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Abstract

Many galaxy surveys are planned to release their data over the next few years. Each

different survey has its own geometrical limitations, which reflects upon the data as a

selection function – the spatial distribution of certain types of galaxies. Given a galaxy

map (real or mock), the main goal of this work is to obtain information about how the

selection function affects some of the cosmological parameters which can be probed from

large-scale structure. A Monte-Carlo Markov Chain method is proposed in order to probe

the effects of considering the selection function’s parameters as nuisance parameters. The

method consists in combining realizations of simulated galaxy catalogs using theoretical

matter power spectra, combined with an optimal power spectrum estimator method.

Theory and data are then compared in a multivariate Gaussian representing the likelihood

function. This Monte-Carlo method has proven robust and capable of probing selection

function effects on the cosmological parameters, showing that the simple marginalization

over the nuisance parameters might lead to wrong estimates on the cosmology. The

method is applied to obtain forecasts for these effects on the upcoming J-PAS Luminous

Red Galaxies data and is employed to obtain constraints on the Hubble parameter (H0),

the dark matter density (Ωc) and two parameters of the equation of state of dark energy

(w0 and wa).
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Resumo

Nos próximos anos, diversos levantamentos de galáxias planejam lançar uma quantidade

considerável de novos dados, marcando, assim, o ińıcio da chamada “era da cosmolo-

gia de precisão”. Cada levantamento possui suas próprias limitações geométricas, que

manifestam-se perante os dados na forma de uma função de seleção, ou seja, uma dis-

tribuição espacial de cada tipo de galáxia. A partir de um mapa de galáxias (real ou

simulado), o principal objetivo desse trabalho foi descobrir como a função de seleção afeta

alguns dos parâmetros cosmológicos que podem ser obtidos através de dados futuros de

estrutura em larga escala. Portanto, propôs-se um método de Monte-Carlo com cadeias

de Markov para estudar os efeitos decorrentes da inclusão dos parâmetros da função de

seleção como nuisance parameters. Esse método consiste em combinar simulações de

catálogos de galáxias, usando um espectro de potências teórico da matéria junto com

um estimador ótimo, a fim de obter ambos espectros (teórico e observacional) e com-

pará-los em uma verossimilhança Gaussiana-multivariada. O método de Monte-Carlo

provou-se robusto e capaz de demonstrar os efeitos da função de seleção sobre as esti-

mativas dos parâmetros cosmológicos, comprovando que o simples ato de marginalizar

sobre os parâmetros não desejados pode levar a estimativas equivocadas na cosmologia

em questão. Finalmente, esse método foi aplicado nas estimações do parâmetro de Hubble

(H0), na densidade de matéria escura (Ωc) e em dois dos parâmetros da equação de estado

da energia escura (w0 e wa) com o objetivo de prever tais efeitos para dados futuros do

levantamento J-PAS com Galáxias Vermelhas Luminosas.
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Chapter 1

Introduction

Ever since the results of two independent Type Ia Supernovae surveys appeared at the

end of the 90’s [1, 2], the Universe’s counter-intuitive behaviour was clear. Evidences for

an accelerated expansion cast many doubts about the nature of the Universe. In recent

years, this unexpected expansion was assigned to the existence of some kind of dark

energy – a concept similar to Einstein’s cosmological constant, Λ. In case this energy

comes from the vacuum, the current of particle theory physics predicts that its value

should be ∼ 120 orders of magnitude larger than the one measured. Together with the

evidence that most of the Universe’s mass is non-luminous and non-interacting – cold

dark matter (CDM) –, astronomical observations suggest that approximately 95% of the

Universe’s constituents are unknown. This ΛCDM paradigm suggests intriguing questions

about the nature of these two components, and international efforts have highlighted the

importance of searching answers to such questions.

Two decades after the SNe results came out, cosmology started to benefit from an

expressive amount of data, lowering measurement uncertainties to just a few percent in

many cases. The combined measurements from Cosmic Microwave Background (CMB)

and Large Scale Structure (LSS) confirms that our Universe has around 75% of dark

energy, 21% dark matter and only 4% of ordinary baryonic matter [3].

Commonly, dark energy is parametrized as the ratio between its pressure and density,

though an equation of state, wde = pde/ρde. This parameter defines the main properties

of this unknown component. Therefore, most of the current cosmological surveys focus

on this parameter. In the case where wde = −1, one have just the cosmological con-

stant. However, this parameter may vary according to the observed cosmic epoch, for

example, with a simple redshift dependence wde(z) = w0 + waz/(1 + z), where w0 and

wa are free parameters to be constrained by observations [4, 5, 6]. In such cases, one

may observe a variation on the growth of structures in the Universe. Considering this

parameter’s evolution, one can better comprehend the true nature of dark energy, which

means distinguishing between a cosmological constant, a scalar field, or even some large

scale modification of General Relativity.
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To understand the way in which structure forms in the Universe is one of the main

challenges of modern cosmology. In the last few decades, a variety of astronomical sur-

veys – such as SDSS, DES, BOSS, and, in the future, J-PAS [7, 8, 9, 10] – focused on

measurements of the local distribution of galaxies and other objects. A key tool has been

the baryon acoustic oscillations (BAOs) [11, 12]: during the epoch when the Universe

became neutral and photons decoupled from baryonic matter – called recombination

phase –, baryons kept information about the acoustic scale from the last phase. Such

scale remains imprinted on the matter distribution of the Universe and can be measured

as a slightly bigger probability of finding galaxies separated by a characteristic scale.

This BAO scale is, today, approximately 105h−1 Mpc – where h is related to the Hubble

constant today, as H0 = 100h km/s/Mpc – and works as a statistical standard-ruler.

Since dark matter only interacts gravitationally and, as the name suggests, do not emit

light, one faces a complicated issue when probing the real matter distribution. One can

only detect tracers of the underlying matter density field, such as galaxies, quasars, and

clusters. According to Bardeen et al.(1986)[13], the density peaks of a Gaussian field are

related to the density fields of the matter halos. Those gravitational collapsed structures

– with a total mass close to ∼ 1011M� – are biased in relation to matter distribution.

The present work was divided into four main parts. The present chapter introduces the

basic concepts relevant to the development of modern cosmology, from a review of General

Relativity, the standard cosmological model, the CPL parametrization for dark energy,

and a overview of some of the main present and upcoming galaxy surveys – BOSS, DES

and J-PAS. Second part is dedicated to the development of linear perturbation theory and

probes of the large scale structure, introducing key concepts such as the matter power

spectrum. The third chapter explains the importance of Bayesian statistics for modern

cosmology, three of the most used algorithms for Monte-Carlo Markov Chain simulations

and how these methods can be applied to the study of galaxy power spectra from galaxy

surveys. Finally, chapter 4 is a study of the importance of the selection function on

the estimated galaxy power spectrum, with some analytical considerations comparing

one of the cases with an MCMC simulation. A forecast is also made, under different

circumstances, for J-PAS Luminous Red Galaxies, to probe how its selection function

might affect some cosmological parameters estimations.

1.1 Review of General Relativity

The most important tool for the development of modern cosmology was General Relativity.

In 1915, Albert Einstein first published his new theory of gravitation unifying spacetime

geometry with the behaviour of matter and energy [14]. Einstein’s Field Equations were

built based on two simple principles: covariance and equivalence.

The first principle claims that all physical laws should be expressed in a frame-
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independent way. This fundamental assumption implies that there is no preferential

spacetime structure nor absolute motions. Foremost, one can define a covariant expres-

sion for the line element in spacetime as:

ds2 = gµνdx
µdxν , (1.1)

where gµν is the metric. It is assumed Einstein’s summation convention, with Greek

indices ranging form 0 to 3. The first index denotes timelike coordinates, which means

dx0 = dt, and the last three are for spacelike coordinates – also expressed with Latin

indices [15]. Another useful mathematical tool for curved spacetimes are the Christoffel

symbols:

Γµαβ =
gµν

2
[gαν,β + gβν,α − gαβ,ν ] , (1.2)

where the comma stands for the common derivative (gαβ,µ = ∂gαβ/∂x
µ). The use of this

object leads to the concept of covariant derivative – such a tensor’s derivative is also a

tensor, e. g.:

Aµν;α = Aµν,α − ΓβναA
µ
β + ΓµβαA

β
ν . (1.3)

The second concept behind General Relativity, the equivalence principle, guarantees

full motion relativity. Within this idea, Einstein states the correspondence between mo-

tion in the presence of gravitational fields for a stationary observer and motion for a

non-inertial observer in the absence of gravitational fields. If the laws governing a free

falling particle – in the presence of a gravitational field – are the same for all, then there

is a correspondent motion among free particles in a non-inertial reference frame. In other

words, gravitational effects are identical to those resulting through acceleration. Such

concept gives rise to two forms of the equivalence principle.

The weak equivalence principle refers to spacetime. It states that, in the presence

of any gravitational field, a free falling observer will not feel gravity. In this case, spacetime

will be that of Special Relativity (Minkowski spacetime). Of course, non-uniform fields

are exceptions as they give rise to tidal forces. As for the strong equivalence principle,

it goes beyond spacetime statements, requiring that all laws of physics assume the same

form in the free falling frame as they would in the absence of gravity.

In Special Relativity – and classical mechanics –, free particles move along straight

lines; General Relativity has a corresponding proposition. Particles, in curved spacetimes,

follow geodesics – paths which are “minimal” in spacetime length. In terms of the action

principle [16, 17]:

δS = δ

∫
Ldτ = 0, (1.4)

where τ is a general parametrization that describes the particle’s path. The functional L

stands for the Lagrangian and, in Newtonian mechanics, represents the difference between

kinetic and potential energies. Regarding a free falling observer, who, according to the
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equivalence principle, observes a Minkowski spacetime in its neighbourhood, its equation

of motion is
d2xµ

dτ 2
= 0; xµ = (t, x, y, z), (1.5)

which means that the particle’s acceleration is null, leading to a Minkowski spacetime

dτ 2 = ηαβdx
αdxβ, (1.6)

and here ηαβ is the Minkowski metric, ηαβ = diag(−1, 1, 1, 1). For a more general set of

coordinates, one can write

dxµ =
∂xµ

∂x′ν
dx′ν . (1.7)

Replacing (1.7) into (1.6), results in the geodesic equation:

d2xµ

dτ 2
= −Γµαβ

dxα

dτ

dxβ

dτ
, (1.8)

describing particles trajectories in the absence of external forces.

Influenced by Mach’s principle, Einstein developed his field equations based on the

idea that the rest frame of matter is an inertial frame. From conservation laws, one can

assume the zero divergence of an energy-momentum tensor – the source of gravitation:

T µν;ν = 0, (1.9)

where T 00 is the energy density; T 12 is the x-component of current for the y-momentum;

and so on[16]. When relating this object to the spacetime geometry, second derivatives

of the metric appear, representing the spacetime curvature. The only choice leading to a

tensor is the Riemann tensor

Rλ
µνκ = Γλµν,κ − Γλµκ,ν + ΓηµνΓ

λ
κη − ΓηµκΓ

λ
νη. (1.10)

This object leads to the Ricci tensor when contracting two indices:

Rµν = Γαµν,α − Γαµα,ν + ΓηµνΓ
α
αη − ΓηµαΓανη, (1.11)

and to the Ricci scalar R contracting the last two indices:

R = gµνRµν . (1.12)

Using the definitions from the last two expressions, the Einstein tensor emerges as:

Gµν ≡ Rµν −
1

2
gµνR , (1.13)
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and it obeys the property that:

Gµ
ν;µ =

(
Rµ

ν −
1

2
gµνR

)
;µ

= 0 . (1.14)

Now, since both the energy-momentum tensor and (1.13) have zero covariant diver-

gence, it seems fair to assume that they are proportional to each other:

Gµν = 8πGTµν − gµνΛ. (1.15)

These covariant equations, linking spacetime geometry with energy and matter, are Ein-

stein’s gravitational equations. The second term on the right-hand side of (1.15) is the

cosmological constant, introduced by Einstein in a 1917 paper [18] to counter-balance grav-

ity and leading to a static, but unstable Universe. Ironically, the cosmological constant

is, today, the prime candidate for causing the observed accelerated expansion.

It is also important to highlight that, on the weak-field and quasi-static limit, these

equations reflect Newtonian gravity:g00 = −(1 + 2φ)

52φ = 4πGρ
(1.16)

where φ is the Newtonian gravitational potential.

1.1.1 The Friedmann-Roberson-Walker Metric

The main assumption of modern cosmology is that our place in the Universe is no different

from any other. This is called the cosmological principle, and follows directly from it

that our Universe is both isotropic (it is identical in all direction) and homogeneous (it

has constant density in large scales). Generally speaking, isotropy affirms that there are no

geometrically preferred spatial directions, while homogeneity requires that at any moment

in time every spatial point “looks the same”. These symmetries allow the topology to be

foliated by globally extended instants – spacelike hypersurfaces–, resulting in a notion of

cosmic time. Also, a class of naturally privileged observers appear: the fundamental

observers, who are at rest with respect to the matter content of the Universe. These

fundamental observers’s wordlines are orthogonal to the time foliation and their watches

measure the cosmic time [19].

Combining this concept of time with isotropy and the known fact that the Universe is

in expansion – as discovered by Edwin Hubble in 1929 [15, 16, 17] –, it is straightforward

to conclude that the metric must assume the following form:

ds2 = −dt2 + a2(t)
[
f 2(r)dr2 + g2(r)(dθ2 + sin2 θdφ2)

]
. (1.17)
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As a consequence of translational symmetry, the radial and transverse components of the

metric can be decomposed. Distances are measured as a product of a time-dependent

scale factor a(t) and a time-independent comoving coordinate r [16]. As both func-

tions f(r) and g(r) are arbitrary, they can be chosen in a way that resembles Euclidean

space: f(r) = 1 and g(r) = r2. However, a more general form of (1.17) can be written in

a way that both open, flat, and closed geometries are included:

ds2 = −dt2 + a2(t)
[
dr2 + S2

k(r)(dθ
2 + sin2 dφ2)

]
, (1.18)

where the function Sk(r) stands for the three geometrical topologies:

Sk(r) =
sin(
√
Kr)√
Kr

=


sin r, K = 1 (open)

r, K = 0 (flat)

sinh r, K = −1 (closed)

(1.19)

Redshift

A useful concept to stablish at this point is redshift. Hubble’s law states that nearby

galaxies in the local Universe move away from each other at a rate v = Hx. As the

physical separation of two fundamental observers is a(t)dr, Hubble’s law can be rewritten

as

H(t) =
ȧ(t)

a(t)
. (1.20)

So, at small scales, one can define redshift as

λobs
λsource

≡ 1 + z ' 1 +
v

c
. (1.21)

A more general expression for redshift comes when considering the photon’s null geodesic.

For a radial geodesic, the metric yeilds [16]:

r =

∫
dt

a(t)
. (1.22)

Since the comoving distance is constant for this case, the integral above leads to

dtsource
dtobs

=
a(tsource)

a(tobs)
, (1.23)

which means that there’s a time-dilation for photons emitted from distant galaxies, which

is proportional to the expansion of the Universe. This effect also appears on the observed
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wavelength, resulting in a more general expression for redshift:

1 + z ≡ λobs
λsource

=
1

a(t)
. (1.24)

where a(t = t0) = 1.

The concept of redshift is fundamental for many cosmological analysis, including the

measurement of distances in galaxy surveys and the construction of a 3D map of the

Universe.

1.1.2 ΛCDM: The Standard Cosmological Model

To build a standard model for cosmology, one must define the right-hand side of (1.15),

the energy-momentum tensor. Such object must also obey isotropy and homogeneity,

which makes the perfect fluid a suitable candidate.

T µν = (ρ+ p)
dxµ

ds

dxν

ds
− gµνp. (1.25)

Given comoving coordinates and the FRW metric, (1.25) becomes

T µν =


−ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 (1.26)

Now, using the FRW metric (1.18) together with the energy-momentum tensor (1.26),

it is possible to find dynamical equations for the scale factor applying Einstein’s field

equations. Firstly, the nontrivial components of the Einstein tensor (1.13) are

G00 =
3

a2
(ȧ2 +K),

Gij =
1

a2
(2aä+ ȧ2 +K)δij,

(1.27)

where δij is the Kronecker delta. Including the Einstein Metric Tensor leads to two

independent equations for the matter-energy in the Universe(
ȧ

a

)2

=
8πG

3
ρ− K

a2
+

Λ

3
(1.28)

ä

a
= −

(
4πGp+

1

2

[(
ȧ

a

)2

+
K

a2

])
+

Λ

3
. (1.29)

Combining these two expressions with the equations of state for all the components of the
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Universe allows to determine a(t), ρ(t) and p(t)[20]. The first of them, equation (1.28),

could be used to determine the value of K, i.e., the spatial curvature of the Universe. At

the present epoch, t = t0, a(t0) = 1,

K =
8πG

3
ρ(t0)− ȧ2(t0)︸ ︷︷ ︸

H2
0

+
Λ

3
≡ H2

0 (Ω0 − 1). (1.30)

Here, H0 is the Hubble constant today and Ω ≡ ρ/ρcr. The critical density, ρcr ≡
3H2

0/8πG = 8.098 h2 × 10−11 eV 4, is an important parameter in cosmology. The ratio of

energy-matter density to critical density, Ω, defines not only the curvature of the Universe

but its fate. If Ω > 1, the Universe will be temporally finite to the future, meaning it will

have an end, collapsing on itself, unless Λ > 0, in which case it may still expand forever;

if Ω < 1, the Universe will also expand forever; the last case, where Ω = 1, i.e., ρ0 = ρcr,

the Universe will be temporally infinite in future.

Combining equations (1.28) and (1.29) gives

ä

ȧ
= −4πG

3
(ρ+ 3p), (1.31)

Which shows that the acceleration is independet of K. It is common to express (1.28)

in terms of the Universe’s components: pressureless matter [ρm = (ρC + ρb) ∝ a−3(t)],

radiation [ρr ∝ a−4(t)] and vacuum energy (ρΛ = constant). In terms of the Hubble

constant scaled by its current value, (1.28) can be expressed as

E2(t) ≡ H2(t)

H2
0

=
[
ΩΛ + ΩKa

−2 + Ωma
−3 + Ωra

−4
]

(1.32)

or

E2(t) =
∑
i

Ωia
−3(1+wi) (1.33)

where wi stands for the equation of state for each component:

wi =



0 , Matter (dark and baryonic)

1/3 , Radiation

−1 , Vacuum or cosmological constant

−1/3 , Curvature

. (1.34)

Recalling the fact that (1 + z) = a−1(t), equation (1.33) can also be written as

E2(z) =
∑
i

Ωi(1 + z)3(1+wi) (1.35)
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So, now, the comoving distance at a given redshift can be expressed as

r(z) =
1

H0

∫ z

0

dz′

E(z′)
. (1.36)

meaning that such measurements depend on the content of the Universe.

