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Abstract

This thesis focuses on the study of the thermodynamics of fermionic systems on lattices,
from the point of view of the C*-algebraic formulation of quantum mechanics, and on
the application of the so-called “catastrophe theory” to the analysis of the phase diagram
of an explicit fermionic model. The first chapter is devoted to the introduction of some
of the basic and most important properties of C*-algebras, and also to the study of its
representations and its set of states. The second chapter is devoted to the development
of some important results of catastrophe theory. The results derived in the chapter allows
one to analyze the behavior of the minima of members of a family of functions around
a degenerate critical point, and they will be used to study the behavior of the thermody-
namic pressure for a given fermionic lattice model. The third chapter presents some of the
formalism developed in [4], that concerns the existence of the thermodynamics and equi-
librium states of lattice fermi systems subject to a suitable set of long-range interactions
(i.e., interactions containing mean-field terms). Finally, in the last chapter, using all the
formalisms and results already studied in the previous chapters, the thermodynamics of
an explicit BCS-like model is analyzed. With the help of catastrophe theory, it is shown
that such model exhibits a coexistence of magnetic and superconducting phases for a suit-
able choice of parameters, and through a perturbative analysis it is also shown that the
coexistence still holds when a small kinetic term is added into the model.

Keywords: coexistence of phases; fermi lattice; C*-algebraic formalism; quantum
thermodynamics; catastrophe theory.



Resumo

Esta dissertacdo se concentra no estudo da termodinamica de sistemas fermionicos em
rede, pelo ponto de vista da formulacao de dlgebra C* da mecéanica quantica, e na aplicacao
da chamada “teoria de catastrofe” para a andlise do diagrama de fases de um mod-
elo fermidnico explicito. O primeiro capitulo € dedicado a introdugdo de algumas pro-
priedades basicas e mais importantes das dlgebras C*, e ao estudo de suas representagcdes
e de seu conjunto de estados. O segundo capitulo é dedicado ao desenvolvimento de
alguns resultados importantes relacionados a teoria de catastrofe. Os resultados obti-
dos no capitulo permitem a analise do comportamento dos minimos de membros de uma
familia de fun¢des em torno de um ponto critico degenerado, e eles serdo utilizados para
o estudo do comportamento da pressao termodinamica para um dado sistema fermionico.
O terceiro capitulo apresenta o formalismo desenvolvido em [4], que estd relacionado
a existéncia da termodinamica e de estados de equilibrio em sistemas fermidnicos em
rede sujeitos a certas interagdes de longo-alcance (i.e., interacdes contendo termos de
campo médio). Por fim, no dltimo capitulo, utilizando-se de todos os resultados estu-
dados nos capitulos anteriores, a termodinamica de um modelo explicito do tipo BCS
¢ analizada. Com a ajuda da teoria de catastrofe, é provado que tal modelo apresenta
uma coexisténcia de fases magnéticas e supercondutoras para uma escolha adequada de
parametros, e através de uma andlise perturbativa € mostrado também que a coexisténcia
ainda persiste quando um pequeno termo cinético € adicionado no modelo.

Palavras-chave: coexisténcia de fases; redes fermionicas; formalismo de dlgebra C*;
termodindmica quantica; teoria de catastrofe.
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Introduction

The mathematical formalism of what is known today as “quantum mechanics” has its
roots in the mid-1920s, when the theories of Werner Heisenberg and Erwin Schrodinger
emerged; both proposing different postulates from the firmly stablished classical mechan-
ics. In the 1930s the formalism was finally unified, mainly due to the efforts of the
physicists Paul Dirac and John von Neumann. The axioms that were stablished for a
one-particle system, known as Dirac-von Neumann axioms, are as follows:

e For a one-particle system, the possible “states™ that a particle can be at should be
represented by normalized vectors of a separable Hilbert space .

e The “observables” correspond to self-adjoint operators acting on b, and the expec-
tation value of an observable A in the state 1) is given by (¢, A)

The above formalism can also be extended to systems with more than one particle.
The possible states of a system with n particles are now vectors in the tensor product
h, ® --- ® b,,, where b; is the Hilbert space of the i‘" particle. However, in the scenario
of n particles of the same type, two more properties play a role: the indistinguishability
of quantum particles and the Pauli exclusion principle, if the particles are fermions. The
former implies that only symmetric or anti-symmetric vectors! can represent the state of
the particles, and the latter states that for fermionic particles, only the anti-symmetric
vector states can be occupied. A straightforward generalization of the formalism for an
arbitrary number of particles is to assume that the Hilbert space representing the states of
the system is the so-called fermionic Fock space

F-(0)=EpPro,
n>0

where b is the Hilbert space of the single-particle system and P_ is the projection opera-
tor of the subspace of anti-symmetric vectors. I that case, the algebra of operators acting
on §_(h) is generated by the so-called creation and annihilation operators a*(f) and
a(f), that creates (annihilates) a particle in a state f € h. Moreover, due to Pauli exclu-
sion principle, the operators a*( f) and a( f) must satisfy the Canonical Anti-commutation
Relations (CARs)

{a(f);a(g)} = {a*(f),a"(9)} =0, f,g€h
{a(f),a*(9)} = (f, 9)1, (1)

'Given a basis {¢1,...,%,} of b, a vector 1y € b can always be expressed as 1) =
Z:f eyin=1 Ty, in®iy @ <+ @4, 1 is symmetric (anti-symmetric) if T;, . ; 1S a symmetric (anti-
symmetric) tensor




where {A, B} = AB + BA. Now, it is important to note that the CARs of eq. 1 allow
one define a more general algebra (a C*-algebra, to be more specific), usually known as
the CAR algebra, whose elements also satisfy the CARs. Such algebra also allows rep-
resentations, (i.e., a *-morphism into the algebra of operators of a Hilbert space), and
hence the algebra of operators acting on §_ () can be seen as one specific representa-
tion of the CAR algebra. When the Hilbert space h of a single-particle system is finite,
it follows that all of the (irreducible) representations of its corresponding CAR algebra
are unitarily equivalent. Therefore, in that case, choosing the Fock space §_(h) as the
state space of the system is no different then choosing any other Hilbert space where the
algebra of its operators is a (irreducible) representation of the CAR algebra. However,
when b is infinite-dimensional, the unitary equivalence of the representations of its CAR
algebra does not hold anymore. Moreover, when studying the thermodynamic properties
of quantum systems, specially phase transitions, it is necessary to consider an infinite-
dimensional b (corresponding to a infinite-volume limit of the system). The argument for
the necessity of such idealization to study phase transitions in a quantum system, which is
the goal of this thesis, is the same as in the case of a classical system. A phase transition
corresponds mathematically to a discontinuity in the derivatives of the thermodynamic po-
tentials. But if the system is finite, then the thermodynamic potentials are always smooth
(since the partition function is simply a finite sum of smooth terms) and hence there is no
phase transition present in such system. Therefore, in that case the Fock space may not be
the only Hilbert space such that the CARs can be represented up to unitary equivalence.
In fact, for systems with phase transitions, it can be shown that different phases of the
system are connected to different representations of the CAR algebra. Therefore, in that
scenario, the above axioms of quantum mechanics that sees the observables of a quantum
system as operators over a fixed Hilbert space is not useful anymore.

A solution to adequate the presented formalism to the study of phase transitions is not
to fix the Hilbert space of the states; but rather to fix the C*-algebra of the observables,
and talk about (generally unequivalent) representations of this algebra. This approach is
usually called the C* algebra formalism of quantum mechanics. Then, the axioms can be
rephrased as follows:

e The “observables” of a quantum system correspond to self-adjoint elements of a
C*-algebra.

e The “states” of a quantum system are normalized positive linear functionals over a

C*-algebra, and the expectation value of an observable A in the state w is given by
w(A).

Moreover, since the algebra of bounded operators of any Hilbert space is always a C*-
algebra, and any C'*-algebra can be represented as the algebra of bounded operators on a
Hilbert space (this is known as the Gelfand-Naimark theorem), one may always recover
the previous formalism, while also admitting unequivalent representations that can be
related to different phases of the system. There is an extensive literature on the C*-algebra
formalism of quantum mechanics, and it is widely used in quantum statistical mechanics
(see [1] and [2], for example) and quantum field theory.

Under that formalism, a quantum d-dimensional lattice fermion system can be mod-
eled from the CAR algebra associated with ) = ZQ(Zd) ® $Hg, where $Hg is the Hilbert
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space of the spin of the particle considered. The interactions acting on the particles of
the system are thus represented by families of self-adjoint elements of the CAR algebra.
However, for studying the thermodynamics of such system, one still needs to define and
prove the existence of equilibrium states and thermodynamic potentials. In chapter three,
a set of interactions called long-range models (i.e., models containing mean-field inter-
action terms) is defined, and it follows that for these interactions the thermodynamics of
the lattice fermion system can be defined. To prove this, some sets of states possessing
useful symmetries are studied in detail, and it is shown that for states that are translation-
invariant, a free-energy density functional exists and is well-behaved, which allows the
definition of equilibrium states (in fact, in this thesis the equilibrium states are only de-
fined for purely attractive long-range models, since this is the case of the interaction stud-
ied in the final chapter, and the generalization for arbitrary long-range models adds some
unnecessary complications). Moreover, it also shown that for the long-range models the
thermodynamic pressure of the infinite system, defined as the limit of the finite-volume
pressures, exists.

In chapter four, it is studied the thermodynamics of an interaction containing a BCS
term (that corresponds to a long-range interaction) and an on-site repulsive term (that cor-
responds to a short-range interaction), whose strengths are denoted by + and A, respec-
tively, with the final goal of showing that there exists some parameters (7, \) for which a
magnetic and superconducting phase coexist in the model, and that the coexistence also
holds if a small kinetic hopping term is also added to the interaction. For this, one needs to
study the behavior of the thermodynamic pressure of the model, and this is done with the
help of a mathematical theory called “catastrophe theory”, that is studied in chapter two.
One of the main objectives of catastrophe theory is to study the qualitative behavior of a
family of functions around a critical point: for example, let F'(x,u) be a function from
RxR" to R (F(x,u) is usually seen as a family of functions F,, () that maps = +— F'(z, u),
and u € R" are seen as the parameters of the family), let f(z) = F(z,0) and suppose that
f has a critical point at 0. Then, catastrophe theory tries to answer what happens with the
functions F, (z) near v = 0 and = = 0 (i.e., if the critical point at 0 bifurcates into other
critical points, if 0 is not a critical point anymore, if some local minima appear, etc.). It
follows that, for certain families of functions, their behavior is qualitatively identical to
the behavior of a family of polynomial functions of the type

P(z,u) = £ +uw + . wga®,

depending on the degeneracy of the critical point (that is encoded in a variable called the
determinacy of f) and on the degeneracy of the family (that is encoded in the derivatives
%). Therefore, since this family of polynomial functions can be easily analyzed,
from that it is possible to extract relevant information about bifurcations and appearances
of other minima in the family F'(x,u). It is important to note that the catastrophe theory
developed in chapter two is an adaptation of the general situation described above, but for
families of functions F'(x, u) such that F,,(z) is even for any parameter u, since this is the
case that one finds useful when analyzing the pressure of the model studied.

Another very important use of catastrophe theory is to prove that some families of
functions are stable. In this scenario, the stability of a family F'(z,u) means that for
any small perturbation p(x, u) — small in a suitable sense, that takes into account also the
derivatives of p — there exists a small parameter 4 where the perturbed family F'(x,u) +
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p(z, u) behaves the same way around u = u as F'(x, u) does around u = 0.

In the final sections, using the results developed in chapters two and three, it is shown
the coexistence of phases for the unperturbed model, and with the aid of the so-called clus-
ter expansions, which is a technique to write the thermodynamic pressure of the perturbed
model in a convenient way that allows one to prove that its derivatives are well-behaved,
it is shown that the coexistence of phases still holds for the perturbed model. This pro-
vides a concrete application of catastrophe theory to the study of phase transitions in a
fermionic lattice system.



Chapter 1
C*-Algebras

1.1 Introduction

This section aims to present some of the main and most important properties of a C*-
algebra, many of them which will be used extensively throughout the thesis. It is based
on section 2.1 of [1], and also follows the same notation convention. Before going to the
definition of a C*-algebra, it is useful to begin with other concepts and notions that will
be used in its definition and later on in the text.

1.1.1 Basic definitions

Definition 1.1.1. An algebra 2l is a vector space over a field (which in this thesis will
be always assumed to be the field C of the complex numbers, unless stated otherwise),
equipped with a multiplication law that is associative and distributive; i.e., every A, B, C
€ 2, and every «, € C satisfies the following:

(a) A(BC) = (AB)C,
(b) A(B+C)=AB+ AC,
(© af(AB) = (aA)(BB).

Moreover, an algebra 2l is said to be a x-algebra if it possesses a mapping A € A — A* €
2 (usually called an involution), satisfying the following properties:

1. A = A,
2. (AB)* = B* A",
3. (aeA + BB)* = aA* + BB*.

The element A* is called the adjoint of A. If A* = A then A is said to be self-adjoint.
Moreover, a set 0 C 2 is called self-adjoint when A € 9t implies A* € 9N, and the set
of all self-adjoint elements of a x-algebra 2l is denoted by 2AX.

Another useful notion needed for the definiton of a C*-algebra is the notion of a
normed algebra:

12
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Definition 1.1.2. A normed algebra 2 is an algebra equipped with a norm || ||: % — R,
satisfying, for all A, B € :

(@) ||A] > 0and|[A] =0 & A =0,
() |AA|| = |[A[||A] for all A € C,

© [[A+B| <Al + Bl

(d) |AB|| < ||A]|||B| forall A, B € 2,

where the last condition is called the product inequality. 1f a normed algebra is complete
with respect to its norm, it is also called a Banach algebra.

Definition 1.1.3. A C*-algebra is a Banach *-algebra 2 with the property

|A*All = [|A|I? (1.1)
forall A € 2.

The above property is usually referred to as the C*-property. Combined with the
product inequality, the C*-property also yelds the condition ||A|| = ||A*|| forall A € 2.

Proposition 1.1.1. For any Hilbert space %), the algebra £(5)) of the bounded linear
operators acting on §) is a C*-algebra with respect to the operator norm.

Proof. As a reminder, the operator norm is given by

[Allop = o [Av]], where || Av]| = \/(Av, Av).
Clearly £($)) together with the operator norm is a normed *-algebra, and its completeness
easily follows from the completeness of ) (remember that every Hilbert space is complete
by definition). The less trivial property to show is the C*-property.
For A = 0, clearly the C*-property holds, so let A # 0. From the definition of the
operator norm and the Cauchy-Schwarz inequality, it follows that

* X X . A*v, A*v
= s (A = A= sy EAY
ves | ffvll=1 ven | oll=1, vAKer(ax) || A*V]|
< sup  |(w, A™)]
ves | [loll=1,
wes | w]=1
= sup |(Aw, v)| < ||A]lop-  (1.2)

ven | [lv]=1,
we | [lwl|=1

Also, from the Cauchy-Schwarz inequality and the product inequality, it follows that

1Al = sup  (Av,Av) =  sup (A"Av,v) < [[A"Algp < [|A7[lopl| Allop (1.3)

veh | [lvfl=1 veH | lvf|=1
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From 1.2 and 1.3, one deduces that ||Al|,, = ||A*|,,- But applying it to 1.3, one
finally arrives at

1AIS, < 14%Allop < [ A" lopllAllop = IIAlI5, = 1415, = A" Allop- ~ (1.4)
O

Some algebras possess an identity element 1, i.e., an element of the algebra 2l such
that

A=1A= A1

for all A € 2. Also, it is not hard to check that, if the identity exists, then it is unique
and self-adjoint. In fact, a general algebra may not have an identity, and those who have
are called unital algebras. This thesis will only deal with unital algebras. Moreover, note
that for a unital C*-algebra, the C*-property implies

L) = flra) = Jla),
and hence ||1|| = either 1 or 0. But if ||1|| = 0, from the product inequality, then || A|| <
|IL]|||Al]] = 0 = ||A|| = 0 for all A € 2, which means that the algebra is identically

zero. Hence, in this thesis, the latter case will be ignored and it will always be assumed
that ||1|| = 1.

1.1.2 Spectra and spectral radius

A very important notion in the theory of algebras, and specially C*-algebras, is the notion
of the spectrum of an element. In the case of finite-dimensional matrix algebras, the spec-
trum of a matrix corresponds to the set of its eigenvalues, and if the matrix is self-adjoint,
then its eigenvalues are real numbers. This is of physical relevance: since the observables
are represented by self-adjoint elements, and the possible outcomes of a measure corre-
spond to their eigenvalues, then their eigenvalues must be real. As it shall be seen, such
property extends also for arbitrary C*-algebras; for a self-adjoint element, its spectrum is
always a subset of the real line. This is also important because it can be used to define
a partial order in a C"*-algebras, as it shall be seen later. Another important property of
finite-dimensional matrix algebras is that, for a self-adjoint matrix M, the direction of
“maximum growth” of the mapping v — Mw is achieved when v is an eigenvector of M.
Hence, it follows that the operator norm of M corresponds to the highest eigenvalue, in
module, of M; i.e., the highest number, in module, of its spectrum. This property also has
an analogue for the case of arbitrary C"*-algebras, and proving it is one of the main goals
of this section.

Definition 1.1.4. Let 2 be a unital algebra and A € 2. A is said to be invertible if there
exists an element A~' € 2, such that AA~™" = A=A = 1. The element A~ € A is
called the inverse of A

Definition 1.1.5. Let 2l be a unital algebra and A € 2. The spectrum oy (A) of A is the
set of all A € C such that A1 — A is not invertible. The resolvent set ro(A) is defined as
the complement of oy (A) in C; i.e., the set of all A € C such that A1 — A is invertible.
For \ € ry(A), the element (A1 — A)~! is called the resolvent of A at \.
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Proposition 1.1.2. Let 2 be a unital Banach algebra and A € 2A. Then, for every A € C

such that |\| > ||A||, the series A

o A 1
At = 1.5

> (%) (15)
1=0

converges to the resolvent of A at \.

Proof. First, note that for any 0 < ¢ < 1, the series » ¢’ converges (and in particular, is

i=0

Cauchy). Taking ¢ = ||4| < 1, it follows that

Z(?) <y (%) <4 =2 (1.6)

Hence, 1.5 is Cauchy, and since 2l is complete by definition, it follows that 1.5 con-
verges. Now, note that for all N € N:

()\JL—A)./\Ii<§)i—]l /\li(é)i.(/\]l—fl)—]l

5(6)"- ) =160

; (L.7)
which goes to 0 as N — oo. Therefore, it follows that

ATy (é) = (AL —A)"! (1.8)
=0

]

Proposition 1.1.3. Let 2 be a unital Banach algebra. Then, for all A € 2, the resolvent
set ro(A) is open and the function Ra(\) = (A — A)~! is analytic on ry(A).

Proof. Let A € 2 and )\ € ry(A). Then, it follows that

Ra(A) = (M= A)" =Xl —-A)" ) (;0?1—__2) (1.9)

i=0
for all A such that [A—\g| < ||(Ao1—A) '], where the proof of this statement is analogous
to the proof of proposition 1.1.2. Hence, 7y (A) is open, and since R 4()) can be expressed
as a Neumann series in every point of ry(A), it follows that it is analytic on ry(A). [

Definition 1.1.6. Let 2( be a unital Banach algebra and A € 2. The spectral radius p(A)
of A is defined as

p(A) = sup{|A; A € ou(A4)}. (1.10)
Proposition 1.1.4. Let 2 be a unital Banach algebra and A € 2. Then, it follows that
p(A) = lim | A"|» = inf | A"|» < [|A]. (111)

In particular, the limit exists. Thus the spectrum is a nonempty compact set.
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Proof. Since oy(A) = C \ rg(A), and by proposition 1.1.2 r9(A) is open, it follows
that o (A) is closed. Futhermore, by proposition 1.1.2, og(A) is bounded. Hence, it is
compact. Also, suppose that og(A) is empty. Then, ry(A) = C, and therefore R4(\)
would be an entire function, since by proposition 1.1.5 it is analytic on 7y (A). But

="'

fim [ Ra(N)] = Jim_ [\~ 4)7 = Jim o,
—00

[A| =00 [A| =00 ‘)\’

and by Liouville’s theorem, it follows that R4(\) = (A1 — A)~! = 0 for all A € C.
Absurd, hence the spectrum oy (A) is nonempty. To prove eq. 1.11, first consider the
equality

N1 — A" = (AL — A"+ A HA £ AT 4 AT, (1.12)

Note that, if A € o9 (A), then A" € oy (A") for all n € N and hence, by proposition 1.1.2,
A" < ||A"| foralln € N = || < ||A"||= for all n € N. Therefore,

p(A) < inf [|A"||* < liminf [|A"||=. (1.13)
n—oo

Now, let A be the open disc in C centered at 0 of radius ﬁ (where = 4oo if

p(A) = 0) and, for A\ € A, define

- Ra(Y), ifA#0
_ _ 1.14
Bal) {hmﬁo Ra(Y)=0, ifA=0 (19

_1
p(4)

Note that, for A € A such that |\| < HL < —L_ one has from proposition 1.1.2 that R A

o Al = p(4)
is given by
Ra(A) =X) _(AA)" (1.15)
=0

Moreover, by proposition 1.1.3 and the definition of p(A), it follows that Ry is analytic in
A, and hence, the power series in eq. 1.15 can be extended to all A € A. The convergence
of the power series implies that, for any A € A, there must be some positive number M
such that

1

Mn
I(AA)"|| < M foralln € N = ||A"||« <Wf0rallneh\l —
1

limsup [|[A"||" < —. (1.16)

n—»0c0 RY

1
n

Note that eq. 1.16 must hold for any A € A, and hence it follows that lim sup,,_, . || A"
< p(A). This, together with eq. 1.13, implies

p(4) = lim [ A"|[% = inf [ A" < || A].
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Definition 1.1.7. Let p : C — C be some polynomial. Then, p is (uniquely) given by

p(z) = Z a;x’
=0

for some n € N and some aq,...,a, € C. If 2 is an algebra and A € 2, one denotes by
p(A) the element

p(A) = Z At € A
i=0

Theorem 1.1.1. Let A be a unital Banach algebra, A € A and p a polynomial. Then,

ou(p(4)) = ploa(A))

Proof. By the fundamental theorem of algebra, A — p(z), for any A € C, can be factorized
as

A—p(z) = CH()\Z' —2)

and, analogously, A1 — p(A) can be factorized as

n

M = p(A) = c[ [\ — A).

i=1

Since all terms commute, A € og(p(A)) if and only if \; € oy(A) for some j =
1,...,n. Hence, Let A € oy(p(A)). Then, \; € oy(A) for some j = 1,...,n. But note
that p(\;) — A =0 < p(\;) = A, ie, A € p(ow(A)). Now, let A € p(og(A)). then,
Ja € oy(A) such that p(a) = A <= X — p(a) = 0. By the above decomposition of
p(z), o = A; for some j = 1,...,n. Therefore, since & = \; € oy(A), it follows that

A € ou(p(A)). .

Proposition 1.1.5. Let 2 be a unital *-algebra. For A € :
(a) ou(A*) = ou(A),
(b) if A is invertible, then oy (A™') = og(A)7Y,
(c) oq(AB) U {0} = ogq(BA)U{0} forall A, B € .

Proof. (a) It is easier (but of course equivalent) to prove that roq(A*) = rg(A). A €
ra(A*) <= 3B € Asuchthat BA1-A") = (Ml-A")B=1 < (A -A")"B" =
B*AL- A" =1" <= (M —-A)B*"=B*(AM—-A)=1 <= )€ ry(4").

(b) If X # 0, then

(A —A) = -2AML— A,
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Hence, for A invertible (A\™'1 — A) is invertible <= (AL — A™!) is invertible, i.e.,
AE O'Q[(A_l) — \le O-QL(A) — M€ O'Q((A)_l.

(c) Let A € rq(BA). Then (A1 — BA)~! exists and it is not hard to see that

(M. — AB)(1+ A(M — BA)7'B) = (1 + A\l — BA)'B)(\1 — AB) = A1
Therefore, (A1 — AB) is invertible, with the possible exception of A = 0. Hence,
oq(AB) U {0} C oy(BA) U {0},and interchanging A and B gives oy(AB) U {0} D
oa(BA) U {0}. O

Definition 1.1.8. Let 2( be a Banach *-algebra. An element A € 2 is said to be normal if

AAT = AT A.

If A is unital then A is said to be isometric whenever

A*A =1,

and unitary if
A"A=1=AA".
Theorem 1.1.2. Let 2 be a unital C*-algebra and A € 2.
(a) If A is normal then the spectral radius p(A) of A is given by
p(A) = || All,
(b) if A is isometric then
p(A) =1,
(c) if A is unitary then
oalA) € (A € G A = 1},
(d) and if A is self-adjoint,
ou(A) C [=JA|L[|Al] and ou(A?) C [0, [|Al].

Proof. (a) Using the normality of A and the C*-norm identity, one can prove by induction
that

(AD)"(A)" = (A"A)",

and
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* n * (n—1) * (n—1) * (n—1) * n
1A =[(A* A" (A A2 | = (A AT = L= | AA =
A2
Then,
|AZ]| = |[(A%)Z" (A)2"]|V? = ||(A*A)*" ||V = || 4], 2"
but

p(A) = lim [| A%/ = (A" = || Al
(b) Again by induction, one has for an isometry A

A7 = [[(A7)A"]| = (A7) D (A" A)ACD) = || (A7) ACD)

= .. =1 =1
Therefore p(A) = limy, oo ||A”||7 = lim,_ye0 17 = 1.

(c) Since any unitary element A is also isometric, it follows from (b) that og(A) C
{A € C;|\| < 1}. Suppose 3 A € oy(A) such that |\| < 1. From proposition 1.1.5,
oa(A) = og(A*). Since A is unitary, then

ou(A) = ou(A™1) = (ou(4))
Therefore, one must have (\) ™ € oy (A), but [(A) 7} = ‘—i' > 1, absurd.

(d) Since any self-adjoint element A is also normal, by (a) it folows that p(A) = [|A]|,
and hence oy (A) C {\ € C;|\ < ||A||}. Given X € C such that |[A\7!| > [|A]|, from
proposition 1.1.2 it follows that 1 + | A| A is invertible. Hence, define U € 2 by

U= (1—dMNA) (1L +iNA)

Since A is self-adjoint, it is straightforward to see that

U* = (1 —iAA) (L +iAA) ) = (1 +iMA) (L —dMNA) T =U".
Thus, U is unitary. From (c) it follows that that (1 —i|\|«)(1 4|\ «) ' 1 —U is invertible
whenever
(1= iAle) (1 +i|AJe) | #1 = [1—i[Aa] # |1 +i[A|al,
which is the case when Im(«) # 0, but

(1 — i[Ma) (1 +i[A|a) 1 — U = —20A|[(1 +i|AJa) " (ol — A)(L +i|A|4)~".

Hence, ol — A is invertible for all a such that Im(«) # 0. Therefore, ogy(A) C {\ €
C;|IAl < || AlI} N R = [—]|All, |A]l]. Taking p(z) = 22, from Theorem 1.1.1, one has
ou(p(A)) = ou(A?) = (ou(4))* C [0, [ A[]’]. 0
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Note that the above proposition contains a very important property of a C*-algebra
2. for a self-adjoint element A of 2, its norm is equal to the spectral radius, which is an
algebraic property of A; i.e., it solely depends on the the algebraic structure of 2, and not
on some additional structure defined a posteriori, for example a topology. This readily
implies that all norms on 2 that also make it a C*-algebra must agree in the self-adjoint
elements of 2, and with the C*-norm property, such observation can also be extended to
any element A of 2, as shown by the corollary below:

Corollary 1.1.1. Let A be a unital *-algebra. If there exists a norm on A with the C*-
norm property and for which 2 is complete, then this norm is unique.

Proof. Let || || be a norm on 2 that makes it a C*-algebra. For any A € A, A*A is
self-adjoint. Then, Al = p(A*A). But from the C*-norm property,

[A]] = [[AA][> = p(A*A)>.
Since the spectral radius depends only on the algebraic structure of 2, it follows that such

norm must be unique.
[

Proposition 1.1.6. Let B be a unital C*-sub-algebra of a C*-algebra 1. If A € ‘B then

0'91(14) = O'&B(A).

Proof. The goal is to show that if A1 — A is invertible in 2, then it is invertible in the
smallest unital C*-sub-algebra that contains A, i.e., the C*-sub-algebra € generated by 1,
Aand A*. But since the the C*-sub-algebra ¢’ generated by 1, A\1— A and A1 — A* is equal
to the sub-algebra € defined above, it is sufficient to show that if A € 2 is invertible, then
A~! € € Changing A — A\ — A, then A1 — A invertible implies (A1 — A)~! € ¢/ = €.

Let € be as defined above, with A invertible. Suppose first that A € AR, Then, R4())
is analytic for all A such that Im(\) # 0 and also in some neighborhood of 0. Let A\ be
some purely imaginary number such that || > || A||. From proposition 1.1.2, (A — \o1)
is invertible and hence —[? 4 can be given as (see proposition 1.1.3)

X A= )\’
“RAN) = (A=)t = (A= \1)t —0) 1.17
A= (A0 = (Y (5 L)

for all A such that |A — X\g| < ||(A — A1) ~!||. By propositions 1.1.1 and 1.1.5, one has
oa(A — A1) = (o9(A) — A\)7!, and thus

(A — Xo) Y| = sup |oa(A — M1) 7| = sup |(oa(A) — o) | = inf |on(A) — Aol.

But remember that oy (A) C R and )\ is purely imaginary. Then,

inf |og(A) — Ao| = /inf [og(A)2 — [Ao|2 > |l
since 0 ¢ og(A), ogq(A) is closed. Therefore, eq. 1.17 converges for A = 0, and hence
AT = (A= X1) ™! f: T R
o A= ol '

1=
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Now, let A be invertible but not necessarily self-adjoint. Then A* A is invertible (where
(A*A)~1 = A71(A71)*) and self-adjoint, and hence by the above argument (A*A)~! is
contained in €. Define

X =(A*A) A e, (1.18)
Since X A = 1, right multiplying by A~! gives X = A~1. O

1.1.3 Continuous functional calculus

For a normed x-algebra 2l to be a C*-algebra, apart from satisfying the C*-property, it
must also be a Banach algebra, i.e., 2l must also be complete with respect to its norm. In
a naive sense, this means that 2 cannot be “too small”, otherwise its completeness would
not hold. In fact, it can be shown that its completeness ensures that the algebra is “big
enough” so that, for all self-adjoint element A € 2, the Banach sub-algebra generated by
{1, A} is homomorphic to the C*-algebra of continuous functions on a compact. Such
homomorphism is a very useful tool in the study of C*-algebras, since it allows one to
make sense of applying continuous functions on self-adjoint elements of 2, and therefore
to compute, for example, the square root v/A, or the exponentiation e, of any A €
2AR. The idea behind proving the existence of such homomorphism is to show that it is
contained in the closure of the algebra of polynomials of A, and the first step for this is to
prove that the space of polynomials is dense in the algebra of continuous functions. This
result is a corollary of the so-called Stone-Weierstrass theorem:

Theorem 1.1.3 (Stone-Weierstrass). Let K be a compact metric space, C(K;C) the al-
gebra of continuous functions from K to C with the supremum norm, and S C C(K;C) a
unital sub-algebra which separates points of K. Then, S is dense in C(K; C).

Definition 1.1.9. Let 2 be a unital C*-algebra and A € 2X. Define:

Ca=C(c0(A);C), and P4 ={f € Ca|3Japolynomial p where f = ponoc(A)}.
Corollary 1.1.2. For any A € AR, P, is dense in Cy.

Proof. This follows by direct application of the Stone-Weierstrass theorem, with K =
o(A)and S = Py. O

Definition 1.1.10. Let 2 be a unital C*-algebra and A € AR, Define @4 : P4 — A by

®4(f) =p(A), wherep: C — C isany polynomial
such that p = f on o(A).

Note that, in general, it is possible to have two distinct polynomials p;, p» such that

p1 = f = pyono(A). Butin this case, them (p; — p2)(c(A)) = {0}, and by proposition
1.1.1, it follows that

o((p1 = p2)(A)) = (pr — p2)(0(A)) = {0},
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and since ® 4 is defined only for self-adjoint A, then

1p1(A) = p2(A)[| = sup{|A[; A € o((p1 — p2)(A))} = 0.

Therefore, ® 4 is well-defined for all A € AX. The goal now is to extend the domain of
® 4 to C4, but before that it is convenient to prove some useful properties of P 4.

Proposition 1.1.7. Let 2 be a unital C*-algebra. Then, for all A € AR, the map ® 4 :
Pa — U defined above is a unital isometric x-homomorphism, where in P4 the norm is
given by

[pll = sup{|Al; A € p(a(A))}.

Proof. Let A € 2. Clearly, by the definition of ®4, ®4(1) = 1. Moreover, for any
polynomials pq, po, it is true that

(@) p1(A) +pa(A) = (p1 + p2)(A),
(b) p1(A) 'P2(A) = (pl 'pz)(A),
(©) ﬁ1("4) = pl(A)*’

hence, it follows that ® 4 is a x-homomorphism. Finally, for any polynomial p € Py:

[@a(p)l| = lp(A)]| = sup{[A; A € o(p(A))} = sup{[A[; A € p(c(A))} = [Ip[l,
and thus ® 4 is isometric. ]

In adition, note that, for any A € AR &4 is also the unique x-homomorphism from
P4 to A satisfying

O 4(id) = A

where id is the identity function, id(x) = x. This is true because any polynomial p € P
can be uniquely written as a linear combination of the powers of id, and hence, any *-
homomorphism ¢ acting on such p will result in

o(p) = ¢ (Z ai idZ) =D _aig(id)
i=0 i=0
Therefore, if ¢(id) = A, then clearly ¢(p) = p(A) = P 4(p).

Theorem 1.1.4. Let 2 be a unital C*-algebra. For all A € AR, there exists a unique
x-homomorphism ® 4 : C4 — A such that ® 4(id) = A. Moreover, ® 4 is isometric.

Proof. Corollary 1.1.2 states that P4 is dense in C4. Hence, since the map 4 : P4 — 2
is bounded, define d 4 as the unique linear extension in C4 of ® 4. From the continuity of
the norm, it easily follows that P A 1s isometric, and from the continuity of the involution
“x” and the property that lim,, x,, lim,, y,, = lim,, z,,,, holds for convergent sequences, it
is also not hard to show that ® 4 is a *-homomorphism. Finally, the uniqueness of ® 4 is a
consequence of the uniqueness of ® 4 on P4 and the fact that P, is dense in Cy4. ]
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Definition 1.1.11. For a unital C*-algebra 2, the family of unital x-homomorphisms ® 4 :
Ca — A, A € AR, satisfying P 4(id) = A, is called the continuous functional calculus
of A, and for any A € 2, the algebra generated by {®4(f); f € C4} wil be denoted by
S(A). To simplify the notation, from now on the element ® 4(f) € 2 will be denoted by

f(A).

