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À famı́lia e aos amigos que tornaram suportáveis momentos dificeis.



ABSTRACT

The incorporation of arising technology in maritime processes and equipment have
been historically very important for the development of commercial navigation. Several
types of equipment have been developed over the years to assist ship operators with
their tasks. Generally, the incorporation of new technologies on maritime equipment are
associated with an increase on the amount of information and alerts displayed to the
corresponding users. Note that information from new equipment needs to be efficiently
presented to avoid the introduction of unnecessary cognitive load. A potentially opti-
mal option for the presentation of combined navigational information is the deployment
of augmented-reality systems (AR). In such a system, virtual elements are rendered on
top of the navigation scene to assist operators in their perception. In this context, the
present work is a preliminary investigation towards the development of an AR system
for navigational assistance. Particularly, foundations regarding AR systems are presented
and a simple conceptual design for navigational assistance is proposed. Additionally, im-
portant components from the proposed conceptual design are exemplified with numerical
implementations. Proposed methodologies are validated with experiments from videos of
a ship navigating through a channel delimited by nautical buoys. Enhanced scenes com-
bining pertinent virtual elements are shown on top of the navigation scene exemplifying
potential assistance applications for this scenario. As there are still many challenges for
the development of operational maritime tools with AR methods, the author also expects
to contribute with the popularization of AR systems in maritime environments.

Keywords – Maritime Navigational Assistance, Augmented Reality Systems, Camera
Models



RESUMO

A incorporação de tecnologias emergentes em processos e equipamentos maŕıtimos foi
historicamente muito importante para o desenvolvimento da navegação comercial. Diver-
sos tipos de equipamentos foram desenvolvidos durante os anos para ajudar os operadores
com suas tarefas. De uma maneira geral, a incorporação de novas tecnologias em equipa-
mentos maŕıtimos está associada com um aumento na quantidade de informação e aler-
tas apresentados aos usuários. Note que informações associadas a equipamentos novos
precisam ser apresentadas eficientemente para evitar a introdução de cargas cognitivas
desnecessárias. Uma opção potencialmente ótima para a apresentação combinada de in-
formação de navegação é a utilização de sistemas de realidade aumentada. Em um sistema
desse tipo, elementos virtuais são desenhados em cima da cena de navegação para auxiliar
operadores na percepção da cena de navegação. Nesse contexto, o trabalho atual é uma
investigação preliminar com o intuito de desenvolver um sistema de realidade aumentada
para assistência à navegação. Particularmente, fundamentos relacionados a sistemas de
realidade aumentada são apresentados e um simples design conceitual para assistência à
navegação é proposto. Adicionalmente, componentes importantes do design conceitual
proposto são exemplificados com implementações numéricas. As metodologias propostas
são validadas com experimentos de videos onde um navio navega em um canal maŕıtimo
delimitado por bóias náuticas. Posśıveis cenas virtuais que combinam elementos virtu-
ais pertinentes são apresentados para exemplificar posśıveis aplicações de assistência a
esse cenario de navegação. Como ainda existem diversos desafios para o desenvolvimento
de uma ferramenta maŕıtima operacional com métodos de realidade aumentada, o autor
também espera contribuir com a popularização de sistemas de realidade aumentada em
ambientes maŕıtimos.

.

Palavras-Chave – Assistente de Navegação Maŕıtima, Sistemas de Realidade Aumen-
tada, Modelos de Câmera
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K(tk) ⇒ Kalman gain matrix at time tk

f(s⃗(t), u⃗(t), t) ⇒ Nonlinear state dynamics function at time t

FS(µ⃗S(t), t) =
∂f
∂s

∣∣∣∣∣
s⃗(t)=µ⃗S(t)

⇒ Extended Kalman filter dynamics matrix



h(s⃗(t), t) ⇒ Nonlinear measurement function at time t

H(µ⃗S(t
−
i ), t) =

∂h
∂s

∣∣∣∣∣
s⃗(t)=µ⃗S(t

−
i )

⇒ Extended Kalman filter measurement matrix

f sis(t) ⇒ Accelerometer truth specific force with respect to the ship frame at time t

ba ⇒ Accelerometer bias

Ma ⇒ Accelerometer scale-factor and cross-coupling matrix

ηfa ⇒ Accelerometer random noise

wfa ⇒ Covariance of the accelerometer random noise ηfa

wba ⇒ Covariance of the accelerometer bias ba variation

f̂ sis(t) ⇒ Accelerometer measurement of specific force with respect to the ship frame
at time t

ωsis(t) ⇒ Gyrometer truth angular rate with respect to the ship frame at time t

bg ⇒ Gyrometer bias

Mg ⇒ Gyrometer scale-factor and cross-coupling matrix

Gg ⇒ Gyrometer gravity-cross-coupling matrix

ηωg ⇒ Gyrometer random noise

wωg ⇒ Covariance of the gyrometer random noise ηωg

wbg ⇒ Covariance of the gyrometer bias bg variation

ω̂sis(t) ⇒ Gyrometer measurement of angular rate with respect to the ship frame at
time t

p̂ees(t) ⇒ INS estimation at time t for the position of the ship with respect to the earth
frame expressed in the earth frame

v̂ees(t) ⇒ INS estimation at time t for the velocity of the ship with respect to the earth
frame expressed in the earth frame

R̂e
s(t) ⇒ INS estimation at time t for the rotation matrix from the ship coordinate

system to the earth coordinate system

αsis(t)⇒ Angle increment measured by the gyrometer during the INS sampling interval

R̄e
s(t) ⇒ INS estimation at time t for the average rotation matrix from the ship

coordinate system to the earth coordinate system during the INS sampling interval

f̂ eis(t) ⇒ INS estimation at time t for the accelerometer measurement of specific force
with respect to the earth frame

pssa ⇒ Position of the user antenna from a GNSS with respect to the ship frame

p̂ssa ⇒ Estimation for the position of the user antenna from a GNSS with respect to
the ship frame

peea ⇒ Position of the user antenna from a GNSS with respect to the earth frame



p̂eea ⇒ Estimation for the position of the user antenna from a GNSS with respect to
the earth frame

pees,j ⇒ Position of the j−th satellite from a GNSS with respect to the earth frame

p̂ees,j ⇒ Estimation for the position of the j−th satellite from a GNSS with respect to
the earth frame

ρ⃗ ⇒ Range measurements in the user antenna from a GNSS

ρj ⇒ Range measurement between the j−th satellite and the user antenna from a
GNSS

ηρp ⇒ Random noise in the range measurement from the user antenna

wρp ⇒ Covariance of the range random noise ηρp

ρ̂j ⇒ Estimation for range measurement between the j−th satellite and the user
antenna from a GNSS

δρrc ⇒ Range error from the user antenna due to the receiver clock offset

δρ̂rc ⇒ Estimation for the range error from the user antenna due to the receiver clock
offset

veea ⇒ Velocity of the user antenna from a GNSS with respect to the earth frame

v̂eea ⇒ Estimation for the velocity of the user antenna from a GNSS with respect to
the earth frame

vees,j ⇒ Velocity of the j−th satellite from a GNSS with respect to the earth frame

v̂ees,j ⇒ Estimation for the velocity of the j−th satellite from a GNSS with respect to
the earth frame

ρ̇j ⇒ Range-rate measurement between the j−th satellite and the user antenna from
a GNSS

ηρv ⇒ Random noise in the range-rate measurement from the user antenna

wρv ⇒ Covariance of the range-rate random noise ηρv

ˆ̇ρj ⇒ Estimation for the range-rate measurement between the j−th satellite and the
user antenna from a GNSS

δρ̇rc ⇒ Range-rate error from the user antenna due to the receiver clock drift

δ ˆ̇ρrc ⇒ Estimation for the range-rate error from the user antenna due to the receiver
clock drift

Sψ ⇒ Compass coordinate system

pssψ ⇒ Position of the compass with respect to the ship frame

peeψ ⇒ Position of the compass with respect to the earth frame

Rs
ψ ⇒ Rotation matrix from the compass coordinate system to the ship coordinate

system

Re
ψ ⇒ Rotation matrix from the compass coordinate system to the earth coordinate



system

Rn
ψ ⇒ Rotation matrix from the compass coordinate system to the navigation coor-

dinate system

ψnψ ⇒ Angle between the compass and the north direction from the navigation frame
(x⃗n)

ηψ ⇒ Compass random noise

wψ ⇒ Covariance of the compass random noise ηψ

ψ̂nψ ⇒ Compass measurement of the angle between the compass and the north direc-
tion from the navigation frame (x⃗n)

p̂ssa ⇒ Estimation for the position of the user antenna from a GNSS with respect to
the ship frame

p̂ssψ ⇒ Estimation for the position of the compass with respect to the ship frame

R̂s
ψ ⇒ Estimation for the rotation matrix from the compass coordinate system to the

ship coordinate system

ŵfa ⇒ Estimation for the covariance of the accelerometer random noise ηfa

ŵωg ⇒ Estimation for the covariance of the gyrometer random noise ηωg

ŵba ⇒ Estimation for the covariance of the accelerometer bias ba variation

ŵbg ⇒ Estimation for the covariance of the gyrometer bias bg variation

ŵρp ⇒ Estimation for the covariance of the range random noise ηρp

ŵρv ⇒ Estimation for the covariance of the range-rate random noise ηρv

ŵψ ⇒ Estimation for the covariance of the compass random noise ηψ

ṕees ⇒ Integrated estimation for the position of the ship with respect to the earth
frame expressed in the earth frame

v́ees ⇒ Integrated estimation for the velocity of the ship with respect to the earth
frame expressed in the earth frame

Ŕe
s ⇒ Integrated estimation for the rotation matrix from the ship coordinate system

to the earth coordinate system

Sc ⇒ Camera coordinate system

Oc ⇒ Origin of the camera coordinate system

pssc = [ps,isc , p
s,j
sc , p

s,k
sc ]

T ⇒ Position of the camera with respect to the ship coordinate
system

[χ⃗c, γ⃗c, κ⃗c] ⇒ Axes of the camera coordinate system

[χ⃗sc, γ⃗
s
c , κ⃗

s
c] ⇒ Axes of the camera coordinate system described in the ship coordinate

system

χ⃗sc = [χs,ic , χ
s,j
c , χ

s,k
c ]T ⇒ Three-dimensional representation for axis χ⃗sc with respect to

the ship coordinate system



γ⃗sc = [γs,ic , γ
s,j
c , γs,kc ]T ⇒ Three-dimensional representation for axis γ⃗sc with respect to

the ship coordinate system

κ⃗sc = [κs,ic , κ
s,j
c , κ

s,k
c ]T ⇒ Three-dimensional representation for axis κ⃗sc with respect to

the ship coordinate system

Rs
c ⇒ Rotation matrix from the camera coordinate system to the ship coordinate

system

T sc ⇒ Transformation matrix from the camera coordinate system to the ship coordi-
nate system

Rc
s ⇒ Rotation matrix from the ship coordinate system to the camera coordinate

system

T cs ⇒ Transformation matrix from the ship coordinate system to the camera coordi-
nate system

p⃗ccQ = [pc,χcQ , p
c,γ
cQ , p

c,κ
cQ ]

T ⇒ Position of an arbitrary point Q with respect to the camera
coordinate system

f ⇒ Focal distance of ideal pinhole camera

[uph, vph] ⇒ Measurements from ideal pinhole camera model

[∆u,∆v] ⇒ Size of each pixel unit from the sensor array in the image plane

[u0, v0] ⇒ Principal point of the image in pixel units

Kin = [f∆−1
u , f∆−1

v , u0, v0] ⇒ Intrinsic camera parameters

[uQ, vQ] ⇒ Image coordinates of an arbitrary point Q described by its position pccQ in
the camera frame

K̂in = [f̂u, f̂v, û0, v̂0] ⇒ Estimation for the intrinsic camera parameters

p̂ssc = [ps,isc , p
s,j
sc , p

s,k
sc ]

T ⇒ Estimation for the position of the camera with respect to the
ship coordinate system

R̂s
c ⇒ Estimation for the rotation matrix from the camera coordinate system to the

ship coordinate system

[ûQ, v̂Q] ⇒ Estimation for the image coordinates of an arbitrary point Q described by
its position pccQ in the camera frame

pwwc = [pw,xwc , p
w,y
wc , p

w,z
wc ]

T ⇒ Position of the camera with respect to the world coordinate
system

p̂wwc = [p̂w,xwc , p̂
w,y
wc , p̂

w,z
wc ]

T ⇒ Estimation for the position of the camera with respect to
the world coordinate system

Rw
c ⇒ Rotation matrix from the camera coordinate system to the world coordinate

system

R̂w
c ⇒ Estimation for the rotation matrix from the camera coordinate system to the

world coordinate system

ds ⇒ Draft of the ship at the section of the camera



hw ⇒ Vertical distance between the camera and the water

ΠINS ⇒ Set of parameters representing a INS in simulation

ΠGNSS ⇒ Set of parameters representing a GNSS in simulation

ΠCMPS ⇒ Set of parameters representing a compass in simulation

ΠLCI ⇒ Set of parameters representing a loosely coupled integration tracker in sim-
ulation

SK ⇒ Relative state estimator coordinate system

RK ⇒ Rotation matrix from the relative state estimator coordinate system SK to the
camera coordinate system

Rri
K ⇒ Vector representing the i−th row of the rotation matrix RK

rrikj ⇒ j−th component from the i−th row of the rotation matrix RK

c⃗K = [cKx , c
K
y , c

K
z ]

T ⇒ Camera center in the relative state estimator coordinate system
SK

p⃗K = [pKx , p
K
y , p

K
z ]

T ⇒ Point p described with coordinates in the relative state estima-
tor coordinate system

SΠ ⇒ Plane coordinate system

OΠ ⇒ Origin of the plane coordinate system

pccΠ = [pc,χcΠ , p
c,γ
cΠ , p

c,κ
cΠ ]

T ⇒ Position of the plane origin OΠ described in the camera
coordinate system

[x⃗Π, y⃗Π, z⃗Π] ⇒ Axes of the plane coordinate system

[x⃗cΠ, y⃗
c
Π, z⃗

c
Π] ⇒ Axes of the plane coordinate system described in the camera coordinate

system

x⃗cΠ = [xc,χΠ , xc,γΠ , xc,κΠ ]T ⇒ Three-dimensional representation for axis x⃗cΠ with respect to
the camera coordinate system

y⃗cΠ = [yc,χΠ , yc,γΠ , yc,κΠ ]T ⇒ Three-dimensional representation for axis y⃗cΠ with respect to
the camera coordinate system

z⃗cΠ = [zc,χΠ , zc,γΠ , zc,κΠ ]T ⇒ Three-dimensional representation for axis z⃗cΠ with respect to
the camera coordinate system

Rc
Π ⇒ Rotation matrix from the plane coordinate system to the camera coordinate

system

T cΠ ⇒ Transformation matrix from the plane coordinate system to the camera coor-
dinate system

pccPπ
⇒ Position of an arbitrary point PΠ from the plane described in the camera

coordinate system

nx ⇒ Number of rectangles in the x−direction of a planar rectangular highlight

ny ⇒ Number of rectangles in the y−direction of a planar rectangular highlight



[∆Lx ×∆Ly] ⇒ Size of each rectangle of a planar rectangular highlight

rc ⇒ List of different circle radius to be highlighted with a planar circular highlight

Nθ ⇒ Number of sections for each circle from a planar circular highlight
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1 INTRODUCTION

One of the most important challenges associated with enabling world-wide commercial

navigation relates to safety. Institutions, regulations and procedures have been developed

over time to ensure safety at sea. Over the years, equipment have been designed to assist

ship operations as new technologies arises. Particularly, fields such as electronics, radio,

computer science, automatic control engineering, data presentation and space technolo-

gies led to the development of standardized integrated equipment [KOPACZ; MORGAŚ;

URBAŃSKI, 2004]. These integrated systems became indispensable to the safety and

economic feasibility of commercial maritime navigation.

A particularly important type of system for maintaining safety at sea is classified

as Integrated Bridge Systems (IBS) [INTERNATIONAL ORGANIZATION FOR STAN-

DARDIZATION, 2007]. These systems integrate and display useful information to sup-

port decisions of an operator. As such navigational equipment became standardized and

popularized [SAROLIC, 2004], companies started to seek for competitive advantages by

investigating innovative trends and its applicability to their equipment. A notable ongoing

trend aims at the digitization and automation of maritime processes [HEILIG; LALLA-

RUIZ; VOSS, 2017], [HEILIG; SCHWARZE; VOSS, 2017]. Nowadays, with remarkable

improvements in general purpose computing resources, most of such navigational equip-

ment uses a computer processing unit (CPU) that periodically collects outputs from

onboard sensors. These outputs are rendered in real-time on a monitor display with data

presentation techniques to facilitate the visualization of an operator.

Alongside this development in computing devices which enabled the popularization

of digital equipment, one can observe similar improvements in camera devices over the

last years. These advancements enabled the development of computer vision systems for

many purposes. An interesting type of computer vision technique that this work focuses

is commonly referred as Augmented-Reality. The technique enhances an original scene

image with synthetic elements [AZUMA, 1997]. In this context, tools with augmented-

reality (AR) methods have been proposed for presenting multiple navigational data during
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maritime operations [LAERA et al., 2021]. Such tools may facilitate the interpretation

of navigational information by operators.

The current work is a preliminary investigation towards the development of an AR sys-

tem for navigational assistance. Simple methodologies for the generation of augmented

virtual elements in videos of maritime navigation are proposed. Augmented elements

proposed in the present work may be used for research and validation of conceptual nav-

igational assistance AR system designs. The methods are validated with videos from the

TPN-USP ship maneuvering simulator and real experiments. The TPN-USP Simulation

Center is the brazilian largest ship maneuvering simulation center, equipped with 3 full-

mission simulators and 3 tug stations, as well as 1 part-task simulator. The mathematical

model adopted in the simulator is described in [TANNURI et al., 2014], and the real-

time visualization framework for the generation of realistic images of maritime scenario

is presented in [MAKIYAMA et al., 2020].

Proposed enhanced scenes exemplifies potential assistance applications for a ship nav-

igating in restricted waters. Note that different operators performing a same task might

find different sets of information better suited than others. Thus, it is not the goal of

this work to find optimal representations for particular ship operations, although it is an

interesting topic to be further investigated.

1.1 Motivation

As the incorporation of arising technology in maritime processes and equipment have

been historically very important for the development of commercial navigation, it is inter-

esting to be watchful for current technologies that might impact the future of commercial

navigation. Two technological trends motivates the present work: the digital transforma-

tion of maritime operations and autonomous maritime navigation.

In [HEILIG; SCHWARZE; VOSS, 2017], a historical review of digital transformation

in seaports is discussed. The authors identify three major stages of transformations in

seaports which are going to be briefly presented. Each one of these stages are further

detailed under the framework presented in [VENKATRAMAN, 1994]. This framework

proposes five possible levels of business transformations with information systems and

technology: (1) Localized Exploitation; (2) Internal Integration; (3) Business Process

Redesign; (4) Business Network Redesign; and (5) Business Scope Redefinition.

The first trend dates from the beginning of the 1960s until the late 1980s and is pre-
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sented as the Transformation to Paperless Procedures. In the need of improvements in

overall planning, management and coordination of operational activities, electronic de-

vices have been employed to ensure efficient information flows. Such equipment improved

the availability and management of information enabling better planning and execution

of internal processes.

The next transformation trend can be summarized as the Transformation to Auto-

mated Procedures. In the beginning of the 1990s, typical port operations started to be

automated with the assistance of laser technologies. By the end of the 2000s, these au-

tomated procedures became an important competitive advantage as the global economic

crisis of 2008-2009 led to a more strict evaluation and selection of ports.

Finally, the most recent generation of digital transformations is presented in the work

as the Transformation to Smart Procedures. Fueled by recent advancements in promising

fields such as the internet of things, big data, mobile computing and cloud computing ; the

application of such technologies within the maritime industry became to be investigated.

The main idea of this transformation phase is to provide relevant information based on

real-time data for actors actively involved in transport activities. Raw data from multiple

sensors is processed and then transferred to a central information system that distributes

it to the many involved actors and decision makers.

Alongside these efforts for automating port operations, there is an ongoing research on

the automation of ship navigation as well. In June 2017, the Maritime Safety Committee

(MSC) of the International Maritime Organization (IMO) carried out a scoping exer-

cise to discuss how the operation of Maritime Autonomous Surface Ships (MASS) may

be introduced in IMO instruments [INTERNATIONAL MARITIME ORGANIZATION,

2017]. In the next year, the MSC endorsed a framework to analyze the most appropriate

way of addressing such operations [INTERNATIONAL MARITIME ORGANIZATION,

2018a], [INTERNATIONAL MARITIME ORGANIZATION, 2018b]. Ships have been

categorized according to four degrees of autonomy: (1) Ship with automated processes

and decision support, (2) Remotely controlled ship with seafarers onboard (3) Remotely

controlled ship without seafarers on board and (4) Fully autonomous ship. Guidelines for

MASS trials were also discussed for ensuring safety in the development of this technol-

ogy. In 2019, the MSC formally approved guidelines for MASS trials [INTERNATIONAL

MARITIME ORGANIZATION, 2019]. The main recommendation is that trials should

be conducted ensuring at least the same degree of safety, security and protection of the

environment as current instruments. Any personnel involved in these trials should be ap-

propriately qualified and experienced regarding the technologies to be validated. Possible
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risks associated with trials should be identified along with measures to reduce these risks.

In the context of ships with the first degree of autonomy, a decision support equip-

ment that is being investigated proposes the utilization of augmented reality techniques

[AZUMA, 1997] for an optimal presentation of navigational data to ship operators. A sys-

tematic review regarding the use of augmented reality technology for data-visualization

in the field of maritime navigation is presented in [LAERA et al., 2021]. The work ana-

lyze each study in view of its maturation regarding the incorporation of this technology

into maritime operations. An interesting set of definitions for such analysis is referred as

Technology Readiness Levels (TRL), which are shown in Table 1.

Table 1: Definitions of technology readiness levels (TRL)

TRL 1 Basic principles observed
TRL 2 Technology concept formulated
TRL 3 Experimental proof of concept
TRL 4 Technology validated in laboratory

TRL 5
Technology validated in relevant environment (industrially relevant environ-
ment in the case of key enabling technologies)

TRL 6
Technology demonstrated in relevant environment (industrially relevant envi-
ronment in the case of key enabling technologies)

TRL 7 System prototype demonstration in operational environment
TRL 8 System complete and qualified
TRL 9 Actual system proven in operational environment

Source: [COMMISSION DECISION C(2014)4995, 2014]

Most solutions reviewed by the work presented in [LAERA et al., 2021] have been

classified into initial technology readiness levels, which indicates that the application of

AR in the nautical field has not been sufficiently investigated yet. In such context, the

current work formulates technology concepts for a preliminary investigation of AR in

the nautical field (TRL 2). As augmented reality systems are generally focused on the

enhancement of video streams from cameras, simple methodologies for generating metric

virtual elements in videos of maritime applications are proposed towards navigational

assistance in a scenario of a ship navigating in restricted waters. These methods are

pursued as a means for popularization of augmented reality systems within maritime

contexts.

Considering computer vision techniques as a new technology to be incorporated in

maritime operations, equipment based on augmented-reality techniques could be useful

to investigate the performance of general computer vision methods in the field. As the

challenging conditions regarding maritime navigation are usually not present in other
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types of applications, typical computer vision techniques may not perform well enough in

view of all safety requirements. Thus, such equipment may also assist in the adaptation

of general computer vision results into specific solutions for the automation of maritime

operations.

1.2 Objectives

The main objective of the present work is the proposal of preliminary methods towards

the development of an augmented reality system for navigational assistance in restricted

waters. Proposed methodologies have been validated with videos from the TPN-USP ship

maneuvering simulator and from experiments around the Paranagua Port at the state of

Paraná. Both videos are recorded from experiments of a ship navigating in restricted

waters with an onboard fixed camera.

As complementary objectives, the author expects to contribute with the overall safety

of maritime operations by assisting in the popularization of Augmented-Reality methods

in Maritime Decision Support Systems. Guidelines for simple features and prototypes

are presented for a particular scenario of a ship traversing a channel delimited by nau-

tical buoys. Potential assistance applications are exemplified for this scenario assuming

knowledge of the navigation scene from additional onboard equipment. Further research

with computer vision technologies are indicated for similar scenarios without external

knowledge from additional equipment.

1.3 Structure of the Text

On chapter 2 is presented an overview of legal instruments developed over time to

ensure safety at sea. Technological trends are discussed with a particular emphasis on

the development of navigation equipment. The end of the chapter overviews augmented

reality applications within the maritime industry.

Chapter 3, 4 presents foundations for the development of Augmented Reality Systems

within the context of maritime navigation. Useful navigational definitions are proposed

on chapter 3 in order to adequately describe the ship navigation and its surroundings.

Camera projection models are subsequently presented on chapter 4 as foundations for

proposed virtual visual elements. Chapter 5 proposes a monitor augmented reality system

architecture and chapter 6 discusses the experimental setup used throughout the current



33

work.

Chapter 7 discusses methods for estimating mechanical parameters from the camera

scene. An extended Kalman filter is proposed for estimating the relative state of surround-

ing obstacles from camera measurements. The estimator is validated with measurements

computed from camera models and with measurements determined by image processing

algorithms. The integration of camera measurements in the estimation of the ship state

is also briefly discussed.

Chapter 8 presents methods for the augmentation of maritime scenes. Proposed

methods are developed assuming that aforementioned installation parameters are known.

The content of the section focuses on the synthesis of pertinent enhanced images. The

goal is to assist operators with the scene perception. External information about the

scene is assumed to be available.

Chapter 9 discusses potential assistance applications combining aforementioned fea-

tures. The development of a MAR prototype is also briefly discussed. Finally, chapter 10

presents conclusions from the current work indicating further research.
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2 BIBLIOGRAPHIC REVIEW

The division of this chapter is in two sections. The first section overviews the evolution

of safety systems for maritime navigation as presented on review articles from The Journal

of Navigation. Its main components and elements are presented according to [KOPACZ;

MORGAŚ; URBAŃSKI, 2001]. Fundamental changes in maritime navigation driven by

technological trends are presented in view of [KOPACZ; MORGAŚ; URBAŃSKI, 2004].

Additional technological aspects regarding the digitization of maritime operations are

presented based on another review article [SANCHEZ-GONZALEZ et al., 2019]. The

last section from this chapter presents interesting research regarding augmented reality

applications within maritime environments [VASILIJEVIC; BOROVIĆ; VUKIĆ, 2011],

[LAERA et al., 2021].

2.1 Safety Systems for Maritime Navigation

In [KOPACZ; MORGAŚ; URBAŃSKI, 2001] there is an overall review of the institu-

tions, regulations and procedures concerned with safety at sea. Safety at sea is defined as

such desirable conditions of human activity at sea that do not endanger human life and

property, and are not harmful to the maritime environment. Such conditions of activity

have been specified in many legal documents. The proposed term is further expressed

by means of four constituent parts: (1) Technological and operational ships’ safety, (2)

safety of navigation, (3) safety of persons in distress and (4) prevention of pollution of

the maritime environment from ships. The set of institutions, standards and procedures

to guarantee safety at sea is defined as the maritime safety system.

The main organization responsible for safety at sea is the International Maritime Or-

ganization (IMO). It is an agency of the United Nation Organization (UN). There are

different organs within the IMO regulating the legal instruments of the maritime safety

system. One of the most important document regarding safety at sea is the International

Convention on ‘Safety Of Life At Sea’ (SOLAS) [INTERNATIONAL MARITIME OR-
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GANIZATION, 1974]. This convention have been adopted at a London Conference in

1914 with posterior amendments over the years. The main objective of the SOLAS con-

vention is to specify minimum standards for the construction, equipment and operation

of ships, compatible with their safety. Another very important convention that directly

specifies safety at sea is the International Convention on ’Present of Pollution from Ships’

(MARPOL) [INTERNATIONAL MARITIME ORGANIZATION, 1973]. The Conven-

tion includes regulations aimed at preventing and minimizing pollution from ships.

Note that foundations for ensuring safety at sea are distributed within different re-

search fields. Among these domains of safety, safety of navigation is a major constituent of

safety at sea. It can be considered as such conditions of conducting the ships at sea which

ensure that ships are not endangered by collisions, stranding or storm damage. There are

resolutions from the IMO regarding navigational performance standards and operational

procedures further specifying safety of navigation. Similarly as with the aforementioned

concept of safety at sea, there are several domains that contributes for ensuring safety of

navigation.

Over the years, new equipment described within International Maritime Conventions

incorporated new technologies that enabled improvements in the overall efficiency of mar-

itime navigation. In [KOPACZ; MORGAŚ; URBAŃSKI, 2004], the authors discusses how

emerging technologies shifted main components of the maritime safety system towards a

maritime safety and efficiency system. The most important technological progresses for

maritime navigation are related with fields of science such as electronics, computer science,

automatic control engineering and electronic data processing/transmission/presentation.

The progress in these fields enabled the development of equipment towards the integra-

tion of all ship processes into one centralized control system. Further research for the

development of such integrated systems have been proposed.

As more onboard equipment became available for operators, an increase in the work-

load to analyze the corresponding information have been perceived. The need for inter-

action with such digital equipment became indispensable, thus the scope of desired com-

petences for operators within the maritime industry required further discussion. Proper

training for analyzing information from different equipment became an important topic.

Further developments to electronic data processing, transmission, display and recording

technologies have been suggested as an important factor for further improvements in safety

and efficiency of maritime operations.

Note that there are many challenges for the deployment of new equipment in the
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maritime industry. The marine environment is characterized by visibility issues such

as atmospheric phenomena. Particularly, in the case of offshore navigation, the lack

of landmarks adds significantly complexity as seafarers have no visual reference for self-

localization and immediate planning. Therefore, onboard ship equipment needs to be very

reliable with regard to its accurateness, robustness and user-friendliness. Such requisites

may considerably increase overall costs of navigational equipment.

In [SANCHEZ-GONZALEZ et al., 2019], a systematic literature review verifies the

application of eight innovative digital domains for maritime operations: autonomous ve-

hicles and robotics ; artificial intelligence; big data; virtual, augmented and mixed reality ;

internet of things ; cloud and edge computing ; digital security ; and 3D printing and ad-

ditive engineering. The objective of the review is to present the status of digitization

among the maritime transport chain to discover possible opportunities for improving the

performance of current processes.

More than 2900 works related to the digitization of maritime transport were examined

in view of: (1) their contribution in innovation; (2) use of scientific methods; (3) and

relevance of the study. Important works were selected resulting in 99 papers that were

further analyzed. The maritime transport industry have been divided in three sectors

for the purpose of the analysis: ship design and shipbuilding ; shipping ; and ports. The

authors were able to show that the digitization of maritime transport is advancing at

different speeds for each different sector by analyzing the relative number of published

works over the years. Table 2 presents the number of published manuscripts per domain

of study.

Table 2: References per domain
Domain Number of Manuscripts

Robotics 36

Artificial Intelligence 19

Big Data 16

Virtual Reality 10

Internet of Things 9

Cloud 5

Security 3

3D Printing 1

TOTAL 99

Source: [SANCHEZ-GONZALEZ et al., 2019]

As for future research, the authors suggests that developments in all aforementioned
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domains and sectors should be pursued as them could enable promising applications to

the maritime industry. In this context, the current work investigates the application of

a virtual reality technique usually referred as augmented reality. The development of

augmented reality as research field is described in Appendix A.

2.2 Augmented Reality Applications within Maritime

Environments

This section describes representative examples of augmented reality applications within

maritime environments. A review of potential augmented reality applications for the mar-

itime sector is presented in [VASILIJEVIC; BOROVIĆ; VUKIĆ, 2011]. The authors

proposed a definition for Augmented-Reality (AR) systems with three main components.

Figure 1 shows a diagram for the proposed operation of AR systems.