In summary, the background smooth Universe can be described by a FRW metric and

a perfect fluid with a cosmological constant. Distance measurements are related to the

scale factor, which evolves in time according to the Friedmann equations. The standard

cosmological model presents an accelerated expanding solution with a flat geometry in a

cosmological constant dominated universe. Also, the measured baryonic density is known

to be insufficient, leading to the need for dark matter. However, a singularity occurs when

the cosmic time t reaches zero, a(t → 0) → 0 ∴ ρ(t → 0) → ∞, what it is called the

Big Bang.

1.2 Scaling Dark Energy: CPL Parametrization

As was stated before, a cosmological constant – or vacuum energy – is about 120 orders

of magnitude lower than the theoretical predicted value. Chevallier and Polarski (2001)

proposed that the present energy density might be a slowly varying cosmological constant

[4]. According to those authors, a minimally coupled scalar field φ, called quintessence,

slowly rolls down its potential in a way that it can present a negative pressure like that

which is required for dark energy [21]. The standard cosmological models suggests that

Λ has a constant equation of state pDE = wDEρDE, with wDE = −1. The Chevallier-

Polarski-Linder (CPL) parametrization suggests that the equation of state might evolve

with redshift, wDE = wDE(z), in a particular way [4, 5].

In 2002, Linder proposed a parametrization of the equation of state for dark energy

based on the mapping of the expansion history of the Universe [5]. Starting from the

observed distance-redshift relation d(z) = (1 + z)η(z), where η(z) is the conformal time

– time light travels a comoving distance dx = dη = dt/a [15] –, and assuming a flat

Universe,

η(z) =

∫ z

0

dz′

E(z′)
. (1.37)

Here, one can rewrite (1.28), defining ρK = −ρcrK/H2 and ρΛ = ρcrΛ/3H
2, as

H2(t) =
8πG

3

∑
i

ρi(t). (1.38)

Employing the first law of thermodynamics for this case, d(ρa3)/dt = −pd(a3)/dt, leads

to

ρ̇/ρ = −3H(z)[1 + p/ρ] ≡ −3H(z)[1 + w(z)] (1.39)
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where the possibility of redshift-dependent evolution for w is explicit expressed.

The accelerated expansion strongly suggests a dark component with negative equation

of state in addition to matter. Putting together (1.37) and (1.35), one can express (1.39)

as

η(z) =
1

H0

∫ z

0

dz′
[
Ωm(1 + z)3 + (1− Ωm)e−3

∫ ln(1+z′)
0 d ln(1+z′′)[1+w(z′′)]

]1/2

(1.40)

where the radiation component was neglected because it is too small compared to the

others in the present epoch.

As shown by Chevalier and Polarski (2001), w(z) can result from a scalar field equa-

tion but it does not allow a model independent parametrization. Alternatively, some

parametrizations have been proposed in the literature. In his 2002 paper, Eric Linder

showed that a simple linear parametrization, such as w(z) = w0 + w1z, brings problems

for redshifts z > 1, since the exponential in (1.37) results in (1+z)3(1+w0−w1)e3w1z. Instead,

he proposes a new parametrization that also works for redshifts z > 1 [5]:

w(z) = w0 + wa
z

1 + z
. (1.41)

This is the CPL parametrization for the equation of state of dark energy. In this case,

the exponencial in (1.37) results in (1 + z)3(1+w0+wa)e−3waz/(1+z)
.

Such parametrization presents various advantages:

1. A two-dimensional parameter space;

2. Reduces itself to the linear case for low redshifts;

3. Behaves well for higher redshifts;

4. Can reconstruct scalar field equations of state and their distance-redshift relations;

5. Shows a satisfactory sensitivity to observational data.

A simple physical explanation for the CPL parametrization comes from the slow roll

approximation [15, 16]. One can interpret dw/d ln(1+z)|z=1 = wa/2 as a natural measure,

directly related to the slow roll factor V ′/V . In this case, z = 1 is a region where this

scalar field could be evolving from a matter-dominated epoch to a dark energy-dominated

one.

1.3 Cosmology with Current Galaxy Surveys

Galaxy surveys are one of the main tools in cosmology. From these experiments one can

study some of the most important cosmological tools like LSS, weak and strong gravita-
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Figure 1.1: The SDSS-III camera filter throughput curves.
Figure from http://www.sdss3.org

tional lensing, BAOs, galaxy evolution, and many others. This Section presents some of

the main cosmological galaxy surveys, their differentials, main goals and achievements.

1.3.1 The Sloan Digital Sky Survey (SDSS)

The Sloan Digital Sky Survey, named after the Alfred P. Sloan Foundation, is one of the

most – if not the most – important cosmological survey of all times. Originally designed

to do both photometry and spectroscopy, five years after the first light, SDSS had a deep

multi-filter imaging of the sky in over 8000 square degrees with spectra for more than

700,000 astronomical objects. After its second phase, from 2005 to 2008, it had surveyed

half of the northern hemisphere sky mapping the three-dimensional clustering of more

than one million galaxies, 150,000 Quasars and 500 Type Ia Supernovae, leading to a

much deeper understanding of the Universe.

Sloan’s photometric system uses 5 colors (u′, g′, r′, i′ and z′)[7] with accurate astrom-

etry (6 10 arcsec) and a multi-object spectrometer designed to cover from near-UV to

near-IR (v 3000−10, 000Å) to a limiting magnitude of r′ ∼ 23. The telescope has a 2.5m

aperture with a focal ratio of f/5 producing a flat field of 3o with a plate scale of 16.51

arcsec/mm, and is situated at the Apache Point Observatory, New Mexico, at a height of

2,800m.

Sloan’s main camera consists of 54 CCDs covering 2.3o of the sky and operates in a

TDI (Time Delay and Integrate). This system allows to survey the sky in a way that the
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CDDs perform 5-color photometry simultaneously. The time spent for each CDD for each

part of the sky (effective integration time) is 55 seconds [7].

The northern survey’s footprint was chosen to minimize Galaxy foreground pollution

– it has a nearly elliptical shape, 130o E-W by 110o N-S, close to the North Galactic Pole.

It also has 45 big stripes in the northern region separated by 2.5o – each one scanned twice

– completed with an offset perpendicular scan in order to interlace photometric columns,

allowing some overlap regions.

Main cosmological goals for this international effort were focused on measuring the

local LSS in the Universe (z . 0.5), and obtaining the galaxy power spectrum up to vGpc

scales. Such measurements allowed to constrain the shape of the galaxy power spectrum

predicted by the linear perturbation theory, leading to the first reliable measurement of

BAOs [11]. The photometric redshift (photo-z ) data from Sloan is also powerful a tool for

today’s cosmology since it allows for a deep and complete image of thousands of square

degrees.

Sloan’s timeline

SDSS has been running for several years and had many different projects divided into

four phases.

• SDSS-I (2000-2005): Along the first five years, Sloan imaged around 8,000 square

degrees of the northern sky using its 5-color photometric system and obtained spec-

tra from galaxies and quasars for more than 5,700 square degrees of the original

photometric field;

• SDSS-II (2005-2008): The observations were extended to explore stellar evolution

in the Milky Way together with the Sloan Supernova Survey, finding 197 Type

Ia SNe events to use as standard candles. The Sloan Legacy Survey observed

more them 2 million astronomical objects with spectra for over 800,000 galaxies

and 110,000 quasars, allowing for the first accurate LSS investigation and the first

detection of BAOs;

• SDSS-III (2008-2014): The third phase began in 2008 and was divided into 4

different surveys: APOGEE, for Galactic Evolution; MARVELS, for exoplanetary

research; SEGUE-2, for stellar research; and BOSS, the spectroscopic galaxy survey

to measure the expansion rate of the Universe through baryon acoustic oscillations

(more details on the next subsection);

• SDSS-IV (2014-2020): The current generation of SDSS experiments focus on

precision cosmology and measurements of the high-z Lyman-α forest. SDSS will

also extend the APOGEE experiment and initiate detailed spatially resolved spec-

troscopy on nearby galaxies to investigate their internal structure.
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The Baryon Oscillation Spectroscopic Survey (BOSS)

The Baryon Oscillation Spectroscopic Survey is one of the four experiments in Sloan’s

phase III (SDSS-III) and its main purpose is to map the spatial distribution of quasars

and Luminous Red Galaxies (LRGs) using its multiple-object spectrograph with 1000

optic fibres to obtain redshift for 1.5 million galaxies up to z = 0.7 and Lyman-α spectra

of 160,000 quasars at 2.2 < z < 3, covering 10, 000 square degrees of the northern sky.

The survey uses a rebuilt spectrograph based on the original SDSS, however, using smaller

fibres and improved detectors allowing for a wider wavelength range (360-1000 nm). When

completed, the survey will have used more than 2000 unique spectroscopic aluminium

plates, each one covering a circular field of 3o diameter. This configuration allows the

BOSS experiment to exceed a density of astronomical objects for LRGs and observe a

comoving density of n̄ = 2 − 3 × 10−4h3Mpc3 with clustered galaxies reaching a bias of

b ∼ 2.

Figure 1.2: The area covered by BOSS 2208 spectroscopic plates in equatorial coor-
dinates. Colours are due the sequence of plates used. Figure from [9]

Mapping these two types of tracers – quasars and LRGs –, provides solid data to probe

the baryon acoustic scale (BAO) imprinted since the early Universe (see Section 2.1.2).

Using the BAO scale as a standard-ruler, the SDSS collaboration hopes to measure the

angular diameter distance with 1% precision for redshifts between 0.3 < z < 0.55 for

LRGs. The distribution of quasars at z ∼ 2.5 provides the same measurement, but with

a 1.5% precision, allowing to probe the cosmic expansion rate, the Hubble flow, H(z),

with 1− 2% precision. This precise measurement can also be used to test for alternative

theories of gravity [22].
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Figure 1.3: Comparison of the power spectrum of SDSS-II LRGs and BOSS galaxies.
Solid lines are the best-fit models [23]

The quasar survey performed by BOSS uses a pioneering strategy, measuring BAOs

at high redshifts – from 2.5 up to 3.5 – through Lyman-α forest absorption lines using

quasars as background light. The experiment can detect the Ly-α trough when it reaches

z = 2 and detects them until it becomes opaque around z ∼ 4.

Together with the cosmological constraints, BOSS will obtain a numerous sample of

galaxies and quasars, ideal to understand galaxy formation and evolution. BOSS’s data

also contains valuable information about metallicity of stars, through its spectra, and can

be used to probe how and when galaxies were formed.

1.3.2 The Dark Energy Survey (DES)

As the name suggests, the Dark Energy Survey was designed to investigate four of the

major probes of dark energy: Type Ia Supernovae, BAOs, galaxy clusters and weak grav-

itational lensing. The first two (SNe and BAO) are ”purely geometrical”, and constrain

the whole expansion of the Universe, while the other two (clusters and WL) probe both

the growth of structures and the expansion. DES is designed to probe the origin of

the observed accelerated expansion in the Universe. This international collaboration has

members from the U.S., U.K., Spain, Brazil, Switzerland, and Germany. It will map 300

million galaxies over 5000 square degrees with sub-arcsec resolution for images using a

570-Megapixels wide-field digital camera, the DECam, built for the Blanco 4m telescope
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in Chile [8].

In addition to a wide area (more than 10% of the sky), the Dark Energy Survey will

dedicate 10% of its time to discover and measure light curves for more than 1900 Type

Ia Supernovae using r′i′z′ filters. DES’s Supernovae ranges from redshift 0.3 to 0.75, and

will be observed through repeated imaging of a 40 square degree region. SNe estimates

on distances are excellent probes constrain dark energy.

Using galaxy clusters as cosmological probes, the DES collaboration hopes to under-

stand the origin of the gravitational potentials, Ψ and Φ , and the evolution of the scale

factor, a(t). The survey was primarily designed to use detailed optical measurements of

clusters, photometric redshifts, and to take advantage of the synergy with cluster measure-

ments from the South Pole Telescope (SPT). This strategy allows to use the integrated

Sunyaev-Zel’dovich effect as a robust indicator of cluster mass for all SPT clusters up to

z = 1.3.

One of the most important features in DES is its ability to measure weak lensing

shear of galaxies as a function of redshift. The structure’s growth rate and the cosmic

expansion history are very sensitive to the evolution of the statistical pattern of WL

distortions and the cross-correlation of foreground galaxies and background shear [24].

The Dark Energy survey is designed to measure shapes and photometric redshifts for over

300 million galaxies, in a 5000 square degree area, with great control of images quality,

enabling it to measure accurately the lensing of LSS.

Figure 1.4: The 68% confidence level regions for the Dark Energy Survey forecast on
constrains for the CPL parametrization, w0 and wa. Each of the probes are combined
with Planck CMB priors and the red region shows the combination of all four dark
energy probes. Figure from [25].
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When forecasting dark energy parameters constraints for DES, the collaboration fol-

lowed the approach suggested by the Dark Energy Task Force in [6], which uses the CPL

parametrization (Section 1.2). The DETF defined a figure of merit, proportional to the

area in the w0 − wa plane that encloses the 95% confidence level region. The DES col-

laboration’s forecasts for dark energy, using each of the cosmological probes, are shown

in Figure 1.4 .

The comparison for both techniques might shine a light on modifications to General

Relativity proposed to explain the effects of dark energy [8]. The first year of data has

already be taken and, over four more years, DES will reach redshifts of 0.2 < z < 1.2− 2

using photometry on broad band filters – g′, r′, i′ and z′ – in the southern hemisphere.

1.3.3 The Javalambre Physics of the Accelerating Universe

Survey (J-PAS)

Situated at Sierra de Javalambre, in Spain, the J-PAS telescope has a 2.5m aperture

and will perform a photometric galaxy survey using a combination of 54 narrow-band

and 5 broad-band filters (ugriz SDSS’s filter system)[10]. Using a 1.2 Gigapixels cam-

era –JPCam, the second largest camera in the world –, J-PAS will be able to produce

high-quality images, mapping over 8500 square degrees of the sky, covering all visible

electromagnetic spectrum (from 3500 to 10000Å). The J-PAS collaboration includes sev-

eral researchers from Brazilian and Spanish institutions and it also counts on two 80cm

telescopes: one at Javalambre Sierra (JPlus); and another in Chile (SPlus).

Figure 1.5: Filter system used for J-PAS photometry, together with a early type
galaxy redshifted spectrum, showing the flux produced by the observed filters.
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Benitez at al. (2009) showed that medium-band filters combined with a narrow-

band filter system is much more efficient for photometric redshifts than a regular broad

band filter system [26]. Even though narrow-band imaging is not very efficient for the

observation of individual object, it is extremely useful for cosmological purposes. Benitez

at al. (2009) also argued that using a system of adjacent ∼ 100Å-width filters, one can

reach ∼ 0.3% photometric redshift precision for LRGs. Such measurements allow J-PAS

to probe the BAO scale up to z < 1.1 for this type of galaxy. The survey’s strategy consists

in combining LRGs measurements together with blue galaxies trough OII emission lines,

up to z < 1.35, and quasars, up to z < 4, maximizing the effective volume over which the

BAO scale can be measured.

The new strategy allows to probe information about the cosmological fluctuations,

leading to better constraints for cosmological parameters. The forecasts for J-PAS on

the CPL parameters for dark energy (Figure 1.6) were obtained from BAOs and cluster

counts using Planck and DETF Stage-II priors. Both probes are comparable with one

another in constraining these parameters.

Figure 1.6: 95% Contour level regions for the dark energy equation of state parameters,
w0 and wa. In (red) is the cluster counts only, in (blue) BAOs only and (black) shows
the BAOs combined with cluster conuts. Figure from [10]

Even thought the main goal for J-PAS was originally the study of BAOs, its unique de-

sign allows to analyse many other cosmological probes like weak lensing, galaxy evolution,

quasars with excellent photo-z precision [27], and Type Ia Supernovae [28]. The J-PAS

filter system allows a precise multi-tracer analysis achieving high completeness, while

having accurate photo-z, by a combination of LRGs up to z ∼ 1, emission-line galaxies

(ELGs) up to z ∼ 1.4, Ly-α emitters (LAEs) and Quasars up to z ∼ 5, producing a deep

and wide three-dimensional map of the Universe over 1/5 of the sky.
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Chapter 2

Large-Scale Structure of the

Universe

Even though the cosmological principle states that the Universe is homogeneous, on small

scales one can observe complex and inhomogeneous structures such as clusters, voids,

filaments, walls, galaxies, stars, etc. The attractive nature of gravity form these structures

during the evolution of the Universe. Groups and clusters of galaxies are not distributed

in a random way, instead, their positions in the sky are correlated. The three-dimensional

galaxy distribution revealed by redshift surveys shows fascinating structures like the Great

Wall , a galaxy structure with a size of v 100Mpc h−1 [18], or nearly spherical regions

with no bright galaxies inside, called voids, with diameters of ∼ 50Mpc h−1. These

observations suggest that there might exist even larger structures and that at larger

scales the Universe is homogeneous.

These small-scales observations, together with the CMB anisotropies with relative

fluctuations of δT/T v 10−5, suggest that the present Universe started from small inho-

mogeneities at redshift z v 1100. When studying how matter reacts under gravity in an

expanding Universe, it is useful to consider the relative density contrast,

δ(r, t) ≡ ρ(r, t)− ρ̄(t)

ρ̄(t)
, (2.1)

where ρ̄(t) is the mean density at a time t. Density fluctuations grow due gravitational

interaction, as over-dense regions increase their density contrast while under-dense regions

decrease – which means that |δ| increases.

Section 2.1 will develop the linear theory of perturbation, considering perturbations

in an FRW background Universe, in both relativistic formulation and in the Newtonian

approximations. The main formulas are then used to evolve Einstein-Boltzmann equations

in the CAMB code [29]. Moving forward, Section 2.3 develops the statistical properties

of the Universe from Gaussian density fields. Then, galaxy mocks and some fundamental

concepts like the selection funcion, bias, shot-noise, and cosmic variance are discussed.
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Finally, Section 2.4 presents the statistical tools for the observed LSS, in particular the

FKP estimator for power spectrum analysis using an optimal weighting scheme [30, 31].

These are fundamental tools for the method presented in Chapter 4.

2.1 Linear Perturbation Theory

A common method to solve complicated coupled differential equation in physics is per-

turbation theory. Matter and energy affect gravity and vice-versa. Photons are affected

by Compton scattering with free electrons, while electrons are coupled to protons, and

both are affected by gravity. Even if dark matter do not interact with those, it also affects

the metric, together with neutrinos [15]. The most usual solution in this case is to solve

the Boltzmann equations for each of the species in a perturbed solution around an FRW

background.

The starting point for this formalism is the collisional Boltzmann equation,

df

dt
= C[f ], (2.2)

where C[f ] accounts for all the collisions a species might suffer during the evolution of the

Universe and f is the occupation function, or a probability distribution function. One

can open the total derivative in Eq. (2.2) and rewrite it as:

df

dt
=
∂f

∂t
+
dxi

dt

∂f

∂xi
+
dp

dt

∂f

∂p
= C[f ], (2.3)

which allows to investigate the behaviour for each component.