Note that, for any A € AR & (A) is the smallest unital C*-sub-algebra of 2 that
contains A (since it is the closure of the unital sub-algebra of polynomials of A). This
remark is important to prove the following proposition:

Proposition 1.1.8. Let 2 be a unital C*-algebra and A € A¥. Forall f € Ca, o(f(A)) =
f(a(A))

Proof. (o(f(A)) C f(c(A))). Suppose that A ¢ f(o(A)) for some f € C4. Then,
A — f(z) # 0 forall x € o(A). Therefore, the function g : 0(A) — C given by

1
g(x) = A——f(a:)

is well-defined, continuous and ((A — f).g)(x) = 1. Therefore,

g(A) AL = f(A)) = (A1 = flg(A) = (A = f)-9)(A) =1,
and hence A ¢ o(f(A)).

(f(o(A)) C a(f(A))). Now, suppose that A ¢ o(f(A)). Then, A1 — f(A) is invert-
ible. By proposition 1.1.6 and since §(A) is a C*-algebra which contains A, it follows
that (f(A) — A1)~! € F(A), that is, there exists some function g € C,4 such that

GA((A) = AL = (J(A) - AD)g(A) =1 = (g(f — N)(4) =1.

Hence, g(z)(f(z) — A) = 1 on o(A), which implies that f(z) — A\ # 0 on o(A), i.e.,
A7 f(o(A)). =

Proposition 1.1.9. Let 2 be a unital C*-algebra, A € AR and T any *-automorphism on
A Forall f € Ca, 7(f(A)) = f(T(A)).

Proof. If T is a *-automorphism on 2, and A € AR, then clearly 7(A4) € AX. Moreover,
for any B € 2,

7(1)B = Br(1) =7(r'(B)) =B = 7(1) =1.
) =0

In particular, this implies that o(7(A) (A). Since any *-automorphism on C*-
algebras is continuous (this is proven later in the text, see proposition 1.2.1) and for any
polynomial p € P4, one has 7(p(A)) = p(7(A)), by the density of P4 on C4, the propo-
sition follows. L
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1.1.4 Positive elements

The existence of a continuous functional calculus in a C*-algebra allows one to explore
some decomposition properties of the algebra. One important decomposition that is stud-
ied in this section is the decomposition into positive elements. Roughly speaking, the
positive elements of a C*-algebra resemble the positive numbers in the real line: for ex-
ample, an element of a C*-algebra can be decomposed in positive elements in a similar
way that a complex number can have its real and imaginary parts decomposed as the sub-
traction of positive numbers. Such decomposition allows one to define a partial order in a
(C*-algebra, and turns out to be useful when studying, for example, the linear functionals
on a C"*-algebra, as it shall be seen in the next section.

Definition 1.1.12. Let 2 be a *-algebra and A € 2. A is defined to be positive if it is
self-adjoint and o (A) C [0, +00). The set of all positive elements of 2 is denoted by 2 .

Lemma 1 1.1. Let 2 be a unital C*-algebra and A € AR. Then A is positive if. and only
‘ < 1. Moreover; if ||Al| < 1and |1 — A|| < 1, then A is positive.

TAT ‘

Proof. If A is positive then o(A) C [0, ||A]|]. By theorem 1.1.1, one has o (]l HAH> =
a(]l)—ma(A) C [0, 1], and therefore H]l - WH = sup‘ ( ”A”>‘ < 1. Conversely,

since A is self-adjoint by hypotesis, H]l — W H < 1 implies

(1—@) C 11 = of1) - o(A) C [—[A]l [Al] =
— o(A) € [ AL A + [ Allo(1) = [0, 2] Al
Hence, A is positive.

Now if A € A%, then 1 — A € A%, Thus |1 — A|| < 1 implies o(1 — A) =
o(1) —o(A) C [-1,1] = o(A) C [0,2] and hence A is positive. O

The next proposition allows one to define a partial order in a unital C*-algebra:

Proposition 1.1.10. Let 2 be a unital C*-algebra. Then, 21, is a closed convex cone with
the property

Ay N (=2A4) = {0},

Proof. Let A € 2, N (—2A,). Then clearly one must have 0(A) = ||A|| = 0, and hence
A=0.If A€, and A > 0, then clearly AA € A, since o(AA) = Ao (A4) C [0, M| A]|].
To conclude it will be shown that if A, B € 2, then A;B € 2, . Clearly, it is sufficient to
consider only the case where || A|| = 1 and ||B|| < 1. Then, from the triangle inequality,
one has

<1, (1.19)

=

and
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A+ B 1-A 1-B
L ATB| _li-al -5l
2 2 2
From Lemma 1.1.1, since A is positive and ||A|| = 1, it follows that |1 — Al < 1.

Futhermore, ||1 — B|| = 0(1 — B) = o(1) — o(B) C [1 — ||B|,1] C [0,1], since
| B|| < 1. Therefore, ||1 — B|| < 1, and hence,

Hn - AJ“BH <A + [1— Bl <1. (1.20)

2 - 2 2
From eq.s 1.19, 1.20 and lemma 1.1.1 it follows that A’LTB e, ]

Corollary 1.1.3. Let 2 be a unital C*-algebra, and > a binary relation over 2l defined
by

A-B < A-Be,. (1.21)
Then, = is a partial order in . Moreover, note that A, = {A € A; A = 0}.

Proof. From proposition 1.1.10, it is straightforward to see that, for all A, B, C' € 2, the
binary relation > satisfies

(a) A= A,
(b) if A> Band B = C,then A = C,
(¢c)if A> Band B = A, then A = B.
N

Lemma 1.1.2. Let 2 be a *-algebra. Then, any element A € A has a unique decomposi-
tion in terms self-adjoint elements A1, A, of the form

A:A1+2A2

Proof. Taking the conjugate of the above equation, one has

A=Ay +iA,, (1)
Af = Ay —iA,. (2)

(H+(12) = Ai=(A+A%/2,and (1) — (2) = Ay = (A — A*)/2:. Ttis easy
to check that Ay, A, are self-adjoints. O

Proposition 1.1.11. Let 2 be a unital C*-algebra. Then,

(a) forall A € U, there is a unique element /A € A such that VAN A = A,

(b) forall A € AR there are elements A", A~ € A, suchthat A = At — A~
|All, and AT.A- = 0.

A% <
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Proof. (a) Consider the continuous function f(x) = /z. Since A € 2., then f is
continuous on o(A) and hence define VA = f(A). By proposition 1.1.8, VA € 2,
and by theorem 1.1.4, it follows that v/A.v/A = A. To show that /A is unique, suppose
there is another B € 2, such that B> = A. Then, since A € §(B), it follows that
3(A) C F(B). Therefore, VA € F(B), i.e., VA = f(B) for some f € Cp. Taking the
square on both sides, one has:

VA = B2 = (f(B))? = fA(B) — (id>—f})(B)=0 <= f=+id or B =0,

If B=0,then A= B = /A = 0. Now, suppose B # 0. Then, If f = —id, one has
B=—+A¢2, . Hence, f =id and VA = B.

(b) Now, consider the continuous functions f*(z) = (|z| & z)/2. Then, for all
A € 2AF, it follows from proposition 1.1.8 that A* = f*(A) € A, and [|[A*] =
sup [ f=([=|Al, |All)| < [|A]l. Moreover, from theorem 1.1.4 it follows that A =
AT — A" and AT. A" =0. O

Corollary 1.1.4. Let A be a unital C*algebra and A € 2A. Then, there exists some
At AL AT DAL € Ay such that

re) re’ m?

(a) A=A T — A +i(Al — A ),

m

1

(0) A%l < 11A

re(im

(c) Al A=Al A =0.
Proof. This easily follows from applying 1.1.2 on A and 1.1.11 on A; and As. [

The above decomposition of an element of a C*-algebra into positive elements is
called the orthogonal decomposition. Another useful decomposition of a C*-algebra ele-
ment is the following:

Proposition 1.1.12. Let 2 be a unital C*-algebra, Then, any element A € 2 can be
written as a linear combination of unitary elements.

Proof. If A = 0, then the proposition is obvious, Let A # 0. By the previous lemma,
it suffices to prove it only for A self-adjoint. And if A is self-adjoint and A # 0, then
a(A) C [—||A]l, ||All], and on can write

A
A= ||A||B, where B = —-
4]

and o(B) C [-1,1]. Hence, o(1 — B?) C [0,1], and thus v/1 — B? is well-defined.
Consider the elements

B, =B +iV1— B2,
By =B —iv1— B2
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It is easy to see that By, B, are unitary, and B = (B; + Bs)/2. Hence,

_ Al 1Al
A="7Bi+ 5 By

O
To finish, it is shown another useful property of the positive elements of a C*-algebra:
Proposition 1.1.13. Let 2 be a unital C*-algebra and A € 2A. Then, the following
conditions are equivalent:
(a) Aed,,
(b) A= B*B for some B € 2.
Proof. (a) = (b) This easily follows from proposition 1.1.11, with B = v/A.

(¢) = (a) By proposition 1.1.11, B*B can be decomposed as

B*B=Ct-C",
where C* € 20, and C*C~ = 0. First, note that

(BCO)Y(BCT)=C—(CT—C7)C™ =—(C7)* € (-Ay). (1.22)
Moreover, by lemma 1.1.2, one has

BC™ = F +1G,
where F, G € 2AR. Then, it follows that
(BC™)(BC™)*+ (BC™)*(BC™) =2(F?+ 5?) =
(BC™)(BC™)* = (C™)* +2(F* + 5%) € A,. (1.23)

Proposition 1.1.5 implies o ((BC~)*(BC~)) U{0} = o((BC~)(BC~)*) U {0}. Hence,
by eq. 1.23, one has (BC~)*(BC~) € 2, but by eq. 1.22, one has (BC™)*(BC™) €
(—2l,). Therefore, (BC~)*(BC~) = —(C~)3 = 0 and by proposition 1.1.8 it follows
that C~ = 0, which implies B*B = C*" € 2. O

1.2 Representations and States

Another important topic with physical relevance in the theory of C*-algebras is the study
of their representations. As already said in the introduction, in order to recover, to some
extent, the Hilbert space formalism of quantum mechanics described in the early theo-
ries of Heisenberg and Schrodinger, it should be possible to represent a C*-algebra as
linear operators acting on some Hilbert space. Moreover, for the theory to be capable
of dealing with phenomena emerging from the infinite-particle system idealization, such
as phase transitions, there should also exist non-equivalent representations of the same
C*-algebra. If fact, both of these assertions holds, and the existence and non-equivalence
of C*-algebra representations is closely related to the study of its states, which will be
discussed in the next section. Here it is presented a brief introduction to some elementary
properties of C*-algebras representations, that will be useful when talking about repre-
sentations associated with states.
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1.2.1 Representations

Definition 1.2.1. Let 2, ‘B be two x-algebras. A *-morphism between 2 and ‘B is a
mapping m: A € A — w(A) € B satisfying

@) (A + 6B) = an(A) + fr(B),
(b) m(AB) = 7(A)7(B),
(c) m(A*) =mw(A)*,

forall A, B € 2 and «, 5 € C. Moreover, the range of 7, denoted by B, is defined as
B, ={m(A)| AeU}.

Lemma 1.2.1. Let 2 be a unital C*-algebra and P € 2l a nonzero projection (i.e., a
nonzero self-adjoint element such that P> = P). Then, |P|| = 1 and PP is a unital
C*-algebra, with 1pyp = P.

Proof. Note that P? = P implies || P||* = || P?|| = || P||, and hence, || P|| = 0 or 1. Since
P is nonzero by hypothesis it follows that || P|| = 1. Now, clearly PP is a normed x*-
algebra with the norm inherited from 2{ — that satisfies the C*-property — and 1pgp = P.
Therefore, to show that PRAP is a C*-algebra it suffices to show that PP is closed in L.
Let {PA, P} be a sequence in PP that converges to A € 2, and m € N be such that
|PA, P — A| < 5. Then,

|A— PAP| =|A — PA,,P + PA, P — PAP|| < ||A— PA,P|+
|P(PA, P — A)P| < [[A = PA,P|(1+|P|) <e.

Since € can be arbitrarily small, it follows that A = PAP € PP. O

The next lemma is provides a useful result for the proof of the next proposition. How-
ever, since proving it requires some properties of C*-algebras that are unimportant to the
rest of this thesis, its proof is omitted here, but it can be found in ([1], section 2.2.3).

Lemma 1.2.2. Let A, B be a unital C*-algebras and 7 a *-morphism between 2| and ‘B.
Then, the quotient algebra A, = A/ ker(n) is a C*-algebra.

Proposition 1.2.1. Let A, B be unital *-algebras with the C*-norm property and 7 a *-
morphism between A and B. Then, T is continuous with |7(A)|| < ||Al|. Moreover, if A
and B are C*-algebras, m maps positive elements of 2l into positive elements of B, and
its range ‘B is a C*-sub-algebra of B.

Proof. 1f 2, are unital *-algebras with the C*-norm property, then clearly 2, B are
C*-algebras. Moreover, note that (1) is a projection in 8. Hence, by lemma 1.2.1,
B = 7(1)Bn(1) is a unital C*-algebra with the norm inherited by B and 14 = (1).
Since () C B, consider 7 as a *-morphism between 2 and B. Given A € 2, suppose
A € ry(A). Then,

1AL — Ar((AL— A7) =7((A1 — A)(ML — A7) =7(1) = 14,
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that is, 7((A\1 — A)~!) is the inverse of 7(A1 — A) in $B. Thus, one has r5(A) C g (7(A))
or, equivalently, o (7(A)) C oy(A). Therefore,

(A = 7 (A" A)]| = pg(r(A°A))2 < py(A*A)? = [|A"A| = || AIP”

Hence, ||7(A)|| < ||A|| for all A € 2 and 7 is continuous.

Now, assume that 2, B are C*-algebras. Let A € 2. By proposition 1.1.13, A =
B*B for some B € 2. Hence, 7(A) = n(B*B) = n(B*)n(B) = n(B)*n(B) € B,.

Finally, to prove that B, = {7n(A) | A € 2} is a C*-sub-algebra of B, it suffices
to show that B is closed in ‘B, since B is clearly a *-sub-algebra of 5. Let 7 be the
x-isomorphism between 21, = 2/ ker(7) and 98, given by

A =B, 7(A) =7n(A),

where A = {A+ I | I € ker(r)}. Since from lemma 1.2.2 it follows that 2, is a C*-
algebra, applying the first statement of the proposition to both 7 and its inverse 71, it
follows that

(A < A, and  [7(A)] < |7 G&A)] = Al

Hence, ||7(A)|| = ||A|| and since 2, is closed, it is not hard to see that B, is also
closed. O]

Definition 1.2.2. Let 2 be a C*-algebra. A representation of 2 is defined to be a pair
($), ), where $) is a complex Hilbert space and 7 is a *-morphism of 2 into £(%)), the
algebra of bounded operators acting on §). The representation is said to be faithful if is a
*-isomorphism between 2( and 7 (2(). Moreover, two representations (91, 7 ), (2, m2) of
the same algebra 2l are said to be equivalent if there exists a unitary operator U : §); — o
such that

7 (A) = U 'my(A)U  forall A € 2.

Proposition 1.2.2. Let 2 be a unital C*-algebra and ($), ) be a representation of .
Then the following conditions are equivalent:

(a) kerm = {0},
(b) |7 (Al = |All for all A € 2,
(c) (A) = 0 forall A > 0.

Proof. (a) = (b) Since ker(m) = {0}, then 7 is a x-isomorphism, and since £($)) is
also a C*-algebra, one can apply proposition 1.2.1 to 7 and 7! to obtain

I~ (A = [IA]l < lI=(A)]| < [IA].
for any A € 2. Hence, (b) follows.
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(b) = (¢)If A > Othen || Al > 0andby () ||7(A)| > 0. But by proposition 1.2.1
m(A) is positive, and hence 7(A) > 0.

(¢) = (a)If (a) is false then 3 B € ker m with B # 0. Since 2 a C*-algebra, one
has |B*B|| = ||B||> > 0 = B*B # 0. Also, by theorem proposition 1.1.13, B*B is
positive, hence B*B >~ 0. But 7(B*B) = n(B*)n(B) = 0, therefore (c) is false. O

Corollary 1.2.1. Let A be a unital C*-algebra and T a *-automorphism on 2l. Then, T is
isometric.

Proof. Since every automorphism is an isomorphism, it follows that ker(7) = {0}, and
hence, by the above proposition, ||7(A)| = ||A|| for all A € 2. O

Sometimes, the representation (£, 7) of a C*-algebra 2l can be “split” into other repre-
sentations: if §); is a closed subspace of $) that is invariant under 7, i.e., 71(A)$; C $; for
all A € 2, then it is not hard to see that, defining 7y : % — £($1), 71, : A — £(H1, ) by
m1(A) = Py, m(A)Ps, and 71, (A) = Py, m(A)Py, , the pairs (71, $:) and (71, 91,)
are also representations of 2, with ) = $; © $;, and 7 = m @ m;,. Note that if a
representation (7, $)) of 2 can be decomposed in such a way for a nontrivial £);, then
clearly the orbit of any nonzero vector in £); under 7(2() can never reach a nonzero vector
in £, and vice-versa. The next definitions formalize the observations discussed above:

Definition 1.2.3. Let ) be a Hilbert space, 2 € $) and 9t C £($). 2 is said to be cyclic
for O if the set { AQ; A € M} is dense in H. A cyclic representation of a C*-algebra
is defined to be triple (9, 7, 2), where (), 7) is a representation of 2 and €2 is a vector in
$ which is cyclic for 7 in $).

Definition 1.2.4. Let §) be a Hilbert space and 9t C £(£)). 9 is said to be irreducible
when the only closed subspaces V' C $) which are invariant under the action of 91 are
{0} and $). A representation (7, )) of a C* -algebra 2 is said to be irreducible if () is
irreducible on 5.

It is also possible for a representation (), 7) of a C*-algebra 2( to be nontrivial but
nonetheless possess a trivial part. This is the case when 7(2()$ ; $. It is not hard to
see that this holds if and only if the set 9 = {¢ € $ | 7(A)y = Oforall A € A}
is nontrivial. Since §), is clearly a closed subspace of §), then 7 can be decomposed as
T = m @ o, , Where m(A) = 0 for all A € A. Hence, if $ # {0}, it follows that
()9 = 7, (A)HE = HF ; $). The representations with nontrivial §), are called
nondegenerate, as properly defined below:

Definition 1.2.5. Let 2 be a C*-algebra and (), 7) a representation of 2(. Consider the
set
Ho={YeH|n(A)=0forall A € A}.

If $ = {0}, then the representation (), ) is said to be nondegenerate. otherwise, (), )
is said to be degenerate.

Proposition 1.2.3. Let A be a unital C*-algebra and (9, ) a representation of . Then
(9, m) is nondegenerate if, and only if, m(1) = Lg(s).
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Proof. As already stated before, 7(1) is a projection in £($)). If m(1) # L), then
(m(1)$)* # {0}, and for all ¢ € (7(1)$)", it follows that

m(A)Y = (A1) = w(A)w(1)yy =0 forall A € 2.

Hence, (7(1)$) C £y # {0} and ($), 7) is degenerate. Now, assume 7 (1) = 15 and
suppose that ($), 7) is degenerate. Then, 3 ¢ € $)¢ with ¢» # 0. But 7(1)y) = ¢ # 0, and
hence ¢ ¢ $). Absurd, thus (9, 7) is nondegenerate. O

Proposition 1.2.4. Let 2 be a C*-algebra and ($),7,€)) a cyclic representation of 2.
Then, ($), ) is nondegenerate.

Proof. Suppose that (), 7) is degenerate and let ) € 9o, » # 0. Since (2 is cyclic for
(), 3 A € A such that (7(A)Q, 1) # 0. Then, it follows that

(m(A)2, ) = (Q, m(A")Y) # 0,
and hence, 7(A*)y # 0. Absurd, since ) € $)o. Thus, ($), ) is nondegenerate. O

Corollary 1.2.2. Let A be a unital C*-algebra and ($), 7, 2) a cyclic representation of 2.
Then, 7(1) = Lg(g).

Proof. This easily follows from the last two propositions. [

Some relevant properties of a representation (), 7) of a C*-algebra 2 (for example
its irreducibility, as it will be shown soon) can be obtained by looking at the set of all
operators in £(%)) that commutes with 7(2(). This set, called the commutant of w(2(), will
be denoted by 7(2l)’, as the next definition implies:

Definition 1.2.6. Given a set 91 of bounded operators on a Hilbert space $), the set of all
bounded operators on §) which commute with every operator in 91 is called the commutant
of M and will be denoted by M. The double commutant of M, i.e., (M), will be
denoted by 991”, and so on.

Lemma 1.2.3. Let 2 be a unital C*-algebra and I C A a self-adjoint set. Then M is a
unital C*-algebra.

Proof. Clearly 9 is an algebra with the C*-norm property and 1 € 9. Moreover,
since 9 is a self-adjoint set, it is not hard to check that 91’ is also a x-algebra. From the
continuity of the product, it also easily follows that 9 is closed in 2. Hence, 27 is a
(C'*-algebra. O

Proposition 1.2.5. Let O be a subset of an arbitrary algebra. It follows that M’ = M.

Proof. Let A € 9. Then, by definition of 9", A commutes with every element of
M”. Hence, A € IM"”. Now let A € 9"”. Then, A commutes with every element of
M”. Moreover, by the definition of 2, it follows that all elements of 9T commutes with
elements of 9. Hence, 9t C 91", and thus A also commutes with every element of 9i;
that is, A € IM7'. O
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In the context of bounded operators on a Hilbert space $), the double commutant has
some important properties. It can be shown that for a self-adjont x-algebra 9t on £(5)),
its double commutant 91" is the closure of 9t in the strong (or weak; in this scenario
they coincide) operator topology. The x-sub-algebras 9t C £($)) such that 9t = 9" are
called von Neumann algebras. From the above proposition, it clearly follows that for any
self-adjoint set 90t of £(5)), M’ is a von Neumann algebra. von Neumann algebras com-
monly appear when dealing with representations of C"*-algebras (in fact, von Neumann
algebras are also C*-algebras), and one of the main results for them is that one can extend
the functional calculus of continuous functions to measurable functions. However, since
they are not fundamentally needed for the development of the results presented here, its
discussion shall be omitted.

Proposition 1.2.6. Let $) be a Hilbert space and 9N a self-adjoint set of bounded opera-
tors on 8. Consider the following conditions:

(a) every nonzero vector ) € M is cyclic for M € $, or M = {0} and $H = C,
(b) M consists of multiples of the identity operator,

(c) M is irreducible.

It follows that (a) = (b) <= (c). Moreover, if M is also an algebra, then all three
conditions are equivalent.

Proof. (a) = (b). If M = {0} and H = C, then clearly (b) follows. Now, suppose
there is some A € 9V that is not a multiple of the identity operator. By lemma 1.2.3, 9V
is, in particular, a x-algebra, so % and A;—ZA* belong to V. But if A is not a multiple
of the identity, then % or % (which are self-adjoint) must also not be a multiple of
identity. Hence, without loss of generality, assume that A is self-adjoint. Also, note that
o(A) must have at least two distinct elements; otherwise, if o(A) had only one element,
say A, then o(A — A1) = {0} = A = AL. Let A\;, A2 be two elements of o(A) such
that \; < \,. Since 9 is a C*-algebra, F(A) C M. Define

Lifo<z <)\
fizo(A)—=C,  filr) =41~ (%) if AN <z < AdRe
2 M
0, if o > A1t
and

0,if0 <z < 2th

_AMitAo

fa:o(A) = C, fa(z) = (%),if%&<x§)\z
1, ifz > A\
It is not hard to see that f o € Cqa, (f1.f2)(z) =0, and || f12(A)|| = || f1.2|lcc = 1. For
i=1,2,1letv; € f;(A)(H) \ {0}. Then, v; = f;(A); for ¢; € H\ {0}. Also,

fi(A)vy = fi(A) fo(A)he = (f1.f2) (A)h2 = 0,
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and thus vy € Ker(f;(A)). For any B € 90, it follows that

(v2, Bur) = (v2, Bf1(A)Y1) = (v2, f1(A)BY1) = (f1(A)va, Byy) = 0.

Hence, 201 is not cyclic for v;.

(¢) = (b) Again, assume (b) is false and consider the same operators f;2(A) €
9 as defined before. From the above discussion it follows that {0} # fo(A)(H) C
Ker(f1(A)) # $. Since Ker(f;(A)) is closed, then fo(A)($)) is a closed subspace of
different from {0} and $), and for any v € f5(A)($) and any B € 90, it follows that

Bv = Bfy(A)) = fo(A)(BY) € f2(A)(H).

Therefore, fo(A)($) is invariant under the action of 9t and hence 9t is not irreducible.

(b) = (c). Suppose that 9t is not irreducible, and let V' be a closed subspace of $
which is invariant under 901. Note that, forany v € V, any w € V* and any B € 9,

(Bw,v) = (w, B*v) = 0.

Hence, V= is also invariant under 99t. From this, it can easily be checked that Py, the
orthogonal projector of V', commutes with every element of 9%, and therefore (c) is false.

(¢) = (a). Now, assume further that 97 is also an algebra. Suppose that (a) is
false. For the case 9t = {0} and $) # C, it clearly follows that 91 is not irreducible.
Hence, let M # {0} and ¢ € $ be a nonzero vector that is not cyclic for 9. Note that
those two conditions imply $) # C. Define V' = {Ay; A € M} if {Ay; A € M} #£ {0}
or V' = (¢)¢ otherwise. In both cases, V' is a closed subspace of §), different from {0} and
£, and since 9 is an algebra, V' is invariant under 9. Hence 20 is not irreducible. OJ

Corollary 1.2.3. Let $) be a Hilbert space and N a self-adjoint set of bounded operators
on ). Then, M is irreducible if and only if M" is irreducible.

Proof. Proposition 1.2.5 affirms that 9t = 91”. Hence, equivalence (b)) <= (c) of
proposition 1.2.6 gives the desired result. 0

1.2.2 States

In the Heisenberg and Schrodinger picture of quantum mechanics, the state of a quantum
system is represented by a normalized vector v of a Hilbert space §3. In order to include
a classical statistical uncertainty in the determination of a state, they can be defined as
density matrices: positive operators in £($)) with trace equal to one. Given a density
matrix p, the expected value of any observable A € £($)F at the state p is given by
(A), = Tr(pA). Note that, since by definition p is positive and with trace one, the linear
functional A — Tr(pA) has the property of having norm one (i.e., sup{| Tr(pA)| | ||A|| =
1} = 1) and also being a positive number when computed in positive elements of £(5)).
In the C*-algebra formalism, the states of a system are defined as precisely the linear
functionals which are positive in positive elements and have norm one, where the expected
value of an observable at a state w is given by (A), = w(A) (For finite-dimensional
(C*-algebras, there is a one-to-one correspondence between density matrices and linear



CHAPTER 1. C*ALGEBRAS 34

functionals with norm one that are positive in positive elements; however for infinite-
dimensional C*-algebras, the latter definition is more general than the former). In this
thesis the set of states of a C*-algebra will be studied extensively. This section aims to
present and prove the basic topological and decomposition properties of this set, as well
as its connection with the theory of C*-algebra representations. Later, it will be studied
the properties of certain states invariant under some specific symmetries, that are present
in the specific model analyzed here.

Definition 1.2.7. Let 2 be a topological vector space. The space of all continuous linear
functions over 2l is denoted by 21*. If 2 is a normed space, the norm on 2 induces a norm
on 2* defined by

LFIF = sup{|F(A)] [ Al = 1, A € 24}

Moreover if 2 is a C*-algebra, the partial order = defined in corollary 1.1.3 induces a
partial order in 2*, given by

W = Wy wl(A) > U.JQ(A) (1.24)

forall A € 2. A linear functional w € 2A* is called positive if

w(A) = 0,

and the set of all positive elements of 2A* is denoted by 217, and 217 is a closed convex
cone such that 2% N (=A%) = {0}. If A is a C*-algebra, a positive linear functional
w € A% is called a state if ||w] = 1. The set of all states of a C*-algebra 2 shall be
denoted by Fy.

Remark: In fact, the partial order > in 2I* can also be defined for the set of all linear
functionals over 2, not necessarily continuous. However, it can be shown that every linear
functional w satisfying w(A) > 0 for all A > 0 must also be continuous. Hence, the set
of positive elements is the same whether > is defined in 2[* or in the more general set of
all linear functionals over 2I.

Lemma 1.2.4. (Cauchy-Schwarz inequality). Let 2 be a C*-algebra and w € A%,.. Then,
it follows that

(a) w(A*B) = w(B*A)
(b) |w(A*B)|? < w(A*A)w(B*B) forall A,B € 2
Proof. For A, B € 2 and A € C, the positivity of w implies that

(A + BY*(A\A + B)) > 0.

By linearity this becomes

IMPw(A*A) + Aw(A*B) + M\w(B*A) + w(B*B) > 0.

The necessary and sufficient conditions for the positivity of this quadratic form in A\ are
exactly the two conditions of the lemma. [
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Proposition 1.2.7. Let 2 be a C*-algebra and w € A*. Then, the following conditions
are equivalent:

(a) we A%,
(b) ||wll = w(1).
Proof. (a) = (b) If w € A%, from lemma 1.2.4 it follows that

lw(A)|? < w(A*A)w(1) forall A € 2. (1.25)
Now, note that by lemma 1.1.1 || A||*1 — A* A is positive for all A € 2(. Hence,

w((|AIP1 - A*A) = [|A]Pw(1) - w(A*A) > 0 =
— w(A*A) < ||A|*w(1) forall A € A (1.26)

Eq. 1.25 together with eq. 1.26 yelds
lw(A)| < ||Aljw(1) forall A € .
This establishes that ||w|| = sup{|w(A)[; [|A|| = 1} = w(1).

(b) = (a) First note that, by the definition of the norm on 2(* , one has

w(A)| < Jlwl[[|Al (1.27)
forallw € A% and A € 2. If [jw|| = 0, then w = 0 € A%, If [|w]| # 0, Asssume, without
loss of generality, that ||w|| = 1 (one can always re-scale w by m and if = is positive,

then w also is). The first step is to show that for all A € AX, w(A4) € R. Given A € AK,
set

w(A)=a+if  a,feER
Then, for any real ~ it follows that

wA+ivl) =a+i(B+7).
Since o(A +iy1) = o(A) +iyo(1) and A € A¥, one has

p(A+in1) = |p(A) +in| = VIA[P +~2

But A + ¢v1 is normal and hence, by theorem 1.1.2, its norm is given by

JA+ir2]l = p(A+ir2) = /AT + 2. (1.28)

Therefore, combining eq. 1.28 with eq. 1.27 and the fact that |3 + | < |w(A + ivy1)],
one has

B+9 < VAP +77 = 8+ 28y < A (1.29)
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Since eq. 1.29 must hold for all v € R, it follows that 3 = 0, and hence w(A) € R.
Finally, note that

_AA
[A[Z )] —
for any A € 2, by lemma 1.1.1. Thus, by eq. 1.27
w(A*A)
w(l) — ——=| < (1.30)
‘ IA]]”

for all A € 2. But since w(1) = 1 and w(A*A) is real, for eq. 1.30 to hold it is necessary
that

w(A*A) > 0.
Thus, w is positive. O]

Corollary 1.2.4. Let 2 be a unital C*-algebra. Then, the set Ey of states over 2 is
nonempty and convex.

Proof. Let B = C.1 C 2 and define in *B the linear functional

F(AL) = A
Clearly f is bounded and || f||s = 1. By the Hahn-Banach theorem, there exists a bounded
linear extension w of f on 2 such that ||w|| = || f||s = 1. Moreover, w(1) = f(1) = 1,

and hence by proposition 1.2.7, w € FEy. Let wy,wy € Ey. Then, for any A € [0, 1],
clearly Aw; + (1 — \)ws is positive and by proposition 1.2.7

[[Awr + (1 = News|| = Awn (1) + (1 = Mwa(1) = Affwr || + (1 = A)fea]| = 1.

Hence, A\w; + (1 — A)wy € Ey. O
Definition 1.2.8. Let 2[ be a unital C*-algebra and w € Fy. w is said to be pure if the
only positive linear functionals w’ € 1% such that w > ' are given by w' = aw for
0<a<l.

Proposition 1.2.8. Let 2 be a unital C*-algebra and w € Ey. Then, w is pure if, and only
if, w is an extreme point of the convex set Ey.

Proof. Suppose w is pure and let wy, wy € Fy be such that w = Aw; + (1 — A)w; for some
A € [0,1]. Then, clearly w = Aw; and w > (1 — A)ws. Since w is pure, it follows that
w = cqwy and w > caws for some ¢q, o € [0, 1], but as w, w; and wy are normalized, one
has c; = ¢y = 1 and hence w; = wy = w. Thus, w is an extreme point. Now suppose w is
not pure. Then, 3 w; € A% with w; # aw for any a € [0, 1], such that

w ~
W w = leﬂ-Hw—l = |lwr ||,
1

I
where @ is a state. Note also that ||w;|| < 1, since w > w; implies w(1) > wi(1) =
1 = ||w|| > ||w:||- Define &y € A* by
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1

(W — [Jwi|@1).
1 — |l ||

JJQ:

It is not hard to see that @, is a state and w = ||wy || + (1 — [Jw1]|)@2, Where [Jw;|| < 1
and w # @;. Hence, w is not an extreme point.
O

Definition 1.2.9. Let 2 be a unital C*-algebra, and Ey the set of states over 2(. The subset
of extreme points (or equivalently, of pure states) of Fy will be denoted by Ey.

1.2.3 States and representations

Given a representation (§), 7) of a C*-algebra 2 and a vector {2 € §), one can define a
linear functional wq € 2A* by

wa(A) = (2,7(A)Q) forall A € 2. (1.31)

wq 1s also positive, since

wa(A4) = (Qm(A"A)Q) = (2, 7(A)T(A)Q) = (=(A)Q, 7(A)Q) = [[(x(A)Q > 0.

Moreover, if (£), 7) is nondegenerate and ||€2|| = 1, then with the help of proposition 1.2.3
it is easy to see that wq, is also a state. States given by a scalar product as in eq. 1.31 are
usully refered to as vector states. In fact, it is true that, for any state w of a C*-algebra
2, there exists a cyclic representation (£, 7, 2) of 2 such that w is a vector state given by
w(A) = (2, 7(A)Q?) as in eq. 1.31. The construction of such representation is called the
GNS construction:

Theorem 1.2.1 (GNS construction). Let 2l be a unital C*-algebra and w € FEgy. Then,
there exists a cyclic representation (9, 7, ),) of 2 such that

w<A> = (Qwa Ww(A)a Qw)
forall A € Aand ||Q])* = || = 1.

Proof. First note that, for any A € 2, ||[A*A||1 — A*A = ||A||*1 — A*A is positive, and
hence by proposition 1.1.13 ||A||?1 — A*A = B*B for some B € 2. Therefore, for any
C € 42, one as

|A|[2C*C — (AC)*AC = C*(||A||2 — A*A)C = (BC)*BC = 0 =
|A|2C*C = (AC)* AC.