Figure 1: AR system inputs and outputs

Source: [VASILIJEVIC; BOROVIĆ; VUKIĆ, 2011]

The first component have been defined as the inputs. These inputs have been further

divided in three different classes: sensors, tracking devices and database links. Sensors

are typically digital cameras. Tracking devices provides accurate measurements for the

camera’s position and attitude (orientation) in the real world. External database links
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provide auxiliary relevant information for the augmentation of the AR scene. The second

component have been defined as the AR processing device. These devices are CPUs with

graphical capabilities that processes the inputs. The last component have been defined

as System-to-human interface. This interface handles all communication between human

and the AR. Two categories have been proposed for these interfaces: displays where data

flows from the AR system towards operators; interfaces where operators provide inputs

to the AR system. Challenges and limitations with the application of this technology

in maritime navigation were also discussed by the authors. Accurate tracking methods

have been presented as one of the major technical challenges for implementing these

technologies in operational processes.

Further, a real-life outdoor Maritime Augmented Reality Navigational Assistance Ap-

plication (MARNAA) designed to alleviate cognitive loads issues for vessels and recre-

ational boats have been proposed in [MORGÈRE; DIGUET; LAURENT, 2014]. The

authors proposes a solution for the generation of an Augmented Electronic Navigational

Chart. Three types of application data have been presented in such charts. The first one

is the state data, similar to a system status with information such as the course, speed,

position and the current time. The second type of information have been defined as the

alert data. Two types of such alerts have been described within the work. Collision detec-

tion alerts, in case of a collision detection perceived from data of an external Automatic

Identification System (AIS); or speed alerts, in case of navigation within restricted areas

such as channels or harbors. The third type of information is related with navigational

assistance. Useful navigational data from online databases such as seamarks, landmarks

and water depth are presented to assist operators.

The authors also briefly discusses hardware requirements for the implementation. The

system was implemented with a microelectromechanical system for tracking the camera’s

orientation, along with a Global Positioning System (GPS) for determining the geolo-

cation of the system. It has been proposed that the GPS error can vary between 1 and

5 meters while the orientation error should be inferior to a half degree. Requirements

for the computing resources should be defined in view of three main tasks. The first one

relates to the orientation computation implemented by Kalman-based filters. The second

task refers to parsing the signal from the external GPS device. The third task relates

to all graphical computations. The authors suggests an additional Graphical Processing

Unit (GPU) co-processor for efficiently computing these graphical elements.

In [HONG; ANDREW; KENNY, 2015], a set of experiments were conducted to inves-

tigate the applicability of a Maritime Augmented Reality System (MARS). Participants



39

of the experiment reviewed a video footage of a prototype boat navigating in the straits of

Singapore with six onboard cameras. Two scenarios were presented to the operators: one

with AIS information displayed as AR annotations on the camera feeds; another with AIS

information displayed in a separate screen. Participants felt that the AR provided them

information which was important to aid them with respect to their situational aware-

ness. Results for the interface with AR were generally more positive compared to the

results without the AR annotations. Figure 2 shows an example of the interface with the

annotations and Figure 3 shows an example of the interface without annotations.

Figure 2: MARS GUI

Source: [HONG; ANDREW; KENNY, 2015]

Figure 3: Non-AR GUI

Source: [HONG; ANDREW; KENNY, 2015]
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In [OH; PARK; KWON, 2016], a new concept have been proposed for a navigational

system based on AR technology. The work discusses that one of the largest problem with

typical bridge equipment is the provision of excessive and unnecessary information. It

has been proposed that future equipment in the bridge needs to be designed taking in

consideration effective information provision methods rather than simply increasing the

amount of information delivered.

A survey was initially carried out to determine user requirements. Three different

categories have been defined for the display information of the navigational assistant

system: (1) data regarding the own-ship operation; (2) data regarding traffic ships; and

(3) data from Electronic Chart Display and Information System (ECDIS). Own-ship

data are displayed on the upper portion of the display. Data of traffic ships are overlaid

on their corresponding positions in the environment. Additional information from AIS

data regarding surrounding traffic ships can be displayed upon selection of the operators.

The ECDIS data is displayed according to the geolocation of the ship. Figure 4 illustrates

the proposed interface of the navigation system.

Figure 4: User Interface of AR Navigation System

Source: [OH; PARK; KWON, 2016]

The hardware components of the system are a Pan/Tilt/Zoom (PTZ) digital camera

for measuring the scene; a user console with an additional joystick for the camera con-

trol; an Attitude and Heading Reference System (AHRS) for tracking the orientation of

the camera; and a NMEA combiner for the integration of navigational data such as AIS

and DGPS. These components have been integrated in four software modules: data man-

ager module, user interface module, registration module and augmented image rendering
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module. Figure 5 shows a diagram representing the data flow between each module.

Figure 5: Configuration of Navigation Aids System based on AR

Source: [OH; PARK; KWON, 2016]

In [MIHOC; CATER, 2017], an assistive maritime navigation application have been

developed. The work presents the usage of augmented reality as a means to present digital

information from typical bridge equipment. An initial user research was conducted on

board of a variety of different ships. The study concentrated on the interaction between

navigating officers and the current devices which they use for navigation. Main functions

have been identified for the development of a prototype that was built on a Nexus 9 tablet.

The tablet’s sensors include GPS, gyroscope, accelerometers, compass and camera. These

sensors have been integrated in an application that calculates the GPS position of the

ship, the bearing and distance to navigational aids.

It has been reported that the initialization of the application at sea in the AR mode

took over 1 minute on the Nexus 9 tablet. The application was able to correctly display

proposed virtual elements. Two additional considerations about the sensors have been

made. A magnetic interference with the bridge of the ship generated a continuous compass

error that varied between 5 and 12 degrees. Besides, the GPS signal was maintained

accurate only if the Wi-Fi was deactivated on the tablet. Despite such observations,

the officers were very interested and positive about the possibility of such application be

available to support navigation. The authors propose further research for the calibration

of the compass of the device. Moreover, it was proposed future developments to address

the issues related to the presentation of high volume of information on limited sized

screens.

Moreover, a systematic review regarding the use of augmented reality (AR) technology

for data-presentation in the field of maritime navigation is presented in [LAERA et al.,

2021]. Three types of virtual visual elements have been defined in the work: 3D World-
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relative, 2D World-relative and 2D Screen-relative.

Planar areas, lines or points that are rendered on top of the camera scene as virtual

visual elements were considered as 3D World-relative. Conversely, assets that are inserted

around a region from the navigation scene without being perceived as three-dimensional

element were considered as 2D World-relative. Finally, virtual elements that are not

inserted in any particular part of the scene were classified as 2D Screen-relative. Note

that 2D Screen-relative assets are not considered augmented reality. These different classes

of virtual assets are illustrated by Figure 6.

Figure 6: The spatiality of AR assets: 3D World-relative (WR), 2D World-relative (WR),
2D Screen-relative (SR)

Source: [LAERA et al., 2021]

Primitive information such as course, compass degree, boat speed and geographic co-

ordinates were highlighted as fundamental information to be represented in AR solutions.

Figure 7 presents the frequency of different types of information elements found in the

studies reviewed.

Figure 7: Frequency of information elements found in the solutions analyzed by the
systematic review

Source: [LAERA et al., 2021]
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The authors discusses that there is no representative standard for displaying each

information element. Further research on interface proposals is suggested as it would

potentially benefit the development of AR solutions within the maritime field. Note that

the usefulness of each information element depends on the particular operation of the

user.

The majority of analyzed works by the review uses an architecture referred as monitor

augmented-reality (MAR), which is cheaper and simpler than head-mounted architectures.

Eleven AR maritime solutions are described within the work and further classified accord-

ing to their technology readiness level (Table 1). Figure 8 presents a histogram illustrating

the distribution of solutions according to their TRLs.

Figure 8: Classification of AR solutions regarding their technological readiness level (TRL)

Source: [LAERA et al., 2021]

Most solutions have been rated as Technology concept formulated - TRL 2 (7), while

few solutions have been rated as Technology validated in laboratory - TRL 4 (2) and

as System prototype demonstration in operational environment - TRL 7 (2). Thus, the

authors indicate that the application of AR in the maritime field is not yet ready for the

market as most solutions have been classified under initial technology readiness levels.

In this context, the current work formulates technology concepts (TRL 2) towards

the development of a monitor augmented reality system for navigational assistance. The

following chapters addresses foundations for proper modeling such scenarios.
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3 NAVIGATION

Consider a reference coordinate system Sw (index w) fixed in the earth described by

axes [x⃗w, y⃗w, z⃗w] with origin at a point Ow. Further, consider a coordinate system Ss

(index s) associated with a ship navigating. This ship coordinate system is described by

axes [⃗is, j⃗s, k⃗s] with origin at a point Os. Each axis of the ship coordinate system can be

described in the world coordinate system as a vector with three-dimensional coordinates:

i⃗ws = iw,xs x⃗w + iw,ys y⃗w + iw,zs z⃗w =
[
iw,xs iw,ys iw,zs

]T
(3.1)

j⃗ws = jw,xs x⃗w + jw,ys y⃗w + jw,zs z⃗w =
[
jw,xs jw,ys jw,zs

]T
(3.2)

k⃗ws = kw,xs x⃗w + kw,ys y⃗w + kw,zs z⃗w =
[
kw,xs kw,ys kw,zs

]T
(3.3)

Consider an arbitrary vector v⃗ and let v⃗s be its description in the ship coordinate

system with three-dimensional coordinates:

v⃗s = vs,i⃗is + vs,j j⃗s + vs,kk⃗s =
[
vs,i vs,j vs,k

]T
(3.4)

It is possible to compute the corresponding three-dimensional coordinates v⃗w in the

world coordinate system:

v⃗s = vs,i⃗is + vs,j j⃗s + vs,kk⃗s =v
s,i
(
iw,xs x⃗w + iw,ys y⃗w + iw,zs z⃗w

)
(3.5)

+ vs,j
(
jw,xs x⃗w + jw,ys y⃗w + jw,zs z⃗w

)
(3.6)

+ vs,k
(
kw,xs x⃗w + kw,ys y⃗w + kw,zs z⃗w

)
v⃗w = vw,xx⃗w + vw,yy⃗w + vw,z z⃗w =

(
vs,iiw,xs + vs,jjw,xs + vs,kkw,xs

)
x⃗w (3.7)

+
(
vs,iiw,ys + vs,jjw,ys + vs,kkw,ys

)
y⃗w (3.8)

+
(
vs,iiw,zs + vs,jjw,zs + vs,kkw,zs

)
z⃗w (3.9)
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Note that Equation 3.9 can be expressed in a matricial form:

v⃗w =


vw,x

vw,y

vw,z

 =


vs,iiw,xs + vs,jjw,xs + vs,kkw,xs

vs,iiw,ys + vs,jjw,ys + vs,kkw,ys

vs,iiw,zs + vs,jjw,zs + vs,kkw,zs

 =


iw,xs jw,xs kw,xs

iw,ys jw,ys kw,ys

iw,zs jw,zs kw,zs



vs,i

vs,j

vs,k

⇒

v⃗w = Rw
s v⃗

s (3.10)

The matrix Rw
s is usually referred as the rotation matrix (or coordinate transformation

matrix) between both coordinate systems. Note that Rw
s represents the transformation

from the ship coordinate system to the world coordinate system. The inverse transfor-

mation may be computed by the transposition of the rotation matrix Rw
s :

Rs
w = (Rw

s )
−1 = (Rw

s )
T (3.11)

where Rs
w is the rotation matrix from the world coordinate system to the ship coordinate

system. Thus:

Rs
w = (Rw

s )
T =


iw,xs jw,xs kw,xs

iw,ys jw,ys kw,ys

iw,zs jw,zs kw,zs


T

=


iw,xs iw,ys iw,zs

jw,xs jw,ys jw,zs

kw,xs kw,ys kw,zs

⇒

x⃗sw = iw,xs i⃗s + jw,xs j⃗s + kw,xs k⃗s (3.12)

y⃗sw = iw,ys i⃗s + jw,ys j⃗s + kw,ys k⃗s (3.13)

z⃗sw = iw,zs i⃗s + jw,zs j⃗s + kw,zs k⃗ (3.14)

Note that:

(Rw
s )

T (Rw
s ) = (3.15)

iw,xs iw,ys iw,zs

jw,xs jw,ys jw,zs

kw,xs kw,ys kw,zs



iw,xs jw,xs kw,xs

iw,ys jw,ys kw,ys

iw,zs jw,zs kw,zs

 =


i⃗s · i⃗s i⃗s · j⃗s i⃗s · k⃗s
j⃗s · i⃗s j⃗s · j⃗s j⃗s · k⃗s
k⃗s · i⃗s k⃗s · j⃗s k⃗s · k⃗s

 =


1 0 0

0 1 0

0 0 1

 (3.16)

(Rw
s )(R

w
s )

T = (3.17)
iw,xs jw,xs kw,xs

iw,ys jw,ys kw,ys

iw,zs jw,zs kw,zs



iw,xs iw,ys iw,zs

jw,xs jw,ys jw,zs

kw,xs kw,ys kw,zs

 =


x⃗w · x⃗w x⃗w · y⃗w x⃗w · z⃗w
y⃗w · x⃗w y⃗w · y⃗w y⃗w · z⃗w
z⃗w · x⃗w z⃗w · y⃗w z⃗w · z⃗w

 =


1 0 0

0 1 0

0 0 1


(3.18)

Similarly, for a time-varying rotation matrix, the following equality must hold for all
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times:

Rw
s (t)

TRw
s (t) = Rs

w(t)R
w
s (t) = Rw

s (t)R
w
s (t)

T = Rw
s (t)R

s
w(t) = I3×3 ∀t

where I3×3 denotes an identity matrix with size 3 × 3. There are useful forms for Rw
s as

a function of pertinent angles. A common expression defines three independent rotations

around each axis. Let c(.) and s(.) denotes the trigonometric functions cos(.) and sin(.):

Rw
s (ϕ, θ, ψ)

XY Z =


1 0 0

0 cos(ϕ) − sin(ϕ)

0 sin(ϕ) cos(ϕ)




cos(θ) 0 sin(θ)

0 1 0

− sin(θ) 0 cos(θ)



cos(ψ) − sin(ψ) 0

sin(ψ) cos(ψ) 0

0 0 1



=


c(ψ)c(θ) −c(θ)s(ψ) s(θ)

c(ψ)s(θ)s(ϕ) + c(ϕ)s(ψ) c(ψ)c(ϕ)− s(ψ)s(θ)s(ϕ) −c(θ)s(ϕ)
−c(ψ)c(ϕ)s(θ) + s(ψ)s(ϕ) c(ψ)s(ϕ) + c(ϕ)s(ψ)s(θ) c(θ)c(ϕ)


(3.19)

Alternatively:

Rw
s (ϕ, θ, ψ)

ZY X =


cos(ψ) − sin(ψ) 0

sin(ψ) cos(ψ) 0

0 0 1




cos(θ) 0 sin(θ)

0 1 0

− sin(θ) 0 cos(θ)



1 0 0

0 cos(ϕ) − sin(ϕ)

0 sin(ϕ) cos(ϕ)



=


c(ψ)c(θ) c(ψ)s(θ)s(ϕ)− c(ϕ)s(ψ) c(ψ)c(ϕ)s(θ) + s(ψ)s(ϕ)

c(θ)s(ψ) c(ψ)c(ϕ) + s(ψ)s(θ)s(ϕ) −c(ψ)s(ϕ) + c(ϕ)s(ψ)s(θ)

−s(θ) c(θ)s(ϕ) c(θ)c(ϕ)


(3.20)

Another form for the rotation matrix is referred as Rodrigues formula. It is related

with the rotation of an angle ϕR around an unitary axis u⃗ = [ux, uy, uz]
T :

Rw
s (ϕ, u⃗)

R = c(ϕ)


1 0 0

0 1 0

0 0 1

+ s(ϕ)


0 −uz uy

uz 0 −ux
−uy ux 0

 (3.21)

+
(
1− c(ϕ)

)
uxux uxuy uxuz

uyux uyuy uyuz

uzux uzuy uzuz

 (3.22)

Moreover, it is possible to use unitary quaternions for the representation of rotations.

A quaternion may be interpreted as an extension of the imaginary numbers. In addition to
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the traditional imaginary axis, there are two more axes. Thus, a quaternion is represented

with 4 parameters:

q⃗ = qw1⃗
Q + qx⃗i

Q + qy j⃗
Q + qzk⃗

Q (3.23)

where 1⃗Q, i⃗Q, j⃗Q, k⃗Q represents the corresponding axes of the quaternion representation.

The rotation matrix associated with an unitary quaternion q⃗ = [qw, qx, qy, qz]
T can be

computed as:

Rw
s (q⃗)

QT =


q2w + q2x − q2y − q2z 2(qxqy − qwqz) 2(qxqz + qwqy)

2(qxqy + qwqz) q2w − q2x + q2y − q2z 2(qyqz − qwqx)

2(qxqz − qwqy) 2(qyqz + qwqx) q2w − q2x − q2y + q2z

 (3.24)

A rotation of an angle ϕ around an unitary axis u⃗ = [ux, uy, uz]
T can be expressed

with an unitary quaternion as:

q⃗ = cos
(ϕ
2

)
1⃗Q + ux sin

(ϕ
2

)⃗
iQ + uy sin

(ϕ
2

)⃗
jQ + uz sin

(ϕ
2

)
k⃗Q =


cos
(
ϕ
2

)
ux sin

(
ϕ
2

)
uy sin

(
ϕ
2

)
uz sin

(
ϕ
2

)

 (3.25)

Note that such quaternion is indeed unitary:∣∣∣∣∣∣ q⃗ ∣∣∣∣∣∣2 = cos2
(ϕ
2

)
+ u2x sin

2
(ϕ
2

)
+ u2y sin

2
(ϕ
2

)
+ u2z sin

2
(ϕ
2

)
= cos2

(ϕ
2

)
+
(
u2x + u2y + u2z

)
sin2

(ϕ
2

)
= cos2

(ϕ
2

)
+ sin2

(ϕ
2

)
= 1 (3.26)

Consider an arbitrary point Q and let pQ be its corresponding position. It is possible

to define a three-dimensional vectorial representation for the point with a vector Q−Ow

from the origin Ow of the world coordinate system to the respective point Q. Let pwwQ be

the position of Q in the world coordinate system:

pwwQ = (Q−Ow) = pw,xwQx⃗w + pw,ywQy⃗w + pw,zwQz⃗w =
[
pw,xwQ pw,ywQ pw,zwQ

]T
(3.27)

Similarly, let pwws be the position of originOs from the ship coordinate system described

in the world coordinate system:

pwws = (Os −Ow) = pw,xws x⃗w + pw,yws y⃗w + pw,zws z⃗w =
[
pw,xws pw,yws pw,zws

]T
(3.28)
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Note that the position pQ can be represented with coordinates in the ship coordinate

system:

pwwQ − pwws = (Q−Ow)− (Os −Ow) = (Q−Os) ⇒

(Q−Os) =
(
pw,xwQ − pw,xws

)
x⃗w +

(
pw,ywQ − pw,yws

)
y⃗w +

(
pw,zwQ − pw,zws

)
z⃗w ⇒

(Q−Os) =
(
pw,xwQ − pw,xws

)(
iw,xs i⃗s + jw,xs j⃗s + kw,xs k⃗s

)
+

+
(
pw,ywQ − pw,yws

)(
iw,ys i⃗s + jw,ys j⃗s + kw,ys k⃗s

)
+

+
(
pw,zwQ − pw,zws

)(
iw,zs i⃗s + jw,zs j⃗s + kw,zs k⃗s

)
Let pssQ be the position of point Q in the ship coordinate system:

pssQ =ps,isQ⃗is + ps,jsQj⃗s + ps,ksQk⃗s (3.29)

pssQ =
(
(pw,xwQ − pw,xws )i

w,x
s + (pw,ywQ − pw,yws )i

w,y
s + (pw,zwQ − pw,zws )i

w,z
s

)⃗
is+

+
(
(pw,xwQ − pw,xws )j

w,x
s + (pw,ywQ − pw,yws )j

w,y
s + (pw,zwQ − pw,zws )j

w,z
s

)⃗
js+

+
(
(pw,xwQ − pw,xws )k

w,x
s + (pw,ywQ − pw,yws )k

w,y
s + (pw,zwQ − pw,zws )k

w,z
s

)
k⃗s (3.30)

Note that it is possible to describe Equation 3.30 in a matricial form as:
ps,isQ

ps,jsQ

ps,ksQ

 =


(pw,xwQ − pw,xws )i

w,x
s + (pw,ywQ − pw,yws )i

w,y
s + (pw,zwQ − pw,zws )i

w,z
s

(pw,xwQ − pw,xws )j
w,x
s + (pw,ywQ − pw,yws )j

w,y
s + (pw,zwQ − pw,zws )j

w,z
s

(pw,xwQ − pw,xws )k
w,x
s + (pw,ywQ − pw,yws )k

w,y
s + (pw,zwQ − pw,zws )k

w,z
s



ps,isQ

ps,jsQ

ps,ksQ

 =


iw,xs iw,ys iw,zs

jw,xs jw,ys jw,zs

kw,xs kw,ys kw,zs



pw,xwQ − pw,xws

pw,ywQ − pw,yws

pw,zwQ − pw,zws


Alternatively:


ps,isQ

ps,jsQ

ps,ksQ

 =


iw,xs iw,ys iw,zs −iw,xs pw,xws − iw,ys pw,yws − iw,zs pw,zws

jw,xs jw,ys jw,zs −jw,xs pw,xws − jw,ys pw,yws − jw,zs pw,zws

kw,xs kw,ys kw,zs −kw,xs pw,xws − kw,ys pw,yws − kw,zs pw,zws



pw,xwQ

pw,ywQ

pw,zwQ

1

⇒

pssQ =
[
Rs
w −Rs

wp
w
ws

] [pwwQ
1

]
(3.31)

The inverse transformation from the ship coordinate system to the world coordinate
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system may be also described in a matricial form:

pwwQ =
[
Rw
s pwws

] [pssQ
1

]
(3.32)

Note that it is possible to express relations from Equation 3.31 and 3.32 in a 4 × 4

matricial form:[
pwwQ

1

]
=

[
Rw
s pwws

0 1

][
pssQ

1

]
⇔

[
pssQ

1

]
=

[
Rs
w −Rs

wp
w
ws

0 1

][
pwwQ

1

]
[
pwwQ

1

]
= Tws

[
pssQ

1

]
⇔

[
pssQ

1

]
= T sw

[
pwwQ

1

]
(3.33)

Matrices T sw and Tws from Equation 3.33 are commonly referred as transformation

matrices between coordinate systems. Similarly to the notation used for describing ro-

tation matrix, T sw is the transformation from the world coordinate system to the ship

coordinate system and Tws is the transformation from the ship coordinate system to the

world coordinate system.

Tws =

[
Rw
s pwws

0 1

]
⇔ T sw =

[
Rs
w −Rs

wp
w
ws

0 1

]
(3.34)

Note that:

T swT
w
s =

[
Rs
wR

w
s + 0 Rs

wp
w
ws −Rs

wp
w
ws

0 + 0 0 + 1

]
=

[
I3×3 0

0 1

]
= I4×4 (3.35)

Tws T
s
w =

[
Rw
s R

s
w + 0 −Rw

s R
s
wp

w
ws + pwws

0 + 0 0 + 1

]
=

[
I3×3 0

0 1

]
= I4×4 (3.36)

The following sections from this chapter presents foundations for a systematic research

on navigation as presented in [TITTERTON; WESTON, 2004] and [GROVES, 2008].

3.1 Earth Modeling

There are three customary reference frames in the context of navigation in the vicinity

of the earth [TITTERTON; WESTON, 2004]. The inertial (index i) and earth (index e)

frames have the same origin Oi = Oe at the center of the earth. Axes x⃗e and y⃗e from the

earth frame are fixed with respect to the earth. These axes rotates with respect to the
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inertial frame at a rate ωie about the axis z⃗i and z⃗e. Axes z⃗i and z⃗e from inertial and

earth frames are both parallel to the earth’s polar axis (which is assumed to be constant).

Let t0 be the time instant when both frames are aligned. The rotation matrix relating

the earth and the inertial frame may be expressed as a function of time and ωie:

Re
i (t) =


cos(ωie(t− t0)) sin(ωie(t− t0)) 0

− sin(ωie(t− t0)) cos(ωie(t− t0)) 0

0 0 1

 (3.37)

Ri
e(t) =


cos(ωie(t− t0)) − sin(ωie(t− t0)) 0

sin(ωie(t− t0)) cos(ωie(t− t0)) 0

0 0 1

 (3.38)

ωie ≈ 7.292115 · 10−5 rad/s (3.39)

The navigation (index n) frame has its origin in an arbitrary point Q. Axis x⃗n of the

navigation frame is parallel to the north, axis y⃗n is parallel to the east, and axis z⃗n is

parallel to the down direction. At a first approximation, the gravitational acceleration is

aligned with the down direction of the navigation frame.

The surface of the earth is customary described with a global ellipsoid model. A

widely adopted standard for navigation systems is referred as the World Geodetic System

1984 (WGS 84 ). This standard defines a global ellipsoid in terms of the equatorial radius

RWGS
0 and the flattening fWGS of the earth [GROVES, 2008]:

RWGS
0 = 6378137.0m (3.40)

fWGS =
1

298.257223563
(3.41)

The polar radius RWGS
p and the eccentricity eWGS may be computed as a function of

RWGS
0 and fWGS [TITTERTON; WESTON, 2004]:

RWGS
p = RWGS

0 (1− fWGS) = 6356752.3142m (3.42)

eWGS =
√
fWGS(2− fWGS) = 0.0818191908426 (3.43)

The position pQ of a point Q is defined with respect to the reference ellipsoid in terms

of its latitude Lq, longitude λq and height hq. This representation is usually referred as

the Curvilinear position of point p. Let [pe,xeQ, p
e,y
eQ, p

e,z
eQ] be the Cartesian position of point

Q with respect to the earth frame. An expression relating the curvilinear position with
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the cartesian position may be expressed as [GROVES, 2008]:

RE(Lq) =
RWGS

0√
1− (eWGS)2 sin2(Lq)

(3.44)
pe,xeQ

pe,yeQ

pe,zeQ

 =


(RE(Lq) + hq) cos(Lq) cos(λq)

(RE(Lq) + hq) cos(Lq) sin(λq)

[(1− (eWGS)2)RE(Lq) + hq] sin(Lq)

 (3.45)

Alternatively, the curvilinear coordinates [Lq, λq, hq] may be computed from cartesian

coordinates [pe,xeQ, p
e,y
eQ, p

e,z
eQ]:

Lq = arctan
[ pe,zeQ(RE(Lq) + hq)√

(pe,xeQ)
2 + (pe,yeQ)

2[(1− (eWGS)2)RE(Lq) + hq]

]
(3.46)

λq = arctan
[pe,yeQ
pe,xeQ

]
(3.47)

hq =

√
(pe,xeQ)

2 + (pe,yeQ)
2

cos(Lq)
−RE(Lq) (3.48)

Note that Equations 3.46 and 3.48 must be solved iteratively in order to determine

the latitude Lq and the height hq. The latitude Lq may be initialized with the following

simplification:

Lq ≈ arctan
[ pe,zeQ√

(pe,xeQ)
2 + (pe,yeQ)

2

]
(3.49)

The rotation matrix relating the earth and the navigation frame may be expressed as

a function of the curvilinear coordinates:

Rn
e (Lq, λq, hq) =


− sin(Lq) cos(λq) − sin(Lq) sin(λq) cos(Lq)

− sin(λq) cos(λq) 0

− cos(Lq) cos(λq) − cos(Lq) sin(λq) − sin(Lq)

 (3.50)

Re
n(Lq, λq, hq) =


− sin(Lq) cos(λq) − sin(λq) − cos(Lq) cos(λq)

− sin(Lq) sin(λq) cos(λq) − cos(Lq) sin(λq)

cos(Lq) 0 − sin(Lq)

 (3.51)

The WGS-84 datum provides a simple model of gravity as function of the curvilinear
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position. The acceleration due to gravity is expressed as a function of latitude:

g0(Lq) ≈ 9.7803253359
1 + 0.001931853 sin2(Lq)√

1− (eWGS)2 sin2(Lq)
m/s2 (3.52)

The gravity direction is defined with the down unit vector of the local navigation

frame (index n). Let g⃗nQ be the gravity vector at point Q expressed in the navigation

frame and let g⃗eQ be the same gravity expressed in the earth frame:

g⃗nQ(Lq) =


0

0

g0(Lq)

⇒ (3.53)

g⃗eQ(Lq, λq, hq) = Re
n(Lq, λq, hq)g⃗

n
Q(Lq) =


− cos(Lq) cos(λq)g0(Lq)

− cos(Lq) sin(λq)g0(Lq)

− sin(Lq)g0(Lq)

 (3.54)

Consider a world reference coordinate system Sw. Assume that the origin Ow is

described by its curvilinear position [Lw, λw, hw] with respect to the earth frame. The

cartesian position peew of the origin Ow with respect to the earth frame is possible to be

computed from Equation 3.45.

peew =


pe,xew

pe,yew

pe,zew

 =


(RE(Lw) + hw) cos(Lw) cos(λw)

(RE(Lw) + hw) cos(Lw) sin(λw)

[(1− (eWGS)2)RE(Lw) + hw] sin(Lw)

 (3.55)

Further, assume that axes [x⃗w, y⃗w, z⃗w] from Sw are described by a rotation matrix Rn
w

between world and navigation frame:

Rn
w =

[
x⃗nw y⃗nw z⃗nw

]
=


xn,xw yn,xw zn,xw

xn,yw yn,yw zn,yw

xn,zw yn,zw zn,zw

 (3.56)

Note that it is possible to compute the rotation matrix Re
w between the world reference

frame and the earth frame with Equation 3.51:

Re
w = Re

n(Lw, λw, hw)R
n
w (3.57)

Re
w =


− sin(Lw) cos(λw) − sin(λw) − cos(Lw) cos(λw)

− sin(Lw) sin(λw) cos(λw) − cos(Lw) sin(λw)

cos(Lw) 0 − sin(Lw)



xn,xw yn,xw zn,xw

xn,yw yn,yw zn,yw

xn,zw yn,zw zn,zw

 (3.58)
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Therefore, let pwwQ be the position of an arbitrary point Q in the world reference frame.

The corresponding position peeQ of point Q in the earth frame may be expressed by:

peeQ = peew +Re
wp

w
wQ (3.59)

Conversely, the position pwwQ of point Q in the world reference frame may be expressed

as a function of its corresponding position peeQ in the earth frame:

Rw
e

[
peeQ

]
= Rw

e

[
peew +Re

wp
w
wQ

]
⇒

Rw
e p

e
eQ = Rw

e p
e
ew + pwwQ ⇒

Rw
e p

e
eQ −Rw

e p
e
ew = pwwQ ⇒

pwwQ = Rw
e (p

e
eQ − peew) = (Re

w)
T (peeQ − peew) (3.60)

3.2 Kinematics

In navigation, it is customary to express linear and angular motion of one coordinate

frame with respect to another. Generally, most kinematic quantities involve three coor-

dinate frames: the object-frame (α); the reference-frame (β) and the resolving-frame (γ).

Henceforth, a kinematic property K from frame α with respect to a frame β is expressed

in frame γ as Kγ
βα. For example, the cartesian position of frame α with respect to β

expressed in frame γ is given by pγβα. The kinematic velocity of a frame α with respect

to a frame β is defined as the time derivative of its position resolved about the same

resolving frame β:

vββα = ṗββα (3.61)

Similarly, the kinematic acceleration from frame α with respect to frame β is defined

as the time derivative of its velocity resolved about the same resolving frame β:

aββα = v̇ββα = p̈ββα (3.62)

The rotation matrix from frame α to frame β is expressed by Rβ
α (or Cβ

α). The inverse

rotation matrix from frame β to frame α is expressed by Rα
β (or Cα

β ). The angular rate

vector is the rate of rotation of the frame α with respect to the frame β, resolved about

a third frame γ. It is commonly represented as a three-dimensional vector ωγβα or by a
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skew-symmetric matrix representation Ωγ
βα:

ωγβα =


ωγ,xβα

ωγ,yβα

ωγ,zβα

⇔
[
ωγβα×̂

]
= Ωγ

βα =


0 −ωγ,zβα ωγ,yβα

ωγ,zβα 0 −ωγ,xβα
−ωγ,yβα ωγ,xβα 0

 (3.63)

The skew-symmetric matrix representation of angular rate Ωγ
βα may be transformed

to another frame δ with the following expression:

Ωδ
βα = Rδ

γΩ
γ
βαR

γ
δ (3.64)

The time derivatives of a rotation matrix Rα
β may be expressed as a function of the

angular rate between both frames:

Ṙα
β = −Rα

βΩ
β
βα = −Ωα

βαR
α
β = Rα

βΩ
β
αβ = Ωα

αβR
α
β (3.65)

The kinematic velocity of a frame α with respect to a frame β may be expressed in

another frame γ as vγβα.

vγβα = Rγ
β ṗ

β
βα (3.66)

Note that vγβα is not equal to the time derivative of pγβα unless there is no angular

motion between γ and β.

