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Abstract

Zaidan, A. E. Reductions in representation theory of Lie algebras of vector
fields. 2020. 61 p. Thesis (Ph.D.) - Instituto de Matemaética e Estatistica, Universidade
de Sao Paulo and Carleton University, 2020.

We study representations of Lie algebras that do not have a Cartan subalgebra. The
study of such representations required new techniques, one that we applied was to restrict
the action of other algebraic structures that contain the Lie algebra.

Our Lie algebras came from the vector fields on arbitrary varieties. We studied rep-
resentations that admit the actions of the Lie algebra of vector field and the algebra of
functions on the variety in a compatible way. More specifically, we studied two such classes
of modules: gauge modules and Rudakov modules.

We proved that gauge modules and Rudakov modules corresponding to simple gly-
modules remain irreducible as modules over the Lie algebra of vector fields unless they
appear in the de Rham complex. We also studied the irreducibility of tensor products of
Rudakov modules.

Lastly, we present a complete description of tensor modules belonging to the de Rham

complex as gl;-modules. We also realize these modules using GT-tableaux.

Keywords: gauge modules, Lie algebra of vector fields, Rudakov modules.
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Resumo

Zaidan, A. E. Redugoes na teoria de representacoes das algebras de Lie de
campos vetoriais. 2020. 61 p. Tese (Doutorado) - Instituto de Matematica e Estatistica,

Universidade de Sao Paulo e Universidade de Carleton, Sao Paulo, 2020.

Nos estudamos representagoes para algebras de Lie que nao possuem uma subalgebra
de Cartan. O estudo de tais representcoes requer novas técnicas, a que nos aplicamos
consiste em restringir a acao de outras estruturas algébricas que contenham a algebra de
Lie.

Nossas algebras de Lie sao obtidas a partir de campos vetoriais de variedades arbi-
trarias. Nos estudamos representacoes que admitem a acao da algebra de Lie de campos
vetoriais e a acao da algebra de func¢oes na variedade de uma maneira compativel. Mais
especificamente, estudamos duas classes de tais moédulos: modulos de gauge e moédulos de
Rudakov.

Nos provamos que modulos de gauge e modulos de Rudakov com o correspondente
gly-modulo simples continuam irredutiveis como modulos sobre a &lgebra de Lie de cam-
pos vetoriais, a menos que o moédulos apareca no complexo de de Rham. No6s também
estudamos irreducibilidade do produto tensorial de médulos de Rudakov.

Por fim, noés apresentamos uma descricao de modulos tensoriais que pertencem ao

complexo de de Rham como gl;-mo6dulos. Nos também realizamos tais médulos via tabelas
GT.

Palavras chave: algebra de Lie de campos vetoriais, moédulos de gauge, moédulos de
Rudakov.
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Chapter 1

Introduction

This thesis is organized into five chapters. The present one contains a historical back-
ground and the motivation for our work. It also presents our main results. The second
chapter contains the basic material about Lie algebras, algebraic geometry and represen-
tation theory that is necessary to the reader in order to follow our results. It also contains
some highlights of previous results that will be needed in the text. Readers who are fa-
miliar with these subjects can go directly to the last section of that chapter, where we
present some important results concerning the Lie algebra of vector fields.

The third and fourth chapters are devoted to gauge modules and Rudakov modules,
respectively. These are the two classes of modules that we studied. These modules have
been studied before as modules over both the Lie algebra of vector fields and the algebra
of functions on a variety.

In the fifth chapter, we describe a family of gl;-modules obtained from the de Rham
complex of tensor modules for the algebra of vector field on an 2-dimensional torus.

1.1 Historical background

One of the main goals in science is to find patterns in nature; symmetries are a great
source of them. The study of symmetries has proven to be very fruitful, an example
is an important theorem due to Emmy Noether which, roughly speaking, states that
every symmetry in a physical system will correspond to a conservation law. For example,
the translational symmetry of the space corresponds to the conservation of the linear
momentum.

In mathematics, the formalization of symmetries was implemented using the notion
of a group. Since symmetries arise from almost everywhere, it is not clear where the
abstract group theory, as we know it, exactly started. Nevertheless, one of the major
accomplishments at the start of the development of the theory was the study of the
symmetries of the roots of algebraic equations done by Lagrange [22]. Years later, Galois
built a bridge between field theory and group theory. One of the most notable achievements
was a simpler proof of the non-existence of a solution by radicals of polynomial equations
of degree five or more.

The theory developed by Galois was admired by many, including the Norwegian math-
ematician Sophus Lie. Aiming to create a version of Galois Theory for differential equa-
tions, he created groups using an analytic point of view, which he called groups of trans-
formations and nowadays are called Lie groups. Examples of Lie groups are the set of
non-singular n by n matrices denoted GL,, and its subgroup of matrices with determinant
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1, denoted SL,,.

The approach used by Lie was to look for transformations in the variables of a differ-
ential equation in order to decide if it is solvable in quadratures, i.e., has a solution that
can be expressed by integrals.

Not many years after the formulation given by Sophus Lie, Wilhelm Killing [21]| and
Elie Cartan [10] classified all simple Lie groups, which can be seen as the atoms of the
theory. The classification was done by looking for an algebraic structure that codified the
local structure of a Lie group, this structure is called Lie algebra. The Lie algebra of a
Lie group is the tangent space at the identity. From a Lie algebra, one can recover the Lie
group through an exponential map. For the fields R and C the image of exponential map
can be seen as the curve that that is tangent to the group at the identity. The existence
of such a map is what makes the study of Lie groups through Lie algebras possible. For
example, for connected and simply connected Lie groups, their Lie algebras are isomorphic
if and only if the groups are isomorphic.

To classify all simple finite-dimensional Lie algebras, Killing managed to show that
the whole algebra may be codified in an even simpler structure, namely, its root system.

The idea is to find a suitable subalgebra, which elements act on the whole algebra
in a diagonalizable way, such subalgebra is called a Cartan subalgebra. A root system
consists of a set of eigenvectors for a basis of such subalgebra. The root system is uniquely
determined for each simple Lie algebra and, also, each root system is related to a unique
simple finite-dimensional complex Lie algebra up to isomorphism.

It is not an overstatement to say that this technique shaped the development of the
theory, for example, the study of infinite-dimensional Lie algebras is very entangled with
root systems. The four classes of Lie algebras of Cartan type, the general series W,
the special series S,,, the Hamiltonian series H,, and the contact series K,,, were the
first examples of simple infinite-dimensional Lie algebras, they were known since the
time of Sophus Lie. However, there was no significant development after the work of
Cartan on infinite-dimensional Lie algebras until the decade of 1960. Many types of Lie
algebras were studied, vector fields on manifolds, smooth mappings of a manifold into
a finite dimensional Lie algebra, and operators on a Hilbert space are some examples.
But a truly profound insight into infinite-dimensional Lie algebras was gained with the
independent works of Victor Kac [20] and Robert Moody [27]. They generalized simple
finite-dimensional Lie algebras relaxing the restrictions on root systems.

Another great example that was influenced by roots is representation theory. In alge-
bra, representation theory is a natural way to see how some algebraic structure acts on
a vector space. The main tool in representation theory for Lie algebras is a generaliza-
tion of roots called weights. Essentially, the idea is to look for modules where the action
of the Cartan subalgebra is diagonalizable. A module with such a property is called a
weight module. Such modules have been extensively studied. For instance, for complex
finite-dimensional Lie algebras, every finite-dimensional module is a weight module.

The classification of all irreducible representations was only made for the Lie algebra
of 2 by 2 matrices with trace zero over a field of characteristic zero, in a work by Block [9].
For other Lie algebras, even the classification of weight modules is not complete. In order
to make a classification feasible one can impose some finiteness condition. For example,
classification of modules with finite or uniformly bounded dimensions of weight spaces,
which are the generalized eigenspaces for the Cartan subalgebra. For certain algebras,
the classification of modules with weight spaces of finite or bounded dimensions has been
completed. A theory without roots and, consequently, without weights is still largely
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undeveloped.

Lie algebras have been widely used to solve many questions about Lie groups. But its
theory has proliferated into many other areas. Algebraic geometry, combinatorics, com-
puter vision, conformal field theory, harmonic analysis, particle physics, quantum groups,
quantum physics, string theory, are some examples. Another, particularly interesting, area
that the theory of Lie algebras influenced is gauge theory.

Gauge theory deals with the fact that we can make some changes on fields without
changing the physics beneath it. For example, adding a constant field to the gravitational
or electric potential fields does not change the physics. For the magnetic potential field, we
can add a field with curl zero and the physics would not change. These types of changes
are symmetries in the sense of Emmy Noether’s theorem and for each system form a Lie
algebra (see [1| for more details).

This shows us how important is the study of Lie algebras and their representations.
The area of Lie algebras without a Cartan subalgebra is, however, fairly undeveloped and
in this work we show some techniques of how to obtain representations of such algebras.

1.2 Motivation

Witt algebras W, were first defined as the polynomial vector fields on the affine space,
which can be seen as the Lie algebras of derivations of polynomials in n variables. The
same name is also used for the Lie algebras of polynomial vector fields on n-dimensional
torus, which can be seen as the derivations of Laurent polynomials. So one way to produce
new Lie algebras is to look at other varieties.

Fix an affine algebraic variety X. One source of Lie algebras is the set of maps from
X to a Lie algebra g. One can even go a step further, let G be a group acting on both
the Lie algebra and the affine variety. Then the set of equivariant maps under the action
of G is a Lie algebra. This is a very large class of algebras and [24] gives a survey on this
subject.

Another source of Lie algebras is the vector fields on X. Our previous examples, the
vector fields on the affine space and the n-dimensional torus, are simple Lie algebras.
In fact, David Jordan proved simplicity of all Lie algebras of vector fields on smooth
irreducible affine varieties [18] (see also [19]).

For some varieties, both types of Lie algebras have been deeply studied and yield
a successful representation theory. For example, for X = S! the first case became the
untwisted loop algebra K[t,¢7'] ® g. For the second, we obtain the famous Virasoro Lie
algebra, whose classification of irreducible modules with finite-dimensional weight spaces
was established by Mathieu [25]. This result was generalized by Billig and Futorny [5] for
an N-dimensional torus.

An important part of these classifications was done by looking for modules that admit
the action of both the polynomial algebra A on X and the algebra of vector field V on X
in a compatible way. Such modules are called AV-modules.

For an arbitrary variety, these algebras present many challenges. For instance, even
to describe their elements can be somewhat tricky. The existence of Cartan subalgebra
is not guaranteed, so the main tools of representation theory, roots and weights, are not
applicable. Finiteness conditions were not known at the time, so even to conjecture how
to generalize the previous results was not clear.

In [6], Billig and Futorny described a new way to present the algebra of vector fields.
Using this technique together with the Hilbert Nullstellensatz, Billig and Nilsson [8| proved
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the simplicity of tensor modules for the algebra of vector fields on a sphere. For an
arbitrary variety Billig, Futorny and Nilsson [7] studied representations in the category
of AV-modules. Specifically, two classes of representation were studied: Rudakov modules
and gauge modules.

The basic ingredient to these two classes of modules is gly-modules. Gauge modules
are generalizations of tensor modules, which are constructed from modules of vector fields
and differential 1-forms by means of taking iterated tensor products parametrized by
finite-dimensional gly-modules. Rao [28] proved that tensor modules that were generated
from irreducible gly-modules were irreducible W y-modules for the N-dimensional torus,
unless the gl module was a power of the natural module. The difference between tensor
modules with gauge modules is the introduction of gauge fields.

In [29], Rudakov studied modules for the four Cartan type Lie algebras. Prior to his
work, representations of infinite-dimensional Lie algebras were known for Virasoro algebra
and finite-dimensional representations of Lie algebras of Cartan type were studied in
positive characteristic. His idea consisted in reducing the problem of classifying modules
for these infinite-dimensional Lie algebras to the problem of classifying modules for finite-
dimensional Lie algebras. For the algebra Wy he constructed a class of induced modules,
the top of such modules are the gly-modules. He has shown that these modules are
irreducible if the gly-module is irreducible and is not the dual of some exterior power of
the natural module. These modules were generalized in [7] for arbitrary varieties and are
called Rudakov modules.

The main result of [7] and our starting point is that gauge modules and Rudakov
modules that come from irreducible gly-modules are irreducible as A)V-modules.

1.3 Main results

From the main result of [7], gauge and Rudakov modules are irreducible as .AV-modules
as long as the gl,-module is irreducible. One attempt to obtain irreducible V-modules is
to restrict the action. When restricting an action it is not guaranteed that an irreducible
module will remain irreducible. Surprisingly, in our case, all, except finitely many, of the
AV-modules remain irreducible when viewed as V-modules.

For the gauge modules, the proof is divided into two parts. The first part consists
of showing that we can reconstruct the A action from the V action, except for a finite
number of gly-modules. When reconstructing the A-action, we get restrictions on the
central character of the gly-module. This was interesting because it was independent of the
variety X or the gauge fields. Also, we were not able to reconstruct the A-action for only
a finite number of central characters, and by the Harish-Chandra isomorphism we know
that a finite-dimensional irreducible gly-module is uniquely determined by its central
character. So, we had at most a finite number of modules for which we could not claim
irreducibility by this technique. For the second part, we have shown that gauge modules
for which we cannot claim irreducibility are, in fact, reducible and the corresponding gl -
modules are one of the exterior powers of the natural module. This is summarized as our
main theorem on gauge modules:

Theorem. If U is a simple finite-dimensional gl -module that is not an exterior power of
the natural module, then any gauge module corresponding to U is simple as a V-module.

For the Rudakov modules, the idea was to make the necessary changes to Rudakov’s
proof for the affine space, generalizing it to an arbitrary variety. Rudakov modules have
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a filtration. The first part of the proof consists of showing that the first component of the
filtration is the only place where we can find singular vectors, i.e., vectors annihilated by
the positive part of the algebra and not belonging to the top. The existence of such vectors
is deeply linked to the irreducibility of induced modules. The second part of the proof
consists of determining the possible central characters for the gly-module in order for the
Rudakov module to contain a singular vector. This is done by restricting the possible gl
actions using equations of the type V,u = 0, where u is a singular vector and V, the
positive part of V. We obtain that singular vectors exist if and only if gly-module is the
dual of an exterior power of the natural module. This is our main theorem about Rudakov
modules:

Theorem. If U is a simple finite-dimensional gly-module that is not the dual of an
exterior power of the natural module, then the Rudakov module R,(U) is irreducible as a

V-module.

We also proved that the tensor product of irreducible Rudakov modules at distinct
base points is irreducible. The proof consists in creating a version of the Chinese remainder
theorem for the Lie algebra of vector fields. This was motivated by a result due to Michael
Lau [23]. He proved that every finite-dimensional module for multiloop algebras is the
tensor product of evaluation modules. Our result motivates the following conjecture:

Conjecture 1. Let M be an irreducible AV-module in which every vector generates a
finite-dimensional A-submodule. Then M is isomorphic to the tensor product of Rudakov
modules.