Now, let J,, C 2 be the complex vector subspace of 2 given by

3, = {A €| w(A A) = 0}.

In particular, for any I € J,, by the Cauchy-Schwarz inequality for states, it is easy to
see that w(I) = 0. Let A € 2 and I € J,. Then, by the above observation, it follows that
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0 <w((AI*AI) < w(HAHQI*[) =0 = w((AIl)*AI) =0,
i.e., J, is also a left ideal of 2. Hence, for any A, B € 2 and any [, I, € J,

w(A+ L)' (B+ 1)) = w(A*B) + w(A* L) + w(B*1) + w(I{I5) = w(A*B). (1.32)
Let ]:Iw =2/7,, and for /l, B e ﬁw, define a sesquilinear form on ]:Iw by

(A, B) = w(A*B).
The well-definiteness of such form is a consequence of eq. 1.32. Moreover, by the defi-
nition of J,, it is straightfoward to see that this is actually a scalar product on §),,. Let §),,
be the completion of £, and define a function 7, : Jl — ), by
#,(A)B = AB, forall A, B € .
it is easy to see that 7, is linear, and since J, is a left ideal of 2, 7, is well-defined.
Moreover for any A, B, C' € 2, 7, satisfies
#.(AB)C' = ABC = #,(A)BC = #,(A)7.(B)C,
ie., 7,(AB) = 7,(A)7,(B). Moreover, for any A, B € 2,

|17 (A)B|* = w((AB)"AB) < ||Al*w(B"B) = |AIP| B,

Therefore, for any A € 2, 7,(A) is continuous on f)w, and hence there exists a unique
linear extension 7, (A) of 7,(A) on $,. By continuity, it also follows that 7,(AB) =
T.(A)7,(B) for any A, B € 2. Finally, define Q,, = 1. Then, it is easy to see that for
any A €

(o, T (A) ) = (o, T (A) ) = w(A).
Hence, the triple (), 7., §1,,) satisfies the hypothesis of the theorem. O

Remark: The GNS construction also holds even if 2 is not unital, with some modifi-
cations on how to choose the vector €2,,. Moreover, if 2 is separable, then it can easily be
seen that ), will also be separable.

Theorem 1.2.2. Let A be a unital C*-algebra and w € FEg. Then, there exists a cyclic
representation (9, 7, {,) of 2 such that

w(A) = (Q, 1(A4), Q)

forall A € A and ||Q,|> = ||w|| = 1. Moreover, the representation is unique up to
unitary equivalence.

Proof. The existence some representation satisfying the hypothesis of the theorem is guar-
anteed by the GNS construction. Suppose that (9, 7., €,) is a second cyclic represen-
tation such that
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w(A) = (Q, Tw(A), Q).
Define, on the dense set ©,, = {m,(A){,; A € 2} of £, an operator U as

U, (A)Q,) = 7, (A,

By corollary 1.2.2, clearly USQ,, = (), and since 7, 7 are morphisms, U is linear. More-
over, for any 7, (A)$), € D,

U7 (A)Q|? = |7 (A) 2l = w(A*A) = |7 ()]

Hence, U is bounded on ®, and can be linearly extended to §,,. Moreover, for any
v1 = limy, oo T (A) QL € Ny, vo = limy, o0 7, (B,)E, € £, it follows that

(Uvy, Uvy) = (lim U7y (Ap)Qu, lim Uy (B,),) = (lim 7, (A,)Q,, lim 7, (B, ) Q)
— lim <lim(7~rw(An)Qw, ﬁw(Bm)Qw)> — lim (hmw(A;;Bm)>

= lim (hm(ww(An)Qw, ww(Bm)Qw)) — (lim 7o, (A,) 0, lim i, (B,) )

= (v1, v2).

Hence, U is unitary. Also,

U7, (B)Uvy = lim U~ 7, (B) U, (An)Qw = lim U™ 7, (B) 7, (An) Qu
= lim U7, (BA,)Q, = limm,(BA,)Q, = 7,(B) lim 7, (A4,)<,
= WM(B)/Uh

thus the cyclic representations (), 7, €),) and (S;Jw, T Qw) are unitarily equivalent.
Now it is proven the uniqueness of U. Suppose that there are two unitary operators Uy, U,
such that

Ui%ﬁw<A)U172 = WM(A)
forall A € A, and

U290, = Q.
Then, it follows that

U{1U2ﬂw<A)U51U1 = 7'('0_,(14) — U{lUlﬂw(A) = WM(A)UflUQ
for all A € 2.Hence, for any v = 7, (B){2, € ©,,, one has

Uy U = Uy Um0 (B) = o (B)UT U, = 7, (B, = v.

That is, U, LU, is the identity operator in ®,,, and since D, is dense in £, it follows that
Uy LU, is the identity in $),,. Therefore U, = Us. ]



CHAPTER 1. C*ALGEBRAS 40

Proposition 1.2.9. Let w be a state over a C*-algebra 2| and (9,,, 7., ) a cyclic rep-
resentation associated with w. Then, for every p € 21 such that p = w, there exists a
unique positive T' € m,(A) with ||T||,, < 1, where

p(A) = (Qu, T, (A),).

Conversely, all positive T € w,(A) with ||T||,, < 1 defines a unique positive linear
functional

pr(A) = (Qu, T (A) )
which is majorized by w.

Proof. Let p € 2%, with p < w. Consider the set © = {7, (B), xm,(A)Q, | A, B € A},
and define in ® the sesquilinear form

po (7 (B)Qy X m,(A)Q,) = p(B™A).

From Cauchy-Schwartz inequality for states, it follows that

p(B*A)* < p(B"B)p(A"A) < w(B*B)w(A"A) = |7 (B) ||| 7 (A)Qu|*. (1.33)

Hence, pp is bounded in ®,,, and since, by the cyclicity of €2, ® is dense in £, X ., po
has a bounded sesquilinear extension p in §),, X ). By the Riesz representation theorem,
there exists a unique bounded operator 7" on $),, such that

P(Y1,2) = (1, Tehe)  forall ¥y X 1y € £y X He.
But as p(7,(B)S, X m,(A)Q,) = p(B*A), it follows that
p(B*A) = (7,(B)Q, Tmu(A)Q).

Moreover, eq. 1.33 implies

T < sup |(1, Tpa)| = sup |po (Y1, 19)| < 1.
1,92€00 | |91 |=(1v2]l=1 1,2 €D | ||9h1]|=]h2]|=1

To prove that 7T is positive, note that for any Hilbert space §) an element A € £($)) is
positive if, and only if, (¢, A) > 0 for all ¢ € §). Since p is positive, it follows that
(7o (A)Q, T, (A)Qy) = p(A*A) >0 forall A € 2,
and using again the cyclicity of €2, one has that 7" is positive. The equality p(B*(AB)) —
p((A*B)B) = 0 for all A, B € 2 implies
(ﬂ—w(B)Qwa (Tﬂ—w(A) - Ww(A)T)ﬂ—w(B)Qw) =0

and once again by cyclicity of €2, it follows that T'm,(A) = m,(A)T for all A € 2.
Hence T" € 7,,(2)'. Now, take any positive 7" € 7, ()" with || T||,, < 1. Then,
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pr(A*A) = (U, Tro (A A)w) = (o, Tro(A) 1 (A)0) = (s 1o (A) T (A))
= (WW(A)QW>T7TW<A)Q¢U) >0,

and hence pr is positive. Moreover, for any A € 2,

w(A*A) — pr(A*A) =(m, (A) Ry, 1o (A) ) — (T (A) L, Ty, (A))
= ||7Tw(A)QwH2 — (Mo (A) S, T, (A))
> {7 (A) Q[ = I T [[70 (A)Qu* > 0,

since ||T']] < 1. Hence, pr < w. Finally, let 7} » be two positive operators in ,,(2()" with
|T12]] < 1and py, — pr, = 0. Then, for all A € 2,

(WM(A)QM (Tl - T2)7TW(A)QW> = 0.
Since €, is cyclic and T} — T5 is self-adjoint, one has |1} — T3|| =0 = Ty =T,. O

Theorem 1.2.3. Let w be a state over a C*-algebra 2 and (9, ., ),) a cyclic repre-
sentation associated with w. Then, w is pure if and only if (£, 7,) is irreducible.

Proof. Suppose that (), ) is irreducible and let p € 2% be any positive linear func-
tional such that p > w. From proposition 1.2.6, 7, ()" = C.1, and hence last proposition
implies that p(A) = (2, .17, (A)Q) = a(Qy,, 7w (A)Q,) = aw(A), where a € [0, 1].
Thus, w is pure. Now, suppose that ()., 7,,) is not irreducible. Then, there exists some
B € m,(21) such that B ¢ C.1. Since m,,(2()" is a unital C*-sub-algebra of B($)), there
are positive elements

B}, By, Bf, By € m,(2)
such that B = (B}, — By )+i(B; — By). Clearly, at least one of those four elements must
not be in C.1, and hence, 7, ()" contains some positive element 7" ¢ C.1. Re-scaling
T by some convenient positive constant, it can be assumed that ||7'||,, < 1. By the last
proposition, pr(A) = (Q,, Tm,(A)S,) is a positive linear functional such that pr < w
but, since 7' # o1, for any a € [0, 1], it follows from the uniqueness of 7" that pr # aw
for any a € [0, 1]. Hence, w is not pure. O

Corollary 1.2.5. Let 2 be a C*-algebra, w € Ey a state and (9,,, 7., ) a cyclic repre-
sentation associated with w. If T is a *-automorphism of 2l which leaves w invariant, i.e.,

if

w(T(A)) =w(A) forall A e,

then there exists a unique unitary operator U, : 9, — 9, such that

Uomo(AVUSY = 7,(1(A))  forall A € 2, and

U,y =y
Proof. Since 7 is a *-automorphism, and hence bijective by definition, it can be easily
checked that (9, m, o 7,),) is also a cyclic representation of 2. Moreover, (€2, (7, ©

7)(A), ) = w(7(A)) = w(A). Hence, the desired result follows by applying the above
theorem to (), 7, o 7, ),). O
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1.3 The state space of C'*-algebras

This section is devoted to a more profound study of the state space Fgy; more specifi-
cally, the decomposition properties and topological aspects of the set. For any infinite-
dimensional C*-algebra I, the state space Fy is always non-compact in the norm topol-
ogy of 2*. Therefore, it is not convenient work in the norm topology when looking for
maxima and minima of functionals in Fy, as it will be necessary later in the text. A
clever way to contour this problem is to consider the weak*-topology in Fy. The weak*-
topology, besides making Fgy a compact set, keeps 2* as locally convex vector space, that
is also metrizable if 2l is separable. These three properties assure that any state can be
represented by a Choquet integral in the pure states, a very useful decomposition property
of Fy, that will also be explored later in the text.

1.3.1 The weak*-topology

Definition 1.3.1. Let 2 be a set,  a nonempty family of mappings f : X — Y/, where
each Y7 is a topological space, and 7 the collection of all unions of finite intersections of
the sets f~!(V'), where f € F and V is open in Y;. Then, (2, 7) is a topological space
and 7 is called the initial topology of F.

Definition 1.3.2. Let 2 be a topological vector space. Every element A € 2l induces a
linear functional f, : 2A* — C on 2A*, given by

fa(w) = w(A) forallw € 2A*.

Let Foy = {fa | A € 2}, and 7, be the initial topology of Fy. 7, is called the weak*-
topology of A*.

The following theorems are well-established results in the theory of topological vector
spaces. Their proofs can be found in standard textbooks of the subject, such as [11].

Theorem 1.3.1. Let X be a vector space and X' a separating vector space of linear
functionals on X. Then the initial topology 7, of Fx: turns X into a locally convex space
whose dual space is X'.

Theorem 1.3.2 (Banach-Alaoglu). Let 2 be a normed space. Then, the unit ball

By ={wed|||w]| <1} CcA*
is weakly*-compact.

Proposition 1.3.1. Let 2 be a unital C*-algebra. Then, the weak*-topology makes 2*
into a locally convex vector space whose dual space is Fy. Moreover, the set Ly of states
over 2 is weakly*-compact.

Proof. The first part of the proposition is a consequence of theorem 1.3.1. Defining S =
{weWA |w(l) =1}and B; = {w € A* | |w| < 1} C A%, it follows that Ey = By N
S'NRA%. Since, by the Banach-Alaoglu theorem, B, is weakly*-compact, to prove that Ly
is weakly*-compact it suffices to show that .S and 217 are weakly*-closed. For this, note
that for any A € 2 the linear functional f4 € Fy is, by definition, weakly*-continuous.
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Hence, for any closed set C' C C, the preimage f;'(C) = {w € A* | w(A) € C}is
weakly*-closed in 2(*. Since 2’ can be written as

A = () {wed |w(d)>0}= () £1'([0,+00)),

AeAy AeAy
it follows that %[} is weakly*-closed. Moreover, S can also be written as

S={weW |w1) =1} = fi ({1},
and hence S is also weakly*-closed. 0

Proposition 1.3.2. Let A be a separable normed space. Then, the unit ball

By ={wed||w]| <1} CcA*
is metrizable in the weak*-topology.

Proof. Since 2 is separable, let {x,} be a dense sequence in By, and d : B; x B; — R
be given by

d(w1, w2) 22 Mwr(@n) — wa(zn !—22 ! fan (w1 — wa) .

By the triangle 1nequa11ty and since {x,} is dense, it is not hard to see that d is indeed a
metric on B;. Then, for any w € B; and € > 0, the sets

D (w) ={w; € By | d(w,w;) < €}
form a base for the topology 7, of B; induced by the metric d. For a given w € B; and

€ > 0, let A, be the disk of radius € in C, and V ,, , = A, + f,, (w) C C. Then, it clearly
follows that

f;}(‘/;n,w) ={w; € A | wi(zn) € Ac+w(zy)} = {w € A" | |Jwi(x,) — w(zy,)| < €}

Moreover, since the sequence fozl 27" converges to 1, there exist some N & N such
that 3> 27" < £. Now, consider the set

W = BN (ﬂ v W)) .

Clearly IV is open in the weak*-topology of B; and w € W. Moreover, for any w; € W,
it follows that

S 2 () — wr ()] €327 () — walwa)| + 3 2 ()
X 2 (o] < 302 ol — (ol

N
€ € €
2 2”<— 27" - < -+ - =¢.
Z > +2 2+2 €
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Therefore, W C D.(w) and hence 7, C 7,+ in B;. To prove the converse, let A C By
be a closed set in the weak™* topology of Bj, and let {O; };c; be an open cover of A in
the metric topology of B;. Since B; is weak* compact, it follows that A is also weak*
compact. Moreover, since 74 C T+, {O; }ies is also an open cover of A in the weak*
topology. Therefore, there exists a finite subcover {O; }icr such that A C |J,.p O;, and
hence, A is also compact in the topology 7. Since any compact set is closed in a metric
space, it follows that A is closed in the same topology, and thus 7« C 7. [

Proposition 1.3.3. Let 2 be a unital C*-algebra. Then, the set Ey of extreme points of
Ey is a Borel set in the weak*-topology of Ey.

Proof. Since By = {w € A* | ||w|| < 1} is metrizable in the weak*-topology by propo-
sition 1.3.2, it follows that Fy C B is also metrizable in the same topology. Let d be a
metric associated with the weak*-topology on Fgy and define

} , and

The goal now is to prove that F), is closed for all n € N. Let {w,,} be a sequence in F},

w1 —l—WQ

F, = {w € By |w= for some wy,wy € Ey such that d(wy, wy) >

FiﬂFn.

neN

S|

converging to w € Ey. and let {wy,, } and {w,,, } be sequences of elements in Fy such
that
1
Wy, = w and d(wy,,,wy,,) > — forallm € N.

Since Ey is weakly*-compact and(FEy, 7+ ) is metrizable, it follows that both {w;,, } and
{ws,, } have convergent subsequences. Let w; and w, be the limit of a convergent subse-
quence in {wy,, } and {w,,, }, respectively. Then, it is not hard to show that w = 32 and
d(wy,wsy) > % Hence, F,, is closed. Therefore, F' is a Borel set. Now, note that, if w € F/,
clearly w ¢ Ey. Conversely, assume thatw € Ey and w ¢ Ey. Then, w = Aw; + (1 — A)wy
for some 0 < A < 1 and some wy,ws € FEy, with w; # wy. Without loss of generality,
assume \ < 7. Then, defining

3\ 3\ A A
(,Ull = ?wl -+ (1 — 7&)2) and (A)é = §w1 + (1 — E)WQ,
it is not hard to see that w), w) € Ey, w = # and w| # w). Hence, w € F. Therefore,

F = &5 and &y = F* is a Borel set. O]

Definition 1.3.3. Let 2l be a compact metric space and y a measure on 2(. Then, p is said
to be a probability measure on 2 if 1 is a Borel measure and p(2() = 1. Moreover, if S is
a Borel subset of 21, y is said to be supported by S if 11(S¢) = 0.

Remark: Usually, a probability measure is defined as a regular Borel measure. How-
ever, for the case of a compact metric space, every Borel measure is also regular Borel.



CHAPTER 1. C*ALGEBRAS 45

Definition 1.3.4. Let K be a nonempty compact set of a locally convex vector space 2
and p a probability measure on K. A point x € K is said to be represented by 1 if, for
any continuous linear functional f on 2|,

fa) = [ fn

The next theorem, known as Choquet’s theorem, is also a well-established result in
the theory of topological vector spaces, and its proof can be found at [10].

Theorem 1.3.3 (Choquet’s theorem). Let S be a metrizable compact convex subset of a
locally convex topological space . Then, for all x € S, there exists a probability measure
[ on S which represents x and is supported by the extreme points of .S.

Corollary 1.3.1. Let A be a unital C*-algebra, and Eqy C A" the set of states over 2,
endowed with the weak*-topology. Then, for any w € Ey, there exists a probability
measure |1 on Fy supported by the extreme points Ey of Ey such that

A(w):/ Ad,u:/ Adp
Eq Ex

for any weakly*-continuous linear functional on A*.

Proof. Propositions 1.3.1 and 1.3.2 state that 2* is locally compact in the weak*-topology
and Ey C 2A* is compact and metrizable in the same topology. Hence, the corollary
follows from the application of Choquet’s theorem to Fiy. [

1.4 G-invariant states

This section is devoted to the study of states which are invariant under the action of a
group. Since the interactions present in the model studied here are invariant under the
action of certain symmetry groups, such invariant states appear naturally when analyzing
the equilibrium states of the system. At first, some general properties are derived for
a broad class of symmetry groups, and later the study will be focused on the group of
translations and permutations in the d-dimensional square lattice.

Definition 1.4.1. Let 2 be a C*-algebra, G a group, and g — 7, a homomorphism from
G to the group of x-automorphisms of 2. A state w € Ey is said to be G-invariant if

w(1g(A)) = w(A)
forall g € G and A € 2L. The set of all G-invariant states will be denoted by E .
Proposition 1.4.1. For any group G, E§ is a convex weakly*-compact subset of 2.

Proof. Since E§ C Ey, and Ey is weakly*-compact (see proposition 1.3.1), it suffices to
show that EQGl is convex and weakly*-closed. The convexity of Eg is clear; for wy, wy €
EQG[, then Aw; + (1 — A\)wsy is also a state if A € [0, 1], and for any g € G,
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(Awr + (1 = Mw2)(A) = A (A) + (1 = Mwa(A) = dwn(7(A)) + (1 = Awa(74(A)) =
(Awr + (1 = Aws) (74(A)).

Now, given g € G, define

Ey = ﬂ fq;%A)fA({O})'
Aet

Ej is clearly weakly*-closed. Moreover, since w € Ey <= w(7,(A)) = w(A) for all
A € 2, it follows that

Bf = () B3

geG

and hence E§ is weakly*-closed. [

For any group G, since the set E§ of G-invariant states is also weakly*-compact, it is
straightforward to generalize the results already obtained for the set of states Fy to E.
The following definitions and propositions presented below are merely generalizations
of concepts already proved and discussed for Fy to the set of G-invariant states EY,
and since the proofs of these propositions are almost identical to the proofs for the most
general set Fgy, they will be omitted.

Definition 1.4.2. Let 2( be a unital C*-algebra and G a group acting as *-automorphisms
7. The set of extreme points of the set E§ of G-invariant states will be denoted by £,
and a state w € &J is called G-ergodic.

Definition 1.4.3. Let 2l be a unital C*-algebra, GG a group acting as *-automorphisms 7 of
2land w € Ef. w is said to be G-pure if the only positive G-invariants linear functionals
w' € A% such that w > ' are given by w’ = aw for0 < a < 1.

Proposition 1.4.2. Let 2 be a unital C*-algebra, G a group acting as *-automorphisms
T of A and w € ES. Then, w is pure if, and only if, w is an extreme point of the convex set
EG.

Proposition 1.4.3. Let 2 be a unital C*-algebra and G a group acting as *-automorphisms
T of A. Then, the set £F of extreme points of ES is a Borel set in the weak*-topology of
EG.

Corollary 1.4.1. Let 2 be a unital C*-algebra, and E§ C 2* the set of G-invariant
states over 2, endowed with the weak*-topology. Then, for any w € ES, there exists a
probability measure p,, on E§ supported by the extreme points E§ of E§ such that

M) = [ A ) = [ A a)

G
521

for any weakly*-continuous functional on 21*.
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Proposition 1.4.4. Let A be a C*-algebra, G a group acting as *-automorphisms 7 of 2,
w e ng a G-invariant state and (9, 7, §),,) a representation associated with w. Then,
there exists a representation of G by unitary operators acting on ), satisfying

Uy 'y (14(A)) Uy = 7u(A)  forall A € 2, and
U, = Q.

Proof. For any g € G, define U, as the unique unitary operator on $),, such that

Ug_lﬂw(Tg(A))Ug =m,(A) forall A €2, and
UyQ, = Q.

The existence and uniqueness of U, is guaranteed by corollary 1.2.5. Given ¢, g2 € G,
then for all A € ,

Tw(A) = U, Ww(Tglogz(A))Ugwgg =U, ! 71'W(Tgl (7—92 (A)))U91092

91°92 91092

=U! Ug, T (Tgs (A))Ug:lUglogw

91092

and clearly
Uy Ugrogs Qs = .

By the uniqueness of U,,, it follows that

—1
Ug1 U91ng = ng = Ug1092 - Ug1 ng»
and hence, {U, | g € G} is a representation of G in £, O

Definition 1.4.4. Let 2 be a C*-algebra, G a group acting as *-automorphisms 7 of 2,
w € EY a G-invariant state and (), 7., {X,) a cyclic representation associated with w.
The projection operator of the subspace of all G-invariant vectors of §),, i.e., the subspace
given by

{Y € 9,;Up =4 forall U, € Ug}
will be denoted by FE.,,.

The next theorem, known as the von Neumann ergodic theorem, is a very important
tool in the study of representations of G-invariant states, shows that the projection opera-
tor £, may be obtained as a limit of combinations of the U; s. However, the convergence
of such limit is to be understood in the context of the strong operator topology (SOT),
a topology in £($),,) where a sequence T, of operators converge to 7" if and only if the
convergence is pointwise. Note that pointwise convergence is weaker than the uniform
convergence induced by the operator norm in £(5),), and hence a sequence converging
in the SOT may not converge in the norm topology. Moreover, in its more general form,
the von Neumann’s ergodic theorem does not explicitly give one the sequence of combi-
nations but rather only states that it exists, where its existence is connected the so-called
minimum principle of a Hilbert space. To find the explicit sequence, it is necessary to
assume additional structures of the group analyzed, as it will be done later.
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Definition 1.4.5. Let $) be a Hilbert space. Every pair of elements (7', v), where v €
and T € £(%) induces a mapping f(7,,) : £($) — R given by

faw (L) = (T = L)o]|.

Let Fsor = {f(T’v) | T € £(9) and v € $H}. The strong operator topology Tsor of £($)
is the initial topology of Fsor.

Proposition 1.4.5. Let §) be a Hilbert space. Then, a sequence {T,,} of bounded operators
in £(9) converges to some T € £(8)) in the strong operator topology if and only if {T,v}
converges to Tv for any v € ).

Proof. 1f {T,,} converges to T in the SOT, then for a given ¢ > 0 and v € §) there exists
some N € N such that for all n > N,

T, € fT_ﬂl)((—e, €) = ||[Tv—"Tyw| <e,

i.e., {T,v} converges to T'v. Now, assume that {7,,v} converges to T'v for any v € ), and
let U be a neighborhood of 7" in the SOT. Then, there exists some € > 0 such that

U= m f(;;l“vz)«f(z‘lz,vz)(T) -6 f(Ai,Ui)(T) + 6))7
i=1
for some A, ..., A, € £($) and some vy, ...,v, € . Let N € N be such that

|Twv; —Tvi|| <e foralli=1,...,n.

Then, forallm > N and all: = 1,...,n, one has

(T — Ai)vill < [[(Ton = Tuil| + [[(T" = Ag)wi|] < (T = Ai)vill +- ¢, and
(T = Ai)vil| < (T = T)il| + (T = Ai)vil|l < [[(Trn — Ai)uil| + €. (1.34)

The two inequalities of eq. 1.34 imply that, forallm > Nandall: =1,...,n,

(T — Apvi|| — € < [[(Ton — As)vil| < [[(T' = Aj)vs|| + € =
Jaiwo)(T) — € < flanw) (Tn) < flane(T) + ¢,

and hence, 7},, € U. Therefore, {7},} converges to 7" in the SOT. N

Proposition 1.4.6 (Minimum principle). Let §) be a Hilbert space and C' C $) a closed
convex set. Then there exists a unique element of C' with minimal norm, i.e., an element

Y € C satisfying

[0l < lvll forallv e C [ v # .

Proof. Letk = inf,cc ||v||, and let {1/, } be a sequence of elements in C' such that {||¢, | }
converges to k. Given € > 0, let V € N be such that

||| < k + € foralln > N.
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Since C' is convex, for any v, w € C, “5% € C'. Therefore,

) vtwl|?
|lv+w|*=4 5 > 4k*.

Hence, for any n, m > N, since 1, ¥,,, must satisfy the parallelogram identity, one has

1o = |* = 2l l* + 20 ml* = [0+ ¥ml* < 2(k+€)*+2(k+e)* —4k* = de(2k+e).

Therefore, the sequence {1, } is Cauchy, and since any Hilbert space is complete and C'
is closed, it converges to some ¢ € C. Now, let {¢, } be some other sequence in C' such
that {||¢, ||} converges to ||1)]|. Let N € N be such that

|pnll < k + € foralln > N,

and let m € N be such that ||1,,|| < k + € and ||¢,, — ¥|| < €. Then, for any n > N, one
has

I6n = PN* <lldn — Pl + [¥m — P1I* = 2[[nl® + 2[ml® — [tbn + >+
[Um — ¥|1> < 4e(2k + €) + €.

Therefore, {¢, } also converges to v, and hence ¥ is unique. [

Theorem 1.4.1 (von Neumann’s ergodic theorem). Let $) be a Hilbert space, G a group,
Uc ={U, | g € G} C £(9) a unitary representation of G, and E the projection operator
of the subspace

{Y € 9;Up = forallU, € Ug}.

Then, E lies in the strong closure of Co(Ug), where Co(U) denotes the convex hull of
Uq (i.e., the set of all convex combinations of elements in Ug).

Proof. Let W C £($) be a neighborhood of E in the strong operator topology. Then,
there exists a strongly-open subset V' C W such that

V=T €£(9) | 1T¢: — Bvil| < e} (1.35)
=1

for some ¢; € 5,7 =1,...n, and some € > 0. Let

H=Ps. UG;{@UESE(S%)\UEUG}, and E=@DE € £(9).
=1 i=1 i=1
Note that, for any v € Ef and w € (E$)*,

(Ugw,v) = (w,Uy-1v) = (w,v) = 0 forall U, € Ug.
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Hence, (E.i”j)L is invariant under Uy, and a straightforward calculation shows similarly
that (ES%)L is invariant under Us. Now, consider the vectors ¢; appearing in 1.35 as a
vector in §), i.e., define 1& = P Y € $. Since E is a projection on 9, 1Z may be
decomposed as

U =1+, where € E$H and o) = (EH) .
Define o o . . o
C& = CO(Ug)’QbJ_ = {Ulpj_ ‘ Ue CO(Ug)} C (EJ’J)J'

1

6@ (the closure of Cj; in the norm topology) is clearly nonempty, closed and convex,

and hence by proposition 1.4.6 it contains an element gz~5 of minimal norm. Moreover, it is
not hard to see that UcC';  C C'; . Therefore, for any U, = P;_, U, € Uq,

P Uil = P 1U,0:ll = P lloill = l19]]-
=1 =1 =1

Hence by the uniqueness of ¢, it must satisfy

U560 =

ﬁggzgzqgforallge G = ¢ecEf.
But since also ¢ € Cj, C (E®)*, it follows that ¢ = 0. Let U € Co(U,) be such that

U4, || < e. U may be decomposed as U = @}, U, where U € Co(U,), and it follows
that

DU = Bl = 109 = Eg|| = Uy + ) = By + o)l = U] <e.
i=1

Therefore, U € V, and thus E lies in the strong closure of Co(Ug). O

For an arbitrary quantum system, the algebra of operators representing the observables
of the system are, in general, non-abelian. This becomes obvious when analyzing, for ex-
ample, a fermionic or bosonic system, where the commutation relations readily imply the
non-abelianness of the algebra. In fact, such non-abelianness is crucial for the descrip-
tion of inumerous quantum phenomena in the light of the usual formalism of quantum
mechanics. However, it is still possible for the operators of the algebra to “commute
asymptotically”, when considered the action of a group G: for example, it is possible for
any two operators A, B of a system to satisfy

inf [[(4), Bl = 0. (1.36)

This “asymptotic abelianness” is sometimes related to very useful properties of the G-
invariant states of the algebra. Some of these properties are explored below, in an even
more general situation than the one showed in eq. 1.36, with the definition of (G-abelian
states:
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Definition 1.4.6. Let 2 be a C*-algebra, G a group, g — 7, a homomorphism from G to
the group of *-automorphisms of 2 and w € E§ a G-invariant state. For each A € 2,
let Co(7¢(A)) denote the convex hull of {7,(A);g € G}. The pair (2(,w) is said to be
G-abelian if

inf J([A,B])| =0
A'eCo(rg(A)) [l Dl
for all A, B € 2 and all G-invariant vector states w’ of $),,.

Proposition 1.4.7. Let 2 be a unital C*-algebra and G,G' two groups acting as *-
automorphisms of A such that, for all A € A and all g € G,

Jnf Iy (4) = 7y(A)]| = 0.

Then, E§ C E§. Moreover, if a pair (,w) is G-abelian and w € ES', then the pair
(A, w) is also G'-abelian.

Proof. Letg € G, A € 2, and given € > 0, let ¢’ € G’ be such that

I3 (A) = 74(A)] < e

For any w € ES’, one has

w(7g(A)) —w(A)] = |w(74(A)) = w(rg (A)] < [I7y(A) = 4 (A)]| <e.

Since ¢ is arbitrary, it follows that w(7,(A)) = w(A) and hence w € ES. Now, let (A, w)
be a G-abelian pair with w € EQC[’ ', Moreover, let A, B € 2, let S, be an arbitrary convex

combination of 7:
i=1

and let S be the corresponding convex combination of 7¢y:

=D A7y (A)
i=1
with 7/, satisfying
7 (A) -1, < ——— foralli=1,...,n.
Note that for any w’ € Fy and any B € 2,
W' ([SA(A), B)=w/([Sx(A), B])| < [IISX(A)=Sx(A), B]|| < 2[|S\(A)=Sx(A) | Bl <e.
(1.37)

Since S\(A) € 7¢(A) is arbitrary, eq. 1.37 implies that, for any w’ € Fy and any
A, B e,

inf =~ J/([AL B < inf o ([A B) (1.38)

A’eCo(rqr(A)) A’€Co(tc(A))
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Hence, if «’ is a G’'-invariant vector state of §),,, then ' is also G-invariant and the G-
abelianness of (2, w), together with eq. 1.38, imply that, for any A, B € 2,

inf W([A, B])| = inf W ([A, B])| = 0.
A’EC’O(TG/(A))| ( Dl A’GCO(Tg(A))| (I Dl

Thus, (2, w) is G’-abelian.
]

Proposition 1.4.8. Let 2 be a unital C*-algebra, G a group, g — 7, a homomorphism
from G to the group of x-automorphisms of %, w € EY a G-invariant state and E,, the
orthogonal projection on the subspace of vectors invariant under U,,(G). The following
conditions are equivalent:

(a) the pair (2, w) is G-abelian,

(b) E,m,(A)E, is abelian.
Proof. (a) = (b). Any E,7,(A)E, € E,m,(2)E, can be decomposed as

E,m,(A)E, = E,Re(n,(A)E, +iE, Im(m,(A))E,,

with £, Re(m,(A))E, and E, Im(7,(A))E, self-adjoints. Hence, it suffices to show (b)
only for self-adjoint elements. Let 7,(A), ¢, (B) € 7, ()%, ¢ € E,$ and S, denote
some convex combination of 74:

Sy(A) = Z AiTy, (A).

Define also S, as the respective convex combination in terms of the operators U,:

g)\ - i /\lng
i=1

From theorem 1.4.1, one may choose a convenient S, such that its corresponding Sy
satisfies

2| (B)Y|

Let S, be another convex combination of 7. Since

1(65x = Eu)ma (Al <

T Su( A = S AU m (AU, = S, (A0,
=1
it follows that

€

1B (A — T (Su(Sa (AW ]| = [[Su( B — Sh)ma(A)9]] < LRGN

Hence,
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(¢, [Bumo(A) By, Bum(B) Eu])| = |(¢, Mo (A) Eumro(B)Y) — (4, T (B) B (A)Y)]
= 2 |Im ((Bumy (A), 7 (B)Y))| = 2| T (B, (A)¢) — 70 (5, (93 (A)) ), 7 (B)Y))
+ Im (7, (S, (52 (A)), 7 (B))) | < 2[| Eume,(A)e) = 1o (Su(S3(A)) Pl |7 (B) Y]

+ 2/ Im (7, (S (SA(A)), 7 (B))) |

< e+2/Im ((m,(Su(SA(A)), mu(B)¥)) . (1.39)

| ) = (1, 7 (B)SuSamys (A))
| ) = (SuSama(A)m () )
+<w,5u5m<A>m<B>w> (¥, mo(B) SuSamu(A)))|
= |(mu([Su(Sx(A)), B)Y, ¥) + (1, 0 ([Su(Sa(A)), B)))|
< 2|(¢, 7 ([Su(Sa(A)), B)))|. (1.40)

Hence, combining eq. 1.40 into eq. 1.39, one has

(¢, [Bwmo(A) By, Boma(B)ELJP)| < €+ 4|(¢, mo([Su(Sx(A)), BD)Y)],
and since S, is arbitrary, using the G-abeliannes of (2, w), it follows that

(¥, [Eumo(A) B, Eumo(B)Eu]y)| = 0.