To obtain the left hand side of (2.3), it is necessary to account for perturbations in

the background metric described by (1.17). These are described by two potentials, with

dependence in both space and time, Ψ(r, t), the Newtonian potential, and Φ(r, t), the

curvature potential, related to the perturbations in spacial curvature. In conformal-

Newtonian gauge, the non-vanishing terms of the perturbed metric areg00(r, t) = −(1 + 2Ψ(r, t));

gij(r, t) = δija
2(t)(1 + 2Φ(r, t));

(2.4)

or

ds2 = −(1 + 2Ψ(r, t))dt2 + a2(t)(1 + Φ(r, t))
[
dr2 + S2

k(r)(dθ
2 + sin2 dφ2)

]
(2.5)

With the perturbed metric one can write the relativistic version of (2.3) as:

df

dt
=
∂f

∂t
+
dxi

dt

∂f

∂xi
+
dp

dt

∂f

∂p
+
dp̂i
dt

∂f

∂p̂i
, (2.6)
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leading to
∂f

∂t
+
p̂i
a

p

E

∂f

∂xi
− ∂f

∂E

[
p2

E
Φ̇ +

∂Ψ

∂xi
pp̂i
a

+
p2

E
H

]
=

(
∂f

∂t

)
C
. (2.7)

This is one of the main equation for the study of perturbation’s evolution together with

the perturbed Einstein Field Equations. As the evolution of the Fourier modes k depends

primarily on the magnitude of k, it is simpler to develop the perturbation formalism in

Fourier space instead of real space.

The Universe’s constituents can be divided in two types: relativistic, like photons

and neutrinos; and non-relativistic, like dark matter and baryons.In Fourier space, the

perturbations depend not only on k and η (conformal time) but also on k̂ · p̂ ≡ µ. The

fractional temperature difference for photons can be expressed as

Θ(k, µ, η) ≡
∫
d3r

δT (r, η)

T (r, η)
e−ikrµ. (2.8)

Or, in a general way, defining the lth multipole moment for the photon’s temperature

field,

Θl =
1

(−i)l

∫ 1

−1

dµ

2
Θ(µ)Ll(µ) (2.9)

where Ll is the Legendre polynomial of l-th order. While higher Legendre polynomials

are important on small scales, the first ones govern the large-scale structure behaviour. A

similar formulation can describe neutrino perturbations, expressed by N (k, µ, η). As for

the non-relativistic components, dark and baryonic matter, their descriptions are given

by the first two perturbation momenta in Fourier space, the density contrast [δ̃(k, η) and

δ̃b(k, η)] and the velocity [ṽ(k, η) and ṽb(k, η)].

Combining the Boltzmann equation, (2.7), for photons, neutrinos, baryons, and dark

matter leads to a set of coupled equations for the evolution of each component [15]. Using

primes to denote the conformal time derivative, ′ = d/dη, one has:

Θ′ + ikµΘ + Φ′ + ikµΨ = −τ ′
[
Θ0 −Θ + vbµ−

1

2
L2(µ)(Θ2 + ΘP2 + ΘP0)

]
, (2.10)

Θ′P + ikµΘP = −τ ′
[
−ΘP +

1

2
[1− L2(µ)(Θ2 + ΘP2 + ΘP0)

]
, (2.11)

δ′b + ikvb = −3Φ′ (2.12)

v′b +
a′

a
vb + ikΨ = τ ′

4ργ
3ρb

[3iΘ1 + vb], (2.13)

δ′ + ikv = −3Φ′, (2.14)
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v′ +
a′

a
v = −ikΨ, (2.15)

and

N + ikµN = −Φ′ − ikµΨ. (2.16)

Equations (2.10) and (2.11) refer to photons, where ΘP is called strength of polar-

ization and τ is the optical depth – the number of photon-electron interactions from η

to η0. The following four equations – (2.12), (2.13), (2.14), and (2.15) – are related to

the baryonic and dark matter evolution, respectively. The last one, (2.16), governs the

perturbations in the distribution of massless neutrinos. So far, there are only seven equa-

tions for nine variables – Θ,N , δ, v, δb, vb, a,Φ, and Ψ. The last “missing” ones, involving

the two perturbation potentials, come from perturbing Einstein’s field equations.

Perturbations on Einstein Field Equations

The time-time component , G0
0, can be expressed as

G0
0 = g00G00 = (−1 + 2Ψ)R00 −

R

2
. (2.17)

So, the first order of the time-time component of Einstein’s field equations is

δG0
0 =

2

a2
∇2Φ− 6H(Φ̇−HΨ) = 8πG δT 0

0︸︷︷︸
δρ

. (2.18)

This generalized expression for the Poisson equation can be written, in Fourier space and

using the conformal time, as

k2Φ + 3
a′

a

(
Φ′ − a′

a
Ψ

)
= −4πGδρ (2.19)

or, in terms of the species,

k2Φ + 3
a′

a

(
Φ′ − a′

a
Ψ

)
= −4πG[ρdmδ + ρbδb + 4ργΘ0 + 4ρνN0]. (2.20)

This is one of the equations that determine the evolution of Ψ and Φ, the other expression

comes from the spatial part of Einstein’s field equations. First, the geometrical part,

Gi
j = gik

[
Rkj −

gkj
2
R
]

=
δik(1− Φ)

a2
Rkj −

δij
2
R. (2.21)
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to the first order in the perturbations, the anisotropic stress appears if Ψ 6= −Φ:

δGi
j =

1

a2
kikj(Ψ + Φ). (2.22)

Applying the projection operator, Π j
i = k̂ik̂

j − 1

3
δ j
i , in the spatial part of the Einstein

tensor,

Π j
i G

i
j =

2

3a2
k2(Ψ + Φ). (2.23)

When projecting the energy-momentum tensor, one can see that it is proportional to the

quadrupole, L2(µ), which means that only the photons and neutrinos’s quadrupoles have

influence. So, the last equation for the evolution of linear perturbations in the Universe

is

k2(Ψ + Φ) = −32πGa2[ργΘ2 + ρνN2], (2.24)

meaning that, if photons and neutrinos’s quadrupoles are negligible, both potencials are

equal and opposite.

Because of the coupled momenta given by the infinite hierarchy of equations, these

equations can be very hard to solve. Some approximations can be done in order to get

useful results, but there are codes available, like CAMB1 [29], that can quickly give exact

solutions for these equations, in linear theory.

2.1.1 Newtonian Perturbation Theory

A simpler case can be derived to examine the growth of density perturbations for length

scales smaller than the Hubble radius. For such cases, a Newtonian framework can be

used considering that matter is dust-like (pressureless) with density ρ(r, t). Matter, then,

can be described in a fluid approximation, with a velocity field v(x, t). In this case, the

equations of motion for fluids are

Dρ

Dt
= −ρ∇ · v (Continuity Equation);

Dv

Dt
= −∇p

ρ
−∇Φ (Euler Equation);

∇2Φ = 4πGρ (Poisson Equation);

(2.25)

with D/Dt ≡ ∂/∂t + v · ∇ as the convective derivative. Considering a first order

perturbation on the homogeneous background, ρ(x, t)→ ρ0(t) + δρ and v(x, t)→ v0(t) +

δv, where v0 = Hx (x is the physical coordinate) denotes the Hubble flow.

1Available online at http://camb.info/
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The continuity equation becomes(
∂

∂t
+ (v0 + δv) ·∇

)
(ρ0 + δρ) = −(ρ0 + δρ)∇ · (v0 + δv), (2.26)

and the background solution is just ρ̇ = −3Hρ0, allowing to rewrite (2.26) as(
∂

∂t
+ v0 ·∇

)
δρ = −ρ0∇ · δv− δρ∇ · v0. (2.27)

The expression inside the left hand side parenthesis in (2.27) can be identified as the

time derivative for a observer comoving with the unperturbed expansion of the Universe,

d/dt ≡
(
∂

∂t
+ v0 ·∇

)
. Therefore, one can express (2.25) for the perturbations in terms

of the density contrast, δ ≡ δρ/ρ0, as

d

dt
δ = −∇ · δv (Continuity Equation);

d

dt
δv = −∇δp

ρ0

−∇δΦ− (δv ·∇)v0 (Euler Equation);

∇2δΦ = 4πGρ0δ (Poisson Equation);

(2.28)

It is more useful to consider this problem in comoving coordinates, instead of Eulerian,

in order to account for the expansion of the Universe. Hence, x = a(t)r(t), δv = a(t)u(t),

and ∇x = a−1∇r (the subscript will be dropped for notation purposes). So, for a funda-

mental observer, both continuity and Euler equations can be written as

δ̇ = −∇ · u, (2.29)

u̇ + 2
ȧ

a
u =

1

a2
∇δΦ− ∇δp

ρ0

. (2.30)

Now, there are three equations for four variables (δ,u, δΦ and δp). The equation of

state is the one missing to complete the set, from which:

c2
s ≡

∂p

∂ρ
. (2.31)

One can express the evolution for the amplitude of δ as

δ̈ + 2
ȧ

a
δ̇ −

(
4πGρ0 −

c2
s

a2
∇2

)
δ = 0. (2.32)

This equation describes the evolution of the matter density contrast in the Newtonian
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approximation.

2.1.2 Observational Probes of Inhomogeneity

The present Section briefly discuss some of the observational probes when investigating the

consequences of linear perturbation theory on LSS. The combination of these observables

leads to a deeper understanding of the cosmological parameters of the standard model.

Cosmic Microwave Background

Discovered by accident by two engineers from Bell Laboratories in 1964, the CMB is a

snapshot from when the Universe was around 380,000 years old. When photons decoupled

from baryonic matter, at redshift ∼ 1100 , their last scattering surface stays imprinted

throughout the Universe in all directions. The intensity for a gas of photon with a

blackbody distribution is

Iν =
4πν3

e2πν/T − 1
. (2.33)

In 1996, the FIRAS instrument, aboard the COBE space telescope, proved that a gas of

photons with T = 2.73K was in near-perfect agreement with the radiation measured from

CMB – Figure 2.1 .

As suggested by linear perturbation theory (equations (2.10) to (2.16), (2.20), and

(2.24)), anisotropies on the photon distribution are coupled to all the other components of

the Universe, indicating that these primordial perturbations evolve into inhomogeneities.

Figure 2.1: The blackbody spectrum for a 2.73K photon’s gas in agreement with
FIRAS’s data points. [32]
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Galaxy Surveys

The matter power spectrum (formally presented on Section 2.2) is one of the main results

of galaxy catalogs – some of the main future surveys are specified in Section 1.3. Although

the connection between galaxy positions and the three-dimensional power spectrum for

dark matter is not direct – for only luminous matter can be observed –, galaxies work as

biased tracers of the underlying density field. This means that the dark matter density

contrast should be related to the tracer’s density field through a bias: [33].

δg = bδDM (2.34)

Some problems might arise from this definition, since bias may vary with scale, and

galaxy distances are measured in redshift space, combining the information on radial

position with velocity. At small scales, for example, Redshift space distortions make a

spherical structure, collapsing gravitationally, appear as a flattened ellipse, elongated in

the radial direction.

Figure 2.2: Distribution of 141,402 galaxies from the 2dF Redshift Galaxy Survey in
a 4o wide range [34]. Galaxy catalogs like this one are the base for the power spectrum
measurement.

Baryon Acoustic Oscillations

During the radiation epoch, photons and baryons were tightly coupled, which results in

the photon-baryon plasma experiencing acoustic oscillations. Some acoustic peaks were

first observed in the CMB angular power spectrum, suggesting that some large-scale

consequences should also be observed in the distribution of matter. In fact, Einsenstein

at al (2005) demonstrated the acoustic oscillations imprint in the correlation function

using data from SDSS luminous red galaxies [11] (see Figure 2.4).

At redshift z ∼ 1100, recombination suddenly decreases the sound speed ending the

wave propagations due to cosmological perturbations in the relativistic plasma. During

the epoch between the formation of primordial perturbations and recombination, the char-
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acteristic time scale translated into a characteristic length scale producing oscillations, a

harmonic series of maxima and minima in the anisotropy spectrum of the CMB [11]. Lin-

ear perturbation theory predicts that these acoustic oscillations in the primordial plasma

would be imprinted at later times in the large-scale structures of non-relativistic matter

[35].

In other words, the Universe was composed of a hot plasma of photons and baryons

before recombination and decoupling. These two components were tightly coupled via

Thompson scattering and the forces of gravitation and radiation pressure set up oscil-

lations in the photon gas. Considering a spherical perturbation in the density of the

baryon-photon plasma, it propagates outwards in form of a acoustic wave with sound

speed cs = c/
√

3(1 +R), where R ≡ 3ρb/4ργ ∝ Ωb/(1 + z) [36]. After recombination, the

Universe becomes neutral and the baryon acoustic wave “freeze” while the photons prop-

agate freely – forming what is observed by CMB [12]. The baryons distribution has an

imprinted density excess, which is related to this characteristic spherical shell from when

the baryon wave “stalled”. As baryons and dark matter interact through gravity, dark

matter distribution also contains this acoustic peak. Figure 2.3 shows different stages of

the BAO peak evolution.

Suppose a galaxy is formed at the centre of the initial density perturbation. The

correlation function in Figure 2.3 shows a bump at a radius r′, which means a higher

probability of finding another galaxy separated by a distance r′. This scale is close to the

sound horizon – the comoving distance a sound wave can travel inside the baryon-photon

plasma during decoupling – and it is related to the baryon and matter densities as:

r′ =

∫ ∞
zrec

csdz

H(z)
=

1√
ΩmH)

2c

3zeqReq

ln

(√
1 +Rrec +

√
Rrec +Req

1 +
√
Req

)
, (2.35)

where zeq = Ωm/Ωγ is the redshift of matter-radiation equality and Rrec refers to the

recombination. As long as one can measure Ωb with high precision, the scale r′ works as

a standard ruler [12].

According to Einsenstein (2005), the measurement of the BAO peak leads to several

conclusions. Firstly, it provides a smoking-gun evidence that linear perturbation theory

governs the formation of LSS from an initial state at redshift z ∼ 1100. Also, it pro-

vides further evidence that dark matter was present at recombination epoch, since a pure

baryonic model would be in disagreement with the observed correlation function peak.

Finally, the BAO scale provides a natural length scale which can be measured over a wide

range of redshifts, helping to probe the angular diameter distance and the evolution of the

Hubble flow. However, the acoustic signal in matter correlations is weak, a 10% contrast

in the matter power spectrum on large scales, meaning that for a survey to observe it

well, it must have an effective volume of at least ∼ 1Gpc3 h−3. Such volumes were not



28 Large-Scale Structure of the Universe

Figure 2.3: Different stages of the evolving spherical density perturbation according
to Einsenstein et al. (2007). The density perturbation initially propagates through the
baryon-photon plasma as a pulse (top-left). As dark matter only interacts gravitationally
with this plasma, its perturbation takes more time to reach that of the tightly coupled
plasma. However, during recombination epoch, photons continue to stream away from
baryons (middle-left). After recombination (middle-right), photons freely stream aways
leaving a density perturbation in baryons around 105 Mpc h−1, together with a dark
matter perturbation near the origin. The last panels show how the acoustic peak is
affected due gravitational effects due dark matter and baryon interaction. Figure from
[36].
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easily achieved by the first generation of redshift galaxy surveys, although, the current

generation is capable of using the BAO standard ruler for precise measurements of the

Hubble flow.

Figure 2.4: Correlation function times r2 from SDSS’s Luminous Red Galaxies and
fits for different models. Models are Ωmh

2 = 0.12 (green), 0.13 (red), and 0.14 (blue);
all with Ωbh

2 = 0.024. The magenta line corresponds to a pure CDM model with
Ωmh

2 = 0.105 and lacks the acoustic peak. Figure from [11].

2.2 Statistical Analysis of the Large-Scale Structure

In the case for a flat comoving geometry, it is useful to develop a plane wave decomposition

formalism in which the density field is represented as a superposition of many modes.

Although this does not work for curved geometries, the plane waves provide a complete

set of eigenfunctions for a flat FRW geometry. Considering that the density field has

periodic boundary conditions within some box of size Lbox, the Fourier expansion will be

expressed as

δ(r) =
∑

δke
−ik·r, (2.36)

with k =
2π

Lbox
n and nx, ny, nz = 1, 2, 3, ....

Let the size of the box, Lbox, become large enough so the sum at (2.36) turns into an

integral of the density of modes in Fourier space – as it is usually done, e.g., in statistical

mechanics [16]:

δ(r) =

(
Lbox
2π

)3 ∫
d3k δk(k)e−ik·r (2.37)

δk(k) =

(
1

Lbox

)3 ∫
d3r δ(r)eik·r. (2.38)
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Notwithstanding, it is easier to work with the sum convention when using Fast Fourier

Transforms algorithms, as it will be presented on Section 2.3.

2.2.1 Correlation Function and Power Spectrum

Firstly, the correlation function can be defined in terms of the density contrast as

ξ(r) ≡ 〈δ(r′)δ(r′ + r)〉. (2.39)

Here, the 〈 〉 expresses a normalized average over a certain volume V = L3
box.

Together with (2.36) – and as δ(r) is real – one can express ξ as

ξ(r) =

〈∑
k

∑
k′

δkδ
∗
k′e
−i(k′−k)·r′e−ik·r

〉
. (2.40)

with

〈δkδ∗k′〉 =

δkk′|δk|2 (discrete);

(2π)3|δk|2δ3
D(k− k′) (continuum);

(2.41)

The remaining sum can be taken to the continuum limit:

ξ(r) =
V

(2π)3

∫
d3k|δk|2e−ik·r (2.42)

The power spectrum is defined as the Fourier pair of the correlation function, yet one

can simply express it as

P (k) ≡ 〈|δk|2〉. (2.43)

More generally, in terms of the mean galaxy density, n̄, the galaxy density contrast is

δg(r) = (n(r) − n̄)/n̄ and the power spectrum can be defined in terms of the Fourier

transform of the galaxy density contrast, δk(k)

〈δk(k)δk′(k)〉 = (2π)3P (k)δ3
D(k− k′). (2.44)

This means that the power spectrum is the second moment of the distribution in

Fourier space, the variance. If the Universe is very smooth, the power spectrum will have

a small amplitude, whereas if it has considerable inhomogeneities, the power spectrum will

be larger. From (2.44), one can see that the power spectrum has dimensions of (length)3.

As the Universe is isotropic, the density contrast does not have a preferred direction.

This means that there is no angular dependence in the power spectrum, 〈|δk(k)|2〉 =

|δk(k)|2. The angular dependence in (2.42) can be integrated in spherical coordinates if

the polar axis is along the k direction – exp{−ik · r} → cos(krµ) –, so (2.42) can be

written as
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ξ(r) =
4πV

(2π)3

∫
dk k2 P (k)

sin(kr)

kr
(2.45)

The Code for Anisotropies in the Microwave Background [29], or just CAMB,

can evolve the inhomogeneities equations from 2.1 and provide a theoretical matter power

spectrum given a certain cosmology (see Figure 2.5).

