
Commutator characterization of pseudo-differential operators
on compact manifolds

Artur Henrique de Oliveira Andrade

Dissertação apresentada
ao

Instituto de Matemática e Estatística
da

Universidade de São Paulo
para

obtenção do título
de

Mestre em Ciências

Programa: Matemática
Orientador: Prof. Dr. Severino Toscano do Rêgo Melo

Durante o desenvolvimento deste trabalho o autor recebeu auxílio financeiro da CNPq

São Paulo, julho de 2020



Commutator characterization of pseudo-differential operators
on compact manifolds

Esta é a versão original da dissertação elaborada pelo
candidato Artur Henrique de Oliveira Andrade, tal como

submetida à Comissão Julgadora.



Resumo

Andrade, A. H. O. Caracterização via comutadores de operadores pseudo-diferenciais em
variedades compactos. 2020. 72 f. Dissertação (Mestrado) - Instituto de Matemática e Estatís-
tica, Universidade de São Paulo, São Paulo, 2020.

Nesse trabalho buscamos apresentar de forma original e detalhada a caracterização de operadores
pseudo-diferenciais em variedades compactas via comutadores apresentada em M. Ruzhansky e V.
Turunen [15]. A organização e apresentação também tem como objetivo ser autocontida e acessível
a qualquer estudante com conhecimentos básicos em teoria da medida e integração como em G.
Folland [5].
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Abstract

Andrade, A. H. O. Commutator characterization of pseudo-differential operators on com-
pact manifolds. 2020. 72 f. Thesis (Masters) - Instituto de Matemática e Estatística, Universidade
de São Paulo, São Paulo, 2020.

In this work we seek to present in an original and detailed way the commutator characterization
of pseudo-differential operators on compact manifolds presented in M. Ruzhansky and V. Turunen
[15]. The organization and presentation also aims to be self-contained and accessible to any student
with basic knowledge in measure and integration theory such as in G. Folland [5].
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Introduction

Roughly speaking, a pseudo-differential operator on Rn is an integral operator acting on a
suitable space of functions and is of the form

Aupxq “

ż

Rn
e2πix¨ξ apx, ξq pupξq dξ, (1)

where pu is the Fourier transform of u. The function a in (1) is called the symbol of A.
It is easier to work with pseudo-differential operators when we impose some quantitative control

over its symbol. We shall be concerned with the symbol class Sm1,0 for some m P R. More specifically,
a P Sm1,0 when a : Rn ˆ Rn Ñ C is smooth on Rn ˆ Rn and when for all α, β multiindices there
exists a constant Aαβ ą 0 such that

|BβxBαξ apx, ξq| ď Aαβp1` |ξ|qm´|α| (2)

holds for all and x, ξ P Rn. We then say that a pseudo-differential operator is of order (less or equal
than) m P R if its symbol belongs to Sm1,0. We denote such class of pseudo-differential operators by
OpSm.

In addition to the symbol classes, there is another way of characterizing pseudo-differential
operators on Rn, namely, via commutators. In 1977 R. Beals [1] showed how one can characterize the
pseudo-differential operators of a given class among the maps from S to S 1 in terms of boundedness
of certain commutators.

In a closely related result, J. Dunau [4, Théorème 1] obtained a characterization of the topology
in the space of pseudo-differential operators on compact manifolds in terms of the boundedness
of their commutators with differential operators of order at most 1. Then in 1978 R. Coifman
and Y. Meyer [2] stated and proved characterization of pseudo-differential operators of 0-order
on compact manifolds via commutators with smooth vector fields. A more general statement for
the characterization of pseudo-differential operators of any given order on compact manifolds was
formulated by V. Turunen [20]. This later characterization is also presented in M. Ruzhansky and
V. Turunen [15].

Although the work of M. Ruzhansky and V. Turunen [15] is a self-contained introduction to
the theory of pseudo-differential operators, we believe that a more detailed presentation should be
welcomed by those that had no previous exposition to the subject. Thus the main goal of this study
is to provide an original and comprehensive presentation, starting from basic facts about Fourier
transform and distribution theory, of the result presented by V. Turunen. More specifically, our
presentation shall prove a slightly stronger version of the commutator characterization stated by V.
Turunen.

ix



x INTRODUCTION

The structure of this masters thesis is the following:
In chapter 1 we provide the necessary background on distribution theory, Fourier transform,

Sobolev spaces and smooth manifolds. All the results are either accompanied by proof or a reference
for the interested reader.

Chapter 2 contains the needed results from pseudo-differential operators on Rn. We also provide
a commutator characterization that is similar to that presented by R. Beals [1], but for a different
class of pseudo-differential operators. All the results presented in this chapter are prerequisites for
our commutator characterization on compact manifolds.

Chapter 3 starts with an introduction to distributions and Sobolev spaces over manifolds. We
then introduce the definition and some basic properties of pseudo-differential operators on com-
pact manifolds. Lastly, we state and prove our commutator characterization for pseudo-differential
operators on compact manifolds.



Chapter 1

Background and prerequisites

The purpose of this first chapter is to present the necessary background that is needed for a
complete understanding of the material.

In section 1.1 we recall some basic rules of calculus and set up notation that will be used through
the rest of the thesis.

Section 1.2 gives some elements of the theory of topological vector spaces and distributions on
open sets of the Euclidean space. The content and presentation are mostly based on G. Grubb [8].

In section 1.3 we discuss the Fourier transform and some of its properties. Detailed proofs and
more properties may be found on L. Grafakos [6].

Section 1.4 covers Sobolev spaces on the Euclidean space and their local versions for open
subsets. It contains results that may be found on G. Grubb [8] or on F. Trèves [19].

Finally, in section 1.5 we present some basic ingredients on the theory of smooth manifolds. Its
presentation is based on J. M. Lee [11] and F. Warner [21].

1.1 Notation

We denote by Z the integers, by N the positive integers and by N0 the nonnegative integers.
We denote by R the set of real numbers and by C the set of complex numbers. Rn is the n-
dimensional Euclidean space, with points x “ px1, . . . , xnq and distance distpx, yq “ |x´ y|, where
|x| “ px2

1 ` ¨ ¨ ¨ ` x
2
nq

1{2. When x, y P Rn, we write x ¨ y “
ř

1ďiďn xiyi.
For a, b P R with a ă b we denote

tt P R : a ă t ă bu “ pa, bq,

tt P R : a ď t ă bu “ ra, bq,

tt P R : a ă t ď bu “ pa, bs,

tt P R : a ď t ď bu “ ra, bs.

If x, y P Rn, then rx, ys is used to denote the line segment connecting x and y.
Differentiation of functions on R is denoted by B or by Bx in order to emphasize that the

differentiation is with respect to the x-variable. Partial differentiation of functions on Rn is indicated
by

B

Bxj
“ Bxj .

We will make use of the multiindex notation. A multiindex is a vector α “ pα1, . . . , αnq P Nn0 .
Given α P Nn0 we define its length by |α| “

řn
i“1 αi. For x P Rn we define

Bαx “
B|α|

Bxα1
1 . . . Bxαnn

,

xα “ xα1
1 . . . xαnn .

1
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We will also use the conventions

β ď α means βj ď αj for all 1 ď j ď n,

α! “ α1! ¨ ¨ ¨αn!,

α˘ β “ pα1 ˘ β1, . . . , αn ˘ βnq,
ˆ

α

β

˙

“
α!

β!pα´ βq!
.

Constants appearing in inequalities will be usually denoted by a capital letter with an index as e.g.
Cα ą 0 denotes a positive constant that depends on α.

When M Ă V for some set V , we define the indicator function of M over V by

1M pxq “

#

1 for when x PM,

0 for when x P V zM.

If f is any real-valued or complex-valued function on a topological space X, we denote the
support of f by

supp f :“ tx P X : fpxq ‰ 0u.

A function f : Rn Ñ C is said to be of class CN if it has continuous derivatives up order N and
is said to be smooth or C8 if f P CN for all N P N. Recall Taylor’s formula and Leibniz’s rule:

Theorem 1.1 (Taylor’s formula). Let f P CN pRnq. Then for any x, y P Rn we have

fpx` yq “
ÿ

|α|ăN

yα

α!
Bαfpxq `

ÿ

|α|“N

N

α!
yα

ż 1

0
p1´ θqN´1 Bαfpx` θyq dθ.

Proof. X. Saint Raymond [16, Theorem 1.1, p. 2]

Theorem 1.2 (Leibniz’s rule). Let α P Nn0 and Ω Ă Rn an open set. Then for any f, g P C |α|pΩq
we have

Bαpfgq “
ÿ

βďα

ˆ

α

β

˙

Bα´βf Bβg.

Proof. X. Saint Raymond [16, Theorem 1.2, p. 3].

Recall the following result about smooth functions with compact support.

Theorem 1.3. Let Ω Ă Rn be open and let K Ă Ω be compact. There exists a smooth function
φ : Ω Ñ R such that 0 ď φ ď 1, φ ” 1 on a neighbourhood of K, and suppφ Ă Ω.

Proof. G. Grubb [8, Theorem 2.13, p. 22] and its corollary.

Let pX, dq be a metric space. For x P X and r ą 0, we denote the closed ball and the open ball
of radius r by

tz P Rn : dpx, zq ď ru “ Bdpx, rq,
tz P Rn : dpx, zq ă ru “ Udpx, rq,

respectively. When X “ Rn we shall omit the subscript d .
Let V be a vector space over a scalar field K “ R or C, and let Σ Ă K. When X,Y are subsets

of V , we define

X ˘ Y :“ tx˘ y : x P X, y P Y u,

ΣX :“ tαx : α P Σ, x P Xu.
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In particular, for x P V and α P K we write

txu ˘ Y “ x˘ Y,

tαuX “ αX.

When X is a normed vector space we denote the norm on X by ‖¨‖X . When X,Y are normed
spaces we denote the space of bounded linear maps from X to Y by BpX,Y q.

1.2 Topological vector spaces, Function spaces and Distributions

When X,Y are topological spaces we endow X ˆ Y with the usual product topology unless
otherwise stated.

Definition 1.4. A topological vector space (T.V.S.) over a scalar field K “ R or C is a vector space
X provided with a topology τ having the following properties:

1. A set consisting of one point txu is closed.

2. The bilinear maps

X ˆX Q px, yq ÞÑ x` y P X,

KˆX Q pλ, xq ÞÑ λx P X,

are continuous.

We here follow the terminology of G. Grubb [8] and W. Rudin [14] where condition 1 is included
in the definition of a topological vector space. In this way, a T.V.S. is in particular a topological
Hausdorff space (check W. Rudin [14, Theorem 1.12, p. 11]).

Let X be a topological vector space. We associate to each a P X and to each scalar λ P K zt0u
the translation operator Ta and the multiplication operator Mλ, by the formulas

Tapxq :“ x` a, for all x P X,
Mλpxq :“ λx for all x P X.

It is not hard to see that their inverses are T´a and M1{λ, respectively, and that these four maps
are continuous. Hence each of them is a homeomorphism of X onto X.

This implies that the topology of a T.V.S. X is translation invariant, i.e., U P τ ðñ x0`U P τ
for all x0 P X. The topology is therefore determined from the system of neighbourhoods of 0.

Definition 1.5. A set Y Ă X is said to be

1. convex, if for any y1, y2 P Y and t P p0, 1q we have that ty1 ` p1´ tqy2 P Y ,

2. balanced, when y P Y and λ P K with |λ| ď 1 imply λy P Y ,

3. bounded (with respect to τ), when for every neighbourhood U Q 0 there exists t ą 0 such
that Y Ă tU .

X is said to be locally convex, when it has a local basis of neighbourhoods at 0 consisting of
convex sets.

X is said to be metrizable, when there exists a metric d : XˆX Ñ r0,8q such that the topology
onX is identical with the topology defined by this metric. A metric is said to be translation invariant
when

dpx, yq “ dpx` z, y ` zq for all x, y, z P X.

A Cauchy sequence in a T.V.S. X is a sequence txnunPN such that for any neighbourhood U Q 0
there exists NU P N so that xn ´ xm P U for all m,n ě NU .
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In a metric space pM,dq, a Cauchy sequence is a sequence such that dpxn, xmq Ñ 0 in R as
n,m Ñ 8. In particular, if the topology of a T.V.S. is given by a translation invariant metric d,
then those concepts of Cauchy sequences coincide.

A metric space is called complete when every Cauchy sequence is convergent. More generally
we call a T.V.S. sequentially complete, when every Cauchy sequence is convergent.

Banach spaces and Hilbert spaces are examples of complete metrizable topological vector spaces.
It is possible to define some topological vector spaces through the use of seminorms; we shall

now take a closer look at this method.

Definition 1.6. Let X be a vector space. A seminorm is a map p : X Ñ r0,8q such that

1. ppx` yq ď ppxq ` ppyq @x, y P X,

2. ppλxq “ |λ|ppxq @λ P K, @x P X.

A family tpiuiPI is called separating, when pipxq “ 0 for all i P I imply x “ 0.

Theorem 1.7. Let X be a vector space and let tpiuiPI be a separating family of seminorms on X.
Define the topology on X by taking, as a local basis B for the system of neighbourhoods at 0, the
sets

V ppi; εq :“ tx P X : pipxq ă εu, ε ą 0,

together with their finite intersections

W ppi1 , . . . , piN ; εi1 , . . . , εiN q “
N
č

k“1

V ppik ; εikq ; (1.1)

and letting a local basis for the system of neighbourhoods at each x P X consist of the translated sets
x`W ppi1 , . . . , piN ; εi1 , . . . , εiN q.

With this topology, X is a topological vector space. The seminorms tpiuiPI are continuous maps
from X into R. Moreover, a set E Ă X is bounded if and only if for every i P I there exists a
constant Ci ą 0 such that pipEq ď Ci for every x P E.

Proof. G. Grubb [8, Theorem B.5, p. 434].

Note that the sets defined in (1.1) are open, convex and balanced sets, and thus any T.V.S.
endowed with a topology such as in the above theorem is locally convex.

Additionally, this theorem implies that a sequence txkukPN converges to x in X if and only if
for every i P I we have pipxk ´ xq Ñ 0 as k Ñ 8. Furthermore, a sequence txkukPN is a Cauchy
sequence in X if and only if for every i P I we have pipxn ´ xmq Ñ 0 as n,mÑ8.

We also have the following characterization for the continuity of linear maps

Lemma 1.8. Let X,Y be topological vector spaces with topologies given as in Theorem 1.7 by
separating families of seminorms tpiuiPI and tqjujPJ , respectively. Then we have the following:

1o A linear functional Λ : X Ñ K is continuous if and only if there exist a constant C ą 0 and
i1, . . . , iN P I such that

|Λpxq| ď C
N
ÿ

k“1

pikpxq @x P X.

2o A linear map T : X Ñ Y is continuous if and only if for every j P J , there are i1, . . . , iNj P I
and a constant Cj ą 0 such that

qjpTxq ď Cj

Nj
ÿ

k“1

pikpxq @x P X.

Proof. G. Grubb [8, Lemma B.7 and Remark B.8, p. 436].
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In particular, the above lemma implies that a continuous linear map T : X Ñ Y takes bounded
sets of X into bounded sets of Y . Moreover, if Z is another T.V.S. with topology given as in
Theorem 1.7 by a separating family of seminorms tr`u`PL, then a bilinear map B : X ˆ Y Ñ Z
is continuous if and only if for every ` P L, there are i1, . . . , iN` P I, and j1, . . . , jM`

P J , and a
constant C` ą 0 such that

r`pBpx, yqq ď C`
ÿ

1ďkďN`
1ďnďM`

pikpxq qjnpyq @x P X, @y P Y.

Definition 1.9. A T.V.S. is called a Fréchet space, whenX is metrizable with a translation invariant
metric, is complete and is locally convex.

We have the following characterization of Fréchet spaces

Theorem 1.10. When X is a T.V.S. where the topology is defined by a countable separating family
of seminorms tpnunPN, then X is locally convex and metrizable, and the topology on X is determined
by the invariant metric

dpx, yq “
8
ÿ

n“1

1

2n
pnpx´ yq

1` pnpx´ yq
.

Moreover, if X is complete in this metric, then X is a Fréchet space.

Proof. G. Grubb [8, Theorem B.9, p. 437].

We now present some important examples of Fréchet spaces. Let Ω Ă Rn be an open set and
for each j P N let Kj be the compact subset of Ω given by

Kj :“ tx P Ω : x P Bp0, jq, distpx,Ωcq ě 1{ju. (1.2)

Note that tKjujPN is an increasing sequence of compact sets such that
Ť

jPN intpKjq “ Ω.
Let 1 ď p ď 8. Denote by LplocpΩq the space of all complex-valued functions on Ω whose

restrictions to compact subsets of Ω are in Lp

LplocpΩq :“ tf is measurable : 1Kf P L
ppKq, for all compact K Ă Ωu.

This is a Fréchet space when provided with the family of seminorms

qjpfq :“ ‖1Kjf‖LppΩq, for j P N.

Moreover, one has LplocpΩq Ă LqlocpΩq for all p ą q, with continuous injection.
We also have spaces of differentiable functions over open subsets of Rn. Define the family of

seminorms
ρk,jpfq :“ supt |Bαfpxq| : |α| ď k, x P Kju, for k P N0, j P N.

Lemma 1.11. 1o For each k P N0, CkpΩq is a Fréchet space when provided with the family of
seminorms tρk,jujPN.

2o The space C8pΩq “
Ş

kPN0
CkpΩq is a Fréchet space when provided with the family of semi-

norms tρk,jukPN0,jPN

Proof. G. Grubb [8, Lemma 2.4, p. 13].

Lemma 1.12. 1o Let α P Nn0 be a multiindex. The mapping Bα : φ ÞÑ Bαφ is a continuous linear
operator on C8pΩq.

2o Let f P C8pΩq. The mapping Mf : φ ÞÑ fφ is a continuous linear operator on C8pΩq.

Proof. Clearly both maps Bα and Mf are linear from C8pΩq to itself.



6 BACKGROUND AND PREREQUISITES 1.2

For the continuity of Bα we see that for each k P N0, j P N we have

ρk,jpB
αφq “ supt |BβBαφpxq| : |β| ď k, x P Kju

ď supt |Bγφpxq| : |γ| ď k ` |α|, x P Kju

“ ρk`|α|,jpφq.

For continuity of Mf we have by Leibniz’s rule and for each k P N0, j P N that

ρk,jpfφq “ supt |Bαpfφqpxq| : |α| ď k, x P Kju

ď sup
!

ÿ

βďα

∣∣∣∣ˆαβ
˙

Bα´βfpxqBβφpxq

∣∣∣∣ : |α| ď k, x P Kj

)

ď Ck ρk,jpfq ρk,jpφq,

for a suitably large constant Ck ą 0. Since f P C8pΩq, we have that ρk,jpfq ă 8 for all k P N0,
j P N and this finishes the proof.

Similarly, we may define the family of seminorms

ρkpfq :“ supt |Bαfpxq| : |α| ď k, x P Rnu, for k P N0,

and the space of bounded differentiable functions of order k

CkBpRnq :“ tf P CkpRnq : ρkpfq ă 8u.

It is not hard to check that CkBpRnq endowed with the seminorm ρk becomes a Banach space and
that C8B pRnq “

Ş

kPN0
CkBpRnq endowed with the family tρkukPN0 becomes a Fréchet space.

Definition 1.13. The Schwartz space or Rapidly decreasing function space SpRnq is the set of
infinitely differentiable complex-valued functions f on Rn such that for all multiindices α, β we
have

pα,βpfq :“ sup
xPRn

|xβBαfpxq| ă 8. (1.3)

Thus, the functions in SpRnq are those functions which together with their derivatives fall off more
quickly than the inverse of any polynomial.

One can directly check that pα,β as in (1.3) defines a seminorm on SpRnq and we shall call them
the Schwartz seminorms.

Theorem 1.14. The vector space SpRnq with the natural topology induced by the family of Schwartz
seminorms tpα,β : α, β P Nn0u is a Fréchet space.

Proof. M. Reed and B. Simon [13, Theorem V.9, p. 133].

An important observation is that for all 1 ď p ď 8 we have that SpRnq Ă LppRnq with
continuous injection. Indeed, for a each 1 ď p ă 8, take M P N such that n{2 ă Mp. Then for all
φ P S we have

ż

Rn
|φpxq|p dx “

ż

Rn

1

p1` |x|2qMp
rp1` |x|2qM |φpxq|sp dx

ď

ˆ

sup
xPRn

∣∣∣p1` |x|2qMφpxq
∣∣∣˙p ż

Rn

1

p1` |x|2qMp
dx.

Thus there exists a constant CM ą 0 such that ‖φ‖Lp ď CM supxPRn |p1 ` |x|2qMφpxq| and the
right-hand side of this expression is bounded by a linear combination of Schwartz seminorms. The
case p “ 8 is immediate.
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Definition 1.15. The vector spaceOM pRnq consists of complex-valued functions p P C8pRnq which
together with all of its derivatives has at most polynomial growth. More precisely, p P OM pRnq if
for each α P Nn0 there exists Cα ą 0 and Nα P N such that

|Bαppxq| ď Cαp1` |x|2qNα @x P Rn.

Lemma 1.16. 1o Let α P Nn0 be a multiindex. The mapping Bα : φ ÞÑ Bαφ is a continuous linear
operator on SpRnq.

2o Let p P OM pRnq. The mapping Mp : φ ÞÑ pφ is a continuous linear operator on SpRnq.
3o Let χ P C8c pRnq. The mapping Mχ : φ ÞÑ χφ is a continuous linear map from C8pRnq to

SpRnq.

Proof. It is clear that those maps are linear, so let us check continuity.
The proof of 1o follows from the fact that for any f P S and any γ P Nn0 we have

pγ,βpB
αfq “ sup

xPRn

∣∣∣xβBγBαfpxq∣∣∣ “ sup
xPRn

∣∣∣xβBγ`αfpxq∣∣∣ “ pγ`α,βpfq

The proof of 2o follows by Leibniz’s rule, as for each p P OM there exists a constant C ą 0 such
that ∣∣∣xβBαpppxqfpxqq∣∣∣ “ |xβ|

ÿ

δďα

ˆ

α

δ

˙∣∣∣Bδppxq Bα´δfpxq∣∣∣
ď |xβ|

ÿ

δďα

ˆ

α

δ

˙

|Cδp1` |x|2qNδ Bα´δfpxq|

ď |xβ|
ÿ

δďα
|γ|ď2Nδ

Cδγα |x2γ Bα´δfpxq|

ď C
ÿ

δďα
γď2Nδ

|xβ`2γ Bα´δfpxq|

ď C
ÿ

δďα
γď2Nδ

pα´δ,β`2γpfq.

Taking the supremum over x P Rn we conclude 2o.
For 3o we note that there exists j0 P N such that supp Bαχ Ă suppχ Ă Bp0, j0q. By Leibniz’s

rule we get ∣∣∣xβBαpχpxqfpxqq∣∣∣ “ |xβ|
ÿ

δďα

ˆ

α

δ

˙∣∣∣Bδχpxq Bα´δfpxq∣∣∣
ď 1Bp0,j0qpxq |x

β|
ÿ

δďα

ˆ

α

δ

˙

‖Bδχ‖L8 |Bα´δfpxq|

ď j
|β|
0

ÿ

δďα

ˆ

α

δ

˙

‖Bδχ‖L8 ρ|α|,j0pfq.

Taking the supremum over x P Rn we conclude our result.

For any j P N we define the space of smooth functions with compact support in Kj Ă Ω as

C8Kj pΩq :“ tφ P C8pΩq : suppφ Ă Kju.

This space provided with the inherited topology of C8pΩq is also a Fréchet space.
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We now turn our attention to another space of differentiable functions which is a cornerstone in
the theory of distributions and is not a Fréchet space. The space of infinitely differentiable functions
with compact support in Ω

C8c pΩq :“ tφ P C8pΩq : suppφ is compact in Ωu.

Clearly, C8Kj pΩq Ă C8c pΩq Ă C8pΩq for any j P N. Now, if we provide C8c pΩq with the topology
inherited from C8pΩq, we get an incomplete metric space.

Therefore we prefer to provide C8c pΩq with a stronger and somewhat more complicated topol-
ogy that makes it locally convex and sequentially complete as a topological vector space. For the
definition and several important properties of such topology on C8c pΩq we recommend G. Grubb
[8] or W. Rudin [14].

The topological properties of this space that we shall need are summed up in the following
theorem.

Theorem 1.17. The topology on C8c pΩq has the following properties:

1. A sequence tφkukPN Ă C8c pΩq converges to an element φ in C8c pΩq if and only if there is a
j P N such that suppφk Ă Kj for all k P N, suppφ Ă Kj, and for all α P Nn0 we have

sup
xPKj

|Bαφkpxq ´ Bαφpxq|Ñ 0 as k Ñ8.

2. A linear functional Λ : C8c pΩq Ñ C is continuous if and only if for each j P N and all
φ P C8c pΩq with suppφ P Kj, there is an Nj P N0 and a constant Cj ą 0 such that

|Λpφq| ď Cj supt|Bαφpxq| : x P Kj , |α| ď Nju.

3. Let Y be a locally convex topological vector space. A linear map T is continuous from C8c pΩq
to Y if and only if for each j P N the linear map T : C8Kj pΩq Ñ Y is continuous.

Differentiation and multiplication by smooth functions are examples of continuous linear oper-
ators on C8c pΩq.

Theorem 1.18. 1o Let α P Nn0 be a multiindex. The mapping Bα : φ ÞÑ Bαφ is a continuous linear
operator on C8c pΩq.

2o Let f P C8pΩq. The mapping Mf : φ ÞÑ fφ is a continuous linear operator on C8c pΩq.

Proof. G. Grubb [8, Theorem 2.6, p. 15].

Theorem 1.19. 1o C8c pΩq is dense in C8pΩq.
2o C8c pΩq is dense in LplocpΩq for all 1 ď p ă 8.
3o C8c pΩq is dense in LppΩq for all 1 ď p ă 8.

Proof. G. Grubb [8, Theorem 2.15, p. 22]

Since C8c pRnq Ă SpRnq, it follows from the above theorem that SpRnq is dense in C8pRnq, and
in LplocpR

nq and LppRnq for all 1 ď p ă 8.

Lemma 1.20. C8c pRnq Ă SpRnq with continuous dense embedding.

Proof. G. Grubb [8, Lemma 5.9, p. 103]

Definition 1.21. A distribution on Ω is a continuous linear functional Λ : C8c pΩq Ñ C. The vector
space of distributions on Ω is denoted by D1pΩq. When Λ P D1pΩq we denote its value on φ P C8c pΩq
by either xΛ, φy or Λpφq.
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The space D1pΩq itself is provided with a weak topology defined by the family of seminorms

pφpuq :“ |xu, φy|, for φ P C8c pΩq.

We here use Theorem 1.7 noticing that the family tpφuφPC8c pΩq is separating since u “ 0 in D1pΩq
if and only if xu, φy “ 0 for all φ P C8c pΩq.