As E,, = E2, one finally arrives at

[[Ewmw(A) By, Eumo(B) EL]|| = ilelg (v, [Eumo(A) By, Eumo(B) Eu]v))|

= sup |(¢,[Eum,(A)E,, E,m.(B)E,JY)| = 0.
YEELH

(b) = (a). If E,m,(A)E, is abelian, then for any ¢ € E,$ andany A, B € 2,

(¥, [EuTw(A) By, Egmo(B)ELJY) = (¥, 7y (A) Bumy, (B)Y) — (¥, 7 (B) Eumu,(A)Y)
= (¢, 7,(B") By, (A")Y) — (¥, 7o (B) Eymu(A)Y) = 0.

Thus, for any convex combination S of 7¢,

(%, 7 (1S3 (A), BI)W)| =|(¥, mo(S3(A))7u(B)Y) — (v, 7o (B)m(S3(A)) ]

=|(m,(B*)Samu (A7)0, ) — (¢, (B)Sama (A)0)]

= |(m(B") By = S\) (A1, ) + (¢, 1, (A) (Sx — o) (B))]
(B")¢

< (B Sn)m (A )0l I+ 17 (A)(Sx = B 7 (Bl
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Finally, applying theorem 1.4.1, it follows that
inf T ([SA(A), B =0,
oSy (A), B
and hence, (2, w) is G-abelian. O

Theorem 1.4.2. Let A be a unital C*-algebra, G a group, g — T, a homomorphism from
G to the group of x-automorphisms of A and w € Eg a G-invariant state. Consider the
following:

(a) E, has rank one,
(b) wis G-ergodic, i.e., w € EY,
(c) {m,(A) UU,(G)} is irreducible on $,,.

It follows that (a) = (b) <= (c¢). Moreover, if (2, w) is G-abelian, then all three
conditions are equivalent.

Proof. (b) = (c). Suppose (c) is false. Then, as shown in the proof of proposition
1.2.6, there exists a self-adjoint 7" € {7, () U U,(G)}’ which is not a multiple of the
identity. Re-scaling 7" by some positive constant, it can be assumed that ||7']|,, < 1. By
proposition 1.2.9, the positive linear functional

pr(A) = (S, T, (A)L)

is majorized by w, and since 7" is not a multiple of the identity, the uniqueness of pr
assures that pp # Mw for any 0 < X\ < 1. Hence, w ¢ &y, and to prove that w ¢ £Y, it
suffices to show that pr is G-invariant. For any g € G and A € 2,

(Qu, T (A)) — (U, TU (AU, 2,)

(Q, UyTr,(A)2) — (0, TU,m,(A)Q,)
(Q, [T, Ugm,(A)S2,) = 0.

pr(A) — pr(74(A))

Thus, pr is G-invariant and w ¢ £S.

(¢c) = (b). Now suppose (b) is false. Then there exists a G-invariant positive
pr € A7 such that pr < w, where pr # Aw for any 0 < A < 1. By proposition 1.2.9,

pr(A) = (Wo, T (A)SL,)

for some 1" € m,,(2()’, where T is not a multiple of the identity and ||T||,, < 1. From the
G-invariance of pr, it follows that, for any A € 2l and any g € G,

pr(A*A) = pr(7y(A"A)) =(we, T (A" A)L,) — (wo, T, (74(AA)) )
(T (A), Ty, (A) Q) — (o (Tg<A>>Wwa Tﬂw(Tg(A))QW)
(Mo (A)Q, [T — U,TU, iy (A)S2,) = 0,
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and from the ciclicity of €, it follows that ' — U,TU, ' = 0 = TU, = U,T. Hence,
T e {m,(A) U U,(G)} and {m,(A) U U,(G)} is not irreducible.

(a) = (c). Suppose {m,(A) UU,(G)} is not irreducible. Then, by corollary 1.2.3,
{m,(A) U U,(G)}" is irreducible. Since {m,(2A) U U,(G)}" is a self-adjoint algebra,
from proposition 1.2.6 it follows that there is a nonzero ¢ € $) which is not cyclic for
{m,(A) UU,(G)}". By the cyclicity of €2, there exists some A € 2 such that

| (0, T (A) )| = [(Eom (A)1h, Q)| > € = Eumy(A") # 0.

If E,m,(A%)Y = AQ, for some A € C, then ¢ would be cyclic for {m, () U U,(G)}"
since {7, (A) UU,(G)} C {m,(A)UU,(G)}" and, by theorem 1.4.1, it is not hard to see
that E,, € {m,(2) U U,(G)}". Therefore, £, must have rank at least two.

(¢) = (a). Now assume further that (2, w) is G-abelian. The idea of the proof is
to show that on the Hilbert subspace £, ),

(B,mo(Q)E,) = E,{m.(A) UU,(G)YE,. (1.41)

Assuming eq. 1.41 holds, then since {m, () U U,(G)} is irreducible, (E, 7, (A)E,)" =
CE,, and by proposition 1.4.8, the G-abelianness of (2, w) implies

Euro(A)E, C (E,r,(A)E,) = CE,.

Hence, for any A € 2, E 7, (A)E,Q, = Aaf), for some A4 € C and from the cyclicity
of €, it follows that £, can only have rank one. The inclusion £, {,(2)UU,(G)} E, C
(Eumu(A)E,) is not hard to see: for A € {m,(2) UU,(G)}, by theorem 1.4.1 A also
commutes with F,,, and for any B € 7, ()

E,AE,E,BE, = E,ABE, = E,BAE, = E,BE E AE,,.

Hence, £, {m,() UU,(G)}E, C (E,m,(A)E,). Now, to prove the converse, take
T € (Eym,(A)E,), considering T as an operator in E,$. Since (E,7,(2A)E,) is a
unital C*-sub-algebra of £(FE,$)), and by proposition 1.2.5 any element of a C*-algebra
is a linear combination of unitary elements, it suffices to consider only the case where T’
is unitary. Now, note that for any A € 2,

|7 (A)TQ || =(7u(A)TQ, 1 (A)TQ,) = (B, (A*A)E, T, TQ,)
=(TE,m,(A"A)E,Q,,TQ,) = (E,m,(A"A)EQ,, Q)
= |Im (A)WlI”.
Hence, the linear mapping 7,,(A), = m,(A)TQ,, from D, = {m,(A)Q; A € A} to

£, is isometric, and extends uniquely to a bounded linear operator S on ®,, = §). For any
A, B € $, S satisfies

ST, (B)m,(A)Q, =S7,(BA)Q, = m,(BA)TQ, = m,(B)m,(A)TQ,
=7,(B)Sm,(A)L,
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and, for any U, € U,(G),

SU T (A) Sy =570 (14(A)) Q= T (14(A)) T, = Ugmu (AU, T,
=Uymo(A)U, ' E, Ty = Uyrry(A)TQ = Uy Sty (A) Q.

Therefore, by the cyclicity of €2, it is not hard to see that S € {7, () U U,(G)}. More-
over, for any ¢ € E_ 9,

E,S¢ =E,S lim my(A,)Qw = B,y lim m,(A,)TQ = lim E,my(A,) BT,
n—oo

n—oo n—oo
= lim TE, 7, (A,)E,Q, = TE, lim 7,(A,)Q, = T.
n—oo n—oo
Hence, on E,9), T = E,SE, € E {r,(A) VU, (G} E,. O

Proposition 1.4.9. Let 2 be a unital C*-algebra, G a group, g — 7, a homomorphism
from G to the group of *-automorphisms of 2| and w € E§ a G-invariant state. The
following are equivalent:

(a) E, has rank one,

(b) For all B € 2 there exists a net { B, } in Co(1¢(B)) satisfying

lim |w(A7y(B,)) —w(A)w(B)| =0 forall A€ Aand g € G,
where the convergence is uniform in g,

(c)
inf  |w(AB') —w(A)w(B)|=0 forall A,B € .

B’eCo(rg(B))

Proof. (a) == (b). Given any A, B € 2l and any € > 0, let {Sxa}acs be a net of
convex combinations Syo = >, A{'Tge, where the respective net {Sa }acr of convex
combinations Sya = > | AU, g in terms of the U s converges to E, strongly. Note that,

if £, has rank one, then for any ¢ € 9,

Eww = (Qwa w)Qw

Hence,

(s 70 (A)20) (R, T (B) ) =(Quy 7o (A) (s 7o (B) L))

(Q, T (A) B (B)).

Let j € I be such that

|(Sxe — E)mo(B)QW|| < for all o > .

7 (A
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Then, for any o > j and any g € G, one has

|w(ATy(Sxe(B))) — w(A)w(B)| =|(Q, T (A)UySram,(B))
— (s 1o (A)$20) (Qu, T (B) )|
=[Qu, 7 (A) Uy (Sx = E)mo( B)L))|
< ma(A(Sx = Bo)ma( B) Q|| < e

(b) = (c). This is obvious by taking g as the identity element of G.

(¢) = (a). Givenany A, B € 2 and any € > 0, let S, be as before and let S, be
another convex combination of 75 such that

w(SN(B)S,(A)) —w(SK(B))w(A")| <€, where S| = Z ATy, S, = Z/LTgi—l-
i=1

=1

Since (b) is true, such S, exists. Then,

| (R, T (A) Bumy (B) Q) — (R, T (A) Q) (R, T (B) )| =
Qs S (A) By (B) ) = (o, Tu(A)2) (R, S (B))| =
| (€20, 7o (S5 (A)) Eosmrs (B)S k) = (Qus, T (S (A) )0 (53 (B)) €

+ (o, 70 (5 (A)) 70 (SA(B)) ) — (R, T (A)S0) (R, T (SA(B))$2) | <
[(Q T (S(A)) (Bo = S3)Tu (B)2)| + (S, (A)SA(B)) — w(A)w(Sr(B))| <
I (B = S3)7u (B) || + |w(S5(B)Si(A)) = w(Si(B))w(AT)] < 2e.

Since e is arbitrary, it follows that

(o, T (A)Eymy(B)Q) = (Qu, 7o (A)Q) (2, 70 (B)S,,) forall A, B € A —
|(70 (A, Eumo(B)Q)| = [(Q, 0 (A) Q) (R, o (B)L,) | forall A, B € A. (1.42)

If £, has rank more than one, let ¢ € F,$), be such that |[¢)| = 1 and (€2,,¢) = 0.
Since €2, is cyclic for 7, (), choose A € 2 such that ||, (A)Q, — ¥| < € for some
€ > 0. Then, one has

(7 (A) Q) By (A)Q0)| =|(Eumo(A) Qs Eumo(A))]
= Eomu(A)L]| 2 [[¢]] — [ Bw(mu(A)h — )| > 1 —€

and
| (s T (A)20)] = [(Quy T (A) Q0 — ¥ + )| = (|1 (A — Y| <.

For € small enough, clearly eq. 1.42 is not satisfied. Hence, £, must have rank one. [
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Some of the symmetries that will be explored in the models analyzed here (transla-
tional and permutation symmetries) are described by groups that have the property of
being amenable. The amenability of a group is related to a certain invariance property
of its measures (or, equivalently, means in the countable case). The main property of
amenable groups that will be explored here is the existence of what is called a Fglner
sequence, which allows one to find an explicit sequence of the convex combinations of
U,s that converges to F,, thus improving the result of theorem 1.4.1 (which only shows
the existence of such sequence) for this class of groups. Here the discussion is restricted
to only countable amenable groups, however the results may also be extended to the un-
countable case.

Definition 1.4.7. Let GG be a countable group and [*°((G) the Banach space of all bounded
real functions on GG with the supremum norm. For any g € G, the left-translation of g is
a mapping 7, : [*°(G) — [*°(G) given by

7o(f)(@) = fg~ x).

Definition 1.4.8. Let G be a countable set. A finite mean on G is a non-negative function
f1 € I°°(G) of finite support such that » . u(g) = 1.

The next proposition is central to the study of the so-called amenable groups. It will
not be proven here, but its proof can be found in ([6], chapter four).

Proposition 1.4.10. Let G be a countable group. The following are equivalent:

(a) There exists a non-negative linear functional \ : 1°°(G) — R with A\(1) = 1 such
that X(7,(f)) = A(f) forall g € G,

(b) for any finite set S € G, and any € > 0, there exists a finite mean [ such that
D = 7u(w)(g)] < eforalls € 8,
geG

(c) there exists a sequence {®,,} of non-empty finite subsets of G such that

D, ) AP
1 [0:2)AD,|

n—00 |CI)n|

where g.0,, = {g¢; ¢ € ©,,} and AAB denotes (A\ B)U (B \ A).

=0 forall g € G,

Definition 1.4.9. Let GG be a countable group. If G satisfies one (and hence all) of the
properties in the above proposition, G is said to be amenable. Moreover, if a sequence
{®,} of non-empty subsets of G satisfies property (c) of the above proposition, {®,,} is
said to be a Fglner sequence of G.

Proposition 1.4.11. Let $) be a Hilbert space, G be an amenable group, Us = {U, | g €
G} C £(9) a unitary representation of G, {®,} a Fplner sequence of G and E the
orthogonal projection of the subspace

{v e H;Up = forallU, € Ug}.
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Then, for all ) € $,

i gy X = v

ged,

Proof. First note that since U, = U, ' = Uy, E = E*, and, by definition, U, E = E for
all g € G, it s easy to see that EU, = (U, 1E) E for all ¢ € G. Note also that, for
any two sets A, B, (A\ B) N (B \ A) = @, and hence |[AAB| = |(A\ B)U(B\ A)| =
|(A\ B)|+|(B\ A)|. Moreover, since |A\ B| = |A| —|AN B| and clearly |g.®,| = |®,,/,

(0.0 0, = [0, (9.0,)] = L]

Let ¢ € $. By theorem 1.4.1, there exists a convex combination Sy = Z?:l iUy, such
that

€
S\ — Egvp|| < 3 (1.43)
Since {®,, } is a Fglner sequence, let N € N be such that

1(g.9,)AD,,| _ €
D, | 41yl

For all n > N, it follows that

foralln > N andall g € G.

‘| |(Zw UZM)H o Zth—ZUgohw‘
®y hed hed, hed, hed,
1
. U= ) th‘
" hed, heg.®n
1
=] Yoo U+ ) U
"I hedn\(g.®0) hE®,N(g.Pn)
-1 > U+ D U H
hed,\g.Bp heg.®nNd.,
1
=@‘ doUw— D> U
M hed,\(g.®0) he(g.®n)\Pn

<%, |(|f1> \ (- @n)| + 1(9-Pn) \ P[]

:’(g-q)n)A(I)n‘

g Ivl<3 (1.44)
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Hence, eq.s 1.43 and 1.44 imply, for all n > N,

‘ > Uwp— Ev|| = (Z Unth— D UnSato+ ) Uhsw) — B
hed, @0 hedn hed, hed,
k
:' Z ( U Uy Y th>
i=1 he®, he®y
T 2 O | <5y =

]

Proposition 1.4.12. Let A be a unital C*-algebra, G a discrete amenable group acting
as *-automorphisms T of A, {®,,} a Fplner sequence of G, w € E§ a G-invariant state
and assume that (2, w) is G-abelian. Then, the following are equivalent:

(a) we &S,

(b) Forany A € 2,

1
lw(A)] = lim w(A}, As,), where Ag, = Z T4(A).

n—oo ‘(I)n’

Proof. Let (9, m,,¢),) be a cyclic representation of 2 associated with w and {®,} a
Fglner sequence of G. First, note that for any A € 2 and any n € N,

ZUﬂ'w

g€¢n

2

w(A, As,) = [|I7u(As, )Qul|* =

| (I)

Hence, by proposition 1.4.11 it follows that for any A € 2,

lim w(A} As,) = || Euma(A)Q]%.

Moreover, by the Cauchy-Schwarz inequality, for any A € 2,

‘W(A>P::K§hnﬂ@<A)QW)F::|(QwaEL7w<A>QwN2
§||Ew7rw(A)Qw||2 = lim w(AfI)nAcpn),

where the equality is valid if and only if E,m,(A)Q, € C.£,. Assuming (a) is true, by
theorem 1.4.2, E,, has rank one, since (2, w) is G-abelian. Hence, F, 7, (A)Q), € C.Q,
for all A € 2 and therefore (b) holds. If (a) is false, then E,, has rank at least two, and by
the cyclicity of 2, there exists some A € 2 such that E,m,,(A)Q, ¢ C.Q,. Hence, (b) is
false. O]
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1.5 The CAR algebra

In the so-called second quantization formalism of quantum statistical mechanics, the
Hilbert space of a fermionic system is given by the fermionic Fock space §_(f), con-
structed from the respective one-particle Hilbert space b, as already discussed in the in-
troduction. The algebra of observables, in turn, is generated by the creation and annihi-
lation operators a*(f), a(f), acting on F_(h), which satisfy, for all f € b, the Canonical
Anti-commutation Relations (CARs)

{a(f),a(g)} = {a*(f),a"(9)} =0, f,g€b
{a(f),a*(9)} = (f, 9)1, (1.45)

where {A, B} = AB + BA. In order to go beyond the usual Fock space formalism, the
C*-algebraic approach starts by defining the algebra of observables as an abstract C*-
algebra generated by elements {a(f) | f € b} satisfying the CARs. Indeed, the existence
of such C*-algebra follows from the existence of the annihilation and creation operators
acting on §_ (), and its uniqueness will be proven in the next theorem. In this way, when
the one-particle Hilbert space b is finite-dimensional, the C*-algebra formalism and the
Fock space formalism are equivalent, since in this case any irreducible representation of
the algebra is equivalent to the Fock space representation. However, when b is infinite-
dimensional, then the representation of the algebra acting on the fermionic Fock space
§_(Bh) is only one of infinitely many inequivalent irreducible representations of the C*-
algebra.

Theorem 1.5.1. Let ) be a separable Hilbert space and let U;,i = 1,2, be two C*-
algebras generated by the identity 1 and the elements {a;(f) | f € b}, satisfying for all
frg€bhandi=1,2,

(a) f— a;(f) is antilinear,
(b) {ai(f),ai(9)} =0,
(¢) {ai(f),ai(9)} = (f, 9)1.

Then, there exists a unique *-isomorphism o : Ay — 2y such that

alai(f)) = ax(f) forall f €.

Furthermore,

L la(H)I = [If]l for all f € b,

2. ifbhis n dimensional, where n < 400, then A(h) is isomorphic with the C*-algebra
of 2" x 2" complex matrices,

3. 2(b) is separable.
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Proof. 1. From the C*-property, one has

la(HI* = lla*(Ha(HI* = [l (Ha(H))*]
Since, from (b), a(f)a(f) = 0, one can write (a*(f)a(f))? as

(a*(Ha(f)?* = a(f){alf).a*(N)}alf) = (f, Ha*(FHalf) = | fII*a"(f)a(f)-

la(HI* = ILAIPa (HalHI = I1£ 1 la(H)]?
If f =0, then a(f) = 0 by (a), and hence ||a(f)|| = || f| = 0. If f # 0, then a(f) # 0
by (¢). Therefore, ||a(f)|| # 0 and the above equation implies ||a(f)|| = || f||-

2. Assume that b is finite dimensional, and let { f1, ..., f,,} be an orthonormal basis for
h. Fork =1,...,n, define

egli) = a(fx)a*(fr) 6%) = Vi—1a(fr)
e = Vi 1a*(fr) esy = a*(f)a(fi), (1.46)
where
k k
Vi = [ [(alf)a™ (i) = a*(f)a(£)) = [[(@ = 20" (f)a(£))-
=1 =1

Note that, for any f € b,

(1 = 2a"(f)a(f)(A = 2a"(f)a(f)) =1 — 4a*(f)a(f) + 4a*(f)a(f)a"(f)a(f)
=1 —4a*(f)a(f) +4a*(f)a(f)(1 = a(f)"a([))
=1.

Hence, the elements defined in eq. 1.46 generate the same algebra as the a(f), since for
anyk=1,...,n

k—1 k k
(H<e§’i”—e§’;”>) ety =] - 20" (fe-r)a(fi0) [ @ — 20" (f)a(f))al fi)
=1 =1 =1

=a(fr).

Moreover, using the CARs, it is not hard to see that each family {611 ,612 ,621 622)}
satisfies

) (B _ 5 (k)

61] Clm = 95iCim -
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Thus, one may construct an isomorphism between the algebra 91, generated by e, =
{eﬁ), eg?, egi), eg;)} and the algebra of 2 x 2 complex matrices, by the map 7 : M, —

Ms5(C) defined by

el = (5 o) et = (§ 3).
n(efy) = (f 8)7 (el = (8 ?).

Furthermore, since the members of different families commute; that is

)= e

k#g = e
it follows that the algebra 2(h) which is (as mentioned above) generated by FE, =
Up_, ek, is isomorphic to the tensor product Msyo(C)®", which in turn is isomorphic
to Manyon(C). This establishes property 2 of the theorem and also the existence of the
*-isomorphism « when b is finite dimensional. When b is infinite dimensional but sepa-
rable, let {f1,..., fn, fut1, ... } be an orthonormal basis for ). For each n € N, let b,, be

the Hilbert space with base {f1,. .., f,}, and let 2y(h) be the *-algebra given by

Ao(h) = [ A(hn).

Note that for any n € N, the C*-sub-algebras (h,,) are *-isomorphic to Manyon (C).
Hence, 2,(h) is *-isomorphic to the direct limit of the C*-algebras Man,on(C), that
shall be denoted by Msxy2=(C). Since Moxyo(C) is the direct limit of separable
C*-algebras, it follows that Max 9 (C) is also separable and its elements satisfy the
C*-norm property. Moreover, by the continuity and linearity of f +— a(f), it is easy
to see that a(f) € Ao(h) for all f € b, and consequently 2Ay(h) = A(h). Therefore,
the *-isomorphism between 2y(h) and Ma 2 (C) can be extended to a *-isomorphism
between 2((h) and the C*-algebra My« 2 (C). This establishes the existence of the *-
isomorphism when b is infinite dimensional and the separability of 24(h).

To show that such « is unique, let oy, as be two *-isomorphisms from 2, to 2, such
that

aia(ai(f)) = a2(f) forall f € b.

Then, the *-isomorphism [ : 2, — 2A5 given by § = «a — s satisfies

Blar(f)) =0 forall f € b.

This implies that § = 0 in the *-algebra of polynomials of {a;(f),ai(f) | f € b}, and
since 2l is the closure of such algebra, the continuity of 5 (see proposition 1.2.1) implies
that 5 = 0 on %4, i.e., a1 = Qa.

O

Definition 1.5.1. Let h be a Hilbert space. The C*-algebra 2 generated by elements
{a(f) | f € b} satisfying
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(a) f— a(f) is antilinear,
(b) {ai(f), alg)} =0,
© {ai(f),a*(9)} = (f,9)1,

is called the CAR algebra of by.
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Chapter 2

Catastrophe Theory

This chapter presents a mathematical tool required for the analysis of the thermodynamics
of the model studied in this thesis. The tool presented here is an adaptation of the so-
called catastrophe theory, a mathematical theory that allows one to study the bifurcations
of critical points in a parametric family of functions. To give a more clear picture of the
idea behind the theory, let f : R" — R be a smooth function, and F' : R"*" — R another
smooth function such that F'(x,0,...,0) = f(x), x € R". F is to be seen as a family
of functions F,(z) = F(x,u), depending on the parameters u € R". Suppose that 0
is a degenerate critical point of f (i.e., Vf(0) = 0 and the hessian of f is singular at
0), then catastrophe theory tries to answer whether this critical point in Fy(x) bifurcates
into other critical points of F,(z), for u small, and how they behave. One of the most
important results of catastrophe theory is the so-called Thom’s Theorem; it states that, if
r < 5 and F'is transversal (a property that will be defined later), then, in a neighborhood
of 0 € R™™", F is equivalent (via some suitable diffeomorphisms) to one of the eleven
elementary catastrophes, which are polynomial functions, and therefore the behavior of
their critical points can be easily analyzed and extended to the critical points of F'.

One of the uses of catastrophe theory in this thesis will be to show that a specific
family of one variable functions (intimately related to the pressure of the physical system)
is equivalent to a certain elementary polynomial, and conclude from this that, for a specific
choice of parameters (which are related to the strength of the interactions considered in
the model) the corresponding function has two minima, where each one is related to a
different thermodynamic phase of the system. However, due to the parity symmetry of
the specific family of functions of interest, it fails to fit in the usual formalism of the
theory. Therefore, in this chapter it is derived a version of the theory in order to include
the elementary catastrophes of families of functions with parity symmetry. This will be
done only for families of one variable functions (which is the case of our function of
interest), since the generalization for families of functions with an arbitrary number of
variables adds a lot more technical difficulties.

Another important result of catastrophe theory that will be explored in this thesis is
the fact that some transversal families F' are “stable”, i.e., F' + p is equivalent to F' when
p is “small” (in a suitable topology). This will be important to show that when a kinetic
term is added into the model, the phase diagram still remains qualitatively unchanged,
provided that the hopping term is small. Some good references for an introduction to the
more general formalism of catastrophe theory are [5] and [13].
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2.1 Basic definitions

The results obtained in catastrophe theory are only local, i.e., they are valid only in a
neighborhood of the degenerate critical point. Therefore, for the development of the
theory it is more convenient to deal with a certain equivalence class of functions, called
germs:

Definition 2.1.1. Let X, Y be two topological spaces and C' C F'(X,Y’), where F/(X,Y)
is the space of all continuous functions from X to Y. For any x € X, there is an equiva-
lence relation ~, on C, where f ~, g if and only if f and g agree in some neighborhood
of x. The equivalence class of f under the equivalence relation ~,, is called the germ of f
atx.

Throughout the text, the topological spaces X, Y will always be open subsets of R”,
for some n € N, and C' will always denote the space of infinitely differentiable functions.
From now on, any ”germ” mentioned in the text is to be considered as a germ at 0, unless
stated otherwise. Moreover, to keep the notation simpler, there will be no distinction
between a germ and its representative if there is no room for ambiguity.

Definition 2.1.2. Let C*°(U, R?) be the space of all infinitely differentiable functions from
U C R to RP, where U is a neighborhood of 0. The set of all germs (at 0) of functions in
C> (U, RP) will be denoted by €(n, p), the subset of all germs of functions that are even
(odd) on U will be denoted by €., (n,p) C €(n,p). Moreover, the subset of all germs
whose k — 1 first derivatives vanish at 0 will be denoted by m*(n,p) C €(n, p) , and the
sets €.(0)(n, p) N mF(n,p) by m’e“(o)(n, p). To simplify the notation, denote m!(n,p) (or
mi(o) (n,p)) by simply m(n,p) (or meo)(n,p)). Also, denote €(n, 1) (or .o (n,1)) by
€(n) (or ec(o)(n)), and m*(n, 1) (or m¥, (n, 1)) by m*(n) (or m, (n)), respectively.

Definition 2.1.3. A germ f € €(n, n) is said to be a germ diffeomorphism if f(0) = 0 and
f is the germ of a local diffeomorphism at 0. (i.e., if f € m(n,n) and df (0) # 0.)

Note that €(n) (e.(0)(n)) is a vector space and also an abelian ring (except for ¢,(n)).
Hence, the following notation introduced here will be useful later on.

Definition 2.1.4. Let ay, as, . . ., a, be elements of an abelian ring B. the ideal generated
by {a1,...,a,} will be denoted by (ay,...,a,)5. If a1, aq,...,a, are elements of a K-
vector space, the K-linear span of {ay, as, ..., a,} will be denoted by (ay, as, ..., a,) k.

Proposition 2.1.1. Foranyn € N, ¢(n) = €.(n) ® €,(n).

Proof. Let f € €(n). f can always be decomposed as

f(z) = fe(z) + fo(x), where f.(z)= (M) € e.(n)

N e

Suppose that f(z) = fe(z) + fo(x) is another decomposition of f in terms of even and
odd germs. Then, one has



CHAPTER 2. CATASTROPHE THEORY 67

fe(@) = fe(z) = fo(z) = fol@).
But the left side is even and the right side is odd. Hence, fc(o) — fer() must be even and
odd germs. However, this implies

(fe(O’) - fe’(O))(x) = (fe(o’) - fe’(0)>(_x) = _(fe(O’) - fe’(O))<x)>
and hence, (fe(or) — fer(0))(x) = 0.

2.2 One variable germs

As already stated in the beginning of the chapter, the development and the application of
catastrophe theory in this thesis will be restricted to the case of families of one variable
germs. This section focuses on the study of this class of germs, in order to derive prop-
erties and definitions that will be useful later on. One of the main tools to analyze one
variable germs is Taylor’s theorem, since most of the important results follows from it:

Theorem 2.2.1 (Taylor’s theorem). Let f € €(1). Then, for every k € N, there exists a
germ g € €(1) such that

k—1
@)= 50+ Lo o2 e g,
dk
where g(0) —% dj;(ko)

The next lemma, a well-known result of single-variable calculus, leads to a useful
corollary of Taylor’s Theorem when the germ has a parity symmetry:

Lemma 2.2.1. If f € €.(,)(1), then % = 0 for all odd (even) k.

Corollary 2.2.1. If f € €.(1), then, for every k € N, there exists a germ g € €.(1) such
that

d*f(0 1 d?*r(0

fle) =10+ d];(z)x2+"'+(2(k_1>)! dx2(k{1())m2(k_l)+g(x)x2k’
1 d*f(0

where g(O) :ww(k),

and if f € €,(1), then, for every k € N, there exists a germ g € €.(1) such that

df (0 1 d3f(0 1 d®*=1£(0
J(w) = {z(x)“" 3l d];(?’ Lat 2k — 1) dg;zzi(l a1 4 gy,
where ¢(0) = L&)

2k + 1) da2+1
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Proof. This follows directly from the application of lemma 2.2.1 and Taylor’s theorem of
even and odd germs. [

Definition 2.2.1. Let f € ¢(1). Denote by j* f the germ in €(1) of the function

. ) df (0) 1 d*f(0)
k p— — .« e . — k
3" f(x) = f(0) + dr T+ k! dxkx'
That is, j* f is the germ of the truncated Taylor expansion of f up to order k. j* f is also

called the k— jet of f.

Definition 2.2.2. Let f,g € ¢(1). f and g are said to be equivalent if there exists a germ
diffeomorphism ¢ € m(1) such that f = g o ¢.

Proposition 2.2.1. Let f,g € €.(1) or f,g € €,(1) be two equivalent germs. Then, the
germ diffeomorphism ¢ € m(1) such that f = g o ¢ can be chosen to be odd.

Proof. Let ¢ € m(1) be a germ diffeomorphism such that f = g o ¢. Define the germ
diffeomorphism ¢ given by

7 _ ¢($), if z Z 07
¢lz) = {—¢(—x), if 2 < 0.

It is not hard to see that ¢ € m,(1) and that f = g o ¢ = g o ¢, since f and g are either
even or odd.
O

The next definition is of fundamental importance for the development of catastrophe
theory:

Definition 2.2.3. Let f € m(1). The determinacy of f, denoted by o(f), is the smallest
integer k for which f is equivalent to j* f, when it exists. If f is not equivalent to j* for
any k € R, then define o(f) = oc.

Theorem 2.2.2. Let f € €(1) be such that

df (0) d*~1f(0) d* f(0)
0)=——==—-—-=0 d ————#0.
J(0) dx dxk—1 o dxk 7
Then, f is equivalent to z* if k is odd, or to +x* if k is even, where in the latter case the

sign is that of %.

Proof. By Taylor’s theorem, it follows that

f(x) = a*g(x),
where g € €(1) and g(0) = 4*/(0) £ 0. Now, assume that k is odd. Then, g(z)* well-

dxk

defined and smooth (in a suitable neighborhood of 0). Define ¢ € ¢(1) by

$(x) = wg(w)k.

Note that ¢(0) = 0 and 40 — g(0 E # 0. Thus, ¢ is a germ diffeomorphism in m(1).
dx
Moreover, note also that
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Hence, (f o ¢~ 1)(x) = 2.
If k is even, g(z)* may not exist in R if g(0) turns out to be negative. Hence, define

¢(x) = xlg(x)[*.
As in the previous case, ¢(0) = 0, and ¢ is smooth, since |g(z)|* well-defined and smooth

in some suitable neighborhood of 0. Moreover, %&0) — |g(0)|% # 0, and thus ¢ is also a
germ diffeomorphism. However, now one has

flw) = £(6(x))",

where the plus sign is for when ¢g(0) > 0 and the minus sign is for when g(0) < 0.
Therefore, it follows that

EopdO <
o —1 1) = T ) 1 dak )
(fod™)e) {—xk, if 1O g
0
Corollary 2.2.2. Let f € m(1) be such that
_df0) __d0) d* f(0)

Then, o(f) = k.

Proof. By theorem 2.2.2, both f and j*f are equivalent to either 2* or —z*, and hence
they are equivalent to each other. For any k' < k, j* f will be zero, and hence it will not
be equivalent to f. ]

Theorem 2.2.2 and corollary 2.2.2 are the main results of this section. Note that they
provide a straightforward way to find the determinacy of a one variable germ, as well as an
equivalent polynomial of such germ. Their generalizations to several variables, however,
are not trivial, and this is one of the reasons for restricting the theory only to the case of
one variable germs.

The next set propositions will be relevant in a future section, for the discussion of the
transversality of a family of germs.

Proposition 2.2.2. Let f € meo)(1). If o(f) < 00, then o(f) is even (odd).
Proof. This proposition trivially follows from lemma 2.2.1 and corollary 2.2.2. [
Lemma 2.2.2. f € m*(1) ifand only if f(x) = g(x)x* for some g € €(1).

Proof. If f € m*(1), then by Taylor’s theorem f(z) = g(x)z* for some g € €(1). Now
let f(z) = g(z)z*. If k = 1, the lemma is trivial. Suppose k > 1. Then,

g(z)a* = (g(z)z" )z = U(z)z,
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where [(x) = g(z)2"~!. Assuming the lemma is true for k — 1, it follows that % = 0.

But the (k — 1)-th derivative of g(x)z* at 0 is given by

d*(g(x)z") d*(x) d*21(0)
_— = _— k'— 1 = U.
drF 1|, (x doh—1 ) 0+( ) gz =V
Hence, g(x)z® € m*(1). O

Proposition 2.2.3. Let f € m(1) with o(f) < co. Then, fe(1) = m°)(1).

Proof. Let k = o(f). By Taylor’s Theorem it follows that

f(z) = h(z)a",
where h(z) € €(1) and h(0) # 0. Hence, for any s € €(1),

f(@)s(x) = hx)s(z)2* = 5(x)a",
where §(x) € €(1), and by lemma 2.2.2, f(x)s(x) € m*(1). Now, let g € m"(1). Then,
g(z) = h(x)z* for some h € e(1). But since h(0) # 0, as said before, the germ + is
well-defined, and hence it follows that

g(@) = D h(a)at = DD f(a) € fe(1).

Corollary 2.2.3. Let f € m,(1) with o(f) < cc. Then, fe,(1) = mg(f)+1(1).

Proof. Let g € fe,(1) and k = o(f). Note that since f € m,(1), k is odd and ¢ is even.
By proposition 2.2.3, g € m*(1), and hence, by lemma 2.2.2, g(z) = h(z)z*. But for
g to be even, h must be odd, since x* is odd for odd k. Therefore, from corollary 2.2.1,
h(z) = s(x)x, where s € €.(1). Hence,

g(z) = s(z)xa® = s(x)a" € mET(1).

