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“Our noblest impulse, the impulse to
know and understand, makes it our
duty to search. And even a false the-
ory, if only it was found through gen-
wine search, s for that reason superior
to the complacent certainty of those who
reject it because they presume to know
— to know, although they themselves
have not searched!”

-Arnold Schoenberg-
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RESUMO

Um problema encontrado na prética ao projetar um filtro adaptativo FIR (do inglés,
finite impulse response) é escolher um comprimento adequado para o filtro. O compri-
mento ideal para o filtro depende da aplicagao, por isso € comum determiné-lo por métodos
simples e praticos, como por tentativa e erro. Com um niimero pequeno de coeficientes, o
filtro tem menor complexidade e pode se beneficiar de uma maior taxa de convergeéncia,
mas seu desempenho em regime é afetado por submodelamento. Por outro lado, com
muitos coeficientes, asseguramos um baixo ou inexistente efeito de submodelamento, ao
custo de limitar a maxima taxa de convergéncia estavel do filtro, aumentar a complexi-
dade computacional e também reduzir a capacidade do filtro em acompanhar variagoes
no tempo. Neste trabalho, analisamos como o comprimento do filtro afeta o desempenho
de algoritmos adaptativos, em particular dos algoritmos LMS e e-NLMS. Para ambi-
entes estaciondrios, analisamos o desempenho tanto em transiente quanto em regime, e
propomos um projeto para o comprimento do filtro que garante alta convergéncia e baixo
submodelamento, assumindo que a resposta impulsiva do meio segue uma envoltoria de
decaimento exponencial. Mostramos como um filtro com o comprimento proposto é par-
ticularmente interessante para ser usado em uma combinacao de filtros, operando como
o filtro rapido. Para ambientes nao-estacionarios, focamos no estudo do desempenho em
regime, e mostramos com simulagoes que um filtro curto pode superar o desempenho de
um filtro mais longo tanto em convergéncia quanto ao rastrear as variacoes temporais do
sistema.

Palavras-Chave — Filtros adaptativos, comprimento do filtro, submodelamento, escolha
do comprimento do filtro, combinacao de filtros



ABSTRACT

A practical problem faced when designing an FIR (Finite Impulse Response) adaptive
filter is to set an appropriate filter length. The best choice for the length is application-
dependent, and is common practice to determine it by some rough approximation, such
as by trial-and-error. By setting a small number of coefficients, the filter has a reduced
complexity and may benefit from an increased convergence rate, but its steady-state per-
formance is degraded by undermodeling. By setting a large number of coefficients, we
ensure the filter suffers negligible or no undermodeling effects, but we limit the maximum
stable convergence rate, increase the computational complexity and also decrease the fil-
ter ability to respond in nonstationary scenarios. In this work, we analyze how the filter
length affects the performance of adaptive algorithms, in particular, for the LMS and the
e-NLMS algorithms. For stationary scenarios, we analyze both transient and steady-state
performance, and propose a method for selecting the filter length that ensures fast con-
vergence rate and low undermodeling effects, assuming that the system impulse response
follows an exponential decay envelope. We show that a filter with the proposed length is
particularly interesting to operate as the fast filter within a combination of filters. For
nonstationary scenarios, we focus our study on the steady-state performance, and show
through simulations that a short filter may outperform a longer one in both convergence
and tracking performance.

Keywords — Adaptive filtering, filter length, undermodeling, filter length selection, com-
bination of filters
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13

1 INTRODUCTION

A practical problem when designing an FIR (Finite Impulse Response) adaptive filter
is how to choose the filter order — the number of tap weights, also called the filter length.
The adaptive filter must have enough taps to be able to model the impulse response of the
target system (or of the inverse system, depending on the application) so that the overall
estimation error is satisfactorily low. As the impulse response is unknown by definition

in adaptive filtering, the filter order is often adjusted by trial-and-error.

Such a loose choice for the filter length, however, may yield an insufficient or excessive
number of taps, affecting negatively the filter performance [1-4]. If we set an insufficient
length for the filter, the estimation will be biased, which is also known as undermodeling
[5,6]. In recursive estimation, as is the case of adaptive filtering, this reflects mainly on
a degradation of the steady-state performance. If we set a large length, even though we
may benefit from less bias since many real systems have very long or infinite impulse
responses, we may encounter implementation problems due to the processing limitations
of the computational device, and the increased variance due to the estimation of a larger

number of parameters.

In spite of the increased estimation error of an undermodeled filter, there are some
advantages that are worth considering: by reducing the number of taps, we reduce the
algorithm complexity and may reduce the mean square error since the increased bias may
be offset by reduced variance. In some cases, we can increase the convergence speed, as

some analyses of undermodeled algorithms show [7-10].

Therefore, the problem of selecting the filter length faces the compromise between
choosing a large length that ensures a low steady-state error level, but that limits the
convergence rate, and choosing a small length to take advantage of lower complexity and
of a possible increase of convergence rate, at the cost of an increased steady-state error.
This dilemma is somewhat similar to the well-known trade-off between convergence rate
and steady-state error found, for example, when tuning the step size of the LMS algorithm,

or when tuning the forgetting factor of the RLS algorithm. When the environment is
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stationary, a large length usually guarantees any desired steady-state performance level
since we can adjust other filter parameters. With the LMS algorithm, for example, while
a large length ensures low estimation bias, we can reduce undefinitely the step size so as
to reduce the estimation variance. In time-variant environments, on the other hand, it
might not be possible to improve the steady-state performance by reducing the step size

because small step sizes might make the filter unable to track the system behavior.

In the literature, the problem of choosing the length of a fixed length adaptive filter
has not drawn much attention as, for example, the question of tuning the step size or
designing time-varying step sizes for LMS-like algorithms. Some works [11] investigate
the choice of the filter length for specific applications. The classical analyses of adaptive
algorithms [1-3, 12] consider filters with the same length as the optimal weight vector
(the actual impulse response), which hinders the treatment of the filter length as a free
variable. On the other hand, there are many works that propose techniques to adaptively
select the filter length, yielding variable-length algorithms [8,13-20] that can outperform
fixed length algorithms in both transient and steady-state performance. Some of these
algorithms are also capable of adapting to changes in the length of the impulse response.
Nevertheless, they are intrinsically more complex algorithms, and most of them encounter
implementation difficulties. For example, [13] and [14] encounter difficulties to set the in-
stants to increment the filter taps; [8] has increased computational complexity to compute

the length at each iteration; and [15] and [16] are too sensitive to parameter choice.

Another techniques in the literature widely used to select the model order are the
information criterion methods, such as the AIC (Akaike Information Criterion) and BIC
(Bayesian Information Criterion) [21,22]. Assuming a probabilistic model for the observed
data, these methods aim to select the model order that maximizes the relative Kullback-
Leibler information. In [23], the AIC was employed to select the filter order of adaptive
filters. However, as based on maximum likelihood estimation, information criterion meth-
ods do not consider the excess mean-square error intrinsic to stochastic algorithms, as the

ones used in adaptive filtering.

1.1 Objectives

In this work, we focus on analyzing the effects of the filter length on the performance of
a fixed length adaptive filter, in particular, for the LMS and the e-NLMS algorithms. We
derive the performance analyses considering the filter length independent from the length

of the impulse response, as done in analyses of undermodeled filters [8-10]. We derive
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these analyses for time-invariant systems (stationary environments) and for time-variant

systems (often refered to as nonstationary environments in the literature).

Based on such analyses, for the stationary case, we propose a filter length design
method for the LMS/e-NLMS algorithm by pondering the transient and steady-state per-
formance. Specifically, the proposed method allows a small degradation of the steady-state
performance due to undermodeling in order to take advantage of the faster convergence
rate and the lower complexity of shorter filters. The proposed method assumes that the
underlying impulse response has an exponential decay envelope. Although this seems very
restrictive, such models for impulse response are found in many practical applications of

adaptive filtering, such as acoustics and communications [8,18,24-27].

A filter designed with the proposed length, which enjoys fast convergence rate, is
an ideal candidate to operate within a combination of filters. Combinations of filters
take independent adaptive filters with distinct properties and combine them so that the
overall output can perform at least as well as the best component filter [28-32]. A common
example is combining one filter with fast convergence rate, though with high steady-state
error, as the proposed filter, with a slow filter that has a low level of steady-state error.
We propose the fast filter in the combination to be designed with the proposed length, so

that the combination benefits from both complexity reduction and fast convergence rate.

1.2 Contributions

This work contributes with the following original developments:

1. Extension of the optimal step size for the fastest convergence rate based on the

initial difference [33], by including undermodeling effects (Subsection 3.2.1);

2. A method to select the filter length for the LMS and e-NLMS algorithms based on

the pondering between the transient and steady-state performance (Section 3.3);
3. Combination of filters with an undermodeled fast filter (Section 3.4);

4. Extension of the cycle length design for the weight feedback scheme [34], by con-
sidering the whole mean-square error, instead of only the minimum error, and by

including undermodeled filters (Subsection 3.4.1);

5. Tracking performance of the undermodeled LMS and e-NLMS algorithms (Section
4.2);
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6. Derivation of the optimal step size (minimizing steady-state mean-square error) for

the nonstationary and undermodeled case, for white input (Section 4.3).

1.3 Publications

This work resulted in the publication of the following paper:

e T. Y. Aoyagi, A. C. Ferreira, C. G. Lopes, and V. H. Nascimento, “Exploring
undermodeling in combinations of adaptive filters”, in 2021 IEEE Statistical Signal
Processing Workshop, 2021, pp. 66-70.

1.4 Structure of this work

In Chapter 2, we introduce the state-of-the-art of adaptive filtering that is relevant to
this text. We introduce the system identification framework and the assumptions about
the environment under which we derive our analyses; we present the linear estimation
problem that underlies the operation of adaptive filters; we present the adaptive algo-
rithms that are relevant to this text, such as the LMS, the e-NLMS and the combinations

of filters; and we present how we evaluate the performance of adaptive algorithms.

In Chapter 3, we treat the development for the stationary case. We begin with
the analysis of both transient and steady-state performance for the LMS and e-NLMS
algorithms, considering the length of the filter independent from the length of the impulse
response (as we will see, the case of undermodeled filters is general enough to comprise any
filter length case); we derive the step size that maximizes convergence rate; we propose a
method to choose the filter length so that the filter benefits from fast convegence rate and
low undermodeling; we show how a combination of filters can benefit from a fast filter
designed with the proposed length; and finally we design of the cycle length of the weight
feedback scheme, including the effects of undermodeling and of the excess mean-square

error.