Finally, we constructed gly_;-modules by restricting the action of the Lie algebra of
vector fields on a N-dimensional torus. The modules that we study are the ones appearing
in the de Rham complex, these modules are reducible as modules over the Lie algebra
of vector fields, we found conditions for the irreducible components to remain irreducible
after restricting the action. For the case N = 2, we gave a complete description of these
modules realizing them using GT-tableaux and using the classification given in [14].
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Chapter 2

Notation and Definitions

This chapter is divided into four parts. The first two present the definition of Lie
algebras and their representations, the main reference is [17]. The third part is a brief
review of algebraic varieties with the main reference [16]. Finally, the fourth part presents
the category of AV-modules. Our objects of study live in that category. The fourth part
also contains a construction (due to [4]) describing elements of vector fields on a variety,
in a more tangible way.

2.1 Lie algebras

An algebra is a vector space with a bilinear product. One way how algebras appear
is as the set of observables in physics. For example, the set of observables in classical
mechanics is a Poisson algebra while the ones in quantum mechanics is a Jordan algebra.

Another example of algebra is the set of endomorphisms of a vector space with the
product being the composition, it is an associative algebra. Our object of study is an
algebra that is neither commutative nor associative, instead, it has two properties that
substitute commutativity and associativity:

Definition 2. A Lie algebra g over a field K is a K-vector space together with a bilinear
map |.,.] : 9 X g — g, called Lie bracket, with the following properties, for any x,y, z € g:

1. [z,z] =0,
2. [y, 2l + [y, [z, 20] + [z, [, 9] = 0.

The first property implies anticommutativity [z, y] = —[y, z], and in fact, is equivalent
to anticommutativity when the characteristic of the field K is not 2. The second property
is called the Jacobi identity, it is also good to notice that it can be rewritten as [z, [y, z]] =
[[z,y], 2] + [y, [z, z]] becoming the Leibniz rule for derivatives.

Examples:

1. Given any vector space V we can define the Lie bracket identically zero. When this
is the case we say that Lie algebra is abelian.

2. The space R? with the cross product as multiplication is a Lie algebra.

3. Associative algebras are a rich source for Lie algebras. Suppose A is an associative
algebra where the product is denoted by juxtaposition. We can define a Lie algebra
A) with a Lie bracket given by the commutator, i. e., [a, b] = ab — ba for a,b € A.

7
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Given two Lie algebras g and b, a linear transformation ¢ : g — b is called a ho-
momorphism if ¢([g,h]) = [p(g),¢(h)] for all g,h € g. If A is an associative algebra,
a linear transformation ¢ : g — A is called a Lie associative morphism if 1([g, h]) =
w(g)w(h) — ¥(h)Y(g) for all g,h € g. As usual, a homomorphism that is a bijection is
called isomorphism and if the image is equal to the domain is called endomorphism.

Example: Let s0,,(K) denote the set of skew-symmetric n by n matrices over K. This
is a Lie algebra with the bracket given by the commutator. We claim that so3 is isomorphic
to K3 with the cross product. Indeed, let ¢ : s03 — K3 be given by

0 a ¢
o|l—a 0 b =(a,b,0),
—c —=b 0

where a,b,c € K. It is easy to check that ¢ is a bijection, we will show that ¢ is a
homomorphism. We have, in one hand,

0 a c 0 d f 0 bf —ce ae — bd
oll—-a 0 b|,{—-d 0 e =¢ | —(bf —ce) 0 —af +cd
—c —=b 0 —f —e 0 —(ae —bd) —(—af+ cd) 0

= (bf — ce,—af + cd,ae — bd).
On the other hand

0 a ¢ 0 d f
ol—a 0 bl.,0|—-d 0 e = (a,b,c)x (d,e, f) = (bf —ce,—af +cd,ae —bd).
—c —=b 0 —f —e 0

This shows that s03(K) is isomorphic to K3.

Definition 3. Given a (not necessarily associative or commutative) algebra A, the subset
of endomorphisms of A that satisfy the Leibniz rule:

d(ab) = 0(a)b+ ad(b),

is denoted by Der(A) and its elements are called derivations of A.

The composition of derivations is not necessarily a derivation. Nevertheless, the com-
mutator of two derivations is a derivation:

[6,7)(ab) = d(v(ab)) — v(d(ab))
= 0(y(a))b+7(a)d(b) +d(a)y(b) +ad((b)) = (5(a))b—d(a)y(b) — v(a)d(b) — ay(4(b))
= [0,7](a)b = a[d,~](b).

This gives us another source of Lie algebras - the set of derivations Der(A) with the Lie
bracket given by the commutators.

Definition 4. An ideal of a Lie algebra g is a subspace b such that [g,h] C h. A Lie
algebra whose dimension is greater than 1 and whose only ideals are 0 and itself will be
called simple.
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One important ideal of every Lie algebra is the center:

Definition 5. Let g be a Lie algebra, the center of the Lie algebra is defined as
Z(g):={g9€gllg,h] =0, for all h € g}.
It follows immediately from the definition that the center is an ideal of g.

Example: Let us take the algebra of all n xn matrices over the field K. This associative
algebra is a Lie algebra with the Lie bracket given by the commutator and is denoted as
gl,,(K). Since the trace has the property Tr(AB — BA) = 0, for any matrices A, B, this
algebra has two non-trivial ideals: the center, given by multiples of the identity and the
subalgebra of matrices with trace equal to zero which we denote by sl,,(K). The Lie algebra
sl,(K) is actually our first example of a simple Lie algebra '. When the field is fixed we
might simply write gl,, and sl,.

Let g be a Lie algebra and g,h € g. Define the adjoint map ad: g — Der(g) as
(ad(g))(h) = [g, h]. Because of the Jacobi identity ad(g) is, indeed, a derivation. Since,
for § in Der(g), [d,ad(g)]=ad(d(g)), we have that ad(g) is an ideal of Der(g). For simple
finite-dimensional Lie algebras we actually have the equality ad(g) = Der(g) (See section
5.3 of [17]).

Example: Let us take the Lie algebra sly(K), the usual basis for this algebra is given

as follows:
01 1 0 00
=(o) =G A) =00

We have [e, f| = h,[h,e] = 2e and [h, f] = —2f, all the others brackets can be
obtained immediately using the properties of a Lie algebra. In the basis {e, h, f}, we have
the following matrices for the adjoint:

0 -2 0 20 0 0 00
ad(e)=(10 0 1], ad(h) =10 0 0 |, ad(f)=1-1 0 0
0 0 O 0 0 -2 0 20

A special type of subalgebra, called Cartan subalgebra, provides a crucial tool for the
Cartan-Killing classification of simple Lie algebras. The formal definition needs two other
concepts. A Lie algebra g is called nilpotent if g" = 0 for some n, where g° := g and
g’ :=[g"!, g] for i > 1. The normalizer of a subalgebra b of a Lie algebra g is defined as

Ng(b) :=={g € gl|[g,h] C b}.

Definition 6. A Cartan subalgebra h C g is a nilpotent subalgebra which is equal to its
normalizer in g.

For simple finite-dimensional Lie algebras, a Cartan subalgebra is a maximal abelian
subalgebra such that ad is diagonalizable for every of its elements (see |17, Chapter 8 and
15]).

Tt is no coincidence the name of these algebras with the groups GL,,(K) and SL,,(K). They are the
Lie algebras of these Lie groups.
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Definition 7. Let g be a Lie algebra with a Cartan subalgebra b and o € h*\{0} be a
linear functional. If go = {g € g|[h,g] = a(h)g,h € b} # 0, then « is called a root of g
and g, a root space.

We know from linear algebra that when diagonalizable linear transformations com-
mute then they are simultaneously diagonalizable. So given a Cartan subalgebra fh we can
decompose g as a direct sum of root spaces g, and the centralizer of f which is actually
equal to b (see [17, Proposition 8.2] ). This decomposition is known as the root decom-
position or Cartan decomposition. The set of roots of a Lie algebra will be called root
system and denoted by ®. So the Cartan decomposition is written as

g=bhaPo.

aced

Remark. All Cartan subalgebras of a Lie algebra are conjugate, therefore the root
system is uniquely determined up to an isomorphism (see [17, section 16]).

Example: Let us take the Lie algebra g = sl3(K) again and take h = (h). Since
ad(h) is diagonal in the basis {e, h, f}, this is an ad diagonalizable subalgebra. It is also a
maximal abelian algebra since [h, ae + S f] = 0 would imply o = 3 = 0. So b is a Cartan
subalgebra, and we have go = (e) and g_» = (f). So the roots of sly(K) are 2 and -2,
where we identify a linear operator in h* with its value on h.

Let g be a Lie algebra and g, h € g. We define k(g, h) = Tr(ad g ad k). This symmetric
bilinear form is known as the Killing form. For simple Lie algebras, this form is non-
degenerate [17, Chapter 5]. Hence it will induce a bilinear form on the dual space g* and,
in fact, by restriction, it will give us a bilinear form on the h*. We shall denote this form
by parenthesis.

Example: For any root « of a Lie algebra g, denote by t, the element of g such that
a(g) = k(ta, g). Let us take sl with the usual basis (e, h, f). We already have the adjoint
matrices of these elements with respect to this basis. To compute the Killing form, it only
remains to multiply them and take the trace. Then we obtain the following matrix for the
Killing form:

00 4
k=0 8 0
4 0 0

b

whose determinant is -128, so it is nondegenerate if char K # 2.

The Lie algebra sl has two roots o and —a where a(h) = 2. In order to construct
the bilinear form on h*, we need to find t, € h such that k(t,,h) = a(h) = 2. Using the
matrix of « it is straightforward to obtain ¢, = h/4, so (a, &) = k(ta, ta) = 1/2.

It is more interesting to look at sl3, this is an eight dimensional Lie algebra, the usual
basis is the following:

010 0 00 0 01
€1 = 0 00 s €y = 0 01 s €3 = [61,62] = 0 00 s
000 000 000
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) f2:

0 0
0 0
0 1
1 0 0
—1 O and ha =10 1
O 0 O 0 0

There are three copies of sly inside of sl3, indeed, (eq, hy, f1), (s, he, fo) and (es, hy +
ha, f3) are all isomorphic to sly. If we take as Cartan subalgebra h = (hy, hy), we expect
to have three pairs of roots that form root systems of sl,. To complete the action of the
Cartan subalgebra we need the following brackets: [h;, e;] = —e;, [hi, €3] = es, [, f;] = f;
and [h;, f3] = —f3, where 1 < i # 5 <2.

Fixing a basis of sl3 as {ey, es, €3, f1, fo, f3, h1, ho} we have ad(h,) = diag (2, —1, -2, 1,
1,—1,0,0) and ad(hy) = diag (—1,2,1,—2,1,—1,0,0). We can calculate the Killing form

restricted to h:
12 —6
= (—6 12) '

The roots are a = (2,—1), 8 = (—1,2), a« + 5 = (1,1) and their opposites —a, —f,
—a— 3, where we identified the roots by their values on (hy, hs). From the Killing form we
obtain t, = hy/6,t3 = he/6 and t,4s = (h1+h2)/6, which will imply (o, o) = (5,8) = 1/3
and (a, 8) = —1/6. We can realize root systems as vectors in RE™() and the bilinear form
as the inner product. In the case of sl3 all roots will have the same length and the angle
0 between « and 3, will be given by

) f3 [f?afl]

s
I
O = O
o O O
o O O
= O O
o OO
o OO
o OO

(@,8) 1
(,a)(B,8) 2

which implies § = 27/3, so we can represent the roots as follows:

cosf =

The following theorem summarizes the properties of a root system in general:

Theorem 8. [17, Theorem 8.4] Let g be a Lie algebra, b a Cartan subalgebra of g and @
the root system with respect to fy. Then:

1. ® spans b*.

2. If o € ® then —a € @, but no other scalar multiple of o belongs to ®.



12 NOTATION AND DEFINITIONS 2.1

3. Ifa, B € ® then

is an integer and o — («, B) belongs to ®.

These restrictions show us that the possibilities for root systems are very limited, for
example, there exists only one possible root system of dimension one and only four of
dimension 2. These are all the ingredients that one needs in order to classify all simple
Lie algebras of finite dimensions.

Eugene Dynkin [12]| gave a very elegant proof of the classification of simple Lie algebras
of finite dimension using a diagram that today has the name Dynkin diagram in his honour.
An important part of his classification was the definition of simple roots:

Definition 9. Let ® be a root system. A subset A C @ is called a basis of ® if every ele-
ment of ® can be uniquely written as a combination of elements in A with the coefficients
all non-negative or all non-positive.

Given a root system, it is always possible to construct a basis, the elements of a basis
are called simple roots. In our example of sl3, o and 3 could be chosen as simple roots.
Given a basis we define a Cartan matrix as A;; := (o, a;), where «;, a; are simple roots.
One important remark is that, up to reordering, a Lie algebra will only have one Cartan
matrix. In other words, different Cartan subalgebras or a different choice of basis will give
the same Cartan matrix, up to an ordering of the roots.

To each Cartan matrix, we associate a Dynkin diagram, which consists of a set of
vertices and edges. The vertices are the simple roots and the number of edges between
o, o is the product A;;A;;. When these numbers are not equal the edges are marked with
one arrow pointing to the shorter root. The classification of all possible diagrams can be
found in [17, Chapter 11].

Example: For sl; we have only one simple root so the Cartan matrix will have only
one entry equal to 2 and the Dynkin diagram will consist of only one vertex with no edges.
For sl3 we have (o, ) = (f,a) = —1, so the Cartan matrix is:

(2 )

and the Dynkin diagram will be:

Two questions arise. First, can two non-isomorphic Lie algebras generate the same
root system? And, second, given a root system that satisfies the conditions of Theorem
8, will it generate a Lie algebra? Both questions are easily answered with the so-called
Serre-Chevalley realization.

Let A = {oy,...,a,} be a basis of a root system and let A be its associtated Cartan
matrix. Let h = span{hy,..., h,} and define the action of A in b as «;(h;) = A;;. Define
the Lie algebra g generated by the 3n elements {e;, h;, f;} with ¢ = 1,...,n and the
following relations:

1. [hz,hj] - 0,
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2. [, fi] = bijhi,

3. [hi,e;] = Ayjey,

4. [hi, fi] = —Aij 15,
5. ad(e;)' i (¢;) =0,
6. ad(fi)' =% (f;) = 0.

Then g will be a Lie algebra, h will be a Cartan subalgebra of g, the root system of
g will be the one generated by A. If the Cartan matrix is indecomposable then the Lie
algebra will be simple. This construction shows us that for any Cartan matrix there exists
a Lie algebra associated, and it is easy to construct an isomorphism from a Lie algebra
with a Cartan algebra to the one generated by the Serre-Chavalley relations.