Figure 2.5: (left) A theoretical matter power spectrum for the ΛCDM model generated
with CAMB. (right) The correlation function obtain from CAMB’s theoretical matter
power spectrum using (2.45). The second peak, at ∼ 105 Mpc h−1, is the BAO scale.

2.3 Gaussian and Log-Normal Density Fields

Linear perturbation theory – developed on Section 2.1 – is an important tool to make pre-

dictions about LSS. In the present Section, the main goal is to develop a formalism capable

of generating galaxy mock catalogs in order to compare real data with predictions made

from linear perturbation. To do so, one must first understand the statistical properties

of the underlying matter distribution, δ. As the density (contrast) field is approximately

homogeneous in very large scales [16]. One can consider the concept of ensembles of

Universes, which means that the density has different values in space, but with a given

variance which is the same everywhere. To obtain large scale homogeneities, the vari-

ance, 〈δ2〉, must be position-independent, measured looking at different and separate

regions of the Universe. This is a version of the ergodic hypothesis[20].

It is nonsense to seek for a particular solution to the linear perturbation equations

– or even non-linear – that produces the real distribution of galaxies, i. e., reproduces

the actual position of every observed galaxy in the Universe. Strictly speaking, it is not

expected from the theory to predict the density contrast at any specific location r. To do

so would require knowledge of the actual initial conditions, δ(r, ti), an information that is
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not available. Instead, one should look for a more general description, trying to reproduce

the average statistical properties of the underlying matter distribution.

2.3.1 Statistical Properties of a Gaussian Density Field

First, consider the Universe as a limited box – one can think about it as a limited 3D

sky survey map – which can be divided into equal sized cells with the same statistical

properties and δ1, δ2, δ3, ..., δN as the dimensionless density contrast on each cell (a cube

with side Lcell and volume dV ). This can be interpreted as a realization of a single

random variable δ. Once determined the probability of any δ realization, all the statistical

properties can be inferred. So, a probability density function (p.d.f.) might describe the

density contrast which will be a functional of δ, P[δ]. It follows from the definition of δ,

(2.1), that it should have zero mean.

The probability is given as a function of a set of variables (δ1, δ2, δ3, ..., δN) by a p.d.f.

P = P[δ1, δ2, ..., δN ] that would be efficiently expressed as

P[δ1, δ2, ..., δN ] =
N∏
i=1

fi(δi) (2.46)

However, this decomposition implies that each of the δi evolves independently of the oth-

ers, which is not true as gravity and other interactions imply that the δi(r) are correlated.

Instead, from Eq. (2.41), one can work in Fourier space as each of the k = (2π/L)n –

assuming harmonic boundary conditions – evolves independently:

P[δ(k)] =
∏
k

gk(δk), (2.47)

and

δk =

∫
V

d3r δ(r)e−k·r. (2.48)

A simple choice for gk is a Gaussian, as suggested by the theory of inflation [15, 20, 16]

From (2.48) one can see that δk comes from combining δ(r) from various different positions.

It is reasonable to assume that δ(r) was almost uncorrelated – or almost uncorrelated –

in the very early Universe. As δk is an integral over a large number of nearly uncorrelated

random variables, from the central limit theorem, one can assume that the p.d.f. for δk

is nearly Gaussian. It is important to recall that, since δ(r) is real, δk is constrained by

δ−k = δ∗k.

Now, expressing δk = Ake
iφk , the Gaussian p.d.f. for δk can be expressed as

gk(Ak, φk)dAkdφk =
1

(2π)3/2σk
exp

[
− A

2
k

2σ2
k

]
dAkdφk (2.49)
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where 〈A2
k〉 = σ2

k and φk is a regular distribution in the range (0, 2π). Which means δk

have random phases and Gaussian amplitudes. The first moment of (2.49) is 〈δk〉 = 0 –

as expected for the density field. However, recalling the result from (2.43), the variance

of the Gaussian amplitude p.d.f. is the matter power spectrum of fluctuations,

σ2
k = P (k). (2.50)

This is the first step towards a “recipe” used to generate a galaxy mock catalog from

a theoretical matter power spectrum. First, one uses a given set of cosmological parame-

ters to evolve the linear equations for background perturbations and obtain a theoretical

matter power spectrum. Using this P (k) as the variance of Gaussian realizations, (2.49),

one can produce a density fluctuation field in Fourier space – since in this case, each mode

evolves independently.

The next step is to transform from Fourier space to real space. To do it so, consider

that the probability of having a specific configuration of {δk} is given by multiplying the

independent probabilities for each δk,

P[{δk}] =
∏

gk(δk) = N exp

{
−1

2

∑
k

|δk|2

P (k)

}
. (2.51)

Now, using the Fourier Transform to go from k-space to r-space,

|δk|2 =

∫
d3r

∫
d3r′ δ(r)δ(r′)e−ik·(r−r

′) (2.52)

and, together with (2.51), one can write

P[δ(r)] = N exp

{
−1

2

∑
k

∫
d3r

∫
d3r′ δ(r)δ(r′)e−ik·(r−r

′) 1

P (k)

}

= N exp

{
−1

2

∫
d3r

∫
d3r′ δ(r)δ(r′)F(r− r′)

}
.

(2.53)

Here, taking the continuum limit of the Fourier series,
∑

k → (V/(2π)3)
∫
d3k,

F(r− r′) =
∑
k

eik(r−r′)

P (k)
→ V

(2π)3

∫
d3k

e−ik(r−r′)

P (k)
(2.54)

This p.d.f. shows that, at different regions in the Universe, δ(r) is not independent and

can not be expressed as a product of probability distribution functions. Nevertheless, the

density contrast – in real space – can be obtained by

δ(r) =
1

V

∑
k

δke
ik·r. (2.55)
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When applying this formalism in simulations, it is useful to express the Fourier trans-

form (2.55) in terms of a Fast Fourier Transform (FFT). In one dimension, the discrete

Fourier transform becomes

δ(r)→ δl = δ(rl) =
∆k

2π

∑
j

exp{i[∆k(j − 1)∆r(l − 1)]/n} δ(kj)︸ ︷︷ ︸
δ̃j

(2.56)

or

δl =
∆k

2π

∑
j

exp{i[2π(j − 1)(l − 1)]/n}δ̃j, (2.57)

and the inverse FFT is:

δ̃j = ∆r
∑
l

exp{−i[2π(l − 1)(j − 1)]/n}δl, (2.58)

where ∆r = V/ntot and ∆k = 1/V with n the number of cells in one direction and ntot the

total number of cells. Using these tools, it is possible to generate Gaussian realizations of

the density field. Unfortunately, this recipe leads to non-physical values for the density

contrast. From the definition of δ(r), (2.1), one can see that any δ(r) < −1 results in

ρ(r) < 0 – which is not physical. As the Gaussian p.d.f. goes from −∞ to +∞, it is not

impossible to generate values of δk that lead to non-physical density contrasts.

2.3.2 From Gaussian to Log-Normal Density Fields

To solve the problem presented at the end of the last Section, Coles and Jones (1991)

proposed a log-normal (LN) model for the mass distribution [37]. They argued that,

different from regular linear theory, a LN model always has ρ(r) > 0 and is close enough

to the Gaussian model at early times, not contradicting the inflation predictions. As

stated before, a Gaussian field with standard deviation σ has a non-null probability to

produce non-physical δ(r). Even if the linear power spectrum corresponds to δ(r)� 1, or

most cosmological scales of interest, the problem remains. When σ(δ(r)) ≈ 1, it is clear

that the Gaussian approximation is not valid.

Since a LN density field should preserve 〈δLN〉 = 0, it can be defined as [37]

1 + δLN(r) = eδG(r)−σ2
G(r)/2, (2.59)

where the subscript G refers to the Gaussian density field. This is a reasonable approx-

imation for the real underlying matter density field since it is straightforward that it

does not lead to ρ(r) < 0. Also, where σG(r) � 1, the LN density field behaves as the

Gaussian. For the first moment,
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〈δLN(r)〉 =
〈
eδG(r)−σ2

G(r)/2
〉
− 1

= e−σG(r)/2〈eδG(r)〉 − 1
(2.60)

As shown in appendix A, using equation (A.5), one can see that 〈eδG(r)〉 = eσG(r)/2, as

δG(r) comes from a Gaussian distribution with mean value µ = 0. So,

〈δLN(r)〉 = e−σ
2
G(r)(eσ

2
G(r))− 1 = 0 (2.61)

As for the second moment of the log-normal density field,

〈δ2
LN(r)〉 = 〈(eδG(r)−σ2

G(r)/2)2〉

= eσ
2
G(r)〈e2δG(r)〉+ 1− 2eσ

2
G(r)/2〈eδG(r)〉

(2.62)

for the first expression in 〈 〉, one uses the second moment of the LN distribution, (A.8),

leading to 〈e2δG(r)〉 = e2σ2
G(r); as for the last one, it goes like the one for the first moment,

as stated before. Therefore,

〈δ2
LN(r)〉 = eσ

2
G(r) − 1 ' σ2

G(r) +O(σ4
G(r)). (2.63)

This shows that the log-normal density field is a reasonable assumption for a physical

density field with almost Gaussian statistics.

Another important feature arises when simulating the density field: one can easily

introduce bias in (2.59).

1 + δLN(r) = ebδG(r)−b2σ2
G(r)/2 (2.64)

which will reflect directly when going from the matter density field to a galaxy field, as

presented in next subsection. It is also important to consider the correlation function,

which for the log-normal field can be written as:

ξLN(r) = 〈δLN(r)δLN(r + r′)〉 = eξG(r) − 1 . (2.65)

Hence, in order to generate the LN density field with the right statistical properties, it

is necessary to “prepare” the Gaussian density field. Instead of simply using a theoretical

matter power spectrum as the variance of the Gaussian amplitude in 2.49, it is necessary

to “gaussianizate” it first. To do it, one must use (2.45) to go from power spectrum to

correlation function and then, using (2.65) to write

ξG(r) = ln[1 + ξ(r)]. (2.66)
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The “Gaussian” power spectrum is then defined as

PG(k) = 4π

∫
dr r2ξG(r)

sin(kr)

kr
. (2.67)

This Gaussian power spectrum is the one used as the variance in (2.49) to generate

the set of δG(k). The Fourier transform of this quantity, δG(r), and its variance, σG(r),

are the ones used in (2.64) to obtain the LN density contrast field. Figure 2.6 shows the

difference between the Gaussian and the physical power spectrum.

This technique allows to reproduce a density contrast field that respects the physical

conditions imposed by (2.1) and, in addition, it can incorporate bias. Next, one must

transform from a δLN(r) to a δg(r), a galaxy density contrast – or, a galaxy mock catalog.

Figure 2.6: Comparison between the physical (theoretical) matter power spectrum
and the Gaussian matter power spectrum used to generate log-normal density field
realizations. Notice that the Gaussian spectrum loses power on small-scales.

2.3.3 From Poissonian Realizations to Galaxy Mock Catalogs

Since the log-normal field is realistic – in the sense that it respects δ(r) > −1 –, using

Poissonian realizations, one can generate a catalog of objects, or galaxies. The Poisson

p.d.f. contains two main features that are very fitting for this purpose: i) it always returns

an integer value; ii) its mean value is equal to its variance.

P(X = k) =
λke−λ

k!
(2.68)

where λ is a distribution parameter, the mean value.

Now, a biased galaxy mock catalog can be produced using Poissonian realizations with

λ = n̄(r)[1 + δLN(r)]V , where n̄(r) is the mean number of galaxies in a given region r –
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also known as the selection function.

Ng(r) = Ppois[n̄(r)[1 + δLN(r)]] (2.69)

It follows from (2.69) that 〈Ng(r)〉 = N̄g(r) and 〈N2
g (r)〉 = N̄g(r)[N̄g + 1]. Therefore, the

galaxy density contrast is defined as

δg(r) =
Ng(r)− N̄g

N̄g

(2.70)

and the galaxy correlation function,

ξgg(r) = 〈δg(r)δg(r + r′)〉

= b2ξ(r) +
1

n̄(r)
δ3
D(r− r′).

(2.71)

The last term in the equation above is the Poissonian shot-noise, while the b2 is the

galaxy bias. A b 6= 1 means that luminous matter do not follow the same distribution as

the total mass. In terms of the galaxy power spectrum,

Pgg(k) = b2P0(k) (2.72)

with P0(k) representing the underlying dark matter power spectrum, which one does not

have direct access through observations.

Figure 2.7: (left)An example of a log-normal density field. (center) A radial decaying
selection function. (right) The resulting galaxy mock catalog after convolving the se-
lection function with the log-normal density field through a Poissonian realization, Eq.
(2.69)

It is important to highlight that some sources of uncertainties arise due to the real-

izations. Large scale fluctuations are associated with the Gaussian realizations from Eq.
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(2.49), and are related to cosmic variance – the fact that any survey is volume limited,

introducing statistical errors since one can not analyse all modes. The small-scale fluc-

tuations, related to the Poissonian realizations, are due to the introduction of shot-noise

from this type of statistics.

2.4 Power Spectrum Analysis: The FKP Estimator

Feldman, Kaiser and Peacock (1994) presented an optimal power spectrum estimator

(FKP estimator) for three-dimensional surveys using a weighting scheme, under the as-

sumption that long-wavelength Fourier modes come from a Gaussian distribution [30] – as

it is also discussed in Section 2.3. Given the Poissonian realization formalism developed

on last Section, it can be interpreted as

Ppois[Volume element δV contains a galaxy] = n̄(r)[1 + δLN(r)]δV (2.73)

The FKP approach consists to take the Fourier transform of the real galaxy map minus

a synthetic catalog with the same selection function. This procedure should take away

fluctuations that are not due to the actual structure of the original map. The weighting

function is adjusted to optimize the estimator’s performance,

F (r) ≡ 1

N
w(r)[Ng(r)− αNsyn(r)] (2.74)

where Ng(r) =
∑

j δ
3
D(r − rj) and rj is the location of the j th galaxy – the same holds

for the synthetic catalog, Nsyn(r). Also, α is a constant that matches the two catalogs,

n̄g = αn̄syn, and N is a normalization constant defined by

N =

{∫
d3rn̄2(r)w2(r)

}1/2

. (2.75)

The expectation value of the square module of the Fourier transformed (2.74) gives

〈|F (k)|2〉 =

∫
d3r
∫
d3r′w(r)w(r′)〈[Ng(r)− αNsyn(r)][Ng(r

′)− αNsyn(r′)]〉eik(r−r′)∫
d3rn̄2(r)w2(r)

.

(2.76)

As both catalogs are generated from Poissonian realizations, one can obtain the following

relations

〈Ng(r)Ng(r
′)〉 = n̄(r)n̄(r′)[1 + ξ(r− r′)] + n̄δ3

D(r− r′);

〈Nsyn(r)Nsyn(r′)〉 = α−2n̄(r)n̄(r′) + α−1n̄(r)δ3
D(r− r′);

〈Ng(r)Nsyn(r′)〉 = α−1n̄(r)n̄(r′);

(2.77)
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leading to

〈|F (k)|2〉 =

∫
d3k′

(2π)3
P (k′)W (k− k′) + Pshot. (2.78)

The last term on the expression above is the shot-noise term,

Pshot ≡
(1 + α)

N2

∫
d3r n̄(r)

w2(r)

b2(r)
. (2.79)

As for the first term of (2.78), it is a three-dimensional convolution of the power spectrum

with a window function, W (k− k′) = |G(k− k′)|2, where G(k) is the Fourier transform

of the weighted selection function.

G(r) ≡ w(r)n̄(r)

N
(2.80)

In other words, from (2.78),

P̂ (k) = |F (k)|2 − Pshot. (2.81)

So, averaging over k-shells, the FKP estimator is just

P̂ (k) ≡ 1

Vk

∫
Vk

d3k′P̂ (k′), (2.82)

where Vk is the k-shell’s volume.

Percival, Verde and Peacock (2004) also derived an expression for the optimal weight-

ing in the FKP estimator [31]:

w(r) =
b2P (k)

1 + n̄(r)b2(r)P (k)
(2.83)

FKP Error Bars

To complete the power spectrum analysis, it is necessary to obtain error bars for the FKP

estimator and understand the statistical fluctuations related to it. Firstly, one can assume

that the window function is compact compared with the scales of interest, so the mean

square fluctuations of the FKP estimator are:

σ2
P (k) ≡ 〈[P̂ (k)− P (k)]2〉

=
1

V 2
k

∫
Vk

d3k

∫
Vk

d3k′〈δP̂ (k)δP̂ (k′)〉

∼=
1

Vk

∫
d3k′

∣∣∣∣P (k)

N2

∫
d3r[n̄(r)w(r)]2eik·r +

(1 + α)

N2

∫
d3r n̄(r)

w2(r)

b2(r)
eik·r

∣∣∣∣2 .
(2.84)
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Finally, the fractional variance – leading to the error bars in Figure 2.8 – is given by

Figure 2.8: Power spectrum estimation for a cubic mock galaxy catalog with error
bars given by (2.85) (blue) in comparison with the theoretical power spectrum from
CAMB (green). The red lines are the limits of the survey’s volume, i.e., all the modes
which fit inside the characteristic scales of the survey: the cell size (which defines the
highest Fourier mode – the Nyquist frequency) and the survey’s largest scale (which
defines the smaller Fourier mode related to the survey).

σ2
P (k)

P 2(k)
=

(2π)3

VkN4

∫
d3r

{
[n̄(r)w(r)]2 +

1

P (k)

[
n̄(r)

w2(r)

b2(r)

]}2

(2.85)

Figure 2.9 shows the comparison between the error bars due to the fluctuations of Gaussian

and Poissonian realizations for mock catalog generation, and the ones from Eq. (2.85).

Figure 2.9: Comparison between FKP error bars and the fluctuations on the spectra
due to the Gaussian and Poissonian realizations of the galaxy mocks using 300 realiza-
tions. Error bars were multiplied by k2 for visualization purposes.



Chapter 3

Bayesian Statistics in Cosmology

Since the beginning of the precision cosmology era, data analysis is at the center of the

discussions. Every year, cosmological experiments produce several hundred Terabytes of

new data, and it has been proved that using simple “brute force” methods would take

decades to analyse it, even with tomorrow’s technologies and fast parallelizable process-

ing capacity. Considering Cosmology’s study object, it seems risky to use a frequentist

approach – there is only one Universe to do statistics with. In other words, one can only

observe characteristics in a region of the Universe and infer consequences. There is no

possibility to do repetitive experiments in order to probe, for example, the density of dark

matter.

The main goal of data analysis in cosmology is to probe the cosmological parameters

from all different observables and to combine data to obtain the maximum amount of

information. This way, one can associate data from different experiments in estimates for

the set of the cosmological parameters. With the amount of high quality data coming up

in the next few years, it is fundamental to investigate powerful statistical tools in order

to constrain a large number of parameters. One needs an approach that allows to put

estimates and error bars on quantitative parameters. This is where Bayesian statistics

comes in. It allows to infer parameter estimations from single data sets, to determine

degrees of plausibility to hypothesis (confidence levels), and to cross-correlate data, using

different datasets to probe a model’s parameters – just to give some general example.

