.2. Fiz T > 0. Given v(x,t) € C([0,1] x [0,T]) and ug € C([—1,0]), there exists an
unique u(z,t) € C([-1,0] x [0,T]), solution to (1.3). Moreover, if u; and ug are the solutions

corresponding to vi and vy then
| w1 —ua [1< Co || vi —va [[ng - (3.2)

Proof. Tt is well known, see [19], that given v(t,x) € C([0,
problem (1.3) has an unique solution u(t,z) € C(]—1,0] x [0
well defined.

To show the bound (3.2), we will use a comparison argument.

Before we start the proof, we will make some observations that can simplify our problem. First,
note that due to the symmetry of the kernel and the fact that fil J(r)dr =1, it is reasonably to

assume
0 1 CJQ
Cy = CJ,Q/ / J(x —y)dydz = T (3.3)
-1Jo

To obtain the estimate (3.2), let us consider z = u; — ug, where both u; and ug satisfy (1.3)
with the same initial condition ug(z) and two different functions vy and wve, respectively. Then
z(x,t) is a solution to the following problem,

1] x [0,7]) and ug € C([—1,0]), the
,T]). Therefore, the operator Hy is

( 0z 0%z
a(%t) = @(Jfat)»
0z

1
e —(=1,t) =0,

> 0 1
00 =cin [ [ I =) nt) ~ al06) ~ (01(0.8) = wa0,0)] dyd,

z(z,0) = 0.

Using (3.3), we can get the following estimate

0 1

Cya / 1 / J(& — )01 (. 1) — valy, £))dyde
0 1

< Cys /_ 1 /0 (@ — )1 (y, £) — va(y, )| dyda

0 1
<C J(z — ‘ ) — vy, t ‘d d
< Cyo /_ 1 /O (z—y) nas, max v1(y,t) — va(y, t)|dydx

=Cy || vr —v2 |l -

Hence, we can define
2(t, )
Co || vy — w2 [l

w(tv :‘C) =
and w satisfies the following problem

( Ow d*w
2 t) = S S a),

%“’(—1,75) —0,

ax ) (3.4)
w w

—_— < — - > _

o (0,t) < —Cow(0,t) +1 and D (0,t) > —Cow(0, 1)

w(z,0) = 0.
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Now, we aim to verify that the problem (3.4) possess a pair of sub and supersolutions, w,w,
respectively. Proving the existence of sub and supersolution we can verify that the solutions satify
the comparison principle and then we obtain (3.2).

For this, we will recall that a function w(x,t) is called a supersolution for the problem (3.4) if
it satisfies

( Ow 9w

- > -

ot (2.1) 2 Ox? (@.2),

ow

b <

ax ( 17t) 07

I (0,4) > —Cow(0,1) + 1
833 ) 2 ) )

w(x,0) = 0.

Respectively, a function w(x,t) is called a subsolution if, it satisfies the reverse inequalities.
Let us introduce an auxiliary function. Given £ < 0 and 0 < a < 1 we can define

o) = - f(ga). with ¢(0)=(0)=1. (35)

Here, the function f is chosen such that the following conditions hold:
Given & > 1, f is increasing in (=&, 0], C?(=&p,0), and f =1 in (—o0, —&g].
Let us fix T' < % For each ¢t € [0,T] and z € [—1,0] we define

0

W(z,t) = (T +t)/%g <(T+xt)1/2> ,

with g given by (3.5).
Claim: w is a supersolution for (3.4). Let us check this claim in the following steps.

ow 2w
9 = a2

Observe that, since z € [—1,0] and ¢ <

i) We want to prove that
verify

. Differentiating w with respect to t and x, we would like to

W) > 0, we only need to check that

oo () =7 (s 69

To deal with this, let us call n =
equivalent to prove

W. According to the definition of g, to prove (3.6) is
1 1
2gfan) = af(an). (3.7)
We know that, for each £ <0and 0 < a < 1,

fea) 1/2,  if a < —&,

2 ) f(&a)
2 9

if —¢& <&a<D0.
Moreover, as f € C%(—£&p,0) and increasing in the same interval, we obtain
0, if éa < =&,

f(§a) <
M7 1f—§0§£a<07
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where M = max_¢,<¢<o |f"(§)].

Hence, given M, we can choose 0 < a < 1 in order to have the estimate % > Ma?. With this
in mind we are able to verify (3.7). Indeed,

a) If =&y < &a < 0, it follows that

f(;(l) Z % Z Ma2 2 f/l(ga)a?
b) If (éa < —&y, we have that
f(é-a’) Z 1 Z 0 Z f//(fa)GQ
2 2
ii) We want to verify that w satisfies
ow
—(-1,t) <0
8.%'( Y )
At x = —1 we have,
ow -1 —a
— _1 t — / — = / _— . 38
5 00 =9 (grm) =7 (@) (35)
We know that f =1 in (—oo0, —§p). Then, taking T' < %, we obtain that (TJ:% < =&

and therefore

which it proves (3.8).

iii) We want to check that
ow
—(0,t) > —Cow(0,t) + 1.
8.%'( ) )_ 271)( ) )+

Differentiating w with respect to x, we aim to check if,
g'(0) > —Co(T +t)"/2g(0) + 1.
Since we assume ¢'(0) = f/(0) = 1 and ¢(0) > 0, we get
1> —Co(T +)2g(0) + 1,
which it proves the item 4ii).

iv) Finally, we aim to verify that w(z,0) > 0.

Indeed, we have

w(x,0) = (T)Y2 g (%) > 0.

N——
>0

With these four items we proved that @ is a supersolution of (3.4).
The same analysis can be done to check that

wlt.) = =1+ 02 (=

is a subsolution for the problem (3.4).
So, by the comparison principle, the solution w(x,t) of the problem (3.4), verifies

w(z,t) <w(z,t) <w(x,t).
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Hence, we get the estimate

|w(z,t)] < max max
z€[-1,0] t€[0,T]

(T + )% ( i )1/2>' = 2(21’)1/2 Lot

(T +t o
Therefore, going back to our original variable, z, we obtain the following

2. 8)] 1 — ) B
= =w(z,t) <w(z,t) <1,
Colloi—vslia o or =~ WD) s0@0)

which implies that
[lur — uall; < Co || v1 — v2 ||y

and then the proof is complete. O

Remark 4. In this case, we also have existence and uniqueness in L?, as in Remark 3. Given
v(x,t) € L2([0,1]x[0,T]) and ug € L?([—1,0]), there exists an unique u(z,t) € C*([-1,0]; L?[0,TY)),
solution to (1.3).

Again, we have a comparison principle, if we have two ordered functions v > ¥ and two initial
conditions ug > iy then the corresponding solutions verify u(z,t) > a(z,t).

Finally, combining the two lemmas, we get the following theorem.

Theorem 3.3. Given wy € C([—1,1]) (or given wy € L*([~1,1])), there exists a unique solution
to problem (1.3)—(1.4), which has wo as initial condition.

Proof. Let T € (0 . We consider the operator H : X7 +— X7 given by

1
»2C51+Cg2 )

H(u) := Hy(H:(u)) = Ha(v),
and we obtain, from our previous results,

| Ho(H1(u1)) — Ha(Hi(u2)) |li=]| Ha2(v1) — Ha(v2) [ < C2 || v1 — v2 [l
Cj2T

<C -
sty (20,1 + Cya)T | w1 — e i,

which proves that H is a strict contraction for 7" small enough. Therefore, there is a fixed point
u= H(u)

that gives us a unique solution (u,v = Hi(u)) in (0,7"). Since T can be chosen independently of

the initial condition, the fixed point argument can be iterated to obtain a global solution for our

problem. O

3.2 Conservation of mass

As we expected, the model (1.5) preserves the total mass of the solution.

Theorem 3.4. The solution w of the problem (1.5), with initial condition wy € C(|—1,1]) satisfies

1 1
/ w(z,t)dx = / wo(x)dx,  for every t > 0.

-1 -1

/1 w(z, t)dr = /0 u(z,t)dr + /01 v(x,t)dx,

-1 -1

1 0 1
/ wo :/ UQ Jr/ Q.
—1 -1 0

Proof. Notice that

and, the same is valid for wg
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From the kernel’s symmetry, and by Fubbini’s Theorem, we obtain

.
_ /_01 gig‘(x,t)dx + O /01 /01 I — ) (0(y 1) — v(a, 1)) dyda

1 0 1 0
~Coa [ [ =t tidyde+ Coput0,0) [ [t - )iy
0 J-1 0 J-1

:gZ(o t) — g“ ~1,1) cm// (z—y :ct)dyda:—i—C’JguOt// J(z — y)dydz
=0.
This shows that the total mass is independent of . O

3.3 Comparison principle

Thanks to the linearity of the operator, if we have two solutions to the local/nonlocal problem (1.3)-
(1.4) then, the difference is also a solution. Besides, given a nonnegative initial data ug, vy, the
solution is nonnegative for every positive time (this follows from our construction of the solutions
as a fixed point and Remarks 3 and 4). Therefore, we have the following result:

Proposition 3.5. Let ug > gy and vg > vy then the corresponding solutions to the local/nonlocal
problem (1.3)—(1.4) verify

() > A, t), () > i, t),
for every t > 0.

To go one step further, let us define what we understand by sub and supersolutions.

Definition 3.6. The functions u and T are called supersolutions of the problem (1.3)-(1.4), in
[—1,1] x [0, T if, w,v verify

ou o%*u
E(ta I) ox 2(

ou
ox

gz t,0) > CJQ/ / (x —y)(v(y,t) —u(t,0))dydz, t>0,

= 0
002 O [ 9o~ ) @0nt) ~ 00y~ Coa [ I = ) Ft) 0,0
€ (0,1),t >0,

t,z), xe€(-1,0), t>0,

—(t,—-1) <0, t>0,

(u(0,2) = uo(z), =z €(-1,0), v(0,x) > vo(z), x € (0,1).

As usual, subsolutions, u, v, are defined analogously by reversing the inequalities.

Theorem 3.7. Let u and U be supersolutions of the problem (1.3)-(1.4). If (T, 7o) > 0 then
u(zx,t) >0, and v(x,t) >0,

for every t > 0.
Moreover, given (u,v), a supersolution and, (u,v), a subsolution, with Ty > uy and Ty > vy,
then,
u(z,t) > u(x,t) and v(x,t) > v(x,t),

for every t > 0.
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Proof. Let us define

They are supersolutions of the problem, (1.3)—(1.4), respectively, with w(z,0) > 0 and z(z,0) > 0.
In fact, we have that

Jou_on ou_ow u_ow
ot ot ot — 9z 9x2  Ox?’

o Ow ou ou
ii) %(*Lt) = %(*1@ - %(*1775) < 0;

iii)
ow ou ou

%(Oat) = %(OJ) - 87;(0’75)

0 1 0 1
<Cp / 1 / J(x — y)(@(y, £) — (0, 1))dydz — Cy / 1 / J(& — )y, ) — (0, 1)) dydz

0 1
~Coa [ [ I =) el0.0) = w(0.0)dyd

iv)

0z O0v Ov

ot ot ot

1 0
> Ca /0 J(z = y)(O(y, 1) —v(w,t))dy — CJ,Q/ J(z = y)(v(z,t) —u(0,1))dy

-1

0

- (00 [ 9@ 000 - oto 0t - oz |

I - ) (e, t) - u(0, t>>dy)
1

1 0
e /0 J(& — y)(2(y.t) — =z, 1))dy — Ca / J(x — y)(2(z, 1) — w(0, £))dy.

Once we have check that the pair (w, z) is a supersolution, we need to prove that w > 0 and z > 0,
for all ¢ > 0, which implies @ > u and ¥ > v. To perform this task we need to show that its
negative parts are identically zero, w_ =0 and z_ = 0. Take p = w_ > 0 and ¥ = z_ > 0 as our
test functions. Multiplying ¢ and ¢ by w;, z; and integrating by parts, we obtain,

0 Qw 19z
< = o
0_<—1 8t¢+/0 3tw>

0 Hw 1,1
o= [ [ e = e~ )00 ~ vla)dyda

1 0
—Cys /0 / o =) (a(a) = w(0))((e) ~ p(0))dydo

= —2F(w_,z_) <0.

Thus F(w_,z_) = 0, which implies w_ = 0 and z_ = 0. This complete the proof. O
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3.4 Asymptotic decay

As we mentioned before, the coupled local/nonlocal diffusion problem shares the same property
about asymptotic behavior than, the local and nonlocal problems, individually. In this section,
we will derive the asymptotic behavior of the solution as ¢ — oco. To perform this, we need to
introduce an estimate that it was inspired by classical Poincare’s inequality [1, 32].

We start by analyzing the corresponding stationary problem. First, observe that for any con-
stant k, u = v = k, is a solution to the problem (1.3)—(1.4). Besides, this constant solution is a
minimizer of the energy (a simple inspection of the energy shows more, every minimizer is constant
in the whole domain (—1,1)).

Let us take f; as the first nontrivial eigenvalue of the problem (1.3)—(1.4) given by

fr= if Blu,0) . (3.9)
wvi =y ek fo v=0 / (u(z))?dx +/ (v(z))?da
-1 0

Before we prove the asymptotic decay of the solution, we need an extra result.

Lemma 3.8. Let 51 be given by (3.9), then
61 > Oa

and moreover
E(u,v) > p1 (/O u(z)?dx + /1 v(a:)Qdac) , (3.10)
-1 0

for every (u,v), solution of (1.3)~(1.4), such that it satisfies fEl u+ fol v=0.

Proof. For the positivity of 51 we refer to [1]. Let us prove (3.10). To verify this estimate we will
argue by contradiction. Suppose that (3.10) is false. Then, there exists sequences {u, } € H'(—1,0)
and {v,} € L*(0,1) such that

)/_Olun+/olvn20,
i) /_Ol(un)Q + /Ol(vm ~ 1 and,

iii)
1 / 8un
Consequently, taking the limit in n, in item 4ii), we obtain
lim / duy,
i
n Oz

lim <CZI /0 1 /0 " T — ) on(y) — vn(m))zdydx> o, (3.12)

n

hgn <C‘2]2 /O /1 J(z —y)(un(0) — Un(x))zdxdy> = 0. (3.13)

From i), we have that f 2 < 1. Then, by (3.11), u,, is bounded in H'(—1,0), and hence
there exists a subsequence {uw} € H'(—1,0), which weakly converges for a limit u € H'(—1,0).

dx +@/ / Jx y 'Un —Un( dd _|_7// JIL' ydy 'Un( )—un(O))Zd(ES%

):0, (3.11)

and
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From the weak convergence in H'(—1,0), it follows the convergence of {uy;} — u in L?*(—1,0) and
the uniform convergence in [—1,0] to u € H'(—1,0). Moreover, as 3 ff)l((un)x)2 — 0 we have that
the limit u is a constant, v = k;. In particular, u,;(0) — ki.

1/2
Also, from i) and by Cauchy-Schwarz inequality, we obtain that fol [vn] < ( fol ]vn|2> < 1.

Let {ky}, be {k,} = fol Up, with |k,| < 1. We observe that, since {k,} is bounded in L?(0,1), we
can extract a convergent subsequence k,,;, which converges for some limit k2, as nj — oo.

Consider {z,,} = {vn} — {kn,}, such that fol zn, = 0. By [8], there exists a constant ¢ > 0,
such that

/ / J(x —y)(2n, (y) — znj(x))zdyda: > c/ol(znj(a:))de.

From (3.12) we get the following

/ / (7 —y)(2n,; (y) — 2, (x Vdydx = / / (z — y)(vp(y) — vp(z))?dydz — 0,

which yields

1
0> lim c/ (znj(x))zdx.
0

n;j—r00

By the last inequality, we conclude that z,, — 0 in L*(0,1), which leads to (v, — ky;) — 0 in
L?(0,1), and thus we get that v, — kg in L2(0,1).
Taking the limit in (3.13), we obtain

CJQ 0 1 )
T’ J(x —y)(k1 — ko)*dzdy — 0.
-1Jo

Hence k; = ks. On the other hand, by i) we have f?l Uy, + fol v, =0, so k1 = 0 and ko = 0, then
k1 = ko = 0. But this is impossible since, by item i) we have f?l(kl)Q + fol(k:z)Q =1. O

Remark 5. The value 1 should be the first nontrivial eigenvalue for our problem (notice that
B = 01is an eigenvalue with u = v = cte as eigenfunctions). However, due to the lack of compactness
of the nonlocal part, it is not clear that the infimum defining 57 is attained.

Now, we are ready to prove the exponential convergence of the solutions to the mean value of
the initial datum as t — 4-o0.

Theorem 3.9. Given wy € L?(—1,1), the solution to (1.5), with initial condition wg, converges to
its mean value as t — oo, with an exponential rate,

oo

where By is given by (3.9) and C(wp) > 0.

< C(HWOHL2(—1,1))€72512 t>0,
L2(7171)

Proof. As we know, u = v = k, k constant, is a solution of (1.3)—(1.4). In particular h(z,t) =
u(z,t) — k and z(x,t) = v(x,t) — k is also a solution. If k = ff)l ug + fol vo, then h and z satisfy

0 1
/ h(z,t)dz + / z(z,t)dx = 0.
-1 0

0 1
£(t) = ;/ h(x,t)deJr;/O +(z,1)2da.

-1

Let
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Differentiating f with respect to t, we obtain

0 8h 1 9z
/ _
f(t)_/_lhatd“ 0 ‘o

0 a2h 1 1
= / h—dz + Cj; / z(x,t) / J(x —y)(z(y,t) — z(x,t))dydx
 Oz? " Jo 0

1 0 1 0
—CJ’Q/OV z(x,t)/ J(:E—y)z($,t)dydx—|—C’J72/0 z(:v,t)h(O,t)/ J(x — y)dydx

—1 -1

oh oh 0 9h 2
= h(O,t)%(O,t) *h(—l,t)%(th) / o dx

-1

1 1
e /0 /0 Iz = y)(=(, 1) — (2, 1)z (@, )dyda

1 0
- CJ,Q/ / J(x —y)(z(z,t) — h(0,t)dyz(x, t)dz.
0 J-1
Applying Fubini’s Theorem, and using the symmetry of the kernel, we obtain

f'(t) = —=2E(h, 2)(t).

Finally, by Lemma 3.8, we obtain the following

0
2E(h, z) > 251/1 h? + /01 2* > 261 f(¢),

which implies
JI(t) < =2B1f(t).
Hence,

Ft) <e P f(0),

where

1 0 1
10 = ([ #gao+ [ ac) =cllun liacr)

From this follows that

0 1
/ lu(t,x) — k|2daz +/ lv(t,x) — k\de < (|| wo ‘|L2(—1,1))67261t 0,

as t — oo. In particular, we have that u — k in L?(—1,0) and v — k in L?(0,1). O

4 Rescaling the kernel. Convergence to the local problem

We derive a strong convergence in L?(—1,1), uniformly or bounded times, of the solutions of
the rescaled problem (with J as in (1.6)) to the solution of the local problem (1.8) (the heat
equation in the whole domain with homogeneous Newman boundary conditions) using the Brezis-
Pazy Theorem with Mosco’s convergence result. To perform this task we need to provide another
existence and uniqueness result for the problem (1.3)-(1.4), based on semigroup theory for m-
accretive operators.
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4.1 Existence and uniqueness of a mild solution

On the concept of solution. We will introduce now the concept of solution for the complete
problem (1.5). We rely on serigroup theory and introduce the operator

0%u
—@(a:) for x€(-1,0),
Bjyu(x) = 1 0
~Cun [ I =)o) ~ o@)dy+ Coa [ @ =p)(ele) ~uO)dy  for € 0,1)
0 ~1
Let
D(By) = {(u,v) cu € H*(—1,0),v € L*(0,1) with %(—1) =0 and %(0) =—Cya /_1 J(Jc—y)(v(y)—u(O))dy}

be the domain of the operator, and
By : D(By) C L*(—1,1) = L*(—1,1).

Now, according to [1], we can define a mild solution in L?(—1,1), of the abstract Cauchy
problem by:

Moreover, given an initial condition in the domain of the operator, there exists a unique strong
solution for this problem, provided by the semigroup related to Bj operator, see [1, 5] for more
details.

Following the ideas presented in [1], we will prove that, the operator B is completely accretive
in L2(—1, 1) and satisfies the range condition, L?(—1,1) C R(I+By). Once the B, operator satisfies
these two conditions, we can conclude that B is m—completely accretive in L?(—1,1). The range
condition implies that for any f € L?(—1,1) there exists u € D(By) such that, u + By(u) = f,
and the resolvent, (I + B;)~!, is a contraction in L?(—1,1). With this in mind, by the Crandall-
Ligget’s Theorem we will obtain the existence and uniqueness of a mild solution for the coupled
local /nonlocal evolution problem.

Theorem 4.1. Given and initial condition wo € L*(—1,1), there exists a mild solution w of the
problem (1.5) that is a contraction in the L?>—norm.

Proof. According to [1], it is enough to show that the operator By is completely accretive in
L?(—1,1) and satisfies the range condition, L?(—1,1) C R(I + By). Consider the set

Py = {q €C™®(-1,1):0<¢<1, supp(q) is compact and 0 & supp(q)} .

To prove the operator By is completely accretive, is equivalent to show that, given wq,ws € D(By),
and g(w; — we), as a test function, we have that

1
/ (B(wi(z)) = By(w(x)))q(wi(z) — wa(z))dz = 0. (4.1)

-1
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Using the weak form of the operator we get

1
/ (By(wi(z)) = By(wz(x)))g(wi(z) — wa(x))dz

-1

i

_ /0 O(w1 — wa) Og(wr — wa(z))] ,
_ Ox ox

1 1
=G [ = il = ) 0) = (= w0)@)laCs () = w2(9) = gl () = o)y

1 (0
+ CJ,z/O /_1 J(@ = y)[(wr —wa)(z) — (w1 = w2)(0)][g(wr(x) — w2(2)) — g(w1(0) — w2(0))]dydz.

Since J > 0, using the Mean Value Theorem, we obtain that the inequality (4.1) is holds.
To derive that, B is m—completely accretive in L?(—1,1) we need to show that it satisfies the
range condition

L*(—1,1) C R(I + By).

Given f € L?(—1,1), we consider the variational problem

Iu] = uelgl(igl’l) {; /_11 u? + E(u) — /_11 fu} . (4.2)

The existence of a unique minimizer u, of the variational problem (4.2), is proved using the direct
method in the calculus of variations. This operator is continuous, monotone, and coercive in
L?(—1,1). Indeed, using Young’s inequality, we obtain

fmo fonad [ () ([1) "3 f o -c

(4.3)
and then
I(u) S lim (w21 +E(u) - C)

llullp2(—q,1y—00 H u ||L2(—1,1) B llull L2 (—1,1)—00 H u HLQ(—l,l)

= 4-00.

Then, from [19], there exists a minimizing sequence {u,} in H'(—1,0) N L?(—1,1), with n € N,
such that

1, 1

2/1un+E(un)—/1fun§C, vV neN.

Therefore || up, [[z2(—1)< M and || up [|g1(—1,00< M, for all n € N. Hence, by the compact
embedding theorem [[19], Rellich-Kondrachov Compactness Theorem]|, we can assume, taking a
subsequence if necessary, that u, — u in L?(—1,1), u, — u in L?(—1,0), and by the reflexivity of
H'(—1,0), we get that u € H*(—1,0).