Observe that for each root «; we have a copy of sly, since A; = 2 for every i. The
element h; obtained that way is called the co-root associated with «;. We can also express
h; as

2tq,
(Oéi, 04@')'
Observe that this coincides with our definition:
2(1'(ti)
'hi = J :RAf.
a;(h;) (o, ) J

Given a basis of a root system, we will say that a root « is positive if all its coefficients
in this basis are non-negative and we shall write a > 0, respectively, we say that « is
negative if all its coefficients are non-positive and we shall write & < 0. Then the set of
roots is divided in two parts, the positive roots and the negative roots. This will induce
a decomposition of the Lie algebra known as the triangular decomposition. Let

n, = @ga and n_ := @ga.

a>0 a<0

Then we have
g=n_®bdn,.

This decomposition will be important for us in the next section.
Example: Let g = sl3 and let us the same notation of the previous example. We have
Ny =00 DPs D Gatp = Ke; ® Key @ K[eb 62]'

Analogously, fi, fo and [f1, fo] will generate the negative part.

2.2 Representations

In the words of Pavel Etingof: "Very roughly speaking, representation theory studies
symmetry in linear spaces."[13].



14 NOTATION AND DEFINITIONS 2.2

The idea behind the representation theory is to realize an algebraic structure as endo-
morphisms of vector spaces. When the vector space is finite-dimensional we can identify
elements of an abstract algebraic structure with matrices. This gives us a new way to
interpret a, sometimes, very hard structure in a much more tangible way. Not only that,
the classification of all representations also gives us all the possible ways we can use the
algebraic structure acting somewhere.

Observe that it seems we are talking about morphisms between different categories.
Nevertheless, we can circumvent the restriction creating some associative algebra under-
lying our structure. For example, group representations are, in fact, representations of the
group algebra. In the case of a Lie algebra, the corresponding associative algebra is the
universal enveloping algebra, which will be presented at the second subsection. In the last
subsection, we present their representations.

2.2.1 Representations of associative algebras

Definition 10. A representation of an associative algebra A is a vector space V' together
with a homomorphism of associative algebras p : A — End (V).

Given a representation (V) p) of an associative algebra A we may also call V' a rep-
resentation or a module for A. We also may omit p when we talk about A acting on V,
writing av = p(a)v fora € Aand v € V.

Examples: Let A be an associative algebra.
1. The space V' = {0} is a representation called the trivial representation.

2. If Ais 1-dimensional, that is, it is a field, then every representation is a vector space
over A.

3. Let V and W be representations of A. Then V @& W is a representation of A with
the action given by a(v, w) = (av,aw), for a € A, v € V and w € W.

Given W C V, if AW := Span{aw|a € A,w € W} C W, we say that W is a sub-
representation of V. If W is equal to 0 or V' then W is called a trivial subrepresentation.
If a representation V' contains only trivial subrepresentations, it is called irreducible and
if it cannot be written as a direct sum of two non-trivial subrepresentation, it is called
indecoponsable.

The main problem in representation theory is the classification of irreducible and
indecomposable representations. An irreducible representation is indecomposable while
the converse is not true. For finite groups the converse is also true, it is known as Maschke’s
theorem.

Example: Let S,, be the group of permutation of n elements. Then K" is a represen-
tation with the action o(e;) = e,(;), where o € S,, and {ey,...,e,} is the standard basis
of K".

Let V' = K(e; + ... + e,). Since every permutation acts on V' as identity, we have
S,V =V.So V is a submodule, since it is 1-dimensional it is irreducible. The space V*
of is also an irreducible submodule. This fact can be proven using character theory in
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a very simply way?. An interesting consequence is that given any two non-zero vectors
with the sum of their coordinates equal to 0, we can write one as a linear combination of
permutations of the other.

Lemma 11 (Schur’s lemma). Let p; : A — End(V1) and ps : A — End(V2) be two
wrreducible finite dimensional representations of A. Let f : Vi — V5 be a linear map such
that fpi(a) = pa(a)f, for every a € A. Then

1. f=01if (Vi,p1) is not isomorphic to (Va, pa).
2. fis a multiplication by a scalar if (V1, p1) = (Va, p2).

Proof. Although the proof is very similar for different structures, they are some idiosyn-
crasies. For groups see |30, Proposition 4]. For Lie algebras see |15, Theorem 4.29]. [

2.2.2 Universal enveloping algebra

To construct representations of Lie algebras, we need some underlying associative
structure. One way is to map a Lie algebra g into the Lie algebra A=) for some associative
algebra A. The universal enveloping algebra for a Lie algebra will be an associative algebra
with 1, that can be considered containing all such maps as quotients. The formal definition
is given as follows:

Definition 12. A universal enveloping algebra of a Lie algebra g is an associative algebra
U(g) together with a Lie associative map i : g — U(g) such that the following holds:
for any associative algebra A and Lie associative map j : g — A, there exists a unique
homomorphism of associative algebras v : U(g) — A such that the following diagram
commutes:

U(g)
(0

|

I

|

|

|

|

:
\V
A

Two questions remain about this definition, does this object exist? And if it exists, is
it unique? The second question is easier to answer. Suppose that for a given Lie algebra
g there exist two universal enveloping algebras (U(g),4) and (U'(g),d’). If we set, in the
previous diagram, A = U'(g) and j = ¢ we get ¥ : U(g) — U'(g) and ¢ : U'(g) — U(g).
Now, if we set A = U(g) and j = i we get that the identity in U(g) and ¢ o ¢ will work
as the unique dotted map, so they must be the same. Analogously, 1) o ¢ and the identity
in U'(g) are the same, so U(g) is isomorphic to U'(g).

2An excellent reference for this subject is Serre’s book [30].
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To answer the question about existence, we will give a construction of the universal
enveloping algebra. Let V' be a K-vector space and define 7°(V) = K, T'(V) =V,
T>(V)=V ®YV,...and let

T(V) = @Ti(V).

A spanning set for T'(V') is given by elements of the form v; ® v, ®...®w,, for arbitrary
n. We can multiply elements in T'(V') in the following way

(M R..U) (W R ... W) =11®... 0V, QU R ... R Wpny,

so T(V)T™(V) c T™*™ (V). This makes T'(V') a graded associative algebra which is
called the tensor algebra. It is actually a universal object: given an associative algebra A
and a linear map j : V' — A there exists a unique homomorphism of associative algebras
¢ : T(V) — A such that j = 1) o ¢ where ¢ is the inclusion i : V' — T'(V).

To construct the universal enveloping algebra, we will need to take a quotient of the
tensor algebra, so that the structure of Lie algebra is preserved. Before doing so, we will
present two other important quotients of the tensor algebra as examples.

Examples:

1. Let Is be the two-sided ideal of T'(V') generated by all elements of the form = ® y —
y ® x where z,y € V. The quotient S(V) :=T(V)/Ig, is called symmetric algebra.
If we fix a basis for V then S, (V') can be viewed as the polynomial algebra with the
variables being the basis elements.

2. Take the two-sided ideal I4 generated by all elements of the form z ® y + y ® =z,
then the quotient A(V') := T'(V')/ 14, is called the exterior algebra. Unlike S(V'), the
exterior algebra A(V) is finite-dimensional, whenever V' is.

The universal enveloping algebra for a Lie algebra g is constructed in a similar way as
in the previous examples, in this case, we take the two-sided ideal Iy in T'(g), generated by
all elements of the form z®@y—y®x—|[x, y| where x, y in g, then we define U(g) := T'(g)/Iy.

The proof of the universality of U(g) follows from the universality of T'(g). For any
linear map j : g — A there is the unique ¢ : T(g) — A, but if j is a Lie associative
morphism then its kernel lies in Iy, so by the isomorphism theorem there exists a unique
Y 1 U(g) — A such that the following diagram commutes:
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where 7 : T'(g) — U(g) is the projection.

Just from the definition of universal enveloping algebra it is very hard to describe
the elements of it. However, there is one important theorem, named after Henri Poincaré,
Garrett Birkhoff and Ernst Witt, which gives us a basis of the universal enveloping algebra:

Theorem 13. [17, Corollary C of Theorem 17.53] Let g be a Lie algebra and (g1, go, - ..) an
ordered basis of g. Then the elements gi1y - . . Gigm) = T(Gi1) @ . . @ Gi(m)) Wwith m € Z* and
i(1) < ...<i(m) form a basis of U(g). Here m : T(g) — U(g) is the natural projection.

This theorem is commonly referred to as PBW theorem. The following example shows
how we can express an arbitrary element of the universal enveloping algebra in different
forms and how to obtain the unique expression in terms of a basis given by the PBW
theorem.

Example: Let us take the Lie algebra sly(K) with the usual basis but with a different
order (f,h,e). Then a basis of U(sly(K)) is given by all f™h™e"  with ny,ns,ny € Z7.
For example, suppose we want to expand e?f in this basis. To do this we will have to
proceed using commutators as follows:

eAf =efe+ele, f] = efe+eh= fe* + e, fle + he + e, h] = fe* + 2he — 2e.

2.2.3 Representations of Lie algebras

Remember that from an associative algebra we can build a Lie algebra. Constructing
a representation of a Lie algebra amounts to finding a copy of this Lie algebra or of its
quotient in the set of endomorphisms of a vector space.

Hence a representation of a Lie algebra g will consist of a vector space V and a Lie
associative map from g to End(V'). By the universal property of U(g) this is equivalent
to a representation of U(g).

Examples:

1. For gl, there exists a representation, which is called natural representation, that
consists of sending each matrix of gl, to the linear transformation given by that
matrix in the canonical basis of K”. It is clear from this action that any non-zero
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vector v € K" will generate the whole space, so this is an example of an irreducible
representation of gl,,.

2. Let g be a Lie algebra and V and W be g-modules. Then V @ W is a g-module with
the action given by
g @w) =gv@w+v @ guw,

where g € g,v €V and w € W.

3. Let V be a g-module, then the exterior algebra A(V') is a g-module with the action

given by:
k

g(vl/\.../\vk):Z(vl/\.../\gvi/\.../\vk).
i=1
The subspaces A¥(V) generated by elements of length k, that is, v; A ... A vy, are
submodules of the exterior algebra and are called the k-th power of V. For gl,, the
powers of the natural module will play an important role in the next chapters.

For a given representation (V,p) of a Lie algebra g, we can construct a dual repre-
sentation on the dual space V*. We define the dual representation p* : g — End(V*)
as

(" (9)f)(v) = = f(p(g)v),

where f € V* and v € V and g € g. The minus sign is needed to ensure that p* is a
representation.
Given a module V for a Lie algebra g with a fixed Cartan subalgebra h and a € b*,
define
Vo ={v e V]hv=a(h)vforall h € b},

if V,, # 0 we say that a is a weight of V' and V, is a weight space. When V' is a direct sum
of weight spaces we call V' a weight module.

Example: If g is a simple finite-dimensional Lie algebra then (g,ad) is a weight
representation of g. The roots are the weights of this representation.

For simple finite-dimensional Lie algebras, every finite-dimensional representation must
preserve the Jordan decomposition, in other words, it means that an ad diagonalizable
element will also have its image, under the representation, also diagonalizable and ev-
ery nilpotent element will have nilpotent action (see |17, Corollary 6.4]). This implies
that every finite-dimension representation of a finite-dimensional Lie algebra is a weight
representation.

Example: We will construct all irreducible finite-dimensional modules for sl,. Let us
start with an sly-weight module M. Let v be an eigenvector of h associated with the
eigenvalue A, that is, hv = Av. We have

hev = ehv + [h, e]v = Aev + 2ev = (A + 2)v

and
hfv= fhv+[h, flo = Afv—2fv = (\—2)v.
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So e and f act in M by shifting the eigenvectors of h. Since we are looking for finite-
dimensional modules there must be some eigenvector on which e will act as zero, otherwise,
we could be generating infinitely many eigenvectors of h.

Let A be the eigenvalue of such eigenvector vy, that is, evg = 0 and hvy = A\vgy. Let us
construct a basis for M by applying f to vg: v1 := fvg, v2 := f2vy and so on. In summary
we have so far hv, = (A — 2n)v, and fv, = v,y for n € Z*. It remains to calculate the
action of e on this set. We claim that ev,, = (rA — n(n — 1))v,_1. We will prove this by
induction. For the basis of induction, we have evy = 0. For the induction step suppose
evp_1 = ((n— 1A= (n—1)(n — 2))v,_2, then we have

evp, = efvn,_1 = fev,_1 + e, flun-1 = f((n— DA = (n—1)(n — 2))v,—2 + hv, 4
= (n—DA=(n—-1Dn—-2)+A—=2(n—1)v,_1 = (RA —n(n —1))v,_1.

The whole action can be summarized in the following diagram:

h~\—4 h~\—2 h~\

f~1 f~1

Here each arrow indicates the action of a basis element of sl,. For example, it states
that if you apply e to v; you will obtain vy times A, if you apply h to vs you get vy times
A—4.

From this we actually got an infinite-dimensional module, however, if \ = n € Z™, then
we have that ev,; = 0, so v,,; will generate a sub-module, let us call it M"*¢. The quo-
tient L()\) := M/M" is our finite-dimensional module, actually any finite-dimensional
module for sly is isomorphic to some L(A) with A € Z*. For example, the trivial rep-
resentation is L(0), the natural representation is L(1) and the adjoint representation is
isomorphic to L(2).

There is a generalization of this construction to any Lie algebra with a triangular
decomposition, called the Verma module, in honour of Daya-Nand Verma.

Definition 14. Let g be a Lie algebra with a triangular decomposition: n_ &b S n,. Let
A € b* and let V' be the one dimensional module for b & n, where hv = A(h)v for every
h € b and ny acts trivialy. Then the Verma module is defined as

M(X) = U(g) Queyan,) V-
By the PBW theorem we have that
M) ~Un-) @k V.

A weight vector v in a g-weight module M such that the positive part of g acts as zero
is called a highest weight vector. If M is generated by a highest weight vector it is called
highest weigh module. Verma modules are highest weight modules by construction.

Verma modules are always infinite-dimensional weight modules. Except for sls, for all
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other simple finite-dimensional Lie algebras, the dimensions of the weight spaces are finite
but not bounded.

For Verma modules, there is a simple condition to determine if they are irreducible.
If A\(h) ¢ Z* for all co-roots h, then M () is irreducible. For a proof of this fact see [17,
Section 21.2] 3.

Every Verma module contains a unique maximal submodule M7 and then L(\) :=
M(N)/M7 is irreducible. If A(h) € Z* for all co-roots, then L()) is finite-dimensional.
Every finite-dimensional irreducible module for simple finite-dimensional Lie algebras will
be of this type.

Proposition 15. A*(KY) is an irreducible gly-module.

Proof. Let {ey,...,en} be the standard basis of K. Then e,, A. .. Ae,, withay < ... < ag
form a basis of A*(K"). Each element of this basis is a weight vector of distinct weight
for the Cartan subalgebra h = (E;;). This implies that every highest weight vector must
be a multiple of some basis vector.

