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de que sou uma pessoa melhor graças a você. Obrigado pelo apoio emocional durante os
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Resumo

Studzinski, F. Sobre a cohomologia de representações a menos de homotopia de
grupoides de Lie. Tese (Doutorado) - Instituto de Matemática e Estatı́stica, Universidade
de São Paulo, São Paulo, 2019.

Estudamos o conceito de representações a menos de homotopia de grupoides de Lie e
a cohomologia naturalmente associada a tais representações. Nosso principal resultado é
a prova de que a cohomologia de um grupoide de Lie com valores em uma representação
a menos de homotopia é um invariante de Morita, o que pode ser interpretado como uma
forma de introduzir invariantes cohomologicos para orbifolds e mais geralmente para stacks
diferenciáveis, que são espaços com singularidades cujas classes de isomor�smo estão em
correspondência biunı́voca com classes de equivalência de Morita de grupoides de Lie. Para
provar tal resultado, utilizamos a teoria de objetos simpliciais em categorias suaves e.g. var-
iedades simpliciais, �brados vetoriais simpliciais e equivalências entre eles, de�nidas a par-
tir de mapas chamados hypercovers. Demonstramos também a invariância da cohomologia
simplicial destes objetos sob hypercovers.

Palavras-chave: Grupoide de Lie, Representação a menos de homotopia, variedade sim-
plicial, cohomologia.
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Abstract

Studzinski, F. On the cohomology of representations up to homotopy of Lie groupoids.
Tese (Doutorado) - Instituto de Matemática e Estatı́stica, Universidade de São Paulo, São
Paulo, 2019.

We study the concept of representations up to homotopy of Lie groupoids. Our main
result is the proof that the cohomology of a Lie groupoid with coe�cients in a represen-
tation up to homotopy is a Morita invariant of the groupoid. �is can be interpreted as a
way to provide cohomological invariants for orbifolds and more generally for di�erentiable
stacks, which are spaces with singularities whose isomorphism classes are in one-to-one
correspondence with Morita equivalence classes of Lie groupoids. To prove this result, we
rely on the theory of simplicial objects in smooth categories e.g. simplicial manifolds, sim-
plicial vector bundles, and equivalences between them which are de�ned in terms of maps
called hypercovers. We also prove results on the invariance of the simplicial cohomology
of these spaces under hypercovers.

Keywords: Lie groupoid, representation up to homotopy, simplicial manifold, cohomology.
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Introduction

Representation theory is a very broad and rich area of research in mathematics. One can
study representations of almost any algebraic structure, for instance, representations of
groups, associative algebras, Lie algebras, etc. A Lie group G is usually the group of sym-
metries of an abstract space e.g. a smooth manifold, it can also act as the symmetries of
a physical system as in e.g. a hamiltonian action, and the study of representations of G
is a way to be�er understand the structure of the group by viewing it as symmetries of a
simpler space, usually a �nite-dimensional vector space.

A groupoid G consists of a set of objects G0 and a set of arrows (morphisms) G1 together
with structural maps:

• s called source and t called target; where s, t : G1 → G0 are given by s(y g←− x) = x

and t(y g←− x) = y;

• a partially de�ned multiplication m : G1 ×s t G1 → G1 given by m(h, g) = hg, where
G1 ×s t G1 = {((h, g)) ∈ G1 × G1|s(h) = t(g)} is the set of composable arrows,
satisfying the associative propertym(gh, k) = (gh)k = g(hk) = m(g, hk) whenever
the compositions are de�ned;

• a unit map 1 : G0 → G1 given by 1(x) = 1x, satisfying for all arrows (y
g←− x) ∈ G1

the identities g1x = g and 1yg = g;

• an inversion map i : G1 → G1 given by i(y g←− x) = x
g−1

←−− y, that for every arrow
g ∈ G1 satis�es the identities gg−1 = 1y and g−1g = 1x.

Lie groupoids were introduced by C. Ehresmann in the late 1950’s to describe smooth sym-
metries of a smooth family of objects. �at is, in a Lie groupoid both the set of arrows G1

and the set of objects G0 are manifolds, source and target maps are submersions and mul-
tiplication, unit and inversion structural maps are smooth. �us, a Lie groupoid G1 ⇒ G0

can be thought of as a smooth collection of symmetries parametrized by the points in the
base manifold G0. Hence, it is natural to think of representations of the Lie groupoid as
a way to view G as symmetries between �bres of a vector bundle E over G0. �is turns
out to be a well-de�ned notion of representation but with a clear downside: while a Lie
groupG always admits a representation on a vector space V , and more importantly always

1



Introduction 2

have canonical representations, like the adjoint and coadjoint representations on its Lie
algebra, for Lie groupoids, this fails to happen and in general, a representation of G on E
may impose strong restrictions on E. Moreover, G may have no representation on its Lie
algebroid.

�is is one of the reasons why M. Crainic and C. Arias Abad [3] introduced the no-
tion of representations up to homotopy of a Lie groupoid. �e idea is that instead of ask-
ing G to act on a vector bundle E one should allow a graded vector bundle E• and a se-
quence of operators: a di�erential ∂ turning (E•, ∂) into a chain complex, a chain map
λg : (E•|x, ∂) → (E•|y, ∂) for each arrow y

g←− x, a chain homotopy γg,h between λgh and
λgλh for each pair of composable arrows (g, h), together with higher-order operators and
higher coherence equations. �is way, the groupoid G acts on a complex of vector bundles
(E•, ∂) by chain maps and the usual associative property is asked to hold only up to homo-
topy of complexes. Using this de�nition, they were able to provide adjoint and coadjoint
representations for any Lie groupoid and extend many results of the theory of represen-
tations of Lie groups to the context of Lie groupoids. For instance, the cohomology of the
classifying space BG, which is computed via the Bo�-Shulman-Stashe� double complex,
can be be�er understood looking at the di�erentiable cohomology of G with values in a
symmetric power of the coadjoint representation up to homotopy of G (see [3]).

Lie groupoids are interesting for many reasons, for instance they provide a uni�ed
framework to deal with problems on smooth manifolds, actions of Lie groups on manifolds,
principal bundles etc; they also appear in connection to foliation theory [29], problems in
mathematical physics, e.g. symplectic groupoids are the integration of integrable Poisson
manifolds [48], and noncommutative geometry [13, 32]. Moreover, they can also serve as
smooth models for spaces with singularities such as orbifolds [44, 33], or more generally
di�erentiable stacks [8, 6, 7, 50]. Any Lie groupoidG1 ⇒ G0 has associated to it a topological
space G1/G0, called the orbit space of the Lie groupoid, obtained from an orbit equivalence
relation on the base G0, where two points are in the same orbit if there is an arrow g ∈ G1

between them. Particular important examples are when G is the action groupoid of a Lie
group action on a manifold, where its orbit space is exactly the orbit space of the action;
and when G is the holonomy groupoid of a foliation, in which case the orbit space is the
leaf space of the foliation. An orbifold is a topological space which is locally modelled as
the quotient space of an open set in Rn by a �nite group action. �us, it is a generalization
of a smooth manifold where we think of points with non-trivial isotropy group as singu-
larities. In the aforementioned correspondence, what happens is that any orbifold can be
realized as the orbit space of some proper and étale Lie groupoid, and isomorphic orbifolds
are represented in this way by Morita equivalent groupoids.

�e Morita equivalence relation between Lie groupoids is the best suited for many ap-
plications. It is the one capable of capturing the geometric information transverse to the
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orbits of the groupoid, for instance, Morita equivalent groupoids have homeomorphic orbit
spaces and isomorphic normal representations [22]. As for stacks, they are objects origi-
nally studied in algebraic geometry, but recently there has been an increasing interest in
what is called a di�erentiable stack. �ese stacks can be thought as smooth structures de-
scribing generalized quotients of smooth manifolds and it is well known that isomorphism
classes of di�erentiable stacks are in correspondence with Morita equivalence classes of Lie
groupoids, where a Lie groupoid is seen as a presentation (or an atlas) for a di�erentiable
stack. �erefore, it is usual that in order to do concrete calculations and constructions on
stacks one passes to a presentation. In this thesis, we do not explore the technical theory
of stacks and simply think of them as Morita equivalence classes of Lie groupoids.

Taking this point of view, it is natural to think of providing Morita invariants of Lie
groupoids as a natural way to provide invariants for the spaces with singularities repre-
sented by them. In this thesis, we are going to show that the cohomology with coe�cients
in a representation up to homotopy is one such Morita invariant, thus yielding a cohomol-
ogy invariant for orbifolds, and more generally for di�erentiable stacks. In order to do that
we will rely on the theory of simplicial manifolds and simplicial vector bundles. In the last
decade, A. Henriques [30], J. P. Pridham [45], E. Getzler [25], C. Zhu [50], among others,
have developed the theory of Lie∞-groupoids, that is: simplicial manifolds that satisfy a
smooth analogue of the so-called Kan extension conditions (or horn-�lling conditions) from
simplicial homotopy theory. �ese higher groupoids include, for each n > 0, the class of Lie
n-groupoids, which are∞-groupoids such that the horn-�llings are unique above dimen-
sion n. Also recently, see for instance [35, 41, 40], it has been proposed that symplectic Lie
2-groupoids are the global objects integrating certain Courant algebroids, this show us that
higher groupoids are also important and natural when one studies symplectic or Poisson ge-
ometry and their related �elds. Examples of this higher groupoids include: Lie 0-groupoids,
that are precisely smooth manifolds, and Lie 1-groupoids, that are precisely nerves of Lie
groupoids. Since representations up to homotopy appeared, many results have been proved
about them, in particular in [28] it has been shown that representations up to homotopy
of G on two-term complexes are in one-to-one correspondence with VB-groupoids over G,
where a VB-groupoid is a groupoid object in the category of vector bundles, moreover, this
correspondence was later shown to be an equivalence of categories [19]. �e main idea is
that for more general representations up to homotopy, a similar result holds, but the ge-
ometric object corresponding to such a representation is a higher Lie groupoid which is
somehow a vector bundle over G. �is correspondence is the subject of a work in progress
by M. del Hoyo and G. Trentinaglia [21] and is made precise using the notion of simplicial
vector bundles over the nerve of a Lie groupoid. In this thesis, we study the concepts of
simplicial manifolds and simplicial vector bundles. We make use of the natural simplicial
cohomologies associated to such objects in order to obtain a simpler description of the co-
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homology of a Lie groupoid with values in a representation up to homotopy, and se�le the
Morita invariance of this cohomology.

�e contents of the thesis are as follows:
In Chapter One, we brie�y review the literature on Lie groupoids and representations up

to homotopy, providing the main de�nitions, examples and se�ing the notations and con-
ventions that will be used throughout the text. We also review the notion of VB-groupoids
and their close relationship with representations up to homotopy on two-term complexes.

In Chapter Two, we introduce simplicial objects, focusing on simplicial manifolds and
equivalences between them, which are de�ned in terms of special maps called hypercovers.
In the last part of the chapter, we show that the di�erentiable cohomology of a simplicial
manifold is an invariant under hypercovers using some results of [26] on the de Rham
cohomology of simplicial manifolds.

In Chapter �ree, we study the category of simplicial vector bundles, since these are
the abstract objects generalizing VB-groupoids that will later be shown to be related to
representations up to homotopy. We de�ne the linear complex (C•lin(V )), associated to a
simplicial vector bundle V , considering di�erentiable cochains that are linear on the �bres
of V . We also de�ne the notion of linear hypercover between simplicial vector bundles,
simply considering hypercovers that take into account the linear structure, and we show
that the cohomology of the linear complex is invariant under linear hypercovers.

In Chapter Four, we explain the construction provided by del Hoyo and Trentinaglia
for the semidirect product of a Lie groupoid G with a representation up to homotopy. �is
construction gives rise to a simplicial vector bundle over the nerve of the groupoid G. �eir
work generalizes at the same time the semidirect product construction for 2-term represen-
tations and the Dold-Kan correspondence.

Chapter Five contains the main contributions of this thesis. We study the linear co-
homology of simplicial vector bundles coming from representations up to homotopy. We
de�ne a complex of projectable cochains which generalizes the VB-groupoid complex de-
�ned in [28] and we show that its cohomology computes the cohomology of the dual of
the representation up to homotopy we started with. We also show that the inclusion of the
complex of projectable cochains into the linear complex is a quasi-isomorphism and that
the cohomology of both is a Morita invariant, therefore se�ling the Morita invariance of
the cohomology with values in a representation up to homotopy.



Chapter 1

Lie groupoids and representations up
to homotopy

In this chapter, we brie�y review the literature on Lie groupoids and representations up to
homotopy, providing the main de�nitions, examples and se�ing the notations and conven-
tions that will be used throughout the text. We also review the notion of VB-groupoids and
their close relationship with representations up to homotopy on two-term complexes. All
of this is standard and can be found elsewhere. For the general theory on Lie groupoids
we follow mainly [43, 38], and for the theory on representations up to homotopy and VB-
groupoids we follow [3, 19, 28, 12].

1.1 Lie groupoids and Morita equivalences

In this section, we introduce Lie groupoids and morphisms between them. We also de�ne
the notion of Morita equivalence between Lie groupoids and provide some examples.

A groupoid G is a small category where all morphisms are isomorphisms. Concretely,
this can rephrased by saying that G consists of a set of objects G0 and a set of arrows
(morphisms) G1 together with structural maps:

• s called source and t called target; where s, t : G1 → G0 are given by s(y g←− x) = x,
and t(y g←− x) = y;

• a partially de�ned multiplication m : G1 ×s t G1 → G1 given by m(h, g) = hg, where
G1 ×s t G1 = {((h, g)) ∈ G1 × G1|s(h) = t(g)} is the set of composable arrows,
satisfying the associative propertym(gh, k) = (gh)k = g(hk) = m(g, hk) whenever
the compositions are de�ned;

• a unit map 1 : G0 → G1 given by 1(x) = 1x, satisfying for all arrows (y
g←− x) ∈ G1

the identities g1x = g and 1yg = g;

5



Chapter 1. Lie groupoids and representations up to homotopy 6

• an inversion map i : G1 → G1 given by i(y g←− x) = x
g−1

←−− y, that for every arrow
g ∈ G1 satis�es the identities gg−1 = 1y and g−1g = 1x.

De�nition 1.1.1. A Lie groupoid is a groupoid G, such that the spaces of objects and
arrows G0 and G1 are both smooth manifolds, where the source and target maps s and t are
surjective submersions and all the other structure maps m, 1, i are smooth.

Remark 1.1.2. All the manifolds considered by us will be assumed to be Hausdor� and
second countable topological spaces.

Example 1.1.3. Any Lie groupG can be seen as a Lie groupoid where the manifold of objects
consists of only one point. �is way,G⇒ {∗} is a Lie groupoid where the source and target
are trivial projections, the unit map 1 : {∗} → G gives the unit element of the group, and
the multiplication and inversion maps are the multiplication and inversion of the group.

Example 1.1.4. IfM is a smooth manifold then we have the unit groupoidM ⇒M , where
every structure map is the identity map.

Example 1.1.5. IfM is a manifold, the pair groupoid ofM is given byM×M ⇒M , where
s(y, x) = x, t(y, x) = y, m((z, y), (y, x)) = (z, x), i(y, x) = (x, y) and 1(x) = (x, x).

Example 1.1.6. Suppose that G is a Lie group acting on a smooth manifold M on the le�.
�en, we can form what is called the action groupoid G ×M ⇒ M . �e source map is
the projection s(g, x) = x, and the target is given by the action t(g, x) = gx. �e unit is
1(x) = (1, x), the multiplication is m((g, x), (h, y)) = (gh, y) (x must coincide with hy in
order that m is de�ned), and the inversion is i(g, x) = (g−1, gx).

Example 1.1.7. Let M be a smooth manifold, the fundamental groupoid of M is the Lie
groupoid Π(M) ⇒ M , such that an arrow with source x and target y is the homotopy
class with �xed endpoints of a path γ : [0, 1]→M , satisfying γ(0) = x and γ(1) = y. �e
multiplication is given by concatenation of paths, a unit arrow is a constant path, and the
inversion of a homotopy class of a path is the class of the path traversed in the opposite
direction.

Example 1.1.8. Suppose p : M → N is a surjective submersion. �en, we can consider the
following Lie groupoid M ×p pM ⇒M , with structural maps:

• s, t : M ×p pM →M ; s(y, x) = x e t(y, x) = y.

• m((z, y), (y, x)) = (z, x).

• 1 : M →M ×p pM ; 1(x) = (x, x).

• i : M ×p pM →M ×p pM ; i(y, x) = (x, y).

�is Lie groupoid is called the submersion groupoid associated to p.
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Example 1.1.9. ConsiderM a smooth manifold and {Uα}α∈Λ an open cover ofM . �en, we
have a canonical submersion p :

⊔
α Uα → M , such that p|Uα is the inclusion of Uα inside

M . In this case, the submersion groupoid associated to p is of the form
⊔
α,β Uα∩Uβ ⇒M .

�e Lie groupoid obtained in this way is called the Čech groupoid of the open cover.

Example 1.1.10. LetE →M be a smooth vector bundle. �en, we can de�ne a Lie groupoid
GL(E) ⇒ M , where an arrow (y

g←− x) ∈ GL(E) is, by de�nition, a linear isomorphism
from the �bre E|x to E|y. �is Lie groupoid is called the general linear groupoid of E. It
is a generalisation of the general linear group GL(V ) associated to a vector space V .

De�nition 1.1.11. If G1 ⇒ G0 is a Lie groupoid, then for each x ∈ G0 we de�ne the
isotropy group of x as the space of all arrows with source and target equal to x

Gx := {g ∈ G1; such that s(g) = x = t(g)}.

We de�ne the orbit of x as

Ox = {y ∈ G0| there is g ∈ G1, such that s(g) = x, t(g) = y}.

And since the orbits give a partition of G0 by equivalence classes, we de�ne the orbit space
as G0/G1, the quotient space of G0 by this orbit relation.

�is notion of orbit space of a Lie groupoid is very important, for instance in the case
of an action groupoid (Example 1.1.6), the orbit space of the groupoid is the usual quotient
space of the action. �is is just one of the reasons why the study of Lie groupoids can
be very important and helpful because we can study properties and invariants of possibly
complicated quotient spaces using the Lie groupoid as a smooth model for that space.

�e following proposition gives a good description of the geometric information en-
coded in the structure of a Lie groupoid. It is standard in the the literature, see [43, 38].

Proposition 1.1.12. Let G1 ⇒ G0 be a Lie groupoid, and x, y ∈ G0. �en, the following holds:

• the set G(y, x), of all arrows from x to y, is an embedded submanifold of G1;

• the isotropy group Gx is a Lie group;

• the orbit Ox has the structure of an immersed submanifold of G0;

• the s-�bre, s−1(x), is a Gx-principal bundle over Ox, with projection t : s−1(x)→ Ox;

• denoting byNxO := TxG0/TxO, the �bre of the normal bundle to the orbit inside G0, we
have a natural representation of Gx onNxO, de�ned by g·v = dt(X), for anyX ∈ TgG1

such that ds(X) = v. �is representation is called the normal representation of Gx.
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De�nition 1.1.13. Let G1 ⇒ G0 be a Lie groupoid. We say that G is a proper Lie groupoid
if the map (t, s) : G1 → G0 × G0 is a proper map i.e. the inverse image of a compact is also
compact. We also say that G is étale if the isotropy groups Gx are discrete for every x ∈ G0.