According to [19], as the functional I(u) is bounded and convex, it follows that I(u) is weakly
lower semicontinuous,

I(u) < liminf I'(uy). (4.4)
n—oo

Thanks to (4.4) and (4.3), we can conclude that u is actually a minimizer of the variational problem
(4.2). The uniqueness follows by the strict convexity of the functional. O]

Remark 6. One can also show existence and uniqueness using Hille-Yosida Theorem. In fact, one
can show that Bj is closed, its domain D(By) is dense in L?(—1,1) and it holds that for every
A >0,

>

(A — BJ)_1HL2 1) <
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Since we prove the existence and uniqueness of a mild solution to the local/nonlocal problem,
we are ready to show that we can recover the local heat equation at the whole domain, (1.8), from
a suitable rescaling of the kernel J. The convergence result proved here will be given at the Mosco
sense. For more details, see [1].

Before we prove the main result of this section, we need to define the energy functional associated
with the rescaled problem

Ef(w®) ::/ ai Z;; Js (z —y) (V¥ (y) — v°(x))? dydx
CJ2 £/ )2
253 (2 u*(0) — v*(2))” dzdy,

if w® € D(E®) := H'(-1,0) x LQ(O, 1), and Ef(w) := oo, otherwise. Analogously, we define the

limit energy functional as
E == ‘ ) d
w=3 [ |2 a

if w € D(E):= H'(—1,1), and E*(w) := oo, otherwise.

Given wg € L?(—1,1), for each ¢ > 0, let w® be the solution to the evolution problem associated
with the energy E°, and w be the solution associated to the functional FE, considering the same
initial condition.

Theorem 4.2. Under the above assumptions, the solutions to the rescaled problem, w®, converge
to w, the solution of (1.8). For any finite T > 0 we have

i (e 1107 0) = 0 ) 1) =0

Proof. To prove this result we will make use of the Brezis-Pazy Theorem (Theorem A.37, see [1]),
for a sequence of m-accretive operators Bje € L?(—1,1) defined in the beginning of the section.
To apply this result we would like to show the convergence of the resolvents, that is

lim (I+Bye) " o=(I+4)"¢, (4.5)

where A(w) := —wg, is the classic operator for the heat equation, and for every ¢ € L?(—1,1).
If we can prove (4.5) then, by the Brezis-Pazy Theorem, we get the convergence of the solutions
w® to w in L?(—1,1) uniformly in [0,7]. To prove the convergence of resolvents, we will use a
convergence result given by Mosco, checking the following statements:

1) For every w € D(FE), there exists a sequence {w®} € D(E?), such that w® — w in L?(—1,1)
and
E(w) > limsup E°(w®).

e—0
2) If, w® — w weakly in L?(—1,1) and,

E(w) < liminf E°(w®).

e—0

Let us start the proof by the assertion 2). We can suppose that the inferior limit is finite,
otherwise, there is nothing to prove. Hence, we can assume that E(w®) < C. With this in mind,
and because all the terms involved in the energy are positive, we have

1 (9 0uc 2
i) = —ldz<C;
1)2/_1 &r‘ CC_C,
CJ1
4e3

JE (z —y) (v (y) — v¥(x))3dydz < C,




0 1
iy £v2 / (@ — ) (uf(0) — v° () 2dady < C.
—-1J0

From 1), it follows that, there exists a subsequence, also denoted by {u®}, such that

ut —=u € H'Y(-1,0),

which implies

u® —u in L*(—1,0), and u® — u uniformly in (—1,0).

Consider the following

0 1
(5232/ / JE (@ — ) (u (y) — v (z)) *dady
CJZ

2
< 263 JE (x —y)(u(y) —u(0))*dzdy
CJ2 2
283 J8 (x — y)(u®(0) — v*(z)) dxdy.
Let us show that .
CJ,2 € € € 2
525 J*(z —y) (v (y) — u*(0)) dedy
is bounded. Performing a change of variables, z = =¥ and, observing that the supp(J) = B(0, R),
we get
CJ,2 ! € € € 2
58 JH (@ = y)(u(y) — u(0)) dxdy
Cr2
SR (y) — uF(0))dy.

1-y
Now, taking [_; J(z)dz = f-(y) and, analysing the limit in y we get

Cio
2e2

Ut — ut 2
R

_ 9 9

Changing variables again, taking w = %, it follows that

% /; fe(ew) <(“£(0) ;UE(EU’)>2 edw

Now, looking for the integrand by applying Holder’s inequality, and by the arithmetic-geometric

inequality we have
(e ‘8“6(“”’)2 <Y ( [ eas).
Then

% [ o (SO 2 [ g [—:’ o]

% e G e

=C+ Cé” /0 [/O(u;(s))2d8] dw. (4.6)

-R -1

J2

<C
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Therefore, we conclude that

Cy2
2e3

1
; TE(x = y)(u(y) — v°(2)) dzdy

is bounded. By (4.6) we can write a new bounded energy functional,

CJ?/ / T (@ = y) ((y) = o7 (2))* dedy < C.

2e3
By Lemma 2.1, there exists & > 0 (independent of €) such that
C > Ew) > k— / / JE(x —y) (wf(y) — w'(x))? dydz. (4.7)
Using (4.7) it follows from [1] that there exists a subsequence, also denoted {w®}, which converges

in L?(—1,1) to a limit w € H'(—1,1).
Moreover, taking the inferior limit at the first term of the energy E(w?),

ou’ 1[0 0u2
—de>= | | =] da. .
hgl—}(?f2/1 o d:c_2/_1 6x‘d:£ (4.8)
Now, using the fact that
CJJ 1JE 5 5 2d d
528 (z —y)(v*(y) — v (z)) dady

is bounded, by Theorem 6.11, in [1], there exists a subsequence, also denoted by {v°}, such that
v* v in L?*(0,1),

the limit v € H'(0,1) and, moreover

<C;L],1J(z)>l/2 vf(:c+sz€) —vi(@) (iﬂj(z)yﬂz.gzjj, (4.9)

weakly in L2(0,1) x L?(R). Then, taking the limit in the equation (4.9) and, after a change of
variables, we have that

limin
e—0

! 1 [Yov)2
€l € € 2 > - hid
= @) - @) s = 5 |5

Moreover, we have

/ / JE(z —y) (W€ (y) — v (2))? daedy > 0. (4.10)

e—0 55

Therefore, from (4.8)-(4.10) we conclude that

lim inf £2° (0 )_;/ /‘ (w).
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Now let us prove 1). Given w € H'(—1,1) we choose as the approximating sequence wf, = w°®.
In fact, here we are saying that any sequence w¢, that converges to w in H' would satisfy 1). We

have,
B (uf) = 1/0 P+ G JE (z — y) (w(y) — w'(z))? dyde

' 2 -1 ox 453 Y

CJ2 2

253 J6 (x —y) (w*(0) —w®(z))” dedy
and we want to show that

lim sup £ (w®) < E(w). (4.11)
e—0

The inequality (4.11) is holds if , we verify the following

lim sup (Z;gl/ol/olf(a?—y)(wg(y)— “(2)) dyd‘”)_ / ’7’

0 1
lim sup (CJ,2 / JE(z —y) (we(0) — w'(z))? da:dy) =0. (4.12)

e0 2¢3 /1 Jo

and

Let us first show (4.12). Performing a change of variables and using Holder’s inequality, the
equation (4.12) can be written as

1
s [ [ e ) - v @) dody
~Ce 2
=55 “(y+ez) —w(0))" dzdy
_ CJQ 2
=% | . - w(y +ez) —w(0))” dzdy

. 2
C y+ez w®
_Cre / / () [ / o %) (S>ds] dzdy
2 —Re J=¥ 0 g
C 0 R y+ez Owe 2 d
gﬂ/ / J(2) [/ v (8)‘ ds} dzﬁ
2 —ReJ =Y 0 ox
Changing variables again and since ffR J(z)dz = 1, we obtain
CJ2 e(t+z)
/ / / ox
C 2Re
< G2 / / J(2)dz [ /
2 JorJ-r 0
C 0 2Re €
<22 / [ / ]dt.
2 JorlJo
Now, we observe that, as g—g’ € L?(—1,1) then \%]2 € L'(—1,1). Then, we have

/2R5
0

] dzdt

Jat

ox

ox

ox

as € — 0, which yields (4.12).
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Now, it remains to derive the following

hmprh{/llJ%WﬂDW%w— ()<@W>: /»‘

0 JO

Changing variables, and using Taylor’s expansion, it follows that

Q[ / (e — ) (0 () — 0 (0) dyd

_ |G
4e2

(z +ez) —w(x))* dzdz

1 0=
< @/ / J(2) |wf (z + e2) — w (2))” dzda
0 -

_Cy (1 = ow* 10%w . 45 o
[, L0 |G @ s dsto
Cia Lo ow® 1| 0%we 5 o 2
<@ [ Lo ([Fee | o) s
Now, using Minkowski’s inequality
Ca z) Ou” (w)ez —1—1 O ur (€)e?2? 2dzda?
4e2 ox H)E 2 | p2 S/
< G 8w5 2 10%0°
= 452 O (z)ez 3 9.2 (&)e*z7| dzdx
€ 2 2.,
< Cur 2) %(x) 2P dzda + &2 6 ( ) dzdn
ox
C 1 R £ 2 2
cp [ [l %mey/ et of
4 Jo J-r
w® 2 a 2
<% [ [renre ‘ 2 )| T (@) el dzda.
Ox
Since [ J( (2)|22dz = M(J), & a Z%- is bounded, and [ J( (2)|z|*dz is finite, we can conclude that
2, ,,€ 2
hmsup( S [ [ aerertaz |55 0 dm>=o,
e—0 ox
and
. Cy1.M(J) /1 ows 1/1 Owe 12
e SN
Hsnjg)lp< 4 o | Oz (z) 2 )y oz | &
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Finally, we have

lim sup £°(w®)
e—0
CJ 1 £ g 2
= hm_%lp o 463 J (x —y) (v (y) — w(z))” dydx
£
C
2232 (z —y) (w(0) — wi(z))? da:dy)

~mae / z dx)
+lir§1_§(1)1p(4€3 / / JE(z —y) (wi(y )_ws(m))2dyda:)
+1n?jélp<2€3 / / J&(x — ) (w(0 )we(:c))dedy)
/ )ax / ‘gﬂ dz

= E(w),

as we wanted to show. O

Remark 7. Our convergence result can be also read as: take, as before, w® = (u®,v¥). Then, for
any finite 7' > 0 we have

i gy 170 =0 i ) =0

and

lim (max | v°(-,t) —v(-,t) ||L2(0,1)) =0.

e—0 \t€[0,T

The limit pair (u,v) is the unique solution to two heat equations

ou 0%u
E(xat) - @(:ﬂat)? T e (7170)725 € (OaT)v
ou
Z2(—1.t) =
-1 =0,
0= P € (0.1).t € (0,T)
875 37, - 8.%'2 x? 9 €T 9 9 9 9
ov
- 1 —
o1, =0,
with the coupling
ou ov
U(O,t) == ’U(O,t), %(O,t) == %(O,t)

and initial conditions

u(z,0) = ug(x), v(x,0) = vo(x).
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Notice that the coupling gives continuity, and continuity of the derivative of the function

w(x’t):{u(x,t), i z € (~1,0)
v(z,t), if ze€(0,1)

that therefore, turns out to be a solution to

ow 9w
E(l’,t)—w(l’,t), T € (—1,1),t>0,
9 =20 -0, t>o0,

Oz Oz
w(z,0) =wo(z), =€ (—1,1).

5 Extension to higher dimensions.

In this final section, we will briefly describe how our results can be extended to higher dimensions.
Take €, as a bounded smooth domain in RY and split it into two subdomains €; and Q,;, Q =
QU Q. Let us call X, the interface between €2; and €2,,; inside €2, that is,

Y=0,nQ,; NN

We will assume that €2; has a Lipschitz boundary (in order to solve a heat equation with Newman
boundary conditions, we need some regularity of the boundary).

As before, we split w € L?(Q) as w = u + v, with u = wygq, and v = wxgq,,. Fix a nonnegative
continuous kernel G : ,;; x ¥ — R. For any

w= (u,v) € B:={we L*Q):ulg, € H (),v € L*(Qu)}

we define the energy
1 2 Cua 2
E(u,v) == | |Vul|?dx + —= J(x —y) (v(y) —v(x))” dydz
2 Jo, 4 Qnt I Oy

+% /in /EG(z,z) (v(z) —u(z))2 do(z)dzx.

Remark that in this energy we have

/ / Gla, 2) (0(x) — u(2))? do(2)dz (5.1)
Qu JE

as coupling term. This integral can be obtained from an integral of the form

//A J(z —y) (v(z) — u(2))* dyda

assuming the following geometric condition on the interface X; for every z € ; and every y € Q,;
with z — y € supp(J) there exists a unique z € ¥ that belongs to the segment that joins x with y
(hence z = z(z,y)). To provide examples, notice that this geometric condition holds if ¥ is almost
flat. This assumption is useful since, from a probabilistic viewpoint, when a particle wants to jump
from y € Q,,; to © € ; we want that it gets stuck at the interface (and then we want that there
exist a unique point on ¥ that belongs to the segment [z,y], otherwise, some selection principle
has to be assumed and, the selected point on the interface will not depend continuously on x and
y, in general). This assumption is used to make the change of variables

z=ar+ (1 —a)y
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in

//A J(z = y) (v(z) - u(2))* dyda

with A = {(z,y) : ¢ € Qu,y € Q, with z € ¥,z = ax + (1 — a)y} to obtain the coupling term
in our energy, (5.1). The kernel G is nonnegative and comes from the change of variables that
involves a jacobian D(x, z).

With this energy, F(u,v), the associated evolution problems reads as,

ou

a(m,t) = Au(x,t),

ou

—(z,t)=0, ze€d NN,

on (5.2)
gz(z t) cn/ Gz, 2)(w(y, t) — u(z,t))dz, z€3,

u(z,0) = up(z).

for x € Q, t > 0, and

ov
a('xvt) - CVJ,I/Q

v(z,0) = vo(x),

for x € Qp, t > 0.

For this problem (5.2)—(5.3), we can also prove existence and uniqueness following the same
steps that we made for the one-dimensional case. In fact, the strategy of building a solution as a
fixed point of the composition of the maps that solves the problem for u (given v) and for v (fixing
u) also works here. Remark that we obtain a solution u(z,t) that is in H'(€2;) for t > 0 and hence
u(z,t) is defined on ¥ in the sense of traces (and belongs to L?(X) for ¢ > 0). The more abstract
approach using semigroup theory also works here. Consider the operator

J(z—y) (v(y,t) —v(x, 1)) dy — Ca /E Gz, z)(v(, 1) — u(z, t))d0(2)>(5 3

nl

—Au for x €y,

Bj(u,v) =
! —C1 / J(z —y)(v(y) —v(z))dy + Cj2 /E Gz, 2)(v(@) — u(z))do(z) for z € Qy,

nl

with domain

D(By) = {(u,v) Tu € HZ(QZ) v € L*(), with gu( ) =0 on 9Q N AY
and —(z) = —CJQ/ G(x,z) —u(z))dz on Z,}

and proceed as we did previously.
The total mass is preserved. In fact, we have

gt </ w(m,t)dx) = Au (z,t)dx + C'J1/ / (x — y,t) —v(x,t))dydx
Q Qi

—Cja /QHZ/EG(CC,Z)(U(CC,t) —u(z,t)do(z)dz

= 8u (x,t)dx — CJQ/ / G(z,2z)(v(z,t) — u(z,t)do(z)dx
o0, O

=0.
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The key control of the nonlocal energy,

1 'U,QCC % Tr — v —'1)5132 X % T,z 'U.'IZ'—'U,220'Z.’E
g [ 1vutde s S [ [0 o) v ude+ 552 [ a2 (0e) —u(z) do )

>k [ [ @) () — w(e)? dyda.
(5.4)
can be proved, as before, arguing by contradiction.
With the key inequality (5.4), we can show that solutions converge to the mean value of the
initial condition, as ¢ — oo with an exponential rate.

e o

< Ce P, t>0.
L2(2)

In fact, we have that

| E(w)
0<fBi= inf ——
w:wiZO wl(z 2 "

/ﬂ( (2))2d

is strictly positive. This fact can be proved by contradiction as we did before, but it also follows
from (5.4) and the results in [1] since we have

> inf

w k J(z —y) (w(y) —w(x))® dyde
e w:fgli:o /(f((x)))de ~ wifow=0 /Q/Q /(w(m))zdx
Q Q

> 0.
The approximation of the heat equation with Neumann boundary conditions under rescales of

the kernel is left open. We believe that the result holds with extra assumptions on the coupling
kernel G.
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Abstract: In this paper we study a numerical method to approximate solutions to an evolution
problem that couples local and nonlocal diffusion operators. The method proposed here takes
advantage of the fact that we can show a splitting structure for our evolution equation allowing
us to deal with the local and nonlocal parts of the equation separately. This has the capability
of being quite flexible, allowing, for example, to consider different meshes in the local and in the
nonlocal region. We prove convergence of the method and include some numerical experiments
that show some qualitative features of the model.
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1 Introduction

Our main goal in this paper is to perform a splitting strategy and to approximate numerically the
local/nonlocal diffusion problem studied in [17].

Local and nonlocal diffusion equations are used in a wide spectrum of applications. Besides
the well known and widely studied local diffusion equations (whose prototype is the classical heat
equation, see [6, 21]), nonlocal models are also of interest to deal with applied situations. Here
we focus on nonlocal equations with smooth kernels (therefore, fractional Laplacians are not con-
sidered). For applications of nonlocal equations with non-singular kernels we refer to nonlocal
continuum theories such as peridynamics, [30], physics-based nonlocal elasticity, [16], and nonlocal
descriptions resulting from homogenization of nonlinear damage models [24]. For general references
concerning nonlocal evolution equations we refer to [5, 7, 8, 9, 13, 14, 15, 18, 19], the book [3] and
references therein.

In composite materials or heterogeneous environments there are different spacial zones in which
different kinds of diffusion take place. In order to model this kind of situation one needs to couple
local and nonlocal diffusion equations. There are different strategies for couplings between local
and nonlocal models. Let us briefly summarize previous results in [14, 15, 17, 20, 22, 23, 27|, see
also the review [12]. In [14], local and nonlocal problems are coupled trough a prescribed solid
region in which both kinds of equations overlap (the value of the solution in the nonlocal part of
the domain is used as a Dirichlet boundary condition for the local part and vice-versa). This kind
of coupling gives continuity of the solution in the overlapping region but does not preserve the total
mass. In [23] (see also [22, 27]), an energy and its associated gradient flow provides an equation
that combines local and nonlocal operators. In this model in the local region the coupling with the
nonlocal part appears as an external source in the heat equation (that is complemented with zero
flux boundary conditions in the whole boundary of the local region). In probabilistic terms, in the
model described in [23], particles may jump across the interface between the two regions but can
not pass coming from the local side unless they jump. Finally, in [17], the authors studied local and
nonlocal diffusion models in different zones coupled via the fluxes across the surface that separates
the two regions. This model is well posed, preserves the total mass of the solutions and converges
exponentially fast to the mean value of the initial conditions (see below for a better description of
these properties). However, there is no continuity of the solution across the interface between the
local and the nonlocal zones.

For numerical approximations of nonlocal problems we refer to [1, 2]. In [14] and [20], numerical
schemes using local and nonlocal equations were developed and used to improve the computational
accuracy when approximating a purely nonlocal problem. The reference [10] (see also [11]) contains
a detailed study of a numerical approximation of a different local/nonlocal model.

As we have mentioned our aim here is to continue the study of the coupling between local and
nonlocal evolution problems in [17] and approximate numerically the solutions. In this problem
we have two components of the domain in which local and nonlocal diffusion take place. These
operators are coupled at the common boundary by a Neumann/Robin-type boundary condition
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and Neumann boundary conditions on the exterior boundary. We deal with the one-dimensional
setting and consider the following problem:

ou 0%u
a(l’,t) D ~—(7,t), x€(-1,0), t>0,

ou

5o (L) =0, >0,

auOt //Jx— y,t) — u(0,t))dydz, t > 0,
(370)—“0 ), © € (=1,0),

v 1 0
%(w,t) _ /O Tz — y) (0(y, 1) — v(z, 1)) dy — / Tz — y)dy(v(a, 1) — u(0,4)), € (0,1), t >0,

v(z,0) = vo(z), = € (0,1), )

(1.1)
where J : RV — R is a nonnegative continuous kernel with compact support, supp(J) = [—1,1],
and J(0) > 0. Notice that for z € (—1,0) we have the usual heat equation (the simplest local
diffusion equation), while for z € (0,1) we have a nonlocal diffusion equation with the convolution
kernel J. The coupling between the two parts of the domain is done via the fluxes (local and
nonlocal) at © = 0 (the common boundary that separates the local and nonlocal regions), in fact,
the local flux g—;(o,t) is equal to the nonlocal one fB1 fol J(x —y)(v(y,t) — u(0,t))dydx. At the
external boundary of the domain we consider Neumann boundary conditions, and hence the total
mass of the initial condition is preserved as time evolves.

As we describe in [17], the model has a probabilistic interpretation as a particle system. As we
have mentioned, the whole domain (—1,1) is partitioned in two subdomains, a local, (—1,0) and,
a nonlocal domain, (0,1). At the local domain particles can move as a Brownian motion described
by the classical Laplacian as infinitesimal generator with zero flux of particles at © = —1 (this
is represented by a Neumann boundary condition). If a particle reaches x = 0 it enters into the
nonlocal subdomain, which give us the boundary condition at x = 0. On the other hand, in (0, 1)
particles follow a pure jump process given by the kernel J(z —y), which means that the probability
of a particle, located at x € (0, 1) to jump to a location y is given by J(x —y). Notice that particles
may try to jump from z € (0,1) to y € (—1,0) trough the point x = 0, and in this case the particle
enters the local domain at x = 0. Hence, we have a coupling of the local and nonlocal fluxes at
z =0.

One key feature of the model (1.1) is that it has a gradient flow structure. The associated
energy functional is given by

E(u,v) := ;/_01 ?;‘de+éll/ol /01 J(x =) (v(y) — v(x))? dydz + ;/01 /_01 J(x —y) (v(z) — u(0))? dydz.

(1.2)
Indeed, (1.1) can be written as

(w,0)(t) = =0E [(u,v)(t)],  t=0,

with u(0) = ug, v(0) = v9. Here OF [(u,v)] denotes the subdifferential of the energy E at the point
(u,v). See [17].

Let us summarize some properties of solutions to the local /nonlocal equation under considera-
tion (proved in [17]),

e The problem is well-posed in the sense that there are existence and uniqueness of global solu-
tions. For ug € C(—1,0), v € C(0,1) there exists a unique solution v € C*(0, 00; C(—1,0)),
v € CH0,00;C(0,1)).

Moreover, a comparison principle holds. If ug > wg and vy > vy then the corresponding
solutions verify u > % and v > v for every ¢ € [0, 00).



e There is an energy functional, given by (1.2), such that the evolution problem can be view
as the gradient flow associated with this energy.

e The total mass of the initial condition is preserved along with the evolution. That is,

/01 u(aC,t)dx—i-/Olv(x,t)da::/Ol uo(x)dx—i-/ol vo()da

e Solutions converge exponentially fast to the mean value of the initial condition as ¢t — oo.

