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“The best that most of us can hope to achieve in physics is simply to
misunderstand at a deeper level.”

— Wolfgang Pauli
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Abstract

This thesis aims to explore new effects caused by initial correlations in quantum
systems, with extensive use of continuous variables methods. Two main projects
are highlighted. The first project aims to understand how initial correlations in an
environment affect the dynamics of a system interacting with it. We analyze this
problem from the point of view of Collisional Models of qubits and bosonic Gaus-
sian states, in which we show how initial correlations between the environmental
parts push the system’s evolution. As a consequence, the standard Homogenization
procedure can be disrupted. In the second project, we use Bayesian Networks to
obtain the statistics of general thermodynamic quantities for two initially correlated
systems and explore the role of the initial density matrix ambiguity of mixture in
these statistics. As an important application, we compute the effects of correlations
in the statistics of the heat exchanged. Results for the statistics of the heat are
obtained for qubits and, as a novelty, for bosonic Gaussian states.

Keywords; Open quantum systems; Quantum Information; Collisional models;
Bayesian Networks; Quantum Thermodynamics.



Resumo

Esta tese tem como objetivo explorar novos efeitos causados por correlagoes iniciais
em sistemas quanticos, com grande uso de métodos de variaveis continuas. Dois pro-
jetos principais sao destacados. O primeiro projeto visa entender como a presenga
de correlacoes iniciais em um ambiente afeta a dinamica de um sistema que interage
com ele. Analisamos este problema do ponto de vista dos Modelos Colisionais de
qubits e estados Gaussianos bosdnicos, nos quais mostramos como as correlagoes
iniciais entre as partes do ambiente direcionam a evolucao do sistema. Como con-
sequéncia, o procedimento conhecido de homogeneizagao pode ser corrompido. No
segundo projeto, fazemos uso de Redes Bayesianas para obter as estatisticas de
grandezas termodinamicas gerais para dois sistemas inicialmente correlacionados e
exploramos o papel da ambigiiidade de mistura da matriz densidade inicial nestas
estatisticas. Adicionalmente, fizemos uma aplicacao importante, a de calcular efeitos
das correlagoes nas estatisticas do calor trocado entre dois sistemas. Os resultados
para as estatisticas do calor sao obtidos para qubits e, como novidade, para estados
Gaussianos bosonicos.

Palavras-chave: Sistemas quanticos abertos; Informacao Quéantica; Modelos coli-
sionais; Redes Bayesianas; Termodinamica Quéantica.
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Chapter 1

Introduction

By the end of the 20th century, the merging of two important fields of knowl-
edge, namely, Information Theory and Quantum Theory, set the formulation of
the Quantum Information Theory [1-4]. This formulation was the result of the ef-
fort of enlightening questionings concerning the foundations of Quantum Theory as
well to the use of these clarifications for the flowering of ideas to new technologies.
This movement is often called the Second Quantum Revolution [5, 6], and the tech-
nologies developed include Quantum Computing [1, 7], Quantum Cryptography [1],
Quantum Simulation, Quantum Sensing and Quantum Metrology [8] which caused
enormous attention to technology companies and hence even more research interest.

At the heart of such revolution is the concept of quantum correlations whose
primordial research can be traced to 1935 with the work of Einstein, Podolsky, and
Rosen (EPR) [9], Erwin Schrodinger [10] and debates with Niels Bohr [11]. The
controversy was mainly about if the predictions of correlations pointed by EPR. in
Quantum Theory could cause it to be an incomplete theory, in the sense to be
a theory with the necessity of additional hidden wvariables locally generated in a
common past and without further non-local “spooky” interactions to explain such
correlations. Probably the first step to solve this controversy was taken by John Bell
in 1964 [12] by proving that, only if a certain average of observable respect a set of
inequalities (now called Bell inequalities), then the correlations described by EPR
could be caused by local hidden variables. It happens that Quantum Theory predicts

such violation and this gave rise to the concept of a new kind of fully quantum (in the
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sense of without classical analog) correlations, now called entanglement, which could
not be explained by local hidden variables. These events marked the beginning of
what more recently caused the Second Quantum Revolution. Due to the importance
of these discoveries nowadays, the most recent Nobel Prize in Physics was awarded
to Alain Aspect, John F. Clauser, and Anton Zeilinger due to their pioneering work
on violating experimentally Bell’s inequalities [13]. Therefore, quantum correlations
are recently between the most prominent subjects in pure and applied physics, and
exploring new effects concerning them can blossom into new ideas and applications.

Inside this broader context, this thesis has the objective of searching for new
effects caused by quantum correlations in cases where systems start their interactions
already correlated. We use mainly the tools of quantum continuous variables [14-
16] to investigate the effects of initial correlations between quantum systems in their
dynamical evolution and thermodynamic quantities. Our work can be stated in two
main projects, the first one is concerned with a system evolution interacting with
an initially correlated environment, being more concerned with the dynamics of
the system. The second project has the main goal of obtaining the statistics of
thermodynamic quantities of two initially correlated systems, especially their heat
distribution, using the framework of Bayesian Networks. The two projects can be

described as follows.

1.1 Collisional model with initially correlated an-
cillae

This first project aims to explore an almost uncharted question of relaxation towards
equilibrium: how do initial correlations between the environmental parts affect the
system equilibration? The analysis towards the answer in general can easily become
intractable as the size of the environment becomes large, also general and standard
bath models can present additional features that can obscure the effects caused by
the initial correlations. For these reasons, we chose to focus on the so-called colli-
sional models [17-21], in which we assume total control over environment features

since here we suppose that the bath is composed of large number of smaller sub-
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units (the ancillae) that interact individually with the system one at a time, each of
these interactions is called a collision. This way, we are able to obtain manageable
answers to the problem by extending methods already explored.

The effect of initial correlations between parts of the environment on the system
evolution is, as already said, the main inquiry of this project, and it can be under-
stood as the following analogy suggests. Suppose a group of workers (ancillae) want
to convince a boss (system) that he/she must buy them new tools, but each of them
enters and argues with the boss alone at his office (interact individually and one at
a time). If the workers talked to each other before going to the boss’ office and have
some plan or information shared (correlations), then the result of the boss’ mind
(final state of the system) will be different than if they had not talked to each other.

Our results reveal an unfamiliar phenomenon of pushing caused by the initial
correlations between the environmental parts. We obtain these results numerically
for the case where the system and ancillae are qubits and analytically, which is a
more complete description, for the case where the system and ancillae are bosonic
modes. These last more detailed results were possible due to the use of continuous
variables methods. As a comparison to well-known results, we make a contrast with
the results of [19], where for a certain kind of interaction and initially identical
ancillae, the whole system, and ancillae become a set of identical parts, this is the
so-called homogenization. We show that homogenization can become impossible if

the ancillae are initially correlated.

1.2 Statistics of thermodynamic quantities using
Bayesian Networks

With the Second Quantum Revolution, increasing attention has been brought to the
growing field of Quantum Thermodynamics [22-25] from reasons that range from
extending the Thermodynamic laws to the quantum domain, understanding funda-
mental relations between thermodynamics and information [26-28] to studies of the
enhancement of the efficiency of quantum thermal machines using quantum features

[20-32]. However, the description of the statistics of thermodynamic quantities,
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such as heat and work is often made with the use of the Two-Point Measurement
(TPM) procedure [33-35] which spoils the coherence of the initial state and conse-
quently the effect of quantum correlations due to the supposition of measurements.
Alternatives without this undesired feature involve work operator definitions [36,
37], which cannot hold fluctuation relations [34, 35, 38-40], and quasi-probabilities
[41, 42] which cannot be described by a quantum measurement. The objective of
this second project is to fulfill this gap of constructing statistics of thermodynamic
quantities that fully accounts for initial quantum correlations and coherence, fo-
cusing primarily on the specific case of obtaining the probability distribution for
the heat exchange between two initially correlated systems interacting as a closed
system.

By making use of the concept of Bayesian Networks (BNs) [43-47] in the context
of quantum theory, Ref. [48] successfully described fluctuation relations fully consid-
ering the effect of initial correlations and coherence. Additionally, this framework
can be described by quantum measurements protocols [49]. Therefore, we chose
the BN framework to obtain our statistics for thermodynamic quantities. The BN
concept has wide applications in statistics, engineering, and mainly in artificial in-
telligence. It consists in a method that infers the probabilities of the evolution of the
system from conditional distributions of the previous state of the system, supposing
a causal relation from this past.

We follow the construction initiated in Ref. [48], focusing on deepening our
understanding of the statistics of thermodynamic quantities. We obtain general
formulae for the characteristic function (and consequently, the statistical moments)
for the probability distribution of the change (or variation) of an observable during
the evolution of the system, such changes of observable can represent thermodynamic
quantities, such as heat and work. Our results reveal a dependence of the probability
distribution on the initial density matrix choice of an ensemble to represent it. The
consequence of the different choices of ensembles turns out to be one of our main
attentions due to the different interpretations it can result.

As our main goal and application, we apply this framework to understand deeply

the statistics of heat exchanged between two systems and the consequences of initial
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correlations in this exchange. As a well-known effect caused by initial correlations,
we recover the heat flow inversion [50-53], which was obtained experimentally for
the interaction of two qubits [54]. And we propose conditions for such inversion
to happen in the case of two bosonic modes interacting. Due to the unexplored
character of the subject, we study the variance of the heat probability distribution
and how it behaves with the presence of correlations. This is done numerically for
the case of two qubits, and analytically for the case of two bosonic modes. Interesting
features are raised due to the different choices of ensembles to be made in continuous

variables for bosonic modes, such as the use of quasi-probabilities.

1.3 Structure of the thesis

This thesis will be organized as follows. It is divided into two parts, Part I (chapters
2 to 4) resumes the background used to obtain our results, there is no original result
among the chapters of this part. In Part II (chapters 5 to 7) we have our main
projects and the results contained in these chapters are original. Chapters 5 and 6
refer to the first project of the thesis while chapter 7 refers to the second project.

Chapter 2 contains a brief resume of the Open Quantum Systems paradigm with
the essential parts needed to construct our work and we introduce and define the
concept of collisional models as well as the notion of homogenization. In Chapter
3 we present a resume of the parts concerning Quantum Information that we shall
use. We also define in this chapter precisely what we denominate as correlations
and quantum correlations, introducing the concept of Quantum Discord, for further
use, being a broader concept of quantum correlations than the aforementioned en-
tanglement. The last section of this chapter will make a brief presentation of BNs
and how it is applied to describe the evolution of quantum systems.

In Chapter 4 we present the framework of continuous variables. This is an
extensive chapter since it permits us to obtain analytical results especially when
dealing with Gaussian states, so a considerable part of the text will be restrained
to a careful construction and explanation of such methods. This makes a large part

of our results to be possibly applicable in the realm of bosonic states and Quantum
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Optics [55, 56].

In Chapter 5 we present the structure and results for the simulations of our qubit
minimal collisional model with initially correlated ancillae. Chapter 6 is devoted to
the structure and analytical results of our collisional model with initially correlated
ancillae, where the state and ancillae are bosonic modes. The last section of this
chapter will expose our construction of correlated environments made of bosonic
Gaussian states with the use of graph states.

Chapter 7 will develop briefly the concept of BN, then apply it to find the
statistics for the changes observable for bipartite initially correlated systems in very
general terms. Here we expose general results about the statistics of such changes as
well as applications to the case of two qubits initially correlated. Finally, we again
use the general results to obtain conclusions for the heat probability distribution
between two bosonic modes, focusing on the relations between the first moments of
such distribution and the quantum correlations between the modes.

Finally, Chapter 8 is devoted to the final remarks and possible future works

concerning the thesis results.



Part 1

Background



Chapter 2

Open Quantum Systems and

Collisional Models

In the first two sections of this chapter we shall give a short introduction to the
paradigm of Open Quantum Systems [57-59] which deals successfully with quantum
phenomena, maintaining untouched all Quantum Mechanics postulates, but adding
the concept of open evolution in a similar way to the Stochastic Physics [60-62]. This
framework had its foundations constructed by von Neumann, Kraus, Lindblad, and
many others, generally obtaining the system’s evolution by considering finite time
steps, given by Kraus operations, or solving Lindblad Master Equations (analogously
as the classical Master Equations case) to obtain continuum time evolution. We shall
focus here on the first approach which is the methods used in the present work.

In this paradigm, commonly a bath is decomposed in a continuum of quantum
harmonic modes, these modes interact with the system via a coupling that is ap-
propriate to the physical phenomenon in description. Finding the dynamics of the
system under this interaction with these baths is normally a daunting problem and
most solutions involve Markovian (past independent) approximations. As a less or-
thodox approach, Collisional Models (CMs) [20, 21, 63] (also dubbed as “Collision
Models” and “repeated interaction schemes”) suppose that the bath is composed
of a large number of smaller subunits (the ancillae) that interact individually with
the system one at a time. In the present quantum formulation, these models were

first proposed by Jayaseetha Rau in 1963 [17], which was inspired by Boltzmann’s
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Stosszahlansatz molecular chaos hypothesis [62, 64].

Since then, CMs have become very attractive for a vast range of applications,
ranging from weak measurements to a very satisfactory description of the micromaser
[65-70]. At the beginning of the 21st century, the interest in quantum computation
brought attention to the implementation of collisional models with interactions in-
volving two qubits, which resulted in the concept of homogenization [18, 19], a
well-explored concept in this thesis, as well as studies of using CMs to describe the
decoherence of qubits [71]. In the past decade, CMs have a major role in studies of
non-Markovian dynamics and Quantum Thermodynamics [63, 72-88]. In the last
section of this chapter, we shall introduce the framework of CMs, a few examples of
models and physical implementations in order to prepare for the description of the

first project of this thesis.

2.1 The density matrix

Open quantum systems, as the name suggests, deal with systems that interact with
an environment capable to exchange energy and information. Although the closed
quantum systems formalism could encompass systems that exchange energy (with a
time-dependent Hamiltonian), it would never be capable of describing systems that
dissipate information. The reason is that all the closed quantum system formalism
only deals with the hypothesis that we know in which quantum state the system
is and its evolution will be deterministic according to Schrodinger’s Equation. We
must have a formalism that takes into account the lack of information about which
quantum state the system is and obtain an equation where the evolution is not
necessarily deterministic.

In classical stochastic processes or statistical mechanics, when we don’t know
the state of the system, we can associate each classical state (for instance a point
(x,p) on the phase space) with a probability P(z,p) that the system is in this state.
In the quantum case, the same can be done for a set of quantum states {|¢})} in
a Hilbert space H, assigning a probability P, for each |¢). The difference exists

when we compute the average of an observable A. To accomplish this we must take
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into consideration the quantum and classical uncertainties (“classical uncertainties”
here refers to the use of probabilities of preparing each quantum state) and we have

to make a classical average over quantum averages

(A) =" P (Wn| Altg) (2.1)
%

In order to compress quantum and classical information into a single object

describing the state, von Neumann introduced [89] the density matrix

p = Pcltr) (W, (2.2)

and with this definition, we may write averages like Eq. (2.1) as

(A) = Zk: Py, (] A i) = Tr(Ap). (2.3)

There are some requirements that a generic operator must satisfy to be capable
of representing a physical system. First, we must notice that, due to the nor-
malization of the kets [i;) and probabilities Y, P, = 1, we must have a density
matrix normalization Tr(p) = 1. And second, for any generic ket |¢), we must have
(@] p|d) = Sk Pl (@]1) |> > 0, which states that p must be a positive semi-definite
matrix (in symbols p > 0). So, for an operator to be able to describe a physical

density matrix, it must satisfy

Positive semi-definite: and (2.4)

Normalization: |Tr(p) = 1. (2.5)

Also, it is important to remember that p must be a hermitian operator, and this is
covered by the positive semi-definite condition (all positive semi-definite operators
are hermitian).

We shall often refer to the density matrix p as “the state” of a given system
since it serves as a “distribution” of quantum states. The non-diagonal terms of

the density matrix are often called coherence terms. These terms are dependent on

10
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the basis we choose to represent the density matrix and represent the superposition
terms in the respective basis.

When one has certainty about the state of the system, then we say that the
state is pure. This happens if for some j, P; = 1 and P, = 0, Vk # j in Eq.
(2.2), which implies that p = |¢) (|, for some state [¢)) (we omit the j here just
for convenience). In this case, the density matrix is equivalent to the ket |¢), and
there is no lack of information about the system. But it is vital to remember that,
in general terms, Eq. (2.2) cannot be factorized as a pure state, i.e., we really have
a lack of information about which quantum state the system was prepared, and for
this case we say that the state is mized.

To show if a density matrix can be parametrized as a pure state or not is, in

general not an easy task. To this end, one may define the purity of the state p as

P(p) = Tr(p?). (2.6)

It can be shown (see appendix A) that the purity of a state p is 1 if and only if p
is a pure state and also that 1/d < P(p) < 1 for any p, where d is the dimension
of the Hilbert space of the state and 0 < P(p) < 1 for infinite dimensional Hilbert
spaces. Consequently, purity is the decisive witness which points out if a state is

pure or not.

2.2 Dynamics

2.2.1 Closed systems - Unitary operators

As we are used to, the dynamics for a closed pure system |¢(¢)) with a Hamiltonian
H in Quantum Mechanics is given by the Schrodinger Equation (setting i — 1
throughout)

2100

= HIV), 27)

11



Chapter 2. Open Quantum Systems and Collisional Models

which has the following solution

[9()) = U(t = to) [¢(t0)) , (2.8)

where, for time-independent Hamiltonians, we have the unitary operator
Ut — tg) = e HU=t0) (2.9)

and [1(tp)) is the initial system state.
We may notice that the evolution of any system initially in |1, (o)) also evolves
as [Yg(t)) = U(t—to) |¢x(to)). So for a density matrix like in Eq. (2.2), the evolution

1S

p(t) = U(t —to)p(to)U' (t — o), (2.10)

for an initial density matrix p(to) = > 1 Pr [k(t0)) (¥r(to)| in a closed system.
Eq. (2.10) sets the evolution for any time step t — ¢, of a density matrix and is
the solution of the equation that plays the same role as Schrédinger’s Equation, but

for density matrices, the so-called von Neumann Equation

dz(tt) = —i[H, p(t)]. (2.11)

2.2.2 Open systems - Kraus matrices

One of the standard approaches to deal with open quantum systems is to consider the
system state ps(ty) (acting on a Hilbert space Hg) and environment state pg(to)
(acting on a Hilbert space Hg) together as an initially uncorrelated joint system
pse(to) = ps(to) ® pr(to) and make a unitary evolution of this joint system pgp(t) =
U(t — to)pse(to)UT(t — to). The system resulted from tracing out the environment
(see Appendix A for the definition of the partial trace) will be our evolved system
ps(t) = Trg[pse(t)] and the map from pg(to) to ps(t), in general, will not be unitary.
The procedure of evolving unitarily the joint system and tracing out the environment
will be frequently used in this thesis and can be made to describe any open quantum

system, as the following discussion shows.

12
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Writing the above procedure explicitly, we obtain

ps(t) = Trp{Ups(te) ® pu(te)U'}, (2.12)

where we are omitting the (¢t — t9) in U just for practicality. Now if we make a

spectral decomposition of the initial environment density matrix

pEe(to) = Z G |M) g (M| 5,

(where the sub-index E in |m), just makes it explicit that |m) belongs to the basis

of Hp that diagonalizes pg) and apply it in Eq. (2.12), we obtain

ps(t) = Trg {Z gmU |m) g ps(to) (m|g UT} = Z;Qm (k| Um) g ps(to) (m|g o k) i

(2.13)

where in the last equality we computed the partial trace in the same basis as |m) .

Finally, if we define (putting (¢ — ty) back to U)

Myt = 10) = /@ (ks Ut — t0) [m) . (2.14)

and rename the collective index (k,m) to «, we obtain

ps(t) =D My(t — to)p(to) MI(t —to). (2.15)

This equation has the form of the Kraus representation [90]

E(p) =Y MapML. (2.16)

of a quantum channel £, where M, are called Kraus matrices and must satisfy

S MIM, =1. (2.17)

Quantum channels are the linear operations that transform density matrices

13
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onto density matrices, maintaining all their properties (Eq. (2.4) and Eq. (2.5))
and hence are appropriate operations for the general description of open quantum
systems dynamics (such as unitary operators are for closed systems). They are called
linear completely positive trace preserving (CPTP) maps!. It can be shown (see, for
instance, [1, 57, 91]) that every linear CPTP map can be described in the form of a
Kraus representation (Eq. (2.16)) and vice-versa for a set of Kraus matrices, thus it
sets a necessary and sufficient condition to describe an open system dynamics. We
shall follow this scheme in our work, considering interactions that last finite time
between part of the environment (the ancillae) and making the partial trace in order

to obtain the desired dynamics of our collisional model.

2.3 Collisional Models

2.3.1 General case (correlated ancillae)

Suppose we have a system S that starts interacting, at a time t = 0, with an environ-
ment £, which is separated in n sub systems A; (1 > j > n) named ancillae. We say
that we have a Collisional Model (CM) whenever the system interacts individually,
one at a time, and only once with each ancilla and we call each of these interactions
a collision (see Fig. 2.1). There are studies on CMs in which the ancillae interact
with themselves after the instant ¢t = 0 (see, for instance, [88]), but in our case, we
assume that this is not the case.?

Given those demands, the depiction of the system’s interaction with the j-th
ancilla, during a time 7 (we suppose all ancilla-system interactions last the same

time), is given by a unitary operator

U = e '™ (2.18)

! Actually, the term completely positive means a stronger assumption: that given a density
matrix p, then the matrix (Z® &)(p) must also be positive, where Z is the identity operator acting
on an extra system R of arbitrary dimensionality.

2We do consider that the ancillae may interact with themselves before starting the dynamics
with the system, in order for them to be initially correlated. In fact, the study of the effects of
such initial correlations in the system is one of the main themes of this thesis.

14
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Figure 2.1: Schematic of collisions, where the system S is interacting individually
with the k-th ancilla during a time 7 going to interact with the next ancilla also
during a time 7.

in which

Hj = Hgs+ Ha, +Vj, (2.19)

where Hg is the system’s internal Hamiltonian, H,; is the internal Hamiltonian of
the j-th ancilla and V; describes the interaction between the system and the j-th
ancilla. Then the joint state of the system plus all ancillae after the n-th collision

is given by
Pog = UnUny -~ UaUip§ @ pUNUS - US_ U, (2.20)

where we supposed that the initial joint state p%j is the tensor product between the
initial system p% and the environment p} (remembering, inside this environment are
all possibly correlated ancillae) since their interaction only starts at t = 0. Further-

more, we trace out all the environment in order to obtain the system’s stroboscopic?

3«Stroboscopic” means that our interest is only in the evolution steps multiples of 7, no attention
is given for the intermediate time evolution.
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evolution after the n-th collision

ps =Tre{psp}
=Trp {UnUn-y - UUnp§ ® p3ULUS -+ US L UT ) (2.21)

Suppose we wish to analyze the evolution of the system after the second collision

(n =2), Eq. (2.21) will result in

ps =Trg {U2U1P% ® P%UJUQT}
=Try, {UZ Tra, {UlpOS ® p%Uir} U;r}
=Try, {UZOSAQUQT}

#Tra, {Uzp @ pa,US, | (2.22)

where we defined pga, = Tra, {Ulps ® pEUlT } as a density matrix that acts on
Hs ® Ha,, where Hg(a,) is the Hilbert space of S(Ay). The last line of Eq.(2.22)
above happens because pga, cannot, in general, be a tensor product pi ® pa, (where
pi is the density matrix of the evolved system after the first collision) due to the
initial correlation between the ancillae. This way the p% in Eq. (2.22) cannot
result in a map between p and p%, and the evolution of the system from the first
collision into the second will not be a CPTP map. The reason for this is that the
initial correlations cause the system evolution to be non-Markovian,* since after the
first collision the second ancilla already obtains information about the system. The
information about the initial system affects the system itself at the second collision,
clearly, this narrative also happens for all further collisions.

As the case above suggests, non-Markovianity precludes intermediate maps to
be CPTP, i.e., it we have a CPTP map &;,_;, that evolves a state from %, to t2, we
cannot break it in two CPTP maps &;,_;, and &, 4, such that &, ;, = &1, & -1,

for some intermediate time ¢;. This aspect of Non-Markovianity is studied in CMs

4In this thesis, it will be sufficient to define a non-Markovian evolution of a system as an evo-
lution which depends on the whole past history of the system. Otherwise, if the evolution only
depends on the latest state, it is said to be Markovian. More refined definitions and characteriza-
tions of quantum non-Markovianity can be found in Refs. [92-94].
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(see, for instance, Refs. [72-78, 81-88]) and is a caveat for obtaining the evolution
of the system, since it makes impossible to gradually describe the system’s evolution
by a cumulative sequence of simpler steps. Chapters 5 and 6, which are intended
for the results of the first project of the thesis, focus on obtaining non-Markovian
dynamics caused by the initial correlations between the ancillae. In the rest of this
chapter, we shall present the standard Markovian CMs framework, as well as special
cases, such as homogenization, that will contrast with the results of the following

chapters.

2.3.2 Markovian case

For standard CMs we suppose, in addition to the assumptions above, that initially,

all ancillae are uncorrelated so that the environment is

P =P @ pa, @+ @ pa,, (2.23)

where each p,; acts on its respective ancilla Hilbert space H;. Using this at Eq.

(2.21) we obtain a major simplification in our stroboscopic evolution
ps = Tea, {Un- Tra, {Us Tea, {Uhp§ @ pa,Ul} @ pay UL} - @ pa Ul (224)

where we just used that the partial trace over A,, does not affect operators that
don’t act on H 4. Now, if we define a map £™, called collision map or stroboscopic

map, acting on a state pg as

EM(ps) = Tra, {Unps ® pa, U}, (2.25)

then Eq. (2.24) can be rewritten as
ps = EMEM (- £W(pF))), (2.26)

which represents the successive application of CPTP maps, since the map in Eq.

(2.25) is CPTP as a consequence of having a unitary evolution and a partial trace
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(see Eq. (2.12)). This successive application of CPTP maps forming a CPTP
map indicates that all the stroboscopic dynamics are Markovian. This is a direct
consequence of the absence of initial correlations between the ancillae.

As done in most studies in CMs and will be often done in this work, we con-
sider that all the ancillae are identical, thus pa, = pa for every j. The internal
Hamiltonian of the system and ancillae will be set to 0 (unless specified),” and the
interaction between the ancillae and the system are equal, i.e., V; = VO for all j in
Eq. (2.19) and consequently all unitary operators are the same (U; = U for all j).

In this case, all applications will be identical, £™ = &, Vn, and hence

s = E"(P3), (2.27)

which means that it will be sufficient to find the map £ and apply it n times in the
initial state in order to obtain the full evolution. Similarly, we can obtain the state
of the n-th ancilla after its collision with the system, it will be the result of tracing

out the system from the evolution of p¢ ® pa, explicitly
P =Trs {Ups @ palU'} = Trs {U(E" () @ pa)UT}. (2.28)

2.3.3 Qubit example, thermalizing machines

Proceeding with the restrictions above, we assume that the system and ancillae are
qubits (all-qubit model) and that all the ancillae are initially in a thermal state (see

Appendix A in particular, Eq. A.22)

pin = (1 — pm) Po + pa 1, (2.29)

when 0 < py, < 1/2, Py = |0) (0], P, = |1) (1|, are the projectors of the eigenstates
of o, (|0) and |1)) with eigenvalues —1 and 1 respectively. If we set the Hamiltonian

of each ancilla qubit to Hy = Eo, (with E > 0), then |0) is the ground state qubit

5 Actually, this condition of setting Hg and H 4, to 0is equivalent of demanding that Hs = Hy,,
[Hs,V;] = 0, and going to the interaction picture (see Appendix A).

60f course, the operators V;, are identical but each act only on the system and their respective
ancillae A,,.
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and |1) is the excited state and hence py, is the probability that the qubit is in
the ground state. If we now ask which are the unitaries U that could construct a

collision map & such that

Ulpm @ pe)UT = pen ® pn and (2.30)
s = EM(p3) =2 pany VP (2.31)

The most general answer is that the unitaries must have the form of Eq. (2.18)
(remembering that in this case, they are all identical, independent of j) with the

Hamiltonian
H(g,9.)=g(oy ®0o_4+0_®0y)+ g0, R0, (2.32)
where g and g, are real numbers and
p_ 1 :
o_ =0l = 5(09; —ioy) =10) (1]. (2.33)

This result was obtained in Ref. [18], which also brands any setup responsible for
the quantum operation respecting Eqs. (2.30) and (2.31) is called a thermalizing
machine and the process of the system relaxing towards pyy, is called thermalization.
These terms are easily justified since Eq. (2.30) affirms that if the system is in the
same state as the thermal ancillae, then the evolution stagnates, while Eq. (2.31)
means that the quantum operation is such that system’s state will converge to the
thermal ancillae independent of the system’s initial state, i.e., this CM setup will
make the system thermalize.

As an example of thermalization made with simple computations, we suppose
that all the ancillae start with the state p4 = |0) (0| (this is the ground state, which
is the thermal state at the limit 7" — 0, so we are supposing a very cold environment)
and the initial system state is an arbitrary qubit which can be always parametrized

0] p%0) (0] p2 1 1-p C
o [l 0l _(1-p ) -

(11p510) (1] pis [1) ¢ op
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where 0 < p < 1 and (1 — 2p)? 4+ 4|C|? < 1 which are conditions that come from
positivity and unit trace. Here p is the population of the excited state |1) and C' is

the coherence. Now if we explicitly compute the unitary with the Hamiltonian given

by Eq. (2.32), we obtain

U(g,g:) = e~ o)

= e7"9:7(]00) (00| + |11) (11]) + cos(g7)(|10) (10| + |01) (01]) — isin(g7)(cp0o- +0o_0y),
(2.35)

where we just used that |00) , |11) and %(HO) +|01)) are the eigenvectors of H(g, g.)
with eigenvalues g,, g, and +g—g., respectively and use it to expand the exponential
operator in the eigenvector basis (also we omitted the tensor product sign |a) ®|b) =
|ab) for convenience). We can now use the unitary above to obtain the collision map,

according to Eq. (2.25)

E(p%) = Tra{U(g,9.)p% ®10) (0| U (g, 9:)}
(1 —p) +sin®(g7r)p €*9:7 cos(g7)C

|V . (2.36)
e 29T cos(gT)C* cos*(gT)p

By iterating this map’ n times in order to obtain the system’s evolution after the

n-th collision (according to Eq. (2.27)), we obtain

1 — Pn On
ps = , (2.37)
(G

2ig.nT

where C),, = e cos™(g7)C and p, = cos?**(g7)p. As we can see, C,, and p, go to
0 as n gets large (of course, if g7 isn’t an integer multiplied by 7). This highlights
two effects of dissipation due to the bath: the decoherence (the vanishing of the
off-diagonal terms), as usually happens when a quantum system is interacting with

a thermal bath (in this case, even with the bath at a very low temperature), and the

decay of the population of the excited state |1), pushing the system to the steady

"For the case of g, = 0 this map is the same as the well-known amplitude damping [1, 91].
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state |0) (0|. This steady state is nothing but the thermalization of the system

towards the initial 0 temperature ancillae state.

2.3.4 steady states

We already tacitly used the concept of steady state as the state in which the system
converges after a long time interacting with the environment. For making this
definition more concrete, we say that a state p* is a steady state of a map &, if and

only if

Ep*)=p" (2.38)

p* is also called a fixed point of the map.
Notice that the steady state need not be unique. A map that has a unique steady
state is called ergotic, and if

E"(p) = p’, (2.39)

for large n and any density matrix p, then this map is said to be mizxing. Con-
sequently, any mixing map is ergotic, and thus if one proves the mixing of a map
which leads the initial state to p*, it will be the unique steady state (this will be our
procedure in bosonic CMs in Chapter 5).

The process of thermalization in Egs. (2.30) and (2.31) is a mixing map which has
pun as fixed point. A slightly more general concept is that of thermal operations, in
which the ancillae and system need not have identical Hilbert spaces but the system
thermalizes at the same temperature as the ancillae. This is an important concept
in the context of Resource Theories and it can be proved that any energy-conserving
unitary generating a CM map like in Eq. (2.25) (with ancillae in thermal states) is
a thermal operation [95]. This kind of unitary will describe the main interactions

studied in this thesis, including the Partial SWAP.
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2.3.5 SWAP and Partial SWAP

An important specific case of a thermalizing machine is generated from the interac-

tion given by g, = ¢/2 in Eq. (2.32). Here the Hamiltonian will have the form

H(g,9/2) =35 - 7, (2.40)

N |

12)

2.2 1o 2 1o 2 1o 2 1.2 1.2 _ 1( 12
where & - ¢ = 0,®0;+0,80,+0,®07, we used that 0 02 +0 07 = 5(0,0,+0,0;

1(2)

1
2
and here o;'” means the ¢ Pauli matrix acting in the first(second) qubit. This

Hamiltonian is, except for a constant term, equivalent to the SWAP Operation
1 — —
Szi(IjLa'a), (2.41)

where I is the identity operator. The SWAP operation is a very important quantum
channel having applications from Open Quantum Systems to Quantum Computa-

tion. Its main property is that, given two states |¢) and |¢), then

S([¢) ®19)) = 1¢) @ |¢) - (2.42)

Actually, Eq. (2.42) is a more general definition of the SWAP, being valid for any
Hilbert space. Conversely, Eq. (2.41) is equivalent to Eq. (2.42) only for the case
of two qubits.

