Commutator characterization of pseudo-differential operators
on compact manifolds

Artur Henrique de Oliveira Andrade

DISSERTACAO APRESENTADA
AO
INSTITUTO DE MATEMATICA E ESTATISTICA
DA
UNIVERSIDADE DE SAO PAULO
PARA
OBTENCAO DO TITULO
DE
MESTRE EM CIENCIAS

Programa: Matematica

Orientador: Prof. Dr. Severino Toscano do Régo Melo

Durante o desenvolvimento deste trabalho o autor recebeu auxilio financeiro da CNPq

Sao Paulo, julho de 2020



Commutator characterization of pseudo-differential operators
on compact manifolds

Esta é a versao original da dissertacao elaborada pelo
candidato Artur Henrique de Oliveira Andrade, tal como

submetida a Comissao Julgadora.



Resumo

Andrade, A. H. O. Caracterizagao via comutadores de operadores pseudo-diferenciais em
variedades compactos. 2020. 72 f. Dissertagao (Mestrado) - Instituto de Matemética e Estatis-
tica, Universidade de Sao Paulo, Sao Paulo, 2020.

Nesse trabalho buscamos apresentar de forma original e detalhada a caracterizacao de operadores
pseudo-diferenciais em variedades compactas via comutadores apresentada em M. Ruzhansky e V.
Turunen [15]. A organizagdo e apresentagao também tem como objetivo ser autocontida e acessivel

a qualquer estudante com conhecimentos bésicos em teoria da medida e integracdo como em G.
Folland [5].

Palavras-chave: Operadores pseudo-diferenciais, comutadores, variedades compactas.

iii



iv



Abstract

Andrade, A. H. O. Commutator characterization of pseudo-differential operators on com-
pact manifolds. 2020. 72 f. Thesis (Masters) - Instituto de Matematica e Estatistica, Universidade
de Sao Paulo, Sao Paulo, 2020.

In this work we seek to present in an original and detailed way the commutator characterization
of pseudo-differential operators on compact manifolds presented in M. Ruzhansky and V. Turunen
[15]. The organization and presentation also aims to be self-contained and accessible to any student

with basic knowledge in measure and integration theory such as in G. Folland [5].
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Introduction

Roughly speaking, a pseudo-differential operator on R™ is an integral operator acting on a

suitable space of functions and is of the form
Au(z) = J eming a(z, &) u(f) dg, (1)

where u is the Fourier transform of w. The function a in (1) is called the symbol of A.

It is easier to work with pseudo-differential operators when we impose some quantitative control
over its symbol. We shall be concerned with the symbol class ST, for some m € R. More specifically,
a € ST when a : R" x R" — C is smooth on R" x R" and when for all o, § multiindices there

exists a constant A,g > 0 such that
|050ga(x, &) < Aap(1 + (g™ (2)

holds for all and x, £ € R™. We then say that a pseudo-differential operator is of order (less or equal
than) m € R if its symbol belongs to S7- We denote such class of pseudo-differential operators by
OpS™.

In addition to the symbol classes, there is another way of characterizing pseudo-differential
operators on R™, namely, via commutators. In 1977 R. Beals [1| showed how one can characterize the
pseudo-differential operators of a given class among the maps from S to &’ in terms of boundedness
of certain commutators.

In a closely related result, J. Dunau [4, Théoréme 1| obtained a characterization of the topology
in the space of pseudo-differential operators on compact manifolds in terms of the boundedness
of their commutators with differential operators of order at most 1. Then in 1978 R. Coifman
and Y. Meyer [2] stated and proved characterization of pseudo-differential operators of 0-order
on compact manifolds via commutators with smooth vector fields. A more general statement for
the characterization of pseudo-differential operators of any given order on compact manifolds was
formulated by V. Turunen [20]. This later characterization is also presented in M. Ruzhansky and
V. Turunen [15].

Although the work of M. Ruzhansky and V. Turunen [15] is a self-contained introduction to
the theory of pseudo-differential operators, we believe that a more detailed presentation should be
welcomed by those that had no previous exposition to the subject. Thus the main goal of this study
is to provide an original and comprehensive presentation, starting from basic facts about Fourier
transform and distribution theory, of the result presented by V. Turunen. More specifically, our
presentation shall prove a slightly stronger version of the commutator characterization stated by V.

Turunen.
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X INTRODUCTION

The structure of this masters thesis is the following:

In chapter 1 we provide the necessary background on distribution theory, Fourier transform,
Sobolev spaces and smooth manifolds. All the results are either accompanied by proof or a reference
for the interested reader.

Chapter 2 contains the needed results from pseudo-differential operators on R™. We also provide
a commutator characterization that is similar to that presented by R. Beals [1], but for a different
class of pseudo-differential operators. All the results presented in this chapter are prerequisites for
our commutator characterization on compact manifolds.

Chapter 3 starts with an introduction to distributions and Sobolev spaces over manifolds. We
then introduce the definition and some basic properties of pseudo-differential operators on com-
pact manifolds. Lastly, we state and prove our commutator characterization for pseudo-differential

operators on compact manifolds.



Chapter 1

Background and prerequisites

The purpose of this first chapter is to present the necessary background that is needed for a
complete understanding of the material.

In section 1.1 we recall some basic rules of calculus and set up notation that will be used through
the rest of the thesis.

Section 1.2 gives some elements of the theory of topological vector spaces and distributions on
open sets of the Euclidean space. The content and presentation are mostly based on G. Grubb |8].

In section 1.3 we discuss the Fourier transform and some of its properties. Detailed proofs and
more properties may be found on L. Grafakos [6].

Section 1.4 covers Sobolev spaces on the Fuclidean space and their local versions for open
subsets. It contains results that may be found on G. Grubb [8] or on F. Tréves [19].

Finally, in section 1.5 we present some basic ingredients on the theory of smooth manifolds. Its
presentation is based on J. M. Lee [11| and F. Warner [21].

1.1 Notation

We denote by Z the integers, by N the positive integers and by Ny the nonnegative integers.
We denote by R the set of real numbers and by C the set of complex numbers. R” is the n-
dimensional Euclidean space, with points = (x1,...,x,) and distance dist(z,y) = |x — y|, where
|| = (2 + -+ + 22)Y2. When z,y € R", we write 2 -y = 3}, ;. Ti¥s.

For a, b € R with a < b we denote

{teR:a<t<b}=
{teR:a<t<b}=
{teR:a<t<b}=
{teR :a<t<b}=]a,b

If z,y € R™, then [z,y] is used to denote the line segment connecting x and y.

Differentiation of functions on R is denoted by ¢ or by ¢, in order to emphasize that the
differentiation is with respect to the x-variable. Partial differentiation of functions on R is indicated
by

a —_—
61:]- A
We will make use of the multiindex notation. A multiindex is a vector a = (aq,...,a,) € Nj.

Given « € Nj we define its length by |a| = > ; a;. For 2 € R” we define

N olel
o= —
T ozt L. dxpn)
a o a
=2 .
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We will also use the conventions

B < ameans 3; < aj forall 1 <j<n,
al =ay! - ap!,
Oziﬁz(&liﬁl,...,aniﬁn),

(5) = A

Constants appearing in inequalities will be usually denoted by a capital letter with an index as e.g.
Co > 0 denotes a positive constant that depends on a.
When M < V for some set V', we define the indicator function of M over V by

1o () 1 for when x € M,
T) =
M 0 for when z € V\ M.

If f is any real-valued or complex-valued function on a topological space X, we denote the
support of f by

supp f :={x e X : f(z) # 0}.

A function f : R" — C is said to be of class C” if it has continuous derivatives up order N and
is said to be smooth or C* if f € CN for all N € N. Recall Taylor’s formula and Leibniz’s rule:

Theorem 1.1 (Taylor’s formula). Let f € CN(R™). Then for any x,y € R™ we have

a 1
fla+y) = > y—‘&’af(az)—i- > ZyaL(l—G)N_lé‘af(x—i-Hy)dH.

laj<N & la|=N
Proof. X. Saint Raymond [16, Theorem 1.1, p. 2] O]
Theorem 1.2 (Leibniz’s rule). Let o € NI and Q < R™ an open set. Then for any f,g € Cl*/(Q)
we have
« _
*(f9) = ), ( 6)60‘ Pradfy.
B
Proof. X. Saint Raymond [16, Theorem 1.2, p. 3|. O]

Recall the following result about smooth functions with compact support.

Theorem 1.3. Let Q < R™ be open and let K < Q be compact. There exists a smooth function
¢:Q >R such that 0 < ¢ <1, ¢ =1 on a neighbourhood of K, and supp ¢ < Q.

Proof. G. Grubb [8, Theorem 2.13, p. 22| and its corollary. O

Let (X,d) be a metric space. For x € X and r > 0, we denote the closed ball and the open ball
of radius r by

{zeR" : d(z,2) <r}=DByx,r),
{zeR" : d(z,2) <r}="U4(z,r),
respectively. When X = R™ we shall omit the subscript d .
Let V be a vector space over a scalar field K = R or C, and let ¥ < K. When X, Y are subsets
of V', we define
X+Y ={zt+y:zeX,yeY},
YX :={azx : aeX,xe X}.
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In particular, for x € V and «a € K we write

{z}+Y =247,
{a}X = aX.

When X is a normed vector space we denote the norm on X by ||| y. When X,Y are normed
spaces we denote the space of bounded linear maps from X to Y by B(X,Y).

1.2 Topological vector spaces, Function spaces and Distributions

When X,Y are topological spaces we endow X x Y with the usual product topology unless
otherwise stated.

Definition 1.4. A topological vector space (T.V.S.) over a scalar field K = R or C is a vector space
X provided with a topology 7 having the following properties:

1. A set consisting of one point {z} is closed.
2. The bilinear maps

XxX>s(z,y mr+ye X,
Kx Xs(\z)—ArelX,

are continuous.

We here follow the terminology of G. Grubb [8] and W. Rudin [14] where condition 1 is included
in the definition of a topological vector space. In this way, a T.V.S. is in particular a topological
Hausdorff space (check W. Rudin [14, Theorem 1.12, p. 11]).

Let X be a topological vector space. We associate to each a € X and to each scalar A € K\{0}
the translation operator T, and the multiplication operator M), by the formulas

To(z) ==z +a, forallze X,
My(x) := Xz forall z € X.

It is not hard to see that their inverses are T, and Mj,, respectively, and that these four maps
are continuous. Hence each of them is a homeomorphism of X onto X.

This implies that the topology of a T.V.S. X is translation invariant, i.e., U e 7 < x9+U €T
for all g € X. The topology is therefore determined from the system of neighbourhoods of 0.

Definition 1.5. A set Y < X is said to be
1. convex, if for any y;,y2 € Y and t € (0,1) we have that ty; + (1 —t)y2 € Y,
2. balanced, when y € Y and A € K with [A| < 1 imply Ay e Y,

3. bounded (with respect to 7), when for every neighbourhood U 3 0 there exists ¢ > 0 such
that Y < tU.

X 1is said to be locally convex, when it has a local basis of neighbourhoods at 0 consisting of
convex sets.

X is said to be metrizable, when there exists a metric d : X x X — [0, 00) such that the topology
on X is identical with the topology defined by this metric. A metric is said to be translation invariant
when

d(z,y) =d(x + z,y + 2z) forall z,y,z € X.

A Cauchy sequence in a T.V.S. X is a sequence {z,}nen such that for any neighbourhood U 3 0
there exists Ny € N so that x,, — z,, € U for all m,n > Ny.
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In a metric space (M,d), a Cauchy sequence is a sequence such that d(x,,z,) — 0 in R as
n,m — o0. In particular, if the topology of a T.V.S. is given by a translation invariant metric d,
then those concepts of Cauchy sequences coincide.

A metric space is called complete when every Cauchy sequence is convergent. More generally
we call a T.V.S. sequentially complete, when every Cauchy sequence is convergent.

Banach spaces and Hilbert spaces are examples of complete metrizable topological vector spaces.

It is possible to define some topological vector spaces through the use of seminorms; we shall
now take a closer look at this method.

Definition 1.6. Let X be a vector space. A seminorm is a map p : X — [0,00) such that
L p(z+y) <plx)+ply) Vz,yeX,
2. p(Az) = |Alp(x) VAeK, Vxe X.

A family {p;}ier is called separating, when p;(x) = 0 for all ¢ € I imply x = 0.

Theorem 1.7. Let X be a vector space and let {p;}icr be a separating family of seminorms on X.
Define the topology on X by taking, as a local basis B for the system of neighbourhoods at 0, the
sets

Vipise) i ={xe X:pi(x) <e}, >0,

together with their finite intersections

N
W(pilv ey Dins iy e 76iN) = ﬂ V(plkaglk) ; (11)
k=1

and letting a local basis for the system of neighbourhoods at each x € X consist of the translated sets
T+ WPy, Dins €irs oo Ein)-

With this topology, X is a topological vector space. The seminorms {p;}icr are continuous maps
from X into R. Moreover, a set E < X 1is bounded if and only if for every i € I there exists a
constant C; > 0 such that p;(E) < C; for every x € E.

Proof. G. Grubb [8, Theorem B.5, p. 434]. O

Note that the sets defined in (1.1) are open, convex and balanced sets, and thus any T.V.S.
endowed with a topology such as in the above theorem is locally convex.

Additionally, this theorem implies that a sequence {zy}reny converges to z in X if and only if
for every i € I we have p;(zy — ) — 0 as k — oo. Furthermore, a sequence {zj}ren is a Cauchy
sequence in X if and only if for every i € I we have p;(z, — ;) — 0 as n,m — 0.

We also have the following characterization for the continuity of linear maps

Lemma 1.8. Let X,Y be topological vector spaces with topologies given as in Theorem 1.7 by
separating families of seminorms {p;}icr and {q;}jes, respectively. Then we have the following:

1° A linear functional A : X — K is continuous if and only if there exist a constant C' > 0 and
i1,...,in € I such that

N
Ax)| < C 2 pi,(z) Vze X.
k=1

2° A linear map T': X — Y 1s continuous if and only if for every j € J, there are iy, ... in; € I
and a constant C; > 0 such that

Nj
q;(Tz) < Cj Z pip(z) VzeX.
k=1

Proof. G. Grubb |8, Lemma B.7 and Remark B.8, p. 436]. O



1.2 TOPOLOGICAL VECTOR SPACES, FUNCTION SPACES AND DISTRIBUTIONS )

In particular, the above lemma implies that a continuous linear map 7' : X — Y takes bounded
sets of X into bounded sets of Y. Moreover, if Z is another T.V.S. with topology given as in
Theorem 1.7 by a separating family of seminorms {r¢}sr, then a bilinear map B : X x Y — Z
is continuous if and only if for every ¢ € L, there are iy,...,iy, € I, and ji,...,j0m, € J, and a
constant Cy > 0 such that

re(B(w,y) <Ce Y, pi(@)g.(y) Ve X, VyeY.

1<k<Ny

lé’néM,g
Definition 1.9. A T.V.S. is called a Fréchet space, when X is metrizable with a translation invariant
metric, is complete and is locally convex.

We have the following characterization of Fréchet spaces

Theorem 1.10. When X is a T.V.S. where the topology is defined by a countable separating family

of seminorms {pn }nen, then X is locally convex and metrizable, and the topology on X is determined

by the invariant metric

T,y) = —_ =
Y 220 1+ pp(z —y)

Moreover, if X is complete in this metric, then X is a Fréchet space.
Proof. G. Grubb [8, Theorem B.9, p. 437]. O

We now present some important examples of Fréchet spaces. Let 2 < R™ be an open set and
for each j € N let K; be the compact subset of (2 given by

Kj:={zxeQ: zeB(0,j), dist(z,Q°) > 1/j}. (1.2)

Note that {/;}jen is an increasing sequence of compact sets such that ;o int(K;) = Q.
Let 1 < p < oo. Denote by LV () the space of all complex-valued functions on € whose
restrictions to compact subsets of €2 are in LP

LP

loc

(Q) := {f is measurable : 1xf € LP(K), for all compact K < Q}.

This is a Fréchet space when provided with the family of seminorms

¢ (f) == |1k, fllLr(), for jeN.

Moreover, one has L} () < L, () for all p > ¢, with continuous injection.
We also have spaces of differentiable functions over open subsets of R™. Define the family of
seminorms

pr;i(f) :==sup{|0“f(x)|: || <k, z € K;}, for ke Ny, jeN.

Lemma 1.11. 1° For each k € Ny, C*(Q) is a Fréchet space when provided with the family of
seminorms {pg ;}jen-

2° The space C*(Q) = (\en, Ck(Q) is a Fréchet space when provided with the family of semi-
norms {pk.j } keNo,jeN

Proof. G. Grubb [8, Lemma 2.4, p. 13]. O

Lemma 1.12. 1° Let o € N be a multiindex. The mapping 0¢ : ¢ — 0%¢ is a continuous linear
operator on C*(Q).
2° Let f e C*(Q). The mapping My : ¢ — fo is a continuous linear operator on C*(£2).

Proof. Clearly both maps 0% and Mjy are linear from C*(Q) to itself.
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For the continuity of 0% we see that for each k € Ny, j € N we have

P (0%9) = sup{[070%¢(x)| : |B| < k, x € K}
<sup{[07p(z)] : [yl Sk + o, z e K}
= Pk+|a|,j(¢)-
For continuity of My we have by Leibniz’s rule and for each £ € Ny, j € N that
Prj(f@) = Sup{ 0%(fo) (@) : la] <k, z € Kj}

< sup Z ( )aa Pf(@)’ ()| - \a|<k,a:eKj}

< Gk Pk,y( ) Pk,j (#),

for a suitably large constant Cj > 0. Since f € C*(Q), we have that py ;(f) < o for all k € Ny,
j € N and this finishes the proof. O

Similarly, we may define the family of seminorms
or(f) = sup{ 10°f(2)] : |a] <k, z € R™}, for k € Ny,
and the space of bounded differentiable functions of order k
CE(R™) :={f e C*(R") : pp(f) < 0}

It is not hard to check that C%(R™) endowed with the seminorm pj, becomes a Banach space and
that CZ(R") = ey, CE(R") endowed with the family {p}ren, becomes a Fréchet space.

Definition 1.13. The Schwartz space or Rapidly decreasing function space S(R™) is the set of
infinitely differentiable complex-valued functions f on R™ such that for all multiindices «, 8 we
have

Pas(f) := sup[a?0% f(2)] < 0. (1.3)

zeR™

Thus, the functions in S(R™) are those functions which together with their derivatives fall off more
quickly than the inverse of any polynomial.

One can directly check that p, g as in (1.3) defines a seminorm on S(R™) and we shall call them
the Schwartz seminorms.

Theorem 1.14. The vector space S(R™) with the natural topology induced by the family of Schwartz
seminorms {pa.g : o, € Ny} is a Fréchet space.

Proof. M. Reed and B. Simon [13, Theorem V.9, p. 133]. O

An important observation is that for all 1 < p < oo we have that S(R") < LP(R") with
continuous injection. Indeed, for a each 1 < p < o0, take M € N such that n/2 < Mp. Then for all
¢ € S we have

JLJo@pdr = | g 0 ) et e

1+ [z[)
2\ M P 1
< (5;;3 A+ =) W)D J. 2Py @

Thus there exists a constant Cy; > 0 such that ¢, < Car supgegn|(1 + |2|*)M¢(z)| and the
right-hand side of this expression is bounded by a linear combination of Schwartz seminorms. The
case p = o is immediate.
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Definition 1.15. The vector space Oy (R™) consists of complex-valued functions p € C*(R"™) which
together with all of its derivatives has at most polynomial growth. More precisely, p € Oy (R"™) if
for each a € Njj there exists C,, > 0 and N, € N such that

10%p(x)| < Co(1 + |z|*)Ne Vo e R™.

Lemma 1.16. 1° Let o € N be a multiindex. The mapping 0¢ : ¢ — 0%¢ is a continuous linear
operator on S(R™).

2° Let p € Op(R™). The mapping My, : ¢ — p¢ is a continuous linear operator on S(R™).

3° Let X € CP(R™). The mapping Mx : ¢ — X¢ is a continuous linear map from C*(R™) to
S(R™).

Proof. It is clear that those maps are linear, so let us check continuity.
The proof of 1° follows from the fact that for any f € S and any vy € Nj we have

2Pe70%f(z)| = sup |z

zeR™

P1.5(0°f) = sup 2050 (@)| = pyras(f)

zeR™

The proof of 2° follows by Leibniz’s rule, as for each p € Oy there exists a constant C' > 0 such
that

285%(p )_|xﬂ|2< >‘6‘5 )% f(x )‘
<o Y (§) s+ by oo

i<«

<[2P] ). Csyala® 070 f ()]
<«
[7[<2Ns

<C Y o get f(a)

<o
Y<2Nj

<C Z pa76,6+2'y(f)'

o<a
"/SQNL;

Taking the supremum over xz € R™ we conclude 2°.
For 3° we note that there exists jo € N such that supp 0*X < supp X < B(0, jo). By Leibniz’s
rule we get

S0 @)] = ) S (5P i)

(0% —
< Sag0n@)[0°] 3 () 10Xl 105 )

i<«

. (6%
< % (5)1Xe o)

o<a
Taking the supremum over x € R” we conclude our result. O
For any j € N we define the space of smooth functions with compact support in K; < ) as
Ck,(Q) :=={pe C*(Q) : supp ¢ < K;}.

This space provided with the inherited topology of C*(€) is also a Fréchet space.
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We now turn our attention to another space of differentiable functions which is a cornerstone in
the theory of distributions and is not a Fréchet space. The space of infinitely differentiable functions
with compact support in €2

CF(Q) :={p € C*(Q) : supp ¢ is compact in Q}.

Clearly, CF () < CF(Q) < C*(Q) for any j € N. Now, if we provide C2°(Q2) with the topology
inherited from C*(2), we get an incomplete metric space.

Therefore we prefer to provide CF(£2) with a stronger and somewhat more complicated topol-
ogy that makes it locally convex and sequentially complete as a topological vector space. For the
definition and several important properties of such topology on C () we recommend G. Grubb
[8] or W. Rudin [14].

The topological properties of this space that we shall need are summed up in the following
theorem.

Theorem 1.17. The topology on CF(S2) has the following properties:

1. A sequence {¢i}tren < CL(2) converges to an element ¢ in CF () if and only if there is a
J € N such that supp ¢, < K for all k € N, supp ¢ < Kj, and for all o € N we have

sup [0%¢(x) — 0%¢p(x)] = 0 as k — oo.