Now let g € m**1(1). Then, by proposition 2.2.3, g(x) = f(x)h(x) for some h €

e

€(1). But since g is even and f is odd, h must be odd, and thus g € fe,(1). O

Proposition 2.2.4. For k even, ¢,(1)/mF(1) = (1,2%,..., 25 )

k:—2>

Proof. Clearly any nonzero f € (1,2%,... 2% 2)g is in €.(1) but not in m*(1). Now, let

f € €.(1). Then, by corollary 2.2.1,

f0) , 1 d*2f(0)

f(z) = f(0)+ o +- 4 = 2) dut— 2*7% 4 g(x)z®, where
d*f(0 1 d"2f(0) ,_ ~
f(0) + %ZI;Q_}‘"'_’_ = 1) dxk—(2 )xk e (1,2%...,2"?)g and

g(x)z* € m¢(1).
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2.3 Unfoldings

In catastrophe theory, the parametric families of germs recieve the name of unfoldings.
This section presents some basic definitions and results about them.

Definition 2.3.1. Given a germ f € e(n), an r-parameter unfolding of f is a germ F' €
é(n + r) such that F'(z,0) = f(x). The unfolding is said to be even (odd) if ©
F(z,u) € €.(n) for all u in some neighborhood of 0 € R". The space of all r-unfoldings
will be detoned by U(n, ), and the space of all even (odd) r-unfoldings will be denoted
by Ue(o) (1, 7).

Proposition 2.3.1. U(n,r) = U.(n,r) & Uy(n, ).
Proof. Any F' € U(n,r) can be decomposed as

F(z,u)+ F(—z,u)
2

F(z,u) = F.(z,u) + F,(x,u), where F.(x,u)= ( ) € Ue(n,r)

F(z,u) — F(—x,u)
2

and F,(z,u) = ( ) € Up(n, 1)

By proposition 2.1.1, it follows that for each u, the above decomposition is unique. Hence,
U(n,r) =U(n,T) DU, (n,T).
O

Remark: To be more consistent with the references mentioned in the text, in most part
of the propositions here, the germ f(z) = F(z,0) of an unfolding F'(z,u) € U(n,r) will
usually be in m(n).

Definition 2.3.2. Let F' be an r-unfolding of f € m(n) and G a d-unfolding of g € m(n).
G is said to be induced from I if there exists:

(a) agerm ¢ € m(n + d,n), where ¢o(z) = ¢(z,0) is a germ diffeomorphism,
(b) agerm ¢ € m(d,r), and
(c) agerm~y € m(d),

such that

G(z,u) = F(o(x, u), (u)) +7(u).

Moreover, if d = r and 1 is a germ diffeomorphism, then F' and G are said to be equiva-
lent.

Note that for any germ ¢ € m(n+d,n), if ¢o(z) = ¢(x,0) is a germ diffeomorphism,
then in a suitable neighborhood of 0 € R?, the functions ¢, (z) = ¢(x,u) are also dif-
feomorphisms. Note also that, defining G, (z) = G(x,u), F,(z) = F(x,u), v, = v(u),
and assuming G is equivalent to F', then for v small there is a one-to-one correspondence
between the members G, of the unfolding GG and the members Fy,, of the unfolding F'.
Moreover, for a fixed u, one has
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If ¢, is a diffeomorphism, then by differentiating eq. 2.1, it is easy to see that any critical
point of G, must match another critical point of Fy,), and vice-versa. Hence, one may
study the critical points of the members G, of the unfolding GG by looking at the critical
points of the functions in the unfolding F'.

Proposition 2.3.2. Let F' be an even r-unfolding of f € m.(1), with o(f) < oo, and
G an even d-unfolding of g € m.(1), where G is induced from F. Then, the germ ¢ €
m(n + d,n) of definition 2.3.2 may be chosen such that, in a suitable neighborhood of
0 € RY, the germs of the functions ¢, (x) = ¢(x,u) are odd in z.

Proof. If o(f) = o(F(-,0)) < oo, then there exists some § > 0 such that F'(x,0) has
only one critical point in (—d, ), at = 0. Let € > 0 be such that for some neighborhood
Uof 0 € RY, ¢((—8,0) x U) C (—e¢, €), and suppose that for any neighborhood of 0 € R?
there is a point u such that ¢(0, ) # 0. In that case, by the symmetry of F' and G, ¢(0, )
must be a critical point of Fy, (). Let W C U be a neighborhood of 0 € R? such that for
all u € W, the critical points of Fy,)(x) are in (—¢, €). Since Fy () is even, the critical
points are equally distributed around 0 € (—¢, €). But if there is some u € W such that
#(0,@) # 0, then since ¢(0, @) is a critical point of Fyz)(z), the function Fyq)(da(z)))
will not be symmetric in (—d, §), since there will be a different number of critical points
to the right and to the left of ¢(0, #). Therefore, there exists a neighborhood V of 0 € R?
such that ¢(0, V') = 0. Now, define

~ ) oz, u), ifz >0,
oz u) = {—gzﬁ(—x?u), ifz <0.

Clearly ¢ satisfies the requirements of the proposition in a suitable neighborhood K C V'
of 0 € RY, O

Definition 2.3.3. Let F' be an r-unfolding of a germ f. If any other unfolding of f is
induced from F', F' is said to be versal. If, additionally, for any other versal d-unfolding
of f, one has d > r, then Fis said to be universal.

These are the usual definitions of versal and universal unfoldings that appear in catas-
trophe theory. However, when restricting the attention to only even unfoldings of a germ,
they become of little use since, for example, any f € m?(1), even unfoldings of f cannot
be versal. Therefore, a more suitable definition for even unfoldings is the following:

Definition 2.3.4. Let F' be an even r-unfolding of a germ f. If any other even unfolding
of f is induced from F', F' will be called e-versal. If, additionally, for any other e-versal
d-unfolding of f, one has d > r, then F' will be called e-universal.

Proposition 2.3.3. Let F, Iy, F5 be r1-, r9-, r3-unfoldings, respectively, such that F is
induced from Fy and F; is induced from F3. Then, F is induced from Fj.

Proof. Let ¢;, v; and ~;, i = 1, 2, be the corresponding germs of definition 2.3.2, satisfy-
ing, for u; € R™,
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Fi(w,uw;) = Fii(0i(w, wi)), ¥i(w)) +vilug), i=1,2.
Defining

¢3(w,u1) = ¢a(P1(z,ur),¥1(u1)),  ¥a(ur) = a(¢1(wr)), and
Y3(ur) = yi(u1) + (¢ (ur)),

it follows that ¢3, 103, v3 satisfy the conditions (a), (b) and (c), of definition 2.3.2, with
d = r; and r = r3. Moreover, one has

Fi(z,u) = F3(¢3(x, ua), 3(ur)) + v3(u).

Hence, F] is induced from F3. O]

Proposition 2.3.4. Let I, F5, I3 be r-unfoldings such that F is equivalent to F; and F;
equivalent to Fs. Then, Fy equivalent to Fs.

Proof. Defining ¢3, 13 and 3 as in proposition 2.3.3, then they satisfy the conditions
(a), (b) and (c), of definition 2.3.2 and, since 11,1y € m(1) are invertible, 13 will be
invertible in a suitable neighborhood of 0. Therefore, F} is equivalent to F3. [l

Proposition 2.3.5. Let F, G be two even unfoldings such that G is e-versal and G is
induced from F'. Then, F' is e-versal.

Proof. Let f be the germ that F' unfolds, and g be the germ that G unfolds. Moreover, let
@, 1,y be the germs of definition 2.3.2, satisfying

G, u) = F(o(, u), p(u) +7(u).

Note that g = f o ¢g, where ¢o(x) = ¢(z,0). Consider another arbitrary even unfolding
F of f. Then, the germ G(z,u) = F(¢o(z),u) is an even unfolding of ¢, and is clearly
equivalent to F. But since G is e-versal, G is induced from G, that is induced from F'.
Hence, by proposition 2.3.3, F' is induced from F, and thus F is e-versal. [

Lemma 2.3.1. Let f € U.(n,r) be such that, for some k < r, f satisfies

f(z,0,...,0,ugsq,. .., u) =0,

for all x € R™ in some neighborhood of 0 and all (upy1, ..., u,) € R"F in some neigh-
borhood of 0. Then, there exists germs g1, . . ., gx € Ue(n, 1) such that

[z, u) = Z u;gi (T, u).

Proof. Note that

1
d
flx,u) = / E(f(x,tul, ey U, Ugat, - ., Uy )dE
0

Computing the derivative on the right side of the equality, one has
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f(z,u) / w;dt
aul (z,tu e UL, U155 Ur)
= dt - u;
Z / auZ (z,0U1 e U U1 5y U
Foreach: =1,...,k, define
1o
0 OUil(gu,.. TUg U4 15000y Ur)

Since f € U.(n,r), it follows that g; € U.(n,r) foralli = 1,..., k, and hence, the lemma
follows. O

The following theorem, known as Mather division theorem, or also as Malgrange
preparation theorem, is of fundamental importance for the proof of the central theorem
in catastrophe theory regarding the equivalence of unfoldings, as it will be seen later in
the text. Despite its simple appearance, this theorem is very deep and there is no known
elementary way of proving it. Therefore, its proof is omitted here, but the reader may find
it at ([9], chapter four).

Theorem 2.3.1 (Mather division theorem). Let F' € U(1,r) be such that o(Fy) =
o(F(-,0)) =k < oco. Then,

UL, r) = FULr)+ Lz, ..., 2" Y,
where the functions on €(r) do not depend on .
Corollary 2.3.1. Let F' € U,(1,r) be such that o(F(-,0)) = 2k — 1 < oc. Then,

Z/{e(]wr) = FZ/{(,(]., T) + <17 132, cee 7I2k_2>5(7")‘

Proof. Applying Mather division theorem to /' and decomposing the right side into even
and odd parts in x, one has

UL, 1) =FU,(1,7) + (1,22, ... ,x2k_2>e(r)—|—
FU.(1,r) + (z, 3. ,3:2]‘7_1)6(”.
Thus, since U(1,r) = U.(1,7) & U,(1,r) by proposition 2.3.1, it follows that

U(1,7) = FU,(1,7) + (1,22, ... ,x2k*2>e(r).
O

Definition 2.3.5. Let /' € U(n,r). Denote by o;(F'), i = 1,...,r, the germs in €(n) of
the functions

OF(x,0)
8ui ’
Note that, for an even r-unfolding, since x +— F'(z,u) is even for all u in some

neighborhood of 0 € R", o;(F')(x) = aFa(x 9 s also even.

ai(F) () =
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2.4 'Transversality

The following sections contain the main results of catastrophe theory that will be used for
the analysis of the quantum system presented here, and all of them revolve around the con-
cept of transversality of an unfolding. In short, catastrophe theory says that the transver-
sal unfoldings — a special class of unfoldings — are all equivalent to certain polynomial
unfoldings, and that every transversal unfolding is universal, and vice-versa. Moreover, it
also says that the transversal unfoldings are stable, a very important concept that will be
precisely defined in the next section. In this thesis, similar results are obtained regarding
the even unfoldings.

Definition 2.4.1. Let f € m(1) and F’ be an r-unfolding of f. F is said to be transversal
if
df
—€
dx
Similar to the definitions of versal and universal unfoldings, this definition of transver-

sality needs to be adapted when dealing only with even unfoldings. The following defini-
tion is more suitable for that purpose:

(1) + (1, a1(F),...,00(F))r = €(1)

Definition 2.4.2. Let f € m.(1) and F be an even r-unfolding of f. F will be called
e-transversal if
df
dz
The goal now is to find an equivalent, but more useful, condition for the e-tranversality
of an unfolding as defined above.

(1) + (1, aq(F), ..., (F))g = €(1)

Proposition 2.4.1. Let f € m.(1) with k = o(f) < oo and let F be an even r-unfolding
of f. Then, F is e-transversal if and only if

(1,2, ..., 2" = (1, 7" 2(au(F)), ..., 7" 2 (. (F)))g.

Proof. If o(f) = k, then by corollary 2.2.2 it is easy to see that o (£) = k— 1. By propo-
sition 2.2.3, L ¢, (1) = mk(1), and by proposition 2.2.4, ¢.(1)/m¥(1) = (1,22, ..., 2" ).
Hence, the e-transversality condition is equivalent to

(12, e C (L aa(F), . an(F))e.

But note that, for even k, j* acting on €.(1) can be regarded as the projection operator of
the subspace (1,22, ..., 2%)g. Thus, the above relation can be rephrased as

<1, IL'Q, ce 7$k_2>[R :jk_Q (<17 al(F)v s 70(7”(F)>[R)
=(1, 7" (n(F)), .-, j (e (F))) -
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Corollary 2.4.1. Let f € m.(1) be any germ with k = o(f) < oc. Then, the unfolding
F(z,u) = f(x) + w2 + ugz* + - + ua™?
is an e-transversal r-unfolding of f, withr = (k — 2)/2.

Proof. This is obvious from proposition 2.4.1. [

Proposition 2.4.2. Let f € m(1) be any germwith o(f) < oo, F an e-versal r-unfolding
of f. Then, F is e-transversal.

Proof. Let GG be an e-transversal d-unfolding of f (by corollary 2.4.1, such G exists).
Since F' is e-versal, then G is induced by F'; i,.e., there exists some germs ¢ € m,(1 +d),
Y € m(d,r) and v € m(d) such that

G, u) = F(o(x, u), ¢ (u) +7(u).

Computing the derivative on both sides, one has

a;(G) = 3—‘;% +Zaj(F)agg)), foralli=1,...,d.

J=1

Note that the above equation, together with the parity of ¢, F' and G, imply
df

(Lox(@), .- 0@ € L es1) + (Lan(F). .. 0y (F))e € (1),
From the e-transversality of G and since 2L¢,(1) + L, (1) = Le,(1), it follows that
df df
ee(1) = 2-eo(1) + (1 au(G), ..., aa(G))g = - -€o(1) + (1, en(F), ..., ar(F))e.
Hence, F' is e-transversal. ]

Definition 2.4.3. Let .G € U.(1,1 + r) be two e-transversal unfoldings of the same
germ f € m.(1). F and G are said to be elementary homotopic when, for all s € [0, 1],
the unfolding

Hy=sG+(1—s)F

is e-transversal. Moreover, F' and G are said to be homotopic when there exists a finite
sequence of even unfoldings F' = Fy, F, ..., F, 1, F, = G such that F;_; and F; are
elementary homotopic forall: =1,... n.

The proof of the next theorem, regarding the equivalence of e-transversal unfoldings,
relies on the existence of certain germs satisfying a differential equation. Their existence
are guaranteed by the following proposition, whose proof is contained in appendix A.

Proposition 2.4.3. Let ' € m(n + 1). Suppose that there exist £ € e(n + 1,n) and
n € €(n + 2) such that for any v € R™ near 0 and any t € R near 0, the following
equation holds:
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OF(z,t) zn: OF(z,t)

o &, 1) +n(F(z,t),2,t) (2.2)

Then, there exist ¢ € €(n+ 1,n) and \ € €(n + 2) such that for any x € R™ near 0 and
any t,s € R near 0, the following holds:

(a) ¢(x,0) =z and A(s,z,0) =s,

(b)
WALl — (o 0).0) foralli=1,...n. and
ON(s, .t
(S#f”’) = n(\(s, 3, 1), 6(x, ), 1),

(c) F(p(x,t),t) = A(F(x,0),x,1).

Lemma 24.1. Let f € €(n + r + 1,p) be such that f(x,y,0) does not depend on x, and
that f satisfies

0

W(I’ Y, t) = g(f(xv Y, t)7 t) + h(ﬂf, Y, t)v

where g € e(p+ 1,p), h € e(n+ r + 1,p), and h does not depend on x. Then f(z,y,t)
does not depend on .

Proof. For all x € R", define f, € e(r + 1,p) by f.(y,t) = f(x,y,t). Then, it follows
that for any x € R", f,(y, t) satisfies

a(g;v)i(yat) = g(fo(y,1),t) + h(0,y,t), and f,(y,0) = f(0,y,0).

But by the uniqueness of the solutions to the above equations, it follows that f,(y,t) =
fur(y,t) for all z, 2’ € R™. O

Theorem 2.4.1. Let f € m.(1) be any germ such that o(f) < oo, and F,G € U.(1,7)
be e-transversal r-unfoldings of f. Then, F' and G are equivalent.

Proof. First, it shall be shown that it is enough to prove the theorem for the special case
where F' and G are elementary homotopic. Note that, for an e-transversal unfolding F' of
f, one has

(1, 2%, ..., 2" = (1,77 (a1 (F)), ..., 72" (o (F)))g,

where n = (o(f) — 2)/2 € N. The above equation means, in particular, that there are
constants ag, . .., a, € R such that

2 =ao+ Y a;5*" (o (F)). (2.3)
j=1

Clearly, there exists some j; > 0 for which a;, # 0 in the above equation. Hence, define
a new unfolding F; given by
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Fi(z,u) = f(z) +wion (F) + - +uja® + - + v (F),

if a;, > 0, or

Fi(z,u) = f(2) + vy (F) + - —uj,2® + - + upa, (F),

if aj, < 0. Note that F} is also an even r-unfolding of f. Moreover, F' and F) are
elementary homotopic. Indeed, for an unfolding H, = sF; + (1 — s)F where s € [0, 1],
72" (aj(Hy)) = 7**(ovj(F)) for all j # j;, and

7" (0, (Hy)) = 55" (0, (F)) + sgn(az, ) (1 — s)a.
By eq. 2.3, 72" («a;,(F')) can be expressed as

P (an () = sonfa) (a0 + Shor a5 ()

-2n (F)) = J#j
J (aﬂ( )) 8+(1_5)’aj1’

(e ) = sgn(as) (a0 + S 0, (o(1))

J#j
s+ (1 —s)aj,|

Hence, (1, 7" (a1 (Hy)), - . ., 72" (. (Hy)))g = (1, 72" (cr(F)), . .., 7" (a,.(F)))g and there-
fore it follows that H, is e-transversal. Moreover, by a diffeomorphic change of parame-
ters e € €(r, ) given by

e(Ur, .oy Ujyy ey Uy) = (Wjy, Uz, - .oy SGN(@), ) UL, Ujy 41, - - -5 Uy ),

one can obtain another e-transversal even r-unfolding F of f given by

Fi(z,u) = Fi(z,e(u) =f(x) + uiz® + ugan(F) + - - + w00 (F) + wjy 10,41 (F)
+ - +urar(F)>

where F is clearly equivalent to F}. Now, consider an e-transversal r-unfolding F;,
of f, where m < n, such that o;(F,,) = 2% for j < m, and a;(F},,) = «;(F) for
7 > m. Then, since F,, is e-transversal, it follows that, similar to the above case, there
are constants ag, . .., a, € R such that

22D = g + Z a;z¥ + Z a;5*" (o (F))
j=1 j=m+1

Again, clearly a;; # 0 for some j' > m. Defining a new unfolding F},,;; of f by

Frpr (v, u) =f(2) + wy@® + -+ tp®™ + U1 Q1 (Fn) + - + sgn(aj )ujz ™D

+ Uy 41 (F) + -+ uran (Fa),
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and proceeding in a similar way to the above discussion, it is not hard to see that F,,
is also e-transversal and elementary homotopic to F},,. Moreover, as before, by the germ
diffeomorphism e € e(r, )

e(Ur, ..oy ty) = (Ut, .oy Uy Wjry Uy v oy Wjr—1, SGN(A7 ) U1y Ujr g1 - - o Uy ),

one can find another unfolding Fmﬂ of f given by

Fm+1($a u) = Fm+1 (I, e(u)) :f(x) + U1$2 + -+ um+112(m+1) + um+2am+2(Fm)
+ AUy 1 (Fr) + ujiragsn (Fy) + -+ wean (Fry),

where Fmﬂ is equivalent to F,,;. By induction, it follows that there exists a finite
sequence of e-transversal unfoldings of f, I F}, F,,, ..., F,, F,,, where every unfolding
in the sequence is either equivalent or elementary homotopic to the next, and £, is given
by

Eo(z,u) = f(z) + wa? 4+ -+ upz®™ + h(@, tnyr, .- uy)

By a straightforward calculation it can be shown that E, is elementary homotopic to the
unfolding

Y(z,u) = f(x) + uz® + - + upz®”

Hence, for any transversal unfolding F, G of f with r parameters, there exists a finite
sequence of unfoldings F, Fy, Fi, ..., F,, E,,Y,Gn, Gy, ...,G1,G1, G such that every
unfolding in the sequence is either equivalent or elementary homotopic to the next. Hence,
If one proves that elementary homotopic unfoldings are also equivalent, one proves that
F is equivalent to G.

The idea for the proof is to show that, when F' and G are elementary homotopic, then
for every s € [0, 1], there is an open interval I, of [0, 1] with s € I such that for all
s' € I, the unfolding

Hy = s'G + (1 — S/)F

is isomorphic to H,. Assuming that this holds, then the union U,¢[o 1)/, 18 an open cover of
[0, 1]. But since [0, 1] is compact, it follows that there exists a finite subcover U1, v}/
of [0, 1]. If discarding the intervals I; that are just subsets of other bigger intervals in the
finite subcover, one can conveniently label them to satisfy inf{/;} < inf{/,}ifi < j, and
obtain another finite subcover U;cqy, . asy/;. Is this case, the intervals also must satisfy
LNl #@foralli =1,..., M — 1. Let s; denote an element in I; N I; 1. Then, from
the above remarks, it follows that Hy, H,,, ..., Hs,, ,, H; are all equivalent. But since
Hy = F and H, = G, this implies that F' and G are equivalent. Hence, let F, G be two
elementary homotopic even unfoldings of f, and s € (0, 1). Define

H(z,u,t) = (s+t)G+ (1 —s—1t)F.

The goal is to show that for some sufficiently small ¢ € R, H(z,u,t) is equivalent to
H(z,u,0). Note that there exits a neighborhood V' of 0 € R such thatift € V, H(x, u,t)
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OH (z,u,t)

is e-transversal. Note also that

== € U,(1,7 + 1), and hence, defining H,(z,u) =
H(z,u,t), by corollary 2.3.1 one has

OH
U(l,r+1) = a_xtuo(“ 1)+ (1,22 2 -
Butift € V, (1,2 ...,2*") 41y C (1, 00(Hy) ..., o (Hy))e(r11)- Hence, for t € V one
may write

OH
Ue(l,r +1) = a—x’*uo(m + 1)+ (Loa(Hy) - .o, o0 (Hp))e(rrn)-

Multiplying both sides by m(r) and taking the linear span, one finally arrives at

(a1 + s = (m) Gt + 1))+

(m(r){1, a1 (Hy) ..., 0. (Hy) Ye(r + 1))g.

Now, note that H (2, u,t) € U.(1,r + 1) and 9 (2,0, t) = w = 0. Hence, by lemma

2.3.1, ZL € (m(r)U.(1,7 + 1))r and by the above equation, it follows that there exists
some germ ¢ € (m(r)U,(1,r + 1))g and some germs xo, X1, - - -, Xr € (Mm(r)e(r + 1))g

such that

OH OH "~ 0H
W(% u, t) = %(CL’, u, t)((l’, u, t) + Z 8Ul (IE, u, t)Xz(“» t) + XO(U’v t)

=1

Applying proposition 2.4.3 for H € e¢(n +r+ 1), where {(z, u, t) = ({(x,u,t), x1(u, t),
o Xr(u,t)) and n(x, u, t) = xo(u, t), it follows that there is a germ ® = (¢, ¢y, ..., ¥,)
€e(l+r+1,1+r)andagerm A\ € €(1 + 1+ r + 1) such that

(a)
(b(x? u? O) = x?
¢($7 u7 O) - u7
A7, x,u,0) =T,

(b) H(®(x,u,t),t) = AN H(z,u,0),z,u,t),

()
0
2 0 ust) = ~C(0La,w,0), 0w 0, 1), 1),
%(w,u,t) = _Xl(w(x>u7t)7t)7

o\
1) = Xo( (e, 1),0)
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Note that items (a) and (c), together with lemma 2.4.1, imply that ¢ and A do not depend
on x. Hence, from now on, the = variable will be ommited in both functions, considering
Y asagermine(r+ 1,7) and A as a germ in €(1 + r + 1). Note also that ¢ (0, ¢) satisfies

aalii (0,¢) = —x:((0,1),t), and ¥(0,0) = 0.

But the function g(t) = 0 € ¢(1, r) also satisfies the above equation, since x; € (m/(r)e(r+
1))r. Hence, by uniqueness, (0, t) = 0. Moreover, one also has

%(w,o,t) = —((¢((x,0,t),0,t) =0, and
O\
E(ﬂ Ovt) = XO(Ovt) = 07

since ( € (m(r)e(1 +r+ 1))gr and xo € (m(r)e(r + 1))g. Hence, ¢(x,0,t) = x and
A(7,0,t) = T.
From (c), it follows that

0 [0\ O\
5% (E(T,u,t)) =0, and E(T,u, 0)=1
D

Therefore, 52 (7,u,t) = 1 for all ¢, and hence \(7,u,t) = 7 + a(u,t) for some a €

(u,
i (u) = ¥(u,t) and

> OT
e(r + 1), with «(0,¢) = 0. Now, denoting ¢;(z,u) = ¢(x,u,t)

ay(u) = a(u,t), from (b) one has

H(ZL‘,U, O) = H(¢t(x7u)a¢t(u)vt) - Ozt(u),

where ¢;(z,0) = x, ¢¥,(0) = 0, a4(0) = 0 and, from (a), it follows that for any suffi-
ciently small ¢ # 0, the mappings © — ¢y (x,u) and u — )y (u) are invertible. Hence,
H(z,u,0) is equivalent to H(x,u,t'). O

Proposition 2.4.4. An even unfolding F of a germ f € m.(1) with o(f) < oo is e-versal
if and only if it is e-transversal.

Proof. By proposition 2.4.2, any e-versal unfolding of a germ f € m.(1) with o(f) < oo
is e-transversal. Hence, it suffices to prove the converse. Let F' be an e-transversal r-
unfolding of a germ f € m.(1) with o(f) < oo, and let G be an arbitrary even d-
unfolding of f. Define another two even (r + d)-unfoldings of f by

H(x,u,v) = F(x,u) + G(z,v) — f(x), and K(z,u,v) = F(z,u).

Clearly, H and K are e-transversal, as F' is e-transversal. Hence, by proposition 2.4.1,
H and K are equivalent. Moreover, G is induced from H, by the germs ¢(x,u) = =z,
Y(u,v) = u, y(u,v) = 0, and K is induced from F', by the germs ¢(x,u) = z, (v) =
(0,v), v(v) = 0. Therefore, by proposition 2.3.3, GG is induced from F. O

Corollary 2.4.2. An e-versal r-unfolding of a germ f € m¢(1), with o(f) = k < o0, is
e-universal if and only if r = (k — 2)/2.
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Proof. Clearly, the even d-unfolding F' of f given by

F(z,u) = f +wa?® +uga® + - 4 ugz™ 2,
where d = (k — 2)/2, is e-transversal and hence e-versal. Therefore, any e-universal -
unfolding of f must satisfy r < (k—2)/2. Let G be an even unfolding of f withr < (k—
2)/2. Then (1,22, ..., 2% 2)g will never be contained in (1, a;(G),. .., a,.(G))g, since
the former has dimension 1+ (k —2)/2 and the latter has dimension 1+ < 1+ (k—2)/2.
Hence, G is not e-transversal and thus not e-versal.
O

Theorem 2.4.2 (Thom’s theorem for even unfoldings of one variable germs). Let F' be
an e-transversal r-unfolding of a germ [ € m(1), with k = o(f) < oc. Then, the even
polynomial d-unfolding

P(z,u) = 2 + uy2? + uga® + - 4 ugz® 2,

where d = (k — 2)/2 and the sign is that of di{éo), is induced from F. Moreover, if r = d,
F and P are equivalent.

Proof. Since k = o(f) < oo, by theorem 2.2.2 and proposition 2.2.1, there exists a germ
diffeomorphism ¢ € m, (1) such that +2* = f(¢(x)), where the sign is that of %. Let
F(z,u) = F(¢(x,u),u). Then, F is clearly an even unfolding of %, Moreover, since it
is equivalent to F', by proposition 2.3.3 F' is e-transversal, and hence by proposition 2.4.1
F is e-versal. Therefore, P is induced from F.Ifr = d, since P and F are e-transversal
and unfold the same germ, by theorem 2.4.1 P is equivalent to F', and hence to F. 0

Corollary 2.4.3. Let F' and G be two e-universal r-unfoldings of germs in m.(1) with
finite determinacy. Then, F' and G are equivalent.

Proof. By corollary 2.4.2, both F' and G are even unfoldings of germs with determinacy
equals to 2r + 2. Hence by Thom’s theorem, they both are equivalent to the same poly-
nomial unfolding, and hence they are equivalent to each other. 0

2.5 Stability of unfoldings

The last important property of e-transversal unfoldings that will be presented here is their
e-stability, i.e., a small even perturbation added to an e-transversal unfolding does not
break its e-transversality, and the perturbed unfolding is equivalent to the non-perturbed.
In order to properly define the concept of stability for unfoldings, it is necessary to gen-
eralize the previous definition of equivalence of unfoldings.

Definition 2.5.1. Let U,V be open subsets of R"*", and F : U — R, G : V — R two
smooth functions. Then, G at (z, u) is equivalent to F at (y, v) if, for some neighborhood
U; of R™ and some neighborhood U, of R", such that U; x Us C U, there exist smooth
functions ¢ : Uy x Uy :— R™, ¢ : U — R" and ~y : Uy — R, satisfying

(@) (o(2', ), (u')) € Vforall (2/,u") € Uy x Uy, with (¢(z,u),¥(u)) = (y,v),
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(b) ¢u(z") = ¢(2',u) and ¢ (u') are diffeomorphisms,

such that, for all (2/,u') € U; x U, one has

Gz, u') = (@', u), () + v (u').

Also, in order to proceed with the definition of stability, one must choose a convenient
topology in C*°(U, R). For the situation presented here, a good topology to work with is
the topology associated with the following norm:

Definition 2.5.2. Let U be an open subset of R'*", let v = (z, uy, ..., u,), and for some
(r + 1)-index o = (ag, - . ., ), let

el olel

Ove  Qr0Qui . .. Qu,or
For any n € N, define the norm || - ||,, in C*°(U, R) by

) 1
[Pl 37 = s

Definition 2.5.3. Let ' € U.(1,r). F is said to be e-stable if, for every neighborhood U
of 0 in R'*" and every representative F’ of I defined on U, there exists some n € N and
some neighborhood V' of 0 in C* (U, R), with respect to the norm || - ||,,, such that for all
functions G’ € V where © — G'(z, u) is even for u € U, there is a point (0, u) € U such
that 7 at (0, 0) is equivalent to F’ + G’ at (0, u).

The following two results are required for the proof of the main theorem of this sec-
tion.

Theorem 2.5.1 (Brouwer fixed-point theorem). Every continuous function from a closed
ball in R" to itself has a fixed point.

Proposition 2.5.1. Let {uy, ..., u,} be an orthonormal basis of a Hilbert space H, and
{v1,...,v,} a set of vectors in H such that

n
Dl — i < 1.
=1

Then, {vy,...,v,} is a basis for H.

Proof. Let f € H, and define p = > | |u; — v;|| < 1. Since {uy,...,u,} is an
orthonormal basis, then f = )" | c;u;, where ¢; = (f,u;). Define fi = > | ¢;v;. Then,
one has

If = fill =

n n n
Zcz'(ui — )|l £ Z |ci] lui — vil| = Z |(fswa)| s — vil] -
=1 =1 =1

By Cauchy-Schwarz inequality, |(f,u;)| < || f||||u:|| = || f|| foralli = 1,..., n. Hence,
it follows that
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Lf = Al < AN N = will = plIf-
1=1

Proceeding in exactly the same way, one may find some f, € H, also spanned by the v;s,
such that

If = fi= fall < pllf = fill < P70 I

Therefore, by induction, one may construct a sequence { fn} of elements spanned by the
v;s satisfying, for alln € N,

1f = full < " I-
Hence, since p < 1, { f } converges to f, and since any finite-dimensional subspace of a
Hilbert space is closed, it follows that f is also spanned by the v.s. Thus, {vy,...,v,} is
a basis for H. n

Theorem 2.5.2. Every e-universal unfolding of a germ f € m.(1) with o(f) < oo is
e-stable.

Proof. Let U be an open neighborhood of 0 € R, F': U — R be a representative of
an e-universal r-unfolding of a germ f € m.(1), with k = o(f) = 2r + 2 < oo, and
G € C*(U,R) an even smooth function. By Thom’s theorem, there exist some germs
@, 1, v such that in a neighborhood U; C U of 0, one has

F(z,u) = F(¢(z,u),¥(u) +v(u) = 222+ wya? + - 4 u,z™.
Let G(x,u) = G(¢(x,u),(u)), and define H(z,u) = F(z,u) + G(z,u) — G(0,u).

Expanding G(x, u) into its Taylor series for = = 0, one has

H(w,u) = K(2,u)2® ™ 4 (1= g (0)2® 2 + (ur = g1 (u)2® + - + (up — gr(u))2™
_82’@(0, w)

where g¢;(u) = T
T 12

let g be given by g(u) = (g1(u),...,g-(u)), let Wy € R, Wy € R", with 0 € W, x Wy C
Uy, and let By C W5 be a closed ball centered at 0. Note that, since g; depends on the
derivatives of G up to order 2i, then taking n = 2(r + 1) + 1, it follows that there exists a
neighborhood V' of 0 in C*°(U, R) with respect to the norm || - ||,, such that, for any even
G € V, one has

(@) g(B2) C Bo,
(b) |1 — gr41(u)| > 0 forall u € By, and
(©)

r

2

=1

(891 (uw) 9gr(u)

ou o, >H<1 for all u € Bs.
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Now, assume that G € V. From item (a), one may apply the Brouwer fixed-point theorem
for g. Thus, there exists a point © € By such that g(u) = u. Define the diffeomorphism
¥(u) = u + 4, and define H,(x,u) = H(z,¥(u)). Clearly H at (0,7) is equivalent to
H, at (0,0). Moreover, j"(H,(x,0)) = 0if n < 2r, and j2+2(H,(z,0)) = 1 — g,11 (7).
Thus, by item (b), H, can be regarded as an even unfolding of a germ with determinacy
k = 2r + 2. Now, define an inner product on (1,z?, ..., 2?")g as the sesquilinear form
defined in the basis {1,2?%,..., 2%} by

(z',27) = 6; 4, foralli,j=0,2,...,2r.

Since ;%" (o (Hy)) is given by

. - 9gi(u g, (u :
32 (i (Hy)) () = 2% — 9 (1) - 9, (1) ¥, foralli=1,...,r,

item (c) implies

and by proposition 2.5.1, it follows that

(1, 5% (ar (Hy)), ..., 57 (o (H1)))r = (1,27, ..., 2™ )z,

Hence, H, is e-universal as an r-unfolding and by corollary 2.4.3, H, is equivalent to F'.
From this, it follows that F'+ G at (0,%) (which is equivalent to H at (0,%)) is equivalent
to F at (0,0).