A direct consequence of Eq. (2.42) is

S8 =85%=1, (2.43)

which can be used to directly show that the SWAP generates the Partial SWAP

Operation

Up(gr) = e79™ = cos(g7)I + isin(gr)S. (2.44)

It can be shown (see Ref. [19]) that the Partial SWAP of Eq. (2.44) is, except for an
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irrelevant phase term, the only unitary U that satisfies the following two properties

Tr{Up® pU'} =p and (2.45)

Tro{Up @ pU'} = p, (2.46)

for qubits (the subscripts 1 and 2 indicate that the partial trace is realized in the
subspace of the first and second two-level Hilbert space, respectively). In Chapter
6, in the continuous variables context, we shall present the Beam Splitter as the

Partial SWAP, with the same properties, for the bosonic modes case.

2.3.6 Homogenization

We shall focus on the procedure proposed in [19], where the so-called homogenization
was defined for qubits systems. This procedure consists of a CM where all ancillae
have the same structure as the system (like qubits, in the case of [19]), are initially
identical and uncorrelated and the unitary responsible for the interactions between
system and ancillae acts in such a way that, after the system collides with all the
ancillae, the system and ancillae will be all approximately identical.

The homogenization procedure is very similar to the procedure of thermalization,
but in this case, as we shall see, we are free to involve any kind of ancillae state in
the process, not only thermal states. The process is outlined as follows. Suppose we
have a CM with identical ancillae initially in a generic state p% and a system initially
at state p% and they interact in each collision via the same unitary U (the condition
here are just like in the thermalizing machine, but notice that the ancillae state pa
don’t need to be at a thermal state). Hence the system after the n-th collision will
evolve according to the stroboscopic map in Eq. (2.27) and the n-th ancilla after
its collision with the system will be given by (2.28). We say that homogenization

happens when for all 6 > 0 there is a finite number of collisions Ns such that

D(pY, pa) <5, N = Ny, (2.47)
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Figure 2.2: Schematic of homogenization. From left to right, the system S interacts
with the ancillae at time 0 <t <7, 7 <t <27, 21 <t <37 and (n—1)T <t < nr,
respectively. The color changes on the system represent the different states it passes
through until it gets very similar to the ancillae and the whole system becomes
homogeneous.

@--ooo

where D(e, ®) means any distance between operators, and in this work we shall use
the trace distance.®

These two conditions mean that not only the system must get as close as we want
to the initial ancillae state p4, independent of the initial system state p%, but also
the ancillae must never get too distant from its initial state after their collision with
the system. The result is that the final states must all be similar, and the ancillae
turn the system to look like one of them, transforming the system and environment
into a homogeneous set of very similar parts (see Fig. 2.2).

It can be shown, for the all-qubit case, that homogenization is achieved if the
unitary U that rules the interaction in the collisions is the Partial SWAP given in

Eq. (2.44). This can be seen by the direct application of the Markovian form of
CMs using this particular unitary. Starting with Eq. (2.25), we obtain

ps = p% + s*pa +ics(pape — plpa), (2.50)

when ¢ and s are cos(g7) and sin(g7), respectively. Following the interaction of the

same channel n times, as Eq. (2.27) suggests, we obtain the system’s state after the

8Suppose we have two density matrices p and o, then the trace distance between them will
be

1
D(p,o) = 9 Trlp—ol, (2.49)

where |A| = VAT A is the positive square root of ATA.
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n-th collision

pe=cpst + P pa+ics(papd — P& pa)
n—1

= 82 Z CZJ/)A + p?est
=0

= (1 - C2n)pz4 + pg,rest (251>

where p¢ . is a p§ dependent part that will go to 0 as n — oo (see Appendix A).
Similarly, we can use Eq. (2.28) and the equation above to obtain the state of the

n-th ancilla after its collision

ph = s2p5 4 patics(0s pa— paps)

= 82<1 - C2(n_1))pA + pz,restv (252)

where p7 . is also a p§ dependent part that goes to 0 as n — oo (see Appendix
A), meaning that p% — pa and p’y — pa for large n. Therefore, both system and
ancillae converge to pa for sufficiently large n.

There is one more restriction needed so that homogenization can be correctly
achieved. Notice that in the first line of Eq. (2.52) the term (p% ' pa—pape ') is the
one responsible for pf} . and it gets smaller at each collision since pe! gets closer
to pa (this is a consequence of the proof from Appendix A, Section A.5), hence
we conclude that p’y gets closer to pa at each collision. From this observation, we

conclude that

D(p%s, pa) < D(p%s", pa), (2.53)

which means that the first collision pushes the ancilla further away while the next
collision pushes lesser and lesser (which makes sense since the system gets closer and
closer to p4). Thus the condition from Eq. (2.48) actually bounds D(p, pa) for
each §, putting a bound in the Partial SWAP parameter g7. This restriction turns
out to be (see Appendix A for the proof)

sin(gr) < 4/60/2. (2.54)
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Finally, this sets the sufficient conditions for homogenization, which can be used
for quantum cloning protocols and quantum-safe cryptography with a classical com-
munication [19]. We can also prove, as will be done in Chapter 6, that homogeniza-
tion can also happen when the system and ancillae are bosonic states. This proof
will be done analytically obtaining the stroboscopic evolution for all time steps.
Importantly, in both cases, homogenization demands that the steady state of the
system for this kind of CM must be the initial state of the ancillae itself. The main
original result of the first project of this thesis is to show that the presence of initial
correlations between the ancillae in CMs tends to push the steady states far from
their original steady states and, in the special case of homogenization, push the

steady state away from the ancillae state [96].

2.3.7 Physical implementations of CMs

In this subsection we present a few examples about how CMs can describe important
open quantum systems dynamics, going beyond a set of theoretical insightful models.

A very intuitive dynamic that can be associated with CMs is the one concerning
a dilute gas of particles, following Boltzman’s Stosszahlansatz molecular chaos hy-
pothesis [64]. However, these models need to consider the time interval 7 during the
interaction between the system and each ancilla to be a random variable in order
to obtain a reliable description of gases [62]. This set of CMs, which are frequently
called stochastic CMs, do have not the same structure and dynamics as the models
described in this chapter, which are sometimes called periodic CMs. Recently, an
insightful manner to mimic any stochastic CM using periodic CMs was proposed
[97].

Perhaps the most natural physical setup that can fit a CM description is the
micromaser [69, 70]. In general terms, a maser is a device similar to a laser, pro-
ducing coherent photons around the microwave spectrum by stimulated emission,
as opposed to a laser, which produces coherent photons around the visible light
spectrum. The micromaser is a specific case where a filtered stream of Rydberg
atoms (heavy atoms with valence electrons behaving approximately as electrons of

a hydrogen atom, see Ref. [98]) are sent through a cavity so that each atom flies
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Figure 2.3: Micromaser setup: An atomic beam oven emits Rydberg atoms which
pass through a velocity selector tuning the flux of atoms so that each atom passes
one at a time through the cavity containing electromagnetic fields. (This figure was
taken from Ref. [21].)

alone inside the cavity and interacts individually with the electromagnetic fields
inside the cavity (see Fig. 2.3). This way, the CM described above for the Marko-
vian case is almost perfectly suitable since we can treat each atom as an individual
ancilla (uncorrelated with the other atoms) that interacts one at a time with the
electromagnetic field of the cavity, which plays the role of the system.

The micromaser setup is also the most adequate apparatus for the application
of the Janyes-Cummings (JC) model,” since both consider the presence of only one
atom at a time interacting with the cavity field, being different from most lasers
and masers where the cavity field actually interacts collectively with many atoms.

Therefore, the CM describing the micromaser has the JC interaction Hamiltonian
V = glao, +alo_), (2.55)

where ¢ is the interaction strength, a (a') are the annihilation (creation) opera-
tors of the field mode'® and o_ (0, ) are the qubits operators given by Eq. (2.33).

The setup can then be modeled by the Markovian CM with identical ancillae
and interactions, as described in Susbsec. 2.3.2, with the interaction Hamiltonian
of Eq. (2.19) given by Eq. (2.55) in the interaction picture (see Appendix A). Such
CM is an approximation of the real micromaser setup but can reproduce the main

important features of the real phenomena [98, 99]. A more complete description of

9The JC model is a largely applicable model of light-matter interaction [55, 57, 91], where the
matter is described by a qubit (in this case, the atom) and the light is an electromagnetic mode.

OTmportantly, the atom qubit interacts only with one mode of the electromagnetic spectrum in
the cavity. This is justified by the rotating wave approzimation (RWA) [55, 91].
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the micromaser can be found in Refs. [98, 100].

Beyond the micromaser example, which is a direct application of CMs in a physi-
cal setup, CMs are extremely useful to create effective models of realistic open quan-
tum systems situations. Important examples include the full simulation of Marko-
vian dynamics from single qubits [73, 101] and the reproduction of any Markovian
dynamics with the multipartite collision model (a generalization of the CM described
in this chapter with multipartite system) [102].

Finally, another major example is the fact that a CM description can also emerge
very naturally from one of the most common microscopic system-bath models,
namely the interaction with the one-dimensional waveguide. In this model, the
system is described by a generic system with frequency wy and annihilation (cre-
ation) operator A(AT), and the environment is represented by a continuum of bosonic
modes, with annihilation (creation) operators b, (b],) and frequencies that range from

—o0 to oo. The Hamiltonian of the full joint system is given by
H=Hs+Hg+V, (2.56)
where

Hg = woATA, Hp = /o:o dw(wo + w)blbw and V = \/Z/o; dw(A'b, + AbL),
(2.57)
where v is a constant coupling strength. This is the so-called white noise coupling
[55]. The above Hamiltonian is justified by the RWA (which explains the presence of
non-physical negative frequencies) together with the weak coupling approximation,
which is very often used in quantum optics [55, 57, 103].

By making a Fourier transform we can define time modes, for any real ¢,

1 e .
b, — —/ dwbye ", 2.58
t \/% o W € ( )

These time modes can represent quantum harmonic modes since they satisfy [b, bI,] =
5(t —t') and [by, by],= [b],b]] = 0. In order to make a discrete time step evolution,

we can discretize the real line in intervals with equal lengths so that ¢, — ¢, 1 = At
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for finite At and any integer n. This way, we may redefine the time modes for

discrete steps
1 tn

by = ——
At tn—1

which also satisfies the commutation relations for any n. Going to the interaction

dtby, (2.59)

picture (see Appendix A), the Hamiltonian of Eqs. (2.56) and (2.57) reduces to

_ 0 qt t
Vo =/ 7 (Afba + Ab), (2.60)

which is time-dependent, since the interaction will affect only each mode n when
t € [tn,tn_1]. Consequently, this model is exactly a CM where the ancillae are
described by the time discrete modes represented by the operators b, (). This CM
picture of open systems under white noise is explained and applied in the context of
waveguide-QED in Refs. [103, 104]. In this thesis, such CM in which all the ancillae
are bosonic modes will be explored in detail, since its formalism makes it possible to
obtain analytical solutions to the effects of initial correlations between the ancillae

in the system’s dynamics.
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Chapter 3

Quantum Information and

Bayesian Networks

Quantum Information (QI) is a largely growing field in the past decades, especially
with the advent of promising new quantum technologies [105]. The rich history of
the creation and development of this field is well narrated in Ref. [1] and excellent
introductory and detailed texts approaching general themes about QI are found in
Refs. [1, 2, 15]. In this Chapter, we mainly focus on the aspects of quantum infor-
mation used to quantify correlations between quantum states and how to identify
which correlations have intrinsic quantum aspects. These subjects are going to be
essential for the analysis and interpretation of the main projects of this thesis.

As a second subject of this Chapter, we present the concept of Bayesian Net-
works. The exposition will be brief and primarily focused on the application needed

for our second project (Chapter 7).

3.1 Generalized measurements

Quantum measurements are among the most controversial subjects of quantum me-
chanics, hence the discussion of its postulates can render extensive texts. Here we
only expose the postulates which are useful to the present thesis. More complete
discussions explaining and motivating the postulates are given in Refs. [1, 2, 15, 57,

106] and examples for the exposition of interpretations are given in Refs. [106, 107].
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The postulates are the following:

o Any measurement can be described in terms of a set of Kraus matrices { My},
satisfying Eq. (2.17), given the measurement setup. Each of these choices
defines a Positive Operator Value Measure (POVM).! The result of each mea-

surement is labeled by a index k of the the corresponding Kraus matrix My;

o The probability of obtaining the outcome k is

(3.1)

Pr = Tr(MkpM;I);

o After the measurement is done, if the result of k is recorded, the effect of the

measurement in the state p, called backaction, will be to evolve

M pM;]
Pe

p— (3.2)

The items above are sufficient to describe any generalized quantum measurement.
An important class of quantum measurements is the projective measurements, where
the Kraus matrices My are simply the projectors |k) (k| in some basis {|k)},. This
results in the familiar “wave function collapse” rule p, = | (¥|k) |* and |¢) — |k) for

measuring a pure state [1).

3.2 Entropy

3.2.1 The Shannon Entropy

Entropy is a central concept not only in QI but also in Classical Information Theory
[108]. Since Shannon’s revolutionary paper in 1948 [109], the quantity now known
as Shannon entropy can be undoubtedly interpreted as a measure of the average
information carried by a random variable after we learn its value. At the same
time, as is often done in physics, we interpret it as the lack of information we have

about a random variable before we learn its value.

!The POVM is a set of operators {Ey}1, such that Ej = M,IM;C.
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If we have a random variable X with a probability distribution p(X), then the

Shannon entropy associated with this distribution is?

H(p Zp ) log p(x (3.3)

where we consider the limit lim, ,oylogy = 0, for the case where p(z) = 0. As
already mentioned, this quantity measures the average information carried by a
random variable, given its probability distribution. A heuristic justification for this
statement can be given as follows.

Let X be a random variable with the corresponding probability distribution
p(X) and suppose that we want to construct a “surprise” function (say S) which
measures the amount of unexpected learning that would be obtained if it is revealed
to us the value of this random variable. For instance, if we learn that x is the value
of the random variable and p(z) is close to 1, it means that the learning was not
unexpected resulting in S(z) small. Conversely, if p(z) < 1, then S(x) should be
a large number. Hence, intuitively we expect S(z) to be inversely proportional to
p(z), but it is also desirable that it respects the additive property, i.e. having the
surprise of learning x and of learning y (in symbols S(x,y)) should give S(z)+S(y).
The only function of p(X) that satisfies both properties (except by a multiplicative

constant) is

S(x) =log <p(1x)> . (3.4)

Intuitively, this unexpected learning can be identified as information since unex-
pected results tend to be more relevant and give us more information. Hence, the
average of this value can be interpreted as the average of information obtained if we

learn a random variable

(S)=> () Zp ) log(p(x)), (3.5)

which is exactly the Shannon entropy.

This intuitive, although not formal, argument was taken from Ref. [27]. More

2Here the log is taken as the natural logarithm. This differs from many QI and information
theory books which define the log with base 2.
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formal arguments for the Shannon entropy interpretation can be found in Refs. [1,

2, 108] and in Shannon’s original paper [109].

3.2.2 The von Neumann Entropy

We also need a quantity that encompasses the information content of a quantum
state. For defining this quantity, we assume it depends on the density matrix p of a
quantum state since it has the informational content of the probability distribution
of each possible pure quantum state (see Sec. 2.1). But naively one could guess

that, given a density matrix

pP= Zpi i) (il , (3.6)

the appropriate entropy that represents the quantum state should be just the Shan-
non entropy of the probability distribution of the states {|¢;)};

H(pi) = - Zpi log(p). (3.7)

It turns out that this is not a good choice since the probability distribution {p;}; is
dependent on the ensemble {|1;)}; and in general, the states {|¢;)}; are not neces-
sarily orthogonal, hence indistinguishable. The interpretation of Shannon entropy
as being the average measure of information only makes sense if we can distinguish
the outcomes of the random variables.

A more accurate attempt would be to make the spectral decomposition
p=2_NilAi) (il (3.8)

where {\;}; and {|\;)}; are the eigenvalues and eigenvectors of p, respectively, and

compute the Shannon entropy of the eigenvalues®

H(N) = - Z Ailog(A;). (3.9)

3The eigenvalues of p are also a valid probability distribution (see Appendix A).
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This equation can be rewritten as

=2 Ailog(Ai) = —Tr(plog p), (3.10)

its proof is simple and can be found in Appendix B. The quantity above is invariant
under a change of basis since the eigenvalues are basis independent. Importantly, the
eigenstates {|\;)}; are orthogonal and thus are distinguishable, hence it represents
a more suitable entropy for quantum states. This quantity is the von Neumann

entropy

S(p) = —Tr(plog p), (3.11)

and is the correct candidate to represent the information contained in a quantum
state [1, 2, 15].

From Eq. (3.10) it is immediate to see that the von Neumann entropy is always
a positive quantity. Another important aspect is that the von Neumann entropy
vanishes for pure states and assumes its maximal value at the maximally mixed

state p = I/d, for finite-dimensional Hilbert states with dimension d. Thus

0<S(p) <logd. (3.12)

Indeed, the von Neumann entropy has a similar interpretation as the purity (see Eq.
(2.6)). If we have a pure state, then we have no ignorance about the system since
we know in which state the system was prepared, and if we have a maximally mixed
state, then we have the most ignorant case since we have an equal probability that
the system was prepared in any state.

The von Neumann entropy has an enormous set of properties [1, 2, 15]. But in
this thesis, it will be sufficient to use the fact that it is a quantity invariant under
a unitary transformation* and to work with its conceptual role of representing the
amount of ignorance we have about a quantum system. We shall use this concept

in the construction of quantities representing correlations. From now on, we refer

4Suppose that U is a unitary transformation and that p’ = UpU'. Then S(p)) =
Tr (UpUTlog(UpUT)) = Tr (UpUTU log(p)UT) = Tr(plogp) = S(p), wherein the second equal-
ity we used that a unitary U infiltrates in any well-defined function of operators.
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to the von Neumann entropy of a quantum state simply as the entropy.

3.3 Mutual Information and Correlations

3.3.1 Relative Entropy

As an entropic-like distance, we shall define the Relative Entropy® or Kullback-Leibler

divergence

S(pllo) = Tr(plog p) — Tr(plog o), (3.13)

where p and o are density matrices. This quantity is always non-negative

S(plle) =0, (3.14)

and vanishes for the case where p = 0. The proof of such inequality is non-trivial
and can be found in Refs. [1, 15].

From the non-negativity of relative entropy, we can have an intuitive idea of
entropic distance. Although it is important to underline that this is not an actual
distance, since it is not symmetric, i.e., in general, S(p||o) # S(c||p), and does not

satisfy the triangle inequality.

3.3.2 Mutual Information

We are interpreting entropy as the measure of ignorance over a quantum system.
A useful quantity would be the information of a quantum system described by a
quantum state p. It is intuitively defined as the entropic distance between the state
p and the state in which the ignorance is maximum. In other words, it is the relative

entropy between the state p and the maximally mixed state 7 = I/d (assuming a

5This Relative Entropy is often called Quantum Relative Entropy since it is the quantum coun-
terpart of the classical Relative Entropy defined as H (p(z)||q(z)) = >, p(x) log (%), given two
probability distributions p(z) and ¢(z).
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d-dimensional Hilbert space)

Z(p) = S(pllm)
= log(d) — S(p). (3.15)
From Eq. (3.12) we obtain that
0 <Z(p) < log(d), (3.16)

with its minimum at p = 7 and maximum where p is a pure state.

With this concept in hand, it is straightforward to have an intuitive idea of the
quantity called mutual information. Given a system divided in two parties A and
B, in which the global state is p4p, the mutual information between the two parties

is defined as

Tp,p(A:B) = S(pasllpa ® pp), (3.17)

where pa = Trp(pap) and pp = Tra(pas).

The mutual information embraces all the content of the correlations between the
parties A and B. In general, py ® pp # pap since the partial trace which generates
the local state p4 vanishes with all the B dependence, i.e., their correlations. Thus
the product ps ® pp represents completely uncorrelated states and consequently its
distance to the global state p4p measures their correlations.

A more explicit representation of the aforementioned ideas can be seen in the

following formulas. From the definition of relative entropy (Eq. (3.13)), we have

S(pasllpa @ pp) = =S(pap) — Tr(papInpa) — Tr(papIn pp). (3.18)

Now, notice that

— Tr(paplogpa) = — Tra(Trp(pas)log pa)
= —Tra(palogpa)
= S(pa), (3.19)
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with a similar result for — Tr(paplog pp) and applying it in Eq. (3.18), we obtain

Z,,5(A:B) = S(pa) + S(ps) — S(pas), (3.20)

which is a simpler way to compute mutual information in various applications.
Finally, using the definition of information (Eq. (3.15)) in Eq. (3.20) and the
fact that log(dadp) = logds + log dp, we conclude that

T,a(A: B) = Z(pan) — T(pa) — L(ps), (3.21)

where d4(dp) is the dimension of the Hilbert space of A(B). The equation above
simply states that “the mutual information between A and B is the information
contained in psp minus the information contained locally in p4 and pg”, that is,

the mutual information represent the correlations between the parties.

3.3.3 Entanglement

We gave justifications for the fact that the mutual information represents the total
correlations between two parties. However, to conclude which of these correlations
have quantum origins without classical counterparts is a hard task and still a very
fruitful research field nowadays [110]. Here, we briefly introduce the concept of en-
tanglement, which is the most known type of quantum correlation, due to its appli-
cations as an important resource in quantum technologies and conceptual problems
[111].

Suppose a system is divided into two parties A and B. A pure state |¢)) rep-
resenting this system is called a product state if it can be parametrized as a tensor

product
) = [va) ® |¥B), (3.22)

where |14) (|¢)) belong to the Hilbert space of A(B). Any pure state which is not
a product state is called an entangled state.
Notice that in the case of pure states, it is not hard to have a decisive witness of

entanglement. If a state |¢) is a product state just like in Eq. (3.22), then clearly
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the partial trace of its density matrix over A or B will result in a pure state, i.e.

Tra(l) (@) = |¢s) (Y5l (3.23)

Otherwise, if a state [¢) is an entangled state, then the partial trace of its density
matrix over A or B will result in a mixed state. Consequently, the entropy of the

reduced state will be non-zero. So, if

S (Teas) (1) () > 0, (3.24)

the state will be entangled. Otherwise, it will be a product state.

With the use of the Schmidt decomposition [1, 2, 91], it can be shown that for any
pure state S (Tra(|¥) (¥])) = S (Trg(|1) (¢|)) and this quantity can also represent
a quantifier of entanglement.

Unfortunately, in the case of mixed states, the problem of quantifying entangle-
ment is much more challenging. For a system divided in parties A and B, a state p

is said to be separable when

p=2_piPs @ Py (3.25)

where {p;}; is a probability distribution, p’, are density matrices in A and p'; are
density matrices in B. A mixed state is said to be entangled when it is not a
separable state.

The meaning of Eq. (3.25) is that a separable state is a classical mixture of
quantum states p% and py which are only locally quantum. It can be shown that
such states can always be prepared by the so-called Local Operations and Classical
Communications (LOCCs) [111]. To distinguish if a mixed state is separable or not

is, in general, a very arduous task.

3.3.4 Quantum discord

Due to the difficulty mentioned above in characterizing entanglement for mixed
states, we focus on another quantifier of quantum correlations, the so-called quantum

discord.
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The concept of quantum discord was first proposed in Refs. [112-114]. It is a
discrepancy between the mutual information among two parties and the maximum
amount of information we can get from one party by measuring the other party.
Intuitively, one may think that the maximum information we can get by one party
looking at the other party is equal to their total correlations, but we shall see that
this statement is true only for classical systems. For quantum systems, we get a
mismatch due to quantum backactions.

This can be seen in the following discussion. Given a system divided into two
parties A and B, suppose that their states can be represented by classical probability
distributions p(X)# and p(Y)?, respectively. We can define the conditional entropy

H(A|B) = Zp B plaly) og(p(xly)*), (3.26)

which is the average of the Shannon entropy of the conditional probability of A given
we obtain an outcome from B, this conditional probability distribution is given by

Bayes’ Theorem [108]

p(zly)” = )P (3.27)

where p(x, y)*® is the joint probability of measuring X and Y and obtaining = and
y as results.

The conditional entropy in Eq. (3.26) is interpreted as the lack of information
we have about A given we know the outcomes of B. It can be shown (see Appendix

B) that the mutual information between A and B is given by®

T(A: B) = H(A) — H(AB), (3.28)

where H(A) is the Shannon entropy of A given its probability distribution p(X)*.
The equation above simply states that the mutual information between A and B is
the ignorance of A less the ignorance of A given that we know the outcomes of B.

We can try to define a similar conditional entropy for the quantum case. In this

6This mutual information, defined for classical systems, has exactly the form of Eq. (3.20),
but switching von Neumann entropies for Shannon entropies and density matrices for probability
distributions.
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case, obtaining the outcome of the subsystem B cannot be done without taking into
consideration the effects of the measurement on it. Hence we suppose that if choose
a generalized measurement described by the Kraus matrices {MP}, in B, the joint

system p4p will suffer a backaction

Iy @ MP Iy @ MP)
PABJK = ( A k )psz( A k ) ’ (329)

if the outcome is k, with probability
P =Tr ((La ® MP)pap(Ta ® MP)) . (3.30)

With the reduced state pa = Trp (,oAB‘k) we can define the quantum-classical

conditional entropy

m(A|B) = Zpk (pak), (3.31)

which follows exactly the same idea of the conditional entropy of Eq. (3.26), but
with the influence of the backaction in the quantum state and the dependence on
the choice of measurement {MP},. Its interpretation is also similar, it represents
the ignorance of the system A given we know the outcomes of the generalized mea-
surements {MEP},.

It is useful to define the quantity
Tu(AIB) = S(pa) — Su(A[B), (3.32)

which means the information obtained by A with the outcomes of the quantum
measurement {MP}, of B, very similar to the mutual information in Eq. (3.28).
For the classical case, the quantity equivalent to Eq. (3.32) must be the mutual
information, but for the quantum case, this is not always true. For this reason, one

defines the quantum discord

w(A|B) = Z(A: B) — Ju(A|B), (3.33)

meaning the mismatch between the total correlations and the information obtained
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by A after the outcomes of {MP}; in B.

A more compelling quantity is the measurement independent discord

D(A|B) = min Dy (A|B)|, (3.34)
{MB}

which is the minimum discord obtained over all possible measurements. It is the
case where we obtain the maximum information about A with measurements in B,
i.e., maximizing Jy(A|B). A non-zero value of this quantity means that there is no
measurement that can give us full information about the correlations, as is possible
in classical systems. From now on we shall refer to the measurement independent
discord simply as the quantum discord (and to the quantum discord of Eq. (3.33)
as the measurement dependent discord).

This correlation quantifier, without classical counterparts, has several applica-
tions in quantum information, quantum thermodynamics, open quantum systems,
and many-body physics [110]. In this thesis, it will be useful to indicate genuine

quantum correlations between Gaussian systems in Chapter ?77.

3.4 Bayesian Networks

Bayesian Networks (BNs) was first introduced in its modern terms by Judea Pearl
in 1985 [47]. In Judea’s words, his study was “motivated by attempts to devise a
computational model for humans’ inferential reasoning”, from which he obtained a
graph-type model for inferring probabilities from conditional distributions disposed
in a causal order. This concept is used in a large range of applications, mainly in
Artificial Intelligence, which was its initial proposal application.

This concise presentation will focus only on the necessary concepts for the second
project of the thesis, which took a large inspiration from [48] in introducing the BN
concept to quantum systems. For a complete introduction to the subject of BNs,

see Refs. [43-46].
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Figure 3.1: Three random variables A, B and C disposed in a causal order.

3.4.1 Definition and examples

Suppose we have three random variables A, B, and C' disposed in a causal order
where A causes B and B causes C' (see Fig. 3.1). The approach to relating these
quantities is to assign to each arrow a conditional probability according to the causal
order. For instance, for the case of Fig. 3.1, the joint probability distribution
P(A,B,C) is

P(A,B,C) = P(C|B,A)P(B,A)

P(C|B, A)P(B|A)P(A)
= P(C|B)P(B|A)P(A), (3.35)

where the last equation holds since the random variable C' depends only on B.”
For more complex relations of causality, instead of an ordered string (as in Fig.

3.1) the causal orders can be described by directed graphs where the directed edges

mean causal relations and each vertex represents a random variable. Fig. 3.2 gives

an example of a directed graph describing more complex relations of causality. For

this case, the joint probability P(A, B,C, D, E, F) is

P(A,B,C,D,E,F)=P(F|A,B,C,D,E)P(A,B,C, D, E)
—P(F|C)P(A, B,C)P(F|D)P(D)P(F|E)P(E),  (3.36)

where in the last equality we used that the random variable F' only depends on C, D,
and F and these three variables are independent of each other. The joint probability

"Of course, the random variable C has a causal relation with A. But, once the random variable
B is known (B = b), the random variable C' will be fully specified by P(C|B = b), thus A and C
become independent. This property is known as a d-separation between A and C [44, 45].
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P(A, B,C) can be computed separately

P(A, B,C) = P(C|A, B)P(A, B)

(ClA)P(C|B)P(B|A)P(A)

T

(C|A)P(C|B)P(B|A)P(A). (3.37)

Combining the two equations above, we obtain

P(A,B,C,D,E,F)=P(C|A)P(F|C)P(C|B)P(B|A)P(A)P(F|D)P(D)P(F|E)P(E).
(3.38)
If in a directed graph there is a link from A to B, we say that A is a parent of B.
In the directed graph of Fig. 3.2 F has parents C, D and E; C has parents A and
B, and B has only the parent A. Notice that in Eq. (3.38), the joint probability
distribution is just the chain product of the conditional probabilities between the
random variables and their parents times the probability distributions of the random
variables without parents. This is a general property of Baysean Networks, the BNs
are sets of random variables with their causal relations described in acyclic directed
graphs®. For similar reasons as the examples above, we have the following theorem
[44, 45].
Theorem (Chain rule for Bayesian Networks): For the set {A;,---,A4,}

of all random variables in a BN, the joint probability distribution will be

P(Ay, -+ Ay) = [] P(Ailpa(Ay)), (3.39)

i=1

where pa(A4;) is the set of all parents of A;.
For these reasons, BNs yield a compact representation for joint probability dis-

tributions of sets of random variables with causal relations.

8 Acyclic directed graphs are directed graphs which have no cycles in their inner structure, or
directed loops. This avoids causal loops causing feedback cycles (see Fig. 3.3), which makes the
modeling too difficult.[44]
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Figure 3.2: Example of a directed graph representing relations of causality between
random variables.
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Figure 3.3: A directed graph within an internal cycle, provoking a causal loop
between the random variables A, B, C, and D.
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3.4.2 Dynamical BNs for quantum systems (QBNs)

In this Subsection we make an application of BNs for estimating the probability of
reduced quantum systems to be in a particular conditional trajectory as the system
evolves, these are called Quantum Bayesian Networks ((BNs). This structure will
be the basis of the second main project of this thesis and has great influence from
[48, 115, 116].

The setup is the following. Consider a state divided into two parties A and B

and with the initial joint state

where {P;, [1)5(0))}s is an ensemble of quantum states which are not necessarily
orthogonal. If we have a global unitary evolution U(t) of the joint system, then each

state of the ensemble {|15(0))}s will evolve deterministically as

[¥s(t)) = U(1) |15(0)) - (3.41)

Looking now at the reduced local systems, suppose we have observable O4 in A
and Op in B with eigenvectors {|a;)}; and {|b;)};, respectively. We know that if the
global state is |1)4(t)), then the conditional probability of the reduced states being

in the eigenkets |ay) in A and |b;) in B is’

P(ag, biltos(t)) = | {an, bilibs(t)) |*. (3.42)

With this conditional probability in hand, we can create a BN (see Fig 3.4)
for estimating the probability of the joint system to be successively observed in
the states |ag, bo) , |a1,b1),- -, |an, b,) for time instants (0,¢q,--- ,t,), respectively.

From the Theorem given in Eq. (3.39), the probability of realizing such states is

7’(%(0)7 Qo, b07 arg, blv Tty Qn, bn) = Psp(a()v b0|¢5<0))P(a’17 b1|¢5(t1)) e P(am bn|¢8(tn))a

(3.43)

9We will denote |ag, by) as the tensor product of vectors in A and B, |ay, bx) = |ax) 4 ® |bi) p-
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Figure 3.4: BN for the dynamical evolution of a quantum system. The upper line
describes the global state evolution (which we often call hidden layer) and the dashed
arrows indicate the causal dependence of the reduced states on the global states at
each instant ;.

where we omitted the conditional probabilities from 1,(¢x) to 1s(tx41) since these
transitions are deterministic and thus the conditional probabilities are 1 and, re-
membering, P, is the ensemble probability distribution of the initial state of Eq.
(3.40). Consequently, the only global probability on which this joint distribution
depends is on the initial ensemble {15(0)}.