IEKJ‘

2. A linear functional A : CF(2) — C is continuous if and only if for each j € N and all
¢ € CF(2) with supp ¢ € K, there is an Nj € Ng and a constant Cj > 0 such that

[A(@)] < Cj sup{[0®(x)] : = € K, |a| < Nj}.

3. Let'Y be a locally convex topological vector space. A linear map T is continuous from CF ()
to Y if and only if for each j € N the linear map T : C}'?j(Q) — Y is continuous.

Differentiation and multiplication by smooth functions are examples of continuous linear oper-
ators on C ().

Theorem 1.18. 1° Let a € N be a multiindex. The mapping 0% : ¢ — 0%¢ is a continuous linear
operator on CFL(Q).
2° Let f e CP(Q). The mapping My : ¢ — f¢ is a continuous linear operator on CF ().

Proof. G. Grubb [8, Theorem 2.6, p. 15]. O

Theorem 1.19. 1° CP(Q) is dense in C* ().
2° CX(Q) is dense in Lj () for all 1 < p < o0.
3° CP(Q) is dense in LP(Q) for all 1 < p < 0.

Proof. G. Grubb [8, Theorem 2.15, p. 22| O

Since CP(R™) < S(R™), it follows from the above theorem that S(R"™) is dense in C*(R"), and
in LP (R™) and LP(R™) for all 1 < p < o0.

loc

Lemma 1.20. CP(R™) c S(R™) with continuous dense embedding.
Proof. G. Grubb [8, Lemma 5.9, p. 103] O]

Definition 1.21. A distribution on 2 is a continuous linear functional A : CF(2) — C. The vector
space of distributions on €2 is denoted by D’(Q2). When A € D’'(€2) we denote its value on ¢ € C ()
by either (A, ¢) or A(¢).



1.2 TOPOLOGICAL VECTOR SPACES, FUNCTION SPACES AND DISTRIBUTIONS 9

The space D’'(Q) itself is provided with a weak topology defined by the family of seminorms

po(u) = [(u, ¢)|, for ¢ € CZ(Q).
We here use Theorem 1.7 noticing that the family {py}secx (o) is separating since v = 0 in D'(92)

if and only if (u, ¢) = 0 for all ¢ € CL ().
An important example of distribution is the following: When f € Lllo .(Q) the linear map

Apiom | faodo

from C(Q2) to C is a distribution. Indeed, for each j € N and all ¢ € C°(Q2) with supp ¢ € K; we

have
<\
K

J

1A4()] = ' [ st s

!f(fv)!dw> sup {|¢(z)| : = € Kj}. (1.4)

Here one can in fact identify f with Ay in view of the following lemma:

Lemma 1.22. When f € L}, () with
| s@otardz =0 voeczo),

then f =0 in L} (Q).

Proof. G. Grubb [8, Lemma 3.2, p. 28|. O

Thus by (1.4) and the above Lemma we have that the linear map
Lioe(Q) 2 f — Ay € D'(Q)

is continuous and injective.
When T is a continuous linear operator on C(€2), and A € D'(§2), we have that the composition
map A o T is a distribution. Define the adjoint map of operator T to be the map 7" : A — Ao T.

Theorem 1.23. Let T be a continuous linear operator on CL(Q). The adjoint map T' defined by
(T'A, ¢) :== (A, Ty, for Ae D'(Q), p € CL(Q)

is a continuous linear operator on D'(Q).

Proof. G. Grubb [8, Theorem 3.8, p. 35]. O

Definition 1.24. 1° For any « € Njj, we define the differentiation operator 0 : D'(Q2) — D'(Q2) by
(0°A, 9y = (A, (=1)10%), for ¢ & CZ(Q).
2° When f € C*(R), we define the multiplication operator My : D'(Q) — D'(2) by
(MyA, ¢y == (A, fo), for ¢ € CL(Q).

Both of these maps are continuous by Theorem 1.23. Moreover, it can be shown that both of
these operators are extensions of the operators in Theorem 1.18 originally defined on C(£2).

Theorem 1.25 (Convergence in D'(2)). A sequence of distributions {uy}ren is convergent in D' (Q)
if and only if for every ¢ € CL(Q) the sequence (uy, ¢y is convergent in C. The limit of uy in D'(2)
1s the distribution u defined by

(u, ) = lim Cuy, @), for 6 € C2(Q).
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Proof. G. Grubb [8, Theorem 3.9, p. 36]. O]

When u € D'(Q) and Q' is an open subset of €, we define the restriction of u to Q' as the
element u g € D'(Q') defined by

(ule, oy = (u, gy for p e CE(QY).

For the sake of precision, we here indicate the duality between D’'(w) and C(w) by {, ), when w
is an open set.
When uy € D'(21) and ug € D'(Q2), and w < Q1 N Qs is open, we say that uq = ug on w, when

uplw —u2lw =0 as an element of D' (w).

Theorem 1.26. Let {w;}icr be an arbitrary family of open sets in R™ and let Q = | Jw;. Assume
that there is given a family of distributions u; € D'(w;) with the property that u; = uj on w; Nwj for
each pair of indices i,j € I. Then there exists one and only one distribution u € D' () such that u;
1s the restriction of u to w; for every i€ I.

Proof. G. Grubb |8, Theorem 3.14, p. 38|. O

Theorem 1.27. For any u € D'(Q) the exists a sequence {u;}jen < CP(Q) such that u; — u in
D'(Q).

Proof. G. Grubb |8, Theorem 3.18, p. 42]. O
In other words, the space C(Q) is sequentially dense in D’'(2).

Let Q, Q' be open sets of R", and let x be a diffeomorphism of € onto Q. More precisely, & is
a bijective map
Doz = (21,...,2,) — (K1(x), ..., kp(2)) € X,

1

where each k; is a C*-function from € to R and the inverse map £~ ' : ' — Q is likewise smooth.

The Jacobian matriz of k is given by

[ Ok1  Ok1 OK1

o1 0T Oz
Oky  Okg Okg
ox1 0T Oz
Ju(z) =
Okn  Okn Ofin
| O0xy  Oxra2 " Ozn |

Define J(z) := |det J.(x)| and note that J(x) > 0 for all z € 2 and that both J and 1/J are
C*-functions. For ¢ € CF () we have that ¢ o k € CL(Q). The following definition then extends
C®-coordinate change from C to the space of distributions.

Definition 1.28. We define the coordinate change map 7 by
<THA5 ¢>Q/ = <A7 J (¢ © K)>Qv for A e D/(Q)7 ¢ € CCOO(Q,)
It defines a continuous linear map from D’'(Q) to D'().

Definition 1.29. A tempered distribution is a continuous linear functional A : S(R") — C. The
vector space of tempered distributions is denoted by S’(R™) or simply by &’ When A € S we
denote its value on ¢ € S by either (A, ¢) or A(¢).

In a similar fashion to what we have done for the space D'(€2), we provide §'(R"™) with a weak
topology defined by the family of seminorms

pcb(u) = ’<’LL, ¢>|7 for ¢ € S(Rn)
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Note that Lemma 1.20 implies that the restriction of A € §’'(R™) on C°(R™) defines an element
in D'(R™). More precisely

Theorem 1.30. The linear map J : A — A’ from S'(R™) to D'(R™) defined by restriction of A on
CP(R™),

N, ¢):=A), YoeCLR"),
is injective, and hence allows an identification of J[S'(R™)] with a subspace of D'(R™), also called
S'(R™).
Proof. G. Grubb [8, Theorem 5.10, p. 104]. O

Lemma 1.31. For 1 < p < and f € LP(R"), the linear map

S3¢+— f@)p(x)dx e C
Rn

defines a tempered distribution. In this way one has a continuous injection of LP(R™) into S'(R™)
for each 1 < p < o0.

Proof. G. Grubb [8, Lemma 5.11, p. 105]. O

The above results combined with Theorem 1.27 give us that CP(R"™), and thus S(R"™), are
sequentially dense in S'(R™).

The operators 0“ and M, for p e C*(Q) in Definition 1.24 are continuous linear operators on
D'(€2). Concerning their act on &’ we have

Lemma 1.32. 1° For any o € N2, 0% maps S’ continuously into S’.
2° When p € Oy, My, maps 8" continuously into S'.

Proof. G. Grubb [8, Lemma 5.13, p. 106] O

Proposition 1.33. Let X,Y be Banach spaces such that X,Y < 8 with continuous injection and
such that S © X with continuous dense embedding. Let A: 8" — 8’ be a continuous linear operator
such that A(S) €'Y and such that there exists a constant C' > 0 for which

[Aflly <Clfllx VYfeS. (1.5)

Then A defines a continuous linear map from X to Y with operator norm at most equal to the
constant C' > 0.

Proof. Let f € X and let {f,}neny © S be such that f, — f in X. Inequality (1.5) shows that
{Afn}nen is a Cauchy sequence in Y, and therefore converges to some element g € Y. On the other
hand, if f, — f in X, then f, — f in &’ by hypothesis. Since A: &’ — &’ is a continuous linear
map we have that Af,, — Af in &’. This implies that Af = ¢g in S’ and thus also in Y, finishing
the proof. O

1.3 Fourier Transformation on Distributions

Definition 1.34. Given f in L'(R") we define the Fourier transform of f to be

~

FN© = fig) = | pla)emean,

Theorem 1.35. 1° The mapping F : [ — F(f) is a bounded linear transformation from L'(R™)
into L (R"). In fact |[fllz= < ||fll:-
2° If f € LY(R™) then f is uniformly continuous
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Theorem 1.36 (Riemann-Lebesgue). If f € LY(R™) then f(f) — 0 as [£| — o0; thus, in view of
the above result, we can conclude that f € Cy(R™), where

Co(R") :={f:R" - C : f is continuous and f(z) — 0 as |x| — o0}.

A more suitable space to work with the Fourier transform is the Schwartz space S(R™). In this
space we have the following properties

Proposition 1.37. Given f € S(R"), a € N} and y € R" we have

~

1. F(02£)(6) = (2mig)* F(€),
2. (0g )(€) = F((=2miz)* f(2)) (&),
3. F(e2™vf(x))(€) = f(§—v),
4o F(f(@—y))(€) = e 2™ f(9),
5. feS(R).
Proof. L. Grafakos [6, Proposition 2.2.11, p. 100] for the proof of these results and many others. [

Definition 1.38. Given f € S(R"), we define the inverse Fourier transform as

F(N) = fl@) =] [fly)e™"dy.

R

Note that, apart from some minor sign changes, the inverse Fourier transform shares the same
properties stated in Proposition 1.37 as the Fourier transform. The next theorem shows that the
inverse Fourier transform is indeed the inverse operator of F in S(R™). This property is referred to
as Fourier inversion formula.

Theorem 1.39. Given f,g € S(R™) we have

1| f@g)de =] f(x)gl)de
R™ Rn
2. F(f) = f = F(f) (Fourier Inversion)

3. f(x)g(x)de = A(x) g(x) dx (Parseval’s identity)
R’I’L Rn

4o 1f e = 1Flle = | fllz> (Plancherel’s identity)
Proof. L. Grafakos |6, Theorem 2.2.14, p. 102] O
Theorem 1.40. The Fourier transform is a homeomorphism from S(R™) onto itself.

Proof. L. Grafakos |6, Corollary 2.2.15, p. 103] O

Definition 1.41. Let u € §'(R™) be a tempered distribution. We define the Fourier transform of a
tempered distribution u to be

(@, f):=u, f)
for all f e S(R™).
Theorem 1.40 implies that the Fourier transform of a tempered distribution is a well-defined

tempered distribution.
Additionally, Theorems 1.23, 1.30, and 1.40 assure that the linear map F : &’ — &’ given by

(Fu, ¢) := {u, Fp), for ¢p € S(R")
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is a continuous linear homeomorphism from S’(R™) onto itself.

Moreover, if we also invoke 3 of Theorem 1.39, we can see that F : 8’ — &’ extends the Fourier
transform defined initially on S(R"™).

Furthermore, properties 1-4 presented in Proposition 1.37 also hold in the space of tempered
distributions.

1.4 Sobolev Spaces
Definition 1.42 (Sobolev spaces). For each s € R, the Sobolev space H*(R") is defined by
HYR") = {f e S'(R") | (1+ |6 [(&) e L*(R™)}.

It is a Hilbert space with inner product given by

Soan= | iy FOTE e

and norm given by

1 = |+ iy 17O as.

It is not hard to check that H*(R") ¢ H¥ (R") for s' < s and that the inclusion is a continuous
injection. Moreover, if m € Ny, then the Sobolev space H™(R"™) may be defined by

H™R") := {ue L*R") : ®ue L*(R") for |a| < m},

where 0% is applied in the distribution sense. In this case H™(R") is equipped with the scalar
product and norm

{uy, vygm = Z (0%, 0®v)p2,

lal<m
1/2
el g = (<u, u>Hm) .

Using the Fourier inversion formula it is not hard to obtain that both definitions induce equivalent
norms on H™(R™) whenever m € Ny.

Lemma 1.43. CP(R") is dense in H*(R™) for every s € R.
Proof. G. Grubb [8, Lemma 6.10, p. 129| O

In particular, S(R™) is dense in H*(R™) for every s € R. Moreover, it can be shown that for
each s € R we have that H*(R") ¢ §’(R"™) with continuous dense embedding.

Theorem 1.44 (Sobolev embedding theorem). Let k = 0 be an integer, and let s > k +n/2. Then
H*(R") = CR(R™),
with continuous injection. More precisely, there exists a constant C > 0 such that for any u €
H*(R™),
sup{ [°u(z)] : |a] < b, © € R} < Cllull .
Proof. G. Grubb [8, Lemma 6.11, p. 130] O

Lemma 1.45. Let s € R.
1° For each ac € NI, 0 is a continuous linear map from H*(R™) to H*~|*I(R™).
2° For each f € S(R™), the multiplication by f defines a continuous linear operator on H*(R™).
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Proof. G. Grubb [8, Lemma 6.17, p. 134]. O

Definition 1.46. Let s € R and let K < R” be a compact set. We denote
H*(K) :={ue H*(R") : {u, ¢y =0 for all p € CF(K°) }.

In other words, the set H*(K) is composed by those elements of H*(R™) which vanish outside of
K cR™

Note that H*(K) is a closed linear subspace of H*(R"™), hence a Hilbert space for the inherited
structure.

Now let & be a diffeomorphism from Q onto ' and suppose that K < Q. Let K’ := k(K) be a
compact subset of ' and consider the mapping T}, : D'(2) — D’(Q) from Definition 1.28. It easily
follows that for any uw € H*(K) we have T,u € H*(K'). Moreover, we have

Proposition 1.47. Let s € R and let K be an arbitrary compact subset of Q). There is a constant
Cs(K) > 0 such that
[Teull s < Cs(K) lull s Yu € H(K).

Proof. F. Tréves [19, Proposition 25.7, p. 230]. O

Definition 1.48. Let s € R and let 2 < R"™ be an open set. The space H} () is defined as the
set of distributions u € D'(Q) for which ¢gu € H*(R™) for all ¢ € CL () (where ¢u is understood to
be extended by zero outside of ).

Consider K; < § such as in (1.2) and consider a sequence of smooth functions {¢;} ey satisfying
0<¢<1,¢=1in K; and supp ¢; < int(K;41). Then it can be shown that H} () is a Fréchet
space with family of seminorms given by

pj(u) == [|¢jul| 4., for j e N.
Lemma 1.49. Let s e R. Let f € C*(Q) and a € Njj, then the operator u — f0%u is a continuous

linear mapping from H} (Q) into HS_M(Q).

loc

Proof. G. Grubb [8, Lemma 6.27, p. 141]. O
Denoting the restriction of T}, : D'(2) — D'(Q') on H} () by T, we have

Proposition 1.50. Let k be a diffeomorphism from Q onto Q. Then the mapping T, is an isomor-
phism from H} (Q) onto H} (). Its inverse is the mapping T—1.

Proof. F. Tréves |19, Proposition 25.8, p. 231]. O

1.5 Smooth Manifolds

Definition 1.51. An n-dimensional manifold is a Hausdorff space M with countable basis and for
which each point has a neighbourhood homeomorphic to an open subset of R™. If k : U — &(U)
is a homeomorphism from an open set U < M onto an open set x(U) < R", then k is called a
coordinate map, the pair (U, k) is called coordinate chart or simply chart, and the open set U < M
is called chart neighbourhood.

In particular, since any open subset of R™ can be written as a union of countably many compact
subsets, the same holds for any n-dimensional manifold.

Definition 1.52. A smooth structure F on an n-dimensional manifold M is a collection of charts
{(Uw, Ka) taeca satisfying the following three properties:

1. M cJpen Ua
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2. kgokgl:ka(Us nUg) = KUy 0 Up) is a diffeomorphism for all a, 8 € A.

3. The collection F is mazimal with respect to 2; that is, if (U, k) is a chart such that x o k*

and Kk, o k1 are diffeomorphisms for all a € A, then (U, k) € F.

Property 2 of the above definition is usually referred as compatibility condition and we say that
two charts (Uy, ko) and (Ug, kg) are compatible if

kg okin' i ka(Uy nUg) — kp(Uy 0 Up)

and
Ko © Iigl 1 k8(Ua nUs) = Ka(Ua 0 Up)

are diffeomorphisms.

Proposition 1.53. Let M be an n-dimensional manifold. If Fy is a family of charts satisfying con-
ditions 1 and 2 of Definition 1.52, then there exists one and only one smooth structure F containing

Fo.
Proof. Let Fo := {U;, ki}ier. Define the collection of charts

F:={(U,k) : Uc M is open, ko r; ' and k; o k™" are diffeomorphisms for all k; € Fo}.

Note that Fy < F, thus F forms an open cover of M. Because every (U,k) € F satisfies the
compatibility condition with the elements of Fy, it follows that x defines a homeomorphism from
U to k(U) < R™. Moreover, if (Ua, ko) and (Ug, kg) are in F, then for all (U, k;) in Fo we have

Ka © ngl = (kq ok, 1) o (K0 /{El) on kg(Ua nUg N Uy),

and therefore on kg(Uy nUpg). Since the same holds if we exchange the roles of a and 3, we conclude
that the family F satisfies the compatibility condition. Now F is maximal by construction, and so
F is a smooth structure containing Fy. Uniqueness follows from the observation that any other
family of charts on M that contains Fy and satisfies the compatibility condition is contained in
F. O

Definition 1.54. Let M be a n-dimensional manifold and let A denote a family of charts. Then
A is called an atlas on M, when it satisfies conditions 1 and 2 of Definition 1.52. Two atlases are
called compatible or equivalent if they define the same smooth structure on M.

Definition 1.55. A smooth n-manifold is an n-dimensional manifold endowed with a smooth
structure F. We shall usually denote a smooth n-manifold (M, F) simply by M.

If M is a smooth n-manifold, then a compatible atlas on M is an atlas A that is compatible
with the smooth structure on M.

Let M be a smooth n-manifold and let F := {(Uq, ka)}aca be its smooth structure. If U is an
open subset of M, then U can be given a smooth structure

-FU = {(U M Uomﬂoc rU)}aeA-

With this smooth structure U is called an open submanifold of M. Open subsets of smooth manifolds
will always be given this natural smooth structure.

Let us recall some concepts from general topology. Let X be a topological space and suppose
that one-point sets are closed in X. Then X is said regular if for each pair consisting of a point z
and a closed set B disjoint from z, there exist disjoint open sets containing x and B, respectively.
The space X is said to be normal if for each pair A, B of disjoint closed sets of X, there exist
disjoint open sets containing A and B, respectively. X is said locally compact, when every point
x € X has a compact neighbourhood, i.e., there exists an open set U and a compact set K, such
that re U c K.
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Recall Urysohn Metrization Theorem, for whose proof we refer the reader to J. Munkres [12,
Theorem 34.1, p. 215].

Theorem 1.56 (Urysohn Metrization Theorem). FEvery reqular space X with a countable basis is
metrizable.

It follows at once from the above definitions and Theorem 1.56 that a smooth n-manifold is a
locally compact normal space, hence metrizable.

Definition 1.57. A compact smooth n-manifold is a smooth n-manifold that is compact as a
topological space.

Note that if F := {(Uq, Ka)}aca is the smooth structure of a compact smooth n-manifold M,
then by compactness we may extract a finite subcover {U;}¥; of M. By Proposition 1.53 the atlas
{(U;, k) }Y | suffices to describe the smooth structure F. Moreover, the compactness of M allow us
to assume that the x;(U;) are bounded and mutually disjoint in R"™.

Let M be a smooth n-manifold and let f : M — C be any function. Given a chart (U, k) on M
we define

fo:=for™t on k().

Definition 1.58. Let M be a smooth n-manifold and let f : M — C be any function. We say that
f is a smooth function on M if for every chart (U,x) on M we have that f; : K(U) ¢ R" — C
is a C®-function on k(U). We denote the space of all smooth complex-valued functions on M by
C®(M) and the space of all smooth complex-valued functions with compact support on M by

C2(M).

Note if M is a smooth n-manifold and A := {(U;, ;) }ier is a compatible atlas on M, then the
compatibility condition implies that a function f : M — C is smooth on M if and only if for each
i € I the function f,, is in C®(k;(U;)). To see this, let (U, k) be any compatible chart on M and
write

fH = fﬁi O (Hi o /‘i_l) on KZ(U N Uz)

Since this holds for all i € I we have that f is a C*-function on k(U). Also note that if v € CF(k(U))
for some chart (U, k) and we set

u=vok onU, wu=0elsewhere,

it follows that uw e C*(M).

Definition 1.59. Let M be a smooth n-manifold. A smooth partition of unity is an indexed family
{pi}ier of smooth functions p; : M — C with the following properties:

1. pi(z) =0foralliel and all x € M,

2. The family of supports {supp p;}icsr is locally finite; that is, for each x € M there exists a
neighbourhood U, 3 x that intersect supp p; for only finitely many ¢ € I,

3. Zpl(w) =1 for all z € M (the sum is finite in view of 2).
iel
Let U := {Uqy}aca be an arbitrary open cover of a smooth n-manifold M. A smooth partition
of unity {p;}ier is said to be subordinated to U if for each ¢ € I there exists a« € A such that
supp p; < U,, and it is said to be strictly subordinated to U if we may take I to be the same index
set as A and supp po < U, for each a € A. We have the following theorem about the existence of
partitions of unit, for whose proof we refer F. Warner [21, 1.11 Theorem, p. 10|.

