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Resumo

Juliane Trianon Fraga. Pseudocompacidade e Ultrafiltros. Tese (Doutorado). Instituto

de Matematica e Estatistica, Universidade de Sao Paulo, Sdo Paulo, 2023.

Este trabalho apresenta avancos obtidos na teoria de grupos topoldégicos com propriedades
pseudocompact-like. Construimos em ZFC um grupo enumeravelmente compacto de cardinalidade
2° sem sequéncias convergentes nio triviais. Também construimos em ZFC um grupo seletivamente
pseudocompacto que nio é enumeravelmente pracompacto. Usando a mesma técnica, construimos um
grupo que tem todas as poténcias seletivamente pseudocompactas mas que ndo é enumeravelmente
pracompacto, assumindo a existéncia de um Gnico ultrafiltro seletivo. Naturalmente, uma pergunta similar
a feita por Comfort em 1990 para grupos enumeravelmente compactos também pode ser feita para
grupos enumeravelmente pracompactos: para quais cardinais « existe um grupo topolodgico G tal que G é
enumeravelmente pracompacto para todos os cardinais y < @, mas G* ndo é enumeravelmente pracompacto?
Neste trabalho construimos tal grupo no caso em que & = w, assumindo a existéncia de ¢ ultrafiltros seletivos
incomparaveis, e no caso em que @ = k*, com w < k < 2¢, assumindo a existéncia de 2° ultrafiltros seletivos
incomparaveis. Também construimos um grupo topolégico Abeliano, nio divisivel, livre de tor¢ao, que é
compacto, e mostramos que para qualquer grupo Abeliano G, o grupo Z x G néo admite topologia de grupo
p—compacta, para nenhum ultrafiltro livre p. Mostramos que o resultado anterior também é verdadeiro
quando substituimos Z por um subgrupo de @ que é r—divisivel para todo primo r, exceto exatamente um
deles. Por fim, mostramos que existe uma topologia de grupo p—compacta sem sequéncias convergentes
néo triviais em Q' para a qual encontramos um subgrupo fechado H ¢ Q(® que contém um elemento nio

divisivel (em H) por nenhum natural.

Palavras-chave: Topologia geral. Pseudocompacidade. Grupo topolégico. Compacidade enumeravel.
Pseudocompacidade seletiva. Pracompacidade enumeravel. p—compacidade. Ultrafiltro

seletivo. Questdo de Comfort. Grupo divisivel. Sequéncias convergentes nio triviais.






Abstract

Juliane Trianon Fraga. Pseudocompactness and Ultrafilters. Thesis (Doctorate). Insti-

tute of Mathematics and Statistics, University of Sdo Paulo, Sao Paulo, 2023.

This work presents advances obtained in the theory of topological groups with pseudocompact-like
properties. We construct in ZFC a countably compact group without non-trivial convergent sequences of
size 2°. We also construct in ZFC a selectively pseudocompact group which is not countably pracompact.
Using the same technique, we construct a group which has all powers selectively pseudocompact but is not
countably pracompact, assuming the existence of a single selective ultrafilter. Naturally, a question similar
to that asked by Comfort in 1990 for countably compact groups can also be asked for countably pracompact
groups: for which cardinals « is there a topological group G such that G is countably pracompact for all
cardinals y < &, but G* is not countably pracompact? In this work we construct such group in the case @ = w,
assuming the existence of ¢ incomparable selective ultrafilters, and in the case & = k¥, with w < k < 2°,
assuming the existence of 2° incomparable selective ultrafilters. We also construct an Abelian, torsion-free,
non-divisible topological group which is compact, and show that for every Abelian group G, Z x G does not
admit a p—compact group topology for any free ultrafilter p. We show that the previous result is also true
when we replace Z by a subgroup of @ that is r—divisible for every prime r, except exactly one of them.
Finally, we show that there exists a p—compact group topology on Q(® without non-trivial convergent
sequences for which we find a closed subgroup H ¢ Q') which contains an element not divisible (in H) by

any natural.

Keywords: General topology. Pseudocompactness. Topological group. Countable compactness. Selec-
tive pseudocompactness. Countable pracompactness. p-compactness. Selective ultrafilter.

Comfort’s Question. Divisible group. Non-trivial convergent sequence.
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Introduction

About this thesis

The objective of this thesis is to present, in the most self-contained way possible, the
problems I worked on during my PhD, as well as the original results obtained. Bearing
this in mind, in most cases, prerequisites, results from other researchers and additional
explanations will be provided if, and only if, they are useful in the motivation, content,
or proofs of such results, most of which are published in the following papers that I
coauthored:

+ A. H. Tomita and ]. Trianon-Fraga. Some pseudocompact-like properties in certain
topological groups. Topol. Appl., 314:108111, 2022

« A. H. Tomita and J. Trianon-Fraga. On powers of countably pracompact groups.
Topol. Appl., 327:108434, 2023

In the last chapter we present the latest topics we have been working on. We intend to
submit the results already obtained in the near future.

Following the same philosophy, the proofs of results presented in the text will be given
if the proof itself or the ideas contained in it are useful in some way for the presentation
of our results, or if they are simple enough not to break the flow of the text. Proofs of well-
known results, which are already found in many mathematics textbooks, will generally
not be presented, but we will always present a possible source for those interested. There
is an effort throughout the thesis to make it clear which results are original, folklore, or
from other researchers.

I have always found it challenging to find the sweet spot between overexplaining and
underexplaining. Personally, I prefer things that are overexplained rather than overly
obscure, and I tried to make the thesis feel that way. I run the risk, therefore, of making
the text long-winded and tiring. I hope this is not the case.

The content

In this subsection, we will summarize the topics worked on and the results obtained
during the PhD. Everything presented here will be worked on in more detail in the next
chapters. Many definitions and important prerequisites are not given yet, thus we refer
the reader to the subsequent chapters in case of unfamiliarity with a term presented here.
In fact, the idea is just to summarize the background behind the research area and briefly
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present the results obtained, and thus being familiar with all the terms presented here is
not really necessary for now.

We worked with topological groups which have some pseudocompact-like property.
Throughout the introduction, every topological space will be Tychonoff (Hausdorff and
completely regular) and every topological group will be Hausdorff (thus, also Tychonoff).
We will explain more about this restriction later.

To introduce the theme, we start from the definition of pseudocompactness due to
Hewitt [Hew48]: an infinite topological space X is pseudocompact if each continuous
real-valued function on X is bounded. Although Tychonoff’s theorem ensures that the
product of any family of compact topological spaces is compact (with respect to the product
topology), the same is not true for general pseudocompact topological spaces [Ter52], nor
for countably compact topological spaces [Nov53]'. However, when looking at topological
groups, we get an important theorem, proved by Comfort and Ross: the product of any
family of pseudocompact topological groups is pseudocompact [CR66]. Whether the same
holds for countably compact topological groups is an old question, one we will come back
to shortly.

In order to establish a weaker notion than compactness, and still hold true certain
properties valid for general compact topological spaces (such as, for example, a version of
Tychonoff’s theorem), Bernstein introduced [Ber70] the notion of p—compactness. Since
then, many related concepts have emerged, which provide new topological spaces, with
different properties. Those that are most relevant to the thesis are the following:

« countable pracompactness, which we consider folklore;
« p-pseudocompactness, introduced in [GS75];

o ultrapseudocompactness, introduced in [GS75];

« selective p-pseudocompactness, introduced in [AOT14];
« selective pseudocompactness, introduced in [GO14].

It is interesting to study how the above notions relate to each other, especially for
topological groups, since this class of spaces leads to interesting results, such as the
conservation of pseudocompactness by products. For instance, it follows straight from the
definitions that, for general topological spaces:

countable compactness = countable pracompactness =

= selective pseudocompactness = pseudocompactness.

It is not hard to find an example of a countably pracompact group which is not countably
compact. The question whether pseudocompactness implies selective pseudocompactness
in topological groups was posed in [AOT14], and solved by Garcia-Ferreira and Tomita, who
proved that there exists a pseudocompact group which is not selectively pseudocompact

! These papers proved, respectively, that pseudocompactness and countable compactness are not preserved
under products for arbitrary topological spaces.
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[GT15]. Our first original result, which we state below, answers the remaining question
regarding the inversion of the arrows above:

Theorem 1 ([TT22], Theorem 4.1). There is a selectively pseudocompact group which is not
countably pracompact.

With a similar construction, we also proved that:

Theorem 2 ([TT22], Theorem 5.4). Assuming the existence of a single selective ultrafilter,
there exists a topological group which has all powers selectively pseudocompact and is not
countably pracompact.

Now we will return to a subject that we left pending in a previous paragraph. Comfort,
after proving, together with Ross, the mentioned theorem, asked if the same was true
for countably compact topological groups. That is, his question was: is the product of
countably compact groups countably compact? More generally, he asked the following
question in the survey book Open Problems In topology [Com90]:

Question 1 ([Com90], Question 477). Is there, for every (not necessarily infinite) cardinal
number a < 2%, a topological group G such that G' is countably compact for all cardinals
Yy < a, but G* is not countably compact?

The restriction @ < 2 in the question above is due to a result that had already been
proved in [GS75]: it is equivalent to a Hausdorff topological space X to have all powers
countably compact and be such that X?  is countably compact.

Van Douwen gave the first consistent answer to Comfort’s original question: he proved
under Martin’s axiom (MA) that there are two countably compact groups whose product is
not countably compact [Dou80]. More specifically, van Douwen proved the two following
lemmas:

Lemma 1 ([Dou80]). (ZFC) Every infinite Boolean countably compact group without non-
trivial convergent sequences contains two countably compact subgroups whose product is not
countably compact.

Lemma 2 ([Dou80]). (MA) There exists an infinite Boolean countably compact group without
non-trivial convergent sequences.

Using tools outside ZFC, many other examples of countably compact groups without
non-trivial convergent sequences were given over the years. For instance:

« in [HJ76], from Continuum Hypothesis (CH);
« in [KTW00], from Martin’s Axiom for countable posets (MA ountable);
« in [GTWO05], from a single selective ultrafilter.

However, it was left open for a long time whether there exists an example in ZFC. This
question was finally solved in 2021, when Hrusak, van Mill, Ramos-Garcia, and Shelah
[Hru+21] proved in ZFC the following theorem:

Theorem 3 ([Hru+21]). There exists a Boolean countably compact topological group (of size
¢) without non-trivial convergent sequences.
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Due to Lemma 1, this result also solves the original Comfort’s question in ZFC.

Then, in [BRT21a], the authors asked whether there exists an (Abelian) countably
compact group without non-trivial convergent sequences of size strictly greater than ¢
in ZFC. With a slight modification to the construction given in [Hru+21], we answered
this question:

Theorem 4 ([TT22], Theorem 3.1). There is a Boolean countably compact group of size 2¢
without non-trivial convergent sequences.

We mentioned above the three main results which appear in our first paper ([TT22]).
From now on, we will turn to the results of our second paper ([TT23]), which are related
to Comfort’s more general question (Question 1).

It is natural also to ask productivity questions for countably pracompact and selectively
pseudocompact groups. In this regard, Garcia-Ferreira and Tomita proved that if p and g
are non-equivalent (according to the Rudin-Keisler order in the set of free ultrafilters on w)
selective ultrafilters on w, then there are a p-compact group and a g-compact group whose
product is not selectively pseudocompact [GT20]. Also, Bardyla, Ravsky and Zdomskyy
constructed, under MA, a Boolean countably compact topological group whose square is
not countably pracompact [BRZ20]. However, it is still not known whether it is a theorem of
ZFC that selective pseudocompactness and countable pracompactness are non-productive
in the class of topological groups.

More generally, one can ask Comfort-like questions, such as Question 1, for selectively
pseudocompact and countably pracompact groups. In the case of selectively pseudocompact
groups, the question is restricted to cardinals & < w, since, as shown in a later chapter, if
G is a topological group so that G“ is selectively pseudocompact, then G* is selectively
pseudocompact for every cardinal k¥ > @. In the case of countably pracompact groups,
it is still not known whether there exists a cardinal k satisfying that: if a topological
group G is such that G* countably pracompact, then G* is countably pracompact, for each
a > k. Thus, there is no restriction to the cardinals a yet. We write below the non-trivial
Comfort-like questions in the case of selectively pseudocompact and countably pracompact
groups:

Question 2. For which cardinals @ < w is there a topological group G such that G" is

selectively pseudocompact for all cardinalsy < a, but G* is not selectively pseudocompact?

Question 3. For which cardinals « is there a topological group G such that G' is countably
pracompact for all cardinalsy < a, but G* is not countably pracompact?

In [GT18], under the assumption of CH, the authors showed that for every positive
integer k > 0, there exists a topological group G for which G* is countably compact but
G**1 is not selectively pseudocompact. Thus, Question 2 and Question 3 are already solved
for finite cardinals under CH. The cardinal @ = w is the only one for which there are still no
consistent answers to Question 2. In [TT23], we answered Question 3 for @ = ©, assuming
the existence of ¢ incomparable selective ultrafilters, and for ¢ = k™, with w < k < 2,
assuming the existence of 2° incomparable selective ultrafilters:

Theorem 5 ([TT23], Theorem 3.1). Suppose that there are ¢ incomparable selective ultrafil-



0.0 | THE CONTENT

ters. Then there exists a topological group G which has all finite powers countably pracompact
and such that G is not countably pracompact.

Theorem 6 ([TT23], Theorem 4.1). Suppose that there are 2° incomparable selective ultra-
filters. Let k < 2° be an infinite cardinal. Then there exists a topological group G such that G*
is countably pracompact and G*" is not countably pracompact.

As a corollary of the proof of Theorem 5, we also obtained:

Corollary 1 ([TT23]). Suppose that there are ¢ incomparable selective ultrafilters. Then, for
eachn € w, n > 0, there exists a topological group whose nth power is countably compact and
the (n+1)th power is not selectively pseudocompact.

Since CH implies the existence of 2° incomparable selective ultrafilters [Bla73], this is a
slightly stronger result than what was obtained in [GT18].

The case @ = 2° of Theorem 6 is particularly interesting since, given a Hausdorff
topological space X, if X? is countably compact, then X is countably compact for every
a > 2°, as we mentioned.

Finally, we also work a little with the relation between algebraic properties of some
Abelian groups and the possibility of endowing them with a p—compact topology, for
some free ultrafilter p on w. We have already obtained some results (they will be presented
below) but, as mentioned before, they have not yet been submitted.

In this regard, Fuchs showed that a non-trivial free Abelian group does not admit a
compact Hausdorff group topology, and Halmos proved that it is possible to topologize
the additive group R so that it becomes a Hausdorff compact topological group [Hal44].
Notice that, algebraically, R can be considered as the direct sum of ¢ copies of Q). Also,
Tomita showed the following result:

Theorem 7 ([Tom98]). Let G be an infinite free Abelian group endowed with a group
topology. Then, G is not countably compact.

The proof of the theorem above relies on the fact that the only element of a free Abelian
group that is infinitely divisible is 0. This suggests that a good candidate for a torsion-free
group that admits a p—compact topology might be a divisible group, such as Q. Indeed,
Bellini, Rodrigues and Tomita recently showed that, if p is a selective ultrafilter and « is a
cardinal such that k = k®, then Q® (the direct sum of x copies of Q) admits a p—compact
group topology without non-trivial convergent sequences [BRT21b]. Our first result in
this regard is that divisibility can be dropped:

Proposition 1. There is an Abelian, torsion-free, non-divisible topological group which is
compact.

Since group divisibility is not essential for the existence of p-compact topologies, we
tried to change the group Q a little so that it loses its divisibility, and study whether we
still get such a topology. The most immediate attempt would be to look at the Abelian
group Z x Q9. We did this, and showed that Z x Q') does not admit a p—compact group
topology for any p € w*. Actually, we proved a more general result:



0 | INTRODUCTION

Proposition 2. Let G be an Abelian group. Then, the Abelian group 7. x G does not admit a
p—compact group topology for any p € w*.

In particular, this answers a question asked in [Bel+21].

Interestingly, we also showed that by replacing Z with a subgroup of Q which is very
divisible (in the following sense), the same is true:

Proposition 3. Let G be an Abelian group, H be a subgroup of Q) andr > 1 be a prime
number. Suppose that H is t-divisible for each primet # r but is not r—divisible. Then, H x G
does not admit a p—compact group topology, for any p € w”.

Finally, using a similar construction to the one done in [BRT21b], we also showed
that:

Theorem 8. Let p be a selective ultrafilter. Then, there exists a p-compact group topology on
Q' without nontrivial convergent sequences and a closed subgroup H C Q' which contains
an element not divisible by anyn € w.

That is, such H is a p—compact subgroup of Q©, without non-trivial convergent
sequences, which contains an element not divisible by any n € w.

The outline

The thesis is organized as follows.

Chapter 1 deals with the preliminary content necessary for understanding the thesis,
which is not directly related to the results that will be presented (such content is in chapter
2). We assume that the reader is already familiar with Mathematics at undergraduate
level, but some basic contents were presented in this chapter for the purpose of fixing the
notation, or due to its centrality and importance in the theme of the thesis.

In chapter 2, we will introduce our main field of study during the PhD. While making
a historical overview, we present preliminary contents that were not covered in chapter 1,
as they are directly related to the results that will be presented. We believe it would be
better this way, as the topics are already presented in the context in which they will be
used, providing greater objectivity and motivation. We also present a general idea of how
most of the constructions that will be done in subsequent chapters work, including some
facts and results that will be useful to us.

Chapters 3, 4, 5 and 6 are devoted to proving the following:
+ Chapter 3: Theorem 4;

Chapter 4: Theorem 1 and Theorem 2;
« Chapter 5: Theorem 5;
+ Chapter 6: Theorem 6.

At the end of each of these chapters, we make a brief conclusion, indicating some open
questions that we are interested in and intend to study in the future.
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The reader will notice that chapter 7 differs somewhat from the other chapters. The
reason for this is that the study of the themes presented there is much more recent.
Therefore, the historical overview and the insertion of the results obtained in the context
of the area are made in the chapter itself, and not in chapter 2. There we also present
the proofs of all the original results obtained so far (which are Propositions 1, 2, 3 and
Theorem 8), and at the end we present an idea of the next steps that we want to follow in
this study.






Chapter 1

Preliminary Content

In this chapter we will group the preliminary content (those that are not directly
related to the results that will be presented) necessary for the understanding of the next
chapters. By preliminary content, we mean notations, nomenclatures, definitions, as well
as results commonly found in undergraduate and graduate mathematics textbooks. We
will assume that the reader is already familiar with many basic mathematics concepts and
results at the undergraduate level. For this reason, most of the time we will talk about
such basic concepts without presenting them (some references for the reader interested in
such topics are suggested throughout the text). However, we sometimes find it necessary
to recall some basic facts in more detail, as well as to fix the nomenclature we will use. For
many readers, much of this chapter can only serve as an occasional reference, and it can
be skipped without major problems in understanding the thesis.

1.1 Algebra

In this section we will recall some algebra results and fix some nomenclature we will
use in the entire thesis. Much of what is presented here can be found in any basic algebra
textbook. For Portuguese speakers, we suggest [Mar10].

Definition 1.1.1. A group is a nonempty set G together with a binary operation
1 GxG -G
so that:
G1) (associativity) for every a,b,c € G, (a-b)-c=a-(b-c);
G2) there exists e € G so that, for eacha € G, e-a = a;
G3) for every a € G, thereisb € Gsothatb-a =e.
If a group G also satisfies that

G4) for every a,b € G,a-b = b - a, we say that G is an Abelian group.
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As usual, the element e in the property G2 is called the identity (or the neutral element)
of the group. Also, the element b in the property G3 is called the inverse of a, and it
is denoted by a™'. Notice that we can think of the inverse of elements in a group as a
function:

O':G—G

ar— a .

Sometimes, when there is no chance of confusion, we may omit the symbol - in the
product of elements in a group: for instance, we write ab instead of a - b. Recursively we

define, for each n € w and a € G, the element a" € G in the following way: a° = e and

an+1 =a- an.

Given subsets H, K of a group G and a € G, we also define the following:
«H'={geG:g=h" heH}

« HK ={geG:g=h-k, he Hk € K}

e« fornew,n>0,H"={geG: g=hy-...-h_y, ho,.... hy_y € H};

« H is called symmetricif H = H*;
caH={geG:g=a-hheH}andHa={geG: g=h-a, he H}.

Note that due to the associativity property of groups, given elements a,b,c € G and
H C G, one can write, with no chance of confusion, elements and sets as a(bc) or a(bH),
for instance, without the parentheses, as abc and abH, respectively.

Next, we define:
Definition 1.1.2. Let G be a group.

1) If G is finite, we define its order as the number of its elements. If G is not finite, we
say that its order is infinite.

2) The order of an element a € G is the smallest positive m € o so that a” = e. If such
m € w does not exist, we say that the order of a is infinite.

Definition 1.1.3. A group G is called a Boolean group if all its elements, other than identity,
have order 2.

Definition 1.1.4. Let G be a group. Then:
1) An element g € G is a torsion element if it has finite order.

2) G is a non-torsion group if there exists g € G which is not a torsion element. Other-
wise, G is called a torsion group.

3) G is torsion-free if the only torsion element of G is the identity.
For Abelian groups, we usually will denote the binary operation as +, and the neutral

element as O (or simply by 0, if there is no chance of confusion). Also, the inverse of a € G
is denoted by —a, and, for each b, ¢ € G, an operation as b - ¢”* (which in the new notation
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is b + (—c)) will simply be denoted by b — c. As done before, we also define, for each n € w
and a € G, the element na € G recursively: 0a = 0 and (n + 1)a = na + a. In other words,
na will be the element a "added" n times.

Now, we define the following concepts:

Definition 1.1.5. An Abelian group G is divisible if, for each n € w \ {0} and g € G, there
is y € G so that g = ny.

Definition 1.1.6. Given a prime number r € ©, we say that an Abelian group G is
r—divisible if, for each g € G, there is y € G so that g = ry.

1.2 Topology

In this section we will present the preliminary content of topology.

The meaning of certain basic nomenclatures in topology does not exactly match
depending on the source. Thus, we will spend a few pages in this section specifying exactly
what we mean by each term that could cause confusion. As usual, a topological space
(X, 7) will be denoted simply by X when there is no chance of confusion.

We highlight here that throughout the thesis the set of natural numbers will be identi-
fied with the first infinite ordinal, w. Also, ordinals are identified with cardinals: for instance,
w will be identified with X,. As usual, ¢ will denote the cardinality of the continuum.

1.2.1 Basic General Topology

Definition 1.2.1. Let I be a set, (X; : i € I) be a family of topological spaces, Y be a
nonempty set and, for eachi € I, f; : Y — X, be a function. The topology on Y generated
by the family of functions (f; : i € I) is the weakest' topology on Y that makes each f;
continuous.

Recall that, given a set I, (X; : i € I),Y and (f; : i € I) as in the definition above,

B= { ﬂ f7'(U) : F CIis finite and U; C X; is an open subset, for each i € F}

icF
is a base for the topology generated by the family of functions (f; : i€ I) onY.

Let again (X; : i € I) be a family of topological spaces. Given i, € I, we will usually
denote by ;, the projection from the cartesian product X = [],;; X; onto X; :

Ty * X—>}(io

(xi)iel — x™.

Definition 1.2.2. Let (X; : i € I) be a family of topological spaces and X = [],.; X;. The
product topology on X is the topology generated by the family of functions (r; : i € I).

! That is, the intersection of all topologies with the mentioned property.

11
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Remark 1. Given a family of topological spaces (X; : i € I), if we somehow say "the
topological space X = [],; X;", without specifying the topology, we mean that X is
endowed with the product topology.

Next we define the separation axioms for topological spaces. Their precise meanings
may vary according to the source. In this thesis, we agree with [Wil04], for example.

Definition 1.2.3. A topological space X is said to be:

1) T, if, and only if, given distinct points x, y € X, there is an open subset of X containing
one and not the other;

2) T, if, and only if, given distinct points x, y € X, there is an open subset of X containing
x and not containing y;

3) T, (or Hausdorff) if, and only if, given distinct points x,y € X, there are disjoint
open subsets U and V of X sothatx e Uand y € V;

4) regular if, and only if, for each closed subset A of X and x € X \ A, there are disjoint
open subsets U and V of X such that AC U and x € V;

5) T; if, and only if, X is regular and T;;

6) completely regular if, and only if, for each closed subset A of X and x € X \ A, there
is a continuous function? f : X — [0, 1] so that f(x) = 0 and f(A) c {1};

7) T;; (or Tychonoff) if, and only if, X is completely regular and T;;

8) normal if, and only if, given disjoint closed subsets A and B of X, there are disjoint
open subsets U and V of X sothat ACU and BC V;

9) T, if, and only if, X is normal and T;.

Below we list some important basic facts to remember. Their proofs can be found in
many basic topology textbooks (e.g., [Wil04] contains some of them).

LEMMA 1.2.4. A topological space X is Ty if, and only if, for each x € X, {x} is closed.
LEmMmA 1.2.5. Every regular T space is Hausdorff.
LEMMA 1.2.6. Every completely regular space is regular.

COROLLARY 1.2.7. Every Tychonoff space is Hausdorff.

Now, let’s recall some more definitions and important results.
Definition 1.2.8. Let X be a topological space.
a) A cover of X is a collection U’ of subsets of X so that | JU" = X.
b) An open cover of X is a cover of X whose elements are all open subsets.

c) A subcover of a cover U is a subcolletion of U” which is also a cover.

2The subset [0, 1] C R is endowed with the subspace topology.
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Definition 1.2.9. A topological space X is compact if, and only if, every open cover of X
has a finite subcover.

Definition 1.2.10. Given a topological space X, we define the following.

1) Let (x,)ne. be a sequence in X. We say that a point x € X is an accumulation point
of (x,)neo if, and only if, for each open neighborhood U of x, {n € w : x, € U} is
infinite.

2) Let A C X. We say that a point x € X is an accumulation point of A if, and only if,
for each open neighborhood U of x, An (U \ {x}) # @.

3) Let A C X. We say that a point x € X is an w—accumulation point of A if, and only
if, for each open neighborhood U of x, AN U is infinite.

Definition 1.2.11. A topological space X is countably compact if, and only if, it satisfies
one of the following equivalent conditions.

1) Every infinite subset of X has an w-accumulation point.
2) Every sequence on X has an accumulation point.
3) Every countable open cover of X has a finite subcover.

Remark 2. If X is a T; topological space, it is equivalent for a point x € X to be an
accumulation point of a subset A C X or an w—accumulation point of A, as we shall see in
the next result. For this reason, when dealing with T; topological spaces, we will usually
use the terminology accumulation point, while actually working with the definition of an
w—accumulation point.

LEMMA 1.2.12. Let X be aT; topological space. Then, x € X is an accumulation point of a
subset A C X if, and only if, x is an w—accumulation point of A.

