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ABSTRACT

Ventricular Assist Devices (VADs) substitute or temporarily assist the heart and

blood circulation by means of a small-scale blood pump. Due to the operation with blood,

their designs aim to minimize blood damage (hemolysis and thrombosis) and maximize

the performance (i.e., more efficient pumping). For that, the topologies of the rotor and

the volute play a major role. In this research, the rotor is based on the 2D swirl concept,

which considers swirling axisymmetric flow, being represented mainly by the Tesla pump.

In a Tesla pump, the boundary layer (viscous) effect pumps the fluid, which may lead

to less blood damage than bladed pumps (pumping based on the variation of linear

momentum). However, the obtained efficiency is normally low, which may be improved

by using the topology optimization method. Therefore, in this research, the topology

optimization method is implemented for the 2D swirl flow model, also considering a

non-Newtonian model for blood (Carreau-Yasuda) and hemolysis/thrombosis models

to quantify the blood damage. Furthermore, the 2D swirl flow topology optimization is

extended to the Wray-Agarwal turbulence model (WA2018), which presents advantages

from the simulation and topology optimization points-of-view. The solid material is

modeled as a porous medium with permeability controlled by the topology optimization.

The numerical implementation is performed mainly through the FEniCS platform, by

using the dolfin-adjoint library for the automatically derived adjoint model, and also

relying on the OpenFOAM® software for considering higher-speed flows, turbulence and

3D simulations. For the optimization, the IPOPT and TOBS solvers are considered. The

optimized designs are interpreted and fabricated through additive manufacturing, and

then experimentally evaluated.

Keywords: Topology optimization. Tesla pump. Hemolysis. Thrombosis. Turbulence.



RESUMO

Dispositivos de Assistência Ventricular (DAVs) substituem ou auxiliam tempo-

rariamente o coração e a circulação sanguínea por meio de uma bomba de sangue

de pequena escala. Devido à sua operação com sangue, os seus projetos visam

minimizar o dano ao sangue (hemólise e trombose) e maximizar o desempenho (i.e.,

bombear de forma mais eficiente). Para isso, as topologias do rotor e da voluta têm

um papel de destaque. Nesta pesquisa, o rotor é baseado no conceito de escoamento

2D girante, que consiste em escoamento axissimétrico rotativo, sendo representado

principalmente pela bomba Tesla. Em uma bomba Tesla, o fluido é bombeado pelo

efeito da camada limite (viscosidade) e não pela variação de quantidade de movi-

mento linear (como em bombas de palhetas), o que pode levar a um menor dano ao

sangue. Porém, a eficiência obtida é normalmente baixa, mas que pode ser aumen-

tada utilizando o método de otimização topológica. Assim, nesta pesquisa, o método

de otimização topológica é implementado para o modelo 2D de escoamento girante,

também considerando um modelo não-Newtoniano para o sangue (Carreau-Yasuda)

e modelos de hemólise/trombose para quantificar o dano ao sangue. Além disso, a

otimização topológica de escoamento 2D girante é estendida para o modelo de tur-

bulência de Wray-Agarwal (WA2018), que possui vantagens dos pontos-de-vista de

simulação, e otimização topológica. O material sólido é modelado como um meio

poroso com permeabilidade controlada pela otimização topológica. A implementação

numérica é feita principalmente usando o software FEniCS, por meio da biblioteca

dolfin-adjoint para a derivação automática do modelo adjunto, e também é usado o

software OpenFOAM® para considerar escoamentos de alta velocidade, turbulência e

simulações 3D. Para a otimização, os otimizadores IPOPT e TOBS são considerados.

Os projetos otimizados são interpretados e fabricados por manufatura aditiva, e então

avaliados experimentalmente.

Palavras-chave: Otimização topológica. Bomba Tesla. Hemólise. Trombose. Turbulência.
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wRT
Test function for RT (Wray-Agarwal (WA2018) model).

v|projected,linear Relative velocity projected in a linear function space.

wproj,v Test function for the projection of the relative velocity.

(v•∇)τm,total|approximated Convective derivative of the shear stress magnitude approxi-

mated in a linear function space.

wa,cd,τ Test function for the approximation of the convective derivative of

the shear stress magnitude.

Boundary conditions

Rvasc Vascular resistance.

∆pcirc Variation of pressure in the systemic or pulmonary circulation (de-

pending if the analysis is of LVAD or RVAD).

σ Normal stress.

σ0 Reference value for the normal stress.

Fluid properties

µ Dynamic viscosity of the fluid.

ρ Density of the fluid.

ν Kinematic viscosity of the fluid.

cv Specific heat at constant volume of the fluid.

cp Specific heat at constant pressure of the fluid.

ksh Ratio of specific heats of the fluid.



Mmolar Molar mass.

RU Ideal (Universal) gas constant (8.31451 J/(mol K)).

Non-Newtonian fluid

τm Viscous shear stress magnitude (viscous scalar shear stress).

γ̇m Viscous shear rate magnitude (viscous scalar shear rate).

τm,total Total shear stress magnitude (total scalar shear stress).

γ̇m,total Total shear rate magnitude (total scalar shear rate).

λ Time constant (characteristic time) of the Carreau-Yasuda model.

n Exponential factor of the Carreau-Yasuda model.

a Yasuda coefficient, of the Carreau-Yasuda model (except in Ap-

pendix D, where it is the name of a generic variable).

µ0 Maximum (low shear rate) dynamic viscosity of the Carreau-Yasuda

model.

µ∞ Minimum (Newtonian) dynamic viscosity of the Carreau-Yasuda

model.

Turbulence

µT Turbulent dynamic viscosity.

νT Turbulent kinematic viscosity.

IT Turbulence intensity.

`T Turbulence length scale.

ν̃T Auxiliary turbulent viscosity of the Spalart-Allmaras model.

ν̃T,mat Auxiliary turbulent viscosity in relation to the value on walls (Spalart-

Allmaras model).

ν̃T,wall Auxiliary turbulent viscosity on the wall (Spalart-Allmaras model).



ν̃T,in Auxiliary turbulent viscosity on the inlet (Spalart-Allmaras model).

λν̃T
Adjustable parameter for the intensity of the attenuation of turbu-

lence inside the solid material (Spalart-Allmaras model).

cb1, cb2, cv1, fΩ, cw1, cw2, cw3, σ, χ, fv2, S̃, S, Ωm, Ω, fv1, fv2, fw, cw3, g, ri, cw2, S̃r

Additional variables used in the Spalart-Allmaras model.

κvk von Kármán constant.

nv Number of velocity components.

`w Wall distance.

G Reciprocal wall distance (modified Eikonal equation).

`ref Reference value for the wall distance (modified Eikonal equation).

G0 Reciprocal of the reference value for the wall distance (modified

Eikonal equation).

σw Relaxation factor for the wall distance computation (modified

Eikonal equation).

RT Undamped eddy (turbulent) viscosity of the Wray-Agarwal

(WA2018) model.

λRT
Adjustable parameter for the intensity of the attenuation of turbu-

lence inside the solid material (Spalart-Allmaras model).

fµ, C1, S, f1, C1,k-ω, C2,k-ω, C1,k-ε, C2,k-ε, Cm, W , χ, cw, η, σR, σk-ω, σk-ε, arg1, Cµ, kT , ωT

Additional variables used in the Wray-Agarwal (WA2018) model.

Other variables

r Radial position of the fluid with respect to the rotation axis.

s Position of the fluid.

a A generic vector-valued variable.

x, y Coordinates in the 2D model. x may refer to a generic variable or

coordinate when this other meaning is explicitly stated.



r, θ, z Cylindrical coordinates.

r, z Coordinates in the 2D swirl flow model.

ex, ey, ez Unit vectors in Cartesian coordinates.

ex, ey Unit vectors in the 2D model.

er, eθ, ez Unit vectors in cylindrical coordinates / 2D swirl flow model.

T Stress tensor.

ε Deformation (strain) tensor.

I Identity matrix.

τ Shear stress tensor.

TR Reynolds (turbulent) stress tensor.

εR Reynolds (turbulent) deformation (strain) tensor.

εtotal Total deformation (strain) tensor.

τ total Total shear stress tensor.

ρf Body force per unit volume acting on the fluid.

ω Rotation vector of the fluid flow device, which is the same of the

reference frame.

ω0 Rotation of the fluid flow device, which is the same of the reference

frame (rad/s).

n0 Rotation of the fluid flow device, which is the same of the reference

frame (rpm).

ωin Inlet rotation vector of the fluid flow device.

ωin Inlet rotation of the fluid flow device (rad/s).

nin Inlet rotation of the fluid flow device (rpm).

ωmat Rotation vector of the solid material being optimized.



ωmat Rotation of the solid material being optimized (rad/s).

nmat Rotation of the solid material being optimized (rpm).

n Normal unit vector.

g Gravitational acceleration.

vin Inlet velocity.

vabs,in Absolute inlet velocity.

vout Outlet velocity.

v2D Velocity in the “2D plane”: v2D = vrz = (vr, vz) (2D swirl flow

model), v2D = v = (vx, vy) (2D).

vrz Radial-axial velocity.

v2D,t Tangential velocity in the “2D plane”.

vrz,mag Magnitude of the radial-axial velocity.

vrz,cut Radial-axial velocity for the case of an obstacle cut from the mesh.

vrz,material Radial-axial velocity for the case of a modeled obstacle (with a

material model).

xcut Generic variable for the case of an obstacle cut from the mesh.

xmaterial Generic variable for the case of a modeled obstacle (with a material

model).

fx Relative difference (difference fraction) for a generic variable x.

∆p` Pressure drop in the leakage flow (∆p`).

∆pcentrifugal Pressure contribution of the centrifugal effect.

∆pseal Pressure difference inside the labyrinth seal.

`t Total length of a labyrinth unit.

`g Length of the gap.



`c Length of the chamber.

hc Height of the chamber.

hs Gap spacing/height.

n` Quantity of labyrinths.

Q` Leakage (volumetric) flow rate.

αc Contraction coefficient.

Reω Reynolds number for the rotation (labyrinth seal).

Rec Reynolds number for the chambers (labyrinth seal).

v` Average leakage velocity (axial velocity in the gap).

r2
d Coefficient of determination.

ar, br Linear regression coefficients.

npatterns Quantity of stacked patterns.

Qstacked Flow rate of the stacked topology (by stacking various Tesla pump

single channel topologies).

B Vectorial blockage ratio.

Br Radial blockage ratio.

Bθ Tangential blockage ratio.

`spacer,θ Tangential extension of a spacer.

`spacer,r Radial extension of a spacer.

nspacers Number of spacers.

rspacer Radius in which the geometric center of the spacer is located.

θspacer,max Maximum angle coordinate of a spacer.

θspacer,min Minimum angle coordinate of a spacer.



rspacer,max Maximum radial coordinate of a spacer.

rspacer,min Minimum radial coordinate of a spacer.

Topology optimization

α Pseudo-density (design variable for fluid topology optimization).

α0 Initial value of the pseudo-density.

αi Value of α in the node i of the mesh (or in the element i, depending

on the finite element modeling) (i = 1, 2, ..., nα).

αub Upper bound of the design variable.

αlb Lower bound of the design variable.

nα Quantity of values of the design variable (α) that are distributed

over the mesh.

f r(α) Resistance force of the porous medium.

fr,v(α) Proportional factor of the resistance force of the porous medium.

f Specified volume fraction. In Section 3.2, as explicitly written in the

text, f represents a generic function.

V0 Volume of the design domain.

J Multi-objective function.

Ji Objective function i.

wi Weight of the objective function i (except when it refers to a test

function).

Jref Objective function used as reference for the measurement units in

the initial weight multi-objective function.

nF Number of objective functions.

λJi, λJiH , λJiPAS, λH , λPAS Adjoint variables.

FH Weak form of the hemolysis model.



FPAS Weak form of the PAS model.

κ(α) Inverse permeability.

κ(α) Inverse permeability matrix.

κmin Minimum inverse permeability value.

κmax Maximum inverse permeability value.

q Penalty parameter of the inverse permeability.

Damax Maximum Darcy number.

κi(α) Inverse permeability for the direction i.

κi,min Minimum inverse permeability value for the direction i.

κi,max Maximum inverse permeability value for the direction i.

qi Penalty parameter of the inverse permeability for the direction i.

κPAS(α) Additional penalization parameter for the PAS index.

κPAS,min Minimum additional penalization parameter value for the PAS index.

κPAS,max Maximum additional penalization parameter value for the PAS in-

dex.

γ(α) Wall penalization (modified Eikonal equation).

γmin Minimum wall penalization value (modified Eikonal equation).

γmax Maximum wall penalization value (modified Eikonal equation).

kD Formation permeability, of the Brinkman-Forchheimer model.

βF Coefficient of inertial flow resistance, of the Brinkman-Forchheimer

model.

CF Dimensionless form-drag constant.

ζ(α) Convex interpolation function between solid and fluid.



Helmholtz filter

αf Filtered design variable.

αf,new New filtered design variable (with an adjustment).

rH Filter length parameter of the modified Helmholtz equation.

wH Test function for the filtered design variable in the modified

Helmholtz equation.

Performance quantities

Q (Volumetric) flow rate.

Q2D (Volumetric) flow rate per unit thickness (2D (volumetric) flow rate).

ṁ (Mass) flow rate.

∆p Variation of (static) pressure.

∆pd Variation of dynamic pressure.

∆pT Variation of total (stagnation) pressure.

pout Average (static) outlet pressure.

pT,out Average total (stagnation) outlet pressure.

pD,out Average dynamic outlet pressure.

pin Average (static) inlet pressure.

pT,in Average total (stagnation) inlet pressure.

pD,in Average dynamic inlet pressure.

Φrel Relative energy dissipation.

Φabs Absolute energy dissipation.

Pf Pump power.

P ′f Turbine power.



F ext External force acting on the fluid.

T ext Torque of the external force acting on the fluid .

ξabs Absolute vorticity vector.

ξ Relative vorticity vector.

ξκ Increase in vorticity modeled in the porous medium.

kV Proportionality constant for the increase in vorticity modeled in the

porous medium.

ξV,rel Relative vorticity in the least squares approach.

ηs Isentropic efficiency.

H Pressure head (except when noted otherwise, such as when repre-

senting a dimension from a design domain).

Hrel Relative pressure head.

H ′ Head loss.

Pideal Ideal (pump) power.

Preal Real (actual) (pump) power.

∆hs Variation of specific enthalpy (specific work) in the ideal process.

∆pVAD Static pressure rise in the VAD.

∆protor Static pressure rise in the rotor of the VAD.

∆pvolute Static pressure rise in the volute of the VAD.

∆pD,rotor Dynamic pressure rise in the rotor of the VAD.

∆pD,volute Dynamic pressure rise in the volute of the VAD.

∆pT,rotor Total pressure rise in the rotor of the VAD.

∆pT,volute Total pressure rise in the volute of the VAD.

pin,VAD Average (static) pressure on the inlet of the VAD.



pout,VAD Average (static) pressure on the outlet of the VAD.

MND Measure of Non-Discreteness.

IH,T (Total) hemolysis index.

IH Local hemolysis index.

IH,in Local hemolysis index on the inlet.

IH,out Local hemolysis index on the outlet.

wIH Test function for the local hemolysis index.

IH,L,T (Total) linear damage index (for hemolysis).

IH,L Local linear damage index (for hemolysis).

IH,L,in Local linear damage index (for hemolysis) on the inlet.

IH,L,out Local linear damage index (for hemolysis) on the outlet.

CH , βs, βt Coefficients of the Giersiepen-Wurzinger correlation (for hemolysis

index).

IPAS,T (Total) PAS index.

IPAS Local PAS index.

IPAS,in Local PAS index on the inlet.

IPAS,out Local PAS index on the outlet.

IPAS,mat Local PAS index value imposed inside the modeled solid material.

wIPAS Test function for the local PAS index.

CPAS, αs, αt Coefficients of the Giersiepen-Wurzinger correlation (for PAS in-

dex).

CPAS,sl Proportionality factor for the stress level effect (of the shear-induced

platelet activation model).



CPAS,sr, δs, δt Coefficients for the stress rate effect (of the shear-induced platelet

activation model).

CPAS,S Proportionality factor for the sensitization effect (of the shear-

induced platelet activation model).

Sτ Shear stress history (of the shear-induced platelet activation

model).

IPAS,S PAS index contribution from the sensitization effect.

IPAS,sl PAS index contribution from the shear level effect.

IPAS,sr PAS index contribution from the shear rate effect.

DPAS,sl Mechanical dose of PAS from the stress level.

DPAS,sr Mechanical dose of PAS from the stress rate.

wSτ Test function for Sτ .

wDPAS,sl Test function for DPAS,sl.

wDPAS,sr Test function for DPAS,sr.

Hb Quantity of hemoglobin per volume of blood (g/dL).

∆Hbpf Variation of the quantity of free hemoglobin in the plasma per

volume of blood (g/dL).

Hbpf Quantity of free hemoglobin in the plasma per volume of blood

(g/dL).

Hbpf,out Quantity of free hemoglobin in the plasma per volume of blood

(g/dL) on the outlet.

Hbpf,in Quantity of free hemoglobin in the plasma per volume of blood

(g/dL) on the inlet.

∆rtg Variation of the rate of thrombin generation of the activated

platelets.



rtg Rate of thrombin generation of the activated platelets.

rtg,full Rate of thrombin generation of the activated platelets of fully acti-

vated platelets (i.e., the maximum thrombin generation capacity).

rtg,out Rate of thrombin generation of the activated platelets on the outlet.

rtg,in Rate of thrombin generation of the activated platelets on the inlet.

Ht Hematocrit (percentage of volume occupied by RBCs in the total

volume of blood).

npasses Total number of passes.

Vflow Volume of blood due to the fluid flow.

∆tm Measurement time.

Vcirculating Total volume of blood circulating in the fluid flow circuit.

∆texposure Exposure time.

∆t Time interval.

CH Proportionality factor for the hemolysis index.

βs Exponent of the shear stress magnitude.

βt Exponent of the exposure time.

Ph Pohlhausen parameter.

Reext,` Local Reynolds number in relation to the external radius.

Nd Local viscogeometric (Nendl) parameter.

AQ Essential machine data parameter.

ReV,` Local Reynolds number for the volute.

Re2D swirl,` Local Reynolds number for 2D swirl flow devices.

Ma` Local Mach number.

noutlets Number of outlets of the Tesla pump.



emin Minimum spacing between two disks.

rint Internal (inlet) radius of the rotor of the pump.

rext External (outlet) radius of the rotor of the pump.

rshaft Radius of the shaft of the pump.

drotor Diameter (external diameter) of the rotor of the pump.

e Thickness of the radial margin considered in the volute design

(Section 5.1.6).

nb,in Number of inlets of the 2D model for the bladed rotor.

r′int Internal (inlet) radius of the 2D model for the bladed rotor.

eapprox Approximated thickness of the 2D model for the bladed rotor.

cp,R Static pressure recovery coefficient.

cp,T,L Total pressure loss coefficient.

cp,U Unified pressure performance coefficient.

`ΓΠ,i
Length of the boundary i considering the porous medium.

nrepeated zones Number of repeated zones (in pattern repetition).

Post-processing

αth Thresholded design variable.

αth,lim Threshold limit for the design variable.

αmesh Design variable obtained by comparing the post-processed mesh

with the mesh used in the optimization.

αlabel Label for a design variable value.

γc,int Corner angle in relation to the internal (fluid) part of the mesh.

γc,ext Corner angle in relation to the external (solid) part of the mesh.



γic,int,min, γic,int,max Minimum and maximum values (respectively) of the angle bounds

that define an internal corner (in mesh smoothing by generation of

contours).

γec,int,min, γec,int,max Minimum and maximum values (respectively) of the angle bounds

that define an external corner (in mesh smoothing by generation of

contours).

s0 Previous coordinates of a vertex (in mesh smoothing by contour

filtering).

s0,new New coordinates of a vertex (in mesh smoothing by contour filter-

ing).

wcf,i Smoothing weight of each vertex (in mesh smoothing by contour

filtering).

ncf Number of vertices that are considered around the vertex of the

contour (in mesh smoothing by contour filtering).

rcf Averaging radius of contour filtering (in mesh smoothing by contour

filtering).

si Coordinates of a vertex labeled i (in mesh smoothing by contour

filtering).

Experimental setup

LmH Inductance given in mH.

Numerical implementation

ceq,i Definition of the equality constraint i.

cineq,i Definition of the inequality constraint i.

neq Number of equality constraints.

nineq Number of inequality constraints.

µIPOPT Logarithmic barrier parameter (homotopy parameter ).



sbound Set of slack variables for bound constraints in IPOPT.

sbound,i Slack variable for the bound constraint i in IPOPT.

cbound,i Definition of the bound constraint i.

∆α Design variable step.

δeq,i Small bound for the definition of the equality constraints converted

to inequality constraints.

βflip limit Factor that limits the number of flips/jumps of α from one discrete

value to another.

εrelax Constraint relaxation parameter.

cref,i Reference value for constraint i.

nelements Number of elements in the mesh.

nnodes Number of nodes/vertices in the mesh.

Velement Volume of each element of the mesh.

Vaverage Average element volume for the design variable interpolation.

Vneighbor elements
of the node

Summed volume of the neighbor elements touching a node/vertex

in the mesh.

Aelement Area of each element of the mesh.

Aneighbor elements
of the node

Summed area of the neighbor elements touching a node/vertex in

the mesh.

wL2 Test function for dJ
dα

∣∣
L2.

dJ
dα

∣∣
L2 Sensitivity computed through the L2 inner product.

dJ
dα

∣∣
corrected

Corrected sensitivity.

εaxis Small value for numerical adjustment for r = 0.

εadjustment Sufficiently small value not recognized as zero by FEniCS.



DOLFIN_EPS Smallest representable number in FEniCS.

∆pcomp Compensated variation of (static) pressure.

∆psim Variation of (static) pressure from the simulation.

Rtube Internal radius of the tubes used in the experiments.

∆hprobes Variation of height between the pressure measurement probes.

Numerical results

L Characteristic dimension in Section 5.1.1.

H, R, h1, h2, rzone, eout, Rint, Rext, h1, h′1, h2, h′2, h3, h′3, h4, h′4, ro, ho, r1, h, b,

yrotor, xrotor, θ1, ∆θ, β Design/computational domain dimensions (in the context of

specifying the dimensions of each design domain).

h Height (except when noted otherwise, such as when representing

a dimension from a design domain (Section 5.1.6)).

hin Height of the inlet.

hout Height of the outlet.

Domains, boundaries, operators and definitions

O(a) Order of magnitude (i.e., in the big O notation) of the variable a.

δBL Thickness of the boundary layer.

Π Computational domain in a generic model.

ΓΠ Boundary of the computational domain in a generic model.

Ω Computational domain in 2D / 2D swirl flow model.

Γ Boundary of the computational domain in 2D / 2D swirl flow model.

Πα Design domain in a generic model.

ΓΠα Boundary of the design domain in a generic model.

Ωα Design domain in 2D / 2D swirl flow model.



Γα Boundary of the design domain in 2D / 2D swirl flow model.

ΓΠ,in Inlet boundary of the computational domain in a generic model.

ΓΠ,out Outlet boundary of the computational domain in a generic model.

ΓΠ,disks/shaft Disks/shaft boundary of the computational domain in a generic

model.

ΓΠ,wall Wall boundary of the computational domain in a generic model.

ΓΠ,sym Symmetry axis boundary of the computational domain in a generic

model (valid for the 2D swirl flow model).

Γin Inlet boundary of the design domain in 2D / 2D swirl flow model.

Γout Outlet boundary of the design domain in 2D / 2D swirl flow model.

Γdisks/shaft Disks/shaft boundary of the design domain in 2D swirl flow model.

Γwall Wall boundary of the design domain in 2D / 2D swirl flow model.

Γsym Symmetry axis boundary of the design domain in 2D swirl flow

model.

as Example scalar field.

() Average value weighted by the length.

(̃) Average value weighted by the volumetric flow rate.

‖()‖1 One-norm (`1 norm).

• Inner product.

∧ Cross product.

d()
dt

(Total) derivative.

∂()
∂t

Partial derivative.

∇(), grad Gradient operator.

∇•(), div Divergent operator.



∇∧(), curl Curl operator.

D()
Dt

= ∂()
∂t

+ v • ∇() Material derivative in the relative reference frame.

∂()
∂n

= (∇()•n)n Gradient normal to boundary.
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1 INTRODUCTION

There is currently a high demand for heart transplants, which is not satisfied

(COLVIN-ADAMS et al., 2015; ABTO, 2015, 2016, 2017, 2018). This lack of heart

transplants is mainly worked around by the use of small-scale blood pumps, which

are the main part of Ventricular Assist Devices (VADs). From the various possibilities

of VAD designs, the Tesla pump is able to reduce blood damage in relation to bladed

pumps. The operation of a Tesla pump is based on viscous friction rather than in the

variation of linear momentum (bladed pumps). The potential reduction of blood damage

makes the Tesla pump an interesting possibility for optimization – in particular, for

topology optimization. Moreso, a Tesla pump is part of a more generic class of fluid flow

devices, called 2D swirl flow devices. Therefore, in order to optimize a Tesla VAD, a

novel formulation for topology optimization needs to be developed, based on 2D swirl

flow, novel material models, and blood damage models. In this chapter, the review of

the state of the art of VADs, 2D swirl flow devices, Tesla pump, volute and fluid topology

optimization is presented. Then, the motivation, objectives and scientific contribution

are outlined.

1.1 REVIEW OF THE STATE OF THE ART

Around the world, it is estimated that CVDs (CardioVascular Diseases) resulted

in about 31% of all global deaths in 2016, which corresponds to about 17.9 million

people (W.H.O., 2017). A similar ratio is also observed in Brazil during the same year

(28.5% of all deaths in Brazil – 362,091 deaths) (SBC, 2020; IBGE, 2016), and has

been approximately the same throughout the previous years (LIMA et al., 2013). Studies

also point that Heart Failure (HF) is one of the main causes of hospitalization (BOCCHI,

2013). Particularly in the U.S., studies say that the number of individuals with HF should

increase 46% by 2030 (MARTONIK, 2017). CVDs and HFs are closely related to cardiac

insufficiency, in which the heart is unable to maintain the required blood flow to the rest

of the body. These are cases in which the patient may require heart transplantation.

However, the number of hearts available for transplantation is not enough to account for

the whole demand (COLVIN-ADAMS et al., 2015). Particularly in Brazil, in 2018, only

21.25% of the annual demand of heart transplants was satisfied (380 heart transplants)
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(ABTO, 2018), and this ratio is approximately the same in the previous years (ABTO,

2015, 2016, 2017, 2018). Therefore, there is a high demand for heart transplants which

is not currently satisfied (COLVIN-ADAMS et al., 2015; ABTO, 2015, 2016, 2017, 2018),

and it should increase even more, due to the expected increase in HF in the next years

(MARTONIK, 2017).

With the aim of working around this situation, cardiac assist devices – artificial

hearts (TAHs, Total Artificial Hearts) and VADs (Ventricular Assist Devices) – are being

increasingly used to aid failing hearts and to alleviate suffering (BEHBAHANI et al.,

2009). In this work, the use of VADs is detailed.

1.1.1 Ventricular assist devices

VADs (Ventricular Assist Devices) are devices that substitute or temporarily

assist the heart and blood circulation of patients with weakened hearts (NIST, 2016),

such as from cardiovascular diseases or from recovery from surgery/transplant. The

main part of these devices is a small-scale blood pump, which reduces the work load

over the heart while maintaining an adequate blood pressure (NOSÉ et al., 2000).

Initially, the use of VADs was considered to be temporary (BTT, Bridge To Therapy)

(MILLER et al., 2007; SLAUGHTER et al., 2013), but it has already been extended as

permanent (long-term) clinical solutions (BTD, Bridge To Destination) (BEHBAHANI et

al., 2009; NONAKA et al., 2001; ANDRADE et al., 2005), such as in cases of patients

with Congestive Heart Failure (CHF) or valvular disease (SHERIFF et al., 2013). It is

expected that this extended use significantly grows in 2017-2025 (ACUTE MARKET

REPORTS, 2017).

There are 3 types of VADs (BEHBAHANI et al., 2009): that can assist both

ventricles (BiVAD) or only one – left (LVAD) or right (RVAD). It can also be mentioned that

paired VADs (one VAD for each ventricle) have also been used to substitute the entire

heart (BEHBAHANI et al., 2009). VADs can be implanted internally in the abdomen (such

as HeartMate II® ), internally in the pericardial space (such as Medtronic/HeartWare

HVAD® ) or even extracorporeally (such as CentriMag) (BEHBAHANI et al., 2009) (see

Fig. 1.1). The VAD is connected to the heart ventricle and the corresponding aorta

through tubes and is managed by a control unit that supplies energy for the blood pump

operate. According to Patlolla et al. (2009), the survival rate for intracorporeal VADs is
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higher when compared to extracorporeal VADs.

Figure 1.1 – Types of VAD implantation.

Source: Author.

The first blood pump was developed in 1934 by Michael DeBakey for transfusion

(ANDRADE et al., 2005), but the first successful implantation of a VAD only happened

in 1966 (DEBAKEY, 2000). From there, efforts have been taken in order to improve the

efficiency of heart pumps and to reduce their size. According to Behbahani et al. (2009),

since 1990, new technologies increased the efficiency of VADs, and companies started

developing VADs. Particularly, studies show increasing efficiencies in commercial VADs

(AARONSON et al., 2012), being able to reach survival rates comparable to heart

transplantation. Although VADs have saved or extended the lives of patients with heart

diseases (FRASER et al., 2011; LAHPOR, 2009), there are risks inherent to the use of

VADs, which vary depending on the device, and are due to the unphysiological conditions

that are induced in the circulatory system, possibly leading to complications such as

inflammation, infection, thromboembolism, thrombosis, heart attacks, impairments of

kidney and liver functions etc. (FRASER et al., 2011). The technological improvements

in VADs throughout the years have been helping to reduce these negative effects. There

are essentially three generations of VADs (OLSEN, 1999; OLSEN, 2000; BEHBAHANI

et al., 2009): the first, which consists of pulsatile (positive-displacement) pumps; the

second, which consists of rotary pumps of continuous and nonpulsatile flow with contact

bearings and/or seals; and the third, which is equal to the second, but with magnetic

suspension bearings, which increase the durability and reduce the hemolysis level.

According to Allen et al. (1997) and Ündar (2004), there is better compatibility of

the human body towards pulsatile flow, while nonpulsatile flow can cause alterations in

biochemical functions, such as in maintaining homeostasis, and organ specific blood

flow, such as in kidneys. Further aspects have been analyzed by Siess and Reul
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(2000). However, in terms of bioengineering, the engineering complexity of pulsatile flow

devices is higher, because there is significant stress over the constantly moving flexible

diaphragm (ALLEN et al., 1997), which demands more energy and may degenerate

the blood contacting surface, causing thrombosis, calcification, decrease in compliance,

and even failure of the device. Nonpulsatile flow devices consist of only one rigid

moving part in order to operate as a complete circulatory system (HORNE et al.,

2015) and do not need flexible components, valves and seams (ALLEN et al., 1997).

Therefore, their durability and reliability are superior and they are more compact (smaller)

than pulsatile flow devices (ALLEN et al., 1997; CHENG et al., 2014). Horne et al.

(2015) also highlights the ease of implant and transportability of nonpulsatile flow

devices. For Uni-Ventricular Hearts (UVHs), which are the result of congenital cardiac

malformations that lead to a single (or almost a single) ventricular chamber to be

functional (KHAIRY et al., 2007), nonpulsatile flow devices have been shown to be

superior than pulsatile flow devices (HORNE et al., 2015): one argument is that the

systemic venous flow is continuous to the lungs, making nonpulsatile flow devices more

adequate for this application. In the case of using a VAD, the weakened heart is still

present in the circulation and pumping, which means that there is pulsatility inherently

coming from it. Thus, a nonpulsatile VAD would act so as to increase the continuous flow

component, admist the pulsatile component that is generated by the native heart (SHU

et al., 2009). This residual pulsatility should induce flow separation (destabilization)

during deceleration/diastole within the outlet diffuser, due to the inertial effect, and

restabilization of the flow during acceleration/systole (SHU et al., 2009). Also, even

when the VAD is nonpulsatile, the residual pulsatility leads to hysteresis, creating a

closed loop in the pump curve (SONG et al., 2004c; SONG et al., 2004b) – pressure

head (H) × flow rate (Q) curve. This means that the flow inside VADs is intrinsically

transient. However, since transient analyses demand higher computational costs, they

are much less studied than steady state analyses in VADs (FRASER et al., 2011).

Another complication is the inlet velocity profile, which should depend on the interaction

of the VAD with the native heart and aorta (FRASER et al., 2011). Since the flow in

nonpulsatile VADs is usually modeled as steady state, the optimization is also usually

performed in steady state (FRASER et al., 2011).
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1.1.1.1 Operation of VADs

There are essentially three types of rotary blood pumps (REUL; AKDIS, 2000):

radial/centrifugal (fluid flow direction predominantly radial), axial (fluid flow direction

predominantly axial) and diagonal (mixed fluid flow direction). According to Behbahani et

al. (2009), centrifugal pumps can produce higher pressures at lower rotational speeds,

whereas axial pumps demand higher speeds to build up the pressure for the required

flow rate. The main advantages of axial pumps is that they are smaller and require

less power to operate (BEHBAHANI et al., 2009). However, since higher speeds may

lead to higher shear stresses, the probability of blood damage should be smaller for

centrifugal pumps. Diagonal pumps tend to have the advantages of centrifugal and

axial pumps, such as producing higher pressures (centrifugal pump) and higher flow

rates (axial pump) (REUL; AKDIS, 2000). Various types of pumps have been stud-

ied and applied to VADs. Fig. 1.2 shows some blood pump models that have been

used and/or developed: rotary diagonal (Spiral Pump® , VentrAssist® ), rotary centrifu-

gal (Gyro® C1E3, HeartMate III® , CorAide® , DuraHeart® ), rotary axial (Hemopump® ,

Jarvik 2000® , DeBakey/NASA® , HeartMate II® ), and pulsatile (HeartMate® , DAV-InCor,

Jarvik-7® TAH, AbioCor® ) (ANDRADE et al., 2005).

Figure 1.2 – Some blood pump models for VADs.

(a) Rotary diagonal
blood pump
(Spiral Pump® ).

(b) Rotary centrifugal
pump
(HeartMate III® ).

(c) Rotary axial pump
(HeartMate II® ).

(d) Pulsatile pump
(DAV-InCor).

Source: Author (based on (a) Dinkhuysen et al. (2007), (b) Abbott (2018),
(c) Thoratec (2018), (d) InCor (2018)).

According to Martonik (2017), there are 4 key parameters (called “4P”) that

should be monitored during the operation of a VAD: Pump flow (flow rate in L/min),

Pump speed (rotation in rpm), Pulse index (dimensionless parameter given by the

difference between the peak systolic blood flow rate and the minimum diastolic blood

flow rate, divided by the mean flow rate during a cardiac cycle (BARIĆ, 2014)) and
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Power (power consumption in W). The pump speed and power are the consequences

of the required pump flow and pulse index.

1.1.1.2 Common operating conditions of VADs

The operating conditions are based on the pressure head and the flow rate,

which would represent the necessary pumping capacity of blood in the human body. The

pressure head would be closely related to the variation of total (stagnation) pressure,

but the static part (static pressure) may also be used for characterization. The static

pressure is the one that is normally measured in blood flow devices, since measuring

the total pressure would require the use of an intrusive device, in order to probe the

flowing blood, such as a Pitot tube. The pressures and flow rates required for a VAD

would correspond to values that are similar to those required by a human heart. The flow

rate would correspond to the cardiac output of the human heart (SALVI, 2012), that is

approximately 5 L/min (STERN et al., 2001; LEVINE et al., 2014), but may also increase

to 20∼30 L/min during extreme exercise (STERN et al., 2001). Since the human heart

normally operates at about 85 bpm (beats/min) (i.e., 706 ms/beat) (STERN et al., 2001),

the blood pressure varies according to the cardiac contraction (diastole-systole), which

is typically 120/80 mmHg (STERN et al., 2001). In the case of nonpulsatile devices, the

blood pressure to be considered is a mean value. Some mean values are shown in

Fig. 1.3. According to Martonik (2017) and Chmielinski and Koons (2017), the mean

pressure in arteries (MAP, Mean Arterial Pressure) should be between 60 mmHg (8

kPa) and 90 mmHg (12 kPa) in order to maintain sufficient pump flow. Therefore, some

reference values for the necessary pumping capacity of VADs, also considering some

commercial VAD values for reference, are approximately: about 15 mmHg (2 kPa) for

RVAD application, and about 75 mmHg (10 kPa) for LVAD application. In the case of

LVADs for pediatric use, Throckmorton et al. (2003) consider 2∼5 L/min and 70∼95

mmHg for 2 to 12 years old; and Throckmorton et al. (2004) consider 0.5∼3 L/min and

50∼95 mmHg for 1 to 10 years old.
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Figure 1.3 – Typical blood (static) pressure values in the human body. The LVAD and RVAD positions are
also illustrated (a BiVAD would correspond to both LVAD and RVAD positions) (BONOW et al.,
2012; GREYSON, 2010). (“RA” stands for Right Atrium, “RV” stands for Right Ventriculum,
“LA” stands for Left Atrium, “LV” stands for Left Ventriculum).

RA LA LV
Pulmonary
circulation

LVAD

RV

RVAD

Systemic
circulation

mmHg
853

mmHg 15
mmHg mmHg

7p = p = p =p =

Source: Author.

The size is an important factor if the device is aimed for intracorporeal implanta-

tion (such as HeartMate III® , HeartMate II® and DAV-InCor (see Fig. 1.2)), but is not

an issue if the device is extracorporeal (such as Spiral Pump® , CentriFlux BR-100 and

Rotaflow (see Figs. 1.2 and 1.15)).

The materials used for fabricating the device should be biocompatible (WAGNER

et al., 2000; SIN et al., 2009), since they would be in contact with blood flow, and, if the

implantation is intracorporeal, they would be in contact with other human body tissues.

This can normally be achieved through the use of biomaterials or as a special surface

that induces the formation of a blood biosurface (such as in HeartMate III® ).

Therefore, the approximated typical operating conditions for a VAD are sum-

marized in Table 1.1, showing approximated values and ranges for the flow rate and

pressure rise in the VAD.

Table 1.1 – Approximated typical operating conditions for a VAD.

Approximated operating conditions
Flow rate 0.5∼5 L/min
Static pressure rise (LVAD application) ≈ 75 mmHg (10 kPa)
Static pressure rise (RVAD application) ≈ 15 mmHg (2 kPa)

1.1.1.3 Blood damage in VADs

According to Behbahani et al. (2009), a blood pump for VADs should operate in

a large range of flow rates and pressure heads (i.e., the performance should be suitable

and vary minimally with the operating condition) (FRASER et al., 2011), minimize blood

damage (i.e., have a good hematological compatibility) and should be sufficiently small

for easy implantation in children and adults. Typical isentropic efficiencies for blood

pumps are in the range of 20∼30% (FRASER et al., 2011). Blood damage that occurs
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in blood pumps consists of hemolysis and thrombosis (BEHBAHANI et al., 2009), which

are nowadays the main limiters of the usage time of VADs (SASTRY et al., 2006).

Hemolysis is the premature damage of Red Blood Cells (RBCs), in which the

membranes of the RBCs suffer lysis (breakdown), releasing their hemoglobin content

into the plasma. Also, an excess of hemoglobin being free in the plasma is considered

to be toxic and may lead to renal failure (GARON; FARINAS, 2004; DEUEL et al., 2016;

GRAW et al., 2022). The main causes of hemolysis are high shear stresses and the

exposure times to these stress levels (i.e., even if the shear stress is high, if the exposure

time is a few milliseconds, the resulting hemolysis should be minimum) (BEHBAHANI et

al., 2009; GHATTAS et al., 1995; GARON; FARINAS, 2004). Contributions from other

effects such as osmosis, chemical and thermal processes can be neglected (APEL et al.,

2001). In VADs, the stress conditions may happen due to the mechanical interaction of

the blood flow with the device (GARON; FARINAS, 2004). According to Behbahani et al.

(2009), although modern atraumatic designs can avoid RBC lysis, even minor hemolysis

can raise the hemoglobin level of the blood, deteriorating the patient’s condition and

possibly leading to kidney dysfunction and multiple organ failure. In normal conditions,

the characteristic shear stresses in a human vein/artery are in the range of 0.1∼20 Pa

(LEE et al., 2004). However, blood pumps normally induce shear stresses in the range

of 1∼1000 Pa (LEE et al., 2004), which may mean a higher risk of hemolysis. According

to Behbahani et al. (2009), the total characteristic time of an RBC inside a VAD is in the

order of 500 ms.

Thrombosis is the formation of blood clotting (thrombus), by aggregating platelets

and RBCs in vessels (PACKHAM, 1994), and is normally initiated by the body in order

to prevent bleeding, but may be caused by abnormal conditions in the blood circulation,

obstructing healthy vessels. The three main factors that lead to clotting, also called

Virchow’s triad, are, as initially defined: flow (alterations in the blood flow), surface

(abnormalities of the vascular wall), and blood (alterations in the constitution of blood)

(BEHBAHANI et al., 2009; BAGOT; ARYA, 2008). This way, thrombosis can be caused

by high shear stresses, recirculation/stagnation, and blood contacting surfaces with low

hemocompatibility (BEHBAHANI et al., 2009; DING et al., 2015). If blood clotting is

formed on the surface of a VAD, it can compromise its function and, if it detaches itself

from the surface it was formed, it may negatively affect the blood vessels of the whole

body. According to Behbahani et al. (2009), thrombosis is one of the primary causes of
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death for patients with VADs.

Kusters et al. (2017) analyzed the effect of pump heating (0.5°C) in hemolysis,

showing that, for this case, no relationship between them can be perceived. This finding

can be seen in relation to a maximum temperature rise from the normal human body

temperature, that is around 37°C (BOMMADEVARA; ZHU, 2002). According to Poder

et al. (2015), at temperatures lower than 43∼46°C, hemolysis caused by blood heating

seems to be negligible. This would mean that the temperature should not increase more

than 6∼9°C for the safe operation of a blood pump. The temperature rise may also be

caused by parts other than the rotor, such as by the volute, contact bearings and shaft

seal (GANUSHCHAK et al., 2006). Blood heating and damage are closely related to the

efficiency of the pump (TAKAMI et al., 1997), which would mean that a higher efficiency

should be able to reduce pump heating.

According to Behbahani et al. (2009), blood has various non-Newtonian fluid

properties due to its heterogeneous composition (plasma, red blood cells, white blood

cells and platelets): shear-thinning (pseudoplasticity, viscosity decreasing when under

shear stress, due to the orientation and disaggregation of red blood cells), viscoelasticity

(viscous and elastic behaviors when under deformation), and thixotropy (viscosity

decreasing through time). Due to the high shear rates that can be found in blood pumps,

the blood viscosity has been normally assumed as constant (Newtonian fluid) (FRASER

et al., 2011). However, according to heart pump simulations performed by Al-Azawy et

al. (2017), the non-Newtonian characteristics of blood should induce larger recirculation

regions and smaller thrombosis than an equivalent Newtonian fluid. Moreover, the

predicted levels of shear stresses on the walls should not vary significantly (AL-AZAWY

et al., 2017). Since the compressibility of blood is small, according to Hinghofer-Szalkay

and Greenleaf (1987), blood may be assumed as incompressible, with a density (ρ) of

1056 kg/m3.

1.1.1.4 CFD analysis and optimization in VADs

According to Behbahani et al. (2009), the use of CFD (Computational Fluid

Dynamics) in the field of heart pump development started in the 1990s, and is nowa-

days used for the design of medical devices that involve blood flow, such as blood

pumps (WIEGMANN et al., 2018), oxygenators (WU et al., 2013), and artificial heart
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valves (YOGANATHAN et al., 2005). Also, CFD provides information to predict hydraulic

efficiency, flow patterns, hemolysis, stagnation zones, local shear stress levels and

exposure times of RBCs to shear stresses (BEHBAHANI et al., 2009; FRASER et al.,

2011; YU, 2015; WIEGMANN et al., 2018; SONG et al., 2003). Through comparative

studies, it was reported that blood damage predicted by CFD shows good agreement

with experimental hemolysis (SONG et al., 2004d; SONG et al., 2004a; MITOH et al.,

2003; TASKIN et al., 2012).

The applicability of optimization to design blood pumps using CFD has been first

outlined by Antaki et al. (1995), who applied shape optimization for some non-pump

cases. Some major challenges for the design were outlined as: (1) the development

of more accurate models for modeling the governing physics of blood flow; (2) the

development of CFD models for blood-related phenomena; and (3) the development of

optimization algorithms capable of changing the shape of the device. Nowadays, the first

challenge can be considered in two ways: by modeling each RBC in the fluid flow (higher

computational cost), or by modeling an average RBC influence in the fluid flow through

non-Newtonian fluid models (lower computational cost) (see Section 2.1.2.1). The

second challenge is related to modeling blood damage in CFD, through hemolysis and

thrombosis models (see Section 2.4). The third challenge is related to the optimization

algorithms (see Section 1.1.5). Antaki et al. (1995) considers three objective functions

for optimization: shear stress, magnitude of vorticity and viscous energy dissipation.

The shear stress is closely related to the main cause of hemolysis (BEHBAHANI et

al., 2009). Vorticity indicates recirculation of bubbles in the flow (ANTAKI et al., 1995).

Viscous energy dissipation should indicate efficiency and a viscous heating measure

(ANTAKI et al., 1995). Energy dissipation and hemolysis have been shown to be related

(BLUESTEIN; MOCKROS, 1969; NAKAHARA; YOSHIDA, 1986). In particular, Bluestein

and Mockros (1969) fit a straight line between energy dissipation and hemolysis rate in

a log-log plot for blood flow under some different conditions and flow rate ranges. Since

vorticity may imply flow recirculation (BEHBAHANI et al., 2009), it is related to energy

dissipation and thrombosis. Since thrombosis can be caused by high shear stresses

(BEHBAHANI et al., 2009), it is related to hemolysis and, therefore, energy dissipation.

These relationships can be visualized in Fig. 1.4.
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Figure 1.4 – Representation of the relationship between energy dissipation, vorticity, hemolysis and
thrombosis.

Source: Author.

According to Fraser et al. (2011), depending on the specific device, VADs nor-

mally operate between low and transitional Reynolds numbers. Although there has been

some development on transitional flow models throughout the years (MENTER et al.,

2006; LANGTRY et al., 2006; AUPOIX et al., 2011; FÜRST et al., 2013), since traditional

turbulence models have been historically developed and stablished for high Reynolds

numbers (i.e., for usual engineering requirements), the modeling of the flow in VADs

is normally performed by assuming laminar or fully turbulent flow. The inlets of pumps

may feature turbulent flow, with Reynolds numbers of about 6,600∼7,000 (FRASER et

al., 2011), which are above the transition Reynolds number in pipes (2,300). However,

the interior of the pumps seems to be under laminar flow, with Reynolds numbers of

about 77,000∼155,000 (FRASER et al., 2011), which are below the transition Reynolds

number in pumps (which is in the order of 106) (SABERSKY et al., 1971; WU, 2007).

This means that the laminar flow assumption seems to be justifiable (SMITH et al., 2004;

ZHANG et al., 2006; ZHANG et al., 2007; CHUA et al., 2007). This assumption has

been experimentally tested by Burgreen et al. (2004) and Zhang et al. (2007), showing

a reported error of about 10% in the pressure rise (about 13 mmHg) with respect to

the experiments. Turbulence models have also been used for comparison (FRASER

et al., 2011) and, depending on the pump and the turbulence model, the error in the

pressure rise reduced or increased in relation to experiments. According to Kameneva

et al. (2004), turbulent flow generates turbulent stresses that exponentially increase

hemolysis. Pinotti (2000) related turbulent eddies with mechanical hemolysis, delimiting

the size of eddies that interact with RBCs for hemolysis to be dependent/independent
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from the exposure time. According to Wu (2007), in general, as the Reynolds number

increases, the efficiency should also slowly increase.

1.1.2 2D swirl flow devices

The Tesla pump is part of a more generic class of fluid flow devices, being referred

to as a 2D swirl flow device. 2D swirl flow devices are fluid flow devices based on the

2D swirl concept (2D swirl flow model). The 2D swirl flow model (2D axisymmetric flow

model with a swirl) is a specific type of model that assumes a 2D mesh and axisymmetry.

This way, the coordinates are cylindrical and there are all three velocity components

(see Fig. 1.5). The additional velocity component (vθ) points towards the outside of the

2D plane, and may be described as the swirl component of the flow. An advantage of

the 2D swirl flow model is that using a 2D mesh means that the computational cost

towards a 3D model is significantly reduced.

Particularly, the 2D swirl flow model shows good agreement with experiments

and 3D simulations (REY, 2004; KO, 2005; SUSAN-RESIGA et al., 2006). However, it

may neglect some inlet/outlet geometries, some specific flow oscillations (KO, 2005)

and the presence of auxiliary non-axisymmetric structures needed for the mechanical

assembly of the fluid flow device, such as spacers/pins needed to separate disks from

one to another or needed to attach disks to a shaft, for example.

Figure 1.5 – Representation of the 2D swirl flow model.

Source: Author.

Some examples of fluid flow devices that can be modeled by the 2D swirl flow

model are hydrocyclones (KO, 2005; MOTIN, 2015; PALADINO et al., 2007; OSEI et al.,

2016), swirling nozzles/diffusers (AMINI, 2016; HALLGREN et al., 2007; ESLAMIAN et

al., 2012), some labyrinth seals (ZHANG et al., 2016b; BELLAOUAR et al., 2013) and

some pumps and turbines (TESLA, 1913a; TESLA, 1913b; FORD, 2018) (see Fig. 1.6).
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A particularly well-known example, which is one of the aims of this work, is the Tesla

pump (TESLA, 1913a; REY, 2004), which is described in the next section.

Figure 1.6 – Some examples of 2D swirl flow devices.

(a) Hydrocyclone. (b) Nozzle. (c) Labyrinth seal. (d) Tesla pump.

Source: Author.

1.1.2.1 Tesla pump

A Tesla pump is a centrifugal pump without blades (TESLA, 1913a) composed

of parallel rotating disks spaced along a shaft (rotor), with the fluid axially entering

the rotor and radially leaving it (SASTRY et al., 2006). It is also referred as: multiple

disk centrifugal pump (MILLER et al., 1990), boundary layer pump (GILLIAM, 2012),

bladeless pump (GRANDE III; DRAPER, 2005), disc pump (DISCFLO, 2000), viscous

flow pump (similarly to Lemma et al. (2008)), friction pump (LOGAN Jr, 2003), and

shear-force pump (HASINGER; KEHRT, 1963).

The basic working principle of a Tesla pump is the Tesla principle – also called

Tesla shear principle or Tesla effect by Maloney and Buckberg (1999) – and is closely

related to the formation of the boundary layer (viscosity + Coandă effect) and is simpli-

fiedly represented in Fig. 1.7, in which the pumping effect appears due to the imposed

rotation over the two near disks with fluid between them. This pumping effect is due

to the shear forces that appear from the effect of viscosity on the velocity difference

between the fluid and the rotating disk surface, leading to the formation of a spiral

movement of fluid. If the rotation (i.e., velocity difference) is increased, the shear force

should also increase. Furthermore, if the fluid flow is increased, a drop in pressure head

is expected (HASINGER; KEHRT, 1963). More specifically, the type of boundary layer

involved in the Tesla principle is sometimes referred as Ekman layer (SCHULER et al.,

1990).
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Figure 1.7 – Tesla principle exemplified for a two-disk Tesla pump (v1 and v2 are the velocities of fluid on
the inlet and on the outlet, respectively).

Source: Author (based on Breiter and Pohlhausen (1962), Yu (2015) and Lennemann (1974)).

The spiral movement of the fluid inside a Tesla pump is illustrated in Fig. 1.8,

which also shows the main components of a Tesla pump.

Figure 1.8 – Spiral movement of fluid inside a Tesla pump and main components, according to the
geometry initially proposed by Tesla (1913a).

Source: Author (based on Alonso et al. (2019)).

In a bladed pump (bladed centrifugal pump), the fluid is mainly pumped by the

variation of linear momentum on the blades (lift forces), leading to a discontinuous slightly

pulsatile flow (in batches between each pair of blades). On the other hand, in a Tesla

pump, the fluid is mainly pumped by the effect of the viscosity (Tesla principle), leading

to a comparatively smoother flow (i.e., with a smooth change in linear momentum) and a

continuous and nonpulsatile flow. This causes the pump curves to become quite different

(see Fig. 1.9), with the Tesla pump featuring an inverse relationship between pressure

head (H) and flow rate (Q) (MALONEY; BUCKBERG, 1999; DODSWORTH; GROULX,

2015), while the bladed pump has a slower transition. Therefore, a Tesla pump may

need higher rotations or higher sizes in order to operate at the same operating point as
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a bladed pump.

Some advantages of the use of a Tesla pump in relation to a bladed pump are

(MEDVITZ et al., 2011): smaller turbulent stresses, absent cavitation conditions (since,

for bladed pumps, the blades have a pressure difference on both sides, which may

generate local vacuum from the movement of the blades and cause cavitation), no

blade to blade leakage flow, more uniform forces (since there is no blade force when

the flow exits the rotor) and simpler manufacturing and assembly. Also, the effect of

vibration in the efficiency is quite small (DODSWORTH; GROULX, 2015). According

to Dodsworth (2016), Tesla pumps are less sensitive to vibration-induced cavitation in

relation to conventional pumps, and work well with viscous fluids, which is advantageous

to cooling applications (DODSWORTH, 2016) and volatile work fluids, such as liquid

fuels (DODSWORTH, 2016). According to Hasinger and Kehrt (1963), since there is no

flow separation as in bladed pumps, the noise level should be small.

Figure 1.9 – Illustration of the flow in a Tesla pump compared to the flow in a bladed centrifugal pump (H
is the pressure head, Q is the flow rate, and n is the rotation of the rotor in rpm).

Source: Author.

The Tesla principle can be essentially applied to pumps or turbines, and has a

wide range of applications, such as steam and gas (RAJE et al., 2015; TESLA, 1921),

fluids with particulates (RAJE et al., 2015), fluids with low and high viscosities (RAJE et

al., 2015), compressors (RICE, 1991), energy generation (CAREY, 2010; LAMPART

et al., 2009), fans (ENGIN et al., 2009), lab-on-a-chip (HABHAB et al., 2016), air for

warming therapy (KHODAK, 2009) etc. The Tesla wind turbine designed by Fuller (2010)

is reproduced in Fig. 1.10. For simplicity, any fluid flow device, such as pumps and

turbines, that is based on the Tesla principle is referred as Tesla-type device in this
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work.

Figure 1.10 – Tesla wind turbine proposed by Fuller (2010).

Source: Author (based on Fuller (2010)).

Tesla pumps produced by companies such as Discflo Corporation and MXQ are

used industrially (DISCFLO, 2000; MXQ, 2000) in mainly hard-to-pump applications

(PACELLO; HANAS, 2000) (see Fig. 1.11), such as for pumping highly viscous fluids,

abrasive fluids, slurries with high solid content, fluids entrained with air/gas and delicate

and shear sensitive fluids. Some examples of such fluids would be paper stock, food,

beverages, wastewater, residues from chemical processes etc. Despite the lower effi-

ciency of Tesla pumps, according to Pacello and Hanas (2000), the use of a Tesla pump

can reduce the incidence of pump and seal failure, reduce wear from abrasion/cavitation

and prevent damage to delicate and shear sensitive fluids. In particular, some Tesla

pump design configurations have been considered for abrasive fluid pumping in Figueira

Júnior et al. (2021), in order to show that it is feasible to use a Tesla pump in mineral

pumping.

Figure 1.11 – Discflo (2000)’s Tesla pump (for hard-to-pump applications).

Source: Author (based on Discflo (2000)).

The performance of Tesla-type devices depends on (RAJE et al., 2015): the

number of disks (higher quantity would mean more torque being delivered) (BORATE;

MISAL, 2012), the disk size (higher sizes mean that the fluid flows through a longer

path and can deliver more torque), the spacing between disks (BORATE; MISAL, 2012),
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the Reynolds number (since the boundary layer thickness depends on the Reynolds

number) and the velocity of the fluid.

According to Yu (2015), the head losses that happen in a Tesla pump are due to

4 main factors: (1) steep change of the flow direction near the pump inlet; (2) viscous

energy dissipation between the disks, which should be relatively small in laminar flow;

(3) turbulent spiral flow formed on the radial outlet of the disks, which can be reduced by

reducing disk spacing and radius (YU, 2015); and (4) transition from laminar to turbulent

flow in the Tesla pump “chamber” (where the disks are) and the volute. A disadvantage

can be seen when the fluid contains large suspensions, where they may block the

gap between the Tesla pump disks (FOSTER, 2006). There is also a tendency of gas

bubbles becoming entrapped between the Tesla pump disks (FOSTER, 2006).

Various alternative rotor (disk) designs of Tesla-type devices have been devel-

oped, such as with a spiral surface roughness (BORATE; MISAL, 2012) (that is capable

of increasing the efficiency), conical disks (GRANDE III; DRAPER, 2005), curved disks

(YU, 2015; EFFENBERGER, 1983) and even hybrid forms, such as when using blades

between the disks of the Tesla-type device (COUTO; BATISTA, 2011; JOSHI et al.,

2016; O’HEAREN, 2003) or even spiral slots (SAITOH, 2011). Some of these alternative

designs can be seen in Fig. 1.12, in which the designs that are axisymmetric consist of

conical (Fig. 1.12a) or curved disks (Fig. 1.12b).
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Figure 1.12 – Alternative designs for Tesla-type devices.

(a) Conical disks
(bladeless conical radial turbine).

(b) Curved disks
(viscosity impeller ).

(c) Tesla-Pelton disks
(hybrid Tesla-Pelton
wheel disc).

(d) Tesla-radial disks
(radial turbine blade
system).

(e) Tesla-spiral disks
(centrifugal reverse flow
turbine).

Source: Author (based on (a) Grande III and Draper (2005), (b) Effenberger (1983),
(c) Couto and Batista (2011), (d) O’Hearen (2003), (e) Saitoh (2011)).

Fig. 1.13 shows some possible axisymmetric designs for Tesla-type devices:

the traditional one (straight disks and inlet); conical inlet (according to Medvitz et al.

(2011), the efficiency becomes slightly higher); varying diameters (FOSTER, 2006); and

a different disk shape (FOSTER, 2006). There are also some other variations presented

in Wilson (2006). According to Foster (2006), the disk thickness near the outlet should

be small in order not to induce the formation of a turbulent (wake) region.
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Figure 1.13 – Some axisymmetric designs of Tesla-type devices compared to the traditional (straight
inlet) design.

Source: Author.

It is also possible to apply the Tesla principle not only in the radial direction, but

in the axial direction. Some examples are shown in Fig. 1.14: concentric tubes (FORD,

2018) and parallel filaments (JIAN SHI, 2016). The parallel filaments design can be

described as a hybrid device, including the Tesla principle and a linear momentum

variation effect.

Figure 1.14 – Axial designs from the Tesla principle.

(a) Concentric tubes
(Tubular adhesion turbine or pump).

(b) Parallel filaments
(Filamentous turbine).

Source: Author (based on (a) Ford (2018), (b) Jian Shi (2016)).

1.1.3 Tesla pump as a VAD

The application of a Tesla pump to VADs (YU, 2015) is of great interest, because

its flow is continuous and nonpulsatile, leading to a reduction in blood damage – hemol-

ysis and thrombosis (IZRAELEV et al., 2009), which are the main limiting factors to the

time of usage of VADs (SASTRY et al., 2006). According to Yu (2015), in comparison to
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bladed pumps, the average shear stress induced by the flow, which is the main cause of

hemolysis, is small. Also, the movement of blades may provoke hemolysis. Therefore,

there is the possibility of significantly reducing the occurrence of hemolysis by using a

Tesla pump. Since Tesla pumps are said to be less prone to hemolysis and thrombosis

than bladed pumps, this work aims to improve this solution even further.

Some authors report that the efficiency of a Tesla pump is relatively small

(less than 20% (YU, 2015; FOSTER, 2006)), but others (HASINGER; KEHRT, 1963)

report that efficiencies up to 60% should be possible. In the case of a Tesla turbine,

Shimeles (2014) reports a maximum efficiency of about 48% in his Tesla turbine model

in Ansys® Fluent. A low efficiency should generate heat transfer to the blood and arises

the possibility of becoming a problem to the blood and the patient’s health (YU, 2015).

Therefore, there is a need to improve this efficiency.

The low efficiency mentioned in the previous paragraph is not verified when

operating in laminar flow with a large number of disks and optimum small flow rates

for each pair of disks, in which, it would be possible to get to efficiencies as high as

95% (analytical result) (RICE, 1991; CHOON et al., 2011; YU, 2015; LOGAN Jr, 2003).

Crawford and Rice (1974) claim that a Tesla pump can be designed with high efficiency

for fluids with any viscosity and density. According to Logan Jr (2003), while the pumping

efficiency of the fluid between the disks can be very high, the inherent losses on the

inlet and outlet of the rotor may considerably reduce the efficiency. From published

information concerning actual Tesla-type pumps, the efficiency did not exceed 60%

(LOGAN Jr, 2003).

The idea of using a Tesla device as a blood pump was first examined by Dorman

et al. (1966 apud MOODY, 2016) and from then it has been studied by various other

scientists (HASINGER; KEHRT, 1963; RICE, 1991; IZRAELEV et al., 2009). Miller et al.

(1993) experimentally analyzed the operation of a Tesla pump for a blood analogue at

a range of physiological conditions, which showed good agreement of pressure levels

and flow rates of natural hearts and various VADs. Also, the experiments showed that

the necessary rotation speeds for Tesla blood pumps were smaller than other pumps,

leading to lower shear forces on the flow, which should decrease hemolysis. Miller et

al. (1993) also analyzed the the effect of using a pulsatile rotation in a Tesla pump: by

reducing rotation during diastole, the need for valves as a mechanism to control flow

direction was also reduced. Miller et al. (1995) performed a preliminary flow visualization
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study of a Tesla pump through Particle Image Velocimetry (PIV), showing that no eddies

or flow stagnation were formed in the tested flow rates with rotations between 500 and

2000 rpm. The flow pattern for pulsatile flow resulted the same as in the corresponding

continuous flow, with only the velocity magnitude varying according to the pulsation.

Miller and Rainer (1999) experimentally analyzed the performance of Tesla pumps for

blood flow considering different quantities of disks and disk spacings. Manning and

Miller (1999) analyzed the effect of the interface between the shaft and a mechanical

seal (i.e., not using magnetic suspension), for shaft seals made of Teflon or nylon, and

shafts coated with stainless steel or Melonite. The study was performed with a gas (air),

showing significant heat generation, but the authors claim that the use of a liquid (such

as water or blood) should act as a coolant, which may reduce the temperature rise, and

mean that heat thermal effects such as heat initiated hemolysis may not be an issue for

the case of pumping blood.

The effect of turbulence in the performance of a Tesla pump has been hinted by

Naz et al. (2017), that performed simulations considering turbulence. However, there

was no comparison of whether laminar or turbulent flow is better for the performance of

a Tesla pump or not. In the case of a Tesla turbine, simulations performed by Rey (2004)

with incompressible fluid showed a 40% increase in the efficiency when operating under

turbulent flow. Similar results were obtained for compressible fluid (air) by Siddiqui et al.

(2014) and Peshlakai (2012). In fact, Peshlakai (2012) even comments that turbulence

in the flow should be essential for achieving high power and high efficiency, and also

that, even though the efficiency slightly reduces as turbulence increases in the flow, the

power output maintains a steady linear increase. In the case of a Tesla pump for VADs,

since turbulent stresses should also lead to increasing hemolysis, there should be a

trade-off between turbulence and hemolysis.

There are patents that consider the use of a Tesla pump as a VAD, with

straight disks (GILL et al., 2009) and curved disks (KLETSCHKA; RAFFERTY, 1975;

RAFFERTY; KLETSCHKA, 1972; RAFFERTY; KLETSCHKA, 1976). Fig. 1.15 shows

some commercial extracorporeal Tesla pumps for blood flow. The first one (Fig. 1.15a)

is CentriFlux BR-100 (Braile® Biomédica), which is similar to BPX-80 BIO-Pump Plus

(Medtronic® ), composed of three rotating disks. The second one (Fig. 1.15b) is a

Rotaflow pump (Maquet® ), which is similar to Safira CentriFlux (Braile® Biomédica),

and can be roughly said to be a hybrid Tesla pump due to the small outlet disk spacing
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– the overall geometry is a slightly conical disk below the blades and a conical shape

over the blades, gradually reducing the disk spacing with the radius. Another “rough”

hybrid Tesla pump would be Affinity CP (Medtronic® ), which features a single rotating

conical disk. CentriFlux BR-100 and Affinity CP use a mechanically-coupled rotating

shaft, while Rotaflow uses a magnetic driving system, but maintaining a small contact

bearing sphere. As opposed to the contact bearing approach, the bladed centrifugal

pump CentriMag, which is not a Tesla pump, uses magnetic bearings.

Figure 1.15 – Some commercial extracorporeal Tesla pump models.

(a) CentriFlux BR-100. (b) Rotaflow.

Source: Author (based on (a) Braile Biomédica (2017), (b) Maquet (2018)).

Couto et al. (2006) analytically estimates the necessary number of disks required

for a Tesla device in order to perform a desired function. Choon et al. (2011) performed

parametric optimization in 3D, in relation to the number of disks, spacing between disks,

diameter of the disks and size of the volute, reaching an efficiency of 10.7% with a torque

of 0.0330 Nm. Dodsworth and Groulx (2015) performed an experimental parametric

analysis of the disk spacing with water, concluding that smaller disk spacings lead to

higher efficiencies. According to Borate and Misal (2012), machining spiral surface

roughness on the disks can increase efficiency. By using a hybrid Tesla device with

Tesla-Pelton disks (COUTO; BATISTA, 2011) (see Fig. 1.12c), the Pelton-like blades

imbued on the disk should increase the torque transmission. According to Foster (2006),

the outlet thickness of the disks should be small so as not to form a wake-like region

when the fluid exits the disks.

The possible ways to model the flow in a Tesla pump rotor can be seen in

Fig. 1.16. In the case of modeling the flow between straight disks, it is possible to

simplify it to a 1D model (PUZYREWSKI; TESCH, 2010; BASSETT, 1975) or a 2D

model (SCHOSSER et al., 2014; SCHOSSER et al., 2017; BEANS, 1966) viewing

an averaged fluid flow from above the disks (in Cartesian or cylindrical coordinates).
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The 3D model may be expressed in Cartesian or cylindrical coordinates. Rey (2004)

analyzed the applicability of the 2D swirl flow and 3D models in CFD (Computational

Fluid Dynamics), concluding that the difference between the results is small, which

shows that the application of the 2D swirl flow model to the analysis of a Tesla pump is

valid. Shimeles (2014) also arrived at a similar conclusion. In this work, the Tesla pump

rotor is modeled by the 2D swirl flow model.

Figure 1.16 – Possible ways to model a Tesla pump rotor.

Source: Author.

It can be highlighted that, although the 2D swirl flow model is adequate for

modeling the Tesla pump rotor, since a Tesla pump rotor may be composed of more than

two disks, there is a mechanical need for circumferentially-spaced spacers to separate

the disks (LETOURNEAU, 1981; FOSTER, 2006; DODSWORTH, 2016; MOODY, 2016;

HOLLAND, 2015; POLISETTI et al., 2017), or arms to connect the disks to the rotating

shaft (TESLA, 1913a; TESLA, 1913b; KRISHNAN, 2015; RYKE; IGARASHI, 2015; LI

et al., 2017) (see Fig. 1.17). It is also possible to consider both configurations at the

same time (LETOURNEAU, 1981; RYKE; IGARASHI, 2015). Note that the commercial

Tesla blood pump CentriFlux BR-100 considers circumferentially-spaced spacers. Other

pumps that consider these spacers are from the hard-to-pump applications (PACELLO;

HANAS, 2000), such as from Discflo Corporation and MXQ (see Fig. 1.11). Since the

2D swirl flow model features axisymmetry, the presence and the effect of such structures

are neglected.
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Figure 1.17 – Spacers or arms positioned on Tesla pump rotor disks.

Source: Author.

1.1.4 Casing/volute design

In this work, the casing/volute is optimized with the same tooling that is devised

and implemented for the Tesla pump rotor. However, although the Tesla pump rotor can

be designed with the use of the 2D swirl flow model, the casing is not modelable the

same way. The casing of a VAD is illustrated in Fig. 1.18. It has the objective to convert

the fluid kinetic energy from the rotor into (static) pressure, while also redirecting the

flow towards the discharge pipe. Since the casing highly influences the efficiency of the

pump, the head loss in it should be minimum (LOBANOFF; ROSS, 1910), as well as

the eddy formation (SAHU, 2000).

Figure 1.18 – Simplified configuration of the rotor and the volute in a VAD, showing the terminology that
is used for some parts of the volute – tongue and discharge nozzle.

Source: Author.

The casing of a pump is defined as the housing of the rotor, which may be

connected or not to the rotating shaft. There are essentially three types of casing design

for centrifugal pumps (SAHU, 2000) (see Fig. 1.19): volute-type casing, which features

a flow path around the rotor until the discharge pipe; diffuser ring casing, which features

a diffuser ring (guide blades/vanes – since these additional blades are static, this type
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of casing is also called turbine casing); and vortex casing (also called whirlpool casing),

which features a vortex chamber (whirlpool chamber) around the rotor. These three

types may lead to improvement in the pump efficiency and may be used combined or

isolated.

Figure 1.19 – Types of casing design for centrifugal pumps (the rotor is represented illustratively by a
gray circle and is represented with, illustratively, different external diameters for each type
of casing).

Source: Author.

In this work, only the volute-type casing is considered. The volute-type casing is

the most used because of the simplicity of its construction. Various types of volute-type

casing are shown in Fig. 1.20.

Figure 1.20 – Types of volute-type casing.

Source: Author.

