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Resumo

Samanta Santos Avelino Silva. Compactificacio do Mapa Monomial de Duas Di-
mensdes. Tese (Doutorado). Instituto de Matematica e Estatistica, Universidade de Sao
Paulo, Sao Paulo, 2023.

Dada uma matriz

ve(00)

em SL,(Z), podemos definir o mapa monomial associado fy; : C* — C? por:

a,,b
x x%y
fM = cd |’
y Xy
No aberto (C*)?, o mapa f; é um biholomorfismo e sua dindmica é bem conhecida BonnoT et al., 2018.

No entanto, como discutido por Favre FAVRE, 2003, essa dindmica também pode ser estendida para C? através

da compactificacio toroidal. Esse método, apesar de preciso, pode ser bastante técnico.

Nosso objetivo é providenciar uma abordagem alternativa e simplificada ao problema de compactificacio,
que prové os mesmos resultados de Favre. Usaremos a técnica dos “blow-ups de Stern-Brocot”, que é similar
a proposta por J. Hubbard e P. Papadopol J. HUBBARD et al, 2000 e ]J. H. HUBBARD e PapaDoPOL, 2008, para
construir um espago compacto Xy, que contém (C*)? como um subconjunto denso, e tal que fys se estende
a uma aplicagdo Fy; : Xy — Xy como um sistema dinidmico. Esperamos que esse método ofereca uma

perspectiva mais intuitiva e direta para a abordagem do problema.

Palavras-chave: Blow-ups. Mapa monomial. Compactifica¢do. Frac¢des continuas.






Abstract

Samanta Santos Avelino Silva. The Compactification of the Two Dimensional
Monomial Map. Thesis (Doctorate). Institute of Mathematics and Statistics, University
of Sao Paulo, Sao Paulo, 2023.

Given a matrix
( L )
M =
c d

in SLy(Z), we can define its associated monomial map fy; : C* — C? as follows:

a,,b
x x%y
fM = c,d |
y xy
In the open set (C*)?, fy is biholomorphic and its dynamics are well known BonNoOT et al.,, 2018. However,

as discussed by Favre in FavrE, 2003, the dynamics can also be extended to C? through toric geometry

compactification. This method, while precise, can be somewhat technical.

Our goal is to provide a simpler, alternative approach to the compactification problem that achieves the
same results as Favre. We will use the “Stern-Brocot Blow-ups” technique, similar to the one proposed by J.
Hubbard and P. Papadopol in J. HUBBARD et al., 2000 and J. H. HuBBARD and Papaporor, 2008, to construct
a compact space Xy, containing (C*)? as a dense subset, such that fy; extends to a map Fy : Xy — Xy
as a dynamic system. We hope this method offers a more intuitive and straightforward perspective on the

problem.

Keywords: Blow-ups. Monomial map. Compactification. Continued fractions.
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Introduction

The monomial map Fy; : (C*)* —> (C*)?, defined by

a.,b
x x%y
F = .
" <Y) (x y")

is an isomorphism, but there is no obvious way to extend this map to a compact space in a
way that clarifies the global dynamics of the map. In order to make the map fully invertible
on the entire complex plane, one needs to resolve its indeterminacies; this process is called
compactification of the map.

For the monomial map, there is a well known compactification via toric geometry by
Favre FAVRE, 2003. Another one, that could be simpler and more intuitive is via Farey
blow-ups. This technique was invented by J. Hubbard J. HUBBARD et al., 2000, but never
fully used in this context. This is our objective.

Before giving more details, recall that a simple blow-up in the context of complex
geometry is basically the insertion of a copy of a projective space at a point. Now the whole
method of the Farey blow-ups consists in blowing-up points according to a certain order:
the one given by the Stern-Brocot tree on the approach of the slopes of the eigenlines
of the matrix M, the matrix defining our monomial map. For that reason, and in view of
the notation used, we choose to call this chain of blow-ups the Stern-Brocot-blow-ups (but
essentially they are the same as the Farey blow-up defined by Hubbard).

Given the broader range of topics we will need to approach, this thesis will also be an
exploration of the relations between algebraic geometry, number theory and holomorphic
dynamics. More specifically, it all comes down to how a hyperbolic matrix with positive
coefficients can be simultaneously interpreted as: a blow-up, a monomial map and a
continued fraction; and later on, how these correlations can be made more flexible.

We organize the text as follows: On Chapter 1 we give basic definitions and results
involving blow-ups and continued fractions. On Chapter 2, we characterize matrices of
GL(2,7Z) and determine the class of matrices we will focus on. This will conclude the
introduction on the topics we need to prove our main results.

On Chapter 3, we will make the initial blow-ups necessary to define a birational
extension of F;. On Chapter 4 we construct a compactification for the monomial map, and
on Chapter 5 we prove that the resulting space is a infinite chain of blow-ups.

In this work we assume the reader is familiar with basic concepts of Algebraic Ge-
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ometry as, for instance, the definitions of varieties (affine and projective), rational maps
and morphisms. If this is not the case, we advise the reading of sections 1.1 to 1.4 of
HARTSHORNE, 1977 beforehand.



Chapter 1

The monomial map

A monomial map associated with a matrix M = ( ab ) is defined as

fM . CZ SN CZ

x xayb
<y> (xcy"> |
If M € GL(2,7), the restriction fic+y to the set (C*)* = (C \ {0}) x (C \ {0}) is an
isomorphism, with f;;' = fi;-1. The description of the dynamics in the hole C? is not
obvious, since the dynamic system may not be well defined on the lines x = 0 and y = 0.
Nevertheless, the the torus T = {(x,y) € C* : |x| = |y| = 1} is an invariant set and its
stable and unstable manifolds are well known (see EL ABDALAOUI et al., 2016, for instance).

Now, if we intend to understand how the dynamics near torus extends to C?, is desirable
to find a compact space where fy|c+) extends a well behaved map.

In this direction, as a fist step, it is natural to ask if fj; can be extended to a projective
variety (on which C? naturally embedded). If fact, there is more then one way to do that.
For us, it will be convenient to consider the Cartesian product of the complex projective
line (Segre embedding ensures that CP'x CP' is indeed a projective variety).

First remember that
CP' = (C*)*/~,
where x; ~ x, iff x, = Ax; for some A € (C?)* = C*\ {0}. Writing the equivalence class
of (x,x,) in CP! as [x; : x,], the map P : (x,y) — ([x (1), [y - 1]) is an embedding of
the affine space C* into CP'x CP’, with inverse A : ([x1 L ANE yz]) > (%1 /%2, Y1/ 2)-
Moreover, the Definition 1.0.1 gives a natural extension of fy|c+y to CP'x CP".

Definition 1.0.1. Given a matrix M = ( ¢ Z ) in GL(2, Z) with two distinct real eigenvalues,
we define the projective monomial map associated with M by F); = P o f); o A, i.e.

Fy : CP'xCP! --» CP!x CP!
[x1 2 %] N [fo/f : x?)’g]
[y1 2 2] [Xb’f : xzcyg] .
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Proposition 1.0.2. Let M be a matrix in GL(2, Z.), then the projective monomial map Fy; is
a birational map between projective varieties, with inverse given by Fy-1.

Proof. For any matrix M, Fy is a rational map since on each chart of CP!x CP', except
perhaps at the origin, it is a monomial map (we give more details about this in Section 1.1).
The last assertion follows directly from the fact that, for any M € GL(2, Z),

F[\/I1 o FM2 = FMIMZ‘

1.1 Local expressions of the projective monomial
map

The space CP'xCIP! is covered by the four open subsets {([x; : x2], [y1,)2]) : %, y; # 0},
with i, j € {1, 2}. They are interesting related with the matrices

-10
1

01:((1)(1))’ 0'2:((1)—01’ 0'3:(01 , and 0'4:(_01—01)

which we call signal matrices. Let a,b = £1. Given x, y € C*, the choice of a and b will
determine the location of the point ([x* : 1],[y” : 1]), in one of those sets. Since all
possible combinations are given by (8 2) =o0;,i = 1,2,3,4, we use the signal matrices to
label the covering for CP'x CP! as follows: The open sets are

01:{([x:1],[y:1]) :x,yEC}, {([x:l],[l:y]) :x,yeC},
o ={([1:x][y:1]) : x,yeC}, and {([1:x],[1:y]) : x,yeC},

and the homeomorphisms, ¢,, : O, C CP'x CP' — CZ , are

Oy,
O

0o ¢ ([x: 1L [y 11) = (6 3)e,s 0o, = ([x:1L[1: y]) = (%, ),
Po, ([1 tx], [y 1]) = (%,9)s,, and @, : ([1 :x],[1 :y]) = (X, )6, -

Notice that ¢,, = A, and that our original (C*)* is a dense open subset on each copy CZ .
Further, the change of coordinates ¢;; : C2 —> Ci}_ is the monomial map associated with
the product o;0;, that is ¢;; = f5,0,.

Remark 1.1.1. The following algebraic properties are satisfied
1. For any i € {1, 2,3, 4}, we have (0;)™" = o; or, in other words, (0,)* = oy;
2. Leti, j €1{1,2,3,4}, then o,0; = 0j0y;
3. The matrices o; and 04 commutes with any two-by-two matrix;
4. For i, j €{2,3}, withi # j, 0,0, = 04.

From now on, we will identify each point (x, y),, with its inverse ¢_'(x, y),, in Oy, and,
for eachi =1,2,3,4, set0,, = (0,0),,.
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Since the dynamic on (C*)? is well known, we would focus our efforts to understand
how it extends to the set

({lo:1];[1: 0} x CP") U (CP' x {[0: 1];[1: 0]}).

This is the divisor of CP'x CP?, it consists of four projective lines intersecting transversely
at the origin of the open covering sets. Each of this lines can be labeled such that the
sub-index o; of their intersections appear as inherited from them. That is, if we define

L((l)) ={[0: 1]} x CP!, L(?) = CP! x{[0: 1]},
L(—Ol) ={[1:0]}xCP!, and L(,Ol) = CP! x{[1:0]},

it is easy to check that 0,, = L((l)) N L(?)’ 0,, = I—(g)) N L(—Ol), 0,, = L(Bl) N L(?)’ and 0,, =
L(_Ol) N L(?)’ that is, the label of two intersecting lines are the column vectors of the matrix
labeling their intersection (see Figure 1.1).

! \\ L / \\
1 1
I 05, | (1)1) | 05, \I
1
] | \ I
\ ! \ !
\ / \ !

\ / \ /

\ / \ /
AY 4 \ /
\ 4 \ ’
Y d
~ 7z ~ 4
\\\ r// \\\ ///
L(1) L(,l)
’ CP*x CP! 0
/’/ o /”‘ \\‘\
, z \\\ /,’ AN
/ \ P \

/ N ’ \

' \ ’ \
1 \ 1 \
' \ h \
I ! I H
1 4 t |
\ ! \ 1
\ 001 1 L(fl’) \ 003 ]
\ / \ !

Figure 1.1: The divisor of CP'x CP!.

Finally, the local action of the projective monomial map, that is, the maps Fyl;; :
C,, N F'(C;) — CZ, defined by Fulij := @5, » Fur ¢, (see Figure 1.2), are also monomial
maps. More precisely

FM|ij = ijMa,-- (1)

At this point, we reach our first problem, the points 0,,, 0,,, 0,,, and 0,,, are indeterminacies
either of Fy; or F,;'. Our approach to fix this will be to blow-up the singularities and, after
that, fix the range in order to recover a dynamical system.

The issue is, on trying to fix the range we will produce new indeterminacies and, as
result, we will end up having to make an infinite chain of blow-ups. This looks problematic,
but as we will see, thanks to some nice relations between the continued fractions of



1 | THE MONOMIAL MAP

Furlij

Figure 1.2: Local expressions of Fy;.

the slope of the eigenlines of the matrix M and the chain of blow-ups that resolve all
singularities, we will be able to deal with the final outcome.

1.2 The relation between blow-ups and matrices
Land R

We start noticing that the blow-up at the origin of an affine plane is described locally
by two monomial maps. More precisely, the blow-up at the origin, 042, of A? is defined as
the space

A’ ={((x,y).[s : t]) € A*x AP' : xt = ys},

together with the projection on the first factor 7 : A2 — AZ. The algebraic variety A? is
covered by two affine charts O := {((xy,y),[x : 1]) : x,y € A}and Oy := {((x,xy),[1 :
y]) : x,y € A}, where the underscript is motivated by the monomial expression on the
first factor which connects the charts to the matrices L = ({ 1) and R = (1 9). The maps
((xy, ), [x : 1]) = (x,y) and ((x,xy),[1 : y]) = (x,y) are isomorphisms, and therefore
we can identify each chart with a copy of the affine plane, lets say O; = A? and Oy = A%.
We remind that the blow-up has only a local effect, gluing a copy of the projective line
at the blown-up point. In fact the inverse 77! : (x,y) — ((x,y),[s : t]), defines an
isomorphism between the blown-up space A’ minus the exceptional divisor 77'(042), and
the affine chart minus the origin A%\ {0:}. For more details check SHAFAREVICH, 2013,
Chapter II for instance.

