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“If you’re going to try, go all the way.

Otherwise, don’t even start.

If you’re going to try, go all the way.

This could mean losing girlfriends, wives,

relatives, jobs and maybe your mind.

Go all the way.

It could mean not eating for 3 or 4 days.

It could mean freezing on a park bench.

It could mean jail, it could mean derision,

mockery, isolation.

Isolation is the gift, all the others are a test of
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Despite rejection and the worst odds.

And it will be better than anything else you can
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There is no other feeling like that.

You will be alone with the gods and the nights

will flame with fire.

Do it, do it, do it.

Do it.

All the way, all the way. You will ride life

straight to perfect laughter, its the only good

fight there is.” – Charles Bukowski
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nhecimento só para si. Ele sempre precisará

ser repassado a outros, senão não terá qualquer

valor” – Walter Edgard Maffei
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ABSTRACT

The continuous growth of environmental awareness by the public, industrial and political

sectors create conditions for scientific advancements in technologies that contribute to confront

climate change. In this context, ejector (or jet pumps) could be a promising device to reduce

cost, complexity and energy consumption in processes where vacuum pumps, regular pumps or

regular compressors are currently employed. However, despite several scientific publications

since its conception, the low efficiency of jet pumps still is a limit factor to a broad range of

applications. In the field of optimization, the relatively new branch of topology optimization

is a powerful methodology that makes it possible to obtain novel designs without an initial

guess. In the present work, the operation condition of a conventional jet pump was simplified,

the resulting boundary conditions obtained from this simplification were submitted to topology

optimization. The optimization methodology used was based in the literature. However, the

number of iterations was increased when compared with the reference. The first round of results

(with the same objective function and restriction of base article) pointed that, in some cases,

the efficiency was benefited when the final geometry resembled a conventional ejector. In the

face of the first-round results and the similarity with the heat sink optimization problem, the

objective functions were enhanced with a second objective (multi-objective function) to capture

the ejector physics completely. The results pointed that it is possible to increase in 102% the

efficiency, compared to the single objective function results, with the correct parameters. Still,

an alternative approach with different objective function and constraints was tested where the

results indicated that both approaches were equivalent. Although the working conditions of the

simulated ejector did not reflect the usual conditions, it was possible to investigate the objective

functions and to establish an optimization methodology to the jet pump field. This way, the

results obtained can be used as a basis from which future works in the jet pump field can take

advantage.

Keywords: Jet pump. Topology optimization. Climate change.



RESUMO

O constante crescimento da consciência ambiental por parte da população, da industrial e

das lideranças políticas criam as condições necessárias para o avanço científico em tecnologias

que contribuem para confrontar o processo de aquecimento global. Nesse contexto, os ejetores

podem ser um dispositivo promissor para reduzir o custo, complexidade e consumo de energia

em processos onde bombas de vácuo, bombas e compressores regulares são atualmente em-

pregados. Entretanto, apesar de inúmeras publicações científicas desde sua concepção, a baixa

eficiência dos ejetores ainda é um fator limitante para uma aplicação mais ampla. No campo da

otimização, o relativamente novo método da otimização topológica é uma poderosa metodolo-

gia que possibilita obter novas geometrias sem que seja feito uma estimativa inicial. Neste

trabalho, o regime de operação de um ejetor convencional foi simplificado, as condições de con-

torno que foram obtidas a partir dessa simplificação foram submetidas à otimização topológica.

A metodologia de otimização usada foi baseada em dados da literatura, entretanto, o número

de itera̧oes foi aumentado quando comparado com a referência. O primeiro grupo de resultados

(com a função objetivo e restrição semelhantes ao artigo base) apontou que, em alguns casos,

a eficiência foi beneficiada quando a geometria final era semelhante a um ejetor convencional.

Em face dos resultados desse primeiro grupo de simulações e da similaridade com o problema

de otimização de trocadores de calor, a função objetivo foi aprimorada com um segundo obje-

tivo (otimização multi-objetivo) para capturar completamente a física do ejetor. Os resultados

dessas simulações mostraram que é possível um ganho de até 102% na eficiência, em relação

aos resultados que usaram a função objetivo simples, com a configuação correta. Ainda, foi

testada uma abordagem alternativa com diferentes restrições e função objetivo onde os resul-

tados apontaram a equivalencia entre as duas abordagens. Apesar das condições de trabalho

do ejetor simulado não refletirem as condições usuais, foi possível investigar o comportamento

das funções objetivo e estabelecer uma metodologia de otimização para o campo dos ejetores.

Dessa forma, os resultados obtidos podem ser usados como base para trabalhos futuros na área

dos ejetores.

Palavras-chave: Ejetor. Otimização topológica. Mudança climática.
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1 INTRODUCTION

1.1 Contextualization

Unrestricted human activities around the globe are continuously affecting the environment

(YIN et al., 2020). Around 97% of the scientific community agrees that the rise in the average

global temperature, beyond its natural heating, is clear evidence of these activities (COOK et

al., 2013). Consequently, events like droughts, floods, and heatwaves become more severe

and frequent (IPCC, 2014), resulting in several damages, not fully understood, in all countries’

social and economic sectors. For this reason, environmental awareness by public, industrial and

political sectors are in constant growth, as well as the scientific community concerned about it.

All this attention drives a number of innovations in techniques, devices and methodologies to

reduce the consumption of natural resources and the consequent human impact in nature.

The time scale related to the climate changes in scientific studies are around fifty to one

hundred years (URBAN et al., 2016). Such scale of time is higher than those felt by the anthro-

pogenic systems, making complex the projection of the human activity in such time interval.

Therefore, besides the rise of the negation of the phenomena, improvement in human activity

could not happen at a sufficient rate. An example of it can be seen at the coronavirus outbreak

that, despite warnings of the scientific community for the human contact with wild animals

(FAN et al., 2019; JONES et al., 2008), the practice continues, generating the favourable sce-

nario for the rising of a new virus. Once the outbreak was established, the countries needed to

adopt serious measures to effectively contain the virus (ATALAN, 2020; HYAFIL; MORIÑA,

2020). The direct consequences of this were damages to several sectors of the affected coun-

tries (PAKENHAM et al., 2020; KANITKAR, 2020) and a slow recovery of the normality.

Similarly, climate change can devolve into the same behaviour. It comes slowly, but once its

consequences are no longer negligible, a considerable endeavour will be needed to control it.

Furthermore, the inertia associated with this event can worsen the situation even after all this

endeavour (CHAPMAN, 2007). Comparably to the Sars-CoV-2 outbreak, the endeavour and

cost could be more significant than if actions were taken beforehand (DOBSON et al., 2020).

In this context, it is vital to investigate all the technology that can save energy or resources and

its implementation viability assessed. Devices like momentum pumps (also called jet pumps,

ejector or injectors) could be a promising technology to this end, reducing the energy consump-
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tion of systems (e.g. district heat systems or oil production) or reducing the operational cost of

technologies that mitigate the human impact on nature.

The latter is the scope of project number 38 of the Research Center for Gas Innovation

(RCGI). The center has the objective of being a world reference center for fundamental and

applied research related to natural gas, biogas, hydrogen and CO2 management, transport and

storage, and its contributions to global sustainability in the 21st century. Specifically, the quoted

project study the efficiency argumentation of an ejector that uses water as motive fluid and CO2

as secondary fluid to be applied in the compression stage of the Carbon, Capture and Storage

(CCS) technology. Besides the operational cost reduction, ejectors can reduce the leakage of

CO2 in CCS systems, once the labyrinth seals used in (inherent characteristic turbo machinery

devices that use rotors) can not completely block the flow.

1.2 Jet pump technology

Jet pumps, ejector and injector are names that can be assigned to the momentum pump

(ENGINEERING SCIENCES DATA UNIT, 1985). However, the names are usually assigned

depending on the field, and fluid of the application (MEHTA, 1968). For example, the literature

often reported ejectors as devices that work with compressible fluids (RUANGTRAKOON;

THONGTIP, 2020; DONG et al., 2020) whereas jet pumps are often related to the application

of incompressible fluids (SILVESTER, 1960; MUELLER, 1964). In this work, the devices that

work with incompressible fluids will receive the name jet pumps or ejectors. The next paragraph

the was written based on the Figure 1.

They use the Venturi effect promoted by the jet (created due to the nozzle shape) to suction

a second fluid (blue region). The momentum of the motive fluid (red region) is then gradually

transferred to the suctioned fluid in the throat. The diffuser decelerated the flow at the end of the

device, recovering the static pressure. At the jet pump outlet, the mixed fluid (yellow region)

has a higher pressure than the suctioned fluid and lower than the motive fluid. In other words,

the secondary fluid is pumped.

As depicted in Figure 1, this hydraulic device has four principal parts: nozzle, suction

chamber, throat and diffuser (TROUT; KEMPER; AUST, 1980). Its structural simplicity gives

rise to attractive advantages like no moving parts, absence of seals, ease to install, low mainte-

nance cost, and high reliability (SANGER, 1968). These advantages result in the widespread
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Figure 1 - Schematic representation of a momentum pump.

Source: Author.

use of ejectors in the industry. However, the jet pumps have low efficiency when compared to

another flux machines that can replace it and narrow operational point, that is, small deviations

from the operational point drastically drops the efficiency (REIS; GIORIA, 2021).

In district heat or cooling systems, the jet pumps replace the valves used to balance the

hydraulic system of cooling or heating water and take advantage of the suction of the secondary

fluid to reduce the flow rate in the high-pressure pipeline. This way, the global benefit has a

cubic behaviour because both the flow rate of the circulation pump (see Figure 2) and the head

loss in the high-pressure pipeline decrease. (WANG; WANG, 2018; LIU; ZHAN; LIA, 2017;

LIU; LI; ZENG, 2017).

Figure 2 - Schematic representation of jet pumps applied in district heat systems.

Source: (LIU; ZHAN; LIA, 2017).

In the offshore oil platforms, jet pumps can replace the valves used to balance the oil wells

during the application of artificial lifting technique, reducing the flow rate at the high pressure



Introduction 4

pumps (see Figure 3) and, hence, power consumption. Yan et al. (2018) studied this application;

they concluded that the use of jet pumps could save 1.15 million kW·h in one year.

Figure 3 - Comparison of water injection mode. 1 high-pressure pump, 2 throttle valve, 3 jet
pump and 4 injected well.

Source: (YAN et al., 2018).

In the field of pisciculture, jet pumps can be used at the critical stage of fish transportation,

where, between the alternatives, the annular ejectors (an alternative design where the high pres-

sure flow enters through the secondary inlet) can minimize the mortality rate after the transport

(LONG et al., 2019; XU et al., 2019).

In most hydraulic devices, cavitation is not desirable because it can cause a reduction of

their lifespan and operational problems. With jet pumps, this phenomenon is more susceptible to

occur because of the characteristic high velocity and shear stress during operation; however, in

some applications, the instantaneous properties caused by the collapse of the cavitation bubbles

can be beneficial. For example, sewage treatment, food engineering, and chemical engineering

can take advantage of this phenomena (LONG et al., 2018; WANG et al., 2018).

The application of jet pumps inside boiler water reactors (BWR) is an important unique

feature of this kind of reactors, increasing its safety and reliability (THERIAULT, 2016).

Even though BWR is a consolidated technology, it still is an active area of research (MAN-

GIALARDO et al., 2014; CUAMATZI-MELENDEZ; FLORES-CUAMATZI, 2020).

Still, ejectors can be applied at deep water wells (STEPANOFF, 1957), in hydroelectric

plants (SILVESTER, 1960), siphons and dredging (MUELLER, 1964).

The other variants of ejectors can work with any combination of primary fluid and sec-

ondary fluid, like: gas-liquid (CHEN et al., 2018), gas-gas (CHEN et al., 2020) and liquid-gas

(ISMAGILOV; SPIRIDONOV; BELKINA, 2017), respectively. This flexibility makes possible

the applications of ejectors in many other industrial sectors in place of compressors (BEN-
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CHARIF et al., 2020) (e.g. refrigeration cycle (SUN, 1999) as depicted in Figure 4), and

vacuum pumps (e.g. vacuum drying method applied to solid products that are heat sensitive

(SURYANTO; HAMZAH; TAUFIK, 2021) as shown in Figure 5) (EBDALE, 1978).

Figure 4 - Schematic representation of ejector being used as a compressor in refrigerant cycle.

Source: (SUN, 1999).

Figure 5 - Schematic representation of ejector being used drying system.

Source: (SURYANTO; HAMZAH; TAUFIK, 2021).

Among the kinds of ejectors quoted above, the liquid-liquid case are relatively easy to

model, simulate, and test, so the implementation of new methodologies to enhance the ejector

technology can be easier assessed in such flows. The results obtained with simpler flows could

be then used as starting point (i.e. using the methodology and know-how) to ejectors with a

more complex fluid flow (e.g. biphasic ejector).
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To further explaining the operation principle of jet pumps: the nozzle is responsible for

converting the pressure energy of the flow fed by an external source into a high-velocity jet.

The jet creates a low-pressure zone that induces the secondary liquid towards it. Starting from

the nozzle tip, a high turbulent shear stress layer starts to form and transfer momentum from

the jet core to the secondary liquid. As the flow moves downstream, the thickness of the layer

grows until the entire jet core is mixed and, hence, the velocity profile is normalized. This

process occurs mainly inside the mixing throat, and it is also responsible for recovering part of

the static pressure. Finally, the flow reaches the diffuser, where it slowly decelerates, and the

static pressure is recovered (SANGER, 1968). Usually, to the central jet pump working with

incompressible fluids, the fluid that comes from the high-pressure source is called primary fluid

or working fluid, and the fluid that is sucked is called secondary fluid or entrained fluid. One can

observe that the secondary fluid has its head pressure increased whereas the primary fluid has

its head pressure decreased and the outflow, an intermediate value. Figure 6 depicts a schematic

representation of the device described above.

From Figure 6 it is possible to define some relations that are frequently used to describe

the ejector geometry, like the proportion between the areas of outlet nozzle section (AOut) and

throat (ATh) defined by the relation.

b =
ANOut

ATh
=

πd2
NOut
4

πd2
Th

4

=

(
dNOut

dTh

)2

(1.1)

Proportion between the distance NXP (distance between the nozzle outlet section and throat

inlet section) and the diameter of the outlet nozzle section (dNOut)

S =
NXP
dNOut

(1.2)

The diffuser area ratio

c =
AOutlet

ATh
=

πd2
Outlet
4

πd2
Th

4

=

(
dOutlet

dTh

)2

(1.3)

Where dOutlet is the outlet section diameter and dTh is the throat section diameter. The

proportion between the throat length LTh and throat diameter

l =
LTh

dTh
(1.4)
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Figure 6 - A typical jet pump geometry with its main sections and parts. The drawing is out of

scale.

Source: Author.
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Despite the advantages and the broad field of application of ejectors, the low efficiency still

an issue in the field of jet pumps (YAPICI; ALDAS, 2013; NARABAYASHI et al., 2006). Other

important features with respect to the practical application of jet pumps are the narrow optimum

region of operation, that is, small deviations of the designed operation point, drastically affect

the efficiency (YAPICI; ALDAS, 2013) and cavitation, which has a significant influence in its

operation (BROWN, 1970).