The simplest and first developed type of volute is the single-volute (LOBANOFF;

ROSS, 1910), with only one channel. There are essentially two main shapes that are

used (see Fig. 1.20), which are the volute (spiral) and circular shapes. The discharge

nozzle/outlet may be positioned tangentially (SATOH et al., 2005; MATSUI et al., 2006;

YANG et al., 2011; LOBANOFF; ROSS, 1910) or radially (MAJIDI; SIEKMANN, 2000;

BANSAL, 2005; GÜLICH, 2014; ASUAJE et al., 2005) in relation to the rotor. According

to Lobanoff and Ross (1910), the circular shape is more adequate for low pressure

heads and/or low rotations, featuring higher efficiencies than the volute shape under
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these conditions. This happens because the velocities and pressure in the circular

shape are uniform at lower velocities, while, in the volute shape, they are only uniform at

the BEP (Best Efficiency Point) (LOBANOFF; ROSS, 1910). Therefore, circular volutes

are normally used when it is needed to pump large volumes of liquid instead of when a

higher pressure head is needed (MC NALLY INSTITUTE, 2019). Lobanoff and Ross

(1910) do not recommend using the circular shape when operating with multiple stages.

For the volute shape, Tuzson (2000) recommends that the diameter of the base circle of

the volute curve is 10% higher than the diameter of the rotor.

The volute may feature more than one channel (see Fig. 1.20). By includ-

ing a splitter (dividing rib) inside the single-volute, the original volute becomes two

mounted volutes (double-volute, also referred as dual-volute) inside the same 2D plane

(2D mounted). Other double-volute configurations may be in a 3D configuration (3D

mounted) or in a combination of both 2D and 3D configurations (LOBANOFF; ROSS,

1910; RODRIGUES, 2011). This causes a reduction in radial thrust and it is possi-

ble to achieve higher efficiencies (LOBANOFF; ROSS, 1910). It is also possible to

include more splitters, as in triple-volutes and quad-volutes, but the manufacturing

cost should increase more than the flow characteristics are improved (LOBANOFF;

ROSS, 1910). Other variations for the double-volute are also shown in Fig. 1.20: 2D

anti-parallel (without splitter) (LIU et al., 2015; REY, 2004; SHIMELES, 2014), symmetric

heart-shape (with an arrow-like splitter) (FLATHERS et al., 1996) and 3D anti-parallel

(with a circular splitter) (JIAO et al., 2009; KUSZTELAN et al., 2011). While using a

double-volute, Becker et al. (1981) includes a small splitter near the end of the volute,

claiming that it enhances the flow characteristics. The tongue (cutwater ) (shown in Fig.

1.18) (LOBANOFF; ROSS, 1910) has been optimized through parametric optimization

by Chen et al. (2017). Mohite (2013) mentions that an adjustable tongue may be used

for operating under conditions other than the design conditions.

The volute may feature different cross sections (LOBANOFF; ROSS, 1910; YANG

et al., 2011; CFTURBO, 2019), such as rectangular (adequate for low speeds), trapezoid

(which features less intense secondary flow than the rectangular cross section), round,

and horseshoe-shaped (see Fig. 1.21). According to the simulation results by Yang et

al. (2011), the round cross section is the most efficient, while the least efficient are the

rectangular and trapezoid cross sections. Further analysing the round cross section,

Lee et al. (2017) varied its aspect ratio, changing it to an ellipse, and observed that, if
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the ellipse is stretched in the radial direction, the efficiency slightly decreases due to

more significant secondary flow development in the volute (no significant difference in

efficiency was observed for the circle and the ellipse stretched in the axial direction).

Since the cross section cannot be visualized in a simplified 2D model for the flow path,

if a 2D model is used for the optimization, an adequate cross section would need to be

selected when fabricating it (such as from Fig. 1.21).

Figure 1.21 – Some types of volute cross sections.

Source: Author.

Heinrich and Schwarze (2016) perform shape optimization of the cross sections

of the 3D model of a volute, reducing the total pressure loss by 12%. Heinrich (2016)

points out three main characteristics for the design: location of the inlet of the volute

shape in relation to the rotor outlet, radial location of the discharge nozzle, and format

of the cross sections. According to Heinrich (2016), if the first two of the pointed out

characteristics are well selected, the influence of the format of the cross section does

not have a significant effect on efficiency. Considering this statement, it can be said

that a 2D model should be able to capture the main characteristics that influence volute

efficiency.

Baloni et al. (2015) performs parametric optimization of the volute of a blower

through the Taguchi method. Kim et al. (2012) applies RSM (Response Surface

Methodology) to optimize the volute, aiming to increase the pressure head. Shim et al.

(2016) employs parametric optimization for the splitter of a double-volute, considering

the k-ω turbulence model, and three objective functions: hydraulic efficiency at the

design flow rate, and radial thrust coefficient at 70% and 120% of the design flow rate.
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1.1.5 Optimization methods

According to Logan Jr (2003), most of the Tesla devices are designed using

intuition and simple calculations (1D model) or empirical experiences (trial and error )

and rules of thumb. This shows the need of applying a systematic process (optimization)

to reach an optimal design for a given application of a Tesla device. There are essen-

tially three distinct optimization methods in Engineering (see Fig. 1.22): parametric

optimization, which aims to optimize a closed set of parameters of the design; shape

optimization, which aims to optimize the contour, by using, for example, a closed set

of splines (or NURBS), level-set functions or the direct movement of boundary nodes;

and topology optimization, which aims to optimize the distribution of a variable in the

design domain. All deterministic optimization methods are based on the computation of

sensitivities (derivatives) with respect to the design variables. The way the sensitivities

are considered characterizes each optimization method and directly corresponds to how

the optimization proceeds: parametric optimization is based on parametric (pointwise)

sensitivities, shape optimization is based on shape (boundary) sensitivities (present

only on the shape (boundary)), and topology optimization is based on the distributed

(domain) sensitivities (distributed over a predefined design domain).

Figure 1.22 – Examples of optimization methods applied to the design of a Tesla pump rotor in the 2D
swirl flow model.

Source: Author.

The possibility of using optimization methods in blood pump design was initially

presented by Antaki et al. (1995), and the main advantage is that they can guarantee

an improvement of performance. Optimization in equipments which operate under the

Tesla principle has already been performed parametrically, for quantity, spacing and

size of the disks (CHOON et al., 2011).

From the optimization methods presented in Fig. 1.22, the most generic is the
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topology optimization method, because it can create any type of shape from an initial

design domain, being even able to create boundaries that did not initially exist in the

initial guess of the shape, which is not possible in shape optimization. Furthermore,

it normally has the advantage of not requiring the finite element mesh to be redrawn

during each optimization step, which require a special treatment in parametric and

shape optimizations. The topology optimization method was initially applied to structural

problems (BENDSØE; KIKUCHI, 1988) and has been extended to the area of fluids by

Borrvall and Petersson (2003).

1.1.6 Fluid flow topology optimization

Fluid flow topology optimization (fluid topology optimization) is the topology

optimization method considered for fluid flow. It consists of distributing fluid and solid

over a given design domain. The way the topology optimization method performs

this distribution may be realized by various approaches, such as: the pseudo-density

approach (ROZVANY et al., 1992; ROZVANY, 2001), extended to fluid problems by

Borrvall and Petersson (2003); the level-set approach (OSHER; SETHIAN, 1988; DUAN

et al., 2016; ZHOU; LI, 2008); or topological derivatives (SOKOLOWSKI; ZOCHOWSKI,

1999; SÁ et al., 2016). The pseudo-density approach optimizes the distribution of a

variable (pseudo-density) inside the design domain, defining the positions in which there

is solid or fluid. The level-set approach consists of optimizing an initially sinuous 3D

surface in which one of its contour levels corresponds to the optimized contours between

solid and fluid. Topological derivatives consist of optimizing through perturbations

around the solid portions of the design domain, which means that they change how the

sensitivities are computed, how the topology optimization progresses, and operate with

the design variable binarily. The pseudo-density approach is used in this work, since,

according to Deng et al. (2013b), it provides a rapid and robust convergence, a weak

dependence in relation to the initial distribution of the design variable and it can deal

with multiple constraints.

From the initial work by Borrvall and Petersson (2003), the topology optimiza-

tion method has been applied to various different fluid flow physics: Stokes flows

(BORRVALL; PETERSSON, 2003), Darcy-Stokes flows (GUEST; PRÉVOST, 2006;

WIKER et al., 2007), Navier-Stokes flows (EVGRAFOV, 2004; GERSBORG-HANSEN
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et al., 2005; OLESEN et al., 2006), slightly compressible flows (EVGRAFOV, 2006),

compressible flows (SÁ et al., 2021; OKUBO et al., 2022), non-Newtonian flows

(PINGEN; MAUTE, 2010; HYUN et al., 2014; ZHANG; LIU, 2015; ROMERO; SILVA,

2017; ALONSO et al., 2020), turbulent flows (PAPOUTSIS-KIACHAGIAS et al., 2011;

YOON, 2016; DILGEN et al., 2018; YOON, 2020; SÁ et al., 2021), thermal-fluid flows

(KOGA et al., 2013; YAJI et al., 2016; SATO et al., 2018; RAMALINGOM et al., 2018),

unsteady flows (NØRGAARD et al., 2016; CHEN et al., 2017) etc. The topology opti-

mization method has also been extended to design fluid devices, such as valves (SONG

et al., 2009), mixers (ANDREASEN et al., 2009), rectifiers (JENSEN et al., 2012), and

centrifugal bladed pumps/turbines (ROMERO; SILVA, 2014, 2017). In the design of cen-

trifugal bladed pumps/turbines, Romero and Silva (2014, 2017) modeled the fluid flow

in a rotating reference frame, optimizing the fluid motion over the impeller of centrifugal

pumps, in which Coriolis and centrifugal effects are present. Sá (2016) and Sá et al.

(2018) performed experiments to evaluate the topology optimization designs obtained

through this formulation.

In particular, the use of a 2D swirl flow model in topology optimization was

considered in Alonso et al. (2018), and was further analyzed for Newtonian laminar

pump design in Alonso et al. (2019), which also considers a material model for topology

optimization that includes a different intensity for the swirl effect.

The material model that performs the transition between liquid and solid may be

given by a porous medium with permeability controlled by the topology optimization. The

model that has first been considered in this approach for topology optimization is the

Brinkman model (based on Darcy’s Law) (DARCY, 1856; BRINKMAN, 1947) in Borrvall

and Petersson (2003). Another possible model includes an additional inertial effect

(Forchheimer term (FORCHHEIMER, 1901)) that is present in porous materials, leading

to the Brinkman-Forchheimer model (or Forchheimer model) (HUANG; AYOUB, 2006;

ALIMOHAMADI et al., 2014; PHILIPPI; JIN, 2015; ALONSO; SILVA, 2021; ALONSO;

SILVA, 2022b). The effect of body forces, such as gravity force, and Coriolis and

centrifugal inertial forces, has been previously analyzed by Deng et al. (2013a, 2013b).

Since not all fluids feature Newtonian properties (linear properties), and can exhibit

non-Newtonian effects (nonlinear effects), the optimized topologies may vary. This

is shown in Pingen and Maute (2010) for 2D channel design considering blood flow

according to the Carreau-Yasuda model. Non-Newtonian fluid design has also been
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analyzed by Romero and Silva (2017) for bladed blood pump design (modified Cross

model), by Zhang and Liu (2015) for arterial by-pass grafts (modified Cross model),

and by Alonso et al. (2020) for 2D swirl flow (Carreau-Yasuda model). Particularly,

some works consider additional penalizations in the non-Newtonian viscosity inside the

modeled solid material: Pingen and Maute (2010) consider an additional penalization

for enforcing the Newtonian value of blood viscosity inside the modeled solid material,

whereas Hyun et al. (2014) and Alonso et al. (2020) consider the additional penalization

to enforce the low-shear rate value of blood viscosity inside the modeled solid material.

Previously, works on topology optimization aimed to minimize hemolysis by

indirectly minimizing the energy dissipation (ZHANG; LIU, 2015) or a simplified version

close to the real hemolysis index – from Montevecchi et al. (1995) (ROMERO; SILVA,

2017). In terms of thrombosis, it had only been considered indirectly through vorticity

(ROMERO; SILVA, 2017). However, recent works (ALONSO; SILVA, 2021) considered

the computation of the real hemolysis and thrombosis indices, which require the solution

of differential equations.

There is a relatively recent field called Adaptive Topology Optimization

(EVGRAFOV, 2015; DUAN et al., 2015; GUPTA et al., 2020), in which the finite element

mesh for the simulation can be adaptively refined/coarsened according to the current

topology in order to try to better simulate the fluid flow behavior and/or define the

optimized boundaries better. This scheme may be considered as a multi-resolution

scheme when the design variable is given for a different discretization than the fluid flow

simulation.

The pseudo-density approach for topology optimization normally relies on the

relaxation of the binary values for solid (0) and fluid (1), by enabling a continuous transi-

tion between these two values (Section 2.5.1.1). This is performed for better numerical

conditioning. However, there are researches that rely on some adaptations/filterings or

linearizations in order to stably allow applying topology optimization to binary values, as

in the BESO (Bi-directional Evolutionary Structural Optimization) (HUANG; XIE, 2007)

and TOBS (Topology Optimization of Binary Structures) (SIVAPURAM; PICELLI, 2018;

SIVAPURAM et al., 2018; PICELLI et al., 2020b) methods, which rely on integer opti-

mizers (ILP, Integer Linear Programming). Therefore, a discrete solution is imposed in

the optimizer level, which enforces a binary variables solution through a linearization,

making it possible to achieve clearly defined topologies during topology optimization
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rather than in its end. Particularly, the TOBS algorithm has been first considered for

structural topology optimization (SIVAPURAM; PICELLI, 2018; SIVAPURAM et al., 2018;

PICELLI et al., 2020b), but has also been considered for fluid flow optimization (SOUZA

et al., 2021), and for FSI applications (PICELLI et al., 2020a). It can also be mentioned

that, since TOBS considers discrete design variable configurations during topology

optimization, the dependency of the material model penalization in the optimization pro-

cess is lessened with respect to the optimization performed for continuous values (due

intermediate design variable values not appearing). From the TOBS algorithm, there is

also the TOBS-GT (Topology Optimization of Binary Structures - Geometry Trimming)

approach (PICELLI et al., 2021), which may be roughly described as a multi-resolution

scheme, since it relies on TOBS being applied to a fixed mesh for the design variable,

but the simulations being performed in post-processed meshes with smoothed contours.

The main advantage of TOBS-GT would involve having explicitly defined boundaries

during topology optimization, allowing the direct application of wall functions, which are

normally required for two-equation turbulence models such as the k-ε and k-ω models.

The topology optimization problem may have more than one solution (local

minima), as in a bifurcation problem (FARRELL et al., 2016; PAPADOPOULOS et

al., 2020), depending on the parameters of the optimization and how they are varied

(BORRVALL; PETERSSON, 2003).

The sequence of a design approach using topology optimization is shown in Fig.

1.23. It starts with the definition of the design domain for the fluid flow device (in this case,

the Tesla pump rotor), together with the corresponding boundary conditions. Then, the

domain is discretized, in the form of a mesh. After this, the topology optimization method

is defined for given objective functions and constraints that are specific to the problem.

By performing the topology optimization algorithm, the optimized topology is obtained.

The optimized topology is then post-processed and verified through simulations. In the

end, the corresponding prototype is designed, fabricated and tested.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 86

Figure 1.23 – Sequence of a design approach using topology optimization.

Source: Author.

1.1.7 Summary of the state of the art

From the last sections, the technological gap previous to this work could be

noticed in the topology optimization of 2D swirl flow devices. For clarity, some of the

main points are highlighted below:

• The 2D swirl flow model was not previously considered for topology optimization.

This means that it needs to be included in the topology optimization formulation

(ALONSO et al., 2018);

• The material model in fluid topology optimization has been previously considered

as the Brinkman model (BORRVALL; PETERSSON, 2003), and as the Brinkman-

Forchheimer model (PHILIPPI; JIN, 2015; ALONSO; SILVA, 2022b). For 2D swirl

flow, specific adjustments may be introduced in the fluid topology optimization

material model (ALONSO et al., 2019);

• Non-Newtonian fluid flow has been previously considered only for 2D flow

(PINGEN; MAUTE, 2010; HYUN et al., 2014). This means that it was yet to be

considered in 2D swirl flow topology optimization (ALONSO et al., 2020);
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• Blood damage models were not previously considered in topology optimization.

Previously, the minimization of blood damage was considered indirectly, as a

shear stress power (for hemolysis) (ANTAKI et al., 1995; ROMERO; SILVA, 2017),

and as vorticity (for thrombosis) (ROMERO; SILVA, 2017). This means that a

direct minimization was yet to be included in the topology optimization formulation

(ALONSO; SILVA, 2021);

• Turbulent flow has been previously considered for 2D flow (YOON, 2016; DILGEN

et al., 2018; YOON, 2020), but still not for 2D swirl flow. For 2D swirl flow, it was

yet to be considered in 2D swirl flow topology optimization (ALONSO et al., 2021;

ALONSO et al., 2022).

1.2 MOTIVATION

Among the possible types of VADs, the Tesla pump is a highly relevant option

for pumping blood, mostly due to its possibility, in relation to bladed pumps, of reducing

blood damage. This makes the Tesla pump an interesting possibility for optimization

– in particular, for topology optimization. For this aim, a novel formulation for topology

optimization needs to be developed, based on 2D swirl flow, novel material models,

Non-Newtonian fluid, blood damage models, and laminar/turbulent flows. Furthermore,

a turbulence model that is more adequate for topology optimization should also be

incorporated in the topology optimization formulation – i.e., the Wray-Agarwal turbu-

lence model (WA2018), due to its compactness and dependency with less topology

optimization parameters than other models.

1.3 OBJECTIVES

The objectives of this work are to:

• Devise a novel topology optimization methodology for optimizing 2D swirl flow

devices (more generic class of devices which includes the Tesla pump), by consid-

ering non-Newtonian fluid (blood), and laminar/turbulent flows;

• Include the minimization of hemolysis and thrombosis in topology optimization

through blood damage models;
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• Formulate a topology optimization approach for considering the Wray-Agarwal

turbulence model (WA2018);

• Design Tesla VAD prototypes based on the 2D swirl concept (rotor and volute);

• Fabricate the optimized Tesla VAD prototypes through additive manufacturing and

experimentally evaluate them.

1.4 SCIENTIFIC CONTRIBUTION

The scientific contributions of this work are:

• Topology optimization methodology for optimizing 2D swirl flow devices (more

generic class of devices which includes the Tesla pump), by considering non-

Newtonian fluid (blood), and laminar/turbulent flows;

• Topology optimization formulation including the minimization of hemolysis and

thrombosis through blood damage models;

• Topology optimization formulation considering the Wray-Agarwal turbulence model

(WA2018);

• Design of the rotor and volute of VADs based on the 2D swirl concept;

• Fabrication of the optimized Tesla VADs through additive manufacturing and

experimental evaluation of the prototypes.

Currently, nine related journal articles have been published, while one has been

accepted for publication:

• “Topology optimization applied to the design of 2D swirl flow devices” (ALONSO

et al., 2018);

• “Topology optimization based on a two-dimensional swirl flow model of Tesla-type

pump devices” (ALONSO et al., 2019);

• “Non-Newtonian laminar 2D swirl flow design by the topology optimization method”

(ALONSO et al., 2020);

• “Topology optimization for blood flow considering a hemolysis model” (ALONSO;

SILVA, 2021);
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• “Flexible framework for fluid topology optimization with OpenFOAM® and finite

element-based high-level discrete adjoint method (FEniCS/dolfin-adjoint)”

(ALONSO et al., 2021);

• “Topology optimization applied to the design of Tesla-type turbine devices”

(ALONSO; SILVA, 2022b);

• “Topology optimization method based on the Wray-Agarwal turbulence model”

(ALONSO et al., 2022);

• “Topology optimization of turbulent fluid flow via the TOBS method and a geometry

trimming procedure” (PICELLI et al., 2021);

• “Topology optimisation for rotor-stator fluid flow devices” (MOSCATELLI et al.,

2022);

• “Blood flow topology optimization considering a thrombosis model” (ALONSO;

SILVA, 2022a, accepted).

The author had related works presented in the international conferences WCCM

(World Congress in Computational Mechanics) and USNCCM (U.S. National Congress

on Computational Mechanics). They are listed as follows:

• “Topology Optimization Applied to the Design of a Tesla Pump” (WCCMXIII, 2018);

• “Design of non-Newtonian 2D swirl flow devices by using the Topology Optimization

Method” (USNCCM15, 2019);

• “Topology optimization design considering 2D swirl turbulent flow” (WCCM14,

2021);

• “Topology optimization design of blood flow devices considering a hemolysis

model” (USNCCM16, 2021).

Furthermore, the source code of the FEniCS TopOpt Foam library (ALONSO et

al., 2021) is made available in a git repository 1.

1.5 OUTLINE OF THE THESIS

The thesis is organized as follows:
1 https://github.com/diego-hayashi/fenics_topopt_foam
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• In Chapter 2 (“THEORETICAL FOUNDATION”), the fluid flow modeling is formu-

lated, from the equilibrium equations for 2D fluid flow, the non-Newtonian fluid

model, and the boundary conditions; the Finite Element Method (FEM) is then

briefly derived and defined; performance and characterization quantities related to

the design of the Tesla pump device are defined; the blood damage modeling for

hemolysis and thrombosis is presented; and the topology optimization method is

presented, alongside pattern repetition, regularization and post-processing.

• In Chapter 3 (“NUMERICAL IMPLEMENTATION”), the implementation of the topol-

ogy optimization method is described, some numerical considerations necessary

for the numerical implementation are also presented, and an interfacing with the

OpenFOAM® software for the computation of turbulence is presented.

• In Chapter 4 (“EXPERIMENTAL SETUP”), the design and fabrication of the experi-

mental apparatus and prototypes are described.

• In Chapter 5 (“RESULTS AND ANALYSES”), the numerical and experimental

results are presented, by considering the articles that have already been published,

and some further results.

• In Chapter 6 (“CONCLUSIONS AND FUTURE WORK”), some conclusions are

inferred and some ideas for future work are presented.
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2 THEORETICAL FOUNDATION

The fluid flow in a Tesla pump rotor can be interpreted as an axisymmetric

flow comprising rotation around an axis. Therefore, it may be modeled by a 2D swirl

flow model. The 2D swirl flow model is a simplification of the complete 3D model by

considering axisymmetry, and consists of a 2D domain with three velocity components

(i.e., including a swirl velocity component besides the 2D plane velocity components).

From this simplification, the simulations should be computationally less expensive than

a complete 3D model (ALONSO et al., 2018; ALONSO et al., 2019). The fluid flow in

the volute can be interpreted as a 2D flow exiting the rotor, towards an outlet. For this

interpretation, it is necessary to assume that the effect of the boundary layer outside the

2D plane is negligible. This way, the volute may be modeled by a 2D flow. Throughout

this work, the greek letter Π refers to the corresponding 3D domains, whilst the greek

letter Ω refers to the 2D / 2D swirl flow domains. From the explanation in Section 1.1.1,

the Tesla pump rotor is modeled considering steady state in this work. Since the flow

exiting the Tesla pump rotor can be assumed to be axisymmetric, the inlet flow to the

volute can be assumed to be approximately uniform and the transient condition would

not necessarily need to be considered. Note that, in the case of a bladed pump, since

the fluid is pumped in batches, such analysis should be more important.

Therefore, the fluid flow is modeled for incompressible non-Newtonian fluid

(blood), steady state regime, and a rotating reference frame. The extension to turbulent

flow is also presented. In the following sections, the formulation and modeling of the

fluid flow for the numerical implementation are presented.

2.1 FORMULATION AND MODELING FOR FLUID FLOW

There are two main approaches to model fluid flow, which are the hydrodynamic

and kinetic approaches. The hydrodynamic approach is based on the hydrodynamic

description of fluid flow, which is a macroscale description from the continuum equations

for fluid flow (i.e., the continuity and Navier-Stokes equations) (NØRGAARD, 2017). The

kinetic approach is based on the kinetic description of fluid flow, which is a mesoscale

description from the kinetic theory, considering that the fluid particles are distributed

statistically (it is essentially composed of the Lattice-Boltzmann Method (LBM)) (SHAN



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 92

et al., 2006; NØRGAARD, 2017; PERUMAL; DASS, 2015). Both approaches are valid

for modeling fluid flow and have been applied to the simulation and optimization of fluid

flow devices (EVGRAFOV, 2004; YAJI et al., 2016).

In this work, the fluid flow is modeled by the hydrodynamic approach, mainly

through FEM. The Partial Differential Equations (PDEs) (strong form) used for modeling

the fluid flow are presented next, initially for laminar flow. Then, this formulation is

extended to turbulent flow.

2.1.1 Equilibrium equations (laminar flow)

The fluid flow is presented in this section for for laminar incompressible flow

under steady state conditions. By considering a rotating reference frame, the continuity

and Navier-Stokes (linear momentum) equations are presented as follows (MUNSON et

al., 2009; WHITE, 2011; ROMERO; SILVA, 2014; REDDY; GARTLING, 2010)

∇•v = 0 (2.1)

ρ∇v•v = ∇•T + ρf − 2ρ(ω∧v)− ρω∧(ω∧r) (2.2)

where v is the velocity relative to the reference frame, r is the radial position in the fluid

with respect to the rotation axis, ρ is the density of the fluid, ρf is the body force per

unit volume acting on the fluid, ω is the rotation of the reference frame, −2ρ(ω∧v) is

the Coriolis force, −ρω∧(ω∧r) is the centrifugal inertial force, “ • ” is used to denote the

inner product as defined in Gurtin (1981), “ ∧ ” is used to denote cross product, and T

is the stress tensor given by

T = 2µε− pI, ε =
1

2
(∇v +∇vT ) (2.3)

where ε is the deformation (strain) tensor, p is the pressure, µ is the dynamic viscosity

(viscosity coefficient) of the fluid, and I is the identity matrix.

It can be mentioned that, specifically for 2D swirl flow, eqs. (2.1) and (2.2) can be

equivalently considered in the absolute reference frame, except (possibly) by numerical

convergence. This is due to the axisymmetry assumption, which implies that the

derivatives in relation to θ are zero (i.e., ∂( )
∂θ

= 0). With this assumption, the reference

frame transformation reduces itself to simply a conversion between absolute and relative
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velocities (see Appendix D). It can be highlighted that other cases, such as the 2D

bladed pump (ROMERO; SILVA, 2014), do not portray this correspondence, since an

additional tangential acceleration effect (θ direction) appears, which depicts the transient

movement of the mesh (in the 2D swirl flow case, the mesh does not change position

when under rotation).

In the case of the rotor, the rotation of the reference frame is the rotation of

the disks (ω = ω0ez). In the case of the volute, since the volute is not under rotation,

ω = 0 . If the body force per unit volume acting on the fluid (ρf ) is the gravity force,

then ρf = ρg = −ρgez (where the gravitational acceleration is given by g ≈ 9.8 m/s2).

However, since normally the forces involved in flow pumps are much higher than the

gravitational force, it is normally assumed that f = 0.

Eqs. (2.1) and (2.2) are deduced by considering a rotating reference frame with

a rotation of ω = ω0ez. In this case, the velocity and acceleration on the stationary

(absolute) reference frame need to be converted as (WHITE, 2011)

vabs = vref + v + ω∧r (2.4)

aabs = aref + a+ 2ω∧v + ω∧(ω∧r) + ω̇∧r (2.5)

where ω is the rotational speed of the reference system, vabs and aabs are the absolute

velocity and acceleration, v and a are the relative velocity and acceleration, and vref

and aref are the velocity and acceleration of the origin of the rotating reference frame

(in this case, the origin is at the center of rotation, therefore vref = 0 and aref = 0). In

the case of steady state flow, the rotational acceleration is zero (ω̇ = 0). By considering

eq. (2.4), it can be proven that (∇vabs +∇vabs
T ) = (∇v +∇vT ) (term that is used in eq.

(2.3)). Eq. (2.5) is also shown in Appendix D.

In cylindrical coordinates, the position and velocity are given as follows:

s = (r, θ, z) = rer(θ) + zez

v = (vr, vθ, vz) = vrer(θ) + vθeθ + vzez

(2.6)

Since, in a 2D swirl flow model, there are all the 3D velocity components and no

dependence in relation to the θ coordinate (see Fig. 1.5),

s = (r, 0, z) = rer + zez

v = (vr, vθ, vz) = vrer + vθeθ + vzez

(2.7)
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Notice that, in 2D swirl flow, from eq. (2.7), it is equivalent to use s (position of

the fluid) in ω∧r (from eq. (2.2)) instead of r (r = (r, 0, 0) = rer). In the case of a 2D

domain with center of rotation on (0, 0), r = s.

Also, the differential operators (∇, ∇∧, ∇•) should be used in their cylindrical co-

ordinates’ versions (LAI et al., 2009), and, since axisymmetry is implied, the derivatives

in relation to θ are zero (i.e., ∂( )
∂θ

= 0).

For the sake of completeness, the 2D model implies that

s = (x, y) = xex + yey

v = (vx, vy) = vxex + vyey

(2.8)

In topology optimization, an additional body force may be included in order to

emulate a solid material inside the fluid domain. This force is defined and explained in

Section 2.5. Since the solid material may be modeled by a porous medium with a small

permeability (see Section 2.5), this additional body force is a resistance force of the

porous medium (f r(α)). By including this porous medium effect, eqs. (2.1) and (2.2)

become:

∇•v = 0 (2.9)

ρ∇v•v = ∇•T + ρf − 2ρ(ω∧v)− ρω∧(ω∧r) + f r(α) (2.10)

Eqs. (2.9) and (2.10) are presented in Alonso et al. (2018) for the 2D swirl flow

model for Newtonian fluid with the definitions of the differential operators (gradient and

divergent) substituted.

2.1.2 Non-Newtonian fluid modeling

Non-Newtonian fluids are fluids in which the relationship between viscous shear

rate and viscous shear stress is nonlinear, as opposed to the linear behavior of New-

tonian fluids (according to Newton’s Law of Viscosity). As such, the simulation results

and, therefore, the optimized topologies may vary when considering a fluid with a non-

linear behavior. This can be noticed in the topology optimization performed by Pingen

and Maute (2010) for 2D channel design (blood flow according to the Carreau-Yasuda
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model). Topology optimization has also been considered for non-Newtonian fluid for

designing bladed blood pumps (modified Cross model) (ROMERO; SILVA, 2017), ar-

terial by-pass grafts (modified Cross model) (ZHANG; LIU, 2015; HYUN et al., 2014;

KIAN, 2017), roller-type blood viscous micropumps (power-law model) (ZHANG et al.,

2016a), aneurysm implants (JIANG et al., 2017), and viscoelastic rectifiers (viscoelastic

Oldroyd-B model) (JENSEN, 2013).

A generic non-Newtonian fluid can feature three types of characteristics (as

shown in Fig. 2.1):

• Stress-dependence: The viscosity changes when the fluid is under different stress

levels. It can be given as: shear-thinning (pseudoplastic behavior, in which the

viscosity is higher at lower viscous shear rates, such as in blood (CHO; KENSEY,

1991), activated sludge (GARAKANI et al., 2011) and ketchup (BAYOD et al.,

2008)), shear-thickening (dilatant behavior, in which the viscosity is lower at lower

viscous shear rates, such as in the mixture of corn starch and water) or Bingham

plastic/pseudoplastic (such as in concrete (FERRARIS; DE LARRARD, 1998));

• Viscoelasticity: The fluid exhibits viscous and solid elastic behaviors when under

deformation, in such a way that the shear stress is expressed in a time-dependent

form (differential (depending on the time derivatives of ε), rate (depending on the

time derivatives of τ and ε) or integral (depending on past events)) (QUARTERONI

et al., 2000) (such as in a Bogers fluid (JENSEN, 2013)). Therefore, viscoelasticity

is able to model creep, stress relaxation and hysteresis;

• Time-dependence: The viscosity changes with time when under a given load. It

can be given as: thixotropy (viscosity decreasing with time) or rheopecty (viscosity

increasing with time) (such as in colloidal and particle suspensions) (MCARDLE

et al., 2012; BARNES, 1997).
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Figure 2.1 – Possible behaviors of non-Newtonian fluids.

Source: Author.

In particular, the non-Newtonian fluid in a VAD (Ventricular Assist Device) is

blood, having a rheology that has been extensively analyzed (CHO; KENSEY, 1991;

QUARTERONI et al., 2000), and features applications in the design of medical devices

(SLAUGHTER et al., 2010; ZHANG; LIU, 2015), and has even been used in topology

optimization by various authors (PINGEN; MAUTE, 2010; ROMERO; SILVA, 2017;

ZHANG; LIU, 2015; HYUN et al., 2014; KIAN, 2017; ZHANG et al., 2016a). The modeling

of blood flow is described in the next section.

2.1.2.1 Modeling of blood flow

Blood is a biochemical suspension of different particles in an aqueous solution,

being composed of plasma, RBCs (Red Blood Cells, erythrocytes, white blood cells

(leukocytes), platelets (thrombocytes), lipoproteins, ions etc (BEHBAHANI et al., 2009;

QUARTERONI et al., 2000; ANAND; RAJAGOPAL, 2017). As mentioned in Section

1.1.1, blood may be assumed as incompressible, with a density (ρ) of 1056 kg/m3

(HINGHOFER-SZALKAY; GREENLEAF, 1987). According to Quarteroni et al. (2000)

and Vlachopoulos et al. (2011), RBCs have the largest influence in blood rheology,

since their volume concentration, which is about 45% (BEHBAHANI et al., 2009; CHO;

KENSEY, 1991), is much higher than the volume concentration of white blood cells

and thrombocytes, which are about 1% (BEHBAHANI et al., 2009). The plasma, which

has a volume concentration of about 55% (BEHBAHANI et al., 2009), should behave

as a Newtonian fluid except when air-plasma interfaces are formed, which may lead

to the formation of a denatured protein layer at the interface (VLACHOPOULOS et al.,
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2011; WAYLAND, 1967). RBCs are deformable and their physicochemical properties

vary through time (QUARTERONI et al., 2000), which gives rise to the following charac-

teristics (rheological behavior) of blood flow (BEHBAHANI et al., 2009): shear-thinning

(pseudoplasticity ), viscoelasticity, and thixotropy, which are shown in Fig. 2.1. According

to Quarteroni et al. (2000), the shear-thinning effect in blood is due to the formation

of macroaggregates (called rouleaux) at low strain rates. At higher strain rates, these

aggregates should separate, increasing the importance of the RBC deformation in

shear-thinning. Viscoelasticity in blood is due to the fact that younger RBCs can deform

and aggregate more than older RBCs (VLACHOPOULOS et al., 2011). Thixotropy

is due to time changes in structural arrangements at the microscopic level (ANAND;

RAJAGOPAL, 2017; THURSTON, 1979; MCMILLAN et al., 1986).

There are limits to which blood can be considered to be a single continuous fluid.

Near walls, there is a thin layer composed of plasma, without any RBCs. Considering

the case of blood flowing inside a tube, when the diameter is less than 300 µm (0.3

mm) (VLACHOPOULOS et al., 2011), this separation becomes significant (Fåhræus

effect), clearly leading to a two-phase flow of only plasma near the walls and plasma

with RBCs near the core (SECOMB, 2016). This decreases the apparent viscosity

(Fåhræus-Lindqvist effect) (QUARTERONI et al., 2000). When the diameter of the tube

is comparable to the size of RBCs (such as about 12 µm or smaller (QUARTERONI et

al., 2000; VLACHOPOULOS et al., 2011; REINKE et al., 1987; CHEBBI, 2015)), blood

separates into the flow of one fluid (plasma) and deformable cells (RBCs) (FEDOSOV et

al., 2014), leading to complicating factors (REINKE et al., 1987) such as microcirculation

effects (QUARTERONI et al., 2000; WAYLAND, 1967). Fig. 2.2 illustrates the limit of the

continuum hypothesis for blood flow inside tubes of different diameters, in terms of the

change in apparent viscosity.

Figure 2.2 – Limit of the continuum hypothesis for blood flow inside tubes of different diameters.

Source: Author.
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In blood flow, the Virchow’s triad (as mentioned in Section 1.1.1.3), gives the

conditions for the formation of clotting (thrombus). When clotting happens, biochemical

changes lead to the formation of a new material obstructing the blood flow, which

features a viscosity that is much higher than the blood viscosity (ANAND; RAJAGOPAL,

2017). Therefore, the modeling of such phenomenon rests on time-dependent equations

based on reaction, diffusion, convection, and spatial distribution of enzymes (ANAND;

RAJAGOPAL, 2017).

The study performed by Gijsen et al. (1999) showed that the main contributor

to the blood behavior should be the shear-thinning effect (which is time-independent).

There are various models that can be used in order to account for the non-Newtonian

shear-thinning effect (CHO; KENSEY, 1991; BIRD et al., 1987), such as the power-law

model, the Casson model, the modified Cross model (also called Bird-Carreau law

(QUARTERONI et al., 2000)), and the Carreau-Yasuda model (also called Bird-Carreau-

Yasuda model in OpenFOAM® ). According to Hyun et al. (2014), the power-law model

is less suitable for describing shear-thinning than the Carreau-Yasuda model. In fact,

Leondes (2000) mentions that the power law model should be valid only for a small

interval of viscous shear rates (between 1 and 100 s−1) – that is, it would only be

adequate for the region in which the non-Newtonian fluid behavior starts becoming more

pronounced. Also, the power-law model does not converge to the Newtonian viscosity

for larger viscous shear rates.

Gijsen et al. (1999) mentions that the Casson and Carreau-Yasuda models should

be able to accurately predict velocity distributions. However, the U-tube viscosimeter

experiments performed by Pratumwal et al. (2017) indicate that the Carreau-Yasuda

model fits better the experimental results than the Casson model. In fact, according to

Leondes (2000), the Casson model is not correct for low viscous shear rates (below 1

s−1), since it does not consider the effect of the dynamic viscosity achieving a maximum

value. In order to account for such effect, the modified Casson model (Quemada model)

(LEONDES, 2000) was developed, leading it to a behavior that resembles the Carreau-

Yasuda and modified Cross models. According to Abraham et al. (2005), the modified

Cross model is equivalent to the Carreau-Yasuda model by choosing the parameters

accordingly. Since the Carreau-Yasuda model seems to represent well the rheological

properties of blood and also offers high flexibility for adjusting experimental curves, it is

the shear-thinning model selected for this work. The Carreau-Yasuda model is given by
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(CHO; KENSEY, 1991; BIRD et al., 1987)

µ(γ̇m) = µ∞ + (µ0 − µ∞)[1 + (λγ̇m)a]
n−1
a (2.11)

where γ̇m is the viscous shear rate magnitude (also called viscous scalar shear rate)

(ABRAHAM et al., 2005), λ is a time constant (characteristic time), n is an exponential

factor, a is the Yasuda coefficient, µ0 is the maximum (low shear rate) dynamic viscosity

and µ∞ is the minimum (Newtonian) dynamic viscosity.

The viscous shear rate magnitude (γ̇m) is a generalization of the expression of the

simple 2D shear flow (i.e., Newton’s law of viscosity), which is given by τxy = µ∂vx
∂y

= µγ̇xy.

Thus, the viscous shear stress magnitude (viscous scalar shear stress, τm) and the

viscous shear rate magnitude (viscous scalar shear rate, γ̇m) are given by (LAI et al.,

2009; TESCH, 2013; ARORA et al., 2004)

τm = µγ̇m

γ̇m =
√

2ε•ε
(2.12)

where ε = 1
2
(∇v +∇vT ) is the viscous stress deformation tensor and “ • ” is the inner

product as defined in Gurtin (1981).

According to Cho and Kensey (1991) and Pingen and Maute (2010), for blood,

the constants in the Carreau-Yasuda model are λ = 1.902 s, n = 0.22, a = 1.5, µ0 =

0.056 Pa s and µ∞ = 0.00345 Pa s. The variation of the dynamic viscosity (µ) in function

of the viscous shear rate magnitude (γ̇m) and the rheological diagram are illustrated

in Fig. 2.3. The corresponding Newtonian fluid model is shown in dashed lines, with a

constant viscosity of µ = µ∞ = 0.00345 Pa s.
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Figure 2.3 – Carreau-Yasuda model for blood flow.

(a) Variation of the non-Newtonian viscosity
(µ) with the viscous shear rate magni-
tude (γ̇m). (b) Rheological diagram.

Source: Author (ALONSO et al., 2020).

As shown by Bappoo et al. (2017), the Carreau-Yasuda model fails in taking into

account the Fåhræus-Lindqvist effect (described in Section 2.1.2.1), therefore it should

not adequate for modeling tubes with a diameter less than 300 µm (0.3 mm). According

to Abraham et al. (2005), the Newtonian assumption should be valid when the viscous

shear rates are high. Also, from Boyd et al. (2007) and Vlachopoulos et al. (2011), it

should be valid for tubes with large diameters when compared to the RBC size.

According to Vlachopoulos et al. (2011), the viscosity increases for higher hema-

tocrits (Ht, percentage of volume occupied by RBCs in the total volume of blood),

and the non-Newtonian properties are apparent for hematocrits higher than 10%. This

dependency is shown by Walburn and Schneck (1976) and Yeow et al. (2002) in the

form of adjustments to the shear-thinning models for blood. Since, for a healthy person,

Ht = 45% (ARORA et al., 2006b; NAM et al., 2011; BEHBAHANI et al., 2009; CHO;

KENSEY, 1991), the non-Newtonian behavior should not be ignored in human blood

flow.

2.1.3 Turbulence modeling

When considering higher speed fluid flows (i.e., higher Reynolds numbers), it

is possible that the fluid flow behavior changes to a turbulent behavior. A turbulent

behavior is characterized for being chaotic, diffusive, dissipative and intermittent (SAAD,



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 101

2007), and is present in most flows in nature. In fact, as mentioned in Section 1.1.1.4,

both laminar and turbulent flows may be considered for modeling VADs. For modeling

the turbulent behavior, there are essentially three approaches: DNS (Direct Numeric

Simulation) (ORSZAG, 1970), LES (Large Eddy Simulation) (SMAGORINSKY, 1963;

DEARDORFF, 1970), and RANS (Reynolds-Averaged Navier-Stokes) (REYNOLDS,

1895). The first approach (DNS) implies considering the Navier-Stokes equations with a

mesh resolution that is capable of considering the smallest scale vortices, as well as

a sufficiently small time step, which pose a high computational cost, while the second

approach (LES) poses a somewhat smaller computational cost due to it filtering smaller

scale vortices. However, the RANS approach poses a lower computational cost in

relation to DNS and LES, due to it considering statistical time-averaging, which leads to

the possibility of considering a coarser mesh in RANS with respect to DNS/LES (CELIK,

2003).

In terms of turbulence modeling, eqs. (2.9) and (2.14) are changed to consider

(T + TR) (i.e., including the Reynolds (turbulent) stress tensor) instead of T , and

the state variables definition become that of statistical time-averages. The resulting

equations become:

∇•v = 0 (2.13)

ρ∇v•v = ∇•(T + TR) + ρf − 2ρ(ω∧v)− ρω∧(ω∧r) + f r(α) (2.14)

where TR is the Reynolds (turbulent) stress tensor given by:

TR = µT(∇v +∇vT ) (2.15)

where µT is the turbulent dynamic viscosity (i.e., the flow parameter which accounts

for the statistical time-averaged effect of turbulence in the stress tensor). It can be

mentioned that eq. (2.15) actually has one more term (isotropic turbulence term).

However, this term is non-existent in one-equation turbulence models, and, even when it

does exist, it is sometimes neglected due to its small magnitude, such as in the default

OpenFOAM® implementations for the k-ε and k-ω models.

In the following sections, two one-equation turbulence models are presented: the

Spalart-Allmaras model and the Wray-Agarwal model (WA2018).
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2.1.3.1 Spalart-Allmaras turbulence model

The Spalart-Allmaras model (SPALART; ALLMARAS, 1994; BUENO-OROVIO et

al., 2012; WILCOX, 2006) is a single-equation turbulence RANS model, which is said to

be adequate for mild boundary layer separations (ANSYS, 2006). Particularly, according

to Bardina et al. (1997), the Spalart-Allmaras model does not require a finer mesh

resolution near walls in wall-bounded flows as two-equation turbulence models (such as

the k-ε and k-ω models), and shows good convergence for simpler flows. Also, it is said

to show improvements in the prediction of fluid flows under adverse pressure gradients

(when the pressure increases towards the outlet) when compared to the standard k-ε

and k-ω models (BARDINA et al., 1997). There are various modifications that have

been proposed in the Spalart-Allmaras model along the years (NASA, 2019). In this

work, the modifications that are considered are based in the OpenFOAM® (OPENFOAM

FOUNDATION, 2020) implementation. An additional term based on Yoon (2016), Dilgen

et al. (2018), and Papoutsis-Kiachagias and Giannakoglou (2016) is included in order

to take the effect of the modeled solid material (of topology optimization) into account.

This way, the Spalart-Allmaras model is given by (OPENFOAM FOUNDATION, 2020;

ALONSO et al., 2021):

µT = ρfv1ν̃T (2.16)

ρv•∇ν̃T = cb1ρS̃ν̃T︸ ︷︷ ︸
Production

+

[
−cw1fwρ

(
ν̃T

`w

)2
]

︸ ︷︷ ︸
Destruction

+
1

σ
∇•(ρ(ν + ν̃T)∇ν̃T)︸ ︷︷ ︸
Diffusion (conservative)

+
cb2
σ
ρ∇ν̃T•∇ν̃T︸ ︷︷ ︸

Diffusion (non-conservative)

+ [−λν̃T
fr,v(α)ν̃T,mat]︸ ︷︷ ︸

Attenuation of turbulence
in the porous medium

(2.17)

where ν̃T is the auxiliary turbulent viscosity of the Spalart-Allmaras model, fr,v(α) is the

proportional factor of the resistance force of the porous medium (f r(α) = fr,v(α)vmat),

ν̃T,mat = ν̃T − ν̃T,wall is the auxiliary turbulent viscosity in relation to its wall value (ν̃T,wall,

which is assumed as equal to 0 m2/s), and λν̃T
is an adjustable parameter for the

intensity of the attenuation of turbulence inside the solid material (it can be chosen, for
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example, as λν̃T
= 1). The other terms of eq. (2.17) are specified as follows:

cb1 = 0.1355, cb2 = 0.6220, cv1 = 7.1, σ =
2

3
, fΩ = 0.3

cw1 =
cb1
κ2
vk

+
1 + cb2
σ

, cw2 = 0.3, cw3 = 2, χ =
ν̃T

ν
, S̃ = max

[
S +

ν̃T

κ2
vk`

2
w

fv2, fΩΩm

]
S = Ωm, Ωm =

√
2Ω•Ω, Ω =

1

2
(∇v −∇vT ), fv1 =

χ3

χ3 + c3
v1

, fv2 = 1− χ

1 + χfv1

fw = g

(
1 + c6

w3

g6 + c6
w3

)1/6

, g = ri + cw2(r6
i − ri), ri = min

[
ν̃T

S̃rκ2
vk`

2
w

, 10

]
, S̃r = max

[
S̃, 10−6

]
(2.18)

where κvk = 0.41 is the von Kármán constant, `w is the wall distance, and ν = µ
ρ

is the

kinematic viscosity.

In fluid topology optimization, the walls change according to the distribution of the

pseudo-density (α), which means that the wall distance (`w) also changes accordingly.

Thus, in order to consider such changes in the simulation and in the adjoint model, it is

necessary to consider the solution of, for example, a modified Eikonal equation (YOON,

2016) or a stabilized Eikonal equation (SÁ et al., 2021). By considering the modified

Eikonal equation from Yoon (2016),

`w =
1

G
− 1

G0

, G0 =
1

`ref

(2.19)

∇G•∇G︸ ︷︷ ︸
From the original
Eikonal equation

+σwG(∇2G)︸ ︷︷ ︸
Elliptic diffusion
for alleviating
non-linearities

= (1 + 2σw)︸ ︷︷ ︸
For satisfying
inverse linear

behavior

G4︸︷︷︸
From the original
Eikonal equation

+ γ(α)(G − G0)︸ ︷︷ ︸
Porous medium

penalization
(2.20)

where G is the reciprocal wall distance, `ref is a reference value for the wall distance

(which leads `w to emphasize objects that are larger than it, and can be chosen, for

example, as the maximum size of the elements of the mesh (largest of the maximum

distances between two vertices of an element)), γ(α) is the wall penalization, which

varies according to the pseudo-density (α) in order to consider the presence of a wall

changing during the topology optimization (Section 2.5.1.6), and σw is a relaxation factor

for the wall distance computation.

2.1.3.2 Wray-Agarwal turbulence model

The Wray-Agarwal turbulence model is a single-equation turbulence RANS model

which consists of a combination of the advantages of the near-wall modeling from the
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k-ω model with the freestream modeling from the k-ε model (WRAY; AGARWAL, 2015),

being also partly based on the SST k-ω model (WRAY; AGARWAL, 2015). Wray and

Agarwal (2015) show that the Wray-Agarwal turbulence model leads to more accurate

boundary layer separation predictions than the Spalart-Allmaras model, and that it

is also competitive with the SST k-ω model for wall-bounded flows. Throughout the

years, several evaluations, improvements and variations have been developed (HAN

et al., 2015; WRAY; AGARWAL, 2016; ZHANG et al., 2016; HAN et al., 2017; HAN et

al., 2018). Particularly in this work, the 2018 version (referred in Han et al. (2018) as

WA2018) is considered. The main advantage of the 2018 version is that it does not

rely on the computation of the wall distance. Not needing to compute the wall distance

is advantageous in a topology optimization point of view, because the wall distance

computation requires an additional penalization term (YOON, 2016) in order to account

for the modeled solid material, which needs to be calibrated (i.e., adequately chosen)

for obtaining the optimized topology. An additional term to account for the attenuation

of turbulence in the porous medium is included in this work by re-deducing the Wray-

Agarwal model equations while including the attenuation of turbulence in the k-ω model

equations (in a similar fashion as Yoon (2016), Papoutsis-Kiachagias and Giannakoglou

(2016), and Dilgen et al. (2018)). Therefore, the Wray-Agarwal model (WA2018) (HAN

et al., 2018) modified for topology optimization becomes (ALONSO et al., 2022):

µT = ρfµRT (2.21)

ρv•∇RT = ∇ • [(σRρRT + µ)∇RT]︸ ︷︷ ︸
Turbulence transport by

viscous and turbulent stresses

+ρC1RTS︸ ︷︷ ︸
Turbulence production

+f1C1,k-ωρ
RT

S
∇RT•∇S︸ ︷︷ ︸

Near-wall (“k-ω”)
turbulence destruction

−ρ(1− f1) min

[
C2,k-εR

2
T

(
∇S•∇S
S2

)
, Cm∇RT•∇RT

]
︸ ︷︷ ︸

Freestream (“k-ε”) turbulence destruction

−λRT
fr,v(α)RT︸ ︷︷ ︸

Turbulence attenuation
in the porous medium

(2.22)

whereRT is the undamped eddy (turbulent) viscosity, and λRT
is an adjustable parameter

for the intensity of the attenuation of turbulence inside the modeled solid material. The
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other terms of eq. (2.22) are specified as follows (HAN et al., 2018):

S =
1

2
(∇v +∇vT ), S =

√
2S•S, W =

1

2
(∇v −∇vT ), W =

√
2W •W

fµ =
χ3

χ3 + c3
w

, χ =
RT

ν
, cw = 8.54, η = Smax

[
1,

∣∣∣∣WS
∣∣∣∣] , Cm = 8.0

σR = f1(σk-ω − σk-ε) + σk-ε, σk-ε = 1.0, σk-ω = 0.72

f1 = tanh(arg4
1), arg1 =

ν +RT

2

η2

Cµ kT |log-layer ωT |log-layer

kT |log-layer =
νTS√
Cµ

, ωT |log-layer =
S√
Cµ

, Cµ = 0.09

C1 = f1(C1,k-ω − C1,k-ε) + C1,k-ε, C2,k-ω =
C1,k-ω

κ2
vk

+ σk-ω, C2,k-ε =
C1,k-ε

κ2
vk

+ σk-ε

C1,k-ω = 0.0829, C1,k-ε = 0.1284

(2.23)

where κvk = 0.41 is the von Kármán constant, and ν = µ
ρ

is the kinematic viscosity.

It can be noticed that the term that accounts for the attenuation of turbulence

in the porous medium in eq. (2.22) assumes that, inside a modeled solid material,

RT = 0 m2/s.

With respect to the additional parameter λRT
, it may be noticed that it is similar

to the penalization parameters included in other turbulence models for topology opti-

mization (YOON, 2016; DILGEN et al., 2018; YOON, 2020). Although some references

assume all additional penalization parameters as being equal to 1, this may not always

be the best choice, since the topology optimization may behave better for a higher or a

lower value. In fact, in the present work, the optimized topologies from the Appendices

consider values that are higher than 1. Also, in the case of two-equation models, such as

the k-ω model, it is unknown if the same coefficient should really be used for the k and

ω equations. Experimentally, the turbulence coefficients of these equations are different,

which means that these two equations should be probably penalized differently. This

effect may be “shadowed” by highly penalizing both equations, but the problem should

still remain and may possibly affect the topology optimization iterations. For the case of

the Spalart-Allmaras model, it may be mentioned that the penalization parameter is cho-

sen differently than 1 in Yoon (2016), and that the additional penalization parameter of

the modified Eikonal equation has to be calibrated for the given problem and is normally

not set as equal to 1 (YOON, 2016). In some problems, it may be better to consider a

“stronger” modeled solid material wall, while it may be better to relax it in other cases.

Moreso, depending on the distribution of the design variable, it may be necessary to
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increase the relaxation term that is shown in Yoon (2016), to favor convergence.

2.1.4 Boundary conditions

There are five types of boundaries considered in this work: inlet (ΓΠ,in), outlet

(ΓΠ,out), static walls (ΓΠ,wall), disks/shaft (ΓΠ,disks/shaft), and symmetry axis (ΓΠ,sym). The

Π subscript represents the fact that a generic domain is being considered. These

boundaries are shown in Fig. 2.4 without the Π subscript, because they are illustrated in

2D/2D swirl flow cases (Γin, Γout, Γwall, Γdisks/shaft). Note that, since the coupled system

of equations is being considered for the finite element method, this means that a single

boundary condition should be chosen for the velocity-pressure formulation on each

boundary (instead of one boundary condition for pressure and one boundary condition

for velocity).

Figure 2.4 – Types of boundaries in the computational domains.

(a) Tesla pump rotor design in the 2D swirl flow model.

(b) Volute design in the 2D
model.

Source: Author.

2.1.4.1 Boundary conditions for the velocity-pressure formulation

On the inlet (ΓΠ,in), the boundary condition is a fixed velocity profile, which

may be in the form of, for example, a parabolic velocity profile (for the rotor) or a rotating
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velocity profile (for the volute). It is given by the Dirichlet boundary condition:

v = vin on ΓΠ,in (2.24)

On the outlet (ΓΠ,out), there are six main approaches that can be used: stress

free, internal flow, fully developed flow, free interface, fixed velocity profile, and resistance.

They are illustrated in Fig. 2.5 and described as follows.

Figure 2.5 – Some approaches for defining the boundary conditions for the outlet.

Source: Author.

1. Stress free (traction free) (QUARTERONI; ROZZA, 2003; DENG et al., 2013b;

HASUND, 2017; ALONSO et al., 2018; ALONSO et al., 2019): The outlet is assumed

as being open to the atmosphere. According to Elman et al. (2005), this means that the

pressure is weakly imposed as zero on the outlet. The stress free boundary condition is

given by the Neumann boundary condition:

T •n = 0 on ΓΠ,out (2.25)

In fact, by substituting eq. (2.3) in eq. (2.25), it can be noticed that this boundary

condition imposes that the shear stress on the outlet section ((2µε)•n) be equal to the

pressure ((2µε)•n = pn).

Furthermore, when the pressure level matters (such as for compressible flow),

eq. (2.25) can be changed to impose a different pressure level (instead of zero), leading

to a fixed stress boundary condition given by

T •n = (−p0I)•n on ΓΠ,out (2.26)
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where p0 is a given pressure level at the outlet. Notice that eq. (2.26) means that

the pressure is weakly imposed on the outlet boundary as p0, and also notice that

(2µε)•n = (p− p0)n.

2. Internal flow (BARTH; CAREY, 2007; OTHMER, 2008; ALONSO et al., 2018): In

this case, two conditions are imposed on the outlet boundary. The first condition is that

the velocity in the “2D plane” (v2D) is perpendicular to the outlet (Dirichlet boundary

condition) (i.e., the tangential components of the velocity in the “2D plane” are zero

(v2D,t = 0)). In the case of the 2D swirl flow model, the velocity in the “2D plane” is the

radial-axial velocity (v2D = vrz = (vr, vz)); in the case of the 2D model, it is the velocity

itself (v2D = v = (vx, vy)). The second condition is that the normal stress is zero on the

outlet boundary (n•Tn = 0) (Neumann boundary condition). This last imposition means

a weak imposition of pressure with a zero value on the boundary (BARTH; CAREY,

2007; ALONSO et al., 2018). If the pressure on the outlet was strongly imposed (i.e.,

as a Dirichlet boundary condition), it is possible that it would, as opposed to the weak

imposition of the pressure value (Neumann boundary condition), lead to sharp spikes of

negative pressure right before the outlet, which would characterize an ill-posed boundary

condition. The boundary conditions for this internal flow boundary condition are given

as follows:

v2D,t = 0 and n•Tn = 0 on ΓΠ,out (2.27)

3. Fully developed flow: It consists of assuming that the gradient of the flow that is

normal to the interface is zero. The main limitation is that it requires that the flow is

already fully developed before reaching the outlet, which is not always possible. The

fully developed flow boundary condition is given by the Neumann boundary condition:

∇v•n = 0 on ΓΠ,out (2.28)

4. Free interface: In this case, nothing is imposed on the boundary terms of the

weak form of the Navier-Stokes equations (equation (2.42)). The main problem of this

approach is that the outlet lacks a boundary condition, which may leave the fluid flow

problem ill-posed.

5. Fixed velocity profile (BORRVALL; PETERSSON, 2003; GUEST; PRÉVOST, 2006;

DILGEN et al., 2018): Since it corresponds a Dirichlet boundary condition on all velocity
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components, the velocity boundary condition implies that the test function for velocity is

zero (wv = 0). Therefore, there is no implication over the test function for pressure (wp)

and the reference pressure level should not have a defined value from the boundary

conditions. Then, the reference pressure level would be determined from the initial guess

of the problem. Since, in incompressible fluid flow problems, what matters is the variation

of pressure, this should not be a problem. According to Hasund (2017), the fixed velocity

profile can be used only if the outlet velocity profile can be determined beforehand, since

the velocity profile should be a consequence of the fluid flow inside the computational

domain. Therefore, imposing the outlet velocity profile may be excessively strong as a

boundary condition. The fixed velocity profile is given by the Dirichlet boundary condition:

v = vout on ΓΠ,out (2.29)

6. Resistance: According to Moon et al. (2014), the stress free boundary condition

is normally used for its simplicity, but, when applied to blood flow, it would mean, for

example, that the vessel is cut and exposed to atmospheric air conditions (i.e., as if it was

“bleeding”). Thus, it neglects wave reflection from downstream vessels, due to the flow

pulsatility and elasticity of blood vessels (MOON et al., 2014). In order to consider the

presence of a vessel outside the computational domain (and, therefore, wave reflection),

impedance boundary conditions can be used, leading to more accurate simulations

(MOON et al., 2014). In the case of steady state fluid flow, the impedance boundary

condition is simplified to the resistance boundary condition (VIGNON-CLEMENTEL et

al., 2006; ALVAREZ, 2016).

The vascular resistance of the systemic circulation (for LVAD) or the pulmonary

circulation (for RVAD) can be estimated as:

Rvasc ≈
∆pcirc

Q
(2.30)

where Rvasc is the vascular resistance, ∆pcirc is the variation of pressure in the systemic

or pulmonary circulation (depending if the analysis is of LVAD or RVAD), and Q is the

flow rate.

According to Vignon-Clementel et al. (2006), the resistance value can be related

to the normal stress, as a Neumann boundary condition, by substituting p from the

equation below in the boundary term of the weak form of the Navier-Stokes equations
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(eq. (2.42)):

−p+ n•τn︸ ︷︷ ︸
Normal stress (σ)

− σ0︸︷︷︸
Reference value

for the normal stress

= Rvasc

∫
ΓΠ,in

v•ndΓΠ,in︸ ︷︷ ︸
Flow rate (Q)

(2.31)

where τ = 2µε (see equation (2.3)) and σ0 is assumed as 0. In some cases, n•τn

is negligible, leading to σ ≈ p. Equation (2.31) can also be presented as follows,

considering σ0 = 0:

n•Tn︸ ︷︷ ︸
Normal stress (σ)

= RvascQ (2.32)

For simplicity, and also because it is numerically more stable (i.e., convergence

is normally easier), the outlet (ΓΠ,out) is normally assumed with a stress free (traction

free) boundary condition.

On static walls (ΓΠ,wall), the no-slip condition is imposed for the absolute

velocity. It is given by the Dirichlet boundary condition:

vabs = 0 on ΓΠ,wall (2.33)

where vabs is given in eq. (2.4).

On disks/shaft (ΓΠ,disks/shaft), the no-slip condition is imposed for the rotating

velocity. Since the reference frame is assumed to be rotating, it is given by the Dirichlet

boundary condition for the relative velocity:

v = 0 on ΓΠ,disks/shaft (2.34)

On the symmetry axis (ΓΠ,sym), the boundary condition is given by zero radial

velocity and zero derivatives in relation to the r coordinate:

vr = 0 and
∂vr
∂r

=
∂vθ
∂r

=
∂vz
∂r

=
∂p

∂r
= 0 on ΓΠ,sym (2.35)

2.1.4.2 Additional boundary conditions for the turbulence model

Additional boundary conditions are required according to the turbulence model

being considered. The Spalart-Allmaras model is set for an imposed inlet turbulence
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(ν̃T,in), while the walls feature a constant value (set as ν̃T,wall = 0 m2/s) and the outlet

considers a developed auxiliary turbulent viscosity (through zero normal flux):

ν̃T = ν̃T,in on ΓΠ,in

∇ν̃T•n = 0 on ΓΠ,out

ν̃T = ν̃T,wall on ΓΠ,wall

ν̃T = ν̃T,wall on ΓΠ,disks/shaft

∂ν̃T

∂r
= 0 on ΓΠ,sym

(2.36)

where the inlet values for the turbulent variable (ν̃T,in) may be given from the turbulence

intensity (IT ) and the turbulence length scale (`T ), as:

ν̃T,in =

√
nv
2
IT `T |vabs,in| (2.37)

where |vabs,in| is the absolute value of the velocity on the inlet, and nv is the number

of velocity components (for 2D, nv = 2; for 2D axisymmetry and 3D, nv = 3). It can

be mentioned that eq. (2.37) may also be considered from a mean inlet velocity value

(|vabs,in|) instead of local inlet velocity values (|vabs,in|). The mean inlet velocity value

would then be computed as:

|vabs,in| =

∫
ΓΠ,in
|vabs,in|dΓΠ,in∫
ΓΠ,in

dΓΠ,in
(2.38)

The modified Eikonal equation is set for the following boundary conditions:

∇G•n = 0 on ΓΠ,in

∇G•n = 0 on ΓΠ,out

G = G0 on ΓΠ,wall

G = G0 on ΓΠ,disks/shaft

∂G

∂r
= 0 on ΓΠ,sym

(2.39)

For the Wray-Agarwal model (WA2018), the boundary conditions are analogous

to those presented in eqs. (2.36) and (2.37), but considered for RT instead of ν̃T.

2.1.5 Boundary value problem

By considering a generic case in which the 2D swirl flow domain may include a

symmetry axis or not (i.e., not include or include a shaft), the boundary value problem
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can be stated as follows, for laminar flow.

∇•v = 0 in Ω

ρ∇v•v = ∇•T + ρf−2ρ(ω∧v)− ρω∧(ω∧r) + f r(α) in Ω

v = vin on ΓΠ,in

vabs = 0 on ΓΠ,wall

v = 0 on ΓΠ,disks/shaft

vr = 0 and
∂vr
∂r

=
∂vθ
∂r

=
∂vz
∂r

=
∂p

∂r
= 0 on ΓΠ,sym

T •n = 0 on ΓΠ,out

(2.40)

When considering turbulence, T is substituted by (T + TR), and the additional

differential equations from Section 2.1.3 need to be considered in eq. (2.40), as well as

the boundary conditions presented in Section 2.1.4.2.

2.2 FINITE ELEMENT METHOD

In order to employ the Finite Element Method (FEM), it is necessary to define

the weak form of the differential equations and the finite element modeling, which are

described as follows.

2.2.1 Weak formulation

The weak form of the problem, first presented for the laminar flow case, is the

strong form (differential equations) (eqs. (2.9) and (2.10)) solved approximately, in an

integral form with weights (weighted-residual and Galerkin methods) with a reduced

order of derivatives (by applying Gauss’s divergence theorem). The reduced order

reduces the continuity requirements of the state variables (i.e., lower order elements

may be used) and also leads the Neumann boundary conditions to become transparent

(i.e., easy to manipulate). Thus, the mixed (velocity-pressure) formulation is obtained

as follows: eqs. (2.9) and (2.10) should be multiplied by test functions for pressure (wp)

and velocity (in 2D flow, wv = (wv,x, wv,y); in 2D swirl flow, wv = (wv,r, wv,θ, wv,z)), and

integrated over the whole 3D domain (
∫

Π
[ ]dΠ), which is given by dΠ = dΩ in 2D flow,

and dΠ = 2πrdΩ in 2D swirl flow. By also applying Gauss’s divergence theorem in order

to keep only first derivatives in the equations, contour terms appear (
∫

ΓΠ
dΓΠ), which
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are given by dΓΠ = dΓ in 2D flow, and dΓΠ = 2πrdΓ in 2D swirl flow. Thus, the following

forms are obtained:

Rc =

∫
Π

[∇•v]wpdΠ (2.41)

Rm =

∫
Π

[ρ∇v•v − ρf + 2ρ(ω∧v) + ρω∧(ω∧r)] •wvdΠ +

∫
Π

T •(∇wv)dΠ

−
∮

ΓΠ

(T •wv)•ndΓΠ −
∫

Π

f r(α)•wvdΠ
(2.42)

where c stands for continuity equation, m stands for linear momentum equation (i.e., the

Navier-Stokes equations), and n is the normal unit vector (in the 2D flow, n = (nx, ny);

in 2D swirl flow, n = (nr, 0, nz)). It can be noticed that, in the case of 2D swirl flow, the

equations may be divided by 2π, since it is a constant multiplier.

Since the two test functions (wp and wv) are independent from each other, eqs.

(2.41) and (2.42) can be summed in order to form a single equation for the weak form,

as

F = Rc +Rm = 0 (2.43)

When considering turbulence, T is substituted by (T + TR), and the weak forms

obtained from the strong forms (differential equations) from Section 2.1.3 become:

RSA =

∫
Π

[
ρv•∇ν̃T − cb1ρS̃ν̃T + cw1fwρ

(
ν̃T

`w

)2

− cb2
σ
ρ∇ν̃T•∇ν̃T

]
wν̃T

dΠ

+

∫
Π

1

σ
(ρ(ν + ν̃T)∇ν̃T)•∇wν̃T

dΠ−
∮

ΓΠ

1

σ
n•(ρ(ν + ν̃T)∇ν̃Twν̃T

)dΓΠ

−
∫

Π

[−λν̃T
κ(α)ν̃T,mat] wν̃T

dΠ

(2.44)

Rw =

∫
Π

[
∇G•∇G− (1 + 2σw)G4

]
wGdΠ−

∫
Π

[(∇G)•∇(σwGwG)] dΠ

+

∮
ΓΠ

n•[(∇G)(σwGwG)]dΓΠ −
∫

Π

[γ(α)(G − G0)] wGdΠ
(2.45)

RWA2018 =

∫
Π

[ρv•∇RT] wRT
dΠ +

∫
Π

[(σRρRT + µ)∇RT] • ∇wRT
dΠ

−
∮

ΓΠ

n • [(σRρRT + µ)∇RT]wRT
dΓΠ −

∫
Π

ρC1RTSwRT
dΠ

−
∫

Π

f1C1,k-ωρ
RT

S
∇RT•∇SwRT

dΠ

+

∫
Π

ρ(1− f1) min

[
C2,k-εR

2
T

(
∇S•∇S
S2

)
, Cm∇RT•∇RT

]
wRT

dΠ

+

∫
Π

λRT
κ(α)RTwRT

dΠ

(2.46)
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where the subscripts SA, w and WA2018 refer to the Spalart-Allmaras equation, the wall

distance equation (modified Eikonal equation) and the Wray-Agarwal model (WA2018)

equation, respectively. The test functions of the additional state variables (ν̃T, G and

RT) are given by wν̃T
, wG and wRT

, respectively. Then, for the Spalart-Allmaras model,

eq. (2.44) (Spalart-Allmaras model) may be included in eq. (2.43) in the same way Rc

and Rm were included (i.e., summing), while eq. (2.45) (modified Eikonal equation) may

also be included in the same way or may be included to be solved before F = 0, as

Rw = 0, due to it not depending on any other state variable. For the Wray-Agarwal

model, eq. (2.46) is included in eq. (2.43) in the same way that was described for the

Spalart-Allmaras model.

2.2.2 Finite element modeling

For fluid flow, the coupling between the discretizations of the pressure and

the velocity may result in instabilities and non-physical oscillations in the pressure

(LANGTANGEN; LOGG, 2016; REDDY; GARTLING, 2010). This can be avoided by

choosing a finite element that obeys the LBB (Ladyžhenskaya-Babuška-Brezzi) condi-

tion (GIRAULT; RAVIART, 2012; GUZMÁN et al., 2013; BREZZI; FORTIN, 1991). Some

examples of finite elements that are LBB-stable are Taylor-Hood elements, MINI ele-

ments and Crouzeix-Raviart elements (BARRENECHEA; WACHTEL, 2020; ARNOLD et

al., 1984; LAMICHHANE, 2014). When the element does not satisfy the LBB condition,

it may be necessary to include stabilization, leading to stabilized elements. Another

interesting type of element is the CD element, which, although not being LBB-stable

(TERREL, 2010), can possibly lead to reasonable results even without any stabilization

(LOGG et al., 2012). The lowest order versions of these elements are represented in Fig.