Under the identification of charts mentioned above, the restrictions 7] Al Al — AZ
and 7|z : A — A?to each chart is given by the monomial maps associated with the
matrices L and R from Remark 1.1.1, i.e.,

mlae = fi and  7lpe = fr (2)

As we will see, if we properly label the divisor after each blow-up, the identification
gave above will allow us to prove that a chain of blow-ups in CIP'x CP! can be describe
locally by a monomial map associated with a product of the matrices L and R. The labeling
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"
774/4
(0,0) x P
((0,0), 0 1)
Ak ((0,0), 1.+ 0]

Figure 1.3: The blow-up of the affine plane at the origin.

rule that makes all work is the Farey sum used to define Stern-Brocot sequences and the
Stern-Brocot tree.

1.3 Stern-Brocot tree and continued fractions

In this section we give a summary on basic definitions and properties regarding
Stern-Brocot sequences (SB-sequences, for short) and its tree. More details can be found
on GRAHAM et al, 1994, Chapters 4 and 6 or HATCHER, [2022] ©2022, Chapter 2, for
instance.

Definition 1.3.1. The Stern-Brocot sequence of order n, denoted by s,, is the ordered
sequence of fractions built recursively as follows: Start with s, := {0/1,1/0} and then, for
n > 1 natural, define s, as the sequence obtained by copying s,-; and inserting the mediant

% between all its adjacent fractions 2 and 2. The mediant operation is also known as
Farey addition. We say that % and %Z are the parents of %, and that % is the child

of 2 and £.
Q1 q2

In any sequence s,, the fractions appear in ascending order and they are all irreducible.
Also, every non-negative rational number is contained in some SB-sequence.

Definition 1.3.2. The tree that take vertices in the set | ", s, and connect each fraction
in s, with its parent created at s,_;, n > 1, is called the Stern-Brocot tree.

The sub-tree having only the vertices in | ), s, is called Stern-Brocot tree of level
N.

Let p/q and p’/q’ be a parent-child pair of vertices in the SB-tree. If there is an edge
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between them, we say they are connected. Otherwise, they are said disconnected.

Remark 1.3.3. Every vertex on the SB-tree has two connected children. The vertex 1/1
is the only one without a connected parent; any other vertex has exactly one connected
parent.

A fraction p/q in the SB-tree can be identified with a vector (g, p) in Z?, and also with

a matrix in SL(2, Z5) given by ( # % ), where p;/qi, ps/q. are the ordered parents of p/q.

Figure 1.4 exemplifies this correspondence for the SB-tree of level 4.

/\
AN S AN
ALANLAA

(a) The SB-tree of level 4 in black, and, in gray, the diagram showing
the SB-sequences and the parents of each of its elements.

o1
a1 L 01 R
o1L? o1LR o1RL o1R?

AANAYA

01L% 61L*R 01LRL ¢1LR?* 61RL?> o{RLR 01R*L oR?

(b) The analogous SB-tree, using the matrix representation of the
vertices.

Figure 1.4: Representations of the Stern-Brocot tree of level 4.

As we will see, the main results presented in the thesis are consequence of this intimate
connection between the matrices L, R and continued fractions. So lets elaborate a little
more on how the identification mentioned above works. For that, we need to introduce
our next definition.
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Definition 1.3.4. The continuant polynomial of n parameters, K, (x;, x,, ..., X;,), is de-
fined by the following recurrence:

KO =1
Ki(x) = x1;
Kn(xla cees xn) = Kn—l(xls vees xn—l)xn + Kn—Z(xls cees xn—Z)'

Using induction, is not hard to show that

1 K,.i(apg,a;...,a
a+ _ fan (a0, a4 n)’ (3)
1 K, (ai,a;...,a,)
a, +
1
a, +
? 1
.t —
an
where the first factor is a continued fraction which is denoted by [ag;a; : a; : ... : a,],

and

RaoLd1Ru2Ld3 . Ran—ZLan—l — (KH—Z(al; (XX an—Z) Kn—l(al’ cees Ap—2, an—l) ) , (4)

Ki-1(ag, ..., an—2) Ky(ao,a, ..., an—2, ay1)

where ag,a,—1 € Z3, and ay,...,a,—, € Z,. Then, the map My : (gl ;1)2> - (py +
1 2

p2)/(q1 + ¢2), applied to the equation (4) yields the “Halphén’s Theorem” (see HALPHEN,
1877):

Kn+1(a05 ais ... 1, 1)
Kn(al, s Ap—1, 1)

M(ROLHR2LY . R2L1) = ©

Finally, combining equations (3) and (5) we arrive at our desired outcome:

Theorem 1.3.5. Let ay, ..., a, be non-negative integers and a, ..., a,_; be positive integers.

Then

1
Mo(R®L™ .. R“L™) = ay +

a, +

a +
..+

1
an+;

Notice that, given a rational number @ on the SB-tree, there exists a unique sequence
(ag, ..., ay), with a; € Z-, such that either « = [0;ay : ... : a, : 1] (in case a < 1), or
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a =lap;a, : ... : a, : 1] (in case a > 1). Hence, the matrix

(1)

where either §,; = L and 8,;,; = R (in case a < 1), or 5 = R and 8,;,; = L (in case a > 1),
is the only one such that Mqy(M) = a.

Definition 1.3.6. As just mentioned, a matrix on the SB-tree is given by an alternating
product of powers of the matrices L and R. It will be useful to establish a notation that
concisely informs the first and last matrix in this product together with the sequence of
its (positive) powers. So we define the SB-matrix I'?% by the word

aop terms a; terms a,—1 terms a, terms

n
306, C— I | a;
rao,;h.“,an tT 51 >
i=0

where either 6, = L or 6, = R; and

5 _ R, lf&ZL
#1711 L, ifés; =R

that is

1
Notice that its enough to inform §, and the sequence (ao, ay, ..., a,) € (Z>0)n+ to uniquely

determine ngf;l,_“’an (since the parity of n gives J,). Hence, we also define Fgg)al,._,an 1=
1"505,7

a0,a1;..,0n "

Finally, we denote set of all possible SB-matrices by T.

Obviously, each matrix on I" appear exactly once in the SB-tree. It will also be convenient

to define the map
Mz : GL(2,Z) —> 7*

a b .
<c d> — (a+b,c+d)
Before making some examples, we have a nice proposition:

S00n
a0,a1;..-,an-1,4n

Proposition 1.3.7. The inverse matrix of a SB-matrix M =T is given by

-1 _ SnS0 _ Sndo
M= =020 ara 02 = O3 ara e O3
Proof. This is a direct consequence of the equalities

o,Loy, =03Lo; =L7' and o,Ro, = 03Ro; = R,
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and from the fact that the products 0,0, and 0305 are the identity matrix.

Example 1.3.8. Lets see some examples for the matrices in definition 1.3.6:

(a) For 8, = L and (ay, a;,a,a4) = (2,1,1,3,5), we have

18 95
M= F§,1,1,3,5 = Fé,Ll,l,Sﬁ =LRLRL = < 7 37> ’

and
37 =95
_ LL
M=o, ['5511202= <_7 18 ) '

The representation of M as an integer pair, is given by

18 95
Mz (T5,155) = Mz ( ; 37) = (18 + 95,7 + 37) = (113, 44),

and, as shown by Theorem, 1.3.5, its representation as a rational number, is

18+95 113 1
Mo (TE )= =2 22 gy
o (Fuse) = 7757 = 3 1
2+
1
1+
1
1+
1
3+ ——
5+ -

(b) For 6, = R and (ay, a;, a», as) = (4,2,3,1), we have

40 31
M= rf,zs,l = Fg,&l =RL'RL = ( 9 7 ) ’

and
40 -9
- LR
M ! 20'21—‘13)2)40'2: (_31 7 )
The representation of M as an integer pair, is

7 9
Mz (rizg,l) = Mgz <31 40) = (16,71),

and its representation as a rational number, is given by

71 1

Mo (TR, )="=44—
Q(4,2,3,1) 16 1

2 +

1

3+ ——

1

14~

11
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We give some basic definitions and results below. They are part of a broader theory,
usually referred as Integer Geometry. Nice places to look for detailed demonstrations and to
check the bigger context where they are settled in are GRAHAM et al.,, 1994 and KARPENKOV,
2022.

Remark 1.3.9. (i) Anyreal number (rational or not) has a continued fraction expansion.
If the number is irrational then it has infinite continued fraction. The number

lag;a; @ ay @ ... : ai] is called the k-convergent to the finite or infinite continued
fraction [ag;a; : a, : ...], and it is such that
Ili_glo[aogal Sy vt oar] = lagsar coay : ..

(ii) For every rational number there exists a unique continued fraction with an odd/even
number of entries, suchthata =[ay : a; : ... t a,] =[ap : a1 :+ ... : a,—1 : 1].
If « is irrational, the continued fraction expansion is unique and infinite, also the
k-convergents converge to a.

From Theorem 1.3.5 and Remark 1.3.9, we conclude that the restriction MQ‘F is a
bijection between SB-matrices and irreducible rational numbers, and M|} is a bijection
between SB-matrices and points of Z* with coprime entries. Further, if « is a positive
irrational number with continued fraction given by [a¢;a; : a, : a3 @ ...],

lim Mg(R“L* ...R"L*) = a.

1.3.1 The sail of a positive number

There exists a geometric interpretation for the continued fraction of any number a > 0.
The associated ray r, :={y = ax : x > 0} divides the first quadrant {(x,y) : x,y > 0}
in two angles. The sail of such an angle is defined as boundary of the convex hull of all
integer points except the origin inside this angle; see Figure 1.5 for an example.

The sails consists of two broken lines, one starting in A, := (1,0) and having vertices
Ay, A,, ..., denote by ApA, ..., and the other starting in By := (0, 1) and having vertices
By, By, ..., denoted by ByB; .... If « is a rational number both sails consists of a ray plus
finitely many segments. Further, if they are given by A, ... A, and By ... By, thenm =n — 1
or m = n. In case of an irrational @, each sail is the union of a ray and an infinite broken
line. For short, instead of saying that Ay ... A, and B, ... B,, are the sails of the angles defined
by the ray r,, we say simply that they are the sails of a.
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Figure 1.5: The green and the purple lines are the sails fora = 7/9 = [0;1 : 3 : 2]. Points of the
SB-sequences are the bigger ones.

The next proposition, stated in KARPENKOV, 2022, Theorems 3.1 and 3.5, gives a re-
lation between the points of the sails and the continued fraction convergents of a given
number a.

Proposition 1.3.10. Let @ = [a¢;a; : a : ...] be a nonnegative real number, and AyA,A; ...
and ByB,B; ... be the sails (finite or infinite) of a, with Ay = (1,0) and By = (0, 1). Then, if
« is irrational, we have

(i) fora>1,

A = (C]2i—2,P2i—2) and B; = (C]2i—1,P2i—1), i=1,2,..

(ii) foro <a <1,

A = (qu, p2) and B, = (qui-1, p2i-1), i=12,..

where py./qx are convergents. If « is rational, the same holds except for the last vertices of
both sails; they coincide with (q,, p,), where p,/q, is the last convergent, i.e., & = p,/qy.

The Corollary 1.3.11 relates SB-matrices with the vertices of the sails of a given pos-
itive irrational number. Its proof is a direct consequence of Proposition 1.3.10 and the
identification between continued fractions and matrices given by Theorem 1.3.5.

Corollary 1.3.11. Let a be a positive irrational number such that its sails are AyA; ... A,
and ByB; ... B,, where Ay = (1,0) and By = (0, 1). Then, fori=1,2,3...,

(i) if @ > 1 and its continued fraction is given by [ag;a; : a; : a3 : ...],

Ai = Mzz ( RR R_l) and Bi = Mzz ( RL L_l) ,

ag,...,a2i—2 ap,.--,a2i—1

13
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(ii) if 0 < @ < 1 and its continued fraction is given by [0;ay : a; : a, : ...]

A = Mz (TEF L)

5ee@2i—1

R') Bi=Mg (T

azi

As shown in Figure 1.5, all the elements of the SB-tree that are on the path which starts
at o and leads to « are in the sails of a. Further, the vertices of these sails occur when we
have a change of direction on the path at the SB-three (left to right or vice-versa).

Remark 1.3.12. Let A; = (‘“ b ) and A, = (“2 bz ) The matrix (“1”” axthe ) has ordered

¢ di cy dy c1+dy cy+d;

column vectors given by Mz:(A;) and Mz:(A,), respectively.

1.3.2 A generalization of the Stern-Brocot tree

For our purpose, it will be necessary to define an extended version of the SB-tree. The
idea will be to create three additional branches which will be essentially a copy of the
original tree, but with o; = (} ) replaced by some of the other signal matrices o, = (§ °),
o3 =(3'%),and o, = (! %), and gluing then in Z?* appropriately.

Definition 1.3.13. Fori € {1,2,3,4} and N # 0 natural, let 7" be the tree such that
(i) the vertices are given by all matrices of the form airgg,al,__”an, withn <N,
(ii) two vertices A and B are connected by an edge if B = AL or B = AR.

The Stern-Brocot diagram of level N is the diagram in Z? such that, its vertices are
matrices M in T,V, i € {1, 2, 3,4}, positioned at the point Mz:(M) of Z?, and its edges are
given by the rule (ii) above.