Our first goal in this paper is to apply a splitting technique to solve (1.1). Many problems in
nature become increasingly complicated making the models used hard to analyze both theoretically
and numerically. In the context of evolution equations, a strategy to deal with this problems is
called Operator Splitting Methods. The basic idea of this method is to split the model into a set
of subproblems, where each subproblem is simpler and easier to solve using standard tools.

Splitting procedures are widely used for problems that has the form

O = Alw) + Flw)
and work as follows: divide the time interval [0, 7], in which you want to solve the problem, into
small subintervals [t;,t;+1). Now, in each subinterval we will solve % = A(u) or % = F(u)

(alternating) with initial condition u(¢;) = wu(t;—). Under some conditions it it proved that this
procedure converge to the solution to % = A(u) + F(u) as the length of the time subintervals goes
to zero, see [25, 26]. The main advantage of splitting techniques is that %—? = A(u) and % = F(u)
are simpler to solve than the original problem % = A(u) + F(u).

For our local/nonlocal problem (1.1) we propose a splitting method taking advantage that the
problem has two regions. The main idea consist of to divide the time interval of the problem, [0, 77,
into small subintervals [t;,¢;+1). In each of these subintervals we solve the local evolution equation
(freezing the nonlocal part) or we solve the nonlocal problem (freezing the local part). Hence we
solve iteratively the two problems,

( Ou 0%

a(l’,t) = w(l’,t),

Ou =0,

Ox (1.3)
ou 0 1

200 = [ [ I i) - u0)dyde,

€z -1J0
u(z, t;) = u(x, t;—),

\
keeping v(z,t) = v(x,t;—) for ¢ € [t;, t;+1); and,

v 1 0
%(:v,t) = /0 J(x —y) (v(y,t) —v(z,t)) dy — /_1 J(z —y)dy(v(z,t) — u(0,t;-)), (1.4)

U('T’tj) = v(xvtj_)a

keeping u(z,t) = u(x,t;—) for t € [tj,t;41). See Section 2 for more details.
Our first result shows that this procedure converges to a solution to our original problem (1.1).

e The splitting method converges to the unique solution of (1.1) as the length of the time
intervals At = t;11 — t; goes to zero.

Notice that, here the splitting idea has a different flavor than usual. In the classical case, the
splitting is based on a partition of the right hand side of the evolution equation into two simpler
parts. Here, the splitting is based on a spacial partition of the domain (taking into account the two
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different regions in which different diffusions take place). We alternate the procedure of advancing
in time with the local equation while freezing the nonlocal part (that is used in the boundary
condition), solving (1.3), and, alternatively, we advance with the nonlocal equation, keeping the
local part fixed (the local part appears in the nonlocal equation), solving (1.4).

Also remark that this result provides an alternative proof of existence for solutions to (1.1) (the
two previous proofs contained in [17] use a fixed point or abstract semigroup theory).

Now, we are ready to perform a discretization of (1.1) in such a way that the discrete problem
share the same properties of the continuous problem listed above (well-posedness, comparison
principle, conservation of mass and convergence to the mean value of the initial datum). First,
we introduce a semi discrete scheme (discretizing only in space). We approximate the continuous
solution u(z,t), for (z,t) € (—1,0) x R and v(z, t), for (z,t) € (0,1) x R, by discrete values u; and
v;, respectively, with ¢, j € Z. In order to do so we recall that the support of J is assumed to be the
interval 7 = [—1,1]. For simplicity, let us consider a uniform mesh z1,--- ,znN, 21, -, 2N of the
interval T of size h = % Here, we call x1,--- ,zx the points of the mesh in [-1,0] and z1,--- , zx
those in [0, 1]. In order to obtain a nontrivial scheme we assume that h < 1.

Then, the numerical approximation of the problem (1.1), considering a spatial discretization
provides the following ODFE system, for each node z; and z;,

(1) = 2000,
() = ujt1(t) — QU}Z'Q(t) +Uj—1(t)7 j=2... N—1
uwu)zlm“*();“N' 4—h§:§:J' (vi(t) — un(t)),
j=1i=1 (1.5)
N N
Z i — 2k)( (t)—vi(t))—hZJ(zi—a:j)(vi(t)—uN(t)), i=1,---,N
k=1 j=1
Uj(O):ujo, jZl,-H,N
’UZ‘(O):UZ'(), izl,"-,N.

Next, we discretize the time variable using the explicit Euler method to obtain a fully discrete

scheme
(™ —ul  uh—u
T Rz
I+1 l
u U 2ul 4+ u
J J j+1
= =2..- N—-1
Tl h2 ) ] )
uitl ! l
Uy —UN_“NA—U o
R ET) y) pF SR TN 0o
7j=11i=1
41 ! N N
: - Z:hZ:J(zZ—zk)(vk—v) hZJ(z—a:j)(v—ulN) i=1,---,N
! k=1 j=1
ug‘)—u][)v ]_17 7N
’U,?—’UZO, 2_17 7N7
for I > 0.

We will describe in more detail how these schemes are obtained in Section 3.

Our results concerning the semidiscrete and fully discrete schemes will be described in detail
in the next sections. To summarize them, we will verify that both schemes preserve the main
properties of the continuous problem, namely:

e The problem is well-posed and a comparison principle holds.



e The solutions of the numerical schemes converge uniformly to the continuous solution for
mesh size h and time step 7 small enough.

e There is an energy functional such that the semidiscrete problem is its corresponding the
gradient flow associated.

e The total mass of the initial condition is preserved along the evolution.

e Solutions converge exponentially fast to the mean value of the initial condition as t — oco.

We remark that our results also hold when we deal with approximations in a multidimensional
domain. The proofs are quite similar to the one-dimensional case. In fact, we can just use finite
elements with mass lumping to discretize the local part and finite differences for the nonlocal part
(approximating integrals with sums over the nodes inside the support of J(- — z;)).

ORGANIZATION OF THE PAPER: The paper is organized as follows: In Section 2, we prove
that the splitting strategy applied to the continuous problem works. In Section 3, we study the
semidiscrete and the fully discrete approximations. Finally, in Section 4, we show some numerical
experiments that illustrate our results.

2 Splitting method.

In this section, we provide an alternative method to solve the problem (1.1). We refer to [25, 26]
and references therein. In order to illustrate the splitting technique (recall what we have mentioned
in the Introduction), let us consider the evolution abstract Cauchy problem

av
— +B(V) =0, 1)
V(0) = Vb,

where B is a suitable operator. It is possible to decompose B as a sum of elementary operators,
say B = By + --- + B;, which the decomposition B; give equations that are simpler to solve

dvi :
= 4 Bj(V) =0,

VJ(O):V(M .]:177l

Consider Vi(t) = S/Vj the solution of (2.2). Once the solution is know for all the subproblems,
it is possible to choose a small time-step, At, and apply the sub-operators sequentially to construct
an approximate solution of (2.1). This process can be represented by

V(nAt) = [SlAt e SlAt]nVO-
In the limit, we expect that this approximation will converge to the true solution

V(t) = lim [She - Shal"Vo.

At—0,n—oc0t=n\t

Before we describe the Operator Splitting method to our evolution problem, we first need to
define precisely what is meant by a weak entropy solution of the initial value problems

ou 0%u

E(x,t) 9 (2, 1),

ou

8 g HD =0 (2.3)

0 t) / / J(x — y,t) —u(0,1))dydz,
(:c 0) = up(x
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for z € (—1,0), t > 0. And for the nonlocal domain,

ov 1 0
= [ Ie-p w0 e - [ Je-paeen-wn, o
v(z,0) = vo(z),

for x € (0,1), ¢t > 0.
According to [26], a function u(z,t) (respectively v(x,t)) is called a weak solution for (2.3)
(respectively (2.4)), for time [0,T7] if, for all suitable test functions ¢ € C*([—1,1] x [0,T1]), it

satisfies
/ / / J(z = y)(vly, ) = u(0, t))dydl’dt—/ / g (2, )y (z, t)dzdt

—I—/O /_1 u(z, t)pi(x, t)dedt + /_1 u(z,0)p(x,0)dz = 0, (2.5)

for u, with ¢(z,T) =0 and

/// (@ — ) (v(y, t) — v(a, ) dydxdt—/// (2 — ) (0. 1) — u(0,))dydrdt

—i—/o /0 U(:c,t)cpt(x,t)da:dt—i—/o v(z,0)p(x,0)dr = 02.6)

for v.

Our analysis will be divided into two steps. We first show that the splitting indeed produces
a sequence of functions that converges to a solution of the equations (2.3)—(2.4). The second part
consist to verify if the limit of this sequences is in fact the solution of the problem, which means,
if the limit w and v satisfy (2.5) and (2.6), respectively.

Let us apply the splitting method to our evolution problem. The basic idea is to consider the
split as a partition of the domain [—1, 1], it means that our our analysis will be carried out in the
local and a nonlocal problem separately.

Fix T > 0, At > 0 and let N > 0 be such that NAt = T. Let u™ be the approximate solution
of u and let v™ be the approximate solution of v at a fixed time t; = jAt, where j =1,--- , N and
n € N. If j is even we have the following subproblems

((Ou” 0*um
o 0= gz @)
Oy gy —o,
8:1: (2.7)
0 t / / l‘ - yvtj 1) ”(O,t))dydx,
[ u (a: 0) = uo(x
for x € (—1,0) and ¢ € (tj—1,t;). And for the nonlocal domain,
o™ 1 0
— (1) = / J(x —y) (0" (y, 1) — " (2, 1)) dy — / J(x —y)dy(v" (z,1) — u(0, 1)),
ot 0 1 (2.8)

v(@,0) = v (),

for x € (0, 1) and t € (tj,tj+1).



For j odd we have the following approximation

( Ou™ oun

W(%tﬁ = W(xatj)a

ou™

%(—1,%’) =0,

8un 0 1

——(0,t;) = J(x —y)(v"(y,t) — u"(0,t;))dydx,

O -1Jo

u0<{L‘,0) = ug(z),

for € (—1,0) and t € (t;—1,t;). And for the nonlocal domain,

ov™ 0

1
ﬁ(wvtj) = /0 J(x —y) (v"(y,t5) —v"(x,t5)) dy — / J(z —y)dy(v" (z,t;) — u(0,1)),

(@, 0) = vo(2),

for z € (0,1) and t € (¢5,tj41).

Assume that uy and vy are compactly supported functions in L*°(—1,0) N BV (—1,0) and
L>(0,1) N BV(0, 1), respectively. Let u°(z,0) = u®(x, o) = up(z) and v°(z, 0) = v°(z, to) = vo(x).
Define

u"(z,t) = Sai(uo, vo) = (u(®,t),v0(x)), € [tj—1,¢5],
v"(z,t) = Ha(ug, vo) = (uo(x),v(x,t)), t € [t tjs].
Therefore, the complete solution of the problem (2.3)—(2.4) can be approximated by
w"(z,t) = [HaeSad)" (o, v0), t€[tj,t;+2], j=0,---,N, (2.9)
where
u(z,t), for (z,t) € (-1,0)x (tj-1,t;), j=1,---,N
w(z, t) =

v(z,t), for (x,t)€(0,1) x (t,tj+1), j=1,---,N.

We next establish convergence of the splitting approximations to an entropy weak solution.
To this end, recall that the space BV (R) consists of all L}, (R) functions y(z) whose first order
derivative is represented by a (locally) finite Borel measure. The total variation of y is by definition
the total mass of this measure, which means

’y\Bv —/
R

We then have three main lemmas, which ensure the existence of a convergent subsequence.

dy
dx

Lemma 2.1. There are constants C1,Cy > 0 such that we have the following maximum principle

a0l < Calln )l = €1 (_max (o)l + max a0} ), te 0.7 (210

z€|

)

o6 Ol < Coll(un, o)l = Ca (_max, ()]} + max (uo()}) € 0.7 (211

Proof. We will prove the estimates above using the comparison principle. Let us start with
||u(7t)||00 We havea

[ Dl < Jul-,t) =l D)oo + [[a(5 )] loo,
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where 4 is a solution to the following problem

(00 021
E(‘T’t) = @(ﬁ,t),
ou
%(—1,& =0,
ou -
%(Oat) - _Cu(())t)a
’EL(I’,O) = UO(fﬁ),

(2.12)

forz € (—1,0),t > 0and C = fEl fol J(x—y)dydz. Since the kernel is symmetric and fil J(r)dr =
1, we have that 0 < C' < 1. Now, if we define w(z,t) = u(z,t) — a(z,t), the function w satisfies

( Ow 9w

E(ﬂﬁat) = @(ﬂ%t),

ow

a—m(—l,t) =0,

Hw 0 1

o0 = —cu.0+ [ [ I yuerdyds,
x —-1Jo

U)(IL‘,O) = Oa

for z € (—1,0), ¢t >0 and C = fBl fol J(z — y)dydz.
Note that, we can get an estimate for f?l fol J(x — y)vo(z)dydx. We have

’/_01 /01 J(x — y)vo(x)dydz

Hence, we consider

z€[0,1]

w(x,t)
z(x,t) =
1= ool
and then, z(z,t) satisfies

0z 0%z
a(%t) = @(37;75)7
0z
TR ) =
8:z:< 1) =0,
%(Ot)<—0 (0,t)+1 d %(Ot)>—0 (0,t) —1
O ) = z\Y, an O ; el 12(Y, 5
z(z,0) =0,

for x € (—=1,0), t > 0.
Let us introduce an auxiliary function. Given £ < 0 and 0 < a < 1 we can define

9(6) = - f(a). with ¢(0)=(0)=1.

Given & > 1, f is increasing in (=&, 0], C%(—£&,0), and f =1 in (—o0, —&g].

Fix T < % For each t € [0,7] and = € [—1,0] we can define

2 (x,t) = (T +t)"%g <(T +xt)1/2> :

as g given by (2.15). We aim to prove that z* is a supersolution for (2.14).

(2.13)

< /_01 /01 J(x—y)lvo(x)|dydx < /_01 /01 J(r—y) max }UO(x)‘dydx < Clolleo

(2.14)

(2.15)
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We have that o o
0zx _ 0%z%
_ .
ot — 0x?

In fact, differentiating z* with respect to ¢ and x, we obtain that it is enough to have

Observe that, since z € [—1,0] and ¢ <(T+%) > 0, we only need to verify that

oo () 27 (o) @19

Let us call n = According to the definition of g, to prove (2.16) is equivalent to prove

1 "
oo (an) = af"(an) (217)
We know that, for each £ <0and 0 < a < 1,

f(ca) 1/2,  if a < —&,

T2 ) fa)
2

, if —& <&a<D0.
Moreover, as f € C%(—£&p,0) and increasing in the same interval, we obtain

f”(é‘ ) _ 0, if éa < =&,
a) =~
M7 1f—§0§£a<07

where M = max_g <¢<o |f”(§)|. Hence, given M, we can choose 0 < a < 1 in order to have the
estimate % > Ma?. With the help of this inequality let us verify (2.17). Indeed,

a) If =&y < &a < 0, it follows that

f(ga) Z % Z Ma2 2 f/l(é—a)a?
b) If éa < —&p, we have that
f(ga) > 1 >0 > f”(ga)aQ
2 2
Now, we want to verify that z* satisfies
0z*
—1,t) <0.
<
At x = —1 we have,
0z* —1 —a
_1 t — / — e / _— . 218
o 10 =d () =7 (@) (218)
We know that f = 1 in (—o0,—&p). Then, taking T < %, we obtain that ﬁ < =&y and
therefore

" (i) =

and we obtain (2.18) as desired.
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We also need to check that
0z

ox

(0,8) > —C1z5(0, ) + 1.

Differentiating 2* with respect to x, we need to prove that it holds that
g(0) > —Cy(T +t)*?g(0) + 1.
As ¢'(0) = f/(0) = 1 and g(0) > 1, we get
1> —O(T +1)Y2g(0) + 1.

Finally, we aim to verify that z*(x,0) > 0. Indeed, we have

Z*(2,0) = (T)/?g (%) > 0.

—
>0

We proved that z* is a supersolution of (2.14).
The fact that

2t x) = —(T + t)1/29 <(T+$t)1/2>

is a subsolution for the problem (2.14) can be proved analogously.
So, by the comparison principle, the solution w(z,t) of the problem (2.13), verifies
2 (xz,t) < 2"(x,t) < 2%(x,t).

Hence, we get the estimate

|z*| < max max

1 1
T +¢)1/2 T =)V < = <1.
z€[—1,0] te[0,T] (T+1) g< a( ) <§ <

(T +t)1/2 0

Therefore, going back to our original variable w we have obtained that

lw(z, t)] « —
——— =z(x,t) < 27 (x,t) < 2z* < 1,
ool (z,1) (2,1)

which implies that
[l — dlloo < C | vo [|oo - (2.19)

Now, we need to prove that [|@(-,t)]|cc < C(T0)||uo|lco- Recall that @ satisfies the problem

(2.12). Define h(x,t) Uz.t) Then the solution h satisfy the following problem

= luolleo

on_ o
ot 0x?’

oh

8—x(—1,t) =0,

oh

%(Qt) - _Ch(()?t)a
(A(z,0) <1, and h(z,0)> -1,

for z € (—1,0) and t > 0. Consider u*(x,t) = [(z + 1)? + 1]e*. As we have done before, one can
check that u* is indeed a supersolution for (2.12). So, by the comparison principle, we find that

2t
[ | < max max |[(z 4+ 1)? + 1]e@DZ | = 270 = k(Ty),
t€[0,T,] z€[—1,0]
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k > 0 is a constant that depends on Tj.

Hence
[afloc < K(T0)luol|oo- (2.20)

From (2.19) and (2.20) it follows that
[ulloe < Jfu=alloot{|al|oo < Cllvolloot+F(To)[[uo]loo < max{Clvoloo + k(To)luollec} < Cll(u0,v0)][oo;

where C; = max {C + k(Tp)}, and hence we get the estimate (2.10).

Now, we want to deal with the estimate for v in (2.11). Let us define v*(z,t) = m

Observe that v* satisfies

v* 1 0 .
aat(x’t) - /o J(@ —y) (v*(y, t) — v (2, 1)) dy — / J(x —y)dy (’U*(m,t) — ) > )

-1 [1uolloo + [Ivo]loo

v*(z,0) <1, and v*(z,0)> —
(2.21)

for x € (0,1) and t > 0.
Fix Ty > 0. For each t € [0,Tp] and z € [0, 1] we will define v(z,t) = [|vo||eo + k1t, where

ala) }
k1 > max Uo(0) o .
meﬂhwm+mmm()

We have that T is supersolution for the problem (2.21). Then, it follows from the comparison
principle that

v(z,t) < v (z,t) <v(x,t).

Moreover, we can provide an estimate for v as

‘U| < max max {HU()HOO —|—k:1t} = HU()HOO +M1TQ||UQ||OO = (s,
x€[0,1] te[0,T;

mmMrmm%mﬂwﬁ%ﬁm}waW@MMZWWwSQMWM+me.
Analogously, consider v(z,t) = —||vo||so — k1t as a subsolution to complete the proof. O

Lemma 2.2. We have the following bound of the total variation

lu(-,t)|Bv < |(uo,v0)|Bv, t€][0,T].

Proof. By the continuous embedding BV (—1,0) C L?(—1,0) we only need to prove that
Huocuiz(q,o) < C, where C' > 0 is a constant. Multiplying the problem (2.7) for v and integrating
from —1 to 0 we get

0 Ay 0 a2u a a 0 /ou\?

(0, 1) /_01 /01 J(x — ) (vo(z) — u(0, £))dydz — /_01 @;)2 da.

We have the following estimate
!
-1 _
= |—u(0,t) / / (x—y dydm+/ / (x — y)vo(z Otdyd:n—/ —ud:ﬂ
u(0,1) //Jx— )dydzx| + ‘//Ja:— vo(x)u(0,t)dydz| + ‘/ —ud:];

0t|2// (@—y dyd:n—l—// (2 — 1o )(O,t)\dydsn—i—/_l Ou

ot

0 1 0 gy
x| = |u(0,t) / J(m—y)(vo(a:)—u(O,t))dydm—/ gtudm

IN

| A

|u|dz.
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u

Since wu is Lipschitz (by Lemma 2.3), it follows that is bounded. By Lemma 2.1, it follows
that u(-,t) and v(-,t) are bounded for each ¢t € [0,T], Wthh means that ||ugc|\%2(_1 o) < M. This
concludes the proof. O

Lemma 2.3. There are constants My, Ma > 0, independent of 71,2, such that

||’LL(',T1) - u('aTQ)Hl < M1|7-1 - 7-2|> T, T2 € [O7T]’
||U('77_1) - U('aTQ)Hl < M2|7-1 - 7-2|> T, T2 € [O7T]
Proof. We first want to establish the weak Lipschitz continuity in time of the L' —norm, it means,

multiplying the u equation (given by (2.7)) by a test function ¢(z) and integrating in (—1,0) x
(11, 72) we have

T2
X o d:):dt' ‘ / 8“ x)dtdz
a .

’/ (@, 1) — ulm, m))p(x)dz| . (2.22)

On the other hand, integrating the right side by parts, we get

(a:)dxdt‘ - /: Bzgo(x)wl - gz gid ]dt‘
[ OI/IJ — ) (u(y, t) — u(0,t))dydrp(0) — g“ Z‘Pd }dt‘
< / /1/0 J(x y,1) — (0, t))dyda:gp(o)dt‘ + / gz gidxdt’

1 au&p
< _ _ bl
_/ / /0 J(x —y)|v(y,t) — u(0,t)|dydxp(0 dt+/ / 9 O dxdt
1
s/ / I — y)[o(y, Dldydzp(0 dt+/ / / (2 — 9)[u(0, D] dydap(0)dt
1.Jo
0
+/ / U2 Gt
Ou||dp
< xmax\v (y,t)||¢(0)|dydt + max]u(O )] (0) |dt—i— max dxdt,
0 xXr X
<lm-m ||90( Mo llellso + 119 (O loolltol oo + 1tz o 9l loc)
(2.23)

From (2.22) and (2.23) we obtain

0
‘/ (u(z, 7)) — u(z, m))p(x)de| < M| — 1],
-1
with My = ([|¢(0)|]oo||v]]oo 4 1€ (0)|[os|[to][oc + [[uallos|@zo0)-
Now, we will perform the same analysis for the nonlocal part, which is given by equation (2.8).
Integrating the equation (2.8) against a test function ¢ with respect to (0,1) x (71, 72) and, using
Fubini’s theorem we have

2 81}

1
x)dtdz| = /0 (v(z, 12) —v(x,m))Y(z)dx| . (2.24)

dxdt’
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On the other hand, using the kernel symmetry and taking the maximum of v and v, we have

L e - v n - o - /°J<x—y>< (5.0) = 0. ) (o) | ot

//ol/olj y, ) (x dydazdt'
//ol/olJ t)w(x)dydxdt’Jr

/01 01”_ oy, )] )!dydxdt+/ // (e — )l 0] [6() dydadt

</,
//01/0”— ool dydrdt + [ [ [ st =tz

< |2 = 71| B[vl]ool|®lloc + [[tto] oo [¥]]o0) - (2.25)

IN

/ J(x—y)v(z t)w(:c)dyda;dt’

+

J(a: — y)u(0, t)w(x)dydacdt‘

+

Hence, from (2.24) and (2.25) we prove the weak Lipschitz continuity in time

1
/ (v(z,12) —v(x,m))Y(z)dx| < Ma|me — 11|,
0
where My = (3|[v[oo[¥[loo + [[0][oc|[]|oc)-
This two estimates ensure the weak Lipschitz continuity in time for v and v. O

Now we are ready to state and prove our main result of this section.

