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Abstract

This thesis focuses on the study of the thermodynamics of fermionic systems on lattices,
from the point of view of the C*-algebraic formulation of quantum mechanics, and on
the application of the so-called “catastrophe theory” to the analysis of the phase diagram
of an explicit fermionic model. The first chapter is devoted to the introduction of some
of the basic and most important properties of C*-algebras, and also to the study of its
representations and its set of states. The second chapter is devoted to the development
of some important results of catastrophe theory. The results derived in the chapter allows
one to analyze the behavior of the minima of members of a family of functions around
a degenerate critical point, and they will be used to study the behavior of the thermody-
namic pressure for a given fermionic lattice model. The third chapter presents some of the
formalism developed in [4], that concerns the existence of the thermodynamics and equi-
librium states of lattice fermi systems subject to a suitable set of long-range interactions
(i.e., interactions containing mean-field terms). Finally, in the last chapter, using all the
formalisms and results already studied in the previous chapters, the thermodynamics of
an explicit BCS-like model is analyzed. With the help of catastrophe theory, it is shown
that such model exhibits a coexistence of magnetic and superconducting phases for a suit-
able choice of parameters, and through a perturbative analysis it is also shown that the
coexistence still holds when a small kinetic term is added into the model.

Keywords: coexistence of phases; fermi lattice; C*-algebraic formalism; quantum
thermodynamics; catastrophe theory.



Resumo

Esta dissertação se concentra no estudo da termodinâmica de sistemas fermiônicos em
rede, pelo ponto de vista da formulação de álgebra C* da mecânica quântica, e na aplicação
da chamada “teoria de catástrofe” para a análise do diagrama de fases de um mod-
elo fermiônico explicito. O primeiro capı́tulo é dedicado à introdução de algumas pro-
priedades básicas e mais importantes das álgebras C*, e ao estudo de suas representações
e de seu conjunto de estados. O segundo capı́tulo é dedicado ao desenvolvimento de
alguns resultados importantes relacionados à teoria de catástrofe. Os resultados obti-
dos no capı́tulo permitem a análise do comportamento dos mı́nimos de membros de uma
famı́lia de funções em torno de um ponto crı́tico degenerado, e eles serão utilizados para
o estudo do comportamento da pressão termodinâmica para um dado sistema fermiônico.
O terceiro capı́tulo apresenta o formalismo desenvolvido em [4], que está relacionado
à existência da termodinâmica e de estados de equilı́brio em sistemas fermiônicos em
rede sujeitos à certas interações de longo-alcance (i.e., interações contendo termos de
campo médio). Por fim, no último capı́tulo, utilizando-se de todos os resultados estu-
dados nos capı́tulos anteriores, a termodinâmica de um modelo explı́cito do tipo BCS
é analizada. Com a ajuda da teoria de catástrofe, é provado que tal modelo apresenta
uma coexistência de fases magnéticas e supercondutoras para uma escolha adequada de
parâmetros, e através de uma análise perturbativa é mostrado também que a coexistência
ainda persiste quando um pequeno termo cinético é adicionado no modelo.

Palavras-chave: coexistência de fases; redes fermiônicas; formalismo de álgebra C*;
termodinâmica quântica; teoria de catástrofe.
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Introduction

The mathematical formalism of what is known today as “quantum mechanics” has its
roots in the mid-1920s, when the theories of Werner Heisenberg and Erwin Schrödinger
emerged; both proposing different postulates from the firmly stablished classical mechan-
ics. In the 1930s the formalism was finally unified, mainly due to the efforts of the
physicists Paul Dirac and John von Neumann. The axioms that were stablished for a
one-particle system, known as Dirac-von Neumann axioms, are as follows:

• For a one-particle system, the possible “states” that a particle can be at should be
represented by normalized vectors of a separable Hilbert space h.

• The “observables” correspond to self-adjoint operators acting on h, and the expec-
tation value of an observable A in the state ψ is given by (ψ,Aψ)

The above formalism can also be extended to systems with more than one particle.
The possible states of a system with n particles are now vectors in the tensor product
h1 ⊗ · · · ⊗ hn, where hi is the Hilbert space of the ith particle. However, in the scenario
of n particles of the same type, two more properties play a role: the indistinguishability
of quantum particles and the Pauli exclusion principle, if the particles are fermions. The
former implies that only symmetric or anti-symmetric vectors1 can represent the state of
the particles, and the latter states that for fermionic particles, only the anti-symmetric
vector states can be occupied. A straightforward generalization of the formalism for an
arbitrary number of particles is to assume that the Hilbert space representing the states of
the system is the so-called fermionic Fock space

F−(h) =
⊕
n≥0

P−h
n,

where h is the Hilbert space of the single-particle system and P− is the projection opera-
tor of the subspace of anti-symmetric vectors. I that case, the algebra of operators acting
on F−(h) is generated by the so-called creation and annihilation operators a∗(f) and
a(f), that creates (annihilates) a particle in a state f ∈ h. Moreover, due to Pauli exclu-
sion principle, the operators a∗(f) and a(f) must satisfy the Canonical Anti-commutation
Relations (CARs)

{a(f), a(g)} = {a∗(f), a∗(g)} = 0, f, g ∈ h

{a(f), a∗(g)} = (f, g)1, (1)

1Given a basis {ψ1, . . . , ψm} of h, a vector ψ ∈ hn can always be expressed as ψ =∑m
i1,...,in=1 Ti1,...,inψi1 ⊗ · · · ⊗ ψin . ψ is symmetric (anti-symmetric) if Ti1,...,in is a symmetric (anti-

symmetric) tensor

8
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where {A,B} = AB + BA. Now, it is important to note that the CARs of eq. 1 allow
one define a more general algebra (a C*-algebra, to be more specific), usually known as
the CAR algebra, whose elements also satisfy the CARs. Such algebra also allows rep-
resentations, (i.e., a *-morphism into the algebra of operators of a Hilbert space), and
hence the algebra of operators acting on F−(h) can be seen as one specific representa-
tion of the CAR algebra. When the Hilbert space h of a single-particle system is finite,
it follows that all of the (irreducible) representations of its corresponding CAR algebra
are unitarily equivalent. Therefore, in that case, choosing the Fock space F−(h) as the
state space of the system is no different then choosing any other Hilbert space where the
algebra of its operators is a (irreducible) representation of the CAR algebra. However,
when h is infinite-dimensional, the unitary equivalence of the representations of its CAR
algebra does not hold anymore. Moreover, when studying the thermodynamic properties
of quantum systems, specially phase transitions, it is necessary to consider an infinite-
dimensional h (corresponding to a infinite-volume limit of the system). The argument for
the necessity of such idealization to study phase transitions in a quantum system, which is
the goal of this thesis, is the same as in the case of a classical system. A phase transition
corresponds mathematically to a discontinuity in the derivatives of the thermodynamic po-
tentials. But if the system is finite, then the thermodynamic potentials are always smooth
(since the partition function is simply a finite sum of smooth terms) and hence there is no
phase transition present in such system. Therefore, in that case the Fock space may not be
the only Hilbert space such that the CARs can be represented up to unitary equivalence.
In fact, for systems with phase transitions, it can be shown that different phases of the
system are connected to different representations of the CAR algebra. Therefore, in that
scenario, the above axioms of quantum mechanics that sees the observables of a quantum
system as operators over a fixed Hilbert space is not useful anymore.

A solution to adequate the presented formalism to the study of phase transitions is not
to fix the Hilbert space of the states; but rather to fix the C*-algebra of the observables,
and talk about (generally unequivalent) representations of this algebra. This approach is
usually called the C* algebra formalism of quantum mechanics. Then, the axioms can be
rephrased as follows:

• The “observables” of a quantum system correspond to self-adjoint elements of a
C*-algebra.

• The “states” of a quantum system are normalized positive linear functionals over a
C*-algebra, and the expectation value of an observable A in the state ω is given by
ω(A).

Moreover, since the algebra of bounded operators of any Hilbert space is always a C∗-
algebra, and any C∗-algebra can be represented as the algebra of bounded operators on a
Hilbert space (this is known as the Gelfand-Naimark theorem), one may always recover
the previous formalism, while also admitting unequivalent representations that can be
related to different phases of the system. There is an extensive literature on theC∗-algebra
formalism of quantum mechanics, and it is widely used in quantum statistical mechanics
(see [1] and [2], for example) and quantum field theory.

Under that formalism, a quantum d-dimensional lattice fermion system can be mod-
eled from the CAR algebra associated with h = l2(Zd) ⊗ HS , where HS is the Hilbert
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space of the spin of the particle considered. The interactions acting on the particles of
the system are thus represented by families of self-adjoint elements of the CAR algebra.
However, for studying the thermodynamics of such system, one still needs to define and
prove the existence of equilibrium states and thermodynamic potentials. In chapter three,
a set of interactions called long-range models (i.e., models containing mean-field inter-
action terms) is defined, and it follows that for these interactions the thermodynamics of
the lattice fermion system can be defined. To prove this, some sets of states possessing
useful symmetries are studied in detail, and it is shown that for states that are translation-
invariant, a free-energy density functional exists and is well-behaved, which allows the
definition of equilibrium states (in fact, in this thesis the equilibrium states are only de-
fined for purely attractive long-range models, since this is the case of the interaction stud-
ied in the final chapter, and the generalization for arbitrary long-range models adds some
unnecessary complications). Moreover, it also shown that for the long-range models the
thermodynamic pressure of the infinite system, defined as the limit of the finite-volume
pressures, exists.

In chapter four, it is studied the thermodynamics of an interaction containing a BCS
term (that corresponds to a long-range interaction) and an on-site repulsive term (that cor-
responds to a short-range interaction), whose strengths are denoted by γ and λ, respec-
tively, with the final goal of showing that there exists some parameters (γ̄, λ̄) for which a
magnetic and superconducting phase coexist in the model, and that the coexistence also
holds if a small kinetic hopping term is also added to the interaction. For this, one needs to
study the behavior of the thermodynamic pressure of the model, and this is done with the
help of a mathematical theory called “catastrophe theory”, that is studied in chapter two.
One of the main objectives of catastrophe theory is to study the qualitative behavior of a
family of functions around a critical point: for example, let F (x, u) be a function from
R×Rr to R (F (x, u) is usually seen as a family of functions Fu(x) that maps x 7→ F (x, u),
and u ∈ Rr are seen as the parameters of the family), let f(x) = F (x, 0) and suppose that
f has a critical point at 0. Then, catastrophe theory tries to answer what happens with the
functions Fu(x) near u = 0 and x = 0 (i.e., if the critical point at 0 bifurcates into other
critical points, if 0 is not a critical point anymore, if some local minima appear, etc.). It
follows that, for certain families of functions, their behavior is qualitatively identical to
the behavior of a family of polynomial functions of the type

P (x, u) = ±xk+1 + u1x+ . . . ukx
k,

depending on the degeneracy of the critical point (that is encoded in a variable called the
determinacy of f ) and on the degeneracy of the family (that is encoded in the derivatives
∂F (x,0)
∂ui

). Therefore, since this family of polynomial functions can be easily analyzed,
from that it is possible to extract relevant information about bifurcations and appearances
of other minima in the family F (x, u). It is important to note that the catastrophe theory
developed in chapter two is an adaptation of the general situation described above, but for
families of functions F (x, u) such that Fu(x) is even for any parameter u, since this is the
case that one finds useful when analyzing the pressure of the model studied.

Another very important use of catastrophe theory is to prove that some families of
functions are stable. In this scenario, the stability of a family F (x, u) means that for
any small perturbation p(x, u) – small in a suitable sense, that takes into account also the
derivatives of p – there exists a small parameter ū where the perturbed family F (x, u) +
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p(x, u) behaves the same way around u = ū as F (x, u) does around u = 0.
In the final sections, using the results developed in chapters two and three, it is shown

the coexistence of phases for the unperturbed model, and with the aid of the so-called clus-
ter expansions, which is a technique to write the thermodynamic pressure of the perturbed
model in a convenient way that allows one to prove that its derivatives are well-behaved,
it is shown that the coexistence of phases still holds for the perturbed model. This pro-
vides a concrete application of catastrophe theory to the study of phase transitions in a
fermionic lattice system.



Chapter 1

C*-Algebras

1.1 Introduction
This section aims to present some of the main and most important properties of a C∗-
algebra, many of them which will be used extensively throughout the thesis. It is based
on section 2.1 of [1], and also follows the same notation convention. Before going to the
definition of a C∗-algebra, it is useful to begin with other concepts and notions that will
be used in its definition and later on in the text.

1.1.1 Basic definitions
Definition 1.1.1. An algebra A is a vector space over a field (which in this thesis will
be always assumed to be the field C of the complex numbers, unless stated otherwise),
equipped with a multiplication law that is associative and distributive; i.e., every A, B, C
∈ A, and every α, β ∈ C satisfies the following:

(a) A(BC) = (AB)C,

(b) A(B + C) = AB + AC,

(c) αβ(AB) = (αA)(βB).

Moreover, an algebra A is said to be a ∗-algebra if it possesses a mappingA ∈ A→ A∗ ∈
A (usually called an involution), satisfying the following properties:

1. A∗∗ = A,

2. (AB)∗ = B∗A∗,

3. (αA+ βB)∗ = αA∗ + βB∗.

The element A∗ is called the adjoint of A. If A∗ = A then A is said to be self-adjoint.
Moreover, a set M ⊂ A is called self-adjoint when A ∈M implies A∗ ∈M, and the set
of all self-adjoint elements of a ∗-algebra A is denoted by AR.

Another useful notion needed for the definiton of a C∗-algebra is the notion of a
normed algebra:

12
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Definition 1.1.2. A normed algebra A is an algebra equipped with a norm ‖ ‖: A → R,
satisfying, for all A,B ∈ A:

(a) ‖A‖ ≥ 0 and ‖A‖ = 0⇔ A = 0,

(b) ‖λA‖ = |λ|‖A‖ for all λ ∈ C,

(c) ‖A+B‖ ≤ ‖A‖+ ‖B‖,

(d) ‖AB‖ ≤ ‖A‖‖B‖ for all A, B ∈ A,

where the last condition is called the product inequality. If a normed algebra is complete
with respect to its norm, it is also called a Banach algebra.

Definition 1.1.3. A C∗-algebra is a Banach *-algebra A with the property

‖A∗A‖ = ‖A‖2 (1.1)

for all A ∈ A.

The above property is usually referred to as the C∗-property. Combined with the
product inequality, the C∗-property also yelds the condition ‖A‖ = ‖A∗‖ for all A ∈ A.

Proposition 1.1.1. For any Hilbert space H, the algebra L(H) of the bounded linear
operators acting on H is a C∗-algebra with respect to the operator norm.

Proof. As a reminder, the operator norm is given by

‖A‖op = sup
v∈H | ‖v‖=1

‖Av‖, where ‖Av‖ =
√

(Av,Av).

Clearly L(H) together with the operator norm is a normed ∗-algebra, and its completeness
easily follows from the completeness of H (remember that every Hilbert space is complete
by definition). The less trivial property to show is the C∗-property.

For A = 0, clearly the C∗-property holds, so let A 6= 0. From the definition of the
operator norm and the Cauchy-Schwarz inequality, it follows that

‖A∗‖2
op = sup

v∈H | ‖v‖=1

(A∗v, A∗v) =⇒ ‖A∗‖op = sup
v∈H | ‖v‖=1, v 6=Ker(A∗)

(A∗v, A∗v)

‖A∗v‖
≤ sup

v∈H | ‖v‖=1,
w∈H | ‖w‖=1

|(w,A∗v)|

= sup
v∈H | ‖v‖=1,
w∈H | ‖w‖=1

|(Aw, v)| ≤ ‖A‖op. (1.2)

Also, from the Cauchy-Schwarz inequality and the product inequality, it follows that

‖A‖2
op = sup

v∈H | ‖v‖=1

(Av,Av) = sup
v∈H | ‖v‖=1

(A∗Av, v) ≤ ‖A∗A‖op ≤ ‖A∗‖op‖A‖op (1.3)
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From 1.2 and 1.3, one deduces that ‖A‖op = ‖A∗‖op. But applying it to 1.3, one
finally arrives at

‖A‖2
op ≤ ‖A∗A‖op ≤ ‖A∗‖op‖A‖op = ‖A‖2

op =⇒ ‖A‖2
op = ‖A∗A‖op. (1.4)

Some algebras possess an identity element 1, i.e., an element of the algebra A such
that

A = 1A = A1

for all A ∈ A. Also, it is not hard to check that, if the identity exists, then it is unique
and self-adjoint. In fact, a general algebra may not have an identity, and those who have
are called unital algebras. This thesis will only deal with unital algebras. Moreover, note
that for a unital C∗-algebra, the C∗-property implies

‖1‖2 = ‖1∗1‖ = ‖1‖,
and hence ‖1‖ = either 1 or 0. But if ‖1‖ = 0, from the product inequality, then ‖A‖ ≤
‖1‖‖A‖ = 0 =⇒ ‖A‖ = 0 for all A ∈ A, which means that the algebra is identically
zero. Hence, in this thesis, the latter case will be ignored and it will always be assumed
that ‖1‖ = 1.

1.1.2 Spectra and spectral radius
A very important notion in the theory of algebras, and specially C∗-algebras, is the notion
of the spectrum of an element. In the case of finite-dimensional matrix algebras, the spec-
trum of a matrix corresponds to the set of its eigenvalues, and if the matrix is self-adjoint,
then its eigenvalues are real numbers. This is of physical relevance: since the observables
are represented by self-adjoint elements, and the possible outcomes of a measure corre-
spond to their eigenvalues, then their eigenvalues must be real. As it shall be seen, such
property extends also for arbitrary C∗-algebras; for a self-adjoint element, its spectrum is
always a subset of the real line. This is also important because it can be used to define
a partial order in a C∗-algebras, as it shall be seen later. Another important property of
finite-dimensional matrix algebras is that, for a self-adjoint matrix M , the direction of
“maximum growth” of the mapping v 7→Mv is achieved when v is an eigenvector of M .
Hence, it follows that the operator norm of M corresponds to the highest eigenvalue, in
module, of M ; i.e., the highest number, in module, of its spectrum. This property also has
an analogue for the case of arbitrary C∗-algebras, and proving it is one of the main goals
of this section.

Definition 1.1.4. Let A be a unital algebra and A ∈ A. A is said to be invertible if there
exists an element A−1 ∈ A, such that AA−1 = A−1A = 1. The element A−1 ∈ A is
called the inverse of A

Definition 1.1.5. Let A be a unital algebra and A ∈ A. The spectrum σA(A) of A is the
set of all λ ∈ C such that λ1 − A is not invertible. The resolvent set rA(A) is defined as
the complement of σA(A) in C; i.e., the set of all λ ∈ C such that λ1 − A is invertible.
For λ ∈ rA(A), the element (λ1− A)−1 is called the resolvent of A at λ.
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Proposition 1.1.2. Let A be a unital Banach algebra and A ∈ A. Then, for every λ ∈ C
such that |λ| > ‖A‖, the series

λ−1

∞∑
i=0

(
A

λ

)i
(1.5)

converges to the resolvent of A at λ.

Proof. First, note that for any 0 ≤ c < 1, the series
∞∑
i=0

ci converges (and in particular, is

Cauchy). Taking c = ‖A
λ
‖ < 1, it follows that∥∥∥∥∥

m∑
i=n

(
A

λ

)i∥∥∥∥∥ ≤
m∑
i=n

∥∥∥∥∥
(
A

λ

)i∥∥∥∥∥ ≤
m∑
i=n

∥∥∥∥Aλ
∥∥∥∥i =

m∑
i=n

ci. (1.6)

Hence, 1.5 is Cauchy, and since A is complete by definition, it follows that 1.5 con-
verges. Now, note that for all N ∈ N:

∥∥∥∥∥(λ1− A).λ−1

N∑
i=0

(
A

λ

)i
− 1

∥∥∥∥∥ =

∥∥∥∥∥λ−1

N∑
i=0

(
A

λ

)i
.(λ1− A)− 1

∥∥∥∥∥ =∥∥∥∥∥−
N∑
i=0

((
A

λ

)i+1

−
(
A

λ

)i)
− 1

∥∥∥∥∥ =

∥∥∥∥∥
(
A

λ

)N+1
∥∥∥∥∥ ≤

∥∥∥∥(Aλ
)∥∥∥∥N+1

, (1.7)

which goes to 0 as N →∞. Therefore, it follows that

λ−1

∞∑
i=0

(
A

λ

)i
= (λ1− A)−1 (1.8)

Proposition 1.1.3. Let A be a unital Banach algebra. Then, for all A ∈ A, the resolvent
set rA(A) is open and the function RA(λ) = (λ1− A)−1 is analytic on rA(A).

Proof. Let A ∈ A and λ0 ∈ rA(A). Then, it follows that

RA(λ) = (λ1− A)−1 = (λ01− A)−1

∞∑
i=0

(
λ0 − λ
λ01− A

)i
(1.9)

for all λ such that |λ−λ0| < ‖(λ01−A)−1‖, where the proof of this statement is analogous
to the proof of proposition 1.1.2. Hence, rA(A) is open, and sinceRA(λ) can be expressed
as a Neumann series in every point of rA(A), it follows that it is analytic on rA(A).

Definition 1.1.6. Let A be a unital Banach algebra and A ∈ A. The spectral radius ρ(A)
of A is defined as

ρ(A) = sup{|λ|;λ ∈ σA(A)}. (1.10)

Proposition 1.1.4. Let A be a unital Banach algebra and A ∈ A. Then, it follows that

ρ(A) = lim
n→∞

‖An‖
1
n = inf ‖An‖

1
n ≤ ‖A‖. (1.11)

In particular, the limit exists. Thus the spectrum is a nonempty compact set.
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Proof. Since σA(A) = C \ rA(A), and by proposition 1.1.2 rA(A) is open, it follows
that σA(A) is closed. Futhermore, by proposition 1.1.2, σA(A) is bounded. Hence, it is
compact. Also, suppose that σA(A) is empty. Then, rA(A) = C, and therefore RA(λ)
would be an entire function, since by proposition 1.1.5 it is analytic on rA(A). But

lim
|λ|→∞

‖RA(λ)‖ = lim
|λ|→∞

‖(λ1− A)−1‖ = lim
|λ|→∞

‖(1− A
λ

)−1‖
|λ|

= 0,

and by Liouville’s theorem, it follows that RA(λ) = (λ1 − A)−1 = 0 for all λ ∈ C.
Absurd, hence the spectrum σA(A) is nonempty. To prove eq. 1.11, first consider the
equality

λn1− An = (λ1− A)(λn−1
1+ λn−1

1A+ · · ·+ λ1An−1 + An−1). (1.12)

Note that, if λ ∈ σA(A), then λn ∈ σA(An) for all n ∈ N and hence, by proposition 1.1.2,
|λn| ≤ ‖An‖ for all n ∈ N =⇒ |λ| ≤ ‖An‖ 1

n for all n ∈ N. Therefore,

ρ(A) ≤ inf ‖An‖
1
n ≤ lim inf

n→∞
‖An‖

1
n . (1.13)

Now, let ∆ be the open disc in C centered at 0 of radius 1
ρ(A)

(where 1
ρ(A)

= +∞ if
ρ(A) = 0) and, for λ ∈ ∆, define

R̃A(λ) =

{
RA

(
1
λ

)
, if λ 6= 0

limz→0RA

(
1
z

)
= 0, if λ = 0

. (1.14)

Note that, for λ ∈ ∆ such that |λ| < 1
‖A‖ ≤

1
ρ(A)

, one has from proposition 1.1.2 that R̃A

is given by

R̃A(λ) = λ
∞∑
i=0

(λA)n. (1.15)

Moreover, by proposition 1.1.3 and the definition of ρ(A), it follows that R̃A is analytic in
∆, and hence, the power series in eq. 1.15 can be extended to all λ ∈ ∆. The convergence
of the power series implies that, for any λ ∈ ∆, there must be some positive number M
such that

‖(λA)n‖ < M for all n ∈ N =⇒ ‖An‖
1
n <

M
1
n

|λ|
for all n ∈ N =⇒

lim sup
n→∞

‖An‖
1
n ≤ 1

|λ|
. (1.16)

Note that eq. 1.16 must hold for any λ ∈ ∆, and hence it follows that lim supn→∞ ‖An‖
1
n

≤ ρ(A). This, together with eq. 1.13, implies

ρ(A) = lim
n→∞

‖An‖
1
n = inf ‖An‖

1
n ≤ ‖A‖.
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Definition 1.1.7. Let p : C→ C be some polynomial. Then, p is (uniquely) given by

p(x) =
n∑
i=0

aix
i

for some n ∈ N and some a1, . . . , an ∈ C. If A is an algebra and A ∈ A, one denotes by
p(A) the element

p(A) =
n∑
i=0

aiA
i ∈ A.

Theorem 1.1.1. Let A be a unital Banach algebra, A ∈ A and p a polynomial. Then,

σA(p(A)) = p(σA(A))

Proof. By the fundamental theorem of algebra, λ−p(z), for any λ ∈ C, can be factorized
as

λ− p(z) = c
n∏
i=1

(λi − z)

and, analogously, λ1− p(A) can be factorized as

λ1− p(A) = c
n∏
i=1

(λi1− A).

Since all terms commute, λ ∈ σA(p(A)) if and only if λj ∈ σA(A) for some j =
1, ..., n. Hence, Let λ ∈ σA(p(A)). Then, λj ∈ σA(A) for some j = 1, ..., n. But note
that p(λj) − λ = 0 ⇐⇒ p(λj) = λ, i.e., λ ∈ p(σA(A)). Now, let λ ∈ p(σA(A)). then,
∃ α ∈ σA(A) such that p(α) = λ ⇐⇒ λ − p(α) = 0. By the above decomposition of
p(z), α = λj for some j = 1, ..., n. Therefore, since α = λj ∈ σA(A), it follows that
λ ∈ σA(p(A)).

Proposition 1.1.5. Let A be a unital *-algebra. For A ∈ A:

(a) σA(A∗) = σA(A),

(b) if A is invertible, then σA(A−1) = σA(A)−1,

(c) σA(AB) ∪ {0} = σA(BA) ∪ {0} for all A,B ∈ A.

Proof. (a) It is easier (but of course equivalent) to prove that rA(A∗) = rA(A). λ ∈
rA(A∗) ⇐⇒ ∃ B ∈ A such thatB(λ1−A∗) = (λ1−A∗)B = 1 ⇐⇒ (λ1−A∗)∗B∗ =
B∗(λ1− A∗)∗ = 1

∗ ⇐⇒ (λ1− A)B∗ = B∗(λ1− A) = 1 ⇐⇒ λ ∈ rA(A∗).

(b) If λ 6= 0, then

(λ−1
1− A) = −λA(λ1− A−1).
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Hence, for A invertible (λ−1
1 − A) is invertible ⇐⇒ (λ1 − A−1) is invertible, i.e.,

λ ∈ σA(A−1) ⇐⇒ λ−1 ∈ σA(A) ⇐⇒ λ ∈ σA(A)−1.

(c) Let λ ∈ rA(BA). Then (λ1−BA)−1 exists and it is not hard to see that

(λ1− AB)(1+ A(λ1−BA)−1B) = (1+ A(λ1−BA)−1B)(λ1− AB) = λ1.

Therefore, (λ1 − AB) is invertible, with the possible exception of λ = 0. Hence,
σA(AB) ∪ {0} ⊂ σA(BA) ∪ {0},and interchanging A and B gives σA(AB) ∪ {0} ⊃
σA(BA) ∪ {0}.

Definition 1.1.8. Let A be a Banach *-algebra. An element A ∈ A is said to be normal if

AA∗ = A∗A.

If A is unital then A is said to be isometric whenever

A∗A = 1,

and unitary if

A∗A = 1 = AA∗.

Theorem 1.1.2. Let A be a unital C*-algebra and A ∈ A.

(a) If A is normal then the spectral radius ρ(A) of A is given by

ρ(A) = ‖A‖,

(b) if A is isometric then

ρ(A) = 1,

(c) if A is unitary then

σA(A) ⊂ {λ ∈ C; |λ| = 1},

(d) and if A is self-adjoint,

σA(A) ⊂ [−‖A‖, ‖A‖] and σA(A2) ⊂ [0, ‖A‖2].

Proof. (a) Using the normality ofA and theC∗-norm identity, one can prove by induction
that

(A∗)n(A)n = (A∗A)n,

and
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‖(A∗A)2n‖ =‖(A∗A)2(n−1)

(A∗A)2(n−1)‖ = ‖(A∗A)2(n−1)‖2 = ... = ‖A∗A‖2n =

‖A‖2(n+1)

.

Then,

‖A2n‖ = ‖(A∗)2n(A)2n‖1/2 = ‖(A∗A)2n‖1/2 = ‖A‖,2n

but

ρ(A) = lim
n→∞

‖A2n‖1/2n = (‖A‖2n)1/2n = ‖A‖.

(b) Again by induction, one has for an isometry A

‖An‖2 = ‖(A∗)nAn‖ = ‖(A∗)(n−1)(A∗A)A(n−1) = ‖(A∗)(n−1)A(n−1)‖ = ... = ‖1‖ = 1.

Therefore ρ(A) = limn→∞ ‖An‖
1
n = limn→∞ 1

1
n = 1.

(c) Since any unitary element A is also isometric, it follows from (b) that σA(A) ⊂
{λ ∈ C; |λ| ≤ 1}. Suppose ∃ λ ∈ σA(A) such that |λ| < 1. From proposition 1.1.5,
σA(A) = σA(A∗). Since A is unitary, then

σA(A) = σA(A−1) = (σA(A))−1.

Therefore, one must have (λ)−1 ∈ σA(A), but |(λ)−1| = 1
|λ| > 1, absurd.

(d) Since any self-adjoint elementA is also normal, by (a) it folows that ρ(A) = ‖A‖,
and hence σA(A) ⊂ {λ ∈ C; |λ| ≤ ‖A‖}. Given λ ∈ C such that |λ−1| > ‖A‖, from
proposition 1.1.2 it follows that 1+ i|λ|A is invertible. Hence, define U ∈ A by

U = (1− i|λ|A)(1+ i|λ|A)−1.

Since A is self-adjoint, it is straightforward to see that

U∗ = ((1− i|λ|A)(1+ i|λ|A)−1)∗ = (1+ i|λ|A)(1− i|λ|A)−1 = U−1.

Thus, U is unitary. From (c) it follows that that (1−i|λ|α)(1+i|λ|α)−1
1−U is invertible

whenever

|(1− i|λ|α)(1 + i|λ|α)−1| 6= 1 =⇒ |1− i|λ|α| 6= |1 + i|λ|α|,
which is the case when Im(α) 6= 0, but

(1− i|λ|α)(1 + i|λ|α)−1
1− U = −2i|λ|(1 + i|λ|α)−1(α1− A)(1+ i|λ|A)−1.

Hence, α1 − A is invertible for all α such that Im(α) 6= 0. Therefore, σA(A) ⊂ {λ ∈
C; |λ| ≤ ‖A‖} ∩ R = [−‖A‖, ‖A‖]. Taking p(z) = z2, from Theorem 1.1.1, one has
σA(p(A)) = σA(A2) = (σA(A))2 ⊂ [0, ‖A‖2].
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Note that the above proposition contains a very important property of a C∗-algebra
A: for a self-adjoint element A of A, its norm is equal to the spectral radius, which is an
algebraic property of A; i.e., it solely depends on the the algebraic structure of A, and not
on some additional structure defined a posteriori, for example a topology. This readily
implies that all norms on A that also make it a C∗-algebra must agree in the self-adjoint
elements of A, and with the C∗-norm property, such observation can also be extended to
any element A of A, as shown by the corollary below:

Corollary 1.1.1. Let A be a unital *-algebra. If there exists a norm on A with the C∗-
norm property and for which A is complete, then this norm is unique.

Proof. Let ‖ ‖ be a norm on A that makes it a C∗-algebra. For any A ∈ A, A∗A is
self-adjoint. Then, ‖A∗A‖ = ρ(A∗A). But from the C∗-norm property,

‖A‖ = ‖A∗A‖
1
2 = ρ(A∗A)

1
2 .

Since the spectral radius depends only on the algebraic structure of A, it follows that such
norm must be unique.

Proposition 1.1.6. Let B be a unital C∗-sub-algebra of a C∗-algebra A. If A ∈ B then

σA(A) = σB(A).

Proof. The goal is to show that if λ1 − A is invertible in A, then it is invertible in the
smallest unital C∗-sub-algebra that contains A, i.e., the C∗-sub-algebra C generated by 1,
A andA∗. But since the theC∗-sub-algebra C′ generated by 1, λ1−A and λ1−A∗ is equal
to the sub-algebra C defined above, it is sufficient to show that if A ∈ A is invertible, then
A−1 ∈ C. Changing A→ λ1−A, then λ1−A invertible implies (λ1−A)−1 ∈ C′ = C.

Let C be as defined above, with A invertible. Suppose first that A ∈ AR. Then, RA(λ)
is analytic for all λ such that Im(λ) 6= 0 and also in some neighborhood of 0. Let λ0 be
some purely imaginary number such that |λ0| > ‖A‖. From proposition 1.1.2, (A− λ01)
is invertible and hence −RA can be given as (see proposition 1.1.3)

−RA(λ) = (A− λ1)−1 = (A− λ01)−1

∞∑
i=0

(
λ− λ0

A− λ01

)i
(1.17)

for all λ such that |λ − λ0| < ‖(A − λ01)−1‖. By propositions 1.1.1 and 1.1.5, one has
σA(A− λ1)−1 = (σA(A)− λ)−1, and thus

‖(A− λ01)−1‖ = sup |σA(A− λ01)−1| = sup |(σA(A)− λ0)−1| = inf |σA(A)− λ0|.

But remember that σA(A) ⊂ R and λ0 is purely imaginary. Then,

inf |σA(A)− λ0| =
√

inf |σA(A)|2 − |λ0|2 > |λ0|,
since 0 /∈ σA(A), σA(A) is closed. Therefore, eq. 1.17 converges for λ = 0, and hence

A−1 = (A− λ01)−1

∞∑
i=0

(
−λ0

A− λ01

)i
∈ C.
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Now, letA be invertible but not necessarily self-adjoint. ThenA∗A is invertible (where
(A∗A)−1 = A−1(A−1)∗) and self-adjoint, and hence by the above argument (A∗A)−1 is
contained in C. Define

X = (A∗A)−1A∗ ∈ C. (1.18)

Since XA = 1, right multiplying by A−1 gives X = A−1.

1.1.3 Continuous functional calculus
For a normed ∗-algebra A to be a C∗-algebra, apart from satisfying the C∗-property, it
must also be a Banach algebra, i.e., A must also be complete with respect to its norm. In
a naive sense, this means that A cannot be “too small”, otherwise its completeness would
not hold. In fact, it can be shown that its completeness ensures that the algebra is “big
enough” so that, for all self-adjoint element A ∈ A, the Banach sub-algebra generated by
{1, A} is homomorphic to the C∗-algebra of continuous functions on a compact. Such
homomorphism is a very useful tool in the study of C∗-algebras, since it allows one to
make sense of applying continuous functions on self-adjoint elements of A, and therefore
to compute, for example, the square root

√
A, or the exponentiation eA, of any A ∈

AR. The idea behind proving the existence of such homomorphism is to show that it is
contained in the closure of the algebra of polynomials of A, and the first step for this is to
prove that the space of polynomials is dense in the algebra of continuous functions. This
result is a corollary of the so-called Stone-Weierstrass theorem:

Theorem 1.1.3 (Stone-Weierstrass). Let K be a compact metric space, C(K;C) the al-
gebra of continuous functions from K to C with the supremum norm, and S ⊂ C(K;C) a
unital sub-algebra which separates points of K. Then, S is dense in C(K;C).

Definition 1.1.9. Let A be a unital C∗-algebra and A ∈ AR. Define:

CA
.
= C(σ(A);C), and PA

.
= {f ∈ CA | ∃ a polynomial p where f = p on σ(A)}.

Corollary 1.1.2. For any A ∈ AR, PA is dense in CA.

Proof. This follows by direct application of the Stone-Weierstrass theorem, with K =
σ(A) and S = PA.

Definition 1.1.10. Let A be a unital C∗-algebra and A ∈ AR. Define ΦA : PA → A by

ΦA(f) = p(A), where p : C→ C is any polynomial
such that p = f on σ(A).

Note that, in general, it is possible to have two distinct polynomials p1, p2 such that
p1 = f = p2 on σ(A). But in this case, them (p1 − p2)(σ(A)) = {0}, and by proposition
1.1.1, it follows that

σ((p1 − p2)(A)) = (p1 − p2)(σ(A)) = {0},



CHAPTER 1. C*-ALGEBRAS 22

and since ΦA is defined only for self-adjoint A, then

‖p1(A)− p2(A)‖ = sup{|λ|;λ ∈ σ((p1 − p2)(A))} = 0.

Therefore, ΦA is well-defined for all A ∈ AR. The goal now is to extend the domain of
ΦA to CA, but before that it is convenient to prove some useful properties of ΦA.

Proposition 1.1.7. Let A be a unital C∗-algebra. Then, for all A ∈ AR, the map ΦA :
PA → A defined above is a unital isometric ∗-homomorphism, where in PA the norm is
given by

‖p‖ = sup{|λ|;λ ∈ p(σ(A))}.

Proof. Let A ∈ A. Clearly, by the definition of ΦA, ΦA(1) = 1. Moreover, for any
polynomials p1, p2, it is true that

(a) p1(A) + p2(A) = (p1 + p2)(A),

(b) p1(A) · p2(A) = (p1 · p2)(A),

(c) p1(A) = p1(A)∗,

hence, it follows that ΦA is a ∗-homomorphism. Finally, for any polynomial p ∈ PA:

‖ΦA(p)‖ = ‖p(A)‖ = sup{|λ|;λ ∈ σ(p(A))} = sup{|λ|;λ ∈ p(σ(A))} = ‖p‖,

and thus ΦA is isometric.

In adition, note that, for any A ∈ AR, ΦA is also the unique ∗-homomorphism from
PA to A satisfying

ΦA(id) = A

where id is the identity function, id(x) = x. This is true because any polynomial p ∈ P
can be uniquely written as a linear combination of the powers of id, and hence, any ∗-
homomorphism φ acting on such p will result in

φ(p) = φ

(
n∑
i=0

ai id
i

)
=

n∑
i=0

aiφ(id)i

Therefore, if φ(id) = A, then clearly φ(p) = p(A) = ΦA(p).

Theorem 1.1.4. Let A be a unital C∗-algebra. For all A ∈ AR, there exists a unique
∗-homomorphism Φ̃A : CA → A such that Φ̃A(id) = A. Moreover, Φ̃A is isometric.

Proof. Corollary 1.1.2 states that PA is dense in CA. Hence, since the map ΦA : PA → A
is bounded, define Φ̃A as the unique linear extension in CA of ΦA. From the continuity of
the norm, it easily follows that Φ̃A is isometric, and from the continuity of the involution
“∗” and the property that limn xn limn yn = limn xnyn holds for convergent sequences, it
is also not hard to show that Φ̃A is a ∗-homomorphism. Finally, the uniqueness of Φ̃A is a
consequence of the uniqueness of ΦA on PA and the fact that PA is dense in CA.
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Definition 1.1.11. For a unital C∗-algebra A, the family of unital ∗-homomorphisms ΦA :
CA → A, A ∈ AR, satisfying ΦA(id) = A, is called the continuous functional calculus
of A, and for any A ∈ AR, the algebra generated by {ΦA(f); f ∈ CA} wil be denoted by
F(A). To simplify the notation, from now on the element ΦA(f) ∈ A will be denoted by
f(A).

Note that, for any A ∈ AR, F(A) is the smallest unital C∗-sub-algebra of A that
contains A (since it is the closure of the unital sub-algebra of polynomials of A). This
remark is important to prove the following proposition:

Proposition 1.1.8. Let A be a unital C∗-algebra andA ∈ AR. For all f ∈ CA, σ(f(A)) =
f(σ(A))

Proof. (σ(f(A)) ⊂ f(σ(A))). Suppose that λ /∈ f(σ(A)) for some f ∈ CA. Then,
λ− f(x) 6= 0 for all x ∈ σ(A). Therefore, the function g : σ(A)→ C given by

g(x) =
1

λ− f(x)

is well-defined, continuous and ((λ− f).g)(x) = 1. Therefore,

g(A)(λ1− f(A)) = (λ1− f)g(A) = ((λ− f).g)(A) = 1,

and hence λ /∈ σ(f(A)).

(f(σ(A)) ⊂ σ(f(A))). Now, suppose that λ /∈ σ(f(A)). Then, λ1 − f(A) is invert-
ible. By proposition 1.1.6 and since F(A) is a C∗-algebra which contains A, it follows
that (f(A)− λ1)−1 ∈ F(A), that is, there exists some function g ∈ CA such that

g(A)(f(A)− λ1) = (f(A)− λ1)g(A) = 1 =⇒ (g(f − λ))(A) = 1.

Hence, g(x)(f(x) − λ) = 1 on σ(A), which implies that f(x) − λ 6= 0 on σ(A), i.e.,
λ 6= f(σ(A)).

Proposition 1.1.9. Let A be a unital C∗-algebra, A ∈ AR and τ any *-automorphism on
A. For all f ∈ CA, τ(f(A)) = f(τ(A)).

Proof. If τ is a *-automorphism on A, and A ∈ AR, then clearly τ(A) ∈ AR. Moreover,
for any B ∈ A,

τ(1)B = Bτ(1) = τ(τ−1(B)) = B =⇒ τ(1) = 1.

In particular, this implies that σ(τ(A)) = σ(A). Since any *-automorphism on C∗-
algebras is continuous (this is proven later in the text, see proposition 1.2.1) and for any
polynomial p ∈ PA, one has τ(p(A)) = p(τ(A)), by the density of PA on CA, the propo-
sition follows.
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1.1.4 Positive elements
The existence of a continuous functional calculus in a C∗-algebra allows one to explore
some decomposition properties of the algebra. One important decomposition that is stud-
ied in this section is the decomposition into positive elements. Roughly speaking, the
positive elements of a C∗-algebra resemble the positive numbers in the real line: for ex-
ample, an element of a C∗-algebra can be decomposed in positive elements in a similar
way that a complex number can have its real and imaginary parts decomposed as the sub-
traction of positive numbers. Such decomposition allows one to define a partial order in a
C∗-algebra, and turns out to be useful when studying, for example, the linear functionals
on a C∗-algebra, as it shall be seen in the next section.

Definition 1.1.12. Let A be a *-algebra and A ∈ A. A is defined to be positive if it is
self-adjoint and σ(A) ⊂ [0,+∞). The set of all positive elements of A is denoted by A+.

Lemma 1.1.1. Let A be a unital C∗-algebra and A ∈ AR. Then A is positive if, and only
if,
∥∥∥1− A

‖A‖

∥∥∥ ≤ 1. Moreover, if ‖A‖ ≤ 1 and ‖1− A‖ ≤ 1, then A is positive.