This chapter’s primary goal is to develop Bayesian inference as applied to Cosmology,

in order to obtain measurements of cosmological parameters from observational data sets.

The first Section reviews the basics of Bayesian statistics, from Bayes’s Theorem to param-

eter estimation. The second Section briefly discusses the applications of Bayesian inference

in modern cosmology. Finally, this chapter’s final Section is dedicated to Monte-Carlo

Markov Chain methods (MCMC), explaining the affine invariant method and the

methodology employed for the analysis presented on Chapter 4.
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3.1 Basic Bayesian Statistics

When asserting whether a hypothesis is right or wrong, one must assign a certain “degree

of plausibility” to the proposition. It is reasonable to look for some criteria when defining

degrees of plausibility [38], such as:

i) They can be represented by real numbers

prob(true) = 1 and prob(false) = 0; (3.1)

ii) They obey “common sense ”, i.e., if the plausibility of A increases, then the plau-

sibility of not-A (Ā) should decrease

prob(A|I) = 1− prob(Ā|I); (3.2)

iii) The joint hypothesis of A given B is related in a sensible way to the plausibilities

of A and B

prob(A,B|I) = prob(A|B, I)× prob(B|I) (3.3)

iv) They obey consistency requirements, for example, the plausibility depends only on

the evidence and not on the order in which it is considered;

v) The degree of plausibility is transitive, which means that if A is more plausible than

B, and B more than C, then A must necessarily be more plausible than C.

In terms of the regular parlance used in Bayesian statistics, the “degree of plausibility”

is the posterior probability. Bayes’s theorem relates the posteriors to likelihoods and

prior probabilities. Note that all expression above, (3.1), (3.2), and (3.3), conditionally

depend on I. This denotes the relevant background information and means that there are

no absolute probabilities – although the conditional on I can be omitted.

3.1.1 Bayes’s Theorem and Marginalization

The basis for any statistical theory comes from the sum rule, (3.2), and the product

rule, (3.3). Any other result can be obtained from them, and Bayes’s theorem is not an

exception. It follows directly from the product rule that

prob(B,A|I) = prob(B|A, I)× prob(A|I). (3.4)
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However, prob(B,A|I) = prob(A,B|I), so the right hand side of (3.4) can be expressed

as prob(A|B, I)× prob(B|I), leading to Bayes’s theorem:

prob(A|B, I) =
prob(B|A, I)× prob(A|I)

prob(B|I)
(3.5)

This relates prob(A|B, I) to prob(B|A, I). The importance of Bayes’s theorem becomes

more clear when one changes to data analysis terminology. Consider A as hypothesis and

B as data [39], so (3.5) can be expressed as

prob(hypothesis|data, I) ∝ prob(data|hypothesis, I)× prob(hypothesis|I) (3.6)

Bayesian statistics allows to relate the probability that a certain hypothesis is true,

given the data, to the probability that the data would have been measured as it was

if the hypothesis were actually true [the first term in (3.6), also known as likelihood

function]. Another powerful feature of Bayesian statistics is the second term on (3.6)

(the prior probability), which represents how much one knows (or do not) about the

truth of the hypothesis before data is analysed. The combined probability of likelihood

and prior leads to the posterior probability, the right hand side of (3.6). Note that the

prob(B|I) = prob(data|I) was omitted form (3.6). This term is called evidence, and

turns out to be just a constant in most cases. However, in some cases, the evidence might

be used for model selection [39].

Nuisance Parameters and Marginalization

When dealing with real data, sometimes it is necessary to take into account quanti-

ties which inevitably enter into the analysis, but are of no fundamental interest, called

nuisance parameters. As an example, some unwanted background signal present in

observations or any instrumental parameters that are hard to calibrate. For any of these

cases, marginalization is an important tool to help dealing with nuisance parameters.

From the product rule (3.3), one can add the probability of not-B (B̄) in both sides,

prob(A,B|I) + prob(A, B̄|I) = [prob(B|A, I) + prob(B̄|A, I)]× prob(A|I). (3.7)

However, the sum rule (3.2) guarantees that the expression inside brackets on the equation

above should the equal to unity, so

prob(A|I) = prob(A,B|I) + prob(A, B̄|I) (3.8)

This equation has an important statement. It says that the probability of A being true,

whether or not B is true, is equal to the sum of probabilities of A and B being true,

together with A being true and B false. Now, suppose there’s a set of statements related
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to the proposition B, in a way that equation (3.8) can be rewritten as

prob(A|I) =
∑
k

prob(A,Bk|I) (3.9)

with
∑

k prob(Bk|A, I) = 1. The actual marginalization expression arises when taking the

continuum limit of (3.9). In this context, B can be interpreted as the numerical value of

a parameter of interest [39]. Then, the integrand of the posterior probability translates

into a probability density function (p.d.f.).

pdf(A,B = b|I) = lim
δb→0

=
prob(A, b ≤ B ≤ b+ δb|I)

δb
(3.10)

so the probability that the value of B is inside some finite range [b1, b2], given that A is

true, can be expressed as

prob(A, b1 ≤ B ≤ b2|I) =

∫ b2

b1

pdf(A,B|I)dB. (3.11)

Now, the definition of marginalization comes when one integrates (3.11) for all possible

values of B, as the true value of B must be somewhere in between. This translates as

prob(A|I) =

∫ +∞

−∞
prob(A,B|I)dB (3.12)

3.1.2 Parameter Estimation

It was shown that the posterior distribution contains information about the degree of

plausibility of the value of a given parameter given a certain data set. Still, one may want

to summarize this information using two values: the best estimate and a measure of its

errors. As the probability density related to a single parameter’s value is a mensuration

of how much one can rely that the true value is near that point, it is straightforward that

the best estimate is given by the maximum of the posterior p.d.f.

Let A be the parameter one wishes to estimate and P = prob(A|{data}, I) the posterior

p.d.f. Then the best estimated value for A, a0, is given by the condition

dP
dA

∣∣∣∣
a0

= 0, (3.13)

with the secondary condition that a0 is a maximum value

d2P
dA2

∣∣∣∣
a0

< 0. (3.14)

This method can be generalized to estimates of N parameters, {Ai}. The criteria for
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best estimates given by (3.13) and (3.14) can be express, in terms of the logarithm of the

likelihood, lnL = K , for a set of optimal values, a0 = {a0i}, as

∂K
∂Ai

∣∣∣∣
a0

= 0, (3.15)

where i = 1, 2, 3, ..., N . Now, making a Taylor expansion of (3.15),

K = K(a0) +
1

2

N∑
i=1

N∑
j=1

∂2K
∂Ai∂Aj

∣∣∣∣
a0

(Ai − a0i)(Aj − a0j) + ... (3.16)

One can think this situation in terms of vectors and matrices, A = {Ai}, and – ignoring

higher terms of the Taylor expansion in (3.16) – write the posterior p.d.f. as

prob(A|{data}, I) ∝ exp

[
1

2
(A− a0)T∇∇K(a0)(A− a0)

]
. (3.17)

Here, ∇∇K is an N × N matrix of second derivatives, and (A − a0)T is the transpose

of the (A − a0) vector. This p.d.f. is called a multivariate Gaussian and is a direct

conclusion that ∇K(a0) = 0 gives the maximum for the posterior, leading to the best

estimated value.

Nevertheless, from (3.17), comparing with a one-dimensional case, the variance is

related to ∇∇K|a0 → −1/σ2. This result suggests that the covariance matrix σ2, from

which the error can be estimated for each parameter, can be expressed as minus the

inverse of ∇∇K at the best value a0:

Covij = σ2
ij = 〈(Ai − aoi)(Aj − a0j)〉 = −(∇∇K)−1

ij . (3.18)

The parameters’s error bars can be obtained from the square root of σ2
ij, the standard

deviation, while the off-diagonal elements of (3.18) give information about the covariances

between the estimated parameters Ai and Aj. It is important to highlight that the inverse

of the diagonal elements of a matrix are not, generally speaking, equal to the diagonal

elements of its inverse. Such mistakes can lead to wrong estimates for the error bars if

one tries to avoid marginalization procedures [39].

In terms of the Fisher information matrix, it is related to Eq. (3.18):

Fij = −(∇∇K)ij = Cov−1
ij (3.19)

The Cramér-Rao inequality theorem states that Covij ≥ F−1
ij where the equality only

holds when the estimated value truly lies at the maximum likelihood for a Gaussian

likelihood.
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3.2 Bayesian Inference for Galaxy Surveys

Bayesian statistics has many applications in cosmology and it was mainly developed, in

this context, to obtain cosmological parameters from CMB measurements [40, 41, 42]. In

many cases, the observable is not directly related to the parameters one wants to probe,

for example, obtaining the age of the Universe from the CMB angular power spectrum

[41]. This is no different when thinking about galaxy surveys. The main observable in this

case is the three-dimensional distribution of galaxies, which is itself just a biased tracer

of the underlying dark matter distribution.

Following the approach from last Section, when probing cosmological parameters from

galaxy surveys, it is important to develop a likelihood function that takes into account

our main observable, the galaxy power spectrum. This observable is sensitive to some

cosmological parameters whose variations leads to different matter distributions. When

constructing a likelihood function, one must compare predictions from perturbation theory

with measurements from observations.

Section 2.4 was dedicated to the development of an optimal power spectrum estimator

for galaxy distribution. This is obtained from redshift galaxy surveys to probe cosmo-

logical parameters. Based on what was developed in the last Section, a multivariate

Gaussian on the estimated galaxy power spectrum seems a reasonable approach for a

(log-)likelihood function. In this case,

K = − 1

Nb

Nb∑
i=1

[P̂d(ki)− P̂ q
th(ki)]

2

2σ2
d(ki)

(3.20)

where P̂d(ki) is the data galaxy power spectrum estimated using the FKP method and

measured inNb bins; σ2
d(ki) is the data variance; and P̂ q

th(ki) is the theoretical galaxy power

spectrum, generated with perturbation theory from a set of cosmological parameters q

that one wishes to estimate.

To obtain P̂ q
th(ki), one starts with a set of cosmological parameters q = {H0,ΩΛ,Ωm, ...},

evolve the linear perturbation theory equations (Section 2.1) using CAMB [29], and ob-

tain a theoretical matter power spectrum, P q
th(k). With this theoretical matter power

spectrum, one uses the procedures described in Section 2.3 to generate galaxy mock cata-

logs. This mock catalog contains the same cosmology, q, “behind” its galaxy distribution

and the same selection function used to estimate P̂d(ki) which means that, when esti-

mating this mock’s power spectrum with an FKP estimator, the likelihood function will

reflect only the dependence on the cosmological parameters q.

It is fundamentally important to highlight the use of the same selection function (or

selection function parameters when probing n̄(r) as well) on both power spectra in (3.20).

As the FKP method uses a synthetic catalog to “remove” spurious structures, if one uses

different n̄(r), some effects due to the convolution between spectrum and window function
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[see Eq. (2.78)] can mimic different cosmologies and affect the parameters’s estimations.

The next chapter will present a detailed analysis of these assertions.

In terms of the posterior distribution, (3.20) can be expressed as

prob(q|{data}, I) ∝
Nb∑
i=1

exp

{
− [P̂d(ki)− P̂ q

th(ki)]
2

2σ2
d(ki)

}
× prob(q|I). (3.21)

The simplest choice is to take the priors, prob(q|I), as flat:

prob(q|I) =

1, if (qmin < q < qmax);

0, otherwise ;
(3.22)

Extremes for each q parameter vary depending on prior known information about each

different cosmological parameter. For example, it is widely known that 50 < H0 < 100

km/s/Mpc, so these are suitable limits for a flat prior on the Hubble constant.

However, as was mentioned before, a “brute force” method to probe the posterior

would take a huge amount of time and computational effort. The posterior presented

in Eq. (3.21) has as many dimensions as the number of cosmological parameters, q, or

more, as shown in the next Chapter, when probing the effects of the selection function

on the cosmological parameters. This turns the problem into an N-dimensional grid

interpolation, making it very hard to find the likelihood’s maximum value.

3.3 Monte-Carlo Methods for Bayesian Inference

Interpolating an N-dimensional likelihood function through a grid in parameter space is

not a wise option when it comes to obtaining its maximum value and confidence lev-

els. Monte-Carlo methods allow to quickly explore and sample unknown functions such

as posterior distributions. Although there is no formal definition for what constitutes

a Monte-Carlo method, the main algorithm applied in Cosmology is the Monte-Carlo

Markov Chain (MCMC), which consists in performing random walks in parameter space,

while sampling the posterior distribution. The present Section will introduce different

computational algorithms for MCMC sampling, and discuss the advantages of each one.

MCMC methods generate M random samples of parameters sets {Θi} from the pos-

terior p.d.f.

p(Θ, α|{data}, I) =
1

N
p({data}|Θ, α, I)× p(Θ, α|I) (3.23)

where both the likelihood (p({data}|Θ, α, I)) and the prior distribution (p(Θ, α|I)) can

be easily computed for any value of (Θ, α) (α represents any nuisance parameters). In

(3.23), N is a normalization constant equal to the evidence and, in most of the cases,

there is no need to evaluate it.
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One of the greatest advantages of MCMC is that, once the posterior is sampled,

marginalized constrains on Θ are easily obtained by one- or two-dimensional histograms

of projected samples into parameter subspaces spanned by Θ [43]. In other words, MCMC

methods allow marginalizations to be treated as projections in subspaces, which implies

that the expectation value of any function of the sampled parameters can be expressed as

〈f(Θ)〉 =

∫
p(Θ|{data}, I)f(Θ)dΘ ≈ 1

M

M∑
i=1

f(Θi) (3.24)

In most cases, generating samples for Θ is not a trivial task, but some analytical

likelihood functions, such as a multivariate Gaussian, are an exception making this quite

trivial. Over time, the random walks in parameter space produced by MCMC samplers

draw a representative set of Θ from the posterior distribution. A feature of Markov

Chain methods is that each point in parameter space depends solely on the position of

the previous step.

The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm (MH) is the most used MCMC method in literature,

as it is very simple and fast to implement, although is not the fastest sampler there is

[42, 43]. The chain goes from a position in parameter space Θ1 to the next position Θ2

with a transition probability T (Θ1,Θ2), which is called the transition kernel, which is

chosen so that the chain has a stationary asymptotic distribution equal to the posterior,

p(Θ|{data}, I) . By applying a proposal density distribution, Q(Θn,Θn+1), one can

select a new point Θn+1 given the current status of the chain in Θn. In MH, a new point

in parameter space is accepted with probability

γ(Θn,Θn+1) = min

{
1,
p(Θn+1|{data}, I)Q(Θn+1,Θn)

p(Θn|{data}, I)Q(Θn,Θn+1)

}
(3.25)

with T (Θn,Θn+1) = γ(Θn,Θn+1)Q(Θn,Θn+1). This guarantees that p(Θ|{data}, I) is

the equilibrium distribution for the Markov Chain [42, 43]:

p(Θn+1|{data}, I)T (Θn+1,Θn) = p(Θn|{data}, I)T (Θn,Θn+1) (3.26)

As any MCMC method, the chain starts in some random position in parameter space

and takes some time to reach the equilibrium point. This is called burn in. Although

there is no formal definition of burn in, one can see it as the steps before the MCMC

random walker’s fluctuations reach an unbiased equilibrium value (Figure 3.1).
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Figure 3.1: Illustration to show burn in for a w0 chain generated by CosmoMC [42].

After burn in, every chain position is a correlated sample taken from the posterior

distribution. When a point is not accepted Θn+1 = Θn, the correlation is obvious. MH

method converges for n→∞, but there are methods whose convergence times are shorter.

Algorithm 1 Procedure for a single step in Metropolis-Hastings algorithm.

1: Draw a proposed new point in parameter space from Q(θ,Θn),θ.
2: Define an acceptance probability γ ← {p(θ)Q(θ,Θn)}/{p(Θn)Q(Θn,θ}
3: Draw a random number in the range (0, 1] from a regular distribution, r ← [0, 1]
4: if r ≤ γ then
5: Accept the new point Θn+1 = θ
6: else
7: Repeats the old point Θn+1 = Θn

8: end if

The Affine Invariant Algorithm

Firstly proposed by Goodman and Weare (2010), the affine invariant sampling algorithm,

also known as “stretch move”, produces independent samples of the posterior distribution

much faster than any MH algorithm [43, 44]. Here, it is employed a notation similar to the

one adopted in [43]. The affine invariant sampler consists of K “independent” walkers

W = {Θk} and the proposal distribution for one walker k depends on the current position

of the K − 1 walkers in the so-called complementary ensemble, W [k] = {Θj,∀j 6= k}.
When updating the position in parameter space for a single walker, Θk, a second

walker, Θj, is drawn arbitrarily from the complementary ensemble and the proposal is

given by

Θk
n → θ = Θj

n + Z[Θk
n −Θj

n], (3.27)

Z being a random variable from a distribution g(Z = z) satisfying g(z−1) = zg(z), so the

proposal density (3.27) is symmetric.
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For a set of N parameters the chain’s proposal is accepted with probability

γ = min

{
1, ZN−1 p(θ)

p(Θk
n)

}
. (3.28)

Goodman and Weare (2010) argued in favour of a distribution for Z given by:

g(Z = z) ∝


1√
z
, if z ∈

[
1

a
, a

]

0, otherwise.

(3.29)

where a is the only adjustable parameters, set to be equal to 2 in [44]. It indirectly controls

the MCMC’s acceptance rate, which should be between 17% and 45%, although there’s

no other reason for those values except “common sense” [42]. Higher or lower acceptance

rates means the algorithm has a problematic acceptance proposal density, accepting too

much or too little.

Algorithm 2 Procedure for a single step in Affine Invariant algorithm.

1: for k = 1, 2, 3, ..., K do
2: Randomly chose a walker Θj

n from the complementary ensemble W
[k]
n

3: Sample z from the g(z) p.d.f., Z ← g(Z = z)
4: Draw a proposal position from θ = Θj

n + Z[Θk
n −Θj

n]
5: Evaluate the acceptance probability γ ← zN−1{p(θ)}/{Θk

n}
6: Draw a random number in the range (0, 1] from a regular distribution, r ← [0, 1]
7: if r ≤ γ then
8: Accept the new point Θk

n+1 = θ
9: else

10: Repeats the old point Θk
n+1 = Θk

n

11: end if
12: end for

The Parallel Stretch Move Algorithm

The affine invariant algorithm presented before shows an incredible potential for par-

allelized computation, which could considerably decrease the amount of time to sam-

ple a posterior distribution around its maximum value. The parallel version of the

affine invariant method consists in separate walkers into two subsets, W (0) = {Θk,∀k =

1, 2, 3, ..., K/2} and W (1) = {Θk,∀k = K/2 + 1, K/2 + 2, ..., K}. Firstly, all walkers at

the first subset W (0) are updated using the walkers’s positions on the other subset W (1)

following the procedure described by Algorithm 3. Secondly, it updates all positions from

the second set of walkers W (1) based on the new positions of W (0). After this process, all

walkers would have taken a new step.
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Algorithm 3 Procedure for the parallel stretch move algorithm.