In Chapter 4, we analyze the tracking performance of undermodeled LMS and e-NLMS
algorithms in nonstationary environment, employing the energy conservation relation; we
then derive the step size that minimizes the steady-state error, considering white input
signal; in simulations, we show that an undermodeled filter can benefit from both faster

convergence rate and lower steady-state error.
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Finally, we conclude this text in Chapter 5 discussing the ideas in this text that can

be further developed in future works.

1.5 Notation

We introduce here the notation we use throughout this work, which is based on [35].

Random variables are denoted by boldface, as @, and deterministic variables are de-
note by plainface, as x. Deterministic variables include observations of random variables,
mostly used when describing update rules of an algorithm or relations based on observed
or measured quantities. The notation of boldface, on the other hand, are employed in the

context of analyzing statistical behavior.

Scalars and vectors are denoted by lowercase letters, while matrices are denoted by
uppercase. Uppercase letters also denote the natural integers for the size of arrays (vectors
and matrices). When iteration-dependent, scalars are indexed in parenthesis as z(i), and
vectors and matrices are indexed in subscript as, respectively, x; and X;. Note that, when
iteration-dependent, we can distinguish scalars and vectors by the way they are indexed.
All vectors are column vectors, except the regressor vector u; (defined around (2.1)),
which is taken as row vector for convenience of notation. The k-th element of a vector x
is denoted by x(k), and the {k, £}-th element of a matrix X is denoted as X (k, /).

In this work, we deal with arrays of different lengths, so it is important to identify
their size in the notation. We identify a vector length by a subscript, for example, x;; is
a vector of length M. For a matrix of size M x N, we write X/ n, and for an M x M

square matrix, we write Xj;.

The variance of a zero-mean random variable @ or of a zero-mean stationary random
process x(i) is denoted by 02 = Ex?. The autocorrelation matrix of a random vector
is denoted as R,y = Ex Ma:}/[. The cross-correlation between x); and y, is denoted as

Ry N = EwMy]TV.
We list in the following the notation of some mathematical operations we use:
e ||z|| = VaTz is the Euclidean norm of a vector z;
e [z] is the ceiling function of x;

e > 1), when indexes are not explicit, sums over all elements of the array (vector or

matrix);
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o Xy~ © Yy is the Hadamard matrix product between X, n and Yj, n, that is,

their element-wise product.
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2 ADAPTIVE FILTERING AND ADAPTIVE
ALGORITHMS

An adaptive filter is a digital filter whose parameters are recursively adapted in order
to perform a desired task. It is more powerful than a simple digital filter of fixed weights to
extract desired information from observed signals since, as an adaptive and time-varying
device, it is capable of tracking the behavior of time-variant environments and hence it
finds application in a large variety of fields, such as communication, radar, biomedical

engineering, control, acoustics, among others [1-4, 35].

The adaptive filter works by extracting the correlation between two signals. One
signal is taken as the filter input, while the other, the desired signal, usually sensed in
real-time from the same environment of the input signal, is taken to supervise the filtering
operation in order to realize the desired task. The error between the desired signal and
the filter output, which measures the filtering performance, is then used in an adaptive

algorithm, the core mechanism in an adaptive filter, to adapt iteratively the filter weights.

Let us illustrate with some examples. In a system identification problem [36,37], we
wish the adaptive filter to replicate the behavior of a target system. By observing the
input and the output of the system, we feed the filter with the same input and we want to

minimize the error between the filter output and the observed output (the desired signal).

Another classical application of adaptive filtering is acoustic echo cancellation [24,25,
38]. An active echo canceller is required whenever a loudspeaker and a microphone are
placed such that the microphone picks up the signal radiated by the loudspeaker and its
reflections at the borders of the enclosure, causing a usually annoying effect that depends
on the application. In a hands-free telephony, for example, this annoying effect would be
the interlocutor to hear a delayed and attenuated version of his own speech. An adaptive
filter can be used to prevent this by reproducing a synthesized version of the echo, and by
subtracting it from the signal received by the microphone, the echo would be cancelled
in a proper operation. In this problem, the loudspeaker signal is input to the adaptive

filter, while the microphone signal, composed by the echo signal superposed to the local
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speaker voice, is taken as the desired signal.

In this chapter, we introduce the fundamental definitions and relations in the field of
adaptive filtering that are relevant to this text. In Section 2.1, we introduce the system
identification framework, which describes the class of adaptive filtering problems we deal
with. In Section 2.2, we introduce some mathematical assumptions for the environment
and signals to make the analysis of adaptive filtering tractable. In Section 2.3, we present
the estimation problem that underlies the operation of an adaptive filter and, then, in
Section 2.4, we define the adaptive algorithms with which we work throughout this text
and show how they are related to this estimation problem. In Section 2.5, we present com-
binations of filters, which are schemes used to improve the adaptive filtering performance
by combining multiple adaptive filters of different characteristics. Finally, in Section 2.6,

we show how we evaluate the performance of an adaptive filter.

2.1 The system identification framework

The first step to implement an adaptive filter is to determine what are the input and
the desired signals in the application. Traditionally, there are four classes of applica-
tions of adaptive filtering that determines its configuration: system identification, inverse

identification, interference cancelling and prediction [1-3].

Throughout this work, we consider the system identification framework, in which
the desired signal is the output of the unknown system, possibly corrupted by some
measurement noise, and the input of the adaptive filter is the same excitation input of
the system. This setup is usually adopted in the literature for algorithm analysis due
to the facility it provides to evaluate the algorithm performance [35,39,40]. It comprises
applications such as channel estimation [41,42], time delay estimation [43-45] and adaptive

model control [1,46].

Let us describe this formally. Consider an unknown system fed by a discrete-time
input signal w(7), where ¢ € Z. In a general system identification setup, the output is

expressed as [2,4]
d(i) =H (up,) +v(7), (2.1)

where #(-) is an unknown function, up; = |u(i) w(i—1) ... w(i— P+ 1)] € RIxP
is the input regressor vector, and wv(i) is an additive measurement noise, uncorrelated
with w(i). The term H (up;) indicates that the output depends only on the lastest P

samples of u(i).
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We wish the output of the adaptive filter to be as close as possible to the system
output, and so we arrange the filter as depicted in Figure 1. Considering the filter with
M adaptive weights, and denoting the filter weight vector as wyr; € RM*! the filter
output is given by

Y(i) = wniwnri-1, (2.2)

where uy; = [u(z) w(i—1) ... u(i—M+1)] € R*M The error between the
desired signal and the filter output is

e(i) = d(i) —y(i) = d(i) — wprswari 1. (2.3)

Most analyses in the literature consider that the length of the filter matches the system
order M = P. In this work, however, we are interested in the general case in which the

filter might undermodel the system (M < P) or overmodel the system (M > P).

w(1 l d(i

(2) H (up) O (4)

______________/ __________________
Wty 3/(2) —<>

Figure 1: System identification framework for adaptive filters.

2.2 Modeling the environment

The model above describes a quite general scenario in which an adaptive filter is able
to operate. However, to continue the analysis in this and in the following chapters, we
must make some simplifying assumptions about the input signal and the system output

signal to make theoretical derivations tractable.
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2.2.1 Input signal

We assume that the input signal w(i) is a zero-mean wide-sense stationary (WSS)
process [2, Ch.2] [3, Ch.2]. This implies that its mean function is constant Fu(i) = 0
and that its autocorrelation function depends only on the difference k£ between two time
instants r,(k) = Eu(i)u(i — k). Another implication is that the autocorrelation matrix,
say of size P, R, p = EuITgﬂ-u pi, is a Toeplitz matrix and time-invariant. All the entries

in the main diagonal of R, p have the value of the input variance o2 = Eu?(i).

In this text, when simulating correlated input signals, we take w(7) as the first-order
autoregressive (AR(1)) process [2, Ch.2] [3, Ch.2]

u(i) = pu(i — 1) + oz (1 = p*)n(i), (2.4)

where |p| < 1 and n(i) is a zero-mean i.i.d. sequence of unit variance. Under this model,
it is very practical to generate the input signal and to quantify its autocorrelation. If
p =0, u(i) is white (u(i) = n(7)). Otherwise, u(i) is correlated, and the autocorrelation

is stronger as |p| is closer to one.

2.2.2 System output

We assume that the system output (2.1) is a linear function of the input as [4,35,40]

d(Z) = ’Ulpjihp’i + ’U(i), (25)

T
where hp; = |h(0) h(1) --- h(P—1)| € RP*!is the impulse response of the sys-

2

e

tem. We also assume that the noise v(7) is a zero-mean i.i.d. process of variance o

We model the system impulse response by the Markov model [35, Ch.7] [47]

hp; =hp+0p; (2.6)

O0p; =cOpi1+4p;

where hp € RP*! is the deterministic counterpart, 8p; € RP*! is the internal state, c is a
real scalar where |c| < 1, and qp; € RP*! is a zero-mean i.i.d. sequence with mean vector

and covariance matrix, respectively,

EqP,i = 0p, EQP,z'QJTD,z' = Qp. (2-7)

Note that each entry Op;(k), for k£ = 0,1,..., P — 1, is a first-order Markov process,
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and each entry of hp;(k) is one of these Markov processes added to a deterministic value
hp(k).

We assume that the Markov process begins at some past instant such that, when the
adaptive filter begins to run, at ¢ = 0, the mean and mean-square behavior of the model
(2.6) have already reached steady-state. As qp; is zero-mean, we are effectively assuming

that E@p; = 0p and Ehp; = hp for any instant 7 > 0.

Along this text, we often use a particular case of the model (2.6) in which the compo-
nent @p; is identically zero (case in which the covariance matrix @p is identically zero),
for any ¢, resulting the deterministic and time-invariant impulse response hp; = hp. We
call this case as the stationary scenario since the system output is a WSS process under
this model [48, Ch.10]. Otherwise, we call the general case of the model (2.6) as the

nonstationary scenario (time-variant impulse response).