An important example of distribution is the following: When f P L1
locpΩq the linear map

Λf : φ ÞÑ

ż

Ω
fpxqφpxq dx

from C8c pΩq to C is a distribution. Indeed, for each j P N and all φ P C8c pΩq with suppφ P Kj we
have

|Λf pφq| “
∣∣∣∣ż

Ω
fpxqφpxq dx

∣∣∣∣ ď
˜

ż

Kj

|fpxq| dx

¸

sup t|φpxq| : x P Kju. (1.4)

Here one can in fact identify f with Λf in view of the following lemma:

Lemma 1.22. When f P L1
locpΩq with

ż

Ω
fpxqφpxq dx “ 0 @φ P C8c pΩq,

then f ” 0 in L1
locpΩq.

Proof. G. Grubb [8, Lemma 3.2, p. 28].

Thus by (1.4) and the above Lemma we have that the linear map

L1
locpΩq Q f ÞÝÑ Λf P D1pΩq

is continuous and injective.
When T is a continuous linear operator on C8c pΩq, and Λ P D1pΩq, we have that the composition

map Λ ˝ T is a distribution. Define the adjoint map of operator T to be the map T 1 : Λ ÞÑ Λ ˝ T .

Theorem 1.23. Let T be a continuous linear operator on C8c pΩq. The adjoint map T 1 defined by

xT 1Λ, φy :“ xΛ, Tφy, for Λ P D1pΩq, φ P C8c pΩq

is a continuous linear operator on D1pΩq.

Proof. G. Grubb [8, Theorem 3.8, p. 35].

Definition 1.24. 1o For any α P Nn0 , we define the differentiation operator Bα : D1pΩq Ñ D1pΩq by

xBαΛ, φy :“ xΛ, p´1q|α|Bαφy, for φ P C8c pΩq.

2o When f P C8pΩq, we define the multiplication operator Mf : D1pΩq Ñ D1pΩq by

xMfΛ, φy :“ xΛ, fφy, for φ P C8c pΩq.

Both of these maps are continuous by Theorem 1.23. Moreover, it can be shown that both of
these operators are extensions of the operators in Theorem 1.18 originally defined on C8c pΩq.

Theorem 1.25 (Convergence in D1pΩq). A sequence of distributions tukukPN is convergent in D1pΩq
if and only if for every φ P C8c pΩq the sequence xuk, φy is convergent in C. The limit of uk in D1pΩq
is the distribution u defined by

xu, φy “ lim
kÑ8

xuk, φy, for φ P C8c pΩq.



10 BACKGROUND AND PREREQUISITES 1.2

Proof. G. Grubb [8, Theorem 3.9, p. 36].

When u P D1pΩq and Ω1 is an open subset of Ω, we define the restriction of u to Ω1 as the
element uæΩ1 P D1pΩ1q defined by

xuæΩ1 , ϕyΩ1 “ xu, ϕyΩ for ϕ P C8c pΩ
1q.

For the sake of precision, we here indicate the duality between D1pωq and C8c pωq by x , yω, when ω
is an open set.

When u1 P D1pΩ1q and u2 P D1pΩ2q, and ω Ă Ω1 XΩ2 is open, we say that u1 “ u2 on ω, when

u1æω ´ u2æω “ 0 as an element of D1pωq.

Theorem 1.26. Let tωiuiPI be an arbitrary family of open sets in Rn and let Ω “
Ť

ωi. Assume
that there is given a family of distributions ui P D1pωiq with the property that ui “ uj on ωiXωj for
each pair of indices i, j P I. Then there exists one and only one distribution u P D1pΩq such that ui
is the restriction of u to ωi for every i P I.

Proof. G. Grubb [8, Theorem 3.14, p. 38].

Theorem 1.27. For any u P D1pΩq the exists a sequence tujujPN Ă C8c pΩq such that uj Ñ u in
D1pΩq.

Proof. G. Grubb [8, Theorem 3.18, p. 42].

In other words, the space C8c pΩq is sequentially dense in D1pΩq.

Let Ω, Ω1 be open sets of Rn, and let κ be a diffeomorphism of Ω onto Ω1. More precisely, κ is
a bijective map

Ω Q x “ px1, . . . , xnq ÞÝÑ pκ1pxq, . . . , κnpxqq P Ω1,

where each κj is a C8-function from Ω to R and the inverse map κ´1 : Ω1 Ñ Ω is likewise smooth.
The Jacobian matrix of κ is given by

Jκpxq “

»

—

—

—

—

—

–

Bκ1
Bx1

Bκ1
Bx2

. . . Bκ1
Bxn

Bκ2
Bx1

Bκ2
Bx2

. . . Bκ2
Bxn

...
...

. . .
...

Bκn
Bx1

Bκn
Bx2

. . . Bκn
Bxn

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Define Jpxq :“ |det Jκpxq| and note that Jpxq ą 0 for all x P Ω and that both J and 1{J are
C8-functions. For φ P C8c pΩ1q we have that φ ˝ κ P C8c pΩq. The following definition then extends
C8-coordinate change from C8c to the space of distributions.

Definition 1.28. We define the coordinate change map Tκ by

xTκΛ, φyΩ1 :“ xΛ, J pφ ˝ κqyΩ, for Λ P D1pΩq, φ P C8c pΩ1q.

It defines a continuous linear map from D1pΩq to D1pΩ1q.

Definition 1.29. A tempered distribution is a continuous linear functional Λ : SpRnq Ñ C. The
vector space of tempered distributions is denoted by S 1pRnq or simply by S 1. When Λ P S 1 we
denote its value on φ P S by either xΛ, φy or Λpφq.

In a similar fashion to what we have done for the space D1pΩq, we provide S 1pRnq with a weak
topology defined by the family of seminorms

pφpuq :“ |xu, φy|, for φ P SpRnq.
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Note that Lemma 1.20 implies that the restriction of Λ P S 1pRnq on C8c pRnq defines an element
in D1pRnq. More precisely

Theorem 1.30. The linear map J : Λ Ñ Λ1 from S 1pRnq to D1pRnq defined by restriction of Λ on
C8c pRnq,

xΛ1, φy :“ Λpφq, @φ P C8c pRnq,

is injective, and hence allows an identification of JrS 1pRnqs with a subspace of D1pRnq, also called
S 1pRnq.

Proof. G. Grubb [8, Theorem 5.10, p. 104].

Lemma 1.31. For 1 ď p ď 8 and f P LppRnq, the linear map

S Q φ ÞÝÑ
ż

Rn
fpxqφpxq dx P C

defines a tempered distribution. In this way one has a continuous injection of LppRnq into S 1pRnq
for each 1 ď p ď 8.

Proof. G. Grubb [8, Lemma 5.11, p. 105].

The above results combined with Theorem 1.27 give us that C8c pRnq, and thus SpRnq, are
sequentially dense in S 1pRnq.

The operators Bα and Mp for p P C8pΩq in Definition 1.24 are continuous linear operators on
D1pΩq. Concerning their act on S 1 we have

Lemma 1.32. 1o For any α P Nn0 , Bα maps S 1 continuously into S 1.
2o When p P OM , Mp maps S 1 continuously into S 1.

Proof. G. Grubb [8, Lemma 5.13, p. 106]

Proposition 1.33. Let X,Y be Banach spaces such that X,Y Ă S 1 with continuous injection and
such that S Ă X with continuous dense embedding. Let A : S 1 Ñ S 1 be a continuous linear operator
such that ApSq Ă Y and such that there exists a constant C ą 0 for which

‖Af‖Y ď C‖f‖X @f P S. (1.5)

Then A defines a continuous linear map from X to Y with operator norm at most equal to the
constant C ą 0.

Proof. Let f P X and let tfnunPN Ă S be such that fn Ñ f in X. Inequality (1.5) shows that
tAfnunPN is a Cauchy sequence in Y , and therefore converges to some element g P Y . On the other
hand, if fn Ñ f in X, then fn Ñ f in S 1 by hypothesis. Since A : S 1 Ñ S 1 is a continuous linear
map we have that Afn Ñ Af in S 1. This implies that Af “ g in S 1 and thus also in Y , finishing
the proof.

1.3 Fourier Transformation on Distributions

Definition 1.34. Given f in L1pRnq we define the Fourier transform of f to be

Fpfqpξq ” pfpξq :“

ż

Rn
fpxq e´2πix¨ξ dx.

Theorem 1.35. 1o The mapping F : f ÞÑ Fpfq is a bounded linear transformation from L1pRnq
into L8pRnq. In fact ‖ pf‖L8 ď ‖f‖L1.

2o If f P L1pRnq then pf is uniformly continuous
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Theorem 1.36 (Riemann–Lebesgue). If f P L1pRnq then pfpξq Ñ 0 as |ξ| Ñ 8; thus, in view of
the above result, we can conclude that pf P C0pRnq, where

C0pRnq :“ tf : Rn Ñ C : f is continuous and fpxq Ñ 0 as |x|Ñ8u.

A more suitable space to work with the Fourier transform is the Schwartz space SpRnq. In this
space we have the following properties

Proposition 1.37. Given f P SpRnq, α P Nn0 and y P Rn we have

1. FpBαxfqpξq “ p2πiξqα pfpξq,

2. pBαξ pfqpξq “ Fpp´2πixqαfpxqqpξq,

3. Fpe2πx¨yfpxqqpξq “ pfpξ ´ yq,

4. Fpfpx´ yqqpξq “ e´2πξ¨y
pfpξq,

5. pf P SpRnq.

Proof. L. Grafakos [6, Proposition 2.2.11, p. 100] for the proof of these results and many others.

Definition 1.38. Given f P SpRnq, we define the inverse Fourier transform as

Fpfqpxq ” qfpxq :“

ż

Rn
fpyq e2πiy¨x dy.

Note that, apart from some minor sign changes, the inverse Fourier transform shares the same
properties stated in Proposition 1.37 as the Fourier transform. The next theorem shows that the
inverse Fourier transform is indeed the inverse operator of F in SpRnq. This property is referred to
as Fourier inversion formula.

Theorem 1.39. Given f, g P SpRnq we have

1.
ż

Rn
pfpxq gpxq dx “

ż

Rn
fpxq pgpxq dx

2. Fp pfq “ f “ Fp qfq (Fourier Inversion)

3.
ż

Rn
fpxq gpxq dx “

ż

Rn
pfpxq pgpxq dx (Parseval’s identity)

4. ‖f‖L2 “ ‖ pf‖L2 “ ‖ qf‖L2 (Plancherel’s identity)

Proof. L. Grafakos [6, Theorem 2.2.14, p. 102]

Theorem 1.40. The Fourier transform is a homeomorphism from SpRnq onto itself.

Proof. L. Grafakos [6, Corollary 2.2.15, p. 103]

Definition 1.41. Let u P S 1pRnq be a tempered distribution. We define the Fourier transform of a
tempered distribution u to be

xpu, fy :“ xu, pfy

for all f P SpRnq.

Theorem 1.40 implies that the Fourier transform of a tempered distribution is a well-defined
tempered distribution.

Additionally, Theorems 1.23, 1.30, and 1.40 assure that the linear map F : S 1 Ñ S 1 given by

xFu, φy :“ xu, Fφy, for φ P SpRnq
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is a continuous linear homeomorphism from S 1pRnq onto itself.
Moreover, if we also invoke 3 of Theorem 1.39, we can see that F : S 1 Ñ S 1 extends the Fourier

transform defined initially on SpRnq.
Furthermore, properties 1-4 presented in Proposition 1.37 also hold in the space of tempered

distributions.

1.4 Sobolev Spaces

Definition 1.42 (Sobolev spaces). For each s P R, the Sobolev space HspRnq is defined by

HspRnq :“ tf P S 1pRnq | p1` |ξ|2qs{2 pfpξq P L2pRnqu.

It is a Hilbert space with inner product given by

xf, gys “

ż

Rn
p1` |ξ|2qs pfpξq pgpξq dξ,

and norm given by

‖f‖2
Hs “

ż

Rn
p1` |ξ|2qs | pfpξq|2 dξ.

It is not hard to check that HspRnq Ă Hs1pRnq for s1 ă s and that the inclusion is a continuous
injection. Moreover, if m P N0, then the Sobolev space HmpRnq may be defined by

HmpRnq :“ tu P L2pRnq : Bαu P L2pRnq for |α| ď mu,

where Bα is applied in the distribution sense. In this case HmpRnq is equipped with the scalar
product and norm

xu, vyHm :“
ÿ

|α|ďm
xBαu, BαvyL2 ,

‖u‖Hm :“

ˆ

xu, uyHm

˙1{2

.

Using the Fourier inversion formula it is not hard to obtain that both definitions induce equivalent
norms on HmpRnq whenever m P N0.

Lemma 1.43. C8c pRnq is dense in HspRnq for every s P R.

Proof. G. Grubb [8, Lemma 6.10, p. 129]

In particular, SpRnq is dense in HspRnq for every s P R. Moreover, it can be shown that for
each s P R we have that HspRnq Ă S 1pRnq with continuous dense embedding.

Theorem 1.44 (Sobolev embedding theorem). Let k ě 0 be an integer, and let s ą k` n{2. Then

HspRnq Ă CkBpRnq,

with continuous injection. More precisely, there exists a constant C ą 0 such that for any u P
HspRnq,

supt |Bαupxq| : |α| ď k, x P Rnu ď C‖u‖Hs .

Proof. G. Grubb [8, Lemma 6.11, p. 130]

Lemma 1.45. Let s P R.
1o For each α P Nn0 , Bα is a continuous linear map from HspRnq to Hs´|α|pRnq.
2o For each f P SpRnq, the multiplication by f defines a continuous linear operator on HspRnq.



14 BACKGROUND AND PREREQUISITES 1.5

Proof. G. Grubb [8, Lemma 6.17, p. 134].

Definition 1.46. Let s P R and let K Ă Rn be a compact set. We denote

HspKq :“ tu P HspRnq : xu, φy “ 0 for all φ P C8c pK
cq u.

In other words, the set HspKq is composed by those elements of HspRnq which vanish outside of
K Ă Rn.

Note that HspKq is a closed linear subspace of HspRnq, hence a Hilbert space for the inherited
structure.

Now let κ be a diffeomorphism from Ω onto Ω1 and suppose that K Ă Ω. Let K 1 :“ κpKq be a
compact subset of Ω1 and consider the mapping Tκ : D1pΩq Ñ D1pΩ1q from Definition 1.28. It easily
follows that for any u P HspKq we have Tκu P HspK 1q. Moreover, we have

Proposition 1.47. Let s P R and let K be an arbitrary compact subset of Ω. There is a constant
CspKq ą 0 such that

‖Tκu‖Hs ď CspKq ‖u‖Hs @u P HspKq.

Proof. F. Trèves [19, Proposition 25.7, p. 230].

Definition 1.48. Let s P R and let Ω Ă Rn be an open set. The space Hs
locpΩq is defined as the

set of distributions u P D1pΩq for which φu P HspRnq for all φ P C8c pΩq (where φu is understood to
be extended by zero outside of Ω).

Consider Kj Ă Ω such as in (1.2) and consider a sequence of smooth functions tφjujPN satisfying
0 ď φ ď 1, φ ” 1 in Kj and suppφj Ă intpKj`1q. Then it can be shown that Hs

locpΩq is a Fréchet
space with family of seminorms given by

pjpuq :“ ‖φju‖Hs , for j P N.

Lemma 1.49. Let s P R. Let f P C8pΩq and α P Nn0 , then the operator u ÞÑ fBαu is a continuous
linear mapping from Hs

locpΩq into H
s´|α|
loc pΩq.

Proof. G. Grubb [8, Lemma 6.27, p. 141].

Denoting the restriction of Tκ : D1pΩq Ñ D1pΩ1q on Hs
locpΩq by Tκ we have

Proposition 1.50. Let κ be a diffeomorphism from Ω onto Ω1. Then the mapping Tκ is an isomor-
phism from Hs

locpΩq onto H
s
locpΩ

1q. Its inverse is the mapping Tκ´1.

Proof. F. Trèves [19, Proposition 25.8, p. 231].

1.5 Smooth Manifolds

Definition 1.51. An n-dimensional manifold is a Hausdorff space M with countable basis and for
which each point has a neighbourhood homeomorphic to an open subset of Rn. If κ : U Ñ κpUq
is a homeomorphism from an open set U Ă M onto an open set κpUq Ă Rn, then κ is called a
coordinate map, the pair pU, κq is called coordinate chart or simply chart, and the open set U ĂM
is called chart neighbourhood.

In particular, since any open subset of Rn can be written as a union of countably many compact
subsets, the same holds for any n-dimensional manifold.

Definition 1.52. A smooth structure F on an n-dimensional manifold M is a collection of charts
tpUα, καquαPA satisfying the following three properties:

1. M Ă
Ť

αPA Uα
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2. κβ ˝ κ´1
α : καpUα X Uβq Ñ κβpUα X Uβq is a diffeomorphism for all α, β P A.

3. The collection F is maximal with respect to 2; that is, if pU, κq is a chart such that κ ˝ κ´1
α

and κα ˝ κ´1 are diffeomorphisms for all α P A, then pU, κq P F .

Property 2 of the above definition is usually referred as compatibility condition and we say that
two charts pUα, καq and pUβ, κβq are compatible if

κβ ˝ κ
´1
α : καpUα X Uβq Ñ κβpUα X Uβq

and
κα ˝ κ

´1
β : κβpUα X Uαq Ñ καpUα X Uβq

are diffeomorphisms.

Proposition 1.53. Let M be an n-dimensional manifold. If F0 is a family of charts satisfying con-
ditions 1 and 2 of Definition 1.52, then there exists one and only one smooth structure F containing
F0.

Proof. Let F0 :“ tUi, κiuiPI . Define the collection of charts

F :“ t pU, κq : U ĂM is open, κ ˝ κ´1
i and κi ˝ κ´1 are diffeomorphisms for all κi P F0u.

Note that F0 Ă F , thus F forms an open cover of M . Because every pU, κq P F satisfies the
compatibility condition with the elements of F0, it follows that κ defines a homeomorphism from
U to κpUq Ă Rn. Moreover, if pUα, καq and pUβ, κβq are in F , then for all pUi, κiq in F0 we have

κα ˝ κ
´1
β “ pκα ˝ κ

´1
i q ˝ pκi ˝ κ

´1
β q on κβpUα X Uβ X Uiq,

and therefore on κβpUαXUβq. Since the same holds if we exchange the roles of α and β, we conclude
that the family F satisfies the compatibility condition. Now F is maximal by construction, and so
F is a smooth structure containing F0. Uniqueness follows from the observation that any other
family of charts on M that contains F0 and satisfies the compatibility condition is contained in
F .

Definition 1.54. Let M be a n-dimensional manifold and let A denote a family of charts. Then
A is called an atlas on M , when it satisfies conditions 1 and 2 of Definition 1.52. Two atlases are
called compatible or equivalent if they define the same smooth structure on M .

Definition 1.55. A smooth n-manifold is an n-dimensional manifold endowed with a smooth
structure F . We shall usually denote a smooth n-manifold pM,Fq simply by M .

If M is a smooth n-manifold, then a compatible atlas on M is an atlas A that is compatible
with the smooth structure on M .

Let M be a smooth n-manifold and let F :“ tpUα, καquαPA be its smooth structure. If U is an
open subset of M , then U can be given a smooth structure

FU :“ tpU X Uα, καæU quαPA.

With this smooth structure U is called an open submanifold ofM . Open subsets of smooth manifolds
will always be given this natural smooth structure.

Let us recall some concepts from general topology. Let X be a topological space and suppose
that one-point sets are closed in X. Then X is said regular if for each pair consisting of a point x
and a closed set B disjoint from x, there exist disjoint open sets containing x and B, respectively.
The space X is said to be normal if for each pair A,B of disjoint closed sets of X, there exist
disjoint open sets containing A and B, respectively. X is said locally compact, when every point
x P X has a compact neighbourhood, i.e., there exists an open set U and a compact set K, such
that x P U Ă K.
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Recall Urysohn Metrization Theorem, for whose proof we refer the reader to J. Munkres [12,
Theorem 34.1, p. 215].

Theorem 1.56 (Urysohn Metrization Theorem). Every regular space X with a countable basis is
metrizable.

It follows at once from the above definitions and Theorem 1.56 that a smooth n-manifold is a
locally compact normal space, hence metrizable.

Definition 1.57. A compact smooth n-manifold is a smooth n-manifold that is compact as a
topological space.

Note that if F :“ tpUα, καquαPA is the smooth structure of a compact smooth n-manifold M ,
then by compactness we may extract a finite subcover tUiuNi“1 of M . By Proposition 1.53 the atlas
tpUi, κiqu

N
i“1 suffices to describe the smooth structure F . Moreover, the compactness of M allow us

to assume that the κipUiq are bounded and mutually disjoint in Rn.
Let M be a smooth n-manifold and let f : M Ñ C be any function. Given a chart pU, κq on M

we define
fκ :“ f ˝ κ´1 on κpUq.

Definition 1.58. Let M be a smooth n-manifold and let f : M Ñ C be any function. We say that
f is a smooth function on M if for every chart pU, κq on M we have that fκ : κpUq Ă Rn Ñ C
is a C8-function on κpUq. We denote the space of all smooth complex-valued functions on M by
C8pMq and the space of all smooth complex-valued functions with compact support on M by
C8c pMq.

Note if M is a smooth n-manifold and A :“ tpUi, κiquiPI is a compatible atlas on M , then the
compatibility condition implies that a function f : M Ñ C is smooth on M if and only if for each
i P I the function fκi is in C8pκipUiqq. To see this, let pU, κq be any compatible chart on M and
write

fκ “ fκi ˝ pκi ˝ κ
´1q on κpU X Uiq.

Since this holds for all i P I we have that fκ is a C8-function on κpUq. Also note that if v P C8c pκpUqq
for some chart pU, κq and we set

u “ v ˝ κ on U , u “ 0 elsewhere,

it follows that u P C8pMq.

Definition 1.59. Let M be a smooth n-manifold. A smooth partition of unity is an indexed family
tρiuiPI of smooth functions ρi : M Ñ C with the following properties:

1. ρipxq ě 0 for all i P I and all x PM ,

2. The family of supports tsupp ρiuiPI is locally finite; that is, for each x P M there exists a
neighbourhood Ux Q x that intersect supp ρi for only finitely many i P I,

3.
ÿ

iPI

ρipxq “ 1 for all x PM (the sum is finite in view of 2).

Let U :“ tUαuαPA be an arbitrary open cover of a smooth n-manifold M . A smooth partition
of unity tρiuiPI is said to be subordinated to U if for each i P I there exists α P A such that
supp ρi Ă Uα, and it is said to be strictly subordinated to U if we may take I to be the same index
set as A and supp ρα Ă Uα for each α P A. We have the following theorem about the existence of
partitions of unit, for whose proof we refer F. Warner [21, 1.11 Theorem, p. 10].

Theorem 1.60 (Existence of partitions of unity). Let M be a smooth n-manifold and let tUαuαPA
be an open cover of M . Then there exists a countable partition of unity tρi : i P Nu subordinate to
tUαuαPA with supp ρi compact for each i P N. If one does not require compact supports, then there
is a partition of unity tραuαPA strictly subordinate to tUαuαPA with at most countably many of the
ρα not zero.
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Corollary 1.60.1. Let G be open in M , and let A be closed in M , with A Ă G. Then there exists
a C8-function ϕ : M Ñ R such that

1. 0 ď ϕpxq ď 1 for all x PM .

2. ϕpxq “ 1 if x P A.

3. suppϕ Ă G.

Proof. F. Warner [21, Corollary, p. 11]

Let us show that when M is a compact smooth n-manifold we can refine the above theorem to
obtain a strictly subordinate partition of unity where each smooth function has compact support.
We start by discussing a similar statement for compact subsets of Rn.

The next two lemmas were based on G. Grubb [8].

Lemma 1.61. Let K be a compact subset of Rn and let tVjuNj“1 be a bounded open cover of K, i.e.,
each Vj is a bounded open subset of Rn and K Ă

ŤN
j“1 Vj. Then there exists a family tKju

N
j“1 of

compact subsets of Rn with Kj Ă Vj, and K Ă
ŤN
j“1Kj. Moreover, there exists a family of smooth

functions tρjuNj“1 such that

1. 0 ď ρjpxq ď 1 for all x P K,

2. supp ρj Ă Vj for all 1 ď j ď N ,

3.
ÿ

1ďjďN

ρjpxq “ 1 for all x P K.

Proof. For each 1 ď j ď N consider the increasing sequence of open sets of the form

Vj,k :“ tx P Vj : distpx, V c
j q ą 1{ku.

Thus Vj Ă
Ť

kPN Vj,k and each Vj,k is relatively compact in Rn. Note that the family tVj,ku1ďjďN,kPN
forms an open cover of K. Since K is compact, there exists a finite subfamily that still covers K
and since Vj,k Ă Vj,k`1 for each k P N, we can reduce this subfamily to one which contains at most
one Vj,kj for each 1 ď j ď N . Now take Kj “ Vj,kj and for those values of 1 ď j ď N not in the
reduced subfamily supplement it with Kj “ Vj,1.

Now for each j we take a smooth function ζj P C8c pRnq such that ζj ” 1 in Kj , supp ζj Ă Vj
and 0 ď ζj ď 1 and define

Ψpxq “
ÿ

1ďjďN

ζjpxq ě 1 for all x P
ď

1ďjďN

Kj .

Since K Ă
ŤN
j“1 Vj,kj we can find φ P C8c pRnq taking values in r0, 1s and such that φ ” 1 in K and

suppφ Ă
ŤN
j“1 Vj,kj . Finally, we set

ρjpxq :“

#

ζjpxq
φpxq
Ψpxq for when x P

ŤN
i“1 Vi,ki ,

0 elsewhere.

Since for each j we have Vj,kj Ă Kj , it follows that tρjuNj“1 is family of a well-defined smooth
functions satisfying conditions 1 to 3 and this finishes the proof.

Lemma 1.62. Let M be a compact smooth n-manifold and let tUjuNj“1 be a finite open cover of M
by chart neighbourhoods. Then there exists a family tKju

N
j“1 of compact subsets of M with Kj Ă Uj

and M Ă
ŤN
j“1Kj. Moreover, there exists a family of smooth functions tρjuNj“1 such that

1. 0 ď ρjpxq ď 1 for all x PM ,
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2. supp ρj Ă Uj for all 1 ď j ď N ,

3.
ÿ

1ďjďN

ρjpxq “ 1 for all x PM .

Proof. Since κj : Uj Ñ κjpUjq are homeomorphisms and we may assume that the κjpUjq are
bounded open sets, it follows from the construction on proof of Lemma 1.61 that for each 1 ď j ď N
we can choose compact subsets Kj , K 1

j of Uj such that Kj Ă intpK 1
jq, M Ă

Ť

Kj , and we can find
smooth functions ζj that are equal to 1 on Kj and have support in intpK 1

jq. Set ζjpxq “ 0 for all
x PM z intpK 1

jq.
Now take

ρjpxq “
ζjpxq

ÿ

1ďkďN

ζkpxq

to conclude the proof.