Theorem 2.4. Suppose ug € L'(—1,0) N L*°(—1,0) N BV and vy € L'(0,1) N L>=(0,1) N BV.
Then, the semi-discrete splitting method (2.9) converge to an entropy weak solution of (2.3)—(2.4).

Proof. From the estimates provided by Lemma 2.1-2.3 we are at the assumptions of the Theorem
A8, in [25]. It means that there exists a subsequence n; — 0, such that for each ¢t € [0,77], the
function {uy, ( )} converges to a function u(t) in L*>(—1,0) and, the convergence is in the space
C([0,T7; Llloc( ,0)). At the same way, there exists a subsequence 7; — 0, such that for each ¢ €
[0,T7], the functlon {wn, (t)} converges to a function v(t) in L*°(0,1) in the space C([0, T; L}, (0, 1)).

Moreover, it is possible to ensure, using a diagonal argument, to obtain a subsequence, also
denoted by {uy;}, {vy;}, which converges for all ¢ in some dense countable subset of [0, 7. Then,

using Lemma 2.3 we get the convergence for all ¢ in [0, 7.

Now we need to prove that the limit functions u(t) and v(t) are the entropy solution for our
problem. Recall that the entropy energy for our problem for time [0, 7] if, for all suitable test
functions ¢ € C*([—1,1] x [0,T]), it satisfies

/OT /_01 /01 J(x—y)(v(y,t) —u(0,t))dydzdt — /OT /_01 Uy (2, 1) o (2, t)dadt
+/OT /_01 u(, t)pi(z, t)dzdt + /_01 u(z, 0)p(x,0)dx = 0, (2.26)

for u, with ¢(x,T) = 0, and

/ / / (z —y)(v(y,t) — v(z,t))dydzdt — / / / (z — y)(v(z, t) — u(0,t))dydadt
+/0 A U(xat)¢t($yt)dzdt+Alv(x,O)w(x,O)dz’=0, (2.27)

for v. Consider at first the case of j is even. We want to conclude that

//utxt (@, t)dzdt = // o(z, t)dxdt, (2.28)
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for z € (—1,0), t € [tj, tj11], converges to a function u € L>(—1,0) in a L'-norm, given by (2.27).
At the same way, considering j even, we aim to prove that for v

/ / vy (z, ), t)drdt = / / / (x —y) (V" (y,t) — v"(x,t))p(x, t)dydxdt

T p1 (0
[ [ @ -t - w )l dydadt, (229)
o Jo J-1
for x € (0,1), t € [tj_1,t;], converges to a function v € L*°(0,1) in a L'-norm, given by (2.26).
The same argument can be proved in case j is odd.

Let us consider the equation (2.28). Integrating by parts and considering ¢(x,T") = 0 we have
the following

[ [ e tieteasa = [ (w107~ w00pte.0) - [ a0 at) d

On the other hand,

/ / o, t)dwdt = /OT (uZ(O,t)go(O,t) (=1, (1, 1) —/01 u;;(x,t)%(x,t)dt) da.

Taking
/ / ug (z, t)p(x, t)dedt = / / o(z, t)dxdt
it holds
—/ " (2,0)¢ mde—/ / xtgpt;vtdtdx+/ / / J(z — ) (0" (2, tj_1) — u™(0,))(0, t)dydadt

/ / (z, 1)y (z, t)dzdt. (2.30)

Taking the limit in n in each term of (2.30), using Lemma 2.3 and the Convergence Dominated
Theorem it follows that

i
0 0
—hm/ o(z,0)dx —/ ©(z,0) liTILnu"(J:,O)dx: —/_1 o(z,0)u(x,0)d%£2.31)

-1

hm/ / (x,t)pr(z, t)dtdx —/ / hmu (x,t)pr(z, t)dtdx —/ / u(z, t)p(z, t)dtde

iii) By Lemma 2.3 we obtain,

/ / / (x —y)v"(x,t;—1)p(0,t)dydzdt = /OTT/OO/OllJ 2,1)(0, t)dydadt
/—f—? ? / J(x —y)v"™(z,t)p Otdydx(j /00?11/0 J(x "z, ti1)p(0, t)dydxdt
J(x — y)v"(z,t)p(0,t)dydzdt +
0
I

; / J(x—y)(v"(x,tj—1) — v"(x,1))e(0,t)dydzdt
1 T
/0 J(x —y)v"(z,t)p(0,t dydxdt+/ /

0

,_a

0

IA

1
/ J(x —y)Ms|tj—1 — t|¢(0,t)dydzdt.
1 1Jo
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Now taking the limit in n we get

hm@ [ [ v - <o,t>>so<o,t>dydxdt>
(/ [ [ s wre. t)dydazt>—hm</ [ [ s )ga(@t)dydxt)
<hm</ / / (& — g™ (2, 0 0, t>dydwt>+hm</ / / (v = y)Malt; 1 — (0, t>dydwdt>
~ lim </ / / J(x—y)u"(O,tw(o,t)dydxt)
:</ [ [ 56, @tdym) (/ [ [ s wipeo.ne (owdydm)
+li}p</ [ [ J(xy)Mzmlw(o,wdydxdt)
(e By -

as At — 0.
iv)
—hm/ / "z, ) o (x, t)dedt = / / hmu (z,t)pu(x, t)dzdt = / / Ug (X, t) 0 (z, t)dadl.
(2.32)
Therefore, from (2.31)—(2.32) the limit equation (2.30) converges to the entropy solution (2.26) in

L' —norm.

Applying the same argument we will verify the convergence for v. Integrating by parts and

taking the limit in equation (2.29) we obtain by Lemma 2.3 and the Convergence Dominated
theorem the following

i)
_li7rln (/01 v"(O,x)@(O,:E)dgy) = — (/01 li7rlnv”(0,x)g0(0,x)dx> = — /01 (0, 2)p(0, z)dz, (2.33)
ii)
</ / (@t t>d$dt> / / lim " (2, 1)y (2, t)dadt = / / (2, t)pr(w, t)dadt,
i)
/01 J(@ —y)(v"(y,t) —v"(x,1))p(z, t)dydzdt)
1

T 1
— [ [ [ 9= )it ,0) 0", 1)ty
0 0 0
T 1 1
=[] ] 76— tw0 — v 0)etw. 0dydat
0 0 0
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iv)

~lim ( [ s - u"(O,tmcp(x,t))

([ [ gt i) s ([ [ [ s oo et

hm(/ [ [ 1= note >>m(/ [ [ gm0 <>)
+hm</ / / (2 — )@ (0, ;) — (o,t»so(z,t)dydxdt)

—hm</ // (@ — )" (2, Dol t)dydxdt>+llm</ // (2 — )u™ (0, ) (J;,t)dydacdt)

(231

+lim ( / ' / 1 / 01 I — y)Milt; — tle(a, t)dydxdt>

= [ [ ] e wiote. ) w010 Dz,

as At — 0.

From (2.33)—(2.34) we conclude that the limit equation for v, (2.29) converges to a function v that
is the entropy energy of our problem. Performing the same procedure for the approximations u"
and v" for j odd the proof is complete. O

3 Numerical schemes

In this section we will present our results for the discretizations (1.5) and (1.6) of the continuous
local/nonlocal problem (1.1). Similar studies were developed in [4] and [29].

3.1 Semidiscrete scheme

Let us divide the computational domain [—1,1] in two subdomains, a local domain, [—1,0] and
a nonlocal domain, [0,1]. Each subdomain will be partitioned into finite-volume cells (or control
volumes), denoted by C; and Kj, for j,i =1,--- , N, respectively (see for instance [28]).

The interval [—1,1] is partioned in 2N subintervals, it means, an admissible mesh of [—1,1],
denoted by T is given by the union of families (C});=1.. n and (K;)i=1,.. n, such that C; =
(mj_%,ijr%) and K; = (zi_%,zH%), centered at z; and z;, j,% = 1,--- ,N and following the
order given by,

=—-l<m<zrs<---<zx,
2

j—%<xj<$j+%<"'<xN7%<$N<xN+%:l‘N+1:O

20 =% 1:0<21<z3< <Zi_%<Zi<zi+%<"‘<ZN_%<ZN<ZN+%:ZN+1:1-

The point at the center is not necessarily the midpoint of C; and of K;. The notations for the
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mesh grid are given bellow:

ijCjZ[x];%,SUjJF%}, ZiEKi:[ZiféaziJr%}’

N
hj:xj+%—mjfé, hj+1 =Tjy1 — Ty, g hj =1,
J=1
N
hZ:ZH_%—ZZ_%, h+1—l’i+1 E hz—l
i=1

The spatial finite volume scheme is obtained by integrating (1.1) over each volume control C}
and Kj;, respectively. The discrete unknowns are the average of u at the cell Cj, as well as, the
average of v at the cell K;, for 5, =1,--- , N. Considering a piecewise constant approximation of
the functions u and v on the mesh, we obtain

1 1
uj = hg/c*] u(x,t)de, v;= hz/K, v(z, t)dx
11
J(xj—z) = —— J(x —y)dzdy
’ hj hi K; JCj

So considering a cell-centered scheme at the spatial variable we have:

() u2(t) —wa(t)

ul(t) - hlh% )

uf(t) = umh(j;;;j(t) B uj(tzj;z;j;(t)’ j=2.... N—1

, un—1(t) —un(t) o b

un(t) = . +;; e J(zi — ;) (vi(t) — un(t)), (3.1)

N
thJ —Zk ( )—vi(t))—Zth(zi—xj)(vi(t)—uN(t)), i=1,-~- ,N

j=1

Uj(O)ZUjQ, j:1,--~,N

’Uz‘(O):’Ui(], izla"'va

1 1
ujo = hg/c ug(z)dr, vy = hz/K vo(z)dx

J

\

where

Energy formulation of (3.1). Discretizing the integrals in (1.2) we have

N1
ey (1, 05) - Z “J“ 422}1%} i — o) (Vi — vp)? ZZth ;) (v — un)?.
j=1 i=1 k=1 =1 j=1
(3.2)
As it was discussed in [17], for the continuous model, we can derive the semidiscrete scheme as
the gradient flow associated with the discretized energy, that is, (uj;,v;), 4,4 = 1,---, N, will be

the solution of the the ODFE problem

(uj,v,-)’(t) = _8Ehi’j [(uj,v,-)(t)] y t Z 07
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u(0) = ug, v(0) = vo, where OEy, , [(uj,v;)] denotes the subdifferential of Ej, ; at (uj;,v;). In fact,
from (3.2) we can derivate the discrete evolution problem associate to this energy. To compute the
subdifferential, we obtain the derivative of Ej,, ; at (uj,v;) € (R2V) in the direction of ¢ € C5°(R2?V)
as

N
> hjul(t)p;(t) = —0En, |i=o (u; + tip;,v) (3.3)
Jj=1

N

> " hivi(t)pi(t) = —0En, |i=o (u,vi + tp;) (3.4)
=1

The evolution problem, (3.3) and (3.4), consist of a system of ODEs that becomes (3.1).
We denote Vj, as the corresponding standard piecewise constant space, and {x;}, {x il } and
2

it {xiy 1 }, with i,7 =0,--- | N, are the characteristic functions defined on the control volume
Cj, C’j +1s Ki, K, 1. Then, we define the semidiscrete approximations as
N N
Vh = Up = Zujxj, Vh = Vp = Zvixi, (3.5)
j=1 i=1

where u;(t) and v;(t) are the solutions of the semidiscrete problem (3.1), for every 4,j =1,--- , N.

For simplicity, we will consider a uniform mesh, it means h = h; = h;. Thus the system (3.1)
becomes (1.5). Also we note that the finite volume scheme in one dimension resembles to the
finite difference method. In higher dimensions the two numerical approximations are completely
different.

Existence, uniqueness and mass conservation.

Lemma 3.1. There exists a unique approzimate solution (up,vp)ns>o to the semidiscrete scheme
(1.5). Moreover, the semidiscrete finite volume scheme preserves the total mass.

Proof. The system (1.5) can be write as W’(t) = MW (t), where W (t) = [u1(t), - ,un(t),v1(t), - ,vn(t)]"
€ (R?N) and M(h) is an (2N x 2N) linear matrix, which does not depend explicitly on ¢, but only
on h. The local existence and uniqueness to the system (1.5) is straightforward.

To prove the second statement, we just need to verify that

N N
hZu;(t) + thg(t) =0.
j=1 i=1
Indeed, the total mass is preserved since the kernel J is symmetric. O

The next result shows that the numerical scheme also preserves the monotonicity of the initial
condition. If the initial condition is monotone decreasing in [—1,1], then the numerical solution is
also monotone decreasing for positive times.

Lemma 3.2. Let W(t) = [u1(t),--- ,un(t),v1(t), - ,un(t)]T be a solution of (1.5), with uj1(0) >
u;(0) > vi41(0) > v;(0), for every 0 < 4,5 < N. Then uji1(t) > uj(t) > vip1(t) > vi(t), for every
t>0and0<14,5 <N.

Proof. We argue by contradiction. Suppose that there exists a first time ty and two consecutive

nodes, such that the conclusion of the lemma fails. We call the two nodes j, j + 1 if this happens

for v and 4,7 + 1 for v. We have that w;j11(tg) = u;(to) or viy1(to) = vi(to). If j = 1, we get
U3(t0) — 2u2(t0) + uy (to) UQ(to) — ul(tg) U3(t0) — UQ(to)

0 > ’U,IQ(to) — u’l (to) = 12 — 2 = 2 > 0,
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which is a contradiction. If 2 < j < N — 1, we get

ujta(to) = 2uja(to) +u;(to) — ujea(to) = 2u;(to) + uj—1(to) _ ujsa(to) —uj—1(to)

O Z u;*‘rl(to)_u; (to) = h2 h2 h2

>0,

a contradiction. If j = N we get

un(to) —u t un—1(to) —un(t un(to) —un—1(t
0> wy, (to) — iy (to) = ~(to) h2N+1(0) N 1(022 N(to) _ un(to) th 1(o)>0’

again a contradiction. Finally, for 1 <7 < N we get

N N
0 = viy(to) — vi(to) = h [Z J(zit1 = 2k11) (Uk1 (t0) — vira(to)) = Y J(zi1 — w41) (viga (to) — uN+1(to))]

k=1 j=1

Jj=1

N N
—h [Z J(zi — 1) (e (to) — vi(to)) — D J(zi — ;) (vi(to) — UN(??O))] > 0,
k=1
and we achieve the desired contradiction for all cases. O

Comparison principle.

Our next aim is to prove the validity of the comparison principle for our numerical scheme. We
need to introduce the following definition.

Definition 3.3. A continuous function (@, v) is called a supersolution of (1.5) if

1) > 2Ol
7(t) > U (t) — 2Uhjrz(t) R 1 R VA
() > O TN 4SS - T,
e
vi(t) > hiJ(zi — 21) (U (t) — Ui(t)) — hiJ(zi —z;)(wi(t) —un(t)), i=1,---,N
u;(0) > u’;? j=1--- N "~
5:(0) > vio, i=1,--- N

Analogously, (u;,;) is called a subsolutions of (1.5) if the reverse inequalities hold.

Lemma 3.4 (Comparison Principle). Let u;,v; and uj,v; be a supersolution and a subsolution,
respectively, of (1.5), then

Proof. By an approximation procedure we can consider strict inequalities for the supersolution. In
fact, we can consider

@j(t) = ﬂj(t) + ot + 6, @j(O) :ﬂj(O) +6> ujo + 0,

where 6 > 0, Vi,j and V¢t > 0, as a strict supersolution (a supersolution with strict inequalities),
and take the limit as § — 0 at the end of the argument. Indeed, differentiating w;(t) and w;,(t)
with respect to t, we get, for j =1,

uy(t) —ui (1)

W (1) = (1) + 6 > 2 15 = 22t — ()

h? h? h? ’
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forj=2,--- ,N—1

(1) =T (t) + 0 Ujt1( )_2“};( )+ (t) ny Wj41(t) _2@22( ) +j—1(t) Iy
> wit1(t) — 2121‘2( ) + 1(75)’

and for j = N we get

_ _ un_1(t) — (¢
wiy(t) = g (1) + 5 > 10 2T . .

On the other hand, for i =1,--- , N we have

N

7i(t) = —|—5>hZJ 2 — 2) (Ok() = Ba(t) — Y T (2 — 25)(0i(t) — TN (L) + 6
k=1 Jj=1
N N

Z zi = 21) (Gr(t) = Gi (1) —h Y J (2 — 25) (G;(t) — Wn (1) +6
=1 Jj=1
N N

> hy Iz = 2) @k(t) = 5:(0) = h Y J(zi = 25) Gi(t) — Wn (D))

k=1 j=1

Thus, the pair (% ,Z;) is a strict supersolution of (1.5).
Now, our aim is to show that for all £ > 0 and § > 0 we have
_ )
w(t) — u;(t) > )

5 (3.6)

7;(t) —v;(t) > 5%

To see this we argue by contradiction. Suppose that (3.6) is not true. Then, there exist a first time
to and a first node j or i such that

1)
Wy(to) — uy(t) = 5., and  w;(0) — u;(0) > 5
or (3.7)
Yilto) — v;(to) =
Then, using (3.7) we have, for j =2,---,

(Wj+1 — wjpq)(to) — 2(w; — u;)(to) + (Wj—1 — uj_1)(to)
hQ

0 > W, (to) — ) (to) > +6>5>0,

since (W41 — w;4q1)(to) > ¢ and (Wj_1 — u;_)(to)) > 3, which is a contradiction. For j = 1 we

obtain

Uj

(W2 — uy)(to) — (W1 — uy)(to)

0 > wy(to) - wi(to) > =

+6>6>0,

since (W — uy)(t9) > 2, which is a contradiction. For j = N,

(@Wn-1 —uy_1)(to) — (@WN —uy)(to)
2

0> wy(to) — uy(to) > +5>6>0,
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since (Wn—1 —upn_1)(to) > %, which is a contradiction. Finally, fori=1,--- N and j = N we get
N N
0> 7i(to) — vj(to) = h Y J(zi — z) @i(to) — Ti(to)) — b Y _ J(zi — z;)(F;(to) — W (to)) + 6

k j=1

N N

J
— | D0 T = ) (wilto) — wy(to)) = B> I (20 — 25) (v (to) — un(to)) | > 5> 0
k j=1

since (y;(to) — v;(to)) = (Wn(to) — un(to)) = g, and (7, (to) — vi(to)) > %, which it gives us a
contradiction and the proof of claim. As § was arbitrary, taking the limit as § — 0 we conclude
the proof of the lemma. O

Remark 1. Note that a constant function, u; = v; = k, for every i,j = 1,--- , N is a solution to
(1.5). Thus, we obtain the following

max {maxuj(O),maxvi(O)} > u;(t),v;(t) > min {minuj(O),mjnvi(O)}, vV 4,j=1,---,N,
J 7 J 2

This implies that solutions are uniformly bounded.

Consistency and convergence

We are ready to prove convergence for the semidiscrete scheme (1.5) as h — 0.

Theorem 3.5. Let u € C3>1([—1,0] x [0,T]) and v € C%1([0,1] x [0,T]), be a solution to (1.1) and
up, vy, defined as (3.5). Then, there exists a constant K (independent of h), such that for every h
small enough it holds

it) — it i) — it < Kh.
g § max[uay.0) = un(eg O, e [o(z00) = 1,0 | <

Proof. Let us denote by ¢;(t) = u;(t)—u(x;,t) and &(t) = v;(t)—v(z;, t) the error vectors. Recalling

that the finite volume method approximate the average of the solution in each volume (this is a
second order approximation), we have

1 (%1
uj—/]+2 uw(z,t)dr =~ u(zj;,t), j=1,---,N,
T

h 1
2
Consider j = 2,--- , N — 1. Differentiating the error with respect to t we have
1 (%] 1 (%]
ei(t) = uli(t) — . ? gz, t)de = ug(t) — . ? Uy (2, t)dz
i—% i—%
W) —w(®)  w) w1
gj+1(t) —26;(8) +£1(t) | wlwjtr,t) — u(z;, ) u(zj,t) —u(zj—1,1t)
= h2 + 12 B 7uz(xj+%’t) - 12
1
+Eum(:rj_%,t).

(3.8)
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From Taylor’s expansions of u(zjt1,t) and u(z;,t) at (z;,1,t), for & € (z;,1,2541) and
2 2
& € (:cj,xﬂ%) we get

h 1 (n\? AN
u(a;j+1):u(xj+%+%):u(a?j+%)+§u$(xj+%)+§ 5 uxaj(xj_;’_%)—"_é 5 Uz (§1),

h 1 /n\? 1/n\*
u(z;) = u(xj+%7%) - u(xj+%) - 5“95(37%&-%) + ) <2> uxﬂ?(xj—f—%) G <2> Uz (€2),
which implies

u(J?jJrliL; u(zj) _ %um(ajﬁ_%) + ih (Ugzz(€1) + Uzzz (£2)) .

By the Mean Value Theorem, there exists a &, € (£1,&2), such that ug.. (&) = M

Now, expanding u(z;-1,t) and u(z;,t) at (z;_1,t), for & € (z;_1,2;) and & € (1,7, 1) we
2 2 2
get

o) = (e ) = 0oy )+ ey )+ 3 (8) g+ 6 () a0

w(zj—1) = u(z,

1 (h\? AN
ugc(wj_%) + 5 <2> Uw:v(wj_%) 6 <2> Ugzz (84),

which implies

u(xj) —u(zj—1) 1
Also, by the Mean Value Theorem, there exists & € (£3,&4), such that ug.. (&) = M
Then, the expression (3.8) satisfies

et < gjr1(t) —2¢i(t) +£5-1(t)

< 12 =+ th, (3.9)

where C; = 15 Lmaz|uzes (€a) — Uzee(&)|. Performing the same procedure for j = 1, we get

1 3 T3
S0 =0 -y [ e de =0 - ¢ [ (oo

(9, 1) = ea(t) —e1(t) N u(we,t) —u(zy,t) lux(x%,t)

1
h2 h 2 h2 h2 h

Therefore, we get
+ Clh7

with C; = ma:c|umz(§a) — Ugaz(&p)|. Now, for j = N, with a similar idea, we get

sw(t)ggN‘l( 2_€N +hZZJ % — x;)(&(t) —en(t)) + Cnh + O(R?),
j=11i=1
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with On = 5maz|uges(€a) — Usea(&)|. Finally, if we differentiate &(t) = v;(t) — v(z;,t) with
respect to ¢ we get

1 " N N
0 = i)~ [ ula e = 1Y T - 20 (@)~ u) < Y T - 2) (w0 - ux(6)
Zz—% k=1 j=1
0
ST H [ =000 v - [ s -0 - u0.0)] do
N 2 N
=0z = @) () = (D) —h D Tz — ;) (&(t) — en (D) + O(h?).
k=1 Jj=1

(3.10)
Therefore, from (3.9)—(3.10), the error verifies

(1) = 20 —exl) h_fl(t) +Cih,
(1) = 10 _225” Tl o o N
eh(t) = N 1t Q_EN +hZZJ (t) — en(t)) + Cyh,

7j=11i=1

N N
Z zi— ) (&(t) = &) = h ) J(zi —aj)(&(t) —en(®) + Di(h?), i=1,--- N
- =1

(3.11)

Now, let us consider w;(t) = w(t) = Cht and y;(t) = y(t) = Cht, for every j,i = 1,--- , N, with
C = max; ;{Cj, D;}. The pair (w,y) is a supersolution of (3.11). Indeed, we have

w(t) = Ch > w1h_2w2 +Ch = W +C1h,
wi(t) = On > WTRUE Ly gy o CMZBMECN o =g N1,
Wy (t) = Ch > “”“hi;“”v + hii J(z — ;) (yi — wy) + Cnh
j=1i=1
- W 4 hZNjZN: (2 — ;) (Cht — Cht) + Ch,
j=1i=1
N N

N N
=hY _J(zi — 2)(Cht — Cht) — > J(z — x;)(Cht — Cht) + D;}*.
k=1 j

We can proceed as in Lemma 3.4 and prove that (3.11) satisfies a comparison principle. Then, we
obtain ¢;(t) < w;(t) < Kh and &(t) < y;(t) < Kh, for every t < T and every j,i =1,--- ,N. Here
K =CT.
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Performing the same argument for the subsolutions of (3.11), we can conclude that
lej(t)| < Kh, [&(t)| < Kh, ji=1,---,N,

which finishes the proof. O

Asymptotic behaviour.