Proper Lie groupoids are a generalisation of the concept of proper actions of Lie groups.
�is follows from the fact that an action groupoid (Example 1.1.6) is a proper Lie groupoid
if, and only if, the action is proper. One can show that in a proper Lie groupoid G, the
isotropy groups Gx are compact Lie groups, the orbits Ox are embedded submanifolds of
G0, and the orbit space G0/G1 is Hausdor�, among many other nice properties, including a
Linearisation �eorem, which generalizes the usual Slice/Tube �eorem for proper actions
of Lie groups (as in [23]). For more details on proper Lie groupoids see [18, 22, 16].

In particular, orbit spaces of proper Lie groupoids have more structure, in the literature
they are usually referred to as orbispaces [22, 47, 16]. A particular and very important
special instance is given by orbit spaces of a proper and étale groupoids since, in this case,
the isotropy groups must be �nite and thus, the orbit space has a natural structure of an
orbifold [44].

Since groupoids are small categories, it is natural to de�ne morphisms between them
simply as functors. When we are concerned with Lie groupoids, the morphisms will also
be functors, but we have to account for the smooth structures involved:

De�nition 1.1.14. Consider G1 ⇒ G0 and H1 ⇒ H0 two Lie groupoids, then a Lie
groupoid morphism from G to H consists of a pair of smooth maps φ1 : G1 → H1 and
φ0 : G0 → H0 commuting with all the structure maps of G and H. Concretely, for every
g ∈ G1, x ∈ G0 and (g2, g1) ∈ G ×s t G, they must satisfy

• φ0(s(g)) = s(φ1(g)) and φ0(t(g)) = t(φ1(g));

• φ1(1x) = 1(φ0(x));

• φ1(m(g2, g1)) = m(φ1(g2), φ1(g1)).

where we have used the same notation for the structure maps of G andH.

Let us recall now the de�nition of Morita equivalence between Lie groupoids.

De�nition 1.1.15. A map of Lie groupoids φ : G → H is called Morita if it satis�es the
following two conditions:

1. �e mapH1 ×s φ0
G0 → H0, given by (g, x) 7→ t(g) is a surjective submersion.

2. �e following square is a pullback of manifolds

G1
φ1

//

(t,s)
��

H1

(t,s)
��

G0 × G0
(φ0×φ0)

//H0 ×H0
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Note that, in the terminology of category theory, forge�ing about the smooth structure,
condition 1 is saying that φ is essentially surjective and condition 2 is equivalent to φ being
full and faithful.

It is a standard fact that any morphism of Lie groupoids φ : G → H takes orbits to
orbits and induces a continuous map, φ∗ : G0/G1 → H0/H1, between orbit spaces. It
also yields maps between isotropy groups φx : Gx → Hφ0(x), and between normal spaces
dxφ : NxOx → Nφ0(x)Oφ0(x), which put together give a morphism between normal repre-
sentations.

�e following theorem borrowed from [22] gives a complete characterisation of Morita
maps in terms of these maps induced between orbit spaces and normal representations.

�eorem 1.1.16. A morphism of Lie groupoids φ : G → H is a Morita map if, and only if,
it induces a homeomorphism φ∗ : G0/G1 → H0/H1 between orbit spaces, and isomorphisms
between normal representations φx : (Gx y NxOx)→ (Hφ0(x) y Nφ0(x)Oφ0(x)).

De�nition 1.1.17. A morphism of Lie groupoids φ : G → H is called a Morita �bration
if it is a Morita map, such that the map φ0 : G0 → H0 is a surjective submersion.

De�nition 1.1.18. We say that two Lie groupoids G andH are Morita equivalent if there
are a third Lie groupoid K and Morita �brations φ : K → G and ψ : K → H.

Remark 1.1.19. Usually when de�ning Morita equivalences one does that using Morita maps
(which are only essentially surjective on objects). Here we are using Morita �brations which
are surjective submersions on objects. �is causes no con�ict because if there are a Lie
groupoid K and Morita maps φ : K → G and ψ : K → H there always exist a new Lie
groupoid K̃ and Morita �brations φ̃ : K̃ → G and ψ̃ : K̃ → H.

Example 1.1.20. Consider G⇒ {∗} and H ⇒ {∗}, two Lie groups viewed as Lie groupoids
over a point. Suppose that they are Morita equivalent, then there existsK and Morita maps:
φ : K → G and ψ : K → H . Since Morita maps induce isomorphisms between isotropy
groups, it follows that φ and ψ induce isomorphisms Kz → Hy = H and Kz → Gx = G.
�us, G and H are Morita equivalent if, and only if, they are isomorphic Lie groups.

Example 1.1.21. LetM ×p pM ⇒M be the submersion groupoid associated to p : M → N .
�en, the morphism of Lie groupoids

φ : (M ×p pM ⇒M)→ (N ⇒ N),

given by φ1(y, x) = p(x), and φ0(x) = p(x) is a Morita �bration of Lie groupoids, between
the submersion groupoid and the unit groupoid ofN . �erefore, they are Morita equivalent.
In particular, the Čech groupoid

⊔
α,β Uα ∩ Uβ ⇒ N from an open cover of a smooth

manifold N is Morita equivalent to N ⇒ N .
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Example 1.1.22. If G is a Lie group with a free and proper action on a manifold M . �en,
there is a unique smooth structure on the quotient space M/G, such that the canonical
projection p : M → M/G is a surjective submersion. �us, we can consider the action
Lie groupoid GnM ⇒ M and the submersion groupoid M ×p pM ⇒ M . Note that, the
map GnM → M ×p pM , given by (g, x) 7→ (x, gx) is an isomorphism of Lie groupoids.
By the previous example, we know that M ×p pM is Morita equivalent to M/G⇒ M/G.
�erefore, GnM is also Morita equivalent to the unit groupoid M/G⇒M/G.

�e previous example, although very simple, can be used as a motivation. In a way,
it explains how Morita equivalent Lie groupoids, in this case the action groupoid G nM

and the submersion groupoidM/G⇒M/G, serve as smooth models for the same quotient
spaceM/G. For instance, we could start with a proper action ofG onM which only locally
free, meaning that all its isotropy groups are �nite. �en, the quotient M/G is no longer a
manifold in general. It will be an orbifold, and any Lie groupoid in the Morita equivalence
class of GnM ⇒M will represent the same orbifold structure on the quotient M/G, (up
to isomorphism).

1.2 �e di�erentiable cohomology of a Lie groupoid

�e di�erentiable cohomology of a Lie groupoid is a natural cohomology associated to any
Lie groupoid, it generalizes the usual cohomology of Lie groups, and comes from the natural
simplicial structure of the nerve of the Lie groupoid (which will appear in chapter 2). In
what follows, we will use the spaces of composable arrows of lengths k ∈ N, de�ned by
Gk = {(gk, . . . , g1) | s(gi+1) = t(gi),∀i ∈ {1, . . . , k − 1}}.

De�nition 1.2.1. For any Lie groupoid G1 ⇒ G0, we have an associated cochain complex
de�ned in the following way: C0(G) = C∞(G0,R), for each p > 1, Cp(G) = C∞(Gp,R),
with a di�erential δ : Cp(G)→ Cp+1(G) given by

δ(f)(gp+1, . . . , g1) = f(gp, . . . , g1)

+

p∑
i=1

(−1)p+1−if(gp+1, . . . , gi+1gi, . . . , g1)

+ (−1)p+1f(gp+1, . . . , g2).

for p > 1, and δ : C0(G)→ C1(G), de�ned by δ(f)(g1) = (f ◦ s)(g1)− (f ◦ t)(g1).
�e cohomology associated to this complex is denotedH•diff(G) and is called the di�er-

entiable cohomology of G.

Remark 1.2.2. We remark that, the pair (C•(G), δ) can be made into a di�erential graded
algebra for the product Cp(G)× Cq(G)→ Cp+q(G); (f1, f2) 7→ f1 ∗ f2, de�ned by:
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• f1 ∗ f2(gp, . . . , g1) = f1(gp, . . . , g1)f2(s(g1)) if q = 0;

• f1 ∗ f2(gp+q, . . . , g1) = f1(gp+q, . . . , gq+1)f2(gq, . . . g1) if p, q 6= 0;

• f1 ∗ f2(gp+q, . . . , g1) = f1(t(gq))f2(gq, . . . g1) if p = 0;

and if both p and q are zero f1 ∗ f2 = f1f2. �at is, δ acts as a derivation for this product:

δ(f1 ∗ f2) = δ(f1) ∗ f2 + (−1)pf1δ(f2)

for any (f1, f2) ∈ Cp(G)× Cq(G).

De�nition 1.2.3. Let G1 ⇒ G0 be a Lie groupoid. �en, a representation of G is a vector
bundle E over the base G0, together with a morphism of Lie groupoids ∆ : G1 → GL(E)

to the general linear groupoid (see Example 1.1.10), that is the identity on G0. �us, in a
representation each arrow g ∈ GL(E) with source x and target y gives rise to a linear
isomorphism ∆g : E|x → E|y.

Example 1.2.4. It is easy to see that if the Lie groupoid G is actually a Lie groupG, then this
notion of representation recovers the usual notion of representation of a Lie group, since
in this case G0 is a point, a vector bundle E over G0 is just a vector space, and G acts on E
in a linear manner.

Example 1.2.5. If M is a smooth manifold and E is a vector bundle over M , then E has the
structure of a representation of the pair groupoid of M if and only if E is a trivial vector
bundle.

Example 1.2.6. LetM be a smooth manifold and Π(M) be its fundamental groupoid. �en,a
vector bundle E over M has the structure of a representation of Π(M) if and only if E has
a �at connection.

�e last two examples show that this notion of representation of a Lie groupoid is very
restrictive, so that some Lie groupoids may have very few representations.

Now if G has a representation on a vector bundle E over the base G0, we also have a
notion of di�erentiable cohomology with coe�cients in the representation E.

De�nition 1.2.7. For each g = (gk, . . . , g1) ∈ Gk we denote by πj : Gk → G0 the projection
to the j-th object, that is πj(g) = t(gj) for all j ≥ 1 and π0(g) = s(g1). Let G1 ⇒ G0 be a
Lie groupoid and E → G0 be a vector bundle which is a representation of G via the map
∆E : G1 → GL(E). �en, we de�ne the complex (C•(G, E), D), where for each k > 1, the
space of k-cochains is the space of sections Γ(π∗kE,Gk) of the vector bundle π∗kE over Gk.
�us, a cochain c can be seen as a map c : Gk → E, (gk, . . . , g1) 7→ c(gk, . . . , g1) ∈ E|t(gk),
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and we have a di�erential D : Ck(G, E)→ Ck+1(G, E) given by

D(c)(gk+1, . . . , g1) = ∆E
gk+1

(c(gk, . . . , g1))

+
k∑
i=1

(−1)k+1−ic(gk+1, . . . , gi+1gi, . . . , g1)

+ (−1)k+1c(gk+1, . . . , g2).

For k = 0, we de�ne C0(G, E) := Γ(E,G0) and D : Γ(E,G0) → C1(G, E) is given by
D(c)(g1) = ∆E

g1
(c(s(g1)))− c(t(g1)).

�e cohomology associated to this complex is denoted H•diff(G, E) and is called the
di�erentiable cohomology of G with values in the representation E.

Remark 1.2.8. In the case of a trivial representation of a Lie groupoid G1 ⇒ G0 on the trivial
vector bundle E = G0 × R, the di�erentiable cohomology with values in E recovers the
di�erentiable cohomology H•diff(G) of the groupoid G.

Example 1.2.9. If we consider a Lie groupGwith Lie algebra g and its adjoint representation
Ad : G → GL(g), the complex associated is given by: C0(G,Ad) = g, and Ck(G,Ad) =

C∞(G× . . .×G︸ ︷︷ ︸
k times

, g) for k > 1. For k > 1 the di�erential is

δ(c)(gk+1, . . . , g1) = Adgk+1
(c(gk, . . . , g1)

+
k∑
i=1

(−1)k+1−ic(gk+1, . . . , gi+1gi, . . . , g1)

+ (−1)k+1c(gk+1, . . . , g1).

and for k = 0, δ0 : C0(G,Ad)→ C1(G,Ad) is given by

δ0 : g → C∞(G, g)

v 7→ δ(v)(g) = Adg(v)− v

�is cohomology with coe�cients in the adjoint representation is usually important for
various reasons, for instance one of them is that it is isomorphic to the deformation coho-
mology of the Lie group G, so it controls deformations of the Lie group [17].

Proposition 1.2.10. Suppose that G1 ⇒ G0 is a Lie groupoid with a representation on a vector
bundleE → G0, then, the complex (C•(G, E), D) has a natural structure of di�erential graded
right C•(G)-module de�ned by

Cp(G, E)× Cq(G) → Cp+q(G, E)

(c, f) 7→ (c ∗ f)(gp+q, . . . , g1) = c(gp+q, . . . , gq+1)f(gq, . . . , g1).
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�at is, the degree one operator D satis�es D2 = 0 and the Leibniz identity

D(c ∗ f) = D(c) ∗ f + (−1)pc ∗ δ(f)

for any c of degree p.

De�nition 1.2.11. A quasi-action of a Lie groupoid G1 ⇒ G0 on a vector bundle E → G0

is a map ∆E : G → End(E) that associates for each arrow y
g←− x a linear map ∆g : E|x →

E|y. It is said to be unital if ∆1x is the identity of the �bre E|x.

Remark 1.2.12. �e spaces Ck(G, E) = Γ(π∗kE,Gk) make sense for any vector bundle E →
G0. Also, if there is ∆E : G → End(E) a quasi-action, there is an induced operator δ∆ :

C•(G, E) → C•(G, E) de�ned by the same formula of the δ above (see De�nition 1.2.7).
But a quasi-action will be an action if and only if it is unital and satis�es ∆g2g1 = ∆g2 ◦∆g1 ,
for every pair of composable arrows (g2, g1). �e la�er condition turns out to be equivalent
to δ2

∆ = 0, so in general we do not get a cochain complex from a quasi-action.

Proposition 1.2.13. �ere is a one-to-one correspondence between quasi-actions of a Lie
groupoid G on a vector bundle E and degree one linear operators

D : C•(G, E)→ C•(G, E)

satisfying the Leibniz identity with respect to the C•(G)-module structure. Explicitly, we can
recover the quasi-action λ from D, by looking at degree zero elements c ∈ Γ(E) and de�ning:

λ(g)(c(s(g))) = c(t(g)) +D(c)(g).

A quasi action λ is in fact a representation, if and only if, λ(1x)(v) = v, and the corresponding
operator D squares to zero.

A fundamental result in [14] shows that the cohomology of a groupoid with coe�cients
in a representation is a Morita invariant, i.e. if φ : G → H is a Morita map between two
groupoids and E is a representation ofH, then for each k ∈ N we have:

Hk
diff(H, E) ∼= Hk

diff(G, φ∗E),

where φ∗E is a representation of G given by the pullback of E by φ : G → H. In particular,
the cohomology H•diff(G, E) is an invariant for the stack presented by the groupoid G.

1.3 Representations up to homotopy of a Lie groupoid

As we mentioned before, representations of a Lie groupoid as de�ned in the previous sec-
tion are too strict for many practical reasons. In this section, we introduce the notion of



Chapter 1. Lie groupoids and representations up to homotopy 14

representations up to homotopy of a Lie groupoid, as de�ned by Crainic and Arias Abad in
[3]. �e main idea is to substitute vector bundles for graded vector bundles and to consider
more general di�erential graded modules over C•(G) than the ones coming from usual
representations obtained in Proposition 1.2.10.

Let G1 ⇒ G0 be a Lie groupoid, and consider a graded vector bundle over the base G0,
that is E =

⊕
j>0Ej , where eachEj is a vector bundle over G0. �en, we can de�ne a space

of E-valued cochains C(G, E)• = ⊕pC(G, E)p by

C(G, E)p =
⊕
k−j=p

Ck(G, Ej)

where as before Ck(G, Ej) = Γ(π∗kEj,Gk).
Given c ∈ Ck(G, El), we say that it has bidegree (k, l), where < c >= k is called its

cocycle degree, and |c| = k − l is called its total degree.
We can also decomposeC(G, E)• with respect to the cocycle degree, we putCp(G, E) =

⊕i>0C
p(G, Ei) and

C(G, E)• = ⊕pCp(G, E)

A�er all these de�nitions, it is easy to see that C(G, E)• has a right C•(G)-module
structure, de�ned in the same way as in Proposition 1.2.10. So, we can now extend our
notion of representation of a Lie groupoid to the graded se�ing.

De�nition 1.3.1. Let G be a Lie groupoid and E = ⊕lj=0Ej be a graded vector bundle over
G0. �en, a representation up to homotopy of G on E is a structure of di�erential graded
right C•(G)-module on C(G, E)•. In other words, it is a linear degree one operator

D : C(G, E)• → C(G, E)•

satisfying D2 = 0, and the Leibniz rule with respect to the C•(G)-module structure:

D(c ∗ f) = D(c) ∗ f + (−1)|c|c ∗ δ(f)

�e cohomology associated to this complex is H•diff(G, E), de�ned by:

Hp
diff(G, E) :=

ker(D : C(G, E)p → C(G, E)p+1)

Im(D : C(G, E)p−1 → C(G, E)p)
,

for each p > 0, and is its called the di�erentiable cohomology of G with coe�cients
in the representation up to homotopy E .

De�nition 1.3.2. A morphism Φ : E → E ′ between two representations up to homotopy
of G is a degree zero map

Φ : C(G, E)• → C(G, E ′)•,
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that commutes with the di�erentials of E and E ′

With these de�nitions, we a have a category Rep(G) of representations up to homotopy
of a Lie groupoid G, which is nothing more than a subcategory of the category of di�erential
graded modules over the di�erential graded algebra C•(G).

�is is the compact version of the de�nition, in what follows we will see a more explicit
version that will make clear why this is called a representation up to homotopy.

One can see that C(G, E)• as a module over C•(G) is the same as Γ(E)⊗C∞(G0) C
•(G),

where the tensor structure overC∞(G0) satis�es ηf1⊗f2 = η⊗f1 ∗f2, for every η ∈ Γ(E),
every f1 ∈ C∞(G0) and every f2 ∈ C•(G). �us, C(G, E)• is generated by Γ(E) as a right
C•(G)-module.

�is fact, plus the fact that the operator D is a derivation for the module structure,
implies that D is determined by its action on the space of sections Γ(E). By decomposing
D with respect to the cocycle grading we can write it as:

D = D0 +D1 +D2 + . . .

where each Di raises the cocycle degree by i (and the total degree by one), so that

Di : Ck(G, Ej)→ Ck+i(G, Ej+i−1).

We know that these are the only possibilities for the Di also because D is a derivation,
so it can not lower the cocycle degree. Hence, one obtains the following decomposition for
the operator D de�ning a representation up to homotopy, as explained in [3]:

Proposition 1.3.3. Any representation up to homotopy of a Lie groupoid G on a graded vector
bundle E = ⊕Ej given by an operator D decomposes as

D = D0 +D1 +D2 + . . .

where each Di raises the cocycle degree by i,

Di : Ck(G, El)→ Ck+i(G, El+i−1),

for every i 6= 1, it satis�es
Di(c ∗ f) = Di(c) ∗ f,

for i = 1, it satis�es
D1(c ∗ f) = D1(c) ∗ f + (−1)|c|c ∗ δ(f),

and for each k > 0, the operators �t in the equation:

D0Dk +D1Dk−1 + . . . DkD0 = 0.
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�e following proposition, also from [3], gives a characterization for the operators Di

above.