ṗγβα =
d

dt

(
Rγ
βp

β
βα

)
= Ṙγ

βp
β
βα +Rγ

β ṗ
β
βα = Ṙγ

βp
β
βα + vγβα (3.67)

The kinematic acceleration may be expressed in another frame γ as aγβα with the

appropriate coordinate transformation matrix:

aγβα = Rγ
βa

β
βα = Rγ

β v̇
β
βα = Rγ

β p̈
β
βα (3.68)

Note that the acceleration aγβα is not the same as the time derivative of vγβα or the

second time derivative of pγβα unless there is no rotation between β and γ.

d

dt

(
vγβα

)
=

d

dt

(
Rγ
β ṗ

β
βα

)
⇒ v̇γβα = Ṙγ

β ṗ
β
βα +Rγ

β p̈
β
βα ⇒ v̇γβα = Ṙγ

βv
β
βα + aγβα (3.69)

d

dt

(
ṗγβα

)
=

d

dt

(
Ṙγ
βp

β
βα + vγβα

)
⇒ p̈γβα = R̈γ

βp
β
βα + Ṙγ

β ṗ
β
βα + v̇γβα ⇒

⇒ p̈γβα = R̈γ
βp

β
βα + Ṙγ

βv
β
βα + (Ṙγ

βv
β
βα + aγβα) = R̈γ

βp
β
βα + 2Ṙγ

β ṗ
β
βα + aγβα (3.70)
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Note that:

ṗγβα = Ṙγ
βp

β
βα +Rγ

β ṗ
β
βα ⇒ Rγ

β ṗ
β
βα = ṗγβα − Ṙγ

βp
β
βα (3.71)

From Equation 3.65:

Ṙγ
β ṗ

β
βα = −Ωγ

βγR
γ
β ṗ

β
βα = −Ωγ

βγ

(
ṗγβα − Ṙγ

βp
β
βα

)
= −Ωγ

βγ

(
ṗγβα + Ωγ

βγR
γ
βp

β
βα

)
(3.72)

R̈γ
βp

β
βα = −Ω̇γ

βγR
γ
βp

β
βα − Ωγ

βγṘ
γ
βp

β
βα = −Ω̇γ

βγR
γ
βp

β
βα + Ωγ

βγΩ
γ
βγR

γ
βp

β
βα (3.73)

Therefore:

p̈γβα =
(
− Ω̇γ

βγp
γ
βα + Ωγ

βγΩ
γ
βγp

γ
βα

)
+ 2
(
− Ωγ

βγ

(
ṗγβα + Ωγ

βγp
γ
βα

))
+ aγβα

p̈γβα =−
(
Ωγ
βγΩ

γ
βγ + Ω̇γ

βγ

)
pγβα − 2Ωγ

βγ ṗ
γ
βα + aγβα (3.74)

The set of kinematic acceleration aeis, velocity v
e
es and position pees determines the ship

position in the earth frame throughout its navigation. Note that as the center of the

earth frame is coincident with the center of the inertial frame, the position of a point with

respect to the earth frame is the same as the position with respect to the inertial frame:

piiα = pieα ⇔ peiα = peeα (3.75)

As the inertial frame does not rotate, the velocity of a point with respect to the earth

frame is different from the velocity of a point with respect to the inertial frame:

viiα = Ri
e(v

e
eα + Ωe

iep
e
eα) ⇒ Re

iv
i
iα = Re

iR
i
e(v

e
eα + Ωe

iep
e
eα) ⇒ veiα = veeα + Ωe

iep
e
eα (3.76)

Considering Equation 3.74 assuming that the rotation of the earth ωeie is constant:

p̈eis = −
(
Ωe
ieΩ

e
ie

)
peis − 2Ωe

ieṗ
e
is + aeis (3.77)

Expanding the term ṗeis from Equation 3.77 in terms of the ship state [pees, v
e
es, a

e
is]:

ṗeis =
d

dt

[
Re
ip
i
is

]
= Ṙe

ip
i
is +Re

iv
i
is = −Ωe

ieR
e
ip
i
is + veis ⇒ (3.78)

ṗeis = −Ωe
iep

e
is + veis = −Ωe

iep
e
is + vees + Ωe

iep
e
es = vees (3.79)

Therefore, the ship position in the earth frame may be determined with the integration
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of the following expressions:

ṗees = vees (3.80)

v̇ees = −Ωe
ieΩ

e
iep

e
es − 2Ωe

iev
e
es + aeis (3.81)

Equations 3.80 and 3.81 are commonly referred as navigation equations. Furthermore,

consider Re
s as the ship orientation with respect to the earth frame and let ωses be the

angular rate between the ship frame and the earth frame:

Ṙe
s = Re

sΩ
s
es (3.82)

Note that the angular rate between ship and inertial frame is composed by the angular

rate between the ship and the earth with the angular rate between the earth and the

inertial frame:

ωsis = ωsie + ωses ⇒ ωses = ωsis − ωsie (3.83)

Therefore:

Ṙe
s = Re

sΩ
s
es = Re

sΩ
s
is −Re

sΩ
s
ie = Re

sΩ
s
is −Re

s

(
Rs
eΩ

e
ieR

e
s

)
⇒

Ṙe
s = Re

sΩ
s
is − Ωe

ieR
e
s (3.84)

where the angular rate Ωs
is may be measured by inertial sensors and Ωe

ie is assumed to be

known and constant.

3.3 Maritime Navigational Assistance

The marine environment is known to be unpredictably harsh and characterized by

visibility issues related with different atmospheric phenomena. Further, in some cases

of maritime navigation such as in offshore scenarios, the lack of landmarks contributes

to increase complexity. Due to such complex factors, marine navigation remained an

enormous challenge for many centuries. Nowadays, there are typical digital tools for

assisting maritime navigation. An example of such equipment is a compass, which outputs

the angle between the instrument case and the direction of the true north with respect to

the earth. These measurements are extremely important for the maintenance of a desired

ship route towards a destination.

A very important type of equipment for navigational assistance is usually referred as
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Inertial Navigation Systems (INS). These systems are constituted by a navigation proces-

sor that integrates inertial measurements of acceleration and angular velocity providing

the instantaneous state of the instrument. The integration is typically assisted by filtering

algorithms such as the Kalman filter, which is presented in Appendix B. There are differ-

ent INS manufacturers with corresponding different implementation technologies. Note

that the precision of the instantaneous state provided by the INS will ultimately depend

on the precision of its inertial measurements.

Another important equipment that assists ship operators during navigation is known

as Global Navigation Satellite Systems (GNSS). GNSS are systems that provides esti-

mates for the user position and velocity with respect to the earth. There are three main

components in a GNSS architecture: the space segment, the control segment and the user

segment. The space segment is constituted by satellites, which are collectively known as

constellation. The control segment monitor the space segment to track each satellite and

ensure their orbits. These satellites broadcasts signals to the user segment that incor-

porates ranging codes and navigation data messages. The ranging codes enable the user

equipment to determine the time of broadcast by each satellite, while the navigation data

messages includes timing parameters and information about the satellite orbits. Typi-

cally, GNSS user equipment are implemented with a navigator processor that calculates

the instrument position and velocity providing such solutions as outputs.

When multiple equipment are available in a ship, it is possible to integrate all mea-

surements into a integrated solution. An Integrated Navigation System consists of an

equipment that integrates multiple real-time sensors in order to determine an estimation

for the ship state described in a reference coordinate system. There are multiple algo-

rithms for such estimation. Typically, a reference solution is computed from an INS. As

there are multiple sources of errors that affects the accuracy of the inertial solution, the

predicted reference state is combined with measurements from other auxiliary sources in

order to determine an improved estimation for the ship state. Simple models for naviga-

tional assistance equipment that are used throughout the current work are presented in

Appendix C.
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4 CAMERAS

Consider a camera coordinate system Sc (index c) described by axes [χ⃗c, γ⃗c, κ⃗c] with

origin at a point Oc. Assume that three-dimensional coordinates for the position of Oc

are known in the ship coordinate system SS.

pssc = Oc −Os = ps,isc i⃗s + ps,jsc j⃗s + ps,ksc k⃗s =
[
ps,isc ps,jsc ps,ksc

]T
(4.1)

Further, consider that each axis of this additional coordinate system is known with

respect to the ship coordinate system:

χ⃗sc = χs,ic i⃗s + χs,jc j⃗s + χs,kc k⃗s =
[
χs,ic χs,jc χs,kc

]T
(4.2)

γ⃗sc = γs,ic i⃗s + γs,jc j⃗s + γs,kc k⃗s =
[
γs,ic γs,jc γs,kc

]T
(4.3)

κ⃗sc = κs,ic i⃗s + κs,jc j⃗s + κs,kc k⃗s =
[
κs,ic κs,jc κs,kc

]T
(4.4)

Parameters from Equations 4.1, 4.2, 4.3 and 4.4 yields the following transformations

T cs and T sc between the camera frame Sc and the ship frame SS:

Rs
c =


χs,ic γs,ic κs,ic

χs,jc γs,jc κs,jc

χs,kc γs,kc κs,kc

⇒ T sc =

[
Rs
c pssc

0 1

]
(4.5)

Rc
s =


χs,ic χs,jc χs,kc

γs,ic γs,jc γs,kc

κs,ic κs,jc κs,kc

⇒ T cs =

[
Rc
s −Rc

sp
s
sc

0 1

]
(4.6)

Therefore, for an arbitrary point Q with position pccQ in the camera frame, the corre-



59

sponding position pssQ in the ship frame can be computed as:

pssQ =


ps,isQ

ps,jsQ

ps,ksQ

 =


χs,ic γs,ic κs,ic

χs,jc γs,jc κs,jc

χs,kc γs,kc κs,kc



pc,χcQ

pc,γcQ

pc,κcQ

+


ps,isc

ps,jsc

ps,ksc

 (4.7)

[
pssQ

1

]
=

[
Rs
c pssc

0 1

][
pccQ

1

]
(4.8)

Conversely:

pccQ =


pc,χcQ

pc,γcQ

pc,κcQ

 =


χs,ic χs,jc χs,kc

γs,ic γs,jc γs,kc

κs,ic κs,jc κs,kc



ps,isQ − ps,isc

ps,jsQ − ps,jsc

ps,ksQ − ps,ksc

 (4.9)

[
pccQ

1

]
=

[
Rc
s −Rc

sp
s
sc

0 1

][
pssQ

1

]
(4.10)

In addition to the projection of an arbitrary point Q, it is interesting to investigate

expressions for the projection of points belonging to particular planes in space. As a plane

can be defined by a point and a unitary normal direction vector, it is possible to describe

an arbitrary plane Π with a coordinate system transformation.

Consider a plane coordinate system SΠ expressed by a set of axes [x⃗Π, y⃗Π, z⃗Π] and an

origin OΠ. Assume that the origin OΠ belongs to the plane Π and that axes [x⃗Π, y⃗Π] from

SΠ are aligned with the plane Π. The position pccΠ of OΠ is assumed to be known with

respect to the camera frame:

pccΠ = OΠ −Oc = pc,χcΠ χ⃗c + pc,γcΠ γ⃗c + pc,κcΠ κ⃗c =
[
pc,χcΠ pc,γcΠ pc,κcΠ

]T
(4.11)

Similarly, axes [x⃗Π, y⃗Π, z⃗Π] are assumed to be known with respect to the camera coor-

dinate system:

x⃗cΠ = xc,χΠ χ⃗c + xc,γΠ γ⃗c + xc,κΠ κ⃗c (4.12)

y⃗cΠ = yc,χΠ χ⃗c + yc,γΠ γ⃗c + yc,κΠ κ⃗c (4.13)

z⃗cΠ = zc,χΠ χ⃗c + zc,γΠ γ⃗c + zc,κΠ κ⃗c (4.14)

Thus, the position pccPπ
of an arbitrary point Pπ from the plane may be expressed in
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the camera frame from a linear combination of x⃗cΠ and y⃗cΠ:

pccPπ
= pccΠ + µ1x⃗

c
Π + µ2y⃗

c
Π (4.15)

where µ1 and µ2 are arbitrary real numbers. Note that it is possible to define a transfor-

mation matrix T cΠ that transform points from the plane frame to the camera frame:

Rc
Π =


xc,χΠ yc,χΠ zc,χΠ

xc,γΠ yc,γΠ zc,γΠ

xc,κΠ yc,κΠ zc,κΠ

⇒ T cΠ =

[
Rc

Π pccΠ

0 1

]
⇒ (4.16)

[
pccPπ

1

]
=


pc,χcPπ

pc,γcPπ

pc,κcPπ

1

 =


xc,χΠ yc,χΠ zc,χΠ pc,χcΠ

xc,γΠ yc,γΠ zc,γΠ pc,γcΠ

xc,κΠ yc,κΠ zc,κΠ pc,κcΠ

0 0 0 1




µ1

µ2

0

1

 (4.17)

Assuming that other equipment of the ship are able to provide estimates for the state

of the ship and surrounding points, it is possible to transform these points to the camera

coordinate system with Equations 4.10 and 4.17. Once a point has its position described

with respect to the camera frame, it is possible to compute its corresponding projection

in the image scene with proper modeling.

The following sections presents camera models for the projection of arbitrary points

with known position in a camera coordinate system. The following content is based on

the book [SZELISKI, 2010] about computer vision methods and applications; a classical

book of geometrical projection [HARTLEY; ZISSERMAN, 2003]; and the documentation

of the open-source library OpenCV [BRADSKI; KAEHLER, 2008].

4.1 Pinhole Model

One of the simplest camera models considered by researchers is usually referred as the

pinhole camera [HARTLEY; ZISSERMAN, 2003]. In this model, the projection of points

in the scene are modeled assuming a process of central projection. A ray from the point is

projected through the lens of a camera in a single point C defined as the centre of the lens.

This ray intersects a particular plane in space defined as the image plane. Note that such

modeling does not specifically model geometry and composition of the lens. Let f be the

distance between C and the image plane. In the ideal pinhole model, an arbitrary point

Q described by a three dimensional vector pccQ projects to image coordinates [uph, vph]T
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accordingly to the following expression:

pccQ =


pc,χcQ

pc,γcQ

pc,κcQ

⇒

[
uph

vph

]
=

f((pc,χcQ )(pc,κcQ)−1
)

f
(
(pc,γcQ)(p

c,κ
cQ)

−1
) (4.18)

The process is illustrated in Figure 9.

Figure 9: Central projection of a point P3D into image coordinates pCAM

Source: Author (adapted from [HARTLEY; ZISSERMAN, 2003])

Note that image coordinates [uph, vph]T from Equation 4.18 are given in the same unit

as the focal distance f and are defined with respect to a coordinate system with origin at

the camera center. Let ∆u and ∆v be the size of each pixel unit in the image plane, and

let [u0, v0]
T be the coordinates of the center of the camera C in the scene image in pixels.

A model for measurements [uccd, vccd]T of a digital camera may be expressed as:[
uccd

vccd

]
=

f∆−1
u

(
(pc,χcQ )(p

c,κ
cQ)

−1
)
+ u0

f∆−1
v

(
(pc,γcQ)(p

c,κ
cQ)

−1
)
+ v0

 =

[
∆−1
u uph + u0

∆−1
v vph + v0

]
(4.19)

The set of parameters Kin = [f∆−1
u , f∆−1

v , u0, v0] are referred as the intrinsic param-

eters of the camera. These intrinsic parameters defines the projection of points from

the camera coordinate system to their corresponding image coordinates. If a point is

described with respect to another coordinate system, it is necessary to transform it to the

camera frame before its projection into the camera scene.
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Consider the ship frame SS and let pssc be the position and Rc
s be the orientation of

the camera with respect to the ship frame. An arbitrary point Q described with position

pssQ in the ship frame projects into the camera scene as:

pccQ = Rc
s(p

s
sQ − pssc) ⇒


pc,χcQ

pc,γcQ

pc,κcQ

 =


χs,ic χs,jc χs,kc

γs,ic γs,jc γs,kc

κs,ic κs,jc κs,kc



ps,isQ − ps,isc

ps,jsQ − ps,jsc

ps,ksQ − ps,ksc

⇒ (4.20)


pc,χcQ

pc,γcQ

pc,κcQ

 =


χs,ic (ps,isQ − ps,isc ) + χs,jc (ps,jsQ − ps,jsc ) + χs,kc (ps,ksQ − ps,ksc )

γs,ic (ps,isQ − ps,isc ) + γs,jc (ps,jsQ − ps,jsc ) + γs,kc (ps,ksQ − ps,ksc )

κs,ic (ps,isQ − ps,isc ) + κs,jc (ps,jsQ − ps,jsc ) + κs,kc (ps,ksQ − ps,ksc )

 (4.21)


uccd

vccd

 =


f∆−1

u

(
χs,i
c (ps,isQ−ps,isc )+χ

s,j
c (ps,jsQ−ps,jsc )+χs,k

c (ps,ksQ−ps,ksc )

κs,ic (ps,isQ−ps,isc )+κ
s,j
c (ps,jsQ−ps,jsc )+κs,kc (ps,ksQ−ps,ksc )

)
+ u0

f∆−1
v

(
γs,ic (ps,isQ−ps,isc )+γ

s,j
c (ps,jsQ−ps,jsc )+γs,kc (ps,ksQ−ps,ksc )

κs,ic (ps,isQ−ps,isc )+κ
s,j
c (ps,jsQ−ps,jsc )+κs,kc (ps,ksQ−ps,ksc )

)
+ v0

 (4.22)

The parameters [pssc, R
c
s] that specifies the camera coordinate system are usually re-

ferred as the extrinsic parameters of the camera. It is possible to estimate the camera

parameters of a given camera device with calibration procedures. Consider a set of Nc

points correspondences composed of detections [uk, vk]
T and respective three-dimensional

coordinates. For each three-dimensional coordinate, an estimated detection [ûk, v̂k]
T is

computed as a function of estimated camera parameters and each point position. The

error between observations [uk, vk]
T and estimations [ûk, v̂k]

T can be defined with a single

vector concatenating the error between each correspondence:

E⃗cc =
[
u1 − û1 v1 − v̂1 ... uk − ûk vk − v̂k ... uNc − ûNc vNc − v̂Nc

]
(4.23)

Neglecting errors in the three-dimensional position of each calibration point, the error

vector E⃗cc from Equation 4.23 tends to zero when estimated camera parameters are equal

to real camera parameters. There are different optimization methods that can be used

for the determination of calibration parameters from the minimization of E⃗cc.

On a computational perspective, it is possible to use a general purpose optimizer

for this calibration with open source numerical libraries. Typically, these optimization

libraries expects expressions for the error as function of the parameters to be optimized.

Considering the previous models which express each projection as a function of camera

parameters and points coordinates, it is possible to solve for the calibration parameters

by feeding these numerical libraries with the aforementioned functions. One example of
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such optimizer is available in the SciPy library for optimization [VIRTANEN et al., 2020].

The implementation that is used throughout this work is available in the function

least squares of the library. The implementation search for an optimal λ⃗optm that mini-

mizes a scalar cost function Eoptm(λ⃗optm). The scalar cost is computed from a loss function

ρ(.) and a set of M residual measurements e⃗i(λ⃗optm) accordingly to the following form:

Eoptm(λ⃗optm) =
1

2

M∑
i=1

(
ρ(||e⃗i(λ⃗optm)||2)

)
(4.24)

where e⃗i(λ⃗optm) is the i−th residual as a function of the optimization parameters λ⃗optm.

The default implementation of the least squares function uses a trust region reflective

algorithm [BYRD; SCHNABEL; SHULTZ, 1988], [BRANCH; COLEMAN; LI, 1999] that

allow bounds for the optimization parameters λ⃗optm. Another implementation of the

least squares function available in the SciPy library is commonly referred as the Levenberg-

Marquardt algorithm [LEVENBERG, 1944], [MARQUARDT, 1963], [MORÉ, 1978]. Fur-

thermore, there are alternative optimization implementations in the SciPy library that

may be further investigated.

4.2 Distortion Models

The projection of points into the image scene of real cameras deviates from the previ-

ous ideal pinhole camera model due to many factors. Different models have been proposed

to characterize such distortion. Generally, the most important type of distortion is re-

ferred as radial distortion [HARTLEY; ZISSERMAN, 2003]. Radial distortion can be

attributed to an imperfect radial curvature of the camera lens. Such distortions are more

significant as the focal length of the lens decreases. Let [ũ, ṽ]T be image coordinates from

an ideal pinhole projection model with unitary focal length:[
ũ

ṽ

]
=

1

f

[
∆u(u

ccd − u0)

∆v(v
ccd − v0)

]
=

1

f

[
uph

vph

]
=

[
(pc,χcQ )(p

c,κ
cQ)

−1

(pc,γcQ)(p
c,κ
cQ)

−1

]
(4.25)

Let [uccdd , vccdd ]T be distorted coordinates after radial distortion. Such distortion can

be modeled as a function of an ideal radius r̃ computed from the above ideal pinhole
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projections alongside a set of radial distortion parameters:

r̃ =

√(
ũ
)2

+
(
ṽ
)2

(4.26)

L(r̃) = 1 + kr1r̃ + kr2r̃
2 + ...+ krnr̃

n (4.27)[
ũd

ṽd

]
= L(r̃)

[
ũ

ṽ

]
⇒ (4.28)

[
uccdd

vccdd

]
=

[
f∆−1

u ũd + u0

f∆−1
v ṽd + v0

]
(4.29)

Physically, the distortion function L(r̃) needs to be monotonic. In order words, L(r̃)

needs to continuously increase as r̃ increases, or continuously decrease as r̃ increases.

Another component of lens distortion is classically referred as decentering distortion.

Such distortion is mathematically complex to be expressed analytically. In [BROWN,

1966], decentering distortion is physically discussed and a distortion model is proposed

based on the earlier work of [CONRADY, 1919]. Nowadays, this model is usually referred

as the Brown-Conrady distortion model. There are implementations based on this model

in the open-source library OpenCV [BRADSKI; KAEHLER, 2008]. Let [ũ, ṽ]T be the

coordinates from the ideal pinhole projection without distortion similarly as before, and

let [uccdd , vccdd ]T be the distorted coordinates after distortion.

r̃ =

√(
ũ
)2

+
(
ṽ
)2

(4.30)

L(r̃) =
1 + kr1r̃

2 + kr2r̃
4 + kr3r̃

6

1 + kr4r̃2 + kr5r̃4 + kr6r̃6
(4.31)[

ũd

ṽd

]
=

[
L(r̃)ũ+ 2p1ũṽ + p2(r̃

2 + 2ũ2) + s1r̃
2 + s2r̃

4

L(r̃)ṽ + 2p2ũṽ + p1(r̃
2 + 2ṽ2) + s3r̃

2 + s4r̃
4

]
⇒ (4.32)

[
uccdd

vccdd

]
=

[
f∆−1

u ũd + u0

f∆−1
v ṽd + v0

]
(4.33)

The function calibrateCamera of the OpenCV library implements an optimization for

estimating the intrinsic and extrinsic parameters of the camera from points correspon-

dences. The implementation is based on the Levenberg-Marquardt algorithm.

In [WANG et al., 2008] an interesting model for camera lens distortion is presented.

The distortion is modeled with radial distortion coefficients and a transformation from

the ideal image plane to the real sensor array. This yields a model with fewer parameters



65

to be calibrated and more explicit physical meaning. Four stages constitute the proposed

image projection process. Let [ũ, ṽ]T be the coordinates from the ideal pinhole projection

without distortion:

[
ũ

ṽ

]
=

1

f

[
∆u(u

ccd − u0)

∆v(v
ccd − v0)

]
=

[
(pc,χcQ )(p

c,κ
cQ)

−1

(pc,γcQ)(p
c,κ
cQ)

−1

]
(4.34)

Coordinates [ũ, ṽ] from Equation 4.34 radially shifts to distorted coordinates [urd, vrd]:

r̃ =
√
ũ2 + ṽ2 (4.35)

L(r̃) = 1 + kr1r̃
2 + kr2r̃

4 (4.36)[
urd

vrd

]
= L(r̃)

[
(pc,χcQ )(p

c,κ
cQ)

−1

(pc,γcQ)(p
c,κ
cQ)

−1

]
(4.37)

The radially distorted coordinates [urd, vrd] are further transformed to the real sensor

array plane yielding sensor coordinates [xsrd, ysrd, zsrd]. This transformation between the

ideal plane and the real sensor array is computed with a rotation matrix RDIS:
xsrd

ysrd

zsrd

 = RDIS


urd

vrd

0

 (4.38)

The rotation matrix RDIS is defined as a composition of two rotations around axes

x and y. Suppose that the rotation around axis x is given by θ and the rotation around

axis y is given by ψ.

RDIS = RψRθ =


c(ψ) 0 s(ψ)

0 1 0

−s(ψ) 0 c(ψ)



1 0 0

0 c(θ) −s(θ)
0 s(θ) c(θ)

 (4.39)

The following simplifications can be used for θ and ψ small:

Rψ ≈


1 0 ψ

0 1 0

−ψ 0 1

 , Rθ ≈


1 0 0

0 1 −θ
0 θ 1

 ⇒ RDIS = RψRθ ≈


1 0 ψ

0 1 −θ
−ψ θ 1

 (4.40)

Let [usd, vsd]
T denotes the image coordinates in the real sensor array plane. With the

simplification from Equation 4.40 the corresponding coordinates in the real sensor array
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plane can be computed as:[
usd

vsd

]
=

urdf(θvrd − ψurd + f
)−1

vrdf
(
θvrd − ψurd + f

)−1

 (4.41)

The corresponding final pixel coordinates [uccdd , vccdd ]T in the measured digital image

can be computed considering the sensor unit cell sizes [∆u,∆v] and principal points co-

ordinates [u0, v0]
T : [

uccdd

vccdd

]
=

[
f∆−1

u usd + u0

f∆−1
v vsd + v0

]
(4.42)

Note that more sophisticated models beyond the scope of the present work can be

developed by taking in consideration mechanical properties of lens such as geometry and

composition. For most applications it is possible to simply choose a camera device that

does not present relevant distortion and use a camera model without distortion as from

the previous section.

4.3 Hardware

A typical image sensing pipeline is shown in Figure 10.

Figure 10: Typical digital camera imaging pipeline

Source: [SZELISKI, 2010]
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Light from the scene is measured by an active sensing area during a time interval

referred as the exposure time. The measurement is further amplified and feed to analog to

digital converters (ADC). Additional digital signal processing operations are performed

before compressing and storing the final pixel intensity values. In colored cameras, these

intensity values are expressed as three separate intensity values with regard to three basic

colors: blue, red, and green.

Consider the representation for a digital colored image by concatenating three matrices

IB, IR, and IG. Each matrix represents the intensity values for each color.

I[u, v] = [IB[u, v], IR[u, v], IG[u, v]] (4.43)

For a sensor chip with nu pixels in the u direction and nv pixels in the v direction,

the corresponding matrices IB, IR, and IG have dimensions nu × nv. Let Lu,v(λ) be the

spectrum of light reaching pixel [u, v]T of the sensor plane. Lu,v(λ) describes the incoming

light as a function of the wavelength λ. Assume that each sensor of the sensor plane has

a spectral sensitivity function describing the response of the sensor for different incident

light Lu,v(λ). Let S
u,v
B (λ), Su,vG (λ), Su,vR (λ) be the spectral sensitivity of the corresponding

blue, green and red sensors of the pixel area. The pixel intensity for each color channel

may be modeled as being proportional to each corresponding spectral response function,

which is defined as:

IB[u, v] ∼ Bu,v =

∫
Lu,v(λ)S

u,v
B (λ)dλ (4.44)

IG[u, v] ∼ Gu,v =

∫
Lu,v(λ)S

u,v
G (λ)dλ (4.45)

IR[u, v] ∼ Ru,v =

∫
Lu,v(λ)S

u,v
R (λ)dλ (4.46)

Pixels are usually sampled at a 8-bit resolution, which yields values ranging from 0

to 255. Note that if the spectrum of incident light Lu,v(λ) in a pixel area is null ∀λ, all
pixel measurements are zero. Thus, the corresponding color for a pixel I[u, v] = [0, 0, 0]

is black. On the other hand, the pixel measurement relative to the white color is given

by I[u, v] = [255, 255, 255]. Figure 11 shows a digital image generated with the OpenCV

library with three circles for each color channel illustrating the composition of different

colors.
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Figure 11: Composition of each color channel

Source: Author (adapted from [SZELISKI, 2010])

4.4 Image Processing

This work uses the open-source library OpenCV [BRADSKI; KAEHLER, 2008],

[KAEHLER; BRADSKI, 2016] for most of the digital processing implementations. Ta-

bles 3,4, 5 presents methods that are used in the following chapters. Table 3 summarizes

methods related with the generation of the graphical elements. Methods for the imple-

mentation of calibration and projection procedures are summarized in Table 4. General

computer vision algorithms are summarized in Table 5.

Template matching is a technique that is based on the comparison of an template

image in every location of a scene image. An error is computed between the template

image pixels and the scene pixels, yielding a map of errors. The pixel position with the

minimum error value is the resulting detection of the algorithm. The following error
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Table 3: OpenCV Methods for Image Synthesis

Method Name Description

circle Draws a circle in an image object

line
Draws a line between two points p1 and p2 described in pixel coor-
dinates

arrowedLine
Draws an arrowed line between two points p1 and p2 described in
pixel coordinates. The arrow points from p1 towards p2

rectangle Draws a rectangle in an image object

putText Draws a string in an image object

resize Resize an image object for a different image size

addWeighted Performs a weighted sum of two image objects

Source: Author (adapted from OpenCV documentation)

Table 4: OpenCV Methods for Calibration and Projection

Method Name Description

calibrateCamera
Finds the camera intrinsic and extrinsic parameters from
several views of a calibration pattern

solvePnP
Finds an object pose from 3D-2D points correspon-
dences

projectPoints Projects 3D points to an image plane

Source: Author (adapted from OpenCV documentation)

Table 5: OpenCV Methods for Computer Vision

Method Name Description

matchTemplate
minMaxLoc

Implementation for template matching between an im-
age patch (template) and an input image

grabCut
Implementation for image segmentation of an input im-
age from an initial mask

Source: Author (adapted from OpenCV documentation)

expressions are available in the OpenCV library:

RSQD(u, v) =

Nt,u∑
ut=0

Nt,v∑
vt=0

(
T (ut, vt)− I(u+ ut, v + vt)

)2
(4.47)

RSQDN(u, v) =

∑Nt,u

ut=0

∑Nt,v

vt=0

(
T (ut, vt)− I(u+ ut, v + vt)

)2
√(∑Nt,u

ut=0

∑Nt,v

vt=0 T (ut, vt)
2
)(∑Nt,u

ut=0

∑Nt,v

vt=0 I(u+ ut, v + vt)2
) (4.48)

Alternatively, it is possible to define a similarity expression instead of the errors from

Equations 4.47 and 4.48. The similarity measurement computed in each pixel of the

image yields a similarity map, and the pixel position with the maximum similarity value
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is the resulting detection. The following similarity expressions are available in the OpenCV

library:

RCCORR(u, v) =

Nt,u∑
ut=0

Nt,v∑
vt=0

(
T (ut, vt)I(u+ ut, v + vt)

)
(4.49)

RCCORRN(u, v) =

∑Nt,u

ut=0

∑Nt,v

vt=0

(
T (ut, vt)I(u+ ut, v + vt)

)
√(∑Nt,u

ut=0

∑Nt,v

vt=0 T (ut, vt)
2
)(∑Nt,u

ut=0

∑Nt,v

vt=0 I(u+ ut, v + vt)2
) (4.50)

The image segmentation algorithm is initialized with a maskM of the same size as the

input image. Each coordinate [u, v]T of the mask is related to the corresponding region of

the input image. The values of the mask are constrained to four possible values accordingly

to the corresponding types of segmentation areas: (0) background ; (1) foreground ; (2)

probable background ; and (3) probable foreground. The algorithm refines the initial input

mask with nonlinear optimizations yielding an optimized mask.
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5 MONITOR AUGMENTED REALITY

Consider the navigation of a ship equipped with an onboard camera. The video

stream of the camera measures the scene as the ship moves in the sea. The video can be

enhanced with visual elements to assist operators with the perception of navigation scene.