Proof. (=) Let x € X be an accumulation point of a subset A C X. Suppose that there
exists an open neighborhood U of x so that A n (U \ {x}) = {xq, ..., X}, for m € w. Since X
isT;, V = X \{xo, ..., X} is an open subset, and therefore U NV is an open neighborhood
of x which satisfies that A n ((U nV)\ {x}) = @, a contradiction, as x is an accumulation
point of A. Thus, A nU is infinite for every open neighborhood U of x.

(&) It is clear. O

It is also well known that:

PROPOSITION 1.2.13. Every compact topological space is countably compact.

Proof. Let X be a compact topological space. Suppose that there is a sequence (x,)ncs
on X which does not have an accumulation point. Then, for each x € X we may fix a
neighborhood V, of x so that {n € w : x, € V. } is finite. Since (V,)cx is an open cover of X,
it has a finite subcover, say {V,,, ..., V,,.}, m € w. Thus, some V,,, 0 < i < m, has to contain
infinitely many elements x,, a contradiction. Therefore, X is countably compact. ]

The following definition is not very usual, but we still consider it folklore.

13
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Definition 1.2.14. A topological space X is countably pracompact if there exists a dense
subset D C X such that every sequence on D has an accumulation point in X.

Regarding compact spaces, we have the following important theorem:
THEOREM 1.2.15 (Tychonoft’s Theorem). The product of any family of compact topological

spaces is compact with respect to the product topology.

Proof. We refer [Wil04] for a proof. O

1.2.2 Filters and ultrafilters

In this subsection, we will recall the definitions and useful properties of filters and
ultrafilters. Much of the content is based on section 12 of [Wil04].

Definition 1.2.16. Let S be a set. A filter on S is a collection F C P(S) which satisfies the
following properties:

a) SeFand® ¢ F;
b) ifFo,Fl S P, then FO ﬂF1 S F,
C) lfF0€randFOCF1,thenFl€7:‘

Note that, equivalently, we could replace property a) by

a) © G F G P(S).

Definition 1.2.17. Let F be a filter on a set S. A nonempty subcollection F, C F is a filter
base of F if, and only if,

F ={F € P(S) : F, C F for some F, € F,}.

Not every nonempty subcollection of P(S) is a filter base for some filter on a set S.
Indeed, the following result holds.

LEMMA 1.2.18. Let S be a nonempty set and C C P(S) be a nonempty collection of nonempty
subsets of S. Then, C is a filter base for some filter on S if, and only if, satisfies the following

property:
P: for each Cy, C; € C, there exists C, € C so that C, C Cy N C;.

Proof. (=) Suppose that C is a filter base for a filter 7 on S. For each C,, C; € C, we have
that Cy N C; € F. Thus, there exists C, € C so that C, ¢ Cy n C;.

(<) Suppose that C satisfies the property P. Then, we claim that the collection
F ={F € P(S) : C CF for some C € C}

is a filter on S (for which, clearly, C is a filter base). Indeed, as C is nonempty, we have
that S € F. Also, @ ¢ F, otherwise we would have that @ € C. Thus, the property a)
of Definition 1.2.16 is satisfied for F. Property c) is clearly satisfied. Moreover, given
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F,,F;, € F, there are Cy,C; € C so that Cy C F, and C; C F,,. Then, Cy n C; € C, and thus
Fy n F, € F. Therefore, property b) is also satisfied. O]
Next we recall some more useful definitions and results.
Definition 1.2.19. Let F and G be filters on a set S. We say that:
a) F is finer than Gif G C F;
b) F is strictly finer than Gif G ; F;
c) F is fixed (or principal) if F = @;
d) Fis freeif [ F = @.

Definition 1.2.20. A filter p on S is called an ultrafilter if there is no filter on S strictly
finer than p°.

PROPOSITION 1.2.21. An ultrafilter p on a set S is fixed if, an only if, there is x € S so that
p={F e P(S) : x € F}.
That is, the collection {{x}} is a filter base for p.

Proof. (=) Let p be afixed ultrafilter on Sand x € () p.Itisclear that p C {F € P(S) : x € F}.
Let F € P(S) be so that x € F.If F ¢ p, then X \ F € p, since p is an ultrafilter. However,
x ¢ X \'F, a contradiction. Thus, p = {F € P(S) : x € F}.

(<) In this case, [ | p = {x} # @, and thus p is fixed. ]

PROPOSITION 1.2.22. An ultrafilter p on a set S is fixed if, and only if, it contains a finite
subset.

Proof. (=) By Proposition 1.2.21, if p is a fixed ultrafilter on S, it contains the set {x}, for
some x € S.

(<) Suppose that p contains the finite subset F = {xy, ..., x,}, n € , and that p is free.
Then, there are F, ..., F,, € p so that x; ¢ F,, for each i = 0, ..., n. This is a contradiction, since
Fn(F,n..nF,) =@. Thus, pis fixed. ]

The following well-known result is very useful when dealing with ultrafilters, as well
as the corollary following it.
PROPOSITION 1.2.23. A filter p on a set S is an ultrafilter if, and only if; for every X € P(S),
either S€ por X \'S € p.
Proof. We refer [Wil04] for a proof. [

COROLLARY 1.2.24. Let p be an ultrafilter on a set S, and suppose that | Ji_, A; = S, for
A, ..., A, C S andn € w. Then, there isi € {0, ..., n} so that A; € p.

3 That is, an ultrafilter on S is a maximal filter on S with respect to inclusion.

15
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Proof. In the conditions of the statement, if A; ¢ p for every i = 0, ..., n, then, by Proposition
1.2.23, S\ A; € p for every i = 0,...,n. Thus,

n

(S\NA)=0e€p,

i=0

a contradiction. Therefore, there is i € {0, ..., n} so that A; € p. OJ
It is also important to know when a family of subsets can be extended to an ultrafilter.

We address this question below.

Definition 1.2.25. Let S be a set and C C P(S). We say that C has the

« finite intersection property if, and only if, the intersection of any finite subcollection
of C is a nonempty subset of S;

« strong finite intersection property if, and only if, the intersection of any finite subcol-
lection of C is an infinite subset of S.

PROPOSITION 1.2.26. Let S be a set and C C P(S). Then:

a) C can be extended to an ultrafilter on S if, and only if, has the finite intersection
property;

b) C can be extended to a free ultrafilter on S if, and only if, has the strong finite intersection
property.

Proof. a) (=) If C can be extended to an ultrafilter p on S, then the intersection of any
finite subcollection of C also belongs to p, thus cannot be an empty set.

(<) Suppose that C has the finite intersection property. Let 53 the the family of all finite
intersections of elements in C. By Lemma 1.2.18, B is a filter base for some filter 7, on S,
which contains C in particular. Now, let

Z={F cP(S): CCFandF is afilter.}

Since Z # @, an usual application of Zorn’s Lemma shows that Z has a maximal element
p, which will therefore be an ultrafilter.

b) (=) If C can be extended to a free ultrafilter p on S, then the intersection of any
finite subcollection of C also belongs to p. Since p is free, by Proposition 1.2.22, all such
intersections are infinite subsets.

(<) Suppose that C has the strong finite intersection property. Let BB the the family of
all finite intersections of elements in C. By Lemma 1.2.18,

Fo={F € P(S) : BCF, for some B € 5}

is a filter. Also, it is clear that every element of F is an infinite subset and C C F,. Thus,
the set

Z={F CcP(S) : CCF,F isafilter, and every element of F is infinite.}
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is nonempty. Again, we may use Zorn’s Lemma to show that there is a maximal element
p € Z. Thus, p is an ultrafiter, and, according to Proposition 1.2.22, it is free. OJ

COROLLARY 1.2.27. Every filter on a set S can be extended to an ultrafilter on S.

Proof. Follows directly from Proposition 1.2.26, since every filter has the finite intersection
property. [

Remark 3. Throughout the thesis, we will denote the set of free ultrafilters on w by w”.

1.2.3 P-points and weak P-points of »*

In this subsection, we will define the concepts of P-points, weak P-points, and present
some results that we will need.

Definition 1.2.28. Let X be a T; topological space. A point x € X is called P—point
if, and only if, whenever (U, : n € w) is a countable family of neighborhoods of x,

x € int((Nyew Un)-

Definition 1.2.29. Let X be a T; topological space. A point x € X is called weak P—point
if, and only if, x is not an accumulation point of any countable subset of X.

PROPOSITION 1.2.30. Let X be aT; topological space. Then, every P—point of X is a weak
P—point.

Proof. Let x € X be a P—point of X and suppose that x is an accumulation point of a
countable subset A of X. Let{y; : i € w}be an enumeration of A\ {x}. Then, for eachi € w,
we may fix an open neighborhood U; of x so that y; ¢ U,. Since x is a P—point, int( Miew Un)
is an open neighborhood of x, thus

int(("\U,) n A

new

is infinite. This is a contradiction, as y; ¢ int( Mneo U,,) for every i € w. Therefore, x is a
weak P—point. O]

Consider a topology in w* which has sets of the form
A" ={pew : Aep}
for each A C w, as basic open sets. We claim that this topology is T;. Indeed, given distinct
points p, q € w*, there exists A C w sothat A € pand A ¢ q. Thus, p € A*and q ¢ A™.

When w* is endowed with the above topology, one can write equivalent definitions for
P—points in o™

PROPOSITION 1.2.31. Let w* be endowed with the topology above and p € w*. The following
conditions are equivalent.

(1) p is a P—point of w*;

17
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(2) for every sequence (A, : n € w) of elements of p, there exists A € p so that A\ A, is
finite for each n € w;

(3) for every partition (A, : n € w) of w, either A, € p for somen € w or thereis A € p
such that An A, is finite for eachn € w.

Proof. (1) = (2): Let p € w* be a P—point, and (A, )., be a sequence of elements of p.
Then, (A} : n € ) is a family of open neighborhoods of p, and thus p € int( Mheo AZ) Let
A C wbesuchthat pe A" C int( Mico A;) We claim that A \ A, is finite for each n € w.
Indeed, suppose that A\ A,, is infinite for some n, € w. Then, there exists a free ultrafilter
q € o* which contains A \ A, . Thus, in particular A € q and A,, ¢ g, and therefore q € A*
and q ¢ A; , which is a contradiction. We conclude that A\ A, is finite for each n € w.

(2) = (1): Suppose that p € w* satisfies condition (2). We shall prove that p is a P—point.
For that, let (B; : n € w) be a countable family of neighborhoods of p, with B, C w, for
each n € w. Then, there is an element B € p so that B\ B, is finite for each n € w. We claim
that

pEB C ﬂB:.
new
Indeed, suppose that g € w* is such that B € q. Then, if B,, ¢ q for some n, € w, we would
have that B n (v \ B,,) € ¢, a contradiction, since B \ B,, is finite. Therefore, the above
equation holds, and p is a P—point of ™.

(2) = (3): Suppose that (2) holds, and let (A, : n € w) be a partition of w. If A, € p for
some n € w, we are done. Otherwise, w \ A, € p for every n € w, thus there exists A € p so
that AN\ (w\ A,) = An A, is finite, for each n € w.

(3) = (2): Suppose that (3) holds, and let (A, : n € w) be a sequence of elements of
p. Then, B, = v\ A, ¢ p, for every n € w. Define recursively a sequence (C,),c., SO that
Cy = B, U {0} and for each n > 0,

n—1
G =B, uini\| Jc.
i=0

Then, C, ¢ p, for everyn € w.Let C = {n € w : C, = @}. Note that {C, : n € C}isa
partition of w, thus C has to be infinite. Therefore, by hypothesis, there exists A € p such
that A n C, is finite, for each n € C, thus An B,(= A\ A,) is finite for every n € w. O

We highlight that Kunen showed in ZFC that there are 2° points in w* which are weak
P—points but not P-points [Kun80]. Also, there exists a model of ZFC in which there are
no P—points in 0* [Wim82].

We end this section with the following useful result.
PROPOSITION 1.2.32. Let (¢;)ic, be a family of distinct weak P—points in *. Then, there

exists a family (C;);e, of pairwise disjoint subsets of w so that C; € gq;, for everyi € w.

Proof. We will construct such family recursively as follows. Since g is a weak P—point, it
cannot be an accumulation point of {g;;; : i € w}. Thus, there exists C, € g, so that C, ¢ ¢;,
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for every i > 0. Suppose that, for n € w, we have constructed a family (C;)o<;<, satisfying:
1) CGinC; = @ foreachi,j €1{0,..,n} so that i # j;
2) C;€q,foreach0<i<nm;
3) Ci ¢ qjforevery j € w, j #i.

Since @41 is a weak P—point, ¢,.; cannot be an accumulation point of {g; : i # n + 1}, thus
there is D11 € g4 so that D,,; € g; if i # n + 1. Thus, we have that

Cn+1 = Dn+1 N (C() AN Co) Nn..n (CL) AN Cn) € Qnt1-

Also, C,y1 NC; = @, for every i € {0, ...,n} and C,,; ¢ g; for every i € w, i # n+ 1. Therefore,
the family (C;)o<i<n11 also satisfies 1)-3), which ends the proof by recursion. [

1.2.4 Selective ultrafilters

In this brief subsection we will define selective ultrafilters and present some results
that will be important throughout the thesis.

Definition 1.2.33. A selective ultrafilter on o is a free ultrafilter p on w such that for
every partition (A, : n € w) of w, either there exists n € w such that A, € p or there exists
B € p such that [Bn A,| = 1 for every n € w.

It follows straight from item (3) of Proposition 1.2.31 that:
PROPOSITION 1.2.34. Every selective ultrafilter in w* is a P—point.

When handling the combinatorial properties of selective ultrafilters, it is often useful
to use some of their equivalent properties, like those given by the well known proposition
below.

PROPOSITION 1.2.35. Let p € w*. The following are equivalent.
a) p is a selective ultrafilter.
b) Forevery f € w®, there exists A € p such that f|, is either constant or one-to-one.

c) For every function f : [w]* — 2 there exists A € p such that f| .. is constant.
Proof. See [CN74], for instance. [

The existence of selective ultrafilters is independent of ZFC. In fact, Martin’s Axiom im-
plies the existence of 2¢ selective ultrafilters [Bla73], while, as we mentioned in the previous
subsection, there is a model of ZFC in which there are no P—points in w* [Wim82].

1.2.5 The Rudin-Keisler order

In this subsection, we will present the definition and some facts regarding the Rudin-
Keisler order.

19
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Given an ultrafilter p on w and a function f : v — w, we define the set

fp)=fAcw: f(A)ept
Observe that, for each ultrafilter p on w, f.(p) is also an ultrafilter on w.

Definition 1.2.36. Given p,q € w*, we say that p <px q if there exists a function
f + @ — o so that f.(q) = p. Such relation on w* is a preorder called the Rudin-Keisler
order.

We say that p,q € o™ are:
« incomparable if neither p <zx q or q <gx p;
« equivalent if p <px q and q <z p.

For our purposes in this thesis, that is enough about Rudin-Keisler order. For more
details on the subject, we suggest [CN74] and [HTT18].

1.2.6 Topological Groups
Let’s recall the definition of topological groups:

Definition 1.2.37. A topological group is a group G endowed with a topology for which
the functions (\)™! : G - Gand- : GxG — G are continuous*.

Notice that, given a topological group G, the continuity of the functions - and (.)™!
implies that, for each open subset U and element g € G, the sets U™, gU and Ug are also
open.

When working with the pseudocompact-like properties, we assume that the spaces
are at least Tychonoff. Then, in the case of topological groups, it suffices to consider T
topological groups since, interestingly, T topological groups are automatically Tychonoft.
We present a complete proof of this non-trivial fact in the proposition below because,
although it is a folklore basic result about topological groups, it is not often exploited. The
proof we present is based on a proof contained in the book [MZ55]. First, we need the
following simple lemma.

LEmMMA 1.2.38 ([MZ55], Section 1.15). Let G be a topological group and U be an open
neighborhood of the identity e. Then, there exists a symmetric open neighborhood W of e such
thatW? Cc U.

Proof. Since G is a topological group, the operation - : G x G — G is continuous in (e, e).
Therefore, there are open neighborhoods V;, V; of e so that V,V; C U. We define

W=VonV,'nVinVv,},

and then W is clearly a symmetric open neighborhood of e. Also, given wy, w; € W, we
have that w, € V,, w; € V, and therefore w, - w; € U.

% Recall that, according to the Remark 1, we are considering that G x G is endowed with the product topology.
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PROPOSITION 1.2.39. The following statements are true.
a) AT, topological group is T;.
b) Every topological group is completely regular.

Proof. a): Let G be a T, topological group. Given distinct elements g,h € G, there is an

open subset U C G containing one and not the other. Let’s say it contains g and not h.

Then, V = hU'g is an open subset containing h and not g. Thus, G is Tj.

b): Let G be a topological group with identity e. We shall prove first that for every
closed subset A C G so that e € G \ A, there exists a continuous function f : G — [0,1]
such that f(e) = 0 and f(A) c {1}.

Then let A be a closed subset of G as in the previous paragraph. For each n € w, we will
construct open neighborhoods (U,),c, of e recursively as follows: U, = G \ A and, for each
n € w, U, is a symmetric open neighborhood of e so that U%,, C U, n Uy, which exists by
Lemma 1.2.38.

Next, for each n € w, we also define open neighborhoods (W ,)i<k<on of e recursively,
as follows. First, we put W, = Uj. Then, for each n € w:

Wl,n+1 = Un+1
Warnt1 = Wi, foreachl € wsothat1 <[ < 2"
Woriine1 = WinsiWin, foreachl € wsothat1 <1< 2"

Now, we will show by induction on n € o that, for each n € w, the expression

Wl,an,n C Wk+1,n (1 . 1)

holds for each k = 1,...,2" — 1. If n = 0, the claim is a vacuous truth. For N > 0, suppose
that the claim is true for each m < N. We shall prove that it is also true forn = N.If k = 1,
by construction, we have that

WinWin = U CUyoy = Wineg = Won.
If k = 2l for some 1 <[ < 2N~! — 1, we have that
WinWan = WinWin-1 = Wain = Wi n,
and finally, if k = 2 + 1 for some 1 <[ < 2N71 —1,
WinWaan = (W12,N)I/VI,N—1 = (U]E])V‘/I,N—l C Un-1WiN-1 = Win-iWiN-1.
By the induction hypothesis, W) y_1W;n-1 C W1 n-1, and

VVI+1,N—1 = W21+2,N = Wk+1,N>

21
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which ends the proof by induction.
Next, we claim that, if ny, n; € w, ko € {1, ...,2™} and k; € {1, ..., 2™} satisfy that

ke Kk

o

then Wy, n, = Wi, n,. In fact, if ny = n;, we have that k, = k; and clearly Wy, ,, = Wi, n,-
Otherwise, we may suppose, for instance, that ny < n;. Thus, k; = 2" ™k, and, by
construction,

Wklanl = Wznlfrl()*lko,nl_l = e = Wznl—no—(nl—no)ko)nl_(nl_no) - WkO)"O'

Now, let
k
D= {5 tnewk= 1,...,2"},

k _ ]
and, for each d € D, say d = P forn € wand k € {1, ..., 2"}, we define
Vi = Wi
As shown above, V; does not depend on the particular representation of d in a fraction of

k
the form o withn € wand k = 1, ..., 2", thus it is well defined.

Note also that, given dy,d; € D so that 0 < d, < d;, we have that V;, C V,,. In fact, one

. 0 1 . .
can write d, = P and d; = P for some ny € w and ko, k; € {1,...,2™}. Since Wy, is a
0 0

neighborhood of e, we have that W, ,,, C (Wlk,;,;ko )W, - Using equation (1.1) k; — k, times,
we finally obtain that

k1—ko—1
Vdo = Wko,no C (W 170 )Wk0+1,no Cc..C Wk1,no = le.

1,ng

Define f : G — [0,1] by

&)= {sup{d €D : geV;}, otherwise.

Note that e € ();ep Va, thus f(e) = 0, and given x € A, x ¢ Vi(= Uj). Therefore, f(x) = 1,
and hence f(A) C {1}. We shall show in the next paragraph that f is continuous.

1
Let § € Gand € > 0. Let also n > 0 be so that o < €. Suppose first that f(g) = 0. Then,
V. is an open neighborhood of g so that, for each x € Vi,

1
0< f) < ;<
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Now, suppose that 0 < f(g) < 1. Since D is dense in [0, 1], we may fix d, € D so that

f(@<d <1

Thus, we have that g € V;;,. At the same time, we may fix an element d; € D so that g ¢ V..

We may then choose k > n, my, m; € {1, ..., 25} so that

my mq
dy = y, di = ?

Since 1 < m; < my < 2F, there exists m € {2, ..., 2¥ — 1} so that

g’EVzﬂk \Vrr;%l.

Now, notice that V1 . § is an open neighborhood of g so that, for each x € V1 L 8, X € Vm+1.

Indeed, we have already proved that

Thus, for each x € Vm%l,
2

and we also have that

Ifm=2,
1
)~ f@IS < <
If m > 2, we claim that x ¢ Vm 2. In fact, suppose that x € Vn2. As V1 is a symmetric
neighborhood, we have that g e V1 x, and hence

§€ViVnis CVnu,
ok ok 2k
which is a contradiction. Thus, x ¢ VL;z, and therefore we conclude that in this case
2!

m-—2 m+1
o < fo) < P

and again

vw—ﬂwsgg;<e

Finally, suppose that f(g) = 1, and let again k > n. For each x € V1 g, we have that
geVix.Ifx € Vy,, we would have

ok

§E€ViViy, CViyy,
2 2k 2

k
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a contradiction. Thus, x ¢ Vx_,, and hence
2k

k

1
l-—e<1-—< < f(x) <1

A
We conclude then that f is continuous.

Now, let x € G be an arbitrary element and C C G be a closed subset so that x € G\ C.
Note that C = x7'C is a closed subset of G so that e € G \ C, and thus there exists a
continuous function f : G — [0, 1] so that f(e) = 0 and f(C) C {1}. Consider the function
h : G — [0,1] given by:

h(y) = f(x7"- ),
for each y € G. Since G is a topological group and f is continuous, it follows that A is
continuous, h(x) = f(x'-x) = f(e) = 0 and, for each y € A, h(y) = f(x™' - y) = 1. Then,
G is completely regular.

O

COROLLARY 1.2.40. Every T, topological group is Tychonoff.

We will work again with useful neighborhoods of topological groups in later chap-
ters.



Chapter 2

Pseudocompact-like topologies in
groups

In this chapter, we will introduce our main field of study during the PhD. In the
first section, we will make a historical overview of the area, presenting at the same
time definitions and results that will be relevant to us. Many of these definitions and
results require a more detailed discussion, which includes, for example, the presentation
of basic properties and non-trivial known facts. For this purpose, the historical timeline
will be paused, and such discussions will be done in the form of a digression. There
was the possibility of making separate subsections for such topics, prior to the historical
presentation, or even including them in chapter 1. However, we judge that the first form
captures in a more natural and fluid way the real need for each topic, sticking us with what
is really necessary in the proof of the results in the subsequent chapters. We prioritized a
natural development of the ideas that led to our results over a possibly more organized
presentation. Thus, in the first section, we aim to situate, prepare and motivate the reader
in the questions that will be addressed in the future.

In the second section, we present a general idea of how most of the constructions we
will make in the next chapters will work, addressing some properties and facts that will
serve as a basis for what comes later.

2.1 Introduction

We start with the definition of pseudocompactness, by Hewitt, in 1948:

Definition 2.1.1 ([Hew48]). A Tychonoff topological space X is pseudocompact if every
countinuous function f : X — R is bounded.

The following result shows an equivalent definition.

PROPOSITION 2.1.2. A Tychonoff topological space X is pseudocompact if, and only if, for
every sequence (U, : n € w) of nonempty open sets of X, there exists x € X such that, for
each open neighborhoodV of x,{n € w : V nU, # @} is infinite.

25
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Proof. (=) Let {U, : n € w} be a family of nonempty open subsets of X. Suppose that, for
each x € X, we may choose an open neighborhood V, of x so that{n €  : V, nU, # @} is
finite. For each n € w, fix arbitrarily x, € U,. Since the space is Tychonoff, for each n € w,
there exists a continuous function f, : X — R so that f,(x,) = 1 and f,(X \U,) C {0}.
Now, notice that, given y € X,

fnew: fiy)£0}ci{new : V,nU, =2},

thus {n € v : f,(y) # 0} is finite. Then, the function f : X — R given below is

well-defined:
f) = Z nf,(y), for each y € X.
new

Fa(n)=0

Moreover, we claim that f is continuous. Indeed, for each y € X,
f |Vy = Z N fo,
new
VynU,#0@
which is a continuous function.

Finally, f is unbounded, as, for each n € w, f,(x;) > n. Thus, X cannot be a pseudo-
compact space.

(<) Assuming that the second condition is true, suppose that X is not pseudocompact,
that is, there exists a continuous function f : X — R which is unbounded. Then, there
exists a strictly increasing family {k, : n € w} C rng(f) so that k, > n for each n € w.
Consider, for each n > 1, the following open subset of R,

. <kn—1 + kn kn + kn+1)

n

2 72
and the following open subset of X,
Uy, = f7(W).

Note that U, # @ for every n € w, since k, € W, and k, € rng(f), for each n € w. By
hypothesis, there exists x € X so that{n € w : V nU, # @} is infinite for every open
neighborhood V of x. However, letting V = f7'((f(x) — 1, f(x))) and N € o be so that
N > f(x) + 1, we have that V n U, = @ for every n > N, a contradiction. Hence, X must
be pseudocompact. [

It is well known that:
COROLLARY 2.1.3. Every Tychonoff countably compact topological space is pseudocompact.
Proof. Let X be a Tychonoff countably compact topological space. Let also (U, ), be a
family of nonempty open subsets of X, and, for each n € w, fix x, € U,. Then, there is

an element x € X which is an accumulation point of (x;),c,. In particular, for each open
neighborhood V of x, {n € w : V nU, # @} is infinite. Thus, X is pseudocompact. ]
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Tychonoft’s theorem ensures that the product of any collection of compact topological
spaces is compact. However, Novak and Terasaka ([Nov53] and [Ter52], respectively) con-
structed examples of countably compact spaces whose product is not even pseucocompact.
Thus, although many properties of compact spaces hold also in countably compact spaces,
this is not the case for the useful property of preservation under products. Aiming to
construct a property weaker than compactness, but still retaining preservation by products,
Bernstein introduced [Ber70] the following notions.

Definition 2.1.4 ([Ber70]). Let p € w* and (x, : n € w) be a sequence in a topological
space X. We say that x € X is a p—limit point of (x, : n € w)if{n € 0 : x, € U} € p for
every open neighborhood U of x.

Definition 2.1.5 ([Ber70]). Let p € w*. A topological space X is p—compact if every
sequence (x, : n € w) C X has a p—limit.

Definition 2.1.6 ([Ber70]). A topological space is ultracompact if it is p—compact for
every p € o".