Most nonstationary models for adaptive filtering in the literature [2-4, 35] consider
zero-mean impulse response hp = Op (that is, hp; = Op;), which does not allow a fair
evaluation of the transient of an adaptive algorithm since the filter weights are usually
initialized at the origin. Some of the classical models further consider ¢ = 1 [4,35], yielding
a model known as the random-walk model. Although this model provides some algebraic
simplifications for algorithm analysis, it is not necessarily meaningful in practice, since the
covariance matrix of hp; grows unboundedly as ¢ — oco. This unstable behavior makes
the random-walk model unsuitable for analyzing undermodeled algorithms because, as
we will see in Sections 2.3 and 4.1, undermodeling effects depend on the magnitude and
distribution of the weights along the impulse response, and that is why we exclude the

case |c| =1 in this text.

2.3 Linear optimal estimation

The objective in adaptive filtering is to minimize the error e(i) between the filter
output y(i), which is a linear function of the input signal (see (2.2)), and the observed
output d(i). Equivalently, we can also say that we want the linear model y(7) to estimate
d(i) from the input regressor u,;; [35, Ch.2]. Implicitly, we estimate the parameters wyy

of this linear model.

In this section, we address the theoretical issues of this estimation problem, such as

the cost function and the optimal solution. The general derivations below assume that
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the input and the output signals are jointly WSS! [1,2,49], and so the resulting solution
is time-invariant, so we drop the iteration index in the notation for convenience (in fact,
this estimation problem can actually be written as a simple linear estimation problem, as
shown in [35], where the input and the output are regarded as random variables rather

than random processes).

Mathematically speaking, we can pose the problem above as the task of finding the

filter weights wy, that minimizes the mean-square error (MSE) function
J(wy) = Be* = E(d — y)? = E(d — upwy)’. (2.8)

Define the input autocorrelation matrix R, as = Eu}}uM, the cross-correlation vector
Raunr 2 Edul}, and the variance 02 = Ed?. Tt can be shown that the optimal solution
that minimizes (2.8) is [35]

why = Ry vy Rau v, (2.9)

and the cost associated to it, the minimum MSE attainable, is

Jmin = J(U)?\/[> = 0'3 — RgmMRq;}uRdu,M (210)

Now, consider that the system is modeled by the linear relation (2.5), with stationary
impulse response hp; = h,. Assume, at a first moment, that the filter is undermodeled,

i.e., that M < P. Define N = P — M and the following partitions

h
hp = H Cup = |uy ayl, (2.11)
hy
T _ T
where hay = [h(0) ... h(M —1)| vy =[h(M) ... h(P-1)] and
uy = [u(z ~M) ... u(li—P+ 1)} Consequently, the autocorrelation matrix R, p
can be partioned as
R, R,
Rup = M AN (2.12)
RE,M,N Ru,N
Thus, the moments in (2.10) that depend on d become
0'3 = E(uphp+v)T(uphp+v) :Uz—l—h};Ru,phP, (213)

!Two jointly WSS processes are both WSS, and their cross-correlation function depends only on their
time difference.
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and

Rdu,M = E’U/;I\‘/I(’U,php + ’U) = EULUP}LP

= E’u,J\T/[ [uM ﬁN] [ZA]\/[[

= Rynhar + Ruprnhn. (2.14)

Then, the optimal filter weights and the respective minimum cost are given, respectively,
by [50]
U)]OW = hM + R;}\/[RU,M,N}_LN (215)

and
Jmin = 0'3 + B% [R%N - RlFIL"M’NR;}WRu’M’N} BN. (216)

The term RﬁwRu, wm.nhy in (2.15) is the estimation bias, which is nonzero only when
the input signal is correlated (for white input, R,y n = Oap ) and when the filter
is undermodeled. The term R,y — R}y yRy 3/ Runn in (2.16) is the Schur comple-
ment of R, in R, p. It can be shown [51] that, if R,y is positive definite, then its
Schur complement in R, p is positive semi-definite if and only if R, p is positive semi-
definite. Autocorrelation matrices, such as R, 5 and R, p, are positive semi-definite [3],
but for practical signals they are usually positive definite. Therefore, we can say that in
practice the Schur complement of R, »s is positive definite, which implies that the term
B% [Ru, N — RE’ M, NR;%WRU, M, N} hy is nonnegative, and that the absolute minimum cost

is 02, attained only if hy = Oy.

When M = P, the terms hy, @y, R, vy and R, ny are empty arrays, and the deriva-
tions above follow analogously, but these terms do not appear. The optimal solution and

the minimum error become, respectively,

(2.17)

wp =hp and  Jp, = 03.

When the filter overmodels the impulse response, that is, when M > P, we can
artificially fill the vector hp with zeros? up to the length M, obtaining a case analogous
to the case for M = P, where the last M — P terms in hj; are zero. Thus, we see that
the case of undermodeled filter has the most complete derivations, and the results for the

other cases can be obtained straightforwardly.

2When we say that the impulse response has length P, we say that it only admits nonzero coefficients
from h(0) to h(P — 1). Outside this range, the coeflicients are all implicitly zero.
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2.4 Adaptive algorithms

The optimal solution (2.9) depends on the exact knowledge of the statistics of the
environment, namely, the autocorrelation matrix R, s and the cross-correlation vector
Rur- As these quantities are usually unknown in practice, this solution cannot be applied
directly. That is where adaptive filters come into scene. Adaptive filters are provided with
an adaptive algorithm that estimates these statistical quantities from the environment in

real time, enabling a practical approximation of the linear optimal solution.

The optimal solution (2.9) can be obtained recursively by the steepest descent algo-
rithm [1,2,35]

Whi = WMi—1 — MVJ(wM,i—l); (2.18)

where the adaptation step size p is a scalar usually much smaller than one, and the

gradient VJ(wyy) of the cost function (2.8) is [35]
VJ(U)M> = Ru,MwM — Rdu,M- (219)

As the cost function (2.8) is convex® [1,2,35], the steepest descent algorithm always

converges to the global minimum (2.9).

The steepest descent algorithm avoids the computation of the inverse Rﬁw, but still

u,

depends on the unknown statistical quantities. If we approximate them by the instanta-
neous measures

Ru,M ~ UEMUMJ, Rdu,M ~ d(%)ufm (2-20)
then the algorithm (2.18) becomes
Wi = Wit — b (Upgguariwari — d@)upy,)
= WM -1 + MUE7Z (d(’&) — uM,in,i71> , (221)
where the term in parenthesis is the filter output error (2.3). Thus,
Wprs = Whri—1 + ,uu}me(z'), (2.22)

which is the least-mean-square (LMS) algorithm, probably the most popular adaptive
algorithm used in practice due to its low computational cost, robustness and easy imple-
mentation. We assume that the algorithm starts operating at the instant ¢ = 0 given an

initial condition wys 1, usually taken as wy;—1 = Opy.

3Provided that R, as is positive definite, as is in most of the practical cases.
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Figure 2: Illustrating the MSE performance of LMS filters. Curves obtained from the
ensemble average of 1000 realizations, with white input of variance o2 = 1, noise variance
02 = 0.01 and impulse response of length P = 100.

Figure 2 illustrates the performance curves of two LMS filters, both with the same
length but distinct step sizes. The cost (2.8) (MSE) is approximated by taking the en-
semble average of several independent realizations of the learning curve. These curves
exemplify the well-known dilemma when designing an LMS algorithm: within a certain
range of step size values, when increasing the step size, the convergence rate of the algo-
rithm increases but at the same time the error level in steady-state also increases, whereas

an ideally desired performance would be high convergence rate and low steady-state error.

Other adaptive algorithms can be obtained from recursive algorithm structures other
than (2.18), or by using other cost functions or by using other strategies to improve some
specific attribute. For example, to reduce the complexity of LMS, we can quantize the
error (and eventually the step size) in the term )y, ;e(i), so it can be implemented more
efficiently by means of shift registers [52,53]. Another particular algorithm that will be
of interest in this text is the normalized LMS (e-NLMS) algorithm

H T _(;
= (i). 2.23
W, Wpri—1 p ||u ,i||QUM7Z€(Z) ( )

where the regularization factor € is a small scalar. It can be shown that this algorithm
also approximates the solution (2.9), but it is derived using Newton’s recursion [35]. The
e-NLMS algorithm is more robust than the LMS in case the power of the input signal u(7)

fluctuates considerably, such as for a speech signals, since the step size is normalized by

[OYHT
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2.5 Combinations of adaptive filters

The algorithms presented in the previous subsection are adequate for single adaptive
filters, also called as standalone filters. We can improve the performance of adaptive
filtering by combining distinct standalone filters into a scheme called combination of

filters.

Combinations of adaptive filters have been used to improve the performance of adap-
tive algorithms by taking advantage of the best characteristics of multiple independent
filters. If properly designed, the overall combination works at least as well as the best
component filter at every iteration, making combinations a good strategy to deal with

transient /steady-state trade-offs and to improve tracking performance [28,29,31,34,54,55].

Concretely, the combination outputs a weighted sum of the outputs of the component
filters, adaptively adjusted by a supervisor. In a convex combination of two filters, the

overall output combines the component filter outputs y; (i) and y2(i) as

Ye(t) = Ay (@) + [1 = A0)] y2(2), (2.24)

where the mixing parameter is 0 < A(¢) < 1. The role of the supervisor is to adjust A(7)
so that y.(i) = y1(¢) when this is the filter with the best performance at a certain instant,
and y.(7) = y2(¢) when the second component filter is the best. When the performance of

the component filters are comparable, y.(i) is a weighted combination of both.

A simple approach to adjust A(¢) is proposed in [28] to minimize the instantaneous

squared error e2(i), where

ec(i) = d(i) — ye(i) (2.25)
is the error of the overall combination. A more robust adaptation of A(i) is proposed
in [29], where it is computed via the auxiliary variable a(i) by

1

)\(Z) - m (226)

and a(7) is updated as
a(i) = a(i — 1) + paec(i) [e2(i) — er (D] AGE) [1 = A(@)] (2.27)

where p, is a small step size, and ey (i) = d(i) — yx(i), k = 1,2, are the errors of each
component filter. The update of a(i), however, stops whenever \(7) is too close to the
limit values of zero or one. This can be avoided by restricting the values of a(i) within a

symmetric interval [—a,,a.] so that \(i) keeps a minimum distance from zero and one,
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and thus a(i) never stops adapting. A common practice is setting a; = 4 [56]. This
restriction, however, creates the problem that the mixing parameter never reaches zero
or one, and this affects the combination performance. The restriction of values of a(i),

therefore, should work along with the thresholding of the values of A(i) as

L, a(l) > ay — )
(D) = S A(G), ay —0 < a(i) < —ap +6, (2.28)
0, —a(i) <ay+9

where ¢ is the threshold, and then the combination overall output is computed as

The order of magnitude of a well designed step size p, varies significantly according
to the environment, which makes it a hard-designing parameter, and makes it suffer from
lack of robustness for time-varying environments. Aiming at these inconveniences, [54]
proposes the power normalization of the step size p,, where a(7) is adapted as

) = ali — 1) + 2% e (i) Tea(i) — €1 (i) A(D) [1 = A(i .
a(i) = af 1)+p<i) e(7) [e2(7) — ex ()] A(3) [ = A(9)], (2.30)

where the step size p, is normalized by p(i), an estimate of the power of ey(i) — e;(4),

which is updated every iteration as
p(i) = bp(i = 1) + (1 =) [e2(d) — e ()], (2.31)

where 0 < b < 1. This procedure for estimating A(i) was shown to track closely the

optimum value of A(7) [29,31,57] (in the sense of minimizing the combination MSE Fe?(z)).