]



Chapter 3

Fermi systems on Lattices

This chapter is devoted to showing the existence of thermodynamics for the quantum
system analyzed here, and it is based on the formalism developed in [4]. The system
considered here is modeled on a CAR algebra over an infinite lattice, where each point of
the lattice is supposed to represent a vacant orbital — with a two-fold spin degeneracy — of
the atoms in the crystal lattice of a solid material. Throughout the chapter is is shown that,
for a suitable set of interactions and a suitable set of states, the thermodynamic behavior
of the system can be extracted.

Definition 3.0.1. Let 7Z¢ denote the d-dimensional cubic lattice and let b be the Hilbert
space given by h = 12(Z%) ® $5, where $)s = C? denotes the spin space, with basis
S = {1,.}. From now on, 2 will denote the CAR algebra associated with h. Note that a
convenient orthonormal basis for [2(Z?) is given by {f, | * € Z¢}, where

L ify=x
Jaly) = {O, otherwise.

To simplify the notation, the generators a( f, ® s) of the C*-algebra 2, where x € 7% and
s € S ={1,]}, will be denoted by a,.

Remark: 1t is important to note that all of the formalism developed throughout this
chapter can be easily generalized for any spin set .S, as long as it is finite.

Definition 3.0.2. Let P;(Z?) be the set of all finite subsets of Z%, and let A € P;(Z9).
The CAR algebra associated with hy = l2(A) ® $Hs will be denoted by 2(,. Moreover, for
alll € N, define

AN ={zecZ%||ay,...,|zq <1} € Pf(Zd),
and denote by 2l the *-algebra given by

A= JAU, = [J An
=1

AEpf (Zd)

Note that for any [ € N, the algebra 2l,, is finite-dimensional, and 2l is the smallest *-
algebra generated by the elements {a, ; | * € 7%, s € S}. Moreover, as already discussed
in the proof of theorem 1.5.1, 2, is dense in 2I.

86
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3.1 States of Fermi systems on lattices

For an infinite-dimensional CAR algebra, such as the algebra 2 studied here, some im-
portant quantities with physical meaning (e.g., the entropy density) are not well-defined
for all states in Fiy. Therefore, in this case one must restrict the thermodynamical analysis
the system to a convenient subset of states, where the relevant thermodynamical variables
can be calculated. When the interactions in the model are translation invariant, a conve-
nient subset of states is the set of translation invariant states, that will be presented in this
section. Moreover, since the interactions studied here are also permutation invariant in the
so-called strong-coupling limit, it will also be important to analyze the set of permutation
invariant states.

Lemma 3.1.1. Let §) be a separable Hilbert space with basis V = {e1, ..., en, €ni1,. ..},
A($) the CAR algebra associated with $) and 11, Ty two *-automorphisms of . If 1 = 1o
on a(V'), then 7y = 15 on A(H).

Proof. 1f ) is finite-dimensional, by the anti-linearity of the mapping f +— a(f), the
lemma is obvious. If §) is infinite-dimensional, define

A(9) = [ A(5.).

where §),, is the finite-dimensional Hilbert space with basis {ej,...,e,}. By the anti-
linearity of f — a(f), any element is 2,($)) can be written as a finite linear combination
of a(e;), e; € V, and hence 71 (a(f)) = m(a(f)) on Ao($H). But A($H) = Ao($), and the
continuity of 71, 75 (see proposition 1.2.1) implies that 7y = 75 on 2($)). [l

Remark: Let U be an unitary operator acting on b, and let 2 be the (C*-algebra gener-
ated by the operators {a(f) | f € b}, where

ay(f) =a(Uf) forall f €b.

Since U 1is unitary, it is not hard to see that 2l = A and that the operators a( f) satisfy the
CARs. By theorem 1.5.1, it follows that there exists a unique *-automorphism 7 on 2{
such that

T(a(f)) =a(Uf) forall f €.

Moreover, by lemma 3.1.1, if V' is a basis for b, 7 is defined by its action on a(V).

Let (Z%,+) be the group of the d-dimensional cubic lattice under the addition opera-
tion. (Z%,+) acts on h = [>(Z?%) ® $Hg via the unitary operators {U, | y € Z¢}, defined
as

Uf(r)®s=f(r—y)®s, forall feci*(Z% ands € S.
Since U, acts on the basis elements f, @ s of h as U, f, ® s = f,4, ® s forall z,y € 74

and s € S, there is a unique *-automorphism 7, on 2 satisfying

Ty(Qys) = Apyys, forallz e Z%and s € S.
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Moreover, for any z,y, 2 € Z%and s € S,

T, O Ty<aa¢,s) = Ogqy+z,s = Tz+y(ax,s)'

Thus, the family of *-automorphisms {7, | * € Z?} over 2 is a representation of the
group (Z%, +).

Definition 3.1.1. Let (Z¢, +) be the group of the d-dimensional cubic lattice under the
addition operation. (Z¢,+) acts on 2 via the family of *-automorphisms {7, | z € 74},
where

To(@y,s) = Quiys, forally € Z%and s € {1,]}.
The set of all states w € FEy satisfying

w(To(A)) = w(A) forallz € Z°and A € A (3.1

will be denoted by Eza. The states w € Eza are said to be translation invariant (t.i.).
More generally, for [ € N, the set of all states w € Fy satisfying

w(T.0(A)) = w(A) forallz € Z°and A € 2,

where [ - © = (lzq, ..., lx,), will be denoted by F) 74, and the states w € F za are said to
be [-periodic.

Given ¢ € [0, 27), let U, be the unitary operator acting on b satisfying U, f = e f
for all f € h. It follows that there exists a unique *-automorphism o4 on 2l such that

og(a(f)) = e a(f) forall f€bh.

An important case is when ¢ = m, as it will be seen later. Note that, in particular, one has
Or 00, = 1id.

Definition 3.1.2. Let o, be the unique *-automorphism of 2l satisfying

o+(a(f)) = —a(f) forall f € b,
and let A, 20~ be given by

AT = {AeUA| o (A)=A}, A ={AcA|o(A)=—A).

Any element A € 2" is said to be even, and any element A € 2~ is said to be odd.
Moreover, the set of all states w € FEy satisfying

w(or(A)) =w(A) forall A e
will be denoted by £,. The states w € £, are said to be even.

Remark: Note that for any A € P;(Z9),if A € Ay, then 0,(A) € A,. Therefore, the
notions of evenness and oddness are also well-defined for a state w € Ly, .

Proposition 3.1.1. 2 = A+ & A~. Moreover, A7) = Ay N A+ is dense in A+, A+
is a C*-sub-algebra of A, AT A~ C A, A~ AT C A" and A=A~ C AT,
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Proof. Clearly A+, 20~ are vector spaces, with 2T N4~ = {0}. For any element A € I,
define
g Ao L A-o(d)
2 2
Clearly A = A* + A, and since 0, o 0, = id, it follows that AT € At and A~ € A~.
Hence, 2f = AT @ A~.

Let A € A*. Given € > 0, there exists some element A, € 2, such that || A, — A| < e.
Then, for AT = (A, + 0.(A.))/2 € 2, one has

1 1 1
145 = Al = | 304 = 2+ o= )| < J1A = A1 + ot~ A < e

Hence, 27 is dense in 2. An analogous calculation shows that 21 is dense in 2(.

Since o, is a *-automorphism, it is easy to see that A is a *-sub-algebra of 2, and
since any *-automorphism over a C*-algebra is automatically continuous, it is also easy
to see that AT is closed. The other statements of the proposition are trivial. [

Note that, since any element A € R, is a sum of polynomials of {a, s, a} . | v €
A, s € S}, then it is not hard to see that A € 27 <= A is a sum of even polynomials
of {azs,a;, | v € A,s € S},and A € % <= Ais asum of odd polynomials of
{ax,s,ags |z e seST.

Proposition 3.1.2. If A € A", then

lim [A,7.(B)] =0 forall B € 2,

|z| =00

and if A, € 4™, then

|l‘im {A,7.(B)} =0 forall B ™.
T|—00
Proof. Let A, \' € Ps(Z%) besuchthat AN A = @. If A € A, = AT N Ay, then Aisa
linear combination of even polynomials of the local generators {a, s, a; , | ©# € A, s € S},
and from the CARs it is easy to see that A commutes with any a, s, a; , when z € A'.
Hence, it commutes with every element of 2,,. Similarly, if A € 20 = A~ N A, then A
is a linear combination of odd polynomials of the local generators {a, s, a; . | T € A, s €
S}, and from the CARs it is easy to see that any odd polynomial in | anti-commutes
with any odd polynomial in 2A,. Therefore, by linearity, A anti-commutes with every
element of 2.

Now, let A € 2", B € 2 and ¢ > 0. By proposition 3.1.1, for some [ € N, there
exists some A; € 2} and some B; € Ay, such that

€ €
IRl =[A— A < min{—, 2 1}, and
l 1Al 1181

€ €
W%H#B—Bm<mm{—ﬂ——mﬂ}
l TRE]
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For any x € Z% with |z| > I\/d, A; N A,y; = @ and hence A; commutes with 7, (B;).
Moreover, since 7, is always isometric, it is not hard to see that for any x € 7¢ with

lz| > 1V/d,

1A, 72 (B =[[A1, 7a(B)] + [Ray, 2(B)] + [A, 7o (Rp,)] — [Ra,, 7a(Rp)]|| < €.

Hence,
lim [A,7,(B)] =0.
|z|—o00

Now, let A, B € 21~ and € > 0. Similarly, for some [ € N, there exists some A; € Qle
and some B; € 21} such that

€ €
IRl =[A— A < min{—, 2 1}, and
l 1Al 1181

€ €
IRl =B — Bl < mm{—,—,e,l}.
l RE]

Therefore, for any = € Z% with |z| > IV/d, {A;, 7.(B;)} = 0. Thus, for any = € Z¢ with
|z| > IVd,

I{A, 72 (B} =[{As, 2 (B1) } + {Ray, 72(B)} + {A, 72 (Rp,) } — {Ra, (R} <€

Hence,

lim {A,7.(B)} =0.

|z|—o00

O

Proposition 3.1.3. The group (Z¢,+) is amenable, and the sequence {\;} is a Fplner
sequence of (74, +), where \; are the sets defined in definition 3.0.2.

Proof. Lety = (y1,...,y4) € Z%. Note that, for any [ € N, one has

re (Y N)NAN <= z e[l —y,l+y|Nn[=11] foralli=1,...,d.

It is not hard to see that the above relation defines a box in Z¢, with

d
[(y-A) VA = [ max{20 + 1 - y;,0}.

i=1
Assuming [ large enough such that 21 + 1 — y; > 0 for all i = 1,...,d and denoting
¥ = max;—1...q{y:}, it follows that

-----

[(y.A) N A > (2041 —§)%
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Hence,

(g ADAA] (A + A = 2[(y-A) DA _ (20 + Dé4+ (20 +1)4 =220 +1—g)?
|A| |A| - (20 +1)2

)
=2—-2(1 — )¢ h = —.
( Oél) , whnere ¢ o 1

Since oy — 0 as | — oo, clearly

A
I A)AA
l—00 |Al’
Thus, {A;} is a Fglner sequence of (Z¢, +), and by proposition 1.4.10, (Z%, +) is amenable.
N
Proposition 3.1.4. For any t.i. state w € Eya, the pair (A, w) is (Z¢, +)-abelian.
Proof. By proposition 1.4.10, in the strong operator topology of 5($),,), one has
E,=lim — Us,
R %
zeN;
and since ZweAz = Y aen, Uz = 2 pen, Uy forany A € AF and any B € 2, it

follows that, in the strong operator topology,

[E,m,(A)E,, E,7,(B)E,| = E,7,(A)Eyn,(B)E, — Ey7,(B)E,m,(A)E, =

lim —— (E 1(A) Y Upm(B)E, — Eymu(B) Y waw(A)Ew) =

l—00 |Al
IGA[ (ITEAZ

PR —1 _
lim \Az| > B, (mu(A)U,my(B)U, ' = Upmo(B)U, '7(A)) E,,

lim — Z Eumo([A, 7o(B)))E, = lim E,m, <ﬁ Z[A,Tx(B)}) E..

l—00 |Al ey

TEN;

Given € > 0, let L € N be such that for all x € Z¢ with |z| > L,

4.7 (B))] < 5.

and let I’ > L be such that

A —
7 2 4B < 5.

|z|<L

Then, forall [ > ',
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ﬁZ[A,Tm(B)} gwlﬂ S A B+
zEA zeA; | |z|<L
ﬁ lA (B <.

€A | |z|>L

Hence, one has

[Emu(A)Ey, BEyty(B)E,] = lim — Y B, ([A, 7(B)])E.,

Clearly, the above equation implies
(Eomw(A)EL) (Eumy(A)E,) = —(Eumu(A)Ey) (B, (A)E,) (3.3)

Note that the element in the L.h.s of eq. 3.3 is positive, while the element in the r.h.s is the
negative of a positive element. Hence, by proposition 1.1.10,

(Bomu(A)EL) (Eum,(A)E,) =0,
and by the C*-norm property, it follows that

| B (A)EL|1? = (Bt (A)EL) (Bumu(A)E) || =0 = E,mu(A)E, =0. (3.4)

This, together with eq. 3.2, implies that F,, 7, (2() E,, is abelian, and hence, by proposition
1.4.8, (A, w) is (Z%, +)-abelian.
l

Proposition 3.1.5. Any t.i. state is also even.

Proof. Let w be a t.i. state. Note that eq. 3.4 in the proof of proposition 3.1.4 implies
that, for any A~ € A,

W(A) = (D, (A7) = (D, Bum (A7) ELQ) = 0.
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Hence, for any A € 2,

w(A) w
w(ox(A)) =w(AT) —w(A7) =w(A") = w(A) = w(ox(4)).

||
&
N
.
+
&
g
||

Definition 3.1.3. Let A € 2, and for any [ € N, define

l ’AZ‘ZTJJ

TEN;

The functional A4 : EFz« — R, given by

A(w) = lim w( A A) = | Euma (A7,

is called the space-averaging functional associated with A. To simplify the notation, the
element A} A; will also be denoted by | A|?.

Corollary 3.1.1. A t.i. state w € Ega is (2%, +)-ergodic if, and only if,

Ay(w) = |w(A)]? forall A € 2.

Proof. By propositions 3.1.3 and 3.1.4, {A;} is a Fglner sequence of 7% and the pair
(2,w)is (2%, +)-abelian. Therefore, this corollary is a consequence of proposition 1.4.12.
O

Proposition 3.1.6. For any A € A, Ay : Eya — R is affine and weak* upper semi-
continuous. Moreover, for fixed w € Fza, A s(w) is continuous on A and satisfies

[Ax(w) — Ap(w)| < (|A[+ [IBIDIA = B, forall A, B € 2.
Proof. The affinity of A4 follows directly from its definition and from the convexity of
the set ;4. Now, note that for any [ € N,

2

wW(ATA) = || (A Qu||* =

‘Al ZUWW

zEN;

Therefore, for any [ € N, one has

lhm w(f_lf//_ll/) :||Ew7Tw(A)QwH2 =
/=00

By 2 U4

TEN;

2

= w(A;A),

A l’ZUﬂw

zEN;

and hence, this implies

Ay(w) = lim w(AFA)) = inf w(ATA)).

l—o0 leN
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But since w + w(AFA;) is clearly weak* continuous for any A € 2 and any [ € N, it
follows that A 4 is weak* upper semi-continuous. For the last statement, first note that for
any [ € N and any A € 2,

|Az|| =

|ArZ”

zEN;

<y Il = 41

TzEN;
Let A, B €%,1 € Nandw € Ez4. Then, one has

(W(AFA) —w(B B)| <||AjA; — B/ Bl|| = || Aj A — A} B, + A; B, — B/ Bl|
<[IA7IICA = Bl + [[ Bl (A = B)/]l
<([[A[l + [IBINIIA = B]|.
Hence, the statement follows. O]

Let T1(Z¢) be the set of all bijections 7 : Z¢ — Z¢ that leave invariant all but finitely
many elements of Z¢. TI(Z%) is a group under the composition operation, and it is usually
called the permutation group of Z%. It also acts on b, via the family of unitary operators
{U, | m € TI(Z%} given by

Usf(2)®s=for ' (z)®s, forallz € Zand s € S.

Hence, for any 7 € I1(Z%), there exists a unique *-automorphism o, on 2l satisfying

O (aps) = Qn(z)s forallz € Z%and s € {1,]}.

It is not hard to see that the family of *-automorphisms {c, | 7 € II(Z%)} is a represen-
tation of I1(Z%).

Definition 3.1.4. Let [1(Z%) be the group of all bijections 7 : Z¢ — 7% that leave invariant
all but finitely many elements of Z¢, under the composition operation. I1(Z?) acts on 2
via the family of *-automorphisms {c, | 7 € I1(Z%)}, where

O (ays) = Qn(z)s forallz € Z%and s € {1,]}.
The set of all states w satisfying

w(ax(A)) = w(A) forallm € TI(Z%) and A € 2

will be denoted by FEy;. The states w € Eyy are said to be permutation invariant (p.i.).

Proposition 3.1.7. For any x € 7% there exists a sequence {Wxn} of elements 1, €
I1(Z%) such that for all A € 2,

lim ||, (A) = 72(A)|| = 0. (3.5)

n—oo

Proof. Given x € 7% and | € N, consider the sets A; N (z + A;)¢ and (z + A;) N AL
Note that both of them are finite and have the same number of elements. Hence, let
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Seit (T +N) NAY — AN (x4 Aj)° be some arbitrary bijective function, and define
Tyl ! 7% — 7% by

y+ua, ify € Ay
ﬂ-z,l(y) = Sz,l<y)7 lfy € (SE + Al) N Alc7
y, otherwise.

It is not hard to see that 7,,; € TI(Z?). Moreover, a,_,(A;) = 7.(4;) forall I’ > I. Given
e > 0, let { € N be such that

€
40— 4] < .
Then, forall I’ > |,

| ot

(A) = (Al = llax, , (A) = ax, , (A1) + 72(A) — 7(A)[| < 2[4 = A <e.

1/
]

Corollary 3.1.2. Every p.i. state is also t.i. Moreover, every pair (2, w), where w is a p.i.
state, is 11(Z%)-abelian.

Proof. This follows directly from propositions 3.1.7 and 1.4.7 0

Theorem 3.1.1 (Stgrmer’s Theorem). Let Eg be the set of all even states w € Ey™ satis-

Jying

W(Ty (A1) 7o (A0) = w(A)) ... w(A,)

forall Ay, ... A, € Uy and all x1,...,2, € 7% different from each other. Then,
EH = E@ C gzd.

Proof. Note that, since (2, w) is I1(Z¢)-abelian for any w € Eyy, theorem 1.4.2 and propo-
sition 1.4.9 imply that showing Ey = &y is equivalent to showing that any w € Eg is
[1(Z4)-invariant and satisfies (c) of proposition 1.4.9, and vice-versa.

Let A € 2. Then, it follows from the CARs that A can be written as

2

Ma N,
A= Z H Txi (Ai,j)
i=1 j=1

for M4, € N, where z; ; € Z¢, Zi1,--.,%;n, are different from each other for all i =
1,...,Ma, and A;; = aos, aoy, 54, ag OF some nonzero binomial of these terms.
Note that 4; ; € ygy. Let s € II(Z?). Then, by the injectivity of s, s(x;1), ..., s(zin;)
are also different from each other for all+ = 1,..., M 4. Therefore, for any w € Ey, one
has

Ma Ny

w(as(A)) = ZW (H Ts(zi,j)(Az‘,j)) = [ wAi) =w(A).

i=1 j=1
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Since 2 is dense in 2, by continuity it follows that w(as(A)) = w(A) forall A € 2, and
thus w € Fpy. Let also B € 2, be given by

Mg Ng

B = Z H Tyi,j (BiJ)v

i=1 j=1
where y; ; € Z? are different from each other and B;; = a1, ao,|, ag4, Qg OF some

nonzero binomial of these terms, and let s € I1(Z%) be such that for all i, j, s(y; ;) is
different from 1 1, 21 2, . .. s M, N, - Then, for any w € Eg, one has

By = 3 (H Ao TL 7 ) S e, Hw

i=1,i'=1 j'=1 i=1,i'=1j=1
Mpg Ny Mp Np
(STt ) (S et = sttt
i=1 j=1 i'=1j'=1

Again by the continuity of w and the density of %o, it follows that inf ey 74y [w(Aas(B))—
w(A)w(B)| = 0forall A, B € 2, and by proposition 1.4.9, w € &y.

Now, let w € &p. The idea is to prove by induction that

W(Tey (A1) o 7 (A0)) = w(Ay) . .. w(Ay)

forall Ay,..., A, €y andall zy,..., 2, € 7% different from each other. If n = 1, the
equality is obvious, since Ey; C Fzq. Assume it holds for some arbitrary n. Note that, by
proposition 1.4.9, given € > 0, for any Ay, ..., A, € Aoy and any x4, ..., Ty € 27,
there exists some convex combination

k
S)\ = Z /\iasi
i=1

such that for any s € I1(Z),

D (i (A1) - i (A (T ()

W(Tp, (A1) -+ Ta (An) ) (Tasy (Ang))| < € (3.6)

Let s be some permutation satisfying s(s;(z,+1)) # x; forall 4,5 = 1,...,n, and for
eachi =1,..., k define

Tn1, 2= 5(si(Tnt1)),
si(x) = 4 s(si(2np1)), if T =Ty,
x, otherwise.

If xq,..., 2, are different from each other, then by the permutation invariance of w it
follows that
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W(Tey (A1) -+ 7o, (An) Qisos, (T:cn+1 (Ans1))) :W(as;<Tx1 (A1) - Ta, (An) isos, (Txn+1 (Ans1))))
=W(Tz, (A1) o Ty (An) Ty (Ant))

This, together with eq. 3.6 and the induction hypothesis implies that

(T, (A1) - T, (An>7-mn+1 (Ang1)) — w(7, (A1) - T, (An))w(Txnﬂ(AnH))‘ =

(T (A1) -+ T (An) T (Angr)) = w(7, (A1) - -w(Txn(An))w(TmnH(An+1))‘ <e

Since € is arbitrary, one finally has

W(Tey (A1) - Ta, (An)Txn+1 (Ant1)) = w(72, (A1) -+ (T, (An))(*)(Tan (Ani1))-

The inclusion &7 C &zaq is a straightforward consequence of proposition 3.4.3 — that
will be shown later — and corollary 3.1.1, together with the equality Fy, = &y shown
above. [

3.1.1 The tracial state and periodic extension of states

Definition 3.1.5. A tracial state over a C*-algebra 2l is state tr € Ey satisfying

tr(AB) = tr(BA), forall A, B € 2.

Proposition 3.1.8. Every CAR algebra associated with a separable Hilbert space has a
unique tracial state. Moreover, it is invariant under any x-automorphism.

Proof. This result actually holds for any uniformly hyperfinite algebra, i.e., any C*-
algebra that is a direct limit of finite-dimensional full matrix algebras (for a proof, see [7],
chapter four). Hence, since this is the case of a CAR algebra associated with a separable
Hilbert space, as it is shown in the proof of theorem 1.5.1, the proposition follows. [

Remark: The above proposition ensures that the algebra 2( has a tracial state, and from
now on it will be denoted by “tr”. Moreover, by the uniqueness of the tracial state, it is
easy to see that, for all A € A, where A € P;(Z9),

TI'Q[A (A) TI'Q[A (A)
o) = S - 2

Proposition 3.1.9. Let A1, Ay C 7% be two mutually disjoint sets. Then, for any A € 2y,
and B € 21,,,

tr(AB) = tr(A) tr(B).
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Proof. First note that for any A C Z¢, the linear span of terms given by

Ag, ... A,

where z1,..., 2y € Aand A, = ag, 1, Ao, y, @y 4, a;, | Or some nonzero binomial of
these elements, is dense in 2(,. Therefore, it suffices to prove the equality for those kind
of elements. Hence, let

A=Ay ... Ay, and B= B, ... By,

where z1,...,2, € Ayand yy,...,y; € Ag,andlet A" = A,, ... A, . Note that A'B is
either even or odd.

Case 1: A'B s even. Then, if A,, is odd, AB is also odd and by the invariance of the
trace under o, one has

tr(AB) = tr(A,,) tr(A'B) = 0.
Now assume that A,, is even. If A,, = a,, +a,, ., then by the CARs and the cyclic

property of the trace, one has

1
tr(Am) = tr(awl,Ta$17i) = 5 tr(aﬂcl,TaﬂUl,\L + aﬂﬁhiaﬂcl,T) =0.

Similarly, since A,, commutes with A’B as they are both even and belong to local alge-
bras of disjoint sets, one has

1
tr(AB) = 3 tr((ag, 40z, | + Gz, 100, +)A'B) = 0,
1.e.,

tr(AB) = tr(A,,) tr(A'B) = 0.

: _ * * * * * * *
The same holds if Ay, = au, |asy 1, A5, 105, |, Qo (G 4y Qo) 1Gay | Q) |Gy 3y Gy 1G5
or g, yay, + Now if A, = aj ;a4 1, then

1 .
tr(Awl) = tr<a;1ﬁa$1¢) = 5 tr(a;malﬁﬁ + aILTaxl,T) = 57

and

1
tr(AB) = 3 tr((ay, 40yt + Gy 1y, 4)A'B) = tr(A,,) tr(A'B).

Case 2: A'B is odd. Then, one has tr(A'B) = 0. If A,, is even then AB is odd and
also tr(AB) = 0. If A,, is odd then tr(A,,) = 0.
Note that, in any case, one has
tr(AB) = tr(A,,) tr(A'B). (3.7)
Applying eq. 3.7 recursively, it follows that
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tr(AB) = tr(Ay,) ... tr(Ay, ) tr(By,) ... tr(By,) = tr(A) tr(B).

Yi

]

Proposition 3.1.10. Ler A € P;(Z%) and w € Ey,. Then, w is even if and only if its
density matrix p,, is even.

Proof. Let w € Ly, . Note that, by the uniqueness of the trace and the tracial state, one
has

w(A) =tr(p,A), forall A € A,.

If p, € AL, then since tr is invariant under any *-automorphism, for any A € 2/, one has

w(ox(A)) = tr(puox(A)) = tr(ox(puA)) = tr(puA) = w(A),

i.e., wis even. Now if w is even, again by the invariance of tr under o, for any A € A
one has

w(ox(A)) =w(A) = tr(puox(A)) =tr(ox(puor(A))) w(Pw)or © 0x(A))
=tr(ox(pn)A) = tr

and the uniqueness of the density matrix implies that o (p,,) = pw, i.€., p, 1S even. [

= tr(o
(PuA),

Definition 3.1.6. For any [, n € N define A\ € P;(Z%) as the set given by

A = Mgy = [ {Q@U+ Do+ A}

reA,

Proposition 3.1.11. Let w € Ly, be an even state over 24, for some | € N. Then, there
exists a unique extension of w to the algebra 2, denoted by w, that satisfies

@(7—(2[+1)x1 (Al) Ce 7_(21+1)33n (An)) = (,U(Al) e (.U(An) (38)
forall Ay, ... A, €Ay, and all zy, . .., x, € 7¢ different from each other.

Proof. Let p,, be the density matrix associated with w. For each n € N, define the state
wy, € Ey () by
A

wp(A) = tr (A H 7‘(2[+1)x(pw)> )

xEAn

Note that since w is even, p,, is even, and since p,, € U,,, if z # y, then T(ng)x(pw) and
T(21+1)y () belong to disjoint local algebras. Therefore, they commute with each other.
Let A = T(20+1)zy (Al) Ce T(Ql—i—l)xm(Am)a where Al, Ce ,Am € Al and L1y Iy € An
are different from each other. Then, by proposition 3.1.9 one has

wn(A) =tr (7—(2[+1)zl (A1) .. -7’(21+1)xm(Am)T(zzH)xm(Pw) < TRIH) 2 (Pw))
=tr (7'(2z+1)zl (PwA1)7(2l+1)12(A2) .. -7_(21+1)a:m(Am)T(QlJrl)zm(pw) < T2z (Pw))
= tT(pw A1) tr(T@i1)22 (A2) - - Tt )2 (Am) T )2 (00) - - - T4 1)22 (Pu))-
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By recursion, it follows that

Wi (A) = wn(Tr41)e, (A1) - - T (Am)) =tr(pudi) .. tr(pwAm)
=w(Ay) ... w(An).

Moreover, since the linear span of elements

T(?l—i—l)ycl(Al) .- -T(Zl—l—l)xm(Am)»

where Ay,..., A, € Ayand x4, ..., x,, € A, are different from each other, generates the
local algebra 2 A it follows that for any n’ > n, w,y = w, on Ey (ny* Hence, one can
l Al

define a state w., on 2, by

Woo(A) = wy(4),

where n is any natural such that A € Al(n). By continuity, w., can also be extended to a
state w on 2. Obviously w satisfies eq. 3.8, and its uniqueness follows from the fact that
the linear span of elements

T(2l+1)ac1(A1) e 'T(Ql'f'l)l’m(Am)?

where A{,..., A, € Ajand x4,...,2,, € Z are different from each other, is dense in
2. O

Proposition 3.1.12. Let w € EQ[AZ be an even state over 2y, for some | € N, and let
w € Ey be its unique periodic extension to the algebra 2l that satisfies eq. 3.8. Then, the
state w € Fy defined as

is 7%-ergodic.
Proof. Let A € 20y. Then, by eq. 3.8 there exists some C' > 0 such that

W(72(A")7y(A)) = @(72(A7))w(7, (A))
for any x,y € 7% such that |z — y| > C. Let n € N. Then it follows that

G = Y UM+ Y EmnA)nA)

z,YyEAy | |z—y|>C z,Y€An | |z—y|<C

1

i 2 SRR ()
LY ernA)nA) - om AN @A), (G9)

’ n‘ z,y€A, | |z—y|<C

Note also that the last term of eq. 3.9 goes to 0 as n — co. Moreover, let n’ € N be the
largest natural such that Al(n ) ¢ A,,. Then, by the (2] + 1)-periodicity of w, one has
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reA GA(TL/) CCEAn\Al(n )
|A 1 .
+ T w(7:(A))
el U 2 4m a2
TE€EAR\A;
|A(n')| . 1 X
= |/l\ | @(A) + ™ > a(n(A). (3.10)
" " :BGAn\A(n)

Since the last term of eq. 3.10 goes to 0 and 2
imply that

goestolasn—>oo eq.s 3.9 and 3.10

lim G(JAR) = [G(A)[

n—o0

Hence, one finally has

Ax(@) = lim — (|A?)) = lim —

$EAZ .Z’eAl

T 2 (AR = )P

TEN;

Thus, by corollary 3.1.1, the proposition follows.

3.2 Entropy density

In the analysis of systems in thermodynamical equilibrium, the entropy density plays an
important role in the definition of equilibrium states. Here it is defined the entropy density
for periodic states of the algebra %A, as a straightforward extension of the von Neummann
entropy for matrix densities. Moreover, its most important properties — affinity and weak*
upper-semicontinuity, that will be useful later in the text — are also derived.

Definition 3.2.1. Let A € P;(Z%) and w € Ey,. Define the function Sy : Ey, — R{ as
the von Neumann entropy of w, i.e.,

SA(W) = —Try, (pw In pw)v

where p,, is the density matrix associated with the state w € Ly, and Try, is the trace
operator in the finite-dimensional algebra 25 = Moz |, 52141 (C).

Remark: Note that, since for finite-dimensional matrix algebras the trace operator is
invariant under *-isomorphisms, Sy does not depend on the choice of the *-isomorphism
used to identify 20y with Maaja| 9212/ (C).

The next proposition is a standard result in quantum statistical mechanics:
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Proposition 3.2.1. For any A € P;(Z%), Sy satisfies:

(a) Sy is concave, i.e., for any wy,wy € Eza and any X\ € [0,1],

Sa(Awr + (1 = Nws) > ASa(wr) + (1 — A)Sx(we),

(b) Sy is approximately convex, i.e., for any wy,ws € Eza and any ) € [0, 1],

Sa(Awr + (1 = Nws) < ASp(wr) + (1 = A)Sa(wz) = Aln A — (1 =N In(1 — N),

(c) Sy is strongly subadditive, i.e., for any A1, Ao C A with A = Ay U Ay,

SA(W) + SanAs (w|mA1mA2) < S, (w’i’lAl) + Sa, (w’g[/\z )7
(d) Sy is additive for product states, i.e., if A1, ..., \, is a collection of mutually dis-
joint sets such that | J,_, A, = A and w € Ey, satisfies

for any set (i1, ... i,) of distinct indexes, where A;; are arbitrary elements of Q[Aij
and wj,; are states over Ay, , then
J

Sa(w) = Z SAij (wi)),

(e) Sy is continuous.

Definition 3.2.2. The mean entropy density is a mapping s : Fj;a — R] defined as

S, (w
s(u)) = ZILI{.L %

A very important property that the thermodynamic functions studied here must hold
is the upper (or lower) semi-continuity. As it will be seen later, this property assures that
the functions achieve a maximum (or minimum) in the set of t.i. states.

Definition 3.2.3. Let X be a topological space, and f : X — R a functional on X. Then,
f is said to be upper semi-continuous if for any a € R, the set f~!((—o00,a)) is open in
X, and f is said to be lower semi-continuous if for any a € R, the set f~1((—a,0)) is
open in X.

Proposition 3.2.2. Let X be a topological space. The following holds:

(a) the space of all upper semi-continuous functionals on X is a convex cone,

(b) a functional f on X is upper semi-continuous if and only if —f is lower semi-
continuous,
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(c) if f: X — Ris given by

f(@) = inf fi(x), forallz € X,

where { f; }icr is family of upper semi-continuous functionals on X, then [ is upper
semi-continuous.

Proof. Ttems (a) and (b) are obvious from the above definitions. Let f be as in (¢). Then,
given a € R, for any x € X, one has

f(z) <a < fi(x) <a, forsomeie€ I.
Therefore, it follows that

F M (=o0,a)) = £ (=00, a)),
iel
but the set on the r.h.s. is clearly open, since it is an union of open sets. Hence, f~!((—o0, a))
is open, and thus f is upper semi-continuous. [

Proposition 3.2.3. The mean entropy density is a well-defined affine functional, weak*
upper semi-continuous, and satisfies:

“ Say ()
. A \Wiaty,
W) =f—mr

(b)
s(wor,) = s(w), forallz € 7%

Proof. The proof of properties (a) and (b) are extensive and can be found in ([2], [4]).
The concavity of s follows from (a) of proposition 3.2.1, and the convexity follows from
(b), noting that lim; ., |A;| = oo. To prove that s is weak* upper semi-continuous, by
proposition 3.2.2 it suffices to show that w — Sy, (wl|y Az) is weak* continuous. But by
(e) of proposition 3.2.1, w — — Tr(p, In p,), from Ey, to R, is continuous. Hence, it
suffices to prove that the mapping w — w/y, from Ej4 to Ey, is weak* continuous.