Proposition 1.3.4. �ere is a one-to-one correspondence between:

• maps Φ : Ck(G, El)→ Ck+i(G, El+j), such that φ(c ∗ f) = Φ(c) ∗ f .

• cochains Φ′ ∈ Ci(G,Endj(E•)) := Γ
(
Gi+j; Hom(i+j−1)(π∗0E•, π

∗
i+jE•).

�e correspondence is as follows:

Φ(c)(gk+i, . . . , g1) = (−1)(|c|+<c>)Φ′(gk+i, . . . , gk+1)c(gk, . . . , g1).

�e de�nition of representation up to homotopy given in De�nition 1.3.1 is nice because
it is concise and recovers ordinary representations in the context of di�erential graded
modules over C•(G). But to understand this de�nition a li�le bit be�er it is very useful
to have the decomposition given in Proposition 1.3.3, and the correspondence given by
Proposition 1.3.4. With these results put together, we can give a new characterization of
representations up to homotopy.

Given G1 ⇒ G0 a Lie groupoid, we consider its nerve (Gm)m>0, where for m > 2 an
element g ∈ Gm is a sequence of composable arrows

g = (xm
gm←− xm−1 · · · x2

g2←− x1
g1←− x0),

with face maps d1, d0 : G1 → G0, de�ned by d1 = s, and d0 = t, and more generally
di : Gn → Gn−1, for i ∈ {0, . . . , n} de�ned by:

d0(gn, gn−1, . . . , g1) = (gn, . . . , g2)

dj(gn, gn−1, . . . , gn) = (g1, . . . , gj+1gj, . . . , g1) 1 ≤ j ≤ n− 1

dn(gn, gn−1, . . . , g1) = (gn−1, . . . , g1).

(1.3.1)

Moreover, we denote by sk : Gm → Gk and tm−k : Gm → Gm−k, the �rst k-face and the
last (m− k)-face of a g ∈ Gm. �us, sk(g) and tm−k(g) are given by:

sk(g) = (xk
gk←− xk−1 · · ·x1

g1←− x0), tm−k(g) = (xm
gm←− · · ·xk+1

gk+1←−− xk)

�en, in view of the previous discussion, decomposing the structure operatorD of a rep-
resentation up to homotopy in terms of the cocycle degree, and applying Proposition 1.3.4,
for each of the operators Dm in Proposition 1.3.3, we obtain that a representation up to
homotopy of G on a graded vector bundle E = ⊕Ej over G0 is equivalent to a sequence of
operators:

Rm ∈ Γ
(
Gm; Hom(m−1)(π∗0E•, π

∗
mE•)

)
m ≥ 0,
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satisfying the following equations, for every g ∈ Gm, and m ≥ 0:

m−1∑
k=1

(−1)kR
dk(g)
m−1 =

m∑
k=0

(−1)kR
tm−k(g)
m−k ◦Rsk(g)

k (1.3.2)

For low values of m they amount to the following:

Rx0
0 ◦Rx0

0 = 0 x0 ∈ G0

Rx1
0 R

g1
1 = Rg1

1 R
x0
0 g1 ∈ G1

Rg2
1 R

g1
1 −R

g2g1
1 = Rg2,g1

2 Rx0
0 +Rx2

0 R
g2,g1
2 (g2, g1) ∈ G2

In other words, these equations can be interpreted as follows:

• For each x0 ∈ G0, the mapRx0
0 is a di�erential on the �berEx0

• ofE• over x0, turning
(E•, R0) into a chain complex.

• For each arrow x1
g1←− x0, we have a quasi-action Rg1

1 : Ex0
• → Ex1

• , that is a chain
map.

• For each pair of composable arrows (x2
g2←− x1

g1←− x0) ∈ G2, the map Rg2,g1
2 : Ex0

• →
Ex2
•+1 is a chain homotopy between Rg2

1 ◦R
g1
1 and Rg2g1

1 .

�is justi�es the name of representation up to homotopy. We relax the notion of represen-
tation of a Lie groupoid allowing it to act on chain complexes of vector bundles via chain
maps, and the usual associativity condition for an action is satis�ed only up to homotopies
of chain complexes. Of course, we still have all other operators for m bigger than two and
higher-order coherences these operators must obey.

Example 1.3.5 (Usual Representations). Any representation of a Lie groupoid G1 ⇒ G0 on a
vector bundle E is an example of a representation up to homotopy concentrated in degree
zero. In this case, every structure operator Ri, for i > 2, vanishes.

Example 1.3.6 (Cocycles). Any cocycle η ∈ Ck(G) with k > 2 induces a representation
up to homotopy in the complex which has the trivial line bundle R in degrees 0 and k − 1

with di�erential equals to zero. �e non-zero structure operators are given by R1 = λ and
Rk = η, where λ denotes the trivial representation of G in R.

De�nition 1.3.7. A representation up to homotopy is called weakly unital if R1(g) =

Id, whenever g is a unit arrow. It is also called unital if, moreover, Rk(gk, . . . , g1) = 0

whenever k > 2, and any one of the arrows gi’s is a unit.

Now we will review some basic operations on representations up to homotopy, like tak-
ing pull-backs, dual representations and the cone of a morphism. �ere are also de�nitions
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of tensor products and symmetric powers. �eir construction is somewhat complicated and
thoroughly explained in [1]. Here we will give just a brief idea.

Example 1.3.8. For any morphism of Lie groupoids φ : G → H there is a pullback functor
naturally de�ned:

φ∗ : Rep(H)→ Rep(G),

that at the level of objects takes any representation up to homotopy E = (E•, R0, R1, . . . )

ofH to the representation φ∗(E) = (φ∗(E•), φ
∗(R0), φ∗(R1), . . . ) where the structure maps

are de�ned by
φ∗(Rk)(gk, . . . , g1) := Rk(φ(gk), . . . , φ(g1)).

It is well-known that the category of ordinary representations of a groupoid is a Morita
invariant, in the sense that Morita equivalent groupoids have equivalent categories of rep-
resentations. Such an equivalence can be obtained using the pullback functor induced by a
Morita map.

Other important constructions of representations up to homotopy are given in the next
two examples.

Example 1.3.9. Let G be a Lie groupoid with a representation up to homotopy given by
E = (E•, R0, R1, . . . ). �en its dual is the representation E∗ = (E∗• , R

∗
0, R

∗
1, . . . ) of G,

where the structure operators are

R∗k(gk, . . . , g1) = (−1)k+1(Rk(g
−1
1 , . . . , g−1

k ))∗.

Note that, with this convention and the notation R0 = ∂ for the di�erential, the chain
complex structure on E∗• has as di�erential R∗0 = −∂∗, and that is not the standard dual of
the chain complex (E•, ∂), which usually has di�erential (−1)n∂∗ on E∗n.

Example 1.3.10. We can also de�ne mapping cones of morphisms between representations
up to homotopy. First, recall that if φ0 : (E•, ∂E) → (F•, ∂F ) is a morphism of chain
complexes of vector bundles, then the mapping cone is a new complex of vector bundles,
denoted C(φ0), de�ned by

C(φ0)n = En ⊕ Fn+1, ∂(e, f) = (∂E(e)), φ(e)− ∂F (f)).

Now, if we are given a morphism between representations Φ : E → F in Rep(G), we
can construct a mapping cone C(Φ) ∈ Rep(G), whose underlying complex is the mapping
cone of Φ0, and the structure operators are de�ned as

Rk(gk, . . . , g1)(e, f) = (Rk(gk, . . . , g1)e, φk(gk, . . . , g1)e− (−1)kRk(gk, . . . , g1)f).

Viewed a di�erential graded module over C•(G), this mapping cone C(Φ) is just the
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mapping cone complex of the morphism Φ : C(G, E)• → C(G,F)•.

Example 1.3.11. Given E and E ′ representations up to homotopy of G, one can de�ne their
tensor product E ⊗ E ′. If (Rk)k>0 and (R′k)k>0 denote the structure operators of E and E ′

respectively, then it is easy to de�ne the structure operators of E ⊗ E ′ in low degrees:

• �e degree zero element is R0 ⊗ Id + Id⊗R′0, so that the underlying complex is the
tensor product of the underlying complexes of E and E ′.

• �e degree one operator is the quasi-action given by the diagonal action.

As for the higher operators the de�nition is more subtle and depends on some choices.
In the end, the tensor product representation will depend on these choices but di�erent
choices give rise to isomorphic representations up to homotopy, for more details see [1].

1.4 Two term representations up to homotopy

In what follows we will make more explicit the structure of a representation up to homotopy
concentrated in degrees 0 and 1, i.e. in the case where the graded vector bundle is of the
form E0 ⊕ E1. A�er that, we will show the main example of a two term representation,
that is the adjoint representation up to homotopy of a Lie groupoid G1 ⇒ G0 on the graded
vector bundle Ad := TG0 ⊕ AG, where AG is the Lie algebroid of G. In this section we
follow closely the articles [28] and [19]. All the details and proofs can be found on these
references.

Suppose that E = E0⊕E1 is a two term representation up to homotopy of a Lie groupoid
G1 ⇒ G0. �en, by de�nition, for every k > 0 the space of k-cochains is given by

C(G, E)k = Ck(G, E0)⊕ Ck+1(G, E1)

and we have a degree 1 operator

D : Ck−1(G, E0)⊕ Ck(G, E1) → Ck(G, E0)⊕ Ck+1(G, E1)

which wri�en in components is necessarily of the form

D(c0, c1) = (DE0(c0) + ∂(c1), DE1(c1) + Ωc0)

where:

• ∂ : E1 → E0 is a vector bundle morphism and we use the same le�er to designate
the map induced in sections

∂ : Ck(G, C)→ Ck(G, E), c 7→ ∂(c) = ∂ ◦ c
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• DE0 , DE1 are operators that raise the cocycle degree by one, and correspond to quasi-
actions of G on E0 and on E1 respectively as we have commented in Remark 1.2.12.

• Ω is a map that associates to each pair of composable arrows (g2, g1) ∈ G2 a linear
map Ωg2,g1 : Es(g1) → Ct(g2), and takes any c0 ∈ Ck−1(G, E0) to Ωc0 ∈ Ck+1(G, E1),
de�ned by

Ωc0(gk+1, . . . , g1) := Ωgk+1,gk(c(gk−1, . . . , g1))

Remark 1.4.1. One can check that D2 = 0 breaks into the following four equations:

• DE0∂ + ∂DE1 = 0,

• (DE1)2 + Ω∂ = 0,

• (DE0)2 + ∂Ω = 0,

• DE1Ω + ΩDE0 = 0.

In view of Proposition 1.3.4, the 4-tuple (∂,DE0 , DE1 ,Ω) corresponds to another 4-tuple
(∂,∆E0 ,∆E1 ,Ω) satisfying the structural equations as in Equation (1.3.2). �us, we have
an equivalent way to de�ne a representation up to homotopy of a Lie groupoid on a graded
vector bundle concentrated in degrees 0 and 1, summarized in the following theorem:

�eorem 1.4.2. Let G1 ⇒ G0 be a Lie groupoid and E = E0 ⊕E1 be a graded vector bundle
over G0. �en, there is a one-to-one correspondence between representations up to homotopy of
G on E and 4-tuples (∂,∆E0 ,∆E1 ,Ω), such that

• ∂ : E1 → E0 is a vector bundle morphism,

• ∆E0 : G → End(E0), and ∆E1 : G → End(E1) are quasi-actions of G,

• Ω : G2 → Hom(π∗0E0, π
∗
2E1),

satisfying the following equations:

(i) ∆E0
g1
◦ ∂ = ∂ ◦∆E1

g1
;

(ii) ∆E0
g2
◦∆E0

g1
−∆E0

g2g1
= −∂ ◦ Ωg2,g1 ;

(iii) ∆E1
g2
◦∆E1

g1
−∆E1

g2g1
= −Ωg2,g1 ◦ ∂;

(iv) ∆E1
g3
◦ Ωg2,g1 − Ωg3g2,g1 + Ωg3,g2g1 − Ωg3,g2 ◦∆E0

g3
= 0

for every composable triple (g3, g2, g1) ∈ G3.
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1.4.1 �e adjoint representation

Some parts of the usual Lie theory of Lie groups and Lie algebras have natural extensions
to the theory of Lie groupoids and Lie algebroids, for instance, we have a Lie functor from
the category of Lie groupoids to the category of Lie algebroids, we also have integration
theorems for objects and morphisms, but things already become di�erent here, in fact, it is
widely known that there are Lie algebroids which can not be integrated to any Lie groupoid,
so that Lie’s third theorem does not hold for every Lie algebroid. In fact, a complete char-
acterisation of integrable Lie algebroids was obtained by M. Crainic and R. Fernandes in
[15]. Also, when it comes to representation theory, in general, it is not possible to de�ne
an ordinary representation of a Lie groupoid on its Lie algebroid recovering the notion of
adjoint representation of a Lie group on its Lie algebra. In this section, we will see how
representations up to homotopy remedy this situation by allowing a notion of an adjoint
representation, but to do that let’s �rst recall the de�nition of Lie algebroid and the con-
struction of a Lie algebroid from a Lie groupoid. Our main references for the basic theory
on Lie groupoids and Lie algebroids are [43, 38]. For more details about the adjoint repre-
sentation the reader can look at [3].

De�nition 1.4.3. A Lie algebroid over a smooth manifold M consists of a vector bundle
A over M , together with a vector bundle map ρ : A → TM , called the anchor, covering
the identity on M and an R-bilinear pairing [, ] : Γ(A)× Γ(A)→ Γ(A) satisfying

1. the Jacobi Identity: [a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0, for every a, b, c ∈ Γ(A) and

2. the Leibniz rule:[a, fb] = f [a, b] + ρ(a)(f)b, for every a, b ∈ Γ(A) and f ∈ C∞(M).

Example 1.4.4. If the base is just a point M = {∗}, then a Lie algebroid over M is, by
de�nition, a Lie algebra.

Example 1.4.5. For any M , the tangent bundle TM is a Lie algebroid over M with the
usual bracket of vector �elds and the anchor ρ = Id. �e same is true for any involutive
distribution inside TM , in this, case ρ is the inclusion of the subbundle in TM .

�ere are many more examples, in particular there is a whole class of examples that is
given by Lie algebroids coming from some Lie groupoid. Let’s recall their de�nition now.

As usual, we think of an arrow g ∈ G1 with source x and target y as y g←− x, this way
it is easy to see that we can use g to multiply on the right with arrows starting at y and to
multiply on the le� with arrows ending at x. Hence, we de�ne the right translation by g as

Rg : s−1(y) → s−1(x)

h 7→ hg
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and the le� translation by g as

Lg : t−1(x) → t−1(y)

h 7→ gh

In what follows, the di�erentials of Rg and Lg will be denoted by rg and by lg respec-
tively. As one should expect, they will be used to de�ne right and le� invariant vector �elds
respectively.

If G1 ⇒ G0 is a Lie groupoid, we consider the vector bundle AG over G0 given by
AG := 1∗(T s(G)), where T s(G) = ker d s is the subbundle of TG1 tangent to the s-�bres
and 1 : G0 → G1 is the unit map. Explicitly, the �bres of this vector bundle are given by

(AG)x = T1x(s
−1(x)) for all x ∈M,

the tangent spaces of the s-�bres at the units of the groupoid.

De�nition 1.4.6. Let G1 ⇒ G0 be a Lie groupoid, then

Xs(G) := {X ∈ X(G1); such that ds(Xh) = 0,∀h ∈ G1 and rg(Xh) = Xhg,∀(h, g) ∈ G2}

is the space of right invariant vector �elds on G.

It is a standard fact that the space Xs(G) ⊂ X(G1) of right invariant vector �elds on a
Lie groupoid G is a Lie subalgebra for the bracket of vector �elds on X(G1).

De�nition 1.4.7. Let G be a Lie groupoid, and AG the vector bundle de�ned above. Given
any section a ∈ Γ(AG) we de�ne the right invariant vector �eld associated to a by

ar(g) := d(Rg)(1s(g))(a(s(g))) = rg(a(s(g))).

Note that, since Rg takes s-�bres to s-�bres what we get is that ar is a vector �eld tan-
gent to the s-�bres. And the property rg(Xh) = Xhg is automatically satis�ed. �erefore,
ar is in fact a well-de�ned right invariant vector �eld as in De�nition 1.4.6.

Proposition 1.4.8. Let G be a Lie groupoid, and AG the vector bundle de�ned above. �e
map

Γ(AG)→ Xs(G),

associating a section a ∈ Γ(AG) to the right invariant vector �eld ar, is a linear isomorphism.
�erefore, the space of sections Γ(AG) can be turned into a Lie algebra, with the bracket induced
from the bracket of vector �elds in Xs(G) via this linear isomorphism.

Proposition 1.4.9. Let G1 ⇒ G0 be a Lie groupoid, and (AG, [, ]) be the vector bundle AG =

1∗(ker ds) over G0, with the bracket [, ] on Γ(AG) as in Proposition 1.4.8. �en, de�ning the
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anchor map by ∂ = dt : AG → TG0, we have that the triple (AG, [, ], ∂) is a Lie algebroid
over G0. �is Lie algebroid is called the Lie algebroid of the Lie groupoid G.

Now, we can �nally de�ne the adjoint representation up to homotopy of a Lie groupoid
G1 ⇒ G0. In order to do that, �rst we have to �x a linear spli�ing Σ : s∗TG0 → TG1 of the
following short exact sequence of vector bundles over G1:

0 // t∗AG r // TG1
ds // s∗TG0

// 0 . (1.4.1)

Such a spli�ing is called an Ehresmann connection on G if at the units it coincides
with the canonical spli�ing, i.e. Σ(e, 1x) = 1e.

Fixing such an Ehresmann connection Σ, we can build a representation up to homo-
topy of G on the graded vector bundle Ad := TG0 ⊕ AG. Let us recall the formulas for
the maps ∂ : AG → TG0,∆

AG : G → End(AG),∆TG0 : G → End(TG0),Ω : G(2) →
Hom(π∗0TG0, π

∗
2AG), satisfying the conditions of �eorem 1.4.2.

• ∂ : AG → TG0 is given by the anchor of the Lie algebroid ∂ = dt|AG .

• ∆TG0 : G → End(TG0) gives for every g ∈ G1 the linear map

∆TG0
g : Ts(g)G0 → Tt(g)G0

Xs(g) 7→ dtg(Σ(Xs(g), g))

• ∆AG : G → End(AG) associates to each g ∈ G1 the linear map

∆AG
g : AGs(g) → AGt(g)

as(g) 7→ rg−1(lg(as(g))− Σ(ds(lgas(g)), g)

• Ωg2,g1 : Ts(g1)G0 → AGt(g) is such that Ωg2,g1(v) is the unique element in AGt(g)
satisfying

rg2g1(Ωg2,g1(v)) = Σ(v, g2g1)− Σ(∆TG0
g1

(v), g2) · Σ(v, g1)

= Σ(v, g2g1)− dm(g2,g1)(Σ(∆TG0
g1

, g2),Σ(v, g1)).