Finally, for obtaining a conditional trajectory (ag,bo, a1, by, - ,an,b,) of the
reduced states, we must only marginalize over all s from the initial density matrix

ensemble

P(ao, b(), ai, bl, s, Ay, bn) = ZPSP(CL(), b0|1/)5<0))P(6L1, bl|¢5(t1)) te P(an, bnld)s(tn))

(3.44)
These results will be essential for obtaining the average shifts observable in the

second project of the thesis, shown in Chapter 7.
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Continuous Variables Framework

4.1 Bosonic modes

In this chapter, we shall describe the framework of quantum continuous variables.
This exposition is based mostly on Serafini’s pedagogical compendium [14], also
well-marked references can be founded in [15, 16]. The subject consists of the set of
tools needed to describe the degrees of freedom that satisfy canonical commutation

relations (CCR)

(4,051 = 1, (4.1)

where ¢; and p; are, respectively, the position and momentum operators' of the
degree of freedom j. The degrees of freedom that satisfy Eq. (4.1) are called bosonic
modes (in contrast to fermionic modes that satisfy anti-commutation relations).
This structure is widely used in quantum optics [55, 56, quantum information
and quantum computation [1, 2, 15, 117], for instance in continuous variables clusters
[118], many-body and condensed matter physics [119, 120]. In our case, we shall use
it in our first project to describe a CM in which the system and ancillae are bosonic
modes as a realization of the bosonic case described in the subsection 2.3.7 and in
the second project as an application of the heat distribution obtained with QBNs.

We will focus on using Gaussian states and Gaussian operations. This enables

'In this chapter, as well as in the chapters involving continuum variables, we identify all oper-
ators acting on some Hilbert space with a hat. The reason for such terminology will make itself
clear in the following sections.
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us to describe the effects of the environment in the system with the same idea of
tracing out the environment as in Eq. (2.12) but with a much smaller number of

variables. This will simplify dramatically the complexity of our computations.

4.1.1 Canonical vectors

We now define some objects concerning bosonic modes that will simplify our treat-

ment and notation. We start with the vector of operators
r= (6717231@271627'” 7@n7ﬁn>T7 (42)

where n is the total number of modes of the system in question. As we can see, T is
nothing but the vector of all canonical operators (or quadratures) of a system.
Moreover, we have the creation and annihilation operators d} and a;, related to

the quadrature variables by
g, = P (4.3)

a; 73
the main importance of these last operators becomes clear in the second quantization
context, as will be detailed later in this Chapter, in Section 4.2. For arranging these
operators we define the vector

a= (&la&La%d;a"' 7&na&:r1)—r~ (44)

The elements of a can be related to the elements of ¥ by means of Eq. (4.3),
resulting in

a=Ut, (4.5)

where?

i, with &= — . (4.6)

1 V21

2The symbol @ means the direct sum operation, see Appendix C, Section C.2, for the definition.
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4.1.2 CCRs and the symplectic form

Given a system of n bosonic modes ordered according to Eq. (4.2), we define a

2n x 2n matrix ) as

Q=
j=1
- ]In ® Ql)
0 1
where 0y = , (4.7)
-1 0

called symplectic form. It has the following properties that shall be useful to us

Q=-Q" (anti-symmetric), (4.8)
Q=-0"' & 0? =1, (4.9)
Q0T =00 =-0% =1, (4.10)

where I, is the k£ x k identity matrix.
The importance of the symplectic form makes itself clear when we write the CCR

(Eq. (4.1)) in terms of ¥, resulting in

[£,5] = iQ, (4.11)

where we used the notation given in Appendix C, specially Egs. (C.3) and (C.6).
This will be the cornerstone to define the symplectic group during this chapter.

4.2 Second quantization and the Fock space

The second quantization formalism is based on the idea of counting how many
particles or “field excitations” each bosonic mode has. It is based on the structure
existent from the creation and annihilation operators (Eq. (4.3)). If a mode j has
its local Hamiltonian H = wj (&}&j + %), then the eigenvectors of such Hamiltonian

are discretized as |m) ;» where m is a natural number. This way, the spectrum will

49



Chapter 4. Continuous Variables Framework

be

1
Hﬁmwj:ug(nr+2>hn%, (4.12)
having a lower bound when m = 0 such that a;|0);, = 0. The eigenvectors |m);

relate to themselves and with the operators as

ajlm); = vm|m —1);, (4.13)
alflm), = vm+1|m+1);. (4.14)

The results above are just the standard Simple Quantum Harmonic Oscillator solu-
tion that can be found in any Quantum Mechanics textbook. But now this structure
is used to interpret the excitations as the number of particles in a mode. For instance
|3),; represents a state with 3 particles in the mode j, [8), a state with 8 particles in
the mode k and so on. The space to accommodate this scheme is called Fock space,
which is the tensor product of the Hilbert spaces corresponding to each number of

particles.® For a mode j, the corresponding Fock space is
Fi=HioH oM oHL® - = Q) HI,, (4.15)
m=0

where H7 is the Hilbert space with m particles of the mode j. A tensor product
of all the eigenvectors of the free mode Hamiltonian (like in Eq. (4.12)) is called a
Fock basis, and is a basis of the Fock space. Finally, if we are working with a system

of n modes, the full Hilbert space will be

n

H:(g)fj. (4.16)

J=1

In this work, we shall always be acting in a Hilbert space like in Eq. (4.16) whenever

we have a system of n bosonic modes.

31t is important to remember that the tensor product of Hilbert spaces is also a Hilbert space,
thus Fock spaces are Hilbert spaces.
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4.3 Displacement operator and coherent states

Of major importance in continuous variable quantum mechanics is the unitary dis-

placement operator (or Weyl operator) defined as
D, =" (4.17)

where r is an arbitrary 2n vector with real components, and notice that ﬁl =

D_,. The name “displacement” turns out to be intuitive if we look at the following

property

DitD, =1 —r, (4.18)

i.e., the action of this unitary on the vector of canonical operators is just its dis-
placement (this equation is proved in Appendix C, Section C.4).

Another relation frequently used is the composition property

Dy vy = Dy, Dy, e™19%2/2, (4.19)

where ry and ry are generic 2n vectors with real components. The composition prop-
erty can be proved by direct application of the Baker-Campbell-Hausdorff (BCH)
or Zassenhaus formula,® and it can be an alternative way of defining the non-
commutative properties of the canonical quantum operators.

Displacement operators are also used to define coherent states, which may be
seen as a cornerstone to phase space methods in continuum variables. First, define

a as a vector of length n with complex components
a; = (g;+ip;)/V2, (4.21)

with ¢; and p; being real numbers. And define the 2n real vector r related to ¢; and

4This formula can be formulated as follows, let A and B be operators, then

eATB — (AgBo—5ilAB] 4 IBABI+A[AB]) . (4.20)
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pj as

r= (Q17p17qQ7p27"' 7qn7pn>T' (422)
Then we can rewrite Eq. (4.17) as

n

D, =D, = exi=i(ovi)—aja) (4.23)

It can be shown, using the BCH formula, that

Dla;D, = a; + aj. (4.24)

We are now in the position to define the coherent state |a) as

la) = D, |0), (4.25)

where |0) = ®7}_;[0); is the vacuum of the whole Hilbert space of Eq. (4.16).
Consequently, |a) is the eigenvector of the a; operators (see the proof of the following

equation in Appendix C, Section C.5)
aj o) = ajla) . (4.26)

It is often useful to describe a coherent state |a)® in the Fock basis. This is given

by the following equation (see Appendix C, Section C.6, for the proof)

o0

ja) = 7 eler /2\/—|m> (4.27)

m=0

Other important properties for further use are

DoDy = e3P =N (4.28)

this is equivalent to the composition property of Eq. (4.19), and the overlap between

5In this case, as in all the following results and demonstrations, we will assume all coherent
states as being of only one mode (say, mode k), i.e., |ag) = Dg, |0), where D,, = Okl —ajax
but we shall omit the k for simplicity of notation. The generalization to a number n of modes is
straightforward since |a) = @]_, ;) and D, =1l DaJ
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two coherent states |a) and |5)

(la) = (0] D—sDa [0)
= (0] Do [0) €277
= (0o — ) (7

) (4.29)

where in the second equality we used Eq. (4.28) and in the last equality we applied
(0] in Eq. (4.27) to obtain the overlap between |0) and a coherent state. This overlap

results in

(0la) = > 2 5 (o)

00 m
7042204
=3 P2 g

m=0

Vm!

_ P2

Moreover, the set of all the coherent states {|a),a € C} form an “overcomplete”
basis for the Hilbert space of the corresponding mode. This means that, although it
is not an orthogonal set, as we can see in Eq. (4.29), the set can span all the Hilbert
space. Indeed, a completeness relation can be shown (see Appendix C, Section C.7)

involving the coherent basis

71T [ ale) ol =1, (4.30)

where I is the identity operator of the Hilbert space and [ d*a means an integration

over the entire complex plane. This provides an alternative way of computing the

23



Chapter 4. Continuous Variables Framework

trace of an operator by using continuous variables

o0

Te{A} = 3 (m| A|m)

m=0

— i/cd%z io (m|a) (| A|m)
_ i/{cd%& (o] A i0!m> (mla)

_ i/@d% (] Ala). (4.31)

To end our presentation about coherent states and displacement operators, we
shall present the Fourier-Weyl relation. This is the statement that any bounded
operator A acting on the Hilbert space of a mode can be constructed by an integral
of displacement operators weighted by Tr{f)afl} (see the proof in Appendix C,
Section C.8). More precisely

A= i/@cﬂa Te{ Do A} D_q. (4.32)

This relation follows an idea similar to a Fourier expansion. When we have a function
of a real variable z expanded as f(z) = 5= [ dpF(p)e P, the weight here is the
Fourier transform F(p) and the function e~*? has the same role as the displacement
operator in Eq. (4.32). This parallel will be useful to gain some intuition on the
concept of characteristic function of a density matrix, which will be discussed below
in Sec. 4.4.

A direct consequence of the Fourier-Weyl relation is the orthogonality relation®
for displacement operators. If we put the displacement operator itself as Ain Eq.
(4.32), we obtain

Dy = i/@an Te{DoDs} D_,

6This orthogonality is defined in terms of the Hilbert-Schmidt inner product between two oper-
ators. Given two operators A and B in a Hilbert space, their Hilbert-Schmidt inner product will

be Tr{ATE}.
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which means that we can treat the trace term as a Dirac delta function

Te{D_oDs} = n6*(3 — a), (4.33)

which is the desired orthogonality relation. Moreover, the orthogonality relation can

be rewritten for n modes in the real plane as

Te{DrD_s} = (27)""(x — 5). (4.34)

4.4 Characteristic function

The characteristic function of a density matrix p is the weight function of the
Fourier-Weil relation (Eq. (4.32)) if we expand the density matrix itself. More
precisely, if

1 A
p=— [ dax(@)D .., (4.35)
mJC

then, from the Fourier-Weyl relation (Eq. (4.32))

x(a) = Tr{Dap} (4.36)

is the characteristic function. The existence of this function for every p is guaranteed
by the validity of the Fourier-Weyl relation.
From making the straightforward generalization to n modes and the change of

variables from « to r (given by Eq. (4.21)), Eq. (4.35) results in

p= (Qi)n /R _drx(r)D, (4.37)

where dr = dg,dp,dqo2dps - - - dq,dp,, similar to a phase space integral, and

x(r) = Tr{D_p}. (4.38)

Again, this follows the same reasoning as the characteristic function ¢(y) of a

probability density function p(z), which are related by p(zx) = i [ dyp(y)e= v,
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Here the characteristic function is the Fourier transform of the probability density
and has the role of a weight function in the integral, similarly x(r) has the role of
the weight and D, has the role of e~ in Eq. (4.37).

Since a physical density matrix p must satisfy a set of properties, there is also a
set of properties that y(r) must satisfy in order to describe a physical state. First of
all, from the definition we can conclude that the characteristic function must be a
continuous function. Now, from the normalization condition of Eq. (2.5), we must

have

X(0) = Tr{ Dop}
= Tr{p}
=1, (4.39)

where 0 here means the 2n vector of entries 0 and we used that Dy = I, where I is
the 2n identity matrix. Furthermore, the positive semi-definite condition (p > 0) is

equivalent to following condition over the characteristic function y(r):
T >0, (4.40)

where T is a 2n x 2n complex matrix, completely defined given a characteristic func-
tion x(r), such that T, = x(r; — rx)e™ 3 /2. The justification for this condition
can be found in Ref. [14].

Also, from the fact that p is hermitian, we must have y(r)* = x(—r) and it can
be shown that this is also a consequence of T > 0 (as it should be since p > 0

implies p hermitian).

4.5 Quasi-probability distributions

If we construct a phase space of a system with the eigenvalues of canonical operators,
it is possible to define weight functions in this phase space which are used to com-
pute the average of observables. These weight functions are called quasi-probability

distributions since they don’t satisfy necessary probability distribution properties
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but can have similar interpretations.

4.5.1 Wigner fucntion

We can define the Wigner function (or W-function) as the Fourier transform of the

characteristic function

W(a) = ;/Cd52x(oz)e(aﬂ*_a*ﬂ). (4.41)

Going to a phase space constructed with the eigenvalues of the quadrature operators,

via Eq. (4.21), we obtain (see Appendix C, Section C.9)
2 1 _i2pq’ oA /
W(qm)z;/ﬂ{dqe {a=dlpla+q)- (4.42)

Now, if we integrate W (q, p) over all p, we have

L W) = @l (1.3

so the integral of the Wigner function over the quadrature eigenvalues of p is twice
the probability distribution of the projective measuring of the conjugate quadrature

q. Analogous results are easily obtained for any pair of quadrature operators.

4.5.2 The s-ordered quasi-probability distribution

For s € [—1, 1], we can define the s-ordered characteristic function as
xs(@) = Tr(Dap)es, (4.44)

reducing to the characteristic function xs(a) when s = 0, that is yo(a) = x(«@).
Further, we can define the s-ordered quasi-probability distribution W¢(«) as the

Fourier transform of the s-ordered characteristic function

Woa) = &5 [ o0 5), (4.45

72 Jc
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which reduces to the Wigner function for the case of s = 0.

This is a normalized function, since

[dtawi(a) = [ d* 8 (B)x.(9)

= x(0)
— 1. (4.46)

We shall expose in the following that other important quasi-probabilities result

from the s-ordered quasi-probabilities for s =1 and s = —1.

4.5.3 Glauber-Sudarshan P-function

For the case of s = 1, the s-ordered quasi-probability satisfies an exceptional prop-
erty. It will be the function responsible for the diagonal decomposition of the density

matrix described by the modes of «, i.e., if we define P(a) = Wi («), then

= /C EaP(a)la) (al. (4.47)

The equation above is proved in Appendix C, Section C.10, and P(«) is called the

Glauber-Sudarshan P-representation (or P-function).

4.5.4 Husimi Q-function

One can define the Husimi Q-function as
Qo) = W_y(a). (4.48)

The function Q(«) receives the interpretation of being the probability of a het-
erodyne measurement to yield the outcome «. A heterodyne measurement is a
generalized measurement with Kraus matrices M, = ﬁ |a) («|, where |a) is a co-

herent state. These measurements are of major importance in Quantum Optics [55,
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121, 122]. One can prove (see Appendix C, Section C.11, for the proof) that

Q)= {al pla), (4.49)

and hence the Husimi Q-function is a valid probability distribution.

Finally, it is worth mentioning that the quasi-probability distributions are ex-
tremely useful to computations of averages of creation and annihilation operators in
normal, anti-normal, and symmetric ordering [14, 55, 123]. In this thesis, we shall

not use such properties directly.

4.6 (Gaussian states

4.6.1 Definitions

We start by defining the second-order Hamiltionian as a Hamiltonian that is con-
structed as a degree two polynomial of canonical operators, we chose to study the
case where

|
H= 5f«THf« +1 (4.50)

where H is a 2n x 2n real matrix and a positive definite matrix (H > 0)7 called
the Hamiltonian matriz® (notice that this is not the Hamiltonian operator) and pu
is a real vector with dimension 2n. A more suitable way of representing general

second-order Hamiltonians is given as follows. If we assign

r=—H 'y, (4.51)

"H must be symmetric (since H must be hermitian). But, additionally, the positive definite
restriction is there to ensure the thermodynamic stability of the thermal state (i.e., their eigenvalues
must be positive and bounded from below).

8The term Hamiltonian matriz is often given to the matrix QH by many authors. We follow a
different nomenclature in order to agree with Ref. [14].
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then, except for a constant term, we can write

(t—1) H(t —1). (4.52)

Equipped with these definitions, we define Gaussian states as thermal states with
a second-order Hamiltonian H in which its Hamiltonian matriz is positive definite

H>0

pc = ; (4.53)

where Z = Tr{e*[m } is the partition function and S > 0 is the inverse of the
temperature (here we also always set the Boltzmann constant to 1). This definition
includes pure states, which can be taken as the limit of the above equation with

b — oo
,Bﬁ

(4.54)

~ . €
Ppure = ,Bhﬁ\I{olo 7

Another important concept in the context of Gaussian states is the statistical
moments, i.e., the averages of different orders of canonical operators. The first

moments are the average of the canonical operators

(#) = Tr{ pot}. (4.55)

As for the second moment, it is convenient to combine them in terms of the covari-

ance matrix

o= ;Tr [ﬁc{(f“ —1),(F - ﬂTH
1

=S ({E-0.6-07}), (4.56)

where the anti-commutator inside the trace is defined just like in Appendix C,
Section C.1 and we defined r = () (see Eq. (4.55)). If we execute the anti-

commutator, use the distributive property of averages, and use Eq. (4.11) in the
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equation above, we obtain

o= (F") — (E)(E)" - -, (4.57)

which can be a much more suitable way of computing the covariance matrix.

4.6.2 Bona-fide conditions for covariance matrices

Given that covariance matrices represent the second moments of canonical operators,
they must have restrictions on their components due to uncertainty relations. The
restriction is given by the following inequality (see Appendix C, Section C.12, for
the proof of this condition)

This is the restriction that a covariance matrix must obey to represent a valid
quantum state and is called Roberson-Schrédinger relation, or also referred to as

bona-fide condition.

4.6.3 Dynamics of canonical operators and statistical mo-

ments

We start our development for the dynamics of Gaussian states by analyzing the
evolution of the vector of canonical operators t in the Heisenberg picture for closed
systems under the action of a second-order Hamiltonian from Eqgs. (4.50) and (4.52).
Additionally, we analyze the evolution of the statistical moments for closed systems
under the same Hamiltonian.
For the vector of canonical operators, the Heisenberg Equation implies
dr;

—L = (QHE),; + (), (4.59)
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The equation above is equivalent to stating that, remembering that H > 0,

dr

— =Q(Hr
o = SUHT +p)
=QHE+ H 'p). (4.60)
So, if we define ' such that
t=1 - H 'y, (4.61)
then
d—f/ = QH7 (4.62)
dt ’ '

which has the solution

/() = A ().

Now using that #'(¢y) = #(tg) + H ‘g and t'(t) = £(t) + H'p in the equation above,
we obtain

B(t) = 2R (g) 4 (0 ) Hp, (4.63)

where I is the 2n x 2n identity operator. This is the general solution for the Heisen-
berg vector of canonical operators that we intended to find. The solution above can

be rewritten in terms of T from Eq. (4.51) as

A

#(t) = Ds (e D i (to) D) D_s. (4.64)

Notice that the general solution above reduces to the simple form

#(t) = A1), (4.65)

if 4 = 0. The general solution of Eq. (4.64) can be understood as translating r(¢) so
that the Hamiltonian has purely quadratic terms in this new frame (see Eq. (4.52));
making the quadratic Hamiltonian evolution and then translating back the vector
to its initial frame.

Focusing now on the dynamics of statistical moments, we start by studying the

first moment’s evolution. The time derivative for the vector of the first moments
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given in Eq. (4.55) can be obtained by applying the density matrix p in both sides
of Eq. (4.60) and taking the trace, arriving at
d(F)

— = QHE) + p). (4.66)

The equation above has the exact same structure as Eq. (4.60), thus its solution is

analogous

(3()) = (Ds (™) D_i(t0) Dr) D ). (4.67)

Again, if the Hamiltonian has no linear term (@ = 0), we have

(£(t)) = eHE10) (7 (1)), (4.68)

For the second moment, we study the evolution of the covariance matrix. From

taking the derivative of Eq. (4.57) with respect to time, we obtain

do d AnT AT A
Ezgﬁ“r ) — ——(F) —(£)

(4.69)

for computing the term with %(f‘fw we observe that, in the Heisenberg picture,

d v di.  di’
g0t =gt iy
= QHtt + Qui’ + it (QH)T +£(Qu) ",

where in the second equality we used Eq. (4.60) and the transpose of it. We can now

apply the density matrix in the equation above and take the trace of it, obtaining

Z@M — QHET) + QuET) 28T ()T 4§ (). (4.70)

Lastly, using Eq. (4.70), the transpose of it, Eq. (4.60) and the transpose of it in
Eq. (4.69), we obtain

‘Z =QHo +0(QH)", (4.71)

which is our differential equation for a general second-order Hamiltonian evolution
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of the covariance matrix. Its solution is simple and is given by

—
o(t) = A0 g (1) (eQH(t*tO)) : (4.72)

There are three things that must be observed in the solution above. First, the
evolution of o(t) does not depend on the first moment (£(¢)), both of them evolve
in a decoupled way. Second, the solution of o(¢) does not depend at all on the
linear terms of the Hamiltonian, it only depends on the Hamiltonian matrix H of
the quadratic part. Third, the matrix e?#=*) clearly plays a major role in both
o(t) and (£(t)) solutions; for this reason, and further simplifications in the following

6QHt (

of the thesis, we shall refer to it as Sy = from now on we set ty = 0 just for

convenience).

4.6.4 Symplectic operators

As already anticipated above, the matrix Sy has a major role in the evolution of
statistical moments. We shall point out the condition that these operators must
satisfy in order to describe valid a physical evolution for vectors of operators. These
conditions are analogous to the condition of unitarity for evolution operators acting
on Hilbert space states.

Since in our applications, we shall deal only with quadratic Hamiltonians without
linear terms, and the extension to Hamiltonians with linear terms can be simply
accounted with applications of displacement operators in Eqs. (4.52), (4.64) and
(4.67), we shall from now on only consider quadratic Hamiltonians. Hence the
evolution will be fully described by the Hamiltonian matrix H.

In this context (where ¥ = 0) we obtain, by Eq. (4.65),

#(0)S; = Sui(0), (4.73)

A

where S = e "H!

is the time evolution unitary operator. This implies, for any
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vector of canonical operators r, that
5, = Syt (4.74)

this equation makes explicit part of the enormous simplification that the continuous
variables framework can offer to us. The left-hand side sets the evolution to the
canonical operators given by the unitary operators acting at each one of the vector
elements, remembering that these unitaries act on an infinite-dimensional Hilbert
space. This evolution is equally obtained, on the right-hand side, by the action of
a much simpler 2n x 2n matrix (with real components) on the canonical vector,
simplifying manifestly our computations.

Notice that the evolution operator S 17 1s unitary and thus represents a physical
transformation between states. Therefore, it must maintain the CCR for the vectors

N ~ AT
. A . . Al A
of canonical operators t, i.e., if we call t' = S}[r 7, then we must also have [r/, 1’ | =

i€). This must imply, from Eq. (4.74) that

[, 7] = [Sut, (Sut)"]
= Sy[t, ]S,
= iSyQS};
— Q. (4.75)

The equation above implies that
SuQS;), =Q,

is the necessary and sufficient condition for a real 2n x 2n matrix to be considered
a transformation capable of substituting the unitary evolution as in Eq. (4.74).

Stating properly, any 2n x 2n real matrix S that satisfies

SQST =Q, (4.76)

is called a symplectic transformation and forms a symplectic group with the others
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transformations satisfying this property,” in symbols S € Spy, . This is the group
in which all the elements can possibly describe a physical unitary transformation

acting in 2n vectors of operators.

4.6.5 Covariance matrix parametrization

It can be shown that for Gaussian states we have a one-to-one parametrization of
the density matrix in terms of the first moments and the covariance matrix of the
state. More precisely, if we know the covariance matrix o (Eq. (4.56)) and the first
moments T = () (Eq. (4.55)) of a Gaussian state than we can obtain its density

matrix by the relation

R e—%(f'—i‘)TM(f-—f-)
PG = 7 3
where M = 2arccoth(2iQ0)if2, (4.77)

and Z ="Tr (e_%(f_f)TM (f_f)) is just a normalization constant.

The proof for the parametrization of Eq. (4.77) can be found in Appendix
C, Section C.16, and is made with the use of the Normal Mode Decomposition or
Williamson’s theorem. This theorem can be stated as follows. Suppose M is a 2nx2n
positive definite real matrix, then there is a symplectic transformation S € Spa, g,

such that

M = SDST, (4.78)

where

D = diag(dl, dl, ce 7dn7 dn>, (479)

with d; >0, Vj € [1,--- ,n] called symplectic eigenvalues.”® In Appendix C, Section
C.14, we present a method of obtaining the symplectic eigenvalues given a positive
definite matrix M.

Conversely, if we have the density matrix of a Gaussian operator pg, we can

9We call an application of a transformation A on a transformation O as application by congru-
ence when we have AOAT. For instance, in Eq. (4.76) at the left hand side S acts by congruence
in Q.

10The proof of this theorem can be found in Refs. [14, 124-128].
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obtain its first moments and covariance matrix by Eqs. (4.55) and (4.56), thus
completing the one to one correspondence.

This correspondence is another critical advantage of dealing with Gaussian states.
A density matrix description of a bosonic Gaussian state requires infinite elements,
while the description of a 2n vector of averages and a 2n X 2n covariance matrix
requires a finite number of parameters. This parametrization of quantum states in
first and second moments is analogous to the intuitive parametrization of Gaussian

probability distributions in terms of their first and second moments.

4.6.6 Characteristic function of GGaussian states

Another important aspect of Gaussian states is that their characteristic function
has a particularly simple form. Using Eq. (4.77) in the definition of Eq. (4.38), one
can show!! that the characteristic function of a Gaussian state with first moments

vector r = (I) and covariance matrix o is

7%rTQTaQreirTQTF. (480)

xa(r) =e

Since a state is Gaussian if and only if its characteristic function has the form
described above, this equation will be very useful to distinguish the Gaussianity of

a state.

4.7 (Gaussian operations

Given the very useful properties of Gaussian states pointed out above, it is of our
interest to find quantum operations (in the sense of quantum channels, defined in
Section 2.2) that preserve this Gaussian status of the states. These operations are
called Gaussian operations or Gaussian channels.

In this thesis, we shall follow the protocol described in Section 2.2 for obtain-
ing an open system evolution. This means that we will construct an initially un-

correlated joint system by making a tensor product between the system and the

"This is done in detail in Chapter 4 of Ref. [14].
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environment state, then we shall make the unitary evolution of the joint state and
finally trace out the environment in order to obtain the open system description.
In the following, we will prove that all of such operations: the tensor product, the
unitary evolution (generated by second-order Hamiltonians), and the partial trace,
are Gaussian operations. This enables us to use only first moments and covariance
matrices to completely describe our system during the evolution of our system and

environment starting at Gaussian states.

4.7.1 Tensor product

Suppose two Gaussian states p4 with m modes and pg with n modes, first moments

rqy = (f4) and rp = (rp) and covariance matrices o4 and op respectively. Using

the Gaussian characteristic function (Eq. (4.80)) and Eq. (4.37), we obtain

N

_ 1 / drAdrBe—irZQTUAQrA—%rEQTUBQrB—H'rZQTFA+irgQTf3Dr ® f)r
R(2m+4-2n) A B

(27r)2(m+n)

1 1. TOT ir QT A~
- d —3r Q' oQr+ir' Q rDr 4.81
(27T)2(m+n) /R(2m+2n) re ’ ( )

1}
where r = and 0 = 04 ® og. In the third equality, we regrouped the terms

rp
in the exponential and used that I‘XQTO'AQI'A + rEQTJBQrB =1 QToQr and that

Qs +r5Q'rp = r'Q'r, which is a direct consequence of the definition of
direct sum.'? Finally, also in the third equality of the equation above, we used that
f?r = ﬁr A ® ﬁrB which is a direct consequence from the definition of the Weyl
operator (Eq. (4.17)).

Eq. (4.81) shows explicitly that the tensor product of two Gaussian states pa
and pp is a Gaussian state since it has a characteristic function on the same form
as Eq. (4.80). Moreover, it shows that we can construct a tensor product of two

Gaussian states p4 and pp by making the following operations in their first moments

12We are implicitly assuming that  has the dimensions according to the vectors in which it is
acting, i.e., switching the n in Eq. (4.7) in each case for convenience.
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and covariance matrices

(#) = Fa) (4.82)
(Tp)
o=04®0p. (4.83)

4.7.2 Unitary operations

To show that unitary operators, generated by second-order Hamiltonians, are Gaus-
sian operations it is sufficient to show that if an initial state is of the form of Eq.
(4.53), then its unitary evolution pj, = UpgUT (where U is a unitary operator) will
also be of the form of Eq. (4.53). Therefore, suppose that our initial state is given
by Eq. (4.53), then if we have a unitary evolution given by U= e*m/, where H' is

a generic second-order Hamiltonian, the evolution of the state will have the form

A e_ﬁH

o =U—=U1
o~ BUHUT

Z )

now if we call H” = UHU?, then we need only to show that H” is a second-order

Hamiltonian in order to complete our proof. In fact

i = Uit
_ e—iﬁ’f{eiﬁ’
~ 1 ~ A~ ~ A~

= A )~ [ T (s

this is obtained with the use of another BCH formula.'> This proof is completed
by the fact that any commutator between second-order operators is a second-order
operator (see Appendix C, Section C.17, for a proof of this statement), hence H” is

a second-order Hamiltonian.

13Given two operators A and B, then

GABG_A =B+ [A, B} + [Av [*’21’ [A> [A7 B]H] +oeee (485)
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The unitary evolution for Gaussian states will be described by the symplectic
transformations Sy as in Eq. (4.74). And it is sufficient to know the evolution of the
first moments and covariance matrix from the following equations already obtained

in Subsection 4.6.3

(r(t)) = Su(r(0)) and (4.86)
o(t) = Spo(0)Sy, (4.87)

since the Gaussianity of the states is preserved.

4.7.3 Partial trace

Suppose we have a global system AB composed of two subsystems A and B of m

and n bosonic modes, respectively, and we prescribe the canonical operators of AB

. [Fa R R .
as r = , where ', and rp are the canonical operators of the subspace A and
I'p
B, respectively. Then if the global state p4p is Gaussian, it can be fully described

by its first moments r = (&) and covariance matrix o, which can be parametrized as

Iy

r= and (4.88)
rp
o

oo |74 S (4.89)
£ip OB

where r4 and rp are vectors of 2m and 2n real numbers, respectively and o4, op
and £4p are matrices of 2m x 2m, 2n x 2n and 2m x 2n real numbers, respectively.
Moreover, the reduced state ps = Trp (pap) will also be a Gaussian state with
its first moments given by r4 and covariance matrix o4, completely describing the
subsystem A. Analogously, the reduced state pp = Tra (pap) will also be a Gaussian
state with first moments rp and covariance matrix op.

The above affirmation can be proved as follows. Suppose we know the statistical

moments of AB (r and ¢). Then, from the characteristic function of a Gaussian
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state (Eq. (4.80)), we have

1 _1.TOT ir TOF A
pap = - / dre— it Q' oQr+ir QrDr.
(2m)mtn Jra(min)
If we parametrize r = (ry rg)’ where ry and rp are 2m and 2n real vectors,

respectively, then

A

1 . I .
pan = (27T)m+n R2 dra /Rz drBeii(rA rp)2T o0 ra )" Hilra rp)UFA rB)TDrA ® DI‘37

where we used Eq. (4.88) and that D, = Dy, ar, = Dy, ® D,,, from the definition

rpy
of the Weyl operator (Eq. (4.17)). Computing the reduced state pa = Trg (pas)
and remembering that the partial trace Trp acts only on the operators that belong
to the Hilbert space of B (thus all the exponential term and D, , of the equation

above remain unaffected by the trace) we obtain

Trg (paB) =
1 . . .
(2m)m+n Jgem dra R2n drBe*%(rA vp)R o vp) Hilea 18)TA rB)TDrA ® Trp (Dr3> :
(4.90)

From the orthogonality relation of Eq. (4.34), if we choose s = 0 and use that
Dy = 1, we obtain

Te(D;) = (27)"6”"(x).

Applying the above equation in Eq. (4.90) results in

1 1 T T - = N\T A
A _ —2(ra rg)Q'oQ(rg rp) ' +i(ra rp)Q(ra rp)
Trg (PpaB) ) Jaen dr e 1 rBzoDrA'
(4.91)

Computing explicitly the exponential components

p g exp y p p

QT 0 o g Qm m 0
(rA I'B)QTO'Q(I'A rB)T _ (I':g I';) mxm A AB X
0 Qan OXB OB 0 ann

= I‘ZQTO'AQI‘A + I‘;QTUABQI‘A + rZQTUABQrB + rEQToBQrB,
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where again we stated that 2 has dimensions according to the vector in which it

acts. Similarly, we have
r'Qlr=r) Q') +r Qs
Consequently, the equations above imply
7ir£QTUAQrA+irXQf'A

= € R
I‘BZO

e*i(l‘A rp)QToQ(ra rp) +i(ra rp)Qta )"

and using this equation in Eq. (4.91), we finally obtain

1

7lI‘TQTUAQI‘A+Z'I‘TQf'A F
G o €™ xeap (4.92)

Trp (paB) =

This proves that the reduced state p4 is a Gaussian state completely described by
the first moments r4 and covariance matrix o4, since its characteristic function has
the form of a Gaussian one (Eq. (4.80)) with the desired parameters. The proof is

analogous for the reduced system pg.

4.7.4 Gaussian CPTP-maps

We have completed the proof that all operations we shall use in our open system
evolution are Gaussian operators. Now we present the form of Gaussian CPTP-maps
that this description creates.