The three known ways to evaluate the ejector efficiency are (i) experimental, (ii) theoretical

and (iii) using computational fluid dynamics (CFD). Each of them has pros and cons, which

can be evidenced during the usual design process of jet pumps. The theoretical approach is

frequently used to estimate the diameter of its sections. However, this approach cannot give

the lengths and shapes of these sections. Therefore, it is necessary to use experimental data to

evaluate correlations that give optimized lengths and shapes (TOTEFF; TOVAR, 2018). Fur-

thermore, the theoretical method is limited to a number of simplifying assumptions that fail in

some designs conditions (like at high values of NXP distances), remaining the experimental and

CFD techniques. CFD is a powerful tool to design jet pumps because it is possible to evalu-

ate several geometries and apply optimization techniques to enhance ejector efficiency cheaply.

Nevertheless, numerical models used in this process must be validated by experimental data.

Since each part of the ejector needs to be manufactured, the experimental rig mounted and

equipped with sensors, the conduction of such experiments is expensive. Currently, most of the

literature uses CFD and theoretical analysis to jet pump studies, limiting the experiments to the

validation step.

1.3 Jet pump efficiency

To define the jet pumps efficiency that works with incompressible fluids and same properties

at secondary and primary inlets, it is often used the ratio of the work done by the ejector and

the work provided to the ejector (eq. 1.5) (MUELLER, 1964):

η =
ẆDone

ẆInput
(1.5)

Where η is the efficiency and Ẇ is the work. The work done by the ejector is the multi-

plication of secondary inlet mass flow and the total pressure difference between the secondary

inlet section and the outlet section. The work provided to the system is the multiplication of the
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primary inlet mass flow and the total pressure difference between the primary inlet section and

the outlet section. Hence,

η =

M︷     ︸︸     ︷
ṁsecondary

ṁprimary
·

N︷                  ︸︸                  ︷
(Poutlet − Psecondary)
(Pprimary − Poutlet)

(1.6)

In liquid jet pumps without a significant difference of temperature between the inlets, it is

possible to vanish the implicit density present in the mass flow and simplify the ratio M. This

term receives the symbol M. The ratio N is called pressure efficiency and has the symbol N

assigned to it. Therefore,

η = M · N (1.7)

In the literature (STEPANOFF, 1957), it is often reported two kinds of curves to represent

the behaviour of the ejector efficiency in different operating conditions. One of them is the plot

of the total pressure efficiency (N) as a function of the flow ratio (M) and, the other one is the

plot of the efficiency (η) as a function of the flow ratio (M). Figures 8 and 9 show the results

obtained by Winoto, Li & Shah (2000) of the curves quoted above for a jet pump tested with

water at secondary and primary inlet, where is possible to observe good agreement between

theoretical and experimental approaches. The experimental rig used by Winoto, Li & Shah

(2000) has a centrifugal pump to supply the high-pressure primary fluid, the secondary fluid

was sucked from a large water tank, the pressures were measured by pressure gauges at the

inlets and outlet, and gate valves control the fluxes at same locations. Figure 7 shown such

experimental rig.

Figure 7 - Schematic representation of the experimental rig used by Winoto, Li & Shah (2000).

Source: (WINOTO; LI; SHAH, 2000).
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Figure 8 - Pressure efficiency as a function of the flow ratio.

Source: Author.

Figure 9 - Pressure efficiency as a function of the flow ratio.

Source: Author.

In Figure 9, it is possible to see the typical parabolic behaviour of jet pumps. It can be

explained since both the values of N and η are functions of the flow ratio. Additionally, losses

at the main parts of the jet pump also exhibit a quadratic behaviour (SANGER, 1968). One

can observe that the total pressure efficiency (Figure 8) curve can be approximated as a straight
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line. This approximation is valid for almost all jet pumps. However, depending on the operating

conditions and the geometry, the curve can diverge from this behaviour. The decreasing aspect

of the total pressure ratio is intuitive. As the flow ratio (M) increases, the amount of energy

given by the jet core is further dissipated (since the primary flow rate is kept constant and the

secondary flow rate increases). Therefore the final specific energy is lower.

Moreover, it is essential to remember that all behaviour quoted so far is about incompress-

ible and same fluids with the same properties at the primary and secondary inlet. The behavior

of efficiency curves for Jet pumps that work with different fluids (but incompressible) at sec-

ondary and primary had the same behaviour (ABDOU; MIKHAIL; ABOU-ELLAIL, 2006).

For ejectors that work with biphasic flows, the efficiency curves also present the same be-

haviour. As the focus of the present dissertation is in the incompressible field, it is suggested to

the reader the work of Cunningham & Dopkin (1974) to further information about the biphasic

ejectors.

1.4 Topology optimization

The optimization of engineering devices can be classified into three groups depending on

these characteristics. Parametric optimization is the procedure that tries to maximize or mini-

mize an objective function by changing the size of predetermined geometry without changing

its form (1 in Figure 10). The shape optimization is made when the movement of the bound-

aries is allowed, the freedom to change the geometry is greater than the parametric. However,

the final result still depends on an initial estimate (2 in Figure 10). The absence of an initial

estimate characterizes the topology optimization that, to obtain a maximum or minimum of an

objective function, only requires the boundary conditions, constraints, and the physics that rule

the system. From these characteristics, the latter approach can produce non-intuitive geometries

(3 in Figure 10).
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Figure 10 - The three major groups of optimization techniques.

Source: (ALLAIRE et al., 2019).

In the last decades, many techniques were developed to optimize several kinds of systems.

Among them, gradient-based methods (GBM) and stochastic methods can be quoted as the most

used (MITROPOULOU et al., 2013). In topology optimization, the related literature often uses

the gradient methodology.

The stochastic, on the other hand, is frequently used in cases where the evaluation of deriva-

tives is not possible, e.g. modeling of failures (ERMOLIEV; GAIVORONSKI, 1991). One

example of this methodology is the class of genetic algorithm (HOLLAND et al., 1992), which

mimics the nature with respect to genetic evolution and prioritizes the samples that generate

the better results concerning objective functions to create other samples. However, the need to

evaluate several system models makes this approach very costly depending on the complexity

of the equations that rule the system.

The central core of all GBM methods is sensitivity analysis. It is a robust methodology

to understand how the variation of the selected design parameters can influence an objective

function that describes, somehow, the efficiency of the system (CACUCI et al., 1980). To this

end, there are three significant approaches (PAPOUTSIS-KIACHAGIAS; GIANNAKOGLOU,

2016):

• Finite Difference (FD): The gradient is calculated simulating the whole system of gov-

erning equations with small differences in each design variables at a time. Despite the

straightforward implementation, the computational cost grows with the number of design

variables, so, in complex systems with a number of design variables, FD is prohibitive.

Besides this, the results are dependent on how small the difference is (JAMESON, 1995;

KIM; ALONSO; JAMESON, 1999).

• Direct Differentiation (DD): In this approach, the gradient is evaluated continuously or
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discretely. First, the total derivative of the objective function is derived, then the resulting

system of equation is solved. This technique does not depend on the disturbance, but it

still depends on the number of design variables (GIANNAKOGLOU; PAPADIMITRIOU,

2008).

• Adjoint method (AM): As the cost to evaluate the gradients using this approach does

not depend on the number of variables, it is frequently used in the topology, and shape

optimization (SUN; LIEBERSBACH; QIAN, 2020; YOON, 2020). Here, another system

of equations, called adjoint equations, is solved, and the resulting variables are used to

calculate the gradient. Depending on how this set of equations is derived, a different name

is specified. If the equations are obtained from the continuous Navier-Stokes equations

(NSE), the method is called the continuous adjoint method. On the other hand, if the

equations are obtained from the discrete form of NSE, the method receives the name

discrete adjoint method. (DILGEN et al., 2018a; GILES; PIERCE, 2000).

In the face of the number of design variables and the literature recommendation, the ad-

joint method was chosen to calculate the gradients in the present study, whose discrete type is

implemented in COMSOL Multiphysics R©.

The topology optimization in fluid dynamics problems was first introduced by the pioneer

work of Borrvall & Petersson (2003). The authors proposed introducing a penalization param-

eter in the NSE to drive the flow variables for minimization or maximization of an objective

function. The penalization parameter was defined in function of a design variable ξ. In that

fashion, the node can be a solid domain when the ξ value is equal to zero or a fluid domain

when the ξ value is equal to one. Nonetheless, in this methodology, the ξ is relaxed by defining

the variable between zero and one. This approach receives the name “density method”.

The density method has some drawbacks like the intermediate values (also called grey el-

ements) that have no physical meaning, spurious pressure inside the “solid” domain (since the

penalization acts only on the velocity), and the loss of energy due to the flow in the intermedi-

ary values (CHALLIS; GUEST, 2009). Nevertheless, topology optimization using the density

method has a powerful potential in the optimization field.

From the work of Borrvall & Petersson (2003), which uses the Stokes flow (very low

Reynolds), the technology advances to the full Navier-Stokes (i.e. with inertia forces)

(GERSBORG-HANSEN; SIGMUND; HABER, 2005) and, currently, to problems involving
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turbulent flows (DILGEN et al., 2018a) and heat transfer (DILGEN et al., 2018b). Nonetheless,

the closest application related to the scope of this study was made by Andreasen (2017), which

used the 2D planar space and laminar flow assumptions to carry out the topology optimization

of a device called by the author as “inertia-driven dosing units”. Since the operational principle

of this type of device and pressure field generated by the 2D planar assumption only resembles

jet pumps, the latter has been barely exploited. This way, the present work has the objective to

advance in the area of topology optimization applied to ejectors.

1.5 Objective

The Research Center for Gas Innovation (RCGI) supports the project “High-Efficiency

Ejector for Gas Compression” (project number 38) where the present work is inserted. The

project’s goal is to enhance the efficiency of the biphasic ejectors up to their usage becomes

more advantageous than the usual method applied to carbon dioxide compression. This way,

despite the project goal to be a biphasic ejector, the present study will treat the jet pump flow as

incompressible, laminar, adiabatic, without body forces and in steady state. Moreover, the same

fluid and temperature was considered at primary and secondary inlet. This choice was based on

the fact that this study proposes to advance in the new field of topology optimization applied

to ejector technology, which has a number of gaps, i.e. lack of works involving optimization

algorithms in the jet pump field. Thus, it was preferred to limit this study’s scope, avoiding

gathering too much complexity and its potential problems in only one work. Indeed, the ap-

plication of this kind of device is limited to microfluidics application (e.g. mixing process).

However, it can also be seen as a proof of concept that further studies (e.g., turbulent flow) can

take advantage of. To summarize, the objectives of the present works are:

1. To conduct topology optimization of a laminar jet pump devices using as base the work

of Andreasen (2017) and verify the limitations of the methodology used by this author

(it is expected due to different goals between the device simulated in the base article and

jet pumps). The simulations used up to this point will be called of “first group” or “first

round”.

2. Once found the methodology limitations by analysing the first round of simulations. Pro-

pose a enhancement of the optimization problem. This can be done introducing more

restrictions or using a multi-objective function.
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2 LITERATURE REVIEW

2.1 Search considerations

For the literature survey, the term “jet pump” was chosen to search the references in the

scientific repositories. Also, terms like “CFD” and “optimization” were eventually attached to

the “jet pump” to filter the results to the main scope of this work (optimization of jet pumps

using algorithms and CFD). However, it should be said that very few studies were found in the

proposed field of the present work. Moreover, some references about the historical develop-

ment cannot be reached either because it is in another language (e.g. Japanese and Russian) or

because of the reference age.

2.2 Literature review - jet pumps performance enhancing

Some authors (LIU; ZHAN; LIA, 2017; PENG et al., 2017) mention a German scholar

called G. Zehner as the first to study the physics involved in the ejector operation. In contrast,

the first practical application of such a device was reported by Thomson (1852) to remove water

from the pits of submerged water wells. Before the development of CFD codes, studies of jet

pumps found in the literature were only related to experimental and theoretical analysis based

on the work done by Rankine (1871). As the last approach cannot be used for optimization

purposes, because the simplifying assumptions are linked to a previously determined design

and cannot predict considerable changes in the geometry (SANGER, 1968), it is possible to

consider the experimental research as the first attempts to optimize the jet pumps geometry.

Figure 11 was built to help the interpretation of the subsequent discussion.

Figure 11 - Schematic representation of the dimension used in the literature review.

Source: Author.
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Cunningham (1957) performed experimental and theoretical analysis on jet pumps for oil

lubrication systems in the aeronautical field. With the experimental data, it was possible to

establish a correlation that gives the best b (area ratio between the nozzle diameter and throat

diameter) for each flow ratio (M). The maximum efficiency of 29.8% was verified for values

of b equal to 0.3 and flow ratio equal of 0.8. To the relation S , it was reported that each

area ratio between the nozzle diameter and throat diameter has a range of optimum values

that increase as the flow ratio (M) increases and decrease when b increases. Moreover, it was

created an empirical correlation to determine S as a function of b. The elliptical throat entrance

profile produced greater values of efficiency. Nonetheless, the study does not entirely survey

the influence of the throat lengths in the jet pump efficiency, from where other design relations

and better efficiency could be obtained. Remembering that

b =

(
dNOut

dTh

)2

(2.1)

S =
NXP
dNOut

(2.2)

l =
LTh

dTh
(2.3)

Schulz & Fasol (1958) found that the utilization of multiple nozzles (nozzle (D) in Figure

12) can reduce the optimum mixing length section up to 3.5 times the diameter of the same

section. However, the maximum efficiency reduces, reaching maximum values around 30%.

When a single nozzle was utilized, the optimum efficiency reached was around 37% with mixing

length around 7.5 mixing throat diameters.

Mueller (1964) conducted an experimental analysis to calibrate his analytical model that de-

termines the efficiency of jet pumps. Further, it was investigated how the geometry dimensions

change the ejector characteristics and efficiency. The results from his experiments pointed that

(i) the S dimension is not well defined, being the optimum value, indeed, defined in a range.

However, the mean value of S equal to one was recommended. (ii) with respect to the area

ratio (b), it was concluded that despite each area ratio has its efficiency as a function of flow

ratio, the maximum values are reached when b was between 0.44 and 0.55. (iii) The optimum

mixing chamber length was also defined in a range, and interdependence with the diffuser angle
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was established. The author summarized that, for an angle of five degrees (angle with better

results), the optimum obtained relation was 7.5 times the diameter of the mixing section. (iv)

bell-mouth section to the entrance and internal nozzle region presents the highest performance.

The maximum efficiency record was 36.9%.

Figure 12 - Schematic representation of the different types of nozzles tested in the literature.

Source: Author.

With an experimental rig, Reddy & Kar (1968) tested several geometric configurations

of separated components and assembled jet pumps. In face of the results, it was determined

experimental coefficients used in their theoretical model and recommendations for optimum

performance. As concluded by the author, this condition occurred when the driving nozzle with

a geometry of a semicone had an angle between 8◦ and 10◦ (angle χ in Figure 13), the area

ratio (b) for jet pumps with fixed S had values between 0.33 and 0.543, the area ratio (b) for

jet pumps with variable S had a value about 0.205, the mixing throat length had 18 times the

nozzle diameter, the angles of the diffuser had 5◦ (angle ς in Figure 13) and the suction section

had a cone angle between 20◦ and 24◦ (angle ω in Figure 13). The maximum efficiency reached

in the article was 39.8%. However, the authors stated that the value of 42% could be reached

with proper material selection.

Cairns & Na (1969) summarized extensive experimental investigation of optimum jet pump

dimension and proposed a methodology to design optimum jet pumps dimensions for a given

application. The maximum efficiency of 42% was obtained with the dimension of b equal
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to 0.54, throat length equal to 4.1 times the throat diameter, entrance angle equal to 40◦ and

diffuser angle equal to 6.5◦. The author also reported that these values might vary in ranges that

do not modify the efficiency significantly.