When used with LMS/e-NLMS algorithms, combinations help with the dilemma be-
tween fast convergence rate and low steady-state error, incorporating both the convergence
rate of a fast filter and the steady-state of a slow one, as illustrated in Figure 3, where

the two LMS filters with different step sizes of Figure 2 are combined.

A strategy to further improve combinations is the weight feedback scheme [34], which
anticipates the convergence of the slower filter in the combination. Consider that the

component filters may have different lengths M; < Ms, and that their weights are wy ay,
T

and wy ar,,; - Consider the partition woan; = [w) My wy Mo—n,i| - In a combination
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Figure 3: Illustrating the MSE performance of a combination of filters by combining the

filters from Figure 2. Combination parameters are ay =4, 6 =1, b =0.95, y, = 1 and
the feedback period is L = 300.

with weight feedback, the equivalent weights of the overall combination, computed as

W1, M, i .
T L= M) wo gy

’LUC,M%i = )\(Z) [

OMQ—Ml

_ [/\(i)wLMl,i"‘ [1—A()] w2,M1,i] _ [ We, My i (2.32)

[1— A(@)] Wa, a1, n1y.i

We, My— M i

is fed back to each component filter once in a period of L iterations. Concretely, at each
iteration i before the weight is updated by the adaptive algorithm, we update filter k, for
k=12, as

We, M, i, for i = (L
wk,Mk,i = s (233)

Wik, M,,i, otherwise

where ¢ € Z. The advantage of such a scheme over a standard combination is illustrated

in Figure 3.

2.6 Performance measures

As the algorithms discussed are practical approximations to minimize the cost function
(2.8), the MSE arises as the natural measure for evaluating the performance of an adaptive
algorithm. However, in the literature of adaptive filtering [1,3,35], it is usual to evaluate
instead measures that are related to the MSE, but that are more meaningful depending on
the application. These alternative measures are also more sensitive to distinguish errors

that are closer to the minimum possible error.
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So far the filter weight vector wys,; has been treated as a deterministic variable since
it is computed by deterministic operations from observed variables, such as in (2.22)
and (2.23). When measuring performance, however, we aim at measuring its statistical

behavior, and so we regard it as a random variable wy ;.

The minimum MSE J,,;, for the underlying estimation problem, provided that the
system output is modeled as (2.5), is given by (2.16). Although this minimum value
depends on the filter length, the absolute minimum is attained when M > P, yielding
Jmin = 02 (as given in (2.17)).

A common practice is to evaluate the filter performance by the error that exceeds this
minimum estimation error, which is called excess MSE (EMSE). We define the EMSE as

the error that exceeds the absolute minimum error o2, so that
MSE(i) £ Ee?(i) = o2 + EMSE(3). (2.34)

Some works on undermodeled adaptive filters [9, 10] consider the EMSE relative to the
minimum error for specific length M, just as in (2.16), but this hinders the EMSE to

fairly compare the performance of filters with different lengths.

It can be shown that the EMSE, under the assumptions in Section 2.2, is nonnegative.
Consider that M < P. Using (2.5), the MSE can be expanded as

Ee?(i) = E (d(i) — uM7in7i_1)2 =E(v(i) + upihp; — uM,in,i_1)2 ) (2.35)
As v(i) is zero-mean and assumed to be independent from the other quantities, we have
Ee*(i) = 02 4+ E (upihp; — upwyi 1) (2.36)

Comparing (2.36) with (2.34), we note that
EMSE(i) = E (up;hp; — uprwai 1), (2.37)

concluding, therefore, that the EMSE is a nonnegative quantity. Note that the EMSE
measures directly the difference between the filter output and the system output without
noise, so it is conceptually interesting in applications such as interference cancelling and

active noise control. We can simplify the EMSE expression (2.37) by defining the a priori
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estimation error?

Wprri—
e.(i) 2 uphp; — wp w1 = up; (hRi - [ ](\)4 1]) ) (2.38)
N

then the excess MSE can be written as

EMSE(i) = Ee2(i). (2.39)

For the stationary case (time-invariant impulse response hp; = hp) and with station-
ary and white input (R, p = 621p), the EMSE can be decomposed in a convenient way.

Define the weight error vector

Wi
WY 2 hp; — [ M’] . (2.40)

Note that this is not the term that appears in (2.38). In (2.40), the filter weights and the
impulse response are considered in the same time instant. However, for time-invariant
systems, hp; = hp is independent of the time index, and the a priori estimation error

(2.38) can be rewritten simply as
eq(i) = upwp;_;. (2.41)

Assuming also that up; is statistically independent® from wp; and from hp, then (2.39)

becomes
. . T - -
EMSE(i) = E (w%[iq) (EUITD,iUP,i) w%i—l = UZEHU’%Z‘AHQ; (2.42)

that is, for stationary environment and white input, we can directly measure the EMSE

from the mean-square deviation
MSD(i) £ El|lwp|*. (2.43)

As measuring the error directly from the model weights, the MSD is particularly mean-

ingful for applications such as system identification and time delay estimation.

In the analysis of the undermodeled filters, it will also be convenient to define partial

4We call it estimation error because it measures the difference between the filter estimate y(i) and
the optimal estimate up;hp, obtained in the case of M = P. We characterize it as a priori because we
consider the filter weights before the update of the current iteration.

5In fact, this is not true because w p,; depends on wujz;—1, which is correlated with w;s;. However,
for analysis purposes, the statistical independence between wys;—1 and wuys,; is usually assumed in the
literature [1,4,35], and it is one of the well-known independence assumptions.
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error measures, comprising only the weights in the range of the filter. So, define the
partial weight error vector

Wy 2 hars — W, (2.44)

and the partial a priori estimation error

ea,M(i) S UM,ihM,i —UMWMNi—1 = UM, (hM,z‘ - ’wM,z‘—l) . (2-45)

From (2.40) and (2.44), note that
T I I R e R (2.46)
’ hNJ' ON hN,i
Taking the expectation of the squared norm of (2.46), the MSD can be obtained as
MSD(i) = E||lwp,||* = El[wa,|]* + Ellhy| . (2.47)
All the performance measures MSE, EMSE and MSD are mean functions of some
random process. In order to assess these quantities from simulations, we take the ensem-

ble average of a large number of independent realizations of the corresponding random

processes.
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3 ANALYSIS AND DESIGN OF
UNDERMODELED FILTERS IN
STATIONARY SCENARIOS

In the literature, the analyses of adaptive algorithms are commonly carried out as-
suming that the adaptive filter has the same tap-length as the optimal weight vector (or
the actual impulse response) [1-4,12,58,59]. Although this framework allows the under-
standing of how different parameters, such as step size, environment noise and number of
taps, influence the algorithm performance, it does not allow to evaluate the filter length
as a free variable: the filter length is bounded to the length of the impulse response. We
are not able to evaluate the influence of the filter length on the algorithm performance

for a fixed impulse response scenario.

When considering the filter length designed independently from the system impulse
response, two new situations arise: undermodeling and overmodeling. As discussed in
Section 2.3, the overmodeling case can be comprised into the case in which the filter has
the same length as the impulse response. The extension of the performance analysis for
undermodeling, however, is nontrivial. Although undermodeling has a vast literature in
other fields, such as in control theory [5, 6], its study in adaptive filtering is relatively
recent. Some brief but general analyses of undermodeling can be found in [3,4], and more
involved analyses for LMS and e-NLMS algorithms can be found in [8-10]. We can also
find some analysis of undermodeling in adaptive IIR (Infinite Impulse Response) filters

in [60-62].

In this chapter, we evaluate the performance of the LMS and the e-NLMS algorithms
as function of the filter length, specifically, for the undermodeling case. We consider in
this chapter the case of stationary environments (time-invariant impulse response), and

address the nonstationary case (time-variant impulse response) in the next chapter.

When comparing the performance of distinct algorithms, it is customary in the liter-
ature to fix the transient performance of the algorithms and compare their steady-state

error (or vice-versa) [30]. However, in the case of this study, there are two degrees of
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freedom in the filter design: even fixing the filter length, the transient and steady-state
performance is highly dependent on the choice of the step size. And it is worth recalling
that filters of different lengths have different stability bounds for the step size. Thus,
in order to offset this difference when we compare filters of different lengths, we adjust
the step size according to the best step size (the step size of maximum convergence rate,

which we will call “optimal” step size) of a given filter length.

Using the analysis results, we then propose a novel method for selecting the length
of an adaptive filter based on the pondering between the transient and steady-state per-
formance. The proposed method selects a length in the imminence of relevant under-
modeling, and, as we will show in simulations, a filter with such a length attains fast
convergence rate with small degradation due to undermodeling in steady-state. Also, by
taking a length value in the imminence of relevant undermodeling, the method yields
a filter with less computational complexity when compared to other filters with similar

steady-state performance.

The proposed method can also be used within a combination of filters. Since the
filter with the proposed length benefits from fast convergence rate, it fits into the role
of a fast filter in a combination, working along with a slow filter to ensure good steady-
state performance. We also propose a simple modification on the weight feedback period

from [30] to comprise undermodeled filters.

This chapter is organized as follows: in Section 3.1, we firstly present some notes
and assumptions about the impulse response; in Section 3.2, we derive the mean-square
behavior of the LMS and e-NLMS algorithms for the white input case, and then analyze
their performance as function of the filter length; in Section 3.3, we describe the design of
the filter length and present simulation results comparing a filter with the proposed length
to filters with other lengths; finally, in Section 3.4, we show the benefits of designing the

fast filter in a combination with the proposed method.