In order to display such visual elements, it is interesting to define three different coordinate

systems: the world coordinate system (WCS or SW ), the ship coordinate system (SCS

or SS) and the camera coordinate system (CCS or SC). The transformation between SS

and SC is fixed assuming that the camera is rigidly installed in the ship. On the other

hand, the transformation between SW and SS changes as the ship moves in the sea. An

overview of the defined coordinate systems is illustrated by Figure 12.

Figure 12: Overview of pertinent coordinates systems: SW , SS and SC

Source: Author

This chapter discusses a potential monitor augmented reality architecture for assisting

in maritime navigation. Figure 13 presents a diagram of the proposed monitor augmented

reality architecture. The system may be defined as a composition of four main blocks:

(1) display ; (2) tracker ; (3) navigational information; (4) render.

The display block comprises all equipment that are related with recording and pre-
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Figure 13: Overview of the proposed architecture

Source: Author

senting the navigation scene for operators: a calibrated camera and a display monitor.

The camera is rigidly fixed to the ship and the monitor is installed in the ship control

room (bridge). The video stream from the camera is available in the monitor. The camera

state with respect to the SCS is assumed to be known.

The tracker block is related to the estimation of the ship state with respect to the

WCS. There are different technologies for this implementation. A typical method for

tracking defines a preliminary reference solution by the integration of inertial sensors.

The reference solution is improved with information from other sensors. Note that as the

camera is rigidly attached to the ship, it is possible to determine the camera state with

respect to the WCS from the tracker solution for the ship state.

The navigational information block of the system comprises navigational assistance
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equipment which are able to provide information regarding the ship navigation in a dig-

ital form. Examples of such maritime navigational assistance equipment are radars and

electronic charts. The information provided by such equipment may be automatically

projected into the camera scene to assist in its spatial perception. As it will become

clearer in the following sections, it is interesting to differentiate between two types of

navigational information: (1) ship-related ; and (2) scene-related information.

Finally, the render block generates synthetic views to represent the information from

other blocks of the system. Further, the render block overlay these synthetic views on top

of the real camera scene. This block of the system is further detailed with experiments

from recorded videos in the following chapters.

The present work is a preliminary investigation towards the development of such a

monitor augmented reality system. The following sections further detail each block of

the system defining sets of corresponding installation parameters, which are highlighted

throughout the text. Note that the full development of an operational monitor augmented

reality prototype for navigational assistance is beyond the scope of the current work.

Instead, foundations for developing this equipment are presented and exemplified with

recorded videos from navigation experiments. These videos are post-processed in order to

generate potential synthetic views for navigational assistance. Proposed methods may be

incorporated into the render block of an operational monitor augmented reality prototype.

5.1 Display

There are two basic instruments regarding the display block of the system: the camera

and the monitor. Generally, the initial step for developing a monitor augmented reality

system should be the determination of the camera device for the system. A preliminary

recommendation is to choose a camera device that does not present significant distortion.

Neglecting distortion effects, let Kin be the set of intrinsic parameters that describes the

projection of points with respect to the CCS (SC):

Kin = [f∆−1
u , f∆−1

v , u0, v0] = [fu, fv, u0, v0] (5.1)

Let [uQ, vQ]
T be the projection of an arbitrary point Q described by its position pccQ
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with respect to the camera frame as in Equation 4.19:[
uQ

vQ

]
=

[
fup

c,χ
cQ (p

c,κ
cQ)

−1 + u0

fvp
c,γ
cQ(p

c,κ
cQ)

−1 + v0

]
(5.2)

Furthermore, let pssc and R
s
c be the camera position and orientation with respect to

the SCS (SS).

pssc =


ps,isc

ps,jsc

ps,ksc

 , Rs
c =


χs,ic γs,ic κs,ic

χs,jc γs,jc κs,jc

χs,kc γs,kc κs,kc

 (5.3)

For an arbitrary point Q described by its position pssQ with respect to the ship frame,

its projection [uQ, vQ]
T may be computed with Equation 4.22:


uQ

vQ

 =


fu

(
χs,i
c (ps,isQ−ps,isc )+χ

s,j
c (ps,jsQ−ps,jsc )+χs,k

c (ps,ksQ−ps,ksc )

κs,ic (ps,isQ−ps,isc )+κ
s,j
c (ps,jsQ−ps,jsc )+κs,kc (ps,ksQ−ps,ksc )

)
+ u0

fv

(
γs,ic (ps,isQ−ps,isc )+γ

s,j
c (ps,jsQ−ps,jsc )+γs,kc (ps,ksQ−ps,ksc )

κs,ic (ps,isQ−ps,isc )+κ
s,j
c (ps,jsQ−ps,jsc )+κs,kc (ps,ksQ−ps,ksc )

)
+ v0

 (5.4)

Consider a set of estimated camera parameters K̂in, p̂
s
sc and R̂

s
c:

K̂in = [f̂u, f̂v, û0, v̂0] , p̂ssc =


p̂s,isc

p̂s,jsc

p̂s,ksc

 , R̂s
c =


χ̂s,ic γ̂s,ic κ̂s,ic

χ̂s,jc γ̂s,jc κ̂s,jc

χ̂s,kc γ̂s,kc κ̂s,kc

 (5.5)

Similarly, the corresponding estimation [ûQ, v̂Q] may be expressed with Equation 4.22:


ûQ

v̂Q

 =


f̂u

(
χ̂s,i
c (ps,isQ−p̂s,isc )+χ̂

s,j
c (ps,jsQ−p̂s,jsc )+χ̂s,k

c (ps,ksQ−p̂s,ksc )

κ̂s,ic (ps,isQ−p̂s,isc )+κ̂
s,j
c (ps,jsQ−p̂s,jsc )+κ̂s,kc (ps,ksQ−p̂s,ksc )

)
+ û0

f̂v

(
γ̂s,ic (ps,isQ−p̂s,isc )+γ̂

s,j
c (ps,jsQ−p̂s,jsc )+γ̂s,kc (ps,ksQ−p̂s,ksc )

κ̂s,ic (ps,isQ−p̂s,isc )+κ̂
s,j
c (ps,jsQ−p̂s,jsc )+κ̂s,kc (ps,ksQ−p̂s,ksc )

)
+ v̂0

 (5.6)

5.2 Tracker

One of the most important blocks of the system is the tracker block. This block

is responsible for determining the ship position and orientation with respect to a world
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coordinate system SW . Let pees be the ship cartesian position with respect to the earth

frame and let Re
s be the rotation matrix relating the ship frame with the earth frame:

pees =


pe,xes

pe,yes

pe,zes

 , Re
s =


ie,xs je,xs ke,xs

ie,ys je,ys ke,ys

ie,zs je,zs ke,zs

 (5.7)

Similarly, let ṕees and Ŕe
s be the tracker outputs for position and orientation of the

ship with respect to the earth, respectively.

ṕees =


ṕe,ies

ṕe,jes

ṕe,kes

 , Ŕe
s =


íe,xs j́e,xs ḱe,xs

íe,ys j́e,ys ḱe,ys

íe,zs j́e,zs ḱe,zs

 (5.8)

Considering that the camera position pssc and orientation Rs
c with respect to the SCS

are time-invariant, the camera position peec and orientation Re
c with respect to the earth

may be computed as:

peec = pees +Re
sp
s
sc (5.9)

Re
c = Re

sR
s
c (5.10)

Thus, estimations p̂eec and R̂
e
c for the camera position and orientation with respect to

the earth frame may be computed from the tracker outputs ṕees and Ŕ
e
s:

p̂eec = ṕees + Ŕe
sp̂
s
sc ⇒


p̂e,xec

p̂e,yec

p̂e,zec

 =


ṕe,ies

ṕe,jes

ṕe,kes

+


íe,xs j́e,xs ḱe,xs

íe,ys j́e,ys ḱe,ys

íe,zs j́e,zs ḱe,zs



p̂s,isc

p̂s,jsc

p̂s,ksc

 (5.11)

R̂e
c = Ŕe

sR̂
s
c =


íe,xs j́e,xs ḱe,xs

íe,ys j́e,ys ḱe,ys

íe,zs j́e,zs ḱe,zs



χ̂s,ic γ̂s,ic κ̂s,ic

χ̂s,jc γ̂s,jc κ̂s,jc

χ̂s,kc γ̂s,kc κ̂s,kc

 (5.12)

Let Ow be the origin of SW described by its curvilinear position [Lw, λw, hw] with

respect to the earth. The corresponding cartesian position peew of SW with respect to the
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earth frame may be computed with Equations 3.40, 3.43, 3.44 and 3.45:

[Lw, λw, hw] ⇒ peew =


(RE(Lw) + hw) cos(Lw) cos(λw)

(RE(Lw) + hw) cos(Lw) sin(λw)

[(1− (eWGS)2)RE(Lw) + hw] sin(Lw)

 (5.13)

Furthermore, let [x⃗w, y⃗w, z⃗w] be the axes of Sw. It is possible to describe the axes of

Sw with a rotation matrix Re
w between Sw and the earth frame:

Re
w =

[
x⃗ew y⃗ew z⃗ew

]
=


xe,xw ye,xw ze,xw

xe,yw ye,yw ze,yw

xe,zw ye,zw ze,zw

 (5.14)

Note that it is typically simpler to the define the axes of Sw in terms of the local

navigation frame. Alternatively, assume that the axes of Sw are described by the rotation

matrix Rn
w between Sw and the navigation frame:

Rn
w =

[
x⃗nw y⃗nw z⃗nw

]
=


xn,xw yn,xw zn,xw

xn,yw yn,yw zn,yw

xn,zw yn,zw zn,zw

 (5.15)

The corresponding rotation matrix Re
w between the world reference frame and the

earth frame may be computed from Rn
w with Equation 3.51:

Re
w = Re

n(Lw, λw, hw)R
n
w (5.16)

Re
w =


− sin(Lw) cos(λw) − sin(λw) − cos(Lw) cos(λw)

− sin(Lw) sin(λw) cos(λw) − cos(Lw) sin(λw)

cos(Lw) 0 − sin(Lw)



xn,xw yn,xw zn,xw

xn,yw yn,yw zn,yw

xn,zw yn,zw zn,zw

 (5.17)

Therefore, estimations p̂wwc andR
w
c for the camera position and orientation with respect

to the world frame Sw may be computed from Equation 3.60:

p̂wwc = Rw
e (p̂

e
ec − peew) = (Re

w)
T (p̂eec − peew) (5.18)

R̂w
c = Rw

e R̂
e
c = (Re

w)
T R̂e

c (5.19)
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5.3 Navigational Information

Another important block of the system is the navigational information block. Note

that most of the information related with navigation are provided by onboard naviga-

tional assistance equipment. If such information is digitally available, it is possible to

automatically display navigational information on top of the camera scene. Examples of

such maritime navigational assistance equipment are radars and electronic charts, which

provides extremely important information regarding the navigation scene.

Consider a set of NQ points Q corresponding to different features of the navigation

scene:

Q =
[
Q1, ..., Qk, ..., QNQ

]
(5.20)

Assuming that the position of each feature Qk is known with respect to the earth

frame from onboard navigational assistance equipment, it is possible to determine image

coordinates [uQk
, vQk

]T for each point with outputs p̂eec and R̂
e
c from Equations 5.11 and

5.12:

peeQk
=


pe,xeQk

pe,yeQk

pe,zeQk

⇒ p̂ccQk
= (R̂e

c)
T (peeQk

− p̂eec) = R̂c
e(p

e
eQk

− p̂eec) =


p̂c,χcQk

p̂c,γcQk

p̂c,κcQk

⇒ (5.21)

[
ûQk

v̂Qk

]
=

[
f̂up̂

c,χ
cQk

(p̂c,κcQk
)−1 + û0

f̂vp̂
c,γ
cQk

(p̂c,κcQk
)−1 + v̂0

]
(5.22)

Alternatively, if the position of each feature Qk is known with respect to the world

frame, estimations for image coordinates [uQk
, vQk

]T may be computed with outputs p̂wwc

and R̂w
c from Equations 5.18 and 5.19:

pwwQk
=


pw,xwQk

pw,ywQk

pw,zwQk

⇒ p̂ccQk
= (R̂w

c )
T (peeQk

− p̂wwc) = R̂c
w(p

w
wQk

− p̂wwc) =


p̂c,χcQk

p̂c,γcQk

p̂c,κcQk

⇒ (5.23)

[
ûQk

v̂Qk

]
=

[
f̂up̂

c,χ
cQk

(p̂c,κcQk
)−1 + û0

f̂vp̂
c,γ
cQk

(p̂c,κcQk
)−1 + v̂0

]
(5.24)

Similar expressions may be defined for points Qk described with respect to the ship

frame or another arbitrary frame. Note that there are multiple navigational assistance

equipment from different manufacturers. Thus, different implementations may need to
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be developed for each set of navigational assistance equipment. An interesting strat-

egy for developing the navigational information block of the system is the investigation

of standardized communication protocols between marine equipment. Once general im-

plementations regarding standardized protocols is achieved, the integration with typical

navigational assistance equipment is facilitated.

5.4 Render

The render block of the system effectively displays navigational information on top of

the camera scene. It generates virtual visual elements accordingly to the operator task and

the pertinent navigational information. Methods for the generation of such virtual visual

elements are proposed in Chapter 8. For any particular ship operation, there are multiple

potential combinations of virtual elements that may be helpful. Moreover, different oper-

ators performing a same task might find a different set of virtual elements better suited

for their task than others. Therefore, it is interesting to analyze and compare potential

virtual elements accordingly to standardized navigation operations. It is interesting to

note that such usability research may be carried out without the actual development of a

fully operational monitor augmented reality prototype.
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6 EXPERIMENTAL SETUP

This chapter presents the experimental setup used throughout the work. A particular

objective of the present work is the development of methods for generating virtual visual

elements on navigation scenes. The combination of such virtual assets may assist operators

in the perception of the navigation scenario. Note that the usefulness of each augmented

visualization depends on the organization of the different virtual assets given a particular

navigation context. Thus, it is interesting to further investigate potential arrangements

that may be optimal with respect to particular ship operations.

It is possible to perform preliminary investigations about optimal arrangements for

virtual elements with videos from navigation experiments. Particularly, the navigation

experiments considered in the current work are presented in the following sections. For a

given video of a navigation experiment, different augmented visualizations may be gener-

ated for further comparison and validation without the necessity of implementing an op-

erational prototype. Methods for generating virtual visual elements in navigation videos

are proposed in the following chapters considering a monitor augmented reality setup,

which are pursued as a means for enabling preliminary research of augmented reality in

maritime environments.

6.1 Experiment Description

Experiments from the current work consists of a ship navigating through a channel

delimited by nautical buoys. In order to keep the ship inside the channel during its travel,

it is extremely important that ship operators acknowledge the channel region during the

entire path. Moreover, the ship trajectory needs to be executed exactly as planned.

Note that both tasks are facilitated when the nautical buoys from the channel are easily

perceived by the ship crew. Therefore, an onboard equipment that assist operators in

their identification might be helpful for such scenarios. Generally, whenever a ship is

navigating through restricted waters, it is interesting that the ship crew acknowledge
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surrounding obstacles at the sea.

In this context, a camera is rigidly attached to the ship measuring the whole ex-

periment. Nautical buoys are used as examples of obstacles to be highlighted in the

navigation scene considering a monitor augmented reality setup. In order to investigate

the development of a monitor augmented reality system to assist in the perception of the

navigation scene, methods for rendering virtual visual elements in videos from navigation

experiments are proposed. The methodology assumes that the ship geometry and tra-

jectory is known alongside the camera position and orientation with respect to the ship

frame. These methods may be incorporated into the render block of the aforementioned

monitor augmented reality architecture. Alternatively, it is possible to simply investi-

gate potential augmented visualizations for different scenarios without a fully operational

augmented reality equipment.

6.2 Simulated Experiment

Consider a simulation from the TPN-USP ship maneuvering simulator. Figure 14

shows main dimensions of the simulated ship used for the experiments.

Figure 14: Main dimensions of the simulated ship

Source: Author

A camera is installed in the ship at a location pssc and orientation Rs
c. The camera

is able to see points from the ship with known three dimensional coordinates. Figure 15

shows an example of the image from the simulated experiment.
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Figure 15: Example of image from the simulation

Source: Author

Numerical values for Rs
c and p

s
sc are given by:

Rs
c =


0 −1 0

0 0 −1

1 0 0

 pssc =


42.0

−25.5

57.51

 (6.1)

Let ds be the draft of the ship in the simulation. In the following experiments, the draft

is constant and known from the simulation output. An interesting installation parameter

that may be computed from the simulation output is the distance hw between the camera

and the water. Considering the z−coordinate of the camera position, it is possible to

compute the distance hw between the camera and the water as:

hw = ps,ksc − ds = 57.51− 13.3 = 44.2 (6.2)

The ship trajectory is simulated with respect to a world reference coordinate system

SW as shown in Figure 16:
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Figure 16: Ship position in the world frame as a function of time

Source: Author

6.2.1 Display

Parameters associated with the display block of the system are the camera intrinsic

and extrinsic parameters. The extrinsic parameters pssc and R
s
c are assumed to be known

with considerably precision from the simulation outputs (Equation 6.1). In order to

estimate the camera intrinsic parameters, consider points belonging to the containers

that are visible to the camera as in the example of Figure 15. Let [uQ, vQ]
T be the image

projection of a vertex from a container. Further, let LC , HC and BC be, respectively, the

length, height and the basis size of each container:

LC = 12 m , HC = 3 m , BC = 2.27 m (6.3)

It is possible to determine three-dimensional coordinates with respect to the ship frame

for each vertex of the containers from dimensions shown in Equation 6.3. As the extrinsic

parameters of the camera are known, it is possible to transform these containers points to

the camera frame and computing corresponding projections [ûQ, v̂Q]
T with Equation 4.19.

Then, it is possible to estimate the camera intrinsic parameters with the minimization of

the error between observations [uQ, vQ]
T and estimations [ûQ, v̂Q]

T . The camera intrinsic

parameters obtained from the optimization are:

fOPTMu = 796.32 fOPTMv = 748.41 uOPTM0 = 961.72 vOPTM0 = 438.60 (6.4)

Figure 17 compares the projection of points after optimization (in blue) with image

detections (in yellow).



83

Figure 17: Image detections for initial calibration

Source: Author

Note that there is no onboard monitor for displaying the augmented view during

experiments. Instead, the output of each experiment is simply an augmented video from

the navigation, which may be used in further investigations of potential designs for such

a navigational assistance equipment.

6.2.2 Tracker

Let Ow be the origin of the world coordinate system in which the ship trajectory is

simulated. Assume that the origin Ow of the reference coordinate system is expressed by

its curvilinear position in the earth frame; given by the following latitude Lw, longitude

λw and height hw:

Lw = −25.4927988057000◦ = −0.444933274708117 rad (6.5)

λw = −48.4887732250436◦ = −0.8462887430298802 rad (6.6)

hw = 0 m (6.7)

peew =
[
3818020.96154852 −4313784.14713004 −2728450.48825468

]T
(6.8)

Regarding each axis of the reference coordinate system, assume that axes x⃗w and

y⃗w are parallel to the surface of the Earth, with x−axis pointing to the east and the
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y−axis pointing to the north; while the z−axis is in the opposite direction as the gravity

vector. Considering the local navigation frame described by axes [x⃗n, y⃗n, z⃗n], let R
n
w be the

rotation matrix relating the reference coordinate frame with the local navigation frame.

The rotation matrix describing the relation between the reference coordinate system and

the earth frame can be computed with Equation 3.58:

Rn
w =


0 1 0

1 0 0

0 0 −1

⇒ Re
w = Re

nR
n
w (6.9)

Re
w =


0.748825870 0.285253270 0.598239407

0.662766789 −0.322292896 −0.675919723

0.0 0.902639386 −0.430397652

 (6.10)

Let pwws be the ship position simulated with respect to the world coordinate system.

The ship position pees and orientation Re
s with respect to the earth may be computed as:

pees = peew +Re
wp

w
ws (6.11)

Re
s = Re

wR
w
s (6.12)

Let vwes be the ship velocity with respect to the world coordinate system. Assuming

that the world coordinate system is fixed with respect to the earth frame, the ship velocity

vees with respect to the earth may be computed as:

vees = Re
wv

w
es (6.13)

A potential implementation for the tracker block of the system consists of an INS

integrated with a GNSS and a compass in a loosely coupled architecture. For example,

consider an INS with axes aligned with the ship frame and sampling interval ∆TINS.

Further, assume the following measurement model for the accelerometer defined from a

simplification of Equation C.5:

f̂ sis = f sis + ba + ηfa (6.14)

where f̂ sis is the measured specific force from the instrument, f sis is the real specific force,

ba is the accelerometer bias and ηfa is an additive Gaussian random noise with zero

mean and covariance wfa. The bias of the accelerometer is assumed to be affected by an

additive Gaussian random noise with zero mean and covariance wba. Similarly, let ω̂sis be

the measured angular velocity and let ωsis be the truth angular velocity. From Equation
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C.6:

ω̂sis = ωsis + bg + ηωg (6.15)

where bg is the gyrometer bias and ηωg is an additive Gaussian random noise with zero

mean and covariance wωg. The bias of the gyrometer is also assumed to be affected by an

additive Gaussian random noise with zero mean and covariance wbg. Consider a vector

ΠINS concatenating all error terms from the INS:

ΠINS =
[
wfa, ba, wba, wωg, bg, wbg

]
(6.16)

Further, consider a circular orbit with Nsat regularly distributed satellites simulating

a GNSS constellation and a GNSS user antenna with a sampling interval ∆TGNSS. The

position of the antenna with respect to the ship is pssa. Each measurement is modeled

with Equations C.36 and C.45:

ρj = ρ̄j + δρrc + ηρp (6.17)

ρ̇j = ¯̇ρj + δρ̇rc + ηρv (6.18)

where ρ̄j is given by Equation C.33, ¯̇ρj is given by Equation C.46, ηρp is an additive

Gaussian random noise with zero mean and covariance wρp and ηρv is an additive Gaussian

random noise with zero mean and covariance wρv. Parameters δρrc and δρ̇rc are related

with offsets and drifts from the receiver clock. At each iteration, estimations p̂eea and v̂
e
ea for

the position and velocity of the user antenna with respect to the earth are computed with

Equations C.41 and C.47. Similarly as before, consider the vector ΠGNSS concatenating

these parameters from the GNSS equipment:

ΠGNSS =
[
pssa, δρrc, wρp, δρ̇rc, wρv

]
(6.19)

For the compass, consider the simulation of an instrument coincident with the INS

position and aligned with the ship axes. Assume that measurements are provided at a

sampling rate ∆TCMPS accordingly to Equation C.55:

ψ̂nψ = ψnψ + ηψ (6.20)

where ψnψ is computed from Equation C.54 and ηψ is an additive Gaussian noise with

zero mean and nonzero covariance wψ. The vector ΠCMPS concatenates the parameters
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from the compass model:

ΠCMPS =
[
pssψ, R

s
ψ, wψ

]
(6.21)

The accuracy of the tracker depends on the errors from each sensor used in the

implementation. Recall that in the propagation step from the proposed loosely-coupled

integration filter depends on system matrices FS, GS and Qβ. The system deterministic

matrix FS is defined with Equation C.59. The system noise matrix Qβ is defined with

Equation C.64 as a function of estimates for INS error parameters [ŵωg, ŵfa, ŵba, ŵbg].

The update step depends on the measurement matrices HZ and RZ . The measurement

deterministic matrixHGNSS
Z for the GNSS is given by Equation C.68 and the measurement

deterministic matrix HCMPS
Z for the compass is given by Equation C.90. In the case of the

GNSS, RGNSS
Z is defined with Equation C.69 as a function of estimates [ŵρp, ŵρv] for GNSS

error parameters. For the compass, RCMPS
Z is defined with Equation C.91 as a function

of estimates for compass error parameter [ŵψ]. Let ΠLCI be a vector concatenating all

parameters from the loosely coupled integrator:

ΠLCI =
[
ŵωg, ŵfa, ŵba, ŵbg, p̂

s
sa, ŵρp, ŵρv, p̂

s
sψ, R̂

s
ψ, ŵψ

]
(6.22)

Note that simulations with different sensor models may assist in the definition of

precision requisites for each equipment from the tracker. Consider a simulation comparing

the tracker performance from two different setups represented by sets of parameters Π1
...

and Π2
....

For the inertial navigation system, which computes the reference solution for the

loosely coupled integration, consider the following sets of parameters Π1
INS and Π2

INS:

Π1
INS =

[
wfa = 4 · 10−5 , ba =


4 · 10−4

4 · 10−4

4 · 10−4

 , wba = 1 · 10−5 (6.23)

wωg = 10−6 , bg =


3 · 10−5

3 · 10−5

3 · 10−5

 , wbg = 10−7
]

(6.24)



87

Π2
INS =

[
wfa = 4 · 10−3 , ba =


4 · 10−2

4 · 10−2

4 · 10−2

 , wba = 1 · 10−4 (6.25)

wωg = 10−4 , bg =


3 · 10−3

3 · 10−3

3 · 10−3

 , wbg = 10−5
]

(6.26)

The integrator of both inertial navigation systems are initialized from simulation

outputs without initial errors.

For the GNSS equipment, consider the following sets of parameters Π1
GNSS and Π2

GNSS:

Π1
GNSS =

[
pssa =


0

0

0

 , δρrc = 0 , wρp = 1 , δρ̇rc = 0 , wρv = 0.1
]

(6.27)

Π2
GNSS =

[
pssa =


0

0

0

 , δρrc = 0 , wρp = 10.0 , δρ̇rc = 0 , wρv = 1.0
]

(6.28)

At each measurement from the GNSS user antenna, the antenna position and veloc-

ity with respect to the earth are computed from Equations C.41 and C.47 with initial

estimates from the INS reference solution. Note that it is assumed that the user antenna

position is coincident with the inertial navigation system, which considerably simplifies

aforementioned GNSS models.

For the compass, consider the following sets of parameters Π1
GNSS and Π2

GNSS:

Π1
CMPS =

[
pssψ =


0

0

0

 , Rs
ψ = I3×3 , wψ = 0.017453292519943295

]
(6.29)

Π2
CMPS =

[
pssψ =


0

0

0

 , Rs
ψ = I3×3 , wψ = 0.08726646259971647

]
(6.30)

Similarly, note that it is assumed that the compass position and orientation are equal

to the ship position and orientation.
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Finally, consider the following sets of parameters Π1
LCI and Π2

LCI for the loosely coupled

integrator:

Π1
LCI =

[
ŵωg = 10−6 , ŵfa = 4 · 10−5 , ŵba = 10−5 , ŵbg = 10−7 (6.31)

p̂ssa =


0

0

0

 , ŵρp = 1.0 , ŵρv = 0.1 , p̂ssψ =


0

0

0

 (6.32)

R̂s
ψ = I3×3 , ŵψ = 0.017453292519943295

]
(6.33)

Π2
LCI =

[
ŵωg = 10−4 , ŵfa = 4 · 10−3 , ŵba = 10−4 , ŵbg = 10−5 (6.34)

p̂ssa =


0

0

0

 , ŵρp = 10.0 , ŵρv = 1.0 , p̂ssψ =


0

0

0

 (6.35)

R̂s
ψ = I3×3 , ŵψ = 0.08726646259971647

]
(6.36)

Both filters are initialized with zero mean and the same covariance matrix PS0 ac-

cordingly to Equation C.58:

PS0 =



δΨ̂I3×3 03×3 03×3 03×3 03×3

03×3 δv̂I3×3 03×3 03×3 03×3

03×3 03×3 δp̂I3×3 03×3 03×3

03×3 03×3 03×3 δb̂aI3×3 03×3

03×3 03×3 03×3 03×3 δb̂gI3×3


(6.37)

δΨ̂ = 0.017453 , δv̂ = 1 , δp̂ = 10 , δb̂a = 0.00098 , δb̂g = 0.0004848 (6.38)

Note that parameters from the sets Π1
... represents an equipment setup with higher

performance than parameters from the sets Π2
.... Figures 18, 20 and 22 presents tracker

outputs computed from parameters Π1
... (orange) and Π2

... (green) with blue lines repre-

senting the simulation outputs. Figures 19, 21 and 23 shows the errors between tracker

outputs and simulation outputs. Blue lines represents errors from parameters Π1
... while

orange lines represents parameters from Π2
....
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Figure 18: Cartesian Position Computed from Tracker with Different Parameters

Source: Author

Figure 19: Cartesian Position Error Computed from Tracker with Different Parameters

Source: Author
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Figure 20: Cartesian Velocity Computed from Tracker with Different Parameters

Source: Author

Figure 21: Cartesian Velocity Error Computed from Tracker with Different Parameters

Source: Author
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Figure 22: Attitude Computed from Tracker with Different Parameters

Source: Author

Figure 23: Attitude Error Computed from Tracker with Different Parameters

Source: Author
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The performance of the tracker with the first set of parameters is considerably better

than the performance of the tracker with the second set of parameters. Accordingly,

sensors represented by the first set of parameters are more accurate than sensors from the

second set of parameters. In order to define minimum requisites for sensors to be used

in the tracker implementation, it is possible to repeat the simulations from this section

comparing the filter performance with different sensor models. Note that a theoretical

analysis describing how errors in each sensor affects the tracker performance is beyond

the scope of the current work.

Further investigations regarding alternative tracker solutions are suggested as it is

an extremely important part of the proposed monitor augmented reality system. Note

that a simple tracker implementation in simulation experiments may be obtained by

parsing the ship position and orientation from the simulation output at all times. In

such implementation, there is no error between the truth and the estimated state of the

ship. Thus, all virtual elements rendered on top of the navigation scene are possible

to be adequately rendered. This scenario is particularly useful for designing optimal

representations with respect to standardized ship operations.

6.2.3 Navigational Information

The ship navigates through a channel delimited by buoys. Figure 24 illustrates the

navigation experiment with a superior view of the ship and its surroundings.

Figure 24: Superior view for the ship navigation experiment

Source: Author
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The buoys are assumed to be fixed in the ground with known coordinates in the world

frame. Thus, it is possible to compute the instantaneous relative position of each buoy

with respect to the SCS. For each sample from the simulation output, the corresponding

coordinates in the WCS was computed from the instantenous state of the ship and saved

separately. Figure 25 presents the relative position of the right (red) buoy in the ship

coordinate system as a function of time.

Figure 25: Right buoy position in the ship frame as a function of time

Source: Author

As the camera installation parameters are known from the simulation output, the

correspondent coordinates of each buoy can be projected to the camera frame for all

samples. Consider the observation by the right camera of the red buoy which is located

at the right of the ship. Figure 26 presents the correspondent coordinates.

Figure 26: Right buoy position in the right camera frame as a function of time

Source: Author



94

6.3 Real Experiment

Similarly as in the simulated experiment, real experiments from the current work

consists of a ship navigating through a channel delimited by nautical buoys. Particularly,

these experiments were recorded on a nautical channel around the Paranagua port. Figure

27 represents a part of the channel in which the ship navigates.

Figure 27: Overview of navigation scenario for the real experiment

Source: Author

A commercial camera (GoPro Black Hero 6 ) is rigidly attached to the ship recording

the entire experiment.