Suppose we have a Gaussian system of n bosonic modes initially at a state with
first moments vector rg and covariance matrix og. Similarly, initially, we have a
Gaussian environment of m bosonic modes with first moments rr and covariance
matrix og. If the initial system-environment joint state is uncorrelated they are

described by a tensor product. Hence, from Eqs. (4.82) and (4.83), we have

Tsp = | and ogp =05 D og, (4.93)

where rgg is the first-moment vector of the initial joint state and ogg is the covari-
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ance matrix of the initial joint state.

Let the unitary evolution of the joint system be given by the symplectic matrix

A B
S = , (4.94)
C D
where A is a 2n x 2n real matrix, B is a 2n X 2m real matrix, C is a 2m X 2n real
matrix and D is a 2m x 2m real matrix. Then, from Eqs. (4.86) and (4.87), we have
., Arg + Brg

I‘SE - B 3 5 (495)
Crs + Drg

for the evolved first moments r'y;. And

AosAT + BogBT AosCT + BopDT
CO’SAT + DO’EBT CO'ScT + DO’EDT
for the evolved covariance matrix o’p.

Finally, by taking the partial trace of the environment (see Subsection 4.7.3), we

obtain

Ty = ATg + Brp, (4.97)

for the evolved first moments. And
0y = AogA" + BopB', (4.98)

for the evolved covariance matrix.
If we define the 2n x 2n real matrices X = A and Y = o5 B' and the 2n vector

d = Brp, we conclude that the following evolution

rg — Xf‘g +d and (499)
og— XogX ' +Y, with (4.100)
Y +iQ)>iXQX T, (4.101)
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can represent any Gaussian CPTP-maps of a system n bosonic modes. The condi-
tion of Eq. (4.101) assures that the covariance matrices still satisfy the bona-fide
condition. The necessity of this condition can be shown by demanding the Eq. (4.58)
condition to the evolved covariance matrix of Eq. (4.100) and using the constraints
on X and Y due to the fact that the matrix S (of Eq. (4.94)) is symplectic.

Conversely to the result above, one can show (see, for instance, Chapter 5 of Ref.
[14]) that any matrices X and Y satisfying Eq. (4.101) can represent a Gaussian
map which acts on the system via the transformations of Eqs. (4.99) and (4.100).
Furthermore, one can always consider the environment as a 2n-modes state initially
at the vacuum (o = I/2) to construct such a Gaussian channel (for this case, the
quantum channel will have d = 0).

This construction for the evolution in bosonic modes will be the approach used
in Chapter 6 to obtain the analytical results for the collisional model with initially

correlated ancillae.

4.7.5 Applying a channel in only one partition

A useful result for further use is the following. Suppose that we have a Gaussian
system with two parties A, with n modes, vector of first moments r 4 and covariance
matrix o4, and B, with m modes, vector of first moments rz and covariance matrix
op. Now, suppose we have a quantum channel acting only in A given by Egs.
(4.99), (4.100) and (4.101) with the respective vector d and matrices X and Y
(simultaneously, the identity operation acts in B). Then the global resulting map

will be

r Xta+d
e | and (4.102)
Fi Fr
o Xo,XT+Y X
S e i (4.103)
fT OB fTXT 0B

The proof of this result can be found in Chapter 5 of Ref. [14].
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4.7.6 One-mode Gaussian channels

As an important example of Gaussian channels, we present the classes of all possible
Gaussian quantum channels acting in one-mode states. Any Gaussian quantum
channel for one-mode bosonic systems can be described by a vector d € R? and
2 x 2 real matrices T (called transmission matriz) and N (called noise matriz)
playing the role of X and Y, respectively, in Egs. (4.99) and (4.100). Accordingly,
the condition of Eq. (4.101) will result in the conditions

N=N'">0 and detN > (detT — 1)2. (4.104)

In Ref. [129], it was shown that the general structure of such transformations can
be reduced to a simple set of classes of matrices T and N together with displacement

operations to generate d. The classes are the following

o Class A;: T =0and N = (n+1/2)I,, for n > 0. This means that the state is
turned completely into a thermal state, thus the channel is called completely

depolarizing channel,

e Class Ay: T = diag(1,0) and N = (n+1/2)I,. This channel is phase-sensitive,
i.e., the state’s amplification of the second moments depends on the quadra-

ture;

e Class B;: T = I, and N = diag(0,1)/2, for n > 0. This channel is also

phase-sensitive;

e Class By: T =1, and N = %]IQ, for n > 0. This channel just adds classical
noise to the system, thus called additive-noise channel, it encompasses the case

of the identity transformation for n = 0;

e Class C: T = /7 Iy where 7 > 0 and 7 # 1. For the case of 0 < 7 < 1,
N =(1-7)(n+1/2), for n > 0, this case is called the lossy channel (this
contemplates the Beam-Splitter case to be seen in Chapter 6). For the case

of 7> 1, N = (7 —1)(n+1/2), for n > 0, this case is called the amplifier
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channel (this contemplates the Two-Mode Squeezing case.'*)

e Class D: T = y/|7|o, for 7 < 0 and N = (1 + |7|)(n 4+ 1/2)I5. This channel
is also phase-sensitive and it can be seen as the environmental outcome of a

two-mode squeezing operation.

This classification will be helpful to the construction of a method for computing

the quantum discord in two-mode bosonic states exposed in Subsection 4.8.3.

4.8 Entropic quantities for Gaussian states

Obtaining the entropy and related quantities, such as Mutual Information and Quan-
tum Discord, of Gaussian states will be necessary to quantify correlations between
bosonic modes in our second project of the thesis, especially in Chapter 7. Here we
present how to compute these quantities. For obtaining the entropy of a Gaussian

state, it will be useful to present the following diagonalization.

4.8.1 Diagonalization of Gaussian states to thermal states

of free modes

Given a Gaussian state (Eq. (4.53)) with n bosonic modes and a general second-
order Hamiltonian in the form of Eq. (4.52), we can write the density matrix of the
state as

ef(f'ff)TM(f'ff)

po=——7F— (4.105)

where Z = Tr (e_(f’_f)TM(f’_f)) and M is a positive definite 2n x 2n matrix. We

have, from Williamson’s theorem (Eq. (4.78)), that
F-1)'ME—-1)= (1) SDST(# —1), (4.106)

where S € Spa,r and D = diag(dy,dy, - - ,dn, d,) is the diagonal matrix of sym-

plectic eigenvalues. From the fact that the transpose of a symplectic transformation

1See Refs. [55, 121, 122] for the definition of the two-mode squeezing operation.
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is also symplectic,'® we have that S = ST is symplectic and hence

= STDI#"D #D;S, (4.107)

where Dy is a displacement operator (and we used Eq. (4.18)) and S is a unitary

such that ST#5 = S#.16 Finally, using the relation above in Eq. (4.105), we obtain

ﬁG = S’Tﬁri'ﬁfreeﬁf'ga (4108)
where
e—f-TD #
ﬁfree - T (4109)

is a thermal state of n non-interacting modes with energies given by the symplectic
eigenvalues of M. The density matrix of thermal n free bosonic modes is obtained

in Appendix C (Eq. (C.33)). Explicitly, we have

ﬁfree = ®ﬁfreej7 with (4110)
j=1
1 > (v;—1/2\"
Aree- = T 174 s i il 4.111
SRS YP njzzo (Vj+1/2> Inst (s (4.111)

where v; are the symplectic eigenvalues for the covariance matrix of the state

A 1T
PG-

4.8.2 Entropy of a Gaussian state

From Eq. (4.108) we observe that any Gaussian state can be described as a unitary

transformation of a thermal state of free modes. Since the von Neumann Entropy is

15This can be proved by taking the transpose of Eq. (4.76) and using that QT = —Q.

16T his relation is possible since for any S € Spay, g, there is a real and symmetric 2n x 2n matrix
H such that H = Q7 log S and StS = St, where § = e—izt HE (see Appendix C, Section C.15,
for the proof).

17A consequence of the parametrization of Eq. (4.77) is that the elements of the covariance
matrix of the state pgee are the symplectic eigenvalues of the covariance matrix of pg.
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invariant under unitary transformations, we conclude (in this Chapter, we denote the

von Neumann entropy by S(e) in order to differentiate it from symplectic matrices)

S(pc) = S(Prree)- (4.112)
Using Eq. (4.110) we obtain'®
S(56) = 3 S(fie,) (4.113)
i=1

Finally, using Eq. (4.111), we have (see Appendix C, Section C.18, for a proof)

S(pa) =Y g(v;), (4.114)

J=1

where v; are the symplectic eigenvalues of the covariance matrix of pg and

g(x) = (r+1/2)log(x +1/2) — (x — 1/2) log(x — 1/2). (4.115)

4.8.3 Quantum discord between two Gaussian bosonic modes

With the formulae of Eqs. (4.114) and (4.115), it is possible to compute the entropy
of any Gaussian state given its covariance matrix. Consequently, we can use this
formula also to compute any entropy-dependent quantity. Among these quantities
is the Mutual Information, which is a quantifier of total correlations and can be
computed with the use of Eq. (3.20). However, to compute a quantifier of quantum
correlations for Gaussian states is a hard task [110, 130]. Therefore, in this sec-
tion, we only focus on the computation of Quantum Discord between two Gaussian
bosonic modes, which will be used in Chapter 7, for the second project of this thesis.

There is no closed formula to compute the Quantum Discord between two Gaus-
sian bosonic modes. Notwithstanding, in Ref. [131] it was obtained a closed formula

for computing this quantity for a very rich and useful set of states. Here we present

18Here we used that S(),, pn) = >, S(pn). This is a consequence of the fact that S(pa ® pp) =
S(pa) +8S(pp). Indeed S(pa ® pp) = —Tr ((pa ® pp)log(pa ® pp)) = —Tr ((pa ® pp)log(pa)) —
Tr ((pa @ pB)log(pp)) = —Tra (palog(pa)) — Trp (pplog(pp)) = S(pa) + S(PB)-
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the main results of this paper. The main proofs of this Section are contained in
the Supplemental Material of Ref. [131], which is a highly self-contained and ped-
agogical text, so we make reference to this text when needed and to our proofs in
Appendix C when we deem necessary.

First, we make a useful definition. It can be shown (see Appendix C, Section
C.19) that any covariance matrix for a Gaussian state of two modes can be trans-

formed into the following form by means of single-mode symplectic transformations

0 a 0 c_

o5 = , (4.116)
C+ O b O
0 c. 0 b

for a and b positive real numbers and ¢, and c¢_ are real numbers constrained
so that the covariance matrix is bona-fide. This form is named Simon normal
form. The normal form facilitates our treatment since each covariance matrix in a
normal form represents a class of states which have the same amount of quantum
correlations between the two parties (because each of these states can be transformed
into another by successive local symplectic transformations, which represents local
unitary transformations).

In order to make a clearer explanation for the method of Ref. [131] for obtaining
the quantum discord between two bosonic modes, we start by showing how to com-
pute the quantum discord for the Two-mode squeezed thermal state (TMST). This

state is represented by the following covariance matrix

a 0 ¢ O
0 a 0 —c
Otmst = ; (4.117)
c 0 b 0
0 —c 0 b

for positive a,b and ¢ and null first moment (see Appendix C, Section C.22, for a

more detailed definition). Notice that the TMST’s covariance matrix is simply the

79



Chapter 4. Continuous Variables Framework

Simon normal form with opposite correlation terms ¢, and c_.

The method can be described in two steps. First step: state decomposition.
We construct our target Gaussian state pap (in this case, the TMST), made of two
parties A and B (each being single modes), as an application of a local quantum

channel € in A of an initial Gaussian state j,p, i.e.,

pap = (E4 R Lp)(pup), (4.118)

where 7 represents the identity channel.
We chose the quantum channel £ to be a phase-insensitive Gaussian channel,
these are the classes Ay, By and C described in Subsection 4.7.6. Given an input

covariance matrix oy, of the state, it will transform as
o — (T O L)on(TT ©1,) + (N @ 0), (4.119)

where T = /7 Iy, with 7 > 0 and N = gl,, with n > |1 — 7|.
We also chose p,p to be the Einstein-Podolsky-Rosen (EPR) state, which has a

null first moment and has the following covariance matrix

on—| " e (4.120)

V3?—1C Ol
where C = sign(cy)o, and § > 0 ([ here is not playing the role of the inverse of
temperature). These choices ensure that the state decomposition of Eq. (4.118)
correctly results in a TMST state parametrized as (see Supplemental Material of
Ref. [131] for the proof)

OAB = 76 + )k, T - 1)0 : (4.121)

(52 —-1)C Bl

where 7 > 0 and > |1 — 7| are parameters of the phase-insensitive Gaussian
channel.

Second: remote preparation. We make a local generalized measurement
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P E > A
PaB [KB

Figure 4.1: State decomposition: Depicted in black lines, the state pap can be
decomposed as an initial state p,p in which the first mode (in part A) passes trough
a quantum channel £. Remote preparation: Depicted in red symbols, the effect of
the generalized measurement Mp in p,p creates the ensemble P = {p, ﬁa|k}k of
states in A which, passing through the quantum channel, becomes the ensemble
A = {px, Parji } - The ensemble A is also generated by the backaction, in A, of the
generalized measurement Mg in pap. (This figure was taken from Ref. [131] with
modifications.)

Mp = {My}y in B. The application of such measurement in p,p causes an en-
semble P = {py, Paj }1 as its backaction in A. The resulting ensemble of applying

the local generalized measurement Mp in pap is A = {pk, Pa’jk } 1, With
Parike = E(Palke), (4.122)

as a consequence of Eq. (4.118) (see Fig. 4.1).

If we chose Mp = hetp to be a heterodyne measurement (see the last paragraph
of page 57), the backaction of the state g, in A will result in an ensemble of coherent
states P = {Q(), faja = |@) (@|}a, Where |a) are coherent states and Q(«) is the
Husimi Q-function (see Supplemental Material of Ref. [131] for the proof of this
statement). These coherent states are the inputs of the phase-insensitive Gaussian
channel €. Consequently, from Eq. (4.118) and from the definition of the quantum-
classical conditional entropy (Eq. (3.31)), we obtain

Suets(A1B) = [ da Q@)S(E(Ja) (al))
= S(£(10) (O]). (4.123)
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The second equality of the equation above comes from the normalization of the
Husimi Q-function and from the fact that S(E(|a) (o)) = S(E(|0) (0])) for any
coherent state |a) (this statement is proved in Appendix C, Sec. C.20).

For computing the quantum discord, we must find the generalized measurement
which minimizes the quantum-classical conditional entropy (Eq. (3.31)). In order
to find this minimum, we use the seminal result of Refs. [132, 133], which states
that the vacuum (or any translation of it, i.e., coherent states) minimizes the output

entropy of a phase-insensitive Gaussian channel £ among all possible states, i.e.,
S[£(10) 0] = inf S [E()] - (4.124)

From this result, we conclude that the heterodyne measurement is a strong candidate
to minimize the quantum-classical conditional entropy. Indeed, Eqs. (4.123) and
(4.124) imply

Shets(A1B) = inf SIE(7)]. (4.125)

To complete the proof that Spet, (A|B) is the smaller quantum-classical condi-

tional entropy, notice that, for any set { M}, of generalized measurements

Su(A|B) = Zpks(ﬁa'\k)
k
> Dy
- ll’fllf S(pa \k)
= inf S[E (P
> inf S(£(7)), (4.126)
p
where the first equality above comes from the definition of Eq. (3.31), the first
inequality says that the average is greater or equal to the infimum of A, the second
equality comes from Eq. (4.122) and the last inequality comes from the fact that P

is contained in the set of all possible one-mode density matrices.

From the equation above and Eq. (4.125), we conclude that

Su(AlB) > Spar, (A B). (4.127)
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P 3_1(r)-——-{:€}'—“ 5® — 1 A

PuB p

Figure 4.2: State decomposition: Depicted in black lines, the state pap can be de-
composed as an initial state g, in which the first mode (in part A) passes trough an
inverse squeezing operator S ~1(r), a quantum channel £ and a sequeezing operator
S (&). Remote preparation: Depicted in red symbols, the effect of the generalized
measurement Mp in p,p creates the ensemble P = {py, paji } 1 of states in A which,
passing through the quantum channel and squeezing operators, becomes the ensem-
ble A = {px, purjk } k- The ensemble A is also generated by the backaction, in A, of
the generalized measurement Mp in pap. (This figure was taken from Ref. [131]
with modifications.)

for every generalized measurement { My}, implying that Spe, (A|B) is the minimum
of the possible quantum-classical conditional entropy. Therefore, we have a closed
formula for the quantum discord. From Eqgs. (3.20) (3.32), (3.33) and (3.34), we
have

D(A|B) = S(pap) + {Eg}}k Su(A[B) —S(pp)

= S(pan) +8(£(|0) (01)) = S(ps), (4.128)

where in the second equality we used Eqgs. (4.123) and (4.127). Computing explicitly
the entropies (see Appendix C, Section C.21), we have finally obtain

D(AIB) = g(5) - 9(v-) — (i) + 9 (5 ). (1129)

where v_ and v, are the symplectic eigenvalues of the TMST covariance matrix o 45
(Eq. (4.121)) and g(e) is defined according to Eq. (4.115).

At this point, we can generalize the method described for computing the quantum
discord of a TMST state in order to extend it to a larger set of correlated two-mode
states. The two steps in the previous case will be modified as follows.

First step: state decomposition. In this case, we intend to construct a tar-
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get Gaussian state psp in the Simon normal form (Eq. (4.116)). We first extend
our phase-insensitive Gaussian channel £ to include phase-sensitive channels with
negative transmissivities, i.e., we can also have 7 < 0, this is the case D described
in Subsection 4.7.6. Then, supposing again the initial state p,p as being the EPR
state, with covariance matrix given by Eq. (4.120), we generate our state pap by

the following operation

pas = ((Se€8, 1) a @ Ip)(pas), (4.130)

where S,(p) = S(2)pST(z) is the unitary one-mode squeezing operation and S(z) is
the squeezing operator with r € |71, 5] and & = Tﬁm@‘w The necessity of the
additional squeezing operations in the decomposition made above and the choices
of r and ¢ will be explained in the next step. As consequence of Eq. (4.130), the

state pap will have a covariance matrix o4p given in the Simon normal form (Eq.

(4.116)), with the following parametrization

a=0(r)8(r™), 6(r) = \Jnr + 7|8, (4.131)
b= . (4.132)
ep = +/I71(82 = Do) /6(r), (4.133)
c_ = Fsiga[r]\/|7](5% — 1)O(r)/0(r). (4.134)

where 7 € R, > |1 — 7|, 7 € [37}, 8] and the ambiguity in the sign of Eqs. (4.133)
and (4.134) comes from the ambiguity of C = sign(o, )o,.%

Second step: remote preparation. In this case, we chose to make the lo-
cal generalized measurement Mp in B such that {M,(u) = |o, u) (o, ul}s, where
la,u) = S(u) |o) being |a) a coherent state and S(u) the squeezing operator for

uw > 0. The backaction of this measurement in B will result in an ensemble

P = {PasPaja}a in A such that the covariance matrix of the states P, will be

9The action of the squeezing operation in Gaussian states is described by the symplectic matrix
1/2 0
S(z) = (xo x1/2>’ for z > 0.
20The proof of the parametrization above can be found in details in the Supplemental Material

of Ref. [131].
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Oalo = diag(r~',r), where r = (1 + uf)(u + 5)~* (the proof of this affirmation can
be found in the Supplemental Material of Ref. [131]). Moreover, we wish to turn
these states into coherent states, so we apply the inverse squeezing unitary channel
S1. This enables us to use again the result of Refs. [132, 133] (Eq. (4.124)),%!' from

which we conclude that

inf $(£(5)) = S(E(S; (fara))

= S(&(10) (0]), (4.135)

for every pgjo € P, since all 8;'(fqja) are coherent states.
Proceeding in analogy with the argument of the TMST state, we conclude that
the quantum discord of the state ((£S,')4 ® Zp)(pap) is also given by Eq. (4.129).

Finally, to turn the state into the Simon normal form, we apply the squeezing
nr+|r|B
(4.131), (4.132), (4.133) and (4.134). The operation S¢ is unitary and local in A,

operation &g in A, with £ = , and we obtain the parametrization of Eqgs.
hence it does not interfere with any entropic quantity.

This method (see Fig. 4.2) gives the exact quantum discord between two modes
for a large set of states in the Simon normal form. Such a set generated by the
parametrization of Eqs. (4.131), (4.132), (4.133) and (4.134) cannot range all pos-
sible bona-fide states in the Simon normal form but encompasses a considerable
amount of them. This can be seen in the plots of Fig. 4.3, where we randomly
picked 2 x 10° values of 7 and r having fixed different values of a and b.?? The plots
expose visually the range that can be accessible by the parametrization inside the
region of possibles ¢, and c_ delimited by the bona-fide conditions. It also indicates
the inability of such parametrization to achieve states with ¢, and c¢_ near 0. For

larger values of a and b, it can be seen that the parametrization is more capable to

21Which is also valid for our extended phase-insensitive Gaussian channel £ (for all n € R).
22With a and b fixed, we choose randomly 7 € [b=1,b]. As a consequence of Eqgs. (4.131), (4.132),
. V/4a2r2 1 (r2—1)7262 — (14++2)|7|b .
(4.133) and (4.134), we will have n = o defined in terms of a, b and r

b+ (br+2)r—4/(r2—1)2b2+4a?r(r+b)(rb+1)
\/2(r+b)(rb+1) and

and 7 will be restricted to 7 € [Timin, Tmax), Where Tmin =

Tmax = b+(brfz)rf\/g(if_i))zfz:??%(Tib)(bel) for b > a, which is also randomly chosen within this

range.

85



Chapter 4. Continuous Variables Framework
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Figure 4.3: Plot of ¢, and c_ points, for different fixed a and b of states in the Simon
normal form generated 2 x 10° times by random choices of r and 7, according to
the parametrization of Eqs. (4.131), (4.132), (4.133) and (4.134). The pink curves
delimit the bona-fide region of states.

fill the region inside the bona-fide allowed states and can generate more points near
¢y = 0 and c_ = 0. Although the regions exactly at ¢, = 0 and ¢ = 0 are never

accessible, this will not compromise our use of this method in Chapter 7.
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Main projects
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Chapter 5

Initially Correlated Ancillae -
Minimal Qubit Model CM

As already anticipated in the Introduction and Sec. 2.3.1, our first project of this
thesis focuses on dealing with Collisional Models (CMs) with initially correlated
ancillae. This is the first Chapter concerning to the first project, and we will explore
and obtain results for the evolution of a system interacting with correlated ancillae
for the case where all the parties are made of qubits. The results of this Chapter will
support the main results of Chapter 6 where we obtain a more complete description
of the evolution of the system and ancillae in the case where all the parties are made
of bosonic modes.

Initially correlated ancillae in a CM cause the system’s evolution (given by Eq.
(2.21)) to be described by a non-Markovian map, as already stressed in Subsection
2.3.1. We cannot treat it as a set of successive steps of separated maps, since in
the very first interaction of the system with the first ancilla, all the other ancillae
may start to be correlated with the system. Clearly, the problem will be much more
intractable than the uncorrelated case, and maybe it would be impossible for one
to find analytically the system’s steady state, just like it was done for some cases
in Chapter 2, for qubits. For this reason, we computed Eq. (2.21) numerically
for a (not very large, but sufficient) finite number of collisions in order to observe
the effects of the initial ancillae correlations using the Partial SWAP (Eq. (2.44))

as the unitary dynamics of each collision. These results are contrasted with the
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case where the local ancillae states are the same but are not correlated between
themselves, and definitely show that the presence of correlations pushes the system
to a different steady state.

As it was presented in Sec. 2.3.6, a direct consequence of the fact that all ancillae
are locally identical and from the Partial SWAP unitary in each collision is that we

have the following steady state of the system
ps = lim p§ = pa, (5.1)

where p, is the local state of each ancilla. This phenomenon is called Homog-
enization [18, 19], described in Section 2.3.6, and in this Chapter we prove, for
qubits, that the presence of initial correlations between the ancillae can prevent it
to happen. Thus we conclude that the pushing caused by the correlations can break
Homogenization. The interesting point of it is that, as far as a local observer knows,
the system is only interacting via a partial SWAP with locally identical parts, but
the system is being driven to a different state than the local state of the ancillae.
Therefore, the main goal of this Chapter and of Chapter 6 is to prove the presence
of such pushing.

In order to be able to simulate a setup physically feasible to implement such CM
with initially correlated ancillae, we make use of Hamiltonian graph states [118, 134—
138]. By putting the ancillae to interact with each other via such Hamiltonian, before
the interaction with the system starts, we prepare an environment of correlated

ancillae. This structure will be described as follows.

5.1 Preparing the correlated ancillae environment

5.1.1 Hamiltonian graph states

We want to have a structure that is capable of encompassing as many ancillae as we
want since Homogenization tends to happen for a large number of collisions. Also,

we assume that our set of ancillae is translationally invariant. This means that, if
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PE = PA A4, 1S the environment global state made of all the N4 ancillae, then

PAA 1 Apsior = TYE/ (ke k1) PE = PA As-Ay, With 1T <k < Ny, (5.2)

where the subscript E/{k,--- ,k + 1 — 1} means that all the ancillae but the ones
at the set {k, -,k + [ — 1} are traced out.! The equation above means that the
reduced state of any set of [ neighbors’ ancillae is the same, no matter their position.
Clearly, this condition implies that the local state of each ancilla must be the same
(which corresponds to [ =1 in Eq. (5.2)).

The condition above can be accomplished if we start with a state of uncorrelated
ancillae |®) = @n4, |4), where the state |¢) is arbitrary, and then evolve it according

to the Hamiltonian

He =k GiHy, (5.3)

7;7‘7.
where k is an interaction strength, G;; are the matrix elements of the adjacency
matrix of a graph (to be explained in a moment), and H;; represents a certain

Hamiltonian interaction between ancillae ¢ and j. For concreteness, we choose
— 4 J

where o, stands for the x Pauli matrix.

The adjacency matrix elements of a graph specify the strength between the
connection of each vertex of the graph. For instance, if G;; is the element ij of
an adjacency matrix G, its number is a measure of the strength of the connection
between the vertex ¢ and j of the graph. In our setup, we suppose that each vertex
of the graph represents an ancilla, and their edges, as well as the adjacency matrix
elements, represent the interaction strength between them.

In general, we don’t need to have G;; = Gj; which means that the connection
between two vertices of a graph does not need to be symmetric. For instance, if the
graph represents the traffic flow between two locations, the traffic can be stronger

in one way than in the other. But, in our case, we only use symmetric graphs

'If k + 1 surpass N4, the sequence continues considering the first k + [ — N4 ancillae.
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Figure 5.1: Cyclic graph with 9 ancillae (at the vertices), each interacting only with
the first and second neighbors (interactions represented by the edges).

(Gi; = Gj;), this is due to the fact that, since H;; = Hj;, then the sum of Eq. (5.3)
will only affect the symmetric part of G. We also assume that our graph is cyclic,
i.e., the connection strength between the vertices only depend on their distances, to
ensure the translationally invariant character of the ancillae (Eq. (5.2)). This last
restriction induces the adjacency matrix to be a circulant matriz [139], which means
that the G;; elements must depend only on the distance between ¢ and j and we set

the diagonal elements to 0. For instance, for N4y = 5 we have

0 ¢ ¢ ¢c3 o
C1 0 Ci Cy C3 Co
Cy C1 0 C1 Co C3
C3 Cy (C 0 C1 C9

cy c3 ¢ ¢ 0 ¢

Ci Cp C3 C2 (1 0

where ¢, ¢o and c3 are arbitrary real coefficients. As an example, if we want only first

and second neighbors interactions in our graph (see Fig. 5.1), we put ¢; =0, Vj > 2.
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5.1.2 Properties of the initial ancillae and their correlations

In the previous section, we outlined how to prepare the ancillae before the dynamics
of the CM start. Now, we show explicit examples of preparations and the correlations
that this process causes between the ancillae.

As already indicated, the whole environment will be described by

PE = WE> <¢E| ) (5-6)

where

[VE) = e g) (5.7)

and Hg is given by Eq. (5.3), generated by a specific cyclic graph that we choose
in each case.
Next, we obtain the values for the density matrices of the reduced state of each

individual ancilla, by tracing out the rest of the environment

pa=pa; = Triaz g, 45,3 (PE) V5. (5.8)

Additionally, we also compute the values for the joint density matrices for each pair

of ancillae 1 and j

pava; = ey (pB) - (5.9)

Finally, we compute the mutual information between the first ancilla and its neigh-
bors,? from Eq. (3.20) and the density matrices from the equations above, in order
to measure their total correlations.

These computations are done numerically. We set the interaction time of Eq.
(5.7) as t = 1, together with the interaction given by Eq. (5.4). This interaction
turns the reduced qubits states p4 to be diagonal in the o, basis, i.e., a qubit thermal
state. And thus it is sufficient for us only to study the population p = (1] pa|1) of
the excited state, in order to describe the state p4 (see Appendix A, Section A.4).

2The mutual information doesn’t depend on which pair of ancillae we choose to compute it, but
only on the distance between them, as a consequence of our translational invariant condition.

92



Chapter 5. Initially Correlated Ancillae - Minimal Qubit Model CM

In other words, the ancilla local state will always be in the form

1—p O
pA = , (5.10)
0 p

with 0 < p < 1/2. Finally, we choose |¢) = |0) and obtained the following results.

» We studied the population of the individual ancilla ps (Eq. (5.8)) for cyclic
graphs where each ancilla interacts only with their first nearest-neighbors
(NN1) with equal intensities (¢; = 1), only with their first and second nearest-
neighbors (NN2) with equal intensities (¢; = ¢co = 1) and only with their first,
second and third nearest-neighbors (NN3) with equal intensities (¢; = ¢o =
c3 = 1). We investigated how the population of p4 depends on the total num-
ber of ancillae V4. The answer is that, for a number of N4 = 6, the population
tends to stabilize independent of N4. This happens because the interactions
occur between a small number of nearest-neighbors, and, as N4 gets larger,
the total number of neighbors each ancilla will interact with saturates. For
instance, for NN2, each ancilla will interact with a maximum of 4 neighbors,
so when Ny = 5 each ancilla of NN2 already interacts with its maximum of

neighbors. These observations are exemplified in the plots of Fig. 5.2.

o We studied the population dependence on the values of the interaction strength
k in Eq. (5.3), obtaining a peak of the populations at k = 7/8 when p = 0.5
(i.e. maximally mixed state and infinite temperature limit) and a minimum
at k = m/4 when p = 0 (i.e. ground state and zero temperature limit) and
then the population oscillates with a period of 7/4 in k for NN1, NN2, and
NN3. A plot of the populations versus k for different values of N4 is given in

Fig. 5.3. The exact same pattern is seen for the plots with different N4’s;

o In Fig. 5.4, we compute the mutual information as a function of the distance
between neighbors for NN1, NN2, and NN3. This shows that, in general, the
ancillae get correlated with distant neighbors, even in the NN1 case. Intu-
itively, the mutual information between closest neighbors tends to be greater

than with the more distant neighbors. An exception happens in the NN3 case
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Figure 5.2: Population of the excited state of ps versus total number of ancillae N4,
for different values of k.
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Figure 5.3: Population of p4 versus values of k, for Ny = 11.
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Figure 5.4: Mutual information between neighbors versus distance between neigh-
bors, for Ny = 7 and different values of k.

with N4 = 7, where the mutual information tends to be very similar for any
neighbor distance, this is a consequence of the fact that in this case, each an-
cilla interacts equally with every other six ancillae. Additionally, we can see
that we have no mutual information between the neighbors in NN1 and NN2
for the case of k = 0.4, while in this case we have higher mutual information

in NN3 than for any other values of k;

We analyzed the mutual information between nearest neighbors as a function
of k for different values of N4 in Fig. 5.5. This exposes a periodic behavior of
the mutual information as a function of k£ (with a period of 7/4), and peaks of
maxima for the mutual information in regions close to £ = 0.1 and k = 0.7 for
NNI1, and around k& = 0.15 and k = 0.65 for NN2 and NN3. For Ny < 7, we
observe a higher maximum peak of the mutual information at k£ ~ 0.4 in NN3,
while this region corresponds to a minimum for NN1 and N N2, which justifies

the behavior of the mutual information in Fig. 5.4 for £k = 0.4. Interestingly,
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Figure 5.5: Mutual information between first neighbors versus k, for different values
of N4. For larger values of N4, the plots lose resolution since they are computation-
ally more demanding.

this maximum peak of the mutual information for NN3 seems to vanish for
N4 > 7 and, as in NN1 and NN2, this region around k =~ 0.4 have a minimum
for NN3. These observations about the correlations’ dependence on k will be
useful to our choice of parameters in order to investigate the dynamics of the
CM and the effects of the correlations in the evolution of the system, in the

next Section.

5.2 Breaking Homogenization by initial correla-
tions

Finally, we present the results for the CM evolution with a Partial SWAP unitary
(Eq. (2.44)) describing the interaction between each locally identical ancilla and the

system, just like the Homogenization process described in Sec. 2.3.6. But now, we
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suppose the presence of initial correlations between the ancillae, which oblige us to
compute directly Eq. (2.21) to obtain the system’s evolution after each collision.
In this case, we don’t have the option of decomposing the evolution as a successive
operation of simpler channels. Consequently, these computations using Eq. (2.21)
needed to be done numerically.