Proof. If A is positive then σ(A) ⊂ [0, ‖A‖]. By theorem 1.1.1, one has σ
(
1− A

‖A‖

)
=

σ(1)− 1
‖A‖σ(A) ⊂ [0, 1], and therefore

∥∥∥1− A
‖A‖

∥∥∥ = sup
∣∣∣σ (1− A

‖A‖

)∣∣∣ ≤ 1. Conversely,

since A is self-adjoint by hypotesis,
∥∥∥1− A

‖A‖

∥∥∥ ≤ 1 implies

σ

(
1− A

‖A‖

)
⊂ [−1, 1] =⇒ σ(1)− σ(A) ⊂ [−‖A‖, ‖A‖] =⇒

=⇒ σ(A) ⊂ [−‖A‖, ‖A‖] + ‖A‖σ(1) = [0, 2‖A‖].

Hence, A is positive.

Now if A ∈ AR, then 1 − A ∈ AR. Thus ‖1 − A‖ ≤ 1 implies σ(1 − A) =
σ(1)− σ(A) ⊂ [−1, 1] =⇒ σ(A) ⊂ [0, 2] and hence A is positive.

The next proposition allows one to define a partial order in a unital C∗-algebra:

Proposition 1.1.10. Let A be a unital C∗-algebra. Then, A+ is a closed convex cone with
the property

A+ ∩ (−A+) = {0},

Proof. Let A ∈ A+ ∩ (−A+). Then clearly one must have σ(A) = ‖A‖ = 0, and hence
A = 0. If A ∈ A+ and λ ≥ 0, then clearly λA ∈ A+, since σ(λA) = λσ(A) ⊂ [0, λ‖A‖].
To conclude it will be shown that if A,B ∈ A+ then A+B

2
∈ A+. Clearly, it is sufficient to

consider only the case where ‖A‖ = 1 and ‖B‖ ≤ 1. Then, from the triangle inequality,
one has ∥∥∥∥A+B

2

∥∥∥∥ ≤ 1, (1.19)

and
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∥∥∥∥1− A+B

2

∥∥∥∥ ≤ ‖1− A‖2
+
‖1−B‖

2
.

From Lemma 1.1.1, since A is positive and ‖A‖ = 1, it follows that ‖1 − A‖ ≤ 1.
Futhermore, ‖1 − B‖ = σ(1 − B) = σ(1) − σ(B) ⊂ [1 − ‖B‖, 1] ⊂ [0, 1], since
‖B‖ ≤ 1. Therefore, ‖1−B‖ ≤ 1, and hence,∥∥∥∥1− A+B

2

∥∥∥∥ ≤ ‖1− A‖2
+
‖1−B‖

2
≤ 1. (1.20)

From eq.s 1.19, 1.20 and lemma 1.1.1 it follows that A+B
2
∈ A+.

Corollary 1.1.3. Let A be a unital C∗-algebra, and � a binary relation over A defined
by

A � B ⇐⇒ A−B ∈ A+. (1.21)

Then, � is a partial order in A. Moreover, note that A+ = {A ∈ A;A � 0}.

Proof. From proposition 1.1.10, it is straightforward to see that, for all A,B,C ∈ A, the
binary relation � satisfies

(a) A � A,

(b) if A � B and B � C, then A � C,

(c) if A � B and B � A, then A = B.

Lemma 1.1.2. Let A be a *-algebra. Then, any element A ∈ A has a unique decomposi-
tion in terms self-adjoint elements A1, A2, of the form

A = A1 + iA2

Proof. Taking the conjugate of the above equation, one has

A = A1 + iA2, (1)

A∗ = A1 − iA2. (2)

(1) + (2) =⇒ A1 = (A+ A∗)/2, and (1)− (2) =⇒ A2 = (A− A∗)/2i. It is easy
to check that A1, A2 are self-adjoints.

Proposition 1.1.11. Let A be a unital C∗-algebra. Then,

(a) for all A ∈ A+, there is a unique element
√
A ∈ A+ such that

√
A.
√
A = A,

(b) for all A ∈ AR there are elements A+, A− ∈ A+ such that A = A+−A−, ‖A±‖ ≤
‖A‖, and A+.A− = 0.
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Proof. (a) Consider the continuous function f(x) =
√
x. Since A ∈ A+, then f is

continuous on σ(A) and hence define
√
A

.
= f(A). By proposition 1.1.8,

√
A ∈ A+,

and by theorem 1.1.4, it follows that
√
A.
√
A = A. To show that

√
A is unique, suppose

there is another B ∈ A+ such that B2 = A. Then, since A ∈ F(B), it follows that
F(A) ⊂ F(B). Therefore,

√
A ∈ F(B), i.e.,

√
A = f(B) for some f ∈ CB. Taking the

square on both sides, one has:

√
A

2
= B2 = (f(B))2 = f 2(B) ⇐⇒ (id2−f 2)(B) = 0 ⇐⇒ f = ± id or B = 0.

If B = 0, then A = B =
√
A = 0. Now, suppose B 6= 0. Then, If f = − id, one has

B = −
√
A /∈ A+. Hence, f = id and

√
A = B.

(b) Now, consider the continuous functions f±(x) = (|x| ± x)/2. Then, for all
A ∈ AR, it follows from proposition 1.1.8 that A± .

= f±(A) ∈ A+ and ‖A±‖ =
sup

∣∣f±([−‖A‖, ‖A‖])
∣∣ ≤ ‖A‖. Moreover, from theorem 1.1.4 it follows that A =

A+ − A− and A+.A− = 0.

Corollary 1.1.4. Let A be a unital C∗algebra and A ∈ A. Then, there exists some
A+
re, A

−
re, A

+
im, A

−
im ∈ A+ such that

(a) A = Are
+ − A−re + i(A+

im − A−im),

(b) ‖A±re(im)‖ ≤ ‖A‖,

(c) A+
re.A

−
re = A+

im.A
−
im = 0.

Proof. This easily follows from applying 1.1.2 on A and 1.1.11 on A1 and A2.

The above decomposition of an element of a C∗-algebra into positive elements is
called the orthogonal decomposition. Another useful decomposition of a C∗-algebra ele-
ment is the following:

Proposition 1.1.12. Let A be a unital C∗-algebra, Then, any element A ∈ A can be
written as a linear combination of unitary elements.

Proof. If A = 0, then the proposition is obvious, Let A 6= 0. By the previous lemma,
it suffices to prove it only for A self-adjoint. And if A is self-adjoint and A 6= 0, then
σ(A) ⊂ [−‖A‖, ‖A‖], and on can write

A = ‖A‖B, where B =
A

‖A‖

and σ(B) ⊂ [−1, 1]. Hence, σ(1 − B2) ⊂ [0, 1], and thus
√
1−B2 is well-defined.

Consider the elements

B1 =B + i
√
1−B2,

B2 =B − i
√
1−B2.
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It is easy to see that B1, B2 are unitary, and B = (B1 +B2)/2. Hence,

A =
‖A‖

2
B1 +

‖A‖
2
B2.

To finish, it is shown another useful property of the positive elements of a C∗-algebra:

Proposition 1.1.13. Let A be a unital C∗-algebra and A ∈ A. Then, the following
conditions are equivalent:

(a) A ∈ A+,

(b) A = B∗B for some B ∈ A.

Proof. (a) =⇒ (b) This easily follows from proposition 1.1.11, with B =
√
A.

(c) =⇒ (a) By proposition 1.1.11, B∗B can be decomposed as

B∗B = C+ − C−,
where C± ∈ A+ and C+C− = 0. First, note that

(BC−)∗(BC−) = C−(C+ − C−)C− = −(C−)3 ∈ (−A+). (1.22)

Moreover, by lemma 1.1.2, one has

BC− = F + iG,

where F,G ∈ AR. Then, it follows that

(BC−)(BC−)∗ + (BC−)∗(BC−) = 2(F 2 + S2) =⇒
(BC−)(BC−)∗ = (C−)3 + 2(F 2 + S2) ∈ A+. (1.23)

Proposition 1.1.5 implies σ((BC−)∗(BC−)) ∪ {0} = σ((BC−)(BC−)∗) ∪ {0}. Hence,
by eq. 1.23, one has (BC−)∗(BC−) ∈ A+, but by eq. 1.22, one has (BC−)∗(BC−) ∈
(−A+). Therefore, (BC−)∗(BC−) = −(C−)3 = 0 and by proposition 1.1.8 it follows
that C− = 0, which implies B∗B = C+ ∈ A+.

1.2 Representations and States
Another important topic with physical relevance in the theory of C∗-algebras is the study
of their representations. As already said in the introduction, in order to recover, to some
extent, the Hilbert space formalism of quantum mechanics described in the early theo-
ries of Heisenberg and Schrödinger, it should be possible to represent a C∗-algebra as
linear operators acting on some Hilbert space. Moreover, for the theory to be capable
of dealing with phenomena emerging from the infinite-particle system idealization, such
as phase transitions, there should also exist non-equivalent representations of the same
C∗-algebra. If fact, both of these assertions holds, and the existence and non-equivalence
of C∗-algebra representations is closely related to the study of its states, which will be
discussed in the next section. Here it is presented a brief introduction to some elementary
properties of C∗-algebras representations, that will be useful when talking about repre-
sentations associated with states.
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1.2.1 Representations
Definition 1.2.1. Let A,B be two ∗-algebras. A *-morphism between A and B is a
mapping π: A ∈ A 7→ π(A) ∈ B satisfying

(a) π(αA+ βB) = απ(A) + βπ(B),

(b) π(AB) = π(A)π(B),

(c) π(A∗) = π(A)∗,

for all A,B ∈ A and α, β ∈ C. Moreover, the range of π, denoted by Bπ, is defined as
Bπ = {π(A) | A ∈ A}.

Lemma 1.2.1. Let A be a unital C∗-algebra and P ∈ A a nonzero projection (i.e., a
nonzero self-adjoint element such that P 2 = P ). Then, ‖P‖ = 1 and PAP is a unital
C∗-algebra, with 1PAP = P .

Proof. Note that P 2 = P implies ‖P‖2 = ‖P 2‖ = ‖P‖, and hence, ‖P‖ = 0 or 1. Since
P is nonzero by hypothesis it follows that ‖P‖ = 1. Now, clearly PAP is a normed ∗-
algebra with the norm inherited from A – that satisfies the C∗-property – and 1PAP = P .
Therefore, to show that PAP is a C∗-algebra it suffices to show that PAP is closed in A.
Let {PAnP} be a sequence in PAP that converges to A ∈ A, and m ∈ N be such that
‖PAmP − A‖ < ε

2
. Then,

‖A− PAP‖ =‖A− PAmP + PAmP − PAP‖ ≤ ‖A− PAmP‖+
‖P (PAmP − A)P‖ ≤ ‖A− PAmP‖(1 + ‖P‖2) < ε.

Since ε can be arbitrarily small, it follows that A = PAP ∈ PAP .

The next lemma is provides a useful result for the proof of the next proposition. How-
ever, since proving it requires some properties of C∗-algebras that are unimportant to the
rest of this thesis, its proof is omitted here, but it can be found in ([1], section 2.2.3).

Lemma 1.2.2. Let A,B be a unital C∗-algebras and π a *-morphism between A and B.
Then, the quotient algebra Aπ = A/ ker(π) is a C∗-algebra.

Proposition 1.2.1. Let A,B be unital *-algebras with the C∗-norm property and π a *-
morphism between A and B. Then, π is continuous with ‖π(A)‖ ≤ ‖A‖. Moreover, if A
and B are C∗-algebras, π maps positive elements of A into positive elements of B, and
its range Bπ is a C∗-sub-algebra of B.

Proof. If A,B are unital *-algebras with the C∗-norm property, then clearly A,B are
C∗-algebras. Moreover, note that π(1) is a projection in B. Hence, by lemma 1.2.1,
B̃ = π(1)Bπ(1) is a unital C∗-algebra with the norm inherited by B and 1B̃ = π(1).
Since π(A) ⊂ B̃, consider π as a ∗-morphism between A and B̃. Given A ∈ A, suppose
λ ∈ rA(A). Then,

π(λ1− A)π((λ1− A)−1) = π((λ1− A)(λ1− A)−1) = π(1) = 1B̃,



CHAPTER 1. C*-ALGEBRAS 29

that is, π((λ1−A)−1) is the inverse of π(λ1−A) in B̃. Thus, one has rA(A) ⊂ rB(π(A))
or, equivalently, σB̃(π(A)) ⊂ σA(A). Therefore,

‖π(A)‖2 = ‖π(A∗A)‖ = ρB̃(π(A∗A))
1
2 ≤ ρA(A∗A)

1
2 = ‖A∗A‖ = ‖A‖2.

Hence, ‖π(A)‖ ≤ ‖A‖ for all A ∈ A and π is continuous.

Now, assume that A,B are C∗-algebras. Let A ∈ A+. By proposition 1.1.13, A =
B∗B for some B ∈ A. Hence, π(A) = π(B∗B) = π(B∗)π(B) = π(B)∗π(B) ∈ B+.

Finally, to prove that Bπ = {π(A) | A ∈ A} is a C∗-sub-algebra of B, it suffices
to show that Bπ is closed in B, since Bπ is clearly a *-sub-algebra of B. Let π̂ be the
∗-isomorphism between Aπ = A/ ker(π) and Bπ given by

π̂ : Aπ → Bπ, π̂(Â) = π(A),

where Â = {A + I | I ∈ ker(π)}. Since from lemma 1.2.2 it follows that Aπ is a C∗-
algebra, applying the first statement of the proposition to both π̂ and its inverse π̂−1, it
follows that

‖π̂(Â)‖ ≤ ‖Â‖, and ‖π̂(Â)‖ ≤ ‖π̂−1(π̂(Â))‖ = ‖Â‖.

Hence, ‖π̂(Â)‖ = ‖Â‖ and since Aπ is closed, it is not hard to see that Bπ is also
closed.

Definition 1.2.2. Let A be a C∗-algebra. A representation of A is defined to be a pair
(H, π), where H is a complex Hilbert space and π is a *-morphism of A into L(H), the
algebra of bounded operators acting on H. The representation is said to be faithful if π is a
*-isomorphism between A and π(A). Moreover, two representations (H1, π1), (H2, π2) of
the same algebra A are said to be equivalent if there exists a unitary operator U : H1 → H2

such that

π1(A) = U−1π2(A)U for all A ∈ A.

Proposition 1.2.2. Let A be a unital C∗-algebra and (H, π) be a representation of A.
Then the following conditions are equivalent:

(a) ker π = {0},

(b) ‖π(A)‖ = ‖A‖ for all A ∈ A,

(c) π(A) � 0 for all A � 0.

Proof. (a) =⇒ (b) Since ker(π) = {0}, then π is a ∗-isomorphism, and since L(H) is
also a C∗-algebra, one can apply proposition 1.2.1 to π and π−1 to obtain

‖π−1(π(A))‖ = ‖A‖ ≤ ‖π(A)‖ ≤ ‖A‖.

for any A ∈ A. Hence, (b) follows.
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(b) =⇒ (c) If A � 0 then ‖A‖ > 0 and by (b) ‖π(A)‖ > 0. But by proposition 1.2.1
π(A) is positive, and hence π(A) � 0.

(c) =⇒ (a) If (a) is false then ∃ B ∈ ker π with B 6= 0. Since A a C∗-algebra, one
has ‖B∗B‖ = ‖B‖2 > 0 =⇒ B∗B 6= 0. Also, by theorem proposition 1.1.13, B∗B is
positive, hence B∗B � 0. But π(B∗B) = π(B∗)π(B) = 0, therefore (c) is false.

Corollary 1.2.1. Let A be a unital C∗-algebra and τ a ∗-automorphism on A. Then, τ is
isometric.

Proof. Since every automorphism is an isomorphism, it follows that ker(τ) = {0}, and
hence, by the above proposition, ‖τ(A)‖ = ‖A‖ for all A ∈ A.

Sometimes, the representation (H, π) of aC∗-algebra A can be “split” into other repre-
sentations: if H1 is a closed subspace of H that is invariant under π, i.e., π(A)H1 ⊂ H1 for
all A ∈ A, then it is not hard to see that, defining π1 : A→ L(H1), π1⊥ : A→ L(H1⊥) by
π1(A) = PH1π(A)PH1 and π1⊥(A) = PH1⊥

π(A)PH1⊥
, the pairs (π1,H1) and (π1⊥ ,H1⊥)

are also representations of A, with H = H1 ⊕ H1⊥ and π = π1 ⊕ π1⊥ . Note that if a
representation (π,H) of A can be decomposed in such a way for a nontrivial H1, then
clearly the orbit of any nonzero vector in H1 under π(A) can never reach a nonzero vector
in H1⊥ , and vice-versa. The next definitions formalize the observations discussed above:

Definition 1.2.3. Let H be a Hilbert space, Ω ∈ H and M ⊂ L(H). Ω is said to be cyclic
for M if the set {AΩ;A ∈ M} is dense in H. A cyclic representation of a C∗-algebra A
is defined to be triple (H, π,Ω), where (H, π) is a representation of A and Ω is a vector in
H which is cyclic for π in H.

Definition 1.2.4. Let H be a Hilbert space and M ⊂ L(H). M is said to be irreducible
when the only closed subspaces V ⊂ H which are invariant under the action of M are
{0} and H. A representation (π,H) of a C∗ -algebra A is said to be irreducible if π(A) is
irreducible on H.

It is also possible for a representation (H, π) of a C∗-algebra A to be nontrivial but
nonetheless possess a trivial part. This is the case when π(A)H $ H. It is not hard to
see that this holds if and only if the set H0

.
= {ψ ∈ H | π(A)ψ = 0 for all A ∈ A}

is nontrivial. Since H0 is clearly a closed subspace of H, then π can be decomposed as
π = π0 ⊕ π0⊥ , where π0(A) = 0 for all A ∈ A. Hence, if H0 6= {0}, it follows that
π(A)H = π0⊥(A)H⊥0 = H⊥0 $ H. The representations with nontrivial H0 are called
nondegenerate, as properly defined below:

Definition 1.2.5. Let A be a C∗-algebra and (H, π) a representation of A. Consider the
set

H0
.
= {ψ ∈ H | π(A)ψ = 0 for all A ∈ A}.

If H0 = {0}, then the representation (H, π) is said to be nondegenerate. otherwise, (H, π)
is said to be degenerate.

Proposition 1.2.3. Let A be a unital C∗-algebra and (H, π) a representation of A. Then
(H, π) is nondegenerate if, and only if, π(1) = 1L(H).
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Proof. As already stated before, π(1) is a projection in L(H). If π(1) 6= 1L(H), then
(π(1)H)⊥ 6= {0}, and for all ψ ∈ (π(1)H)⊥, it follows that

π(A)ψ = π(A1)ψ = π(A)π(1)ψ = 0 for all A ∈ A.

Hence, (π(1)H)⊥ ⊂ H0 6= {0} and (H, π) is degenerate. Now, assume π(1) = 1L(H) and
suppose that (H, π) is degenerate. Then, ∃ ψ ∈ H0 with ψ 6= 0. But π(1)ψ = ψ 6= 0, and
hence ψ /∈ H0. Absurd, thus (H, π) is nondegenerate.

Proposition 1.2.4. Let A be a C∗-algebra and (H, π,Ω) a cyclic representation of A.
Then, (H, π) is nondegenerate.

Proof. Suppose that (H, π) is degenerate and let ψ ∈ H0, ψ 6= 0. Since Ω is cyclic for
π(A), ∃ A ∈ A such that (π(A)Ω, ψ) 6= 0. Then, it follows that

(π(A)Ω, ψ) = (Ω, π(A∗)ψ) 6= 0,

and hence, π(A∗)ψ 6= 0. Absurd, since ψ ∈ H0. Thus, (H, π) is nondegenerate.

Corollary 1.2.2. Let A be a unital C∗-algebra and (H, π,Ω) a cyclic representation of A.
Then, π(1) = 1L(H).

Proof. This easily follows from the last two propositions.

Some relevant properties of a representation (H, π) of a C∗-algebra A (for example
its irreducibility, as it will be shown soon) can be obtained by looking at the set of all
operators in L(H) that commutes with π(A). This set, called the commutant of π(A), will
be denoted by π(A)′, as the next definition implies:

Definition 1.2.6. Given a set M of bounded operators on a Hilbert space H, the set of all
bounded operators on H which commute with every operator in M is called the commutant
of M and will be denoted by M′. The double commutant of M, i.e., (M′)′, will be
denoted by M′′, and so on.

Lemma 1.2.3. Let A be a unital C∗-algebra and M ⊂ A a self-adjoint set. Then M′ is a
unital C∗-algebra.

Proof. Clearly M′ is an algebra with the C∗-norm property and 1 ∈ M′. Moreover,
since M is a self-adjoint set, it is not hard to check that M′ is also a ∗-algebra. From the
continuity of the product, it also easily follows that M′ is closed in A. Hence, M′ is a
C∗-algebra.

Proposition 1.2.5. Let M be a subset of an arbitrary algebra. It follows that M′ = M′′′.

Proof. Let A ∈ M′. Then, by definition of M′′, A commutes with every element of
M′′. Hence, A ∈ M′′′. Now let A ∈ M′′′. Then, A commutes with every element of
M′′. Moreover, by the definition of M′, it follows that all elements of M commutes with
elements of M′. Hence, M ⊂M′′, and thus A also commutes with every element of M;
that is, A ∈M′.
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In the context of bounded operators on a Hilbert space H, the double commutant has
some important properties. It can be shown that for a self-adjont ∗-algebra M on L(H),
its double commutant M′′ is the closure of M in the strong (or weak; in this scenario
they coincide) operator topology. The ∗-sub-algebras M ⊂ L(H) such that M = M′′ are
called von Neumann algebras. From the above proposition, it clearly follows that for any
self-adjoint set M of L(H), M′ is a von Neumann algebra. von Neumann algebras com-
monly appear when dealing with representations of C∗-algebras (in fact, von Neumann
algebras are also C∗-algebras), and one of the main results for them is that one can extend
the functional calculus of continuous functions to measurable functions. However, since
they are not fundamentally needed for the development of the results presented here, its
discussion shall be omitted.

Proposition 1.2.6. Let H be a Hilbert space and M a self-adjoint set of bounded opera-
tors on H. Consider the following conditions:

(a) every nonzero vector ψ ∈M is cyclic for M ∈ H, or M = {0} and H = C,

(b) M′ consists of multiples of the identity operator,

(c) M is irreducible.

It follows that (a) =⇒ (b) ⇐⇒ (c). Moreover, if M is also an algebra, then all three
conditions are equivalent.

Proof. (a) =⇒ (b). If M = {0} and H = C, then clearly (b) follows. Now, suppose
there is some A ∈M′ that is not a multiple of the identity operator. By lemma 1.2.3, M′

is, in particular, a ∗-algebra, so A+A∗

2
and A−A∗

2i
belong to M′. But if A is not a multiple

of the identity, then A+A∗

2
or A−A∗

2i
(which are self-adjoint) must also not be a multiple of

identity. Hence, without loss of generality, assume that A is self-adjoint. Also, note that
σ(A) must have at least two distinct elements; otherwise, if σ(A) had only one element,
say λ, then σ(A − λ1) = {0} =⇒ A = λ1. Let λ1, λ2 be two elements of σ(A) such
that λ1 < λ2. Since M′ is a C∗-algebra, F(A) ⊂M′. Define

f1 : σ(A)→ C, f1(x) =


1, if 0 ≤ x ≤ λ1

1−
(

x−λ1
λ1+λ2

2
−λ1

)
, if λ1 < x ≤ λ1+λ2

2

0, if x > λ1+λ2

2

and

f2 : σ(A)→ C, f2(x) =


0, if 0 ≤ x ≤ λ1+λ2

2(
x−λ1+λ2

2

λ2−λ1+λ2
2

)
, if λ1+λ2

2
< x ≤ λ2

1, if x > λ2

.

It is not hard to see that f1,2 ∈ CA, (f1.f2)(x) = 0, and ‖f1,2(A)‖ = ‖f1,2‖∞ = 1. For
i = 1, 2, let vi ∈ fi(A)(H) \ {0}. Then, vi = fi(A)ψi for ψi ∈ H \ {0}. Also,

f1(A)v2 = f1(A)f2(A)ψ2 = (f1.f2)(A)ψ2 = 0,
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and thus v2 ∈ Ker(f1(A)). For any B ∈M, it follows that

(v2, Bv1) = (v2, Bf1(A)ψ1) = (v2, f1(A)Bψ1) = (f1(A)v2, Bψ1) = 0.

Hence, M is not cyclic for v1.
(c) =⇒ (b) Again, assume (b) is false and consider the same operators f1,2(A) ∈

M′ as defined before. From the above discussion it follows that {0} 6= f2(A)(H) ⊂
Ker(f1(A)) 6= H. Since Ker(f1(A)) is closed, then f2(A)(H) is a closed subspace of H
different from {0} and H, and for any v ∈ f2(A)(H) and any B ∈M, it follows that

Bv = Bf2(A)ψ = f2(A)(Bψ) ∈ f2(A)(H).

Therefore, f2(A)(H) is invariant under the action of M and hence M is not irreducible.

(b) =⇒ (c). Suppose that M is not irreducible, and let V be a closed subspace of H
which is invariant under M. Note that, for any v ∈ V , any ω ∈ V ⊥ and any B ∈M,

(Bω, v) = (ω,B∗v) = 0.

Hence, V ⊥ is also invariant under M. From this, it can easily be checked that PV , the
orthogonal projector of V , commutes with every element of M, and therefore (c) is false.

(c) =⇒ (a). Now, assume further that M is also an algebra. Suppose that (a) is
false. For the case M = {0} and H 6= C, it clearly follows that M is not irreducible.
Hence, let M 6= {0} and ψ ∈ H be a nonzero vector that is not cyclic for M. Note that
those two conditions imply H 6= C. Define V = {Aψ;A ∈M} if {Aψ;A ∈ M} 6= {0}
or V = 〈ψ〉C otherwise. In both cases, V is a closed subspace of H, different from {0} and
H, and since M is an algebra, V is invariant under M. Hence M is not irreducible.

Corollary 1.2.3. Let H be a Hilbert space and M a self-adjoint set of bounded operators
on H. Then, M is irreducible if and only if M′′ is irreducible.

Proof. Proposition 1.2.5 affirms that M′ = M′′. Hence, equivalence (b) ⇐⇒ (c) of
proposition 1.2.6 gives the desired result.

1.2.2 States
In the Heisenberg and Schrödinger picture of quantum mechanics, the state of a quantum
system is represented by a normalized vector ψ of a Hilbert space H. In order to include
a classical statistical uncertainty in the determination of a state, they can be defined as
density matrices: positive operators in L(H) with trace equal to one. Given a density
matrix ρ, the expected value of any observable A ∈ L(H)R at the state ρ is given by
〈A〉ρ = Tr(ρA). Note that, since by definition ρ is positive and with trace one, the linear
functionalA 7→ Tr(ρA) has the property of having norm one (i.e., sup{|Tr(ρA)| | ‖A‖ =
1} = 1) and also being a positive number when computed in positive elements of L(H).
In the C∗-algebra formalism, the states of a system are defined as precisely the linear
functionals which are positive in positive elements and have norm one, where the expected
value of an observable at a state ω is given by 〈A〉ω = ω(A) (For finite-dimensional
C∗-algebras, there is a one-to-one correspondence between density matrices and linear
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functionals with norm one that are positive in positive elements; however for infinite-
dimensional C∗-algebras, the latter definition is more general than the former). In this
thesis the set of states of a C∗-algebra will be studied extensively. This section aims to
present and prove the basic topological and decomposition properties of this set, as well
as its connection with the theory of C∗-algebra representations. Later, it will be studied
the properties of certain states invariant under some specific symmetries, that are present
in the specific model analyzed here.

Definition 1.2.7. Let A be a topological vector space. The space of all continuous linear
functions over A is denoted by A∗. If A is a normed space, the norm on A induces a norm
on A∗ defined by

‖f‖ = sup{|f(A)| | ‖A‖ = 1, A ∈ A}.

Moreover if A is a C∗-algebra, the partial order � defined in corollary 1.1.3 induces a
partial order in A∗, given by

ω1 � ω2 ⇐⇒ ω1(A) ≥ ω2(A) (1.24)

for all A ∈ A+. A linear functional ω ∈ A∗ is called positive if

ω(A) � 0,

and the set of all positive elements of A∗ is denoted by A∗+, and A∗+ is a closed convex
cone such that A∗+ ∩ (−A∗+) = {0}. If A is a C∗-algebra, a positive linear functional
ω ∈ A∗+ is called a state if ‖ω‖ = 1. The set of all states of a C∗-algebra A shall be
denoted by EA.

Remark: In fact, the partial order � in A∗ can also be defined for the set of all linear
functionals over A, not necessarily continuous. However, it can be shown that every linear
functional ω satisfying ω(A) ≥ 0 for all A � 0 must also be continuous. Hence, the set
of positive elements is the same whether � is defined in A∗ or in the more general set of
all linear functionals over A.

Lemma 1.2.4. (Cauchy-Schwarz inequality). Let A be a C∗-algebra and ω ∈ A∗+. Then,
it follows that

(a) ω(A∗B) = ω(B∗A)

(b) |ω(A∗B)|2 ≤ ω(A∗A)ω(B∗B) for all A,B ∈ A

Proof. For A,B ∈ A and λ ∈ C, the positivity of ω implies that

ω((λA+B)∗(λA+B)) ≥ 0.

By linearity this becomes

|λ|2ω(A∗A) + λω(A∗B) + λω(B∗A) + ω(B∗B) ≥ 0.

The necessary and sufficient conditions for the positivity of this quadratic form in λ are
exactly the two conditions of the lemma.
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Proposition 1.2.7. Let A be a C∗-algebra and ω ∈ A∗. Then, the following conditions
are equivalent:

(a) ω ∈ A∗+,

(b) ‖ω‖ = ω(1).

Proof. (a) =⇒ (b) If ω ∈ A∗+, from lemma 1.2.4 it follows that

|ω(A)|2 ≤ ω(A∗A)ω(1) for all A ∈ A. (1.25)

Now, note that by lemma 1.1.1 ‖A‖2
1− A∗A is positive for all A ∈ A. Hence,

ω(‖A‖2
1− A∗A) = ‖A‖2ω(1)− ω(A∗A) ≥ 0 =⇒

=⇒ ω(A∗A) ≤ ‖A‖2ω(1) for all A ∈ A. (1.26)

Eq. 1.25 together with eq. 1.26 yelds

|ω(A)| ≤ ‖A‖ω(1) for all A ∈ A.

This establishes that ‖ω‖ = sup{|ω(A)|; ‖A‖ = 1} = ω(1).

(b) =⇒ (a) First note that, by the definition of the norm on A∗+, one has

|ω(A)| ≤ ‖ω‖‖A‖ (1.27)

for all ω ∈ A∗+ and A ∈ A. If ‖ω‖ = 0, then ω = 0 ∈ A∗+. If ‖ω‖ 6= 0, Asssume, without
loss of generality, that ‖ω‖ = 1 (one can always re-scale ω by 1

‖ω‖ and if ω
‖ω‖ is positive,

then ω also is). The first step is to show that for all A ∈ AR, ω(A) ∈ R. Given A ∈ AR,
set

ω(A) = α + iβ α, β ∈ R.

Then, for any real γ it follows that

ω(A+ iγ1) = α + i(β + γ).

Since σ(A+ iγ1) = σ(A) + iγσ(1) and A ∈ AR, one has

ρ(A+ iγ1) = |ρ(A) + iγ| =
√
‖A‖2 + γ2.

But A+ iγ1 is normal and hence, by theorem 1.1.2, its norm is given by

‖A+ iγ1‖ = ρ(A+ iγ1) =
√
‖A‖2 + γ2. (1.28)

Therefore, combining eq. 1.28 with eq. 1.27 and the fact that |β + γ| ≤ |ω(A + iγ1)|,
one has

|β + γ| ≤
√
‖A‖2 + γ2 =⇒ β2 + 2βγ ≤ ‖A‖2. (1.29)
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Since eq. 1.29 must hold for all γ ∈ R, it follows that β = 0, and hence ω(A) ∈ R.
Finally, note that ∥∥∥∥1− A∗A

‖A‖2

∥∥∥∥ ≤ 1

for any A ∈ A, by lemma 1.1.1. Thus, by eq. 1.27∣∣∣∣ω(1)− ω(A∗A)

‖A‖2

∣∣∣∣ ≤ 1 (1.30)

for all A ∈ A. But since ω(1) = 1 and ω(A∗A) is real, for eq. 1.30 to hold it is necessary
that

ω(A∗A) ≥ 0.

Thus, ω is positive.

Corollary 1.2.4. Let A be a unital C∗-algebra. Then, the set EA of states over A is
nonempty and convex.

Proof. Let B = C.1 ⊂ A and define in B the linear functional

f(λ1) = λ.

Clearly f is bounded and ‖f‖B = 1. By the Hahn-Banach theorem, there exists a bounded
linear extension ω of f on A such that ‖ω‖ = ‖f‖B = 1. Moreover, ω(1) = f(1) = 1,
and hence by proposition 1.2.7, ω ∈ EA. Let ω1, ω2 ∈ EA. Then, for any λ ∈ [0, 1],
clearly λω1 + (1− λ)ω2 is positive and by proposition 1.2.7

‖λω1 + (1− λ)ω2‖ = λω1(1) + (1− λ)ω2(1) = λ‖ω1‖+ (1− λ)‖ω2‖ = 1.

Hence, λω1 + (1− λ)ω2 ∈ EA.

Definition 1.2.8. Let A be a unital C∗-algebra and ω ∈ EA. ω is said to be pure if the
only positive linear functionals ω′ ∈ A∗+ such that ω � ω′ are given by ω′ = αω for
0 ≤ α ≤ 1.

Proposition 1.2.8. Let A be a unital C∗-algebra and ω ∈ EA. Then, ω is pure if, and only
if, ω is an extreme point of the convex set EA.

Proof. Suppose ω is pure and let ω1, ω2 ∈ EA be such that ω = λω1 + (1−λ)ω2 for some
λ ∈ [0, 1]. Then, clearly ω � λω1 and ω � (1 − λ)ω2. Since ω is pure, it follows that
ω � c1ω1 and ω � c2ω2 for some c1, c2 ∈ [0, 1], but as ω, ω1 and ω2 are normalized, one
has c1 = c2 = 1 and hence ω1 = ω2 = ω. Thus, ω is an extreme point. Now suppose ω is
not pure. Then, ∃ ω1 ∈ A∗+ with ω1 6= αω for any α ∈ [0, 1], such that

ω � ω1 = ‖ω1‖.
ω1

‖ω1‖
= ‖ω1‖ω̃1,

where ω̃1 is a state. Note also that ‖ω1‖ ≤ 1, since ω � ω1 implies ω(1) ≥ ω1(1) =⇒
1 = ‖ω‖ ≥ ‖ω1‖. Define ω̃2 ∈ A∗ by
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ω̃2 =
1

1− ‖ω1‖
(ω − ‖ω1‖ω̃1).

It is not hard to see that ω̃2 is a state and ω = ‖ω1‖ω̃1 + (1 − ‖ω1‖)ω̃2, where ‖ω1‖ ≤ 1
and ω 6= ω̃1. Hence, ω is not an extreme point.

Definition 1.2.9. Let A be a unital C∗-algebra, andEA the set of states over A. The subset
of extreme points (or equivalently, of pure states) of EA will be denoted by EA.

1.2.3 States and representations
Given a representation (H, π) of a C∗-algebra A and a vector Ω ∈ H, one can define a
linear functional ωΩ ∈ A∗ by

ωΩ(A)
.
= (Ω, π(A)Ω) for all A ∈ A. (1.31)

ωΩ is also positive, since

ωΩ(A∗A) = (Ω, π(A∗A)Ω) = (Ω, π(A)∗π(A)Ω) = (π(A)Ω, π(A)Ω) = ‖(π(A)Ω‖2 ≥ 0.

Moreover, if (H, π) is nondegenerate and ‖Ω‖ = 1, then with the help of proposition 1.2.3
it is easy to see that ωΩ is also a state. States given by a scalar product as in eq. 1.31 are
usully refered to as vector states. In fact, it is true that, for any state ω of a C∗-algebra
A, there exists a cyclic representation (H, π,Ω) of A such that ω is a vector state given by
ω(A) = (Ω, π(A)Ω) as in eq. 1.31. The construction of such representation is called the
GNS construction:

Theorem 1.2.1 (GNS construction). Let A be a unital C∗-algebra and ω ∈ EA. Then,
there exists a cyclic representation (Hω, πω,Ωω) of A such that

ω(A) = (Ωω, πω(A),Ωω)

for all A ∈ A and ‖Ωω‖2 = ‖ω‖ = 1.

Proof. First note that, for any A ∈ A, ‖A∗A‖1 − A∗A = ‖A‖2
1 − A∗A is positive, and

hence by proposition 1.1.13 ‖A‖2
1 − A∗A = B∗B for some B ∈ A. Therefore, for any

C ∈ A, one as

‖A‖2C∗C − (AC)∗AC = C∗(‖A‖2 − A∗A)C = (BC)∗BC � 0 =⇒
‖A‖2C∗C � (AC)∗AC.

Now, let Iω ⊂ A be the complex vector subspace of A given by

Iω
.
= {A ∈ A | ω(A∗A) = 0}.

In particular, for any I ∈ Iω, by the Cauchy-Schwarz inequality for states, it is easy to
see that ω(I) = 0. Let A ∈ A and I ∈ Iω. Then, by the above observation, it follows that
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0 ≤ ω((AI)∗AI) ≤ ω(‖A‖2I∗I) = 0 =⇒ ω((AI)∗AI) = 0,

i.e., Iω is also a left ideal of A. Hence, for any A,B ∈ A and any I1, I2 ∈ Iω,

ω((A+ I1)∗(B + I2)) = ω(A∗B) + ω(A∗I2) + ω(B∗I1) + ω(I∗1I2) = ω(A∗B). (1.32)

Let H̃ω = A/Iω, and for Â, B̂ ∈ H̃ω, define a sesquilinear form on H̃ω by

(Â, B̂)
.
= ω(A∗B).

The well-definiteness of such form is a consequence of eq. 1.32. Moreover, by the defi-
nition of Iω, it is straightfoward to see that this is actually a scalar product on H̃ω. Let Hω

be the completion of H̃ω, and define a function π̃ω : A→ H̃ω by

π̃ω(A)B̂ = ÂB, for all A,B ∈ A.

it is easy to see that π̃ω is linear, and since Iω is a left ideal of A, π̃ω is well-defined.
Moreover for any A,B,C ∈ A, π̃ω satisfies

π̃ω(AB)Ĉ = ÂBC = π̃ω(A)B̂C = π̃ω(A)π̃ω(B)Ĉ,

i.e., π̃ω(AB) = π̃ω(A)π̃ω(B). Moreover, for any A,B ∈ A,

‖π̃ω(A)B̂‖2 = ω((AB)∗AB) ≤ ‖A‖2ω(B∗B) = ‖A‖2‖B̂‖2
H̃ω
.

Therefore, for any A ∈ A, π̃ω(A) is continuous on H̃ω, and hence there exists a unique
linear extension πω(A) of π̃ω(A) on Hω. By continuity, it also follows that πω(AB) =
πω(A)πω(B) for any A,B ∈ A. Finally, define Ωω

.
= 1̂. Then, it is easy to see that for

any A ∈ A

(Ωω, πω(A)Ωω) = (Ωω, π̃ω(A)Ωω) = ω(A).

Hence, the triple (Hω, πω,Ωω) satisfies the hypothesis of the theorem.

Remark: The GNS construction also holds even if A is not unital, with some modifi-
cations on how to choose the vector Ωω. Moreover, if A is separable, then it can easily be
seen that Hω will also be separable.

Theorem 1.2.2. Let A be a unital C∗-algebra and ω ∈ EA. Then, there exists a cyclic
representation (Hω, πω,Ωω) of A such that

ω(A) = (Ωω, πω(A),Ωω)

for all A ∈ A and ‖Ωω‖2 = ‖ω‖ = 1. Moreover, the representation is unique up to
unitary equivalence.

Proof. The existence some representation satisfying the hypothesis of the theorem is guar-
anteed by the GNS construction. Suppose that (H̃ω, π̃ω, Ω̃ω) is a second cyclic represen-
tation such that
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ω(A) = (Ω̃ω, π̃ω(A), Ω̃ω).

Define, on the dense set Dω
.
= {πω(A)Ωω;A ∈ A} of Hω, an operator U as

U(πω(A)Ωω) = π̃ω(A)Ω̃ω

By corollary 1.2.2, clearly UΩω = Ω̃ω, and since π, π̃ are morphisms, U is linear. More-
over, for any πω(A)Ωω ∈ Dω

‖Uπω(A)Ωω‖2 = ‖π̃ω(A)Ω̃ω‖2 = ω(A∗A) = ‖πω(A)Ωω‖2.

Hence, U is bounded on Dω and can be linearly extended to Hω. Moreover, for any
v1 = limn→∞ πω(An)Ωω ∈ Hω, v2 = limn→∞ πω(Bn)Ωω ∈ Hω, it follows that

(Uv1, Uv2) = (lim
n
Uπω(An)Ωω, lim

n
Uπω(Bn)Ωω) = (lim

n
π̃ω(An)Ω̃ω, lim

n
π̃ω(Bn)Ω̃ω)

= lim
n

(
lim
m

(π̃ω(An)Ω̃ω, π̃ω(Bm)Ω̃ω)
)

= lim
n

(
lim
m
ω(A∗nBm)

)
= lim

n

(
lim
m

(πω(An)Ωω, πω(Bm)Ωω)
)

= (lim
n
πω(An)Ωω, lim

n
πω(Bn)Ωω)

= (v1, v2).

Hence, U is unitary. Also,

U−1π̃ω(B)Uv1 = lim
n
U−1π̃ω(B)Uπω(An)Ωω = lim

n
U−1π̃ω(B)π̃ω(An)Ω̃ω

= lim
n
U−1π̃ω(BAn)Ω̃ω = lim

n
πω(BAn)Ωω = πω(B) lim

n
πω(An)Ωω

= πω(B)v1,

thus the cyclic representations (Hω, πω,Ωω) and (H̃ω, π̃ω, Ω̃ω) are unitarily equivalent.
Now it is proven the uniqueness of U . Suppose that there are two unitary operators U1, U2

such that

U−1
1,2 π̃ω(A)U1,2 = πω(A)

for all A ∈ A, and

U1,2Ωω = Ωω.

Then, it follows that

U−1
1 U2πω(A)U−1

2 U1 = πω(A) =⇒ U−1
2 U1πω(A) = πω(A)U−1

1 U2

for all A ∈ A.Hence, for any v = πω(B)Ωω ∈ Dω, one has

U−1
2 U1v = U−1

2 U1πω(B)Ωω = πω(B)U−1
1 U2Ωω = πω(B)Ωω = v.

That is, U−1
2 U1 is the identity operator in Dω, and since Dω is dense in Hω, it follows that

U−1
2 U1 is the identity in Hω. Therefore U1 = U2.
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Proposition 1.2.9. Let ω be a state over a C∗-algebra A and (Hω, πω,Ωω) a cyclic rep-
resentation associated with ω. Then, for every ρ ∈ A∗+ such that ρ � ω, there exists a
unique positive T ∈ πω(A)′ with ‖T‖op ≤ 1, where

ρ(A) = (Ωω, Tπω(A)Ωω).