95

6.3.1 Display

Initially, the intrinsic parameters of the camera can be independently optimized with

calibration patterns. Chessboard patterns with different sizes were measured by the cam-

era in a digital video. Frames from the video were selected to be used as input images in

the following intrinsic calibration. Figure 28 presents examples of such frames.

Figure 28: Examples of Intrinsic Calibration Images

Source: Author

The size of each square from the chessboard is known, thus it is possible to define

three-dimensional coordinates for each square intersection assuming an arbitrary point as

the origin for the coordinate system. The implementation calibrateCamera available in

the OpenCV library yields the following values for the intrinsic parameters:

fu = 1044.4 , fv = 1036.2 , u0 = 961.9 , v0 = 718.4

The intrinsic parameters may be validated by comparing image detections with cor-

respondent projections of each annotated image. Figure 29 illustrates such comparison

for the validation of the intrinsic calibration.

Figure 29: Validation of Intrinsic Calibration

Source: Author

After the intrinsic calibration the camera can be installed onboard of a ship. The
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camera position and orientation with respect to the ship frame must be known. Thus, it

is interesting to install the camera in a known location from the ship such as in its cabin

as illustrated by Figure 30:

Figure 30: Installation of the camera at the ship cabin

Source: Author

Note that the axes of the camera are approximately aligned with the ship frame.

Thus, neglecting installation errors, the camera orientation Rs
c may be assumed to be

aligned with the ship frame. The camera position with respect to the ship frame may

be estimated with geometrical information from the ship. Figure 31 presents ship main

dimensions.

Figure 31: Vertical approximate dimensions of the ship

Source: Author
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Thus, the z−coordinate of the camera position can be initially estimated as ps,ksc ≈
43.15. Further, considering the camera installation position on the window of the ship

cabin, the camera position may be estimated as ps,ksc ≈ 43.15− 0.35. Considering that the

cabin is positioned at the center of the ship, the y−coordinate of the camera position may

be estimated as zero. Finally, the x− coordinate of the camera position may be estimated

from the pilot card of the ship as shown in Figure 32.

Figure 32: Pilot card with geometrical information from the ship

Source: Author

Therefore, the camera position and orientation with respect to the ship may be ap-

proximated by:

pssc ≈


52.6

0.0

42.8

 , Rs
c ≈


0 −1 0

0 0 −1

1 0 0

 (6.39)

Recall that the distance between the camera and the water may be estimated from

the ship draft and the camera z−coordinate position. Let ds be the draft at the camera

section of the ship. Assuming that the draft at the camera position is a linear combination

between the aft draft dA and the forward draft dF , ds may be computed as a function of
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the length LS of the ship and the camera position ps,isc .

ds = dA +
dF − dA

LS
(ps,isc ) = 11.0 +

8.95− 11.0

231.0
(52.6) = 10.53 (6.40)

Thus, the distance hw between the camera and the water can be estimated:

hw = (43.15− 0.35)− (10.53) = 32.26 (6.41)

Generally, it is possible to estimate the camera extrinsic parameters ship with points

correspondences between observations and three-dimensional positions. In the experi-

ment, note that there are visible containers in the image scene. As the dimensions of each

visible container are known and standardized, it is possible to determine points correspon-

dences between camera observations and three-dimensional positions in order to estimate

extrinsic parameters for the camera after installation. Consider different container frames

associated with each block of containers from the camera scene. Further, assume that the

axes from the container frame are aligned with the ship frame. Each point correspondence

may be defined manually or with the assistance of an auxiliary application as shown in

Figure 33.

Figure 33: Annotation of Points Correspondences

Source: Author

Four blocks of containers were defined, each one with a different container frame.

For each block of containers with at least four points correspondences, it is possible to

independently determine estimations for the camera position and orientation with respect

to each container frame. An implementation for optimizing extrinsic parameters from

points correspondences is available in the function solvePnP from the OpenCV library.

Similarly as in the previous implementations, it is possible to validate the calibration
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results by the comparison of image detections with the correspondent projection of each

point as illustrated by Figure 34:

Figure 34: Validation of Extrinsic Calibration with Four Blocks of Containers

Source: Author

The camera orientation with respect to the SCS may be approximated by the mean

orientation between all blocks of containers.

6.3.2 Tracker

No tracker solution were considered for the real experiment. Instead, it is assumed

that the ship is navigating in a straight route without environment perturbations. Note

that in order to implement a tracker solution based on the aforementioned loosely-coupled

integration with an inertial navigation system aided by additional sensors, the required

accurateness and robustness for all equipment may considerably increase the costs of the

implementation. Although such tracker implementation needs to be addressed for general

navigation and real-time assistance, it is possible to further research potential monitor
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augmented reality designs with controlled experiments in which the ship state can be

assumed to be known.

6.3.3 Navigational Information

The geometry of the ship is assumed to be known from information such as the pilot

card and wheelhouse poster. This geometrical information may be used for displaying the

expected area that will be occupied by the ship during its course. Furthermore, the route

of the ship is assumed to be known from onboard equipment such as Portable Pilot Unit

(PPUs). Examples of outputs from a PPU are shown in Figure 35.

Figure 35: Outputs from onboard equipment providing navigational information

Source: Author

Considering a navigation scenario in which the ship travels with approximately con-

stant velocity, most of the navigational data does not change throughout the trajectory.

This situation is particularly explored as it considerably simplifies the system implemen-

tation. Note that an automatic integration of such equipment with the proposed monitor

augmented reality system is beyond the scope of the present work.
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7 VISUAL ESTIMATION

This chapter presents methods related with the estimation of navigational information

from videos recorded by a fixed onboard camera. These methods are potentially helpful

for scenarios in which there are no additional information from other onboard equipment.

As the proposed MAR architecture uses a fixed camera for recording the navigation scene,

the proposed equipment enables the research of computer vision in scenarios of maritime

navigation.

The first section discusses a potential application to assist in the perception of ob-

stacles at sea. Next, a Kalman filter implementation for estimating the relative position

from camera measurements is presented. Finally, the last section discusses the incorpo-

ration of camera measurements in the aforementioned tracker setup in a loosely coupled

integration. Note that there are several factors that affects visibility conditions regarding

the navigation scene. Thus, further research is needed before an incorporation of such

methods into operational equipment.

7.1 Object Detector

Consider the scenario of an operator identifying an obstacle in the scene from an

onboard camera. The obstacle region can be highlighted in the original image of the

scene to assist the rest of the ship crew in the corresponding identification. Moreover,

object detection algorithms can be used for further automatic tracking of the obstacle.

Such feature can be embedded in an operational tool for the enhancement of perception

or used for further researching computer vision in maritime environments.

A potential implementation based on template matching and image segmentation may

be summarized as follows. The user initially identifies the region of the obstacle in the

image scene defining an initial template and a region of interest (ROI) around it. For each

following iteration, a template matching algorithm is computed in the ROI. The output of

the matching is further processed with an image segmentation algorithm. If both outputs
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from consecutive iterations are valid and do not vary significantly, the input template is

updated with the outputs from the most recent ROI. The rest of this section exemplifies

this potential implementation with videos from the experimental setup described in the

previous chapter. Note that there are different computer vision algorithms that could be

further investigated for the same purpose.

7.1.1 Implementation with Data from Ship Maneuvering Simu-
lator

Consider the navigation experiment from the ship maneuvering simulator. Figure 36

illustrates initial and final images for the implementation.

Figure 36: Inputs for the object detector feature

Source: Author
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Initially, a manual initialization is required for the definition of an initial template.

For each following iterations, the template is searched with the matchTemplate function

of the OpenCV library in an amplified region around the detection position from the

previous iteration. This step is illustrated by Figure 37.

Figure 37: Template detection step in the object detector feature

Source: Author

The template detection region is further processed with the grabCut function of the

OpenCV library. The initialization of the algorithm uses an input mask where the tem-

plate detection region is marked as a region of possible foreground. The rest of the input

mask is marked as background. This step is illustrated by Figure 38.

Figure 38: Image segmentation step in the object detector feature

Source: Author

Two main conditions are checked regarding the update of the current template. The

outputs from both algorithms are stored on an array with a fixed size. At each iteration,
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oldest outputs are discarded to insert the most recent outputs. If the standard deviation

of this array is smaller than a fixed threshold, then the first condition is verified. The

objective of this condition is to update the template only if a stable output is available.

Additionally, the size of the mask output from the image segmentation must not be

too small. If the number of pixels considered as object foreground is greater than a fixed

threshold, the second condition for updating the current template is verified. This step is

illustrated by Figure 39. If both conditions are verified, then the template is updated.

Figure 39: Template update step in the object detector feature

Source: Author

Finally, two-dimensional detections are determined by the mean of the upper-left and

bottom-right points from the rectangle associated with each template detection. Figure

40 presents the corresponding detections as a function of time.
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Figure 40: Two dimensional detections for the obstacle

Source: Author

7.1.2 Implementation with Data from Real Experiments

As in the previous implementation, consider the situation of tracking visible buoys.

Figure 41 illustrates initial and final images of the video from real experiments.

Figure 41: Inputs for the object detector feature

Source: Author
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The algorithm is initialized with a template that is further searched in the scene

image. Figure 42 illustrates the implementation of the template detection step.

Figure 42: Template detection step in the object detector feature

Source: Author

Next, the detected region is further processed with the grabCut function of the

OpenCV library to decide if the template should be updated. Figure 43 illustrates the

implementation of this step in the experiment.

Figure 43: Image segmentation step in the object detector feature

Source: Author

Similarly as before, the template is updated if recent outputs are stable and the size

of the mask output is not too small. Figure 44 illustrates the implementation of the two

situations in the template update step. In one of them the template is updated and in

the other the template is not updated.
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Figure 44: Template update step in the object detector feature

Source: Author

Finally, two-dimensional detections are computed for each iteration as the center of

the rectangle associated with the template detection. Figure 45 presents the corresponding

detections as a function of time.
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Figure 45: Two dimensional detections for the obstacle

Source: Author

7.2 Relative Position Estimation

7.2.1 Formulation

As the camera image is a projection of relative measurements from the surrounding

scene, it is possible to estimate relative geometrical information from image detections.

Assume that a detector is able to provide image detections of a given obstacle. It is

possible to estimate the relative position and velocity from such detections. These es-

timations can be particularly useful for the identification of obstacles without further

external information from other systems.

Consider the following nonlinear dynamic system to represent the obstacle relative

state.

dx⃗(t) = f(x(t), u(t), t)dt+G(t)dβ⃗(t) (7.1)

The state is further defined with the position and velocity of the obstacle with respect

to the camera:

x(t) =
[
pcχ(t) pcγ(t) pcκ(t) vcχ(t) vcγ(t) vcκ(t)

]T
(7.2)

Let uχ(t), uγ(t), uκ(t) be acceleration inputs for the state of the obstacle with respect

to the CCS. Assume that such inputs are composed of two components: one related to

its controls uCN and another related to perturbations uPR.

u =


uχ(t)

uγ(t)

uκ(t)

 =


uχ(t)

CN + uχ(t)
PR

uγ(t)
CN + uγ(t)

PR

uκ(t)
CN + uκ(t)

PR


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Thus, the derivatives for the state can be represented in a vector form as:

f(x(t), u(t), t) =
[
vcχ(t) vcγ(t) vcκ(t) uχ(t) uγ(t) uκ(t)

]T
(7.3)

Consider the situation of an obstacle moving with constant velocity with respect to

the CCS. In such scenario, the acceleration inputs uCN are zero. Further, assume that

the perturbations uPR may be represented as a random variable in a form of a Brownian

motion β⃗(t). The perturbations between each measurement from the camera may be

represented as a Gaussian random vector with zero mean and covariance matrix Qβ(t).

The corresponding Jacobian matrices F and G that approximates the obstacle dynamics

can be computed as:

F =
∂f

∂x
=



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, G =

∂f

∂uPR
=



0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1


(7.4)

Let ∆Tdct be the sampling period for the camera detector. The Kalman filter updates

its estimates from each available detection at times t + n∆Tdct for integers n. Between

each sampling period ∆Tdct, the Kalman filter propagates its estimates with the respective

model described by Jacobians F and G.

The measurement process is assumed to be described by a function h(x(t), t) with an

additive Gaussian noise V⃗RV . The noise V⃗RV have zero mean and covariance PV .[
uM(t)

vM(t)

]
= h(x(t), t) + V⃗RV (7.5)

If distortion effects can be neglected, the projection of the relative state in the CCS

can be computed with the following function:

h(x(t), t) =

[
hu(x(t), t)

hv(x(t), t)

]
=

[
f∆−1

u (pcχ(t))(p
c
κ(t))

−1 + u0

f∆−1
v (pcγ(t))(p

c
κ(t))

−1 + v0

]
(7.6)



110

Equation 7.6 yields the following measurement Jacobian H:

H =

[
f∆−1

u (pcκ(t))
−1 0 −f∆−1

u (pcχ(t))(p
c
κ(t))

−2 0 0 0

0 f∆−1
v (pcκ(t))

−1 −f∆−1
v (pcγ(t))(p

c
κ(t))

−2 0 0 0

]

Consider a point pK described with coordinates in another coordinate system SK .

The state of the filter must be defined in the coordinate system SK .

x(t) =
[
pKx (t) pKy (t) pKz (t) vKx (t) vKy (t) vKz (t)

]
(7.7)

The corresponding measurement in the camera is computed from coordinates in the

CCS. Thus, it is necessary to transform the coordinates from the coordinate system SK

to the camera frame with the corresponding rotation matrix RK and camera center c⃗K =

[cKx , c
K
y , c

K
z ]

T :


pcχ(t)

pcγ(t)

pcκ(t)

 =
[
RK −RK c⃗K

]

pKx (t)

pKy (t)

pKz (t)

1


Consider the representation of RK by its rows Rri

K :

RK =


rr1k1 rr1k2 rr1k3

rr2k1 rr2k2 rr2k3

rr3k1 rr3k2 rr3k3

 =


Rr1
K

Rr2
K

Rr3
K

⇒
[
RK −RK c⃗K

]
=


Rr1
K −Rr1

K c⃗K

Rr2
K −Rr2

K c⃗K

Rr3
K −Rr3

K c⃗K

⇒


pcχ(t)

pcγ(t)

pcκ(t)

 =


Rr1
K −Rr1

K c⃗K

Rr2
K −Rr2

K c⃗K

Rr3
K −Rr3

K c⃗K



pKx (t)

pKy (t)

pKz (t)

1

 =


Rr1
K

(
p⃗K(t)− c⃗K

)
Rr2
K

(
p⃗K(t)− c⃗K

)
Rr3
K

(
p⃗K(t)− c⃗K

)


h(x(t), t) =


hu(x(t), t)

hv(x(t), t)

 =


f∆−1

u

(
Rr1
K

(
p⃗K(t)− c⃗K

))(
Rr3
K

(
p⃗K(t)− c⃗K

))−1

+ u0

f∆−1
v

(
Rr2
K

(
p⃗K(t)− c⃗K

))(
Rr3
K

(
p⃗K(t)− c⃗K

))−1

+ v0


(7.8)

The corresponding Jacobian H can be computed from symbolic methods. Note that

if the distortion of the installed camera can not be neglected, the corresponding distor-
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tion terms needs to be considered in the projection equation. The initialization of the

filter is made from an initial set of Nd detections. Consider initially the implementation

with points described with respect to the CCS. Let [ukM , v
k
M ]T be the coordinate of each

detection from the initial set with 1 ≤ k ≤ Nd. If one of the position coordinate is known,

it is possible to compute estimates for the rest of the position state from the mean of all

Nd detections. [
ūM

v̄M

]
=

1

Nd

Nd∑
k=1

[
ukM

vkM

]
⇒ (7.9)

[
p̂χ(t0)

p̂γ(t0)

]
=

1

f

[
∆u(ūM − u0)

∆v(v̄M − v0)

]
p̂κ(t0) (7.10)

Further, the covariance for the noise of the sensor can be estimated from the initial

set of Nd detections.

PV =

[
PV u 0

0 PV v

]
⇒ PV u =

1

Nd

Nd∑
k=1

(
ukM − ūM

)2
, PV v =

1

Nd

Nd∑
k=1

(
vkM − v̄M

)2
(7.11)

Assume that the position p̂γ(t0) is known as γ0 with an uncertainty δγ:

p̂γ(t0) = γ0 +N(0, δγ) (7.12)

where N(0, δγ) denotes a Gaussian random variable with zero mean and covariance δγ.

The other coordinates can be computed as a function of measurements [ūM , v̄M ]T and γ0

as:

p̂κ(t0) =
[ f
∆v

(
v̄M − v0

)−1]
γ0 (7.13)

p̂χ(t0) =
∆u

f

(
ūM − u0

)[ f
∆v

(
v̄M − v0

)−1]
γ0 (7.14)

Consider the implementation of NK filters for a parallel estimation of the state. Let

mi
X0

denotes the initial state of the i−th filter. Assume that there is a three-dimensional

estimation v⃗χ,γ,κ for the velocity with corresponding uncertainty δ⃗vχ,γ,κ. Each initial
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estimate mi
X0

is randomized considering the uncertainties δγ and δ⃗vχ,γ,κ:

mi
X0

=
[
mi
pχ mi

pγ mi
pκ mi

vχ mi
vγ mi

vκ

]T
⇒ mi

pγ = γ0 +N(0, δγ) (7.15)

mi
pκ =

[ f
∆v

(
v̄M − v0

)−1]
mi
pγ (7.16)

mi
pχ =

∆u

f

(
ūM − u0

)[ f
∆v

(
v̄M − v0

)−1]
mi
pγ (7.17)

mi
vχ = vχ0 +N(0, δvχ) , mi

vγ = vγ0 +N(0, δvγ) , mi
vκ = vκ0 +N(0, δvκ) (7.18)

The corresponding covariance matrix PX0 is initialized accordingly to the expressions:

P i
pγ = 0 , P i

pκ =
([ f

∆v

(
v̄M − v0

)−1])2
δγ (7.19)

P i
pχ =

(∆u

f

(
ūM − u0

)[ f
∆v

(
v̄M − v0

)−1])2
δγ (7.20)

P i
vχ = δvχ , P i

vγ = δvγ , P i
vκ = δvκ (7.21)

Matricially:

P i
X0

=



P i
pχ 0 0 0 0 0

0 P i
pγ 0 0 0 0

0 0 P i
pκ 0 0 0

0 0 0 P i
vχ 0 0

0 0 0 0 P i
vγ 0

0 0 0 0 0 P i
vκ


(7.22)

If points coordinates are expressed with respect to the coordinate system SK , the

initialization can be similarly computed from the knowledge of one of the coordinates.

Recall the inverse transformations between coordinate systems:


pKx (t)

pKy (t)

pKz (t)

 =
[
RT
K c⃗K

]

pcχ(t)

pcγ(t)

pcκ(t)

1

 =



rr1k1 rr1k2 rr1k3

rr2k1 rr2k2 rr2k3

rr3k1 rr3k2 rr3k3


T 

cKx

cKy

cKz




pcχ(t)

pcγ(t)

pcκ(t)

1

⇒ (7.23)


pKx (t)

pKy (t)

pKz (t)

 =


rr1k1 rr2k1 rr3k1 cKx

rr1k2 rr2k2 rr3k2 cKy

rr1k3 rr2k3 rr3k3 cKz



pcχ(t)

pcγ(t)

pcκ(t)

1

 (7.24)
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Consider that the coordinate pKy is known:

pKy − cKy = rr1k2p
C
χ + rr2k2p

C
γ + rr3k2p

C
κ (7.25)

For points in front of the camera, pCκ > 0:

pKy − cKy
pCκ

= rr1k2
pCχ
pCκ

+ rr2k2
pCγ
pCκ

+ rr3k2 ⇒ pCκ =
pKy − cKy

rr1k2
pCχ
pCκ

+ rr2k2
pCγ
pCκ

+ rr3k2

⇒ (7.26)

pCκ = (pKy − cKy )
(
rr1k2

( ūM − u0
f∆−1

u

)
+ rr2k2

( v̄M − v0
f∆−1

v

)
+ rr3k2

)−1

(7.27)

pCχ =
ūM − u0
f∆−1

u

(pKy − cKy )
(
rr1k2

( ūM − u0
f∆−1

u

)
+ rr2k2

( v̄M − v0
f∆−1

v

)
+ rr3k2

)−1

(7.28)

pCγ =
v̄M − v0
f∆−1

v

(pKy − cKy )
(
rr1k2

( ūM − u0
f∆−1

u

)
+ rr2k2

( v̄M − v0
f∆−1

v

)
+ rr3k2

)−1

(7.29)

Thus, it is possible to compute the rest of the coordinates pKx and pKz from the pa-

rameters pKy and [ūM , v̄M ] according to:

pKx − cKx = rr1k1p
c
χ + rr2k1p

c
γ + rr3k1p

c
κ ⇒ (7.30)

pKx − cKx = rr1k1

( ūM − u0
f∆−1

u

)
pcκ + rr2k1

( v̄M − v0
f∆−1

v

)
pcκ + rr3k1p

c
κ ⇒ (7.31)

pKx − cKx =
(
rr1k1

( ūM − u0
f∆−1

u

)
+ rr2k1

( v̄M − v0
f∆−1

v

)
+ rr3k1

)
pcκ ⇒ (7.32)

pKx − cKx =

(
rr1k1

(
ūM−u0
f∆−1

u

)
+ rr2k1

(
v̄M−v0
f∆−1

v

)
+ rr3k1

)(
pKy − cKy

)
(
rr1k2

(
ūM−u0
f∆−1

u

)
+ rr2k2

(
v̄M−v0
f∆−1

v

)
+ rr3k2

) ⇒ (7.33)

pKx =

(
rr1k1

(
ūM−u0
f∆−1

u

)
+ rr2k1

(
v̄M−v0
f∆−1

v

)
+ rr3k1

)(
pKy − cKy

)
(
rr1k2

(
ūM−u0
f∆−1

u

)
+ rr2k2

(
v̄M−v0
f∆−1

v

)
+ rr3k2

) + cKx (7.34)

pKz − cKz = rr1k3p
c
χ + rr2k3p

c
γ + rr3k3p

c
κ ⇒ (7.35)

pKz − cKz =

(
rr1k3

(
ūM−u0
f∆−1

u

)
+ rr2k3

(
v̄M−v0
f∆−1

v

)
+ rr3k3

)(
pKy − cKy

)
(
rr1k2

(
ūM−u0
f∆−1

u

)
+ rr2k2

(
v̄M−v0
f∆−1

v

)
+ rr3k2

) ⇒ (7.36)

pKz =

(
rr1k3

(
ūM−u0
f∆−1

u

)
+ rr2k3

(
v̄M−v0
f∆−1

v

)
+ rr3k3

)(
pKy − cKy

)
(
rr1k2

(
ūM−u0
f∆−1

u

)
+ rr2k2

(
v̄M−v0
f∆−1

v

)
+ rr3k2

) + cKz (7.37)

Note that the position coordinates pKx and pKz are related with pKy by a multiplicative

factor. Similarly as before, it is possible to initialize the mean mi
X0

and covariance P i
X0

of
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Nk filters for a parallel estimation of the state.

7.2.2 Implementations with Synthetic Data

In order to investigate the ideal performance of the filter, consider a situation with

ideal measurements computed from the following camera intrinsic parameters:

fu =
f

∆u

= 796.32 , fv =
f

∆v

= 748.41 , u0 = 961.72 , v0 = 438.6

Figure 46 presents the resulting projection of the red buoy in the right camera as a

function of time.

Figure 46: Ideal measurements of the red buoy in the right camera

Source: Author

The ideal measurements shown in Figure 46 are combined with an additive Gaussian

noise V⃗RV with zero mean and covariance PV . Figure 47 presents the respective simulated

camera measurements with unitary covariance for the additive noise.

Figure 47: Simulated camera measurements with PV ∼
[
1.0 0
0 1.0

]

Source: Author
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The filter is initialized with the distance between the camera and the surface of the

sea and an initial set of detections. The distance between the camera and the surface of

the sea was defined as 43.8 m. Figure 48 shows the initial set of measurements with 10

seconds of duration.

Figure 48: Initial set of ideal measurements

Source: Author

The initial covariance PV for the error of the sensor is estimated from the initial set

of measurements. Summarizing the initial parameters:

Qβ = 0 , γ0 = 43.8 , δγ = 0.5 , vγ0 = 0.0 , δvγ = 0.0 (7.38)

vχ0 = 0.0 , δvχ = 1.0 , vκ0 = −4.0 , δvκ = 1.0 (7.39)

For each following iteration, the estimated state is projected into image coordinates

and compared with each incoming detection. Figure 49 presents the projection of one

filter alongside each measurement as a function of time.

Figure 49: Estimated projections and measurements

Source: Author

Figures 50 and 51 presents the filter estimations for the buoy position and velocity

alongside the truth relative state as a function of time, respectively.



116

Figure 50: Estimated position as a function of time

Source: Author

Figure 51: Estimated velocity as a function of time

Source: Author

As one can see, the filter is able to estimate the relative state of the buoy from

ideal measurements. Consider now the same implementation with measurements from

image detection methods as the one described in the last chapter. Figure 52 presents

corresponding measurements for the same period as in previous results.

Figure 52: Measurements from image detection algorithms

Source: Author

Similarly as before, the filter is initialized with an initial set of detections. Figure
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53 presents an initial set of measurements corresponding to the initial 50 seconds of the

experiment.

Figure 53: Initial set of measurements from image detections

Source: Author

Let Nk = 10, consisting in an implementation with 10 filters for the estimation of

the state from simulated measurements. The initialization of each one of the filters used

parameters from Equation 7.39. For the following iterations, the image projection of each

filter estimate is compared with incoming detections, yielding Nk estimates per iteration.

Figure 54 presents filter estimates alongside the measurements of the experiment. Figures

55 and 56 presents the comparison between the estimated state and the relative state of

the buoy computed from the simulation output. Note that the mean, maximum and

minimum estimate between all filters are indicated in Figures 55 and 56.

Figure 54: Estimated projections and measurements

Source: Author
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Figure 55: Estimated position as a function of time

Source: Author

Figure 56: Estimated velocity as a function of time

Source: Author

Note that the error between the filter estimate state and the truth relative state

is higher than from previous experiments with ideal measurements. Thus, one source of

potential improvements refers to improvements in the image detection algorithms used for

the definition of input measurements. Moreover, recall that in the filter formulation the

camera was assumed to be with constant orientation throughout the filter computation.

The proposed filter may be implemented in more general scenarios with improvements in

the dynamic model for the obstacle dynamics. Such considerations are beyond the scope

of the present work.

7.2.3 Implementations with Real Data

Consider now the implementation of the filter in the aforementioned real experiments

of navigation. The ship is navigating through a channel delimited by buoys similarly as in

the video from the ship maneuvering simulator. The velocity of the ship is approximately

constant with value vSHIP = 14.7 knot. The theoretical size of the channel is 280m.
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Figure 57 shows a superior view for the surrounding region of the experiment.

Figure 57: Superior view for the ship navigation experiment

Source: Author

Consider the estimation of the relative state for the right buoy. Assume an additional

coordinate system SK with c⃗K = 0⃗ and a rotation matrix RK defined from the installation

procedure of the previous chapter.

c⃗K =


0

0

0

 , RK =


0.99955 −0.01871 −0.02311

0.01636 0.99505 −0.09800

0.02483 0.09758 0.99492

 (7.40)

Similarly as before, the filter is initialized from an initial set of detections. Figure 58

presents the initial set of detections used for the initialization of the filter consisting of 3

seconds of measurements.

Figure 58: Initial set of measurements from image detections

Source: Author
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The initial covariance PV is similarly estimated from the initial set of measurements.

Ten different filters were initialized. Summarizing the initial parameters for this experi-

ment:

Qβ = 0 , γ0 = 32.26 , δγ = 1.0 , vγ0 = 0.0 , δvγ = 0.0 (7.41)

vχ0 = 0.0 , δvχ = 0.25 , vκ0 = −7.0 , δvκ = 0.25 (7.42)

Figure 59 shows input detections alongside the corresponding mean projection of the

filters for each time.

Figure 59: Input detections and corresponding image projections

Source: Author

Figures 60 and 61 presents the estimated relative position and velocity of the obstacle

respectively.

Figure 60: Estimation of relative position for the right buoy

Source: Author
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Figure 61: Estimation of relative velocity for the right buoy

Source: Author

Consider now the estimator implementation for the left buoy. Similarly, the filter is

initialized with a set of initial detections as indicated by Figure 62.

Figure 62: Initial set of measurements from image detections

Source: Author

Figure 63 shows the corresponding detections and projections of the filters for each

time.

Figure 63: Input detections and corresponding image projections

Source: Author
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Figures 64 and 65 presents the estimated relative position and velocity for the left

buoy, respectively.

Figure 64: Estimation of relative position for the left buoy

Source: Author

Figure 65: Estimation of relative velocity for the left buoy

Source: Author

As the truth relative state of the buoy is unknown, it is difficult to validate the esti-

mation results independently. However, as the size of the channel is theoretically known,

a simple validation for both estimates consists in the verification of the distance between

estimates. In the previous case, for example, the difference between the x-coordinate of

both estimates resulted in approximately 300m, which is close to the theoretical channel

size of 280m.

7.3 Loosely Coupled Tracker Integration

The tracker setup from the previous chapter assumes the integration of an inertial

measurement unit, a compass and a GNSS receiver. Generally, for a loosely-coupled

integration, it is necessary to provide an estimation in terms of error components from the
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filter state. Note that it is possible to estimate the camera position and orientation from

the projection of points with known three-dimensional coordinates. Thus, assuming that

the camera position and orientation with respect to the ship frame is known, it is possible

to compute the ship position and orientation from the camera estimation alongside the

corresponding error components. Then, these error components computed from camera

measurements may be integrated into the tracker with a loosely-coupled integration.

7.3.1 Formulation

Consider a world coordinate system Sw fixed with respect to the earth frame. Let

peew be the origin of the reference coordinate system with respect to the earth frame, and

let Re
w be the rotation matrix relating the reference frame and the earth frame. Further,

consider a set of N visible points Pr with known coordinates in this reference frame. Each

element of Pw is a point expressed in the reference frame as a three-dimensional vector.

Pw =

[
pwwp1, p

w
wp2, ..., p

w
wpN

]
(7.43)

Let Z be the corresponding set of camera observations from Pw. Each element of Z

represents an image coordinate as a two-dimensional vector. Consider a pinhole model

described by intrinsic parameters [fu, fv, u0, v0].

Z =

[
[up1, vp1]

T , [up2, vp2]
T , ..., [upN , vpN ]

T

]
(7.44)

Similarly as in the previous chapter, consider a vector ΠCAM concatenating the real

parameters from the camera:

ΠCAM =
[
[fu, fv, u0, v0], p

s
sc, R

s
c

]
(7.45)

Let p̂ees and R̂
e
s be the inertial navigation system outputs for position and orientation

of the ship with respect to the earth system. An estimation for the position p̂wws and

orientation R̂w
s with respect to the reference coordinate system may be computed from

peew and Re
w:

p̂wws =
(
Rw
e

)(
p̂ees − peew

)
=
(
Re
w

)T(
p̂ees − peew

)
(7.46)

R̂w
s =

(
Rw
e

)
R̂e
s =

(
Re
w

)T
R̂e
s (7.47)
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Let p̂ssc and R̂
s
c be estimates for the camera position and orientation with respect to

the ship frame. Corresponding estimates for the camera position p̂wwc and orientation R̂w
c

with respect to the reference frame may be computed from p̂wws and R̂
w
s :

p̂wwc = p̂wws + R̂w
s p̂

s
sc (7.48)

R̂w
c = R̂w

s R̂
s
c (7.49)

The set Pw of points with known coordinates in the reference frame may be trans-

formed to the camera frame:

P̂c =

[
..., p̂ccpi, ...

]
=

[
..., (R̂w

c )
T
(
pwwpi − p̂wwc

)
, ...