In face of jet literature results, Guillaume & Judge (1999) tested jet pumps with elliptical

nozzle cross-section (Figure 12 - (C)). Their results pointed that the change was significantly

increased (reaching the maximum of six times the efficiency of conventional design). These

results evidence that unusual geometries are a potential field to improve ejector efficiency.

Figure 13 - Schematic representation of jet pump angles.

Source: Author.

Winoto, Li & Shah (2000) experimentally investigated different sections of nozzle (e.g.

triangular (A), circular (B), and squared (D) in Figure 12). The authors concluded that the

circular one was the section that produces the lowest head losses, recommending this geometry

for optimum ejector design.

Guillaume & Judge (2004) introduced a swirling motion in the primary jet. The authors

observed that it was possible to increase by up to 5% the ejector efficiency with this technique.

Narabayashi et al. (2006) investigated the effect of multiple nozzle ((D) nozzle in Figure

12) and tapered mixing throat (dTh , dDi) section design with the conventional design of jet

pumps. The simulations evidenced better performance when using the tapered mixing section

and single nozzle. Moreover, the study showed that the ejectors are affected by the scale. The

maximum efficiency with a 1/5 model was about 27% to 32% for the 1/1 model. Further, it was

pointed that the jet pumps are considerably affected by the internal roughness, varying up to 4%

of only due to its efficiency.

Long, Han & Chen (2008) numerically investigated the interference of the thickness of

the nozzle exit. The conclusion was that the variations of jet pump performance for the thick-

ness were too slight (maximum of 1.3%), and this variable can be neglected during the design
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process.

Yapici & Aldas (2013) reported the lack of CFD studies in optimization involving jet

pumps. To fill this gap in the literature, the authors conducted CFD simulation (validated by

experimental data) using the finite volume method and turbulence models to investigate the

mixing throat length of a jet pump with water at secondary and primary inlets, the S distance

and area ratio. The optimum relation found to the mixing length was the proportion of 7.4 times

the throat diameter when b equal to 0.13. To the nozzle position, values of S equal to 0.74

reached better values of efficiency for b equal to 0.13 and optimum mixing throat length. Rec-

ommended value to b equal to 0.22 was found. The maximum efficiency reached in the paper

was 34.6%. Additionally, the authors report the scale influence in the jet pump efficiency when

they compared their results with other references.

As it is possible to observe, the results found in the literature do not converge to an optimum

interval or specific value. Experiments show, at least, slightly different optimum values. Indeed,

all the optimization studies quoted above have identical drawback. When the experiments or

the simulation investigated any dimension, this dimension was the only change in the process,

whereas the other ones were kept constant. This way, possible second-order interference be-

haviour and interdependence are not taken into account (SANGER, 1968). An optimization

algorithm is a powerful approach to carry out a broad and more precisely search in the ejec-

tor parameters and overcome this drawback. However, the literature related to optimization

algorithm applied to jet pump technology aided by CFD is scarce.

Dvorák (2006) conducted a shape optimization on the mixing, diffuser and inlet section of a

jet pump. The simulations evidenced that the area ratio and diffuser section significantly impact

the flow ratio (the objective function used in the study). The shape optimization smoothens the

transition between the ejector parts, especially between the mixing and diffuser section. The

simulation conducts the geometry to the tapered section. This result converges to the conclusion

obtained by Narabayashi et al. (2006). The maximum efficiency of 30% was reached at b equal

to 0.3 (10% more than the conventional jet pump).

Liknes (2013) used the interior-point optimizer algorithm to optimize a jet pump used in the

artificial lift technique. The design parameters chosen were primary pressure, primary density,

primary flow rate (M) and area ratio (b). The results pointed that the optimized jet pump had

better oil production than the base case without the jet pump and the case with a non-optimized
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jet pump. Further, the motive fluid rate consumption increases. The optimum area ratio found

was 0.2. Nonetheless, the first three design parameters were operational ones, limiting the

search for new geometry design-oriented algorithms.

Figure 14 - (A) Sketch of an inertia driven dosing unit. Left boundary is primary inflow. Right
boundary is outlet. The secondary fluid enters from the lower port driven by the low static
pressure inside the domain. (B) Result of the topology optimization conducted by Andreasen
(2017).

Source: Andreasen (2017).

Andreasen (2017) successfully developed a methodology for topology optimization on in-

ertia driving dosing units (devices similar to the conventional jet pumps, however without throat

and, as proposed by the author, with its secondary inlet positioned perpendicular to the primary

inlet) in a laminar regime. In Figure 14, item (A) shows such a device. In his paper, the author

presented how the geometry change with the variation of the constraint relaxation and pointed

that, for some Reynolds number, the objective function do not produced satisfactory results. Al-

though the author defined the domain in the 2D planar space, the paper had remarkable results

((B) in Figure 14), applicable optimization methodology and objective functions that can be

used in the axisymmetric domain (closer to the jet pump technology). Because of it, the article

was used as the basis for the development of the proposed study.

Toteff & Tovar (2018) carried out the simulations of more than 400 jet pump models using

the CFD software Ansys R© aided by the optimization software Pipe-it R© to enhance the perfor-

mance of jet pumps applied in oil pipeline loops. The selected design variables were the nozzle

diameter, throat length, throat diameter, NXP and pressure inlet. The results have shown the

same behaviour pointed out by other authors for the design variables near the optimum values.
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In this region, several design variables have near the same performance with slight variation

in their values. The optimized jet pump presents 17% better performance than the traditional

design for the same parameter of consumed energy. In this case, the authors used the equation

2.4 as objective function to the optimization routine. Thus, as emphasized in Toteff & Tovar

(2018), they focus in uniform distribution of the flow in the two pipelines in parallel (1-3 line

and 2-4 line as depicted in Figure 15) and not in the jet pump’s efficiency.

X =

∣∣∣∣∣∣∣
∣∣∣50 − Q∗der

∣∣∣
50

− 1

∣∣∣∣∣∣∣ · Q2

Q1
(2.4)

With,

Q∗der = 100 ·
Q3

Q2
(2.5)

Where Qi is the flow rate at the 1, 2, 3 and 4 section of the system showed in Figure 15 and

X the objective function.

Figure 15 - Schematic representation of the .

Source: Toteff & Tovar (2018).

Hence, despite of the article treat about optimization of ejectors using a optimization algo-

rithm and the design tends to have the same behaviour pointed by other authors, the efficiency

neither was the main objective calculation non was presented. Therefore, the comparison with

the other papers is not possible and optimized performance value given by Toteff & Tovar (2018)

are not show here.
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3 METHODOLOGY

3.1 Governing equations

3.1.1 Continuity equation

In the face of the assumption that the flow in this study was adiabatic, incompressible and

fluid with same properties at both inlets, only the pressure and velocity fields were considered

during the derivation of the governing equations. Following the methodology presented in

Versteeg & Malalasekera (2007), the analysis starts with a 2D infinitesimal element (Figure 16)

with dimensions 2dx and 2dy and the flow variables stored at the centre of the element (where

all the flow variables are functions of x, y and t).

Figure 16 - Infinitesimal element used to the derivation with the flow variables stored at the
element centre.

Source: Author.

On this element, the principles of mass and momentum conservation are applied. To this

end, the flow variables stored in the centre of the element must be extrapolated to its boundaries.

A way to do this is using the Taylor series, and, as the distances are infinitesimal, only the first

order of the series can be used without error concern.



Methodology 23

Applying it to the principle of mass conservation

{ Inlet mass f low ratio} − {Outlet mass f low ratio} =

Rate o f mass increase

in the domain

 (3.1)

It is obtained the condition depicted in Figure 17.

Figure 17 - Mass flow at the boundaries of the domain.

Source: Author.

Where u is the velocity in the x-direction, v is the velocity in the y direction, and ρ is the

density. The minus sign is assigned to the flow that enters the domain and the plus sign to the

outflow by convention. Therefore,

(uρ)dy +
1
2
∂(uρ)
∂x

dxdy − [(uρ)dy −
1
2
∂(uρ)
∂x

dxdy] + (vρ)dx +
1
2
∂(vρ)
∂y

dydx −

[(vρ)dx −
1
2
∂(vρ)
∂y

dydx] =
∂(ρdxdy)

∂t
(3.2)

Eliminating terms with opposite signs,[
1
2
∂(uρ)
∂x

+
1
2
∂(uρ)
∂x

] +
1
2
∂(vρ)
∂y

+
1
2
∂(vρ)
∂y

]
· dxdy =

∂(ρ)
∂t

dxdy (3.3)
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Then, rearranging the ones left, the continuity equation 3.4 is obtained. It is worth saying

that the procedure presented above in 2D case can be extended to the 3D case.

∂(uρ)
∂x

+
∂(vρ)
∂y

=
∂(ρ)
∂t

(3.4)

Or, in symbolic representation

∂ρ

∂t
+ ∇ · (ρ−→u ) = 0 (3.5)

With −→u being the velocity vector. The density becomes constant with respect to the spatial

coordinates and time using the incompressible, adiabatic and same fluid properties for both

inlets flow field assumption. Thus, further possible simplifications result in the equation 3.6.

∇ ·
−→u = 0 (3.6)

Or, in the index notation:

∂iui = 0 (3.7)

3.1.2 Momentum equation

Where ei is the basis vector elements. Also following the methodology presented in Ver-

steeg & Malalasekera (2007) and using the last property transported by the flow field proposed

in this study, the momentum equation is derived. It is possible to determine the flow velocity

field by applying the conservation principle of this quantity to the element. This way, using

Newton’s second law that states:

{Rate o f momentum increase} = {S ummation o f the f orces acting on the particle} (3.8)

In the same way, made for the continuity equation, the forces must be extrapolated from the

centre of the element to its boundaries (such as depicted in Figure 18 to the force in x-direction).



Methodology 25

Figure 18 - Forces acting on the boundaries of the element.

Source: Author.

Where p is the static pressure, τxx the normal stress, t the time and τyx the shear stress. From

the Figure above, it is possible to see that no body forces were incorporated in the element. The

reason for it comes from the simplifying assumptions where the absence of this kind of force

was stated. Hence, taking place the summation of the forces:

pdy −
1
2
∂p
∂x

dxdy − [pdy +
1
2
∂p
∂x

dxdy] − [τyxdx −
1
2
∂τyx

∂y
dydx] + τyxdx +

1
2
∂τyx

∂y
dydx +

τxxdy +
1
2
∂τxx

∂x
dxdy − [τxxdy −

1
2
∂τxx

∂x
dxdy] = dxdy ρ

Du1

Dt
(3.9)

Eliminating terms with opposite signs[
1
2
∂p
∂x

+
1
2
∂p
∂x

+
1
2
∂τyx

∂y
+

1
2
∂τyx

∂y
+

1
2
∂τxx

∂x
+

1
2
∂τxx

∂x

]
· dxdy = dxdy ρ

Du1

Dt
(3.10)

And rearranging the ones left,

ρ
Du
Dt

= −
∂p
∂x

+
∂τyx

∂y
+
∂τxx

∂x
(3.11)

Similarly for the y axis:

ρ
Dv
Dt

= −
∂p
∂y

+
∂τxy

∂x
+
∂τyy

∂y
(3.12)
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The shear stress terms were modelled as a function of velocity by Stokes in 1845 for Newto-

nian fluids (ANDERSON, 1995). Equations 3.13 to 3.15 present this model for incompressible

fluids.

τxx = 2µ
∂u
∂x

(3.13)

τyy = 2µ
∂v
∂y

(3.14)

τxy = τyx = µ

[
∂v
∂x

+
∂u
∂y

]
(3.15)

Where µ is the dynamic viscosity. Substituting the equations 3.13 to 3.15 in the equation

3.12 and using the continuity equation 3.6, it is obtained (in the vector form):

ρ
D−→u
Dt

= −∇p + µ∆−→u (3.16)

It is worth saying that the procedure presented above in 2D case can be extended to the 3D

case. The term D−→u /Dt from the left side of the equation 3.6 is called Lagrangian derivative (or

material derivative), in this case, of velocity, which means that the derivative is computed track-

ing the movement of the infinitesimal element as it moves with the stream. However, to describe

all the possible paths, it would be needed a prohibitive number of equations. Alternatively, it

is possible to use the Eulerian description of the continuum. This approach considers that the

infinitesimal domain is fixed in the space, and the properties change as the flow pass through

it. The name conservative form can be used to the equations that are fixed (Eulerian descrip-

tion) in the space and non-conservative to those that are moving with the stream (Lagrangian

description) (ANDERSON, 1995).

The equivalence of these descriptions can be demonstrated by analysing an infinitesimal

domain moving in the space transporting a generic quantity ϕ as shown in Figure 19.

Expanding the point zero with the first order of the Taylor series and neglecting the high

order terms:

ϕ1 = ϕ0 +

(
∂ϕ

∂x

)
1

(x1 − x0) +

(
∂ϕ

∂y

)
1

(y1 − y0) +

(
∂ϕ

∂t

)
1

(t1 − t0) (3.17)
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Figure 19 - Infinitesimal domain moving with the stream where the property ϕ is analyzed.

Source: Author.

Rearranging the terms, dividing the equation by t2 − t1 and applying the limit:

lim
t1→t0

ϕ1 − ϕ0

t1 − t0
=

(
∂ϕ

∂x

)
1

lim
t1→t0

x1 − x0

t1 − t0
+

(
∂ϕ

∂y

)
1

lim
t1→t0

y1 − y0

t1 − t0
+

(
∂ϕ

∂t

)
1

(3.18)

Hence,
Dϕ
Dt

=

(
∂ϕ

∂x

)
u +

(
∂ϕ

∂y

)
v +

∂ϕ

∂t
(3.19)

Or,
Dϕ
Dt

=
∂ϕ

∂t
+ −→u · ∇(ϕ) (3.20)

In equation 3.20, the first term of the right-hand side is the change of the variable ϕ with

respect to the time and, the second term, the variation of the variable due to its convection.

Therefore, the velocity vector −→u is the velocity that transports the quantity ϕ. This conclusion

is clear to the 3.20. Nevertheless, to the momentum equation, the transported property is another

velocity vector, and the difference becomes less clear.

Substituting equation 3.20 into equation 3.16, after substituting the ϕ variable by −→u and as-

suming the steady state of the flow field, it is obtained the final form of the momentum equation

(equation 3.21).
−→u · ∇−→u = −∇p + µ∆−→u (3.21)

Or in the index notation,

ρu j∂ juiei = −∂i pei + µ∂ j∂ juiei (3.22)
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Where ei is the basis vector elements. Equation 3.22 is called the Navier-Stokes equation.

However, in the CFD community, the set of equations composed by equations 3.7 and 3.22 is

often called Navier-Stokes equations (NSE) as well.

3.2 Numerical approach

In absence of an analytic and generic solution of the Navier-Stokes equations (NSE), the

use of numerical methods is required (ÇENGEL; CIMBALA, 2013). The most used numerical

approaches reported in the literature are the finite difference method (FDM), the finite element

method (FEM) and the finite volume method (FVM). Each of them has its pros and cons, but

there is no consensus in the CFD community on which is better to solve the NSE (MALISKA,

2017).

In this work, the well established in topology optimization problems (PICELLI; SIVAPU-

RAM; XIE, 2021; ANDREASEN, 2017; ANDREASEN; GERSBORG; SIGMUND, 2009),

commercial software COMSOL Multiphysics R©, which uses the finite element approach, was

chosen to solve the Navier-Stokes equations and the subsequent optimization problem. The

reason for using this software lies in the fact that the topology optimization, solution of the

governing equations and optimization algorithms are all already implemented. This way, it was

possible to accomplish, within the available time, what was initially proposed in this study.