Conversely, all positive T ∈ πω(A)′ with ‖T‖op ≤ 1 defines a unique positive linear
functional

ρT (A) = (Ωω, Tπω(A)Ωω)

which is majorized by ω.

Proof. Let ρ ∈ A∗+ with ρ � ω. Consider the set D .
= {πω(B)Ωω×πω(A)Ωω |A,B ∈ A},

and define in D the sesquilinear form

ρ̃D(πω(B)Ωω × πω(A)Ωω) = ρ(B∗A).

From Cauchy-Schwartz inequality for states, it follows that

|ρ(B∗A)|2 ≤ ρ(B∗B)ρ(A∗A) ≤ ω(B∗B)ω(A∗A) = ‖πω(B)Ωω‖2‖πω(A)Ωω‖2. (1.33)

Hence, ρ̃D is bounded in Dω, and since, by the cyclicity of Ωω, D is dense in Hω×Hω, ρ̃D
has a bounded sesquilinear extension ρ̃ in Hω×Hω. By the Riesz representation theorem,
there exists a unique bounded operator T on Hω such that

ρ̃(ψ1, ψ2) = (ψ1, Tψ2) for all ψ1 × ψ2 ∈ Hω × Hω.

But as ρ̃(πω(B)Ωω × πω(A)Ωω) = ρ(B∗A), it follows that

ρ(B∗A) = (πω(B)Ωω, Tπω(A)Ωω).

Moreover, eq. 1.33 implies

‖T‖ ≤ sup
ψ1,ψ2∈Hω | ‖ψ1‖=‖ψ2‖=1

|(ψ1, Tψ2)| = sup
ψ1,ψ2∈D | ‖ψ1‖=‖ψ2‖=1

|ρ̃D(ψ1, ψ2)| ≤ 1.

To prove that T is positive, note that for any Hilbert space H an element A ∈ L(H) is
positive if, and only if, (ψ,Aψ) ≥ 0 for all ψ ∈ H. Since ρ is positive, it follows that

(πω(A)Ωω, Tπω(A)Ωω) = ρ(A∗A) ≥ 0 for all A ∈ A,

and using again the cyclicity of Ωω, one has that T is positive. The equality ρ(B∗(AB))−
ρ((A∗B)B) = 0 for all A,B ∈ A implies

(πω(B)Ωω, (Tπω(A)− πω(A)T )πω(B)Ωω) = 0,

and once again by cyclicity of Ωω, it follows that Tπω(A) = πω(A)T for all A ∈ A.
Hence T ∈ πω(A)′. Now, take any positive T ∈ πω(A)′ with ‖T‖op ≤ 1. Then,
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ρT (A∗A) = (Ωω, Tπω(A∗A)Ωω) = (Ωω, Tπω(A)∗πω(A)Ωω) = (Ωω, πω(A)∗Tπω(A)Ωω)

= (πω(A)Ωω, Tπω(A)Ωω) ≥ 0,

and hence ρT is positive. Moreover, for any A ∈ A,

ω(A∗A)− ρT (A∗A) =(πω(A)Ωω, πω(A)Ωω)− (πω(A)Ωω, Tπω(A)Ωω)

= ‖πω(A)Ωω‖2 − (πω(A)Ωω, Tπω(A)Ωω)

≥ ‖πω(A)Ωω‖2 − ‖T‖‖πω(A)Ωω‖2 ≥ 0,

since ‖T‖ ≤ 1. Hence, ρT ≤ ω. Finally, let T1,2 be two positive operators in πω(A)′ with
‖T1,2‖ ≤ 1 and ρT1 − ρT2 = 0. Then, for all A ∈ A,

(πω(A)Ωω, (T1 − T2)πω(A)Ωω) = 0.

Since Ωω is cyclic and T1− T2 is self-adjoint, one has ‖T1− T2‖ = 0 =⇒ T1 = T2.

Theorem 1.2.3. Let ω be a state over a C∗-algebra A and (Hω, πω,Ωω) a cyclic repre-
sentation associated with ω. Then, ω is pure if and only if (Hω, πω) is irreducible.

Proof. Suppose that (Hω, πω) is irreducible and let ρ ∈ A∗+ be any positive linear func-
tional such that ρ � ω. From proposition 1.2.6, πω(A)′ = C.1, and hence last proposition
implies that ρ(A) = (Ωω, α.1πω(A)Ωω) = α(Ωω, πω(A)Ωω) = αω(A), where α ∈ [0, 1].
Thus, ω is pure. Now, suppose that (Hω, πω) is not irreducible. Then, there exists some
B ∈ πω(A)′ such that B /∈ C.1. Since πω(A)′ is a unital C∗-sub-algebra of B(H), there
are positive elements

B+
R , B

−
R , B

+
I , B

−
I ∈ πω(A)′

such thatB = (B+
R−B

−
R)+i(B+

I −B
−
R). Clearly, at least one of those four elements must

not be in C.1, and hence, πω(A)′ contains some positive element T /∈ C.1. Re-scaling
T by some convenient positive constant, it can be assumed that ‖T‖op ≤ 1. By the last
proposition, ρT (A) = (Ωω, Tπω(A)Ωω) is a positive linear functional such that ρT � ω
but, since T 6= α1, for any α ∈ [0, 1], it follows from the uniqueness of T that ρT 6= αω
for any α ∈ [0, 1]. Hence, ω is not pure.

Corollary 1.2.5. Let A be a C∗-algebra, ω ∈ EA a state and (Hω, πω,Ωω) a cyclic repre-
sentation associated with ω. If τ is a ∗-automorphism of A which leaves ω invariant, i.e.,
if

ω(τ(A)) = ω(A) for all A ∈ A,

then there exists a unique unitary operator Uω : Hω → Hω such that

Uωπω(A)U−1
ω = πω(τ(A)) for all A ∈ A, and

UωΩω = Ωω

Proof. Since τ is a ∗-automorphism, and hence bijective by definition, it can be easily
checked that (Hω, πω ◦ τ,Ωω) is also a cyclic representation of A. Moreover, (Ωω, (πω ◦
τ)(A),Ωω) = ω(τ(A)) = ω(A). Hence, the desired result follows by applying the above
theorem to (Hω, πω ◦ τ,Ωω).
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1.3 The state space of C∗-algebras
This section is devoted to a more profound study of the state space EA; more specifi-
cally, the decomposition properties and topological aspects of the set. For any infinite-
dimensional C∗-algebra A, the state space EA is always non-compact in the norm topol-
ogy of A∗. Therefore, it is not convenient work in the norm topology when looking for
maxima and minima of functionals in EA, as it will be necessary later in the text. A
clever way to contour this problem is to consider the weak*-topology in EA. The weak*-
topology, besides making EA a compact set, keeps A∗ as locally convex vector space, that
is also metrizable if A is separable. These three properties assure that any state can be
represented by a Choquet integral in the pure states, a very useful decomposition property
of EA, that will also be explored later in the text.

1.3.1 The weak*-topology
Definition 1.3.1. Let A be a set, F a nonempty family of mappings f : X → Yf , where
each Yf is a topological space, and τ the collection of all unions of finite intersections of
the sets f−1(V ), where f ∈ F and V is open in Yf . Then, (A, τ) is a topological space
and τ is called the initial topology of F .

Definition 1.3.2. Let A be a topological vector space. Every element A ∈ A induces a
linear functional fA : A∗ → C on A∗, given by

fA(ω) = ω(A) for all ω ∈ A∗.

Let FA = {fA | A ∈ A}, and τw∗ be the initial topology of FA. τw∗ is called the weak*-
topology of A∗.

The following theorems are well-established results in the theory of topological vector
spaces. Their proofs can be found in standard textbooks of the subject, such as [11].

Theorem 1.3.1. Let X be a vector space and X ′ a separating vector space of linear
functionals on X . Then the initial topology τx′ of FX′ turns X into a locally convex space
whose dual space is X ′.

Theorem 1.3.2 (Banach-Alaoglu). Let A be a normed space. Then, the unit ball

B1
.
= {ω ∈ A∗ | ‖ω‖ ≤ 1} ⊂ A∗

is weakly*-compact.

Proposition 1.3.1. Let A be a unital C∗-algebra. Then, the weak*-topology makes A∗

into a locally convex vector space whose dual space is FA. Moreover, the set EA of states
over A is weakly*-compact.

Proof. The first part of the proposition is a consequence of theorem 1.3.1. Defining S .
=

{ω ∈ A∗ | ω(1) = 1} and B1
.
= {ω ∈ A∗ | ‖ω‖ ≤ 1} ⊂ A∗, it follows that EA = B1 ∩

S∩A∗+. Since, by the Banach-Alaoglu theorem, B1 is weakly*-compact, to prove that EA

is weakly*-compact it suffices to show that S and A∗+ are weakly*-closed. For this, note
that for any A ∈ A the linear functional fA ∈ FA is, by definition, weakly*-continuous.
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Hence, for any closed set C ⊂ C, the preimage f−1
A (C) = {ω ∈ A∗ | ω(A) ∈ C} is

weakly*-closed in A∗. Since A∗+ can be written as

A∗+ =
⋂
A∈A+

{ω ∈ A∗ | ω(A) ≥ 0} =
⋂
A∈A+

f−1
A ([0,+∞)),

it follows that A∗+ is weakly*-closed. Moreover, S can also be written as

S = {ω ∈ A∗ | ω(1) = 1} = f−1
1

({1}),
and hence S is also weakly*-closed.

Proposition 1.3.2. Let A be a separable normed space. Then, the unit ball

B1
.
= {ω ∈ A∗ | ‖ω‖ ≤ 1} ⊂ A∗

is metrizable in the weak*-topology.

Proof. Since A is separable, let {xn} be a dense sequence in B1, and d : B1 × B1 → R

be given by

d(ω1, ω2) =
∞∑
n=1

2−n|ω1(xn)− ω2(xn)| =
∞∑
n=1

2−n|fxn(ω1 − ω2)|.

By the triangle inequality and since {xn} is dense, it is not hard to see that d is indeed a
metric on B1. Then, for any ω ∈ B1 and ε > 0, the sets

Dε(ω)
.
= {ω1 ∈ B1 | d(ω, ω1) < ε}

form a base for the topology τd of B1 induced by the metric d. For a given ω ∈ B1 and
ε > 0, let ∆ε be the disk of radius ε in C, and Vε,n,ω

.
= ∆ε + fxn(ω) ⊂ C. Then, it clearly

follows that

f−1
xn (Vε,n,ω) = {ω1 ∈ A∗ | ω1(xn) ∈ ∆ε + ω(xn)} = {ω1 ∈ A∗ | |ω1(xn)− ω(xn)| < ε}.

Moreover, since the sequence
∑∞

n=1 2−n converges to 1, there exist some N ∈ N such
that

∑∞
n=N 2−n < ε

4
. Now, consider the set

W = B1 ∩

(
N⋂
n=1

f−1
xn

(
V ε

2N
,n,ω

))
.

Clearly W is open in the weak*-topology of B1 and ω ∈ W . Moreover, for any ω1 ∈ W ,
it follows that

∞∑
n=1

2−n|ω(xn)− ω1(xn)| ≤
N∑
n=1

2−n|ω(xn)− ω1(xn)|+
∞∑
n=N

2−n|ω(xn)|+

∞∑
n=N

2−n|ω1(xn)| ≤
N∑
n=1

2−n|ω(xn)− ω1(xn)|+

2
∞∑
n=N

2−n <
ε

2N

N∑
n=1

2−n +
ε

2
<
ε

2
+
ε

2
= ε.
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Therefore, W ⊂ Dε(ω) and hence τd ⊂ τw∗ in B1. To prove the converse, let A ⊂ B1

be a closed set in the weak* topology of B1, and let {Oi}i∈I be an open cover of A in
the metric topology of B1. Since B1 is weak* compact, it follows that A is also weak*
compact. Moreover, since τd ⊂ τw∗ , {Oi}i∈I is also an open cover of A in the weak*
topology. Therefore, there exists a finite subcover {Oi}i∈F such that A ⊂

⋃
i∈F Oi, and

hence, A is also compact in the topology τd. Since any compact set is closed in a metric
space, it follows that A is closed in the same topology, and thus τw∗ ⊂ τd.

Proposition 1.3.3. Let A be a unital C∗-algebra. Then, the set EA of extreme points of
EA is a Borel set in the weak*-topology of EA.

Proof. Since B1
.
= {ω ∈ A∗ | ‖ω‖ ≤ 1} is metrizable in the weak*-topology by propo-

sition 1.3.2, it follows that EA ⊂ B1 is also metrizable in the same topology. Let d be a
metric associated with the weak*-topology on EA and define

Fn
.
=

{
ω ∈ EA | ω =

ω1 + ω2

2
for some ω1, ω2 ∈ EA such that d(ω1, ω2) ≥ 1

n

}
, and

F
.
=
⋂
n∈N

Fn.

The goal now is to prove that Fn is closed for all n ∈ N. Let {ωm} be a sequence in Fn
converging to ω ∈ EA. and let {ω1m} and {ω2m} be sequences of elements in EA such
that

ωm =
ω1m + ω2m

2
and d(ω1m , ω2m) ≥ 1

n
for all m ∈ N.

Since EA is weakly*-compact and(EA, τw∗) is metrizable, it follows that both {ω1m} and
{ω2m} have convergent subsequences. Let ω1 and ω2 be the limit of a convergent subse-
quence in {ω1m} and {ω2m}, respectively. Then, it is not hard to show that ω = ω1+ω2

2
and

d(ω1, ω2) ≥ 1
n

. Hence, Fn is closed. Therefore, F is a Borel set. Now, note that, if ω ∈ F ,
clearly ω /∈ EA. Conversely, assume that ω ∈ EA and ω /∈ EA. Then, ω = λω1 +(1−λ)ω2

for some 0 < λ < 1 and some ω1, ω2 ∈ EA, with ω1 6= ω2. Without loss of generality,
assume λ ≤ 1

2
. Then, defining

ω′1
.
=

3λ

2
ω1 + (1− 3λ

2
ω2) and ω′2

.
=
λ

2
ω1 + (1− λ

2
)ω2,

it is not hard to see that ω′1, ω
′
2 ∈ EA, ω =

ω′1+ω′2
2

and ω′1 6= ω′2. Hence, ω ∈ F . Therefore,
F = EcA and EA = F c is a Borel set.

Definition 1.3.3. Let A be a compact metric space and µ a measure on A. Then, µ is said
to be a probability measure on A if µ is a Borel measure and µ(A) = 1. Moreover, if S is
a Borel subset of A, µ is said to be supported by S if µ(Sc) = 0.

Remark: Usually, a probability measure is defined as a regular Borel measure. How-
ever, for the case of a compact metric space, every Borel measure is also regular Borel.
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Definition 1.3.4. Let K be a nonempty compact set of a locally convex vector space A
and µ a probability measure on K. A point x ∈ K is said to be represented by µ if, for
any continuous linear functional f on A,

f(x) =

∫
K

fdµ.

The next theorem, known as Choquet’s theorem, is also a well-established result in
the theory of topological vector spaces, and its proof can be found at [10].

Theorem 1.3.3 (Choquet’s theorem). Let S be a metrizable compact convex subset of a
locally convex topological space A. Then, for all x ∈ S, there exists a probability measure
µ on S which represents x and is supported by the extreme points of S.

Corollary 1.3.1. Let A be a unital C∗-algebra, and EA ⊂ A∗ the set of states over A,
endowed with the weak*-topology. Then, for any ω ∈ EA, there exists a probability
measure µ on EA supported by the extreme points EA of EA such that

Λ(ω) =

∫
EA

Λdµ =

∫
EA

Λdµ

for any weakly*-continuous linear functional on A∗.

Proof. Propositions 1.3.1 and 1.3.2 state that A∗ is locally compact in the weak*-topology
and EA ⊂ A∗ is compact and metrizable in the same topology. Hence, the corollary
follows from the application of Choquet’s theorem to EA.

1.4 G-invariant states
This section is devoted to the study of states which are invariant under the action of a
group. Since the interactions present in the model studied here are invariant under the
action of certain symmetry groups, such invariant states appear naturally when analyzing
the equilibrium states of the system. At first, some general properties are derived for
a broad class of symmetry groups, and later the study will be focused on the group of
translations and permutations in the d-dimensional square lattice.

Definition 1.4.1. Let A be a C∗-algebra, G a group, and g 7→ τg a homomorphism from
G to the group of ∗-automorphisms of A. A state ω ∈ EA is said to be G-invariant if

ω(τg(A)) = ω(A)

for all g ∈ G and A ∈ A. The set of all G-invariant states will be denoted by EG
A .

Proposition 1.4.1. For any group G, EG
A is a convex weakly*-compact subset of A.

Proof. Since EG
A ⊂ EA, and EA is weakly*-compact (see proposition 1.3.1), it suffices to

show that EG
A is convex and weakly*-closed. The convexity of EG

A is clear; for ω1, ω2 ∈
EG

A , then λω1 + (1− λ)ω2 is also a state if λ ∈ [0, 1], and for any g ∈ G,
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(λω1 + (1− λ)ω2)(A) = λω1(A) + (1− λ)ω2(A) = λω1(τg(A)) + (1− λ)ω2(τg(A)) =

(λω1 + (1− λ)ω2)(τg(A)).

Now, given g ∈ G, define

Eg
A

.
=
⋂
A∈A

f−1
τg(A)−A({0}).

Eg
A is clearly weakly*-closed. Moreover, since ω ∈ Eg

A ⇐⇒ ω(τg(A)) = ω(A) for all
A ∈ A, it follows that

EG
A =

⋂
g∈G

Eg
A,

and hence EG
A is weakly*-closed.

For any group G, since the set EG
A of G-invariant states is also weakly*-compact, it is

straightforward to generalize the results already obtained for the set of states EA to EG
A .

The following definitions and propositions presented below are merely generalizations
of concepts already proved and discussed for EA to the set of G-invariant states EG

A ,
and since the proofs of these propositions are almost identical to the proofs for the most
general set EA, they will be omitted.

Definition 1.4.2. Let A be a unital C∗-algebra and G a group acting as *-automorphisms
τ . The set of extreme points of the set EG

A of G-invariant states will be denoted by EGA ,
and a state ω ∈ EGA is called G-ergodic.

Definition 1.4.3. Let A be a unital C∗-algebra, G a group acting as *-automorphisms τ of
A and ω ∈ EG

A . ω is said to be G-pure if the only positive G-invariants linear functionals
ω′ ∈ A∗+ such that ω � ω′ are given by ω′ = αω for 0 ≤ α ≤ 1.

Proposition 1.4.2. Let A be a unital C∗-algebra, G a group acting as *-automorphisms
τ of A and ω ∈ EG

A . Then, ω is pure if, and only if, ω is an extreme point of the convex set
EG

A .

Proposition 1.4.3. Let A be a unitalC∗-algebra andG a group acting as *-automorphisms
τ of A. Then, the set EGA of extreme points of EG

A is a Borel set in the weak*-topology of
EG

A .

Corollary 1.4.1. Let A be a unital C∗-algebra, and EG
A ⊂ A∗ the set of G-invariant

states over A, endowed with the weak*-topology. Then, for any ω ∈ EG
A , there exists a

probability measure µω on EG
A supported by the extreme points EGA of EG

A such that

Λ(ω) =

∫
EGA

Λ(ω′)µω(dω′) =

∫
EGA

Λ(ω′)µω(dω′)

for any weakly*-continuous functional on A∗.
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Proposition 1.4.4. Let A be a C∗-algebra, G a group acting as ∗-automorphisms τ of A,
ω ∈ EG

A a G-invariant state and (Hω, πω,Ωω) a representation associated with ω. Then,
there exists a representation of G by unitary operators acting on Hω, satisfying

U−1
g πω(τg(A))Ug = πω(A) for all A ∈ A, and

UgΩω = Ωω.

Proof. For any g ∈ G, define Ug as the unique unitary operator on Hω such that

U−1
g πω(τg(A))Ug = πω(A) for all A ∈ A, and

UgΩω = Ωω.

The existence and uniqueness of Ug is guaranteed by corollary 1.2.5. Given g1, g2 ∈ G,
then for all A ∈ A,

πω(A) = U−1
g1◦g2

πω(τg1◦g2(A))Ug1◦g2 = U−1
g1◦g2

πω(τg1(τg2(A)))Ug1◦g2

= U−1
g1◦g2

Ug1πω(τg2(A))U−1
g1
Ug1◦g2 ,

and clearly
U−1
g1
Ug1◦g2Ωω = Ωω.

By the uniqueness of Ug2 , it follows that

U−1
g1
Ug1◦g2 = Ug2 =⇒ Ug1◦g2 = Ug1Ug2 ,

and hence, {Ug | g ∈ G} is a representation of G in Hω.

Definition 1.4.4. Let A be a C∗-algebra, G a group acting as ∗-automorphisms τ of A,
ω ∈ EG

A a G-invariant state and (Hω, πω,Ωω) a cyclic representation associated with ω.
The projection operator of the subspace of allG-invariant vectors of Hω, i.e., the subspace
given by

{ψ ∈ Hω;Ugψ = ψ for all Ug ∈ UG}
will be denoted by Eω.

The next theorem, known as the von Neumann ergodic theorem, is a very important
tool in the study of representations of G-invariant states, shows that the projection opera-
tor Eω may be obtained as a limit of combinations of the U ′gs. However, the convergence
of such limit is to be understood in the context of the strong operator topology (SOT),
a topology in L(Hω) where a sequence Tn of operators converge to T if and only if the
convergence is pointwise. Note that pointwise convergence is weaker than the uniform
convergence induced by the operator norm in L(Hω), and hence a sequence converging
in the SOT may not converge in the norm topology. Moreover, in its more general form,
the von Neumann’s ergodic theorem does not explicitly give one the sequence of combi-
nations but rather only states that it exists, where its existence is connected the so-called
minimum principle of a Hilbert space. To find the explicit sequence, it is necessary to
assume additional structures of the group analyzed, as it will be done later.
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Definition 1.4.5. Let H be a Hilbert space. Every pair of elements (T, v), where v ∈ H
and T ∈ L(H) induces a mapping f(T,v) : L(H)→ R given by

f(T,v)(L) = ‖(T − L)v‖.

Let FSOT = {̇f(T,v) | T ∈ L(H) and v ∈ H}. The strong operator topology τSOT of L(H)
is the initial topology of FSOT .

Proposition 1.4.5. Let H be a Hilbert space. Then, a sequence {Tn} of bounded operators
in L(H) converges to some T ∈ L(H) in the strong operator topology if and only if {Tnv}
converges to Tv for any v ∈ H.

Proof. If {Tn} converges to T in the SOT, then for a given ε > 0 and v ∈ H there exists
some N ∈ N such that for all n > N ,

Tn ∈ f−1
T,v((−ε, ε)) =⇒ ‖Tv − Tnv‖ < ε,

i.e., {Tnv} converges to Tv. Now, assume that {Tnv} converges to Tv for any v ∈ H, and
let U be a neighborhood of T in the SOT. Then, there exists some ε > 0 such that

U =
n⋂
i=1

f−1
(Ai,vi)

((f(Ai,vi)(T )− ε, f(Ai,vi)(T ) + ε)),

for some A1, . . . , An ∈ L(H) and some v1, . . . , vn ∈ H. Let N ∈ N be such that

‖Tnvi − Tvi‖ < ε for all i = 1, . . . , n.

Then, for all m > N and all i = 1, . . . , n, one has

‖(Tm − Ai)vi‖ ≤ ‖(Tm − T )vi‖+ ‖(T − Ai)vi‖ < ‖(T − Ai)vi‖+ ε, and
‖(T − Ai)vi‖ ≤ ‖(Tm − T )vi‖+ ‖(Tm − Ai)vi‖ < ‖(Tm − Ai)vi‖+ ε. (1.34)

The two inequalities of eq. 1.34 imply that, for all m > N and all i = 1, . . . , n,

‖(T − Ai)vi‖ − ε < ‖(Tm − Ai)vi‖ < ‖(T − Ai)vi‖+ ε =⇒
f(Ai,vi)(T )− ε < f(Ai,vi)(Tm) < f(Ai,vi)(T ) + ε,

and hence, Tm ∈ U . Therefore, {Tn} converges to T in the SOT.

Proposition 1.4.6 (Minimum principle). Let H be a Hilbert space and C ⊂ H a closed
convex set. Then there exists a unique element of C with minimal norm, i.e., an element
ψ ∈ C satisfying

‖ψ‖ < ‖v‖ for all v ∈ C | v 6= ψ.

Proof. Let k = infv∈C ‖v‖, and let {ψn} be a sequence of elements inC such that {‖ψn‖}
converges to k. Given ε > 0, let N ∈ N be such that

‖ψn‖ < k + ε for all n > N.
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Since C is convex, for any v, w ∈ C, v+w
2
∈ C. Therefore,

‖v + w‖2 = 4

∥∥∥∥v + w

2

∥∥∥∥2

≥ 4k2.

Hence, for any n,m > N , since ψn, ψm must satisfy the parallelogram identity, one has

‖ψn−ψm‖2 = 2‖ψn‖2+2‖ψm‖2−‖ψn+ψm‖2 < 2(k+ε)2+2(k+ε)2−4k2 = 4ε(2k+ε).

Therefore, the sequence {ψn} is Cauchy, and since any Hilbert space is complete and C
is closed, it converges to some ψ ∈ C. Now, let {φn} be some other sequence in C such
that {‖φn‖} converges to ‖ψ‖. Let N ∈ N be such that

‖φn‖ < k + ε for all n > N,

and let m ∈ N be such that ‖ψm‖ < k + ε and ‖ψm − ψ‖ < ε. Then, for any n > N , one
has

‖φn − ψ‖2 ≤‖φn − ψm‖2 + ‖ψm − ψ‖2 = 2‖ψn‖2 + 2‖ψm‖2 − ‖ψn + ψm‖2+

‖ψm − ψ‖2 < 4ε(2k + ε) + ε2.

Therefore, {φn} also converges to ψ, and hence ψ is unique.

Theorem 1.4.1 (von Neumann’s ergodic theorem). Let H be a Hilbert space, G a group,
UG

.
= {Ug | g ∈ G} ⊂ L(H) a unitary representation ofG, andE the projection operator

of the subspace

{ψ ∈ H;Ugψ = ψ for all Ug ∈ UG}.

Then, E lies in the strong closure of Co(UG), where Co(UG) denotes the convex hull of
UG (i.e., the set of all convex combinations of elements in UG).

Proof. Let W ⊂ L(H) be a neighborhood of E in the strong operator topology. Then,
there exists a strongly-open subset V ⊂ W such that

V =
n⋂
i=1

{T ∈ L(H) | ‖Tψi − Eψi‖ < ε}. (1.35)

for some ψi ∈ H, i = 1, . . . n, and some ε > 0. Let

H̃
.
=

n⊕
i=1

H, ŨG
.
=

{
n⊕
i=1

U ∈ L(H̃) | U ∈ UG

}
, and Ẽ =

n⊕
i=1

E ∈ L(H̃).

Note that, for any v ∈ EH and w ∈ (EH)⊥,

(Ugw, v) = (w,Ug−1v) = (w, v) = 0 for all Ug ∈ UG.
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Hence, (EH)⊥ is invariant under UG, and a straightforward calculation shows similarly
that (ẼH̃)⊥ is invariant under ŨG. Now, consider the vectors ψi appearing in 1.35 as a
vector in H̃, i.e., define ψ̃ .

=
⊕n

i=1 ψi ∈ H̃. Since Ẽ is a projection on H̃, ψ̃ may be
decomposed as

ψ̃ = ψ̃‖ + ψ̃⊥, where ψ̃‖ ∈ ẼH̃ and ψ̃⊥ = (ẼH̃)⊥.

Define
Cψ̃⊥

.
= Co(ŨG)ψ̃⊥ = {Ũ ψ̃⊥ | Ũ ∈ Co(ŨG)} ⊂ (ẼH̃)⊥.

C ψ̃⊥
(the closure of Cψ̃⊥ in the norm topology) is clearly nonempty, closed and convex,

and hence by proposition 1.4.6 it contains an element φ̃ of minimal norm. Moreover, it is
not hard to see that ŨGC ψ̃⊥

⊂ C ψ̃⊥
. Therefore, for any Ũg =

⊕n
i=1 Ug ∈ ŨG,

‖Ũgφ̃‖ =

∥∥∥∥∥
n⊕
i=1

Ugφi

∥∥∥∥∥ =
n⊕
i=1

‖Ugφi‖ =
n⊕
i=1

‖φi‖ = ‖φ̃‖.

Hence by the uniqueness of φ̃, it must satisfy

Ũgφ̃ = φ̃ for all g ∈ G =⇒ φ̃ ∈ ẼH̃.

But since also φ̃ ∈ C ψ̃⊥
⊂ (EH)⊥, it follows that φ̃ = 0. Let Ũ ∈ Co(Ũg) be such that

‖Ũ ψ̃⊥‖ < ε. Ũ may be decomposed as Ũ =
⊕n

i=1 U , where U ∈ Co(Ug), and it follows
that

n∑
i=1

‖Uψi − Eψi‖ = ‖Ũ ψ̃ − Ẽψ̃‖ = ‖Ũ(ψ̃‖ + ψ̃⊥)− Ẽ(ψ̃‖ + ψ̃⊥)‖ = ‖Ũ ψ̃⊥‖ < ε.

Therefore, U ∈ V , and thus E lies in the strong closure of Co(UG).

For an arbitrary quantum system, the algebra of operators representing the observables
of the system are, in general, non-abelian. This becomes obvious when analyzing, for ex-
ample, a fermionic or bosonic system, where the commutation relations readily imply the
non-abelianness of the algebra. In fact, such non-abelianness is crucial for the descrip-
tion of inumerous quantum phenomena in the light of the usual formalism of quantum
mechanics. However, it is still possible for the operators of the algebra to “commute
asymptotically”, when considered the action of a group G: for example, it is possible for
any two operators A,B of a system to satisfy

inf
g∈G
‖[τg(A), B]‖ = 0. (1.36)

This “asymptotic abelianness” is sometimes related to very useful properties of the G-
invariant states of the algebra. Some of these properties are explored below, in an even
more general situation than the one showed in eq. 1.36, with the definition of G-abelian
states:
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Definition 1.4.6. Let A be a C∗-algebra, G a group, g 7→ τg a homomorphism from G to
the group of ∗-automorphisms of A and ω ∈ EG

A a G-invariant state. For each A ∈ A,
let Co(τG(A)) denote the convex hull of {τg(A); g ∈ G}. The pair (A, ω) is said to be
G-abelian if

inf
A′∈Co(τG(A))

|ω′([A′, B])| = 0

for all A,B ∈ A and all G-invariant vector states ω′ of Hω.

Proposition 1.4.7. Let A be a unital C∗-algebra and G,G′ two groups acting as *-
automorphisms of A such that, for all A ∈ A and all g ∈ G,

inf
g′∈G′

‖τ ′g′(A)− τg(A)‖ = 0.

Then, EG′

A ⊂ EG
A . Moreover, if a pair (A, ω) is G-abelian and ω ∈ EG′

A , then the pair
(A, ω) is also G′-abelian.

Proof. Let g ∈ G, A ∈ A, and given ε > 0, let g′ ∈ G′ be such that

‖τ ′g′(A)− τg(A)‖ < ε.

For any ω ∈ EG′

A , one has

|ω(τg(A))− ω(A)| = |ω(τg(A))− ω(τ ′g′(A))| ≤ ‖τ ′g′(A)− τg(A)‖ < ε.

Since ε is arbitrary, it follows that ω(τg(A)) = ω(A) and hence ω ∈ EG
A . Now, let (A, ω)

be a G-abelian pair with ω ∈ EG′

A . Moreover, let A,B ∈ A, let Sλ be an arbitrary convex
combination of τG:

Sλ(A) =
n∑
i=1

λiτgi(A),

and let S ′λ be the corresponding convex combination of τG′:

S ′λ(A) =
n∑
i=1

λiτ
′
g′i

(A),

with τ ′g′i satisfying

‖τ ′g′i(A)− τgi(A)‖ < ε

2‖B‖
for all i = 1, . . . , n.

Note that for any ω′ ∈ EA and any B ∈ A,

|ω′([S ′λ(A), B])−ω′([Sλ(A), B])| ≤ ‖[S ′λ(A)−Sλ(A), B]‖ ≤ 2‖S ′λ(A)−Sλ(A)‖‖B‖ < ε.
(1.37)

Since Sλ(A) ∈ τG(A) is arbitrary, eq. 1.37 implies that, for any ω′ ∈ EA and any
A,B ∈ A,

inf
A′∈Co(τG′ (A))

|ω′([A′, B])| ≤ inf
A′∈Co(τG(A))

|ω′([A′, B])|. (1.38)
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Hence, if ω′ is a G′-invariant vector state of Hω, then ω′ is also G-invariant and the G-
abelianness of (A, ω), together with eq. 1.38, imply that, for any A,B ∈ A,

inf
A′∈Co(τG′ (A))

|ω′([A′, B])| = inf
A′∈Co(τG(A))

|ω′([A′, B])| = 0.

Thus, (A, ω) is G′-abelian.

Proposition 1.4.8. Let A be a unital C∗-algebra, G a group, g 7→ τg a homomorphism
from G to the group of ∗-automorphisms of A, ω ∈ EG

A a G-invariant state and Eω the
orthogonal projection on the subspace of vectors invariant under Uω(G). The following
conditions are equivalent:

(a) the pair (A, ω) is G-abelian,

(b) Eωπω(A)Eω is abelian.

Proof. (a) =⇒ (b). Any Eωπω(A)Eω ∈ Eωπω(A)Eω can be decomposed as

Eωπω(A)Eω = Eω Re(πω(A))Eω + iEω Im(πω(A))Eω,

with Eω Re(πω(A))Eω and Eω Im(πω(A))Eω self-adjoints. Hence, it suffices to show (b)
only for self-adjoint elements. Let πω(A), φω(B) ∈ πω(A)R, ψ ∈ EωH and Sλ denote
some convex combination of τG:

Sλ(A) =
n∑
i=1

λiτgi(A).

Define also S̃λ as the respective convex combination in terms of the operators Ug:

S̃λ =
n∑
i=1

λiUgi .

From theorem 1.4.1, one may choose a convenient Sλ such that its corresponding S̃λ
satisfies

‖(S̃λ − Eω)πω(A)ψ‖ < ε

2‖πω(B)ψ‖
Let Sµ be another convex combination of τG. Since

πω(Sµ(A))ψ =
n∑
i=1

λiUgiπω(A)U−1
gi
ψ = S̃µπω(A)ψ,

it follows that

‖Eωπω(A)ψ − πω(Sµ(Sλ(A))ψ‖ = ‖S̃µ(Eω − S̃λ)πω(A)ψ‖ < ε

2‖πω(B)ψ‖
.

Hence,
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|(ψ, [Eωπω(A)Eω, Eωπω(B)Eω]ψ)| = |(ψ, πω(A)Eωπω(B)ψ)− (ψ, πω(B)Eωπω(A)ψ)|
= 2 |Im ((Eωπω(A)ψ, πω(B)ψ))| = 2| Im ((Eωπω(A)ψ − πω(Sµ(Sλ(A))ψ, πω(B)ψ))

+ Im ((πω(Sµ(Sλ(A)), πω(B)ψ)) | ≤ 2‖Eωπω(A)ψ − πω(Sµ(Sλ(A))ψ‖‖πω(B)ψ‖
+ 2| Im ((πω(Sµ(Sλ(A)), πω(B)ψ)) |
< ε+ 2| Im ((πω(Sµ(Sλ(A)), πω(B)ψ)) |. (1.39)

But

| Im((πω(Sµ(Sλ(A)), πω(B)ψ))| =|(πω(B)S̃µS̃λπω(A)ψ, ψ)− (ψ, πω(B)S̃µS̃λπω(A)ψ)|
=|(πω(B)S̃µS̃λπω(A)ψ, ψ)− (S̃µS̃λπω(A)πω(B)ψ, ψ)

+(ψ, S̃µS̃λπω(A)πω(B)ψ)− (ψ, πω(B)S̃µS̃λπω(A)ψ)|
= |(πω([Sµ(Sλ(A)), B])ψ, ψ) + (ψ, πω([Sµ(Sλ(A)), B])ψ)|
≤ 2|(ψ, πω([Sµ(Sλ(A)), B])ψ)|. (1.40)

Hence, combining eq. 1.40 into eq. 1.39, one has

|(ψ, [Eωπω(A)Eω, Eωπω(B)Eω]ψ)| < ε+ 4|(ψ, πω([Sµ(Sλ(A)), B])ψ)|,

and since Sµ is arbitrary, using the G-abeliannes of (A, ω), it follows that

|(ψ, [Eωπω(A)Eω, Eωπω(B)Eω]ψ)| = 0.

As Eω = E2
ω, one finally arrives at

‖[Eωπω(A)Eω, Eωπω(B)Eω]‖ = sup
v∈H
|(v, [Eωπω(A)Eω, Eωπω(B)Eω]v)|

= sup
ψ∈EωH

|(ψ, [Eωπω(A)Eω, Eωπω(B)Eω]ψ)| = 0.

(b) =⇒ (a). If Eωπω(A)Eω is abelian, then for any ψ ∈ EωH and any A,B ∈ A,

(ψ, [Eωπω(A)Eω, Eωπω(B)Eω]ψ) = (ψ, πω(A)Eωπω(B)ψ)− (ψ, πω(B)Eωπω(A)ψ)

= (ψ, πω(B∗)Eωπω(A∗)ψ)− (ψ, πω(B)Eωπω(A)ψ) = 0.

Thus, for any convex combination Sλ of τG,

|(ψ, πω([Sλ(A), B])ψ)| =|(ψ, πω(Sλ(A))πω(B)ψ)− (ψ, πω(B)πω(Sλ(A))ψ|
=|(πω(B∗)S̃λπω(A∗)ψ, ψ)− (ψ, πω(B)S̃λπω(A)ψ)|

= |(πω(B∗)Eω − S̃λ)πω(A∗)ψ, ψ) + (ψ, πω(A)(S̃λ − Eω)πω(B)ψ)|
≤ ‖(Eω−S̃λ)πω(A∗)ψ‖‖πω(B∗)ψ‖+ ‖πω(A)(S̃λ − Eω)ψ‖‖πω(B)ψ‖.
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Finally, applying theorem 1.4.1, it follows that

inf
Sλ(A)∈co(τG(A))

|(ψ, πω([Sλ(A), B])ψ)| = 0,

and hence, (A, ω) is G-abelian.

Theorem 1.4.2. Let A be a unital C∗-algebra, G a group, g 7→ τg a homomorphism from
G to the group of ∗-automorphisms of A and ω ∈ EG

A a G-invariant state. Consider the
following:

(a) Eω has rank one,

(b) ω is G-ergodic, i.e., ω ∈ EGA ,

(c) {πω(A) ∪ Uω(G)} is irreducible on Hω.

It follows that (a) =⇒ (b) ⇐⇒ (c). Moreover, if (A, ω) is G-abelian, then all three
conditions are equivalent.

Proof. (b) =⇒ (c). Suppose (c) is false. Then, as shown in the proof of proposition
1.2.6, there exists a self-adjoint T ∈ {πω(A) ∪ Uω(G)}′ which is not a multiple of the
identity. Re-scaling T by some positive constant, it can be assumed that ‖T‖op ≤ 1. By
proposition 1.2.9, the positive linear functional

ρT (A) = (Ωω, Tπω(A)Ωω)

is majorized by ω, and since T is not a multiple of the identity, the uniqueness of ρT
assures that ρT 6= λω for any 0 ≤ λ ≤ 1. Hence, ω /∈ EA, and to prove that ω /∈ EGA , it
suffices to show that ρT is G-invariant. For any g ∈ G and A ∈ A,

ρT (A)− ρT (τg(A)) =(Ωω, Tπω(A)Ωω)− (Ωω, TUgπω(A)U−1
g Ωω)

=(Ωω, UgTπω(A)Ωω)− (Ωω, TUgπω(A)Ωω)

=(Ωω, [T, Ug]πω(A)Ωω) = 0.

Thus, ρT is G-invariant and ω /∈ EGA .

(c) =⇒ (b). Now suppose (b) is false. Then there exists a G-invariant positive
ρT ∈ A∗+ such that ρT � ω, where ρT 6= λω for any 0 ≤ λ ≤ 1. By proposition 1.2.9,

ρT (A) = (ωω, Tπω(A)Ωω)

for some T ∈ πω(A)′, where T is not a multiple of the identity and ‖T‖op ≤ 1. From the
G-invariance of ρT , it follows that, for any A ∈ A and any g ∈ G,

ρT (A∗A)− ρT (τg(A
∗A)) =(ωω, Tπω(A∗A)Ωω)− (ωω, Tπω(τg(A

∗A))Ωω)

=(πω(A)Ωω, Tπω(A)Ωω)− (πω(τg(A))ωω, Tπω(τg(A))Ωω)

=(πω(A)Ωω, [T − UgTU−1
g ]πω(A)Ωω) = 0,
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and from the ciclicity of Ωω, it follows that T − UgTU−1
g = 0 =⇒ TUg = UgT . Hence,

T ∈ {πω(A) ∪ Uω(G)}′ and {πω(A) ∪ Uω(G)} is not irreducible.

(a) =⇒ (c). Suppose {πω(A)∪Uω(G)} is not irreducible. Then, by corollary 1.2.3,
{πω(A) ∪ Uω(G)}′′ is irreducible. Since {πω(A) ∪ Uω(G)}′′ is a self-adjoint algebra,
from proposition 1.2.6 it follows that there is a nonzero ψ ∈ H which is not cyclic for
{πω(A) ∪ Uω(G)}′′. By the cyclicity of Ωω, there exists some A ∈ A such that

|(ψ, πω(A)Ωω)| = |(Eωπω(A∗)ψ,Ωω)| > ε =⇒ Eωπω(A∗)ψ 6= 0.

If Eωπω(A∗)ψ = λΩω for some λ ∈ C, then ψ would be cyclic for {πω(A) ∪ Uω(G)}′′
since {πω(A)∪Uω(G)} ⊂ {πω(A)∪Uω(G)}′′ and, by theorem 1.4.1, it is not hard to see
that Eω ∈ {πω(A) ∪ Uω(G)}′′. Therefore, Eω must have rank at least two.

(c) =⇒ (a). Now assume further that (A, ω) is G-abelian. The idea of the proof is
to show that on the Hilbert subspace EωH,

(Eωπω(A)Eω)′ = Eω{πω(A) ∪ Uω(G)}′Eω. (1.41)

Assuming eq. 1.41 holds, then since {πω(A) ∪ Uω(G)} is irreducible, (Eωπω(A)Eω)′ =
CEω, and by proposition 1.4.8, the G-abelianness of (A, ω) implies

Eωπω(A)Eω ⊂ (Eωπω(A)Eω)′ = CEω.