]
(7.50)

Assume a pinhole model described by intrinsic parameters [f̂u, f̂v, û0, v̂0]. Estimations

[ûpi, v̂pi] may be computed from each point p̂ccpi of P̂
c:

p̂ccpi =


p̂c,χcpi

p̂c,γcpi

p̂c,κcpi

⇒

[
ûpi

v̂pi

]
=

f̂u(p̂c,χcpi)(p̂c,κcpi)−1

+ û0

f̂v

(
p̂c,γcpi

)(
p̂c,κcpi

)−1

+ v̂0

 (7.51)

Let Ẑ be the set of camera projection estimations computed from P̂c and [f̂u, f̂v, û0, v̂0]:

Ẑ =

[
[ûp1, v̂p1]

T , [ûp2, v̂p2]
T , ..., [ûpN , v̂pN ]

T

]
(7.52)

Further, let E be the error between observations Z and the estimated set Ẑ.

E =

[
up1 − ûp1, vp1 − v̂p1, ..., upN − ûpN , vpN − v̂pN

]
=

[
eu1, ev1, ..., euN , evN

]
(7.53)

The observation set Z is assumed to be known alongside the camera intrinsic pa-

rameters [f̂u, f̂v, û0, v̂0]. The camera extrinsic parameters are initially set to p̂wwc and R̂
w
c

accordingly to Equations 7.48 and 7.49. Then, the camera position and orientation is op-

timized with the minimization of E. Typical procedures for optimizing camera extrinsic

parameters from the minimization of E requires at least 4 points correspondences. Note

that there are different methods for optimizing the error E.

Let p̃wwc and R̃
w
c be the optimized position and orientation of the camera after mini-

mizing E. It is possible to compute the corresponding ship position p̃wws and orientation
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R̃w
s from the optimized parameters p̃wwc and R̃

w
c .

R̃w
s = R̃w

c R̂
c
s = R̃w

c

(
R̂s
c

)T
(7.54)

p̃wws = p̃wwc −
(
R̃w
s

)
p̂ssc (7.55)

Hence, it is possible to define error components in the reference coordinate system

by the comparison of the INS outputs [p̂wws, R̂
w
s ] with [p̃wws, R̃

w
s ]. However, as the loosely

coupled integration equations from previous chapters are developed in the earth coordinate

system, it is necessary to express the errors with respect to the earth coordinate system.

Let p̂ees be the INS position described with respect to the earth frame without corrections.

The position error δpe in the earth frame may be computed as:

δpees = p̂ees −
(
peew +Re

wp̂
w
ws

)
(7.56)

Further, let R̃e
s be the orientation of the ship with respect to the earth frame computed

from the optimized orientation R̃w
s :

R̃e
s = Re

wR̃
w
s (7.57)

Let R̂e
s be the tracker orientation described with respect to the earth frame without

corrections. Consider the following matricial error δRe
s between between R̃e

s and R
e
s:

δRe
s = R̃e

s − R̂e
s (7.58)

Similarly as with the compass measurements, an angular displacement Ψ̃e that trans-

forms the estimated rotation matrix R̂e
s to the optimized rotation matrix R̃e

s may be

determined by the minimization of δRe
s with Equation C.78. Then, an angular error δψees

may be determined comparing Ψ̃e with the angular displacement from consecutive gy-

rometer measurements. The position error and angular error are combined into a single

observation vector zCAM :

zCAM =

[
−δψe

−δpe

]
⇒ HCAM

Z =

[
−I3×3 03×3 03×3 03×3 03×3

03×3 03×3 −I3×3 03×3 03×3

]
(7.59)

The measurement noise covariance matrix RCAM
Z should correspond with the uncer-
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tainty of the error components. A simple form for RCAM
Z is given by:

RCAM
Z =

[
ŵcψI3×3 03×3

03×3 ŵcpI3×3

]
(7.60)

where ŵcψ and ŵcp are associated with the uncertainty for estimates δψe and δpe, re-

spectively. Consider a vector ΠLCI concatenating parameters from the loosely coupled

integrator similarly as in Equation 6.22:

ΠLCI =
[
ŵωg, ŵfa, ŵba, ŵbg, p̂

s
sa, ŵρp, ŵρv, p̂

s
sψ, R̂

s
ψ, ŵψ, [f̂u, f̂v, û0, v̂0], p̂

s
sc, R̂

s
c, ŵcψ, ŵcp

]
(7.61)

7.3.2 Implementations with Synthetic Data

In this section, the nautical buoys from the channel are used as reference points for the

loosely coupled integration. Consider the same world coordinate system from the previous

chapter given by Equations 6.8 and 6.10. Let Pw be the set of known points described

with respect to the reference coordinate system. Four nautical buoys from the channel

are used as reference points with the following coordinates:

pwwp1 =


3472.1

685.1

17.6

 , pwwp2 =


3470.2

499.5

17.6

 , pwwp3 =


1544.7

671.5

17.6

 , pwwp4 =


1542.3

485.5

17.6

 (7.62)

The camera instantaneous position and orientation with respect to the reference sys-

tem is computed from the simulation outputs to determine the set of observations Z. A

pinhole model described by intrinsic parameters [fu, fv, u0, v0] is assumed. The set of esti-

mations Ẑ are computed from estimated intrinsic parameters [f̂u, f̂v, û0, v̂0] and estimated

extrinsic parameters from the INS outputs. The projection error E is defined from the

difference between observations Z and estimations Ẑ with Equation 7.53. An improved

estimation for the camera position and orientation with respect to the world reference

frame is computed by the minimization of the projection error E. Finally, the tracker

incorporates such improved estimations in a loosely coupled integration.

Similarly as in the loosely coupled integration from the previous chapter, consider a

simulation comparing tracker performance from two different setups represented by sets

of parameters Π1
... and Π2

.... The only difference between both tracker setups is that Π1
...

consider camera measurements while Π2
... does not. Parameters from the INS, GNSS and
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compass are equal in both simulations:

Π1
INS = Π2

INS =
[
wfa = 4 · 10−3 , ba =


4 · 10−2

4 · 10−2

4 · 10−2

 , wba = 1 · 10−4 (7.63)

wωg = 10−4 , bg =


3 · 10−3

3 · 10−3

3 · 10−3

 , wbg = 10−5
]

(7.64)

Π1
GNSS = Π2

GNSS =
[
pssa =


0

0

0

 , δρrc = 0 , wρp = 10.0 , δρ̇rc = 0 , wρv = 1.0
]

(7.65)

Π1
CMPS = Π2

CMPS =
[
pssψ =


0

0

0

 , Rs
ψ = I3×3 , wψ = 0.08726646259971647

]
(7.66)

Consider the following set of camera parameters Π1
CAM :

Π1
CAM =

[
[fu = 790.0, fv = 750.0, u0 = 960.0, v0 = 440.0], (7.67)

pssc =


42.0

−25.5

57.51

 , Rs
c =


0 −1 0

0 0 −1

1 0 0

] (7.68)

Finally, consider the following sets of parameters Π1
LCI and Π2

LCI for the loosely coupled

integrator:

Π2
LCI =

[
ŵωg = 10−4 , ŵfa = 4 · 10−3 , ŵba = 10−4 , ŵbg = 10−5 (7.69)

p̂ssa =


0

0

0

 , ŵρp = 10.0 , ŵρv = 1.0 , p̂ssψ =


0

0

0

 (7.70)

R̂s
ψ = I3×3 , ŵψ = 0.0873

]
(7.71)
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Π1
LCI =

[
Π2
LCI , [f̂u = 790.0, f̂v = 750.0, û0 = 960.0, v̂0 = 440.0], (7.72)

p̂ssc =


42.0

−25.5

57.51

 , R̂s
c =


0 −1 0

0 0 −1

1 0 0

 (7.73)

ŵcψ = 0.00174533 , ŵcp = 0.01
]

(7.74)

Figures 66, 68 and 70 presents tracker outputs computed from parameters Π1
... and

Π2
.... In this set of Figures, blue lines represents the simulation outputs, orange lines

represents the outputs computed from the integrator with parameters Π1
... and green lines

represents the outputs computed from the integrator with parameters Π2
.... Figures 67,

69 and 71 shows the errors between tracker outputs and simulation outputs. Blue lines

represents errors from the integrator with parameters Π1
... while orange lines represents

errors from the integrator with parameters from Π2
....

Figure 66: Cartesian Position Computed from Tracker with Different Parameters

Source: Author
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Figure 67: Cartesian Position Error Computed from Tracker with Different Parameters

Source: Author

Figure 68: Cartesian Velocity Computed from Tracker with Different Parameters

Source: Author
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Figure 69: Cartesian Velocity Error Computed from Tracker with Different Parameters

Source: Author

Figure 70: Attitude Computed from Tracker with Different Parameters

Source: Author
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Figure 71: Attitude Error Computed from Tracker with Different Parameters

Source: Author

Errors from the tracker represented by the first set of parameters Π1
... are smaller

than Π2
.... This observation indicates that the incorporation of camera measurements into

the loosely coupled integration is interesting to be pursued. Note that in this simula-

tion camera measurements are simulated assuming that camera parameters and reference

points are perfectly known. Although this setup is interesting for a preliminary evaluation

of the loosely coupled integration algorithm, a more realistic setup is needed before the

incorporation of such algorithm into operational equipment.



132

8 VISUAL AUGMENTATION

This chapter discusses applications for displaying virtual elements in maritime scenes.

These features are concerned with the visual presentation of navigational information.

Most of the proposed features assumes that external information about the scene is avail-

able from other systems of the ship. It is assumed that the installation parameters from

the previous chapter are available. The methods are pursued for assisting ship operators

in an efficient perception of their surroundings and immediate tasks.

8.1 Simple Highlight

8.1.1 Feature Description

A simple form of highlight is the synthesis of a rectangle around a given point from the

navigation scene. In order to facilitate the understanding of what is being highlighted,

it is interesting to render an information summary next to the point projection in the

navigation scene, as exemplified by Figure 72.

Figure 72: Four simple highlights

Source: Author
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8.1.2 Implementation with Data from Ship Maneuvering Simu-
lator

In the simulation experiment, as the position of each buoy in the camera coordinate

system is known at all times, it is possible to determine each buoy corresponding pro-

jection in the camera scene. These coordinates may be used for an automatic highlight

of such obstacles. Figure 73 illustrates a simple highlight with obstacles coordinates as

information elements.

Figure 73: Simple highlight with a summary of coordinates expressed in different frames

Source: Author

8.1.3 Implementation with Data from Real Experiments

Similarly as before, buoys are used for the implementation of the proposed feature

in videos from real experiments. If the buoy position is not known as in the case of

the experiment, the corresponding region can be automatically obtained from obstacle

detection algorithms such as the one described in the previous chapter. A simple highlight

with just two attributes is shown in Figure 74.
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Figure 74: Highlight of information from buoy

Source: Author

8.2 Zoom View

8.2.1 Feature Description

For very far obstacles, the corresponding projection in the image scene may be very

difficult to visualize. Thus, another useful feature that can be implemented consists in

the presentation of a zoom region alongside the image scene. If relative coordinates of an

obstacle are available from an external system of the ship, the corresponding projection

region can be automatically amplified and presented next to the obstacle projection.

Alternatively, such zoom views may be defined from operators inputs.
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8.2.2 Implementation with Data from Ship Maneuvering Simu-
lator

Figure 75 illustrates the proposed feature with buoys from the simulation. As the

position of the buoys are known alongside the ship position and orientation, the corre-

sponding projection region in the image can be determined and amplified automatically.

The amplified region of the image can assist operators in the visual identification of far

obstacles.

Figure 75: Example of zoom view for far obstacles

Source: Author

8.2.3 Implementation with Data from Real Experiments

If the relative position of the obstacle is unknown, the region to be amplified can

be defined from an obstacle tracker feature such as from the previous section. After

an initial identification by the user, the corresponding region of the obstacle may be

determined automatically. Figure 76 illustrates the proposed feature with buoys from the

real experiments.
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Figure 76: Example of zoom view for far obstacles

Source: Author

8.3 Planar Rectangular Highlight

8.3.1 Feature Description

Consider a plane Π described with a plane coordinate system SΠ as in Equation 4.17.

Let [x⃗Π, y⃗Π, z⃗Π] be the axes of the plane frame SΠ and let pccΠ be a point belonging to

plane Π expressed with coordinates in the camera coordinate system.

pccPπ
= pccΠ + µ1x⃗

c
Π + µ2y⃗

c
Π = pccΠ +

[
x⃗cΠ y⃗cΠ z⃗cΠ

]
µ1

µ2

0

 (8.1)

Note that µ1 and µ2 from Equation 8.1 represents points coordinates in the plane

frame. The origin of this plane coordinate system is the point pccΠ, while the orientation is

given by vectors [x⃗cΠ, y⃗
c
Π, z⃗

c
Π]. It is possible to define a rectangular grid in the plane frame
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by iterating different [µ1, µ2] according to vertexes of different rectangles.[
µ1

µ2

]
=

[
ηx∆Lx

ηy∆Ly

]
, −nx ≤ ηx ≤ nx , −ny ≤ ηy ≤ ny , ηx, nx, ηy, ny ∈ Z (8.2)

where Lx and Ly are the size of each rectangle. Note that ηx and ηy are iterated according

to nx and ny, which are the number of rectangles in each direction. The connection of

adjacent points computed from different ηx and ηy yields a rectangular grid. Figure

77 illustrates a rectangular highlight in a standalone simulation for intrinsic parameters

[fu, fv, u0, v0] = [1000, 1000, 960, 720] and following plane parameters:

pccΠ =


70.0

25.0

400.0

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0



Figure 77: Planar Rectangular Highlight

Source: Author
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8.3.2 Implementation with Data from Ship Maneuvering Simu-
lator

Consider a rectangular grid with points belonging to a plane at the surface of the

sea. Assume that the distance hw between the camera and the water is known from

the installation procedure described in the previous chapter. By overlaying such lines of

the plane in the image of the scene, the corresponding region is highlighted and better

perceived spatially. Figure 78 illustrates a planar rectangular grid with the following

parameters:

pccΠ =


0

hw

500.0

 =


0

44.2

500.0

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0


∆Lx = 100.0 , nx = 3

∆Ly = 25.0 , ny = 10

Figure 78: Planar Rectangular Highlight

Source: Author

The center of the rectangular grid is the point pccΠ. For each direction of the plane given

by vectors x⃗cΠ and y⃗cΠ, nx and ny determines the number of divisions of the rectangular

grid. The size of each division is given by ∆Lx and ∆Ly.
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Note that is possible to estimate the relative position of visible obstacles according to

the intersection of its projection with each auxiliary line from the grid.

8.3.3 Implementation with Data from Real Experiments

Similarly as before, consider a rectangular grid with points belonging to a plane at

the surface of the sea. The distance hw between the camera and the surface of the sea is

assumed to be known from the installation of the previous chapter. Figure 79 illustrates

a planar rectangular grid with the following parameters:

pccΠ =


0

hw

500

 =


0

32

500

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0


∆Lx = 100.0 , nx = 3

∆Ly = 25.0 , ny = 10

Figure 79: Planar Rectangular Highlight

Source: Author

Note that considering the world frame defined by Equation 6.10, the plane shown in
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Figure 79 would match the sea plane only if the camera is installed without considerable

errors and if the ship is aligned with the WCS. More generally, the synthetic plane will

match the sea plane if z⃗cΠ is aligned with the direction of the gravity, which may be

approximated by axis z⃗cn from the local navigation frame. Figure 80 shows a planar

rectangular grid with the following parameters:

pccΠ =


0.9996 −0.0187 −0.0231

0.0164 0.9950 −0.0980

0.0248 0.0976 0.9949




0

32

500

 =


−12.152

−17.157

500.582



x⃗cΠ =


−0.0231064

−0.0979969

0.9949184

 , y⃗cΠ =


−0.9995578

−0.0163644

−0.0248260

 , z⃗cΠ =


0.0187141

−0.9950522

−0.0975755


∆Lx = 100.0 , nx = 3

∆Ly = 25.0 , ny = 10

Figure 80: Planar Rectangular Highlight

Source: Author
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8.4 Planar Circular Highlight

8.4.1 Feature Description

Consider the previous plane definition described by a plane frame SΠ. Instead of

computing coordinates [µ1, µ2] as vertices from rectangles yielding a rectangular grid, the

definition of coordinates [µ1, µ2] according to circles yields a planar circular highlight:[
µ1

µ2

]
=

[
ri cos(θ)

ri sin(θ)

]
− π ≤ θ ≤ π

Let rc = [r1, ..., ri, ..., rM ] denotes the radius of different circles to be highlighted in

the region of interest and dθ denotes each incremental step for the angle θ. Additionally,

each circle from the highlight is divided in Nθ sections. Figure 81 illustrates a planar

circular highlight in a standalone simulation with the following plane parameters:

pccΠ =


70.0

25.0

400.0

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0

 , rc = [150.0, 300.0] , Nθ = 8

Figure 81: Planar Circular Highlight

Source: Author
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8.4.2 Implementation with Data from Ship Maneuvering Simu-
lator

Figure 82 illustrates a planar circular grid with the following parameters:

pccΠ =


0

hw

500.0

 =


0

44.2

500.0

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0



rc = [150.0, 300.0] , dθ = 1◦ =
π

180
, Nθ = 8

Figure 82: Planar Circular Highlight

Source: Author

8.4.3 Implementation with Data from Real Experiments

Figure 83 illustrates a planar circular grid with the following parameters:

pccΠ =


0

hw

500

 =


0

32

500

 , x⃗cΠ =


0

0

1

 , y⃗cΠ =


−1

0

0

 , z⃗cΠ =


0

−1

0


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rc = [150.0, 300.0] , dθ = 1◦ =
π

180
, Nθ = 8

Figure 83: Planar Circular Highlight

Source: Author

Similarly as before, the highlighted plane shown in Figure 83 matches the surface

of the sea if the camera is installed without considerable errors and if the ship axes are

aligned with the WCS. Figure 84 presents a planar circular highlight computed with the

following plane parameters:

pccΠ =


0.9996 −0.0187 −0.0231

0.0164 0.9950 −0.0980

0.0248 0.0976 0.9949




0

32

500

 =


−12.152

−17.157

500.582



x⃗cΠ =


−0.0231064

−0.0979969

0.9949184

 , y⃗cΠ =


−0.9995578

−0.0163644

−0.0248260

 , z⃗cΠ =


0.0187141

−0.9950522

−0.0975755


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rc = [150.0, 300.0] , dθ = 1◦ =
π

180
, Nθ = 8

Figure 84: Planar Rectangular Highlight

Source: Author

8.5 Expected Trajectory Visualizer

8.5.1 Feature Description

Consider an arbitrary point Q in the navigation scene described by its position pccQ

with respect to the camera frame. Further, let vccQ be its velocity with respect to the

camera frame. It is possible to compute a simple estimation for the future trajectory

of point Q by the extrapolation of its velocity vccQ around its position pccQ. Let pccQ =

[pc,χcQ , p
c,γ
cQ , p

c,κ
cQ ]

T and vccQ = [vc,χcQ , v
c,γ
cQ , v

c,κ
cQ ]

T denotes the instantaneous position and velocity

of the obstacle with respect to the camera frame. A simple expected trajectory pctraj(t)

for the obstacle can be computed with the assumption that the obstacle velocity vccQ is
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approximately constant for an interval t ∈ [0,∆Ttraj]:

pctraj(t) ≈


pc,χcQ

pc,γcQ

pc,κcQ

+ t


vc,χcQ

vc,γcQ

vc,κcQ

 0 ≤ t ≤ ∆Ttraj

A set of points belonging to the trajectory may be defined with respect to the camera

frame. Then, the corresponding image projections for such points can be shown on top of

the image of the scene. Note that if an obstacle is represented in another known coordinate

system, it is possible to transform the obstacle position and velocity to the camera frame

before computing the expected trajectory with the same expressions.

8.5.2 Implementation with Data from Ship Maneuvering Simu-
lator

Considering that the ship velocity is known and assuming that the buoy does not

move, the relative velocity of the buoy can be computed from the simulation outputs.

Figure 85 presents the corresponding image projections for the expected trajectory of the

buoy in the scene of the onboard camera.

Figure 85: Expected trajectory from instantaneous velocity

Source: Author

Note that such estimations are particularly useful if the ship and the obstacle are



146

moving with constant velocity. If there are significant rotations in the relative trajectory of

the obstacle, the computed expected trajectory will not coincide with the actual trajectory

of the obstacle in the image scene.

8.5.3 Implementation with Data from Real Experiments

Similarly as before, Figure 86 illustrates this feature assuming that the ship velocity

is known and that the buoy does not move.

Figure 86: Expected trajectory from instantaneous velocity

Source: Author
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9 DISCUSSION

This chapter discusses the utilization of aforementioned methods for navigational as-

sistance. Initially, augmented visualizations that may assist ship operators are presented.

The integration of the proposed MAR system with typical onboard navigational equip-

ment is briefly discussed in the subsequent section. Finally, further research is suggested

to formally define accuracy requirements and operational capabilities for the proposed

MAR system.

9.1 Assistance by Visual Augmentation

Visualizations from this section assumes a scenario of navigation in restricted waters

with fixed obstacles as presented in [LEITE et al., 2022]. In such scenarios, in order

to prevent collisions, it is important that operators acknowledge the relative position of

surrounding obstacles along the expected trajectory of the ship. Geometrical information

regarding the ship and the navigation scene is assumed to be known. Three types of

navigational assistance situations are discussed throughout this section: route highlight,

obstacle highlight and spatial perception.

9.1.1 Route Highlight

In the previous simulation, the ship is navigating in a straight line with known velocity.

The camera position and orientation with respect to the ship coordinate system is known

alongside the ship state with respect to the world coordinate system. Thus, it is possible

to define coordinates for points at the surface of the sea in the camera coordinate system.

In such situations, a rectangular highlight in front of the ship could be defined to highlight

the expected trajectory for the ship. The rectangle width is defined accordingly to the

ship course and dimensions. Figure 87 exemplifies this implementation in the previous

simulation experiment with a rectangular highlight delimiting the expected trajectory of

the ship.
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Figure 87: Rectangular highlight showing expected trajectory for the ship in the simula-
tion

Source: [LEITE et al., 2022]

A similar rectangular highlight may be drawn on top of the video from the real

experiment as the ship navigates with approximately constant velocity in a straight line.

Figure 88 illustrates this implementation.

Figure 88: Rectangular highlight showing expected trajectory for the ship in the reality

Source: [LEITE et al., 2022]

Another useful representation for the expected trajectory of the ship is in the form of

waypoints. Each waypoint may be projected into the image scene with a circular highlight.
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As the ship is traveling with constant velocity, its trajectory may be represented with

colinear waypoints. Figure 89 illustrates the visualization with two waypoints in front of

the ship. Figure 90 illustrates a similar implementation in the recorded video from the

aforementioned real experiment.

Figure 89: Circular highlight representing waypoints of the expected trajectory for the
ship in the simulation

Source: [LEITE et al., 2022]

Figure 90: Circular highlight representing waypoints of the expected trajectory for the
ship in the reality

Source: [LEITE et al., 2022]
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9.1.2 Obstacle Highlight

Assume that each obstacle can be characterized by a set of Na attributes such as

ID, name, type, status and position. Further, assume that the corresponding obstacle

attributes are automatically rendered into a graphical summary. These attributes can be

summarized and presented accordingly to their relative position in the scene to assist in

the perception of these obstacles as shown in Figure 91.

Figure 91: Information highlight for each buoy in the simulation

Source: [LEITE et al., 2022]

Note that an optimal definition of pertinent attributes considering each ship task may

be developed in view of requirements for user interfaces. These usability considerations

are beyond the scope of the present work.

9.1.3 Spatial Perception

In cases in which external information about surrounding obstacles is not available,

it is possible to estimate the relative position of visible obstacles in the image scene with

planar highlights. Figure 92 shows a rectangular highlight with points described in the

ship coordinate system. An estimation for the buoy relative position may be inferred by

the intersection of the buoy projection in the image scene with each auxiliary line of the

rectangular grid.
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Figure 92: Auxiliary rectangular grid for estimating the relative position of surrounding
obstacles in the simulation. Each rectangle of the grid has dimensions 100m× 25m.

Source: [LEITE et al., 2022]

Figure 93 shows a rectangular highlight in the real experiments with a grid of dimen-

sions 100m× 25m.

Figure 93: Auxiliary rectangular grid for estimating the relative position of surrounding
obstacles in the reality. Each rectangle of the grid has dimensions 100m× 25m.

Source: [LEITE et al., 2022]
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Note that the right buoy intersects the rectangular grid at the sixth parallel line of the

grid, representing an approximate lateral distance of 25 · 6 = 150m. Correspondingly, the

left buoy intersects the rectangular grid at the fifth parallel line of the grid, yielding an

approximate lateral distance of 25 · 5 = 125m. Combining both results yields estimates of

275m for the distance between both buoys. Accordingly, the theoretical distance between

them is approximately 280m when both buoys are in their map position.

Another useful representation for estimating the buoy relative position may be dis-

played with a circular highlight. Figure 94 shows a circular highlight with points described

in the ship coordinate system.

Figure 94: Auxiliary lines described with respect to the ship-frame. Lines are drawn
ranging from θmin = −36◦ = −2160′ to θmax = 36◦ = 2160′

Source: [LEITE et al., 2022]

Similarly, an estimation for the buoy relative position may be determined from the

intersection of its projection with each auxiliary line. From the augmented scene of the

above example, it is possible to estimate that the buoy is at an approximate distance of

500 m from the ship with an angle of −9◦ with respect to the ship x−axis.

Note that alternative enhanced scenes may be adapted from the current work towards

other navigation scenarios. As the development of optimal visualizations combining per-

tinent virtual elements depends on the particular operation of the user, further research

is suggested to cover other types of standardized navigation operations.
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9.2 MAR System Development

Consider a camera rigidly fixed on a ship that navigates through a channel delimited

by nautical buoys. The ship position and orientation is assumed to be known at all

times with respect to a reference coordinate system. Furthermore, information about the

ship surroundings and expected route is assumed to be available from other onboard ship

systems. A centralized monitor screen displays the video stream from the camera with

virtual assets representing the information from other ship systems.

In order to define operational capabilities of the system, it is interesting to estimate

the maximum distance in which an obstacle is still observable by the camera. A simplified

analysis may be carried out as follows. Consider a pinhole model expressed by the set of

intrinsic parameters [fu, fv, u0, v0]. The projection of an arbitrary point Q with position

pccQ with respect to the camera is given by:

pccQ =


pc,χcQ

pc,γcQ

pc,κcQ

⇒

[
uQ

vQ

]
=

f∆−1
u

pc,χcQ

pc,κcQ
+ u0

f∆−1
v

pc,γcQ

pc,κcQ
+ v0

 (9.1)

Further, assume that the obstacle is represented as a simple planar square object with

size L positioned at pccQ. Each vertex pccLi
of this square may be projected into the image

scene:

pccL1
= pccQ +

L

2


1

1

0

 =


pc,χcQ + 0.5L

pc,γcQ + 0.5L

pc,κcQ

⇒

[
uL1

vL1

]
=

f∆−1
u

pc,χcQ+0.5L

pc,κcQ
+ u0

f∆−1
v

pc,γcQ+0.5L

pc,κcQ
+ v0

 (9.2)

pccL2
= pccQ +

L

2


1

−1

0

 =


pc,χcQ + 0.5L

pc,γcQ − 0.5L

pc,κcQ

⇒

[
uL2

vL2

]
=

f∆−1
u

pc,χcQ+0.5L

pc,κcQ
+ u0

f∆−1
v

pc,γcQ−0.5L

pc,κcQ
+ v0

 (9.3)

pccL3
= pccQ +

L

2


−1

−1

0

 =


pc,χcQ − 0.5L

pc,γcQ − 0.5L

pc,κcQ

⇒

[
uL3

vL3

]
=

f∆−1
u

pc,χcQ−0.5L

pc,κcQ
+ u0

f∆−1
v

pc,γcQ−0.5L

pc,κcQ
+ v0

 (9.4)

pccL4
= pccQ +

L

2


−1

1

0

 =


pc,χcQ − 0.5L

pc,γcQ + 0.5L

pc,κcQ

⇒

[
uL4

vL4

]
=

f∆−1
u

pc,χcQ−0.5L

pc,κcQ
+ u0

f∆−1
v

pc,γcQ+0.5L

pc,κcQ
+ v0

 (9.5)

The projection area ap in pixel2 may be computed as a function of the projection of
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each vertex of the square: [
uLM

vLM

]
=

4∑
i=1

1

4

[
uLi

vLi

]
⇒

[
ūLi

v̄Li

]
=

[
uLi

− uLM

vLi
− vLM

]

ap =
1

2

(∣∣∣∣ūL1 v̄L2 + ūL2 v̄L3 + ūL3 v̄L4 + ūL4 v̄L1 − ūL2 v̄L1 − ūL3 v̄L2 − ūL4 v̄L3 − ūL1 v̄L4

∣∣∣∣)
(9.6)

Note that visible objects should have a projection area ap bigger than 1 px2. Still,

if ap is not sufficiently greater than 1 px2, its projection in the image scene may be very

difficult to acknowledge. An unitary pixel typically represents a small fraction of the

camera image. Assuming an image with size 1920 px × 880 px, the total area would be

1920 px× 880 px = 1689600 px2. Hence, 1 px2 would represent less than 0.0001% of the

total area from the image:

1 px2

1920 px× 880 px
= 0.0000591856% (9.7)

For fixed intrinsic parameters, it is possible to determine the maximum distance in

which the square is observable by the computation of ap around different points of op-

eration. Table 6 presents ap as a function of different L at points pccQ1
= [50, 15, 200],

pccQ2
= [50, 15, 2000] and pccQ3

= [50, 15, 10000] for fixed intrinsic camera parameters

[fu, fv, u0, v0] = [790, 770, 960, 440].

Table 6: Projection area ap calculated at pccQi
for different values of L

L [m] ap at p
c
cQ1

[px2] ap at p
c
cQ2

[px2] ap at p
c
cQ3

[px2]

1 15.306 0.153 0.006
5 382.656 3.827 0.153
10 1530.625 15.306 0.612
20 6122.500 61.225 2.449
50 38265.625 382.656 15.306

For example, a square with an area of 1 m2 would not be visible at a distance of

2000 m but would be detectable at a distance of 200 m from the camera. Similarly, a

bigger square with an area of 100 m2 would be visible at a distance of 2000 m but would

not be detectable at a distance of 10000 m from the camera. Generally, the maximum

distance in which each object is detectable depends on its size. Hence, in the context of

this preliminary analysis, smaller objects would be detectable at distances as far as 200

m, while bigger objects would be detectable at distances as far as 2000 m.
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Note that the same methodology could be repeated with different intrinsic camera

parameters for the comparison of different camera devices. Besides, further research is

suggested in order to extend the above methodology with more realistic object models. A

simple approach would be the definition of a planar rectangle with size equivalent to the

geometry of potential obstacles. Alternatively, the definition of three-dimensional models

for potential obstacles could be more adequate for a thorough analysis.

Recall that the camera position and orientation with respect to the ship coordinate

system should be known in order to project any virtual point into the camera scene. Thus,

the camera should be installed around an expected position and orientation with precision

to avoid errors in each virtual point projection. The rest of this section discusses how

errors in the determination of the camera state with respect to the ship affects the virtual

points projection in the camera scene. A detailed systematic error analysis is beyond the

scope of the present work.