Let us show now that the solutions of the semidiscrete approximation to the local /nonlocal problem
converge exponentially as ¢ — oo to the mean value of the initial condition, as it happens for the
continuous counterpart. For this task, we prove the following Poincaré-type inequality.

Lemma 3.6. Given J with J(h) > 0, for h sufficiently small, let

E i
ap = inf (g, i) (3.12)
u,we(R2N) hZ] 1 ]+hzl 1 z
N N
thzl Uj+hzi:1 V=
Then, ay, is strictly positive and it holds that
N N N 2 N N N 2
hy ug— | hY w0 +hY v0) || +hY Joi= | hD uj(0)+hY vi(0) || ¢ < Epluj,vi)
j=1 i=1 i=1 j=1 i=1
(3.13)

Proof. To prove that «y, is strictly positive let us argue by contradiction. Suppose that aj = 0.
Then, for all n € N there exist sequences {u,}, {v,} € (R?"), such that

N N
hZ(uj)n + hZ(Ui)n =0, (3.14)
j=1 i=1
N N
RY ()i +hY) (vi)h =1, (3.15)
j=1 i=1
and
. NT ) — 2o LY NN ,
ﬁ Z nJ+ )i ZZZJ zi — 1) z_(Un)k;]2+?ZZJ(Zi_xj)[(vn)i_(un)N} .
j=1 i=1 k=1 i=1 j=1
Therefore, taking the limit as n — oo, we obtain
(1 2
Jim | o > l(un)jn — (un)i)* | =0, (3.16)
j=1
2 NN ,
1 £ 9) SUCEFAICHTEEANE B (3.17)
i=1 k=1
and
h2 N N
Jm | 2030 e =l = (wnl? | =0 (3.18)
i=1 j=

From (3.15) we have hzyzl(un)f < 1, which implies that each term of the sum is bounded.

Then, there exists a convergent subsequence (uy,); — ;. From (3.16), we can conclude that
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((tny)j41 — (un,);)* — 0, and then @j4; = @;. This fact implies that all the limits are equal,
U}V:U]\f_lz"':’dl:ﬁ.

In the same way, also from (3.15) we have hZf\;l(vn)? < 1. Using the same argument as
before, with v;, we can extract a convergent subsequence (vy,); — 0;. From (3.17), as J(h) > 0
we have that ((v,,)i — (vn,)x)* — 0, and then we conclude that all the limits are the same, iy =
b1 ==y = D

On the other hand, from (3.18) we have @ = 0. Indeed, since J(h) > 0 and
((vn,)i = (un,)N)* = 0, this implies & = @& = 0. Moreover, from (3.14) we get hZ;V:l u+h Zfil 0=
0, which implies h(2N)(4 + 0) = 0. As @ = 0, it leads & = 0 and © = 0. This fact contradicts
(3.15) and hence we obtained the proof the first statement.

Note that (3.13) follows immediately from (3.12), considering

N N N N
u; = wj — thj(O)—i—thi(O) and v =y; — thj(O)—Fthi(O) ,
= P j=1 i=1
for any (w,y) € R?Y. This concludes the proof. O

Now we are ready to prove the result about convergence of the numerical solution to the mean
value of the initial condition, as ¢t — oo. This shows that the semidiscrete scheme shares similar
properties as the ones that hold for the continuous problem.

Theorem 3.7. Let up, vy, € Vj, the solution to problem (1.5) with an initial datum ujo, Vo, satisfies
N N

WY ug— kP 1Y o= ka|? < Ce?, (3.19)
j=1 i=1

where k1 = hZ?f:l u;(0) + h SN (0, for every u,v € (R?N) and, a positive contant C, inde-
pendent of t.

Proof. 1t is easy to see that the constants are solutions to the numerical scheme (1.5). In particular,

wj(t) = Z;V:luj —k,forj=1,--- N, and y;(t) = Ef\;lw—k’, t=1,---, N are also solutions to

(1.5). If k = ky, then w;(t) and y;(t) satisfy

N N
WY wi(t)+hY yi(t) =0
j=1 i=1
Let us define H(t) as
h h
= 52“’]2'(75) + 52%2(75)
j=1 i=1

Differentiating H with respect to t, we obtain

H'(t) = |hw (¢t —l—th] t) + hwy (t)wi (t)

thz )i ]Z—QEh(wmyz‘)(t)-

Applying (3.13), we get

N

N
2Ep(wy, 1) > 200 [ A Y wi(t)* + 0> wi(t) |,
j=1 i=1

which implies

H'(t) < —2a,H(t).
Hence, we obtain that

H(t) < e 2% [ (0).

From this follows that (3.19) holds. O
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3.2 A fully discrete scheme.
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We will perform a time discretization of (1.5). To deal with this we use a forward explicit Euler

method. We consider a constant time step, 7, > 0, and define the discrete times by #

= 7,

[ € N. The discrete variables ué and ’Ué are defined to be approximations of the average of the exact

solutions, u, v, over the volume control,
1 [%+d 1 (%4l
1 2 ! 1 _ 2 !
U=y u(z, t')dz, v; = 7 v(x,t")dx.
Tr. 1 Z. 1
) -2

Then, a complete finite volume scheme to solve (1.1) is given by

ullJrl —ull ul2—ul1
T 2
+1 l l l l
i T Ui T 2u AUy _
- 2 9 ] - 27 7N 1
T h
I+1 l l N N
Un — U U U
N N N—1 N
T Y Y Tz — @) (v) - uly),
T h st £
j=11i=1
o+l N N
; l
U p. Z:hZJ(zZ—zk)(vk—vz)—hZJ(zl—:cj)(vZ—uN), i=1,---,N
k=1 j=1
O .
uj:uj[)a ]:177N
0 _ .. i =1..-- . N
U; = Y50, =1, s 4V

for I > 0.

(3.20)

To start the analysis of the fully discrete scheme, we introduce the concept of supersolution

and subsolution for the problem (3.20).

Definition 3.8. We say that (Hé,@i) is a supersolution of (3.20) if, each of its components satisfy

( A+l ]
L i N Tl
-_ 2 )
T h
—+1 =l — =l
u; o — U U, — 2uh 4w
J J s+l J Jj—=1 j=2---,N—1
- 2 b ) 9y
T h
I+1 l l =l N
U U Upn_q — Uy
~ ~ > 2 +hZZJ(Zl_$J)(Uz_U’§V)J
7] h ;
7j=11i=1
il _ g N N
) i l l —
: - l2hZJ(Zz—Zk)(Uk—U,L)—hZJ(ZrL—ZEJ)(’UZ—UN), Z:L >N
! k=1 j=1
0 .
U, > ujo, J = 1, , IV
-0
v; > v, t=1, aNa

\

(3.21)

for 1 > 0. Analogously, (u',v!) is a subsolution of (3.20) if, its components satisfy the reverse

inequalities.

As for the semidiscrete scheme we have a comparison principle.

Proposition 3.9. Let (@, 7') and (u',v') be a supersolution and a subsolution of (3.20), respec-

tively. If h is small enough and, the time step, 1, satisfies
h2
N N )
1—h? Zj:l > iz J (2 — @)

then w < u; and v < v, for every 1 > 0.

< pi=

(3.22)
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Proof. Let w' = @ —u! and y' = o' —v!. As we did for the semidiscrete scheme, by an approximation

argument we can consider strict inequalities in (3.21). Also note that u° < u; and ¥ < v,. With
this in mind, w' and ' satisfy (3.21) with strict inequalities. To prove that they are positives, let
us argue by contradiction. Suppose that there exists a first time #!*! and nodes j and i, such that
wé-"H <O0or yﬁ“ < 0 while wé- > 0 and yﬁ > (. Starting by j = 1 we get

Ozwl+1>w1+l(wé—w) <1——> l+h2w2>0

h? h?
a contradiction. The same is valid for j = 2,--- | N. Finally, for ¢ =1,--- , N we have
N
OZyi+1>yﬁ+TthJ(zi—zk) —h) —TthJ )yt — why)
k=1

! !
= (1—7’th]( Zi — 2k) —TthJ 2 — %j )yl—&—TthJ —zk)yfc—i—TthJ(zi—xj)wﬁv >0,
k=1

k=1 j=1

that is a contradiction and completes the proof. O

Our next result proves uniform convergence of the fully discrete scheme.

Theorem 3.10. Let u € C32([—1,0] x [0,T]) and v € C%2([0,1] x [0,T]) be a positive solution to
(1.1), and (u,,v}) the numerical approzimation of the problem (3.20). Then, there exists a constant
K, such that for every h, T, small enough verifying (3.22), it holds that

th — ty — < K(h+71),
Og;?gT{mg[lan]! (2, ) — ujy, m[gx]!v(w ) vh!}_ (h+7)

where T = max; 7;.

Proof. Let us define the error vector at time t'*! as 5;“ = ué.“ —u(w;, 1), j=1,--- N, 1>0

and {;H = ’Ui_‘—l v(x;, tH1), for every i = 1,--- , N, I > 0. For j = 1 the error vector satisfies

E el (e ) — (e t)  ub—ul ey, ) — ua, t)

T T T h? T

g —¢e! n u(ze, t) —u(w, tY)  ulzy, ) — u(e, th)
h? h? 7

Expanding u(z1, 1) in Taylor series around (z1, ') we get

I+1 l l l l l
e —e& e —e  u(wa,t') —u(w,t') !
- =2 + % — ut(arl,t ) + O(Tl)

Recalling the argument used at the proof for the semidiscrete scheme, we obtain

I+1 l l l

13 — € o
1 - 1< 2h2 L4 O(h+7).
Performing the same procedure for j =2,--- ,N and i = 1,--- , N, the error vector satisfies
[+1 l 1 1
Tl - T !
€5 —€& €1 — 25+ .
! . ]§ J hZJ J +C(h—{—7‘), j=2,---,N—1
gl _ l ! N N
EN N<€N_1*5N+hZZJ(z~_$.)(£l_s )+C(h+7—)
i - h? L £ i N
Jj=11i=1
N N
5”1—54 ! ! l l 2 .
JgggiﬁhEZJ@r—%)gk_§>—h§:ﬂ%—ﬂw(§—5N)+CUz+T% i=1,.-- N.

L k=1 j=1
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Now, arguing as before, define wé- = w! = Ct'(h + 1), for every j = 1,--- , N and, yé =y =

Ct'(h +7), for every i = 1,--- , N. For j = 1 we have

1 I+1 oyl I+1 4l
M S L1 IS L Ul 8 JUAIS ST RS )

U Tl g

Similar inequalities are valid for j = 2,..., N and for i = 1,..., N. Then w', ¢ is a supersolution of
the previous problem. Notice that there exists Iy such that ¢ > T, thus take K = C't0 we obtain
the desired estimate using the comparison principle.

A similar argument using subsolutions finishes the proof. O

4 Numerical experiments.

In this section we include some numerical experiments considering the fully discrete scheme (1.6).
Before we present the results it is important to remark that we do not impose any continuity of
the densities at the interface x = 0, instead of we can guarantee continuity of the densities inside
the local and nonlocal subdomains (—1,0) and (0, 1), respectively, by assuming continuity of the
initial data. At the simulations we will use the density probability function defined as:

1 T
Z i < =

0, otherwise.

This particular kernel J satisfies the hypothesis described before, J is a nonnegative continuous
function, symmetric, with compact support, supp(J) = [—1,1] and J(0) > 0.

We consider for all simulations, N = 40 partitions of the domain Q = [-1,1], h = 0.05 and a
time step 0.001, which satisfies (3.22).

Numerical experiment 1. Initial condition: ug(z) = 9 — 22, vo(x) = 9 — 22. Mean value of
the initial condition ~ 8, 65.

In Figure 1 we plot the evolution of the local and the nonlocal parts of the solution and we can
observe the convergence towards the mean value of the numerical initial condition as ¢ increases.
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t 9.0
8.8 8.8
8.8
8.7
8.6
8.6 8.4
8.5 8.2

(a) Surface plot of the solution for the local (left) and the nonlocal part (right).

Local solution Nonlocal solution
9.0 9.0
8.8 8.8
8.6 8.6
] >
8.4 — t=o0 841 t=0
—— t=0.01 — t=1
— t=0.05 — t=2
8.2 —— t=0.5 821 — t=3
— t=1 — t=4
— t=5 — t=5
8.0 — t=10 8.0 — t=10
-1.0 -08 -06 -04 -0.2 0.0 0.0 0.2 0.4 0.6 0.8 1.0

X X

(b) Evolution of the solution for specific timesteps.

Figure 1: Numerical experiment 1.

Numerical experiment 2. Initial condition: ug(z) = 1 — 22, vo(z) = 9 — 2.
Mean value of the initial condition ~ 4, 66.

Now we are considering an initial condition that is discontinuous at the interface x = 0. We
can observe that the solution also converges to mean value of the initial condition, 4,64, see Figure
2.

Numerical experiment 3. Initial condition:

up(x) =1, if x> -04,

up(x) =0, otherwise,

vo(@) =
Mean value of the initial condition ~ 0, 84. Notice that the initial condition is given by two different
constants in the local subdomain.

In Figure 3, we can note the regularizing effect of the local equation (the local part of the
solutions is smooth for positive ¢) and the convergence of the solution for the mean value of the
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(a) Surface plot of the solution for the local (left) and the nonlocal part (right).

Local solution Nonlocal solution

[e0)
e e e
L | | | R [ 1
= U hs WN = O

(b) Evolution of the solution for specific timesteps.

Figure 2: Numerical experiment 2.

initial condition as t increase.

31
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1.8
16
14

1.2

1.0

(a) Surface plot of the solution for the local (left) and the nonlocal part (right).

2.00 Local solution Nonlocal solution
— t=0 20{ — t=0
1.75 — t=0.01 — t=1
—— t=0.05 — t=2
— t=0.5 1.81 — t=3
1.50 — t=1 — t=4
— t=5 — t=5
1.25 —— t=10 161 t=10
5 1.00 Ii >14
[
0.75
1.2
0.50
1.0
0.25
0.00 0.8
-1.0 -08 -06 -04 -0.2 0.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

(b) Evolution of the solution for specific timesteps.

Figure 3: Numerical experiment 3.

Numerical experiment 4. Now, we will also test the sensitivity of the discretization, using
a discontinuous kernel

0, otherwise.
Initial condition: ug(z) =9 — 2% and vo(x) = 9 — 22.
Mean value of the initial condition = 8,65. Even in this case, with the a non smooth kernel we
obtain the convergence of the solution for the complete problem to the mean value of the initial
condition as t increases, see Figure 4.
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8.8
8.6

8.4

8.2

(a) Surface plot of the solution for the local (left) and the nonlocal part (right).

Local solution Nonlocal solution
9.0 9.0
8.8 8.8
8.6 8.6
] >
8.4 — t=0 841 _ t=0
—— t=0.01 — t=1
— t=0.05 — t=2
8.2 —— t=05 821 — t=3
— t=1 — t=4
— t=5 — t=5
8.0 — t=10 8.0/ — t=10
-1.0 -08 -06 -04 -0.2 0.0 0.0 0.2 0.4 0.6 0.8 1.0

X

x

(b) Evolution of the solution for specific timesteps.

Figure 4: Numerical experiment 4.

Numerical experiment 5. Finally, we consider a discontinuous initial condition at the inter-
face and the following kernel

—0.75| sin(1.57s)| + 0.19(3 — |s|)?, for |s| <1,
J(s) = )
0, otherwise.
Initial condition: ug(x) = 1 — 22 and vg(x) = 9 —22. Mean value of the initial condition ~ 4,66. In
Figure 5 we observe the same behavior of the example 2. The solutions for the local and nonlocal
part converge for the mean value of the initial condition as t increases.
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(a) Surface plot of the solution for the local (left) and the nonlocal part (right).
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(b) Evolution of the solution for specific timesteps.

Figure 5: Numerical experiment 5.
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Chapter 4

Coupled local /nonlocal models in thin
domains

The Chapter 4 is composed by the third paper entitled Coupled local /nonlocal models in
thin domains that was submitted to the journal Asymptotic Analysis.
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Abstract: In this paper, we analyze a model composed by coupled local and nonlocal diffusion
equations acting in different subdomains. We consider the limit case when one of the subdomains
is thin in one direction (it is concentrated to a domain of smaller dimension) and as a limit problem
we obtain coupling between local and nonlocal equations acting in domains of different dimension.
We find existence and uniqueness of solutions and we prove several qualitative properties (like
conservation of mass and convergence to the mean value of the initial condition as time goes to
infinity).
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1 Introduction and main results

In this paper we combine a local diffusion equation, the classical heat equation,
ou
ot

in a higher dimensional domain Q € R, with a nonlocal diffusion equation, given by an integrable

kernel

(x,t) = Au(z,t) (1.1)

S0 = [ =)l t) — ule.0)dy (1.2

in R a different subset of RV, Associated with these two domains, 2 and R, in [23] and [29] the
following kind of energy functional was introduced

1 1 1
E(u,v) := 7/ |Vu|?dx + 7/ / J(z — 1) (v(y) — v(2))* dydz + f/ / Gz —y) (v(z) — u(y))® dydz.
2 Ja 4 JrJr 2JrJa
(1.3)
Here the set A C €2 is the whole Q (and we will refer to the resulting model as having a coupling
in the source terms, see the next subsection) or a part of the boundary A =T' C 9 (we refer to
this case as coupling at the boundary).
Observe that, the kernels J and G do not need to be equal. We will assume that J and also
G satisfy the following hypotheses that will be assumed along the whole paper without further
mention,

J € C(RY,R) is nonnegative, with J(0) > 0, J(—z) = J(z) for every x € RY, and integrable,

G € C(RY™ R) is nonnegative, nontrivial and integrable.

Remark 1. We can also consider kernels that are not in convolution form, that is, J(z,y) and
G(z,y) with J € C(RY x RV R) nonnegative, with J(z,z) > 0, symmetric J(z,y) = J(y, )
and integrable, and G € C(RY x R™,R) nonnegative, nontrivial and integrable. To simplify the
presentation we will deal with convolution type kernels in the proofs.

Observe that it is common to assume that the integral of J and G is equal to one. This
assumption is related to the probabilistic interpretation of the model given in [23] and [29]. For
example, in this interpretation, G((z1,z2),y) is the probability of a particle (or an individual of a
biological species) that is at (z1,22) jumps to y in a time step). So, in this case, we have

G(x1,22,y)dy = 1.
Ry
To obtain our results we only need the integrability of the kernels, hence we do not assume that
they are normalized to have integral equal to one.

Associated with the energy (1.3) we have the evolution problem given by its gradient flow (with
respect to L2(Q U R)). This gives rise to an diffusion problem. Take (u,v) as the solution of the
abstract ODFE problem

(u7v)/(t) = —0FE[(u,v)(1)], t>0,
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with u(z,0) = up(z), v(z,0) = vo(z) and, OE [(u,v)] the subdifferential of E. Then, it turns out
(see [23] and [29]) that (u,v) solves a system composed by a heat equation (local diffusion) of
the form (1.1) in Q and a nonlocal difusion equation in R, (1.2), coupled via source terms in the
equations (when A = Q in (1.2)) or via a boundary flux on I' C 99 (when A =T in (1.2)). See
Sections 1.1 and 1.2 below.

Also from [23] and [29] we know that the associated evolution problem is well-posed in the
sense that there are existence and uniqueness of solutions. There are two alternative proofs of
this fact. The first one uses a fixed point argument while the second relies on semigroup theory.
Besides, a comparison principle holds. Also, the total mass of the initial condition is preserved
along the evolution and the solutions converge exponentially fast to the mean value of the initial
condition. Notice that, according to [23] and [29], we do not impose any continuity of the densities
troughout the interface between the local and nonlocal domain, but we can guarantee continuity of
the densities u and v inside the local and nonlocal subdomains €2 and R, respectively, by assuming
continuity of the initial conditions. Also there is a probabilistic interpretation of this model (we
refer one more time to [23] and [29]). In this interpretation individuals cannot diffuse neither jump
from the exterior RV \ Q into Q or the other way around (the integrals accounting for jumps do not
consider the complement of 2). There is no interchange of mass between QU R and its complement.
Therefore, the total mass is preserved and we can call our problem as being of Neumann type.

The study of nonlocal problems with smooth kernels has been widely considered recently, see
[6, 7, 8,9, 11, 14, 20, 21, 22] and the book [1]. This kind of equation is getting attention due to
its potential applications in ecology, physics, and engineering, and to its flexibility to accurately
capture effects that are not easily obtained from classical local models. Biological mobility models
of animals and plants are examples of how distinct patterns of mobility can affect the success of
invasions [7, 34]. In epidemiology, the effects of long-range interactions are responsible for the
spreading of diseases around the world [36]. Nonlocal patterns also play an important role in
molecular interactions in dissimilar interfaces, continuum mechanics, [24, 30], and peridynamics (a
model of elasticity and mechanics), [31, 32].

There are different strategies for couplings between local and nonlocal models. Let us briefly
summarize previous results in [15, 18, 22, 23, 26, 29|, see also the review [17]. In [15], local and
nonlocal problems are coupled trough a prescribed solid region in which both kinds of equations
overlap (the value of the solution in the nonlocal part of the domain is used as a Dirichlet boundary
condition for the local part and vice-versa). This kind of coupling gives continuity of the solution
in the overlapping region but does not preserve the total mass. Here we follow [23] and [29] (see
also [22, 26]). In probabilistic terms, in the model described in [23], particles may jump across the
interface between the two regions but can not pass coming from the local side unless they jump.
Finally, in [29], the authors studied local and nonlocal diffusion models in different zones coupled
via the fluxes across the surface that separates the two regions.

Here, we take as the nonlocal region a thin domain, that is, we consider R. C RY (R: is
assumed to be open and bounded), depending on a small parameter ¢ € (0,1] that will go to
zero and that measures the thickness of the domain. Therefore, in our model problem we have
two full dimensional domains, the local domain 2 C R (that is fixed) and the nonlocal domain
R. C RNV = RM x RM, We denote z = (z1,22) a point in RY = RV x RM2, The domain R. is
assumed to be a general thin domain defined as

R. = {(z1,e:2) € RM x R : (21,32) € R},

with R ¢ RN = RM x RM2. Notice that R. is a domain that is thin in the xzo-variable. See Figure
1.

Our main goal here is to pass to the limit as € — 0 in the previous setting and obtain a nontrivial
diffusion model in which we couple local and nonlocal diffusion equations, (1.1) and (1.2) that take
place in domains of different dimension (we deal here with local diffusion in the full-dimensional
domain and nonlocal diffusion in the lower-dimensional one).