Hence, for any A ∈ A, Eωπω(A)EωΩω = λAΩω for some λA ∈ C and from the cyclicity
of Ωω, it follows thatEω can only have rank one. The inclusionEω{πω(A)∪Uω(G)}′Eω ⊂
(Eωπω(A)Eω)′ is not hard to see: for A ∈ {πω(A) ∪ Uω(G)}′, by theorem 1.4.1 A also
commutes with Eω, and for any B ∈ πω(A)

EωAEωEωBEω = EωABEω = EωBAEω = EωBEωEωAEω.

Hence, Eω{πω(A) ∪ Uω(G)}′Eω ⊂ (Eωπω(A)Eω)′. Now, to prove the converse, take
T ∈ (Eωπω(A)Eω)′, considering T as an operator in EωH. Since (Eωπω(A)Eω)′ is a
unital C∗-sub-algebra of L(EωH), and by proposition 1.2.5 any element of a C∗-algebra
is a linear combination of unitary elements, it suffices to consider only the case where T
is unitary. Now, note that for any A ∈ A,

‖πω(A)TΩω‖2 =(πω(A)TΩω, πω(A)TΩω) = (Eωπω(A∗A)EωTΩω, TΩω)

=(TEωπω(A∗A)EωΩω, TΩω) = (Eωπω(A∗A)EωΩω,Ωω)

= ‖πω(A)Ωω‖2 .

Hence, the linear mapping πω(A)Ωω 7→ πω(A)TΩω, from Dω
.
= {πω(A)Ωω;A ∈ A} to

H, is isometric, and extends uniquely to a bounded linear operator S on Dω = H. For any
A,B ∈ H, S satisfies

Sπω(B)πω(A)Ωω =Sπω(BA)Ωω = πω(BA)TΩω = πω(B)πω(A)TΩω

=πω(B)Sπω(A)Ωω
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and, for any Ug ∈ Uω(G),

SUgπω(A)Ωω =Sπω(τg(A))Ωω = πω(τg(A))TΩω = Ugπω(A)U−1
g TΩω

=Ugπω(A)U−1
g EωTΩω = Ugπω(A)TΩω = UgSπω(A)Ωω.

Therefore, by the cyclicity of Ωω it is not hard to see that S ∈ {πω(A) ∪ Uω(G)}. More-
over, for any ψ ∈ EωH,

EωSψ =EωS lim
n→∞

πω(An)Ωω = Eω lim
n→∞

πω(An)TΩω = lim
n→∞

Eωπω(An)EωTΩω

= lim
n→∞

TEωπω(An)EωΩω = TEω lim
n→∞

πω(An)Ωω = Tψ.

Hence, on EωH, T = EωSEω ∈ Eω{πω(A) ∪ Uω(G)}′Eω.

Proposition 1.4.9. Let A be a unital C∗-algebra, G a group, g 7→ τg a homomorphism
from G to the group of ∗-automorphisms of A and ω ∈ EG

A a G-invariant state. The
following are equivalent:

(a) Eω has rank one,

(b) For all B ∈ A there exists a net {Bα} in Co(τG(B)) satisfying

lim
α
|ω(Aτg(Bα))− ω(A)ω(B)| = 0 for all A ∈ A and g ∈ G,

where the convergence is uniform in g,

(c)
inf

B′∈Co(τG(B))
|ω(AB′)− ω(A)ω(B)| = 0 for all A,B ∈ A.

Proof. (a) =⇒ (b). Given any A,B ∈ A and any ε > 0, let {Sλα}α∈I be a net of
convex combinations Sλα =

∑n
i=1 λ

α
i τgαi , where the respective net {S̃λα}α∈I of convex

combinations S̃λα =
∑n

i=1 λ
α
i Ugαi in terms of the U ′gs converges toEω strongly. Note that,

if Eω has rank one, then for any ψ ∈ Hω,

Eωψ = (Ωω, ψ)Ωω.

Hence,

(Ωω, πω(A)Ωω)(Ωω, πω(B)Ωω) =(Ωω, πω(A)(Ωω, πω(B)Ωω)Ωω)

=(Ωω, πω(A)Eωπω(B)Ωω).

Let j ∈ I be such that

‖(S̃λα − Eω)πω(B)Ωω‖ <
ε

‖πω(A)‖
for all α ≥ j.
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Then, for any α ≥ j and any g ∈ G, one has

|ω(Aτg(Sλα(B)))− ω(A)ω(B)| =|(Ωω, πω(A)UgS̃λαπω(B)Ωω)

− (Ωω, πω(A)Ωω)(Ωω, πω(B)Ωω)|
=|Ωω, πω(A)Ug(S̃λ − Eω)πω(B)Ωω)|
≤‖πω(A)‖‖(S̃λ − Eω)πω(B)Ωω‖ < ε.

(b) =⇒ (c). This is obvious by taking g as the identity element of G.

(c) =⇒ (a). Given any A,B ∈ A and any ε > 0, let Sλ be as before and let Sµ be
another convex combination of τG such that

|ω(S∗λ(B)S∗µ(A))− ω(S∗λ(B))ω(A∗)| < ε, where S∗λ
.
=

n∑
i=1

λτg−1
i
, S∗µ

.
=

m∑
i=1

µτg−1
i
.

Since (b) is true, such Sµ exists. Then,

|(Ωω, πω(A)Eωπω(B)Ωω)− (Ωω, πω(A)Ωω)(Ωω, πω(B)Ωω)| =
|(Ωω, S̃µπω(A)Eωπω(B)Ωω)− (Ωω, πω(A)Ωω)(Ωω, S̃λπω(B)Ωω)| =
|(Ωω, πω(Sµ(A))Eωπω(B)Ωω)− (Ωω, πω(Sµ(A))πω(Sλ(B))Ωω)

+ (Ωω, πω(Sµ(A))πω(Sλ(B))Ωω)− (Ωω, πω(A)Ωω)(Ωω, πω(Sλ(B))Ωω)| ≤
|(Ωω, πω(Sµ(A))(Eω − S̃λ)πω(B)Ωω)|+ |ω(Sµ(A)Sλ(B))− ω(A)ω(Sλ(B))| ≤
‖πω(A)‖‖(Eω − S̃λ)πω(B)Ωω‖+ |ω(S∗λ(B)S∗µ(A))− ω(S∗λ(B))ω(A∗)| < 2ε.

Since ε is arbitrary, it follows that

(Ωω, πω(A)Eωπω(B)Ωω) = (Ωω, πω(A)Ωω)(Ωω, πω(B)Ωω) for all A,B ∈ A =⇒
|(πω(A)Ωω, Eωπω(B)Ωω)| = |(Ωω, πω(A)Ωω)(Ωω, πω(B)Ωω)| for all A,B ∈ A. (1.42)

If Eω has rank more than one, let ψ ∈ EωHω be such that ‖ψ‖ = 1 and (Ωω, ψ) = 0.
Since Ωω is cyclic for πω(A), choose A ∈ A such that ‖πω(A)Ωω − ψ‖ < ε for some
ε > 0. Then, one has

|(πω(A)Ωω, Eωπω(A)Ωω)| =|(Eωπω(A)Ωω, Eωπω(A)Ωω)|
=‖Eωπω(A)Ωω‖ ≥ ‖ψ‖ − ‖Eω(πω(A)Ωω − ψ)‖ > 1− ε

and
|(Ωω, πω(A)Ωω)| = |(Ωω, πω(A)Ωω − ψ + ψ)| = ‖πω(A)Ωω − ψ‖ < ε.

For ε small enough, clearly eq. 1.42 is not satisfied. Hence, Eω must have rank one.
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Some of the symmetries that will be explored in the models analyzed here (transla-
tional and permutation symmetries) are described by groups that have the property of
being amenable. The amenability of a group is related to a certain invariance property
of its measures (or, equivalently, means in the countable case). The main property of
amenable groups that will be explored here is the existence of what is called a Følner
sequence, which allows one to find an explicit sequence of the convex combinations of
U ′gs that converges to Eω, thus improving the result of theorem 1.4.1 (which only shows
the existence of such sequence) for this class of groups. Here the discussion is restricted
to only countable amenable groups, however the results may also be extended to the un-
countable case.

Definition 1.4.7. Let G be a countable group and l∞(G) the Banach space of all bounded
real functions on G with the supremum norm. For any g ∈ G, the left-translation of g is
a mapping τg : l∞(G)→ l∞(G) given by

τg(f)(x)
.
= f(g−1x).

Definition 1.4.8. Let G be a countable set. A finite mean on G is a non-negative function
µ ∈ l∞(G) of finite support such that

∑
g∈G µ(g) = 1.

The next proposition is central to the study of the so-called amenable groups. It will
not be proven here, but its proof can be found in ([6], chapter four).

Proposition 1.4.10. Let G be a countable group. The following are equivalent:

(a) There exists a non-negative linear functional λ : l∞(G) → R with λ(1) = 1 such
that λ(τg(f)) = λ(f) for all g ∈ G,

(b) for any finite set S ∈ G, and any ε > 0, there exists a finite mean µ such that

∑
g∈G

|(µ− τs(µ))(g)| ≤ ε for all s ∈ S,

(c) there exists a sequence {Φn} of non-empty finite subsets of G such that

lim
n→∞

|(g.Φn)∆Φn|
|Φn|

= 0 for all g ∈ G,

where g.Φn = {gφ;φ ∈ Φn} and A∆B denotes (A \B) ∪ (B \ A).

Definition 1.4.9. Let G be a countable group. If G satisfies one (and hence all) of the
properties in the above proposition, G is said to be amenable. Moreover, if a sequence
{Φn} of non-empty subsets of G satisfies property (c) of the above proposition, {Φn} is
said to be a Følner sequence of G.

Proposition 1.4.11. Let H be a Hilbert space, G be an amenable group, UG
.
= {Ug | g ∈

G} ⊂ L(H) a unitary representation of G, {Φn} a Følner sequence of G and E the
orthogonal projection of the subspace

{ψ ∈ H;Ugψ = ψ for all Ug ∈ UG}.
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Then, for all ψ ∈ H,

lim
n→∞

1

|Φn|
∑
g∈Φn

Ugψ = Eψ.

Proof. First note that since Ug−1 = U−1
g = U∗g , E = E∗, and, by definition, UgE = E for

all g ∈ G, it is easy to see that EUg = (Ug−1E)∗ = E for all g ∈ G. Note also that, for
any two sets A,B, (A \ B) ∩ (B \ A) = ∅, and hence |A∆B| = |(A \ B) ∪ (B \ A)| =
|(A\B)|+ |(B \A)|. Moreover, since |A\B| = |A|− |A∩B| and clearly |g.Φn| = |Φn|,

|(g.Φn) \ Φn| = |Φn \ (g.Φn)| = |(g.Φn)∆Φn|
2

.

Let ψ ∈ H. By theorem 1.4.1, there exists a convex combination Sλ =
∑n

i=1 λiUgi such
that

‖Sλψ − EGψ‖ <
ε

2
. (1.43)

Since {Φn} is a Følner sequence, let N ∈ N be such that

|(g.Φn)∆Φn|
|Φn|

<
ε

4‖ψ‖
for all n > N and all g ∈ G.

For all n > N , it follows that

∥∥∥∥∥ 1

|Φn|

(∑
h∈Φn

Uhψ − Ug
∑
h∈Φn

Uhψ

)∥∥∥∥∥ =
1

|Φn|

∥∥∥∥∥∑
h∈Φn

Uhψ −
∑
h∈Φn

Ug◦hψ

∥∥∥∥∥
=

1

|Φn|

∥∥∥∥∥∑
h∈Φn

Uhψ −
∑

h∈g.Φn

Uhψ

∥∥∥∥∥
=

1

|Φn|

∥∥∥∥∥ ∑
h∈Φn\(g.Φn)

Uhψ +
∑

h∈Φn∩(g.Φn)

Uhψ

−

 ∑
h∈Φn\g.Φn

Uhψ +
∑

h∈g.Φn∩Φn

Uhψ

∥∥∥∥∥
=

1

|Φn|

∥∥∥∥∥∥
∑

h∈Φn\(g.Φn)

Uhψ −
∑

h∈(g.Φn)\Φn

Uhψ

∥∥∥∥∥∥
≤ 1

|Φn|
(|Φn \ (g.Φn)|+ |(g.Φn) \ Φn|)‖ψ‖

=
|(g.Φn)∆Φn|
|Φn|

‖ψ‖ < ε

2
. (1.44)
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Hence, eq.s 1.43 and 1.44 imply, for all n > N ,∥∥∥∥∥ 1

|Φn|
∑
h∈Φn

Uhψ − Eψ

∥∥∥∥∥ =

∥∥∥∥∥ 1

|Φn|

(∑
h∈Φn

Uhψ −
∑
h∈Φn

UhSλψ +
∑
h∈Φn

UhSλψ

)
− Eψ

∥∥∥∥∥
=

∥∥∥∥∥
k∑
i=1

λi
|Φn|

( ∑
h∈Φn

Uhψ − Ugi
∑
h∈Φn

Uhψ

)

+
1

|Φn|
∑
h∈Φn

Uh(Sλ − E)ψ

∥∥∥∥∥ < ε

2
+
ε

2
= ε.

Proposition 1.4.12. Let A be a unital C∗-algebra, G a discrete amenable group acting
as *-automorphisms τ of A, {Φn} a Følner sequence of G, ω ∈ EG

A a G-invariant state
and assume that (A, ω) is G-abelian. Then, the following are equivalent:

(a) ω ∈ EGA ,

(b) For any A ∈ A,

|ω(A)|2 = lim
n→∞

ω(A∗ΦnAΦn), where AΦn
.
=

1

|Φn|
∑
g∈Φn

τg(A).

Proof. Let (Hω, πω,Ωω) be a cyclic representation of A associated with ω and {Φn} a
Følner sequence of G. First, note that for any A ∈ A and any n ∈ N,

ω(A∗ΦnAΦn) = ‖πω(AΦn)Ωω‖2 =

∥∥∥∥∥ 1

|Φn|
∑
g∈Φn

Ugπω(A)Ωω

∥∥∥∥∥
2

.

Hence, by proposition 1.4.11 it follows that for any A ∈ A,

lim
n→∞

ω(A∗ΦnAΦn) = ‖Eωπω(A)Ωω‖2.

Moreover, by the Cauchy-Schwarz inequality, for any A ∈ A,

|ω(A)|2 =|(Ωω, πω(A)Ωω)|2 = |(Ωω, Eωπω(A)Ωω)|2

≤‖Eωπω(A)Ωω‖2 = lim
n→∞

ω(A∗ΦnAΦn),

where the equality is valid if and only if Eωπω(A)Ωω ∈ C.Ωω. Assuming (a) is true, by
theorem 1.4.2, Eω has rank one, since (A, ω) is G-abelian. Hence, Eωπω(A)Ωω ∈ C.Ωω

for all A ∈ A and therefore (b) holds. If (a) is false, then Eω has rank at least two, and by
the cyclicity of Ωω there exists some A ∈ A such that Eωπω(A)Ωω /∈ C.Ωω. Hence, (b) is
false.
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1.5 The CAR algebra
In the so-called second quantization formalism of quantum statistical mechanics, the
Hilbert space of a fermionic system is given by the fermionic Fock space F−(h), con-
structed from the respective one-particle Hilbert space h, as already discussed in the in-
troduction. The algebra of observables, in turn, is generated by the creation and annihi-
lation operators a∗(f), a(f), acting on F−(h), which satisfy, for all f ∈ h, the Canonical
Anti-commutation Relations (CARs)

{a(f), a(g)} = {a∗(f), a∗(g)} = 0, f, g ∈ h

{a(f), a∗(g)} = (f, g)1, (1.45)

where {A,B} = AB + BA. In order to go beyond the usual Fock space formalism, the
C∗-algebraic approach starts by defining the algebra of observables as an abstract C∗-
algebra generated by elements {a(f) | f ∈ h} satisfying the CARs. Indeed, the existence
of such C∗-algebra follows from the existence of the annihilation and creation operators
acting on F−(h), and its uniqueness will be proven in the next theorem. In this way, when
the one-particle Hilbert space h is finite-dimensional, the C∗-algebra formalism and the
Fock space formalism are equivalent, since in this case any irreducible representation of
the algebra is equivalent to the Fock space representation. However, when h is infinite-
dimensional, then the representation of the algebra acting on the fermionic Fock space
F−(h) is only one of infinitely many inequivalent irreducible representations of the C∗-
algebra.

Theorem 1.5.1. Let h be a separable Hilbert space and let Ai, i = 1, 2, be two C∗-
algebras generated by the identity 1 and the elements {ai(f) | f ∈ h}, satisfying for all
f, g ∈ h and i = 1, 2,

(a) f 7→ ai(f) is antilinear,

(b) {ai(f), ai(g)} = 0,

(c) {ai(f), a∗i (g)} = (f, g)1.

Then, there exists a unique *-isomorphism α : A1 7→ A2 such that

α(a1(f)) = a2(f) for all f ∈ h.

Furthermore,

1. ‖a(f)‖ = ‖f‖ for all f ∈ h,

2. if h is n dimensional, where n ≤ +∞, then A(h) is isomorphic with the C∗-algebra
of 2n × 2n complex matrices,

3. A(h) is separable.
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Proof. 1. From the C∗-property, one has

‖a(f)‖4 = ‖a∗(f)a(f)‖2 = ‖(a∗(f)a(f))2‖.

Since, from (b), a(f)a(f) = 0, one can write (a∗(f)a(f))2 as

(a∗(f)a(f))2 = a∗(f){a(f), a∗(f)}a(f) = (f, f)a∗(f)a(f) = ‖f‖2a∗(f)a(f).

Thus

‖a(f)‖4 = ‖‖f‖2a∗(f)a(f)‖ = ‖f‖2‖a(f)‖2

If f = 0, then a(f) = 0 by (a), and hence ‖a(f)‖ = ‖f‖ = 0. If f 6= 0, then a(f) 6= 0
by (c). Therefore, ‖a(f)‖ 6= 0 and the above equation implies ‖a(f)‖ = ‖f‖.

2. Assume that h is finite dimensional, and let {f1, ..., fn} be an orthonormal basis for
h. For k = 1, . . . , n, define

e
(k)
11 = a(fk)a

∗(fk) e
(k)
12 = Vk−1a(fk)

e
(k)
21 = Vk−1a

∗(fk) e
(k)
22 = a∗(fk)a(fk), (1.46)

where

Vk =
k∏
l=1

(a(fl)a
∗(fl)− a∗(fl)a(fl)) =

k∏
l=1

(1− 2a∗(fl)a(fl)).

Note that, for any f ∈ h,

(1− 2a∗(f)a(f))(1− 2a∗(f)a(f)) =1− 4a∗(f)a(f) + 4a∗(f)a(f)a∗(f)a(f)

=1− 4a∗(f)a(f) + 4a∗(f)a(f)(1− a(f)∗a(f))

=1.

Hence, the elements defined in eq. 1.46 generate the same algebra as the a(f), since for
any k = 1, . . . , n,

(
k−1∏
l=1

(e
(k−l)
11 − e(k−l)

22 )

)
e

(k)
12 =

k∏
l=1

(1− 2a∗(fk−l)a(fk−l))
k∏
l=1

(1− 2a∗(fl)a(fl))a(fk)

=a(fk).

Moreover, using the CARs, it is not hard to see that each family {e(k)
11 , e

(k)
12 , e

(k)
21 , e

(k)
22 }

satisfies

e
(k)
ij e

(k)
lm = δjle

(k)
im .
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Thus, one may construct an isomorphism between the algebra Mk generated by ek =

{e(k)
11 , e

(k)
12 , e

(k)
21 , e

(k)
22 } and the algebra of 2 × 2 complex matrices, by the map π : Mk →

M2×2(C) defined by

π(e
(k)
11 ) =

(
1 0
0 0

)
, π(e

(k)
12 ) =

(
0 1
0 0

)
,

π(e
(k)
21 ) =

(
0 0
1 0

)
, π(e

(k)
22 ) =

(
0 0
0 1

)
.

Furthermore, since the members of different families commute; that is

k 6= g =⇒ e
(k)
ij e

(g)
lm = e

(g)
lme

(k)
ij ,

it follows that the algebra A(h) which is (as mentioned above) generated by En =
∪nk=1ek, is isomorphic to the tensor product M2×2(C)⊗n, which in turn is isomorphic
to M2n×2n(C). This establishes property 2 of the theorem and also the existence of the
*-isomorphism α when h is finite dimensional. When h is infinite dimensional but sepa-
rable, let {f1, . . . , fn, fn+1, . . . } be an orthonormal basis for h. For each n ∈ N, let hn be
the Hilbert space with base {f1, . . . , fn}, and let A0(h) be the *-algebra given by

A0(h) =
∞⋃
n=1

A(hn).

Note that for any n ∈ N, the C∗-sub-algebras A(hn) are *-isomorphic to M2n×2n(C).
Hence, A0(h) is *-isomorphic to the direct limit of the C∗-algebras M2n×2n(C), that
shall be denoted by M2∞×2∞(C). Since M2∞×2∞(C) is the direct limit of separable
C∗-algebras, it follows that M2∞×2∞(C) is also separable and its elements satisfy the
C∗-norm property. Moreover, by the continuity and linearity of f 7→ a(f), it is easy
to see that a(f) ∈ A0(h) for all f ∈ h, and consequently A0(h) = A(h). Therefore,
the *-isomorphism between A0(h) and M2∞×2∞(C) can be extended to a *-isomorphism
between A(h) and the C∗-algebra M2∞×2∞(C). This establishes the existence of the *-
isomorphism when h is infinite dimensional and the separability of A(h).

To show that such α is unique, let α1, α2 be two *-isomorphisms from A1 to A2 such
that

α1,2(a1(f)) = a2(f) for all f ∈ h.

Then, the *-isomorphism β : A1 7→ A2 given by β = α1 − α2 satisfies

β(a1(f)) = 0 for all f ∈ h.

This implies that β = 0 in the *-algebra of polynomials of {a1(f), a∗1(f) | f ∈ h}, and
since A1 is the closure of such algebra, the continuity of β (see proposition 1.2.1) implies
that β = 0 on A1, i.e., α1 = α2.

Definition 1.5.1. Let h be a Hilbert space. The C∗-algebra A generated by elements
{a(f) | f ∈ h} satisfying
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(a) f 7→ a(f) is antilinear,

(b) {ai(f), a(g)} = 0,

(c) {ai(f), a∗(g)} = (f, g)1,

is called the CAR algebra of h.



Chapter 2

Catastrophe Theory

This chapter presents a mathematical tool required for the analysis of the thermodynamics
of the model studied in this thesis. The tool presented here is an adaptation of the so-
called catastrophe theory, a mathematical theory that allows one to study the bifurcations
of critical points in a parametric family of functions. To give a more clear picture of the
idea behind the theory, let f : Rn → R be a smooth function, and F : Rn+r → R another
smooth function such that F (x, 0, . . . , 0) = f(x), x ∈ R

n. F is to be seen as a family
of functions Fu(x)

.
= F (x, u), depending on the parameters u ∈ R

r. Suppose that 0

is a degenerate critical point of f (i.e., ~∇f(0) = 0 and the hessian of f is singular at
0), then catastrophe theory tries to answer whether this critical point in F0(x) bifurcates
into other critical points of Fu(x), for u small, and how they behave. One of the most
important results of catastrophe theory is the so-called Thom’s Theorem; it states that, if
r ≤ 5 and F is transversal (a property that will be defined later), then, in a neighborhood
of 0 ∈ R

n+r, F is equivalent (via some suitable diffeomorphisms) to one of the eleven
elementary catastrophes, which are polynomial functions, and therefore the behavior of
their critical points can be easily analyzed and extended to the critical points of F .

One of the uses of catastrophe theory in this thesis will be to show that a specific
family of one variable functions (intimately related to the pressure of the physical system)
is equivalent to a certain elementary polynomial, and conclude from this that, for a specific
choice of parameters (which are related to the strength of the interactions considered in
the model) the corresponding function has two minima, where each one is related to a
different thermodynamic phase of the system. However, due to the parity symmetry of
the specific family of functions of interest, it fails to fit in the usual formalism of the
theory. Therefore, in this chapter it is derived a version of the theory in order to include
the elementary catastrophes of families of functions with parity symmetry. This will be
done only for families of one variable functions (which is the case of our function of
interest), since the generalization for families of functions with an arbitrary number of
variables adds a lot more technical difficulties.

Another important result of catastrophe theory that will be explored in this thesis is
the fact that some transversal families F are “stable”, i.e., F + p is equivalent to F when
p is “small” (in a suitable topology). This will be important to show that when a kinetic
term is added into the model, the phase diagram still remains qualitatively unchanged,
provided that the hopping term is small. Some good references for an introduction to the
more general formalism of catastrophe theory are [5] and [13].

65
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2.1 Basic definitions
The results obtained in catastrophe theory are only local, i.e., they are valid only in a
neighborhood of the degenerate critical point. Therefore, for the development of the
theory it is more convenient to deal with a certain equivalence class of functions, called
germs:

Definition 2.1.1. Let X, Y be two topological spaces and C ⊂ F (X, Y ), where F (X, Y )
is the space of all continuous functions from X to Y . For any x ∈ X , there is an equiva-
lence relation ∼x on C, where f ∼x g if and only if f and g agree in some neighborhood
of x. The equivalence class of f under the equivalence relation ∼x is called the germ of f
at x.

Throughout the text, the topological spaces X, Y will always be open subsets of Rn,
for some n ∈ N, and C will always denote the space of infinitely differentiable functions.
From now on, any ”germ” mentioned in the text is to be considered as a germ at 0, unless
stated otherwise. Moreover, to keep the notation simpler, there will be no distinction
between a germ and its representative if there is no room for ambiguity.

Definition 2.1.2. LetC∞(U,Rp) be the space of all infinitely differentiable functions from
U ⊂ R

n to Rp, where U is a neighborhood of 0. The set of all germs (at 0) of functions in
C∞(U,Rp) will be denoted by ε(n, p), the subset of all germs of functions that are even
(odd) on U will be denoted by εe(o)(n, p) ⊂ ε(n, p). Moreover, the subset of all germs
whose k − 1 first derivatives vanish at 0 will be denoted by mk(n, p) ⊂ ε(n, p) , and the
sets εe(o)(n, p) ∩ mk(n, p) by mk

e(o)(n, p). To simplify the notation, denote m1(n, p) (or
m1
e(o)(n, p)) by simply m(n, p) (or me(o)(n, p)). Also, denote ε(n, 1) (or εe(o)(n, 1)) by

ε(n) (or εe(o)(n)), and mk(n, 1) (or mk
e(o)(n, 1)) by mk(n) (or mk

e(o)(n)), respectively.

Definition 2.1.3. A germ f ∈ ε(n, n) is said to be a germ diffeomorphism if f(0) = 0 and
f is the germ of a local diffeomorphism at 0. (i.e., if f ∈ m(n, n) and df(0) 6= 0.)

Note that ε(n) (εe(o)(n)) is a vector space and also an abelian ring (except for εo(n)).
Hence, the following notation introduced here will be useful later on.

Definition 2.1.4. Let a1, a2, . . . , an be elements of an abelian ring B. the ideal generated
by {a1, . . . , an} will be denoted by 〈a1, . . . , an〉B. If a1, a2, . . . , an are elements of a K-
vector space, the K-linear span of {a1, a2, . . . , an} will be denoted by 〈a1, a2, . . . , an〉K .

Proposition 2.1.1. For any n ∈ N, ε(n) = εe(n)⊕ εo(n).

Proof. Let f ∈ ε(n). f can always be decomposed as

f(x) = fe(x) + fo(x), where fe(x) =

(
f(x) + f(−x)

2

)
∈ εe(n)

and fo(x) =

(
f(x)− f(−x)

2

)
∈ εo(n).

Suppose that f(x) = fe′(x) + fo′(x) is another decomposition of f in terms of even and
odd germs. Then, one has
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fe(x)− fe′(x) = fo′(x)− fo(x).

But the left side is even and the right side is odd. Hence, fe(o′) − fe′(o) must be even and
odd germs. However, this implies

(fe(o′) − fe′(o))(x) = (fe(o′) − fe′(o))(−x) = −(fe(o′) − fe′(o))(x),

and hence, (fe(o′) − fe′(o))(x) = 0.

2.2 One variable germs
As already stated in the beginning of the chapter, the development and the application of
catastrophe theory in this thesis will be restricted to the case of families of one variable
germs. This section focuses on the study of this class of germs, in order to derive prop-
erties and definitions that will be useful later on. One of the main tools to analyze one
variable germs is Taylor’s theorem, since most of the important results follows from it:

Theorem 2.2.1 (Taylor’s theorem). Let f ∈ ε(1). Then, for every k ∈ N, there exists a
germ g ∈ ε(1) such that

f(x) = f(0) +
df(0)

dx
x+ · · ·+ 1

(k − 1)!

dk−1f(0)

dxk−1
xk−1 + g(x)xk,

where g(0) =
1

k!

dkf(0)

dxk
.

The next lemma, a well-known result of single-variable calculus, leads to a useful
corollary of Taylor’s Theorem when the germ has a parity symmetry:

Lemma 2.2.1. If f ∈ εe(o)(1), then dkf(0)
dxk

= 0 for all odd (even) k.

Corollary 2.2.1. If f ∈ εe(1), then, for every k ∈ N, there exists a germ g ∈ εe(1) such
that

f(x) = f(0) +
d2f(0)

dx2
x2 + · · ·+ 1

(2(k − 1))!

d2(k−1)f(0)

dx2(k−1)
x2(k−1) + g(x)x2k,

where g(0) =
1

(2k)!

d2kf(0)

dx2k
,

and if f ∈ εo(1), then, for every k ∈ N, there exists a germ g ∈ εe(1) such that

f(x) =
df(0)

dx
x+

1

3!

d3f(0)

dx3
x3 + · · ·+ 1

(2k − 1)!

d2k−1f(0)

dx2k−1
x2k−1 + g(x)x2k+1,

where g(0) =
1

(2k + 1)!

d2k+1f(0)

dx2k+1
.
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Proof. This follows directly from the application of lemma 2.2.1 and Taylor’s theorem of
even and odd germs.

Definition 2.2.1. Let f ∈ ε(1). Denote by jkf the germ in ε(1) of the function

jkf(x)
.
= f(0) +

df(0)

dx
x+ · · ·+ 1

k!

dkf(0)

dxk
xk.

That is, jkf is the germ of the truncated Taylor expansion of f up to order k. jkf is also
called the k− jet of f .

Definition 2.2.2. Let f, g ∈ ε(1). f and g are said to be equivalent if there exists a germ
diffeomorphism φ ∈ m(1) such that f = g ◦ φ.

Proposition 2.2.1. Let f, g ∈ εe(1) or f, g ∈ εo(1) be two equivalent germs. Then, the
germ diffeomorphism φ ∈ m(1) such that f = g ◦ φ can be chosen to be odd.

Proof. Let φ ∈ m(1) be a germ diffeomorphism such that f = g ◦ φ. Define the germ
diffeomorphism φ̃ given by

φ̃(x) =

{
φ(x), if x ≥ 0,

−φ(−x), if x < 0.

It is not hard to see that φ ∈ mo(1) and that f = g ◦ φ = g ◦ φ̃, since f and g are either
even or odd.

The next definition is of fundamental importance for the development of catastrophe
theory:

Definition 2.2.3. Let f ∈ m(1). The determinacy of f , denoted by σ(f), is the smallest
integer k for which f is equivalent to jkf , when it exists. If f is not equivalent to jk for
any k ∈ R, then define σ(f) =∞.

Theorem 2.2.2. Let f ∈ ε(1) be such that

f(0) =
df(0)

dx
= · · · = dk−1f(0)

dxk−1
= 0, and

dkf(0)

dxk
6= 0.

Then, f is equivalent to xk if k is odd, or to ±xk if k is even, where in the latter case the
sign is that of d

kf(0)
dxk

.

Proof. By Taylor’s theorem, it follows that

f(x) = xkg(x),

where g ∈ ε(1) and g(0) = dkf(0)
dxk

6= 0. Now, assume that k is odd. Then, g(x)
1
k well-

defined and smooth (in a suitable neighborhood of 0). Define φ ∈ ε(1) by

φ(x) = xg(x)
1
k .

Note that φ(0) = 0 and dφ(0)
dx

= g(0)
1
k 6= 0. Thus, φ is a germ diffeomorphism in m(1).

Moreover, note also that
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f(x) = (φ(x))k.

Hence, (f ◦ φ−1)(x) = xk.
If k is even, g(x)

1
k may not exist in R if g(0) turns out to be negative. Hence, define

φ(x) = x|g(x)|
1
k .

As in the previous case, φ(0) = 0, and φ is smooth, since |g(x)| 1k well-defined and smooth
in some suitable neighborhood of 0. Moreover, dφ(0)

dx
= |g(0)| 1k 6= 0, and thus φ is also a

germ diffeomorphism. However, now one has

f(x) = ±(φ(x))k,

where the plus sign is for when g(0) > 0 and the minus sign is for when g(0) < 0.
Therefore, it follows that

(f ◦ φ−1)(x) =

{
xk, if dkf(0)

dxk
> 0,

−xk, if dkf(0)
dxk

< 0.

Corollary 2.2.2. Let f ∈ m(1) be such that

f(0) =
df(0)

dx
= · · · = dk−1f(0)

dxk−1
= 0, and

dkf(0)

dxk
6= 0.

Then, σ(f) = k.

Proof. By theorem 2.2.2, both f and jkf are equivalent to either xk or −xk, and hence
they are equivalent to each other. For any k′ < k, jk′f will be zero, and hence it will not
be equivalent to f .

Theorem 2.2.2 and corollary 2.2.2 are the main results of this section. Note that they
provide a straightforward way to find the determinacy of a one variable germ, as well as an
equivalent polynomial of such germ. Their generalizations to several variables, however,
are not trivial, and this is one of the reasons for restricting the theory only to the case of
one variable germs.

The next set propositions will be relevant in a future section, for the discussion of the
transversality of a family of germs.

Proposition 2.2.2. Let f ∈ me(o)(1). If σ(f) <∞, then σ(f) is even (odd).

Proof. This proposition trivially follows from lemma 2.2.1 and corollary 2.2.2.

Lemma 2.2.2. f ∈ mk(1) if and only if f(x) = g(x)xk for some g ∈ ε(1).

Proof. If f ∈ mk(1), then by Taylor’s theorem f(x) = g(x)xk for some g ∈ ε(1). Now
let f(x) = g(x)xk. If k = 1, the lemma is trivial. Suppose k > 1. Then,

g(x)xk = (g(x)xk−1)x = l(x)x,
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where l(x) = g(x)xk−1. Assuming the lemma is true for k−1, it follows that d
k−2l(0)
dxk−2 = 0.

But the (k − 1)-th derivative of g(x)xk at 0 is given by

dk−1(g(x)xk)

dxk−1

∣∣∣∣
0

=

(
x
dk−1l(x)

dxk−1

)∣∣∣∣
0

+ (k − 1)
dk−2l(0)

dxk−2
= 0.

Hence, g(x)xk ∈ mk(1).

Proposition 2.2.3. Let f ∈ m(1) with σ(f) <∞. Then, fε(1) = mσ(f)(1).

Proof. Let k = σ(f). By Taylor’s Theorem it follows that

f(x) = h(x)xk,

where h(x) ∈ ε(1) and h(0) 6= 0. Hence, for any s ∈ ε(1),

f(x)s(x) = h(x)s(x)xk = s̃(x)xk,

where s̃(x) ∈ ε(1), and by lemma 2.2.2, f(x)s(x) ∈ mk(1). Now, let g ∈ mk(1). Then,
g(x) = h̃(x)xk for some h̃ ∈ ε(1). But since h(0) 6= 0, as said before, the germ 1

h
is

well-defined, and hence it follows that

g(x) =
h̃(x)

h(x)
h(x)xk =

h̃(x)

h(x)
f(x) ∈ fε(1).

Corollary 2.2.3. Let f ∈ mo(1) with σ(f) <∞. Then, fεo(1) = m
σ(f)+1
e (1).

Proof. Let g ∈ fεo(1) and k = σ(f). Note that since f ∈ mo(1), k is odd and g is even.
By proposition 2.2.3, g ∈ mk(1), and hence, by lemma 2.2.2, g(x) = h(x)xk. But for
g to be even, h must be odd, since xk is odd for odd k. Therefore, from corollary 2.2.1,
h(x) = s(x)x, where s ∈ εe(1). Hence,

g(x) = s(x)xxk = s(x)xk+1 ∈ mk+1
e (1).

Now let g ∈ mk+1
e (1). Then, by proposition 2.2.3, g(x) = f(x)h(x) for some h ∈

ε(1). But since g is even and f is odd, h must be odd, and thus g ∈ fεo(1).

Proposition 2.2.4. For k even, εe(1)/mk
e(1) = 〈1, x2, . . . , xk−2〉R

Proof. Clearly any nonzero f ∈ 〈1, x2, . . . , xk−2〉R is in εe(1) but not in mk
e(1). Now, let

f ∈ εe(1). Then, by corollary 2.2.1,

f(x) = f(0) +
d2f(0)

dx2
x2 + · · ·+ 1

(k − 2)!

dk−2f(0)

dxk−2
xk−2 + g(x)xk, where

f(0) +
d2f(0)

dx2
x2 + · · ·+ 1

(k − 1)!

dk−2f(0)

dxk−2
xk−2 ∈ 〈1, x2, . . . , xk−2〉R and

g(x)xk ∈ mk
e(1).
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2.3 Unfoldings
In catastrophe theory, the parametric families of germs recieve the name of unfoldings.
This section presents some basic definitions and results about them.

Definition 2.3.1. Given a germ f ∈ ε(n), an r-parameter unfolding of f is a germ F ∈
ε(n + r) such that F (x, 0) = f(x). The unfolding is said to be even (odd) if x 7→
F (x, u) ∈ εe(n) for all u in some neighborhood of 0 ∈ Rr. The space of all r-unfoldings
will be detoned by U(n, r), and the space of all even (odd) r-unfoldings will be denoted
by Ue(o)(n, r).

Proposition 2.3.1. U(n, r) = Ue(n, r)⊕ Uo(n, r).

Proof. Any F ∈ U(n, r) can be decomposed as

F (x, u) = Fe(x, u) + Fo(x, u), where Fe(x, u) =

(
F (x, u) + F (−x, u)

2

)
∈ Ue(n, r)

and Fo(x, u) =

(
F (x, u)− F (−x, u)

2

)
∈ Uo(n, r)

By proposition 2.1.1, it follows that for each u, the above decomposition is unique. Hence,
U(n, r) = Ue(n, r)⊕ Uo(n, r).

Remark: To be more consistent with the references mentioned in the text, in most part
of the propositions here, the germ f(x) = F (x, 0) of an unfolding F (x, u) ∈ U(n, r) will
usually be in m(n).

Definition 2.3.2. Let F be an r-unfolding of f ∈ m(n) andG a d-unfolding of g ∈ m(n).
G is said to be induced from F if there exists:

(a) a germ φ ∈ m(n+ d, n), where φ0(x)
.
= φ(x, 0) is a germ diffeomorphism,

(b) a germ ψ ∈ m(d, r), and

(c) a germ γ ∈ m(d),

such that

G(x, u) = F (φ(x, u), ψ(u)) + γ(u).

Moreover, if d = r and ψ is a germ diffeomorphism, then F and G are said to be equiva-
lent.

Note that for any germ φ ∈ m(n+d, n), if φ0(x)
.
= φ(x, 0) is a germ diffeomorphism,

then in a suitable neighborhood of 0 ∈ R
d, the functions φu(x)

.
= φ(x, u) are also dif-

feomorphisms. Note also that, defining Gu(x)
.
= G(x, u), Fu(x)

.
= F (x, u), γu

.
= γ(u),

and assuming G is equivalent to F , then for u small there is a one-to-one correspondence
between the members Gu of the unfolding G and the members Fψ(u) of the unfolding F .
Moreover, for a fixed u, one has
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Gu(x) = Fψ(u)(φu(x)) + γu. (2.1)

If φu is a diffeomorphism, then by differentiating eq. 2.1, it is easy to see that any critical
point of Gu must match another critical point of Fψ(u), and vice-versa. Hence, one may
study the critical points of the members Gu of the unfolding G by looking at the critical
points of the functions in the unfolding F .

Proposition 2.3.2. Let F be an even r-unfolding of f ∈ me(1), with σ(f) < ∞, and
G an even d-unfolding of g ∈ me(1), where G is induced from F . Then, the germ φ ∈
m(n + d, n) of definition 2.3.2 may be chosen such that, in a suitable neighborhood of
0 ∈ Rd, the germs of the functions φu(x)

.
= φ(x, u) are odd in x.

Proof. If σ(f) = σ(F (·, 0)) < ∞, then there exists some δ > 0 such that F (x, 0) has
only one critical point in (−δ, δ), at x = 0. Let ε > 0 be such that for some neighborhood
U of 0 ∈ Rd, φ((−δ, δ)×U) ⊂ (−ε, ε), and suppose that for any neighborhood of 0 ∈ Rd
there is a point u such that φ(0, u) 6= 0. In that case, by the symmetry of F and G, φ(0, u)
must be a critical point of Fψ(u)(x). LetW ⊂ U be a neighborhood of 0 ∈ Rd such that for
all u ∈ W , the critical points of Fψ(u)(x) are in (−ε, ε). Since Fψ(u)(x) is even, the critical
points are equally distributed around 0 ∈ (−ε, ε). But if there is some ū ∈ W such that
φ(0, ū) 6= 0, then since φ(0, ū) is a critical point of Fψ(ū)(x), the function Fψ(ū)(φū(x)))
will not be symmetric in (−δ, δ), since there will be a different number of critical points
to the right and to the left of φ(0, ū). Therefore, there exists a neighborhood V of 0 ∈ Rd
such that φ(0, V ) = 0. Now, define

φ̃(x, u) =

{
φ(x, u), if x ≥ 0,

−φ(−x, u), if x < 0.

Clearly φ̃ satisfies the requirements of the proposition in a suitable neighborhood K ⊂ V
of 0 ∈ Rd.

Definition 2.3.3. Let F be an r-unfolding of a germ f . If any other unfolding of f is
induced from F , F is said to be versal. If, additionally, for any other versal d-unfolding
of f , one has d ≥ r, then F is said to be universal.

These are the usual definitions of versal and universal unfoldings that appear in catas-
trophe theory. However, when restricting the attention to only even unfoldings of a germ,
they become of little use since, for example, any f ∈ m3(1), even unfoldings of f cannot
be versal. Therefore, a more suitable definition for even unfoldings is the following:

Definition 2.3.4. Let F be an even r-unfolding of a germ f . If any other even unfolding
of f is induced from F , F will be called e-versal. If, additionally, for any other e-versal
d-unfolding of f , one has d ≥ r, then F will be called e-universal.

Proposition 2.3.3. Let F1, F2, F3 be r1-, r2-, r3-unfoldings, respectively, such that F1 is
induced from F2 and F2 is induced from F3. Then, F1 is induced from F3.

Proof. Let φi, ψi and γi, i = 1, 2, be the corresponding germs of definition 2.3.2, satisfy-
ing, for ui ∈ Rri ,
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Fi(x, ui) = Fi+1(φi(x, ui)), ψi(ui)) + γi(ui), i = 1, 2.