Consider an arbitrary point with position pssp described with respect to the ship co-

ordinate system. Further, let pssc be the position of the camera and Rc
s be the rotation

matrix describing the camera frame with respect to the ship coordinate system:

pssp =


ps,isp

ps,jsp

ps,ksp

 , Rc
s =


rcs11 rcs12 rcs13

rcs21 rcs22 rcs23

rcs31 rcs32 rcs33

 , pssc =


ps,isc

ps,jsc

ps,ksc

 (9.8)

Transforming pssp to the camera coordinate system:

pccp =


pc,χcp

pc,γcp

pc,κcp

 =
[
Rc
s −Rc

sp
s
sc

] [pssp
1

]
⇒ (9.9)


pc,χcp

pc,γcp

pc,κcp

 =


rcs11(p

s,i
sp − ps,isc ) + rcs12(p

s,j
sp − ps,jsc ) + rcs13(p

s,k
sp − ps,ksc )

rcs21(p
s,i
sp − ps,isc ) + rcs22(p

s,j
sp − ps,jsc ) + rcs23(p

s,k
sp − ps,ksc )

rcs31(p
s,i
sp − ps,isc ) + rcs32(p

s,j
sp − ps,jsc ) + rcs33(p

s,k
sp − ps,ksc )

 (9.10)

Consider a set of estimated parameters p̂ssc and R̂
c
s for the camera position and orien-

tation with respect to the ship coordinate system:

R̂c
s =


r̂cs11 r̂cs12 r̂cs13

r̂cs21 r̂cs22 r̂cs23

r̂cs31 r̂cs32 r̂cs33

 , p̂ssc =


p̂s,isc

p̂s,jsc

p̂s,ksc

 (9.11)
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Transforming pssp to the camera coordinate system with estimated parameters p̂ssc and

R̂c
s yields p̂

c
cp:

p̂ccp =


p̂c,χcp

p̂c,γcp

p̂c,κcp

 =
[
R̂c
s −R̂c

sp̂
s
sc

] [pssp
1

]
⇒ (9.12)


p̂c,χcp

p̂c,γcp

p̂c,κcp

 =


r̂cs11(p

s,i
sp − p̂s,isc ) + r̂cs12(p

s,j
sp − p̂s,jsc ) + r̂cs13(p

s,k
sp − p̂s,ksc )

r̂cs21(p
s,i
sp − p̂s,isc ) + r̂cs22(p

s,j
sp − p̂s,jsc ) + r̂cs23(p

s,k
sp − p̂s,ksc )

r̂cs31(p
s,i
sp − p̂s,isc ) + r̂cs32(p

s,j
sp − p̂s,jsc ) + r̂cs33(p

s,k
sp − p̂s,ksc )

 (9.13)

Assuming the pinhole model described by camera parameters [fu, fv, u0, v0], the pro-

jection of pssp may be computed as:
u

v

 =


fu

rcs11(p
s,i
sp−ps,isc )+r

c
s12(p

s,j
sp −ps,jsc )+rcs13(p

s,k
sp −ps,ksc )

rcs31(p
s,i
sp−ps,isc )+r

c
s32(p

s,j
sp −ps,jsc )+rcs33(p

s,k
sp −ps,ksc )

+ u0

fv
rcs21(p

s,i
sp−ps,isc )+r

c
s22(p

s,j
sp −ps,jsc )+rcs23(p

s,k
sp −ps,ksc )

rcs31(p
s,i
sp−ps,isc )+r

c
s32(p

s,j
sp −ps,jsc )+rcs33(p

s,k
sp −ps,ksc )

+ v0

 (9.14)

Assuming estimated camera parameters [f̂u, f̂v, û0, v̂0], the estimated projection [û, v̂] may

be computed as: 
û

v̂

 =


f̂u

r̂cs11(p
s,i
sp−p̂s,isc )+r̂

c
s12(p

s,j
sp −p̂s,jsc )+r̂cs13(p

s,k
sp −p̂s,ksc )

r̂cs31(p
s,i
sp−p̂s,isc )+r̂

c
s32(p

s,j
sp −p̂s,jsc )+r̂cs33(p

s,k
sp −p̂s,ksc )

+ û0

f̂v
r̂cs21(p

s,i
sp−p̂s,isc )+r̂

c
s22(p

s,j
sp −p̂s,jsc )+r̂cs23(p

s,k
sp −p̂s,ksc )

r̂cs31(p
s,i
sp−p̂s,isc )+r̂

c
s32(p

s,j
sp −p̂s,jsc )+r̂cs33(p

s,k
sp −p̂s,ksc )

+ v̂0

 (9.15)

Similarly, let δu and δv be the error between [u, v] and [û, v̂], and consider the following

projection error ep:

δu = u− û , δv = v − v̂ (9.16)

ep =
√
δu2 + δv2 (9.17)

Furthermore, let [δfu, δfv, δu0, δv0] be the errors in the intrinsic camera parameters,

[δps,isc , δp
s,j
sc , δp

s,k
sc ] be the errors in the camera position and [δϕ, δθ, δψ] be the errors in the

camera orientation:

R̂c
s = RZY X(δϕ, δθ, δψ)Rc

s , p̂
s
sc =


42.0 + δps,isc

−25.5 + δps,jsc

57.51 + δps,ksc

 ,


f̂u

f̂v

û0

v̂0

 =


790 + δfu

770 + δfv

960 + δu0

940 + δv0

 (9.18)
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where RZY X(δϕ, δθ, δψ) is given by Equation 3.20. Consider each error component as a

Gaussian random variable with zero mean and non-zero covariance w. Let [wfu, wfv, wu0, wv0]

be the corresponding covariances of errors [δfu, δfv, δu0, δv0], let [wpi, wpj, wpk] be the co-

variances of errors [δps,isc , δp
s,j
sc , δp

s,k
sc ], and let [wrϕ, wrθ, wrψ] be the covariances of errors

[δϕ, δθ, δψ]. Recall that the probability density of a Gaussian random variable ηX have a

peak at its mean µ and is almost null for points that are far away from µ. The width in

which the probability density is significant is given by its covariance σ. It is possible to

numerically determine the probability that an observation of ηX is contained in intervals

given by µ and σ:

P
(
µ− 3σ < x < µ+ 3σ

)
≈ 99.73% (9.19)

Therefore, the following covariances yields observations for [δfu, δfv, δu0, δv0] that are

probably smaller than an arbitrary constant Πpx (with probability higher than 99.73%):

wfu = wfv = wu0 = wv0 =
Πpx

3
(9.20)

Similarly, the following covariances yields observations for the extrinsic camera parameters

that are probably smaller than arbitrary constants Πm and Πdeg:

wpi, wpj, wpk =
Πm

3
; wrϕ, wrθ, wrψ =

Πdeg

3

π

180
(9.21)

Consider N observations for each error component yielding N different projection

errors ep. Useful statistics such as minimum, maximum, mean, and standard deviation

from the set of projection errors may assist in the determination of preliminary require-

ments for the system. Table 7 presents projection error ep in pixels computed for points

pssc = [2000,−500, 13]T with N = 1000 and different [Πpx,Πm,Πdeg].

Table 7: Projection error ep calculated at p for different values of Πpx, Πm and Πdeg

Πpx Πm Πdeg min(ep) [px] max(ep) [px] mean(ep) [px] std(ep) [px]
0.1 1.0 0.1◦ 0.0125 1.9427 0.6116 0.3285
0.1 5.0 0.1◦ 0.04620 3.1401 1.0327 0.5126
0.1 10.0 0.1◦ 0.0258 5.4089 1.7966 0.9133

1.0 1.0 0.1◦ 0.0202 2.2557 0.7577 0.4097
10.0 1.0 0.1◦ 0.1784 11.9372 4.3873 2.2654
25.0 1.0 0.1◦ 0.5824 29.2537 10.7294 5.6226

1.0 1.0 1.0◦ 0.1787 18.3374 5.9398 3.1045
1.0 1.0 2.5◦ 0.2719 45.1124 15.2081 7.8314
1.0 1.0 5.0◦ 1.7297 88.4720 30.3552 15.5040
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The initial three lines from the table compares results with variation in the error for

the camera position. The next three lines compares the projection error with different

uncertainty for the camera intrinsic parameters. Finally, the last three lines presents

the projection error results with different uncertainty for the camera orientation. Above

results indicates that the projection error is not considerably affected by the introduction

of bigger errors in the camera position, but it is significantly affected by errors in the

camera orientation.

Given a desirable minimum projection error eMIN
p , it is possible to determine simpli-

fied installation requirements for the camera installation accuracy. For example, if the

projection errors for the system are constrained to be at a maximum of 5 px, Table 7

would indicate that the camera orientation could be determined within 0.1◦ accuracy, the

camera position could be determined within 1 m accuracy, and camera intrinsic parame-

ters could be determined within 1 px accuracy. Similarly, if the projection errors for the

system are constrained to be at a maximum of 20 px, above results would indicate that

the camera orientation should be determined within 1.0◦ accuracy, the camera position

should be determined within 1 m accuracy, and camera intrinsic parameters should be

determined within 1 px accuracy. For a image of size 1920 px× 880 px, an error of 5 px

represents less than 1% of the image total width and height; while an error of 20 px

represents less than 3% of the image total width and height:

5px

1920px
≈ 0.260% ,

5px

880px
≈ 0.568% (9.22)

20px

1920px
≈ 1.042% ,

20px

880px
≈ 2.273% (9.23)

Note that above tables are computed around a single point of operation. The pro-

posed methodology may be extended with similar computations around other points of

operation. Alternative investigations regarding requirements definition are also suggested

as these considerations are extremely important for enabling the development of a real

MAR prototype. Moreover, a similar analysis needs to be performed for the aforemen-

tioned tracker component of the system.

9.3 External Integration

There are multiple onboard equipment that assists operators with the ship conduct.

These multiple onboard devices may be produced by one or many manufacturers. All

equipment must be interconnected with a common protocol for a complete integration.
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Figure 95 exemplifies equipment and protocols that may exist on a single marine vessel

[TRAN et al., 2021].

Figure 95: Network protocols utilized by a marine vessel and their interaction with other
adjacent vessel or coastal services.

Source: [TRAN et al., 2021]

Several considerations must be addressed in order to implement a network for inter-

connecting marine equipment. As with almost any network protocol, marine network

protocols are potentially vulnerable against malicious attacks or unintentional human er-

rors. Table 8 presents major security considerations that are typically used for evaluating

the security of a network protocol [TRAN et al., 2021].

Table 8: Summary of security considerations
Security Consideration Primary Risk

Confidentiality Access to private data

Integrity Modification of data

Availability Inability to access data or resource

Authentication Inability to confirm identity

Authorization Improper access to resource or data

Non-repudiation Inability to confirm an action made by an identity

Source: [TRAN et al., 2021]

Examples of protocols that enables the interchange of information between different

equipment are standards NMEA-0183 [NATIONAL MARINE ELECTRONICS ASSO-

CIATION, 2002] and NMEA-2000 [NATIONAL MARINE ELECTRONICS ASSOCIA-

TION, 2016] published by the National Marine Electronics Association (NMEA). The

integration of the proposed MAR system with current navigational equipment may be
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facilitated with the investigation of such maritime protocols. Note that as the overall cost

of the prototype might be significant, it is interesting to further investigate the viability

of the proposed prototype before its full development. In this context, it is possible to

research for render techniques with recorded video from navigation experiments. Further-

more, it is possible to investigate potential interfaces for the system with any full-mission

ship maneuvering simulator. As a general recommendation, the development of a monitor

augmented reality system for navigational assistance should be initially performed with a

ship maneuvering simulator. In such simulations, all geometrical parameters are known,

which facilitates the development of ideal interfaces and visualizations without the need

of extremely accurate equipment.
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10 CONCLUSION

Foundations regarding augmented reality methods were discussed throughout the dis-

sertation. A simple conceptual design for a monitor AR solution were proposed. Impor-

tant components of the proposed design were illustrated with numerical implementations.

Examples of enhanced scenes for a monitor AR solution were proposed in a context of a

ship navigating with constant velocity in restricted waters. As each augmented scene as-

sist in the perception of the navigation environment, these visualizations are potentially

helpful for the corresponding ship operators. However, in order to adequately embed

these augmented scenes into helpful equipment, designed visualizations shall be further

validated considering usability requirements from typical operations.

The development of an operational augmented reality system for navigational assis-

tance is still a complex task. For a real implementation, the ship state with respect to

the world coordinate system needs to be accurately determined along with the camera

parameters. In order to ensure a proper alignment between real and virtual marks, in-

formation regarding the truth position of nearby obstacles and ship surroundings needs

to be accurately determined by onboard ship systems. Besides that, the integration of

such different equipment needs to robustly address real time constraints which may be

inherently complex.

Despite the challenges, the development of equipment with augmented reality meth-

ods is further suggested as it has the potential to significantly contribute to the overall

efficiency and safety of maritime operations. It should be noted that although further

research with real implementations may be extremely expensive due to the requirement

of high-precision sensors, usability research may be appropriately performed with any

full-mission ship maneuvering simulator as presented in the present work. Therefore, as

a general recommendation, the authors suggests that user interface research for MAR

systems should be preliminary performed with a ship maneuvering simulator. In such

simulations all geometrical parameters are known, which facilitates the development of

ideal visualizations.
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Dispońıvel em: ⟨https://www.imo.org/en/About/Conventions/Pages/
International-Convention-for-the-Safety-of-Life-at-Sea-(SOLAS),-1974.aspx⟩. Acesso
em: 7 mar. 2021.

INTERNATIONAL MARITIME ORGANIZATION. Maritime Safety Committee
(MSC): 98th session. London, United Kingdom, 2017. Dispońıvel em: ⟨https:
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APPENDIX A – AR HISTORY

The beginnings of Augmented-Reality technology can be referred to a pioneer work in

the 1960s. A see through head-mounted device (HMD) was designed to present three-

dimensional graphics [SUTHERLAND, 1968]. The fundamental idea behind the three-

dimensional display proposed in the work is to present the user with a perspective image

which changes as he moves. As the retinal images measured by eyes are two-dimensional

projections, it is possible to create three-dimensional object illusions by placing suitable

two-dimensional images on the observer’s retina. Figure 96 illustrates the proposed device

with a diagram of its constitutive parts.

Figure 96: The parts of the three-dimensional display system

Source: [SUTHERLAND, 1968]

A tracking device was designed for measuring the head movement of a user in real-

time. Two different coordinate systems were defined: the room coordinate system and
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the eye coordinate system. Fixed points were stored numerically in the room coordinate

system. Considering the viewer position known at all times with the tracking device, the

eye coordinate system can be determined. A digital matrix multiplier was built to dynam-

ically compute the transformation between the room and the eye coordinate system. The

corresponding image projection of the virtual three-dimensional points were computed

with perspective projection models.

Over the next years, further research on the proposed concept resulted in the emer-

gence of augmented reality as a research field. In [MILGRAM et al., 1995], augmented-

reality displays were categorized in a general sense within the context of a Reality-

Virtuality Continuum. This continuum have been proposed as a unified framework for

studying environments in which real and virtual world objects are presented in the same

display. These environments have been defined as mixed-reality environments. Figure 97

presents a diagram illustrating the proposed concept.

Figure 97: Simplified representation of a RV Continuum

Source: [MILGRAM et al., 1995]

In this framework, a graphical simulation is classified as a purely virtual environment

while a recorded video without further graphical processing is considered as a purely real

environment. As augmented-reality methods are concerned with showing scenes of real

environments with synthetic elements, most of the presented view elements are going to be

real. Thus, it is located closer to the purely real side of the continuum. On the other side,

augmented-virtuality methods are located closer to the purely virtual environment as such

displays presents simulated environments with few enhancements based on real data. Two

subclasses for augmented-reality displays have been defined: see-through and monitor-

based displays. See-through displays are inspired on the earlier work of [SUTHERLAND,

1968], while monitor-based refers to displays in which computer generated images are

overlaid onto live or stored video images.

In [AZUMA, 1997], an important survey have been published summarizing main de-
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velopments up to that point. The work proposed definitions for the field, including main

characteristics, challenges and examples of applications. Obstacles for the development

of augmented-reality systems were identified at the time. The survey defines augmented-

reality as systems with three main characteristics: combines real and virtual information,

interactive in real time and registered in 3-D. As in [SUTHERLAND, 1968], the work

proposes concepts for see-through head mounted devices. Two particular types of see-

through HMD were proposed. One type is built with optical combiners as illustrated by

Figure 98. The other type is built with video cameras and monitors as illustrated by

Figure 99.

Figure 98: Optical see-through HMD conceptual diagram

Source: [AZUMA, 1997]

Figure 99: Video see-through HMD conceptual diagram

Source: [AZUMA, 1997]

As previously described in [MILGRAM et al., 1995], the work further addresses
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monitor-based configurations with a conceptual diagram exemplified by Figure 100.

Figure 100: Monitor-based AR conceptual diagram

Source: [AZUMA, 1997]

The major obstacle identified in the work is defined as the registration problem. It

refers to the proper alignment between real and projected virtual objects from a scene.

There is a high requirement for accurate, long-range sensors and trackers to provide

reliable information about the viewpoint and surrounding objects. In order to ensure a

three-dimensional perception from image projections, the position and orientation of the

viewpoint needs to be accurately known alongside the location of any virtual element to

be displayed in the scene.

Note that there are numerous sources of errors that impact the registration problem.

These errors have been further classified in two categories: static and dynamic errors.

Static errors have been defined as the errors induced by optical distortions, failures in the

tracking system, mechanical misalignment, and incorrect viewing parameters. Dynamic

errors have been related with system delays.

In the next years, research conferences dedicated to augmented reality began: the

IEEE/ACM International Workshop on Augmented Reality (IWAR) in 1998; Interna-

tional Symposium on Mixed Reality (ISMR) in 1999; and the International Symposium

on Augmented Reality (ISAR) in 2000. These conferences promoted considerable ad-

vancements for the development of the field.

Further advancements in camera models and respective camera devices enabled the
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development of solutions for the registration problem. In [CLARKE; FRYER, 1998], it is

presented an overview of the development and evolution of models for lens distortion. The

earliest applications for such methods were in mapping. In the 1950s, those involved with

the manufacture and calibration of aerial cameras were concerned with the investigation

and discussion of the characteristics of lens distortion. Different models have been pro-

posed by different manufacturers, with corresponding different calibration methods. In

[BROWN, 1966], an important analytical model for describing lens distortion have been

proposed.

One particular class of calibration methods that were pursued by the time have been

defined as on-the-job calibration. This technique places control points in the surrounding

area of the object to be imaged. Alternatively, techniques that does not rely on control

points have been referred as self-calibration methods within the work. With analyti-

cal modeling such as the one presented in [BROWN, 1966], it is theoretically possible

to use optimization algorithms for determining lens calibration parameters and three-

dimensional coordinates of measured targets simultaneously.

[ZHANG, 2000], an important flexible new technique for camera calibration have been

proposed. The technique consists in the observation of a planar pattern for the camera at

a few different orientations. Either the camera or the planar pattern can be freely moved.

The corresponding calibration software have been made available for public use in order

to advance the research of 3D computer vision from laboratory environments towards real

world applications. Besides, standardized planar patterns have been made available to

assist researchers in repeating the proposed methodology with any commercial printer.

In [AZUMA et al., 2001], a complement to the earlier work in [AZUMA, 1997] is pro-

posed presenting representative examples of technological advances at that time. These

have been referred as enabling technologies, as these developments were crucial for enabling

the design of AR systems. Examples of such technologies that were further discussed in-

clude displays, tracking, registration and calibration. Despite all advancements reported

by the time, there were still major technical obstacles limiting the wider use of AR. It was

further recommended that displays, trackers, and AR systems required improvements to

be more accurate, lighter, and less power consuming. Tracking in unprepared environ-

ments remained an enormous challenge.

In [FENG ZHOU; DUH; BILLINGHURST, 2008], a review of the principal works re-

ported in earlier international conferences on augmented reality provided a road-map for

future augmented reality research in the emerging field. The analysis was conducted over
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276 papers presented in these conferences over ten years. There was significant work in

core research areas such as tracking techniques, interaction techniques, calibration and reg-

istration, AR applications and display techniques. Other topics such as evaluation/testing,

mobile/wearable AR and visualization were also reported indicating emerging research in-

terests towards real world applications.

Tracking techniques have been further classified into sensor-based, vision-based or

hybrid methods. Sensor-based tracking techniques are based on external sensors such as

magnetic, acoustic, inertial, optical and/or mechanical sensors. These methods do not

use camera measurements for tracking the user and/or environment. Among the works

analyzed by the review, there were very few published papers on this type of tracking

that uses only non-camera based sensors.

Vision-based tracking techniques uses image processing methods to calculate the cam-

era pose relative to real world objects. Earlier conferences began by exploring marker

based methods which depended on the instrumentation of the scenes. A notable trend

was identified at the time towards the research on model-based tracking methods. These

are techniques that explicitly uses geometrical models for tracking each object.

Hybrid methods combine several sensing technologies in an integrated tracking sys-

tem. In earlier conferences, hybrid methods usually relied on markers. Later there was

a growing consensus to combine inertial and computer vision technologies to provide

closed-loop-type tracking. These two technologies offers complementary features. Inertial

tracking is usually fast and robust but tends to drift due to noise accumulation. On the

other hand, vision-based tracking has low jitter and no drift, but is slow, and outliers can

occur. There is ongoing research on the development of hybrid tracking systems as the

registration problem is still a major challenge for the popularization of augmented reality

applications [BILLINGHURST; CLARK; LEE, 2015].
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APPENDIX B – KALMAN FILTERS

This appendix presents the Kalman filter formulation as proposed in books about

estimation and control [MAYBECK, 1979] and [MAYBECK, 1982]. Consider a normally

distributed n−dimensional random vector η⃗X described by its mean µ⃗X and covariance

PX . The corresponding probability density of the normally distributed random variable

η⃗X is denoted as pdX(ε):

pdX(ε⃗) =
1

(2π)n/2
√
(detPX)

exp

(
− 1

2

[
ε⃗− µ⃗X

]T
P−1
X

[
ε⃗− µ⃗X

])
(B.1)

Note that the mean µ⃗X is a vector and the covariance PX is a matrix. A normally

distributed random vector has the following statistics:

E[η⃗X ] = µ⃗X (B.2)

E[η⃗X η⃗TX ] = PX + µ⃗X µ⃗
T
X (B.3)

E[(η⃗X − µ⃗X)(η⃗X − µ⃗X)
T ] = PX (B.4)

The linear combination of Gaussian random vectors is also Gaussian. Let η⃗Y be

another random vector described by a linear transformation A from η⃗X . The mean µ⃗Y

and covariance PY of the random vector η⃗Y may be computed from µX and PX :

η⃗Y = Aη⃗X ⇒ (B.5)

µ⃗Y = Aµ⃗X , PY = APXA
T (B.6)

A white Gaussian process is defined as a sequence of independent Gaussian random

variables η⃗X1, η⃗X2, ... , η⃗XN . Consider δη⃗k as the increment between two subsequent

observations of the process:

δη⃗k = η⃗Xk − η⃗Xk−1 (B.7)

Let β⃗(tk) denotes a random variable comprised by the sum of such Gaussian normal
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increments:

β⃗(tk) =
k∑
k̃=1

δη⃗k̃ (B.8)

The random variable defined in Equation B.8 is commonly referred as a Brownian

motion. A Brownian motion has the following statistics:

E[β⃗(t)] = 0⃗ (B.9)

E[[β⃗(t2)− β⃗(t1)][β⃗(t2)− β⃗(t1)]
T ] =

∫ t2

t1

Qβ(t)dt ∀t1, t2 ; t1 ≤ t2 (B.10)

where Qβ(t) is a symmetric and positive semi-definite matrix. Considering these defini-

tions of a Gaussian random variable and a Brownian motion, it is possible to define the

Kalman filter formulation. Let s⃗(t) be the state to be estimated by the filter. Assume

the following linear system model for the state:

d⃗s(t) = FS(t)s⃗(t)dt+BS(t)u⃗(t)dt+GS(t)dβ⃗(t) (B.11)

where FS(t) is an n × n dynamics matrix; BS(t) is an n × r input matrix; u(t) is a

r−vector comprising the system inputs; GS(t) is an n × s noise input matrix; β is a

s−vector Brownian motion with statistics as indicated by Equations B.9 and B.10. The

estimated state is modeled as a Gaussian random vector η⃗S(t), described by its mean µ⃗S(t)

and covariance PS(t). The mean of the Gaussian random vector η⃗S(t) corresponds to the

state s⃗(t) while the covariance PS(t) corresponds to the uncertainty of the filter estimation.

The initial mean and covariance of the state is defined as µ⃗S0 and PS0 , respectively:

E[η⃗S(t0)] = µ⃗S(t0) = µ⃗S0 (B.12)

E[[η⃗S(t0)− µ⃗S(t0)][η⃗S(t0)− µ⃗S(t0)]
T ] = PS(t0) = PS0 (B.13)

Measurements are available at discrete time points t1, t2, ..., tk and are modeled by a

linear transformation from the state s⃗(t) affected by an additive Gaussian noise η⃗Z :

z⃗(tk) = HZ(tk)s⃗(tk) + η⃗Z(tk) (B.14)

where z⃗ is an m−vector comprising measurements, HZ is an m× n measurement matrix

modeling the relationship between state and measurements, s⃗(tk) is the state vector at



175

time tk; and η⃗Z is an random m−vector with statistics:

E[η⃗Z(tk)] = 0⃗ (B.15)

E[η⃗Z(tk)η⃗
T
Z(tk)] = RZ(tk) (B.16)

At each time instant, filter estimates for the state s⃗ are improved with incoming

measurements. Let µ⃗S(t
−
k ) and PS(t

−
k ) be the mean and covariance of the estimator

before updating with measurement z⃗(tk) at time tk and let µ⃗S(t
+
k ) and PS(t

+
k ) be the

respective mean and covariance after the incorporation of z⃗(tk). Estimates are updated

from incoming measurement z⃗(tk) with the following expression:

K(tk) = PS(t
−
k )H

T
Z (tk)

[
HZ(tk)PS(t

−
k )H

T
Z (tk) +RZ(tk)

]−1

(B.17)

µS(t
+
k ) = µS(t

−
k ) +K(tk)

[
z⃗(tk)−HZ(tk)µ⃗S(t

−
k )
]

(B.18)

PS(t
+
k ) = PS(t

−
k )−K(tk)HZ(tk)PS(t

−
k ) (B.19)

The mean and covariance of the estimation is propagated between discrete times

t1, ..., tk with the dynamic model defined by matrices FS(t), BS(t), GS(t) and Qβ(t).

These estimates are propagated between each time interval [tk, tk+1] by the integration of

the following differential equations:

˙⃗µS(t) = FS(t)µ⃗S(t) +BS(t)u⃗(t) (B.20)

ṖS(t) = FS(t)PS(t) + PS(t)F
T
S (t) +GS(t)Qβ(t)G

T
S (t) (B.21)

tk ≤ t < tk+1

For each time interval, initial conditions are the current estimate mean µ⃗S(tk) and

covariance PS(tk). The integration can be performed with a first order method over

partitions of this interval. The previous formulations can be adapted for a particular

class of nonlinear system with the Extended Kalman Filter. Let the dynamics of the state

be described in the following nonlinear form:

d⃗s(t) = f(s⃗(t), u⃗(t), t)dt+GS(t)dβ⃗(t) (B.22)

where f(.) is a known n−vector of functions representing the state dynamics. Note that

this replaces the linear model [FS(t)s⃗(t) + BS(t)u⃗(t)] with f(s⃗(t), u⃗(t), t). Similarly as

in the previous development, the state is modeled with a Gaussian random vector η⃗S(t)

defined by its mean µ⃗S(t) and covariance PS(t). Initial estimates for the mean are given



176

by µ⃗S0 and PS0 :

E[η⃗S(t0)] = µ⃗S(t0) = µ⃗S0 (B.23)

E[[η⃗S(t0)− µS0 ][η⃗S(t0)− µS0 ]
T ] = PS(t0) = PS0 (B.24)

These estimates are propagated between time intervals t1, t2, ..., tk similarly as before with

the integration of the following differential equations:

⇒ FS(µ⃗S(t), t) =
∂f

∂s

∣∣∣∣∣
s⃗(t)=µ⃗S(t)

(B.25)

˙⃗µS(t) = f(µ⃗S(t), u(t), t) (B.26)

ṖS(t) = FS(µ⃗S(t), t)PS(t) + PS(t)F
T
S (µ⃗S(t), t) +GS(t)Qβ(t)G

T
S (t) (B.27)

tk ≤ t < tk+1

At each discrete time instant tk measurements are available. These are modeled with

a nonlinear function h(s⃗(t), t) affected by an additive Gaussian noise η⃗Z with zero mean

and covariance RZ(t):

z⃗(tk) = h(s⃗(tk), tk) + η⃗Z (B.28)

Assuming a similar notation as before, let µ⃗S(t
−
k ) and PS(t

−
k ) be the mean and covari-

ance of the estimator before updating with measurement z⃗(tk) at time tk and let µ⃗S(t
+
k )

and PS(t
+
k ) be the respective mean and covariance after the incorporation of z⃗(tk). The

estimates are updated from incoming measurement z⃗(tk) with the following expressions:

⇒ HZ(µ⃗S(t
−
k ), t

−
k ) =

∂h

∂s

∣∣∣∣∣
s(t)=µ⃗S(t

−
k )

= HZ(t
−
k ) (B.29)

K(tk) = PS(t
−
k )H

T
Z (t

−
k )
[
HZ(t

−
k )PS(t

−
k )H

T
Z (t

−
k ) +RZ(tk)

]−1

(B.30)

µ⃗S(t
+
k ) = µ⃗S(t

−
k ) +K(tk)

[
z⃗(tk)− h(µ⃗S(t

−
k ), tk)

]
(B.31)

PS(t
+
k ) =

[
I −K(tk)HZ(t

−
k )
]
PS(t

−
k )
[
I −K(tk)HZ(t

−
k )
]−1

+K(tk)RZ(tk)K
T (tk) (B.32)

From a computational perspective, the implementation of the filter requires the def-

inition of a model for the system with functions f(s⃗(t), u⃗(t), t) and h(s⃗(t), t) that are

linearized yielding matrices FS and HZ . The matrix RZ is related with the Gaussian

noise model for the sensor measurements and Qβ is related with the system dynamic

noise modeled as Brownian perturbations. An initial estimate for the filter state must be
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provided with mean µ⃗S0 and covariance PS0 . The initial mean µ⃗S0 of the estimator is the

expected initial state for the system, while PS0 provides an indication of the uncertainty

associated with this initial estimate.
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APPENDIX C – MARITIME

NAVIGATIONAL

ASSISTANCE

C.1 Inertial Navigation Systems

An inertial navigation system (INS) is an equipment with an inertial measuring unit

that provides specific force and angular rate measurements with respect to the instrument

case. A navigation processor integrates Equations 3.80, 3.81 and 3.84 to provide the

instrument state with respect to a reference coordinate system.

Ideally, measurements of specific force are composed by the acceleration subtracted

by the gravity force. Considering that the axes of the instrument are aligned with the

ship coordinate system, let f sis be the measured specific force from the instrument:

f sis = asis − gsS = asis −Rs
eg
e
S (C.1)

where gsS, g
e
S denotes the gravity vector at the ship position expressed in the ship and earth

coordinate system, respectively. Thus, the acceleration in the Earth may be computed

from the specific force with knowledge of the gravity vector and ship orientation with

respect to the Earth:

Re
sf

s
is = Re

s(a
s
is − gsS) = Re

sa
s
is −Re

sg
s
S = aeis − geS ⇒ (C.2)

aeis = Re
sf

s
is + geS (C.3)

Let ĝeS and R̂e
s be estimates for the gravity vector and the orientation of the ship

with respect to the Earth coordinate system. The corresponding estimation âeis be for the

acceleration with respect to the Earth frame may be computed as:

âeis =R̂
e
sf

s
is + ĝeS = R̂e

s(a
s
is − gsS) + ĝeS =

(
R̂e
sa
s
is

)
+
(
ĝeS − R̂e

sg
s
S

)
(C.4)
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Neglecting errors in the Earth gravity model, note that the estimated acceleration

ãeis is equal to the truth acceleration aeis if the estimated rotation matrix R̂e
s is equal

to the truth rotation matrix Re
s. Furthermore, typical sensors deviates from the truth

specific force due to multiple source of errors. A common error model may be expressed

as follows. Let f sis be the truth specific force and let f̂ sis be the measurement from a typical

instrument:

f̂ sis = ba + (I3×3 +Ma)f
s
is + ηfa (C.5)

where ba, Ma and ηfa are the accelerometer bias ; scale-factor and cross-coupling matrix ;

and random noise; respectively. The random noise ηfa may be modeled as a Gaussian

random variable with zero mean and nonzero covariance wfa. Typically, the accelerometer

bias ba ranges from 10−4 m/s2 to 10−1 m/s2. It is customary to express the accelerometer

bias in terms of gravity units, yielding values from 0.01 mg to 10 mg. The terms of the

dimensionless scale-factor and cross-coupling matrix ranges from 10−4 to 10−2. Random

noise from the accelerometer is usually characterized in terms of its root power spectral

density (PSD), which is customary given by µg/
√
Hz. For typical accelerometers, the

root PSD ranges from 20 µg/
√
Hz to 1000 µg/

√
Hz. Note that in order to obtain the

corresponding covariance for the random noise samples, the root PSD needs to be multi-

plied by the root of the sampling rate (or divided by the root of the sampling interval)

[GROVES, 2008].