The Stern-Brocot diagram is the infinite diagram obtained making N — oo in the
definition of the Stern-Brocot diagram of level N. That is, it is constituted by four ordered
copies of the SB-tree, one for each of the limits 7; = limy_., 7}V, i € {1, 2, 3, 4}. We say that
a vertex A of the SB-diagram is at the level n, if, for some i € {1,2,3,4}, A= T2, .
(See Figure 1.6.) '

As for the SB-tree, a vertex (‘j Z) of the SB-diagram is identified with the vector
(a +b,c +d) of Z2. But the identification with % fails since, with the construction gave
before, this rational number would represent both the matrices + ( a Z ) We notice that,
the parents of ( atb ) still are (a, ¢) and (b, d) in vector representation.

1.3.3 The sail of a hyperbolic matrix

Given a hyperbolic matrix M in GL(2, Z), that is, with |tr(M)| > 2, we can look at the
eigenlines of M and, motivated by the definition of sails of a positive number, we also
define the following:

Definition 1.3.14. Let M be a hyperbolic matrix in GL(2,Z). Inside each of the four
regions delimited by the eigenlines of M, take the convex hull of the set of all integer
points, except the origin. The boundary of each convex hull is an infinite broken line
called sail of M. If the vertices of this sail are ..., S_5,5_1, 5, S1, S5, ..., we denote the sail
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E e @5 @)
(-31) (-1.4) (1]4) (34)

(5.3)_(-43) (23) (13 a3 23 (@3) _53)
(-5.2) (-32) (-12) (12) (32) (5:2)
(1) (B @) Ly o) @y @) @ @y
1,0) (1,0)

(4 G () () o) afy @ B (4h)

(-5-2) (3-2) (1]-2) (1l (3°2) (5:2)
(5:3)  (4-3) (2-3) (19 iy 2% (43 (5-9)
(-3-4) (-1-4) (124) (3:4)

(3-5)  (2-5) (25)  (3:5)
osRLR oy R2L oR2L o BLR
agéLQ (73.R3 471.1?,3 01}.?,L2
03LRE oy L R? o3RL i osR?  o4RL ofLR? _oiLRL
gaL.ZR ag.LR {7'3.R trl.R crl.LR JII.,ZR
0sI* o3I’ ol s (0,1) 7 L o2 oL
(—1,0) (1,0)
oil? a2 ol A0y o o3h ool opl
0,1L.2R 04.LR 0'4.R Uz.R UQZR (rgL.ZR
U4I:RL J4ZR2 04;“311 04.132 rfg.RZ - zrgL.R2 GziRL
0'41.%L2 04.R3 02.R3 02}.%L2
U4éLR 0'41.{2L @}.EQL UzéLR

Figure 1.6: Both diagrams show the SB-diagram of level 4, the left one using
vector representation and the right one using matrix representation.
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by ...5.251505:S; .... The union of the four sails of M is called the geometric continued
fraction of M.

Example 1.3.15. The eigenlines of the matrix M =T7,5 5, = (3} &) have slopes

=7

=T

=[1;2:3:1:3:1:1:..]

and

Lo Sy ;1:3:1:3:2:1: ..
Exactly one of the sails of M, lets say S=...5.,5_15,5,S; ..., is contained in the region
{(x,y) € R* : x > 0}. From Corollary 1.3.11, the vertices of S can be obtained from the
vertices of the rays r,, and r,,. More precisely, choosing S, = (1,0), the vertices with
positive y-coordinate are

S; = Mgz (TR

-1
,-n,az;'—zR ) >
where [ag;a; : a, : ...] is the continued fraction of y;; and the vertices with negative
y-coordinate are

S-i = oaMzz (T p, ,L7)

where [by; by : b, : ...]is the continued fraction of y,. See the geometric continued fraction
of M at Figure 1.7. As we will see, is not a coincidence that the underscript sequence of
the SB-matrix defining M appears on the continued fraction on the slopes y; and p,.

If M € SL(2, Z) is hyperbolic, that is it has two distinct real eigenvalues, then M has four
sails and only one of them is entirely contained in the region R%_; = {(x,y) € R* : x > 0}
of the plane. Hence we can order the sails of the geometric continued fraction of M as
follows:

Definition 1.3.16. Let M be a hyperbolic matrix in SL(2, Z). The sail of M that is entirely
contained on the region R%_ is called the first sail of M. From the first sail, the other ones
are named second, third and forth sail of M as they appear counterclockwise.

Remark 1.3.17. (i) Since the matrices M, —M and M~! have the same eigenvectors,
they all have the same geometric continued fraction.

(ii) A hyperbolic matrix M in SL(2, Z) preserves its eigenlines and takes integers in to
integers. Hence, if it also has two positive eigenvalues, each sail is invariant under
the action of M. That is, if q is a point on a sail S of M, then M(q) also belongs to S.
Now, if M has negative eigenvalues and q is in S, then —M(q) also is.

(iii) Let M be an hyperbolic matrix M in GL(2,Z). To determine all vertices of the
continued fraction of M, is enough to look at the sails of rays r,, and r,, which angles
are given respectively by the slopes p; and p, of the eigenlines of M. The vertices
of r,, and r,, will give all the vertices in the geometric continued fraction up to
multiplication by a signal matrix.

There is a extensive and interesting theory in Integer Geometry that addresses the
concept of geometric continued fractions in a broader context. In order to keep a more
focused approach on our main problem, we will refrain from addressing most of those
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Figure 1.7: The boundary of the colored regions belong to the geometric continued fraction of M =
Y, 3131 The bigger points, except for £(1,0), £(0, 1), belong to the Stern-Brocot diagram.

topics in this thesis. For interested readers, we highly recommend the book KARPENKOV,
2022 as an introductory text.

1.4 SB-blow-ups: A compatible notation for blow-ups
chains in CP'x CP'

From the explained in the first section of this chapter, a blow-up at the center of
a complex affine plane, C2, can be described using matrices L and R in a way that the
labels C7 and C% of the covering charts of C? indicate the action on the blow-up in local
coordinates. Hence, due to its structure and matrix representation, the Stern-Brocot tree
seems a suitable tool for tracking chains of this type of blow-ups. In fact, we will be able
to use it to establish a notation that, in itself, gives the description of the blow-up in any
of its covering charts.

17
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Definition 1.4.1. Let M be an SB-matrix. The SB-blow-up of M, denoted by &), : By, —
C? is a chain of blow-ups performed at C? defined recursively as follows:

(i) f M = oy, that is, M is the identity matrix, the SB-blow-up of M is simply the
standard blow-up 7 : €2 — C? of C? at the origin. That is &, = 7 and B,, = CZ.
The blown-up space B, is covered by two copies of the complex plane, C? and C3,
such that ,, |C% = fy and =, ’C§ = fg, see Section 1.2. We also label the x and y axis
of C? by L(?) and L((l)), respectively.

(ii) Let M = 6,8, ... 5; be a SB-matrix, that is §; is either L or R, and set M’ = 6,65, ... §;_;.
The space By, is the blow-up of at the origin of the chart C3, C By, and rr); is the
composition of the k + 1 standard blow-ups of complex affine planes at origin

T T T T T T 2
Bs,s,.5, — Bsis, 50, — ... —> Bgss, — Bs, — B,, — C°.

The space By, is covered by the charts of By plus two additional ones, C3,,, and
C3, r» where the action of the standard blow-up 7 : By — B,y is given locally by
7T|u:§“ = f, nl%/R = fz (outside this charts 7 act as the identity).

A point on the chart C4 C By, is denoted by (x, y)4 and for the origin of such chart we
write 0,. Finally, we denote the exceptional divisor created on the blow-up of 04 by L4,

where (A) = Mz:(A).

Example 1.4.2. The SB-blow-up of M = RLL results in the chain of blow-ups exhibited
on Figure 1.8.

Figure 1.8: The SB-blow-ups of T},.

Remark 1.4.3. A SB-blow-up of §;9; ... & is associated with a branch on the SB-tree: the
one contains all the following vertices: oy, (§,0; ... §;), for i € {1,... k}, and their children.
Starting with the vertex o, after each blow-up, we create two children in the next level
of the tree and, if we choose one of them to blow-up again, the other left behind will
be associated with one of the charts covering the final blown-up space. Hence, matrices
associated with blown-up points will name exceptional divisors, and the ones associated
with non blown-up points will name charts.

Example 1.4.4. In Figure 1.9 we show the branch of the SB-tree corresponding to the
SB-blow-up of T'Y,. Notice that, since we blew-up the origin of charts associated with the
red matrices, for each of this matrices there is an exceptional labeled by it, in the space
Byx,. Furthermore, the charts covering Byx, are the affine complex surfaces associated with
the black matrices.



1.4 | SB-BLOW-UPS: A COMPATIBLE NOTATION FOR BLOW-UPS CHAINS IN CP!x CP!

L R
VAN
RL R
VRN
RL? RLR
VRN
RI? RIZR

Figure 1.9: The branch associated with the SB-blow-up of Flﬁz.

Remark 1.4.5. Let M be a SB-matrix such that M = ( o ) The chart C%, is centered in the
point 05, and its coordinate axis are given by the divisors L(Zl) and L(gz). Hence, the charts
1 2

covering the blow-up of C3, at 0, are centered at 0y, = L(gll) N Loy and 0z = Ly N L(f,i)'

Since the blow-up in a projective variety is simply the blow-up in one of its affine charts
glued with the left ones, we can always consider SB-blow-ups in CP'x CP'. Further, we
could perform SB-blow-ups in more than one chart of CP’xCP" and then the resulting space
would be a succession of blow-ups of CIP'x CP! given by the gluing of the SB-blow-ups on
each initial chart. In this context, it will be useful to slightly extend the Definition 1.4.1 so
one can specify the chart on which an SB-blow-up is performed in CP'x CP".

Definition 1.4.6. Let M be an SB-matrix. The SB-blow-up of o;M, denoted 7z, :
B, —> CZ, is a chain of blow-ups performed at C%_ defined recursively as follows:

(i) If M = o4, the SB-blow-up of o;M is simply the standard blow-up 7 : Eg, — CZ of
the chart C2 ¢ CP'x CP' at its origin. That is 7, = 7 and B,, = C . The blown-up
chart B,, is covered by two copies of the complex plane, CZ; and CZ ;, such that
””i|C§-L = fy and ngi{cg = fz- We also label the divisors in coordinates of CP'x CP!

as in Section ?? (see also Figure 1.1)

(ii) Let M = 6,0, ... 6k be a SB-matrix, and set M’ = §,9, ... §—;. The space B, is the
blow-up of at the origin of the chart C%,, C By, and 75, is the composition of
the k + 1 standard blow-ups of complex affine planes at origin

T T T T T T 2
Bosi5..00 = Booispdy —> -~ Bosis, = Bos, —> By, — €.

The space B, is covered by the charts of B, plus two additional ones, Cf,i wp and
Cf,i wr> Where the action of the standard blow-up 7 : B,y — By, is given locally

by 7z, = Ju ez, = Jo-

A point on the chart C2 , C By, is denoted by (x, )54 and for the origin of such
chart we write 0,, 4. Finally, we denote the exceptional divisor created on the blow-up
ofOJiA by L([o'l.A)a

Notice that, since o; is the identity, the SB-blow-ups 7,y : By — Cf,l and y, :
B, —> C? are exactly the same.

The next theorem shows the relation between the SB-blow-ups from Definition 1.4.6
and the SB-diagram.

19



20

1 | THE MONOMIAL MAP

Theorem 1.4.7. The label for the divisors of CP'x CP' as established in Section ?? is
compatible with the notation of the SB-blow-ups. That is, if we make SB-blow-ups in different
charts of CP'x CPP', their associated branches (as in Remark 1.4.3) appear as ordered branches
in the SB-diagram.

Proof. Since the blow-up is a local construction, to prove the compatibility is sufficient to
check that the branches for the SB-blow-ups of o;, for i € {1, 2, 3, 4}, appear as branches of
the SB-diagram.

First notice that, since ”"1|C?,1L = fi,
Tole , (6 Y)orr = Gy, ¥)o, = (Ixy = 1L [y = 1])
and taking x = 0 we see that (L(g) N0 s 1,1 0])}) C C2 ;. Hence 0, = L(}]) n L(D'
From 7[01|C% = fr, we have
Toles (o = (exy), = (Lx 1] Lxy = 1),

which implies (L(?) N{([1 : 0],[0 : 1])}) C CZ g and then 0.,z = LG) n L(?). With similar
computations, is possible to show that 0,,, = L(Jl) N L(g))’ 05 = L(JI) N L(,"l)’ 0, =
L(il) n L(Bl)’ 0,.,r = L(il) n L(?), 0,1 = L(:%) n L(?)l), and 05,8 = L(:D n L(,Ol)‘ See the displayed
at Figure 1.10.

0(-,1 R L(Lf) 0(73R

Figure 1.10: The SB-blow-ups of 0,,, 05,, 05,, and 0,,.

Therefore, the four branches appear as they are ordered on the SB-diagram. In fact, in
this case, they are precisely the SB-diagram of level 1, as showed in Figure 1.11. O]
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L] L]
oiR oi{R
o L]
osL 03 (0,1 o1 oL
(—1,0) (1,0)

L] [ [ L]
oL 4 (0,=1) O2 oo
L] L]
osR ooR

Figure 1.11: The SB-diagram of level 1.