2.6. The Taylor-Hood element’s lowest degree version is given by a linear interpolation

for pressure (piecewise linear, P1, “CG1”) and a quadratic interpolation for velocity (P2,

“CG2”). CD elements (Continuous velocity/Discontinuous pressure) feature the pressure

interpolation with one degree less than in Taylor-Hood elements, which means that their

lowest order degree version uses a discrete interpolation (element-wise, dP0, “DG0”)

(BREZZI; FORTIN, 1991). MINI elements change the velocity interpolation by enriching

a lower degree element (piecewise linear, P1, “CG1”) with bubble shape functions (B3)

(ARNOLD et al., 1984; LOGG et al., 2012). Crouzeix-Raviart elements consider a linear
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interpolation for the velocity, but in a different nodal positioning (CR1) (CROUZEIX;

RAVIART, 1973). The last element (stabilized) relies on a linear interpolation for the ve-

locity (piecewise linear, P1), which demands, for stability, that a stabilization method be

included in the finite element equations (REDDY; GARTLING, 2010), such as pressure

(LOGG et al., 2012; ELHANAFY et al., 2017; LANGTANGEN et al., 2002) or SUPG

(Streamline Upwind Petrov Galerkin) (FRANCA, 1992) stabilizations.

The most commonly used finite element is the Taylor-Hood element (LOGG et

al., 2012), which is considered to be very stable and provides 3rd order spatial accuracy

for velocities (VARCHANIS et al., 2019). It also results in smaller error than the other

types of finite elements (LOGG et al., 2012). However, due to the quadratic interpolation

of the velocity, it can be quite computationally demanding. Since CD elements do not

reduce the interpolation degree of the velocity, the reduction in computational cost is

relatively not much. MINI elements show relatively accurate results (LANGTANGEN;

LOGG, 2016). Since Crouzeix-Raviart elements do not feature nodes on the edges

of the finite elements, they are non-conforming (SHI; WANG, 2014; SHI, 2002); also,

Crouzeix-Raviart elements show poor accuracy in simulations (LANGTANGEN; LOGG,

2016). Stabilized elements include stabilization parameters which may have to be

calibrated for the problem that is being solved.

It is also possible to “dodge” the need of satisfying the LBB condition by using the

Least-Squares Method (PONTAZA; REDDY, 2006) instead of the Galerkin formulation

used in this work. However, it introduces an additional computational cost, since a

derived variable (vorticity vector, ∇∧v = ξ) needs to be included as a new state

variable in order to avoid higher order derivatives in the formulation. Another method for

stability of the velocity-pressure formulation is the penalized approach (Scott-Vogelius)

(SCOTT; VOGELIUS, 1985; COUSINS et al., 2013; LANGTANGEN; LOGG, 2016),

which changes the format and solution method of the equations and iteratively solves for

only one state variable (velocity). This single variable requires higher order interpolation

(> P4) (LANGTANGEN; LOGG, 2016), which increases the computational cost. One

more method is the Discontinuous Galerkin formulation, in which the velocity and

pressure interpolations are discrete (“DG”). However, it is a nonconforming method,

requires that the fluid flow equations be adequately rewritten for modeling the element-

element interfacing, and may suffer difficulties that may require the use of stabilization

(LI, 2006). This formulation is similar to FVM (Finite Volume Method), since it would
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enforce flow continuity between the elements instead of the global continuity (as in the

other FEM methods) during the iterations of the simulation.

Figure 2.6 – Some LBB-stable finite elements (lowest-order versions).

(a) Taylor-Hood element. (b) CD element.

(c) MINI element. (d) Crouzeix-Raviart element.

(e) Stabilized element.

Source: Author.

Although the LBB condition has been shown to be valid for Stokes/Navier-Stokes

flow (GIRAULT; RAVIART, 2012; GUZMÁN et al., 2013; BREZZI; FORTIN, 1991), it still

lacks a general proof for any constitutive equation and formulation (REDDY; GARTLING,

2010), such as a generic non-Newtonian fluid model. The work done by Galvin (2013)

verifies the convergence rates for a non-Newtonian fluid modeled by the Cross model,

which is similar to the Carreau-Yasuda model used in this work, using Taylor-Hood

elements. In this work, Taylor-Hood and MINI elements are considered.

For the turbulence models, the additional state variables are included through

linear interpolation (piecewise linear, P1, “CG1”) (see Fig. 2.7).
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Figure 2.7 – Finite element interpolation for the turbulent variables. The interpolation of the reciprocal wall
distance (G) is indicated as `w, for the figure to be more generic – i.e., `w may be computed
from other wall distance equations (YOON, 2016; SÁ et al., 2021).

Source: Author.

2.3 PERFORMANCE AND CHARACTERIZATION QUANTITIES

In order to evaluate the performance of the fluid flow device and, more specifically,

of a VAD, some performance quantities need to be defined together with how they are

computed. The quantities that are defined in this section are:

• Energy dissipation, which is an indirect measure of the pressure head;

• Fluid power, which measures the necessary amount of power to pump the fluid;

• Vorticity, which measures the vortex formation (recirculation) in the fluid flow;

• Pressure head, which measures the transferred energy to the fluid flow;

• Isentropic efficiency, in order to measure the closeness to ideal operating condi-

tions;

• Pressure coefficients, in order to dimensionlessly characterize the pressure incre-

ment of the fluid flow device;

• Static pressure rise, since blood flow requirements are normally expressed with

the required static pressure rise.

Also, some specific dimensionless characterization parameters for the Tesla

pump rotor, and the volute are presented. Some basic definitions required for the

definitions of the performance quantities in this section are given as:

- (Volumetric) flow rate (Q):

Q =

∫
ΓΠ,out

(vabs•n)dΓΠ,out = −
∫

ΓΠ,in

(vabs•n)dΓΠ,in (2.47)
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- Variation of (static) pressure (∆p):

∆p = pout − pin =

∫
ΓΠ,out

pdΓΠ,out∫
ΓΠ,out

dΓΠ,out

−

∫
ΓΠ,in

pdΓΠ,in∫
ΓΠ,in

dΓΠ,in

(2.48)

where pout and pin are the average pressures on the outlet and inlet, respectively.

It can be noticed that eq. (2.47) can be defined with the relative velocity v,

because vabs•n = v•n when the inlet/outlet surfaces are tangent to the rotating motion.

This is the case for the 2D swirl flow model, because vθ is always perpendicular to the

the rz coordinate plane, and also for the 2D/3D pump model (ROMERO; SILVA, 2014;

OKUBO et al., 2021). It can be highlighted that v•n > 0 on the outlet, and v•n < 0 on

the inlet.

Similar to eq. (2.48), the following equations may be defined for the dynamic and

total (stagnation) pressures

- Variation of dynamic pressure (∆pd):

∆pd = pd,out − pd,in =

∫
ΓΠ,out

(
ρ|vabs|2

2

)
dΓΠ,out∫

ΓΠ,out
dΓΠ,out

−

∫
ΓΠ,in

(
ρ|vabs|2

2

)
dΓΠ,in∫

ΓΠ,in
dΓΠ,in

(2.49)

- Variation of total (stagnation) pressure (∆pT ):

∆pT = pT,out − pT,in =

∫
ΓΠ,out

(
p+ ρ|vabs|2

2

)
dΓΠ,out∫

ΓΠ,out
dΓΠ,out

−

∫
ΓΠ,in

(
p+ ρ|vabs|2

2

)
dΓΠ,in∫

ΓΠ,in
dΓΠ,in

(2.50)

The variation of (static) pressure may be computed for the Tesla blood pump rotor,

because it is normally evaluated for blood pumps. The total (stagnation) pressure may

also be computed for the Tesla blood pump rotor, because the volute (which converts

dynamic pressure into static pressure) is designed separately in this work.

2.3.1 Energy dissipation

The energy dissipation represents the amount of energy (in the form of power)

that is dissipated in the fluid flow, and that may be derived from the Energy equation (1st

Law of Thermodynamics) (WHITE, 2011; INCROPERA et al., 2011; BIRD et al., 2002).

It was first used in fluid topology optimization by Borrvall and Petersson (2003) and

has then been used in numerous other articles (EVGRAFOV, 2004; LIU et al., 2011;

ROMERO; SILVA, 2014; LIN et al., 2015; ALONSO et al., 2019). The energy dissipation

in a rotating reference frame can be defined considering inertial effects, as defined in



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 119

Alonso et al. (2019), which is based on the energy dissipation defined in Borrvall and

Petersson (2003). By also considering zero external body forces,

Φrel =

∫
Π

[
1

2
µ(∇v +∇vT )•(∇v +∇vT )

]
dΠ︸ ︷︷ ︸

Viscous effect

−
∫

Π

f r(α)•vdΠ︸ ︷︷ ︸
Porous medium effect

+

∫
Π

(2ρ(ω∧v) + ρω∧(ω∧r))•vdΠ︸ ︷︷ ︸
Inertial effect

(2.51)

Note that, when using the 2D swirl flow model, since ω = ω0ez and from eq. (2.7),

the Coriolis term (2ρ(ω∧v)•v) is equal to zero. Also, when considering turbulence, µ

from eq. (2.51) is substituted by (µ + µT). When there is no reference frame rotation

(ω = 0), eq. (2.51) becomes the absolute energy dissipation: Φrel = Φabs.

It can be mentioned that, in the original formulation from Borrvall and Petersson

(2003), which considered Stokes flow, the energy dissipation is equal to the functional

that, when minimized, results in the solution of the Stokes equations for fluid flow.

The only difference between the Stokes equations and the Navier-Stokes equations

is that the convective term (ρ∇v•v) is neglected – due to considering an extremely

low Reynolds number (Re � 1). Therefore, when energy dissipation is used as an

objective function in topology optimization, it may enforce the formation of an optimized

topology that can accommodate a “non-convective flow” from the inlet towards the outlet.

Also, when considering the inertial effects in the formulation of the energy dissipation,

the “convective flow” due to the reference frame should also be accommodated in the

optimized topology.

The minimization of the relative energy dissipation from eq. (2.51) is closely

related to the maximization of the pressure head, which would mean, for the case of a

pump, a higher capability of pumping the fluid. This relationship can be derived from the

Navier-Stokes equations multiplied (inner product) by the velocity vector (v). Particularly,

from the derivation performed in Alonso and Silva (2022b), a relative pressure head

term (computed for relative velocity values) appears, which corresponds to the power

balance considered in Okubo et al. (2021). Also, as mentioned in Section 1.1.1, energy

dissipation and hemolysis are related (BLUESTEIN; MOCKROS, 1969; NAKAHARA;

YOSHIDA, 1986).
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2.3.2 Fluid power

The fluid power is the amount of power that is transferred between the fluid flow

and the fluid device. It may be represented in two forms: as the power transferred from

the fluid device to the fluid flow (pump power, Pf ), and as the power transferred from the

fluid flow to the fluid device (turbine power, P ′f = −Pf ). Its expression may be derived

from the integral form of the angular momentum equation (MUNSON et al., 2009) as

∂

∂t

∫
Π

(r ∧ vabs)ρdΠ +

∫
ΓΠ

(r ∧ vabs)ρvabs•ndΓΠ = r ∧ F ext|Π (2.52)

where vabs = v + ω∧r (absolute velocity, from eq. (2.4)) and F ext is the external force

acting on the fluid. In eq. (2.52), the right side of the equation is given by

r ∧ F ext|Π = T ext −
∫

Π

r ∧ (ρf)dΠ−
∫

Π

r ∧ f r(α)dΠ (2.53)

where T ext is the torque. The resistance force of the porous medium (f r(α)) is included

in a similar way as the body forces ρf .

Therefore, by substituting eq. (2.53) in eq. (2.52), and assuming steady state

flow and zero external body forces,

T ext =

∫
ΓΠ

(r ∧ vabs)ρvabs•ndΓΠ +

∫
Π

r ∧ f r(α)dΠ (2.54)

Since Pf = ω•T ext, the power is given by (ALONSO; SILVA, 2022b)

Pf =

∫
ΓΠ

ω•(r ∧ vabs)ρvabs•ndΓΠ︸ ︷︷ ︸
Fluid flow effect

+

∫
Π

ω•[r ∧ f r(α)]dΠ︸ ︷︷ ︸
Porous medium effect

(2.55)

where eq. (2.55) includes the resistance force of the porous medium, which is analogous

to the material model term of the energy dissipation (eq. (2.51)).

2.3.3 Vorticity

The vorticity is a measure of the formation of vortices in the fluid flow from the

local rotating motion of the fluid. The vortices that are formed inside the fluid flow may

negatively contribute to the performance of a flow machine, leading to head losses,

nonuniformities in the fluid flow, and may even lead to a reversion in the fluid flow path.

The vorticity vector is defined as (MUNSON et al., 2009):

ξabs = ∇∧ vabs (2.56)
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From the vorticity transport equation (LAI et al., 2009), the material derivative

of the vorticity of eq. (2.58) (Dξabs

Dt
) can be divided into two terms: vortex stretching

((ξabs•∇)vabs) and viscous diffusion of vorticity (µ
ρ
∇2ξabs). In a 2D model, since the

vorticity vector is entirely in the z direction, the vortex stretching term is zero, which

implies that any formed vortex is dissipated only by viscosity. However, in a 2D swirl flow

model, since the three velocity components are present (in the directions r, θ and z),

with only tangential (θ direction) derivatives neglected, the vortices can be dissipated by

viscosity, and also be axisymmetrically stretched.

By substituting vabs = v + ω∧r (eq. (2.4)),

ξabs = ∇∧ v︸ ︷︷ ︸
Relative vorticity vector

+∇∧ (ω∧r)︸ ︷︷ ︸
Rotation effect

(2.57)

Since the rotation is an inherent aspect of flow machines, the part of the vorticity

vector that is of more interest in this work is the relative vorticity vector, which is then

given by

ξ = ∇∧ v (2.58)

A porous medium effect term may be included in the vorticity vector in order to

reduce the generation of grayscale results (ALONSO et al., 2019), resulting in:

ξ = ∇∧ v + ξκ (2.59)

where ξκ is a compensation of vorticity in the porous medium.

If the influence of the porous medium is considered to be directly proportional to

the curl of the deceleration caused by the porous medium,

ξκ = kV∇∧
(
f r(α)

ρ

)
(2.60)

where kV is a proportionality constant.

Therefore,

ξ = ∇∧ v +
kV
ρ
∇∧ (f r(α)) (2.61)

In order to evaluate a single scalar value for the vorticity, the vorticity vector may

be evaluated in a least squares approach (ROMERO; SILVA, 2014)

ξV,rel =

∫
Π

|ξ|2dΠ =

∫
Π

∣∣∣∣∣∣∣∣∣ ∇∧ v︸ ︷︷ ︸
Fluid flow effect

+
kV
ρ
∇∧ (f r(α))︸ ︷︷ ︸

Porous medium compensation

∣∣∣∣∣∣∣∣∣
2

dΠ (2.62)
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2.3.4 Pressure head

The pressure head is a measure of the fluid energy that is effectively transferred

along the fluid flow path inside the flow machine. In other words, it would represent

the maximum height of fluid that can be balanced by the energy provided by the pump

to the fluid. It may be represented in two forms: as the gain of energy of the fluid flow

(pump pressure head, H), and as the loss of energy of the fluid flow (turbine pressure

head, H ′ = −H). It is given from the integral form of the energy equation (1st Law of

Thermodynamics) (MUNSON et al., 2009) by simplifying for an incompressible steady

state flow with negligible heat transfer.

H =
1

Q

[∫
ΓΠ,out

(
p

ρg
+
|vabs|2

2g
+ h

)
vabs•ndΓΠ,out +

∫
ΓΠ,in

(
p

ρg
+
|vabs|2

2g
+ h

)
vabs•ndΓΠ,in

]
(2.63)

where Q is the (volumetric) flow rate (from eq. (2.47)), and h is the height. It can be

pointed out that vabs•n > 0 on the outlet, and vabs•n < 0 on the inlet.

By also considering zero external body forces (in particular, zero gravitational

force), hin and hout, which come from h in eq. (2.63), are neglected,

H =
1

Q

[∫
ΓΠ,out

(
p

ρg
+
|vabs|2

2g

)
vabs•ndΓΠ,out +

∫
ΓΠ,in

(
p

ρg
+
|vabs|2

2g

)
vabs•ndΓΠ,in

]
(2.64)

As can be seen in eq. (2.64), the pressure head can be described as a variation

of total (stagnation) pressure (eq. (2.50)) weighted by the flow rate between the outlet

and inlet. Since both terms of eq. (2.64) are multiplied by vabs•n and by considering v•n

instead of vabs•n, which is different than zero only on inlets/outlets and is valid for the

2D swirl flow model and the 2D/3D pump model, eq. (2.64) may be expressed as

H =
1

Q

[∮
ΓΠ

(
p

ρg
+
|vabs|2

2g

)
v•ndΓΠ

]
(2.65)

It may be pointed out that v•n should be used in eq. (2.65), and not vabs•n,

because only v•n is zero on the rotating walls of 2D (ROMERO; SILVA, 2014) and 3D

pump models (OKUBO et al., 2021).

For the operation as a pump, the pressure head (H) must be higher than zero,

which means that the rotor is capable of pumping the fluid (H > 0). Thus, this defines a

breakpoint for the fluid flow device to operate as a pump, which depends on the flow

rate and rotation for a given fluid flow device topology.
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2.3.5 Isentropic efficiency

The isentropic efficiency is a measure of how near the real (actual) performance

of the fluid flow device is in relation to ideal operating conditions. For pump devices,

from the definitions of the pressure head (H, eq. (2.64)) and the power transferred to the

fluid (Pf , eq. (2.55)), the isentropic efficiency is defined as (SONNTAG; BORGNAKKE,

2013; REY, 2004)

ηs =
Pideal

Preal

=
∆hs
Pf/ṁ

=
gH

Pf/ṁ
(2.66)

where ṁ is the mass flow rate, and ∆hs = gH is the variation of specific enthalpy

(specific work) in the ideal process (SONNTAG; BORGNAKKE, 2013), for incompressible

fluid. It can be mentioned that the fraction shown in eq. (2.66) is inverted for turbine

devices (i.e., for turbines, ηs = Preal

Pideal
=

Pf/ṁ

gH
).

2.3.6 Pressure coefficients

The rise in the static pressure in relation to the conversion of kinetic energy

into enthalpy can be characterized in terms of dimensionless coefficients. The static

pressure recovery (cp,R) and total pressure loss (cp,T,L) coefficients can be given as

(GAO et al., 2017; AYDER et al., 1993; EYNON; WHITFIELD, 2000; BALONI et al.,

2012; BALONI et al., 2015)

cp,R =
pout − pin
pT,in − pin

=
pout − pin
pD,in

(2.67)

cp,T,L =
−(pT,out − pT,in)

pT,in − pin
=
pT,in − pT,out

pD,in
(2.68)

where pi is the average (static) pressure, pD,i is the average dynamic pressure, pT,i is

the average total (stagnation) pressure, in refers to the inlet of the fluid device, out refers

to the outlet of the fluid device. When there is a porous medium in the computational

domain, such as in topology optimization, the pressure on porous medium interfaces

needs to be disconsidered. Thus, the average pressures of eqs. (2.67) and (2.68) need

to be decreased by the effect of the pseudo-density (α) values. However, that influence

is not linear, as can be seen in eq. (2.129). Therefore, the influence of the penalty
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parameter (q) needs to be considered. The pressure values averaged by the length of

the boundary and considering the porous medium become:

pi =
1

`ΓΠ,i

∫
ΓΠ,i

[p]

[
α

(
1 + q

α + q

)]
dΓΠ,i

pD,i =
1

`ΓΠ,i

∫
ΓΠ,i

[
ρ|vabs|2

2

][
α

(
1 + q

α + q

)]
dΓΠ,i

pT,i = pi + pD,i

(2.69)

where `ΓΠ,i
=
∫

ΓΠ,i

[
α
(

1+q
α+q

)]
dΓΠ,i is the length of the boundary i considering the porous

medium.

From eqs. (2.67) and (2.68), a unified pressure performance coefficient can be

defined as (GAO et al., 2017)

cp,U =
cp,R
cp,T,L

(2.70)

2.3.7 Static pressure rise

The static pressure rise is closely related to the requirements for the design of

a VAD, since blood flow requirements are normally expressed with the required static

pressure rise. The static pressure rise in a VAD (∆pVAD) is given by

∆pVAD = pout,VAD − pin,VAD = ∆protor + ∆pvolute (2.71)

where pin,VAD is the average (static) pressure on the inlet, pout,VAD is the average (static)

pressure on the outlet, ∆protor is the (static) pressure rise in the rotor, and ∆pvolute is the

pressure rise in the volute.

By considering the static pressure recovery coefficient cp,R of the volute (eq.

(2.67)), the required (static) pressure in relation to rotor pressures becomes

∆pVAD = ∆protor + (cp,R∆pD,volute) = ∆protor + (cp,R∆pD,rotor) (2.72)

where ∆pD,volute is the dynamic pressure rise in the volute, and ∆pD,rotor is the dynamic

pressure rise in the rotor.

Therefore, if all the inlet dynamic pressure in the volute could be approximately

converted to static pressure, cp,R ≈ 1, which is unlikely to happen due to energy

dissipation related to redirecting the fluid flow. In fact, notice that cp,R = 1 is impossible,

otherwise the outlet fluid would be static. For such hypothetical case,

∆pVAD ≈ ∆pT,rotor (2.73)
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where ∆pT,rotor is the total pressure variation in the rotor.

2.3.8 Specific dimensionless characterization parameters

There are some dimensionless parameters that are specific to the analysis of

Tesla-type devices. Some selected parameters are presented in Table 2.1 (ALONSO

et al., 2019). Their original definitions are adapted in order to enable their analyses in

topology optimization results.

Table 2.1 – Dimensionless parameters for analysis in Tesla-type devices.
Dimensionless parameter Equation *

Boundary layer characterization
Pohlhausen parameter (based on Rey (2004) and
Breiter and Pohlhausen (1962))
Õ Represents the spacing between the disks.

Ph = emin

√
ω0

ν

Flow regime characterization
Local Reynolds number in relation to the external
radius (based on Rey (2004))
Õ Represents the flow regime for each point of the fluid
in relation to the external diameter of the disks. It may
also be expressed in terms of the external radius (rext
instead of 2rext)

Reext,` =
|vabs| (2rext)

ν

Local viscogeometric (Nendl) parameter (based on
Rey (2004))
Õ Reynolds number (in relation to the spacing of the
disks) combined with a geometric parameter.

Ndext,` =
|vabs|emin

2

νrext

Flow rate characterization
Essential machine data parameter (based on Foo et
al. (2010))
Õ Represents the flow rate in relation to the viscosity.

AQ =
Qemin

noutletsνr2
int

* Legend:
ω0 : Angular velocity of the fluid flow device.
ν = µ

ρ : Kinematic viscosity.
emin : Minimum spacing between two disks.
rint : Internal (inlet) radius of the rotor of the pump.
rext : External (outlet) radius of the rotor of the pump.
vabs : Absolute velocity of the fluid.
Q : Volumetric flow rate (eq. (2.47)).
noutlets : Number of outlets of the Tesla pump.

For simplicity and easy extension to arbitrary fluid flow device topologies, the

Reynolds number for the volute may be defined as:

ReV,` =
|vabs| dV

ν
(2.74)

where dV is the distance from the line that defines the outlet of the volute to the center

of the rotor (shown in Fig. 2.8).
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Figure 2.8 – Characteristic dimension selected for the Reynolds number of the volute.

Source: Author.

Additionally, it is possible to consider a local inlet Reynolds number, by substitut-

ing vabs by vabs,in in Table 2.1 and eq. (2.74).

2.4 BLOOD DAMAGE MODELING

Although the relationships represented in Fig. 1.4 have been shown to exist, it is

not guaranteed that these relationships should be linear when comparing different fluid

flow device shapes/topologies. Therefore, it may be necessary to perform the evaluation

of hemolysis and thrombosis through hemolysis and thrombosis models, respectively.

This evaluation is treated as a “post-processing” operation, since the fluid flow simulation

has already been performed.

One aspect that is present in all hemolysis and thrombosis models is the shear

stress magnitude (viscous scalar shear stress) (mentioned in eq. (2.12)), which has an

important role in hemolysis and thrombosis. There are two main approaches for the

computation in the evaluation of hemolysis (ARORA et al., 2004): stress-based and

strain-based. The first approach for computing the shear stress magnitude over the

RBCs is the stress-based approach, which assumes that the RBCs deform immediately

when under any shear stress. The shear stress magnitude is based on the total shear

stress, which can be given considering the most generic case (i.e., considering the

presence of turbulence) (ALEMU; BLUESTEIN, 2007; SOARES et al., 2013; WU et al.,

2005)

τ total = τ + TR (2.75)

where τ total is the total shear stress tensor, τ = µ(∇v+∇vT ) is the shear stress tensor,

and TR is the Reynolds (turbulent) stress tensor.
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Then, the total shear stress magnitude (τm,total) may be computed through differ-

ent methods and values. One common approach is by directly using the (instantaneous)

shear stress, as in eq. (2.12). By considering eqs. (2.12) and (2.75), the total shear

stress magnitude (τm,total) and total shear rate magnitude (γ̇m,total) may be given as

(TESCH, 2013; ARORA et al., 2004)

τm,total =
√

2τ total•τ total

γ̇m,total =
√

2εtotal•εtotal

(2.76)

where εtotal = ε+ εR is the total deformation (strain) tensor, εR = TR
2µ

is the Reynolds

(turbulent) deformation (strain) tensor.

Other approaches that are also used for computing the total shear stress magni-

tude (τm,total) assume it to be equal to, for example, a von Mises stress-like equation

(BLUDSZUWEIT, 1995; TASKIN et al., 2012; FRASER et al., 2010; FRASER et al.,

2011), a Tresca stress-like equation (PINOTTI; ROSA, 1995; GARON; FARINAS, 2004)

or the second stress invariant (PAULI et al., 2013; NAM et al., 2011).

The second approach for computing the shear stress magnitude is the strain-

based approach, which consists of considering the biophysical aspects of an RBC

(shape distortion and relaxation of the viscoelastic membrane of the RBC) (ARORA et

al., 2004; BARTHES-BIESEL; RALLISON, 1981) in determining the strain rate acting

over the blood flow (and, therefore, the shear stress magnitude over the RBCs) (PAULI

et al., 2013). This approach considers the deformation of RBCs being modeled as fluid

droplets (ARORA et al., 2004; ARORA et al., 2006b), meaning that the shapes of the

RBCs are modelled as ellipsoids represented by morphology tensors which may be

evaluated by an Eulerian approach. The main drawback of this method may be that it

requires the solution of an additional tensorial equation, which may represent a high

computational cost.

Since the stress-based approach assumes that the RBCs deform immediately,

which is unrealistic under physiological conditions (PAULI et al., 2013), and since the

residence time (interval of time in which the RBCs are inside the device, which affects

the shape distortion of the RBCs) is normally small for blood pumps, the stress-based

approach should overpredict blood damage (PAULI et al., 2013).

Under homogeneous steady shear flow (i.e., under a spatially constant total shear

rate), both approaches are equivalent (PAULI et al., 2013). However, under transient
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or steady inhomogeneous flows (i.e., under a total shear rate that varies spatially), the

hemolysis predictions of both models may significantly differ (PAULI et al., 2013), due to

the assumption of immediate deformation of RBCs in the stress-based approach.

In this work, the shear stress magnitude for hemolysis and thrombosis is com-

puted through the shear stress approach based on instantaneous shear stresses (eq.

(2.76)) due to the aforementioned proximity of results, and the lower computational cost

(since it is not required to solve an additional tensorial differential equation).

For the finite element modeling, the local values of the blood damage indices and

the auxiliary variables used in their calculations, which are presented in the following

sections, are assumed with linear interpolation (P1) (see Fig. 2.9).

Figure 2.9 – Finite element interpolation for the blood damage indices (also used for the auxiliary variables
used in their computations).

Source: Author.

2.4.1 Hemolysis modeling

Hemolysis may be evaluated by the hemolysis index. The hemolysis index

(also called blood damage index in Grigioni et al. (2004)) is based on the quantity of

hemoglobin (internal protein of RBCs responsible for transporting oxygen to the tissues)

in the plasma, being given by (FRASER et al., 2010; TASKIN et al., 2012)

IH,T =
∆Hbpf

Hb
=

Hbpf,out − Hbpf,in

Hb
(2.77)

where IH,T is the hemolysis index (referred here as the total hemolysis index), ∆Hbpf =

Hbpf,out − Hbpf,in is the variation of the quantity of free hemoglobin in the plasma per

volume of blood (plasma free hemoglobin) (g/dL) and Hb is the quantity of hemoglobin

per volume of blood (g/dL). For a healthy person, Hb = 1500 g/dL (ARORA et al., 2006b).

While eq. (2.77) is essentially the difference between the outlet and the inlet

hemoglobin, it is also possible to define the local hemolysis index, which is distributed

over the entire computational domain, as

IH =
Hbpf

Hb
(2.78)
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where IH is the local hemolysis index and Hbpf is the quantity of free hemoglobin in the

plasma per volume of blood (g/dL). It may also be mentioned that the local index values

may represent a potential damage map rather than the damage itself, which depends

on the fluid flow over the “damaging” regions.

The hemolysis index is sometimes weighted (corrected) by the percentage of

volume not occupied by RBCs in the total volume of blood (plasma volume) (ASTM

F1841-97, 1997; GARON; FARINAS, 2004). This weighting is known to numerically

underestimate the hemolysis (DE WACHTER; VERDONCK, 2002; GARON; FARINAS,

2004), and consists of multiplying eq. (2.77) by (1−Ht), where (1−Ht) is the percentage

of volume not occupied by RBCs in the total volume of blood, and Ht is the hematocrit

(percentage of volume occupied by RBCs in the total volume of blood) (BILLETT, 1990).

For a healthy person, Ht = 45% (ARORA et al., 2006b; NAM et al., 2011; BEHBAHANI

et al., 2009; CHO; KENSEY, 1991).

Since the local hemolysis index (IH) varies with respect to each point of the flow,

the value averaged by the flow rate can be used to define the total hemolysis index

(IH,T ) (NAM et al., 2011),

IH,T = ∆ĨH = ĨH,out − ĨH,in =

∫
ΓΠ,out

IH(vabs•n)dΓΠ,out∫
ΓΠ,out

(vabs•n)dΓΠ,out

−

∫
ΓΠ,in

IH(vabs•n)dΓΠ,in∫
ΓΠ,in

(vabs•n)dΓΠ,in

(2.79)

where “ ˜ ” represents the average value weighted by the volumetric flow rate.

Since (vabs•n) is different than zero only on inlets and outlets, and the flow rate

that enters the fluid device is the same that exits it ((vabs•n)|in = − (vabs•n)|out) (i.e., the

continuity equation (eq. (2.41)) is being respected), eq. (2.79) can also be written as:

IH,T = ∆ĨH = ĨH,out − ĨH,in =

∮
ΓΠ
IH(vabs•n)dΓΠ

Q
(2.80)

where Q is the volumetric flow rate (eq. (2.47)).

There are some definitions for the hemolysis index that are directly correlated to

measurements from experiments used to evaluate hemolysis, which are given in Table

2.2.
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Table 2.2 – Definitions of the hemolysis index correlated to experiments.
Type of hemolysis index definition Equation *

Normalized (total) hemolysis index
Õ Total hemolysis index normalized for a single fluid
pass (TASKIN et al., 2012), considering that there are
multiple passes of blood in the device for each experi-
mental measure, which means that the variation of the
quantity of free hemoglobin in the plasma per volume
of blood is used as a total value of all these passes (i.e.,
∆Hbpf,total =

∑npasses

i=0 ∆Hbpf,i).

IH,T ′,normalized =
∆Hbpf,total

Hb

npasses

Corrected and normalized (total) hemolysis value
Õ Total hemolysis value (not dimensionless), normal-
ized for a single fluid pass, and corrected for the plasma
volume (based on the hematocrit (ASTM F1841-97,
1997; GARON; FARINAS, 2004)). If given in g/dL, it
is called NIH (Normalized Index of Hemolysis) (ASTM
F1841-97, 1997), and, if given in mg/dL, it is called
mgNIH (Normalized miligram Index of Hemolysis)
(ASTM F1841-97, 1997).

I
H,T ′,

normalized
and corrected

value

=
∆Hbpf,total

npasses
(1−Ht)

Corrected and normalized (total) hemolysis index
Õ Total hemolysis index, normalized for a single fluid
pass, and corrected for the plasma volume (based on
the hematocrit). It is the hemolysis index that is rec-
ommended by ASTM F1841-97 (1997) to express the
degree of hemolysis caused by a blood pump in a re-
circulating system, being referred to as MIH (Modified
Index of Hemolysis).

I
H,T ′, normalized

and corrected
=

∆Hbpf,total

Hb

npasses
(1−Ht)

* Legend:
npasses = Vflow

Vcirculating
: Total number of passes.

Vflow = Q∆tm : Volume of blood due to the fluid flow.
∆tm : Measurement time.
Q : Volumetric flow rate (eq. (2.47)).
Vcirculating : Total volume of blood circulating in the fluid flow circuit used in the experiments.

2.4.1.1 Numerical prediction of the hemolysis index

The numerical prediction models for the hemolysis index are developed based

on the following requirements (GOUBERGRITS, 2006; GRIGIONI et al., 2005): (1) the

principle of causality (i.e., blood damage does not reduce and is always increased:
DIH
Dt

> 0) (GRIGIONI et al., 2004); (2) under constant uniform shear stress conditions,

it should match the Giersiepen-Wurzinger correlation, which has been experimentally

verified for this case (STEINES et al., 1999); (3) the load history for time-dependent

loading should be taken into account (according to the damage accumulation hypothesis,

which considers that blood damage is accumulated with time – i.e., considers that the

RBCs are progressively destroyed).

There are essentially two approaches for evaluating hemolysis in blood flow,

which are: the power-law approach (based on the Giersiepen-Wurzinger correlation
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(GIERSIEPEN et al., 1990)), and the threshold approach (GOUBERGRITS, 2006).

Since the threshold approach (GOUBERGRITS, 2006; LU et al., 2001) is an “all or

nothing approach”, which assumes that there is a critical shear stress magnitude value

(hemolytic threshold) before which hemolysis is 0%, and above which hemolysis is

100%, it is not adequate for estimating hemolysis. According to Lu et al. (2001)’s

experimental results, the hemolytic threshold would correspond to 800 Pa. The power-

law approach is based on the Giersiepen-Wurzinger correlation (GIERSIEPEN et al.,

1990) and serves as the basis for all other hemolysis models. Its original application

assumes a constant uniform shear stress, which is clearly not valid for various fluid flow

problems, including VADs (FRASER et al., 2010). The Giersiepen-Wurzinger correlation

has been originally developed for total scalar shear stresses (τm,total) smaller than 255

Pa, and for exposure times (∆texposure) smaller than 700 ms (GIERSIEPEN et al., 1990;

TASKIN et al., 2012). This original application of the correlation is known to overestimate

the hemolysis index (DE WACHTER; VERDONCK, 2002) and is given by (GIERSIEPEN

et al., 1990; BLUDSZUWEIT, 1995; TASKIN et al., 2012; FRASER et al., 2010; ZHANG

et al., 2011)

IH,T = ∆ĨH = CHτ
βs
m,total∆t

βt
exposure (2.81)

where τm,total is the shear stress magnitude, ∆texposure is the exposure time (i.e., the

time interval in which τm,total is active), CH is the proportionality factor for the hemolysis

index, βs is the exponent of the shear stress magnitude, and βt is the exponent of the

exposure time.

The coefficients of the Giersiepen-Wurzinger correlation are determined from re-

gression of experimental data (TASKIN et al., 2012). According to Zhang et al. (2011), the

coefficients that were originally determined in Giersiepen et al. (1990) are overestimated

because of the use of a mechanical seal in the experiments, and, therefore, presents

a new set of coefficients. The new set of coefficients consists of CH = 1.228 × 10−5

Pa−βss−βt, βs = 1.9918, and βt = 0.6606 (ZHANG et al., 2011).

In order to numerically predict the hemolysis index under more generic condi-

tions, differential equations based on the Giersiepen-Wurzinger correlation have been

developed. These equations may be solved by either of two approaches (TASKIN et al.,

2012; FRASER et al., 2010): the Lagrangian approach, in which the integration follows

the pathlines, and the Eulerian approach, in which the integration is performed in the
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entire computational domain. According to Pauli et al. (2013), the advantage of the

Lagrangian approach is that it is easier to compute the residence time (interval of time in

which the RBCs are inside the device). However, near zero velocities and recirculation

regions pose a computational problem for computing the pathlines necessary for the

Lagrangian approach, and, due to the choice of pathlines, the entire flow field is not

necessarily considered (FRASER et al., 2010). Also, Taskin et al. (2012) reported higher

correlation coefficients between the Eulerian approach and experiments (for a bladed

blood pump) than the Lagrangian approach. Therefore, the Eulerian approach seems to

be more interesting for computing the hemolysis index (FRASER et al., 2010).

Various hemolysis models have been developed, which are mainly the linear

damage index model (GARON; FARINAS, 2004), the asymptotically consistent damage

index model (FARINAS et al., 2006), and the mechanical dose infinitesimal damage

index model (GRIGIONI et al., 2005). There are other models, such as: linear damage

accumulation (MITOH et al., 2003; YANO et al., 2003), which is restricted to the La-

grangian approach for each RBC pathline (i.e., cannot be represented in an Eulerian

form), power law damage accumulation (SONG et al., 2003), which fails to reproduce

the total damage under uniform shear stress (from the Giersiepen-Wurzinger correla-

tion) (GRIGIONI et al., 2004; GRIGIONI et al., 2005) and portrays some undesirable

dependency with respect to the time step (TASKIN et al., 2012), power law damage

accumulation based on damage curve (YELESWARAPU et al., 1995), and infinitesimal

damage index (GRIGIONI et al., 2004; SHERIFF et al., 2013), which depends on the

residence time of the RBCs (interval of time in which the RBCs are inside the device,

which affects the shape distortion of RBCs).

While the linear damage index and asymptotically consistent damage index

models require solving a single differential equation for obtaining the hemolysis index,

the mechanical dose infinitesimal damage index model requires solving two equations

– one for a mechanical dose of hemolysis, and another for the hemolysis index. In

particular, the asymptotically consistent damage index model is the linear damage index

model with a correction for only nondestroyed RBCs to undergo hemolysis, which means

that it is more suitable for evaluating hemolysis. Since both asymptotically consistent

damage index and mechanical dose infinitesimal damage index models should be

acceptable for evaluating hemolysis (although the second one being more generic), and

the asymptotically consistent damage index model requires solving a single differential
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equation, which is linear, the model selected in this work is the asymptotically consistent

damage index model.

2.4.1.1.1 Asymptotically consistent damage index model

Since the asymptotically consistent damage index model consists of the linear

damage index model with a correction, the linear damage index model is first briefly

described. The linear damage index model assumes that the Giersiepen-Wurzinger

correlation is valid for any fluid volume and completely describes the damage evolution

of the blood flow (GARON; FARINAS, 2004; FARINAS et al., 2006; TASKIN et al.,

2012; NAM et al., 2011). In this case, the original equation of the Giersiepen-Wurzinger

correlation (eq. (2.81)) is adapted to the differential form as follows (GARON; FARINAS,

2004; FRASER et al., 2010), for each pathline,

∆IH = CHτ
βs
m,total∆t

βt

(∆IH)
1
βt

∆t
= C

1
βt
H τ

βs
βt

m,total

(2.82)

where ∆t is here the time interval in the pathline of a single RBC.

Then, it is assumed that (∆IH)
1
βt ≈ ∆(I

1
βt
H ), which is particularly true when

IH,in = 0 in ∆IH = IH,out − IH,in (notice that this assumption is not needed in the

mechanical dose infinitesimal damage index model). By also considering a linear

damage index (given by IH,L = I
1
βt
H ), an infinitesimal time step (∆t → 0+) and τm,total

being time-independent, the following equation is obtained:

DIH,L
Dt

= C
1
βt
H τ

βs
βt

m,total (2.83)

where the value of the local hemolysis index (IH) is then recovered by considering

IH = IβtH,L. According to Nam et al. (2011), an additional diffusion term can also be

included in eq. (2.83), but this term should not be significant in typical fluid flow devices.

According to Farinas et al. (2006), when the linear damage index model is

under large shear stresses and/or exposure time, it may “generate” a hemolysis index

larger than 1. This overestimates the hemolysis, since it would mean that already

lysed RBCs continue being lysed (FARINAS et al., 2006). In such case, it is needed to

add a saturation effect to the hemolysis index computed by the linear damage index

model. This saturation effect limits the maximum hemolysis index to 1 (i.e., 100% RBC



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 134

destruction), removing nonphysical results from the validity range (FARINAS et al.,

2006). Therefore, eq. (2.83) becomes (FARINAS et al., 2006; NAM et al., 2011):

DIH,L
Dt

= C
1
βt
H τ

βs
βt

m,total (1− IH,L)︸ ︷︷ ︸
Correction term
for nondestroyed

RBCs

(2.84)

From the definition of the material derivative, considering a relative reference

frame,

∂IH,L
∂t

+ (v•∇)IH,L = C
1
βt
H τ

βs
βt

m,total(1− IH,L) (2.85)

The weak form can be obtained by multiplying eq. (2.85) by the test function for

the linear damage index (wIH,L), which would correspond to the weighted-residual and

Galerkin methods. By also considering steady state flow,∫
Π

[
(v•∇)IH,L − C

1
βt
H τ

βs
βt

m,total(1− IH,L)

]
wIH,LdΠ = 0 (2.86)

This approach is also referred to as the FEM (Finite Element Method) approach.

However, in the performed tests, this formulation resulted unstable for the solution of IH,L

(i.e., the values resulted in a checkerboard-like distribution of extremely high positive and

extremely low negative values). This is probably because, when the total shear stress

magnitude (τm,total) is small and the fluid velocity (v) is also small, there is a singularity

in eq. (2.86) (i.e., “0 ≈ 0”). Therefore, an alternative approach is considered. This

alternative approach is based on the LSFEM (Least-Squares Finite Element Method)

formulation, as used in Nam et al. (2011) and Pauli et al. (2013). The LSFEM approach

considers the minimization of
∫

Π
R2dΠ, whereR is the residual of the differential equation.

The minimization implies that the variational of
∫

Π
R2dΠ be zero, which means that∫

Π
2RδRdΠ = 0 (or, when dividing by 2,

∫
Π
RδRdΠ = 0), where δR represents the

variational of R. Therefore,∫
Π

[
(v•∇)IH,L − C

1
βt
H τ

βs
βt

m,total(1− IH,L)

] [
(v•∇)wIH,L + C

1
βt
H τ

βs
βt

m,totalwIH,L

]
dΠ = 0 (2.87)

In order to “soften” the singularity that may still be present near small shear

stress magnitudes (τm,total) and small fluid velocities (v) (i.e., “0 ≈ 0”), eq. (2.87) is

divided by C
1
βt
H τ

βs
βt

m,total, resulting in:

∫
Π

 (v•∇)

C
1
βt
H τ

βs
βt

m,total

IH,L − (1− IH,L)

[(v•∇)wIH,L + C
1
βt
H τ

βs
βt

m,totalwIH,L

]
dΠ = 0 (2.88)
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The formulation given by eq. (2.88) should be enough for evaluating the hemolysis

index, and it also did not achieve negative values (negative concentration problem), as

had been previously reported by Nam et al. (2011) in the formulation given by eq. (2.87).

Therefore, there should be no need to consider a quadratic variable transformation,

which is proposed in Nam et al. (2011) and requires the use of a non-linear solver

(i.e., solving by using an iterative method, such as the Newton-Raphson method), with

inherent convergence issues (NAM et al., 2011)

Since no boundary term appears in eq. (2.88), the only boundary condition that is

imposed is a Dirichlet boundary condition on the inlet, which may consist of, for example,

zero inlet hemolysis (IH = 0 =⇒ IH,L = 0).

2.4.1.1.2 Simplified analysis for the asymptotically consistent damage index model

It is also possible to perform a simplified analysis in eq. (2.84) (FARINAS et al.,

2006), but with the disadvantage of not giving the local information of the hemolysis

index (i.e., the sources of RBC damage inside the device) (GARON; FARINAS, 2004;

FARINAS et al., 2006). In this case, by assuming steady state flow in eq. (2.84),

(v•∇)IH,L = C
1
βt
H τ

βs
βt

m,total(1− IH,L) (2.89)

By separating the variables and integrating in the whole computational domain

(Π), ∫
Π

(v•∇)IH,L
(1− IH,L)

dΠ =

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ (2.90)

From the power rule for derivatives, ∇IH,L
1−IH,L

= −∇[ln(1− IH,L)]. Therefore,

−
∫

Π

v•∇[ln(1− IH,L)]dΠ =

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ (2.91)

From the product rule for derivatives, for a given scalar field “as”, (v•∇)as =

v•∇as = ∇•(vas) − (∇•v)as. Thus, by applying this relation to eq. (2.91) and also

considering an incompressible fluid (i.e., the continuity equation (eq. (2.1))),

−
∫

Π

∇•(vln(1− IH,L))dΠ =

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ (2.92)

By applying Gauss’ divergence theorem,

−
∫

ΓΠ

n•(vln(1− IH,L))dΓΠ =

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ (2.93)
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By assuming that
∫

ΓΠ
n•(vln(1− IH,L))dΓΠ ≈ Q∆ln(1− IH,L)

:
, and also consid-

ering IH,L,T = ∆ĨH,L = ĨH,L,out − ĨH,L,in, where ĨH,L,in is a constant value specified by a

Dirichlet boundary condition and IH,L,T is the total linear damage index,

−Qln(1− IH,L,out)
:

=

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ−Qln(1− IH,L,in)
:

(2.94)

−ln(1− IH,L,out)
:

=
1

Q

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ− ln(1− IH,L,in)
:

(2.95)

By assuming that ln(1− IH,L,out)
:

= ln(1− ĨH,L,out) and ln(1− IH,L,in)
:

= ln(1 −

ĨH,L,in), which are not particularly true,

ĨH,L,out = 1− e−
1
Q

∫
Π C

1
βt
H τ

βs
βt

m,totaldΠ+ln(1− ˜IH,L,in) (2.96)

By substituting IH = IβtH,L in eq. (2.96),

ĨH,out =

[
1− e−

1
Q

∫
Π C

1
βt
H τ

βs
βt

m,totaldΠ+ln(1− ˜IH,in 1
βt )

]βt
(2.97)

If, additionally, IH,in = 0,

IH,T =

[
1− e−

1
Q

∫
Π C

1
βt
H τ

βs
βt

m,totaldΠ

]βt
(2.98)

The same reasoning can be applied to the linear damage index model (eq.

(2.83)), which would result in:

ĨH,out =

[
1

Q

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ + ĨH,in
1
βt

]βt
(2.99)

If, additionally, IH,in = 0,

IH,T =

[
1

Q

∫
Π

C
1
βt
H τ

βs
βt

m,totaldΠ

]βt
(2.100)

As can be noticed, the equations obtained from the simplified models (eqs. (2.98)

and (2.100)) consider assumptions that may not be valid. Notice that eq. (2.100) is

different from the one presented in Montevecchi et al. (1995) (IH,T =
∫
Π τ

βs
m,totaldΠ

Q
), which

is essentially the integration of eq. (2.81) in the entire computational domain while

ignoring the time dependency factor.
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2.4.2 Thrombosis modeling

The mechanism of thrombosis is directly related to platelet activation and ag-

gregation. In fact, in VADs, platelets activate and aggregate, forming blood clotting

(thrombus), due to mechanically induced high shear stress levels (SHERIFF et al.,

2013), requiring patients to take anti-coagulation medications, which may also lead to

bleeding (FRASER et al., 2010).

Platelet activation is closely related to the initiation of the formation of blood

clotting (thrombus) (YUN et al., 2016). Since minimizing platelet activation minimizes

the risk of thrombosis and lowers the dose of anti-coagulation medications (FRASER

et al., 2010), it is an important aspect that should be taken into account in the design

of blood flow devices. However, because of the previous lack of validated models for

platelet activation (SOARES et al., 2013), VADs are historically designed to account for

only minimizing hemolysis, which corresponds to stress levels that are 10 times higher

(i.e., one order of magnitude higher) than platelet activation (SHERIFF et al., 2013;

TRAVIS et al., 2001; SOARES et al., 2013).

In high speed VADs, the shear stresses acting in VADs can reach up to 800 Pa

and extremely high shear stresses may act for short time intervals (in the order of ms)

(SOARES et al., 2013; KINI et al., 2001; CHENG et al., 2004). These brief durations

of high shear stress levels may be sufficient to activate platelets and/or sensitize them

(SHERIFF et al., 2010). According to Soares et al. (2013), this sensitization means that

the previously stressed platelets should not return to their pre-exposure condition, and

should activate at higher shear stresses (SHERIFF et al., 2010; SOARES et al., 2013).

According to Soares et al. (2013), the entire shear stress history must be taken into

account in order to capture this effect.

Another factor contributing to thrombosis is platelet aggregation (CHOPARD et

al., 2017). However, according to Fraser et al. (2010), the models for platelet aggregation

are complex and computationally high demanding, being therefore unsuitable for evalu-

ating platelet aggregation in real fluid devices. Note that this means that the currently

available platelet aggregation models are also unsuitable for topology optimization, since

this computation would need to be repeated at each topology optimization iteration.

Therefore, only platelet activation is considered in this work for evaluating thrombosis.

In order to measure the level of platelet activation, the PAS (Platelet Activation
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State) index is normally used. The PAS index quantifies the contribution of platelet

activation to the generation of thrombin, which is the protein responsible for activating

platelets (BRASS, 2003; MONROE et al., 2002; CONSOLO et al., 2016). It is given

by a dimensionless continuous measure in the interval [0, 1], and is experimentally

measured by a PAS assay (SHERIFF et al., 2014; CONSOLO et al., 2016; NOBILI et

al., 2008; RAZ et al., 2007). From the PAS assay, the PAS index may be expressed as

IPAS,T =
∆rtg

rtg,full

=
rtg,out − rtg,in

rtg,full

(2.101)

where IPAS,T is the PAS index (referred here as the total PAS index), ∆rtg = rtg,out−rtg,in

is the variation of the rate of thrombin generation of the activated platelets, and rtg,full is

the rate of thrombin generation of fully activated platelets (i.e., the maximum thrombin

generation capacity).

The local PAS index, which is distributed over the entire computational domain,

would then be defined as

IPAS =
rtg

rtg,full

(2.102)

where IPAS is the local PAS index and rtg is the rate of thrombin generation of the

activated platelets.

As in eq. (2.79), the total PAS index (IPAS,T ) may be given as a function of the

local PAS index (IPAS),

IPAS,T =∆ĨPAS = ˜IPAS,out − ĨPAS,in =∫
ΓΠ,out

IPAS(vabs•n)dΓΠ,out∫
ΓΠ,out

(vabs•n)dΓΠ,out

−

∫
ΓΠ,in

IPAS(vabs•n)dΓΠ,in∫
ΓΠ,in

(vabs•n)dΓΠ,in

(2.103)

The same simplification of eq. (2.80) is also possible:

IPAS,T = ∆ĨPAS = ˜IPAS,out − ĨPAS,in =

∮
ΓΠ
IPAS(vabs•n)dΓΠ

Q
(2.104)

2.4.2.1 Numerical prediction of the PAS index

Some numerical prediction models for the PAS index are based on the same

formulation used for the numerical prediction of the hemolysis index (Section 2.4.1.1).

For example, the Giersiepen-Wurzinger correlation (eq. (2.81)) can be used by changing

the coefficients from CH = 1.228× 10−5Pa−βss−βt to CPAS = 1.47× 10−6Pa−αss−αt , from

βs = 1.9918 to αs = 1.0400 and from βt = 0.6606 to αt = 1.3000 (GIERSIEPEN et al.,
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1990; SHERIFF et al., 2013). Some models that can be converted from hemolysis

index models to PAS index models are: linear damage index (GIERSIEPEN et al., 1990;

SHERIFF et al., 2013), asymptotically consistent damage index (GIERSIEPEN et al.,

1990; SHERIFF et al., 2013), mechanical dose infinitesimal damage index (HELLUMS,

1994; NOBILI et al., 2008), infinitesimal damage index (SHERIFF et al., 2013), and

power law damage accumulation (ALEMU; BLUESTEIN, 2007; SHERIFF et al., 2013).

In this work, a formulation which is not simply a reuse of a hemolysis model with

different coefficients is considered. The model is the shear-induced platelet activation

model (SOARES et al., 2013), which is able not only to capture the effect of the shear

stress, but to capture the sensitization effect of platelets, in which the necessary shear

stress levels for platelets to activate increases if the platelets are exposed to high shear

stress levels during some interval of time. However, the original formulation of this model

is highly non-linear, which leads to numerical convergence issues when solving with the

finite element method (Eulerian approach). In order to solve this problem, the original

model is reformulated based on the mechanical dose definition from Hellums (1994),

reducing the non-linearity of the model (mechanical dose shear-induced PAS model).

2.4.2.1.1 Mechanical dose shear-induced PAS model

The mechanical dose shear-induced PAS model is a mechanical dose-based

version of the shear-induced platelet activation model (SOARES et al., 2013). As in the

original shear-induced platelet activation model (SOARES et al., 2013), this model is

based on three effects (sensitization, stress level and stress rate), and also a correction

for non-activated platelets. An additional term is included in order to penalize the PAS

index inside the modeled solid material. The terms are described as follows (ALONSO;

SILVA, 2022a):

1. Sensitization effect: The sensitization effect depends on the current level of acti-

vation (PAS index, IPAS) and explicitly on the total shear stress accumulation of the

entire history up to time “t” (
∫ t

0
τm,totaldt). The form of this term has been experimentally

determined (trial and error approach) (SOARES et al., 2013) based on experimental

data from Sheriff et al. (2010), which shows that platelets that were exposed to high

shear stresses showed significantly higher rates of activation than platelets that were
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not exposed to these high shear stresses (SHERIFF et al., 2010; SHERIFF et al., 2013).

It may be given for each pathline from:

Sτ =

∫ t

0

τm,totaldt (2.105)

∆IPAS,S = CPAS,SIPASSτ∆t (2.106)

where IPAS,S is the PAS index contribution from the sensitization effect, Sτ is the shear

stress history, and CPAS,S is the proportionality factor for the sensitization effect. Accord-

ing to Soares et al. (2013), CPAS,S = 1.5701× 10−7Pa−1s−2.

The corresponding differential forms become:

DSτ
Dt

= τm,total (2.107)

DIPAS,S
Dt

= CPAS,SIPASSτ (2.108)

2. Stress level effect: The stress level effect is based on the Giersiepen-Wurzinger

correlation (eq. (2.81)). For the case of platelet activation, eq. (2.81) adapted for each

pathline becomes:

∆IPAS,sl = CPAS,slτ
αs
m,total∆t

αt (2.109)

where IPAS,sl is the PAS index contribution from the shear level effect, αs is the shear

stress level exponent, and αt is the stress level exposure time exponent. According to

Soares et al. (2013), CPAS,sl = 1.4854× 10−7Pa−αss−1, αs = 1.4854, and αt = 1.4401.

The original formulation of the shear-induced platelet activation model

(SOARES et al., 2013) assumes an infinitesimal time step (∆t → 0+), τm,total

being time-independent in eq. (2.109), and considers the power rule for derivatives,
D(I

1
αt
PAS)

Dt
= 1

αt
IPAS

1
αt
−1DIPAS

Dt
. Therefore,

DIPAS,sl
Dt

= C
1
αt
PAS,slαtτ

αs
αt

m,totalIPAS
αt−1
αt (2.110)

Note that there is a clear non-linearity present in eq. (2.110) due to the exponent

of IPAS. In order to avoid it, the mechanical dose approach (HELLUMS, 1994; NOBILI

et al., 2008) is considered. In the mechanical dose approach, a mechanical dose of
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PAS from the stress level is defined as ∆DPAS,sl = τ
αs
αt

m,total∆t, which, from eq. (2.109),

leads to

∆IPAS,sl = CPAS,sl∆D
αt
PAS,sl (2.111)

By assuming an infinitesimal time step (∆t → 0+) and τm,total being time-

independent, the differential forms from eq. (2.111) become:

DDPAS,sl

Dt
= τ

αs
αt

m,total (2.112)

DIPAS,sl
Dt

= CPAS,slαtD
αt−1
PAS,sl

DDPAS,sl

Dt
(2.113)

3. Stress rate effect: The stress rate effect considers a formulation that is analogous

to the Giersiepen-Wurzinger correlation. The resulting formulation was found by Soares

et al. (2013) to correlate well to previous experimental data:

∆IPAS,sr = CPAS,sr|τ̇m,total|δs∆tδt (2.114)

where IPAS,sr is the PAS index contribution from the shear rate effect, δs is the shear

stress rate exponent, δt is the stress rate exposure time exponent, and τ̇m,total =
Dτm,total

Dt
.

It can be mentioned that Hansen et al. (2015) considers τ̇m,total to be small and, therefore,

neglects it. According to Soares et al. (2013), CPAS,sr = 1.3889× 10−4Pa−δssδs−1, δs =

0.5720, and δt = 0.5125.

The original formulation of the shear-induced platelet activation model (SOARES

et al., 2013) assumes τ̈m,total =
D2τm,total

Dt2
= 0, leading to

DIPAS,sr
Dt

= C
1
δt
PAS,srδt

∣∣∣∣Dτm,total

Dt

∣∣∣∣ δsδt IPAS δt−1
δt (2.115)

As can be noticed, there is a clear non-linearity present in eq. (2.115) due to the

exponent of IPAS. In order to avoid it, the mechanical dose approach (HELLUMS, 1994;

NOBILI et al., 2008) is considered. In the mechanical dose approach, a mechanical

dose of PAS from the stress rate is defined as ∆DPAS,sr = τ
δs
δt

m,total∆t, which, from eq.

(2.114), leads to

∆IPAS,sr = CPAS,sr∆D
δt
PAS,sr (2.116)
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By assuming τ̈m,total =
D2τm,total

Dt2
= 0, the differential forms from eq. (2.116)

become:

DDPAS,sr

Dt
=

∣∣∣∣Dτm,total

Dt

∣∣∣∣ δsδt (2.117)

DIPAS,sr
Dt

= CPAS,srδtD
δt−1
PAS,sr

DDPAS,sr

Dt
(2.118)

4. Correction term for non-activated platelets: The original formulation of the shear-

induced platelet activation model (SOARES et al., 2013) also considers a correction

term for non-activated platelets, which is analogous to the corresponding one in the

asymptotically consistent damage index model (FARINAS et al., 2006), and consists of

multiplying all the effects by (1− IPAS). Soares et al. (2013) also suggests that other

saturation terms, such as a sigmoidal function (Gompertz function), may be used instead

of the linear correction (1− IPAS). When considering the mechanical dose approach

(HELLUMS, 1994; NOBILI et al., 2008), this correction is not required for bounding IPAS

between 0 and 1; however, this correction may be useful for the sensitization effect,

which means that it is included in this work.

5. Solid material penalization: An additional term is included in order to penalize the

PAS index inside the modeled solid material. This term is given as:

+κPAS(α)(IPAS − IPAS,mat) (2.119)

where κPAS(α) is an additional penalization parameter for the PAS index (Section

2.5.1.5), and IPAS,mat is the value of the PAS index being imposed inside the modeled

solid material. IPAS,mat can be set, for example, as IPAS,mat = 10−14 (a small value).

It can be highlighted that the hemolysis model formulation (Section 2.4.1.1)

did not require an additional penalization term, because it depends essentially on the

value of the total shear stress magnitude, which does not induce high values inside

the modeled solid material. However, the PAS formulation depends on the shear stress

history, which may significantly increase the platelet activation that occurs inside the

modeled solid material. This high value inside the solid material can hinder the topology

optimization process.

The complete differential form is obtained by combining the presented five effects

(sensitization, stress level, stress rate, correction term for non-activated platelets, and
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solid material penalization). By also unfolding the material derivative terms in the

relative reference frame (D()
Dt

= ∂()
∂t

+ (v•∇)()) and assuming steady state flow, the

mechanical dose shear-induced PAS model in the differential form becomes a set of 3

linear differential equations and 1 non-linear differential equation:

(v•∇)Sτ = τm,total (2.120)

(v•∇)DPAS,sl = τ
αs
αt

m,total (2.121)

(v•∇)DPAS,sr = |(v•∇)τm,total|
δs
δt (2.122)

(v • ∇)IPAS =

CPAS,SIPASSτ︸ ︷︷ ︸
Sensitization effect

+CPAS,slαtD
αt−1
PAS,sl(v•∇)DPAS,sl︸ ︷︷ ︸

Stress level effect

+ CPAS,srδtD
δt−1
PAS,sr(v•∇)DPAS,sr︸ ︷︷ ︸

Stress rate effect

 (1− IPAS)︸ ︷︷ ︸
Correction term
for non-activated

platelets

+κPAS(α)(IPAS − IPAS,mat)︸ ︷︷ ︸
Solid material penalization

(2.123)

The weak form, as in the case of the asymptotically consistent damage index

model for the hemolysis index (Section 2.4.1.1.1), can be defined from LSFEM for the

same stability reason, and an additional division can be included as in the equations:∫
Π

[
(v•∇)Sτ
τm,total

− 1

]
[(v•∇)wSτ ] dΠ = 0 (2.124)

∫
Π

(v•∇)DPAS,sl

τ
αs
αt

m,total

− 1

 [(v•∇)wDPAS,sl

]
dΠ = 0 (2.125)

∫
Π

[
(v•∇)DPAS,sr

|(v•∇)τm,total|
δs
δt

− 1

] [
(v•∇)wDPAS,sr

]
dΠ = 0 (2.126)
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{
(v • ∇)IPAS

Sτ
−

[
CPAS,SIPAS +

CPAS,slαtD
αt−1
PAS,sl(v•∇)DPAS,sl

Sτ

+
CPAS,srδtD

δt−1
PAS,sr(v•∇)DPAS,sr

Sτ

]
(1− IPAS)− κPAS(α)(IPAS − IPAS,mat)

}
{

(v • ∇)wIPAS −
[
CPAS,SwIPASSτ (1− IPAS) +

(
CPAS,SIPASSτ

+ CPAS,slαtD
αt−1
PAS,sl(v•∇)DPAS,sl + CPAS,srδtD

δt−1
PAS,sr(v•∇)DPAS,sr

)
(−wIPAS)

]
−κPAS(α)wIPAS

}
dΠ = 0

(2.127)

where wSτ , wDPAS,sl, wDPAS,sr and wIPAS are the test functions.

Since no boundary terms appear in eqs. (2.124), (2.125), (2.126) and (2.127),

the only boundary conditions that are imposed are Dirichlet boundary conditions on

the inlet, which may consist of, for example, zero inlet thrombosis (Sτ = 0, DPAS,sl = 0,

DPAS,sr = 0, IPAS = 0).

Notice that (v•∇)DPAS,sl and (v•∇)DPAS,sr in eq. (2.123) can be substituted from

eqs. (2.121) and (2.122), but the resulting system of equations would achieve a worse

numerical conditioning (as has been observed in some tests). It has been observed that

the numerical conditioning is much better when using the formulation presented in eq.

(2.123).

Since eqs. (2.124), (2.125), (2.126) and (2.127) are independent, they may be

solved independently and, therefore, sequentially.

2.5 FORMULATION OF THE TOPOLOGY OPTIMIZATION PROBLEM

The formulation of the topology optimization problem is described as follows.

The design variable is the pseudo-density, which, in this work, is assumed with a

linear interpolation (piecewise linear, P1, “CG1”) (see Fig. 2.10). It can be mentioned

that a discrete interpolation (element-wise, dP0, “DG0”) can also be used in topology

optimization (BORRVALL; PETERSSON, 2003); however, as explained in Section

2.5.7.1, if the Helmholtz pseudo-density filter is used, the pseudo-density has to be

using at least linear interpolation (P1).
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Figure 2.10 – Finite element interpolation for the pseudo-density.

Source: Author.

2.5.1 Material model

The material model in topology optimization represents the influence of the

design variable in the topology optimization process. In fluid topology optimization, the

material model is used to model the presence of a solid material. A commonly used

approach is by considering a porous medium (BORRVALL; PETERSSON, 2003), whose

permeability is varied in order to allow or block fluid flow.

2.5.1.1 Brinkman model

The resistance force of the porous medium (f r(α)) may be defined according

to Darcy’s Law (Brinkman model) (BORRVALL; PETERSSON, 2003; DARCY, 1856;

BRINKMAN, 1947). The Brinkman model considers that the porous medium generates

a resistance force directly proportional to the relative velocity between the fluid flow and

the porous medium (VAFAI, 2005), which is given by:

f r(α) = −κ(α)vmat (2.128)

where f r(α) is the resistance force of the porous medium, κ(α) is the inverse perme-

ability (absorption coefficient), vmat is the velocity of the fluid in relation to the porous

material (in a rotating reference frame, vmat = v − vmaterial, where vmaterial = ωmat∧r is

the relative velocity of the porous medium, ωmat = ωmatez is the rotation of the porous

medium in relation to the reference frame), and α is the pseudo-density, which attains

values between 0 (solid) and 1 (fluid) in order to represent the porous medium. Since

the pseudo-density (α) is used to vary the permeability of the fluid flow, it is used as the

design variable of topology optimization.

The main objective in topology optimization is to obtain a sufficiently discrete

distribution of the design variable (pseudo-density) inside the design domain, which



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 146

means that, for better numerical conditioning, the subtle transition between the binary

values α = 0 (for solid) and α = 1 (for fluid) can be relaxed. This relaxation allows

the presence of an intermediate porous medium, which is normally referred as a gray

material – with pseudo-density values between 0 and 1 (real values). Borrvall and

Petersson (2003) considers the following convex interpolation function for the inverse

permeability κ(α):

κ(α) = κmax + (κmin − κmax)α
1 + q

α + q
(2.129)

where the inverse permeability (κ(α)) is bounded by maximum (κmax) and minimum

(κmin) values, and has its convexity (relaxation) guided by the penalization parameter

q > 0 (large values of q lead to less relaxed material models). The inverse permeability

of eq. (2.129) is illustrated in Fig. 2.11.

Figure 2.11 – Illustration of Borrvall and Petersson (2003)’s inverse permeability material model.

Source: Author.

As can be seen in Fig. 2.11, when α = 0, there is solid (κ(α = 0) = κmax),

and when α = 1, there is fluid (κ(α = 1) = κmin). For intermediary values (gray),

the resistance force is determined by the penalty parameter (q). The value for κmin

may be selected as 0 or as a sufficiently small value if needed for numerical stability

(BORRVALL; PETERSSON, 2003). The value for κmax has to be selected according

to the fluid flow problem, since a low value can cause the fluid to penetrate in solid

regions and a too high value can stagnate the design in the topology optimization

process. The value of q can be low, relaxing more the transition between solid and fluid

(i.e., allowing some of the intermediary values of α to exert lower inverse permeability

values, which allows an increased presence of fluid during topology optimization), or

high, with a more direct transition. Thus, in order to obtain discrete solutions, it should

be useful to start with lower values of q and then increase them during the topology

optimization process. Furthermore, it is possible to optionally define κmax in function
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of a dimensionless number (the maximum Darcy number, Damax), which is given as

(OLESEN et al., 2006):

Damax =
µ

κmaxL2
(2.130)

where L is a characteristic dimension. Since this work considers various different

numerical examples, for clarity, κmax is expressed as the value 1
DamaxL2 , by indicating its

value in function of µ.

2.5.1.2 Extended material model for the 2D swirl flow model

Alonso et al. (2019) proposes a modification to eq. (2.128) in the 2D swirl flow

model, by considering that the tangential velocity behaves differently than the other

velocity components (because the 2D swirl flow model is axisymmetric), and thus the

inverse permeability may be weaker in the tangential direction in relation to the radial

and axial directions. The resistance force of the porous medium (eq. (2.128)) becomes:

f r(α) = −κ(α)vmat = −(κr(α)vmat,r , κθ(α)vmat,θ , κz(α)vmat,z) (2.131)

where κ(α) =

κr(α) 0 0

0 κθ(α) 0

0 0 κz(α)

 is an absorption (inverse permeability) matrix.

Alonso et al. (2019) suggests that, for the design of a Tesla pump in a rotating ref-

erence frame, one possible choice for the parameters would be κr(α) = κz(α), while

κθ(α) assumes smaller κmax and/or q (i.e., more relaxed). This should enforce the

formation of a channel connecting the inlet and the outlet in relation to the rotation

effect, which may try to add material on larger radii in order to accelerate the fluid flow

tangentially (ALONSO et al., 2019).

By considering the extended material model, eq. (2.129) becomes

κr(α) = κr,max + (κr,min − κr,max)α
1 + qr
α + qr

(2.132a)

κθ(α) = κθ,max + (κθ,min − κθ,max)α
1 + qθ
α + qθ

(2.132b)

κz(α) = κz,max + (κz,min − κz,max)α
1 + qz
α + qz

(2.132c)

where κi,min and κi,max (i = r, θ or z) are, respectively, the minimum and the maximum

values of κi(α). The parameter qi is the penalty parameter.
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Fig. 2.12 shows a comparison of the approaches considering κθ,max = κr,max =

κz,max, and κθ,max < κr,max = κz,max. As can be seen, in the first approach, the uniform

porosity zone/element (in 0 < α < 1) can be interpreted as ring particles. In the second

approach, the particles would be organized differently in each cross-section, maintaining

the same difficulty for the fluid to flow in the rz direction, but with “more porosity” (i.e.,

easier to flow) in the tangential (swirl) direction.

Figure 2.12 – 3D interpretation of the porosity of the 2D swirl flow model as porous medium particles.

Source: Author.

2.5.1.3 Brinkman-Forchheimer model

The material model from eq. (2.128) can be extended in order to include not only

the Darcy term (DARCY, 1856; BRINKMAN, 1947) (Brinkman model) of the original

formulation, but also the Forchheimer term (FORCHHEIMER, 1901). This type of

augmentation in the material model has been first considered by Philippi and Jin (2015)

in fluid topology optimization, and is referred to as the complete porosity formulation.