For simplicity, we will concentrate in the product case and take R. as
R. = R; xeRy = {(ml,sxg) 1x1 € Ry, 29 € RQ}.

Our results are valid in a more general setting (see Remark 2 below) but we prefer to avoid
extra notations and simplify the changes of variables that are needed in the proofs. The typical
configuration under study is depicted in Figure 1.

Remark 2. Instead of a thin domain like R, = {(z1,ez2) : 1 € Ry, 22 € R}, we could have a
more complex domain, which could be described by some function g related to the geometry of the
channel R., more exactly, on the way the channel R, collapses to a general manifold R;. If we want
to construct a more general geometry of the channel we could, for instance, in two dimensions,
consider the channel R, = {(z,y) : 0 < 21 < 1,0 < 2 < €g(x1)}, although more general and
complicated geometries are allowed, see [2].

Qe T
‘./ AN
R
‘ Q /
S //
Figure 1: Perturbed domain
QG P T
e N
".“‘ Q ”“.‘i R]_
N Y

Figure 2: Limit domain.

Main goal. Let Q. = QU R. € R" and consider a local/nonlocal coupling in this domain (see
subsections 1.1 and 1.2 for a precise statement of the involved equations and the obtained results).
As we have mentioned, our main goal is to study the limit as the nonlocal region, R, gets thinner,
that is, to study the limit as € — 0. When passing the limit as &€ — 0, the ”limit” domain, Q (see
figure 2) will be the union of Q and the lower dimensional domain R;. In the limit of the solutions
to our coupled models we will obtain solutions to a local equation in the domain 2 (with a nonlocal
source) and a nonlocal equation in a domain of smaller dimension, R;. After obtaining the limit
equations, we will also prove some qualitative properties of this limit problem (like conservation of
the total mass and study the asymptotic behaviour of the solutions).

Concerning references for equations in thin domains we refer to [2, 3, 4, 27, 5, 33| that develop
some techniques and methods to understand the effects of the geometry of the thin domain on the
solutions of elliptic and parabolic singular problems. We can find some applications in elastic beam
theories (as torsion and warping functions) [28], lubrification [12], fluid flows as ocean dynamics,
geophysical fluid dynamics, and fluid flows in cell membranes, see for instance [25].

Our results can be viewed as an extension of [2] and [27]. In [2], the authors investigate
the dynamics of a local reaction-diffusion equation with homogeneous boundary condition in a
dumbbell domain. The dumbbell domain is composed by two disconnected regions joined by a
thin channel, that depends on a thickness parameter ¢ and degenerates to a line segment as the
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parameter ¢ — 0. As part of a series of articles (see [3, 4]) the authors also prove some properties
about the continuity of the set of equilibria. On the other hand, in [27] the authors deal with
nonlocal evolution problems with non singular kernels in thin domains obtaining a limit problem
when the thickness of the domain goes to zero, but without considering any coupling with a local
part of the problem. Passing to the limit in these coupling terms is the main contribution of this
work.

1.1 Coupling using source terms

We need to compare the solutions of the problem posed in the perturbed domain Q. = QUR, ¢ RV
and the solutions to the limit problem in the limit domain £2y. Since the solutions live in different
spaces, to obtain convergence we need some care, not only in the choice of the functional space,
but also with the metric chosen in this space. Decomposing a function w € L?(Q.) as w = u + v,
with v = wyq and v = wyg,, we define the metric in L?(Q.) as

1
2 2 2
= + — . 14
HUJHLQ(SZE) / |u| eN2 /Hs |U| ( )

Remark that we multiply the norm of the involved functions in the thin part of the domain R. by
a factor e~(M2), Now, we can define the energy functional

1 1 1
Buuv) = 5 [ [Vuldo+ o, /R | el —v(o)Pdyde+ /R | Gla=p)lote)=uu)Pdyd.

(1.5)

which is finite in
B :={(u,v) € LX) :ue HY(Q),v e LQ(RE)} .

Notice that in this energy functional we have two terms,
1/|Vl2d d . //J( ) (v(y) — v(x))” dyd
= u|“dz n — — —
3/, a 2% Jp Ja xz—y) (vly) —v(z ydz,

that are naturally associated with the equations (1.1) and (1.2) plus a coupling term given by

25%2 /R /QG(JU — ) (v(z) — u(y))? dydz.

Now, let us consider the evolution problem obtained as the gradient flow associated with this
energy with respect to the norm previously defined in (1.4), that is, (u(t),v(¢)) will be the solution
of the abstract ODFE problem

(u,0)'(t) = =0 [(u,v) ()], t=0,

with initial data u(z,0) = ug(z), v(z,0) = v§(z). Here OF [(u,v)] denotes the subdifferential of £
at the point (u,v). To see what kind of equations we are solving here, let us compute the derivative
of E at (u,v) in the direction of ¢ € C§°(£2.),

E h hyp) — E
awEE(U,’U) — %li)l%) €(u+ ()07,0 +h SD) €(u7 U)

1 1
= [ vuvein s g [ o [ 96 - 000) —e@)ew) - ey

1
o /R 5 /Q Gz — y)(v(x) — uly)dyp(z)ds
_ /Q = / Gl = 1) (0(y) ~ u()dyp(e)de



Since (0F[u,v], p) = 0,E(u,v), we can derive the local/nonlocal problem associated to this gradi-
ent flow that is given by the following system of equations:

ety = duet) + by [ Ole—p)0(0) — w1y, (2.1) € 2x (0, +20),
R

ou

8777(1',15) :O, (m,t) € 00 x (07+OO),

1) = 5 /R ) (ol 1)~ ol ) dy | = nttet) w00, (1)

€
(x,t) € Re x (0,400),

u(z,0) = up(x), =z €,

v(z,0) =v§(x), =€ R..

As we have mentioned previously, our aim is to pass to the limit as € — 0 in this evolution
problem (1.6). To introduce a candidate to be a limit problem for (1.6), defined in the domain g
(see Figure 2) we will perform a change of variables (as described in [27]) in the thin domain, R.,
in order to fix it. The change of variables is given by

R=Ri x Ry> (xl,l'z) — (wl,sxg) € R xeRy = R..
That is, we take To = % and go = %2 With these variables we can fix the domain which allows
us to analyze the asymptotic behavior as ¢ — 0 in a fixed space of functions. To fix the initial
condition for v after the change of variables, we take v(x,0) = v§(x1,2z2) = vo(x1,T2) for some

fixed function vg. The problem (1.6) becomes after this change of variables the following equations
in the fixed domain Q = QU R:

881;8 (z,t) = Au(z,t) + /RGE(JJ —y) (v (g, t) —u(z,t)dy, (z,t) € Qx(0,400),
%f(x,t) =0, (z,t) €9 x(0,4+00),
T @0 = [ a0 0@ - @) b [ Gela— @) ~ ), (1.7)

(Z,t) € R x (0,4+00),

where
Je(x—y) = J(x1—y1,e(T2—12)), Ge(x—y) = G(r1—Y1,6T2—7F2) and v°(x1,T2,t) = v(w1,ET9,1).

Notice that the problem (1.7) is similar to the ones obtained previously in thin domains (see for
instance [27, 2]).
Now, we are ready to state our main result for this coupling.

Theorem 1.1. Let {(u®,v%)}.50 be a family of solutions of (1.7). Then, there exist (u*, V™),
u* € C([0, 7], HY(Q)) and V* € C([0,T), L*(R1)), such that

ut —u* in L(0,T; L*(Q)),
v® —~v* in L>®(0,T;L*(R)) and,

VE(-):/Rve(-,siﬁg,t)dfcgév*(-):/l% v*(-,0,8)dFs in L®(0,T;L3(Ry)).
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The pair {u*,V*} satisfies the following limit problem in Qo = QU Ry,

u*

%(xﬂf) = AU*(xvt) + G*(x - y)(V*(?/)t) - ‘R2‘U*(xvt))dy7 (xvt) €0 x (07 +OO)7
Ry

ou*

Tn(iﬁﬁ) - Oa (:Uat) € 00 x (07 +OO)>

ov*

o @) =Rl | J@—y) (V7(y,t) = V7(2,1)) dy — / G*(z —y)(V(z,1) — |Ro|u”(y, 1)) dy,
Ry Q

(x,t) € Ry x (0,+00)

u*(x,0) = up(z), =z€Q,

V*¥(x,0) =V (z) = / vo(x,0)dze, x € Ry,
Ro

where the limit kernels J* and G* are given by
S —y)=J@1-y,0),  G(z—y)=GCG@1—y,0—-1p).

We also include here some properties of the limit problem (1.8). The problem is well posed,
the total mass remains constant in time, that is,

/ u*(x,t)dx —i—/ V*(x,t)dx = / ugdr + / Vodx, Yt>0,
Q Ry Q Ry
and solutions converge exponentially to the mean value of the initial condition as ¢t — oo, i.e.,

< Ce M,
L2(Q0)

[ v = Fus )
for some C' > 0 and \; > 0 (we also obtain that \; can be chosen independent of the initial data).

1.2 Coupling at the boundary

Now we want to impose that an individual to pass from the nonlocal domain to the local domain,
it necessarily needs to cross the boundary to then get in the local domain. As we did before,
first we will define the problem in the perturbed domain (see Figure 4.2) and then derive the
limit problem defined in the limit domain (see Figure 2). Let us, as before, consider the domain
Q. =QUR. CRY, with Q c RN and R. = R; x eRy C RY, with a small parameter e.

Let us consider the metric (1.4) and derive the evolution problem as the flux associated with
the energy

E’(u,v) := ;/Q |Vu|*dx + 452% /Rs /Rs J(x —y) (v(y) — v(z))? dydz

1

+ 2Nz

| [ =@ - dotwz (19)
with I" a fixed part of the boundary of © with |I'|y—; > 0 (then we have a well defined trace
operator from H'(Q) into L?(T")). Notice that the coupling term

1
2eV2

/ / Gl —y) (0(z) — u(y))? do(y)dz
R: JT

involve the values of u on I' C 9f instead of the values of u inside 2 (compare with the previous
functional E.(u,v)).



Now, the evolution problem associated to the energy functional Eg(u, v) is given by the following
system:

—(x,t) = Au(z,t), (z,t) € Q x (0,400),

—(z,t) =0, (z,t) € 02\T x (0,+00),

@) = o [ G =000 ~ (e 0)do). (2.0 €T x (0.420),
1

g:(w,t) =N /R J(x —y) (v(y,t) —v(z,1)) dy — /F G(z —y)(v(z,t) —u(y,t))do(y),

€

(1.10)

(x,t) € Re x (0,400)

U(IL‘,O) = uO(x)’ z €,

v(x,0) =v5(x), € Re..

Notice that the nonlocal part contributes with the normal derivative of w on I' and the local part
of the problem appears as before in the source term of the equation for the nonlocal part. The
coupling is balanced in such a way that the problem preserves the total mass, see [29].

After the same change of variables that we used before, Zo = 22 and g, = £, we fix the domain
and then pass to the limit and obtain the limit problem. Again here we take v(x,0) = v§(z1,22) =
vo(z1, T2) for some fixed function vy as the initial condition. Notice that, as we did in the previous
subsection, there exists an equivalence between the coupled local/nonlocal problem (1.10) with the
following coupled local/nonlocal thin domain problem defined in Q = QUR, with T a fixed part

of the boundary of €2,

%(M) = Aut(z, 1), (1) € @ x (0, +00),

%f(x,t) —0, (2,) €92\ T x (0,+00),

2 w1) _/ G*(z —y)(v°(5,1) — u'(,1))dy, (z,t) €T x (0,+00)

on R 7 7 ’ , | |

L (1.11)

(@,t) = /RJE(w —y) (v°(9,1) —v°(2,¢)) dy — /FGE(JJ —y)(v° (2, 1) — u'(y,t))do(y),
(#,1) € R x (0, +00)

ot

with
J(r—y)=J(x1—y1,e(B2—72)) G (x—y)=G(xr1—y1,x2—¢€P2) and v°(Z,t) =v(r1,eT2,t).

Now we can enunciate a convergence result analogous to Theorem 1.1. It says that there is a
limit as € — 0 of the solutions to the problem (1.11) in the limit domain Q¢ = Q U R; (see Figure
2).

Theorem 1.2. Let {u®,v°}e~q be a family of solutions for the problem (1.11). Then, there exists
a solution (u*,V*), u* € C([0,T], H(Q)) and V* € C([0,T], L*(Ry)), such that

ut —u* in L(0,T; L*(Q)),
v* —~v* in L>®(0,T;L*(R)) and,

VE(-):/Rve(-,siﬁg,t)digév*(-):/l% v*(-,0,8)dFs in  L®(0,T;L3(Ry)).
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The pair {u*,V*} satisfies the following limit problem in Qo = QU Ry,

( Ou* .
E(l‘,t) = Au ($,t), (337t) € x (07+OO)7

%7‘7(33,15) =0, (z,t)€dN\T x (0,+00),

a *

Ty @0 = [ @@=y 0 = [Ralu (0, 0)dy,  (2.0) €T x (0, +00)
Ry

ov*

5 (@) =IRe| | T (@ —y) (V(y,t) = V(x,1)) dy — / G*(z —y) (V' (2, 1) — [ Ra|u”(y, ))do(y),
Ry T

(z,t) € Ry x (0, +00)

u*(z,0) =ui(z), zeQ,

V¥(z,0) =V (z) = / vo(x,0)dze, = € Ry,

\ Ra

(1.12)
where the limit kernels J* and G* are given by
J(x—y)=J(x1 —y1,0), G (x—y)=G(x1—y1,z2—0).

For this limit problem we also have that it is well posed, the total mass remains constant in
time and solutions converge exponentially to the mean value of the initial condition as ¢t — co.

1.3 The local part in a thin domain

We can also consider the case in which the local part of the problem takes place in a thin domain
(fixing the nonlocal domain). That is, we consider Q; C R, Q5 C R™2 and can take . =
Q1 x Q9 U R as our reference domain. In this case the associated energy takes the form

E(u,v) := 28%2 /legszg |Vul|?dz + le/R/RJ(x — ) (v(y) — v(x))? dydz

1
Taem /R /leem Gz —y) (@) = uly))” dyda.

We can also consider the limit as e — 0 of solutions to the associated gradient flow in this case. In
this case we obtain a limit problem in which the equation for u involves only the Laplacian in the
first Ni-variables and the coupling kernel is given by

G*(x —y) =G(x1 —y1,0 — y2)

(the kernel J remains unchanged since we are fixing the nonlocal domain R). The proof of this
limit can be obtained following [2, 3, 4] (notice that here we are taking the limit in the local part
of the problem) and hence we don’t include the details in this paper.

The paper is organized as follows: in Section 2 we deal with the problem with coupling via
source terms and we prove Theorem 1.1; in Section 3 we consider the coupling on the boundary
and prove of Theorem 1.2; finally, in Section 4 we include some numerical experiments (based on a
discretization of our models) that illustrate the behaviour of the solutions to our limit equations.

2 Coupling via source terms. Proof of Theorem 1.1

First, we introduce a result that will be important to study the large time behavior and the limit
problems described in the previous Section. We state the lemma for the first problem (coupling
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via source terms) but the same proof can be adapted for the other evolution problem (coupling on
the boundary).

Let us denote by @ = QU R the fixed domain after the change of variables and by E the
functional (1.5) after the change of variables, that is,

/ Vul2da+; / / To(w =) loly) () Pdydr + /R /Q Ge(a—y)lo(x)—uly)Pdyda,

Je(z —y) = J(x1 — y1,6(T2 — 2)), Ge(x —y) = G(x1 — y1,€T2 — P2).

with

Lemma 2.1. Let {\{}c>0 be a family of first nontrivial eigenvalues of our evolution problem that
are given by

E 13 g

= inf (u?, v°)
Rl N

Q R

Then, there exists a constant C' > 0, that does not depends on € such that

A >C >0,

E(uf,v%) > C (/Q(uf)2 + /R(UE>2> , (2.1)

for every (u,v®) solution to (1.7), such that [,u®+ [pv® =0.

and hence we have,

Proof. Let us argue by contradiction. Suppose that (2.1) is not hold, that means that, for every
n € N there exists a subsequence {¢,} — 0 and {w*} = {(u",v")} € L%(Q) N H(Q) such that

/Qusn—i—/Rv8
[+ [ =t

1 1 1
3 [ v peg [ [ g ) - @Ry [ [ Goemn)m @) —ue )2 dyde <
2 Q 4 RJR 2 RJQ

3

Taking the limit as n — oo we obtain

7}1—{20 (;/S)\Vua"]?dac) =0,
i (5 [ [ et ) - 0@ P ) <o
i (5 [ [ Gate = 0@ - o @)Payar) o

We have that [,,(u)?dz < 1, that is, {u™} is bounded in L?(2). Moreover, we get that {u®"}
is bounded in H 1(Q) Takmg a subsequence, also denoted by {u®"}, such that €, — 0 we have

and

utt —u* in HY(Q)
ut" — u* in L(Q).

Thanks to the weak lower semicontinuity of the norm we know that

1 1
/ |Vu*|2dz < liminf / |Vusr |*dz = 0.
2 [¢) En 2 QO
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Hence, the limit «* is constant in €.

Also {v*"} is bounded in L?(R). Define k*» = [, v*". From the bound in L*(R) of v*" we
obtain that there exists a constant C' such that |k*»| < C and, moreover, we can take a subsequence
{v*"i} which weakly converges in L?(R) to some limit v* as e,; — 0 and such that {k*"} also
converges to a limit that we call k*. Consider 273 = v*% — k°7s. We have that fR 2t = 0,
therefore, see [10] and [1], there exists a constant C' > 0 independent of € such that

/ / J(1 = y1,en; (T2 — §2)) (27 (y) — 259 (2))*dydz > C/ (27 () da. (2:2)
RJR R

In fact, since J is continuous, from our hypothesis on J, we get that there exists constants M, > 0
such that

J(x1 —y1,22 —y2) > M, whenever |(x1 —y1,x2 —y2)| <.
Then, it follows that

M ) 1)
J(x1 —y1,e(z2 —y2)) > 5

whenever |z — 1] < 2 elzg — ya| < 2’

for every ¢ small enough. Hence, the inequality (2.2) follows from Lemma 3.1 in [10] and the
constant C only depends on M, § and R but not on ¢.
Note that we have

(3] [ e - @) = i (3] [ g e ) - o @) <o

as €p; — 0, which yields

0> lim C [ (2" (z))%dz.

n—0o0 R

From here we conclude that 2% — 0 in L?(R), which leads to v®»7 — k* strongly in L%(R).
Finally, as u®" — u* in L?(2) and v** — k* in L?(R), we can take the limit as ¢, — 0 and obtain

0= lim <; /R /Q Gan@—y)(vfn(x)—u€n<y>>2dydx> - /R /Q G (@ — ) (v (@) — u*(y))2dyda.

n—oo

From where it follows that k* — «* = 0, that is, k* = u*. From

/u€"+/v€”:0,

Q R
/u*-l-/k*:(),
Q R

k" =u*=0.

L+ [ @z =

and the strong convergence in L? we obtain

[+ [ =1,

which yields a contradiction. The proof is complete. O

it follows that

and since we have k* = u* we get

Now, from
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With this lemma, following [23] (see also [29]), we can provide an estimate for the asymptotic
behavior of the solutions of the problem (1.7), that is, the solutions {u®,v*}.~ converges to the
mean value of the initial condition

| o)~ Flaow)|, < i, (23)

2@ ~

with Cq,Cy finite positive constants, independent of £ and also, (5 independent of the initial
condition. Hence, we have that the L?-norm of {uf,v}.~0 is bounded (independently of ¢). Here

/ up + / ()
o) QI +IR
Now we are ready to proceed with the proof of Theorem 1.1.
Proof of Theorem 1.1. First, we observe that, since J and G are continuous functions, we have
Je(x —y) =J(z1 —y,e(w2 —y2)) — J (. —y) = J(#1 —91,0), and

Ge(x —y) =G(x1 —yr,ex2 —y2) — G (x —y) = G(z1 — y1,0 — y2),

as ¢ — 0, uniformly in z,y.
From Lemma 2.1, since {v¢} is bounded in L>(0,T; L?(R)) we can take a subsequence, also
denoted by {v°}, such that
€

v —~v* weakly in L(0,T;L*(R)) as e —O0.

On the other hand, we have that
/ [uf(z,t)|2da and / Vs (x,t)|?dz,
Q Q

are also bounded in L?(2) (uniformly in ¢ € [0,7]). Hence, along a subsequence if necessary,
uf —u* weakly in L®(0,T;H'(Q)) as e— 0,
€

u® — u* strongly in  L>®(0,T;L*(Q)) as e— 0.

Now we consider the weak form of (1.7), that is, using the symmetry of the kernel J we have
the following identities,

/Q (2, T) oz, Tda — /0 ' /Q uﬁ(x,t)%f@,t)dxdt: /Q wo (), 0)dar — /0 ! /Q Vil (2, ) Voo, ) dadt

" /OT /Q /R Ge(z —y)(v° (9, 1) — v (2, 1)) (a, ) dyddt,
e meta i [ [ 03w st = [ aierotrone

T
- / / / Je(z —y) (v(5,1) — v (%, 1)) ((y, 1) — p(x,t))djdzdt

/ //G z—y) (v (Z,1) —u(y, 1)) p(, t)dydxdt,

for every p € C1(H'(Q) U L?(R)).
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Now, let us take a test function that depends only on the first variable, for x € R, that is,
¢ = @(x1) and us analyze the limit as ¢ — 0 of each term in the previous equations. We have

T T
lim (/ / VuEVgodmdt) = (/ / Vu*Vgadacdt) .
e—0\Jo Jo 0o Jao

T
/ / / G(z1 — y1, 22 — €42) (Vv (Y1, Y2, t) — u®(x1, 22, 1)) (21, T2, t)dyadyr drodr dt
R JRs

:/OT/Q/R1 /R2 [G(m—yhxz—fgﬂ—G(»@l_yhx?)

X (v (y1, Yo, t) — u®(z1, 22, t))p(x1, T2, t)dyodyr droda di

Now, note that

T
+/ // / G(z1 — y1,x2) (v (y1, Y2, t) — u (21, 22, 1)) (21, T2, t)dyadyi dradrydl.
0 JOJR JR,
Notice that the measure in €2 is the product measure and hence when we integrate we have dx =
dl‘ldl‘g.
Since
[G(ﬂﬁl —y1,22 — €f2) — G(1 — Y1, 962)}

goes to zero uniformly and u¢ and v° are bounded in L?, the first term goes to zero as ¢ — 0 and
therefore we concentrate in the second. To analyze the limit of the second term, we observe that
G(x1 — y1,x2) does not depend on y, and hence we can rewrite this term as follows,

T
/ / / G(x1 — y1,22) (v (y1, Y2, t) — u (21, 22, t))@(x1, T2, t)dyadyi drodrdt
R1 /R,

T
:/ /@(901,962,t)/ G(x1 —y1,x2) [/ V¥ (Y1, Y2, t) — u (21,22, 1)) dya | dyidradadt.
0 Q R1 RQ
Let

V(g1 ) = / o (1, Gos )i (2.7)
Ry

Observe that, since v is bounded in L>(0,T; L?(R)), then V¢ is also bounded in L>(0,T; L?(R;y))
so, taking a subsequence if necessary

VE =~ V* weakly in L%(0,T;L*(Ry)).