1: for i ∈ {0, 1} do
2: for k = 1, 2, 3, ..., K/2 do . Parallelizable Loop

3: Randomly chose a walker Θj
n from the complementary ensemble W

(i)
n

4: Θk ← W (i),k

5: Sample z from the g(z) p.d.f., Z ← g(Z = z)
6: Draw a proposal position from θ = Θj

n + Z[Θk
n −Θj

n]
7: Evaluate the acceptance probability γ ← zN−1{p(θ)}/{Θk

n}
8: Draw a random number in the range (0, 1] from a regular distribution, r ← [0, 1]
9: if r ≤ γ then

10: Accept the new point Θk
n+1/2 = θ

11: else
12: Repeats the old point Θk

n+1/2 = Θk
n

13: end if
14: end for
15: n← n+ 1/2
16: end for

This algorithm was first developed by Daniel Foreman-Mackey et al. (2013) as a

Python package called emcee1 [43], and can be easily implemented . The results presented

on the next chapter were obtained mainly using this Python package, parallelized in up

to 24 cores and it is fully explained on Section 4.1.

1Available online at http://dan.iel.fm/emcee
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Chapter 4

Method and Analysis

The main purpose of this work is to obtain cosmological parameters from a galaxy survey,

with a given selection function n̄(r), and to study the impact of selection function estima-

tion on the cosmological parameters. A combination of all theoretical probes described in

previous chapters leads to a method capable of probing how the selection function affects

cosmological estimations. Although the FKP estimator 2.4 is capable of subtracting most

of the structure induced by n̄(r), in some cases including the selection function parameters

affects the cosmological results.

The method used for analysis is presented in detail, from the connections with the

main concepts formerly presented, to the construction of the MCMaps1 algorithm – the

code developed for this work’s analysis. Next, some considerations on a few examples

of analytical convolutions between power spectra and the window function are discussed,

showing what is the expected effect on estimated spectra under certain survey geome-

tries. Section 4.3 presents a forecast for J-PAS’s LRGs on four cosmological parameters

(H0,ΩC , w0, and wa) from 0.2 < z < 1.0, based on simulations from [10].

4.1 Method: The MCMaps Algorithm

The present Section is dedicated to explaining the main method developed for this work.

Every redshift or photometric galaxy survey is subjected to effects due to the geometry

of the catalog. Also, every survey is limited by volume, through both the redshift range

and the sky coverage. This affects the way in which the analysis is made; limited volume

always introduces cosmic variance and limits on the range of modes that can be probed.

Besides, it is known that different types of tracers present different clustering biases and

selection functions [45, 46], so it is important to comprehend how to estimate cosmological

parameters from a galaxy catalog that contains structure also due the survey’s geometry.

From a given galaxy map in comoving space 2, with volume Vtot, and divided into

1Available online at https://github.com/arthurmloureiro/MCMaps
2Redshift space is not yet implemented, although this would be a simple extension of this work.
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N3
cell cells (using any method like nearest-grid-point or clouds-in-cells [47] to perform this

division), one estimates the FKP error bars (2.85), which will be the basis for the MCMC

likelihood, Eq. (3.21). As the method consists in probing both the selection function and

the cosmology, one does not wish to estimate the data power spectrum, P̂d(k), separately

from the theoretical estimated power spectrum, P̂ q
th(k). Instead, the estimation of data

and theoretical power spectra is left for the MCMC. As the Monte-Carlo samples both

the selection function’s free parameters and the cosmology, the first set alters both theory

and data power spectra – Section 3.2 explains the importance of using the same selection

function in both spectra.

Once the FKP error bars are estimated for the data galaxy catalog, the posterior

sampling process begins. Following the parallel stretch move, a set of parameters

Q = {n,q} = {n1, n2, ..., H0,ΩΛ, ...} (geometrical, n, and cosmological, q) is chosen. The

process of sampling the posterior is the same described in Section 3.2: given the selection

function parameters, the data galaxy power spectrum is estimated. Meanwhile, using

the cosmological parameters q, a CAMB matter power spectrum is generated and used

to create galaxy mock catalogs (as described in 2.3). With the same selection function

parameters n used to estimate the data power spectrum, one estimates also the theoretical

galaxy power spectrum from the mocks and calculate the multivariate likelihood (4.1),

flat priors (4.2), and the resulting posterior distribution (4.3).

K = − 1

Nb

Nb∑
i=1

[P̂n
d (ki)− P̂ q,n

th (ki)]
2

2σ2
d(ki)

(Gaussian Log-Likelihood) (4.1)

prob(Q|I) =

1, if (Qmin < Q < Qmax);

0, otherwise ;
(Flat Priors) (4.2)

prob(Q|{data}, I) ∝
Nb∑
i=1

exp

{
[P̂n
d (ki)− P̂ q,n

th (ki)]
2

σ2
d(ki)

}
×prob(Q|I) (Posterior Distribution).

(4.3)

The MCMaps code was developed in Phyton and uses the emcee parallel stretch move

package [43] to sample the posterior. It can probe up to 9 cosmological parameters, H0,

Ωb, ΩC , ΩΛ, Ων , ns, and τ . All analysis on this chapter were made using the following

fiducial cosmology:

• H0 = 72km/s/Mpc;

• Ωb = 0.0462;

• ΩC = 0.2538;

• ΩΛ = 0.70;

• ΩK = 0.0;

• Ων = 0.0;

• w0 = −1.0;

• wa = 0.0;
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• ns = 0.96 (spectral index); • τ = 0.09 (optical depth);

Given sufficient steps – which might depend on the number of parameters to be estimated

– enough of the posterior is sampled, allowing to obtain the two- and one-dimensional

distributions for each parameter. A more detailed explanation of the method can be found

in algorithm 4.

Algorithm 4 The MCMaps algorithm.

1: Reads the data galaxy map, Ndata
ijl

2: Reads the user’s input like cell size, number of cells, cosmological parameters to
estimate and more

3: Estimates the data FKP error bars, σ2
d(k), from (2.85)

4: Begins with the parallel stretch move MCMC
5: for i ∈ {0, 1} do . For Nsteps each walker will give
6: for k = 1, 2, 3, ..., K/2 do . Parallelizable Loop
7: Randomly chooses a walker Qj

n = {n,q} from the complementary ensemble

W
(i)
n

8: Qk ← W (i),k

9: Samples z from the p.d.f. g(z), (3.29)
10: Draws a proposal position from Q’ = Qj

n + Z[Qk
n −Qj

n]
11: Calculates the theoretical matter power spectrum from linear perturbation

theory using the drawn set of cosmological parameters, q’ = {H0,ΩC , ...}, using
CAMB

12: Generates galaxy mock catalogs using the theoretical matter power spectra
form the previous step – as described in Section 2.3

13: Uses the set of selection function parameters, n’, to estimate both data and
theoretical power spectra

14: Evaluates a value for the posterior distribution using (4.3)
15: Evaluates the acceptance probability γ ← zN−1{p(Q’)/Qk

n}
16: Draws a random number r ∈ (0, 1] from a regular distribution
17: if r ≤ γ then
18: Accepts the new point Qk

n+1/2 = Q’
19: else
20: Repeats the old point Qk

n+1/2 = Qk
n

21: end if
22: end for
23: n← n+ 1/2
24: end for
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4.2 Analytical Considerations

Another main goal of this work is to comprehend how the convolution with the window

function affects the estimated power spectrum. Understanding it is an important step

to study how a deconvolution, here performed by the MCMC, behaves. At the present

Section, some reasonable selection functions are considered assuming radial dependence

only. Going all the way to the window function and the resulting convolution with the

power spectrum, the effects of the convolution are discussed and a final Monte-Carlo

simulation shows these effects of selection function marginalization on the cosmological

parameters.

One can start the development of the window function convolution formalism through

Eq. (2.78), from which one obtains:

P̂ (k) =
1

(2π)3

∫
d3k′P (k′)|G(k− k′)|2. (4.4)

The actual estimated power spectrum arises when averaging over Fourier space k-shells

of volume Vki ∼ 4πk2
i ∆k. Here, ki = (kmax + kmin)/2 and ∆k = kmax − kmin, where kmax

and kmin are respectively the upper and lower limits of the k-shells. The volume average

is then evaluated as:

P̂ (ki) =
1

Vk

∫
Vk

d3kP̂ (k)

=
1

Vk︸︷︷︸
'1/4πk2i ∆k

∫
Vk

d3k

∫
d3k′

(2π)3
P (k)︸ ︷︷ ︸
∼P (k)

|G(k− k′)|2

=
1

4πk2
i ∆k

∫ kmax

kmin

dk k2

∫
d2k̂

∫
d3k′

(2π)3
P (k′)|G(k− k′)|2.

(4.5)

The first integral can be expressed by taking the limit where the thickness of the k-shells

goes to zero, lim∆k→0, hence ki → k and one has:

P̂ (k) =

∫
dk′

2π2
k′2P (k′)

∫
d2k̂

4π

∫
d2k̂′

4π
|G(k− k′)|2 (4.6)

The last two integrals from the expression above perform angular averages on the win-

dow function over k − k′. However, given the conditions stated above about the radial

dependence, choosing the line of sight to be aligned with one of the Fourier modes, one

can express |G(k−k′)|2 ≈ |G(|k−k′|)|2, with |k−k′| =
√
k2 + k′2 − 2kk′µk, where µk is

the cosine between the two Fourier modes. Given this, the last two integrals (which are

actually four integrals, one over each of the four angles considered) can be transformed

into only one.
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It is helpful to redefine the window function in terms of these angular averages,

W̃ (k, k′) ≡ 1

2π2

∫
d2k̂

4π

∫
d2k̂′

4π
|G(|k− k|′)|2

=
1

2π2

∫ 1

−1

dµk
2

∫ 2π

0

dφk
2π

∫ 1

−1

dµk′

2

∫ 2π

0

dφk′

2π
|G(|k− k′|)|2

=
1

2π2

∫ 1

−1

dµk
2
|G(|k− k′|)|2.

(4.7)

So, the convolved power spectrum can be rewriten as

P̂ (k) =

∫
dk′ k′2P (k′)W̃ (k, k′). (4.8)

In the infinite volume limit, with n̄ = const, W̃ (k, k′)→ 1/k2δD(k− k′), meaning that no

modes are mixed by the convolution. Notice that the W̃ (k, k′) has dimension of (length)3,

or (k)−3 – see Eq. (4.8).

From Eq. (2.80), one can go from a given selection function n̄(r) all the way to the

convolved power spectrum (4.8), as the window function the square modulus of the Fourier

transformed weighted selection function, G(r). This simple approach allows to develop

an intuition about how the selection function might affect the estimated power spectrum,

and also its cosmological parameters.

4.2.1 Top-Hat Selection Function

The simplest case for a selection function is the Fourier pixel, also known as the top-

hat selection function. This case simply filters the survey up to a characteristic scale

R, allowing to obtain better estimates on the power spectra for this particular scale [15].

The top-hat selection function is defined as

n̄(r) =
1

V
ΘH(r−R) (4.9)

where ΘH is the Heaviside step function. Starting from Eq. (2.80), the limit where

w(r) ∼ n̄(r), its Fourier transform can be expressed as

G(k− k′) =
1

N

∫
d3r

V
e−i(k−k

′)·rΘH(r−R)

=
1

N

2π

V

∫ R

0

dr r2

∫ 1

−1

dµ ei|k−k
′|rµ

=
1

N

4π

V

∫ R

0

dr r
sin(|k− k′|r)
|k− k′|

=
1

N

4π

V (|k− k′|)3
{sin(|k− k′|R)− |k− k′|R cos(|k− k′|R)},

(4.10)
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where N is a normalization constant given by Eq. (2.75). Now, defining α ≡ |k − k′|R,

leads to

G(α) =
3

α3
(sinα− α cosα)

=
3

α
j1(α)

(4.11)

where j1(α) is the first order Bessel Spherical function. Then, one can evaluate the window

function from expression (4.7), changing the integrand from dµ to dα.

W̃ (k, k′) =
1

2π2N2

9

2kk′R2

∫ (k+k′)R

|k−k′|R

dα

α2
j2

1(α)

=
1

2π2N2

9

2kk′R2

{
1

30α5

[
−3− 5α2 + (3− α2 + 2α4) cos(2α) + 6α sin(2α)

+α3 sin(2α) + 4α5

∫ 2α

0

sin(x)

x
dx

]}(k+k′)R

|k−k′|R

(4.12)

This window function is plotted as a function of k and k′ in a 2D matrix in Figure 4.1.

From this figure, one can see that the top-hat selection function generates a window

function that selects modes close by a certain scale. Although it becomes more clear

when looking at Figure 4.2, showing the window function for two specific Fourier modes,

k′ = 0.005 and k′ = 0.05.

Figure 4.1: (kk′)3/2W̃ (k, k′) for equally spaced bins from k, k′ = 1×10−5 to 0.055 and
R = 150 Mpc h−1.
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Figure 4.2: Window function W̃ (k, k′) for three different values of R (in Mpc h−1)
fixing k′ = 0.005 (left) and fixing k′ = 0.05 (right). The amplitude of the main peak is
independent of the survey’s scale R, while the width of the other peaks get thicker with
lower values of it.

To understand how the window function affects the power spectrum estimation, the

convolution in (4.8) was numerically performed in a realistic CAMB matter power spec-

trum. The results for these convolutions are shown in Figure 4.3 for the same three values

of the parameter R.

Figure 4.3: P (k) convolved with a top-hat window. The spectra only differs for small
values of k, i.e., for large-scales. This is expected, since the top-hat selection function
limits the volume of the survey to a spherical region of radius R.
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One can see, from Figure (4.3), that for lower values R, the convolved spectra look a

lot like the fiducial one, keeping the positions of the acoustic wiggles. As the convolution

with a top-hat window leads to almost the same spectra as the real one, almost no changes

were expected to happen on the cosmological parameters due the selection function effects.

The following cases show a different situation.

4.2.2 Inverse Square Selection Function

Consider now a simple selection function that behaves as an inverse square law, also

with one free parameter, Ar. This means that galaxy counts in the survey decay as the

comoving radius of the survey gets higher. This is a simplified case of real-life surveys

whose galaxy detection decays over redshift:

n̄(r) = n̄(r) =
Ar
r2

(4.13)

Using the same weighting scheme as presented in PVP or FKP [31, 30], one can express

the Fourier transform of Eq. (2.80) as:

G(k− k′) =
1

N

∫
d3r

Ar
Ar + r2

ei(k−k
′)·r

=
4π

N

∫ ∞
0

dr r2 Ar
Ar + r2

sin(|k− k′|r)
|k− k′|r

=
2π2

N

Are
−
√
Ar|k−k′|

|k− k′|
.

(4.14)

Then, to evaluate the window function (4.7), recall that |k−k′| =
√
k2 + k′2 − 2kk′µk.

So, the angular average of |G(|k− k′|)|2 can be expressed as

W̃ (k, k′) =
4π4A2

r

2π2N2

∫ 1

−1

dµk
2

exp{−2
√
Ar
√
k2 + k′2 − 2kk′µk}√

k2 + k′2 − 2kk′µk
. (4.15)

Substituting x = k2 + k′2 − 2kk′µk → dx = −2kk′dµk, the expression above becomes

W̃ (k, k′) =

(
1

2π2N2

)
4π4A2

r

2kk′

∫ (k+k′)2

|k−k′|2

dx

2

e−2
√
Arx

√
x

=

(
1

2N2

)
π2A

3/2
r

kk′

[
e−2
√
Ar|k−k′| − e−2

√
Ar(k+k′)

] (4.16)

Plotting the window function of Eq. (4.16) as a 2D matrix function of k and k′ (Figure

4.4 ), one can see that it is symmetrical under k ⇔ k′ and peaks at k = k′.
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Figure 4.4: (kk′)3/2W̃ (k, k′) for equally spaced bins from k, k′ = 1 × 10−5 to 0.1 and
Ar = 90 Galaxies/Mpc h−1.

From figure 4.5 one can see the window function effect with k′ is fixed. The inverse

squared window function mixes all modes with different amplitudes, in a way which is

regulated by Ar. Higher values of Ar lead to higher amplitudes of W̃ (k, k′). It is important

to observe that despite the peak on k = k′. Notice that the selection function’s geometry

does not change with the free parameter, Ar, but the window function’s geometry does.

The window function is not simply the Fourier transform of n̄(r) in this case, it also takes

into account the weights, which explains how Ar affects it.

Figure 4.5: Window function W̃ (k, k′) for different values of Ar (in Galaxies/ Mpc
h−1) fixing k′ = 0.005 (left) and fixing k′ = 0.05 (right). Differently from the last case,
here the amplitude of the window function has a dependence on the selection function’s
free parameter.
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Figure 4.6: P̂ (k) convolved with a inverse square window.

Now, performing the numerical convolution between the window (4.16) and the CAMB

matter power spectrum, one can see that some Fourier modes are suppressed according

to the value of Ar, with higher values of Ar suppressing less the power spectrum on large-

scales. Even so, the effects of the convolution on the estimated power spectra (Figure 4.6

) are remarkable and drastically change “knee” of the spectra. This convolution implies

that at least estimates for ΩC , H0, Ωb and ΩΛ will be affected. Also, one can see that

the acoustic wiggles are gone, which means that no measurements of baryonic acoustic

oscillations can be used as standard ruler, leading to completely wrong estimates on dark

energy parameters such as w0 and wa.

4.2.3 Gaussian Selection Function

The last analytical convolution case considered here is a Gaussian selection function –

another reasonable case of survey geometry. With only one free parameter, the spread

σr, the Gaussian selection function can be expressed as

n̄(r) =
V

(2π)3/2σ3
r

e−r
2/2σ2

r (4.17)

whose Fourier transform, as in the last two cases, can be expressed as

G(|k− k′|) =
1

N
e−|k−k

′|σ2
r/2. (4.18)
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Again, one uses expression (4.7) to evaluate the window function as the angular average

of |G(|k− k′|)|2, using |k− k′| =
√
k2 + k′2 − 2kk′µk. The resulting 2D matrix in terms

of k and k′ is presented in Figure 4.7.

W̃ (k, k′) =
1

2π2N2

∫ 1

−1

dµk
2

exp

{
−σ

2
r

2
(k2 + k′2 − 2kk′µk)

}
=

1

2π2N2
e−σ

2
r(k2+k′2)

∫ 1

−1

dµk
2

exp{2σ2
rkk

′µk}

=
1

2π2N2

(
e−σ

2
r(k2+k′2)

4σ2
rkk

′

)[
e2σ2

rkk
′ − e−2σ2

rkk
′
]

=
1

2π2N2

(
e−σ

2
r(k2+k′2)

2σ2
rkk

′

)
sinh(2σ2

rkk
′)

(4.19)

Figure 4.7: (kk′)3/2W̃ (k, k′) for a Gaussian window using equally spaced bins from
k, k′ = 1× 10−4 to 0.055 and σr = 130 Mpc h−1.