3.1 Exponential decay impulse response

In this and in the following chapter, we derive some expressions that rely on the system
impulse response partition terms ||hy/||? and ||hx||?. With no contraints, these terms have
as many degrees of freedom as the number of elements in hy; and hy, respectively. In
order to treat these variables conveniently, in some parts of the text we make a simplifying

assumption about the system impulse response so as to make these terms parametric
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functions.

In some parts of this text, we will assume that the system impulse response is infinite

and has an exponential decay envelope, so that it can be written as
h(k) = Be “*hy(k), for k =0,1,..., 00, (3.1)

where scalar a > 0 is the exponential decay factor, 5 > 0 is the scale factor, and hy(k)
is the base sequence of the impulse response. In order to preserve the overall exponential
shape of h(k), the moving average of h,(k) must be approximately constant, such as in
a sinusoid or in a realization of a stationary process. The order of magnitude of hy(k) is
not crucial, since it can be offset by the constant 3, although it is more meaningful for
S to represent the order of magnitude of h(k) as a whole. Figure 4a illustrates a impulse

response under such an assumption.

15 01
— = = = Exponential envelope —25 A
= .
> ~50 -
%
: @ —75
g z
é ~_ —100 A
% =
E < 125 a = 0.02
E —150 4 o = 0.05
% — a=0.1
z -1754+ — a =0.2
n —_——
200 Envelope
1'50 5'o 1(')0 150 0 50 100 150 200
Delay k Filter Length M
(a) (b)

Figure 4: (a) Example of an impulse response with exponential decay envelope, where
a = 0.05, ||hp||? = 1 and hy(k) is a Gaussian i.i.d. sequence; (b) ||hn]|[* as a function of
M for system impulse responses with different decay «, where hy(k) are Gaussian i.i.d.
sequences, ||hp||? =1 and P = 500, that is sufficiently long for the simulation cases.

If we approximate hp by its exponential envelope, we can write

A - —ak)2 p e M —2aM 2
IhnlP ) (Be*)" =8 T o2 = ¢ llkell”. (3.2)

k=M

Now, ||Ax||? is a function of M parameterized by o and ||hp|[?. From (2.11), ||hp||? =
||har|[* + [[Ax[]?, and then

1Pl & (1 = e7** )| [Rp [, (3:3)
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which will conveniently simplify some expressions further in this text. Figure 4b illustrates
how the exponential envelope approximates the impulse response. We depict ||hy]||? x M
for several impulse responses hp, for fixed ||hp||* and different values of v, where hy(k) is

simulated as Gaussian i.i.d. sequences.

Assumption (3.1) will not be necessary, in particular, in the derivations of Sections
3.2 and 4.2, and we use it only when analyzing simulation results since the decay « has
experimentally proved to influence relevantly the algorithm performance. In Section 3.3,
it will be a necessary assumption to significantly simplify the derivations for the proposed

design method.

This exponential decay assumption has practical fundament. When a system can
be modeled as a finite-order linear system, its transfer function is given by a rational
function [63]. The impulse response of such a transfer function is a sum of exponentials,
and « can be taken as the decay rate of the dominant pole. The exponential envelope
impulse response appears in practical scenarios such as acoustic paths [19, 24, 25] and
radio communication systems [26, 27], and is also assumed in some adaptive filtering

studies [8,18].

3.2 Performance analysis in stationary scenarios

In this section, we analyze the performance of undermodeled filters for stationary
environments considering that the input signal is white, that is, R, p = ai[ p. We make the
white input assumption because it significantly simplifies the transient analysis. We derive
the mean-square convergence model using a general framework called data-normalized
algorithm, and we obtain expressions for the transient and steady-state performances for
the LMS and e-NLMS algorithms. We then compare the results of these analytical results
to simulated data, and analyze the behavior of the filter performance in terms of the

length M under various environment conditions.

We conduct the mean-square analysis using the data-normalized algorithm [35, Ch.9]

T

M .
Wi = Wii-1 + )% —e(1 s 3.4
o (uard) (4) (3.4)

where p is the adaptation step size, e(i) is the instantaneous filter output error (2.3), and
g(+) is a positive-valued scalar function that determines the specific algorithm. We are

interested, in particular, in the LMS algorithm, obtained when g(us;) = 1, and in the e-

NLMS algorithm, obtained when g(uys;) = €+ ||un;||?. After deriving the transient and
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steady-state performance in terms of this general algorithm, we compute the particular
results for the LMS and e-NLMS algorithms.

Writing the system output d(i) as (2.5) and considering the partition of hp in (2.11),

the output error (2.3) becomes

e(i) = d(i) — upriwnri—1
= upsihar + Unihy +v(i) — pr i

= UpWar,—1 + V(1) + ’l_l:N,iBN- (3.5)

Substracting both sides of (3.4) from h,;, and using (3.5), we have

uT

har — war; = hyy — wario1 — 1 M (uM,z'ﬁ)M,i—l +v(i) + '&N,z‘]_lN) ; (3.6)
g(war;)

) T (o) ). (61

Wy = (IM — M—u&iUMJ) W Afi—1 — MUEM

Now, we employ the well-known independence assumptions [1,4,35]: we assume that
wyy; is statistically independent from wy, j, for any ¢ # j', implying that w,; is an i.i.d.
sequence. We also assume that @y, is independent from w,;;, for any ¢ # j. As the
filter weights are updated with the input regressor and the system output signal, was,;—1
depends on the past samples of w(i), some of them contained in u,s; and wy,;. However,
under these assumptions, we can consider wjs;_; statistically independent of w;; and
uy;, and as we considered that v(i) is an i.i.d. process, Wy ;-1 is also independent of
v(i). In the case of white input, @y, is uncorrelated with w,;;. Taking expectation of

the squared norm in both sides of (3.7), considering all the above assumptions, we have

- - 2 .
E||'wM,i||2 = EwJ\T/[,z'—l (IM —2pTy p + M2T3,M) Wi—1

+ (202D + p2o2 ||y ||* T, (3.8)

where

T T
Uy UnriWpy ;UMM

g*(uns,i)

T
Upy UM

g*(uns,i)

Uy WAL
g(un)

T,y2FE

)

Toy £ F

)

and Ty = E (3.9)

are the algorithm-dependent terms. For white stationary input, these moment matrices

are multiples of the identity, and we can define scalars t; so that

Tk,M = tkIM, for k = 1, 2,3, (310)

1Strictly speaking, this assumption is not valid, but is widely considered in the literature for algorithm
analysis because it yields simplified and reliable results.
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and rewrite (3.8) as
Ellwyr||* = vE|[wari-a|[* + > Mts (07, + oyllhn] ) , (3.11)

where

v =1—2ut, + pi?ts. (3.12)

3.2.1 Transient and steady-state performances

We evaluate the transient performance by the initial difference of the recursion (3.11),
which, as we will see, considers noise and undermodeling effects [33], unlike approaches
based only on evaluating 7 (3.12), as customary in the literature [35,40]. Define the initial
difference

k& Bllwpy|l* — Ellwp | = Bl — Ellwa,- | (3.13)
Considering null initial condition wy; 1 = Oy, then E||wy_1||* = ||ha]|>. And using
(3.11) and (3.12) in (3.13), we have

5= (y = Dllharl P+ 12 Mty (02 4 02 o] )
= (=2uty + 1) |adl P+ 120t (07 + 02 [ ?) (3.14)

Note that  is a quadratic function of u. Factoring (3.14), we obtain

2
k= o]l P (u— ;), (3.15)

where

(3.16)

14

_t3 | Mty <Ug+ff§“hzv||2)
v [[harl]? '

As k is a quadratic function of p (always opening upwards), the step size that minimizes

it and the corresponding minimum value are straightforwardly obtained:

o __ o __
o=, K=
14 14

1 t|lhasl?
_falthael (3.17)

The initial difference, for stable convergence of the algorithm, must be negative. So,
the step size that minimizes (3.15) actually maximizes the absolute value of x (for sta-
ble convergence), and the initial difference with the largest modulus yields the fastest

convergence rate, and thus we refer to p° as the optimal step size.
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At steady-state, i — oo and (3.11) becomes

E|lwarcoll* = YE|Wareol* + 1* Mtz (0 + oyl || )
_ pMty (o3 + oy [hw][?)

. 3.18
2t; — pts (3.18)
Then, using (3.18) in (2.47), the steady-state MSD is given by
Mty (07 + o] hwl|? .
MSD(o0) = 2 2 (07 + oullhwl ) + {2 (3.19)
2t) — puts

3.2.2 Moments for LMS and «-NLMS algorithms

Now, we derive the values of t; for the LMS and the e-NLMS algorithms. For the
LMS algorithm (g(wuas;) = 1), Ty ar and Ty pr are just the autocorrelation matrix o2y, so
that ¢, = t, = 02. We can simplify T3, if we assume that the input is Gaussian, so that

the fourth-order moments can be written analytically. In Appendix 3.A, we show that
Euy iy Unri = Ry TRy + 2(Ru)?, (3.20)
and, along with the fact that the input is white, 73 5; becomes
T = 02Dy (02 M) + 2001y = 0a(M + 2) 1y, (3.21)

which implies that t3 = ot(M + 2).

Substituting the values ¢, in (3.16), we have

on(M +2 o2 (o2 + a?||hn|)?
V= # + M2 <M)
T Ty [ ]
2 2017 112
2 O-v—i_o-uHh‘NH ):|
=0, 2+M+M(—
{ oullharl?
2 2 2
2 Uv+au||hp|| ):|
=0, 124+ M| —“——"F—7— |- 3.99
[ ( o2 ha] (3:22)
Note that the term multiplying M is always larger than 1. For large M, we can approxi-
mate ) 2|| ||2 | ||2
5 o; +ozllhp ) 5. ||hp ( 1 >
veo M| ———F——— | = Mi—= 1+ = | 3.23
( o2l Ihul? \" T SNR (3.23)

where SNR = o2||hp||?/c? is the signal-to-noise ratio of the system.
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For the steady-state expression, substituting ¢, for LMS in (3.19), we obtain

_ pM (oF + o3| [l [?)