Defining

φ3(x, u1) = φ2(φ1(x, u1), ψ1(u1)), ψ3(u1) = ψ2(ψ1(u1)), and
γ3(u1) = γ1(u1) + γ2(ψ(u1)),

it follows that φ3, ψ3, γ3 satisfy the conditions (a), (b) and (c), of definition 2.3.2, with
d = r1 and r = r3. Moreover, one has

F1(x, u1) = F3(φ3(x, u1), ψ3(u1)) + γ3(u1).

Hence, F1 is induced from F3.

Proposition 2.3.4. Let F1, F2, F3 be r-unfoldings such that F1 is equivalent to F2 and F2

equivalent to F3. Then, F1 equivalent to F3.

Proof. Defining φ3, ψ3 and γ3 as in proposition 2.3.3, then they satisfy the conditions
(a), (b) and (c), of definition 2.3.2 and, since ψ1, ψ2 ∈ m(1) are invertible, ψ3 will be
invertible in a suitable neighborhood of 0. Therefore, F1 is equivalent to F3.

Proposition 2.3.5. Let F,G be two even unfoldings such that G is e-versal and G is
induced from F . Then, F is e-versal.

Proof. Let f be the germ that F unfolds, and g be the germ that G unfolds. Moreover, let
φ, ψ, γ be the germs of definition 2.3.2, satisfying

G(x, u) = F (φ(x, u), ψ(u)) + γ(u).

Note that g = f ◦ φ0, where φ0(x)
.
= φ(x, 0). Consider another arbitrary even unfolding

F̃ of f . Then, the germ G̃(x, u) = F̃ (φ0(x), u) is an even unfolding of g, and is clearly
equivalent to F̃ . But since G is e-versal, G̃ is induced from G, that is induced from F .
Hence, by proposition 2.3.3, F̃ is induced from F , and thus F is e-versal.

Lemma 2.3.1. Let f ∈ Ue(n, r) be such that, for some k ≤ r, f satisfies

f(x, 0, . . . , 0, uk+1, . . . , ur) = 0,

for all x ∈ Rn in some neighborhood of 0 and all (uk+1, . . . , ur) ∈ Rr−k in some neigh-
borhood of 0. Then, there exists germs g1, . . . , gk ∈ Ue(n, r) such that

f(x, u) =
k∑
i=1

uigi(x, u).

Proof. Note that

f(x, u) =

∫ 1

0

d

dt
(f(x, tu1, . . . , tuk, uk+1, . . . , ur))dt.

Computing the derivative on the right side of the equality, one has
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f(x, u) =

∫ 1

0

k∑
i=1

∂f

∂ui

∣∣∣∣
(x,tu1,...,tuk,uk+1,...,ur)

· uidt

=
k∑
i=1

∫ 1

0

∂f

∂ui

∣∣∣∣
(x,tu1,...,tuk,uk+1,...,ur)

dt · ui.

For each i = 1, . . . , k, define

gi(x, u)
.
=

∫ 1

0

∂f

∂ui

∣∣∣∣
(x,tu1,...,tuk,uk+1,...,ur)

dt.

Since f ∈ Ue(n, r), it follows that gi ∈ Ue(n, r) for all i = 1, . . . , k, and hence, the lemma
follows.

The following theorem, known as Mather division theorem, or also as Malgrange
preparation theorem, is of fundamental importance for the proof of the central theorem
in catastrophe theory regarding the equivalence of unfoldings, as it will be seen later in
the text. Despite its simple appearance, this theorem is very deep and there is no known
elementary way of proving it. Therefore, its proof is omitted here, but the reader may find
it at ([9], chapter four).

Theorem 2.3.1 (Mather division theorem). Let F ∈ U(1, r) be such that σ(F0) =
σ(F (·, 0)) = k <∞. Then,

U(1, r) = FU(1, r) + 〈1, x, . . . , xk−1〉ε(r),
where the functions on ε(r) do not depend on x.

Corollary 2.3.1. Let F ∈ Uo(1, r) be such that σ(F (·, 0)) = 2k − 1 <∞. Then,

Ue(1, r) = FUo(1, r) + 〈1, x2, . . . , x2k−2〉ε(r).
Proof. Applying Mather division theorem to F and decomposing the right side into even
and odd parts in x, one has

U(1, r) =FUo(1, r) + 〈1, x2, . . . , x2k−2〉ε(r)+
FUe(1, r) + 〈x, x3, . . . , x2k−1〉ε(r).

Thus, since U(1, r) = Ue(1, r)⊕ Uo(1, r) by proposition 2.3.1, it follows that

Ue(1, r) = FUo(1, r) + 〈1, x2, . . . , x2k−2〉ε(r).

Definition 2.3.5. Let F ∈ U(n, r). Denote by αi(F ), i = 1, . . . , r, the germs in ε(n) of
the functions

αi(F )(x)
.
=
∂F (x, 0)

∂ui
.

Note that, for an even r-unfolding, since x 7→ F (x, u) is even for all u in some
neighborhood of 0 ∈ Rr, αi(F )(x) = ∂F (x,0)

∂ui
is also even.
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2.4 Transversality
The following sections contain the main results of catastrophe theory that will be used for
the analysis of the quantum system presented here, and all of them revolve around the con-
cept of transversality of an unfolding. In short, catastrophe theory says that the transver-
sal unfoldings – a special class of unfoldings – are all equivalent to certain polynomial
unfoldings, and that every transversal unfolding is universal, and vice-versa. Moreover, it
also says that the transversal unfoldings are stable, a very important concept that will be
precisely defined in the next section. In this thesis, similar results are obtained regarding
the even unfoldings.

Definition 2.4.1. Let f ∈ m(1) and F be an r-unfolding of f . F is said to be transversal
if

df

dx
ε(1) + 〈1, α1(F ), . . . , αr(F )〉

R
= ε(1)

Similar to the definitions of versal and universal unfoldings, this definition of transver-
sality needs to be adapted when dealing only with even unfoldings. The following defini-
tion is more suitable for that purpose:

Definition 2.4.2. Let f ∈ me(1) and F be an even r-unfolding of f . F will be called
e-transversal if

df

dx
εo(1) + 〈1, α1(F ), . . . , αr(F )〉

R
= εe(1)

The goal now is to find an equivalent, but more useful, condition for the e-tranversality
of an unfolding as defined above.

Proposition 2.4.1. Let f ∈ me(1) with k = σ(f) <∞ and let F be an even r-unfolding
of f . Then, F is e-transversal if and only if

〈1, x2, . . . , xk−2〉R = 〈1, jk−2(α1(F )), . . . , jk−2(αr(F ))〉R.

Proof. If σ(f) = k, then by corollary 2.2.2 it is easy to see that σ
(
df
dx

)
= k−1. By propo-

sition 2.2.3, df
dx
εo(1) = mk

e(1), and by proposition 2.2.4, εe(1)/mk
e(1) = 〈1, x2, . . . , xk−2〉R.

Hence, the e-transversality condition is equivalent to

〈1, x2, . . . , xk−2〉R ⊂ 〈1, α1(F ), . . . , αr(F )〉R.

But note that, for even k, jk acting on εe(1) can be regarded as the projection operator of
the subspace 〈1, x2, . . . , xk〉R. Thus, the above relation can be rephrased as

〈1, x2, . . . , xk−2〉R =jk−2 (〈1, α1(F ), . . . , αr(F )〉R)

=〈1, jk−2(α1(F )), . . . , jk−2(αr(F ))〉R.
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Corollary 2.4.1. Let f ∈ me(1) be any germ with k = σ(f) <∞. Then, the unfolding

F (x, u) = f(x) + u1x
2 + u2x

4 + · · ·+ urx
k−2

is an e-transversal r-unfolding of f , with r = (k − 2)/2.

Proof. This is obvious from proposition 2.4.1.

Proposition 2.4.2. Let f ∈ me(1) be any germ with σ(f) <∞, F an e-versal r-unfolding
of f . Then, F is e-transversal.

Proof. Let G be an e-transversal d-unfolding of f (by corollary 2.4.1, such G exists).
Since F is e-versal, then G is induced by F ; i,.e., there exists some germs φ ∈ mo(1 +d),
ψ ∈ m(d, r) and γ ∈ m(d) such that

G(x, u) = F (φ(x, u), ψ(u)) + γ(u).

Computing the derivative on both sides, one has

αi(G) =
df

dx

∂φ(x, 0)

∂ui
+

r∑
j=1

αj(F )
∂ψ(0)

∂ui
, for all i = 1, . . . , d.

Note that the above equation, together with the parity of φ, F and G, imply

〈1, α1(G), . . . , αd(G)〉R ⊂
df

dx
εo(1) + 〈1, α1(F ), . . . , αr(F )〉R ⊂ εe(1).

From the e-transversality of G and since df
dx
εo(1) + df

dx
εo(1) = df

dx
εo(1), it follows that

εe(1) =
df

dx
εo(1) + 〈1, α1(G), . . . , αd(G)〉R =

df

dx
εo(1) + 〈1, α1(F ), . . . , αr(F )〉R.

Hence, F is e-transversal.

Definition 2.4.3. Let F,G ∈ Ue(1, 1 + r) be two e-transversal unfoldings of the same
germ f ∈ me(1). F and G are said to be elementary homotopic when, for all s ∈ [0, 1],
the unfolding

Hs = sG+ (1− s)F

is e-transversal. Moreover, F and G are said to be homotopic when there exists a finite
sequence of even unfoldings F = F0, F1, . . . , Fn−1, Fn = G such that Fi−1 and Fi are
elementary homotopic for all i = 1, . . . , n.

The proof of the next theorem, regarding the equivalence of e-transversal unfoldings,
relies on the existence of certain germs satisfying a differential equation. Their existence
are guaranteed by the following proposition, whose proof is contained in appendix A.

Proposition 2.4.3. Let F ∈ m(n + 1). Suppose that there exist ξ ∈ ε(n + 1, n) and
η ∈ ε(n + 2) such that for any x ∈ R

n near 0 and any t ∈ R near 0, the following
equation holds:
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∂F (x, t)

∂t
=

n∑
i=1

∂F (x, t)

∂xi
ξi(x, t) + η(F (x, t), x, t) (2.2)

Then, there exist φ ∈ ε(n + 1, n) and λ ∈ ε(n + 2) such that for any x ∈ Rn near 0 and
any t, s ∈ R near 0, the following holds:

(a) φ(x, 0) = x and λ(s, x, 0) = s,

(b)

∂φi(x, t)

∂t
= −εi(φ(x, t), t) for all i = 1, . . . , n, and

∂λ(s, x, t)

∂t
= η(λ(s, x, t), φ(x, t), t),

(c) F (φ(x, t), t) = λ(F (x, 0), x, t).

Lemma 2.4.1. Let f ∈ ε(n+ r + 1, p) be such that f(x, y, 0) does not depend on x, and
that f satisfies

∂fi
∂t

(x, y, t) = g(f(x, y, t), t) + h(x, y, t),

where g ∈ ε(p + 1, p), h ∈ ε(n + r + 1, p), and h does not depend on x. Then f(x, y, t)
does not depend on x.

Proof. For all x ∈ Rn, define fx ∈ ε(r + 1, p) by fx(y, t) = f(x, y, t). Then, it follows
that for any x ∈ Rn, fx(y, t) satisfies

∂(fx)i
∂t

(y, t) = g(fx(y, t), t) + h(0, y, t), and fx(y, 0) = f(0, y, 0).

But by the uniqueness of the solutions to the above equations, it follows that fx(y, t) =
fx′(y, t) for all x, x′ ∈ Rn.

Theorem 2.4.1. Let f ∈ me(1) be any germ such that σ(f) < ∞, and F,G ∈ Ue(1, r)
be e-transversal r-unfoldings of f . Then, F and G are equivalent.

Proof. First, it shall be shown that it is enough to prove the theorem for the special case
where F and G are elementary homotopic. Note that, for an e-transversal unfolding F of
f , one has

〈1, x2, . . . , x2n〉R = 〈1, j2n(α1(F )), . . . , j2n(αr(F ))〉R,
where n = (σ(f) − 2)/2 ∈ N. The above equation means, in particular, that there are
constants a0, . . . , ar ∈ R such that

x2 = a0 +
r∑
j=1

ajj
2n(αj(F )). (2.3)

Clearly, there exists some j1 > 0 for which aj1 6= 0 in the above equation. Hence, define
a new unfolding F1 given by
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F1(x, u) = f(x) + u1α1(F ) + · · ·+ uj1x
2 + · · ·+ urαr(F ),

if aj1 > 0, or

F1(x, u) = f(x) + u1α1(F ) + · · · − uj1x2 + · · ·+ urαr(F ),

if aj1 < 0. Note that F1 is also an even r-unfolding of f . Moreover, F and F1 are
elementary homotopic. Indeed, for an unfolding Hs = sF1 + (1 − s)F where s ∈ [0, 1],
j2n(αj(Hs)) = j2n(αj(F )) for all j 6= j1, and

j2n(αj1(Hs)) = sj2n(αj1(F )) + sgn(aj1)(1− s)x2.

By eq. 2.3, j2n(αj1(F )) can be expressed as

j2n(αj1(F )) =

j2n(αj1(Hs))− sgn(aj1)

(
a0 +

∑r
j=1
j 6=j1

aj1j
2n(αj(F ))

)
s+ (1− s)|aj1|

=

j2n(αj1(Hs))− sgn(aj1)

(
a0 +

∑r
j=1
j 6=j1

aj1j
2n(αj(Hs))

)
s+ (1− s)|aj1|

.

Hence, 〈1, j2n(α1(Hs)), . . . , j
2n(αr(Hs))〉R = 〈1, j2n(α1(F )), . . . , j2n(αr(F ))〉R and there-

fore it follows that Hs is e-transversal. Moreover, by a diffeomorphic change of parame-
ters e ∈ ε(r, r) given by

e(u1, . . . , uj1 , . . . , ur) = (uj1 , u2, . . . , sgn(aj1)u1, uj1+1, . . . , ur),

one can obtain another e-transversal even r-unfolding F̃1 of f given by

F̃1(x, u) = F1(x, e(u)) =f(x) + u1x
2 + u2α2(F ) + · · ·+ uj1α1(F ) + uj1+1αj1+1(F )

+ · · ·+ urαr(F ),

where F̃1 is clearly equivalent to F1. Now, consider an e-transversal r-unfolding Fm
of f , where m < n, such that αj(Fm) = x2j for j ≤ m, and αj(Fm) = αj(F ) for
j > m. Then, since Fm is e-transversal, it follows that, similar to the above case, there
are constants a0, . . . , ar ∈ R such that

x2(m+1) = a0 +
m∑
j=1

ajx
2j +

r∑
j=m+1

ajj
2n(αj(F ))

Again, clearly aj′ 6= 0 for some j′ > m. Defining a new unfolding Fm+1 of f by

Fm+1(x, u) =f(x) + u1x
2 + · · ·+ umx

2m + um+1αm+1(Fm) + · · ·+ sgn(aj′)uj′x
2(m+1)

+ uj′+1αj′+1(Fm) + · · ·+ urαr(Fm),
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and proceeding in a similar way to the above discussion, it is not hard to see that Fm+1

is also e-transversal and elementary homotopic to Fm. Moreover, as before, by the germ
diffeomorphism e ∈ ε(r, r)

e(u1, . . . , ur) = (u1, . . . , um, uj′ , um+2, . . . , uj′−1, sgn(aj′)um+1, uj′+1, . . . , ur),

one can find another unfolding F̃m+1 of f given by

F̃m+1(x, u) = Fm+1(x, e(u)) =f(x) + u1x
2 + · · ·+ um+1x

2(m+1) + um+2αm+2(Fm)

+ · · ·+uj′αm+1(Fm) + uj′+1αj′+1(Fm) + · · ·+ urαr(Fm),

where F̃m+1 is equivalent to Fm+1. By induction, it follows that there exists a finite
sequence of e-transversal unfoldings of f , F, F1, F̃n, . . . , Fn, F̃n, where every unfolding
in the sequence is either equivalent or elementary homotopic to the next, and F̃n is given
by

F̃n(x, u) = f(x) + u1x
2 + · · ·+ unx

2n + h(x, un+1, . . . , ur)

By a straightforward calculation it can be shown that F̃n is elementary homotopic to the
unfolding

Y (x, u) = f(x) + u1x
2 + · · ·+ unx

2n

Hence, for any transversal unfolding F,G of f with r parameters, there exists a finite
sequence of unfoldings F, F1, F̃1, . . . , Fn, F̃n, Y, G̃n, Gn, . . . , G̃1, G1, G such that every
unfolding in the sequence is either equivalent or elementary homotopic to the next. Hence,
If one proves that elementary homotopic unfoldings are also equivalent, one proves that
F is equivalent to G.

The idea for the proof is to show that, when F and G are elementary homotopic, then
for every s ∈ [0, 1], there is an open interval Is of [0, 1] with s ∈ Is such that for all
s′ ∈ Is, the unfolding

Hs′ = s′G+ (1− s′)F
is isomorphic toHs. Assuming that this holds, then the union ∪s∈[0,1]Is is an open cover of
[0, 1]. But since [0, 1] is compact, it follows that there exists a finite subcover ∪i∈{1,...,N}Ii
of [0, 1]. If discarding the intervals Ii that are just subsets of other bigger intervals in the
finite subcover, one can conveniently label them to satisfy inf{Ii} < inf{Ij} if i < j, and
obtain another finite subcover ∪i∈{1,...,M}Ii. Is this case, the intervals also must satisfy
Ii ∩ Ii+1 6= ∅ for all i = 1, . . . ,M − 1. Let si denote an element in Ii ∩ Ii+1. Then, from
the above remarks, it follows that H0, Hs1 , . . . , HsM−1

, H1 are all equivalent. But since
H0 = F and H1 = G, this implies that F and G are equivalent. Hence, let F,G be two
elementary homotopic even unfoldings of f , and s ∈ (0, 1). Define

H(x, u, t) = (s+ t)G+ (1− s− t)F.
The goal is to show that for some sufficiently small t ∈ R, H(x, u, t) is equivalent to
H(x, u, 0). Note that there exits a neighborhood V of 0 ∈ R such that if t ∈ V , H(x, u, t)
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is e-transversal. Note also that ∂H(x,u,t)
∂x

∈ Uo(1, r + 1), and hence, defining Ht(x, u) =
H(x, u, t), by corollary 2.3.1 one has

Ue(1, r + 1) =
∂Ht

∂x
Uo(1, r + 1) + 〈1, x2 . . . , x2n〉ε(r+1).

But if t ∈ V , 〈1, x2 . . . , x2n〉ε(r+1) ⊂ 〈1, α1(Ht) . . . , αr(Ht)〉ε(r+1). Hence, for t ∈ V one
may write

Ue(1, r + 1) =
∂Ht

∂x
Uo(1, r + 1) + 〈1, α1(Ht) . . . , αr(Ht)〉ε(r+1).

Multiplying both sides by m(r) and taking the linear span, one finally arrives at

〈m(r)Ue(1, r + 1)〉R =

〈
m(r)

∂Ht

∂x
Uo(1, r + 1)

〉
R

+

〈m(r){1, α1(Ht) . . . , αr(Ht)}ε(r + 1)〉R.

Now, note that H(x, u, t) ∈ Ue(1, r + 1) and ∂H
∂t

(x, 0, t) = ∂(f(x))
∂t

= 0. Hence, by lemma
2.3.1, ∂H

∂t
∈ 〈m(r)Ue(1, r + 1)〉R and by the above equation, it follows that there exists

some germ ζ ∈ 〈m(r)Uo(1, r + 1)〉R and some germs χ0, χ1, . . . , χr ∈ 〈m(r)ε(r + 1)〉R
such that

∂H

∂t
(x, u, t) =

∂H

∂x
(x, u, t)ζ(x, u, t) +

r∑
i=1

∂H

∂ui
(x, u, t)χi(u, t) + χ0(u, t)

Applying proposition 2.4.3 for H ∈ ε(n+ r+ 1), where ξ(x, u, t) = (ζ(x, u, t), χ1(u, t),
. . . , χr(u, t)) and η(x, u, t) = χ0(u, t), it follows that there is a germ Φ = (φ, ψ1, . . . , ψr)
∈ ε(1 + r + 1, 1 + r) and a germ λ ∈ ε(1 + 1 + r + 1) such that

(a)

φ(x, u, 0) = x,

ψ(x, u, 0) = u,

λ(τ, x, u, 0) = τ,

(b) H(Φ(x, u, t), t) = λ(H(x, u, 0), x, u, t),

(c)

∂φ

∂t
(x, u, t) = −ζ(φ(x, u, t), ψ(x, u, t), t),

∂ψi
∂t

(x, u, t) = −χi(ψ(x, u, t), t),

∂λ

∂t
(τ, x, u, t) = χ0(ψ(x, u, t), t).
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Note that items (a) and (c), together with lemma 2.4.1, imply that φ and λ do not depend
on x. Hence, from now on, the x variable will be ommited in both functions, considering
ψ as a germ in ε(r + 1, r) and λ as a germ in ε(1 + r + 1). Note also that ψ(0, t) satisfies

∂ψi
∂t

(0, t) = −χi(ψ(0, t), t), and ψ(0, 0) = 0.

But the function g(t) = 0 ∈ ε(1, r) also satisfies the above equation, since χi ∈ 〈m(r)ε(r+
1)〉R. Hence, by uniqueness, ψ(0, t) = 0. Moreover, one also has

∂φ

∂t
(x, 0, t) = −ζ(φ((x, 0, t), 0, t) = 0, and

∂λ

∂t
(τ, 0, t) = χ0(0, t) = 0,

since ζ ∈ 〈m(r)ε(1 + r + 1)〉R and χ0 ∈ 〈m(r)ε(r + 1)〉R. Hence, φ(x, 0, t) = x and
λ(τ, 0, t) = τ .

From (c), it follows that

∂

∂t

(
∂λ

∂τ
(τ, u, t)

)
= 0, and

∂λ

∂τ
(τ, u, 0) = 1

Therefore, ∂λ
∂τ

(τ, u, t) = 1 for all t, and hence λ(τ, u, t) = τ + α(u, t) for some α ∈
ε(r + 1), with α(0, t) = 0. Now, denoting φt(x, u) = φ(x, u, t), ψt(u) = ψ(u, t) and
αt(u) = α(u, t), from (b) one has

H(x, u, 0) = H(φt(x, u), ψt(u), t)− αt(u),

where φt(x, 0) = x, ψt(0) = 0, αt(0) = 0 and, from (a), it follows that for any suffi-
ciently small t′ 6= 0, the mappings x 7→ φt′(x, u) and u 7→ ψt′(u) are invertible. Hence,
H(x, u, 0) is equivalent to H(x, u, t′).

Proposition 2.4.4. An even unfolding F of a germ f ∈ me(1) with σ(f) <∞ is e-versal
if and only if it is e-transversal.

Proof. By proposition 2.4.2, any e-versal unfolding of a germ f ∈ me(1) with σ(f) <∞
is e-transversal. Hence, it suffices to prove the converse. Let F be an e-transversal r-
unfolding of a germ f ∈ me(1) with σ(f) < ∞, and let G be an arbitrary even d-
unfolding of f . Define another two even (r + d)-unfoldings of f by

H(x, u, v) = F (x, u) +G(x, v)− f(x), and K(x, u, v) = F (x, u).

Clearly, H and K are e-transversal, as F is e-transversal. Hence, by proposition 2.4.1,
H and K are equivalent. Moreover, G is induced from H , by the germs φ(x, u) = x,
ψ(u, v) = u, γ(u, v) = 0, and K is induced from F , by the germs φ(x, u) = x, ψ(v) =
(0, v), γ(v) = 0. Therefore, by proposition 2.3.3, G is induced from F .

Corollary 2.4.2. An e-versal r-unfolding of a germ f ∈ me(1), with σ(f) = k < ∞, is
e-universal if and only if r = (k − 2)/2.
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Proof. Clearly, the even d-unfolding F of f given by

F (x, u) = f + u1x
2 + u2x

4 + · · ·+ udx
k−2,

where d = (k − 2)/2, is e-transversal and hence e-versal. Therefore, any e-universal r-
unfolding of f must satisfy r ≤ (k−2)/2. LetG be an even unfolding of f with r < (k−
2)/2. Then 〈1, x2, . . . , xk−2〉R will never be contained in 〈1, α1(G), . . . , αr(G)〉R, since
the former has dimension 1+(k−2)/2 and the latter has dimension 1+r < 1+(k−2)/2.
Hence, G is not e-transversal and thus not e-versal.

Theorem 2.4.2 (Thom’s theorem for even unfoldings of one variable germs). Let F be
an e-transversal r-unfolding of a germ f ∈ me(1), with k = σ(f) < ∞. Then, the even
polynomial d-unfolding

P (x, u) = ±xk + u1x
2 + u2x

4 + · · ·+ udx
k−2,

where d = (k− 2)/2 and the sign is that of d
kf(0)
dx

, is induced from F . Moreover, if r = d,
F and P are equivalent.

Proof. Since k = σ(f) <∞, by theorem 2.2.2 and proposition 2.2.1, there exists a germ
diffeomorphism φ ∈ mo(1) such that±xk = f(φ(x)), where the sign is that of dkf(0)

dx
. Let

F̃ (x, u) = F (φ(x, u), u). Then, F̃ is clearly an even unfolding of±xk. Moreover, since it
is equivalent to F , by proposition 2.3.3 F̃ is e-transversal, and hence by proposition 2.4.1
F̃ is e-versal. Therefore, P is induced from F̃ . If r = d, since P and F̃ are e-transversal
and unfold the same germ, by theorem 2.4.1 P is equivalent to F̃ , and hence to F .

Corollary 2.4.3. Let F and G be two e-universal r-unfoldings of germs in me(1) with
finite determinacy. Then, F and G are equivalent.

Proof. By corollary 2.4.2, both F and G are even unfoldings of germs with determinacy
equals to 2r + 2. Hence by Thom’s theorem, they both are equivalent to the same poly-
nomial unfolding, and hence they are equivalent to each other.

2.5 Stability of unfoldings
The last important property of e-transversal unfoldings that will be presented here is their
e-stability, i.e., a small even perturbation added to an e-transversal unfolding does not
break its e-transversality, and the perturbed unfolding is equivalent to the non-perturbed.
In order to properly define the concept of stability for unfoldings, it is necessary to gen-
eralize the previous definition of equivalence of unfoldings.

Definition 2.5.1. Let U, V be open subsets of Rn+r, and F : U → R, G : V → R two
smooth functions. Then, G at (x, u) is equivalent to F at (y, v) if, for some neighborhood
U1 of Rn and some neighborhood U2 of Rr, such that U1 × U2 ⊂ U , there exist smooth
functions φ : U1 × U2 :→ R

n, ψ : U2 → R
r and γ : U2 → R, satisfying

(a) (φ(x′, u′), ψ(u′)) ∈ V for all (x′, u′) ∈ U1 × U2, with (φ(x, u), ψ(u)) = (y, v),
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(b) φu(x′)
.
= φ(x′, u) and ψ(u′) are diffeomorphisms,

such that, for all (x′, u′) ∈ U1 × U2, one has

G(x′, u′) = F (φ(x′, u′), ψ(u′)) + γ(u′).

Also, in order to proceed with the definition of stability, one must choose a convenient
topology in C∞(U,R). For the situation presented here, a good topology to work with is
the topology associated with the following norm:

Definition 2.5.2. Let U be an open subset of R1+r, let ν = (x, u1, . . . , ur), and for some
(r + 1)-index α = (α0, . . . , αr), let

∂|α|

∂να
.
=

∂|α|

∂xα0∂u1
α1 . . . ∂urαr

.

For any n ∈ N, define the norm ‖ · ‖n in C∞(U,R) by

‖F‖n
.
=
∑
|α|≤n

1

α!
sup

(x,u)∈U

∣∣∣∣∂|α|F (x, u)

∂να

∣∣∣∣ .
Definition 2.5.3. Let F ∈ Ue(1, r). F is said to be e-stable if, for every neighborhood U
of 0 in R1+r and every representative F ′ of F defined on U , there exists some n ∈ N and
some neighborhood V of 0 in C∞(U,R), with respect to the norm ‖ · ‖n, such that for all
functions G′ ∈ V where x 7→ G′(x, u) is even for u ∈ U , there is a point (0, u) ∈ U such
that F ′ at (0, 0) is equivalent to F ′ +G′ at (0, u).

The following two results are required for the proof of the main theorem of this sec-
tion.

Theorem 2.5.1 (Brouwer fixed-point theorem). Every continuous function from a closed
ball in Rn to itself has a fixed point.

Proposition 2.5.1. Let {u1, . . . , un} be an orthonormal basis of a Hilbert space H , and
{v1, . . . , vn} a set of vectors in H such that

n∑
i=1

‖ui − vi‖ < 1.

Then, {v1, . . . , vn} is a basis for H .

Proof. Let f ∈ H , and define ρ .
=
∑n

i=1 ‖ui − vi‖ < 1. Since {u1, . . . , un} is an
orthonormal basis, then f =

∑n
i=1 ciui, where ci = (f, ui). Define f1 =

∑n
i=1 civi. Then,

one has

‖f − f1‖ =

∥∥∥∥∥
n∑
i=1

ci(ui − vi)

∥∥∥∥∥ ≤
n∑
i=1

|ci| ‖ui − vi‖ =
n∑
i=1

|(f, ui)| ‖ui − vi‖ .

By Cauchy-Schwarz inequality, |(f, ui)| ≤ ‖f‖‖ui‖ = ‖f‖ for all i = 1, . . . , n. Hence,
it follows that
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‖f − f1‖ ≤ ‖f‖
n∑
i=1

‖ui − vi‖ = ρ‖f‖.

Proceeding in exactly the same way, one may find some f2 ∈ H , also spanned by the v′is,
such that

‖f − f1 − f2‖ ≤ ρ‖f − f1‖ ≤ ρ2‖f‖.

Therefore, by induction, one may construct a sequence {f̃n} of elements spanned by the
v′is satisfying, for all n ∈ N ,

‖f − f̃n‖ ≤ ρn‖f‖.

Hence, since ρ < 1, {f̃} converges to f , and since any finite-dimensional subspace of a
Hilbert space is closed, it follows that f is also spanned by the v′is. Thus, {v1, . . . , vn} is
a basis for H .

Theorem 2.5.2. Every e-universal unfolding of a germ f ∈ me(1) with σ(f) < ∞ is
e-stable.

Proof. Let U be an open neighborhood of 0 ∈ R1+r, F : U → R be a representative of
an e-universal r-unfolding of a germ f ∈ me(1), with k = σ(f) = 2r + 2 < ∞, and
G ∈ C∞(U,R) an even smooth function. By Thom’s theorem, there exist some germs
φ, ψ, γ such that in a neighborhood U1 ⊂ U of 0, one has

F̃ (x, u)
.
= F (φ(x, u), ψ(u)) + γ(u) = x2r+2 + u1x

2 + · · ·+ urx
2r.

Let G̃(x, u) = G(φ(x, u), ψ(u)), and define H̃(x, u)
.
= F̃ (x, u) + G̃(x, u) − G̃(0, u).

Expanding G̃(x, u) into its Taylor series for x = 0, one has

H̃(x, u) = K(x, u)x2r+4 + (1− gr+1(u))x2r+2 + (u1 − g1(u))x2 + · · ·+ (ur − gr(u))x2r,

where gi(u) = −∂
2iG̃(0, u)

∂x2i
.

let g be given by g(u)
.
= (g1(u), . . . , gr(u)), let W1 ∈ R, W2 ∈ Rr, with 0 ∈ W1 ×W2 ⊂

U1, and let B2 ⊂ W2 be a closed ball centered at 0. Note that, since gi depends on the
derivatives of G up to order 2i, then taking n = 2(r+ 1) + 1, it follows that there exists a
neighborhood V of 0 in C∞(U,R) with respect to the norm ‖ · ‖n such that, for any even
G ∈ V , one has

(a) g(B2) ⊂ B2,

(b) |1− gr+1(u)| > 0 for all u ∈ B2, and

(c)
r∑
i=1

∥∥∥∥(∂g1(u)

∂ui
, . . . ,

∂gr(u)

∂ui

)∥∥∥∥ < 1 for all u ∈ B2.
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Now, assume thatG ∈ V . From item (a), one may apply the Brouwer fixed-point theorem
for g. Thus, there exists a point u ∈ B2 such that g(u) = u. Define the diffeomorphism
ψ(u)

.
= u + u, and define H̃1(x, u)

.
= H̃(x, ψ(u)). Clearly H̃ at (0, u) is equivalent to

H̃1 at (0, 0). Moreover, jn(H̃1(x, 0)) = 0 if n < 2r, and j2r+2(H̃1(x, 0)) = 1− gr+1(u).
Thus, by item (b), H̃1 can be regarded as an even unfolding of a germ with determinacy
k = 2r + 2. Now, define an inner product on 〈1, x2, . . . , x2r〉R as the sesquilinear form
defined in the basis {1, x2, . . . , x2r} by

(xi, xj) = δi,j, for all i, j = 0, 2, . . . , 2r.

Since j2r(αi(H̃1)) is given by

j2r(αi(H̃1))(x) = x2i − ∂g1(u)

∂ui
x2 − · · · − ∂gr(u)

∂ui
x2r, for all i = 1, . . . , r,

item (c) implies

r∑
i=1

‖x2i − j2r(αi(H̃))‖ < 1,

and by proposition 2.5.1, it follows that

〈1, j2r(α1(H̃1)), . . . , j2r(αr(H̃1))〉R = 〈1, x2, . . . , x2r〉R.

Hence, H̃1 is e-universal as an r-unfolding and by corollary 2.4.3, H̃1 is equivalent to F .
From this, it follows that F +G at (0, u) (which is equivalent to H̃ at (0, u)) is equivalent
to F at (0, 0).



Chapter 3

Fermi systems on Lattices

This chapter is devoted to showing the existence of thermodynamics for the quantum
system analyzed here, and it is based on the formalism developed in [4]. The system
considered here is modeled on a CAR algebra over an infinite lattice, where each point of
the lattice is supposed to represent a vacant orbital – with a two-fold spin degeneracy – of
the atoms in the crystal lattice of a solid material. Throughout the chapter is is shown that,
for a suitable set of interactions and a suitable set of states, the thermodynamic behavior
of the system can be extracted.

Definition 3.0.1. Let Zd denote the d-dimensional cubic lattice and let h be the Hilbert
space given by h

.
= l2(Zd) ⊗ HS , where HS

∼= C
2 denotes the spin space, with basis

S = {↑, ↓}. From now on, A will denote the CAR algebra associated with h. Note that a
convenient orthonormal basis for l2(Zd) is given by {fx | x ∈ Zd}, where

fx(y)
.
=

{
1, if y = x

0, otherwise.

To simplify the notation, the generators a(fx⊗ s) of the C∗-algebra A, where x ∈ Zd and
s ∈ S = {↑, ↓}, will be denoted by ax,s.

Remark: It is important to note that all of the formalism developed throughout this
chapter can be easily generalized for any spin set S, as long as it is finite.

Definition 3.0.2. Let Pf (Zd) be the set of all finite subsets of Zd, and let Λ ∈ Pf (Zd).
The CAR algebra associated with hΛ

.
= l2(Λ)⊗HS will be denoted by AΛ. Moreover, for

all l ∈ N, define

Λl
.
= {x ∈ Zd | |x1|, . . . , |xd| ≤ l} ∈ Pf (Zd),

and denote by A0 the *-algebra given by

A0
.
=
∞⋃
l=1

AΛl =
⋃

Λ∈Pf (Zd)

AΛ.

Note that for any l ∈ N, the algebra AΛl is finite-dimensional, and A0 is the smallest *-
algebra generated by the elements {ax,s | x ∈ Zd, s ∈ S}. Moreover, as already discussed
in the proof of theorem 1.5.1, A0 is dense in A.

86
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3.1 States of Fermi systems on lattices
For an infinite-dimensional CAR algebra, such as the algebra A studied here, some im-
portant quantities with physical meaning (e.g., the entropy density) are not well-defined
for all states in EA. Therefore, in this case one must restrict the thermodynamical analysis
the system to a convenient subset of states, where the relevant thermodynamical variables
can be calculated. When the interactions in the model are translation invariant, a conve-
nient subset of states is the set of translation invariant states, that will be presented in this
section. Moreover, since the interactions studied here are also permutation invariant in the
so-called strong-coupling limit, it will also be important to analyze the set of permutation
invariant states.

Lemma 3.1.1. Let H be a separable Hilbert space with basis V = {e1, . . . , en, en+1, . . . },
A(H) the CAR algebra associated with H and τ1, τ2 two *-automorphisms of A. If τ1 = τ2

on a(V ), then τ1 = τ2 on A(H).

Proof. If H is finite-dimensional, by the anti-linearity of the mapping f 7→ a(f), the
lemma is obvious. If H is infinite-dimensional, define

A0(H) =
∞⋃
n=1

A(Hn),

where Hn is the finite-dimensional Hilbert space with basis {e1, . . . , en}. By the anti-
linearity of f 7→ a(f), any element is A0(H) can be written as a finite linear combination
of a(ei), ei ∈ V , and hence τ1(a(f)) = τ2(a(f)) on A0(H). But A(H) = A0(H), and the
continuity of τ1, τ2 (see proposition 1.2.1) implies that τ1 = τ2 on A(H).

Remark: Let U be an unitary operator acting on h, and let Ã be the C∗-algebra gener-
ated by the operators {ã(f) | f ∈ h}, where

ãy(f)
.
= a(Uf) for all f ∈ h.

Since U is unitary, it is not hard to see that Ã = A and that the operators ã(f) satisfy the
CARs. By theorem 1.5.1, it follows that there exists a unique *-automorphism τ on A
such that

τ(a(f)) = a(Uf) for all f ∈ h.

Moreover, by lemma 3.1.1, if V is a basis for h, τ is defined by its action on a(V ).

Let (Zd,+) be the group of the d-dimensional cubic lattice under the addition opera-
tion. (Zd,+) acts on h = l2(Zd) ⊗ HS via the unitary operators {Uy | y ∈ Zd}, defined
as

Uyf(x)⊗ s = f(x− y)⊗ s, for all f ∈ l2(Zd) and s ∈ S.

Since Uy acts on the basis elements fx ⊗ s of h as Uyfx ⊗ s = fx+y ⊗ s for all x, y ∈ Zd
and s ∈ S, there is a unique *-automorphism τy on A satisfying

τy(ax,s) = ax+y,s, for all x ∈ Zd and s ∈ S.
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Moreover, for any x, y, z ∈ Zd and s ∈ S,

τz ◦ τy(ax,s) = ax+y+z,s = τz+y(ax,s).

Thus, the family of *-automorphisms {τx | x ∈ Z
d} over A is a representation of the

group (Zd,+).

Definition 3.1.1. Let (Zd,+) be the group of the d-dimensional cubic lattice under the
addition operation. (Zd,+) acts on A via the family of *-automorphisms {τx | x ∈ Zd},
where

τx(ay,s) = ax+y,s, for all y ∈ Zd and s ∈ {↑, ↓}.

The set of all states ω ∈ EA satisfying

ω(τx(A)) = ω(A) for all x ∈ Zd and A ∈ A (3.1)

will be denoted by EZd . The states ω ∈ EZd are said to be translation invariant (t.i.).
More generally, for l ∈ N, the set of all states ω ∈ EA satisfying

ω(τl·x(A)) = ω(A) for all x ∈ Zd and A ∈ A,

where l · x = (lx1, . . . , lxd), will be denoted by El.Zd , and the states ω ∈ El.Zd are said to
be l-periodic.

Given φ ∈ [0, 2π), let Uφ be the unitary operator acting on h satisfying Uφf = e−iφf
for all f ∈ h. It follows that there exists a unique *-automorphism σφ on A such that

σφ(a(f)) = e−iφa(f) for all f ∈ h.

An important case is when φ = π, as it will be seen later. Note that, in particular, one has
σπ ◦ σπ = id.

Definition 3.1.2. Let σπ be the unique *-automorphism of A satisfying

σπ(a(f)) = −a(f) for all f ∈ h,

and let A+, A− be given by

A+ .
= {A ∈ A | σπ(A) = A}, A−

.
= {A ∈ A | σπ(A) = −A}.

Any element A ∈ A+ is said to be even, and any element A ∈ A− is said to be odd.
Moreover, the set of all states ω ∈ EA satisfying

ω(σπ(A)) = ω(A) for all A ∈ A

will be denoted by E+. The states ω ∈ E+ are said to be even.

Remark: Note that for any Λ ∈ Pf (Zd), if A ∈ AΛ, then σπ(A) ∈ AΛ. Therefore, the
notions of evenness and oddness are also well-defined for a state ω ∈ EAΛ

.

Proposition 3.1.1. A = A+⊕A−. Moreover, A+(−)
0

.
= A0 ∩A+(−) is dense in A+(−), A+

is a C∗-sub-algebra of A, A+.A− ⊂ A−, A−.A+ ⊂ A− and A−.A− ⊂ A+.
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Proof. Clearly A+,A− are vector spaces, with A+ ∩ A− = {0}. For any element A ∈ A,
define

A+ =
A+ σπ(A)

2
, A− =

A− σπ(A)

2
.

Clearly A = A+ + A−, and since σπ ◦ σπ = id, it follows that A+ ∈ A+ and A− ∈ A−.
Hence, A = A+ ⊕ A−.

LetA ∈ A+. Given ε > 0, there exists some elementAε ∈ A0 such that ‖Aε−A‖ < ε.
Then, for A+

ε = (Aε + σπ(Aε))/2 ∈ A+
0 , one has

‖A+
ε − A‖ =

∥∥∥∥1

2
(Aε − A) +

1

2
σπ(Aε − A)

∥∥∥∥ ≤ 1

2
(‖Aε − A‖+ ‖σπ(Aε − A)‖) < ε.

Hence, A+
0 is dense in A+. An analogous calculation shows that A−0 is dense in A−.

Since σπ is a *-automorphism, it is easy to see that A+ is a *-sub-algebra of A, and
since any *-automorphism over a C∗-algebra is automatically continuous, it is also easy
to see that A+ is closed. The other statements of the proposition are trivial.

Note that, since any element A ∈ A0 is a sum of polynomials of {ax,s, a∗x,s | x ∈
Λ, s ∈ S}, then it is not hard to see that A ∈ A+

0 ⇐⇒ A is a sum of even polynomials
of {ax,s, a∗x,s | x ∈ Λ, s ∈ S}, and A ∈ A−0 ⇐⇒ A is a sum of odd polynomials of
{ax,s, a∗x,s | x ∈ Λ, s ∈ S}.

Proposition 3.1.2. If A ∈ A+, then

lim
|x|→∞

[A, τx(B)] = 0 for all B ∈ A,

and if A,∈ A−, then

lim
|x|→∞

{A, τx(B)} = 0 for all B ∈ A−.