We set the correlated ancillae forming the initial environment p% as being the
Hamiltonian graph states presented in the former Section, choosing the same set of
cyclic graphs NN1, NN2, and NN3, we now chose N = 17 in order to have enough
collisions so that the system reaches its steady state. We also constructed another
environment by removing the correlations between the ancillae in these Hamilto-
nian graph states, but keeping the same local ancilla-reduced state p4 (such that
PE = pr 4). This way, we prepare two environments, one causing a Non-Markovian
evolution with correlated ancillae and the other with a Markovian evolution (exactly
as the standard homogenization of Sec. 2.3.6), both having the ancillae in the same
local state p4.

As in standard CMs outlined in Sec. 2.3, we start at ¢t = 0 and the stroboscopic
evolution is given in steps of 7 (for these computations we choose 7 = 1), which
is the duration of each collision. We initialized the system’s qubit at the ground
state p& = |0) (0| and we can again describe the system’s state by its population
of the excited state. We analyzed the dynamics for the Hamiltonian graph states
with different values of £ (in the Hamiltonian of Eq. (5.3)). From the analysis of
Figs. (5.4) and (5.5) we searched for the graph states that would maximize the
initial correlations between the ancillae and, consequently, maximize the deviation
of the system steady state with respect to the case of independent ancillae, therefore
breaking Homogenization. We also analyzed how different values of g for the strength
of the Partial SWAP in Eq. (2.44) affected the desired pushing. We present the

following results:

o As can be seen in Figs. 5.6, 5.7 and 5.8, the parameter k£ has a central role
in the pushing effect of the correlations over the system’s evolution, since it
significantly affects the correlations between the ancillae, as was observed inf

Fig. 5.5. From this same Figure, we also deduced that the region around
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k =~ 0.4 may have a minimum for the mutual information of NN1, NN2, and
NN3 for the case of NN3 we suppose that k£ =~ 0.4 corresponds to a minimum
in the mutual information for Ny > 8 due to Fig. 5.5), and hence there
would be fewer correlations to cause the pushing. This fact can be seen in
the plots of NN2 and NN3 (Figs. 5.7 and 5.8), where there is no breaking of
homogenization for £ = 0.4. Adversely, for NN1 (Fig. 5.6) we see that the
pushing is still present in k£ = 0.4, which can be caused by the non-vanishing
mutual information between the ancillae since the behavior of the mutual
information can be different than in Fig. 5.5 for larger N4. Also from Fig.
5.5, we suppose large correlation effects in the regions around k£ = 0.15 and
k = 0.65 for NN1, £k = 0.15 and k& = 0.7 for NN2, and £ = 0.1 and k = 0.7
for NN3. This is confirmed by the plots of Figs. 5.6, 5.7 and 5.8 since, for the
initially correlated ancillae case with these values of k, clearly the system’s

steady state deviates from the homogenization in the uncorrelated case;

 Finally, we also study different values of g (the strength of the Partial SWAP
interaction, given in Eq. (2.44)) in the plots of Figs. 5.6, 5.7 and 5.8. They
show the pattern that, for lower values of g, exemplified by g = 0.5, the ho-
mogenization takes more steps to happen, but the effect of the correlations
is stronger than for larger g’s. This seems to suggest that a greater thermal-
ization (or homogenization) time allows the correlations to act more in the
system’s evolution, for greater values of g, e.g. g = 1.5, the system homog-
enizes too rapidly, so the correlation effects are unseen. Lastly, the Partial
SWAP depends trigonometrically on g (see Eq. (2.44)), therefore, the effects
of g in the system’s evolution will oscillate, as g grows, repeating the results

in cycles of 7.

The analysis above clearly confirms the pushing effect on the system’s evolution
and the breaking of Homogenization caused by the presence of initial correlations
between the ancillae, for the case where the system and ancillae are qubits. These

results are also published in [96].
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Figure 5.6: Plots of population of pg wversus number of steps for ancillae prepared

with the NN1 cyclic graph with N4

17, for different values of k. Each line

corresponds to a different value of g strength of the partial SWAP interaction, from
top to bottom g = 0.5, g = 1.0, and g = 1.5. The red dashed lines indicate the

value of the population of the respective p4, which is the value in which the system’s
population converges if homogenization happens.
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Figure 5.7: Plots of population of pg versus number of steps for ancillae prepared

with the NN2 cyclic graph with N4

17, for different values of k. Each line

corresponds to a different value of g strength of the partial SWAP interaction, from
top to bottom g = 0.5, ¢ = 1.0, and g = 1.5. The red dashed lines indicate the value
of the respective p4 population, which is the value in which the system’s population
converges if homogenization happens.
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Figure 5.8: Plots of population of pg versus number of steps for ancillae prepared
with the NN3 cyclic graph with Ny = 17, for different values of k. FEach line
corresponds to a different value of g strength of the partial SWAP interaction, from
top to bottom g = 0.5, g = 1.0, and g = 1.5. The red dashed lines indicate the value
of the respective p4 population, which is the value in which the system’s population
converges if homogenization happens.

101



Chapter 6

Initially Correlated Ancillae -
Gaussian States CM

In this Chapter, we present the main results of the second project of this thesis. We
obtain simple analytical formulae for the evolution of the system for any number
of initially correlated ancillae in the CM, as described in Sec. 2.3, with a Partial
SWAP unitary in bosonic modes states. Here we observe a direct influence of the
initial correlations between the ancillae in the system’s evolution, which cause a
linear (and independent of the initial system state) term on the system’s steady
state. This presents a clear image of the pushing caused by the correlations and the
breaking of Homogenization. These results are also described in [96].

The results were possible since we consider the system and ancillae bosonic
modes starting in Gaussian states. This simplifies remarkably the computations,
as explained in Sec. 4.6. Now we only study the covariance matrices which will
completely describe our system and environment.! Also, the continuous variables
formalism made possible a much more simple description of the dynamics, because
now the evolution is given by the 2(N4 + 1) x 2(N4 + 1) (where N4 is the total
number of ancillae) symplectic matrices, instead of unitaries that act directly in the

infinite-dimensional Hilbert space. These characteristics of our object of study al-

IFor instance, in Chapter 5 we were able to compute numerically a maximum of only 17 collisions
in our CM since this would involve the preparation of 17 ancillae in the environment. In order to
fully describe the environment density matrix the computations involved 2!7 x 217 matrices. While
for Gaussian states, an environment made of 100 ancillae can be fully described by a 200 x 200
covariance matrix.
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low us to manipulate simple matrices analytically, for a low number of ancillae and
collisions, and then induce the results for arbitrary numbers. The procedure will be

detailed in the following.

6.1 Preliminaries

6.1.1 The bosonic CM evolution

As we already pointed out above, the system and environment are composed of
bosonic modes. We have one mode for our system and N4 modes for the environment
(each mode represents one ancilla). All of them start the evolution in Gaussian
states, thus their initial states p% and p% will be fully described by their covariance
matrices 0% and 0% and their firsts moments (#2) and (#%,). Now we assume, without
loss of generality, that (#2) = 0 and (#}) = 0 (where 0 here means a respective vector
of 0 in all entries), which will ensure that the first moments will remain 0 during
the evolution, remaining for us only the analysis of the covariance matrices.?

We will follow the procedure explained in Subsec. 2.3.1 to represent the dynamics
of the CM. Since we are dealing with Gaussian states and quadratic-Hamiltonian
unitaries (the Beam Splitter, to be presented in the next Subsection), all the follow-
ing steps will maintain the Gaussian character of the states, as proved in Section
4.7. Further results from Section 4.7 will also be used.

We start by supposing that the system and environment start uncorrelated at
time ¢ = 0, so their joint state will be given by p%p = p2 ® p%. The tensor product

is a Gaussian operation and the resulting covariance matrix will be
0 0 0
OSEZUS@UE7 (6].)

from Eq. (4.83).

Then we make a unitary evolution, which is described by a symplectic matrix

2This last restriction can contemplate the general analysis since, as we shall study the evolution
under the Partial SWAP unitary, the evolution of the first moments is given by Eq. (4.68). So,
if the system starts with some arbitrary first moment r, then we can always translate such first
moment to 0 (which will not affect the covariance matrix since its evolution equation, Eq. (4.71),
is decoupled from the first moments) and Eq. (4.68) guarantee that its evolution will be trivial.
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St (which will be related to the unitary used, in our case, the Partial SWAP), using
Eq. (4.72)

055 = Suosp(Su)’, (6.2)

where o} is the covariance matrix of the joint system plus environment state after
the first collision.
Next, in order to obtain the system’s evolution, we separate the joint covariance

matrix as

1 1
Og $sp

(é%‘E)T Ok

where 0§ is a 2 x 2 block matrix, o}, is a 2N4 x 2N block matrix and & is a

(6.3)

1
Osg =

2 x 2N4 block matrix. As it is demonstrated in Sec. 4.7, o§ will be the covariance
matrix of the reduced state of the system, i.e., the system obtained after tracing
out the environment. For obtaining the following steps of the system’s evolution,

we just proceed to evolve the joint system SE with the respective unitaries
n n Qn— T n—I\T/qon\T
0%y = SpSy - Sposp(Sy) ' - (SE) ' (Sh) (6.4)
and again separate the evolved joint system as

onp— | 7F S| (6.5)
()" of
taking o¢ as the covariance matrix of our evolved reduced state. Furthermore, o
is the covariance matrix of the environment’s reduced state.

The reason that we must evolve the whole joint system in Eq. (6.4) is that
we cannot have a map from intermediate covariance matrices of the system to the
final one since we must consider the non-Markovian effects caused by the initial
correlations between the ancillae. This has the same reasoning of why we cannot
break the map of Eq. (2.21) into a succession of intermediate maps. In fact, notice
the resemblance between Egs. (6.4) and (2.20) and note that Eq. (6.5) has the same
role as Eq. (2.21).
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6.1.2 The Beam Splitter interaction

Here, we present the unitary that we shall use in our CM for each collision. It is an
interaction of immense importance in Quantum Optics, the so-called Beam-Splitter
(BS) [14, 15, 55, 98, 121]. The BS can be defined by the following interaction
Hamiltonian between two bosonic modes A and B

Hps = g(ﬁA@B — 4apn), (6.6)

where g > 0.

In the following, we will show that the unitary generated by this Hamiltonian
satisfies the Partial SWAP conditions (Egs. (2.45) and (2.46)) for the Gaussian
bosonic modes case.

The interaction Hamiltonian above is quadratic in terms of canonical operators,
hence it can be decomposed in terms of Eq. (4.50) with x4 = 0 and the Hamiltonian
matrix

Hps— | 0 T (6.7)
190y 0
where each entry of the matrix above is a 2 x 2 matrix and o, is the y Pauli matrix.
Therefore, the corresponding symplectic transformation will be

SBS — eQHBST

- , (6.8)

where ¢ = cos(g7), s = sin(g7), 7 is the duration of the interaction and each entry
is multiplied by Is.

If the modes A and B are Gaussian, they can be described by covariance matrices
o4 and og. And if they are uncorrelated and happen to be in the same local state

(04 = op = o), their joint covariance matrix will be
gAB — . (69)
0
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Hence, the unitary Beam Splitter operation in this state will be given by

T c —Ss o 0 c S
SBSUABSBSI
s c 0 o —s c
o 0
= . (6.10)
0 o

Consequently, the partial traces in A and B will result in the same state as the initial,
satisfying Eqs. (2.45) and (2.46). These Equations are necessary and sufficient
conditions for a unitary operator to be a Partial SWAP [19].

6.1.3 Correlations block-matrices

Before presenting our results, we will expose important properties of the block ma-
trices that will describe completely the correlations between our ancillae. Suppose
two ancillae of our environment, representing the modes j and k, respectively. We
can take a block matrix made of the covariance matrix terms

02j-12k—1 02j—12k

gj,k =

025,2k—1 0242k

_ [ (o) = alae) {apn) = G lpn) | (6.11)

(piar) — (pi){ar)  (pipx) — (pj)(Pr)

where we used canonical operators of different modes commute and Eq. (4.57).

Now, given the reduced state p;; of the modes j and k, its covariance matrix will

be

O'A .
ik = T" S , (6.12)
gk Ok

where o) is the local covariance matrix of j(k). Furthermore, from the deduction
of Eq. (4.83), we have &, = 0% if and only if p;, = p; ® py, is the tensor product

of the local density matrices. From Eq. (3.17), the mutual information between j

3In this context, 0 means null matriz.
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and k is Z(j : k) = 0 when p;, = p; ® pi, consequently &;, = 0 is necessary and
sufficient to Z(j : k) = 0.

For this reason, we often name these components as correlations between bosonic
modes of Gaussian states. For instance, for an environment made of 5 ancillae, we

have

04, 51,2 51,3 51,4 51,5
T

§10 04y, S23 S24 25
o =&y &3 0ay &3a 5| (6.13)
flT,4 §2T,4 53T,4 oa, a5

f;r,s) 52T5 5;5 515 OAs

where all the terms inside the above matrix are actually 2 x 2 block matrices, o4,

are the covariance matrices of the n-th ancilla reduced state and ;i represents the

correlations between the ancillae j and k.

6.2 Main results

6.2.1 Correlated nearest-neighbors

We start with a simple, yet insightful result. We apply the system evolution proce-
dure presented in Subsection 6.1.1 for the case where we have N, ancillae that are
correlated only with their nearest neighbors. Additionally, we start supposing that
the ancillae are not necessarily identical for obtaining a more general result and then
restricting it to identical ancillae and comparing it to Homogenization. This means
that the correlation terms of the environment will be in the form &, = &0k j41-

Therefore, the environment of correlated ancillae will initialize in a state with the
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following 2N 4 x 2N 4 covariance matrix*

oa, 12 0 e 0
51T,2 o4y §23 s 0
=10 34 O : . (6.14)
. - ENA-1,N4
0 0o - SJ—GA—l,NA OAN,

The joint system will start as

0 0 0
Ogp = 0g Doy

oy 0 0 e 0
0 04, 51,2 ce 0
=10 5{2 O A, . (6.15)
EN4-1,N4
0 0 - &in,  Oay,

This joint state evolves as the system evolves unitarily (collides) with each ancilla

j. They interact via the Hamiltonian
f{[j:ﬁs—FﬁAj—l-ﬁBSj, (616)

where Hg = 2(q% + p2), fIA]. = %(qﬁj —i—ﬁij), for w > 0, gs(a,) and pPga;,) are the
quadrature operators of the system (ancilla j) and

3 [N A
Hps, = §(PSQAJ- - QSpA]-), (6.17)

for g > 0, is the Beam Splitter interaction of the system with each ancilla 7. We
have that Hg and H 4; are local Hamiltonians, so we can set them to 0 by going to
the interaction picture (see Appendix A).

Proceeding, we compute the symplectic transformation corresponding to the

4In this Section, every matrix element is a 2 x 2 block matrix, or a number multiplied by Is.
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unitary generated by the Hamiltonian H ; in the interaction picture
Si = MBS (6.18)

where Hpg, is the (2N4+1) x (2N4 +1) Hamiltonian matrix corresponding to ﬁBSj
from Eq. (6.17) and 7 is the duration of the collision. For j = 1 (first collision), we

have the following matrix Hamiltonian matrix

0 —igoy, 0 --- 0

190y 0 0O --- 0
His=|0 0 0 - 0], (6.19)

0 0 0 0

where o0, is the y Pauli matrix. Consequently, we have the following (2N4 + 1) x

(2N4 + 1) symplectic matrix

c s 0 - 0
—-s ¢ 0 - 0

Syk=10 01 - of, (6.20)
0O 0 0 1

where ¢ = cos(g7) and s = sin(g7).

In a completely analogous way, we have the Hamiltonian matrices corresponding
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to the next collisions

0 0 —igo, -+ O
0 0 0 0
H%;g: 1go, 0 0 - 0],
0 0 0 0
0 0 - 0 —igo,
0O 0 - 0 0
Hyg 7= o o 0|, (6.21)
o 0 - 0 0
igo, 0 -+ 0 0

and obtain the respective symplectic matrices

c 0 s 0
0 10 0
Si=|-s 0 ¢ 0f,
0 00 1
c 0 0 s
0 1 0 0
Sprt=| o | (6.22)
0 0 10
—-s 0 - 0 c

Next, we continue to follow the procedure described in Subsection 6.1.1 using the
symplectic transformations above. Now we obtain the joint system’s first collisional

step evolution by computing oL, = SL0%5(S5)T and taking the system’s covariance
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matrix as in Eq. (6.5), obtaining®
oy = cCod + 5oy, (6.23)
Doing the next step evolution 0%, = S%0t5(S%)", we obtain
0% =0+ PPoa, + SP0a, + s (E1p &) ,).
And again, o3, = S%0%,(S3) " for the third step, obtaining

o8 =Pol +tsPoa, + PsPoa, + %o, + PP (610 + 5;2) + cs?(&a3 + 6;73).

From this, we can begin to see a pattern, from which we can induce

n n—1
L S T o R A (6.24)
k=1 k=1

for the system’s covariance matrix after the n'" collision.
Now, if we suppose that the ancillae are identical o4, = 04, as in the Homoge-

nization case, we obtain, after the use of the geometric sum and some simplifications

n—1
o =c"0% + (1 —c*)oa+ > AP (G + fi;r_1,k)~
k=1

The equation above indicates that, if the correlation terms are 0, Homogenization
will happen. Indeed, for null correlation terms, if g7 are such that |¢| < 1, then we
will have the steady state 03 = 04.

Also supposing that the nearest-neighbor correlations have the same intensity

Er—1x = &, for a 2 x 2 block-matrix &, we have

o= 0%+ (1 —)og +c(l — A D) (e +£T). (6.25)

Finally, we obtain, for the case of identical ancillae and same-intensity nearest-

5Tt is important to remember here that o4, is a covariance matrix constructed by averages
rather than an operator acting on the Hilbert space of A;. Hence, its elements can contribute to
the elements of o.
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neighbor correlations, the steady state, which is computed by taking the limit n —

oo (considering that |¢| < 1)

oF =oa+c(E+ET). (6.26)

The equation above is our first result of obtaining an analytical equation that de-
scribes the CM with the presence of initially correlated ancillae, computing the
effects of such correlations. Also, by changing the entries of & we can have control
over the pushing of the entries of the steady state, driving it away from the ancilla’s
covariance matrix 4. This shows a simple and clear visualization of how the cor-
relations break Homogenization, and how we can obtain an additional term in the
steady state of the system which is completely dependent on global correlations,
although the system interacts only locally with ancillae that are locally identical.
Another intriguing observation about the result above can be done. If we con-
sider the initial state of the system and of the local ancillae as thermal states, the
additional correlation term cos(g7)(¢ + £") can heat or cool down the system’s
steady state, depending only on the sign of cos(g7). For instance, if the system
and local ancillae initial states are thermal states at the same temperature, the
term cos(g7)(€ + £") can dictate the action of the CM as a thermal machine or a

refrigerator depending only on the values of g7.

6.2.2 General case

Proceeding analogously as in the case of the nearest-neighbor correlation presented
above, we can obtain the general evolution of a system interacting with N4 ancillae,
all correlated with themselves, via BS interactions. Since the interactions are the
same, the symplectic matrices used in the case of the nearest-neighbor correlation
(Egs. (6.20) and (6.22)) still describe the unitary dynamics. The only difference
is in the initial environment state, its covariance matrix % will have the most
general form, given, for instance, in Eq. (6.13) (for the case of Ny = 5). We
initialize with the joint system’s covariance matrix 0% ® 0¥ and, using Eq. (6.4), we

proceed analogously as in the case of the nearest-neighbor correlation for obtaining
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the evolution of the system-environment joint state covariance matrix. This way,
obtaining the local system’s covariance matrices from Eq. (6.5), we achieve the

following chain of equations

1 _ .2 2 0
Og =S"04, +COg,

=0l + 5?04, + %04, +c5* (€10 + §1T,2)7

)
o

=04 + *s*oa, + PPou, + Soa, + P (1o + &) + P (C1s + &) + e (s + o),

)
n w

S

og =C"a% + OsPoy, + rsPon, + PsPoa, + s20a, + 0552(51,2 + fIQ) + C482(§173 + §1T3)
+ P (Era+ & y) + PP (G + &0 s) + P (Eau 4+ E34) + 57 (€34 + £3.4),
(6.27)

from which, after some observation, we can induce the pattern for the system’s

covariance matrix after the n'™ collision

n n—1 n
ot =0l + Y Ao, + 23S I+ o) (6.28)
j=1 J=10>5

Although the very general status of the solution above, it will give us more
interesting results if we analyze more particular cases. First of all, if we suppose

that again all ancillae are equal 04, = 04 and using the geometric sum, we obtain

n—1 n

ot =c"0%+ (1=oa+ Y Y T+ &) (6.29)

j=1 >
The equation above shows that Homogenization is achieved again if we have no
correlations, since in this case, we have the steady state 0 = o if |¢| < 1. Also, it is
worth noting that the third term of the right-hand side will be fully responsible for
the pushing caused by the correlations and the breaking of Homogenization. This
term is entirely independent of the system’s initial state and from the ancillae local

conditions.
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6.2.3 Distance dependent correlations

We can proceed with a very intuitive restriction from the case above. That is, if the
correlations terms between the ancillae of the initial global state depend only on the

distance between the ancillae, i.e., they only depend on ¢ — j = d

& = &j—e = Ea- (6.30)

This simplifies Eq. (6.29) to

ot =c*"o% + (1 — ) UA—l-SQZ Zch (&a+&). (6.31)

Here, we can have another way of computing the evolution of the system in the
case of the nearest-neighbors correlation, by restricting £; = 91 4§ in the equation
above, arriving at the same results. But another interesting application is for the
Algebraically decaying correlations case, where we consider that the correlations

decay exponentially with the distance
Eq = K17%, d=1,2,..., (6.32)
for some 2 x 2 matrix £ and K > 1. Using this choice in Eq. (6.31), we obtain

ot =c"og+ (1—c")oa+

K82 <02 - CZn CnflKlfn -1

cK —1 2 1K >@+fﬁ,(6%)

s 1

where we used the geometric sum twice and made a few algebraic manipulations.

From the solution above, we obtain the system’s steady state (for |¢| < 1)

66@+§U. (6.34)

Now, notice that the case K 2 1 means long-range correlations, while K > 1 are
related to short-range correlations. This short-range correlation result is in total
agreement with the nearest-neighbors correlation result. Indeed, if we take the

limit of K — oo, the steady state in Eq. (6.34) reduces to the nearest-neighbors
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Figure 6.1: Values of T—cos(gr)

gt € [0, 27].

versus g7 for different values of K in the interval

correlations steady state of Eq. (6.26), i.e.

cK
K—c

oA+ (E+EN) B2 oa 4+ c(e+ 7).

On the other hand, for the long-range correlations case, we have large values

of the correlation effects for small K. See, for instance, Fig. 6.1, which shows the

cK

behaviour of = in function of g7, for different values of K. For small values of

K, the function Iglfc increases dramatically for g7 close to 0 or 27, amplifying the
effects of the correlation matrix £. As in the nearest-neighbor correlations case, the
sign of the function multiplying (£ + £7) can be positive or negative. Although in
this case, for small values of K, we see a much larger potential for the positive sign
case and the negative sign case. Recalling, positive or negative values of Ig—l_(c(f +£7)
can sign that the effect of correlations heats or cool down the system, respectively.
This happens in the case where the system and ancillae start at thermal states and
when the matrix £ is diagonal with positive identical elements. Again, this indicates

that this CM can serve as a thermal machine or a refrigerator depending on the

value of g7 and K.
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6.2.4 Ancillae evolution

Here we will obtain each ancilla’s local covariance matrix after its collision with
the state, for the general case of initially correlated ancillae. Importantly, the local
density matrices of each ancilla can change only during the collision with the system,
after each collision, the respective local state of the ancilla doesn’t change. This
can be seen as a consequence of the no-signaling principle,® which states that local
operations in a local state cannot affect any properties of another local state. Of
course, every collision can affect the correlations between any ancillae, this happens
because the global state of the environment is affected at each collision.

We use the exact same procedure used in Subsection 6.2.2. Analogously, we start
with the most general environment ¢% and evolve the joint system o2 ® 0% by using
Eq. (6.4) with the symplectic matrices of Eqgs. (6.20) and (6.22). In the final step,
we separate the covariance matrix of the joint state as in Eq. (6.5), but we now
take the local covariance matrix of the evolved ancilla (inside the covariance matrix
of the evolved environment o), instead of taking the system’s covariance matrix.
The result for the first four evolved ancillae after their collisions are given in the

following chain of equations

/I 2 2
Oyp, =805+ C 04,

P05+ CPoa, + stoa, —es*(E12+ &),

o, =c¢
o)y, = c'SPog+ Coa, + stoa, + stoa, +ost(Ea + 5{2) — (&5 + £I3) —cs%(&y3 + £2T,3),
oy, = As?og + o, +stoa, +Pstoa, +tstos, + st €+ é"lT,z) + st (& + 623)

= P8 (Ga + 64) + o5 (o + &3) — 5% (Caa + &) — 5™ (Ga+ &), (6.35)

where O'f4j is the covariance matrix of the ancilla j after its collision with the system.

Analyzing the equations above, we induce that the covariance matrix an ancilla

6An exposition to the no-signaling principle can be seen in [91].
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n > 2 after its collision with the system is given by

n—1 n—1

oy =g +S4Zc2(” FVoa, + Coa,+ D D EMTT T G + 6 )
k=1 m=1n'>m
n—1
= 3 T G+ ) (6.36)
m=1

The equation above is quite general, but we can obtain a more conclusive analysis
by making some restrictions. For studying the Homogenization case, we suppose that
all ancillae are initially identical 04, = 04 for every j. After supposing it in the
equation above, using the geometric sum, and making algebraic simplifications, we

obtain

n—1 n—1

oy =V og—aa)toa+ D S A2, 0+ Emnt)

m=1n'>m

n—1
= 2 T (G + Emn)- (6.37)
m=1

Clearly, for this case of initially identical ancillae, if we have null correlations terms
and |c| < 1, then 0 = ¢. This means that, after a large number of collisions, the
ancilla will practically not modify its state after interacting with the system. This
agrees with the last Homogenization condition (Eq. (2.48)) and it is the final step
in order to show that, in the absence of initial correlations between the ancillae, our
CM of the system and initially identical ancillae of bosonic modes, interacting via
the BS, indeed corresponds to the Homogenization in the bosonic case.

Again, if we make a restriction over the correlations matrix, making it only

distance dependent (Eq. (6.30)), we obtain

1

f: c2n—d—2m—284 <£d + gc-ll—)

d=1

n—1
= > ISPt &) (6.38)
m=1

n—1n

oy =" Vg5 —04) +oat Z

n

In order to consider the cases studied in the previous Subsection for the system’s
evolution, we suppose Algebraically decaying correlations, given by Eq. (6.32). Us-

ing this type of correlation in the Equation above, we have, after using the geometric
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sum twice and making algebraic manipulations
o)y, = V(05— 0a) + o4+ Tu(K, gt) (€ +£7), (6.39)

where

e —1\n 4 2 2n —1 l-n __
P, ) = —sei SR = (eR ) SK< 1 &= cK(c'K) cK>’

1 —cK-1 * 2 \cK—1 2  (cK—1)(1-c'K)
¢ = cos(7),

and s = sin(7). (6.40)

The function I',, (K, 7) will dictate the correlations effects on the n'" ancilla state
after its collision with the system. This function vanishes at the limit of large n,

verily

—0. (6.41)

Additionally, we see, from the plots of Figs. 6.2 and 6.3, that after oscillating in
the first collision, the function I', (K, 7) converges monotonically to 0 for large n.
Therefore, the effects of correlations in each ancilla decrease as the ancillae collide

with the system until they eventually vanish.

6.3 Constructing initially correlated ancillae from
H-Graphs

In this Section, we describe a method for constructing an environment of bosonic
ancillae whose correlations depend only on the distance between the ancillae. This
justifies the form of the environment correlations supposed in the last Section (espe-

cially in Subsection 6.2.3) by means of construction made with known systems and
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operations.

The procedure to create such environments is again by making use of Hamil-
tonian graph states or H-graphs [118, 134-138] and is completely analogous to the
procedure presented in Section 5.1 for qubits ancillae. However, due to the versatile
tools of continuous variables, we create a protocol for constructing environments
with the desired form of distance-dependent correlations using H-graphs. Further-
more, graph-states can be produced experimentally by means of optical preparation
with squeezing plus interferometry [140, 141] or optical parametric oscillators [142],
therefore the construction presented here is a feasible example for the experimental

implementation of a correlated environment. The protocol is described as follows.

6.3.1 Constructing covariance matrix elements

If we want an environment with n bosonic modes, suppose initially that the envi-
ronment state is in the n-mode vacuum |¢) = |0)*". To create graph states, first,

we define the unitary operator
Y = e 2, Giulliy (6.42)

where G;; are the elements of the adjacency matrix G representing a graph where

the vertices are the ancillae and the edges represent the interactions between them

00r

-0.1F

-0.2+

I,(K.0.8)

— K=1.1

— K=1.5
K=2
K=5

— K=100

-0.3F

-04r

n

Figure 6.2: T',,(K, gt) versus n for different values of K, for ¢ = 0.8 and ¢t = 1 fixed.
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0.0

= p 5
o~
= — g=0.1
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Figure 6.3: T',,(K, gt) versus n for different values of g, for K = 2 and ¢ = 1 fixed.

Figure 6.4: Example of a graph with ancillae in the vertices and the thickness of
the edges between them represent the strength of the correlations (in this case the
correlations are weaker for more distant ancillae), given by the adjacency matrix.

(see Fig. 6.4) and
> (alal — aiay), (6.43)

is the two-mode squeezing interaction Hamiltonian between the modes ¢ and j, the

operator ;(a}) corresponds to the annihilator (creator) operator of the mode 7. And

i

the graph state is defined as the application of this unitary in the vacuum

[vE) =V]9). (6.44)
With the canonical commutation relations, one can show that the evolution of
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the canonical operators for each mode ¢ will be given by

ViV =3 Mg and (6.45)
J
Vipv =3 M;'p;, (6.46)
J
where
M = eCF. (6.47)

Consequently, we can compute the average of the anti-commutators of the canon-

ical operators, resulting in

DN | —

S aad) = (MM, (6.45)
S = SO M) )y, and (6.49)

(gipj) = 0. (6.50)

Supposing now that G is the adjacency matrix of a cyclic graph, then it must be

a circulant matrix [139].” The diagonalization of such a matrix is given by
G = OANOT, (6.51)
where the elements of O are discrete Fourier transforms
€i27rlm/n

Olm:

, 7, l,m:(),---,n—l, (652)

and A is the matrix of eigenvalues A;,, = 0;m A, Where
(n—1)/2
Aj=2 ) c¢ecos(2nlj/n), (6.53)
1=0

assuming n odd for convenience.

"Remembering, cyclic graphs are graphs in which the connection strength between the vertices
only depend on their distances. Hence the coefficients have the same value ¢; for each diagonal
and ¢; = cp—j, for every 0 < j < n — 1, since we demand that the adjacency matrix must be
symmetric. See, for instance, Eq. (5.5).
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From these equations and Eqs. (6.48), (6.49) and (6.50), we obtain, for cyclic

graphs, after algebraic manipulations

27l
(g;q5) Zexp [Z(] — 7))+ 21@\] and

2ml
(pipy) = Zexp [@(J —J) - 21%1
This results in equal local covariance matrices for the ancillae

1 ;‘1__1 e2kAm 0
o4 =— Lm0 . (6.54)
2n 0 ng:lo o—2kAm

And correlations block matrices depending only on the distance between the ancillae

(9)
0
g= | ( (6.55)
O p)
d
where
() 1 n—1
£dq _ <Qij+d> % ez27rdm/n+2k/\m and (656)
m=0
() 1= i2nd 2k
= (pipj+a) = 2 2 Z mdm/n=2kdm, (6.57)

6.3.2 Constructing desired correlations from choosing the
cyclic graph
Here we describe a protocol for obtaining a desired form of correlation term fc(lq)

choosing properly the coefficients of the adjacency matrix.

First notice that we can rewrite Eq. (6.56) as

n—1 ]
=3 e (6.58)
1=0
o e2k>‘l 2md 3 — frd
where q; = and 0, = =€ Now, since \,; = A;, we have that a,; = a,
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additionally, from \; = A_; we also have a; = a_;. Using these facts, we can write®

n-1 (n—1)/2 ‘
St = N gl (6.59)
1=0 I=—(n—1)/2
Therefore, for large number of ancillae n, we can approximate fg(lq) to a Fourier
Series
o) — > ae (6.60)
l=—00

from which we can obtain the coefficient of the series

i 2 (@) —ifal gp 6.61
ay 0 gd € ds ( . )

:27T

where 0; = % approaches to a continuous variable due to the large n approximation.
We, therefore, obtained a formula for a; given a desired form of distance-dependent
correlation fl(f). Inverting the definition of a;, we obtain the adjacency matrix G
eigenvalues in function of fc(lQ)
_ log(2na;)

—_—. .62
n =22 (6.62)

Finally, from the eigenvalues of the circulant adjacency matrix G, we can obtain
its coefficients by noticing that, from Eq. (6.53), if we go to the large n limit, the

eigenvalues will also be a Fourier Series

A6, = i 2¢; cos(76,), (6.63)
I=0

where 0, = 27“ From this Fourier Series, we obtain the coefficients

1 ™

0= /_ MB)d8; and (6.64)
1 ™

¢ = %/ A6;) cos(j6)d8; for j > 1, (6.65)

where 6; approaches a continuous variable for large n. Whence, from Eqgs. (6.61),

80ne can prove this equation by noticing that Eln:_ol aetfal = 1(161)/ 2 aleifdl n
i1y @€ and using a1 = aj, a; = a—y and 0 = 224 to show that 33770 ) » e =

-1 Zedl
Zl:—(n—l)/Z aie .
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(6.62), (6.64) and (6.65) we have a procedure of obtaining the coefficients of the
circulant adjacency matrix G from a desired correlation term fl(f) depending on the

distance between the ancillae.