7 2
MSD(00) = =520 o I (3.24)

For the eNLMS algorithm (g(ua;) = € + ||ual|?), to compute analytically the

moments 7' pr, T5 p and 75 57, we must assume that the input signal is white and Gaussian,

so that |Jua;||? can be considered statistically independent from any function of wyy;

[59,64]. We also assume that € &~ 0. Then, as derived in Appendix 3.B, we have

T
Upr; UM, 1
T
Why ;Ui 1
Ty = B2 - L (3.26)
(luaral?)? M(M +2)o;
and . .
WUpr UM Wpp WM G 1
Ty = E— . =—1 3.27

from which t; = t5 = 1/M and t, = (M(M + 2)02)"'. Substituting these values of ¢, in
(3.16), we have

v=1+

M 2 2 B 2

(M +2)a7 | []?

which becomes, for large M,
2 2 h 2 h 2 1
oallhal| [[Pa | SNR

For the e-NLMS algorithm, the steady-state expression (3.19) becomes

M (@A)
MSD = hn||*. .
SD(00) = ity gt Ial (3:30)

Note that the term (1 +SNR™") ||hp|[?/||ha]|* appears for both algorithms in (3.23)
and (3.29). When SNR — oo and ||hy]|? — ||hp|]?, that is, when the noise level and the
undermodeling effect become negligible, this term tends to one. This makes the optimal
step size p° (3.17) (either for the LMS or for the e-NLMS) become the same optimal step
size derived by minimizing v [35,40], which, for the LMS and the e-NLMS algorithms, are
respectively, .

e = o201 and p° =1 (3.31)

Figure 5 compares the performance curves of filters with the optimal step size (3.31) and

with optimal step size (3.17). When the SNR is high, the difference between using one or
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the other optimal step size is very subtle. On the other hand, as the SNR decreases, and
as the undermodeling effect becomes critical, the steady-state performance when using

(3.17) has nitid advantage.

07 % == M = 100, SNR = 30dB == M = 100, SNR = 10dB
N\ M = 100, SNR = 20dB M = 100, SNR = 5dB
-5 == M = 25, SNR = 5dB

_-10
m
)
= —151
(%))
=

_20 .

_25 .

_30 .

0 200 400 600 800 1000 0 100 200 300 400 500 600
Iterations i Iterations i
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Figure 5: Comparing performance curves when using the traditional optimal step size
(3.31) (dash-line) and when using the optimal step size (3.17) (solid lines), for the LMS
algorithm. The curves were simulated with 02 = 1 and exponential hp with a = 0.05 and
|hp[]* = 1.

3.2.3 Comparing to other analyses in the literature

As already mentioned, there are analyses in the literature regarding the performance
of undermodeled adaptive filters. Although their results are similar or identical to what

we obtain in this text, it is worth pointing out the particularities of each work.

In [8], the mean-square convergence model is derived for the undermodeled LMS
(refered to as deficient-length LMS) for white input via the squared norm of the weight
1%,

error vector ||'[U%[Z similar to what we do. However, they do not partition the weight

error vector as wys; and hy and derive directly from 111%-.

In [9], a comprehensive analysis for the undermodeled LMS is derived for general
input correlation, based on the the covariance matrix of the weight error vector. Their
derivations are carried out with the partial weight error wj;;, not considering the error
counterpart hy on the excess MSE, that is, their excess error is computed relatively to
the optimal error (2.15) of a specific length M. In [10], the same author derives a similar
analysis for the undermodeled e-NLMS algorithm, now using the squared norm of the

weight error vector.
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Our approach to analyze the mean-square convergence model is based on the squared
norm of the weight error vector using the data-normalized algorithm framework, similiar
to [35, Ch.9], from which the LMS and the e-NLMS algorithms are particular cases. In
this way, the analysis carried out in this section can be viewed as the extension of the

analysis in [35, Ch.9] for the undermodeled algorithm case, for white input.

Although not explicit, the case of undermodeled filters can be comprised within the
classical analyses of full-length filters [3,12,35,58,59]. In the classical analyses, the system
impulse response has the same length as the filter, that is, M = P and thus there is no
explicit undermodeling. However, the undermodeling can be considered hidden in the

noise. From the system output model (2.5), note that
d(Z) = ’prﬂ'hp + ’U(Z) = ’U,MJ'h,M + ’ITLNJ'BN + ’U(’i), (332)

and, if we define vy(i) = @y ;hn + v(i), the model is equivalent to a system impulse

response of length M and noise v((7).

When the input is white, vo(i) is independent of w,s;, and if we consider the inde-
pendence assumptions for @y ;, that is, that uy; is independent of wy ; for ¢ # j, turning
vo(7) into an i.i.d. process, then the classical analysis would derive the same results as
in this text. One important difference is that, with such analysis, the EMSE and MSD
would be computed relatively to the optimum error (2.16) of the specific length, that is,
relatively to

o2 = o+ a2||hn||?, (3.33)

vo

which is (2.16) for white input.

When the input is correlated, vg(7) is correlated to wy;, and this strategy to analyze
undermodeled filters with the framework of full-length filter analysis cannot be applied.
In this case, the optimal solution to which the filter weight converges is biased, as shown
in (2.15).

3.2.4 Simulations

Now we explore the theoretical results of transient and steady-state performance de-
rived in this section. We analyze the behavior of £ (3.15) and MSD(o0) (3.19) as functions
of the filter length under some different conditions, and compare the theoretical curves to
simulated experimental data. We adopt || as figure of merit for the transient, instead of

just k, because it is directly proportional to the convergence speed.
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For the following analyses, we consider 02 = 1 and impulse responses with ||hp||* = 1,
P = 500, which can be considered infinite in the simulated scenarios?, and hy(k) = 1,
for k =0,1,---, P — 1. The other environment parameters (« and o) and the step size
value change along the tests. The experimental measures for transient and steady-state
are computed from approximate MSD curves, obtained from the ensemble average of
1000 realizations of squared-deviation curves ||wp]||*>. We consider v with the simplified
expressions (3.23) (LMS algorithm) and (3.29) (e-NLMS algorithm) to compute both the

theoretical value of || and the experimental values of the step size (3.17).

Figure 6 compares the behavior of || and MSD(oc0) using the LMS algorithm for
exponential decay rates of a = 0.02, 0.05, 0.1 and 0.2. The noise variance is set to
02 = 0.001. Every filter runs with the optimal step size (3.17), which varies according
to the filter length. Note that the experimental values are very close to the theory. As
we decrease the filter length, the initial difference |k| increases until reaching a maximum
value, and then declines very fast. This means that short filters (but not excessively short
ones) converge faster than large filters. Note that |x| is higher for higher values of decay
« when M is small, which means that when the energy of the impulse response is more
concentrated at smaller delays, the filter can attain faster convergence rate. For large
lengths, on the other hand, almost no difference in |x| is observed for different values of
a. The steady-state MSD decreases as we increase M, until reaching a minimum error
level. The steady-state MSD decreases faster for steeper decays in the impulse response,
but the minimum error level attained for filters of large length is the same no matter the
decay a. This happens because, for small length, undermodeling is predominant in the
steady-state error and decreases exponentially as M increases. For sufficiently large M,
when undermodeling becomes negligible, MSD(o0) is roughly constant in terms of M and
depends more significantly on the other variables, such as noise variance and step size

value.

Figure 7 shows analogous simulations for the e-NLMS algorithm. Note that these
results are very similar to the LMS case. For this reason, in the subsequent simulations

we show the results only for the LMS algorithm.

For the curves shown in Figure 8, we fix the impulse response decay rate to a = 0.05
and vary the noise level from o2 = 0.0001 to 02 = 0.5. Note that the noise level affects
mostly the steady-state MSD for large filter lengths. As o2 increases, the level of steady-
state MSD for large M increases. The steady-state error of short length filters is also

°In the simulated scenario with the slowest decay in the impulse response, when a = 0.02, clipping
the infinite exponential at P = 500 causes a loss of 0.0000002% in the energy of the impulse response.
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Figure 6: Theoretical and experimental curves of (a) initial difference and (b) steady-state
error for the LMS algorithm, comparing different decay rates a. Every filter runs with

the optimal step size (3.17), and o2 = 0.001.
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Figure 7: Theoretical and experimental curves of (a) initial difference and (b) steady-state
error for the e-NLMS algorithm, comparing different decay rates a. Every filter runs with

the optimal step size (3.17), and o2 = 0.001.
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Figure 8: Theoretical and experimental curves of (a) initial difference and (b) steady-state
error for the LMS algorithm, comparing different noise levels o2. Every filter runs with
the optimal step size (3.17), and « = 0.05.

affected, but is less sensitive to variations in the noise power. The initial differences are
barely affected by variations of o2. They subtly decrease as the noise power increases,

and the reduction becomes relevant only for 02 = 0.1 or higher.

In Figure 9, we fix a = 0.05 and 02 = 0.001 and now compare the transient and
steady-state curves for different values of step size. Consider the decomposition of the

step size as
= fiop, (3.34)

where 0 < o < 1 is the normalized step size, that is, the ratio of the actual step size u
to the optimal step size. We compare, specifically, curves for different o (notice that u
still varies for each curve). The behavior of the steady-state performance when varying
o is somewhat similar to when we vary the noise level. As we decrease i, short length
filters have almost no effect in their steady-state values, but long filters have lower level
of steady-state error. For the initial difference, however, there are significant differences.
The curves for |x| shift down considerably as we decrease 11, what is expected since the

step size controls the rate of convergence.

In all figures presented so far in this subsection, note that the step sizes u are not
constant along each curve. They decrease as M increases, according to the optimal step
size u° (3.17). Figure 10 shows what happens to the curves for the LMS algorithm if we
use a fixed p instead, as we vary M. For short filters, the curves in Figure 10 are very
similar to the curves in Figure 9. But now, as we increase M, the initial difference stays

constant (or decreases very slowly), and the steady-state now reaches a point of minimum
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Figure 9: Theoretical and experimental curves of (a) initial difference and (b) steady-state
error for the LMS algorithm, comparing different normalized step sizes . Every filter
runs with step size p = pop?, a = 0.05 and o2 = 0.001.

MSD and then begins to grow slowly.

The simulations so far have considered that the impulse response is an (practically)
infinite exponential. In the following two simulation cases, we show what happens when

the impulse response is clipped, creating an abrupt change along the coefficients in hAp.

Figure 11 depicts the simulation case of Figure 6 where the only difference is that the
impulse response is clipped at k = 70 (P = 70), that is, h(k) = 0 for k > 70. The entries
of hp are also rescaled so as to keep ||hp||> = 1. The curves of |k| have no apparent
difference from the curves in Figure 6a. In Figure 11b, note that the curves of steady-
state MSD that does not reach the minimum error level before M = 70 in Figure 6b now
exhibit an abrupt decrease at this point. The curves that reach the minimum level before
M = 70, which are the curves for higher values of decay «, are apparently not affected

by the impulse response clipping.

