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Resumo

Soriano, H. L. PROBLEMAS DE AUTOVALORES PARA SISTEMAS
SCHRODINGER-BOPP-PODOLSKY. 2021. Tese (Doutorado) - Instituto de Matema-
tica e Estatistica, Universidade de Sao Paulo, SP, 2021.

Esta tese trata um problema de autovalores para a equagao de Schrédinger acoplada com
o operador bi-harmonico. O problema modela uma particula de massa movendo-se em um
campo de uma forca elétrica descrito pelo potencial ¢. O problema consiste em encontrar a
existéncia de ntmeros reais w e funcoes reais u e ¢ que satisfazem o sistema

—Au+ou = wu
em €2, (1)

A% —A¢p = u?
sendo 2 um conjunto limitado e aberto de RY, N > 3, com as condicoes de fronteira e de

normalizagao

u=Ap=¢=0 sobre 02
fQu2:1.

A fungao ¢ resulta pertencer ao espago de Hilbert H? (2) N H} (). As solugoes de (1)

(2)

se encontram analisando as equagoes de Euler-Lagrange do funcional

1 1 1 1
F(u, ¢) :5/Q|Vu|2dx—|—§/g¢u2dx—1/(2|A¢|2dx—zl/s2|v¢\2dx,

definido sobre a variedade M = {(u, ¢) € Hy () x H* () N Hy ()5 ull 20 = 1} .

Nosso resultado principal é o seguinte enunciado.

il
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Teorema: Seja 2 um conjunto limitado e aberto de R, N > 3. Entao existe uma sequéncia
(Wny Un,y On), tal que (w,) C R, w, — 00 € uy,, ¢, sdo funcoes reais que resolvem (1) e (2).

Além disso, ||un||H5(Q) — 0.

Palavras-chave: Operador Bi-Lapaciano, Multiplicadores de Lagrange, Condi¢ao PS, Teo-

ria do Género, Regularidade.



Abstract

Soriano, H. L. EIGENVALUE PROBLEMS FOR SCHRODINGER-
BOPP-PODOLSKY SYSTEMS. 2021. Theses (PhD) - Institute of Mathematics and
Statistics, University of Sao Paulo, SP, 2021.

This theses addresses an eigenvalues problem for the Schrodinger equation that involves
the bi-harmonic operator. This problem models a single particle of mass moving under the
influence of an electric force field described by a potential ¢. The problem is to find real

numbers w and real functions u and ¢ satisfying the system

—Au+ou = wu
A%p— Np = u?

in (1)

where ) is a open bounded set of RV, N > 3, considering the boundary and normalizing

conditions

u=Ap=¢p=0 on 0N
Jou*=1.

The function ¢ turns out to belong to the Hilbert space H? (Q) N H} (). The solutions to

(2)

(1) are found by working with the Euler-Lagrange equations of the functional

1 1 1 1
F(u, ¢) ::5/{)]Vu|2da:+§/ﬂ¢u2dx—Z/Q\Aqﬁfdx—Z/Q|V¢|2d:v

on the manifold M — { (u,6) € H} (2) x H*(Q) N HE(Q); [ull 2y = 1}

Our main result is the following theorem.
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Theorem: Let Q be a open bounded set of RY, N > 3. There is a sequence (wy, Uy, dn)
such that (w,) C R, w, — oo and u,, ¢, real functions solving (1) and (2). Furthermore,
ol g ey = o0

Keywords: Bi-Laplacian operator, Lagrange Multipliers, PS-Condition, Genus Theory,

Regularity.
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Chapter 1

Introduction

The outstanding problems of the systems of equations involving the bilaplacian operator
have been extensively studied in recent years by various authors. There are some existence
results for semilinear biharmonic non homogeneous on open and unbounded sets. C. O.
Alves, Jodao Marcos do O and O. H. Miyagaki in [COAMO1] studied the class of semilinear

biharmonic problems involving critical exponents:
A%y + a(z)u = h(z) |u| w4 k(z) |uP " u in RY,

where N >5 1<q¢g<p<2®*—1=(N+4)/(N—4) and a, h, k are bounded, non negative
and continuous functions from RY to R. The authors overcame the lack of compactness
using a version of the concentration compactness principle for the biharmonic operator, and
then they showed the existence of a non trivial solution in H?(RY). Also, there are results
about systems of equations coupled to the biharmonic operator.

P. d’Avenia and G. Siciliano in [dS19] studied a class of the Schrédinger—Bopp—Podolsky

systems:
—Au+wu+@ou = |uff*u
e in R,
—A¢ + a*A?¢ = 4ru?
with a, w > 0. The authors proved the existence of non trivial solutions depending on the
parameters p and ¢, as well as the regularity of the solutions.

Additionaly, there are results about the convergence of solutions of systems of equations

coupled with the biharmonic operator defined on a smooth closed 3-manifold (M, g). Given
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the Bopp—Podolsky-Schrédinger-Proca system

%Agu + ®(z,v, A)u = uP™?
a?Alv+ Agu+miv = dwqu’ in (M, g),
a?AZA+ AJA+m2A = 284, S)u?

0

with unknowns (u, v, A), where v and v are functions, v > 0in M, A is a 1-form, ®(z,v, A) =
% |W(A, S +w+qu=VS— 1 A; also with a, g, mg, my positive numbers, w a real number,
S is a given smooth real valued function on M, §, = —div,V is the Laplace-Beltrami operator
acting on functions u and v, A, = dd 4 dd is the Hodge-de Rham Laplacian acting on the
I-form A, h is the Plank’s constant and p € (2,6] (d is the differential, ¢ is the codifferential
and 6 is the critical Sobolev exponent). E. Hebey proved in [Heb20] the strong convergence
of the Bopp-Podolsky-Schrodinger-Proca system above to a Schrodinger—Poisson—Proca
system when the Bopp—Podolsky parameter a goes to zero with p € [2—52, 6].

Now, this work is framed in the study of a class of Schrodinger-Bopp-Podolsky systems.
As a novelty, we apply topological methods to find solutions of equations that involve the
bi-Laplacian operator as well as such solutions are defined in subsets of R where N > 3.

In the first chapter, we seek to mention the results that we will be used in the following
chapters fixing the notations and the terminology that we will use throughout the work. We
begin introducing some results on metric spaces, functional analysis and measure theory, then
we present some results of index theory, critical point theory and trace theory. Here we seek
global critical points as well as critical points in constricted sets, thus we begin presenting
both the classical Palais-Smale condition and the Palais-Smale condition for critical points
under constrictions. The last one is going to be used for development of this work. It should
be mentioned that the deformation theorem contributes to obtain some of the main results.

In the second chapter, we offer a brief introduction of the concepts and principles of
physics that describe the Schrodinger equation, the Bopp-Podolsky equation, and their
boundary and normalizing conditions. We present the physical phenomena described by
the equations of the Schrodinger-Bopp-Podolsky system, which also will help us to interpret

the results obtained about the solutions of the system.
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In the third chapter, we will study the class of systems of partial differential equations

of the form

—Au+opu = wu
A2p—Np = u?

with the boundary condition
u=Ap=¢=0 on 0N

and normalizing condition

/u2:1,
Q

where € is a bounded open subset of RY and N > 3. In this case, a weak solution will be a
positive real number w, a function u that belongs to H} () and a function ¢ that belongs
to H}(Q) N H?(Q).

One of the difficulties of this problem is to define the appropriate space of solution
functions, so we dedicate the first section of the chapter to these spaces of solutions. The
weak solutions of the Schrodinger-Bopp-Podolsky system above turn out to be precisely the

critical points of the functional

1 1 1 1
F(u,¢) = 5/Q|Vu|2dx+§/ggbu2dx—Z/Q|Agz5|2dx—Z—L/Q|ng|2dx,

defined on the manifold M = {(u, ) € Hy (2) x Haz; |lull, = 1} . Moreover, F is a strongly
indefinite functional, which means that F' is neither bounded from above nor from be-
low. Therefore, the usual methods of the critical point theory can not be directly ap-
plied. To deal with this difficulty, we take advantage of the uniqueness of the solution
of the equation A%2¢ — A¢ = u? to make the reduction of a variable of the functional
F, thus obtaining a new (restricted) functional J of the single variable u defined on the
ball B = {u € Hj(Q); |lull, = 1}; following the technique used by Benci and Fortunato in
[BF98].

Then, we will verify three facts about the functional J : B — R. First, J satisfies the
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Palais-Smale condition for points under constraints, and we conclude that J has critical
points in B. Second, we use the invariance of genus to verify that every compact symmetric
subset of B has finite genus. Third, we apply the deformation lemma to guarantee that the
level subset J® = {u € B, J(u) < b}, with b a real number, also has finite genus. These facts
imply the result of multiple solutions of the Schrodinger-Bopp-Podolsky system presented
in Theorem 4.2.
In the fourth chapter, based on the ideas of Chapter 4 we will obtain results about the

multiple solutions for the Schrodinger-Bopp-Podolsky system

—Au+ou = wu

in Q,

a’A%¢p — Ay = u?
with the same boundary and normalizing conditions as before, where a is a positive con-
stant. Then, we analyze the regularity of the solutions of the Schrédinger-Bopp-Podolsky
system obtaining strong solutions by the iterative application of the Sobolev immersions.
Finally, we prove the strong convergence of the Schrodinger-Bopp—Podolsky system above

to a Schrodinger—Poisson system when the Bopp—Podolsky parameter a goes to zero.



Chapter 2
Preliminaries

This chapter records necessary results to develop this work. We mention properties of
Banach spaces. Then we introduce spaces of functions, namely those that are Hilbert, also
their notations that will be kept along the work, as well as principal theorems about how
those spaces are related. Finally, we review theories that will help us to achieve the solutions

to our problem.

2.1 Some Basic Results of Advanced Calculus

This section is dedicated to recall some basic concepts and fundamental theorems of
differential calculus on real Banach spaces. We present the derivative as a linear application.
The bibliography devoted entirely to this subject are J. Dieudonné [Die69] and T. Schwartz
[Shw69].

Definition 2.1 (Fréchet derivative). Let E, F be real Banach spaces and U an open
subset of E. A continuous mapping f of U into F' is called Fréchet differentiable at xo € U

if there exists a bounded linear operator L of E into F' such that

o £ @0+ 1) = F @) = L)

h—0 h =0

The operator L is called the Fréchet derivative of f € L(E, F) at xo, and it is written f'(xg).
The Fréchet derivative (when it exists) of a continuous mapping f of U into F, at a point
xo € U, is thus an element of the Banach space L(E, F). In what follows, for L € L(E,F)

and v € E, we will write L(xo) [v].
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Example

Let F, F normed spaces. A continuous linear mapping 7" of E into F' is differentiable at

every point x and T"(x) = T'. Since T is linear and continuous mapping
T(x+h)=T(x)+T(h).

Observe that L(h)[v] =0 for all v € E.

Definition 2.2. Let f be a differentiable mapping of an open subset U of a Banach space E
into a Banach space F, f" is the a mapping of U into L(E, F). We say that f is continuously

differentiable in U or of class C if f' is continuous in U.

Theorem 2.1 (Chain Rule). Let E, F, G be three Banach spaces, U an open neighborhood
of zg € E, f a continuous mapping of U into F', yo = f(xo), V an open neighborhood of yo in
F, g a continuous mapping of B into G. Then if f is differentiable at xo and g differentiable
at Yo, the mapping h = go f (which is defined and continuous in a neighborhood of x) is

differentiable at xq¢, and we have

W(xo) = g'(yo) o (o).

Definition 2.3 (Partial Derivatives). Suppose E = E; x Es. For each point (u,v) € U
we can consider the partial mappings v — f(z,v) and y — f(u,y) of open subsets of Fy and
E5 respectively into F. We say that at (u,v), f is differentiable with respect to the first (resp.
second) variable if the partial mapping x — f(x,v) (resp. y — f(u,y)) is differentiable at u
(resp. v), the derivative of that mapping, which is an element of L(Ey, F') (resp. L(Fs, F))
is called the partial derivative of f at (u,v) with respect to the first (resp. second) variable,

and written f,(u,v) (resp. fl(u,v)).

Proposition 2.1. Let E = Fy X Ey X --- x E,, F normed spaces provided with the norm
|zl = sup{kaHEk; k=1,2,...,n.}, where x = (1,22,...,3,). Let p: E — F be a

n-linear continuous mapping, then there exists p'(x) and
, n
p(z)[u] = Zp(m, ey B, Uk T, - - - Ty) for all u = (ug,ug, ... u,) € E.
k=1
Theorem 2.2. Let f be a continuous mapping of an open subset U of Fy x Ey into F'.The

map f is continuously differentiable in U if, and only if f is differentiable at each point
with respect to the first and the second variable, and the mappings (x,y) — fi(z,y) and



2.2 SOME BASIC RESULTS OF FUNCTIONAL ANALYSIS 7

(z,y) = f(x,y) (of U into L(Ey, F) and L(Ey, F) respectively) is continuous in U. Then,
at each point (x,y) of U, the (total derivative) derivative of f is given by

f'@ y)u,v] = filz y)u] + f(z, y)lv].

Theorem 2.3 (Implicit Function). Let E, F' and G be three Banach spaces, f a con-
tinuously Fréchet differentiable mapping of an open subset A of E X F into G. Let (xq, o)
be a point of A such that f(xo,y0) = 0 and that the partial derivative f,(zo,yo) be a linear
homeomorphism of F onto G. Then there is an open neighborhood Uy of x¢ in E such that,
for every open connected neighborhood U of xy, contained in Uy, there is a unique continu-
ous mapping u of U into F such that u(zo) = yo, (z,u(x)) € A and f(z,u(x)) =0 for any

x € U. Furthermore, u is continuously differentiable in U, and its derivative is given by

u'(2) = —(fy (=, u(@)) " o (ful, u(@))).

2.2 Some Basic Results of Functional Analysis

The results of this section belong to the classic theory of functional analysis. They can
be found, for example, in E. Kreyszig [Kre78] and H. Brezis [Brell].