Let eq, A. .. Aeg, be a highest weight vector, that is, Ejj(eq A. .. Aeq, ) = 0 for i < j. For
a fixed E;; the last equation is true if a;, = 7 for some k or none is equal to j. If we consider
all pairs (7, j) with ¢ < j the only possible vector that satisfies this equation is e; A. .. Aey.
Similar to the case of groups, for simple Lie algebras, indecoponsable representations will
also be irreducible. This is know as Weyl’s Theorem (|17]|Theorem 6.3|). For our case,
since there is only one highest weight vector and this module is finite-dimensional, we
have that it is irreducible. m

For k € {1,..., N}, the highest weights appearing in A*(K") are special, they are
called fundamental weights. Since

etN...Neg, 1€{1,...,k},

Bier .o New = { 0, oiherwise,}
we have that h;(ey A... Aeg) = dper A... Aeg, where h; = E;; — E; 141, is the usual set
of co-roots. so these highest weights coincide with the dual basis of the set of co-roots.

Let g be a Lie algebra, and let Z(U(g)) be the center of the universal enveloping
algebra. By Schur’s Lemma 11 any element in Z(U(g)) will act in an irreducible g-module
by a scalar. Given a g-module V' we define x : Z(U(g)) — K by taking each element of
Z(U(g)) into the scalar it is acting by. Such function is called a central character.

For some algebras, describing their center is not an easy task. For us the center of the
universal enveloping algebra of gl will be very important. Define the following elements
of U(gly):

N
Qk: - § Eilig Ei2i3 e Ezkzl
01,y =1

These are called Casimir elements. The Casimir elements give a description of Z (U (gly)):

Proposition 16. [26, Corollary 7.1.2] Z(U(gly)) is a polynomial algebra in the variables
Z(Z/{(Q[N)) = K[Qb s 7QN]'

3Tn Humphrey’s book Verma modules are called standard cyclic modules.
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Example: Note that Z(U(gly)) acts via a central character on any Verma module. In
order to compute this central character we may apply the Casimirs to the highest weight
vector. Let b be the usual Cartan subalgebra of sy and let A € h* and o € K. Denote by
V(A, @) the gly-module which is the quotient L(A) of the Verma module M(\) for sly,
and with the identity acting as multiplication by a. So €}y = Id will act by a.

Let us look at the case N = 2. Let vy € V(A, «) be a maximal weight vector. We have
that €y will act on v, as follows:

Q2v>\ = (E%I + E19F9 + Eo o + E222)U>\
= (Id+h)> +ef + fe+ L(Id— h)?) v,
= (f@+ 22+ 2+ j(a—X2)?) vn = (507 + 377 + Moy,

which implies

A= 141+ x(Q) —a.

If we add the two possible values of \ it gives us —2. For a positive integer n, the only
highest module with the same central character as V(n, «) is V/(—n — 2, «), which agrees
with the construction of a Verma module M (n). The first module is isomorphic to the
quotient L(n) and the second to the radical of M (n).

Recall that every irreducible finite-dimensional module for gl, is a highest weight
module. So the conclusion of this example is that given a central character there exists at
most one irreducible finite-dimensional module with such central character.

For an arbitrary simple Lie algebra this result continues to be true, it is a consequence
of an important theorem due to Harish-Chandra. To present his theorem let § denote the
half of the sum of all positive roots of g and let W denote the group of symmetries of the
root system of g, such group is called Weyl group named after Hermann Weyl. Let A u be
weights, we will write A ~ p if A 4 is in the same orbit as u + J under the action of the
Weyl group.

Example: Let g = sly, we have two roots 2 and -2. So the Weyl group is isomorphic
to 9o, the identity and the multiplication by -1. In this case, ¢ is equal to 1. For A and
p distinet weights of sly, we have A ~ p if and only if A+ 1 = —(u + 1) which implies
A+ p = —2 as we obtained in our previous example.

Theorem 17 (Harish-Chandra’s isomorphism). Let g be a simple Lie algebra with a
Cartan subalgebra . Let A\, p € b*. If x» = xu then X >~ p.

It follows from this theorem that there is at most one finite-dimensional simple module
with a given central character. In order to properly address this question, we would have
to discuss in much more detail the symmetries of root systems. However the general idea
can be seen from our previous example. A finite-dimensional module will have the same
character as modules in the same lattice obtained by a symmetry of the root system
applied to the highest weight vector, this symmetry will switch the sign of at least one
co-root. As we saw, the corresponding module will be infinite-dimensional. So, the central
character defines uniquely a finite-dimensional module.

Example: Let us calculate central characters for A°(C?), A'(C?), A%(C?) as a gly-
modules. For A°(C?), the central character is zero since the action is equal to zero for
every element of gl,.
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For A'(C?), we have that Q; will act as 1, an the action of €y can be calculated
applying it to e;:

(E121 + Ei9B9 + Eo Fhg + E§2)61 = Eie1 + Erges = 2ey.

For A?(C?), we have € acting by 2, an the action of ), can be calculated applying it
to e1 N\ es:

(Efl + E12E21 + E21E12 + E222)(61 VAN 62) = (EH + E22)<€1 A 62) = 261 A €a.

These central characters are presented in the following table:

Q(0]1]2
Dy |012]2

So any finite-dimensional gl,-module that has one of these characters will be isomorphic
to one of the exterior powers of the natural module.

2.3 Algebraic varieties

The results in this section do not require that our field K is of characteristic zero. Let
AR be the set of all n-tuples of elements of K. For f € Klzy,...,x,], we can define a
function from A} to K by evaluation: (ay,...,a,) — f(ai,...,a,) where ay,...,a, € K.
Let I be an ideal of K[zy,...,x,]. Since K[zy,...,z,]| is a Noetherian ring, there exist
g1, -+, 9m such that I = (g1,...,gm). Since each g; is a polynomial, we can talk about
theirs zeros. Let us denote the set of common zeros by

V(I)={(a,...,a,) € Ag| f(a1,...,a,) =0 for all f € I}.

Definition 18. A subset X € A} is called an affine algebraic variety, or simply affine
variety, if there exists ideal I of K[xy, ..., x,] such that X =V (I).

Proposition 19. The union of two affine varieties is an affine variety. The intersection
of any family of affine varieties is an affine variety. The empty set and the whole space
are affine varieties.

Proof. Let X; = V(I;) be a family of affine varieties. Let I;I; be the set of all linear
combinations of polynomials that are a product of one polynomial in I; by one in I;.
Then X; U X; = V(I;1;), indeed, any point in X; U X; will be in X; or X and it will be
a zero of I; or I;, respectively, in any case it will be a zero in I;I;. Now take a point p in
V(1;1;) it must be a zero of I; or I;, otherwise there would exist f; € I; and f; € I; such
that fi(p) # 0 # f;(p) and then f;f;(p) # 0. If p is a zero in ; it belongs to X, if is a
zero in I; it belongs to X.
The proof of (| X; = V(U ;) is analogous. Finally, we have A = V(0) and @ = V({1)).
L]

From this proposition we can define a topology in Ag where the affine varieties are
the closed subsets, this is known as Zariski topology.
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Definition 20. A non-empty subset X of a topological space Y is irreducible if it cannot
be expressed as a union X = Xi|J Xy of two proper Zariski closed subsets of X. The
empty set is not considered to be irreducible.

Example: We have that K[z] is a principal ideal domain, so any affine variety in Ak
will be the set of zeros of a single polynomial. Since Aj, is infinite (our field is algebraically
closed) and all proper affine varieties are finite, we have that Aj is an irreducible variety.

For an affine variety X C Ag we define
I(X) = A{f € Klan, ..., 2] | f(X) = 0}

We have one functor that takes ideals into affine varieties and now one that takes affine
varieties into ideals. The relations between these twp functors are shown by the following
proposition:

Proposition 21. Let X be any subset of A} and I an ideal in K[zy,...,x,]. Then
1. V(I(X)) = X.
2. Z(V(I)) = V1.
Here X denotes the closure of X, i. e., the smallest variety that contains X, and
VI:={feKz,...,z,]|f" €1 for some r > 1}

15 called the radical of I.

The first part of this proposition follows from the fact that the zero set of an ideal
is closed. The second part is a consequence of an important theorem known as Hilbert’s
Nullstellensatz:

Theorem 22 (Hilbert’s Nullstellensatz). Let I be an ideal of K[z, ... ,z,] and f be a
polynomial that vanishes at every point of V(I). Then f" € I for some r > 0.

For us, one corollary of this theorem will be important later in the text. But before
stating the corollary we need the following definition:

Definition 23. Let X be an affine variety and I be an ideal of functions that vanish on
X. Define the affine coordinate ring A(X) as Klzy, ..., z,]/1.

For every element in A(X) one can define a function on X by evaluation. So the
coordinate ring is also called the ring of polynomial functions on X.

Corollary 24. Let X be an affine variety and let {h;} C A(X) be a set of polynomial
functions on X such that for all points p € X at least one of the h; is non-zero. Then the
ideal generated by {h;} will be equal to the affine coordinate ring A(X).

Proof. Let H be the ideal generated by {h;} and let J C K[x1,...,zy] be the ideal given
by the theorem of correspondence of ideals, i. e., the pre-image of H under the projection
on A(X). We have that V(J) N X = 0 so, by the Hilbert’s Nullstellensatz, the constant
function on X belongs to J which implies that A(X) C H. ]
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We define the dimension of an irreducible affine variety X to be its dimension as
a topological space, i.e., the supremum of all integers n such that there exists a chain
oy C Zy C...C Zp, of distinct irreducible closed subsets of X.

The dimension of a ring is defined in a similar way, it is the supremum of integers n
such that there exists a chain py C p; C ... C p,, of distinct prime ideals.

Proposition 25. [16, Proposition 17] Let X be an affine variety, then the dimension of
X s equal to the dimension of A(X).

In the remainder of this subsection we will discuss the notion of smoothness in algebraic
varieties. From the geometric point of view, a variety is smooth if we can define a tangent
space at its every point. Points where we cannot properly define a tangent space will be
called singular points. Before introducing a formal definition, let us give some examples.

Examples: In the following examples we fix our field K = R of the real numbers, even
not being closed, it is the only one where we can draw, to give the idea of the types of
singular points. In the next examples the origin will be a singularity, each of a different

type.

1. The following graph is the variety V ({x?(x + 1) —y?)). This type of a singular point
is called a node. At this point you have more than one tangent line.

N
1 4

It I.\

- 1 2 3
—1+
—2 1

2. Another type of singular point is the one called cusp, here all partial derivatives
vanish. An example of such phenomena is the variety V ({z* — 23 + y?)).

y
0.4 |
0.2 |
‘ T
2 04 06 08 1.2
—0.2 |
—0.4 |
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3. Consider the variety V ((zy,xz)) C R3. This variety is a union of two other varieties
the yz-plane, V(x), and the z-axis, V (y, z). As we mentioned before, the union of two
varieties is a variety and can be obtained by taking the product of the corresponding
ideals.

This is another type of singular point, the line would have one dimension and the
plane two dimensions.

T

T

One way to define the tangent space is through the jacobian. It also helps to give a
formal definition of singular points.

Definition 26. For a given variety X C Ay, Let I = (g1, ..., gm) be the ideal of functions
that vanish on X. Then the m X n matrix

J = (891')
Ox; ij

From this definition it is clear that J depends on the choice of the generators of I.
However, the rank of J is independent of this choice (see [16]|Theorem 5.1]). A point
p € X is called singular if rankJ(p) < n —dimX. A variety is called smooth if it does not
contain singular points.

18 called the jacobian.

Example: Elliptic curves are plane curves given by V(z® + ax + b — 3?), where a and
b are two parameters of the field, such that the curve is smooth. To decide the possible
values of the parameters let us calculate the jacobian:

J=32+a 2y).

The rank of the jacobian is not 1 only when both expressions are equal to 0. If we plug
the equalities @ = —32? and y = 0 into the equation of the curve we obtain —2z3 +b = 0.
So this equation does not define an elliptic curve if and only if 4a® 4 27b% = 0.

2.4  AYV— modules

As we have mentioned before, our objects of study will be modules which admit the
action of both the Lie algebra of vector fields and the ring of polynomial functions on a
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smooth irreducible variety. The main idea of this section is to present a category where
those modules lie.

2.4.1 Charts

Throughout this section, let our field K be an algebraically closed field of characteristic
0, and let X C Af be a smooth irreducible affine variety of dimension N. Let I =
(g1, ..., 9m) be the ideal of functions in K[zy,...,z,] that vanish on X and let J be the
jacobian matrix and r its rank. Let A = K|xy,...,z,]/I be the algebra of polynomial
functions on X, and let V = Der(.A) be the Lie algebra of vector fields on X. For the
special case X = A" we shall write £ for the algebra of vector fields in X:

N 0
= K .
/C @ [xb 7'TN]axi

If @ is a monomial of degree d, we define the degree of the derivation () ai- tobed—1.
For [ > —1, let £(I) the subalgebra of L consisting of derivations with no terms of degree

less than [ and we have a filtration

LDLO)DLA)DLE2) D...

Let {h;} be the set of non-zero r x r minors of J and let C'(h;) := {p € X | h;(p) # 0}.
The jacobian criterion for smoothness (see [16, Section 1.5]) states that | J, C'(h;) = X. One
way to describe the Lie algebra V is as an A-submodule in the free A-module GB?:IA%,

which is the kernel of the jacobian matrix: ) . , fi% € V if and only if

> figl =0
=1
in Aforall j=1,...,m (see e.g. [6]).
Fix a non-zero minor h of J, let 5 C {1,...,n} be the set of corresponding columns

of J in h. For each i & (3, we can find f;; € h™' A, such that J7, = 0 where

0 0
T B T mea_x]
JEB

This is done solving the system Jf = 0. Since the rank of J is equal to ||, we can
solve this system of linear equations treating f;,7 ¢ [ as free variables.

Since f;; € h™' A we have that h7; € Der(A). Note that each 7; is a derivation of the
localized algebra A but not necessarily of A.

We have the following definition from |[8]:

Definition 27. We shall say that ty,...,ty € A are chart parameters in the chart C(h)
provided that the following conditions are satisfied:

1. ty,...,ty are algebraically independent, so K[ty, ..., ty] C A.
2. Each element of A is algebraic over K[ty, ... ty].

3. Foreachi=1,...,N, the derivation % € Der(K[ty,...,ty]) extends to a derivation
of the localized algebra Agy.
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From this definition, the existence of chart parameters is not guaranteed. The next
lemma gives us an example independent of charts and the variety, which assures the
existence of chart parameters in any case:

Lemma 28. [8, Lemma 4] We have that {x;|i ¢ B} are chart parameters in the chart

C(h).
It follows from the definition of chart parameters that
Der(Ag) = & A(mi-
i=1 ot;

Since Der(A) C Der(Ay)), each polynomial vector field 7 on X can be written as

A
n:;fiﬁ_ti

where f; = n(t;) € A. Note that here % is interpreted as the unique extension of the
partial derivative on K[t,...,ty] to a derivation of Ag.
In the case when we take {z;|i ¢ 5} as chart parameters, a derivation

0 0
n= Zfi% +ij%
©jes !

iZp

when embedded in Der(Ay) will be written simply as

0
n= Z fia_xi
i¢B

with the understanding that for j € 8 we have n(x;) = >_,45 fi0;/0x; = 3,45 fimi(2;).
With this convention we have h% €V for every i ¢ [5.