In other words, Ωg2,g1(v) measures the failure for the Ehresmann connection Σ to be
multiplicative.

De�nition 1.4.10. Let G1 ⇒ G0 be a Lie groupoid and Σ an Ehresmann connection on G.
�e graded vector bundle Ad, together with the maps (∂,∆TG0 ,∆AG,Ω) de�ned above is
called the adjoint representation up to homotopy of G. In terms of di�erential graded
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modules, we have the complex C(G,AdΣ)• with C(G,Ad)k = Ck+1(G, AG)⊕Ck(G, TG0),
together with a di�erential DΣ, given by the formula

DΣ(u, v) = (δ∆AG(u) + Ω · v,−δ∆TM (v) + ∂(u)).

We remark that, even though we have to choose an Ehresmann connection to be able
to de�ne the representation, di�erent choices give rise to isomorphic representations [3].
�us, in a sense the adjoint representation is not canonical, but it is up to isomorphisms.

1.4.2 VB-groupoids

In this section, we de�ne the notion of a VB-groupoid, that in a very concise formulation
may be de�ned as groupoid objects in the category of smooth real vector bundles. We re-
call the results of [28] where it is proved that VB-groupoids over a Lie groupoid G are the
geometric counterpart of representations up to homotopy of G on two-term complexes. We
also recall the de�nition of the VB-complex naturally associated to any VB-groupoid, its co-
homology and the results showing that the VB-cohomology coincides with the cohomology
of the two-term representation up to homotopy associated to it. All these constructions are
very important for us since in the following chapters we want to understand how they can
be generalized to the general se�ing of representations up to homotopy on any bounded
complex, i.e. with a �nite number of terms. So, we recall them here to give some background
and also because they were the main inspiration for this project. Our main references for
this section are [28, 19, 12].

De�nition 1.4.11. A VB-groupoid is a square

Γ1

q1
��

t̃
//

s̃ // Γ0

q0
��

G1
t
//

s // G0

where Γ and G are Lie groupoids, Γ1 → G1 and Γ0 → G0 are vector bundles, and all
structural maps (s̃, t̃, m̃, ĩ, 1̃) of Γ are vector bundle morphisms, covering the corresponding
structural maps (s, t,m, i, 1) of G. We usually say that Γ is a VB-groupoid over G.

De�nition 1.4.12. Let Γ,Γ′ be VB-groupoids over G,G ′ respectively. �en, a morphism
between them is a pair of Lie groupoid morphisms Φ : Γ → Γ′, φ : G → G ′, such that
Φ1 : Γ1 → Γ′1,Φ0 : Γ0 → Γ′0 are also vector bundle morphisms covering φ1 : G1 → G ′1, φ0 :

G0 → G ′0 respectively.

�ese de�nitions give rise to a category of VB-groupoids. We can also consider subcat-
egories VB(G) formed by all VB-groupoids over a �xed G.
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Example 1.4.13. Let G be any Lie groupoid. �en, applying the tangent functor to the
manifolds G1,G0 and to all the structural maps (s, t,m, 1, i) of G results in a VB-groupoid
TG1 ⇒ TG0 over G. �is is called the tangent VB-groupoid of G.

Example 1.4.14. If G1 ⇒ G0 has a representation of a vector bundle E → G0, then, we can
build an action groupoid G n E ⇒ E, with structural maps analogous to the ones in
Example 1.1.6. �is construction gives a VB-groupoid over G.

De�nition 1.4.15. Let Γ1 ⇒ E0 be a VB-groupoid over G1 ⇒ G0. �en, the vector bundle
E0 → G0 is called the side bundle, the vector bundle E1 = ker(s̃ : Γ1 → E0)|G0 is called
the core bundle, and the map ∂ := t̃ : E1 → E0 is called the anchor.

Let r : t∗E1 → Γ1 be the right multiplication by 0, rg(c, g) = c · 0g. �en, we can
construct a short exact sequence of vector bundles over G1:

0→ t∗E1
r−→ Γ1

s̃−→ s∗E0 → 0,

called the core sequence of Γ.
As an example, the core of the tangent VB-groupoid TG is the Lie algebroid of G, and

the anchor is exactly the anchor of the Lie algebroid. Moreover, the core sequence of TG is
the one we encountered in Equation (1.4.1), when de�ning the adjoint representation.

De�nition 1.4.16. If Γ1 → E0 is a VB-groupoid over G, then a cleavage is a linear spli�ing
Σ : s∗E0 → Γ1 of the core sequence. �us, given y

g←− x an arrow in G1, and a vector
e ∈ E0|x, the arrow Σ(e, g) ∈ Γ1 projects to g and has source s̃(Σ(e, g)) = e. �e cleavage
Σ is called unital if Σ(e, 1x) = 1e, and �at if Σ(t̃(Σ(e, g1)), g2) ◦ Σ(e, g1) = Σ(e, g2g1).

Remark 1.4.17. Cleavages were also called horizontal li�s in the literature [28], and in the
particular case of the tangent VB-groupoid, unital cleavages are also known as Ehresmann
connections [3]. Every VB-groupoid admits a unital cleavage, but in general they may not
admit a �at one.

As we have seen in the previous section, the choice of an Ehresmann connection on the
tangent groupoid TG allows us to construct the adjoint representation up to homotopy. In
general, for any choice of a unital cleavage Σ on a VB-groupoid Γ1 ⇒ E0, we can build a
two-term representation up to homotopy on the graded vector bundle E0 ⊕ E1 formed by
the side bundle in degree zero and the core in degree one. �is construction can be found
in [28].

Also in ibid., there is a construction going in the other direction, that we will recall
now. Let (∂,∆E1 ,∆E0 ,Ω) be a representation up to homotopy of G on a two-term complex
E0 ⊕ E1 as in Theorem 1.4.2. �en, we can construct a VB-groupoid

Γ = t∗E1 ⊕ s∗E0 ⇒ E0, over G1 ⇒ G0, (1.4.2)
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de�ned as a semidirect product groupoid. Concretely, denoting by (c, g, e) an element of
t∗E1 ⊕ s∗E0 over g ∈ G1, the structural maps of this Lie groupoid are given by:

• s̃(c, g, e) = e;

• t̃(c, g, e) = ∂(c) + ∆E0
g (e);

• 1̃(e) = (0E1
x , 1x, e);

• m̃((c2, g2, e2), (c1, g1, e1)) = (c2 + ∆E1
g1

(c1)− Ωg2,g1(e1), g2g1, e1);

• (c, g, e)−1 = (−∆E1

g−1(c) + Ωg−1,g(e), g
−1, ∂(c) + ∆E0

g (e)).

In ibid., it was proved that the previous construction gives a one-to-one correspondence
between isomorphism classes. �is was improved in [19] to an equivalence of categories.

�eorem 1.4.18. �e semidirect product construction is functorial, thus it gives an equiva-
lence of categories:

Rep∞2−term(G)→ VB(G)

between the category of two-term representations up to homotopy of G and the category of
VB-groupoids over G.

Not only this gives a correspondence at the level of objects and morphisms, but also it
gives a new model for the cohomology with values in a two-term representation in terms
of a cohomology naturally associated to any VB-groupoid, as it was shown in [28].

De�nition 1.4.19. Let Γ be a VB-groupoid over G. Since Γ is a Lie groupoid, there is
associated to it the complex of di�erentiable cochains (C•(Γ), δ). �en, we can consider
two subcomplexes of C•(Γ). �e �rst one is the linear complex of Γ, denoted C•lin(Γ),
consisting of di�erentiable cochains φ : Γn → R, that are linear when restricted to any
�bre of the vector bundle Γn → Gn. �e second one is called the VB-complex of the VB-
groupoid, and consists of linear cochains called projectable, meaning that they satisfy the
following two additional properties:

• φ(γn, . . . , γ2, 0g1) = 0, for every (γn, . . . , γ2, 0g1) ∈ Γn;

• δ(φ)(γn+1, . . . , γ2, 0g1) = 0, for every (γn+1, . . . , γ2, 0g1) ∈ Γn+1.

�e linear cohomology H•lin(Γ), and the VB-cohomology H•VB(Γ) are de�ned as the
cohomologies of the linear and of the VB-complex, respectively.

As shown in [28], the VB-cohomology is related to the cohomology of the representation
up to homotopy in the following way:
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�eorem 1.4.20. Let be a Lie groupoid G with a representation up to homotopy on a two-term
complex E = E0⊕E1, and Γ be the VB-groupoid given by the semidirect product construction.
�en, there is a canonical isomorphism

Cdiff(G, E∗)• → C•VB(Γ)[1]

between the di�erential complex of G with coe�cients in the dual representation up to homo-
topy E∗ and the VB-complex of Γ shi�ed by one.

In [12], it was proved that the VB-complex and the linear complex of a VB-groupoid Γ

compute the same cohomology.

�eorem 1.4.21. �e inclusion C•VB(Γ) ↪→ C•lin(Γ) is a quasi-isomorphism.

By combining the results of Theorem 1.4.20, Theorem 1.4.21, and the Morita invariance
of the di�erentiable cohomology proved in [14], with some more e�ort the authors of [19]
were able to prove the following result:

�eorem 1.4.22. Let φ : G → H be a Morita map and E a two-term representation up
to homotopy of H. �en, the cohomologies H•diff(G, φ∗E) and H•diff(H, E) are canonically
isomorphic.

�is se�led the Morita invariance of the cohomology of two-term representations up
to homotopy. In the last chapter of this thesis, we will see how this can be generalized for
representations with more than two terms.





Chapter 2

A brief introduction to simplicial
objects

In the last decade, Henriques[30], Pridham [45], Getzler [25], Zhu [50], Wolfson [49], among
others, have developed the theory of Lie n-groupoids, that is: simplicial manifolds whose
horn-�lling maps are surjective submersions in all dimensions, and isomorphisms above
dimension n. Also recently, see for instance [35, 41, 40], it has been proposed that sym-
plectic Lie 2-groupoids are the objects integrating certain Courant Algebroids, that show
us how important and natural these higher Lie groupoids are when one studies symplectic
or Poisson geometry and their related �elds. Examples of this higher groupoids include:
Lie 0-groupoids that are precisely smooth manifolds and Lie 1-groupoids that are precisely
nerves of Lie groupoids. In this chapter, we de�ne what is a simplicial object in a category,
we will be particularly concerned with the study of simplicial manifolds and simplicial vec-
tor bundles which are higher Lie groupoids and maps between them. Our main references
for the classical simplicial homotopy theory are [27, 39], and for the theory on simplicial
manifolds and higher Lie groupoids we follow mainly [30, 5, 49].

2.1 Simplicial sets

De�nition 2.1.1. We de�ne the category of �nite ordinal numbers to be ∆, the cate-
gory whose objects are the sets [n] := {0, 1, . . . , n} ⊂ N for n ≥ 0, and the morphisms are
non-decreasing functions between these sets.

In another perspective, we can look at the sets [n] as categories themselves, because
each [n] is a totally ordered set:

0→ 1→ 2→ · · · → n,

thus we can put the category structure with only one arrow from i to j if and only if i 6 j.

29
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�is way, the morphisms θ : [m] → [n] are also functors (since functors must respect
directions of arrows, such a functor is uniquely determined by a non-decreasing function).

Among all non-decreasing functions θ : [m] → [n] in the category ∆, there are very
special ones, which can be used to generate all other morphisms, namely

δi : [n− 1]→ [n] 0 ≤ i ≤ n called cofaces
σj : [n+ 1]→ [n] 0 ≤ j ≤ n called codegeneracies

where δi(j) =

j if j < i

j + 1 if j ≥ i
and σj(i) =

i if i ≤ j

i− 1 if i > j
that is, in the category ∆,

δi is the unique injective map [n− 1]→ [n] that misses i in the image, and σj is the unique
surjective map [n+1]→ [n] that takes the value j two times. Doing some computations we
can see that these cofaces and codegeneracies are subject to the following identities, called
cosimplicial identities 

δjδi = δiδj−1 i < j

σjδi = δiσj−1 i < j

σjδj = 1[n] = σjδj+1

σjδi = δi−1σj i > j + 1

σjσi = σiσj+1 i ≤ j

(2.1.1)

Remark 2.1.2. �ese particular classes of morphisms are very important because it is known
that any morphism θ : [m] → [n] can be wri�en as a composition of cofaces and/or
codegeneracies([39]).

Now we are ready to de�ne what is a simplicial set.

De�nition 2.1.3. A simplicial set is a contravariant functor X• : ∆op → Sets, where
Sets denotes the category of sets.

�us, in order to de�ne a simplicial set X•, for each object [n], we must assign a set
of n-simplices Xn, and for each order-preserving function θ : [m] → [n] we must assign
a function Xn → Xm (plus conditions making this association a functor). But, thanks to
Remark 2.1.2, it su�ces to write down sets Xn, for each n ≥ 0, together with maps

di : Xn+1 → Xn 0 ≤ i ≤ n+ 1 called faces
sj : Xn → Xn+1 0 ≤ j ≤ n called degeneracies

where di := X•(δi), sj := X•(σj), subject to the following conditions called simplicial
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identities 

didj = dj−1di i < j

disj = sj−1di i < j

djsj = 1Xn = dj+1sj

disj = sjd
i−1 i > j + 1

sisj = sj+1si i ≤ j

(2.1.2)

�is is the classical way to write down the data for a simplicial set X•.

Example 2.1.4. Let G1 ⇒ G0 be a groupoid. �en, we have a simplicial set denoted G•
naturally associated with it, called the nerve of the groupoid, de�ned in the following way:
the set of n-simplices is simply the set of strings of n composable arrows

Gn := {(gn, . . . , g1) ∈ Gn1 |s(gi+1) = t(gi), 1 ≤ i ≤ n− 1}

for every n ≥ 2, the set of 1-simplices is the set of arrows G1 and the set of 0-simplices is
the set of objects G0. �e faces d1, d0 : G1 → G0 are the source s and target t respectively,
and the other face maps d0, d1, . . . , dn : Gn → Gn−1 are de�ned by

d0(gn, gn−1, . . . , g1) = (gn, . . . , g2)

dj(gn, gn−1, . . . , g1) = (gn, . . . , gj+1gj, . . . , g1) 1 ≤ j ≤ n− 1

dn(gn, gn−1, . . . , g1) = (gn−1, . . . , g1)

(2.1.3)

�e degeneracy map s0 : G0 → G1 is the unit map 1 of the groupoid. More generally,
s0, . . . , sn−1 : Gn−1 → Gn are de�ned by

s0(gn−1, . . . , g1) = (gn−1, . . . , g1, 1s(g1))

sj(gn−1, . . . , g1) = (gn−1, . . . , gj+1, 1t(gj), gj, . . . , g1) 1 ≤ j ≤ n− 1

sn−1(gn−1, . . . , g1) = (1t(gn−1), gn−1, . . . , g1)

(2.1.4)

2.2 Simplicial spaces

By the nature of De�nition 2.1.3, it is natural to think of a de�nition of simplicial object in
a more general category as follows.

De�nition 2.2.1. A simplicial object in a category C is a contravariant functor X• :

∆op → C.

Remark 2.2.2. Usually we will drop the • mark and write just X when referring to a sim-
plicial object.
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By the same reasoning we did above, one can see that, in order to describe a simplicial
object X in a category C is su�ces to prescribe the objects Xn in C, for each n ≥ 0, and
the face and degeneracy morphisms (that now are not just functions, but morphisms in C)
satisfying the simplicial identities of (2.1.2). IfX is a simplicial object in a concrete category
(i. e. the objects of the category are sets), such thatX0 consists of only one point we will call
X a reduced simplicial object, for instance if G is a group and we view it as a groupoid
with only one object, then the nerve of G is a reduced simplicial set.

In our work, we will be particularly concerned with simplicial groups, simplicial
abelian groups, simplicial vector spaces, and simplicial manifolds, that are, by de�-
nition, simplicial objects in the category of groups Grp, abelian groups Ab, vector spaces
Vect, and smooth manifolds Man, respectively.

Example 2.2.3. Let G1 ⇒ G0 be a Lie groupoid. Since the source and target maps s and t are
submersions, it follows that each set of n-simplices Gn from the nerve of G has a structure of
embedded submanifold of the product Gn1 . Since the unit and multiplication maps of the Lie
groupoid are smooth, it also follows that each face and degeneracy map from Example 2.1.4
is a smooth map. So we conclude that the nerve of a Lie groupoid G1 ⇒ G0 is a simplicial
manifold.

De�ning a simplicial object in C as a particular kind of functor into C also enables a
conceptually clear way to de�ne morphisms between simplicial objects.

De�nition 2.2.4. Let X, Y : ∆op → C be two simplicial objects in C. �en, a morphism
φ : X → Y is a natural transformation between these two functors.

Suppose we have a morphism φ : X → Y , then writing down what it means to be a
natural transformation we see that it is equivalent to the following: for each n ≥ 0 there
is a morphism φn : Xn → Yn in C, and these morphisms must commute with the face and
degeneracy morphisms de�ningX and Y , that is φn◦dj = dj ◦φn+1 and φn◦sj = sj ◦φn−1,
for every n and j which make sense in the equations.

De�nition 2.2.5. Let C be a category, then the classes of simplicial objects in C and mor-
phisms between them as de�ned above give us a new category called the category of
simplicial objects in C, that is always denoted by sC. For instance, the categories of sim-
plicial sets, simplicial abelian groups, simplicial vector spaces, and simplicial manifolds are
denoted by sSets, sAb, sVect and sMan respectively.

In the study of homotopy theory of simplicial sets, there are special classes of simplicial
sets, and special classes of morphisms between them, which play very important roles, e.g
Kan-simplicial sets, �brations and weak-equivalences. In what follows, we are are going to
de�ne all these concepts, and we will see what are the analogous ones when we transpose
from simplicial sets to the se�ing of simplicial manifolds. For instance, when we interpret
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the notion of Kan-simplicial set into the smooth category, we will get the de�nition of an
∞-groupoid.

De�nition 2.2.6. �e standard n-simplex is the simplicial set ∆n
• that, as a functor, is the

contravariant functor in the category ∆ represented by [n]. �at is, ∆n
m = hom∆([m], [n])

for every m ≥ 0, the face maps dj : ∆n
m → ∆n

m−1 are given by pre-composition with
δj : [m − 1] → [m] in ∆, and the degeneracy maps sj : ∆n

m−1 → ∆n
m are given by pre-

composition with σj : [m]→ [m− 1] in ∆.

De�nition 2.2.7. �e n-simplex ∆n contains as subcomplexes ∂∆n and Λn
k . �e simplicial

set ∂∆n is called the boundary of ∆n, and it is the smallest subcomplex of ∆n containing
all the faces dj(∆n

n), 0 ≤ j ≤ n. �e simplicial set Λn
k , called the kth-horn of ∆n, is the

smallest subcomplex of ∂∆n containing every face dj(∆n
n), 0 ≤ j ≤ n except for dk(∆n

n)

(it is obtained from the boundary by removing the face opposed to the kth-vertex).

De�nition 2.2.8. Let X be a simplicial set. We de�ne the (n, k)-horn of X by

Λn
kX := {(x0, . . . , x̂k, . . . , xn) ∈ Xn

n−1|di(xj) = dj−1(xi),∀i < j, i.j 6= k},

where the hat in the notation means that such term is omi�ed.