3.2.1 Finite element method

In the FEM analysis, the initial domain is divided in K elements with known dimension and

spatial position with respect to a predetermined coordinate frame. In each element, it is sought

for the approximate solution hδ of the dependent variable h of a partial deferential equation that

rules the studied physics defined in Ω domain with Γ boundary conditions (REDDY, 2004).

Such approximation can be written as equation 3.23.

h(x, y) ≈ hδ(x, y) =

K∑
j=1

c jφ j(x, y) + φ0(x, y) (3.23)

Where the term φ j(x, y) is called the trial function, shape function or basis function, φ0(x, y)

is any function defined in such way that its values at the boundaries (Γ) match with its exact

value ψ and c j is the approximated value of the dependent variable at the nodes. However,
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the trial function needs to be equal to zero at boundaries. Therefore, it is possible to write

φ j(x, y) |Γ= 0 and φ0(x, y) |Γ= ψ (KARNIADAKIS; SHERWIN, 2013).

Given any partial differential equation =(h) = 0 and substituting h by the approximation

defined by equation 3.23, it is obtained the residual form of the =(h) (equation 3.24).

R(hδ) , 0 (3.24)

Or,

R(x, y, c j) , 0 (3.25)

As expected, the approximation generates solutions that are not zero. Several techniques

are used to find the values of c j such that the results remain closer to the desired value, reducing

as much as possible this difference. For each of these techniques is given a name. For example,

if R is made equal to zero at N points in the domain, the name collocation is attached to this

approach (ZIENKIEWICZ; MORGAN; MORGAN, 2006).

The finite element method tries to force the zero value by applying the weighted residuals

in R. Therefore, ∫
Ω

wi(x, y)R(hδ)dΩ = 0 (3.26)

Where wi is an arbitrary, linear and independent function called the weight function or

interpolation function. The equation 3.26 can also be written as the inner product of wi and

R(x, y, c j) (equation 3.27).

(wi(x, y),R(hδ)) = 0 (3.27)

It is interesting to observe that other numerical methods can be obtained by selecting the

appropriate weighted function (REDDY; GARTLING, 2010). Table 1 summarizes the option

for the weight function and the names of its corresponding methods.

The COMSOL Multiphysics R© uses the Continuous Galerkin method to solve the NSE

(COMSOL, 2019). Thus, only this approach will be further described for the solution of the

governing equations.
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Table 1 - Numerical methods and its respective weights.

Numerical method Weighted function

Petrov-Galerkin wi(x) = ψ(x) , φ j(x)

Galerkin wi(x) = φ j(x)

Least squares wi(x) = d
dx

(
a(x) dφi

dx

)
Collocation wi(x) = δ(x − xi)

Finite Volumes wi(x) =

 1, inside the element Ω j

0, outside o f the element

Source: Reddy & Gartling (2010).

3.2.2 Numerical solution of the Navier-Stokes equation

Using the equations 3.7 and 3.22 and the methodology of finite element analysis, the gov-

erning equations were transformed from a set of partial differential equations into a system of

algebraic equations, thus, enabling its solution. The steps to this end are described as presented

by Reddy & Gartling (2010).

Initially, it is carried out the inner product of the momentum and continuity equations with a

weight function (equations 3.28 and 3.29) over a typical element (Ωe) of the discretized domain.

∫
Ωe

wi ·
[
ρu j∂ jui − ∂ jTi j

]
dΩe = 0 (3.28)

∫
Ωe

Q∂iui dΩe = 0 (3.29)

Where Q is the weight function of the pressure dependent variable and Ti j is the stress

tensor (used to simplify the notation), defined for an incompressible Newtonian fluid as:

Ti j = −pδi j + 2µDi j (3.30)

And,

Di j =
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
(3.31)

Using the dimensional analysis, Reddy (2004) argues that there is a physical meaning for
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the weight functions as follows:

wi ∼ ui Q ∼ p (3.32)

The importance of such interpretation becomes apparent when the approximations of the

dependent variables are imposed. This way, for the wi, the approximations of velocity are used,

whereas, for Q, the pressure approximation is employed. Taking the integration by parts of the

momentum equation, results in the equation 3.33.∫
Ωe

[
wiρu j∂ jui + ∂ jwiTi j

]
dΩe =

∮
Γe

Ti jwin j dΓe (3.33)

Or yet,∫
Ωe

[
wiρu j∂ jui − p∂iwi + µ∂ jwi

(
∂ui

∂x j
+
∂u j

∂xi

)]
dΩe =∮

Γe

[
−δi j p + µ

(
∂ui

∂x j
+
∂u j

∂xi

)]
n jwi dΓe (3.34)

The right-hand side of equation 3.34 is called natural boundary condition, because it appears

in the equation during its deduction and does not need to be imposed. In the case of NSE, the

natural boundary corresponds to a prescribed tension.

In the continuity equation, it is inserted the minus signal to force the symmetry of the finite

element model (ZIENKIEWICZ; MORGAN; MORGAN, 2006).

−

∫
Ωe

Q∂iuidΩe = 0 (3.35)

As it is possible to see in the equations 3.33, the procedure is only conducted when it is

possible to take advantage of the results, that is, the boundary term that gives rise after the

integration by parts has a physical meaning and the derivative order of the dependent variable

reduces (REDDY; GARTLING, 2010). The equations 3.34 and 3.35 are called the weak form

of the Navier-Stokes equation.

Since the Galerkin method was chosen, the weight function is constrained to the same

function selected for the dependent variables.

ui(X) ≈
Pp∑

n=1

ûn
i ψn(X) = ΨT ûi (3.36)
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p(X) ≈
Qp∑
n=1

p̂nφn(X) = ΦT p̂ (3.37)

Where Pp is the polynomial order of the test and weight functions of velocity approxima-

tion, Qp is the polynomial order of the test and weight functions of pressure approximation, ûi is

the nodal values of velocity in i direction and p̂ is the nodal values of pressure. The last terms of

equations 3.36 and 3.37 are the vector notation used to simplify the handling of equations 3.34

and 3.35. Replacing the approximations written in the equations 3.36 and 3.37 in the dependent

variable and weight functions of NSE’s weak form, it is obtained:

−

[∫
Ωe
Φ∂iΨ

T dX
]

ûi = 0 (3.38)

Where it is important to note that the pressure in the continuity is present inside theΦ term.[∫
Ωe
ρΨ

(
ΨT û j

)
∂ jΨ

T dX
]

ûi +

[∫
Ωe
µ∂ jΨ∂ jΨ

T dX
]

ûi +

[∫
Ωe
µ∂ jΨ∂iΨ

T dX
]

û j−[∫
Ωe
∂iΨΦ

T dX
]

p =

{∮
Γe
τiΨds

}
(3.39)

Where the term τi summarize the input parameter that represents a prescribed tension (left

side of equation 3.34), moreover, it is possible to gather equations 3.38 and 3.39 in the matrix

form, which is used to perform the calculations.
C(û) 0 0

0 C(û) 0

0 0 0




û1

û2

p

 +


2K11 + K22 K12 −Q1

K21 K11 + 2K22 −Q2

−QT
1 −QT

2 0




û1

û2

p

 =


F1

F2

0

 (3.40)

With,
C(u) =

∫
Ωe ρΨ

(
ΨT û j

)
∂ jΨ

T dX Ki j =
∫

Ωe µ∂iΨ∂ jΨ
T dX

Qi =
∫

Ωe ∂iΨΦ
T dX Fi =

∮
Γe τiΨds

(3.41)

The selection of the interpolation functions needs special attention. Because the weight

function applied in the weak form of continuity equation has no integral boundary terms, it

is inferred that the pressure is a secondary variable. Hence, the variable p must not be con-

tinuous. This behaviour is related to the Ladyzhenskaya−Babuška−Brezzi condition (LA-

DYZHENSKAYA, 1969) which states the necessity of the interpolation function of the pres-

sure variable be one order less than used for the velocity variable. Nonetheless, the COMSOL
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Multiphysics R© uses the Galerkin/least squares (GLS) (HAUKE; HUGHES, 1994) stabilization

on the weak form of the equations, what makes possible to use a linear interpolation function

to the velocity and pressure variables. In FEM, it is usual to compactly represents the order (n)

of the polynomials (P) by "Pn". For the case of NSE, the information of velocity polynomial

goes first followed by the pressure polynomial information, so, for P1+P1, it means that a linear

polynomial was used for both velocity and pressure approximations.

3.3 Topology optimization - The density approach

Before treating the solution of the equation, the flow field must be parametrized to make

possible the optimization process. The method adopted to this end was first introduced by

Borrvall & Petersson (2003) where it is used a source term called permeability (α) (which can be

interpreted as the opposite of Darcy porosity), written as a function of the design variables ξ, that

acts on the velocity fluid. This way, when the design parameter is equal to one, the permeability

assume its maximum value (αmax) meaning that this region is a fluid domain and, when the

design parameter is equal to zero, the permeability assume its minimum value (αmin) meaning

that the region is a solid domain. From equation 3.22 and inserting the design parameter, it is

obtained:

ρu j∂ juiei = −∂i pei + µ∂ j∂ juiei − α(ξ)ui (3.42)

In theory, the permeability (α) must have a infinity value when ξ is equal to one. However,

due to numerical issues, a finite value is used. The interpolation between the maximum and

minimum values of α is given by equation 3.43 (BORRVALL; PETERSSON, 2003).

α(ξ) = αmax + (αmin − αmax)ξ
1 + q
ξ + q

(3.43)

The presence of intermediary values of the design variable ξ has no physical meaning. So,

the penalization parameter q is used in equation 3.43. For large value of q (e.g. 100), the

intermediaries values of ξ are very penalized and the resultant geometry tends to converge to

discrete values of ξ (i.e. 0 and 1). Conversely, if a small value of q is used (e.g. 0.001), the

intermediaries values of ξ are not so penalized and the optimized geometry tends do have these

elements. The minimum value of alpha αmin was set up equal to zero and its maximum value

αmax equal to 106Pa · s/m2. The hypothetical fluid used in the simulations has dynamic viscosity

equal to 1.5 Pa · s and density equal to 30 kg/m3.
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And the linear term of the matrix system 3.40 becomes:
C(û) 0 0

0 C(û) 0

0 0 0




û1

û2

p

 +


2K11 + K22 + A11 K12 −Q1

K21 K11 + 2K22 + A22 −Q2

−QT
1 −QT

2 0




û1

û2

p

 =


F1

F2

0

 (3.44)

With,

Ai j =

∫
Ωe
ΨTΨα(ξ)dX (3.45)

The results from the straight use of the design variable ξ are susceptible to be mesh de-

pendent so that the mesh refinement can give rise to new geometries instead of enhancing the

numerical results of a coarser mesh. To handle it, the Helmholtz filter proposed by (LAZAROV;

SIGMUND, 2011) was used (defined by the equation 3.47), which introduces a minimum length

scale in the design domain.

−r2∇2ξ̂ + ξ̂ = ξ (3.46)

The filter can be interpreted as a diffusion of the design variable so that it becomes defined

in a region and no more in the discrete points. The intensity of diffusion is controlled by

the term r. However, as a consequence of applying the filter, the region with intermediary

design variables is further extended. This problem can be mitigated by applying the hyperbolic

projection (WANG; LAZAROV; SIGMUND, 2011)

ξ̆ =
tanh(βλ) + tanh(β(ξ̂ − λ))
tanh(βλ) + tanh(β(1 − λ))

(3.47)

Then,

α(ξ̆) = αmax + (αmin − αmax)ξ̆
1 + q
ξ̆ + q

(3.48)

Where the term β controls how sharp is the transition between the solid and fluid regions,

the parameter λ is the threshold of the projection, that, in all simulations, it was set up the value

of 0.5. Therefore, it is possible to rewrite the linear term 3.45 as:

Ai j =

∫
Ωe
ΨTΨα(ξ̆)dX (3.49)
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3.4 Solver - Fluid flow problem

To solve the discretized Navier-Stokes equations in the steady-state and laminar flow, the

commercial software COMSOL Multiphysics R© uses the fully coupled Newton method with

damping factor (COMSOL, 2019). The method is described as follows (REDDY; GARTLING,

2010). Given a flow problem, the discretized set of NSE (matrices in 3.45) can be written in

compact form (equation 3.50).

K̃(U)U = F̃(U) (3.50)

Where U is the vector that contains all the flow variables, K̃ contains the terms of diffusion,

advection, optimization variable and the incompressibility constraint. The term F̃, at the right-

hand side of equation 3.50, has the boundary conditions. Further, defining the residual equation

R(U) by the equation 3.51.

R(U) = K̃(U)U − F̃(U) = 0 (3.51)

Next, the Taylor expansion is applied in R(U) about the known solution Un. Assuming that

the known solution has residue different from zero and the solution with Un+1 has no residue, it

is possible to derive the relation 3.52.

R(Un+1) = R(Un) +

(
∂R
∂U

)
Un

∆U + O(∆U)2

0 = R(Un) +

(
∂R
∂U

)
Un

∆U + O(∆U)2

(3.52)

Carrying out the truncation of high order terms, expanding the term ∆U and rearranging

them, it is obtained the approximation to Un+1 given by the equation 3.53.

Un+1 = Un −

(
∂R
∂U

)−1

Un

R(Un) (3.53)

Where the term ∂R/∂U is called Jacobian matrix represented by the symbol J, with the

introduction of the damping factor γ, it is obtained the final form of Newton’s method (equation

3.54).

Un+1 = Un − γJ−1(Un)R(Un) (3.54)
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With the Jacobian given by the matrix 3.55.

J =


∂R1/∂u1 ∂R1/∂u2 ∂R1/∂p

∂R2/∂u1 ∂R2/∂u2 ∂R2/∂p

∂R3/∂u1 ∂R3/∂u1 ∂R1/∂p

 (3.55)

And its terms by the equations 3.56 to 3.64.

∂R1

∂u1
= C1(u1) + C1(1)u1 + C2(u2) + 2K11 + K22 (3.56)

∂R1

∂u2
= C2(1)u1 (3.57)

∂R1

∂p
= −Q1 (3.58)

∂R2

∂u1
= C1(1)u2 + K21 (3.59)

∂R2

∂u2
= C1(u1) + C2(u2) + C2(1)u2 + K11 + 2K22 (3.60)

∂R2

∂p
= −Q2 (3.61)

∂R3

∂u1
= −QT

1 (3.62)

∂R3

∂u2
= −QT

2 (3.63)

∂R3

∂p
= 0 (3.64)

The resulting system was solved using the multifrontal massively parallel sparse direct

solver (MUMPS) (AMESTOY et al., 2000).
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4 GEOMETRY AND MESH

4.1 Geometry

Overall, three domains were constructed, all of them were divided in two regions. The

hatched regions (or design domain), were topology optimization was able to change the solid

and void distribution. And the no hatched regions, were only the NSE were solved without the

influence of topology optimization. The flow was able to flow freely between the interfaces of

the of hatched and no hatched regions and all boundary conditions were applied on the outer

geometry contours.

The first was chosen so that the simulation results obtained using the proposed optimization

methodology can be compered with the work of Andreasen (2017). Figure 20 depicts the first

geometry (or geometry 1).

Figure 20 - First geometry with 2D planar domain.

Source: Author.