Using (2.7) we obtain

T
/ / Lp(:cl,xQ,t)/ G(z1 —y1,22) [VE(y1) — |Ra|u®(z1, 22, t)] dyrdxadz dt.
0 Q R1

Therefore, we can take the limit as ¢ — 0 and obtain

T
lim/ / o(x1, T2, 1) Ge(z1 — y1,22 — €92) [VE(y1) — |Ra|u®(x1, x2, t)] dyidradrdt
e—0 0 [¢) Ry
T
:/ /go(xl,;rg,t)/ (G(x1 —yl,mg))lim (VE(y1)) dyrdxodxdt
Ry
/ \R2|/ ZEl,l'Q,t)/ (G(x1 —yl,:ng))hm (uf(x1,x2,1)) dy1dzodrdt
Ry
/ / (w1, 22, / G(x1 —y1, 22 — 0)V*(y1)dy1dxodr di

—/ Rg\/ o(z1, 2, 1) G(x1 — y1,x2 — 0)u™ (21, 22, t)dy1dxodr dt.
0 Q Ry
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The same idea can be applied for the second integral in the weak form of the problem using
the properties of the kernel G and Fubini’s theorem, which leads to

T
/ / go(xl,t)/ G(x1 —y1,0 —y2) (V*(y1) — |Re|u™ (21, 22, 1)) dy1dzodzdt.
0 Ry Q

Concerning the terms that involve time derivatives, from the L™ — L? convergence we obtain

. ‘P
21_% / / (z,t) 8— x,t)dzdt = / / (z, t 815 (z,t)dxdt
T 8(,0 T 8(,0
lim — € - S *
lim /0 /RU (z,t) 5t (x,t)dzdt /0 /RUV (z,t) 5 (z,t)dzdt

Finally, we will deal with the pure nonlocal integral. By Fubini’s theorem and (2.7) we get

T
/ / / / / Je(x —y) (v°(y1, 92, t) — v° (21, T2, 1)) (21, t)dYadyrdToda dt
0 R1 JRy JR1 J Ry

T
=/ / @(xl,t)/ J(x1 — y1,e(Z2,92)) {/ / (v°(y1, G2, t) — v° (1, T2, t)) dfodis | dyida1dt
0 R1 Ry Ry J Ry

T
— / / oo, t) / (@1 — y1, (i, o)) ([Rol V(1) — [RolVE (1)) dyrdacrdt.
0 Rq Ry

and

Now, we can take the limit as ¢ — 0, it follows that

T
lim / / oent) | T(@r— g, (o §2) (1RaVE(mn) — [RolVE (1) dyndacyd
R Ry

e—0 0

T
- / IRy / (e, ) / lim (J (21 — g1, (2, 2))) lim (V< () dyadery dt
0 R R, €0 e—0
/ Bl [ oz, t) / lim (J (21 — 1, £(d, §2))) lim (VE (1)) dy dasdi
Rl R1€—>0 e—0
/ Rol [ olert) / J(@1 — g1, 0)(V*(52) — V*(a1))dyadacy .
R1 R1

Hence, since this procedure can be carry over for every T" > 0, the limit equation, defined in the
domain Qp = QU Ry, (see Figure 2) is given by the system (1.8),
8 *
%(m,t) =Au(z,t)+ [ G (x—y)(V*(y,t) — |Re|u”(x,t))dy, (x,t) € 2 x (0,00),
Ry
8 *
Ty @1 =0, (2,) €09 x (0,00),

@)= Rl [ Ty (V1) ~ V(o 1)) dy
R1

- /Q Gz — y)(V* (@) — [Rofu (y.8))dy, (,1) € By x (0,00),

u*(z,0) = uy(z), ze€Q,

V*(l',()):‘/o*(l'), :L‘ERla

where J*(x —y) = J(z1 — y1,0) and G*(x — y) = G(z1 — y1,x2 — 0).

To finish the proof we show existence and uniqueness of a solution of the solution to the limit
problem (1.8) (notice that up to this point we have convergence along subsequences £; — 0, proving
uniqueness of the limit we obtain the existence of the full limit as ¢ — 0).
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Thanks to the limit along subsequences we ensure the existence of a solution (u*,V*) for the
limit problem. To show the uniqueness let us suppose that there exists two solutions (uj, V;*) and
(u3, V") of (1.8). Define w* = uj —uj and z* = V}* — V', The pair of (w*, 2*) satisfies the following
equations
ow*

5 (x,t) = Aw*(z,t) + G*(x —y)(z"(y,t) — |Ro|w*(x,t))dy, (z,t) € Q x (0,00),
Ry

ng?(x,t) =0, (z,t) €0Qx (0,00),

SN =Rl [ 7@ 2wy - [ 6 = Rl 0)ay

(z,t) € Ry x (0,00),

w*(z,0) =0, =€,

(2"(2,0) =0, z€Ry.
(2.8)

Multiplying the first equation of the problem (2.8) by %* and integrating over {2 and, the second
equation by % and integrating over R;, we get

32\/ 0wt [ 2 z*dx:—\Rg\/ ]Vw*]zdx—‘RQ‘/ / T (@ — ) (=" (1, £) — 2" (2, £))2dyda
q Ot R, ot Q 2 Jr R

/ /G* 2 — 1)(=*(5,1) — |Rolw* (2, ))2dyd
Ry
= —2F(w*,2*) <0

Hence, if we let

f’(t):\R2|/ 88“2 w*da + aazt e,
Q R’

ft) = |];2’/Q(w*)2dx+/R (z*)?dx.

Now, from Lemma 2.1, we obtain

2B(w", ) > 20 < 2’/ / (2 *)2dx> — o f(8),

which implies —2F(w*, 2*) < —2\; f(¢) and then we get
f(t) < =22 f(1).

Hence, Gronwall’s inequality gives that

f(t) < e P f(0),

we have

where f(0) = @ Jo(w*)?(z,0)dz + fR (x,0)dz. Since f(t) > 0 and f(0) = 0 we have that
0< f(t)<0
that is
ft)=0
and hence
w* =0 and 2F =0,

which means u} = u3 and V;* = V5. This guarantee the uniqueness of the solution for the problem
(1.8) as we wanted to show. O
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Now, we include several remarks.

Remark 3. From our previous arguments, we also conclude that the limit problem (1.8) is well-
posed in L?(£)) (we have existence, uniqueness and continuous dependence with respect to the
initial data of the solutions).

Remark 4. We only prove weak convergence of the solution of the problem (1.6) to the solution
of the problem (1.8) (we do not prove strong convergence in the L?-norm). Moreover, we only
guarantee the uniqueness of V* and this is not enough to ensure the uniqueness of v*.

Remark 5. Observe that, instead of the usual metric in L?(2 U R) we choose to work with the
metric (1.4). This choice was made to obtain a nontrivial limit. In fact, using this metric we can
observe the coupling of the local part of the problem in the domain 2 with the nonlocal part in
the lower dimensional domain R;.

Now, if we consider the usual metric in L? and the energy functional

=5 [ IVuPde+ o / e o) - o) dydr 4 / | =) (0(w) = ulw)? dy

the associated evolution problem (after the change of variables) is given by

( Ou’
815(

85
8—1:7(:E,t):0, xed, t>0,

5.t) = B t) +e [ Gula= )05t — e )7, wE 9 >0

Tr@0 = [ a0 0@~ @04 - [ Gla =@ )~ wt)dy, s E R >0

u(z,0) = up(z), x= €,
(

v(Z,0) =v0(Z), T € R,

where Jo(z —y) = J(x1 — y1,e(T2 — 92)), Ge(x —y) = G(x1 — y1,eT2 — ¥2) and v°(x1, T, t) =
v(z1,€Z2,t). Observe that taking the limit as ¢ — 0 the nonlocal term that appears in the equation
for u® goes to zero and hence we will lose the coupling term in the limit (the equation for v* will
be independent of V*). Also in this case, the limit problem will be well-posed, in the sense that
we can ensure existence and uniqueness of the solution, but it is less interesting.

As we expected, the limit problem (1.8) preserves the total mass of the solution. This follows
from the limit procedure and the fact that the problem (1.7) preserves the total mass for every
e > 0. We include below a direct proof of this fact for completeness.

Theorem 2.2. The solution (u*,V*) of the problem (1.8), with initial data ul € H*(Q) and
Vi € L3(Ry) satisfies

/u*(x,t)dac—i—/ V*(:U,t)d:v:/ugdx—l—/ Vodz, Vt>0. (2.9)
Q Ry Q Ry

Proof. Differentiating (2.9) with respect to ¢ we obtain
ou* ov*

x
q Ot R, Ot

dr = /Q Au*(x,t)dx + /Q . G*(z —y)(V*(y,t) — |Ro|u*(z, t))dydx
</ e / TV ) = V) dyds
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Indeed, after a change of variables, due to the symmetry of G and Fubini’s theorem, the second
and the fourth integral cancel each other. Also, by the symmetry of J and Fubini’s theorem, the
second integral is zero. Finally, the first integral is zero since we have a Neumann type boundary
condition for the local part.

This ends the proof. O

Finally, we include the study of the asymptotic behavior of the solutions for the limit problem
(1.8).

Notice that from the fact that the constants in (2.3) do not depend on & we obtain that
the solutions for the limit problem (1.8) converge exponentially to the mean value of the initial
condition. We have that

H(u*7 V() — ][(UO,UO)HL2(QO) < CyeCet,

However, we can obtain a better control of the constant C' and obtain an exponential decay
in terms of the first nontrivial eigenvalue associated to the limit problem. To this end, we use the
L?-norm

1, V) 22y = | Rl / 2 + / V* .
Q Ry

We can define the energy functional associated to the limit problem (1.8) by

B(u*, V") ‘R2|/|v “Pda + 2‘/&/& Tz — 9)(V*(y) — V* (2))2dyda

(2.10)
w5 [ 6 @) Rl )y

Indeed, the gradient flow associated with (2.10), is given by
B +he, V" + lw) — B, V7)

0, E(u*,V*) = ilz—>0

~ 11t [ Vurvipdo+ 12 2’ 2 [ e 00 - V@) - pla)dds

+ | R . /QG*(w—y)(V*(l’) — |Ra|u” () (p(2)dz — | Ra[p(y))dyda.

Hence, using that

*

| Ro

p()de = =0, E[(u”, V7)(1)],

+
n Ol

we obtain the limit problem (1.8).
With this energy at hand we can obtain the first nontrivial eigenvalue for our limit problem.
Let us take A\ as

0< A= inf B, V) ,
uVEWO|R|/ +/ *)2

where E(u*,V*) is given by (2.10) and

(2.11)

Wo={u € H'(@), V" € I3(Ry) |R2|/ o +/ v =ol.
Q R1

Lemma 2.3. Let \; given by (2.11), then \y > 0 and therefore,

B, vz (10l [ @+ [ 1<v*>2) |

for every u*, V* solution of (1.8), such that |Ra| [o,u* + le V*=0.
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Proof. The proof is similar to the one of Lemma 2.1 but we include the details for completeness.
Let us suppose that A\; = 0. This implies that there exists a subsequence {u’} € H'(Q) and

{v:} € L?(Ry) such that
Rl [ [ V=0,
) R

Rol [ i+ [ (727 =1,

and
|R2| * |2 |R2‘ * * * 2 1 * * * 2
Q R1 Rl Rl Q

3

Taking the limit as n — oo we obtain

lim <‘R?‘/ |vu;;|2dx> o,
n—00 2 Q

. |R2| * o * —V*z 2 T =
hm/Rl/le (V2 (y) — V() 2dydz = 0,

n—oo 4
" lim @ / 1 | =it - |Rz|u:;<y>>2dydx) 0.

n—oo

Recalling that we have
J(x—y)=J(x1 —y1,0), and G*(x —y) = G(x1 —y1,0 — y2),

it follows that |Ra| [, (uf)?dz < 1, that is, {u};} is bounded in L?(Q2). Moreover, {u}} is also
bounded in H'(£2). Then, we can extract a subsequence {ur,,} e H L(Q) which weakly converges to

a limit @ € H'(). From the weak convergence in H'(£) we obtain strong convergence in L?((2).
Then, we have that

1 1
]R2\/ \Vai|2de < liminf\R2|/ |V |2dx = 0.
2 Q n 2 Q

Hence, the limit 4 is constant in 2.
Also, it follows that {V,*} is bounded in L?(R;). Since

1
/ Vildz < © ( / <v:>2das)2 <c
R Q

we let ky, = [ r, Vn» and obtain that |k,| < C. Then, we can take a subsequence {V;} which

converges in L?(R;y), to some limit V as nj — oo. Consider z,; = V;j — kp,, this function is such
that le kn; = 0. By Lemma 3.1, in [10], there exists a constant c; > 0 such that

/ J(x1 — yl,O)(znj (y) — Zn; (ac))2dydx > cl/ (znj (x))Qdac.
Ry JRy R1

From this inequality we have

n—oo

Jm (B2 A 7@ = ), 0) = 2, 0)Papte) = 1 (2L [ | 7@ = ) (V) = Vi, () Py ) =0,

which yields
0>¢ lim / / (znj(:z))2dx.
n—oo Jp JR,
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We conclude that z,, — 0 strongly in L*(R;), which leads to Vo, — V strongly € L?(R;). Finally,
as u¥ — @ in L2(Q) and V;* — V in L2(Ry), we can take the limit as n — oo and obtain

tim (5[ [ @@= - i) =5 [ [ 6@ -0 - R o

Then, we have that V — |Ra|a = 0, that is V = |Rg|d. Hence, it follows that V = @& = 0, but this
is a contradiction with the fact that

Ral [ i+ [ 0727 =1

since we have strong convergence in L?. The proof is complete. O

Thanks to Lemma 2.3 we can show that solutions to the limit problem converge exponentially
fast to the mean value of their initial condition.

Theorem 2.4. Given uly € H'(Q) and V§ € L*(Ry), the solution to (1.8), with initial data u, Vi,

converges to its mean value as t — oo, with an exponential rate \i (given by (2.11)),

[ v = s 18], g < € 010615 2@

L2(Q0)

Proof. We know that V* = |Ra|u* = k, with k constant, is also a solution of the problem (1.8).
Hence, the pair
(h(.’E,t) = |R2‘U*($,t) - k‘,Z(.Z,t) = V*($at) - k)

is also a solution of (1.8). If we choose

b=Iel [u+ [ Vg
Q Ry

then, using that the mass is preserved in time, we get that h and z satisfy

/Qh(a:,t)dx + /R1 z(x,t)dx = 0.

f(t) |R2|/ Vdx + = / 2(x,t)2de.
Ry

Differentiating f with respect to t we obtain

Let

') = ]RQI/QZI(w,t)h(x,t)dx—i— . 22(30 t)z(z, t)dx
= ]Rg]/aszg:;(x,t)h(x,t)dx— ]Rg]/Q\Vh(:C,t)|2dx— ‘R22| . J*(z —y)(2(y,t) — z(x, 1)) dydz
[ [ 6@ et - Balby, )l 0y
R JQ

+ /R 1 / G*(z — y)(=(.t) — | Rolo(y, )| Ral(x, 1) dyda

ngy/ IVh(z,t)] |R2|/ / J*(x y,t) — z(x, 1)) 2dyda
Ry J Ry

/ / G*(x — y)(=(2,1) — | Rl (y, 1)) dydz
Ry
= —2E h, z
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From Lemma 2.3 we get

E(h,z) >\ (yRQy/QhM/Rl z2>.

f1(t) < =2X\i f(¢)

Hence, we obtain

so, by Gronwall’s lemma we have that

F(t) < e M1 (0),
with f(0) =1 (|R2| Johd+ Jr, z(%). From this it follows that
|R2|/ | Rolu* (2, 1) — k| *dx +/ [V*(,t) = k[Pde < C ([|(ug, Vi)l 2 (p)) €21 — 0,
Q Ry

as t — oo. In particular, it means that |Rg|u* — k in L?(Q) and V* — k in L?(Ry), with k given
by the mean value of the initial condition. O

3 Coupling on the boundary. Proof of Theorem 1.2

Let us first note that the existence and uniqueness of the solutions {u®, v*}, of the problem (1.11),
for each £ > 0, was obtained in [29]. The arguments used to prove the conservation of mass and

comparison principle also apply for the problem (1.11) following the ideas presented in [29].
Notice that we have an energy functional for the problem (1.11) given by (1.9),

Eb(u,v) := = /|Vu|2dx+4 QN//E ) — () dyder%Nz// z—y)dy (v(z) — u(y))? do(y)da.

If we change variables as before we get

b _1 ’LL2.CC1 Xr— v 7’1}562 l‘l Xr— vTr)—u 2 X
)= g [ Valdorg [ [ el —o@Pdude+s [ [ Gew=ploe)—utn) Py

with, as before,

Je(x —y) = J(x1 — y1,6(T2 — 2)), Ge(x —y) = Gz — y1,€T2 — P2).

Now, we just observe that Lemma 2.1 also works here. One can define what is the analogous
to the first non-zero eigenvalue for the problem (1.11) as follows:

aj = inf Eb(ua’ v)

uE’U%A/(uE)Qda:—i—/(UE)?da?
Q R

.A—{uEGHl(Q),UEELQ(R):/u‘sdx—i-/vadx—O}.
Q R

For the positivity of o we refer to [1]. A uniform lower bound independent of € can be proved as
in Lemma 2.1. The large time behavior for the solutions of (1.11) can be obtained following the
ideas developed in [29]. As we find in [29], the solutions of (1.11) converge exponentially to the
mean value of the initial data as t goes to oo, for each ¢.

Now, we prove Theorem 1.2 taking the limit as £ goes to zero in the weak form of (1.11).

)

with

Proof of the Theorem 1.2. We proceed as in the proof of Theorem 1.1. First, we obtain convergence
along subsequences. From Lemma 2.1, since

[ @)
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is bounded in L?(R) we can take a subsequence, also denoted by {v°}, such that
v® = 0" weakly in L®(0,T;L*(R)) as & —0.

On the other hand, we have that
/(ug(x))de and / | Vs (2)|?de,
Q Q
are also bounded, and hence u¢ is bounded in H'(2). Hence, along a subsequence if necessary,
uf —u* weakly in L®(0,T;HY(Q)) as e— 0,
u® —u* strongly in  L%°(0,T;L*(Q)) as & — 0.

Let us consider the weak form of the problem (1.11) using for the equation for the variable
¢ (the second equation of (1.11)) a test function that depends only on the first variable, that is
© = p(z1). We have,

// (1,22, T 6 ($1,$2, )dxadry — /// (w1, 22,1 (’:(l‘lﬂﬁza t)dxodry
://u%(l‘l,l‘g)ﬁp(fbl,iﬂg,O)dl'gdl‘l—/ //VU€V<p(x1,x2,t)d:E2dac1dt
oJao o JaJa

T
+ / / / Gel(@ — y) (v (1, g2, £) — (w2, £))p(21, 22, €) difndyrdo(wa) dt,
0 I'/R1 YRy

// (1,22, T 8 (951,962, Ydzadzy — /// (21,22, f(xhx% t)dzodxy
// (21, z2)@(x1, x2,0)dxod
///// (x —y) (v (y1,02,t) — v (1, T2, 1)) @(x1, t)dGody dTodx dt
Ri1 JRy JR1 J Ry

////G x —y) (v (1, T2, t) — u®(yo,t))p(x1,t)do(y2)dTodT dt.
R1 J R

Now we can take the limit for € — 0 in each integral on the right side of the previous equations
as we did in Theorem 1.1. The only difference appears when we analyze the term

/ /31 /RZ/G x —y)(v°(z1, 22, ) — u®(y2,1))p(w1,t)do(y2)dTodiydt.

In this case, we need the fact that we have a well defined and compact trace operator Tr : H*(Q)
L?(T), see [19], therefore from the weak convergence

uf —u* weakly in L®(0,T;H'(Q)) as e— 0,
we obtain that, along a subsequence,

u® — u* strongly in  L>®(0,T;L*T)) as e— 0.

As before, since v¢ is bounded in L>(0,T; L?(R)), then V¢ is also bounded in L>(0,T; L?(R;))
so, taking a subsequence if necessary

Ve =~ V* weakly in L*(0,T;L*(Ry)).
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Using (2.7) we obtain

T
_ / / / G — ) (VE (21, B2, 1) — | Rolu (o, 1) a1, o (o) diy .
0 R1JT

Now we can take the limit as € — 0 to obtain

T
lim—/O /Rl/FGE(x—y)(VE(xl,icQ,t)—\Rg\uf(yg,t))@(ml,t)da(yg)dildt

e—0
T

- _/ / / Ge(z —y)(V* (21, T2, t) — |Ra|u* (y2,t))e(x1, t)do(y2)dZ 1 dt.
0 R, JT

The rest of the terms can be handled as in Theorem 1.1 to obtain the weak form of the equations
of the limit problem (1.12).
Uniqueness of solutions to the limit problem can be obtained as in Theorem 1.1 using the energy

B, ve) = 122 / Ve + 2 [ [ ra-n 7+ v@)? s
2 Jo 4 Jr, Jr,

(3.5)
+% /Rl /FG*(::: —y)(V*(2) — |Re|u* (y))*do (y)dx

This completes the proof. O

Now, we gather some properties of the limit problem, (1.12).

The existence and uniqueness of the limit problem (1.12) can be obtained using a fixed point
argument as it was done in [29].

The mass conservation in time follows as in the previous section (see also [29]).

To deal with the large time behavior we can be proceed as we did before, since the solutions of
the problem (1.12) also converges to the mean value of its initial condition as ¢ goes to zero. Notice
that from (1.12) we can define the associated eigenvalue problem. Let us consider af given by

*

oy = inf B, V)
L= u*,V*€Ao %\ 2 *\2 ’
|Ro| | (u*)dx+ [ (V*)dx
Q Ry

where E' is given by (3.5) and
Ay = {u € HY(Q),V* € LX(Ry) : |Ro| / w*dz +/ Vide = o}.
Q Ry

One can show that «j is strictly positive and then, the computations of the previous rection can
be adapted to prove that the solution of the limit problem (1.12) converges exponentially fast for
the mean value of the initial datum as t goes to oo.

4 Numerical experiments

In this section we propose a discrete numerical scheme for the two models, (1.8) and (1.12) described
in this paper. To obtain a fully discretization of the equations in space and time we will use classical
methods, centered finite differences for the interior points of the local part, forward and backward
differences for the boundary points; while for the nonlocal region and the coupling terms we just
approximate the involved integrals by Riemann sums. We use an explicit Euler discretization for
the time variable.

As we mentioned in the Introduction, the continuous problems (1.8) and (1.12) have some
properties: well-posedness, comparison principle, conservation of mass and convergence to the mean
value of the initial datum. In this section we will perform numerical simulations that illustrate
these properties.
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We will assume that €2 is a bidimensional rectangle Q = Q; x Qg = [a,b] X [¢,d] and we take

the mesh parameter as hy = Ab[fl = ]‘\i,_c Let h1, be same in the two directions. For the nonlocal

part, the domain R; will be the segment Ry = [b, f], with hg = f b .The time step /\; is give by
the difference between the final time, ¢y, with the initial time, to

We approximate the continuous solution u(zx,y,t), for (z,y,t) € @ x R and V(z,t), for (z,t) €

Ry x R, by discrete values uij ~ u(z,yj,t) and Vkl ~ V(zg,t;), respectively, with i,k =1,--- | M,

j=1,---,N. For simplicity, let us consider a uniform mesh for the local and nonlocal part. The
local domain © was discretized by the mesh (z;,y;), with ¢ = 1,--- M, j = 1,--- , N while, the
nonlocal domain, R; is discretized by the points 2z, k=1,--- , M.