Proof. Let Λ,Λ′ ∈ Pf (Zd) be such that Λ ∩ Λ′ = ∅. If A ∈ A+
Λ
.
= A+ ∩ AΛ, then A is a

linear combination of even polynomials of the local generators {ax,s, a∗x,s | x ∈ Λ, s ∈ S},
and from the CARs it is easy to see that A commutes with any ax,s, a∗x,s when x ∈ Λ′.
Hence, it commutes with every element of AΛ′ . Similarly, if A ∈ A−Λ

.
= A− ∩AΛ, then A

is a linear combination of odd polynomials of the local generators {ax,s, a∗x,s | x ∈ Λ, s ∈
S}, and from the CARs it is easy to see that any odd polynomial in A−Λ anti-commutes
with any odd polynomial in A−Λ′ . Therefore, by linearity, A anti-commutes with every
element of A−Λ′ .

Now, let A ∈ A+, B ∈ A and ε > 0. By proposition 3.1.1, for some l ∈ N, there
exists some Al ∈ A+

Λl
and some Bl ∈ AΛl such that

‖RAl‖ =‖A− Al‖ < min

{
ε

‖A‖
,
ε

‖B‖
, ε, 1

}
, and

‖RBl‖ =‖B −Bl‖ < min

{
ε

‖A‖
,
ε

‖B‖
, ε, 1

}
.
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For any x ∈ Z
d with |x| > l

√
d, Λl ∩ Λx+l = ∅ and hence Al commutes with τx(Bl).

Moreover, since τx is always isometric, it is not hard to see that for any x ∈ Z
d with

|x| > l
√
d,

‖[A, τx(B)]‖ =‖[Al, τx(Bl)] + [RAl , τx(B)] + [A, τx(RBl)]− [RAl , τx(RBl)]‖ < ε.

Hence,

lim
|x|→∞

[A, τx(B)] = 0.

Now, let A,B ∈ A− and ε > 0. Similarly, for some l ∈ N, there exists some Al ∈ A−Λl
and some Bl ∈ A−Λl such that

‖RAl‖ =‖A− Al‖ < min

{
ε

‖A‖
,
ε

‖B‖
, ε, 1

}
, and

‖RBl‖ =‖B −Bl‖ < min

{
ε

‖A‖
,
ε

‖B‖
, ε, 1

}
.

Therefore, for any x ∈ Zd with |x| > l
√
d, {Al, τx(Bl)} = 0. Thus, for any x ∈ Zd with

|x| > l
√
d,

‖{A, τx(B)}‖ =‖{Al, τx(Bl)}+ {RAl , τx(B)}+ {A, τx(RBl)} − {RAl , τx(RBl)}‖ < ε.

Hence,

lim
|x|→∞

{A, τx(B)} = 0.

Proposition 3.1.3. The group (Zd,+) is amenable, and the sequence {Λl} is a Følner
sequence of (Zd,+), where Λl are the sets defined in definition 3.0.2.

Proof. Let y = (y1, . . . , yd) ∈ Zd. Note that, for any l ∈ N, one has

x ∈ (y.Λl) ∩ Λl ⇐⇒ xi ∈ [l − yi, l + yi] ∩ [−l, l] for all i = 1, . . . , d.

It is not hard to see that the above relation defines a box in Zd, with

|(y.Λl) ∩ Λl| =
d∏
i=1

max{2l + 1− yi, 0}.

Assuming l large enough such that 2l + 1 − yi > 0 for all i = 1, . . . , d and denoting
ỹ = maxi=1,...,d{yi}, it follows that

|(y.Λl) ∩ Λl| ≥ (2l + 1− ỹ)d.
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Hence,

|(y.Λl)∆Λl|
|Λl|

=
|(y.Λl)|+ |Λl| − 2|(y.Λl) ∩ Λl|

|Λl|
≤ (2l + 1)d + (2l + 1)d − 2(2l + 1− ỹ)d

(2l + 1)d

=2− 2(1− αl)d, where αl =
ỹ

2l + 1
.

Since αl → 0 as l→∞, clearly

lim
l→∞

|(y.Λl)∆Λl|
|Λl|

= 0.

Thus, {Λl} is a Følner sequence of (Zd,+), and by proposition 1.4.10, (Zd,+) is amenable.

Proposition 3.1.4. For any t.i. state ω ∈ EZd , the pair (A, ω) is (Zd,+)-abelian.

Proof. By proposition 1.4.10, in the strong operator topology of B(Hω), one has

Eω = lim
l→∞

1

|Λl|
∑
x∈Λl

Ux,

and since
∑

x∈Λl
Ux =

∑
x∈Λl

U−x =
∑

x∈Λl
U−1
x , for any A ∈ A+ and any B ∈ A, it

follows that, in the strong operator topology,

[Eωπω(A)Eω, Eωπω(B)Eω] = Eωπω(A)Eωπω(B)Eω − Eωπω(B)Eωπω(A)Eω =

lim
l→∞

1

|Λl|

(
Eωπω(A)

∑
x∈Λl

Uxπω(B)Eω − Eωπω(B)
∑
x∈Λl

Uxπω(A)Eω

)
=

lim
l→∞

1

|Λl|
∑
x∈Λl

Eω
(
πω(A)Uxπω(B)U−1

x − Uxπω(B)U−1
x πω(A)

)
Eω =

lim
l→∞

1

|Λl|
∑
x∈Λl

Eωπω([A, τx(B)])Eω = lim
l→∞

Eωπω

(
1

|Λl|
∑
x∈Λl

[A, τx(B)]

)
Eω.

Given ε > 0, let L ∈ N be such that for all x ∈ Zd with |x| > L,

‖[A, τx(B)]‖ < ε

2
,

and let l′ > L be such that

1

|Λl′ |
∑
|x|≤L

‖[A, τx(B)]‖ < ε

2
.

Then, for all l > l′,
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∥∥∥∥∥ 1

|Λl|
∑
x∈Λl

[A, τx(B)]

∥∥∥∥∥ ≤ 1

|Λl|
∑

x∈Λl | |x|≤L

‖[A, τx(B)]‖+

1

|Λl|
∑

x∈Λl | |x|>L

‖[A, τx(B)]‖ < ε.

Hence, one has

[Eωπω(A)Eω, Eωπω(B)Eω] = lim
l→∞

1

|Λl|
∑
x∈Λl

Eωπω([A, τx(B)])Eω

=Eωπω

(
lim
l→∞

1

|Λl|
∑
x∈Λl

[A, τx(B)]

)
Eω = 0. (3.2)

Similarly, for any A ∈ A−, one may show that

{Eωπω(A∗)Eω, Eωπω(A)Eω} = lim
l→∞

1

|Λl|
∑
x∈Λl

Eωπω({A∗, τx(A)})Eω

=Eωπω

(
lim
l→∞

1

|Λl|
∑
x∈Λl

{A∗, τx(A)}

)
Eω = 0.

Clearly, the above equation implies

(Eωπω(A)Eω)∗(Eωπω(A)Eω) = −(Eωπω(A)Eω)(Eωπω(A)Eω)∗ (3.3)

Note that the element in the l.h.s of eq. 3.3 is positive, while the element in the r.h.s is the
negative of a positive element. Hence, by proposition 1.1.10,

(Eωπω(A)Eω)∗(Eωπω(A)Eω) = 0,

and by the C∗-norm property, it follows that

‖Eωπω(A)Eω‖2 = ‖(Eωπω(A)Eω)∗(Eωπω(A)Eω)‖ = 0 =⇒ Eωπω(A)Eω = 0. (3.4)

This, together with eq. 3.2, implies that Eωπω(A)Eω is abelian, and hence, by proposition
1.4.8, (A, ω) is (Zd,+)-abelian.

Proposition 3.1.5. Any t.i. state is also even.

Proof. Let ω be a t.i. state. Note that eq. 3.4 in the proof of proposition 3.1.4 implies
that, for any A− ∈ A−,

ω(A) = (Ωω, πω(A−)Ωω) = (Ωω, Eωπω(A−)EωΩω) = 0.
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Hence, for any A ∈ A,

ω(A) =ω(A+) + ω(A−) = ω(A+), and
ω(σπ(A)) =ω(A+)− ω(A−) = ω(A+) =⇒ ω(A) = ω(σπ(A)).

Definition 3.1.3. Let A ∈ A, and for any l ∈ N, define

Āl
.
=

1

|Λl|
∑
x∈Λl

τx(A).

The functional ∆A : EZd → R, given by

∆A(ω)
.
= lim

l→∞
ω(Ā∗l Āl) = ‖Eωπω(A)Ωω‖2,

is called the space-averaging functional associated with A. To simplify the notation, the
element Ā∗l Āl will also be denoted by |Ā|2l .

Corollary 3.1.1. A t.i. state ω ∈ EZd is (Zd,+)-ergodic if, and only if,

∆A(ω) = |ω(A)|2 for all A ∈ A.

Proof. By propositions 3.1.3 and 3.1.4, {Λl} is a Følner sequence of Zd and the pair
(A, ω) is (Zd,+)-abelian. Therefore, this corollary is a consequence of proposition 1.4.12.

Proposition 3.1.6. For any A ∈ A, ∆A : EZd → R is affine and weak* upper semi-
continuous. Moreover, for fixed ω ∈ EZd , ∆A(ω) is continuous on A and satisfies

|∆A(ω)−∆B(ω)| ≤ (‖A‖+ ‖B‖)‖A−B‖, for all A,B ∈ A.

Proof. The affinity of ∆A follows directly from its definition and from the convexity of
the set EZd . Now, note that for any l ∈ N,

ω(Ā∗l Āl) = ‖πω(Āl)Ωω‖2 =

∥∥∥∥∥ 1

|Λl|
∑
x∈Λl

Uxπω(A)Ωω

∥∥∥∥∥
2

.

Therefore, for any l ∈ N, one has

lim
l′→∞

ω(Ā∗l′Āl′) =‖Eωπω(A)Ωω‖2 =

∥∥∥∥∥Eω 1

|Λl|
∑
x∈Λl

Uxπω(A)Ωω

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

|Λl|
∑
x∈Λl

Ugπω(A)Ωω

∥∥∥∥∥
2

= ω(Ā∗l Āl),

and hence, this implies

∆A(ω) = lim
l→∞

ω(Ā∗l Āl) = inf
l∈N

ω(Ā∗l Āl).
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But since ω 7→ ω(Ā∗l Āl) is clearly weak* continuous for any A ∈ A and any l ∈ N, it
follows that ∆A is weak* upper semi-continuous. For the last statement, first note that for
any l ∈ N and any A ∈ A,

‖Āl‖ =

∥∥∥∥∥ 1

|Λl|
∑
x∈Λl

τx(A)

∥∥∥∥∥ ≤ 1

|Λl|
∑
x∈Λl

‖τx(A)‖ = ‖A‖.

Let A,B ∈ A, l ∈ N and ω ∈ EZd . Then, one has

|ω(Ā∗l Āl)− ω(B̄∗l B̄l)| ≤‖Ā∗l Āl − B̄∗l B̄l‖ = ‖Ā∗l Āl − Ā∗l B̄l + Ā∗l B̄l − B̄∗l B̄l‖
≤‖Ā∗l ‖‖(A−B)l‖+ ‖B̄l‖‖(A−B)∗l ‖
≤(‖A‖+ ‖B‖)‖A−B‖.

Hence, the statement follows.

Let Π(Zd) be the set of all bijections π : Zd → Z
d that leave invariant all but finitely

many elements of Zd. Π(Zd) is a group under the composition operation, and it is usually
called the permutation group of Zd. It also acts on h, via the family of unitary operators
{Uπ | π ∈ Π(Zd} given by

Uπf(x)⊗ s = f ◦ π−1(x)⊗ s, for all x ∈ Z and s ∈ S.

Hence, for any π ∈ Π(Zd), there exists a unique *-automorphism απ on A satisfying

απ(ax,s) = aπ(x),s for all x ∈ Zd and s ∈ {↑, ↓}.

It is not hard to see that the family of *-automorphisms {απ | π ∈ Π(Zd)} is a represen-
tation of Π(Zd).

Definition 3.1.4. Let Π(Zd) be the group of all bijections π : Zd → Z
d that leave invariant

all but finitely many elements of Zd, under the composition operation. Π(Zd) acts on A
via the family of *-automorphisms {απ | π ∈ Π(Zd)}, where

απ(ax,s) = aπ(x),s for all x ∈ Zd and s ∈ {↑, ↓}.

The set of all states ω satisfying

ω(απ(A)) = ω(A) for all π ∈ Π(Zd) and A ∈ A

will be denoted by EΠ. The states ω ∈ EΠ are said to be permutation invariant (p.i.).

Proposition 3.1.7. For any x ∈ Z
d, there exists a sequence {πx,n} of elements πx,n ∈

Π(Zd) such that for all A ∈ A,

lim
n→∞

‖απx,n(A)− τx(A)‖ = 0. (3.5)

Proof. Given x ∈ Z
d and l ∈ N, consider the sets Λl ∩ (x + Λl)

c and (x + Λl) ∩ Λc
l .

Note that both of them are finite and have the same number of elements. Hence, let
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sx,l : (x + Λl) ∩ Λc
l → Λl ∩ (x + Λl)

c be some arbitrary bijective function, and define
πx,l : Zd → Z

d by

πx,l(y) =


y + x, if y ∈ Λl,

sx,l(y), if y ∈ (x+ Λl) ∩ Λc
l ,

y, otherwise.

It is not hard to see that πx,l ∈ Π(Zd). Moreover, απx,l′ (Al) = τx(Al) for all l′ ≥ l. Given
ε > 0, let l ∈ N be such that

‖Al − A‖ <
ε

2
.

Then, for all l′ ≥ l,

‖απx,l′ (A)− τx(A)‖ = ‖απx,l′ (A)− απx,l′ (Al) + τx(Al)− τx(A)‖ ≤ 2‖Al − A‖ < ε.

Corollary 3.1.2. Every p.i. state is also t.i. Moreover, every pair (A, ω), where ω is a p.i.
state, is Π(Zd)-abelian.

Proof. This follows directly from propositions 3.1.7 and 1.4.7

Theorem 3.1.1 (Størmer’s Theorem). Let E⊗ be the set of all even states ω ∈ Eσπ
A satis-

fying

ω(τx1(A1) . . . τxn(An)) = ω(A1) . . . ω(An)

for all A1, . . . , An ∈ A{0} and all x1, . . . , xn ∈ Z
d different from each other. Then,

EΠ = E⊗ ⊂ EZd .

Proof. Note that, since (A, ω) is Π(Zd)-abelian for any ω ∈ EΠ, theorem 1.4.2 and propo-
sition 1.4.9 imply that showing E⊗ = EΠ is equivalent to showing that any ω ∈ E⊗ is
Π(Zd)-invariant and satisfies (c) of proposition 1.4.9, and vice-versa.

Let A ∈ A0. Then, it follows from the CARs that A can be written as

A =

MA∑
i=1

Ni∏
j=1

τxi,j(Ai,j)

for MA,∈ N, where xi,j ∈ Z
d, xi,1, . . . , xi,Ni are different from each other for all i =

1, . . . ,MA, and Ai,j = a0,↑, a0,↓, a
∗
0,↑, a

∗
0,↓ or some nonzero binomial of these terms.

Note that Ai,j ∈ A{0}. Let s ∈ Π(Zd). Then, by the injectivity of s, s(xi,1), . . . , s(xi,Ni)
are also different from each other for all i = 1, . . . ,MA. Therefore, for any ω ∈ E⊗, one
has

ω(αs(A)) =

MA∑
i=1

ω

(
NA∏
j=1

τs(xi,j)(Ai,j)

)
=

MA∑
i=1

NA∏
j=1

ω(Ai,j) = ω(A).
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Since A0 is dense in A, by continuity it follows that ω(αs(A)) = ω(A) for all A ∈ A, and
thus ω ∈ EΠ. Let also B ∈ A0 be given by

B =

MB∑
i=1

NB∏
j=1

τyi,j(Bi,j),

where yi,j ∈ Z
d are different from each other and Bi,j = a0,↑, a0,↓, a

∗
0,↑, a

∗
0,↓ or some

nonzero binomial of these terms, and let s ∈ Π(Zd) be such that for all i, j, s(yi,j) is
different from x1,1, x1,2, . . . , xMA,NMA

. Then, for any ω ∈ E⊗, one has

ω(Aαs(B)) =

MA,MB∑
i=1,i′=1

ω

(
NA∏
j=1

τxi,j(Ai,j)

NB∏
j′=1

τs(yi′,j′ )(Bi′,j′)

)
=

MA,MB∑
i=1,i′=1

NA∏
j=1

ω(Ai,j)

NB∏
j′=1

ω(Bi′,j′)

=

(
MA∑
i=1

NA∏
j=1

ω(Ai,j)

)(
MB∑
i′=1

NB∏
j′=1

ω(Bi′,j′)

)
= ω(A)ω(B).

Again by the continuity of ω and the density of A0, it follows that infs∈Π(Zd) |ω(Aαs(B))−
ω(A)ω(B)| = 0 for all A,B ∈ A, and by proposition 1.4.9, ω ∈ EΠ.

Now, let ω ∈ EΠ. The idea is to prove by induction that

ω(τx1(A1) . . . τxn(An)) = ω(A1) . . . ω(An)

for all A1, . . . , An ∈ A{0} and all x1, . . . , xn ∈ Zd different from each other. If n = 1, the
equality is obvious, since EΠ ⊂ EZd . Assume it holds for some arbitrary n. Note that, by
proposition 1.4.9, given ε > 0, for any A1, . . . , An+1 ∈ A{0} and any x1, . . . , xn+1 ∈ Zd,
there exists some convex combination

Sλ =
k∑
i=1

λiαsi

such that for any s ∈ Π(Zd),

∣∣∣ k∑
i=1

λiω(τx1(A1) . . . τxn(An)αs◦si(τxn+1(An+1)))

− ω(τx1(A1) . . . τxn(An))ω(τxn+1(An+1))
∣∣∣ < ε. (3.6)

Let s be some permutation satisfying s(si(xn+1)) 6= xj for all i, j = 1, . . . , n, and for
each i = 1, . . . , k define

s′i(x) =


xn+1, if x = s(si(xn+1)),

s(si(xn+1)), if x = xn+1,

x, otherwise.

If x1, . . . , xn+1 are different from each other, then by the permutation invariance of ω it
follows that
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ω(τx1(A1) . . . τxn(An)αs◦si(τxn+1(An+1))) =ω(αs′i(τx1(A1) . . . τxn(An)αs◦si(τxn+1(An+1))))

=ω(τx1(A1) . . . τxn(An)τxn+1(An+1)).

This, together with eq. 3.6 and the induction hypothesis implies that

|ω(τx1(A1) . . . τxn(An)τxn+1(An+1))− ω(τx1(A1) . . . τxn(An))ω(τxn+1(An+1))
∣∣∣ =

|ω(τx1(A1) . . . τxn(An)τxn+1(An+1))− ω(τx1(A1)) . . . ω(τxn(An))ω(τxn+1(An+1))
∣∣∣ < ε.

Since ε is arbitrary, one finally has

ω(τx1(A1) . . . τxn(An)τxn+1(An+1)) = ω(τx1(A1)) . . . ω(τxn(An))ω(τxn+1(An+1)).

The inclusion EΠ ⊂ EZd is a straightforward consequence of proposition 3.4.3 – that
will be shown later – and corollary 3.1.1, together with the equality E⊗ = EΠ shown
above.

3.1.1 The tracial state and periodic extension of states
Definition 3.1.5. A tracial state over a C∗-algebra A is state tr ∈ EA satisfying

tr(AB) = tr(BA), for all A,B ∈ A.

Proposition 3.1.8. Every CAR algebra associated with a separable Hilbert space has a
unique tracial state. Moreover, it is invariant under any ∗-automorphism.

Proof. This result actually holds for any uniformly hyperfinite algebra, i.e., any C∗-
algebra that is a direct limit of finite-dimensional full matrix algebras (for a proof, see [7],
chapter four). Hence, since this is the case of a CAR algebra associated with a separable
Hilbert space, as it is shown in the proof of theorem 1.5.1, the proposition follows.

Remark: The above proposition ensures that the algebra A has a tracial state, and from
now on it will be denoted by “tr”. Moreover, by the uniqueness of the tracial state, it is
easy to see that, for all A ∈ AΛ where Λ ∈ Pf (Zd),

tr(A) =
TrAΛ

(A)

Dim(AΛ)/2
=

TrAΛ
(A)

22|Λ|

Proposition 3.1.9. Let Λ1,Λ2 ⊂ Z
d be two mutually disjoint sets. Then, for any A ∈ AΛ1

and B ∈ AΛ2 ,

tr(AB) = tr(A) tr(B).
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Proof. First note that for any Λ ⊂ Z
d, the linear span of terms given by

Ax1 . . . Axk ,

where x1, . . . , xk ∈ Λ and Axi = axi,↑, axi,↓, a
∗
xi,↑, a

∗
xi,↓ or some nonzero binomial of

these elements, is dense in AΛ. Therefore, it suffices to prove the equality for those kind
of elements. Hence, let

A = Ax1 . . . Axk and B = By1 . . . Byj ,

where x1, . . . , xk ∈ Λ1 and y1, . . . , yj ∈ Λ2, and let A′ = Ax2 . . . Axk . Note that A′B is
either even or odd.

Case 1: A′B is even. Then, if Ax1 is odd, AB is also odd and by the invariance of the
trace under σπ, one has

tr(AB) = tr(Ax1) tr(A′B) = 0.

Now assume that Ax1 is even. If Ax1 = ax1,↑ax1,↓, then by the CARs and the cyclic
property of the trace, one has

tr(Ax1) = tr(ax1,↑ax1,↓) =
1

2
tr(ax1,↑ax1,↓ + ax1,↓ax1,↑) = 0.

Similarly, since Ax1 commutes with A′B as they are both even and belong to local alge-
bras of disjoint sets, one has

tr(AB) =
1

2
tr((ax1,↑ax1,↓ + ax1,↓ax1,↑)A

′B) = 0,

i.e.,

tr(AB) = tr(Ax1) tr(A′B) = 0.

The same holds ifAx1 = ax1,↓ax1,↑, a
∗
x1,↑a

∗
x1,↓, a

∗
x1,↓a

∗
x1,↑, a

∗
x1,↑ax1,↓, a

∗
x1,↓ax1,↑, ax1,↑a

∗
x1,↓

or ax1,↓a
∗
x1,↑. Now if Ax1 = a∗x1,↑ax1,↑, then

tr(Ax1) = tr(a∗x1,↑ax1,↑) =
1

2
tr(a∗x1,↑ax1,↑ + ax1,↑a

∗
x1,↑) =

1

2
,

and

tr(AB) =
1

2
tr((a∗x1,↑ax1,↑ + ax1,↑a

∗
x1,↑)A

′B) = tr(Ax1) tr(A′B).

Case 2: A′B is odd. Then, one has tr(A′B) = 0. If Ax1 is even then AB is odd and
also tr(AB) = 0. If Ax1 is odd then tr(Ax1) = 0.

Note that, in any case, one has

tr(AB) = tr(Ax1) tr(A′B). (3.7)

Applying eq. 3.7 recursively, it follows that
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tr(AB) = tr(Ax1) . . . tr(Axk) tr(By1) . . . tr(Byj) = tr(A) tr(B).

Proposition 3.1.10. Let Λ ∈ Pf (Zd) and ω ∈ EAΛ
. Then, ω is even if and only if its

density matrix ρω is even.

Proof. Let ω ∈ EAΛ
. Note that, by the uniqueness of the trace and the tracial state, one

has

ω(A) = tr(ρωA), for all A ∈ AΛ.

If ρω ∈ A+
Λ , then since tr is invariant under any *-automorphism, for any A ∈ AΛ one has

ω(σπ(A)) = tr(ρωσπ(A)) = tr(σπ(ρωA)) = tr(ρωA) = ω(A),

i.e., ω is even. Now if ω is even, again by the invariance of tr under σπ, for any A ∈ A
one has

ω(σπ(A)) = ω(A) =⇒ tr(ρωσπ(A)) = tr(σπ(ρωσπ(A))) = tr(σπ(ρω)σπ ◦ σπ(A))

= tr(σπ(ρω)A) = tr(ρωA),

and the uniqueness of the density matrix implies that σπ(ρω) = ρω, i.e., ρω is even.

Definition 3.1.6. For any l, n ∈ N define Λ
(n)
l ∈ Pf (Zd) as the set given by

Λ
(n)
l

.
= Λl+(2l+1)n =

⋃
x∈Λn

{(2l + 1)x+ Λl}.

Proposition 3.1.11. Let ω ∈ EAΛl
be an even state over AΛl for some l ∈ N. Then, there

exists a unique extension of ω to the algebra A, denoted by ω̂, that satisfies

ω̂(τ(2l+1)x1(A1) . . . τ(2l+1)xn(An)) = ω(A1) . . . ω(An) (3.8)

for all A1, . . . , An ∈ AΛl and all x1, . . . , xn ∈ Zd different from each other.

Proof. Let ρω be the density matrix associated with ω. For each n ∈ N, define the state
ωn ∈ EA

Λ
(n)
l

by

ωn(A) = tr

(
A
∏
x∈Λn

τ(2l+1)x(ρω)

)
.

Note that since ω is even, ρω is even, and since ρω ∈ AΛl , if x 6= y, then τ(2l+1)x(ρω) and
τ(2l+1)y(ρω) belong to disjoint local algebras. Therefore, they commute with each other.
Let A = τ(2l+1)x1(A1) . . . τ(2l+1)xm(Am), where A1, . . . , Am ∈ Λl and x1, . . . , xm ∈ Λn

are different from each other. Then, by proposition 3.1.9 one has

ωn(A) = tr
(
τ(2l+1)x1(A1) . . . τ(2l+1)xm(Am)τ(2l+1)xm(ρω) . . . τ(2l+1)x1(ρω)

)
= tr

(
τ(2l+1)x1(ρωA1)τ(2l+1)x2(A2) . . . τ(2l+1)xm(Am)τ(2l+1)xm(ρω) . . . τ(2l+1)x2(ρω)

)
= tr(ρωA1) tr(τ(2l+1)x2(A2) . . . τ(2l+1)xm(Am)τ(2l+1)xm(ρω) . . . τ(2l+1)x2(ρω)).
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By recursion, it follows that

ωn(A) = ωn(τ(2l+1)x1(A1) . . . τ(2l+1)xm(Am)) = tr(ρωA1) . . . tr(ρωAm)

=ω(A1) . . . ω(Am).

Moreover, since the linear span of elements

τ(2l+1)x1(A1) . . . τ(2l+1)xm(Am),

where A1, . . . , Am ∈ Λl and x1, . . . , xm ∈ Λn are different from each other, generates the
local algebra A

Λ
(n)
l

, it follows that for any n′ > n, ωn′ = ωn on EA
Λ

(n)
l

. Hence, one can

define a state ω∞ on A0 by

ω∞(A) = ωn(A),

where n is any natural such that A ∈ Λ
(n)
l . By continuity, ω∞ can also be extended to a

state ω̂ on A. Obviously ω̂ satisfies eq. 3.8, and its uniqueness follows from the fact that
the linear span of elements

τ(2l+1)x1(A1) . . . τ(2l+1)xm(Am),

where A1, . . . , Am ∈ Λl and x1, . . . , xm ∈ Z are different from each other, is dense in
A.

Proposition 3.1.12. Let ω ∈ EAΛl
be an even state over AΛl for some l ∈ N, and let

ω̂ ∈ EA be its unique periodic extension to the algebra A that satisfies eq. 3.8. Then, the
state ω̃ ∈ EA defined as

ω̃
.
=

1

|Λl|
∑
x∈Λl

ω̂ ◦ τx

is Zd-ergodic.

Proof. Let A ∈ A0. Then, by eq. 3.8 there exists some C > 0 such that

ω̂(τx(A
∗)τy(A)) = ω̂(τx(A

∗))ω̂(τy(A))

for any x, y ∈ Zd such that |x− y| > C. Let n ∈ N. Then it follows that

ω̂(|A|2n) =
1

|Λn|2
∑

x,y∈Λn | |x−y|>C

ω̂(τx(A
∗))ω̂(τy(A)) +

1

|Λn|2
∑

x,y∈Λn | |x−y|≤C

ω̂(τx(A
∗)τy(A))

=
1

|Λn|2
∑
x,y∈Λn

ω̂(τx(A
∗))ω̂(τy(A))

+
1

|Λn|2
∑

x,y∈Λn | |x−y|≤C

(ω̂(τx(A
∗)τy(A))− ω̂(τx(A

∗))ω̂(τy(A))). (3.9)

Note also that the last term of eq. 3.9 goes to 0 as n → ∞. Moreover, let n′ ∈ N be the
largest natural such that Λ

(n′)
l ⊂ Λn. Then, by the (2l + 1)-periodicity of ω̂, one has
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1

|Λn|
∑
x∈Λn

ω̂(τx(A)) =
1

|Λn|
∑

x∈Λ
(n′)
l

ω̂(τx(A)) +
1

|Λn|
∑

x∈Λn\Λ(n′)
l

ω̂(τx(A))

=
|Λ(n′)

l |
|Λn|

(
1

|Λl|
∑
x∈Λl

ω̂(τx(A))

)
+

1

|Λn|
∑

x∈Λn\Λ(n′)
l

ω̂(τx(A))

=
|Λ(n′)

l |
|Λn|

ω̃(A) +
1

|Λn|
∑

x∈Λn\Λ(n′)
l

ω̂(τx(A)). (3.10)

Since the last term of eq. 3.10 goes to 0 and |Λ
(n′)
l |
|Λn| goes to 1 as n→∞, eq.s 3.9 and 3.10

imply that

lim
n→∞

ω̂(|A|2n) = |ω̃(A)|2.

Hence, one finally has

∆A(ω̃) = lim
n→∞

1

|Λl|
∑
x∈Λl

ω̂(τx(|A|2n)) = lim
n→∞

1

|Λl|
∑
x∈Λl

ω̂(|τx(A)|2n)

=
1

|Λl|
∑
x∈Λl

|ω̃(τx(A))|2 = |ω̃(A)|2.

Thus, by corollary 3.1.1, the proposition follows.

3.2 Entropy density
In the analysis of systems in thermodynamical equilibrium, the entropy density plays an
important role in the definition of equilibrium states. Here it is defined the entropy density
for periodic states of the algebra A, as a straightforward extension of the von Neummann
entropy for matrix densities. Moreover, its most important properties – affinity and weak*
upper-semicontinuity, that will be useful later in the text – are also derived.

Definition 3.2.1. Let Λ ∈ Pf (Zd) and ω ∈ EAΛ
. Define the function SΛ : EAΛ

→ R
+
0 as

the von Neumann entropy of ω, i.e.,

SΛ(ω) = −TrAΛ
(ρω ln ρω),

where ρω is the density matrix associated with the state ω ∈ EAΛ
and TrAΛ

is the trace
operator in the finite-dimensional algebra AΛ

∼= M22|Λ|×22|Λ|(C).

Remark: Note that, since for finite-dimensional matrix algebras the trace operator is
invariant under *-isomorphisms, SΛ does not depend on the choice of the *-isomorphism
used to identify AΛ with M22|Λ|×22|Λ|(C).

The next proposition is a standard result in quantum statistical mechanics:
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Proposition 3.2.1. For any Λ ∈ Pf (Zd), SΛ satisfies:

(a) SΛ is concave, i.e., for any ω1, ω2 ∈ EZd and any λ ∈ [0, 1],

SΛ(λω1 + (1− λ)ω2) ≥ λSΛ(ω1) + (1− λ)SΛ(ω2),

(b) SΛ is approximately convex, i.e., for any ω1, ω2 ∈ EZd and any λ ∈ [0, 1],

SΛ(λω1 + (1− λ)ω2) ≤ λSΛ(ω1) + (1− λ)SΛ(ω2)− λ lnλ− (1− λ) ln(1− λ),

(c) SΛ is strongly subadditive, i.e., for any Λ1,Λ2 ⊂ Λ with Λ = Λ1 ∪ Λ2,

SΛ(ω) + SΛ1∩Λ2(ω|AΛ1∩Λ2
) ≤ SΛ1(ω|AΛ1

) + SΛ2(ω|AΛ2
),

(d) SΛ is additive for product states, i.e., if Λ1, . . . ,Λn is a collection of mutually dis-
joint sets such that

⋃n
k=1 Λk = Λ and ω ∈ EAΛ

satisfies

ω(Ai1 . . . Ain) = ωi1(Ai1) . . . ωin(Ain)

for any set (i1, . . . , in) of distinct indexes, where Aij are arbitrary elements of AΛij
and ωij are states over AΛij

, then

SΛ(ω) =
n∑
j=1

SΛij
(ωij),

(e) SΛ is continuous.

Definition 3.2.2. The mean entropy density is a mapping s : ElZd → R
+
0 defined as

s(ω)
.
= lim

l→∞

SΛl(ω|AΛl
)

|Λl|
.

A very important property that the thermodynamic functions studied here must hold
is the upper (or lower) semi-continuity. As it will be seen later, this property assures that
the functions achieve a maximum (or minimum) in the set of t.i. states.

Definition 3.2.3. Let X be a topological space, and f : X → R a functional on X . Then,
f is said to be upper semi-continuous if for any a ∈ R, the set f−1((−∞, a)) is open in
X , and f is said to be lower semi-continuous if for any a ∈ R, the set f−1((−a,∞)) is
open in X .

Proposition 3.2.2. Let X be a topological space. The following holds:

(a) the space of all upper semi-continuous functionals on X is a convex cone,

(b) a functional f on X is upper semi-continuous if and only if −f is lower semi-
continuous,
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(c) if f : X → R is given by

f(x) = inf
i∈I

fi(x), for all x ∈ X,

where {fi}i∈I is family of upper semi-continuous functionals on X , then f is upper
semi-continuous.

Proof. Items (a) and (b) are obvious from the above definitions. Let f be as in (c). Then,
given a ∈ R, for any x ∈ X , one has

f(x) < a ⇐⇒ fi(x) < a, for some i ∈ I.
Therefore, it follows that

f−1((−∞, a)) =
⋃
i∈I

f−1
i ((−∞, a)),

but the set on the r.h.s. is clearly open, since it is an union of open sets. Hence, f−1((−∞, a))
is open, and thus f is upper semi-continuous.

Proposition 3.2.3. The mean entropy density is a well-defined affine functional, weak*
upper semi-continuous, and satisfies:

(a)

s(ω) = inf
l∈N

SΛl(ω|AΛl
)

|Λl|
,

(b)
s(ω ◦ τx) = s(ω), for all x ∈ Zd.

Proof. The proof of properties (a) and (b) are extensive and can be found in ([2], [4]).
The concavity of s follows from (a) of proposition 3.2.1, and the convexity follows from
(b), noting that liml→∞ |Λl| = ∞. To prove that s is weak* upper semi-continuous, by
proposition 3.2.2 it suffices to show that ω 7→ SΛl(ω|AΛl

) is weak* continuous. But by
(e) of proposition 3.2.1, ω 7→ −Tr(ρω ln ρω), from EAΛ

to R+
0 , is continuous. Hence, it

suffices to prove that the mapping ω → ω|AΛ
from ElZd to EAΛ

is weak* continuous.

Let {A1, . . . , An} be an orthonormal basis for AΛ. Given ω ∈ ElZd and ε > 0, let
BΛ,ω(ε) be the weak* neighborhood of ω defined as

BΛ,ω(ε)
.
= {ω′ ∈ ElZd | |ω′(Ai)− ω(Ai)| < ε, for all i = 1, . . . , n}.

Since any A ∈ AΛ such that ‖A‖2 = 1 is uniquely written as A =
∑n

i=1 cA,iAi for some
cA,i

′s with
∑n

i=1 |cA,i|2 = 1, for any ω′ ∈ BΛ,ω(ε), one has

‖ω′|AΛ
− ω|AΛ

‖2 = sup
A∈AΛ | ‖A‖=1

|ω′|AΛ
(A)− ω|AΛ

(A)|2 ≤
n∑
i=1

|cA,i|2|ω′(Ai)− ω(Ai)|2

<ε2.

Therefore, ω 7→ SΛl(ω|AΛl
) is weak* continuous.
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3.3 Interactions and long-range models
In the usual Hilbert space formalism of quantum mechanics, the interactions of a system
are described by an observable, usually called the Hamiltonian. In the C∗-algebra formal-
ism, when the CAR algebra is infinite-dimensional, not every self-adjoint element of it is
suitable to describe an interaction, since, similarly to what happens to general states of the
algebra, some thermodynamical quantities are not well-defined for arbitrary self-adjoint
elements of A. Therefore, this section is devoted to the definition of a convenient space
of interactions, where all the necessary thermodynamical functions can be computed. To
do this, first one starts with the space of short-range interactions, and then expand it to
include more general terms, forming the so-called long-range models, that also include
mean-field interactions. However, it is worth noting that, if a long-range model possesses
a repulsive long-range component, the analysis of the equilibrium states of the system
presents some difficulties that require some additional work to be overcome. Therefore,
here the analysis is restricted only to models with a purely attractive long-range compo-
nent.

Definition 3.3.1. An interaction is a family {ΦΛ}Λ∈Pf (Zd) of even local elements ΦΛ ∈
A+

Λ , with Φ∅ = 0. If ΦΛ is self-adjoint for all Λ ∈ Pf (Zd), the interaction is said to be
self-adjoint. Moreover, if it satisfies

Φx+Λ = τx(ΦΛ) for all Λ ∈ Pf (Zd) and all x ∈ Zd,
the interaction is said to be translation invariant (t.i.), and if it satisfies

ΦΛ = 0 for all Λ ∈ Pf (Zd) such that |Λ| 6= 1,

the interaction is said to be permutation invariant (p.i.).

Definition 3.3.2. Let Φ = {ΦΛ}Λ∈Pf (Zd) be an interaction, and let Λ ∈ Pf (Zd). The
internal energy of Φ on Λ is the local element

UΦ
Λ
.
=

∑
Λ′∈Pf (Zd),Λ′⊂Λ

ΦΛ′ ∈ A+
Λ .

Definition 3.3.3. The spaceW of short-range interactions is the set of all t.i. interactions
Φ such that the norm

‖Φ‖W
.
=

∑
Λ∈Pf (L),0∈Λ

‖ΦΛ‖
|Λ|

(3.11)

is finite. The subset of all self-adjoint short-range interactions will bedenoted byWR.

Proposition 3.3.1. W andWR are real Banach spaces.

Proof. Clearly W and WR are real vector spaces, with sum and scalar multiplication
defined by

(Φ + λΨ)Λ
.
= ΦΛ + λΨΛ,

for Φ,Ψ ∈ W or WR and λ ∈ R. Moreover, it is not hard to see that ‖ · ‖W is indeed
a norm on W , and consequently on WR. Let {Φn} be a Cauchy sequence in W , where
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Φn = {Φn,Λ}Λ∈Pf (Zd). Note that, given ε > 0, for any Λ ∈ Pf (Zd) there exists some
NΛ ∈ N such that, for all n,m > NΛ,

‖Φn,Λ − Φm,Λ‖ ≤ |Λ|
∑

Λ′∈Pf (L) | 0∈Λ′

‖Φn,Λ′ − Φm,Λ′‖
|Λ′|

< |Λ| · ε
|Λ|

= ε.

Thus, for any Λ ∈ Pf (Zd), the sequence {Φn,Λ} is a Cauchy sequence in A+, and since
A+ is complete, they converge in A+, and it is not hard to see that the limit is also self-
adjoint. Let Φ = {ΦΛ}Λ∈Pf (Zd) be the interaction whose elements ΦΛ are the limit of the
sequences {Φn,Λ}, and let {Φnk} be a subsequence of {Φn} satisfying

‖Φnk − Φnk+1
‖W < 2−k, for all k ∈ N.

Given ε > 0, let K ∈ N be such that

21−K < ε,

and let {Λi} be an enumeration of the set {Λ | Λ ∈ Pf (L) | 0 ∈ Λ}. Then for any k ∈ N,
k > K, one has

‖Φnk − Φ‖W =
∞∑
i=1

∥∥∥∑∞j=1(Φnk+j−1,Λi − Φnk+j ,Λi)
∥∥∥

|Λi|
≤

∞∑
i=1

∞∑
j=1

‖Φnk+j−1,Λi − Φnk+j ,Λi‖
|Λi|

=
∞∑
j=1

∞∑
i=1

‖Φnk+j−1,Λi − Φnk+j ,Λi‖
|Λi|

=
∞∑
j=1

‖Φnk+j−1
− Φnk+j

‖W ≤ 21−k

< 21−K < ε.

Hence, {Φn} converges to Φ, and thusW is complete. Now, if {Φn} is a sequence inWR

converging to Φ ∈ W , then by the above analysis one has

ΦΛ = lim
n→∞

Φn,Λ for all Λ ∈ Pf (Zd).

Therefore, since AR

Λ is closed for all Λ ∈ Pf (Zd), it follows that WR is closed, and
consequently, also complete.

Definition 3.3.4. Let Φ ∈ W be any short-range interaction and l ∈ N. The energy
density functional associated with Φ is a functional eΦ : El.Zd → R given by

eΦ(ω)
.
= lim

l→∞

ω(UΦ
Λl

)

|Λl|
.

Proposition 3.3.2. For any Φ ∈ W , and any l ∈ N, the functional eΦ : El.Zd → R

is affine, weak* continuous and translation invariant (i.e., eΦ(ω ◦ τx) = eΦ(ω) for any
ω ∈ El.Zd and any x ∈ Zd). Moreover, for any ω ∈ El.Zd , eΦ(ω) = ω(eΦ,l), where

eΦ,l
.
=

1

ld

∑
x | xi∈{0,...,l−1}

∑
Λ∈Pf (Zd) | 0∈Λ

τx(ΦΛ)

|Λ|
∈ A+.
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Proof. Let Φ ∈ W and l ∈ N. Note that, by the definition ofW , the series∑
Λ∈Pf (Zd) | 0∈Λ

τx(ΦΛ)

|Λ|

is absolutely convergent for any x ∈ Zd. Hence, since A+ is complete, it converges in A+

for any x ∈ Zd. Therefore, eΦ,l is well-defined. Now, note that for any Λ ∈ Pf (Zd), one
has

UΦ
Λ =

∑
x | xi∈{0,...,l−1}

∑
Λ′∈Pf (L) | 0∈Λ′

∑
y∈Λ∩l.Zd,
x+y∈Λ,

x+y+Λ′⊂Λ

τy(τx(ΦΛ′))

|Λ′|

Therefore, from the definition of eΦ and the translation invariance of Φ, for any ω ∈ El.Zd
it follows that

eΦ(ω) = lim
n→∞

∑
x | xi∈{0,...,l−1}

∑
Λ∈Pf (L) | 0∈Λ

ω

(
τx(ΦΛ)

|Λ|

) ∑
y∈Λn∩l.Zd,
x+y∈Λn,
x+y+Λ⊂Λn

1

|Λn|
.