Example: Let us take X to be a 2-dimensional sphere S? C A3 with a defining ideal
I = (2? +y?+ 2?> — 1). Then the jacobian matrix is

J = (23: 2y 22).

We have three minors h; = x,hy = y and hy = z. Each corresponding chart is the
sphere without a great circle x = 0, y = 0 or z = 0, respectively. Each point of X belongs
to at least one chart, which agrees with the fact that S? is a smooth variety. Let us fix
h = z so that z and y are chart parameters. To find how the partial derivative % of
Klz,y] extends to a derivation of A(.) we need to solve the following equation

1
Jr.,=J | 0 | =0,
fez
where f,. € 27'K[x,y|. Solving this equation, we obtain f,, = —x/z, which implies
0 x0
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If we multiply 7, by h = z we obtain
0 0

2 — T —

Ox 0z
which is a known vector field on X. Treating 2z as an implicit function of x and y, we will
write 7, = a% with understanding that

0z x

or 2

Given a standard chart C(h), fix a point p in this chart and let ¢;,...,ty be the
standard chart parameters centered at p, i.e. t1(p) = -+ = ty(p) = 0. One possible
way to obtain such chart parameters is taking t; = z;, — p;,, i; ¢ 3. Write m, for
the maximal ideal in A consisting of functions that vanish at p. For [ > —1, define
V(1) :={n € V|n(A) € mL'}. Then we have a filtration of subalgebras

V=VY(-1)D>V0)>V(1)D...,

with [V(1),V(k)] C V(I+ k) for [+ k > —1. To simplify notation we shall sometimes write
V. for V(0).

Just from this definition, it is not easy to describe this filtration for most of the
varieties. The easiest case is taking X to be the affine space and p equals the origin. We
actually already did this at the beginning of this section. The next lemma gives an explicit
description of this filtration.

Lemma 29. [7, Lemmas 5,6] (a) We have V(1) = mJ™V.
(b) For any element p € L whose terms all have degree less than 1, there exists n € V
such that

1 = p + terms of degree > [.

(¢) There is an isomorphism of Lie algebras
Vi/V(l) =~ L /L(1).

One isomorphism that is particularly important for us is p: £, /L£(1) — gl given by
p(t;0/0t;) = E;;. This is clearly a bijection. It is a homomorphism of Lie algebras, indeed,

o) o) 0 0
p [tiaTj, tka_tl} =p (5jkti3_tl - 5iltk5_t].
= by — 0uEk; = [Eij, En) = [P (h%) P tka%ﬂ .
Im particular, applying the previous lemma, we have V, /V(1) ~ gl5. This isomorphism

will be used in the construction of our modules.

Definition 30. An AV-module is a vector space M equipped with module structures over
both the commutative unital algebra A and over the Lie algebra V such that these structures
are compatible in the following sense:

n-(f-m)=n(f)-m+f-(n -m),
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forallneV, fe A, andm € M.

We say that an AV-module M has finite rank if it is finitely generated as an .A-module.

Another important construction for us is the Hopf smash product. Let U be a Hopf
algebra with co-product: A : U — U®U. Write A(u) = Y, u; ®u?. Let A be an associative
algebra that is a module for U.

Definition 31. The smash product A#U is defined as the vector space A @ U with the
multiplication given as

(a®@u)(b®v) = Zau ) ® uv.

Recall that A is a V-module with the action being the derivation. Identify A and V
with their copies in A#U(V). The AV-module structure is equivalent to A#U(V)-module
structure. This structure will be important when we talk about Rudakov modules.
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Chapter 3

Gauge Modules

Tensor modules form an important class and have their origins in differential geometry.
In [25] Mathieu proved that simple weight modules with finite-dimensional weight spaces
over the Lie algebra of vector fields on the circle fall into two classes: highest weight
modules or tensor modules. Tensor modules will be discussed in the first section of this
chapter.

Motivated by non-abelian gauge theory, in [7] Billig, Futorny and Nilsson generalized
tensor modules by including into the action gauge fields. These new modules are called
gauge modules. When X = S', gauge modules with non-scalar gauge fields are examples
of non-weight modules.

Throughout this chapter we fix the following notation. Let X be an affine smooth
irreducible variety of dimension N, A its coordinate ring and V the Lie algebra of vector
fields on X. We also fix the letter h for non-zero minors of the jacobian matrix, C'(h)
for the charts and {t;,...,tx} a set of chart parameters. When X is the affine space AY
we will write the Lie algebra of vector fields as £ = Der(K[ty,. .., tx]), recall its natural
Z-grading: L =L 1 BLBLBLyD.... Weset L, to be a subalgebra of L of elements of
non-negative degree: L, = LoPL1BLoD. ... Note that Ly is spanned by the elements tia%
and it is isomorphic to gly. Refer to section 2.4 for more details about these structures.

3.1 Tensor modules

Although tensor modules may be defined for any variety, here we will define tensor
modules only for the N-dimensional torus. This will be done in order to present another
realization of the vector fields on an N-dimensional torus and, also, to simplify our nota-
tion and to present a theorem due to Rao.

One of the many problems in working with arbitrary varieties is to find good ways
to present their elements. The presentation via charts solves this problem. Without this
technique, only some varieties could be studied using some machinery that, most of the
time, was only suitable for it.

For example, functions on the N-dimensional torus may be expressed via the variables
t;=¢e%,j=1,...,N, where i € C is the imaginary unit. The Lie algebra of vector fields
on a torus then becomes

N

0
VTN = Der((C[tlﬂ, Ce ,tji\fl]) = @C[tli17 Tt >tﬁ1]§'
p

p=1

31
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It will be more convenient for us to work with the degree derivations d, = tpa%) as the

free generators of Vo~ as a C[t{, ... t3']-module:

N
Vv = P CH .. 63 ]dy
p=1

The Lie bracket in Vpw~ is then written as
[t dy, t"™dy] = mat™ ™ dy — Tyt ™ d,,,

a,b = 1,...,N. Here we are using the multi-index notations t" = ¢{'...¢%Y for r =
(ri,...,ry) € ZV.

Fix a finite-dimensional irreducible gly-module U. Let v € CV, this will be a shift in
A. We define the tensor module T'= T'(U, ) to be the vector space

T=qClgf,....¢x' U

with the action given by

N
Uda(q" ©u) = pag"" @ u+ > 1y¢" @ By,
p=1

where r € ZVN, pey+7ZN,a=1,...,N.

Theorem 32. [28, Theorem 1.9] Let U be an irreducible finite-dimensional gly -module.
The tensor module T'(U, ) is an irreducible Vp~ -module, unless it appears in the de Rham
complex of differential forms

7 Q(TY) = @ QYTY) — ... = ¢"QN(TY).
The middle terms in this complex are reducible YV~ -modules, while the terms
(TN and QN (TY) are reducible whenever v € ZN.

The tensor modules that appear in the de Rham complex correspond to the ones with
U as one of the exterior powers of the natural module A*(CV).

3.2 Gauge fields

Gauge modules are a generalization of tensor modules. The idea is to include in the
action of the vector fields a differential 1-form on the variety, the components of this 1-
form will be called gauge fields. In order to keep the action they must satisfy the following
axioms:

Definition 33. Let (U, p) be a finite-dimensional L -module.
Functions B; : Apy @ U = Apy®@U, i =1,..., N, are called gauge fields if

1. each B; is Apy-linear,
2. [Bi, p(L4)] =0,

3. [a% + B;, % + B;| = 0 as operators on Apy @ U for alli,j e {1,...,N}.
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Let {B;} be gauge fields, i = 1,..., N. Then the space Ay ® U is a Der(A,))-module
with the following action

0 B ag 1 8kf ké?
(fa_ti).(g(@u)—fa—ti@u—l—fg@Bzu%— Z EQW@),O(ta—ti)u.

kezZ¥\{0}

where f,g € Ay and v € U.
Considering left 4-action by multiplication and identifying the Lie algebra vector fields
V with its natural embedding into Der(A)), we obtain AV-module structure on Ay @ U.

Definition 34. An AV-submodule in Ay ® U which has finite rank over A is called a
local gauge module. We say that an AV-module M is a gauge module if it is isomorphic
to a local gauge module for each chart C'(h) in our standard atlas.

In this chapter, we will focus on the case when U is an irreducible finite-dimensional
L -module. It was shown in [3, Lemma 2] that such modules are just irreducible £y = gl -
modules on which £, with s > 1 act trivially. In this case the second axiom implies that

the gauge fields B; are just functions in A, and the third axiom of the gauge fields
8tj - W:
The action of Der(A,)) on A,y ® U can be written as follows:

becomes

0 o N5
(fa—ti).(g®u)Zfé,—i®u+ngi®u+;ga—i®p(Em)u. (3.1)

Given a gauge module (M, ) and a closed 1-form w € Q'(X) on X, we can define
a new gauge module structure ¢, on the space M. Write w in each chart C'(h) as w =
Pydty + ... 4+ Pydty with P; € Ag,y. Since w is closed, the functions {F;} will satisfy
on _ %—12. Then we define ¢, in the chart C(h) as

ot
Pw (f%) m:(,ﬁ(f%) -m+ fPm.

If the form w is exact, w = d(G) for some G € A, then module (M, y,) may be
formally interpreted as the space e“M with the “old” action ¢:

0 G, _ G 9 ¢, 9G
‘p(fati) cm=e “O(fat,-) me e g

In the case when the first de Rham cohomology H},(X) is non-zero, not every closed
1-form is exact, hence we can not always interpret ¢, as a formal shift of the algebra of
functions by a formal factor e©.

Although we can construct new gauge modules by modifying the action with a help
of a closed 1-form, an example of a family of rank 1 gauge modules for X = S?, given in
[7], shows that we can not obtain all gauge modules in this way, starting from modules
with zero gauge fields.

We recall the main theorem about gauge modules of [7]:

Theorem 35 (|7], Theorem 24). Let X be a smooth irreducible affine algebraic variety
and let M be a gauge module which corresponds to a simple finite-dimensional gly-module
U. Then M is a simple AYV-module.
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Our main goal of this chapter is to investigate the simplicity of these modules over
V. We are going to show that gauge modules remain irreducible as V-modules, unless
U is an exterior power of the natural N-dimensional gly-module. This will be done by
reconstructing the A-action from the V-action.

For the rest of the chapter, we will assume that M is a gauge module which corresponds
to a simple finite-dimensional gl-module U.

Recall from Proposition 16 that Z(U(gly)) = K[, ..., Qy], where

N
Qk = Z Ez'lig Ei2i3 e Eikil .

i1 yeyip=1

Lemma 36. If a gauge module M is reducible as a V-module, then €y acts on U by a
scalar from the set {0,1,...,N}.

Proof. Let M' be a non-trivial V-submodule in M. Let us fix one of the charts C'(h) of
X with its chart parameters. Let f € A, 7 € {1,2,...,N}, and 0 < r < 2. Consider the
composition of the actions of vector fields from V on Ay ® U:

0 0
(B fhsr) o () (g @ )

ot;
Expanding this expression using (3.1), we obtain a quadratic polynomial in r. Using
the Vandermonde determinant we conclude that M’ is invariant under the terms that
correspond to each power of r.
The operator that corresponds to —r? is

fr? (Ef — E) - (3.2)

and we conclude that M’ is invariant under these operators.

Since X is smooth, the set of functions {h;} determining the charts of X, has no com-
mon zeros on X. By the Corollary 24 of the Hilbert’s Nullstellensatz, the ideal generated
by {h?} coincides with A. Hence, M’ is invariant under EZ — Ej;, and more generally
f(E%Z — Ey) for any f € A.

Recall that FE;; belongs to the standard Cartan of gly, so there is a basis of U of
eigenvectors for all E;;. Consider the decomposition of U into the joint eigenspaces for the
family of commuting diagonalizable operators E2 — Ey, i =1,... N.

For m € M’ consider its expansion in the joint eigenvectors for £ — E;;, m = Yoo Ma-
Again we use the Vandermonde argument, so each component m,, is in M’.

Let us assume that the zero eigenspace is trivial, it means that for each component
m, there exists at least one ¢ such that Efl — F; is acting by a non-zero scalar, hence for
every function f € A we get fm, € M'. This implies that fm € M’ and M’ is in fact
an AYV-submodule in M. But Theorem 35 states that M is irreducible as an A)-module.
Since M’ is a proper submodule, this is a contradiction with our assumption that the zero
eigenspace is trivial. So we conclude that the zero eigenspace is, in fact, non-trivial. This
means that each FEj; is acting on this space as either 0 or 1. But then 2; = Zf\il E;; acts
on U by a scalar from {0,1,...,N}. ]

We will use the notation Iy = {1,2,..., N} below.
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Proposition 37. Let k > 2. For an arbitrary f € A a V-submodule M' in M is invariant
under the action of

(N +k—1)!
f Z Z Eia(1)i1Eio<2)i2 cee E"cr(kﬂk - Tﬂl

ieIk o€Sk

Proof. Fix s to be a large enough element in Z% (it should be large enough for the
Vandermonde arguments we use below to work, s; > k3 for all j will suffice). Let ¢ € KV
and f € A. LetrEZﬂ\: with 0 <r; <kforalll1 <j <N andlet 0 < ng,...,ng <k.
Denote by {¢1,...,ex} the standard basis of Z"¥. We shall be using multi-index notations,
with (t +¢)® = (ti + 1) ... (tv + en).

Consider the action of

R 7 T narp, 9y mry, 9
((t+c) ! fhawil)O((tJrc) ha%)o o((t+c) ha%)-

As in the Lemma 36 we can expand this expression into a polynomial in ng, ..., ng
by applying (3.1). By a Vandermonde argument, M’ is invariant under the action of each

term in this polynomial. The action of the term corresponding to the monomial n3ns . . .ny,
is given by

t+e)* fhF | r, — T By N re. B,
( )f (ll Z Q1 Q1Z1> (Z 22 Q2Z2> (Z qar lek>

q1 q2 dk

Since c is arbitrary, M’ is also invariant under

fhk (Th - Z rq1Eq1i1) <Z rququz) s (Z TQkEQkik> (3'3)
q1 q2 qk

Consider a sequence ¢ = (iy,...,i;) € I%. The permutation group Sy acts naturally
on the set I¥. Let us denote by Stab(:) the stabilizer of ¢ in Sy. Set

1
w, = M U;Sk Eiyyis Bigayia - - - Eigayin-

For a sequence ¢ € I% denote by 7 the truncated sequence i = (is, . .., i) € []’f,’l. Then the
coefficient of —r; 7, ... 7, in (3.3) is fh*(w, — w;) and M’ is invariant under the action of
this operator. By recursion on k we conclude that M’ is invariant under fh*(w, — E;,;, ).