Let {A,...,A,} be an orthonormal basis for 5. Given w € Ejzs and € > 0, let
By ,(€) be the weak* neighborhood of w defined as

Brw(e) ={w' € Ejza | |W'(A:i) —w(Aj)| <€, foralli=1,...,n}.

Since any A € 2, such that ||A]|*> = 1 is uniquely written as A = >_"" | c4,;A; for some
ca;'swith )" Jeas)? = 1, forany w’ € By, (€), one has

n
ooy = wlaa > = sup |y (A) = wlay (A)* <Y easl* o’ (As) — w(Ay)|”
Ay | [|All=1 i1

<é.

Therefore, w — Si, (wla,, ) is weak* continuous.
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3.3 Interactions and long-range models

In the usual Hilbert space formalism of quantum mechanics, the interactions of a system
are described by an observable, usually called the Hamiltonian. In the C*-algebra formal-
ism, when the CAR algebra is infinite-dimensional, not every self-adjoint element of it is
suitable to describe an interaction, since, similarly to what happens to general states of the
algebra, some thermodynamical quantities are not well-defined for arbitrary self-adjoint
elements of 2. Therefore, this section is devoted to the definition of a convenient space
of interactions, where all the necessary thermodynamical functions can be computed. To
do this, first one starts with the space of short-range interactions, and then expand it to
include more general terms, forming the so-called long-range models, that also include
mean-field interactions. However, it is worth noting that, if a long-range model possesses
a repulsive long-range component, the analysis of the equilibrium states of the system
presents some difficulties that require some additional work to be overcome. Therefore,
here the analysis is restricted only to models with a purely attractive long-range compo-
nent.

Definition 3.3.1. An interaction is a family {® 4 }xep,(ze) of even local elements @, €

AL, with &, = 0. If ®, is self-adjoint for all A € P(Z?), the interaction is said to be
self-adjoint. Moreover, if it satisfies

®,p = 7,(Py) forall A € Pp(2%) and all 2 € 7%,

the interaction is said to be translation invariant (t.i.), and if it satisfies

®, =0 forall A € P;(Z%) such that |A| # 1,
the interaction is said to be permutation invariant (p.i.).
Definition 3.3.2. Let ® = {®,}cp,(z¢) be an interaction, and let A € P;(Z%). The
internal energy of ® on A is the local element
UE = Z Py € Q[J'A-
NEP;(Z),NCA

Definition 3.3.3. The space W of short-range interactions is the set of all t.i. interactions

® such that the norm 10, |
[EIE 2 3.11)

AeP;(£),0eA | |

is finite. The subset of all self-adjoint short-range interactions will bedenoted by WX,
Proposition 3.3.1. W and WX are real Banach spaces.

Proof. Clearly VW and W are real vector spaces, with sum and scalar multiplication
defined by

(CI) + )\\I/)A = D) + AUy,

for ®, ¥ € W or WX and A € R. Moreover, it is not hard to see that || - ||y is indeed
a norm on W, and consequently on WX, Let {®, } be a Cauchy sequence in WV, where
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®, = {Ppa}acp,z¢). Note that, given € > 0, for any A € Py(Z?) there exists some
Ny € N such that, for all n,m > Ny,

(I)n r — (pm 4
s =Dl <jr] Y 12e A <l ﬁ -
NeP;(L) | 0EN

Thus, for any A € P;(Z¢), the sequence {®,, 4} is a Cauchy sequence in A", and since
A is complete, they converge in 2, and it is not hard to see that the limit is also self-
adjoint. Let ® = {®Pp }pep ;(z4) be the interaction whose elements @, are the limit of the
sequences {®,, » }, and let {®,, } be a subsequence of {®,,} satistying

H(I)nk -
Given € > 0, let K € N be such that

w<27% forall k € N.

Nk+1 ”

21K ¢

and let {A;} be an enumeration of the set {A | A € P;(£) | 0 € A}. Then for any k& € N,
k > K, one has

o

> HZ;O 1<q)nk+j LA énk+1 ||(I)

[0, = ®lhy =3 1. >3 [ B
i=1 Al i=1 j=1 Al
||(I) i—1,0 T
_ZZ - A nkﬂ Z ||®nk+] 1 ”IH—JHW <2

7j=1 =1
<K <,

Hence, {®,,} converges to @, and thus W is complete. Now, if {®,,} is a sequence in WK
converging to ® € W, then by the above analysis one has

®p = lim @, forall A € Py(Z%).
n—0o0

Therefore, since 2R is closed for all A € P(Z%), it follows that W* is closed, and
consequently, also complete. [

Definition 3.3.4. Let ® € )V be any short-range interaction and [ € N. The energy

density functional associated with ¢ is a functional e : E; ,« — R given by

w(U2

Proposition 3.3.2. For any ® € W, and any | € N, the functional e : E;z7a — R
is affine, weak* continuous and translation invariant (i.e., eq(w o 7)) = eq(w) for any
w € E;ya and any x € 7°). Moreover, for any w € E; 74, eg(w) = w(es,), where

! (D
€p = Tl Z Z L |(A’A) e A",

z | z;€{0,...,1—1} A€P;(Z4) | 0€A
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Proof. Let ® € VW and [ € N. Note that, by the definition of WV, the series

>
Al
AeP;(Z4) | 0eA
is absolutely convergent for any = € Z%. Hence, since 2" is complete, it converges in A+

for any = € Z¢. Therefore, ¢ is well-defined. Now, note that for any A € P;(Z?), one
has

o qu)/
UA: Z Z Z |A/A)

x| 2;€{0,...,1-1} A'ePs(£) | 06N yeAni.z4,
T+y€EA,
z+y+A'CA

Therefore, from the definition of eg and the translation invariance of @, for any w € Ej 74
it follows that

. T:p(q)A) 1
s=in Y5 w(ZE) ¥ops
z | ;€{0,...,1—1} A€P (L) | 0€A yEA,NL.ZY,

x-H/EAm

But since 4 w ( =24)) converges absolutely for any € 7¢, and
AePs(24) | 0€A A] g y y

E 1 <1 ith li E 1 1
< w1 m = —
Al ’ oo [An| 1
yEA,NL.ZY, yEA,NL.ZY,
z+yE€An, z+y€Anp,
z+y+ACAR z+y+ACA,

from the dominated convergence theorem, it follows that

@) =y Y 5 K (Tﬂ(ﬁAU

2 | 2,€{0,....1—1} AEP;(£)

1 (D
=w | > > T<AA> — w(eqy), (3.12)

o | 2;€{0,..,1—1} AEP;(£) | 0€A Al
and from eq. 3.12, it is not hard to see that for any z € 74, eg(w o 7)) = w(7x(es,)) =
w(ep,;) = ea(w). For any net {w, } converging to w in the weak* topology, one has
lién eqp(Wa) = lignwa(em) =w(epy) = eqp(w).
Hence, eg is weak™* continuous. The affinity of eg is obvious. U]
Remark: From now on, for any ® € W, the element ¢g; € AT given by

€p1 = Z q)A e A"

AePs(Z%) | 0eA

will be denoted by ¢g.
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3.3.1 Long-Range models

Theorem 3.3.1 (Hahn decomposition theorem). Let (X, .A) be a measurable space and
 a signed measure on (X, A). Then, there exists some measurable set P € A, satisfying

(a) u(A) > 0forall A C P measurable,

(b) u(A) <0 forall A C P° measurable.

Theorem 3.3.2 (Jordan decomposition). Let (X,.A) be a measurable space and | a
signed measure on (X, A). Then, there exists a unique pair (', u~) of non-negative
measures on (X, A) such that

(a) p=p"—p,
(b) pt(P°) = 0 for any P satisfying the conditions of theorem 3.3.1,

(¢) u(P) = 0 for for any P satisfying the conditions of theorem 3.3.1.

The pair (u*, u™) is called the Jordan decomposition of yu.

The existence of a Jordan decomposition for a measure allows one to define the vari-
ation of a signed measure:

Definition 3.3.5. Let (XX, .4) be a measurable space. For any signed measure . on (X, .A4),
the quantity

= i (X) + p™ (X),
where (™, 1) is the Jordan decomposition of 1, is called the variation of p.

Proposition 3.3.3. Let (X, A) be a measurable space and M the real vector space of all
signed measures on (X, A) with finite variation. For any . € M, define

el = 1l (X) = p* (X) + = (X).

- || is @ norm on M, that turns M into a real Banach space.

Proof. Let 1 € M. By the uniqueness of the Jordan decomposition, it is easy to see
that ||cu|| = |c|||p|| for any ¢ € R and that p = 0 = ||u|| = 0. If ||u|| = O, then
pt(X) = p~(X) = 0 and by the subadditivity of non-negative measures it follows that
ut = pu~ = 0. Hence, = 0. Let 1, o € M, and let P € A be as in theorem 3.3.1.
Then, one has

1+ prall = 4 p2) (X)) + (pn 4 p2) (X)) = (pun + p2) (P) — (pun + paa) (P°)
=p1(P) + po(P) — p1 (P°) — po(P°)
<l |(P) + [pa|(P°) + |p2| (P) + [p2] (P)
= [(X) + [p2(X) = [lpall + el
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Now, let {u,} be a Cauchy sequence on M. Note that, by the subadditivity of non-
negative measures, for any n, m € N one has

| (A) = i (A)| < |t = pan | (A) < Jpi = pin| (X) = ||t —pin||, forall A € A. (3.13)

Hence, for all A € A, the sequence {u,(A)} is a Cauchy sequence in R, and since R is
complete, it converges. Define i : A — R by

u(A) = lim p,(A), forall A€ A.
n—oo

Note also that, by eq. 3.13, the measures { i, } converge uniformly to p. Clearly u(2) =
0. Let {A,} be a sequence of pairwise disjoint sets in A and let A = [ J -, A,. Given
e > 0, let N € N be such that

1(A) — un(A)] < % forall A € A.

Since pyy 1s a finite signed measure, there exists some M € N such that

5 m m 6
pn(A) = pn (U An> = MN—ZMN(An) <3 for all m > M
n=1 n=1

Hence, for all m > M, it follows that

< |u(A) = pux(A)]
+ |un(A) — iy (U An> +

| ) +(1))

Therefore, 1(A) = Y 2, 1u(A,), and hence 1 € M. Moreover, again given € > 0, let
N &€ N be such that

1(A) — pin(A)] < % forall A€ Aandalln > N,

and let P, be as in 3.3.1. Then, for all n > NV, one has

e = pll = (= 1) *(X) + (= 1) (X) = (ptn = ) (Po) + (pin — ) (P7) <€,
and hence {y, } converges to x in M. O

Remark: Let S denote the unit sphere of VV, and S denote the space of all signed
Borel measures on S with finite variation. In the following, the measures a in S, together
with the space-averaging functional, will be used to define an extension of the space of
short-range interactions, known as long-range models, that also includes some mean-field
type of interactions.
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Definition 3.3.6. A long-range model is a pair (®,a), where ® € WX and a € S. The
space of long-range models M is defined as M = WX x S, with norm given by
[mflae = [[@]hw + [al(S), forallm = (®,a) € M.

at and a~ are called, respectively, the repulsive and attractive long-range component of
the long-range model m = (®, a). If at = 0, then m is said to be a purely attractive long-
range model. Moreover, if ® is a permutation invariant interaction and a is supported by
the set of permutation invariant interactions in WV, m is said to be a permutation invariant
long-range model.

Since W& and S are Banach spaces, it easily follows that M is also Banach.
Definition 3.3.7. Letm = (¥, a) € M be along-range model, and let! € N. The internal

long-range energy of m on \; is given by

. 1 "
Uy :UELJFM/S(UEL) Uy a(d¥).

Definition 3.3.8. For any a € S, define the long-range space-averaging functional A, :
Eza — R by

Ay(w) = /SAw(w) a(dv).

Note that, since the mapping ® — ¢4 is clearly continuous, and for any w € Ea the
mapping A — A 4(w) is also continuous by proposition 3.1.6, A, is well-defined for all
acS.

Proposition 3.3.4. For any a € S, A, is affine. Moreover, if a™ = 0, A, is weak* lower
Semi-continuous.

Proof. The affinity of A, easily follows from the affinity of w — A 4(w) (see propisition
3.1.6). Now, note that the mapping

wH/SAW(w)a_(d\D)

is weak™ upper semi-continuous, since w — A 4(w) is weak* upper semi-continuous for
any A € 2 and a” is a non-negative measure. If a* = 0, then

Ayw) = — /S Au, (w)a (dD),

and hence, by Fatou’s lemma it follows that A, is weak* lower semi-continuous. O]

3.4 Free energy density and equilibrium states

Given a long-range model as defined in the previous section, the goal now is to define
and prove the existence of equilibrium states for such model. In this text, the equilibrium
states will be defined as the minimizers of the so-called free energy density functional.
For finite-dimensional CAR algebras, it can be shown that an equilibrium state always
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exist and it is unique — usually known as the Gibbs state. For infinite-dimensional CAR
algebras, the existence of equilibrium states is guaranteed as long as the long-range model
is purely attractive, but its uniqueness, in general, does not hold anymore. This is the
scenario where a coexistence of different phases might appear, as it will be seen later.

Definition 3.4.1. Given m = (®,a) € M, for any [ € N, the Gibbs equilibrium state
wia € By A defined as

TI'Q[AZ (A : eiﬁU[Tl)
Zn, ’
where Z,, = Try, (e PR,

wo(A) = tr(A - e PR =

and the finite-volume pressure is defined as

In ZAZ
Plm =
BIA|

Theorem 3.4.1 (Global stability of the Gibbs state). For any m = (®,a) € M and any
[ € N, the Gibbs state w; ¢ € Ey A is the unique minimizer of the functional fi  : Ey N
R given by

w(UR) S (w) w(Uy,) 1 W\ * v S (w)
A A T A \AIP/SW((UAZ) Un)a(d¥) =53

Moreover, one has

fl,m(w) =

P =— Inf fin(w) =—fim(we)
"‘)EE”AI
Definition 3.4.2. Given a long-range model m = (&, a), the equilibrium states of the
infinite-dimensional lattice system are the minimizers of the free-energy density func-
tional fy : Fz¢ — R defined as

fa(w) = Ag(w) + ea(w) — 7 s(w).

The set of all equilibrium states for a given long-range model m will be denoted by €,,,.
Moreover, the thermodynamic pressure P, of the system is defined as

Py = lim pj .
l—o00

Proposition 3.4.1. For any long-range model m = (®,a) The free-energy density fy is
affine, and given by

fule) = [ gn )l
Epa
where |1, is the measure representing w of corollary 1.4.1 and g, : Fza — R is defined

as



CHAPTER 3. FERMI SYSTEMS ON LATTICES 111

() = [ ofen) Pala®) + cafw) = Bs(w).
5
Moreover, if m is purely attractive, f, is weak* lower semi-continuous.

Proof. The affinity of f, and its weak* lower semi-continuity when a™ = 0 follows from
propositions 3.2.3, 3.3.2 and 3.3.4, and the decomposition

o) = [ ([ ten)ataw) + eale!) = 57150 ) ()
&4 \Js
follows from corollary 1.4.1, noting that A 4(w) = |w(A)|*> when w € Eza. O

Theorem 3.4.2 (Bauer maximum principle). Let X be a compact convex setand f : X —
R a concave and upper semi-continuous function. Then, f has a maximum and

max f(x) = e f(z),

where E(X) is the set of extreme points of X.

Corollary 3.4.1. For any purely attractive long-range model wm, f,, has a minimum and

Proof. Since f,, is affine, then in particular, —f is concave. If m is a purely attractive
long-range model, then by proposition 3.4.1 f,, is weak* lower semi-continuous, and
hence — fy, is weak™® upper semi-continuous. Since E7q is weak* compact, by the Bauer
maximum principle — f;, attains a maximum on 74, which is equivalent to f;, attaining a
minimum on £zq4. Therefore, since f, = g on Ez4, the corollary follows. O

Proposition 3.4.2. For any purely attractive long-range model m, 2, C FEya is non-
empty, convex and weakly* compact.

Proof. By corollary 3.4.1, €2,,, is non-empty. The convexity of (2, follows from the affinity
of fu. Now, note that O, = f ' ((mingep , fu(w), 00)). Since fr, is weak* lower semi-
continuous, Q5 = Fza4 \ Qy, is weak* open, and since Fza is weak* compact, €2, is also
weak* compact. [

Remark: For a general long-range model it can also be proven, with a generalization
of the Bauer maximum principle, that

wg]g;fz ) fu(w) = wggd fu(w) = wgg ) In(W).

However, since f may not be weak* lower semi-continuous anymore, it may not achieve
its infimum at any point. Therefore, one is required to define the so-called generalized
equilibrium states, as it is done in [4].

The next lemma will be useful to prove the existence of the thermodynamic pressure:
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Lemma 3.4.1. For any long-range model m and any w € Fza,

lim inf pr > — fon(w).
l—00

Proof. Letm = (&, a) be a long-range model and w € Fya. By theorem 3.4.1, for any
[ € N one has

_ W(U;XDZ) 1 U\ * 770 _SAZ(nglAZ))
o> = (S5t + g [A(01) URetaw - S0 ).

Since 7, is continuous for every x € Z%, for any ¥ € W one has

B Uy, 1 Wy T2(U )
ew—m “IA ZTw Z T Z Z A
TEN; AePy (z4) AEPf(Zd) €N | A+zCAy
[ WAl 1
< —_— .
- Z |A| Z |A]
AGPf(Zd) €A | A"FCC%A[

By the dominated convergence theorem it is not hard to see that

U\I/
lim ||eg; — —2L|| =0, forall ¥ € W. (3.14)
l—00 ’ |Al|

In particular,

N AN AT
e (1) ) =t ) = 3.0

and again by the dominated convergence theorem, one has

UJ(UE) 1 * SAz (w|91A )
liminfp; > — 1i L N N ) - —— 7
im inf prm 2 1550( T RRINE /quUA,) UnJad¥) - —57 )

- <eq,(w) 1 /S A, (w)a(d¥) — s(w)) = —fu(w).

3.4.1 Permutation invariant systems

In order to prove the existence of the thermodynamic pressure for arbitrary long-range
models, it is easier to begin with the specific situation of permutation invariant interac-
tions. Furthermore, due to Stgrmer’s theorem (theorem 3.1.1), the problem of finding the
thermodynamic pressure for permutation invariant systems can be reduced to a minimiza-
tion problem over a one-site CAR algebra, as it will be seen in this section.

Proposition 3.4.3. For any p.i. state w € Ey and any A € o), one has

Ap(w) = w(A'7(4)),

where x is any element in 7%\ {0}. Moreover, for any A € 2, A4 is weak*-continuous
on Frn.
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Proof. Forany y,y € 7% let s, : 7¢ — 7¢ be the permutation given by

y', ifz=y,
Sy,y’(z) = Y, le = y/7
z, otherwise.

Fix x € Z%\ {0}. Forany [ € N, any w € Ey and any A € 2y, one has

w@%%=paa<§:WWMAYw0®%+ Y wln(A)A)+

yeN yeA | y#0

> M@Uﬁ@ﬁ@ﬁ

vy €N | y#£y y' #0

:ﬁ ( Z w(as, , (Ty(A) 1y(A))) + Z w(as, o(1y(A%)A))+

yeh yEA | y#0

> wW%AmUVﬁﬂADO

y,y' €A | y#£y' Yy #0

:Lw(A*A) + 1 : Z w(A*T,(A)) + Z w(A*T,(A))
A Al

yEA | y#0 v,y €A | y#£y' y' #0
1 . 1 .
:|Al‘w<A A) + |Al’2 ( Z W(O‘y,x(A Ty(A)))+
yEA; | y#0

Z w(oyr o (A*Ty (A)))>

vy €N | y#y' Yy’ #0

1 (A -1 [Ad? —2[A +1
= w(A*A) + w(A*m,(A)) + w(A (A
AU + (A () + S (AT (4)
Therefore, taking the limit [ — oo, one has
Ay(w) = llim W(|A?) = w(A*T.(A)). (3.15)
—00
The weak* continuity of A 4 in E7y is obvious from eq. 3.15. [

Theorem 3.4.3. For any p.i. long-range model wm, P, is well-defined and
OJIEHEH f (W) wlélgn f (w>
Proof. By lemma 3.4.1, one already has

lilrg i?f Dim > — wienEfH fu(w).

Hence, it suffices to show that
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limsuppm < — inf fo(w).
=0 weEkn

For any p.. interaction W € W, U/‘f’l is invariant under any permutation 7 € II(Z¢)
such that 7|74 o, = id. Therefore, using proposition 3.1.8 it is easy to see that the Gibbs
state w; ¢ associated with U,‘{’l, and consequently its periodic extension w; ¢ (see proposi-
tion 3.1.11), are also invariant under these permutations. Moreover, since Fgy is weakly*
compact and metrizable in the weak* topology, the sequence {w; } has a subsequence
{@, ¢} that converges in the weak™* topology. Let w., be this limit. By the invariance
of w; ¢ under permutations that leave 7¢ \ A; invariant, it follows that w,, € Ep. Asin
proposition 3.4.3, for y, 4y’ € 74, let s, : Z¢ — 7¢ be the permutation given by

y/7 if 2 = Y,
Sy7yl(2’) = Y, le = y/>
z, otherwise.

Note that if 37,3 € Ay, then s, |74\ 5, = id. Moreover, since one has

UAZ B

A \AZ|Z Vo) Z ZO‘SOI”‘

mGA zGA

it follows that

U/\XIIZ 1
k — E
klgn Wi,G ('Alk|> kh~>oo ‘Alk’ Wiy, G (&SOL<Q\I})> - hm wlk G<e\l’>

xEA

=Weo(ty) = e\p(woo). (3.16)

Moreover, using eq. 3.14 and following the same steps as in proposition 3.4.3, one has

Uv,\ U\ oy ,
Jim wy, @ ) Thy) = lim w, @ (lewlz,) = Jim w6 (€72 (ew))
= Woo(ey T (ew))- (3.17)

Now, define the state w; ¢ as

OLa(A ‘ llzleTx

TEN;
Itis easy to see that w; ¢ € Ez4. Let n < [. Then, for x € A;_,,, there exists a permutation

Tz, as defined in proposition 3.1.7, such that 7, ,, = 7,. Therefore, for any A € 2, one
has
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1 R R 1 . .
_|A| ) @i6(m(A)) — dra(A)] = i (Aicn] = A D@(A) + ) drelra(A))
U zen, ! 2N \A—,
|Ai—n] — A ’|A,| — Ay
<|—||Al| + | —————| ||A
™ | Al A Al

:2‘(1—%)d—1‘”,4||.

Therefore, the sequence {&;, ¢} also converges to w, in the weak™* topology. Moreover,
by the periodicity of w;  and the translation invariance of the entropy density, one has

Say, (wie)
A

Hence, from eq.s 3.16, 3.17 and 3.18, together with the weak* upper semi-continuity of s
on E7za and the fact that {&;, ¢} converges to w in the weak* topology, one has

s(@ne) = s(@re) = (3.18)

limsupp; < —fi (Weo) < — inf  fin(w).

l—00 wEE,4

Therefore, the result follows. O]

Corollary 3.4.2. For any p.i. long-range model m = (®,a), P,, is given by

P,=— inf {w(e\y) + /s w(ew)|*da(V) — B_IS{O}(w)} .

(JJEEQ[{O}

Proof. This follows from theorem 3.4.3 and Stgrmer’s theorem, noting that ey € 20y for
any p.i. interaction ¥ € W and s(w) = Sy} (w) for a product state w € Er. O

3.4.2 Translation invariant systems

To prove the existence of the thermodynamic pressure P, for a general long-range model
m, it is convenient to instead work with the so-called discrete finite long-range models:

Definition 3.4.3. Let m = (®,a) € W be a long-range model, and suppose that there
exists some interactions @1, ..., ®y € S such that the measure a can be written as

N
a=> (la,,
k=1

where (;, = £1 and dg, is the Dirac measure of ®;. In that case, m is said to be a discrete
finite long-range model. The set of all discrete finite long-range models will be defined
by Mdf.

Remark: The measure a of a discrete finite long-range model m = (®, a) can also be
identified with a finite sequence { (s, 1)}, and its internal long-range energy is given
by
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N
m 1 *
UR = US + 73 > G () U
k=1

Then, after proving the existence of the pressure for the finite discrete long-range mod-
els, the proposition below — that is proven in ([4], section 6.1) — allows one to generalize
the result to any long-range model:

Proposition 3.4.4. For any long-range model m € M, there exists a sequence {m,,} of
finite discrete long-range models converging to m such that

Py, = lim P,, and inf fy(w)= lim inf f, (w).

n—00 wEE,4 n—oowekl 4

Lemma 3.4.2. Forany ® € Wandn € N,

A(n) E UA,+ 2+1)z

€A,

lim

Non =0,
l—00 |A"‘

where the convergence is uniform in n.

Proof. Note that

A(n) E UA,+ 2+1)z

€A,

[l 1
< X T X T
Al A

n)
A AEPs(Z4) | A zeA(™

|
where the primed sum is only over those x € Al(n) such that  + A N Ay (2141), # D and
T+ AN A1), # D forsome y, z € Al("), y # z. For A € Pf(Zd), define

mp = max {d(z,z')}, where d(z,z’) \/|x1 — 22+ g — 22
xz,x' €A

Then,

C ol AGA] = A ) = (I —my)?) 1 (1 )
Z | (n)|< |Al(n)| ((2l+1)n)d - (2_%)61 :

zeA™
By the dominated convergence theorem, the lemma follows. [

Lemma 3.4.3. Let ® € VW be an arbitrary interaction, w;, be the Gibbs states associated
with Uffl and let W ¢;, Wy be as in proposition 3.1.12. Then, it follows that

wa(UR)]
Al

eq(Wrg) —
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Proof. By the periodicity of w; ¢, one has

R 1 R
WZ,G(UE) = m Z wl,G<UEl+(2z+1)x)-

CCEAn

Therefore, by lemma 3.4.2, it follows that

. ,6(UR)
1 ve)— ————=|=0
m lee(@re) = = ’
and by the affinity and translation invariance of eg, the lemma follows. [

The next lemma will not be proven here, but it is a well-known result and it is neces-
sary to the proof of the following theorem.

Lemma 3.4.4. For any A € P¢(Z%) and any A, B € Uy, it follows that

[In(Tra, () — In(Tr, (e7)] < [|A = BI|.

Theorem 3.4.4. For any long-range model w, F,, is well-defined and

Py, =— inf fu(lw)=— inf fo(w).

wEEZd Wegzd

Proof. As in the case of p.i. long-range models, lemma 3.4.1 ensures that
lim inf > — inf :
mRm 2= B )
Hence, it suffices to show that
limsuppm < — inf fu(w).
l—s00 weE,4

Moreover, by proposition 3.4.4, it suffices to consider only the case of finite discrete long-
range models. For any [,n € N and any ¥ € W, define

Ul = > 7are(UR),

ZeAn

and given a finite discrete long-range model m = (CI), a= Zgzl Ckéq)k) , define

N

) 1 . 1 *
(A7) s iV

The pressure associated with U}, is given by

1 m
Prm(n, B) = ——— InTry (e*BUl,n)_

BIAM]
By lemmata 3.4.2 and 3.4.4, it follows that

A;n)
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hm (lim sup [pim(n, ) — p2m+n+l,m|> = 0. (3.19)

—00 n—o0

Now, note that the pressure p; (1, 3) can be seen as the thermodynamic pressure for
some p.i. long-range model m,, defined as follows: let Qll be the CAR algebra generated
by the Hilbert space b; = [2(Z9)® $ 4 - Where the spin set Sis givenby S = S x A;. Then,
let M denote the space of long-range models of 21, and define 1y, as the p.i. long-range

model m; = <(I>(l a = Zk 1 Ce q)(z)) € Mdf satisfying

P
50 UL zo Uy
{0} A k,{0} |A]

Then, it follows that

Pim(n, B) = P, (0, B;), where 5 = [y 5.

Hence, since m; is permutation invariant, by corollary 3.4.2 and from the fact that (é(z){o}
can be canonically identified with 2{,,, one has

. i UAZ
Pﬁu o nh—g.lopl’m(n’ B) - wlé%f/\l |Al Z Ck

3.20
& | A (o G0

UAz ' SAZ (w)

The right-hand side of eq. 3.20 can be seen as a minimization problem of a weak* con-
tinuous functional over the set £5,. Hence, it achieves a minimum. Let &; € E; 74 be the
periodic extension of its minimizer, and let

wl |Al Zonw

By proposition 3.1.12, &; € Eza for any [ € N. In particular, A4(0) = |[0(A)|* for
any A € 2 and any [ € N. Therefore, from lemma 3.4.3, eq. 3.20, and the translation
invariance of the entropy density, it follows that

lim lim pl,m(”aﬁ) = — lim gm(@l) = — lim fm(('bl>7
l—00 n—o0 l—o00 =00

and from eq. 3.19, one finally has

limsuppym = — hm Gm () = — hm fo (@) < — inf fu(w).

l—00 wel 4

]

3.5 Approximating interactions for purely attractive long
range models

In this section, it is shown that any purely attractive long-range model m can be “approx-
imated” — in a certain sense —, by a suitable interaction with no long-range component.
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With this approximation, the thermodynamic pressure of m can be obtained from a model
with a simpler interaction. Moreover, its ergodic equilibrium states are intimately related
to the equilibrium states of its approximate interaction, as it will be seen next. It is worth
remembering that, when the long-range model is purely attractive, the free-energy density
fm always achieves its minimum, and at some extreme point w € £z4. These observations
are important for the development of the results presented in this section.

Definition 3.5.1. Let m = (P, a) be a purely attractive long-range model (i.e., a* = 0).
For ¢ € L*(S,C, a"), define m(c) as the long-range model given by m(c) = (Pp(c), 0),
where

(I)m(c) =+ / QRG[E(\P)\IJ]G(CZ\D)

Lemma 3.5.1. For any w € E,q and any measure a € S, one has

[ teaa@n) = sup ){—ch% [2reletweao-a)}.

ceL2(8,C,a~
where the r.h.s. has a unique maximizer d,, € L*(S,C, a™) given by d (V) = w(ey).
Proof. Note that, for any w € Fa, any A € 2 and any ¢ € C, one has

—|c|* + 2Re[ew(A)] = |w(A)]* — |w(A) — |

Therefore,

sup{—|c|* + 2 Re[ew(A)]} = [w(A)[*,

ceC

with unique maximizer d = w(A). Hence, since d,(¥) = w(ey) clearly belongs to
LQ(S, C,a7), as U — ey and w are continuous, it follows that

[ eten)an @) = [ (sup{-e + 2Relecaen)} ) a0
— ){—ch% [2reeestoo@n) |

ceL2(S,C,a~
with unique maximizer d,, (V) = w(ey). O
Proposition 3.5.1. Let m = (®,a) be a purely attractive long-range model. Then, it
follows that

P,=— inf  hn(c) =— inf hy(c),

c€L2(3,C,a™) c€EBR
where
ha(c) = llell3 = Pao
and By is a closed ball at 0 in L*(S, C, a™) of sufficiently large radius R > 0.
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Proof. By theorem 3.4.4 and lemma 3.5.1, and since for an attractive long rang model
m = (®,a) a = —a", it follows that

P it {eae)+ [ foten)Patan) - 57's(0) )

w€Ezd c€L2(3,C,a )

= — inf (6@(0))— sup {—Hdl%—/SQRG[E&II(W)]C‘(CZ‘I’)}—5_15(W)>

— — inf (eq)(w)Jr inf {Hc”%+/S2Re[66q/(exp)]a(d\lf)}—513(W)>

weEyq ceL?(S,Ca)

—— inf  inf {wm+@@A+/2mﬁw@th%—ﬂ44m}

weE,q c€L?(S,C,a-) 5

—_ inf  inf ){||c|]§+f¢m(c)(w)} (3.21)

wegzd CGLQ(S,C,C(_

=— inf 2 — Pute
el Az = Bue }

=— inf h )
Lz(sls%:,a,) n()

Now, note that for any w € Ezd, fu(e)(w) is given by

Jm(e)(w) =ea(w) + 2Re {/ E(\I/)eq,(w)a(d\ll)} — Bs(w)
S
=eq(w) — 2Re [(c, €9 (W) 12(5.0,0-)] — Bs(w)
<egp(w) —2Re [(c, 6\1/(0}))L2(g’@7a—):| )
Therefore, using Cauchy-Schwarz inequality and other straight-forward estimates, it is
not hard to see that
[P < 2[[m[aallel2-

In particular, one has

lell2 = 2lml[allellz < hae) < [lell3 + 2lmadllcl2,
and hence since (||c||2 — 2||m||m]|c]|2) — oo as ||c||2 — oo, the proposition follows. [

Definition 3.5.2. For any purely attractive long-range model m, define the set C,, C
L*(S,C,a7) as

Con = {d € L*(S,C,a7) | hm(d) = inf hn(c) = Pm} :
cEBR
Definition 3.5.3. Let § be a Hilbert space. Define the weak topology on $) as the initial
topology of its dual space $*.

Remark: By the Riesz-Fréchet theorem, any Hilbert space $) can be canonically identi-
fied with its dual space $*. Therefore, it follows that the weak topology on ) is equivalent
to the weak™ topology on $*.
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Proposition 3.5.2. For any purely attractive long-range model m, h,, is weak lower semi-
CONtinuous.

Proof. For any ¢ € § = L*(S,C,a"), let ¢, denote the respective linear functional of
Riesz-Fréchet theorem associated with c. Note that

lell3 = sup |¢e(x)]* = sup | fo(dc) 7,
TEH TES

where f, : §* — C is the linear functional given by

fz(¢) = ¢(x).

Clearly f, is weak* continuous, and by proposition 3.2.2 ¢ — sup,cg | f+(4)|? is weak*
lower semi-continuous. Therefore, by the above remark, it follows that the mapping

¢ ell3

is weak lower semi-continuous. Now, note that the map

¢ fue(w) = ea(w) — 2Re [(¢, ew(w))2(s,0a-)] — B5(w)

is weak continuous. For any w € Eza. In fact, it follows that the family of mappings

{c= fuge (W)}weEZd

is weak equicontinuous. Hence, it is not hard to see that this implies that

cr> Pm(c) = — min {fm(c) (w)}
weEZd
is weak continuous. Thus, the proposition follows. [

Proposition 3.5.3. For any purely attractive long-range model wm, C, is non-empty, norm-
bounded and weakly compact.

Proof. From the estimate

lellz = 2lmllallellz < hu(c)

it follows that C,, is norm-bounded. Now, note that from the above remark on the weak
topology of a Hilbert space and from the Banach-Alaoglu theorem, it follows that any
closed ball of finite radius is weak compact on a Hilbert space. Hence, from the weak
lower semi-continuity of h,,, the proposition follows. [

Proposition 3.5.4. For any purely attractive long-range model w, it follows that

(a) for any w € Qy N Eza,

d=V — eg(w) € Cp,

and w € Qy(a),
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(b) Forany d € Cq, Quay N Eza C Qo N Eza and any w € (g satisfy

d=V— eg(w). (3.22)
Proof. (a) Letw € QN Eya. By lemma 3.5.1, d is a solution of
inf >4 fne .
Bl o)

Moreover, since m is purely attactive, w is the solution of the first infinum of eq. 3.21,
d € Cy, and since the two infima of 3.21 commute, w € (y(q).