Remark 1.4.8. (i) Any cyclic permutation of the labels for the divisors of CP'x CP' is
compatible with the notation of SB-blow-ups.

(i) In CP? there is not a notation for divisors that is compatible with the SB-blow-ups
notation. This is the reason for choosing CP'x CP! as our initial space.

The propositions below show that the label of charts on an SB-blow-up give the local
action of the chain of blow-ups.

Proposition 1.4.9. Let §,0,...58, be an SB-matrix. Set M = 0,6,5,...6, and M’ =
06103 ... 01, if n > 1, or M’ = o, if n = 1. Then the local description of the blow-up
(INZIZM C By — C%, C Byy at 0y is given by

. 2 2 . 2 2
T |c§4 G — Gy 4 |C§4R b Gr — Gy

(w, )y — (uo,v)y -’ (w,V)mr — Wuv)y

where C3,; is the affine plane isomorphic to the chart {((x, ), [s : 1]) € C3, xCP : x =
ys} C €3, C2,p is isomorphic to {((x, Y)u, [1 : t]) € C3 xP : y = xt} ¢ C2,, and C2, is one
of the affine planes covering B, .

Proof. The isomorphism between C3; and {((x, y)u, [s : 1]) € C5; x CP : x = ys} is given
by the map
(u, )z — (o, V), [u = 1)

Then, since 7 act as the projection on the fist coordinate, we have

”|%L (w,V)mr = w((uv, V), [ 1]) = (uv, V).

Similarly, the isomorphism between C%, and {((x, y)s,[1 : t]) € C3, xCP : y = xt}is

(u, )ur — ((u, w)a, [1 2 0]),

21
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which gives
ez (W, 0)mr = w((w,uo)a, [1 : v]) = (w, ww)w,
proving the result.
[

Proposition 1.4.10. Let M = []_, &;, where §; is either L or R. Then, By, is covered by
the n + 2 charts:

(i) the affine planes Ciigl, CZ pi1» CZ g and

(ii) the affine planes C2

P A AP

where

The restriction o is such that syl = fa, that is
i A aiA

. 2 N 2
oM ‘C(ZT_A : CU,A Co‘,-
1

(6)

(u’ U)O','A L (uql qus upl vPZ )O'i ’
where A = (le 4 ) is the SB-matrix associated with a chart mentioned in (i) or (ii).

Proof. The set of charts covering B, are given directly by the branch of the SB-tree 7; as
mentioned on Remark 1.4.3. To find action of &, we use induction over j.

Since m,,; and 7, are respectively the maps f; and fx , the first step of the induction

is immediate. Now, suppose A = [/} 8, and define A’ = []}_, & = (ql % ) Then,

P11 P2

Tomlez , (W 0)gar > WV, uP0P),,
and by Proposition 1.4.9,if §;,; = L

”crl-M|C§i A(U, V)gd = T ch'Cii v |c§iA,L (U, V)oaL
= Ton (U0, 0)g, a0
= (uq1 l)q1+q2, uh UP1+P2)

i

and, if 5j+1 =R

ﬂ'a,»M|c§iA(ua VoA = ”aiM|CiiA, ° 7T|c§iA/R (4, 0)5aR

= Jl'al_M|C§iA(u, ul))UiA/

— (uql +q2 % , up1+Pz Upz)

aj*

Since /L= (0 ¢ ta and AR= (2 T ¢ , we proved the desired.
P P1+ P2 pr+p2 P2
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]

This concludes the description of the SB-blow-ups and we are ready to return to our
main problem: the compactification of monomial maps. We will focus our attention on

monomial maps associated with matrices in SL(2, Z) having two distinct real eigenvalues.

If we hope to use SB-blow-ups to build the desired compact space, we need to understand
what exactly is the relation between SB-matrices and SL(2, Z)-matrices in general.
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Chapter 2

The Stern-Brocot decomposition of
matrices in GL(2,Z)

In this chapter we show that any matrix M in GL(2, Z) can be decomposed in a product
containing a signal matrix, a SB-matrix and perhaps a permutation. We will also establish a
relation between this composition, the signs of the eigenvalues and the continued fraction
of the slopes of eigenlines of M.

Theorem 2.0.1. Let M be a matrix in GL(2, Z), then there exists a unique SB-matrix rggw
such that

»an

— o
M - O-iQrao,‘..,an O-j’

where o; and o ; are two signal matrices and o is either the identity or the permutation matrix
93). The decomposition above is called the SB-decomposition of the matrix M.

The proof of Theorem 2.0.1 consists from the direct combination of Lemmas 2.1.2 and
2.1.4. The first one is stated and proved in KArRPENKOV, 2022, Theorem 9.6, and the second
one appear for the first time in this thesis.

2.1 Proof of Theorem 2.0.1

For the Lemma 2.1.2 we need to introduce the following definition:

Definition 2.1.1. Given an integer number a, we define

0 1
Ma_<1 )

Also, for any sequence of integer numbers (ay, ..., a,) we write
(0 1
Mal,.u,a,, = H (1 ai) .

Lemma 2.1.2 is a very interesting statement showing that the matrices M,, _, , from

25



26

2 | THE STERN-BROCOT DECOMPOSITION OF MATRICES IN GL(2, Z)

Definition 2.1.1, are related with the continuant polynomials from Definition 1.3.4 and that
they are almost all GL(2, Z). It will be useful to consider the usual signal notation: given
a number a, its signal is denoted sgn(a), that is, sgn(a) = +1 if a > 0 and sgn(a) = —1 if
a<o.

Lemma 2.1.2. Let

Then, for any matrix

a b
in GL(2,Z) \ &, there exists a unique n > 0 and a unique sequence of numbers

(ag, ay,as, ..., an_1, ayn), with ag, a, € Z. and ay, a,, ..., a,_1 € Z, such that

(i) If a+# 0, then

_ _ Kio(ay,az, ..., an—) Ky_1(as,as,...,a,)
M h Sgn(a)MaOﬂI’"-)an B Sgn(a) (Knl(a1’ aZ’ ey anfl) Kn(a0> ala LERY an) ’

The sequence (ay, ay, ..., a,) satisfies

c

—=lag;a; ¢ ...t ap4],

a
where [ag;a; : ... © a,_1] is the odd regular continued fraction for c/a when det(M) = 1,
and the even regular continued fraction for c/a when det(M) = —1. The value of a, is

the solution of the following linear equation:

Kn_l(al, ceey an_l,X) =b.

(ii) If a =0, we have

0 1 0 -1
M—<1 k)—Mk or M_(—l _k)——Mk.

From now on, we use g exclusively to denote the permutation matrix (9 }).

Remark 2.1.3. We have the following relations between the left and right matrices
L=(}1)and R = (19), the signal matrices o, = (} %) and o3 = (' ), the permutation
matrix o = (9} ), and the matrices M;:

olo =R, RopL = Lo = oR, RosL = —Lo = —gR,
QRQ_La LO'zR——QL—_RQ, LU3R:QL:RQ,
RoyoR =L, RoseR = -L, M, = QLk,
LO'ZQL = —R, LO'39L =R,

M_, = — Rk ,
Loz0R = Roz0L = oz, LosoR = Ro3pL = 030, - 92 002

— k
Ro,R = Lo,L = o5, RosR = LosL = o3, M_ = —03R"00s3.
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They all follow from straightforward calculations and finite induction, in the case of the
last three.

Lemma 2.1.4. The three items below give the SB-decomposition of any matrix M = (‘; Z)
in GL(2, Z).

(i) If a=0 and bc > 0, we have M = :l:(“)andthen

M= sgn(c) o LY, ifd>0
~ | sgn(c)osol oy, ifd<0

(it) If a =0 and bc < 0, wehaveMz:t(‘l)_dl) and then

M= sgn(c)osoLY, if d >0
| sgn(c)oL o, ifd<0

(iii) If a # 0, we have the following cases

— R
( ) - Sgn(a)Malv--yaZn - sgn(a)ralL,..‘,agn’
( - Sgn(a)Mahm,aZnﬂ = Sgn(a)grlelL,...,aZnH’

(3 = sgn(a)Moga, .. 0, = sgn(a)QI‘fle_,aZn,

(4 = sgn(a)l':

at,..2n41°

= sgn(@)M,..

-q2n+1

(5) M = sgn(a)M,,.. a,0 = sgn(@) o TR .,

(6 = sgn(a)M,, .. sgn(a)FRR

S2n+1,0 T Aons1’

rLR

(7 - Sgn(a)MO Qa1,e.5a2n,0 — Sgn(a) on’

9 = sgn(a)M_iq,. ¢, = Sgn(a)o-zrk—l,l,al—1,a2...,a2,,’
(10
(11
(12

_ LL
- Sgn(a)M—k,al,m,aZnH - sgn(a)az QFk—l,l,al—l,az‘..,ahﬂ’
= Sgn(a)M—k,al,‘..,agn,O = Sgn(a)o-z Q Féfl l,a1—1,a;...,a2,°
- Sgl’l((l)M_k at,-.02n+1,0 Sgn(a)o—zrk 1,1,a;—1,a3....a2n+1°

) M
) M
) M
) M
) M
) M
(8) M = sgn(a)Myy,...ay..0 = sgn(a) o F e
) M
) M
) M
) M
) M = sgn(a)Myg,. o = AL RL* 0, whereb € Z and My, ., = AL*.

(13

where on each item, the coefficients k and a;, for any i, are positive integer numbers.

Proof. Since L = ( ) and L™ = 0,L%, = ((1) ‘ld) (see Proposition 1.3.7), items (i) and (ii)
are straightforward. Lets prove item (iii). This will require the repeated use of the relations
listed in Remark 2.1.3

(1) Supposing that the decomposition of M given by Lemma 2.1.2 is M = sgn(a)M,, . 4,
we need to prove that M = sgn(a)I'X" = sgn(a)R“L* ... R%'L*. We do this by induc-
tionovern' Ifn = l’M = Malyaz = ((1)011) ((1)“12) = (al1 a1az+1> andRalLaZ = <a11 (1)) <(1)alz) =
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( - ) Assuming that the induction step n — 1 is true, let M = sgn(a)M,, . _,, . Thus,
M = Sgn(a)Mal’-uaaZn—ZMaZn—l’aZn = Sgn(a)rs()l:...,azn_zRazn_lLazn = sgn(a)rsf,...,agn’

where in the third equality we used the induction hypothesis.

(2) If M = sgn(a)M,, using the relation M, = oL* and the item (1), we have
g 0 g e

sA2n+12

M = sgn(a)M, = sgn(@)M,,, ., M

A2n+1

=s gn(a)FRL oL,

05---s32n+1

But, since L = gRp, it follows that )", o =ol.X  and

M = sgn(a)el's® L = sgn(a)ol-

05+ -@2n+1"

Items (3) through (8) follow directly from M, = o together with the fact that L and R
and conjugated by o.

(9) Suppose that M = sgn(a)M_y, .. 4, . The relation M_, = —o,R o0, and item (1)
imply
Lo = —sgn(@)o,R 00, RN L% ... R L% =
= sgn(a)o, R 'LR“7'L% ... R*'L* = sgn(a)o,I{", .

sgn(a)M_ My, . 4, = — sgn(a)aszchzl“fL
—1,az,....a2,°
where in the third equality we used the relation Rpo,R = —L.

(10) From M_; = —03R*p05 and (2) it follows

Sgn(a)03R QG3QF e
= — sgn(a)craRkQG3QL‘“R"2 . RiL% = —gon(a)o 3R' o, L"R™ . R Lt =
_ sgn(a)(—0'3)RkilgRLalilRaz R — Sgn(a)o.ZQkalRLarlRaz ... R%n [ ane1 —

— LL
= sgn(a)o200 1 14y —1.aammen

M = Sgn(a)M—k,al,..

SA2n+1 T

where we used the relations po;0 = 03, Ro,L = pR, —03 = 0, and L = pRp. Again, items
(11) and (12) follow from (9) and (10) by using M, = o

(13) Finally, suppose M = sgn(@)Myq,.. a0,k = Sgn(a)Mpg, . o M_i. By the previous
items, My, ., has a decomposition ending in L. Writing, My, . = AL* we get

sgn(@)Mq,. o M = —AL"0,R 00, = AL oLR* ‘00, = AL*"'RL* 0,
where we used relations Lo,R = —pL and that p conjugates L and R. U

Notice that, since the matrices 0,, 03 and p have determinant equal to —1, the first
matrix in (i) and the matrices of type (2), (3), (5), (8), (9) and (12) of item (iii) are not
in SL(2, Z).

Lemma 2.1.4 gives us the following immediate consequence

Corollary 2.1.5. A matrix M = (‘C‘ Z) in SL(2, Z) is a SB-matrix if, and only if, a,b,c,d > 0.
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Proof. The forwards is obvious. For the backwards, the only case that is not too obvious is
the one for the SL(2, Z) matrices of type (13) in Proposition 2.1.4-(iii). Lets show that any
of such matrices do not have all its coefficients as positive integer numbers.