Multiplying these expressions by |Stab(¢)| and taking a sum over all ¢, we get that M’
is invariant under

1
fhk Z Z Eiau)ilEia(g)iz s Eic;(k)ik - N Z ‘Stab(L)‘Ql

eIk, 0€S velk,

Let {O;} be the set of orbits of Sy in I%. Each orbit can be thought of as a k-
combination with repetitions from a set of N elements. By standard combinatorics, the

number of the orbits is (N Jf_l). Fix a representative ¢; in each orbit O;.
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Then we have:
N+Fk— (N+k—1)!
E:wnm ]__E:K)]|&ab@\__§:Hﬁ < )k!:-Yﬁﬁfﬁrﬂ

and M’ is invariant under

(N+E-1)
Z Z Eia(1)i1Eio<2>7;2 RN Eia(k)ik — Tgl

LE[]’% c€Sk

Since this is true for each chart of X, we can apply Hilbert’s Nullstellensatz to the ideal
generated by {h;“} and drop A* in the above formula, obtaining the claim of the proposi-
tion. O

- Z Z By yinBigayia « -+ Big i

ielk 0€Sk

Lemma 38.

belongs to Z(U(gly)).

Proof. Fix a,b € I. We need to show that [Eab, Qk] = 0 in U(gly). We can evaluate
this commutator as follows:

E E E 6bi0<l) Ei0<1)i1 .. Eail Ce Eig‘(k)ik - 5ailEio'(1)il ce Eia(l)b ce Eig(k)ik

og€Sy lely, ie[]’f]

- Z Z Z Ea(l)“ oo By a(k)zk Z Z Z Eo(l)“ T a<z>b T Eia(kﬂ'k'

€Sy eIy, zEI]I% €Sy lely, 7~€IN

i (1y=b ij=a
Denote the product in the first sum as I'"(0,l,7) and the product in the second sum
as F*(a,l,i). The terms I'"(o,1,i) appear only for ¢ with i, = a. For each such i =
(i1,. .. a, ... ig) set i = (ir,....b,... i) with i, = b. Set | = o~'(1). Then we claim that
for i with 4, = a we have I'"(0,1,1) = I't(0,1,7). Note that I (o, 1,7) will appear in the
summation since 7 o = = i, = b. Indeed both products I't (o, l,z) and ' (o, [,7) will have
E; (b a8 [-th factor and Em-f as I-th factor, and all other factors are the same as well.
Since we have a bijective correspondence between the terms I'™ and '™, all terms will
cancel, showing that the Lie bracket is indeed zero. O]

Corollary 39. There exist at most N + 1 simple finite-dimensional gly-modules U, for
which simple gauge AYV-modules become reducible when viewed as modules over V.

Proof. Lemma 38 guarantees that Qk can be written as a polynomial in Casimirs €);, we
set

N N+k—1
Pk(Qla"'7Qk) = Qk ( NI ) Ql
Note that for 2 < k < N, the Casimir Q will occur in Py (€24, ..., ) with a non-zero

coefficient, so P, may be written as Pp(Qy,..., Q) = ¢ + Qr(Q1, ..., Q_1). Indeed,
the expression for €2, contains the term FEi5Fs3. .. Eyq, while such a term can not come
from the products of the Casimirs of lower orders.
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From Lemma 37 we know that M’ is invariant under the action of f Py (€, ..., Q). If
any of these polynomials acts as a non-zero scalar on U then we can reconstruct the A-
action and conclude that M’ is an AV-submodule in M, which will contradict simplicity
of M as an AV-module.

If all polynomials Py(£24,...,€y) for 2 < k < N act on U as zero, each one will
be fixing the value of one Casimir in terms of the values of the lower Casimirs, so if
we fix the action of {2; and all the polynomials are acting by zero we will be fixing the
central character of U. By the Harish-Chandra Isomorphism we have at most one finite-
dimensional simple gly-module for each central character, see e.g. [17, Chapter 1]. Thus
we have at most N + 1 simple gly-modules that give rise to reducible V-modules, since
by Lemma 36 we have N + 1 possible values for the action of €2;. ]

Remark 40. Note that the polynomials Py($1, ..., Q) are determined by the gly-module
U and do not depend on neither the gauge fields {B;}, nor on the variety X .

Example: P,(Q,Q,) is given by Qs + Q% — (N + 1)Q. For N = 2, if we take Q; €
{0,1,2} and obtain s by solving P5(€2, Q) = 0, we obtain the following three central
characters:

Q0] 12
Q[012]2

which are the central characters of the modules of exterior powers of the natural module
K2.

3.3 De Rham complex

Let V be the natural gly-module. It has a basis {ej,...,ex} on which gl acts by
E;j - e, = d;1e;. This action extends naturally to AFV in the standard way: for x € gl we
have

x- (e N+ Neiy) Ze“ (T-e,) N Ney,.

We also extend this definition to the trivial case and define A’V = K to be 1-dimensional
with all of gl acting as zero. From Proposition 15, each A*V is a simple gly-module on
which the identity matrix acts by the scalar k.

Let B = (By,...,By) with B; € A such that %(Bj) = %(BZ-). For example we
may pick B = VG for a fixed function G € A. Then for 1 < k < N, we have an AV-
module structure on Ay @ A*V where a vector field ) fl— as embedded in Der(A,)

acts via

9 _ 9g dfi
(zi:fia_xi) gRU = Z(fzaxi + Bifig) v+ ZZ,; &z:pg ® Epv.

)

Now we define maps dj, : Ap) @ APV = Ay @ ARV by

N
kg ®@v) = Z —l—Bpg ® e, A .
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Proposition 41. The maps d; are morphisms of Lie algebra modules which satisfy dyyq 0
dr = 0. In other words,

Apy ® AV~ Agy @ AWV s B 4 @ ANY
1S a chain complex in the category V-Mod.

Proof. To prove that dj is a homomorphism of Lie algebras we will apply dj o f0/0z; and
dy o fO/0x; to g ® v, we have:

2(g@v) =dy (f2+Bifgev+ Y, Lo Eyw)
<a ( +Bfg)—|—Bf —|—BBfg>®eq/\v
(azq ( o ) +Bqam ) ® eq N Epiv
and
fa%i odr(g®@v) = fa%i (Zq(aa—xgququ) ®eq/\v>
= >, (f% (g—i—i-qu) —l—Bifaa—i—i-BqBifg) R eq AV
+ qu o (;_gi + qu> ® Epi(eq A v)
Observe that E,;(e, Av) = Eye, ANv+ e, A Eyv and the first term is not zero only when
q = 1. Subtracting the second from the first equation, we have:
(dio fam = fam 0di)(g ®0)
-, (g‘_fg—g + 2 (Bifg) + Buf 2 — fi(Byg) — B2 ) @ eg Ao
+ quam 8:p g®@eqg N Epiv — Zpa% (89 +Bzg> ®e, AV
- qu amqaw g ®eq N Epv

We claim that this last term is equal to zero. We will prove in the case that v is basis
vector and the general proof follows by linearity. Suppose v = ¢e;, A ...e;j,, if none j; is
equal to ¢ then F,,; is acting as zero and we have our claim. Without loss of generality, let
us suppose that j; = i. Now, the previous equation becomes

quaxaxg@)eq/\E ez/\€]2/\ /\ejk
- Zp<qd$8$g®eq/\ep/\€]2/\ /\e]k+zp>qamazg®€q/\€p/\e]2/\.../\€jk
8
= Zp<q8m8xpg®eq/\ep/\ej2/\ /\e]k_zp<q8m awg®€q/\€p/\632/\.../\6jk

In the last step we switched indices p and ¢ in the second summation. Then we used
ep N\ eqg = —eq A ep. This proves our claim and we have that the dj, are, indeed, V-module
morphisms. Note however that the maps d; are not A-module morphisms.

To prove that dyy1 o dr = 0 let us fix the notation

0%g JB, dg

dg
T(p,q) = B2 5% L pp
4) = 5r 00 * 2,9t Po, T Pigy, T BiBr
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Applying dj41 o dy, to (g ® v), we get:

dyr1 0 di(g ®v) = dis (Zp(aa—fp + Byg) @ ep A U)

= o i (£ 4+ Byg) + B + ByByg
Yo Y(pyq) ®eg Aey Av

Yo L) @egNey Ao+ T(p,q) @eg Nep Av
Yopeg Y(0,@) @eg Ney Av =37 Y(q,p) ®eg Aey Av

= D eg(X(p,q) = Y(g,p)) @ ey Nep Av.

Since %(Bq) = aizq(Bp), we have that Y(p,q) = Y(g,p). So the last equation equals to
zero and this concludes the proof. O

We can now state the main theorem about gauge modules.

Theorem 42. If U is a simple gly-module that is not an exterior power of the natural
module, then any gauge module M C Ay @ U is simple as a V-module.

Proof. By Lemma 36 a gauge module M C A, ® U is simple in V-Mod if €, = Zf\il E;;
does not act on U as a scalar belonging from the set {0,..., N}. Moreover, by the dis-
cussion after Lemma 38, there exist at most N + 1 exceptional gly-modules which may
correspond to V-reducible gauge modules.

It therefore only remains to show that there exist V-reducible gauge modules precisely
when U = A*V for 0 < k < N. The theorem of Rao already guarantees this for the
torus, but now we present another construction using the affine space: take X = AV, and
h = 1. Then the chart C'(h) covers X, the standard variables are chart parameters, and
Amny = A=Klzy,...,2y]. Picking all B; = 0, we have a gauge module structure on each
A® A*V for 0 < k < N where a vector field acts by

N N

Yoo dg of,
(i:1 f’axi) gRu fl@xi®v+, axpg® il

=1 1,p=1

Since the maps dy from Proposition 41 are V-module homomorphisms, the kernel of
dy is a submodule for A ® A*V for 0 < k < N. Since dp(1 ® e; A --- Ae) = 0 but
dp(ry ® eg A - ANegg1) = €1 A Negrr # 0, we see that Ker dj, is in fact a proper
submodule, so A ® A*V is a reducible V-module for 0 < k < N.

Now only the case k = N remains and we need to find an example of a reducible gauge
module structure on A ® AVV. In the above example, this module is actually simple, so
instead we pick B; = —2x;. We claim that

N
Imdy_1 = {Z(afZ —2l’ifl')®€1/\-‘~/\€]\7 | fl,...,fNEK[.CCl,...,;UN]}

i=1 O

is a proper submodule in A ® AVV. Indeed, this submodule is non-zero and does not
contain the element 1 ® e; A --- A ey. To see this, we interpret de Rham complex with
these gauge fields as

d dn—2 1 dn-1
00 2 y OQNTL L, G0N,
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where G = —z% — ... — 2% Let us give an analytic proof that e T TN ey AL Adey ¢
Im dy_; under assumption that R C K. Let w € e“QN~1. Applying Stokes’ theorem, we
see that
/ dw =0,
RN
however
/ e~ T N day AL N day = 72
RN
Hence, e*ﬁ*“'*m%\fdxl A Ndey €Imdy_ ;. O

3.4 Gauge modules on S' and irreducible modules for
5[2

In Theorem 42 we proved that gauge modules corresponding to non-exceptional irre-
ducible gl modules U, are simple V-modules. In this section, we are going to show that
the irreducibility of U is not a necessary condition for simplicity of a gauge V-module.

In this section we fix X = S' with equation 2? + 3?> = 1. Setting t = = + v/—1y,
s = x — \/—1y, we rewrite the equation of the circle as ts = 1. The jacobian matrix is
(5 t), and we see that the chart s # 0 covers the whole circle, which allows us to work
with a single chart with the chart parameter ¢. Since s is invertible in A, the localized
algebra A, coincides with A = K[t, ¢ .

For a € K, let us consider the following gauge module for the Lie algebra of vector
fields on a circle, Wi = Der(K)[t, ¢~!]. Take U, = K?* with a basis {v,u} and the identity
matrix in gl; acting on U, as multiplication by «. Obviously U, splits as a direct sum of
two isomorphic 1-dimensional gl;-modules.

Since our variety is 1-dimensional and gl, acts on U, by scalar matrices, any 2 x 2
matrix B with entries in A will define a gauge field on N(«) = A ® U,. For our example

we set
0 t
- (00)

Setting a basis v, = t* @ v, u = t* ® u, the action of W, on N(a) can be written as

enr = (k + an)v, 1 + Unyr,

enty = (k + an)upik + Unikrt,
where e,, = t”“%, n,k € 7Z.

The span of {ey, eg, e_1} forms a subalgebra in W, which is isomorphic to sly. We are
going to show that N(0) is a simple Wi-module by studying its structure as a module
over sls.

It is easy to check that the Casimir element C' = €2 + ey — e_je; acts on N(a) as
multiplication by v = a(a— 1). We can view N(«) as a module over the quotient algebra
U(v) =Ul(sh)/{(C — ).

R. Block [9] classified irreducible sly-modules by describing maximal left ideals in the
algebras U(). Simple modules are then presented as quotients by these left ideals. For
general non-weight simple modules, explicit realizations in terms of action on a basis are
not known. A slightly different approach to Block’s classification is given by Bavula in
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[2]. We will rely on the results of [2] in order to understand the structure of N(a) as a
module over sls.

Theorem 43. (a) (i) The vector vy € N(0) is annihilated by s = e_1e9 — 1 € U(0).
(i1) An sly-submodule M C N(0) generated by vy is a simple sly-module and

M 2 U(0)/U(0)s.

(iii) The set {vo, ejvg, €™ v |n > 1} is a basis of M.

(iv) The quotient N(0)/M is a simple highest weight sly-module with the highest weight
—1.

(v) N(0) is irreducible as a Wi-module.

(b) Let o« & 37, v = oo — 1).
(i) The vector vy € N(«) is annihilated by p = e;—e2(eo+1—a) and ¢ = e_1e3—(eg+1—a).
(11) N(«) is a simple sly-module and

N(e) =U)/ (UMp+U)g)-
(11i) N(«) is irreducible as Wy-module.

Proof. Let us prove part (a) of the theorem. It is straightforward to check that (e_jeq —
1)vg = 0 in N(0). By Corollary 3.9(b) in [2], the module U(0)/U(0)s is a simple sly-
module. Since the Casimir element C' acts trivially on N(0), we have a homomorphism of
sly-modules ¢ : U(0) — N(0), given by ¢(z) = zvg. Since s annihilates vy, the left ideal
U(0)s is in the kernel of ¢ and we get a homomorphism

% U(0)/U(0)s — N(0).

Since U(0)/U(0)s is simple and $(1) = vy, we conclude that ¥ is injective and its image
is the sly-submodule M C N(0), generated by vy.
Let us introduce a linear order on the basis elements of N(0):

< U <Y< U <V <UL <V < ...

This order defines the highest term and the lowest term for any non-zero element in N(0).
We also set Ny = Span{uvg, ux | £ > 0}.

Consider the sequence vy, egvg, €2vg, €gvp, - . .. All of these vectors are in N and their
leading terms are vy, ug, v1, Uy, . ... Hence these vectors span N, and N, € M C N(0).
Since N, is invariant under the action of the Borel subalgebra spanned by {eg, e}, we
conclude that M = Kle_1]N,. Moreover e_jvy, e_ju,, € Ny for £ > 1 and m > 0. Hence

M = N, +Kle_y]vp.