In relation to the name Brinkman model (BRINKMAN, 1947), which refers to the case

where only the Darcy term is considered, some references refer to the augmented

formulation as the Brinkman-Forchheimer model (or Forchheimer model) (HUANG;

AYOUB, 2006; ALIMOHAMADI et al., 2014).

According to Geertsma (1974), when modeling a porous medium, the Darcy’s

law (linear law) is only valid to model porous material for low velocities (sufficiently low

Reynolds numbers) and for single-phase flow (KUNDU et al., 2016; DARCY, 1856;

WANG et al., 2015). The more generic equation is given by Forchheimer’s law (quadratic

law) and is given by including the Forchheimer correction (non-Darcy flow behavior ) to
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Darcy’s law. The original formulation of Forchheimer’s law is given by the pressure drop

in a porous medium (FORCHHEIMER, 1901 apud GEERTSMA, 1974) (BEAR, 2018;

JOSEPH et al., 1982; VAFAI, 2005)

−∇p =
µ

kD
vmat︸ ︷︷ ︸

Darcy term

+ βFρ|vmat|vmat︸ ︷︷ ︸
Forchheimer term

(2.133)

where µ is the dynamic viscosity, ρ is the density, kD is the formation permeability, p is

the pressure, vmat is the velocity of the fluid in relation to the porous medium, βF is the

coefficient of inertial flow resistance, and |vmat| =
√
vmat•vmat.

The influence of each term of equation (2.133) is represented in Fig. 2.13: the

Darcy term gives the reduction of the size of the fluid path due to the porous medium,

while the Forchheimer term gives the fluid deceleration due to the inertia of the particles

of the porous medium. According to Lasseux and Valdés-Parada (2017), the effect of

the Forchheimer term is not significant for low Reynolds numbers.

Figure 2.13 – Darcy and Forchheimer effects in a porous medium.

Source: Author (ALONSO; SILVA, 2022b).

According to Cimolin and Discacciati (2013), βF = CF√
kD

, where CF is the di-

mensionless form-drag constant (BEAR, 2018), also called Forchheimer constant

(ALIMOHAMADI et al., 2014). Therefore, by representing the porous medium of eq.

(2.133) as a resistance force as shown in eq. (2.128), and considering µ
kD
≡ κ(α) and

ρ√
µ
CF ≡ kinertia (ALONSO; SILVA, 2022b)

f r = −κ(α)vmat︸ ︷︷ ︸
Darcy term

−kinertia

√
κ(α)|vmat|vmat︸ ︷︷ ︸

Forchheimer term

(2.134)

where kinertia = ρ√
µ
CF is the inertial resistance factor. If κ(α) is given by the extended

material model (κ(α)) (from Section 2.5.1.2), then
√
κ(α) is calculated for each term of
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κ(α), as “
√
κ(α)” =


√
κr(α) 0 0

0
√
κθ(α) 0

0 0
√
κz(α)

.

The Forchheimer constant CF varies according to the type of porous medium

(JOSEPH et al., 1982; BEAVERS; SPARROW, 1969; SHWARTZ; PROBSTEIN, 1969).

If the diameter of the porous medium “particles” is much smaller than the microscopic

scale (PHILIPPI; JIN, 2015), CF can be assumed as a universal constant (WARD, 1964)

given by CF = 0.55 (PHILIPPI; JIN, 2015). Since, in topology optimization, the porous

material is used to model a solid wall and not a specific type of porous material, CF is

assumed as 0.55 in this work.

According to Varsakelis and Papalexandris (2017), eqs. (2.9) and (2.10) consid-

ering eq. (2.134) consist of a well-posed problem. The other approach for modeling

the Forchheimer equation is given by the semi-empirical approach (Carman-Kozeny

equation) (TOSCO et al., 2013; AMIGO et al., 2018; WHITAKER, 1996), which considers

a dependency on microscopic and macroscopic particles characteristics of the porous

medium, and distances the porosity modeling from the modeling of solid material used

in this work.

Outside the topology optimization field, the Brinkman-Forchheimer model has

been applied to fluid flow simulations for blood in porous medium (ALIMOHAMADI et

al., 2014; BHARGAVA et al., 2007). However, for this same application, the Brinkman

model (KUMAR et al., 2016; CHEEMA et al., 2014; GAUR; GUPTA, 2014) has also

been applied.

2.5.1.4 Material model for the non-Newtonian viscosity

When α = 0 (solid), it is expected that the velocity of the fluid be minimum, and,

therefore, it is expected that the viscous shear rate magnitude (γ̇m) be near zero. In

this case, eq. (2.11) results in µ(γ̇m) ≈ µ0 (i.e., the non-Newtonian viscosity assumes

its higher non-Newtonian value). Since even small fluid velocities can lead the viscous

shear rate magnitude (γ̇m) not to approach zero inside the solid material, a penalization

scheme may be used in order to improve this behavior of having µ(γ̇m) ≈ µ0 inside

the solid material. The penalization scheme consists of changing the non-Newtonian

viscosity to the following equation:

µ(α, γ̇m) = µ0 + (µ(γ̇m)− µ0)α
1 + q

α + q
(2.135)
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where the dynamic viscosity in the solid is µ0 and the dynamic viscosity in the fluid is

µ(γ̇m) (eq. (2.11)). The penalization parameter q > 0 is the same of eq. (2.129).

This approach is similar to what has been proposed by Pingen and Maute (2010),

but with the “solid material viscosity” being the highest viscosity (µ0) and not the lowest

viscosity (µ∞), which was used by Pingen and Maute (2010). Also, Pingen and Maute

(2010)’s penalization was used to counter a coupling issue that happened between

the non-Newtonian viscosity and the inverse permeability of the Lattice-Boltzmann

Method (LBM), which is the kinetic approach for modeling fluid flow, while this work

relies on the hydrodynamic approach for modeling fluid flow (i.e., the continuity and

Navier-Stokes equations) and aims to improve the consistency of the non-Newtonian

viscosity with the expected/desired values inside a modeled solid material. A non-

Newtonian penalization approach proposed by Hyun et al. (2014) in the context of 2D

flow topology optimization says that using the non-Newtonian penalization would avoid

numerical instability due to the non-linearity of eq. (2.11).

Fig. 2.14 illustrates the material model presented in eq. (2.135). The upper part of

the figure portrays a 3D plot of the material model for the non-Newtonian viscosity: when

α = 0 (solid), the non-Newtonian viscosity is given by µ(α, γ̇m) ≈ µ0; when α = 1 (fluid),

the non-Newtonian viscosity is given by µ(α, γ̇m) = µ(γ̇m) (i.e., eq. (2.11)). Therefore,

the material model is the surface connecting the curves of α = 0 (solid) and α = 1

(fluid). The upper part of the figure shows the material model with an almost straight line

(high penalization parameter value (q)), and the “slice” shown in the lower part of the

figure shows some possible values of the penalization parameter (q). As indicated in the

lower part of the figure, the “lower limit” of the viscosity (µ(γ̇m)) has a dependency on

the viscous shear rate magnitude (γ̇m): a lower viscous shear rate magnitude implies a

higher “lower limit” for the viscosity, and a higher viscous shear rate magnitude implies

a lower “lower limit” for the viscosity.
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Figure 2.14 – Material model for the non-Newtonian viscosity.

Source: Author (ALONSO et al., 2020).

The main consequence of the use of eq. (2.135) is that the non-Newtonian vis-

cosity becomes higher and uniform inside a modeled solid material – see the Appendix

2 from Alonso et al. (2020). From performed tests, the computed pressure and velocities

are mostly affected during the topology optimization iterations, while there are still gray

regions in the topology. The effect of the non-Newtonian penalization in the pressure and

velocities becomes small in the final optimized topology (assuming that κmax from eq.

(2.129) is high enough so as to block fluid flow). Throughout this work, the penalization

shown in eq. (2.135) is referred to as non-Newtonian penalization.

2.5.1.5 Material model for the PAS index

The material model for the solid material penalization of the PAS index (Section

2.4.2.1) is given as:

κPAS(α) = κPAS,max + (κPAS,min − κPAS,max)α
1 + q

α + q
(2.136)

where κPAS,max and κPAS,min are, respectively, the maximum and minimum values of

the additional penalization parameter κPAS(α). The penalization parameter q > 0 is the

same of eq. (2.129). κPAS,min is set as zero, in order for only the modeled solid material

to include the additional penalization.

2.5.1.6 Material model for the wall distance

The material model for the solid material penalization of the wall distance (Section

2.1.3.1) is given as:

γ(α) = γmax + (γmin − γmax)α
1 + q

α + q
(2.137)
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where γmax and γmin are, respectively, the maximum and minimum values of the wall

penalization γ(α). The penalization parameter q > 0 is the same of eq. (2.129). γmin is

set as zero, in order for only the modeled solid material to include the wall penalization.

2.5.2 Measure of non-discreteness

In order to evaluate the discreteness of the optimized topology, the measure

of non-discreteness (SIGMUND, 2007) may be used. It is a quantity related to the

performance of the topology optimization that has been performed. The measure of

non-discreteness of the optimized topology refers to how near the final values of the

design variable (α) are in relation to the bounds (i.e., to α = 0 (solid) and α = 1 (fluid)):

MND =

∫
Π

4α(1− α)dΠ∫
Π
dΠ

(2.138)

where MND = 0% in the case of a fully discrete topology (α = 0 or α = 1), and MND =

100% in the case of a fully gray topology (α = 0.5).

2.5.3 Topology optimization problem

The topology optimization problem is formulated as shown below.

min
α
J(u(α), α)

such that

Fluid volume constraint:
∫

Πα

αdΠα 6 fV0

Box constraint of α: 0 6 α 6 1

(2.139)

where Πα is the design domain; f is the specified volume fraction; V0 =
∫

Πα
dΠα

is the volume of the design domain; J(u(α), α) is the multi-objective function; and

u(α) = (p(α),v(α)) (for laminar flow) is the state vector given by the boundary value

problem (eq. (2.40)), which features an indirect dependency with respect to the design

variable α. When considering turbulent flow, the additional state variables from the

solution of turbulence are also included in the state vector: ν̃T(α) and G(α), for the

Spalart-Allmaras model, and RT(α), for the Wray-Agarwal model (WA2018). The volume

constraint is normally used in topology optimization in order to limit the solution space
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and better condition the topology optimization problem, because an excessively wide

solution space in some problems may possibly lead the topology optimization to worse

local minima or hinder the topology optimization process in relation to a constrained

solution. The box constraint of the design variable (α) is used in order to restrict the

values of the design variable (α) in the optimization to the possible ones (between 0 and

1).

The multi-objective function, in the case of considering the total hemol-

ysis index (IH,T ) and the total PAS index (IPAS,T ) may also be expressed as

J(p(α),v(α), α, IH(p(α),v(α), α), IPAS(p(α),v(α), α)) (for laminar flow) in order to

explicitly show the dependency of the objective function with the solution of the

blood damage weak forms (eqs. (2.88), (2.124), (2.125), (2.126) and (2.127)). The

multi-objective function is defined in the next section.

2.5.4 Multi-objective function

When defining the topology optimization problem, it may be necessary to consider

more than one objective, such as improving the performance and reducing blood

damage. The objectives considered in this work are selected from Sections 2.3 and 2.4:

• Minimization of the relative energy dissipation (Φrel, eq. (2.51)), meaning the

reduction of energy dissipation in the fluid flow, and the maximization of pressure

head;

• Minimization of fluid power (Pf , eq. (2.55)), meaning the reduction of the necessary

amount of power to pump the fluid;

• Minimization of vorticity (ξV,rel, eq. (2.62)), meaning the reduction of the formation

of vortices (recirculation) in the fluid flow;

• Minimization of the total hemolysis index (IH,T , eq. (2.79)), directly meaning the

reduction of hemolysis in the fluid flow;

• Minimization of the total PAS index (IPAS,T , eq. (2.103)), directly meaning the

reduction of thrombosis in the fluid flow.

It can be noticed that not all performance quantities presented in Section 2.3

are considered as objective functions. Particularly, the pressure head (H, eq. (2.64))
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is not directly included, because it is indirectly considered through the relative energy

dissipation objective function. Also, the pressure coefficients and static pressure rise

represent effects of the flow machine operation which may also be improved through the

relative energy dissipation objective function. The isentropic efficiency is not considered

here as an objective function, because one problem of directly using only the isentropic

efficiency as the objective function (or the ratio Pf
H

) is that extremely small power and

extremely small pressure heads can also lead to “high” isentropic efficiencies, which

means that additional constraints would need be included in the topology optimization

problem. In order not to further increase the complexity or the computational cost, a

multi-objective function is used in this work, but the approach considering isentropic

efficiency may be evaluated in a future research.

The necessary objective functions are then weighted into a single function (multi-

objective function). This is a way for combining various objectives in a single function

for optimization (multi-objective optimization). Normally, such approach would enable

drawing a Pareto front (SATO et al., 2017); however, when the objective functions are

not fully independent (not simple trade-offs), such thing becomes harder (i.e., improving

one function may possibly improve, instead of worsening, the other one), and also not

all optimized topologies for all weights may be feasible (i.e., sufficiently discrete, without

any artificial structure generated only by the overprioritization of one objective at the

expense of the others etc.) – There are also cases in which overprioritizing one objective

may possibly worsen the objective itself. Therefore, in this work, some specific cases of

the weights of the multi-objective function are evaluated, as well as how the optimized

topology varies when changing some of the parameters of the simulation and/or the

optimization.

Two approaches are considered for writing the multi-objective function, which are

the initial weight approach, and the logarithmic approach. When considering a single

objective function, the objective function value is directly considered in the optimization

(i.e., the multi-objective function is not used). For example, when wΦ = 1 (i.e., only Φrel

in the multi-objective function), J is changed to J = Φrel.
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2.5.4.1 Initial weight multi-objective function

Since the measurement units of each objective function may be different, the

magnitudes and sensitivities may significantly vary from one objective function to another.

Thus, in order to reduce such disparity and avoid a possible predominance of one

objective function over the others during the optimization process, an initial weight

multi-objective function may be defined as

J(α) =

nF∑
i=0

wi

∣∣∣∣Jref(α0)

Ji(α0)

∣∣∣∣︸ ︷︷ ︸
Initial weight

Ji(α) (2.140)

where nF is the number of objective functions, wi are the weights such that
∑nF

i=0 wi = 1,∣∣∣Jref(α0)
Ji(α0)

∣∣∣ is the initial weight, α0 is the initial distribution of the design variable, Ji is

the objective function i, and Jref is a reference objective function (i.e., the objective

function chosen as reference for the measurement units). The initial values (at α0) refer

to the objective function values in the beginning of each optimization step (sequence

of iterations). The reference objective function (Jref) is defined for consistency in the

measurement units of J(α). However, it should also end up influencing the choice of

the weights (wi). Note that the initial weight objective function is different from using an

adaptive weight factor setting scheme (ZHU et al., 2014; ZHU et al., 2015), since the

ratio between the objective functions is not adaptive (i.e., they are not updated for each

iteration of the optimization).

It can be noticed that eq. (2.140) shows the objectives functions as Ji(α), without

making explicit the other dependencies (such as p(α), v(α), IH(p(α),v(α), α), and

IPAS(p(α),v(α), α)), treating them as reduced functionals (i.e., depending only in the

design variable). Nonetheless, the sensitivities (derivatives) of these objective functions

need to be analyzed from each dependency explicitly, which is shown in Section 2.5.5.

2.5.4.2 Logarithmic multi-objective function

In order to leverage the influence of each objective function in topology opti-

mization, the multi-objective function may be considered in a logarithmic approach.

When considering the logarithmic approach, the objective function becomes indepen-

dent from the measurement unit. This can be viewed from the logarithm product rule,

since ln([constant]Ji) = ln([constant]) + ln(Ji), meaning that the conversion between

measurement units (represented by “[constant]”) of an objective function Ji becomes a



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 157

summed constant (“ln([constant])”), which does not influence the optimization proce-

dure. In order to take negative objective function values into account, the logarithm of

the value is substituted by the logarithm of the absolute value and then multiplied by the

corresponding sign. The logarithmic multi-objective function is then given as

J = fscal

nF∑
i=0

wisgn(Ji(α)) ln|Ji(α)| (2.141)

where “ln” is the natural logarithm, “sgn” is the sign, wi are the weights such that∑nF
i=0 wi = 1, and fscal is a scaling factor for the multi-objective function. It may be

mentioned that the relative energy dissipation (Φrel) may achieve negative values, which

is the reason for considering the sign of the objective function (sgn(Ji(α0))). It can be

highlighted that eq. (2.141) cannot take exactly-zero-valued objective function values

into account, which is not a problem in the numerical examples of this work, but may be

optionally numerically worked around by changing “ln|�|” and “ 1
|�| ” by “ln(|�|+εadjustment)”

and “ 1
|�|+εadjustment

”, respectively, where εadjustment is a sufficiently small value (such as

10−14).

The main advantage of the logarithmic multi-objective function with respect to the

initial weight multi-objective function is that it does not depend on a reference value for

the objective functions (Ji(α0)) for computing the initial weights. Nonetheless, both multi-

objective functions are valid, although the implementation of the logarithmic approach

in dolfin-adjoint is not as straight-forward as the initial weight approach, requiring the

implementation of a Python function that overloads the NumPy logarithm operator and

manually defines the resulting sensitivity of this operator.

2.5.5 Sensitivity analysis of the multi-objective function

The sensitivity of the initial weight multi-objective function (eq. (2.140)) is given

by

dJ

dα
=

nF∑
i=0

wi

∣∣∣∣Jref(α0)

Ji(α0)

∣∣∣∣dJidα
(2.142)

For the logarithmic multi-objective function (eq. (2.141)), the sensitivity becomes

dJ

dα
= fscal

nF∑
i=0

wisgn(Ji)
1

|Ji|
d|Ji|
dα

(2.143)
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In this work, the sensitivity is given by the adjoint method. Therefore, if the

dependencies of the objective function are α, and u,(
dJi
dα

)∗
=

(
∂Ji
∂α

)∗
−
(
∂F

∂α

)∗
λJi (2.144)

(
∂F

∂u

)∗
λJi =

(
∂Ji
∂u

)∗
(adjoint equation) (2.145)

where u = (p,v) is the state vector (if laminar flow is considered), Ji is an objective

function, the weak form of the fluid flow simulation is given by from F = 0 (eq. (2.43)),

“ ∗ ” represents conjugate transpose, and λJi is the adjoint variable (Lagrange multiplier

for the weak form) of the objective function Ji.

For the case of the objective function also depending on IH(p(α),v(α), α) and

IPAS(p(α),v(α), α) (for the laminar flow case), the new dependencies need to be “cas-

caded”, resulting in

dJi
dα

∗
=
∂Ji
∂α

∗
− ∂F

∂α

∗
λJi −

(
∂FPAS
∂α

∗
− ∂F

∂α

∗
λPAS

)
λJiPAS

−
(
∂FH
∂α

∗
− ∂F

∂α

∗
λH

)
λJiH

(2.146)

(
∂F

∂u

)∗
λJi =

∂Ji
∂u

∗
(2.147)

(
∂F

∂u

)∗
λPAS =

∂FPAS
∂u

∗
(2.148)

(
∂FPAS
∂IPAS

)∗
λJiPAS =

∂Ji
∂IPAS

∗
(2.149)

(
∂F

∂u

)∗
λH =

∂FH
∂u

∗
(2.150)

(
∂FH
∂IH

)∗
λJiH =

∂Ji
∂IH

∗
(2.151)

where FIH = 0 is the weak form of the hemolysis model (eq. (2.88)), FPAS = 0 cor-

responds to eq. (2.127) from the PAS model, and λJiH , λJiPAS, λH , and λPAS are

additional adjoint variables. It can also be mentioned that a similar “cascading” approach

needs to be repeated for Sτ , DPAS,sl and DPAS,sr (eqs. (2.124), (2.125) and (2.126)). If
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more differential equations need to be solved in order to compute the objective function,

they should be included in a similar fashion as shown in eqs. (2.146) to (2.151).

In the case of using the FEniCS platform with dolfin-adjoint, it is not necessary

to derive the adjoint equations by hand, since this may be automated (see Section

3.1.2). The main advantages are that the “cascading” procedure is automated and,

when considering a non-Newtonian viscosity (such as the one shown in eq. (2.11) or eq.

(2.135)), it would become difficult and laborious to derive the continuous adjoint model

by hand. In the case of a non-Newtonian fluid, the continuous adjoint model is derived

in Alonso et al. (2020), by considering automatic differentiation only for the sensitivity of

the non-Newtonian viscosity.

2.5.6 Pattern repetition

When using the relative energy dissipation (Φrel, eq. (2.51)) as the objective

function, it is possible that the optimization algorithm finds that the formation of a single

channel is an “easier” local minimum. In order to verify this assumption, the formation of

more than one channel can be “forced” through a pattern repetition scheme (ALMEIDA

et al., 2010). The pattern repetition scheme consists of computing the sensitivity of the

multi-objective function in the whole design domain and then performing an average

between the sensitivities of the repeated zones. The averaged sensitivity between the

repeated zones is then used in the optimizer. This procedure can be summarized in the

following equation:

dJ

dα

∣∣∣∣
Ωi,new

=
1

nrepeated zones

nrepeated zones−1∑
j=0

dJ

dα

∣∣∣∣
Ωj

(2.152)

where dJ
dα

∣∣
Ωi,new

is the new sensitivity (including the pattern repetition scheme), Ωi and

Ωj are subdomains that are included in the pattern repetition (i, j ∈ [0, nrepeated zones]),

nrepeated zones is the number of repeated zones. Outside the subdomains that are included

in the pattern repetition, dJ
dα

∣∣
new

= dJ
dα

. In order for this scheme to work, the nodes of

the mesh should match exactly between the repeated zones. Fig. 2.15 illustrates the

application of pattern repetition in the case of two repeated zones (Ω1 and Ω2).
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Figure 2.15 – Example of pattern repetition for two repeated zones.

Source: Author.

The presented pattern repetition scheme can be interpreted as a projection in

topology optimization, since it restricts the solution space of topology optimization to the

solutions that obey this pattern repetition.

2.5.7 Regularization

The fact that the optimized topology is represented by a discrete material distri-

bution (α = 0 or α = 1) can cause numerical instabilities due to the lack of smoothness

in the finite element equations (KAWAMOTO et al., 2013), possibly culminating in mesh

dependency or local minima – in the case of structural topology optimization, it may

even lead to checkerboard patterns (SIGMUND; PETERSSON, 1998). One way to

better condition the optimization problem and avoid such problem is by “blurring” the

effect of the variables. Image processing-based filtering techniques have been proposed

for achieving this effect (BENDSØE; SIGMUND, 2003; SIGMUND, 2007), which are:

density (pseudo-density) filters (applied to the design variable) and sensitivity filters

(applied to the objective functions’ sensitivities).

Filters in topology optimization were originally implemented as operations in

the same function space and array of values, which means that each calculated value

included some values that were just filtered (SIGMUND, 2001; BENDSØE; SIGMUND,

2003). Nowadays, this approach has been changed to projection techniques, which

separate the function spaces of the filtered variables (solution space) in relation to
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the original variables (SIGMUND, 2007). In such case, only the previous values of the

variables can influence the filtered values. Filters may be implemented algebraically

(algebraic filters) (BENDSØE; SIGMUND, 2003; SVANBERG; SVARD, 2013) or by

the solution of a Partial Differential Equation (PDE) (PDE-based filters) (LAZAROV;

SIGMUND, 2010; KAWAMOTO et al., 2013). The advantage of a PDE-based filter

is that it does not require information about neighbor cells, which may be difficult to

obtain in the case of fine meshes, design domains with complex shapes, or when using

parallel computing (in which the mesh is decomposed in various partitions) (LAZAROV;

SIGMUND, 2010).

Projection techniques are not limited to filters, and are characterized by projecting

the design variable onto a solution space which imposes constraints to the possible

topologies. They can serve as: a way to induce more discrete optimized topologies (such

as Lazarov and Sigmund (2010)’s sigmoidal projection), a way to impose a minimum

length scale for the structure or holes (GUEST et al., 2004; ALMEIDA et al., 2009), a

way to impose manufacturing constraints (VATANABE et al., 2016) etc.

In the implementation of a filter/projection, the design variable present in the

equations should be changed to the filtered/projected design variable, which means

that each function f(α) should become f(αf (α)). Thus, the sensitivity of each function

with respect to the design variable becomes, from the chain rule for derivatives, ∂f(αf )

∂α
=

∂f(αf )

∂αf

∂αf
∂α

, where ∂αf
∂α

is the sensitivity of the filter/projection, and ∂f(αf )

∂αf
is the original

sensitivity. It is possible to include more than one filter/projection – In such case, the

chain rule is applied in order to account for the sensitivities of all filters/projections.

The Helmholtz pseudo-density filter is described in the following sections.

2.5.7.1 Helmholtz pseudo-density filter

The Helmholtz filter is a PDE-based pseudo-density filter proposed by Lazarov

and Sigmund (2010). It is represented schematically in Fig. 2.16, in which α represents

the original distribution of the design variable and αf represents the filtered distribution

of the design variable. In the following description, the positions in which there are

design variable values defined (from the finite element interpolation) are referred as “α

nodes”.
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Figure 2.16 – Schematic illustration of the application of a Helmholtz filter.

Source: Author.

In Fig. 2.16, each α node is weighted with its surrounding nodes with a Green’s

function, that is always positive and whose integral is equal to 1 (“100%”) (LAZAROV;

SIGMUND, 2010). It approaches a Dirac’s delta function in the case of smaller filter

length parameters (rH) (αf
rH→0+

−−−−→ α). The action of applying this type of averaging over

all α nodes is equivalent to solving a modified Helmholtz equation with homogeneous

Neumann boundary conditions, represented by the following boundary value problem

(LAZAROV; SIGMUND, 2010; ZAUDERER, 1989)

−r2
H∇2αf + αf = α in Π

∂αf
∂n

= 0 on ΓΠ \ ΓΠ,sym

(2.153)

where α is the design variable, αf is the filtered design variable, rH is the filter length

parameter, n is the normal unit vector to the boundaries of the mesh, Π is the computa-

tional domain, and ΓΠ \ ΓΠ,sym is the boundary of the computational domain (excluding

the ΓΠ,sym boundary, from Section 2.1.4).

The weak form (variational formulation) of the above PDE is given by multiplying

it by a test function wH and integrating in the whole domain. Therefore,∫
Π

(−r2
H∇2αf + αf − α)wHdΠ = 0 (2.154)

In order to avoid the presence of second order terms in eq. (2.154), the term∫
Π
r2
H(∇2αf)wHdΠ is unfolded in first order derivatives. First, the Laplacian ∇2αf is
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unfolded as ∇•(∇αf ), and then, from the product rule,

∇•(∇αfwH) = ∇•(∇αf )wH + (∇αf )•∇wH

=⇒ ∇•(∇αf )wH = ∇•(∇αfwH)− (∇αf )•∇wH

(2.155)

By using Gauss’s divergence theorem,∫
Π

∇•(∇αfwH)dΠ =

∫
ΓΠ

n•(∇αfwH)dΓΠ (2.156)

Therefore, eq. (2.154) becomes

−r2
H

∮
ΓΠ

n•(∇αfwH)dΓΠ +r2
H

∫
Π

(∇αf )•∇wHdΠ+

∫
Π

αfwHdΠ−
∫

Π

αwHdΠ = 0 (2.157)

where ∂αf
∂n

= 0 should be directly substituted in the boundary term of this equation for

ΓΠ \ ΓΠ,sym. For ΓΠ,sym, ∂αf
∂r

= 0 should be substituted. Since the effect of the Helmholtz

filter at smaller radii is small (due to the fact that the fluid volume is smaller at smaller

radii), it is possible, as an approximation, to assume all boundary terms of eq. (2.157) to

be set as ∂αf
∂n

= 0 (including ΓΠ,sym).

When using a Helmholtz filter, eq. (2.157) is solved right before computing the

weak form, the objective functions, constraints and their sensitivities, and αf is used

instead of α when computing them (i.e., the fluid equations are solved in the filtered

variable αf ). It can be highlighted that, since eq. (2.157) includes a gradient of the filtered

design variable (∇αf ), the design variable needs to be at least of class C1 (i.e., (at least)

the first derivative needs to be continuous), which means that the interpolation of the

design variable should be at least linear (P1) in order to use the Helmholtz pseudo-

density filter. One suggestion for choosing the value for the filter length parameter

(rH) is by choosing from multiples of the minimum/maximum size of an element in the

mesh (the referred minimum/maximum sizes are the smallest/largest of the maximum

distances between any two vertices of the elements).

When the design domain is smaller than the computational domain, the design

variable value can still be filtered (αf ) inside the whole computational domain (Ω).

However, its value outside the design domain (Ω \Ωα) can be optionally enforced as the

previous value (α). Therefore, the variable αf,new may be used in the equations, being

given in function of the position (s):

αf,new(s) =

{
αf , if s ∈ Ωα

α, if s ∈ Ω \ Ωα

(2.158)
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2.5.8 Post-processing of the optimized topologies

The post-processing of the optimized topologies consists of any operation per-

formed in the topologies after the topology optimization algorithm has converged. In

fluid topology optimization, the presence of the solid material is modeled by means of

a porous medium. This effect of the porous medium (in the fluid flow and computed

quantities) may be removed by a post-processing technique and the final simulation can

be performed with the Navier-Stokes equations without the effect of the porous medium.

It also enables optimized topologies achieved with different optimization parameters to

be compared. Since, in fluid flow topology optimization, the post-processing includes

the recognition of the boundaries between fluid and solid, these techniques may be

referred to as contour recognition schemes, or even surface-capture schemes. In the

context of topology optimization for the pseudo-density approach, the optimized topol-

ogy is a continuously distributed variable in the design domain, which means that the

contour recognition schemes may possibly include “guessing” (“interpreting”) how the

optimized boundaries should be. The contour recognition schemes include, essentially,

three cases: thresholding (directly removing the solid values from the mesh), mesh

smoothing (mapping and smoothing the boundaries of the optimized topologies) and

topology interpretation (manual adjustment of curves on to the optimized topology).

Apart from topology interpretation, which relies on manual adjustments, the thresholding

and mesh smoothing techniques may be automated by algorithms and are described

in the following sections. Depending on the optimized topology being post-processed,

it may be interesting to apply morphological operators (of image processing) or even

the Helmholtz pseudo-density filter in order to “clean” small structures from the mesh

before applying thresholding or mesh smoothing.

2.5.8.1 Thresholding

The simplest type of post-processing of the optimized topologies is thresholding,

which consists of removing the solid values from the mesh. The values of the design

variable (pseudo-density) are first post-processed by a threshold (step) function:

αth =

{
1 (fluid), if α > αth,lim

0 (solid), if α < αth,lim

(2.159)
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where αth,lim is the threshold limit for the design variable (0 6 αth,lim 6 1). One example

is using, for example, αth,lim as 0.5 or 0.6.

From the application of the threshold function, the design variable achieves a

binary distribution (αth, thresholded design variable), which is then cut in order to remove

the solid material (α = 0) from the computational domain (see Fig. 2.17). This is shown

in Algorithm 2.1.

Figure 2.17 – Illustration of the thresholding technique applied to an optimized topology.

Source: Author.

Algorithm 2.1 Pseudocode of mesh thresholding.
1: Input parameters: Mesh, optimized topology (i.e., the optimized α), and the threshold limit

(αth,lim).
2: Result: Thresholded mesh.
3: 1 Apply thresholding in the design variable values (eq. (2.159)) of the center of each element.

4: 2 Cut the mesh in order to remove the solid material (α = 0) from the computational domain
(in FEniCS, this is done with the functions SubDomain and SubMesh).

For reference in the following section, Fig. 2.18 shows a “rough” thresholded

mesh (normally, the “roughness” would be much less pronounced because of the

different values in the transition between solid and fluid – i.e., the gray values in the

transition) from a given distribution of the design variable (α).
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Figure 2.18 – Illustration of an example of thresholding (for a nodal design variable).

Source: Author.

From Fig. 2.18, it can be noticed that, depending on the discretization used in

topology optimization, the resulting mesh may contain some additional “roughness” on

the new mesh boundaries (jagged mesh effect), which may slightly worsen the values

of the computed performance quantities. In order to try to reduce this effect, a mesh

smoothing technique may be applied.

2.5.8.2 Mesh smoothing

Mesh smoothing is a technique performed in order to reduce the additional

“roughness” effect that may appear when using the thresholding technique (see Fig.

2.19). There may be various ways to implement a mesh smoothing technique, such as

by generation of contours, contour filtering and point cloud. Among them, the generation

of contours and point cloud techniques are described in the following sections. The

first technique to be implemented was the generation of contours technique, which is

considered in some numerical results of Section 5.1.2, while the point cloud technique

is used in the numerical results of Section 5.1.4. Since the contour filtering technique

ended up not being used in this work, it is included separately as Appendix B.
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Figure 2.19 – Illustration of a smoothing technique applied to an optimized topology.

Source: Author.

Even after applying a mesh smoothing technique, the resulting mesh may result

slightly jagged. In such case, an additional procedure may be applied onto the contours

that were obtained by mesh smoothing, before generating the mesh with FEniCS, such

as:

• Savitzky-Golay filter approach: One possibility, which has been first considered

in Picelli et al. (2021), is by considering the Savitzky-Golay filter (SAVITZKY;

GOLAY, 1964), which is a low-pass filter capable of smoothing noisy data. It

operates by considering a least-square fit with a high-order polynomial inside

a set of points (window) around each value – an example is using a 2nd order

polynomial, with a window of size 9. This way, this filter can be applied onto each

mesh coordinate (x, y, z, and r), leading to smoother contours. However, some

care should be taken in the selection of its parameters, since they tend to filter

imperfections, being possible to “over-filter”, leading to a different smoothened

mesh than wanted. The Savitzky-Golay filter is already implemented in the SciPy

library (“scipy.signal.savgol_filter”). When considering the Savitzky-Golay

filter, depending on the choice of its parameters, the resulting boundaries can

result highly smooth, as it would be in body-fitted meshes. The contours given

from the Savitzky-Golay filter can be further improved by successively adding

intermediary vertices (additional vertices in the middle distance between each

vertex pair of the contours) to the point list of the contours, and applying the

Savitzky-Golay filter again (intermediary-vertex procedure).

• Chaikin’s corner cutting algorithm approach: An alternative approach is by consid-

ering Chaikin’s corner cutting algorithm (JOY, 1999; BITYUKOV; DENISKIN, 2016).
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In such case, as suggested in this work, the algorithm is adjusted for smoothing

closed boundaries, and is run successively. Due to the increase in resolution of

the boundaries during the execution of this algorithm (i.e., the quantity of boundary

vertices is doubled), some of the vertices are ignored (half of the vertices, in a

zig-zag-like fashion). This is important, since Chaikin’s corner cutting algorithm

is able to better smooth optimized topology contours when the vertices are more

spaced. With respect to the Savitzky-Golay filter approach, the Chaikin’s corner

cutting algorithm approach (successively run some times) does not suffer from

the appearance of “undesired” edges when trying to perform a high smoothing,

which may appear in the case of the Savitzky-Golay filter approach when a large

window size is selected.

One observation is that, depending on the mesh smoothing technique, since

sharp edges are smoothened, if one wants to keep some specific sharp edges in

the final mesh, such as when the sharp edges are part of the mesh contour, these

sharp edges can be reincluded by generating a domain with the desired sharp edges,

subtracting it from a rectangle that bounds the whole domain, and then subtracting the

resulting shape from the domain of the smoothened optimized topology, through CSG

(Constructive Solid Geometry) (in FEniCS, this can be done in the mshr module). This

procedure is illustrated in Fig. 2.20. It can be noticed that this procedure only works for

internal edges, as the one shown in Fig. 2.20. When considering circular interfaces that

include boundary conditions, the placement of vertices may be critical for the simulation.

One main example is a circular interface, which needs to be kept circular in order for

the boundary conditions to be imposed correctly. A first approach is considering a CSG

approach (similar to the one considered for the sharp edges (Fig. 2.20)), which is the

one considered in the post-processing for the volute design (Section 5.1.6), due to

the fact that the model includes a non-optimizable circle around the circular boundary.

A more generic approach for circular-shaped boundaries would be considering that

the intermediary vertex placement from the intermediary-vertex procedure (mentioned

previously in this section) may be changed near the boundaries for computing the

intermediary vertices from polar coordinates (i.e., radial and angular coordinates) with

respect to the center of the circle, which guarantees that the radial coordinate will

be kept the same in the intermediary vertices. This procedure is considered in the
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post-processing for the bladed pump design (Section 5.1.7).

Figure 2.20 – Example of the procedure to reinclude a sharp edge of the original mesh after smoothing,
through CSG.

Source: Author.

2.5.8.2.1 Mesh smoothing by generation of contours

The mesh smoothing technique by generation of contours is based on the one

presented in Ma et al. (2006) and Varela (2012), and consists of first identifying the

contours from the optimized topology (i.e., α) and then adjusting the contour vertices

in order to avoid the presence of overly sharp corners. Since the original algorithm

was developed for a mesh composed of rectangular elements and an element-wise

(dP0) design variable, it is here adapted for a mesh composed of triangular elements

and a design variable with linear interpolation (P1). If the interpolation of the design

variable is not linear, it needs to be converted to a linear interpolation in order to apply

the technique described in this section, because of the assumption that every node with

a design variable value corresponds to a vertex of the mesh.

The mesh smoothing technique by generation of contours relies on identifying

sequences of subsequent internal and external corners and substituting them for inter-

mediate vertices between these corners. The definition of the corner angle in relation

to the internal (fluid) part of the mesh γc,int is shown in Fig. 2.21 (note that it is also

possible to define this same angle in relation to the external (solid) part of the mesh,
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which can be related to γc,int as γc,ext = 360° − γc,int). The corners are identified by

bounds around the angle between neighbors of a solid (α = 0) vertex, as:

γic,int,min 6 γc,int 6 γic,int,max =⇒ Internal corner vertex

γec,int,min 6 γc,int 6 γec,int,max =⇒ External corner vertex

γic,int,max < γc,int < γec,int,min =⇒ Vertex to directly include in the smoothened contour

γec,int,max < γc,int < γic,int,min =⇒ Vertex to directly include in the smoothened contour
(2.160)

where γic,int,min and γic,int,max are the angle bounds that define an internal corner, and

γec,int,min and γec,int,max are the angle bounds that define an external corner. These angles

may need to be adjusted as necessary for a given optimized topology. Some possible

angles are, for example, γic,int,min = 0° and γic,int,max = 90° for defining an internal corner,

and γec,int,min = 205° and γec,int,max = 360° for defining an external corner.

Figure 2.21 – Internal and external corners with γc,int indicated for each case.

Source: Author.

The mesh smoothing technique by generation of contours is detailed in Algorithm

2.2 and illustrated in Fig. 2.22.
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Algorithm 2.2 Pseudocode of mesh smoothing by generation of contours.
1: Input parameters: Mesh, optimized topology (i.e., the optimized α), the threshold limit

(αth,lim), γic,int,max, γic,int,min, γec,int,max, and γec,int,min.
2: Result: Smoothened mesh obtained by generation of contours.
3: 1 Apply thresholding in the design variable values (eq. (2.159)).
4: 2 Identify the boundary vertices of the design variable in the mesh.
5: 3 Create labels (αlabel) for each vertex of the mesh:
6: 3.1 If α = 1.0 (fluid):
7: 3.1.1 If it is a boundary vertex: αlabel = "internal"; continue.
8: 3.1.2 Else: αlabel = "lateral"; continue.
9: 3.2 Else: (α = 0.0 (solid))

10: 3.2.1 If there is at least one neighbor vertex that is α = 1.0 (fluid):
11: 3.2.1.1 If it is a vertex completely surrounded by α = 1.0 (fluid) vertices:

αlabel = "internal"; continue.
12: 3.2.1.2 If it is a boundary vertex: αlabel = "lateral"; continue.
13: 3.2.1.3 Compute the corner angle (γc,int) in relation to the α = 0.0 (solid) vertex

(see Fig. 2.21).
14: 3.2.1.4 If γic,int,min 6 γc,int 6 γic,int,max: αlabel = "internal corner"; continue.

15: 3.2.1.5 Elif γec,int,min 6 γc,int 6 γec,int,max: αlabel = "external corner"; con-
tinue.

16: 3.2.1.6 Else: αlabel = "lateral"; continue.
17: 3.2.2 αlabel = "external".
18: 4 Between the internal corners (αlabel = "internal corner") and external corners (αlabel =

"internal corner") that are neighbors, create vertices with intermediate coordinates (i.e.,
the average of the corner vertices’ coordinates) (intermediate vertices) and label them as
lateral (αlabel = "lateral").

19: 5 Group all vertices labeled lateral (αlabel = "lateral") in a separated list (lateral list).
20: 6 From the lateral list, create lists of closed contours, marking if theses vertices have

neighbor vertices with internal (αlabel = "internal") or external (αlabel = "external") labels.
21: 7 Generate the mesh from the lists of closed contours (in FEniCS, this can be done by

creating Polygon’s (from the mshr module) for each closed contour and summing/subtracting
them (CSG (Constructive Solid Geometry) operations), and then generating a non-structured
mesh with a given mesh discretization/resolution (generate_mesh). Note that, for mshr, the
closed contours have to be given in the counterclockwise order.)

* Obs. “continue” indicates to continue in the next iteration of the closest loop (as it is in the “continue”
statement in C and Python).
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Figure 2.22 – Illustration of an example of mesh smoothing by generation of contours (for a nodal design
variable).

Source: Author.

Adjustments may also be included in the algorithm, such as eliminating too small

closed contours (that include, for example, less than 5 vertices) and eliminating isolated

edges that may possibly arise in the process of determining the intermediate vertices,

depending on the optimized topology.

2.5.8.2.2 Mesh smoothing by point cloud

Unlike the mesh smoothing techniques presented in the previous sections, the

mesh smoothing by point cloud relies on polygon recognition and extraction over the

whole cloud of nodal values of the design variable (α). The implementation uses the

Polylidar Python library (CASTAGNO; ATKINS, 2020), which is implemented underneath

in C++ and is able to efficiently recognize and extract polygons from 2D and 3D point

clouds. The implementation that is described in this section is extended from the original

implementation by Souza (2021), by considering a different selection of nodes that

are included in the point cloud (such as by including boundary nodes) and different

adjustments to the algorithm.

Before applying polygon recognition/extraction, it is necessary to define which

points will be inside the point cloud. This choice can be element-based or vertex-based

(see Fig. 2.23a). As can be seen, the element-based approach can smoothen some

sharp edges better than the vertex-based approach. Therefore, the element-based

approach is chosen. Fig. 2.23b shows three possible approaches to treat the presence

of a boundary of the original mesh (before smoothing). When there is a boundary in

the original mesh, there is normally a boundary condition being applied on it. Therefore,

it is interesting to keep all boundary coordinates that correspond to fluid in the same
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positions as before smoothing. For this, the approach vertices of the boundary facets, in

which the vertices of the boundary facets are included, is chosen.

Figure 2.23 – Possible choices to define the point cloud (the points of the point cloud are represented in
green color, while the recognized contour is represented in red color. The other symbols
are the same as Fig. 2.24).

(a) Element-based and vertex-based
approaches for defining the point cloud.

(b) Possible treatments for the boundaries of the original
mesh.

Source: Author.

The mesh smoothing technique by point cloud is detailed in Algorithm 2.3 and is

illustrated in Fig. 2.24.
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Algorithm 2.3 Pseudocode of mesh smoothing by point cloud.
1: Input parameters: Mesh, optimized topology (i.e., the optimized α), the threshold limit

(αth,lim), and Polylidar parameters.
2: Result: Smoothened mesh obtained by point cloud.
3: 1 Apply thresholding in the design variable values (eq. (2.159)).
4: 2 Obtain all boundary facets of the original boundary of the mesh that correspond to α = 1

(fluid).
5: 3 Create a list for storing the boundary vertices (vertices of the boundary facets).
6: 4 For all boundary facets:
7: 4.1 If the center of the cell connected to the boundary facet corresponds to α = 1 (fluid),

include all vertices of the boundary facet in the list.
8: 5 Remove repeated boundary vertices from the list.
9: 6 Extract the center coordinates that correspond to α = 1 (fluid) and include in the point

cloud.
10: 7 Include the boundary vertices in the point cloud.
11: 8 Use the Polylidar parameters and the point cloud to perform the polygon recognition and

extraction (extractPlanesAndPolygons).
12: 10 From the extracted polygons, generate the mesh (in FEniCS, this can be done by creating

Polygon’s (from the mshr module) for each Polylidar polygon and summing/subtracting them
(CSG (Constructive Solid Geometry) operations), and then generating a non-structured
mesh with a given mesh discretization/resolution (generate_mesh).)

Figure 2.24 – Illustration of an example of mesh smoothing by point cloud (for a nodal design variable).

Source: Author.

The Polylidar parameters referred in Algorithm 2.3 are the ones for 2D meshes:

the maximum circumradius of a triangle in the point cloud (in Polylidar, “alpha”), and/or

the maximum length of any edge in a triangle in the point cloud (in Polylidar, “lmax”)

(CASTAGNO; ATKINS, 2020). One suggestion is using the maximum length as 2 times

the maximum edge length of the elements of the mesh (in FEniCS, it can be obtained

by projecting “l_max = MaxCellEdgeLength(mesh)” on to a linear interpolation function

space (P1) and then extracting the maximum value (“l_max.vector().max()”)). The

minimum triangle size can also be set (in Polylidar, “minTriangles”), for example, as 8.

It can be noticed that this technique can be extended to 3D. One drawback of the mesh
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smoothing by point cloud is that the polygon recognition by the Polylidar Python library

may have recognition problems when there are various specifically aligned nodes in

the point cloud. One way to workaround this problem is by including a small random

fluctuation (such as in the order of 10−14) in all vertices of the contour (except the

boundary vertices of the original mesh, in order not to change the positions where the

boundary conditions are applied). In the case one wants to keep some sharp corners,

which may be present in the original mesh, one possibility is by subtracting an additional

term from the Polygon’s of the step 10 from Algorithm 2.3: This additional term would

consist of a shape composed of the subtraction of a combination of Polygon’s that

represent the original computational domain (CSG), from a rectangle that bounds the

whole mesh.
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3 NUMERICAL IMPLEMENTATION

The software platform used for the numerical implementation of the simulation

and the optimization should provide sufficient flexibility and control over the implementa-

tion itself. Since commercial software does not provide the source code and normally

this flexibility, open source software is preferred. Some open source softwares for dif-

ferent numerical methods are: FEniCS/Firedrake (finite element method) (LOGG et al.,

2012; RATHGEBER et al., 2016), OpenFOAM® (finite volume method) (WELLER et al.,

1998; CHEN et al., 2014) and Devito (finite differences method) (KUKREJA et al., 2016).

It is also possible to create an implementation from scratch, by using a programming

language, such as Python, Matlab® , C, C++, Fortran etc. The FEniCS (Finite Element

Computational Software) software (LOGG et al., 2012) is chosen, because it allows the

implementation of the weak form in a high-level representation, not needing to derive

the finite element matrices by hand (i.e., they are automatically generated as low-level

C++ code), and allows the implementation to be performed in the Python programming

language, which has a simple and flexible syntax that allows faster programming and

debugging. The cost of the flexibility of the Python programming language rests in a

decreased computational performance when compared to lower-level programming

languages such as C, C++ and Fortran, although Python’s computational performance

has been improving over the last decades. The performance of a Python code may be

improved by using the Python libraries designed for scientific computation, since they

are internally implemented in C/C++ (such as SciPy, NumPy and FEniCS itself), or by

using some lower-level Python syntax (Cython) or acceleration (Numba library) in the

functions that require more computational effort (such as in Firedrake).

The computed values, with the exception of the convergence curves, are com-

puted in the post-processed meshes. The plots/images in this thesis are made by

using either ParaView (AYACHIT, 2015), Matplotlib (HUNTER, 2007), LibreOffice (THE

DOCUMENT FOUNDATION, 2022), GIMP (THE GIMP DEVELOPMENT TEAM, 2022),

Dia (DIA DEVELOPMENT TEAM, 2022) or Autodesk® Inventor® .

The 3D model of the prototype was made in the CAD software Autodesk® Inventor® ,

through an academic license. The meshes from Chapter 5.1.9 were generated by using

Gmsh (GEUZAINE; REMACLE, 2009) from the CAD model, and converted by using

the meshio library (SCHLÖMER, 2021).
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3.1 IMPLEMENTATION OF THE FINITE ELEMENT AND TOPOLOGY OPTIMIZATION

METHODS

The FEniCS software is composed of 6 modules: DOLFIN (Dynamic Object-

oriented Library for FINite element computation), which is the PDE (Partial Differential

Equation) solving interface; mshr (mesh generation), which is used for mesh gener-

ation; UFL (Unified Form Language), which is the high-level representation used for

PDEs and may consider, if necessary, automatic differentiation; FFC (FEniCS Form

Compiler), which compiles PDEs written in UFL to low-level C++ code; FIAT (FInite

element Automatic Tabulator), which implements the finite element basis functions; and

dijitso (distributed just-in-time shared library building), which performs JIT (Just-In-Time)

compilation for FFC.

Since the system of equations that results from the Navier-Stokes equations is

nonlinear, the iterative Newton-Raphson method (also called Newton’s method and

Newton-Kantorovich’s method) is used. The selected linear solver for the linearized

problems at each iteration is MUMPS (MUltifrontal Massively Parallel sparse direct

Solver) (AMESTOY et al., 2001), which is adequate for large sparse matricial equations.

For the hemolysis and thrombosis models (Sections 2.4.1 and 2.4.2), the linear differen-

tial equations are directly solved by using a linear solver, which is selected in this work

as an LU solver (UMFPACK (DAVIS, 2004)). The iterative Newton-Raphson method is

used for solving the non-linear equation of the thrombosis model (Section 2.4.2).

In order to implement the topology optimization method, the sensitivities (deriva-

tives) are calculated with the adjoint method, through the dolfin-adjoint library (FARRELL

et al., 2013; MITUSCH et al., 2019) interfaced with FEniCS. The dolfin-adjoint library

provides interfaces to optimization solvers, such as IPOPT (Interior-Point OPTimizer)

(WÄCHTER; BIEGLER, 2006), SciPy solvers and ROL (Rapid Optimization Library)

(KOURI et al., 2017) solvers. The IPOPT solver is composed of an interior point method,

which means that its main advantage is that it imposes a logarithmic barrier term to

enforce the solution to be searched only in the feasible space (i.e., satisfying the con-

straints). The difference of IPOPT and other interior point methods is that it augments it

by using a line-search filter method, avoiding having to determine the exact value of the

penalty parameter of the logarithmic barrier. On the other hand, the usual implementa-

tion of the optimization solvers (such as in IPOPT and SciPy) assume the use of the
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Euclidean inner product (`2 inner product), which is not correct when considering that

the state variables reside in a function space (primal space) that is different than the

function space of the adjoint variables (dual space). In practical terms, this problem is

caused by the fact that the design variable is distributed in a continuous space (primal

space) and not in a discretized space, meaning that the sensitivities of the topology

that is being optimized should be computed without the discretization effect (i.e., the

effect of the size of the element). In order to connect the two different spaces (primal

and dual spaces), the mathematically correct approach is to apply a Riesz map oper-

ation (considering, for example, L2 or H1 inner products), which is supported by ROL

solvers. In practical terms, the effects of applying the Riesz map are that: (1) When

increasing the discretization of uniform meshes, the computational time of solving the

adjoint system reaches a maximum value (i.e., not applying the Riesz map means

that the computational time should continue to increase at higher discretizations); (2)

Under highly non-uniform discretizations, applying the Riesz map gives the correct

sensitivity (mesh-independency), while not applying it clearly shows mesh-dependency

(SCHWEDES et al., 2017). Since the ROL library does not have support for the IPOPT

algorithm, IPOPT is used by considering uniformly discretized meshes (with all elements

with the same area (in 2D and 2D swirl meshes), and the same volume (in 3D meshes)),

which gives results that are consistent to when the Riesz map is applied, even at the

cost of a slightly higher computational time when under higher discretizations. It can

be highlighted that the sensitivity computed without considering the Riesz map is able

to lead to an optimized topology, possibly to another local minimum, and in a possibly

slower fashion. When using non-uniform meshes, and the solver does not explicitly

support Riesz map, the sensitivities may be optionally corrected as an element volume

averaging, which is similar to considering the L2 inner product followed a multiplication

by an average element volume given for the design variable interpolation. It can be

pointed out that this type of correction (adjustment) is done in order to make the sensi-

tivity that is distributed over the mesh “look like” as if the mesh was uniform, while also

keeping the same measurement unit as the original sensitivity. The volume averaging,

which may also be described as a mass matrix averaging (SCHWEDES et al., 2017),

may be given as follows:
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- For an element-wise design variable:

dJ

dα

∣∣∣∣
corrected

=
1

Velement

dJ

dα


∑

nelements

Velement

nelements


︸ ︷︷ ︸
Average element volume

(3.1)

- For a nodal design variable:

dJ

dα

∣∣∣∣
corrected

=
1

Vneighbor elements
of the node

dJ

dα


∑

nnodes

Vneighbor elements
of the node

nnodes


︸ ︷︷ ︸

Average neighbor elements’ volume

(3.2)

where Velement is the volume of each element of the mesh, nelements is the number of

elements in the mesh, Vneighbor elements
of the node

is the summed volume of the neighbor elements

touching a node/vertex in the mesh, and nnodes is the number of nodes/vertices in the

mesh. It can be noticed that
∑

nelements

Velement =
∫

Π
dΠ (total volume of the computational

domain). In the case of a 2D mesh, the volume computations (Velement, Vneighbor elements
of the node

)

are substituted by their area counterparts (Aelement, Aneighbor elements
of the node

). In the case of 2D

swirl flow, there are two approaches: (1) Compute the area of the elements of the

mesh; or (2) Compute the axisymmetric volume of the element in the mesh (volume

of the element computed by considering axisymmetry – i.e., a ring-shaped element

volume). The first approach would correspond to the normal application of the Riesz

map to a 2D mesh, while the second approach would correspond to a Riesz map

adapted for the axisymmetric volume. It can be highlighted that the second approach

should be considered even in uniformly discretized meshes, because the axisymmetric

volume varies according to the radial coordinate of each element. The best approach

for a 2D swirl mesh seems to be the second one, because it considers the axisym-

metric nature of the 2D swirl flow model, leading the sensitivities to become similar

to a corresponding 3D problem. As an example of application, during the topology

optimization of a 2D swirl nozzle (Section 5.1.1.1), the gray material shown near the

symmetry axis in part of the convergence curve in Fig. 5.6, depending on the problem

setup (flow and material model setups) may take a large quantity of optimization itera-

tions to vanish, while, with the axisymmetric volume correction, it vanishes faster. In a

FEniCS/dolfin-adjoint implementation, the implementation of the element area/volume

averaging can be performed as: for the sensitivity of the constraints of the optimization,
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the “UFLInequalityConstraint”/“UFLEqualityConstraint” objects (from dolfin-adjoint)

can be overloaded to include this averaging; and, for the sensitivity of the objective

function, the averaging can be included inside the “derivative_cb_post” callback of

the “ReducedFunctional” object (from dolfin-adjoint).

It is also possible to consider an integral approach for eqs. (3.1) and (3.2), which

is given by first computing the sensitivity for the L2 inner product:∫
Π

dJ

dα

∣∣∣∣
L2

wL2dΠ =
dJ

dα
(3.3)

where wL2 is the test function for dJ
dα

∣∣
L2, and dJ

dα

∣∣
L2 is the sensitivity computed through

the L2 inner product.

Then, the resulting value is multiplied by the average element volume for the

design variable interpolation, which is given by:

dJ

dα

∣∣∣∣
corrected

= Vaverage
dJ

dα

∣∣∣∣
L2

(3.4)

where Vaverage is the average element volume for the design variable interpolation,

given as Vaverage =

∑
nelements

Velement

nelements
(for an element-wise design variable) and as Vaverage =∑

nelements

Velement

nnodes
(for a nodal design variable).

The advantage of computing from the volume averaging approach (eqs. (3.1)

and (3.2)) instead of the “L2 integral” approach (eqs. (3.3) and eqs. (3.4)), is that it

consists of an element-wise multiplication in the discretized sensitivity values, whereas

the “L2 integral” approach requires the solution of a linear system. Nonetheless, the

“L2 integral” approach can be more easily considered in parallelism when considering

the implementation in FEniCS, because it does not depend on local mesh information

(such as element volumes, vertices, and neighbors), which is normally not available in

all processors and is required in the volume averaging approach.

The flowchart in Fig. 3.1 shows the interconnection of the software packages

used to implement the topology optimization method. The topology optimization starts

with an initial guess of the topology (distribution of the design variable), which is then

used for the simulation (forward model) by using the finite element method in FEniCS.

This initial simulation is used for annotating (storing) the forward model for the auto-

matic derivation of the adjoint model. Then, the optimization loop from the optimizer

(optimization solver ) is started, by interacting with dolfin-adjoint for the computation
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of the objective function, constraints and sensitivities from the adjoint method (adjoint

model). In each loop, the design variable is updated, defining a new topology. The

topology optimization loop continues until a specified tolerance for a given optimality

error is reached (convergence criterion).

Figure 3.1 – Flowchart of the implementation of the topology optimization method.
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Source: Author.

FEniCS and dolfin-adjoint use Automatic Differentiation (AD, also called algo-

rithmic differentiation and computational differentiation) (LOGG et al., 2012; FARRELL

et al., 2013), which means that the derivatives are computed numerically by repeating

the chain rule for all basic functions/operations. This approach is more interesting than

symbolic differentiation (or differentiation by hand) and numerical differentiation (finite

differences), since it does not require the programmer to organize the equations of the

derivatives in a computationally efficient way and neither incurs in the round-off errors

that are intrinsic of finite differences (GRIEWANK, 2000).

3.1.1 Optimization algorithms

The formulation of the algorithms of the optimization solvers (optimizers) that are

considered in this work are briefly described as follows. For easiness of the descriptions,

a topology optimization problem that is more generic than eq. (2.139) is considered,
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being given as:

min
α
J(α)

such that

Equality constraints: ceq,i(α) = 0, i = 1, 2 ... neq

Inequality constraints: cineq,i(α) 6 0, i = 1, 2 ... nineq

Box constraint of α: αlb 6 α 6 αub

(3.5)

where J(α) is the objective/multi-objective function, ceq,i(α) is the definition of the equality

constraint i, cineq,i(α) is the definition of the inequality constraint i, neq is the number

of equality constraints, nineq is the number of inequality constraints, αub is the upper

bound of the design variable, and αlb is the lower bound of the design variable. It can

be pointed out that, for the optimizer, eq. (3.5) consists of a multivariable optimization

problem, in which the number of variables is given by the quantity of values of the

design variable (α) that are distributed over the mesh, obtained by considering the finite

element modeling (nα) (as described in the beginning of Section 2.5).

3.1.1.1 IPOPT algorithm

The IPOPT (Interior-Point OPTimizer) algorithm (WÄCHTER; BIEGLER, 2006)

is composed of an interior point method, and is briefly described in the beginning of

Section 3.1. IPOPT converts the inequality constraint (i.e., the volume constraint that

is being used in this work) into a logarithmic barrier term and gradually reduces the

barrier parameter to zero during the optimization. The convergence criterion consists

of attaining a specified tolerance for the optimality error in the IPOPT barrier problem.

The optimality error of the IPOPT barrier problem corresponds to the maximum norm of

each optimality (KKT, Karush-Kuhn-Tucker) condition (WÄCHTER; BIEGLER, 2006).

Essentially, the optimization problem from eq. (3.5) is successively solved by IPOPT as

the following barrier formulation:

min
α,sbound

J(α)− µIPOPT

2nα+nineq∑
i=1

ln(cbound,i(α, sbound))

such that

Equality constraints: ceq,i(α, sbound) = 0, i = 1, 2 ... (neq + nineq)

(3.6)
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where µIPOPT is the logarithmic barrier parameter (homotopy parameter ), which is

gradually reduced to zero during the optimization. The box constraint of α is treated as

2nα bound constraints by IPOPT (represented as cbound,i(α, sbound) = αi − αlb > 0 and

cbound,nα+i(α, sbound) = αub − αi > 0, where αi is the value of α in the node i of the mesh

(or in the element i, depending on the finite element modeling)). The inequality con-

straints are converted by IPOPT to equality and bound constraints by including auxiliary

variables (slack variables, sbound,i, represented as part of a set (sbound)), which means

that cineq,i(α) 6 0 becomes: the bound constraint cbound,2nα+i(α, sbound) = −sbound,i > 0,

and the equality constraint ceq,neq+i(α, sbound) = cineq,i(α) − sbound,i = 0. The solution

of the IPOPT barrier problem (eq. (3.6)) is performed by a damped Newton-Raphson

method augmented with a line-search filter method (WÄCHTER; BIEGLER, 2006).

3.1.1.2 TOBS algorithm

The TOBS (Topology Optimization of Binary Structures) algorithm (SIVAPURAM;

PICELLI, 2018; SIVAPURAM et al., 2018) can be described as a combination of

features from SILP (Sequential Integer Linear Programming) (also sometimes called

SLIP (Sequential Linear Integer Programming)) (SVANBERG; WERME, 2007) and

BESO (HUANG; XIE, 2007), for topology optimization. It consists of a binary variables’

formulation which is given by sequentially solving linearized integer variable problems

(considering αlb = 0 and αub = 1). Essentially, the optimization problem from eq. (3.5) is

successively solved in TOBS as the following linearized formulation for the variation of

the design variable (design variable step, ∆α):

min
∆α

dJ

dα

∣∣∣∣
α=α

∆α

such that

Inequality constraints:
dcineq,i

dα

∣∣∣∣
α=α

∆α 6 ∆cineq,i(α), i = 1, 2 ... (nineq + 2neq)

Truncation error constraint: ‖∆α‖1 6 βflip limitnα

Allowed values of ∆α: ∆α ∈ {αlb − α, αub − α}

(3.7)

where α is the value of the design variable in the beginning of the iteration of the

optimization, dJ
dα

∣∣
α=α

and dcineq,i

dα

∣∣∣
α=α

are the sensitivities of the objective/multi-objective

function and the inequality constraints, respectively, computed at α, βflip limit is a factor
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that limits the number of flips/jumps of α from one discrete value to another (0 or

1), nα is the quantity of values of the design variable (α) that are distributed over

the mesh, ‖∆α‖1 is the one-norm (`1 norm) of ∆α, and the next value of the design

variable is given as α + ∆α. It can be noticed that equality constraints (ceq,i(α)) that are

computed with floating point numbers are numerically extremely hard (if not impossible)

to be exactly satisfied, which may lead to linearized problems with impossible integer

solutions. In such case, the equality constraints should be substituted in eq. (3.5) by

inequality constraints with a given variation around the bounds (i.e., ceq,i(α)− δeq,i 6 0

and −(ceq,i(α) + δeq,i) 6 0, where δeq,i is a small bound for the definition of the equality

constraints converted to inequality constraints). Therefore, the number of inequality

constraints becomes nineq + 2neq.

The truncation error constraint is included in order to keep the truncation error

of the linearization small (SIVAPURAM; PICELLI, 2018). The linearized inequality

constraint bound (∆cineq,i(α)) is relaxed in order to guarantee that the integer solution

of the linearized problem is feasible (SIVAPURAM; PICELLI, 2018). This relaxation

essentially changes the value of ∆cineq,i(α) when cineq,i is “far” (based on a reference

value (cref,i)). Then, the relaxation presented in Sivapuram and Picelli (2018) becomes:

∆cineq,i(α) =


−εrelax(cineq,i(α) + cref,i), if cineq,i(α) >

εrelaxcref,i

1−εrelax

−cineq,i(α), if −εrelaxcref,i

1+εrelax
6 cineq,i(α) 6 εrelaxcref,i

1−εrelax

εrelax(cineq,i(α) + cref,i), if cineq,i(α) <
−εrelaxcref,i

1+εrelax

(3.8)

where 0 < εrelax < 1 is a constraint relaxation parameter, and cref,i 6= 0 is a reference

value for constraint i. The reference value cref,i is a representative value for the magnitude

of the values that are achievable in the constraint, in order to define the size of the

linearized interval. The reference value cref,i cannot be set as 0, otherwise eq. (3.8)

becomes ∆cineq,i(α) = −εrelax|cineq,i(α)|, meaning that the linearized interval disappeared

from the formulation. When considering a volume constraint, cref,i is normally set as the

imposed limiting volume (SIVAPURAM; PICELLI, 2018; SOUZA et al., 2021), which

corresponds, in the case of eq. (2.139), to cref,i = fV0. This is also the case considered

in this work. Eq. (3.8) is illustrated in Fig. 3.2: when cineq,i(α) >
εrelaxcref,i

1−εrelax
, the constraint

bound is softened, widening the solution space; when −εrelaxcref,i

1+εrelax
< cineq,i(α) <

εrelaxcref,i

1−εrelax
,

the linearized value is used for the constraint bound; and when cineq,i(α) <
−εrelaxcref,i

1+εrelax
,

the constraint bound is stricter, decreasing the solution space to enforce a feasible or
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near-feasible value. The red colored arrows represent the change in the solution space

from the linearized constraint when considering the relaxation. The solution space is

represented in blue color, and represents the possible values for dcineq,i

dα

∣∣∣
α=α

∆α (from eq.

(3.7)).

Figure 3.2 – Relaxation of the linearized inequality constraint bound (∆cineq,i(α)).

Source: Author (ALONSO et al., 2022).

The convergence criterion can be analyzed from successive objective function

values (HUANG; XIE, 2007) or when there are no more changes in the topology

(∆α = 0). The solution of the TOBS linearized problem (eq. (3.7)) is performed by

an integer programming optimizer, such as the commercial software CPLEX® (from

IBM), or the open source software CBC (Coin-or Branch and Cut) (from the COIN-OR

project). In particular, this work considers the use of CPLEX® , because it is currently

faster than CBC (Coin-or Branch and Cut) and provides an academic license. In order

to allow more flexibility in the implementation, the author of this work ported the original

Matlab® implementation of the TOBS algorithm to Python, and developed an interface for

dolfin-adjoint, which is based on the IPOPT interface currently available in dolfin-adjoint.

In the integer programming optimizer, the solution is obtained from the branch

and bound method (LAND; DOIG, 1960; VANDERBEI, 2014), which essentially performs

some operations recursively until an integer solution is obtained: (1) Solve the linear

problem for obtaining a non-integer variable solution (such as from the Simplex method);

(2) Separate into two different computations (recursion, branch) for each variable value,

where one computation considers an additional integer upper bound (6) and the other

considers an additional integer lower bound (>) around the non-integer variable value

from step (1) – If the non-integer variable solution from step (2) is worse, then the given

branch is discarded. In Sivapuram and Picelli (2020)’s work, a comparison of the rise
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in computational cost of the integer programming optimizer and the simulation was

performed with respect to the mesh resolution, showing that it increased much faster for

the simulation (exponentially) than for the integer programming optimizer (linearly).

It can be mentioned that the numerical implementation of the TOBS algorithm

includes additional normalizations (from the source code from Sivapuram and Pi-

celli (2018)), which are: dJ
dα

∣∣
α=α

∆α is divided by max
[
dJ
dα

∣∣
α=α

]
, while dcineq,i

dα

∣∣∣
α=α

∆α 6

∆cineq,i(α) is divided by max
[
dcineq,i

dα

∣∣∣
α=α

]
.

Also, when the design variable distribution is not respecting the constraints by

a large margin, which may possibly happen in the initial guess of the design variable

distribution, some specific considerations have to be made: if the optimizer is able to

find an optimal solution (even while the constraints are not fully satisfied), this solution is

accepted for the topology optimization step; if the optimizer is able to find a non-optimal

solution, an under-relaxation is applied in the limits of the inequality and truncation

error constraints (from eq. (3.8)) (such as multiplying them by 0.3); if the optimizer is

unable to find any solution, a relaxation is applied in the limits of the truncation error

constraint (multiplying them, for example, by 4) until an integer solution to the linearized

optimization problem (eq. (3.8)) exists.

3.1.2 Implementation of the adjoint model

There are essentially two approaches for implementing the adjoint model

(NADARAJAH; JAMESON, 2000; FUNKE, 2013): the continuous adjoint approach and

the discrete adjoint approach. The continuous adjoint approach consists of directly

specifying the adjoint equations to be solved, while the discrete adjoint approach

consists of using the discretized equations (discrete forward model or the forward model

low-level code) in order to solve the adjoint model. These approaches are illustrated

in Fig. 3.3, considering the FEniCS platform and its high-level abstraction for defining

functionals (FEniCS UFL).
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Figure 3.3 – Flowchart showing the approaches for deriving the adjoint model (based on Farrell et al.
(2013) and Funke (2013)).
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The forward model is solved as shown in the upper part of Fig. 3.3, where the

continuous forward model equations (weak form and objective function) are first man-

ually specified. Then, these equations are written in FEniCS’s high-level abstraction

language (UFL), which corresponds to the discrete forward model, which already con-

tains information about the function spaces (i.e., the finite element modeling) being used.

The forward model low-level C++ code, which corresponds to the matricial equations to

be solved, is then generated by FEniCS FFC.

The continuous adjoint approach is implemented by deriving the adjoint equa-

tions manually (by hand) (or symbolically, by using, for example, the SymPy library

(MEURER et al., 2017)). The manual derivation of the continuous adjoint model is spe-

cific to each problem, may be laborious (FUNKE, 2013), and, even when it is symbolically

derived, the adjoint equations may be presented in a format that is not computationally

efficient. In this last case, the equations would require further manipulation in order

to get to a computationally efficient format. One advantage of the continuous adjoint

approach is that it is possible to discretize the forward and adjoint models differently,

which may be useful in some cases (FANG et al., 2006).

The discrete adjoint approach may be implemented by considering automatic

differentiation. In this case, there are essentially two different ways to implement it: as
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a low-level automatic differentiation, or as a high-level automatic differentiation. Tradi-

tionally, the discrete adjoint approach has been implemented as a low-level automatic

differentiation, which is directly applied onto the forward model low-level C++ code. The

main problem of this implementation is that it may be computationally inefficient, since

the low-level C++ code would have to be automatically differentiated at each iteration of

the optimization. Also, this implementation incurs in discretization errors two times (from

the forward model low-level C++ code and the adjoint model low-level C++ code).