Similarly, let ωsis be the truth angular rate of the ship and ω̂sis be the corresponding

measurement affected by errors:

ω̂sis = bg + (I3×3 +Mg)ω
s
is +Ggf

s
is + ηωg (C.6)

where bg, Mg, Gg and ηωg are the gyrometer bias ; scale-factor and cross-coupling matrix ;

gravity-cross-coupling matrix ; and random noise; respectively. Typical gyrometer bias

bg ranges from 10−3 ◦/hr to 102 ◦/hr, where 1◦/hr = 4.848 × 10−6 rad/s. Similarly as

with the accelerometer error model, the terms of the dimensionless scale-factor and cross-

coupling matrix ranges from 10−4 to 10−2. The root PSD of typical gyrometers ranges

from 0.002 ◦/
√
hr to 1 ◦/

√
hr, where 1◦/

√
hr = 2.909 × 10−4 rad/

√
s [GROVES, 2008].

Procedures for estimating error parameters from Equations C.5 and C.6 are commonly

referred as IMU calibration. Such calibration is beyond the scope of the present work.

Let f̂ sis(t) and ω̂sis(t) be the IMU measurements at time t, and consider estimations

p̂ees(t), v̂
e
es(t) and R̂

e
s(t) for the ship position, velocity and orientation with respect to the

Earth, respectively. Additionally, consider a regular sampling interval ∆T for the IMU
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and let αsis(t) be the angle increment measured by the gyrometer during the sampling

interval ∆T :

αsis(t) =


αs,iis (t)

αs,jis (t)

αs,kis (t)

 =

∫ t

t−∆T

ω̂sis(τ)dτ =


∫ t
t−∆T

ω̂s,xis (τ)dτ∫ t
t−∆T

ω̂s,yis (τ)dτ∫ t
t−∆T

ω̂s,zis (τ)dτ

 ≈


ω̂s,xis (t)∆T

ω̂s,yis (t)∆T

ω̂s,zis (t)∆T

 (C.7)

αsis(t) ≈ ω̂sis(t)∆T (C.8)

Let R̂e
s(tk) be the rotation matrix after IMU measurements at a time tk and R̂

e
s(tk−1)

be the rotation matrix from previous INS measurement tk−1. The following expressions

may be used for updating R̂e
s(tk) from gyrometer measurements [GROVES, 2008]:

[
αsis×̂

]
=


0 −αsis,k αsis,j

αsis,k 0 −αsis,i
−αsis,j αsis,i 0

 ≈


0 −ω̂s,kis ∆T ω̂s,jis ∆T

ω̂s,kis ∆T 0 −ω̂s,iis ∆T
−ω̂s,jis ∆T ω̂s,iis ∆T 0

 (C.9)

R̂s−
s+

(
αsis(tk)

)
= I3×3 +

sin |αsis|
|αsis|

[
αsis×̂

]
+

1− cos |αsis|
|αsis|2

[
αsis×̂

]2
(C.10)

R̂e
s(tk) = R̂e

s(tk−1)R̂
s−
s+

(
αsis(tk)

)
− Ωe

ieR̂
e
s(tk−1)∆T (C.11)

As any rotation matrix should be orthogonal with an unitary determinant, it is inter-

esting to ensure such property with the following additional operations. Orthogonaliza-

tion:

R̂e
s =


îe,xs ĵe,xs k̂e,xs

îe,ys ĵe,ys k̂e,ys

îe,zs ĵe,zs k̂e,zs

 =


r̂l1

r̂l2

r̂l3

⇒ ∆ij = r̂lir̂
T
lj ⇒ (C.12)

r̂l1(+) = r̂l1(−)− 0.5∆12r̂l2(−)− 0.5∆13r̂l3(−) (C.13)

r̂l2(+) = r̂l2(−)− 0.5∆12r̂l1(−)− 0.5∆23r̂l3(−) (C.14)

r̂l3(+) = r̂l3(−)− 0.5∆13r̂l1(−)− 0.5∆23r̂l2(−) (C.15)

Note that if R̂e
s is already orthogonal, the corresponding terms ∆ij are going to be

zero yielding no modifications to R̂e
s. Normalization:

r̂li(+) =
( 2

1 + r̂li(−)r̂li(−)T

)
r̂li(−) (C.16)

Further, regarding the velocity and position of the system, the specific force must

be transformed from the INS axes to the earth frame. Consider the average coordinate



181

transformation matrix R̄e
s(t) with respect to the sampling interval ∆T [GROVES, 2008]:

R̂s−

s̄

(
αsis(tk)

)
= I3×3 +

1− cos |αsis|
|αsis|2

[
αsis×̂

]
+

1

|αsis|2
(
1− sin |αsis|

|αsis|

)[
αsis×̂

]2
(C.17)

R̄e
s(tk) = R̂e

s(tk−1)R̂
s−

s̄

(
αsis(tk)

)
− 0.5Ωe

ieR̂
e
s(tk−1)∆T (C.18)

The average rotation matrix R̄e
s(t) must be orthonormalized similarly as with the

previous additional computations given by Equations C.12 and C.16. The specific force

in the earth frame may be approximated from the accelerometer measurement f̃ sis(t) and

R̄e
s(t) as:

f̂ eis(tk) = R̄e
s(tk)f̂

s
is(tk) (C.19)

Let v̂ees(tk) and p̂
e
es(tk) be the velocity and position of the system with respect to the

Earth after a INS measurement at time tk, respectively; and let v̂ees(tk−1) and p̂
e
es(tk−1) be

the corresponding velocity and position from the previous measurement. The following

expressions may be used for updating the system velocity:

v̂ees(tk) =v̂
e
es(tk−1) +

(
âeis(tk)−

(
Ωe
ieΩ

e
ie

)
p̂ees(tk−1)− 2Ωe

iev̂
e
es(tk−1)

)
∆T (C.20)

v̂ees(tk) =v̂
e
es(tk−1)

+

(
f̂ eis(tk) +

(
g̃eS(p̂

e
es(tk−1))− Ωe

ieΩ
e
iep̂

e
es(tk−1)

)
− 2Ωe

iev̂
e
es(tk−1)

)
∆T (C.21)

where the Earth gravity model is a function of the system position p̂ees as in Equation

3.54. The system position may be updated with the following expression:

p̂ees(tk) = p̂ees(tk−1) +

(
v̂ees(tk−1) + v̂ees(tk)

)
∆T

2
(C.22)

C.2 Global Navigation Satellite Systems

Considering that each signal propagates from the satellite to the user antenna with

known velocity, the distance ρ traveled by the signal can be determined from the time

difference between the signal transmission and arrival. This distance traveled by each

signal is usually referred as range measurements. Let tst be the time of signal transmission,
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tsa be the time of signal arrival and c be the signal propagation velocity.

ρ = c
(
tsa − tst

)
(C.23)

Note that tst is determined by the clock onboard of the satellite while tsa is determined

by the clock onboard of the user antenna. Thus, both clocks needs to be adequately

synchronized. Note that an offset δtat between both clocks yields an error δρrc in the

range measurement:

δρrc = cδtas (C.24)

ρ = c
(
tsa − tst + δtat

)
= c
(
tsa − tst

)
+ δρrc (C.25)

Assume that the position pssa of the antenna with respect to the ship frame is known

and time-invariant. The antenna position peea with respect to Earth frame may be com-

puted from the ship state as:

peea = pees +Re
sp
s
sa (C.26)

Consider a constellation with Ns satellites regularly distributed in a circular orbit

and let pees,j be the position of the j−th satellite with respect to the Earth at the sig-

nal transmission. Further, let ρj be the corresponding range measurement between the

j−th satellite and the user antenna. Neglecting the rotation of the Earth during signal

propagation, a simple approximation ρ̃j for the range measurement ρj may be expressed

as:

ρj ≈ ρ̃j =

√[
pees,j − peea

]T[
pees,j − peea

]
(C.27)

tsa − tst,j ≈
ρ̃j
c

(C.28)

Equation C.27 would be exact if both positions were described with respect to an

inertial coordinate system. Consider an inertial coordinate system I aligned with the

Earth frame at the time of signal arrival, and let RI
e(t) be the rotation matrix relating
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this inertial coordinate system with the Earth frame at time t:

RI
e(tsa) = I3×3 (C.29)

RI
e(t) =


cos
(
ωie(t− tsa)

)
− sin

(
ωie(t− tsa)

)
0

sin
(
ωie(t− tsa)

)
cos
(
ωie(t− tsa)

)
0

0 0 1

 (C.30)

Note that for small rotations, the rotation matrix from Equation C.30 may be ap-

proximated:

RI
e(t) ≈


1 −ωie(t− tsa) 0

ωie(t− tsa) 1 0

0 0 1

 (C.31)

At the time of signal transmission, from Equation C.28:

RI
e(tst,j) ≈


1 −ωie(tst,j − tsa) 0

ωie(tst,j − tsa) 1 0

0 0 1

 ≈


1 ωie(

ρ̃j
c
) 0

−ωie( ρ̃jc ) 1 0

0 0 1

 (C.32)

Thus, an approximation ρ̄j for the range measurement ρj that includes the Earth

rotation may be expressed as:

ρj ≈ ρ̄j =

√[
RI
e(tst,j)p

e
es,j − peea

]T[
RI
e(tst,j)p

e
es,j − peea

]
(C.33)

Considering a time offset δtas between the receiver clock from the user equipment and

the satellite constellation and the corresponding range offset δρrc:

ρj ≈ ρ̄j + δρrc =

√[
RI
e(tst,j)p

e
es,j − peea

]T[
RI
e(tst,j)p

e
es,j − peea

]
+ δρrc (C.34)

Finally, the range measurement is assumed to be affected by an additive Gaussian

noise ηρp with zero mean and covariance wρp:

ρj = ρ̄j + δρrc + ηρp (C.35)

ρj =

√[
RI
e(tst,j)p

e
es,j − peea

]T[
RI
e(tst,j)p

e
es,j − peea

]
+ δρrc + ηρp (C.36)

Note that there are additional error terms that affects range measurements such as

ionosphere and troposphere delays. Furthermore, there are other errors related with the
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receiver such as thermal noise and RF interference [GROVES, 2008]. Such additional

effects are neglected in the present work.

The antenna state with respect to the Earth frame may be determined by the mini-

mization of errors between range measurements and corresponding estimates. Note that

there are three parameters regarding the antenna position and one parameter regarding

the receiver offset. Thus, it is necessary at least four simultaneous measurements for

the determination of the antenna state with respect to the Earth frame. An analytical

solution for such computation is hard to be defined. Typically, an iterative procedure is

implemented around a predicted antenna position and receiver offset. One iteration of

such procedure may be summarized as follows.

Let p̂eea and p̂ees,j be predicted estimates for the position of the user antenna and the

j−th satellite, respectively. Additionally, let δρ̂rc be an initial estimation for the receiver

clock offset. Consider a column vector sa = [p̂eea, δρ̂rc]
T representing the predicted antenna

state as a concatenation of antenna position and receiver clock offset.

An initial estimation ρ̂j for the range measurement may be computed as:

ˆ̃ρj =

√[
p̂ees,j − p̂eea

]T[
p̂ees,j − p̂eea

]
⇒ R̂I

e(tst,j) =


1 ωie ˆ̃ρjc

−1 0

−ωie ˆ̃ρjc−1 1 0

0 0 1

 (C.37)

ρ̂j =

√[
R̂I
e(tst,j)p̂

e
es,j − p̂eea

]T[
R̂I
e(tst,j)p̂

e
es,j − p̂eea

]
+ δρ̂rc (C.38)

Consider a column vector ρ⃗ concatenating Ns measurements ρj:

ρ⃗ =
[
ρ1 ... ρj ... ρNs

]T
(C.39)

Note that partial derivatives of ρ⃗ are function of an unitary vector ueas,j pointing from

the user antenna towards the j−th satellite:

ueas,j ≈
pees,j − peea∣∣∣pees,j − peea

∣∣∣ , ûeas,j ≈ p̂ees,j − p̂eea∣∣∣p̂ees,j − p̂eea

∣∣∣ ⇒ ∂ρ⃗

∂sa
≈ Ge =



−(ûeas,1)
T 1

... 1

−(ûeas,j)
T 1

... 1

−(ûeas,Ns
)T 1


(C.40)

Therefore, let [p̂eea+, δρ̂rc+] be improved estimates for the antenna state after one iter-
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ation.

[
p̂eea+

δρ̂rc+

]
=

[
p̂eea

δρ̂rc

]
+ (GT

eGe)
−1GT

e



ρ1 − ρ̂1

...

ρj − ρ̂j

...

ρNs − ρ̂Ns


(C.41)

Note that the procedure described by Equations C.38, C.40 and C.41 needs to be

repeated until convergence. For each new set of measurements from the GNSS, it is

customary to initialize the current predicted antenna state sa with the solution from the

previous iteration.

Another type of measurement provided by GNSS user equipment is commonly referred

as range-rate measurements, which is theoretically related with the derivative of each

range measurement. Let ωses be the angular velocity of the ship with respect to the Earth

frame. The velocity of the antenna with respect to the Earth frame may be computed as:

veea = vees +Re
s

(
ωses × pssa

)
= vees +Re

s

(
ωsis × pssa

)
−Re

s

(
ωsie × pssa

)
(C.42)

where × is the cross product operator. Note that gyrometers typically measures the

angular velocity ωsis of the ship with respect to a inertial frame. The angular velocity

of the Earth frame is assumed to be known and constant. Let ρ̇j be the range-rate

measurement between the j−th satellite and the user antenna and vees,j be the velocity of

the j−th satellite with respect to the Earth frame. An approximation ¯̇ρj for the range-rate

measurement ρ̇j may be expressed as:

ρ̇j ≈ ¯̇ρj = (ueas,j)
T
[
RI
e(tst,j)(v

e
esj + Ωe

iep
e
es,j)− (veea + Ωe

iep
e
ea)
]

(C.43)

where RI
e(tst,j) is the rotation matrix defined by C.32, ueas,j is the unitary vector defined by

Equation C.40 and Ωe
ie is the skew-symmetric form for the angular velocity of the Earth

with respect to the inertial frame. Furthermore, consider two additional error terms: (1)

a range-rate drift error δρ̇rc associated with the derivative of the receiver clock offset; (2)

an additive Gaussian noise ηρv with zero mean and covariance wρv:

ρ̇j = ¯̇ρj + δρ̇rc + ηρv (C.44)

ρ̇j = (ueas,j)
T
[
RI
e(tst,j)(v

e
esj + Ωe

iep
e
es,j)− (veea + Ωe

iep
e
ea)
]
+ δρ̇rc + ηρv (C.45)

Note that there are additional sources of error that affect range-rate measurements



186

[GROVES, 2008]. These additional effects are neglected in the present work. Similarly

as before, the user antenna velocity may be determined by the minimization of errors be-

tween range-rate measurements and corresponding estimates. In addition to the previous

predicted parameters from the user antenna position estimation, let v̂eea and v̂ees,j be pre-

dicted estimates for the velocity of the user antenna and the j−th satellite, respectively.

Further, let δ ˆ̇ρrc be the predicted range-rate drift error.

ˆ̇ρj = (ûeas,j)
T
[
R̂I
e(tst,j)(v̂

e
es,j + Ωe

iep̂
e
es,j)− (v̂eea + Ωe

iep̂
e
ea)
]
+ δ ˆ̇ρrc (C.46)

Similarly as before, consider a column vector [v̂eea, δ ˆ̇ρrc]
T representing predicted pa-

rameters and let [v̂eea+, δ ˆ̇ρrc+]
T be improved estimates after one iteration.

[
v̂eea+

δ ˆ̇ρrc+

]
=

[
v̂eea

δ ˆ̇ρrc

]
+ (GT

eGe)
−1GT

e



ρ̇1 − ˆ̇ρ1

...

ρ̇j − ˆ̇ρj

...

ρ̇Ns − ˆ̇ρNs


(C.47)

Note that there are alternative procedures for the determination of the position and

velocity of the user antenna, which are beyond the scope of the present work.

C.3 Compass

Consider a compass coordinate system Sψ (index ψ) associated with the instrument

axes. Assume that the position pssψ and orientation Rs
ψ of the instrument case is time-

invariant and known with respect to the ship frame. The compass position peeψ and

orientation Re
ψ with respect to the Earth frame may be computed as:

peeψ = pees +Re
sp
s
sψ (C.48)

Re
ψ = Re

sR
s
ψ (C.49)

Let [Lψ, λψ, hψ] be the curvilinear position of the compass computed from the cartesian

position peeψ with Equations 3.49, 3.46, 3.47 and 3.48. The rotation matrix relating the

Earth frame with the Navigation frame may be computed from the curvilinear position

with expression 3.50:
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Rn
e (Lψ, λψ, hψ) =


− sin(Lψ) cos(λψ) − sin(Lψ) sin(λψ) cos(Lψ)

− sin(λψ) cos(λψ) 0

− cos(Lψ) cos(λψ) − cos(Lψ) sin(λψ) − sin(Lψ)

 (C.50)

Thus, the rotation matrix relating the compass and the navigation frame may be

computed as:

Rn
ψ = Rn

eR
e
ψ = Rn

eR
e
sR

s
ψ (C.51)

Recall that the rotation matrix with respect to the navigation frame may be computed

with Equation 3.20 as a function of three sequential rotations by angles [ϕnψ, θnψ, ψnψ]:

Rn
ψ(ϕnψ, θnψ, ψnψ) = (C.52)
c(θnψ)c(ψnψ) −c(ϕnψ)s(ψnψ) + s(ϕnψ)s(θnψ)c(ψnψ) s(ϕnψ)s(ψnψ) + c(ϕnψ)s(θnψ)c(ψnψ)

c(θnψ)s(ψnψ) c(ϕnψ)c(ψnψ) + s(ϕnψ)s(θnψ)s(ψnψ) −s(ϕnψ)c(ψnψ) + c(ϕnψ)s(θnψ)s(ψnψ)

−s(θnψ) s(ϕnψ)c(θnψ) c(ϕnψ)c(θnψ)


(C.53)

Let ψnψ be the real angle between the instrument case and the north direction from

the navigation frame. A simple model for ψnψ may be defined as a function of the rotation

matrix Rn
ψ between the instrument frame and the navigation frame:

Rn
ψ =


rnψ11 rnψ12 rnψ13

rnψ21 rnψ22 rnψ23

rnψ31 rnψ32 rnψ33

 ⇒ ψnψ = arctan 2(rnψ21, r
n
ψ11) (C.54)

Henceforth, the corresponding measurement of ψnψ is assumed to be affected by an

additive Gaussian noise ηψ with zero mean and nonzero covariance wψ:

ψ̂nψ = ψnψ + ηψ (C.55)

C.4 Integrated Navigation Systems

Let p̂ees, v̂
e
es and R̂

e
s be the inertial navigation solution for the ship position, velocity

and orientation with respect to the Earth frame, respectively; and let δpees, δv
e
es and δψ

e
es

be the corresponding error of the inertial solution with respect to the truth state of the
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ship. Consider a Kalman filter for the estimation of errors δpees, δv
e
es and δψ

e
es alongside

errors in IMU biases δba and δbg. Let s⃗ be a state vector concatenating such error terms:

s⃗ =
[
δψees δvees δpees δba δbg

]T
(C.56)

In a Kalman filter, the estimated state is a Gaussian random variable described by

its mean µ⃗S and covariance PS. Let ∆TZ be the time interval between filter iterations.

The initial state µ⃗S0 of the filter is initialized with a null column vector:

µ⃗S0 = 0⃗ (C.57)

The covariance matrix of the filter needs to be initialized with estimates for the

uncertainties of each state component:

PS0 =



δΨ̂I3×3 03×3 03×3 03×3 03×3

03×3 δv̂I3×3 03×3 03×3 03×3

03×3 03×3 δp̂I3×3 03×3 03×3

03×3 03×3 03×3 δb̂aI3×3 03×3

03×3 03×3 03×3 03×3 δb̂gI3×3


(C.58)

Recall that the Kalman filter is implemented with two sequential operations. In the

propagation step, which is given by Equations B.25, B.26 and B.27, the filter mean µ⃗S and

covariance PS are propagated between two consecutive measurement instants tk and tk−1

with system matrices FS, GS and Qβ. In the update step, which is given by Equations

B.29, B.30, B.31 and B.32, the filter mean µ⃗S and covariance PS are updated at time tk

with measurement matrices HZ and RZ .

The system matrix FS is a 15×15 matrix that express how the error in the estimation

is propagated through time. This matrix depends on the current IMU measurements (f̂ sis

and ω̂sis) as well as the current inertial solution p̂ees, v̂
e
es and R̂e

s. Let L̂s be the latitude

associated with the estimated position p̂ees. An expression for the system matrix FS is

given by [GROVES, 2008]:
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FS =



−Ωe
ie 03×3 03×3 03×3 R̂e

s

FS21 −2Ωe
ie FS23 R̂e

s 03×3

03×3 I3×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 03×3


(C.59)

where FS21 and FS23 are 3× 3 matrices given by:

f̂ eis = R̂e
sf̂

s
is ⇒


f̂ e,xis

f̂ e,yis

f̂ e,zis

 =


ie,xs je,xs ke,xs

ie,ys je,ys ke,ys

ie,zs je,zs ke,zs



f̂ s,iis

f̂ s,jis

f̂ s,kis

⇒ (C.60)

FS21 =
[
− f̂ eis×̂

]
=
[
− R̂e

sf̂
s
is×̂
]
=


0 f̂ e,zis −f̂ e,yis

−f̂ e,zis 0 f̂ e,xis

f̂ e,yis −f̂ e,xis 0

 (C.61)

reeS(L̂s) =
RWGS

0√
1− (eWGS)2 sin2(L̂s)

√
cos2(L̂s) + (1− (eWGS)2)2 sin2(L̂s) (C.62)

FS23 = −
( 2

reeS(L̂s)|p̂ees|

)[(
g⃗eS(p̂

e
es)
)(
p̂ees

)T]
(C.63)

The system noise described by matrices GS and Qβ can be defined as:

GS = I15×15 , Qβ =



ŵ2
ωgI3×3 03×3 03×3 03×3 03×3

03×3 ŵ2
faI3×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 03×3

03×3 03×3 03×3 ŵ2
baI3×3 03×3

03×3 03×3 03×3 03×3 ŵ2
bgI3×3


∆TZ (C.64)

where ŵωg and ŵfa are estimates for the power spectral density of the gyrometer and

accelerometer random noise, respectively; ŵbg and ŵba are estimates for the power spectral

density of the gyrometer and accelerometer bias variation, respectively.

In a loosely-coupled integration, each measurement corresponds to one of the filter

states. Thus, the filter measurement matrix may be expressed in terms of blocks of null

matrices 03×3 and identity matrices I3×3. Consider initially a loosely coupled integration

with measurements from an user antenna of a GNSS. This equipment outputs position
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and velocity estimations of the user antenna with respect to the Earth frame. Let p̂eea be

an estimation for the user antenna position with respect to the Earth, and let p̂ssa be an

estimation for the user antenna position with respect to the ship frame. The ship position

p̃ees with respect to the Earth may be computed from the GNSS output with the inverse

of Equation C.26:

p̃ees = p̂eea − R̂e
sp̂
s
sa (C.65)

Similarly, the ship velocity ṽees may be determined with the inverse of Equation C.42:

ṽees = v̂eea − R̂e
s

(
ω̂ses × p̂ssa

)
(C.66)

Considering p̂ees and v̂ees as the reference position and velocity of the ship estimated

by the INS, the measurement innovation zGNSS feed to the filter is given by:

zGNSS =

[
p̃ees − p̂ees

ṽees − v̂ees

]
=

[
−δpees
−δvees

]
(C.67)

The corresponding measurement matrix HGNSS
Z is given by:

HGNSS
Z =

[
03×3 03×3 −I3×3 03×3 03×3

03×3 −I3×3 03×3 03×3 03×3

]
(C.68)

The measurement noise covariance matrix RGNSS
Z should corresponds with the un-

certainty of the GNSS estimations for the INS state. Let ŵρp be the uncertainty of the

GNSS position estimation and ŵρv be the uncertainty of the GNSS velocity estimation.

The measurement noise matrix RGNSS
Z for the error measurements can be computed as:

RGNSS
Z =

[
ŵρpI3×3 03×3

03×3 ŵρvI3×3

]
(C.69)

An additional type of sensor that are useful for tracker integration are compasses.

Compasses provides the angle ψc between the instrument case with respect to the true

north, which is the first axis of the local navigation frame. Assume that the instru-

ment case is aligned with the ship axes. The rotation matrix R̂e
s estimated by the INS

with respect to the Earth frame is transformed to the local navigation frame with the

computation of R̂n
e from current INS position p̂ees:

R̂n
s = R̂n

e R̂
e
s (C.70)
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Recall that the rotation matrix R̂n
s between the ship and the local navigation frame

may be expressed as a function of three Euler angles [ϕns, θns, ψns]:

Rn
s (ϕns, θns, ψns) = (C.71)
c(θns)c(ψns) −c(ϕns)s(ψns) + s(ϕns)s(θns)c(ψns) s(ϕns)s(ψns) + c(ϕns)s(θns)c(ψns)

c(θns)s(ψns) c(ϕns)c(ψns) + s(ϕns)s(θns)s(ψns) −s(ϕns)c(ψns) + c(ϕns)s(θns)s(ψns)

−s(θns) s(ϕns)c(θns) c(ϕns)c(θns)


(C.72)

Therefore, it is possible to estimate Euler angles [ϕ̂ns, θ̂ns, ψ̂ns] from the rotation matrix

R̂n
s :

R̂n
s =


r̂ns11 r̂ns12 r̂ns13

r̂ns21 r̂ns22 r̂ns23

r̂ns31 r̂ns32 r̂ns33

⇒


ϕ̂ns

θ̂ns

ψ̂ns

 =


arctan 2(r̂ns32, r̂

n
s33)

− arcsin(r̂ns31)

arctan 2(r̂ns21, r̂
n
s11)

 (C.73)

Let R̂n
s be the rotation matrix computed from the INS position p̂ees and orientation

R̂e
s. Further, let R̃

n
s be the rotation matrix computed from the compass measurement ψc

along with remaining Euler angles [ϕ̂ns, θ̂ns]:

R̃n
s (ϕns, θns, ψc) =
c(θns)c(ψc) −c(ϕns)s(ψc) + s(ϕns)s(θns)c(ψc) s(ϕns)s(ψc) + c(ϕns)s(θns)c(ψc)

c(θns)s(ψc) c(ϕns)c(ψc) + s(ϕns)s(θns)s(ψc) −s(ϕns)c(ψc) + c(ϕns)s(θns)s(ψc)

−s(θns) s(ϕns)c(θns) c(ϕns)c(θns)


(C.74)

As the filter is modeled with respect to the Earth frame, it is necessary to represent

each orientation with respect to the Earth frame as well. The rotation matrix from

Equation C.74 may be transformed to the Earth frame with R̂n
e :

R̃e
s = R̂e

nR̃
n
s (C.75)

For a given pair R̃e
s and R̂e

s, it is interesting to determine an angular displacement

Ψe that transforms R̂e
s to R̃

e
s. Let δR̂

e
s be the error between the reference orientation R̂e

s
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estimated by the INS and the orientation R̃e
s computed with the compass:

Ψe =


Ψx

Ψy

Ψz

⇒
[
Ψe×̂

]
=


0 −Ψz Ψy

Ψz 0 −Ψx

−Ψy Ψx 0

 (C.76)

δR̂e
s =

(
R̃e
s

)
−

((
I3×3 +

[
Ψe×̂

])
R̂e
s

)
(C.77)

δR̂e
s =


r̃ns11 r̃ns12 r̃ns13

r̃ns21 r̃ns22 r̃ns23

r̃ns31 r̃ns32 r̃ns33

−


1 −Ψz Ψy

Ψz 1 −Ψx

−Ψy Ψx 1



r̂ns11 r̂ns12 r̂ns13

r̂ns21 r̂ns22 r̂ns23

r̂ns31 r̂ns32 r̂ns33

 (C.78)

Note that the error δRe
s is a 3×3 matrix where each element corresponds to a different

error component. Thus, it is possible to determine the angular displacement Ψe by the

minimization of δRe
s:

δR̂e
s =


δr̂ns11 δr̂ns12 δr̂ns13

δr̂ns21 δr̂ns22 δr̂ns23

δr̂ns31 δr̂ns32 δr̂ns33

⇒ (C.79)

δr̂ns11 = r̃ns11 −
(
r̂ns11 −Ψz r̂

n
s21 +Ψyr̂

n
s31

)
(C.80)

δr̂ns12 = r̃ns12 −
(
r̂ns12 −Ψz r̂

n
s22 +Ψyr̂

n
s32

)
(C.81)

δr̂ns13 = r̃ns13 −
(
r̂ns13 −Ψz r̂

n
s23 +Ψyr̂

n
s33

)
(C.82)

δr̂ns21 = r̃ns21 −
(
Ψz r̂

n
s11 + r̂ns21 −Ψxr̂

n
s31

)
(C.83)

δr̂ns22 = r̃ns22 −
(
Ψz r̂

n
s12 + r̂ns22 −Ψxr̂

n
s32

)
(C.84)

δr̂ns23 = r̃ns23 −
(
Ψz r̂

n
s13 + r̂ns23 −Ψxr̂

n
s33

)
(C.85)

δr̂ns31 = r̃ns31 −
(
−Ψyr̂

n
s11 +Ψxr̂

n
s21 + r̂ns31

)
(C.86)

δr̂ns32 = r̃ns32 −
(
−Ψyr̂

n
s12 +Ψxr̂

n
s22 + r̂ns32

)
(C.87)

δr̂ns33 = r̃ns33 −
(
−Ψyr̂

n
s13 +Ψxr̂

n
s23 + r̂ns33

)
(C.88)

Let Ψ̃e be the angular displacement that minimizes the matricial error δRe
s from

Equation C.79. Further, let ψ̂e be an angular displacement computed from consecutive

gyrometer measurements. The measurement innovation zCMPS feed to the integration

filter is given by:

zCMPS =
[
Ψ̃e − ψ̂e

]
=
[
−δψees

]
(C.89)
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The corresponding measurement matrix is given by:

HCMPS
Z =

[
−I3×3 03×3 03×3 03×3 03×3

]
(C.90)

Similarly as in the previous case of GNSS integration, the measurement noise covari-

ance matrix RCMPS
Z should correspond with the uncertainty of the compass estimations.

Let ŵψ be the uncertainty associated with the compass measurements and consider RCMPS
Z

as the corresponding measurement noise matrix:

RCMPS
Z = ŵψI3×3 (C.91)

Note that there are alternative procedures for the determination of noise matrices

GS, Qβ, R
CMPS
Z and RGNSS

Z . Such procedures are beyond the scope of the current work.

Thus, further error modeling is suggested for future research.

Periodically, the reference solution computed from the INS is corrected with filter

error estimates. These estimates are obtained from the mean µ⃗∗
S of the filter solution

after the update step:

µ⃗∗
S =

[
δ∗ψees δ∗vees δ∗pees δ∗ba δ∗bg

]T
(C.92)

After each correction of the reference solution provided by the INS, all error estimates

from the filter are set to zero. Let ṕees, v́
e
es and Ŕ

e
s be the corrected ship position, velocity

and orientation; respectively:

ṕees = p̂ees − δ∗pees (C.93)

v́ees = v̂ees − δ∗vees (C.94)

Ŕe
s ≈

(
I3×3 −

[
δ∗ψees

]
×

)
R̂e
s (C.95)