Definition 1.63. Let M be a smooth n-manifold and let p be a point of M . We say that a linear
map v : C8pMq Ñ C is a derivation at p if it satisfies

vpfgq “ fppqvpgq ` gppqvpfq for all f, g P C8pMq.

The set of all derivations of C8pMq at p, denoted by TpM , is a vector space called the tangent
space to M at p. An element of TpM is called a tangent vector at p.

Let M be a smooth n-manifold and let p PM be a point. Suppose that pU, κ “ px1, . . . , xnqq is
a compatible chart on M such that p P U . Denote by pr1, . . . , rnq the canonical coordinates on Rn.
Then for 1 ď i ď n and any f P C8pUq we set

B

Bxi

ˇ

ˇ

ˇ

ˇ

p

f :“
Bpf ˝ κ´1q

Bri

ˇ

ˇ

ˇ

ˇ

κppq

.

Then B{Bxi|p is the derivation that takes the ith partial derivative of (the coordinate representation
of) f at the (coordinate representation of) p. We call B{Bxi|p a coordinate vector at p. We also use
the notation

Bf

Bxi

ˇ

ˇ

ˇ

ˇ

p

“
B

Bxi

ˇ

ˇ

ˇ

ˇ

p

f.

Note that if pU, κ “ px1, . . . , xnqq and pV, µ “ py1, . . . , ynqq are compatible charts around p PM ,
then the chain rule implies

B

Byj

ˇ

ˇ

ˇ

ˇ

p

“

n
ÿ

i“1

Bxi

Byj

ˇ

ˇ

ˇ

ˇ

p

B

Bxi

ˇ

ˇ

ˇ

ˇ

p

.

Proposition 1.64. Let M be a smooth n-manifold and let p PM . Then TpM is an n-dimensional
vector space, and for any compatible chart pU, κ “ px1, . . . , xnqq containing p, the coordinate vectors
tB{Bxi|pu

n
i“1 form a basis for TpM .

Proof. J. M. Lee [11, Proposition 3.15, p. 61]

Definition 1.65. Let M be a smooth n-manifold. We define the tangent bundle of M , denoted by
TM , to be the disjoint union of the tangent spaces at all points of M :

TM :“
9ď

pPM

TpM.

Definition 1.66. A vector field on a smooth n-manifold M is a map that associates to each point
p PM a tangent vector Xppq :“ Xp P TpM on the tangent space of M at p. Equivalently, a vector
field X is a map from a smooth n-manifold M into the tangent bundle TM .
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LetX be a vector field onM . If U ĂM is a chart neighbourhood and f P C8pUq, the directional
derivative Xpfq : U Ñ C is defined to be the function

Xpfq : p P U ÞÑ Xppfq.

Further, if κ “ px1, . . . , xnq is the coordinate map on U , we have already seen that tB{Bxi|puni“1

form a basis for TpM for any p P U . It then follows that there are functions ai : U Ñ C such that

X
ˇ

ˇ

U
“

n
ÿ

i“1

ai
B

Bxi
. (1.6)

Definition 1.67. Let M be a smooth n-manifold. A vector field X on M is called a smooth vector
field if for every compatible chart pU, κ “ px1, . . . , xnqq on M , the functions ai defined by (1.6) are
smooth.

It follows from the definition that a smooth vector field X on a smooth n-manifold M is a
linear map X : f ÞÑ Xpfq from C8pMq to itself. Furthermore, for any f, g P C8pMq we have
Xpfgq “ Xpfqg` fXpgq. Note that for any smooth vector field X on M and any smooth function
g P C8pMq we have that the commutator rX, gs “ Xg ´ gX defines a linear map from C8pMq to
itself. More explicitly, for any f P C8pMq we have

rX, gsf “ Xpgfq ´ gXpfq “ Xpgqf ` gXpfq ´ gXpfq “ Xpgqf,

i.e., the operator rX, gs : C8pMq Ñ C8pMq is equivalent to the multiplication operator by the
smooth function Xpgq.

Now suppose U ĂM is an open submanifold and Y is a smooth vector field on U . Then for any
point p P Y there exists a neighbourhood V , p P V Ă U and a smooth vector field Ỹ on M such
that Ỹ and Y induce the same smooth vector field on V . To see this, let K Ă U be any compact set
containing p. Set V :“ intpKq. Then by Corollary 1.60.1 there exists a smooth function ϕ : M Ñ R
such that ϕ ” 1 on K and suppϕ Ă U . For any g P C8pMq, let gæU denote its restriction to U and
define Ỹ to be the map

M Q p : Ỹppgq ÞÝÑ

#

ϕppqYppgæU q for p P U,
0 elsewhere.

Let M be a smooth n-manifold. A linear operator D : C8pMq Ñ C8pMq is called a differential
operator of order at most 1 on M if it is of the form Df :“ Xpfq` gf , where X is a smooth vector
field onM and g is a smooth function onM . The space of all differential operators of order at most
1 on M is denoted by DO1pMq.
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Chapter 2

Pseudo-differential Operators on Rn

This chapter about pseudo-differential operators on Rn has the intention to cover the essential
elements of the theory that will be useful through the rest of this thesis.

In section 2.1 we present the definition of pseudo-differential operators and then turn our at-
tention to such operators whose symbols are in the Hörmander class Sm.

Section 2.2 concerns about an L2 estimate for pseudo-differential operators with symbol in S0.
In section 2.3 we discuss the symbolic calculus that emerges when composing two pseudo-

differential operators. Here we show that there is an asymptotic formula for the composition of two
such operators, whose main term is the pointwise product of their symbols.

In section 2.4 we use previous results developed in this chapter to show that if a P Sm, then
the pseudo-differential operator Ta extends to a bounded linear map from HspRnq to Hs´mpRnq
for any s P R.

Section 2.5 shows how one can characterize pseudo-differential operators using commutators.
Such characterization dates back to R. Beals [1].

Lastly, section 2.6 is a preparation for our next chapter, which deals with pseudo-differential op-
erators on manifolds. The main result of this section shows how certain pseudo-differential operators
behave under a smooth change of variables.

The presentation of this chapter follows closely A. Grigis and J. Sjöstrand [7], G. Grubb [8], L.
Hörmander [10], M. Ruzhansky and V. Turunen [15], and E. M. Stein [18]. For more general results
dealing with other classes of pseudo-differential operators we recommend H. O. Cordes [3].

2.1 Definition and First Results

Pseudo-differential operators generalize linear variable-coefficient differential operators. To mo-
tivate the definition of pseudo-differential operators, consider a function f P SpRnq and a differential
operator ppX,Dq “

ř

|α|ďm aαpxqB
α
x . By applying the Fourier inversion formula to Bαxf we obtain

Bαxfpxq “

ż

Rn
e2πix¨ξ p2πiξqα pfpξq dξ.

Thus we can see that

ppX,Dqfpxq “
ÿ

|α|ďm
aαpxqB

α
xfpxq “

ż

Rn
e2πix¨ξ ppx, ξq pfpξq dξ,

where ppx, ξq “
ř

|α|ďm aαpxqp2πiξq
α.

We are now in position to define pseudo-differential operators more precisely. Given a smooth
function a : Rn ˆ Rn Ñ C with at most polynomial growth1 on the ξ-variable, we could define Ta

1For a more precise definition using very mild conditions over the function a we recommend [3].

21
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to be the pseudo-differential operator on Schwartz functions f P SpRnq by the formula

Tafpxq “

ż

Rn
e2πix¨ξ apx, ξq pfpξq dξ. (2.1)

The function apx, ξq is called symbol of the operator Ta.
Through the rest of this thesis we will restrict ourselves to a more suitable class of symbols

denoted by Sm1,0 or simply by Sm.

Definition 2.1. We say that a P SmpRnˆRnq if it is a smooth complex-valued function on RnˆRn
and if for all α, β multiindices there exists a constant Aαβ ą 0 such that

|BβxBαξ apx, ξq| ď Aαβp1` |ξ|qm´|α| (2.2)

holds for all and x, ξ P Rn.

An important example of an element in Sm is the function p1 ` |ξ|2qm{2. Indeed, let us show
that for each m P R and for every β P Nn0 there exists a constant Cmβ ą 0 such that

B
β
ξ p1` |ξ|2qm{2 ď Cmβp1` |ξ|qm´|β|. (2.3)

The case |β| “ 0 follows from the inequalities

1` |ξ|2 ď p1` |ξ|q2 ď 3p1` |ξ|2q.

We now argue by induction. Suppose that (2.3) holds for all m P R and for all multiindices with
length less or equal than k for some k P N0. Let β P Nn0 be a multiindex such that β “ α` γ, with
|α| “ k and |γ| “ 1. Therefore

B
β
ξ p1` |ξ|2qm{2 “ Bαξ B

γ
ξ p1` |ξ|2qm{2 “ Bαξ Bξj p1` |ξ|2qm{2,

for some j P t1, . . . , nu. Since Bξj p1` |ξ|2qm{2 “ mξjp1` |ξ|2qpm´2q{2, we have by Leibniz’s rule and
the induction hypothesis

|Bβξ p1` |ξ|2qm{2| “ |Bαξ Bξj p1` |ξ|2qm{2|

“ |Bαξmξjp1` |ξ|2qpm´2q{2|

ď m
ÿ

δďα

ˆ

α

δ

˙

|Bδξξj | |Bα´δξ p1` |ξ|2qpm´2q{2|

ď m
ÿ

δďα

Cmαδp1` |ξ|q1´|δ| p1` |ξ|qm´2´|α´δ|

ď m
ÿ

δďα

Cmαδp1` |ξ|qm´1´|α|

ď Cmβp1` |ξ|qm´|β|,

and this finishes the proof.
For each a P Sm the function Taf given by formula (2.1) is well-defined for any f P SpRnq and

every x P Rn since

|Tafpxq| ď
ż

Rn
|apx, ξq|| pfpξq| dξ

ď A00

ż

Rn
p1` |ξ|qm | pfpξq| dξ

ď A00 sup
ξPRn

∣∣∣p1` |ξ|qm`n`1 | pfpξq|
∣∣∣ ż

Rn

1

p1` |ξ|qn`1
dξ ă 8.
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In fact, we will show on Theorem 2.5 that for any a P Sm, Ta is a continuous operator on SpRnq
and we shall call then pseudo-differential operators.

A pseudo-differential operator is said to be of orderm if its symbol is in Sm. The class of pseudo-
differential operators with symbol in SmpRnˆRnq are denoted by ΨmpRnˆRnq or OpSmpRnˆRnq.

According to our previous discussion, all partial differential operators ppX,Dq “
ř

|α|ďm aαpxqB
α
x

are in OpSm if each aαpxq and all of its derivatives are smooth and bounded.
Let us explore some properties of the symbol class Sm. First, it is clear that Sm is a vector

space. Now, for all α, β multiindices and for all a P Sm we have by (2.2) that

P
pmq
α,β paq :“ sup

px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm´|α|

∣∣∣∣∣ ă 8.
It is not hard to check that for each α, β P Nn0 we have that P pmqα,β is a seminorm on Sm. Moreover,
we have the following theorem.

Theorem 2.2. The vector space SmpRn ˆ Rnq with the natural topology induced by the family of
seminorms tP pmqα,β : α, β P Nn0u is a Fréchet space.

Proof. It is clear that the family of seminorms tP pmqα,β : α, β P Nn0u separates points of Sm. Since
there are countably many of then, it follows that Sm is metrizable. It remains to show that Sm is
complete with respect to this topology.

Let takukPN Ă Sm be a Cauchy sequence. Note that for any α, β P Nn0 , any a P Sm and any
compact K Ă R2n we have

sup
px,ξqPK

∣∣∣BβxBαξ apx, ξq∣∣∣ “ sup
px,ξqPK

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm´|α|
p1` |ξ|qm´|α|

∣∣∣∣∣
ď sup

ξPK

∣∣∣p1` |ξ|qm´|α|
∣∣∣ sup
px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm´|α|

∣∣∣∣∣
“ CK,α P

pmq
α,β paq,

where CK,α “ supξPK
∣∣p1` |ξ|qm´|α|

∣∣ ă 8. This inequality shows that any Cauchy sequence in Sm

is also a Cauchy sequence with respect to the natural topology of C8pR2nq which makes it a Fréchet
space (check Lemma 1.11). Therefore there exists a P C8pR2nq such that ak Ñ a in C8pR2nq. In
particular for all α, β multiindices we have BβxBαξ akpx, ξq Ñ B

β
xB

α
ξ apx, ξq for all x, ξ P Rn.

To check that a P Sm, we note that since takukPN is Cauchy in Sm, it is bounded, i.e., for all α,
β multiindices there exists constants Aαβ ą 0 which does not depend on k P N and such that

|BβxBαξ akpx, ξq| ď Aαβp1` |ξ|qm´|α|

for all x, ξ P Rn and all k P N. Taking the limit as k Ñ8 we conclude our result.

Proposition 2.3. 1o If m ď m1, then Sm is continuously injected in Sm1 .
2o Let γ, δ P Nn0 . The mapping BγxBδξ : a ÞÑ B

γ
xB

δ
ξa is a continuous linear map from Sm to Sm´|δ|.

3o Let a P Sm1 and b P Sm2 and let M : pa, bq ÞÑ a ¨ b be the pointwise multiplication of symbols.
Then M : Sm1 ˆ Sm2 Ñ Sm1`m2 is a continuous bilinear map.
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Proof. The proof of 1o follows from the fact that for all α, β P Nn0 and for all m1 ě m we have

P
pm1q
α,β paq “ sup

px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm1´|α|

∣∣∣∣∣ “ sup
px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm´|α|
p1` |ξ|qm´m1

∣∣∣∣∣
ď sup
px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ apx, ξq

p1` |ξ|qm´|α|

∣∣∣∣∣ sup
ξPRn

∣∣∣p1` |ξ|qm´m1
∣∣∣

“ P
pmq
α,β paq.

To prove 2o we note that the mapping BγxBδξ is linear and that

P
pm´|δ|q
α,β pBγxB

δ
ξaq “ sup

px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ rB

γ
xB

δ
ξaspx, ξq

p1` |ξ|qm´|δ|´|α|

∣∣∣∣∣
“ sup
px,ξqPR2n

∣∣∣∣∣ B
β`γ
x B

α`δ
ξ apx, ξq

p1` |ξ|qm´|δ`α|

∣∣∣∣∣
“ P

pmq
α`δ,β`γpaq.

For 3o we note that the mapping Mpa, bq ÞÑ a ¨ b is clearly bilinear. Now, for every a P Sm1 , b P Sm2

and for all α, β P Nn0 , it follows by Leibniz’s rule that

∣∣∣BβxBαξ pa ¨ bq∣∣∣ “
∣∣∣∣∣∣∣∣
ÿ

α1ďα
β1ďβ

ˆ

α

α1

˙ˆ

β

β1

˙

pBβ
1

x B
α1

ξ aq pB
β´β1

x B
α´α1

ξ bq

∣∣∣∣∣∣∣∣
ď

ÿ

α1ďα
β1ďβ

ˆ

α

α1

˙ˆ

β

β1

˙∣∣∣pBβ1x Bα1ξ aq∣∣∣ ∣∣∣pBβ´β1x B
α´α1

ξ bq
∣∣∣.

Since for all α1 ď α P Nn0 we have |α| “ |α1|` |α´ α1|, it follows that∣∣∣BβxBαξ pa ¨ bq∣∣∣
p1` |ξ|qm1`m2´|α|

ď
ÿ

α1ďα
β1ďβ

ˆ

α

α1

˙ˆ

β

β1

˙

∣∣∣pBβ1x Bα1ξ aq∣∣∣
p1` |ξ|qm1´|α1|

∣∣∣pBβ´β1x B
α´α1

ξ bq
∣∣∣

p1` |ξ|qm2´|α´α1|
,

which then implies

P
pm1`m2q

α,β pa ¨ bq ď
ÿ

α1ďα
β1ďβ

ˆ

α

α1

˙ˆ

β

β1

˙

P
pm1q

α1,β1 paqP
pm2q

α´α1,β´β1pbq,

finishing the proof.

Proposition 2.4. Let takukPN be a bounded sequence in Sm such that for all α, β P Nn0 we have
that BβxBαξ akpx, ξq converges at each point px, ξq P R2n. Then there exists a P Sm such that ak Ñ a

in C8pR2nq. Moreover, for every m1 ą m we have that ak Ñ a in Sm1 .

Proof. Let us show that under these hypotheses we have that takukPN is a Cauchy sequence in
C8pR2nq. More precisely, given ε ą 0, j P N and α, β P Nn0 , we will show that there exists n0 P N
such that

sup
px,ξqPBp0,jq

∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ a`px, ξq∣∣∣ ă ε for all k, ` ą n0. (2.4)
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Since takukPN Ă Sm is bounded we have that

sup
px,ξqPBp0,jq

∣∣∣BβxBαξ akpx, ξq∣∣∣ “ sup
px,ξqPBp0,jq

∣∣∣∣∣ B
β
xB

α
ξ akpx, ξq

p1` |ξ|qm´|α|
p1` |ξ|qm´|α|

∣∣∣∣∣
ď sup

ξPBp0,jq

∣∣∣p1` |ξ|qm´|α|
∣∣∣ sup
px,ξqPR2n

∣∣∣∣∣ B
β
xB

α
ξ akpx, ξq

p1` |ξ|qm´|α|

∣∣∣∣∣
“ A

pjq
αβ,

where Apjqαβ ą 0 is a constant which depends on j P N and α, β P Nn0 , but not on k P N.
Now, given points px, ξq, py, ηq P Bp0, jq, we have by Taylor’s formula

BβxB
α
ξ akpx, ξq “ B

β
xB

α
ξ akpy, ηq `

ÿ

|γ|“1

rpx, ξq ´ py, ηqsγ
ż 1

0
BγpBβxB

α
ξ akqpθy ` p1´ θqx, θη ` p1´ θqξq dθ.

Taking C
pjq
αβ “ 2n ¨ max tA

pjq
α1β1 : |α1| ď |α|` 1, |β1| ď |β|` 1u, we conclude that @ px, ξq, py, ηq P

Bp0, jq ∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ akpy, ηq∣∣∣ ď |px, ξq ´ py, ηq|Cpjqαβ .

Thus given ε ą 0 we have that ∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ akpy, ηq∣∣∣ ď ε

3
,

for all |px, ξq ´ py, ηq| ď ε

3C
pjq
αβ

and all k P N.

Now fix rε “
ε

3C
pjq
αβ

and consider the open covering Bp0, jq Ă
Ť

px,ξqPBp0,jqUppx, ξq, rεq. Since

Bp0, jq is compact, there exists a finite subcover satisfying Bp0, jq Ă
ŤN
i“1 Uppxi, ξiq, rεq. This implies

that for every px, ξq P Bp0, jq there exists 1 ď i ď N such that px, ξq P Uppxi, ξiq, rεq. Therefore for
every px, ξq P Bp0, jq and for every k, ` P N we have∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ a`px, ξq∣∣∣ ď ∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ akpxi, ξiq∣∣∣

`

∣∣∣BβxBαξ akpxi, ξiq ´ BβxBαξ a`pxi, ξiq∣∣∣` ∣∣∣BβxBαξ a`pxi, ξiq ´ BβxBαξ a`px, ξq∣∣∣,
which provides, for every px, ξq P Bp0, jq, the following inequality:∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ a`px, ξq∣∣∣ ď ε

3
` max

1ďiďN
|BβxBαξ akpxi, ξiq ´ BβxBαξ a`pxi, ξiq|`

ε

3
.

Since for every 1 ď i ď N the sequence tBβxBαξ akpxi, ξiqukPN converges, there exists ni P N such that
|BβxBαξ akpxi, ξiq´B

β
xB

α
ξ a`pxi, ξiq| ď ε{3 for all k, ` ą ni. Taking n0 :“ maxtni : 1 ď i ď Nu it follows

that for all px, ξq P Bp0, jq and all k, ` ą n0∣∣∣BβxBαξ akpx, ξq ´ BβxBαξ a`px, ξq∣∣∣ ă ε.

Since the estimate does not depend on px, ξq P Bp0, jq, we conclude (2.4) by taking the supremum
over px, ξq P Bp0, jq.

Now, since takukPN is a Cauchy sequence in C8pR2nq, there exists a P C8pR2nq such that
ak Ñ a in C8pR2nq and therefore for all α, β multiindices we have BβxBαξ akpx, ξq Ñ B

β
xB

α
ξ apx, ξq for

all x, ξ P Rn.
To check that a P Sm, we note that since takukPN is bounded on Sm, we have that for all α, β
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multiindices there exists a constant Aαβ ą 0 which does not depend on k P N and such that

|BβxBαξ akpx, ξq| ď Aαβp1` |ξ|qm´|α|

for all x, ξ P Rn and all k P N. Taking the limit as k Ñ8 we conclude that a P Sm.
In order to prove the convergence in Sm

1 for m1 ą m, we let α, β P Nn0 and note that for all
j P N we have

P
pm1q
α,β pa´ akq “ sup

px,ξqPR2n

∣∣∣∣∣B
β
xB

α
ξ apx, ξq ´ B

β
xB

α
ξ akpx, ξq

p1` |ξ|qm1´|α|

∣∣∣∣∣
ď sup
px,ξqPBp0,jq

∣∣∣∣∣B
β
xB

α
ξ apx, ξq ´ B

β
xB

α
ξ akpx, ξq

p1` |ξ|qm1´|α|

∣∣∣∣∣
` sup
px,ξqPBp0,jqc

∣∣∣∣∣B
β
xB

α
ξ apx, ξq ´ B

β
xB

α
ξ akpx, ξq

p1` |ξ|qm´|α|
p1` |ξ|qm´m1

∣∣∣∣∣.
Since takukPN Ă Sm is bounded and a P Sm, we have that there exists a constant Bαβ ą 0, which
does not depend on k P N nor j P N, and such that

sup
px,ξqPBp0,jqc

∣∣∣∣∣B
β
xB

α
ξ apx, ξq ´ B

β
xB

α
ξ akpx, ξq

p1` |ξ|qm´|α|
p1` |ξ|qm´m1

∣∣∣∣∣ ď Bαβ p1` jq
m´m1 . (2.5)

Therefore given ε ą 0, there exists j0 P N such that (2.5) is less than ε{2.
For such j0 P N we have

sup
px,ξqPBp0,j0q

∣∣∣∣∣B
β
xB

α
ξ apx, ξq ´ B

β
xB

α
ξ akpx, ξq

p1` |ξ|qm1´|α|

∣∣∣∣∣ ď sup
px,ξqPBp0,j0q

∣∣∣BβxBαξ apx, ξq ´ BβxBαξ akpx, ξq∣∣∣ sup
px,ξqPBp0,j0q

p1`|ξ|q|α|´m1 .

Hence, because ak Ñ a in C8pR2nq, we conclude that there exists k0 P N such that the above
expression is less than ε{2 for all k ą k0, and thus P pm

1q

α,β pa ´ akq ă ε for all k ą k0, finishing the
proof.

We now discuss the behaviour of pseudo-differential operators of order m on Schwartz functions.

Theorem 2.5 (Pseudo-differential Operators on S). If a P SmpRn ˆ Rnq and f P SpRnq, we have
that Taf P SpRnq. More generally, the bilinear map

SmpRn ˆ Rnq ˆ SpRnq Q pa, fq ÞÝÑ Taf P SpRnq

is continuous.

Proof. We start by showing that for any f P SpRnq we have Taf P C8pRnq whenever a P Sm.
Given any α P Nn0 , if we differentiate under the integral sign on Taf we get

BαxTafpxq “

ż

Rn
Bαx re

2πix¨ξapx, ξqs pfpξq dξ. (2.6)

Let us now show that the above integral is uniformly bounded on x P Rn.
By Leibniz’s rule we have

Bαx re
2πix¨ξ apx, ξqs “

ÿ

γďα

ˆ

α

γ

˙

Bγxe
2πix¨ξ Bα´γx apx, ξq

“ e2πix¨ξ
ÿ

γďα

ˆ

α

γ

˙

p2πiξqγ Bα´γx apx, ξq.

(2.7)
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Since a P Sm we have the upper bound∣∣∣Bαx re2πix¨ξ apx, ξqs
∣∣∣ ď ÿ

γďα

ˆ

α

γ

˙

|2πξ||γ|Aαγ p1` |ξ|qm ď Bαp1` |ξ|qm`|α| (2.8)

for some Bα ą 0. Inequality (2.8) allow us to justify the differentiation under the integral sign and
to show that (2.6) is well defined since∣∣∣∣ż

Rn
Bαx re

2πix¨ξapx, ξqs pfpξq dξ

∣∣∣∣ ď ż

Rn
|Bαx re2πix¨ξapx, ξqs| | pfpξq| dξ

ď Bα

ż

Rn
p1` |ξ|qm`|α| | pfpξq| dξ

ď Bα sup
ξPRn

∣∣∣p1` |ξ|qm`|α|`n`1 | pfpξq|
∣∣∣ ż

Rn

1

p1` |ξ|qn`1
dξ,

and the right-hand side is finite because f P SpRnq. Since this is true for any multiindex α we
conclude that Taf P C8pRnq.

Next we simultaneously show that Taf P S and that the (obviously bilinear) map pa, fq ÞÑ Taf
is continuous. By (2.7) we have

xβBαxTafpxq “ xβ
ÿ

γďα

ˆ

α

γ

˙
ż

Rn
e2πix¨ξ p2πiξqγ Bα´γx apx, ξq pfpξq dξ. (2.9)

Let ∆ξ “
ř

1ďiďn B
2
ξi

be the Laplacian operator on ξ. If we set

Lξ “ p1` 4π2|x|2q´1p1´∆ξq, (2.10)

then Lξpe2πix¨ξq “ e2πix¨ξ. Inserting this operator N times in (2.9) and using integration by parts
2N times we have

xβBαxTafpxq “ xβ
ÿ

γďα

ˆ

α

γ

˙
ż

Rn
pLξq

N pe2πix¨ξq p2πiξqγ Bα´γx apx, ξq pfpξq dξ

“
xβ

p1` 4π2|x|2qN
ÿ

γďα

ˆ

α

γ

˙
ż

Rn
e2πix¨ξ p1´∆ξq

N rp2πiξqγ Bα´γx apx, ξq pfpξqs dξ.

Taking 2N ą |β|, we have for every x P Rn

∣∣∣xβBαxTafpxq∣∣∣ “ ∣∣∣∣ xβ

p1` 4π2|x|2qN

∣∣∣∣
∣∣∣∣∣ÿ
γďα

ˆ

α

γ

˙
ż

Rn
e2iπx¨ξp1´∆ξq

N rp2πξqγ Bα´γx apx, ξq pfpξqs dξ

∣∣∣∣∣
ď

|x||β|

p1` 4π2|x|2qN
ÿ

γďα

ˆ

α

γ

˙
ż

Rn

∣∣∣p1´∆ξq
N rp2πξqγ Bα´γx apx, ξq pfpξqs

∣∣∣ dξ
ď

ÿ

γďα

ˆ

α

γ

˙
ż

Rn

∣∣∣p1´∆ξq
N rp2πξqγ Bα´γx apx, ξq pfpξqs

∣∣∣ dξ.
(2.11)

For a given multiindex γ ď α we can check that

p1´∆ξq
N rp2πiξqγ Bα´γx apx, ξq pfpξqs Ă spantBδξB

α´γ
x apx, ξq Bθξ rp2πξq

γ
pfpξqs, where |δ ` θ| ď 2Nu.