For the inlet boundary condition, the velocity was imposed by the profile given in the equa-

tion 4.1.

V(y) =
6y(H − y)U

H2 (4.1)

where U is the averaged velocity at inlet region. And for the secondary inlet (Γp) and

outlet (ΓO) regions, the stress free boundary conditions was set up. This means that the natural

boundary condition (right hand side of equation 3.33) was forced to be equal to zero. The
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equations 4.2 and 5.1 show the expanded natural boundary condition (over i and j of index

notation)

• Secondary inlet: ∮
ΓS

[
−p + 2µ

(
∂u2

∂x2

)]
w2dΓ = 0 (4.2)

• Outlet: ∮
ΓO

[
−p + 2µ

(
∂u1

∂x1

)]
w1dΓ = 0 (4.3)

Where u1 and u2 are, respectively, the velocity in x1 and x2 Cartesian direction and w1 and

w2 are, respectively, the weight function of u1 and u2 velocity components. With the imposition

of this kind of boundary conditions, the pressure, at the same boundary, is implicitly constrained

by (REDDY; GARTLING, 2010).

at ΓO︷       ︸︸       ︷
p = 2µ

∂u1

∂x1
and

at ΓS︷       ︸︸       ︷
p = 2µ

∂u2

∂x2
(4.4)

Once, the only way to make the natural term of weak form of momentum equation 3.33

goes to zero, is to ensure that the terms inside the brackets goes to zero.

The second geometry, geometry 2 or radial secondary inlet (RSI) geometry was constructed

similarly to the first. This way, the modification in the domain was gradually introduced. How-

ever, the axisymmetric boundary condition was inserted, and the secondary inlet enlarged (mak-

ing the proportions between the primary and secondary inlet closer to a jet pump), as shown by

the Figure 21.

For this geometry, the imposed boundary conditions at inlet was,

V(r) = 2U
(
1 −

r2

R2

)
(4.5)

Where the R is the radius of the primary inlet. And for the secondary inlet (Γp) and outlet

(ΓO) regions, the stress free boundary was imposed

• Secondary inlet: ∮
ΓS

[
−p + 2µ

(
∂ur

∂r

)]
wrdΓ = 0 (4.6)

• Outlet: ∮
ΓO

[
−p + 2µ

(
∂uz

∂z

)]
wzdΓ = 0 (4.7)
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Figure 21 - Second geometry with 2D axisymmetric domain with radial secondary inlet (RSI).

Source: Author.

And the implicit pressure constraint

at ΓO︷       ︸︸       ︷
p = 2µ

∂uz

∂xz
and

at ΓS︷       ︸︸       ︷
p = 2µ

∂ur

∂xr
(4.8)

Finally, the third and last domain, geometry 3 or axial secondary inlet (ASI) geometry was

built with its boundaries at the same position that a conventional jet pump as depicted by Figure

22.

The boundary condition set up to the inlet region of geometry 3 was given by the velocity

profile

V(r) = 2U
(
1 −

r2

R2

)
(4.9)

And for the secondary inlet (Γp) and outlet (ΓO) regions, the stress free boundary was im-

posed

• Secondary inlet: ∮
ΓS

[
−p + 2µ

(
∂uz

∂z

)]
wzdΓ = 0 (4.10)
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Figure 22 - Third geometry with 2D axisymmetric domain with axial secondary inlet (ASI).

Source: Author.

• Outlet: ∮
ΓO

[
−p + 2µ

(
∂uz

∂z

)]
wzdΓ = 0 (4.11)

And the implicit pressure constraint

at ΓO︷       ︸︸       ︷
p = 2µ

∂uz

∂xz
and

at ΓS︷       ︸︸       ︷
p = 2µ

∂uz

∂xz
(4.12)

The U present in the velocity profile equations was calculated based on the dimensionless

Reynolds number, that in the case of the study, is given by the equation 4.13.

Re =
ρUHa
µ

(4.13)

The parameter a in the equation 4.13 was inserted to adjust the characteristic length H in

the cases like in the Figure 22 that the inlet dimension is smaller than the H. Thus, its values

are equal to one in the first two domains and 0.5 in the last domain. The reference pressure of

the simulations was of 101325 Pa, in such way that the gauge pressure was obtained in the end
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of simulations.

4.2 Mesh

The mesh selected for the simulation was unstructured with two different values of ele-

ment density. The region with smaller elements was located where the topology optimization

was carried out (hatched in Figures 20 to 22), with triangles elements with maximum element

size (the length of the longest edge of the element (COMSOL, 2019)) equal to H/100. The

remaining domain (extensions built to ensure that the boundary conditions do not interfere in

the optimization) was filled with coarser triangular elements with their maximum size equal to

H/10 (a discussion about the mesh convergence was made in appendix D). A constant growth

ratio smoothed the transition between the two regions, and all elements were connected by its

nodes; thus, there is no need to control the flux between the cells. Figure 23 presets the mesh

density distribution to geometry 1, being that the same distribution and mesh behaviour was

observed in the other geometries.

Figure 23 - Colored map of the element size distribution on the geometry 1.

Source: Author.

The value of the characteristic length H was chosen equal to 1 m. Therefore, the number

of elements (hatched area in parentheses) of geometries 1,2 and 3 were, respectively, 77359

(74512), 79668 (37648) and 153760 (149018).
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5 OPTIMIZATION PROBLEM

Mathematical model For the optimization process, it is essential to define the objective

problem. The definition must indicate the objective function and its constraint and if the goal

of the optimization is the maximization or minimization of the given objective function. The

following definition was found considering the problem described in this work,

Minimize : Ji(N(ξ̆), ξ̆) for i = 1, 2, 3

Subjected to: 1) g(p) ≤ 0

2) 0 ≤ ξ̆ ≤ 1

(5.1)

The three objective functions (and constraints) selected for the optimization were taken

from the work done by Andreasen (2017). The first measures the pressure force at the secondary

inlet (J1):

J1 =

∮
ΓS

pdΓ (5.2)

The second objective function (J2) measures the flow rate that enters the domain crossing

the secondary inlet boundary. It means that J2 objective function sine is dependent on the

scalar product between the velocity vector and the secondary inlet normal vector, which can

be negative or positive depending on the direction of these vectors since each geometry has a

different position of secondary inlet or coordinate frame. This behaviour directly affects the

definition of the nested problem 5.1, which would need to change the objective of minimization

to maximization, or vice versa, to match with the objective of increase the flow rate towards

device interior. Alternatively, it was decided to change the signal of the objective J2 (as a

function of the geometry) to keep the goal of minimization. To this end, the variable κ (assuming

values of -1 or 1) was introduced in the J2 to keep the condition described above. Table 2

summarizes the values of κ used for each geometry.

Where the flow rate at secondary inlet region that enters the domain is given by

J2 = κ

∮
ΓS

undΓ (5.3)

The third objective function (J3) measures the flow rate that leaves the domain crossing the
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Table 2 - κ variable values with respect to the geometry for J2 objective function.

Geometry κ

Type 1 - Figure 20 -1

Type 2 - Figure 21 1

Type 3 - Figure 22 -1

Source: Author.

outlet given by

J3 = −

∮
ΓO

undΓ (5.4)

The minus sign was inserted to adjust the objective function with the optimization goal.

The constraint g(p) controls the static pressure loss inside the domain assessing the ratio

of the static pressure integral at inlet in each optimization step (p) by a reference value (pre f )

times the parameter σ. The reference value is the pressure obtained by carrying out simulations

without the optimization routine, in such way that each geometry has its own pre f . The variable

σ is a arbitrary positive real number that works as a tuning parameter, controlling how much

the optimized domain can demand a higher pressure at the inlet than the reference domain.

Exemplifying, if a value of 50 is chosen to σ, the constraint admits that the pressure integral

at the primary inlet during the optimization (p) is, at most, equal to 50 times higher than the

pressure integral at primary inlet of same geometry without optimization routine (pre f ).

g(p) ≡

∮
ΓP

pdΓ

σ
∮

ΓP
pre f dΓ

− 1 (5.5)

Also, this constraint indirectly controls the amount of mass inside the optimized domain

once every solid region interferes in the pressure at the inlet boundary region.

5.1 Sensitivity evaluation

As presented in the introduction section, the discrete adjoint method was chosen to calculate

the objective function gradients with respect to the design variables. To this end, given a generic

objective function (equation 5.6).

J(U(ξ), ξ) (5.6)
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Where U is the vector that contains all the flow variables. The objective function variables

must respect the discretized Navier-Stokes equation represented by equation 5.7.

N(U(ξ), ξ) = 0 (5.7)

Taking place the derivative of the objective function (Eq. 5.6) with respect to the design

variables it is obtained the desired gradient:

dJ
dξ

=
∂J
∂U

dU
dξ

+
∂J
∂ξ

(5.8)

Where the term dU/dξ can be obtained by the linearized NSE (equation 5.9), such that:

∂N
∂U

dU
dξ

+
∂N
∂ξ

= 0 (5.9)

Where the term ∂N/∂U is the linearization of the flow residual with respect to the flow

variables and ∂N/∂ξ is the linearization of the flow residual with respect to the design variables.

This way, defining:

z ≡ dU/dξ A ≡ ∂N/∂U

eT ≡ ∂J/∂U f ≡ −∂N/∂ξ

(5.10)

It is possible to write,
dJ
dξ

= eT z +
∂J
∂ξ

(5.11)

With,

Az = f (5.12)

To the adjoint approach is stated,

AT b = e (5.13)

Where b are the adjoint variables that satisfy the linear system 5.13. This way, the first term
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of the right-hand side of equation 5.11 can be replaced by,

f = Az

bT f = bT Az

bT f = (AT b)T z

bT f = eT z (5.14)

Solving the equation 5.11, the computational cost increases as a function of the number of

design variables because each of them will have its term f. The utilization of such an approach

receives the name of direct differentiation (DD). Alternatively, it is possible to calculate only

one time the equivalent adjoint problem using the relation 5.14. This way, because each problem

has only one e, the computational cost does not increase in function of the design variables.

The development of this section was based in the introduction work done by Giles & Pierce

(2000).

5.2 Optimization algorithm

Among the algorithms available to conduct the topology optimization, the method of mov-

ing asymptotes (SVANBERG, 1987) (MMA) is frequently used in the literature (DEHGHANI

et al., 2020; SUN; LIEBERSBACH; QIAN, 2020). This method is especially attractive be-

cause the typical set up of a topology optimization problem matches the recommendations for

its use. The evaluation of the gradients is much more expensive than the solution of a sub-

problem involving nonlinear optimization, and its design vector has a large number of variables

with few constraints (HÖRNLEIN; SCHNITTKOWSKI, 2013). Moreover, the variation of the

MMA method, the globally converged MMA (GCMMA) (SVANBERG, 2002), is already im-

plemented in the COMSOL Multiphysics R© software.

The MMA method needs to be presented before the GCMMA method. The reason for that
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will be clear at the end of this section. Given a generic problem of optimization 5.15,

P : Minimize

f0(x)

Subject to

fi 6 f̂i for i = 1, ...,m

xmin 6 x j 6 xmax for j = 1, ..., n

(5.15)

Where x is the vector of design variables. Svanberg (1987) summarizes in four steps the

MMA method.

1. Choose a starting value of the design variables.

2. Evaluate the objective function, the restrictions and the gradients for all i = 0, 1, ...,m.

3. Create a convex subproblem Pk replacing the function fi by an explicit function f (k)
i , using

the gradients calculated in step 1.

4. Solve the subproblem, then set this solution as the new values of design variables. Return

to step 2 until the convergence criteria are obtained.

Where the subproblem in the MMA method is defined by first-order approximation

Pk : Minimize ∑n
j=1

(
pk

0 j

U(k)
j −x j

+
qk

0 j

x j−L(k)
j

)
+ r(k)

0

Subject to ∑n
j=1

(
pk

i j

U(k)
j −x j

+
qk

i j

x j−L(k)
j

)
+ r(k)

i 6 f̂i for i = 1, ...,m

max(xmin, α
(k)
j ) 6 x j 6 min(xmax, β

(k)
j ) for j = 1, ..., n

(5.16)

With,

pi j(k) =


(
U (k)

j − x(k)
j

)2
∂ fi/∂x j, i f ∂ fi/∂x j > 0

0, i f ∂ fi/∂x j 6 0
(5.17)

qi j(k) =

 0, i f ∂ fi/∂x j > 0

−
(
x(k)

j − L(k)
j

)2
∂ fi/∂x j, i f ∂ fi/∂x j < 0

(5.18)

r(k)
i = fi

(
x(k)

)
−

n∑
j=1

 p(k)
i j(

U (k)
j − x(k)

j

) +
q(k)

i j(
x(k)

j − L(k)
j

) (5.19)
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Where α(k)
j and β(k)

j are moving parameters introduced in the problem to avoid problems

during the calculation of dividing by zero.

∂2 f (k)
i

∂x2
j

=
2p(k)

i j(
U (k)

j − x j

)3 +
2q(k)

i j(
x j − L(k)

j

)3 (5.20)

And, if i , j
∂2 f (k)

i

∂x j∂xi
= 0 (5.21)

From equation 5.20, it is clear to see that the parameters U (k)
j and L(k)

j (also called asymp-

totes) can change the value of the second derivative. With values of the asymptotes parameters

closer to the value of x j, the larger the second derivative becomes. As a consequence, more

curvature is given to the equation f (k)
i and more conservative is the subproblem. Conversely, if

the value of the asymptotes parameters away from the x j, smaller will be the second derivative.

Therefore, less curvature and less conservative is the subproblem. In general, the values of U (k)
j

and L(k)
j can be changed between the iteration. For example, (i) if the solutions are oscillating,

the stabilization can be created by moving the asymptotes closer to the current design point

and (ii) if the solution is converging too slowly, the process can be accelerated by moving the

asymptotes away from the current design point. Because of this behaviour, these parameters

receive the name of moving asymptotes that name the method. The choice of the U (k)
j and L(k)

j

must satisfy the requirements 5.22.

L(k)
j < x(k)

j < U (k)
j (5.22)

However, Svanberg (1987) highlights that there is not a rule to choose the values of the U (k)
j

and L(k)
j as well as for the parameters α(k)

j and β(k)
j . This way, each code and problem can have its

own set of parameters. Therefore, as it was not possible to access the COMSOL Multiphysics R©

source code, the values of these parameters are not indicated here.

The GCMMA method executes the MMA method (outer iteration) as described above.

However, another step is introduced. The solution of the subproblem x needs to satisfy the

condition given by the inequality 5.23.

f (k,v)
i

(
x(k,v)

)
> fi

(
x(k,v)

)
for all i (5.23)

If these conditions are not satisfied, another inner iteration v, more conservative, is evaluated
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and solved for those design variables that violate the inequality. The results are then tested

again and, if the new values satisfy the restriction, the next steps of MMA (described above)

are conducted. Otherwise, another inner iteration takes place. The process continues until the

convergence is achieved. The additional superscript term indicates the inner iteration step.

The utilization of GCMMA is preferred rather than MMA because the last one can not

guarantee convergence, which, in practice, leads to unsatisfactory results (ZILLOBER, 1993;

SVANBERG, 2002). Hereafter, the word “iteration” will refer to the outer optimization iteration

(see Figure 25). Other iterations will be specified if needed.

5.3 Optimization strategy

The central core of the optimization strategy was based on the work of Andreasen (2017).