Remark 4. Actually, Bernstein defined the p—limit notion for every ultrafilter on w, not
only for free ultrafilters. However, if p is a fixed ultrafilter on w, then there is ny € w so
that {n,} € p. Thus, given a topological space X, for each sequence {x, : n € w}, we would
have that {n € w : x, € U} € p for every open neighborhood U of x,,. Hence, x,, would
be a so-called p—limit point of {x, : n € w}, and therefore every topological space would
be p—compact for every fixed ultrafilter p on w. That is the reason why we restricted the
definition to free ultrafilters.

As desired, the following properties hold. They are proved a little differently in [Ber70],
but we also prove them here for completeness.

PROPOSITION 2.1.7. Every compact topological space is ultracompact.

Proof. Let X be a compact topological space and p € w*. Suppose that X is not p—compact,
for some p € w*. Then, there is a sequence (x, : n € ) in X which does not have
a p—limit. Hence, for each x € X, we may fix an open neighborhood U, of x so that
{new: x, €U} ¢ p. Since (Uy)cex is an open cover of X, it has to contain an open
subcover, say {U,, ..., U, }, m € . Then, as

m
U{nEw cx €Uyt =w
i=0

and p is an ultrafilter, it must exists i € {0,...,m} such that{n € v : x, € U,} € p, a
contradiction. Then, X is ultracompact. O]

PROPOSITION 2.1.8. Let p € w*. The product of any family of p—compact topological spaces
is p—compact.

Proof. Let I be a set and (X;),; be a family of p—compact topological spaces. Let also
(%)new be a sequence on [, X;. Since X; is p—compact for each i € I, (x'),¢, has a p—limit
y' € X;, for each i € I. We claim that y = (3"),¢ is a p—limit point for (x;,)c.. Indeed, let
U = [ U be a basic open neighborhood of y. Then, there is a finite subset F C I so
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that U; = X for each i € I \ F. Since y' is a p—limit of (x!),, for each i € I, we have that
fnew: x €U} e pforeachieF. Thus,(\in € w : x\ €U} € p, and since

ﬂ{nEw:x,"leUi}:{nEw:xneU},
ieF

we have that{n € v : x, € U} € p.IfV is an arbitrary open neighborhood of y, then there is
a basic open neighborhood of y so that U C V, thus, as shown above, {n € w : x, € U} € p.
Since{n € w : x, €eU} C{n € w : x, € V}, we conclude that {n € v : x, € V} € p.
Therefore, [ [,; X; is p—compact.

]

Also, it follows straight from the definition that:

PROPOSITION 2.1.9. If X is a p—compact space for some p € w*, then X is countably
compact.

The proof of the previous result is straightforward as, given p € »”, every p—limit
of a sequence (x,)ne,, 18, in particular, an accumulation point of (x;,),c,. But also, the next
proposition states that every accumulation point of a sequence (x;),c, is a p—limit of
(Xn)new for some p € w*.

PROPOSITION 2.1.10. Let X be a topological space, (x,)ne., be a sequence in X and x be an
accumulation point of (x,)ne,- Then, there is a p € w* so that x is a p—limit of (X,)necw-

Proof. By assumption, for each open neighborhood U of x, we have that
Sy={new: x, e U}
is infinite. Given U, ..., U, open neighborhoods of x,
Sty N .. N Sy, = Ser ;s
thus Sy, N ... N Sy, is also infinite. We conclude that the collection
S ={Sy C w : U is an open neighborhood of x}

has the strong finite intersection property. Therefore, S can be extended to a free ultrafilter
p € ”. Clearly, in this case x is a p—limit of (x,)e,- O

Next we shall see some basic properties of p—limits. Many of them can be found in
[Ber70].

We can only guarantee the uniqueness of the p—limit of a sequence (x;),c., if it exists,
when the space in question is Hausdorft:

PROPOSITION 2.1.11. Let X be a Hausdorff topological space, (x,)ne, be a sequence in X,
and p € o*. If (X,)new has a p—limit x in X, then it is unique.
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Proof. In the conditions of the statement, suppose that y € X is another p—limit of (x;,)ne,-

Since the space is Hausdorft, there are disjoint open neighborhoods U and V of x and
y, respectively. Then, we have that{n € w : x, e U} €e pand{ne€ w : x, e V} € p,a
contradiction, since{n € w : x, €eU}n{n€ew : x, eV} =Q. H

Then, if we are working with a Hausdorff topological space X, we will denote

x =p—limx,
new

when x is a p—limit of a sequence (x;,),e, in X.

The following properties will be very useful when working with products of topological
groups:

PROPOSITION 2.1.12. Let X,Y be topological spaces, f : X — Y be a continuous function,
and (x,)neo be a sequence in X. In these conditions, if x € X is a p—limit of (X,)new, then

f(x) €Y is a p—limit of (f(x:))neo-

Proof. Let U be an open neighborhood of f(x) in Y. Since f is continuous, there exists
an open neighborhood V of x so that f(V) C U. As x is a p—limit of (x,)e., we have that
fnew:x,eViepandsince{new : x,eVic{new : f(x,) € U}, we conclude that
{new: f(x,) €U} e p. Hence, f(x) €Y is a p—limit of (f(x,))neo- O

PROPOSITION 2.1.13. Let I be a set, (X")ic; be a family of topological spaces, p € w*, and
X =1 X" Let also, for eachn € w, x, = (x.)ic; € X. Then, an element x = (x');c; € X is a
p—limit of (x,)nee, in X if, and only if, for eachi € I, x' is a p—limit of the sequence (x!)c.
in X'.

Proof. (=) Suppose that x = (x');; € X is a p—limit of (x,).e, in X. For each i € I, the
projection 7; : X — X' is a continuous function, thus, by Proposition 2.1.12, m;(x) = x' €
X'is a p-limit of (x!),c,.

(<) Suppose that, for every i € I, x' is a p—limit of (x}),e, in X'. Consider a basic open
neighborhood U = [],; U of x. Then, there is a finite subset F C I so that U; = X for each
i € I\ F. Since x' is a p—limit of (x!),¢, for each i € I, we have that{n €  : x' € U} € p,
for each i € F. Thus, (r{n €  : x' € U} € p, and since

m{nEa):xflel]i}z{nE(u:xneU},
icF

we have that {n € w : x, € U} € p. If V is an arbitrary open neighborhood of x, then
there is a basic open neighborhood of x so that U C V, thus, as shown above, {n € © :
(X )new € U} € p.Since{n € w : x, € U} C {n € w : x, € V}, we conclude that
fnew:x,eV}lenp. ]

As a corollary, we obtain the following:

COROLLARY 2.1.14. Let G be a topological group, (a,)ncw, (bn)new be sequences in G, a,b € G,
and p € w*. Then, the following properties are true.
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a) Ifa is a p—limit of (a,)ne, and b is a p—limit of (b,)new, then a - b is a p—limit of the

sequence (a, - by)nee inG.

b) Ifa is a p—limit of (ap)new, then a™' is a p—limit of the sequence (a," )e, in G.

Proof. a) If a is a p—limit of (a,).e, and b is a p—limit of (b,),c., by Proposition 2.1.13,
we obtain that (a,b) € G? is a p—limit of the sequence ((an, bn))n€w in G?. Also, since the
product operation in G is continuous, by Proposition 2.1.12, a-b is a p—limit of the sequence

(an ' bn)néa) in G.

b) It also follows from Proposition 2.1.12, since the inverse operation in G is continuous.

O

Now we shall look at another pseudocompact-like property. As Ginsburg and Saks
pointed out in [GS75], there is an useful modification of p—compactness which is suited
to the study of pseudocompactness in Tychonoft spaces. We introduce and discuss this
new notion below.

Definition 2.1.15 ([GS75]). Let X be a Tychonoff topological space, p € w* and (S, :
n € w) be a sequence of nonempty subsets of X. A point x € X is called a p—Ilimit of
(S, : n € w) if, and only if, for each open neighborhood U of x,{n € w : U N S, # @} € p.

Note that there is no chance of confusion when dealing with the different p-limit
notions, since one of them refers to a sequence of points, and the other refers to a sequence
of subsets.

Definition 2.1.16 ([GS75]). Let X be a Tychonoff topological space and p € w*. We say
that X is p—pseudocompact if, and only if, every sequence (U, : n € ») of nonempty open
subsets of X has a p—limit.

Definition 2.1.17 ([GS75]). Let X be a Tychonoff topological space. We say that X is
ultrapseudocompact if, and only, X is p—pseudocompact for every p € w™.

Remark 5. Whenever we say that a topological space X is pseudocompact, p-
pseudocompact, or if we are dealing with p—limits of a sequence of subsets of X,
we assume that X is understood to be Tychonoff. This will be emphasized when there is a
chance of confusion.

Notice that, according to Proposition 2.1.2, if X is a pseudocompact topological space,
given a sequence (U, : n € w) of nonempty open subsets of X, there is x € X such that,
for each open neighborhood V of x, By = {n € w : V nU, # @} is infinite. It is not hard
to see that, in this case, the family (By : V is an open neighborhood of x) of subsets of w
has the strong finite intersection property, and thus can be extended to a free ultrafilter
p € w*. That is, x is a p—limit point of the family of subsets (U, : n € w). However, unlike
p—pseudocompact spaces, another sequence of nonempty open subsets may not have
a p—limit, but a g—limit, for another q € w*. Hence, we may rewrite the definition of
pseudocompactness in terms of p—limits:
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PROPOSITION 2.1.18. A Tychonoff space X is pseudocompact if, and only if, every sequence
(U, : n € w) of nonempty open subsets of X has a p—limit, for some p € w".

Therefore, in a sense, it can be said that the notion of p-compact space is linked
to the notion of countably compact space in an analogous way that the notion of p-
pseudocompact space is linked to the notion of pseudocompact space (see Proposition
2.1.10). Next, we present some properties related to the new concepts defined above,
similarly to what we have done with the p—compactness. Many of these properties also
appear in [GS75].

First, we point out that, given p € w*, a sequence (S,),c,, of nonempty open subsets in a
topological space X can have infinite, finite or no p-limit points, even X being a Tychonoff
space.

PROPOSITION 2.1.19. For each p € ", if X is a p—pseudocompact topological space, then
X is pseudocompact.

Proof. 1t follows straight from Proposition 2.1.18. O

PROPOSITION 2.1.20. For each p € *, if X is a Tychonoff p—compact topological space,
then X is p—pseudocompact.

Proof. Let p € * and X be a Tychonoftf p—compact topological space. Given a sequence
(U, : n € w) of nonempty open subsets of X, we may choose arbitrarily x, € U,, and
then there exists a p—limit point x € X of (x;,)ne,. Thus, for each open neighborhood U
of x,{n € w : x, € U} € p. In particular, {n € w : UnU, # @} € p. Therefore, X is
p—pseudocompact. [

Regarding counterexamples, we have that:

« in [GS75], there is an example of a topological space which has all powers pseudo-
compact, but is not p—pseudocompact for any p € w*;

« in [GJ76], there is an example of a countably compact space which is not
p—pseudocompact for any p € w*;

« in [AOT14], for each p € w™, there is an example of a p—pseudocompact space which
is not ultrapseudocompact.

We also have the following:

PROPOSITION 2.1.21. Let I be a set, (X'),e; be a family of topological spaces, p € w*, and
X = [, X' Let also, for eachn € o, S, = [, S, with S, € X' foreachn € w,i €I, be a
nonempty subset of X. Then, an element x = (x")ic; € X is a p—limit of (Sp)neo in X if, and
only if; for eachi € I, x' is a p—limit of the sequence (S.),c, in X'.

Proof. (=) Suppose that x = (x'),; € X is a p—limit of (S,)ne, in X. Let iy € I, and V
be an open neighborhood of x' in X'. Consider the open subset W = [],; W' of X so
that W =V and W' = X for each i € I \ {ig}. Then,{n € ® : WS, # @} € p. Since
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fnew:WnS,z0lc{new : m;;W)nS» =@} {new : VnS® = @} e p. Therefore,
x" is a p—limit of the sequence (S?),, in X".

(<) Suppose that, for each i € I, x' is a p—limit of the sequence (S )¢, in X'. Let W be
an open neighborhood of x in X. Then, there is a basic open neighborhood V = [],;; V*
so that x € V C W. Thus, there is a finite subset F C I so that V' = X' for every i € [ \ 'F.
Therefore, since

{nEw:WnSn:t@}D{nea):VnS,,:t@}:ﬂ{nEw:ViDS,il:t@}ep,
ieF

x is a p—limit of (S,)ne, in X.
O

PROPOSITION 2.1.22. Let p € w*. The product of any family of p-pseudocompact topological
spaces is p—pseudocompact.

Proof. Let I be a set, X' be a p-pseudocompact topological space, for each i € I, and
X =[], X" Let also (U, : n € w) be a sequence of nonempty open subsets of X. For each
n € w, we may fix a basic open set V, C Uy, say V,, = [ [,; V%, with V! an open subset of X',
for every i € I and n € w. Then, for each i € I, the sequence (V}),e, has a p-limit x' € X,
and, by Proposition 2.1.21, x = (x'),¢ is a p—limit of (V;,),c, (and thus, also a p—limit of
(Un)new)- Hence, X is p—pseudocompact. O

Then, in 2014, following the ideas in [Ber70], [Gar94] and [GS75], J. Angoa, Y.
F. Ortiz-Castillo and A. Tamariz-Mascartia introduced the new concept of selective
p—pseudocompactness':

Definition 2.1.23 ([AOT14]). Given p € w*, a Tychonoff topological space X is called
selectively p—pseudocompact if, and only if, for each sequence (U, : n € w) of nonempty
open subsets of X there are a sequence (x, : n € ©)in X and x € X such that x =
p — lim,e, x, and, for each n € w, x, € U,.

Again, when we say that topological a space X is selectively p—pseudocompact, it is
already understood that X is Tychonoft.

Some of the properties listed below are in [AOT14] or [GO14], but we present and
prove them here for the sake of completeness.

PROPOSITION 2.1.24. Let p € 0" and X be a selectively p—pseudocompact space. Then, X
is p—pseudocompact.

Proof. Let (U, : n € w) be a sequence of nonempty open subsets of X. Then, there is a
sequence (x, : n € w) in X and x € X such that x = p — lim,, x, and, for each n € o,

! This concept was originally defined in [AOT14] under the name strong p—pseudocompactness, but later
the name was changed, since there were already two different properties named in the previous way (in
[AG93] and [Dik94]).
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X, € U,. Thus, for each open neighborhood U of x, {n € w : x, € U} € p, and hence also
fnew : UNU, # @} € p. Therefore, X is p—pseudocompact. O]

It also follows immediately from the definitions that:

PROPOSITION 2.1.25. Let p € w* and X be a Tychonoff p—compact topological space. Then,
X is selectively p—pseudocompact.

Similar to the previous properties, we have that:

PROPOSITION 2.1.26. Let p € w*. The product of any family of selectively p-pseudocompact
topological spaces is selectively p—pseudocompact.

Proof. Let I be a set and X' be a selectively p—pseudocompact topological space, for each
i €l. Letalso X = [],;; X' and (U, : n € w) be a sequence of nonempty open subsets of X.
For each n € o, we may fix a basic open set V,, C U,, say V,, = [[,; V., with V! and open
subset of X!, for every i € I and n € w. Then, for each i € I, there is a sequence (x. : n € w)
in X’ and x' € X' such that x' = p — lim,¢, x} and, for each n € w, x| € V!. By Proposition
2.1.13, x = (x")is is a p—limit of the sequence ((x)),; : n € w) in X, and, for each n € w,
(x1)ier € V,,.. Therefore, X is selectively p—pseudocompact. [

The last pseudocompact-like property we will present in this section is selective pseu-
docompactness®, introduced by Garcia-Ferreira and Ortiz-Castillo (see [GO14]):

Definition 2.1.27 ([GO14]). A Tychonoff topological space X is called selectively pseudo-
compact if, and only if, for each sequence (U, : n € w) of nonempty open subsets of X
there are a sequence (x, : n € w)in X, x € X and p € w* such that x = p — lim,,, x, and,
for eachn € w, x,, € U,.

In other words, X is selectively pseudocompact if, and only if, for each sequence
(U, : n € w) of nonempty open subsets of X we may find a sequence (x, : n € w)in X
which has an accumulation point in X, and so that x, € U,, for each n € . Again, when
we say that a topological space X is selectively pseudocompact, it is already understood
that X is Tychonoft.

It is clear that we have the following:

PROPOSITION 2.1.28. Every selectively pseudocompact space is pseudocompact.
Proof. 1f X is a selectively pseudocompact space, then for each sequence (U, : n € w) of
nonempty open subsets of X, there are a sequence (x, : n € w)in X, x € X and p € 0"

such that x = p — lim,, x, and, for each n € w, x,, € U,. Thus, x is also a p—limit of
(U, : n € w), and therefore X is pseudocompact. ]

Recall that we consider the next notion as folklore:

2This concept was also defined originally under the name strong-pseudocompactness.
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Definition 2.1.29. A topological space X is countably pracompact if there exists a dense
subset D C X such that every sequence on D has an accumulation point in X.

PROPOSITION 2.1.30. Every Tychonoff countably pracompact space is selectively pseudo-
compact.

Proof. Let X be a Tychonoff countably pracompact space. Thus, there exists a dense
subset D C X such that every sequence on D has an accumulation point in X. Given a
sequence (U, : n € w) of nonempty open subsets of X, for each n € w we may fix a point
X, € U, N D. Therefore, (x,),c, has an accumulation point in X, and hence X is selectively
pseudocompact. [

Then, in summary, we have the following diagram of implications for topological
spaces in general.

selective p-pseudocompactness p-pseudocompactness

—

pseudocompactness

selective pseudocompactness <——— countable compactness ultrapseudocompactness

\ |

countable pracompactness

Figure 2.1: Relation between pseudocompact-like properties for general topological spaces. The ultra-
filter p € w* is arbitrary.

We will now turn our attention more specifically to the properties defined above
applied to topological groups. All topological groups mentioned from here will be assumed
to be Ty, and therefore, Tychonoff (see Corollary 1.2.40).

In this class of topological spaces, the following result holds. It was proved in [GS97]
in a more general setting:

THEOREM 2.1.31 ([GS97]). For a topological group G, the following conditions are equivalent.
a) G is pseudocompact.
b) Thereis a p € w* such that G is p—pseudocompact.
¢) G is ultrapseudocompact.

The strength of topological group properties in the proof of topological equivalences,
exemplified by the result above, makes it natural to ask whether there are similar equiv-
alences for other pseudocompact-like properties. For instance, the question whether
pseudocompactness implies selective pseudocompactness in topological groups was posed
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in [GO14], and solved by Garcia-Ferreira and Tomita, who proved that there exists a pseu-
docompact group which is not selectively pseudocompact [GT15]. Hence, the selective
pseudocompactness is not another equivalent notion for pseudocompactness in topological
groups.

Another related question we might ask is whether countable pracompactness is equiv-
alent to selective pseudocompactness in topological groups. We answered negatively
this question in [TT22], constructing a selectively pseudocompact group which is not
countably pracompact. The construction will be presented in the next chapter. Therefore,
the notion of countable pracompactness is even more strict in topological groups. Assuming
the existence of a single selective ultrafilter, we also proved in [TT22] that there exists
a topological group which is not countably pracompact and has all powers selectively
pseudocompact, a slightly stronger result. The proof will also be presented in the next
chapter.

Another important result regarding pseudocompact-like properties in topological
groups is the the following theorem due to Comfort and Ross:

THEOREM 2.1.32 ([CR66]). The product of any family of pseudocompact topological groups
is pseudocompact.

As we have seen, a result similar to this one does not apply to topological spaces
in general. This result motivated Comfort to question whether the product of countably
compact groups is also countably compact. More generally, he asked the following question
[Com90]?:

QUESTION 2.1.33 ([Com90], Question 477). Is there, for every (not necessarily infinite)
cardinal number a < 2°, a topological group G such that G' is countably compact for all
cardinalsy < a, but G* is not countably compact?

The restriction o < 2° in the question above is due to the following result:

THEOREM 2.1.34 ([GS75], Theorem 2.6). Let X be a Hausdorff topological space. The
following statements are equivalent:

a) every power of X is countably compact;

b) X% is countably compact;

¢) XX is countably compact;

d) there exists p € w” such that X is p—compact.

Van Douwen was the first to prove consistently (under MA) that there are two countably
compact groups whose product is not countably compact [Dou80]. More specifically, van
Douwen proved the two following lemmas.

LeEMMA 2.1.35 ([Dou80]). (ZFC) Every infinite Boolean countably compact group without
non-trivial convergent sequences contains two countably compact subgroups whose product is
not countably compact.

3 This is Question 1 in the Introduction of the thesis.
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Tomita proved in ZFC another version of Lemma 2.1.35: the existence of a countably
compact Abelian group without non-trivial convergent sequences implies the existence
of a countably compact group whose square is not countably compact [Tom05b]. Also,
a version for finite and countable powers (for torsion groups) and finite powers (for
non-torsion groups) appears in [Tom19].

LEMMA 2.1.36 ([Dou80]). (MA) There exists an infinite Boolean countably compact group
without non-trivial convergent sequences.

Together, the two lemmas above show that, under MA, there are two countably compact
groups whose product is not countably compact.

Using tools outside ZFC, many other examples of countably compact groups without
non-trivial convergent sequences were given over the years. The first one appeared in
[HJ76], under CH. In [KTWO00], an example was obtained from Martin’s Axiom for count-
able posets, and in [GTWO05] from a single selective ultrafilter, improving the technique,
since MA implies the existence of selective ultrafilters. Nevertheless, [ST09] showed that
the existence of such groups does not imply the existence of selective ultrafilters. It was
left open for a long time whether there exists an example in ZFC. Finally, in 2021, Hrusak,
van Mill, Ramos-Garcia, and Shelah [Hru+21] proved that:

THEOREM 2.1.37 ([Hru+21)). In ZFC, there exists a Hausdorff countably compact topological
Boolean group (of size ¢) without non-trivial convergent sequences.

Due to Lemma 2.1.35, this result also solves the original Comfort’s question.

Then, in [BRT21a], the authors asked whether there exists an (Abelian) countably
compact group without non-trivial convergent sequences of size strictly greater than ¢
in ZFC. With a slight modification to the construction given in [Hru+21], we answered
this question in [TT22], constructing such a group of size 2°.

Bearing in mind the theorem of Comfort and Ross, and also the theorem obtained in
[Hru+21], it is also natural to ask productivity questions for countably pracompact and
selectively pseudocompact groups. In this regard, Garcia-Ferreira and Tomita proved that
if p and q are non-equivalent selective ultrafilters on w (according to the Rudin-Keisler
order in w*), then there are a p-compact group and a g-compact group whose product is
not selectively pseudocompact [GT20]. Also, Bardyla, Ravsky and Zdomskyy constructed,
under MA, a Boolean countably compact topological group whose square is not countably
pracompact [BRZ20]. However, it is still not known whether it is a theorem of ZFC that
selective pseudocompactness and countable pracompactness are non-productive in the
class of topological groups.

More generally, one can ask Comfort-like questions, such as Question 2.1.33, for
selectively pseudocompact and countably pracompact groups. In the case of selectively
pseudocompact groups, the question is restricted to cardinals ¢« < «, due to the next
result.

LEMMA 2.1.38. IfG is a topological group such that G is selectively pseudocompact, then
G" is selectively pseudocompact for every cardinal k > w.

Proof. Indeed, let k > w and (U,),e,, be a family of open subsets of G*. For every n € w,
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there are open subsets U] C G, for each j < k, so that [] ., U/ C U, and U] # G if and
only if j € F,, for a finite subset F, C k. Let F = | ,,, Fn- For each n € w, consider the open
subsets V, = [, UJ % [ cpr, G C G". By assumption, G' is selectively pseudocompact,
thus there is a sequence {y, : n € 0} C G' so that y, € V,, for every n € w, which has an
accumulation point y in GF. Then, given g € G arbitrarily, the sequence {x, : n € v} C G
defined coordinatewise, for each n € w, by

i)y, ifjeF
x! =
" g, ifjex\F

is such that x, € U, for every n € w, and has x € G* given by

x/ =
g, ifjex\F

as accumulation point. [

QUESTION 2.1.39. For which cardinals « < w is there a topological group G such that G is
selectively pseudocompact for all cardinalsy < a, but G* is not selectively pseudocompact?

In the case of countably pracompact groups, it is still not known whether there exists
a cardinal k satisfying that: if a topological group G is such that G* countably pracompact,
then G* is countably pracompact, for each & > k. Thus, there is no restriction to the
cardinals « yet:

QUESTION 2.1.40. For which cardinals « is there a topological group G such that G' is
countably pracompact for all cardinalsy < a, but G* is not countably pracompact?

It is worth observing that:

PROPOSITION 2.1.41. Let G be a topological group such that G° is countably compact
and k > w. Then, G* is countably pracompact.

Proof. Let e be the identity of G. We claim that
Y={geG :lfiex: g +e} <w}

is a dense subset of G for which every sequence has an accumulation point. Indeed, let U
be a nonempty basic open subset of G*. Then, U = [],; U’ for some open subsets U; C G,
and F = {i € k : U' # G} is finite. For each i € F, fix x' € U'. Then, g = (g")iex given by
C | X ifieF

e, ifi¢F
belongs to U n 3. Also, let (g,)c., be a sequence in 3, say g, = (g))ic, for some g, for

everyn € wandi € k. Letalso H, ={i €k : g' # e}, for eachn € w. Then, H = J,, H, is
such that |H| < w. Since G* is countably compact, ((g})icy : n € w) has an accumulation
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point in G¥, and thus, ( Zn)new has an accumulation point in G*. Therefore, G* is countably
pracompact. O]

In [GT18], under the assumption of CH, the authors showed that for every positive
integer k > 0, there exists a topological group G for which G* is countably compact but G**!
is not selectively pseudocompact. Thus, Question 2.1.39 and Question 2.1.40 are already
solved for finite cardinals under CH. The cardinal o = w is the only one for which there
are still no consistent answers to the Question 2.1.39.

In the paper [TT23]:

(1) assuming the existence of ¢ incomparable selective ultrafilters, we answered Question
2.1.40 for a = w;

(2) assuming the existence of 2° incomparable selective ultrafilters, we answered Ques-
tion 2.1.40 for each successor cardinal & = k™, with v < k < 2°.

In particular, the case k = 2° of item (2) shows that there exists a group G so that
G* is countably pracompact but G?7" is not countably pracompact. This is particularly
interesting, as for Hausdorff topological spaces X, if X* is countably compact, every power
of X is countably compact (see Theorem 2.1.34).

As a corollary of the proof of result (1) above, we also showed in [TT23] that, assuming
the existence of ¢ incomparable selective ultrafilters, for each n € w, n > 0, there exists a
topological group whose nth power is countably compact and the (n+1)th power is not
selectively pseudocompact. Since CH implies the existence of 2° incomparable selective
ultrafilters [Bla73], this is a slightly stronger result than what was obtained in [GT18].