(2.12)
Since we have

|BδξBα´γx apx, ξq| ď P
pmq
δ,α´γpaq p1` |ξ|qm´|δ| , for all x, ξ P Rn, (2.13)
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and
Bθξ rp2πξq

γ
pfpξqs “ p´iq|γ|Bθξ

{pB
γ
xfqpξq, (2.14)

we conclude that for each γ ď α there exist constants Cαγθδ ą 0 such that∣∣∣p1´∆ξq
N rp2πiξqγ Bα´γx apx, ξq pfpξqs

∣∣∣ ď ÿ

|δ`θ|ď2N

Cαγθδ P
pmq
δ,α´γpaq p1` |ξ|qm´|δ||Bθξ {pB

γ
xfqpξq|. (2.15)

By applying the above inequality to the right-hand side of (2.11) we get∣∣∣xβBαxTafpxq∣∣∣ ď ÿ

γďα
|δ`θ|ď2N

ˆ

α

γ

˙

Cαγθδ P
pmq
δ,α´γpaq

ż

Rn
p1` |ξ|qm´|δ||Bθξ {pB

γ
xfqpξq| dξ

ď
ÿ

γďα
|δ`θ|ď2N

ˆ

α

γ

˙

Cαγθδ P
pmq
δ,α´γpaq sup

ξPRn

∣∣∣p1` |ξ|qm´|δ|`n`1 |Bθξ {pB
γ
xfqpξq|

∣∣∣ ż
Rn

1

p1` |ξ|qn`1
dξ.

(2.16)

Note that the right-hand side of (2.16) does not depend on x P Rn. Taking the supremum over
x P Rn and using the fact that differentiation and Fourier transformation are continuous operators
on SpRnq we conclude our result.

Proposition 2.6. Let ψ P C8c pRnq be such that 0 ď ψ ď 1, ψ ” 1 in Bp0, 1q and suppψ Ă Bp0, 2q.
Given a P Sm and 0 ă ε ď 1, define aεpx, ξq “ apx, ξqψpεxqψpεξq. Then taεu0ăεď1 Ă Sm is bounded
and Taεf Ñ Taf in S for any f P S.

Proof. Let us first show that ψpεxqψpεξq P S0 uniformly in 0 ă ε ď 1.
Fix ε P p0, 1s. For any α, β P Nn0 we have BβxBαξ ψpεxqψpεξq “ B

β
xψpεxqBαξ ψpεξq. For the derivatives

in the x-variable we use the rough estimate∣∣∣Bβxψpεxq∣∣∣ “ ε|β||pBβxψqpεxq| ď ‖Bβxψ‖L8 .

For the derivatives in the ξ-variable we write

|Bαξ ψpεξq| “ ε|α||pBαξ ψqpεξq| (2.17)

and we note that pBαξ ψqpεξq ‰ 0 only if |ξ| ď 2{ε. This allows us to conclude that

0 ă ε ď min

"

1,
2

|ξ|

*

ď
3

1` |ξ|
@ ξ P Bp0, 2{εq.

Using this in conjunction with (2.17) we obtain

|Bαξ ψpεξq| “ ε|α||pBαξ ψqpεξq| ď
3|α|

p1` |ξ|q|α|
‖Bαξ ψ‖L8 ,

and hence
sup

px,ξqPR2n

∣∣∣BβxBαξ ψpεxqψpεξq∣∣∣ ď 3|α|p1` |ξ|q´|α| ‖Bβxψ‖L8 ‖Bαξ ψ‖L8 .

Since the right-hand side does not depend on ε we conclude that ψpεxqψpεξq P S0 uniformly in
0 ă ε ď 1.

By 3o in Proposition 2.3 we have that for every 0 ă ε ď 1

apx, ξqψpεxqψpεξq “ aεpx, ξq P S
m.

Moreover, by the continuity of the pointwise multiplication of symbols we get that taεu0ăεď1 Ă Sm
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is bounded.
To conclude that for any f P SpRnq we have that Taεf Ñ Taf in S we fix m1 ą m and note

that for all α, β P Nn0 we have that BβxBαξ aεpx, ξq Ñ B
β
xB

α
ξ apx, ξq for all x, ξ P Rn as ε Ñ 0`. Thus

the boundedness of taεu0ăεď1 Ă Sm and Proposition 2.4 let us conclude that aε Ñ a in Sm1 .
By Theorem 2.5 we have that the bilinear map

Sm
1

pRn ˆ Rnq ˆ SpRnq Q pa, fq ÞÝÑ Taf P SpRnq

is continuous and this finishes the proof.

It is worth noting that if ψ P C8c pRnq is as in Proposition 2.6 and a P Sm, then by defining
aεpx, ξq “ apx, ξqψpεξq, we also have that taεu0ăεď1 Ă Sm uniformly on 0 ă ε ď 1 and that
Taεf Ñ Taf in S for all f P S.

Let us discuss the Adjoint map of a pseudo-differential operator. This notion will help us extend
the pseudo-differential operator Ta, initially defined on S, to the space of tempered distributions
S 1.

For each a P Sm and 0 ă ε ď 1, let aε P Sm be as above. Interpreting Taf as an element of S 1
and using that Taεf Ñ Taf in S for any f P S, we have for every g P SpRnq

xTaf, gy “ lim
εÑ0`

xTaεf, gy “ lim
εÑ0`

ż

pTaεfqpxq gpxq dx

“ lim
εÑ0`

ż
„
ż

e2πix¨ξ aεpx, ξq pfpξqdξ



gpxq dx

“ lim
εÑ0`

ż
„
ż ż

e2πipx´yq¨ξ aεpx, ξq fpyq dy dξ



gpxq dx

“ lim
εÑ0`

ż

fpyq

„
ż ż

e2πipx´yq¨ξ aεpx, ξq gpxq dx dξ



dy.

(2.18)

For each g P S, let us define

T 1agpyq :“ lim
εÑ0`

ż ż

e2πipx´yq¨ξ aεpx, ξq gpxq dx dξ. (2.19)

We claim that this limit exists and that y ÞÑ T 1agpyq is a well-defined function.
Indeed, let us set

Lx “ p1` 4π2|ξ|2q´1p1´∆xq,

so that Lxpe2πipx´yq¨ξq “ e2πipx´yq¨ξ. Inserting this operator N times on the right-hand side of (2.19)
and using integration by parts 2N times we have

T 1agpyq “ lim
εÑ0`

ż ż

pLxq
N pe2πipx´yq¨ξq aεpx, ξq gpxq dx dξ

“ lim
εÑ0`

ż ż

e2πipx´yq¨ξ

p1` 4π2|ξ|2qN
p1´∆xq

N raεpx, ξq gpxqs dx dξ.

(2.20)

Now,
p1´∆xq

N raεpx, ξq gpxqs Ă spantBδxaεpx, ξq B
θ
xgpxq, where |δ ` θ| ď 2Nu. (2.21)

Since taεu0ăεď1 Ă Sm is bounded, we have that there exist constants Aδ ą 0, which do not depend
on ε, and such that

|Bδxaεpx, ξq| ď Aδp1` |ξ|qm @px, ξq P R2n. (2.22)
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Thus there exist constants Cδθ ą 0 such that

ż ż

∣∣∣∣∣ e2πipx´yq¨ξ

p1` 4π2|ξ|2qN
p1´∆xq

N raεpx, ξq gpxqs

∣∣∣∣∣ dx dξ ď
ż ż

1

p1` 4π2|ξ|2qN
∣∣p1´∆xq

N raεpx, ξq gpxqs
∣∣ dx dξ

ď

ż ż

ÿ

|δ`θ|ď2N

Cδθ
p1` |ξ|qm

p1` 4π2|ξ|2qN
|Bθxgpxq| dx dξ.

Choosing 2N ą m ` n, we have that the integrand of the right-hand side of the above expression
is an L1 function which does not depend on 0 ă ε ď 1. Therefore by (2.20) and the Dominated
Convergence Theorem we get

T 1agpyq “

ż ż

e2πipx´yq¨ξ

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs dx dξ, (2.23)

for all N P N provided 2N ą m` n.
More generally, we have the following theorem.

Theorem 2.7. If a P SmpRnˆRnq and g P SpRnq, we have that T 1ag P SpRnq. Moreover, the linear
map

SpRnq Q g ÞÝÑ T 1ag P SpRnq

is continuous.

Proof. First, we claim that T 1ag P C8pRnq. Indeed, let α P Nn0 and take 2N ą m`n` |α| on (2.23).
Differentiation under the integral sign gives

Bαy T
1
agpyq “

ż ż

e2πipx´yq¨ξ p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs dx dξ. (2.24)

By equations (2.21)–(2.22) we obtain that there exist constants Cδθα ą 0 such that

∣∣Bαy T 1agpyq∣∣ “ ∣∣∣∣ż ż

e2πipx´yq¨ξ p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs dx dξ

∣∣∣∣
ď

ż ż

|2πξ||α|

p1` 4π2|ξ|2qN
∣∣p1´∆xq

N rapx, ξq gpxqs
∣∣ dx dξ

ď

ż ż

ÿ

|δ`θ|ď2N

Cδθα
p1` |ξ|qm`|α|

p1` 4π2|ξ|2qN
|Bθxgpxq| dx dξ.

Since this is true for any multiindex α we conclude that T 1ag P C8pRnq.
Second, we simultaneously show that T 1ag P S and that the map g ÞÑ T 1ag is linear and continuous.
The linearity of T 1a is clear from (2.23). As for continuity we proceed as follows: For any α, β P Nn0 ,

we take 2M ě |β| and 2N ą m` n` |α|. By (2.24) we have that

yβBαy T
1
agpyq “ yβ

ż ż

e2πipx´yq¨ξ p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs dx dξ. (2.25)

If we set
Lξ “ p1` 4π2|x´ y|2q´1p1´∆ξq,

then Lξpe2πipx´yq¨ξq “ e2πipx´yq¨ξ. Inserting this operator M times on the right-hand side of (2.25)
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and using integration by parts 2M times we have

yβBαy T
1
agpyq “ yβ

ż ż

pLξq
M pe2πipx´yq¨ξq

p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs dx dξ

“ yβ
ż ż

e2πipx´yq¨ξ

p1` 4π2|x´ y|2qM
p1´∆ξq

M

„

p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs



dx dξ.

Now, since for any x, y P Rn we have

1` 2π2|y|2 ď 1` 2π2 p|x´ y|` |x|q2

ď 1` 2π2 p2|x´ y|2 ` 2|x|2q
ď p1` 4π2|x´ y|2qp1` 4π2|x|2q,

which implies
1

1` 4π2|x´ y|2
ď

1` 4π2|x|2

1` 2π2|y|2
,

it follows that∣∣∣yβBαy T 1agpyq∣∣∣ ď
∣∣∣∣∣yβ

ż ż

e2πipx´yq¨ξ

p1` 4π2|x´ y|2qM
p1´∆ξq

M

«

p´2πiξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs

ff

dx dξ

∣∣∣∣∣
ď

ż ż

|y||β| p1` 4π2|x|2qM

p1` 2π2|y|2qM
¨

∣∣∣∣p1´∆ξq
M

„

p2πξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs

∣∣∣∣ dx dξ
ď

ż ż

p1` 4π2|x|2qM
∣∣∣∣p1´∆ξq

M

„

p2πξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs

∣∣∣∣ dx dξ.
(2.26)

By (2.21) we know that there exist Bδθ P R such that

p1´∆xq
N rapx, ξq gpxqs “

ÿ

|δ`θ|ď2N

Bδθ B
δ
xapx, ξq B

θ
xgpxq.

By a similar argument we may obtain Dδθστ P R such that

p1´∆ξq
M

„

p2πξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs



“
ÿ

|δ`θ|ď2N
|σ`τ |ď2M

Dδθστ B
σ
ξ

p2πξqα

p1` 4π2|ξ|2qN
Bτξ B

δ
xapx, ξqB

θ
xgpxq.

Since a P Sm we have that for all multiindices τ, δ there exists a constant Aτδ ą 0 such that∣∣∣Bτξ Bδxapx, ξq∣∣∣ ď Aτδp1` |ξ|qm´|τ | ď Aτδp1` |ξ|qm @px, ξq P R2n.

By (2.3) we have that for all σ P Nn0 there exists a constant Cσα ą 0 such that∣∣∣∣Bσξ p2πξqα

p1` 4π2|ξ|2qN

∣∣∣∣ ď Cσαp1` |ξ|q|α|´2N .

Thus there exist Cδθστα ą 0 such that∣∣∣∣p1´∆ξq
M

„

p2πξqα

p1` 4π2|ξ|2qN
p1´∆xq

N rapx, ξq gpxqs

∣∣∣∣ ď p1`|ξ|qm`|α|´2N
ÿ

|δ`θ|ď2N
|σ`τ |ď2M

Cδθστα |Bθxgpxq|.

Inserting this inequality into the right-hand side of (2.26) and taking C “ maxtCδθστα : |δ ` θ| ď
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2N, |σ ` τ | ď 2M u we get∣∣∣yβBαy T 1agpyq∣∣∣ ď ÿ

|δ`θ|ď2N
|σ`τ |ď2M

Cδθστα

ż ż

p1` |ξ|qm`|α|´2N p1` 4π2|x|2qM |Bθxgpxq| dx dξ

ď
ÿ

|δ`θ|ď2N
|σ`τ |ď2M

C

˜

ż

p1` |ξ|qm`|α|´2N dξ

¸̃

ż

1

p1` 4π2|x|2qn
dx

¸

sup
xPRn

∣∣∣p1` 4π2|x|2qM`n |Bθxgpxq|
∣∣∣.

Since the right-hand side is independent of y P Rn and is bounded by a continuous seminorm on
SpRnq we conclude our result.

Proposition 2.8 (Pseudo-differential operators on S 1). Let a P SmpRnˆRnq. Given u P S 1, define
rTau as

x rTau, gy :“ xu, T 1agy for all g P S.

Then rTau P S 1. Moreover, the linear map rTa : S 1 Ñ S 1 is continuous and it extends the pseudo-
differential operator Ta : S Ñ S to the space of tempered distributions.

Proof. Let us recall that u P S 1 means that there exist k,m P N0 and a constant C ą 0 such that

|xu, gy| ď C
ÿ

|α|ďk
|β|ďm

sup
xPRn

∣∣∣xβBαxgpxq∣∣∣ for all g P S.

Therefore by definition we have

|x rTau, gy| “
∣∣xu, T 1agy∣∣ ď C

ÿ

|α|ďk
|β|ďm

sup
xPRn

∣∣∣xβBαxT 1agpxq∣∣∣ for all g P S.

By Theorem 2.7 we have that T 1a : S Ñ S is linear and continuous, thus implying that rTau P S 1.
It is also clear by the definition that rTa : S 1 Ñ S 1 is linear. For the continuity we note that if

tununPN is a sequence in S 1 such that un Ñ u in S 1 for some u P S 1, then for all g P SpRnq we have

x rTaun, gy “ xun, T
1
agy

nÑ8
ÝÝÝÑ xu, T 1agy “ x

rTau, gy,

showing that p rTaunq Ñ p rTauq in S 1.
To check that rTa is the extension of Ta to the set of tempered distribuitions, we note that S is

a dense subset of S 1 and thus Ta admits at most one continuous extension to S 1. We also note that
if f P SpRnq, we have by formula (2.18) that

x rTaf, gy “ xf, T
1
agy “ xTaf, gy @g P S,

thus rTaæS “ Ta. Since rTa : S 1 Ñ S 1 is continuous we conclude our result.

From now on we shall make no distinction between the pseudo-differential operator Ta initially
defined on S and its extension to S 1.

The next result is about how one can determine if a given operator is a pseudo-differential
operator simply by testing it against a plane wave of the form e2πix¨ξ.

Theorem 2.9. A continuous linear operator T : S 1 Ñ S 1 is a pseudo-differential operator with
symbol a P Sm if and only if

apx, ξq “ e´2πix¨ξ T pe2πix¨ξq P Sm. (2.27)
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In particular, a pseudo-differential operator T P Ψm defines its symbol a P Sm uniquely by
formula (2.27), so that T “ Ta.

Before we jump into the proof of Theorem 2.9, let us give a formal reasoning for one of the
implications. If u P SpRnq, then the Fourier inversion formula gives us

upxq “

ż

Rn
e2πix¨ξ

pupξq dξ.

Therefore if T pe2πix¨ξq “ e2πix¨ξ apx, ξq for some a P Sm we would have

T puqpxq “ T

ˆ
ż

Rn
e2πix¨ξ

pupξq dξ

˙

“

ż

Rn
T pe2πix¨ξq pupξq dξ

“

ż

Rn
e2πix¨ξ apx, ξq pupξq dξ

and we would conclude that T “ Ta. To justify the above argument rigorously, we will need a
convergence lemma for the Riemann sums defining the Fourier transform.

Let us denote the cube of center c P Rn and length size h ą 0 by Qpc, hq, i.e, Qpc, hq “ tx P
Rn : |xi ´ ci| ď h{2 for every 1 ď i ď nu.

Lemma 2.10. Let u P S. For each 0 ă h ď 1, define uh P C8pRnq by

uhpxq “
ÿ

kPZn
kPBp0,h´2q

e2πix¨hk
puphkqhn.

Then uh Ñ u in C8pRnq as hÑ 0`. Moreover, uh Ñ u in S 1.

Proof. We will show that given ε ą 0, j P N and α P Nn0 , there exists h0 P p0, 1s such that

sup
xPBp0,jq

|Bαxupxq ´ Bαxuhpxq| ă ε for all 0 ă h ď h0. (2.28)

Thus let ε ą 0 and fix 0 ă h ď 1. Note that Rn “
Ť

kPZn Qpkh, hq and that those cubes have
disjoint interior. Since u P S, we have by the Fourier inversion formula that

Bαxupxq “

ż

Rn
e2πix¨ξ p2πiξqα pupξq dξ “

ÿ

kPZn

ż

Qpkh,hq
e2πix¨ξ p2πiξqα pupξq dξ.

Since mpQpkh, hqq “ hn, we have that Bαxuhpxq can be expressed as

Bαxuhpxq “
ÿ

kPZn
kPBp0,h´2q

e2πix¨hk p2πihkqα puphkqhn “
ÿ

kPZn
kPBp0,h´2q

ż

Qpkh,hq
e2πix¨hk p2πihkqα puphkq dξ.

Denoting gαpξq :“ p2πiξqα pupξq, we have for each x P Rn

|Bαxupxq ´ Bαxuhpxq| ď
ÿ

kPZn
kPBp0,h´2q

ż

Qpkh,hq

∣∣∣e2πix¨ξ gαpξq ´ e
2πix¨hk gαphkq

∣∣∣ dξ
`

ÿ

kPZn
kPBp0,h´2qc

ż

Qpkh,hq
|gαpξq| dξ.

(2.29)

Let us analyse the second term on the right-hand side of (2.29). First, we note that this term
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does not depend on the point x P Rn, implying that our estimate will hold uniformly on x P Rn.
Now, k P Bp0, h´2qc implies that h|k| ě 1{h, and since for every k P Zn and h ą 0 we have
Qphk, hq Ă Bphk,

?
nh
2 q, it follows that

ď

kPZn
kPBp0,h´2qc

Qphk, hq Ă
ď

kPZn
kPBp0,h´2qc

Bphk,
?
nh

2
q Ă B

ˆ

0,
1

h
´

?
nh

2

˙c

for all 0 ă h ď min

"

1,

?
2

n1{4

*

.

Because gα P S we conclude by the Dominated Convergence Theorem that

ÿ

kPZn
kPBp0,h´2qc

ż

Qpkh,hq
|gαpξq| dξ ď

ż

B
´

0, 1
h
´
?
nh
2

¯c
|gαpξq| dξ Ñ 0 as hÑ 0`.

In particular, there exists h1 P p0, 1s such that

ÿ

kPZn
kPBp0,h´2qc

ż

Qpkh,hq
|gαpξq| dξ ď

ε

2
for all 0 ă h ď h1.

Now we analyse the first term on the right-hand side of (2.29). Consider fpξq “ e2πix¨ξ gαpξq P S.
For each k P Zn and for any η P Rn we may use Taylor’s formula to obtain

fphk ` ηq “ fphkq `
ÿ

|γ|“1

ηγ
ż 1

0
Bγfphk ` tηq dt.

Hence we have the inequality

|fphk ` ηq ´ fphkq| ď
ÿ

|γ|“1

|η| max
tPr0,1s

|Bγfphk ` tηq|

ď n |η| max
tPr0,1s
|γ|“1

|Bγfphk ` tηq|.
(2.30)

Thus the change of variable ξ ÞÑ hk ` η and equation (2.30) and gives us
ż

Qpkh,hq

∣∣∣e2πix¨ξ gαpξq ´ e
2πix¨hk gαphkq

∣∣∣ dξ “ ż

Qpkh,hq
|fpξq ´ fphkq| dξ

“

ż

Qp0,hq
|fphk ` ηq ´ fphkq| dη

ď n

ż

Qp0,hq
|η| max

tPr0,1s
|γ|“1

|Bγfphk ` tηq| dη

ď n

?
nhn`1

2
max

yPQphk,hq
|γ|“1

|Bγfpyq|

for every k P Zn. Consequently, we have the following inequality for the first term on the right-hand
side of (2.29)

ÿ

kPZn
kPBp0,h´2q

ż

Qpkh,hq

∣∣∣e2πix¨ξ gαpξq ´ e
2πix¨hk gαphkq

∣∣∣ dξ ď ÿ

kPZn
kPBp0,h´2q

n3{2

2
hn`1 max

yPQphk,hq
|γ|“1

|Bγfpyq|. (2.31)
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Now, for all γ P Nn0 with |γ| “ 1 we have Bγfpyq “ e2πix¨y Bγgαpyq ` p2πixq
γ e2πix¨y gαpyq and thus

|Bγfpyq| ď |Bγgαpyq|` 2π|x| |gαpyq|.

Because gα P S we have that for every M P N there exists a constant CM ą 0 such that

max
|γ|“1

|Bγfpyq| ď CM
1` 2π|x|
p1` |y|qM

for all y P Rn.

If y P Qphk, hq Ă Bphk,
?
nh
2 q, then |y| ě h|k|´ h

?
n{2 ě h|k|´ 1{2 for all 0 ă h ď 1{

?
n. Thus,

max
yPQphk,hq

|γ|“1

|Bγfpyq| ď CM 2M
1` 2π|x|

p1` 2h|k|qM
for all 0 ă h ď 1{

?
n.

Taking M ą n and inserting this inequality into (2.31) we obtain

ÿ

kPZn
kPBp0,h´2q

ż

Qpkh,hq

∣∣∣e2πix¨ξ gαpξq ´ e
2πix¨hk gαphkq

∣∣∣ dξ ď ÿ

kPZn
kPBp0,h´2q

n3{2

2
hn`1 max

yPQphk,hq
|γ|“1

|Bγfpyq|

ď h
n3{2

2
2M CM

ÿ

kPZn

p1` 2π|x|q
p1` 2h|k|qM

hn

ď h
n3{2

2
2M C 1M p1` 2π|x|q

ż

Rn

1

p1` 2|y|qM
dy,

(2.32)

For some C 1M ą 0. Since supxPBp0,jqp1` 2π|x|q “ 1` 2πj is finite, we conclude that the right-hand
side of (2.32) goes to zero as h Ñ 0`, uniformly for x P Bp0, jq. Hence, for the given ε ą 0, there
exists h2 ą 0 such that

sup
xPBp0,jq

∣∣∣∣∣∣∣∣
ÿ

kPZn
kPBp0,h´2q

ż

Qpkh,hq

∣∣∣e2πix¨ξ gαpξq ´ e
2πix¨hk gαphkq

∣∣∣ dξ
∣∣∣∣∣∣∣∣ ď

ε

2
for all 0 ă h ď h2.

Taking h0 “ minth1, h2u we conclude (2.28) and consequently that uh Ñ u in C8pRnq.
To conclude that uh Ñ u in S 1, note that uhpxq is a smooth bounded function that converges

pointwise to u P S and that tuhu0ăhď1 Ă L8pRnq uniformly on 0 ă h ď 1. Hence by the Dominated
Convergence Theorem

lim
hÑ0`

|xu´ uh, fy| ď lim
hÑ0`

ż

Rn
|upxq ´ uhpxq||fpxq| dx “ 0 for all f P SpRnq,

finishing the proof.

Proof of theorem 2.9. Suppose that T : S 1 Ñ S 1 is a continuous operator that satisfies T pe2πix¨ξq “

e2πix¨ξ apx, ξq for some a P Sm. Then for any u P S we use Lemma 2.10 to conclude that
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T puqpxq “ lim
hÑ0`

T puhqpxq “ lim
hÑ0`

ÿ

kPZn
kPBp0,h´2q

T pe2πix¨hkq puphkqhn

“ lim
hÑ0`

ÿ

kPZn
kPBp0,h´2q

e2πix¨hkapx, hkq puphkqhn

“

ż

Rn
e2πix¨ξ apx, ξq pupξq dξ.

For the other implication we must show that if a P Sm, then Tape2πix¨ξq “ e2πix¨ξ apx, ξq. Indeed,
for each fixed η P Rn and each 0 ă ε ď 1, consider fεpxq “ e2πix¨η ψpεxq, where the function ψ is
the same as in Proposition 2.6. It is clear that fε P S and that fεpxq Ñ e2πix¨η pointwise and in S 1
as εÑ 0`. Now,

pfεpξq “

ż

Rn
e2πix¨ξ e2πix¨η ψpεxq dx

x ÞÑx1{ε
“

1

εn

ż

Rn
e2πix1¨ pξ´ηq

ε ψpx1q dx1 “
1

εn
pψ

ˆ

ξ ´ η

ε

˙

.

It follows from Proposition 2.8 that Ta is continuous from S 1 to itself, thus

Tape
2πix¨ηq “ lim

εÑ0`
Tapfεq “ lim

εÑ0`

ż

Rn
e2πix¨ξ apx, ξq pfεpξq dξ

“ lim
εÑ0`

ż

Rn
e2πix¨ξ apx, ξq pψ

ˆ

ξ ´ η

ε

˙

1

εn
dξ

“ lim
εÑ0`

ż

Rn
e2πix¨pη`εzq apx, η ` εzq pψpzq dz.

(2.33)

Note that this equality holds both pointwise and in S 1. By hypothesis a P Sm, so that there exists
A ą 0 such that

|apx, η ` εzq| ď A p1` |η ` εz|qm.