In his work, the optimization used a continuation technique to the variable β, which controls

how sharp is the transition between the void and solid region in the hyperbolic filter (equation

3.47). In each topology optimization simulation, the β variable was modified starting from 1

and doubles until it reaches the value of 64, where a group of iteration (Figure 25) with a certain

value of β is called a step (in total, 7 steps). A step ends or if the maximum number of iteration

of optimization algorithm is reached or if a certain criteria is reached. In Andreasen (2017), a

step ends or if the total number of MMA algorithm iterations reaches 1000 (40 iterations in the

first six steps and, in the last step, iterations 760) or in the case of ‖ ξ̆
(ko)
− ξ̆

(ko−1)
‖ < 0.01, where

ko is the iteration counter.

Herein, two modifications were made in the steps. The first one was the utilization of

the same number of optimization in each step. And the other one, the increase in the number

of iteration in each step. To determine the best number of iterations, simulations was carried

out using J1 objective function and modifying the maximum number of iteration in each step

assuming the values of 40, 200, 400 and 600 GCMMA iterations, counting inner (limited to 10)

and outer, for the case of geometry 1, the results were plotted in Figure 25.

One can observe that between the 400 to 600 iterations, the difference between the solid

distribution was small enough to infer that the convergence was reached; hence, the 600 iteration

was used. Moreover, the second criteria to the step ends was set up to if the relative difference

between two consecutive objective function evaluation be less than 0.1%. It is important to

say that, despite of the difference of in the optimization algorithm used and in the termination
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Figure 24 - Final solid distribution for 50, 200, 400 and 600 iteration in each step.

Source: Author.

criteria, the same minimum in the optimization problem is expected, once a strong minimum

was found. However, if the simulations ran less step than needed, differences are expected (as

evidenced by Figure 24).

Additionally, previous simulation pointed that if the number of iterations was further in-

creased, the simulation starts to converge to the minimum associated with the lowest values of

β, which shows to be worst than the minimum of higher β and starting with higher values of β,

the simulations are more restrictive and tend to converge to solutions where the secondary inlet

was blocked.

As well as in Andreasen (2017), all steps were programmed with filter parameter r equal to

0.0289 and the penalization parameter q equal to 10−2.
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Figure 25 - Flowchart of the topology optimization routine.

Source: Author.
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6 RESULTS

From the methodology chapter 3, it is possible to conclude that there are extensive possibil-

ities to set up the constraints, flow and geometric parameters. For example, considering only the

inlet positions, Reynolds number and loss constraint, if each could assume at least ten values,

it is possible to calculate the number of possible combinations using the combinatorial analysis

(equation 6.1).

P = 10 · 10 · 10 = 1000 (6.1)

Therefore, as the total number of parameters to be set up and possible values are higher than

shown in the example above, it was necessary to consider only a limited range and parameter

combinations. Moreover, it was verified that the modules of the software used in this study did

not benefit from scalability in parallel computing as depicted by Figure 26.

Figure 26 - Computational time for each optimization iteration as function of the number of
computational nodes.

Source: Author.

The test was conducted in the Mintrop cluster of Universidade de São Paulo. Each node

has two processors Xeon Gold 6148, with 40 cores and 192 GB of RAM. Such characteristic

reinforces the necessity to simulate a reduced number of models.
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6.1 Comparison procedure

The first simulation was carried out to compare the result obtained with the methodology

proposed in the present work and the results obtained by Andreasen (2017). So, the geometry

1 (Figure 20) was simulated using the same conditions of one case present in his work. The

selected case was for Reynolds number equal to 20, sigma equal to 10 and objective function

J1. As the number of optimization iterations was increased with relation to the number used by

Andreasen (2017), the case was simulated twice. One with the same number of optimization

iterations and another with the number of optimizations iteration proposed in the current work.

Moreover, it was found that the usual process to run non-dimensional flows, proposed in

the user guide of the COMSOL Multiphysics R©, presented a convergence problem. This way,

differently from the base article, it was used the international system of units and a hypothetical

material (with properties described in the methodology section).

The utilization of GCMMA, instead of just MMA (or GCMMA with one inner iteration),

was necessary once the utilization of the MMA algorithm also presented a convergence problem

(see section 5.2). In both cases, the impossibility of verifying the matrices and optimization al-

gorithm during the evaluations make it impossible to investigate the reason for such behaviours

further.

The solid distribution (black regions) and fluid regions (white regions) of present imple-

mentation with Andreasen (2017) number of optimization iterations (“A” in Figures 28 and 27),

or PIAI, the results extracted from Andreasen (2017) (“B” in Figures 28 and 27), or AR, and

present implementation with increased number of optimization iterations (“C” in Figures 28

and 27), or PIII, were qualitatively compered. When the simulations used the same number of

optimization iterations of Andreasen (2017), the optimized topology was closer to that obtained

in the base article (“B” in Figures 28 and 27). The main differences were noted in the size and

position of the structures, especially the result of the base paper has its jet positioned near the

centre of the domain whereas, in the PIAI simulation, the jet was slightly shifted in direction to

the secondary inlet. Still, the top structure had its size increased, the bottom decreased, and the

right structure, positioned after the secondary inlet, shrunk.
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Figure 27 - Comparison of the pressure field between (A) the results using the present software

configuration with the same number of optimization iterations used in the base article, (B)

the results of Andreasen (2017) and (C) the result using the number of optimization iteration

described in the methodology section.

Source: Author.
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Figure 28 - Comparison of the velocity field between (A) the results using the present soft-

ware configuration with the same number of optimization iterations used in the base article (B)

the results of Andreasen (2017) and (C) the result using the number of optimization iterations

described in the methodology section.

Source: Author.
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The major difference happens in the result obtained with PIII. In this, the upper structure had

its size significantly increased, whereas the bottom significantly decreased. The right structure

positioned after the secondary inlet at the bottom face, present in results “A” and “B” in the

Figures 28 and 27, disappear and the recirculation zone increases (yellow lines in Figure 28) in

both simulations, with emphasis on the geometry that used the current strategy (“C” in Figure

28).

In terms of quantity, the objective function J1 of the results “A” and “C” were compared. For

“A” simulation, J1 has the value of −0.72487 N and, for “C” simulation, −0.79302 N (9.4% of

difference). The efficiency (η) was not calculated because geometry 1 can not be considered a jet

pump. The simulations conducted in Andreasen (2017) used dimensionless fields of pressure.

However, due the lack of information about the denationalization, the comparison between the

results was unfeasible.

Therefore, it was possible to infer that the proposed strategy found a better minimum than

found by Andreasen (2017) strategy by comparing the results obtained in this dissertation.

6.2 Objective functions analyses and comparison

The subsequent simulations were carried out using the last two geometries, Figures 21 and

22, listed in the section 4. Each domain was simulated with the Reynolds number equal to 1, 10

and 30, with each one assuming the value of parameter σ equal to 5, 10 and 30. The motivation

to choose these Reynolds number was twofold. First, these were the same Reynolds numbers

used in Andreasen (2017). Second, these low Reynolds numbers ensure that the simulations

were in the laminar regime (below Reynolds 2000 based on duct flows (ÇENGEL; CIMBALA,

2013)) even if the optimized domain has a nozzle structure. Furthermore, this procedure was re-

peated for each objective function proposed in section 3. Therefore, for each objective function,

27 simulations were carried out, and, in total, 81 models were simulated.

The first question answered was “ is there any difference in the results generated by each

objective functions?”. To this end, the geometries obtained after the optimization process were

filtered, leaving only the external contours. For a given Reynolds number and σ value, the

results were plotted of all three objective functions together. For sake of clarity, Figures 44 to

61 were positioned in the appendix A.

These pictures indicate that, in general, no significant differences were produced by the
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objective functions. Exceptions were noted when the Reynolds was set equal to 1. At this

value, the objective functions linked with the fluxes, at the secondary inlet (J2) and outlet regions

(J3), produced the same geometry, whereas the objective function linked with the pressure (J1)

produced geometries slightly different.

In such a case, the velocity magnitude at the primary inlet was smaller than the other simu-

lations, i.e. Reynolds number equal to 10 and 30. Moreover, it was possible to observe that, as

the loss inside the optimization domain was further allowed (parameter σwas increased), the jet

structure obtained after the optimization process increasingly elevated the quantity of internal

momentum defined by equation 6.2 (Figures 29 for geometry 2 and 30 for geometry 3) and the

differences in the final geometry reduced (as shown in Figures 44 to 46).

ρ

∫
Ω

U2 dΩ [J] (6.2)

Figure 29 - Plot of the momentum integral over the optimization domain and geometric param-
eter rp/rth as function of parameter σ with Reynolds equal to 1.

Source: Author.
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Figure 30 - Plot of the momentum integral over the optimization domain and geometric param-
eter rp/rth as function of parameter σ with Reynolds equal to 1.

Source: Author.

Where U is the velocity magnitude field inside the hatched region (or Ω region). Moreover,

it was plotted the flow ratio M and the pressure coefficient (or Cp, given by the equation 6.3)

as a function of σ for all Reynolds number and objective function (Figure 31 to the RSI and

Figure 32 to the ASI) to complete the analysis with a quantitative comparison.

Cp =
2
(
pmin − p̄ΓS

)
ρŪ2

(6.3)

Where pmin is the minimum static pressure inside the optimized domain, Ū is the mean

velocity calculated from the Reynolds number and the p̄ΓS is the average static pressure at the

secondary inlet region.

From Figures 31 and 32, it is possible to conclude that the differences noted in the geom-

etry comparison were most present in the pressure-related measures at low Reynolds numbers,

whereas to the flow rate, the graphics did not show differences. To further verify the differences
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between the measures and better visualize the data due to the overlapping values, tables 3 to 6

were built to show the relative difference (given by equation 6.4) between the quantities used

in Figures 31 and 32 considering the data collected from the results obtained by the objective

function J3 as the reference. The first two tables were related to the RSI and the last two to the

ASI. At the last row of each table, the average value (AV) is depicted.

Diff(Cp,M)% =

∣∣∣(Cp,M)J1,J2 − (Cp,M)J3

∣∣∣
(Cp,M)J3

· 100 (6.4)

Figure 31 - Flow rate M and average static pressure at secondary inlet as functions of the pa-

rameter σ for axial symmetric domain with radial secondary inlet. The values of M and Cp for

Re 10 and 30 are overlapping.

Source: Author.
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Table 3 - Relative difference between the values of Cp evaluated from the optimized domains

obtained by each objective function to the radial secondary inlet. The values of domain calcu-

lated with J3 was set up as reference All the used data is in percentage.

σ
Reynolds = 1 Reynolds = 10 Reynolds = 30

J1 − J3 J2 - J3 J1 − J3 J2 - J3 J1 − J3 J2 - J3

5 1.76 7.22 0.34 0.19 0.02 0.03

10 1.51 4.81 0.15 0.13 0.02 0.05

30 2.40 2.18 0.02 0.00 0.06 1.48

AV 1.89 4.74 0.17 0.11 0.03 0.52

Source: Author.

Table 4 - Relative difference between the values of M evaluated from the optimized domains ob-

tained by each objective function to the radial secondary inlet. The values of domain calculated

with J3 was set up as reference All the used data is in percentage.

σ
Reynolds = 1 Reynolds = 10 Reynolds = 30

J1 − J3 J2 - J3 J1 − J3 J2 - J3 J1 − J3 J2 - J3

5 6.69 0.02 0.00 0.00 0.00 0.00

10 1.35 0.52 0.00 0.00 0.00 0.00

30 0.05 0.01 0.00 0.00 0.00 0.00

AV 2.70 0.18 0.00 0.00 0.00 0.00

Source: Author.
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Figure 32 - Flow rate M and average static pressure at secondary inlet as a function of the

parameter σ for axial symmetric domain with axial secondary inlet. The values are overlapping.

Source: Author.

Table 5 - Relative difference between the values of Cp evaluated from the optimized domains

obtained by each objective function to the axial secondary inlet. The values of domain calcu-

lated with J3 was set up as reference All the used data is in percentage.

σ
Reynolds = 1 Reynolds = 10 Reynolds = 30

J1 − J3 J2 - J3 J1 − J3 J2 - J3 J1 − J3 J2 - J3

5 1.86 1.83 1.53 1.37 0.01 0.01

10 0.61 1.01 0.11 0.12 0.97 0.00

30 2.17 0.04 0.03 0.00 0.00 0.00

AV 1.55 0.96 0.56 0.50 0.33 0.00

Source: Author.
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Table 6 - Table of relative difference between the values of M evaluated from the optimized

domains obtained by each objective function to the axial secondary inlet. The values of the

domain calculated with J3 was set up as a reference. All the used data was in percentage.

σ
Reynolds = 1 Reynolds = 10 Reynolds = 30

J1 − J3 J2 - J3 J1 − J3 J2 - J3 J1 − J3 J2 - J3

5 0.13 0.09 0.01 0.02 0.00 0.00

10 0.05 0.00 0.00 0.00 0.01 0.00

30 0.01 0.00 0.00 0.00 0.00 0.00

AV 0.06 0.03 0.00 0.00 0.00 0.00

Source: Author.

The data related to the fluxes objective functions (J2 and J3) pointed almost no differences

between the values of M in all cases. This behavior was theoretical expected once the flow was

incompressible and must satisfy the continuity equation (equations 3.6), nonetheless the verifi-

cation was needed because the literature (ANDREASEN, 2017) pointed cases where objective

functions J2 and J3 produced different results. For the measures concerned the difference be-

tween the objective function related to the pressure (J1) and flux objective function (J3) also

to M measure, the relative difference shown slightly higher values in the same cases where the

geometrical differences were observed.

Major relative differences were observed for the measures of Cp, where its AV value tends

to decrease (with exception of J2 - J3 for RSI geometry) as the Reynolds number increase. The

higher sensibility of the measures with regard to the pressure field was expected because the

drawback of spurious pressure inside the solid model, this way, small differences in the final

solid distribution can effect more the pressure field and consequently the pmin what translates in

higher relative differences.

In the face of such dependence with the velocity, it was concluded that the objective func-

tions produce slightly different results depending on the magnitude of inertia forces. However,

considering the average value (AV) of the the relative difference of the tables 3 to 6, there is
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no significant loss in considering the results of all objective function the same. Thus, to reduce

the number of simulations, hereafter, all the analysis is made upon the data collected from the

simulation that used the objective function J2, once this objective function has a directly relation

with the flow ratio M.

6.3 Verification

Since the density methodology uses a model for the solid region, it is essential to verify

if the approach could correctly impose the solid condition to the flow. To this end, it was

carried out simulations with the filtered domains depicted in Figures 44 to 61 with the same

boundary conditions that were imposed on the optimization process, thus more 18 simulations

were conducted. The objective function J2 was plotted for all simulated Reynolds numbers as a

function of the parameter σ for the domain with radial secondary inlet and axial secondary inlet

(Figure 33) to stress the difference between the topology optimization density approach and the

verified geometry.

Figure 33 - Comparison between the J2 value of the filtered and the optimized domain that used
the density approach to the radial and axial secondary inlet.

Source: Author.
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As depicted in Figure 33, the results obtained by the density approach were close to those

obtained by the verification step for the Reynolds number equal to 10 and 30. For the case

with the Reynolds number equal to 1, the graphic scale suppresses the deviations. To better

visualize the data, table 7 presents the relative error between the verification and optimization

simulations, where the former was considered the “exact” measure.

Table 7 - Table of relative error between the quantities measured in the verification and density

optimization simulations of J2 objective function for radial secondary inlet and axial secondary

inlet geometries. All the used data is in percentage.