6.3.3 Application to the case of the Algebraically decaying

correlation

As an important example, which generates an environment as the one used in Sub-
section 6.2.3, we apply these results to find the coefficients for the adjacency matrix
of the cyclic graph which generates the graph state environment with correlations

depending on the distance d described by
V=K, (6.66)

where féq) is a real number and K > 1.

From using Eq. (6.61), we obtain

1— (-1 K2
47212 + n2log?(K)

a; = 2nK log(K) 75 (6.67)

and after some manipulations, we can write, for large n

2K 10g(K> 1 (q)
n 02 + log?(K) "

a(0r) =
where §; = 22t Moreover, from Eq. (6.62) we obtain

A0 = ;k log(4K log(K)) — 21]{: log (67 + 1og2(K>)} &,

Finally, for obtaining the coefficients of G, we must evaluate the integrals from Egs.
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(6.64) and (6.65)

1o 1 2 2 (2)
co = E[W [leog(élK log(K)) — %IOg(Ql + log (K)>] o dbfy and (6.68)
Lol 1 2 2 (@) ; ;
cj = %/4 [%log(4Klog(K)) — ﬁlog(Ql + log (K))] & cos(j0,)do, for j > 1.
(6.69)

To obtain such coefficients, these integrals must be computed numerically.

A cyclic graph has its vertices disposed of in the form of a ring (see, for instance,
Figs. 5.1 and 6.4). Therefore, if we want correlations in the form of Eq. (6.66),
the correlations of the first ancilla with its neighbors will decay in relation to its
nearest neighbors and then raise again, since the last neighbors close the ring. In
Figs. 6.5, 6.6, 6.7 and 6.8 we plotted the values of the correlations of the first ancilla
with its neighbors. We computed the correlations according to Eq. (6.66) mirrored
in n/2, mimicking the behavior of the correlations between ancillae disposed of
in a ring form, and computed the correlations of the graph states generated by
using Eqgs. (6.68) and (6.69) to prepare the coefficients for the adjacency matrix G
and using Eqgs. (6.48), (6.49) and (6.50) to obtain the covariance matrix elements
(and correlations) of the graph state. These plots show a good match between the
correlations generated by the graph states and the desired form of the mirrored Eq.
(6.66).

From choosing the parameters £ = 1.0 and féq) = 1.0 we see that our method
using graph states creates the desired correlations mostly if K is not too close to
1.0, but for K = 1.05 a number of n = 100 of ancillae causes a match between the
correlations which is almost perfect, as can be seen in Fig. 6.5. However, for values
of K too big, we don’t have a very satisfactory match, even for a number of n = 100
ancillae, as can be seen in Fig. 6.8.

2> 50, our

~Y

Therefore, we conclude that for a region of 1.5 < K < 10.0 and n
method of creating an environment with correlations in the form of Eq. (6.66) with

graph states is satisfactory.
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6.3.4 Analysing ¢

If we use the method described above to create the desired correlations & ((f) in graph

states, we automatically constrain the correlations referring to the gf;’ ) canonical
operators p. In fact, from Eq. (6.57), we can write
(p) & 27 dl

&= > e (6.70)

I=—(n—1)/2

K=1.05,n=10 K=1.05,n=50
1.O=—" — T ' T T T 1T 1.0 LA B B B | T T T

2 + 6 8 10 20 30 40

neighbor number neighbor number

K=1.05,n=100 K=1.05,n=200
77— 1.0 T T
0.8F Jo.sf ]
0.6F 0.6 g
0.4} jo4r ]
0ol 0.2r .

20 40 60 80 50 100 150
neighbor number neighbor number

Figure 6.5: Correlations ( C(lQ)) versus d: distance of the neighbor ancilla from the
first ancilla. The blue line is the correlation given by Eq. (6.66) mirrored from n/2,
while the red line is the correlation of the graph state generated by our method.
The parameters are k = 1.0, §éq) = 1.0 and K = 1.05, with n indicated above the
plots.
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K=2.0,n=10 K=2.0,n=50
1.0 T T T T 0.4 T T
0.8f Tosl
0.6f 1
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0.4r
0.1
0.2t
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Figure 6.6: Correlations ( ((f)) versus d: distance of the neighbor ancilla from the
first ancilla. The blue line is the correlation given by Eq. (6.66) mirrored from n/2,
while the red line is the correlation of the graph state generated by our method.
The parameters are £ = 1.0, f(gq) = 1.0 and K = 2.0, with n indicated above the
plots.
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Figure 6.7: Correlations ( C(lq)) versus d: distance of the neighbor ancilla from the
first ancilla. The blue line is the correlation given by Eq. (6.66) mirrored from n/2,
while the red line is the correlation of the graph state generated by our method.
The parameters are k£ = 1.0, gé‘” = 1.0 and K = 5.0, with n indicated above the
plots.
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o2k

where by = “5—. And we also have, by definition, that the coefficient of the
correlation 51(1‘1) is a; = 62;2k. Therefore we can relate them by
1
b= —— 6.71
" qan?’ (6:71)

((lp ) is completely fixed by §((iq).

from which we conclude that &
As an example, we take again the case of Algebraic correlations from Eq. (6.66).
In this case, we have, from the equation above and Eq. (6.67), for large n
Al 4 n? log(K)* 1

b = —. 6.72
: 2nKlog(K)  4n? (6.72)

Applying this in Eq. (6.70) and making a large n approximation, we obtain

(n—1)/2 4272 + n? log(K)2 1 i2mdl/n

g(P) — —— e
d l_—(nz—l)/Q 2nKlog(K)  4n?
2
~ T 92 + 1Og<K> eieddg
—r 167K log(K)
(—1)°
- 6.73
A7 K log(K)d? (6.73)
K=10.0,n=100 K=100.0,n=100
0.4 T 0.8 : :
0.6
0.3
0.4

0.2 0.2y
: 0.0 AA'. A'A.I.
0.1 v i
i —0.2
0.0 '{pe wh i

20 40 60 80 20 40 60 80
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Figure 6.8: Correlations ( l(f)) versus d: distance of the neighbor ancilla from the
first ancilla. The blue line is the correlation given by Eq. (6.66) mirrored from n/2,
while the red line is the correlation of the graph state generated by our method.
The parameters are k = 1.0, f((]q) = 1.0 and n = 100, with K indicated above the
plots.
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Therefore, for creating a correlation of Eq. (6.66) type for {C(lq), we must obtain
an oscillating correlation decaying with d? type for fc(lp ). This oscillating fg(lp ) is also
obtained, for instance, if we create and prepare the correlations from a nearest-
neighbor interaction graph state (see Ref. [96]).

Fortunately, despite the fact that we cannot create correlation terms féq) and

C(lp ) which decay equally with the distance, their effect in the initially correlated CM
always acts linearly in the system’s evolution (see Eq. (6.31)). Hence, such correla-

tions affect the system’s evolution differently and can be computed separately.
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Chapter 7

Obtaining Observable Variations

Using QBNs

This is the Chapter concerning the second main project of this thesis. This project
has as its principal goal to compute the statistics of the heat distribution between two
initially correlated parties using Quantum Bayesian Networks (QBNs), described in
Subsection 3.4.2. The QBN formalism, inspired mostly in Ref. [48], has the ad-
vantage of estimating a probability distribution for a process to happen during a
system’s evolution without supposing that a measurement is made. This is opposite
to the most commonly used Two-Point Measurement (TPM) protocol [33-35]. For
the TPM protocol, two measurements are made to obtain the outcome of a desired
observable for the party of interest at two points in time, this way the change of the
observable is obtained during the process. The unwanted character of this proce-
dure is the fact that after each measurement the backaction completely destroys the
coherence of the joint state density matrix, therefore consuming the quantum corre-
lation between the parties. The presence of initial correlations can cause interesting
effects on thermodynamic processes, one of our main influences is the inversion of
heat flow caused by initial correlations [50-53]. Hence, finding a reliable way of
computing the statistics observable in such processes can be a fruitful objective.

In this present Chapter, we construct a more general formalism used to compute
the statistics for the change of any local observable during a process in which the

party of a joint system evolves. In the second part of the Chapter we apply, as
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an example, such general results for the case where the two parties are qubits,
recovering part of the results of Refs. [48] and [54] and exploring the consequences
of our formalism to the study of the variance of the heat distribution in this case. In
the third part of the Chapter, we bring our analysis of the consequences of choosing
different ensembles for the initial density matrix of the joint system over the QBN
statistics, since we found out that this statistic is dependent on the initial density
matrix ambiguity of mixtures. This inquiry creates important interpretative caveats
and thus is one of the main questions of this project. In the final part of this Chapter,
we expose the formalism to obtain the heat distribution of the heat exchange between
two bosonic modes. We obtain the evolution of the distribution of the two first
moments as we observe how the correlations are consumed in the process. As an
important result, we spot the heat flow inversion caused by correlations for the
bosonic case. Finally, we describe the difficulties of using the coherent state ensemble

to describe the QBN, which leads us to the use of quasi-probabilities.

7.1 General results

7.1.1 Statement of the problem

The setup is the same as the one described in Subsection 3.4.2. As already stated,
the system is composed of two parties A and B and we suppose that they evolve
according to a unitary operator U(t). The joint system starts its evolution in the

state

where {Ps, [15(0))}s is an ensemble of quantum states, and we have the observable

O4(t) (which can be time-dependent) acting in A and Op(t) in B with eigenvalues

(eigenvectors) {a;(t)}: ({]ai(t))}i) and {b;(t)}; ({|b;(t))};), respectively. Then, the
QBN infer that the probability of the joint system to be observed in the states

(lao, bo) , |a1,b1) - - -, |an, b)) in the respective time instants (0, ¢y, - - ,t,) is (see the
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deduction of Eq. (3.44) and Fig. 3.4 for the Beaysian Network graph)

P(@(J? bo, ay, bla R ¢ ) bn) = Zpsp<a07 bO’ws(O))P<ala 51’%(?51)) e P<an7 bn’ws(tn))7
’ (7.2)

where

P(ag, bilths(t)) = | {a, bl s (1)) |*
= [ {ax, b U(t) [5(0)) (7.3)

is the conditional probability for the joint state to be observed in |ag, by) given that
the system started at [i4(0)).

Here we use the QBN formalism to infer the statistics of a quantity we call the
change of the observable O4(t), in symbols AQ4. This change happens during a
process, i.e., as the system evolves between two points in time. Accordingly, we only
need the conditional trajectory probability distribution of Eq. (7.2) for two points
in time

P(ao, bo, ar, be) = PuP(ao, bolths(0)) P(ar, bils(2)), (7.4)

where we rename ¢; =t and ay(by) = a¢(by).
Importantly, this conditional trajectory probability distribution satisfies stan-

dard probability distribution marginalization properties. Consider, for instance,

> Plao,bo,ar,be) = > Pul {ao, bolts(0)) [*] {ar, belehs(t) |*

bo,bt bo,bt,s

= > P (5(0)ao) (Z |bo) <b0|) {a0|1s(0)) (s (t)]ar) (Z|bt> <bt|) {aes(t))

bo bt

= 3" Pl {aolts(0)) 2] {aelos(1)) |2

= P(ao, at>~ (7-5)

And analogously, we have >, .. P(ao, by, az,b;) = P(bo, b). Furthermore, consider
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the sum

> Plaog,bo,ar, be) = > Pl (a0, bolths(0)) [*| (@, beltds(1))

ag,bo 8,a0,bo

=2 P (1:(0)] (Z @0, bo) <ao,bo!) [9:(0)) (s (t)|ar, br) (ar, belths (1))

ag,bo

~ (anb (z Py (0) <¢s<t>|> an, )

= (s, be| pap(t)[ar, b) , (7.6)

which is the standard probability distribution P(ay,b;) obtained from the postu-
lates of Quantum Mechanics. Analogously we also obtain >, ;, P(ao, bo, at, b;) =
{ao, bo| paB(0) |ao, bo).

With the use of this conditional probability, we can construct the probability of

obtaining a change Aa in the observable O4(t) during two points in time

p(AO4 = Aa) = Y §(Aa — (ar — ag))P(ag, ar). (7.7)

at,ao

Our main inquiry in this Chapter is to investigate the aspects of this probability
distribution, and how the initial correlations between the parts of the global system
affect it. Notice that this change can represent thermodynamic quantities. For
instance, for the case where 0,4 is the Hamiltonian of the subsystem A, for a global
time-independent Hamiltonian, the quantity AO,4 will be the heat, which is the
focus of this project. This definition of heat, as being the difference between the
average of the final and initial local energy which changes only due to the variation
of the local state, means that this quantity represents the variation of energy due to
the stochastic evolution of the state as it interacts with its surroundings. The work
is devoted to the case where the change of energy is caused by an external driving

controlling the Hamiltonian of the system. These definitions of heat and work can

be studied in Ref. [25].
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7.1.2 Characteristic function of the change probability dis-

tribution

In order to obtain a useful expression for the probability distribution of Eq. (7.7),

we can resort to the characteristic function of it
Go, (k) = / (dAa) e p(AO, = Aa). (7.8)
Using Eq. (7.7) in the definition above, we obtain

Go, (k)= > et p gy a,). (7.9)

ag,at

Proceeding, we expand the distribution P(ag,a;) in the equation above, then we

have!

Go, (k)= 37 M= Pl (aolths) Pl (ae U(1) [9)

= at;osP5<ao|ws><¢s|e—ika°|ao><at|U<t>|¢s><¢S|U*<t>e"’“f|at>

= z Pulacks) (e 4O |ag) {ar|U (1) 1) (0| UT ()4 )

= P00 (ool 101040 () ) U0
=D Py (1| € OO [y,) (| UT(0)e*O1OT () [, (7.10)

From which we obtain the result

GAOA(k) = Z Py <¢8| e~ Hh0A0) st) W)Sl 6ikOAH(t) |¢S> . (7'11)

where

Ou, (t) =UN)OA()U() (7.12)

is the operator O4(t) in the Heisenberg picture.

An important comment that can be made here about the characteristic function

From now on, we call |1s) = [¢5(0)) for simplicity.
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of Eq. (7.11) is that it has a non-trivial dependence on the choice for the ensemble
of pure states to represent the initial density matrix of the joint state (Eq. (7.1)).
This dependence comes from the fact that the trajectory probability of Eq. (7.2)
is explicitly constructed under the ensemble choice. A possible way to interpret
this dependence is related to the possibility for the probability of Eq. (7.2) to be
associated with different measurement protocols in order to be accessible experimen-
tally. For instance, for the choice of the ensemble of eigenstates of the initial density
matrix, there is a proposal for extracting its probability using identical copies of a
quantum system and postselection [49]. Proposals for measurement protocols in or-
der to obtain distributions related to other ensemble choices can be a fruitful future

research theme.

7.1.3 Statistical moments of the change probability distri-

bution

An important utility of the characteristic function is that we can easily obtain for-
mulae for the statistic moments of the random variables from it. This can be done,

for the characteristic function of the distribution above, by the equation?

9" (Go, (k)

(AOL)")y = (=) 2 . (7.13)

Using this equation in the result of Eq. (7.11), we obtain the average of O4(t)

<AOA> = Z Ps <w5| (OAH (t) - OA(O)) |¢s> ’ (714)

which can be rewritten as

(A04) = Tr {(Oay(t) — 04(0))pas(0)} . (7.15)

This equation for the first moment makes clear that the average of O4(t) computed

using QBNs takes into consideration all coherences of the initial state as well as

2This relation between statistical moments and the characteristic function can be obtained
simply by direct differentiation of Eq. (7.8) and setting k& = 0.
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quantum correlations, as opposed to the TPM protocol, as desired. Interestingly,
we can see that this quantity is independent of the ensemble choice of the initial
density matrix.

The second moment of O4(t) is

(A04()%) = 3 P ((ts] (04, (1)) + (04(0))?) [ths) = 2 (15| O(0) [ths) (15| Oy () [t5))

(7.16)
In this equation, we already start to observe a dependence on the choice of the
ensemble of the initial density matrix in the second moment of the distribution. For
higher moments the results will be more complex but with a similar aspect. We
restrict the focus to these two moments since they will already expose the desired

attributes of the probability distribution for our analysis.

7.1.4 Comparison with TPM

Here we will compare our results for the statistics obtained using QBN with the
standard TPM statistics.> The TPM supposes that measurements are made for
two points in time in order to obtain the variation (or change) of some observable.
So, supposing the same bipartite setup presented to the QBN case in Subsection
7.1.1, we additionally suppose that a projective measurement is made initially in
the eigenbasis {|ag)}4, of the operator O4(0) and finally in the eigenbasis {|a;)}q,
of the operator O4(t). The probability of the initial global system p4p(0) to have

outcomes ag and a;, respectively, in these two measurements is

Prem(ao, a;) = Plag]ag)P(aq), (7.17)

where P(ag) = P,, = (ag| pa(0) |ag), with pa = Trg(pap(0)), is the probability of
the first measurement to have an outcome ay. While P(a;|ag) is the probability of

having an outcome a; for the second measurement after the backaction of the first

3In Section IT of Ref. [34] the TPM statistics is presented in details.
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measurement and the evolution between them

Plag]ag) = Tr {Jar) (a| U)oy (0)UT(¢) |ar) (o]}, (7.18)

_ lao){aolpap(0)|ao)({ao]
P‘ZO

where p/y5(0) is the backaction of p after the first measurement
and U(t) is the unitary evolution operator between the two measurements.
If now we desire to obtain the probability of a change Aa in the observable O 4(t)

with this probability distribution, we define

pTPM(AOA = Aa) = Z 5(Aa - (at - ao))PTPM(ao, at). (7.19)

at,ao

Using Egs. (7.17) and (7.18), we obtain (see Appendix D for the computation) the

following characteristic function for this probability distribution

GOATPM <k) =Tr {eikOAH(t)e_ikOA(O)DOA(O)(pAB(O))} ) (7.20)

where Do, 0)(®) = X4, |@0) (ao|®|ao) (ao| and {]ao) }a, are the eigenvectors of O4(0).

The only dependence of the joint system’s initial state in this characteristic func-
tion is given by Do, (0)(pap(0)). Thus all contributions from the initial coherence, in
the eigenbasis of O4(0) vanish in contrast with the QBN characteristic function of
Eq. (7.11) which takes into account the coherence of the initial state. Importantly,
the QBN characteristic function of Eq. (7.11), compute in the ensemble choice of
the eigenvectors of pap(0), is equivalent to the TPM characteristic function in Eq.
(7.20) for the case where [pap(0), O4(0)] = 0, which is the case where there is no

coherence for the initial state in the eigenbasis of O4(0).

7.2 Application to qubits

Here we apply our general results to the case where the systems A and B are qubits.
As already said, our main goal is to obtain the heat probability distribution during
an interaction taking into account the effects of the initial correlations between the

parties. Among other results, this predicts the inversion of the heat flow caused by
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initial correlations. The first experimental observation of this fact was obtained for
this two-qubit setup in Ref. [54] and we describe these statistics with our results
using QBNs. Reference [48], which initially proposed QBNs, also described the heat
average of [54] using QBNs and its probability distribution for specific initial states.
Thus our analysis with two-qubit systems will serve as a sanity check for our general
methods of obtaining the statistical moments of the heat probability distribution
and its characteristic function by comparing our results with the ones obtained in
Refs. [48, 54] and, additionally, we are now able to compute the unexplored second

moment of the heat distribution.

7.2.1 Setup and statistical moments

We suppose that the two qubits have local Hamiltonians H () = wo(l — o2(®)/2,

interacting via the unitary
Ulg,t) = efit%(af®0§+af®af)’ (7.21)
for 04—y defined according to Eq. (2.33). The joint system starts at the state
pas(0) = pi, © pi, + XaB, (7.22)

where

pAEB) L oo
th (1 + e—UJOBA(B)) 0 €*WOIBA(B) ’

are the locally thermal states of the Hamiltonian H 4 3)4 and the term

0O 0 0 O

0 0 a O
XAB = )

0 o 0

0 0 0 O

4These locally thermal states are different from the one described in Appendix A, Section A.4,
only due to their local Hamiltonians. Also, the unitary of Eq. (7.21) is simply the Partial SWAP
of Eq. (2.44) multiplied by a phase. The slight differences in these definitions from the previous
Chapters are made in order to have a better comparison with the results of Ref. [48].
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is responsible for the coherence and correlations between the parties with « satisfy-
ing |a| < exp[—wo(Ba + BB)]/ ((1 + e7wola)(1 + e‘wOﬁB)) for the positivity of the
density matrix. In fact, the mutual information between the parties is 0 when « is

null and reaches its maximum when |a| = R, where

R = exp [~wo(Ba + Bs)] / (1 +e0P)(1 + e7057)), (7.23)

which is a result obtained in Ref. [54].
As already said, for the case where the Hamiltonian is time-independent, we
define the heat received by the subsystem A as the change of the local Hamiltonian

H 4 during the evolution from time 0 to ¢
Qa(t) = AH,. (7.24)

Using the result of Eq. (7.14) for the average of the change of an operator, we

have

(Qa(t)) = Te{(U'(g,t)HaU(g,t) — Ha) pan(0)}. (7.25)

Computing the trace using Eqgs. (7.21) and (7.22), we obtain

(Qa(1)) = o llm(oz) sin (?) + L (Z) <tanh (Wf) ~ tanh (“f )(2]2.6)

This result describes correctly the heat flow inversion caused by the initial correla-

tions between the two qubits. This can be achieved for negative values of Im(«), as
can be seen in Fig. 7.1. In this figure, we can spot the heat average initially going
from the colder system A to the hotter system B for the cases where Im(a) < 0 and
a stronger manifestation of such effect for the case with maximum correlation, i.e.,
for Im(a) = —N.

Additionally, with the result of Eq. (7.16), we can obtain the second moment of
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the heat probability distribution

(Q4(1) = - NNl (U (g, 0) HAU (g,0))* + H3) [ \)

where {\;}; and {|\;)}; are the eigenvalues and eigenvectors of the initial density
matrix pap(0). We choose to compute the second moment in the eigenvector en-
semble of the initial density matrix since it is the ensemble that causes the smaller
variance (to be seen in the next section). With this, we compute (see Fig. 7.1)
numerically the heat variance Var(Q4)(t) = (Q4(¢)) — (Qa(t))? for different choices
of a for f4 = 2/wy and B = 1/wy, i.e., initially A colder than B. For both negative
and positive values of Im(«), the presence of correlations decreases considerably the
maximum of the variance. Interestingly, for the cases where the mutual information
has its maximum Im(a) = X we have a higher diminishing of the variance than
in the smaller correlation case of Im(«) = +1/20. This seems to indicate that the
greater the correlations, the smaller the variance, which is a pattern that will also
be seen in the last Section of this Chapter, on the bosonic modes case. Intuitively,
we could think of this reduction of the variance as an approximation to the classical
thermodynamic case. However, we might interpret this as a case where correlations
decrease the entropy of the processes, and hence this could be possibly a cause for
the reduction of the variance. This reasoning was influenced by Ref. [143], which
affirms that mutual correlations between parties can be analogous to an information

reservatory, similar to a Maxwell’s demon.

7.2.2 Obtaining the probability distribution

We can compute the characteristic function for the heat probability distribution

using the result of Eq. (7.11) to the conditions above, obtaining
GQA(k) _ Z A <)\8‘ e~ hHa ‘)\S> <)\S’ ez'kUW‘(g,t)HAU(g,t) |)\S> ' (7.28)

As a sanity check, we numerically computed the probability distribution of the
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heat from this characteristic function by applying the inverse Fourier transform on
it for a set of parameters. The computation was not possible in analytical form,
since the integral of the inverse Fourier transform of the characteristic function from
Eq. (7.28) is not analytically tractable. We now compare it to the probability
distributions obtained in Ref. [48].
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Figure 7.1: Heat (in unites of wy)/ Variance of the heat (in unites of w?) versus t.
The blue lines represent the heat received by A and the blue dashed lines represent
the variance of the heat when the qubits are initially correlated. The red lines
represent the heat received by A and the red dashed lines represent the variance
of the heat when the qubits are initially uncorrelated. The parameters are g = 1,
fa = 2/wy and fp = 1/wy. Each plot has a different value of o. In the first line
we have, from left to right, Im(a) = —X and Im(«) = +R, and in the second line
Im(a) = —1/20 and Im(a) = +1/20.
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The probability distributions of Ref. [48] are

ewoBB (SWOﬁA/Q cos (;L;) 4 ewoBB/2 gin (%))2
(BWO/BA + 1) (eWOBB + 1) (ewoﬁA + ewoﬁB)
(ewoﬁA + ewoﬁB) (2 + ewoBa 4 ewoPB 2€w0(5A+ﬁB)> + (QWOBA _ ewoﬁB)Q COS (%t)

P(Q4 = —wy) =

, (7.29)

P p— O pu—
(Qu=0) 2 (<084 + 1) (ew0B5 + 1) (ex0Pa + ewofn)
2ewo(Ba+BB)/2 (ewoﬂA _ ewoﬁB) sin (ﬂ)
+ 9L (7.30)
2 (ewoﬂA + 1) (ewoBB + 1) (ewoﬁA + ewoBB)
2
GWOBA 6“053/2 COS mt\ 6"-’0/814/2 Sin ux
P(Qu = +uwg) = ( (29) (29)) (7.31)

(eWO/BA + 1) (eUJOBB + 1) (ewoﬁA + eWO/BB)

As an example, in Fig. 7.2 we plot the probability distributions of Q4 = —wg, Q4 =

0 and Q4 = 4wy computed numerically for initial states pap(0) with 4 = 2/wy,

e—wo(Ba+BB)/2
(1+e~w0PAa)(1+e~w0PB

fp =1/wy and oo = —i ) during an evolution in time. These plots

match perfectly with the curves of the probabilities above.

7.3 Dependence on the ambiguity of mixtures

In the results of Eqs. (7.11) and (7.16) an explicit dependence can be verified
of the characteristic function and of the second moment of the change AO, on
the choice of the ensemble of states {Ps, [|ts)}s for the mixture of states in the

initial density matrix of Eq. (7.1).> Therefore, this dependence is present in the

SRemember that in further equations after Eq. (7.1) we omitted the (0) in [1(0)) for simplicity
of notation.

P(Qa=—wp) ‘ P(Qs=0) ‘ __ P(Qu=twy)
.08 7N 090F AN ] /
/ \ / 0.20
L/ 0.881 3
0061 /1 0.86t AN A ois
\ /
001 0.84} /1
0.82} ;oo
\ /
0.02- N\ / 0.80 1 0.05P
078l
0.0 0.5 1.0 15 20 0.0 0.5 1.0 1.5 20 00 05 1.0 15 2.0
time time time

Figure 7.2: P(Q4) versus t, for different values of Q4, computed numerically with
the inverse Fourier transform of the characteristic function of Eq. (7.28) (green full
line) and for different values of Q4, using Eqgs. (7.29), (7.30), and (7.31) from Ref.
[48] (dashed black line). The initial joint state is prepared at pap(0) of Eq. (7.22)

. " e—w0(Ba+BB)/2
with 54 = 2/wy, B = 1/wy, a = _Z(1+ee—“0%A;4(1+i—woﬁB) and we have g = 1.
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probability distribution of AQ,4. The dependence is a consequence of the fact that
our construction of the QBN is a causal network stemming from different possible
initial states. Although different choices of these initial states result in the same
initial density matrix, they don’t necessarily cause the same chain of events with
the same chances of occurring.

A compelling result is that, although we have a probability distribution depen-
dence on the ambiguity of mixtures, the average of the AQ4 has not. This can be
clearly seen in the result of Eq. (7.15). On the other hand, the second moment does
depend on the ensemble choice for the initial density matrix, and thus the variance

will also depend on it.

7.3.1 The variance for the qubits case

Due to its importance in the statistics of a random variable, we analyze in more detail
the variance dependence on the ambiguity of mixtures. We compute its values for
different choices of ensembles of the initial density matrix for the case of qubits
states described in Sec. 7.2. Here, the random variable under analysis is the heat

received by A: AH4 = Q4. We obtain the variance of the heat
Var(Qa)(t) = (Q4(1)) — (Qa(t))*, (7.32)

from Eq. (7.25) for computing the average and Eq. (7.16) for computing the second

moment, from which we have

(Q4()) = Tr { ((U'(g,t)HaU (g, 1))* + H3) pan(0) }
— 23" Py (| Ha lths) (05| Ut (g, ) HaU g, t) 1)) , (7.33)

depending on the ensemble {Ps, |15)}s of the initial density matrix.
For generating a set of different ensembles for the same initial density matrix
pap(0), we recall a seminal result from Ref. [144]. This reference reveals that, given

a density matrix p with an eigen-ensemble® {\;, |\;)};, we can generate an ensemble

6An eigen-ensemble of a density matrix p is an ensemble of p in which all elements are orthonor-
mal eigenvectors.
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{P;, |:)}i of p with the formula

k
VR =S Mg N, i=1, (7.34)
=1

where k = dim(Support(p)),” r > k and M;; are the elements of any r x k matrix
M whose columns are orthonormal vectors in C.%

Using this result, we suppose an initial state pap(0) given by Eq. (7.22) with
Ba = 2/wy, Bp = 1/wo and a = —iexp [~wo(Ba + BB)] / ((1 +e )1+ 67%3))-
For the generation of eight different equivalent ensembles of p4p(0), we used Eq.
(7.34) with eight different choices of matrices M (see the matrices chosen in Ap-
pendix D). In Fig. 7.3, we see the variance as a function of time computed using
such ensembles in Eq. (7.33) and compared with the computation of the variance
using the eigen-ensemble. We see the pattern that the variance computed in general
ensembles is greater than or equal to the variance computed in an eigen-ensemble.

From these results, we have physical reasons to suppose that the eigen-ensemble is
the choice of the ensemble that minimizes the variance of the probability distribution
for a change of an observable using a QBN. This is a conjecture which comes from the
results mentioned and from the following ideas. The intuition of this conjecture is
in our supposition that the presence of indistinguishability between non-orthogonal
states of an ensemble can increase the variance of a distribution generated by such
an ensemble. Therefore, the conjecture is a consequence of noticing that the eigen-
ensembles are the only ones without such superpositions. Counterexamples or proof

for such conjecture can be a future research exploration.

"The set Support(p) is the linear space spanned by the set of eigenvectors or p with non-zero
eigenvalues.
8This can be proved simply by noticing that, given P; and |+;) defined by Eq. (7.34), we have

r k,k

Zpi i) (il = Z Z M Mim A/ AmAu [Am) (A
i=1

i=11=1m=1

k
= Z Am |/\m> </\m|
m=1
=p, (7.35)

where in the second equality we used that the columns of M are orthonormal vectors.
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In Fig. 7.3, we see that for the case of the matrices M; and My (see Appendix
D), the ensembles are also composed by eigenvectors of pap(0), but they are non-
orthogonal to each other. Consequently, their variances have higher values than
the ones generated for an eigen-ensemble.” Furthermore, the matrix My generates
a more superposed ensemble than the one generated by M;. Hence we can see a

larger variance in this case.

7.4 Heat exchanged between bosonic modes

We continue to pursue the main goal of the second project of this thesis: to obtain
the probability distribution of the heat exchanged by two systems using QBNs due
to its advantage to describe the statistics of initially correlated quantum systems. In
this Section, we obtain results for the probability distribution of the heat exchanged
between two initially correlated Gaussian bosonic modes. We expose numerical
results concerning the first two moments of the heat probability distribution in this
case, and finally, we present the difficulties of our explorations concerning an attempt

to use coherent states as an ensemble of the initial density matrix.

7.4.1 Statement of the problem

We suppose that the systems A and B are bosonic modes with local Hamiltonians
7o — o (atihac) + 1
Ha) = w (a'(b)a) + 3 ), (7.36)

where a(at) and b(b') are the annihilator (creator) operators of the modes in A and

B, respectively. Their interaction is given by the beam splitter unitary
U(t) = eitHss, (7.37)

where

Hgs = ig(a'h — bTa). (7.38)

9Remember that the eigen-ensemble definition demands that the vectors are orthogonal among
them, in addition to eigenvectors.
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Figure 7.3: Variance of Q4 (in units of w?) versus t.

For the unitary U(g,t) we have g = 1.
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The green curves represent the
variance computed with the ensembles generated by the respective matrix M (see
Appendix D) with the use of Eq. (7.34) while the gray curves represent the variance
computed in an eigen-ensemble. The initial state p45(0) is given by Eq. (7.22) with

fa = 2/wy, g =1/wy and o = —iexp [—wo(Ba + B5)]/ ((1 + e wPa)(1+ e‘“BB)>,
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We now suppose that the initial global state is given by Eq. (7.1), with the
restriction that the states are Gaussian and the initial averages of the state canonical
moments are 0. Consequently, according to the results of Chapter 4 (see Subsection
4.6.5), the state can be fully described by a covariance matrix. Additionally, the
system evolution is a consequence of a unitary global evolution generated by a
quadratic Hamiltonian followed by a partial trace, hence all evolved states of the
system are Gaussian (see Chapter 4, Section 4.7).