Note that, there is a one-to-one correspondence between the sets HomsSets(Λ
n
k , X) and

Λn
kX . �is is sometimes useful and helps to understand be�er some conditions involving

horn spaces.

De�nition 2.2.9. Let X be a simplicial set. �e space de�ned by

Mn(X) := {(x0, . . . , xn) ∈ Xn+1
n−1 |di(xj) = dj−1(xi),∀i < j}

is called the nth-matching space of X .

Note that, there is a one-to-one correspondence between the sets HomsSets(∂∆n, X)

and Mn(X). In other words, an element in the matching space is a sequence of (n − 1)-
simplices satisfying the conditions that the faces of ann-simplex satisfy due to the simplicial
identities. For instance, in degree one we have that M1(X) = HomsSets(∂∆1, X) = X0 ×
X0.

De�nition 2.2.10. We say that a simplicial set X is a Kan-simplicial set if it satis�es
the following condition: for every n ≥ 0, k ≤ n, and for every element in the (n, k)-horn
space (x0, . . . , x̂k, . . . , xn) ∈ Λn

kX , there is an n-simplex x ∈ Xn, such that dj(x) = xj for
every j 6= k. Or, in terms of diagrams, every morphism of simplicial sets α : Λn

k → X can
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be extended to a map de�ned on ∆n. �at is, there is a commutative diagram

Λn
k

α //
� _

ı
��

X

∆n

>>

where the map ı is the inclusion.

Remark 2.2.11. �e condition making a simplicial set into Kan simplicial set is usually called
the extension condition, or the horn-�lling condition in the literature. Moreover, Kan-
simplicial sets are also called Kan-complexes or �brant simplicial sets.

Remark 2.2.12. We can rewrite the de�nition of Kan-simplicial sets as follows: X is a Kan
simplicial set if, and only if, the natural maps

(d0, . . . , d̂i, . . . , dn) : Xn → Λn
iX

are surjective for every n ≥ 0 and 0 ≤ i ≤ n. �is is is the best way of describing Kan-
simplicial sets, since it can be generalized to the smooth se�ing by requiring these maps to
be surjective submersions.

De�nition 2.2.13. Let X be a simplicial manifold. We say that X is a Lie∞-groupoid if
each horn space Λn

iX is a smooth manifold and the natural maps

(d0, . . . , d̂i, . . . , dn) : Xn → Λn
iX

are surjective submersions, for every n ≥ 0, and 0 ≤ i ≤ n. We also say that X is a Lie
k-groupoid if, moreover, these natural maps are di�eomorphims for every n > k, and
0 ≤ i ≤ n. In other words, k-groupoids are∞-groupoids where the horn �lling is unique
for every n > k.

By a standard argument, one can show that any simplicial group satis�es all the horn
�lling conditions, see for instance [27] for a proof.

Proposition 2.2.14. Let H be a simplicial group, then the underlying simplicial set H is a
Kan-simplicial set.

Corollary 2.2.15. Every simplicial abelian group H (in particular every simplicial vector
space), is a Kan-simplicial set.

Remark 2.2.16. If G1 ⇒ G0 is a groupoid, then its nerve G• is a Kan-simplicial set with a
unique horn �lling for every n > 1.
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In particular, the nerve of a group is a simplicial set satisfying all horn-�lling condi-
tions. One can see that the nerve construction gives an equivalence between the category
of groups and the category of reduced Kan simplicial sets whose horns have a unique �lling
above dimension one. Moreover, one can show that the nerve extends to an equivalence be-
tween the category of groupoids and the category of Kan simplicial sets whose horns have
a unique �lling above dimension one. In terms of Lie groupoids the result is the following

Proposition 2.2.17. If G1 ⇒ G0 is a Lie groupoid, then its nerve G• is a Lie 1-groupoid.
Moreover, if X is a Lie 1-groupoid, then it is isomorphic to the nerve of a Lie groupoid.

Now we will look at some particular classes of morphisms between simplicial objects.

De�nition 2.2.18. Let φ : X → Y be a morphism of simplicial sets. We will say that
φ is a Kan-�bration if for every commutative diagram (of solid arrows) of simplicial set
morphisms

Λn
k

//
� _

i
��

X

φ
��

∆n //

θ

>>

Y

there is a simplicial set morphism θ : ∆n → X (the dashed arrow) making the diagram
commute.

�e condition of φ : X → Y being a Kan-�bration can be described in terms of elements
in the following way: Given an n-tuple of (n−1)-simplices (x0, . . . , x̂i, . . . , xn) ∈ Λn

iX and
an n-simplex y ∈ Yn, such that dj(y) = φ(xj) for every j 6= i, there must be an n-simplex
x ∈ Xn, such that dj(x) = xj for every j 6= i, and φ(x) = y. Another way still is to ask the
natural maps

((d0, . . . , d̂i, . . . , dn), φ) : Xn 7→ Λn
iX ×Λni Y

Yn

to be surjective for every n ≥ 0 and 0 ≤ i ≤ n. �is last way is good for us because it can
be generalized to the smooth case requiring these maps to be surjective submersions.

De�nition 2.2.19. Let φ : X → Y be a morphism of simplicial manifolds. We say that φ
is a smooth Kan-�bration if the �bre product Λn

iX ×Λni Y
Yn is a smooth manifold, and

the natural maps

((d0, . . . , d̂i, . . . , dn), φ) : Xn 7→ Λn
iX ×Λni Y

Yn

are surjective submersions, for every n ≥ 0, and 0 ≤ i ≤ n.

Remark 2.2.20. In what follows, we will refer to a smooth Kan-�bration simply as a �bra-
tion, if it is clear from the context that we are in the se�ing of simplicial manifolds.
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Remark 2.2.21. If φ : X → Y is a morphism between simplicial manifolds where Y is an
∞-groupoid, then the �bre product Λn

iX ×Λni Y
Yn is always a manifold since, in this case,

the horn-�lling map Yn → Λn
i (Y ) is a surjective submersion.

Remark 2.2.22. If φ : G → H is a morphism of Lie groupoids, then the extended map
between the nerves φ : G• → H• is a smooth Kan-�bration if, and only if, φ is a �bration of
Lie groupoids in the usual sense. �at is, if both φ0 : G0 → H0 and the map (s, φ1) : G1 →
G0 ×φ0 s H1 are surjective submersions.

�eorem 2.2.23. ([27]) Let φ : X → Y be a simplicial map between Kan-simplicial sets.
�en, φ is a Kan-�bration and a weak equivalence if, and only if, φ has the right li�ing property
with respect to all inclusions ∂∆n → ∆n, n ≥ 0, meaning that for every commutative diagram
(of solid arrows) of simplicial set morphisms

∂∆n //� _

ı
��

X

φ
��

∆n //

<<

Y

there is a simplicial set morphism θ : ∆n → X (the do�ed arrow) making the diagram
commute.

In the literature of simplicial sets, a morphism φ : X → Y between Kan-simplicial sets
which is a Kan-�bration and a weak equivalence is called a trivial Kan-�bration. By the
theorem above, we can describe the condition of being a trivial Kan-�bration in terms of a
li�ing property. And again, the li�ing property condition can be described as the question
of whether some maps are surjective or not.

Corollary 2.2.24. A simplicial map φ : X → Y between Kan-simplicial sets is a trivial
Kan-�bration if, and only if, the maps

((d0, . . . , dn), φn) : Xn 7→Mn(X)×Mn(Y ) Yn

are surjective for every n ≥ 0.

In low degrees, the condition for φ to be a trivial �bration amounts to X0
φ0−→ Y0 being

surjective, and the same for X1
((d0,d1),φ1)−−−−−−→ (X0 ×X0)×Y0×Y0 Y1.

2.3 Hypercovers and equivalences between simplicial
manifolds

In this section, we introduce the notion of hypercovers between simplicial manifolds. �ese
form a special class of simplicial manifold morphisms which are used to de�ne the notion of
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equivalence between these spaces. We will also see that a hypercover between nerves of Lie
groupoids is nothing else than a Morita �bration. �us, the equivalence relation obtained
from hypercovers generalizes that of Morita equivalence between Lie groupoids. Along the
way, we also rewrite some propositions and lemmas from [5], that will be useful to us in
this thesis, in the particular context of simplicial manifolds.

We arrive at the de�nition of a hypercover by transferring the concept of a trivial �bra-
tion to the smooth context.

De�nition 2.3.1. Suppose that φ : X → Y is a morphism of simplicial manifolds . �en,
φ is called a hypercover if the �bre product Mn(X) ×Mn(Y ) Yn is a smooth manifold and
the natural maps

((d0, . . . , dn), φ) : Xn 7→Mn(X)×Mn(Y ) Yn

are surjective submersions for every n ≥ 0.

In low degrees, the condition for φ to be a hypercover amounts to X0
φ0−→ Y0 being

a surjective submersion, and the same for X1
((d0,d1),φ1)−−−−−−→ (X0 × X0) ×Y0×Y0 Y1. �ese

conditions are readily similar to the ones in the de�nition of a Morita �bration between Lie
groupoids (see De�nition 1.1.15 and De�nition 1.1.17).

One can show that Morita �brations between Lie groupoids induce hypercovers be-
tween the nerves and vice-versa. We will get to that below, but �rst, we will introduce a
few lemmas regarding �brations and hypercovers. In [5], the authors prove a lot of lem-
mas concerning �brations and hypercovers. But they consider simplicial objects and n-
groupoids in what is called a descent category. Most of these lemmas work in the category
of smooth manifolds Man with the exact same proofs, where we replace the class of maps
called covers in the descent category by the class of surjective submersions (even though
Man is not a descent category, because not all �nite limits exist). We will see below some
of these lemmas which give us important properties of �brations and hypercovers. Similar
discussions can also be found in [49, 30].

In what follows, whenever we refer to a k-groupoid, k may be anything in N ∪ {∞}.

Lemma 2.3.2 ([5] Lemma 3.11,pg 12). Suppose that φ : X → Y is a �bration between Lie
k-groupoids, then the natural map

β : ((d0, . . . , d̂i, . . . , dn), φ) : Xn 7→ Λn
iX ×Λni Y

Yn

must be a di�eomorphism for each n > k and 0 ≤ i ≤ n.
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Proof: We have the following commutative diagram in which the square is a pullback.

Xn
β
//

α
&&

Λn
iX ×Λni Y

Yn //

pr

��

Yn

γ

��

Λn
iX φ×···×φ

// Λn
i Y

Now suppose that n > k, then the maps γ and α are di�eomorphisms because Y and
X are k-groupoids. Moreover, pr is a di�eomorphism since it is a pullback of a di�eomor-
phism. �erefore, by the commutativity of the triangle in the le�, we have that pr ◦β = α

and so β must be a di�eomorphism as well. �

Lemma 2.3.3 ([5] Lemma 3.12,pg 12). Suppose that φ : X → Y is a hypercover between Lie
k-groupoids, then φ is a �bration.

Proof: Take n ≥ 1 and i ∈ {0, . . . , n}. We have the following commutative diagram in
which the square is a pullback.

Xn
β
//

α
''

Mn(X)×Mn(Y ) Yn //

��

Xn−1

γ

��

Λn
iX ×Λni Y

Yn λ
//Mn−1(X)×Mn−1(Y ) Yn−1

(2.3.1)

Using the hypothesis that φ is a hypercover we have that both γ and β are surjective
submersions. Moreover, the pullback of γ along λ must be a surjective submersion because
γ is. �erefore by the commutativity of the le� triangle we conclude that α is a surjective
submersion. Since φ0 : X0 → Y0 is a surjective submersion and we saw above that for
arbitrary n ≥ 1 and 0 ≤ i ≤ n the natural map α is a surjective submersion it follows that
φ is a smooth Kan �bration.

�

Lemma 2.3.4. Suppose that φ : X → Y is a hypercover between Lie k-groupoids, then the
natural map

((d0, . . . , dn), φ) : Xn 7→Mn(X)×Mn(Y ) Yn

must be a di�eomorphism for each n ≥ k.

Proof: By Lemma 2.3.3 we have that φ is a �bration. Suppose that n > k and look at
diagram (2.3.1), then by Lemma 2.3.5 it follows that the map α is a di�eomorphism, and
since β is a surjective submersion and the triangle commutes, we must have that β is also
a di�eomorphism in this case. It is only le� to prove the case n = k. Now suppose that
n = k + 1 and look again at the diagram (2.3.1). We have seen above that in this case the
maps α and β are di�eomorphisms. �en it also follows that the pullback of γ along λ is
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a di�eomorphism. �erefore, using the fact that λ is a surjective submersion, the pullback
being a di�eomorphism implies that γ must be a di�eomorphism. �

Lemma 2.3.5 ([5] Lemma 3.17,pg 14). If φ : X → Y is a �bration between Lie k-groupoids,
and f : Z → Y is any morphism between k-groupoids, then in the pullback diagram

Z ×Y X //

pr

��

X

φ
��

Z
f

// Y,

the simplicial manifold Z ×Y X is also a Lie k-groupoid and the projection pr is a �bration.

Proof: Given n > 0 and i ∈ {0, . . . , n} we have a pullback diagram

Xn ×Yn Zn //

α

��

Xn

β

��

Λn
i (X ×Y Z)×Λni Z

Zn // Λn
i (X)×Λni Y

Yn

.

Since φ is a �bration we have that β is a surjective submersion and it is a di�eomor-
phism for n > k, then it follows that the pullback map α is a surjective submersion and a
di�eomorphism for n > k. �ere is another pullback diagram, given by

Λn
i (X ×Y Z)×Λni Z

Zn //

γ∗

��

Zn

γ

��

Λn
i (X ×Y Z) // Λn

i (Z).

Since Z is a k-groupoid we have that γ is a surjective submersion and a di�eomorphism
for n > k, then it follows that the pullback map γ∗ has the same properties. �erefore,
the composition γ∗ ◦ α : Xn ×Yn Zn → Λn

i (X ×Y Z) is a surjective submersion, and a
di�eomorphism for n > k, which means thatX×Y Z is a k-groupoid. Moreover, since α is
always a surjective submersion it follows that the pullback projection pr is a smooth Kan
�bration. �

Remark 2.3.6. Let φ : X → Y be a �bration between Lie k-groupoids, y be a 0-simplex in
Y0, and for each n ≥ 1, sn0 (y) ∈ Yn be the degenerate n-simplex obtained by applying the
degeneracy map s0 n-times. �en, we can think of {y} as a simplicial manifold with just
one n-simplex sn0 (y) for each n, and we de�ne the �bre F y of φ over y as the pullback of φ
by the inclusion

F y := {y} ×Y X //

��

X

φ

��

{y} ι
// Y,
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It follows from Lemma 2.3.5, that F y is also a simplicial manifold and a k-groupoid.

Lemma 2.3.7. If φ : X → Y is a hypercover between Lie k-groupoids, and f : Z → Y is
any morphism between k-groupoids, then in the pullback diagram

Z ×Y X //

pr

��

X

φ
��

Z
f

// Y,

the pullback projection pr is a hypercover.

Proof: �is follows from the pullback diagram below, because α being a surjective sub-
mersion implies that β also is.

Zn ×Yn Xn
//

β
��

Xn

α

��

Mn(Z ×Y X)×Mn(Z) Zn //Mn(X)×Mn(Y ) Yn.

�

Using the fact that any hypercover is a �bration (Lemma 2.3.3), plus Lemma 2.3.5 and
Lemma 2.3.7 we have the following corollary.

Corollary 2.3.8. If φ : X → Y is a hypercover between Lie k-groupoids, and f : Z → Y is
any morphism between k-groupoids, then in the pullback diagram

Z ×Y X //

pr

��

X

φ
��

Z
f

// Y,

the simplicial manifold Z ×Y X is a Lie k-groupoid and the projection pr is a hypercover.

�is �nishes our series of lemmas concerning �brations and hypercovers between k-
groupoids. In what follows, we will always assume that our simplicial manifolds are at least
∞-groupoids, so that all these results apply.

Lemma 2.3.9. If G,H are Lie groupoids and φ : G• → H• is a morphism of simplicial
manifolds, then the maps φ1 : G1 → H1 and φ0 : G0 → H0 de�ne a morphism of Lie
groupoids, and φ is the induced map by this Lie groupoid morphism.

Proof: Since the the face maps d0, d1 in degree one are the source and target of the groupoid,
the map d1 in degree two is the multiplication, the degeneracy s0 is the unit, and a simplicial
map commutes with every face and degeneracy map, it is straightforward that φ1 and φ0

de�ne a morphism of Lie groupoids. �
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Proposition 2.3.10. Let φ : G → H be a morphism between Lie groupoids. �en, φ : G → H
is a Morita �bration if, and only if, the induced map φ : G• → H• between the nerves is a
hypercover.

Proof: Suppose that φ : G• → H• is a hypercover. �en, by de�nition, we have surjective
submersions

((d0, . . . , dn), φ) : Gn 7→Mn(G•)×Mn(H•) Hn

for every n ≥ 0. Pu�ing n = 0, we get that the map φ0 : G0 → H0 is a surjective
submersion. When n = 1, we get that the map ((s, t), φ1) : G → G0 × G0 ×φ0×φ0 (s,t) H1 is
a surjective submersion. �us, to show that φ is a Morita �bration we only need to show
that ((s, t), φ1) is injective.

Remember that M2(G•) is the set of simplicial morphisms from ∂∆2 to G•. �en, it is
the same as the set of triangles formed using arrows of G

•
g2

��
• •

g1

OO

g0
oo

,

and if such a triangle commutes (g0 = g2g1), it means that it is the boundary of the 2-
simplex (g2, g1) ∈ G2.

Suppose that g0 and g1 are arrows in G1, such that ((s, t), φ1)(g0) = ((s, t), φ1)(g1). �is
implies that s(g0) = s(g1), t(g0) = t(g1), and φ1(g0) = φ1(g1). �us, we have the triangle

•
1t(g1)

��
• •

g1

OO

g0
oo

in M2(G•), and by applying φ1 to it we get a commutative triangle

•
φ1(1t(g1))

��
• •

φ1(g1)

OO

φ(g0)
oo

which corresponds to the 2-simplex (φ1(1t(g1), φ1(g1)) ∈ H2. In this way, we see that

((1t(g1), g0, g1)), (φ(1t(g1), φ(g1)))) ∈M2(G•)×M2(H•) H1 ×s t H1.

Using the fact that, for n = 2, the map

((d0, d1, d2), φ) : G1 ×s t G1 →M2(G•)×M2(H•) H1 ×s t H1
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is surjective, we have that (1t(g1), g1) is a 2-simplex with boundary (1t(g1), g0, g1). In other
words, g0 = d1(1t(g1), g1) = 1t(g1)g1 = g1. �us, we have proved that the surjective submer-
sion ((s, t), φ1) is injective, so it is a di�eomorphism, and therefore φ is a Morita �bration.

�e converse follows from the de�nition of a Morita �bration, and from the diagram in
the proof of Lemma 2.3.3 using induction. �

An equivalence relation between simplicial manifolds is de�ned in a similar way to the
de�nition of Morita equivalence:

De�nition 2.3.11. Two simplicial manifolds X and Y are equivalent if there is a third
simplicial manifold Z and hypercovers φ : Z → X , ψ : Z → Y .

Proposition 2.3.12. �e notion of equivalence between simplicial manifolds de�ned above is
an equivalence relation.