σ
Reynolds = 1 Reynolds = 10 Reynolds = 30

RSI ASI RSI ASI RSI ASI

5 16.11 7.56 14.49 11.44 10.80 6.59

10 13.83 9.62 11.65 11.20 6.94 6.46

30 15.75 14.1 8.92 13.12 5.85 6.77

AV 15.23 10.43 11.69 11.92 7.86 6.61

Source: Author.

The data of table 7 pointed that the average error values tended to decrease with the

Reynolds number increment and, in almost all cases, the error in each case was smaller for

the ASI than to the RSI geometry. Furthermore, both geometries the error had its average

value (AV) ranging from 15.23% to 6.61%. Because the density methodology approach aims

to model the solid region (not properly insert it in the domain) and the AV at high Reynolds

number, target of the jet pump technology, were near the values present in the literature (about

7%) (HAERTEL et al., 2018), the errors were considered acceptable. It is important to point out

that the increase of the parameter α can represent a reduction in the errors. However, when used

with higher values, the simulations presented problems of convergence. This error between a

real solid interface and the solid model is inherent to the density approach selected to the study.

As the scope of this work is devices that have its secondary inlet in axial direction and

no difficult were noted from geometry used by (ANDREASEN, 2017) to RSI geometry, the

subsequent analysis will only focus on the ASI geometry.
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6.4 Flow analysis

As shown in the previous section, the characteristic of the flow ratio was benefited by the

topology optimization and increase of parameter σ (Figures 32 and 33). Nonetheless, there are

other properties in the jet pumps that must be satisfied, so the final device works properly. In

this case, the pressure efficiency (the second term in equation 1.7) needs to be, at least, kept

constant during the constraint relaxation to ensure that the efficiency grows. If not, there is the

possibility that the efficiency decreases despite the increase of M. It was plotted in Figure 34 the

ejector’s efficiency (η) and the pressure efficiency (N) for each Reynolds number as a function

of σ to verify this behaviour.

Figure 34 - The efficiency (η) and pressure efficiency (N) as a function of parameter σ for each
Reynolds number simulated.

Source: Author.

As shown in this figure, the increment in the Reynolds number increased the efficiency
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(η) values. Nonetheless, as discussed in the last paragraph, despite the gain in the flow ratio

observed in Figure 32, the pressure efficiency decreased as the constraint was relaxed (parameter

σ increases). Especially in Reynolds number equal to 10, the gains of M outweigh the loss in N.

The reason for that was attributed to the slight relative difference between the values of pressure

efficiency with σ increment when compared to the other simulations with different Reynolds

number (as pointed by table 8). Such combinations made it possible to achieve better values of

efficiency the higher σ. Recording that,

η =

M︷     ︸︸     ︷
ṁsecondary

ṁprimary
·

N︷                  ︸︸                  ︷
(Poutlet − Psecondary)
(Pprimary − Poutlet)

(6.5)

To the other Reynolds, the flow ratio does not outweigh the loss in the pressure efficiency.

Thus, the efficiency (η) curve decreased as the constraints were relaxed. Such behaviour stresses

a trade-off between the gains in the flow ratio and pressure efficiency that, when the last was

small enough, the efficiency can be improved. To further study the fluid dynamics that pro-

duced these phenomena, it was plotted the pressure contours, velocity field and streamlines

seeded from the secondary and primary inlet (Figures 62 to 70). For clarity sake, the plots were

positioned in appendix B.

Inspecting these plots, it was observed that, for all Reynolds number and σ parameter, the

structures of a nozzle and suction chamber were present. The former was responsible for ac-

celerating the flow forming a jet that reduced the pressure inside the ejector domain (Venturi

effect), whereas the last directed the flow to the low-pressure zone. In order to facilitate the sub-

sequent discussions, it was plotted for each Reynolds the structure obtained from the parameter

σ equal to 5 (the value which all solid distribution resembles a jet pump despite the Reynolds

number) with the dimensions that resemble a typical jet pump (Figure 35 to Reynolds equal to

1, Figure 36 to Reynolds equal to 10 and Figure 37 to Reynolds equal to 30). For the geometry

of Reynolds number equal to 30, two red lines were drawn to subsequent analysis.

For the Reynolds number equal to 1, as the losses were further allowed, the suction chamber

shifted in the direction of the outlet. The NXP dimension gradually enlarge, whereas the radius

of the outlet suction chamber (rTh) and the tip of the nozzle radius (rNOut) gradually reduced.

Meantime, after the secondary inlet structure, the flow had its direction abruptly changed. How-

ever, as a function of the low Reynolds number, no detachment was observed. Inspecting the

behaviour of the corresponding efficiency curve in Figure 34, such configuration did not benefit
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the efficiency.

Figure 35 - Optimized geometry obtained for Reynolds equal to 1 and σ equal to 5 plotted with

its main dimensions.

Source: Author.

Figure 36 - Optimized geometry obtained for Reynolds equal to 10 and σ equal to 5 plotted

with its main dimensions.

Source: Author.
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Figure 37 - Optimized geometry obtained for Reynolds equal to 30 and σ equal to 5 plotted

with its main dimensions and, in red, reference lines.

Source: Author.

For the Reynolds number equal to 10, it was identified the same movement to the nozzle

radius, and, with respect to its length, it was noted a reduction. The suction chamber radius was

increased as well as the spacing between the outlet of the nozzle and upper part of the suction

chamber (NXP dimension), which moved toward the outlet as the σ increased. With Reynolds

equal to 10, the magnitude of the pressure efficiency lost between two consecutive values of

σ (table 8) was smaller among the simulations. Such behaviour was attributed to the structure

formed after the suction chamber tip that, having a diffuser shape, promoted static pressure

recovery. Hence, despite the trade-off between the flow ratio and pressure efficiency, the loss in

the last due to the σ increment was reduced, allowing the efficiency enhancement for higher M.

Table 8 - Table of relative difference between two consecutive total pressure efficiency N values.

All used data are in percentage.

Reynolds
σ

5 - 10 10 - 30

1 -34.90 -50.28

10 -26.54 -47.20

30 -35.72 -58.66

Source: Author.



Results 68

For Reynolds number equal to 30, the same behaviour described above was observed for

the nozzle radius, NXP, throat radius and nozzle length dimensions. However, exceptionally

when the parameter σ was incremented from 10 to 30, the nozzle length slightly increased and

the throat radius retracted. In all geometries, the reduction of rNOut was identified as the primary

mechanism that linked the increment of σ with large values of M once this structure intensifies

the jet flow favouring the Venturi effect. Nonetheless, for the geometries with Reynolds equal to

30, another structure near the outlet region appeared from σ equal to 10. This structure reduced

the dimension fluid outlet area, further accelerating the flow, which reduced the static pressure

(evidenced by Figure 38) inside the domain and enhanced the drag of fluid at the secondary inlet.

Although this mechanism had benefited the M, the pressure efficiency (N) was severely affected

by the σ growth, which proportioned the reduction of the efficiency (as depicted in Figure

34). Comments were made concerned the recirculation zones near the boundary condition in

appendix E. Table 9 summarizes the trends in the geometries discussed above.

Figure 38 - Plot of the normalized static pressure (pi∗) measured along the non dimensional
probe line 1 and 2 (zi∗) for Reynolds number equal to 30 and σ equal to 5, 10 and 30. The
reference static pressure to p1∗ normalization was 26.45 Pa and to p2∗ was 11.63 Pa.

Source: Author.

It is evident that the solution present so far can not fully capture the physics of the ejectors,

generating optimized geometries that sometimes benefit the efficiency (the case of Reynolds

number equal to 10) and sometimes not (the cases of Reynolds number equal to 1 and 30).

This happens because the objective function J2 just benefited the flow ratio characteristic by the
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Table 9 - Geometrical trend during the parameter exploration.

Reynolds = 1 Reynolds = 10 Reynolds = 30

σ 5 10 30 5 10 30 5 10 30

b 0.19 0.11 0.06 0.14 0.09 0.05 0.12 0.09 0.06

S 0.19 0.33 0.68 1.51 2.34 4.54 2.82 3.69 6.21

c 4.53 4.61 5.24 3.12 3.12 2.89 1.76 1.74 1.80

LTh/dNOut 2.31 3.28 5.61 1.16 1.51 2.16 0.43 0.58 0.84

Source: Author.

augmentation of the flow at the secondary inlet and the constraint just deals with the loss inside

the domain. The N term was not considered in the analysis, and, therefore, the η obtained in

each sigma/Reynolds was not optimized.

η =

J2︷    ︸︸    ︷
ṁsecondary

ṁprimary︸  ︷︷  ︸
Imposed

·

N︷                  ︸︸                  ︷
(Poutlet − Psecondary)
(Pprimary − Poutlet)

(6.6)

There were two paths to correct it. One would be the introduction of another constraint in

the flow ratio and the objective function aiming to minimize the difference between the static

pressure at the primary inlet and outlet or, in a relative point of view, a constraint in the static

pressure drop between the primary inlet and outlet with the objective to maximize the flow ratio.

On the other hand, it could be introduced a second objective function and transform the original

problem into a multi-objective one.

Because of the nature of the relation between the M and N, which was shown inversely

proportional, was drawn a comparison with the jet pump problem and the heat sink problem,

where it is aimed the maximum heat transfer with the minimum pressure drop. In the literature,

this optimization problem is often treated using the multi-objective approach (KOGA et al.,

2013; DEDE, 2009; TAWK; GHANNAM; NEMER, 2019). For this reason, the same approach

was selected for the present study.
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6.5 Multi-objective approach

After several tests (even with the total pressure efficiency N), the additional objective func-

tion that was shown to complete the physics of jet pumps is given by the equation

J4 =

(
1

LΓP

∮
ΓP

p dΓP −
1

LΓO

∮
ΓO

p dΓO

)2

(6.7)

Where the first term of equation 6.7 is the average static pressure at the primary inlet, the

second term of equation 6.7 is the average static pressure at the outlet, LΓP is the length of the

primary inlet boundary condition and LΓO is the length of the outlet boundary condition. The

difference was squared, so the minimum possible value of the objective function was equal to

zero and not a negative value. It was selected the sum of objectives that gives rise to other two

problems to treat the multi-objective problem: sum of two distinct quantities (pressure and flow

rate) and two scales that were not close. To tackle it, the methodology used by Tawk, Ghannam

& Nemer (2019) results in

JSum = w ·
J4 − J4

J4 − J4

+ (1 − w) ·
J2 − J2

J2 − J2

(6.8)

Where w weights in how much of each characteristic represented by the objective functions

(J2 and J4) was taken into account during the JS um evaluation, the overbar symbol represent the

values of the objective function evaluated with w equal to one and the underline represent the

value of the objective functions evaluated with w equal to zero. The other optimization vari-

ables like boundary conditions, constraints, mesh and optimization solver configuration were

the same that used in the single objective function simulation. The methodology was applied in

the case of Reynolds number equal to 30 and σ equal to 30.

6.5.1 Multi-objective results

The second round of results are presented in two forms. One depicting the jet pump metrics

M, N and η as function of the w multi-objective parameter (Figure 39) and another plotting the

static pressure contours, solid distribution, stream lines (seeded from the primary and secondary

inlet) and velocity colour map for each w (Figures 71 to 86 in appendix C).

Figure 39 shows the relationship between the flow rate and total pressure efficiency de-

scribed in the previous section. As the weight (w) was increased, the static pressure difference
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between the secondary inlet and outlet was further taken into account, the M dropped. In the

Figures of appendix C (Figures 71 to 80), this relation was observed in the progressive reduction

of the structure attached to the centerline until its disappearance, the nozzle diameter increment

and the movement of secondary inlet structure towards the primary inlet. This trend augmented

the jet pump efficiency up to the w equal to 0.8, establishing a plateau. For w equal to 0.9

up to 0.975, the nozzle disappears, and the efficiency (η) decreased to a new plateau where no

significant change in the flow field was observed (Figures 81 to 83)

Between w equal to 0.99 and 0.995, the jet pump assumed another configuration, the flow

ratio exercised even less influence and had its value diminished, the nozzle structure was sub-

stituted by a semi diffuser (that still allows the entrainment of fluid from the secondary inlet)

and the secondary inlet structure was reduced. With higher values of w, the semi diffuser grew

up to completely close the secondary inlet.
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Figure 39 - Plot of the metrics M, N and η as function of the weight w.

Source: Author.
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For w equal to 1, the drastic reduction in the metrics evidenced that the optimized structure

lost its operation principle, once for this case the multi-objective function considers only the

static pressure difference (w = 1) and the flow through the secondary inlet had no weight

(w = 0). Because of the blocked secondary inlet, the flow ratio went to zero converting the jet

pump into a diffuser. As a consequence, the efficiency went to zero, and the N decreased (once

Psecondary lost its term related to the velocity and Poutlet had its velocity term decreased).

The best efficiency was achieved with the weight between 0.8 and 0.9. At these values, a

gain of 102% compared to the final geometry obtained by the single objective function. Be-

cause of the available time, it was not possible to apply the multi-objective function with other

Reynolds numbers and sigmas. Recording that:

g(p) ≡

∮
ΓP

pdΓ

σ
∮

ΓP
pre f dΓ

− 1 (6.9)

6.6 Alternative approach - single objective function

As already discussed, there was the possibility to use a single objective function to enhance

the total pressure efficiency with the introduction of another restriction to ensure a flow rate

at the secondary inlet. To test this option, another simulation with the J4 objective function

and the flow rate at the secondary inlet restricted by gsec (given by equation 6.12) was set up.

Additionally, as the constraint of inlet pressure (g(p)) is not usual in the topology optimization

literature, the division of the design variable integral over optimization region (Ω region) divided

by the volume of the same region (or solid volume constraint gnew given by equation 6.11) was

used in place of the pressure constraint. So, the new optimization problem can be defined as:

Minimize : J4(N(ξ̆), ξ̆)

Subjected to: 1) ψin f ≤ gnew ≤ ψsup

2) gsec ≥ Qre f

3) 0 ≤ ξ̆ ≤ 1

(6.10)

Where ψsup is the upper limit of the volume constraint, ψin f is the bottom limit of the volume

constraint, Qre f is a predetermined flow rate at the secondary inlet and ξ̆ is the design variable.
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Defining,

gnew ≡

∫
Ω
ξ̆dΩ

VolΩ
(6.11)

And,

gsec ≡ −

∫
ΓS

undΓ ≥ Qre f (6.12)

With VolΩ being the total volume of optimization. Constraint number 1 is inherent to the

topology optimization. Without it, the process is too loose, and convergence will not happen.

Constraint number 2 was necessary to ensure that the simulation does not converge to a solution

where the secondary inlet is closed. Constraint number 3 is natural from the density method.

The case chosen to run the multi-objective simulations was the one with Reynolds number

and parameterσ equal to 30 due to the presence of a structure that acts unfavourably under static

pressure recovery in the first round of simulations. Thus, it is expected to clearly observe the

influence of the new objective function under the optimized solid-void distribution. The other

parameters of the optimization were Qre f equal to 0.7 m2/s, ψin f equal to 0.85 and ψsup equal

to 0.95 selected based on the results of the multi-objective function approach with pressure

constraint.

6.6.1 Results of the alternative approach (single objective function)

Inspecting the external contours extracted from the optimized domains (Figure 40), it is

possible to qualitatively infer that the same geometry was obtained by the single objective func-

tion (SOF) with volume constraint and multi-objective function (MOF) with pressure constraint.