Theorem 1.60 (Existence of partitions of unity). Let M be a smooth n-manifold and let {Uq}aeca
be an open cover of M. Then there exists a countable partition of unity {p; : i € N} subordinate to
{Ua}aca with supp p; compact for each i € N. If one does not require compact supports, then there
is a partition of unity {pataca strictly subordinate to {Uy}aca with at most countably many of the
Pa NOT zeETO.
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Corollary 1.60.1. Let G be open in M, and let A be closed in M, with A < G. Then there exists
a C*®-function ¢ : M — R such that

1. 0 < p(x) <1 for all z e M.
2. p(x) =11ifxe A.
3. suppp < G.
Proof. F. Warner [21, Corollary, p. 11] O

Let us show that when M is a compact smooth n-manifold we can refine the above theorem to
obtain a strictly subordinate partition of unity where each smooth function has compact support.
We start by discussing a similar statement for compact subsets of R”.

The next two lemmas were based on G. Grubb [§].

Lemma 1.61. Let K be a compact subset of R™ and let {V]}é\;l be a bounded open cover of K, i.e.,
each V; is a bounded open subset of R" and K U;\Tzl Vj. Then there exists a family {Kj}f}:l of
compact subsets of R" with K; < V;, and K < U§V=1 K;. Moreover, there exists a family of smooth
functions {pj}j.v:l such that

1. 0< pj(z) <1 forallz e K,

2. suppp;j < Vj forall1 < j <N,
3. Z pj(z) =1 for allz e K.
1<j<N

Proof. For each 1 < j < N consider the increasing sequence of open sets of the form
Vik == {z eV : dist(z, V}) > 1/k}.

Thus V; < Jgey Vjk and each Vj i, is relatively compact in R”. Note that the family {V} 1 }1<j<nken
forms an open cover of K. Since K is compact, there exists a finite subfamily that still covers K
and since Vj < Vj x4 for each k € N, we can reduce this subfamily to one which contains at most
one V. for each 1 < j < N. Now take K; = Vj, and for those values of 1 < j < N not in the
reduced subfamily supplement it with K; = W

Now for each j we take a smooth function (; € C(R"™) such that {; = 1 in K, supp(; < V;
and 0 < ¢; < 1 and define

U(z) = Z () =1 forallze U K;.

1<j<N I<j<N
Since K < U;\Ll Vjk; we can find ¢ € C(R") taking values in [0, 1] and such that ¢ =1 in K and

supp ¢ < Uj\[:l Vi k;- Finally, we set

Q(m)% for when z € N, Vig,,
pj(z) ==
0 elsewhere.

Since for each j we have Vj. < Kj, it follows that {p; ;V: 1 is family of a well-defined smooth
functions satisfying conditions 1 to 3 and this finishes the proof. O

Lemma 1.62. Let M be a compact smooth n-manifold and let {U; };VZI be a finite open cover of M
by chart neighbourhoods. Then there exists a family {K; }jvzl of compact subsets of M with K; < U;
and M c Ujvzl K. Moreover, there exists a family of smooth functions {p; ;V:I such that

1. 0 < pj(x) <1 forallz e M,
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2. suppp; c Uj forall1 < j <N,

3. Z pj(z) =1 for all z € M.

1<j<N

Proof. Since k; : U; — k;(Uj) are homeomorphisms and we may assume that the ;(U;) are
bounded open sets, it follows from the construction on proof of Lemma 1.61 that foreach 1 < j < N
we can choose compact subsets K, K of U; such that K; < int(K7}), M < |J K, and we can find
smooth functions (; that are equal to 1 on K; and have support in int(K;-). Set (j(x) = 0 for all
z € M\int(K7}).
Now take ()
i(x
pile) = -
Cr()

1<k<N

to conclude the proof. O

Definition 1.63. Let M be a smooth n-manifold and let p be a point of M. We say that a linear
map v : C®(M) — C is a derivation at p if it satisfies

v(fg) = f(p)v(g) + g(p)v(f) forall f,ge C*(M).

The set of all derivations of C*(M) at p, denoted by T, M, is a vector space called the tangent
space to M at p. An element of T),M is called a tangent vector at p.

Let M be a smooth n-manifold and let p € M be a point. Suppose that (U, x = (x!,... 2")) is
a compatible chart on M such that p € U. Denote by (r1,...,r,) the canonical coordinates on R".
Then for 1 < i <n and any f € C*®(U) we set

- o(for™1)
S

0
ozt

f:

p

(p)

Then 9/0x¢|, is the derivation that takes the ith partial derivative of (the coordinate representation
of) f at the (coordinate representation of) p. We call 0/dz'|, a coordinate vector at p. We also use
the notation

of

ozt

0

= 5
pax

£,

p

Note that if (U, x = (z!,...,2")) and (V, = (y',...,y")) are compatible charts around p € M,
then the chain rule implies
* ot
- Z oyd

p =1

K
oyl

0

i
pax

p

Proposition 1.64. Let M be a smooth n-manifold and let p € M. Then T,M s an n-dimensional

vector space, and for any compatible chart (U, k = (z',...,2™)) containing p, the coordinate vectors

{0/0z'|,}, form a basis for T,,M.
Proof. J. M. Lee |11, Proposition 3.15, p. 61] O

Definition 1.65. Let M be a smooth n-manifold. We define the tangent bundle of M, denoted by
TM, to be the disjoint union of the tangent spaces at all points of M:

TM = | | T,M.
peM

Definition 1.66. A vector field on a smooth n-manifold M is a map that associates to each point
p € M a tangent vector X (p) := X, € T, M on the tangent space of M at p. Equivalently, a vector
field X is a map from a smooth n-manifold M into the tangent bundle T'M.
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Let X be a vector field on M. If U < M is a chart neighbourhood and f € C*(U), the directional
derivative X (f): U — C is defined to be the function

X(f) :pe U Xp(f).

Further, if k = (z!,...,2") is the coordinate map on U, we have already seen that {0/0x!|,}" ,
form a basis for T, M for any p € U. It then follows that there are functions a; : U — C such that

U
X|, = Zlai@. (1.6)

Definition 1.67. Let M be a smooth n-manifold. A vector field X on M is called a smooth vector
field if for every compatible chart (U, x = (x!,... ,2™)) on M, the functions a; defined by (1.6) are
smooth.

It follows from the definition that a smooth vector field X on a smooth n-manifold M is a
linear map X : f — X(f) from C™(M) to itself. Furthermore, for any f,g € C*(M) we have
X(fg) = X(f)g+ fX(g). Note that for any smooth vector field X on M and any smooth function
g € C*(M) we have that the commutator [X, g] = X¢g — gX defines a linear map from C*°(M) to
itself. More explicitly, for any f € C*(M) we have

[X,9]f = X(gf) —9X(f) = X(9)f +9X(f) —gX(f) = X(9)f,

i.e., the operator [X,g] : C*(M) — C*(M) is equivalent to the multiplication operator by the
smooth function X (g).

Now suppose U ¢ M is an open submanifold and Y is a smooth vector field on U. Then for any
point p € Y there exists a neighbourhood V, p € V < U and a smooth vector field Y on M such
that Y and Y induce the same smooth vector field on V. To see this, let K < U be any compact set
containing p. Set V := int(K). Then by Corollary 1.60.1 there exists a smooth function ¢ : M — R
such that ¢ = 1 on K and supp ¢ < U. For any g € C*(M), let gy denote its restriction to U and
define Y to be the map

Mop:Ty(g) — {w(p)Yp(grU) for pe U,
0 elsewhere.

Let M be a smooth n-manifold. A linear operator D : C*(M) — C*®(M) is called a differential
operator of order at most 1 on M if it is of the form Df := X (f) + gf, where X is a smooth vector
field on M and g is a smooth function on M. The space of all differential operators of order at most
1 on M is denoted by DO'(M).
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Chapter 2

Pseudo-differential Operators on R"

This chapter about pseudo-differential operators on R™ has the intention to cover the essential
elements of the theory that will be useful through the rest of this thesis.

In section 2.1 we present the definition of pseudo-differential operators and then turn our at-
tention to such operators whose symbols are in the Hérmander class S™.

Section 2.2 concerns about an L? estimate for pseudo-differential operators with symbol in S°.

In section 2.3 we discuss the symbolic calculus that emerges when composing two pseudo-
differential operators. Here we show that there is an asymptotic formula for the composition of two
such operators, whose main term is the pointwise product of their symbols.

In section 2.4 we use previous results developed in this chapter to show that if a € S™, then
the pseudo-differential operator T}, extends to a bounded linear map from H*(R™) to H*~"(R")
for any s € R.

Section 2.5 shows how one can characterize pseudo-differential operators using commutators.
Such characterization dates back to R. Beals [1].

Lastly, section 2.6 is a preparation for our next chapter, which deals with pseudo-differential op-
erators on manifolds. The main result of this section shows how certain pseudo-differential operators
behave under a smooth change of variables.

The presentation of this chapter follows closely A. Grigis and J. Sjostrand [7], G. Grubb [8], L.
Hoérmander [10], M. Ruzhansky and V. Turunen [15], and E. M. Stein [18]. For more general results
dealing with other classes of pseudo-differential operators we recommend H. O. Cordes [3].

2.1 Definition and First Results

Pseudo-differential operators generalize linear variable-coefficient differential operators. To mo-
tivate the definition of pseudo-differential operators, consider a function f € S(R™) and a differential
operator p(X, D) = Z| al<m Ga (x)0%. By applying the Fourier inversion formula to 0% f we obtain

~

22 f(z) = f 27 (2mig)® F(€) de.

n

Thus we can see that

P ) = ) eal)dtfle) = | e e) Fle)de,

|a|<m

where p(z,€) = 2|4 <m a()(27iE)".
We are now in position to define pseudo-differential operators more precisely. Given a smooth
function a: R™ x R® — C with at most polynomial growth! on the &-variable, we could define T},

!For a more precise definition using very mild conditions over the function a we recommend [3].

21
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to be the pseudo-differential operator on Schwartz functions f € S(R™) by the formula

~

Tfw) = | @ ¢ate,6) fle) de. (2.1)

n

The function a(x,§) is called symbol of the operator T,.
Through the rest of this thesis we will restrict ourselves to a more suitable class of symbols
denoted by ST, or simply by S™.

Definition 2.1. We say that a € S™(R"™ x R") if it is a smooth complex-valued function on R™ x R™
and if for all o, 8 multiindices there exists a constant A,z > 0 such that

|07 0¢ a(x, &) < Aas(1 + (€))7 (2.2)
holds for all and z, £ € R".

An important example of an element in S™ is the function (1 + |£|*)™/2. Indeed, let us show
that for each m € R and for every 8 € Njj there exists a constant C),,3 > 0 such that

0 (L+ €)% < Crup(1 + )™V, (2:3)
The case || = 0 follows from the inequalities
L+ [€7 < (1+ €)% < 3(L+ [€).

We now argue by induction. Suppose that (2.3) holds for all m € R and for all multiindices with
length less or equal than k for some k € Ny. Let 8 € Nj be a multiindex such that 8 = o + v, with
|| = k and |y| = 1. Therefore

P21+ [eP)™2 = agay (1 + )™ = o e, (1 + g™,

for some j € {1,...,n}. Since J¢, (1 + €12)™2 = m&;(1+ |€]*)"2/2 we have by Leibniz’s rule and
the induction hypothesis
0 (1 + [E%)™2) = 108 0, (1 + [¢[*)™?)
= [gm &;(1+ €)™
o a— m—
<m 3 (§ ) etllog-2 gy

o<a

<m Y} Coas(L+ €)' (1 + gyl

<«

<m Y Cras(1 + gy

i<a

< Cia(1 + €)™ 1A,

and this finishes the proof.
For each a € S™ the function T, f given by formula (2.1) is well-defined for any f € S(R™) and
every x € R" since

@) < | a0l F©)]de

<Aw | (+lehm 7)1 de

< Ago sup
EeR”

~ 1
A+l RO | g e <
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In fact, we will show on Theorem 2.5 that for any a € S™, T, is a continuous operator on S(R")
and we shall call then pseudo-differential operators.

A pseudo-differential operator is said to be of order m if its symbol is in S™. The class of pseudo-
differential operators with symbol in S (R™ x R™) are denoted by U™ (R"™ x R™) or Op S™(R" x R™).

According to our previous discussion, all partial differential operators p(X, D) = Z| al<m ao(z)0%
are in Op S™ if each a,(x) and all of its derivatives are smooth and bounded.

Let us explore some properties of the symbol class S™. First, it is clear that S™ is a vector
space. Now, for all «, f multiindices and for all @ € S™ we have by (2.2) that

o oca(z,€)
(m) L 3
P (a) == sup —(1 gyl

< 00.
P (2.6)c2n

It is not hard to check that for each «, 5 € Nj we have that Pc(yné) is a seminorm on S™. Moreover,
we have the following theorem.

Theorem 2.2. The vector space S™(R™ x R™) with the natural topology induced by the family of
m)

seminorms {Po(éﬁ : o, B € NG} is a Fréchet space.
Proof. Tt is clear that the family of seminorms {PO(:;;) : o, 3 € Njj} separates points of S™. Since
there are countably many of then, it follows that S™ is metrizable. It remains to show that S™ is
complete with respect to this topology.

Let {ag}ken = S™ be a Cauchy sequence. Note that for any «, 5 € N, any a € S™ and any
compact K < R?" we have

dloga(z, )

ey (¥ D™

sup
(z.)eK

558?a(x, €) ’ = sup
(z,€)eK

dfoga(x,€)

<sup |(1+ )™ sup | —2 12
teK ‘( €1 (@,£)er2n | (1 + [€])m—le
= Or.a P (a),

where C o = Supgcg }(1 + 1€ |)m_|0‘|‘ < 00. This inequality shows that any Cauchy sequence in S™
is also a Cauchy sequence with respect to the natural topology of O (R?") which makes it a Fréchet
space (check Lemma 1.11). Therefore there exists a € C*(R?*") such that aj, — a in C®(R?*"). In
particular for all o, 8 multiindices we have afﬁg‘ak(x, §) — 858?@(:6, €) for all z,& € R™.

To check that a € S™, we note that since {ay}xen is Cauchy in S™, it is bounded, i.e., for all a,
£ multiindices there exists constants A,z > 0 which does not depend on k € N and such that

|07 08 ar(w, €)] < Aas(1 + (€)1
for all z, £ e R™ and all k£ € N. Taking the limit as £ — o0 we conclude our result. O

Proposition 2.3. 1° If m < m/, then S™ is continuously injected in s’
2° Let vy,6 € N[j. The mapping (?;(?g ca — 030% is a continuous linear map from S™ to S™10l,
3° Let a € S™ and be S™2 and let M : (a,b) — a-b be the pointwise multiplication of symbols.
Then M : S™ x S™2 — S"1+m2 s q continuous bilinear map.
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Proof. The proof of 1° follows from the fact that for all a, 5 € Nij and for all m’ > m we have

- a7 o%a(x, ¢ dloga o
P = s | = e |
< sup M sup [(1 + \£|)m_ml‘
(@)erzn | (L+ [€))mlel | ecpn
= PC(:Z) (a).

To prove 2° we note that the mapping é’;é’g is linear and that
dloglodala)(x, €)
(1 + [glym—loi=led
0 0a(x, €)

PC(J,Z—‘&D(&;&?“) = sup
(z,€)eR2n

= su
@e)eren | (14 [¢])m—lotel
= P} 5., (a).

For 3° we note that the mapping M(a,b) — a-b is clearly bilinear. Now, for every a € S™! b e S™2
and for all «, 8 € N[, it follows by Leibniz’s rule that

«a B ! ~a! —B" aa—a!
(a-b)| = ag (;‘“) < 5,> (22 0¢'a) (207 02='b)

B'<p

< Z( )( )‘aﬁaa )| [@27az=<'w)|

Since for all o/ < a € N} we have |a| = |o/| + |a — /|, it follows that

20g (a-b)| <) <a><ﬂ> (@ oga)| | ogn)|
(1 + [gymomalal = 2 \ar)\B7) (1 + eyl (1+ [gymeTo—eT

p'<p

which then implies

P < X (8)(5) @ r, o,

o'<a

B'<p
finishing the proof. O

Proposition 2.4. Let {ar}ren be a bounded sequence in S™ such that for all o, 8 € Nj we have
that &ﬁﬁgak(x,{) converges at each point (x,&) € R*™. Then there exists a € S™ such that a, — a

in CP(R?"™). Moreover, for every m' > m we have that aj — a in S™ .

Proof. Let us show that under these hypotheses we have that {ax}reny is a Cauchy sequence in
C®(R?"). More precisely, given € > 0, j € N and «, 8 € N?, we will show that there exists ng € N
such that
sup afé’g‘ak(m,f) — é’g&g‘ag(x,g) <e forall k¢ > ng. (2.4)
(z,£)€B(0,5)
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Since {aj}reny < S™ is bounded we have that

o ogay(x,€) ol
W(l +1€0)

o ogay(x, )

sup |0oga(w, )| = sup
(z,€)eB(0,5) (z,£)€B(0,5)

< sup [(L+ )™ sup |
£eB(0, ')‘ (@,e)eren | (1+ €[yl
)

Aaﬁ?

where Agﬁ) > 0 is a constant which depends on j € N and «, 8 € Njj, but not on k e N.
Now, given points (z,£), (y,n) € B(0, j), we have by Taylor’s formula

1
ot ag(x,€) = 0 oga(y,n) + . [(x,€) — ()] fo 07(050¢ar)(By + (1 — 0)z,0n + (1 — 0)¢) do.
[v|=1

Taking Cg) 2n - max{A ot 1o <lal+1,18"| < |8 + 1}, we conclude that V(z,¢), (y,n) €
B(0, /)

2ai(@,€) — Afogar(y.m)| < |(2.€) — (y.m)| C).

Thus given € > 0 we have that

Car (v, ) — fogan(y,n)| <

w\m

for all |(z, &) — (y,n)| < % and all ke N.

Now fix r. = 5 and consider the open covering B(0,7) < U ¢)er,5) U((2,€),7e). Since

C(J
af

B(0, j) is compact, there exists a finite subcover satisfying B(0, j) < Ui\il U((z,&;),re). This implies

that for every (z,&) € B(0, ) there exists 1 < < N such that (x,&) € U((24,&;), 7). Therefore for

every (z,€) € B(0, j) and for every k,¢ € N we have

2a(@,€) — 8 ogar(e,€)| <

Car(x, ) — 00 0¢ ar(wi, &)
ap(wi, &) — 0908 ag(wi, &) +

O‘ag(:ci,&) - aga?aé(xag) )

which provides, for every (x,&) € B(0, j), the following inequality:

g 9
002 ar(w,€) — 00gan(w, )| < 5 + max 080 an(wi, &) — Lo arlws &) + .

Since for every 1 < 7 < N the sequence {66 6°‘ak(ml, &) bken converges, there exists n; € N such that

]8585 ag(zi, &) — 668aag($z,§l)| < ¢/3 for all k, ¢ > n;. Taking ng := max{n; : 1 <i < N} it follows
that for all (z,§) € B(O,j) and all k, ¢ > ng

ologa(x, &) — ologan(x, )| <e

Since the estimate does not depend on (x,&) € B(0, j), we conclude (2.4) by taking the supremum
over (z,¢£) € B(0, 5).

Now, since {ax}ren is a Cauchy sequence in C®(R?"), there exists a € C®(R?") such that
ay — a in C®(R?*") and therefore for all «, 8 multiindices we have (?gﬁgak(x, £) — 856?a(a:, €) for
all z,€ € R™.

To check that a € S™, we note that since {ay}xen is bounded on S™, we have that for all «,
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multiindices there exists a constant A,z > 0 which does not depend on k£ € N and such that
|07 0 ar(, €)| < Aap(1 + €)™

for all z, £ € R™ and all k£ € N. Taking the limit as kK — o0 we conclude that a € §™.
In order to prove the convergence in S™ for m/ > m, we let o, 8 € Ng and note that for all
7 € N we have

m agaaa(x7 é) _ agaaak(x?g)
Po(gﬂ)(a — ak) = sup 3 ml—fla‘
woern| (LD
< e o2 a(e, &) — Al o2ay(x,€)
T (0)eB(0,) (Lt el
N Q20z0(x.€) ~ ROFU(®E) |
(2,6)eB(0,5) (1 + |&])ym—led :

Since {a}reny < S™ is bounded and a € S™, we have that there exists a constant Byg > 0, which
does not depend on k£ € N nor j € N, and such that

dfoga(n,&) — 8l ogax(w,€)
(1 + [¢l)mtel

sup (1+ €)™ ™| < Bag (1 + 7)™ (2.5)

(,€)eB(0,5)°

Therefore given € > 0, there exists jy € N such that (2.5) is less than £/2.
For such jp € N we have

dloga(z,€) — 070%ar(x, €)

(1+ JeDm =1 < swp |0]0¢a(w,§) - O{0¢a(w, )| sup (L4

(2,£)eB(0,50) (2,£)eB(0,50)

sup
(I,E)EB(O,]’[))

Hence, because ap — a in C*(R?*"), we conclude that there exists kg € N such that the above

expression is less than /2 for all k& > ko, and thus Pé%/)(a —ay) < ¢ for all k > ko, finishing the
proof. O

We now discuss the behaviour of pseudo-differential operators of order m on Schwartz functions.

Theorem 2.5 (Pseudo-differential Operators on S). If a € S™(R"™ x R") and f € S(R™), we have
that T, f € S(R™). More generally, the bilinear map

S™R™ x R") x S(R™) 3 (a, f) — Tauf € S(RV)

1S continuous.

Proof. We start by showing that for any f € S(R™) we have T, f € C*(R") whenever a € S™.
Given any « € N, if we differentiate under the integral sign on 75 f we get

~

GTaf(@) = | (e a(a, O] F(€) de. (26)

Let us now show that the above integral is uniformly bounded on x € R™.
By Leibniz’s rule we have

B[ a(r, )] = 3 (?;) 61T 2oz, €)

TS«

= e N < >(2m'§)7 2 Va(z, €).