But since
∑

Λ∈Pf (Zd) | 0∈Λ ω
(
τx(ΦΛ)
|Λ|

)
converges absolutely for any x ∈ Zd, and∑

y∈Λn∩l.Zd,
x+y∈Λn,
x+y+Λ⊂Λn

1

|Λn|
≤ 1, with lim

n→∞

∑
y∈Λn∩l.Zd,
x+y∈Λn,
x+y+Λ⊂Λn

1

|Λn|
=

1

ld
,

from the dominated convergence theorem, it follows that

eΦ(ω) =
1

ld

∑
x | xi∈{0,...,l−1}

∑
Λ∈Pf (L) | 0∈Λ

ω

(
τx(ΦΛ)

|Λ|

)

=ω

 1

ld

∑
x | xi∈{0,...,l−1}

∑
Λ∈Pf (L) | 0∈Λ

τx(ΦΛ)

|Λ|

 = ω(eΦ,l), (3.12)

and from eq. 3.12, it is not hard to see that for any x ∈ Zd, eΦ(ω ◦ τx) = ω(τx(eΦ,l)) =
ω(eΦ,l) = eΦ(ω). For any net {ωα} converging to ω in the weak* topology, one has

lim
α
eΦ(ωα) = lim

α
ωα(eΦ,l) = ω(eΦ,l) = eΦ(ω).

Hence, eΦ is weak* continuous. The affinity of eΦ is obvious.

Remark: From now on, for any Φ ∈ W , the element eΦ,1 ∈ A+ given by

eΦ,1 =
∑

Λ∈Pf (Zd) | 0∈Λ

ΦΛ

|Λ|
∈ A+

will be denoted by eΦ.
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3.3.1 Long-Range models
Theorem 3.3.1 (Hahn decomposition theorem). Let (X,A) be a measurable space and
µ a signed measure on (X,A). Then, there exists some measurable set P ∈ A, satisfying

(a) µ(A) ≥ 0 for all A ⊂ P measurable,

(b) µ(A) ≤ 0 for all A ⊂ P c measurable.

Theorem 3.3.2 (Jordan decomposition). Let (X,A) be a measurable space and µ a
signed measure on (X,A). Then, there exists a unique pair (µ+, µ−) of non-negative
measures on (X,A) such that

(a) µ = µ+ − µ−,

(b) µ+(P c) = 0 for any P satisfying the conditions of theorem 3.3.1,

(c) µ−(P ) = 0 for for any P satisfying the conditions of theorem 3.3.1.

The pair (µ+, µ−) is called the Jordan decomposition of µ.

The existence of a Jordan decomposition for a measure allows one to define the vari-
ation of a signed measure:

Definition 3.3.5. Let (X,A) be a measurable space. For any signed measure µ on (X,A),
the quantity

|µ| .= µ+(X) + µ−(X),

where (µ+, µ−) is the Jordan decomposition of µ, is called the variation of µ.

Proposition 3.3.3. Let (X,A) be a measurable space and M the real vector space of all
signed measures on (X,A) with finite variation. For any µ ∈M, define

‖µ‖ .= |µ|(X) = µ+(X) + µ−(X).

Then, ‖ · ‖ is a norm on M, that turns M into a real Banach space.

Proof. Let µ ∈ M. By the uniqueness of the Jordan decomposition, it is easy to see
that ‖cµ‖ = |c|‖µ‖ for any c ∈ R and that µ = 0 =⇒ ‖µ‖ = 0. If ‖µ‖ = 0, then
µ+(X) = µ−(X) = 0 and by the subadditivity of non-negative measures it follows that
µ+ = µ− = 0. Hence, µ = 0. Let µ1, µ2 ∈ M, and let P ∈ A be as in theorem 3.3.1.
Then, one has

‖µ1 + µ2‖ =(µ1 + µ2)+(X) + (µ1 + µ2)−(X) = (µ1 + µ2)(P )− (µ1 + µ2)(P c)

=µ1(P ) + µ2(P )− µ1(P c)− µ2(P c)

≤|µ1|(P ) + |µ1|(P c) + |µ2|(P ) + |µ2|(P c)

=|µ1|(X) + |µ2|(X) = ‖µ1‖+ ‖µ2‖.
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Now, let {µn} be a Cauchy sequence on M. Note that, by the subadditivity of non-
negative measures, for any n,m ∈ N one has

|µn(A)−µm(A)| ≤ |µn−µm|(A) ≤ |µn−µm|(X) = ‖µn−µm‖, for all A ∈ A. (3.13)

Hence, for all A ∈ A, the sequence {µn(A)} is a Cauchy sequence in R, and since R is
complete, it converges. Define µ : A → R by

µ(A) = lim
n→∞

µn(A), for all A ∈ A.

Note also that, by eq. 3.13, the measures {µn} converge uniformly to µ. Clearly µ(∅) =
0. Let {An} be a sequence of pairwise disjoint sets in A and let Ã .

=
⋃∞
n=1An. Given

ε > 0, let N ∈ N be such that

|µ(A)− µN(A)| < ε

3
, for all A ∈ A.

Since µN is a finite signed measure, there exists some M ∈ N such that∣∣∣∣∣µN(Ã)− µN

(
m⋃
n=1

An

)∣∣∣∣∣ =

∣∣∣∣∣µN −
m∑
n=1

µN (An)

∣∣∣∣∣ < ε

3
, for all m > M

Hence, for all m > M , it follows that

∣∣∣∣∣µ(Ã)−
m∑
n=1

µ (An)

∣∣∣∣∣ =

∣∣∣∣∣µ(Ã)− µ

(
m⋃
n=1

An

)∣∣∣∣∣ ≤ ∣∣∣µ(Ã)− µN(Ã)
∣∣∣

+

∣∣∣∣∣µN(Ã)− µN

(
m⋃
n=1

An

)∣∣∣∣∣+

∣∣∣∣∣µN
(

m⋃
n=1

An

)
− µ

(
m⋃
n=1

An

)∣∣∣∣∣ = ε.

Therefore, µ(Ã) =
∑∞

n=1 µ(An), and hence µ ∈ M. Moreover, again given ε > 0, let
N ∈ N be such that

|µ(A)− µn(A)| < ε

2
, for all A ∈ A and all n > N,

and let Pn be as in 3.3.1. Then, for all n > N , one has

‖µn − µ‖ = (µn − µ)+(X) + (µn − µ)−(X) = (µn − µ)(Pn) + (µn − µ)(P c
n) < ε,

and hence {µn} converges to µ in M.

Remark: Let S denote the unit sphere of W , and S denote the space of all signed
Borel measures on S with finite variation. In the following, the measures a in S, together
with the space-averaging functional, will be used to define an extension of the space of
short-range interactions, known as long-range models, that also includes some mean-field
type of interactions.



CHAPTER 3. FERMI SYSTEMS ON LATTICES 109

Definition 3.3.6. A long-range model is a pair (Φ, a), where Φ ∈ WR and a ∈ S. The
space of long-range modelsM is defined asM .

=WR × S , with norm given by

‖m‖M
.
= ‖Φ‖W + |a|(S), for all m = (Φ, a) ∈M.

a+ and a− are called, respectively, the repulsive and attractive long-range component of
the long-range model m = (Φ, a). If a+ = 0, then m is said to be a purely attractive long-
range model. Moreover, if Φ is a permutation invariant interaction and a is supported by
the set of permutation invariant interactions inW , m is said to be a permutation invariant
long-range model.

SinceWR and S are Banach spaces, it easily follows thatM is also Banach.

Definition 3.3.7. Let m = (Φ, a) ∈M be a long-range model, and let l ∈ N. The internal
long-range energy of m on Λl is given by

Um
Λl

.
= UΦ

Λl
+

1

|Λl|

∫
S

(
UΨ

Λl

)∗
UΨ

Λl
a(dΨ).

Definition 3.3.8. For any a ∈ S, define the long-range space-averaging functional ∆a :
EZd → R by

∆a(ω)
.
=

∫
S

∆eΨ(ω) a(dΨ).

Note that, since the mapping Φ 7→ eΦ is clearly continuous, and for any ω ∈ EZd the
mapping A 7→ ∆A(ω) is also continuous by proposition 3.1.6, ∆a is well-defined for all
a ∈ S.

Proposition 3.3.4. For any a ∈ S , ∆a is affine. Moreover, if a+ = 0, ∆a is weak* lower
semi-continuous.

Proof. The affinity of ∆a easily follows from the affinity of ω 7→ ∆A(ω) (see propisition
3.1.6). Now, note that the mapping

ω 7→
∫
S

∆eΨ(ω)a−(dΨ)

is weak* upper semi-continuous, since ω 7→ ∆A(ω) is weak* upper semi-continuous for
any A ∈ A and a− is a non-negative measure. If a+ = 0, then

∆a(ω) = −
∫
S

∆eΨ(ω)a−(dΨ),

and hence, by Fatou’s lemma it follows that ∆a is weak* lower semi-continuous.

3.4 Free energy density and equilibrium states
Given a long-range model as defined in the previous section, the goal now is to define
and prove the existence of equilibrium states for such model. In this text, the equilibrium
states will be defined as the minimizers of the so-called free energy density functional.
For finite-dimensional CAR algebras, it can be shown that an equilibrium state always
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exist and it is unique — usually known as the Gibbs state. For infinite-dimensional CAR
algebras, the existence of equilibrium states is guaranteed as long as the long-range model
is purely attractive, but its uniqueness, in general, does not hold anymore. This is the
scenario where a coexistence of different phases might appear, as it will be seen later.

Definition 3.4.1. Given m = (Φ, a) ∈ M, for any l ∈ N, the Gibbs equilibrium state
ωl,G ∈ EAΛl

defined as

ωl,G(A)
.
= tr(A · e−βU

m
Λl ) =

TrAΛl
(A · e−βU

m
Λl )

ZΛl

,

where ZΛl
.
= TrAΛl

(e
−βUm

Λl ),

and the finite-volume pressure is defined as

pl,m =
lnZΛl

β|Λl|
.

Theorem 3.4.1 (Global stability of the Gibbs state). For any m = (Φ, a) ∈ M and any
l ∈ N, the Gibbs state ωl,G ∈ EAΛl

is the unique minimizer of the functional fl,m : EAΛl
→

R given by

fl,m(ω)
.
=
ω(Um

Λl
)

|Λl|
− SΛl(ω)

β|Λl|
=
ω(UΦ

Λl
)

|Λl|
+

1

|Λl|2

∫
S

ω(
(
UΨ

Λl

)∗
UΨ

Λl
)a(dΨ)− SΛl(ω)

β|Λl|
.

Moreover, one has

pl,m = − inf
ω∈EAΛl

fl,m(ω) = −fl,m(ωl,G).

Definition 3.4.2. Given a long-range model m = (Φ, a), the equilibrium states of the
infinite-dimensional lattice system are the minimizers of the free-energy density func-
tional fm : EZd → R defined as

fm(ω)
.
= ∆a(ω) + eΦ(ω)− β−1s(ω).

The set of all equilibrium states for a given long-range model m will be denoted by Ωm.
Moreover, the thermodynamic pressure Pm of the system is defined as

Pm
.
= lim

l→∞
pl,m.

Proposition 3.4.1. For any long-range model m = (Φ, a) The free-energy density fm is
affine, and given by

fm(ω) =

∫
E
Zd

gm(ω′)µω(dω′),

where µω is the measure representing ω of corollary 1.4.1 and gm : EZd → R is defined
as
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gm(ω)
.
=

∫
S

|ω(eΨ)|2a(dΨ) + eΦ(ω)− β−1s(ω).

Moreover, if m is purely attractive, fm is weak* lower semi-continuous.

Proof. The affinity of fm and its weak* lower semi-continuity when a+ = 0 follows from
propositions 3.2.3, 3.3.2 and 3.3.4, and the decomposition

fm(ω) =

∫
E
Zd

(∫
S

|ω′(eΨ)|2a(dΨ) + eΦ(ω′)− β−1s(ω′)

)
µω(dω′)

follows from corollary 1.4.1, noting that ∆A(ω) = |ω(A)|2 when ω ∈ EZd .

Theorem 3.4.2 (Bauer maximum principle). LetX be a compact convex set and f : X →
R a concave and upper semi-continuous function. Then, f has a maximum and

max
x∈X

f(x) = max
x∈E(X)

f(x),

where E(X) is the set of extreme points of X .

Corollary 3.4.1. For any purely attractive long-range model m, fm has a minimum and

min
ω∈E

Zd

fm(ω) = min
ω∈E

Zd

fm(ω) = min
ω∈E

Zd

gm(ω).

Proof. Since fm is affine, then in particular, −f is concave. If m is a purely attractive
long-range model, then by proposition 3.4.1 fm is weak* lower semi-continuous, and
hence −fm is weak* upper semi-continuous. Since EZd is weak* compact, by the Bauer
maximum principle −fm attains a maximum on EZd , which is equivalent to fm attaining a
minimum on EZd . Therefore, since fm = gm on EZd , the corollary follows.

Proposition 3.4.2. For any purely attractive long-range model m, Ωm ⊂ EZd is non-
empty, convex and weakly* compact.

Proof. By corollary 3.4.1, Ωm is non-empty. The convexity of Ωm follows from the affinity
of fm. Now, note that Ωc

m = f−1
m ((minω∈E

Zd
fm(ω),∞)). Since fm is weak* lower semi-

continuous, Ωc
m = EZd \ Ωm is weak* open, and since EZd is weak* compact, Ωm is also

weak* compact.

Remark: For a general long-range model it can also be proven, with a generalization
of the Bauer maximum principle, that

inf
ω∈E

Zd

fm(ω) = inf
ω∈E

Zd

fm(ω) = inf
ω∈E

Zd

gm(ω).

However, since f may not be weak* lower semi-continuous anymore, it may not achieve
its infimum at any point. Therefore, one is required to define the so-called generalized
equilibrium states, as it is done in [4].

The next lemma will be useful to prove the existence of the thermodynamic pressure:
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Lemma 3.4.1. For any long-range model m and any ω ∈ EZd ,

lim inf
l→∞

pl,m ≥ −fm(ω).

Proof. Let m = (Φ, a) be a long-range model and ω ∈ EZd . By theorem 3.4.1, for any
l ∈ N one has

pl,m ≥ −
(
ω(UΦ

Λl
)

|Λl|
+

1

|Λl|2

∫
S

ω(
(
UΨ

Λl

)∗
UΨ

Λl
)a(dΨ)−

SΛl(ω|AΛl
)

β|Λl|

)
.

Since τx is continuous for every x ∈ Zd, for any Ψ ∈ W one has∥∥∥∥ēΨ,l −
UΨ

Λl

|Λl|

∥∥∥∥ =
1

|Λl|

∥∥∥∥∥∥
∑
x∈Λl

τx

 ∑
Λ∈Pf (Zd)

ΨΛ

|Λ|

− ∑
Λ∈Pf (Zd)

∑
x∈Λl | Λ+x⊂Λl

τx(ΨΛ)

|Λ|

∥∥∥∥∥∥
≤

∑
Λ∈Pf (Zd)

‖ΨΛ‖
|Λ|

∑
x∈Λl | Λ+x*Λl

1

|Λl|
.

By the dominated convergence theorem it is not hard to see that

lim
l→∞

∥∥∥∥ēΨ,l −
UΨ

Λl

|Λl|

∥∥∥∥ = 0, for all Ψ ∈ W . (3.14)

In particular,

lim
l→∞

ω

((
UΨ

Λl

|Λl|

)∗
UΨ

Λl

|Λl|

)
= lim

l→∞
ω
(
|̄eΨ|2l

)
= ∆eΨ(ω),

and again by the dominated convergence theorem, one has

lim inf
l→∞

pl,m ≥− lim
l→∞

(
ω(UΦ

Λl
)

|Λl|
+

1

|Λl|2

∫
S

ω(
(
UΨ

Λl

)∗
UΨ

Λl
)a(dΨ)−

SΛl(ω|AΛl
)

β|Λl|

)
=−

(
eΦ(ω) +

∫
S

∆eΨ(ω)a(dΨ)− s(ω)

)
= −fm(ω).

3.4.1 Permutation invariant systems
In order to prove the existence of the thermodynamic pressure for arbitrary long-range
models, it is easier to begin with the specific situation of permutation invariant interac-
tions. Furthermore, due to Størmer’s theorem (theorem 3.1.1), the problem of finding the
thermodynamic pressure for permutation invariant systems can be reduced to a minimiza-
tion problem over a one-site CAR algebra, as it will be seen in this section.

Proposition 3.4.3. For any p.i. state ω ∈ EΠ and any A ∈ A{0}, one has

∆A(ω) = ω(A∗τx(A)),

where x is any element in Zd \ {0}. Moreover, for any A ∈ A, ∆A is weak*-continuous
on EΠ.
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Proof. For any y, y′ ∈ Zd, let sy,y′ : Zd → Z
d be the permutation given by

sy,y′(z) =


y′, if z = y,

y, if z = y′,

z, otherwise.

Fix x ∈ Zd \ {0}. For any l ∈ N, any ω ∈ EΠ and any A ∈ A{0}, one has

ω(|A|2l ) =
1

|Λl|2

(∑
y∈Λl

ω(τy(A)∗τy(A)) +
∑

y∈Λl | y 6=0

ω(τy(A
∗)A)+

∑
y,y′∈Λl | y 6=y′,y′ 6=0

ω(τy(A
∗)τy′(A))

)

=
1

|Λl|2

(∑
y∈Λl

ω(αsy,0(τy(A)∗τy(A))) +
∑

y∈Λl | y 6=0

ω(αsy,0(τy(A
∗)A))+

∑
y,y′∈Λl | y 6=y′,y′ 6=0

ω(αsy,0(τy(A
∗)τy′(A)))

)

=
1

|Λl|
ω(A∗A) +

1

|Λl|2

( ∑
y∈Λl | y 6=0

ω(A∗τy(A)) +
∑

y,y′∈Λl | y 6=y′,y′ 6=0

ω(A∗τy′(A))

)

=
1

|Λl|
ω(A∗A) +

1

|Λl|2

( ∑
y∈Λl | y 6=0

ω(αy,x(A
∗τy(A)))+

∑
y,y′∈Λl | y 6=y′,y′ 6=0

ω(αy′′,x(A
∗τy′(A)))

)

=
1

|Λl|
ω(A∗A) +

|Λl| − 1

|Λl|2
ω(A∗τx(A)) +

|Λl|2 − 2|Λl|+ 1

|Λl|2
ω(A∗τx(A))

Therefore, taking the limit l→∞, one has

∆A(ω) = lim
l→∞

ω(|A|2l ) = ω(A∗τx(A)). (3.15)

The weak* continuity of ∆A in EΠ is obvious from eq. 3.15.

Theorem 3.4.3. For any p.i. long-range model m, Pm is well-defined and

Pm = − inf
ω∈EΠ

fm(ω) = − inf
ω∈EΠ

fm(ω).

Proof. By lemma 3.4.1, one already has

lim inf
l→∞

pl,m ≥ − inf
ω∈EΠ

fm(ω).

Hence, it suffices to show that
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lim sup
l→∞

pl,m ≤ − inf
ω∈EΠ

fm(ω).

For any p.i. interaction Ψ ∈ W , UΨ
Λl

is invariant under any permutation π ∈ Π(Zd)
such that π|Zd\Λl = id. Therefore, using proposition 3.1.8 it is easy to see that the Gibbs
state ωl,G associated with UΨ

Λl
, and consequently its periodic extension ω̂l,G (see proposi-

tion 3.1.11), are also invariant under these permutations. Moreover, since EA is weakly*
compact and metrizable in the weak* topology, the sequence {ω̂l,G} has a subsequence
{ω̂lk,G} that converges in the weak* topology. Let ω∞ be this limit. By the invariance
of ω̂l,G under permutations that leave Zd \ Λl invariant, it follows that ω∞ ∈ EΠ. As in
proposition 3.4.3, for y, y′ ∈ Zd, let sy,y′ : Zd → Z

d be the permutation given by

sy,y′(z) =


y′, if z = y,

y, if z = y′,

z, otherwise.

Note that if y, y′ ∈ Λl, then sy,y′ |Zd\Λl = id. Moreover, since one has

UΨ
Λl

|Λl|
=

1

|Λl|
∑
x∈Λl

τx(Ψ{0}) =
1

|Λl|
∑
x∈Λl

τx(eΨ) =
1

|Λl|
∑
x∈Λl

αs0,x(eΨ),

it follows that

lim
k→∞

ωlk,G

(
UΨ

Λlk

|Λlk |

)
= lim

k→∞

1

|Λlk |
∑
x∈Λlk

ωlk,G(αs0,x(eΨ)) = lim
k→∞

ωlk,G(eΨ)

=ω∞(eΨ) = eΨ(ω∞). (3.16)

Moreover, using eq. 3.14 and following the same steps as in proposition 3.4.3, one has

lim
k→∞

ωlk,G

((
UΨ

Λlk

|Λlk |

)∗
UΨ

Λlk

|Λlk |

)
= lim

k→∞
ωlk,G

(
|̄eΨ|2lk

)
= lim

k→∞
ωlk,G (e∗Ψτx(eΨ))

= ω∞(e∗Ψτx(eΨ)). (3.17)

Now, define the state ω̃l,G as

ω̃l,G(A)
.
=

1

|Λl|
∑
x∈Λl

ω̂l,G(τx(A)).

It is easy to see that ω̃l,G ∈ EZd . Let n < l. Then, for x ∈ Λl−n, there exists a permutation
πx,n, as defined in proposition 3.1.7, such that πx,n = τx. Therefore, for any A ∈ A, one
has
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∣∣∣∣∣ 1

|Λl|
∑
x∈Λl

ω̂l,G(τx(A))− ω̂l,G(A)

∣∣∣∣∣ =

∣∣∣∣∣∣ 1

|Λl|

(|Λl−n| − |Λl|)ω̂l,G(A) +
∑

x∈Λl\Λl−n

ω̂l,G(τx(A))

∣∣∣∣∣∣
≤
∣∣∣∣ |Λl−n| − |Λl|

|Λl|

∣∣∣∣ ‖A‖+

∣∣∣∣ |Λl| − |Λl−n|
|Λl|

∣∣∣∣ ‖A‖
=2

∣∣∣∣(1− n

l

)d
− 1

∣∣∣∣ ‖A‖.
Therefore, the sequence {ω̃lk,G} also converges to ω∞ in the weak* topology. Moreover,
by the periodicity of ω̂l,G and the translation invariance of the entropy density, one has

s(ω̃l,G) = s(ω̂l,G) =
SAΛl

(ωl,G)

|Λl|
. (3.18)

Hence, from eq.s 3.16, 3.17 and 3.18, together with the weak* upper semi-continuity of s
on EZd and the fact that {ω̃lk,G} converges to ω∞ in the weak* topology, one has

lim sup
l→∞

pl ≤ −fm (ω∞) ≤ − inf
ω∈E

Zd

fm(ω).

Therefore, the result follows.

Corollary 3.4.2. For any p.i. long-range model m = (Φ, a), Pm is given by

Pm = − inf
ω∈EA{0}

{
ω(eΨ) +

∫
S

|ω(eΨ)|2da(Ψ)− β−1S{0}(ω)

}
.

Proof. This follows from theorem 3.4.3 and Størmer’s theorem, noting that eΨ ∈ A{0} for
any p.i. interaction Ψ ∈ W and s(ω) = S{0}(ω) for a product state ω ∈ EΠ.

3.4.2 Translation invariant systems
To prove the existence of the thermodynamic pressure Pm for a general long-range model
m, it is convenient to instead work with the so-called discrete finite long-range models:

Definition 3.4.3. Let m = (Φ, a) ∈ W be a long-range model, and suppose that there
exists some interactions Φ1, . . . ,ΦN ∈ S such that the measure a can be written as

a =
N∑
k=1

ζkδΦk ,

where ζk = ±1 and δΦk is the Dirac measure of Φk. In that case, m is said to be a discrete
finite long-range model. The set of all discrete finite long-range models will be defined
byMdf .

Remark: The measure a of a discrete finite long-range model m = (Φ, a) can also be
identified with a finite sequence {(ζk,Φk)}Nk=1, and its internal long-range energy is given
by
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Um
Λl

= UΦ
Λl

+
1

|Λl|

N∑
k=1

ζk

(
UΦk

Λl

)∗
UΦk

Λl
.

Then, after proving the existence of the pressure for the finite discrete long-range mod-
els, the proposition below – that is proven in ([4], section 6.1) – allows one to generalize
the result to any long-range model:

Proposition 3.4.4. For any long-range model m ∈ M, there exists a sequence {mn} of
finite discrete long-range models converging to m such that

Pm = lim
n→∞

Pmn and inf
ω∈E

Zd

fm(ω) = lim
n→∞

inf
ω∈E

Zd

fmn(ω).

Lemma 3.4.2. For any Φ ∈ W and n ∈ N,

lim
l→∞

1

|Λ(n)
l |

∥∥∥∥∥UΦ

Λ
(n)
l

−
∑
x∈Λn

UΦ
Λl+(2l+1)x

∥∥∥∥∥ = 0,

where the convergence is uniform in n.

Proof. Note that

1

|Λ(n)
l |

∥∥∥∥∥UΦ

Λ
(n)
l

−
∑
x∈Λn

UΦ
Λl+(2l+1)x

∥∥∥∥∥ ≤ ∑
Λ∈Pf (Zd) | 0∈Λ

‖ΦΛ‖
|Λ|

∑
x∈Λ

(n)
l

′ 1

|Λ(n)
l |

,

where the primed sum is only over those x ∈ Λ
(n)
l such that x + Λ ∩ Λl+(2l+1)y 6= ∅ and

x+ Λ ∩ Λl+(2l+1)z 6= ∅ for some y, z ∈ Λ
(n)
l , y 6= z. For Λ ∈ Pf (Zd), define

mΛ
.
= max

x,x′∈Λ
{d(x, x′)}, where d(x, x′) =

√
|x1 − x′1|2 + · · ·+ |xd − x′d|2.

Then,

∑
x∈Λ

(n)
l

′ 1

|Λ(n)
l |
≤ |Λn|(|Λl| − |Λl−mΛ

|)
|Λ(n)

l |
=
nd(ld − (l −mΛ)d)

((2l + 1)n)d
=

1−
(
1− mΛ

l

)d(
2− 1

l

)d .

By the dominated convergence theorem, the lemma follows.

Lemma 3.4.3. Let Φ ∈ W be an arbitrary interaction, ωlG be the Gibbs states associated
with UΦ

Λl
and let ω̂l,G, ω̃l,G be as in proposition 3.1.12. Then, it follows that∣∣∣∣eΦ(ω̃l,G)−

ω̂l,G(UΦ
Λl

)

|Λl|

∣∣∣∣ = 0.
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Proof. By the periodicity of ω̂l,G, one has

ω̂l,G(UΦ
Λl

) =
1

|Λn|
∑
x∈Λn

ω̂l,G(UΦ
Λl+(2l+1)x).

Therefore, by lemma 3.4.2, it follows that

lim
l→∞

∣∣∣∣eΦ(ω̂l,G)−
ω̂l,G(UΦ

Λl
)

|Λl|

∣∣∣∣ = 0,

and by the affinity and translation invariance of eΦ, the lemma follows.

The next lemma will not be proven here, but it is a well-known result and it is neces-
sary to the proof of the following theorem.

Lemma 3.4.4. For any Λ ∈ Pf (Zd) and any A,B ∈ AΛ, it follows that∣∣ln(TrAΛ
(eA))− ln(TrAΛ

(eB))
∣∣ ≤ ‖A−B‖.

Theorem 3.4.4. For any long-range model m, Pm is well-defined and

Pm = − inf
ω∈E

Zd

fm(ω) = − inf
ω∈E

Zd

fm(ω).

Proof. As in the case of p.i. long-range models, lemma 3.4.1 ensures that

lim inf
l→∞

pl,m ≥ − inf
ω∈E

Zd

fm(ω).

Hence, it suffices to show that

lim sup
l→∞

pl,m ≤ − inf
ω∈E

Zd

fm(ω).

Moreover, by proposition 3.4.4, it suffices to consider only the case of finite discrete long-
range models. For any l, n ∈ N and any Ψ ∈ W , define

UΨ
l,n

.
=
∑
x∈Λn

τ(2l+1)x(U
Φ
Λl

),

and given a finite discrete long-range model m =
(

Φ, a =
∑N

k=1 ζkδΦk

)
, define

Um
l,n

.
= UΦ

l,n +
1

|Λ(n)
l |

∫
S

(UΨ
l,n)∗UΨ

l,na(dΨ) = UΦ
l,n +

1

|Λ(n)
l |

=
N∑
k=1

ζk

(
UΦk
l,n

)∗
UΦk
l,n .

The pressure associated with Um
l,n is given by

pl,m(n, β)
.
=

1

β|Λ(n)
l |

ln TrA
Λ

(n)
l

(e−βU
m
l,n).

By lemmata 3.4.2 and 3.4.4, it follows that
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lim
l→∞

(
lim sup
n→∞

|pl,m(n, β)− p2ln+n+l,m|
)

= 0. (3.19)

Now, note that the pressure pl,m(n, β) can be seen as the thermodynamic pressure for
some p.i. long-range model m̃l, defined as follows: let Ãl be the CAR algebra generated
by the Hilbert space h̃l = l2(Zd)⊗HS̃ , where the spin set S̃ is given by S̃ = S×Λl. Then,
let M̃ denote the space of long-range models of Ã, and define m̃l as the p.i. long-range
model m̃l

.
=
(

Φ̃(l), ãl =
∑N

k=1 ζkδΦ
(l)
k

)
∈ M̃df satisfying

Φ̃
(l)
{0} =

UΦ
Λl

|Λl|
, Φ̃

(l)
k,{0} =

UΦk
Λl

|Λl|
.

Then, it follows that

pl,m(n, β) = pn,m̃l(0, βl), where βl = |Λl|β.

Hence, since m̃l is permutation invariant, by corollary 3.4.2 and from the fact that (Ãl){0}
can be canonically identified with AΛl , one has

Pm̃l = lim
n→∞

pl,m(n, β) = − inf
ω∈EΛl

ω(UΦ
Λl

)

|Λl|
+

N∑
k=1

ζk

∣∣∣∣∣ω(UΦk
Λl

)

|Λl|

∣∣∣∣∣
2

− SΛl(ω)

β|Λl|

 . (3.20)

The right-hand side of eq. 3.20 can be seen as a minimization problem of a weak* con-
tinuous functional over the set EΛl . Hence, it achieves a minimum. Let ω̂l ∈ El.Zd be the
periodic extension of its minimizer, and let

ω̃l =
1

|Λl|
∑
x∈Λl

ω̂ ◦ τx.

By proposition 3.1.12, ω̃l ∈ EZd for any l ∈ N. In particular, ∆A(ω̃) = |ω̃(A)|2 for
any A ∈ A and any l ∈ N. Therefore, from lemma 3.4.3, eq. 3.20, and the translation
invariance of the entropy density, it follows that

lim
l→∞

lim
n→∞

pl,m(n, β) = − lim
l→∞

gm(ω̃l) = − lim
l→∞

fm(ω̃l),

and from eq. 3.19, one finally has

lim sup
l→∞

pl,m = − lim
l→∞

gm (ω̃l) = − lim
l→∞

fm (ω̃l) ≤ − inf
ω∈E

Zd

fm(ω).

3.5 Approximating interactions for purely attractive long-
range models

In this section, it is shown that any purely attractive long-range model m can be “approx-
imated” – in a certain sense –, by a suitable interaction with no long-range component.
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With this approximation, the thermodynamic pressure of m can be obtained from a model
with a simpler interaction. Moreover, its ergodic equilibrium states are intimately related
to the equilibrium states of its approximate interaction, as it will be seen next. It is worth
remembering that, when the long-range model is purely attractive, the free-energy density
fm always achieves its minimum, and at some extreme point ω ∈ EZd . These observations
are important for the development of the results presented in this section.

Definition 3.5.1. Let m = (Φ, a) be a purely attractive long-range model (i.e., a+ = 0).
For c ∈ L2(S,C, a−), define m(c) as the long-range model given by m(c) = (Φm(c), 0),
where

Φm(c)
.
= Φ +

∫
S

2 Re[c(Ψ)Ψ]a(dΨ).

Lemma 3.5.1. For any ω ∈ EZd and any measure a ∈ S, one has

∫
S

|ω(eΨ)|2a−(dΨ) = sup
c∈L2(S,C,a−)

{
−‖c‖2

2 +

∫
S

2 Re[c(Ψ)eΨ(ω)]a−(dΨ)

}
,

where the r.h.s. has a unique maximizer dω ∈ L2(S,C, a−) given by dω(Ψ) = ω(eΨ).

Proof. Note that, for any ω ∈ EZd , any A ∈ A and any c ∈ C, one has

−|c|2 + 2 Re[cω(A)] = |ω(A)|2 − |ω(A)− c|2.
Therefore,

sup
c∈C
{−|c|2 + 2 Re[cω(A)]} = |ω(A)|2,

with unique maximizer d = ω(A). Hence, since dω(Ψ) = ω(eΨ) clearly belongs to
L2(S,C, a−), as Ψ 7→ eΨ and ω are continuous, it follows that

∫
S

|ω(eΨ)|2a−(dΨ) =

∫
S

(
sup
c∈C
{−|c|2 + 2 Re[ceΨ(eΨ)]}

)
a−(dΨ)

= sup
c∈L2(S,C,a−)

{
−‖c‖2

2 +

∫
S

2 Re[c(Ψ)eΨ(ω)]a−(dΨ)

}
,

with unique maximizer dω(Ψ) = ω(eΨ).

Proposition 3.5.1. Let m = (Φ, a) be a purely attractive long-range model. Then, it
follows that

Pm = − inf
c∈L2(S,C,a−)

hm(c) = − inf
c∈BR

hm(c),

where

hm(c)
.
= ‖c‖2

2 − Pm(c)

and BR is a closed ball at 0 in L2(S,C, a−) of sufficiently large radius R > 0.
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Proof. By theorem 3.4.4 and lemma 3.5.1, and since for an attractive long rang model
m = (Φ, a) a = −a−, it follows that

Pm =− inf
ω∈E

Zd

{
eΦ(ω) +

∫
S

|ω(eΨ)|2a(dΨ)− β−1s(ω)

}
=− inf

ω∈E
Zd

(
eΦ(ω)− sup

c∈L2(S,C,a−)

{
−‖c‖2

2 −
∫
S

2 Re[ceΨ(eΨ)]a(dΨ)

}
− β−1s(ω)

)

=− inf
ω∈E

Zd

(
eΦ(ω) + inf

c∈L2(S,C,a−)

{
‖c‖2

2 +

∫
S

2 Re[ceΨ(eΨ)]a(dΨ)

}
− β−1s(ω)

)
=− inf

ω∈E
Zd

inf
c∈L2(S,C,a−)

{
‖c‖2

2 + eΦ(ω) +

∫
S

2 Re[ceΨ(eΨ)]a(dΨ)− β−1s(ω)

}
=− inf

ω∈E
Zd

inf
c∈L2(S,C,a−)

{
‖c‖2

2 + fΦm(c)
(ω)
}

(3.21)

=− inf
c∈L2(S,C,a−)

{
‖c‖2

2 − Pm(c)

}
=− inf

L2(S,C,a−)
hm(c).

Now, note that for any ω ∈ EZd , fm(c)(ω) is given by

fm(c)(ω) =eΦ(ω) + 2 Re

[∫
S

c(Ψ)eΨ(ω)a(dΨ)

]
− βs(ω)

=eΦ(ω)− 2 Re
[
(c, eΨ(ω))L2(S,C,a−)

]
− βs(ω)

≤eΦ(ω)− 2 Re
[
(c, eΨ(ω))L2(S,C,a−)

]
.

Therefore, using Cauchy-Schwarz inequality and other straight-forward estimates, it is
not hard to see that

|Pm(c)| ≤ 2‖m‖M‖c‖2.

In particular, one has

‖c‖2
2 − 2‖m‖M‖c‖2 ≤ hm(c) ≤ ‖c‖2

2 + 2‖m‖M‖c‖2,

and hence since (‖c‖2
2 − 2‖m‖M‖c‖2)→∞ as ‖c‖2 →∞, the proposition follows.

Definition 3.5.2. For any purely attractive long-range model m, define the set Cm ⊂
L2(S,C, a−) as

Cm =

{
d ∈ L2(S,C, a−) | hm(d) = inf

c∈BR
hm(c) = Pm

}
.

Definition 3.5.3. Let H be a Hilbert space. Define the weak topology on H as the initial
topology of its dual space H∗.

Remark: By the Riesz-Fréchet theorem, any Hilbert space H can be canonically identi-
fied with its dual space H∗. Therefore, it follows that the weak topology on H is equivalent
to the weak* topology on H∗.
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Proposition 3.5.2. For any purely attractive long-range model m, hm is weak lower semi-
continuous.

Proof. For any c ∈ H
.
= L2(S,C, a−), let φc denote the respective linear functional of

Riesz-Fréchet theorem associated with c. Note that

‖c‖2
2 = sup

x∈H
|φc(x)|2 = sup

x∈H
|fx(φc)|2,

where fx : H∗ → C is the linear functional given by

fx(φ) = φ(x).

Clearly fx is weak* continuous, and by proposition 3.2.2 φ 7→ supx∈H |fx(φ)|2 is weak*
lower semi-continuous. Therefore, by the above remark, it follows that the mapping

c 7→ ‖c‖2
2

is weak lower semi-continuous. Now, note that the map

c 7→ fm(c)(ω) = eΦ(ω)− 2 Re
[
(c, eΨ(ω))L2(S,C,a−)

]
− βs(ω)

is weak continuous. For any ω ∈ EZd . In fact, it follows that the family of mappings

{c 7→ fm(c)(ω)}ω∈E
Zd

is weak equicontinuous. Hence, it is not hard to see that this implies that

c 7→ Pm(c) = − min
ω∈E

Zd

{fm(c)(ω)}

is weak continuous. Thus, the proposition follows.

Proposition 3.5.3. For any purely attractive long-range model m, Cm is non-empty, norm-
bounded and weakly compact.

Proof. From the estimate

‖c‖2
2 − 2‖m‖M‖c‖2 ≤ hm(c)

it follows that Cm is norm-bounded. Now, note that from the above remark on the weak
topology of a Hilbert space and from the Banach-Alaoglu theorem, it follows that any
closed ball of finite radius is weak compact on a Hilbert space. Hence, from the weak
lower semi-continuity of hm, the proposition follows.

Proposition 3.5.4. For any purely attractive long-range model m, it follows that

(a) for any ω ∈ Ωm ∩ EZd ,

d = Ψ 7→ eΨ(ω) ∈ Cm,

and ω ∈ Ωm(d),
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(b) For any d ∈ Cm, Ωm(d) ∩ EZd ⊂ Ωm ∩ EZd and any ω ∈ Ωm(d) satisfy

d = Ψ 7→ eΨ(ω). (3.22)

Proof. (a) Let ω ∈ Ωm ∩ EZd . By lemma 3.5.1, d is a solution of

inf
c∈L2(S,C,a−)

{‖c‖2
2 + fm(c)(ω)}.

Moreover, since m is purely attactive, ω is the solution of the first infinum of eq. 3.21,
d ∈ Cm, and since the two infima of 3.21 commute, ω ∈ Ωm(d).

(b) If d ∈ Cm, then d is a solution of

inf
c∈L2(S,C,a−)

{
‖c‖2

2 + inf
ω∈E

Zd

fm(c)(ω)

}
, (3.23)

and since the two infima in eq. 3.23 commute, any ω ∈ Ωm(d) must satisfy eq. 3.22 due to
lemma 3.5.1. Moreover, Ωm(d) ∩ EZd ⊂ Ωm ∩ EZd from eq. 3.21.



Chapter 4

The model

In the last chapter of the thesis, the thermodynamics of a specific purely attractive long-
range model is analyzed. The model possesses a BCS interaction term, of strength γ, and
a locally repulsive term between electrons occupying the same site, of strength λ. First,
the model is analyzed in the so-called strong-coupling limit: when the kinetic energy
term is ignored, and hence it becomes permutation invariant. In this scenario, it is shown
that for a certain choice of parameters (γ, λ) there exists a coexistence of magnetic and
superconducting phases. Then, the kinetic term added to the model, and it is shown that
if the term is small, the coexistence also holds true.

4.1 Permutation-invariant approximation
Definition 4.1.1. Let Ψ̃ ∈ S be the p.i. interaction given by

Ψ̃{x} = ax,↓ax,↑,

and let m̃0 = (Φ̃(0), ã) ∈M be the p.i. purely attractive long-range model defined as

Φ̃
(0)
{x} = −µ(nx,↑ + nx,↓)− h(nx,↑ − nx,↓) + 2λnx,↑nx,↓, µ, h, λ ∈ R,

where nx,s = a∗x,sax,s, and

ã(X) =

{
−γ, if Ψ̃ ∈ X,
0, otherwise,

γ ≥ 0.

Note that, for l ∈ N, the internal long-range energy of m̃0 on Λl is

U m̃0
Λl

=
∑
x∈Λl

(−µ(nx,↑ + nx,↓)− h(nx,↑ − nx,↓) + 2λnx,↑nx,↓)

− γ

|Λl|
∑
x,y∈Λl

a∗x,↑a
∗
x,↓ay,↓ay,↑,

i.e., it is the BCS-Hubbard model in the so-called strong coupling limit (no kinetic en-
ergy). Since this model is p.i., its thermodynamic pressure can be easily calculated from
the formalism developed in the previous chapter.

123
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Proposition 4.1.1. The pressure Pm̃0 of the long-range model m̃0 is given by

Pm̃0 = β−1 ln 2 + µ− inf
c∈C

f(c),

where

f(c)
.
=γ|c|2 − 1

β
ln
(
cosh(βh) + e−λβ cosh (βgc)

)
, and gc =

√
(µ− λ)2 + γ2|c|2.

Moreover, for any d ∈ C minimizer of f(c) there exists an ergodic equilibrium state
ω ∈ Ωm̃0 ∩ EZd satisfying ω(ax,↓ax,↑) = d.

Proof. First, note that L2(S,C, ã−) ∼= C. By proposition 3.5.1, it follows that

Pm̃0 = − inf
c∈C

{
γ|c|2 − Pm̃0(c)

}
,

where for any c ∈ C, Pm̃0(c) is the thermodynamic pressure of the p.i. long-range model
m̃0(c) = (Φ̃

(0)
c , 0) satisfying

Φ̃
(0)
c,{x} = Φ̃

(0)
{x} − γ(cax,↓ax,↑ + ca∗x,↑a

∗
x,↓).

But since m̃0(c) is p.i. and has no long-range component, its thermodynamic pressure can
be explicitly calculated. By propositions 3.1.9 and 3.1.8, it follows that

ZΛl = TrAΛl

(
e
−βU m̃0(c)

Λl

)
= TrA{0}

(
e−βU

m̃0(c)

{0}

)|Λl|
,

and hence, for any l ∈ N, the finite-volume pressures pl,m̃0(c) are unchanged and given by

pl,m̃0(c) =
1

β
ln

(
TrA{0}

(
e−βU

m̃0(c)

{0}

))
.

Since A{0} ∼= M4×4(C), pl,m̃0(c) can be computed, and one has

Pm̃0(c) = pl,m̃0(c) = −β−1 ln 2− µ+
1

β
ln
(
cosh(βh) + e−λβ cosh (βgc)

)
,

where gc =
√

(µ− λ)2 + γ2|c|2.

Therefore, the first part of the proposition follows. The second part is a straightforward
consequence of proposition 3.5.4.

Remark: note that since f(c) depends only on the modulus of c, it follows that
infc∈C f(c) = infx∈R f(x). From now on, f will be seen as a function over the real
numbers.