The discrete adjoint approach implemented as high-level automatic differentiation

consists of using an automated method. The automated method consists of using

the scheme provided by the dolfin-adjoint library (FARRELL et al., 2013) in order to

automatically derive an efficient discrete adjoint model from the discrete forward model

specified in FEniCS UFL. The scheme used to obtain the discrete adjoint model consists

of manipulating the dependencies / assemblies of the matricial equations of the forward

model and applying automatic differentiation wherever required. As in the continuous

adjoint model, it is also possible to discretize the forward and adjoint models differently,

but that requires overloading a specific internal function of the solver object in the dolfin-

adjoint library, regarding the forward simulation (which is called “_forward_solve”, and

is located inside the “SolveBlock” class), to perform a simulation in another mesh and to

project the result back to the mesh of the adjoint model. One advantage of the discrete

adjoint approach implemented as high-level automatic differentiation is that, as in the

continuous adjoint approach, it incurs in discretization errors a single time (that is, only

when generating the adjoint model low-level C++ code).

The sensitivities computed by each approach can be different, because the

adjoint model is derived at different stages of the forward model (see Fig. 3.3). Since

the dolfin-adjoint library provides an automated way to derive the adjoint model, tools to

verify the adjoint model, and is also computationally efficient (FARRELL et al., 2013), it

is the approach that is used in this work.

3.2 NUMERICAL CONSIDERATIONS

The implementation in the FEniCS platform is direct from the description provided

of the equations and numerical implementation/considerations, because FEniCS uses

a high-level description for the variational formulation (UFL), automating the generation
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of the matrix equations. In the case of 2D swirl flow, since the coordinate system is

cylindrical, the differential operators (“grad”, “curl”, “div”) must be programmed by

hand by using the “Dx(var,component_num)” or “var.dx(component_num)” functions,

because the operators provided by FEniCS assume Cartesian coordinates. Since

these differential operators (“grad”, “curl”, “div”) in cylindrical coordinates include

divisions by the radial coordinate (r), which may numerically pose a problem when the

computational domain includes a symmetry axis (r = 0), it would be necessary to adapt

the finite element equations (eqs. (2.42) and (2.41), in Section 2.2.1), the computation

of the performance quantities (Section 2.3) and the blood flow modeling (Section 2.4).

One solution would be by multiplying these equations by r and developing them until

eliminating any dependency with 1
r
; however, that may not be simple when considering

a non-Newtonian fluid from eq. (2.11) or eq. (2.135). Therefore, there are two other

solutions: change 1
r

to 1
r+εaxis

, or create the mesh with a minimum radius of r = εaxis (one

can use, for example, εaxis = 10−11). In this work, it is chosen to change the finite element

mesh, which avoids having to change the definitions of the differential operators.

In the implemented code, when computing the equations, the MMGS (MiliMeters-

Grams-Seconds) unit system is used instead of the SI unit system. This is done in

order to have a better numerical conditioning for calculating the weak form, functionals

and sensitivities, and also improving the convergence rate. This way, small computed

values are forced to stay farther (higher) from the numerical precision used in the

numerical integration by FEniCS FFC (10−14), and also farther (higher) from the smallest

representable number in FEniCS, which is given by DOLFIN_EPS = 3×10−16. Comparing

the units of the weak forms of the continuity and Navier-Stokes equations, since wv

has the same measurement unit as v, and wp has the same measurement unit as p,

the units of the weak forms are kg m2/s3 (= 109 g mm2/s3). Therefore, the equations of

the weak forms become multiplied by 109 in MMGS. The computed values of velocity

and pressure, from the measurement units, change to: [v] = m/s = 103 mm/s and

[p] = Pa = kg/(m s2) = g/(mm s2). Therefore, computing the weak forms and state

variables with these higher magnitudes (for example) should improve the precision of

the computations, in the case small values are computed (in the SI unit system). In

terms of observed results, the MMGS (MiliMeters-Grams-Seconds) unit system enabled

simulating with higher Reynolds numbers under steady state (for example, those in

Section 5.1.2), and the sensitivities could be computed with more precision (otherwise,
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the sensitivities would get somewhat blurred).

In some cases, in order to facilitate the convergence of the simulation, a continua-

tion scheme is performed in order to generate a better initial guess for the simulation. In

this work, this continuation scheme may be performed in the viscosity (µ), starting from

a higher viscosity and then gradually reducing its value until reaching the real viscosity

of the fluid; in the volumetric flow rate (Q), slowly increasing it; or in the rotation (ω0),

slowly increasing it. When a continuation scheme is not needed, the initial guess for the

velocity is selected as vabs = 0 (zero absolute velocity) for the 2D swirl flow cases, while

it is chosen as v = 0 for the 2D cases (zero relative velocity).

No numerical instabilities (oscillations) that would justify the inclusion of an

additional numerical stabilization were noticed, even in the higher rotations that were

used. Although stabilization methods may improve the accuracy of some numerical

results, they may result in nonphysical results depending on the selected stabilization

parameters (OLSHANSKII et al., 2009). Therefore, no stabilization methods were used.

One interesting stabilization method is briefly described as follows (grad-div stabilization),

since Linke et al. (2011) mentions that, for grad-div stabilization, a large choice for the

stabilization parameter for Taylor-Hood elements would not worsen the solution and

would not lead to over-stabilization, converging to the Scott-Vogelius elements’ solution

instead. Grad-div stabilization can improve global mass conservation and convergence

rate of the iterative method used to solve the weak form (OLSHANSKII; REUSKEN,

2004; CASE et al., 2011; JENKINS et al., 2012; AXELSSON et al., 2015). It is based

on the continuity equation for incompressible flow (eq. (2.1)), which is a divergent-free

relationship, and is given by adding −γ∇(∇•v) to the right side of eq. (2.2) or eq. (2.10),

where γ is a stabilization parameter (LINKE et al., 2011) (OLSHANSKII; REUSKEN,

2004). When deriving the weak form (i.e., applying the gradient theorem (REDDY, 2013)

to this term), the boundary term (on ΓΠ) due to this additional term is neglected (LINKE

et al., 2011), leaving only the term +
∫

Π
γ(∇•v)(∇•wv)dΠ. However, when performing

simulations with the 2D swirl flow model here, it has been observed that a high value for

γ decouples the swirl motion from the radial-axial motion. In other words, the radial-axial

motion keeps the same pressure-velocity distribution independently of the rotation for

large γ. Therefore, grad-div stabilization is not suitable for applying to 2D swirl flow.

The calculation of the shear stress magnitude (γ̇m) of the equation for the Carreau-

Yasuda model (eq. (2.11)), defined in eq. (2.12), is adapted for the numerical implemen-
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tation as shown below

γ̇m =
√

2ε•ε+ εadjustment (3.9)

where εadjustment is a sufficiently small value not recognized as zero by FEniCS (selected

as 10−14 s−2 – i.e., the same value of the numerical precision used in the numerical

integration by FEniCS FFC). As can be seen in Fig. 2.3, this value for εadjustment is not

significant to influence the non-Newtonian behavior of blood. This term is included

because of the algorithm of automatic differentiation, since, considering a function f

(representing 2ε•ε) and the quotient rule for derivatives, the derivative of the square root

of f is given by (
√
f)′ = (f 1/2)′ = 1

2
f ′

f1/2 . In the initial guess, f is exactly equal to zero,

which makes makes the derivative (f 1/2)′ undetermined. When f ′ is also zero, which is

the case, it would be possible to apply L’Hôpital’s rule, but the automatic differentiation

algorithm is unable to compute it when the denominator is exactly equal to zero. In

order to compensate this fact, the sufficiently small value εadjustment, which, from its

order of magnitude, can be viewed as a numerical error, is included as shown in eq.

(3.9). It is also possible to achieve a similar effect by assuming an initial guess (of the

finite element method) for the velocity, in which γ̇m is different than zero (obtained, for

example, from a simulation for the corresponding Newtonian fluid, or by adding a small

random number to the initial guess). The described adjustment of summing εadjustment is

also considered whenever necessary in the other equations of this work.

Since there is a term with a square root in eq. (2.134) of the Brinkman-

Forchheimer model, some care should be taken in two aspects: (1) the numerical

error of the term inside the square root (κ(α)) when it is near zero (for example, it may

possibly drop to a value such as −10−16, which corresponds to a numerical error);

(2) the derivative of
√
κ(α) includes a term of the format 1√

κ(α)
, which may possibly

become a division by zero (although in such case this term is multiplied by a zero

term and the result should be zero). In order to avoid any of these problems, the value

of κ(α), which should always be positive, may be manually thresholded to positive

values before computing the equations in each iteration of the topology optimization

and the derivative of this term may be adjusted in order to avoid division by zero – In

dolfin-adjoint, this may be implemented by manually programming the adjoint of the

square root operator – i.e., by creating an overloaded function.

For the hemolysis and thrombosis models (Sections 2.4.1 and 2.4.2), boundary
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conditions of zero damage on the inlet can be changed to sufficiently small values

(10−14) for better numerical conditioning. When considering a mesh with edges/corners,

for computing hemolysis and thrombosis, there may appear a high negative value only in

some edge/corner nodes of the mesh. In order to avoid this case, all variables from the

hemolysis and thrombosis models are post-processed for removing these unphysical

values – In dolfin-adjoint, this may be implemented by manually programming it as

a new operator (i.e., by creating an overloaded function). Furthermore, the divisions

by stress terms in the hemolysis and thrombosis equations may be incremented with

small values (10−14). The concept of summing a small value in order to avoid division

by zero is also used in some excerpts of the source code of the open source software

OpenFOAM® (OPENFOAM FOUNDATION, 2020; WELLER et al., 1998; CHEN et al.,

2014).

During the computation of eq. (2.45) through the Newton-Raphson, if, by any

chance, the reciprocal wall distance (G) assumes a negative value, even if only due to

numerical precision, this would result in a numerical error in eq. (2.45). Thus, in order to

guarantee that such situation would never be achieved, the reciprocal wall distance (G)

is enforced to be always positive in every Newton-Raphson iteration.

In the Wray-Agarwal model (WA2018), in eq. (2.23), there is the hyperbolic

tangent term (tanh(arg4
1)), whose derivative would include the term 1

cosh(arg4
1)

. When arg4
1

is sufficiently high, 1
cosh(arg4

1)
approaches zero. However, even though 1

cosh(arg4
1)

exists, the

computation of the term cosh(arg4
1) may result in a numerical overflow in FEniCS. Thus,

the numerical value of arg4
1 is constrained in order to avoid this issue, with a “ufl.Min”

operator limiting a maximum value of 100, which results in 1
cosh(arg4

1)
≈ 7.44× 10−44 ≈ 0.

In FEniCS, the integration is performed by default through Gauss quadrature. If

not specified, FEniCS FFC tries to automatically assess the degree of the integrand, and

chooses a quadrature degree that matches the exact quadrature rule for the integrations.

However, when considering a non-Newtonian fluid (eqs. (2.11) and (2.135)) or the

Brinkman-Forchheimer model (eq. (2.134)) or even some 3D models, the determined

quadrature degree may become excessively high (higher than 99), which may give an

overflow error and requires it to be reduced to a smaller value, such as 20 or even 5,

for example. Although reducing the quadrature degree in the solution of the weak form

may give coherent results, it may not be adequate when projecting some equation into

a function space in FEniCS, since the “quality” (correspondence with expected values)
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of the projection drastically reduces under lower quadrature degrees.

In the hemolysis and thrombosis models (Sections 2.4.1 and 2.4.2), another

adjustment that may be performed is the use of the relative velocity (v) projected in the

same linear function space used in the hemolysis and thrombosis models. For reference,

the projection may be computed from the weak form:∫
Π

v|projected,linear wproj,vdΠ−
∫

Π

vwproj,vdΠ = 0 (3.10)

where v|projected,linear is the relative velocity projected in a linear function space, and

wproj,v is the test function for the projection of the relative velocity. Eq. (3.10) may be

solved with an LU solver (UMFPACK (DAVIS, 2004)) without any boundary conditions,

or considering the velocity boundary conditions of the fluid flow simulation.

One more adjustment that may be performed is the approximated computation

of the convective derivative (v•∇)τm,total (in the thrombosis model), which is required

depending on the interpolation degree of the velocity (i.e., it is not required only when

the interpolation degree is > 2, such as in Taylor-Hood elements). This approximate

computation is based on a similar idea presented in Mortensen et al. (2011), and is

briefly deduced below:∫
Π

(v•∇)τm,total|approximated wa,cd,τdΠ−
∫

Π

(v•∇)τm,totalwa,cd,τdΠ = 0 (3.11)

where (v•∇)τm,total|approximated is the convective derivative of the shear stress magni-

tude approximated in a linear function space, and wa,cd,τ is the test function for the

approximation of the convective derivative of the shear stress magnitude.

By applying the product rule for derivatives,

∇•(vτm,totalwa,cd,τ ) = (∇•v)τm,totalwa,cd,τ + τm,total(v•∇wa,cd,τ )

+ (v•∇τm,total)wa,cd,τ

=⇒ (v•∇τm,total)wa,cd,τ = ∇•(vτm,totalwa,cd,τ )− (∇•v)τm,totalwa,cd,τ

− τm,total(v•∇wa,cd,τ )

(3.12)

Therefore, by substituting eq. (3.12) in eq. (3.11) and also applying Gauss’

divergence theorem,∫
Π

(v•∇)τm,total|approximated wa,cd,τdΠ−
∮

ΓΠ

(vτm,totalwa,cd,τ )•ndΓΠ

+

∫
Π

(∇•v)τm,totalwa,cd,τdΠ +

∫
Π

τm,total(v•∇wa,cd,τ )dΠ = 0

(3.13)



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 194

By considering the continuity equation (eq. (2.41)), and also neglecting the

boundary term (as an approximation, which is similar to some approximations performed

by Mortensen et al. (2011)),∫
Π

(v•∇)τm,total|approximated wa,cd,τdΠ +

∫
Π

τm,total(v•∇wa,cd,τ )dΠ = 0 (3.14)

Eq. (3.14) is then solved with an LU solver (UMFPACK (DAVIS, 2004)) without

any boundary conditions, similarly to Mortensen et al. (2011).

OpenFOAM® provides two types of solver for the velocity, which are the segre-

gated solver (in which the velocity components are solved separately) and the vector-

coupled matrix solver (in which the velocity components are solved at the same time in a

matricial form). The vector-coupled matrix solver applied to 2D swirl flow showed better

convergence (i.e., faster) than the segregated solver. In this work, the vector-coupled

matrix solver is considered only in cases where the computational domain does not bor-

der the symmetry axis, due to an issue in the simulation results from OpenFOAM® 7.0

when including the symmetry axis with the vector-coupled matrix solver.

3.3 INTERFACING FEniCS WITH OpenFOAM® FOR THE EVALUATION OF TURBU-

LENCE AND HIGH-SPEED FLOWS

Although FEniCS is a nice platform for programming and prototyping in the weak

form of the finite element method (due to the easiness of use of UFL and due to the user

interface being in Python), and also allows automatic derivation of the adjoint model

(dolfin-adjoint), the implementation may not be as computationally efficient as in some

other platforms. It is possible to improve the computational efficiency by considering

parallelism / algebraic multigrid / block subsystems / preconditioners / etc. (LOGG et

al., 2012), but these adjustments can sometimes be problem-specific, and need to be

implemented by hand.

On the other hand, OpenFOAM® is more prepared regarding computational effi-

ciency, different discretization methods and approximations, more specifically regarding

3D simulations (due to the element-wise finite volumes), turbulent and compressible

flows. OpenFOAM® (Open-source Field Operation And Manipulation) (WELLER et al.,

1998; CHEN et al., 2014) is an open source CFD software written in C++, in which

the syntax for specifying the finite volume equations is, as in the case of FEniCS
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UFL, close to the representation of the equations themselves. There are historically

three main versions of OpenFOAM® : OpenFOAM® by The OpenFOAM® Foundation

(“openfoam.org”), OpenFOAM® by ESI Group (“openfoam.com”), and FOAM-Extend

by Wikki Ltd.. In this work, the version that is considered is the “OpenFOAM® by The

OpenFOAM® Foundation”. Since OpenFOAM® operates in the lowest degree of finite

volumes (element-wise), the simulation should become less computationally expensive

than when using the traditional Taylor-Hood elements or MINI elements of Section 2.2.2

for the same discretization (although the numerical accuracy should be lower due to

the lower interpolation degree). Also, the finite volume method is based on the local

conservation of fluxes (i.e., between finite volumes), which is different from the finite ele-

ment method (i.e., based on the global conservation of fluxes – except, perhaps, only for

Discontinuous Galerkin finite elements (Section 2.2.2)). The main drawback regarding

the use of OpenFOAM® in topology optimization is the derivation of the adjoint model.

The derivation of the adjoint model in OpenFOAM® has already been performed in three

ways: by manually deriving and implementing the adjoint equations in a SIMPLE-like

scheme (which may be a high demanding task for the programmer, especially when con-

sidering turbulent/compressible/non-Newtonian models) (continuous adjoint approach)

(PAPOUTSIS-KIACHAGIAS et al., 2015); by using C++ generic automatic differentiation

tools (such as CoDiPack (SAGEBAUM et al., 2018) and Adept (ADEPT, 2021), which

are normally considered to be non-intuitive and show reduced performance) (discrete

adjoint approach) in a SIMPLE-like scheme (TOWARA; NAUMANN, 2013); and by ap-

plying finite differences (which may imply some additional computational cost) (discrete

adjoint approach) (HE et al., 2018; HE et al., 2020). Note that there is no high-level

automatic differentiation approach such as that provided by FEniCS/dolfin-adjoint avail-

able in OpenFOAM® . More recently, aiming topology optimization, two approaches

have been presented: using FEniCS/dolfin-adjoint automatic derivation (ALONSO et al.,

2021), and finite differences through a grouping algorithm (OKUBO et al., 2022). Here,

the approach presented by Alonso et al. (2021) is considered.

OpenFOAM® is considered in this work for performing turbulent or simply high-

speed flow simulation. Turbulent simulations in FEniCS have already been previously

performed by Mortensen et al. (2011) and Valen-Sendstad et al. (2013), and the source

code is even available in internet in Mortensen (2011) and Mortensen (2013). However,

the latest version (MORTENSEN, 2016) removed the turbulence module due to the



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 196

work required for it to be adapted to newer FEniCS versions. It can be mentioned that

this implementation does not support the automatic derivation of the adjoint model

from dolfin-adjoint, and neither the 2D swirl flow model. Therefore, some of the solution

schemes from Mortensen et al. (2011) (such as wall functions, projections of variables

at each iteration of the simulation, segregated solution of the equations, Picard solver

approach, and pseudo-transient continuation) were reimplemented in order to account

for dolfin-adjoint and the 2D swirl flow model. However, the convergence of the solution

of the turbulent problem turned out to be harder in the implementation performed in

FEniCS than when using OpenFOAM® . Therefore, OpenFOAM® is used in this work

instead of FEniCS in order to perform turbulent flow simulation. Moreso, FEniCS may

also suffer convergence difficulties in laminar flows with higher flow velocities, thus

making OpenFOAM® a possibility for considering these cases.

Therefore, the aim would be for the simulation to be efficiently performed in

OpenFOAM® while the adjoint model would be automatically derived and solved in

FEniCS (by using dolfin-adjoint). Since no previous work has yet performed this type

of interfacing between OpenFOAM® and FEniCS, a library was implemented in order

to perform this interfacing. Since dolfin-adjoint is a Python-only library, OpenFOAM® ’s

C++ and shell script functionalities should be made accessible in Python. The inter-

facing between FEniCS/dolfin-adjoint and OpenFOAM® , for topology optimization, is

represented in Fig. 3.4, through a library developed in this work (FEniCS TopOpt Foam).

The details about the framework using FEniCS TopOpt Foam are described in Alonso et

al. (2021), and the FEniCS TopOpt Foam library is made available in a git repository1.

Figure 3.4 – Interfacing between the adjoint model and the forward model with FEniCS TopOpt Foam,
outlining the main differences/similarities between FEniCS/dolfin-adjoint and OpenFOAM® .

Source: Author.

The topology optimization flowchart of Fig. 3.1 remains the same, but with
1 https://github.com/diego-hayashi/fenics_topopt_foam
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OpenFOAM® being called for performing the simulation instead of FEniCS. In terms of

implementation, when using the FEniCS TopOpt Foam library, two simulation models

should be programmed: one in FEniCS, which is used to automatically derive the adjoint

model (dolfin-adjoint), and one in OpenFOAM® , for the simulation.

3.3.1 Implementation of the computation of sensitivities while interfacing with

OpenFOAM®

The objective function is computed directly with FEniCS after the simulation with

OpenFOAM® is performed, while the computation of the sensitivities uses the simulation

result for later solving the adjoint model equations. A diagram illustrating the computation

of the sensitivities is given in Fig. 3.5.

Figure 3.5 – Diagram illustrating the computation of the sensitivities when using OpenFOAM® and the
FEniCS TopOpt Foam library for the fluid flow simulation.
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Source: Author (ALONSO et al., 2021).

The diagram of Fig. 3.5 starts with a call from the optimizer for dolfin-adjoint

to compute the sensitivities. The first step is computing the forward model (i.e., the
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simulation). It starts by passing the mesh (FEniCS “Mesh”), together with a boundary

marking (FEniCS “MeshFunction”) (i.e., names of each group of facets – edges (2D /

2D swirl) or faces (3D) – of the boundary), to FEniCS TopOpt Foam to convert to the

OpenFOAM® mesh format. It should be mentioned that OpenFOAM® operates only in

3D meshes/coordinates, but allows simulating for 2D and 2D swirl flows if the mesh has

a specific construction (i.e., one-element uniform thickness (for 2D), and one-element

“wedge” thickness (i.e., thickness linearly varying from zero radius, for a sufficiently

small wedge angle)) and specific boundary conditions (“empty” for the parallel faces

with respect to the 2D plane (of the 2D mesh), and “wedge” for the parallel faces with

respect to the 2D plane (of the 2D swirl mesh)) (see Fig. 3.6). Since, in OpenFOAM® ,

the boundary conditions are applied on the external faces of the 3D mesh, the symmetry

axis boundary condition (from the 2D swirl flow model) is implicitly considered when

applying the “wedge” boundary conditions in OpenFOAM® . A similar scheme of using a

3D mesh for 2D/2D swirl simulation is also used in Ansys® CFX. If the mesh is the same

during all iterations of the topology optimization, this conversion can be performed a

single time.

Figure 3.6 – Representation of 2D and 2D swirl computational domains in FEniCS and OpenFOAM® (the
specific boundary conditions “wedge” are presented separately, because they are imposed
separately on each almost parallel face with respect to the 2D plane in OpenFOAM® ).

Source: Author (ALONSO et al., 2021).

Then, the state variables (FEniCS “Function” ’s), the design variable (FEniCS

“Function”), the boundary conditions (specified as required by OpenFOAM® ) and other

setup variables are converted by FEniCS TopOpt Foam to variable and configuration

files, which, in OpenFOAM® , are in the subfolders “0” (initial guess for the simula-

tion), “constant” (mesh and properties) and “system” (solver parameters). With the

OpenFOAM® files prepared, a specific solver for OpenFOAM® , which corresponds to
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the simulation defined in FEniCS, is selected for being used. In case the simulation

includes the design variable, the default OpenFOAM® solvers cannot be used without

an adjustment that includes the design variable in it (i.e., a new solver has to be pro-

grammed). Then, the OpenFOAM® simulation is performed. After the simulation, the

state variable files of the result of the OpenFOAM® simulation are converted to the state

variables in FEniCS. With the simulation result, dolfin-adjoint is then used to compute

the adjoint model that is automatically generated from the forward model specified in

FEniCS.

The conversion from the OpenFOAM® files to the FEniCS variables (see Fig.

3.7) is performed by first mapping the internal values of the OpenFOAM® variables to

element-wise variables in FEniCS (dP0, “DG0”). Then, the element-wise variables are

projected (FEniCS “project”) into the interpolation that is being used in the adjoint

model. The isolated state variables are then joined together in a single state vector by

using a “FunctionAssigner” in FEniCS. In the case of turbulent variables, it may be

needed to guarantee that their conversion to FEniCS is strictly positive and non-zero

(compensating any numerical error in this aspect), because some turbulence models rely

on some specific square-roots/divisions, and some other specific square-roots/divisions

may arise due to the automatic derivation performed by FEniCS. After this imposition,

a small-radius Helmholtz filter (LAZAROV; SIGMUND, 2010) may be applied to the

turbulent variables in order to slightly filter some consequent sharp transitions which may

hinder post-processing operations in FEniCS (one possible choice for the Helmholtz

filter radius is 1/10th of the minimum size of an element in the mesh (i.e., the smallest of

the maximum distances between any two vertices of the elements)). An additional step

is imposing the original Dirichlet boundary conditions (FEniCS “DirichletBC”) onto the

state vector, because the converted values from OpenFOAM® correspond only to the

internal values of each cell and not to the external facets, which may generate numerical

error on the boundaries.
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Figure 3.7 – Diagram illustrating the conversion of variables between OpenFOAM® and FEniCS.
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Source: Author (ALONSO et al., 2021).

The interfacing of the simulation with dolfin-adjoint requires overloading a specific

internal function of the solver object in the dolfin-adjoint library, regarding the forward

simulation (which is called “_forward_solve”, and is located inside the “SolveBlock”

class, or the “GenericSolveBlock” class, depending on the version).

In terms of a parallel computation of the simulation and optimization, both

OpenFOAM® and FEniCS provide independent implementations of parallelism out-of-

the-box, which means that both softwares may partition the mesh differently according to

their needs and what is set up by the user, and also independently call MPI operations. In

the current version of FEniCS TopOpt Foam, it is possible to consider both parallelisms

independently, which means that FEniCS may be set to run in parallel, such as from

“mpiexec -n 2 python my_code.py” (for 2 processes), whilst OpenFOAM® may be set

up to run in parallel from FEniCS TopOpt Foam functions independently. Sensitivity

analyses using FEniCS TopOpt Foam are available in Alonso et al. (2021, 2022).

3.3.2 Correspondence of boundary conditions in FEniCS and OpenFOAM®

The boundary conditions that are possible to impose in OpenFOAM® may be

different from those that are imposed in FEniCS due to the different solution methods and

systems of equations (of finite volumes and finite elements, respectively). Therefore, the

boundary conditions should be chosen to be with a close resemblance for corresponding

simulation results. Although other variations are possible, one possibility for velocity and

pressure is shown in Fig. 3.8.
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Figure 3.8 – An example of boundary conditions in FEniCS and OpenFOAM® for the pressure-velocity
formulation.

Source: Author.

Although in finite elements (FEniCS), no boundary conditions need to be explicitly

imposed for the pressure, and for the outlet velocity (because of the stress free boundary

condition), OpenFOAM® (finite volumes) requires all boundary conditions to be explicitly

imposed. On the walls, the normal gradient of the pressure is set to zero ( ∂p
∂n

= 0) in

OpenFOAM® (Neumann boundary condition). This boundary condition is originated from

Prandtl’s boundary layer equations (SCHLICHTING, 1979), where, inside the boundary

layer, 1
ρ
∂p
∂n

= O(δBL) ≈ 0, where δBL is the thickness of the boundary layer, O(δBL)

represents the order of magnitude (i.e., in the big O notation) of δBL, and the fluid is

assumed to be attached to the wall. Particularly when the fluid is incompressible, ∂p
∂n
≈ 0.

Therefore, setting the normal gradient of the pressure to zero is an approximation. In

reality, ∂p
∂n

is non-zero (REMPFER, 2006), but the correct boundary condition would lead

to a mathematically ill-posed problem (REMPFER, 2006). According to Rempfer (2006),

due to the approximation, the “pressure” value used in finite volumes numerical methods

– such as the SIMPLE algorithm (PATANKAR, 1980; OPENFOAM WIKI, 2014) – would,

in reality, correspond to an artificial pressure value, which should attain a systematic

deviation from the correct pressure value, and may or may not be corrected during the

execution of the numerical method.

The normal gradient of the pressure is set to zero ( ∂p
∂n

= 0) on the inlet in

OpenFOAM® (Neumann boundary condition), and the velocity profile is specified (Dirich-

let boundary condition).

The outlet boundary condition in OpenFOAM® is given by imposing a zero normal

gradient for the velocity ( ∂v
∂n

= 0) (Neumann boundary condition) and a fixed pressure
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value (p = 0) (Dirichlet boundary condition). In FEniCS, the boundary condition is stress

free: T •n = 0 (from eq. (2.25)), which corresponds to the weak imposition of a fixed zero

pressure value (p = 0). From the substitution of eq. (2.3) in eq. (2.25) and considering

p ≈ 0,

(2µε)•n = µ(∇v +∇vT )•n ≈ 0 (3.15)

Therefore,

(∇v +∇vT )•n ≈ 0 (3.16)

Since ∇v•n = ∂v
∂n

,

∂v

∂n
≈ −∇vT •n (3.17)

Since ∇v is not symmetric, ∇vT •n of eq. (3.17) cannot be further simplified.

Therefore, the zero normal gradient imposed for the velocity in OpenFOAM® does not

correspond to the formulation from eq. (3.17), and the relation between both boundary

conditions can be said to be approximated. Other outlet boundary conditions (Section

2.1.4) can also be used with FEniCS, but are normally less numerically stable than the

stress free boundary condition.

3.4 IMPLEMENTATION OF CYCLIC BOUNDARY CONDITIONS

In Section 5.1.7.2, cyclic boundary conditions are considered for a 2D bladed

pump model. This special type of boundary condition consists of periodic boundary

conditions for the scalar fields (such as the pressure and the design variable itself), but

requires periodic boundary conditions considering an angular difference in the directions

of vector fields (such as the velocity) (see Fig. 3.9).

Figure 3.9 – Representation of a computational domain with cyclic boundary conditions.

Source: Author.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 203

Since periodic boundary conditions in FEniCS are implemented from mapping

degrees of freedom and reducing the size of the finite elements systems, this means

that, implementation-wise, if the Cartesian coordinate system is used, it is not possible

to impose an angular difference in the direction of the velocity. Although the matrix

systems of equations could also be considered in their form without periodicity, and

then manually edited to consider the cyclic boundary conditions, the imposition would

not be as strong as when it is imposed with the mapping of degrees of freedom

used by FEniCS in periodic boundary conditions. Thus, the natural way to impose

cyclic boundary conditions in FEniCS would be by considering a coordinate system

which turns cyclic boundary conditions into periodic boundary conditions: i.e., polar

coordinates (for 2D) and cylindrical coordinates (for 3D). This also means that the

integration domains should be used as dΠ = rdΩ and dΓΠ = rdΓ, while the coordinates

become (r, θ) for 2D, and (r, θ, z) for 3D. The differential operators should also

be adjusted accordingly (LAI et al., 2009). If one wants to consider OpenFOAM® for

the simulation in this case, OpenFOAM® provides built-in cyclic boundary conditions.

Therefore, a mapping operation has been implemented between the cyclic ((r, θ),

(r, θ, z)) mesh in FEniCS, and the Cartesian ((x, y), (x, y, z)) mesh in OpenFOAM® .

3.5 IMPLEMENTATION OF THE 3D PUMP SIMULATIONS

In Section 5.1.9, a 3D model is considered for simulating the designed prototype.

The simulation is based on the mixing plane approach. Here, the mixing plane approach

consists of circumferentially averaging the state variables that exit the inlet zone and

enter the rotor, and the state variables that exit the rotor and enter the volute, meaning

that it approximates the contribution of the continuous rotating movement of the rotor

domain. Inside the rotor domain, the fluid flow equations are solved in the rotating

reference frame. This consists of an approximation of the contribution of the movement

of the mesh that would be present in a transient simulation. From the deduction in

Appendix D (eq. (D.5)), the rotor domain should be imposed at least where there are

structures (blades) that are perpendicular to the fluid flow, which result in ∂v
∂θ
6= 0.

Therefore, since the shaft is axisymmetric, it can be partially left in the outside of

the rotor domain. When considering three domains (inlet, rotor and volute domains),

the fluid flow equations should be solved iteratively as shown in Fig. 3.10. First, the
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simulation is solved for the inlet domain. The outlet boundary condition is considered

as a fixed stress boundary condition. Then, circumferential averaging is performed for

the exiting velocity values, and the resulting averaged values are considered for the

inlet boundary condition of the rotor domain. The rotor domain is solved in a relative

(rotational) reference frame. After solving for the rotor domain, circumferential averaging

is performed for the inlet pressure values, which are then considered as the reference

pressure of the fixed stress outlet boundary condition of the inlet domain. Then, the

same procedure is performed for the mixing plane between the rotor and the volute

domains. This iterative loop is repeated until convergence is reached, which means the

convergence of both simulations, as well as the mixing plane values.

Figure 3.10 – Mixing plane approach for the pressure and the velocity in the simulation of the designed
prototypes.

Source: Author.

The circumferential averaging, also called pitchwise averaging (RODRIGUES;

MARTA, 2015), consists of computing the averages for each circumference in the z

direction (cylinder-shape), or for each circumference in the radial direction (disk-shape).

This is illustrated in Fig. 3.11. The basic types of circumferential averaging are: area-

weighted or flow rate-weighted (ANSYS, 2021). In this work, as recommended in the

source code of FOAM-Extend, area-based averaging is considered for the radial velocity

(vr) in order to guarantee mass/volume conservation, while the tangential (vθ) and axial
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(vz) components are weighted by the flow rate, which, for the cylinder-shape mixing

plane, correspond to the conservation of linear momentum for the θ and z directions

on the interface, because the radius of the interface is constant. Pressure is computed

considering area-based weighting. The OpenFOAM® version considered in this work

(“openfoam.org”) does not have a built-in mixing plane feature, although the FOAM-

Extend version has it (BEAUDOIN et al., 2014). With respect to the FOAM-Extend

version, its code base seems to have significantly drifted apart from newer versions of

“openfoam.org”, and it seems to demand that the mixing plane interface is composed of

structured quadrilaterals. Furthermore, the FOAM-Extend version still does not have

the desired averaging scheme for the velocity (even though it recommends it). Thus,

an implementation is made for performing the necessary circumferential averaging.

For ease of implementation, although at the cost of some numerical precision and

computational time, the interfacing was implemented by using the FEniCS TopOpt

Foam library. In order to allow more flexibility for the generation of the mesh for the

mixing plane interface (i.e., not restricting to only structured quadrilateral interfaces),

an auxiliary structured grid is constructed for performing the averaging, and then the

averaged values are interpolated back to the interface of the mesh.

Figure 3.11 – Circumferential averaging examples, for cylinder-shape and disk-shape mixing planes.

Source: Author.

In order to guarantee conservation of flow rate in the simulations, especially

for cases where there may be fluid coming from the volute to the part below the

rotor (due to the washout hole), OpenFOAM® ’s “matchedFlowRateOutletVelocity”

boundary condition, which includes some adjustments in order to enforce mass/volume

conservation, is considered. Also, the flow rate entering the volute is manually adjusted
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in order to exactly match the flow rate entering the inlet-rotor domain.

3.5.1 Relation to experimental measurements

For the simulation of the complete design from a 3D model, the simulation model

is presented in Section 5.1.9, while the corresponding experimental setup is presented

in Chapter 4. There are some characteristics of the experimental setup that are not

considered in the simulations. However, some of these effects in the variation of (static)

pressure (∆p) can be partially compensated through an analytical take on them, which

is considered only for comparing the simulated and experimental values. From Appendix

F, the variation of (static) pressure from the simulations is compensated as follows, only

when comparing to the experimental results:

∆pcomp = ∆psim +
3

4
ρ

(
Q

πR2
tube

)2

− ρg∆hprobes (3.18)

where ∆pcomp is the compensated variation of (static) pressure, ∆psim is the variation of

(static) pressure from the simulation, Q is the flow rate, Rtube is the internal radius of the

tubes used in the experiments, g is the gravitational acceleration, and ∆hprobes is the

variation of height between the pressure measurement probes (20 mm).
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4 EXPERIMENTAL SETUP

The experimental setup depends on the designs of the prototype and the experi-

mental apparatus, as well as on other related aspects. They are described alongside

the related design considerations.

4.1 GENERAL DESIGN CONSIDERATIONS

In order to design the prototype and the experimental apparatus, it is necessary

to perform some design choices. The corresponding design considerations are outlined

as follows.

4.1.1 Driving system

The VAD pump design initially started with mechanical driving systems (i.e.,

mechanically coupling the motor and rotor shafts). However, most recent VAD pump

designs consider the use of magnetic drives (i.e., the third generation VADs, mentioned

in Section 1.1.1), which may act over the pump rotor radially (HOSHI et al., 2005;

BUMRUNGPETCH, 2016; SÁ, 2016), such as CentriMag, or axially (HILTON; TANSLEY,

2008; SÁ et al., 2018; SÁ, 2019), such as Rotaflow. These driving systems can be

viewed in Fig. 4.1. Combined magnetic driving systems – with both (radial and axial)

constructions – should also be possible if needed to impose a higher driving torque

(JACK et al., 1999). Between radial and axial magnetic drives, an axial magnetic drive

requires more magnet material (windings, magnets) in order to induce the same amount

of torque as radial magnet drives (MAGNETIC INNOVATIONS, 2021). Also, depending

on the length of the lower part of the rotor in the radial magnetic drive case, in order to

avoid fluid stagnation, it may be interesting to include an additional channel connecting

the lower and upper parts of the rotor (washout hole) (BUMRUNGPETCH, 2016).

The varying magnetic fields indicated in Fig. 4.1 can be induced not only by specific

motor windings (SÁ, 2016), but also by the rotation of magnets from an external motor

(BUMRUNGPETCH, 2016). In the case of the radial magnetic drive, it is also possible

to consider an upper shaft (instead of the “lower shaft” shown in Fig. 4.1) to attach

the magnets (WAMPLER, 1997). Although the use of magnetic drives is much better



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 208

for blood flow, due to it reducing shear stresses, completely eliminating leakage and

avoiding unnecessary mechanical friction (which may induce wear, heating and even

release small particles in the blood flow), the design of a magnetic drive is much more

complex than simply mechanically attaching a shaft from the motor to the rotor. Thus,

although the use of a magnetic drive would be the best choice for blood flow, in order to

ease the design and construction for the experiments of this work, a mechanical driving

system is considered.

Figure 4.1 – Possible driving systems (for simplicity, the driving magnets are depicted as rectangles in
darker brown color).

Source: Author.

4.1.2 Bearings

Traditionally, pumps are designed through mechanical bearings, such as contact

(sliding, roller, ball etc.) and non-contact (hydrodynamic, magnetic etc.). The third

generation of VADs, mentioned in Section 1.1.1, mainly makes use of magnetic bearings

(i.e., magnetic levitation/suspension) (SÁ, 2019), but there may be some exceptions,

such as Rotaflow, which features a single small bearing sphere. Particularly, the designs

considered by Hilton and Tansley (2008) and Sá et al. (2018) use two contact bearings

in conjunction to magnetic drives. In terms of magnetic bearings, Hilton and Tansley

(2008) consider an axial magnetic drive with the use of a slightly slanted configuration

below the rotor, which may ease alignment and even increase the torque provided by

the axial magnetic drive to the rotor (in fact, this configuration has been adopted in the

commercial pump Rotaflow). Furthermore, when the pump rotor is under rotation, the

fluid (blood) may create a fluid layer near the upper and lower walls, which would then

create a hydrodynamic bearing-like interface that may also contribute to maintaining the
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axial distance between the rotor and the volute. Since a mechanical driving system is

being considered in the experiments of this work, a contact bearing configuration is also

considered. When considering a contact bearing configuration for a mechanical driving

system, when the shaft of the motor is different from the shaft of the rotor, there may be

essentially two options: the rotor may be supported from both sides, or the rotor may be

supported from a single side (HOLLAND, 2015) (Fig. 4.2). Using two bearings aims to

reduce vibration and misalignment. When considering the rotor being supported from

a single side, if the shaft being considered is long, bending may need to be evaluated

through a resistance of materials approach. In this work, in order to facilitate assembly

and use, the rotor is chosen to be supported from a single side.

Figure 4.2 – Possible bearing configurations.

Source: Author.

4.1.3 Leakage

When considering the use of a magnetic drive, since the the drive does not

require the use of a shaft extending from the inside to the outside of the pump, there is

no leakage. This condition should be ideal for blood flow, since the blood flow quantity

would not be reduced while passing through the VAD. However, when considering the

use of a mechanical drive, leakage has to be taken into account (SAHU, 2000), and a

seal has to be considered in order to deal with it. The pressure drop in the leakage flow

(∆p`) can be roughly estimated as shown in Fig. 4.3 (PFLEIDERER; PETERMANN,

1979; GÜLICH, 2014; CHILDS, 2019). From Fig. 4.3, the pressure at point “3” (p3) may

be given as a function of the other pressure values, as:

p3 = p1 + ∆protor −∆pcentrifugal = p4 + ∆p` (4.1)
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where the pressure contribution of the centrifugal effect is approximated by ∆pcentrifugal =

ρω2
0

(r2
ext−r2

shaft)

2
(PFLEIDERER; PETERMANN, 1979).

Figure 4.3 – Approximated analysis for the pressures in the case the motor is mechanically coupled
through the shaft in the lower side of the figure.

Source: Author.

Therefore,

∆p` = (p1 − p4) + ∆protor − ρω2
0

(r2
ext − r2

shaft)

2
(4.2)

By considering the density of blood (ρ = 1056 kg/m3) (HINGHOFER-SZALKAY;

GREENLEAF, 1987), rext = 15 mm, rshaft = 2.5 mm and ω0 = 209.44 rad/s (2000 rpm),

∆p` = (p1 − p4) + ∆protor − 5.1kPa (4.3)

From Section 5.1.5, ∆protor can reach a value of about 410 Pa for 1 L/min

and 2000 rpm. Also, p4 can be assumed as being the relative pressure value 0 kPa,

representing the atmospheric pressure level. Therefore,

∆p` = p1 − 4.7kPa (4.4)

If, additionally, p1 is also considered to be at the atmospheric pressure level

(relative value, 0 kPa), ∆p` = −4.7kPa, which is negative. This negative pressure value

means that the pressure at point “3” in Fig. 4.3 is lower than the atmospheric pressure,

possibly indicating a tendency of air being suctioned to the inside the pump. This would

possibly consist of an unfavorable condition. Although this is an approximated estimation,

and there are other effects (viscosity) that have not been considered, it should be

interesting to consider a way to avoid this potential issue. In order to workaround
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it without changing operating conditions (variation of pressure and flow rate) some

possibilities would be:

1. The use of a magnetic drive, which poses zero risk of leakage but is more complex

to design.

2. Flooding the pump inlet, which would mean including a column of fluid (of height h)

before the inlet, increasing the value of p1 to ρgh. This would, however, mean that, in

order to compensate 4.7 kPa, a 46 cm column of fluid would be required.

3. Including blades, in a hybrid approach for the design. This would, however, mean

that the resulting device would not be a “true” Tesla pump anymore.

4. Considering pattern repetition (Section 2.5.6) in the design, which enforces more

disks in the optimization, since the inclusion of more disks increases the pressure rise

in the rotor (∆protor). The main limitation of the considered approach is that it does not

allow the appearance of inclined disk optimized topologies without including disks with

high thicknesses.

5. Pattern stacking approximation, in which the optimized topology for a single channel

is stacked a multiple amount of times (Fig. 4.4), increasing the number of disks and,

therefore, ∆protor. In such case, in order to match the approximation, each single-

channel topology would need to be designed for a flow rate of Q = Qstacked/npatterns,

where npatterns is the desired quantity of stacked patterns, and Qstacked is the flow rate of

the stacked topology.

6. Changing the position of the motor. Instead of leaving the shaft of the motor below

the rotor, which suffers from the issue presented in eq. (4.4), this negative pressure

situation can be avoided by considering the shaft of the motor in the same side of the

inlet (see Fig. 4.5). In such case, by following the same notation from Fig. 4.3, eq. (4.1)

is changed to ∆p` = p1 − p4, meaning that, if p1 is given as 0 kPa, ∆p` = 0 kPa. When

considering that there is some pressure drop due to the flow inside the tube, it can be

pointed out that this can be compensated by a small column of fluid before the inlet

(p1 = ρgh), thus solving the issue.
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Figure 4.4 – Illustration of the pattern stacking approximation.

Source: Author.

Figure 4.5 – Side of the shaft of the external motor.

Source: Author.

From the presented possibilities, since a mechanical drive was selected in this

work, the first possibility (magnetic drive) is not valid for this case. The second possibility

(flooding the pump inlet) requires the inclusion of a column of fluid, which can be quite

high depending on the inlet rotation, thus ruling it out of the possibilities. The third

possibility (blades) suggests the inclusion of blades, which is an aspect that will also be

evaluated in the experiments. The fourth possibility (pattern repetition) imposes some

limitations in the inclination of the disks, which may not be suitable for this case, since the

optimized topologies feature inclined disks (Section 5.1.5). The fifth possibility (pattern

stacking) is an interesting possibility. However, it may be more interesting to consider

the same topology as it was optimized, in this work. Furthermore, the inclusion of more

disks in a Tesla pump may be compared to the inclusion of more blades in a bladed

pump, increasing not only the power transmitted to the fluid but also the resulting blood

damage. The last possibility (changing the position of the motor) is the one selected in

this work, due to it enabling the use of a mechanical drive whilst naturally avoiding the

negative pressure issue.
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4.1.3.1 Seal

With a positive pressure drop in the leakage flow (∆p`), a seal needs to be

considered in order to reduce leakage from the mechanical coupling as much as

possible. Some possibilities would be the use of rotary seals (retainers), o’rings, gaskets

or labyrinth seals (LOBANOFF; ROSS, 1910; PFLEIDERER; PETERMANN, 1979;

PFLEIDERER; PETERMANN, 1991; MACKAY, 2004; MAYER, 2013; GÜLICH, 2014).

At a first glance, the best choice would probably be the labyrinth seal, because it does

not contact the shaft and, thus, does not suffer from wear. It is even used in its axial

form in the original Tesla turbine design (TESLA, 1913b). However, from the given

dimensions of the prototype, it would be hard to make an effective labyrinth seal that

does not demand an excessive length, which can even be higher than 5 cm. Therefore,

in this work, the labyrinth seal design is augmented by including rubber gaskets, as will

be explained in the following analysis.

For the labyrinth seal design, the approach presented in Pfleiderer and Peter-

mann (1979) is considered for computing the resulting leakage, in an approximated

manner. The configuration of the labyrinth seal is given as shown in Fig. 4.6 for 2

labyrinths (n` = 2), where `t is the total length of a labyrinth unit, `g is the length of

the gap, `c is the length of the chamber, hc is the height of the chamber, hs is the gap

spacing/height, rshaft is the radius of the shaft, and Q` is the leakage (volumetric) flow

rate.

Figure 4.6 – Labyrinth seal design for 2 labyrinths.

Source: Author.

The equation that corresponds to the leakage flow (i.e., Q`) is given from some

considerations: (1) conservation of volume (volumetric flow rate) between the flow

through the cross sections of the gap and the chamber; (2) Bernoulli equation (i.e.,

steady state flow, incompressibility, negligible viscous dissipation, and single stream-
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line); (3) negligible effect of the gravity acceleration inside the seal; (4) experimen-

tal coefficients; (4) gap (hs) sufficiently small with respect to the radius of the shaft

(rshaft) (PFLEIDERER; PETERMANN, 1979). The resulting equation is shown below

(PFLEIDERER; PETERMANN, 1979):

Q` = µQ(2πrshafths)

√
2∆pseal

ρ
(4.5)

where ∆pseal is the pressure difference inside the labyrinth seal, while the corresponding

average leakage velocity (axial velocity in the gap) is v` = µQ

√
2∆pseal

ρ
, and µQ is the

flow coefficient, which is given as follows, by also considering that all labyrinth units are

equal:

µQ =
1√

n`
α2
c

+ λr
n``g
2hs

(4.6)

where αc is the contraction coefficient, and λr is the resistance coefficient. Both coef-

ficients depend on the computation of two Reynolds numbers related to the labyrinth

seal:

- Reynolds number for the rotation:

Reω =
2hs(ω0rshaft)

ν
(4.7)

- Reynolds number for the chambers:

Rec =
2hsv`
ν

(4.8)

where ν = µ
ρ

is approximated, in this work, by the Newtonian viscosity of blood (µ ≈ µ∞).

Particularly, when Rec < 2, 000, which is the case in this work, and the shaft rota-

tion does not present any eccentricity, the resistance coefficient (λr) may be computed

as (GÜLICH, 2014):

λr =
96

Rec

[
1 + 0.2

(
Reω
2000

)1.03
]

(4.9)

The contraction coefficient (αc) may be estimated from experimental data that

correlates it to Rec (PFLEIDERER; PETERMANN, 1979). However, the ranges of

experimental data presented by Pfleiderer and Petermann (1979) do not comprise the

Rec values computed in this work. Therefore, in order to get at least a “really rough”

estimate (or, at the very least, a “faint idea”) of the leakage, the presented data in

Pfleiderer and Petermann (1979) is extrapolated. This extrapolation is performed by
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considering `t
`g

= 0.5. By plotting the values for αc and Rec for `c
`g

= 0.5 and considering

a bi-logarithmic plot, all experimental points ended up coincidentally aligned (straight

line). Therefore, the contraction coefficient (αc) for `t
`g

= 0.5 may be given through linear

regression, with a coefficient of determination of “r2
d = 0.98”, as:

αc = 10ar log10(Rec)+br (4.10)

where the linear regression coefficients between log10(αc) and log10(Rec) are ar =

0.158928 and br = −0.513639.

Then, from the previous equations and considering an initial guess for µQ (such

as µQ = 0.5), the value of the leakage flow rate (Q`) can be computed iteratively through

the method of successive approximations (fixed-point iteration).

For the geometric dimensions, Pfleiderer and Petermann (1979) recommend the

use of the following aspect ratios: `t
hs

= 15 ∼ 25, hc
hs

= 3 ∼ 10 and `c
`t

= 0.5 ∼ 1.0. By

considering `c = 4 mm, `g = 4 mm, hs = 0.5 mm, and hc = 1.5 mm, the aspect ratios

become `t
hs

= 16, hc
hs

= 3 and `c
`t

= 0.5. The other geometric parameters are given as

rshaft = 2.5 mm and n` = 2 labyrinths.

For the considered fluid, ρ = 1056kg/m3 and µ∞ = 0.00345 Pa s. By assuming

ω0 = 209.44 rad/s (2000 rpm), and, for example, 5 cm of fluid column on the inlet

(∆pseal = 517.44 Pa), the leakage flow rate becomes Q` = 0.0918 L/min = 91.8 mL/min =

30.6 drops/s (1 drop = 0.05 mL). Therefore, the leakage flow for the presented conditions

seems to be relatively high, and would correspond, in fact, to about 10% of an inlet flow

of 1 L/min. In order to further reduce this value, the alternatives would be, for example,

to increase the size of the labyrinths (`c, `g) while adjusting the number of labyrinths

(n`), or reduce the gap spacing/height (hs). The first alternative means that the length of

the labyrinth would have to be increased from 2 cm to about 5 cm to be able to reduce

to a leakage flow rate in the order of about 2 drops/s. However, increasing this size

may pose issues with respect to the length of the shaft, which means that this is not

a feasible solution. The second alternative considers reducing the gap spacing/height

(hs), because reducing it even for a bit may significantly reduce leakage. The second

alternative is the one considered in this work, given by substituting the first two “teeth”

that are positioned farther from the rotor by rubber gaskets. This pair of rubber gaskets

may also contribute to aligning the shaft and, if fluid passes through the rubber gaskets,

then they may function as hydrodynamic bearings. Since contact between the shaft and



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 216

the rubber is partly allowed, this final setup faintly resembles a friction-based seal, and

an abradable labyrinth seal (BURCHAM, 1978), which allows partial contact in order to

reduce the gap spacing/height, at the cost of some friction. Some adjustments were

made in order to fit the designed labyrinth seal in the experimental apparatus.

4.1.4 Inlet channels

From Section 4.1.3, it has been decided to place the motor shaft in the same

side of the inlet of the pump. This means that, because of the presence of the shaft, it is

not possible to have an axial inlet – i.e., the inlet would have to be necessarily radial or

diagonal. In such case, some possibilities for the design of the inlet are presented in

Fig. 4.7. The “bracing zone” is hinted in Wu et al. (2010), and a variation is present in

Timms (2005). It may be highlighted that the flow entering the rotor from more inlets

should better resemble the axisymmetry condition of the 2D swirl flow model used

in the topology optimization. In this work, two inlets are considered, in order to try to

partially keep some axisymmetry for the inlet flow in the rotor. More inlets could have

been considered, but there were space restrictions in the design that would not allow it

(otherwise, there would be no space to have screws for the rubber gaskets). Particularly,

it can be mentioned that this is similar to the procedure used in Tesla turbines in order

to achieve rotating inlet velocities, in which some common approaches are, for example,

considering one or more tubes directed at a circular volute (TESLA, 1913b; BEANS,

1966; LEAMAN, 1950; REY, 2004; KRISHNAN, 2015), or a single inlet split into a

“cylindrical flow” (SUSAN-RESIGA et al., 2006).

Figure 4.7 – Some possibilities for the design of the inlet around the shaft.

Source: Author.
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4.1.5 Disk spacers

In the construction of the Tesla pump rotor prototype, when not considering a

hybrid design (with blades), it is necessary to include circumferentially spaced spacers

to separate the disks, or arms to connect the disks to the rotating shaft, as shown in Fig.

1.17. In this work, since the spacing between disks is small, in order to help keeping

the right spacing between disks more easily, the presence of spacers was considered.

However, with respect to Fig. 1.17, it was decided to consider a different shape than

circular spacers. It may also be mentioned that the commercial pump CentriFlux BR-100

(Fig. 1.15a) uses three radially spaced clippers, located at the outer radius. In this work,

the choice was to consider an aerodynamically better shape (i.e., airfoil-like-shaped

spacers) positioned tangent to the outer radius of the rotor, which is, in fact, a similar

choice with respect to the Tesla wind turbine from Fig. 1.10. This choice aims to reduce

the flow separating effect that may happen behind circular spacers.

The blockage ratio (DODSWORTH, 2016) may be defined in order to quantity the

amount of obstruction of the fluid flow path caused by the spacers. It may be highlighted

that this is a simplistic take on the problem, since it does not take into account how

much the shape of the spacers affect the fluid flow behind them (i.e., flow separation

is not taken into account). Nonetheless, the blockage ratio can work as a measure

of how much flow is being blocked by the spacers. In this work, the original concept

from Dodsworth (2016) is extended in order to be able to take non-circular spacers into

account. Considering Fig. 4.8, a vectorial blockage ratio can be defined as:

B = (Br, Bθ) (4.11)

where Br is the radial blockage ratio (i.e., blockage caused in a radial straight line), and

Bθ is the tangential blockage ratio (i.e., blockage caused in a long spiral). Both are given

as shown below:

Br =
nspacers`spacer,θ

2πrspacer
(4.12)

Bθ =
`spacer,r
rspacer

(4.13)

where `spacer,θ is the tangential extension of a spacer (maximum tangential length,

`spacer,θ = (θspacer,max − θspacer,min)rspacer) of each spacer, `spacer,r is the radial extension
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of a spacer (maximum radial length, `spacer,r = rspacer,max − rspacer,min) of each spacer,

nspacers is the number of spacers, and rspacer is the radius in which the geometric center

of the spacer is located.

Figure 4.8 – Blockage ratio and the dimensions used to compute it.

Source: Author.

In this work, nspacers = 3, `spacer,θ ≈ 6.68 mm, , `spacer,r ≈ 1.3 mm, and rspacer ≈

14.2 mm. Therefore, B = (0.225, 0.092) (B = 0.243 22.2°). Since Dodsworth (2016)

considered circular spacers and obtained a blockage ratio of B = (0.285, 0.07) (B =

0.293 13.8°), the obtained values in this work seem to be acceptable, indicating a small

influence of the spacers.

4.1.6 Stagnated fluid below the rotor

Below the rotor (i.e., in the clearance gap between the rotor and the volute),

there may be stagnated fluid, which should increase thrombosis. Throughout the years,

some countermeasures have been developed for it, and are present in various cur-

rent commercial blood pumps, such as CentriMag and Rotaflow. The main possible

countermeasure is based on the inclusion of one or more washout holes. These holes

serve so as to induce the pumped flow (with higher pressure) to partially leak to the

region below the blood pump (with lower pressure) and then be sent back to circu-

lation (with higher pressure), which should eliminate stagnation. In the overall, this

countermeasure tends to slightly reduce the pressure head and the efficiency of the

pump, while greatly improving thrombosis and slightly improving hemolysis throughout

the device (BUMRUNGPETCH, 2016). The flow that passes through these holes is

regarded as washout flow and even leakage flow (CHAN; WONG, 2006), due to its

negative impact in the performance of the rotor. There are mainly two types of washout

holes: central and peripheral. The central (balancing) washout holes (WAKISAKA et al.,
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1997; TSUKIYA et al., 2002; TASKIN et al., 2010) are those that have been considered

in CentriMag (SCHIBILSKY et al., 2020) through a small central hole, in the newly

developed MT-Mag (SCHIBILSKY et al., 2020) through a small central hole, and in

Rotaflow through a larger central hole, with arms for connecting the rotor to the bearing

sphere. Another type of washout hole is of the peripheral type, which implies including

one or more peripheral holes. The peripheral washout holes may be positioned vertically

straight (IKEDA et al., 1996; NISHIDA et al., 1998), or inclined to the middle of the

rotor (TSUKAMOTO et al., 2000; MARUYAMA et al., 2005; BUMRUNGPETCH, 2016).

Particularly, Bumrungpetch (2016) showed that considering a single inclined washout

hole should have better hemodynamic behavior than considering none, or two inclined

washout holes.

Another type of solution to the stagnated flow, which does not lead to loss of

pressure head or efficiency, is the double rotor countermeasure. The double rotor

countermeasure requires the use of two opposing inlet flows, and may be considered by

directly manufacturing two opposing rotors “glued” together (SIN et al., 2006; TIMMS,

2005), with the blades adequately positioned for the direction of the rotation. This

way, the previous stagnating zone becomes non-existent, eliminating the problem. It

can also be highlighted that this type of configuration can also be used for BiVAD

configurations (SIN et al., 2006), where there can be two types of rotor of different

diameters: one designed for LVAD operation and the other designed for RVAD operation.

The disadvantages of this approach would be the need to fabricate a double rotor, as

well as a double volute for the two inlets.

The presented countermeasures are illustrated in Fig. 4.9. In this work, the

washout hole countermeasure is selected for a more compact design. Among the

possible types of washout holes, it is not possible to consider a central washout hole,

due to the presence of a central shaft. Therefore, in this work, the washout hole is

based on one of the peripheral configurations shown in Fig. 4.9, more specifically on

the inclined configuration.
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Figure 4.9 – Some possibilities for the fluid below the rotor (the spacing is exaggerated to facilitate
visualization).

Source: Author.

4.1.7 Clearances above and below the rotor

There are clearances above and below the rotor (with respect to the volute), in

which the fluid flow profile may feature a reverse flow, as shown in Fig. 4.10 for the

clearance below the rotor (CHAN et al., 2000; CHAN; WONG, 2006). According to

Anderson et al. (2000), reducing the clearances seems to lead to less scalar shear

stress, which may lead to less hemolysis and thrombosis. Therefore, the clearance in

this work is made to be as small as possible, but given design, manufacturing, assembly

and operation constraints and limitations.

Figure 4.10 – Typical flow in the clearance below the rotor.

Source: Author (based on Chan and Wong (2006)).
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4.2 FABRICATION OF THE PROTOTYPE

The 3D model of the prototype can be visualized in Figs. 4.11 and 4.12. The two

inlets and the outlet feature a short length for gluing the inlet and outlet tubes.

Figure 4.11 – 3D views of the prototype.

Source: Author.

Figure 4.12 – Projected/section views of the prototype.

Source: Author.

An exploded view is shown in Fig. 4.13, showing the components and assembly

of the prototype.
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Figure 4.13 – Exploded view of the prototype, showing its components and assembly.

Source: Author.

The considered rotors are shown in Fig. 4.14. The design of these rotors is ex-

plained in Section 5.1.9, together with the design of the volute. For ease of visualization,

the washout hole described in Section 4.1.6 is indicated in a specific cross-section in

Fig. 4.15.

Figure 4.14 – Rotors considered in the experiments, where the brown dashed lines indicate the position
where the central shaft is attached. The rotation viewed from above the rotors is clockwise.

Source: Author.
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Figure 4.15 – Washout hole in the rotor (inclined hole with diameter equal to 2 mm), illustrated from the
rotor cross-section that crosses it.

Source: Author.

The prototypes are fabricated mainly through additive manufacturing, from the

polymer 3D printer Stratasys® Objet30 (USP MULTI, 2022, “EMU-G3 - Prototipagem

Rápida e Impressoras 3D - Impressora 3D Polyjet”). Some other parts – such as the

U-bracket (black-colored), the coupling, the bolts, the nuts and the brass shaft – were

either bought or machined. Silicone glue and/or superglue were used to attach some of

the printed parts together. Technical drawings of the prototype are available in Appendix

G.

4.3 EXPERIMENTAL APPARATUS

The experimental apparatus is schematized in Fig. 4.16, and is used for the

measurement of flow rate and pressure.

Figure 4.16 – Schematic view of the fluid flow circuit.

Source: Author.

The flow sensor is yf-s402 (Hall effect sensor), which is capable of measuring

flow rates below 6 L/min, until around 0.05 L/min, which has been experimentally verified
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for water. The differential pressure sensor is mpx5010dp (piezoresistive sensor), which

is capable of measuring pressures between 0 and 10 kPa. The flow regulator serves

as a valve, for imposing resistance to the fluid flow. The motor is selected as a step

motor (SM1.8-D12-CS), which does not require rotation feedback, thus simplifying the

control logic while also supplying a consistent rotation. Another aspect is that it does

not need a current limiter or, at least, the same caution towards the current value as

DC motors, since it is unable to pull more current than what the step motor driver

supplies/chops. Nonetheless, a DC motor could also have been used, but with sufficient

torque, proper rotation feedback (encoder) and caution against the consumed current.

The internal diameter of the tubes of the fluid circuit is given as 4 mm (external diameter

of 6 mm), resembling the internal diameter of a coronary artery (DODGE JR et al., 1992;

DOUGLAS et al., 1988) and also making it easier for attaching the sensors and other

components to the fluid flow circuit (same diameters). Particularly, the flow regulator,

T-joints and Y-joint are components which are typical to pneumatic/hydraulic circuits.

The measurement of flow rate is taken as the average of the pulses of the flow sensor for

every 1 s, while the pressure measurement is taken as an average of the measurements

for every 1 s. Before starting the measurements, the flow and pressure sensors were

calibrated: the calibration of the pressure sensor is performed from a column of water,

assuming that 10 kPa = 1 mH2O (meter of water column); and the calibration of the

flow sensor is performed through measuring the volume of water that is pumped after a

given time interval (such as 1 minute).

The fabricated prototype is shown in Fig. 4.17, and the experimental apparatus

is shown in Fig. 4.18. In order to help removing air bubbles from when filling the pump

with fluid, the outlet of the reservoir is positioned slightly higher than the pump inlet (20

mm higher), with the outlet tube being slightly slanted, and then the rotor is accelerated

multiple times until no air bubbles are present. After filling up the pump with the fluid, the

air that is accumulated in the pressure measurement probes is removed by unplugging

and plugging them again in the fluid flow circuit.
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Figure 4.17 – Fabricated prototype.

Source: Author.

Figure 4.18 – Photo showing the experimental setup.

Source: Author.

The control and measurements were performed from an Arduino Due connected

to a step motor driver (TB6600/TB67S109AFTG) and to the flow and pressure sensors.

The step motor configuration was set for a bipolar series connection. Although this

connection does not provide the highest speed and torque, such as the bipolar parallel

connection (TANG, 2020; EARL, 2021), it was employed because it was sufficient for

the performed experiments, and also provides less heating and demands less current.

Microstepping was also considered for a smoother rotating movement, from a 1/32 step

setup. The power source was set for 32 V, from an adjustable power supply unit, in order

for the motor to be able to reach a rotation of 3200 rpm. The voltage value (32 V) was

set lower than the maximum recommended value by Geckodrive, which is based on

heating measurements, and consists of using a voltage up to 32
√
LmH (where LmH is

the inductance in mH) (MECHMATE FORUM, 2009), resulting in a maximum voltage



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 226

of 67 V, for the 4.4 mH inductance of the considered step motor (SM1.8-D12-CS) in

bipolar series connection.

With respect to the experimental setup, the use of a step motor turned out to

be a rather convenient choice, both in provided torque and rotation control. However,

the noise due to the step motor operation falls in the audible range, turning into a high

pitched noise at high rotations. In order to reduce the noise, one option would be to

design an acoustic isolation mechanism, and another option would be to use a DC

motor (+ rotation sensor), which is much more silent. In terms of other sources of noise,

there would be the vibration of the table when under low rotations (resonance). However,

using a piece of rubber carpet below the step motor solved this issue and no significant

vibration was noticed. Note that the step motor operating under higher rotations does

not feature any significant vibration, meaning that the piece of rubber carpet would be

unnecessary in this case. Removing all air bubbles from the fluid flow circuit before the

experiments took a long time. The presence of air bubbles could easily be noticed from

the characteristic “bubbly” sound, and also by lower variations of pressure, lower flow

rates and leakage. After the air bubbles were removed from the fluid flow circuit, the

leakage flow turned out small or almost inexistent when the rotor was rotating. The step

motor featured some heating, which can be optionally reduced by including a fan near it.

4.4 BLOOD ANALOGUE

Since performing experiments with blood is costly, involves safety and ethical

issues, and there are various issues inherent to blood, which may involve oxygenation,

temperature and nutrients of RBCs (CAMPO-DEAÑO et al., 2013), blood analogues

have been developed throughout the years. The correspondence of properties with

respect to blood is not perfect, where there may be some inherent difference in properties

depending on the composition. There are essentially two types of blood analogue, with

various possibilities in their composition: Newtonian and non-Newtonian. The Newtonian

analogues aim to attain the Newtonian viscosity of blood – i.e, the viscosity of blood

at higher shear stresses (µ∞). Some solutions that are commonly used to model this

effect are glycerin and water mixtures (CHANDRAN; KHALIGHI, 1984; MILLER et

al., 1993; MOODY, 2016; GANUSHCHAK et al., 2006; BAZAN; ORTIZ, 2016). The

non-Newtonian analogues require adding other components that can lead to a similar
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behavior with the shear-thinning effect of blood. Some of these components are xanthan

gum, polyacrylamide and carboxymethylcellulose (BROOKSHIER; TARBELL, 1993;

BRINDISE et al., 2018). Particularly, xanthan gum (PHILLIPS; WILLIAMS, 2000) seems

to be well suited for the non-Newtonian analogue, although it is still more elastic than

blood, which may produce inconsistent wall shear stresses to those of blood (MANN;

TARBELL, 1990; WYATT; LIBERATORE, 2009). Also, in comparison to polyacrylamide

solutions, xanthan gum does not produce abnormal wall shear stress waveforms in

physiological flows (MANN; TARBELL, 1990). It is also possible to consider particles

to emulate the RBCs in the blood analogue composition (SADEK et al., 2021). Table

4.1 shows a possible Newtonian blood analogues, without particulates. As can also be

noticed in Table 4.1, there is some inherent degree of mismatch between the properties

of blood with respect to the blood analogue. Particularly, some other components that

may be used to improve the non-Newtonian analogue may be HA (hyaluronic acid),

NaI (sodium iodate), NaSCN (sodium thiocyanate) etc. (CAMPO-DEAÑO et al., 2013;

NAJJARI et al., 2016; BRINDISE et al., 2018). However, most of these additional

components may have restrictions for their use, which should make their use less

practical. In this work, the Newtonian analogue from Table 4.1 is considered in the

experiments.

Table 4.1 – Example of a Newtonian blood analogue.

Blood Newtonian blood analogue
(NAJJARI et al., 2016)

Composition %w* %v** For 1 L of water*3

- Glycerol: 40% 34.6% 529.1 mL
- Deionized/distilled water: 60% 65.4% 1 L

Density (ρ) (kg/m3)
ρ (kg/m3) 1056*4 1090

Newtonian dynamic viscosity (µ∞) (Pa s)
µ∞ (Pa s) 0.00345 0.004142

* Weight percentages.
** Volume percentages.
*3 Considering densities of: glycerol: 1.26 g/cm3 (NIH, 2021); water: 1 g/cm3.
*4 (HINGHOFER-SZALKAY; GREENLEAF, 1987).
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5 RESULTS AND ANALYSES

The results are separated in two parts: numerical and experimental, which are

presented in sections 5.1 and 5.2, respectively. The letter n is used to represent rotation

in rpm, and the greek letter ω is used to represent rotation in rad/s. The plots of the

optimized topologies consider the values of the design variable (α) in the center of each

finite element.

5.1 NUMERICAL RESULTS

The numerical results consist of the optimized/simulated results. Some simu-

lations have been performed in order to check the finite element implementation for

laminar flow in FEniCS with another software (OpenFOAM® ) (Appendix A).

In some of the numerical results, continuation schemes (i.e., schemes in which

one or more parameters are progressively varied) are performed in the optimization

parameters in order to better condition the optimization, with a maximum number of

allowed optimization iterations defined for each continuation step (for example, in the

range of 10 to 800). In the beginning of each continuation step, the IPOPT algorithm

is restarted. The convergence criterion for the simulation using MUMPS is based on

residuals: absolute tolerance of 10−10 (except in Section 5.1.1, where 10−7 is used),

and relative tolerance of 10−9 (except in Section 5.1.1, where 10−7 is used). For the

optimization, the convergence criterion is based on a desired relative tolerance of

10−10 for the optimality error of the IPOPT barrier problem, that essentially corresponds

to the maximum norm of each KKT condition (WÄCHTER; BIEGLER, 2006). In the

inverse permeability of the material model (Section 2.5.1), κmin is chosen as 0 kg/(m3/s)

in all numerical results. External body forces are not considered in the numerical

examples, which means that ρf = 0. The inlet velocity profiles are computed as shown

in Appendix C, for laminar and turbulent flows. When structured meshes are used, they

are composed of rectangular partitions composed of 4 triangles each (Fig. 5.1).
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Figure 5.1 – Crossed triangular elements (triangular elements distributed in rectangular partitions).