If m ď 0, then |apx, η ` εzq| ď A. If m ą 0, then p1` |η ` εz|qm ď p1` |η|` |z|qm and since η P Rn
is fixed, we have that apx, η` εzq has at most polynomial growth on the z-variable (independent of
ε). This implies that the absolute value of the integrand on the right-hand side of (2.33) is uniformly
bounded by an L1 function and by the Dominated Convergence Theorem we have

Tape
2πix¨ηq “ lim

εÑ0`

ż

Rn
e2πix¨pη`εzq apx, η ` εzq pψpzq dz “ e2πix¨η apx, ηq

ż

Rn
pψpzq dz.

Since
ż

pψpzq dz “ ψp0q “ 1 we have our result.

2.2 L2-Boundedness

In the previous section we have shown that if a P Sm then the pseudo-differential operator
associated with a, and initially defined from S into itself, can be extended as a continuous linear
mapping from S 1 to itself. Now we want to understand how the pseudo-differential operator Ta
behaves when acting on L2pRnq. More precisely, we shall show that if a P S0, then the pseudo-
differential operator Ta defines a bounded linear operator on L2.

Our proof is based on E. M. Stein [18], but it is given in a more detailed and elementary fashion.
The main difference is that we do not evoke any results about the Schwartz Kernel of operator
Ta. For a discussion over the Schwartz Kernel of a pseudo-differential operator we recommend L.
Hörmander [10, p. 69].

Now, to prove the L2-boundedness of a pseudo-differential operator of order 0, we first observe
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that given any a P Sm, we can define aεpx, ξq “ apx, ξqψpεξq where ψ is such as in Proposition 2.6.
Then Taεf Ñ Taf in S for all f P S and we can write

Tafpxq “ lim
εÑ0`

Taεfpxq “ lim
εÑ0`

ż

Rn

ż

Rn
e2πiξ¨px´yq aεpx, ξq fpyq dy dξ

“ lim
εÑ0`

ż

Rn
fpyq

„
ż

Rn
e2πiξ¨px´yq aεpx, ξq dξ



dy

“ lim
εÑ0`

ż

Rn
fpyqKεpx, yq dy,

with Kεpx, yq “

ż

e2πiξ¨px´yq aεpx, ξq dξ.

If x ‰ y and we set Lξ “ p´4π2|x´ y|2q´1∆ξ, we have pLξqpe2πiξ¨px´yqq “ e2πiξ¨px´yq. Inserting
this operator N times on the expression of Kε and integrating by parts 2N times we get

|Kεpx, yq| ď
1

p4π2|x´ y|2qN

ż

Rn

∣∣p∆ξq
N raεpx, ξqs

∣∣ dξ.
Since taεu0ăεď1 Ă Sm is bounded, we can find a constant AN ą 0 such that∣∣p∆ξq

N raεpx, ξqs
∣∣ ď AN p1` |ξ|qm´2N for all px, ξq P R2n.

In particular, if we take 2N ą m` n there exists a constant BN such that

|Kεpx, yq| ď
1

p4π2|x´ y|2qN

ż

Rn

∣∣p∆ξq
N raεpx, ξqs

∣∣ dξ ď BN

|x´ y|2N
.

Thus if x R supp f we have

|Tafpxq| ď BN

ż

supp f

|fpyq|
|x´ y|2N

dy. (2.34)

We can now move to the main result of this section.

Theorem 2.11. Suppose a P S0. Then the operator Ta, initially defined on SpRnq, extends to a
bounded operator on L2pRnq.

Proof. Since S Ă L2 Ă S 1 with continuous and dense embeddings, we have by Proposition 1.33 that
it is enough to show that there exists a constant C ą 0 such that

‖Taf‖L2 ď C ‖f‖L2 for all f P SpRnq. (2.35)

So let us prove that (2.35) holds. We proceed in 3 steps.

Step 1: Firstly, we prove that the inequality holds under the assumption that the symbol a has
compact support in x and that its support is independent of ξ, i.e., there exists a compact set
K Ă Rn such that for all ξ P Rn we have suppx ap¨, ξq Ă K.

For fixed ξ P Rn we have that ap¨, ξq P C8c pRnq. Taking the Fourier transform on the first
variable, we conclude that papy, ξq P S, where

papy, ξq “

ż

Rn
e´2πiy¨x apx, ξq dx.

The Fourier inversion formula gives us

apx, ξq “

ż

Rn
e2πiy¨x

papy, ξq dy.

Now we note that for all α P Nn0 we have suppx B
α
xap¨, ξq Ă suppx ap¨, ξq Ă K and that for all



38 PSEUDO-DIFFERENTIAL OPERATORS ON RN 2.2

y P Rn

|p2πiyqα papy, ξq| “
∣∣∣∣ż

Rn
e´2πix¨y Bαxapx, ξq dx

∣∣∣∣
ď

ż

K
|Bαxapx, ξq| dx.

By hypothesis a P S0, thus there exists a constant Aα ą 0 such that |Bαxapx, ξq| ď Aα for all
px, ξq P R2n. Therefore

|p2πiyqα papy, ξq| ď AαmpKq for all py, ξq P R2n.

As a result, for all N P N there exists a constant CN ą 0 such that

sup
ξPRn

|papy, ξq| ď CN p1` |y|q´N for all y P Rn. (2.36)

Now,

pTafqpxq “

ż

Rn
e2πix¨ξ apx, ξq pfpξq dξ

“

ż

Rn
e2πix¨ξ

pfpξq

„
ż

Rn
e2πiy¨x

papy, ξq dy



dξ

“

ż

Rn
e2πiy¨x

„
ż

Rn
e2πix¨ξ

papy, ξq pfpξq dξ



dy

“

ż

Rn
e2πiy¨x pAyfqpxq dy.

where pAyfqpxq “
ż

Rn
e2πix¨ξ

papy, ξq pfpξq dξ.

Since for each fixed y P Rn we have {pAyfqpξq “ papy, ξq pfpξq, it follows by Plancherel’s identity
and (2.36) that

‖Ayf‖L2 ď sup
ξ

|papy, ξq| ¨ ‖ pf‖L2 “ sup
ξ

|papy, ξq| ¨ ‖f‖L2 ď
CN

p1` |y|qN
‖f‖L2 . (2.37)

By Minkowski’s Inequality for Integrals (G. Folland [5, p. 194]) and (2.37) we conclude that

‖Taf‖L2 ď

ż

Rn
‖Ayf‖L2 dy ď CN‖f‖L2

ż

Rn
p1` |y|q´N dy.

Fixing an N0 ą n and taking C “ CN0

ş

p1` |y|q´N0 dy we obtain (2.35) for the case where symbol
a is compactly supported on x-variable.

Step 2: For the general case where the symbol a P S0 does not need to have compact support, we
shall show that for each x0 P Rn there exists a constant CN ą 0, which is independent of x0, and
such that

ż

|x´x0|ď1
|Tafpxq|2 dx ď CN

ż

Rn

|fpxq|2

p1` |x´ x0|qN
dx, (2.38)

for all N ą n. To see that the above inequality implies the Theorem, let χ|x´x0|ď1 be the charac-
teristic function of the ball of radius 1 centered at x0. Fix N ą n and integrate (2.38) with respect
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to x0 P Rn to get

ż

Rn

«

ż

Rn
χ|x´x0|ď1 |Tafpxq|2 dx

ff

dx0 ď CN

ż

Rn

«

ż

Rn

|fpxq|2

p1` |x´ x0|qN
dx

ff

dx0.

Applying Fubini-Tonelli’s theorem to exchange the integration order we get

mpBp0, 1qq
ż

Rn
|Tafpxq|2 dx ď CN

ż

Rn
|fpxq|2

«

ż

Rn

1

p1` |x´ x0|qN
dx0

ff

dx,

which gives the desired result.

Step 3: Let us now prove (2.38). Let x0 P Rn be an arbitrary but fixed point. Take φ P C8c pRnq
to be such that 0 ď φ ď 1, suppφ Ă Bpx0, 3q and φ ” 1 on Bpx0, 2q. Then for every f P S we can
write f “ φf ` p1´ φqf :“ f1 ` f2. Since Ta is a linear operator, we have Taf “ Taf1 ` Taf2, and
thus the pointwise inequality |Taf |2 ď 2p|Taf1|2 ` |Taf2|2q holds, so it suffices to analyse each of
those terms separately. We do the calculations for f1 first.

Consider η P C8c pRnq to be such that 0 ď η ď 1, supp η Ă Bpx0, 2q and η ” 1 on Bpx0, 1q. Then
ηpxqTaf1 “ Tηaf1, which is a pseudo-differential operator of order m whose symbol has compact
support on the x-variable, so that the result in STEP 1 would apply. Therefore,

ż

|x´x0|ď1
|Taf1pxq|2 dx ď

ż

Rn
|ηpxq|2|Taf1pxq|2 dx

“

ż

Rn
|Tηaf1pxq|2 dx

ď C

ż

Rn
|f1pxq|2 dx

“ C

ż

Rn
|φpxqfpxq|2 dx

ď C

ż

Bpx0,3q

ˆ

4

1` |x´ x0|

˙N

|fpxq|2 dx

ď 4N C

ż

Rn

|fpxq|2

p1` |x´ x0|qN
dx,

which satisfies (2.38). For the estimate on f2, we first note that supp f2 Ă Bpx0, 2q
c, thus for all

x P Bpx0, 1q we have that formula (2.34) holds for 2N ą n. Moreover, for all y P Bpx0, 2q
c and

x P Bpx0, 1q we have |y ´ x0| ď |y ´ x|` |x´ x0| ď 2|y ´ x|, and thus

|Taf2pxq| ď AN

ż

Bpx0,2qc

|f2pyq|
|x´ y|2N

dy

ď 4NAN

ż

Bpx0,2qc

|f2pyq|
|y ´ x0|2N

dy

ď BN

ż

Rn

|fpyq|
p1` |y ´ x0|qN{2

1

p1` |y ´ x0|q3N{2
dy

ď BN

ˆ
ż

Rn

|fpyq|2

p1` |y ´ x0|qN
dy

˙1{2 ˆż

Rn

1

p1` |y ´ x0|q3N
dy

˙1{2

,

where we used Cauchy-Schwarz to get the last inequality. Squaring and integrating the above
inequality on Bpx0, 1q gives us inequality (2.38) for f2. Finally, since both constants found on the
estimates for Taf1 and Taf2 do not depend on the choosen point x0 P Rn we conclude our proof.
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2.3 Symbolic Calculus: Composition Formula

Next we shall prove that the composition of two pseudo-differential operators is a pseudo-
differential operator and we shall derive an asymptotic expression relating their symbols.

Again, our exposition is based on E. M. Stein [18], but our calculations shall be done very
explicitly.

The main result about the composition of pseudo-differential operators can be stated as follows.

Theorem 2.12 (Composition formula for pseudo-differential operators). Suppose a P Sm1 and
b P Sm2. Then there exists a symbol c P Sm1`m2 such that

Tc “ Ta ˝ Tb.

Moreover,

c ∼
ÿ

α

p2πiq´|α|

α!
pBαξ aq ¨ pB

α
x bq

Where the expression above has to be interpreted in the sense that

c ´
ÿ

|α|ďN

p2πiq´|α|

α!
pBαξ aq ¨ pB

α
x bq P Sm1`m2´N´1 , (2.39)

for all N ě 0.

Note that formula (2.39) of the above Theorem implies that if a P Sm1 and b P Sm2 , then the
commutator between operators Ta and Tb, given explicitly by

rTa, Tbs “ Ta ˝ Tb ´ Tb ˝ Ta,

defines a pseudo-differential operator of order m1 `m2 ´ 1.

Proof. We shall prove this Theorem in several steps, dealing first with the case where one of the
symbols has compact support and then moving to the general case.

STEP 1: Let us start by proving the result for any a P Sm1 and under the assumption that the
symbol b P Sm2 has compact support in x and that its support is independent of ξ, i.e., there exists
a compact set K Ă Rn such that for all ξ P Rn we have suppx bp¨, ξq Ă K.

Let bεpx, ξq “ bpx, ξqψpεξq where ψ is such as in Proposition 2.6. Then for any f P S we can
write

Tbεfpyq “

ż

e2πiξ¨py´zq bεpy, ξq fpzq dz dξ.

Similarly, we can take aεpx, ηq “ apx, ηqψpεxqψpεηq. Applying Taε in the above expression we
get

pTaεTbεfqpxq “

ż
ˆ
ż

e2πiξ¨py´zq bεpy, ξq fpzq dz dξ

˙

e2πiη¨px´yq aεpx, ηq dy dη. (2.40)

By Fubini’s theorem and the fact that e2πiη¨px´yq e2πiξ¨py´zq “ e2πipx´yq¨pη´ξq e2πipx´zq¨ξ we have

pTaεTbεfqpxq “

ż

cεpx, ξq e
2πipx´zq¨ξ fpzq dz dξ, (2.41)
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with cεpx, ξq given explicitly by

cεpx, ξq “

ż

e2πipx´yq¨pη´ξq aεpx, ηq b
εpy, ξq dy dη

“

ż

e2πix¨pη´ξq aεpx, ηqpb
εpη ´ ξ, ξq dη

“

ż

e2πix¨η aεpx, ξ ` ηqpb
εpη, ξq dη,

(2.42)

where pbεp¨, ξq is the Fourier transform of bεp¨, ξq as a function of y P Rn. Note that, for each fixed
0 ă ε ď 1, this leads us to the following equality

pTaεTbεfqpxq “ Tcεfpxq @f P S. (2.43)

STEP 1.1 - Asymptotic Formula: By hypothesis b P Sm2 has compact support in x, and thus
for each fixed ξ P Rn, we have that bεp¨, ξq P C8c pRnq which implies that pbεp¨, ξq P SpRnq. More
explicitly, for each multiindex α and for each ξ P Rn we have

p2πiηqαpbεpη, ξq “ {pBαx b
εqpη, ξq “

ż

Rn
e´2πix¨η Bαx b

εpx, ξq dx.

As suppx B
α
x b
εpx, ξq Ă suppx b

εpx, ξq Ă K, we conclude that∣∣∣p2πiηqαpbεpη, ξq∣∣∣ “ ∣∣∣∣ż
Rn
e´2πix¨η Bαx b

εpx, ξq dx

∣∣∣∣
ď

ż

K
|Bαx bεpx, ξq| dx

ď Aαp1` |ξ|qm2 mpKq.

This implies, in particular, that for every M P N there exists a constant AM such that

|pbεpη, ξq| ď AM p1` |ξ|qm2p1` |η|q´M . (2.44)

We now proceed to make a careful analysis of the right-hand side of (2.42). Using Taylor’s formula
we write

aεpx, ξ ` ηq “
ÿ

|α|ďN

1

α!
Bαξ aεpx, ξqη

α `RεN px, ξ, ηq, (2.45)

where

RεN px, ξ, ηq “
ÿ

|α|“N`1

ηα

α!

ż 1

0
p1´ θqNBαξ aεpx, ξ ` θηq dθ.

Inserting (2.45) into (2.42) we get

cεpx, ξq “

ż

e2πix¨η aεpx, ξ ` ηqpb
εpη, ξq dη

“
ÿ

|α|ďN

1

α!

ż

e2πix¨η Bαξ aεpx, ξqη
α
pbεpη, ξq dη `

ż

e2πix¨η RεN px, ξ, ηq
pbεpη, ξq dη.

(2.46)

Now, each term in the first sum of the above equality contributes with

1

α!

ż

Bαξ aεpx, ξqη
α
pbεpη, ξq e2πix¨η dη “

p2πiq´|α|

α!
Bαξ aεpx, ξq

ż

p2πiq|α|ηαpbεpη, ξq e2πix¨η dη,
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which upon using the Fourier inversion formula on p2πiq|α|ηαpbεpη, ξq gives us

p2πiq´|α|

α!
Bαξ aεpx, ξq ¨ B

α
x b
εpx, ξq,

and this is the term corresponding to each α in formula (2.39), except it carries 0 ă ε ď 1.

STEP 1.2 - Remainder Term: We will now show that the second term on the right-hand side
of (2.46) belongs to Sm1`m2´N´1 uniformly in 0 ă ε ď 1. More precisely, we will show that given
any multiindices γ, β there exists a constant Aγβ ą 0 such that∣∣∣∣BγxBβξ ż e2πix¨η RεN px, ξ, ηq

pbεpη, ξq dη

∣∣∣∣ ď Aγβp1` |ξ|qm1`m2´N´1´|β| @x, ξ P Rn, (2.47)

uniformly in 0 ă ε ď 1.
Note that differentiation under the integral sign gives us

ż

BγxB
β
ξ re

2πix¨η RεN px, ξ, ηq
pbεpη, ξqs dη.

By Leibniz’s rule we get that

BγxB
β
ξ re

2πix¨η RεN px, ξ, ηq
pbεpη, ξqs Ă spante2πix¨η ηδ Bσξ

pbεpη, ξq Bγ´δx B
β´σ
ξ RεN px, ξ, ηq : δ ď γ, σ ď βu.

Since∣∣∣∣ż e2πix¨η ηδ Bσξ
pbεpη, ξq Bγ´δx B

β´σ
ξ RεN px, ξ, ηq dη

∣∣∣∣ ď ż

|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B
β´σ
ξ RεN px, ξ, ηq| dη,

we may obtain (2.47) by showing that there exist constants Cγβδσ ą 0 such that
ż

|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B
β´σ
ξ RεN px, ξ, ηq| dη ď Cγβδσp1` |ξ|qm1`m2´N´1´|β| (2.48)

for all x, ξ P Rn and uniformly in 0 ă ε ď 1. Let us prove the above inequality.
First, we observe that for any multiindices γ1, β1 we have

Bγ
1

x B
β1

ξ R
ε
N px, ξ, ηq “

ÿ

|α|“N`1

ηα

α!

ż 1

0
p1´ θqNBγ

1

x B
α`β1

ξ aεpx, ξ ` θηq dθ.

Thus we can find a constant CNγ1β1 ą 0, which does not depend on 0 ă ε ď 1, and such that

|Bγ1x B
β1

ξ R
ε
N px, ξ, ηq| ď

ÿ

|α|“N`1

|η|N`1

α!
maxt |Bγ1x B

α`β1

ξ aεpx, ζq| : ξ ď ζ ď ξ ` ηu

ď CNγ1β1 |η|N`1 maxt p1` |ζ|qm1´N´1´|β1| : ξ ď ζ ď ξ ` ηu,

for all x, ξ, η P Rn. We now consider the following different cases for our estimates.
Case 1: When |η| ď |ξ|{2, we have |ξ|{2 ď |ζ| ď 3|ξ|{2, and therefore there exists a constant
ANγ1β1 ą 0 such that

|Bγ1x B
β1

ξ R
ε
N px, ξ, ηq| ď ANγ1β1 |η|N`1

p1` |ξ|qm1´N´1´|β1| @x P Rn.

Case 2.1: When |η| ą |ξ|{2 and m1 ´N ´ 1´ |β1| ą 0, we use that |ζ| ď |ξ|` |η| ď 3|η| to obtain
a constant ANγ1β1 ą 0 such that

|Bγ1x B
β1

ξ R
ε
N px, ξ, ηq| ď ANγ1β1 |η|N`1

p1` |η|qm1´N´1´|β1| @x P Rn.
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Case 2.2: When |η| ą |ξ|{2 and m1 ´N ´ 1´ |β1| ď 0, we obtain a constant ANγ1β1 ą 0 such that

|Bγ1x B
β1

ξ R
ε
N px, ξ, ηq| ď ANγ1β1 |η|N`1

@x P Rn.

Now, in a similar fashion as in (2.44), we have that for every M P N and σ P Nn0 there exists
constants AMσ ą 0 such that

|Bσξpbεpη, ξq| ď AMσp1` |ξ|qm2´|σ|p1` |η|q´M . (2.49)

Breaking the integral on the left-hand side of (2.48) according to cases 1 and 2 above we get

ż

|η|ď|ξ|{2
|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B

β´σ
ξ RεN px, ξ, ηq| dη

`

ż

|η|ą|ξ|{2
|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B

β´σ
ξ RεN px, ξ, ηq| dη (2.50)

For the first integral we use Case 1 together with (2.49) to obtain a constant A ą 0, which depends
on γ, β, δ, σ,M and N , but does not depend on 0 ă ε ď 1, and such that
ż

|η|ď|ξ|{2
|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B

β´σ
ξ RεN px, ξ, ηq| dη ď A p1`|ξ|qm1`m2´N´1´|β|

ż

Rn
|η|N`1`|δ|

p1`|η|q´M dη.

It is enough to take M ą n`N ` 1` |δ| to obtain our desired inequality.
We shall do only Case 2.2 for the estimate of the second integral in (2.50) since Case 2.1

follows by a similar calculation. Now, if m1´N ´ 1´ |β1| ď 0, it follows from Case 2.2 and (2.49)
that we may obtain a constant B ą 0, which depends on γ, β, δ, σ,M and N , but does not depend
on 0 ă ε ď 1, and such that
ż

|η|ą|ξ|{2
|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B

β´σ
ξ RεN px, ξ, ηq| dη ď Bp1` |ξ|qm2´|σ|

ż

|η|ą|ξ|{2
|η|N`1`|δ|

p1` |η|q´M dη

ď Bp1` |ξ|qm2´|σ|
ż

|η|ą|ξ|{2
p1` |η|qN`1`|δ|´M dη.

Note that if M ą N ` 1 ` |δ| ` n, then the last integral is absolutely convergent. Moreover, since
the integrand is a radial function, we may use spherical coordinates to get

ż

|η|ą|ξ|{2
p1` |η|qN`1`|δ|´M dη “ ωn´1

ż 8

|ξ|{2
p1` |r|qN`|δ|`n´M dr,

where ωn´1 denotes the surface area of the pn´1q-sphere of radius 1. SettingM ą N`|δ|`n`k`1,
where k P N is still to be determined, we have that

ωn´1

ż 8

|ξ|{2
p1` |r|qN`|δ|`n´M dr ď ωn´1

ż 8

|ξ|{2
p1` |r|q´k´1 dr “

ωn´1

k
p1` |ξ|{2q´k.

Hence, there exists a constant C ą 0, which does not depend on 0 ă ε ď 1 and such that
ż

|η|ą|ξ|{2
|η||δ| |Bσξpbεpη, ξq| |Bγ´δx B

β´σ
ξ RεN px, ξ, ηq| dη ď Cp1` |ξ|qm2´|σ|´k.

As k P N can be choosen arbitrarily large, we may take it so that the above expression is bounded
by a constant times p1` |ξ|qm1`m2´N´1´|β|.

Now that we have checked that (2.47) holds, we may proceed to the last step in the proof of the
theorem for the scenario where b P Sm2 has x-compact support.
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STEP 1.3 - Symbol c P Sm1`m2: Combining the results proved so far, we conclude that cε P
Sm1`m2 uniformly in 0 ă ε ď 1 and that for every N P N we may write cε explicitly as

cεpx, ξq “

ż

e2πix¨η aεpx, ξ ` ηqpb
εpη, ξq dη

“
ÿ

|α|ďN

p2πiq´|α|

α!
Bαξ aεpx, ξq ¨ B

α
x b
εpx, ξq `

ż

e2πix¨η RεN px, ξ, ηq
pbεpη, ξq dη.

By the Dominated Convergence Theorem and Proposition 2.6 we conclude that there exists c P
Sm1`m2 such that cε Ñ c pointwise and in Sm1 for all m1 ą m1`m2. Moreover, we can write cpx, ξq
explicitly as

cpx, ξq “

ż

e2πix¨η apx, ξ ` ηqpbpη, ξq dη

“
ÿ

|α|ďN

p2πiq´|α|

α!
Bαξ apx, ξq ¨ B

α
x bpx, ξq `

ż

e2πix¨η RN px, ξ, ηqpbpη, ξq dη.

Finally, taking the limit as εÑ 0` in (2.43) and using Theorem 2.5 leads us to the following equality

pTaTbfqpxq “ lim
εÑ0`

pTaεTbεfqpxq “ lim
εÑ0`

Tcεfpxq “ Tcfpxq @f P S,

and this finishes the proof for the case when b P Sm2 has compact x-support.

STEP 2 - General case: To consider the case when we do not assume that b P Sm2 has x-compact
support we do as follows: Start by considering an arbitrary but fixed point x0 P Rn. Take φ P C8c pRnq
such that 0 ď φ ď 1, suppφ Ă Bpx0, 2q and φ ” 1 on Bpx0, 1q and write b “ φb`p1´φqb :“ b1` b2.
It is clear that b1, b2 P Sm2 and that

TaTbfpxq “ TaTb1fpxq ` TaTb2fpxq @f P S.

Since supp b1 Ă Bpx0, 2q, it follows from STEP 1 that there exists c1 P Sm1`m2 such that TaTb1 “ Tc1

and

c1 ´
ÿ

|α|ďN

p2πiq´|α|

α!
pBαξ aq ¨ pB

α
x b
1q P Sm1`m2´N´1 (2.51)

for all N ě 0.
We now show that there exists a symbol c2 such that TaTb2 “ Tc2 and such that for all x P

Bpx0, 1{2q we have: For all γ, β multiindices there exists a constant CNγβ such that

|BγxB
β
ξ c
2px, ξq| ď CNγβp1` |ξ|qm1`m2´N´1´|β| for all N ě 0. (2.52)

To see this, fix 0 ă ε ď 1 and consider the symbols aε, b2ε. By (2.40)–(2.42) we have TaεTb2ε “ Tc2ε
with

c2εpx, ξq “

ż

Rn

ż

Bpx0,1qc
e2πipx´yq¨pη´ξq aεpx, ηq b

2
εpy, ξq dy dη.

In the above integral we note that |x´ y| ě |x0 ´ y| ´ 1{2 ą 0 for all x P Bpx0, 1{2q. We set
Lη “ p´4π2|x´ y|2q´1∆η and thus

pLηqpe2πipx´yq¨pη´ξqq “ e2πipx´yq¨pη´ξq.

Inserting this operator N1 times on the above integral and integrating by parts 2N1 times in the
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η-variable we get

c2εpx, ξq “

ż

Rn

ż

Bpx0,1qc
e2πipx´yq¨pη´ξq

∆N1
η aεpx, ηq

p´4π2|x´ y|2qN1
b2εpy, ξq dy dη.

Next, we set Ly “ p1` 4π2|ξ ´ η|2q´1p1´∆yq, insert this operator N2 times on the above integral,
and integrate by parts 2N2 times with respect to the y-variable using the identity

Lype
2πipx´yq¨pη´ξqq “ e2πipx´yq¨pη´ξq.

This calculation gives us the equality

c2εpx, ξq “

ż

Rn

ż

Bpx0,1qc
e2πipx´yq¨pη´ξq

∆N1
η aεpx, ηq

p1` 4π2|ξ ´ η|2qN2
p1´∆yq

N2

„

b2εpy, ξq

p´4π2|x´ y|2qN1



dy dη.