Again, we define the heat received by the system A as the variation of its local

Hamiltonian H A, in other words
Qalt) = AH,. (7.39)

Our main goal is to obtain the statistics of P(Q(t)) using the results of Section

7.1.

7.4.2 Initial states in the Simon form

We make a further restriction on the initial Gaussian states to obtain more clear
results. As we intend to explore the effects of quantum correlations, we suppose
that the initial joint state is in the normal Simon form (Eq. (4.116)). Therefore the

joint system’s initial covariance matrix is

gAB — y (740)

where a and b are positive real numbers. Beyond the fact that any two-mode Gaus-
sian state can be transformed by means of local unitaries in a state with a covariance
matrix in the Simon form, this form also assumes that the local states are thermal,

which will be useful to thermodynamic interpretations. The parameters a and b are
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related to their local inverse of temperatures 54 and Sg by means of

a(b) = ;coth <w52(3)> , (7.41)

hence the parameters a and b are proportional to their system’s temperature, i.e.,
if a > b, then the temperature of A is bigger than the temperature of B and vice-
versa. !

We are going to focus on two important correlated two-mode states. First, the

two-mode squeezed thermal state (TMST), its covariant matrix in Eq. (4.117),

namely
a 0 ¢ O
0 a 0 —c
Otmst — y (742)
c 0 b 0
0 —c 0 b

which is a Simon form with opposite correlation terms. Second, we shall use the
state we call two-mode thermal under beam splitter(TSBS) state. It has the following

covariance matrix

: (7.43)

Otsbs =

o
e}

o ot O
e}

0 c b

which is a covariance matrix in the Simon form in the case where the correlation
terms are identical. The name chosen for this state comes simply from the fact that
it is the result of the application of a beam splitter unitary in two uncorrelated local
thermal states. This can be seen by the direct application of the unitary evolution in
terms of the symplectic matrix of the beam splitter (see Eq. (6.8)) in the two-mode
local thermal states.

The value of the correlation terms ¢ in (7.43) can be positive or negative. There-

fore, for further use, we shall call TSBS positive state the TSBS state for ¢ > 0 and

10This relation is a consequence of Eq. (C.35) and from Section C.13 discussion for the
case of local Hamiltonians H4(p) given by Eq. (7.36) and locally thermal states papy =
e PaeHawm) |7 4 gy, where Z a5y = Tr{e Pam Ham |,
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TSBS negative state the TSBS state for ¢ < 0.

7.4.3 The heat average and correlations evolution

From Eq. (7.15), we can obtain the heat average with the formula
(Qa(t)) = (U®) HaU(1)) — (Ha). (7.44)

Since (H,) = £((¢%)+ (p4)) and the initial state has the covariance matrix given
by Eq. (7.41), we obtain

A

(Ha) = wa. (7.45)

Similarly, we have

(U HAU (1)) = ;’( ((@%) + (92)) cos®(9) + ((dB) + (%)) sin’(g)
+ ({dads) + (aps))sin(29))
= ;(2@1 cos?(g) + 2bsin?(g) + (i +c_) sin(29)>. (7.46)
Hence, we obtain
(Qa(t)) = w <sin2(gt)(b _a)+ ; sin(2gt)(c, + c_)> | (7.47)

This result for the average pinpoints important aspects of the heat flow between
two bosonic modes interacting via a beam splitter. The first term w sin?(gt)(b — a)
indicates the ordinary heat flowing from the hot system to the cold system disre-
garding the initial correlations. As for the second term % sin(2gt)(c4+c_), the effect
of the correlations is completely manifest. The sign of the sum ¢, + ¢_ dictates the
tendency of the correlations to reverse the heat flow or to increase the ordinary flow.
Intriguingly, for a very usual state of correlated thermal two-mode states, namely,
the two-mode squeezed thermal states, we have ¢ = —cy (see Eq. (7.42)) causing
the effect of the correlations in the average heat flow to be null. However, the TSBS
states are the ones that maximize the effect of the correlations in the heat flow.

For the case of TSBS negative states, the reversing of the heat flow is maximally
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achieved.

Additionally, we analyze the correlation quantifiers during the evolution of the
system. For our results, the mutual information is computed according to the evolu-
tion of the covariance matrix using Eqgs. (4.114), (4.115) and (3.20). The quantum
discord is obtained by inverting Eqs. (4.131), (4.132), (4.133) and (4.134) numeri-
cally to obtain the parameters 7 and 7 and use Eq. (4.129) to the computation for
each covariance matrix during the evolution. The quantity we call classical correla-
tion (J(A|B)) is the difference between the mutual information and the quantum
discord computed to each state J(A|B) = Z(A : B) — D(A|B). From Egs. (3.32),
(3.33) and (3.34) we can interpret J(A|B) as the maximum information one can
obtain for the mode A with the outcomes of a quantum measurement in the mode
B.

In Fig. 7.4, in the left-hand plot, we have the correlation quantifiers for an
initial state in the TSBS negative state (¢, = ¢ = —1.0). As described in [50-53],
and analogously as founded in Ref. [54] for qubits, the mutual information, as well
as the quantum discord, are completed consumed so that the heat flow inversion
happens. After this correlation consumption, the correlations and the heat average
oscillate due to the unitary nature of the interaction. It is important to point out
that this is the first explicit computation for the heat flow inversion caused by initial
correlations in the Gaussian bosonic case.

In the central plot of Fig. 7.4, we have an initially uncorrelated state (¢, = c¢_ =
0), the correlations are simply created during the evolution and start to oscillate with
the unitary evolution. Unfortunately, if initially, we have a state with a covariance
matrix in the Simon form, but we don’t have ¢ = ¢, , the Beam-Splitter unitary
evolution causes the local states not to be locally thermal during the evolution. This
precludes the use of the method from Ref. [131] described in Subsection 4.8.3 to
compute the quantum discord for two-mode Gaussian states, since it only considers
locally thermal states. Hence, in the right-hand side plot of Fig. 7.4, we compute
only the mutual information evolution as a quantifier of correlations, together with
the heat average of the two-mode squeezed thermal state (c; = —c_ = 1.4). In this

case, we see a consumption of correlations although the correlations don’t affect the
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c,=c.=—-1.0 c.=c_=0 c,=—c_=1.0

0.6}
Lof

— Heat Average
0.5F

0.4F

— Mutual Information

0.5F —— Quantum discord =3
0.3F Classical correlations 3F
0.2 1 02¢
\ 0.1F \ 1k
0.0 0.5 110 14‘5 210 2‘»5 3»00-((]).0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
time time time

0.0

-0.5

Figure 7.4: Heat average in units of w (red), mutual information (black), quantum
discord (blue), and classical correlations (yellow) wversus time of interaction. Each
plot represents a different initial state with different values of ¢, and c_ described
above each plot, all the initial states are in the Simon form with a = 1.3, b = 2.0.

heat flow. This is an indication that the correlations may be consumed in order to
affect higher moments of the heat, instead of just affecting the average. The analysis
of this specific case (for the two-mode squeezed thermal state with (cy = —c_ = 1.4)
will strengthen this statement in the next subsection, when we expose the evolution

of the variance.

7.4.4 The evolution of the heat variance and correlations

Here we compute the variance of the heat distribution with the choice of the eigen-
ensemble of the initial density matrix. Again, from Eq. (7.16), we have the second

moment

(QA(D) =D NNl (U (9, ) HAU (9.))° + H3) [\i)

= 2\ Ha |\) (Nl UM (g, ) HaU (9, 1) IN)), (7.48)

where {\;}; and {|\;)}; are the eigenvalues and eigenvectors of the initial density
matrix p4p(0). Due to the complexity of computing the eigenvalues and eigenvectors
of pap(0), we compute the quantity above numerically.

The numerical computations are made supposing a finite Fock space, i.e., we
consider in the trace computations all the Fock basis elements from the ground
state |0) to a higher energy state |N) for each mode. The adequate value of N for

a good approximation depends on the temperature of the state in question. The
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higher the temperature of the state, the higher the states of the Fock basis need to
be considered. For our computations, the number N = 25 of the first Fock basis
elements is sufficient for the convergence of the trace for its correct value. Given the
initial state covariance matrix o5 (and supposing null first moments) we obtain its
density matrix p4p(0) by using Eq. (4.77) which is computed in the Fock basis with
its first N = 25 elements for each of the two modes. After obtaining the eigenvalues
and eigenvectors of pap(0) in this finite Fock basis, we are able to compute (Q%(t))
from Eq. (7.48). Therefore, using also the results for the heat average, we can
compute numerically the variance of the heat distributions.

From these computations, we obtain the plots of Fig. 7.5. For the three plots,
representing different initial correlations quantifiers between the modes, we can ob-
serve that the variance peaks match the correlation minima while the variance lo-
cal minima are often accompanied by the presence of correlations maxima. This
strengthens our analysis at the end of the Subsection 7.2.1 when we concluded that
the presence of correlations, for the qubits case, decreases the variance of the distri-
bution. Here we observe the same behavior for the bosonic case. This indicates that
this relation between the variance and correlations can be a more general behavior.

Furthermore, the right-hand side plot, in Fig. 7.5, is the case where the initial
state is the two-mode squeezed thermal state with (¢4 = —c_ = 1.4). Recalling
the last Subsection, for this initial state, the correlations have no effect on the heat
average flow, however, in this plot the variance seems to have a large influence due
to the presence of correlations.!! The increasing of the variance as the correlations
decrease can be a marking that other moments of the heat distribution, rather than

only the average, can consume correlations.

7.4.5 Profile of correlations in the initial state

Since we observed different behavior of the heat flow and of the heat variance for
initially different states at the Simon form, we explore the content of the correlations

for different states in the Simon form. In Fig. 7.6 we plot the mutual information

HUnfortunately, as stated in the last Subsection, for this case it is not possible to compute the
quantum discord during the evolution using the method of the Subsection 4.8.3.
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Figure 7.5: Heat variance in units of w? (purple), mutual information (black), quan-
tum discord (blue), and classical correlations (yellow) wversus time of interaction.
Each plot represents a different initial state, all the initial states are in the Simon
form with a = 1.3, b = 2.0, and the correlation terms are described above each plot.
(For the case of ¢y = ¢ = 0, we amplified the correlation values five times for a
visible comparison in the plot.)

(representing the total correlation content) between the modes as well as the quan-
tum discord and the classical correlations content between the modes for different
values of ¢, and c_ for fixed local temperatures a = 2 and b = 10.

To prepare the plots we randomly peaked 100,000 points of r € [1/10, 10] and
T € [Timin, Tmax] Where T, and 7.y are defined in the footnote of Page 85. This
way, we create 100,000 Simon states with a = 2, b = 10 and ¢, and ¢y given by
the parametrization of Eqs. (4.133) and (4.134). With the covariance matrices, we
compute the mutual information with the use of Eqs. (4.114), (4.115) and (3.20).
Additionally, we use the values of a, b, r and 7 from each state to obtain the value of
n (see footnote of Page 85) and finally, we use Eq. (4.129) to compute the quantum
discord of each state.

We see from Fig. 7.6 that the mutual information is almost radially equally
distributed for different values of ¢, and c_, i.e., the total correlations seem to
increase as |cy| 4+ |c_| increases. Differently, the quantum discord has not this radial
pattern, it seems to decrease as c_ and c; approaches to the ¢, = 0 and ¢ = 0
axes. Also, the quantum discord increases substantially at the border regions with
higher |c_| and |cy| and with |c_| & |cy|. These richer regions in quantum discord
are correspondent to the TSBS states (c- = ¢;) and two-mode squeezed thermal
states ¢ = —c, and this can be a justification about why these initial states cause
the higher correlations effects in the statistical moments of the heat. Curiously,

the TSBS states regions are slightly richer in quantum discord than the two-mode
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.{ . i.{

Figure 7.6: From left to right: mutual information, quantum discord, and classical
information content as a function of ¢, (horizontal axis) and c_ (vertical axis), for
Simon states prepared with a = 2 and b = 10.

squeezed thermal states, and the classical correlations are more present in two-mode

squeezed thermal states than in TSBS states regions.

7.4.6 Attempts to use coherent states ensembles

In order to be able to obtain analytical solutions for the heat distribution of Gaus-
sian bosonic systems, we attempt to use the choice of coherent states ensemble to
construct our QBN. With this choice, the initial density matrix has the following

form

pan(0) = [ da &8 Pla,8) | B) (. 4] (7.49)

where P(a, 5) = Wi(a, §) is the Glauber-Sudarshan P-function (see Eq. (4.47)) and
|, B) = |a), ® [B) p when |a(3)) 4 Is & coherent state in A(B) with eigenvalues
a(d).

We now have the caveat of determining the adequate function Ps of Eq. (7.4)
in order to construct the heat probability distribution using Eq. (7.7). We now
call the function P; as the seed probability. The QBN developed in Sections 3.4 and
7.1 is the sum of successive products of conditional probabilities given the possible
evolution of hidden layers states'? times the seed probability (see Fig. 3.4 and Eq.
(3.44)). The seed probability Ps could be understood as representing the probability

distribution for the mixed initial state to be in each of the pure states of the initial

12\We call hidden layers the set of states in the upper line of the graph in Fig. 3.4, which are the
states which are not directly accessible but are the cause of the conditional probabilities.
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hidden layer. However, as we shall see, the most suitable choice for representing the
seed probability P, for the case where the vectors of the ensemble choice of the initial
density matrix (|¢5)) are coherent states |«, §) is the Glauber-Sudarshan P-function
P(a, B), which is a quasi-probability distribution.

We can argue in favor of the last sentence above by supposing that we want our
probability distribution to respect the marginalization conditions given in Eqs. (7.5)
and (7.6). Let the probability distribution P(aq, a, by, b) of Eq. (7.4) for the choice

of coherent states ensemble be of the form

Plas, e bo,b) = [, o 5 J(e,0)] (o, bola, )P o b | U (D), 6) P (7.50)

We want to find the function f(«, ) for the seed probability from imposing Eq.
(7.6) to the probability distribution above.

Counsider the sum

> Plao.boarby) = [ o &6 fla. )] (a b U)o, 6) |

ag,bo

= (an b U ( [, o 5 f(0,5)] 5) (0,81 U (1) ar, b
(7.51)

hence this sum is equal to (as, b U(t)pap(0)UT(t) |as, b;) (in order to satisfy Eq.
(7.5)) if and only if f(a, 8) = P(a, ) (see Eq. (7.49)). The marginalization condi-
tion Eq. (7.5) is also satisfied by direct application of f(«, ) = P(«, f).

One could guess that the most suitable function to play the role of f(«a, 3) would
be the Husimi Q-function Q(«, ) since it is a valid probability distribution for every
« and . However, this function represents the probability of obtaining outcomes a
and ( for heterodyne measurements in A and B, and the seed probability need not
assume that a measurement is indeed made. In fact, if we suppose in Eq. (7.51)

that f(«, 8) = Q(a, B), then we have

Z P(CZO, b(), Ay, bt) = (at, bt| U(t)p;lBUT(t) |CLt, bt> s (752)

ag,bo
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where

Pap = [, d*a 8 Qla B) o B) (o ] (7.53)

This density matrix is the result of performing the heterodyne measurement { M, 3 =
e, B) (@, Bl}a,s in pap(0) without revealing the outcome (see Appendix D, Section
D.3). Therefore, the correct interpretation of the QBN probability distribution

PQ(GOaatybmbt) = /(CQ d20z dQB Q(a76)| <a07b0|04a5> |2| <at7bt| U(t) |O‘7B> |27 (754)

is that this corresponds to the trajectory probability of the joint system after a
heterodyne measurement {M, 5 = *|a,f) (a, B|}a,s is made in the initial state
without revealing its outcome.

In conclusion, if we want QBN with the coherent states ensemble choice to respect

correct marginalization conditions, the distribution must have the form

Plag, at, bo, by) = /(C2 d*a d*B P(a, B)| (ao, bola, B) || {ag, b U(t) |o, B) |?. (7.55)

However, since P(«q,3) is a quasi-probability distribution, our QBN distribution
P(ag, at, by, b), in general, is not a probability distribution and therefore cannot be
used to compute statistical moments in the usual manner.

The attempt to use the coherent state’s ensemble led to the interesting situ-
ation that, if we wish to satisfy marginalization conditions, the distribution loses
its original physical meaning. In future research, it can be promising to relate the

distribution of Eq. (7.55) to quasi-probability definitions and results [145, 146].
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Chapter 8

Conclusions and further

perspectives

The main motivation of this thesis was to explore new effects of quantum correlations
in two distinct situations.

The first project, relative to chapters 5 and 6, explored the effects of initial global
correlations between the ancillae in the evolution and thermalization of a system
that interacts locally with them in a collisional model setup. As a benchmark for
comparison, we contrasted our results to well-known papers concerning collisional
models and the asymptotic behavior of the system, leading us to a comparison with
Refs. [18, 19], in which the model studied is very similar to our model explored
in Chapter 5. The new component introduced in our studies (the initial ancillae
correlations) revealed highly non-negligible effects, pushing the system towards dif-
ferent steady states and breaking the Homogenization proposed in [19]. These facts
were numerically glimpsed in the qubit model and fully described for the bosonic
modes case thanks to the very feasible description of Gaussian bosonic states. It was
our initial intention to obtain the full description of the initial correlations effects in
bosonic Gaussian modes and to construct a physical model capable of mimicking the
initial correlations between the ancillae. Both goals were achieved and led us to the
use of H-Graphs to prepare correlated bosonic modes. From Chapter 5 we can con-
clude that it is possible to create an environment with distance-dependent correlated

ancillae with the use of H-graphs in qubits. We couldn’t obtain analytical closed
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expressions for preparing environments with the desired correlations, however, with
numerical approaches it was possible to visualize non-trivial correlation patterns,
as it is shown in Section 5.1. In Chapter 6, Section 6.3, we obtained a satisfactory
method for such preparation of correlated ancillae for the Gaussian bosonic case,
additionally it would be stimulating to suggest in detail a platform for physical im-
plementation. This is a future work perspective and possibly a feasible candidate to
implement in the context of waveguide-QED [103, 104]. Another alternative would
be to recycle the ancillae and apply a periodic set of gates in them before they inter-
act with the system to prepare the initial correlations between neighbors’ ancillae.
This “on the go” scheme of preparing correlations between ancillae can be applied,
for the qubits case, can be implemented in recent quantum computing platforms.
Additionally, the very structure of continuous variables graph-states itself [48], used
in Section 6.3, is proposed under the possibility of optical preparation with offline
squeezing plus interferometry [140, 141] or optical parametric oscillators [142].

The analytical results obtained in the Gaussian case raise a variety of inquiries.
A special inquiry is about the underlying mechanisms of the pushing effects since
there is still a lack of interpretation about how correlations can deviate the system
towards the specific forms of Egs. (6.26) and (6.34), for instance. One possible future
research is to analyze this model from the perspective of Quantum Trajectories [8,
57, 147).

It is also important to remember that such kind of deviations can be present in a
wide variety of collisional models rather than in the Homogenization context due to
the generality of Eq. (6.24), and this could indicate the presence of such effects in a
diversity of physical situations. For instance, one could consider not locally identical
initial ancillae, but ancillae whose states fluctuate around an average. In this case,
the steady state of the system without the initial ancillae correlations would be the
average of the ancillae state, however, if we consider the initial correlations, the
steady state would be pushed in the same way. Therefore, exploring the possibility
of new environmental correlations inducing pushing in a system can be a fruitful
direction for research.

A very relevant question to be asked is about the necessity for the ancillae cor-
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relations to be of quantum nature. This is also a future work possibility that can
be very challenging for qubits ancillae but feasible for bosonic systems with the use
of continuous variables methods [14-16, 131]. Another possible exploration of the
internal correlations of the ancillae with the use of our results is to analyze how
the many-body weaving of the ancillae set can be changed with the collisions. This
concept, proposed in [148], characterizes multipartite correlations and describes how
correlations scale with the size of the many-body system.

Furthermore, Eqgs. (6.26) and (6.34) give non-trivial results for thermodynamics.
As already indicated in Section 6.2, we could have an initial local thermal system and
ancillae (it could also be possible to have them in the same temperature), and Egs.
(6.26) and (6.34) indicate that, depending on the strength of the collision and on the
ancillae initial correlations configuration, the system could get dramatically warmer
or colder in the steady state. These predictions could result in a thermal machine
or refrigerator in which correlations are consumed, rather than work. Therefore,
a deeper study of this feature can give interesting insights into thermodynamics.
Finally, a random distribution in the initial correlations of the ancillae could nullify
or interfere with the pushing effect on the system. Further analysis of this subject
could clarify this pushing effect in general physical systems.

In chapter 7, regarding the second project, we refer to the statistics of thermo-
dynamic quantities using QBNs and our main search was to estimate an adequate
probability distribution for the heat distribution which fully considered the effects
of initial quantum correlations. We aimed to achieve this goal using QBNs initially
proposed in Ref. [48]. In Chapter 7 we obtained, inspired by this main question,
a general framework using QBNs to estimate probability distributions to describe
observable variations (or changes) during a physical process. This framework was
further reduced to the particular case for our studies of the heat distribution, but we
can have a wide variety of applications due to the generality of the observable whose
change can be explored. For instance, with this framework we are able to estimate
the probability distribution variation of the number of particles (when the observ-
able is the number operator) or work (in the presence of external time-dependent

force on the Hamiltonian), being a possibly fruitful road for future research. The

159



Chapter 8. Conclusions and further perspectives

characteristic function of such distribution obtained in Eq. (7.11), as well as the
statistical moments resulting from it, takes under consideration the initial quantum
coherences of the system to describe the full statistics of the changes and reduces
to the TPM statistics for the case where there is no initial coherence in the eigen-
basis of the initial observable in question. Additionally, this formalism is feasible
to quantum fluctuation theorems [48] and has an experimental validation protocol
based on the postselection of independent multiple copies [49]. Therefore, we ex-
pect that this formalism can be useful for further explorations of the statistics of
thermodynamic quantities when one desires to consider entirely the effects of initial
quantum correlations and quantum coherence.

Another important aspect observed from the result of the QBN characteristic
function for the observable changes, obtained in Eq. (7.11), is its dependence on the
choice of the ensemble to describe the initial covariance matrix. As a consequence,
the statistical moments will also depend on this choice, with the notable exception of
the average. Part of our analysis focuses on the behavior of the variance under this
ensemble choice dependence since it is in our interest to understand which choice of
initial ensemble causes in the probability distribution a smaller deviation from the
average. In our analysis of the statistic of the heat exchange between two interacting
qubits, we proved to agree with the results of Refs. [48, 54], we concluded that the
probability distribution generated by the eigen-ensemble of the initial density matrix
would minimize the variance in relation to any other ensemble choice. We made this
affirmation as a conjecture, justified by the example explored in Section 7.2 and by
the intuitive perspective, in which non-orthogonal ensembles would engender a larger
variance distribution due to the indistinguishability of states. An ongoing research
effort to prove analytically this statement or to discover counterexamples continues.
And further research relating this feature to related papers as, for instance, Refs.
[144, 149, 150] could illuminate this issue. This is related to the general question
of how the ensemble choice affects the QBN probability distributions and which is
the physical meaning of these different choices. The answer might be in relating
the distributions to different measurement schemes. Hence, it can be worthwhile

future research to relate our QBN probability distribution results concerning its
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dependence on initial density matrices ensemble choice to different measurement
schemes. This is done in Ref. [49] concerning the eigen-ensemble choice and a
possible generalization can be explored.

Continuing to pursue our main goal in this second project, we focused on obtain-
ing the statistics of the heat exchanged between two initially correlated Gaussian
bosonic modes during a Beam Splitter interaction. We obtained the heat average for
this case and observed that the heat average predicts a heat flow inversion caused
by the initial correlations between the bosonic modes, analogous to the already ex-
perimentally proved qubits case [54]. This heat flow inversion cannot happen if
the initial global state is the well-known two-mode squeezed thermal state, rather
we observed that the heat flow inversion is maximally obtained for the case where
the initial states are initially two local thermal states correlated by application of a
Beam Splitter unitary (which we called TSBS states). However, it is still an open
question and future query to interpret why an initial two-mode squeezed thermal
state is unable to cause the heat flow inversion while the TSBS states can since both
are rich in quantum correlations (quantum discord) and mutual information between
the modes (see Subsection 7.4.5). Is there a feature or resource created during the
preparation of the TSBS states which isn’t present in a two-mode squeezed state?

As for our analysis of the variance for the heat exchange between two bosonic
modes, we spotted that the variance decreases at the same time as the correlations
(classical and quantum) are consumed for the heat flow inversion. Furthermore, the
variance oscillates, achieving its maxima when the correlations are at their minima
and its minima when the correlations reach their maxima. Therefore, this indicates
that the presence of correlations decreases the variance. Since it was also observed
for the qubits case, it might suggest that this fact is present in more general physical
situations. Further investigations into the subject and interpretations can also be a
theme for future research. A suggestion for such interpretation can be inspired by
Ref. [143], which indicates that the presence of correlations can decrease the entropy
of a system. If we suppose a similar reasoning for the entropy of the process, it might
be possible that the correlations decrease the variance of the distribution.

Additionally, for the bosonic case where the initial joint state is a two-mode
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squeezed thermal state, during the exchange of heat between the parties the cor-
relations are consumed causing no effect on the heat average behavior. Instead, it
causes an increasing effect on the variance of the heat distribution. This can be the
first indication that correlations can be consumed to affect other heat distribution
moments rather than the average.

Finally, regarding our attempt to use the coherent state ensemble choice to de-
scribe the bosonic QBN distribution, we concluded that the suitable seed probability
distribution to the coherent-states ensemble is the Glauber-Sudarshan P-function,
due to marginalization conditions. So the necessity of satisfying the marginalization
conditions led our QBN distribution to lose its initial probabilistic interpretation.
Therefore, the use of quasi-probabilities as seed probabilities still lacks better inter-
pretations, and an ongoing research direction is to enlighten these results, relating

it to other interpretations of quasi-probabilities [42, 145, 146, 151].
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Appendix A

Some proofs and definitions in

Open Quantum Systems and

Collisional Models

A.1 Some properties of purity

Given a density matrix p, we can make its spectral decomposition (since it is a

hermitian operator)

p=> N M) (Mil s (A1)

where )\, and |\;) are respectively the eigenvalues and eigenvectors of p. Notice
that, from the semi positivity and normalization condition (Egs. (2.4) and (2.5)),

we obtain

A >0 and D A =1, (A.2)
k

which implies that we can treat A\, as the probabilities. Now, computing the purity

of p, we obtain

Plo) =T {5 A ) () (O f = S <1 (43)

the above quantity is less or equal to 1 since it is a sum of probabilities squared and

can be 1 if and only if all the probabilities are 0 except one A, which is 1, and in
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this case, we arrive at a pure state.

Moreover, we can argue that the case where the purity is at its minimum is
the situation where the state is more mixed. This is the case where we have no
information that gives preference for the system to be in one state or another,
so Ay = 1/d, Yk (since A, represents the probability of the system being in the
element of basis |\x)), where d is the dimension of the Hilbert space of the system.

Consequently, we shall have
32 1
I S (A4
k k

and thus we have the lower bound for P(p). This result can also be obtained by using

Lagrange multipliers for minimizing P(p) under the constraint of p normalization

(Eq. (2.5)).

A.2 The partial trace

If we treat a bipartite system AB in a Hilbert space Hap = Ha ® Hp, the partial
trace comes from the idea of creating the adequate description for the subsystem
A by summing the average effects of B. For accounting the effects of B, one can

proceed as follows, suppose the most general linear operator O that acts on Hp
0= ZAk®Bk, (A.5)
i

where A, and By are generic operators that act in H 4 and Hp respectively. The
partial trace with respect to B is defined to be the trace of all the operators that act
only on Hp space

k

or, equivalently

TrpO=> > (a|p A ® By |a) g, (A.7)
L«
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where {|a) 5} is some basis of H . Evidently, Trp O is not a number, but an operator

acting on H, and

Tr{O} = Trs{Trp{O}}. (A.8)

Together with the definition of partial trace, we have the notion of reduced density

matriz of a state p in AB

pa = Trgp, (A.9)

which describes the system that we would see if we only looked at A making an
average of the effects of B. The intuition may come from the fact that if O, is an

operator acting in H 4, then

(O4) =Tr{Ouap} = Tra{O4 Trp{p}} = Tra{Ouapa} = Tr{Oapa}, (A.10)

where in the last equality we exchange Tr 4 for the full trace Tr since all the operator
inside the trace acts only on O 4.The above equation means that p4 acts just like a

density matrix should act for computing averages only on A.

A.3 Interaction Picture

We shall make the description of this formalism just for completeness, here we are
strictly following Ref. [91].

Notice that the von Neumann Equation (Eq. 2.11), just like Schodinger’s Equa-
tion, also describes a closed system evolving under a time-dependent Hamiltonian
H(t). So, given a quantum state p that evolves under such time-dependent Hamil-

tonian, we can define a new density matrix given by
5= S(t)pS'(). (A.11)

where S(t) is an arbitrary time-dependent unitary.

The density matrix p is now a state that describes the system p in a rotating
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frame and evolves according to a von Neumann equation

dp e -
i —i[H(t), pl, (A.12)
where
ﬁ(t) = dfli )ST( t)+ S(t)H(t)ST(t). (A.13)

To prove Egs. A.12 and A.13, we need only to differentiate p in function of ¢

9 W 511y + 502 57(1) + 510
= B g1(1)5 - isom). o510 + s 0
= Bt — s s, - 1 s
= (S HBS @) +i (1), 4] = (D). 4]

where in the second equality we used the von Neumann Equation for p, and in the

third equality we used that %&t)ST(t) = —=S(t) dS;t(t) since 4(S(t)S1(t)) =

The appropriate choice of S(t) can make a time-dependent Hamiltonian become
time-independent and vice-versa. If we have a time-independent Hamiltonian that

can be divided in

H=Hy+YV, (A.14)
then, if we chose
S(t) = eHot, (A.15)
we obtain
H(t) = ¢!ty e=tHot, (A.16)

which means that we eliminate the direct dependence on the “free” Hamiltonian H,
on the but add a time dependence.

For the case where [Hy, V] = 0, we have, from the equation above

Ht) =V, (A.17)
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which is a time-independent Hamiltonian, and means that the effective Hamilto-
nian will act just as the interaction Hamiltonian setting Hy = 0. The assumption
[Hy, V] = 0 is valid for almost all of our cases of study in this thesis, and represents

interactions that conserve the system’s internal energy.

A.4 Thermal states

Given a system with Hamiltonian H described by a density matrix p, we affirm that

it is in a thermal state with temperature 7" when

e BE: e—BH
p= Y E) B = (A.13)

(2

where 5 = 1/T, {E;}; and {|E;)}; are, respectively, the sets of eigenvalues and
eigenvectors of H and Z = Tr{e*ﬁH} is the partition function.

This is just the quantum version of the Gibbs distribution. Whereas, in classical
physics, the probability distribution of a system in thermal equilibrium at temper-

ature T is only dependent on its energy and is equal to

1
¢ FpT i

pE) = —, (A.19)

where F; is the energy of the system, kp is the Boltzmann constant and Z =
_1p

Y€ wpT i (where the index 7 means “summing over all states for all possible en-

ergies F;”) is again the partition function. Finally, we just have that Eq. A.18

is

p=2_p(E)|E;) (Ei. (A.20)

For the case of a qubit, if we are dealing, for instance, with a standard Hamilto-
nian

H=FEo,, (A.21)

with F > 0, then if |0) and |1) are the eigenvectors of o, (with eigenvalues —1 and

1, respectively), we shall have the same eigenvectors for H with eigenvalues —F and
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E, respectively. Hence, if the qubit is in a thermal state at temperature 7', Eq. A.18

will result in
P

0 1-— 0
p=1| "7 = P : (A.22)
e*BE
0 — 0 D,

where 3 = 1/T, Z = €’5(1 + ¢?°F) and p = (1 — tanh(8E)). Notice that
0 < p < 1/2 with the bounds achieved at 5§ — oo and § — 0, respectively.

A.5 Proof of pg,. — 0 and plj o — 0

This section of the Appendix is presented just for the completeness of the thesis.
This was done following the results of Ref. [19].

For proving the properties above, it is sufficient to prove that p% and p} converge
to pa. The proof of these convergences can be made with the use of the Banach
Theorem (see Ref. [152]). But to enunciate such a theorem, we must first define
what is a contractive map.

Let S be a space with a distance function D. A map T is called contractive if

and only if, for any p and 7 that belong to S, we have
D(T[p], Tn]) < kD(p,n), where 0 < k < 1. (A.23)

The Banach Theorem states that, if a map T is contractive, then it has
a fixed point n* € S in which the interaction of the map converges to it, i.e.,
limpy 0 TN[p] = n* for any p € S.

It is important to notice that if a map is contractive and has a fixed point (of
course, this will always be true by the theorem stated above), then the fixed point
will be unique. The proof is very simple: let p and 1 be two fixed points of a

contractive map 7', then it must be true that

D(T[p], T[n]) < kD(p,n) = D(p,n) < kD(p,n),

and the inequality above is true for some k£ where 0 < k < 1 if, and only if,

p = 1. Hence the Banach Theorem also implies the uniqueness of the fixed point of
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a contractive map.

The space S that we shall consider is the space of density matrices operators
in the Hilbert space of the system Hg while we want to show that the map &,
that makes the evolution of the system in the Homogenization case of Sec. 2.3.6, is
contractive and has the fixed point p4.