Proof: Since for any manifold X , the identity map Id : X → X is a hypercover, it follows
thatX is equivalent toX . It is also clear from the de�nition that this relation is symmetric.
Let us prove that the relation is transitive. Suppose that X is equivalent to Y and Y is
equivalent toZ . �en, there are simplicial manifoldsW1 andW2 together with hypercovers
φ1 : W1 → X , ψ1 : W1 → Y and φ2 : W2 → Y , ψ2 : W2 → Z . Hence, it follows from
Lemma 2.3.7 that the �bre productW1 ×ψ1 φ2

W2 is a simplicial manifold and the projections
pri : W1 ×ψ1 φ2

W2 → Wi, for i = 1, 2, are hypercovers. �erefore, the hypercovers
φ1 ◦pr1 : W1 ×ψ1 φ2

W2 → X and ψ2 ◦pr2 : W1 ×ψ1 φ2
W2 → Z give the desired equivalence

between X and Z . �

�e equivalence classes of the equivalence relation given above are called Lie n-stacks.
this extends the correspondence between Morita equivalence classes of Lie groupoids and
di�erentiable stacks to the context of higher Lie groupoids.

2.4 �e de Rham cohomology of a simplicial manifold

Given a simplicial manifold X , there is a natural complex (C•(X), δ) associated to X . �is
complex is de�ned as follows: for every n ≥ 0 the space of n-cochains is

Cn(X) := C∞(Xn,R)

and the di�erential in degree n is

δn :=
n+1∑
j=0

(−1)jd∗j ,

the sum with alternating signs of pullbacks by the face maps of X . It is a straightforward
computation to show that δ2 = 0 because of the simplicial identities. �e cohomology as-
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sociated to this complex is denotedH•diff(X) and is called the di�erentiable cohomology
of X . For instance, if X is the nerve of a Lie groupoid G, the di�erentiable cohomology
of the nerve is exactly the di�erentiable cohomology of G that we have seen in Chapter 1.
In this section, we investigate the question of whether the di�erentiable cohomology is an
invariant under equivalences between simplicial manifolds. More precisely, we will show
that for any hypercover φ : X → Y between simplicial manifolds, the map induced in
cohomology φ∗ : Hn

diff(Y ) → Hn
diff(X) is an isomorphism for each n ≥ 0. For this end,

we will use a result of E. Getzler taken from [26] concerning the de Rham complex of a
simplicial manifold.

For any simplicial manifoldX we can de�ne a natural double complex, usually referred
to as the Bo�-Shulman-Stashe� complex, using the de Rham di�erential and the simplicial
di�erential.

De�nition 2.4.1. Let X be a simplicial manifold, then its Bo�-Shulman-Stashe� complex
is de�ned by

Cp,q(X) = Ωq(Xp) for every p, q ≥ 0.

With horizontal di�erential being the simplicial di�erential

δ =
∑

(−1)id∗i : Ωq(Xp)→ Ωq(Xp+1),

and vertical di�erential being the de Rham di�erential

d : Ωq(Xp)→ Ωq+1(Xp).

�e BSS-complex can be depicted by

... ... ...

Ω2(X0)

d

OO

δ
// Ω2(X1)

d

OO

δ
// Ω2(X2)

d

OO

δ
// · · ·

Ω1(X0)

d

OO

δ
// Ω1(X1)

d

OO

δ
// Ω1(X2)

d

OO

δ
// · · ·

C∞(X0)

d

OO

δ
// C∞(X1)

d

OO

δ
// C∞(X2)

d

OO

δ
// · · ·

Note that, in the de�nition of this double complex, we used only the face maps to de�ne
the horizontal simplicial di�erential and we ignored the degeneracy maps. One can also
de�ne a normalized double complex by killing unwanted degeneracies.
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De�nition 2.4.2. �e normalized Bo�-Shulman-Stashe� complex is de�ned by:


q(Xp) =

Ωq(X0); if p = 0, q > 0⋂p−1
i=0 ker(s∗i : Ωq(Xp)→ Ωq(Xp−1)); if p > 0, q > 0.

�e horizontal and vertical di�erentials are the same as before restricted to these subspaces.
We only need to check that the simplicial di�erential is well-de�ned, that is s∗i δ must be
zero on 
q(Xp). �is follows from the following computation:

s∗i δ = s∗i (d
∗
0 − d∗1 + · · ·+ (−1)p+1d∗p+1)

= (d∗0 − d∗1 + · · ·+ (−1)i−1d∗i−1)s∗i−1

−((−1)i+1d∗i+1 + · · ·+ (−1)pd∗p)s
∗
i ,

where the last term clearly vanishes on 
q(Xp).

As it is the case for any double complex, we obtain a total complex:

De�nition 2.4.3. If X is a simplicial manifold, then, the total complex Tot•(
•(X•)) is
obtained from the BSS-complex summing along diagonals

Totn(
•(X•)) :=
⊕
p+q=n


q(Xp),

with the usual total di�erential DX := δ + (−1)p d : Totn(
•(X•)) → Totn+1(
•(X•)).
Using the terminology of [26], this total complex will be called the de Rham complex
of X , and the cohomology associated to it, denoted by H•deRham(X), will be called the de
Rham cohomology of X .

More explicitly, an element of total degree n in the total complex Tot•(
•(X•)) consists
of a collection of di�erential forms

(α0, α1, . . . , αn) ∈ Ωn(X0)⊕ Ωn−1(X1)⊕ · · ·Ω0(Xn),

such that s∗iαp = 0 ∈ Ωn−p(Xp−1) for all 0 6 i 6 p− 1.

�e di�erential DX is given by the formula

(DX)p = δ(αp−1) + (−1)p d(αp).

We can also de�ne a �ltration of this double complex:

De�nition 2.4.4. Let X be a simplicial manifold, and 
•(X•) be its normalized double
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complex. We de�ne a �ltration by rows:

F p,q
i (
•(X•)) =


q(Xp); q ≥ i

0; q < i.

�us, 
q(Xp) = F p,q
0 (
•(X•)) ⊃ F p,q

1 (
•(X•)) ⊃ · · · , where F1 is a subcomplex of the
double complex (Cp,q(X), δ, d), where the �rst row is identically zero, F2 is the subcomplex
with �rst two rows equal zero, and so it goes.

De�nition 2.4.5. For each double complex F •,•i (
•(X•)) of the the �ltration described
above, we consider its total complex, which will be denoted by Tot•(Fi
•(X•)), having
as di�erential the same DX as before restricted to this subspace.

Hence, an element of total degree n in the total complex Tot•(Fi
•(X•)) consists of a
collection of di�erential forms

(α0, α1, . . . , αn−i) ∈ Ωn(X0)⊕ Ωn−1(X1)⊕ · · ·Ωi(Xn−i),

such that s∗iαp = 0 ∈ Ωn−p(Xp−1), for all 0 6 i 6 p− 1.

In [26], it is proved that the cohomology of the complex Tot•(Fi
•(X•)) is an invariant
under taking hypercovers:

�eorem 2.4.6. Suppose φ : X → Y is a hypercover between simplicial manifolds. �en, for
each i > 0, the map induced via pullback between the total complexes

φ∗ : (Tot•(Fi

•(Y•))), DY )→ (Tot•(Fi


•(X•)), DX)

is an isomorphism in cohomology.

Now, the result we were seeking about the hypercover invariance of the di�erentiable
cohomology follows.

�eorem 2.4.7. Suppose that φ : X → Y is a hypercover between simplicial manifolds. �en,
the map induced via pullback between the complexes

φ∗ : (C•(Y ), δ)→ (C•(X), δ),

induces an isomorphism in cohomology φ∗ : Hn
diff(Y )→ Hn

diff(X), for each n ≥ 0.

Proof: In this proof, in order to simplify the notation we will write Hk(F1(Z)) for the
k-th group of cohomology of the complex (Tot•(F1
•(Z•)), DZ) associated to a simplicial
manifoldZ . Note that, for anyZ the cochain complexes (C•(Z), δ), (Tot•(F1
•(Z•)), DZ),
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and (Tot•(
•(Z•)), DZ) �t in a short exact sequence of complexes

0→ (Tot•(F1

•(Z•)), DZ)

ι−→ (Tot•(
•(Z•)), DZ)
π−→ (C•(Z), δ)→ 0,

where ι is the inclusion, and π is the projection of the double complex to its �rst row.
If φ : X → Y is any map of simplicial manifolds, it induces a morphism between short

exact sequences:

0 // (Tot•(F1
•(Y•)), DY ) ι //

φ∗

��

(Tot•(
•(Y•)), DY ) π //

φ∗

��

(C•(Y ), δ) //

φ∗

��

0

0 // Tot•(F1
•(X•)), DX) ι // (Tot•(
•(X•)), DX)π // (C•(X), δ) // 0.

Since each short exact sequence of complexes gives rise to a long exact sequence in
cohomology and the construction is natural on morphisms we get the following diagram
in cohomology:

Hn(F1(Y )) //

φ∗

��

Hn
deRham(Y ) //

φ∗

��

Hn
diff(Y ) //

φ∗

��

Hn+1(F1(Y )) //

φ∗

��

Hn+1
deRham(Y )

φ∗

��

Hn(F1(X)) // Hn
deRham(X) // Hn

diff(X) // Hn+1(F1(X)) // Hn+1
deRham(X).

Using the assumption that φ is hypercover, it follows from �eorem 2.4.6 that the maps
induced in cohomologyφ∗ : Hk(F1(Y ))→ Hk(F1(X)) andφ∗ : Hk

deRham(Y )→ Hk
deRham(X)

are isomorphisms, for every k > 0. �erefore, applying the �ve-lemma, we conclude that
the map φ∗ : Hn

diff(Y )→ Hn
diff(X) must be an isomorphism for each n ≥ 0. �





Chapter 3

�e category of simplicial vector
bundles

In this chapter, we begin the study of simplicial vector bundles and morphisms between
them. We de�ne the notion of linear hypercover, which gives an appropriate notion of
equivalence for simplicial vector bundles, analogous to the notion of equivalence between
VB-groupoids in terms of VB-Morita maps. We also introduce the natural cochain complex
associated to any simplicial vector bundle, consisting of di�erentiable cochains that take
into account the linear structure, and we show that the cohomology of this complex is
invariant under linear hypercovers.

De�nition 3.0.1. A simplicial vector bundle is a simplicial object in the category of
smooth vector bundles Vectb.

More explicitly, a simplicial vector bundle consists of two simplicial manifolds V• and
X•, such that for each n > 0, Vn → Xn is a vector bundle and each face and degeneracy
map of V is a vector bundle map covering the corresponding face or degeneracy map of
X . Yet another way of saying this is to say that pu�ing together all the bundle projection
maps pn : Vn → Xn, we have a morphism of simplicial manifolds p : V → X .

Whenever we have a simplicial vector bundle p : V → X , we say that p is the projection
map, and that V is a simplicial vector bundle over X .

�e natural notion of morphisms between simplicial vector bundles is the following:

De�nition 3.0.2. If V and W are simplicial vector bundles over X and Y respectively,
then, a morphism between them is a pair of simplicial manifold morphisms Φ : V → W

and φ : X → Y , such that each Φn : Vn → Wn is a vector bundle morphism covering
φn : Xn → Yn.

Example 3.0.3. If V is a simplicial vector space, then, we can consider V as a simplicial
vector bundle over the trivial simplicial manifold, which has only one n-simplex for each
n ≥ 0.

48
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One main class of examples of simplicial vector bundles is given by the nerves of VB-
groupoids.
Example 3.0.4. If Γ1 ⇒ Γ0 is a VB-groupoid over G1 ⇒ G0, it follows that the nerve Γ• of
the Lie groupoid Γ is a simplicial vector bundle over the nerve G• of G.
Example 3.0.5. In the previous example, if the groupoid G is trivial G = {∗} ⇒ {∗} then,
a VB-groupoid over G is given by Γ1 ⇒ Γ0 where both Γ1 and Γ0 are just vector spaces
and the structural maps are all linear. �is is usually called a 2-vector space, its nerve is a
simplicial vector space and in particular a simplicial vector bundle.
Example 3.0.6. LetX be a simplicial manifold, then, we can apply the tangent functor to all
manifoldsXn and to all the face and degeneracy maps ofX to obtain the tangent simplicial
manifold TX . �is is an example of a simplicial vector bundle over X .

�e �rst thing we noticed about the simplicial projection map p : V → X , of a simplicial
vector bundle, was that it is in fact a morphism between simplicial manifolds. But in the
case where V is a∞-groupoid and X is the nerve of a Lie groupoid, we can prove that p is
actually a smooth �bration.

Proposition 3.0.7. Suppose that p : V• → G• is the simplicial projection map for a simplicial
vector bundle V over the nerve of a Lie groupoid G1 ⇒ G0, and that V• is a Lie∞-groupoid.
�en, p is a smooth Kan �bration.

Proof: For every n ≥ 2 and 0 ≤ i ≤ n we can consider the following diagram of smooth
manifolds where the square is a pullback

Vn
β
//

α
&&

Λn
i V ×Λni (G) Gn //

��

Gn
γ

��

Λn
i V p×···×p

// Λn
i (G)

Since G• is the nerve of a Lie groupoid, we have that the natural map γ, in the diagram,
is a di�eomorphism, and so it follows that its pullback is also a di�eomorphism. �us, by
commutativity of the triangle in the diagram, we conclude that β is a surjective submersion
if, and only if, α is a surjective submersion. But α is a surjective submersion because we are
assuming that V is a Lie∞-groupoid. Hence, to �nish the proof, it is only le� to check the
n = 1 condition. Remember that the face map dj : V1 → V0 (j = 0 or 1) is a vector bundle
map (and surjective submersion) covering the corresponding face map dj : G1 → G0. �en,
taking i = 0 or i = 1, and j 6= i, we have that the map

β : V1 → d∗jV0 = V0 ×p di
G1 = Λ1

iV ×Λ1
iG G1; given by v 7→ β(v) = (dj(v), p1(v))

is a surjective submersion, because it is a vector bundle map covering the identity of G1 and
it is surjective over every �bre. �
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Remark 3.0.8. Since the examples of simplicial vector bundles that we will be most inter-
ested in this thesis are always Lie∞-groupoids, we may assume for now on that all sim-
plicial vector bundles we encounter are higher groupoids.

Remark 3.0.9. Suppose that p : V → G• is the projection map for a simplicial vector bundle
V over the nerve of a Lie groupoid G1 ⇒ G0. �en, by Lemma 2.3.5, for each x ∈ G0, we
have a �bre V x, which is a k-groupoid whenever V is a k-groupoid. Explicitly, we have
V x

0 := V0|x, and for every n ≥ 1, V x
n = Vn|(1x,...,1x), with faces and degeneracies given

by restrictions of faces and degeneracies of V . So in this case, each �bre is a simplicial
vector space. For instance, if the simplicial vector bundle is the nerve of a VB-groupoid
Γ, then, each �bre Γx is also the nerve of a Lie groupoid, and thus, a 2-vector space, as in
Example 3.0.5..

3.1 A study of linear hypercovers

In [19], the authors de�ne the notion of VB-Morita maps between VB-groupoids:

De�nition 3.1.1. A morphism between VB-groupoids (Φ : Γ → Γ′, φ : G → G ′) is a
VB-Morita map if Φ is a Morita map of Lie groupoids.

�is notion of Morita yields a natural notion of Morita equivalence between VB-group-
oids. Moreover, also in [19], the authors give a characterization of VB-Morita maps in terms
of base and �bre data:

�eorem 3.1.2. A morphism between VB-groupoids (Φ : Γ → Γ′, φ : G → G ′) is a VB-
Morita map if, and only if, φ is a Morita map and for each x ∈ G0 the map between �bres
Φx : Γx → Γ′φ0(x) is a Morita map.

By analogy with the VB-groupoid case, we introduce now the following class of mor-
phisms between simplicial vector bundles:

De�nition 3.1.3. Suppose that (Φ : V → W,φ : X → Y ) is a morphism of simplicial
vector bundles. �en, we say that it is a linear hypercover if the map Φ is a hypercover.

In what follows, we study linear hypercovers between simplicial vector bundles. More
precisely, we want to focus in the particular case where these bundles are over nerves of Lie
groupoids, and we want to understand linear hypercovers in terms of �bre and base data.

Proposition 3.1.4. Suppose that φ : G → H is a Morita �bration of Lie groupoids. �en, for
any simplicial vector bundle V over the nerve of H, the pullback φ∗V is a simplicial vector
bundle over the nerve of G and the natural map from φ∗V to V is a linear hypercover.
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Proof: Since p : V• → H• is a �bration it follows from Lemma 2.3.5 that φ∗V is a simplicial
manifold, even if φ is not Morita. �e pullback simplicial manifold φ∗V is a simplicial vector
bundle, because each (φ∗V )n = φ∗nVn is a pullback vector bundle over Gn. Moreover, being
φ a Morita �bration, or a hypercover in the language of higher groupoids, it follows from
Lemma 2.3.7 that the natural map φ∗V → V is a linear hypercover covering φ. �

Proposition 3.1.5. Suppose that V andW are simplicial vector bundles over the nerve of a Lie
groupoid G1 ⇒ G0. Let Φ : V → W be a linear hypercover covering the identity id : G• → G•.
�en, for any x ∈ G0 the induced map between �bres Φx : V x → W x is a hypercover.

Proof: Since Φ is hypercover, we have that, for each n ≥ 0, the map

β : Vn →Mn(V )×Mn(W ) Wn; v 7→ β(v) = (d0(v), . . . , dn(v),Φn(v))

is a surjective submersion. To prove that Φx is hypercover, we just need to show that the
linear map

βx : V x
n →Mn(V x)×Mn(Wx) W

x
n ; v 7→ βx(v) = (d0(v), . . . , dn(v),Φx

n(v))

is surjective for each n > 0. Let (v0, . . . , vn, w) be an element in Mn(V x) ×Mn(Wx) W
x
n ,

then, there is a v ∈ Vn such that β(v) = (v0, . . . , vn, w), because β is surjective. Since
Φn : Vn → Wn is a vector bundle map covering id : Gn → Gn, w ∈ W x

n and Φn(v) = w, we
must have that v ∈ V x

n . �erefore, it follows that βx is surjective. �

3.2 Hypercover invariance of the linear cohomology

Following the same idea used to introduce the cohomology of a VB-groupoid, if we have
V• a simplicial vector bundle over any simplicial manifold X•, we can de�ne a natural
complex restricting our a�ention to di�erentiable cochains that take into account the linear
structure. In this section, we will show that the cohomology obtained in this way is an
invariant of V under linear hypercovers.

De�nition 3.2.1. For any simplicial vector bundle V , we de�ne (C•lin(V ), δ) the subcom-
plex of (C•(V ), δ) consisting of n-cochains φ : Vn → R that are linear when restricted to
any �bre of the vector bundle Vn. �ese cochains are called linear cochains, and the coho-
mology associated to this complex is denotedH•lin(V ) and is called the linear cohomology
of V.

Note that, we always have a map P : (C•(V ), δ)→ (C•lin(V ), δ), de�ned by P (φ)(v) =
d
dt
|t=0φ(tv). In other words, P (φ) is the linearization of φ over each �bre and it follows that

if φ is already a linear cochain, then P (φ) = φ. �erefore, P is a natural projection map.
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Proposition 3.2.2. �e projection P : (C•(V ), δ)→ (C•lin(V ), δ) is a cochain map.