(2.53)
Since ∣∣∆N1

η aεpx, ηq
∣∣ ď AN1p1` |η|qm1´2N1 ,∣∣∣∣p1´∆yq

N2

„

b2εpy, ξq

p´4π2|x´ y|2qN1

∣∣∣∣ ď AN1N2

p1` |ξ|qm2

|x´ y|2N1
,

(2.54)

and
1

1` 4π2|ξ ´ η|2
ď

1` 4π2|η|2

1` 2π2|ξ|2
,

it follows that there exists a constant BN1N2 ą 0 such that

∣∣c2εpx, ξq∣∣ ď ż

Rn

ż

Bpx0,1qc

∣∣∆N1
η aεpx, ηq

∣∣
p1` 4π2|ξ ´ η|2qN2

∣∣∣∣p1´∆yq
N2

„

b2εpy, ξq

p´4π2|x´ y|2qN1

∣∣∣∣ dy dη
ď BN1N2

ż

Rn

ż

Bpx0,1qc
p1` |η|qm1´2N1

p1` 4π2|η|2qN2

p1` 2π2|ξ|2qN2

p1` |ξ|qm2

|x´ y|2N1
dy dη.

As 1`|ξ|2 ď p1`|ξ|q2 ď 3p1`|ξ|2q for every ξ P Rn and |x´ y| ě |x0 ´ y|´1{2 for all x P Bpx0, 1{2q,
we have that there exists CN1N2 ą 0 such that

∣∣c2εpx, ξq∣∣ ď CN1N2 p1` |ξ|qm2´2N2

˜

ż

Rn
p1` |η|qm1`2N2´2N1 dη

¸˜

ż

Bp0,1qc

1

p|z|´ 1{2q2N1
dz

¸

.

From the above inequality it is clear that if we take N2 sufficiently large and 2N1 ą maxtn,m1 `

n ` 2N2u we get (2.52) for c2εpx, ξq when γ “ β “ 0. The inequality for the general case involving
derivatives follows from differentiation under the integral sign in (2.53), application of Leibniz’s
rule, and similar inequalities as in (2.54). Then (2.52) follows from taking the limit of c2εpx, ξq as
εÑ 0` under the light of Theorem 2.5 and Proposition 2.6.

Finally, take cx0 “ c1 ` c2. Then Tcx0 “ TaTb and, since b1 “ b for all x P Bpx0, 1{2q, it follows
from (2.51) and (2.52) that

cx0 ´
ÿ

|α|ďN

p2πiq´|α|

α!
pBαξ aq ¨ pB

α
x bq (2.55)

satisfies similar inequalities as of an element in Sm1`m2´N´1 for all N ě 0, but uniformly only on
x P Bpx0, 1{2q. Since x0 P Rn is arbitrary and Theorem 2.9 guarantees that a pseudo-differential
operator defines its symbol uniquely, it follows that there exists a unique symbol c P Sm1`m2 such
that TaTb “ Tc and such that (2.39) holds for all N ě 0.
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2.4 Boundedness on Sobolev Spaces

We start this section by claiming that for any multiindex α, it follows that Bα : S Ñ S extends
to a bounded linear map from Hs to Hs´|α|. Indeed, since |ξα| ď p1` |ξ|2q|α|{2 for any ξ P Rn and
any α P Nn0 , we have for any f P S

‖Bαf‖2
Hs´|α| “

ż

Rn
p1` |ξ|2qs´|α| |p2πiξqα pfpξq|2 dξ

ď p2πq2|α|
ż

Rn
p1` |ξ|2qs | pfpξq|2 dξ

“ p2πq2|α| ‖f‖2
Hs .

Because S Ă Hs Ă S 1 with continuous dense embedding for every s P R, and Bα : S 1 Ñ S 1 is
continuous the claim holds by Proposition 1.33.

Inspired by the above result for derivatives, one has the following theorem for pseudo-differential
operators.

Theorem 2.13 (Boundedness on Sobolev Spaces). Suppose a P Sm. Then for any given s P R
the operator Ta, initially defined on SpRnq, extends to a bounded linear map from HspRnq into
Hs´mpRnq.

Proof. By Proposition 1.33 it suffices to show that there exists C ą 0 such that

‖Taf‖Hs´m ď C ‖f‖Hs for all f P SpRnq. (2.56)

From (2.3) we know that p1` |ξ|2qt{2 P St for every t P R, thus we may define a pseudo-differential
operator Λt : S Ñ S by

Λtfpxq :“

ż

Rn
e2πix¨ξ p1` |ξ|2qt{2 pfpξq dξ.

Since p1 ` |ξ|2qt{2 pfpξq P S, we have that {pΛtfqpξq :“ p1 ` |ξ|2qt{2 pfpξq and that Λt ˝ Λ´t “ I.
Additionally, by Plancherel’s theorem we have ‖f‖Hs “ ‖Λsf‖L2 for all f P SpRnq and every s P R.

By writing As,m “ Λs´m ˝Ta ˝Λ´s, we have by Theorem 2.12 that As,m is a pseudo-differential
operator of order 0. Thus by Theorem 2.11 there exists C ą 0 such that

‖As,mf‖L2 ď C ‖f‖L2 for all f P SpRnq.

This implies that for any f P SpRnq we have

‖Taf‖Hs´m “ ‖Λs´m Taf‖L2 “ ‖Λs´m Ta Λ´sΛsf‖L2

“ ‖As,m Λsf‖L2

ď C ‖Λsf‖L2

“ C ‖f‖Hs

and this finishes the proof.

2.5 Commutator characterization of Pseudo-differential Operators
on Euclidean Spaces

In this section we will discuss the commutator characterization of local pseudo-differential op-
erators on Rn. We start by proving the following auxiliary lemmas.

Lemma 2.14 (Peetre’s Inequality). For all s P R and every x, y P Rn, we have

p1` |x` y|qs ď p1` |x|qs p1` |y|q|s|
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Proof. First note that

p1` |x` y|q ď 1` p|x|` |y|q ď p1` |x|qp1` |y|q, (2.57)

which clearly implies the result if s ě 0.
If s ă 0, then we exchange x ÞÑ x` y and y ÞÑ ´y in (2.57) to get

p1` |x|q´s ď p1` |x` y|q´sp1` |´y|q´s

which implies that
p1` |x` y|qs ď p1` |x|qsp1` |y|q|s|

as we desired.

Lemma 2.15. Let φpx, yq P C8pΩˆUq, with Ω Ă Rn and U Ă Rm open sets. Suppose that there is
a compact set K Ă Ω such that suppx φp¨, yq Ă K for all y P U . Then for all u P D1pΩq the mapping

y ÞÑ upφp¨, yqq

is a C8-function of y and
Bαy upφp¨, yqq “ upBαy φp¨, yqq.

Proof. Fix y0 P U . For each h P Rn such that ry0, y0 ` hs Ă U we have by Taylor’s formula that

φpx, y0 ` hq “ φpx, y0q `

m
ÿ

j“1

hj
Bφpx, y0q

Byj
`

ÿ

|β|“2

2

β!
hβ

ż 1

0
p1´ tq Bβyφpx, y0 ` thq dt.

Denoting the last term on the right-hand side by ψpx, y0, hq, we note that it defines a smooth
function on the x-variable and that it has compact support on K.

Additionally, if we take δ ą 0 such that Bpy0, δq Ă U , it follows that

sup
xPK

|Bγxψpx, y0, hq| ď |h|2
ÿ

|β|“2

2

β!
sup
xPK

yPBpy0,δq

∣∣∣Bβy Bγxφpx, yq∣∣∣,
for all h P Rn such that |h| ď δ. Thus there exists a constant C ą 0 such that for all h P Rn
sufficiently small we have |upψq| ď C|h|2.

By the linearity of u we conclude that

B

Byk
upφp¨, y0qq “ lim

hkÑ0

upφp¨, y0 ` hkqq ´ upφp¨, y0qq

hk

“ lim
hkÑ0

u

˜

φp¨, y0 ` hkq ´ φp¨, y0q

hk

¸

“ lim
hkÑ0

u

˜

Bφp¨, y0q

Byk
`
ψp¨, y0, hkq

hk

¸

“ u

ˆ

B

Byk
φp¨, y0q

˙

.

Iteration of this result proves the Lemma.

Definition 2.16. A continuous linear map

A : C8c pRnq Ñ D1pRnq

is called a local pseudo-differential operator of order m if for all φ, ψ P C8c pRnq we have φAψ P
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OpSm. Here we have
pφAψqu :“ φApψuq in D1pRnq,

and when A is a local pseudo-differential operator the equality holds pointwise. We denote the space
of all local pseudo-differential operators of order m by Ψm

locpRn ˆ Rnq.

Note that if A P Ψm
locpRn ˆ Rnq then for any φ, ψ P C8c pRnq we have that φAψ maps C8pRnq

continuously into C8suppφpRnq.
Recall that if T is a pseudo-differential operator, then by Theorem 2.9 there exists a unique

a P Sm such that T “ Ta. Richard Beals [1] proved another characterization of pseudo-differential
operators on Rn, namely, via commutators. We provide a related result, Theorem 2.17, for the
characterization of local pseudo-differential operators via commutators. Our result is a slightly
stronger version of M. Ruzhansky and V. Turunen [15, Theorem 5.14, p. 414].

Let us introduce some notation before we prove our result.
Let T be a linear map from C8c pRnq to D1pRnq. Let us define the commutators

LjpT q :“ rBxj , T s and RkpT q :“ rT,Mxks,

where Mxk is the linear operator defined by Mxkpuq :“ 2πixku.
Note that for all j ‰ k we have BxjMxk “ MxkBxj and also RkRj “ RjRk, LkLj “ LjLk and

RkLj “ LjRk. Furthermore, we note that BxkMxk “ 2πi I `MxkBxk , and thus

RkLkpT q “ RkprBxk , T sq

“ RkpBxkT ´ TBxkq

“ BxkTMxk ´ TBxkMxk ´MxkBxkT `MxkTBxk
“ BxkTMxk ´ TMxkBxk ´ BxkMxkT `MxkTBxk
“ rBxk , TMxks ´ rBxk ,MxkT s

“ LkprT,Mxksq

“ LkRkpT q.

For all multiindices α, β P Nn0 we set Rα “ Rα1
1 ¨ ¨ ¨Rαnn and Lβ “ Lβ11 ¨ ¨ ¨Lβnn , with the convention

that R0
k “ L0

j “ I.

Theorem 2.17 (Commutator chracterization on Rn). Let m P R and let A be a linear map from
C8c pRnq to D1pRnq. Then the following conditions are equivalent:

(i) A P Ψm
locpRn ˆ Rnq.

(ii) For any φ, ψ P C8c pRnq and for every α, β P Nn0 , the operator RαLβpφAψq has a continuous
linear extension mapping Hm´|α|pRnq to L2pRnq.

Proof. piq ùñ piiq : Let A P Ψm
locpRn ˆ Rnq and fix ψ, φ P C8c pRnq. By definition we have φAψ P

OpSm, hence by Theorem 2.5 and Proposition 2.8 we have that φAψ is a continuous linear operator
on S and on S 1. By Theorem 2.9 we have that there exists a unique symbol aφ,ψ P Sm such that

aφ,ψpx, ξq “ e´2πix¨ξpφAψqpe2πix¨ξqpxq.

Let us denote e2πix¨ξ “ eξpxq. Now

Bxjaφ,ψpx, ξq “ p´2πiξjqe´ξpxqpφAψqpeξqpxq ` e´ξpxqBxj pφAψqpeξqpxq

“ ´e´ξpxqpφAψqpBxjeξqpxq ` e´ξpxqBxj pφAψqpeξqpxq

“ e´ξpxqLjpφAψqpeξqpxq.

Let χψ P C8c pRnq be such that χψ ” 1 on a neighbourhood of the compact set suppψ and write
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pφAψqpeξq “ pφAψqpχψeξq. Since Aψ P D1pRnq by definition, it follows from Lemma 2.15 that

BξkpφAψqpeξqpxq “ BξkpφAψqpχψeξqpxq “ pφAψqpBξkχψeξqpxq “ pφAψqpMxkeξqpxq.

Therefore

Bξkaφ,ψpx, ξq “ p´2πixkqe´ξpxqpφAψqpeξqpxq ` e´ξpxqBξkpφAψqpeξqpxq

“ ´e´ξpxqMxkpφAψqpeξqpxq ` e´ξpxqpφAψqpMxkeξqpxq

“ e´ξpxqRkpφAψqpeξqpxq.

Iteration of the above results implies that for any multiindices α, β P Nn0 we have

Bαξ B
β
xaφ,ψpx, ξq “ e´ξpxqR

αLβpφAψqpeξqpxq P S
m´|α|. (2.58)

Finally, by Theorem 2.13 we have that for any s P R the linear map RαLβpφAψq is continuous from
HspRnq to Hs´pm´|α|qpRnq, thus it is in particular continuous from Hm´|α|pRnq to L2pRnq

piiq ùñ piq : Assume piiq and fix ψ, φ P C8c pRnq. We now have to prove that φAψ P OpSm.
Let χψ P C8c pRnq be such that 0 ď χψ ď 1 and χψ ” 1 on a neighbourhood of the compact set

suppψ. Note that for each ξ P Rn we have χψeξ P C8c pRnq and

pφAψqpχψeξq “ pφAψqpeξq in L2pRnq

since by hypothesis we have that for every α, β P Nn0 the linear map RαLβpφAψq is bounded from
Hm´|α| to L2, so that RαLβpφAψqpχψeξq P L2pRnq.

Now define aφ,ψpx, ξq “ e´ξpxqpφAψqpeξqpxq as an L2-function of x P Rn depending on a
parameter ξ P Rn. We shall show that aφ,ψpx, ξq P SmpRn ˆ Rnq and that

Bαξ B
β
xaφ,ψpx, ξq “ e´ξpxqR

αLβpφAψqpeξqpxq. (2.59)

First note that by hypothesis there exists C0 ą 0 such that, for all ξ P Rn, we have

‖aφ,ψp¨, ξq‖L2 ď ‖pφAψqpχψeξqp¨q‖L2 ď C0‖χψeξ‖Hm .

Now, since χψeξp¨q is an infinitely differentiable function of ξ with values in C8c pRnq and for every
α, β P Nn0 the linear map RαLβpφAψq is continuous from Hm´|α| to L2, we obtain that aφ,ψp¨, ξq is
an infinitely differentiable function of ξ taking values in L2pRnq. Moreover, we have that for each
1 ď k ď n

χψpxq
eξ`hkpxq ´ eξpxq

hk
Ñ χψpxqp2πixkqeξpxq in S as a function in the x-variable.

Therefore, in the L2-sense

BξkR
αLβpφAψqpeξq “ lim

hkÑ0

RαLβpφAψqpeξ`hkq ´R
αLβpφAψqpeξq

hk

“ lim
hkÑ0

RαLβpφAψq

˜

eξ`hk ´ eξ
hk

¸

“ lim
hkÑ0

RαLβpφAψq

˜

χψ
eξ`hk ´ eξ

hk

¸

“ RαLβpφAψqpχψ2πixkeξq

“ RαLβpφAψqpMxkeξq.
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In particular, the above calculation implies that for each ξ P Rn and almost every x P Rn

Bξkaφ,ψpx, ξq “ Bξkre´ξpxqpφAψqpeξqpxqs

“ p´2πixkqe´ξpxqpφAψqpeξqpxq ` e´ξpxqBξkpφAψqpeξqpxq

“ ´e´ξpxqMxkpφAψqpeξqpxq ` e´ξpxqpφAψqpMxkeξqpxq

“ e´ξpxqRkpφAψqpeξqpxq.

Iteration of the above results gives us that for any multiindex α P Nn0 we have

Bαξ aφ,ψpx, ξq “ e´ξpxqR
αpφAψqpeξqpxq.

It follows from the hypothesis on RαpφAψq that there exists a constant Cα ą 0 such that∥∥Bαξ aφ,ψp¨, ξq∥∥L2 ď ‖RαpφAψqpχψeξqp¨q‖L2 ď Cα‖χψeξ‖Hm´|α| .

Now let α P Nn0 be a multiindex. For each ξ P Rn, we calculate the distributional x-derivatives
of Bαξ aφ,ψpx, ξq noting that for any 1 ď j ď n and almost every x P Rn we have

BxjB
α
ξ aφ,ψpx, ξq “ Bxj re´ξpxqR

αpφAψqpeξqpxqs

“ p´i2πξjqe´ξpxqR
αpφAψqpeξqpxq ` e´ξpxqBxjR

αpφAψqpeξqpxq

“ ´e´ξpxqR
αpφAψqpBxjeξqpxq ` e´ξpxqBxjR

αpφAψqpeξqpxq

“ e´ξpxqR
αLjpφAψqpχψeξqpxq.

(2.60)

By the hypothesis on RαLjpφAψq we obtain a constant Cjα ą 0 such that for any ξ P Rn∥∥BxjBαξ aφ,ψp¨, ξq∥∥L2 ď ‖RαLjpφAψqpχψeξqp¨q‖L2

ď ‖RαLjpφAψqpχψeξqp¨q‖L2

ď Cjα‖χψeξ‖Hm´|α| .

(2.61)

By induction and equations (2.60)–(2.61) we may obtain that for each ξ P Rn, for any α, β P Nn0 ,
and for almost every x P Rn,

BβxB
α
ξ aφ,ψpx, ξq “ e´ξpxqR

αLβpφAψqpeξqpxq,

and that there exists a constant Cαβ ą 0 such that

‖BβxBαξ aφ,ψp¨, ξq‖L2 ď Cαβ‖χψeξ‖Hm´|α| . (2.62)

To evaluate ‖χψeξ‖Hm´|α| we use that 1 ` |η|2 ď p1 ` |η|q2 ď 3p1 ` |η|2q for all η P Rn, together
with Peetre’s inequality in Lemma 2.14 to obtain a constant C 1 ą 0 such that
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‖χψeξ‖Hm´|α| “

˜

ż

Rn
p1` |η|2qpm´|α|q |zχψeξpηq|2 dη

¸1{2

ď C 1

˜

ż

Rn
p1` |η|q2pm´|α|q |xχψpη ´ ξq|2 dη

¸1{2

“ C 1

˜

ż

Rn
p1` |η ` ξ|q2pm´|α|q |xχψpηq|2 dη

¸1{2

ď C 1

˜

ż

Rn
p1` |ξ|q2pm´|α|q p1` |η|q2p|m´|α||q |xχψpηq|2 dη

¸1{2

ď C 1 p1` |ξ|qm´|α|
˜

ż

Rn
p3|m´|α||p1` |η|2qp|m´|α||q |xχψpηq|2 dη

¸1{2

“ C 1 p1` |ξ|qm´|α| 3
|m´|α||

2 ‖χψ‖H|m´|α|| .

Plugging the above inequality into the right-hand side of (2.62) we obtain C 1αβ ą 0 such that

‖BβxBαξ aφ,ψp¨, ξq‖L2 ď C 1αβ p1` |ξ|qm´|α| for all ξ P Rn. (2.63)

To conclude that aφ,ψ P Sm we argue as follows: For each multiindex α P Nn0 and for each ξ P Rn,
equation (2.63) implies that the distributional x-derivatives of any given order of Bαξ aφ,ψpx, ξq are
bounded in L2, which implies that Bαξ aφ,ψpx, ξq P H

N pRnq for all N ě 0. Hence by the Sobolev
Embedding Theorem 1.44 we obtain that Bαξ aφ,ψp¨, ξq P C

8
B pRnq and thus the mapping ξ ÞÑ aφ,ψp¨, ξq

is smooth with values in C8B pRnq, so that aφ,ψ P C8pRn ˆRnq. Moreover, for each β P Nn0 we may
take an integer N ą |β|` n{2 and apply the Sobolev Embedding Theorem together with equation
(2.63) to obtain a constant C2αβ ą 0 such that∣∣∣BβxBαξ aφ,ψpx, ξq∣∣∣ ď C ‖Bαξ aφ,ψp¨, ξq‖HN

ď C 1
ÿ

|γ|ďN
‖BγxBαξ aφ,ψp¨, ξq‖L2

ď C2αβ p1` |ξ|qm´|α| for all x, ξ P Rn.

This implies that aφ,ψ P Sm.
Next, it remains to check that the pseudo-differential operator with symbol aφ,ψ defines the

same operator on S as the linear map φAψ.
Let u P S and write uh such as in Lemma 2.10. By that same Lemma, we have that uh Ñ u in

C8pRnq. Hence, since multiplication by a C8c -function defines a continuous linear map from C8 to
S, it follows that χψuh Ñ χψu in SpRnq. This implies that in the L2-sense

pφAψqpuq “ lim
hÑ0`

pφAψqpχψuhq “ lim
hÑ0`

ÿ

kPZn
kPBp0,h´2q

pφAψqpχψehkq puphkqh
n

“ lim
hÑ0`

ÿ

kPZn
kPBp0,h´2q

e´hkp¨qaφ,ψp¨, hkq puphkqh
n

(2.64)
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Since aφ,ψ P Sm we have the pointwise convergence

ÿ

kPZn
kPBp0,h´2q

e´hkpxqaφ,ψpx, hkq puphkqh
n ÝÑ

ż

Rn
e2πix¨ξ aφ,ψpx, ξq pupξq dξ “ pTaφ,ψuqpxq (2.65)

as hÑ 0`. Moreover, if we let χφ P C8c pRnq be such that 0 ď χφ ď 1 and χφ ” 1 on a neighbourhood
of the compact set suppφ, then for each h ą 0 and for almost every x P Rn

|pφAψqpχψuhqpxq| “ |χφpxq| |pφAψqpχψuhqpxq|

ď |χφpxq|
ÿ

kPZn
kPBp0,h´2q

|aφ,ψpx, hkq puphkqhn|

ď C |χφpxq|
ÿ

kPZn
kPBp0,h´2q

|p1` |hk|qm puphkqhn|

ď C 1 |χφpxq|
ż

Rn
|p1` |ξ|qm pupξq| dξ,

for some C 1 ą 0. Therefore there exists g P L2 such that |pφAψqpχψuhq| ď g almost everywhere
and by the Dominated Convergence Theorem the convergence in (2.65) holds in L2. By (2.64) this
means φAψ “ Taφ,ψ on S.

We now present a reformulation of Theorem 2.17 that shall be useful for our commutator
characterization of pseudo-differential operators on smooth manifolds.

Let D be a partial differential operator with smooth coefficients. If m P N0 is the order of the
highest derivative that occurs in D, then we say that D has order m. We denote the order of D by
ordpDq.

Theorem 2.18. Let m P R and let A be a linear map from C8c pRnq to D1pRnq. Then the following
conditions are equivalent:

(i) A P Ψm
locpRn ˆ Rnq.

(ii) For any φ, ψ P C8c pRnq and for any sequence of partial differential operators with smooth
coefficients D “ tDjujPN0 Ă Ψ1

locpRn ˆ Rnq we have
#

B0 “ φAψ P BpHmpRnq, L2pRnqq,
Bk`1 “ rBk, Dks P BpHm´dD,kpRnq, L2pRnqq,

where dD,k “
řk
j“0p1´ ordpDjqq.

Proof. piq ùñ piiq : Let A P Ψm
locpRn ˆ Rnq and fix ψ, φ P C8c pRnq. By definition we have φAψ P

OpSm, hence by Theorem 2.13 we have that the linear map B0 “ φAψ is bounded from Hm to L2.
Now let D0 P Ψ1

locpRn ˆ Rnq be a partial differential operator with smooth coefficients and
consider χφ,ψ P C8c pRnq be such that 0 ď χφ,ψ ď 1 and χφ,ψ ” 1 on a neighbourhood of the
compact set suppφ

Ť

suppψ. Note that χφ,ψD0 P OpS
ordpD0q and that

B1 “ rB0, D0s “ rφAψ,D0s “ rφAψ, χφ,ψD0s.

It follows from Theorem 2.12 that B1 P OpS
m`ordpD0q´1 “ OpSm´dD,0 and therefore by Theorem

2.13 we have that the linear map B1 is bounded from Hm´dD,0 to L2. The general statement follows
from iteration of the above result.

piiq ùñ piq : This implication is an immediate consequence of Theorem 2.17 since the operators
Mxk , Bxj P Ψ1

locpRn ˆ Rnq, and ordpMxkq “ 0, ordpBxj q “ 1 for all 1 ď j, k ď n.
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2.6 Amplitude representation and Change of Variables

Definition 2.19 (Amplitudes). We say that a complex-valued function c “ cpx, y, ξq P C8pRn ˆ
Rn ˆ Rnq is a amplitude symbol of order m if for all α, β, γ multiindices there exists a constant
Cαβγ ą 0 such that ∣∣∣BγyBβxBαξ cpx, y, ξq∣∣∣ ď Cαβγp1` |ξ|qm´|α| (2.66)

for all x, y, ξ P Rn. We denote the space of amplitude symbols by AmpR3nq.

Let ϕ P C8c pRnq be any function such that ϕp0q “ 1. Then for any ξ P Rn we have ϕpεξq Ñ 1
pointwise as ε Ñ 0`. Inspired by previous formulas such as (2.19) we assign, to each c P Am, a
linear map Trcs defined by

pTrcsfqpxq :“ lim
εÑ0`

ż ż

e2πiξ¨px´yq cpx, y, ξqϕpεξq fpyq dy dξ for all f P S. (2.67)

By letting
Ly “ p1` 4π2|ξ|2q´1p1´∆yq

and using that Lype2πipx´yq¨ξq “ e2πipx´yq¨ξ, we can insert this operator N times in (2.67) and, for
any N P N such that 2N ą m`n, we have by the Dominated Convergence Theorem and integration
by parts

pTrcsfqpxq “

ż ż

e2πiξ¨px´yq pLyq
N rcpx, y, ξqfpyqs dy dξ. (2.68)

Since N can be made arbitrarily large, we may apply a similar procedure as the one used in the
proof of Theorem 2.7 to conclude that Trcs is a continuous operator on S.

The following Proposition shows that the space Sm in Definition 2.1 and the space Am are, in
some sense, related to each other.

Proposition 2.20. Suppose c P Am is an amplitude symbol. Then there exists a unique symbol
a P Sm so that Ta “ Trcs for all Schwartz functions f P S.
Moreover, the asymptotic expansion for a P Sm is given by

apx, ξq ´
ÿ

|α|ăN

p2πiq´|α|

α!
Bαξ B

α
y cpx, y, ξq

ˇ

ˇ

ˇ

y“x
P Sm´N pRn ˆ Rnq, (2.69)

for all N ě 0.

Sketch. The proof is essentially a reprise of the composition formula proof as in Theorem 2.12. For
more details check E. M. Stein [18, p. 258].

One of the advantages of working with amplitude symbols is the following: LetK P C8c pRnˆRnq
and define

Tfpxq :“

ż

Rn
Kpx, yqfpyq dy, for f P SpRnq.

We claim that there exists an amplitude symbol cpx, y, ξq such that c P Am for any m P R and such

that T “ Trcs for all f P S. Indeed, consider η P C8c pRnq such that
ż

ηpzq dz ‰ 0 and set

cpx, y, ξq “

ˆ
ż

ηpzq dz

˙´1

Kpx, yq ηpξq e´2πipx´yq¨ξ.