Let Q be an open set of RV, where 9 denotes its boundary and € is its closure.

Theorem 2.4 (Completion of metric spaces). For a metric space X there exists a
complete metric space X which has a subspace W that is isometric with X and is dense in
X. This space X is unique except for isometries, that is, iff( 15 any complete metric space

having a dense subspace W isometric with X, then X and X are isometric.

Definition 2.4. Let X be a normed space. Then the set of all continuous linear functionals

on X constitutes a normed space, X', with dual norm defined by

[fllx = sup [f(x)].

zeX
ll=l[=1

Convergence of sequences of elements in a normed space is called strong convergence. It

is reminded in order to distinguish it from weak convergence.

Definition 2.5. A sequence (uy) in a normed space X is said to be strongly convergent
(or convergent in the norm) if there is an w € X such that ||uy — ul|| — 0, this is written
ur — u. The element u is called the strong limit of (uy), and we say that (ug) converges

strongly to u.
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Weak convergence is defined in terms of bounded linear functionals on X as follows.

Definition 2.6. A sequence (ux) in a normed space X is said to be weakly convergent if
there is an u € X such that for every f € X', f(uy) — f(u) as k — oo, this is written
up — w. The element u is called the weak limit of (ug), and we say that (uy) converges

weakly to u.

Theorem 2.5 (Banach-Alaoglu). Let E be a reflexive Banach space. If B C E is bounded,
then B 1is relatively compact in the weak topology of E.

Theorem 2.6 (Riesz’s Representation). Let H be a Hilbert space, and let H' be its
topological dual. Then for every f € H' there exists a unique uy € H such that

fv] = (ug,v)g for allv e H.

Moreover, ||ugll,; = || fll - The linear application R : H' — H that sends f to uy is called

the Riesz isomorphism.
Given f € E' and = € E we shall often write f [z] instead of f(z).

Theorem 2.7. Lax-Milgram Assume that a (u,v) is a continuous coercive bilinear form

on H. Then, for every ¢ € H' there exists a unique element u € H such that
a(u,v) =¢lv]  forallve H.

Moreover, if the form a is symmetric, then u is characterized by the property

veEH

we H and %a(u,u) by = min{%a(v,v) - W]}

We finish this section with some important examples of Hilbert spaces of functions and
the theorems about the convergence of function sequences.

The Lebesgue space of measurable functions u : Q — R such that [, |u(z)|” dz < 400 is
denoted by L? (2), for each p € [1,4+00). The norm that makes L? (2) a Banach space is

o, = ([ oy iz

When there is no confusion we shall often write L? instead of LP(f2).

Theorem 2.8 (Dominated convergence). Let Q C RY be open and let {uy}, C L' (Q)

be a sequence such that

1. ug(z) = u(zx) a.e. in Q as k — oo;
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2. there exists v € L' () such that for all k, |ug(z)| < v(z) a.e. in Q.
Then u € L' () and u, — w in the norm L' (Q), namely [, |up — u|dz — 0.

Theorem 2.9. Let Q@ C RY be open and let {ux}, C LP (), p € [1,+00), be a sequence

such that u, — u in LP () as k — oo. Then there exist a subsequence {ukj }j and a function
v e LP () such that

1. uy,(z) — u(z) a.e. in Q as j — oo;

2. for all j, |uy,(z)| < v(z) ae. in Q.
Definition 2.7 (Locally Integrable Functions). A function u defined almost everywhere
on §) is said to be locally integrable on €2 provided

/ |u(x)” dz < oo, for all compact subsets K of €.
K

In this case we write u € LY

(), for each p € [1,400).

Theorem 2.10. Let @ C RY be an open set and let uw € L}, () be such that

/usz, forall f € C§°(Q),

then u =0 a. e. on S).

Theorem 2.11 (Holder’s Inequality). Assume that f € LP and g € L7 with 1 < p < oo,
%—i—ézl. Then fg € L' and

/ ol <171, lall, -

Theorem 2.12 (Extension of Hélder’s Inequality). Assume that f1,..., fi are func-
tions such that , , 1
fielP1<i<kwith-=—+---+—<1,
p D Pk

then the product f = fifs... fr belongs to LP and

11, < Afallp, 112l - 5l -

2.3 Spaces of Continuous Functions

This section contains several definitions and results of spaces of continuous functions

including standard notations; they provide the background required for what follows. For
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this, we consider R. A. Adams and J. Fournier [AF03] and D. Gilbarg and N. S. Trudinger
[GT88] as references.

Let Q C RY be an open set. We will deal with real valued functions on Q. We denote by
C'(§2) the space of continuous functions on §2 and by C™(£2) the space of functions m times
continuously differentiable on €. The space of the smooth functions is C*°(Q2) = N,,C™(2).

Observe that the functions in C™ (Q2) are not necessarily bounded. If ¢ € C(Q) is
bounded and uniformly continuous, then it possesses a unique, bounded, continuous ex-
tension to the closure of €. Therefore, we define the vector space C™ (ﬁ) consisting of
functions ¢ € C™ () for which D%¢ is bounded and uniformly continuous for 0 < |a| < m.

For any non-negative integer 7, let
C% (Q):={u € C7(Q); D% is bounded for |a| < j}.
Theorem 2.13. The space C% (Q) is larger than C7 (Q).

Observe that the elements of Cé (Q2) are not necessarily uniformly continuous. However,

we have

Theorem 2.14. C% (Q) is a Banach space under the norm

oy = D* :
HUHCJB(Q) 02‘13“'2, ilelg | D%u(z)|

Definition 2.8. A real valued function f satisfies the Holder condition when there are

non-negative constants K and X\, such that

(@) = fy)l < K |z =y,

for all x and y in the domain of f.

Definition 2.9. If 0 < X < 1, the vector space C (ﬁ) consists the space of the functions
¢ € CI(Q) for which D*¢ is bounded and uniformly continuous on 2 for 0 < |a| < j, where

each function D¢ satisfies on ) the Holder condition with exponent .

Theorem 2.15. The space C7 (ﬁ) 1s a Banach space with the norm given by

D*6(x) = D*o(y)|

(s = max sup |D%(x)| + max su
19l (@) os\alsme5| @) OSWS”’ZE% v =yl
ay

Definition 2.10. We denotes by Cy(Q2) the space of continuous functions on 2 with compact

support, i. e., the functions that vanish outside some compact set K C €.

Finally we denote by CJ*(Q2) := C™(§2) N Cy(2) the space of m times functions differen-
tiate with compact support and by C§° (Q2):= C*(Q2) N Cy(£2) the space of smooth functions

with compact support.
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2.4 Sobolev Spaces

This section displays the appropriated spaces of functions to set the solutions of our
nonlinear problem. Also, we mention some properties of Sobolev spaces. For this part, we
consider the authors R. A. Adams and J. Fournier [AF03], H. Brezis [Brell] and S. Kesavan
[Kes89].

In this section, € stands for an open set in RY and 0% for its boundary.

Definition 2.11. Let m > 0 be an integer and let 1 < p < oo. The corresponding Sobolev

space is given by
Wmr (Q) :={ue LP(Q); D e LP(Q) for all |a] < m}.
In other words, W™P () is the collection of all functions in L” (©2) such that all distri-

bution derivatives up to order m are also in L (§2). In the case m = 1, we have the following

result.

Theorem 2.16. The Sobolev space WP () is

W (Q) = ue L7 ()
(@) { (@) ng—;:—fﬂgiap Voe Cg° (), Vi=1,2,...,N

there exist g1,...,gn € LP () such that }
In particular, when m = 1 and p = 2, the Sobolev space acquire a single notation
H'(Q) =W (Q).

When there is no confusion we shall often write H' instead of H'(Q2). From Definition 2.16,

we obtain integrating by parts

o Oz B Q 3%%

then
ou

9i¢ = | 7%
/Q o O
and by Theorem 2.10

_ Ou

Ji a.e.in (), foralli=1,...,n.

Therefore, the gradient of u

Vu::gradu:<au Ou 8u)

Oxy Oxy’ " Oxn

Therefore, the gradient is used to define the inner product in H(Q).
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Theorem 2.17. The space
H (Q)={ue L?(Q); Vue L*(Q)}

1s a Hilbert space with the scalar product

(u,v) g :-/(VuVU—i—uv d;z:—Z/ gg aa;] /uv.

The corresponding norm in H' () is

il = ([ (9 + 1) )

Definition 2.12. Let 1 < p < oo; Wy” (Q) is defined as the closure of CS° (Q) with the
norm in WP (). We denote

H (Q):= W, (Q).

Theorem 2.18. The space Wol’p () equipped with the norm in W (Q) is a separable
Banach space. It is reflexive if 1 < p < oo. The space H} () equipped with the scalar
product of H' () is a Hilbert space.

Let us consider another particular Sobolev space
H?(Q) = W?>*(Q),

it is the collection of all functions in L? (©2) such that all distribution derivatives up to order
2 are also in L? (Q).

Theorem 2.19. The space
H?(Q)={ue L*(Q); Dlue L*(Q),|a| <2},

1s a Hilbert space with the scalar product

(U, ) o = Z/DauDo‘

|a|<2

The corresponding norm in H*(SY) is

N

flle = [ 3 / D*uf?

|| <2
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Definition 2.13 (Embeddings). A Banach space E is embedded continuously in a Banach
space F if

1. ECF;

2. the canonical injection 57 : E — F 1is a continuous operator. This means that there

exists a constant C' > 0 such that

|ul| < Clull g, for all w € E.

We denote this by E — F'.

Definition 2.14. A Banach space E is compactly embedded in a Banach space F if E is

embedded continuously in F and the canonical injection is a compact operator.
Theorem 2.20. Let 2 be an open bounded subset of RN, with N > 3. Then

2N
Hy (Q) — L1(Q) for every q € [1, m} :

The embedding is compact if and only if q € [1, %) )

2N

We point out that for each ¢ € [1, m], the continuity of the above embedding is

explicitly expressed by inequalities of the form
lull, < Cllully , for all w e Hy (),
where C' does not depend on wu.

The number ]\2]—]_\[2 is denoted by 2* and is called the critical Sobolev exponent for the
embedding Hj < L% The term ”critical“ refers to the fact that the embedding of the pre-

ceding theorem fails for ¢ > 2*.

The set Q C RY satisfies the cone condition if there exists a finite cone C' such that each

x € 2 is the vertex of a finite cone C, contained in €2 and congruent to C'.

The set Q C RY satisfies the strong local Lipschitz condition if there exist positive
numbers 0 and M, a locally finite open cover U; of the boundary of 2, and for each j a

real-valued function f; of N — 1 variables, such that the following conditions hold:

1. Every collection of R + 1 sets Uy, Us,...Ug,1 has empty intersection.
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2. For every pair of points x,y € Qs := {z € Q; dist(x,00Q) < 0} satisfying |z — y| < 6,

there exists 7 such that

xz,y € V;:={x e U;; dist(x,0U;) > 6}.
3. Each function f; satisfies a Lipschitz condition with constant M, that is,
£5(€) = fi(p)] < M| — pl,for all & p € R¥V.
4. For some Cartesian coordinate system (¢;1,...,¢;n) in Uj,

QNU; C{(Ga,--->GN)s G < fi(Gas - Gnva1)} -

If ©2 is bounded, the rather complicated set of conditions above reduce to the simple con-
dition that €2 should have a locally Lipschitz boundary, that is, that each point z on the
boundary of {2 should have a neighborhood U, whose intersection with 92 should be the

graph of a Lipschitz continuous function.

The next theorem establishes some important properties of Sobolev spaces. The functions

of those spaces are defined on an arbitrary domain ), that is, a non-empty open set in RY.

Theorem 2.21 (The Sobolev embedding theorem). Let Q be a domain in RN and let
QOF the k-dimensional domain obtained by intersecting Q with a k-dimensional plane in RY,
1<k <N, thus QN = Q. Let j and m be non-negative integers and let p satisfy 1 < p < oo.
PART I

If Q) has the cone property, then there exist the following embeddings:

CASE A: Suppose mp =N and N —mp < k < N. Then

‘ kp e .
ifp<q< N—mp’ WP (Q) s W (QF) (2.1)
and in particular,
ifp<q< —L_ pitme () o wie(Q) (2.2)
— 7" N—-mp’ ’
or
ifp<qg<—YP_ yymeQ) < L1(Q) (2.3)
PLa< o o : .

Moreover, if p=1 and m < N, embedding (2.1) exists for k = N — m.
CASE B: Suppose mp = N. Then for each k, 1 < k < N,

if p<q<oo, WP (Q) — W (QF), (2.4)
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so that in particular,
if p<q<oo, WP (Q) < W (Q). (2.5)

Moreover, if p =1 so that m = N, embeddings (2.4) and (2.5) exist with ¢ = oo as well; in
fact,
WItNL(Q) — C% (). (2.6)

CASE C: Suppose mp > N. Then
Witme (Q) — C4(Q). (2.7)

The embedding constants for the embeddings above depend only on N, m, p, q, j, k, and the

dimensions of the cone C' in the cone condition.

PART IT
If Q0 has the strong local Lipschitz property, then CASE C of PART I can be written as

follows:

CASE C.1: If mp > N > (m — 1)p, then
: N . -
if0<A<m-— 2 ) WP (Q) — C7 (Q) . (2.8)
CASE C.2: If N = (m — 1)p, then
ifO<A<1, WP (Q)— " (Q). (2.9)

Also, if N =m —1 and p =1, then (2.9) holds for A =1 as well.
PART IIT
All of the embeddings in PART I and PART II are valid for arbitrary domains ) if the

W -space undergoing the embedding is replaced with the corresponding Wy-space.

Theorem 2.22 (Poincaré inequality). Let @ C RY be open and bounded. Then there
exists a constant C > 0, depending only on €2, such that

/ udr < C'/ \Vul? dz, for allu e HE ().