(6%
y<a \7

(2.7)
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Since a € S™ we have the upper bound
« Tix- «Q m m+|a
et atw ] < 3 (%) 120l A (14 D7 < Bl ™R 28)
V<a

for some B, > 0. Inequality (2.8) allow us to justify the differentiation under the integral sign and
to show that (2.6) is well defined since

a1 o, ] 1) de| < [ jos1em a0 )

R

< B, j (1 + [¢))™ 1o | 7)) de
R’FL
~ 1
A+l et FQ| | e de

< B, sup
£eR™

and the right-hand side is finite because f € S(R™). Since this is true for any multiindex o we
conclude that T, f € C*(R™).

Next we simultaneously show that T, f € S and that the (obviously bilinear) map (a, f) — T, f
is continuous. By (2.7) we have

Pt fa) = o® 3 (%) [ e miey o8 ae ) fle) de (29)

r<a

Let A¢ = Dlicicn &gi be the Laplacian operator on &. If we set
Le = (1 +4n%z]*) 7 (1 — Ag), (2.10)

then Lg(eQ’Tix'f) = 2™ Inserting this operator N times in (2.9) and using integration by parts
2N times we have

o z) = 2P « N (e2iw8) (2 g (z, ) f
ATf@) =" 5 (%) [ o= miey az-atw.) Fee) dg

T B ~

S SR (a) f e (1 AgV[(2rig) 05 Valz,€) FlO)] de.

(1 +4m?|z[)N 4\

Taking 2N > |3|, we have for every x € R"
x/B

(1 + 4m2[z[*)N
|ac||5|

T (1 +4n?z )N

~

3 (9) [[ et - 0¥ ney o5 ate, ) FleNa

TS v

et -

~

5 (2) [ o - a0t iener oz a6 Fo e

y<a \7

< ¥ () [ Jo- aoiener aratwo e ae

y<a \7
(2.11)

For a given multiindex v < o we can check that

(1= AN[(2mig)" 6 a(w, €) F(£)]  span{afesVa(x, &) A2[(2r€)” F(€)], where |5 + 0| < 2N}.
(2.12)
Since we have

0203 a(z, &)l < P (a) (1+ [€))™ 711, for all z,€ € R", (2.13)

= T d,a—y
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and -
oLL2re) F(©)] = (=) (21)(©), (2.14)

we conclude that for each v < o there exist constants Cp95 > 0 such that

(1= 2N (2rig) 0 a(@, &) QI < Y] Canos PLL (a) (L4 1€ L (@) (2.15)

|6+0|<2N

By applying the above inequality to the right-hand side of (2.11) we get

o] X () Conril @ [ 0+ il Ene
v<a \7 R

6+6]<2N
o (m) —|8|4+n+1 A0 TAT £
< Caros Ps . (a) sup (1 + [£ ¢ (0zf)(§ ’J dg.
’Y;oc (7> 703 Fgams )geR"( D™ | 2 n 1+\§| (1+ [ghn+t
[0+0|<2N
(2.16)

Note that the right-hand side of (2.16) does not depend on z € R™. Taking the supremum over
x € R™ and using the fact that differentiation and Fourier transformation are continuous operators
on S(R™) we conclude our result. O

Proposition 2.6. Let 1) € CX(R™) be such that 0 < ¢ < 1,9 =1 inB(0,1) and suppy < B(0,2).
Givena € S™ and 0 < € < 1, define a.(x,§&) = a(x,&)Y(cx)P(ek). Then {a:}o<e<1 < S™ is bounded
and T,_f = Tof in S for any feS.

Proof. Let us first show that 1 (ex)y(e£) € SY uniformly in 0 < e < 1.
Fix e € (0,1]. For any «, 8 € N} we have afagw(sx)w(ag) = 551ﬂ(€$>5? P (e€). For the derivatives

in the x-variable we use the rough estimate
ofw(ex)| = e|(@8v) (e2)] < ofullse
For the derivatives in the &-variable we write
g v(e)] = € *ll(0gw) (<€) (217)
and we note that (Jg)(e§) # 0 only if || < 2/e. This allows us to conclude that

0<5<min{1,|§|} < 1+3|£ Ve e B0,2/z).

Using this in conjunction with (2.17) we obtain

3l
19g ] pee,

|0gw(ed)| = ellj(ogy) ()] < A+

and hence

Lo, 5 0g(ex)p(e€)| < 31+ €)1 |T el e (|08 1=
x,§)eER=™

Since the right-hand side does not depend on ¢ we conclude that 1 (ex)y(c€) € SO uniformly in
0<e<l
By 3° in Proposition 2.3 we have that for every 0 < e <1

a(z,§)(ex)P(eg) = ac(z,§) € S™.

Moreover, by the continuity of the pointwise multiplication of symbols we get that {a:}o<c<1 < S™
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is bounded.
To conclude that for any f € S(R™) we have that T,_f — T,f in S we fix m’ > m and note
that for all o, 8 € N we have that 858?(16(33,5) — &faga(x,g) for all z,£ € R™ as ¢ —» 0. Thus

the boundedness of {a.}o<c<1 = S™ and Proposition 2.4 let us conclude that a. — a in s,
By Theorem 2.5 we have that the bilinear map

S™(R™ x R™) x S(R") 3 (a, f) — Tof € S(R™)
is continuous and this finishes the proof. O

It is worth noting that if ¢» € CP(R"™) is as in Proposition 2.6 and a € S™, then by defining
at(z,€) = a(z, &Y€), we also have that {a}g<c<1 = S™ uniformly on 0 < ¢ < 1 and that
Toef > Tof in S for all feS.

Let us discuss the Adjoint map of a pseudo-differential operator. This notion will help us extend
the pseudo-differential operator T,, initially defined on &, to the space of tempered distributions
S/

For each a € S™ and 0 < ¢ < 1, let a. € S™ be as above. Interpreting T, f as an element of &’
and using that T,_ f — T,f in S for any f € S, we have for every g € S(R")

a9 = lim (Tt g = lim [ (L)) g(o) do
= lim Uez’”‘”fag(%ﬁ) A(€)d§] g(x)dx

=0 | (2.18)
- i [|[ [t ate.e s dyac] ot o
= hm ff [JJ 2mifz— y)gagxf) (x )dazdﬁ] dy.
For each g € S, let us define
= gli%{rff 2mi@=y)E o () g(a) da dE. (2.19)

We claim that this limit exists and that y — T.g(y) is a well-defined function.

Indeed, let us set
Lo = (1+4n€*) 71 (1 - Ay),

so that L (e?™(@=v)€) = 2m(@=)€ TInserting this operator N times on the right-hand side of (2.19)
and using integration by parts 2N times we have

Tig(y) = lm j f <Lw>N<e2“<x—y>f>as<x,£>g<x> du d

e—0t
2m(x y)- (220)
:6H0+ff +47r2’§‘ v (1 — Ap)V[ac(x,€) g()] da dE.
Now,
(1 — A)Nae(x,€) g(x)] < span{@a.(z,€) %g(x), where |6 + 6] < 2N}. (2.21)

Since {ac}o<e<1 < S™ is bounded, we have that there exist constants A5 > 0, which do not depend
on ¢, and such that

@ac(a, )] < A1+ &)™ V(w,&) e R, (2.22)
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Thus there exist constants Cs9 > 0 such that

27mx y)- N ; B Na ) )
” HWK, (1= A0V [a(2,€) g(2)] dmdg<” e [0 80 el ) 9] d de
1+|€!)
009 ()| da dé.
JJ6+;<2N Am2|¢P)N

Choosing 2N > m + n, we have that the integrand of the right-hand side of the above expression
is an L' function which does not depend on 0 < e < 1. Therefore by (2.20) and the Dominated
Convergence Theorem we get

S 1=a,)" dx d, 2.23
JJ 1_|_4ﬂ-2|§‘ ( —Ay) a(z, €) g(z)] d dg, (2.23)

for all N € N provided 2N > m + n.
More generally, we have the following theorem.

Theorem 2.7. Ifa € S™(R" x R™) and g € S(R™), we have that T,g € S(R™). Moreover, the linear
map

S(R") 5 g — Tlg e S(R")
1S continuous.

Proof. First, we claim that T,g € C*(R"). Indeed, let o € N} and take 2N > m +n + |a| on (2.23).
Differentiation under the integral sign gives

! 2mi(x—y)- 27-”5) o N alz T T
Tiat) = | [t s (= Al 9@ drds. 229

By equations (2.21)—(2.22) we obtain that there exist constants Csg, > 0 such that

ar _ 2mi(z—y)-§ —2mi§)” — NTa(z )| dx
o5tiat | [ [ T (1= 80Vl ) (o))

el
JJ e |(1 — A)V[a(,€) g(2)]| dz dé

1+47r2\§|

(1 + [l
” 3] Conag gy 19l e de

|0+6]<2N

Since this is true for any multiindex o we conclude that T/,g € C*(R™).
Second, we simultaneously show that 7,,¢g € S and that the map g — T/, g is linear and continuous.
The linearity of T, is clear from (2.23). As for continuity we proceed as follows: For any «, 8 € Ng,
we take 2M > || and 2N > m + n + |a|. By (2.24) we have that

ﬂa / — 2mi(z—y)-§ __\270S) (—2mig) — Nia(z x)|dx
o5 Tigw) = o [ [ e Ty gy - A e Og@lnd (229)

If we set
Le = (1+4n%a — y*) "1 (1 — Ag),

then Lg(e?™(@~v)€) = ¢2m(*=¥)€ Inserting this operator M times on the right-hand side of (2.25)
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and using integration by parts 2M times we have

oo (@rite=uey (2O g A N la(e,€) g(a)] de
o5 Tigw) = o [ [(Le(etes >( C g (= A0 lale € o) dr e

[ <1—A5>M[W<1—Ax>N[a<x,5>g<x>]] dr de.

1+4772\x—y\ )M 1+ 472|¢[A)N

Now, since for any z,y € R we have

<14 272 (Jz —y| + |z])?

<1+ 272 2z —y* + 2|z]?)

< (14 472z — y[A) (1 + 472|z]?),

1+ 272 y?

which implies
1 1+ 4n?|z|?
7 S 27
1+ 47%|z — y| 14 272|y|

it follows that

. 2rita-) | (2mige v
et <y | | me o (1= 80 [(1+4772!£I2)N(1_Ax) [a(z,og(x)]]d:cds
T L Pt N1 LR,
f [ 0= 80| s (1= A (oo, ) (o) |
< [ [+ anpapy ‘(1 —A:)M[(lffgﬁfw (1 8, Tale, ) (0] o de.
(2.26)

By (2.21) we know that there exist Bsg € R such that

(1= A)[a(z,&) g(@)] = D, Bsgda(w,&) Pg(w).

[0+0|<2N

By a similar argument we may obtain Dgg,- € R such that

o M (27T€)a o N j|: o (2775)(1 T A0 0
(1 Aﬁ) |:(1 +47’[’2|£‘2)N (1 ALE) [a(x,f) g(w)] |5+£2]€590‘r ag (1 —|—47T2|§‘2)N 555xa(x7f)axg(x)
|o+7|<2M

Since a € S™ we have that for all multiindices 7, there exists a constant A,s > 0 such that

F0%a(2,6)| < Ars(1+ €)™ < Ars(1+ €)™ W(w,€) € R,

By (2.3) we have that for all 0 € Njj there exists a constant Cyq > 0 such that

o (2mE)°
(1 +4n2eP)N

] < Coal1 + [¢)o1-2N.

Thus there exist Cysgyrq > 0 such that

A M (2m€)” — ANNa(z . m+|a|—2N 0 ol
020 e (- 8 e 0] < Qg™ 8] Cuor e
lo+7|<2M

Inserting this inequality into the right-hand side of (2.26) and taking C' = max{ Cspora : |0 + 0] <
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2N, |o + 7| < 2M } we get

W ETiew)| < Y Cotara f f(l Il (14 an?laf)M |y (@) de d
|6+6|<2N
|o+7|<2M

1

< C J(1 + |gymtlel=2N dg) (J@) sup
|6+92<2N ( (1 + 4x2|z[*)" zeR™
lo+T|<2M

(1 +dm?jz[) M7 o g (x)]|.

Since the right-hand side is independent of y € R™ and is bounded by a continuous seminorm on
S(R™) we conclude our result. O

Proposition 2.8 (Pseudo-differential operators on ). Let a € S™(R" x R"). Given u € &', define
T,u as N
(Tyu, gy :={u, Thgy forallgeS.

Then fau € 8. Moreover, the linear map fa: S§" — 8’ is continuous and it extends the pseudo-
differential operator Ty : S — S to the space of tempered distributions.

Proof. Let us recall that u € 8’ means that there exist k&, m € Ny and a constant C' > 0 such that

u, pl<C )] Sup‘xﬁég‘g(:v)‘ for all g € S.
|C¥|§k TzeR™
|B]<m

Therefore by definition we have

(Tou, )] = [(u, Thp] < € Y sup

lal<k zeR™

xﬁﬁg‘Tég(:n)‘ forall g e S.

By Theorem 2.7 we have that T, : S — S is linear and continuous, thus implying that TouedS.
It is also clear by the definition that T,: &’ — &’ is linear. For the continuity we note that if
{un}nen is a sequence in S’ such that u, — u in S’ for some u € §’, then for all g € S(R™) we have

<Tllun7 g> = <un7 Tc,Lg> R <u? T(;g> = <1-‘au7 g>7

showing that (T,u,) — (Tyu) in S

To check that 7 w 1s the extension of T, to the set of tempered distribuitions, we note that S is
a dense subset of S’ and thus 7, admits at most one continuous extension to S’. We also note that
if f € S(R™), we have by formula (2.18) that

Tufs 99 ={f. Tag) = (Tuf. 9) VgeS,
thus Ta ls = T,. Since fa: S’ — &' is continuous we conclude our result. O

From now on we shall make no distinction between the pseudo-differential operator T, initially
defined on S and its extension to S’.

The next result is about how one can determine if a given operator is a pseudo-differential
operator simply by testing it against a plane wave of the form e27*<,

Theorem 2.9. A continuous linear operator T: 8’ — S’ is a pseudo-differential operator with
symbol a € S™ if and only if

a(:z:,f) _ 6727”‘:):-5 T(627ri:v-£) e §m. (227)
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In particular, a pseudo-differential operator T € W™ defines its symbol a € S™ wuniquely by
formula (2.27), so that T = Ty

Before we jump into the proof of Theorem 2.9, let us give a formal reasoning for one of the
implications. If u € S(R™), then the Fourier inversion formula gives us

u(x) = f § X EG(E) dE.

Therefore if T(e2™@¢€) = 2™%€ gz, £) for some a € S™ we would have

T(u)(z) =T (f ) ML q(E) d£>
_ f T a(e) d
_ f e (o, €) () de

and we would conclude that T' = T,. To justify the above argument rigorously, we will need a
convergence lemma for the Riemann sums defining the Fourier transform.

Let us denote the cube of center ¢ € R™ and length size h > 0 by Q(c, h), i.e, Q(c,h) = {x €
R™: |x; — ¢i| < h/2 for every 1 < i < n}.

Lemma 2.10. Let ue€ S. For each 0 < h < 1, define up, € C*(R") by

uh(x) _ Z e2miz: hk (hk:)h
keZ™
keB(0,h~2)

Then up, — u in C*(R™) as h — 0%. Moreover, up, — u in S’.
Proof. We will show that given ¢ > 0, j € N and o € N}, there exists hg € (0, 1] such that

sup |05u(z) — dgup(x)| <e for all 0 < h < hy. (2.28)
2€B(0,)

Thus let ¢ > 0 and fix 0 < A < 1. Note that R" = (J;cz» Q(kh,h) and that those cubes have

disjoint interior. Since u € S, we have by the Fourier inversion formula that

rule) = [ et prigra©de= 3 [ e enige ) de

kEZn JQ(k,‘h,h)

Since m(Q(kh,h)) = h™, we have that 0Sup(x) can be expressed as

Bup(x) = Y, T (Qmink)* d(hk) " = f >k (9mink)® G(hk) dE.
keZn kezn Y Q(khh)
keB(0,h~2) keB(0,h~2)

Denoting g (§) := (2mi&)* u(&), we have for each z € R™

tue)  ogun(@) < Y[ e g (e) - g, (b dg
wezr  JQ(khh)
keB(0,h—2)

+ ] J !ga )| dé.

kEZ"
keB(0,h™

(2.29)

Let us analyse the second term on the right-hand side of (2.29). First, we note that this term
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does not depend on the point z € R™, implying that our estimate will hold uniformly on z € R™.
Now, k € B(0,h~2)¢ implies that h|k| > 1/h, and since for every k € Z" and h > 0 we have

Q(hk, h) = B(hk, Y22 it follows that

h 1 nh 2
U Q(hk,h) < U B(hk,@) cB ,f—i for all 0 < h < min{ 1, i
2 h nl/A
keZn keZm
keB(0,h~2)° keB(0,h=2)°
Because g, € S we conclude by the Dominated Convergence Theorem that

> f Iga )| d§ < J(Oi A 19a(€)|dé -0 as h— 07,

keZ"
keB(0,h™

In particular, there exists h; € (0, 1] such that

)| d§ < for all 0 < h < hy.

w\m

kezn JQ(kh h)
keB(0,h™

Now we analyse the first term on the right-hand side of (2.29). Consider f(£) = e2™%¢ g,(¢) € S.
For each k € Z™ and for any 1 € R” we may use Taylor’s formula to obtain

f(hk+n) = f(hk)+ > n Jmfhmtn)d
lv[=1

Hence we have the inequality

|f(hk +n) — f(hE)| < )] ] max 107 (ke + t)

‘ 1 te[0,1]

O f(hk + tn)].
!n\gﬁ\ f(hE + tn)|

[v|=1

(2.30)

Thus the change of variable £ — hk + 1 and equation (2.30) and gives us
| Jemet gat) - emiett gu | de = [ ((€) - rn)ag
Q(kh,h) Q(kh,h)
= [ 1k o)
(0,h)

<nf |n| max |07 f(hk + tn)|dn
Q(0,R) te[0,1]

ly|=1
n+1
WY e 107 )

2 yeQ(hk,h)
lv/=1

for every k € Z". Consequently, we have the following inequality for the first term on the right-hand
side of (2.29)

3/2

e2miTE g (€) — e2mwhk g (hk ‘dﬁ < T g+l max A f(y)] (231

3 | ol (©) molac< 3% BT 23
keB(0,h—2) keB(0,h2) Ivl=
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Now, for all v € N2 with |y| = 1 we have 07 f(y) = ™Y 07 g, (y) + (2miz)? *™*Y g, (y) and thus
107 f ()] < 107ga(y)] + 27|z ga(y)]-

Because g, € S we have that for every M € N there exists a constant Cys > 0 such that

1+ 27|z
max|d7 f(y)| < Cpy———- for all y e R™.
MWl Cu gy

If y € Q(hk, h) < B(hk, @), then |y| = h|k| — hy/n/2 = h|k| — 1/2 for all 0 < h < 1/y/n. Thus,

1+ 27|z

o <Cy2M ——""1_ forall 0 < h<1/y/n.
yemix N )l < Cu 28 g nar for all 0.< v
[v/=1

Taking M > n and inserting this inequality into (2.31) we obtain

3/2
2miz-€ 2miz-hk n n+1 y
e ga(&) — € gahk‘dfé —h max |07 f(y
ke JQ(kh,h)‘ © (hE) keZZ:n 2 yEQ(hk,h)’ W)
keB(0,h=2) keB(0,h~2) lv[=1

n3/? (1 + 27|z))
<h oM U+ 2rle])
53 2 Cm kezzl (L + 2Rk ™

n

LT (1 + 2n| )J Ly
<h—— + 27| ——dy,
2 M e (L4 2[y[)Y
(2.32)
For some Cf}; > 0. Since sup,ep(o ;) (1 + 27[2|) = 1 + 2] is finite, we conclude that the right-hand
side of (2.32) goes to zero as h — 07, uniformly for x € B(0, j). Hence, for the given ¢ > 0, there
exists hy > 0 such that

sup

f ‘62m'x-£ ga(g) _ eQﬂix-hk ga(hk) df <

for all 0 < h < hs.
keB(0,h~2)

| M

Taking hg = min{hq, ha} we conclude (2.28) and consequently that up, — u in C*(R").

To conclude that up, — u in &', note that up(z) is a smooth bounded function that converges
pointwise to u € § and that {up}o<p<1 © LP(R™) uniformly on 0 < A < 1. Hence by the Dominated
Convergence Theorem

lim [{u — up, < lim u(z) — up(x z)|dx =0 forall feS(R"),
Jim (=, )] < Jim [ fule) @)1 ) e S
finishing the proof. O
Proof of theorem 2.9. Suppose that T: &’ — &' is a continuous operator that satisfies T'(e?™%¢)
e?™im8 q(x, &) for some a € S™. Then for any v € S we use Lemma 2.10 to conclude that
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T(u)(z) = hl_i,%l+ T(up)(z) = hl_igl+ Z T(e2™whkY G(hk) ™

eXmiwhk (., hk) U(hk) h"

[l
T
SE
] %

|

For the other implication we must show that if a € S™, then T, (e?™@¢) = > %€ g(x, £). Indeed,
for each fixed € R™ and each 0 < ¢ < 1, consider f.(x) = e>™*")(cx), where the function v is
the same as in Proposition 2.6. It is clear that f. € S and that f.(x) — > 7 pointwise and in S’
as € — 07. Now,

f(§) = f § 2T 2T ) (er) dar wafe 1 62””"@%0@/) dr' — 1 3 <§ — 77) .

E™ Jrn en

It follows from Proposition 2.8 that T, is continuous from S’ to itself, thus

T (e2™7) = lim T,(f.) = lim | 2™ a(z, ) Fu(€) de

e—0t e—01 JRrn

= lim 2 g (x,€) 12 <‘S — 77) 1 d§ (2.33)

e—0t Jpn € en

E11151+ . 2T (1+e2) /(2 1) 4 2) 1)(2) d.

Note that this equality holds both pointwise and in S&’. By hypothesis a € S™, so that there exists
A > 0 such that
la(x,n+e2)| < A1+ |n+ez)™.