2.2 The sketch of the constructions and some useful
results

In this section we will see in detail the ideas behind the construction of the topologies
that will be used in the proof of the main results of the thesis. Each construction has its
particularity, but follows a small sketch, which is already frequently used in some way in
similar constructions in this field (e.g., in [Hru+21], [GT18], [GT15] and [GT20])).

Let A be a set. As usual, we define, for each cardinal «:

« [A]*={BC A : |B| =«};

« [A]**={BC A : |B| <k}

Also, we will denote by » the symmetric difference between two sets B, C:

BAaC=(B\NC)u(C\B).

The following proposition follows straight from the properties of the symmetric differ-
ence.
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PROPOSITION 2.2.1. Given a nonempty set A, [A]<“ becomes a Boolean group when endowed
with the symmetric difference as the group operation and @ as the neutral element.

In most of the constructions presented in this thesis, we will use the technique described
below, which is often used in similar constructions in this field*.

First, a set A is taken as an infinite ordinal, such as w, ¢ or 2%, and the topologies are
defined in Boolean groups as [w]<“, [¢]<“ or [2°]<* (with operation and neutral element
given by the previous proposition). To establish the topology 7, it is considered a suitable
set A of group homomorphisms ¢ : [A]*“ — 2, where 2 is endowed with the discrete
topology, and we let 7 be the topology generated by the homomorphisms in .A. This makes
things a little easier, since Boolean groups have a simpler structure (for instance, recall
that they are also vector spaces over the field {0, 1}), and the only variable to be changed
with this choice is the set A of homomorphisms. That is, the topology of the group is
dictated only by the homomorphisms that belong to .4, which we can freely choose. The
obvious drawback is that this restricts our study to Boolean groups only.

We shall see next some topological properties of the Boolean group [A]<“, according
to the homomorphisms we choose. Such properties are proved in a more general context
in the next proposition.

PROPOSITION 2.2.2. Let G be a group and H be a set of group homomorphisms ¢ : G — 2.
Suppose that G is endowed with the topology generated by the homomorphisms in H. Then:

a) G is a topological group.

b) G isT, if, and only if, for each g, h € G, there exists ¢ € H so that ¢(g) = ¢(h) (that is,
if H separates points of G).

¢) A point g € G is an accumulation point of a sequence (g,)ne, 0f G if, and only if, there
exists p € w* so that

¢(g) = p — lim ¢(g,),
forevery ¢ € H.

Proof. a) Let

M: GxG—G
(g,h)|—>g-h,

(g0, hy) € G x G and U be an open neighborhood of gy - hy. Then, there are m,n € o,
D05 ey s Yo U € H so that

& hoe(Vgdonn [y @ cU.

*1In fact, the technique described here is a particular case of a more general technique, with which we will
work a little in chapter 7.
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Letting
V=g Agiend n ()45 W@
and

W= ()¢ dguhol) 0 (95 WD,

we have that (gy, hy) € V xW and, if (g,h) € VxW, g-h € U. Thus, M is a continuous
function.

Now, let

1:G—G
g— g

Analogously, given g, € G and U an open neighborhood of g, there are m,n € w,
D05 +eos P> Yo - W € H so that

e[ )gidopn( Yy i@ cU.

Then, letting
V= ﬂ ¢ (1) n ﬂw;l({o}),

we have that g;' € V and, if g € V, g7! € U. Thus, I is also a continuous function.

b) (=) If G is Ty, given g, h € G, there is an open subset U that contains one element
and not the other. Assume that g € U and h ¢ U. Then, there are n,m € w and a finite
subset of homomorphisms J = {dy, ..., $n, Vo, ..., ¥m} C H so that

ge( g idopn Yy cu.

Since h ¢ U, there is some o € J so that o(g) # o(h).

(<) Let g,h € G. By assumption, there is ¢ € H so that ¢(g) # ¢(h). Then, defining
U = ¢7'({0}), we have that either g e Uandh¢ U or ge U and h ¢ U.

¢) (=) Let g € G be an accumulation point of a sequence (g,)ne,, of G. For each open
neighborhood U of g, let My = {n € 0 : g, € U}. Then,

M ={My : U is an open neighborhood of g}

has the strong finite intersection property and therefore can be extended to a free ultrafilter
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p on w. We claim that
¢(g) = p — lim ¢(gy),

for every ¢ € H.Indeed, for each ¢ € H, My-1(4(0)p € p-

(<) LetU be an open neighborhood of g. Then, there are m,n € w, ¢y, ..., P, Vo, .. ¥n € H
so that

ge( N dopn( g5 d@p cu.

Since, for each i = 0,..,m and j = 0,...n, we have that {n € o : ¢:(g) = ¢i(g)} € p
and {j €  : ¥;(g) = ¥;(g.)} € p, it follows that {n € w : g, € U} € p. Therefore, g is an
accumulation point of (g,)nen- O

Note that, due to item b) of the previous proposition and Corollary 1.2.40, for a group
G endowed with a topology generated by a set H of group homomorphisms ¢ : G — 2 to
be Tychonoff, it is enough that H separates points of G.

In the next chapters, we will freely use the facts proven in the previous proposition for
the case of the Boolean group [A]<“ endowed with the topology generated by a set .A of
group homomorphisms ¢ : [A]*“ — 2, as explained.

The biggest difficulties of such constructions usually are:

1) to determine the properties that homomorphisms should have in order to obtain the
desired group;

2) prove that homomorphisms with such characteristics exist.

For item 2), we often need to make use of the assumption of the existence of selective
ultrafilters.

Thus, most of the subsequent chapters will have the following structure: the first
section will be devoted to auxiliary results, in special the construction of homomorphisms
that will be used to form the set A; the second section will contain the construction of the
group in question; the third section will bring a brief conclusion of the chapter.

Since we will be dealing with Boolean groups, which are also vector spaces over the
field 2 = {0, 1}, we can talk about general linear algebra concepts concerning these groups,
such as linearly independent subsets. Also, given an infinite set A and p € ©w*, one may
define an equivalence relation on ([A]<*)® by letting, for each f, g € ([A]<*)%,

f=pgiffincw: f(n)=gm)}ep.

We also let [f], be the equivalence class determined by f, and ([A]*“)?/p will be
([A]=®)?/ =,. Notice that, considering [A]<“ as the Boolean group defined previously, the
set ([A]=?)”/p has a natural vector space structure (over the field 2). For each A, € [A]**,
the constant function in ([A]<“)“ which takes only the value A, will be denoted by A)o. If

@ is an ordinal, {(;} will be denoted simply by a.
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With all that in mind, the following results, which deal with the algebraic aspects of
such groups, will be useful to us:

LEMMA 2.2.3. Let A, B and C be subsets of a vector space. Suppose that A is finite and that
A UC, BU C are linearly independent. Then there exists B C B such that |B’| < |A| and
AUC U (B\PB) is linearly independent.

Proof. We prove the result by induction on |A|. First, suppose that |A| = 1, that is, A has
a single element a # 0. If AU C U B is linearly independent, we simply consider B’ = @.
Otherwise, there is a non-trivial linear combination of elements in A U C U B that equals
zero. Note that a and some element in B must appear in this linear combination, since
AUC and BU C are linearly independent. Thus, we have

a = CI(C), + CI(B),,

for some CI(B), # 0 and CI(C), linear combinations of elements in B and C, respectively.
Choose an element b € B which appears in CI(B),. We claim that AuC u (B\ {b}) is linearly
independent. Indeed, otherwise we would have

a = CI(C), + CI(B),,

for some CI(B), # 0 and CI(C), linear combinations of elements in B\{b} and C, respectively.
But this cannot happen, since B U C is linearly independent and CI(B), # CI(B),. Hence,
we have proved the result if A is a set of size 1.

Suppose that the lemma holds for sets of size n € w, and that A has a size n + 1. In this
case, letting a € A, we may apply the hypothesis to the sets A \ {a}, B and C. Thus, we
get By C B so that |By| < n and that (A \ {a}) U C U (B \ By) is linearly independent. Now,
we apply the result for sets of size 1 to the sets {a}, B\ By and (A \ {a}) U C, and we are
done. [

COROLLARY 2.2.4. Let A and B be linearly independent subsets in a vector space with A a
finite set. Then there is B’ C B such that |B’| < |A| and AU (B \ B’) is linearly independent.

The following results, applications of the general facts above, appear in [TT22], and
will be used several times in the following chapters.

LEMMA 2.2.5. Let A, B and C be subsets in a Boolean group. Suppose that A is a finite set
and that Au C, B U C are linearly independent. Then there exists B* C B such that |B’| < |A]
and AU C U (B\ B’) is linearly independent.

The next result also appears in [Hru+21].

COROLLARY 2.2.6. Let A and B be linearly independent subsets in a Boolean group with A
a finite set. Then there is B" C B such that |B’| < |A| and A u (B \ B’) is linearly independent.

LEMMA 2.2.7 ([TT23], Lemma 2.2). Let X be an infinite set and {X, ..., X,;} be a partition of
X. Let also (xx ke and (Yx)kew be sequences in the Boolean group | X]<“ so that:

o {x : ke wlU{y : k € w}is linearly independent;
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« for every p € {0,...,n}, both {x, n X, : k € w} and{y. N X, : k € w} are linearly
independent.

Then, there exist a subsequence (k,, : m € w) and n, € {0, ..., n} so that
X, N Xy, : mE Uiy, N X, : mEe w}

is linearly independent.

Proof. We shall construct inductively a sequence (A});, of subsets of w as follows. Firstly,

if does not exist k € w so that {x; N Xo} U {yx N Xy} is linearly independent, we put A) = @.

Otherwise, we choose the minimum k, € w with this property and put A = {ko}. Suppose
that for [ €  we have constructed A), ..., Af) C w such that:

a) |A)] <i+1,foreachi=0,..[

b) Al c Alifo<i<j<I;

¢) {xen Xyt ke ALbu{yn Xy ¢ k € A} is linearly independent.
d) foreach 0 <i <, Al \ Al = @ if, and only if,

foe N Xo s ke AUy nXp : k€ A ufxg n Xo}u{yp N Xo}

is linearly dependent for every k> max(A)).

In what follows, we will construct AL, If does not exist k € w, k > max(Al), so that
PnXo ke AYuimn X« ke A}ufx n Xo}u{y; n Xo}

is linearly independent, we put Ai"! = Al Otherwise, we choose the minimum k;,; € o
with this property, and put A5 = AL u{k;,,}. In any case, AS, ..., At satisfy items a)-d), and
then, by induction, there exists a sequence (A});c, satisfying them. Now, let Ay = | J,.,,
If A, is infinite, then {x; N X, : k € A} U{xi N Xy : k € Ap} is linearly independent, and
we are done.

On the other hand, suppose that A, is finite. We may repeat the process above for
Xi, ..., Xy, constructing analogous subsets Ay, ..., A, C w. If either of them is infinite, we are
done.

Suppose then that A, ..., A, are finite sets. By construction, for each k> max(AyU...UA,)
and j =0,..,n,

anX; ke AJu{ynnX; : ke AYuixnX;}u iy n X}
is linearly dependent. Also, since, for every j =0, ...,n,
Ci=span({xx N X; : k€ Aju{mnX; : ke Aj})

is finite and both {x, N X : k € w} and {y, N X : k € w} are linearly independent, we can
fix:

Al
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« an infinite subset A C w;
« cj€Cj,foreach j=0,..,n,
so that
xNX; = nX;)ac,
for every k € Aand j=0,..,n. Thus,
=0 nX)a..o(gnX)=NnX)a.a(ypnX,)alcga..ac,)=ya(coa..ac),

for every k € A, which is a contradiction, as fx k€ w}ufy : k € w}is linearly
independent. Hence, A,, ..., A, cannot all be finite. ]

Lemma 2.2.8 ([TT23], Lemma 2.3). Let X be an infinite set, k > 0 and {(x°, ..., x*"1) : n €
o} C ([X]°°)* be a sequence. Then, there are:

o elementsd, ...,dr_1 € [ X]<;

« a subsequence{(x_,...xx ') : | € w};

- forsome’ 0 <t <k, a sequence{(y,, ...y, ") : | € w} C ([X]=°);
« foreach0<s <k, a functionP; : t — 2,
satisfying the following:
t—1
a) x, = ( Z Ps(i)yfu) ads, foreveryl € w and0 < s < k;
i=0

b) {y,, 1 € 0,0 <i<t}is linearly independent.

Proof. Fix q € w*, and let
M = {c € [X] : [€], € span({[x°],, ... [xk_l]q})}.

We claim that M is a finite set. Indeed, & € span({[x°],, ..., [x*"],}) if, and only if, there is
a function F : k — 2 so thata = Y/ F(i)[x'],. Moreover, given ¢, ¢ € [X]*, [c], = [g]q if,
and only if, ¢ = ¢C.

Thus, let j > 0 and {c°...¢/'} Cc M be so that {c° .. ¢!} is a basis for
span(M) C [X]<“. Then, let also t > 0 and )°,..,»"' € ([X]*°)® be so that
B = {[c_a]q, s [cfil]q, [%°g, -, [y" 14} is a basis for span({[x°],, ..., [x*"'],}). Hence, there
are A€q, P, :t >2and G : j — 2, for each 0 < s <k, so that

t—1 j—1
x= Y @y, 2 Y. G,
i=0 i=0

foreveryn € Aand 0 < s < k. Foreach 0 <s <k, letd; = {:_01 C,(i)c'.

*Ift = 0, we understand that there is no such sequence and item i) becomes: x;, = d;, for every [ € w and
0<s<k.
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We shall prove that there exists an infinite subset I C Aso that{y! : n € I,0 <i < t}is
linearly independent. First, note that for each ¢ € [X]<“ and nontrivial function P : ¢t — 2
we have that

> POy, = [,

Therefore, there exist a subset Ap, C A, Ap, € g, so that
t—1
PO
i=0

for each n € Ap,. In particular, we conclude that {y’ : 0 <i < t—1}is linearly independent

for every n € ﬂ Apg = Ay. We may choose ng € A,.

P:t—2
P+0

Now, suppose that, given p > 1, for each [l = 0,..., p — 1 we have constructed A; € g
and n; € A so that {yfll : 0 <1< p,0<i<t}islinearly independent, (1;)o<<, is strictly
increasing and A; C A. Let C, = span({y, : 0 <1< p,0<i<t}),

Ap = m AP,C (C A)a
ceCy

P:t—2
P+0

and fix n, € A,, n, > n, ;. Itis clear that A, € gand also{y, : 0 <1< p,0<i<t}is
linearly independent, by construction. Then, by induction, there are a sequence (A)),
of elements of g and a strictly increasing sequence (n;)e,, of naturals so that n; € A; and
{y,, 1 | € 0,0 <i<t}is linearly independent. Furthermore,

t—1
X = ( Y Ps(i)y,il> ad,
i=0

foreveryl € wand 0 < s <k. U

The following result, proved in [GT15], claims that every Boolean topological group
contains a sequence of open sets satisfying an important algebraic property.

LEmMMA 2.2.9 ([GT15], Lemma 2.1). Let G be a non-discrete Boolean topological group. Then,
there exists a sequence (W, : n € w) of nonempty open subsets of G such that, if x, € W, for
everyn € w, then{x, : n € w} is linearly independent.

The following corollary is immediate from the previous lemma.

LEMMA 2.2.10. Let G be a non-discrete Boolean topological group. Then there exist nonempty
open sets {U/] : k € w, j € w} such that ifu, € U/ for eachk,j € w, then{u] : k,j € w} is
linearly independent.

In most group constructions in subsequent chapters, we will also need to enumerate
certain sets appropriately. For this, the next results will be important.

LEMMA 2.2.11. Let k be an infinite cardinal, X be a set so that |X| <k and f : X > k bea
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function so that f(y) = 0, for some y € X. Then, there exists a function g : k — X so that:
a) foreacha €k, f(g(a)) < «;
b) foreachx € X, [{a e x : gla) = x}| = k.

Proof. Let F : k — k x k be a bijective function and
itk — X
B xp
be a surjective function. We define the function g : k — X as follows:

. | x,, ifF(a) = (y,8) € k xk is such that f(x,) < a
gla) =

y, otherwise.

It is clear that, for each « € k, f(g(a)) < a. Now, given x € X, let § € k be so that x = xp
and let

B={a €k : 36 € k so that F(a) = (B, )}.
Since, for each 7 € k, there exists « € k so that F(«) = (f, 1), we have that |B| = k. Also, as
f(xp) <k, we have that [B\ f(x3)| = k, and thus
fa €k : gla) =x}| =k,

since B\ f(xp) C{a € x : gla) = x}. O

COROLLARY 2.2.12. Let k be an infinite cardinal, ] C x be such that|J| = x, X be a set such
that |X| < k and f : X — k be a function such that f(y) = 0, for some y € X. Then, there
exists a function g : | — X so that:

a) foreacha € J, f(g(a)) < a;
b) foreachx € X, [{a € J : g(a) = x}| = k.
Proof. Let g : k — X be the function given by the previous lemma. As J C k and |]J| = «,

there exists an order isomorphism ¢ : J — k. Thus, it is clear that ¢(a) < «, for each
a € J,and g = g o ¢ satisfies the conditions of the statement. O]



Chapter 3

A countably compact group
without non-trivial convergent
sequences of size 2°

This chapter will be devoted to proving the following result, which is in the article
[TT22]:

Theorem ([TT22], Theorem 3.1). There is a Boolean Hausdorff countably compact topologi-
cal group of size 2° without non-trivial convergent sequences.

3.1 Auxiliary Results

We recall that, in 2021, Hrusak, van Mill, Ramos-Garcia, and Shelah [Hru+21] proved
in ZFC the following result, which was open for a long time:

THEOREM 3.1.1 ([Hru+21], Theorem 4.1). There exists a Boolean countably compact topo-
logical group (of size ¢) without non-trivial convergent sequences.

The main new idea that appears in [Hru+21] when proving Theorem 3.1.1 is the use of
a clever filter to generate a suitable family of ultrafilters {p, : a < ¢} C w*, given by the
next result. This family of ultrafilters eliminates the need for selective ultrafilters.

PropPosITION 3.1.2 ([Hru+21], Claim 4.3). There is a family {p, : a < ¢} C w* such that,
foreveryD € [¢]° and{f, : @ € D} such that each f, is an one-to-one enumeration of linearly
independent elements of [¢]<“, there is a sequence (U, : a € D) that satisfies

a) {U, : a € D} is a family of pairwise disjoint subsets of w;
b) U, € p, foreverya € D;
¢) {fo(n) : @ € D andn € U,} is a linearly independent subset of [¢]<*.

Using fundamentally the same idea, with a slight modification, we constructed a similar
suitable family of ultrafilters {p, : a < 2} C w*, which permits, in the same way that
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was done in [Hru+21], the construction of a group of size 2° satisfying Theorem 3.1.1. The
construction of such family is done in the next result.

ProposITION 3.1.3 ([TT22], Proposition 2.4). There is a family {p, : a < 2°} C w* such
that, for every D € [2°]” and {f, : a € D} such that each f, is an one-to-one enumeration of
linearly independent elements of [2°]<, there is a sequence (U, : a € D) that satisfies

a) {U, : a € D} is a family of pairwise disjoint subsets of w;
b) U, € p, foreverya € D;
¢) {f«(n) : @ € D andn € U,} is a linearly independent subset of [2°]<“.

Proof. Fix{l, : n € w} a partition of w into finite sets such that

|In’ >n- Z |Im|,

m<n

and let
B={BCw:Vneawll,\B <Y L}

m<n

Note that the intersection of every finite subfamily of B is infinite, thus
F={fCcw:Ccf, forsomeC = ByNn..NByk € w, and By, ..., B, € B}

is a filter which extends B. If A is an infinite subset of w, notice that we have, for every
f € F,|f NU,ealn] = @. Indeed, we shall prove by induction on k € w that, for each k € w
and By, .., By € B, we have that [[,nByn..N B > (n—k—1)-Y,,._, L., for every n € w.
For that, suppose first that k = 0. Given B, € 3, we have that

|In| = |In \Bo| + |In N BOl,

for every n € w. Also, since, for every n € w, |I,| > n- ), ., [I.l and |, \ Bo| < Y., L, we
have that |[I, N By| > (n — 1) - )., |In|, for each n € w. Now suppose that the result holds
for every i < ko, with ky € w. Then, given B, ..., By,+1 € 3, we may write, for every n € w,

(n—ko—1) Y Il < |5 0 By 0o N By = |L N By N oo N Byyaa| + I 0 By N ... 0 By, \ By

m<n

<L, NByN..n By q| + Z |L|,

m<n

hence
(n—ko—2) Y |l < |L 0 By 1o N By

m<n

Remark 6. In [Hru+21], it was fixed at this point an almost disjoint family' (A,).<. of

!'We suggest the book [Kun11] for the definition and properties of almost disjoint families.
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size ¢ of infinite subsets of w, and each ultrafilter p, was chosen extending the family

Flooon =0 JL: feF:

neA,

As we do not have an almost disjoint family of size greater than ¢ of infinite subsets of
o, we need to find another alternative to construct ultrafilters equally suitable for our
purposes. The solution found was to use weak P-points. Here lies the difference between
the two constructions.

Let {gr : £ < 2} be the set of weak P-points®. For each & < 2°, we fix a free ultrafilter

pr containing the family
{fnUIn : AEqsr,fEF}.

neA

We shall prove that the family of free ultrafilters (p;)z<,- satisfies the proposition. For this,
we fix aset D = {a, : n € w} € [2°]° and a family {f, : a € D} of one-to-one sequences
of linearly independent elements of [2°]|<“. By Proposition 1.2.32, we may construct a
family (C,, )new of pairwise disjoints subsets of w so that C,, € g, , for each n € w. Now, let
{B, : n € w} be a partition of w such that® B, =* C,, for every n € w (we could use the
sets C,, directly, but this choice will simplify a bit).

For each k € w, let n; € w be so that k € B,,. We shall construct a sequence of sets
(Ri)kew satisfying that, for each k € w,

1. R, C I

2. |Rel < Xk 1Iml;
3. fau, [Io \Ry] U e, [L\NR]U..U fank [ \ R¢] is linearly independent.

Let Ry = @, and, given N > 0, assume that we have already constructed sets (Ri)i<n
satisfying the conditions above for each k < N. Since both f;, [Iy] and f;, [L] U fs, [ \
RiJu..u ey, [In-1 \ Ry_1] are linearly independent, Corollary 2.2.6 implies that there
exists Ry C Iy such that

Ryl < 1Ll

m<N
and
Jaun, [I] U .. U fo, [In \ Ry] is linearly independent.

Therefore, there exists a family (Ry)ie,, satisfying the three conditions above, for every
k € w. Hence, the set

B=(_JU\R)

lew

satisfies the following:

11) I, C B;

2 Recall that Kunen showed that there are 2¢ of them in ZFC [Kun80].
3 Given two sets H, G, we say that H =* G if, and only if, H 2 G is finite.
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I12) for everyl € w, |\ Bl =|R| <3, |Ll;
13) {f,,(m) : n€ w,meBnI,I € B,}is linearly independent.

It follows from 12) that B € B, and defining, for each n € w,

U, =Bn| L

leB,

it is clear that (U,),e,, is a family of pairwise disjoint sets. Furthermore, it follows from the
definition of p,, and from the fact that B, € q,,, that U, € p,,, for every n € w. Finally, by
construction,

{f,(m) : ne€w,meU,}

is linearly independent. [
In the next result we will construct the homomorphisms that will be used to define
the topology of the required group. Given E C [2°]%* (where [2°]<“ is considered as the

Boolean group mentioned in the previous chapter), from now on we will denote as span(E)
the vector subspace generated by E.

We fix here the family of ultrafilters {p, : a < 2‘} constructed in the previous proposi-
tion.

LEmMA 3.1.4. Let{f, : a € I}, withI C 2%, be a family of one-to-one enumerations of
linearly independent elements of [2°]<“, and D € [2°]° be such that, for everya € D N1,
U,eo, fo(n) C D. Consider also Dy € [D]<” and F : Dy — 2 a function. Then there exists a
homomorphism ¢ : [D]<° — 2 so that, for everyax € DN I,

¢({(X}) = pa - lnlerg ¢(fa(n)):
and, for each d € Dy, ({d}) = F(d).

Proof. Enumerate (DNI) as{a, : n € w}so that {ay, ..., &} = DynI, and let Dy\I = {d,, ..., d;}.
According to Proposition 3.1.3, there is a sequence (U, : « € D nI) that satisfies

a) {U, : @ € Dn1}is afamily of pairwise disjoint subsets of w;

b) U, € p, for every « € D n I,

¢) {fu(n) : e e DnIandn € U,}is a linearly independent subset of [2°]<“.

Letting
Ey = {do}, .. {di}} U {{ao}, s d U S, (n) : m=0,.,randneU,,},
we shall define a homomorphism ¢, : span(E;) — 2 so that, for every j =0, ...,
¢0({dj}) = F(dj)

and, for eachi=0,..,r,

po({ai}) = Fla)
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and

$olla) = p, = lim du(fu(n),

This can be done, since {{dy}, ..., {d}}} U {{ao}, ... {&}} and {f,, (n) : m=0,.,randn e U, }
are linearly independent, and thus there exists Ry C {f,, (n) : m=0,..,randn € U,,} so
that |Ry| <r+1+2and

{do}, . {diB U {aod, iU {f,(n) : m=0,.,randn €U, } \ R)
is linearly independent.

We shall now define recursively homomorphisms ¢ : span(E, U{f, (n) : r <m <
k+randneU,}U{{a} : r <i<k+r}) — 2satisfying that, for each k € w,

1) ¢, is the homomorphism defined above;
2) ¢k({ak+r}) = Doy — limnEUakﬂ ¢k(fak+,(n));
3) ¢Pr+1 extends ¢y.

Suppose that, for N € w, we have defined homomorphisms ¢y, ...,y satisfying 1), 2) and
3). By Lemma 2.2.5, there is a finite subset Ry, of {f, .,.,(n) : n € U, _,.,} such that

Ar+N+1

span({{dy}, .... {3} U f{oo}, o {@n B} U {fi, (1) : 0<m<r+NandneU, | )
span({fy,.y.,(n) : 1 € Uy, }\ Rysr) = {05,

Therefore, we may define the homomorphism ¢y, to be equal to ¢ in span({{do}, ..., {d;}}u
Haok, i n} U {fy,(n) : 0<m <r+ N andn €U, }) and so that

¢N+1({05r+N+1}) = Payine — ne(lfim ¢N+1(far+N+1(n))-

%r+N+1

Thus, we have proved that there exists homomorphisms ¢ satisfying 1), 2) and 3) for
every k € w. If ¢ is any homomorphism defined in [D]<* extending | J;, @, then

« Va€DnN I’ ¢({a}) = Pa — hmneUa ¢(fa(n))§
. vd € Dy, $(id}) = F(d),

as we want. O]

Remark 7. Note that the homomorphism ¢ given by the previous lemma may be defined
satisfying additional properties, since we have freedom in an infinite subset of { f,, (n) :
n € U, }, for each k € w. For instance, given a € D NI, we can choose ¢ satisfying also that

vie2,[new : (f,(n) =i} = .