We will consider h = hy = hy (for simplicity). With this in mind, we call x1 = a, z; = 2,1+ h
and xy = xy—1+h, 1 = ¢, v =yj—1+hand yy = yn—1 +h, 21 = b, 2, = 2,1 + h and
ZM = ZM—1 + h.

Then, the numerical approximation of the problem (1.8), is given by the following system of
equations: for the local part we have,

+1 _ 1 At ! l l l l
“m = Uij T g (Uirry Wiy + g T Ui — du

M
+AchG($z_zk7yj) (Vkl_|R2|ui,]>a 222,,M—1, ]:277N_1
k=1
AV
+1 l l l
urh = uj; + 2 <U1,2+U2,1 —2’“1,1)

41 AN ! !
Uprg = uMl + 35 52 (UM—l,l +upro — 2uM,l)

l l 1 1 !
UJ\yl]V - uM,N + ﬁ (uM—LN + uM,N—l — 2’UJM7N)
1 _ Dt (o ! o
wly =y + 3 77 (U2 T UL N1~ 22U N
yAW!
+1 l l l 1 .
U’:i - U/z 1 + ﬁ (U/i—i-l,l + ui—l,l + 'U/Z'72 — 3’LL,L'71> , 1 = 27 . 7]\4’ -1
yAV!
l 1 l ! '
UJ\J/ZIJ'ZUM,J h2 (UM 1]+UM]+1+UM] 1= 3“M,j)» j=2,---,N—-1
JAY!
! l l ! I )
ulj}l —|— ﬁ (’UQJ + ul,j+1 + ul,j—l — 3“1,j> , J= 2’ Ce ’N -1
u?,j:uijo, i=1,--- M, j=1,--- N
(4.1)
for [ > 0 and, for the nonlocal part,
M-1N-1
Vit =yl AtRQhZ J (21 — zp)(V — AK? Z Z Gl — 2, ;) (Vi — ‘R2|uli,j)7 hel...
p=1 =2 j=2
Vi =Vio, k=1,---,M,
(4.2)

for I > 0.
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Similarly, the full discretization for the problem (1.12) is given by: for the local part

H—l l At l l l ! l
Uig = Wi+ o (Ui +tiony T Ui+t — 4

I+1 _ AN l 1
uyy ul 1+ 55 2 <U1,2 +tugy — 2U1,1>

41 _ Dy (g ! 9!
Upry = UM1 +-3 32 Upro1,1 + Uy — 2Upp

M
A
I+1 ! t [ 1 I ! 2 l l
Uy N = Uary + e <uM—1,N +up o1 — 2upyy th E G(zm — 2k, yn) (Vi — ’R2’“M,N)>

k=1
A M
+1 __ t l l l 2 l l
Uy = ub N1t 5 2 | YN tuy o1 —2uy+h Z G(z1 — 2k, yn) (Vi — | Re|uq v)
A k=1
+1 _ 1 t l l l l N
ui,l = Ui71 + ﬁ (Ui+171 + ui—l,l + Ui72 — 3Ui71) y 1= 2, s ,M —1
A M
+1 _ 1 t l l l l 2 . l l
Uin = Uit oy (YN T Ui Nty —3uy +h > Gl — 2 yw) (Vi — [Ralud v) |
k=1
i=92- M—1
A
+1 _ 1 14 l l l l .
UJMJ- = uM,j + ﬁ (uM—l,j + “M,j+1 + U’M,j—l - BUM,]) , ] = 2, s ,N —1

A
I+1 l l .
ulj ul +h2 (U2J+U1] 1+U1J 1 3U1’j)7 3_27'~.7N—].,

UQ-:UijO, Z:17"'7M7 j:lj---7N7

17]
(4.3)
for [ > 0 and, for the nonlocal part
N
Vit = Vi DcRah Y I (2 — 2)(Vy — AchG = 2 yn) (Vi — [Raluiy) k=1, M
p=1
V]g(]:Vk()v kzlv'”7M7
(4.4)

for [ > 0.
Notice that the main difference between the two discretizations occurs at the coupling terms,
that in one case are given by

M M—-1N-1
> Glai— zy) (Vi = [Raluly)  and 307 Glai = 2 ) (V= [Raful )
k=1 i=2 j=2

(these terms appear in the discretization of the model coupled via source terms, the double sums
corresponds to discretizations of double integrals) and in the second discretization by

M
Y Gl —zyn)(Vi = [Rofui y),  and Y Glas — 2 yn) (Vi — |Boluf y)

(this corresponds to coupling on the boundary, remark that the sums here are discretizations of
one dimensional integrals).

For the experiments we will consider the domain Q = [—1,1] x [-1,1], R; = [1,3], Rz = [0,1]
and a time step which satisfies A; < %2 (this comes from stability considerations).

At the simulations we will use the kernel J, given by the following probability density:

J(z) = yeos(e) il el <5, (4.5)

0, otherwise.
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This particular kernel J satisfies the hypothesis described before, J is a nonnegative continuous
function, symmetric, with J(0) > 0 and integrable.

4.1 Numerical experiments for coupling via source terms.

Now, we will include some numerical experiments considering the fully discrete scheme for the
problem (1.8) given by (4.1)—(4.2).

In this case, concerning the kernel G, as the problem (1.8) allows that particles can jump
directly inside the interior of €2, we will consider G as a function given by

1
ZCOS(.’L')COS(@/), Zf ‘$7y‘ <

0, otherwise.

G(z,y) = 2 (4.6)

The kernel G satisfies the hypothesis defined in the Introduction.

Numerical experiment 1. For this simulation we consider M = N = 11, h = 0,2, A =
0,005, as initial conditions, we used ug(x,y) = 0, Vo(z) = 1. The mean value of the initial condition
is =~ 0, 083.

In Figure 3 we plot the evolution of the local and the nonlocal parts of the solution (for the
local part we have depicted the solution u(z,y,t) at three different time steps, as the same for
the nonlocal part of the solution, V (x,t), we can observe its evolution in four time steps). Both
local and nonlocal parts of the solution converge towards the mean value of the numerical initial
condition as t increases.

t=0 11

1.0

0.9

0.8

W = = O
o o

~ ot oot

0.3

0.2

0.1

0'9.0 15 2.0 25 3.0
X

Figure 3: The local part (left) and the nonlocal part (right) with two constants as initial conditions.

Numerical experiment 2. For this simulation we consider M = N = 11, h = 0,2, A =
0,005, as initial conditions, we used ug(z,y) = cos (%) cos (”—29), Vo(z) = 1. Now, the mean value
of the initial condition = 0, 38.

Figure 4 contains the plot of the local and the nonlocal parts of the solution. One can see
that even with a not constant initial condition for the local part, we observe its fast convergence
towards the mean value of the initial condition as ¢ increases.
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Figure 4: The local part (left) and the nonlocal part (right) with non constant initial datum for
the local part.

Numerical experiment 3. For this simulation we consider M = N = 11, h = 0,2, A\ =
0,005, as initial conditions, we used ug(x,y) = cos (%) cos (%y), Vo(z) =9 — 22. The mean value
of the initial condition is = 0, 68.

In Figure 5 both local and nonlocal initial conditions are non constants and they also verify
the convergence to the mean of the initial condition as ¢ increases. Note that, even for ¢ = 1 the
solution of the local part is closer to the mean value of the initial condition. For the nonlocal part,
as t = 10 the solution is very close to the mean of the initial condition that is subscribed by the
last iteration.
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90 15 2.0 25 3.0
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Figure 5: The local part (left) and the nonlocal part (right) for non constant initial data.
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4.2 Numerical experiments for coupling via boundary terms.

Now, we will include some numerical experiments considering the fully discrete scheme for the
problem (1.12) given by (4.3)—(4.4). At the simulations we will use the same kernel J, as we define
in (4.5) and the kernel G as we define in (4.6). For simplicity, we have considered the local domain
Q as a square = [—1,1] x [—1, 1], then for the coupling we will consider I" as a whole side of the
domain Q, I' = {1} x [-1,1].

Numerical experiment 4. For this simulation we consider M = N = 11, h = 0,2, A\ =
0,005, as initial conditions, we used ug(z,y) = 0, Vo(z) = 1.Mean value of the initial condition
~ 0, 31.

In Figure 6 we plot the evolution of the local and the nonlocal parts of the solution. Both
local and nonlocal parts of the solution converge towards the mean value of the numerical initial
condition as t increases.

t=0 1.2

11

e
[ T
W = = O

1.0

0.9

0.8

> 0.7

0.6

0.5

0.4

0.3

0'%..0 15 2.0 2.5 3.0
X

Figure 6: The local part (left) and the nonlocal part (right).

Numerical experiment 5. For this simulation we consider M = N = 11, h = 0,2, A\ =
0,005, as initial conditions, we used ug(z,y) = 22 + y2, Vo(z) = 9 — 22.Mean value of the initial
condition ~ 1, 99.

In Figure 7, we observe that also when we take two non-constants initial conditions, the solution
converges towards the mean value of the numerical initial condition as ¢ increases. We plot the
solutions for specific time steps to follow the evolution.
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Figure 7: The local part (left) and the nonlocal part (right).

Numerical experiment 6. For this simulation we consider M = N = 11, h = 0,1, A\ =
0,005, as initial conditions, we used ug(z,y) = 2% + 3%, Vo(z) = x2.Mean value of the initial
condition ~ 1,92. In Figure 8, we define the same initial condition for the local and nonlocal part.
Note that we obtain the same behavior along the time, both local and nonlocal solution converge
to the mean value of the initial condition.
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Figure 8: Surface plot of the solution for the local part (left) and the nonlocal part (right).
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Chapter 5

Conclusions

The use of nonlocal models to describe many applications in engineering, physics, ecology, and
epidemiology has steadily increased over the past decade. The ability of nonlocal models to accu-
rately capture long-range effects, not captured by classical models of PDEs, has been a driving factor
in the development of mathematical theory behind these evolution problems. Besides, this type of
model has a high computational cost to provide accurate solutions, which became an attractive
challenge.

In this work, we studied an evolution problem with local /nonlocal coupling. As a starting point,
we developed the basic theory for the one-dimensional case and then we extend it to higher di-
mensions. For this problem, we showed the existence and uniqueness of solutions (providing two
different proofs of these properties, one using a fixed point argument and another one using semi-
group theory), conservation of the total mass, the validity of the comparison principle, and study the
asymptotic decay as time goes to infinity. It was also possible to show, from an appropriate rescalling
of the nonlocal kernel, that one can recover the heat equation in the entire domain through a limit
process. We remark that in our model, we do not impose continuity of the solution in the coupling,
instead, we have continuity of the fluxes. In this model one can show that we have continuity of the
solution in the local and nonlocal parts according to the continuity of the datum.

We also provide a third proof of existence and uniqueness for the proposed coupling model using
the properties of the Splitting Operator method, not in the usual sense, but taking advantage of the
coupling structure of the model. Besides, we developed some numerical experiments, that illustrate
the theoretical results previously proved.

Finally, we propose to extend our analysis to deal with the same problem of local/nonlocal
coupling defined in regions of different dimension. In particular, we study the case of a thin domain
as the nonlocal region. We are interested in the study of the limit case when the small parameter that
controls the width of the nonlocal region goes to zero. With this idea in mind, we can concentrate
the domain of the nonlocal equation in a domain of lower dimension. For the limit problem, we
proved the same properties for the solutions of the original problem: existence, uniqueness, mass
conservation, and we studied the asymptotic decay of the solution. Finally, we developed some
numerical experiments that illustrate the obtained theory for the problem in domains of different
dimensions.

5.1 Future work

5.1.1 Population mobility. Models for infections.

Understanding human mobility patterns play a very important role in modeling infectious dis-
eases, whether they are transmitted directly or indirectly. Usually, the description of spatial spread
is approximated via diffusive dispersion or metapopulation models. In the first case, it was as-
sumed a random walk movement of the host between different locations (this is the classic case
modeled by the heat equation). The modeling developed from metapopulation models, on the other
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hand, considers other effects, such as bidirectional movements and distance between regions. These
models are also known as network models. For these models, it is assumed that the population is
distributed in patches, each patch is spatially distinct, and yet, one patch may influence another due
to the dispersion of individuals between them. Using network terminology, nodes would correspond
to patches, and edges represent the connections between the nodes (patches). The rate at which
individuals leave a node ¢ and move to a node j in the network is defined, in most cases, by a fixed
probability rate Brockmann et al. (2009).

Suppose then that we want to model a disease whose transmission is direct. In this case, the
spread of a disease from one city to another, for example, will only happen if there is the mobility
of individuals between those cities. In this sense, the model proposed in this work could be applied
in the context that simulates the interaction between cities connected by a highway. In the city,
we would have a local dynamic, represented by the Laplacian operator, while on the road we could
capture the effect of faster diffusion using the nonlocal operator. The nonlocal dynamics on the
road can be thought of as a projection of intermediate cities on the road. We can also consider the
mobility scenario by air. In this case, the individuals could jump from some point on the road or
another city directly inside the domain, in which a local diffusion takes place.

The main difference between metapopulation models and the model proposed in this work is
that, with the local/nonlocal coupling we are inserting not only a probability of jumping from a z
position to a y position, but we are also inserting a suitable dynamic for the road (network edges).

Recent studies, with different proposals, have been developed along these lines, considering
applications in ecology and epidemiology. For example, in Berestycki et al. (2015) the effects of
network transportation on enhancing biological invasion is studied. The proposed mathematical
model consists of one equation with nonlocal diffusion in a one-dimensional domain coupled via
boundary condition with a standard reaction-diffusion, in a two-dimensional domain.

5.1.2 The eigenvalue problem

One interesting problem that is left open in this thesis is the existence of minimizers for the
eigenvalue problem

Ap = 1nf (u,0) (5.1)

L2(Q
u v E / / 212
Qz Qi

B(u,v) = 5 | IVl + “/ / (@ — y) [v(y) — v(@)|? dydz

G2 ) [0(z) — u(z)[ do(2)da

with

(5.2)

From our results we have that )\1 >0 but we do not known if it is attained. Here the main difficulty
is the lack of regularizing effect of the nonlocal operator (recall that we have a continuous kernel
J).

5.1.3 Singular kernels

One can also deal with local /nonlocal couplings involving singular kernels of the form

C
J(x B y) = |$ _ y|n+2$

that are the ones that appear in the fractional Laplacian. For these kind of models one interesting
problem is to look for the possible regularizing effect of the evolution for positive times.
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5.1.4 Equations on manifolds or graphs

One can consider the same kind of coupled problems when the ambient space is a manifold (one
may want to consider the Laplace-Beltrami operator as the local part and a nonlocal jump process
as the nonlocal part) or a discrete structure (a finite or infinite graph). In this last case there are
nodes in the graph in which the diffusion is local (they interact only with its neighbors) and others
in which we have a nonlocal behaviour (nodes that interact with far away nodes).

5.1.5 Nonlinear problems

One may also want to consider energies like

1 C
E(u,v) := p/Q |VulPdz + 2‘;11 /Q /Q J(z —y) |v(y) — v(z)|" dydx
1 nl nl

G2 z,2) |v(z) —u(z)|]® do(z)dz
[, @20 ) doteyas,

(5.3)

+
S

which lead to nonlinear diffusion equations. Here one challenging problem is to find estimates for
the long time behaviour of the solutions (that are expected to converge to the mean value of the
initial datum when we deal with Neumann type boundary conditions).

5.1.6 Moving interfaces

Finally, we mention as an interesting future line of research to study these kind of couplings
when the involved domains €, €2,; and the interface I' depend on time. This is the first step in
order to deal with free boundary problems in which the domains move according to the balance of
the fluxes of the solution across the interface.
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Appendix A

LP Spaces

For completeness, we will list in this appendix some of the classical results about the LP—spaces
used in this thesis: Holder’s and Minkowski’s inequality; the Monotone Convergence Theorem and
the Dominated Convergence Theorem; Fubini’s Theorem and Fatou’s Lemma. These notes have
been written following Evans (1998); Rudin (1987); Sastre Gomez (2014).

Let (€, 1) be a measure space. At first, we have some classical inequalities.

Teorema A.0.1 For 1 < p < oo, if p and p satisfy 1/p+ 1/p = 1, and if fi € LP(Q) and
fa € LP (Q), then fifs € LY(Q), and

[ ititlan < ( [ 1iran) " ([ 100 an) l/p, (A1)
(/Q(fl + f2)pdu) " < (/Q |f1|pd,u> v (/Q |f2|p,d,u> v : (A.2)

The inequality (A.1) is called Holder’s inequality and (A.2) is called Minkowski’s inequality.

and

Next, we state some results concerning the passage to the limit inside the integral.

Teorema A.0.2 (Monotone Convergence Theorem) Let {f,}nen be a sequence of measurable
functions in Q, and assume that

i)0< fi<fo< - <ooinf

it) fn —> f asn — 0o almost everywhere.

/Q fudy — /Q fdy

Lema A.0.3 (Fatou’s Lemma) If f, : Q@ — [0,00] is measurable, for each positive integer n,
then

Then f is measurable and

as n — O0.

/ (hmmffn du <hm1nf/ fndp. (A.3)
Q

n—ao0

Teorema A.0.4 (Dominated Convergence Theorem) Suppose {fy}nen is a sequence of mea-
surable functions in 2, and assume that

f: lim fm

n—-o0

almost everywhere.

119



120 APPENDIX A

If there exists a function g € L'(Q) such that

m<g

for allm €N, then f € L'(Q) and

n—aoo

i [ 1~ fldu =0,
Q

and
lim / fndu—/ fldp.
n—roeo Q’ ’ Q"

Teorema A.0.5 (Fubini’s Theorem) Let (Qq,p1) and (Qo, pe) be o—finite measure spaces, and
let f be a py X pa-measurable function on Q1 X Q. If 0 < f < oo, and if

P(z) = ; flx,y)dua(y), »(y) = ; f(z,y)dprde, xeQp,y e,

then ¢ is p1—measurable and v is po—measurable, and
s@din(a) = [ fedn @) = [ @), 1, ye
Ql Q1 XQQ QQ

Finally, we include an embedding result for Sobolev spaces.

Teorema A.0.6 (Rellich-Kondrachov Compactness Theorem) Assume that U is a bounded
open subset of RN, and OU is C'. Suppose that 1 < p < N. Then

WP cc LI(U),

for each 1 < p < p* =pN/(N —p).



Appendix B

Nonlocal Diffusion Results

In this appendix we state some important results about nonlocal diffusion equations that
were used for the most of the proofs in this thesis. These notes have been written following
Andreu-Vaillo et al. (2010); Cortazar et al. (2007).

Let © a bounded, connected and smooth domain and J : RN — R, satisfying the hyphotesis
described in the Introduction.

Lema B.0.1 (Lemma 3.1, see Cortazar et al. (2007)) There exists a constant C > 0 such that
for every u € L*() it holds

/Q (ux) — (u))?de < C /Q /Q J(& — y)(uly) — u(x))2dydz,

where (u) is the mean value of u in Q, that is

1
(u) = |Q|/Qu(x)dx

Teorema B.0.2 (Theorem 6.11, see Andreu-Vaillo et al. (2010)) Let 1 < g < +oo and D C
RN open. Let p: RN — R be a nonnegative continuous radial function with compact support, non
identically zero, and p,(z) := n™p(nz). Let {f,} be a sequence of functions in LY(D) such that

[ [ 15) = @ty — yiey < 2.
DJD

1. If {fn} is weakly convergent in LY(D) to f, then

(i) For ¢ > 1, f € Wh4(D), and moreover

s ( 1)fn(x+iz)—fn<x>

(p(z)xp (= + -2 U — (p(=))22.Vf(x)

weakly in L9(D) x LI(RN).
(ii) For ¢ = 1, f € BV(D) (BV is the space of functions of boundary variation), and

moreover o < . 7112> fo(+ %/27)I — fa(\)

weakly in the sense of measures.

— p(2)z.Df

2. Suppose D is a smooth bounded domain in RN and p(x) > p(y) if |z| < |y|. Then {f,} is
relatively compact in LY(D), and consequently, there exists a subsequence { fp, } such that

(i) if ¢ > 1, fa, — f in LY(D) with f € WH4(D);
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(i) if =1, fn, — f in LY(D) with f € BV (D).

Proposition B.0.3 (Proposition 3.4, see Andreu-Vaillo et al. (2010)) Given J and 2, the
quantity

5 [ [ @) - ule) Pagds
B1 = B1(J,Q) = inf LAY
u€L?(Q), [ u=0 2
o /Q (u(x))2dz

1s strictly positive.

Teorema B.0.4 (Brezis-Pazy Theorem, see Andreu-Vaillo et al. (2010)) Let A,, be m-accretive
in X, x, € D(A,) and f, € LY(0,T; X) forn =1,2,--- ,00. Let uy,, be the mild solution of

U;L + Apun 3 fn in[O,T], un(O) = Tn.
If fn — foo in LY0,T; X) and x, — oo as n — oo and

lim (I 4+ MA,) 2= (T4 M)z,

n—aoo

for some A > 0 and all z € D, with D dense in X, then

lm u,(t) = uso(t), wuniformly on [0,T].

n—aoo

In case that the operators are the subdifferentials of convex lower semicontinuous functionals in
Hilbert spaces, to prove the convergence of the resolvent it is enough to show the convergence of
the functionals in the following sense introduced by U. Mosco in (see Attouch (1979)). Suppose X
is a metric space and A,, C X. We define

liminf A, = {x € X : 3z, € Ay, 2, —> x}

n—-aoo

and

limsup A, = {z € X : 3z, € A, x,, — z}.
n—aoo

In case X is a normed space, we denote by s—lim inf and w—lim sup the above limits associated
respectively to the strong and to the weak topology of X. Given a sequence ¥,, ¥ : H —
(—00, +00] of convex lower semicontinuous functionals, we say that ¥,, converges to ¥ in the sense
of Mosco if
w — limsup Epi(V¥,,) C Epi(¥) C s — liminf Epi(¥,,).
n—aoo

n—ma~oo
This equation is equivalent to the following two conditions:
(1) Vu € D(V)3u € D(V,,) : up, — w and ¥(u) > limsup,, . Up(un);

(1) for every subsequence ny, as uy — u, we have ¥(u) < liminf,, o ¥y, (ug);

As a consequence of Theorem B.0.4 and using the results in Attouch (1979) we can state the
following result.

Teorema B.0.5 (Theorem A.38, see Andreu-Vaillo et al. (2010)) Let ¥, ¥ : H — (—o0, +o0]
be conver lower semicontinuous functionals. Then the followings statements are equivalent:

(i) U, converges to W in the sense of Mosco.
(i) (I +2V,) "ty — (I+A0)"tu, VA >0, ue H.

Moreover, any of these two conditions (i) or (ii) imply that
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(iit) For every ug € D(0V) and ug, € D(O¥,) such that uo, — uo, and every fn,f €
L2(0,T; H) with f,, — f, if un(t),u(t) are the strong solutions of the abstract Cauchy prob-
lems

w,(t) + 0y (un(t)) 3 fn, ae te(0,7T)
’LL;I(O) = UQ,n;
and,

uw(t)+0V(u(t)) > f, ae te(0,T)

respectively, then
Uy —> U

in C([0,T); H).
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