If m <0, then |a(z,n+e2)] < A. If m > 0, then (1+|n+ ez|)™ < (14 |n| + |2|)™ and since n € R™
is fixed, we have that a(z,n + z) has at most polynomial growth on the z-variable (independent of
¢). This implies that the absolute value of the integrand on the right-hand side of (2.33) is uniformly
bounded by an L' function and by the Dominated Convergence Theorem we have

Ta(0) = Jim | SO aen +e2) () ds = N ala) | 0(z) d

Since J@(z) dz = 1(0) = 1 we have our result. O

2.2 L2-Boundedness

In the previous section we have shown that if a € S™ then the pseudo-differential operator
associated with a, and initially defined from § into itself, can be extended as a continuous linear
mapping from &’ to itself. Now we want to understand how the pseudo-differential operator T,
behaves when acting on L?(R"™). More precisely, we shall show that if a € S°, then the pseudo-
differential operator T}, defines a bounded linear operator on L2.

Our proof is based on E. M. Stein [18], but it is given in a more detailed and elementary fashion.
The main difference is that we do not evoke any results about the Schwartz Kernel of operator
T,. For a discussion over the Schwartz Kernel of a pseudo-differential operator we recommend L.
Hérmander [10, p. 69].

Now, to prove the L?-boundedness of a pseudo-differential operator of order 0, we first observe
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that given any a € S™, we can define a®(z, &) = a(z, ) 1 (c£) where 9 is such as in Proposition 2.6.
Then Toe f — Tof in S for all f € S and we can write

T,f(e) = lim Toef(o) = lim | [ e o) f(y) dyde

e—0t e—0t

lim | f(y) [ f e ez, 6) d&] dy

e—0t Jpn

= lim f(y) Ka(xa y) dy,

e—0t Jrn

with K (z,y) = Jesz'(’cy) a®(z, &) d¢.
If # # y and we set Le = (—4n2|z — y|*) ' A¢, we have (L) (€26 (@) = 27€(@—) Inserting

this operator N times on the expression of K. and integrating by parts 2N times we get

Koo < o | (8 lat @) de

(4m2jz -y )N Jr
Since {a®}p<c<1 < S™ is bounded, we can find a constant Ay > 0 such that
[(A)Ma®(, )] < An(1 + (€)™Y for all (x,€) € R*.

In particular, if we take 2N > m + n there exists a constant By such that

1 Bn
K (z, <J AN e (, dé < .
Keles )| € g | (80 T 0 d <
Thus if = ¢ supp f we have
|ﬂJﬁwhsBNJ‘ ALﬂggﬁdy (2.34)
supp f |7 — Y|

We can now move to the main result of this section.

Theorem 2.11. Suppose a € S°. Then the operator T,, initially defined on S(R™), extends to a
bounded operator on L*(R™).

Proof. Since S — L? — &' with continuous and dense embeddings, we have by Proposition 1.33 that
it is enough to show that there exists a constant C' > 0 such that

ITufll;2 < CIfll2 for all f e S(RM). (2.35)

So let us prove that (2.35) holds. We proceed in 3 steps.

Step 1: Firstly, we prove that the inequality holds under the assumption that the symbol a has
compact support in x and that its support is independent of &, i.e., there exists a compact set
K < R" such that for all £ € R"™ we have supp, a(-,§) c K.

For fixed £ € R™ we have that a(-,§) € CP(R"™). Taking the Fourier transform on the first
variable, we conclude that a(y, &) € S, where

a%a—f e~ oz €) dr.

n

The Fourier inversion formula gives us

alw&) = |l dy.

Now we note that for all @ € Nj we have supp,, d%a(-,&) < supp, a(-,§) < K and that for all
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yeR"”

|2miy)* aly, §)| =

J e 2MEY 0% (2, €) da
<J |0Sa(z,§)| dx.
K

By hypothesis a € S, thus there exists a constant A, > 0 such that |0%a(z,&)| < A, for all
(z,€&) € R?™. Therefore

[(2miy)* ly, )] < Aam(K) for all (y,€) € R
As a result, for all N € N there exists a constant Cy > 0 such that

sup |a(y,&)| < Cn(1 + [y))™  for all y € R™. (2.36)
£eR™

Now,

f 27 o, €) ) de
R

n

JRH e2miv € F(e [J ) 2T Gy €) dy] "
fRn e U € a(y,€) 7€) dg] dy

| e e dy

where (4, )(a) = [ ¢*¢a(y.¢) fle) de

Since for each fixed y € R™ we have (/@7‘)({) = a(y, &) f(€), it follows by Plancherel’s identity
and (2.36) that

o ~ C
144fll 2 < sup 8. ) - 1Fle = sup 6o )1 112 < s e (2:87)

By Minkowski’s Inequality for Integrals (G. Folland [5, p. 194]) and (2.37) we conclude that

Tufllie < [ 14 ledy < Ol | (141 dy

Fixing an Ny > n and taking C' = Cy, §(1 + |y|) =0 dy we obtain (2.35) for the case where symbol
a is compactly supported on z-variable.

Step 2: For the general case where the symbol a € S does not need to have compact support, we
shall show that for each xy € R™ there exists a constant Cy > 0, which is independent of zg, and
such that

|f ()
flx x0|<1\Taf( 2)[’dz < Cy R g e dz, (2.38)

for all N > n. To see that the above inequality implies the Theorem, let X|,_, <1 be the charac-
teristic function of the ball of radius 1 centered at xp. Fix N > n and integrate (2.38) with respect
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to xg € R™ to get

|f ()
fn [fRn X‘m,xo‘gl ’Taf(x)|2d;z;] drg < Cyn J . [jRn (1 n |$ — $0|)N daﬁ] dxy.

Applying Fubini-Tonelli’s theorem to exchange the integration order we get

WMM&D[kJ%f@deéCNL@U@NﬂJQ(1+MimedMIma

which gives the desired result.

Step 3: Let us now prove (2.38). Let xg € R™ be an arbitrary but fixed point. Take ¢ € C(R"™)
to be such that 0 < ¢ < 1, supp ¢ < B(x,3) and ¢ = 1 on B(xg,2). Then for every f € S we can
write f = ¢f + (1 — @) f := fi1 + fo. Since Ty, is a linear operator, we have T, f = T, f1 + T, f2, and
thus the pointwise inequality |T,f|* < 2(|Tuf1]* + |Tuf2|?) holds, so it suffices to analyse each of
those terms separately. We do the calculations for f first.

Consider n € CZP(R™) to be such that 0 < n < 1, suppn < B(xp,2) and n =1 on B(zg, 1). Then
n(x)Tofi = Tyafi, which is a pseudo-differential operator of order m whose symbol has compact
support on the x-variable, so that the result in STEP 1 would apply. Therefore,

f |nﬁwﬁm<j|mwﬂnﬁmﬁm
|z—z0|<1 n
=‘[ Ty fr ()2 d
RTL
<C 2d
<c| In@pa
=C | o) f(2)]* dx

R’ﬂ
4 N )
< Cf () z)|* dz
B(zo,3) \ 1 + 7 — 2o 7=
2
B V)]

dzx,
re (14 |2 — o)V
which satisfies (2.38). For the estimate on fo, we first note that supp fo < B(xg,2)¢, thus for all
x € B(xp,1) we have that formula (2.34) holds for 2N > n. Moreover, for all y € B(z,2)¢ and
x € B(zo,1) we have |y — zo| < |y — z| + |z — 29| < 2|y — 2|, and thus

rnﬁmn<ANf MO,

B(z0,2)¢ |T — y|2N

f2(y)]
<4V Ay j 2 dy
B(zo,2)c [y — xo|*Y

|f(y)] 1
<B d
NJR" (L4 |y — xo)N/2 (1 + |y — xo])3N/2 Y

£ (y)? )W( 1 )”
<BN<LHO+W—QWN@ Lnu+w—amwdy ’

where we used Cauchy-Schwarz to get the last inequality. Squaring and integrating the above
inequality on B(xg, 1) gives us inequality (2.38) for fo. Finally, since both constants found on the
estimates for T, f1 and T, fo do not depend on the choosen point zg € R™ we conclude our proof. [J
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2.3 Symbolic Calculus: Composition Formula

Next we shall prove that the composition of two pseudo-differential operators is a pseudo-
differential operator and we shall derive an asymptotic expression relating their symbols.

Again, our exposition is based on E. M. Stein [18], but our calculations shall be done very
explicitly.

The main result about the composition of pseudo-differential operators can be stated as follows.

Theorem 2.12 (Composition formula for pseudo-differential operators). Suppose a € S™ and
be S™2. Then there exists a symbol c € S™+™2 sych that

T.=T,0T,.
Moreover,
2mi)
¢~ Y S (0ga) - (05D)

ol
o

Where the expression above has to be interpreted in the sense that

= ¥ O oy oty € smormaen1, (2.39)

|
[0
la|<N

for all N = 0.

Note that formula (2.39) of the above Theorem implies that if a € ™! and b € S™2, then the
commutator between operators T, and Tj, given explicitly by

[Ta7 Tb] = Ta © Tb - Tb © Taa
defines a pseudo-differential operator of order mj; + mgy — 1.

Proof. We shall prove this Theorem in several steps, dealing first with the case where one of the
symbols has compact support and then moving to the general case.

STEP 1: Let us start by proving the result for any a € S™! and under the assumption that the
symbol b € §™2 has compact support in x and that its support is independent of &, i.e., there exists
a compact set K < R™ such that for all £ € R” we have supp, b(-, &) ¢ K.

Let b°(z,&) = b(z, &) ¥ (e£) where 1 is such as in Proposition 2.6. Then for any f € S we can
write

Ty f(y) = fe%”f‘(y‘z) b (5,€) f(2) dz de.

Similarly, we can take ac(z,n) = a(z,n)(ex)(en). Applying T, in the above expression we
get

(T Tief)w) = | ( [0 1) s d&) ) o (g, m)dydy.  (2.40)

By Fubini’s theorem and the fact that e2™ (@=v) 2mi&(y=2) = 2milz—y) (1-E) 2mi(z=2)€ we have

(To. T f) () = f oz, €) FTEE £(2) dz de, (2.41)
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with c.(x, &) given explicitly by

ce(x,€) = JeQ”i(”y)'(”‘f) ac(x,n) b°(y, &) dy dn
= Jem'“"@ ac(z,n) b (n — €,€) dn (2.42)
_ f €270 g (3, € + ) B (n, €) dn,

where 35(-, €) is the Fourier transform of b°(+, &) as a function of y € R™. Note that, for each fixed
0 < e < 1, this leads us to the following equality

(T Ty f)(&) = To. f(z) VfeS. (2.43)

STEP 1.1 - Asymptotic Formula: By hypothesis b € 5™2 has compact support in z, and thus
for each fixed £ € R™, we have that b°(-,&) € C(R™) which implies that b°(-,£) € S(R™). More

explicitly, for each multiindex « and for each & € R™ we have

(2min) B (1.6) = EEI0,) = | 8 (0, €)do

As supp,, 05b°(x, §) < supp, b°(z,€) < K, we conclude that

(2rin) b (n. &) =

f e 2N 0B (1, &) dx

<J |0S6 (2, §)| da
K
< Aa(1 + [€])™ m(K).
This implies, in particular, that for every M € N there exists a constant Aj,s such that
6% (0, )1 < Anr(1+ €)™ (1 + [n)) =™ (2.44)

We now proceed to make a careful analysis of the right-hand side of (2.42). Using Taylor’s formula
we write

acw ) = D)~ ofaule, O + Rir, &), (2.45)

la|l<N
where ,
Ry(x,&m) = )] Z[,J (1—0)Nogac(x, & + On) do.
la|l=N+1 0

Inserting (2.45) into (2.42) we get

ce(z,§) = J(;m.n ac(x,€ +n) 05 (1, €) dny
1 2T A are 2mizn PE ~ (246>
= ¥ L [eraton ¥ o dns [ R 6 09 dn

la|<N
Now, each term in the first sum of the above equality contributes with

1

(2mi) e
ol

fﬁ?ag(x,s)naﬁg(n,aeQ’”'”dn= o 6?%(9:,5)f@m‘)'a'naﬁg(n,s)eQ”ix'"dn,
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which upon using the Fourier inversion formula on (27i)l*ln® 85(17, &) gives us

(2mi) e
o!

a?ae(xa 5) ' agbs(xv 6)7
and this is the term corresponding to each « in formula (2.39), except it carries 0 < & < 1.

STEP 1.2 - Remainder Term: We will now show that the second term on the right-hand side
of (2.46) belongs to S™*+m2=N=1 yniformly in 0 < ¢ < 1. More precisely, we will show that given
any multiindices 7, 3 there exists a constant A,z > 0 such that

a;zaﬁfem'”RiV(x,g,n)Bf(n,a)dn\<Awﬂ<1+|5|>ml+’"2Nl6' Vo.EeRY,  (247)

uniformly in 0 < e < 1.
Note that differentiation under the integral sign gives us

| @ediemn sy B . €)) an.
By Leibniz’s rule we get that
8;8?[62””" R?V(x,ﬁ,n)ga(n,f)] c span{e?™@ M P 8%5(77 &) ol 555 "Ry (z,&,m): 6 <v,0 < B}

Since
U 2mien nd 62b° (n, €) 000, T Ri(,€,m dn' fln!"s 1020° (1, )| 1072077 RSy (. &, )| d,

we may obtain (2.47) by showing that there exist constants C,gs, > 0 such that
8| | Ao Ty — — _N—-1—
j [nl*! 106" (0. )1 103~°0¢ ™7 R (. €. m)| diy < Cypa (1 + [E))™ Fm2 N1 (2.48)

for all z,& € R™ and uniformly in 0 < & < 1. Let us prove the above inequality.
First, we observe that for any multiindices v/, 3’ we have

7o Ry(x, ey = D) ] f 0Ny o¢t ac(w, € + ) db.
|a|= N+1
Thus we can find a constant Cn.g > 0, which does not depend on 0 < ¢ < 1, and such that

N+1
e < Y w100 P a0l e <C <)

|a|=N+1
< Coyg ¥ max{ (1+ [¢))™ N e < ¢ < e+,

for all x,&,n € R®. We now consider the following different cases for our estimates.
Case 1: When |n| < [£]/2, we have |£]/2 < |¢| < 3|¢|/2, and therefore there exists a constant
AN7/5/ > 0 such that

107 0¢ Riv(w, & m)| < AnyglnM* (14 g™ VW vee R,

Case 2.1: When || > [¢]/2 and m; — N — 1 —|3'| > 0, we use that || < [¢] + |n] < 3|n| to obtain
a constant Ax.g > 0 such that

167 07 Riv(z,&.m)| < Anypr N (1 + )™ NPT yr e R™
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Case 2.2: When |n| > [£]/2 and m; — N —1— |f’| < 0, we obtain a constant Ay./g > 0 such that
137 3¢ Ry (2,6, < Anygln "1 Vo R,

Now, in a similar fashion as in (2.44), we have that for every M € N and o € N{} there exists
constants Apss > 0 such that

075 (n, )] < Ango (1 + (€)™ 111+ )~ (2.49)

Breaking the integral on the left-hand side of (2.48) according to cases 1 and 2 above we get

fl 1 1o R €
n
+f inl" 165 (7, €)1 130087 Ry (w, €, m)| i (2.50)
[n|>€]/2

For the first integral we use Case 1 together with (2.49) to obtain a constant A > 0, which depends
on v, 3,6,0, M and N, but does not depend on 0 < & < 1, and such that

f' " |n'5|agB€<n,£>||a;—5a§"Rmmndn<A<1+|£|>m1+m2—N—1—ﬁ'j [+ (1 )M iy,
7]<

n

It is enough to take M > n + N + 1 + || to obtain our desired inequality.

We shall do only Case 2.2 for the estimate of the second integral in (2.50) since Case 2.1
follows by a similar calculation. Now, if m; — N —1 — |g’] <0, it follows from Case 2.2 and (2.49)
that we may obtain a constant B > 0, which depends on v, 3,9,0, M and N, but does not depend
on 0 < e <1, and such that

f 0] 10282 (n, €)] 10507 Ry (s, €, m)] dy < B(1 + [g]y™217 j NS (1 4 )M dy
[n|>£1/2 77|>|£|/2
B(1 + J¢)ym=! (14 [N FHRI=M g
[n|>€|/2

Note that if M > N + 1 + |§| + n, then the last integral is absolutely convergent. Moreover, since
the integrand is a radial function, we may use spherical coordinates to get

Q0
| Y g =y [ Y
Inl>I¢l/2 €2

where w1 denotes the surface area of the (n—1)-sphere of radius 1. Setting M > N+|§|+n+k+1,
where k € N is still to be determined, we have that

* 1 N+[d|+n—M g, * 1 —k=1 g _ Wn—
Wn—1 (T+|r)) r < Wp—1 (L+|r]) r =
€1/2 1€1/2

1 a—
(1+lel/2)7*
Hence, there exists a constant C' > 0, which does not depend on 0 < ¢ < 1 and such that
j | |£|/2|77||5| 10 (n, )] 107700 Ry, &, m)  dp < C(1 + [¢]ym>~ Vo=,
n|>

As k € N can be choosen arbitrarily large, we may take it so that the above expression is bounded
by a constant times (1 + |&[)™1Fm2—N-1-I8],

Now that we have checked that (2.47) holds, we may proceed to the last step in the proof of the
theorem for the scenario where b € S™2 has x-compact support.
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STEP 1.3 - Symbol ¢ € §"™"™2; Combining the results proved so far, we conclude that c. €
S™1tm2 yniformly in 0 < € < 1 and that for every N € N we may write c. explicitly as

ce(,8) = Jemx'" ac(x, € +n) b (1, €) dny

)~ lal : 2
i <27T;)!6?as(x,§)-a$b5(x,§)+fe%w'"R?v(x’f,n)ba(n,f)dn-

o <N

By the Dominated Convergence Theorem and Proposition 2.6 we conclude that there exists ¢ €
Smitm2 guch that ¢, — ¢ pointwise and in S™ for all m’ > mq +ms. Moreover, we can write c(x,§)
explicitly as

(€)= [ ala, +0) Bl €) dy
(2772.)_'04 feY fel 2mizn 7
lo| <N ’
Finally, taking the limit as € — 07 in (2.43) and using Theorem 2.5 leads us to the following equality
(TT3)(@) = lim (T Tie f)(2) = lim T () = Tof (@) VS €S,
and this finishes the proof for the case when b € S™2 has compact z-support.

STEP 2 - General case: To consider the case when we do not assume that b € S™2 has z-compact
support we do as follows: Start by considering an arbitrary but fixed point z¢ € R". Take ¢ € C(R")
such that 0 < ¢ < 1, supp ¢ < B(z0,2) and ¢ = 1 on B(xp, 1) and write b = ¢pb+ (1 — )b := ' +b".
It is clear that ¥',b” € S™2 and that

T.Thf(z) = T.Ty f(2) + TTy f(x) VfeS.

Since supp b’ < B(xq, 2), it follows from STEP 1 that there exists ¢ € S™ ™2 guch that T, Ty = Ty
and

)—lal
¢ - 3 T oy (ar) e gmitmaN-1 (2.51)

!
(6%
la|l<N

for all N > 0.
We now show that there exists a symbol ¢” such that T,Ty» = T.» and such that for all x €
B(x0,1/2) we have: For all v, 8 multiindices there exists a constant Cyg such that

|a;afc”(x,5)| < Onqp(1 + [gymtma=N=1=8l for all N > 0. (2.52)

To see this, fix 0 < € < 1 and consider the symbols ac,b’. By (2.40)~(2.42) we have T, Ty = T
with

(x,€) =J fB( : 2™ @) 1= (., n) b (y, €) dy dn.
n xo, c

In the above integral we note that |z —y| = |zo —y| — 1/2 > 0 for all x € B(xo,1/2). We set
L, = (—4n?|z — y|2)_1A77 and thus

(,Cn)(e%ri(zfy)(n*f)) _ 627ri(;c—y).(n,£).

Inserting this operator N7 times on the above integral and integrating by parts 2/N7 times in the
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n-variable we get

AN (z,n)
Oz J f 2mi(e—y)-(n—&) __2n V! (y, €) dy dn.
€)= n JB(zo,1 (—4m2|z — | )M e (v-€) dy dn

Next, we set L, = (1 +4n%[¢ — 17]2)*1(1 —Ay), insert this operator Ny times on the above integral,
and integrate by parts 2/No times with respect to the y-variable using the identity

Ly( 27rz(m y)-(n— E)) 27”(3? y)-(n— 5)

This calculation gives us the equality

. Alrac(a, 4
¢, €) :J J o2mi(z—y)-(n—€) p 0e(@ 77)2 (1 —Ay)N2[ be(y,6) 5 ]dydn-
w S5 e, (1 + 4m2|¢ — n|?)N: (—4r?z —y|7 )M

(2.53)
Since
AN ac(2,m)| < An, (1 + )™ 2N,
'(1 _A )Nz[ bg(%ﬁ) ” < AN N w (2.54)
"l —yPyM N P
and

1 1+4772]n|
1+47r2|£—17| 1~|—27T2|£|

it follows that there exists a constant By, n, > 0 such that

o ANlaE(ac 77)!
w0 L e

o (L4 422]n2)N (14 ey
<B 1+ [p))™ 2z dy dn.
. o e (o W

(1 _ Ay)N2|: bg(yvf)

dy d
<—47r2:c—y12>N1” e

As 1+€)% < (1+]€)2 < 3(1+[¢]?) for every € € R and |z — y| = |z — y|—1/2 for all & € B(zo,1/2),
we have that there exists Cn,n, > 0 such that

1
Cg z, <C 1+ ma—2N2 J 14+ m1+2N2—2N1 g J - dz |.
| ( 5)‘ N1No ( |£‘) R”( |"7’) U B(0,1)° (‘z‘ — 1/2)2N1

From the above inequality it is clear that if we take Na sufficiently large and 2/N; > max{n,mj +
n + 2N3} we get (2.52) for ¢(z,&) when v = 8 = 0. The inequality for the general case involving
derivatives follows from differentiation under the integral sign in (2.53), application of Leibniz’s
rule, and similar inequalities as in (2.54). Then (2.52) follows from taking the limit of ¢/(z,£) as
¢ — 01 under the light of Theorem 2.5 and Proposition 2.6.