Once again, one can see that there is a symmetry between k ⇔ k′ and the window’s

maximum value happens when k = k′. From the one-dimensional plot of the window

function (Figure 4.8), it is possible to see that the Gaussian window averages over nearly

Gaussian bins of k, whose peaks change depending on the value of k′ considered, as well

as on the spread, σr. For lower values of k′, the position of the peak is almost the same

at the origin, and the spread influences more the window’s phase. As for higher values of

k′, the peak positions change from lower values of k′ going to higher values as the spread

increases. For even higher values of σr, as expected, the window function gets closer and

closer to a Dirac Delta, limσr→∞ W̃ (k, k′, σr)→ 1/k2δD(k − k′). Such effect reflects itself

on the convolution as the estimated spectrum gets closer to the real spectrum.
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Figure 4.8: Window function W̃ (k, k′) using different values of the spread σr (in
Mpc h−1) fixing k′ = 0.005 (left) and fixing k′ = 0.05 (right). As expected, since the
Gaussian window is the Fourier transform of a Gaussian selection function, a small
spread σr reflects in a wider window.

The estimated power spectra for this case show interesting features. When σr is large

enough, the Gaussian window goes to the Dirac Delta limit (as said above), but as it

gets smaller, the convolution mimics some different acoustic features on P̂ (k), changing

the position of peaks and their amplitudes. This scenario presents a complication when

trying to obtain cosmological parameters using P̂ (k). Since the acoustic peaks are slightly

different, some cosmological parameters that are sensitive to the peak positions and am-

plitudes (mainly H0, Ωm, Ωc, Ωb, w0 and wa) will result in biased estimates, even after

marginalizing over selection function parameters.

As an illustration, an MCMC is performed for this case considering three free param-

eters for the selection function instead of only one. These parameters are n̄0, the mean

density of galaxies in the survey; a displacement, R; and a spread, σr.

n̄(|r|) = n̄0 exp

{
−(|r| −R)2

σ2
r

}
(4.20)

This case was analysed using a 128× 128× 128 grid, with cell size Lcell = 10Mpc h−1

– total volume of 2.097 Gpc3 h−3 –, using the fiducial cosmology quoted in 4.1. The free

cosmological parameters were H0, ΩC , w0 and wa – and all analysis in this work were

made probing these four cosmological parameters since they are more sensitive to changes

on the acoustic peaks of the galaxy power spectrum. The Monte-Carlo was performed

using 512 walkers with 500 steps each, meaning that the posterior was sampled with 256k

points in a 7-dimensional parameter space. For this case, a burn in of 70k points was

used (since the criteria for burn in is irrelevant for the given analysis, this information is

omitted for future results).

In this work, MCMC results are quoted in two different ways – since there’s no agree-

ment about which value to quote as the best-fit value [39]. First, using the one-dimensional
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Figure 4.9: P̂ (k) convolved with a Gaussian window. Note the change on the peak’s
positions and amplitudes as σr varies. As σr values get higher, the Gaussian window
goes to a Dirac Delta and the convolution reflects the real power spectrum for scales
smaller than k = 10−2Mpc−1 h

marginalized distributions3 and evaluating its mean value and standard deviation (see Ta-

ble 4.1). Second, the values presented in Figure 4.11, which were evaluated from maximum

likelihood coordinates in parameter space as the best-fit value, while the error bars are

the region enclosing 68.26% (1σ) of the points around the best-fit value. Figure 4.11 also

shows values of two different cases: fixing the selection function parameters at their best-fit

values; and allowing the selection function parameters to be treated as nuisance param-

eters, i.e., marginalizing over them. In addition, Figure 4.10 shows the two-dimensional

distributions for joint probabilities of all 7 parameters showing some correlation between

some subsets.

The selection function effect is clear in Figure 4.11, for all four cosmological parame-

ters the error bars decrease considerately, while the best-fit value gets closer to the fiducial

value – except for the w0 parameter, but further analysis show that this parameter is sen-

sitive to different slices of redshift. These considerations demonstrate that the convolved

power spectrum is affected by the nuisance parameters of the selection function. Hence,

marginalizing over them alters the estimation of cosmological parameters.

3 Recall from Section 3.3 that, for a Monte-Carlo Markov Chain simulation, marginalizing over one
or more parameters is the same as projecting the sampled posterior distribution on the parameter’s
subspace.
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Figure 4.10: One- and two-dimensional distributions for the estimated parameters
H0, Ωc, w0, wa, n̄0,z, R and σr for the Gaussian selection function. Blue lines show the
true values for each parameter. Note the expected correlation between H0 and Ωc and
the correlation between two of the selection function’s parameters n̄0 and R.

Parameter Fiducial Value Mean Value Standard Deviation

H0 72 69.07 ±3.46

ΩC 0.2538 0.25711 ±2.268× 10−2

w0 -1.0 −1.144 ±0.3920

wa 0.0 −0.544 ±0.989

n̄0 30.0 30.052 ±1.555

R 62.0 61.513 ±1.012

σr 38.0 37.840 ±2.120

Table 4.1: Mean value and standard deviations as best-fit values for the one-
dimensional marginalized distribution as the results of the MCMC run using a Gaussian
Selection function (4.20). H0 is expressed in Mpc/km/s, n̄0 in gal/cell, R and σr in
Mpc h−1.
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Figure 4.11: (Gaussian Selection Function) One-dimensional marginalized distri-
butions for H0 (upper left), Ωc (upper right), w0 (lower left), and wa (lower right). Two
cases are presented, (green) fixing the selection function parameters at their fiducial
values (n̄0,0.3 = 30.0 gal/cell, R = 62.0 Mpc h−1, and σr = 38.0 Mpc h−1) and (black)
marginalizing over all other estimated parameters, considering the selection function
parameters as nuisance. Red lines are the true values. Note that the values quoted are
not the maximum of the marginalized distributions, but the coordinate in parameter
space of the maximum likelihood value. Best-fit values for all parameters get closer
to the true value, the only exception is w0, which deviates from the fiducial value but
presents a considerable decrease on its error bars.
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4.3 J-PAS LRGs Forecast

Luminous Red Galaxies proved useful for the study of LSS and as probes of BAOs [11].

The present Section uses the method and algorithm discussed in Section 4.1 with the

results from mock simulations for photometric redshift LRGs presented in Table 8 of

the J-PAS White Paper [10]. Forecasts for J-PAS LRGs surface density of galaxies were

made considering three groups of photometric estimated errors: 0.3%, 1.0% and 3.0%.

For large-scale structure studies, it is important to keep photometric errors on redshift

estimations as low as possible. Therefore, the data considered here for forecasts makes

use of the 0.3% photo-z errors estimates on counts of LRGs from the J-PAS White Paper.

For the present considerations, bias is assumed to be unit (b = 1). Note that a unity

bias does not reflect the true bias of LRGs, which is around bLRG ∼ 1.6 at z ∼ 0.5.

The reason for this choice lies on the fact that the log-normal density field (2.64) introduces

another kind of bias, which becomes worse as b� 1. As the main purpose of this work is

to probe geometrical effects on cosmological parameters, assuming a bias different from

one can introduce a variety of effects that can be mixed with the geometrical effects due

to the selection function estimation. The LRGs forecast in the present Section is therefore

just a forecast in the geometrical sense.

Distances and lengths are expressed in comoving radius, Eq. (1.36), and the redshift

bins considered for this forecast are centred at z1 = 0.3, z2 = 0.5, z3 = 0.7 and z4 = 0.9,

all having a redshift thickness of 0.2, which means that the forecast’s total range is

0.2 < z < 1.0. The expected number of galaxies per Mpc3 h−3 for each redshift slice is

presented on Table 4.2. Using this data, a fit for a selection function as a function of

comoving radius leads to

n̄(r) = α exp

{
−
(
r

β

)2

−
(
r

γ

)4
}

(4.21)

with α = 0.005 Galaxies / Mpc3 h−3, β = 2000 Mpc h−1 and γ = 1800 Mpc h−1. The

J-PAS LRGs selection function is plotted in Figure 4.12 as a function of comoving radius.

As Figure 4.12 suggests, for each of the bins centered in zi = 0.3, 0.5, 0.7, 0.9, a

galaxy mock catalog is produced with a “local” selection function (4.22) that fits the

total selection function inside a cube zmin < zi < zmax, where zmin = zi − 0.1 and

zmax = zi + 0.1, and following the decay law:

n̄z(r) = n̄0,z exp{−c1,z r}. (4.22)

Here, n̄0,z is the expected number of galaxies in the central redshift and c1,z is rate of the

derivative of (4.21) (at the comoving radius of the central redshift of the map).

The procedure for the present forecast goes as follows: for each redshift bin, a mock
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Redshift (z) Comoving Radius at z [Mpc h−1] n̄(rz) [Galaxies/Mpc3 h−3]

0.2 795.7 4.108× 10−3

0.3 1164.8 2.989× 10-3

0.4 1514.4 1.707× 10−3

0.5 1845.1 7.077× 10-4

0.6 2157.3 1.984× 10−4

0.7 2451.8 3.560× 10-5

0.8 2729.6 3.921× 10−6

0.9 2991.6 2.59× 10-7

1.0 3238.9 1.016× 10−8

Table 4.2: Expected number of LRGs per Mpc3 h−3 in each redshift bin from 0.2 to
1.0 for 0.3% photo-z errors LRGs. Data extracted from Benitez et al. (2014)[10]. Bold
columns are the central redshift data used for each of the analysis.

Figure 4.12: Fit for the J-PAS LRGs selection function (4.21) using data from Table
4.2.

galaxy catalog is generated containing the local selection function (4.22) in a cube with an

effective volume Veff (zi) = [Vc(zmax)− Vc(zmin)]/5 – where Vc(z) is the comoving volume

at a redshift z and the 1/5 term reflects the angular area covered by J-PAS (see 1.3.3);

after that, the MCMaps code runs an MCMC simulation for each of the four different

redshift bins; finally, all resulting chains for each redshift bins zi are put together after

removing the burn-ins and after fixing both selection function parameters (n̄0,z and c1,z).

Results are also presented using Planck [3] and Hubble Space Telescopes [48], together

with SDSS low-z BAO data [11], all obtained from CosmoMC [42]4.

For comparison, the final analysis were made using 64× 64× 64 and 128× 128× 128

grids containing the same Veff for each of the redshift bins, i.e., the size of the cells

changes for each of the catalogs. One will be able to see that this makes a considerable

difference on the estimates of the cosmological parameters, although the main analysis is

4CosmoMC is able to provide chains for the desired parameters using data from different sources.
Available online at http://http://cosmologist.info/cosmomc .
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made only for the 1283 cells case. Once again, the main goal is to probe H0, Ωc, w0 and

wa.

4.3.1 Individual Redshift Bin Analysis

This Section shows the results for each of the redshift bins analysed, 0.2 < z1 < 0.4,

centered in z1 = 0.3; 0.4 < z2 < 0.6, centered in z2 = 0.5; 0.6 < z3 < 0.8, centered in

z3 = 0.7; and 0.8 < z4 < 1.0, centered in z4 = 0.9. This means that the mean galaxy

density in the center of each catalog is given by the value on Table 4.2. For each of these

cases, the analysis process follows the same procedure described for the Gaussian selection

function case, Section 4.2.3: the resulting chains from the MCMaps code are binned and

projected in one- and two-dimensional distributions, always marginalizing over the other

parameters. For the selection function effect analysis, a comparison between marginalizing

over the selection function together with others cosmological parameters, and fixing the

n̄(r) parameters to then marginalize over the other cosmological parameters, is made. The

catalogs’s individual characteristics can be found on Table 4.3 for the 643 cells maps and

on Table 4.4 for the main 1283 cells maps. Histograms and two-dimensional marginalized

distributions for each of the redshift bins maps shown hereafter refer only to the 1283 cells

case. The other case, with 643 cells, appears only in the joint probability analysis as a

matter of comparison.

zi Veff [Gpc3 h−3] L64
cell [Mpc h−1] n̄64

0,z [gal/cell] c64
1,z [1/cell]

0.3 2.44 21.04 27.04 0.0249

0.5 5.5 27.60 14.8794 0.0915

0.7 8.6 32.01 1.167 0.2190

0.9 11.6 35.37 0.01147 0.414

Table 4.3: Main characteristics of the 643 cells maps for each redshift bin.

zi Veff [Gpc3 h−3] L128
cell [Mpc h−1] n̄128

0,z [gal/cell] c128
1,z [1/cell]

0.3 2.44 10.52 3.473 0.0125

0.5 5.5 13.79 4.346 0.0293

0.7 8.6 16.01 0.14595 0.1095

0.9 11.6 17.68 1.434× 10−3 0.2068

Table 4.4: Main characteristics of the 1283 cells maps for each redshift bin..

In order to perform importance sampling [42], which means to use joint probabilities

of different datasets, all MCMaps chains where probed using the same flat priors (4.2) on
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the cosmological parameters. Flat priors are more “orthodox”, and do not lead to any

significant bias on the estimates since they are assumed to be 0 or 1 inside a given region.

The priors considered for this work are

1. 40. < H0 < 95 Mpc/km/s;

2. 0.05 < Ωc < 0.60;

3. −4.0 < w0 < −0.4533;

4. −4.0 < wa < 0.75;

Also, all chains were generating using 512 walkers and 500 steps each, in a total of 256k

points to sample the posterior distribution. Burn in is different for each case and is based

on the technique explained in Section 3.3.

Graphical results are shown in two different ways. First, the two-dimensional distri-

butions for pairs of parameters with 1, 2, and 3σ contours together with their respective

histograms with the 1σ vertical lines, containing 68.26% of the values inside it (Figures

4.13 to 4.16). Second, the one-dimensional marginalized distributions are shown in detail

for the cases where one marginalize over all six parameters (H0, Ωc, w0, wa, n̄0,z and c1,z)

and when one fixes the selection function at its fiducial value, marginalizing only over the

remaining cosmological parameters H0, Ωc, w0, wa (Figures 4.17 to 4.20).

Best-fit values and error bars are also quoted in two ways: the mean value and standard

deviation of the one-dimensional marginalized distributions, presented in Tables 4.5 to

4.8, and the values corresponding to the maximum for the multi-dimensional likelihood

together with the percentiles containing 68.26% (1σ) of the points around the quoted value

– these are presented on the one-dimensional histograms for both fixing and marginalizing

over the selection function parameters.

One can see a considerable change for the maximum likelihood values when fixing the

selection function parameters together with a substantial decrease on the 1σ regions. This

suggests that marginalizing over the selection function parameters, i.e., considering them

as nuisance parameters, affects the best-fit values and the error bar in a way that cannot

be ignored. It is also clear, from Figures 4.17 to 4.20, that dark energy’s equation of state

parameters are more sensitive to the estimation of the selection function as a nuisance

parameter, while H0 and Ωc become less sensitive at higher redshift.

Note how the estimates on dark energy’s parameters become more and more precise

as redshift grows. However, for the last slice, z4 = 0.9, as the map is closer to redshifts

where matter was dominant over dark energy, these estimates worse. This leads to poor

estimates, even if the selection function parameters are fixed (Figure 4.20).
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Figure 4.13: One- and two-dimensional distributions for the estimated parameters H0,
Ωc, w0, wa, n̄0,z and c1,z for the redshift bin z1 = 0.3. Blue lines show the true values
for each parameter. Note the expected correlation between H0 and Ωc which will reflect
in all the other bins. Notice also that the estimation of selection function parameters is
very precise in almost all cases.

z1 = 0.3

Parameter Fiducial Value Mean Value Standard Deviation

H0 72 68.791 ±4.462

Ωc 0.2538 0.2607 ±2.288× 10−2

w0 −1.0 −1.131 ±0.4036

wa 0.0 −0.5150 ±0.9564

n̄0,0.3 3.473 3.466 ±0.9563

c1,0.3 1.25× 10−2 1.288× 10−2 ±1.370× 10−3

Table 4.5: Mean value and standard deviations for the z1 = 0.3 slice. Results ob-
tained from the one-dimensional marginalized distributions for each parameter. H0 is
in Mpc/km/s, n̄0,0.3 and c1,0.3 are expressed in cell units.
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Figure 4.14: One- and two-dimensional distributions for the estimated parameters
H0, Ωc, w0, wa, n̄0,z and c1,z for the redshift bin z2 = 0.5. Blue lines show the true
values for each parameter.

z2 = 0.5

Parameter Fiducial Value Mean Value Standard Deviation

H0 72 69.397 ±3.737

Ωc 0.2538 0.2670 ±1.661× 10−2

w0 −1.0 −1.230 ±0.45716

wa 0.0 −0.373 ±0.8913

n̄0,0.5 4.346 4.346 ±5.20× 10−2

c1,0.5 2.93× 10−2 2.945× 10−2 ±2.370× 10−4

Table 4.6: Mean value and standard deviations for the z2 = 0.5 slice. Results ob-
tained from the one-dimensional marginalized distributions for each parameter. H0 is
in Mpc/km/s, n̄0,0.5 and c1,0.5 are expressed in cell units.
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Figure 4.15: One- and two-dimensional distributions for the estimated parameters
H0, Ωc, w0, wa, n̄0,z and c1,z for the redshift bin z3 = 0.7. Blue lines show the true
values for each parameter. Note that some correlation seems to appear between w0 and
wa for higher redshifts.

z3 = 0.7

Parameter Fiducial Value Mean Value Standard Deviation

H0 72 70.474 ±6.434

Ωc 0.2538 0.2525 ±3.430× 10−2

w0 −1.0 −1.256 ±0.5740

wa 0.0 −0.460 ±0.9630

n̄0,0.7 0.1459 0.1444 ±1.017× 10−2

c1,0.7 0.1095 0.1099 ±1.873× 10−3

Table 4.7: Mean value and standard deviations for the z3 = 0.7 slice. Results ob-
tained from the one-dimensional marginalized distributions for each parameter. H0 is
in Mpc/km/s, n̄0,0.7 and c1,0.7 are expressed in cell units.
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Figure 4.16: One- and two-dimensional distributions for the estimated parameters
H0, Ωc, w0, wa, n̄0,z and c1,z for the redshift bin z4 = 0.9. Blue lines show the true
values for each parameter. It starts to get clear here that for higher redshifts, as z gets
closer to z = 1, the dark energy era comes near the matter dominated era, so the dark
energy equation of state parameters, w0 and wa, are harder to probe.