Source: Author.

When considering a multi-objective function, for simplicity, in figures and tables,

the values for wΦ are not written in all cases, but may be calculated, for example, as

wΦ = 1 − wPAS − wH when not specified (in the case the multi-objective function is

composed of Φrel, IH and IPAS). Also, for example, if wPAS is not specified, wPAS = 0,

and, if wH is not specified, wH = 0. The sensitivity correction from eq. (3.2) is not

considered only in the numerical results until Section 5.1.4, where the classical approach

– Euclidean inner product (`2 inner product) – is considered.

The research is presented progressively in the following sections and appendices,

including a new aspect into consideration in each step of the research, and most of the

numerical results have already been published. Fig. 5.2 highlights some of these aspects,

while also characterizing the results in five research fronts for topology optimization:

Newtonian 2D swirl flow, Non-Newtonian 2D swirl flow, Turbulent 2D swirl flow, Blood

damage and VAD design. The formatting of the figures of each section may differ due

to them pertaining to different articles. They are briefly described as follows:

Figure 5.2 – Research fronts being considered for topology optimization and further results.

Source: Author.

• Newtonian 2D swirl flow design (Section 5.1.1): Topology optimization applied
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to 2D swirl flow devices for Newtonian fluid (ALONSO et al., 2018);

• Newtonian Tesla pump design (Section 5.1.2): Topology optimization applied

to Tesla-type pump devices, considering the extended material model (Section

2.5.1.2), relative energy dissipation including the inertial effect (eq. (2.51)), and a

vorticity objective function including the effect of the material model (eq. (2.62))

(Section 2.5.1.2) (ALONSO et al., 2019);

• Non-Newtonian 2D swirl flow design (Section 5.1.3): Topology optimization

applied to 2D swirl flow devices for non-Newtonian fluid considering non-Newtonian

penalization (Section 2.5.1.4) (ALONSO et al., 2020);

• Tesla blood pump design considering hemolysis (Section 5.1.4): Topology

optimization applied to Tesla-type pump devices, considering the Brinkman-

Forchheimer model (Section 2.5.1.3), blood (non-Newtonian fluid), and a hemolysis

model (Section 2.4.1) in topology optimization (ALONSO; SILVA, 2021);

• Tesla blood pump design considering thrombosis (Section 5.1.5): Topology

optimization applied to blood flow devices, considering the Brinkman-Forchheimer

model (Section 2.5.1.3), blood (non-Newtonian fluid), a hemolysis model (Section

2.4.1) and a thrombosis model (Section 2.4.2) in topology optimization (ALONSO;

SILVA, 2022a);

• Volute design considering blood damage (Section 5.1.6): The topology opti-

mization framework developed in previous works is used for optimizing the volute

of an optimized Tesla pump rotor, by considering blood damage;

• Bladed pump design considering blood damage (Section 5.1.7): The topology

optimization framework developed in previous works is used for optimizing blades,

aiming for a hybrid Tesla pump design, and by considering blood damage;

• Turbulent 2D swirl flow design (WA2018 model) (Section 5.1.8): Topology op-

timization for turbulent flow (Wray-Agarwal model, WA2018), considering TOBS

(ALONSO et al., 2022);

• Tesla VAD design considering rotor and volute (Section 5.1.9): The design

of a complete Tesla VAD pump is presented alongside simulations, by using

OpenFOAM® .
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Before considering FEniCS TopOpt Foam for 2D swirl turbulent flow in Alonso et

al. (2022), it was initially shown for laminar flow, the Spalart-Allmaras model and the

IPOPT algorithm (Section 3.1.1.1), in Alonso et al. (2021), for 2D, 2D axisymmetric and

3D domains.

Topology optimization has also been considered to design Tesla-type turbine

devices, which involve the opposite operating behavior of pumps (ALONSO; SILVA,

2022b). It has been proved to be more challenging for exploring the effects in 2D

swirl flow, while also including the Brinkman-Forchheimer model (Section 2.5.1.3), a

power objective function considering the effect of the material model (eq. (2.55)), and

MINI elements – which are less computationally expensive than Taylor-Hood elements

(Section 2.2.2).

Most of the topology optimization results were processed in a computer with an

Intel® Core™ i9-7900X CPU (10 cores, 20 threads, 13.75 MB L3 Cache, 3.30 GHz)

and 32 GB RAM (and some in an Intel® Core™ i7-920 CPU – 2 cores, 4 threads, 8

MB Intel® Smart Cache, 2.67 GHz – and 8 GB RAM), with more than one topology

optimization being performed simultaneously (ten, at most), and mostly without relying

on parallelism, with the exception of some results, which relied on parallelism in the

OpenFOAM® level, and the simulations from Section 5.1.9, which were processed in a

computer with an AMD Ryzen™ 9 5950X CPU (16 cores, 32 threads, 64 MB L3 Cache,

3.4 GHz ∼ 4.9 GHz) and 64 GB RAM, and a cluster (NDF, 2022, Mintrop cluster ), by

relying on both FEniCS and OpenFOAM® parallelisms. The fact that more than one

topology optimization was being processed simultaneously has possibly hindered the

resulting computational time. Nonetheless, the laminar 2D swirl nozzle results (Section

5.1.1) took less than 5 hours, as well as the turbulent 2D swirl nozzle results (Section

5.1.8). The Tesla blood pump design considering hemolysis (Section 5.1.4), for wH

= 0.5, 1 L/min and 1500 rpm, took about 2.5 days, mostly due to the high amount of

computed optimization iterations.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 232

5.1.1 Newtonian 2D swirl flow design

In this section, the topology optimization method is applied to 2D swirl flow

devices for Newtonian fluid, in order to evaluate the application of the 2D swirl flow

model in topology optimization (ALONSO et al., 2018).

In the numerical results of this section, the fluid is considered as water (Newtonian

fluid), with a dynamic viscosity (µ) of 0.001 Pa s, and a density (ρ) of 1000.0 kg/m3.

The Taylor-Hood element is considered for the finite element method (see Section

2.2.2). The material model for topology optimization is given by the Brinkman model

(Section 2.5.1.1). The IPOPT algorithm (Section 3.1.1.1) is used for the optimization in

this section. The objective function is the relative energy dissipation (eq. (2.51)), but, as

opposed to the numerical results in other sections, without including the inertial effect

term. The inertial effect term is used starting from the next section (Section 5.1.2).

Two numerical examples are presented for analyzing different aspects of the 2D

swirl flow model: nozzle (effect of the wall rotation) (Section 5.1.1.1) and hydrocyclone-

type device (effect of the inlet rotation) (Section 5.1.1.2). For these two examples, the

outlet boundary condition is chosen as internal flow (see Section 2.1.4). Other examples

are presented in Alonso et al. (2018), for a two-outlet channel (effect of the flow rate

and inlet rotation), and a two-way channel (effect of the aspect ratio), in which the outlet

boundary is considered as stress free (T •n = 0) (see Section 2.1.4).

The Reynolds number for the 2D swirl flow devices is chosen as:

Re2D swirl,` =
|vabs|L
ν

(5.1)

where vabs is the absolute fluid velocity, L is a characteristic dimension and ν is the

kinematic viscosity. The characteristic dimension (L) is considered as: the diameter

of the design domain, for the nozzle; and the height of the design domain, for the

hydrocyclone-type device.

The specified fluid volume fraction (f ) is chosen as 30%. The initial guess for

the design variable is mainly chosen as a uniform distribution consisting of α = f − 1%

(initial volume fraction initial guess), where f is the specified volume fraction and

1% is a margin set in order to guarantee that the initial guess is not violating the

volume constraint (because of the numerical accuracy of the calculations). Some of the

numerical examples use a previously converged topology as the initial guess to better
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condition the topology optimization. The initial guess is explicitly indicated for all of the

following numerical examples, and has been assessed not to significantly influence the

optimized topologies (such as for all fluid, all solid, all gray (volume fraction) and random

initial guesses). The post-processing is performed by thresholding (Section 2.5.8.1).

5.1.1.1 Nozzle

The first numerical example is the design of a nozzle, which is a device that

is used to control the characteristics of a fluid flow entering or leaving another fluid

flow device. In this case, the flow enters without rotation, while the nozzle walls rotate

around the symmetry axis with the same rotation as the reference frame (ω0). The

design domain is selected as in Fig. 5.3, and the solid material distribution is optimized

on the rotating walls of the nozzle.

Figure 5.3 – Design domain for the nozzle.

Source: Author (ALONSO et al., 2018) (edited).

The mesh is composed of 40 radial and 80 axial rectangular partitions of crossed

triangular elements, which totals 6,521 nodes and 12,800 elements (see Fig. 5.4). The

input parameters and dimensions of the design domain are shown in Table 5.1.
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Figure 5.4 – Mesh used in the design of the nozzle.

Source: Author (ALONSO et al., 2018).

Table 5.1 – Parameters used for the topology optimization of the nozzle.

Input parameters
Inlet flow rate (Q) 0.05 L/min
Wall rotation ω0 6= 0 rad/s (rotating)
Inlet velocity profile Parabolic

Dimensions
H 15 mm
R 10 mm

A series of optimizations is performed for a sequence of wall rotations in order to

analyze the influence of the wall rotation in the optimized topology. Fig. 5.5 shows the

value of the objective function (relative energy dissipation) in relation to the wall rotation

and the corresponding optimized topologies. The objective function value corresponds

to the post-processed topology (Section 2.5.8.1). The maximum Reynolds number is

evaluated as 1040 (for 50 rpm, max(|vabs|) = 0.052 m/s, L = 20 mm, ν = 10−6 m2/s).

In the case of the simulation of a rotating pipe with a constant diameter, the Reynolds

number may be defined with an average axial velocity (NAGIB et al., 1969). According to

Nagib et al. (1969), the Reynolds number of a rotating pipe should be below about 1000

for laminar flow. In the case of the optimized topologies of the nozzle, since the diameter

is not constant and the maximum absolute velocity value is used for computing the

maximum Reynolds number, the fluid flow should be laminar for all optimized topologies

for the nozzle.
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Figure 5.5 – Effect of the wall rotation in the design of the nozzle.

Source: Author (ALONSO et al., 2018).

In Fig. 5.5, it can be seen that, for 0 rpm, there is a solid region blocking part

of the inlet. This solid region is similar to Borrvall and Petersson (2003)’s optimized

topologies for diffuser/nozzle.

The optimization schemes are shown in Table 5.2. Table 5.3 shows the values of

the objective function and pressure head for the optimized topologies shown in Fig. 5.5.

From Table 5.3, it can be noticed that the pressure head is negative, meaning that the

device is passive. It can also be noticed that there is a slight increase in pressure head

from 10 rpm to 20 rpm, which is due to the larger inlet zone, and from 30 rpm to 40 rpm,

which is due to the fact that the change in diameter became slightly smoother for 40

rpm (see Fig. 5.5).

Table 5.2 – Reference parameters for the optimization schemes (steps) for the nozzle.

Rotation (n0) (rpm) κmax (×103kg/(m3s)) q

0 20.0 ∼ 50.0 1.0 ∼ 10.0
10 25.0 1000.0
20 30.0 1000.0
30 80.0 1000.0
40 100.0 1000.0
50 50.0 ∼ 150.0 1000.0

In Fig. 5.5, it can be inferred that the wall rotation has the effect of enforcing a

less smooth change in diameter, and the increase of rotation seems to prioritize an

initial area with larger diameter.

Table 5.3 – Values of the objective function and pressure head for the optimized topologies of the nozzle
after post-processing.

Rotation (n0) (rpm) 0 10 20 30 40 50
Relative energy dissipation (Φrel) (×10−7W) 0.64 1.29 1.99 3.17 4.89 7.31
Pressure head (H) (×10−5m) -0.79 -1.19 -1.14 -1.19 -1.18 -1.29
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Fig. 5.6 shows the convergence curve for the optimized nozzle for 20 rpm wall

rotation (maximum Reynolds number of 420) (i.e., for the 3rd point of Fig. 5.5). The

convergence values of the relative energy dissipation (objective function) are shown.

Figure 5.6 – Convergence curve for the nozzle optimized for 20 rpm wall rotation.

Source: Author (ALONSO et al., 2018).

In order to assert the effectiveness of the material model to block the fluid flow,

the relative velocity field is plotted in Fig. 5.7 for a Reynolds number of 420 (20 rpm wall

rotation). As expected, the velocity is extremely small in the solid region of the optimized

topology, showing that the material model is effective to block the fluid flow.

Figure 5.7 – Plot of the relative velocity field (|v| =
√
v2
r + v2

θ + v2
z (m/s)) in logarithmic scale for 20

rpm wall rotation (maximum Reynolds number of 420) (the boundary line of the optimized
topology is indicated with a gray thick line).

Source: Author (ALONSO et al., 2018).

Fig. 5.8 shows the topology optimization result for 20 rpm wall rotation (maximum

Reynolds number of 420), the pressure and velocity distributions for the post-processed

result and a 3D representation of the optimized topology. The topology optimization

result is highly discrete, with a Measure of non-discreteness (MND) of 1.98%.
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Figure 5.8 – Topology optimization result of the nozzle for 20 rpm wall rotation (the pressure and velocities
are computed in the post-processed result).

(a) Topology optimiza-
tion result (b) Pressure distribution p (Pa)

(c) Radial-axial velocity distri-
bution (vr, vz) (m/s)

(d) Relative tangential velocity
distribution vθ (m/s)

(e) 3D representation of the 2D
swirl optimized topology

Source: Author (ALONSO et al., 2018).

The relative tangential velocity (Fig. 5.8d) portrays the effect of the acceleration

of the inlet fluid due to the rotating walls: the fluid enters without any rotation (vabs,θ = 0,

which means vθ = −ω0r), and then is tangentially accelerated (i.e., the tangential velocity

is increased, achieving values closer to the tangential velocity on the walls (vabs,θ = ω0r,

which means vθ = 0)). In Fig. 5.8b, it can be noticed that the pressure is reduced after

the nozzle cross sectional area is reduced, but has a slight increase to near 0 Pa when

getting near the outlet.

5.1.1.2 Hydrocyclone-type device

The second example is the design of a hydrocyclone-type device, which differs

from a real hydrocyclone device, because, instead of considering a two-phase flow, it

considers a single-phase flow. This flow enters the fluid flow device with a given rotation

(ωin) from a single inlet towards a single outlet (in the case of a real hydrocyclone device,

there are two outlets). The design domain is selected as in Fig. 5.9, and the solid
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material distribution is optimized on the static walls (ω0 = 0 rad/s) of the hydrocyclone-

type device.

Figure 5.9 – Design domain for the hydrocyclone-type device.

Source: Author (ALONSO et al., 2018).

The mesh is composed of 40 radial and 80 axial rectangular partitions of crossed

triangular elements, which totals 6,521 nodes and 12,800 elements (see Fig. 5.4). The

input parameters and dimensions of the design domain are shown in Table 5.4.

Table 5.4 – Parameters used for the topology optimization of the hydrocyclone-type device.

Input parameters
Inlet flow rate (Q) 0.03 L/min
Wall rotation ω0 = 0 rad/s (static)
Inlet velocity profile Parabolic

Dimensions
H 15 mm
R 10 mm
h1 11 mm
h2 3 mm

A series of optimizations is performed for a sequence of inlet rotations in order

to analyze the influence of the inlet rotation in the optimized topology. In this case, the

first topology (nin = 0 rpm) assumes the initial volume fraction initial guess (see the

beginning of Section 5.1.1), while the subsequent rotations use the optimized topology

of the immediately previous rotation as the initial guess. Fig. 5.10 shows the value
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of the objective function (relative energy dissipation) in relation to the inlet rotation

and the corresponding optimized topologies. The objective function value corresponds

to the post-processed topology (Section 2.5.8.1). The maximum Reynolds number is

evaluated as 795, which shows that the flow must still be laminar in all results (for 50

rpm, max(|vabs|) = 0.053 m/s, L = 15 mm, ν = 10−6 m2/s). The initial guesses for the

optimizations under rotation are the optimized topologies for each immediately lower

rotation shown in Fig. 5.10. The optimization schemes are shown in Table 5.5.

Figure 5.10 – Effect of the inlet rotation in the design of the hydrocyclone-type device.

Source: Author (ALONSO et al., 2018).

Table 5.5 – Reference parameters for the optimization schemes (steps) for the hydrocyclone-type device.

Rotation (n0) (rpm) κmax (×103kg/(m3s)) q

0 8.0 ∼ 25.0 0.1 ∼ 1.0
10 250.0 10.0
20 ∼ 40 200.0 10.0
50 300.0 10.0

In Fig. 5.10, it can be seen that the rotation features the effect of pulling the

channel up to about 45° in relation to the inlet. Also, near the inlet, in the results in which

there is inlet rotation, a ring shape (considering the axisymmetry of the 2D swirl flow

model) starts to be formed. Table 5.6 shows the values of the objective function and

pressure head for the optimized topologies shown in Fig. 5.10. From Table 5.6, it can be

noticed that the pressure head is negative, meaning that the device is passive.

Table 5.6 – Values of the objective function and pressure head for the optimized topologies of the
hydrocyclone-type device after post-processing.

Rotation (nin) (rpm) 0 10 20 30 40 50
Relative energy dissipation (Φrel) (×10−6W) 0.13 0.21 0.47 0.84 1.30 1.80
Pressure head (H) (×10−4m) -0.26 -0.40 -0.85 -1.52 -2.36 -3.24
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Fig. 5.11 shows the convergence curve for the optimized hydrocyclone-type

device for 10 rpm inlet rotation (maximum Reynolds number of 285) (i.e., for the 2nd

point of Fig. 5.10). The convergence values of the relative energy dissipation (objective

function) are shown.

Figure 5.11 – Convergence curve for the hydrocyclone-type device optimized for 10 rpm inlet rotation.

Source: Author (ALONSO et al., 2018).

Fig. 5.12 shows the topology optimization result for 10 rpm inlet rotation (max-

imum Reynolds number of 285), the pressure and velocity distributions for the post-

processed result and the 3D representation of the optimized topology. The topology

optimization result is highly discrete, with a Measure of non-discreteness (MND) of

2.56%.
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Figure 5.12 – Topology optimization result of the hydrocyclone-type device for 10 rpm inlet rotation (the
pressure and velocities are computed in the post-processed result).

(a) Topology optimiza-
tion result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distri-
bution (vr, vz) (m/s).

(d) Relative tangential velocity
distribution vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2018).

In Figs. 5.12c and 5.12d, it can be noticed that, due to the inlet rotation, the outlet

flow velocity is concentrated near the wall.
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5.1.2 Newtonian Tesla pump design

In this section, the topology optimization method is applied to Tesla-type pump

devices, considering the extended material model (Section 2.5.1.2), relative energy

dissipation including the inertial effect (eq. (2.51)), and a vorticity objective function

including the effect of the material model (eq. (2.62)) (ALONSO et al., 2019).

In the numerical results of this section, the fluid is considered to be the same of

Section 5.1.1: water (Newtonian fluid), with a dynamic viscosity (µ) of 0.001 Pa s, and a

density (ρ) of 1000.0 kg/m3. The Taylor-Hood element is considered for the finite element

method (see Section 2.2.2). The material model for topology optimization is given by the

Brinkman model (Section 2.5.1.1) and the extended material model (Section 2.5.1.2).

The material being optimized is assumed with the same rotation as the reference frame,

which means that vmat = v. The IPOPT algorithm (Section 3.1.1.1) is used for the

optimization in this section.

In the following numerical results, the design of a Tesla pump rotor is analyzed

for a horizontal inlet and a vertical inlet, where the vertical inlet consideres two cases:

with and without pattern repetition (corresponding to one channel and two channels,

respectively), which is described in Section 2.5.6. First, the horizontal inlet Tesla pump is

optimized for relative energy dissipation considering various rotations (Section 5.1.2.1).

The effect of the extended material model (Section 2.5.1.2) is also evaluated. Then, the

vertical inlet Tesla pump is optimized for relative energy dissipation considering various

rotations and flow rates (Section 5.1.2.2). Further results are presented in Alonso et al.

(2019), such as for different aspect ratios, which shows that higher aspect ratios (i.e.,

longer channels) lead to higher pressure heads and isentropic efficiencies; and also for

the presence of a shaft, whose absence showed a quite small effect due to the smaller

volume of fluid near the symmetry axis. The vorticity objective function is also analyzed

for the vertical inlet Tesla pump. Finally, a comparison with some traditional straight disk

Tesla pumps is considered (Section 5.1.2.3). The multi-objective function is considered

through the initial weight approach (Section 2.5.4.1). When considering the Helmholtz

filter, eq. (2.158) is not considered.

The Reynolds number (Reext,`) is considered from the external radius (rext), from

Table 2.1. The post-processing is performed by thresholding (Section 2.5.8.1), except

in the comparison of performance with straight disks (Section 5.1.2.3), in which mesh
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smoothing is performed by generation of contours (Section 2.5.8.2.1).

5.1.2.1 Horizontal inlet Tesla pump

The first design configuration is the horizontal inlet Tesla pump, which is es-

sentially composed of two rotating horizontal flat interfaces, a horizontal inlet and a

horizontal outlet. As can be noticed, it does not consider the effect of the change in

direction that is present near the inlet of pumps. In order to keep the entire inlet section

without any partial fluid flow blocking during the topology optimization, the inlet zone is

considered outside the design domain (see Fig. 5.13).

Figure 5.13 – Model for the optimization of a horizontal inlet Tesla pump, considering an inlet zone outside
the design domain.

Source: Author (ALONSO et al., 2019).

The mesh is composed of 160 radial and 40 axial rectangular partitions of

crossed triangular elements, which totals 13,001 nodes and 25,600 elements (see Fig.

5.14). The input parameters and dimensions of the design domain are shown in Table

5.7.

Figure 5.14 – Mesh for the optimization of a horizontal inlet Tesla pump.

Source: Author (ALONSO et al., 2019).
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Table 5.7 – Parameters used for the topology optimization of a horizontal inlet Tesla pump.

Input parameters
Inlet velocity profile Parabolic
Flow rate 0.5 L/min

Dimensions
rint 2.5 mm
rzone 5.0 mm
rext 15 mm
eout 2 mm

The effect of the rotation in the optimization of the horizontal inlet Tesla pump

is analyzed for 0.5 L/min, with a specified volume fraction of f = 50% and an initial

guess of the design variable as α = f − 1% = 0.49, which represents 49% of the

volume occupied by fluid. The objective function is the relative energy dissipation,

whose values are shown in Fig. 5.15 for rotations varying from 0 rpm to 1000 rpm. Two

cases are presented in order to show the effect of the extended material model (Section

2.5.1.2). The two cases presented are considering: κθ,max being 100 times lower than

κr,max = κz,max (i.e., κθ,max = κr,max/100); and κθ,max being equal to κr,max = κz,max (i.e.,

κθ,max = κr,max). For these cases, κr,max = κz,max is chosen as 2.5 × 103 kg/(m3 s). In

some cases, it is necessary to multiply these values by 2 or 3 in order to help the

convergence to discrete topologies. In all of these cases, qr = qθ = qz = 100 or 1000,

and κr,min = κθ,min = κz,min = 0 kg/(m3 s).

Figure 5.15 – Relative energy dissipation (Φrel) for the optimized topologies of a horizontal inlet Tesla
pump for different rotations and different κθ,max values in relation to κr,max = κz,max.

Source: Author (ALONSO et al., 2019).

As can be seen in Fig. 5.15, the topologies change when increasing the rotation

in the optimization. For κθ,max equal to κr,max = κz,max, the optimized topologies tend to
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reduce the inlet section, until it blocks it at about 600 rpm. This effect can be viewed

as a consequence of increasing the rotation of the design domain, since, in order to

reduce the velocity difference between the solid material and fluid flow (which is given by

vmat = v), the porous medium effect term of the relative energy dissipation (eq. (2.51))

(given, in this case, by κ(α)v • v) should prioritize accelerating the fluid tangentially (θ

direction), which is done by including solid material near the inlet. For κθ,max smaller

than κr,max = κz,max, the optimized topology decreases the spacing between disks near

the inlet and increases it back near the outlet. From 700 rpm onwards, an intermediary

solid structure starts to be formed, splitting the previously single channel, in such a way

that it resembles Borrvall and Petersson (2003)’s double pipe example.

As can be seen in Fig. 5.15, for the relative energy dissipation in relation to the

rotation, the relative energy dissipation is higher for κθ,max equal to κr,max = κz,max. This

shows that, if the influence of the tangential velocity vmat,θ in the inverse permeability

matrix (κ(α)) is reduced by reducing the value of κθ,max, it is possible to achieve better

results for the optimized topologies. In Fig. 5.15, it can be noticed that there are negative

relative energy dissipation values. These negative relative energy dissipation values

mean that more energy is being provided to the fluid flow than it is being dissipated (i.e.,

the fluid is being pumped). This effect is mainly due to the centrifugal term of the inertial

effect of the relative energy dissipation ((ρω∧(ω∧r))•v, in eq. (2.51)). The pressure

head (eq. (2.64)) and isentropic efficiency (eq. (2.66)) for the topologies of Fig. 5.15 can

be seen in Fig. 5.16.

Figure 5.16 – Pressure head (H) and isentropic efficiency (ηs) for the optimized topologies of a horizontal
inlet Tesla pump with κθ,max 100 times lower than κr,max = κz,max for different rotations.

Source: Author (ALONSO et al., 2019).

As shown in Fig. 5.16, the pressure head is positive from a rotation of about 300
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rpm, which shows that the optimized Tesla pump rotor is capable of pumping fluid from

this rotation onwards.

Fig. 5.17 shows the convergence curve for the 500 rpm optimized topology, and

Fig. 5.18 shows the topology optimization result, the pressure and velocity distributions

for the post-processed result and the 3D representation of the optimized topology.

Figure 5.17 – Convergence curve for the objective function value of a horizontal inlet Tesla pump for 0.5
L/min and 500 rpm.

Source: Author (ALONSO et al., 2019).

Figure 5.18 – Topology optimization result of the horizontal inlet Tesla pump for 500 rpm and 0.5 L/min
(the pressure and velocities are computed in the post-processed mesh).

(a) Topology optimization result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distribution
(vr, vz) (m/s).

(d) Relative tangential velocity distribu-
tion vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2019).

It can be seen in Fig. 5.18b that the pressure increases from about the middle of

the design domain, which is due to the nozzle-diffuser -like shape and coupled rotation
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effect. Fig. 5.18c shows that the flow near the outlet is concentrated around the upper

and lower surfaces, leaving the middle zone between them with smaller flow. Also,

the relative tangential velocity (Fig. 5.18d) is nearly zero near the rotating interfaces,

decreasing when distancing farther from them. This can be viewed as a consequence

of the Tesla principle, in which the boundary layer is formed with the capacity to “drag”

the fluid, showing that the effect of the rotation of a Tesla pump is limited to a small

zone near the interface and that it may be possible to improve the pumping of fluid with

smaller spacings.

Since the radial-axial velocity is nearly zero in the middle of the outlet zone (Fig.

5.18c), the lower κθ,max value causes the part of the relative energy dissipation (eq.

(2.51)) that is due to the porous medium effect term (given, in this case, by κ(α)v•v) to

be minimal, and the topology optimization algorithm can lead to the formation of a solid

structure. This effect starts to be relevant only at higher rotations (above 700 rpm), as

shown in Fig. 5.15.

The magnitude of the negative values of the relative tangential velocity near

the middle of the outlet boundary (in Fig. 5.18d) causes the corresponding term in

the relative energy dissipation (κθ,maxv
2
θ) to increase. Thus, the topology optimization

algorithm should have a tendency to create a solid structure in the middle of the domain

in order to reduce the “v2
θ ” term. This effect can be quite intense depending on the value

of κθ,max, since it can easily lead the fluid flow to be blocked as seen in Fig. 5.15 for

κθ,max equal to κr,max = κz,max. Therefore, it makes sense to use a κθ,max smaller than

κr,max = κz,max for the design of a Tesla pump rotor.

For reference, the operational parameters of the optimized topology of Fig. 5.18

are shown numerically in Table 5.8.
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Table 5.8 – Operational parameters of the optimized topology of the horizontal inlet Tesla pump for 0.5
L/min and 500 rpm.

Basic parameters
Flow rate (Q) (L/min) 0.5

Pressure head (H) (m) 6.01× 10−3

Fluid volume (V ) (m3) 7.21× 10−7

Dimensionless parameters
Boundary layer Ph 5.82

Flow regime max(Reext,`) 1.19× 104

max(Ndext,`) 3.40× 101

Flow rate AQ 2.68× 102

Efficiency ηs 24.1%

Functions of interest
Relative energy dissipation (Φrel) (W) −9.50× 10−4

Vorticity (ξV,rel) (m3/s2) 3.46× 10−1

5.1.2.2 Vertical inlet Tesla pump

The second design configuration is the vertical inlet Tesla pump, which is con-

sidered with and without pattern repetition (corresponding to one channel and two

channels, respectively) (see Fig. 5.19).

Figure 5.19 – Models for the optimization of a vertical inlet Tesla pump.

(a) One-channel Tesla pump. (b) Two-channel Tesla pump.

Source: Author (ALONSO et al., 2019).

The one-channel Tesla pump model (Fig. 5.19a) consists of two rotating horizon-

tal flat interfaces, a rotating shaft interface, a vertical inlet and a horizontal outlet. The

two-channel Tesla pump model (Fig. 5.19b) consists of a pattern repetition (ALMEIDA

et al., 2010), in order to force the formation of a disk in the middle of the design domain.

Therefore, the design domain is divided in three zones, as shown in Fig. 5.19b, in which
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Ω1 and Ω2 are the zones with the same imposed pattern. The pattern repetition scheme

is described in Section 2.5.6.

The mesh is the same for one and two channels, consisting of 5,387 nodes and

10,560 elements (see 5.20). The parameters used for the design domains of Fig. 5.19

are shown in Table 5.9. The specified volume fraction in the topology optimization is

f = 30%.

Figure 5.20 – Mesh for the optimization of a vertical inlet Tesla pump.

Source: Author (ALONSO et al., 2019).

Table 5.9 – Parameters used for the topology optimization of a vertical inlet Tesla pump.

Input parameters
Inlet velocity profile Parabolic

Dimensions
rshaft 2.6 mm
rint 5 mm
eout 5 mm
rext 15 mm

5.1.2.2.1 Optimizing for relative energy dissipation

The one-channel Tesla pump is optimized for a rotation of 500 rpm and 0.5

L/min, considering relative energy dissipation as the objective function. The initial guess

consists of an entirely solid domain (α = 0), which is possible since κmax assumes a

finite value. Due to some convergence difficulties encountered when trying to optimize

directly for a rotation of 500 rpm, a rotation updating scheme is used. The topology is

gradually converged by subsequently increasing the rotation, from 0 rpm to 500 rpm,

by restarting the IPOPT algorithm for each rotation. The convergence curve for the

objective function value is shown in Fig. 5.21, showing the intermediary topologies until

the rotation 500 rpm is reached, after 593 iterations.
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Figure 5.21 – Convergence curve for the objective function value (relative energy dissipation) of a one-
channel Tesla pump for 500 rpm and 0.5 L/min (the circles indicate the beginning of a new
step of iterations, by changing parameters and restarting the IPOPT algorithm; the squares
indicate change in the rotation of the disks).

Source: Author (ALONSO et al., 2019).

The final optimized topology (for 500 rpm) is considerably different from the one

obtained for 0 rpm. For higher rotations, as the radial velocity increases, the curvature of

the channel also increases. This is coherent with the objective function (relative energy

dissipation), given that the higher curvature is located near the inlet, where the velocities

are lower and the velocity gradients can be higher (i.e., near the inlet, the viscous term

of the relative energy dissipation (1
2
µ(∇v +∇vT )•(∇v +∇vT ) from eq. (2.51)) has a

lower cost than the porous medium effect term (given, in this case, as κ(α)v•v)). The

sudden decreases in relative energy dissipation when the rotation changes its value are

mainly due to the increase in the pumping effect of the centrifugal term of the relative

energy dissipation ((ρω∧(ω∧r))•v in eq. (2.51)), which is negative.

Fig. 5.22 shows the topology optimization result, the corresponding post-

processed mesh, the pressure and velocity distributions for the post-processed mesh,

and the 3D representation of the optimized topology. Observing Fig. 5.22c, it is possible

to notice that the velocities near the outlet are higher near the disks, which is caused by

the viscous effect of the boundary layer. Again, this is consistent with the Tesla principle.
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Figure 5.22 – Topology optimization result of the one-channel Tesla pump for 500 rpm and 0.5 L/min (the
pressure and velocities are computed in the post-processed mesh).

(a) Topology optimization result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distribution
(vr, vz) (m/s).

(d) Relative tangential velocity distribu-
tion vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2019).

Table 5.10 shows the operational parameters of the optimized topology of Fig.

5.22.

Table 5.10 – Operational parameters of the optimized topology of a one-channel Tesla pump for 500 rpm
and 0.5 L/min.

Basic parameters
Flow rate (Q) (L/min) 0.5

Pressure head (H) (m) 6.68× 10−3

Fluid volume (V ) (m3) 9.32× 10−7

Dimensionless parameters
Boundary layer Ph 1.01× 101

Flow regime max(Reext,`) 1.19× 104

max(Ndext,`) 1.03× 102

Flow rate AQ 4.67× 102

Efficiency ηs 27.9%

Functions of interest
Relative energy dissipation (Φrel) (W) −9.90× 10−4

Vorticity (ξV,rel) (m3/s2) 2.80× 10−1
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The two-channel Tesla pump is also optimized for a rotation of 500 rpm and 0.5

L/min, considering relative energy dissipation as the objective function. The initial guess

consists of an entirely solid domain (α = 0). The convergence curve for the objective

function value is shown in Fig. 5.23, with 100 iterations.

Figure 5.23 – Convergence curve for the objective function value (relative energy dissipation) of a two-
channel Tesla pump for 500 rpm and 0.5 L/min.

Source: Author (ALONSO et al., 2019).

As can be seen in the topologies of Fig. 5.23, the two channels are equal in the

region where the pattern repetition sensitivity method is used. The two-channel Tesla

pump model is very similar to the one-channel Tesla pump model, with the difference

that the sensitivity method forces the flow to separate into two zones. The downward

path to the bottom channel is larger than the path to the upper channel; however, the

mass flow at the end of both of them is almost the same. This can be explained by the

fact that the fluid goes through a large path until the bottom channel entrance and then

undergoes a reduction in the path width, increasing the fluid velocity.

Fig. 5.24 shows the topology optimization result, the corresponding post-

processed mesh, the pressure and velocity distributions for the post-processed mesh

and the 3D representation of the optimized topology.
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Figure 5.24 – Topology optimization result of a two-channel Tesla pump for 500 rpm and 0.5 L/min (the
pressure and velocities are computed in the post-processed mesh).

(a) Topology optimization result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distribution
(vr, vz) (m/s).

(d) Relative tangential velocity distribu-
tion vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2019).

Table 5.11 shows the operational parameters of the optimized topology of Fig.

5.24.

Table 5.11 – Operational parameters of the optimized topology of a two-channel Tesla pump for 500 rpm
and 0.5 L/min.

Basic parameters
Flow rate (Q) (L/min) 0.5

Pressure head (H) (m) 1.68× 10−2

Fluid volume (V ) (m3) 8.88× 10−7

Dimensionless parameters
Boundary layer Ph 3.62

Flow regime max(Reext,`) 1.19× 104

max(Ndext,`) 1.32× 101

Flow rate AQ 8.33× 101

Efficiency ηs 39.5%

Functions of interest
Relative Energy dissipation (Φrel) (W) −2.60× 10−4

Vorticity (ξV,rel) (m3/s2) 5.47× 10−1
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By comparing the operational parameters of the one-channel Tesla pump (Table

5.10) and the two-channel Tesla pump (Table 5.11), it can be noticed that the relative

energy dissipation (Φrel) and vorticity (ξV,rel) are higher for the two-channel case, which

could mean higher viscous heating, higher pumping effect and higher formation of

vortices in the flow. However, the two-channel Tesla pump is better in terms of isentropic

efficiency (the difference in ηs is 11.6%) and pressure head (H is 152% higher). In terms

of the dimensionless parameters, the Pohlhausen number (Ph) is about three times

lower for the two-channel Tesla pump, which means that the channels are about three

times thinner. Even though the Reynolds number (max(Reext,`)) is the same, the Nendl

parameter (max(Ndext,`)) is about nine times lower because it depends on the square of

the minimum channel thickness, that is three times smaller, showing that the velocities

considering the geometry increase more in the case of the two-channel Tesla pump.

The essential machine data parameter (AQ) is smaller for two channels, showing that

the flow rate in each channel separately is smaller.

5.1.2.2.2 Effect of rotation / flow rate

The effect of rotation / flow rate in the optimized topologies is analyzed in Fig.

5.25, for 0.25 L/min, 0.5 L/min and 0.75 L/min, from 0 rpm to 1000 rpm. The objective

function is the relative energy dissipation. In some of the optimized topologies, the

Helmholtz filter (LAZAROV; SIGMUND, 2010) (see Section 2.5.7.1) is used in order to

regularize, with filter length parameter (rH) of 0.05 ∼ 0.1 mm, which is smaller than the

vertical dimension of each rectangular partition of the mesh (0.125 mm).
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Figure 5.25 – Relative energy dissipation for the optimized topologies of a vertical inlet Tesla pump for
different rotation / flow rate ratios, considering the cases of 0.25 L/min, 0.5 L/min and 0.75
L/min.

(a) One-channel Tesla pump.

(b) Two-channel Tesla pump.

Source: Author (ALONSO et al., 2019).

Fig. 5.25 shows that the relative energy dissipation decreases when increasing

the flow rate. This is due to the increase of the pumping effect of the centrifugal term of

the relative energy dissipation ((ρω∧(ω∧r))•v in eq. (2.51)). As can be noticed, at lower

rotations – below 150 rpm (for one-channel Tesla pump) and 550 rpm (for two-channel

Tesla pump) –, lower flow rates portray lower relative energy dissipations; however,

lower flow rates portray higher relative energy dissipations at higher rotations. This

change in behavior after the intersection of the curves is due to the fact that it is easier

to pump lower flow rates at lower disk rotations, but maintaining lower flow rates at

high disk rotations induce higher relative energy dissipations. The pressure head and

isentropic efficiencies for the topologies of Fig. 5.25 can be seen in Fig. 5.26.
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Figure 5.26 – Pressure head (H) and isentropic efficiency (ηs) of a vertical inlet Tesla pump for different
rotation / flow rate ratios, considering the cases of 0.25 L/min, 0.5 L/min and 0.75 L/min.

(a) One-channel Tesla pump. (b) Two-channel Tesla pump.

Source: Author (ALONSO et al., 2019).

Figs. 5.26a and 5.26b show that lower flow rates lead to higher isentropic

efficiencies and higher pressure heads. The increase in the isentropic efficiency can

be related to a smaller viscous friction in the relative energy dissipation. The increase

in the pressure head effect is similar to the one observed in centrifugal bladed pump

curves, in which lowering the flow rate while maintaining the rotation (such as due to

closing a valve near the inlet of a pump) increases the pressure head at the pump (it

can be mentioned, however, that, while the mentioned behavior is the same, its variation

is different (see Fig. 1.9)).

Fig. 5.27a shows the comparison of relative energy dissipation, and Fig. 5.27b

shows the comparison of pressure head and isentropic efficiency for the one- and

two-channel Tesla pump, for the case of a flow rate of 0.5 L/min, from 0 rpm to 1000

rpm.
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Figure 5.27 – Comparison between the one- and two-channel Tesla pumps for 0.5 L/min.

(a) One-channel Tesla pump. (b) Two-channel Tesla pump.

Source: Author (ALONSO et al., 2019).

Fig. 5.27a shows that the relative energy dissipation is higher for two channels

than for one channel. As can be seen in Fig. 5.27b, for a positive pressure head, only

the optimized topologies with rotation higher than about 250 rpm can effectively operate

as pumps. It can also be noticed in Figs. 5.26 and 5.27 that the two-channel design

portrays a higher isentropic efficiency and generates higher pressure heads than the

one-channel design from about 250 rpm.

5.1.2.2.3 Optimizing for vorticity

The vorticity (eq. (2.62)) is considered as the objective function for the design

of a one-channel Tesla pump (Fig. 5.19a). As in Section 5.1.2.2.1, the optimization

is performed for a rotation of 500 rpm and 0.5 L/min, the specified volume fraction

is f = 30%, the initial guess consists of an entirely solid domain (α = 0), and a

rotation updating scheme is used. The Helmholtz filter (LAZAROV; SIGMUND, 2010)

(see Section 2.5.7.1) is used again with a filter length parameter (rH) of 0.125 mm,

which is equal to the vertical dimension of each rectangular partition of the mesh. The

proportionality constant of the porous medium effect of the vorticity (shown in eq. (2.62))

is selected as kV = 1.0. The convergence curve for the objective function value is shown

in Fig. 5.28, showing the intermediary topologies until reaching the 500 rpm optimized

topology in 1,347 iterations.
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Figure 5.28 – Convergence curve for the objective function value (100% vorticity) of a one-channel
Tesla pump for 500 rpm and 0.5 L/min (the circles indicate the beginning of a new step
of iterations, by changing parameters and restarting the IPOPT algorithm; the squares
indicate change in the rotation of the disks).

Source: Author (ALONSO et al., 2019).

The vorticity effect in Fig. 5.28 is seen to lead the fluid down with a larger initial

channel thickness than when compared with the relative energy dissipation case (Fig.

5.21).

Fig. 5.29 shows the topology optimization result, the corresponding post-

processed mesh, the pressure and velocity distributions for the post-processed mesh

and the 3D representation of the optimized topology.
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Figure 5.29 – Topology optimization result of the one-channel Tesla pump optimized for 100% vorticity for
500 rpm and 0.5 L/min (the pressure and velocities are computed in the post-processed
mesh).

(a) Topology optimization result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distribution
(vr, vz) (m/s).

(d) Relative tangential velocity distribu-
tion vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2019).

In Fig. 5.29, the final topology is highly discrete, which is due to the porous

medium effect term (given, in this case, by kV
ρ
∇∧ (κ(α)v)) and the Helmholtz filter

(LAZAROV; SIGMUND, 2010).

Table 5.12 shows the operational parameters of the optimized topology of Fig.

5.29.
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Table 5.12 – Operational parameters of the optimized topology of a one-channel Tesla pump optimized
for 100% vorticity for 500 rpm and 0.5 L/min.

Basic parameters
Flow rate (Q) (L/min) 0.5

Pressure head (H) (m) 6.67× 10−3

Fluid volume (V ) (m3) 9.81× 10−7

Dimensionless parameters
Boundary layer Ph 7.24

Flow regime max(Reext,`) 1.19× 104

max(Ndext,`) 5.27× 101

Flow rate AQ 3.33× 102

Efficiency ηs 27.6%

Functions of interest
Relative energy dissipation (Φrel) (W) −1.01× 10−3

Vorticity (ξV,rel) (m3/s2) 2.82× 10−1

If the porous medium effect term (given, in this case, by kV
ρ
∇∧ (κ(α)v)) is not

included in the vorticity calculation, the results do not form a clear (sufficiently discrete

topology) topology, presenting a quite big gray region (intermediary values), as shown

in Fig. 5.30, and the relative vorticity value after post-processing becomes, in this case,

7% higher than when including the porous medium effect term (3.02× 10−1 m3/s2). The

effect of the porous medium effect term of vorticity can be seen as analogous to the

porous medium effect term of relative energy dissipation (κ(α)v•v) (as in Borrvall and

Petersson (2003)), which helps better conditioning the objective function for the topology

optimization.

Figure 5.30 – Topology optimization for 100% vorticity for 500 rpm and 0.5 L/min, considering the objective
function without the porous medium effect term.

Source: Author (ALONSO et al., 2019).

5.1.2.2.4 Optimizing for vorticity and relative energy dissipation

The vorticity is partially considered in the form of a multi-objective function for

50% vorticity (wV = 0.5) and 50% relative energy dissipation (wΦ = 0.5) for the design

of a one-channel Tesla pump (Fig. 5.19a). As in the case of Section 5.1.2.2.3, the

optimization is performed for a rotation of 500 rpm and 0.5 L/min, the specified volume
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fraction is f = 30%, the initial guess consists of an entirely solid domain (α = 0), a

rotation updating scheme is used, and the Helmholtz filter (LAZAROV; SIGMUND, 2010)

(see Section 2.5.7.1) is used with a filter length parameter (rH) of 0.125 mm in order

to improve the discreteness of the optimized topology. The proportionality constant is

selected as kV = 1.0 (eq. (2.62)).

Fig. 5.31 shows the topology optimization result, the corresponding post-

processed mesh, the pressure and velocity distributions for the post-processed mesh

and the 3D representation of the optimized topology.

Figure 5.31 – Topology optimization result of a one-channel Tesla pump optimized for 50% vorticity and
50% of relative energy dissipation for 500 rpm and 0.5 L/min (the pressure and velocities
are computed in the post-processed mesh).

(a) Topology optimization result. (b) Pressure distribution p (Pa).

(c) Radial-axial velocity distribution
(vr, vz) (m/s).

(d) Relative tangential velocity distribu-
tion vθ (m/s).

(e) 3D representation of the 2D
swirl optimized topology.

Source: Author (ALONSO et al., 2019).

It can be noticed in Fig. 5.31 that the relative energy dissipation term caused the

initial channel bending to become more straight when compared with the 100% vorticity

case (Fig. 5.29).
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Table 5.13 shows the operational parameters of the optimized topology of Fig.

5.31.

Table 5.13 – Operational parameters of the optimized topology of a one-channel Tesla pump optimized
for 50% vorticity and 50% of relative energy dissipation for 500 rpm and 0.5 L/min.

Basic parameters
Flow rate (Q) (L/min) 0.5

Pressure head (H) (m) 6.44× 10−3

Fluid volume (V ) (m3) 9.49× 10−7

Dimensionless parameters
Boundary layer Ph 7.24

Flow regime max(Reext,`) 1.19× 104

max(Ndext,`) 5.27× 101

Flow rate AQ 3.33× 102

Efficiency ηs 26.6%

Functions of interest
Relative energy dissipation (Φrel) (W) −9.85× 10−4

Vorticity (ξV,rel) (m3/s2) 3.08× 10−1

When comparing Tables 5.12 and 5.13, it can be noticed that the vorticity is

smaller for the optimized topology for 100% vorticity. However, the relative energy

dissipation is also smaller, which may possibly indicate that the optimization for 50%

vorticity and 50% relative energy dissipation is probably a local minimum.

5.1.2.3 Comparing performance with straight disks

The topology optimization results for relative energy dissipation are compared

with straight-channel topologies with the same volume as the one specified for each

optimization (f = 30%) (see Figs. 5.33, 5.34 and 5.35). In this section, smoothed post-

processed meshes are used, removing sharp edges and sawtooth-like curves which

may undesirably influence the calculated operational parameters (see Fig. 5.32). The

mesh smoothing is performed through generation of contours (Section 2.5.8.2.1)

Figure 5.32 – Mesh smoothing being applied to an optimized topology.

Source: Author (ALONSO et al., 2019).
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Figure 5.33 – Comparison of pressure head (H) and isentropic efficiency (ηs) between a straight and an
optimized horizontal inlet Tesla pump.

Source: Author (ALONSO et al., 2019).

Figure 5.34 – Comparison of pressure head (H) and isentropic efficiency (ηs) between a straight and an
optimized vertical inlet one-channel Tesla pump.

Source: Author (ALONSO et al., 2019).

Figure 5.35 – Comparison of pressure head (H) and isentropic efficiency (ηs) between a straight and an
optimized vertical inlet two-channel Tesla pump.

Source: Author (ALONSO et al., 2019).
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In Fig. 5.33, it can be noticed that the smoothened horizontal inlet optimized

solution generates higher pressure heads and leads to higher isentropic efficiencies

than the straight disks solution.

Figs. 5.34 and 5.35 show that the vertical inlet optimized solutions are better

than the straight disks solutions with respect to pressure head and isentropic efficiency.

It can be noticed that, for higher rotations, the advantage of the optimized solutions for

one- and two-channels show a gradual decrease, approaching the values of the straight

disk solutions. This is due to the fact that the improvement due to the smooth change of

direction near the inlet portrays less effect in higher rotations.

Table 5.14 shows a comparison of the optimized topologies for the vertical inlet

Tesla pump for 500 rpm and 0.5 L/min, which are similar to the values presented in

Tables 5.10, 5.11 and 5.13, but are computed in the smoothened mesh.

Table 5.14 – Operational parameters of the smoothened optimized topologies of vertical inlet Tesla pump
for 500 rpm and 0.5 L/min for comparison with straight disks solutions.

One-channel Two-channel
(energy
dissipation)

(100%
vorticity)

(50%
vorticity)

(straight) (energy
dissipation)

(straight)

Basic parameters
Flow rate (Q) (L/min) 0.5 0.5 0.5 0.5 0.5 0.5

Pressure head (H) (×10−2 m) 0.68 0.68 0.65 0.52 1.67 1.60

Dimensionless parameters
Boundary
layer

Ph (×101) 1.16 0.80 0.80 0.87 0.36 0.49

Flow regime max(Reext,`)
(×104)

1.19 1.19 1.19 1.19 1.19 1.19

max(Ndext,`)
(×102)

1.35 0.64 0.64 0.76 0.13 0.24

Flow rate AQ (×102) 5.33 3.67 3.67 4.00 0.83 1.13

Efficiency ηs 27.4% 28.2% 27.3% 21.8% 41.4% 38.6%

Functions of interest
Relative energy dissipation (Φrel)
(×10−4 W)

−0.94 −1.04 −1.02 −0.86 −4.55 −3.38

Vorticity (ξV,rel) (×10−1 m3/s2) 2.54 2.60 2.83 3.41 3.60 4.32

In Table 5.14, from the values of the relative energy dissipation (Φrel), vorticity

(ξV,rel), pressure head (H) and isentropic efficiency (ηs), it can be noticed that all of the

optimized topologies show better values than the corresponding straight disks: i.e., they

portray smaller relative energy dissipations, smaller vorticities, higher pressure heads

and higher isentropic efficiencies.

By comparing the vorticity values (ξV,rel) of Table 5.14, it can be noticed that the
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smallest vorticity is found in the one-channel Tesla pump design optimized for relative

energy dissipation, which may indicate that the optimized topologies for vorticity may

correspond to local minima. As expected, the vorticity for the optimized topology for

100% vorticity is smaller than the one optimized for 50% vorticity; however, the topology

for 100% vorticity shows a slightly smaller relative energy dissipation (Φrel) than the

one optimized for 50% vorticity. Moreover, the relative energy dissipation (Φrel) is still

higher than the vorticity results, which may indicate that it has reached a local minimum.

Since the mesh obtained from smoothing (as in Fig. 5.32) only removes some edges,

not leading to spline-like contours, it is possible that, if completely smooth topologies

are considered, the advantage of one topology in relation to the other may be over- or

under-estimated in relation to the results presented in this section.

In relation to the straight disks, the Pohlhausen parameter (Ph) is higher for

the optimized one-channel Tesla pump designs, which means that the optimized one-

channels are thicker than the corresponding straight one-channel, but the optimized

two-channel Tesla pump design shows lower Pohlhausen parameters (Ph) in relation to

the straight disks, meaning that each channel of the optimized two-channel Tesla pump

are thinner.

As can be noticed, all of the Reynolds numbers (max(Reext,`)) are equal, since the

maximum velocity (|vabs|) in all of the cases turned out equal to ω0rext = 7.9× 10−1 m/s.

The highest Nendl parameter (max(Ndext,`)) is higher for the one-channel Tesla pump,

meaning that the increase in velocity occurs in a higher disk spacing than the other

topologies.

The essential machine data (AQ) parameter shows that the flow rate effect in the

disk spacings is smaller for the optimized topologies in relation to the straight disks.

In terms of isentropic efficiency (ηs), the higher efficiencies in relation to the

straight one- and two-channel Tesla pumps rest on the optimized topologies for one-

channel Tesla pump for 100% vorticity and two-channel Tesla pump for relative energy

dissipation.
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5.1.3 Non-Newtonian 2D swirl flow design

In this section, the topology optimization method is applied to 2D swirl flow

devices for non-Newtonian fluid considering non-Newtonian penalization (ALONSO et

al., 2020).

In the numerical results of this section, the fluid is considered as blood (non-

Newtonian fluid), with the non-Newtonian dynamic viscosity (µ = µ(γ̇m)) given by eq.

(2.11). Since the compressibility of blood is small, as mentioned in Sections 1.1.1

and 2.1.2.1, according to Hinghofer-Szalkay and Greenleaf (1987), blood may be

assumed as incompressible, with a density (ρ) of 1056 kg/m3. The Taylor-Hood element

is considered for the finite element method (see Section 2.2.2). The material model

for topology optimization is given by the Brinkman model (Section 2.5.1.1). The IPOPT

algorithm (Section 3.1.1.1) is used for the optimization in this section.

One numerical example is presented in this section, for a two-outlet channel

(Section 5.1.3.1). Further examples can be seen in Alonso et al. (2020), for parallel

channels and a two-way channel. The outlet boundary is considered as stress free

(T •n = 0) (see Section 2.1.4).

The Reynolds number for the 2D swirl flow devices is chosen differently than

Section 5.1.1. For simplicity, it is based directly on the external diameter:

Reext,` =
µ(γ̇m) |vabs| (2Rext)

ρ
(5.2)

where µ(γ̇m) is the non-Newtonian viscosity (the dependency γ̇m is explicitly indicated

here for clarity), which may vary in each position of the computational domain, vabs is

the absolute velocity, which varies in each position of the computational domain, Rext is

the external radius of the computational domain, and ρ is the density.

The post-processing is performed by thresholding (Section 2.5.8.1).

5.1.3.1 Two-outlet channel

This example consists of the design of a two-outlet channel, which consists of

a vertical inlet of rotating fluid, with two possible horizontal outlets. This example has

already been treated for the 2D swirl flow model in Alonso et al. (2018), considering

Newtonian fluid flow (water). The configuration is illustrated in Fig. 5.36. The solid

material distribution is optimized on the static walls (ω0 = 0 rad/s).
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Figure 5.36 – Design domain for two-outlet channel design.

Source: Author (ALONSO et al., 2020).

The mesh is composed of 40 radial and 80 axial rectangular partitions of crossed

triangular elements (the same as in Fig. 5.4), totaling 6,521 nodes and 12,800 elements

(see Fig. 5.37). The input parameters and dimensions of the design domain that are

used are shown in Table 5.15.

Figure 5.37 – Mesh used in the two-outlet channel design.

Source: Author (ALONSO et al., 2020).
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Table 5.15 – Parameters used for the topology optimization of the two-outlet channel.

Input parameters
Wall rotation ω0 = 0 rad/s (static)
Inlet rotation nin = 20 rpm
Inlet velocity profile Parabolic

Dimensions
H 15 mm
R 10 mm
r1 4 mm
h1 = h2 = h3 = h4 3 mm

Fig. 5.38 shows a comparison of the non-Newtonian viscosity for the optimized

two-outlet channel designs at 0.05 L/min without post-processing (i.e., still including

the material model). The effect of the non-Newtonian penalization is quite apparent

and the non-Newtonian viscosity, as in the other examples, is less dispersed and more

consistent with its expected/desired value inside a solid material. The same effect is

observed for other flow rates.

Figure 5.38 – Non-Newtonian viscosity in the optimized two-outlet channel designs for the non-Newtonian
fluid flow at 0.05 L/min (20 rpm) before post-processing (i.e., still including the material
model) (in logarithmic scale). The contours of the optimized topologies are delimited by
thin dark lines.

Source: Author (ALONSO et al., 2020).

A series of optimizations is performed for a sequence of flow rates considering

a fixed inlet rotation (nin = 20 rpm) by considering non-Newtonian fluid (with non-

Newtonian penalization) and Newtonian fluid. This is shown in Fig. 5.39, from the values

of the objective function (relative energy dissipation) with respect to the flow rates

for each optimized topology. As in the other examples, the objective function values

correspond to the post-processed topology (Section 2.5.8.1). The highest values for

the maximum local Reynolds number (max(Reext,`)) are given at 0.1 L/min, and are
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evaluated as 1.77 × 102 (non-Newtonian fluid) and 4.06 × 102 (Newtonian fluid). This

significant difference in the Reynolds number is due to the predominance of the non-

Newtonian effect (i.e., higher viscosity) in the optimized topologies for non-Newtonian

fluid flow.

Figure 5.39 – Effect of the flow rate in the non-Newtonian and Newtonian two-outlet channel designs.

Source: Author (ALONSO et al., 2020).

Fig. 5.39 shows that the optimized designs lead the fluid to exit the upper channel,

which better minimizes the objective function (relative energy dissipation). By comparing

the non-Newtonian with the Newtonian topologies, it can be noticed that the curvature of

the channel is smoother for the non-Newtonian designs: since the Newtonian fluid has

a smaller viscosity, the flow is more guided by its inertia, which means that the first part

of the channel can extend longer than the last part of the channel (near the outlet); in

the case of the non-Newtonian fluid, the viscosity is higher far from walls, which means

that the effect of the fluid inertia is reduced in the middle of the channel, leading the

topology optimization to a straighter path to the outlet.

The optimization schemes are shown in Table 5.16. It can be mentioned that

lower flow rates may require higher values for κmax, since the flow may need more

“strength” to form the optimized topology. Higher flow rates may also require it, in order

to block the fluid flow inside the solid material. However, if κmax is too high, it may not be

possible to achieve a discrete optimized topology, which may lead to a high presence
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of gray (0 < α < 1). This means that there is a compromise in obtaining a discrete

optimized topology and blocking fluid flow inside the solid material. Also, the right choice

for q may also help stabilizing a discrete optimized topology: Depending on the case, it

may be necessary to relax the material model (smaller q), which may sometimes lead to

a “better local minimum” (as in Borrvall and Petersson (2003)’s double pipe); however,

in other cases, when there is no local minimum that can be achieved in this way, this

can hinder the achievement of a discrete topology.

Table 5.16 – Reference parameters for the optimization schemes (steps) for the non-Newtonian and
Newtonian two-outlet channel designs.

Flow rate (Q) (L/min) κmax (×107µ∞) (kg/(m3s)) q

Non-Newtonian fluid
0.005 5 1
0.025 25 0.1
0.05 0.5 10
0.075 ∼ 0.1 8 0.1

Newtonian fluid
0.005 ∼ 0.05 0.5 1
0.075 2.5 0.1
0.1 50 0.1

The non-Newtonian viscosities in the optimized two-outlet channel designs for

non-Newtonian fluid flow are plotted in Fig. 5.40. At 0.005 L/min, the non-Newtonian

effect is easily noticeable, with a higher dynamic viscosity acting over most of the fluid

domain. This effect is reduced at higher flow rates, though still keeping a considerable

influence.
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Figure 5.40 – Non-Newtonian viscosities in the optimized two-outlet channel designs (in logarithmic
scale).

Source: Author (ALONSO et al., 2020) (edited).

Fig. 5.41 shows the convergence curves for the non-Newtonian and Newtonian

designs for 0.05 L/min and 20 rpm. The highest values for the maximum Reynolds

numbers (max(Reext,`)) for this case are 5.98 × 101 (non-Newtonian fluid) and 2.03 ×

102 (Newtonian fluid).

Figure 5.41 – Convergence curves for the non-Newtonian and Newtonian two-outlet channel designs
(0.05 L/min, 20 rpm).

Source: Author (ALONSO et al., 2020).

The simulations of the optimized topologies for the non-Newtonian and Newtonian

designs for 0.05 L/min and 20 rpm are shown in Fig. 5.42. As can be noticed in the

tangential velocity (vθ) plot, the inlet rotation is “dissipated” along the channel in a “faster”

manner for the non-Newtonian design than in the Newtonian design due to the increased
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viscosity (non-Newtonian effect). Also, the decrease in pressure from the inlet towards

the outlet seems to be more uniform in the non-Newtonian design.

Figure 5.42 – Optimized topologies, 3D representations, pressures and velocities for the non-Newtonian
and Newtonian two-outlet channel designs (0.05 L/min, 20 rpm).

(a) Non-Newtonian two-outlet channel design.

(b) Newtonian two-outlet channel design.

Source: Author (ALONSO et al., 2020).
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5.1.4 Tesla blood pump design considering hemolysis

In this section, the topology optimization method is applied to Tesla-type pump

devices, considering the Brinkman-Forchheimer model (Section 2.5.1.3), blood (non-

Newtonian fluid), and a hemolysis model (Section 2.4.1) in topology optimization

(ALONSO; SILVA, 2021).

In the numerical results of this section, as in Section 5.1.3, the fluid is considered

as blood (non-Newtonian fluid), with the non-Newtonian dynamic viscosity (µ = µ(γ̇m))

given by eq. (2.11), non-Newtonian penalization (eq. (2.135)), and the density (ρ) given

as 1056 kg/m3 (HINGHOFER-SZALKAY; GREENLEAF, 1987) (Sections 1.1.1, 2.1.2.1

and 5.1.3). The Taylor-Hood element is considered for the finite element method (see

Section 2.2.2), because the convergence of the simulation resulted better than MINI

elements when considering non-Newtonian fluid.

The specified fluid volume fraction (f ) is chosen as 30%. The porous medium is

assumed to be rotating together with the reference frame, which means that vmat = v.

The initial guess for the pseudo-density (design variable) distribution is a uniform

distribution of α = f − 1%, where f is the specified fluid volume fraction and 1% is a

margin for the initial guess not to violate the volume constraint (because of the numerical

accuracy of the calculations). The multi-objective function is considered through the

initial weight approach (Section 2.5.4.1). The IPOPT algorithm (Section 3.1.1.1) is used

for the optimization in this section.

The Reynolds number (Reext,`) is considered from the external diameter (2rext),

from Table 2.1. The post-processing is performed by smoothing by point cloud (Section

2.5.8.2.2).

5.1.4.1 Design domain and mesh

The numerical example consists of the design of a Tesla blood pump with a

vertical inlet and a center shaft (Fig. 5.19a) (ALONSO et al., 2019). The design domain

is shown in Fig. 5.43.
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Figure 5.43 – Design domain for the Tesla blood pump design.

Source: Author (ALONSO; SILVA, 2021).

The dimensions from Fig. 5.43 are rshaft = 2.6 mm, rint = 5 mm, eout = 5 mm,

and rext = 15 mm. The inlet velocity profile is parabolic. The mesh is composed of 100

radial and 46 axial rectangular partitions of crossed triangular elements, totaling 10,277

nodes and 20,240 elements (see Fig. 5.44).

Figure 5.44 – Mesh used in the Tesla blood pump design.

Source: Author (ALONSO; SILVA, 2021).

A straight-channel Tesla pump (see Fig. 5.45) is simulated in order to compute

the reference values for comparing with the optimized results in the following sections.

Figure 5.45 – Reference straight-channel Tesla pump for comparing with the optimized results.

Source: Author (ALONSO; SILVA, 2021).

5.1.4.2 Topology optimization results

The effect of the hemolysis index in the multi-objective function (eq. (2.140)) is

analyzed for wH = 0.1, 0.5 and 0.9. The case for wH = 1.0 is not evaluated, because the

topology optimization is unable to form a fluid flow path in the optimized topology, with
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the outlet completely blocked. This completely blocked outlet makes sense, because,

if there is no fluid flow, the hemolysis index becomes minimal. The flow rates being

considered are 0.5 L/min, 1 L/min and 2 L/min, and the rotations are 0 rpm, 1500 rpm

and 3000 rpm. The optimized results for the two objective functions (total hemolysis

index and relative energy dissipation) are shown in Fig. 5.46. Since the values of relative

energy dissipation at 0 rpm are positive (due to the inertial term of eq. (2.51) being zero

at 0 rpm), in order to plot all relative energy dissipation values in the same figure, the

Matplotlib (HUNTER, 2007) symlog scheme is used, in which a logarithmic scale is

used as “sgn(Φrel) log10 |Φrel|” (“sgn(Φrel)” is the sign of Φrel), except near the zero value,

around which a linear scale is used. Among the optimized results for 0 rpm, 1500 rpm

and 3000 rpm, the only results in which the fluid flow device does not operate as a pump,

correspond to 0 rpm, because there is only viscous dissipation inside the fluid flow

device, without the fluid receiving rotational energy. This fact can also be noticed when

computing the pressure head values, since the pressure head needs to be positive for

the fluid flow device to pump fluid (i.e., to act as a pump).

Figure 5.46 – Total hemolysis index (IH,T ) and relative energy dissipation (Φrel) for the topology optimiza-
tion considering the effect of the flow rate and rotation.

Source: Author (ALONSO; SILVA, 2021).

The optimization parameters that have been used in this work are shown in Table

5.17.
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Table 5.17 – Optimization parameters for each optimized topology* (q = 1).
Flow rate (Q) (L/min) Rotation (n0) (rpm) κmax (×108µ∞) (kg/(m3s))

0.5
0 5

1500 50
3000 100

1.0
0 5

1500 50
3000 80

2.0
0 5

1500 80
3000 100

* With the exception of the optimized results for “0.5 L/min, 0 rpm”, “0.5 L/min, 1500 rpm, wH = 0” and
“0.5 L/min, 1500 rpm, wH = 0.5”, all other results consider a Helmholtz pseudo-density filter (Section
2.5.7.1) for better stabilizing the discrete optimized topologies. The filter length parameter (rH ) is
set as 0.5 multiplied by the minimum element size in the mesh (i.e., the smallest of the maximum
distances between any two vertices of all elements), leading to the value rH = 0.0564 mm.

The convergence curve for the optimized topology for wH = 0.5, 1 L/min and

1500 rpm is shown in Fig. 5.47. In the optimized results, the maximum Reynolds number

is achieved at 3000 rpm, where, for all flow rates, Reext,` ≈ 4.3× 104. Since the transition

Reynolds number in conventional pumps is in the order of 106 (SABERSKY et al., 1971;

WU, 2007), 4.3× 104 should correspond to laminar flow.

Figure 5.47 – Convergence curve for the optimized topology for wH = 0.5, 1 L/min and 1500 rpm.

Source: Author (ALONSO; SILVA, 2021).

In Fig. 5.46, the reference values are shown by dashed lines, while the full lines

correspond to the optimized topologies. As expected, higher rotations lead to higher

total hemolysis index (IH,T ) values (i.e., higher hemolysis), and smaller relative energy

dissipation values (Φrel), due to the rotational pumping motion (i.e., the inertial term in

the relative energy dissipation (eq. (2.51))), which also leads to negative relative energy

dissipation values (i.e., the fluid receiving more energy than dissipating it). As can be

noticed from the total hemolysis index (IH,T ) plots, the optimized topologies lead to

smaller hemolysis than the reference values. This can be explained by the fact that the
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optimized topologies feature a “rounded” curve near the inlet, meaning that the fluid flow

has a smoother change of direction in the optimized topologies than in the reference (Fig.

5.45), and which should lead to less induced stress over the RBCs. Also, the optimized

topologies featuring inclined channels have smaller changes of fluid flow direction,

which should also contribute to reducing the total hemolysis index. From the relative

energy dissipation values (Φrel), it can be noticed that, at 0 rpm the optimized topologies

lead to smaller relative energy dissipation values, but that difference is diminished at

higher rotations. This difference may be better visualized in Fig. 5.48a, which shows the

influence of the rotation in the topology optimization for 1 L/min and wH = 0.5, in which

the relative energy dissipation of the optimized topology achieves a higher value than

the reference. Fig. 5.48a shows an improvement of about 50% of the total hemolysis

index of the optimized topology with respect to the reference values. Fig. 5.48b shows

the pressure head and isentropic efficiency, but no significant difference can be noticed

comparing the optimized and reference values. For the variation of total/static pressure

(Fig. 5.48c), the difference is also small.
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Figure 5.48 – Topology optimization results for different rotations (n0) (for 1 L/min and wH = 0.5).

(a) Total hemolysis index (IH,T )
and relative energy dissipation
(Φrel).

(b) Pressure head (H) and isen-
tropic efficiency (ηs).

(c) Variation of total (∆pT ) and
static (∆p) pressures.

Source: Author (ALONSO; SILVA, 2021).

The optimized topologies from Fig. 5.48 show that the effect of the relative

energy dissipation in the optimized topology seems to increase at higher rotations, given

that the optimized topology connects to an outlet located at a higher height when the

rotation is increased. This effect can also be seen in Fig. 5.46, where the optimized

channel for wH = 0.5 features an outlet located at a higher height, but, for wH = 0.9,

due to the higher effect of the total hemolysis index, the optimized topologies feature

inclined channels (i.e., inclined disks). The higher position of the channels at lower wH

values (with the exception of 0 rpm) is probably due to the rotational motion of the fluid

flow, which creates an inertial effect that creates a tendency for continuing the fluid

motion at the same height. These inclined disk-like topologies slightly resemble some

commercial Tesla pump devices that feature conical-shaped disks – BPX-80 BIO-Pump

Plus (Medtronic® ), CentriFlux BR-100 (Braile® Biomédica).

The effect of the flow rate from Fig. 5.46 is separated in Fig. 5.49, for 1500 rpm
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and wH = 0.5. As can be noticed in Fig. 5.49a, the total hemolysis index of the optimized

topologies is much lower than the reference, and the relative energy dissipation is slightly

smaller than the reference. One effect that can be noticed is that the total hemolysis

index increases from 0.5 L/min to 1 L/min, but decreases from 1 L/min to 2 L/min. This is

probably due, in the reference, to the fluid flowing close to the upper and lower surfaces

for 0.5 L/min and 1 L/min, but closer to the lower surface for 2 L/min, which means that

the shear stress is more concentrated below and with a higher velocity. In the case of

the optimized topology, this change may be due to the change in topology, where the

shear stress effect may be reduced on the straighter channel near the outlet. As can

be noticed, the pressure head and isentropic efficiencies for the reference at 2 L/min in

Fig. 5.49b is extremely low (around 0.003 m and 1%). This is because the minimum

rotation required for the fluid flow device to act as a pump (i.e., with positive value for the

pressure head) is higher for higher flow rates. It can be noticed that the pressure head

and isentropic efficiency are higher for lower flow rates, which is a hint to this behavior.