First, notice that, a matrix M = AL* 'RL*"'5,, as in (13), belongs to SL(2, Z) if and
only if A is of type (2), (3) or (9). If A is of type (2) or (3), M is the product of a matrix
which all entries have the same sign by the matrix o,, hence M will have two negative
entries. Finally, if A is of type (9) then M = +0,M’c,, where M’ is a SB-matrix, hence M
also have two negative entries in this case.

]

Also notice that a matrix M = ¢;T9

n = 0, then the trace of M is equal to £2.

s hyperbolic if, and only if, n > 0. In fact, if

2.2 Characterization of sails and continued
fractions

From now on, we will work only with matrices in SL(2, Z). Our next goal is to give
the expression for the points in the sails of a hyperbolic matrix M, similarly as we stated
in Proposition 1.3.11. For SB-matrices this was done in AicArDI, 2009. Since a matrix M,
its inverse M ', and its multiplication by —1, namely —M, all have the same geometric
continued fraction, it is a good idea to summarize the description of SB-decompositions
for matrices in SL(2, Z) grouping their type together with the types of its multiplicative
and additive inverses: Let a, b, ¢, d non negative integer numbers and let o € {0, 03}, then
we have

(A) the matrix M = (%) is of the form T%% and its inverse M~ = (4 ?) is given
by o [9n o,

An,An—1,---,0

(B) the matrix M = ( % %) is of the form coT%% anditsinverse M~' = (¢ ) is

c a

given by —op T9r%

An,An-1,..,40°

(C) the matrix M = (¢24) is of the form oT%% &, and its inverse M™' = (=¢%) is
30

Qn,An—15---,40

given by —oT o.

Now we are ready to characterize the continued fractions of a hyperbolic matrix
M € SL(2,7Z) and, as we will see, the points of the sails of M are given by them. As one
can imagine, this characterization will involve many cases, so to make the reading more
palatable, we split our main results in tree theorems (one for each grouping mentioned
above).

On Theorems 2.2.1, 2.2.3, and 2.2.4 we use the notation [ag;a; : ... : a1 : (ar © Gryq -

: a,)] to indicate an infinite continued fraction that is eventually periodic with period
(ak, @41, --- > ay). If @ infinite continued fraction is periodic with period (ao, ay, ..., a,), we
write [(ag;a; : ... : ay)].

29



30

2 | THE STERN-BROCOT DECOMPOSITION OF MATRICES IN GL(2, Z)

Characterization Theorem 2.2.1 (type (A)). Let M € SL(2, Z) be a hyperbolic matrix, u,,
Uz be the slopes of its eigenlines, and o € {0, 03}. Then

1 if M =TR or M = o TR &, the continued fractions of yi; and y, are

ag,ai...,an ag,ai...,an
p1 = [(agsay ...t an)l,
Ho = _[(an;an—l et aO)];
2 if M=TL orM=0TX, o, wehave
Hi = [0;(ap : a; : ... & ay)],
o =—[0;(ay : @y ... 2 ap)l;
3. if M=TER orM =0T . o, wehave
= lag;(ay @ ... @ anq tan +ag)l,
po = —lan; (@n-y ¢ ... 2 ay : A+ ay)l;

4. if M =TLE orM =0T, . o, wehave

ap,ai...,.an 1.-04,
w=10;a0 : (@ : ... : Gpq * ay + ap)l,
fo=—[05a, : (@nq : ...t ay : ag+ay)l

In any of the cases above M has positive eigenvalues.

Proof. Denote by ?#;, £, the eigenlines of M. As observed in Remark 1.3.17, the geometric
continued fraction of M is determined by the sails of r,, and r,,, where r,,, r,, are the rays
associated with #;, £,, respectively. By Corollary 1.3.11, these sails are given by elements of
the form ozqr;fgfﬁ)bn 5, 1) (multiplication by o, applies when the slope of the ray is negative).
We now use the fact that the sails, seems as the collection of points of this form, are stable
by integer powers of M. For instance, suppose that M = Ty~ If (T~ , L™') is a point
in the sail of M, we have

M((l"ff)_.,me_l)) = ((Mrﬁf...,me_l))
= (R%...L*Rb ... I,
which is a point of the sail if and only if ay = by, ..., a, = b, (here we are using that (-) is a

bijection between SB-matrices and points of Z? with coprime entries). Clearly, successive
application of M will revel all b,,. Now, if the point is of the form o,(T;" , L™),

Maz((l“ﬁiwme‘l)) = ((Mazl“ﬁiwme‘l))
= (RY ...L%g,L" ... L'"L7"),

where we can use the relation Lo,L = 0, (see Remark 2.1.3) to conclude that this point is
on the sail if and only if a, = b, ...,a; = b,_1, a9 = b, and the resulting point is, assuming
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for example m > n, of the form o,(Lb .. LP»L71) and, again, successive application of M
reveal all b,,. Applying powers of inverse of M~" lead to the same conclusion and, with
minor changes, this considerations prove all the cases. [

Corollary 2.2.2. Let M be matrix of type (A) as in Theorem 2.2.1 and let u; > 0 and p, < 0
be the slopes of the eigenlines of M. Then, if

= [bo;by : by...] and p, =[co;cr : cy..]
the points of the first sail of M are Ay = (1,0) and, fori=1,2,3...,

A; = Mgz (TEF

v--ﬂzHR_l) A—i = MZZ (I‘ﬁ,{‘,»..,anfzilf_l) .
The proof follows direct from 1.3.10.

Characterization Theorem 2.2.3 (type (B)). Let M € SL(2, Z) be a hyperbolic matrix and
let py, p1o be the slopes of its eigenlines. Then

1L if M=o0T%, . (resp. M =030TX, ), wherea; = a,_;, foranyi=1,....k -1,
we have

o if ap_ > ay (resp. ax > a,y), then
pr=—l0ia0 ¢ oot dngor P (@ — =10 10 G — 15 Gz o )]s
He=—=[03ay : oo Gpg : (@1t o Gzt @ — 12 1 @ —ag — 1))
Further, for k even, both eigenvalues of M are negative. Otherwise, they are positive.
o if ax > apy (resp. a,—x > ay), then
pr=—l0a0 ¢ i@yt (@1 =11 G = Gu = 13 Gt ¢ E Ang)],
po==[0a, : ot @ngor @bz P P Gnr P @ = Gpg— 10 15 Guge — D]
If k is even, the eigenvalues of M are positive. Otherwise, they are negative.

2. For M = o, 0T3F, . (resp. M = 030TLR ), wherea; = a,_;, foranyi=1,...,k—1,
we have

o ifa,_x > ay (resp. ar > a,_), then

p=—lao ... s ppr i @k —a—=1: 1 @G =1 Gprp et Gugr)]s
po = —lans @ pker P (@nokz t et @rr Gk —@n— 13 15 e — 1]
Ifk is even, the eigenvalues of M are positive. Otherwise, they are negative.

o ifap > a,_i (resp. a,— > a), then

p=—lag; ...t nk—z2 * (@1 — 101 G —Ang — 1 2 Ghyr & on b Gnek—2)],

po=—[an;. s @1 P (@ —Gnk—1 01 2 Gppeg — 1% gz © Gpoges oo b Grr)]
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If k is odd, the eigenvalues of M are negative. Otherwise, they are positive.

3. For M = ngraoal L, T M= aggrwl .a» We have
= —ag;(a; = ... tapg ta,—1: -1)],
Ho = _[O;an : (an,1 et 4 —1: - 1)]

In this case the eigenvalues of M are negative.

4. ForM = 30T, orM =0,0TKR . we have
i =—lag;(a; = ...t apq 2 ay—1: -1)],
Ho = _[O;an : (an,l e 1 A4 —1: — 1)]

In this case the eigenvalues of M are positive.

Proof. The idea here is similar to the one in the proof of Theorem 2.2.1, but we need to
understand what changes when introducing the permutation p. We do this by looking
at the powers of M and M~'. Suppose, for instance, that M = ngl“ao 4 @i = Gn for
everyi=1,...,k — 1, and a; > a,_ for some even number k. The other cases will follow
analogously. Write M = o I;F | T.F TR o (notice that k < n — k). Using the
relations Loo,R = Rpo,L = oo, successively together with the hypothesis over the a;’s,
we see that TLX  00,IiR = 00,. This implies

Mf — O_ZI"LR FLR an_k(QO-ZFEE__.,an_k)f_lrLR Q-

0k—1"" Ok>-- An—k+15-
But, since a; > a,_,
LR LR Tk A ax Ap—_
rak,,..,an_k(Qo'zrak,..,,an_k) = L% ...R**p0,L% ... R

— Lak . Lan—k—l Qo-zLakfan—k Rak+l . Ran—k
= [% . Rét2[ot1 1 R[4 @i~ R&u  Rék (since Loo,L = R).

Hence
M =
= g [MR [ Rk (L% I RL& kIR | Rirk2) ok RaniTIR g
Analogously,
M=
= g [MR [k [ (Rt RO T [k o) RATER o

Using these expressions, we obtain the general form of sail points.

Further, since each power of the action of M keeps the sail points in the same quadrant
of the plane, follows that the eigenvalues of M are positive. [

Characterization Theorem 2.2.4 (type (C)). Let M € SL(2,Z) be a hyperbolic matrix and
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let py, o be the slopes of its eigenlines. Then
1 if M = oIk oy (resp. M = oTRL 03), where a; = a,_;, foranyi=1,...,k — 1,

ap,ai...,an ap,Aai....an
we have

o if an_ > ay (resp. ar > a,_y), then
m=10;ap : ... t@ppg @ —ar—1:1 a1 -1 Ayt . Apgo1)],
Po=105G, ¢ ot Gng P (@ngor @ o P Gpz P G — 1 0 10 @y g —ap — 1)].
Further, for k even, both eigenvalues of M are negative. Otherwise, they are positive.
o if ax > an_y (resp. a,—x > ay), then
i =10;a0 ¢ o i Gugg @1 —1:1:ar—aug—1: A ot Guga)l,
pe=105a, + ot @pogr f (@nk—z e P Ghgr P G —Gp— 10 1 Gy — 1))
If k is even, the eigenvalues of M are positive. Otherwise, they are negative.

2. For M = TR
we have

o, (resp. M = oTER a 03), wherea; = a,_;, foranyi=1,...,k—1,

ap,ai...,.an ap,dy.

o if ap_ > ay (resp. ar > a,_y), then

pr=1lag ... t Gpgr P @k —@—1:1: Q1 =1 Ggp ¢ oot Gugen)]s

Uo = [@n;oee @ @uogey 2 @y * oo P gy P G —Gug—1 1 ap g — 1]
If k is even, the eigenvalues of M are positive. Otherwise, they are negative.

o if ax > a,i (resp. a,—x > ay), then

p1=lao;... t Gngy t (@ng—1 =11 G —Gu— 1% Gyg ¢ ot Apge)],s

fo = [@n;oee @ @uogey 2 @y @t Qg P G —Gug—1 11 ap g — 1]

If k is odd, the eigenvalues of M are negative. Otherwise, they are positive.

3. For M = Qrﬁial_ a, 02 0r M = Ql“aoa1 ., 03, We have
p=lag;(ay ...t @py @y — 1 - 1)],
o =10;a, : (@p_y... 1 a; :a9—1: - 1]

In this case the eigenvalues of M are negative.

4. For M = Ql“gial_“,an o3 orM = QFffal ., 02, We have
pr=lag;(ay ...t @py @y —1: - 1)]
o =10;a, : (@p_y... 1 a; :a9—1: - 1]

In this case the eigenvalues of M are positive.

As the proof of Theorem 2.2.4 follows by arguments that are similar to the ones in the
proofs of Theorems 2.2.1 and 2.2.1, it will be omitted.






Chapter 3

Well defined extensions of the
projective monomial map

In this chapter, we consider a monomial map fy, associated with a hyperbolic SB-
matrix M and then build an extension of it to a compact space that has (C*) as a dense
subset.

First, we consider the extension Fy of fj; to a rational map in CIP'x CP! as in Defini-
tion 1.0.1:

Fy: CP!xCP' --» CP!'x CP!
ESRES] N [fo/f : xfyzb]
[y1 : 2l [xyi = x5y51 )

Since the local expressions of F), are given by

ay,b . a . ,,b
FMlm : (x’y)01 — (Ezczd 1}) > FM|0’2 : (x’y)dz — <E§c ;)d]> >

b. . a . 4a4,b
FM|U3 : (x’ y)Ua — (%id ic]) > FM|G4 : (x’y)04 — ({1 icid}) .

where all the coefficients a, b, c and d are positive integer numbers, the map is not defined
at 0,, and 0,,. Similarly, the inverse rational map

Fl: CP'xCP' --» CP'x CP!
[x1 @ %] . [xfy?: x4y, "] ‘
(12 32] [x 97 = 2, 5]

is not defined at 0,, and 0,,,.
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3.1 Initial blow-ups

Given a rational map from a nonsingular projective surface to a projective space,
there is a chain of blow-ups that gives rise to a regular map, which is an extension of the
rational map to the blown-up space SHAFAREVICH, 2013, Theorem IV.3.3. This regular map
is obtained as the composite of the initial rational map with the blow-ups. In the next
theorem we exhibit exactly what are the these chains in terms of the SB-blow-ups. The
following notation will come in handy.