In fact, homomorphisms satisfying this property were constructed in [Hru+21].
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3.2 The construction of the group

THEOREM 3.2.1 ([TT22], Theorem 3.1). There is a Boolean Hausdorff countably compact
topological group of size 2° without non-trivial convergent sequences.
Proof. We shall construct a topology on [2°]< as follows.

We begin by stating the following claim, which will be shown after the proof of this
theorem.
Claim 1. There exists a family {f, : a € [w,2%)} C ([2°]%°)” of one-to-one sequences such
that

1) for every infinite X C [2°]<“, there is an a € |w, 2°) with rng(f,) C X;

2) each f, is a sequence of linearly independent elements;

3) rng(fy) C [@]=® for every a € |w, 2°).

Let {p, : @ < 2%} C w" be the family of free ultrafilters given by Proposition 3.1.3.
Define, for each ¢ € Hom([w]<?,?2), its extension ¢ € Hom([2°]<“, 2) recursively, by
putting, for every « € [w, 2°),

$({ad) = po — lim (£ (n)). (3.1)

Note that it is enough to define ¢ in the subset {{¢} : £ € 2°}, since this is a basis for [2¢]<,
thus we can extend it linearly.

Let 7 be the topology on [2]<“ generated by the homomorphisms in {¢ : ¢ €
Hom([w]<?, 2)}. For every a € [w, 2°), it follows that

{a} = Pa — lnlg)l fa(n)a

since the topology is generated by finite intersections of inverse images of ¢ functions,
which satisfy (3.1). Therefore, as the family {f, : @ € [w, 2°)} satisfies 1), the topological
space ([2°]%“, 7) is countably compact.

Next we introduce the notion of suitably closed set relative to this construction?. Other
constructions that we will make later also use an analogous concept, named in the same
way, but defined slightly differently depending on the case.

Definition 3.2.2 ([Hru+21]). A set D € [2°]? is called suitably closed if « C D and
U,ew, f(n) C D, for every a € D\ w.

The topology also makes the topological group Hausdorff. Indeed, given x € [2°]<“\{@},
let D € [2°]° be a suitably closed set so that x C D. We may use Lemma 3.1.4 to construct a
homomorphism ¢ : [D]*® — 2 satisfying (3.1) for each @ € D \ w, and such that {/(x) = 1.

*The idea of suitably closed sets already appeared in [KTWO00], without using a name. Many subsequent
works that used Martin’s Axiom for countable posets and selective ultrafilters also used this idea.
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Hence, if ® = 1/, <., the homomorphism & € Hom([2°]<“, 2) is such that ®(x) = 1, since
<I>|[D]<w =1.

To finish, we enunciate the following lemma, which is used to show that the topological
space ([2°]<“, 7) does not contain non-trivial convergent sequences. Versions of this result
were already used in previous articles, but we enunciate here the version that appears in
[Hru+21], which we also prove for the sake of completeness.

LEmMA 3.2.3. If, forevery D € [2°]° suitably closed and @ € D\w, there isiy € Hom([ D], 2)
such that

(1) VB € DN\ o, y({B}) = pp — limue,, Y (f5(n));

@2)vie2,fncw : ¥(f,(n) =i} = o,

then the topology defined above on [2°]<“ does not contain non-trivial convergent sequences.

Proof. Suppose that ([2°]<“, 7) contains a non-trivial convergent sequence (x, : n € ).
Let a € [w, ¢) be so that rng(f,) C {x, : n € w}. Let D be a suitably closed set containing a.

Then, there is ¥ € Hom([D]<?, 2) such that
» VB € D\ w, Y({B}) = pp — limye, Y(f5(n));

cvie2 finew: Y(fuln) =i = o,

Let ¢ = lﬁ‘[w]@. Then, it follows that y = gzg‘[D]@,, and since the sequence (Y(f,(n)) : n € w)
takes infinitely many times the values 0 and 1, (x, : n € w) cannot be a convergent
sequence. [

The hypothesis of the lemma above are satisfied, due to Lemma 3.1.4 and Remark 7,
following it, thus ([2°]<“, 7) is a countably compact topological group of size 2¢ without
non-trivial convergent sequences. [l

Now, we shall prove Claim 1:

Proof of Claim 1. Let Y be the set of all sequences of [2°]<“ whose elements are linearly
independent. Then, it is not hard to show that [Y| = 2°. We define h : X — 2° so that, for
eachy €Y,

hy) = 1% if sup(J rmg(»)) <
Yo sup(rng(y)) + 1, otherwise.

Let also J = [w, 2°). By Corollary 2.2.12, there exists a function f : [, 2°) — Y so that,
for each a € [w, 2), h(f,) < a. Then, {f, : @ € [w, 2°)} satisfies 1)-3) of Claim 1.

]
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3.3 Conclusion

In this section we will make some additional comments, and present some open
problems and natural directions for further studies on the topic addressed in the chapter.

Convergent sequences in topological groups are related to several important concepts
concerning these spaces, and hence have also been studied for a long time. We point out
that it is possible to find a counterexample to the famous problem posed by Wallace [Wal55]
(written in the next question) inside of any non-torsion countably compact topological
group without non-trivial convergent sequences (according to [RS96] and [Tom96]).

QUESTION 3.3.1 ([Wal55]). Is every countably compact topological semigroup with two-sided
cancellation a topological group?

A counterexample to Wallace’s question has been called a Wallace semigroup. Hence, a

positive answer to the following question would prove the existence of a Wallace semigroup
in ZFC.

QUESTION 3.3.2. Is there in ZFC a non-torsion countably compact topological group without
non-trivial convergent sequences?

The known examples of Wallace semigroups are under CH [RS96], Martin’s Axiom for
countable posets [Tom96], ¢ incomparable selective ultrafilters (according to the Rudin-
Keisler ordering in w*) [MT07] and a single selective ultrafilter [BCT19]. With the exception
of [Tom96], the articles mentioned obtained the examples as a semigroup of a countably
compact free Abelian group without non-trivial convergent sequences.



Chapter 4

A selectively pseudocompact group
which is not countably
pracompact

This chapter will be mainly devoted to proving the following result, which is in the
article [TT22]:

Theorem ([TT22], Theorem 4.1). There is a Hausdorff selectively pseudocompact group
which is not countably pracompact.

Assuming the existence of a selective ultrafilter p, we will also use a similar construction
to show that there exists a selectively p—pseudocompact group which is not countably
pracompact:

Theorem ([TT22], Theorem 5.4). If p € w” is a selective ultrafilter, there exists a Hausdorff
selectively p—pseudocompact group which is not countably pracompact.

Since selective p—pseudocompactness is productive and implies selective pseudocom-
pactness, we will obtain a group which has all powers selectively pseudocompact and is
not countably pracompact.

This chapter will not have a specific section for auxiliary results since the lemmas that
we will need in the proof of the first theorem above were already presented in the previous
chapter, and the results needed for the proof of the second theorem use notations that will
be presented during the proof of the first one.

4.1 The construction of the groups

THEOREM 4.1.1 ([TT22], Theorem 4.1). There is a Hausdorf{f selectively pseudocompact
group which is not countably pracompact.

Proof. We shall construct a topology on the Boolean group [c]<“ as follows. We start with
the following claim.
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Claim 2. There exists a function F : ¢ x ¢ — 2 so that:
« Forevery A € [c]®, there exists € ¢ such that F(Ax {f}) = 1.

« For every B € [c]°, there exist &y € ¢ and a; € ¢ such that F{a,} x B) = 0 and

Proof of the claim. Let C = {Cy : f < ¢} be an enumeration of [c]”. We shall recursively
construct a family {e, : y < ¢} C ¢ so that:

« {o, : y < c}is a strictly increasing family;
» & & Upec, Cp, for eachy <c.

If y = 0, we choose arbitrarily o, so that @, € ¢\ Uﬂeco Cg, which can be done, since
| Upec, Csl = @. Suppose that, for an ordinal k < ¢, we have constructed a family {a, : y <
Kk} satisfying the items above. Then, since

Ha, =y <x}u ) Col = I,
BeCy

we may choose a, € ¢\ | Jsec, Cp so that &, > a, for every y < k. Then, there is a family
{a, : y <} C csatisfying the two items above.

Now, let {Dy, D1} be a partition of ¢ such that |Dy| = |D,| = ¢, and let {aﬁ ty <c}and
{a) 1 y < ¢} be enumerations of {&, : y € Do} and {a, : y € D,}, respectively. Consider
F : ¢x¢ — 2 defined as follows. Let (a, f) € ¢ x ¢. If &« € Cp, we put F(a, f) = 1. In the case
that a ¢ Cﬁ,

- if @ = o) for some y € cand f € C,, we put F(a, ) = 0;
» if @ = o, for some y € cand f§ € C,, we put F(a, f) = 1;
« we put F(a, f) = 0, otherwise.

Now we shall see that F satisfies the properties we want. For that, let A € [¢]. Then,
there exists § < ¢ so that A = C;s. By construction, F(a,§) = 1, for every a € A, thus
F(A x{8}) = 1. Moreover, for each f§ € Cs, we have that F(aj, ) = 0 and F(a}, ) = 1.
Therefore, F({aJ} x A) = 0 and F({a3} x A) = 1. O

Now, let {p; : & < c} be the family of free ultrafilters given by Proposition 3.1.2 and
F : ¢ x ¢ — 2 be the function given by the previous claim. Let also (Jz)s<. be a partition
of ¢ such that, for each < ¢, |Jg| = ¢. Consider also, for each < ¢, a partition {]ﬁl,]g} of
Jp satisfying that | ][}| = ]ﬁzl = ¢. We suppose that the initial w elements of Js are in ]é, for
every f < c.

To make the proof clearer, we will enunciate some technical claims, which will be
proved at the end of the proof of this theorem.

Claim 3. Given § < c, there exists a family {ff e ]ﬁz} of functions féfj s @ = [Jp]™ such
that

1) each fgﬁ is an one-to-one enumeration of linearly independent elements of [ Js]<*;
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2) for every infinite X C [J3]<“, there exists £ € J§ such that rng(ff) CX;

3) forevery& € J§, rng(f_fﬁ) C [€]%.

From now on, we will omit the superscript of fgﬁ , since for each £ € | ;.. ]g, there is a
unique f} < ¢ such that & € J. We also define the sets J; = s J; and J; = (s J§- Lastly,
we fix another partition (I,),. of ¢ satisfying that |I,| = ¢, for every a < c.

We shall now define which are the suitably closed sets of this construction.

Definition 4.1.2. A set A € [c]? is suitably closed if, for every ¢ € AN J,, we have

Uneo fi(n) C A.

Let A be the set of all homomorphisms o : [A]<® — 2, with A € [¢] suitably closed,
satisfying that
o({E) = pe ~limo(f(n),

for every £ € An J,.

Claim 4. There exists an enumeration{c,, : v < p < ¢} of A so that:
« Udom(o,) C p, foreachw < p < c.

« Foreacho € A and a < ¢, there exists u € I, so thato, = o.

Consider the enumeration {o, : @ < pi < ¢} of A given by the previous claim. For each
€ [w, ¢), we shall construct a suitable homomorphism &, : [¢]<“ — 2. First, we will also
need the following result.

Claim 5. Foreach f < ¢, there exists an enumeration {gf : & € Jz}ofall functions g = S — 2,
with S € [¢]<“, so that dom(gf) C &, forevery & € J5, and that for each g : S — 2 as above,

el gl =gll=c

As done before, from now on we omit the superscript of gf , since for each & € J;, there
is a unique < ¢ such that £ € J;.

Given y € [w,¢), we start defining an auxiliary homomorphism ¢, : [c]<® — 2,
extending o,,. First, if £ < ¢ is such that {{} € dom(c,), we put /,({£}) = 0,({£}). Otherwise,
we have a few cases to consider: firstly, for every & € J;, we put ¢,({£}) = g:(p) if
p € dom(gy) and ¥/,({¢}) = 0 if p ¢ dom(gy); for elements & € J,, we define i/, recursively,
by putting

V(&Y = pe ~ lim Y, (fi(m).

Note that since {{¢} : & < ¢} is a base for [¢]<“, the definition above uniquely extends
each o, to a homomorphism ¢/, : [¢]*” — 2, which satisfy the previous equation for every
& € J,, by construction.

! In case of a homomorphism ¢ : [C]<® — 2, with C C ¢, note that | Jdom(c) = C.
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Now, to obtain the homomorphisms &, : [¢]** — 2, we shall make some modifications
to the homomorphisms 1/, defined before, in the following way. For every y € [w, ¢) and
& < ¢, we have that s € I, and & € J for unique «, # < ¢, thus we put

o, ({&}) =0, if F(a, ) =0
o, (&) =¥, ({8}, if F(a, p) = 1.

Again, in this way we define uniquely a homomorphism @, : [¢]* — 2, for each y < c.
Note that, forevery £ € Lbandw < pp <,

5D = pe ~ lim o (fi(m).

In fact, if p € I, and & € ]g are such that F(a, f) = 0, then 5,({¢}) = 7,(f;(n)) = 0 for
every n € w. Otherwise, 5,({£}) = ¢,({£}) and 7,(fy(n)) = ¥,.(f:(n)), for every n € w.
Furthermore, note that &, is non-trivial for every v < p < ¢. Indeed, given y € I,, take
B < ¢ such that F(e, f) = 1 and let £ € J; \ |Jdom(c,) be such that g is the function
which has dom(g;) = {y} and g:(¢) = 1. Hence, we have that 7,({¢}) = g:(1) = 1.

Let now A = {5, : @ < p < ¢} and 7 be topology on [¢]* generated by the homo-
morphisms in A. First, notice that ([¢]<“, 7) is Hausdorff. In fact, given x € [¢]<“ \ {@}, let
D € [c]® be a suitably closed set so that x C D, and let @ < ¢ be such that F({a} x D)=1.
According to Lemma 3.1.4, there exists o : [D]|~” — 2, 0 € A, such that o(x) = 1 and, by
construction, there exists 4, € I, such that ¢,, = 0. Hence, we have that 5, (x) = 1

Claim 6. ([¢]<“, 1) is a selectively pseudocompact group.

Proof of the claim. Let{U, : n € w}be a sequence of nonempty open sets in the group. For
each U,, we fix a function g, : S, — 2, with S, € [¢]** \ {@}, so that

U, D ﬂ O'_pil(gn(.u))-

HESy

Thus, for each n € w, we may define the set C, = {a < ¢ : p € I, for some p € S},
and also C = J,, G, € [c]®. By the property of F function, there exists § € ¢ such that
F(Cx{p}) = 1.For each newlet§, € J[}\Upesn (Udom(ay)) be such that g;, = g,. We may
choose such elements &, pairwise distinct. By the way we have defined the homomorphisms
which generate the topology, for every p € S,, 7,({&:}) = ¥,({&}) = g.(1), and therefore
{&:} € U, for every n € w.

Now, let & € ]ﬁz be such that rng(f;) C {{&,} : n € w}. Since
GUED = pr ~ m T () (@)

for every w < p < ¢, we have that {¢} is an accumulation point of {{£,} : n € w}, ending
the proof. O]

Claim 7. ([¢]<?,7) is not a countably pracompact group.
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Proof of the claim. Suppose that Z is a subset of G that is dense. We shall construct a
sequence {f, : n € w} C Z that does not have an accumulation point in ([¢]<?, 7). Such
sequence shall satisfy that

m<n

SUPP(t,) \ <U SUPP(tm)> % Q, (4.2)

for every n € w, where, for each D € [¢]*“, we define

SUPP(D) = {f < ¢ : JynD # @}

First, fix t, € Z arbitrarily, and suppose that, for k > 0, we have defined {t, : n <k} C Z
satisfying equation (4.2) for every n < k. We claim that B = | J,., SUPP(z) cannot be a
countable set. Indeed, if B is countable, by construction of F function, there exists an « € ¢
so that F({a} x B) = 0. Therefore, given y € I,, 7,(z) = 0 for every z € Z, and thus Z
cannot be dense in G. Hence, there exists t, € Z such that

SUPP(z,) \ <U SUPP(tm)> + Q,

m<k

which proves the existence of such sequence {t, : n € w} C Z.

Now we shall show that, for each x € [¢]“, x is not an accumulation point of {t, : n €
w}. First, note that there exists k, € w such that, for every n > k,

SUPP(,) \ (U SUPP(t,,) U SUPP(x)> % Q.

m<n

In fact, since SUPP(x) is finite and (4.2) holds, there cannot be infinite elements t, such
that SUPP(t,) C | J,,., SUPP(t,) U SUPP(x).

m<n

Let
F, = |_) SUPP(t,,) U SUPP(x)

m<ky

and, fori > 0,

F; = SUPP(t, 1i-1) \ < ) SuPP(t,)u SUPP(x)> .

m<ky+i—1

Define also, for each i € w,

Dy ={¢ e| Jtux : SUPP(ED) € Fi,

new

and let A; be a suitably closed set containing D; such that SUPP(A;) = SUPP(D;). Since
(F)icor 1s a family of pairwise disjoint sets, we have that (A;);e, is also a family of pairwise
disjoint sets.
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According to Lemma 3.1.4, we may define a homomorphism 60, : [Ay]<“ — 2 such that
0y € A and 6y(x) = 0.For k > 0, suppose that we have constructed a set of homomorphisms
{0; : i < k} C A such that

a) Gy(x) =0.

b) 6; is a homomorphism defined in [U < Aj] = taking values in 2, for each i < k.
c) 0; extends 0,_; foreach 0 < i < k.

d) O;(ty,+;) = 1foreach0<i<kand j=0,..i—1

Let Ax be a suitably closed set containing Dy. Again by Lemma 3.1.4, we may define a
homomorphism ¢/, : [Ax]<* — 2 so that ; € A and

¢k<tk0+k-1 \ UD]'> + 9k_1<tko+k_1 n UD]»> =1.

Jj<k Jj<k

Now, since Ay N ;o Ai = @, we may define a homomorphism 6 : [Ujgk Aj] 2
extending both 0y_; and ;. Then, by construction, we have that 6;(x) = 0 and Oi(ti,+;) = 1
for every j = 0,...,k — 1. Also, it follows that 6, € A, since ¢/ € A and 0; € A for every
i < k. Therefore, there exists a family of homomorphisms {6y : k € w} C A satisfying a)-d)
for every k € w.

Letting A = | J,,, A» and 0 = | J,, 0,, the homomorphism 6 : [A]<“ — 2 satisfy that
0 € A, since each 6, € A. Also, 8(x) = 0 and (,+;) = 1 for every j € w. Let a < ¢ be
such that F ({a} X Upe,, SUPP(t,) U SUPP(x)) = 1 and p € I, be such that o, = 0. Then,

G, ¢ [¢]” — 2 satisfies that 5,(t,) = 1 for each n € w, and ,(x) = 0. Therefore, x € [¢]<,
which was chosen arbitrarily, is not an accumulation point of {t, : n € w}, hence ([¢]~*, )
is not countably pracompact.

O
O

Now we will prove the technical claims made in the proof of the theorem above.
Proof of Claim 3. The proof is analogous to the proof of Claim 1. O]

Proof of Claim 4. If A € [c]” is such that A C J;, then A is suitably closed, and every homo-
morphism o : [A]*” — 2 belongs to .A. Then, A has at least cardinality c. Furthermore,
since |[c]?| = ¢, it follows that | A| = c.

Now, let f : A — ¢ be so that, for each o € A,

0, if sup(lJdom(o)) < w
sup(lJdom(o)) + 1, otherwise.

f(cr)i{
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Then, by Corollary 2.2.12, there exists g : [w,¢) = A so that f(g(a)) < « for each
@ € [, ¢) and that [{« € [w,¢) : g(a) = o} = ¢, foreach o € A.

For each a < ¢, let I, = {yj : f < ¢} be a strictly increasing enumeration (in particular,
note that f < yg, for every @, f < c¢. Consider h : [@w,c) — A given as follows. For
each p € [w,¢), let a < ¢ be so that p € I,. Then, u = yj, for some § < ¢. Thus, we put
h(u) = g(B). Then, the enumeration h satisfies the desired properties of Claim 4.

]

Proof of Claim 5. Given f8 < ¢, let X = | Jge(q<o 2°. Then, |X| = ¢. Letalso f : X — ¢ given,
for each x € X, by
0, ifx=09

max(dom(x)) + 1, otherwise.

By Corollary 2.2.12, there exists h : J; — X so that f(h(£)) < & for each & € J; and that
[{¢€ € ]I} : h(&¢) = x}| = ¢, for every x € X. Therefore, h is the desired enumeration. ]

Assuming the existence of a selective ultrafilter p, we may use the same construction
as above to show that there exists a selectively p—pseudocompact group which is not
countably pracompact. Since selective p—pseudocompactness is productive and implies
selective pseudocompactness, we will obtain a group which has all powers selectively pseu-
docompact and is not countably pracompact. In order to replace Lemma 3.1.4, we use some
versions of results proved in Tomita, Garcia-Ferreira and Watson’s paper [GTWO05].

Following the proof of Theorem 4.1.1, we consider the same function F : ¢x ¢ — 2,
families (I;)q<c, (Jp)p<c and partition {]é, ]ﬁz} of Jp, for each ff < ¢. Using a similar proof to
Lemma 2.1 of [GTWO05], one may show the following result.

LEmMMA 4.1.3 ((GTWO05], Lemma 2.1). If p € w* is a selective ultrafilter, then, for each f < «,
there exists a family of one-to-one functions{f; : £ € ]ﬁz} C ([Jg]=*)® such that

i1) Une, fe(n) € max{w, &}, for every & € J§.
i2) {Lfe]p + £ €5t uilily « p €} is a base for ([Js]<)°/ p.

i3) For every one-to-one function g € ([J;]<°), there are distinct &,&, € Ji and two
increasing sequences of positive integers (n})r<,, and (n})x<., such that f;(k) = g(n}),
foreveryk < w andi € 2.

In what follows, we fix a family {f; : & € J;} so that, for each 8 < ¢, (fi)se 72 satisfy
the three properties stated in the previous result. In this case, it is not hard to show that
{[fe], : € € LYu{ll, : p < c}islinearly independent in ([¢]<“)?/p and hence one may
repeat the proof of Lemma 2.3 in [GTWO05] to show that*:

LEMMA 4.1.4 ((GTWO05], Lemma 2.3). Let p € w” be a selective ultrafilter. For every E, €
[c]<* \{@}, there are{b; : i < w} € p and{E; : 0 <i < w} C [c]** such that

2To adapt the proof done in [GTWO05], we consider F; = E; and, for each n > 0, F,,; = F, U

[U&Fn% Unm<n fg(m)]. The family {E; : 0 < i < w} will be a subsequence of {F; : 0 < i < w}.
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1) E;u [U&Einjz f:(b)] C Eiss, for everyi < w;
2) {fe(b;) : £ € E;n LYui{pt o p € E} is linearly independent, for everyi < w.

Now, we can show the lemma that will replace Lemma 3.1.4. A similar result was also
proved in [GTWO05] (see Example 2.4), but we also show the adapted proof here, for the
sake of completeness.

LEMMA 4.1.5. Let p € w* be a selective ultrafilter and D € [c]® be such that, for every
a € DN J,U,e, fo(n) C D. Then, for each E, € [D]<° \ {@}, there exists a homomorphism
® : [D]*® — 2 such that

(1) ®({&}) = p — limye, P(fz(n)), for every & € DN J,.
(2) ®(Ey) = 1.

Proof. By applying the previous lemma to Ey, we obtain {b; : i < w} € pand{E; : 0 <i<
} C [¢]¥ such that®

1) E;u [U&Ein]z ﬁz(b,)] C Ejiy, for every i < w;
2) {f:(b;) : £ € E;n b} u{{p} : p € E;}is linearly independent, for every i < w.

Since {fi(by) : & € Eyn L} U {{pt : p € Eg} is linearly independent and
Ey U [U@;Ew]2 fsz(bo)] C E,, we may define a homomorphism ®;, : [E;]** — 2 such
that ®;(E,) = 1 and ®;(f;(by)) = ®,({£}) for every & € J, N E,.

Suppose that, for 0 < i < w, we have defined ®; : [E;|* — 2 so that ®;(E;) = 1 and
Q;(fe(bi-1)) = ©;,({¢}) for every & € J, N E;_;. Since {f;(b;) : £ € E;n LU {{p} : p € Ej}is
linearly independent and E; U [UfeEin 7, fg(b,)] C Eiy1, we may define a homomorphism

Qi1 ¢ [Eip1]™” — 2 extending ®; so that ®;.1(fz (b)) = O ({E}) for every & € E; n J,. Thus,
such homomorphisms ®; exist for every i > 0.

Now let E = J,., E,and ¢ = J,., ®, : [E]*® — 2. We may extend ¢/ to a homomor-
phism @ defined on [D]*” by putting ®({¢}) = 0if & € J; n (D \ E) and then, recursively,

(&Y = p —~lim &(fi (),

for every & € J,n(D\E). The homomorphism ® : [D]*“ — 2 satisfy the required properties.
Indeed, if & € J, n (D \ E), then (1) follows by the previous equation. On the other hand, if
febnEand € wissuchthat £ € Ej, then{b; : i > j} C{n€w : ®(f;(n)) = ®({¢})} and
hence

(&Y = p ~lim &(fi(m).
]
Next, we will show the mentioned theorem. Since the arguments are analogous to

those in the proof of Theorem 4.1.1, we omit some details. As before, a set A € [¢]* will be
called suitably closed if, for every & € J, N A, U, fr(n) C A.

% Note that due to the form of {E; : 0 < i < w} sets (see the previous footnote), we have that | J,, E; C D.

i€w
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THEOREM 4.1.6 ([TT22], Theorem 5.4). If p € w” is a selective ultrafilter, there exists a
Hausdorf{f selectively p—pseudocompact group which is not countably pracompact.

Proof. Let A be the set of all homomorphisms o : [A]*” — 2, where A is a suitably closed
set, satisfying that
o) = p—limo(f(m),

for every £ € An J,.

Enumerate A by {0, : w < p < ¢}, assuming that  dom(c,) C p, for each w < p < ¢,
and also that for each 0 € A and a < ¢, there exists u € I, so that o, = 0. As before, we
shall construct a suitable homomorphism @, : [¢]*” — 2, for each w < p < c.