Q Q

Theorem 2.23 (Classical Green’s formula). Let Q C RY be open, bounded and smooth.
Letu e C*(Q) and v € C* (). Then

/ (Au) vdx = a—uvda — / Vu - Vudz, (2.10)
Q oa IV Q
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ou

where v = v(x) is the outward normal to 0Q at x, 5 (x) = Vu(z) -v(r) and o is the surface

measure on OS).

In order to define the dual space of HJ () we recall two definitions about operators. Let
A: D(A) C E — F be a linear operator, it is densely defined if the domain of A, D(A), is
dense in E. Furthermore, if A is an unbounded linear operator that is densely defined, we
define an unbounded operator A’ : D(A") C F' — E' as follows. We define its domain

D(A") :={v € F'; there exists ¢ > 0 such that |(v, Au)| < c||u||, for all u € D(A)}.

The domain of A’ turns out to be a linear subspace of F’. Now, we define A'v. Given

v € D(A"), consider the map ¢ : D(A) — R defined by

g(u) = (v, Au), for all u € D(A).
We have

lg(u)] < cllullg, for all u e D(A).

By Hahn-Banach Theorem, there exists a linear functional f : E — R that extends g and
such that
|f(w)] < cllullg, forall u € E.

It follows that f € E’. Note that the extension of g is unique since D(A) is dense in E.

Then, we set
Alv = f.

The unbounded linear operator A’ : D(A’) C F' — E’ is called the adjoint of A.

The fundamental relation between A and A’ is given by
(v, Au) gy p = (A'v,u) g, for all w € D(A)and for all v € D(A").

Definition 2.15. Let 1 < p < oo. Let p' satisfying ]l? + z% = 1. The dual space of W"" (),
where m > 1 is an integer, is denoted by Wy ™ (Q). If m = 1 and p = 2, H-Y(Q) is the
dual space of H}(Q).

Theorem 2.24. The dual space H=(Q) is a Hilbert space. In the case of L*(Q) it is identified

with its own dual. The following inclusions are dense and continuous

HYQ) — L3(Q) S L2 (Q) — H .
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2.5 Differentiability of Weak Solutions

This section is devoted to regularity of the weak solutions of elliptic equations. We present
differentiability results about of the weak solutions of high order equations. Those equations
are given by linear elliptic operators having principal part in divergence form under assump-
tions of relatively weak smoothness on the coefficients. The next results were taken from D.

Gilbarg and N. S. Trudinger [GTS88|.

We consider operators L of the form
Lu = D; (a”(z)Dju+ b'(z)u) + ¢’ (z)Diu + d(z)u, i,j=1,...N, (2.11)

whose coefficients a¥/, b?, ¢!, d are assumed to be measurable functions on a domain 2 C RV,
Let fi, i = 1,...,N be locally integrable functions in 2. Then, a weakly differentiable

function u will be called a weak solution of the equation

Lu=D;f'in Q

(Lu,v) = / f'Dyv, for all v € Cy(9).
Q

Also, we assume that L is strictly elliptic in €0, that is, there exists a positive number A such
that

a (2)&€; > Mx) |€]?, for all z € Q and for all € = (&,...,&,) € RY\ {0}.

We also assume that L has bounded coefficients, i.e. there exist constants A and v > 0 such
that

N N
SN a7 (@) < A2 and A- Z (F@F + @) + 2 @) < v, for all z € 9.
i=1 j=1

Theorem 2.25. Let u € H'(Q) be a weak solution of the equation Lu = f in S, where L is
strictly elliptic in (0, the coefficients a™, bl € C™1(Q), the coefficients ¢*, d € C™~4Y(Q) and
the function f € W™2(Q), m > 1. Then for any sub-domain €' C Q with compact closure
in Q, we have uw € W™22(Q)) and

||U||Wm+2v2(9') <C <||U||H1(Q) + ||f||wmy2(9)> for C'=C(N,A,m, K),

where K = max {\|ai’j|

omic@ys 1 lomi@y s Iellom 1oy > llllom -1 }

Theorem 2.26. Let f € LP, 1 < p < o0, and let w be the Newtonian potential of f. Then
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we W?P(Q), Aw= f a. e and
[D*w], < U1, .

where C' depends only on N and p. Furthermore, when p = 2 we have

[ o7l = [ 7.

2.6 Index Theory

Index theory comprises the study of invariants in topological spaces. These invariants
suitably characterize the spaces in order to apply some methods of the Critical Point Theory.
Among these invariants are known the topological Degree, Ljusternik-Schnirelman Category
and the Krasnoselskii Genus. For the particular interest of this work, in this section we
present the principal results about Genus Theory. Details of General Index Theory can be
seen in P. H. Rabinowitz [Rab74], M. Struwe [Str90] and Coffman [Cof69].

2.6.1 Genus Theory

Let E be a real Banach space and the class
A:={AC E\{0};Aclosed in F and — A = A}.
Let A € A be non-empty. If there exist odd maps in C'(A4;RY \ {0}), we can define
G :={N > 1; there exists h € C(4;R" \ {0})such that h(—u) = —h(u)} .
The genus of A is defined by

minG, if G
Y(A):= { ’ .

00, ifG=0

If A=10, we write v(A) =0. In the case 0 € A we say that v(A) = oco.

We describe some properties of the genus in the following proposition.
Proposition 2.2. Let A, B € A. Then the following hold:

1. v(A) >0, and v (A) = 0 if and only if A = 0.

2. ACB,v(A) <~(B).

3. Let h € C(E,E) be an odd map, then y(A) <~ (h(A))
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4. 7(AUB) <v(A) +7(B).

5. If A€ A is compact, then v (A) < oo and there exists 6 > 0 such that Ns(A) € A and
~y (Ng(A)) =~ (A), where Ns(A) :={z € E; dist(x,A) < d}.

6. If there is an odd homeomorphism h € C(A, B), then v (A) = v (B).
7. If y(B) <00, y(A\ B) =2 v (A) —~(B).

8. If y(A) > k, V is a k-dimensional subspace of E, and V= is an algebraically and
topologically complementary subspace, then ANVL 0.

The notion of genus generalizes the notion of dimension of a linear space as the following

result shows.

Theorem 2.27. Let §) be bounded, open and symmetric subset in RY with 0 € Q and A € A.
If there exists an odd homeomorphism h : A — 02, then y(A) = N.

Corollary 2.27.1. Let A € A. If there exists an odd homeomorphism from A to the sphere
of RN, SN~ then v(A) = N.

2.7 Regular Points and Submersions

Although, we are interested in the critical points of a functional, its regular points are
not less important thanks to the useful property of regular-level sets. In this section we
characterize such regular-level sets as manifolds of infinite dimension. An entire description
of this theory is done in E. Zeidler [Zei84] and [Zei88], T. Schwartz [Shw69], P. Blanchard
and E. Briining [BB92] and L. Ljusternik and L. Schnirelman [LS34].

Definition 2.16. Let E be a Banach space, U an open set of E, J € C* (U,R) and u € U.
If J'(u) is a surjective function, then u € U is a regular point of J. A real number c is a
reqular value of J if every point of the level set J=1(c) is a regular point. In particular, if
J7Yc) =0, then c is a reqular value. Finally, a level set J~1(c) is called a regular level set

if ¢ is a reqular value of J.

Definition 2.17. If E, F' are real Banach spaces, then a map G : D(G) C E — F is called
a submersion at ug € D(G) if and only if the following hold:

1. G is continuously Fréchet differentiable in a neighborhood of uy,

2. G'(wy) : E — F is surjective,
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3. The null space Ker(G'(ug)) splits £
E = Ker(G'(up)) ® (I — P)(E),

where P is a continuous projection operator of E on Ker(G'(ug)).

In differential geometry, we know that every regular level set of a smooth map between
smooth manifolds is a properly embedded submanifold. The next result is a generalization

for manifolds over real Banach spaces (not necessarily of finite dimension).

Definition 2.18. Let V' be a linear topological space and M a topological space. A smooth

V-structure on M is a pair (4, J), where
1. L={U,} is an open covering of M.
2. 3 ={0.} is a family of mappings 0, : Uy, — V' such that
(a) 0,(Uy) is an open set.
(b) 0, : Uy — 0(Uy,) is a homeomorphism.
(¢) The composition of functions HQQEI 105(Us NUg) — 0,(Uy N Ug) is smooth.

The topological space M provided with a smooth V-structure is called a smooth V-manifold.

Every homeomorphism 6 € J is called a chart or coordinate system. If M has a V-structure
of class C*, M is a V-manifold of class C*.

Example.

Let H be a Hilbert space, every open set M C H is a H-manifold of class C*. If M
is provided with the families {M} and {i}, where ¢ : M — H is the inclusion, M is a
H-manifold.

Many other manifolds are obtained thanks to the implicit function theorem.

Proposition 2.3 (Product Manifold). Let {(U,,60.)} be a Vi-structure of class C' on
My and {(U!,;)} be a Vy-structure of class C' on M. The collections {U, x U/} and
{0, x Ul — Vi x Va} give a Vi x Vy-structure on My x My. Therefore, My x My is a Vi X Va-

manifold of class C'.
The next result claims that a level set is a C'-manifold.

Theorem 2.28 (Ljusternick [LS34]). Let E, F be real Banach spaces and G : D(G) C
E — F. Set M = {u e D(G); G(u) =0}. Assume that M is non empty. If D(G) is open
and G : D(G) C E — F is a submersion for allu € M, then M is a manifold of class C?.
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Definition 2.19. Let E be a real Banach space and M be a V-manifold of class C, we
call M a sphere-like if there ezists a diffeomorphism g of M onto the unit sphere S(E) of a
Banach space E.

Naturally this definition presumes that S(E) is itself a E-manifold of class C.

Theorem 2.29. Let E be a real Banach space with norm q(x) = ||z|, in C*(E \ {0}),
f:E— R aC* function on E. Then the level surface

M, ={z € E; f(z)=c}
of f is sphere-like, if
1. fl(x)[z] = (f'(x),z) #0, for all x € M..
2. Every ray from the origin intersects M. at exactly one point.

The diffeomorphism r. which maps M, on S(FE) is given by the restriction to M. of the

mapping
r: E\{0} — S(FE)

r — r(x)=

Izl g
and satifies

lro(@)|| g < ——, for all x € M..

HI'HE,

2.8 Ciritical Point Theory

The problems of extremes with restrictions are generally approached with the techniques
that seek critical points of a functional defined on a Banach space with a restriction condition.
In this section we explain the necessary conditions for such functional to have critical points,
and we present theorems that help to achieve these critical points. More details can be seen
in O. Kavian [Kav93], E. Zeidler [Zei84], P. Blanchard and E. Briining [BB92].

2.8.1 Critical Points and The Palais-Smale Condition

Definition 2.20. Let E be a Banach space and let J : E — R be a functional. For c € R,
we define
Jo={x e E;J(zx) <c}.

The sets J¢ are called the sublevel sets of J, or simply sublevels of J. Any point u € J7(c)

1s said to be a point at level c.
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Definition 2.21. Let E be a Banach space, U be a open set of E and J € C* (U,R). The
point uw € U is a critical point of J if J'(u) =0, and c € R is a critical value of J if J~*(c)

contains a critical point. The set of critical points at the level ¢ is denoted by
K.:={x € E; J(z)=cand J'(z) =0}.

In the sequel we will be interested in topological properties of the sublevel sets of a
functional and, mostly, in the correlation between topological properties of sublevels and

presence of critical points.

Definition 2.22. Let E' a Banach space and let J : E — R be a differentiable functional.
A sequence (uy) C E such that the sequence (J (ux)) is bounded and J' (uy) — 0 (in E') as
k — 00, is called a Palais-Smale sequence for J.

Letc e R. If J (ug) = c and J' (ug) — 0 (in E') as k — oo, then (uy,) is called a Palais-Smale

sequence for J at level c. In this case, c is called a Palais-Smale level for J.

Considering that we will deal with Hilbert spaces in our work, we need the following
definition.

Let H be a Hilbert space, U C H an open set and R : H' — H the Riesz isomorphism.
Assume that the functional J : U — R is differentiable at u. The element R.J'(u) € H is
called the gradient of J at v and is denoted by V.J (u).

Therefore,
J (u)[z] = (VJ(u),z)y, forall z€ H,

where J' (u) € £L(H,R) = H'.

In this way, the second property of the Palais-Smale sequence implies V.J (ug) — 0 in H
as k — co. We point out that the convergence takes place in the strong topology of H.

Definition 2.23. Let E be a Banach space and let J : E — R be a differentiable functional.
We say that J satisfies the Palais-Smale condition (shortly: J satisfies (PS)) if every Palais-
Smale sequence for J has a convergent subsequence. We say that J satisfies the Palais-Smale
condition at level ¢ € R (shortly: J satisfies (PS).) if every Palais-Smale sequence at level

c has a convergent subsequence.

Proposition 2.4. Let E be a Banach space and let J : E — R be a C'-functional. If there
exists a Palais-Smale sequence for J and J satisfies (PS), then J has a critical point. If there
exists a Palais-Smale sequence for J at level ¢ and J satisfies (PS)., then J has a critical

point at level c.
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2.8.2 Critical points under constraints and The Palais-Smale Con-
dition
The next result is a generalization of the existence of Lagrange multipliers for a smooth

constraint condition due to L. Ljusternik and L. Schnirelman [LS34].

Theorem 2.30 (Lagrange Multipliers Theorem). Let E a real Banach space and U (ug)
be open neighborhood of ug in E. Suppose that the following two conditions hold.

1. F: E — R is a Frechét differentiable function at ug.
2. G :U(uy) — R is a submersion at uy.

Then, if F' has a local minimum at ug in M = {u € U(ug); G(u) =0}, there exits A in R
such that

F'(ug) [x] = AG'(ug) [#] =0 for all z € E.

In view of the Lagrange Multipliers Theorem 2.30 the (PS) condition also takes some

adaptations for critical points with constrictions.