The case of the multi-objective function that matches with the single objective function was for

the w equal to 0.7 once the flow rate at the secondary inlet was 0.73 for the MOF and 0.70 m2/s

for the SOF. With respect to the averaged volume factor (that in SOF is set up as the constraint

gnew), the MOF had the value of 0.94 and SOF 0.89. The similarity between the two approaches

lies in the fact that the set up of the single objective function was based in the result of multi

objective function (i.e. values of ψsup, ψin f and Qre f ).
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Figure 40 - Geometric comparison between the two approaches.

Source: Author.

Additionally, the velocity (Figure 42) and pressure field (Figure 43) as well as the stream

lines was plotted (Figure 41). The similarity in these figures reinforce the statement made above.

Figure 41 - Comparison between the stream lines (black seeded from the primary inlet, red from

the secondary inlet and blue at the recirculation zone) obtained by the two approaches.

Source: Author.
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Figure 42 - Comparison between the velocity field obtained by the two approaches. At the upper

part, the volume constraint and, at the bottom, the pressure constraint.

Source: Author.
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Figure 43 - Comparison between the pressure field obtained by the two approaches. At the

upper part, the volume constraint and, at the bottom, the pressure constraint.

Source: Author.

With respect to the efficiency, the volume constraint had a value equal to 0.82% and the

pressure constraint equal to 0.81%. In the face of this evidence, it was possible to conclude that

both techniques could optimize and complete capture the ejector physics.
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7 CONCLUSION

The topology optimization method was applied to the field of jet pumps with the following

simplifications of the flow field: incompressible, laminar, adiabatic, without body forces and

in steady-state to make possible the application of the density approach in the available time.

Indeed, the assumptions end up limiting the application range of ejectors. However, it still

represents the main physics behind jet pumps. Thus, the results and discussions in the present

study fill gaps in the field of the topology optimization applied in ejectors and the methodology

can be used in future works that treat more complex flow.

In the section 5, the simulations indicated that if the number of iterations in each step

increased, the objective function was benefited and the final solid distribution converged. This

way, the number of iterations proposed to this study had its valued increased (600 in each step)

with relation to the base article of Andreasen (2017). The change improved in 9.4% the the

objective function compared with the case that uses the same number of iterations of the base

paper.

It was verified that the first group of objective functions proposed by Andreasen (2017)

(J1, J2 and J3) was able to enhance the flow rate characteristic of the ejectors and produce

the same geometry. However, slight differences were noted for Reynolds number equal to 1

and parameter σ equal to 5. These differences tend to disappear with higher parameter σ and

Reynolds number.

Although the simulations with Reynolds number equal to 10 present desired characteristics

of a jet pump (i.e a nozzle and suction chamber), the simulations with Reynolds number equal

to 1 and 30 pointed that the first set of objective functions could not capture the physics of static

pressure recovery. Furthermore, the flow ratio (M) and total pressure efficiency (N) showed to

be inversely proportional. As the M increased, the N decreased. Such characteristic complies

with the working principle stressed in section 1 where the specific energy provided by the

external source is dissipated higher the flow ratio M.

The multi-objective function approach was investigated between the two possibilities to

treat this problem (due to its similarity with heat-sink problems). The tests showed that the

squared difference between the static pressure at the primary inlet and the outlet (J4) and the
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measure of flow at secondary inlet (J2) were the most suitable functions to conduct topology

optimization in jet pump field. The results show that the efficiency can be improved up to

102% by the method. Alternatively, the option of using a single objective function (squared

difference between the static pressure at the primary inlet and the outlet) and another restriction

(minimum flow rate at the secondary inlet) as well as the substitution of the pressure constraint

by the volume constraint, was briefly tested and no significant differences were noted between

both approaches. This result indicate that both constraints (volume and pressure) are equivalent

to the case of jet pumps.

Future works can further investigate the optimal number of iterations of the methodology

and increase the flow complexity by means of turbulence models. Still, more complex topology

optimization techniques like level-set and topology optimization of binary structures (TOBS-

GT) can provide more insights into the field of topology optimization in jet pumps and overcome

the difficult of the density approach to model the solid and the interaction of the fluid with it.

The discussion in the appendix E evidenced that the extension of the domain can affects the

final solid and void distribution. Future works should investigate more about this subject.

Despite of the results presented in this dissertation shown unusual geometries of jet pumps,

more optimization must be conducted to introduce other features like structural analysis, man-

ufacturability and resonance frequency.

The axisymmetric flow was adopted to save computational time. However, as discussed

in the literature review, there is the possibility of the optimized jet pump structure be non-

axisymmetric. This way, further investigation needs to clarify if the axisymmetric flow was

imposed on the simulations or was the best solution for jet pumps. Also, the geometric and

flow parameters can assume a number of configurations, which can substantially affect the

behaviour of the optimized geometry. This way, further investigations can be made to point the

best relation between these parameters.

Future works can improve the complexity of the topology optimization in jet pump field

carrying out optimizations in turbulent and compressible fields. Such advance will march closer

to the final objective of the RCGI project, i.e. biphasic, turbulent and compressible.
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APPENDIX A -- GEOMETRY COMPARISON

For sake of clearance, the comparison between the geometries resulting from optimization

were presented in this appendix. The figures compares the results that uses the same Reynolds

number and σ tuning parameter differing only from the objective function used. The color red

was assigned to the objective function J1, to the J2 blue and the objective function J3 kept with

the black color.

A.1 Second geometry

Figure 44 - Contours of the resulting geometry using the second geometry, Reynolds equal to 1

and σ equal to 5. The blue and black lines matches.

Source: Author.
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Figure 45 - Contours of the resulting geometry using the second geometry, Reynolds equal to 1

and σ equal to 10. The blue and black lines matches.

Source: Author.

Figure 46 - Contours of the resulting geometry using the second geometry, Reynolds equal to 1

and σ equal to 30. The blue and black lines matches.

Source: Author.

Figure 47 - Contours of the resulting geometry using the second geometry, Reynolds equal to

10 and σ equal to 5. The blue, black and red lines matches.

Source: Author.
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Figure 48 - Contours of the resulting geometry using the second geometry, Reynolds equal to

10 and σ equal to 10. The blue, black and red lines matches.

Source: Author.

Figure 49 - Contours of the resulting geometry using the second geometry, Reynolds equal to

10 and σ equal to 30. The blue, black and red lines matches.

Source: Author.

Figure 50 - Contours of the resulting geometry using the second geometry, Reynolds equal to

30 and σ equal to 5. The blue, black and red lines matches.

Source: Author.
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Figure 51 - Contours of the resulting geometry using the second geometry, Reynolds equal to

30 and σ equal to 10. The blue, black and red lines matches.

Source: Author.

Figure 52 - Contours of the resulting geometry using the second geometry, Reynolds equal to

30 and σ equal to 30. The blue, black and red lines matches.

Source: Author.

A.2 Third geometry

Figure 53 - Contours of the resulting geometry using the third geometry, Reynolds equal to 1

and σ equal to 5. The blue and black lines matches. The red line slight diverges at the base of

external wall.

Source: Author.
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Figure 54 - Contours of the resulting geometry using the third geometry, Reynolds equal to 1

and σ equal to 10. The blue and black lines matches. The red line slight diverges at the base of

external wall.

Source: Author.

Figure 55 - Contours of the resulting geometry using the third geometry, Reynolds equal to 1

and σ equal to 5. The blue and black lines matches. The red line slight diverges at the base of

external wall.

Source: Author.

Figure 56 - Contours of the resulting geometry using the third geometry, Reynolds equal to 10

and σ equal to 5. The blue, black and red lines matches.

Source: Author.
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Figure 57 - Contours of the resulting geometry using the third geometry, Reynolds equal to 10

and σ equal to 10. The blue, black and red lines matches.

Source: Author.

Figure 58 - Contours of the resulting geometry using the third geometry, Reynolds equal to 10

and σ equal to 30. The blue, black and red lines matches.

Source: Author.

Figure 59 - Contours of the resulting geometry using the third geometry, Reynolds equal to 30

and σ equal to 5. The blue, black and red lines matches.

Source: Author.
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Figure 60 - Contours of the resulting geometry using the third geometry, Reynolds equal to 30

and σ equal to 10. The blue, black and red lines matches.

Source: Author.

Figure 61 - Contours of the resulting geometry using the third geometry, Reynolds equal to 30

and σ equal to 30. The blue, black and red lines matches.

Source: Author.
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APPENDIX B -- FLOW FIELD

For sake of clearance, the plot of the optimized domains using J1, J2 and J3 were presented

in this appendix.

Figure 62 - (a) Streamlines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 1 and σ
equal to 5.

Source: Author.
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Figure 63 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 1 and σ
equal to 10.

Source: Author.
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Figure 64 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 1 and σ
equal to 30.

Source: Author.
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Figure 65 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 10 and σ
equal to 5.

Source: Author.
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Figure 66 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 10 and σ
equal to 10.

Source: Author.
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Figure 67 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 10 and σ
equal to 30.

Source: Author.
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Figure 68 - (a) Stream lines seed from the inlet (black), secondary inlet (red) and recirculation
zones (blue) with the solid distribution (black structures), (b) velocity colour map and (c) static
pressure contours with the solid distribution (black structures). Results obtained with Reynolds
number equal to 30 and σ equal to 5.

Source: Author.



101

Figure 69 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) and recircu-
lation zones (blue) with the solid distribution (black structures), (b) velocity colour map and
(c) static pressure contours with the solid distribution (black structures). Results obtained with
Reynolds number equal to 30 and σ equal to 10.

Source: Author.



102

Figure 70 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) and recircu-
lation zones (blue) with the solid distribution (black structures), (b) velocity colour map and
(c) static pressure contours with the solid distribution (black structures). Results obtained with
Reynolds number equal to 30 and σ equal to 30.

Source: Author.
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APPENDIX C -- FLOW FIELD

For sake of clearance, the plot of the optimized domains using the multi-objective approach

were presented in this appendix.

Figure 71 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.0.

Source: Author.
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Figure 72 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.1.

Source: Author.
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Figure 73 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.2.

Source: Author.
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Figure 74 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.3.

Source: Author.
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Figure 75 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.4.

Source: Author.
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Figure 76 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.5.

Source: Author.
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Figure 77 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.6.

Source: Author.
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Figure 78 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.7.

Source: Author.
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Figure 79 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.8.

Source: Author.
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Figure 80 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.9.

Source: Author.
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Figure 81 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.925.

Source: Author.
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Figure 82 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.95.

Source: Author.
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Figure 83 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.975.

Source: Author.
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Figure 84 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.99.

Source: Author.
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Figure 85 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 0.995.

Source: Author.
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Figure 86 - (a) Stream lines seed from the inlet (black) and secondary inlet (red) with the solid
distribution (black structures), (b) velocity colour map and (c) static pressure contours with the
solid distribution (black structures). Results obtained with Reynolds number equal to 30, σ
equal to 30 and w equal to 1.0.

Source: Author.
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APPENDIX D -- MESH CONVERGENCE

The geometries 1, 2 and 3 were simulated varying the ratio in equation D.1

hmsh =
H

ratio
(D.1)

Where hmsh is he maximum element size and ratio is a real number. To evaluate the flow

modification due to the mesh refinement, the integral of the velocity magnitude Um over the

entire domain Ωa was evaluated for each proposed ratio. This quantity received the symbol Mu

Mu =

∫
Ωa

Um dΩa (D.2)

The result of the sweep over ratio values is presented in Figure 87.

Figure 87 - Plot of quantity Mu in function of ratio values for geometry 1 (black), geometry 2
(green) and geometry 3 (blue). The dashed indicates the ratio of 10 used in the course mesh.

Source: Author.

As it is possible to observe, converge happens, for all geometries, with ratio about 30.

However, due to topology optimization, the mesh inside the hatched region must be increased
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to a ratio equal to 100, drastically increasing the computational cost. To reduce the simulation

time, the mesh in the no hatched area was coursed below the ratio equal to 30. This approach

certainly reduces the accuracy of the flow in these areas and the value of objective function

measured at outlet and secondary inlet. Nonetheless, the result of topology optimization was

not effected. As depicted in Figure 88 to 90 the plot of external contours to the fine and coursed

mesh are the same.

Figure 88 - Plot of external contours of solid distribution taken from results obtained with the
fine mesh and course mesh for geometry 1. The Reynolds number was set up equal to 20 and σ
equal to 10.

Figure 89 - Plot of external contours of solid distribution taken from results obtained with the
fine mesh and course mesh for geometry 2. The Reynolds number was set up equal to 30 and σ
equal to 30.

The importance of such approach with respect to the mesh can be visualized in table 10 that

compares the time for simulating with the fine and course meshes.
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Figure 90 - Plot of external contours of solid distribution taken from results obtained with the
fine mesh and course mesh for geometry 3. The Reynolds number was set up equal to 30 and σ
equal to 30.

Table 10 - Table of relative difference between two consecutive N values. All used data are in

percentage.

Geometry Fine Mesh Course mesh

1 27h 11min 13h 37min

2 36h 4min 20h 36min

3 66h 58min 59h 27min

Source: Author.
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APPENDIX E -- RECIRCULATION
STRUCTURES AT OUTLET

The simulations results for Reynolds number equal to 30 and parameter σ equal 30 for

RSI and Reynolds number equal to 30 and parameter σ equal to 10 and 30 for ASI, shown

recirculation structures at the outlet boundary region. Due to the boundary conditions set up

to this region that is given in function of the normal velocity gradient (equations E.1 to E.3),

it was given rise to the question of how much the recirculation behaviour affects the topology

optimization result.

• Secondary inlet: ∮
ΓS

[
−p + 2µ

(
∂uz,r

∂xz,r

)]
wz,r dΓ = 0 (E.1)

• Outlet: ∮
ΓO

[
−p + 2µ

(
∂uz

∂xz

)]
wz dΓ = 0 (E.2)

With the imposition of this kind of boundary conditions, the pressure, at the same boundary,

is implicitly constrained by

at ΓO︷       ︸︸       ︷
p = 2µ

∂uz

∂xz
and

at ΓS︷        ︸︸        ︷
p = 2µ

∂uz,r

∂xz,r
(E.3)

Where, for secondary inlet, z coordinate was used for ASI and r for the RSI. To answer the

question, another simulation was conducted with ASI case, Reynolds number and parameter σ

equal to 30 (where the recirculation is more prominent) was chosen. The simulation had an

outlet extension 4 times larger than the original one, the same strategy of mesh density that

the original case and a proper reference static pressure for the constraint (once the geometry

changes). All other simulations set up were the same that in original geometry simulation.
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Figure 91 shows the filtered contours of the solid regions. In this, it is possible to observe

a significant difference in the structures. There, the upper structure decreases and the bottom

increases around the outlet region of the design domain when compered with the original ge-

ometry 3. Hence, differences in the velocity (Figure 92), static pressure (Figure 93) fields and

streamlines (Figure 94) were observed. Despite of these differences, the solution found by the

optimization algorithm shown similarities with the solution found in the original case, specifi-

cally in the flow acceleration near the outlet region to drop the static pressure inside the design

domain, thus, enhancing the objective function J2. Therefore, because of the similarity involv-

ing the physics of the solution and the increase in simulation time (about 55 hours in original

geometry and 72 hours to extended), the original domain was used.

Figure 91 - Comparison between the solid and void distribution of the original and extended
geometries.

Source: Author.

Figure 92 - Comparison between the velocity field of the original and extended geometries.

Source: Author.
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Figure 93 - Comparison between the pressure field of the original and extended geometries.

Source: Author.

Figure 94 - Comparison between the streamlines of the original and extended geometries.

Source: Author.