z4 = 0.9

Parameter Fiducial Value Mean Value Standard Deviation

H0 72 66.660 ±6.502

Ωc 0.2538 0.2821 ±5.694× 10−2

w0 −1.0 −2.131 ±0.9264

wa 0.0 −0.855 ±1.2184

n̄0,0.9 1.434× 10−3 0.1448× 10−3 ±8.68× 10−5

c1,0.9 0.2068 0.2066 ±1.189× 10−3

Table 4.8: Mean value and standard deviations for the z4 = 0.9 slice. Results ob-
tained from the one-dimensional marginalized distributions for each parameter. H0 is
in Mpc/km/s, n̄0,0.9 and c1,0.9 are expressed in cell units.
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Figure 4.17: (z1 = 0.3) One-dimensional marginalized distributions for H0 (upper
left), Ωc (upper right), w0 (lower left), and wa (lower right). Two cases are presented,
(green) fixing the selection function parameters at their fiducial values (n̄0,0.3 = 3.473
gal/cell and c1,0.3 = 1.25×10−2 1/cell) and (black) marginalizing over all other estimated
parameters, considering the selection function parameters as nuisance. Red lines are
the true values. Note that the values quoted are not the maximum of the marginalized
distributions, but the coordinate in parameter space of the maximum likelihood value.
Best-fit values for all parameters get closer to the true value, except for wa whose change
is small but there is a considerable decrease on its error bars.
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Figure 4.18: (z2 = 0.5) One-dimensional marginalized distributions for H0 (upper
left), Ωc (upper right), w0 (lower left), and wa (lower right). Two cases are presented,
(green) fixing the selection function parameters at their fiducial values (n̄0,0.5 = 4.346
gal/cell and c1,0.5 = 2.930 × 10−2 1/cell) and (black) marginalizing over all other esti-
mated parameters, considering the selection function parameters as nuisance. Red lines
are the true values. Here, the sensibility of dark energy parameters with the selec-
tion function estimation becomes even more clear. Although there’s still a considerable
change on H0 and Ωc best-fit values and error bars, changes for w0 and wa are more
dramatic. Best-fit values get even closer to the true values, while error bars drastically
decrease.
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Figure 4.19: (z3 = 0.7) One-dimensional marginalized distributions for H0 (upper
left), Ωc (upper right), w0 (lower left), and wa (lower right). Two cases are presented,
(green) fixing the selection function parameters at their fiducial values (n̄0,0.7 = 0.14595
gal/cell and c1,0.7 = 0.1095 1/cell) and (black) marginalizing over all other estimated
parameters, considering the selection function parameters as nuisance. Red lines are
the true values. Note that for this case, H0 and Ωc are practically insensitive to the
selection function estimation while dark energy’s equation of state parameters still show
a big difference between the two cases, both for best-fit values and error bars.
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Figure 4.20: (z4 = 0.9) One-dimensional marginalized distributions for H0 (up-
per left), Ωc (upper right), w0 (lower left), and wa (lower right). Two cases are
presented, (green) fixing the selection function parameters at their fiducial values
(n̄0,0.9 = 1.434 × 10−3 gal/cell and c1,0.9 = 0.2068 1/cell) and (black) marginalizing
over all other estimated parameters, considering the selection function parameters as
nuisance. Red lines are the true values. For this case, two phenomena become clear.
Firstly, as the effective volume for z4 = 0.9 is much bigger than the other cases, the cell
size (Lcell(z4) = 17.89 Mpc h−1) makes it harder to probe the BAO scale, which reflects
in worse estimates for cosmological parameters that depend on these measurement. Sec-
ondly, as redshift gets closer to z = 1, the dark energy era has not yet started in full,
so the dark energy parameters are less sensible to LSS measurements. This explain the
bad estimates on w0 when fixing the selection function parameters.
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4.3.2 Joint Data Set Analysis

When estimating an ensemble of parameters from different datasets, one may wish to join

all data to obtain better constraints. Importance sampling is a statistical tool that

makes this kind of analysis possible. Given a sample set from a posterior distribution P ,

it is possible to estimate parameters with respect to a similar distribution P ′. This is

done using a weighting scheme that is proportional to the ratio of the probabilities P/P ′

[42]. The expected value of some function f(q) under the new distribution P ′ is given by

〈f(q)〉P ′ ≈
∑N

i=1 P
′(qi)/P (qi)f(qi)∑N

i=1 P
′(qi)/P (qi)

. (4.23)

However, for the current application, all datasets have the same flat priors and are, there-

fore, consistent with each other. For this case, importance sampling is done by just joining

the ensembles after the burn in procedure is made and after the selection function param-

eters are fixed (or marginalized) for each of the different redshift bins. The consistency

of datasets can be observed as the posterior distribution shrinks after joining the data

ensembles.

The CosmoMC code [42] allows to generate parameter chains using data from existing

cosmological experiments like Planck Space Telescope [3], HST [48], Sloan [7, 11] and

others. In order to constrain the chains presented in the previous Section with impor-

tance sampling, CosmoMC was used, employing the same flat priors on the cosmological

parameters, with data from these three cosmological experiments cited above (Planck,

HST, and SDSS low-z BAOs measurements).

Figures 4.21 to 4.24 show the joint two-dimensional probabilities, together with the

one-dimensional marginalized distribution for each of the given cosmological parameters

considering the two cases with the selection function parameters fixed at their fiducial

values. Results are shown using J-PAS forecasts alone, and J-PAS forecast together with

the other experiments using CosmoMC – using 643 cells (Figures 4.21 and 4.22 respec-

tively) and 1283 cells (Figures 4.23 and 4.24 respectively). Table 4.9 gives a summary of

the mean and standard deviation values for each case.

Comparing both cases for different numbers of cells, one can see that the 643 has worse

estimates on the dark energy parameters. The reason is simple: as the volumes are the

same for both catalogs, the cell size is larger if the number of cells is smaller – as one can

see from Tables 4.3 and 4.4. A larger cell size means that the BAO statistics gets washed

out , or even biased, by the poor statistics done inside the larger cells. For the z4 = 0.9

catalog in the 643 cells case, the cell size is Lcell,0.9 = 35.37 Mpc h−1, meaning that the

BAO scale fits inside only 3 cells. As for the other case (1283 cells), the BAO scale fits

inside eight times as many cells, leading to better statistics.
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Figure 4.21: One- and two-dimensional distributions using the 643 cells maps together
(0.2 < z < 1.0) for the estimated parameters H0, Ωc, w0, and wa fixing the selection
function parameters at their fiducial value.

Figure 4.22: One- and two-dimensional distributions using the 643 cells maps to-
gether (0.2 < z < 1.0) and using Planck, HST and SDSS BAO data for the estimated
parameters H0, Ωc, w0, and wa.
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Figure 4.23: One- and two-dimensional distributions using the 1283 cells maps to-
gether (0.2 < z < 1.0) for the estimated parameters H0, Ωc, w0, and wa fixing the
selection function parameters at their fiducial value.

Figure 4.24: One- and two-dimensional distributions using the 1283 cells maps to-
gether (0.2 < z < 1.0) and using Planck, HST and SDSS BAO data for the estimated
parameters H0, Ωc, w0, and wa fixing the selection function parameters at their fiducial
value.
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- Fiducial Value J-PAS 643 J-PAS+Plk+HST+BAO 643 J-PAS 1283 J-PAS+Plk+HST+BAO 1283

H0 72 68.866± 5.566 69.228± 5.212 69.081± 3.579 70.732± 2.464

Ωc 0.2538 0.2606± 0.0343 0.2575± 0.0325 0.25723± 0.0186 0.2449± 0.0160

w0 −1.0 −1.422± 0.727 −1.366± 0.680 −1.283± 0.313 −1.117± 0.231

wa 0.0 −0.559± 1.022 −0.498± 0.973 −0.130± 0.447 −0.1848± 0.574

Table 4.9: Best-fit parameters (mean) and 1σ (standard deviation) values considering
the one-dimensional marginalized distributions for each parameter in all cases considered
above on Figures 4.21 to 4.24. Selection function parameters are fixed on their respective
fiducial values.

Note that for wa, adding Planck, HST and BAO data to the 1283 cells case makes

the estimate worse by less than σ/2. This phenomenon exposes a certain tension between

the fiducial cosmology used to generate the galaxy mocks for the MCMaps analysis and

the Planck/HST/BAO maximum likelihood values. The reason this only happens to wa

is because it is the most sensitive parameter, i.e., the one with weaker constraints from

cosmological observations. Such feature is expected and does not mean that the datasets

are inconsistent with each other, it only exposes a tension between them.

For the final analysis, consider the one-dimensional marginalized distributions for both

types of maps on Figures 4.25 and 4.26. Results are presented considering three types

of datasets: marginalizing over all parameters, including the selection function ones; fix-

ing the selection function parameters at their fiducial values and marginalizing over the

remaining ones; and adding Planck, HST, SDSS BAO data to this last case.

From the analysis and figures presented in this Section, one can conclude that the

size of cells considered for the galaxy maps is fundamental. For cell sizes of almost one

third of the BAO scale (∼ 105 Mpc h−1), the statistics between cells makes it hard to

probe dark energy parameters with high accuracy. When probing these parameters with

smaller cells, the BAO scale fits inside more cells, which makes the estimates more precise.

Once more, the effect on the selection function estimation proves itself influential when

estimating ensembles of cosmological parameters.
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Figure 4.25: (643) Marginalized distributions for H0 (upper left), Ωc (upper right),
w0 (lower left), and wa (lower right). Three cases are presented, (black) marginalizing
over all estimated parameters, (green) fixing the selection function parameters at their
fiducial values marginalizing over all the remaining, and (blue) adding Planck, HST
and SDSS low-z BAO data to the fixed selection function case. Red lines are the true
values. Values quoted are not the maximum of the marginalized distributions, but the
coordinates in parameter space of the maximum likelihood value. Observe that estimates
for dark energy parameters are not well constrained even when joining external data to
it.
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Figure 4.26: (1283) Marginalized distributions for H0 (upper left), Ωc (upper right),
w0 (lower left), and wa (lower right). Three cases are presented, (black) marginalizing
over all estimated parameters, (green) fixing the selection function parameters at their
fiducial values marginalizing over all the remaining, and (blue) adding Planck, HST and
SDSS low-z BAO data to the fixed selection function case. Red lines are the true values.
Here, adding external datasets makes all estimates better, values are closer to their true
values and error bars decrease. The only exception is wa, whose best-fit value and error
bars get worse as more data is added to J-PAS LRGs forecast. The reason for this
discrepancy might come from tension between some values on the fiducial cosmology
considered for J-PAS forecast and the external datasets.
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Chapter 5

Conclusions

Precision cosmology hopes to achieve errors of order of a few percent for all cosmologi-

cal parameters. To succeed, systematic errors must be taken into account. Photometric

redshifts, for example, have their own systematics and even if surveys like J-PAS hope to

lower these to less than 0.3% [10], there are still different effects that must be probed in

order to achieve higher precision. It was demonstrated in Section 4.2 that the survey’s

geometry plays a major role in galaxy power spectra estimation. The convolution with

the respective window function alters the convolved spectra – what is actually measured

– in a variety of ways. Even a simple selection function can modify the measured power

spectrum in a subtle way, making it very hard to distinguish those effects from variants

of the cosmological parameters. Acknowledging that nuisance parameters can affect es-

timates should help controlling some of these problems. However, it is still necessary to

comprehend how they can affect the analysis.

The present work implemented a “forward” method for galaxy power spectrum es-

timation using a fast parallelized MCMC algorithm. Different from other galaxy power

spectra analysis, the MCMaps method compares estimations for the data galaxy power

spectra with theoretical galaxy power spectra from galaxy mock realizations. This means

that, instead of using a theoretical matter power spectrum from linear perturbation the-

ory (Section 2.1), one uses a “theoretical” Pg(k), estimated over the same geometry as

the data. Using this approach, it is possible to understand the behaviour of the survey’s

geometry on the estimated cosmological parameters. Performing analytical convolutions

with the window function – obtained from a survey’s selection function – is not always a

simple task, as was shown in Section 4.2. To deconvolve the real matter power spectrum

from the window function is an even harder task. Instead, the method presented here

was able to perform a certain kind of deconvolution. After performing the Monte-Carlo,

it is possible to obtain estimates for all the cosmological parameters, their best-fit values,

and error bars. Making use of this information together with any code capable of evolv-

ing cosmological perturbations to obtain a theoretical power spectrum – like CAMB, for

example –, one is able to recover the deconvolved underlying matter power spectrum and
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Figure 5.1: Illustration of a deconvolved matter power spectrum together with the 1σ
region using estimation of the parameters H0, Ωc, w0, and wa from the MCMaps code.

its error bars, given the estimated cosmology (Figure 5.1).

To understand the processes that govern the nature of the accelerated expansion of

the Universe, usually attributed to dark energy, is also one of the purposes of modern

cosmology. There are two probes of dark energy study – its density ΩDE and its equation

of state, being the second less constrained by current data. The Dark Energy Task Force

suggested that, if dark energy evolves as a function of redshift, i.e., if dark energy is

not actually a cosmological constant, the CPL parametrization (1.2) is a useful tool to

study the accelerated expansion. As it was demonstrated on Sections 4.3.1 and 4.3.2, the

CPL parameters, w0 and wa, are very sensitive to the marginalization of the selection

function parameters. If these parameters are fixed on their fiducial values, the error bars

can get ∼ 40% lower for w0 and ∼ 34% lower for wa, when compared to the error bars

on the marginalized n̄(r) analysis. Of course, when comparing two distributions from a

resulting MCMC, the one that has less parameters will always have smaller error bars, but

is important to understand how treating the selection function as a nuisance can affect

the estimates.

For the remaining cosmological parameters, the Hubble constant and the dark mat-

ter density, errors decrease down to 57% and 53%, respectively, in comparison with the

marginalized selection function estimations. This demonstrates once again the impor-

tance of acknowledging the effects a convolution with the selection function may have on

the measured galaxy power spectrum. In order to obtain maximum precision, knowing
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the survey’s geometry for each galaxy species should lower systematic errors introduced

by this type of effect.

In conclusion, the methods applied here were able to recover well the fiducial cosmol-

ogy, with reasonable errors, and demonstrated the effects of a nuisance selection function.

Yet, some simple modifications of these methods can lead to interesting features in the

near future. It is a matter of fact that introducing redshift space, multi-tracer analysis,

bias estimation, etc, will result in a more realistic data analysis. For example, it was

shown by Abramo and Leonard (2013) that a multi-tracer analysis lowers even more the

systematic errors introduced by survey’s geometry, specifically cosmic variance due the

survey’s limited volume. An implementation of a multi-tracer galaxy power spectra esti-

mator can be performed, and the mock catalog generation module of the MCMaps code

already simulates multiple species of galaxies using the same underlying Gaussian density

field. However, to fully estimate how a multi-tracer analysis could improve the cosmo-

logical parameters estimations, one must take into account that different tracers have

not only different selection functions, but also different biases. Once a bias estimation is

implemented on the MCMaps algorithm, this analysis should be trivial.

In addition, tests with real data or more complex mock galaxy catalogs need to be

performed together with the implementation of a method to probe the selection function

in order to estimate the data FKP error bars (2.85). As the code was developed to be a

part of J-PAS’s pipeline, it is already public available and “user friendly”. Any researcher

can choose which of the nine cosmological parameters to probe and write its own selection

function without any problem. A more detailed commented version of the code will be

available in the near future in order to be widely used by the J-PAS community.
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Appendix A

Moments of a Log-Normal

Distribution

The log-normal (LN) distribution is defined such as it logarithm is normally distribute,

i.e., a Gaussian distribution. Which means that it a random variable, θ, comes from a LN

distribution, γ = ln(θ) is a normally distributed. Therefore, if γ comes from a Gaussian

distribution, θ = eγ is a LN distributed variable. The major difference between both

distributions is the fact the log-normal random variables only assume positive values.

A LN random variable can be defined in terms of the mean, µ, and variance, σ, of a

normal distribution.

θ = eµ+ασ (A.1)

as, by definition, the logarithm of a variable is normally distributed. On the expression

above, α is just a standard normal variable. Finally, the LN probability distribution is

defined as

PLN(θ;µ, σ) =
1

θσ
√

2π
exp

{
−(ln θ − µ)2

2σ2

}
(A.2)

With θ > 0.
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First Moment: Mean Value

The mean value of the distribution is given by the expected value of its first moment,

E[θ]. One can evaluate it in terms of the normal distributed variable, γ, as E[θ] = E[eγ].

E[eγ] =

∫ +∞

−∞
dγeγPG(γ;µ, σ)

=

∫ +∞

−∞
dγeγ

1√
2πσ2

exp

{
−(γ − µ)2

2σ2

}
=

1√
2πσ2

∫ +∞

−∞
dγ exp

{
γ − (γ − µ)2

2σ2

}
=

1√
2πσ2

∫ +∞

−∞
dγ exp

{
− 1

2σ2
[γ2 + (−2σ2 − 2µ)γ + µ2]

}
(A.3)

Completing squares inside the brackets on the exponential, one can write

E[eγ] =
1√

2πσ2

∫ +∞

−∞
dγ exp

{
− 1

2σ2
[γ − (σ2 + µ)]2 +

σ2

2
+ µ

}
= exp

{
µ+

σ2

2

}
1√

2πσ2

∫ +∞

−∞
dγ exp

{
− 1

2σ2
[γ − (σ2 + µ)]2

}
︸ ︷︷ ︸

=1

(A.4)

So, finally, in terms of the log-normal distributed variable, θ,

E[θ] = exp

{
µ+

σ2

2

}
. (A.5)

Second Moment and Variance

To evaluate the variance, defined as V ar[θ] = E[θ2] − E[θ]2, one needs to calculate the

second moment of the LN distribution. Using the same technique as for the first moment,

E[θ2] = E[e2γ], leading to

E[e2γ] =
1√

2πσ2

∫ +∞

−∞
dγe2γ exp

{
−(γ − µ)2

2σ2

}
=

1√
2πσ2

∫ +∞

−∞
dγ exp

{
2γ − (γ − µ)2

2σ2

}
.

(A.6)

Now, again completing squares, one can write

E[e2γ] = e(2µ+2σ2) 1√
2πσ2

∫ +∞

−∞
dγ exp

{
−(γ − µ− 2σ2)2

2σ2

}
︸ ︷︷ ︸

=1

. (A.7)

Therefore,

E[θ2] = e2µ+2σ2

(A.8)
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As for the variance of the log-normal distribution, it can be evaluated as

V ar[θ] = E[θ2]− E[θ]2 = (eσ
2 − 1)e2µ+σ2

. (A.9)

kth Moment

As a matter of fact, one can easily deduce a general expression for the kth moment of the

LN distribution. From (A.6), one can write

E[ekγ] =
1√

2πσ2

∫ +∞

−∞
dγekγ exp

{
−(γ − µ)2

2σ2

}
, (A.10)

and, after completing squares as in the first and second moment,

E[ekγ] = ek(2µ+kσ2)/2 1√
2πσ2

∫ +∞

−∞
dγ exp

{
−(γ − µ− kσ2)2

2σ2

}
︸ ︷︷ ︸

=1

. (A.11)

So, the kth moment of the log-normal distribution is given by

E[θk] = ek(2µ+kσ2)/2. (A.12)
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[26] N. Beńıtez, M. Moles, J. A. L. Aguerri, E. Alfaro, T. Broadhurst, J. Cabrera-Caño,

F. J. Castander, J. Cepa, M. Cerviño, D. Cristóbal-Hornillos, A. Fernández-Soto,
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