Notation. Given an SB-matrix M =T2%  we define
e
p— 5n50
M := ran,an-l,u.,ao‘

H
Notice that M™! = ¢ M o, for ¢ € {0,, 03}.

Theorem 3.1.1. Given a hyperbolic SB-matrix S = T%%  Let

ao,Aat;-.»An

Bs :=B,,m U IBUZA<7 UBg,m U ]Bw\?,

where M = T%% 8,', and B, x denotes the SB-blow-up of ¢;X as in Definition 1.4.6. Let

ao,ai;...,a

Fs : Bs —> CP'x CP' be the map defined in the local charts C: 4 C Bs by

Fs|  =Fsomtsm, Fs| . =Fsomom,
o1A 04A
and
FS ) = FS o 7[0_2]\7, FS ) = FS o 7[0_3]\7.

09 A 03A

Then Fs : By — CP'x CP! is a well defined extension of the projective monomial map Fs to
the compact smooth space Bs.

Proof. The space Bg has the structure of a smooth manifold, since the blow-up of a smooth
variety along a smooth subvariety is again a smooth variety, see for instance VAKIL,
November 18, 2017, Theorem 22.3.10 or SHAFAREVICH, 2013, Chapter II, 4.1. Also, Bg
is compact, since every nonsingular projective variety is compact SHAFAREVICH, 2013,
Chapter II, 2.3.

Since a blow-up is isomorphism outside the exceptional divisor, the local maps Fy ,
;A

all agree in the overlaps. Hence, to prove that Fj is well defined, it is enough to look at its
local action. From Proposition 1.4.10, we can find the collection of charts covering Bs:

(I) Seti = 1,4; then B, is covered by (Z;l:o a j) —n + 1 charts as follows

(i) the three affine planes Ci,ﬁo’ CZ ¢ and Cii 3

n



3.1 | INITIAL BLOW-UPS

(ii) for each j=0,...,n— 1, the a; — 1 affine planes CiiAiSj, where
j 508
Al = rag..].,aj_l,aj—k’ k=1,..,a; -1 (1)
(iii) for j = n, the a, — 2 affine planes Ci,- A5y where
So6n
P=l e e k=28, 1. (2)

(II) Seti = 2,3;then Baiz\? is covered by (Z?ZO a j) — n + 3 charts as follows

(i) the three affine planes C?  , ng and sz\?’

0

(i) foreach j=0,...,n— 1, the a; — 1 affine planes CiiBiSnfj’ where
Bl =Ty e e k=1..g-1 (3)
(iii) for j = n, the a, — 1 affine planes szr,-BiSn_j’ where
Bf=T0%, 4 k=2,..a-1 (4)

We will show that the map is well defined on the charts covering B and B, the
work for the other chats is analogous.

In general, for a blow-up 7, x of a SB-matrix X, we can use the local expressions of F,
given in (1), to find the local expressions of F:

Fs e, = Fs|j,- ° ”"iX‘C?,iA = fajso,- o fa= fo’jSO',-A-
i

Lets start with the chats of B,, . For the charts of type (ii) or (iii) in (I), we have

JS _ 166 1% <
SO'1Ak5j = Tao’“

wln * dg...aj-1,a;—k" J?

k= 1,...aj—1,

which is a matrix with only positive integer coefficients, since a; — k > 0. Lets say (‘; Z),
hence we have

F| . (9o = (9, 29, (5)
o1A

which is well defined for every (x, y);,4 € C% ,. The three remaining charts of B, ¢ are

the ones associated with o,8,, 01(5—, and 01]\(715,1. The fact that all of them have positive
coefficients, ensure that F; is locally well defined and that its image is contained in the
chart C} of CP'x CP".
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ForB_ . the charts of type (ii) or (iii) in (I) will be associated with a matrix

5,,5,1,] <

An....On—js1,0n—j—k “N~J

SO'zBIjCSJ = F5°§” (op) r

»An

— I"60 n—j—1 5k+a'”—J I“&n J+15 O_ r5n5n—j

- ags--An—j+1 ~N7J An—j+1>- 2 an~--,an7j+15an7j_k n—j
— S00n—j . r5n —j6n O' OnOn—j s
Q-+ An—j+15 Kk~ 2% 2 an—j+k An—j+1>- 2 an~'~;an—j+l,an—j_k n-j

-1
L Sebu Subuj Suduj <
- rao;-~~,an—j+1sk 02 ran--uanfjJrl,anfj*k ranu-,an—jﬂ,an—j*k 5”_j

_ 19000 <
- Fao,...,anfj}l,k*l 5n_j 0-2 571_]"

Now, from Remark 2.1.3,

= _ Sn—j@; if 5n—j =R
On=3 02 On-j ‘{ —8,jo, if S, =L

Therefore, SO'ZB,JCS ; is a matrix having all coefficients with same sign and Fs is locally well
defined. Further, the action of 1?5 is

~ _ _ (xayb X yd)av if 5” -i =
FS‘ ) (x’y)So‘zBleSn; - { (x y X yd)o'45 1f 5;1 —j —L

SUZBiSn—j

3

where (2%) = T 815, .

an—j+1% n— J

We still have the tree charts from (i) of (II) to analyze. Let 6 be either R or L. Then

So,MS = T g, 515
_ 09, if 6= 50
B 0'250_15, if 6= 50

500'25, if §= (_S()
09, if 0= 50

= Lo, if §=6,and 6 =R ,
—Rp, if &= Spand 8y = L

_ { 02, if (S:(SO

from which we conclude that FS‘Cz and 1?5’ , are well defined. In particular, we have

. -
oo ML aaMR

XY, X)s,, if 8 =
(¥, 55, = { (xy, x) 0T,

FS (x) y)oz‘s_ = (x’ y)o'z and E (y xy) if (So

C? Cc?
N a9Mdg
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Finally, the last chart is (ECZT z - Since

29n

50'280 = Fggfiangzg,‘l
I‘(soé" 5,,0'25”
o an_lLQ, if 8,=R
F° ”a_ng, if §,=1L

Lan—1

is also a matrix with all coefficients with the same sign, hence the map Fs o is well
793n

defined and

(xy’x)o'ls lf 60 :R

FS‘CZ (x’ )’)0250 = { (xy’ X)o-45 lf 50 = L

"230

]

Theorem 3.1.2. In the same conditions as in Theorem 3.1.1, let ]?g‘1 : Bg — CP!x CP! be
the map defined in the local charts C;, , C Bs by

1 _ -1 -1 _
Fs ) —Fs oI5 M Fs , = 077-'54M,
Co'lA CO‘4A
and
F_l :F_lo][ «— ﬁ_l :F_loﬂ by
S CZ N O'zM, N CZ N O'3M.
g9 A 03A

Then F;' : Bs — CP'xCP" is a well defined extension of the rational map F;" to the compact
space Bg.

Proof. The proof of Theorem 3.1.2 is essentially a repetition of the techniques used to
show Theorem 3.1.1. But since we will need the local expressions of (F)™?, lets prove that
this map is well defined in B__ +; and in B, ). We will use the same notation for the charts
as on the proof of Theorem 3 1 1.

Starting with B_ for charts of type (3) and (4), we have

—1 ] < — 5,,50 5n5n7j N
S O.sz5j = 02 Fan,...,ao 0202 Fa,,...,a,,_j+1,a,,_j—k n—j
— 5,,50 5n5n—j N
= 02 1—‘an,...,ao ran...,an,jﬂ,an,j—k 5”‘]"

now, since a,_; — k > 0, the coefficients of I“s ‘50 o

=507 Ap..An—j+1,0n— j_k

8,_; are all positive. Hence

- b .c.d
F:! X, < = (x% 9, x
s UZB,{Sj( y)ozB,fcaj (x%y", x°y)o,
5 50 Onbn-; IR 2 2
where ( ) [on T° > which is a well defined map. For the charts C* ., C* <
<07 Ap.es@n—j+1,an—j k 020, 028

and C? s s We have a similar situation.
02 0
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For By, u;, the charts of type (1) and (2) will are associated with matrices

-1 j_ — 5}1 0 05 <
S O-lAk5j = 03 F o 0901 rao A 1.a— k5./
_ 1 5+1 ktaj—k8;_18 s
- F ja+15] rajl ao-ra ajlajkj
_ 5,,(5} dido <
- O—Zr a+1k020—2ra —k,aj-1,. zrao w@jo1,j— 5]
-1
_ 5 5 5051' 505j <
- O—Z r ll'+1,k 0-2 <Fa0.4.,aj71,aj*k> rao...,aj,l,ajfkaj
— 1 §j+1 k S .
= F i1 5j 0'2(3]
SnL k—1
{ 0215 a0 R L0, if §;=R
OnR k-1
=02 Ig o, L Ro, if 6, =1L

_ is well defined, and
O'1Ak5j

Hence F;'!

~ (x*y", xy?),,, if 8, =R
Fs1 (x y)(rlA]5 { yor /

(xy,xcyd)GS, if §;=L"

UlA]6

where ( ) =T a1 5§HS]'Q~

The case for the charts Cilé ,and Ci 3, are similar. For CU s, we have

S'oS = o, 1"505"_)‘1 0,01 1"5"(SO a

5 506
= (rag olin ) Laora,

= 0.
Then
F' (6 Y)os = (2,)0,
0'15

O

Corollary 3.1.3. The SB-blow-ups of Theorems 3.1.2 and 3.1.1 are the minimal ones that
results in a space where both Fs and F5' have well defined extensions.

Proof. In fact if we stop the blow-ups anywhere in the middle of the chains T, G OrM
the map Fs would not be defined on one of the charts covering the final space.

For example, lets say we just make the SB-blow-up of o,I';], 20, flj ., instead of T Then

the covering of the space would have the chart C2 , with A = Fa,, o; (created in the final
blow-up of the chain), and the action of FS over there would be

_ a. b
Fs|, (6. V)ez, <[x yd]]),

09A [ x

where (¢5) = o -a;_,» which is not defined for x = y = 0.
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]

Notation. In order to write the action of 1?5 with a cleaner notation, given a matrix A, we

write
Fs‘ L= FS

and we use fa’A % to indicate the monomial map fs living from the chart C% , and

arriving at C; ,, that is

fU,AHO'J (X .V)cn (xayb,xcyd)om', where S = (g Z) ’

Now, from the local expressions of Fs and (F5)™! that we derived in the proof of
Theorem 3.1.1 and Theorem 3.1.1, we give a summary of their action in any chart of
Bs.

Corollary 3.1.4. Let S =T%% . Then the maps Fs and (Fs)™" acts on the charts of Bg as
follows

The local expressions of Fs are given by monomial maps as follows:

« For any chart C , or C2 ,

=~ _ 0'1A—>O'1 I~ _ 04A—>O'4
01 04
. o
« For j=0,...,nandk =1,...a; — 1, set B, =Tq." 4., 5 5,, _;. Then, we have
GzBi—)O’l . _
~ F‘sOR Rk-110° l-f 5”_j -
FS _ 0 n—j+1 0
P J b
B} 0'2Bk—>0'4 . _
72% SoL k-1p,° lf 571—] =L
L Fao,..,,an,jﬂ L*'Ro
O'3B£->O‘4 . _
~ F(SOR Rk-1T, > l.f‘ 5n_j - R
FS _ aQs@n—jt1 0
. j
B UgBk—ml . _
T35k SoL ke1p 2 lf 5n—j =L
Lagoroan_jir L Ro
o In the charts C* — and C? — we have
025 035
~ 3 _ s
FS - = O_Uz 02 and FS - = 92 HUS.
1 o1
(@) S 03 S
The local expressions of (Fs)™
« For any chart C_, or CZ_,
-1 _ fp02A—0, -1 _ po3A—>03

O'gA O'3A
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3 | WELL DEFINED EXTENSIONS OF THE PROJECTIVE MONOMIAL MAP

. _ _ j _ pb0djt k-1%
« Forj=0,...,nandk=1,...a; — 1, set Ay = rao‘..,aj_l,aj—kaj 6; we have
( O'1A£~>O'2 . _
. Indji1 17 l]c 5] - R
F71 _ Fan,»-«»ajﬂ R*1Lo
N i 1Al >
014} 143,03 lf S =1L
ontl  Ik-1Ry’ J
Ly
0'4Ai—>0'3 .
. if 6;=
ond )
o I i TN G 2 /
N i 1Al >
o4 A 4402 lf S5 =
ol Ik-1Rg” J
g )

« In the charts C’ ¢ and CZ g we have

-1
Fs

1 01
1S 04S

We manage to build a well defined extension of Fs and F;' to a compact space. But if
we want obtain a dynamical system, there is still a problem: the domain and range on each
of those maps do not match.

In the next section, we try to fix this using the inverse of the SB-blow-ups to define a
map having Bgs as the range. The price to pay is that, the resulting map will again have
points of indeterminacy. But this is a problem we will deal later.

3.2 An extension to a birational map

One way to obtain an extension of the monomial map having the same compact space
as domain and range is to define it as F* := 7' o F.

Definition 3.2.1. Given a SB-matrix § =T%% let Bg be the compact space given by
Theorem 3.1.1. The first blow-up for the monomial map Fs, %, is the map given by the
gluing of the SB-blow-ups of Theorem 3.1.1. That is, on each chart CZ , of Bg, the map

x5 : Bg — By is defined by

A for i=2,3.

s ”0’,‘56;1

T = .

|ffiA T <, , for i=14.
O'i550 O','A

We also say that Bg is the first blow-up space for the monomial map Fs.