In the case of the reference at 2 L/min, the transition of behavior from a dissipation

channel to a pump-type device is near 1500 rpm, which explains the extremely low

pressure head and isentropic efficiency values at 2 L/min. This effect is more softened

for the optimized topology for 2 L/min, because the new format changed the rotation

of this transition of behavior to a lower value. Fig. 5.49c shows that the variation of

total/static pressure is better for the optimized topologies for most cases, which should

be due to the smoother change in curvature in the optimized results.
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Figure 5.49 – Topology optimization results for different flow rates (Q) (for 1500 rpm and wH = 0.5).

(a) Total hemolysis index (IH,T )
and relative energy dissipation
(Φrel).

(b) Pressure head (H) and isen-
tropic efficiency (ηs).

(c) Variation of total (∆pT ) and
static (∆p) pressures.

Source: Author (ALONSO; SILVA, 2021).

With respect to the composition of the multi-objective function, this effect is

separated from Fig. 5.46 in Fig. 5.50, for 0.5 L/min and 1500 rpm. In this configuration,

from Fig. 5.50, the values for the optimized topologies show a Pareto-like effect, in

which the relative energy dissipation is worsened for higher wH values, while the total

hemolysis index improves (except from wH = 0.9, where the total hemolysis index

slightly worsens) due to the inclined channel/disks. In comparison to the reference

values, the total hemolysis indices of the optimized topologies is always better, but the

relative energy dissipation values gets worse than the reference for wH = 0.9 probably

due to “overprioritizing” the minimization of hemolysis in relation to the relative energy

dissipation. This “overprioritization” led to a more onstantly thicker channel at wH = 0.9,

in comparison to the thinner channel at wH = 0.5, which portrays a slight reduction in

sectional area from the inlet to the outlet. In Fig. 5.50a, the inclined channels/disks in

the optimized topologies ended up improving the pressure head value, but the isentropic



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 281

Figure 5.50 – Topology optimization results for different wH values (for 1 L/min and 1500 rpm).

(a) Total hemolysis index (IH,T )
and relative energy dissipation
(Φrel).

(b) Pressure head (H) and isen-
tropic efficiency (ηs).

(c) Variation of total (∆pT ) and
static (∆p) pressures.

Source: Author (ALONSO; SILVA, 2021).

efficiency slightly drops at wH = 0.9, which may also be caused by the same effect

observed in the total hemolysis index from wH = 0.5 to wH = 0.9. With respect to the

variation of total/static pressure (Fig. 5.50c), the optimized results are better than the

reference, leading to higher variation of pressure values.

5.1.4.3 Simulation of the optimized result for wH = 0.5, 1 L/min and 1500 rpm

The optimized topology for wH = 0.5, 1 L/min and 1500 rpm, is simulated and

is shown in Fig. 5.51. In Fig. 5.51, the 3D representation shows how the optimized

topology is interpreted, with two specially shaped rotating disks. The pressure (p) plot

shows that the main pressure increase occurs in the middle of the channel, which may

mean that, if this length is increased (for larger Tesla pump devices), the pressure should

also increase more. From the plot of the radial-axial velocity ((vr, vz)), two low velocity

zones can be noticed. Both zones do not consist of flow recirculation, corresponding
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to: (zone at higher height) A low-velocity flow redirection; (zone at lower height) Low

velocity due to the presence of two separated boundary layers. The plot of the relative

tangential velocity (vθ) shows, as expected, that the higher tangential velocity is located

on the rotating wall surfaces (vθ = 0, vθ,abs = ω0r) and its value is lower where it is farther

from the wall, due to the “dragging” effect from the Tesla principle.

Figure 5.51 – Optimized topology, 3D representation, pressure and velocity for wH = 0.5, 1 L/min and
1500 rpm.

Source: Author (ALONSO; SILVA, 2021).

The local hemolysis index (IH) is plotted in Fig. 5.52. As can be seen in Fig.

5.52a, the local hemolysis index is higher near the walls closer to the outlet, probably

due to the higher shear stresses resulting from the higher fluid flow velocity and rotation.

In order to better visualize the local hemolysis index distribution, Fig. 5.52b shows the

same plot in logarithmic scale. As can be seen, the generation of hemolysis is small and

approximately uniform in the “channel region” in the middle of the optimized topology,

and highly increases near walls at higher radii due to the effect observed in Fig. 5.52a.

Figure 5.52 – Hemolysis index for the optimized topology for wH = 0.5, 1 L/min and 1500 rpm.

(a) Hemolysis index (normal scale). (b) Hemolysis index (logarithmic scale).

Source: Author (ALONSO; SILVA, 2021).
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Since the fluid model for blood used in this work is non-Newtonian, the plot of

the non-Newtonian viscosity values is shown in Fig. 5.53. As can be seen, the non-

Newtonian viscosity is slightly higher at the inlet and keeps being higher near the middle

of the channel section of the optimized topology. This higher viscosity means that the

low-velocity redirection regions shown in Fig. 5.51 feature slightly higher viscosity values.

Near walls, the non-Newtonian viscosity is smaller due to the higher shear stress.

Figure 5.53 – Non-Newtonian viscosity the optimized topology for wH = 0.5, 1 L/min and 1500 rpm.

Source: Author (ALONSO; SILVA, 2021).
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5.1.5 Tesla blood pump design considering thrombosis

In this section, the topology optimization method is applied to blood flow devices,

considering the Brinkman-Forchheimer model (Section 2.5.1.3), blood (non-Newtonian

fluid), a hemolysis model (Section 2.4.1) and a thrombosis model (Section 2.4.2) in

topology optimization (ALONSO; SILVA, 2022a). The differences with respect to Section

5.1.4 are described as follows.

The multi-objective function is considered through the logarithmic approach

(Section 2.5.4.2), with fscal = 103. When considering the Helmholtz filter, eq. (2.158) is

used. Also, the Riesz map adjustment from eq. (3.2) is considered. The post-processing

is performed by smoothing by point cloud (Section 2.5.8.2.2), considering the use of the

Savitzky-Golay filter (window size of 9, and degree of 2, remeshing resolution set as

128).

5.1.5.1 Design domain and mesh

The design of a Tesla-type blood pump, which has been previously considered

for the hemolysis model in Alonso and Silva (2021), is considered here. The design

domain and the mesh are the same from Section 5.1.4. The input parameters, geometric

dimensions and material model parameters being considered in the design are shown

in Table 5.18.

Table 5.18 – Parameters considered for the topology optimization of the Tesla blood pump.

Input parameters
Inlet flow rate (Q) 1.0 L/min
Wall rotation (n0) 2,000 rpm
Inlet velocity profile Parabolic

Dimensions
rshaft 2.6 mm
rint 5 mm
eout 5 mm
rext 15 mm

Material model parameters*
κmax
(×109µ∞ (kg/(m3 s)))

8.0

q 1.0
κPAS,max (s−1) 102

* The optimization considers a Helmholtz pseudo-density filter (LAZAROV; SIGMUND, 2010) to better
stabilize the discrete optimized topologies, with a filter length parameter of 0.0543 mm.
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5.1.5.2 Topology optimization results

The topology optimization results for the PAS index are shown in Fig. 5.54. Higher

wPAS values than the ones shown in Fig. 5.54 are not considered, due to convergence

issues. The maximum local Reynolds number in the optimized topologies is 2.9×104. The

transition Reynolds number is in the order of 106 (in conventional pumps) (SABERSKY

et al., 1971; WU, 2007), meaning that 2.9× 104 should correspond to laminar flow. As

can be noticed in Fig. 5.54, a tendency to create an inclined channel can be seen when

higher PAS index (i.e., thrombosis) weights (wPAS) are considered. In Fig. 5.54a, it can

be observed that the inclined channel topology is even better than the topology optimized

for the relative energy dissipation (wΦ = 1). This lack of a Pareto-like behavior possibly

means that the optimized topology for relative energy dissipation (wΦ = 1) is an “easier”

local minimum for topology optimization, and the PAS index, even while being improved,

coincidentally induced a better local minimum for the relative energy dissipation, also

improving the hemolysis index, the pressure head, the isentropic efficiency and the

variations of static and total pressures. In the case of wPAS = 0.4, by comparing with

wΦ = 1, the improvements would be -4.7% (relative energy dissipation), -5.4% (PAS

index), -12.0% (hemolysis index), +3.0% (pressure head), +2.5% (isentropic efficiency),

+16.8% (static pressure head), and +14.2% (total pressure head).

The topology optimization results for the hemolysis index are shown in Fig. 5.55.

It can be noticed that the optimized topology for wH = 0.9 is quite similar to the optimized

topologies obtained for the PAS index (Fig. 5.54) (such as the one for wPAS = 0.4). In

fact, the small differences in the optimized topologies led the computed variables to

even turn out better for wH = 0.9.

For reference, an additional case combining both hemolysis and thrombosis is

also considered (wPAS = 0.1, wH = 0.5). This additional case is shown in Fig. 5.56. In

order to compare all of the optimized topologies, their relative values computed with

respect to the reference design (Fig. 5.57) are shown in Table 5.19. As can be noticed,

the worst result seems to be for wΦ = 1, which seems to indicate that the relative energy

dissipation objective function induced a local minimum. This type of local minimum could

possibly be avoided by taking blood damage into account in topology optimization, as

can be seen from the values for the other optimized topologies. It can be noticed that the

hemolysis index is significantly smaller in the optimized topologies, which is mainly due
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Figure 5.54 – Topology optimization results for the Tesla blood pump under different weights in the
multi-objective function for the PAS index.

(a) Relative energy dissipation (Φrel).
(b) PAS index (IPAS,T ) and hemolysis in-

dex (IH,T ).

(c) Pressure head (H) and isentropic effi-
ciency (ηs).

(d) Variations of total (∆pT ) and static
(∆p) pressures.

Source: Author (ALONSO; SILVA, 2022a).

Table 5.19 – Relative comparison of the optimized topologies for the Tesla blood pump with the reference
design (Fig. 5.57).

Designs Φrel IPAS,T IH,T H ηs ∆p ∆pT

wΦ = 1 +2.0% -7.7% -46.3% -2.2% -1.6% -6.6% +5.2%
wPAS = 0.3 -1.5% -12.1% -50.8% +0.1% +0.3% +6.3% +19.5%
wPAS = 0.4 -2.6% -12.6% -52.7% +0.7% +0.8% +9.1% +20.1%
wH = 0.7 -1.4% -13.3% -48.8% -2.3% -1.2% -1.9% +7.9%
wH = 0.9 -5.6% -22.0% -57.2% +1.0% +1.4% +12.3% +26.6%
wPAS = 0.1 and wH = 0.5 -3.8% -13.8% -53.0% +0.5% +0.9% +10.2% +19.6%

to the absence of a sharp edge that is present in the straight disks topology (Fig. 5.57).

It can be noticed that the “combined” result (wPAS = 0.1 and wH = 0.5) (from Table

5.19) shows slightly better hemolysis and thrombosis with respect to wPAS = 0.4 and

wH = 0.7, showing that it is possible to consider both effects in topology optimization.

However, the best result that has been achieved is the one for wH = 0.9, which resulted

better than all other optimized topologies in all values. Thus, from Table 5.19, the “best”

optimized topologies seem to be the one for wH = 0.9, followed by the one for the

combined case (wPAS = 0.1 and wH = 0.5).
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Figure 5.55 – Topology optimization results for the Tesla blood pump under different weights in the
multi-objective function for the hemolysis index.

(a) Relative energy dissipation (Φrel).
(b) PAS index (IPAS,T ) and hemolysis in-

dex (IH,T ).

(c) Pressure head (H) and isentropic effi-
ciency (ηs).

(d) Variations of total (∆pT ) and (∆p)
static pressures.

Source: Author (ALONSO; SILVA, 2022a).

Figure 5.56 – Optimized topology for the combined case (wPAS = 0.1 and wH = 0.5) for the Tesla blood
pump.

Source: Author (ALONSO; SILVA, 2022a).

Figure 5.57 – Straight disks reference topology for the Tesla blood pump.

Source: Author (ALONSO; SILVA, 2022a).

In order to show an example of how the topology optimization progresses, the

convergence curve of the topology optimization of the Tesla blood pump for the combined
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case (wPAS = 0.1 and wH = 0.5) is shown in Fig. 5.58. The convergence curve behaves

similarly for the other optimized topologies for the Tesla blood pump.

Figure 5.58 – Convergence curve of the topology optimization of the Tesla blood pump for the combined
case (wPAS = 0.1 and wH = 0.5).

Source: Author (ALONSO; SILVA, 2022a).

5.1.5.3 Simulations of optimized results

The simulation results for the optimized topologies, for the combined case

(wPAS = 0.1 and wH = 0.5) and for wH = 0.9, are shown in Fig. 5.59. From the lo-

cal hemolysis index (IH) plots, it can be noticed that hemolysis is present at a greater

intensity near the outlet. This, however, does not mean that the hemolysis near the

inlet is zero (from the color scale), meaning that the hemolysis near the inlet is much

smaller than near the outlet. The local PAS index (IPAS) plot is more distributed along the

computational domain than the hemolysis index. The pressure (p) in the middle part of

the optimized topologies shows an approximately linear increase, while the radial-axial

velocity (vr, vz) is concentrated mainly near the lower interface, although there is a

smaller flow near the upper surface. The relative tangential velocity (vθ) shows that, as

the radius coordinate (r) increases, the fluid gets slower in the θ direction in the middle

of the “channel”, which is consistent, since the fluid is being “dragged” near the walls. By

comparing both optimized topologies, from Figs. 5.59a (wPAS = 0.1 and wH = 0.5) and

5.59b (wH = 0.9), it can be noticed that the main difference is the initial curvature, which

is more apparent in Fig. 5.59b (wH = 0.9) than in Fig. 5.59a (wPAS = 0.1 and wH = 0.5).

This seems to ease the change in flow direction (lower shear stresses), leading to lower

hemolysis (IH,T ) and thrombosis (IPAS,T ) (see Table 5.19).

The non-Newtonian viscosity distributions are also shown in Fig. 5.59. It can be

noticed that the non-Newtonian effect is more pronounced closer to the inlet and farther

from the walls. This is due to the increase in shear stress when close to walls, which is
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caused by the effect of the rotation and, consequently, by the Tesla principle.

Since both hemolysis and thrombosis increase near the outlet walls, a relation

between them can be perceived. This relation is given from the shear stress, which is

present in their respective equations, which are eq. (2.84) and eqs. (2.120), (2.121),

(2.122) and (2.123). However, as shown in Fig. 5.59, hemolysis and thrombosis still

do not feature the exact same behavior, due to the different coefficients and other

effects that are present in the thrombosis modeling (platelet sensitization and stress

rate effects).
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Figure 5.59 – Optimized topology, pressure, velocity, dynamic viscosity, PAS index, and hemolysis index
for the optimized Tesla blood pump for two different cases.

(a) Optimized topology for the combined case (wPAS = 0.1 and
wH = 0.5).

(b) Optimized topology for wH = 0.9.

Source: Author (ALONSO; SILVA, 2022a).
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5.1.6 Volute design considering blood damage

In this section, the volute is designed based on the Tesla pump rotor optimized

topology for wH = 0.9 for 1 L/min and 2000 rpm, which is the optimized topology from

Section 5.1.5 that achieved the best results. The outlet velocities of the Tesla pump

rotor (from Fig. 5.59b) are plotted as shown in Fig. 5.60. In order to design the volute

through a 2D model, it is necessary to consider a single inlet velocity configuration.

One possibility is considering the velocity in the middle of the outlet. The “2D plane”

obtained from the middle of the outlet of the Tesla pump rotor is shown in Fig. 5.61.

Although the 3D effect may have a significant effect in the values that are computed in

the optimized design, due to the cross-section, such as those shown in Fig. 1.21, and

the upper and lower walls, the main flow path can be optimized through a 2D model.

The velocity values in the middle of the outlet, from the post-processed simulation (Fig.

5.59b) is shown in Table 5.20.

Figure 5.60 – Velocities on the outlet of the optimized Tesla pump rotor (1 L/min and 2000 rpm, wH = 0.9).

Source: Author.

Figure 5.61 – Representation of the 2D model from the middle of the outlet of the rotor (the optimized
Tesla pump rotor is shown in a section view).

Source: Author.
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Table 5.20 – Average velocities on the outlet of the optimized Tesla pump rotor (1 L/min and 2000 rpm,
wH = 0.9), from Fig. 5.60.

Average absolute velocity ( |vabs| |out,middle) 1.42 m/s
Average radial velocity component (vr|out,middle) 0.16 m/s
Average absolute tangential velocity component (vabs,θ|out,middle) 1.41 m/s
Average axial velocity component (vz|out,middle) -0.019 m/s

From Table 5.20, it can be noticed that the axial velocity component (vz|out) is

smaller than the other components: 11.2% of vr|out,middle and 1.3% of vabs,θ|out,middle.

Although the small axial effect may become significant when considering a 3D simulation,

it is neglected in the 2D approximation of the volute design. Also, from Table 5.20, the

outlet velocity angle can be computed as arctan

(
vabs,θ|

out,middle

vr|out,middle

)
, which leads to an outlet

angle of 83.5°.

5.1.6.1 Design domain and mesh

The design domain that is considered for the design is shown in Fig. 5.62. It

consists of a rectangular domain with the fluid flow uniformly exiting a circular rotor with

diameter “drotor” and entering the computational domain, which is represented in the

absolute reference frame (ω0 = 0 rad/s). The outlet is left non-specified, in order to leave

the outlet channel formation to topology optimization. The design domain is smaller

than the computational domain, being given so as to leave a radial margin of thickness

“e” outside it. This margin may be adjusted according to design requirements depending

on the application (such as from the operating fluid, dimensions, manufacturing etc.).

In particular, Tuzson (2000) recommends that the diameter of the base circle of the

volute curve is 10% higher than the diameter of the rotor (1.1drotor), which would mean

e = 0.05drotor. In this work, since the diameter of the rotor (drotor) is 30 mm, the thickness

becomes e = 0.05drotor = 1.5 mm. In fact, this constraint may not have been necessary

due to the topology optimization itself possibly being able to “naturally” create a margin

close to 1.5 mm (SÁ, 2019), but it may be necessary to explicitly impose it in other

design configurations, in order for the topology optimization not to include solid material

too close to the rotor (ALONSO, 2017, 2018).
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Figure 5.62 – Domain for the design of the volute.

Source: Author.

The mesh is unstructured, with a resolution of 128 (in this context, resolution is

approximately equal to the diameter of the computational domain divided by the cell

size) composed of 21,151 nodes and 41,561 elements (see Fig. 5.63). In particular, the

mesh is adjusted in order to exactly match the radial margin of thickness “e”, which is

possible in FEniCS mshr. The input parameters, geometric dimensions and material

model parameters being considered in the design are shown in Table 5.21. The specified

fluid volume fraction (f ) is set as 30%. The initial guess is a circular volute, in which a

straight channel with a 10 mm width is set tangential to the non-optimizable circle (see

the first topology of Fig. 5.69).

Figure 5.63 – Mesh for the design of the volute.

Source: Author.
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Table 5.21 – Parameters used for the topology optimization of the volute.

Input parameters
Inlet velocity vr = 0.16 m/s, vθ = 1.41 m/s

Dimensions
h 60 mm
b 80 mm
xrotor 50 mm
yrotor 30 mm
drotor 30 mm
e 1.5 mm

Material model parameters*
κmax
(×108µ∞ (kg/(m3 s)))

1.0

q 1.0

κPAS,max (s−1) 104 (for wPAS = 0.5)
0.1 (for wPAS = 0.9)
102 (for “wPAS = 0.3 and wH = 0.3”)

* The optimization considers a Helmholtz pseudo-density filter (Section 2.5.7.1) in order to better
stabilize the discrete optimized topologies. The filter length parameter (rH ) is chosen as the value
rH = 0.357 mm, but is increased to rH = 0.536 mm for wH = 0.9 (in order to allow the convergence
of the optimized topology), and for wPAS = 0.5 (in order to allow the convergence of the optimized
topology for κPAS,max = 104). The choice of κPAS,max was adjusted in order to help the convergence
of the optimized topologies.

In order to ease the convergence of the performed simulations, which suffered

difficulties in FEniCS, the simulation is performed in OpenFOAM® , by considering

500 iterations of the SIMPLE algorithm for each topology optimization iteration, and

using the previous simulation as the initial guess for the next simulation. The fluid

flow regime is assumed as laminar, for consistency with the Tesla pump rotor design.

As in the Tesla pump rotor design, the fluid is considered as blood (non-Newtonian

fluid), with the non-Newtonian dynamic viscosity (µ = µ(γ̇m)) given by eq. (2.11), with

non-Newtonian penalization (eq. (2.135)), and with density (ρ) given as 1056 kg/m3

(HINGHOFER-SZALKAY; GREENLEAF, 1987) (Sections 1.1.1, 2.1.2.1 and 5.1.3). Also,

the Brinkman-Forchheimer model (Section 2.5.1.3) is considered. In the finite element

modeling, Taylor-Hood elements are considered, also for consistency with the Tesla

pump rotor design. The multi-objective function is considered through the logarithmic

approach (Section 2.5.4.2), with fscal = 103. The post-processing is performed by

smoothing by point cloud (Section 2.5.8.2.2) considering the use of Chaikin’s corner

cutting algorithm (repeated 3 times, remeshing resolution set as 128). When considering

the Helmholtz filter, eq. (2.158) is not considered, because the topology optimization

showed better convergence to the optimized topology without it. The TOBS algorithm
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(Section 3.1.1.2) is used for the optimization in this section, by considering εrelax = 0.005

and βflip limit = 0.005 for wΦ = 1.0, and εrelax = 0.05 and βflip limit = 0.05 for the other

results.

In the optimized results, the maximum computed Reynolds number, from eq.

(2.74), that has been achieved is Reext,` ≈ 2.45 × 104, which most probably consists

of laminar flow, or, at most, flow transitioning from laminar to turbulent regime. If the

Reynolds number is compared to the one for channels, which is based on the chan-

nel diameter/width as the characteristic length, it can be noticed, from the optimized

topologies of this section, that Reext,` would become, with the characteristic length being

the channel diameter/width, about 4 times smaller, resulting in ≈ 7, 719, which is higher

than the transition Reynolds number in pipes (about 2,100 (MUNSON et al., 2009)).

Therefore, the flow in the volute may be possibly transitioning from laminar flow (from

the rotor) to turbulent flow. However, since the flow exiting the volute has a tangential

effect, which makes it different from pipes, it becomes even harder, without the aid of

experiments, to define whether the flow really transitions inside it or not. Nonetheless,

the approach that is normally followed is to assume laminar or fully turbulent flow, as

mentioned in Section 1.1.1.4 (FRASER et al., 2011; SABERSKY et al., 1971; WU, 2007).

Considering that there is a 3D effect that is not considered in the modeling, which should

possibly decrease the velocities and/or turbulent effect, and that the simulation is able to

effectively converge for the given flow rates and rotations without the appearance of any

transient effects when considering laminar flow modeling (which would possibly mean

the transition to turbulent flow), the volute design is performed considering laminar flow

in this section. If the fluid flow began transitioning from laminar to turbulent flow inside

the volute, this would possibly only be able to be verified through experiments. Further-

more, if the turbulence effect in the transition is still small, the laminar flow modeling

may possibly be viewed as a “rough” approximation of the statistical time average effect

(i.e., a “RANS model that neglects a small turbulent viscosity”). In fact, some simulations

performed with the configuration of this section show that, even when a turbulence

model (such as WA2018) is considered with an inlet turbulence, the turbulence ends

up decreasing towards the outlet, which may indicate that, if the flow exiting the rotor is

laminar, the flow in the volute may also be.
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5.1.6.2 Topology optimization results

The topology optimization results for the PAS index are shown in Fig. 5.64. As

can be noticed, since thrombosis was the only quantity that was improved (Fig. 5.64),

this improvement can be said to be at the expense of all other quantities. Therefore, there

seems to be a tradeoff between improving thrombosis, and improving the performance

and the hemolysis in the volute. In essence, these improvements in thrombosis seem

to be caused by: (1) drastically reducing the size of the tongue of the volute (see the

optimized topology for wPAS = 0.5); (2) having a slightly sharper tongue and a slightly

larger flow path (see the optimized topology for wPAS = 0.9). It can be mentioned that

the optimized topology for wPAS = 0.9 is most probably a local minimum, which is, in

fact, the same as the optimized topology for wΦ = 1, but rotated and with a slightly

sharper tongue.
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Figure 5.64 – Topology optimization results for the volute under different weights in the multi-objective
function for the PAS index.

(a) Energy dissipation (Φrel = Φabs) and head
loss (H ′). (b) PAS index (IPAS) and hemolysis index (IH ).

(c) Variation of total (∆pT ) and static (∆p) pres-
sures.

Source: Author.

The topology optimization results for the hemolysis index are shown in Fig. 5.65.

As can be noticed, similarly to what has been observed for the topology optimization

results for the PAS index (Fig. 5.64), there seems to be a tradeoff between hemolysis,

and performance and thrombosis. By comparing the optimized topology for wH = 0.5

(Fig. 5.65) with the optimized topology for wPAS = 0.9 (Fig. 5.64), it can be noticed

that they are strikingly similar, although with slight curvature and tongue differences.

The optimized topology for wH = 0.9 (Fig. 5.65) is similar to the optimized topology for

wPAS = 0.5 (Fig. 5.64), in which, although there is a slight curvature change in the outlet

channel, the main difference is the slightly sharper tongue in the hemolysis case. This
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can be seen in the contours plotted in Fig. 5.66.

Figure 5.65 – Topology optimization results for the volute under different weights in the multi-objective
function for the hemolysis index.

(a) Energy dissipation (Φrel = Φabs) and head
loss (H ′). (b) PAS index (IPAS) and hemolysis index (IH ).

(c) Variation of total (∆pT ) and static (∆p) pres-
sures.

Source: Author.

Figure 5.66 – Contours of the optimized topologies for wH = 0.9 and wPAS = 0.5.

Source: Author.
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Furthermore, a combined case, considering both hemolysis and thrombosis in

the multi-objective function is considered (for wPAS = 0.3 and wH = 0.3). The optimized

topology is shown in Fig. 5.67, and is similar to the optimized topologies for wΦ = 1,

wH = 0.5 and wPAS = 0.9, with slight curvature changes.

Figure 5.67 – Optimized topology for the combined case (wPAS = 0.3 and wH = 0.3) for the volute.

Source: Author.

In order to be able to better visualize the slight differences between the optimized

topologies for wΦ = 1, “wH = 0.5 and wPAS = 0.9”, wH = 0.5, and wPAS = 0.9, Fig. 5.68

shows the contours of these optimized topologies. As can be noticed, the contours for

“wH = 0.5 and wPAS = 0.9”, wH = 0.5, and wPAS = 0.9 are rotated according to the

red-colored rectangle, in order to show their resemblance with the optimized topology

for wΦ = 1.

Figure 5.68 – Contours of the optimized topologies for wΦ = 1, “wH = 0.5 and wPAS = 0.9”, wH = 0.5
and wPAS = 0.9.

Source: Author.

The optimized topologies can be compared in Table 5.22, with respect to the

optimized topology for wΦ = 1. As can be seen from Table 5.22, none of the represented

optimized results are better in both hemolysis and thrombosis than the optimized

result for wΦ = 1 (reference for these comparisons), and they are also worse in terms

of performance (higher energy dissipation, higher head loss, and lower variations of
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pressure). In fact, it has also been observed that the optimized topology for wΦ = 1 is

a local minimum for hemolysis and thrombosis. This fact was verified by considering

the optimized topology for wΦ = 1 as the initial guess for the topology optimization

considering hemolysis and/or thrombosis. Therefore, the optimized topology for wΦ = 1

seems to be a good compromise for improving energy dissipation, thrombosis, hemolysis

and head loss.

Table 5.22 – Relative comparison of the optimized topologies for the volute with the optimized topology
for wΦ = 1.

Designs Φ IPAS,T IH,T H ′ ∆p ∆pT

wPAS = 0.5 +12.6% -8.8% +6.3% +14.5% -63.3% -54.3%
wPAS = 0.9 +4.2% -0.5% +2.2% +6.4% -0.2% -2.2%
wH = 0.5 +4.3% -0.8% +0.3% +7.4% -10.0% -5.5%
wH = 0.9 +9.9% +1.2% -6.0% +13.9% -1.2% -1.8%
wPAS = 0.3 and wH = 0.3 +5.7% -1.7% +1.9% +11.9% -7.9% -6.0%

The convergence curve for wΦ = 1 is shown in Fig. 5.69.

Figure 5.69 – Convergence curve of the topology optimization of the volute for wΦ = 1.

Source: Author.

5.1.6.3 Simulation of the optimized result for wΦ = 1

The simulation of the optimized result for wΦ = 1 is shown in Fig. 5.70. From it,

it can be noticed that the fluid exiting the rotor accelerates mostly closer to the upper

wall, while the pressure is not uniform around the rotor and ends up increasing towards

the outlet. The local PAS index seems to be more apparent near the upper wall close to

the outlet, where there is a small distance between the high velocity flow and the wall,

while the local hemolysis index seems to be highly concentrated in a similar way. The

non-Newtonian viscosity also shows its effect mainly in zones that are slightly far from
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the walls. It can be noticed that the optimized topology is similar to a single-volute with

a volute shape (Fig. 1.20)

Figure 5.70 – Optimized topology, pressure, velocity, PAS index, hemolysis index and dynamic viscosity
for the optimized volute for wΦ = 1.

Source: Author.

For the simulation in Fig. 5.70, the static pressure recovery coefficient (cp,R)

becomes 0.26, while the total pressure loss coefficient (cp,T,L) becomes 0.3, leading the

unified pressure performance coefficient (cp,U ) to 0.89. This means that about 26% of

the dynamic pressure from the rotor was able to be converted to static pressure, while

suffering 30% losses, leading to a performance of 89% for the volute to convert the

dynamic pressure coming from the rotor to static pressure.
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5.1.7 Bladed pump design considering blood damage

Among the possible Tesla pump designs, there is the possibility of incorporating

blades in the Tesla pump rotor, resulting in a hybrid design, as mentioned in Section

1.1.2.1 (for example, the Rotaflow pump design, and the Tesla-Pelton disks from Fig.

1.12c), which would aim to combine the effect of the Tesla principle with the variation

of linear momentum (blades). As such, a 2D model is used to consider the inclusion

of the blades (ROMERO; SILVA, 2014; ROMERO; SILVA, 2017; SÁ et al., 2017; SÁ et

al., 2018; SÁ et al., 2021). In a generic case, it would also be possible to consider a 3D

model (OKUBO et al., 2021), but the computational cost would increase, and the Tesla

principle effect is not guaranteed to be significant in the final optimized topology.

In this work, two types of design are considered for topology optimization, which

are shown in Fig. 5.71. The first design is the side-type design, in which the fluid flow

path between blades is designed. As can be noticed, this type of design focuses on the

flow between the blades rather than considering the incoming fluid colliding with the

blades. It can also be mentioned that the design of the fluid flow path resembles the

rotor design configuration of the commercial Medtronic/HeartWare HVAD® , and that

this design may be performed without the need of imposing cyclic boundary conditions.

The second design is the full-inlet-type design, in which the inlet is not bounded by

walls, enabling the possibility of designing blades inside the design domain. In this

case, it is strictly necessary to impose cyclic boundary conditions in order to consider

replicating small blades along the rotor. The entire rotor circumference is not considered

as the design domain, and, instead, smaller sections of it are considered, because

the optimized rotor needs to be balanced (in order to reduce vibration), which may be

achieved through cyclically replicating the smaller designs (OKUBO et al., 2021). It

can also be highlighted that the values computed in the optimized topologies from both

approaches (side-type design and full-inlet-type design) are not directly comparable,

due to the fact that one considers the incoming fluid colliding with the blades, and the

other does not.
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Figure 5.71 – Types of design that may be considered for bladed rotor topology optimization.

Source: Author.

In this section, the optimized topology of the Tesla pump rotor for wH = 0.9 for 1

L/min and 2000 rpm, which is the optimized design from Section 5.1.5, is considered.

Fig. 5.72 shows how the approximation of the blades is performed for obtaining the

hybrid Tesla pump rotor, for the side-type design for 4 blades. In the optimized topology

for the Tesla pump rotor (from the 2D swirl flow model), a part of the optimized topology

is chosen in order to accomodate the blades. The internal radius of the zone (r′int) is

selected such as not to be excessively affected by the change in the axial velocity. In this

work, from the Tesla pump rotor from Fig. 5.59b, this radius is selected as r′int = 7 mm,

which is consists of the zone that is slightly after the “bend” of the optimized topology.

Then, the thickness of the blades in the Tesla pump rotor is approximated by a constant

thickness, which is selected as eapprox = 1 mm. The approximation of the thickness is

only used for computing the inlet velocities of the bladed rotor.

Figure 5.72 – Example of the 2D design of blades for a hybrid Tesla pump rotor (side-type design for 4
blades).

Source: Author.

In this work, the design of 5 blades is considered (i.e., 5 inlets (nb,in = 5) in the

side-type design, and an angle of 72° (360°/5) in the cyclic section of the full-inlet-type
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design). Then, the flow rate (Q = 1 L/min) may be used for computing the corresponding

2D flow rate (Q2D) inside the design domain, which may be given in “(m3/s)/m” (or

“(L/min)/m”), for a single inlet (considering that there are 5 inlets – nb,in = 5):

Q2D =
1

nb,in

Q

eapprox
=

1

5

(
1 L/min
1 mm

)
= 0.2 (L/min)/mm = 200 (L/min)/m (5.3)

Then, from eq. (5.3), the velocity profile may be computed for a constant radial

velocity profile (ROMERO; SILVA, 2014). Specifically for the side-type design, a parabolic

radial velocity profile may also be considered (SÁ et al., 2018). In this work, the inlet

velocity profile is considered to be radially constant in all bladed pump designs that

are performed. Another assumption in this model is that the rotation of the inlet flow is

considered as the same as the rotation of the rotor (2000 rpm).

After the design, the blades are included in the Tesla pump rotor by projecting

the optimized topologies in the axial (z) direction, according to the radial (r) coordinates,

in the highlighted zones shown in the left side of Fig. 5.72. It can be pointed out that the

fluid flow path between both models (2D and 3D) is different, because the optimized

topology of the Tesla pump rotor (2D swirl flow model) features an inclined channel,

whereas the 2D model assumes that the channel is fully horizontal, going radially from

r′int to the external radius (rext). It should be possible to take the inclination effect into

a special 2D model that considers only the central line of the Tesla pump rotor while

neglecting any perpendicular velocity component. However, this should lead the model to

become more complex and possibly lead to convergence issues in FEniCS. Nonetheless,

an implementation in OpenFOAM® , which allows easier fluid flow convergence than

FEniCS, would possibly be quite complex, because OpenFOAM® does not have built-in

support for custom integration domains and custom differential operators.

5.1.7.1 Side-type design

The side-type design consists of optimizing the fluid flow path between blades,

and is considered for topology optimization in the following subsections.

5.1.7.1.1 Design domain and mesh

From Fig. 5.72, it may be noticed that the flow between each pair of blades

is independent from one another. Thus, this design approach consists of designing
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the format of the blades between a single pair of blades, and then replicate this same

format a predefined amount of times around the rotation axis (ROMERO; SILVA, 2014;

ROMERO; SILVA, 2017; SÁ et al., 2017; SÁ et al., 2018; SÁ et al., 2021), achieving a

format as shown in Fig. 5.72. The design domain selected in this work is shown in Fig.

5.73, for a 180° design domain. Particularly, in this work, the right-hand rule is chosen

for defining the rotation of the rotor (i.e., ω0 is set for the positive direction of the z axis).

Therefore, the optimized topologies may be related to previous works which rely on the

left-hand rule for the rotation (ROMERO; SILVA, 2014; ROMERO; SILVA, 2017; SÁ et

al., 2017; SÁ et al., 2018; SÁ et al., 2021) by mirroring them around the y axis.

Figure 5.73 – Domain for the design of the bladed pump (side-type design).

Source: Author.

The mesh is unstructured, with a resolution of 128 (in this context, “resolution”

is approximately equal to the diameter of the computational domain divided by the

cell size) composed of 17,642 nodes and 34,554 elements (see Fig. 5.74). The input

parameters, geometric dimensions and material model parameters being considered

in the design are shown in Table 5.23. The specified fluid volume fraction (f ) is set as

30%. The initial guess is a straight channel going directly from the inlet to the outlet

(see the first topology of Fig. 5.79).

Figure 5.74 – Mesh for the design of the bladed pump (side-type design).

Source: Author.
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Table 5.23 – Parameters used for the topology optimization of the bladed pump (side-type design).

Input parameters
Inlet flow rate (Q2D) 0.2 (L/min)/mm = 200 (L/min)/m
Wall rotation (n0) 2000 rpm
Inlet rotation (nin) 2000 rpm
Inlet velocity profile Constant (radially)

Dimensions
rext 15 mm
r′int 7 mm
θ1 110°
∆θ 45°

Material model parameters*
κmax
(×109µ∞ (kg/(m3 s)))

2.5

q 1.0

κPAS,max (s−1) 1 (for wPAS = 0.5)
0.05 (for wPAS = 0.85)
10 (for “wPAS = 0.3 and wH = 0.5”)

* The optimization considers a Helmholtz pseudo-density filter (Section 2.5.7.1) in order to better
stabilize the discrete optimized topologies. The filter length parameter (rH ) is chosen as the value
rH = 0.208 mm.

In order to ease the convergence of the performed simulations, which suffered

difficulties in FEniCS, the simulation is performed in OpenFOAM® , by considering

500 iterations of the SIMPLE algorithm for each topology optimization iteration, and

using the previous simulation as the initial guess for the next simulation. The fluid

flow regime is assumed as laminar, for consistency with the Tesla pump rotor design.

As in the Tesla pump rotor design, the fluid is considered as blood (non-Newtonian

fluid), with the non-Newtonian dynamic viscosity (µ = µ(γ̇m)) given by eq. (2.11), with

non-Newtonian penalization (eq. (2.135)), and with density (ρ) given as 1056 kg/m3

(HINGHOFER-SZALKAY; GREENLEAF, 1987) (Sections 1.1.1, 2.1.2.1 and 5.1.3). Also,

the Brinkman-Forchheimer model (Section 2.5.1.3) is considered. In the finite element

modeling, Taylor-Hood elements are considered, also for consistency with the Tesla

pump rotor design. The multi-objective function is considered through the logarithmic

approach (Section 2.5.4.2), with fscal = 103. The post-processing is performed by

smoothing by point cloud (Section 2.5.8.2.2) considering the use of the Savitzky-Golay

filter (window size of 9, and degree of 2, remeshing resolution set as 100). The TOBS

algorithm (Section 3.1.1.2) is used for the optimization in this section, by considering

εrelax = 0.05 and βflip limit = 0.05, except for wH = 0.75, in which εrelax = 0.01 and

βflip limit = 0.01.
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The Reynolds number (Reext,`) is considered from Table 2.1. In the otimized

results, the maximum Reynolds number computed, that has been achieved is Reext,` ≈

2.96× 104, which is much smaller than 106, which corresponds to the transition Reynolds

number in pumps (SABERSKY et al., 1971; WU, 2007). Therefore, the flow in the bladed

rotor should be laminar.

5.1.7.1.2 Topology optimization results

The topology optimization results for the PAS index are shown in Fig. 5.75. As can

be noticed, as the wPAS is increased, there is an increased tendency for the optimized

topology to move closer to the inlet, with a less pronounced curve. In fact, it can be

noticed that all functions computed in Fig. 5.75 improve when increasing the importance

of thrombosis in topology optimization, which may mean that the optimized topology for

wPAS = 0 (i.e., wΦ = 1.0) should be a local minimum. In the overall, the improvement

in thrombosis when including thrombosis in the multi-objective function significantly

increases in the optimized topology for wPAS = 0.85, in which there is the formation of a

splitter blade. The formation of splitter blades has been previously observed in other

fluids, dimensions and conditions, such as in Romero and Silva (2014), for a fictitious

fluid and large dimensions, when considering vorticity in the multi-objective function,

and in Romero and Silva (2017), for blood and large dimensions, when considering

only energy dissipation in the objective function. It seems that, by including a splitter

blade as shown in Fig. 5.75, the increase in shear stress on the walls from the inlet (until

reaching the splitter blade) is “broken”, leading to a shorter path of the shear stress to

the outlet and a reduction of hemolysis and thrombosis.
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Figure 5.75 – Topology optimization results for the bladed pump (side-type design) under different weights
in the multi-objective function for the PAS index.

(a) Relative energy dissipation (Φrel) and head
loss (H ′). (b) PAS index (IPAS) and hemolysis index (IH ).

(c) Variation of total (∆pT ) and static pressures
(∆p).

Source: Author.

The topology optimization results for the hemolysis index are shown in Fig. 5.76.

As in the topology optimization results for the PAS index (Fig. 5.75), it can be noticed that,

when including hemolysis in the multi-objective function, almost all functions computed

in Fig. 5.76 are improved, with the exception of the PAS index for wH = 0.75. In particular,

the optimized topology for wH = 0.5 (Fig. 5.76) is pretty close to the optimized topology

for wPAS = 0.5 (Fig. 5.75), the difference being that wPAS = 0.5 resulted in an optimized

topology slightly tilted to the right, which is shown in Fig. 5.78.
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Figure 5.76 – Topology optimization results for the bladed pump (side-type design) under different weights
in the multi-objective function for the hemolysis index.

(a) Relative energy dissipation (Φrel) and head
loss (H ′). (b) PAS index (IPAS) and hemolysis index (IH ).

(c) Variation of total (∆pT ) and static (∆p) pres-
sures.

Source: Author.

Furthermore, a combined case, considering both hemolysis and thrombosis in

the multi-objective function is considered (for wPAS = 0.3 and wH = 0.5). The optimized

topology is shown in Fig. 5.77 and is similar to the optimized topologies for wH = 0.75

(Fig. 5.76). The contours plotted in Fig. 5.78 show the differences between the optimized

topologies. From the amplified zones, it can be noticed that the optimized topology for

wH = 0.75 is located more to the right, and the optimized topology for “wPAS = 0.3 and

wH = 0.5” more to the left.
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Figure 5.77 – Optimized topology for the combined case (wPAS = 0.3 and wH = 0.5) for the bladed pump
(side-type design).

Source: Author.

Figure 5.78 – Contours of the optimized topologies for wH = 0.5, wPAS = 0.5, wH = 0.75 and “wPAS = 0.3
and wH = 0.5”.

Source: Author.

The optimized topologies can be compared in Table 5.24, with respect to the

optimized topology for wΦ = 1. From Table 5.24, the best result for thrombosis was

achieved for wPAS = 0.85, while the best result for hemolysis was achieved for wH = 0.75.

Furthermore, the optimized topology for wPAS = 0.85 turned out to be better than all

other optimized topologies, except for the fact that the hemolysis resulted somewhat

higher than for the optimized topology for wH = 0.75 (Table 5.24). By comparing the

values in all optimized topologies, in the overall, it seems that the optimized topology

for wPAS = 0.85 is a good compromise for improving energy dissipation, thrombosis,

hemolysis and pressure head.
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Table 5.24 – Relative comparison of the optimized topologies for the bladed pump (side-type design) with
the optimized topology for wΦ = 1.

Designs Φrel IPAS,T IH,T H ∆p ∆pT

wPAS = 0.5 -0.41% -16.3% -5.4% +2.5% +2.4% +2.0%
wPAS = 0.85 -1.23% -60.5% -25.8% +15.2% +10.5% +15.7%
wH = 0.5 -0.60% -29.3% -8.5% +4.0% +3.7% +2.1%
wH = 0.75 -1.13% +3.3% -32.0% +9.1% +8.2% +5.7%
wPAS = 0.3 and wH = 0.5 -1.07% -6.8% -10.6% +8.3% +7.0% +4.1%

The convergence curve for wPAS = 0.85 is shown in Fig. 5.79. It can be noticed

that there is a rise in the objective function value, which may be possibly attributed to:

the reduced number of SIMPLE iterations that have already run in the beginning of

the optimization, effect of the volume constraint, effect of the material model term of

the energy dissipation (or the PAS index), and the induction of a local minimum. The

reduced number of SIMPLE iterations may have an impact in the computed objetive

functions, worsening them while the optimized topology has still not been reached.

Furthermore, in the case of the effect of the material model term, this effect is combined

with the use of a Helmholtz filter, which may lead to an increase in the objective function

values that are computed with the filtered design variable, and, therefore, increase the

influence of the sensitivities so as to try to induce a local minimum that improves the

original objective functions.

Figure 5.79 – Convergence curve of the topology optimization of the bladed pump (side-type design) for
wPAS = 0.85.

Source: Author.

5.1.7.1.3 Simulation of the optimized result for wPAS = 0.85

The simulation of the optimized result for wPAS = 0.85 is shown in Fig. 5.80. From

this figure, it may be noticed that the pressure increases in an almost linear fashion,
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while the velocity faces a higher increase in magnitude after the “bend” it undergoes

from the inlet. It can also be noticed that the fluid flow that crosses the additional path

created by the splitter blade has a smaller relative flow. In the plot of the local PAS

index, it can be noticed that there are two potential higher thrombosis zones near the

inlet. However, the fluid flow velocities are relatively smaller in these zones, as can be

seen from the plot of the velocities, which means that their overall effect in the PAS

index is small. This distance between the inlet and the walls has also been observed in

Romero and Silva (2017). In the plot of the local hemolysis index, it may be noticed that

hemolysis is mainly located near the outlet and the right-most blade wall, where the wall

velocities are higher sue to the higher radius (ω0rext), while the hemolysis increase is

more distributed on the fluid flow path near the additional path created by the splitter

blade. The plot of the non-Newtonian viscosity shows that it is higher farther from walls.

Figure 5.80 – Optimized topology, pressure, velocity, PAS index, hemolysis index and dynamic viscosity
for the optimized bladed pump (side-type design) for wPAS = 0.85. The type of plot of the
PAS index was changed to logarithmic in order to allow a better visualization of the results.

Source: Author.
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The interpretation of the optimized result is shown in Fig. 5.81, by considering 5

(main) blades.

Figure 5.81 – Interpretation of the optimized blades (side-type design).

Source: Author.

5.1.7.2 Full-inlet-type design

The full-inlet-type design consists of the case in which the inlet is not bounded

by walls, which enables the possibility of designing blades inside the design domain.

5.1.7.2.1 Design domain and mesh

The design domain selected in this work is shown in Fig. 5.82, for a 72° design

domain bounded by cyclic boundary conditions. The rotation is given from the right-hand

rule (i.e., ω0 is set for the positive direction of the z axis).

Figure 5.82 – Domain for the design of the bladed pump (full-inlet-type design).

Source: Author.
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The mesh is structured, in order to facilitate the imposition of the cyclic boundary

conditions, being generated with the same approach as an example presented in Logg

et al. (2012), from an initially rectangular mesh, by deforming it and then applying a

densification function. The mesh is composed of 80 radially distributed rectangular

partitions of triangular elements, and 160 tangentially distributed rectangular partitions

of triangular elements, totalling 25,841 nodes and 51,200 elements (see Fig. 5.83).

The input parameters, geometric dimensions and material model parameters being

considered in the design are shown in Table 5.25. The specified fluid volume fraction (f )

is set as 85%. The initial guess is a rectangular blade (Fig. 5.84), where the β angle is

its inclination.

Figure 5.83 – Mesh for the design of the bladed pump (full-inlet-type design).

Source: Author.

Figure 5.84 – Initial guess for the design of the bladed pump (full-inlet-type design). The geometric center
of the initial guess is positioned at 36°.

Source: Author.
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Table 5.25 – Parameters used for the topology optimization of the bladed pump (full-inlet-type design).

Input parameters
Inlet flow rate (Q2D) 0.2 (L/min)/mm = 200 (L/min)/m
Wall rotation (n0) 2000 rpm
Inlet rotation (nin) 2000 rpm
Inlet velocity profile Constant (radially)

Dimensions
rext 15 mm
r′int 7 mm
∆θ 72°

Material model parameters
κmax
(×1013µ∞ (kg/(m3 s)))

2.5

q 1.0

κPAS,max (s−1) 103

The same setup from the side-type design is considered (Section 5.1.7.1.1),

but with some differences: the remeshing resolution is set as 64, in order for the mshr

module from FEniCS to be able to generate a smooth mesh while keeping the same

boundary nodes, which is required for applying the cyclic boundary condition in FEniCS,

and the window size is set as 5. The TOBS algorithm (Section 3.1.1.2) is used for the

optimization in this section, by considering εrelax = 0.01 and βflip limit = 0.05.

The Reynolds number (Reext,`) is considered from Table 2.1. In the otimized

results, the maximum Reynolds number computed, that has been achieved is Reext,` ≈

2.9× 104, which is much smaller than 106, which corresponds to the transition Reynolds

number in pumps (SABERSKY et al., 1971; WU, 2007). Therefore, the flow in the bladed

rotor should be laminar.

5.1.7.2.2 Topology optimization results

The topology optimization results are considered for two different angles (β) in

the initial guess (Fig. 5.84): 20° and 30°. As an observation, inverted blades with respect

to Fig. 5.84 are not considered as initial guesses, because they may suffer topology

optimization convergence issues, and also trigger vortices and reflux (fluid flow going

from the outlet towards the outlet). From the optimized results for 20° and 30°, it has

been observed that, by including blood damage (hemolysis and/or thrombosis) in the

multi-objective function, the optimized topologies, although different than the optimized

topologies for wΦ = 1.0, were kept the same, independently of the weights of the blood
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damage indices in the multi-objective function. This means that, for the current topology

optimization and simulation setups, there are only two optimized topologies for each

angle (β): for minimizing the relative energy dissipation, and for also minimizing blood

damage. These optimized topologies are shown in Fig. 5.86. The contours plotted in

Fig. 5.85 show the differences between the optimized topologies. Table 5.26 shows the

computed values in these topologies, and Table 5.27 shows these same values, but in a

relative way.

Figure 5.85 – Contours of the optimized topologies for the bladed rotor (full-inlet-type design).

Source: Author.

As can be noticed in Fig. 5.86, considering only relative energy dissipation in

the multi-objective function, additional blades were generated, which seem to slightly

improve the pressure head (see Table 5.26), but that led to a local minimum for the

relative energy dissipation. With the inclusion of blood damage in the multi-objective

function, these additional blades are not formed anymore, but the main (larger) blade

increases its size (Fig. 5.85). As can be noticed, increasing β from 20° to 30° leads to

optimized topologies that are relatively similar in terms of computed values (in the same

order of magnitude), with the exception of thrombosis, which suffered from a rise of

almost 3 times the values for β = 20°. This is most probably due to the flow separation

tendency that may arise depending on the incidence angle on the blades. By comparing

the values in all optimized topologies, in the overall, it seems that the optimized topology

for β = 20° considering blood damage (“β = 20°, also min. blood damage”, in Table

5.27) seems to be a good compromise for improving energy dissipation, thrombosis,

hemolysis and pressure head.
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Figure 5.86 – Optimized topologies for the bladed pump (full-inlet-type design).

Source: Author.

Table 5.26 – Comparison of the optimized topologies for the bladed pump (full-inlet-type design).

Designs Φrel

(W/m)
IPAS,T
(×10−2)

IH,T
(×10−6)

H
(×10−1m)

∆p
(kPa)

∆pT
(kPa)

β = 20°, min. rel. energy diss. -12.81 0.13 6.4 4.3 3.23 4.40
β = 20°, also min. blood damage -12.97 0.12 4.4 4.2 3.27 4.37
β = 30°, min. rel. energy diss. -12.80 4.07 4.8 4.3 3.20 4.47
β = 30°, also min. blood damage -12.98 3.42 3.2 4.1 3.24 4.31

Table 5.27 – Relative comparison of the optimized topologies for the bladed pump (full-inlet-type design)
with the optimized topology for β = 20° and wΦ = 1 (“min. rel. energy diss.”).

Designs Φrel IPAS,T IH,T H ∆p ∆pT

β = 20°, also min. blood damage -1.2% -9.6% -32.1% -2.4% +1.3% -0.7%
β = 30°, min. rel. energy diss. +0.14% +2977.6% -25.1% -0.1% -1.0% +1.5%
β = 30°, also min. blood damage -1.3% +2490.5% -50.1% -4.6% +0.2% -2.0%

The convergence curve for β = 20° considering blood damage (exemplified for

wPAS = 0.9) is shown in Fig. 5.87. It can be noticed that there is a rise in the objective

function value, which may be attributed to the same factors mentioned for the side-type

design.
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Figure 5.87 – Convergence curve of the topology optimization of the bladed pump (full-inlet-type design)
for β = 20° considering blood damage (exemplified for wPAS = 0.9).

Source: Author.

5.1.7.2.3 Simulation of the optimized result for β = 20° considering blood damage

The simulation of the optimized result for β = 20° considering blood damage

is shown in Fig. 5.88. It may be noticed that the edges of the post-processed mesh

seem “rounder” than the distribution of the design variable, which is an aftereffect of

performing the mesh smoothing procedure. From this figure, it may be noticed that the

pressure radially increases in an almost linear fashion, while the velocity increases in

magnitude after colliding with the front and back edges of the blade. The local PAS index

plot shows that thrombosis is mostly concentrated after the back edge of the blade.

In this sense, for comparison, it may be highlighted that, for the optimized topologies

for β = 30°, the local PAS index is concentrated mainly over the blade, which may be

related to flow separation, and is most probably one of the main responsible effects for

the higher thrombosis for β = 30°. For the local hemolysis index, it may be noticed that

it “flows” from below the blade towards the outlet, where the highest velocity gradients

are located. The plot of the non-Newtonian viscosity shows that it is higher where the

fluid flow velocities are smaller (mostly far from the blade).
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Figure 5.88 – Optimized topology, pressure, velocity, PAS index, hemolysis index and dynamic viscosity
for the optimized bladed pump (full-inlet-type design) for wPAS = 0.9.

Source: Author.

The interpretation of the optimized result is shown in Fig. 5.89, by considering

the full rotor (360°).
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Figure 5.89 – Interpretation of the optimized blades (full-inlet-type design).

Source: Author.

It may be mentioned that the sides of the blades of the optimized rotor for the

full-inlet-type design bear some resemblance with the optimized topologies from Section

5.1.7.1. In order to make it easier to visualize, the similar topology is highlighted from the

full rotor (from Fig. 5.89) in Fig. 5.90. Therefore, although it seems that the full-inlet-type

design is more sensitive to the choice of the initial guess than the side-type design from

Section 5.1.7.1, it may be able to reach similar optimized topologies.

Figure 5.90 – Interpretation of the optimized blades (full-inlet-type design), highlighting the flow between
a pair of blades, which resembles the optimized topologies from Section 5.1.7.1.

Source: Author.
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5.1.8 Turbulent 2D swirl flow design (WA2018 model)

In this section, the topology optimization method is considered for turbulent

flows through the Wray-Agarwal model (WA2018), which poses advantages in terms of

simulation and also in a topology optimization point-of-view, as shown in Section 2.1.3.2.

The TOBS approach is also considered (ALONSO et al., 2022).

In the numerical results of this section, the fluid is considered as water, with a

dynamic viscosity (µ) of 0.001 Pa s, and a density (ρ) of 1000.0 kg/m3. The MINI element

is considered for the finite element method (see Section 2.2.2), for less computational

cost than Taylor-Hood elements. The implementation considers the use of FEniCS

TopOpt Foam (ALONSO et al., 2021). The specified fluid volume fraction (f ) is chosen

as 30%. The porous medium is assumed to be stationary, as well as the reference frame

(vmat = v, ω0 = 0). The parameter λRT
is chosen as 1.0.

The inlet values for the turbulent variable (RT,in) are given from Section 2.1.4.2,

by considering local inlet velocity values. When considering laminar flow, the inlet

velocity profile is set as laminar, whereas, when considering turbulent flow, the inlet

velocity profile is set as turbulent. The computation of these profiles is described in

Appendix C. The objective function is considered as the relative energy dissipation (eq.

(2.51)) with the adjustment mentioned in Section 2.3.1 for turbulent flow. The material

model for topology optimization is given by the Brinkman model (Section 2.5.1.1).

The TOBS algorithm (Section 3.1.1.2) is used for the optimization in this section. The

specified tolerance for the TOBS algorithm is for when the change in the pseudo-density

distribution (∆α) is sufficiently small. In this section, the optimization is progressed until

∆α = 0. Also, the Riesz map adjustment from eq. (3.2) is considered.

In order to accelerate the execution of the optimization, the OpenFOAM® simulation

for each optimization step reuses the simulation result from the immediately previous

optimization step. A maximum number of SIMPLE iterations per optimization step is

also considered, which is set, in this work, as 2000. The Reynolds number (Reext,`)

is considered from the external diameter (2rext) in Table 2.1. The post-processing is

performed by smoothing by point cloud (Section 2.5.8.2.2), considering the use of the

Savitzky-Golay filter (window size of 9, and degree of 2, remeshing resolution set as

128).

Besides the 2D swirl flow numerical examples presented in this section, Alonso
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et al. (2022) also presents two 2D topology optimization cases (a 2D double pipe design

and a 2D U-bend channel design), in order to show the Wray-Agarwal model (WA2018)

being applied for topology optimization in 2D cases, and also in order to show another

type of initial guess being considered for the topology optimization (some distributed

circles).

5.1.8.1 Rotating nozzle

The first example is the design of a rotating nozzle. A nozzle is used to control

the characteristics of the fluid flow entering or leaving another fluid device. This type of

design has been previously evaluated for laminar 2D swirl flow by Alonso et al. (2018).

Fig. 5.91 shows the design domain that is considered in this case. Since the nozzle is

rotating, the solid material distribution is optimized for these rotating walls under the

same rotation of the reference frame (ω0).

Figure 5.91 – Design domain for the rotating nozzle.

Source: Author (ALONSO et al., 2022).

The mesh consists of 19,401 nodes and 38,400 elements (i.e., 80 radial and 120

axial rectangular partitions of crossed triangular elements, see Fig. 5.92). The input pa-

rameters, geometric dimensions and material model parameters that are considered for

the design are shown in Table 5.28. In this example, turbulent flow optimized topologies

are compared against optimized topologies obtained from laminar flow: The inlet flow
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rate for laminar flow corresponds to a maximum inlet Reynolds number of 130, while the

inlet flow rate for turbulent flow corresponds to a maximum inlet Reynolds number of

1.3× 104. Since the TOBS approach considers binary variables, the initial guess has

to be chosen to be discrete: In this work, in order to facilitate convergence, a conical

initial guess is considered (i.e., directly connecting the inlet (R) of the design domain

(H) to the outlet (Rout) with a straight line – See the leftmost topologies in Fig. 5.95).

It can be highlighted that, in any fluid topology optimization problem with TOBS, other

discrete initial guesses are also possible, such as a fully-fluid initial guess, but with care

taken in case there is some undesired vortex generation in the fluid for this initial guess,

which may possibly hinder the topology optimization process. The specified fluid volume

fraction (f ) is set as 30%.

Figure 5.92 – Mesh used in the design of the rotating nozzle.

Source: Author (ALONSO et al., 2022).
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Table 5.28 – Parameters used for the topology optimization of the rotating nozzle.

Input parameters (laminar flow)
Inlet flow rate (Q) 0.06 L/min
Wall rotation (n0) 0, 25 and 50 rpm
Inlet velocity profile Parabolic

Input parameters (turbulent flow)
Inlet flow rate (Q) 10 L/min
Wall rotation (n0) 0, 2500 and 5000 rpm
Inlet velocity profile Turbulent
IT 5.0%
`T 0.77 mm

Dimensions
H 15 mm
R 10 mm

Material model parameters (laminar flow)*
κmax
(×108µ (kg/(m3 s)))

103 (for 0 rpm) **
2.5 (for 25 rpm)
5.0 (for 50 rpm)

q 1.0

Material model parameters (turbulent flow)*
κmax
(×1010µ (kg/(m3 s)))

2.5 (for 0 rpm)
5.0 (for 2500 rpm)
8.0 (for 5000 rpm)

q 1.0
λRT

1.0

* The optimization considers a Helmholtz pseudo-density filter (Section 2.5.7.1) in order to better
stabilize the discrete optimized topologies. The filter length parameter (rH ) is chosen as the value
rH = 0.0625 mm for the laminar flow cases, and as the value rH = 0.25 mm for the turbulent flow
cases.
** The value of κmax for laminar flow for 0 rpm was chosen to be higher in order to enforce that the
inlet is not partially blocked by solid material during topology optimization, which is due to the smaller
influence of lower velocity zones during topology optimization, and is a problem that can also be
observed in Borrvall and Petersson (2003)’s 2D laminar Stokes nozzle design.

A series of topology optimizations is performed for different rotations, whose

results are shown in Fig. 5.93. The maximum local Reynolds numbers are computed

as: 479, 526 and 1060 (for the laminar optimized topologies); and 5.9 × 104, 6.5 × 104,

and 1.0 × 105 (for the turbulent optimized topologies). In Fig. 5.93a, it can be noticed

that the presence of higher fluid flow velocities under laminar flow tends to increase an

“inlet zone”. This inlet zone seems to help the fluid to make a smoother change in flow

direction towards the middle of the nozzle. Fig. 5.93b shows the optimized topologies

for turbulent flow. As can be seen, a similar effect to that of laminar flow (Fig. 5.93a) is

observed. However, the 0 rpm optimized topology of turbulent flow features a concave

transition near the inlet whilst the 0 rpm optimized topology of laminar flow features

a more linear transition. This can be seen as a consequence of the different velocity
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profiles in both cases (turbulent and laminar velocity profiles), since a turbulent velocity

profile features somewhat higher velocities when farther from the symmetry axis, with

respect to a laminar velocity profile. It can also be noticed that the “outlet zone” of the

turbulent nozzle is straighter than the laminar nozzle when under rotation, in which

a “divergent shape” can be noticed. This “divergent shape” creates a small effect of

reducing the fluid pressure and increasing the fluid velocity, which may help reducing

the dissipated energy due to the fluid acceleration from the rotation effect. However, in

the turbulent flow case, the effect of the rotating wall on the velocity seems to be more

prominent, leading to a straighter outlet channel shape.

Figure 5.93 – Topology optimization results for the rotating nozzle under different wall rotations, for laminar
and turbulent flows.

(a) Laminar flow results (0.06 L/min). (b) Turbulent flow results (10 L/min).

Source: Author (ALONSO et al., 2022).

In order to show the effect of considering the optimized topologies for laminar flow

operating under turbulent flow and vice-versa, additional simulations are performed and

shown in Fig. 5.94. In Fig. 5.94, the relative differences are shown, which correspond to

rx = xother flow−xflow

xflow
, where xflow is the function being computed in the flow that generated

the optimized topology, while xother flow is the function being computed in the topology

that was optimized for the other type of flow. Thus, a positive relative difference means

that the optimized topology operates better at the flow it was optimized for. It can be

noticed that almost all optimized function values are better at the flow that generated

the optimized topology, with the exception of the head loss for 5000 rpm (Fig. 5.94b).

This may possibly mean the induction of a local minimum, but, since the relative energy
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dissipation (objective function) is smaller in the flow that generated the optimized

topology, this does not pose an issue for optimization, but may mean that the viscous

effects become more apparent in the relative energy dissipation than in the head loss

when under higher rotations in turbulent flow (turbulent viscosity).

Figure 5.94 – Laminar and turbulent flow optimized topologies operating under the flow configurations of
each other.

(a) Turbulent flow optimized topologies operat-
ing under laminar flow (0.06 L/min).

(b) Laminar flow optimized topologies operating
under turbulent flow (10 L/min).

Source: Author (ALONSO et al., 2022).

The convergence curves for the laminar and turbulent rotating nozzles are shown

in Fig. 5.95. From this figure, it can be promptly noticed that including an island to

split the inflow dissipates more energy, such that it disappeared during the optimization

iterations. It can also be noticed that the relative energy dissipation values for the

turbulent case are lower in the first iterations. This is due to the fact that a limited number

of simulation (SIMPLE) iterations is run at each optimization step in order to reduce the

computational cost, and the volume constraint is not satisfied at the initial guess.
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Figure 5.95 – Convergence curve of the topology optimization of the rotating nozzle for laminar (50 rpm
wall rotation) and turbulent flows (5000 rpm wall rotation).

Source: Author (ALONSO et al., 2022).

The simulation results for the post-processed meshes for the optimized topologies

for their respective flow regimes are shown in Fig. 5.96. As can be noticed in Fig.

5.96b, the turbulent effect (i.e., the turbulent viscosity) causes a higher radial-axial flow

acceleration near the rotating wall, which is the opposite from the laminar flow case

(Fig. 5.96a), where the radial-axial flow is mainly concentrated in the middle of the

nozzle. This may explain the fact that the “outlet zone” is straighter in the turbulent flow

optimized topology than in the laminar flow optimized topology.
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Figure 5.96 – Optimized topologies and variables for optimized rotating nozzles.

(a) Simulation for laminar flow (0.06 L/min, 50
rpm wall rotation).

(b) Simulation for turbulent flow (10 L/min, 5000
rpm wall rotation).

Source: Author (ALONSO et al., 2022).

5.1.8.2 Hydrocyclone-type device

The second example is of a hydrocyclone-type device. With respect to a “real”

hydrocyclone device, it differs from the fact that it considers a single-phase flow (instead

of a two-phase flow), which enters the fluid flow device from a single inlet under rotation

(ωin), and exits it through a single outlet. This type of design has been previously

evaluated for laminar 2D swirl flow by Alonso et al. (2018). Fig. 5.97 shows the design

domain that is considered in this case. Since the hydrocyclone-type device is static, the

solid material distribution is optimized for these static walls (ω0 = 0 rad/s).
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Figure 5.97 – Design domain for the hydrocyclone-type device.

Source: Author (ALONSO et al., 2022).

The mesh is considered as the same from Fig. 5.92. The input parameters,

geometric dimensions and material model parameters that are considered for the design

are shown in Table 5.29. The inlet flow rates correspond to maximum inlet Reynolds

numbers 4.0× 104, 4.5× 104 and 5.8× 104. Since the TOBS approach considers binary

variables, the initial guess has to be chosen to be discrete: In this work, in order to

facilitate convergence, an initial guess featuring a straight connection between inlet and

outlet is considered. The specified fluid volume fraction (f ) is set as 30%. In this case,

since the reference frame is stationary, it can be pointed out that the inertial effect terms

from the relative energy dissipation (eq. (2.51)) are zero.
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Table 5.29 – Parameters used for the topology optimization of the hydrocyclone-type device.

Input parameters
Inlet flow rate (Q) 20 L/min
Wall rotation (n0) 0 rpm
Inlet rotation (nin) 0, 1000 and 2000 rpm
Inlet velocity profile Turbulent
IT 5.0%
`T 0.12 mm

Dimensions
H 15 mm
R 10 mm
h1 11 mm
h2 3 mm

Material model parameters*
κmax
(×1012µ (kg/(m3 s)))

5.0 (for 0 rpm)
5.0 (for 1000 rpm)
50.0 (for 2000 rpm)

q 1.0
λRT

1.0

* The optimization considers a Helmholtz pseudo-density filter (Section 2.5.7.1) in order to better
stabilize the discrete optimized topologies. The filter length parameter (rH ) is chosen as the value
rH = 0.25 mm.

A series of topology optimizations is performed for different inlet rotations, whose

results are shown in Fig. 5.98. The maximum local Reynolds numbers are computed

as: 4.18× 105, 4.42× 105 and 5.24× 105. In Fig. 5.98, it can be noticed that the channel

slightly raises in position when under higher inlet rotations. This effect can be mostly

attributed to the increased flow inertia when under higher inlet rotations, which tends to

hinder the change in flow direction to the outlet. It can also be noticed that, as in the

turbulent nozzles of Section 5.1.8.1, the downmost part of the channel is straight for

less relative energy dissipation.
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Figure 5.98 – Topology optimization results for the hydrocyclone-type device under different inlet rotations.

Source: Author (ALONSO et al., 2022).

The convergence curve for the hydrocyclone-type device (1000 rpm inlet rotation)

is shown in Fig. 5.99. From there, it can be noticed that the optimized channel slowly

“rises” to its optimized positioning during topology optimization.

Figure 5.99 – Convergence curve of the topology optimization of the hydrocyclone-type device (1000 rpm
inlet rotation).

Source: Author (ALONSO et al., 2022).

The simulation results for the post-processed mesh for the optimized topology for

the hydrocyclone-type device (1000 rpm inlet rotation) are shown in Fig. 5.100. As can

be noticed in Fig. 5.100, there is a flow acceleration from the inlet towards the outlet,

which mostly happens when the fluid reaches the “straight” part of the channel, which

is closer to the outlet. This is probably due to the sudden decrease in cross-sectional

area near the middle of the channel, which changes it from a cylinder-like cross-section

(“2πr∆z”) to a disk-like cross-section (“πr2”).
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Figure 5.100 – Optimized topologies and variables for the optimized hydrocyclone-type device (1000 rpm
inlet rotation).

Source: Author (ALONSO et al., 2022).

5.1.8.3 Tesla-type pump device

The design domain for the Tesla-type pump device is shown in Fig. 5.101.

Figure 5.101 – Design domain for the Tesla pump.

Source: Author (ALONSO et al., 2022).

The mesh consists of 10,277 nodes and 20,240 elements (i.e., 110 radial and 46

axial rectangular partitions of crossed triangular elements, see Fig. 5.102). The input

parameters, geometric dimensions and material model parameters that are considered
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for the design are shown in Table 5.30. In this example, the maximum inlet Reynolds

number is given as 4.92× 104. In this work, in order to facilitate convergence, a straight

disks initial guess is considered (see Fig. 5.103). The specified fluid volume fraction (f )

is set as 30%.

Figure 5.102 – Mesh used in the design of the Tesla pump.

Source: Author (ALONSO et al., 2022).

Figure 5.103 – Straight disks reference design for the Tesla pump.

Source: Author (ALONSO et al., 2022).

Table 5.30 – Parameters used for the topology optimization of the Tesla pump.

Input parameters
Inlet flow rate (Q) 5.0 L/min
Wall rotation (n0) 50,000 rpm
Inlet rotation (nin) 0 rpm
Inlet velocity profile Turbulent
IT 5.0%
`T 0.092 mm

Dimensions
rshaft 2.6 mm
rint 5 mm
eout 5 mm
rext 15 mm

Material model parameters*
κmax
(×1015µ (kg/(m3 s)))

2.5

q 1.0
λRT

1.0

* The optimization considers a Helmholtz pseudo-density filter (Section 2.5.7.1) in order to better
stabilize the discrete optimized topologies. The filter length parameter (rH ) is chosen as the value
rH = 0.22 mm.