Figure 12 shows an example of these curves when the impulse response is not expo-
nential. We simulate, instead, an impulse response of length P = 150, where h(k) is a
positive constant for k¥ = 0,1,---, P — 1, and h(k) = 0 otherwise, so that ||hp|[* = 1.
Note that this is a clipped exponential hp where o = 0. We set 02 = 0.001 and compare
curves for different step sizes py. Now, the convergence rate increases until the length of
the filter equals the length of the impulse response, and decreases for larger filters. The
steady-state error is constant when we vary M so that M > P, but for roughly any length

smaller than P, the steady-state error is incomparably higher.
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and now the impulse response is clipped at P = 70.
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Every filter runs with the optimal step size (3.17), 62 = 0.001 and now « = 0 (rectangular
impulse response).

3.3 Design of the filter length

The curves from Subsection 3.2.4 show an interesting pattern in the behavior of the
transient and steady-state performance of the LMS/e-NLMS algorithms, when considering
an exponential impulse response and white input: increasing the filter length (beyond the
peak in the curve of k, and while keeping the normalized step size o fixed) reduces the
convergence rate and reduces the steady-state error (until reaching a minimum level).
This behavior creates a dilemma for the choice of the filter length very similar to the
dilemma faced when designing the step size for fixed length: do we reduce the steady-
state error at the cost of a slower convergence, or increase convergence rate at the cost of

a higher steady-state error?

In order to make a reasonable choice for the filter length, we define an indicator that
balances these two attributes. We define the overall performance as the ratio between the

absolute initial difference || and the steady-state MSD

n(M, pio) (3.35)

where the normalized step size pg is so that

330

Larger values of n imply better performance of the filter, in a sense that comprises both
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the transient and the steady-state performance.

If we take the logarithm of (3.35) (which does not change its extreme points), we
obtain
Inn(M, o) = In |x| — In MSD(c0). (3.37)

In Subsection 3.2.4, we observed these logarithmic curves for exponential impulse re-
sponses®: In || is a smooth hill-shaped function, and In MSD(00) is a bounded and de-
creasing function of M, tending to a constant value as M — oco. It is expected, and we
will see later in this section, that 7 is a hill-shaped function of M for exponential impulse

responses.

We want to find the value of M that maximizes (3.35) (and equivalently maximizes
(3.37)), which we call optimal length M°, and use it to design the filter length. Let us
expand the terms in (3.35). Using (3.36) in (3.15) and (3.19), where u® = 1/v, we have

2
e = tulload Prton® (Mo#o - ;)
t|lhasll?
= —410 (2 — po) M (3.38)

and 2 2117 2
. ﬂOMtQ (Uv + O-uHhNH )

261V — pots

MSD(c0) + ||| (3.39)

The expressions of v for LMS (3.23) and e-NLMS (3.29), considering the approxima-

tion for large M, can be written as

[1Fop]|”
[harll?

where t, = 02M for the LMS, and ¢, = 1 for the e-NLMS.

(1+SNR™), (3.40)

VR,

In (3.38), the term that depends on the algorithm is given by v/t;. For the LMS
algorithm, ¢; = 02, and for the e-NLMS algorithm, ¢; = 1/M. It turns out that for both

algorithms, considering v as (3.40), v/t; is

| =

|[hp|]?
~ M
1 ||| 2

(L+SNR™Y), (3.41)

~+~

and then (3.38) becomes, for both LMS and e-NLMS,

2 — hoa|)*
(1+SNR™Y) ||hp|>? M

3In fact, the curves were in logarithm of base 10, which differs only by a scale factor.
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In (3.39), the term that depends on the algorithm is given by

||hp]|?
2tV — pots QtltxHhPHg (1 + SNR™ ) Hots3

po Mt po Mty
hpl||?> [ 2tit, ts |hasll?
_ I P||2 { 1 (1+SNR™) — fots || M||2]
[[Par|[? L oMt poMts |||l
_ lhe]? [Qtltx (1+SNR1) s t3 ||hN||2] (3.43)
o[ [ Mo o Mty Mty |[hpl? | ‘
From the terms t; derived in Subsection 3.2.2, one can verify that t3/toM = o2 and
tity /Mty = 02, for both LMS and e-NLMS. Then,
2tV — ot hpl|? 1+ SNR™ hyl)?
20y — ot oo [1hell [2 (—+ )—1+—H Nu (3.44)
oMty P Ho |[2p|
Substituting (3.44) in (3.39), we have
— 2 1 2 _
(02 + 2[R ?) + o2 ey |2 (LS8 ) — 1 i 2
MBD(o0) ~ [zl o (LtSNR-T o
2 lihp + _ _
ot 2 (2S) — 1+ th||2]
hpl|? h |2
ol [+ ) ol + (2 (225) — 1+ Jodl ) 1 P
B 2 |[hp|? 1+SNR™') _ 1A ]|
ot |2 (SR ) — 1+ th||2]
llhar]? 1+SNR 7112 o LA lPlharl>+]A|1*
_ st (2 (=50) = 1) | o Il (3.45)
L+SNR™TY 1|2 ' '
[2 ( o > 1+ ||hp\|2}

Note that |[hn|P[[hal® + [[hnl* = [l P(hp]? = [[hx]]?) + [An|[* = [Ihp|[[hx]]>.
Then,

hpl2 [yl _ _
Lhl? — Wl o (2 (LSE) — 1) ||y + 1o
2<1+SNR ) 14 |\ ”
rpll? | lRNI1? 1 SNR
5k + G [29NR (2m) 1]
LESNRT'Y) ||hN||2
2 (B ) - 1+
llhp|I? |l SNR 1
SNR [1+ hel? 2 —1)]
14+SNR A H2 . (346)
—+ — N Mo
[2< Ho > 1] [1 T Ik pl? <27uo+QSNR*1>]

Substituting (3.42) and (3.46) in (3.35), we have, finally,

MSD(o0) ~

A2
n(M, po) ~ so~ (Hh ml? )2 [1+82”hp||2}

hpl? 2]
|| [Hsluhpw}

(3.47)
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where
1o (2 — o) SNR [l(SNR +1)— SNR]
so 2 - (3.48)
SNR + 1 ’
51 = 2 (SNR+1) —1, (3.49)
Ho
5y 2 al (3.50)

T 2 i+ 2SNR™!
are terms that depend exclusively on the SNR and the normalized step size .

3.3.1 Finding the optimal length

The expression (3.47) of the overall performance is composed by the terms ||h/|]?
and ||hy||?, which depend on the impulse response and are therefore unknown. However,
if we assume that the impulse response has an exponential decay envelope, as described

in Section 3.1, we can make reasonable approximations for these terms.

Consider that the impulse response is infinitely long and has exponential decay en-
velope of the form (3.1). If we approximate ||hy||> and ||hy||? considering only their
exponential envelope, as in (3.2) and (3.3), the overall performance (3.47) becomes

50 ooy 2 {1+ sge720M
M ~— (11— —_—
77( 7”0) M ( € ) <1 + Sle—QaM

1+ (s — 2)e 20M 4 (1 — 2sy)e 4M 4 gye0aM
=5
0 M + s, Me—2oM ’

(3.51)

which is a transcendental equation in terms of M. In Appendix 3.C, we show how to find
M that maximizes (3.51) recursively, by considering M as a continuous variable. We then

compute M° via the auxiliar variable z° as

Me ~ Fﬂ . (3.52)

2a

We round the value to the following integer because larger lengths suffer less undermod-

eling effects, although the difference of one tap is often negligible.

As shown in Appendix 3.C, the quantity x° is a function of the SNR and the normalized
step size pg. Its behavior as a function of u°, for different values of the SNR, is depicted
in Figure 13. We can also approximate x° empirically as an explicit function of the SNR

and pg as

2° ~ —0.26545" + In (5.65 + exp (1.6 + 0.272SNR®® + 0.0006SNR™15%)) .| (3.53)
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Figure 13: Behavior of 2 x i for distinct values of SNR. Solid lines: exact values obtained
via (3.81) in Appendix; dash-lines: aproximate values obtained via (3.53).

where SNR*® = 101log,, SNR and pd® = 10log,, 1o are the quantities in dB. This is a
good approximation for values of ud® in the range from -40dB to 0dB, and for values of
SNR® from 0dB to 40dB.

The computation of the optimal length requires some parameters that might be un-
known in practice. Directly from (3.52) and (3.53), we must know the SNR and the
exponential decay a. Moreover, to compute the actual step size u, we must compute the
optimal step size 1 = 1/v, which, for the e-NLMS algorithm (3.29), also depends on? the
SNR and «, and for the LMS algorithm (3.23), depends on the SNR, « and o2. If these
parameters are not available for the practitioner, in Appendix 3.D we propose a method

to estimate them experimentally, with the aid of an adaptive filter.

The proposed method allows us to design the filter length M, provided some envi-
ronment parameters are known (or estimated), and given a specified normalized step size
po (and thus the step size p is also determined). The value of 1y may be specified by
considering how fast the convergence rate is required. By setting g closer to one, we
obtain faster convergence rate, at the cost of a higher steady-state error. By reducing py,
usually in orders of magnitude, we obtain lower steady-state error, but the convergence

rate becomes slower. In summary, the proposed design follow the steps:

1. Specify 0 < po < 1;

2. Get environment parameters SNR, a and o2 (if not given, estimate as suggested in

Appendix 3.D);

3. Compute the filter length M = M° via (3.53) and (3.52);

4Considering that the term ||hy/||? in (3.23) and (3.29) can be approximated as (3.2).
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4. Compute the optimal step size p° via (3.23), (3.29) and (3.17);

5. Compute the step size p from relation (3.36).

3.3.2 Simulations

We present simulations to show how a filter with the optimal length performs com-
pared to filters with other lengths. In all the following scenarios, we simulate white input
of variance 02 = 1, impulse responses with length P = 500, that can be regarded as
infinite in the simulated scenarios, where ||hp||*> = 1 and hy(k) are Gaussian i.i.d. se-
quences. For the e-NLMS algorithm, we use ¢ = 0.0001. The MSD performance curves
are obtained as ensemble averages of 1000 runs. We consider estimates M® and e for the
optimal length and the optimal step size, respectively, because we compute them via the

estimated parameters &, 62 and SNR (estimated according to Appendix 3.D).