Note that c P C8c pR3nq and therefore is in Am for any m P R. It then follows from Fubini’s theorem
that for any f P SpRnq we have

Trcsfpxq “

ż ż

e2πipx´yq¨ξ cpx, y, ξq fpyq dy dξ “

ż

Kpx, yqfpyq dy “ Tfpxq,
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and our claim holds.
Let us now discuss how certain pseudo-differential operators behave under smooth coordinate

changes. The result that we present here is weaker than L. Hörmander [10, Theorem 18.1.17, p. 81],
as we do not use results concerning the Schwartz Kernel of pseudo-differential operators.

Let U , V be open sets of Rn, and let κ be a diffeomorphism of U onto V . Denote by Jκ the
Jacobian matrix of κ.

For any u P C8c pV q we define its pullback by κ by

pκ˚uqpxq “ upκpxqq, x P U.

It easily follows that κ˚u P C8c pUq.
Now let a P SmpRn ˆ Rnq be such that there exists K Ă V compact with suppx ap¨, ξq Ă K

for all ξ P Rn and denote the pseudo-differential operator with symbol a P Sm by A. Then for any
f P SpRnq, the smooth function Af has compact support in V and thus can be identified as an
element of C8c pV q.

Given any ψ P C8c pRnq such that suppψ Ă U we set Mψ : SpRnq Ñ C8c pUq by Mψpfq :“ ψf .
Then we may define a linear map with the help of the commutative diagram

C8c pV q C8c pV q

SpRnq C8c pUq

A

κ˚pκ´1q˚ ˝Mψ

Aκ´1ψ

More precisely,

rpAκ´1ψqf spxq :“ Apψf ˝ κ´1q ˝ κpxq, for f P SpRnq, @x P U. (2.70)

Note that pAκ´1ψqf P C8c pUq for any f P SpRnq, and thus pAκ´1ψqf P SpRnq after extension by
zero on the complement of U .

We shall show that pAκ´1ψq is a pseudo-differential operator of orderm P R and that its symbols
is related to symbol a P Sm.

Theorem 2.21. Let U, V be open subsets of Rn, κ : U Ñ V be a diffeomorphism. Let ψ P C8c pRnq
be such that suppψ Ă U and suppose a P Sm is such that there exists a compact set K Ă V for
which suppx ap¨, ξq Ă K for all ξ P Rn. Denote the pseudo-differential operator with symbol a P Sm

by A.
If for any f P SpRnq we define

rpAκ´1ψqf spxq :“ Apψf ˝ κ´1qpκpxqq, @x P U, (2.71)

and rpAκ´1ψqf s ” 0 on U c, then pAκ´1ψq P OpSm.
Moreover, if aψ,κ´1 P Sm is the symbol of pAκ´1ψq, then aψ,κ´1px, ξq “ apκpxq,

“

Bκ
Bx

‰1
ξqψpxq

modulo Sm´1, where
“

Bκ
Bx

‰1
“

“

Jκpxq
T
‰´1.

Proof. Let f P SpRnq. The right-hand side of (2.71) gives us that

rpAκ´1ψqf spxq “ lim
εÑ0`

ż ż

e2πipκpxq´yq¨ξ apκpxq, ξqϕpεξq pψf ˝ κ´1qpyq dy dξ

“ lim
εÑ0`

ż ż

e2πipκpxq´κpyqq¨ξ apκpxq, ξqψpyq |det Jκpyq|ϕpεξq fpyq dy dξ,
(2.72)

where we made the change of variables y ÞÑ κpyq from the first to the second line. Note that this
formula holds for all x P Rn since a P Sm has compact support in V . We now reason that the main
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contribution of the above expression comes from when x is close to y.
In order to do that properly, we begin by considering the following: By applying Taylor’s formula

to each κj we then may obtain the following equality

κpxq ´ κpyq “Mpx, yq ¨ px´ yq, (2.73)

with Mpx, yq given by

Mpx, yq “

ż 1

0
Jκpx` tpy ´ xqq dt. (2.74)

Note that Mpx, yq is well defined on the open set tpx, yq P U ˆ U : rx, ys P Uu. In particular, this
set is a neighbourhood of the diagonal of U ˆ U and Mpx, yq is a smooth map on x and y on that
domain. We now claim that Mpx, yq is invertible on a small neighbourhood of the diagonal.

Indeed, note that for each x P U , Mpx, xq “ Jκpxq, hence is invertible. Therefore there exists
an open set Ax Ă U ˆ U such that px, xq P Ax and Mpz, yq is invertible for all pz, yq P Ax. Taking
Ω “

Ť

xPU Ax, we get that px, xq P Ω for all x P U and that M is invertible on this set.
Now consider K 1 “ κ´1pKq, where K Ă V is the compact set containing the x-support of

symbol a. We then have that ∆K1ˆK1 :“ tpz, zq P U ˆU : z P K 1u is compact and is a subset of Ω.
Hence there exists χ P C8c pU ˆ Uq such that χ ” 1 on a neighbourhood of K 1 ˆK 1, suppχ Ă Ω,
and 0 ď χ ď 1. Writing 1 “ p1 ´ χpx, yqq ` χpx, yq and inserting this relation into (2.72) we now
have to evaluate two different expressions.

Main contribution: Let us first estimate the term which contains the points where x is close to
y. More precisely, let us analyse (2.72) after inserting χpx, yq by writing

lim
εÑ0`

ż ż

e2πipκpxq´κpyqq¨ξ χpx, yq apκpxq, ξqψpyq |det Jκpyq|ϕpεξq fpyq dy dξ.

By (2.73) we have

lim
εÑ0`

ż ż

e2πiMpx,yqpx´yq¨ξ χpx, yq apκpxq, ξqψpyq |det Jκpyq|ϕpεξq fpyq dy dξ.

Making the change of variables Mpx, yqT ξ ÞÑ ξ and letting Mpx, yq1 “
“

Mpx, yqT
‰´1 we conclude

that

lim
εÑ0`

ż ż

e2πipx´yq¨ξ χpx, yq apκpxq,Mpx, yq1ξqψpyq |det Jκpyq| |detMpx, yq´1|ϕpεMpx, yq1ξq fpyq dy dξ.
(2.75)

If we set
c1px, y, ξq “ χpx, yq apκpxq,Mpx, yq1ξqψpyq |det Jκpyq| |detMpx, yq´1|,

then c1 P Am is an amplitude symbol such that Trc1sf coincides with (2.75).
By Proposition 2.20 we get that there exists a symbol a1 P S

m such that Ta1 “ Trc1s and for
which the first term of the asymptotic expansion is given by

c1px, y, ξq
ˇ

ˇ

ˇ

y“x
“ χpx, xq apκpxq,Mpx, xq1ξqψpxq |det Jκpxq| |detMpx, xq´1|

“ apκpxq,

„

Bκ

Bx

1

ξqψpxq,

and all other terms from the asymptotic expansion have order less than or equal to m´ 1.

Off-diagonal: We now analyse (2.72) after inserting 1´ χpx, yq, i.e.,

lim
εÑ0`

ż ż

e2πipκpxq´κpyqq¨ξ p1´ χpx, yqq apκpxq, ξqψpyq |det Jκpyq|ϕpεξq fpyq dy dξ. (2.76)
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Let us set rLξ “ p4π2|κpxq ´ κpyq|2q´1p∆ξq. Since for all x, y P U with x ‰ y we have

rLξ pe2πipκpxq´κpyqq¨ξq “ e2πipκpxq´κpyqq¨ξ,

we can insert this operator N times in (2.76) and, after integration by parts 2N times on the
ξ-variable we get

lim
εÑ0`

ż ż

e2πipκpxq´κpyqq¨ξ p1´ χpx, yqqψpyq |det Jκpyq| p rLξqN rapκpxq, ξqϕpεξqs fpyq dy dξ.

Now fix an N P N such that 2N ą m` n to obtain that the above expression becomes
ż ż

e2πipκpxq´κpyqq¨ξ p1´ χpx, yqqψpyq |det Jκpyq| p rLξqN rapκpxq, ξqs fpyq dy dξ.

Define

Kpx, yq :“

ż

e2πipκpxq´κpyqq¨ξ p1´ χpx, yqqψpyq |det Jκpyq| p rLξqN rapκpxq, ξqs dξ.

Note that K P C8c pRn ˆ Rnq and that (2.76) is the same as
ż

Kpx, yq fpyq dy.

Therefore there exists an amplitude symbol c2px, y, ξq such that c2 P Am for every m P R and such
that the above expression coincides with Trc2sf . By Proposition 2.20 there exists a symbol a2 such
that a2 P S

m for every m P R and such that Ta2 “ Trc2s.
Finally, define aψ,κ´1 “ a1 ` a2. It follows at once that aψ,κ´1px, ξq “ apκpxq,

“

Bκ
Bx

‰1
ξqψpxq

modulo Sm´1 and that pAκ´1ψq “ Taψ,κ´1 , hence pAκ´1ψq P OpSm.

If A Ă Rn and f : Rn Ñ C, then fæA denotes the restriction of f to the subset A.

Corollary 2.21.1. Let U, V be open subsets of Rn and let κ : U Ñ V be a diffeomorphism. Suppose
we are given φ, ψ P C8c pRnq both supported on V and let A : C8c pRnq Ñ D1pRnq be a linear map
such that φAψ P OpSm. If for any f P SpRnq we set

pφAψqκ´1fpxq :“ pφAψqpfæU ˝ κ
´1qpκpxqq, @x P U,

with extension by zero on U c, it follows that pφAψqκ´1 P OpSm.

Proof. It is clear that the symbol of φAψ has compact x-support contained in suppφ Ă V .
Now let rψ P C8c pRnq be such that supp rψ Ă U and rψ ” 1 on the neighbourhood of κ´1psuppψq.

Then for any function f : Rn Ñ C we have

ψrfæU ˝ κ
´1s “ ψrp rψfq ˝ κ´1s.

Thus for any f P SpRnq and any x P U we have

pφAψqκ´1fpxq “ pφAψqpfæU ˝ κ
´1qpκpxqq

“ pφAψqp rψf ˝ κ´1qpκpxqq,
(2.77)

and the result follows from Theorem 2.21.



Chapter 3

Pseudo-differential Operators on
Manifolds

On a compact smooth manifold the pseudo-differential operators can be characterized by taking
commutators with smooth functions and vector fields. Such characterization was first stated by R.
Coifman and Y. Meyer [2] in the case of 0-order operators. In 2000 V. Turunen [20] provided a
result for pseudo-differential operators of any given order. In a closely related result, J. Dunau [4,
Théorème 1] obtained a characterization of the topology in the space of pseudo-differential operators
on compact manifolds in terms of the boundedness of their commutators with differential operators
of order at most 1.

The goal of this chapter is to provide the necessary concepts of pseudo-differential operators on
manifolds before we prove the main result about commutator characterization of pseudo-differential
operators on compact smooth manifolds. Sections are organized as follows:

In section 3.1 we introduce distributions and Sobolev spaces over smooth manifolds. We also
show that Sobolev spaces over compact smooth manifolds can be endowed with a Hilbert space
structure.

Section 3.2 shows how to define pseudo-differential operators on compact smooth manifolds and
some of their properties.

Finally, section 3.3 is entirely devoted to our main result about commutator characterization of
pseudo-differential operators on compact smooth manifolds.

The references used for the exposition of this chapter were G. Grubb [8], L. Hörmander [9] and
[10], M. Ruzhansky and V. Turunen [15], M. Shubin [17], and F. Trèves [19].

3.1 Distributions on Manifolds

Before we talk about pseudo-differential operators on compact smooth manifolds we need to
discuss some vector spaces which are suitable for the development of the theory.

Let M be a smooth n-manifold. Recall that a function f : M Ñ C is in C8pMq if for any given
compatible chart pU, κq on M we have

fκ :“ f ˝ κ´1 is in C8pκpUqq.

Note that if pUα, καq and pUβ, κβq are two compatible charts on M such that Uα X Uβ ‰ H, then
for all f P C8pMq we have

fκα “ fκβ ˝ pκβ ˝ κ
´1
α q in καpUα X Uβq. (3.1)

We now introduce the definition of distributions on a smooth n-manifold. To motivate our
definition, we use the compatibility condition (3.1) to describe smooth functions on manifolds.

Indeed, let M be a smooth n-manifold with smooth structure F “ tpUα, καquαPA. Let tfαuαPA

57
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be a family of smooth functions such that fα P C8pκαpUαqq and such that for every α, β P A we
have

fα “ fβ ˝ pκβ ˝ κ
´1
α q in καpUα X Uβq.

Then there exists one and only one f P C8pMq such that fα “ f ˝ κα for every α P A.
Conversely, if f P C8pMq, then by definition the family tfκαuαPA satisfies the compatibility

condition (3.1).
In analogy to this description we define distributions on a smooth n-manifold as follows:

Definition 3.1. Let M be a smooth n-manifold with smooth structure F “ tpUα, καquαPA. Let
T
pκβ˝κ

´1
α q

: D1pκαpUα X Uβqq Ñ D1pκβpUα X Uβqq be as in Definition 1.28.
If for every chart pUα, καq we are given a distribution uα P D1pκαpUαqq and the family tuαuαPA

is such that
T
pκβ˝κ

´1
α q
uα “ uβ in κβpUα X Uβq, for every α, β P A, (3.2)

then we call the family tuαuαPA a distribution u in M . The set of all distributions in M is denoted
by D1pMq.

With this definition we have that D1pMq appears as a natural extension of C8pMq when we
identify a function f P C8pMq with the family of smooth functions tfαuαPA.

Let us show that this definition of distribution in M is consistent with the definition for open
subsets of Rn. First, we show that distributions on a smooth n-manifold can be identified by using
only an atlas. For that we need the following lemma.

Lemma 3.2. Let f : Ω1 Ñ Ω2 and g : Ω2 Ñ Ω3 be diffeomorphisms of open subsets of Rn. If
u P D1pΩ1q, then

Tpg˝fqu “ TgpTfuq.

Proof. It follows from the chain rule that the Jacobian matrix of g ˝ f is given by

Jpg˝fq “ pJg ˝ fqJf .

Now, for any ϕ P C8c pΩ3q we have

xTpg˝fqu, ϕyΩ3 “ xu,
∣∣det Jpg˝fq

∣∣ pϕ ˝ pg ˝ fqqyΩ1

“ xu, |det Jg ˝ f ||det Jf | ppϕ ˝ gq ˝ fqyΩ1

“ xTfu, |det Jg|pϕ ˝ gqyΩ2

“ xTgpTfuq, ϕyΩ3 ,

which proves the lemma.

Theorem 3.3. Let M be a smooth n-manifold and let A :“ tpUi, κiquiPI be a compatible atlas on
M . If for every chart pUi, κiq P A we have a distribution ui P D1pκipUiqq and the family tuiuiPI is
such that (3.2) holds for all charts in A, then tuiuiPI defines a unique distribution u P D1pMq.

Proof. Let F “ tpUα, καquαPA denote the smooth structure on M . For any chart pUα, καq we have
that

καpUαq “
ď

iPI

καpUα X Uiq.

Since A is a compatible atlas on M we have that for each i P I the map κα ˝ κ´1
i : κipUα X Uiq Ñ

καpUα X Uiq is a diffeomorphism and thus

T
pκα˝κ

´1
i q
ui P D1pκαpUα X Uiqq.
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Moreover, it follows from the hypothesis and Lemma 3.2 that for any α P A, and any i, j P I

T
pκα˝κ

´1
i q
ui “ T

pκα˝κ
´1
i q
T
pκi˝κ

´1
j q
uj

“ T
pκα˝κ

´1
j q
uj

on καpUαXUiXUjq “ καpUαXUiqX καpUαXUjq. By Theorem 1.26 we conclude that there exists
a unique distribution uα P D1pκαpUαqq such that uα “ T

pκα˝κ
´1
i q
ui on καpUα X Uiq for every i P I.

To conclude that the family tuαuαPA defines a distribution in M we use Lemma 3.2 and note
that for every i P I and for any α, β P A we have

T
pκβ˝κ

´1
α q
uα “ T

pκβ˝κ
´1
α q
T
pκα˝κ

´1
i q
ui

“ T
pκβ˝κ

´1
i q
ui

“ uβ,

on κβpUβXUαXUiq. Now given any ϕ P C8c pκβpUαXUβqq we can choose a finite family of compact
sets K1, . . . ,KN with Kj Ă κβpUαXUβXUjq and so that suppϕ Ă

ŤN
j“1Kj . By Lemma 1.61 there

exist smooth functions tρjuNj“1 such that supp ρj Ă κβpUα XUβ XUjq and
ř

jďN ρj ” 1 on suppϕ.
This implies that

xT
pκβ˝κ

´1
α q
uα, ϕy “

N
ÿ

j“1

xT
pκβ˝κ

´1
α q
uα, ρj ϕy

“

N
ÿ

j“1

xuβ, ρj ϕy

“ xuβ, ϕy

which is the desired equality.

Corollary 3.3.1. If Ω is an open subset of Rn, then Definition 3.1 coincides with the usual definition
of a distribution on Ω.

Proof. It follows at once by considering the trivial atlas pΩ, Iq, where I : Ω Ñ Ω is the identity
map, and then applying Theorem 3.3.

Note that if ψ P C8pMq and u P D1pMq, then ψu P D1pMq. Indeed, just note that in local
coordinates we get

pψuqi “ pψ ˝ κ
´1
i qui,

which is a well-defined distribution in D1pκipUiqq. It is not hard to check that the family tpψuqiuiPI
satisfies the compatibility condition (3.2), and thus defines an element in D1pMq.

Now recall that if Ω Ă Rn is open we have Hs
locpΩq Ă D1pΩq for any s P R. Moreover, Proposition

1.50 shows that if κ : Ω Ñ Ω1 is a diffeomorphism between open sets of Rn, then the induced map
Tκ : Hs

locpΩq Ñ Hs
locpΩ

1q is a isomorphism. This allow us to introduce the following definition for
Sobolev spaces Hs

locpMq when M is a smooth n-manifold.

Definition 3.4. Let s P R. Let M be a smooth n-manifold and let F “ tpUα, καquαPA be its
smooth structure. We denote by Hs

locpMq the space of distributions u “ tuαuαPA in M such that
uα P H

s
locpκαpUαqq for every α P A.

By the above observations we have that Hs
locpMq is a well-defined vector space.

Suppose that M is a compact smooth n-manifold. In that case we adopt HspMq :“ Hs
locpMq

and L2pMq :“ H0
locpMq. The compactness of M will enable us to equip HspMq with a Hilbert

space structure. Namely, let A :“ tpUi, κiqu
N
i“1 be a finite compatible atlas on M ; we may assume

that the κipUiq are mutually disjoint. It follows from Theorem 3.3 that a family of distributions
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ui P D1pκipUiqq that satisfies the compatibility condition (3.2) for every 1 ď i ď N suffices to
describe u P D1pMq, and hence suffices to describe u P HspMq for any s P R. By Lemma 1.62 there
exists a partition of unity tρiuNi“1 strictly subordinate to tUiuNi“1. Now define

xu, vyHspMq :“
N
ÿ

i“1

x pρi ˝ κ
´1
i qui, pρi ˝ κ

´1
i q vi yHspRnq. (3.3)

Proposition 3.5. Let s P R. If M is a compact smooth n-manifold and we endow HspMq with the
above structure, then (3.3) defines an inner product on HspMq that makes it a Hilbert space.

Proof. It is clear from the definition that (3.3) is a sesquilinear form on HspMq ˆHspMq and that
xu, uyHspMq ě 0 for all u P HspMq. To conclude that x , yHspMq defines an inner product on HspMq
we need to show that

xu, uyHspMq “ 0 ðñ u “ 0 in HspMq.

Clearly u “ 0 in HspMq implies xu, uyHspMq “ 0. For the converse we note that

xu, uyHspMq “ 0 ùñ pρj ˝ κ
´1
j quj “ 0 in D1pκjpUjqq for every 1 ď j ď N . (3.4)

Now for each 1 ď i ď N and every ϕ P C8c pκipUiqq we use that tρjuNj“1 is a partition of unity and
the compatibility condition ui “ T

pκi˝κ
´1
j q
uj in κipUi X Ujq to write

xui, ϕy “
N
ÿ

j“1

xui, pρj ˝ κ
´1
i qϕy

“

N
ÿ

j“1

xT
pκi˝κ

´1
j q
uj , pρj ˝ κ

´1
i qϕy.

(3.5)

Let ρ̃j P C8c pUjq be such that ρ̃j ” 1 on a neighbourhood of supp ρj to obtain

xui, ϕy “
N
ÿ

j“1

xT
pκi˝κ

´1
j q
uj , pρj ˝ κ

´1
i qϕy

“

N
ÿ

j“1

xpρj ˝ κ
´1
i qTpκi˝κ´1

j q
uj , pρ̃j ˝ κ

´1
i qϕy

“

N
ÿ

j“1

xT
pκi˝κ

´1
j q
rpρj ˝ κ

´1
j qujs, pρ̃j ˝ κ

´1
i qϕy

(3.6)

It follows from (3.4) that each term on the sum in the right-hand side of (3.6) is zero. This implies
ui “ 0 in D1pκipUiqq for each i and therefore u “ 0 in HspMq. This shows that (3.3) is an inner
product on HspMq.

It now remains to verify the completeness of HspMq with respect to the norm

‖u‖HspMq “

ˆ N
ÿ

i“1

∥∥pρi ˝ κ´1
i qui

∥∥2

HspRnq

˙1{2

.

Let tununPN be a Cauchy sequence with respect to ‖¨‖HspMq. Then for each 1 ď i ď N the sequence
tpρi ˝ κ

´1
i qui,nunPN is Cauchy in HspRnq. By completeness there exists vi P HspRnq such that

pρi ˝κ
´1
i qui,n Ñ vi in HspRnq. Note that if we let Vi Ă κipUiq be an open neighbourhood of supp ρi,

then vi ” 0 on Rn zVi because each pρi ˝ κ´1
i qui,n is zero on Rn zVi. In particular, we may identify

vi as an element of D1pκipUiqq.
Now for each 1 ď i ď N , every n P N and for any ϕ P C8c pκipUiqq we use (3.5) and (3.6) to
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write

xui,n, ϕy “
N
ÿ

j“1

xT
pκi˝κ

´1
j q
rpρj ˝ κ

´1
j quj,ns, pρ̃j ˝ κ

´1
i qϕy.

Taking the limit as nÑ8 and using the continuity of T
pκi˝κ

´1
j q

: D1pκjpUiXUjqq Ñ D1pκipUiXUjqq
we get

lim
nÑ8

xui,n, ϕy “
N
ÿ

j“1

xT
pκi˝κ

´1
j q
vj , pρ̃j ˝ κ

´1
i qϕy.

Hence by Theorem 1.25 there exists a distribution ũi P D1pκipUiqq such that ũi “ limnÑ8 ui,n and

xũi, ϕy “
N
ÿ

j“1

xT
pκi˝κ

´1
j q
vj , pρ̃j ˝ κ

´1
i qϕy for ϕ P C8c pκipUiqq.

We shall denote ũi :“
řN
j“1pρ̃j ˝ κ

´1
i qTpκi˝κ´1

j q
vj .

By construction we have pρi ˝ κ´1
i q ũi “ vi in D1pκipUiqq and since both have compact support

in κipUiq we have the same equality in HspRnq for every 1 ď i ď N . Moreover, ũi P Hs
locpκipUiqq

and for any 1 ď i, l ď N we have by Lemma 3.2 that

T
pκl˝κ

´1
i q
ũi “ T

pκl˝κ
´1
i q

˜

N
ÿ

j“1

pρ̃j ˝ κ
´1
i qTpκi˝κ´1

j q
vj

¸

“

N
ÿ

j“1

pρ̃j ˝ κ
´1
l qTpκl˝κ´1

i q
T
pκi˝κ

´1
j q
vj

“

N
ÿ

j“1

pρ̃j ˝ κ
´1
l qTpκl˝κ´1

j q
vj

“ ũl on κlpUi X Ulq.

Therefore the family tũiuNi“1 defines an element u P HspMq. We claim that un Ñ u in HspMq.
Indeed,

‖u´ un‖2
HspMq “

N
ÿ

i“1

∥∥pρi ˝ κ´1
i q ũi ´ pρi ˝ κ

´1
i qui,n

∥∥2

HspRnq

“

N
ÿ

i“1

∥∥vi ´ pρi ˝ κ´1
i qui,n

∥∥2

HspRnq,

which goes to zero as nÑ8.

Let us show that C8pMq is dense in HspMq for every s P R. Indeed, let s P R and consider
u P HspMq. It follows from Lemma 1.43 that for each 1 ď i ď N there exists a sequence tvi,nunPN Ă
C8c pRnq such that vi,n Ñ pρi ˝ κ

´1
i qui in H

spRnq as n Ñ 8. Observe that since pρi ˝ κ´1
i qui ” 0

on the complement of any open set containing supp ρi, we may take the vi,n’s to be compactly
supported on κipUiq.

Now set

ũi,n :“
N
ÿ

j“1

rρ̃jp vj,n ˝ κjqs ˝ κ
´1
i “

N
ÿ

j“1

T
pκi˝κ

´1
j q
rpρ̃j ˝ κ

´1
j q vj,ns.

Note that for each 1 ď i ď N and for every n P N we have ũi,n P C8pκipUiqq. Furthermore, for
each n P N we have that the family tũi,nuNi“1 satisfies the compatibility condition and thus defines
an element ũn P C8pMq. Finally, we claim that ũn Ñ u in HspMq.
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To see this, note that for every n P N we have

pρi ˝ κ
´1
i q ũi,n “

N
ÿ

j“1

pρi ˝ κ
´1
i qTpκi˝κ´1

j q
rpρ̃j ˝ κ

´1
j q vj,ns

“

N
ÿ

j“1

T
pκi˝κ

´1
j q
rpρ̃jρi ˝ κ

´1
j q vj,ns.

Now for each i, j we let Ki,j Ă Ui XUj be any compact set such that supp ρi X supp ρ̃j Ă intpKi,jq.
By proposition 1.47 we have that T

pκi˝κ
´1
j q

maps HspκjpKi,jqq continuously into HspκipKi,jqq, and
thus

lim
nÑ8

pρi ˝ κ
´1
i q ũi,n “ lim

nÑ8

N
ÿ

j“1

T
pκi˝κ

´1
j q
rpρ̃jρi ˝ κ

´1
j q vj,ns

“

N
ÿ

j“1

T
pκi˝κ

´1
j q
rpρjρi ˝ κ

´1
j qujs

“ pρi ˝ κ
´1
i qui in HspRnq.

Since ‖u´ ũn‖2
HspMq “

řN
i“1

∥∥pρi ˝ κ´1
i qui ´ pρi ˝ κ

´1
i q ũi,n

∥∥2

HspRnq we conclude our result.

Remark: Note that formula (3.3) depends on many choices and is not "canonical" in general.
However, it follows from the compatibility conditions and Proposition 1.47 that if we change our
choice of finite compatible atlas onM or that of the partition of unity, we replace the inner product
in (3.3) by another one that induces an equivalent norm on HspMq.