Finally, take ¢z, = ¢’ + ¢”. Then T,, = T,T} and, since b’ = b for all z € B(xo,1/2), it follows
from (2.51) and (2.52) that

i)l
e Y B oga) - (250 (2.55)
la|<N

satisfies similar inequalities as of an element in S™+™2~N=1 for all N > 0, but uniformly only on
x € B(xg,1/2). Since xy € R™ is arbitrary and Theorem 2.9 guarantees that a pseudo-differential
operator defines its symbol uniquely, it follows that there exists a unique symbol ¢ € S™1 %2 guch
that 7,7, = T, and such that (2.39) holds for all N > 0. O
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2.4 Boundedness on Sobolev Spaces

We start this section by claiming that for any multiindex «, it follows that 0%: § — S extends
to a bounded linear map from H* to H*~1%l Indeed, since €% < (1 + |¢[*)1*)/2 for any € € R and
any « € NI}, we have for any fe S

10 Vo = | (1 Iy 2mieye Fle) e
< (2m)%l f (1+ |E2)° F () de
Rn

= 2m)2 || £ -

Because S ¢ H® < & with continuous dense embedding for every s € R, and 0*: &' — &' is
continuous the claim holds by Proposition 1.33.

Inspired by the above result for derivatives, one has the following theorem for pseudo-differential
operators.

Theorem 2.13 (Boundedness on Sobolev Spaces). Suppose a € S™. Then for any given s € R
the operator Ty, initially defined on S(R™), extends to a bounded linear map from H*(R™) into
Hs—m(Rn)‘

Proof. By Proposition 1.33 it suffices to show that there exists C' > 0 such that
| Tafllggs—m < C| fllys forall feSR"). (2.56)

From (2.3) we know that (1 + [£[*)/2 € S? for every t € R, thus we may define a pseudo-differential
operator Ay: § — S by

Acf(a) = f 2TTE (1 1 |¢2)/2 f(e) de.

n

Since (1 + |£2)Y2f(€) € S, we have that (/At\f)(f) = (1 + [€)2f(€) and that Ayo Ay = I.
Additionally, by Plancherel’s theorem we have || f|| ;. = [[Asf]| 2 for all f € S(R™) and every s € R.

By writing Ag ;n, = Ag—m 0T, 0o A_g, we have by Theorem 2.12 that A ,, is a pseudo-differential
operator of order 0. Thus by Theorem 2.11 there exists C' > 0 such that

[Asmfll2 < Cllfllg2 forall feSERY).
This implies that for any f € S(R™) we have

”TafHHs—m = HAS—m Taf”L2 = HAS—m T A—SASfHLQ
= HAs,m ASfHL2
< Ol Asfll 2

= C s

and this finishes the proof. O

2.5 Commutator characterization of Pseudo-differential Operators
on Euclidean Spaces

In this section we will discuss the commutator characterization of local pseudo-differential op-
erators on R™. We start by proving the following auxiliary lemmas.

Lemma 2.14 (Peetre’s Inequality). For all s € R and every z, y € R"™, we have

(1+[a +y)* < (1+J2))* (1 + |y
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Proof. First note that
L+l +yl) <1+ (o[ +[yl) < A+ |z + [y]), (2.57)

which clearly implies the result if s > 0.
If s <0, then we exchange z — = + y and y — —y in (2.57) to get

A+lz)<Q+lz+y) QA+ [—y)"
which implies that
1+ |2+ ) < (1+[a])*(1 + [yl
as we desired. O

Lemma 2.15. Let ¢(x,y) € C*(Qx U), with Q < R™ and U < R™ open sets. Suppose that there is
a compact set K < Q such that supp,, ¢(-,y) < K for ally € U. Then for all u € D'(Q) the mapping

is a C*®-function of y and

Oyu(@(y)) = u(@yé(-,y)).
Proof. Fix yg € U. For each h € R™ such that [yo,y0 + h] = U we have by Taylor’s formula that

o(z,90 + h) = ¢(x, Yo +Zh "Zyo + )] hﬁf (1 —t) 8l (x,yo + th) dt.
J 18]= 2P 0

Denoting the last term on the right-hand side by v (z,yo,h), we note that it defines a smooth
function on the x-variable and that it has compact support on K.
Additionally, if we take § > 0 such that B(yp,d) c U, it follows that

sup|3 (e, yo, )| < [AI* 3 5, sup [05a10(x,y)|
” 81=2 " B o)

for all h € R™ such that |h| < §. Thus there exists a constant C' > 0 such that for all h € R”
sufficiently small we have |u(y)] < C|h/?.
By the linearity of u we conclude that

K e w(o(yo + he)) — uw(d(-y0))
aykuw( b0)) = Jim e
~ i u(¢( 0+hk)—¢(',yo)>
hy—0 hy,
. u(a¢<-,y0> . w<-,yo,hk>>
h—0 (9yk hk
0
u<0yk¢(" yo)>
Iteration of this result proves the Lemma. ]

Definition 2.16. A continuous linear map
A: CP(R") — D'(R"™)

is called a local pseudo-differential operator of order m if for all ¢, ¢» € CL(R™) we have ¢pAY €
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Op S™. Here we have
(pAY)u := ¢ A(ypu) in D'(R"),

and when A is a local pseudo-differential operator the equality holds pointwise. We denote the space
of all local pseudo-differential operators of order m by ¥ (R™ x R™).

loc

Note that if A € U (R™ x R™) then for any ¢,v¢ € C(R™) we have that ¢ A1) maps C*(R"™)
continuously into CZl 5 (R™).

Recall that if T is a pseudo-differential operator, then by Theorem 2.9 there exists a unique
a € S™ such that T' = T,. Richard Beals [1] proved another characterization of pseudo-differential
operators on R", namely, via commutators. We provide a related result, Theorem 2.17, for the
characterization of local pseudo-differential operators via commutators. Our result is a slightly
stronger version of M. Ruzhansky and V. Turunen |15, Theorem 5.14, p. 414].

Let us introduce some notation before we prove our result.

Let T be a linear map from C°(R™) to D'(R™). Let us define the commutators

Li(T) := [axj,T] and Ry(T) := [T, My, |,

where M,, is the linear operator defined by My, (u) := 2mizgu.
Note that for all j # k we have 0, My, = My, 0,; and also RyR; = R;jRy, LiLj = LjLy and
RyL; = LjRy,. Furthermore, we note that d,, M,, = 2mil + M,, 0, , and thus

Ry Li(T) = Ri([0a,, T])
= Ry(0;, T —T0y,)
= Op, T My, —T 0y My, — My, 0, T + My, TOy,
= Oy, T My, —TMy, Oy, — Op, My, T + My, TO,,
= [a’lfk’TMIk] - [afkv MEkT]
= Li([T, My, ])
= Ly Ri(T).

For all multiindices «, 5 € Njj we set R* = R --- R%" and LP = L’fl e Lg" , with the convention

that R) = L9 = I.

Theorem 2.17 (Commutator chracterization on R™). Let m € R and let A be a linear map from
CP(R™) to D'(R™). Then the following conditions are equivalent:
(i) Ae U (R™ x R™).

loc

(ii) For any ¢,v € CX(R™) and for every o, B € NI, the operator R*LP($Av) has a continuous
linear extension mapping H™1*/(R™) to L2(R™).

Proof. (i) = (i1): Let Ae U (R™ x R") and fix ¥, ¢ € C(R™). By definition we have ¢A €
Op S™, hence by Theorem 2.5 and Proposition 2.8 we have that ¢ At is a continuous linear operator
on S and on §’. By Theorem 2.9 we have that there exists a unique symbol a4, € S™ such that

agy(x,8) = e T (G AY) (7T ().
Let us denote ™€ = e¢(x). Now
Oz g (2, &) = (—2mi&j)e_¢(x) (PAY)(e¢)(2) + e—¢ ()0, (PAY) (ec) ()

= —e¢(2)(pAY)(0re¢) () + e—g()0a; (9AY) (eg) ()
= e—¢(x)Lj(pAY)(ec) ().

Let Xy, € C°(R™) be such that X, = 1 on a neighbourhood of the compact set suppv and write
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(pAY)(eg) = (PAY)(Xyee). Since Ay € D'(R™) by definition, it follows from Lemma 2.15 that

O, (9AY) (e¢) (z) = g, (9AY) (Xyee)(x) = (9AY)(Og, Xyee) (x) = (PAY) (Mg, e) ().
Therefore

Og,agp(w,8) = (—2mizy)e_¢(x)(pAY)(ee)(x) + e—¢(2) g, (pAY)(ee) ()
= —e_¢(z) My, (pAY) (e¢)(z) + e—¢(2) (PAY) (M, e¢) ()
= e_¢(x) Rp(pA)(eg) ().

Iteration of the above results implies that for any multiindices o, 8 € Nij we have
0¢00agy(x,€) = e_¢(x) R*LP (¢ AY)(e¢) (x) € ™1, (2.58)

Finally, by Theorem 2.13 we have that for any s € R the linear map R*LA (¢ A1) is continuous from
H5(R™) to H*~(m=le)(R™), thus it is in particular continuous from H™1*/(R") to L?(R™)

(13) = (i): Assume (i) and fix ¢, ¢ € C(R™). We now have to prove that ¢pAyp € Op S™.
Let Xy, € C°(R™) be such that 0 < Xy, < 1 and X, =1 on a neighbourhood of the compact set
supp 1. Note that for each £ € R” we have Xye; € C°(R™) and

(PAY) (Xyee) = (9AY)(ee) in L*(R™)

since by hypothesis we have that for every a, 3 € N2 the linear map R*L?(¢Av) is bounded from
H™ 1ol to L2, so that ROLA(¢A)(Xyee) € L2(R™).

Now define agy(7,£) = e_¢(2)(pAv)(e¢)(z) as an L%:-function of z € R™ depending on a
parameter £ € R™. We shall show that ay (z,§) € S™(R™ x R™) and that

0g0fagy(x,8) = e_e(x) R*LP (9 A) (e¢) (). (2.59)

First note that by hypothesis there exists Cy > 0 such that, for all £ € R™, we have

lag.u ()l 2 < [(@AY) (Xyee) ()l 2 < CollXyeel| gyom-

Now, since Xye¢(-) is an infinitely differentiable function of ¢ with values in C°(R™) and for every
a, B € NP the linear map RYL?(¢Av) is continuous from H™ ol to L2, we obtain that apy(+€) is
an infinitely differentiable function of ¢ taking values in L?(R™). Moreover, we have that for each
1<k<n

egrhy(T) — eg()
I

Xy () — Xy(z)(2mizg)es(x) in S as a function in the z-variable.

Therefore, in the L2-sense

ag B _ parp
Oe, R*LP (9 AY) (e¢) = hlkiglOR L (“W% R L (§AY) (ee)

. a €¢trhy, — €¢
lim ROLA(6A Cethy — ©€
A REL(¢A4) ( I )

I

. a €¢+hy, — €¢
= lim RYLP(bA X Cerhy — ©€
i (¢ w)( . )

= ROLP(pAv)(Xy2mizyer)
= ROLP($AP)(My, ).
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In particular, the above calculation implies that for each ¢ € R™ and almost every x € R™

O g, (2, &) = Og, [e—¢(w) (9 AY)(e¢)(w)]
= (2mizg)e_¢(z)(pAV)(ee) () + e—¢ ()0, (AY) (eg) ()
= —e_¢(x) My, (pAVY)(ec) () + e—¢(x)(AY) (M, ec) (2)
= e_¢(2) R(pAY)(e¢) (2).

Iteration of the above results gives us that for any multiindex o € Njj we have

O¢ag,p(z,§) = e—¢(2) R (9 AY)(e¢) ().

It follows from the hypothesis on R*(¢A1)) that there exists a constant C, > 0 such that

108 ag.( ) 12 < IR (0AY)(Xpee) (2 < CallXyeell gm—ia-

Now let o € N be a multiindex. For each { € R", we calculate the distributional z-derivatives
of 6g‘a¢’¢(az, ¢) noting that for any 1 < j < n and almost every z € R” we have

Oz, O¢ ag (7, §) = Oy;[e—¢(x) R* (@ AY) (e¢) (7))
= (—i2nj)e_¢(z) R (pAY)(e¢) () + e—¢(2) 0z, R (9AY) (e¢) (2)
= —e_¢(x)R*(9AY)(0y;e¢) () + e—¢(2) 0z, R* (9 AY) (ec) (2)
= e—¢(v) RL;j(¢AY) (Xyee) (2).

By the hypothesis on R*L;(¢ A1) we obtain a constant Cj, > 0 such that for any £ € R"
102,08 s, Ol 12 < 1R L5 (0A0) (Xyee) Ol 2

|RYLj (¢ A) (Xypee) ()]l 12 (2.61)
CiallXyeell grm-al-

(2.60)

INCININ

By induction and equations (2.60)—(2.61) we may obtain that for each £ € R", for any a, 5 € N,
and for almost every z € R”,

0 0¢agy(,€) = e_¢(x) RO LI (¢A) (e¢) (),
and that there exists a constant C,g > 0 such that
10908 ag (- )l r2 < CagllXyee|l grm—ar- (2.62)

To evaluate ||Xyeg| grm—jal We use that 1 4+ > < (1+|n))? < 3(1 + |n|?) for all € R", together
with Peetre’s inequality in Lemma 2.14 to obtain a constant C’ > 0 such that



COMMUTATOR CHARACTERIZATION OF PSEUDO-DIFFERENTIAL OPERATORS ON EUCLIDEAN
2.5 SPACES 51

1/2
Xl 1ol = ( | s myonsten |>@?g<n>|2dn>

1/2
<c ( | s oo G 5)\2dn>

1/2
' ( | et gppomi r@w?dn)

1/2

<c (fnm\sr) b (14 Jy 2ol | >|2dn)

1/2
C'(1+ g1 ( fw@'m-a“(l + ) m el 1,) dn)

=C' (1 + g™ ~lal gt IIXwHH\ lall -

Plugging the above inequality into the right-hand side of (2.62) we obtain C?, 5 > 0 such that

1050¢agy( O)llrz < Chg (1+ €)1 for all £ e R™. (2.63)

To conclude that ag, € S™ we argue as follows: For each multiindex o € Nij and for each £ € R”,
equation (2.63) implies that the distributional z-derivatives of any given order of Ogag, o(x,&) are
bounded in L?, which implies that Ogagy(x,§) € H N(R™) for all N > 0. Hence by the Sobolev
Embedding Theorem 1.44 we obtain that aaaw( €) € CF(R™) and thus the mapping £ — a¢ (-, §)
is smooth with values in C'%(R™), so that ag . € C*(R™ x R™). Moreover, for each 5 € Nj we may
take an integer N > || + n/2 and apply the Sobolev Embedding Theorem together with equation
(2.63) to obtain a constant Cy5 > 0 such that

afag%,w(x,g)\ < C|0gagy (- )|l g
<O Y 0102agy(-,€)re

[vIsN
< Chy(L+ )™ for all z,€ e R™.

This implies that ag ., € S™.

Next, it remains to check that the pseudo-differential operator with symbol a4, defines the
same operator on S as the linear map ¢A.

Let u € S and write up such as in Lemma 2.10. By that same Lemma, we have that up, — u in
C*(R™). Hence, since multiplication by a C-function defines a continuous linear map from C* to
S, it follows that Xyup — Xypu in S(R™). This implies that in the L?-sense

(6AY)(w) = lim (9Av)(Cun) = lim 3 (9Av)(yenr) A(hk) "
keZ™
keB(0,h~2)
~ (2.64)
= lim D enk()agy(, k) A(hk) h"

keZ™
keB(0,h=2)
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Since ag € S™ we have the pointwise convergence

D1 en(@)agy (@, hk) G(hk) b — N ¥ g (2, ) U(E) dE = (T, ,u) () (2.65)
kezZ™
keB(0,h~2)

as h — 07. Moreover, if we let X, € C°(R™) be such that 0 < X4 < 1 and X4 = 1 on a neighbourhood
of the compact set supp ¢, then for each h > 0 and for almost every x € R"

|(@AY) (Xyun)(2)| = [Xg(2)][(9AY) (Xyun) (2)|

<Xo(@)| Y, lagy (e, hk)a(hk) h"|
keZ™
keB(0,h—2)

<CXg(@)l 3 I(1+[hk)™ a(hk) h"|

keZ™
keB(0,h~2)

< O [Xo(@)] fwm + leh™ ale) de,

for some C’ > 0. Therefore there exists g € L? such that |(¢Ay)(Xyup)| < g almost everywhere
and by the Dominated Convergence Theorem the convergence in (2.65) holds in L?. By (2.64) this
means ¢pAY =T,, , on S. O

We now present a reformulation of Theorem 2.17 that shall be useful for our commutator
characterization of pseudo-differential operators on smooth manifolds.

Let D be a partial differential operator with smooth coefficients. If m € Ny is the order of the
highest derivative that occurs in D, then we say that D has order m. We denote the order of D by
ord(D).

Theorem 2.18. Let m € R and let A be a linear map from CL(R™) to D'(R™). Then the following
conditions are equivalent:

(i) Ae T (R" x RY).

loc

(ii) For any ¢, € CP(R™) and for any sequence of partial differential operators with smooth
coefficients D = {D;}jen, © V1. (R™ x R™) we have

loc

By = gAY € B(H™(R"), L*(R™)),
Byt1 = [By, Di] € B(H™P*(R"), L*(R")),

where dp j, = Zfzo(l — ord(Dj)).

Proof. (i) = (ii): Let A e W2 (R" x R") and fix ¢, ¢ € CF(R"). By definition we have ¢pA1) €
Op S™, hence by Theorem 2.13 we have that the linear map By = ¢Av is bounded from H™ to L?.

Now let Dy € ¥} (R™ x R™) be a partial differential operator with smooth coefficients and
consider Xy € CP(R™) be such that 0 < X4, < 1 and X4, = 1 on a neighbourhood of the
compact set supp ¢ | Jsupp ¢. Note that X4 Do € Op Gord(Do) and that

By = [By, Do] = [¢Av, Do) = [¢ A1), X4 Do].

It follows from Theorem 2.12 that By € Op Sm+ord(Po)=1 — Op §m=dp.0 and therefore by Theorem
2.13 we have that the linear map B is bounded from H™~%P.0 to L?. The general statement follows
from iteration of the above result.

(14) = (i): This implication is an immediate consequence of Theorem 2.17 since the operators
My, , 0z, € ¥}, (R" x R"), and ord(My,) = 0, ord(d,;) = 1 for all 1 < j, k < n. O

ko loc
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2.6 Amplitude representation and Change of Variables

Definition 2.19 (Amplitudes). We say that a complex-valued function ¢ = ¢(z,y,&) € C*(R™ x
R™ x R™) is a amplitude symbol of order m if for all «v, 5, v multiindices there exists a constant
Capy > 0 such that

05 0g e(x,y,€)| < Capy (1 + €)™ (2.66)

for all z, y, £ € R™. We denote the space of amplitude symbols by A™(R3").

Let ¢ € CF(R"™) be any function such that ¢(0) = 1. Then for any { € R"” we have ¢(ef) — 1
pointwise as ¢ — 0%. Inspired by previous formulas such as (2.19) we assign, to each ¢ € A™, a
linear map T} defined by

(Tig f) () :== lim fJeQme(m_y) c(x,y,8) p(e€) f(y)dyds for all feS. (2.67)

e—0F
By letting
Ly = (1+47%¢) 71— Ay)
and using that L, (e2™(@=¥)€) = ¢2m(@=4)¢ we can insert this operator N times in (2.67) and, for

any N € N such that 2N > m+n, we have by the Dominated Convergence Theorem and integration
by parts

(M) = [ [ 7 (1) ¥ elo . 1w dyde. (2.68)

Since N can be made arbitrarily large, we may apply a similar procedure as the one used in the
proof of Theorem 2.7 to conclude that T}, is a continuous operator on S.

The following Proposition shows that the space S™ in Definition 2.1 and the space A™ are, in
some sense, related to each other.

Proposition 2.20. Suppose ¢ € A™ is an amplitude symbol. Then there exists a unique symbol
a €S5™ so that Ty, = Tjg for all Schwartz functions f € S.
Moreover, the asymptotic expansion for a € S™ is given by

27i) e
otw§) — 3 B pigetwng)| e sV xR, (2:69)
la|<N ' =

for all N = 0.

Sketch. The proof is essentially a reprise of the composition formula proof as in Theorem 2.12. For
more details check E. M. Stein [18, p. 258]. O

One of the advantages of working with amplitude symbols is the following: Let K € C(R"™ x R™)
and define

Tf(@):= | K@y)f@)dy. for f e SE"),

We claim that there exists an amplitude symbol ¢(z,y, &) such that ¢ € A™ for any m € R and such
that T' = Tj) for all f € S. Indeed, consider € C(R") such that Jn(z) dz # 0 and set

o(z,y,§) = (Jn(z) dz> B K (z,y) n(€) e~ 2mil@=v)€,

Note that ¢ € C*(R3") and therefore is in A™ for any m € R. It then follows from Fubini’s theorem
that for any f € S(R™) we have

Ty f(x) = f f TV oy €) fly) dy dE = j K(z.y)f(y) dy = Tf (),



54 PSEUDO-DIFFERENTIAL OPERATORS ON RY 2.6

and our claim holds.

Let us now discuss how certain pseudo-differential operators behave under smooth coordinate
changes. The result that we present here is weaker than L. Héormander |10, Theorem 18.1.17, p. 81],
as we do not use results concerning the Schwartz Kernel of pseudo-differential operators.

Let U, V be open sets of R", and let x be a diffeomorphism of U onto V. Denote by J. the
Jacobian matriz of k.
For any u € CF (V) we define its pullback by k by

(k*u)(x) = u(k(x)), x e U.

It easily follows that x*u e CX(U).

Now let a € S™(R™ x R™) be such that there exists K < V compact with supp, a(-,§) ¢ K
for all £ € R™ and denote the pseudo-differential operator with symbol a € S™ by A. Then for any
f € S(R™), the smooth function Af has compact support in V' and thus can be identified as an
element of CF(V).

Given any ¢ € C°(R") such that suppvy < U we set My, : S(R") — CF(U) by My(f) :=vf.
Then we may define a linear map with the help of the commutative diagram

cr(v) —A— o)

(k=1)*o Mzzw lﬁ*

SR™) - » CP(U)
More precisely,
[(A.-1) fl(x) := AW for Y ok(z), for feSR"), Vrel. (2.70)

Note that (A,-1¢)f € CF(U) for any f € S(R™), and thus (A,-1¢)f € S(R™) after extension by
zero on the complement of U.

We shall show that (A,-17) is a pseudo-differential operator of order m € R and that its symbols
is related to symbol a € S™.