In order to show the above facts, we first parametrize our initial system’s state

as

1
Py = SI+ w7, (A.24)

where I is the identity operator, w is a vector of real numbers with 3 components,
with |@| <1/2 and & = (04, 0y, 0,) is the vector of Pauli matrices, it can be shown
that every qubit density matrix can be parametrized in a Eq. (A.24) form (see

Ref. [91]). We also parametrize the ancilla’s initial state as
1 g —

These parametrization permits us to represent pg = (1, w,, wy, w,) and pg = (1,1, ts, t3)
as vectors in the operator basis {I/2,0,,0,,0.} spanning the space of qubit density
matrices.

Using this parametrizations and Eq. (2.50), we can write our map & as

1 — —
ElpY) = py = ST+ (T + ) - & +ies[l - 6,5 - 4]
_1 27 2—*_ g — . —»_1 = =
= 2I+[s t+c*w —2es(t x W)] - 7 = 21+w o (A.26)

where we used that 0,0, = 01+ i€;10; (€jx is the Levi-Civita symbol) in the third

equality and we defined

wh = 57t + (P05 — 2esejaty)wy.
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Now we can write Eq. (A.26) as a transformation @ — o' in the following way

1 1 0 0 0 1
! s%t, c? 2cst, —2csty | | w,
= , (A.27)
” s*t, —2cst, c? 2cst, wy
w, s*t, 2cst, —2cst, c? W,

the equation above can be rewritten as £[p%] = Tp%, with the vector representation
of p2 and

1 0"

T = . (A.28)

s’t T,
where 0 is the vector of 3 components with 0 in the entries. Finally, it is straight-
forward to prove that T'ps = pa using Eqgs. (A.27) and (A.28) and hence that p, is
a fixed point of £.

Furthermore, to prove that £ is contrative, let us define ¥ such that n = %I+U e

is a density matrix and 7= @ — ¢ and use the trace distance definition, so that
D(p,n) =Tr|(W — V) - ¢| =Tr|F - d| = 2|7, (A.29)
where we used that the eigenvalues of 7 - & are £|7]. Similarly, we obtain that
D(E[p], En)) = 2|7 (A.30)
where

7= — 7 = s+ Tw — s*t — T = T|(

g,
|
=
I
=l

= A7 — 2est X T,

where we used Egs. (A.27) and (A.28) in the last equality. The equation above
implies that

|F"[2 = c4|ﬂ2 + 4c232|17>< F|2 = |F|2c2(c2 + 432|ﬂ2 sin? B),
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where in the first equality we used that 7 is orthogonal to ¢ x 7 and in the last equality
we used that |t x 7] = |t]|7]sin 3, for some 0 < 8 < 7. Now, since |t]* < 1/4, we
must have ¢? 4 432|ﬂ2 sin? 8 < ¢® + s?sin? B < 1 since sin? f < 1. Using this in the
equation above, we obtain

7] < el

Finally, combining the equation above with Egs. (A.29) and (A.30), we obtain
D(E[p], E[n]) = 27| < 2|c[|7] = |c|D(p, ),

from which we obtain that £ is a contractive map if |¢| < 1 and thus it converges to
its fixed point p4 due to Banach Theorem.

Turning the attention now to the ancillae evolution, we have from Eq. 2.53 that
if we want to satisfy, for any J, the condition of Eq. (2.48), we must have a bound
for the distance between the first collision and the original ancilla state D(p}, pa).

The condition of Eq. 2.48 implies that
D(p}, pa) < 0. (A.31)

Now, since p!; depends on the initial system state p%, we must use the value of p%
that makes the greatest distance above. This is the case where the two states are
pure and mutually orthogonal, i.e., @ = —t and \ﬂ = 1/2. Using this and Eq. (2.52)

in the equation above, we obtain
252 Tr|t - &) = 28 < 6,

and this implies Eq. (2.54). And since this assures that the distance between p’

and p4 is smaller than ¢ for any n > 1, this completes the convergence of p'} to pa.
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Some proofs and definitions in

Quantum Information

B.1 Some useful equations

Given a function that can be expanded in the series of the form
i=0

where a; are complex numbers, and an operator A that can define f(A) such that

fA) =D a;A™. (B.2)
=0
If A can be diagonalized as
A= Z )\a ’)‘oz> </\o<| ) (B?’)
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where {A\,}o and {|Aa)}a are respectivley the eigenvalues and eigenvectors of A,

then

Writing succinctly,

FlA) =3 f(Aa) [Aa) (Aol (B-4)

B.2 Proof of Eq. (3.10)

Being the density matrix p diagonalized as in Eq. (3.8) and given that the function

xlog x can be Taylor expanded, we can use Eq. (B.4) to obtain

plogp = Z)\i log A; ’)‘2> <)\z’ ) (B-5)

and hence we arrive at

—Tr(plogp) = —>_ Ailog A (B.6)
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Some proofs and definitions in

Continuous Variables

C.1 Notation for vectors and matrices of opera-
tors

Given two vector of operators a and b, we can build an operator

a'b =Y 4a;b;, (C.1)
J

Ar T .
and matrix of operators ab with components

T o~

(a
. . A AT A AT

Since operators don’t always commute, we have, in general, 44" # (44" )T, because

the elements inside the vectors may not commute. Therefore, we can define the

following commutators and anti-commutators

@,a"] =aa" - (aa")", (C.3)
a,a'} =aa' + (aah)", (C.4)
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to express such differences. Combining both equations, we obtain

a,a'}+[aa'] =2aa". (C.5)

We can also write
(4,4, = 4,4, — a4, (C.6)
{a,a"};, = 44, + 4,4, (C.7)

C.2 The direct sum

Given two matrices N (with dimension n; X ng) and M (with dimension m; X msy),

then the direct sum of both matrices is

OTL1 Xma

N
Ne M= (C.8)
0m1Xn2 M7

where 0,5, means a n X m null matrix.

The notation @ﬁf:l A,, means the direct sum of the A,, matrices from 1 to N

N
PA =404 Ay (C.9)
n=1

C.3 General Gaussian integral

For further use, here we expose the well-known generalization of the Gaussian inte-
gral. Given a positive definite 2n x 2n matrix A and a 2n-dimensional vector b, we

have

dr e

R2n vdet A

_ T T " 11T A—1
r Ar+r'b — €4b A b. (010)

C.4 Proof of Eq. (4.18)

. . . N _2TOs~A +TOs
For proving this equation, we define a vector of operators f(r) = e @Fpeir OF

from which we have f (0) = t, where 0 here means a 2n vector of 0s. Now, making
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a Taylor expansion of f (r) around r = 0, we get

fu(r) +Zr3 8{;, Lt Z ]rla;f’“(;rl> » (C.11)
But
= —i Y Qj[Fpn, Br
=3 Qi
= —0j1,

and it is easy to show that higher-order derivatives are 0. Using these results in

Eq. (C.11), we obtain f(r) = —r.

C.5 Proof of Eq. (4.26)

We have that, from the definition of |a) (Eq. (4.25))

4; ) = ;D4 |0)
= Oéjﬁa |0>
=a;la), (C.12)

where in the second equality we used the following result. From Eq. (4.24), we have

a;D, |0) = Do,D}a; D, |0)
= Da(d; + a;)|0)

= a; D, |0). (C.13)
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C.6 Proof of the formula of the coherent state
expanded in the Fock basis (Eq. (4.27))

We can assume that a coherent state can be expanded in the Fock basis as |a) =

>0y Cm |m) for some coefficients ¢, then

ala) = Z Cm@ )
m=0
m=0
= > tmaVm+1|m)
m=0

o0
=« Z Cm M)
m=0

since « is the eigenvalue of a for the eigenvector |a). From the linear independence

of the kets |m), we must have the recurrence equation

CmiivVm+ 1= acy,

whose solution is

where A is a constant to be determined by normalization. Then

00
2
(ala) = lenl
m=0
|2m

S "
—ap Y 2T
m=0

m)!
= [APel”
-1
~laf?/2
)

— A=c¢

so finally

)= ela?ﬂj% im) (C.14)

m=0
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C.7 Completeness relation for coherent states

o0

> [ oS ) i

m,n=0

Using the Fock basis decomposition (Eq. (4.27))
~m+n+1

1 1
Z | g? S
~ [ dala) fal = -

1 & *Pp

= > dp/ g e )

m,n=0

=1, (C.15)

where in the second equality we used that f027r M=o dp = 276,,, and parametrized
o = pe'® and in the last equality we used the Gamma function [ e=?°p>"+1dp =

ml/2.

C.8 Proof of the Fourier-Weyl relation

From the completeness relation for coherent states, we can expand any bounded

operator A as

A=, [ dads (el 418)10) (51, (C.16)
notice that if
1 R
@) (8 = = [y Te{ja) (8] D, } DL, (€.17)
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the proof would be complete. So we shall demonstrate Eq. (C.17), applying D_,
from the left of Eq. (C.17) and Dj from the right, we obtain

0) 0 =~ [ 7e{Ja) (81 D, } Do D, D,
== [y Tx{la) (5 1120 0D D,y
_ 1/ &2 (B — ~]a) e%(vﬁ“‘v*ﬁ)f)iaﬁﬂf)ﬁ
_ / Pye3B-omPp,

_ - / e D (C.18)

where in the second equality we used Eq. 4.28, in the third equality we used Eq.
4.29, and at the last equality we made a change of variables. Thus we must prove
that L [¢ d%e‘é‘ﬂ?f% = |0) (0] in order to complete the proof. For this, notice that

by applying it on a Fock basis vector |m), we have

af
e3P D / e 30D
3 i

= [ Y e (M ()Y i
:nz%j;/cw Il (J) L a1tm=9) 1)
-3 (")t
= 5o |0), (C.19)

where in the third equality we used that IA)V&TIA)i = a' —~*, in the forth equality we
used Eq. (4.27), in the sixth equality we used < [¢ d?ye~ Py = nlg;, and in the
last step we used the fact that 37, (’?)(—1)j = (1 —=1)™ = d,0. Finally, we have
that Eq. (C.19) implies (C.18) which is equivalent to Eq. (C.17).
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C.9 Proof of Eq. (4.42)

Given the definitions of Eq. (4.41) and Eq. (4.21) and using that the one mode

vector ' = (¢, p'), we have

1 S
W(a.p) = — /R /]R dq'dp'e’ =)y (¢, p')

1 p N .
= ﬁ/ / dq dp'e'®? qp)/ dr (x| D . pD_ . |x)

|
_ ///dq’dpdwe”’q iv' (e~ q><x—%

N
oo+ 1)
B I ql
=— dqe q—qu+§
- */ dg e (q—dq|pla+d), (C-20)
m™JR

where in the second equality we expanded the trace of the definition of x(¢/, p’) (Eq.
(4.38)) in therms of a first quadrature basis |x), we used the cyclic property of the
trace and used that ﬁ_T/ = f)_,,, /QD_,,./ s2 and in the third equality we used that

A

P N Y S W A / ESV IS Y
D_y1jg = e729Pe2P 5P and thus D_ s |2) = ’x + %>62p Tesdr,

C.10 Proof of Eq. (4.47)

From applying the Weyl operator D, from the left of Eq. (C.18) and its conjugate

transpose operator from the right of this equation, we obtain

1 ey A
la) (o] = f/ dye~3hPeler=a"np_ (C.21)
T JC
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where we used Eq. (4.28) so that lA)alA),ylA),a = e(aw*_a*”f)y. Using the equation

above, we obtain

/d2aP ) ) ( /d2 MQ/d2ae(a7*’a*'y)P(a)f),7
C
_ 142 A
= ;/CdQ'Ye zh x1(7)D—y

1 ~
== / d*y xo(v)D-
™ JC

(C.22)

where in the second equality we used the inverse Fourier transform of P(a) (since
P(a) = [ d?Be@" ="y (B) then it’s inverse will be x;(7) = [o d?ael® =2 P(a)),
in the third equality we used Eq. (4.44) to relate xi(«) to xo(«) and in the forth
equality we used the Fourier-Weyl relation (Eq. (4.35)).

C.11 Proof of Eq. (4.49)

Using the Fourier Weyl relation, (Eq. (4.35)) we obtain

~{alpla) = = [ EBxol®) (ol D-sa)

= = [ BT D(5) faa - )
| 2

*706* 7‘7
L s
s C

= I/V_l(oé)7 (023)

where in the second equality we used Eq. (4.28) to obtain D_g |a) = Da_5[0) e2(@f" "8 —
la — ) e2(@F"=2"5) and in the third equality we used Eq. (4.29).
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C.12 Proof of the Robertson-Schrodinger relation
(Eq. (4.58))

In order to obtain the formula, first consider the following 2n x 2n complex matrix

T=2Tc |[(f-T)(F - T)'p]. (C.24)

We can show that this operator is positive semi-definite in the following way. Sup-

pose v € C*", then we have

(C.25)

where O = v'(f — ). In the second equality, we used Egs. (C.1) and (C.2) which

imply

o T (- 1)(F - 1)'p| v = %3 v Tr[(F = £);(F — £)ep] vn

=Tr |> v;(F —1);(f — r)pvip
jk
= Tr [of (3 — 1) (¢ — 1)fop|,
and in the last step of Eq. (C.25), we used the fact that for every operator O, OO is

positive semidefinite and p is also semidefinite, hence OO1j is positive semidefinite.

This concludes the proof that 7 > 0. Now, from Eq. (C.5) and from 7 > 0, we have
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that

T=2Tr [(f —1)(F — 1))
= Tr [{(£ = 1), (£ = 0)'}p] + Tr [[(¢ — 1), (¢ = 1)")9]
=Tr [{(i — 1), (£ — )1} p| + Tv [[#,77)9]

>0, (C.26)

where in the third equality we used Eqgs. (4.56) and (4.11). Finally, we obtain

0
o+ % > 0. (C.27)

C.13 Density matrix and covariance matrix of free
Gaussian bosonic modes

If we have a Gaussian state of N free bosonic modes, then it will have the form

e—fTAf

ﬁfree - Z ) (028)

where A = diag(Ai, A2, -+, An), A; >0, Vjand Z =Tr (e*fTAf). Since the modes

are non-interacting, we have

n %(q +p?)

/A)free ® (029)

j=1 J

s R
where Z; = Tr (62]@32' 5 )>. Computing explicitly and using the geometric series,

we obtain

Z _Ze ]n]+1/2

nJ—

o—Xi/2
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Consequently, the density matrix will be

As

n = (@+p?)
pfree = ® ¢’
Jj=1 J
noooo o j(n;+1/2)
=Q > ———Inj) (nyl
7=1 nj:
= (1- e_’\f) Z e |nj) (n;] (C.31)
j=1 n;=0

For a mode j, we have a well-known average, called the Bose-Finstein distribu-

tion

ny = (aja,;) = —. (C.32)

We can rewrite the density matrix of free bosonic modes in terms of the Bose-

Einstein distribution

Piree = é ! — i ( i )nj ) (ny] - (C.33)

7j=1 1 + n] n;=0 n] + 1

From Eq. (4.3) we have that, for a mode j,
(@) = (03) = {alay) +1/2, (C.34)
and hence, using Eq. (C.32), we have
~2 oy 1
(q5) = (pj) = 5 coth(A;/2). (C.35)

For this state (g;) = (p;) =0, Vj, so the covariance matrix will be

Lo
— S{{E 8D

which means

1 A
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This can also be rewritten as

n 10
c=EPv; : (C.38)
j=1 01
where v; = %coth (%J)
Notice that from Eqgs. (C.34) and (C.35) we can describe the diagonal covariance
matrix elements in terms of the Bose-Einstein distributions

1
I/j = ’r_Lj + 5 (039)

Finally, we can write the density matrix in terms of the diagonal elements of the

covariance matrix

ﬁfree = é ! io: <Vj — 1;;) j ’nj> <TL]| . (040)

=1 Vit 1/2 n=0 \Vj T

C.14 Obtaining symplectic eigenvalues

According to the Williamson’s theorem (Eq. (4.78)), given a positive definite matrix

M, there is a symplectic matrix S such that
M = SDS", (C.41)
where
D =D, ®l,, with D, = diag(d,ds,--,d,), (C.42)

with d; > 0, V.

Notice that the matrix QM is hermitian, hence it can be diagonalized as
iQM = BAB', (C.43)

where A is a diagonal matrix of eigenvalues and B is a unitary matrix with eigen-
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vectors as columns. Using the properties of the symplectic matrix S and of the
symplectic form €2, we can relate A to the symplectic eigenvalues, this can be done

as follows. From Eq. (C.42) we obtain

iQM = iQSDST
=iQS(D, ®1,)S"
=iST(Q)(D, ®1,)ST
=iS™ (I, ® Q)(D, ®1)ST
=iS™ (D, ® Q)ST
=S5 (D, ®i)ST (C.44)

where in the third equality, we used Q.5 = S~TQ.!
Finally, notice that
iy = —Uso, UJ, (C.45)

where U; = % . The formula above can be shown by direct evaluation,
i —i,

and applying it in Eq. (C.44), it follows that
QM = S~ (I, ® Uy)(D, ® (—0.)) (I, ® U§)S ™, (C.46)

which is in the form of Eq. (C.43). Identifying the unitary B = S~ (I, ® U,) and
A = D, ® (—0o,) we conclude that we can obtain the symplectic eigenvalues (the
diagonal elements of D,) by computing the eigenvalues of iQ2M and taking their
absolute values (since the eigenvalues of i{Q2M come in pairs of plus and minus the

diagonal elements of D,,).

!This is a consequence of the fact that if S is a symplectic matrix, ST also is symplectic (this
can be seen by taking the transpose of Eq. (4.76) and using that QT = —Q). Using this fact, we
have that STQS = Q and applying S~ from the left hand side, we obtain QS = S~ Q.
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C.15 Justifying the existence of a Hamiltonian
matrix corresponding to any symplectic ma-
trix

We want to prove that, given a matrix S € S, , with strictly positive eigenvalues,
then there exists a real and symmetric matrix H such that S = e®*. Furthermore,

there exists a unitary S such that
St = §1$9, (C.47)

for any 2n vector of canonical operators r.

Given S € S

pone With strictly positive eigenvalues, we can define the following

matrix

H=Q"log 5. (C.48)

By construction, H has positive elements. For proving that H is symmetric, notice

that

H' =log(s7)Q
=00 log (s7) @
= Qlog (2757Q)
= Qlog (S77)
= —Qlog (S)
= Q" log (9)

= H, (C.49)

where repeatedly used that —Q = Q" = Q! and in the fourth equality we used the
fact that QS = S~TQ (which is proved in the previous section of this Appendix)
which implies S = Q7S~TQ = QTS7'Q. Since we have that H, given by Eq.

Q

(C.48), is real and symmetric, then we have S = e and, by the construction of

187



Appendix C. Some proofs and definitions in Continuous Variables

Eq. (4.65), there must be a unitary S = e~ HP guch that

St = S35, (C.50)

C.16 Proof for the parametrization of Eq. (4.77)

We can start the proof as follows. Since p¢ is a Gaussian state, then (see Eqs. (4.52)

and (4.53)) it can be described as

pc = , (C.51)

where M is a positive definite matrix and Z is a normalization constant. From
Williamson’s Theorem, we can diagonalize M with the use of a symplectic matrix
S. Defining a new valid vector of canonical operators Y = S (t — r) and using Eq.
(4.78), we can rewrite the Gaussian state as

15T
o—3Y DY

oy — ——— .52
Pa 7 (C.52)

Since D is a diagonal matrix, the state pg in the equation above represents a set of
free non-interacting harmonic oscillators described by the canonical operators in Y.
The covariance matrix of non-interacting harmonic oscillators has the simple form

of (see Eq. (C.37), and the whole Section for a proof)

5= (V.Y)
1 D
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Now, consider the following relations

Logia oy (o =T
o= {{t-1)@E-1)}

1 A AT
— {57 Y sy

— sy Tys T

2
=S7'gs T
= ;Sl coth (l;) ST, (C.54)

We can use the equation above to obtain the relation between M and o. With the

use of Eq. (C.46), we have

coth (l 5 ) = S7(I,, ® Us) coth (®2(U)> (I, ® U)S, (C.55)
1 1

where U; = ( ) and D,, = diag(dy,ds, - -+ ,d,) such that D = D,, ® I. Using
i —1

the fact that coth(e) is a odd function, we have that coth (M) = coth(D,/2)®

(—0.), and hence

coth <292M> = S7YI, ® Uy) (coth(D,, /2) @ (—0.)) (I, ® U)S

= St coth(D,/2) ® (i2;)S

= S (coth(D,,/2) ® Ip)(I,, ®i2)S

= S~ (coth(D/2)iN2S

= S (coth(D/2)S™"iQ

= 201, (C.56)

where in the second equality we used Eq. (C.45), in the fifth equality we used that
S=TQ = QS (with is proved in the previous section of this Appendix), and in the
last equality we used Eq. (C.54).
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Applying i€ in both sides of Eq. (C.56), and using that (iQ2)? = I, we obtain

QM

i€) coth ( ) iQ) = 2iQo. (C.57)

Since i€} is unitary, the equation above can be rewritten as

Mi2
200 = coth ( : ) , (C.58)
inverting this result we finally obtain
M = 2arccoth(2iQ0)ifQ. (C.59)

C.17 Proof that the commutator between any sec-
ond order operators is a second order oper-
ator

. . A 1 A A A A
Given two generic second order operators O; = 5 >~ Ojel;Tx + 32, p;T; and O =

LS Oyl it + 32 pio;t 5, the commutator between them will be
2 2ujk Y2jkT; j 25X

1 NP 1 NP
(01, O5] == Z Oljkozlm[Tka, Fifm) + o ZOljkMQZ[TkaJ’l]
4 2

jklm ki
1 A A
+ 5 Z Osimpi1j[75, Pifm] + Z p1jHom [T, T (C.60)
jlm jm

In order to show that the above commutator is at most of the second order, we start

by noticing that
[7iTk, Pifm] =T [Pk, To| P+ [P, PPk Tr + Tilj[Pre, Pon] + F1[75, P T
=17 P Qe + 1P Q1 + 077 Qg 4+ 1775 D, (C.61)

where in the first equality we used that [AB,CD] = A[B,C|D + [A,C]|BD +
CA[B, D] + C[A, D|B an in the second equality we used Eq. (4.11). The above

commutator is thus at most of the second-order on canonical operators, and using
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again Eq. (4.11) we can similarly show that [7;7, 7], [F), 717 and |7}, 7] are all
at most second order operators. Hence, we conclude that the commutator of two
generic second-order Hamiltonians in Eq. (C.60) is a second-order operator, as we

intended.

C.18 Proof of Eq. (4.114)

Analyzing a mode j, notice that

S(ﬁfreej) =—-Tr [ﬁfreej log (ﬁfreej)}

[ 1 & (v —1/2\"
= —Tr | Htrec. | - - A . .
r s ]og(yj+1/2ngo(yj+1/2) ny) W)]

[ <y, —1/2\"
= —Tr | Htreo. | E: A . .
r _pf ; 108 (njzo (Vj T 1/2> \n]> <n]|>]

+Tr [ﬁfreej log (v; + 1/2)]

1/2

= —Tr | Piree, Z log (( J+1/2>n]> ;) {n;]

+ log(v; +1/2)

vi—1/ ]
= T | e, Tog (=222 1y || + 1os(vs + 172
x| Zn o (12 b o + gty + 12
Vi —1/2 =
= —t0g (LY 0 |y, 3 ) )| +log(0 4+ 1/2)

> Tr [ﬁfreej'ﬁ/j] + lOg(Vj + 1/2)
= —log (ZJ_W) nj +log(v; +1/2)
) 5= 1/2)+toxt 172

= (vj+1/2)log(v; +1/2) — (v; — 1/2) log(v; — 1/2). (C.62)

The equation above, together with Eq. (4.113) justifies Eqgs. (4.114) and (4.115). In
the Equation above, we used that log (3,,(c,) [n) (n]) = 3, log(c,) |n) (n| (for any
positive ¢,) in the forth equality, and we used Eq. (C.39) in the ninth equality.
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C.19 Proof of Simon normal form statement

The statement says that any covariance matrix representing a two-mode Gaussian
state can be reduced, by local single-mode symplectic transformation, to the follow-

ing form

0 a 0 c_

g = y (C63)
Cy O b O
0 c. 0 b

with @ and b positive real numbers, and ¢, and c_ real numbers satisfying the
Bona-fide conditions.

For the proof, suppose that ¢ is a generic covariance matrix of a two-mode state.
Williamson’s theorem (Eq. (4.78)) states that any single-mode covariance matrix
can be diagonalized by means of a single-mode symplectic transformation into zI,
where x > 0. Consequently, there exist symplectic transformations S, acting in the

first mode and S, acting in the second mode, such that

- al C
Sy S, 05,5y = , (C.64)

CT
where a and b are positive real numbers and C is a 2 x 2 real matrix. Since al
and bl are invariant under transformations that are orthogonal and symplectic, we

can apply the orthogonal and symplectic transformations needed to diagonalize the

off-diagonal block-matrix C', according to the Singular Value Decomposition (SVD).?

C.20 Proof that S(&(|a) (a])) = S(E(]0) (0])) for any
(Gaussian channel &€

The covariance matrix of any coherent state |a) (a| and the vacuum |0) (0| has the
same value, namely /2, their only difference exists in their first moments.

From the results of Section 4.7, and as it was shown in Eqs. (4.67) and (4.72), the

2See such version of the SVD in Chapter 5 of Ref. [14].
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evolution of the first moments and of the covariance matrix for a Gaussian state are
decoupled during all the Stinespring dilation process. Since any quantum channel
can be expressed by a Stinespring dilation, we conclude that any Gaussian channel
evolution must have a decoupled behavior between the covariance matrix and the
first moments. Consequently, if the input of two states with the same covariance
matrix are inputs to a quantum channel, their outputs will also have the same
covariance matrix.

Therefore, the outputs of £(|a) (o) = £(|0)|0)) will have the same covariance
matrix. Finally, since the entropy of a Gaussian state only depends on its covariance

matrix (Eqgs. (4.114) and (4.115)), we conclude that their entropy will be the same.

C.21 Computations to obtain Eq. (4.129)

For obtaining Eq. (4.129), we must compute S(pag), S(pr) and S(E(]0) (0])).

The entropies S(pag) = g(v—)+g(v4) and S(pp) = g(B) are direct consequences
of Eq. (4.114) and from the fact that the local covariance matrix of pp is already in
its diagonal form.

The entropy of £(]0) (0|]) can be obtained from the fact that the covariance
matrix of the vacuum is oy,. = /2 and it’s evolution through the phase-insensitive
Gaussian channel € is given by Eq. (4.119). Hence, the evolved covariance matrix
will be Io(7 + 7)/2, which has only the symplectic eigenvalues (7 + 7)/2, and the
result follows from Eq. (4.114).

C.22 Two-mode squeezed thermal state, EPR state,
and friends

Here we give examples of how to construct the Simon form of the two-mode squeezed
thermal state, EPR state, and other kinds of local thermal states from canonical

operations acting in initial thermal states.
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C.22.1 Two-mode squeezed thermal state

Given two bosonic modes A and B, the Two-mode squeezing operator (for further
applications of the two-mode squeezing, see Refs. [55, 121, 122]) is a unitary operator
defined as

Sio(€) = £ h-Ea! (C.65)

where a(b) is the annihilator operator and af(b') is the creation operator acting in

the mode A(B). For a real parameter r, it has the form
Sy (€)(r) = er(@b=atth), (C.66)

The Hamiltonian matrix that generates this operator is

0 001
0010
Hi(r)=r (C.67)
0100
1000
Therefore the correspondent symplectic matrix is
Sis(r) = eHestr)
cosh(r) 0 sinh(r) 0
0 cosh(r 0 — sinh(r
= (r) (r) ) (C.68)
sinh(r) 0 cosh(r) 0
0 — sinh(r) 0 cosh(r)

From Eq. (C.37), we have that the thermal state of two bosonic modes A and
B with local Hamiltonians Hxp) = w (&T(BT)&((;) + %) is

g+ 1/2 0 0 0
0 na+1/2 0 0
oty = At , (C.69)
0 0 ip+1/2 0
0 0 0 ip+1/2
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where 114 4+ 1/2 = 1 coth (%) and Bap) is the inverse of the temperature of A(B).
Hence, the two-mode squeezed thermal state is just the two-mode squeezed applied

in this thermal state

TMST __ th oT
OAB —Sts(T)UABSts

a 0 ¢ 0
0 a 0 —c
= , (C.70)
c 0 b 0
0 —c 0 b

where a = (ﬁA + %) coshQ(r)+<ﬁB + %) sinh®(r), b = (ﬁB - %) cosh2(7")+<ﬁ,4 + %) sinh®(r)
and ¢ = (1 + 74 + 7p) sinh(2r).

C.22.2 EPR state

The EPR state is defined as the two-mode squeezed operator applied in the vacuum.
The vacuum is equivalent to a thermal state at 0 temperature, thus a two-mode
vacuum state has covariance matrix o5 = %]Ll. Therefore, the EPR covariance

matrix for a squeezing operator Si(r) is

1
OEPR = §Sts(7")5th (r)

s 0 BT—1 0
_ 2 _
— ! g T : (C.71)
g -1 0 p
0 —VFE-1 0 B

where [ = %cosh(2r). If we change the sign of r, i.e., r — —r, then the off-diagonal

terms of the matrix switch sign.
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Obtaining Observables Variations

Using QBNs

D.1 Proof of Eq. (7.20)

With the use of Egs. (7.17) and (7.18) we have

Prem(ao, ar) = Y {ap, b|U(t) |ao, by {ao, b par(0) |ag, b') {ag, V'] UT(t) |a, be)

be,b,bl
(D.1)
where we just used that Ig = 3, |b) (b|, for the basis {|b)}, and {|b')}» of B.
Let the characteristic function for the shift probability of Eq. (7.19) be
GOy, (K) = [ (d2) €™ prpns(AO4 = Aa), (D.2)
from which we have
GOt (K) = > MmO Prpy (a, ay). (D.3)

ap,at
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Applying Eq. (D.1) in this characteristic function, we obtain

GoppyF) = D2 (b ael U(t)e™™ |ag, b) (ag, bl pap(0) |ao, b') (ao, V'| UT(£)e™ |ay, be)

bbb ,a0,at

= > (b, a|Ut)e ™ 4O g, b) (ag, b] pap(0) lag, V') (ag, | UT(t)e™O4® |, b,)

bt,b,V,a0,at

= > (bl U)e ™4 |ag) (ao| pan(0) ao) (a0l UT(t)e™ 4 |ar, by)

aop
= Tr {e *ODg ) (pa5(0)) Ut (£)e* O+ (1) }

Ty eikUT(t)OA(t)U(t)e—ikoA(O)DoA(O) (pAB(0)>} )

=Tr {U(t)e—i’“”‘m (Z lao) (ao| par(0) [ao) <ao|) U*(t)é?f@ﬂﬂ}
{
{

which is the desired equation, where Do, g)(®) = >4, |ao) (ao| ® |ao) (aol-
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D.2 Matrices for generating ensembles in Subsec-

tion 7.3.1

The matrices used to generate the different ensembles of p% 5 with the use of Eq.

(7.34) in Subsection 7.3.1 are the following

0 0 1 0 1 0
0 —% 0 0 0 —1
Mlz 7M2: )
V3 1 V3o V3
2 1 ) 1
V3
Lo o
0 1 1 0 1 1
M 1 1 0 1 M 1 1 0 -1
3= —7= s My = —= ;
V311 -1 0 V3l -1 1
1 1 -1 1 1 0
0 0 1
vy 010
M5 = 2 2 s, M= 0 0 1],
V3o _1
o 100
e
SN
0 cos(0.1) sin(0.1) 0 cos(%) sin(%)
M7z =10 sin(0.1) —cos(0.1) [ and Ms=1] 0 sin(%) —cos(%)
1 0 0 1 0 0

D.3 The QBN generated by post-measurements

Suppose we have an observable O acting on the joint Hilbert space of A and B
described in the setup of Section 7.1. Given the eigenvalues {|¢;)}; and eigenvectors
{|ci) }i of O¢, we can define the projective measurement {M; = |¢;) (¢;|};. Then, if

such projective measurement is made in the initial joint state p45(0) but the outcome
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is not revealed, the state is uploaded to the average of all possible backactions

Mipap(0)M]
Pap =2 Po—p

=" Mipap(0)M]

=S Pl (D5)

where P,, = Tr{MipAB(O)MZT} = (¢i| pap(0) |c;) is the probability of the measure to

have the outcome ¢;. Hence, the probability distribution generated by

Poc(ao, bo, ar,be) =3 Pe,| (ao, bolei) [*| {ar, be| U(E) [e:) |, (D.6)

is withe the seed probability P., the QBN generated by the post-measured density
matrix p/y 5.

This is exactly the case of Eq. (7.54), where the seed probability P, is the Husimi
Q-function Q(«, ), representing the probability of having an outcome (« [3) for the
projeticve measurement { XM, g |, 8) (a, B|}a,s and the kets |¢;) are coherent states

|, B). Thus the matrix

Pap = chi ci) (cil

= /<c2 o &’ Q(a, B) |, B) (@, B, (D.7)

is the density matrix after a heterodyne measurement is made without the out-
come being revealed. This interpretation explains the result of Eq. (7.52), i.e.,

P(’)c (a’t7 bt) = <at> bt| U(t)p;‘BUT(t) |at7 bt>
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