The lowest terms of the vectors e_jvg, €% ,vp, €20y, ... are non-zero multiples of u_y, u_,
u_3, . ... Hence these vectors are linearly independent and we conclude that {UQ, €g o, €100
| n > 1} is a basis of M. The images of the vectors v_1,v_s,v_3,... form a basis of the
quotient space N(0)/M. It is easy to see that

eov_1 = —v_; mod M,
erv_1 =10 mod M,
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and that the image of v_; generates N(0)/M as an sly-module. Since the Verma module
for sly with the highest weight —1 is simple, we conclude that N(0)/M is isomorphic to
it.

Finally, let us show that N(0) is simple as a Wj-module. We note that e; acts on N(0)
injectively and every non-zero element of N(0) is moved into N, C M by a high enough
power of e;. Hence every non-zero sl submodule in N(0) contains M. Since N(0)/M is
simple, we conclude that M is the only proper sly-submodule in N(0). It is easy to see
that M is not closed under the action of Wi, hence N(0) is a simple Wj-module. ]

Part (b) of the theorem may be proved using Corollary 3.5 in [2]. We omit this proof.



Chapter 4

Rudakov Modules

In [29], Rudakov was interested in reducing the problem of classifying irreducible
representation of infinite-dimensional Lie algebra to the problem of classifying irreducible
representations of finite-dimensional Lie algebras. To do so, Rudakov studied the Cartan
type algebras, which admit a filtration. For example, let us recall the filtration of Wy
for the affine space. For a monomial @ C K|xy,...,zy]| of degree d we define the degree
of Q% to be d — 1 and we define L£(j) as a subspace of elements of degree less or equal
to j. We have the filtration:

L=L(-1)DL0)=Ly D> LA)DLE)D...

Recall that £,/L(1) = Ly is isomorphic to gly. Given a W y-module M, Rudakov
defined the height of M to be the minimum p such that £,m = 0 for some non-zero m € M.
His theorem [29][Corollary 6.3] states that modules for the Lie algebras of Cartan type of
height greater than one are isomorphic to

U(L) Qucy) U,

here U is an irreducible gly-modules.

For Wy, Rudakov’s theorem was claiming that irreducible modules where induced
from a gly-module or of height 1. The second part of his paper is dedicated to the study
of induced modules of height one coming from irreducible gly-modules. This is the main
theorem about modules of height 1:

Theorem 44 ([29], Theorem 13.7). If U is an irreducible gly-module which coincides with
none of the exceptional modules (A°(K™))*, ..., (AN(K™N))* then the L-module U(L)®u(c,)
U is irreducible. Each module U(L)®yc, ) (AF(KN))* contains a unique submodule', which
15 generated by all of the singular vectors.

Here (A*(KY))* is the dual representation of the k-th exterior power of the natural
module and a singular vector is a vector that is annihilated by £; and does not belong
to the top U. The irreducibility of an induced module is deeply linked to the existence of
singular vectors.

'Rudakov calls such modules irregular.

43
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4.1 Rudakov modules for arbitrary varieties

In |7], Billig, Futorny, and Nilsson generalize the construction of Rudakov for any
variety. In order to obtain an AV-module they also defined an A-action on the module.
Let us present their construction.

Let X be a smooth irreducible affine variety, p a point of X, V the Lie algebra of vector
fields on X and A the algebra of functions on X. Let U be a simple finite-dimensional £ -
module. By [3, Lemma 2|, we have that £(1)U = (0), hence U is an £, /L£(1)-module. The
isomorphism of Lemma 29 (c) defines a V,-module structure on U such that V(1)U = (0).
We also define an A-action on U by evaluation: f-wu := f(p)u for f € Aand u € U.

The Rudakov module R,(U) is defined as an induced module

R,(U) == A#U(V) Qanuv,) U

Theorem 45 (|7]). Let U be a finite-dimensional simple V, /V(1) =~ gly(K)-module, and
let p be a non-singular point of X. Then the corresponding Rudakov module R,(U) is a
simple AV-module.

Our goal is to investigate whether Rudakov modules remain irreducible as V-modules.
We define a chain of subspaces in the Rudakov module by Ro(U) := 1®U and R;1(U) :=
R,(U)+ V- R;(U). We also let R;(U) := (0) for i < 0. This gives a filtration

Ro(U) C Rl(U) C RQ(U) C ...
with U2 R;(U) equal to the whole module.

Lemma 46 ([7], Lemma 9). We have
(a) m,R)(U) C Ri_1(U).
(b) VO)R(U) © Bi5(U) for all j.

Fix a non-zero vector v € R,(U) and let | be the smallest integer such that v € R;(U).
Consider the following elements of V, given by Lemma 29 (b):

;= % + terms of degree > [. (4.1)

)

Then {m,...,nn} is a basis of the space V/V,. Note that for any w € R;_o(U) we
have n;njw = nn;w since [n;,n;jw € V(I — 1)R_2(U) C R_1(U) = (0). Using the PBW
theorem and this commutative relation, we may write

dim U
U= Z R(nb:nN)@uza
i=1

where P;(n1,...,nn) are polynomials of degree <[, and {u;} is a basis of U.
Throughout this chapter we will be using a slightly different multi-index notation.

Let o € Z°, we will write n® = ni* ...n3" if all a; > 0, which is the usual multi-index

notation, and set n® = 0 if any « is strictly negative. We also set |o| = oy + ... + an.
Using this notation v can also be written as

v = Z n% @ Uq, (4.2)
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with u, € U.

The space U(V/V(l)) is isomorphic to the space of polynomial of degree less than [
in the variables {n;,...,nx}. The next lemma will provide some useful identities in this
space.

Lemma 47. In U(V/V(1)) the following equation holds
(tin)n® = 0™ (i) + culoq — D 979 — 200m™ ™ (tany;), (4.3)
and, fori # 7j,
(Eatjmi)n™ = 0 (titjn;) + qaoyn® = — am® 9 (tim;) — ain™ “ (t;m;)- (4.4)

Proof. First we will prove the commutator relation for degree 0 and then we will prove
the claim of the lemma which is the commutator relations for elements of degree 1.
We have, if a; #£ 0,

a—e€; a—€;+€; __ a—€;+¢€;

(Ein)n®™ = ni(ting)n™ —n - =0 (tin;) — ain
If a; = 0, we have (t;n;)n* = n*(t;n;). Recall that n® = 0 in the case any «; is less than
0, so in both cases:
(i)™ = n®(tin;) — ™.
For the degree one we will split the computation in two cases, the first is commuting
t2n; with n®, where 7 can be equal to j. The second case is with ¢;t;n; where i # j.

Suppose «; # 0:

(tFn)n™ = ni(tin;)n®= — 2(tin;)n~=<

i (20, 05 — 2027 (tm;) + 2(oy; — 1)y 2eite

N (E3n;) — 2000° = () + 2((c — 1) + (0 — 2) + ...+ Ly2ate
— na(t?ﬁj) — 20_/“704—6,- (tlnj) + @i(ai _ 1)na—25i+e]~’

if a; = 0 we have (¢2n;)n® = n*(t?n;). So, in both cases we have

()™ = n*(tin;) + au(ay — 1)n* 2979 — 20;m* ().
Similarly, we have for ¢;t;n; with ¢ # j and a; # 0 # o;:
(tatmy)n™ = ni(tityn;)n*= — (t;m;)n*~c
= m(ttyny)n® = — 0 (n) + am*e
= f(titjﬁj)ﬁafaiei —an*e (tjnj) + aam e
= 0y (Eatym)n® T TG = (L )N TN T — a9 () + aant T
= n*(tit;n;) — oI (tim;) — aun® i (tm;) + cuoyn®

The cases when o; = 0 or a; = 0 are similar, just skipping some steps. In any case
will obtain:

(tatym)n™ = n™(titn;) + csom® " — aym™ 9 (L) — am™ “(tm;).
]

Let v € Rg(U) be a singular vector, that is, V(1)v = 0 and v ¢ Ro(U). For the next
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lemma we will use 7; as in Lemma 29 with [ = k£ + 4.

Lemma 48. For v a singular vector written as in (4.2), we have the following gl -actions,
if oy #0 or a; > 1:

Eiug = %(Oéi - 1)Ua,
Eijua = %(Ozl + 1)ua+6i,€j, if Q; # 0,
Eijua = 0, if Qy; = 0.

Proof. Applying t7n; to v and using equation (4.3), we obtain:
ij

(o =Y (En)n* @ua = Y (e = 9 @ ug — 209 & Bijug).

lal<k lal <k

Since v is a singular vector, this expression is equal to zero and we have:

Z ai(a; — Dn 2% @y, = Z 2079 @ Ejjug. (4.5)
|| <k || <k

If ©+ = j, comparing the coefficients of each n“ we obtain:

1
5041'(041 — Duy = a;Ejiug

If i # j, we make a shift on the left side of (4.5) sending «; to o; +1 and o to a; — 1
and, setting u, to be zero if any coordinates is negative, we have:

Z (ai + 1)051;7]0[7@ & Uatei—e; = 2042'77(17& ® Eijua-
|o|=k

Comparing the coefficients of each n®, we obtain:

1
5%(0@ + Dtlate;—; = QiBijug

For «; # 0 these expressions restrict the possible gly-actions as follows

Eiug = %(ai - 1)“017
Eijua = %(ozz -+ 1)ua+ei,€j, if Q; # 0, (46)
Eijua = 0, if a; = 0.

This completes the claim of the lemma for one type of restriction. To prove the lemma
in its generality, we will do the same thing now with ¢;t;n;.
Applying ¢;t;n; to v and using (4.4), we get

(titgmi)o = Y (@am®™™ @ ua — a9 ® Eija — ain® © Ejjua),
la|<n
which implies

Z QN @ Uy = Z (N9 @ Eijug + an® " @ Ejjug).

la|<n || <n
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We have two ways to apply the shift in order to compare the coefficients at 7,:
QU = (O{j + 1)Eijua_6i+ej -+ oziEjjua

and
(a; + 1) (e — Dttare,—e; = @ Eijua + (i + 1) Ejjtiare,—e;-

For the first, let ; = 0, we have
Eijua_ei+ej = —OéiEjjUa.
If a; > 1, we can use (4.6) so the last equation becomes:

1

Ejjua = ——Ugy-

Since ¢ was arbitrary, we have that the previous formula Eju, = %(aj — 1)u, holds
even if a; = 0 as long as at least one ¢ is greater than one.
For the second, for a; = 0, we have

(C(j — 1)ua+€i*€j = Oszijua + EjjuaJrei,ej.

If a; > 1, we get
Eijua = 5(041 + 1)u6¥+€i*63"

This implies that the second equation on (4.6) is still true if o; = 0 as long «; is greater
than one. At this point, we also would like to record the case o; = 1, which will be used
latter:

Eijuq = —Ejjlate,—c;- (4.7)

]

The first equation of the previous lemma implies that for a; # 0 # «a; or oy, > 1, for

some k,
1

(Eii — Ejj)ua = 5 — a;)a- (4.8)
The second and third equations of the previous lemma, for a; and o non-zero or one
of them greater than 1, imply

1
(Esz]z — E]ZE”)'LLQ = Z(CYZ — ij)ua. (49)

Proposition 49. Any singular vector in R,(U) belongs to Ry (U).

Proof. Let k € Z, such that v € Ry(U)\Rk_1(U) and write v as in (4.2). There exists a
non-zero u, with |a| = k.

Suppose k > 1, then there exist ¢, j distinct, such that a; # 0 # «a; or there exists ¢
with a; > 1. In both cases, expressions (4.8) and (4.9) are valid and in order to have a
compatible gly-action we must have a; = «;.

However, the same would apply to g+, Which is non-zero, because Eijug ¢, 1e; =
Lt is non-zero. Then expressions (4.8) and (4.9) are not valid, and this is a contradiction

2
to our hypothesis of £ > 1. [
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This last lemma assures that singular vectors can only live on the first level below
the top. This first level Ry (U)/Ry(0) is a V/V(1) ~ gly-module. We will use the gly-
module generated by the singular vectors to establish restrictions on U resulting from the
existence of singular vectors.

Theorem 50. If U is a simple gly-module that is not the dual of an exterior power of
the natural module, then the Rudakov module R,(U) is irreducible as a V-module.

Proof. Let us consider the gly module generated by the singular vectors. It is a finite-
dimensional module, so there exists a maximum weight vector with respect to the root
system of gl,. Let v be a singular vector that is also a gl highest weight vector. Then
we have
(tim)o = _(tm)me @ up = Y (e ® Eijug) — 1; @ ;.
k k

For ¢ < j we have t;n;v = 0, which implies F;ju; = 0,,u;. So if uy is zero then all u; with
1 < k will also be zero.

Let 7 be such that wu; is non-zero but all u; = 0 for ¢ < j. By the previous formula
we have that u; is a highest weight vector for U. From the second equation of (4.6), we
already have F;;u; = 0. Equation (4.7) implies

If © < j, E;; will be acting as zero since u; = 0, so Eyu; = 0. If ¢ > j, Eyu; = —Eju; =
—u;. So the weight of u; is equal to a fundamental weight and the identity is acting by
—7j. An irreducible finite-dimensional gly-module is uniquely determined by the weight
of a highest weight vector and the action of the identity. So, once more, we have that
there are only N + 1 gly-modules that R,(U) could be reducible. The modules with such
highest weights are the dual of an exterior power of the natural module: (AJ(KY))*.

In conclusion, the existence of a singular vector implies that U is (A¥(KY))*. O

4.2 Tensor Product of Rudakov Modules

For a given finite-dimensional simple Lie algebra g, one way to obtain an infinite-
dimensional Lie algebra is by taking its tensor product with K[¢,¢7!]. The commutator
will then become

[p®g,q@h] = fg®|g,h]

This construction is known as the loop algebra. If instead we take the tensor product with
K[, ..., t] we also obtain a Lie algebra known as the multiloop algebra.

The classification of all finite-dimensional simple modules for the loop algebras was
given by Chari and Pressley [11]. For the multiloop algebras, the classification was done by
Lau [25]. He proved that every finite-dimensional simple module for a multiloop algebra
is isomorphic to a tensor product of evaluation modules. An evaluation module has two
parameters: a weight A for g and a point a € K**, it is the highest weight module L()\)
with the action done by evaluating any element of the multiloop algebra on a and then
letting the resulting element of g act on L(\).

His theorem motivated us to study the tensor product of Rudakov modules. That is
what we describe in this section.

Let py, ..., pm be distinct points in X and Uy, ..., U, be gly—modules, none of them
isomorphic to any (AF(KV))*. We already know that each R, (U;) is an irreducible
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V—module. We want to show that the tensor product R := R, (U;) ® ... ® R, (Up,)
is also an irreducible V—module. In what follows we will write V;(l) for the filtration
around each p;. The following lemma will be our main tool:

Lemma 51. Gwen py,...,pm € X distinct and Sa, ..., Sy € Zy, there exists g € m2 X
.. xmen such that g(p1) = 1.