Definition 2.24 (Local Palais-Smale Condition). Let E be real Banach space, J a
differentiable functional on E and G : E — R. Set M = {u € E; G(u) =0}. Assume that
G is a differentiable functional on E and G'(u) # 0, for allu € M. Let ¢ be a real number.
We say that the restricted functional J|,, verify the Palais-Smale condition on M if all
sequence (Un, A\p,) € M x R such that J(u,) — ¢ on R and J'(u,) — \,G'(u,) — 0 on E' as

n — 0o, contains a subsequence (Up, , An, ) converging to (u, A) € M x R.

Note that Proposition 2.4 is applicable with the Palais-Smale condition with constraint

condition.

Theorem 2.31. Assume H is a real infinite dimensional Hilbert space, f € C'(H,R) is
even, flg satisfies (PS) and is bounded from below, where S, .= {x € H; ||z| = 1}. Then,

fls, has infinitely many antipodal pairs of critical points.

2.8.3 Deformations

Other implications of the Palais-Smale conditions appears when we work with deforma-

tions.

Definition 2.25. Let E a Banach space and B C E be a subset. A deformation of B is a
continuous function n : [0,1] x B — B such that n(0,u) = u for all u € B.
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Definition 2.26. Let E be a Banach space and let A C B C E. We say that B is deformable
in A if there exists a deformationn of B such that n(t,u) € A for allu € A and allt € [0, 1],
and n(1,u) € A for allu € B.

Next, let us consider a more general version of the deformation theorem due to Clark
[ClaT2].

Theorem 2.32. Let E be a Banach space and let J : E — R be a C'-functional satisfying
(PS). Given ¢ € R and an open neighborhood U of K., then there exist € > 0 and n €
C([0,1] x E, E) such that

1. n(0,u) =wu for allu € E and all t € [0,1],

2. n(t,u) =u for allu ¢ J~' [c — 2¢,c+ 2¢| and all t € [0, 1],

3. n(t,): E— E is a homeomorphism for all t € [0, 1],

4. J(n(t,u)) < J(u) for allu € E and all t € [0, 1],

5. n (1, Jre\U) C J,

6. If K.=0, n(l,Jte\U)C J,

7. If J is even, n(t,-) is odd in u.

In order to apply the deformation properties to certain sets, it is necessary to make use
of the following property.

Proposition 2.5. Let E be an m-dimensional normed space and U™ ' :={u € E; |jul| =1}

be a level set. There exists an odd homeomorphism between the sphere S™~% and the level set
um-t,

Proof. Let {uy,...,u,} be a basis of unitary vectors of E. For each u € U™, there exist
unique numbers 1, ..., Z,,, not all null, such that v = zyu; + - - - + x,,u,,. Consider the next
functions

h:U™ 1 — sl

u s h(u) = x where x = (z1,...,2,) € R™,

(B[P

and
g: Sm—1 — Ut
o y1U1++mem
lyrus + - + YUl

(yla"'aym) — g(y17-~7ym)

It is straight to verify that h is the inverse function of g. Thus, ¢ is a bijective function.
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We continue by showing the continuity of g. Let a = (aq,...,a,;,) and y = (y1,. .., Ym)

belong to S™ !, consider

Y1uUp + A YU, U
W1 tm) — g(y) = -
lyrus + -+ ymtall T
and
aiul + -+ apt, v
DR m 'H = :: ‘
(aq, , Q) g(a) larus + -+ + @ity || vl

We are going to estimate the norm ||g(y) — g(a)|

lots) - sl = | v = 7o = e = 7o+ 7o~ 7|
9(y) —gla)|| = - = - - :
[ull - flv]] full ol ol vl
Applying the triangular inequality, we obtain
u u u v
lot) - sl < |7~ 1|+ |~ 7o |
[Jull - [lv] HUII ]
1 1
= |7 [ull + 7 flu = o]
lull ol v ||
o]l = [Jul
= | S|l + e e =]
[l ]l || |

= o |llell = llull| + T lu = v
ol m

Since

R’VV‘L )

ol = ] < flu = oll < Zm il = 3" s — af < mlly — a

=1

we obtain that
2m

lgw) = g(@)ll = 2 lly = allgen
From above, for every ¢ > 0 there exists § = 9% > 0 such that for all y, if ||y — a||gm < 9,
then ||g(y) — g(a)|| < €. Since a € S™! is an arbitrary point, ¢ is a continuous function on
smL.
Now, the sphere S™! is a compact set and ¢ is a bijective continuous function, then ¢
is a homeomorphism.

Finally,
9(=y) = ll=ull ™" (=u) = = [lu ™" (u) = —g(y),

that is, ¢ is an odd homeomorphism between S™~! and U™ !. O

Now, we have the necessary background to present a characterization for the critical
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points of a differentiable functional; the critical points are characterized by the genus of

certain sets. This result was given by of Ambrosetti, A. and Rabinowitz, P. H. in [AR73].
Theorem 2.33. Let E be a Banach space, B, = {u € E; |u| <r},

Iy, ={K C E; K is symmetric and closed with v (K) > m}

and let J € CY(E,R) be a functional satisfying:
1. J(0) = 0.
2. There exists a p > 0 such that J >0 in 0B, \ {0} and J > a >0 on 0B,.

3. J satisfies (PS) condition.

For each m € N, let
by, = inf sup J(u).

Kelm yek

Then 0 < a < by, < byy1 and by, is a critical value of J. Moreover, if b1 = ... = by = b,
then ~v(Ky) > r.

2.9 Trace Theory

Let 2 a bounded open set in RY with boundary 9. Consider the Dirichlet and Neumann

problems respectively

—Au = f inQ,
(D) B
ulyg = h  on 09Q,

and
—Au = f inQ,

N
(N) @ = h on 0,
g0

where f and h are real valued functions defined on € and 0f2 respectively, v = v(x) is the
outward normal to 9 at z, 2%(z) = Vu(z).v(z) and A = SN &

o i=1 922"
If we want to solve the problem (D) in the frame of Sobolev spaces, we need to define

the meaning of the constraint condition u|,, being equal to h. Similarly, in the problem

£ 5 Lo

will assign a meaning to expressions like u/,, and

(N) we need to give a sense the constraint o is equal to h. Thus, in this section we

%‘ s When u belongs to some Sobolev
space. Therefore, we require to generalize the notion of boundary values to such functions.
The details of the proofs of the next theorems are in S. Kesavan [Kes89).

We will start with the case 2 = RY. The case of a smooth open set Q will follow by
the use of local charts and a corresponding partition of unity. The theory that we present is

valid for other values of p but we restrict our attention to the case p = 2.
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Theorem 2.34. Let Q2 = Rf. Then there exists a continuous linear map
Yo 1 H! (Rf) — L2 (]RN_l) such that, if v is continuous on @, then

Yo (v) = v|gn-1- (2.12)

Definition 2.27. The image of the map o s called the trace map of order zero.
Theorem 2.35. The image of the map ~y, is the space H:z (RN_l).

Lemma 2.1 (Green’s formula). Let u,v € H' (Rf) Then

/ uav:— auv forall 1<i<N-—1, (2.13)
RN 8@ RN (92:1
+ +

/]RN dr, /RN o, /Rfl 70 () Y0 (v) - (2.14)

Corollary 2.35.1. If u,v € H! (Rﬂ\:) and at least one of them is in the ker (o), then
equation (2.13) holds for all 1 <i < N.

Theorem 2.36. ker(y,) = Hj (RY).

Let us now deal with the case of a bounded open set  of class C*. Let {(Uj, T])}f:1
be associated local charts for the boundary 02 and let {wj}?zl be a partition of unity
subordinate to the cover {Uj}f:1 of 0. If u € H' (Q2), then <¢j“’Uij> oT; € H} (RY) and
so we can define its trace as an element of H'/2(RV~!). Coming back T; ' we can define the
trace on U; N JNQ. Hence, we get the trace yo(u) in L? (952) and the image will be precisely
H:z (0€2). Similarly, if the boundary is smoother we can define the higher order traces ;. In

particular we have the following result.

Theorem 2.37. Let Q C RY be a bounded open set of class C™ 1 with boundary 0. Then
there exists a trace map v = (Yo, Vi, - - - s Ym—1) from H™(Q) into (L* ()™ such that

1. If v e C™(Q), then v (v) = v]yq, 1 (v) = %!89,..., and Ypm—1 (v) = % .
where v is the unit exterior normal to the boundary OS).

2. The image of 7y is the space

t\’)\»—t

m—
J=0

3. The kernel of v is HJ" (2).
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The trace theorem above helps us to obtain Green’s Theorem for functions in H' (Q),
where Q of class C*'. If v(z) denotes the unit exterior normal vector on the boundary 9, we

denote its components along the coordinate axes by v;(z). Thus, we write v = (v1,...,vn).

Theorem 2.38 (Green’s Theorem). Let Q2 be a bounded open set of RY of class C1 lying
in the same side of its boundary 0S). Then

/uﬁv :—/ Ou —{—/ (vou) (yov) vi for all w,v € HY(Q), i=1,...,N, (2.15)
o Oz, o 0z o0

and

N
B ou Ov 9 i
_/QAuvdx = 121/9 o1, 8xidx /ag (mu) (yov) dOS2 for all we H*(Q),v € H (Q).
(2.16)



Chapter 3
Some Physical Facts

In this chapter, we describe the system of equations Schrodinger-Bopp-Podolsky from
the point of view of physics. We present the physical phenomena that the equations are
modeling in the three dimensional space. For this purpose, only in this chapter N = 3. Also,

we will define some terms that we will use in next chapters.

3.1 Variational Principle

According with I. Ekeland [Eke74] the variational principle states that if a differentiable
functional F' attains its minimum at some point u, then F’(u) = 0. Therefore, most of the
times, solving differential equations is concerned with finding extremal points of a certain
functional whose domain is a space of curves. It is worth mentioning that almost all the
fundamental equations of motion obey a variational principle.

Generally, the goal of the variational principle is to minimize a definite integral of the

form

J(y)z/ [, y(2),y (v))dx

subject to the boundary conditions y(a) = y, and y(b) = y,. We emphasize that J is a
Fréchet differentiable functional whose domain is a space of curves. The differential of that
functional is also called its wvariation, and equaling the differential to zero, we obtain the
Fuler-Lagrange equation relative to J. An extremal of the functional J is a curve gy, such
that J'(yo) = 0.

An example of such functional arises when we look for the length of a curve. Indeed, let
v={(t,x) : x =x(t),to <t <t} be a curve in the plane, 2’ = % and L = L(t, z(t), 2'(t))
a differentiable function. We define the functional ¢ by

() = / Lt 2 (1), 2 (1)) dt.

to

29
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We get the length of v by defining L = /1 + [2/(¢)]°.
The following is an example of the variational principle extracted from physics. The
equations of motion of k£ particles whose positions at the time ¢ are given by the functions

zj(t), =1,...,k, are the Euler-Lagrange equations relative to the functional

S:/(Z%‘x;(t)}Q—V(t,xl(t),...,xk(t))> dt,

j=1

where m; is the mass of the j-th particle and V' is the potential energy of the system.

Also, physics describes the motion of a particle in the next principle.

Theorem 3.1 (Hamilton’s principle of least action). Motions of the mechanical system

coincide with extremes of the functional

o) = [ Lar

where L =T — U 1s the difference between the kinetic and potential energy, the set
v={(t.x) :x==a(t),to <t < t1} is a differentiable curve, ¥’ = % and L = L(t,z(t),2'(t))

a differentiable function.

3.2 Eigenvalues and eigenfunctions of the Schrodinger
equation

In this section, we explain the presence of the Schrodinger equation in system (1).
The Schrodinger equation describes the wave equation that satisfies a Broglie particle, i.
e. a particle that share both wave and particle properties.
We denote the kinetic energy by E and the light frequency by w. These variables are
related by the Plank constant 7
E = Iw. (3.1)

On one hand, the Plank constant defines the momentum vector
p = hk, (3.2)

where k is called the wave number k, in the special case of a matter wave, |k| is given
by k| = 27”, where A is the wavelength. On the other hand, the speed of light in vacuum,
denoted by ¢, defines the angular frequency of the wave w as follows

w=rclk|.
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Counsider a wave

Y(t, z) = exp(—i(wt —k - x)) (3.3)

where o € R3. The differentiation respect to t is

O

E(t’x) = —iwexp(—i(wt — k- x)),

multiplying by ih and replacing (3.1) we obtain

9y

L0
o

(t,z) = hwp(t, x) = E(t, x). (3.4)
Also, the differentiation of ) respect to = gives

Vot ) = ikt 2),
by Equation (3.2) we have
hV(t, x) = ipy(t, o),

hence, the momentum turns out to be

k(L x)
p= G (3.5)

The total energy of a particle with mass m and potential energy v(x) is given by

p|’
E= 1 .
o + v(x)

Observe that multiplying E by (¢, x) we have another expression for the equality (3.4), i. e.

2

iha—w(t, x) =

T »(t, x).

Replacing the momentum p in (3.5) we finally obtain the Schrédinger equation

ih%—f(t,x) = —;—mVQzD(t,ﬁ) +v(z)Y(t, z), (3.6)

3 0%Y(te
where V2i)(t, ) = Ap(t,x) = S22, gggg )
In order to find solutions for the Schrédinger equation (3.6), we try a solution of the

form
Y(t, z) = T(t)u(z), (3.7)

where T : [0,00) — R is positive and independent of x and v : R®> — R is independent of .
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From equation above follows that

V2Y(t,x) = T(z)Vu(x),

and o0 .
E(m,t) = u(a:,t)%.
Exchanging these equalities in the Schrodinger equation, we obtain
, ar h? 9
zhu(m)a = —%T(t)v u(z) + v(x)T (t)u(z),
hence s
ihg _ =g + v@)u() 5.4
T(t) u(z) '

Since the right-hand side of the equality above only depends on x and the left-hand side
term only depends on ¢, the expressions on each side of the equation must be equal to a
constant term. Such constant will be denoted by w'. Thus, (3.8) implies the two ordinary

differential equations

dTr
h— = WI'(t

(3.9)
272
—hz—rz(x)ij(x)u(x) = wu(x).
Determining the values that may be assigned to w depends on the boundary conditions.
Then, we are facing the problem of not only solving (3.9) but finding the general solution
u(z) = uy(z) for the required conditions. It can be shown that there is only a discrete set of
values of w. Any such value w, is called eigenvalue. The corresponding solution w,, is called
eigenfunction.
Observe that both of the differential equations in (3.9) are eigenvalue problems. Fur-
thermore, the product of an eigenfunction by a nonzero constant is also an eigenfunction

corresponding to the same eigenvalue. For this reason, we may impose the normalizing con-

/u2:1
Q

for every function that we deal with. Thus, the Schrodinger equation is equivalent to a

dition

Lagrange multiplier problem. Note that the normalizing condition is also included in our
system Schrodinger-Bopp-Podolsky, see end of the Chapter 1.