Theorem 3.2.2. Let &5 : Bs —> B; be the first blow-up for the monomial map Fs. Let
Fi : Bs--»Bs and (F*)5' : Bs--+Bg be the rational maps defined by

F§ = (”5)71 oF and (F);'= (”5)71 o B,

with Fs as in Theorem 3.1.1 and F;* as in Theorem 3.1.2. Then F: is a birational extension of f
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with inverse (F;)~'. Further, the points where F; and (F:)™" are not defined are respectively

S+ = {00_;5—, 003(5_} and S = {0015,0045}.

Proof. In principle, since the inverse of 7% is not defined in the points 0,,, i =i, 2, 3,4, we
would expect that F* or (F*)™! would not be defined in any of the points of the exceptional
divisors of Bs. But since the inverse z° is restricted to the image of F, and (F), they
are defined in a bigger subset of B;. In fact, from the proofs of Theorems 3.1.1, 3.1.2 and
Corollary 3.1.4, we see that any sequence of points in the set I m(F) \ {0,,,0,,,0,.,0,,},
or Im(F')\{0,,,0,,,0,,,0,,}, approaches the point 0,, through a curve with fixed slope,
which allow us to define the locus in the divisor for (%) '(p), of any p in those sets.

Using the local expressions of F and and (F)™ and Proposition 1.4.10, we are able to
determine the local action of F* and (F*)™':

« For any charts C} ,, C ,, C, ,, CZ ,, we have

02A> o3A>
# _ ro1A—01A # | _ r04A—>04A
FS‘olA_ S > FSO’4A_ N
#\—1 _ p0A—>0A #\—1 _ po3A—03A
(F5) |02A =Js ; (F5) |U3A =Js :

« For j = 0,...,nand k = 1,..q; — 1, set Ai = mn 5;"15}- and B,{ =

ao...,aj,l,aj—k
Sudnsi ok T
Lo 8,568, ;. Then, we have

ln-j On—j

F# o o-zBi—m'Z]Bi Fﬁ o 0'3B£—>0'3]Bi

S‘gznsi =Js , s}@gi =Js ’

(Fﬁ)_l‘ o UlAi_)UlAi (Fg)_l} o 0'4A£—>0'4AJ,;
S o1 Ai 3 > S o4 AIJ< 3 .

« Finally, for points in CZ ¢ \ {0,,s} or in C’ ¢ \ {0,,s}, the map F¢ acts as a projection,
and for any point in Ci;s_ \ {002<5—} or in Ci;s_ \ {003<S—} the inverse (F{)™' acts as a
projection.

This exhausts all the charts of By and then, we have a complete description of Fi. We

also notice that, by construction F§ o (F§)™!| , = (F§)™" o F§|_,, for any chart CZ , of Bs.
Further, given the isomorphism between C% , \ {0,,4} and (C*)’, the restriction F§

CglA\{oniA}
is exactly the monomial map f;.

]

Definition 3.2.3. Let (C} ,)* = C% , \ {0,,}. We call the subset B\(C}, 4)* of Bs the total
divisor of Bs and denoted it by Ds.

Theorems 3.2.5 and 3.2.4 are bridges between our study of SL(2, Z) matrices in the
previous chapter to dynamical system associated to a monomial map.
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Lemma 3.2.4. The total divisor of Bg is a cycle of rational curves intersecting transversally.
The exceptional divisor labeled o; (}), where p and q are positive integers, is parameterized by

s — lim st?
t—0 Sktq ’

where k, [ are integers satisfying lq —kp = 1.
Proof. The first part of the statement is a direct consequence of the fact that B is obtained
after a chain of blow-ups of points.

For the second part, first we notice that a different choice of the pair (k, ) does not
change the limit t — 0, in fact it just changes ¢ for some multiple of t. The rest of the proof
is made by induction.

For n = 0 we have four rational curves intersecting transversaly. They are ({0, oo} x

P) U (P x {00, 0}). Lets see the parametrization for (g) = <_01>: k must be 1 and [ can be

. s'tP . st 00
s—lim( )] =lim o | =
-0 \ st t—>0 \ St s

which is a parametrization for co x P as defined in chapter 1. For the inductive step, let

(g > be a label on the level n + 1 of the SB-diagram. Then

(0-6)-)
q il 92
are labels of the neighbors p;q; and p,q, on the level n of the SB-diagram. The two

parametrized curves
shipr d st2gP2
t— shigan an I — skepae

xTy ™ =g and xTy P =g,

anything, then

have equations

Then, since x = s;*s¥" and y = s;“s{', we can use s; and s, as coordinates in (C*)?. The

divisors L, \and L » intersect at s; = oo and s, = 0, and

1

(%51

1

(51

S =§8, = xq1+CIzy—(P1+P2),

. D
p]
q

Theorem 3.2.5. The map F¢ sends points of the divisor L to the divisor L s(»,, and (F{)™
s ) @) s
sends points of the divisor L(g) to the divisor L([S_l(g)).

which gives the parametrization of L
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Proof. Firs we remember that for each blown-up point 0¢:  we create a exceptional divisor
labeled by L,,4), see Remark 1.4.3. Also, from the proof of Theorem 3.1.1, we know that
the label for the divisors are given by the matrices

505
ao...,aj,l,ajfk’

. s
Al =T and B/ =T/"/ van gk

where j =0..nand k = 1,...,a; — 1. Now, as we saw in Corollary 2.2.2, the matrices Aé
and B} are exactly the matrices associated with the points in the sail of the matrix S. Hence,
since a matrix sends points of its sails to points of its sails (including the ones that are not

vertices), from the parametrization given in Lemma 3.2.4, follows the desired.

]

The correlation between points of of the sails and divisors on the SB-blow-ups also
extends to a bigger class of matrices. In fact, we could repeat every step we followed, to
find the rational extension F¢ of any matrix of type (A) from Theorem 2.2.1. For types (B)
and (C), the SB-blow-ups would not be exactly the same (since in those cases, the points
0,, and 0,, are simultaneously singularities the monomial map and its inverse) but the
work is not so different from the one we presented. Further, in any of this cases, the action
of the matrix on its sails also gives the description of the action of F{ on the divisor.

Proposition 3.2.6. The subspace (C;, ,)* is dense in Bs.

Proof. Due to its smooth variety structure, Bs is endowed with a distance d, that can
be taken as the one induced by the maximum norm. That is, given p = (u;,v;),,4 and
q = (U,02)54 in CZ 4, C Bg, d(p,q) = max{lu; — w|, [v; — vy}. Then, directly from the
definition of the standard blow-up, follows that any point of the divisor can be approached
by a sequence in (C ,)*. O

By construction, is easy to see that the complement of any chart (C;, ,)* is given by
the exceptional divisors together with the divisor 7§’ (L(})) U L(_Ol) U L(?) U L( _ol)).

Final
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Chapter 4

The sequence space: a
compactification for the monomial
map

On the previous chapter, we build an extension for the monomial map having the
same compact smooth algebraic variety as its domain and range. But this still does not
solve our problem of compactifying fs : C — C as a dynamical system, since F} still
have indeterminacies. We could try to repeat our process and make another sequence of
blow-ups on Bg in order to obtain another well defined rational extension for fs. But this
comes with drawbacks, we would mess with the domain of this extension again.

A way to work around this problem is to consider a generalization for the blow-up
definition. The blow-up of Bs on the singularities of F* is closure of the graph of F; (see
GATHMANN, 2019/20, Construction 9.9 and 9.16), and then define a map acting on the space
of sequences with all entries on this closure. This idea, replicated from J. HUBBARD et al.,
2000, is a way to perform infinitely many blow-ups at once and then, use an inductive
limit, to get a dynamical system.

4.1 Preliminary results

The following lemma will enable us to start an analysis on the properties of the graph
of F§.

Lemma 4.1.1 (J. HUBBARD et al., 2000). Let g : X--+Y be a birational transformation
between compact smooth algebraic surfaces. Suppose that g is undefined at S; C X and
that g~ is undefined at S; CY. Let

T, C (X\S))xY

be the graph of g, and let T, C X x Y be its closure. Then, the space T, is a smooth manifold,
except perhaps at points (p,q) € I'y such that p € S, andq €S, .
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Proof. Since g is birational, if p ¢ S; , there is a neighborhood of p, U}, C X, were g is
well defined and induces an isomorphism from U, to g(U}). Hence, the projection on the
first coordinate pr; : Ty — X is a local isomorphism with inverse given by p — (p, g(p)).

Analogously, if q ¢ S, the projection on the second coordinate pr, : I'; — Y is a local
isomorphism.

O]

Applying this to the birational map F! : Bs--+B; defined on the previous chapter, we
conclude:

Proposition 4.1.2. The closure I_‘ng C Bgs x By is a smooth submanifold.

Proof. As we saw before, the set of the points of indeterminacy of F; is S*= {002<S—, 0@«5—}

and the set of the points of indeterminacy of (F{)™! is S™= {0,,s,0,,s}.
Now, any neighborhood of 0_ + belongs to C* & - Hence a pair (0_ < q)isin l:F; ifand
2 2] 0 01

only if, q is at the union of the exceptional divisors Ls,s,1) OF L(s,sr) (see the action of F¢
in Theorem 3.2.2) and therefore q ¢ S™. Similarly, if (053‘5_’ q), then q ¢ S™. With that we,

Lemma 4.1.1 ensure that Iz is a (compact) smooth manifold.

]

4.2 Characterization of the dynamical system

It is time to present the compactification for the monomial map: the space B con-
structed in the following definition is a compact space which, in some sense, contains C*
as a dense open subset and is such that the monomial map fs : C* — C? extends to
Fe : BY > BY.

Definition 4.2.1. The sequence space BY is the subset of (Bs)* consisting of all indexed

sequences P = (..., P_1, Po» P1,-..) such that successive pairs belong to 'y C Bg x Bg.

The map Fg° : BY — BY is defined as the shift

Fgo(a p—l; pOa Pl,---) = () PO, pl: pZ;-"):

and we write (F$°(pP)e)k = Pk+1-

From Tychonoff’s theorem follows that BY is a compact topological space, since is
a closed subset of a product of compact topological spaces. Furthermore, F; is clearly a
homeomorphism.

Notation. (i) As mentioned before, we identify the chart (C*)2 , C Bg with (C*)?,
considering that there is an isomorphism between this two sets and that the map
F! ©%,, C: , — C2 , is exactly the monomial map f; : C* — C?. Notice that the

set ((C*)2 1) is obviously contained in BY, so we use the notation

(€)% = (€3, 0)°
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(i) We name four particular interesting points of BS:

« the one having all entries equal to 0,5 (002<S—)°° =(..,0 <0 0, 5 o)

o5 00—3(5_’ R

<, <,
0'25 0'25

« the one with all entries equal to 0,5 (003(5_)00 =(..,0 <0

0'3(5_’
« the one with all entries equal to 0,5, (05,5)° = (...,05,5,05,5, 055, -..);
« the one having all entries equal to 0,,s, (05,5)* = (..., 04,5,05,5, 05,5, ---)-
Proposition 4.2.2. The subspace (C*)% is dense in BY .
Proof. This is a direct consequence from Proposition 3.2.6 and from the fact that, in product
topology, the product of dense subsets is dense in the product space. [
Theorem 4.2.3. The points of B lie in one of the following types
(a) A sequence with all entries in (C*)? ,, that is, a point in (C*)%;
(b) One of the four sequences (005)“’, (Og;s—)m, (05,5)°,(05,5);
(c) The sequences given by (..., (F)~%(p), (F)'(p), p, Fi(p), (FS)*(p), ...), where

Pe (L UL V() ULe)) M5 0,,5.0,.5. 0nis)

Proof. For item (a), notice that a point (x, y),, belongs to (C*)? , if and only if xy # 0. In
this case, since the local expressions of F¢ and (F;)™" are all ratios of monomials, it follows
that their iterates are also in (C* fyi 4 Item (b) is immediate from Theorem 3.2.2.

The item (c) is consequence of Lemma 3.2.4 and from the fact that a hyperbolic matrix
in SL(2, Z) sends integer segments to integer segments.

]

The statement below, clarifies why Fj; is an extension of Fj;.