Theorem 2.21. Let U,V be open subsets of R, k: U — V be a diffeomorphism. Let 1 € CL(R™)
be such that suppy < U and suppose a € S™ is such that there exists a compact set K < V for
which supp, a(-, &) < K for all £ € R™. Denote the pseudo-differential operator with symbol a € S™
by A.

If for any f € S(R™) we define

[(Ae19) f1(z) == A f o v~ 1) (k(x)), VzeU, (2.71)

and [(Ag-19)f] =0 on UC, then (A,-1¢) € Op S™.
Moreover, if ay, ,—1 € S™ is the symbol of (A,-1v), then ay .1 (z,§) = a(k(x), [“]’g)w(@

o
modulo S™ ', where [%’;]/ = [Jn(x)T]_l'

Proof. Let f e S(R™). The right-hand side of (2.71) gives us that

() f)(o) = lim | [0 alu(0),€) ole€) (o 0 1) (w) dy g

e—0t

| (2.72)
~ lim J f 2R R W€ o (e(2), €) 1(y) |det Ju(y)] () fy) dy dE,

e—0t

where we made the change of variables y — k(y) from the first to the second line. Note that this
formula holds for all x € R™ since a € S™ has compact support in V. We now reason that the main
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contribution of the above expression comes from when x is close to y.
In order to do that properly, we begin by considering the following: By applying Taylor’s formula
to each x; we then may obtain the following equality

r(x) = K(y) = M(z,y) - (z = y), (2.73)

with M (z,y) given by
1

M(z,y) = L Je(x +t(y — x)) dt. (2.74)

Note that M (x,y) is well defined on the open set {(z,y) € U x U : [x,y] € U}. In particular, this
set is a neighbourhood of the diagonal of U x U and M (z,y) is a smooth map on x and y on that
domain. We now claim that M (z,y) is invertible on a small neighbourhood of the diagonal.

Indeed, note that for each x € U, M(z,z) = Jx(x), hence is invertible. Therefore there exists
an open set A, < U x U such that (x,z) € A, and M(z,y) is invertible for all (z,y) € A,. Taking
Q= Uyep Az, we get that (z,2) € Q for all z € U and that M is invertible on this set.

Now consider K’ = x~}(K), where K < V is the compact set containing the z-support of
symbol a. We then have that Agry g := {(z,2) e U x U : z € K'} is compact and is a subset of €.
Hence there exists X € C°(U x U) such that X = 1 on a neighbourhood of K’ x K’, supp X < ,
and 0 < X < 1. Writing 1 = (1 — X(=z,y)) + X(x,y) and inserting this relation into (2.72) we now
have to evaluate two different expressions.

Main contribution: Let us first estimate the term which contains the points where x is close to
y. More precisely, let us analyse (2.72) after inserting X(z,y) by writing

lim j f 2@ =R VE X (7, ) a(r(w), €) $(y) [det Ju(y)| (=€) F(y) dy d.

e—0t

By (2.73) we have

fim J f RNV (2, y) ar(x),€) (y) [det Jo(y)| 9(c€) f(y) dy dE.

e—0+

Making the change of variables M (z,y)T¢ — ¢ and letting M (z,y)" = [M(m,y)T]_l we conclude
that

lim j f D€ X (1, y) alk(2), M(z, ) €) ¥(y) |det Jx(y)] [det Mz, y) ™| (M (z,y)'€) f(y) dy de.

e—0t
(2.75)
If we set
a ('Tv Y, 5) = X(l’, y) G(K(l‘), M(ZL‘, y)/g) w(y) |det Jﬂ(y)‘ |det M(Qj‘, y)_l |7
then ¢; € A™ is an amplitude symbol such that Tj.,jf coincides with (2.75).
By Proposition 2.20 we get that there exists a symbol a3 € 5™ such that T,, = T}.,) and for

which the first term of the asymptotic expansion is given by
ci(a,y,€)|  =X(z,x)a(k(z), M(z,2)'€) ¢(z) |det Ju(x)| |det M (z,2) "]

Yy=x

= a(k(z), [gﬂlﬁ)w@),

and all other terms from the asymptotic expansion have order less than or equal to m — 1.

Off-diagonal: We now analyse (2.72) after inserting 1 — X(z,y), i.e.,

lim f f 2RO E (1 X(a, ) a(r(x),€) b(y) [det Ju(y)| 0(c€) fy) dyde.  (2.76)

e—0t
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Let us set Eg = (472K (x) — ﬁ(y)|2)_1(A§). Since for all z,y € U with x # y we have

Zg (627ri(/-c(:v)—n(y))'§) _ 627Ti(’€(17)—’€(y))'§,

we can insert this operator N times in (2.76) and, after integration by parts 2N times on the
&-variable we get

lim f j 2mi(s(@) )€ (1 — X(z, ) p(y) |det Ju(y)] (Ze) ¥ [a(r(x), )p(e€)] £ (y) dy de.

e—0t

Now fix an IV € N such that 2N > m + n to obtain that the above expression becomes

“ 2miln(@)=r W)€ (1 — X(x,y)) ¥ (y) |det Jo(y)] (Le)Valk(x), €)] f(y) dy dé.

Define
K(z,y) = few(”(m)_”(y))'g (1= X(x,y)) $(y) [det Jo(y)] (L)Y [a(k(x), €)] dE.

Note that K € CP(R™ x R™) and that (2.76) is the same as

fK:I:y

Therefore there exists an amplitude symbol ca(z,y,£) such that co € A™ for every m € R and such
that the above expression coincides with Tj.,;f. By Proposition 2.20 there exists a symbol az such
that ag € S™ for every m € R and such that Ta2 = Tley)-

Finally, define a, -1 = a1 + ag. It follows at once that ay ,.-1(z,&) = a(k(x), [%],ﬁ)ip(x)
modulo S™! and that (A, 1) = Ta, . hence (A1) € Op S™. O

If AcR™ and f:R™ — C, then f|4 denotes the restriction of f to the subset A.

Corollary 2.21.1. Let U,V be open subsets of R™ and let k : U — V be a diffeomorphism. Suppose
we are given ¢, € CL(R™) both supported on V and let A : CF(R™) — D'(R™) be a linear map
such that pAp € Op S™. If for any f € S(R™) we set

(0AY) -1 f(2) := (9AY)(fly o &™) (k(z)), VzeU,
with extension by zero on UC, it follows that (¢pAY),.—1 € Op S™.

Proof. Tt is clear that the symbol of DAY has compact z-support contained in supp ¢ < V.
Now let ¢ e CL(R™) be such that supp ¢ c U and w = 1 on the neighbourhood of x~!(supp ).
Then for any function f:R™ — C we have

~

Ylfluor T =v[(f)or].

Thus for any f € S(R™) and any = € U we have

(pAY) -1 () = ($AY)(f 1y o k™) (k(x))
= (pAY) (Y f o ™) (k()),

and the result follows from Theorem 2.21. O

(2.77)



Chapter 3

Pseudo-differential Operators on
Manifolds

On a compact smooth manifold the pseudo-differential operators can be characterized by taking
commutators with smooth functions and vector fields. Such characterization was first stated by R.
Coifman and Y. Meyer [2] in the case of 0-order operators. In 2000 V. Turunen [20] provided a
result for pseudo-differential operators of any given order. In a closely related result, J. Dunau [4,
Théoréme 1] obtained a characterization of the topology in the space of pseudo-differential operators
on compact manifolds in terms of the boundedness of their commutators with differential operators
of order at most 1.

The goal of this chapter is to provide the necessary concepts of pseudo-differential operators on
manifolds before we prove the main result about commutator characterization of pseudo-differential
operators on compact smooth manifolds. Sections are organized as follows:

In section 3.1 we introduce distributions and Sobolev spaces over smooth manifolds. We also
show that Sobolev spaces over compact smooth manifolds can be endowed with a Hilbert space
structure.

Section 3.2 shows how to define pseudo-differential operators on compact smooth manifolds and
some of their properties.

Finally, section 3.3 is entirely devoted to our main result about commutator characterization of
pseudo-differential operators on compact smooth manifolds.

The references used for the exposition of this chapter were G. Grubb [8], L. Hérmander [9] and
[10], M. Ruzhansky and V. Turunen [15], M. Shubin [17]|, and F. Tréves [19].

3.1 Distributions on Manifolds

Before we talk about pseudo-differential operators on compact smooth manifolds we need to
discuss some vector spaces which are suitable for the development of the theory.

Let M be a smooth n-manifold. Recall that a function f : M — C is in C*(M) if for any given
compatible chart (U, k) on M we have

fo:=for™t isin CP(k(U)).

Note that if (Ua, ko) and (Ug, kg) are two compatible charts on M such that U, n Ug # &, then
for all f e C*(M) we have

fra = frz0 (kg o 551) in ko (Ua N Up). (3.1)

We now introduce the definition of distributions on a smooth n-manifold. To motivate our
definition, we use the compatibility condition (3.1) to describe smooth functions on manifolds.
Indeed, let M be a smooth n-manifold with smooth structure F = {(Uq, ko) }aca- Let {fataca

o7
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be a family of smooth functions such that f, € C*(kq(U,)) and such that for every o, 5 € A we
have

fo=fso(kgokyt) in ka(Ua nUp).

Then there exists one and only one f € C®(M) such that f, = f o Kk, for every a € A.

Conversely, if f € C®(M), then by definition the family {f.,}aca satisfies the compatibility
condition (3.1).

In analogy to this description we define distributions on a smooth n-manifold as follows:

Definition 3.1. Let M be a smooth n-manifold with smooth structure F = {(Uy, ka)}aca. Let
T : D' (ka(Ua nUg)) — D' (kg(Ua N Up)) be as in Definition 1.28.

(fiﬁongl)
If for every chart (Uy, ko) we are given a distribution u, € D'(kq(Uy)) and the family {uq}aca

is such that

T

(n[gom;l)

uq = ug in kg(Uy N Up), for every a, B € A, (3.2)

then we call the family {us}aea a distribution w in M. The set of all distributions in M is denoted
by D'(M).

With this definition we have that D’(M) appears as a natural extension of C*(M) when we
identify a function f e C*(M) with the family of smooth functions {fa}aca-

Let us show that this definition of distribution in M is consistent with the definition for open
subsets of R™. First, we show that distributions on a smooth n-manifold can be identified by using
only an atlas. For that we need the following lemma.

Lemma 3.2. Let f : Q1 — Qo and g : Qo — Q3 be diffeomorphisms of open subsets of R™. If
ue D (Qy), then
T(gof)u = Tg(Tf’LL)

Proof. Tt follows from the chain rule that the Jacobian matrix of g o f is given by
Jgor) = (Jgo £) I

Now, for any ¢ € C(£23) we have

(Tigopytts Py = <u, |det Jgopy| (90 (g0 f)))en
= (u, |det Jg o fl|det J¢| ((¢ © g) o [)a,
= (Tyu, |det Jg|(¢ © g))a,
= <Tg(Tfu)v 03,5

which proves the lemma. O

Theorem 3.3. Let M be a smooth n-manifold and let A := {(Ui, k;)}ier be a compatible atlas on
M. If for every chart (U;,k;) € A we have a distribution u; € D'(k;(U;)) and the family {u;}icr is
such that (3.2) holds for all charts in A, then {u;}ier defines a unique distribution u € D'(M).

Proof. Let F = {(Uy, Ka)}aca denote the smooth structure on M. For any chart (U, ko) we have
that
kia(Ua) = | Fa(Ua n U3).
el
Since A is a compatible atlas on M we have that for each i € I the map ko © /{;1 :ki(Ug nU;) —
ka(Uy N U;) is a diffeomorphism and thus
T

(kaok;

1)U € D' (ka(Us 0 U;)).
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Moreover, it follows from the hypothesis and Lemma 3.2 that for any a € A, and any ¢,j € [

(naon;l)ui = T(naonifl)T(nion].fl)uj
= T(naonj_l)uj
on kq(Uy nU; nU;) = ka(Ua nU;) N Ko(Ua nU;). By Theorem 1.26 we conclude that there exists
a unique distribution u, € D/ (ko (Uy)) such that u, = T(MOH_ﬂ)ui on ko (Uy N U;) for every i € I.

To conclude that the family {uq}aeca defines a distribution in M we use Lemma 3.2 and note
that for every i € I and for any «, 8 € A we have

1)ua =T 1)T

~ T (kgoKa (/{ao,'i;l)ui

(kgoka
= T(fﬁ/@onfl)ui
= uﬁ?

on kg(UgnUq nU;). Now given any ¢ € C°(kg(Us nUg)) we can choose a finite family of compact
sets K1, ..., Ky with K; < kg(Ua nUg nUj) and so that supp ¢ < U§V=1 K;. By Lemma 1.61 there
exist smooth functions {p; }5\[:1 such that supp p; < k5(Ua nUg N Uj) and 3, n pj = 1 on supp .
This implies that

N
<T(HBOH;1)U0” Py = Z<T(,iﬁo,§;1)uaa Pj )

[y

2%

= > Lug, pj ¢y
=1

J
= ug, @)

which is the desired equality. O

Corollary 3.3.1. IfQ is an open subset of R™, then Definition 3.1 coincides with the usual definition
of a distribution on Q.

Proof. Tt follows at once by considering the trivial atlas (€2, I), where I : Q — Q is the identity
map, and then applying Theorem 3.3. O

Note that if ¢p € C*(M) and u € D'(M), then u € D'(M). Indeed, just note that in local
coordinates we get

(Yu)i = (Yo ky ") us,

which is a well-defined distribution in D’(k;(U;)). It is not hard to check that the family {(u);}ier
satisfies the compatibility condition (3.2), and thus defines an element in D'(M).

Now recall that if Q < R™ is open we have H} () c D'(Q) for any s € R. Moreover, Proposition
1.50 shows that if k : Q — Q' is a diffeomorphism between open sets of R™, then the induced map
T, : H () — H} () is a isomorphism. This allow us to introduce the following definition for
Sobolev spaces H} (M) when M is a smooth n-manifold.

Definition 3.4. Let s € R. Let M be a smooth n-manifold and let F = {(Uq, ka)}laca be its
smooth structure. We denote by Hj} (M) the space of distributions v = {uq}aea in M such that
uq € HY (ka(Uy)) for every a € A.

loc

By the above observations we have that H (M) is a well-defined vector space.

Suppose that M is a compact smooth n-manifold. In that case we adopt H*(M) := H} (M)
and L*(M) := HY _(M). The compactness of M will enable us to equip H*(M) with a Hilbert
space structure. Namely, let A := {(U;, mi)}f\il be a finite compatible atlas on M; we may assume

that the x;(U;) are mutually disjoint. It follows from Theorem 3.3 that a family of distributions



60 PSEUDO-DIFFERENTIAL OPERATORS ON MANIFOLDS 3.1

u; € D'(ki(U;)) that satisfies the compatibility condition (3.2) for every 1 < i < N suffices to
describe u € D'(M ), and hence suffices to describe u € H*(M) for any s € R. By Lemma 1.62 there
exists a partition of unity {p;}}¥, strictly subordinate to {U;} ;. Now define

N
Cuy Vygrsary 1= D [ (pi 0 k) s, (pi 0 K7 1) 03 ) s any. (3.3)
=1

Proposition 3.5. Let s € R. If M is a compact smooth n-manifold and we endow H®(M) with the
above structure, then (3.3) defines an inner product on H*(M) that makes it a Hilbert space.

Proof. Tt is clear from the definition that (3.3) is a sesquilinear form on H*(M) x H¥(M) and that
(u, wyps(ary = 0 for all w e H*(M). To conclude that {, )gs(ar) defines an inner product on H*(M)

we need to show that
u, wygsouy =0 <= u=0 in H(M).

Clearly u = 0 in H*(M) implies {(u, u)gs(pr) = 0. For the converse we note that

(u, wypgsay =0 = (pjor; Yu; =0 in D'(k;(Uj)) for every 1 < j < N. (3.4)
Now for each 1 < i < N and every ¢ € CF(k;(U;)) we use that {p; }évzl is a partition of unity and
the compatibility condltlon u; = T(E oy 1y U in k;(U; n Uj) to write

(uiy @) = 2<uz, 5o

N (3.5)
g (o1 (P 0 K1),
Let p; € CX(Uj) be such that p; = 1 on a neighbourhood of supp p; to obtain
(uiy ¢y = 21<T,.; oy (P 057 )e)
J
= oyt (5 © K 1)) (3.6)

N
N
Z won (o3 0 55 s, (B o 571))
It follows from (3.4) that each term on the sum in the right-hand side of (3.6) is zero. This implies
u; = 0 in D'(k;(U;)) for each ¢ and therefore v = 0 in H¥(M). This shows that (3.3) is an inner
product on H*(M).

It now remains to verify the completeness of H*(M) with respect to the norm

) 1/2
ltll s ar) = (ZH pi ok uZ'HHsoRn)) -

Let {un}nen be a Cauchy sequence with respect to [||| (5 Then for each 1 < i < N the sequence
{(pi © k; DYuin}nen is Cauchy in H*(R"™). By completeness there exists v; € H*(R") such that
(pio /ﬂi_l)um — v; in H%(R™). Note that if we let V;  k;(U;) be an open neighbourhood of supp p;,
then v; = 0 on R™\ V; because each (p; o nfl)um is zero on R™\ V;. In particular, we may identify
v; as an element of D' (k;(U;)).

Now for each 1 < ¢ < N, every n € N and for any ¢ € C(k;(U;)) we use (3.5) and (3.6) to
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write
(Ui, Py = Z<T,€ ok ) [(pj o K’;l)ujm]a (pj o “;1)‘P>'
7j=1

Taking the limit as n — o0 and using the continuity of T(K on71) ¢

D (1, (Ui Uy) = D (i (U 1)
we get
hm <uz n 90> = Z<T){ oK )U]v (ﬁj o ’{;1)(:0>'
7j=1

Hence by Theorem 1.25 there exists a distribution @; € D’(k;(U;)) such that @; = lim,, o u;, and
N
(Ui, p) = Z<T(,ﬂo,€;1)vj’ (pj o ry Ny for p € CF (ki(U)).
i—1

We shall denote u; := Zévzl(ﬁj okt T i0n=1y05-
i

By construction we have (p; o x; ') @; = v; in D'(k;(U;)) and since both have compact support
in x;(U;) we have the same equality in H*(R") for every 1 < i < N. Moreover, u; € H}} (ki(U;))
and for any 1 < 4,] < N we have by Lemma 3.2 that

N
T(HZO'ffl)ﬂi - T(f'izo"i;l) ( Z (pj o Ki_l) T(Hz'o"ijl)vj>

J=1

I
1=
)
e
<.
O
NR

(ﬁloni_l) T(miomj_l)vj
7j=1
N
~ 1
= Z (pJ oKy )T(fiZOfi;l)vj
j=1
= ﬂl on Kl(Ui N Ul).

Therefore the family {@;} ; defines an element u € H*(M). We claim that u,, — u in H*(M).
Indeed,

| (pi o k) @i — (pi o k7 )

|
=

-
Il
—

2
lw = un | s ar) =

)

[
M=

>l = (01 47 e ey

<.
I
—

which goes to zero as n — 0. O

Let us show that C*(M) is dense in H*(M) for every s € R. Indeed, let s € R and consider
ue H*(M). It follows from Lemma 1.43 that for each 1 < i < N there exists a sequence {v; p }nen <
C*(R™) such that v;, — (p; o K; ') w; in H*(R™) as n — co. Observe that since (p; o &; 1)uZ =0
on the complement of any open set containing supp p;, we may take the v;,’s to be compactly
supported on x;(U;).

Now set
N N
Ujp 1= 2 [0j(vjn o kj)] “;1 = 2 T(nionj_l)[(ﬁj © ’Q;l) Vjn]-
j=1 j=1
Note that for each 1 < ¢ < N and for every n € N we have u;, € C®(k;(U;)). Furthermore, for

each n € N we have that the family {@;,}Y | satisfies the compatibility condition and thus defines
an element @, € C*(M). Finally, we claim that @, — v in H*(M).
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To see this, note that for every n € N we have

N
(pi o Ky 1) i = Z (pi 0 k7 ) T oty (B 0 K7 V0]

J

N
-1
Z mori pﬂpl OK:] )Uj»n]‘

Now for each i, j we let K; ; € U; n U; be any compact set such that supp p; N supp p; < int(K; ;).

By proposition 1.47 we have that T/, —1) maps H?(kj(K; ;)) continuously into H*(k;(K; ;)), and
iOF;

thus

N
Tim (p; 0 57 1) i = lim Z (ion ) [(P3P1 0 67) V]

N
= 2 Tty [(0gpi 0 571 ]
J
= (piokr; Hu; in HY(RM).
~ 2 SN ok N — (00 k=N |2
Since [|u — U« (pr) = icil[(pio s ) ui = (piok; )u%nHHs(Rn) we conclude our result.

Remark: Note that formula (3.3) depends on many choices and is not "canonical" in general.
However, it follows from the compatibility conditions and Proposition 1.47 that if we change our
choice of finite compatible atlas on M or that of the partition of unity, we replace the inner product
in (3.3) by another one that induces an equivalent norm on H*(M).

3.2 Pseudo-differential Operators on Compact Manifolds

Now consider M to be a compact smooth n-manifold and let A : C* (M) — C®(M) be a linear
map. If ¢,9 € C® (M), we define the linear map ¢pAy : C*°(M) — C*(M) by

(pAY)u(x) := ¢p(z)A(ypu)(x) for all ue CP(M).

For any function f : M — C and any chart (U, k), we have defined f, = fox™ on k(U). Now if
P:C*®U)— C*®(U) is a linear map, we define the operator P, : C*(k(U)) - C*(k(U)) by

Pou:=P(uok)or L.
Notice that if P and @ are linear maps from C®(U) to itself, then

(PQ)su = (PQ)(uok)or ! = P(Quuor)or ! = PQyu,
for any u € C*(k(U)). Similarly, we have that [P, Q. = [Px, Q«] and that (pPY u)x = (¢P),(usk).

Definition 3.6. Let M be a compact smooth n-manifold. A pseudo-differential operator of order
m € R on M is a linear map A : C*(M) — C*™(M) such that for every compatible chart (U, k)
and for any ¢,1 € C*(M) supported in U we have that (¢Ay), € OpS™ (here an extension by
zero in R™\ k(U) is understood). We denote the set of all such operators by U™ (M).