We consider the same enumeration {g; : £ € J;} of all functions g : S - 2 with S €
[c]* fixed in Theorem 4.1.1. For each w < p < ¢, we define the auxiliary homomorphism
¥, [c]5? — 2, extending o, in the following way. If £ < ¢ is such that {¢} € dom(o),), we
put ¥,({&}) = 0,({¢}). Otherwise, we have a few cases to consider: firstly, for every & € J;,

we put ¢/,({€}) = g:(p) if p € dom(g;) and ¥/,({¢}) = 0 if p1 ¢ dom(g;); for elements & € J,,
we define ¢, recursively, by putting

V(D) = p—lim g, (f(n).

It is not hard to see that the homomorphism 1/, : [¢]** — 2 satisfy the previous
equation for every ¢ € J,.

Now, for every w < pu < cand £ < ¢, we have that y € I, and & € J; for unique o, f < ¢,
hence we may put

o, ({&}) =0, if F(a, p) =0
o, ({&) =¥u({&D), if Fla, p) = 1.

As before, in this way we define uniquely a non-trivial homomorphism @, : [¢]* — 2
so that, forevery £ € ,and w < i <'c,

53({ED) = p ~ Lim 7, (fe(m).

Let now A = {5, : @ < p < ¢} and 7 be the topology on [¢]” generated by the
homomorphisms in .A. The topological group ([¢]<“, 7) is Hausdorff. Indeed, given x €
[c]= \{@}, let D € [c]” be a suitably closed set so that x C D, and let @ < ¢ be such that
F({a} x D)=1. According to Lemma 4.1.5, there exists o : [D]*® — 2, 0 € A, such that
o(x) = 1 and, by construction, there exists i, € I, such that 5,, = 0. Hence, 7,,(x) = 1.

Claim 8. ([¢]<“, 1) is a selectively p—pseudocompact group.

Proof of the claim. Let {U, : n € w} be a sequence of nonempty open sets in the group. We
proceed the same way as in Claim 6 of Theorem 4.1.1 to construct a sequence of pairwise
distinct elements {{£,} : n € w} such that {&,} € U, for each n € w and such that, for some
fixed f < ¢, &, € Jp for every n € w.
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Let g € ([Js]=°) be such that g(n) = {£,}, for every n € w. Since{[f;], : £ € ]ﬁz}u{[ﬁ]p :
p € Jp}is a base for ([J]<“)?/p, there exists 1, ...,k € ]ﬂ2 and E € [J3]<” such that

[g]p = (Aisk[ﬁyi]p) A (AyGE[ﬁ]p)-

Hence, there exists B € p such that, for every n € B,

&} = (ise f () & (2peeipd) = (2icic f, () & E.

Therefore, since for each i = 0, ..., k we have
n} = p—lim £, (»
by construction, it follows that
(2iceini}) o E = p — Imig,},

and thus {{&,} : n € w} has a p—limit. ]
Claim 9. ([¢]<*,7) is not a countably pracompact group.

Proof of the claim. It is the same proof done in Claim 7 of Theorem 4.1.1, just changing
the use of Lemma 3.1.4 for Lemma 4.1.5. O

O

4.2 Conclusion

In this section we will make some additional comments, and present some open
problems and natural directions for further studies on the topic addressed in the chapter.

There are still many open questions regarding the pseudocompact-like properties in
topological groups. For instance, [GT15] asks:

QUESTION 4.2.1. Is there a pseudocompact, non-selectively pseudocompact group which is
connected?

QUESTION 4.2.2. If an Abelian group admits a pseudocompact group topology, does it admit
a selectively pseudocompact group topology?

QUESTION 4.2.3. Does every compact group admit a proper dense selectively pseudocompact
subgroup?

In Claim 7 of Theorem 4.1.1, we proved that if Z C ([¢]<*,7) is a dense subset, then
B = |, SUPP(z) is not countable. In particular, this shows that the group we have
constructed is not separable. Thus, we ask the following:



4.2 | CONCLUSION

QUESTION 4.2.4. Is there a separable selectively pseudocompact group which is not countably
pracompact?
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Chapter 5

A consistent solution to the case

a = o of the Comfort-like question
for countably pracompact

groups

This chapter will be devoted to proving the following result, which is in the article
[TT23]:

Theorem ([TT23], Theorem 3.1). Suppose that there are ¢ incomparable selective ultrafilters.
Then there exists a (Hausdorff) topological group G which has all finite powers countably
pracompact and such that G is not countably pracompact.

5.1 Auxiliary Results
We begin this section by enunciating the Lemma 3.5 and Lemma 3.6 of
[Tomo05a].

LEmMmA 5.1.1 ([Tom05a], Lemma 3.5). Let py and p; be incomparable selective ultrafilters.
Let{aj : k € w} € p; be a strictly increasing sequence such that a] > k for everyk € w and
J € 2. Then there exist subsets Iy and I; of v such that:

(i1) {ai : k € I} € p; for each j € 2;
(i2) {|k, a,{] . j € 2,k € I} are pairwise disjoint intervals of w.
As a corollary of the previous lemma, we obtain:

LEMMA 5.1.2. Letn > 0 and {p; : j < n} be incomparable selective ultrafilters. Let
{a, : k € w} € p; be a strictly increasing sequence such that a, > k for everyk € w and j < n.
Then there exists a family{I; : j < n} of subsets of w such that:

(i1) {a] : k € I} € p; for each j < n;

(i2) {[k,al] : j < n,k € I;} are pairwise disjoint intervals of .
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Proof. We will show that the lemma is true for each n > 0 by induction. The case n = 1 is
just Lemma 5.1.1.

Suppose that the result is true for a given ny > 0. We claim that it is also true for ny + 1.
Indeed, let {p; : j < ny + 1} be incomparable selective ultrafilters and {ai : kewtep;
be a strictly increasing sequence such that ai > k for every k € w and j < ny + 1. By
hypothesis, there exists a family {I; : j < ng} of subsets of w so that:

. {a : ke I}} € p; for each j < ny;

. {[k, ai] tj<ngke€ I;} are pairwise disjoint intervals of w.

Also, by Lemma 5.1.1, for each j < n, there exist I; C f] and K; C w so that:

. {ai ke I]} € p] and {GZO-H t ke K]} S pn0+1;

. {[k, ai] k€ [}u{lk,a"] : k € K;} are pairwise disjoint intervals of w.
Then, defining I, 41 = ()2, Kj, we have that {I; : j < n, + 1} satisfies the hypothesis we
want. Therefore, the lemma is true for every n > 0. O

The countable version of the previous result is Lemma 3.6 of [Tom05a]:

LEmMA 5.1.3 ([Tom05a], Lemma 3.6). Let{p; : j € w} be incomparable selective ultrafilters.
Let{a; : k € w} € p; be a strictly increasing sequence such that a] > k for each k, j € w.
Then there exists a family{I; : j € w} of subsets of w such that:

(i1) {a] : k € I} € p; for each j € w;
(i2) {[k,a]] : j € w,k € I} are pairwise disjoint intervals of .
The following results ensure the existence of the homomorphisms which are necessary

to construct the topological groups we want. Their proofs are based on Lemma 3.7 and
Lemma 4.1 of [Tom05a], and also Lemma 4.1 of [GT20].

LEmMmA 5.1.4 ([TT23], Lemma 2.8). Let:
« E be a countable subset of 2° and I C E;
« F C E be a finite subset;
o foreach& €1,k € w;
« {ps : & €I} be a family of incomparable selective ultrafilters.

« foreach& €1, g : w — ([E]*)* be a function so that {gg(m) 2 j < kgpm € wlis
linearly independent;

. foreach& €1, d; € ([E]*)*.

Then there exist an increasing sequence {b; : i € w} C w, a surjective functionr : w — I and
a sequence {E; : i € w} of finite subsets of E such that:

a) F cC Eo,
b) E= Uiea) Ei;
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c¢) r(m) € E,, for eachm € w;

d) U{drj(m) : j < kym} C Ep, for eachm € w;

e) Enyi D U({gg(bm) : £ €E, N1, j<kg)UE,, foreachm € w;

f) {grj(m)(bm) 2 j<kymiU{p} : p € Ey}islinearly independent, for eachm € w;
g) b ier (&)} € pe, forevery & €.

Furthermore, if{y, : n € w} C E is faithfully indexed, then E; can be arranged for each
i € w so that

h) {n € w : y, € E}} = 2N;, for some N; € w, and (N,);e,, is a strictly increasing sequence."

Proof. Suppose first that I is infinite. Let E = {§, : n € «} be an enumeration and
s w — w be a strictly increasing function such that {£y;) : j € w} = I. We will first define
a family {F, : n € w} of finite subsets of E. This family will be used to construct the family

{E, : n € w}.
Choose N € w so that {n €w: y, € Fu{&lu (U{dé(o) 1 j< k§s(o)})} C 2N,, and define

Fo={yn : n <2NJUF UG U (| ¢ J <hee D).

Suppose that we have defined finite subsets F, ..., F; C E so that

1) &, € F,foreach 0 < p <1,

2) Fpe1 D U({gé(m) :m<p, feEF,NI, j<kg})UF,foreach0< p <l
3) U{di(p) t j<kg,} CF,foreach0<p<IL

4) {n € w : y, € F,} = 2N, for some N, € w, foreach 0 < p < 1.

Now choose Nj,; > Nj so that
{n €Ew: y, € U <{gé(m) :m<I, peRnI, j<kgu {dég(lﬂ) j< kgs(m)}) UFRU {fm}} C 2N,

and then define

Fin = (o n < 2Nl J ({gh(m) - m< 1, B Rl j < kpduld,, ) 7 < Keg, })URUGini)

It is clear that 1), 2), 3) and 4) are also satisfied for F,, ..., F;;;. Then, we may construct
recursively a family {F, : n € w} of finite subsets of E satisfying 1)-4) for every p € w. We
also have that E =  J,., F.

Foreach ¢ €I and n € w, let

! For every K € w, K > 2, we could also arrange E; for each i € w so that {n €  : y, € E;} C KN;, for some
N; € w, and (N))ie,, is strictly increasing. The proof would be analogous.
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A ={mew: {gé(m) : j<kgu{{p} : p € F}is linearly independent}.

Since {gg(m) : j < kg, m € w} is linearly independent and F, is finite, we have that
A is cofinite, and then A} € p;, for every n € @ and & € I. Since selective ultrafilters are
P—points, for each ¢ € I there exists A; € py so that A; \ A} is finite for every n € .

Now, for each & € I, let vy : w — w be a strictly increasing function so that A; \ Ai C
vg(n), for each n € w. As every py is a selective ultrafilter, for each & € I there exists B; € p;

such that

By nvg(1) = @,B; C Ar and |[v:(n) + 1,v(n + 1)] N B¢| < 1, for each n € w.

Let {a; : n € w} be the strictly increasing enumeration of B, for each ¢ € I. Notice

that a$ > vg(n) > n for eachn € w and & € I. Thus,

ai € Ai, foreaché €I and n € w,

and, by Lemma 5.1.3, there exists a family {I; : £ € I} of subsets of w such that:

i1) {da : i € It} € p; for each & € I

i2) {[i, af] : £ € I and i € I;} are pairwise disjoint intervals of .

By i2), the sets {I; : ¢ € I} are pairwise disjoint. We may also assume without loss of
generality that Iy, C w \ s(k) for every k € w. Let {i,, : m € w} be the strictly increasing

enumeration of ¢, Iz,
Define also b,, = a;im) and E,, = F,

i

for each m € w.

and r : @ — I be such that r(m) = & if and only if i, € I, .

Conditions a) and b) are trivially satisfied. Moreover, given m € o, if i, € I, then
im > s(i), and hence r(m) € E,,. Therefore, conditions c) and d) are satisfied. To check
condition e), note that b,, = a;flm) <imy1—landE, =F, CF,_  _ foreachm € w, thus

En 0| Jgl(bn) : £ € Enn 1 j <ke})

CFpa U JAglp) - p<imi— L E€F, 0l j<k})
CF,,, =Enu.

m+1

Condition f) is also satisfied, since b,, = afim) € A;im) for each m € w, and hence,

{g/ (bn) : j <kyom}U{p} : p€F }islinearly independent.
To check condition g), simply note that, given ¢ € I,
by : mer ()} =1{a : iel}e ps

Condition h) follows by construction.

If I is finite, the proof is basically the same, replacing the use of Lemma 5.1.3 by Lemma
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5.1.2. 0

Next, we will present all the homomorphism existence lemmas that we will need
for the construction done in this chapter, and also for the construction done in the next
chapter.

LEmMMA 5.1.5 ([TT23], Lemma 2.9). Let:
« Zy and Z; be disjoint countable subsets of 2°, and E = Zy v Z;;
e hCcZ, [ CZ,andI = v ;
« F C[E]*” be a finite linearly independent subset and, for each f € F, let ny € 2;
o foreach& €1,k € w;
« {p: : & €I} be a family of incomparable selective ultrafilters;
o foreach& €1,6; =0 ifé €lyand by = 1ifE € 1;;

« forevery& €1, g : w — ([Zs, %)% be a function so that {gé(m) 1 j<kgmew}is
linearly independent;

. foreaché €l,d; € ([Zg§]<w)k§;
« {20 : new}CZyand{z} : n € w} C Z; be sequences of pairwise distinct elements.
Then, given (ap, &) € 2 x 2, there exists a homomorphism ® : [E]<“ — 2 such that:
(i1) ®(f) = ny, forevery f € F;
(i2) for every & €1,

{n co: (cp(gg(n)), ...,@(ggf*l(n))) - (cp(dg), ...cp(d?f*))} € pe:

(i3) {n € w : (q)({zg}), CD({z}l})) = (@, a1)} is finite.

Proof. Firstly we apply Lemma 5.1.4 using the elements given in the hypothesis, F = | J F,
and the following sequence y : w — E for item h): for each n € w, write n = 2q + j for the
unique q € w and j € 2, and put

zg, ifj=0
Yog+j = 1 s
zg, if j=1.

Thus we obtain {b; : i € 0} Cw,r : @ = I and {E,, : m € w} C [E]* satisfying a)-h).

We shall define auxiliary homomorphisms ®,, : [E,|*” — 2 inductively. First, we
define @, : [E]* — 2 so that ®y(f) = ny for each f € 7. Now, suppose that, for [ € w,
we have defined homomorphisms ®,, : [E,,|* — 2 for each m = 0, ..., [, so that

(1) ®,,,; extends ®,, for each 0 < m < [;
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(2) forevery 0 <m <,

(@1 (8% Br))s o @ria (€ b)) = (@) o Pn(dr ™))

(3) (@m({zg}), CDm({z,ll})) # (ap, 1) for each0 <m <landn € w so that z) € E,, \ E,,_;.

We shall prove that we may define ®,; : [Ej4;|<® — 2 so that @, ..., &4, also satisfy
(1), (2) and (3). For this, suppose without loss of generality that r(I) € I,. By item f) of
Lemma 5.1.4, { grj(l)(b,) : j<k@yU{{p} : p € Ej}islinearly independent, and, by item h),
for every n,m € w, z0 € E,, if, and only if, z! € E,,. Since grj(l)(b[) €[Z,]<®
and z! € Z, for every n € w, we conclude that

for every j < k.q),

{{z,} : 7, € B NE} U {grj(l)(bl) D j<k}u{{p}:op€E} (1)

is linearly independent. Therefore, using items d) and e) of Lemma 5.1.4, we may define
@y : [E]s@ — 2 extending ®; so that

(@11(gpB)s o @i (g™ B1))) = (@A), s DA™

and

‘I)l+1({2,11}) * 0 (&)

for each n € w such that z) € Ej;; \ E;. Thus, we have that @y, ..., @, also satisfy (1), (2) and
(3), and therefore there exists a sequence (®,,)ne,, of homomorphisms ®,, : [E, |
satisfying these properties.

— 2

We claim that the homomorphism ® = | J,,, ®, : [E]*® — 2 satisfies the hypothesis
we want. In fact, items (i1) and (i3) are clear from the construction and item (i2) follows
from the fact that for every & € I,

(@(g2(br), . (ge ™ (b)) = (@(dD), ... (d ),

for each i € r'(£), and that {b; : i € r'(£)} € pg, by item g) of Lemma 5.1.4. O

The next result is a stronger version of the previous lemma, and uses it in its proof.
LEmMMA 5.1.6 ([TT23], Lemma 2.10). Let:

« Zy and Z, be disjoint countable subsets of 2°, and E = Zy v Z;

e hCZy, T CZy,andI = Iy v ;

« F C[E]*® be a linearly independent finite subset and, for each f € F, let ny € 2;

foreach& €1, k; € w;
« {pr : £ €I} be a family of incomparable selective ultrafilters;

 foreach& €1,6; =0 ifE €lyand by = 1ifE € 13;
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« forevery& €1, g : w — ([Zs, <) be a function so that {gg(m) D j<ks mew}is
linearly independent;

« foreaché €l,d; € ([Z5§]<“’)kf;
« 0 new}C[Z] and{y, : n € w} C[Z,]%“ be linearly independent subsets.

Suppose that |Z; \ | {y! : n € w}| = w, for eachi € 2. Then, given (&, @;) € 2 x 2, there
exists a homomorphism ® : [E|~” — 2 such that:

(i1) ®(f) = ny, forevery f € F;
(i2) foreveryé& €l,

{neo: (oo m0) = (o@), .. o@ )} € ps

(i3) {n € w : (@(y2), D(y,)) = (g, 1)} is finite.

Proof. Foreachi € 2,let{z! : n € w}be an enumeration of | {y! : n € w}. Next, we extend
{y. : n € w}toabasis B of [Z;]< and also {{z} : n € w} to a basis C' of [Z;]<“, for each
i € 2. By assumption, [C'\{{z} : n € w}| = |[B'\{y! : n € w}| = 0, thus we may consider
enumerations {e, : k € w}of C'\{{z}} : n€ w}}and {fi : k € w}of B'\{y. : n€ w}.Itis
clear that both B° u B! and C° U C! are basis of [E]<“.

Let 0 : [E]® — [E]< be the isomorphism defined by
0(y,) = {z,},

and

0(f;) = e,
for each i € 2 and n, k € . Note that 0|1« : [Z]** — [Z;]*“ is also an isomorphism, for
eachi € 2.

Let, forevery £ €I, h; : w — ([Z5§]<“’)kf be given by hé(n) = G(gg(n)) for eachn € w
and j < kg, and Eg € ([Z(;_E]“’)k§ be given by 3é = Q(dsi), for each j < k.

By Lemma 5.1.5, there exists a homomorphism ® : [E]< — 2 so that:

1) ®(0(f)) = ny, for every f € F;

) Forevery £ €L {neow : (B0m),... 30" m)) = (8@, 3@ D) | € pes
3) {n€w: (@{z"}), ®({z!})) = (ay, @1)} is finite.

Thus, the homomorphism ® = ® -0 : [E|<“ — 2 satisfies the hypothesis we want. [

Remark 8. Note that in the statement of the previous lemma, item (i3) can be replaced by
the following (stronger) condition, for a given « € 2:

(i3){n € w : ®(y & y)) = a} is finite.



74

5| A CONSISTENT SOLUTION TO THE CASE @ = « OF THE COMFORT-LIKE QUESTION FOR COUNTABLY PRACOMPACT GROUPS

Indeed, we could replace condition () in the proof of Lemma 5.1.5 by the fact that

{z).2,} : zo € Epi NE}U {grj(l)(bl) D j<k}u{{p}:op € Ej}

is linearly independent, thus in equation (i) we could choose
q)l+1({22> Zrll}) Fa

for each n € w such that z° € E;,; \ E;. Then, the proof of Lemma 5.1.6 would remain the
same, just replacing the old condition with the new one when required.

The next result is an easy corollary of the previous lemma.
COROLLARY 5.1.7 ([TT23], Corollary 2.11). Let:
« E be a countable subset of 2°;

« ] CE;

F C [E]*° be a linearly independent finite subset and, for each f € F, let ny € 2;

foreach& €1, k; € w.
 {pr : £ €I} be a family of incomparable selective ultrafilters;

. forevery& €1, g : @ — ([E]°)% be a function so that {gé(m) 1 j<ks; mewtis
linearly independent;

. forevery& €1, dy € ([E]*)*.
Then there exists a homomorphism ® : [E|~® — 2 such that:

(i1) ®(f) = ny, forevery f € F;

(i2) Forevery& €1, {n Ew: (q)(gg(n)),...,@(g?g_l(n))> = (@(dg),...@(d§§_1)>} € pe.

Although the proof of the following result is similar to the proof of Lemma 5.1.5 and
Lemma 5.1.6, we present it here for the sake of completeness.

LEmMA 5.1.8 ([TT23], Lemma 2.12). Let:
« E be a countable subset of 2°;
« ] CE;
« F C[E]*® be a linearly independent finite subset and, for each f € F, let ny € 2;
e NnEw,
« {pr : £ €I} be a family of incomparable selective ultrafilters;

« forevery& €1, gr : w — ([E]*°)" be a function so that {gg(m) i j<n, me€uw}is
linearly independent;

. forevery& €I, dy € ([E]*°)";
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. {y,i : k € w, j < n}C[E] be a linearly independent subset.

Suppose that |E \ U{y,{ : k € w, j < n} = w. Then, given (ay, ...,a,) € 2", there exists a
homomorphism ® : [E|<® — 2 such that:

(i1) ®(f) = ny, forevery f € F;
(i2) forevery£ €I, {k €  : (®(gl(K)), .. ®(gf '(k))) = (®(d)), .. (d}™)) } € pes
(i3) {tk € @ : (®(yD), ... D(¥?)) = (o, ... An)} is finite.

Proof. We split the proof in two cases.

Case 1: Suppose that each y] is a singleton, that is, y; = {z/}, for some z] € E, for every
j<nandk € w.

In this case, we apply Lemma 5.1.4 using the elements of the statement, F = | JF,
ky = n for each & € I, and the following sequence w : w — E in item h): for each m € o,
write m = (n + 1)q + j for the unique q € w and j € (n + 1), and put w, = zJ. Thus, we
obtain{b; : i € w}, r : @ > [ and {E,, : m € w} C [E]*” satisfying a)-h) of this lemma.

We shall again define auxiliary homomorphisms @, : [E,,]<“ — 2, for each m € w,

inductively. First, define @, : [E]~” — 2 so that ®,(f) = ny, for each f € F. Suppose that,
for I € w, we have defined ®@,, : [E, | — 2, for each m = 0, ..., ], satisfying that:

(1) ®,,41 extends @, for each 0 < m < [;

(2) forevery 0 <m <,

(i1 (&) Brn))s s P 1 (8ryBr))) = (P @y)s - P ) )
(3) (d)m({z,g}),q)m({zz})) * (ao,...,an) for each 0 < m < land k € w so that z} €
E,\E,_.%.

Now, since by construction { gf(l)(bl) : j<n}u{{y} : p € E}is linearly independent,
we may apply Lemma 2.2.5 with A = {grj(l)(b,) cj<n}, B={{zl}: 20 € By, \E, j<n}
and C = {{u} : p € E;} to obtain a subset B’ C B such that |B’| < |A| = n and

(B : j<m Uil s pe E3u(lizl} : 2 € By NE, j<n}\B)

is linearly independent. Then, for each k € w so that z} € Ej;; \ E}, there exists 0 < jF<n

such that z,{k € ({{z]} : 20 € E;.y \E;, j < n}\ B’). Thus, we may define @;,; : [Ej,;]<“ — 2
extending ®; so that

((Dl+1(gr0(1)(bl)); S <I>z+1(gl'(])1(bz))> = ((Dl(dy(-)(l)): e (Dl(d:l(?)l )

and .
D1z D) = ax,

% Recall that, by construction, given k,m € o, z,j; € E,, for some 0 < j < nif, and only if, zi € E,, for every
0<j<n
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for every k € w so that z{ € Ej;; \ E,. Similarly to the proof of Lemma 5.1.5, we have that
®,, ..., ;1 also satisfy (1)-(3), and therefore there exists a sequence (®,,)me,, of homomor-
phisms ®,, : [E,]*® — 2 satisfying such properties. Again, the homomorphism defined
by @ = J,c, @ : [E]” — 2 satisfies the hypothesis we want.

Case 2: The general case. There is no restriction on elements y;.

Let {z; : k € w} be an enumeration of U{y,{ tkew j<njand{z)] : k € w},...{z} :
k € o} be a partition of {z; : k € w}. We extend {y] : k € w,j < n} to a basis B of
[E]=* and also {{zfc} : k € w, j < n}to abasis C of [E]<“. By assumption, |B \ {{z,’(} ke
w,j <n}=|C\ {y,i : k € w,j < n}| = w, thus consider enumerations {¢; : [ € w} of
B\{{z,{} tk€w,j<n}and{f : lea)}ofC\{y,{ : k €w,j<n}

Let 6 : [E]<® — [E]*“ be the isomorphism defined by:
0) = 1z}
for every k € w and j < n, and
0(fi) = e,
for everyl € w.

Let also, for each & € I, hy : w — ([E]*”)" given by hg(m) = Q(gé(m)), for every m € w
and i < n, and d_§ € ([E]=®)" given by @l = 9(d;;), for every i < n. By the previous case,

there exists a homomorphism & : [E]< — 2 so that:

(1) d~>(9(f)) = ny, for each f € F;
(2) For every £ € 1, {m €w : (Bh(m)), .. DR (m))) = (6(32), ...6(3;"1))} € pi;

(3) {k€w : (@{2D}),... 2({z}) = (a, ..., @,)} is finite.
Thus, the homomorphism ® = ® -0 : [E]<® — 2 satisfies the hypothesis we want. [

5.2 The construction of the group

THEOREM 5.2.1 ([TT23], Theorem 3.1). Suppose that there are ¢ incomparable selective
ultrafilters. Then there exists a (Hausdorff) topological group G which has all finite powers
countably pracompact and such that G is not countably pracompact.

Proof. The required group will be constructed giving a suitable topology to the Boolean
group [c]<“, as follows.

Let (X;,)n>0 be a partition of ¢ so that | X,| = ¢ for every n > 0. For each n > 0, let (X))
be a partition of X, so that

< IXP = 1X0] = ¢
« X? contains only limit ordinals and their next » elements;

« the initial w elements of X, are in X.
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For every n > 0, let also
Y ={£ € X : &is alimit ordinal},

and define the sets Xy = -),., X%, X; = -J,, X' and Y; = (1}, Y°.

As done in a previous chapter, some technical claims will be enunciated. Their proofs
are analogous to proofs of claims already made in previous chapters.
Claim 10. There exists a family of functions{f; : £ € Yo} so that:

1) foreachn >0,{f; : £ €Y} is an enumeration of all the sequences (Xi)re., of elements
in ([X,]5°)" so that {x] : k € w, j < n} is linearly independent;

2) givenn > 0and €Y,), f: is a function from w to ([ X,]<*)" such that\J ., Uk, ffj(k) C
. '

Countable subsets of ¢ which have a suitable property of closure related to this con-
struction will also be called suitably closed:

Definition 5.2.2. A set A € [c]” is suitably closed if, for each n > 0 and ¢ € Y? so that
{€+j: j<n}nA=Q,wehave that

E+jj<nuJUFwca

j<n k€w

Let A be the set of all homomorphisms o : [A]<® — 2, with A € [¢]” suitably closed,
satisfying that, for everyn >0and é € AnY?,

ot + 3P = pr ~ lim o ()
for each j < n.