Proposition 4.2.4. The space (B%)™ = IB§°\{(002<§)°°, (053‘5_)00’ (05,5),(0,,5)} is an algebraic
manifold. More precisely, the projection pr, onto the 0-th coordinate induces an isomorphism
between Bs\ {05,5,0, ,0_ 0,5} and (BF)" = BS\{(0_ )%, (0, £), (05,5)%, (06,5)"}-

Proof. Given a point p € BY \ {05;5,0_<,0_ <00}, there is a unique p., € (BY)" =
B \ {(002<S—)°°, (003‘5_)00’ (05,5),(0,,5)} having p on the 0-th coordinate position, so the
morphism p — (..., p_1, P, P1, -.-) is the inverse of pry. This concludes the proof. [

Given that F{ = f; in (C*)? ,, the isomorphism p, conjugates F§® to the monomial
map fs on this subset. That is

Pro° F'(peo) = fs o pro(peo),

for any p., € (C*)2. Then, using the identification between (C*)* and (C*)%, this shows
that F¢® does extend fs continuously and algebraically in (BY)*.
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Chapter 5

The sequence space as a chain of
blow-ups

As we saw before, we defined F{ on an attempt to make Fs a well defined dy-
namical system. The problem is, the map obtained and its inverse are not defined at
002‘57’ 003‘5_’ 0,,5,0,,s € Bs. Then, the natural next step is to blow-up Bg until the map

defined by the composite of F with the new blow-ups, which we will call F!, becomes
a well defined extension. But, again the range and the domain of this map are not the
same, so we should consider the rational map given by the composite of the inverse
of the new blow-ups with F!, namely F'. Once more, this map will not be defined at
(}?;1)‘1({05;5, 0,,5,0,,5}), hence we should make the blow-ups on the domain of !, starting
at this inverse image, to get a well defined map. This process will continue through all
inverse images of {003<S—, 0,,5,0,,5}, and the strategy to rise a well defined dynamical system
will be to take the projective limit of these blow-ups and consider an extension of the
monomial map acting in there.

Our next task is to show how we can obtain (BF)* as an inductive limit on this chain
of blow-ups.

5.0.1 An infinite chain of blow-ups

We start showing that l:FS“ is the blow-up of By at {Oaz‘s_’ 0, 5 0s, 5,0,,5} followed by
a blow-up of the resulting space at a point of the exceptional divisor. Before that we
remember that the total SB-blow-up w5 : By — Bg is constituted by four chains of
regular blow-ups. In Lemma 5.0.1 we will need to make reference to each one of them, so
we label them as follows

Tk T—1 3 T2 st To 2
]BO'[5051.‘.5]C ]B0'i5051..‘5k,1 s ]BO'I'§051 ]BO','CSO ]BO'[ CO‘,"

— T80n ; — 100 M = 1796
Lemma 5.0.1. Let S =T be SB-matrix and set M = T;)° and M =T . . For

oan—1
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each j=1,..k, letF/ = 7rj_1 o F/~' and define the maps

yi+ Ip — IBoi(SO...zS,-,l xj: I'p — Tpn x: Ip — Bgs,

(P, — q ’ (p.Q — (. 7(q)”’ (p.qQ) — p

Then, each one of the squares on the diagram below is a fibered product in the category of
analytic spaces.

T Yn
]‘—‘Fﬁ IBmM

xkl lﬁa0+...+an+l

= YVi—1
rFk—l E— ]Bo.lMao—l

v ~

— V3
FF3 ]BO'1 605152

= Y2
FFZ ]BO'1(5051

l |»

Fl
]B(rlM ]B(7150

Proof. We will prove the case o;M, the others are similar. First lets show that the bottom
square is a fibered product. Evidently, the diagram commutes and, since all the spaces
involved are manifolds, it is enough to prove that the diagram is a fibered product in the
category of analytic manifolds, that is, set-theoretically. Now, in the category of sets, the
fibered product exists and is given by

]BdlM * ]Bdié()(sl = {(PS q) e ]Bo'lM X ]B0'15051 : ﬂl(q) = Fl(p)}‘

But, if (p, q) € By,m * By,s,5, and p € {0,,a1, 0,0}, then q € L(s,) and, using the expression
in charts for F?, is easy to check that {(0,,:, Q)(0,,u1, q)} € Tr2.

Now, B,,x * By,s,s, is Zariski closed, because it is the inverse image of the diagonal
A, s, C Bosys, X Boe,s, under the regular map (pi,p2) — (m2(p1), F'(p2)), therefore
Tre C By * B,,s,5,- Then we have B,y * By,s5,5, = [fe.

To prove that the upper square is a fibered product, we use the following fact: the
pullback of pr, : Tz = Byss and m3 : B,y — Bye,s, exit and it is given by (Tr *
B, v, P15 P2), where

I:FZ * Byy = {((P’ Q),r) € I:FZ XByy : q= 73(1)},

and p; : Tpe xBypr = T, py @ Tpe x By — By g6, are the projections on the first and
second factor respectively. We also notice that the map

(2 Tp Byy — l:Fg

((p.q),r) —(p,1)
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is an isomorphism, with inverse given by (p,r) = ((p, 72(r)), r). The only thing that is not
obvious about this statement is that ¢(T'r: * By, ) C l:F;, so lets prove it.

Hence 1, is invertible in a neighborhood of q and, since 7,(r) = q = F*(p), follows that

r=um," - F*(p) = Fi(p).

If (0,11, q) € I'r2, the expression in local coordinates of F? guaranties that q € Lg,, that is,

r € 715 (Lo,308)) = Loy, U Lioss,)- Then, Theorem 4.2.3 implies that (05,4, 1) € Ty

Tp2 % B, 505,68,
V3

VX‘
Ips ———— Bg506,6

21
X3 T

_ Vo
1—‘FZ ]BO'l 8001

The isomorphism ¢ and the universal property of the fibered product (Tp: =
B,,5,5,6,» P1, P2) are used to build the diagram below, and its commutativity ensures that
the upper square is also a fibered product.

]

We will also use another preliminary Lemma, which statement and proof can be found
at HAUSER, 2014, Lecture V, Proposition 5.1.

Lemma 5.0.2. Let 7 : X — X be the blow-up of Y along a subvariety Z, and let ¢ :

Y — X be a morphism. Denote by ( Y * X, pri, prz) the fibered product of ¢ and n, where
pri 1 Y % X - Y and pry 1 Y X — X are the the projections onto the first and second
factor respectively. Let S = ¢~ '(Z) C Y be the inverse image of Z under ¢, and let Y be
the Zariski closure of pry*(Y\S) inY = X. The restrictiont : Y — Y of pr, toY equals the
blow-up of Y along S.

Now we are able to show that 'y« is obtained from B,,s,s, after two consecutive blow-
ups.
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Proposition 5.0.3. T is the blow-up of B, s,s, at the point 0,, and I:Fg is the blow-up of
s at the point (0,,,04,5,).

Proof. Using the fibered product from the bottom square at Lemma 5.0.1 and taking
X = By, Y = Byss, 1 = m and ¢ = F! at Lemma 5.0.2, follows that A;, where
Ai = (p1) ' (By, 5,6, \05,}), is the blow-up of B, 5,5, at the point 0,, = (F')~'(0,,).

Now, we notice that A; = T'q2: in fact, since F;'(0,,) is a closed subset of By,s,s,, A is
a open subset of I'r.. Now, evidently A, C By, 5.5, * Boys, = [r2, hence as every open set
inside a variety is a dense subset, A; = I'.

Using the same notation as in Lemma 5.0.1, notice that pr;'(0,,5) = (0,,,0,,5) and
therefore A, := pr{ (TrA\{(0,,,0,,5,)}) is an open subset of [y + B_ 00> then Ay = Tge *« By
and Lemma 5.0.2 implies that ['zz * By, 5,5, is the blow-up of T'zz at (0,5,, 05,5,5,)-

Finally, by the universal property of the blow-up pry : Tr: * B, 55 — [f, given a
morphism f : T — [z such that f7(0,,s,,0,,s,5,) is a divisor in T, there exists a unique
morphism f such that pr, o f = f. Then using the isomorphism ¢ to build the commutative
diagram below, we conclude that p? also satisfies the same universal property.

P
’ /,// f
T —> Tre
f F

Therefore, the second part of the statement is true as well.

With the last two results we can conclude that T is obtained from B from 7

Before we can state the generalization on how the next blow-ups and extensions of the
monomial map will arise, we need some definitions. The spaces and rational maps below
are the building blocks of the chain of blow-ups.

Definition 5.0.4. Let N, M € Z. For N < M, we define the set:

M
By = {(PNspN+1, .., Pm) € H]BS : (pi»piz1) €T, forall N <i < M},
=N
and its subsets

Dy = {(PN,PN+1,~-,PM) €Bivm : pi€DsforallN <i< M},

If M = N, we set By n] = Bs, and Dyy n = Ds.
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Notice that the elements of By and Dyy ) are finite sequences with (M — N) + 1
coordinates.

Notation. A point (py, pn+1s---» Pm) in By a will be denoted by pin . in particular if
we want to make clear that (py, ..., pi, ..., pPu) is @ sequence with i-th entry equals to some
a € Bg, that is p; = a, we write (a)’tN,M].

Proposition 5.0.5. The space By a1, is a smooth algebraic surface, and Dy »p is a divisor
in IB[N)M].

Proof. In fact the collection of open subsets

C?olA)fﬁ,’M] = {(PN,PN+1,---,PM—1,PM) PN E C(z,lA}

gives a covering for By n7.

Notice that, by Theorem 4.2.3, the projection on the first factor, pry : (pn, ..., Ps) — PN

is an isomorphism between C_ v and C7 ,.
A

Then, since the family of open sets given above cover By 1}, we can conclude that the
collection of these open sets together with their respective projections are system of affine
charts for Byy a, on which the subscript of each open set indicates the center of the chart.

The fact that Dy is a divisor in By is a direct consequence of the fact that Dg
is a divisor in Bs and from the characterization of the system of affine charts sets given
above. ]

Remark 5.0.6. A consequence of the proof of Proposition 5.0.5 is that, given piy ar; € By
there is an unique smaller integer i, N < i < M, and & € B; such that

piva = ((F) V@), ..., (F) (@), ¢, F (@), .., (F) M (@)); (1)

and, since F* is birational, this representation is univocal in Bin - Hence, for now on, we
are going to use the notation (a)’t ~. to refer to the unique pyn g in Biy ag given by (1).

Theorem 5.0.7. Let N,M € Z with N + 1 < M, and let Fix u), pin.u) be the projections

Fnm: Bwwy  —  Bivewa privs Biyay  — By

(PN,---,PM) '—>(PN+1,.--,PM) ’ (PN:---,pM) '—’(PN+1,---,PM) ’

Then, the diagram below is commutative and each of its columns is a chain of blow-ups,
such that blow-ups on a same row are canonically isomorphic.
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Fnn
Binyg ————— Bivsuwg
p[ZN,M] p[ZN+l,M]
” PN M) ”
[N.M] [N+1,M]
1 1
PINM] PIN+1.M]

Fin )
BN pm-1] — Bin+1,m-1]

Proof. First, notice that we may assume that N = 0, since the shift on the indices gives an
isomorphism By y — Bjom-n7. Then the rest of the proof follows by induction over M,
following the same strategies then on Lemma 5.0.2 5.0.1. ]

Finally, we are able to make the connection with the sequence space B...

Proposition 5.0.8. The subspace B%, = B \ {(0)w, (@)oo, (d1)eo, (b)o} is given by the projec-
tive limit
B, = lim Bf y .
NEZzO

where IBF—N,N] = IB[—N,N] N\ {(0)[__]\]]\”\]]’ (b)[__]\)]\rN]a (a)j[\iN,N]’ (dl)f\iN’N] }

Proof. In fact, the inverse system is given by the pair ((]B[_,-,,-]) Nez> (i) jez), where 7;; :
Bj_;;; — Byj_; ] acts as the blow-up. ]

003<S_ 00'15

0,5 062 <

Figure 5.1: Action of F* on the divisor. It behave as a shift on the space Bg

For the sake of our notation, we denote the equivalence class of p;_y n] in B}, by pe.
Then, we define the N canonical function by

¢N : F—N,N] _)]B:o
PI-NN] ¥ P
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which is an isomorphism between the subset (C*)f_N,N], of points in Bj_y 7 having all
coordinates in (C*)?, and (C*)Z. This isomorphism conjugates F, to the map F{ vy, that
is,

dn ° F oy vy Pr-nn)) = Feo 0 On(Pl-nND:

for any pj_nnj € (C*)f_ .- This fact gives another way to show that F, is an extension of
the monomial map to the compact space B...

5.0.2 Anosov map and invariant manifolds

Is easy to see that map Fs maps the torus T = {(x,y) € C* : |x| = |y| = 1} to itself. In
fact, the change of coordinates x = ™, y = ¢*™” turns the map Fs|; : T —> T into the
Anosov map As : R?/Z? — R?/Z? defined by S.

As proved on Lemma 5.2 of EL ABDALAOUI et al., 2016, the stable and unstable manifolds
of the invariant torus are 3-dimensional real analytic manifolds given by the equations
lyl = |x[*" and |y| = |x|V", where u* and y~ are the slopes of the two eigenlines of S. Join this
result with the action of F5® on the divisor, we summarize the dynamic in B in Theorem
5.0.9.

Theorem 5.0.9. The torus T has a stable manifold Wi and an unstable manifold W in
(C*)°, respectively of equation

yl =[x and|y| = |x"”

where p* and i~ are the slopes of the two eigenlines of S. The manifold W§" and Wy are
real-analytic 3-real submanifolds of (C*)*, foliated by Riemann surfaces with dense leaves
since y* are irrational. Each cuts (C*)* into two, denoted *(BY) and (BY)* for the complement
of W* (~(BY) and (BY)~ for the complement of W~ ). Further, together they cut BY into
four pieces, denoted *(BY)* in the obvious way, which we will call the Ms-quadrants. These
manifolds W5 accumulate in BS at the non-analytic points.
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