Finally, note that the Schrodinger equation (3.6) coincides with the first equation of our
principal Schrédinger-Bopp-Podolsky system if m = h—;, v is the potential ¢, and ) is the
function w.

1Using the energy equation, the constant w can be showed to be E which depends on the boundary
conditions.
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3.3 Description of the solution of the Schrodinger equa-
tion

We recall the Schrédinger equation in (3.6)

Oy R,
lha(twf) - _%v ¢(t7$) + U(ZL’)@Z}(t, IL‘)7
and the system (3.9) with w = E
dT
h— = ET
ih 7 (1)
_PV2u(x)

T +v(x)u(x) = Eu(x).

In this section, we will solve that system of equations.

By the method of integrating factors in the first equation, we obtain

T(t) = exp (%Et) |

Since we are looking for a function 1 as in Equation (3.7), we have
W(t, x) = exp (Tlt) u(z).
Note that ¥(0,z) = u(z).
For the second equation of the system above we consider a particle with potential v(x) =

0, then we obtain

d*u(z)  2mE
+

T2 2 u(z) =0, (3.10)

where u(0) = 0.
The solutions of equation (3.10) depend of the energy value E. Indeed, if E = 0 we have

an homogeneous differential equation, then integrating we have
u(xr) = A+ Bz,

where A and B are constants. If E # 0, the characteristic equation of the differential equation
(3.10) can have:

1. two complex roots if the energy E is negative then

u(x) = Acosh <—”2m|E|$) + Bsinh (—”2m’E|a¢> :

h h
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2. two real roots if the energy E is positive then

u(z) = Acos < 2mEx> + Bsin ( 2mEx> ,

h

where A and B are constants.
The condition u(0) = 0 implies in every case that A = 0. When E < 0, it also implies

that B = 0. Hence, we get the trivial solution. But, in the case E > 0, we obtain a non-null

solution u(x) = Bsin (—V%TE:L') whenever B is non-null. The value of B depends on the

normalization condition.

Taking

vV 2mE nmw

h a,’

where n and a,, are positive integers. Then, the energy take the following discrete values

n?m?h?

5
2maz

E=E, =

Thereby, we have discrete solutions u(z) = u,(z) = Bsin (%)
n?m2h

5 - Observe

From equation (3.1) and the discrete values of energy, we obtain that w,, =

that the sequence w, — oo as n — oo.

We will obtain similar results in Chapter 4.

3.4 Non-linear Electrodynamics

This section attends to the equations of system (1) as equations that obey a variational
principle.

The dynamics of electrical and magnetic fields are well described by the Maxwell equa-
tions, then those fields satisfy the linear superposition principle. This principle applies to
phenomena at the macroscopic level and at the atomic level. But at the subatomic level,
there could be a non-linear behavior because as charged particles approach each other, their
electrical fields increase rapidly. The study of this phenomenon is called electrodynamic
generalizations, also called non-linear electrodynamics (NLED), that proposes to replace
the lagrangian of Maxwell for another one containing non-linear terms of electromagnetic
invariants.

In separated studies, F. Bopp [Bop40] and B. Podolsky [Pod42] proposed a theory of
second order gauge invariance to solve the infinity problem that appears in the classical

Maxwell theory. In classical theory, the electric potential ¢ of some charge distribution,
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whose density is p, satisfies the equation
A¢ =p in R’ (3.11)

If the differential equation above has constant coefficient p = 47d,,, zo € R?, its funda-

mental solution is g(z — x¢) where g(z) = ﬁ Thus the electrostatic energy is

1
Enas(9) = 5 / Vg[* = +oc.
The Bopp-Podolsky theory replaces the Posisson equation (3.11) by
—A¢+ a’A%p = p. (3.12)

If p = 476,,, we have an operator —A + a*A? with constant coefficients, whose fundamental

solution is given by

— exp(=
K(z) = 1Tpl(a>'

Note that the function K has no singularity in z( since it satisfies

1
lim K(x —xg) = —

T—I0 a

and its energy is
2

1
Egp == | VEP+% | |AK]? < .
2 R3 2 R3

P. d’Avenia and G. Siciliano show in [dS19] that K is the fundamental solution of the
operator —A 4 a2A?2.

3.4.1 A system of Schiodinger-Bopp-Podolsky equations

By the Hamilton principle, every motion equation obeys to an Euler-Lagrange equation.
We present the Euler-Lagrange equations for a system of equations of Schiodinger and
Bopp-Podolsky.

The Schrodinger equation for a particle in an electrodynamic field, whose gauge potentials
are A and o, is ,

ih%—f - % (—ihV . ZA) b — ed, (3.13)
where ¢(t,z) € C is the wave function, m is the mass, e is the charge of the particle and h

is the Plank constant. The Lagrangian density relative to (3.13) is given by

Lo, — % [m%—f@z} Fepl® — % )(—mv - ZA) zpﬂ .
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1S(x,t)
h

If we set (z,t) = u(z,t) exp( ), Ls. takes the form

h2 2 1 e 2 2
Lo =5 |Vuf* = [St—e¢+%<VS—EA> ]u

where ¢ : R® — R and A : R® — R3. The pair of functions (¢, A) is the gauge potential of
the electromagnetic field (E, H) and satisfies

1
E=-Vo—-0A and H=VxA (3.14)

B. Podolsky obtained in [Pod42] that the Bopp-Podolsky lagrangian density is

}

[ 2
— |V x A]* +d® (AQH— %div@tA)

2

1
£Bp = - {|]§)|2 — |H|2 + CL2
8

1
(divE)? — ‘v xH - -0,E
C

1 2

1

8

1 1 2
—‘VXVXA—I—E&: (V¢+E(9tA) ]}

Thus, the total action is

S(¢7 (b? A) = /L:Sc + Edexdt

Considering 1 (t, ) = exp(iS(t, x))u(t, z), the Euler-Lagrange equations of S are given
by

h? 1 e \2
0 = s—du+t [St—e¢+%<v5—gA) ]u

B 0, 5 1 .. e 9
1 1 1 1
dreu? = a? [A <A¢+Ediv0tA)—E(’)tdiv (VXVXA—G—Eat <v¢+zaA>)]
1
—V~(2At+v¢),
h 1 |1 1
0 = —q<VS—iA>u2——{—8t<v¢+—8tA+VxVxA)}
me he 47 | ¢ c

CL2

1 1 1
+— |-V [ Ap+ —divO,A | = VXV XV XxVXxA-—=0,VxVxA
At | ¢ c c?
1 1 1 1
— -V xV x @t <V¢ + —(7tA) — —Sf)ttt <V§b—|— —GtA)} .
c c c c
if we look for solutions u, S, A and ¢ for system above of the type

u=u(zr), S=wt, A=0 and ¢=¢(zx),
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the first and second equations are satisfied, while the third and fourth equations become the

Schrodinger-Bopp-Podolsky equations

—Au+¢u = wu in )
A?p—A¢p = u? inQ

The system above together with the boundary conditions

u=Ap=¢p=0 on 0N

Q

and normalizing condition

will be called the SBP system.
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Chapter 4

Solution of the SBP system

In this chapter, we study the eigenvalue problem that incorporates the biharmonic oper-
ator. We aim to show the existence of real numbers w and real functions u and ¢ satisfying

the SBP system

{_A”J”bu - Y, (4.1)

A% —ANp = u?
with the boundary conditions

u=Ap=¢p=0 on 0N

/u2:1,
Q

where  is a bounded open subset of RV, N > 3.
Let A be the Laplace operator. The biharmonic operator is defined as A2, it is a differ-

and normalizing condition

ential operator of forth order given by

4.1 Description of the solutions

Defining a weak solution for a differential problem also implies determining the space of

functions where that weak solution belongs. First, considering from the SBP system

{ —Au+¢u = wuin (), (4.2)

u = 0 on 0,

39
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we recognize an homogeneus Dirichlet problem. In order to obtain the definition of a weak
solution for the subsystem (4.2), it is necessary to obtain the bilinear form associated with
it, see Section 2.5. So, we consider a classical solution u € C?(2) that satisfies (4.2) for all

x € Q. Now, taking v € C}(Q), we multiply the first equation in (4.2) by v and integrating

—/Auv+/¢uv—/wuv.
Q Q Q

By the Green’s formula (2.10)

over {)

/Vqu+/¢uv:/wuv, for all v € Cy(€2).
Q Q Q

This formula also makes sense if we weaken the conditions for the function u. Observe that
the equation is satisfied by integrable functions u and v whose all first derivatives are also

integrable. In particular, if v = u

/|Vu|2-|—/gbu2:/wu2.
0 Q 0

Thus, it is sufficient to let u be a function in L?(2) with compact support and Vu € L?*(9).
Note that we do not need ¢ to be continuous. Hence, we determine that u belongs to the

Sobolev space Hi () and the continuous bilinear form associated to the equation in (4.2) is

a(u,v) := / VuVov + / puv, for all u,v € Hy(S). (4.3)
0 Q

We have already seen that formulating a weak solution for the SBP system we had used
the classical Green’s formula, then before working on the second equation of (4.1) we need

a formula that generalizes the Green’s formula for the powers of the Laplacian operator.

Proposition 4.1. Let Q be a smooth open set in RN lying on the same side of its boundary
Q. Let uw € Hy () and v € C* (Q) N H2(Q) such that Av =v =u =0 on 99, then

/Q u (A%0) dz = / AuAvdz. (4.4)

Q

Proof. Since C* (Q) is dense in H} (Q) and H? (£2), there exist mollifiers sequences {u,, },,
and {vy, },, € C* () converging to u € H} () and v € C* (Q) N H? (Q) respectively. Keep
in mind that

A*v,, = A(Av,,), for all m € N.

For every i,7 € {1,..., N}, we apply the classical Green’s formula in Theorem (2.10) to the

term ij of the sum w,, (Av,,) two times, we obtain



4.1 DESCRIPTION OF THE SOLUTIONS 41

/ vy, dr— | 820m82umd +/ Ou_ma%md
Qum O30} e o Ox3 Oz} ’ 59 Y or 022

J

3
+ / umMmda, (4.5)

where v(z) = (v1(x), - ,vn(z)) is the outward normal to 02 at x and o is the surface

measure on 0f).

By Theorem 2.37, there exists a trace map v = (79, v1) from H} () into (L? (2))? such

that
Oy,

Yo(tm) = um‘aQ and v (um) = ——

£y , foralln e N.

o0N

Replacing those equalities in equation (4.5), we obtain

/u R de — — | — %%da?%-/ . (u)%da
o | \0x30x} B o 0x? Ox? 50 “IL At o3

+/89")/0('U/ )axialjy g ( )
The continuity of the trace maps 7y and v, allow us to deduce

ou

lim yo(um) = 70(u) = uly,, and limyy(up,) =71 (u) = £

o0
Applying the Dominated Convergence Theorem 2.8 to the sequences u,, — u, v,, — v,

Yo(um) = Yo(u), 11 (um) = Y1 (u), O*uy, — 0Fu and O*v,, — v, for all k = {1,...,4}, we
get from Equation (4.6)

ot 0%v 0*u 0%
G e o = SRy RATE = 2

3
+ / o () =2 o (4.7)
oN

Note that the last two terms on the right side are zero since Theorem 2.37 implies u € ker (),

then ot Py 52
v u 0%v

—— | dz = ———dx. 4.8

/Qu (axfax?) o o 027 8%2- o (48)

Summing all the terms 75, we get

/Qu (A%) do = /QAuAvdx. (4.9)
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]

We continue with the determination of weak solutions for the SBP system. We already
know that u must belong to H}(Q2), now we will analyze the space where ¢ lies. So, we are

going to consider a second subsystem from SBP

{ A2 —Ap = u?in Q, (410

u=Ap=¢ = 0on 0f).

let ¢ € C*(Q) be a classical solution of (4.10) for all x € Q. We take v € C}(Q) N H3(Q)
and multiply the first equation of (4.10) by v and integrate over {2

/QA2¢U—/QA¢U:/Qu2v.

By Proposition (4.1) and Green’s formula (2.10), we have
/ ApAv + / VoVu = / w*v  for all v € C5(Q) N H(Q).
Q Q Q
Observe that this formula also makes sense if A¢ and V¢ are integrable functions on €.

Also, if v = ¢
Lo+ [ 1vor = [ ao

That is sufficient that ¢ belongs to the intersection of Sobolev spaces HJ(2) and H?().

From now on, we denote by
Haz (2):= HY(Q) N H?(Q)

and the associated continuous bilinear form to the first equation (4.10) of
b(p,v) := /QAQSAU —I—/QVQZSVU, for all ¢, v € Ha2(Q). (4.11)
4.1.1 The space Haz(2).
Let 2 C RY be a bounded open set, N > 3. The Hilbert space
Ha2(2) = Hy(2) N H?(K).