The optimized topology is shown in Fig. 5.104, where the maximum local

Reynolds number is given as 1.96 × 106. As can be noticed, when under a high flow
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rate and rotation, the optimized channel tends to attach itself to the upper surface of

the design domain, which, in fact, corresponds to the least distance from the inlet to

the outlet. Table 5.31 shows the computed values for the reference (Fig. 5.103) and

optimized (Fig. 5.104) designs. As can be noticed, the computed values show that

the optimized design is an improvement in relation to the reference design, with the

relative energy dissipation (Φrel) being slightly smaller (-0.53%), the pressure head

(H) being slightly higher (+1.21%) and the isentropic efficiency (ηs) also being slightly

higher (+1.57%). It can be noticed that the relative differences are not high, because,

when considering a fluid flow problem that includes a high rotational effect, the rotation

itself poses a high influence in all computed functions. This leads to the effect that,

if the reference topology is not chosen as a poor-performing topology, the computed

functions should be mainly guided by the rotation, meaning that the relative performance

improvement from topology optimization may not be so high.

Figure 5.104 – Optimized topology for the Tesla pump.

Source: Author (ALONSO et al., 2022).

Table 5.31 – Computed values for the reference and optimized topologies for the Tesla pump device.

Designs Φrel (×104 W) H (m) ηs (%)
Reference 1.88 57.7 25.4
Optimized 1.87 58.4 25.8

The convergence curve is shown in Fig. 5.105.

Figure 5.105 – Convergence curve of the topology optimization of the Tesla pump.

Source: Author (ALONSO et al., 2022).
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The simulation of the optimized design is shown in Fig. 5.106. From it, it can

be noticed that the pressure increases more at higher radii, due to the fluid pumping.

From the high rotation, the Tesla principle “dampens” a possible collision-like behavior

of the inlet flow towards the horizontal disk-surface, leading the fluid to accelerate

towards the outlet near the walls. This behavior seems to justify the optimized design in

relation to the reference (Fig. 5.103), due to the fact that the main difference between

the two designs would be that the reference design allows an additional axial rotational

acceleration which increases the relative energy dissipation. It can also be noticed that

higher velocities are achieved near the walls, due to the higher rotational effect (Tesla

principle). The turbulent viscosity increases when the fluid reaches the “outlet channel”,

where the fluid is more intensely rotationally accelerated.

Figure 5.106 – Optimized topology and variables for the optimized Tesla pump.

Source: Author (ALONSO et al., 2022).
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5.1.9 Tesla VAD design considering rotor and volute

The design of the complete Tesla VAD pump consists of combining the optimized

topologies for the rotor and the volute. It may be highlighted that the complete design

requires various design choices, from which some are described in Chapter 4. The

optimized topologies that are considered are those obtained for a rotation of 2000 rpm

and a flow rate of 1 L/min, which are indicated in Table 5.32.

Table 5.32 – Topology optimization results for the volute under different weights in the multi-objective
function for the hemolysis index.

Optimized topology Configuration Figure
Tesla rotor 2000 rpm, 1 L/min, optimized considering

wH = 0.9
Fig. 5.59b (from Section 5.1.5)

Volute Optimized for the middle of the outlet of
the Tesla rotor described above, consider-
ing wΦ = 1

Fig. 5.70 (from Section 5.1.6)

Bladed rotor 2000 rpm, optimized for an approxima-
tion of the flow inside the Tesla rotor de-
scribed above, and considering 5 blades and
wPAS = 0.85

Fig. 5.81 (from Section 5.1.7)

In order to simplify the design of the prototype when considering the components

that are available in the market, more specifically the coupling of the shaft with the rotor,

it has been decided to change the internal diameter of the rotor shaft from the Tesla rotor

optimized topology from 5.2 mm (rshaft = 2.6 mm) to 5 mm (rshaft = 2.5 mm) in order to

allow using a Ø5 mm shaft instead of a Ø3 mm shaft. Thus, the topology optimization

was repeated with the same conditions that were considered for the previous results.

The resulting optimized topology for a shaft diameter of 5 mm (rshaft = 2.5 mm) is shown

in Fig. 5.107. It can be noticed that, as expected from the shaft radius difference of

0.1 mm, the differences in the optimized topologies are almost unnoticeable: visually

checking it with Fig. 5.59b (wH = 0.9), the difference would be essentially only a tiny

stretch near the shaft until reaching the new rshaft value.

Figure 5.107 – Optimized Tesla pump rotor with rshaft = 2.5 mm (2000 rpm, 1 L/min, optimized consider-
ing wH = 0.9).

Source: Author.
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From the definition of the local Reynolds number in relation to the external radius

(Table 2.1), by assuming the Newtonian viscosity of blood (i.e., ν = µ∞
ρ

), |vabs| ≈ ω0r,

and the definition based on the external diameter (2rext) (i.e., eq. (5.2)),

Reext ≈
ρ(ω0rext)(2rext)

µ∞
(5.4)

In eq. (5.4), by considering Reext ≈ 106, which corresponds to the transition

Reynolds number in pumps (SABERSKY et al., 1971; WU, 2007), and also rext = 15 mm

(30 mm diameter), ω0 ≈ 7, 300 rad/s, which means n0 ≈ 70, 000 rpm. This means that,

in order for the fluid flow to be turbulent in a Tesla pump rotor of radius rext = 15 mm,

the rotation would need to be at least 70,000 rpm. Since the considered rotations are

much smaller than 70,000 rpm, laminar flow is assumed in the simulations. It can also

be mentioned that commercial bladed VADs operate at a range of rotations such as

3,000∼9,000 rpm (HeartMate III® ) (THORATEC, 2017), which is much smaller than

70,000 rpm. Even in the case when rext = 30 mm (60 mm diameter), the rotation would

also need to be quite high for reaching turbulence (35,000 rpm).

5.1.9.1 Prototype designs

Three prototypes are designed for comparing the rotor designs, by considering

the optimized volute: Straight (with the reference straight disks rotor, reproduced in Fig.

5.57), Optimized (with the optimized Tesla pump rotor), and Optimized (with blades)

(with the optimized Tesla pump rotor and the optimized blades). These designs are

summarized in Table 5.33.

Table 5.33 – Prototype designs.

Name of the design Rotor Volute
Straight Straight Optimized
Optimized Optimized Optimized
Optimized (with blades) Optimized with blades Optimized

In order to consider the design of the volute in the prototype, it is necessary

to interpret (extrapolate) it from 2D to 3D. This interpretation requires considering a

cross-section (Section 1.1.4) and possibly some other changes, resulting in the shape

shown in the next section. Particularly, a rectangular-shaped cross-section with rounded

corners is considered (which is also similar to the one considered in the Rotaflow pump),

together with a variation of thickness in the first 90°, from 2 mm to 4 mm. The height of

the inlet part of the volute is chosen so as to allow it to function with all rotor designs.
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5.1.9.2 Simulations of the designed prototypes

For the simulations of the designed prototypes, the CAD models from Section 4.2

are simplified. The simplification consists of removing the seal (i.e., neglecting leakage).

The considered rotor and volute shapes are shown in Section 4.2. The blades from

Section 4.2 are shown inverted with respect to the optimized designs (when considering

an upper view of the components), but their orientation is consistent with the optimized

topologies when viewed from below.

The boundary conditions that are considered for the fluid flow simulation are

shown in Fig. 5.108. In order to perform the simulations under steady state conditions,

the mixing plane approach is considered (see Section 3.5). The rotor domain is consid-

ered between z = 0 mm and z = 11 mm, and for r 6 15 mm. The inlet velocity profiles

are considered to be parabolic.

Figure 5.108 – Boundary conditions for the simulations of the designed prototypes.

Source: Author.

The meshes are composed of around 3 million elements (Fig. 5.109), with a

higher resolution inside the rotor and on the walls.

Figure 5.109 – Mesh for the simulations of the designed prototypes (exemplified for the optimized rotor).

Source: Author.
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The implementation of the hemolysis and thrombosis models faced some nu-

merical convergence difficulties in the 3D computations. In order to give an idea of

how blood damage occurs in the prototypes, the differential equation of the hemolysis

model is considered from the simplification presented in Section 2.4.1.1.2, enabling

the hemolysis index to be algebraically computed through an integral. Although the

performed simplifications may not be entirely correct, the computed value might be able

to give a rough idea of how the hemolysis index value should be. As an example, for the

optimized Tesla pump rotor in the 2D swirl flow model (2000 rpm, 1 L/min, optimized

considering wH = 0.9, from Fig. 5.59b), the hemolysis index is computed as 1.79×10−4,

whilst the simplification gives the value 7.01×10−4. Note that, in this specific case, there

was an overestimation of about 4 times, which may mean that the approximation is not

very precise.

The simulations are performed for 1.0 L/min and 2000 rpm. An additional simula-

tion is also performed when considering the optimized rotor without the disk spacers,

and without any arm-like structure that would otherwise be needed for keeping the upper

part of the rotor in place. This is done with the aim of checking the influence of the disk

spacers in the simulation. The functions computed for the simulations are shown in Fig.

5.110. It can be noticed that the optimized rotor portrays less blood damage than the

straight rotor. However, the pressure head is also smaller, which can be attributed to the

intermediary flow rates (detailed in the next paragraph), because the intermediary flow

rates entering and exiting the straight rotor are slightly higher than their counterparts in

the optimized rotor. When considering the hypothetical condition (optimized rotor without

the disk spacers), the blood damage was kept the same with respect to the optimized

rotor with the disk spacers, whilst the pressure head worsened. This may be attributed to

the presence of the spacers, which may act as blades, inducing a higher pressure head.

However, the blood damage did not worsen, which may be caused by two combined

factors: the first one would be the design of the spacers (airfoil-like-shaped), which is, in

fact, a “worse” local minimum (with respect to the results from Section 5.1.7.2) that can

be achieved in the case of the design of blades (Section 5.1.7.2) by increasing the use

of topology optimization filters; the second factor would be the washout leakage (flow

through the washout hole, detailed in the next paragraph), which is slightly higher in the

optimized rotor without the disk spacers. This shows that it is possible for well-designed

disk spacers to portray a positive impact in the performance, while keeping the blood
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damage low. The optimized rotor with blades shows increased pressure head and blood

damage, with the relative increase of the pressure head being about 3.5 times higher

than the relative increase of the blood damage. This shows that the presence of blades

is capable of significantly increasing the pump performance, also showing, however, a

significant negative impact in blood damage. The values for the variation of pressure

(Fig. 5.110b) show approximately the same behavior as the pressure head from Fig.

5.110a, with the sole exception of the variation of static pressure in the optimized rotor

with the disk spacers.

Figure 5.110 – Functions computed in the simulations for 1.0 L/min and 2000 rpm (the percentages
correspond to the relative difference fractions with respect to the values for the straight
rotor).

(a) Pressure head and hemolysis index
(from eq. (2.98)).

(b) Variations of total and static pres-
sures.

Source: Author.

In the operation of the designed prototype, there is the presence of intermediary

flow rates, which may impact differently the overall blood pump operation. These inter-

mediary flow rates are detailed in Fig. 5.111. As shown in Fig. 5.111b, there are mainly

four types of intermediary flows: rotor inlet (the flow effectively entering the rotor), rotor

outlet (the flow effectively exiting the rotor), washout leakage (flow through the washout

hole), and side flow (flow that passes over the rotor). The remaining flows (inflow and

outflow) are both equal to the total flow rate (i.e., 1 L/min). The arrows that are shown in

Fig. 5.111b correspond to the positive directions for the flow rates that are computed in

Fig. 5.111a. The first aspect that can be noticed is that the flow rates that effectively

enter the rotor in each case (rotor inlet) are different, meaning that flow is passing over



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 341

the rotor (side flow). This effect (side flow) seems to be affected by the capacity of the

rotor to pump fluid, where a higher capacity is even able to revert the direction of the

side flow, as shown in the cases of the straight rotor and the optimized rotor with blades.

The second noticeable aspect are the flow rates that effectively exit the rotor, which are

all higher than the inflow, meaning that fluid is entering the rotor through the washout

hole. This makes sense, since the rotation of the rotor tends to create high pressure

zones farther from the rotating axis, and low pressure zones near the rotating axis (this

effect is analogous to the centrifugal effect approximation for the pressure drop, which

is shown in the description of eq. (4.1)). This pressure drop happens below the rotor,

towards the rotating axis, leading the fluid flow to be pumped back (backflow), as has

been illustrated in Fig. 4.1.7. From there, the fluid is pumped back to the inside of the

rotor. The washout leakage can be better visualized from Fig. 5.111c, which, although

most of the velocity vectors are pointing outside this sheet of paper, shows the directions

of the intermediary flows for the optimized rotor. As can be noticed, the washout hole

“suctions” the fluid from below the rotor, avoiding the appearance of a stagnated fluid

zone, which is a highly important condition for blood flow devices. From Fig. 5.111a, it

can also be noticed that the presence of disk spacers slightly reduced the side flow and

the washout leakage, which is consistent with the positive impact of the disk spacers

shown in Fig. 5.110a.
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Figure 5.111 – Intermediary flow rates around the rotor.

(a) Intermediary flow rate distribution.
(b) Positions of the intermediary flow

rates around the rotor.

(c) Velocity vectors in a cross-section that
passes through the washout hole for
the optimized rotor.

Source: Author.

The simulations are plotted in Figs. 5.112, 5.113, 5.114 and 5.115. Since the local

blood damage indices were not computed, in order to give an idea of the blood damage

(hemolysis and thrombosis), the scalar shear stress (τm,total), which is an important term

of the computation of blood damage models, and the vorticity (|ξabs|), which is indicated

in Fig. 1.4, are also plotted. The plots are presented by cutting out a section of the rotor

and the volute: This is done in order to show the distribution of the variables inside the

rotor, as well as their distribution in the washout hole and before reaching the rotor.

There is not any significant change in the variables’ distribution inside the section that

has been cut. Another cut is also made in the middle height of the volute, in order to

show the flow inside the volute. In order to still be able to give an idea of how the flow

behaves inside the cross-section of the volute around the rotor, the plots of two of these
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cross-sections are shown in the plots.

By comparing the scalar shear stress in Figs. 5.112, 5.113, 5.114 and 5.115, it

can be noticed that it is much higher in the optimized rotor with blades, which is, in fact,

consistent with the higher blood damage shown in Fig. 5.110. In terms of the variation

of (static) pressure, it can be noticed that it rises mainly inside the rotor, and drops when

the volute cross-section begins to shrink until the outlet.The non-Newtonian viscosity

seems to be higher inside the inlet channel, where the fluid flow is slower, and inside

the volute, showing that the non-Newtonian effect does not seem to be negligible in

the simulations. A high vorticity value can be seen near the external radius of the rotor;

however, since the absolute vorticity is being computed, it also includes the rotor rotation

itself, and not only the recirculation. Nonetheless, the vorticity seems to be high inside

the washout hole, near the outlet, and near the inlet.

Figure 5.112 – Simulation results for the straight rotor (1 L/min, 2000 rpm).

Source: Author.
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Figure 5.113 – Simulation results for the optimized rotor (1 L/min, 2000 rpm).

Source: Author.

Figure 5.114 – Simulation results for the optimized rotor (no disk spacers) (1 L/min, 2000 rpm).

Source: Author.
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Figure 5.115 – Simulation results for the optimized rotor (with blades) (1 L/min, 2000 rpm).

Source: Author.

For reference, the hemolysis indices can be converted to standardized values

(NIH, mgNIH, MIH) (ASTM F1841-97, 1997), from Table 2.2 and by considering a

healthy person, in which Hb = 1500 g/dL and Ht = 45% (ARORA et al., 2006b; NAM

et al., 2011; BEHBAHANI et al., 2009; CHO; KENSEY, 1991). For example, for the

optimized rotor, IH,T ≈ 2.19× 10−3, meaning that NIH = 1.8 g/dL, mgNIH = 1800 mg/dL

and MIH = 0.0012. The Reynolds number, considering the characteristic length as being

the diameter of the rotor, had its value below 4.3× 104 in all the simulations, which is

smaller than 106 (transition Reynolds number in pumps (SABERSKY et al., 1971; WU,

2007)), meaning that the fluid flow in the simulated designs, under the given operating

conditions, should not require solving the turbulence phenomenon.
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5.2 EXPERIMENTAL RESULTS

The experimental part consists of the experiments performed for the designed

prototypes, by considering the use of a blood analogue (Section 4.4). The experimental

results for the prototypes described in Chapter 4 are shown in Fig. 5.116. The system

curves were obtained from the fluid flow circuit operating with a fully open valve, and

continuously decreasing the rotation from 3200 rpm to 0 rpm, with an angular deceler-

ation of 10 rpm/s. Note that, from the experimental results, the flow sensor is unable

to measure flow rates below around 0.03 L/min. The uncertainties (error bars) are not

indicated in these plots in order to avoid visual clutter, but they can be estimated from

the sensors’ specifications as ±0.225 kPa and ±3%Q.

Figure 5.116 – Experimental pump curves (expressed as ∆p×Q).

(a) Straight rotor.

Source: Author.
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Figure 5.116 – [Continued] Experimental pump curves (expressed as ∆p×Q).

(b) Optimized rotor.

(c) Optimized rotor (with blades).

Source: Author.

By comparing the three types of rotor, it can be noticed that, in terms of the

variation of static pressure, the optimized rotor performs better than the straight rotor.

However, the inclusion of blades causes the variation of static pressure to double. This

is consistent with the fact that bladed rotors are able to achieve higher variations of static

pressure due to the power transmission provided by the variation of linear momentum

through the blades.
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In the simulations, the Reynolds number, considering the characteristic length as

being the diameter of the rotor, had its value below 5× 104, which is smaller than 106

(transition Reynolds number in pumps (SABERSKY et al., 1971; WU, 2007)), meaning

that the fluid flow in the simulated designs should be laminar. This is also shown when

comparing the simulated results to the experiments, which are consistent.

5.2.1 Comparison of the experiments with simulations for blood and a blood

analogue

Fig. 5.117 shows a comparison of the experimental results (considering a blood

analogue) with simulations considering blood and a blood analogue, for 2500 rpm. It

can be noticed that both simulation results are close to the experiments, and within the

error bar.

Figure 5.117 – Comparison of experimental results with simulations for the optimized rotor at 2500 rpm.

Source: Author.

5.2.2 Comparison of the experiments with simulations for the different types of

rotor

The designed prototypes are compared considering experiments and simulations,

in Fig. 5.118, for 2500 rpm. The simulated results are consistent with the experiments,

which can be seen from their proximity in the plot, and also with respect to the order

from lower to higher pressure rises: straight rotor Õ optimized rotor Õ optimized rotor
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(with blades). The higher difference in some values may be attributed to the neglected

aspects of the modeling, such as leakage (through the seal), weight (i.e., gravity), and

possibly differences in the inlet velocity profiles.

Figure 5.118 – Comparison of experimental results with simulations for the rotors at 2500 rpm, given by
the pump curve expressed as ∆p×Q.

Source: Author.

For completeness, Fig. 5.119 shows some computed functions in the simulations.

Although the flow rate and rotation are different from the design (mostly due to the

experimental apparatus/setup), the obtained results show that the optimized rotor is

better in terms of performance and blood damage than the straight rotor. As also shown

in Section 5.1.9, the optimized rotor with blades shows increased performance, but

worse blood damage.
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Figure 5.119 – Functions computed in the simulations for 0.1 L/min and 2500 rpm (the percentages
correspond to the relative difference fractions with respect to the values for the straight
rotor).

(a) Pressure head and hemolysis in-
dex (from eq. (2.98)).

(b) Variations of total and static pres-
sures.

Source: Author.
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6 CONCLUSIONS AND FUTURE WORK

The topology optimization method has been applied to the design of Ventricular

Assist Devices (VADs) based on the 2D swirl concept. In order to perform the topology

optimization for this type of device, various aspects have been progressively considered

and evaluated along the research, along five research fronts: Newtonian 2D swirl flow,

Non-Newtonian 2D swirl flow, Turbulent 2D swirl flow, Blood damage and VAD design.

The first research front (Newtonian 2D swirl flow) marks the beginning of the

investigation of the 2D swirl flow model in topology optimization, for a Newtonian

fluid. The presented formulation allows the design of 2D swirl flow devices, such as

hydrocyclones and some pumps and turbines. The greatest advantage of the 2D swirl

flow model is the reduced computational cost in relation to 3D models. From the initial

numerical results, it can be noticed that a sufficiently high flow rotation has the effect of

slowing the effect of the radial and axial velocity components in the optimized topologies.

Following, the design of Tesla-type pump devices is investigated, while taking more into

account: the extended material model, which takes into account the different nature

of the swirl component of the flow in the 2D swirl flow model, and is shown to lead

to better optimized topologies; and an extra term is included in the vorticity objective

function, helping to obtain clear discrete topologies. From the numerical results, the

isentropic efficiency is shown to increase with smaller flow rates and longer disks; and

the energy dissipation is shown to decrease with higher flow rates (starting from a

certain rotation), and longer disks. This shows that the performance of a 2D swirl pump

should increase with a higher quantity of “channels” (i.e., a higher quantity of disks).

Some other aspects (Brinkman-Forchheimer model, power objective function including

the effect of the material model, and MINI elements) are further investigated in Alonso

and Silva (2022b), for Tesla-type turbine devices.

The second research front (Non-Newtonian 2D swirl flow ) starts with considering

a non-Newtonian fluid (blood) in the design of 2D swirl flow devices, by also taking

into account the non-Newtonian penalization, which imposes that the non-Newtonian

viscosity is constant inside the solid material, while it also achieves its highest value.

This behavior of the non-Newtonian viscosity is shown to be coherent with the expect-

ed/desired behavior of the fluid inside a modeled solid material. From the numerical

example, the effect of using a non-Newtonian fluid model seems to be more significant
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for designs including “bends” and “axial-radial” flows.

The third research front (Blood damage) involves the inclusion of blood damage

(hemolysis and thrombosis) in the topology optimization formulation, where it is shown

that considering them in the objective function leads to different optimized topologies

than when considering only the relative energy dissipation. In particular, it shows

that they create a tendency for inclined disk-like topologies, while the relative energy

dissipation function creates a tendency for straighter disk -like topologies. The inclined

disk -like topologies slightly resemble some commercial Tesla pump devices that feature

conical-shaped disks. The same developed approach is then applied to the design of

blades, and the volute. It may be pointed out that the blood damage is not considered

as a requirement during optimization, but the aim to minimize it is considered during the

design process.

The fourth research front (Turbulent 2D swirl flow) involves considering turbu-

lence in topology optimization. The implementation is based on the FEniCS TopOpt

Foam library (ALONSO et al., 2021), which enables combining the main advantages

of two open source platforms: OpenFOAM® for an efficient fluid flow simulation, and

FEniCS/dolfin-adjoint for an automatically generated adjoint model. Although an even

higher computational efficiency would be possible to be achieved through manually

deriving the continuous adjoint model and adjusting its implementation (such as through

reordering the terms/operations, block matrices, local preconditionings etc.), this pro-

cedure may become a hard and cumbersome task, especially for complex models.

Therefore, this work presents a more convenient and comprehensive approach of ob-

taining the automatically derived adjoint model in an efficient manner when considering

OpenFOAM® . The initial implementation (ALONSO et al., 2021) is extended to the

Wray-Agarwal turbulence model (WA2018), which poses advantages in terms of simula-

tion and also in a topology optimization point-of-view, and also extended to consider a

binary variables approach for topology optimization (TOBS). Therefore, one of the main

aspects is the Wray-Agarwal turbulence model (WA2018), which reduces the number

of coefficients that need to be adjusted in topology optimization and does not require

the computation of the wall distance, making it easier to perform/calibrate topology

optimization. Also, the smaller number of additional equations when using this model

(i.e., only one instead of two, with respect to other turbulence models) makes it simpler

to implement topology optimization. Another relevant aspect is the TOBS approach,



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 353

which allows the use of binary variables, eliminating the problem of a gray medium

possibly being present in the optimized results or during topology optimization itself.

Following, the fifth research front (VAD design) consists of the design of the

prototype, from which various design choices have been described and made. Some

differences from the simplified models to the 3D model are the different inlet rotation

in the design of the blades, the fact that the volute has a thickness, and also the

neglected leakage. The simulations of the prototype under 1 L/min and 2500 rpm show

that blood damage is reduced in the optimized rotor with respect to the straight rotor,

while the pressure head does not face such improvement, most probably due to the

negative impact of the disk spacers, which led to a higher side flow. This possibly

means that it would be interesting to restrain the side flow, by designing, for example,

a tortuous path rather than a straight inclined path (i.e., an inclined labyrinth seal)

over the rotor, or improving the design of the disk spacers (i.e., further analyzing it for

lower blockage ratios (Section 4.1.5)). The hybrid design (optimized rotor with blades)

shows an increase in the pressure head, as well as a worsening in the blood damage

aspect due to the presence of blades. The experimental results are consistent with the

simulations, and the optimized rotor is shown to be better (in terms of performance

and blood damage) than the straight rotor design. It can be highlighted that hemolysis

and thrombosis were not experimentally evaluated, since experimental measurements

would require specialized equipment, may suffer from imprecisions and may also face

safety/ethical issues. Due to convergence difficulties for the blood damage models, an

estimation to the hemolysis index is presented, alongside plots of scalar shear stress

and vorticity. Due to limitations of the experimental setup, the operating conditions of

the prototype resulted smaller than the one from the design. In such case, some ways

to increase the measured values would be to perform the design for: stacking the rotor

profiles for more disks (see Fig. 4.4), pattern repetition for more disks (Section 2.5.6),

considering larger radii in the design, or further increasing the rotation.

6.1 FUTURE WORK

As future work, there are various various possibilities that may arise, which

include:
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• Extending the 2D swirl flow model to thermofluid problems, fluid separators,

labyrinth seals, other turbulent flows, Fluid-Structure Interaction (FSI), compress-

ible flow and even transient design (pulsatile);

• Considering other non-Newtonian fluids – For example, other fluids that feature

a shear-thinning behavior – such as activated sludge (GARAKANI et al., 2011),

ketchup (BAYOD et al., 2008) etc. –, fluids that feature a shear-thickening behavior

– such as a mixture of corn starch and water –, fluids that feature a Bingham

plastic/pseudoplastic behavior – such as in concrete (FERRARIS; DE LARRARD,

1998) – or even fluids that exhibit viscoelasticity – such as polymers;

• Considering other blood damage models, such as the mechanical dose infinites-

imal damage index model for hemolysis (GRIGIONI et al., 2005), which comes

from a derivation that is more generic than the asymptotically consistent damage

index model;

• Extending the topology optimization approach for axial blood pumps, which are

also quite important in terms of medical applications;

• Considering even higher rotations in topology optimization – Higher rotations

mean a higher swirling effect, which poses challenges for simulation and topology

optimization;

• Considering other more complex turbulence models in topology optimization, such

as the SST k-ω model and the realizable k-ε model, which may be more suitable

depending on the application;

• Considering another turbulence modeling approach in topology optimization, which

is not based on RANS turbulence models – RANS turbulence models rely on

empirical parameters and/or assumptions calibrated for certain conditions in order

to give an “artificial dissipation” for turbulence, which means that an approach with

less empiricity, e.g. a steady-state LES (GANESAN; AWANG, 2015), may be more

interesting, although with a higher computational cost;

• Considering 3D models for VAD topology optimization – Although being more com-

putationally expensive, they may be able to capture effects that are not modelable

in 2D, which may possibly play a significant effect in the optimized topology;
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• Developing morphing (intelligent) blades/disks – That is, blade/disk shapes that

can be changed (such as from an actuator) according to the rotation and flow rate,

in order to match the corresponding optimized topologies for each rotation and

flow rate;

• Considering a larger internal diameter for the tubes of the fluid circuit in the

experiments, which would enable having a lower head loss in the circuit, and

possibly a higher flow rate in the experiments;

• Considering experiments for some variations of the design of the whole pump in

order to improve it, by considering either a trial-and-error approach, a Design of

Experiments (DoE) approach (i.e., defining a reduced set of parameters in the

optimized topologies, varying them through experiments and evaluating the results

statistically), or even machine learning.
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analysis of Tesla micro-turbine operating on a low-boiling medium. Polish
Maritime Research, v. 16, n. Special, p. 28–33, 2009. Cited in page 68.

LAND, A. H.; DOIG, A. G. An automatic method of solving discrete programming
problems. Econometrica, v. 28, p. 497–520, 1960. Cited in page 185.

LANGTANGEN, H. P.; LOGG, A. Solving PDEs in Minutes - The FEniCS tutorial
Volume I . [s.n.], 2016. Available at: https://fenicsproject.org/book/. Cited 2 times in
pages 114 and 115.

LANGTANGEN, H. P.; MARDAL, K.-A.; WINTHER, R. Numerical methods for
incompressible viscous flow. Advances in water Resources, Elsevier, v. 25, n. 8-12,
p. 1125–1146, 2002. Cited in page 115.

LANGTRY, R. B.; MENTER, F. R.; LIKKI, S. R.; SUZEN, Y. B.; HUANG, P. G.; VO¨LKER,
S. A correlation-based transition model using local variables: Part I: Test Cases
and Industrial Applications. J. Turbomach, v. 128, n. 3, p. 423–434, 2006. Cited in
page 64.

LASSEUX, D.; VALDÉS-PARADA, F. J. On the developments of Darcy’s law to
include inertial and slip effects. Comptes Rendus Mécanique, v. 345, n. 9, p.
660–669, 2017. ISSN 1631-0721. A century of fluid mechanics: 1870-1970. Available
at: http://www.sciencedirect.com/science/article/pii/S1631072117300979. Cited in
page 149.

LAZAROV, B. S.; SIGMUND, O. Filters in topology optimization based on
Helmholtz-type differential equations. International Journal for Numerical Methods
in Engineering, Wiley Online Library, v. 86, n. 6, p. 765–781, 2010. Cited 10 times in
pages 161, 162, 199, 254, 257, 259, 261, 284, 414, and 423.

LEAMAN, A. B. The design, construction and investigation of a Tesla turbine.
Thesis (PhD) — University of Maryland, 1950. Cited in page 216.

LEE, S. P.; BARRANS, S. M.; JUPP, M. L.; NICKSON, A. K. The impact of
volute aspect ratio on the performance of a mixed flow turbine. Aerospace,
Multidisciplinary Digital Publishing Institute, v. 4, n. 4, p. 56–77, 2017. Cited in page 79.

LEE, S. S.; AHN, K. H.; LEE, S. J.; SUN, K.; GOEDHART, P. T.; HARDEMAN, M. R.
Shear induced damage of red blood cells monitored by the decrease of their
deformability. Korea-Australia Rheology Journal, Korean Society of Rheology, v. 16,
n. 3, p. 141–146, 2004. Cited in page 61.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 379

LEMMA, E.; DEAM, R.; TONCICH, D.; COLLINS, R. Characterisation of a small
viscous flow turbine. Experimental Thermal and Fluid Science, v. 33, n. 1, p. 96–105,
2008. ISSN 0894-1777. Available at: http://www.sciencedirect.com/science/article/pii/
S0894177708001015. Cited in page 66.

LENNEMANN, E. Aerodynamic aspects of disk files. IBM J. Res. Dev., IBM Corp.,
Riverton, NJ, USA, v. 18, n. 6, p. 480–488, Nov. 1974. ISSN 0018-8646. Available at:
http://dx.doi.org/10.1147/rd.186.0480. Cited in page 67.

LEONDES, C. Biomechanical systems: Techniques and applications, Volume II:
Cardiovascular techniques. 1. ed. [S.l.]: CRC Press, 2000. (Biomechanical Systems:
Techniques and Applications). ISBN 9781420049534. Cited in page 98.

LETOURNEAU, G. L. Rotor assembly for disc turbine. 1981. US 6,692,232 B1.
Cited in page 76.

LEVINE, B. D.; CORNWELL, W. K.; DRAZNER, M. H. Factors influencing the rate
of flow through continuous-flow left ventricular assist devices at rest and with
exercise. JACC: Heart Failure, JACC: Heart Failure, v. 2, n. 4, p. 331–334, 2014. ISSN
2213-1779. Available at: http://heartfailure.onlinejacc.org/content/2/4/331. Cited in
page 59.

LI, B. Q. Discontinuous finite elements in fluid dynamics and heat transfer . [S.l.]:
Springer Science & Business Media, 2006. Cited in page 115.

LI, R.; WANG, H.; YAO, E.; LI, M.; NAN, W. Experimental study on bladeless turbine
using incompressible working medium. Advances in Mechanical Engineering,
SAGE Publications Sage UK: London, England, v. 9, n. 1, p. 1687814016686935, 2017.
Cited in page 76.

LIMA, J. S.; PAULINO, R. H.; SAENZ, J. S. R. Bomba centrífuga de multiplos
discos giratórios - tecnologia a ser utilizada na área biomédica. ENCICLOPÉDIA
BIOSFERA, Centro Científico Conhecer - Goiânia, v. 9, n. 17, p. 3069–3088, 2013.
Cited in page 54.

LIN, S.; ZHAO, L.; GUEST, J. K.; WEIHS, T. P.; LIU, Z. Topology optimization of
fixed-geometry fluid diodes. Journal of Mechanical Design, American Society of
Mechanical Engineers, v. 137, n. 8, p. 081402:1–081402:8, 2015. Cited in page 118.

LINKE, A.; REBHOLZ, L. G.; WILSON, N. E. On the convergence rate of grad-div
stabilized Taylor-Hood to Scott-Vogelius solutions for incompressible flow
problems. Journal of Mathematical Analysis and Applications, v. 381, n. 2, p. 612–626,
2011. ISSN 0022-247X. Available at: http://www.sciencedirect.com/science/article/pii/
S0022247X1100240X. Cited in page 190.

LIU, R.; LIU, J.; YU, Y. Effects of axial inclined guide vanes on a turbo air classifier.
Powder Technology, Elsevier, v. 280, p. 1–9, 2015. Cited in page 79.

LIU, Z.; GAO, Q.; ZHANG, P.; XUAN, M.; WU, Y. Topology optimization of fluid
channels with flow rate equality constraints. Structural and Multidisciplinary
Optimization, Springer, v. 44, n. 1, p. 31–37, 2011. Cited in page 118.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 380

LOBANOFF, V. S.; ROSS, R. R. Centrifugal pumps: design and application. 2. ed.
Massachusetts: Elsevier Butterworth-Heinemann, 1910. Cited 4 times in pages 77, 78,
79, and 213.

LOGAN Jr, E. Handbook of turbomachinery . [S.l.]: CRC Press, 2003. Cited 3 times
in pages 66, 73, and 81.

LOGG, A.; MARDAL, K.-A.; WELLS, G. Automated solution of differential equations
by the finite element method: The FEniCS book . Berlin: Springer, 2012. v. 84.
Available at: https://fenicsproject.org/book/. Cited 6 times in pages 114, 115, 176, 181,
194, and 314.

LU, P.; LAI, H.; LIU, J. A reevaluation and discussion on the threshold limit for
hemolysis in a turbulent shear flow. Journal of biomechanics, Elsevier, v. 34, n. 10,
p. 1361–1364, 2001. Cited in page 131.

MA, Z.-D.; WANG, H.; KIKUCHI, N.; PIERRE, C.; RAJU, B. Experimental validation
and prototyping of optimum designs obtained from topology optimization.
Structural and Multidisciplinary Optimization, Springer, v. 31, n. 5, p. 333–343, 2006.
Cited in page 169.

MACKAY, R. The practical pumping handbook . [S.l.]: Elsevier, 2004. Cited in page
213.

MAGNETIC INNOVATIONS. Radial flux permanent magnet motor . 2021. Available
at: https://www.magneticinnovations.com/faq/radial-flux-permanent-magnet-motor/.
Accessed on: 2021-08-27. Cited in page 207.

MAJIDI, K.; SIEKMANN, H. E. Numerical calculation of secondary flow in pump
volute and circular casings using 3D viscous flow techniques. International
Journal of Rotating Machinery, Hindawi, v. 6, n. 4, p. 245–252, 2000. Cited in page 78.

MALONEY, J. V.; BUCKBERG, G. D. Mass and thermal transfer means for use in
heart lung machines, dialyzers, and otherapplications. 1999. US 5,900,142. Cited
2 times in pages 66 and 67.

MANN, D.; TARBELL, J. Flow of non-Newtonian blood analog fluids in rigid
curved and straight artery models. Biorheology, v. 27, p. 711–33, 02 1990. Cited in
page 227.

MANNING, K. B.; MILLER, G. E. Shaft/shaft-seal interface characteristics of a
multiple disk centrifugal blood pump. Artificial Organs, v. 23, n. 6, p. 552–558, 1999.
Available at: https://onlinelibrary.wiley.com/doi/abs/10.1046/j.1525-1594.1999.06402.x.
Cited in page 74.

MAQUET. RotaFlow centrifugal pump. 2018. Available at: https://www.maquet.com/
int/products/rotaflow-centrifugal-pump/. Accessed on: 2018-01-02. Cited in page 75.

MARTONIK, H. Caring for patients with a left ventricular assist device. American
Nurse Today, v. 12, n. 5, p. 22–23, 2017. Cited 4 times in pages 54, 55, 58, and 59.



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 381

MARUYAMA, O.; NISHIDA, M.; TSUTSUI, T.; JIKUYA, T.; YAMANE, T. The hemolytic
characteristics of monopivot magnetic suspension blood pumps with washout
holes. Artificial organs, Wiley Online Library, v. 29, n. 4, p. 345–348, 2005. Cited in
page 219.

MATSUI, J.; NAGAHAMA, K.; KAGAWA, S.; KUROKAWA, J.; CHOI, Y.-D. Application
of circular casing to the centrifugal pump of low specific speed and the internal
flow. Turbomachinery, v. 34, n. 8, p. 463–470, 2006. Cited in page 78.

MAYER, E. Mechanical seals. [S.l.]: Butterworth-Heinemann, 2013. Cited in page
213.

MC NALLY INSTITUTE. Circular casing. 2019. Available at: http://www.mcnallyinstitute.
com/c-html/c039.htm. Accessed on: 2019-02-03. Cited in page 79.

MCARDLE, C. R.; PRITCHARD, D.; WILSON, S. K. The Stokes boundary
layer for a thixotropic or antithixotropic fluid. Journal of Non-Newtonian
Fluid Mechanics, v. 185-186, p. 18–38, 2012. ISSN 0377-0257. Available at:
http://www.sciencedirect.com/science/article/pii/S0377025712001358. Cited in page
95.

MCMILLAN, D. E.; UTTERBACK, N. G.; NASRINASRABADI, M.; LEE, M. M. An
instrument to evaluate the time dependent flow properties of blood at moderate
shear rates. Biorheology, IOS Press, v. 23, n. 1, p. 63–74, 1986. Cited in page 97.

MECHMATE FORUM. Why Mariss uses 32 X SQRT(Inductance) to calculate
voltage of power supply . 2009. Available at: http://www.mechmate.com/forums/
showthread.php?t=1618. Accessed on: 2021-12-01. Cited in page 225.

MEDVITZ, R. B.; BOGER, D. A.; IZRAELEV, V.; ROSENBERG, G.; PATERSON, E. G. A
passively-suspended Tesla pump left ventricular assist device. Artificial Organs,
v. 35, n. 5, p. 522–533, 2011. Cited 2 times in pages 68 and 71.

MENTER, F. R.; LANGTRY, R. B.; LIKKI, S. R.; SUZEN, Y. B.; HUANG, P. G.; VO¨LKER,
S. A correlation-based transition model using local variables: Part I: Model
formulation. J. Turbomach, v. 128, n. 3, p. 413–422, 2006. Cited in page 64.

MEURER, A.; SMITH, C. P.; PAPROCKI, M.; ČERTÍK, O.; KIRPICHEV, S. B.;
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APPENDIX A – VERIFICATION OF THE SIMULATION IMPLEMENTED IN FEniCS

A simulation has been performed in order to check the finite element implemen-

tation for laminar flow in FEniCS with another software (OpenFOAM® ). Particularly, the

following verification makes use of the FEniCS TopOpt Foam library (ALONSO et al.,

2021) in order to easily set up the OpenFOAM® simulation from the setup performed in

FEniCS.

The simulations are performed in the computational domain shown in Fig. A.1,

where rshaft = 2.6 mm, rint = 5 mm, eout = 1.196 mm, h = 3.152 mm, and rext = 15 mm.

The finite element mesh is the same considered in Fig. 5.45.

Figure A.1 – Computational domain for a vertical inlet Tesla pump with two disks.

Source: Author.

In this verification, the fluid is considered as blood, for 500 rpm and 0.5 L/min.

The FEniCS implementation is considered for Taylor-Hood elements. The boundary

conditions shown in Fig. A.1 are considered in OpenFOAM® according to Fig. 3.8,

and the mesh is considered in OpenFOAM® according to Fig. 3.6, being generated

from transforming the 2D mesh into a wedge format. The fluid flow problem is solved

in OpenFOAM® from the SIMPLE algorithm (PATANKAR, 1980; OPENFOAM WIKI,

2014) for a rotating reference frame (Single Rotating Frame, SRF) (“SRFSimpleFoam”

solver). The fluid flow model for blood (Carreau-Yasuda) is referred in OpenFOAM® as

“BirdCarreau”, requiring setting the values of model coefficients. Particularly, the

OpenFOAM® simulation is set to use a vector-coupled solver (i.e., a matrix solver) for
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the velocity field, instead of the default segregated solver, because the vector-coupled

solver is said to be able to improve stability (WOLF DYNAMICS, 2020), and also

because it led to faster convergence in simulations performed by the author of this

work. The simulation results are shown in Fig. A.2, where the simulation results from

OpenFOAM® have already been projected to FEniCS variables, as described in Section

3.3.

Figure A.2 – Comparison of simulation results for the vertical inlet Tesla pump with two disks.

Source: Author.

The first column in Fig. A.2 shows the results of the simulation performed in

FEniCS for the radial-axial velocity ((vr, vz)), the relative tangential velocity (vθ), the

pressure (p) and the non-Newtonian viscosity (µ). The second column shows the

corresponding simulation results achieved in OpenFOAM® , where the Non-Newtonian
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viscosity of the OpenFOAM® simulation is computed by using FEniCS from the velocity

and pressure computed by OpenFOAM® . As can be seen, the simulation results from

FEniCS are consistent with the simulation results from OpenFOAM® . In order to get a

better insight of the difference between both results, the relative differences (difference

fractions) are plotted in the third column of Fig. A.2. The relative differences between

FEniCS and OpenFOAM® are computed as:

fvrz,mag =
‖vrz,FEniCS − vrz,OpenFOAM® ‖

max(‖v
rz,OpenFOAM® ‖)−min(‖v

rz,OpenFOAM® ‖)
(A.1)

fvθ =
|vθ,FEniCS − vθ,OpenFOAM® |

max(v
θ,OpenFOAM® )−min(v

θ,OpenFOAM® )
(A.2)

fp =
|pFEniCS − pOpenFOAM® |

max(pOpenFOAM® )−min(pOpenFOAM® )
(A.3)

fµ =
|µFEniCS − µOpenFOAM® |

µ0 − µinf

(A.4)

where vrz,mag = ‖vrz‖ = ‖(vr, vz)‖ =
√
v2
r + v2

z .

As can be seen in Fig. A.2, the highest relative difference is less than 8%,

which confirms the fact that both simulations are consistent. Among the factors

that may cause the small observed difference, there are the tolerances used in the

OpenFOAM® simulation, which may be further reduced if deemed necessary. There is

also the fact that the same discretization has been used in both simulations, because

FEniCS is using a quadratic interpolation for the velocity and a linear interpolation

for the pressure (Taylor-Hood elements), and OpenFOAM® is using an element-wise

interpolation for both the velocity and the pressure. This difference in interpolation

degrees for the velocity is most probably the cause of the differences observed in the

non-Newtonian viscosity and near the edge of the bend in the computational domain

(due to higher velocity gradients). Some other factors that may cause differences are

the different simulation methods (finite elements and finite volumes), the different

boundary conditions and discretization schemes for the differential operators.
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APPENDIX B – MESH SMOOTHING BY CONTOUR FILTERING

The mesh smoothing technique by contour filtering consists of changing the

coordinates of the vertices of the contour of the optimized topology by the average

of the coordinates of the vertices around each vertex. This is similar to a topology

optimization filter/projection scheme (Section 2.5.7), but applied to the coordinates of

the vertices instead of the values of the design variable (α). It is extended from the

scheme implemented by Sá (2019), by considering the presence of generic contours

and a different filtering scheme. If the interpolation of the design variable is not linear, it

needs to be converted to a linear interpolation in order to apply the technique described

in this section, because of the assumption that every node with a design variable

value corresponds to a vertex of the mesh. After the closed contours of the optimized

topology have been determined in the mesh, the averaging is performed by taking into

account the neighbor vertices that are in the same closed contour, in the form of a linear

averaging:

s0,new =

∑ncf

i=−ncf
wcf,isi∑ncf

i=−ncf
wcf,i

wcf,i =
rcf − ‖s0 − si‖

rcf

, i ∈ Z
(B.1)

where wcf,i is the smoothing weight of each vertex (cf stands for contour filtering), s0 are

the coordinates of the vertex, s0,new are the coordinates of the vertex after applying the

linear averaging, and ncf is the number of vertices that are considered in the smoothing

around the vertex of the contour (one can use, for example, ncf = 1). The indices i

are given in relation to the current vertex index (i = 0) in an ordered closed contour:

previous vertex indices in the closed contour are given by i < 0, and next vertex indices

in the closed contour are given by i > 0. The variable rcf is the averaging radius of

contour filtering, which is shown in Fig. B.1 and is given by (for a vertex “0”):

rcf = max [‖s− s−ncf
‖, ‖s− s−ncf+1‖, ..., ‖s− sncf−1‖, ‖s− sncf

‖] + dadjust (B.2)

where dadjust is an adjustment distance, that may be adjusted according to the case.

One may consider, for example, dadjust = 1
8
max [delement], where delement is the maximum

size of the elements of the mesh (maximum distance between two vertices of each

element).
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Figure B.1 – Representation of the linear averaging around a vertex “0” on the closed contour, considering
ncf = 1.

Source: Author.

Note that eq. (B.1) may also be used with other types of interpolation, such

as a quadratic interpolation (wcf,i =
(
rcf−‖s−si‖

rcf

)2

). The mesh smoothing technique by

contour filtering is detailed in Algorithm B.1 and illustrated in Fig. B.2. Note that the first

steps of the algorithm are the same as in the thresholding technique (Algorithm 2.1).

Algorithm B.1 Pseudocode of mesh smoothing by contour filtering.
1: Input parameters: Mesh, optimized topology (i.e., the optimized α), the threshold limit

(αth,lim), ncf and dadjust.
2: Result: Smoothened mesh obtained by contour filtering.
3: 1 Apply thresholding in the design variable values (eq. (2.159)).
4: 2 Cut the mesh in order to remove the solid material (α = 0) from the computational domain

(in FEniCS, this is done with the functions SubDomain and SubMesh).
5: 3 Identify the boundary vertices of the cut mesh.
6: 4 Go through all these boundary vertices and create lists of closed contours, marking if

each contour is to be subtracted or added to the final domain.
7: 5 Apply eq. (B.1) to each vertex of the closed contours, creating the new vertices in new

lists of closed contours.
8: 6 Generate the mesh from the new lists of closed contours (in FEniCS, this can be done by

creating Polygon’s (from the mshr module) for each closed contour and summing/subtracting
them (CSG (Constructive Solid Geometry) operations), and then generating a non-structured
mesh with a given mesh discretization/resolution (generate_mesh). Note that, for mshr, the
closed contours have to be given in the counterclockwise order.)
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Figure B.2 – Illustration of an example of mesh smoothing by contour filtering (for a nodal design variable).

Source: Author.

It can be noticed that the contour filtering technique needs less parameters to

adjust (two: ncf and dadjust), whereas the generation of contours technique requires the

adjustment of more parameters (four: γic,int,min, γic,int,max, γec,int,min and γec,int,max). This

may mean that the contour filtering technique is easier to use. Also, the contour filtering

technique changes the coordinates of all contour vertices, which may be interesting

depending on the optimized topology, whereas the generation of contours technique

changes only the corner vertices’ coordinates.
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APPENDIX C – COMPUTATION OF FLUID FLOW VELOCITY PROFILES

Under fully developed flow in a circular pipe, the fluid flow velocity profile is

different when under laminar and turbulent flows. The computation of these velocity

profiles is described as follows.

C.1 LAMINAR VELOCITY PROFILE

Under fully developed laminar flow in circular pipes, the velocity profile is

parabolic. The parabolic inlet velocity profile may be computed as

vin = vin,max

[
1−

(
x− xmiddle

x1

)2
]

(C.1)

where x is the coordinate on the line in which the parabola is located; xmiddle =

xmax+xmin
2

; x1 = xmax−xmin
2

; and xmax and xmin are the boundaries of the interval in which

the parabola is defined (vin(xmax) = vin(xmin) = 0). The maximum value of the inlet

parabola (vin,max) is obtained from the flow rate Q, which means that the following

equation should be computed:

Q =

∫
ΓΠin

vindΓΠin

=⇒ vin,max =
Q∫

ΓΠin

[
1−

(
x−xmiddle

x1

)2
]
dΓΠin

(C.2)

For 2D flow, dΓΠin
= dΓin, while for 2D swirl flow, dΓΠin

= 2πrdΓin. The value of

dΓin depends on the line in which this boundary condition is applied: when the line is

horizontal (vertical inlet velocity profile), dΓin = dx (2D) or dΓin = dr (2D swirl); when

the line is vertical (horizontal inlet velocity profile), dΓin = dy (2D) or dΓin = dz (2D swirl).

The integration is then performed from xmin to xmax, and may be analytical, or numerical

(by using numerical integration, such as the trapezoidal rule).

C.2 TURBULENT VELOCITY PROFILE

Under fully developed turbulent flow in circular pipes, the velocity profile is not

parabolic (see Fig. C.1). Particularly, in this work, the turbulent velocity profiles are

implemented according to De Chant (2005), in which the velocity profile is analytically
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deduced from a simplified fluid flow model. The resulting difference of this turbulent

velocity profile with respect to the 1/7th power law (MUNSON et al., 2009) is that the

derivative is zero in the middle of the velocity profile, which can be seen in the highly

enlarged view of the difference in derivatives in Fig. C.1. It can be pointed out that this

zero derivative in the middle of the turbulent velocity profile is expected for turbulent

fluid flows (MUNSON et al., 2009). For reference, a turbulent velocity profile in the y

direction, between a minimum (xmin) and a maximum (xmax) coordinate becomes (DE

CHANT, 2005):

vin,y = vin,y,max

√√√√sin

(
π

2

√
1−

∣∣∣∣x− xmiddle

x1

∣∣∣∣
)

(C.3)

where xmiddle = xmax+xmin

2
is the coordinate of the middle of the velocity profile, x1 =

xmax−xmin

2
is an auxiliary coordinate, and vin,y,max is the maximum velocity of the turbulent

velocity profile (computed from numerical integration for a given flow rate). The turbulent

velocity profile may be computed similarly as in Section C.1.

Figure C.1 – Laminar and turbulent velocity profiles for the same 2D flow rate (area below the curves).

Source: Author (ALONSO et al., 2021).
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APPENDIX D – RELATIVE REFERENCE FRAME IN THE 2D SWIRL FLOW

MODEL

In order to consider a relative reference frame for the solution of the equations,

it is necessary to consider the formula of the reference frame change, which is given

as follows, by also considering the material derivative, and v as the relative velocity

(velocity with respect to the moving reference frame):

- For a scalar variable “a”:

Da

Dt

∣∣∣∣
abs

=
Da

Dt

∣∣∣∣
rel

=
∂a

∂t
+ (v•∇)a (D.1)

- For a vector variable “a”:

Da

Dt

∣∣∣∣
abs

=
Da

Dt

∣∣∣∣
rel

+ ω∧a =
∂a

∂t
+ (v•∇)a+ ω∧a (D.2)

Eq. (D.2) can be deduced by considering that a Indicial notation−−−−−−−−→ aiei, where ei is a

unit vector from the coordinate system of the relative reference frame. Therefore, the

derivative becomes Da
Dt

Indicial notation−−−−−−−−→ Dai
Dt
ei + ai

Dei
Dt

, where Dei
Dt

is given as ω∧ei. From eq.

(D.2) applied to a = vabs (from eq. (2.4)), eq. (2.5) is achieved. In eq. (D.1), for a scalar

variable, when considering the differential operators for cylindrical coordinates (LAI et

al., 2009),

(v•∇)a =

(
vr
∂a

∂r
, vθ

1

r

∂a

∂θ
, vz

∂a

∂z

)
(D.3)

In the 2D swirl flow model, when assuming axisymmetry (∂( )
∂θ

= 0), eq. (D.3)

will not depend on vθ anymore. Therefore, for the 2D swirl flow model, eq. (D.3) is

independent of the reference frame (i.e., vabs may be used instead of v). If Dvabs

Dt

is computed by “simply” substituting eq. (2.4), instead of considering eq. (D.2) (i.e.,
Dvabs

Dt
= ∂vabs

∂t
+(vabs•∇)vabs), the following equation is achieved in cylindrical coordinates

Dvabs

Dt
=
Dv

Dt
+
Dvref

Dt
+
∂ω

∂t
∧r + 2ω∧v + ω∧(ω∧r) + (ω•ez)

∂v

∂θ
(D.4)

By reordering and using the same notation from eq. (2.5),

aabs = aref + a+ 2ω∧v + ω∧(ω∧r) + ω̇∧r + (ω•ez)
∂v

∂θ
(D.5)

Therefore, only if the 2D swirl flow model is assumed, eqs. (2.5) and (D.5) are

equivalent (from the axisymmetry assumption (∂( )
∂θ

= 0)). This shows that, in the 2D swirl

flow model, the reference frame transformation reduces itself to simply a conversion

between absolute and relative velocities.
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APPENDIX E – OTHER NUMERICAL RESULTS FOR THROMBOSIS

In order to show the effect of considering blood damage in topology optimization,

two more numerical examples are presented as follows (ALONSO; SILVA, 2022a). An

observation is that, with respect to Section 5.1.5, in the post-processing, the Savitzky-

Golay filter is repeated 2 times only in the case of the bypass numerical example;

the other case, including the Tesla pump case from Section 5.1.5, does not consider

repetition.

E.1 HYDROCYCLONE-TYPE DEVICE

The first example considers the design of a hydrocyclone-type device. This type

of device is different from a real hydrocyclone device, because it models a flow with a

single phase (instead of considering two phases) entering with a rotation (ωin) from a

single inlet towards a single outlet. The design domain considered for the 2D swirl flow

model is selected as shown in Fig. E.1. The solid material distribution is considered to

be optimized for the static walls (ω0 = 0 rad/s).

Figure E.1 – Design domain considered for the hydrocyclone-type device.

Source: Author (ALONSO; SILVA, 2022a).

The mesh is composed of 19,401 nodes and 38,400 elements (see Fig. E.2).

The input parameters, geometric dimensions and material model parameters being
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considered in the design are shown in Table E.1. The specified fluid volume fraction (f )

is set as 30%.

Figure E.2 – Mesh considered in the design of the hydrocyclone-type device.

Source: Author (ALONSO; SILVA, 2022a).

Table E.1 – Parameters considered for the topology optimization of the hydrocyclone-type device.

Input parameters
Inlet flow rate (Q) 0.05 L/min
Wall rotation (n0) 0 rpm
Inlet rotation (nin) 20 rpm
Inlet velocity profile Parabolic

Dimensions
H 15 mm
R 10 mm
h1 11 mm
h2 3 mm

Material model parameters*
κmax
(×107µ∞ (kg/(m3 s)))

8.0

q 1.0
κPAS,max (s−1) 103

* The optimization considers a Helmholtz pseudo-density filter (LAZAROV; SIGMUND, 2010) in order
to better stabilize the discrete optimized topologies, with a filter length parameter of 0.0625 mm.

In this numerical example, some of the factors that influence the topology op-

timization for hemolysis and thrombosis are illustrated separately. In the optimized

topologies, the maximum local Reynolds number is 177, which means that the flow is

laminar. Fig. E.3 shows the effect of the additional penalization from the thrombosis

model (κPAS,max), by considering wPAS = 0.5. The corresponding contours are shown

enlarged in Fig. E.4. The optimized topologies mainly show slight differences near the

outlet, and near the solid material that is near the rotation axis. Particularly, the optimized

topology for κPAS,max = 103 s−1 is slightly more inclined to the right and is straighter near

the outlet, with respect to the optimized topology for κPAS,max = 0.1 s−1. The fact that it is
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straighter near the outlet (with respect to the optimized topology for κPAS,max = 0.1 s−1)

seems contribute to further reducing the low velocity values that appear near the wall

that is next to the outlet (thus helping to reduce thrombosis), and the small differences

with respect to the optimized topology for κPAS,max = 1 s−1 ended up leading to a slight

increase in the velocity gradients near the “start” of the straighter part of the outlet, thus

helping to slightly increase hemolysis alongside the small curvature changes in the

overall topology. These small differences seem to lead to a slight increase in velocity

gradients, worsening the relative energy dissipation, while the head loss is reduced

from a straighter fluid flow velocity exiting the fluid flow device. From Fig. E.3, it can be

noticed that higher κPAS,max values lead to worse relative energy dissipation (Fig. E.3a),

better head loss (Fig. E.3a) and worse hemolysis (Fig. E.3b). However, there is some

improvement in thrombosis (Fig. E.3b).

Figure E.3 – Topology optimization results for the hydrocyclone-type device for wPAS = 0.5, considering
different κPAS,max values.

(a) Relative energy dissipation (Φrel) and head
loss (H ′). (b) PAS index (IPAS) and hemolysis index (IH ).

Source: Author (ALONSO; SILVA, 2022a).
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Figure E.4 – Contours of the optimized topologies from Fig. E.3.

Source: Author (ALONSO; SILVA, 2022a).

By considering κPAS,max = 103 s−1, which showed the best PAS index value in

Fig. E.3b, the effect of the thrombosis weight (wPAS) is evaluated. The results are shown

in Fig. E.5 and the corresponding contours are shown enlarged in Fig. E.6. In Fig. E.5b,

it can be noticed that there may be induction of local minima depending on the wPAS

value, such as for wPAS = 0.3, which improved hemolysis while worsening thrombosis.

In Fig. E.5b, it can be noticed that “overprioritizing” thrombosis, such as in wPAS = 0.9,

may lead to significantly worse relative energy dissipation and head loss. In particular,

the main aspect of the optimized topology for wPAS = 0.9 is that it is more inclined to

the right than the other optimized topologies, which means that the fluid flow path is

slightly larger (due to the axisymmetric volume) than the other optimized topologies

(more inclined to the left), leading to a higher energy dissipation. The hemolysis is also

higher, which is possibly due to the upper solid material boundary (located lower than

the other topologies).



Topology optimization for 2D swirl flows with application in the design of a ventricular assist device 417

Figure E.5 – Topology optimization results for the hydrocyclone-type device for different wPAS values
(κPAS,max = 103 s−1).

(a) Relative energy dissipation (Φrel) and
head loss (H ′).

(b) PAS index (IPAS,T ) and hemolysis in-
dex (IH,T ).

Source: Author (ALONSO; SILVA, 2022a).

Figure E.6 – Contours of the optimized topologies from Fig. E.5.

Source: Author (ALONSO; SILVA, 2022a).

The effect of the hemolysis weight (wH) is shown in Fig. E.7. The effect is

similar to the one shown for wPAS (Fig. E.5) and the corresponding contours are shown

enlarged in Fig. E.8. However, a better local minimum was induced when wH = 0.5

(better hemolysis and thrombosis), and a worse local minimum was induced when

wH = 0.9 (worse hemolysis and thrombosis). As can be noticed, the optimized topology

for wH = 0.9 shows a more inclined path near the outlet, which reduces the fluid

volume flowing near the outlet (remembering that the fluid volume is axisymmetric),

possibly increasing the corresponding velocity gradients and, therefore, hemolysis and

thrombosis.
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Figure E.7 – Topology optimization results for the hydrocyclone-type device for different wH values.

(a) Relative energy dissipation (Φrel) and
head loss (H ′).

(b) PAS index (IPAS,T ) and hemolysis in-
dex (IH,T ).

Source: Author (ALONSO; SILVA, 2022a).

Figure E.8 – Contours of the optimized topologies from Fig. E.7.

Source: Author (ALONSO; SILVA, 2022a).

An additional analysis is performed by combining hemolysis (wH = 0.3) and

thrombosis (wPAS = 0.3) in the same multi-objective function. Figs. E.9 and E.10 show

a comparison between the optimized topologies for wΦ = 1, wPAS = 0.3, wH = 0.3

and “wPAS = 0.3 and wH = 0.3”. It can be seen that considering both hemolysis and

thrombosis may lead to a better optimized topology for both quantities. In particular, the

optimized topology for “wPAS = 0.3 and wH = 0.3” shows a curve near the outlet, which

reduced thrombosis, and the upper part of the “channel” is located at a higher position.
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Figure E.9 – Topology optimization results for the hydrocyclone-type device considering wPAS and wH .

(a) Relative energy dissipation (Φrel) and
head loss (H ′).

(b) PAS index (IPAS,T ) and hemolysis in-
dex (IH,T ).

Source: Author (ALONSO; SILVA, 2022a).

Figure E.10 – Contours of the optimized topologies from Fig. E.9.

Source: Author (ALONSO; SILVA, 2022a).

In the overall, the best result is the one for wH = 0.5. Nonetheless, the result

for wPAS = 0.5 (κPAS,max = 103 s−1) is not far. The convergence curve for wPAS = 0.5

(κPAS,max = 103 s−1) is shown in Fig. E.11.
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Figure E.11 – Convergence curve of the topology optimization of the hydrocyclone-type device (wPAS =
0.5, κPAS,max = 103 s−1).

Source: Author (ALONSO; SILVA, 2022a).

The optimized topology for wPAS = 0.5 (κPAS,max = 103 s−1) is simulated in Fig.

E.12. As can be seen, the tangential velocity (vθ) is dissipated/converted to radial-

axial velocity (vr, vz) in the first part of the optimized topology from the inlet. The

non-Newtonian effect can be observed mainly near the middle of the fluid flow cross-

section. It can be noticed that the non-Newtonian viscosity µ(γ̇m) slightly rises next to

the outlet due to the formation of a small stagnated zone. Moreover, the plots of local

PAS index (IPAS) and local hemolysis index (IH) show similar behaviors in the sense

that both quantities are small near the inlet and increase as the fluid flows through

the device. However, it can be noticed that the local PAS index (IPAS) is more “spread”

towards the outlet. It can also be pointed out that the local PAS index (IPAS) and local

hemolysis index (IH) plots can be viewed as maps of the potential blood damage that

can happen to blood flow.
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Figure E.12 – Optimized topology, pressure, velocity, dynamic viscosity, PAS index and hemolysis index
for the optimized hydrocyclone-type device (wPAS = 0.5, κPAS,max = 103 s−1).

Source: Author (ALONSO; SILVA, 2022a).

E.2 BYPASS GRAFT

The second example is the design of a bypass graft, considered through a 2D

model. A bypass graft is used to allow blood to bypass blocked coronary arteries, in order

to restore the normal blood flow. The design of some bypass configurations has already

been previously evaluated for shape optimization (ABRAHAM et al., 2005) and topology

optimization through the level-set approach (ZHANG; LIU, 2015), by considering an

energy dissipation objective function. In this work, a similar bypass configuration is

considered for topology optimization through the pseudo-density approach, while also

considering hemolysis and thrombosis in the optimization process. The computational

domain is shown in Fig. E.13, where the design domain does not include the inlet and

outlet channels (which would represent the arteries). The configuration is non-rotating

(ω = 0 rad/s, ω0 = 0 rad/s).
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Figure E.13 – Design domain considered for the bypass graft.

Source: Author (ALONSO; SILVA, 2022a).

The mesh is unstructured, composed of 10,815 nodes and 20,888 elements

(see Fig. E.14). The input parameters, dimensions of the computational domain, and

material model parameters that are used are shown in Table E.2. The specified fluid

volume fraction (f ) is set as 35.3%.

Figure E.14 – Mesh considered in the design of the bypass graft.

Source: Author (ALONSO; SILVA, 2022a).
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Table E.2 – Parameters considered for the topology optimization of the bypass graft.

Input parameters
Inlet flow rate (Q) 5.0 mL/min*
Inlet velocity profile Parabolic

Dimensions
H 20 mm
hin 4 mm
ri 30 mm
Lin 10 mm
Lout 16 mm
din 4 mm
L1 6 mm
xg 8 mm
e 1.5 mm

Material model parameters**
κmax
(×107µ∞ (kg/(m3 s)))

8.0

q 0.1
κPAS,max (s−1) 103

* The flow rate is computed assuming that the width of the inlet (hin) corresponds to an inlet diameter
(in 3D).
** The optimization considers a Helmholtz pseudo-density filter (LAZAROV; SIGMUND, 2010) to
better stabilize the discrete optimized topologies, with a filter length parameter of 0.315 mm.

The bypass configuration is considered at a low maximum Reynolds number

(6.4), which corresponds to laminar flow. The topology optimization resulted in one

optimized topology for wΦ = 1, while the optimized topology for wPAS = 0.9 and the

optimized topology for wH = 0.9 resulted the same (Fig. E.15). The computed values

in both topologies are shown in Table E.3. As can be noticed, the optimized topology

for wPAS = 0.9 (or wH = 0.9) is better for hemolysis and thrombosis than the optimized

topology for wΦ = 1.0 – i.e., the energy dissipation is slightly worse (0.9% higher), the

thrombosis is slightly better (2.6% lower), the hemolysis is slightly better (1.8% lower),

and the head loss is slightly worse (1.0% higher).

Figure E.15 – Optimized topologies for the bypass graft.

(a) For wΦ = 1. (b) For wH = 0.9 or wPAS = 0.9 .

Source: Author (ALONSO; SILVA, 2022a).
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Table E.3 – Computed values in the optimized topologies for the bypass design.

Designs Φrel IPAS,T IH,T H ′

(×10−4 W/m) (×10−5 1/m) (×10−8 1/m) (×10−4 m)
wΦ = 1 1.13 7.17 9.89 3.12
wPAS = 0.9 (or wH = 0.9) 1.14 6.98 9.71 3.15

Both optimized topologies are simulated in Fig. E.16. As can be seen, there is

not much difference in the fluid flow behavior in both cases, but the the slightly detached

channel (Fig. E.16b) leads to a smaller change in flow direction, which, in turn, reduces

velocity gradients and improves hemolysis and thrombosis. This, however, worsens the

energy dissipation (and the head loss), because the flow has to undergo a slightly larger

path, which dissipates slightly more energy. The dynamic viscosity plots show that the

non-Newtonian behavior is more significant in the middle of the flow cross-section and

also inside the stagnated flow zones (indicated by L1 in Fig. E.13).
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Figure E.16 – Optimized topology, pressure, velocity, PAS index, hemolysis index and dynamic viscosity
for the optimized bypass grafts.

(a) For wΦ = 1.

(b) For wH = 0.9 or wPAS = 0.9.

Source: Author (ALONSO; SILVA, 2022a).
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APPENDIX F – ADJUSTMENT FOR COMPARING WITH THE EXPERIMENTAL

RESULTS

The compensation of the simulated (static) pressure values mentioned in Section

3.5.1 is illustrated in Fig. F.1, and the considered effects are described as follows.

Figure F.1 – Schematic illustration of the compensation of the simulated (static) pressure for comparing
with the experiments.

Source: Author.

The first effect consists on the fact that the variation of (static) pressure in the

simulations (∆psim) is computed for two inlets. However, in the experiments, the pressure

measurement probe (indicated as “1” in Fig. F.1) is placed before the Y-joint that splits

the fluid flow to the aforementioned two inlets (indicated as “2” in Fig. F.1). In order to

compensate the effect of the Y-joint (except for losses), two equations are considered:

the conservation of volume (i.e., flow rate), and the energy equation for control volumes

(MUNSON et al., 2009) (assuming steady state regime, no losses, same heights, no

heat transfer, parabolic velocity profiles, and constant pressure levels on each cross

section). They are given as:

|v1|A1 = |v2|A2 + |v2|A2 (F.1)

∫
A1

(
p1

ρ
+
|v1|2

2
+ gh1

)
ρv1•ndA1 = 2

∫
A2

(
p2

ρ
+
|v2|2

2
+ gh2

)
ρv2•ndA2 (F.2)

where A1 = πR2
tube is the internal area of the tube used in the experiments, Rtube is the

internal radius of the tubes used in the experiments, g is the gravitational acceleration,

v1•n = |v1|, v2•n = |v2|, the parabolic velocity profile is given from eq. (C.1) (by
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considering x = r (radius from the center of the tube), xmiddle = 0, and x1 = Rtube), and

the remaining assumptions illustrated in Fig. F.1 are considered. Therefore,

p2 − p1 =
3

4
ρ

(
Q

πR2
tube

)2

(F.3)

where Q is the flow rate.

The second effect consists on the fact that the two pressure measurement probes

from the experiments are slightly displaced in height. This can be compensated through

the energy equation for control volumes (MUNSON et al., 2009) (assuming steady

state regime, different heights, no heat transfer, parabolic velocity profiles, and constant

pressure levels on each cross section):∫
A3

(
p3

ρ
+
|v3|2

2
+ gh3

)
ρv3•ndA3 =

∫
A4

(
p4

ρ
+
|v4|2

2
+ gh4

)
ρv4•ndA4 (F.4)

where |v3| = |v4| (from the conservation of volume). Therefore,

p4 − p3 = −ρg(h3 − h4) (F.5)

By considering ∆hprobes = h3 − h4 (variation of height between the pressure

measurement probes), ∆psim = p3−p2 (variation of (static) pressure from the simulation)

and ∆pcomp = p4 − p1 (which would correspond to the experimental measurements),

∆pcomp = ∆psim +
3

4
ρ

(
Q

πR2
tube

)2

− ρg∆hprobes (F.6)
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APPENDIX G – TECHNICAL DRAWINGS

In this section, the technical drawings pertaining the fabricated prototype are

presented. The fabrication drawings are only presented for the effectively fabricated

parts. For the parts are fabricated through additive manufacturing, only some dimensions

are presented.
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