Proof: We need to prove that P (δ(φ))(v) = δ(P (φ))(v), for every v ∈ Vp, and for every
p ≥ 0. �is follows from the fact that each face map of V is linear on the �bres.

P (δ(φ))(v) = P (

p+1∑
j=0

(−1)jd∗j(φ))(v)

=
d

dt

∣∣∣
t=0

(

p+1∑
j=0

(−1)jφdj(tv))

=

p+1∑
j=0

(−1)j
d

dt

∣∣∣
t=0
φ(tdj(v))

=

p+1∑
j=0

(−1)jP (φ)dj(v)

=

p+1∑
j=0

(−1)jd∗j(P (φ))(v)

= δ(P (φ))(v).

�

With this result and the one from Theorem 2.4.7, we have the following corollary:

Corollary 3.2.3. Let V and W be two simplicial vector bundles over X and Y , respectively.
If Φ : V → W is a linear hypercover, then the map induced in cohomology Φ∗ : Hp

lin(W ) →
Hp

lin(V ) is an isomorphism, for every p ≥ 0.

Proof: Since the natural projection P : (C•(V ), δ) → (C•lin(V ), δ) is a cochain map, de-
noting by K•V the kernel of P , we have a direct sum decomposition of the cochain complex

C•(V ) = K•V ⊕ C•lin(V ),

that induces a direct sum decomposition at the cohomology level

H•(V ) = H•(K•V )⊕H•lin(V ).

�en, given Φ : V → W a linear hypercover, we know from Theorem 2.4.7 that it
induces an isomorphism

H•(K•W )⊕H•lin(W )
Φ∗−→ H•(K•V )⊕H•lin(V ).

Moreover, Φ∗ has to preserve the direct sum decomposition because of its linearity, thus
we get that

H•lin(W )
Φ∗−→ H•lin(V )
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is an isomorphism as well.
�

3.3 From representations up to homotopy to simplicial
vector bundles

Recall that a representation up to homotopy of G1 ⇒ G0 on a graded vector bundle E• over
G0 consists of a sequence of operators

Rm ∈ Γ
(
Gm; Hom(m−1)(π∗0E•, π

∗
mE•)

)
m ≥ 0

satisfying the structural equations that we have seen in chapter one Equation (1.3.2).
Also recall that Gn denotes the manifold of the n-simplices of the nerve of a Lie groupoid

G1 ⇒ G0, and consists of chains of n composable arrows g = (xn
gn←− xn−1 · · ·x1

g1←− x0) .
We denote by πi : Gn → G0 the map that associates to each chain g ∈ Gn its i-th vertex, i.e.
πi(g) = xi.

Starting with a representation up to homotopy (Rm)m>0 of G on a graded vector bundle
E = ⊕lj=0Ej , we will see now a result of [21], where the authors show how to build a
simplicial vector bundle over the nerve of G.

�e vector bundle Vn over Gn is de�ned by:

Vn =
⊕

[k]
α−→[n]

π∗α(k)Ek

where the sum is taken over all injective maps α : [k]→ [n] sending 0 to 0.
Since each Vn is a direct sum of 2n components, a face map di : Vn → Vn−1 is a 2n−1×2n

matrix with entries (di)αβ , depending on the indexes [k]
α−→ [n] and [l]

β−→ [n − 1], and
analogously, a degeneracy sj : Vn → Vn+1 is a 2n+1× 2n matrix with entries (sj)αβ , where
[k]

α−→ [n] and [l]
β−→ [n+ 1].

�e degeneracies sj : Vn → Vn+1 and the faces (di : Vn → Vn−1)i>1 are given by
matrices whose entries are either 0 or Id, according to the following formulas:

(sj)αβ =

Id α = σjβ

0 otherwise
(di)αβ =

Id α = δiβ

0 otherwise

�e de�nition of the face map d0 : Vn → Vn−1 follows the same notation used for
the other face maps, and it is given by a matrix whose entries are either 0, ± Id, or ±Rm

for some m. To give the precise formula, let us introduce the following notation. If θ :

[m] → [n] is an order map, the map θ̄ : [m + 1] → [n + 1] is de�ned by θ̄(0) = 0 and
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θ̄(i+ 1) = θ(i) + 1, for all i > 0. �en, the face map d0 is given by:

(d0)αβ =


(−1)j−1 Id α′ = β̄′δj

(−1)lR
g◦β̄′|[k,l+1]

l−k+1 α′ = β̄′ |[0,k]

0 otherwise

�e following is a theorem of [21].

�eorem 3.3.1. Given a representation up to homotopy (Rm)m>0 of G on E•, the semi-direct
product, given by the vector bundles Vn together with the structure maps di : Vn → Vn−1 and
σj : Vn → Vn+1 de�ned above, is a simplicial vector bundle over the nerve of G. Moreover, V•
is a higher Lie groupoid.





Chapter 4

Morita invariance of the cohomology
with values in a representation up to
homotopy

In this chapter, we will study the simplicial vector bundles coming from representations
up to homotopy more closely. To be precise, we will study some natural complexes arising
from these simplicial vector bundles and the cohomologies associated with them. Our main
results are the following: we show that the linear cohomology of these simplicial vector
bundles is a Morita invariant, we identify a subcomplex of the linear complex that computes
the cohomology of a representation up to homotopy, and in the last part of the chapter we
use these results to se�le the Morita invariance of the cohomology with coe�cients in a
representation up to homotopy. �is provides a generalisation of some results obtained by
[28], [12] and [19], in the context of two-term representations up to homotopy, for more
general representations on any bounded complex, and is part of joint work with M. del
Hoyo and C. Ortiz.

4.1 �e complex of projectable cochains

Let (C(G, E)•, D) be a representation up to homotopy on a (l + 1)-term complex

0→ El → El−1 → · · · → E1 → E0 → 0

with associated simplicial vector bundle V•
p−→ G• over the nerve. Consider (C(G, E∗)•, D′)

the dual representation up to homotopy on the complex

0→ E∗0 → E∗1 → · · · → E∗l−1 → E∗l → 0

56



Chapter 4. Morita invariance of the cohomology with values in a r.u.t.h. 57

where each E∗j has degree l − j. �en, we can de�ne a map

λ : (C(G, E∗)•−l, D′)→ C•lin(V ),

in the following way: (c0, c1, . . . , cl) ∈ C(G, E∗)p−l = Cp(G, E∗0) ⊕ Cp−1(G, E∗1) ⊕ · · · ⊕
Cp−l(G, E∗l ) is mapped to λ(c0, . . . , cl) : Vp → R, a linear map on each �bre of Vp, given by

λ(c0, . . . , cl)(v) :=
l∑

k=0

(−1)kck(g
−1
k+1, . . . , g

−1
p )(vιk),

where v ∈ Vp is any vector with projection p(v) = (gp, . . . , g1) ∈ Gp, and ιk : [k] → [p] is
the inclusion for any k > 0.

Proposition 4.1.1. �e map λ : (C(G, E∗)•−l, D′) → (C•lin(V ), δ̄), de�ned above, is an
injective morphism of cochain complexes, where δ̄ = (−1)lδ.

Proof: �e map λ is injective because λ(c0, . . . , cl)(v) = 0, for every v ∈ Vp, implies that
each of the sections c0, . . . , cl is identically zero. In order to prove that λ is a cochain map,
we only need to show that the following square commutes

C(G, E∗)p−l λ //

D′

��

Clin(Vp)

δ̄
��

C(G, E∗)p−l+1
λ
// Clin(Vp+1).

Since C(G, E∗)p−l = ⊕lj=0C
p−j(G, E∗j ) is a direct sum, it is su�cient to check that the

diagram commutes for a generic element cj ∈ Cp−j(G, E∗j ).
Lets compute �rst λ ◦D′((cj))(v), for any v ∈ Vp+1. Note that, D′(cj) has components

(D′(cj)0, D
′(cj)1, . . . , D

′(cj)j+1) ∈ Cp+1(G, E∗0)⊕ Cp(G, E∗1)⊕ . . . Cp−j(G, E∗j+1).

Moreover, as we have seen in Proposition 1.3.3 and Proposition 1.3.4, for each i 6= j,
D′ : Cp−j(G, E∗j ) → Cp+1−i(G, E∗i ) corresponds to a le� composition with one of the
operators of the representation up to homotopy, that is

D′(cj)i(g
−1
i+1, . . . , g

−1
p+1) = (−1)l−jR∗j−i+1(g−1

i+1, . . . , g
−1
j+1)cj(g

−1
j+2, . . . , g

−1
p+1)

= (−1)l−j(−1)j−icj(g
−1
j+2, . . . , g

−1
p+1) ◦Rj−i+1(gj+1, . . . , gi+1)

As for the case i = j, we have that (−1)l−jD′ : Cp−j(G, E∗j )→ Cp+1−j(G, E∗j ) is a deriva-
tion that raises the cocycle degree by 1 and so it corresponds to the quasi action R∗1 via
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(−1)l−jD(cj)j(g
−1
j+1, . . . , g

−1
p+1) = R∗1(g−1

j+1)cj(g
−1
j+2, . . . , g

−1
p+1)

+
∑p−j+1

n=0 (−1)p−j+1−ncj(dn(g−1
j+1, . . . , g

−1
p+1))

= cj(g
−1
j+2, . . . , g

−1
p+1) ◦R1(gj+1)

+
∑p+1

k=j+1(−1)k−jcj(g
−1
j+1, . . . , g

−1
k g−1

k+1, . . . , g
−1
p+1)

Hence, we have that

λ(D′(cj))(v) = (−1)0D′(cj)0(vι0) + · · ·+ (−1)j+1D′(cj)j+1(vιj+1
)

= (−1)0(−1)lcj(g
−1
j+2, . . . , g

−1
p+1) ◦Rj+1(gj+1, . . . , g2, g1)(vι0)

+(−1)1(−1)l−1cj(g
−1
j+2, . . . , g

−1
p+1) ◦Rj(gj+1, . . . , g2)(vι1) + · · ·

+(−1)j+1(−1)l−j−1cj(g
−1
j+2, . . . , g

−1
p+1) ◦R0(vιj+1

)

+(−1)j(−1)l−jcj(g
−1
j+2, . . . , g

−1
p+1)R1(gj+1)(vιj)

+(−1)j
∑p+1

k=j+1(−1)k−lcj(g
−1
j+1, . . . , g

−1
k g−1

k+1 . . . , g
−1
p+1)(vιj).

and adjusting all the signs we get

λ(D′(cj))(v) = (−1)lcj(g
−1
j+2, . . . , g

−1
p+1) ◦Rj+1(gj+1, . . . , g2, g1)(vι0)

+(−1)lcj(g
−1
j+2, . . . , g

−1
p+1) ◦Rj(gj+1, . . . , g2)(vι1) + · · ·

+(−1)lcj(g
−1
j+2, . . . , g

−1
p+1) ◦R0(vιj+1

)

+(−1)lcj(g
−1
j+2, . . . , g

−1
p+1)R1(gj+1)(vιj)

+
∑p+1

k=j+1(−1)k−l+jcj(g
−1
j+1, . . . , g

−1
k g−1

k+1 . . . , g
−1
p+1)(vιj).

On the other hand, we have that

δ̄(λ(cj))(v) = (−1)l
∑p+1

i=0 (−1)iλ(cj)di(v)

= (−1)l(−1)j
∑p+1

i=j+1(−1)i(cj)(g
−1
j+1, . . . , g

−1
i g−1

i+1, . . . , g
−1
p+1)(vιj)

+(−1)l(−1)j(−1)jcj(g
−1
j+2, . . . , g

−1
p+1)(dj(v)ιj) + · · ·

+(−1)l(−1)j(−1)1cj(g
−1
j+2, . . . , g

−1
p+1)(d1(v)ιj)

+(−1)l(−1)j(−1)0cj(g
−1
j+2, . . . , g

−1
p+1)(d0(v)ιj)

= (−1)l+j
∑p+1

i=j+1(−1)i(cj)(g
−1
j+1, . . . , g

−1
i g−1

i+1, . . . , g
−1
p+1)(vιj)

+(−1)l+j+jcj(g
−1
j+2, . . . , g

−1
p+1)(vδjιj) + · · ·

+(−1)l+j+1cj(g
−1
j+2, . . . , g

−1
p+1)((v)δ1ιj)

+(−1)l+jcj(g
−1
j+2, . . . , g

−1
p+1)(

∑j
k=0(−1)jR

(gj+1,...,gk+1)
j+1−k vιk)

+(−1)l+jcj(g
−1
j+2, . . . , g

−1
p+1)(

∑j
k=1(−1)k+1vδkιj)

So, in the computation of δ̄((λ(cj)))(v), all the terms of the form cj(g
−1
j+2, . . . , g

−1
p+1)(vδkιj)

appear two times with opposite signs, thus cancelling each other. �e remaining ones are
exactly those appearing in λ(D′(cj))(v). �erefore, the diagram commutes and we have a
map of cochain complexes. �
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Remark 4.1.2. Even though we had to change the simplicial di�erential δ for (−1)lδ to get
a morphism of cochain complexes we remark that this does not cause any harm when we
pass to cohomology, since the complexes (C•lin(V ), δ) and (C•lin(V ), δ̄) compute the same
cohomology.

In what follows, we want to identify which cochains inside C•lin(V ) are in the image of
the map λ, or in other words which subcomplex of the linear complex is isomorphic to the
complex of the dual representation up to homotopy we started with. By the de�nition of λ
and the previous proposition, it follows that for a cochain φ : Vp → R to be in the image of
λ, a necessary condition is that φ (respectively δ(φ)) must depend only on the components
vιj indexed by inclusions ιj : [j] → [n] (respectively ιj : [j] → [n + 1]) of a vector v ∈ Vp
(respectively v ∈ Vp+1). �us, we make the following de�nition:

De�nition 4.1.3. Let V be the simplicial vector bundle coming from a representation up
to homotopy. A cochain φ ∈ Cp

lin(V ) is called projectable if it satis�es the following
conditions:

• φ(v) = 0, for every v ∈ Vp such that vιk = 0, for every ιk : [k]→ [p] with 0 6 k 6 p.

• δ(φ)(w) = 0, for every w ∈ Vp+1 such that wιk = 0, for every ιk : [k]→ [p+ 1] with
0 6 k 6 p+ 1.

�en, we de�ne the subcomplex C•proj(V ) ⊂ C•lin(V ) consisting of all projectable cochains,
and we denote its cohomology by H•proj(V ).

�eorem 4.1.4. �e image of the cochain map λ : (C(G, E∗)•−l, D′) → (C•lin(V ), δ̄) is ex-
actly the subcomplex of projectable cochains. �us, λ gives rise to an isomorphism of complexes
betweenC(G, E∗)•, and the complex of projectable cochains shi�ed by l,C•proj(V )[l]. �erefore,
it also induces an isomorphism in cohomology between H•(G, E∗) and H•proj(V )[l].

Proof: From the de�nition of the complex of projectable cochains and Proposition 4.1.1,
we have that the image of λ is contained in C•proj(V ). We only need to show that λ is
surjective. Let φ : Vp → R be any projectable cochain. We will show that its restriction to
each summand π∗jEj ⊂ Vp, corresponding to the index map ij : [j]→ [p], can be identi�ed
with a section cj ∈ Cp−j(G, E∗j ). For instance, in order to de�ne c0 ∈ Cp(G, E∗0), we
use the canonical pairing 〈 , 〉 between E0 and its dual E∗0 , so that this section is uniquely
determined by:

〈c0(g−1
1 , . . . , g−1

p ), 〉 := φ|π∗0E0 : π∗0E0|(gp,...,g1) → R.

As for the other sections, we proceed in a similar fashion using the pairing 〈 , 〉 between
Ej and its dual E∗j and de�ning

〈cj(g−1
j+1, . . . , g

−1
p ), 〉 := (−1)jφ|π∗jEj : π∗jEj|(gp,...,gj+1,1,...,1) → R.
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With these de�nitions, it follows that (c0, c1, . . . , cl) ∈ C(G, E∗)p−l is a well-de�ned
element, and that λ(c0, c1, . . . , cl) = φ if, and only if, for each j ∈ {1, . . . , l} and for every
ej ∈ Ej|t(gj), the map φ|π∗jEj satis�es the identity

(φ|π∗jEj)(ej|(gp,...,g1)) = (φ|π∗jEj)(ej|(gp,...,gj+1,1,...,1)).

�e fact that this identity holds true for any projectable cochain φ will be a consequence of
Lemma 4.3.2. �us, we can assume it holds, and the proof is �nished. �

Note that, by the de�nition of a simplicial vector bundle V from a representation up to
homotopy, we always have a natural projection πq : Vp+q → Vq, such that πq(vα) = vβ if,
and only if, α = ι ◦ β : {0, . . . , k} → {0, . . . , p+ q}, where ι : {0, . . . , q} → {0, . . . , p+ q}
is the inclusion. �is gives a canonical le� C•(G)-module structure on the space C•lin(V )

de�ned by
C•(G)× C•lin(V )→ C•lin(V ),

where (f, φ) ∈ Cp(G)× Cq
lin(V ) maps to (fφ) : Vp+q → R, given by

(fφ)(v) := f(gp+q, . . . , gq+1)φ(πq(v)).

Using the inversion map of the Lie groupoid, we can transform any le� module structure on
a right module structure, for instance, we can de�ne φf := f−1φ where f−1(gp, . . . , g1) :=

f(g−1
1 , . . . , g−1

p ). �erefore, the linear complex C•lin(V ) of a simplicial vector bundle V
coming from a representation up to homotopy can be seen as right-module over C•(G),
and we can prove the following:

Proposition 4.1.5. �e map λ : (C(G, E∗)•−l, D′) → (C•lin(V ), δ) de�ned above is a mor-
phism of right C•(G)-modules.

Proof: It follows from a straightforward computation. �

4.2 Morita invariance of the linear cohomology

Our main goal is to prove the Morita invariance of the cohomology with coe�cients in a
representation up to homotopy. More precisely, suppose that φ : G → H is a Morita �-
bration and that (C(H, E)•, D) is a representation up to homotopy of H, then we have a
pullback representation (C(G, φ∗E)•, φ∗D) of G, and we want to show that the cohomolo-
gies (Hdiff(H, E))• and (Hdiff(G, φ∗E))• are isomorphic.

We will start by showing, in this section, the Morita invariance of the linear cohomology
of the simplicial vector bundles coming from a representation and its pullback.
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�eorem 4.2.1. Let φ : G → H be a Morita �bration of Lie groupoids. Consider W → H•
and V → G•, the simplicial vector bundles associated to a representation (C(H, E)•, D) and
it its pullback C(G, φ∗E , φ∗D) respectively. �en, V is exactly the pullback simplicial vector
bundle V = φ∗W , and the pullback map Φ : V = φ∗W → W is a linear hypercover.

Proof: Assume E is a (l + 1)-term complex 0→ El → · · · → E1 → E0 → 0 so that W is
de�ned by

Wp =
⊕

[p]
α
�[k]

π∗α′(k)Ek.

�en, the pullback representation φ∗E is a representation of G on the pullback complex
0→ φ∗0El → · · · → φ∗0E1 → φ∗0E0 → 0, and V is de�ned by

Vp =
⊕

[p]�[k]

π∗α′(k)φ
∗
0Ek.