When there is no confusion we shall often write Ha= instead of Ha2(£2).
Observe that Ha2(Q) is a closed subspace of H?(f2); it is a Hilbert space with the
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inherited norm from H? (£2). Also, as a consequence of Poincaré inequality 2.22 we have

[1aep1vop+ o7 < ¢ ([ 1207 +1v6), (412)
Q Q

where C' > 0 is depending only on Q. Thus, we can define a equivalent norm in Haz2((2)

S Y

which is induced by the inner product

given by

(¢7U)HA2 = /g; (ApAv + VoVv) dz.

Observe that it coincides with the continuous bilinear form in (4.11). In fact, (-, -)HA2 satisfies

the Cauchy-Schwartz inequality

’(Cba U)HAQ

< 116l ol -

From Inequality (4.12), follows that (-, ‘)HAQ is a coercive form.

Finally, note that Ha2 (€2) is a reflexive space since it is a closed subset of a reflexive

space.

4.1.2 Manifolds on Hilbert Spaces

The space Hj(€) is a linear topological space, Hj () together the identity function
i HY(Q) — HY(Q) is a H(Q)-structure, according to Definition 2.18 H}(Q) is a H}(Q)-
manifold of class C'. By an analogous reasoning, Ha2(Q) is a Haz(Q2)-manifold of class
o

We define the level set on Hj ()

B = {ue€ Hy(Q); [ull,=1}.

Proposition 4.2. The level set B is a H}(2)-manifold of class C*.

Proof. Set the function

q: H&(Q) — Rzo
u o q(u) = [lull,.
The Chain Rule Theorem 2.1 and Proposition 2.1 imply that ¢ € C*(L*(Q2) \ {0}), the

derivative ¢'(u) [u] = ||u||,, and ¢'(u) [u] # 0 for all w € B. Applying Theorem 2.29, we have
that the level set B is a H}(Q)-manifold. O
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We define the set

M = {(u,qb) € Hy(Q) x Haz; lull, = 1}.
Proposition 4.3. The set M is a H}(Q2) x Haz-manifold of class C'.

Proof. Observe that M is the cartesian product of the H}(Q)-manifold B and Haz-manifold
Haz, both of class C'. Thereby, Proposition 2.3 guarantees that M is a HJ (£2) x Haz-manifold
of class C*. O

Let {uy,...,uy} be a set of linearly independent vectors in Hj(f2). Define

H,, ::span{ adl b il }
ludly™ " [l
Consider the homeomorphism ¢ : H,,, = R™ determined by #( ”;‘_i” ) =e;, withi € {1,...,m},
ill2
where {ey,...,e,} is the canonical basis of R™.

Proposition 4.4. There exists an odd homeomorphism between the sphere S™~' and the set

BNH,, ={ueH, [u,=1}.

Proof. Because of Proposition 2.5, B N H,, is homeomorphic to the sphere S™ 1. n

4.2 The variational principle for the SBP system

As we have seen in Chapter 2, the equations in (4.1) determine the motion of a mass-wave
particle and every equation of motion obeys a variational principle. Section 4.1 prepared us

to propose the variational principle for SBP.

Definition 4.1. A weak solution for the SBP system is a number w € R and an ordered
pair (u, @) € Hy () X Ha2(Q) such that the Euler-Lagrange equations hold, i.e.

/Vquda:—{—/qbuvdx = / wuvdr,  for all v € Hy () (4.13)
0 Q 0

and

/A(bAvd:c—l— / VoVudr = / w’vdz,  for all v € Haz(Q). (4.14)
Q Q Q

We have seen in Section 3.1 that Euler-Lagrange equations correspond to a single vari-
ational principle. We are going to built it. Namely, we have to find a functional whose

derivatives are the Euler-Lagrange equations given in Definition 4.1.



4.3 THE VARIATIONAL PRINCIPLE FOR THE SBP SYSTEM 45

Note that the left side of the Euler-Lagrange equations are a multiple of the bilinear
forms @ and b defined in (4.3) and (4.11) respectively, i.e.

a(u,v) :/Vqudx+/¢uvdx, (4.15)
Q Q
b(¢,v) :/A¢Avdx+/V¢Vvdx. (4.16)
Q Q

Also, the Fréchet derivatives of the continuous bilinear forms, see Proposition 2.1, are

given by
a' (u,v)[u, v] = 2a(u,v)
and

b (¢, v)[d, v] = 2b(¢, v).

Since we look for bilinear forms whose derivatives are the forms a(u, v) in (4.15) and —1b(¢, v)
n (4.16). Thus, they have the functional

F(u,0) 1= yo(uu) = 1b(6,0).

which takes the following form by (4.15) and (4.16)

/]Vu] der + - /¢u2d$——/|A¢] dx ——/ IVo|* d, (4.17)

defined on the vector space Hj (2) x Ha: that contains the manifold
M = {(u,6) € HE (Q) x Haz; Jlull, = 1}.

Thus, the functional F' is Fréchet differentiable. Calculating the partial derivative
F!(u, @) [v] we obtain the expression on the left side of the first Euler-Lagrange equation
(4.13), similarly, the partial derivative F(u, ¢) [v] is a multiple of the expression on the left
side of the second Euler-Lagrange equation (4.14). Then, finding a weak solution for SBP is
equivalent to determining an extreme of F' subject to the constraint condition.

Note that

tliglo F(u,tp) = —o0

and
lim F(tu, ¢) =
t—o00

Therefore, the functional F' is unbounded.
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4.3 The SBP system as a problem of eigenvalues

The objective of this section is to find the critical points of the functional F' on the given

manifold M. We will use the Lagrange Multipliers Theorem 2.30.

Proposition 4.5. A real number w € R and a pair (u, ) € M is a weak solution of the SBP
system if and only if (u, @) is a critical point of the functional F|,; having w as Lagrange

multiplier.

Proof. The functional F is differentiable since each of its terms is differentiable, see Definition
2.3. An ordered pair (u, ¢) € M is a critical point of F'|,, if and only if there exists a Lagrange
multiplier w € R such that

F!(u, ) = wu (4.18)

and
Fj(u,6) = 0, (4.19)

where F)(u,$) and Fj(u,¢) denote the partial derivatives of F at (u,¢) € Hj (€2) x Hao.

Evaluating these derivatives in the direction of any vector-function v € Ha2, we obtain

F!(u, ) v] = /Q (VuVov + wo) dx = /Qwuv, (4.20)
1 2
F(u, ) [v] = _E/Q (ApAv + VoV — u?v) dz = 0. (4.21)

Observe that the derivatives (4.20) and (4.21) match respectively to the Euler-Lagrange
equations (4.13) and (4.14). O

4.4 Elimination of variables

Recall from Section 4.2 that the functional in (4.17) is not bounded from below nor from
above. Then the usual methods of the Critical Point Theory cannot be directly used. In
order to deal with this difficulty, we shall reduce the functional in (4.17) to the study of
a functional depending of the single variable u, similar to V. Benci and D. Fortunato in

[BF98]. After that we will use the Genus Theory to such appropriated functional.

Proposition 4.6. The problem
Ao —Ap=u> inQ, (4.22)
with w € H} () and the boundary and normalizing conditions

u=Ap=0¢=0 ond2 and /uQ:l7
Q
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has a unique weak solution.

Proof. For every u € Hj (), we define the linear functional

fuZHA2(Q) — R

4.23
v o— fulv] = [, uPvde. (4.23)
The Holder inequality, Sobolev embedding and LP spaces properties imply
oda| < ||e]|ar [oll e < C llully. [0l » with 2° = 22 (4.24)
Q - e — 2 P,z N -2 '

Then, the functional f, is continuous, and by Theorem 2.6, there exists a unique vector
¢u € Haz (2) such that
fulv] = (¢u, U)HA2 for all v € Haz,

i. e. ¢, € Ha2 () is the unique weak solution of (4.22) satisfying

/u%dx:/AgbuAvdx+/V¢uVUdm. (4.25)
Q Q Q

Moreover, the weak solution ¢, depends continuously on . O]

Set
I':i={(u,0) € Hy () x Ha2; F}(u,¢) =0},

where F) was calculated in (4.21). Take the manifold B := {u € Hj(Q); [lull, = 1} and
define the map

®: B — Hae

4.26
u — P (u) = ¢, is the unique solution of Equation (4.22). (4.26)

The Riesz Representation Theorem 2.6 gives us

where A? — A is the Riesz isomorphism between Ha: and its dual H’Az defined by

<(A2 — A) ¢,v> = / ApAvdx + / VoVudz, for all ¢, v € Hpe.
Q Q

Proposition 4.7. The map ® is C* and T is the graph of ®.

Proof. Let u be a function in H} (); since the Sobolev embedding 2.20, H} (Q) — L* (Q)

with 2* = 2% is continuous, the equahty [|u?

r = = |lul|3. < oo, that in turn implies that the

map u — u? is C' from H} (Q) into L= (Q) Wthh is continuously embedded into dual space
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(Haz)', and (A% — A)~! is C'. Thus, the map ® that was defined by ®(u) = (A? — A)~1u?
is C'.
Finally, the graph of ® is

Gr(®) == {(u,¢) € M; (A* = A" =¢}.

And note that (u, ¢) € Gr(®) means that (A*—A)¢$ = u* which is equivalent to F (u, ¢) = 0
which in turn is also equivalent to (u, ¢) € T

]

For a given u € B, ¢, solves the second equation of SBP and
(A — A)op, = u’.

Evaluating ((A% — A),)[¢.], we have

1 1 1
—/ |A¢u|2d:c+—/ IV |* de = —/u2¢udm, (4.27)
2 Jao 2 Ja 2 Ja

hence

i aario g [[wolia =3 [ wodo—g a0l @

Replacing ®(u) = ¢, in the functional F|,, in (4.17) we define the functional J as follows

1 1 1 1
= —/ ]Vu|2d:v—|——/u2¢udx——/|A¢u|2dx——/ IVou|* dr.  (4.29)
2 Jq 2 Jq 4 Jq 4 Jq

Using (4.28), the functional J takes the form of a positive functional

1

) = 5 [1Vafdre g [ 8ol doeg [ Vol a7 [ 9o

1 1 1
= 2/\Vu| de + - /1A¢u| de + — /!Wﬁu\ dx. (4.30)

Note that multiplying the bilinear form b in (4.16) by the constant —% in Equation (4.17)
to obtain the functional F' was necessary, otherwise the terms depending on the function ¢,
would have disappeared from the reduced functional J.

As a consequence, the functional J|, is bounded from below and even. Moreover, by
Proposition 4.7 it is C''. Then, the Fréchet derivative of functional J|, at u in the direction
of u is the total derivative of F|,,, see Theorem 2.2 and the Chain Rule Theorem 2.1, and
it is given by

Iy ()] = Fiu, 6.)[u] + F(ut, 6,) 1], (4.31)
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Equation (4.19) in Proposition 4.5 implies

Fy(u, ¢u)¢y, = 0,

and equations (4.20) and (4.18) imply

Fl(u, ¢,)[u] :/Q|Vu|2dx+/Qungudx:w/QUQd:r. (4.32)

From these equalities and the normalization condition ||u||, = 1, the derivative of the func-
tional J|, in (4.31) is

I\ (u)[u] :/Q|Vu\2dx—|—/gu2¢udx:w. (4.33)

The following proposition describes the relation between critical points of the F|,, and

critical points of J|g.
Proposition 4.8. Let (u,¢) € M and w € R. The following statements are equivalent
1. The pair (u, ¢) is a critical point of F|,,; having w as Lagrange multiplier.

2. The function u is a critical point of J|z having w as Lagrange multiplier and ¢ = ®(u).

Proof. Assuming (1) by Lagrange Multiplier Theorem 2.30, means that

F’:L(“’ ¢) + Fé)(ua ¢)¢/ = Wu.

Now, by Proposition 4.5 we have

T (w) = Fi(u, ) + Fy(u, ¢)¢' = wu.

Again, by Lagrange Multiplier Theorem 2.30, it means that u is a critical point of J|, as in
the Claim (2).

Conversely, assuming (2), we have (u, ®(u)) € Gr(®) which implies F, (u, ®(u)) = 0 (see
proof of Proposition 4.7). Then, the derivative

g (w) = Fi(u, ®(w)) + Fy(u, @(w))®'(u) = F(u, ®(u)).

Since w is the Lagrange multiplier of J|; (u), we have F! (u, ®(u)) = wu, thereby we conclude

(1). O
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4.5 Properties of the functional J

We recall that the main purpose of this section is to determine the extremal points in
M of the functional F. In the last section, we saw that J| in (4.30) is a positive functional
unlike the unbounded functional F'|,,. Therefore, we can apply the Critical Point Theory to
the functional J|. The lemmas of this section will be used to prove the main theorem in

the next section.

Lemma 4.1 (Palais-Smale Condition). The functional J|5 satisfies the Palais-Smale

condition, i.e. any (PS)-sequence for the functional J|g contains a convergent subsequence
in B C Hy(9).

Proof. Let (u,) C B be a (PS)-sequence for J|5. By Definition 2.24, the sequence (J (u))
is bounded and there exist two sequences (\,) in R and (v,) in H1(2), where H~(Q) is
the dual space of Hj(Q), such that v, — 0 in H' (Q) and

J];B (Un) = Aty + Uy (4.34)

Which by the derivative of J|’; (u,) (4.31) and the definition of map ® in (4.26) the last
equality takes the form

F (tn, @(un)) + Fj(un, ®(un)) @ (un) = Aty + vy (4.35)
By Proposition 4.7 we obtained that (u,, ®(u,)) € I', then (4.35) becomes
F! (tn, ®(un)) = Mty + . (4.36)

By assumption the sequence (J(u,)) is bounded, where J|4 is given by (4.30), then

(% /Q V| dz + i /Q AD(u,) dz + }l /Q V() dx) is bounded. (4.37)
By the Poincaré Inequality (2.22) and Claim (4.37) the sequence
(u,,) is bounded in Hy (). (4.38)
Also, thanks to Claim (4.37) the sequence
(¢u,) is bounded in Haz2(€2). (4.39)

Furthermore, ||u,||, =1 for all n € N and @ is an injection of class C* by Proposition 4.7,
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then there exists € > 0 such that

[ Punllir,, = (1P Un)llgr,, < €llunll, =€ (4.40)

Also, we claim that the sequence of real numbers
(A\) is bounded. (4.41)

Indeed, we recall that a derivative is a operator, applying the partial derivative in Equality
(4.36) at u,,, we get

F! (tn, ®(up))[u,] = /Q V| dz + /Quiq)(un)dx = A+ (U, up) - (4.42)

We will analyze the terms of the last equation.