A fermionic system where the expected value of ax,↓ax,↑ (usually called the supercon-
ducting gap or pairing amplitude) is different from zero is said to be in a superconducting
phase.
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Definition 4.1.2. The magnetic susceptibility χ of Pm̃0 is defined as

χ =
∂2Pm̃0

dh2
.

Proposition 4.1.2. For µ = h = 0, in a neighborhood of a point (λ, γ) where f(x) has a
unique minimizer d = 0, the magnetic susceptibility χ is given by

β

1 + (1 + e−2βλ)/2
.

Proof. The proposition follows from a straightforward evaluation of ∂2Pm̃0

dh2 .

Note that, under the conditions of proposition 4.1.2 and if λ > 0, when β → ∞, the
magnetic susceptibility goes to∞. Therefore, when 0 is the unique minimizer of f , the
system is said to be in a magnetic phase.

Proposition 4.1.3. For β = 1 and µ = h = 0, there exists some parameters λ̄, γ̄ > 0
such that the unfolding F (x, λ, γ) = f(x; λ̄+λ, γ̄+ γ)− f(0; λ̄, γ̄) is e-transversal, with
σ(F (x, 0, 0)) = σ(f(x; λ̄, γ̄)) = 6.

Proof. By the parity symmetry of f it follows that ∂kf(0,λ,γ)
∂xk

= 0 for any odd k and any
λ, γ > 0. Moreover, by direct calculations, it can be seen that the system of equations{

∂2f(0;λ,γ)
∂x2 = 0

∂4f(0;λ,γ)
∂x4 = 0

λ, γ > 0,

has a unique solution (λ̄, γ̄), given by

(λ̄, γ̄) =' (0.75, 6.22),

that also satisfies ∂6f(0,λ̄,γ̄)
∂x6 6= 0. Hence, defining F (x, λ, γ) = f(x; λ̄ + λ, γ̄ + γ) −

f(0; λ̄, γ̄), it follows that σ(F (x, 0, 0)) = σ(f(x; λ̄, γ̄)) = 6. Furthermore, calculating
j4(α1(F )), j4(α2(F )), one gets

j4(α1(F )) ' 0.14 + 3.86x2 − 10.2x4, and j4(α2(F )) = −x2 =⇒
〈1, j4(α1(F )), j4(α2(F ))〉R = 〈1, x2, x4〉R,

i.e., F (x, λ, γ) is e-transversal.

Proposition 4.1.4. For β = 1, µ = h = 0 and any small enough neighborhood U of
(λ̄, γ̄) ∈ R2, it follows that

(a) there exists an open subset of U where x = 0 is the unique minimizer of f ,

(b) there exists an open subset ofU where f has only two symmetric minimizers x = ±d
for some d > 0,

(c) there exists a curve in U where f has three distinct minimizers: x = 0, and x = ±d
for some d > 0.
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Proof. Since, by proposition 4.1.3, the 2-unfolding F (x, λ, γ) = f(x; λ̄ + λ, γ̄ + γ) is
e-transversal, by Thom’s theorem (theorem 2.4.2) it follows that F is equivalent to the
unfolding G(x, u1, u2) = x6 +u1x

2 +u2x
4, i.e., there exists some small neighborhood of

V of 0 ∈ R2, some small neighborhood I of 0 ∈ R, and some smooth functions:

(a) φ : I × V → R, where φ(0, 0, 0) = 0 and x 7→ φ(x, u1, u2) is a diffeomorphism for
all (u1, u2) ∈ U ,

(b) ψ : V → R
2, where ψ(0, 0) = (0, 0) and ψ is a diffeomorphism,

(c) κ : V → R,

such that in I × V ,

F (x, u1, u2) = G(φ(x, u1, u2), ψ(u1, u2)) + κ(u1, u2).

Therefore, studying the critical points of F in I × V is equivalent to studying the critical
points of G. Figure 4.1 shows the behavior of the critical points of G.

u1

u2

Figure 4.1: Distribution of the minima of x6 + u1x
2 + u2x

4. In the red region, the only
minimum is x = 0. In the white region, x = 0 is not a minimum, and in the red line(
u2 = −2

√
u1

)
the minima are in x = 0,±u1/4

1 .

To extend the results for any x ∈ R possibly outside of I , it suffices to note that, at
(λ, γ) = (λ̄, γ̄), x = 0 is the unique critical point of f . Hence, there exists a neighborhood
U ⊂ (λ̄, γ̄) + V of (λ̄, γ̄) where the only critical points of f are inside I .

Propositions 4.1.1 and 4.1.4 imply that for any (λ, γ) that lies in the curve mentioned
in (c) of proposition 4.1.4 (i.e., any (λ, γ) such that ψ(λ − λ̄, γ − γ̄) lies in the red line
of figure 4.1), the correspondent fermionic system is in a coexistence of magnetic and
superconducting phases. In order to establish the correct proportions of each phase, an
analysis must be made fixing the electron density of the system, as it is done in [3].

4.2 Cluster expansions
In this last section, the goal now is to prove that the coexistence of magnetic and supercon-
ducting phases also holds with the introduction of a small kinetic term in the interaction
analyzed above. However, with the introduction of a kinetic term, the new interaction
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fails to be permutation invariant, and thus its thermodynamic pressure cannot be easily
obtained as before. Therefore, to analyze the new perturbed thermodynamic pressure, it
is used here a technique known as “cluster expansions”. This technique allows one to
prove that the derivatives of the perturbed pressure is “well-behaved”, and hence by ar-
guments coming from catastrophe theory, it can be shown that ,for a small perturbation,
the minima of the new pressure has the same behavior as the minima of the unperturbed
pressure.

Definition 4.2.1. Let Gn denote the set of all unoriented graphs with n vertices, and Cn ⊂
Gn denote the set of all connected unoriented graphs with n vertices. Define a function φ
on the space of finite sequences (x1, . . . , xn) of X by:

φ(x1, . . . , xn)
.
=

{
1, if n = 1,
1
n!

∑
G∈Cn

∏
(i,j)∈G ζ(xi, xj) if n ≥ 2,

where
∏

(i,j)∈G is to be understood as a product over the edges of G. A finite sequence
(x1, . . . , xn) in X is said to be a cluster if the graph with n vertices and edges between i
and j whenever ζ(xi, xj) 6= 0 is connected.

The following theorem will not be proven here, but its proof can be found at [12].

Theorem 4.2.1. Let (X,A, µ) be a measurable space, where µ is a signed measure with
finite variation, ζ a measurable symmetric function on X ×X , and Z given by

Z =
∑
n≥0

1

n!

∫
dµ(x1)· · ·

∫
dµ(xn)

∏
1≤i<j≤n

(1 + ζ(xi, xj)).

Assuming that |1 + ζ(x, x′)| ≤ 1 for all x, x′ ∈ X , and that there exists a nonnegative
function a : X → R such that

∫
d|µ|(x′)|ζ(x, x′)|ea(x′) ≤ a(x) for all x ∈ X, and

∫
d|µ|(x)ea(x) <∞,

then

Z = exp

(∑
n≥1

∫
dµ(x1)· · ·

∫
dµ(xn)φ(x1, . . . , xn)

)
,

where the combined sum and integral converges absolutely. Furthermore, for all x1 ∈ X ,

1 +
∑
n≥2

n

∫
d|µ|(x2)· · ·

∫
d|µ|(xn)|φ(x1, . . . , xn)| ≤ ea(x1).

Definition 4.2.2. LetA1, . . . Am ∈ Pf (Zd). Define GA1,...,Am as the unoriented graph ofm
vertices and edges between i and j whenever Ai ∩ Aj 6= ∅. Moreover, a set A ∈ Pf (Zd)
is said to be a polymer if A us connected.
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Definition 4.2.3. Let Φ(0),Φ(ε) ∈ W , such that Φ(0) is p.i. and Φ
(ε)
Λ = 0 if Λ is not

connected, and let Φ = Φ(0) + Φ(ε). For any polymer Λ ∈ Pf (Zd), define

ρ(Λ) =
1

Z0,Λ

∞∑
m=1

(−1)m
∑

A1,...,Am

′
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

TrAΛ

(
Φ

(ε)
A1

(τ1) . . .Φ
(ε)
Am

(τm)e−βU
Φ(0)

Λ

)
×

dτ1 . . . dτm,

where

Φ
(ε)
Ai

(τ) = e−τU
Φ(0)

Λ Φ
(ε)
A1
eτU

Φ(0)

Λ , Z0,Λ = TrAΛ

(
e−βU

Φ(0)

Λ

)
= TrA{0}

(
e−βΦ

(0)
{0}

)|Λ|
,

and the sum
∑ ′ is over polymers A1, . . . Am ⊂ Λ such that

⋃m
i=1Ai = Λ and the graph

GA1,...,Am is connected.

The proof of the following proposition is extensive, and hence it is left to appendix B.

Proposition 4.2.1. Let Φ(0),Φ(ε) ∈ W , such that Φ(0) is p.i. and Φ
(ε)
Λ = 0 if Λ is not

connected, and let Φ = Φ(0) + Φ(ε). Then, for any Λ ∈ Pf (Zd), one has

ZΛ = Z
|Λ|
0

(
∞∑
n=0

1

n!

∑
A1

ρ(A1) · · ·
∑
An

ρ(An)
∏

1≤i<j≤n

(1 + ζ(Ai, Aj))

)
,

where ZΛ is the partition function of UΦ
Λ , Z0 is the partition function of UΦ(0)

{0} ,

ζ(Ai, Aj) =

{
−1, if Ai ∩ Aj 6= 0,

0, otherwise,

and the sum
∑

Ai
is over all polymers of Λ.

Definition 4.2.4. For any ε > 0, define Φ̃(ε) as the short-range interaction given by

Φ̃
(ε)
Λ =


ε(a∗x,↑ax+y,↑ + a∗x,↓ax+y,↓ + a∗x+y,↑ax,↑ + a∗x+y,↓ax,↓), if |y| = 1, yi ≥ 0 for all

i = 1, . . . d and Λ = {x, x+ y}
0, otherwise,

and let m̃ be the purely attractive long-range model given by

m̃ = m̃0 + (Φ̃(ε), 0) = (Φ̃(0) + Φ̃(ε), ã) = (Φ̃, ã),

with Φ̃(0) and ã as in definition 4.1.1.

Remark: It is easy to see that ‖Φ̃(ε)‖W can be estimated by

‖Φ̃(ε)‖W ≤ 2dε,

and that its internal energy U Φ̃(ε)

Λl
is given by
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U Φ̃(ε)

Λl
=
∑
x∈Λl

∑
|y|=1,x+y∈Λl

ε(a∗x,↑ax+y,↑ + a∗x,↓ax+y,↓).

Hence, Φ̃(ε) can be seen as a perturbative kinetic energy term.

Note that the interaction Φ̃c of m̃(c) = (Φ̃c, 0) is given by Φ̃c = Φ̃
(0)
c + Φ̃(ε), since the

long-range component of m̃ and m̃0 are the same. Moreover, for any θ ∈ [0, 2π), let σθ be
the *-automorphism satisfying σθ(a∗x,s) = eiθ/2a∗x,s for any x ∈ Zd and s ∈ S. It is easy
to see that taking σθ(U Φ̃

Λl
) corresponds to the change c 7→ ceiθ. Thus, by the invariance

of the trace under *-automorphisms, it follows that the pressure Pm̃(c) is invariant under
the change c 7→ ceiθ. Therefore, as in the previous section, c will be regarded as a real
number.

Definition 4.2.5. Let D ⊂ R
6 be an open domain, let ν = (c, γ, λ, h, µ, ε), and given a

six-index α = (α1, α2, α3, α4, α5, α6), let

∂|α|

∂να
=

∂|α|

∂cα1∂γα2∂λα3∂hα4∂µα5∂εα6
.

For any r > 0, defineRA(D, r,R) as the subset of C∞(D,R) where the norm

‖f‖D,r
.
=
∑
α

r|α|

α!
sup
x∈D

∣∣∣∣∂|α|f(x)

∂να

∣∣∣∣
is finite.

Remark: Note that every function inRA(D, r,R) is, in particular, real analytic on D.
Moreover, it is a well-known fact that RA(D, r,R) is complete with respect to the norm
‖ · ‖D,r.

Proposition 4.2.2. If the product βε satisfies

βε ≤ e−2k

16d
, where k = 3 ln 2 + 2 ln(2dφ) + φ−1 + 1 and φ =

√
5 + 1

2
, (4.1)

then, it follows that pl,m̃(c) = pl,m̃0(c) + pl,ε, where

pl,ε =
1

β|Λl|

∞∑
n=1

∑
A1

ρ(A1) · · ·
∑
An

ρ(An)φ(A1, . . . , An),

where the sums
∑

Ai
are over all polymers of Λl. Moreover, for any bounded open set

D ⊂ R
6, there exists some r > 0 such that ‖pl,ε‖D,r <∞.

Proof. First, note that ∥∥∥∥∥∂|α|e−τU
Φ̃(0)

Λ

∂να

∥∥∥∥∥ ≤ (4τ |Λ|)|α|
∥∥∥e−τU Φ̃(0)

Λ

∥∥∥ ,
and
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∥∥∥∥∥∂|α|Φ̃
(ε)
Ai

∂να

∥∥∥∥∥ ≤ 4, with ‖Φ̃(ε)
Ai
‖ ≤ 4ε.

Therefore, let D some bounded open set in R6 and let r > 0 be chosen such that

∥∥∥e−βΦ̃
(0)
{0}

∥∥∥
D,r
≤
√

2
∥∥∥e−βΦ̃

(0)
{0}

∥∥∥ , ∥∥∥Φ̃
(ε)
Ai

∥∥∥
D,r
≤ 2‖Φ̃(ε)

Ai
‖, and ‖Z−1

0,{0}‖D,r ≤
√

2Z−1
0,{0}.

Note that r does not depend on Λ. Let λ0 be the lowest eigenvalue of Φ̃
(0)
{0} ∈ A{0} ∼=

M4×4(C). Since Φ̃
(0)
{0} is self-adjoint, one has∥∥∥e−βΦ̃

(0)
{0}

∥∥∥ = e−βλ0 ≤ TrA{0}

(
e−βΦ̃

(0)
{0}

)
=⇒

∥∥∥e−βΦ̃
(0)
{0}

∥∥∥|Λ| Z−1
0,Λ ≤ 1.

Therefore, one may estimate ‖ρ(Λ)‖D,r by

‖ρ(Λ)‖D,r ≤22|Λ|2|Λ|
∥∥∥e−βΦ̃

(0)
{0}

∥∥∥|Λ| Z−1
0,Λ

∞∑
m=1

βm

m!

∑
A1,...,Am

′
m∏
i=1

2‖Φ̃(ε)
Ai
‖

≤e3|Λ| ln 2e−k|Λ|
∞∑
m=1

βm

m!

∑
A1,...,Am

′
m∏
i=1

(
2‖Φ̃(ε)

Ai
‖ek|Ai|

)
.

Now, note that there are at most d|Λ| subsets of Λ for which Φ̃
(ε)
A 6= 0, and those subsets

also satisfy |A| = 2. Therefore, the sum
∑

A1,...,Am
′ has at most (d|A|)m elements, and if

βε satisfies the bound 4.1, one has

‖ρ(Λ)‖D,r ≤e(3 ln 2−k)|Λ|
∞∑
m=1

1

m!

(
βε16de2k|Λ|

)m ≤ e(3 ln 2−k+1)|Λ| = e−(2 ln(2dφ)+φ−1)|Λ|.

Hence, since RA(D, r,R) is complete with respect to the norm ‖ · ‖D,r, it follows that
‖ρ(Λ)‖D,r is indeed well-defined and ρ(Λ) ∈ RA(D, r,R). Moreover, following the
same steps as in ([12], 4.2), choosing the functional a over the polymers of Λl given by
a(A) = φ−1|A|, it follows that∑

A′

‖ρ(A′)‖D,r|ζ(A,A′)|ea(A′) ≤ a(A),

where the sum is over the polymers of Λl. Therefore, by theorem 4.2.1, the sum

∞∑
n=1

∑
A1

‖ρ(A1)‖D,r · · ·
∑
An

‖ρ(An)‖D,r|φ(A1, . . . , An)|

converges. Hence, again sinceRA(D, r,R) is complete with respect to the norm ‖ · ‖D,r,
it follows that pl,ε ∈ RA(D, r,R), and this proves the second part of the proposition. The
first part follows by noting that |ρ(Λ)| ≤ ‖ρ(Λ)‖D,r, and applying proposition 4.2.1 and
theorem 4.2.1 for the signed weights ρ(Λ).
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Proposition 4.2.3. The pressure Pm̃ of the long-range model m̃ is given by

Pm̃ = β−1 ln 2 + µ− inf
c∈R
{f(c) + pε},

where pε = liml→∞ pl,ε is real analytic with respect to c, γ, λ, h, µ and ε. Moreover, for
any d ∈ C minimizer of f(c) + pε there exists an ergodic equilibrium state ω ∈ Ωm̃ ∩ EZd
satisfying ω(ax,↓ax,↑) = d.

Proof. First note that since pl,m̃(c) = pl,m̃0(c) + pl,ε and Pm̃(c) = liml→∞ pl,m̃(c), Pm̃0 =
liml→∞ pl,m̃0(c) are well-defined, it follows that pε = liml→∞ pl,ε is also well-defined and
Pm̃(c) = Pm̃0(c) + pε. Moreover, by proposition 3.5.1, one has

Pm̃ = − inf
c∈C

{
γ|c|2 − Pm̃0(c) + pε

}
= β−1 ln 2 + µ− inf

c∈R
{f(c) + pε}.

Now, let K ⊂ R
6 be some compact set, and let D be some open bounded set such that

K ⊂ D. By proposition 4.2.2, there exists some r > 0 such that ‖pl,ε‖D,r < ∞. In
particular, for every six-index α, ∂|α|pl,ε

∂να
is a sequence of functions which is uniformly

equicontinuous and bounded w.r.t. the supremum norm on K. Therefore, by applying
the Arzelà-Ascoli theorem, it follows that there exists a subsequence plk,ε such that, for

all six-indexes α,
∂|α|plk,ε
∂να

uniformly converges on K. As the derivatives commute with
uniform limits, one concludes that the pointwise limit pε of plk,ε, is a smooth function such

that
∥∥∥∂|α|pε∂να

∥∥∥
∞
≤ α!r−|α|, i.e., pε is real analytic on K, and by the arbitrariness of K the

second part of the proposition follows. The last part of the proposition is a consequence
of proposition 3.5.4.

Proposition 4.2.4. For β = 1, µ = h = 0 and any ε > 0 small enough, the long-range
model m̃ also shows a coexistence of magnetic and superconducting phases.

Proof. Let U be a bounded open neighborhood of (0, 0) such that λ, γ > 0 for any
(λ, γ) ∈ (λ̄, γ̄) + U , and let F ′ε(x, λ, γ) = pε(x; λ̄ + λ, γ̄ + γ). Note that, in particular,
pε(x; λ̄+λ, γ̄+γ) is real analytic with respect to x, γ, λ, ε, and since p0(x; λ̄+λ, γ̄+γ) = 0,
it follows that its derivatives with respect to x, γ, λ go to 0 as ε→ 0. Moreover, note that
F (x, λ, γ) = f(x; λ̄ + λ, γ̄ + γ)− f(0, λ̄, γ̄) is e-transversal and thus clearly e-universal
(see proposition 2.4.4 and definition 2.3.4). Hence, F (x, λ, γ) is e-stable by theorem
2.5.2. Therefore, by the e-stability of F (see definition 2.5.3), it follows that there exists
an interval I of 0 ∈ R such that if ε ∈ I , F at (0, 0, 0) is equivalent to F +F ′ε at (0, λε, γε)
for some (λε, γε) ∈ U . Therefore, an analogous analysis to that done in proposition 4.1.4
holds for the unfolding F + F ′ε , and hence, the proposition follows.



Chapter 5

Conclusion

In this thesis, the goal of showing a coexistence of magnetic and superconducting phases
in a quantum lattice fermi system is achieved, through the study of the formalism pre-
sented in chapter 3, which is based on the solid mathematical ground of the C*-algebraic
formulation of quantum mechanics, and through the application of some results coming
from catastrophe theory.

As it could be seen, the formalism in chapter 3, that was developed in [4], provides
some very important and relevant results associated with the existence and the analysis
of the thermodynamics for systems that can be modeled by a “long-range model”, as it
is defined in this thesis. Moreover, by means of the approximating interactions, the for-
malism also provides a way to find the thermodynamic pressure of a purely attractive
long-range model from the pressure of a simpler interaction, and also shows that there
exists an equivalence between the equilibrium states of the exact system and of the ap-
proximating system. Showing this equivalence of equilibrium states was actually an open
problem (that was proposed by J. Ginibre in [8], regarding the equivalence of equilibrium
states for the so-called Bogoliubov approximation), prior to the publication of [4].

In fact, the results obtained in [4] go beyond of what is presented here: in particular,
it is shown that when a repulsive long-range term is present in the long-range model, an
approximating interaction can still be defined, and the relation between the exact pressure
and the approximate pressure is associated with the equilibrium of a two-person zero-sum
game, instead of just a minimization problem, as it is for the purely attractive long-range
models. It is important to note, however, that although the long-range models defined
here can be used to model some important physical mean-field interactions such as the
BCS interaction, other important physical interactions, such as the Coulomb potential, or
any interaction decaying with a fixed power of the distance, are still out of the scope of
the formalism.

This thesis also shows that some of the results provided by catastrophe theory, related
to the bifurcations and the stability of unfoldings, are very interesting mathematical tools
for the study of phase transitions, and for obtaining a qualitative analysis of the behavior
of the thermodynamic pressure of a quantum system. In fact, another analysis that can
possibly be done, with the aid of catastrophe theory, to the model studied here is to show
the breakdown of the superconducting phase above some critical magnetic field h̄, by
fixing some λ ≥ 0 and considering the pressure as an unfolding of the parameters (γ, h).
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Appendix A

Catastrophe Theory

In the following it is shown the proof of proposition 2.4.3, but for that one first needs this
preliminary proposition:

Proposition A.0.1. Let F ∈ m(n + 1, p). Suppose that there exist ξ ∈ ε(n + 1, n) and
η ∈ ε(p + 1, p) such that for any x ∈ Rn near 0, any t ∈ R near 0 and any i = 1, . . . , p,
the following equation holds:

∂Fi(x, t)

∂t
=

n∑
j=1

∂Fi(x, t)

∂xj
ξj(x, t) + ηi(F (x, t), t). (A.1)

Then, there exist φ ∈ ε(n+ 1, n) and λ ∈ ε(p+ 1, p) such that for any x ∈ Rn near 0, any
y ∈ Rp near 0 and any t ∈ R near 0, the following holds:

(a) φ(x, 0) = x and λ(y, 0) = y,

(b)

∂φi(x, t)

∂t
= −εi(φ(x, t), t) for all i = 1, . . . , n, and

∂λj(y, t)

∂t
= ηj(λ(y, t), t) for all j = 1, . . . , p,

(c) F (φ(x, t), t) = λ(F (x, 0), t).

Proof. Let εj, j = 1, . . . , n and η be as stated in the proposition. By the fundamental
existence theorem for solutions of ordinary differential equations, there are unique smooth
germs φ ∈ ε(n + 1, n) and λ ∈ ε(p + 1, p) which solve the differential equations in (b)
and satisfy the initial conditions in (a). Condition (a), together with the smoothness of φ
and λ, imply that the germs

φt : x 7→ φ(x, t), and λt : y 7→ λ(y, t)

are germ diffeomorphisms for t sufficiently close to 0. Hence, they are invertible, and (c)
can be rewritten as

(λ−1
t ◦ Ft ◦ φt)(x) = F0(x),
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where Ft(x) = F (x, t). Clearly, by (a), the equation holds for t = 0. Hence, to prove
(c), it suffices to show that for t close to 0 in R and x close to 0 in Rn one has

∂

∂t
(λ−1

t ◦ Ft ◦ φt)(x) =
∂

∂t
F0(x) = 0. (A.2)

Expanding the left-hand side of eq. A.2 one has

∂

∂t
(λ−1

t ◦ Ft ◦ φt)(x) =
∂λ−1

t

∂t
((Ft ◦ φt)(x)) +

p∑
i=1

∂λ−1
t

∂yi
((Ft ◦ φt)(x))

[
∂Fit
∂t

(φt(x))+

n∑
j=1

∂Fit
∂xj

(φt(x))
∂φj
∂t

(x, t)

]
. (A.3)

But note that, for all y, t near 0 in Rp × R,

λ−1
t (λt(y)) = y,

and differentiating the above equation with respect to t, one has

∂λ−1
t

∂t
(λ−1

t (y)) +

p∑
i=1

∂λ−1
t

∂yi
(λt(y))

∂λit
∂t

(y) = 0.

Substituting y for λ−1
t (Ft ◦ φt)(x), one gets an equation for ∂λ−1

t

∂t
((Ft ◦ φt)(x)), and sub-

stituting further in eq. A.3, one arrives at

∂

∂t
(λ−1

t ◦ Ft ◦ φt)(x) =

p∑
i=1

∂λ−1
t

∂yi
((Ft ◦ φt)(x))

[
∂Fit
∂t

(φt(x))− ∂λit
∂t

((λ−1
t ◦ Ft ◦ φt)(x))+

n∑
j=1

∂Fit
∂xj

(φt(x))
∂φj
∂t

(x, t)

]
.

Now, the goal is to show that the expression in square brackets is 0. Since φ(0) = 0, one
may replace x in eq. A.1 by φ(x, t) for (x, t) close to 0 in Rn+1, and obtain

∂Fit
∂t

(φt(x))−
n∑
j=1

∂Fit
∂xj

(φt(x))ξj(φ(x, t), t) + ηi((Ft ◦ φt)(x), t) = 0. (A.4)

But by (b), it follows that

ξi(φ(x, t), t) =
∂φi
∂t

(x, t), and ηi((Ft ◦ φt)(x), t) =ηi(λt((λ
−1
t ◦ Ft ◦ φt)(x)))

=
∂λit
∂t

((λ−1
t ◦ Ft ◦ φt)(x)) (A.5)

Substituting A.5 into A.4 the desired result follows.
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Proposition A.0.2. Let F ∈ m(n + 1). Suppose that there exist ξ ∈ ε(n + 1, n) and
η ∈ ε(n + 2) such that for any x ∈ R

n near 0 and any t ∈ R near 0, the following
equation holds:

∂F (x, t)

∂t
=

n∑
i=1

∂F (x, t)

∂xi
ξi(x, t) + η(F (x, t), x, t). (A.6)

Then, there exist φ ∈ ε(n + 1, n) and λ ∈ ε(n + 2) such that for any x ∈ Rn near 0 and
any t, s ∈ R near 0, the following holds:

(a) φ(x, 0) = x and λ(s, x, 0) = s,

(b)

∂φi(x, t)

∂t
= −εi(φ(x, t), t) for all i = 1, . . . , n, and

∂λ(s, x, t)

∂t
= η(λ(s, x, t), φ(x, t), t),

(c) F (φ(x, t), t) = λ(F (x, 0), x, t).

Proof. Define F̃ ∈ ε(n+1, n+1) by setting F̃ (x, t) = (F (x, t), x), and µ ∈ ε(n+2, n+1)
by setting µ(s, x, t) = (η(s, x, t),−ξ1(x, t), . . . ,−ξn(x, t)). Then, one has

∂F̃i
∂t

(x, t) =
n∑
j=1

∂F̃i
∂xj

(x, t)ξj(x, t) + µi(F̃ (x, t), t). (A.7)

For i = 1, eq. A.7 is just A.6. For i > 1, the left-hand side is clearly 0, and the right-hand
side reduces to ξi−1(x, t)− ξi−1(x, t) = 0. Hence, applying proposition A.0.1 to eq. A.7,
it follows that there exists φ ∈ ε(n+ 1, n) and Λ ∈ ε(n+ 2, n+ 1) such that

(a’) φ(x, 0) = x and Λ(s, x, 0) = (s, x), s ∈ R,

(b’)

∂φi(x, t)

∂t
= −ξi(φ(x, t), t) for all i = 1, . . . , n, and

∂Λj(s, x, t)

∂t
= µj(Λ(s, x, t), t) for all j = 1, . . . , n+ 1,

(c’) F (φ(x, t), t) = Λ(F (x, 0), x, t).

Let λ = Λ1. Since F = F ′1, clearly the items (a) and (c) of the proposition follow from
(a′) and (c′) above. Now, note that the germs (Λ2, . . . ,Λn+1) satisfy the same differential
equations that φ = (φ1, . . . , φn) satisfies, since from (b′) one has

∂Λj+1

∂t
(s, x, t) = µj+1(Λ(s, x, t), t) = −ξj(Λ2(s, x, t), . . . ,Λn+1(s, x, t), t).

Moreover, they also satisfy the same initial conditions, since from (a′) one has
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(Λ2(s, x, 0), . . . ,Λn+1(s, x, 0)) = x.

Hence, it follows that (Λ2(s, x, t), . . . ,Λn+1(s, x, t)) = (φ1(x, t), . . . , φn(x, t)) and there-
fore, by (b′) again, one has

∂λ

∂t
(s, x, t) =

∂Λ1

∂t
(s, x, t) = µ1(Λ(s, x, t), t) = η(λ(s, x, t), φ(x, t), t).



Appendix B

Cluster expansions

This appendix is dedicated to the proof of proposition 4.2.1:

Proposition B.0.1. Let Φ(0),Φ(ε) ∈ W , such that Φ(0) is p.i. and Φ
(ε)
Λ = 0 if Λ is not

connected, and let Φ = Φ(0) + Φ(ε). Then, for any Λ ∈ Pf (Zd), one has

ZΛ = Z
|Λ|
0

(
∞∑
n=0

1

n!

∑
A1

ρ(A1) · · ·
∑
An

ρ(An)
∏

1≤i<j≤n

(1 + ζ(Ai, Aj))

)
,

where ZΛ is the partition function of UΦ
Λ , Z0 is the partition function of UΦ(0)

{0} ,

ζ(Ai, Aj) =

{
−1, if Ai ∩ Aj 6= 0,

0, otherwise,

and the sum
∑

Ai
is over all polymers of Λ.

Proof. The proof relies on a perturbative expansion derived from the so-called Duhamel
formula. In general, The Duhamel formula provides an expansion of the quantity e−β(H0+V ),
when H0, V are matrices and V is small. Therefore, it can be used to expand e−βU

Φ
Λl =

e
−β(UΦ(0)

Λl
+UΦ(ε)

Λl
). Start with the identity

e−β(H0+V ) − e−βH0 =

∫ β

0

d

dτ

(
e−τ(H0+V )e−(β−τ)H0

)
dτ.

Computing the derivative and isolating e−β(H0+V ), one obtains the Duhamel formula:

e−β(H0+V ) = e−βH0 −
∫ β

0

e−τ(H0+V )V e−(β−τ)H0dτ.

Applying it recursively, a perturbative series expansion for e−β(H0+V ) can be found:

137
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e−β(H0+V ) =e−βH0 +
∞∑
m=1

(−1)m
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

e−τ1H0V e−(τ2−τ1)H0 . . . V e−(β−τm)H0×

dτ1 . . . dτm

=e−βH0 +

(
∞∑
m=1

(−1)m
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

e−τ1H0V eτ1H0 . . . e−τmH0V eτmH0×

dτ1 . . . dτm

)
e−βH0

For the specific case of proposition 4.2.1, the interaction V is given by

V =
∑
A⊂Λ

′
Φ

(ε)
A ,

where Λ ∈ Pf (Zd) and the primed sum is over the polymers of Λ. The goal now is to
express the term

∞∑
m=1

(−1)m
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

(∑
A⊂Λ

′
Φ

(ε)
A (τ1)

)
. . .

(∑
A⊂Λ

′
Φ

(ε)
A (τm)

)
dτ1 . . . dτm, (B.1)

where
Φ

(ε)
A (τi) = e−τiH0Φ

(ε)
A e

τiH0 ,

as a product of cluster terms. The first step is to re-write the above sum in a convenient
way. For this, consider the following definition

Definition B.0.1. Given a finite set {A1, . . . , An} and positive numbers k1, . . . , kn ∈ N,
denote by F ({(A1, k1), . . . , (An, kn)}) the set of all sequences that possess k1 elements
A1, k2 elements A2, . . . kn elements An.

Then, it follows that

(−1)m

(∑
A⊂Λ

′
Φ

(ε)
A (τ1)

)
. . .

(∑
A⊂Λ

′
Φ

(ε)
A (τm)

)
=∑

{A1,...,An}⊂Λ;
n≤m

′ ∑
k1,...,kn;

k1+···+kn=m

∑
B∈F ({(A1,k1),...,(An,kn)})

(−1)k1+···+knΦ
(ε)
B1

(τ1) . . .Φ
(ε)
Bm

(τm),

and applying the above equality to expression B.1, one has

∞∑
m=1

(−1)m
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

(∑
A⊂Λ

′
Φ

(ε)
A (τ1)

)
. . .

(∑
A⊂Λ

′
Φ

(ε)
A (τm)

)
dτ1 . . . dτm =

∑
{A1,...,An}⊂Λ

′ ∑
k1,...,kn

∑
B∈F ({(A1,k1),...,(An,kn)})

(−1)k1+···+kn
∫ β

0

∫ τN

0

· · ·
∫ τ2

0

Φ
(ε)
B1

(τ1) . . .

. . .Φ
(ε)
BN

(τN)dτ1 . . . dτN
(B.2)
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Definition B.0.2. For each i = 1, . . . , n let fi : R → A be arbitrary functions of one
variable (usually interpreted as the time variable) to the algebra A. Then, define T̃ by

T̃ (f1(t1) . . . fn(tn))
.
=
∑

π∈Π(n)

Θ(tπn − tπn−1) . . .Θ(tπ2 − tπ1)fπ1(tπ1) . . . fπn(tπn),

where Π(n) is the set of all permutations of (1, . . . , n).

Note that a term in the sum will be different from zero only if

tπ1 ≤ tπ2 ≤ · · · ≤ tπn .

A straightforward consequence of the above definition is the following equality:

∫ a

0

· · ·
∫ a

0

T̃ (f1(t1) . . . fn(tn))dt1 . . . dtn =∑
π∈Pn

∫ a

0

∫ τn

0

· · ·
∫ τ2

0

fπ1(tπ1) . . . fπn(tπn)dtπ1 . . . dtπn .

Now note that, if there are repeating terms in f1(t1), . . . , fn(tn), e.g., if f1 appears k1

times in this sequence, . . . , and fn appears kn times, then there will be repeated terms in
the sum ∑

π∈Pn

∫ a

0

∫ τn

0

· · ·
∫ τ2

0

fπ1(tπ1) . . . fπn(tπn)dtπ1 . . . dtπn .

More exactly, for some fixed permutation, there are k1! other redundant permutations, that
only permute the elements with f1, . . . , and kn! redundant permutations that only permute
the elements with fn. Hence, with that in mind one may arrive at the following equality

∑
B∈F ({(A1,k1),...,(An,kn)})

∫ β

0

∫ τN

0

· · ·
∫ τ2

0

Φ
(ε)
B1

(τ1) . . .Φ
(ε)
BN

(τN)dτ1 . . . dτN =

1

k1! · · · kn!

∫ β

0

· · ·
∫ β

0

T̃ (Φ
(ε)
A1

(τ1) . . .Φ
(ε)
A1

(τk1)︸ ︷︷ ︸
k1 times

. . .Φ
(ε)
An

(τi) . . .Φ
(ε)
An

(τN)︸ ︷︷ ︸
kn times

)dτ1 . . . dτN

Hence, substituting into eq. B.2, one gets

∞∑
m=1

(−1)m
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

(∑
A⊂Λ

′
Φ

(ε)
A (τ1)

)
. . .

(∑
A⊂Λ

′
Φ

(ε)
A (τm)

)
dτ1 . . . dτm =

∑
{A1,...,An}⊂Λ

′ ∑
k1,...,kn

(−1)k1+···+kn

k1! · · · kn!

∫ β

0

· · ·
∫ β

0

T̃ (Φ
(ε)
A1

(τ1) . . .Φ
(ε)
A1

(τk1)︸ ︷︷ ︸
k1 times

. . .Φ
(ε)
An

(τi) . . .Φ
(ε)
An

(τN)︸ ︷︷ ︸
kn times

)×

dτ1 . . . dτN
(B.3)
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Now, for every set of polymers {A1, . . . , AN} of Λ, construct a graph with N vertices and
an edge between i and j whenever Ai ∩ Aj 6= ∅. This graph can be uniquely decom-
posed into connected subgraphs, and this decomposition induces a partition {A1, . . . ,Al}
on {A1, . . . , AN}. To each set {A1, . . . , AN} of polymers, there corresponds a unique
partition {A1, . . . ,Al}, which satisfies

∪Ni=1Ai = ∪li=1Ai, and Ai ∩ Aj = ∅ if i 6= j.

Let D(Λ) be the set of all the finite sequences of mutually disjoint polymers of Λ, and
for {A1, . . . ,Al} ∈ D(Λ), let S({A1, . . . ,Al}) be the set of all sets {A1, . . . , Am} that
generate the polymers {A1, . . . ,Al} in the way mentioned above. With this notation, the
r.h.s. of eq. B.3 can be re-written as

∑
{A1,...,Al}∈D(Λ)

∑
A∈S({A1,...,Al})

∑
k1,...,kn

(−1)k1+···+kn

k1! . . . kn!
×

∫ β

0

· · ·
∫ β

0

T̃ (Φ
(ε)
A1

(τ1) . . .Φ(ε)A1
(τk1)︸ ︷︷ ︸

k1 times

. . .Φ
(ε)
An

(τi) . . .Φ
(ε)
An

(τN)︸ ︷︷ ︸
kn times

)dτ1 . . . dτN (B.4)

Suppose, without loss of generality, that A1, A2, . . . , Am1 ∈ S(A1), and in general,
Ami−1+1, . . . , Ami ∈ S(Ai). Since Ai ∩ Aj = ∅ if i 6= j and the interactions are, by
definition, even, it follows that elements that generate distinct polymersAi commute with
each other. Hence, one has

T̃ ( Φ
(ε)
A1

(τ1) . . .Φ
(ε)
A1

(τa)︸ ︷︷ ︸
k1 times

. . .Φ
(ε)
Am1

(τb) . . .Φ
(ε)
Am1

(τc)︸ ︷︷ ︸
km1 times

. . .Φ
(ε)
Ami−1+1

(τd) . . .Φ
(ε)
Ami−1+1

(τe)︸ ︷︷ ︸
kmi−1+1 times

. . .

. . .Φ
(ε)
Ami

(τf ) . . .Φ
(ε)
Ami

(τg)︸ ︷︷ ︸
kmi times

. . .Φ
(ε)
Aml−1+1

(τh) . . .Φ
(ε)
Aml−1+1

(τi)︸ ︷︷ ︸
kml−1+1 times

. . .Φ
(ε)
An

(τj) . . .Φ
(ε)
An

(τN)︸ ︷︷ ︸
kn times

) =

T̃ ( Φ
(ε)
A1

(τ1) . . .Φ
(ε)
A1

(τa)︸ ︷︷ ︸
k1 times

. . .Φ
(ε)
Am1

(τb) . . .Φ
(ε)
Am1

(τc)︸ ︷︷ ︸
km1 times

) . . . T̃ (Φ
(ε)
Ami−1+1

(τd) . . .Φ
(ε)
Ami−1+1

(τe)︸ ︷︷ ︸
kmi−1+1 times

. . .

. . .Φ
(ε)
Ami

(τf ) . . .Φ
(ε)
Ami

(τg)︸ ︷︷ ︸
kmi times

) . . . T̃ (Φ
(ε)
Aml−1+1

(τh) . . .Φ
(ε)
Aml−1+1

(τi)︸ ︷︷ ︸
kml−1+1 times

. . .Φ
(ε)
An

(τj) . . .Φ
(ε)
An

(τN)︸ ︷︷ ︸
kn times

)

Therefore, integral in B.4 can be factorized into the product of terms that generate the
same polymer Ai, and expression B.4 can be re-written as

∑
{A1,...,Al}∈D(Λ)

l∏
i=1

( ∑
A∈S(Ai)

∑
k1,...,km

(−1)k1+···+km 1

k1! · · · km!
×

∫ β

0

· · ·
∫ β

0

T̃ (Φ
(ε)
A1

(τ1) . . .Φ
(ε)
A1

(τk1)︸ ︷︷ ︸
k1 times

. . .Φ
(ε)
Am

(τi) . . .Φ
(ε)
Am

(τM)︸ ︷︷ ︸
km times

)dτ1 . . . dτM

)
.

(B.5)
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Note that the sum
∑

A∈S(Ai) is equal to the primed sum
∑ ′ of definition 4.2.3, where the

sum is over polymers A1, . . . Am ⊂ Ai such that
⋃m
i=1Ai = Ai and the graph GA1,...,Am

is connected. Moreover, applying eq. B.3, it follows that the term in parenthesis of
expression B.5 is equal to

∞∑
m=1

(−1)m
∑

A1,...,Am⊂Ai

′
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

Φ
(ε)
A1

(τ1) . . .Φ
(ε)
Am

(τm)dτ1 . . . dτm

Hence, if H0 is simply a sum of on-site interactions:

H0 =
∑
x∈Λ

Φ
(0)
{x}

then, noting thatA1, . . . ,Al are disjoint sets, e−βH0 can be factorized into terms inA1, . . . ,Al,
and one may arrive at

e−β(H0+V ) = e−βH0+
∑

{A1,...,Al}∈D(Λ)

e
−β

∑
x∈Λ\∪lj=1Aj

Φ
(0)
{x}

[
l∏

i=1

(
∞∑
m=1

(−1)m
∑

A1,...,Am⊂Ai

′×

∫ β

0

∫ τm

0

· · ·
∫ τ2

0

Φ
(ε)
A1

(τ1) . . .Φ
(ε)
Am

(τm)e−β
∑
x∈Ai

Φ
(0)
{x}dτ1 . . . dτm,

and finally, taking the trace, it follows that

TrAΛ

(
e−β(H0+V )

)
= TrAΛ

(
e−βH0

)(
1 +

∑
{A1,...,Al}∈D(Λ)

1

TrAΛ

(
e
−β

∑
x∈∪l

j=1
Aj

Φ
(0)
{x}

)×
[

l∏
i=1

(
∞∑
m=1

(−1)m
∑

A1,...,Am⊂Ai

′
∫ β

0

∫ τm

0

· · ·
∫ τ2

0

TrAΛ

(
Φ

(ε)
A1

(τ1) . . .Φ
(ε)
Am

(τm)e−β
∑
x∈Ai

Φ
(0)
{x}

)
×

dτ1 . . . dτm

)])

= Z
|Λ|
0

1 +
∑

{A1,...,Al}∈D(Λ)

l∏
i=1

ρ(Ai)


= Z

|Λ|
0

(
∞∑
n=0

1

n!

∑
A1

ρ(A1) · · ·
∑
An

ρ(An)
∏

1≤i<j≤n

(1 + ζ(Ai, Aj))

)
.
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