Since the extended map between the nerves, φ : G• → H•, is a map of simplicial manifolds
it commutes with all vertex maps, i.e. for every j ∈ {0, . . . , p} the diagram below commutes

Gp
φp
//

πj

��

Hp

πj

��

G0 φ0
//H0.

�erefore, we have that

Vp =
⊕

[p]�[k]

π∗α′(k)φ
∗
0Ek =

⊕
[p]�[k]

φ∗pπ
∗
α′(k)Ek = φ∗pWp.

�is proves that V is the pullback of W . �e last part of the statement follows from
Lemma 2.3.7, because φ being a Morita �bration (a hypercover) implies that its pullback
Φ : V = φ∗W → W must be a linear hypercover. �

Corollary 4.2.2. Let W and V be the simplicial vector bundles associated to representations
(C(H, E)•, D) and its pullback C(G, φ∗E , D′) respectively, where φ : G → H is Morita
�bration. �en, there is a linear hypercover Φ : V → W and consequently an isomorphism
between linear cohomologies Φ∗ : H•lin(W )→ H•lin(V )

Proof: It follows from Theorem 4.2.1 that there is Φ : V → W linear hypercover and from
Corollary 3.2.3 we get an isomorphism in cohomology. �
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4.3 Morita invariance of the cohomology with values in
a representation up to homotopy

In this section, we will show that the cohomology with coe�cients in a representation up
to homotopy is a Morita invariant. In order to do that, we study the relationship between
the cohomology of the complex of projectable cochains and the linear cohomology. We
will see that as it is known to happen for two-term representations [12], in general, the
inclusion mapC•proj(V ) ↪→ C•lin(V ) is also a quasi-isomorphism. We are going to prove this
result using a technique that was inspired by that of [12] and [19].

�e idea is to de�ne a �ltrationFm of the linear complexC•lin(V ) starting at the complex
of projectable cochains C•proj(V ) in such a way that each subcomplex in the �ltration is
quasi-isomorphic to the next one.

Let V be the simplicial vector bundle coming from a representation up to homotopy of
G on a graded vector bundle E•. �en, each Vp is a direct sum

Vp =
⊕

[k]
α→[p]

π∗α(k)Ek

indexed by all order-preserving injective maps α : [k] → [p], such that α(0) = 0, with
k 6 p.

Remark 4.3.1. In what follows, for any index α : [k] → [p], vα will denote corresponding
component of a vector v ∈ Vp. If φ : Vp → R is a linear cochain, φα will denote the
restriction of φ to the summand π∗α(k)Ek. Moreover, if v ∈ Ek, then v[α] ∈ Vp will be the
vector such that (v[α])α = v and (v[α])β = 0, for every β 6= α.

We de�ne a sequence of subsets of V in each degree p in terms of the coordinates α :

[k] → [p]. For instance, F0(V )p = {v ∈ Vp|vα = 0 for every α such that α(0) = 0},
F1(V )p = {v ∈ Vp|vα = 0 for every α such that α(i) = i for every i 6 1}, F2(V )p =

{v ∈ Vp|vα = 0 for every α such that α(i) = i for every i 6 2}. And in general, we de�ne
Fm(V )p = {v ∈ Vp|vα = 0 for every α such that α(i) = i for every i ∈ {0, 1, 2, . . . ,m}}.

�us, for any degree p, we get an increasing chain of inclusions:

0 = F0(V )p ⊂ F1(V )p ⊂ · · · ⊂ Fp−1(V )p = Fp(V )p.

Now, we de�ne Fm(V )p := {φ ∈ Cp
lin(V )|φ(v) = 0, for every v ∈ Fm(V )p} ⊂

Cp
lin(V ), which is simply the annihilator of Fm(V )p. Note that, any element φ ∈ Fm(V ) is

then characterized by the fact that φα = 0 for any α such that α(m) > m. In particular,
any φ ∈ F p(V ) such that δ(φ) ∈ F p(V )p+1 is a projectable cochain as in De�nition 4.1.3.
�en, what we have is a dualized increasing �ltration starting with F p−1(V ) and ending at
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Clin(V ):
F p(V )p = F p−1(V )p ⊂ F p−2(V )p ⊂ · · · ⊂ F 0(V )p = Cp

lin(V ).

�e idea now is to prove that any linear cocycle φ ∈ Cp
lin(V ) is in the same cohomol-

ogy class of some φ̃ ∈ F p(V )p, which will then be projectable, but going step by step i.e.
showing that any cocycle φ ∈ Fm(V )p can be exchanged for another one inside Fm+1(V )p

in the same cohomology class.
We can also think of each Fm(V ) as a complex itself, modifying a li�le its de�nition. If

we de�ne, for instance, F̂m(V )p = {φ ∈ Fm(V )p|δ(φ) ∈ Fm(V )p+1}, then the restriction
of the di�erential δ is also a di�erential turning (F̂ k(V )•, δ) into a cochain complex.

Lemma 4.3.2. Consider φ ∈ F̂m(V )p, and an index α : [k]→ [p], satisfying α(i) = i, for ev-
ery i 6 m 6 k, and v ∈ Ek. �en, we have that φ(v[α]|(gp,...,g1)) = φ(v[α]|(gp,...,gm+1,1,1,...,1)).
�at is, φ(v[α]) does not depend on the �rst m arrows of the string (gp, . . . , g1) that is the
projection of v[α] ∈ Vp to the base Gp.

Proof: Starting with φ, α and v as in the hypothesis, we can consider the vector v[δmα] ∈
Vp+1 in the �bre over (gp, . . . , gm+1, 1, gm, gm−1, . . . , g1). Since δm(m) = m+ 1 and δ(φ) ∈
Fm(V )p+1, it follows that δ(φ)(δmα) = 0. Consequently, we have

0 = δ(φ)(v[δmα]) =

p+1∑
j=0

(−1)jφdj(v[δmα])

Now we analyse each term in the sum above. If j > m, using the formula of the face
map dj , we have that dj(v[δmα])β = ±v if, and only if, δmα = δjβ, which implies that
β(m) = δjβ(m) = δmα(m) = m + 1. �us, φ(dj(v[δmα])) = 0 because φ ∈ Fm(V )p. If
m > j > 0, then j ∈ Im(δmα) implying that dj(v[δmα] = 0 in this case. So, most of the
terms in the sum above are zero and we are le� with only two:

0 = δ(φ)(v[δmα]) =

p+1∑
j=0

(−1)jφdj(v[δmα]) = (−1)mφ(dm(v[δmα])) + φ(d0(v[δmα])).

Using the formulas for dm and d0, and the hypothesis that φ ∈ Fm(V )p, it follows that

(−1)mφ(dm(v[δmα])) = (−1)mφ(v[α]) and φ(d0(v[δmα])) = φ((−1)m+1(v[α])).

�erefore, we get that

(−1)mφ(v[α]) = (−1)mφ(dm(v[δmα])) = −φ(d0(v[δmα])) = (−1)mφ((v[α])),

where the �rst term on the le� is φ applied to the vector v[α] ∈ Vp si�ing on the �bre over
(gp, . . . , gm+1, gm, gm−1, . . . , g1), and the last term on the right is φ applied to the vector
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v[α] ∈ Vp on the �bre over (gp, . . . , gm+1, 1, gm, gm−1, . . . , g2). �us, we can repeat the
same argument above, pu�ing one more unit at a time in the base, without changing the
value of φ, until we have replaced all the arrows gi with 1t(gm), for 0 6 i 6 m. �is �nishes
the proof of the lemma. �

Lemma 4.3.3. Every inclusion (F̂m+1(V )•, δ) ↪→ (F̂m(V )•, δ) is a quasi-isomorphism, for
0 6 m 6 p− 1.

Proof: We are going to de�ne a map which will play a role similar to the one played by a
homotopy operator. First we de�ne a map between bundles h : Vp → Vp+1 by the formula:

h(v)β =

vα if β = δm+1α

0 otherwise.

Covering, in the base, the map also denoted by h : Gp → Gp+1:

(gp, . . . , g1)
h−→ (gp, . . . , gm+1, (gpgp−1 · · · gm+2gm+1)−1, (gpgp−1 · · · gm), gm−1, . . . , g1),

which we think of as doing a cone on the m-th vertex. �en, for any p > 0, we de�ne the
operator I : Cp

lin(V )→ Cp
lin(V ) by I(φ) = (−1)mφ+ h∗δφ+ δh∗φ, which satis�es

δ(I(φ)) = δ((−1)mφ+ h∗δφ+ δh∗φ)

= (−1)mδφ+ δh∗δφ+ δ2h∗φ

= (−1)mδφ+ δh∗δφ

= I(δφ).

�us, I is a morphism of complexes and we want to show that taking any φ ∈ F̂m(V )

and applying I to it a number of times we will have in the end an element of F̂m+1(V ).
�is will show that some power of I is an inverse of the inclusion F̂m+1(V ) ↪→ F̂m(V ) in
cohomology.

Suppose that φ ∈ Fm(V )p and that it is not in Fm+1(V )p. �en, there is some index
α : [k] → [p] such that α(i) = i, ∀i 6 m, α(m + 1) > m + 1, and φα 6= 0. Let n0 be the
number

n0 = max{α(m+ 1)|α(i) = i,∀i 6 m, and φα 6= 0}.

We will show now that max{α(m + 1)|α(i) = i, ∀i 6 m, and I(φ)α 6= 0} 6 n0 − 1.
Consider any α : [k] → [p], such that α(m) = m, α(m + 1) > n0 and v ∈ Ek. Using the
notation v[α] for the element of Vp, that has v in the coordinate α and zero elsewhere, we
want to prove that I(φ)(v[α]) = 0, which is equivalent to proving that I(φ)α = 0. Doing
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the computation we get:

I(φ)(v[α]) = ((−1)mφ+ h∗δφ+ δh∗φ)(v[α])

= (−1)mφ(v[α]) + δ(φ)(hv[α]) + δ(φ ◦ h)(v[α])

= (−1)mφ(v[α]) +
∑p+1

j=0(−1)jd∗jφ(hv[α]) +
∑p

i=0(−1)id∗i (φ ◦ h)(v[α])

= (−1)mφ(v[α]) +
∑p+1

j=0(−1)jφ(djhv[α]) +
∑p

i=0(−1)i(φ ◦ h)(div[α]).

�us, in order to show that I(φ)(v[α]) = 0, we will prove that φ(dj+1hv[α]) = φ(hdjv[α]),
for any j > m + 1, φ(djh(v[α])) = 0 = φ(hdj(v[α])), for every j ∈ {1, . . . ,m − 1}, and
that φ(d0(hv[α])) = (−1)m+1φ(v[α]), φ(dm+1(hv[α])) = −φ(hd0(v[α])). So that, all the
terms appearing in the computation above cancel in pairs.

We have some cases to consider:

Case A: If j > α(m + 1), j + 1 > α(m + 1) + 1 = (δm+1α)(m + 1) > n0 + 1. In
this case, dj+1h(v[α]) = dj+1(v[δm+1α]), and by the formula for dj+1, we know that
(dj+1)(δm+1α)β 6= 0 if, and only if, δm+1α = βδj+1. But then, βδj+1(m + 1) > n0 + 1

implies that β(m + 1) > n0 + 1, and by our hypothesis φβ = 0 for any such β.
�erefore, we have that φ(dj+1(hv[α])) = 0.

On the other hand, we have hdj(v[α]). By the same reasoning as above, dj(v[α])β

can be non-zero only if, α = βδj , implying that β(m + 1) > α(m + 1) > n0. Since
h(v[β]) = v[δm+1β], we have that h(dj(v[α]))γ may be non-zero only if, δm+1β = γ.
But then again, γ(m+ 1) = δm+1β(m+ 1) > n0 + 1, φγ = 0 for any such γ, and we
get φ(hdj(v[α])) = 0.

Case B: If α(m+ 1) > j > m+ 1; α(m+ 1) + 1 > j + 1 > m+ 2. �en, dj+1h(v[α]) =

dj+1(v[δm+1α]), and dj+1(v[δm+1α])β = v if, and only if, δm+1α = δj+1β. Applying
a codegeneracy map, we can write this in an equivalent way as dj+1(v[δm+1α])β = v

if, and only if, σj+1δm+1α = σj+1δj+1β = β.

As for (hdj(v[α]))β , �rst notice that dj(v[α])γ = v if, and only if, α = δjγ if, and
only if, γ = σjδjγ = σjα. �us, (hdj(v[α]))β = (h(v[σjα]))β = v if, and only if,
β = δm+1(σjα), and by cosimplicial identities, we know that δm+1σj = σj+1δm+1.
�is proves that dj+1h(v[α]) = hdj(v[α]), as soon as, we show that they are vectors
in the same �bre.

In the �rst case, dj+1h covers the map

(gp, . . . , g1)
h−→ (gp, . . . , gm+1, g

−1
m+1g

−1
m+2 · · · g−1

p , (gpgp−1 · · · gm), gm−1, . . . , g1)→
dj+1−−→ (gp, . . . , gj+1gj, . . . , gm+1, g

−1
m+1g

−1
m+2 · · · g−1

p , (gpgp−1 · · · gm), gm−1, . . . , g1)



Chapter 4. Morita invariance of the cohomology with values in a r.u.t.h. 66

In the second, hdj covers the map

(gp, . . . , g1)
dj−→ (gp, . . . , gj+1gj, . . . , g1)→

h−→ (gp, . . . , gj+1gj, . . . gm+1, g
−1
m+1g

−1
m+2 · · · g−1

p , (gpgp−1 · · · gm), gm−1, . . . , g1)

�is �nishes the veri�cation of case B.

Case C: �is case consists of only the term j = m; j+1 = m+1. �en, dm+1(h(v[α]))β =

dm+1(v[δm+1α])β = v if, and only if, δm+1α = δm+1β. In other words, dm+1h([v[α]]) =

v[α] in the �bre over (gp, . . . , gm+2, (g
−1
m+2 · · · g−1

p ), (gpgp−1 · · · gm), gm−1, . . . , g1)

Case D: Consider j, such that m > j > 0;m + 1 > j + 1 > 1. �en, φ(dj+1hv[α]) =

φ(dj+1v[δm+1α]) = 0 = φ(hdj(v[α])), since, for any such j, we have that j + 1 ∈
Im(δm+1α) and j ∈ Im(α).

Case E: �is case consists of computing φ(d0(hv[α])), and φ(hd0(v[α])). Remember that,
in the matrix (d0)αβ , the non-zero entries may be ± Id or ±Rm for some m. �e for-
mer occurs when Im(α) = Im(β)\{β(k)}, in which case (d0(v[α])β = (−1)k−1 Id(v).
�e la�er occurs when Im(α) = Im(β) \ {β(k+ 1), . . . , β(l+ 1)}, and we have that
(d0)αβ = (−1)lRl−k+1.

Hence, (d0h(v[α]))β = (d0(v[δm+1α]))β will be non-zero if Im(δm+1α) = Im(β̄) \
{β̄(j)} for some j, or if Im(δm+1α) = Im(β̄) \ {β̄(j + 1), . . . β̄(l+ 1)}. In the former
case, the only component that can contribute to φ((d0h(v[α]))) is (d0h(v[α]))α, where
Im(δm+1α) = Im(ᾱ) \ {ᾱ(m)}, since any other possible choice of β will satisfy
β(m) > m and then, the component φβ is zero. Moreover, in all the cases where
(d0(v[δm+1α])β = ±R, we have that β(m + 1) > n0 + 1, so φβ = 0 by hypothesis,
and these terms also do not contribute for φ(d0(hv[α])). �erefore, we conclude that
φ(d0(hv[α])) = (−1)m+1φ(v[α]), where the v[α] ∈ Vp appearing on the right-hand
side is in the �bre over (gp, . . . , gm+1, (g

−1
m+1 · · · g−1

p ), (gp · · · gm), gm−1, . . . , g2).

With the same kind of reasoning applied to the computation φ(hd0(v[α])), one can
show that, the only component of the vector hd0(v[α]), where φ does not vanish is α
itself. �us, we obtain φ(hd0(v[α])) = (−1)mφ(v[α]), where the v[α] ∈ Vp appearing
on the right is in the �bre over

(gp, . . . , gm+2, (g
−1
m+2 · · · g−1

p ), (gp · · · gm+1), gm, . . . , g2).

A�er analysing all these cases, we see that most of the terms in the computation of I(φ)(v[α])



Chapter 4. Morita invariance of the cohomology with values in a r.u.t.h. 67

cancel out, and there are only four remaining:

I(φ)(v[α]) = (−1)mφ(v[α]) + (−1)0φ(d0hv[α])

+(−1)m+1φ(dm+1hv[α]) + (−1)0(φ ◦ h)(d0v[α])

= (−1)mφ(v[α]) + (−1)m+1φ(v[α]) + (−1)m+1φ(v[α]) + (−1)m(φ)(v[α]),

where both the �rst pair and the last pair are over strings of p composable arrows only
di�ering by the �rst m arrows. �us, applying Lemma 4.3.2 we get that these pairs also
cancel in the computation above. �is �nishes the proof that I(φ)α = 0, for every α such
that α(m) = m and α(m+ 1) > n0.

We conclude that each time we apply the map I to a cochain φ ∈ F̂m(V ), we have
max{α(m+1)|α(i) = i, ∀i 6 m, and I(φ)α 6= 0} 6 n0−1 < n0 = max{α(m+1)|α(i) =

i, ∀i 6 m, and φα 6= 0}. �erefore, if we repeat this process at most n0− (m+ 1) times we
will get that In0−(m+1)(φ) ∈ Fm+1(V )p. Since I commutes with δ, a similar argument can
be made for In1−(m+1)(δ(φ)) = δ(In1−(m+1)(φ)), with n1 = max{α(m+ 1)|α(i) = i,∀i 6
m, and (δ(φ))α 6= 0}. �us, taking ñ = max{n0 − (m + 1), n1 − (m + 1)} we see that
I ñ(φ) ∈ F̂m+1(V )p. �

�e following theorem is a direct consequence.

�eorem 4.3.4. Suppose V → G is a simplicial vector bundle coming from a representation
up to homotopy of G. �en, the inclusion C•proj(V ) ↪→ C•lin(V ) is a quasi-isomorphism.

Proof: We know from Lemma 4.3.3 that each inclusion F̂m+1(V ) ↪→ F̂m(V ) is a quasi-
isomorphism, for 0 6 m 6 p−1. Moreover, for each p > 0 we have that F̂ 0(V )p = Cp

lin(V )

and F̂ p(V )p = Cp
proj(V ). �erefore, we conclude that C•proj(V ) ↪→ C•lin(V ) is a quasi-

isomorphism. �

Corollary 4.3.5. �e di�erentiable cohomology of a Lie groupoid G with values in a repre-
sentation up to homotopy is a Morita invariant.

Proof: Consider a Morita �bration φ : G → H, a representation of H on E , and the
pullback representation of G on φ∗E . Let W → H and V → G be the simplicial vector
bundles associated to these representations ofH and G, respectively.

�en, by Theorem 4.1.4 we have isomorphisms in cohomology

H•diff(G, φ∗E∗) ∼= H•proj(V )[l], H•diff(H, E∗) ∼= H•proj(W )[l].

And by Theorem 4.3.4 and Corollary 4.2.2, we have isomorphisms

H•proj(W ) ∼= H•lin(W ) ∼= H•lin(V ) ∼= H•proj(V ).

�erefore, H•diff(G, φ∗E∗) ∼= H•diff(H, E∗). �
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