First, Claim (4.37) implies that [, |[Vu,|* dz is bounded.
Second, by Holder inequality and the Sobolev embeddings H}(Q2) — L*(Q) and

HL(Q) < LA(Q), we obtain
< (/!l) (/Q|<I><un>|2);
() ()

2
< O llunll [19(un) lg,,

< Ol 19 (un)llgs,, (4.43)

/ u? ®(uy,)d
0

which implies that | [, u2®(u,)dz| is bounded because of (4.38) and (4.40).
Third, (v, u,) — 0 in R, since v, — 0 in H () and |lu,||, = 1.
Therefore, the sequence () is bounded.

Now, (4.36) is the Euler-Lagrange Equation associated to
— AUy + Up Py, — AUy = Uy
Applying the inverse A~ : H=1(Q) — HJ(2) of the Riesz isomorphism A, we obtain
—Up + A (Unby,) — MA U, = €, (4.44)

where ¢, := A~lv,. Note that ¢, — 0 in H} (), since v, — 0 in H'(Q) and A7 is
continuous. We will analyze each term of this equation in order to show the existence of a
strongly convergent subsequence of u,, in Hg(€2).

First, considering the sequences (u,) and (¢,,) we define L := {u,; n € Z,} C Hj (Q)
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and P :={¢,,; n € Z,} C Ha> which are bounded by (4.38) and (4.39). Since the Hilbert
spaces Hy () and Hae are reflexive spaces by Banach-Alaoglu Theorem 2.5, the sets L and
P are relatively compacts. This means that there exist (u, ¢,) € Hy () x Haz and weakly

convergent subsequences (u,,), and (gf)uni)i such that
Up, = uwin Hy (Q) and ¢, — ¢, in Hao. (4.45)

By the Sobolev embedding 2.20, H} () is compactly embedded into L? (Q) for p < 2%,

: x _ 2N
with 2* = =5, then

un, — uw strongly in LP (2), p < 2" (4.46)

In particular, u,, — u strongly in L?*(€2), then by Theorem 2.24 we have
U,, — u strongly in H ™', (4.47)

Also, the Sobolev embedding 2.20 holds that Haz(2) is compactly embedded into L? (Q2) for
p < 2%, thereby
Pu,,, — Gy strongly in LP (Q), p < 2" (4.48)

Second, from claims (4.47) and (4.48) we obtain that
(tn;Puy, ), is bounded in H™. (4.49)

Third, the continuity of the isomorphism A~! and the results in (4.41), (4.47) and ¢, — 0
in H}(Q) imply that there exists a subsequence (umk> such that
k

;= A A’lunik + €, converges strongly in Hj (). (4.50)

Ny,
Then, Equation (4.44) takes the form

“Un,;, + AT (umk (bun%) = Qp,, - (4.51)

k

Fourth, in order to prove that u,, converges strongly in H;j (), it remains to show that

Up, Pu, — ud, strongly in H(Q). (4.52)
k 1L

Let 2 < p < 2* and consider its conjugate % <q= I% < 2. By the Triangle inequality

|t G, =t < [t Buy, = 0, 60 + |, 60 = q (4.53)
Applying the extension of Holder’s inequality (2.12) with the identity é = &+ 2;_(] 1 we
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obtain

Observe that the subsequence (umk) is bounded in L* () since u,, — w in H () and the
k

2L < 2%, by Claim (4.48) we conclude that
q

<|

vy [, =) ey 00 (4.54)

2% —q 2% —q

unik ¢un2k - U¢u unik ¢“”zk - (bu 2% -

2%

q

compact embedding H} < L? . Noting that

Upn; —u and gbunik — ¢y In L%(Q), (4.55)

7

SO

|

Claim 4.39 and the embedding Hp2 < L?" guarantee that ¢, € Ha2 has finite norm in
L% (). Therefore, by Inequation (4.54) we get

Finally, the embedding L? < H~! implies Claim (4.52).

.. =0 and ‘%k A —) (4.56)

2% —q 2% —q

Up, —U

— 0. (4.57)

unik qun% - u¢u q

]

Now, we present some deformation lemmas in the context of Genus Theory. We recall
that given a closed and symmetric subset A of a Banach space, the set A has genus n,
denoted by v(A) = n, if there exists and odd map h € C(A,R") and n is the smallest
integer having this property. If A = (), we say that v(A) = 0; and if there is not any integer
satisfying the property, we set v(A) = co. We presented more properties of Genus Theory

in Section 2.6.

Lemma 4.2. For any integer m there exists a compact symmetric subset K of
B ={u € H}(Q); |lull, =1} such that v(K) = m.

Proof. Let H,, := span{uy,...,u,} be a m-dimensional subspace of H} (2). Define
K:=BNH,, ={ueH,;|u|,=1}.

By Proposition 4.4 there exists an odd homeomorphism between K and S™!. Then, by
Theorem 2.27
Y(K) =~(8") =m.

Lemma 4.3. For any b € R the sublevel

J'={ue B; Ju) <b}
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has finite genus.

Proof. Suppose by contradiction that there exists a real number b such that v(.J%) = oo, this
means that the set
D:={beR; y(J) =00} #0.

We know that J|5 is bounded from below, then
—o00 < b:=inf D < 0. (4.58)

We claim that b ¢ D. Indeed, since J|p satisfies the Palais-Smale condition (Lemma 4.1),
the set
Ky:={u€eB; J(u)=b,J|y(u)=0}

is compact. By the fifth claim of Proposition 2.2, there exists a closed symmetric neighbor-
hood U, of K such that v(U,) < oo, then b ¢ D.

Although, J is an even functional such that satisfies the (P.S)-condition and Uy is a open
neighborhood of critical points at the level b. By Theorem 2.32 there exist ¢ > 0 and an
odd homeomorphism 7 such that n(1, Jo™¢\ U,) C J® . Using properties (2), (4) and (6) of

Proposition 2.2, we get
Y(IHH) < (TN Ty) + 7 (Uy) < 9(T7) +7(Uy) < o0,

which goes against the fact that b is inf D. Therefore for all b € R the genus v(J®) < cc.
O

4.6 Main Result

This section is devoted to prove Theorem 4.3, the main result of this work. It guarantees
the multiplicity of solutions of the SBP system. Theorem 4.3 is a direct consequence of
Theorem 4.2, which shows the existence of infinite critical points of the restricted functional
Fl,;. Due to the relationship between critical points of F|,, and critical points of J|,

described in Section 4.4, Theorem 4.2 is a consequence of the next result.

Theorem 4.1. There exists a sequence (u,) of critical points of J|5 having Lagrange mul-

tipliers wy, — oo. Furthermore, ||[un || g1 (o) — o©.

Proof. Let n be a positive integer. By Lemma 4.3, there exists a positive integer k = k(n)
such that
v (") =k
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Now, consider the collection
A1 :={A C B; Aissymmetric and closed with v (A4) =k +1}.

By Lemma 4.2, there exists a compact set K C B such that K € Ag 1, then Ay, # 0.
We have that
v (A) >~y (J"), for all A € Ay,

then by monotonicity property of genus (second claim of Proposition 2.2 ) A ¢ J", thus
supJ (A) > n, for all A € Ay,
and consequently
by, == inf {sup J(A); A€ Ay} >n.

The functional J is even and J|j satisfies the PS-condition, by Lemma 4.1, then follows
from Theorem 2.33 that

by, is a critical value of J|5.

By the Lagrange Multipliers Theorem 2.30, for any n there exist w, € R and u, € B
such that
J (uy) = wpu, and J(u,) = b, > n.

We claim that w, — oo as n — oo. Indeed, J' (u,) = wyu, and Proposition 4.8 imply
FL(“n? ¢un) = WnpUn, where ¢Un = (I)(un)

Evaluating the partial derivative at w, we get F (un, ¢, )[tn] = wnty [u,]. Equation (4.32)
and ||u,|l, = 1 imply

1 1 1
§/Q|Vun|2dx+ é/ﬂqbunuidx = W (4.59)

Replacing the above equation in the functional J in (4.29), we have

1 , 1 )
J (u,) = 2wn 4/Q|Agbun| dx 4/Q|V¢un| dzx.

Since J (u,) = by, the equation above becomes

1 1
wn:an—i——/ ]A¢un|2dx+—/ Vo, |” dx (4.60)
2 Jo 2 Ja

which shows that w,, — co as n — oo because b,, > n.
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Recalling Equation (4.27), we rewrite Equation (4.59) as

wn:/ |Vun|2da:+/|Aqbun|2dx+/ Vo, | dz,
Q Q Q

where ¢,, = ®(u,,) and u, € H} (). From equation above and the continuity of ®, we have
that

2 2 2
Wn < HunHH&(Q) + H(I)(Un)HHAQ <C Hun”Hg(Q) .

Therefore, since w,, — 0o as n — 00, then
Hun”Hg(Q) — 00 as n — o0.

[]

Theorem 4.2. Let Q be an open bounded set of RN, N > 3. Then there is a sequence
(Un, ¢n) € M of critical points of F|,, whose Lagrange multipliers w, — oo. Furthermore,

il g = -

Proof. Theorem 4.1 provides us a sequence (u,) of critical points of J|5 such that the
Lagrange multipliers w,, — oo and Hun“Hg(Q) — 00. Setting ¢,, :== ®(u,,), by Proposition 4.8
we have that (u,, ¢,) is the sequence of critical points of F|,, required.

0

Theorem 4.3. Let Q be an open bounded set of RN, N > 3. There is a sequence (wy, Un, On)
such that (w,) C R, w, — oo and u,,, ¢, real functions solving the SBP system. Furthermore,

HUnHHg(Q) — 0.

Proof. Theorem 4.2 provides us a sequence (u,, ¢,) of critical points of F|,, such that the
Lagrange multipliers w,, — oo and ||u,|| (@) — 00- By Proposition 4.5, the triples of the
sequence (wy, U, ¢,) € R X M are solutions of the SBP system in (4.1).

O



Chapter 5
The SBP system with a parameter

In this chapter, we study the following Schrodinger-Bopp-Podolsky system

in €, (5.1)

—Au+odu = wu
a’A%p — Ay = u?

with the boundary conditions

u=Ap=¢=0 on 0N

/uQ—l,
Q

where ) is a bounded open subset of RV, N > 3, a and w are positive constants. The system

and normalizing condition

5.1, together with the boundary and normalizing conditions, will be called SBP-a system.
We show results about existence of solutions and their regularity of the solutions. Also, we
will see that these solutions tend to the solutions of the classical Schrodinger-Poisson system
as a — 0. For this, we consider P. d’Avenia and G. Siciliano [dS19].

5.1 Solution of the SBP-a system

Fixing a > 0, we aim to show the existence of real numbers w and real functions u and
¢ satisfying the SBP-a system. Note that we get the SBP system when a = 1. Thereby,
making certain settings in the solution spaces we obtain similar results to those we obtained
in Chapter 4 for the SBP system.

We follow an analogous procedure as in Section 3.1 to define the weak solution of the

SBP-a system. We consider classical solutions of SBP-a v and ¢, then we multiply every

o7
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equation of the system by v € C§(f2). Integrating over ), we obtain

—/Q(Au)v—i—/gqbuv = w/qu, (5.2)
aQ/QAZgbv—/QAqﬁv = /Qu%. (5.3)

Observe that the equalities above are satisfied if u belongs to HJ (2) and ¢ belongs to Haz(12)

with the norm induced by the inner product defined as:

(0, 9), = / VoVipdz + aQ/ ApApdz, for all ¢, € Hp2(92).
Q Q
We use the generalized Green’s Formulas in the above equations (5.2) and (5.3) to obtain

the corresponding Euler-Lagrange equations associated to SBP-a.

We will often use the following result.

Proposition 5.1. Let a be a positive real number. In the space Ha2(2), the following norms

%
lull, = (a2/ |Au]2dx+/ \Vuﬁdx)
Q Q
1
2
||u||HA2(Q) = (/ |Au|2dx—|—/ |Vu|2da:>
Q Q

Proof. Indeed, we estimate

[/|A¢| +/|V¢|}<a /|A¢| +/|v¢| /|A¢| +/|v¢| 0 <a<1
/|A¢| v [vef<a [ a0k [wof <@t | [1aor s [vor], ezt

]

are equivalent

and

Definition 5.1. Let a > 0. A weak solution for the system SBP-a is a number w* € R and
an ordered pair (u®,¢*) € Hy(Q) x Haz() such that the Euler-Lagrange equations holds,

1.€.

/QVUVU + /Q puv = w/ﬁuv for allv € Hy () (5.4)

and

a2/ ApAv + / VoVu = / w?v  for all v € Haz (). (5.5)
Q Q Q



5.2 REGULARITY OF SOLUTIONS 59

a

In order to lighten the notation, while working with a fixed a, we write w®, u®, and

¢® simply as w, u, and ¢. Later, we will denote the weak solution w®, u®, ¢* as the triple
(w,u, P),.

Analogously as Section 4.2, we find a Fréchet differentiable functional of class C! whose
derivatives are the Euler-Lagrange equations above, and that restricted to a certain domain
its extremes are weak solutions for SBP-a. Then, we arrive to a problem of extremes on the
constraint M = {(u, ) € Hj () x Ha2(R2); |lull, = 1} as we saw in Section 4.3.