Proof. It is well known that powers of co-primes ideals are also co-prime. So m,,, and m7,
for any i > 1, are co-prime. Let f; € m% and f/ € m, be such that f; + fj = 1, let
g =1l fi then g € m>2 x ... x ms». Since f;(p1) = 1 we have g(p;) = 1. O

For v € R, there exist sy,..., sy, such that v € R, (U1) ® ... ® R,,,(Uy,) but v ¢
Rg—1(U1)® R, (Uz) ®...® Ry, (Up,). Let {wy } be a basis for R, (U;), for j € {2,...,m}.
Then v can be written as

2 m
V= E U(ka,... kom) & Wi, - - - X Wy,

Proposition 52. The V—submodule generated by v intersects Uy ® ... R U, non-trivialy.

Proof. By Lemma 51 (a) there exists g € m2* x ... x mé» ™! with g(p;) = 1, By Lemma
29 for any n € V;(1) we have

(gn)v = Z NV (kg,....km) @ wzi @yl + o
k2 ek

where vy € R, 2(U1) @ Rs,(Us) ® ... ® Rs, (Uy,) , this follows from the fact that if gq is
the constant term of g when we write it in terms of standard chart parameters centered
at py, since g(p1) = 1 we have go = 1 and gn € Vi(s; + 1) for all i € {2,...,m}.

Let us take (K5, ..., k) such that vg ) € R \Rs -1 and since R, (U;) has no
singular vectors there exist n1,...,15, € V(1) such that n,...mvgy,. .x,) € U and is
non-zero. Then

m

gNs . .. gMu = Z Ns oo e MU kg, ko) & w,%2 o Qwy,
koyerokim

is a non-zero vector in Uy ® R,,(Us2) ® R, (Uy,).
We can apply the same argument to each coordinate to show that we can obtain from
any vector in the tensor product a vector in U; ® ... ® U,,. 0

The tensor product of irreducible gly-modules does not need to be irreducible. However
for V., -modules corresponding to distinct points on X, this is not the case:

Proposition 53. U; ® ... ® U, is an irreducible V. -module.

Proof. We can apply any gly-action to any coordinate without changing the others. For
example, if we want to apply Fj; to the first coordinate only, we once again just need to
multiply the vector field we want to act by g € m,, X ... x m,, from Lemma 51, that is,
we apply gt;n;, once again it will acts as zero in all coordinates except the first where it
will be applying E;; plus terms belonging to V;(2), which will act as zero.
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Now, if we can apply any element of gl to any component we may use the Vander-
monde argument to show that we have the decomposition in terms of weights for each Us.
Since each Uj is irreducible, from any element of the form

U1 X ... U

we can obtain the whole U1 ® ... ® Uy. O
Now we are in position to prove the main theorem of this section:

Theorem 54. Let py,...,pm € X and Uy, ..., U, be gly—modules, none of them iso-
morphic to any (A*(KN))*. Then R, (U) ® ... ® Ry, (Uy,,) is irreducible as V—module.

Proof. Let v € R then there exist s1,...,S,, such that v € Ry, (U;) ® ... ® R, (U,,). In
what follows we will write ¢;; for the j-th chart parameter around p; and 7;; will be as in
(4.1) with the filtration been taken in terms of m,, and /; = s;. Let R; C R, i € N, be the
vector space generated by elements of the form:

Nt Uy @ o @ Nem Uy, (4.10)

with |ag| + ...+ |ap| =i and u; € U, s0o Ry =U; @ ... @ Uy,

We want to show that Ry generates R. To do so, we will prove by induction on ¢
that R; is contained in the module U(V)Ry. The basis of induction being Ry C U(V)Ry.
Now suppose that, for a given ¢, we have R;_y C U(V)Ry. For the induction step we
need to show that given any element like (4.10), with |ay| + ... + || = ¢, we can
obtain it from Ry. Let us take u := u; ® ... ® u,,, and let us take, from Lemma 51,
gj € m e mlf;i‘llm ®mﬁf§l|+1 ®...@m ™ such that g;(p;) = 1. For the first
coordinate we have:

g1t ---giMi---G1MN - - - J1ThN U = 77(111U1 Qug...Q Uy + wj,

TV TV
«11 times a1 times

where w; € R;. If we do the same process to each coordinate we will obtain the vector
(4.10) plus some element in R; which we supposed to be in U(V)Ry, so R;41 is also in
U(V)Ry. In particular, v € Ry, 1 +s,, CUV)Ro.

So we have shown, by the Proposition 52, that any vector generates a submodule
intersecting Ry non-trivially which, by Proposition 53 is irreducible as V,-module, and
now we have shown that Ry generates the whole R. O



Chapter 5

Realizations of de Rham Complex

So far we discussed the problem of determing irreducibility of representations. Another
problem of representation theory is the problem of classifying such representations and
finding realizations, we have briefly discussed this in section 3.4.

There is a generalization of weight modules called Gelfand—Tsetlin modules where,
roughly speaking, the Cartan subalgebra acts by Jordan blocks. For this class of modules
there is a classification, due to Futorny, Gratcharov and Ramirez [14], for gl;.

Harish-Chandra’s theorem characterizes finite-dimensional modules by looking at the
center of the universal enveloping algebra. The classification present in [14] uses a similar
idea, they focus on a subalgebra of U(gly ), the center of the universal enveloping algebra
of copies of gl,,, m < N, inside gly.

In this appendix we will present gl ;-modules by restricting the action on the Vpn-
module ¢7QF(TY) that appeared in Theorem 32. This module is already reducible as
Vry-module, but some irreducible components reduce further as gly, ;-module when the
action is restricted. We also determined how they fit into the classification of Furtorny-
Grantcharov-Ramirez for N = 2.

5.1 gly,-modules from Vi y-module

We will be using the notation of section 3.1, refer to that section for more details. Let
Vi~ be the Lie algebra of vector fields on an N dimensional torus, d,, be the vector fields

tp% and T'(U,~) be the tensor module as defined in section 3.1.

There exists an embedding of gly,; in Vr~ given as follows:
Eij — titj_ldj,
Eini — —tD, Enxpi,;=t;'d;,
Enying1 = =D,

where 1 <i,j < N, and D := Zf\il d;.
Using this embedding the tensor modules 7'(U, ) become gly, -modules with the
action given as follows:

Eij(q“ ® v) - Iujq.u‘i‘Ei_Ej Qv+ qﬂ+€i_€j ® (Ew _ Ejj)v,

o1
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Eini(¢" ®@v) = —(Z "t v+ ¢ @ ZEz’jU>>

J J

Eni1i(¢" ®v) = ig" @ v — ¢""% @ Eyv,

Eniini(d ®v) = — Z wigq" @ v.

The gl action on U is denoted with an overbar.

In [28], it was also proved that d*(T(A*CY,+)) is an irreducible Vy~v-module. In what
follows, we will find conditions for these modules to be irreducible as gly-modules.

The space d°(T(A°CY,~)) € T(CV,~) is generated by the set {¢" @ u|p € Z + ~}.
Applying the gly_ ;-action to these vectors we obtain:

Eiji(¢" ®p) = "9 @ (u+ ¢ — ¢j),

Einnlg"@p) ==Y g™ @ (u+e),

J

Enii(q" @ p) = ig" ™ @ (1 — €),

Enpina(¢" @ p) = - Z piq" @ pu.

Example: Let us consider the case N = 2. The weight spaces of d°(T(A°C?,~v)) form
a Z? lattice, where each space is generated by ¢* ® pu, except for the case v € Z? where
we have a hole at the origin. Using the same notation as in the example on the page 19,
we have the following diagram:

Ea ~ 1y Fas > pig + pi2
A
¢ p
E3i ~ Eig >~ py + po
Y
Esy ~ 1o Eio >~ o

This diagram shows us that starting from a vector ¢* ® u, we cannot reach a vector
on the left if y; = 0, similarly we cannot move down if s = 0 and at the line py + o =0
you cannot move up or left, except alongside it. When none of this happens we are free
to go from one vector to any other vector on the lattice.
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Proposition 55. = := d°(T(A°CY,v)) is irreducible as gly.,,-module if and only if
27 ¢ Z andy; ¢ Z for alli € {1,...,N}.

Proof. The weight spaces of d°(T'(A°CY,~)) forms a Z" lattice with each space of dimen-
sion 1. Given any vector in =, by the Vandermonde argument we have that = contains the
weight decomposition of that vector. By the previous example, we can generalize it for any
N and we see that if ). v; and v; ¢ Z for alli € {1,..., N}, then starting from any ¢" ®@p
we can reconstruct the whole module. On the other hand, if any of the conditions fail we
will have some part of the module that is not reachable from the other. Indeed, if u; € Z
then we cannot obtain a vector with p; negative from one with p; positive. Similarly, if
>_;lj € Z we cannot obtain a vector with ) u; positive from one with » . u; negative.
In all these cases = will be reducible. O

We have 5 cases to consider, in order to present completely the decomposition of =.

Case 1: 71,792,711 + 72 ¢ Z. In this case = is irreducible.

Case 2: v; € Z and v, ¢ Z: We have the following chain of submodules Z; C s,
where Z; = Span{¢" ® pu |y > 0} and =, = Z/Z;.

—
N
_l’_
[\l
= < =
—2 O‘\ —1
~—r
° o J ° ° L]
o o J o ° o
° L] J ° o °
° ° J ° ° °
L] L] > L] L] L]
L] L] > L] L] L]
L] L] J L] ° °
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Case 3: 71 ¢ Z and v, € Z: Similar to case 2 but with = = Span{¢" ® u|ps > 0}.

S
(71 + Za O)
[ ] [ ] [ ] [ ] o ° [ ] E’Q

Case 4: 71,72 ¢ Z and 71 + 7y € Z: Similar to case 2 but with Z = Span{¢" ® i | pu1 +
p2 < 0}

p1+pe =0

Case 5: 717 € Z: In this case we have three submodules Z;, =, and =35. Once we
quotient by them we get three other submodules: =4, =5 and =¢. They are described as
follows:

E1 = Span{¢" ® pu | py > 0,2 > 0, gy + p2 > 0},
E9 = Span{¢" @ | p1 > 0, o < 0, pg + p2 < 0},
Z3 = Span{¢" @ | p1 < 0, 2 > 0, py + p2 < 0},
E4 = Span{¢" ® p|p1 > 0, 1 + p2 > 0},
=5 = Span{¢" ® p | p2 < 0, g + p2 > 0},
=6 = Span{¢" @ p| 1 < 0, us < 0}.

Using the standard Z? lattice with the origin in the center, we have the following descrip-
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tion of =:

—_
—
—

—_
—
—

5.2 Gelfand—Tsetlin-modules for gl

Rao also proved that T(AFKY,~)/dT(A*1K¥, ~) is irreducible as Vpyv-module. The
machinery of the previous section is not suitable for this case. So, to give a complete
description of the de Rham complex for N = 2 we will resort to a different realization of
gly-modules called Gelfand—Tsetlin tableaux and use the Futorny-Grancharov-Ramirez
classification for gls.

Observe that {£;;} with 1 <1i,j <'s, is a copy of gl inside gly. This induces a chain
of associative algebras

U(gly) C ... CU(gly).

Let Z,, C U(gly) be the center of U(gl,,). We define I'" C U(gly) to be the algebra
generated by all elements in UTanl Zm, it is called Gelfand-Tsetlin subalgebra or simply
GT-subalgebra. With our choice of copies of gl, inside gl this algebra is the polynomial
algebra in the variables

ka = Z EiliQEigig e Ezkn

Observe that for different choices of copies of gl, we obtain different GT-subalgebras.
For example, for gl there are three different GT-subalgebras.

Definition 56. A finitely generated gly-module M is called a Gelfand—Tsetlin module
(relative to T') if the restriction of the U(gly) to I is a direct sum of I'-modules:

*]\4|F = @ M(m)a
méeSpecmI”

where
M(m) = {v € M |m"v = 0 for some k > 0}.
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Since I' contains the standard Cartan subalgebra, all weight modules are GT-modules,
Indeed, E;; = Cj1 — Ci—11 for i > 1 and By = Cy;.
An important tool in the realization of GT-modules is the following GT-tableau:

n(n+1)

Definition 57. Let v € K™z | then by T'(v) we denote the tableau

Un1 Un2 Un,n—12 Unn

Un-1,1 Un—1n—-1

V21 V22

V11

Such an array will be called a GT tableau of height n.
A GT tableau T'(v) of height n is called:

o standard if vi; —vp_1;, € Z > 0and vg_1; — ki1 €Z >0foralll1 <i:<k<n-—1
o genericif vy, —vp; ¢ Zforalll1 <i#j<k<n-—1
o singular if there exist 1 < s <t <r <n —1 such that v, — v,y € Z.

The gly-actions on standard tableaux are defined in [14, Theorem 4.4], for generic
case (only N = 3) see |14, Example 4.23| and for singular case see [14, Theorem 4.35].
For elements of I' the action on the tableaux is given by Cpx(T(v)) = Ymr(v)T (v),

where
m

Yok (1) =Y (loni +m — 1)F ﬁ (1 - ﬁ) .

i=1 j#i

5.3 gl

In this section we will focus on the case of gl; and we will describe completely the de
Rham complex. Fix I" C U(gl;) as defined in the previous section, so for example, Cy; and
(51 generators of I' are giving by C; = Eq; and Cy; = Ej1+ Fog. Applying the generators
of T' to a generic vector ¢* @v of T(K2,~), we obtain Cyy = pyId, Co; = (g + p2)Id, C3y =
032 = 033 =0 and

(e 1) (e + p2) 0
Uy =~ ( 0 (pe1 + p2 — 1) (g1 + M2)) '

Let v € K°, solving the system of equations C1(T(v)) = Ymr(v)T(v) we get vy =
w1,v31 = 0,v30 = —1 and w33 = —2. For the second row of v, we have two possible
solutions V21 = U1 + Mo, Vg = —1 and V21 = 0, 122 = U1 + Mo — 1.
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For a fixed p € v + Z2, we have any vector ¢* ® v when realized by GT-tableaux is
written as a linear combination of the following tableaux:

0 -1 —2 0 —~1 —2
p1 + p2 —1 and 0 p1+ e —1
H1 H1

Applying Cy to ¢* ® p, we obtain that it is the eigenvector of the eigenvalue (u; +
po 4+ 1)(p1 + po). So the first tableau is related to = while the second is related to
T(K?,7)/dT (A"K?, ).

Now we

have all the tools to find these modules inside the Futorny-Grantcharov-

Ramirez classification. Following the notation of [14], we have five cases to consider:

Case 1:

Case 2:

Case 3:

Case 4:
Lg.

Case 5:

1,72 and vy, + 72 ¢ Z table will be in the format of G.16: Ly and Ls.

71 € Z and v, ¢ 7Z the table will be in the format of G.14: Lo, Ls, Ly and L.
v ¢ Z and 7, € Z table will be in the format of G.15: Ly, Ls, Ly and L.
V1,72 & Z and 1 4+ 2 € Z table will be in the format of C.9: Lo, L3, L5 and

Y € 7, and Yo € Z table will be in the format of C.10: Lg, L14, L21, L267 L22,

Lis, L7, L1, Lig, Loa, Li7 and L.
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