The next proposition shows that pseudo-differential operators on M satisfies similar compati-
bility conditions to that for smooth functions and distributions on M.

Proposition 3.7. Let M be a compact smooth n-manifold and suppose (U, kq) and (Ug, kg)
are two compatible charts with Uy nUg # &. If A : C®(M) — C®(M) is a linear map and
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¢, € CP(M) are supported in Uy N Ug, then
(pAY)k, € OpS™ == (PAY),, € OpS™.
Proof. Let ue C®(M). A linear map A : C*(M) — C*(M) must satisfy
(PAY U, = (PAY Uy, 0 (g o kg "),

Now let 1) € CZF (M) be supported in U, n U and such that ¥ =1 on a neighbourhood of supp .
Note that

(DAY U, = (PAY) . (V).
and that

(PAY) e, (1), = (pAY )y © (Kg o kL")
= [(pAY) sy (Pt)y] 0 (g 0 Kt
= (PAY) s [(V11) x, © (Ko 0 k5" )] 0 (150 55 1).

Since we may exchange the roles of a, 5 € A, it follows from Corollary 2.21.1 that
(pAY)y, € OpS™ == (¢pAY)x, € OpS™.
O

When M is a compact smooth n-manifold, it is possible to find a finite compatible atlas on
M for which there exists a subordinated partition of unity such that any four of its elements are
compactly supported in the same chart neighbourhood of the atlas. Such property is useful when
dealing with pseudo-differential operators and we shall now turn our attention to prove it.
So let (X, d) be a metric space and let S © X be a bounded subset. Recall that the diameter
of S is defined by
diam(S) := sup{d(z,y) : =,y € S}.

We then have the following result for compact metric spaces.

Lemma 3.8 (The Lebesgue number Lemma). Let U be an open cover of a metric space (X, d). If
X is compact, there exists a number A > 0 such that every subset of X having diameter less than X
s contained in some element of U.

A number X\ > 0 satisfying this condition is called a Lebesque number for the covering U.

Proof. J. Munkres [12, Lemma 27.5, p. 175]. O

Lemma 3.9. Let M be a compact smooth n-manifold. Then there exists a finite compatible atlas
{(U;, k) 2‘11:1 for which there is a subordinated partition of unity {p; 3-]0:1 such that any four of the
functions pj, pi, pi, pm are supported in some open set Us;.

Proof. Recall that a smooth n-manifold is a locally compact normal space, and thus by Urysohn
Metrization Theorem 1.56 it is metrizable. Let d : M x M — [0,00) be a metric that induces the
same topology as the one already defined on M. Let A := {(U;, k;) fil be a finite compatible atlas
on M; we assume that the k;(U;) are mutually disjoint. Note that the sets U; do not need to be
connected sets. Since the U;’s form an open cover of (M, d), it follows from the compactness of M
and Lemma 3.8 that there is a number A > 0 such that any subset of M with diameter less than A
is contained in one of the U;’s.
Now for each x € M we consider the open ball

Ug(z,A/8) :={ye M : d(z,y) < \/8}.
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It is clear that the diameter of each such set is less than or equal to A\/4. By compactness there

exists Jy € N such that
Jo
M < | Ugla;, \/8).
j=1
Set Bj = Ug(xj, \/8) for each 1 < j < Jy. We claim that the family {B;}1<;j<j, has the following
property: Any four sets Bj,, Bj,, Bj,, Bj, can be grouped in clusters that are mutually disjoint and
where each cluster lies in one of the sets U;.

This property is seen as follows: Let 1 < ji, j2,73,ja < Jo be given. First, adjoin to Bj, those
of the By, , k = 2, 3,4, that it intersects with. Second, adjoin to this union those of the remaining
sets that it intersects with. Finally, do it once more. Those steps give us the first cluster. If any of
the four sets are not contained in the first cluster, repeat the procedure with these (at most three)
remaining sets. This gives us the second cluster. Now the procedure is repeated with the remaining
sets, and so on. Note that this leads us to at most four clusters which, by construction, are mutually
disjoint and each cluster has a diameter of less than A, hence lies in a set U; for some 1 < ¢ < Ip.

Now we construct a new finite atlas by considering the following new coordinate mappings:
Assume that Bj,, Bj,, Bj,, Bj, gave rise to the disjoint clusters U’, U”, ..., where U' < Uy, U” <
Upn, ... . Thenuse ky on U', k on U”, ... (if necessary, followed by a linear transformation ®”, ...
to separate the images) to define the mapping x : U' VU" U -+ — ky(U') 0 ®" ki (U”) U - - - . This
gives a new coordinate mapping, for which B;, u Bj, u Bj, U Bj, equals the initial set U’ vU" U - - -
In this way, finitely many new coordinate mappings, say {(U;, /{1)}1]1: Io+1+ are used to form a new
compatible atlas for M, and we have established a mapping (j1, jo, j3,j4) — @ = i(j1, j2, J3, ja) for
i > Iy and for which

le ) Bj2 ) ng ) Bj4 C Ui(jl,jg,jg,j4)'
Jo
j=1
the open cover {Bj}}]ir By the above construction we have that this partition of unity has the

It follows from Lemma 1.62 that there exists a partition of unity {p; strictly subordinated to

desired property with respect to the atlas {(U;, “i)}{lzloﬂ- O

Let us show how convenient is the above lemma when we consider composition of pseudo-
differential operators.

Proposition 3.10. Let M be a compact smooth n-manifold. If A € W™ (M) and B € ¥"2(M),
then the composition AB € W™ T™M2(\[).

Proof. 1t is clear from the definitions that AB defines a linear map from C* (M) to itself.
Let (U, k) be any compatible chart on M and let ¢, € C*(M) with support in U. By Lemma
3.9 there exists a compatible finite atlas A = {(U;, ;) ih:l for which there is a subordinated partition

Jo

of unity {p; i1

U,. Write

such that any four of the functions pj, px, pi, pm are supported in some open set

GABY = > ¢pjApkpiBpmi.

j7k7l7m

Now each term (¢p;AprpiBpm)) has support in a set U; and we can write

(Ppj AprpBpmb)r; = (0pj Apk) ri (P1BPmY) s, -

By hypothesis (¢p;Apk)r;, € Op S™ and (pBpm))s; € Op S™2, so Theorem 2.12 implies that

(qsp.]Apkpprmw)Hl € Op Sm1+m2'

Because ¢pj, pmtp € CL (M) are both supported in U n Uj, it follows from Proposition 3.7 that

(9pj ApkpiBpmib)x € Op S™F2,
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Since this holds for all 1 < j,k,I,m < Jy we conclude that (pAB), € OpS™ ™2 hence AB €
pmatm2 (), O

We can also use partitions of unity to extend a pseudo-differential operator A € U™ (M), initially
defined as a linear operator on C*(M), to a linear operator on the space of distributions D'(M).
Indeed, let M be a compact smooth n-manifold and suppose A € U™ (M). By Lemma 3.9 there
exists a compatible finite atlas A = {(U;, ;) }, for which there is a subordinated partition of unity
{ pk} ro such that any two of the functions py, pl are supported in some open set U;. Write

A= ppAp.
k.l
Then one can extend each pyAp; to D'(M) is the following way: Fix 1 < i < I; such that pg, p;

are both supported in U;. Let pg, p; € C (M) be both supported on Uj; and such that pp =1 on a
neighbourhood of supp pg, and p; = 1 on a neighbourhood of supp p;. For each u € C*(M) we have
that ppAp;ue C*(M) so it follows from the compatibility condition that for any 1 < j < I

(PkAp1u)s; = (prAprt)s, © (Kio k")
= (P © 857) T, o1y [ (PR AP)m, (Br11) )

Thus for u € D'(M) we set
(kAP 0)s 1= (50 57) Ty o [Pk AP (i) for 1< < I (37)

To show that the above induces a well-defined element in D’'(M) we need to check that for each
J we have (ppAp;u); € D'(k;(U;)) and that the family {(prApv); } ! | satisfies the compatibility
condition for distributions The later follows 1mmed1ately from Lemma 3.2, for if (prApiu); €
D'(k;(Uj)) for any 1 < j < I, then for any j,j’ we have

T oy (PrAPLW); = Ty (P 0 15) T oty [ (o Ap) s (i)
(rjron; ) (rjron5 ) 3 /7 (kjom; )

= (pk o ”j/l) T(nj/oni_l)[(pkApl)m (ﬁlu)m]

= (,OkA,Ol u)j/ in Iij/(Uj N Uj/).

To see that (prApiu); € D'(k;(U;)) we consider the following chain of maps

a . 2 ~ (3)

e, 5 (o w7 un, = (i), 2 (PrAp) ey (), 2 Ty ooy [0k AP, ()i,

and
- 4 - _ -
T oy [0k AP (1)) 2> (B © 57 Ty [k AP, (1), ]

Now, because (g o r; ') € CP(w;(U;)) we get that (1) maps u., € D'(k;(Us)) into (pju)s, €
S'(R™). Next, we use the hypothesis (prAp;)s;, € OpS™, so that (2) maps S’(R™) continuously
into S'(R™). Moreover, if K < #;(U;) is a compact subset such that supp(p o x; ') < int(K), then
(prAp)k; (P1u)k, = 0 on R™\ K and it follows that we may identify (prApi)x,(fiu)s; as an element
in D'(ki(U;)).

Taking the restriction of (prAp;)s, (Pru
that T, o) D' (ki(U; n Uj)) — D(
D’(/{Z(Ui)) into D' (kj(U; nUj)).

Finally, since (pj o /@j_l) e C®(k;(Uj)) is such that (pj o /1]71) = 0 in a neighbourhood of
[0(k;(Us; nUj))] n k;(U;), it follows that (4) maps D'(x;(U; n U;)) into D' (k;(U;)).

This implies that (pxAp;u); € D'(k;(U;)) for every 1 < j < I;. In this way we have that the
linear map pyAp; : D'(M) — D'(M) is well-defined, and so is the linear operator A := 3, ; prApi.

u)w,; € D'(ki(U;)) to the open subset x;(U; N Uj) and using
k;(U; n Uj)) is a isomorphism, it follows that (3) maps
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It is clear from the above construction that A : D'(M) — D’(M) is an extension of A € ™ (M)
to the space of distributions.
When we consider Sobolev spaces over M we have the following result

Theorem 3.11. Let M be a compact smooth n-manifold and let A € W™ (M). Then for all s € R
we have that the operator A, initially defined on C*(M), extends to a continuous linear mapping
from H(M) to H*"™(M).

Proof. Let s € R be an arbitrary but fixed real number. Let A = {(Ui,/ﬂ)}ih:l and {pk}szol be a
compatible finite atlas on M and a partition of unity given by Lemma 3.9, respectively. Write

A= Z PrApL,
k<Ko

where for each k,[ there is an 1 < ¢ < I; such that both pg, p; have support in U;. Consider the
extension ppAp; : D'(M) — D'(M) as above. To conclude the theorem, it suffices to show that for
each k, [l we have that pyAp; maps H*(M) continuously into H*~™(M). We start by showing that
if we H¥(M), then (prAp u) € H=™(M).

Fix 1 <4 < I; such that pg, p; are both supported in U;. Then for u € H%(M) we use (3.7) to
define (pxAp;u) € D'(M) by the system

(orApru)j o= (B 0 57 ) T oty Lok Ap), (pru)i] - for 1< j < I,

We claim that for each j we have (ppApyu); € Hy " (k;(U;)) and thus (ppApyu) € H*=™(M). To
see this we consider the chain of maps

1 - _ - 2 - 3 ~
wi s (from ) s = ()i 2 (prAp) e, ()i > T, [(orAp)x, ()]

and

~ 4 ~ _ ~
T onty [0k AP, (10)i) <2 (B 17 Ty ooy [0k A1), ()]

Now, (1) maps H} .(k;(U;)) continuously into H*(R™), so that (pju); € H*(R™). Next, from Theorem
2.13 we obtain that (prAp;)x, € OpS™ maps H*(R™) continuously into H*~™(R™). Moreover, if
K < #i(U;) is a compact subset such that supp(py o #; ') < int(K), then (prAp;)s, (A1u); = 0 on
R™\ K as a distribution, and so (2) is a continuous map from H*(R") to H*~™(K). In particular,
(2) is continuous from H*(R™) to H} ™ (rki(U;))).

By Proposition 1.50 we have that Tjon1) 18 a isomorphism from H; ™ (k;(U; n Uj)) to

loc

H; "(kj(U; nUj)), and hence (3) maps H; " (k;(U;)) into H; ™ (k;(U; N Uj))

!

“Finally, (4) maps HZ."™(s;(Us  Uy) fito HE™(si(U;) since (g o 5, 1) € C(y(U;)) is
such that (pg o lﬁlj_l) = 0 in a neighbourhood of [0(k;(U; n Uj))] n £;(U;). This implies that
prApue H~™(M) whenever u e H*(M).

Let us now show that pyAp; : H¥(M) — H*™(M) is a continuous linear map. By Lemma 1.62
there exists a partition of unity {1; }]11:1 strictly subordinated to the open cover {U; }]11:1 of M. By
equation (3.3) and Proposition 3.5 we may set

I

oAyl remiary = (Z

j=1

9 1/2
> for we H*(M).
(R™)

(Wion) (orApu)s|

Note that for any v e H*(M) and for each 1 < j < I; we have

(W 0k7) (prApru)j = (¥ P 0 K7 ) Ty ooty [(pR AP, (Prw)i]
= T on ) W50 0 K71) (orAp)s, (A1),

thus for any compact set K;; < k;(U; n U;) such that supp(v; gk o #; ') < int(K; ;) we have
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that (ko k7 ) (pkAp1)s; (pru); € H™™(K; ;). Setting Ki; = (rjo k; 1) (K ), it follows from
Proposition 1.47 that T(, -1 maps H*™™(K; ;) continuously into H*~"(K; ;). Hence for each
1 < j < I; there exists a constant A; > 0 such that

)

15 0 651 (orApr )il e (ny = 1T ;01 (W38 © 577) (o Apr) w, (Brw)illl pr—m (en
< Aj || (5 0 5771 (prAp)s; (ﬁlu)iHHs_m(Rn).

Since 0 < ¢; < 1 and (prApr)x, maps H*(R™) continuously into H*~™(R™) we have that there
exists a constant B; > 0 such that

(5 © 5571) (peAprw)ll rs=mrmy < By || (A1 o 57 1) til| o gy

Taking C' = I - max{ B; : 1 < j < I; } we conclude that

Iy
lowApyall sy < D5 0 w5) (orAprw)j | e—m@any < C [[(710 571 wil| o -
j=1

Since different choices of the partition of unity on M induces equivalent norms in H*(M), we
conclude that pyAp; maps H*(M) continuously into H*~™(M) .

Lastly, since C* (M) is a dense subspace of H*(M), it follows that the above extension of pyAp;
is the unique extension that makes it continuous. O

3.3 Commutator characterization of Pseudo-differential Operators
on Compact Manifolds

This section is dedicated to the commutator characterization of pseudo-differential operators
on compact smooth n-manifolds. A characterization of pseudo-differential operators on compact
manifolds via commutators with smooth vector fields was stated and proved by R. Coifman and
Y. Meyer [2] for the case of 0-order operators. By considering commutators with smooth vector
fields and smooth functions, V. Turunen [20] presented a characterization that holds for pseudo-
differential operators of any given order m € R. Here we provide a slightly stronger version of that
characterization.

Let us recall some concepts and results. Recall Theorem 2.18, whose proof lies at the end of
section 2.5.

Theorem 2.18. Let m € R and let A be a linear map from CX(R™) to D'(R™). Then the following
conditions are equivalent:

(i) Ae Tl (R" x R™).

loc

(i) For any ¢, € CLP(R™) and for any sequence of partial differential operators with smooth
coefficients D = {D;}jen, < V1 (R™ x R") we have

loc

By = pAy € B(H™(R"), L*(R")),
Bp1 = [By, Di] € B(H™ 9Pk (R™), L*(R™)),

where dp j, = 2520(1 — ord(Djy)).

An immediate consequence of Theorem 2.18 is that if we are given ¢, ¢ € CL(R"™) and a linear
map A from CF(R™) to D'(R™) such that ¢Ay satisfies condition (i7), then ¢ Ay € Op S™.

Recall that if M is a smooth n-manifold, then DO'(M) is the space of all linear operators
D :C*(M) — C®(M) of the form Df := X(f) + gf, where X is a smooth vector field on M and

g is a smooth function on M.
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For D € DOY(M), define
0 when X =0
ord(D) := { when ’

1 otherwise.

If we further assume that M is compact, then for any g € C*°(M) the multiplication map f — gf
is an element of (M), and for any smooth vector field X on M, we have X € W!(M). It is also
clear that the commutator [X, g] € UO(M). It then follows from Theorem 3.11 that D € DO(M)
maps H*(M) continuously into H*~"¥DP) (M) for any s € R.

Finally, we obtain the following commutator characterization for pseudo-differential operators
on compact manifolds:

Theorem 3.12. Let M be a compact smooth n-manifold and let m € R. Suppose A is a linear
operator on C®(M). Then the following conditions are equivalent:

(i) AeWm(M).

(ii) For any sequence D = {D;}jen, = DO (M) we have

Ao = A€ B(H™(M), L(M)),
Aps1 = [Ar, Di] € BUH™ P (M), L*(M)),

where dp j, = Z?zo(l — ord(Dy)).

Proof. (i) = (ii): Let Ae ¥ (M). It follows from Theorem 3.11 that the linear map Ag := A is
continuous from H™(M) to L*(M).

We shall show that for any D € DO'(M) we have that [A, D] € W™~ (=ordD) (A1) and thus
statement (i7) follows by iteration and Theorem 3.11.

So let D € DOY(M) and let (U, k) be an arbitrary but fixed compatible chart on M. Note that
for any ¢, € C(M) supported in U we have

¢A[), D] = pAYD — ADY,
[¢, D]AY = ¢DAp — Dp A,

and
[¢AY, D] = ¢AYD — DY Ay.
Therefore we have the identity

[¢Ay, D] — ¢Al), D] — [¢, D]AY = (9AYD — DpAY) — (¢AYD — ¢ADY) — (9D AY — DpAr))

= ¢ADY — pDAY
= ¢[A, D]y
The above equality then implies (see remarks at the beginning of section 3.2)
(0[A, DY) = [(9AY)s, D] = (0 A[Y, D])s = ([¢, D]AY) . (3:8)

Let X¢ € CF (M) be supported in U and such that 0 < X4 < 1 and X4 = 1 on the compact
set supp ¢ | supp .

Now, if ord(D) = 0 then [¢, D] = [¢, D] = 0. This implies (¢[A, D]Y), = [(pAY)s, Dy] =
[(PAY)x, (X, D)k]. It then follows from the composition formula for pseudo-differential operators
on R™ given in Theorem 2.12 that (¢[A, D]y), € Op S™~ 1.

If ord(D) = 1, then the composition formula for pseudos on R" gives us [(pAY)x, (X pD)x] €
Op S™. Moreover, we would have that [, D] and [¢, D] define smooth functions on M with compact
support in U and thus (¢A[v, D))« , ([¢, D]AY),, € OpS™ by hypothesis. Therefore by (3.8) we
have (¢[A, D]y), € Op S™.
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The conclusion is that for any D € DO (M) we have [A, D] € W~ (0=erd(D) (M) as desired.

(15) = (i): Suppose that the linear map A : C*(M) — C®(M) satisfies condition (ii). To
conclude that A € W™ (M) we need to show that for any compatible chart (U, ) and for any
¢, € CL (M) supported in U we have that (A1), € Op S™. We shall do this by proving that if C' is
any partial differential operator of order at most 1 on R"™ with smooth coefficients, then [(¢A%)),, C]
maps H™~(1=ord(©)(R™) continuously into L?(R™). The conclusion that (¢At). € OpS™ then
follows from Theorem 2.18.

So fix a compatible chart (U, k) on M and fix ¢,v € C (M) both supported in U. Consider
Xop € CP(R™) supported in x(U) and such that 0 < X4 < 1 and X4, = 1 on the compact set
supp ¢, |Jsupp ¢, Thus if C' is a partial differential operator of order at most 1 on R™ with smooth
coefficients, then so is X4 ,C. Moreover, since Xy, has compact support in £(U) we get that there
exists D € DOY(M) such that D, = X, 4C. Note that by construction ord(D) < ord(C).

It follows from equation (3.8) that

[(¢A¢)m Dli] = (¢A[¢}7 D]),{ + ([d)a D]A¢)n + (¢[A’ D]w)m

By hypothesis we have that [A, D] maps H™ (1=0rd(D))(Af) continuously into L?(M), therefore
(¢[A, D)), maps H™—1=ord(D))(R™) continuously into L?(R™), and thus it maps H™~1—ord(©))(Rn)
continuously into L?(R™).

If ord(D) = 0 then [v, ] = [¢, D] = 0 and trivially we have that ¢A[y, D] and [¢, D] Ay are
continuous from H™~(—erd(C (M) to L2(M).

If ord(D) = 1, then ord(C) = 1. Furthermore, [¢, D] and [¢, D] define smooth functions on
M with compact support in U, so by hypothesis the maps ¢A[¢, D] and [¢, D] Ay are continuous
from H™(M) to L?(M). In particular, it follows that (¢ A[+, D]). and ([¢, D] A%), are continuous
linear maps from H™(R") = H™~(1=0rdC)(R") to L2(R™).

The conclusion is that [(¢pAY)., Di]| = [(¢AY)k, Xy C| = [(pAY),, C] is a continuous linear
map from H™~(1=0rd(C)(R") to L?(R™) and this finishes the proof. O

We are now in position to discuss in precise terms why the above theorem is considered a slightly
stronger version than the commutator characterization V. Turunen |20, Theorem 3.1|, which we state
here for the reader’s convenience

Theorem (V. Turunen [20]). Let m € R and let A: C*(M) — C*(M) be a linear map. Then
the following conditions are equivalent:

(i) Ae Um(M).
(ii) For any s € R and for any sequence D = {D;}jen, < DO* (M),
{Ao = AeB(H*(M),H*"™(M)),
Agy1 = [Ag, Di] € B(H** ™=k (M), H*(M)),
where dpj, = Y)7_(1 — ord(D;)).

On one hand, both theorems characterize pseudo-differential operators in terms of the bound-
edness of commutators. On the other hand, a direct comparison shows that the hypotheses on the
above theorem are more stringent than that on Theorem 3.12.
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