Claim 11. There is an enumeration {o, : p € [w,c)} so that, for every p € [w,c),
J dom(o,) C p.

In what follows, we will construct suitable homomorphisms &, : [¢]*” — 2, for each
p € [w, ¢). Note that it is enough to define &, in the subset {{£} : £ € c}, since this is a basis
for [c]<“.

Claim 12. For each n > 0, there is an enumeration{g; : £ € X,} of all functions g : S — 2,
with S € [¢]<, so that dom(g;) C &, for every £ € X!, and that for each g : S — 2 as above,

EeX, g =gll=c

Let p1 € [w, ¢). If ¢ < ¢ is such that {¢} € dom(o,), we put 7,({£}) = 0,({£}). Otherwise,
we have a few cases to consider:

1) if £ € X; and p € dom(g;), we put 5,({&}) = g:();
2) if £ € X; and p ¢ dom(g;), we put 7 ,({¢}) = 0;
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3) for the remaining elements of X, &, is defined recursively, by putting

o, ({& + 1) = pe — lime, 5,(f/ (k) ifE €Y and j<n;
a,{éh =0, iféefa+j:aceY, j<n}

The definition above uniquely extends each o, to a homomorphism &, : [¢]** — 2,
which satisfies that, for eachn > 0, ¢ € Y? and j < n,

g + 79 = pe ~ Lim T (F (k). ¢)

Let now A = {5, : @ < p < ¢} and 7 be the topology on [¢]” generated by the
homomorphisms in .A. We call G the topological group ([¢]<?,7). We claim that G is
Hausdorff. Indeed, given x € [¢]<“ \ {@}, let A be a suitably closed set containing x. We
may use Corollary 5.1.7 with E = A, 1 = AnY,, F = {x} and, foreachn > 0and £ € Y’ n A,
dr = ({¢},....{€ +n—1}), to fix a homomorphism o : [A]*” — 2sothato € Aand o(x) = 1.
By construction, there exists ;1 € [w, ¢) so that 0, = ¢, and hence 7,(x) = 1.

Claim 13. For everyn > 0, G" is countably pracompact.

Proof of the claim. Fix n > 0. We claim that ([ X,,]*“)" C G" is a witness to the countable
pracompactness property in G". Indeed, if U is a nonempty open subset of G, we may fix a
function g : S — 2, with S € [¢]“, so that

U> (5w (gw).

HES

Then, by construction, we may choose £ € X! n (i, ¢) so that 8 = &, and thus {£teU,
which shows that [ X,]<“ is dense in G, and therefore ([ X,]<*)" is dense in G".

We shall now prove that every infinite sequence {x; : k € w} of elements in ([ X,]<“)"
has an accumulation point in G". In fact, by Lemma 2.2.8, there are:

« elements d,,..., d,_; € [X,]°%;

« a subsequence (x,)ew;

. for some 0 < t < n, a sequence (), in ([ X,]<)’
e foreach0 <s<n,afunction P, : t — 2,

satisfying that
t—1 )
i1) x, = ( Z Ps(j)yl]> adg, foreveryl € wand 0 < s < n.
j=0

i2) {y/ : | € ©,0 < j < t}is linearly independent.
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By construction, there exists £ € Y? so that ffj 0= ylj ,for everyl € wand 0 < j < t. Since
G + D = pe — lm (D)

for each p € [w, ¢) and 0 < j < n, we conclude that, for each 0 < s < n,
t—1
(X PGHE+73) 2d = pe ~lims,
j=0
and therefore {x; : k € w} has an accumulation point in G". 0

Claim 14. G” is not countably pracompact.

Proof of the claim. LetY C G be a dense subset. Consider the set {U/ : k € o, j € w} of
non-empty open subsets of G given by Lemma 2.2.10. For each k € w, we may choose an
element x; € Y n [T, U/ x G+ and hence

{x,{:jew,ij}

is linearly independent. In what follows, we will show that there exists a subsequence of
{xt : k € w} which does not have an accumulation point in G°.

For an element D € [¢]<“, we define
SUPP(D)={n>0: Dn X, + @}.

We will split the proof in two cases.

Case 1: There exists j € w so that | J,., SUPP(x{) is infinite.

In this case, we may fix a subsequence {x,{m : m € w} such that

SUPP(x/ )\ <U SUPP(x,{p)> + @, (5.1)

p<m

for every m € w. We may also assume that k, > j, and hence {x,im : m € w}is linearly
independent.

Now we shall show that, for each x € G, x is not an accumulation point of {x,{m D m € wl
First, note that, given x € G, there exists N, € w such that, for every m > N,

SUPP(x/ )\ <U SUPP(x{ ) U SUPP(x)> + Q.

p<m

3In fact, the accumulation point obtained even belongs to ([ X,]<*)" itself. This shows that the subgroup
[X,]<“ has its nth-power countably compact, for each n > 0.
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. In fact, since SUPP(x) is finite and (51) holds, there cannot be infinitely many elements
x; such that SUPP(x ) c U SUPP(x,ip) U SUPP(x).

p<m

Let
= SUPP(x} ) U SUPP(x)

p<N()

and, fori > 0,

F, = SUPP(x/ )\ < U SUPP(x/ ) U SUPP(x)) :

Pp<Np+i—1

Define also, for each i € w,

D, = (Ux,{mUx>ﬂ<UXn>,

mew nef;

and let A; be a suitably closed set containing D; such that A; C Uneﬂ X,. Since (F))ie,, is a
family of pairwise disjoint sets, we have that (A,)i,, is also a family of pairwise disjoint
sets.

Now we may use Corollary 5.1.7 with: E = Ay; I = Ay nYy; F = {x}; and, for every
n>0and ¢ eY)n A, d: = ({&}...{ + n— 1}), to fix a homomorphism 6, : [A,]<“ — 2
such that 6, € A and 6,(x) = 0*. For [ > 0, suppose that we have constructed a set of
homomorphisms {6; : i <[} C A such that

i1) 6,(x) = 0.

i2) 6; is a homomorphism defined in [U < Ap] = taking values in 2, for each i < .
i3) 0, extends 0;_; for each 0 < i < [.

i4) Qi(x,wa) =1foreach0<i<land p=0,..i—1.

Again by Corollary 5.1.7, we may define a homomorphism i; : [A;]]<° — 2 so that

¥ € Aand
tﬁz(xg%% NU Dp> + 01, (x,fNo+H nlJ Dp> = 1.
p<I p<i

Now, since A; N {J,.; Ai = @, we may also define a homomorphism 6; : [U bl Ap] 502
extending both 6,_; and ¢/;. By construction, we have that 6,(x) = 0 and Ql(x,{No+p) =1 for
every p = 0,...,] — 1. Also, it follows that ; € A, since {/; € A and 6; € A for every i < [.
Therefore, there exists a family of homomorphisms {0, : [ € w} C A satisfying i1)-i4) for
everyl € w.

Letting A = (e, A and 0 = | Jc,, 6, the homomorphism 0 : [A]* — 2 satisfies that
0 € A, since 0; € A for each i € w. Also, 8(x) = 0 and G(x,iNM) = 1 for every p € w. By
construction, there exists ;1 € [w,¢) so that 0 = 0, thus 5, : [¢]*” — 2 satisfies that

*If x = @, F is not linearly independent and thus we cannot use Corollary 5.1.7, but it is clear that we can
still find such 6,.
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O'_y(x,fm) = 1 for each m > N, and 7,,(x) = 0. Hence, the element x € G, which was chosen
arbitrarily, is not an accumulation point of {x,fm : m € w}. In particular, {x;, : m € w} does
not have an accumulation point in G*.

Case 2: For every j € @, M; = |y, SUPP(x]) is finite.

In this case, we claim that for each j € w there exists a subsequence {k/ : m € w}
so that, for every i < j and n € M, either the family {x N X, : m € w}is linearly
independent or constant. Indeed, for j = 0 and ny € M,, if there exists an infinite subset of
{x) n X, : k € w} which is linearly independent, we may fix a subsequence {k2° : m € w}
so that {x 0o N X, : M€ w} is linearly independent; otherwise we may fix a subsequence
{k>0 :me a)} so that {x b0 N Xy, 2 M€ w} is constant. Then, if it exists, we may consider
another n; € M, and repeat the process to obtain a subsequence {k%' : m € w} which
refines {k%° : m € w} and satisfies the desired property for n, and n;. Since M, is finite,
proceeding inductively we may obtain the required subsequence {k’ : m € w} in the last
step. Then, we repeat the process for the next coordinates, always refining the previous
subsequence. Now, fix such subsequences {k/ : m € w}, for each j € . We may also
suppose that k] > j for each j € w.

For each j € w, let

M;={neM; {x N X, : m € w} is linearly independent}.

Note that H] # @ for every j € w, since {x]f% NnX, : m€ wn € M} generates all the

elements in the infinite linearly independent set {xlfj :m € w}

Suppose that there exists j € w so that |M;| > 1. Fix then no, n; € M; distinct. We shall
prove that in this case {x]i ; : m € w} does not have an accumulation point in G.

For that, consider:
« x € G chosen arbitrarily;
e x"=xnX,,x' =xnX,;

« Zy C X,, a suitably closed set containing x° and U{x]zj N X, : m € w}, so that
|Z0\U{x NX, : M€} =w;

« Z; C X, a suitably closed set containing x' and U{x]ij N X, : m € w},so that
|Zl\U{x NX, : me ol =w;

. ENiZOL'le;

I() Zg n Yo( Zg n YO) Il Z] N YO(: Z] N Ynol) and [ = I() U] Il:

« foré el
g - (&} .. {E+no -1}, iféel
Tl e e -1, ifEel.
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By Lemma 5.1.6 and Remark 8, there exists a homomorphism @ : [E]<® — 2 such that:
(i1) for every s € x° U x', ®({s}) = 0;
(i2) for every & €1,

" _ — limge, D(f/(k)), for every j < ny, ifé& €]
B+ g = | P T e 2 y <t BEck
pe — limge, O(f/(k)), for every j <ny, if& €l

(i3) {m Ew: &J(x]{j N (X, U an)> = O} is finite.

Now, fix a suitably closed set E containing E, x and xlij, for each m € w, so that

EnX,, =Zyand En X,, = Z;. Consider the homomorphism ® : [E]*” — 2 so that, for
each ¢ € E,

O({g}), ifE€E

Y = {0, if ¢ E.

In particular, for every z € [E]< so that z n (X, U X,,,) = @, we have that ®(z) = 0, and
for every z € [E]*?, ®(z) = O(z).

It follows by construction that ® € A. Furthermore,

®(x) = q)( (x 0 (X U X)) & (2N (X U an)))

:@anmQAunx@)+@@\o%uxm):éu%+éuvzq

and, for every m € w,

a(x}) = 0 (x), 1 (%, U X)) & (), \ (X%, U X)) )

- cp(% n (X, U X,,l)> + CD(xIQn N (X, U X,,l)> - CD(xIZJn N (X, U X,,l)).

Thus,
{me;q%Q:¢@ﬁ
is finite. Since, by construction, there exists u € [, ¢) so that ® = o,, we conclude that
x cannot be an accumulation point of {x]ij : m € w}. As the element x € G was chosen

arbitrarily, the sequence {x]: ; : m € w} does not have an accumulation point in G. In
particular, {x;; : m € w} does not have an accumulation point in G*.

Therefore, henceforth we may suppose that [M;| = 1 for every j € w. We have two
subcases to consider.

Case 2.1: There are ji, j; € o distinct so that M; N M;, = @.

Suppose that ji > jj, and let ny € M,,,n; € M;. We shall show that the sequence
{(x]f}l , xli}l) : m € w} does not have an accumulation point in G For this, consider:
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(x° x1) € G? chosen arbitrarily;

ey’ =x" nX, and y' = x" nX,>

k! k!
« Zy C X, asuitably closed set containing (x° Ux')n X,,,, y° and U{xlij-nl NX, : mé€ w}
so that |Z, \ U{x}i‘;’nl NX, : me ol =w;

e Z; C X,, asuitably closed set containing (x°Ux')n X, , y' and U{xlgnl NX, : mé€w}
so that [Z; \ U{x}{1

Jj1
m

NX, : me ol =w;

‘ENiZOL‘le;
. IoiZOOYO(:ZoﬂY,?O),IliZIDYO(ZZl ﬂYr:)l)andI:IoUIl,
« foré e,

_ @ -1, ifE el
Tl E -1, ifEel.

By Lemma 5.1.6, there exists a homomorphism ® : [E]<® — 2 such that:
(i1) for every s € (x* Ux' Uy’ Uy") n (X, U X,,), @({s}) = 0;
(i2) for every & €1,

pe — limye, <i>(f§](k)), for every j < ny, ifé& €l

HiE = {pg ~ limye, S(F (k). for every j <nmy, if¢ € I

(i3) {m co: (é(x;";l N X,,). 8(ch, 0 an)) - (o, o)} is finite.

Again, fix a suitably closed set E containing E, x° U x' and x]{‘}l u x]:}1 , for each m € w,

so that En X,, = Z, and E n X, = Z;. Consider the homomorphir;m ® : [E]*® — 2 such
that, for each ¢ € E,

o({g}), ifE€E

e = {0 ifé ¢ E.

It follows by construction that ® € A and that, for each i < 2,

o(x') = d»((x" N (X UXa) & (6N (X, U an)))

- @((xi N X,,) » (x'n Xn1)> + ¢><xi \ (X, U Xn1)> =d(x' N X,,) +d(x' n X,,) = 0.

5 Recall that, by construction, the families {x}ﬁn1 N Xy, : meow}and {xé‘iﬂl N X, : m € w} are constant.
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Furthermore, for every m € w and i < 2,

CD(XZ’]"%) = @((x}i‘j"} N (X, U an)) A (x;‘]"% \ (X, U an)))

\ (X, U an))

q><xlf,n.% N (X, U Xm)> + @(xff

J1
km

Ji F Ji _ & Ji
(xk{g n Xn0> + cb(xk{nl n an> - q><xk£ n X)

(=1

Thus,
[meo: (06 00)) = @G, 06:) )

is finite, and therefore {(xli" X!

> X.,) : m € w} does not have an accumulation point in G*. In
m m

particular, {x,; : m € w} does not have an accumulation point in G*.

Case 2.2: For every jp, ji € o, ]\T]o n ]\le * Q.

In this case, there exists ny > 0 so that M; = {n¢} for every j € ». To make the notation
simpler, from now on we call {k,, : m € w} the sequence {k}* : m € w}. By construction,
{x,im : m € w,i < ny}is linearly independent and, for each i < ny, there exists ¢; € [¢]<“ so
that ¢; N X,,, = @ and x,im = (x,im N X,,) & ¢;, for every m € w. Thus, there exists m, € w such
that

{x,im N Xy, @ m>myg, i <ng}

is linearly independent.

We shall prove that {(x{ , ..., X¢) : m € w} does not have an accumulation point in
G™™*!. For that, consider:

o x = (x°..,x™) € G"*! chosen arbitrarily;

for each i = 0,...,no, yj, = %N X, for every m > my.

. E C X, a suitably closed set containing (x° U ... U x™) n X,, and y! , for every i < n,
and m > my, so that [E\{y!, : m >my, i <ng}| = w;

- I=EnY, (=EnYD);

foreach & € I, dy = ({&},....4& + no — 1}).
By Lemma 5.1.8, there exists a homomorphism @ : [E]<® — 2 such that
(i1) For every s € (x° U...Ux™) N X,,, ({s}) = 0.

(i2) For every ¢ € I and j < ny,

(& + 1) = pe ~ lim (f/(K)).

(i3) {m > m, : (CiD(ygl), &)(y,ﬁf)) = (0, ...,0)} is finite. Note that by construction d(x N
X,,) = 0 for every i = 0, ..., n,.
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Consider E a suitably closed set containing E,x°U..Ux™ and x,?m U..u x,i'i, for each

m > my, so that En X, = E. Hence, we may define a homomorphism ® : [E]<“ — 2 such
that, for each ¢ € E,
(e}, ifEeE
o({¢h) = . .
0, ité ¢ E.
In particular, for every z € [E]<“ so that z N X,,, = @, we have that ®(z) = 0. Moreover,

for every z € [E]<®, ®(z) = ®(z). Similarly to Case 2.1, it follows by construction that
® € A and that

{m>my : (d)(x,?m), s @) = (D(x"), ..., D(x™))} is finite.

Again, we conclude that x cannot be an accumulation point of {(x , ..., Xe) 1 m € w}.

Therefore, in any case, we showed that there exists a subsequence of {x; : k € w}
which does not have an accumulation point in G”, and thus the group is not countably
pracompact.

]
]

As a corollary of the proof of Theorem 5.2.1, we obtain:

COROLLARY 5.2.3. Suppose that there are ¢ incomparable selective ultrafilters. Then, for
eachn € w, n > 0, there exists a (Hausdorff) topological group whose nth power is countably
compact and the (n+1)th power is not selectively pseudocompact.

Proof. With the same notation of the proof of Theorem 5.2.1, for each n > 0, we choose
the topological subgroup H = [X,]*“ C G. As already mentioned in a footnote, H" is
countably compact. Also, using Lemma 5.1.8 similarly to what was done in Case 2.2, one
can show that every sequence (x}, ..., X{ ke, in H"*! so that {x,f : k € w,j < n}islinearly
independent does not have an accumulation point in H**!. Then, it is enough to choose a
sequence of nonempty open sets {(U x ... x Ul") : k € w} ¢ H""!, with {U,j ckew,j<n}
as in Lemma 2.2.10, to prove that H"*! is not selectively pseudocompact. O

Recall that in [GT18] the authors proved the same result using CH.

As the next chapter also addresses the theme of productivity of pseudocompact-like
properties in topological groups, we will leave a more general conclusion of the subject to
be done there.
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Chapter 6

Consistent solutions to the
Comfort-like question for
countably pracompact groups in
the case of infinite successor
cardinals

This chapter will be devoted to proving the following result, which is in the article
[TT23]:

Theorem ([TT23], Theorem 4.1). Suppose that there are 2° incomparable selective ultrafilters.
Let k < 2° be an infinite cardinal. Then there exists a (Hausdorff) topological group G such
that G* is countably pracompact and G*' is not countably pracompact.

This chapter will not have a specific section for auxiliary results since the lemmas that
we will need in the proof of the theorem above were already presented in the previous
chapter.

6.1 The construction of the group

THEOREM 6.1.1 ([TT23], Theorem 4.1). Suppose that there are 2° incomparable selective
ultrafilters. Let k < 2° be an infinite cardinal. Then there exists a (Hausdorff) topological
group G such that G* is countably pracompact and G*" is not countably pracompact.

Proof. The required group will be constructed giving a suitable topology to the Boolean
group [2°]<“.

Let {X, : y <k} be a partition of 2° so that |X,| = 2 for every y < k. For each y <k,
we enumerate X, in strictly increasing order as {xg : B < 2%} (in this case, it is clear that,
foreveryy <k and f < 2% f < xg). Let also:

« {Jo,J1} be a partition of 2° so that |J;| = |J;| = 2 and that v C J;;
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« X ={xy : p€}and X} = {x; : B € Ji}, for eachy <x;
« Xo = Uy« X) and X; = U, X

« P ={ps : £ € Jo} be a family of incomparable selective ultrafilters, which exists by
hypothesis.

As has been done in previous chapters, we will enunciate some technical claims. Their
proofs are analogous to proofs of claims already made in previous chapters

Claim 15. There is an enumeration {I, : «a € Jo} of all injective sequences of 2° so that, for
every a € Jy, rng(I,) C a.

Finally, for each « € J; and y < k, we define the function f! : v — [X,

Y
fa) = {xjya(l)},

for every I € w. Note that, for each « € J, and y < x, rng(f)) C [x!]<*.

]<w as

Next we define which are the suitably closed sets of this construction.

Definition 6.1.2. A set A € [2°]” is suitably closed if, for every y < k and f € Jp, if xg €A,
then Uy, f; (D) C A.

Let A be the set of all homomorphisms o : [A]<* — 2, with A suitably closed, such
that

o)) = ps ~limo(f{ D),

for every y < k and f € J; satisfying that xg €A

Claim 16. There is an enumeration{o, : p € [w, 2°)} of A so that| ) dom(c,,) C p, for every
u € |w,2°.

We will properly extend each homomorphism ¢, to a homomorphism &, defined in
[2¢]<“. For this purpose, we will also need the following claim.

Claim 17. There is an enumeration {bs : f € J;} of the set

B = {{(YO’ gO)a cees (Yk, gk)} : k € , HYO: eees }’k}’| = k + 13 andy
foreachi=0,..k,y; <k, andg : S; > 2, for someS; € [2°]*}

so that for every f € Ji, bg = {(Yo, &), --» (V> &)} is such that Uf:o dom(g;) C .

Given y € [w,2%), if & < 2° is such that {{} € dom(o,), we put 7,({¢}) = o,({&}).
Otherwise, we have a few cases to consider. Firstly, we define the homomorphism in the
remaining elements of X!, for each y < k, as described in the next paragraph.

Lety <kand¢ € Xyl be so that {£} ¢ dom(o,). Let also 8 € J; be the element such that
¢ = x. Now,
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« if there exists a function g : § — 2, S € [2°]“, so that (y, g) € bg and p € dom(g),
we put 7,({£}) = g(p);

- otherwise, we put o,({£}) = 0.

Finally, in the remaining elements of X’, for each y < k, we define , recursively, by
putting
T ({ph) = py — lima(F} D),

for each f € Jp.

Now we define A = {5, : y € [w,2°)}. It is clear by the construction that, for each
p € [w,29,
T = py ~ lima(FL D),

for everyy <« and § € ). Let G be the group [2°]*” endowed with the topology generated
by the homomorphisms in A.

Given x € G, we define, similarly as before,
SUPP(x) ={y <k : xnNX, # @}
We claim that G is Hausdorff. Indeed, let x € [2°]<“ \ {®} and, given y € SUPP(x),

z = xnX,.Letalso Ay C X, be a suitably closed set containing z. In order to use Corollary
5.1.7, consider:

.E:AO;
'I:AonX)?,
- F={z}

e {g : §eI}cPsothat,f0reach§ixz§EI,qgipﬁ;

RIS ¢
and, for each & = Xxp € 1,

- &= f
d dgz{xg}.

By Corollary 5.1.7, we may fix a homomorphism o, : [A;]<* — 2 so that 0y € A and
oo(z) = 1. Now, let A be a suitably closed set containing x so that An X, = A, and
o : [A]*® — 2 be a homomorphism so that

oo({€}), if & € A

ng:{Q ifE ¢ A

Then,o € Aando(x) = 0<(x nX,)a (x\Xy)) = 1. By construction, there exists p € [w, 2°)
so that 0, = ¢, and hence 7,(x) = 1.

Claim 18. G* is countably pracompact.
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Proof of the claim. We claim that {({xg})y« : B < 2} C G* is a dense subset for which
every sequence has an accumulation point in G*.

For k € w, let {yo, ..., yx} C k be a finite set of size k + 1 and, for each i € {0, ..., k}, let
o b, ,u; € [w, 2°), for some j € w;
o g i, ...,,u;_} — 2 be a function.

We shall prove that, if
Ji
— 1 .
(o) () =,
p=0

for every i = 0, ..., k, then there exists f;, € J; so that {xj } € ﬂﬁzo(a_%)‘l(gi(u;)) for each
i =0,..., k. For that, let , € J; be so that

{(vo, 80, > (Yi> 8k} = b,

Since, by construction, | Jdom(c,) C p for every p € [o,2%), Us, dom(g) € f, and
Po < xzo for every y < «, it follows that 5, ({xs }) = g(u,) for each i = 0,...k and
p =0, ..., j;, as we wanted.

Furthermore, given an injective sequence I, : w — 2¢, for some a € J;, we claim that
{({xL(l)})yq : | € w} has ({x}),<« as accumulation point. Indeed, for every y € [w, 2°), by
construction,

5D = po — lim (] D,

for each y < k. [l
Claim 19. G is not countably pracompact.

Proof of the claim. Since the proof of this claim is similar to the proof of Claim 14 of
Theorem 5.2.1, we omit the details of some arguments.

Let Z € G*" be a dense subset. We shall show that there exists a sequence in Z that
does not have an accumulation point in G*". We will again split the proof of this claim in
two cases.

Case 1: There exists j € k" so that | J,., SUPP(z/) is infinite.

In this case, we may fix a sequence {z,, : m € w} C Z so that

SUPP(z))\ |_J SUPP(2)) # 2,

p<m

for every m € w. We shall show that, for a given y € G, y is not an accumulation point of
{zJ : m € w}. In particular, this shows that {z,, : m € w} does not have an accumulation
point in G*".
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Remark 9. Although the arguments are analogous to those in Case 1 of Claim 14, as
we are about to see, there is another technical complication in this case. We can only
guarantee the validity of Corollary 5.1.7 for suitably closed sets A so that A C X, for some
y < k. In fact, while the mapping £ € X, N A — g; € P has to be injective', we wish to
map xg, for p € Jyand y <k, to ps.

Let:

1) M, € w be such that, for every m > M,

SUPP(z/) \ (U SUPP(z}) U SUPP(y)) + @,

p<m

2) Fy = |_J SUPP(z)) U SUPP(y);

p<My

3) for eachi >0,

F, = SUPP(z}, .. )\ ( ) supp(z)u SUPP(y)> ;

p<M0+i—1

4) for eachi € w,

Dii(Uz#Uy>n<UXy>;

mew YEF;

5) A be a suitably closed set containing D; such that A; C s, X,
6) for eachi € w, y; € F; be arbitrarily chosen;
7) for eachi € w, A} C X,, be a suitably closed set containing A; n X,,.
In order to use Corollary 5.1.7, consider

« E= Ag;

e I = Ag n X)?O;

» {gr : £ €I} C P so that, for each & = xy' € I, gz = py;

and, for each & = xzy;’ el,

. k§ =1;
. g = f)/o;
d dg = {XZO}.

!Indeed, X, N A will be the set I, in the notation of Corollary 5.1.7, and then (g¢)zer has to be a family of
incomparable selective ultrafilters.
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By Corollary 5.1.7, we may ensure the existence of a homomorphism 0, : [AS]< — 2
such that 6, € A and 6,(y N X,,) = 0. Then, we define 6, : [A;]<” — 2 so that, for every
£ €A,

O,(1ED), if € € A

folied) = {0 ifé ¢ A

Note that, in this case, we still have 0, € A, and also

0o(y) = 0oy N X;,) + 0o(y \ X;,) = 6o(y N X,,) = 0.
Suppose that we have constructed a set of homomorphisms {6; : i <[} C A, for[ > 0,
such that:
i1) 6; is a homomorphism defined in [U i Ap] = taking values in 2, for each i < [;
i2) 0y(y) = 0;
i3) 0, extends 0;_; for each 0 < i < [;
i4) Gi(zﬁ/mp) =1foreach0<i<land p=0,..i—1.
Again, in order to use Corollary 5.1.7, consider:
« E=A);
- I=A)nXp;
« {gr : £ €I} C P so that, for each & = xg’ €l,q = ps;

JEEN |
and, for each & = xp € I

. kg:: 1;
R gngn;
. d;v:{x;l .