3.2 Pseudo-differential Operators on Compact Manifolds

Now consider M to be a compact smooth n-manifold and let A : C8pMq Ñ C8pMq be a linear
map. If φ, ψ P C8pMq, we define the linear map φAψ : C8pMq Ñ C8pMq by

pφAψqupxq :“ φpxqApψuqpxq for all u P C8pMq.

For any function f : M Ñ C and any chart pU, κq, we have defined fκ “ f ˝ κ´1 on κpUq. Now if
P : C8pUq Ñ C8pUq is a linear map, we define the operator Pκ : C8pκpUqq Ñ C8pκpUqq by

Pκu :“ P pu ˝ κq ˝ κ´1.

Notice that if P and Q are linear maps from C8pUq to itself, then

pPQqκu “ pPQqpu ˝ κq ˝ κ
´1 “ P pQκu ˝ κq ˝ κ

´1 “ PκQκu,

for any u P C8pκpUqq. Similarly, we have that rP,Qsκ “ rPκ, Qκs and that pφPψ uqκ “ pφPψqκpuκq.

Definition 3.6. Let M be a compact smooth n-manifold. A pseudo-differential operator of order
m P R on M is a linear map A : C8pMq Ñ C8pMq such that for every compatible chart pU, κq
and for any φ, ψ P C8pMq supported in U we have that pφAψqκ P OpSm (here an extension by
zero in Rn zκpUq is understood). We denote the set of all such operators by ΨmpMq.

The next proposition shows that pseudo-differential operators on M satisfies similar compati-
bility conditions to that for smooth functions and distributions on M .

Proposition 3.7. Let M be a compact smooth n-manifold and suppose pUα, καq and pUβ, κβq
are two compatible charts with Uα X Uβ ‰ H. If A : C8pMq Ñ C8pMq is a linear map and
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φ, ψ P C8pMq are supported in Uα X Uβ, then

pφAψqκα P OpS
m ðñ pφAψqκβ P OpS

m.

Proof. Let u P C8pMq. A linear map A : C8pMq Ñ C8pMq must satisfy

pφAψ uqκα “ pφAψ uqκβ ˝ pκβ ˝ κ
´1
α q.

Now let ψ̃ P C8c pMq be supported in Uα X Uβ and such that ψ̃ ” 1 on a neighbourhood of suppψ.
Note that

pφAψ uqκα “ pφAψqκαpψ̃ uqκα ,

and that

pφAψqκαpψ̃ uqκα “ pφAψ uqκβ ˝ pκβ ˝ κ
´1
α q

“ rpφAψqκβ pψ̃uqκβ s ˝ pκβ ˝ κ
´1
α q

“ pφAψqκβ rpψ̃uqκα ˝ pκα ˝ κ
´1
β qs ˝ pκβ ˝ κ

´1
α q.

Since we may exchange the roles of α, β P A, it follows from Corollary 2.21.1 that

pφAψqκα P OpS
m ðñ pφAψqκβ P OpS

m.

When M is a compact smooth n-manifold, it is possible to find a finite compatible atlas on
M for which there exists a subordinated partition of unity such that any four of its elements are
compactly supported in the same chart neighbourhood of the atlas. Such property is useful when
dealing with pseudo-differential operators and we shall now turn our attention to prove it.

So let pX, dq be a metric space and let S Ă X be a bounded subset. Recall that the diameter
of S is defined by

diampSq :“ suptdpx, yq : x, y P Su.

We then have the following result for compact metric spaces.

Lemma 3.8 (The Lebesgue number Lemma). Let U be an open cover of a metric space pX, dq. If
X is compact, there exists a number λ ą 0 such that every subset of X having diameter less than λ
is contained in some element of U .

A number λ ą 0 satisfying this condition is called a Lebesgue number for the covering U .

Proof. J. Munkres [12, Lemma 27.5, p. 175].

Lemma 3.9. Let M be a compact smooth n-manifold. Then there exists a finite compatible atlas
tpUi, κiqu

I1
i“1 for which there is a subordinated partition of unity tρjuJ0j“1 such that any four of the

functions ρj , ρk, ρl, ρm are supported in some open set Ui.

Proof. Recall that a smooth n-manifold is a locally compact normal space, and thus by Urysohn
Metrization Theorem 1.56 it is metrizable. Let d : M ˆM Ñ r0,8q be a metric that induces the
same topology as the one already defined on M . Let A :“ tpUi, κiqu

I0
i“1 be a finite compatible atlas

on M ; we assume that the κipUiq are mutually disjoint. Note that the sets Ui do not need to be
connected sets. Since the Ui’s form an open cover of pM,dq, it follows from the compactness of M
and Lemma 3.8 that there is a number λ ą 0 such that any subset of M with diameter less than λ
is contained in one of the Ui’s.

Now for each x PM we consider the open ball

Udpx, λ{8q :“ t y PM : dpx, yq ă λ{8u.
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It is clear that the diameter of each such set is less than or equal to λ{4. By compactness there
exists J0 P N such that

M Ă

J0
ď

j“1

Udpxj , λ{8q.

Set Bj “ Udpxj , λ{8q for each 1 ď j ď J0. We claim that the family tBju1ďjďJ0 has the following
property: Any four sets Bj1 , Bj2 , Bj3 , Bj4 can be grouped in clusters that are mutually disjoint and
where each cluster lies in one of the sets Ui.

This property is seen as follows: Let 1 ď j1, j2, j3, j4 ď J0 be given. First, adjoin to Bj1 those
of the Bjk , k “ 2, 3, 4, that it intersects with. Second, adjoin to this union those of the remaining
sets that it intersects with. Finally, do it once more. Those steps give us the first cluster. If any of
the four sets are not contained in the first cluster, repeat the procedure with these (at most three)
remaining sets. This gives us the second cluster. Now the procedure is repeated with the remaining
sets, and so on. Note that this leads us to at most four clusters which, by construction, are mutually
disjoint and each cluster has a diameter of less than λ, hence lies in a set Ui for some 1 ď i ď I0.

Now we construct a new finite atlas by considering the following new coordinate mappings:
Assume that Bj1 , Bj2 , Bj3 , Bj4 gave rise to the disjoint clusters U 1, U2, . . . , where U 1 Ă Ui1 , U2 Ă
Ui2 , . . . . Then use κi1 on U 1, κi2 on U2, . . . (if necessary, followed by a linear transformation Φ2, . . .
to separate the images) to define the mapping κ : U 1YU2Y¨ ¨ ¨ ÝÑ κi1pU

1qYΦ2κi2pU
2qY ¨ ¨ ¨ . This

gives a new coordinate mapping, for which Bj1YBj2YBj3YBj4 equals the initial set U 1YU2Y¨ ¨ ¨ .
In this way, finitely many new coordinate mappings, say tpUi, κiquI1i“I0`1, are used to form a new
compatible atlas for M , and we have established a mapping pj1, j2, j3, j4q ÞÑ i “ ipj1, j2, j3, j4q for
i ą I0 and for which

Bj1 YBj2 YBj3 YBj4 Ă Uipj1,j2,j3,j4q.

It follows from Lemma 1.62 that there exists a partition of unity tρjuJ0j“1 strictly subordinated to
the open cover tBjuJ0j“1. By the above construction we have that this partition of unity has the
desired property with respect to the atlas tpUi, κiquI1i“I0`1.

Let us show how convenient is the above lemma when we consider composition of pseudo-
differential operators.

Proposition 3.10. Let M be a compact smooth n-manifold. If A P Ψm1pMq and B P Ψm2pMq,
then the composition AB P Ψm1`m2pMq.

Proof. It is clear from the definitions that AB defines a linear map from C8pMq to itself.
Let pU, κq be any compatible chart on M and let φ, ψ P C8pMq with support in U . By Lemma

3.9 there exists a compatible finite atlas A “ tpUi, κiquI1i“1 for which there is a subordinated partition
of unity tρjuJ0j“1 such that any four of the functions ρj , ρk, ρl, ρm are supported in some open set
Ui. Write

φABψ “
ÿ

j,k,l,m

φρjAρkρlBρmψ.

Now each term pφρjAρkρlBρmψq has support in a set Ui and we can write

pφρjAρkρlBρmψqκi “ pφρjAρkqκipρlBρmψqκi .

By hypothesis pφρjAρkqκi P OpSm1 and pρlBρmψqκi P OpSm2 , so Theorem 2.12 implies that

pφρjAρkρlBρmψqκi P OpS
m1`m2 .

Because φρj , ρmψ P C8c pMq are both supported in U X Ui, it follows from Proposition 3.7 that

pφρjAρkρlBρmψqκ P OpS
m1`m2 .
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Since this holds for all 1 ď j, k, l,m ď J0 we conclude that pφABψqκ P OpSm1`m2 , hence AB P

Ψm1`m2pMq.

We can also use partitions of unity to extend a pseudo-differential operator A P ΨmpMq, initially
defined as a linear operator on C8pMq, to a linear operator on the space of distributions D1pMq.
Indeed, let M be a compact smooth n-manifold and suppose A P ΨmpMq. By Lemma 3.9 there
exists a compatible finite atlas A “ tpUi, κiquI1i“1 for which there is a subordinated partition of unity
tρku

K0
k“1 such that any two of the functions ρk, ρl are supported in some open set Ui. Write

A “
ÿ

k,l

ρkAρl.

Then one can extend each ρkAρl to D1pMq is the following way: Fix 1 ď i ď I1 such that ρk, ρl
are both supported in Ui. Let ρ̃k, ρ̃l P C8c pMq be both supported on Ui and such that ρ̃k ” 1 on a
neighbourhood of supp ρk, and ρ̃l ” 1 on a neighbourhood of supp ρl. For each u P C8pMq we have
that ρkAρl u P C8pMq so it follows from the compatibility condition that for any 1 ď j ď I1

pρkAρl uqκj “ pρkAρl uqκi ˝ pκi ˝ κ
´1
j q

“ pρ̃k ˝ κ
´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqκis.

Thus for u P D1pMq we set

pρkAρl uqj :“ pρ̃k ˝ κ
´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqκis for 1 ď j ď I1. (3.7)

To show that the above induces a well-defined element in D1pMq we need to check that for each
j we have pρkAρl uqj P D1pκjpUjqq and that the family tpρkAρl uqjuI1j“1 satisfies the compatibility
condition for distributions. The later follows immediately from Lemma 3.2, for if pρkAρl uqj P
D1pκjpUjqq for any 1 ď j ď I1, then for any j, j1 we have

T
pκj1˝κ

´1
j q
pρkAρl uqj “ T

pκj1˝κ
´1
j q
pρ̃k ˝ κ

´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqκis

“ pρ̃k ˝ κ
´1
j1 qTpκj1˝κ

´1
i q
rpρkAρlqκipρ̃luqκis

“ pρkAρl uqj1 in κj1pUj X Uj1q.

To see that pρkAρl uqj P D1pκjpUjqq we consider the following chain of maps

uκi
p1q
ÝÝÑ pρ̃l ˝ κ

´1
i quκi “ pρ̃luqκi

p2q
ÝÝÑ pρkAρlqκipρ̃luqκi

p3q
ÝÝÑ T

pκj˝κ
´1
i q
rpρkAρlqκipρ̃luqκis

and
T
pκj˝κ

´1
i q
rpρkAρlqκipρ̃luqκis

p4q
ÝÝÑ pρ̃k ˝ κ

´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqκis.

Now, because pρ̃l ˝ κ´1
i q P C8c pκipUiqq we get that p1q maps uκi P D1pκipUiqq into pρ̃luqκi P

S 1pRnq. Next, we use the hypothesis pρkAρlqκi P OpSm, so that p2q maps S 1pRnq continuously
into S 1pRnq. Moreover, if K Ă κipUiq is a compact subset such that supppρk ˝ κ

´1
i q Ă intpKq, then

pρkAρlqκipρ̃luqκi ” 0 on Rn zK and it follows that we may identify pρkAρlqκipρ̃luqκi as an element
in D1pκipUiqq.

Taking the restriction of pρkAρlqκipρ̃luqκi P D1pκipUiqq to the open subset κipUiXUjq and using
that T

pκj˝κ
´1
i q

: D1pκipUi X Ujqq Ñ D1pκjpUi X Ujqq is a isomorphism, it follows that p3q maps
D1pκipUiqq into D1pκjpUi X Ujqq.

Finally, since pρ̃k ˝ κ´1
j q P C8pκjpUjqq is such that pρ̃k ˝ κ´1

j q ” 0 in a neighbourhood of
rBpκjpUi X Ujqqs X κjpUjq, it follows that p4q maps D1pκjpUi X Ujqq into D1pκjpUjqq.

This implies that pρkAρl uqj P D1pκjpUjqq for every 1 ď j ď I1. In this way we have that the
linear map ρkAρl : D1pMq Ñ D1pMq is well-defined, and so is the linear operator A :“

ř

k,l ρkAρl.
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It is clear from the above construction that A : D1pMq Ñ D1pMq is an extension of A P ΨmpMq
to the space of distributions.

When we consider Sobolev spaces over M we have the following result

Theorem 3.11. Let M be a compact smooth n-manifold and let A P ΨmpMq. Then for all s P R
we have that the operator A, initially defined on C8pMq, extends to a continuous linear mapping
from HspMq to Hs´mpMq.

Proof. Let s P R be an arbitrary but fixed real number. Let A “ tpUi, κiqu
I1
i“1 and tρkuK0

k“1 be a
compatible finite atlas on M and a partition of unity given by Lemma 3.9, respectively. Write

A “
ÿ

k,lďK0

ρkAρl,

where for each k, l there is an 1 ď i ď I1 such that both ρk, ρl have support in Ui. Consider the
extension ρkAρl : D1pMq Ñ D1pMq as above. To conclude the theorem, it suffices to show that for
each k, l we have that ρkAρl maps HspMq continuously into Hs´mpMq. We start by showing that
if u P HspMq, then pρkAρl uq P Hs´mpMq.

Fix 1 ď i ď I1 such that ρk, ρl are both supported in Ui. Then for u P HspMq we use (3.7) to
define pρkAρl uq P D1pMq by the system

pρkAρl uqj :“ pρ̃k ˝ κ
´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqis for 1 ď j ď I1.

We claim that for each j we have pρkAρl uqj P Hs´m
loc pκjpUjqq and thus pρkAρl uq P Hs´mpMq. To

see this we consider the chain of maps

ui
p1q
ÝÝÑ pρ̃l ˝ κ

´1
i qui “ pρ̃luqi

p2q
ÝÝÑ pρkAρlqκipρ̃luqi

p3q
ÝÝÑ T

pκj˝κ
´1
i q
rpρkAρlqκipρ̃luqis

and
T
pκj˝κ

´1
i q
rpρkAρlqκipρ̃luqis

p4q
ÝÝÑ pρ̃k ˝ κ

´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqis.

Now, p1qmapsHs
locpκipUiqq continuously intoHspRnq, so that pρ̃luqi P HspRnq. Next, from Theorem

2.13 we obtain that pρkAρlqκi P OpSm maps HspRnq continuously into Hs´mpRnq. Moreover, if
K Ă κipUiq is a compact subset such that supppρk ˝ κ

´1
i q Ă intpKq, then pρkAρlqκipρ̃luqi ” 0 on

Rn zK as a distribution, and so p2q is a continuous map from HspRnq to Hs´mpKq. In particular,
p2q is continuous from HspRnq to Hs´m

loc pκipUiqqq.
By Proposition 1.50 we have that T

pκj˝κ
´1
i q

is a isomorphism from Hs´m
loc pκipUi X Ujqq to

Hs´m
loc pκjpUi X Ujqq, and hence p3q maps Hs´m

loc pκipUiqq into Hs´m
loc pκjpUi X Ujqq

Finally, p4q maps Hs´m
loc pκjpUi X Ujqq into Hs´m

loc pκjpUjqq since pρ̃k ˝ κ´1
j q P C8pκjpUjqq is

such that pρ̃k ˝ κ´1
j q ” 0 in a neighbourhood of rBpκjpUi X Ujqqs X κjpUjq. This implies that

ρkAρl u P H
s´mpMq whenever u P HspMq.

Let us now show that ρkAρj : HspMq Ñ Hs´mpMq is a continuous linear map. By Lemma 1.62
there exists a partition of unity tψjuI1j“1 strictly subordinated to the open cover tUjuI1j“1 of M . By
equation (3.3) and Proposition 3.5 we may set

‖ρkAρl u‖Hs´mpMq :“

ˆ I1
ÿ

j“1

∥∥∥pψj ˝ κ´1
j q pρkAρl uqj

∥∥∥2

Hs´mpRnq

˙1{2

for u P HspMq.

Note that for any u P HspMq and for each 1 ď j ď I1 we have

pψj ˝ κ
´1
j q pρkAρl uqj “ pψj ρ̃k ˝ κ

´1
j qTpκj˝κ´1

i q
rpρkAρlqκipρ̃luqis

“ T
pκj˝κ

´1
i q
rpψj ρ̃k ˝ κ

´1
i q pρkAρlqκipρ̃luqis,

thus for any compact set Ki,j Ă κipUj X Uiq such that supppψj ρ̃k ˝ κ
´1
i q Ă intpKi,jq we have
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that pψj ρ̃k ˝ κ´1
i q pρkAρlqκipρ̃luqi P H

s´mpKi,jq. Setting K 1
i,j “ pκj ˝ κ

´1
i qpKi,jq, it follows from

Proposition 1.47 that T
pκj˝κ

´1
i q

maps Hs´mpKi,jq continuously into Hs´mpK 1
i,jq. Hence for each

1 ď j ď I1 there exists a constant Aj ą 0 such that

‖pψj ˝ κ´1
j q pρkAρl uqj‖Hs´mpRnq “ ‖T

pκj˝κ
´1
i q
rpψj ρ̃k ˝ κ

´1
i q pρkAρlqκipρ̃luqis‖Hs´mpRnq

ď Aj
∥∥pψj ˝ κ´1

i q pρkAρlqκipρ̃luqi
∥∥
Hs´mpRnq.

Since 0 ď ψj ď 1 and pρkAρlqκi maps HspRnq continuously into Hs´mpRnq we have that there
exists a constant Bj ą 0 such that

‖pψj ˝ κ´1
j q pρkAρl uqj‖Hs´mpRnq ď Bj

∥∥pρ̃l ˝ κ´1
i qui

∥∥
HspRnq.

Taking C “ I1 ¨maxtBj : 1 ď j ď I1 u we conclude that

‖ρkAρl u‖Hs´mpMq ď

I1
ÿ

j“1

‖pψj ˝ κ´1
j q pρkAρl uqj‖Hs´mpRnq ď C

∥∥pρ̃l ˝ κ´1
i qui

∥∥
HspRnq.

Since different choices of the partition of unity on M induces equivalent norms in HspMq, we
conclude that ρkAρl maps HspMq continuously into Hs´mpMq .

Lastly, since C8pMq is a dense subspace of HspMq, it follows that the above extension of ρkAρl
is the unique extension that makes it continuous.

3.3 Commutator characterization of Pseudo-differential Operators
on Compact Manifolds

This section is dedicated to the commutator characterization of pseudo-differential operators
on compact smooth n-manifolds. A characterization of pseudo-differential operators on compact
manifolds via commutators with smooth vector fields was stated and proved by R. Coifman and
Y. Meyer [2] for the case of 0-order operators. By considering commutators with smooth vector
fields and smooth functions, V. Turunen [20] presented a characterization that holds for pseudo-
differential operators of any given order m P R. Here we provide a slightly stronger version of that
characterization.

Let us recall some concepts and results. Recall Theorem 2.18, whose proof lies at the end of
section 2.5.

Theorem 2.18. Let m P R and let A be a linear map from C8c pRnq to D1pRnq. Then the following
conditions are equivalent:

(i) A P Ψm
locpRn ˆ Rnq.

(ii) For any φ, ψ P C8c pRnq and for any sequence of partial differential operators with smooth
coefficients D “ tDjujPN0 Ă Ψ1

locpRn ˆ Rnq we have
#

B0 “ φAψ P BpHmpRnq, L2pRnqq,
Bk`1 “ rBk, Dks P BpHm´dD,kpRnq, L2pRnqq,

where dD,k “
řk
j“0p1´ ordpDjqq.

An immediate consequence of Theorem 2.18 is that if we are given φ, ψ P C8c pRnq and a linear
map A from C8c pRnq to D1pRnq such that φAψ satisfies condition piiq, then φAψ P OpSm.

Recall that if M is a smooth n-manifold, then DO1pMq is the space of all linear operators
D : C8pMq Ñ C8pMq of the form Df :“ Xpfq ` gf , where X is a smooth vector field on M and
g is a smooth function on M .
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For D P DO1pMq, define

ordpDq :“

#

0 when X ” 0,

1 otherwise.

If we further assume that M is compact, then for any g P C8pMq the multiplication map f ÞÑ gf
is an element of Ψ0pMq, and for any smooth vector field X on M , we have X P Ψ1pMq. It is also
clear that the commutator rX, gs P Ψ0pMq. It then follows from Theorem 3.11 that D P DO1pMq
maps HspMq continuously into Hs´ordpDqpMq for any s P R.

Finally, we obtain the following commutator characterization for pseudo-differential operators
on compact manifolds:

Theorem 3.12. Let M be a compact smooth n-manifold and let m P R. Suppose A is a linear
operator on C8pMq. Then the following conditions are equivalent:

(i) A P ΨmpMq.

(ii) For any sequence D “ tDjujPN0 Ă DO1pMq we have
#

A0 “ A P BpHmpMq, L2pMqq,

Ak`1 “ rAk, Dks P BpHm´dD,kpMq, L2pMqq,

where dD,k “
řk
j“0p1´ ordpDjqq.

Proof. piq ùñ piiq : Let A P ΨmpMq. It follows from Theorem 3.11 that the linear map A0 :“ A is
continuous from HmpMq to L2pMq.

We shall show that for any D P DO1pMq we have that rA,Ds P Ψm´p1´ordpDqqpMq, and thus
statement piiq follows by iteration and Theorem 3.11.

So let D P DO1pMq and let pU, κq be an arbitrary but fixed compatible chart on M . Note that
for any φ, ψ P C8c pMq supported in U we have

φArψ,Ds “ φAψD ´ φADψ,

rφ,DsAψ “ φDAψ ´DφAψ,

and
rφAψ,Ds “ φAψD ´DφAψ.

Therefore we have the identity

rφAψ,Ds ´ φArψ,Ds ´ rφ,DsAψ “ pφAψD ´DφAψq ´ pφAψD ´ φADψq ´ pφDAψ ´DφAψq

“ φADψ ´ φDAψ

“ φrA,Dsψ.

The above equality then implies (see remarks at the beginning of section 3.2)

pφrA,Dsψqκ “ rpφAψqκ, Dκs ´ pφArψ,Dsqκ ´ prφ,DsAψqκ. (3.8)

Let χφ,ψ P C8c pMq be supported in U and such that 0 ď χφ,ψ ď 1 and χφ,ψ ” 1 on the compact
set suppφ

Ť

suppψ.
Now, if ordpDq “ 0 then rψ,Ds “ rφ,Ds “ 0. This implies pφrA,Dsψqκ “ rpφAψqκ, Dκs “

rpφAψqκ, pχφ,ψDqκs. It then follows from the composition formula for pseudo-differential operators
on Rn given in Theorem 2.12 that pφrA,Dsψqκ P OpSm´1.

If ordpDq “ 1, then the composition formula for pseudos on Rn gives us rpφAψqκ, pχφ,ψDqκs P
OpSm. Moreover, we would have that rψ,Ds and rφ,Ds define smooth functions onM with compact
support in U and thus pφArψ,Dsqκ , prφ,DsAψqκ P OpSm by hypothesis. Therefore by (3.8) we
have pφrA,Dsψqκ P OpSm.
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The conclusion is that for any D P DO1pMq we have rA,Ds P Ψm´p1´ordpDqqpMq as desired.

piiq ùñ piq : Suppose that the linear map A : C8pMq Ñ C8pMq satisfies condition piiq. To
conclude that A P ΨmpMq we need to show that for any compatible chart pU, κq and for any
φ, ψ P C8c pMq supported in U we have that pφAψqκ P OpSm. We shall do this by proving that if C is
any partial differential operator of order at most 1 on Rn with smooth coefficients, then rpφAψqκ, Cs
maps Hm´p1´ordpCqqpRnq continuously into L2pRnq. The conclusion that pφAψqκ P OpSm then
follows from Theorem 2.18.

So fix a compatible chart pU, κq on M and fix φ, ψ P C8c pMq both supported in U . Consider
χφ,ψ P C

8
c pRnq supported in κpUq and such that 0 ď χφ,ψ ď 1 and χφ,ψ ” 1 on the compact set

suppφκ
Ť

suppψκ. Thus if C is a partial differential operator of order at most 1 on Rn with smooth
coefficients, then so is χφ,ψC. Moreover, since χφ,ψ has compact support in κpUq we get that there
exists D P DO1pMq such that Dκ “ χφ,ψC. Note that by construction ordpDq ď ordpCq.

It follows from equation (3.8) that

rpφAψqκ, Dκs “ pφArψ,Dsqκ ` prφ,DsAψqκ ` pφrA,Dsψqκ.

By hypothesis we have that rA,Ds maps Hm´p1´ordpDqqpMq continuously into L2pMq, therefore
pφrA,Dsψqκ mapsHm´p1´ordpDqqpRnq continuously into L2pRnq, and thus it mapsHm´p1´ordpCqqpRnq
continuously into L2pRnq.

If ordpDq “ 0 then rψ,Ds “ rφ,Ds “ 0 and trivially we have that φArψ,Ds and rφ,DsAψ are
continuous from Hm´p1´ordpCqqpMq to L2pMq.

If ordpDq “ 1, then ordpCq “ 1. Furthermore, rψ,Ds and rφ,Ds define smooth functions on
M with compact support in U , so by hypothesis the maps φArψ,Ds and rφ,DsAψ are continuous
from HmpMq to L2pMq. In particular, it follows that pφArψ,Dsqκ and prφ,DsAψqκ are continuous
linear maps from HmpRnq “ Hm´p1´ordpCqqpRnq to L2pRnq.

The conclusion is that rpφAψqκ, Dκs “ rpφAψqκ, χφ,ψCs “ rpφAψqκ, Cs is a continuous linear
map from Hm´p1´ordpCqqpRnq to L2pRnq and this finishes the proof.

We are now in position to discuss in precise terms why the above theorem is considered a slightly
stronger version than the commutator characterization V. Turunen [20, Theorem 3.1], which we state
here for the reader’s convenience

Theorem (V. Turunen [20]). Let m P R and let A : C8pMq Ñ C8pMq be a linear map. Then
the following conditions are equivalent:

(i) A P ΨmpMq.

(ii) For any s P R and for any sequence D “ tDjujPN0 Ă DO1pMq,
#

A0 “ A P BpHspMq, Hs´mpMqq,

Ak`1 “ rAk, Dks P BpHs`m´dD,kpMq, HspMqq,

where dD,k “
řk
j“0p1´ ordpDjqq.

On one hand, both theorems characterize pseudo-differential operators in terms of the bound-
edness of commutators. On the other hand, a direct comparison shows that the hypotheses on the
above theorem are more stringent than that on Theorem 3.12.
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