(b) If d € Cy, then d is a solution of
inf S+ inf  fue 2
cer?(8,Ca-) {HCH2 * webg Jm )(w)} ’ (5-23)

and since the two infima in eq. 3.23 commute, any w € {14 must satisfy eq. 3.22 due to
lemma 3.5.1. Moreover, (g N Eza C Qi N Eza from eq. 3.21. O



Chapter 4
The model

In the last chapter of the thesis, the thermodynamics of a specific purely attractive long-
range model is analyzed. The model possesses a BCS interaction term, of strength -y, and
a locally repulsive term between electrons occupying the same site, of strength \. First,
the model is analyzed in the so-called strong-coupling limit: when the kinetic energy
term is ignored, and hence it becomes permutation invariant. In this scenario, it is shown
that for a certain choice of parameters (7, \) there exists a coexistence of magnetic and
superconducting phases. Then, the kinetic term added to the model, and it is shown that
if the term is small, the coexistence also holds true.

4.1 Permutation-invariant approximation

Definition 4.1.1. Let ¥ € S be the p.i. interaction given by

\I[{x} = Qg | Ay 1,
and let my = ((i(o), a) € M be the p.i. purely attractive long-range model defined as

(i)f{(;)} - _M(nr,T + nw,i) - h(nLT - nw,i) + 2)‘nfE,Tn%¢’ ph, A ER,
where n, ¢ = a;ﬁaw’s, and

—~, if U e X,
ax)y=4{ 0T v >0.
0, otherwise,

Note that, for [ € N, the internal long-range energy of mg on A; is

Ugllo - Z (—p(ngq +ngpy) — h(ngr — ng ) + 2A05 415 )

Z‘EAZ

Py * *
- |A | E aw,Tax,J,ayanava7
! z,yeN;

i.e., it is the BCS-Hubbard model in the so-called strong coupling limit (no kinetic en-
ergy). Since this model is p.i., its thermodynamic pressure can be easily calculated from
the formalism developed in the previous chapter.

123
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Proposition 4.1.1. The pressure Py, of the long-range model W is given by

Prg =71 In2 +p — inf f(c),
ce

where

f(e) =|c]* - %ln (Cosh(ﬂh) + e M cosh (@gc)) , and g, = \/(u — )2+ 42|cl?.

Moreover, for any d € C minimizer of f(c) there exists an ergodic equilibrium state
w € Qa, N Eza satisfying w(a,, a,+) = d.

Proof. First, note that L*(S, C,a~) = C. By proposition 3.5.1, it follows that

Pﬁm = - igé {7’0’2 - Pﬁ‘to(c)} )

where for any ¢ € C, Py, is the thermodynamic pressure of the p.i. long-range model
mo(c) = (@20) , 0) satisfying

~ (0 - 0 ~ o
(I)E,{)x} - (I)ix)} —¥(Cay, az 1 + Cagmam’i).

But since my(c) is p.i. and has no long-range component, its thermodynamic pressure can
be explicitly calculated. By propositions 3.1.9 and 3.1.8, it follows that

,5Uﬁ‘0<6) 7BU‘%0(C) Al
Zn, = Tro,, | € 7N = Try, | € ,

and hence, for any [ € N, the finite-volume pressures p; 5, () are unchanged and given by

1 _ 0@
Difg(c) = B In (Tl"m{o} (e AUy )) )

Since Aoy = Myxa(C), prng(c) can be computed, and one has

1
Pro(e) = Prio(e) = =B 'In2 — pu+ 3 In (cosh(Bh) + e’ cosh (Bg.)) ,

where g. = /(11 — \)? +72cf>.

Therefore, the first part of the proposition follows. The second part is a straightforward
consequence of proposition 3.5.4. [

Remark: note that since f(c) depends only on the modulus of ¢, it follows that
inf.cc f(¢) = infieg f(z). From now on, f will be seen as a function over the real
numbers.

A fermionic system where the expected value of a, | a, 4 (usually called the supercon-
ducting gap or pairing amplitude) is different from zero is said to be in a superconducting
phase.
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Definition 4.1.2. The magnetic susceptibility x of Py, is defined as
0? Py,
X = .
dh?
Proposition 4.1.2. For = h = 0, in a neighborhood of a point (\,~) where f(x) has a

unique minimizer d = 0, the magnetic susceptibility x is given by

B
1+ (14 e728%)/2°

Proof. The proposition follows from a straightforward evaluation of £ 0

dh2 :

Note that, under the conditions of proposition 4.1.2 and if A > 0, when 5 — oo, the
magnetic susceptibility goes to oo. Therefore, when 0 is the unique minimizer of f, the
system is said to be in a magnetic phase.

0, there exists some parameters \,5 > 0

Proposition 4.1.3. For § = land pn = h = 0
+ N5 +7)— f(0; N\, 7) is e-transversal, with

such that the unfolding F(z, \,~) = f(z;
o(F(x,0,0)) = o(f(x:1,7)) = 6.

Proof. By the parity symmetry of f it follows that = 0 for any odd k and any
A, 7 > 0. Moreover, by direct calculations, it can be seen that the system of equations

82f‘(0;2>w) -0
2 f(An) Ay >0,

h
A

" f(O/\v

ozt =0

has a unique solution (), ¥), given by

(A7) =~ (0.75,6.22),

that also satisfies % # 0. Hence, defining F'(z,\,v) = f(z; A+ AT +9) -
f(0; A, %), it follows that o(F(x,0,0)) = o(f(z;A,7)) = 6. Furthermore, calculating
74 (a1 (F)), j*(aa(F)), one gets

j4(a1(F))2014+386x 1022, and j'(az(F)) = —2° =
(1,3 (a1 (1), 5 (02(F)))w = (1,2%, 2%,

i.e., F'(z, A, ) is e-transversal. O

Proposition 4.1.4. For § = 1, p = h = 0 and any small enough neighborhood U of
(\,7) € R, it follows that

(a) there exists an open subset of U where x = ( is the unique minimizer of f,

(b) there exists an open subset of U where f has only two symmetric minimizers v = +d
for some d > 0,

(c) there exists a curve in U where f has three distinct minimizers: © = 0, and x = +d
for some d > 0.
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Proof. Since, by proposition 4.1.3, the 2-unfolding F(z,\,v) = f(a; A+ X\, 5 +7) is
e-transversal, by Thom’s theorem (theorem 2.4.2) it follows that /' is equivalent to the
unfolding G(z, uy, ug) = 2% 4+ u 2% + uea?, i.e., there exists some small neighborhood of
V of 0 € R?, some small neighborhood I of 0 € R, and some smooth functions:

(@) ¢: 1 xV — R, where ¢(0,0,0) = 0 and x — ¢(z,uy, us) is a diffeomorphism for
all (uy,uq) € U,

(b) ¥ : V — R?, where ¥(0,0) = (0,0) and ¢ is a diffeomorphism,
©) k:V =R,
such thatin I x V,

F(x>u17 UQ) = G(gb(xvula U2),¢(U1, u2)) + K’(ula u2)'

Therefore, studying the critical points of F'in I X V' is equivalent to studying the critical
points of GG. Figure 4.1 shows the behavior of the critical points of G.

uz

up

Figure 4.1: Distribution of the minima of 2% + w22 + up2*. In the red region, the only
minimum is x = 0. In the white region, z = 0 is not a minimum, and in the red line
(u2 = —2w/u1) the minima are in x = 0, :I:u}/4.

To extend the results for any « € R possibly outside of 7, it suffices to note that, at
(A, 7) = (A, 7), z = Ois the unique critical point of f. Hence, there exists a neighborhood

U C (A7) + V of (A,7) where the only critical points of f are inside /. O

Propositions 4.1.1 and 4.1.4 imply that for any (, ) that lies in the curve mentioned
in (c) of proposition 4.1.4 (i.e., any (\,~) such that 1)(A — X,y — 7) lies in the red line
of figure 4.1), the correspondent fermionic system is in a coexistence of magnetic and
superconducting phases. In order to establish the correct proportions of each phase, an
analysis must be made fixing the electron density of the system, as it is done in [3].

4.2 Cluster expansions

In this last section, the goal now is to prove that the coexistence of magnetic and supercon-
ducting phases also holds with the introduction of a small kinetic term in the interaction
analyzed above. However, with the introduction of a kinetic term, the new interaction
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fails to be permutation invariant, and thus its thermodynamic pressure cannot be easily
obtained as before. Therefore, to analyze the new perturbed thermodynamic pressure, it
is used here a technique known as “cluster expansions”. This technique allows one to
prove that the derivatives of the perturbed pressure is “well-behaved”, and hence by ar-
guments coming from catastrophe theory, it can be shown that ,for a small perturbation,
the minima of the new pressure has the same behavior as the minima of the unperturbed
pressure.

Definition 4.2.1. Let G, denote the set of all unoriented graphs with n vertices, and C,, C
G, denote the set of all connected unoriented graphs with n vertices. Define a function ¢
on the space of finite sequences (z1, ..., x,) of X by:

1, ifn=1,
% ZGeCn H(z’,j)eG C(z, xj) if n > 2,
where H(i’j) ¢ 18 to be understood as a product over the edges of G. A finite sequence

(1,...,7,) in X is said to be a cluster if the graph with n vertices and edges between i
and j whenever ((z;, z;) # 0 is connected.

Oz, .., x,) = {

The following theorem will not be proven here, but its proof can be found at [12].

Theorem 4.2.1. Let (X, A, 1) be a measurable space, where i is a signed measure with
finite variation, ¢ a measurable symmetric function on X x X, and Z given by

2=Y o [ autw [dutz) T @+ o)

n>0 1<i<j<n

Assuming that |1 + ((x,2")| < 1 forall z,2' € X, and that there exists a nonnegative
function a : X — R such that

/d|ﬂ|($,)|g($,$/)|€a(x/) <a(x) forallz € X, and /d|M|(g;)ea(x) < o0,

then

7 = exp <Z/d“<x1>' ../dlu(xn)qﬁ(xl, . ,:cn)> ,

n>1

where the combined sum and integral converges absolutely. Furthermore, for all x1 € X,

1 Yon [ dlul(e) [ @)oo m)] < e

n>2

Definition 4.2.2. Let A;,... A,, € Pf(Zd). Define G4, ... 4,, as the unoriented graph of m
vertices and edges between i and j whenever A; N A; # &. Moreover, a set A € P;(Z¢)
is said to be a polymer if A us connected.



CHAPTER 4. THE MODEL 128

Definition 4.2.3. Let © ®© ¢ W, such that ®© is pi. and &7 = 0 if A is not
connected, and let ® = ®©) + (9. For any polymer A € P;(Z?), define

1 S . ) B rtm © © —,BU‘I’(O)
pA) = —— (-1 > : Ty, (@Al(ﬁ) oY (1,,)e U )x
R — Aty Ay 70 /0 0

|A]
(€) o U@(O) (e) Uq;.(o) - _ U@(O) . —/3(1)(0)
Dy, (1) =ea @e™r | Zya=Try, (e BUX = Trg,, (e 7 7

and the sum >_ " is over polymers A;, ... A,, C A such that Ui~, A; = A and the graph
A, 1s connected.

77777

The proof of the following proposition is extensive, and hence it is left to appendix B.

Proposition 4.2.1. Let & &) € W, such that ®©) is p.i. and (IDX) = 0 if A is not
connected, and let ® = ®©) + &) Then, for any A € P;(Z%), one has

A= 2y (Z S S T (e cas Aj») 7
A An

n=0 1<i<j<n

where Z, is the partition function of UYL, Zy is the partition function of UJEI(’J(]?),

0, otherwise,

and the sum " 4, is over all polymers of A.

Definition 4.2.4. For any € > 0, define ®(©) as the short-range interaction given by

i (A 4 yyr + Q5 | Qupy | + Ay 1ot + a4y aq ), i |y| =1,y > 0 for all
(I)Ef): i=1,...dand A = {z,z + y}
0, otherwise,

and let m be the purely attractive long-range model given by

m=my+ (5(6)7 0) = @(0) + ), a) = (®,a),
with ®© and @ as in definition 4.1.1.
Remark: 1t is easy to see that || ®(°)||,,, can be estimated by
12l < 2de,

and that its internal energy UE’Z(E) is given by
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He)
U/%z = Z Z E(a;,ﬁaﬂﬁyﬁ + a;,¢az+y¢)-

TEA |y|=12+yEN

Hence, ©) can be seen as a perturbative kinetic energy term.

Note that the interaction @, of m(c) = (éc, 0) is given by b, = o0 4 ) since the
long-range component of m and m, are the same. Moreover, for any 6 € [0, 27), let oy be
the *-automorphism satisfying og(a;, ;) = e/ QCL;S forany z € Z%and s € S. Itis easy
to see that taking O_Q(U/‘a) corresponds to the change ¢ +— ce?. Thus, by the invariance
of the trace under *-automorphisms, it follows that the pressure Pg/.) is invariant under
the change ¢ — ce’®. Therefore, as in the previous section, ¢ will be regarded as a real

number.

Definition 4.2.5. Let D C R be an open domain, let v = (c,7, A, h, j1, €), and given a
six-index o = (v, g, a3, g, as, ag), let

olel olel

Ove  0ce19y229\3 Ohoa Qs Qe
For any r > 0, define RA(D, r,R) as the subset of C*°(D, R) where the norm

is finite.

Remark: Note that every function in RA(D, r, R) is, in particular, real analytic on D.
Moreover, it is a well-known fact that RA(D, r, R) is complete with respect to the norm

-1l

Proposition 4.2.2. If the product (e satisfies

—2k |
elﬁ’ where k =3In2+21In(2d¢) + ¢ +1 and ¢ = \/52"‘ 7

Be <

then, it follows that p &) = Piso(c) + Pie» Where

pre = ﬁ S5 T4 S p(AG(AL - A,

n=1 A

where the sums 4, are over all polymers of ;. Moreover, for any bounded open set

D C RS, there exists some v > 0 such that ||p,c||p.. < oc.
Proof. First, note that
5(0)
olale=TUR _yd©
H e | < Gt [

and
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alocl
8\/@

<4, with ||<I>j)|| < 4e.

Therefore, let D some bounded open set in RS and let » > 0 be chosen such that

i)
He 0!

5(0)
<V2 H€—5q>{0}
D,r

&%

b, S2RL and 1 Z55 Ipr < V27

Note that r does not depend on A. Let )y be the lowest eigenvalue of <I> 0} € Uy =
My54(C). Since CIDEO)} is self-adjoint, one has

z [A]
PFI0) .
e " {0 Z()’A < 1.

PEA0) 56O
e PP || = ePho < Tro, (e M){O}>

Therefore, one may estimate ||p(A)||p, by

ORI s [m .
lo(A) oAy 2 219
m=1 Ly A =1
< B2 —kIA Z Z <2H<b(e Hek\A |)
m:l ..... Ap i=1

Now, note that there are at most d|A| subsets of A for which (ID # 0, and those subsets
also satisfy |A| = 2. Therefore, the sum }, ~ , ’has at most (d]A\) elements, and if
(e satisfies the bound 4.1, one has

.....

lp(A)[|p,p <eBm2=RINY = — : (Bel6de [A])™ < eBIn2-kDIAl _ o~@In(2dg) o 1A
T m!

Hence, since RA(D, r,R) is complete with respect to the norm || - || p ., it follows that
lp(A)||p,r is indeed well-defined and p(A) € RA(D,r,R). Moreover, following the
same steps as in ([12], 4.2), choosing the functional a over the polymers of A; given by
a(A) = ¢~ A|, it follows that

D oA C(A, A)|e ™) < a(A),

A/
where the sum is over the polymers of A;. Therefore, by theorem 4.2.1, the sum

ZZH,O Mo ZHp Nprlo(Ar, - An)l

n=1 A;

converges. Hence, again since RA(D, r, IR) is complete with respect to the norm || - || p .,
it follows that p; . € RA(D, r,R), and this proves the second part of the proposition. The
first part follows by noting that [p(A)| < ||p(A)||p.», and applying proposition 4.2.1 and
theorem 4.2.1 for the signed weights p(A). O
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Proposition 4.2.3. The pressure Py of the long-range model mv is given by

P =87 2+ p—inf{f(c) + pc},

where p. = lim;_,, py ¢ is real analytic with respect to c,~y, \, h, . and €. Moreover, for
any d € C minimizer of f(c) + p. there exists an ergodic equilibrium state w € Qg N Eza

satisfying w(a, |a, 1) = d.

Proof. First note that since pim) = Plig(e) T Pre and Pa) = My o0 Prae)» Pae =
limy 0 Pi,mg(c) are well-defined, it follows that p, = lim;_, . py,c is also well-defined and
Pae) = Pay(c) + pe- Moreover, by proposition 3.5.1, one has

Pﬁ'L = - (ljrequ; {7‘6‘2 - P\‘ﬁo(c) +pe} = 571 In2+ n—= igé{f(c) +pe}'

Now, let K C R® be some compact set, and let D be some open bounded set such that

K C D. By proposition 4.2.2, there exists some r > 0 such that ||p;||p, < co. In

. .. alel . . L .
particular, for every six-index «, aﬁf’e is a sequence of functions which is uniformly

equicontinuous and bounded w.r.t. the supremum norm on K. Therefore, by applying
the Arzela-Ascoli theorem, it follows that there exists a subsequence p;, . such that, for

.. alolp, . . . . .
all six-indexes «, e uniformly converges on K. As the derivatives commute with

uniform limits, one concludes that the pointwise limit p. of p;, ., is a smooth function such
lol
that H 9% pe

ove
second part of the proposition follows. The last part of the proposition is a consequence
of proposition 3.5.4. U

< alr~lol ie., p. is real analytic on K, and by the arbitrariness of K the

Proposition 4.2.4. For 5 = 1, p = h = 0 and any € > 0 small enough, the long-range
model m also shows a coexistence of magnetic and superconducting phases.

Proof. Let U be a bounded open neighborhood of (0,0) such that A,y > 0 for any
(A7) € (A7) + U, and let F/(z,\,7) = p(z; A + X\, 7 + 7). Note that, in particular,
pe(m; AN, 7+7) is real analytic with respect to x, 7, A, €, and since py(x; A\+\, Y+7) = 0,
it follows that its derivatives with respect to x,y, A go to 0 as ¢ — 0. Moreover, note that
F(z,\7) = f(z;\+ X\, +7) — f(0,\,7) is e-transversal and thus clearly e-universal
(see proposition 2.4.4 and definition 2.3.4). Hence, F(x, \,7) is e-stable by theorem
2.5.2. Therefore, by the e-stability of F' (see definition 2.5.3), it follows that there exists
an interval / of 0 € R such thatif e € I, F at (0,0, 0) is equivalent to F' + F! at (0, A, 7¥.)
for some (A, 7.) € U. Therefore, an analogous analysis to that done in proposition 4.1.4
holds for the unfolding ' + F, and hence, the proposition follows.

O]



Chapter 5

Conclusion

In this thesis, the goal of showing a coexistence of magnetic and superconducting phases
in a quantum lattice fermi system is achieved, through the study of the formalism pre-
sented in chapter 3, which is based on the solid mathematical ground of the C*-algebraic
formulation of quantum mechanics, and through the application of some results coming
from catastrophe theory.

As it could be seen, the formalism in chapter 3, that was developed in [4], provides
some very important and relevant results associated with the existence and the analysis
of the thermodynamics for systems that can be modeled by a “long-range model”, as it
is defined in this thesis. Moreover, by means of the approximating interactions, the for-
malism also provides a way to find the thermodynamic pressure of a purely attractive
long-range model from the pressure of a simpler interaction, and also shows that there
exists an equivalence between the equilibrium states of the exact system and of the ap-
proximating system. Showing this equivalence of equilibrium states was actually an open
problem (that was proposed by J. Ginibre in [8], regarding the equivalence of equilibrium
states for the so-called Bogoliubov approximation), prior to the publication of [4].

In fact, the results obtained in [4] go beyond of what is presented here: in particular,
it is shown that when a repulsive long-range term is present in the long-range model, an
approximating interaction can still be defined, and the relation between the exact pressure
and the approximate pressure is associated with the equilibrium of a two-person zero-sum
game, instead of just a minimization problem, as it is for the purely attractive long-range
models. It is important to note, however, that although the long-range models defined
here can be used to model some important physical mean-field interactions such as the
BCS interaction, other important physical interactions, such as the Coulomb potential, or
any interaction decaying with a fixed power of the distance, are still out of the scope of
the formalism.

This thesis also shows that some of the results provided by catastrophe theory, related
to the bifurcations and the stability of unfoldings, are very interesting mathematical tools
for the study of phase transitions, and for obtaining a qualitative analysis of the behavior
of the thermodynamic pressure of a quantum system. In fact, another analysis that can
possibly be done, with the aid of catastrophe theory, to the model studied here is to show
the breakdown of the superconducting phase above some critical magnetic field h, by
fixing some A > 0 and considering the pressure as an unfolding of the parameters (-, h).
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Catastrophe Theory

In the following it is shown the proof of proposition 2.4.3, but for that one first needs this
preliminary proposition:

Proposition A.0.1. Let F' € m(n + 1,p). Suppose that there exist £ € e(n + 1,n) and
n € e(p + 1,p) such that for any x € R" near 0, any t € R near 0 and any i = 1,...,p,
the following equation holds:

GFxt Z@Fxt

o, (x,t) + n;(F(x,t),t). (A.1)

Then, there exist ¢ € e(n+1,n) and X € €(p+ 1, p) such that for any x € R™ near 0, any
y € RP near 0 and any t € R near 0, the following holds:

(a) ¢(x,0) =z and \(y,0) =1y,

(b)
%f’t) = —¢€;(p(x,t),t) foralli=1,...,n, and
o\(y,t :
OND) N 00.0) foralj=1,....p

(¢) F(o(x,1),t) = NF(z,0),t).

Proof. Lete;,7 = 1,...,n and n be as stated in the proposition. By the fundamental
existence theorem for solutions of ordinary differential equations, there are unique smooth
germs ¢ € e€(n+ 1,n) and A € ¢(p + 1,p) which solve the differential equations in (b)
and satisfy the initial conditions in (a). Condition (a), together with the smoothness of ¢
and A, imply that the germs

¢r x> o(x,t), and A :y— A(y,t)

are germ diffeomorphisms for ¢ sufficiently close to 0. Hence, they are invertible, and (¢)
can be rewritten as

(N o Frogy)(x) = Fo(x),
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where Fi(z) = F(x,t). Clearly, by (a), the equation holds for ¢ = 0. Hence, to prove
(¢), it suffices to show that for ¢ close to 0 in R and z close to 0 in R™ one has

0 0
E( o Fyody)(r) = EFO( z) = 0. (A.2)
Expanding the left-hand side of eq. A.2 one has
0 oN ! O\, 1 oF;,
SO0 Frog0)(z) =5 ((Fy 0 60) (@) + Z 00)(@)| 5 (Gu(a))+
8@
Z axj —0 (@ t)} (A.3)

But note that, for all ¢, ¢ near 0 in R? x R,

A (N(y) =,

and differentiating the above equation with respect to ¢, one has

8)\ 1 & ; 8/\it

Substituting y for A\, ' (F} o ¢;)(z),
stituting further in eq. A.3, one arrives at

((Ft o ¢)(x)), and sub-

o Fio 00(a) = 30 G ((Fro e (o) = GO 0 Fro @)+
> et onla) G|

1

J

Now, the goal is to show that the expression in square brackets is 0. Since ¢(0) = 0, one
may replace x in eq. A.1 by ¢(z,t) for (z,t) close to 0 in R"*!, and obtain

8th

(9(5: (¢e(x)) = OG0, 0 +nl(Frod)(@), ) =0 (Ad)

But by (b), it follows that

0o;

ot —, (z,t), and n;((F; o ¢;)(x),1) 771()%(()\ o Fyo¢)(z)))

o\,
:W(()\t 1 o Ft o ¢t)($)) (AS)

fl<¢(l', t)v t)

Substituting A.5 into A.4 the desired result follows. [
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Proposition A.0.2. Let F' € m(n + 1). Suppose that there exist £ € e(n + 1,n) and
n € €(n + 2) such that for any v € R™ near 0 and any t € R near 0, the following
equation holds:

OF (x,t) = OF(x,t)

&i(x,t) + n(F(z,t),z,t). (A.6)

1=

Then, there exist ¢ € €(n + 1,n) and X\ € €(n + 2) such that for any x € R" near 0 and
any t,s € R near 0, the following holds:

(a) ¢(x,0) =z and A(s,z,0) =s,

(b)
WAL — (ol 0).0) foralli=1,...,n. and
ON(s, .t
(S#f”’) = p(A(s, 2, 1), 6(x, ), t),

(c) F(p(x,t),t) = ANF(x,0),x,1).

Proof. Define F' € e(n+1,n+1) by setting F(z,t) = (F(z,t),z),and yu € e(n+2,n+1)

by setting u(s, x,t) = (n(s,x,t), =& (x,t),. .., =& (z,t)). Then, one has
OF; ~ OF, -
—(z,t) =Y —(z,t)&(x, t) + wi(F(x,1),t). (A7)
ot = 0@

For¢ =1, eq. A.7 is just A.6. For ¢ > 1, the left-hand side is clearly 0, and the right-hand
side reduces to &_1(x,t) — &_1(x,t) = 0. Hence, applying proposition A.0.1 to eq. A.7,
it follows that there exists ¢ € e(n + 1,n) and A € €(n + 2,n + 1) such that

@) ¢(z,0) =z and A(s,z,0) = (s,2),s € R,

()
a@éf’t) - _§Z<Q§($,t),t) for all i = 1’ T and
W - MJ(A(S>x7t)>t) forallj =1...,n+1,

(©) F(¢(x,t),t) = A(F(x,0),z,1).

Let A = A;. Since F' = F], clearly the items (a) and (c) of the proposition follow from

(a') and () above. Now, note that the germs (As, ..., A, 1) satisfy the same differential
equations that ¢ = (¢4, . . ., ¢,) satisfies, since from (b’) one has
O

T (s,2,t) = pjp1(A(s, 2, t),t) = =& (Aa(s, 2, t), ..., Appa(s, 2, 1), 1).

Moreover, they also satisfy the same initial conditions, since from (a’) one has
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(Aa(s,2,0),...,Apyi(s,2,0)) = .
Hence, it follows that (A (s, x,t),..., Api1(s, x,t)) = (P1(x,t),. .., dn(x,t)) and there-

fore, by (V') again, one has

O\ O\,

E(s,x,t} = W(s,x,t) = (A(s,z,t),t) = n(\(s,z,t), p(x,1),1).



Appendix B

Cluster expansions

This appendix is dedicated to the proof of proposition 4.2.1:

Proposition B.0.1. Ler ®© & c W, such that ®© is p.i. and (IDSS) = 0if A is not
connected, and let ® = ®©) + &) Then, for any A € P;(Z%), one has

Zy = Z(|)A| (Z % ZP(Al) e ZP(An> H (1 + C(Az’7 Aj))) )

n=0 1<i<j<n

where Z, is the partition function of UYL, Zy is the partition function of U{%(}O),

—1, ifA;NA; #0,

0, otherwise,

C(Ai’ Aj) = {
and the sum " 4, is over all polymers of A.

Proof. The proof relies on a perturbative expansion derived from the so-called Duhamel
formula. In general, The Duhamel formula provides an expansion of the quantity e~#(Ho+V)

_ﬁURI)l =

when Hj, V' are matrices and V' is small. Therefore, it can be used to expand e

_ q,(o) q,(e) . . .
e PUN N ) Start with the identity

B
e B(Ho+V) _ ,—BHo _ / i (e—T(Ho-i-V)e—(ﬁ—T)Ho) dr.
o dr
Computing the derivative and isolating e=#(#o+V) one obtains the Duhamel formula:

8
o—BUHHY) _ ~BHo _ / o~ T(HoHV) 7 o= (B=m)Ho g
0

Applying it recursively, a perturbative series expansion for e =#(#o+V) can be found:
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Jo] Tm, T
—B(Ho-‘rV —BHo + Z m/ / . / ’ e—TlHove—(Tg—Tl)HO o Ve—(B—Tm)HO x
0 0 0

dry...dr,

0 B Tm T2
—e PHo Z(—l)m/ / e / e oy et - p=mmHoys oTmHo o
—" o Jo 0
dr .. .dTm> e~ AHo

For the specific case of proposition 4.2.1, the interaction V' is given by

v=>""a},

ACA

where A € P;(Z?) and the primed sum is over the polymers of A. The goal now is to
express the term

// / (Z‘D Tl>---(Z@S)(Tm)>dn...dfm, B.1)

ACA ACA

where
(I)S) (Tz) = ¢ Tifo (I)E:)ETiHO 7

as a product of cluster terms. The first step is to re-write the above sum in a convenient
way. For this, consider the following definition

Definition B.0.1. Given a finite set {A;, ..., A, } and positive numbers ki, ..., k, € N,
denote by F'({(Ay,k1),...,(An, k,)}) the set of all sequences that possess k; elements
Aj, ks elements Ao, ... k, elements A,,.

Then, it follows that

—1)m (Z’@ﬁ?(@) (Z'¢§>(Tm)> =
ACA ACA
> oY > (—1)f+ gl (7). o) (7,),

{Al ,,,,, An}CA; k1,... kn; BEF({(AL]Q) ..... (An,kn)})

and applying the above equality to expression B.1, one has

mi::l( // / (Z @ Tl>---<2'<I>5?<Tm)>dﬁ...d7m:

ACA ACA
B TN T2 ©
SIS SR DU by Ay T T
{A1,.. ) An}CA  kiyeokn BEF({(A1,k1),y(An kn)}) 0 Jo 0

.. (I)(BGJ)V(TN)dTl .. dTN
(B.2)
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Definition B.0.2. For each : = 1,...,nlet f; : R — 2 be arbitrary functions of one
variable (usually interpreted as the time variable) to the algebra 2(. Then, define 7 by

(fl(tl) Z @ ey — 7T7L71) T @(tm - tm)fm (tm> e fﬂ'n(tﬂ'n)7
well(n
where I1(n) is the set of all permutations of (1,...,n).

Note that a term in the sum will be different from zero only if
t7r1 StWQ S Stwn

A straightforward consequence of the above definition is the following equality:

/a"'/ai-(fl(tl)---fn(tn))dtl...dt -
// / S () o fre (b, ), - dbr,

TEP,
Now note that, if there are repeating terms in fi(¢1),. .., f.(t,), e.g., if f1 appears k;
times in this sequence, . .., and f,, appears k,, times, then there will be repeated terms in
the sum
/ / / fﬂ'l 71'1 : fﬂ'n( 7771,) 7Tl"'dtﬂ'n'
TeP,

More exactly, for some fixed permutation, there are k! other redundant permutations, that
only permute the elements with fi, ..., and k,,! redundant permutations that only permute
the elements with f,,. Hence, with that in mind one may arrive at the following equality

/ / / LB (ry)dr . dry =
BeF({(Al kl) ..... (An,kn)})

k u/ / T(@(r @ﬁﬂ(nﬂ). Y (1) ) (r))dmy . dry

~
k1 tlmes k., times

Hence, substituting into eq. B.2, one gets

L /(mw o). (Z@Eum)

ACA
k1+ Akn
Z Z / /T (T q’fﬁ(%) :I’SBL(Ti)‘-"I’SEL(TNZ)X
Aty An}CA Kt fin kl?l?nes ki times
dry...dty

(B.3)
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Now, for every set of polymers { Ay, ..., Ay} of A, construct a graph with N vertices and
an edge between ¢ and j whenever A, N A; # @&. This graph can be uniquely decom-
posed into connected subgraphs, and this decomposition induces a partition { Ay, ..., A}
on {Ay,...,Ay}. To each set {A;,..., Ay} of polymers, there corresponds a unique
partition { A4, ..., .A;}, which satisfies

UN A =U_ A, and A,NA; =aifi# .

Let D(A) be the set of all the finite sequences of mutually disjoint polymers of A, and
for {Ay,..., A} € D(A), let S({Ay4,...,A}) be the set of all sets {A;,...,A,,} that
generate the polymers { A1, ..., .A;} in the way mentioned above. With this notation, the
r.h.s. of eq. B.3 can be re-written as

kl-‘r +k'n

2 > Y S

A1, AZ}G'D A) AES {Al ..... .Al}) ..... kn

/ /7' () ()Al(Tkl)...\@Si(n)...q)f:i(TNZ)dTl...dTN (B.4)

NV
k1 tlmes ky, times

Suppose, without loss of generality, that Ay, As,..., A, € S(A;), and in general,
A 41, Am, € S(A;). Since A; N A; = @ if i # j and the interactions are, by
definition, even, it follows that elements that generate distinct polymers .4; commute with
each other. Hence, one has

T(85 (). 25 () ... %) (m)... @) (r)...@F  (ra)... 7 (7).

-~

~"~ -~

k1 times Ky, times K, _q+1 times

208 (rp) @) (7). 08 ()08 () 98 () ) (7)) =
km;gmes kml—lj:l times k"?i:nes

T(O5 (). 25 () .. @0 (m)... @) (7). T (7). ®F (7).
k1 times km;gmes kmi,; times
o (17)... 0% (). T@F | (m)...0  (n)...00(r)... .0 (7))

.. Aml f “ e Am,L g .« o A"Ll_1+1 h)--- A'nLl_1+1 TZ .. .\ An TJ “ e An TNI

k'm:gmes k’”l—lj:l times K, times

Therefore, integral in B.4 can be factorized into the product of terms that generate the
same polymer A;, and expression B.4 can be re-written as

!
1
Z H( Z )+ +kmmx

{A1,.. A }eD(A) i=1 \ AES(A;) k1,

g /677-~ (e) (e) (e) (e)
/ (q)Al(Tl)"'q)Al(Tkl)"'q) (z)”-q)Am(TM))dTl---dTM .
O 0 NS o N 7

~
k1 times k., times

(B.5)
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Note that the sum )~ ;g 4,) is equal to the primed sum } " of definition 4.2.3, where the

sum is over polymers A, ... A,, C A; such that [J!" | A, = A; and the graph G4,
is connected. Moreover, applying eq. B.3, it follows that the term in parenthesis of
expression B.5 is equal to

o0

Z(—l)’” Z // /@“ %) (r)dry ... dry,

m=1 A, AmCA;
Hence, if Hj is simply a sum of on-site interactions:

Ho = @)

zEA

then, noting that A, . . ., A; are disjoint sets, e =70 can be factorized into terms in A, . . . , A;,
and one may arrive at

—B(Ho+V) _ ,—BHo _BzaceA\ul.= ({?} l S _1\m !
e e —l— Z H Z( 1) Z X

A1, A }eD(A

(0)
/ / / (I)A1 ( m( m)eiﬁ ZmEAi q){z}dTl ce dTma

and finally, taking the trace, it follows that

Try, (G_B(HO—H/)) = Try, (e_BHO) (1 + Z - L 2O X
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