Theorem 5.1. Let a > 0. The triple (w,u,$), € R x M is a weak solution of the SBP-a
system if, and only if, (u, ) is a critical point of

1 1 2 1
Fawoly =5 Va4 [ =5 [1aof =5 [1vo. G9)

having w as a Lagrange multiplier.
Proof. Tt follows as well in the proof of Proposition 4.5. m

Since F, is a functional that is unbounded, it is only possible to apply the theory of
critical points after making a redefinition of F,. Using the Riezs isomorphism (a?A? — A)~!

we arrive to the appropriate functional given by

1 2 1
Jo(u) == 5/9[Vu|2dx—|—GZ/Q\A%]Qd:U—i—Z—l/Q\quu]de, (5.7)

defined in H} (). As in Section 4.4, all the results in that section hold for this new functionals
F, and J,.

Recall that B = {u € Hj(Q); |lull, =1} is a level set on Hy(§2). The restricted func-
tional J,|5 satisfies the necessary conditions to guarantee the existence of critical points,
that is, the Palais-Smale condition and that of every sublevel set of .J, has finite genus.
This property of J,|5 allow us to obtain the the necessary result to find the solutions of the

system SBP-a.

Theorem 5.2. Let Q) be an open bounded set of RY, N > 3, and a > 0. There exists
a sequence ((wn,un,gbn)a)n such that (wn) C R, w, = o0 and (u,, ¢,) € M solving the

SBP-a system. Furthermore, ||unHHé(Q) — 0.

5.2 Regularity of solutions
This section is devoted to show that every SBP-a system has classical solutions. Here,

we deal with spaces of continuous solutions C’* introduced in Definition 2.9.

Theorem 5.3. Let 2 be an open bounded set of RN, N >3, anda > 0. If (w,u,¢), € Rx M
is a weak solution of the SBP-a system, then u € C**(Q) and ¢ € C*MQ).
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Proof. We know that if (u, ¢,w) € M x R is a weak solution of SBP-a, then ¢ := —a?A¢+ ¢

is a weak solution on any bounded domain €2 of the Dirichlet problem

D) { Ay = u? 'in Q,

w’aﬂ =0

Now, if u € H] (), then u € L° (Q) by the Sobolev embedding we obtain

2 3
(/ |u]6) = (/ ‘u2}3) < 00,
Q Q
i.e. u* belongs to L? (). Thus, by Theorem 2.26 we have
—a’Ap+ ¢ =1 e W (Q). (5.8)

Recall that € is a bounded set. If ¢ € Ha2(€2) is a solution of (5.8) with ¢ € W22 (Q), the
interior regularity increases because Theorem 2.25 implies that ¢ € W42 (Q) which leads us
to the fact that ¢ € C** (Q) with A € (0, 1] by the Sobolev embedding (2.8) of the Theorem
2.21.

Now, considering the first equation of SBP-a

—Au ~+ ¢pu = wu in €,

we have that u € Hj(f2) is the unique solution of Au = (¢ — w)u € L*(Q) because ¢ €
C?*(Q). Then, by Theorem 2.26

Au = (¢ — w)u € H(Q).

Therefore, Theorem 2.25 implies that ¢ € Hy (ﬁ) which leads us to the fact that u € C?* (ﬁ)
with A € (0, 3] by PART II of Theorem 2.21.
Since u € H}(Q) and u € C** (ﬁ), AE (0, %], we obtain

~Ayp =u? € H*(Q).
Furthermore, by Theorem 2.25 we get that ¢ € H*(Q2) and we had defined that
—a*Ap+ 6 =),

then the interior regularity of ¢ increases by the same Theorem, i.e. ¢ € H°(2). Finally, by
PART II of the Sobolev embedding 2.21

¢ € H(Q) — C*(Q),
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where \ € (O, %}

5.3 The SBP-a system and a classical Schrodinger-Poisson

system

The aim of this section is to show that the solution of the SBP-a system converges to
the solution of a classical Schrédinger-Poisson system as the parameter a — 0 .

Consider the classical Schrodinger-Poisson system given by

_A —
{ urou = wu g (5.9)

~A¢p = u?

with the boundary conditions
u=¢=0 on Of)

/u2:1,
Q

where 2 is a bounded open subset of RN, N > 3. This system will be denominated SP
system. Note that when a = 0 the SBP-0 system becomes the system (5.9). V. Benci and
D. Fortunato in [BF98] obtained the next result about system (5.9).

and normalizing condition

Theorem 5.4. Let ) be a bounded and open set in R3. There is a sequence ((tn, G, wn)o)n €
H(Q) x Hi(Q) xR, with w) — 0o and ¢, depending of ul i. e. ¢O = ¢%,, solving the system
(5.9).

On one hand, V. Benci and D. Fortunato in [BF98] show that the equation
—A¢ = u?,

with the boundary and normalizing conditions above, has a unique weak solution. Namely,

for every u € Hj(Q) is defined a continuous linear functional

gu: H}(Q) — R
vo— gy [v] = [, vPvde.

By Theorem 2.6 and Poincaré inequality there exists a unique vector ¢° € H} (€2) such that

gu [v] = ( ?“U)HS(Q) for all v € HJ (),

where we denote by ¢° the function ¢¥ € Hj (£2).
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On the other hand, in Proposition 4.6 we obtained that for every u € H}()) there exists
a unique vector ¢* := ¢¢ € Ha2 (2) such that

u?

fulv] = (9% ’U)HA2 for all v € Haz2(2).

Thereby ¢ is the unique weak solution of the equation A2¢ — A¢ = u? in Q with the
boundary and normalizing conditions given.

Now, we can present the next result of this section.

Lemma 5.1. Let u® € H}(Q) and {u*} C Hy(Q), a € (0,1]. Also, let
¢ € Hy (Q) the unique weak solution of — A¢ = (u°)? in Q

and
" € Ha2(Q) the unique weak solution of — A¢ + a?A%¢ = (u®)? in Q.

As a — 0, we have:
1. if u® = u® in HY (Q), then ¢* — ¢° in H} (),
2. if u® — u® in HY (), then ¢* — ¢° in H (Q) and aA (¢*) — 0 in L* ().

Proof. Let ¢* € Ha2(Q2) be a weak solution of —A¢ + a?A%¢ = (u)? in Q, then it satisfies

the Euler-Lagrange equation
[rwora [ jaor = [ e
Q Q Q

1962 + a® g2 = ] [ e
Q

then

Arguing as in (4.43), we obtain

Vol + 18001 = | [ | < ety 191,

Recall that ¢* € Ha2(2). The Poincaré inequality (2.22) allows us to estimate ||¢?||,
a2 a||2 a2 a
IVellz + a® [|A¢" 15 < Co flu [y IVl -
Since [Vge[[5 < Ca [[u|[51 [|V¢°|l,, we obtain

2
196°)l, < Ca llu
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Also a? | A¢?|2 < Cy ||u“||§{3 |[V¢*|l,, this combined with the above inequality gives
2
lalg®|ly < Co [lu|[y -

Then, there exists ¢, € Hj () such that ¢* — ¢, in H} (Q), as a — 0.

We will take the limit, when a tends to zero, in the Euler-Lagrange equation
/ Vo'V + a2/ AP Ap = / (u®)* @, forall ¢ € Ha2(Q). (5.10)
Q Q Q
By Holder inequality we have

0<

v [ Awm@\ < a A"l 1Agl, < aC.
Q

then }aQ fQ Agb“Agp‘ — 0 as a — 0, and by Dominated Convergence Theorem 2.8 Equation

/Qw*vcp:/ﬂ(uo)%.

By the uniqueness of solution of —A¢ = (u°)? in Q, ¢, = ¢°. Then we have proved 1.
Assume u® — u° in H} (), then v — «° in H} (Q), thus Claim 1 implies that ¢* — ¢°

in Hj(Q). As a consequence we have

(5.10) converges to

IV6°[l, < lim inf [V (5.11)

Let {¢,} € C5° (R2) be a sequence such that ¢,, — ¢°in H} () as n — +o00. By Lax-Milgram

Theorem 2.7 ¢* minimizes the functional

2
Fo(8) = 5 9613+ 5 I1A0I2 — fue 9], with 6 € Han(4).

Since E, (¢*) is a minimum value, then

1 a||2 a CL2 a||2 a
5 IVl = Ba (6) = 5 186" 15 + fur [6°]
< By (#n) + fua [9°]
1 2
= S IVeull + 5 1A¢ul; = fur [0 + fun [6]

and thereby

1 1
limsup = [|[Vo? |2 < =
a—0 2

2 < 5 IVoulls = guo [0n] + guo [6°] -
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Taking the limit, when n is going to zero, we have
. a 2
hmsu;())HV¢ Hg < HV(ﬁOHQ. (5.12)
a—r

From the inequalities (5.11) and (5.12), and the convergence ¢* — ¢° in Hj (Q), we infer
¢* — ¢° in H} (). Finally, we can see that when a — 0

026" 3 = fuo [67] = IV6°(13 = gun [6°] — | V6”13 = 0,
and the proof is complete. ]
Theorem 5.2 concluded that there exists a sequence ((wp,Un, ®n)a)n € R x H} () x
Haz (£2) of solutions to the SBP-a system. In the next result, we will show that for each n
lim (i, 64) = (w19, 62).
where (w2, u?, #?) solves the SP system in (5.9).

n’ n?

Theorem 5.5. Let (w® u® ¢*) € R x H} () x Haz (Q) be a solution of the SBP-a system
5.1. Then w* — W% in R, u* — u® in H} (Q) and ¢* — ¢° in H} (Q) as a — 0 where
(W u% ¢%) € R x H} (Q) x HL () of the SP system.

Proof. Fixn € N. Let {(w®, u®,¢*)},c0.1) C R x H} (2) xHaz () be a family of the solutions
of SBP-a in 5.1. Then, the every function of the set {u®}, solve

—Au+ ¢"u=wu in €,

respectively. Also, every function u® is respectively the critical point of J, in (5.7), charac-
terized by
be :=inf {sup J,(A); A € Ag11} >n >0,

where sup J,(A) := {sup J,(u) : u € A}, k is an integer that depends on n and A,; is a
appropriated collection of sets defined by

Api1 :={A C B; A is symmetric and closed with v(A) =k + 1}.

We can see more details about this characterization on Section 4.6. A critical point 8% of J,

has a similar characterization in V. Benci and D. Fortunato in [BF98], where

1 1
Jo(u) == 5/ |Vu|2dx+1/ﬂ\v¢u|2dx. (5.13)
Q

is the reduced functional related to SP.
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Recall that if u® is a solution of —Au + ¢%u = wu in €, provided that ¢* = ®(u®)

and ¢ belongs to Ha2(Q) C HJ (), then the space where stay the solutions is contained in

the space that contents solutions of —Au+ ¢°u = w’u in Q. However, if a solution of the

last equation u° such that ¢° belongs to H}(€2) but not to Ho(2), then u° is not a solution

for a SBP-a system. For that reason, we obtain
inf {sup Jo(A), A € Axi1} = by > inf {sup J,(A), A € Ay11} >n >0,
then, there exists u® such that
J!(u®) [u?] = / \Vul|* d + a2/ |AG|* dx +/ V¢ |* do = w?
Q Q Q
and we can estimate
b>0t = J,(u”)
1 CL2 2 1 2
= —w'—— [ |A¢*|"dx — - ‘1" d
o= [ 1ot =1 [ Vet

1 2 CL2 2 1 2
= 5/ |Vu®| da:—i—z/|A¢“| dx—l—zl/\ng“\ dx
0 0 0

1 an?
SIvu?.

v

With the inequality above an the Poincaré inequality (2.22) we obtain that {u®} is bounded
in the H;(Q2) norm

2b91 al|2 a2

< = IVutlly = llully ) -
where by does not depend on a. Therefore, there exists u’ € H}(Q) such that, up to subse-
quences, u® — u® in H}(Q) as a — 0.

Also, observe that
1 2 1 1
B > -/ |Vua|2d:p+a—/ |A¢“|2dx+—/ Voo |* do > ~w?,
2 Jo 1/, 4 /g 4

then {w®}, is bounded. Then, there exists a w” € R and up to subfamily

lim w® = W°.
a—0

Now, we consider the equation

—Au® + ¢%u® = w'u® in €,
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applying the inverse Riesz isomorphism A~ : H~1(Q) — Hj(f2), we obtain
—u° 4 Afl(ﬁaua — waAflua,

and since u® — u° in Hj(2) as a — 0 and by part 1. of Lemma 5.1 ¢* — ¢°, then u® — u°
in H}(Q) as a — 0.
Thus, we can use the part 2. of Lemma 5.1 and obtain that ¢* — ¢°, where ¢ € H}(Q)

is the unique solution of —A¢ = (u°)%.

Finally, let ¢ € C5°(€2). Then

/VuanonL/qS“uagp:w“/(ua)Q.
Q Q Q

Take limit as @ — 0 in each term implies the convergence

/Vuan0+/gb“u“g0:wa/(ua)2 %/VUOV@qL/qSOuO@:wO/(uO)Q.
Q Q Q Q Q Q

The convergence of each term follows as in Lemma 5.1.



Glossary

(PS) Palais-Smale condition. 22
(PS). Palais-Smale condition at level c. 22
Ce° (2) Continuously differentiate functions with compact suppo. 10

C9* (Q) functions in C7 () such that for every multi-index a with || < j th function
r — D%u(z) admits a continuous extension to 2, and D%u satisfies in  a Holder

condition with exponent \. 10

C% (9) functions in C7 () such that for every multi-index o with |o| < j D®u is bounded
on 2. 10

H' (Q) Sobolev Space. 11

H} () Sobolev Space. 12

H? () Sobolev Space. 12

LP () measurable functions space. 8

Wm™P () Sobolev Space. 11

Haz () intesrection of Hg(Q2) N H2(Q). 42

Q) open and bounded set of RY.

7(A) genus of a closed and symmetric Banach subset A. 18

09 boundary of .

SBP System of Schrodinger-Bopp-Podolsky equations. 39
SBP-a System of Schrodinger-Bopp-Podolsky equations with parameter a. 57

SP System of Schrodinger-Poisson equations. 61

67
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