By Corollary 5.1.7, we may ensure the existence of a homomorphism i/ : [A}] — 2
so that ¥ € A and

¢<Z]j\./fo+l—1 n X}’l) + 01 (Z]{/IO+I—1 \ U XY) =1

yeR
Then, we define ¢ : [A;]<* — 2 so that, for every & € A,

YD, ifEeA

Ve = {0, if& ¢ A.

Let6; : [U <t Ap] S 2bea homomorphism extending both 6,_; and . By construc-



6.1 | THE CONSTRUCTION OF THE GROUP

tion, we have that 6,(y) = 0, 0, € A, and also that

91(21]\.40#—1) = 91<Z]{40+,_1 n U Xy) + 91<21]\'40+l—1 \ U XY)

YER Yenh
= ¢<sz\40+l—1 n XYz) + ¢<21]\40+l—1 n U XY) + 91—1 (le\/10+l—1 A\ U XY)
yeRN{n} y€E
= ¢<ZIJ\/IO+I—1 n XYI) + 01 <Z;/Io+l—1 \ UX)’> =1
YeR

Moreover, it follows by construction that Ql(z}% ip) = 9,,1(21{40 +p) =1foreach0 < p<
I — 1. Therefore, there exists a family of homomorphisms {0; : i € w} C A satisfying i1)-i4)
for every I € w.

Letting A = (J,,, Ai, the homomorphism 0 = |, 0; : [A]* — 2, satisfies that:

i€w
e 0€ A;

- 0(y) =0;

. 9(2}’\‘40+p) = 1for every p € w.

By construction, there exists y € [w, 2°) so that § = ¢, thus G, : [2°]*” — 2 satisfies
that 5,(z],) = 1 for each m > M,, and 5,(y) = 0. Hence, y € G is not an accumulation
point of {z/ : m € w}.

Case 2: For every j € k¥, M; = |,., SUPP(z’) is finite.

Since, in this case,
U {je;<+ :Mj:F}:K+,

Fe[k]<@

there exists Fy € [k]<* so that N = {j ekt M; = FO} is infinite. Choose N, C N so that

INo| = w, and let {j : i € w} be an enumeration of Nj.

Now, consider the set {U] : k € w,i € w} of nonempty open subsets of G given by

Similarly to what was done in Case 2 of Claim 14, we can fix a subsequence {k’, : m € w},
for each i € w, so that:

o« {kI*! : m € w}refines {k!, : m € w}, for each i € w;

. for every i € w, p < iandy € F, either the family {z’ n X, : m € o} is linearly
independent or constant;

o ki >1i,foreachi € w.

Notice at this point that

{z,f,- : iEa),me}
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is linearly independent. For each i € w, let

M; = {y €F : {z} nX, : me€ o}is linearly independent}.

Again, we have that M; # @ for every i € . Then, choose a,b € w, b > a, so that
M = M;, = M,,. In this case, there exist ¢,, ¢, € [2°]<“ so that

kb = < N U X ) A Cp,
yeEM
for each [ € {a, b} and m € w. Thus, there exists m, € w so that
{fo?n n UXY m>mg, l€ {a,b}}

yeEM

is linearly independent. By Lemma 2.2.7, we may fix a subsequence {k,, : m € w} of
{kb : m € w}andy, € M so that

{z,{’m nX, :meo, le{a,b}}

is linearly independent.

We shall show that {(zk , zk ) : m € w} does not have an accumulation point in G*. For
this purpose, consider:

« x = (x° x') € G* chosen arbitrarily;

for each ] € {a,b} and m € w, y|, = zk N Xy;

. Ec Xj, a suitably closed set containing (x* Uux') n X,, and y/,, for each | € {a, b} and
m € w, so that [E\ | J{y! : [ €{a,b}, m € 0}| = w;

- I=EnX);
- {g: feI}cPsothatforeachg—xﬂEI 9 = pp;

for each & = xﬂ €l d; = {XZ"}

« foreach & = xﬁ0 €l, g = fﬁo.

By Lemma 5.1.8, there exists a homomorphism & : [E]<“ — 2 so that:
i1) for every s € (x" ux') n X,,, d({s}) = 0;

i2) for every & = x’ €1,
B0 = py ~ m (O

i3) {m € w : (B(y2),d(y")) = (0,0)} is finite.

Now, we may consider E a suitably closed set containing E, x° U x!, and z,fm, for each
l €{a,b}and m € w, so that En X, = E.Let ® : [E]<° — 2 be the homomorphism such
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that, for each ¢ € E,

- [f0 528

Then, ® € A,
O(x°) = d(x") = 0,

and, for each [ € {a, b} and m € w,
CD(z,fm) = &)(yfn) + CID(me \X,) = &)(y,ln)
Thus, we conclude that
{meo: @&) o) = @) o)

is finite. Since, by construction, there exists y € [w, 2°) so that o, = ®, we conclude that
x cannot be an accumulation point of {(z,]{“m,z,]én ) : m € w} Since x € G* is arbitrary,
{zr,, : m € w} C Z does not have an accumulation point in G,

Therefore, G*" is not countably pracompact. O

6.2 Conclusion

In this section we will make some additional comments, and present some open
problems and natural directions for further studies on the topic addressed in this chapter
and the previous one.

Productivity of pseudocompact-like properties in topological groups has been widely
studied in the last years. As mentioned previously, Comfort and Ross proved that the
product of any family of pseudocompact groups is pseudocompact [CR66], and Hrusak, van
Mill, Ramos-Garcia, and Shelah proved that there exists two countably compact topological
groups whose product is not countably compact [Hru+21]. In ZFC, as mentioned, we do
not even know answers to the following questions.

QUESTION 6.2.1 (ZFC).  a) Is there a selectively pseudocompact group whose square is
not selectively pseudocompact?

b) (stronger version) Is there a countably compact group whose square is not selectively
pseudocompact?

QUESTION 6.2.2 (ZFC).  a) Is there a countably pracompact group whose square is not
countably pracompact?

b) (stronger version) Is there a countably compact group whose square is not countably
pracompact?
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As mentioned in chapter 2, the Comfort-like Question 2.1.39 is still not solved consis-
tently only for the case a = w:

QUESTION 6.2.3. Is there a topological group G so that G* is selectively pseudocompact for
every k € w, but G* is not selectively pseudocompact?

In the case there is a positive consistent answer to the above question, one can also

ask:

QUESTION 6.2.4. Is there a topological group G so that G* is countably compact for every
k € w, but G is not selectively pseudocompact?

Regarding countably pracompact topological groups, Theorem 6.1.1 for k = 2° shows
that there exists a group G so that G* is countably pracompact but G?7" is not countably
pracompact. Interestingly, for countably compact spaces we know that this is not the case:
given a Hausdorff topological space X, if X* is countably compact, then X* is countably
compact for every a > 2°. Thus, it may be interesting to study the following questions
further. The first one is a stronger version of Question 2.1.40 for @ = w, which we solved
in this paper.

QUESTION 6.2.5. Is there a topological group G so that G* is countably compact for every

k € w and G is not countably pracompact?

QUESTION 6.2.6. For which limit cardinals o < a < 2° is there a topological group G

such that G' is countably pracompact for every cardinal y < a, but G* is not countably
pracompact?

QUESTION 6.2.7. For which cardinals a > (2°)* is there a topological group G such that G
is countably pracompact for all cardinalsy < a, but G* is not countably pracompact?

Also, it is natural to ask which the stopping point is, if any:

QUESTION 6.2.8. Is there a cardinal k such that, for each topological group G, G* countably
pracompact implies that G¥ is countably pracompact for everyy > k?



Chapter 7

On divisibility and p-compact
topologies in groups

In this chapter, we will present the most recent topics we are working on and the
results already obtained, which we intend to submit in the near future.

7.1 Introduction and Results Obtained

We shall begin with some terminology, definitions and history. We will call T the
Abelian group R/Z and, given an infinite cardinal x, Q® will denote the direct sum of
copies of

QY ={g e Q" : |supp(e)l < w},

where supp(g) ={a €k : g% # 0}. If C C ¢, we also consider

Q= {ge Q" : supp(g) c C}
as a subgroup of Q.

Given an ultrafilter ¢ on , we define an equivalence relation on (Q)® by letting
f =, gif andonlyif, {n € 0 : f(n) = g(n)} € q. We let [ f], be the equivalence class
determined by f and (Q¥)®/q be (Q”)*/ =,. This set has a natural Q-vector space
structure. We call the group (Q”)?/q with this structure the g—ultrapower of Q©, and it
is denoted by ultq(Q(‘)).

Given p € ¢, we denote y, the element of Q so that supp(y,) = {u} and xi = 1. Also,
given 1 € ¢, we define ji the sequence in ¢ such that ji(n) = u for every n € w. Finally, if
ACwand{ : A— ¢, welet yy € (Q)* be such that y;(n) = y;n) for every n € A

Over the years, the relation between algebraic properties of Abelian groups and the
possibility of endowing them with pseudocompact-like topologies has been studied in
various ways. In this regard, Fuchs showed that a non-trivial free Abelian group does
not admit a compact Hausdorff group topology, and Halmos proved that it is possible to
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topologize the additive group R so that it becomes a Hausdorff compact topological group
[Hal44]. Notice that, algebraically, R can be considered as Q(c). Also, Tomita showed the
following result:

THEOREM 7.1.1 ([Tom98], Theorem 17). Let G be an infinite free Abelian group endowed
with a group topology. Then, G is not countably compact.

The proof of the theorem above relies on the fact that the only element of a free Abelian
group that is infinitely divisible is 0. This suggests that a good candidate for a torsion-free
group that admits a p—compact topology might be a divisible group, such as Q. Indeed,
Bellini, Rodrigues and Tomita recently showed that, if p is a selective ultrafilter and «
is a cardinal such that x = x©, then Q* admits a p—compact group topology without
non-trivial convergent sequences [BRT21b]. Our first result in this regard is that divisibility
can be dropped:

PROPOSITION 7.1.2. There is an Abelian, torsion-free, non-divisible topological group which
is compact.

Proof. Consider the Hausdorff compact group topology in Q' (as given by Halmos in
[Hal44]). Let ¥ : Q© — T be a non-trivial continuous group homomorphism'. We will
prove in the next paragraph that there exists g € Q© so that 1/(g) # 0 has order k, for
some prime number k > 1.

Suppose that there exists an irrational { so that { + Z € /[Q]. In this case, /[Q©] is
dense in T. Since 1/[Q®] is compact and therefore closed in T, it follows that /[Q] = T,
and we can take any prime k > 1 and find g € Q© so that {/(g) # 0 and ky/(g) = 0°. If
there is no such irrational, then let & € Q be so that 1/(h) # 0. Then, there are s, € Z so

s
that ged(s,t) = 1,¢t > 1 and ¢(h) = ;+ Z.. Suppose that t = qq - ... - ¢, for m € w and prime
numbers ¢, ..., ¢ > 1. Then, g = (g - ... - gn)h € Q© is such that 1/(g) has order g.

Now, fix such prime number k, and let

.1 1
G= 1,0 [{Z, E+ Z,..., T+ Z}]

Then, G is a closed subgroup of Q©, and thus is a compact topological group. As {mg :
m € 7.} is an infinite subset of G, G is an infinite group. Suppose that there exists h € G so
that kh = g. Then,

ky(h) = y(g) # 0,

1 k-1
and hence ¥/(h) # 0. Since y/(h) € {0, 7 +7,..., 7 + 7.}, the order of /(h) must be k, a

contradiction. Therefore, G is not a k—divisible group. O]

Since group divisibility is not essential for the existence of p-compact topologies, we

I More generally, it is well-known that if G is a locally compact Abelian group, the family of continuous
homomorphisms G — T separates points of G [HR63].

1
2 In this case, /(g) could be % + 7.
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can try to change the group Q(® a little so that it loses its divisibility, and study whether
we still get such a topology. The most immediate attempt would be to look at the Abelian
group Z x Q. We did this, and showed that Z x Q') does not admit a p—compact group
topology for any p € w”.

PROPOSITION 7.1.3. The Abelian group Z,x Q© does not admit a p—compact group topology
forany p € w*.
Proof. Suppose that Z x Q© is a p—compact topological group, for some p € w*.

Let (x,)new be a sequence of elements in Z given by x, = 2" + n!, for every n € w.

We claim that, for each ¢ € Z, there exists r € Z so that r { 2" + n! — ¢ for all but finitely
many n € o. Indeed, if ¢ = 0, for each odd r, r { 2" + n! for every n € w, n > 1. Then,
suppose that ¢ = 2] for some k > 0 and odd [ € Z. If n > 2¢*!, we have that 2*!|2" and
261 n!, but 281 } 251, hence 25! } x,, — c. Hence, r = 2K*! in this case. Finally, if ¢ is an odd
number, it is clear that if r = 2andn > 1,r{ 2" + n! —c.

Let a € Q and ¢ € Z be so that
p — lim(x,, 0) = (c, a).
new
As we showed, there are ry,r, € Z so thatr, { x, —c and r, | x, for all but finitely many

n € w. Fix also r € Z so that r > |c| and riry|r.

Suppose that ¢ > 0. For eachn € w, lete, € Z,0 < e, <r, and y, € Z be so that
Xp =T'Yn + €.

Let also A € p and e € Z be so that e, = e for every n € A. As Z x Q) is a p—compact
topological group, there are also b € Q© and d € Z such that

p —lim(y,, 0) = (d,b).
new
Then,
(c,a) = p —lim(x,,0) = p — lim(ry, + €,,0) = (rd + e,rb),
new new

thus ¢ = rd + e. This implies that r|(c —e), butr > ¢ > 0, and r > e > 0, thus ¢ = e. But
r1 { x, — ¢ for all but finitely many n € w, and ry|r, a contradiction.

Now, suppose that ¢ < 0, and analogously, for each n € w, let f, € Z,0 < f, <r be so
that

Xn =TYn + fo,

ande, = f, —r.Let also A € p and e € Z be so that e, = e for every n € A. Again, there are
b€ QY and d € Z so that

p = lim(y,, 0) = (d, b),

and then

(c,a) = p —lim(x,,0) = p — lim(r(y, + 1) + €,,0) = (rd + r + e, rb).
new new
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Analogously, this implies that r|(c — e) and that ¢ = e, which again leads to a contradiction.

O

In fact, note that we did not use the structure of the group Q© at any point in the
above proof, so a much more general result is valid:

COROLLARY 7.1.4. Let G be an Abelian group. Then, the Abelian group 7. x G does not
admit a p—compact group topology for any p € w*.

In particular, this answers the following question of [Bel+21]:

QUESTION 7.1.5 ([Bel+21]). Is there a p—compact group topology (without non-trivial
convergent sequences) compatible with 7 x Q) for some ultrafilter p? A group topology
whose w—th power is countably compact? What about 7, x Q°?

Interestingly, if we replace Z with a subgroup of () which is very divisible, the same is
true:

PROPOSITION 7.1.6. Let G be an Abelian group, H be a subgroup of QQ andr > 1 be a prime
number. Suppose that H is t-divisible for each primet # r but is not r—divisible. Then, H x G
does not admit a p—compact group topology, for any p € w*.

Proof. Suppose that H x G is endowed with a p—compact group topology, for some p € w*.
Let h € H be so that h = rg for each g € H, and (my )i, be an increasing sequence in w
defined inductively, satisfying that my = 1 and

k-1
> ermI +k,

1=0

for each k > 0. Let also a € G and ¢ € (Q be such that ch € H and

new

p —lim ( Z r™h, 0) = (ch,a),
k=0

u

with ¢ = —, and u,v € Z so that ged(u, v) = 1. Without loss of generality, we may assume
v

that v > 0. We have that, for each n € w,

v v

n n
Yo X Pk U
k=0
Let N, € w be so that N, > max(|ul, [v]) and that

No—1
Sinrm"—u>O.
k=0

Then,
No—l No—l

r™o > N Zrm"+NOZUZr’”k—u>O.
k=0 k=0
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For each n > N,,

er’""—u:vzn:rmk+S.

k=0 k=N,

Therefore, r™o { v Y[, r™ — u for any n > Nj. Let (3,).>n, be a sequence in Z so that, for
each n > N,,

n
r™oy, =v Z r'k.
k=N

Then, there are b € Gand d € () so that dg € H and

p—lim (%h, 0) = (dh,b),

x
with d = —, ged(x, y) = 1. We claim that r { y. In fact, otherwise suppose that [ > 0 is such
y

that y = r's, with s € Z and r } s. In this case, x cannot be divisible by r, and thus there
exists g € H so that dh = xg. Therefore, we have that

X !
Eh:xg=>h=rsg,
a contradiction.
Now,
L mNoyn _ g g
P lnlg)l( . h,O) = (r™odh, r™ob)

and therefore,

(ch,a) = p —lim ( Z r™h, 0)
new Py

n Ny—1
= p—lim r'™h + r"™h, 0
p=lim( 2, rht 3, rh.0)
i) r™ Y
— (3 h.0)+ p—tim (T2h,0)
k=0
No—1
= () r™h+rmodh,r™b).
k=0

Thus,
Ny—1 S
c— Z r’o = —— = r™ad,
k=0 v

and then —Sy = r"™% xv, which is a contradiction, since r { y and 0 < S < r™%. Thus, H x G
does not admit a p—compact group topology, for any p € w*.

]
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Finally, we will show that, assuming the existence of a selective ultrafilter p € w*, there
exists a p-compact group topology on Q' without non-trivial convergent sequences and
a closed subgroup H ¢ Q© which contains an element not divisible by any n € w. That is,
H will be a p—compact subgroup of Q©, without non-trivial convergent sequences, which
contains an element not divisible (in H) by any n € . We will use a construction similar
to the one made in [BRT21b].

For that, we let:
« p € 0" be a selective ultrafilter;
« (J)ic1 be a partition of [w, ¢) such that w + w € J; and || = || = ¢;

« {f, : @ € J,} be an enumeration® of (Q”)* such that

U supp(f:(n)) C &, for each & € J,.

new
« I C Jybesuchthat{[fi], : £ € IJu{[xal, : p € ¢} is a Q—basis for ultp(Q(‘)).
The next result appears in [BRT21b].

PROPOSITION 7.1.7 ((BRT21b], Lemma 3.5). Letd € Q©\{0},r € QV\{0} and B € p. LetC
be a countably infinite subset of ¢ such that w U supp(r)U supp(d) C C and\J,,,, supp(fy(n)) C
C for every £ € C n1. Then there exists a homomorphism ¢ : Q© — T such that

a) ¢(d) # 0;
b) p —limue, ¢(5; fi(n)) = ¢(3; xe) foreach & € InC and N € w;
c) (¢(Zy€supp(r) r(u)f,(n)) : n € B) does not converge.

Now, we define:

Definition 7.1.8. A set C € [¢]® is suitably closed if, and only if, for every & € C n I, we
have (J,.,, supp(fe(n))  C.

Let C be the set of all homomorphisms ¢ : Q© — T, with C € [¢]° suitably closed,
satisfying that
p ~lim §(% () = $C4 1),
for each £ € I nC and N € w. We enumerate C by {¢3 : f € [w, ¢)} assuming, without loss
of generality, that given B € [w,¢), ¢5 : Q@ — T is such that C c .

Next we shall extend each homomorphism ¢ € C to a homomorphism ¢ defined in Q)
satisfying that B B
P~ mFCk fi(n) = (i),

for each ¢ € I and N € w, in a similar way to what is done in Lemma 3.6 of [BRT21b].
The difference will be that we wish to control the value of the homomorphisms ¢4, when

3 The construction of such enumeration is analogous to constructions of similar families made in the previous
chapters.
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p € |w,w + ), in the element y,,,. For that, consider {f, : n € w} an enumeration of
[w, 0+ w).

Let S € [w, ¢). Suppose first that § € [w, w + w), say f = P, m € w. By construction,
there is a suitably closed set C € [c]° so that ¢ : Q@ — T, and ¢; satisfies that

p—1im (& fi(m) = gy o),

foreach£ e InCand N € w. Let{¢, : @ < ¢} be a strictly increasing enumeration of ¢ \ C.
Foreacha < ¢, letC, =CuU {§y : y < a}. In particular, Cy = C and C, = ¢. Notice that, for
each a < cand n € w, supp(f;,(n)) C &.

We will define recursively homomorphisms o, : Q) — T, for a < ¢, satisfying:
a) o9 = Pp;

b) os C 0, whenever § < a < ¢;

c) p— limy, O'a(%fg(n)) = aa(ﬁ)@), foreacha <c¢, £ €eC,nland N € w.

For that, let 0y = ¢4. Suppose that o5 as above is defined for each § < «a, for a given

a < c. First, we define
a(g) = (| os) (@)

5<a
ifge Q(U““C‘s). If a € J;, we put:
o.(qx:) =0, if &, # w + w, for every q € Q
0qr)=q -+ B), fE=0+o

Finally, if & € J,, we put:

oulqxe) = ¢+ (p —lim (| os) G £ ().

o<a

for every q € Q.

It is not hard to see that there is a unique group homomorphism defined in Q= which
satisfies all the above definitions. This will be the homomorphism o, : Q) — T we

1
wanted, and that ends the definition by recursion. Notice that o.(y,+,) = — + Z, since
m

C C f C w + w by construction.

The homomorphism o, : Q(C) — T will be called gi)_,; and it is the extension of ¢4 that
we were looking for.

Suppose now that f ¢ [w, w + w). Again, by construction, there is a suitably closed set
C € [¢]” so that ¢ : Q© — T, and ¢y satisfies that

p—lim $p(5 fr(m) = dp(5 xo),



104

7 | ON DIVISIBILITY AND p-COMPACT TOPOLOGIES IN GROUPS

foreach& e InCand N € w. Let{&, : a < ¢} be a strictly increasing enumeration of ¢ \ C.
Foreacha < ¢, letC, =CU{{ @y <al

We will again define recursively homomorphisms o, : Q¢ — T, for « < ¢, satisfy-
ing:

a) 09 = ¢Pp;
b) os C o0, whenever § < a < ¢;
¢) p—limye, 04(5 fz(n)) = 0a(5 xe), foreacha < ¢, € C, NI and N € w.

For that, let 0y = ¢3. Suppose that o5 as above is defined for each § < «, for a given

a < c. First, we define
oa(g) = (Uaa)(g),

o<a

ifge Q(U‘k” c(;)‘ If @ € Ji, we put 0,(qxz,) = 0, for every q € Q. Otherwise, if a € J,, we
put:
oulgxe) = g+ (p—lim (| Jos) G fi. ().

o<a
for every g € Q.

There is a unique group homomorphism defined in Q< which satisfies all the above

definitions. This will be the homomorphism o, : Q(C“) — T we wanted, and that ends the
definition by recursion.

Again, the homomorphism o, : Q© — T will be called @4, and it is the extension of
$p that we were looking for. Notice that, by construction, for each f € [w, ¢),

p—lim (& £m) = B 20,

for each £ € I and N € w. We define C = {(}5_5 : felw, o)}

Now we may prove the following theorem. Its proof is similar to the proof of Theorem
3.7 in [BRT21b], but we use the changes made to the homomorphisms to prove that we
can find a closed subgroup H of Q) and an element in H which is not divisible by any
new.

THEOREM 7.1.9. Let p be a selective ultrafilter. Then, there exists a p-compact group topology
on Q) without non-trivial convergent sequences and a closed subgroup H C Q' which
contains an element not divisible by anyn € w.

Proof. Consider Q' endowed with the group topology generated by the homomorphisms
in C. We will call this topological group G. Note that, by construction, in this topology we
have that

1 1

e = P~ lim o fe(n),
foreaché € I and N € w.

Let h = (h;)ic,, be a sequence of elements in Q. Then, there are families (r; : & € I)
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and (s, : p € ¢) of rational numbers, where all but finitely many are 0, such that

[h]p = Z r_f[ff]p + Z Su[)(ﬁ]p-

i€l HEC
Then,

Z TeXe + Z SuXu

i€l HEC

is a p—limit of h, and thus G is p—compact.

Now, let g be an injective sequence of elements in G. Again, there are r € Q \ {0} and

s € QU such that
[g]p = Z rf[fg*]p + Z Sy[)(ﬁ]p-
i€l JEC
Then, defining D = supp(r), there exists B € p so that
gn) = Z re fe(n) + Z SuXps

&eD HEC

for every n € B. Let d € G \ {0} arbitrary, and C be a suitably closed set containing
wUDUsupp(d). Applying Proposition 7.1.7, we conclude that there exists a homomorphism
¢ : Q© — T so that (¢(zu€D r(w)f,(n)) : ne B) does not converge in T. In particular,
o wep T f,(n) = n € B) does not converge in G, and since > sec SuXy is constant, (g(n) :
n € w) does not converge either.

Finally, we shall see that there is a subgroup H € G which contains an element not

— 1
divisible by any n € w. By the construction made previously, ¢z, (Yur0) = —+ Z, for every
m

m € w. Then,

H= g UZ. % +7, .. mT_l + 7]

mew

is a nontrivial closed subgroup of G, thus it is also p—compact. Besides, clearly ., € H.

Moreover, given n € w, suppose that there exists v € H so that y,,., = nv. Then,

¢_ﬂn()(w+w) = n¢_ﬁ(v) =0,

a contradiction. Thus, the element y,., in H is non-divisible in H for every n € w. This
ends the proof. [

7.2 Conclusion

In conclusion, for now we proved the following:
« There is an Abelian, torsion-free, non-divisible topological group which is compact.

« For every Abelian group G, Z x G does not admit a p—compact group topology for
any p € ".
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+ Let G be an Abelian group, H be a subgroup of () and r > 1 be a prime number.
Suppose that H is t-divisible for each prime ¢ # r but is not r—divisible. Then, H x G
does not admit a p—compact group topology, for any p € w*.

« Let p be a selective ultrafilter. Then, there exists a p-compact group topology on Q)
without non-trivial convergent sequences and a closed subgroup H ¢ Q© which
contains an element not divisible by any n € w.

Next, we intend to continue the study of the relation between divisibility of Abelian
groups and pseudocompact-like topologies with the aim of submitting the results in a
future article. For now, we highlight the following questions:

QUESTION 7.2.1. If H is a non-divisible subgroup of () and H, is a divisible group, does
H x Hy admit a topology whose w-th power is countably compact?

QUESTION 7.2.2. Is there, in ZFC, an Abelian torsion-free topological group which has an
element that is not divisible for anyn > 1 and admits a p—compact topology for some p € w*?
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