Figure 14a shows curves n x M for different values of o, where 7 is computed with
the theoretical model (3.51) for exponential envelope approximation. For all curves we
considered pp = 1 and o2 = 0.001 (SNR = 30dB). In order to fit distinct curves into
scale, we normalized 7 so that the maximum of each curve is one. The estimated optimal
lengths M °, computed with the estimated parameters, are also shown. As expected from
(3.52), a scales the curves along the horizontal axis. Each of the Figures 14b-14d compares
the MSD performance curves of filters with distinct lengths for each scenario depicted in
Figure 14a. The performance curves for the LMS (solid lines) and for the e-NLMS (dash-
lines) algorithms are shown, and note that they are very similar. For each scenario, the
filter with optimal length M° exhibits steady-state error very close to filters with larger
lengths, but exhibits much faster convergence rate. Any filter of larger length (including
the length with which we simulated the “infinitely” long impulse response) would not
improve the steady-state performance in a relevant manner, and would only decrease
the rate of convergence and increase the computational cost. Filters with length shorter
than M have even faster convergence rate, but their steady-state performance becomes

severely degraded.

Figure 15 shows analogous simulations, but comparing different scenarios of SNR.
For all curves we considered o = 1 and a = 0.05. Now, note that the curves n x M for
different SNR are roughly shifts of the others rather than a rescaling, as in the previous
case. Comparing the performance curves for filters of different lengths, we also observe
a behavior similar to that of the previous case, with the exception that, as we decrease

the SNR, the filter with the optimal length exhibits a noticeably higher steady-state
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error compared to the filters of larger lengths, although it is still a subtle increase when

considering the learning curve as a whole.

Figure 16 compares the filter performance when different normalized step sizes pg are
used. We fix a = 0.05 and SNR = 30dB. We observe, again, that the filter with the
optimal length is the one with the fastest convergence rate that keeps the steady-state
performance comparable to the performance of longer filters. All in all, from the simulated
results, the optimal length seems to optimize, approximately and not in a strict sense,
the convergence rate of the algorithm subject to a given steady-state value, that depends

on the environment parameters and on the choice of the normalized step size.

Although the optimal length was designed specifically for the case of white input,

Figure 17 shows how a filter with such a length behaves in correlated input scenario. The
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simulations consider the same scenarios of Figures 16b and 16¢, now with correlated input
signal as an AR(1) process of parameter p = 0.95. As we use the same design method,
the curves n x M would be the same as in Figure 16a. Now, the LMS algorithm no longer
converges for pip = 1 and then its curves are not shown. The filter with optimal length still
converges faster than filters with other lengths, but now the steady-state has noticeable
undermodeling. When the LMS converges, now we can note significant difference between
the LMS and the e-NLMS algorithms.

3.4 Length design within a combination

As observed in the simulation results of Subsection 3.3.2, the proposed method chooses
an LMS/e-NLMS filter with fast convergence rate while keeping the steady-state perfor-
mance comparable to the minimum possible for a given environment scenario and a given
value of normalized step size. This is particularly interesting when designing the filter
with the step size of fastest convergence rate, that is, for unit normalized step size o = 1.
However, a very fast filter will suffer from a very high steady-state error that might be

prohibitive in practical applications.

We can correct the steady-state performance if we use such a fast filter within a
combination, so that we can ensure a low steady-state error by running a slow filter in
parallel. In fact, it is customary to use combinations of filters to combine a fast filter,

though with poor steady-state performance, to a slow filter with low steady-state error.
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By this point of view, this strategy can also be interpreted as reducing the computational
complexity of the combination, since we are taking for the fast filter a filter with length

usually smaller than the filter that gives the lowest steady-state error in the combination.

Some works in the literature regard combinations in which the fast filter has shorter
length. [65] proposes a shorter filter in a combination of e-NLMS filters, but does not
propose any method to design the filter length. [20] proposes a combination in which the
length of both filters are iteratively adapted. [66] adjusts recursively the length of the fast

filter to track a sparse impulse response.

In this section, we propose, concretely, that the fast filter in a combination, of either
LMS or eNLMS algorithms of fixed length, be designed with the optimal length M°
(3.52) and step size u° (3.17). In the simulations that follow in this section, we employ

combinations with power normalization (2.30) and the weights feedback scheme (2.32).

3.4.1 Design of the weights feedback cycle length

One of the practical problems when using parallel combinations with weight feed-
back is the design of the feedback cycle length L. [34] proposed the design of L based
on the instant in which the performance curve of the fast filter transit from transient
to steady-state. In their derivation, the authors consider the steady-state error as the
minimum MSE. This can be a good approximation for relatively small step size and for
non-undermodeled filters. However, in our case, the fast filter is undermodeled and has
large step size (1o = 1), so the excess MSE in steady-state is no longer negligible. Hence,

we extend the method proposed in [34] to include such factors.

For the white input case, the mean-square error is obtained from the mean-square
deviation as (from (2.34) and (2.42))

MSE(i) = o) + o, El|wy,_4||*. (3.54)

From (3.11), note that MSE(¢) has also convergence rate . The initial value is MSE(0) =
02 + o2||hp||* = 03, that is, the variance of the system output. Using the steady-state
MSD (3.24) and (3.30), the steady-state MSE is, from the error relations in Section 2.6,

MSE(c0) = (07 + aa||hn|?) (1 +¢), (3.55)

where ¢ = ;£ fi‘ﬁw for the LMS algorithm, and & = 3£ for the e NLMS algorithm. As we

consider o = 1, then p = p°. We choose the feedback cycle length L as the instant in
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Figure 18: Method proposed to design the weights feedback cycle length.

which the transient of the MSE, approximated by the exponential decay factor v (a line
in log-scale) reaches the steady-state value (3.55), as illustrated in Figure 18. Thus, L is
so that

10log(v"MSE(0)) = 101log (Ee*()), (3.56)
log MSE(00) — log o
[ — 1os MSE(o0) — log oy (3.57)
log 7y

Assuming exponential impulse response, the term ||hy||? can be approximated as in (3.2)
and is therefore determined by ||hp||?> and a. The parameters a, o2, o2 and o2, if not

u v

available, can be estimated as suggested in Appendix 3.D.

3.4.2 Simulations

Now we present simulated performance curves for the proposed combination of adap-
tive filters. We consider the same background scenarios of the simulations in Subsec-
tion 3.3.2, with parameters 02 = 1, ||hp||*> = 1, hy(k) as Gaussian i.i.d. sequences and
e = 0.0001. For each simulated scenario, we compare different combinations of filters,
with slow filters of the same length M,, but with fast filters of distinct lengths M;. The
fast filters run with step size u; = pf (varies with M) and the slow filter with po = 0.1p3.
The optimal step sizes and the optimal lengths are computed as in the previous simula-
tion, from estimated parameters. In all cases, we set the supervisor parameters p, = 1,
power normalization of lowpass factor b = 0.95, saturation a, = 4, threshold § = 1 and,
for each combination, the feedback period L is computed as proposed in (3.57). After
the learning curves reach steady-state, we introduce an abrupt change into the impulse

response, turning it into another Gaussian i.i.d. sequence with the same exponential decay
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o 4

as before, in order to test the reconvergence ability of the algorithm.

Figure 19 depicts the case of impulse response of exponential decay v = 0.1 and
SNR = 30 dB. In Figure 19a, both filters in each combination are LMS filters, and in
Figure 19b all filters employ the e-NLMS algorithm. For all combinations, we consider
My = 200. The combinations perform very similarly with either the LMS or the e-
NLMS algorithms. Because of the combination, all curves have the same level of steady-
state error. They have, however, distinct overall convergence rates and computational
complexities. When reducing the length M; of the fast filter down to M; = Mf, the
combination becomes faster and less complex. The combination with M = Mf has

initial convergence about three times faster and has about 2/3 of the complexity® of the

5We consider complexity in terms of the total number of weights of the combination. In this case,
the combination with M; = 56 has 200 4 56 weights, and the combination with M; = 200 has 200 + 200
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combination with M; = 200. If we reduce even more the length of the fast filter, the initial
convergence is slightly improved, but the overall convergence becomes slower because the
fast filter reaches a higher level of steady-state error, and the supervisor makes the slower

filter take over earlier.

After the abrupt change, the filters reconverge with similar convergence rate and reach
the same steady-state level as in the first convergence. However, there are differences re-
garding the performance of the weights feedback. First, the cycle length is computed
using the undermodeling quantity hy, estimated considering only the exponential enve-
lope. The exact value of hy, however, varies independently of the exponential envelope,
as we can notice from the difference on the steady-state error of the filter with M; = 30,
before and after the abrupt change. Futhermore, in (3.57) we considered that the initial
weight error is so that ||@p_,||* = ||hp||*, which happens when the filter is initialized in
wpr—1 = 0pr. With the reconvergence, the filter starts converging from some other value

of wys,—1, which caused the algorithm to anticipate the ideal weight feedback instant.

Figure 20 presents analogous plots for the scenario of SNR = 30 dB and smoother
impulse response of a = 0.02, considering M, = 400, and Figure 21 presents the plots
for low SNR scenario, where SNR = 10 dB, a = 0.02 and M, = 300. In both cases, the
behavior of the combinations by varying the length M; of the fast filter is similar to the

case in Figure 19.

Figure 22 shows the performance curves of the combinations when the input is corre-
lated with p = 0.95. We consider a scenario similar to the case in Figure 19, with o = 0.1,
SNR = 30 dB, M, = 200, but now py = 0.2¢45. As in the simulations of Figure 17a,
the fast LMS filter does not converge, and thus we show only the curves for the eNLMS
algorithm. The behavior of the combinations in the correlated input scenario is consistent

with the previous results for the white input cases.

3.A Computation of fourth-order moments

In this appendix, we compute the fourth-order moment matrix Ewy, i wyy Uns,
from (3.20), and the the fourth-order moment matrices Euy, ;unswyy Uy, and
By uyuyy sy from (4.42) (from the following chapter). As in many texts in the
literature [9,35,58,59], we derive these quantities by assuming that the input w(i) is a

Gaussian process.

weights.
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Figure 20: MSD performance of combinations of filters in the case of white input, o = 0.02
and SNR= 30 dB, for (a) LMS algorithm and (b) e-NLMS algorithm.
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Figure 21: MSD performance of combinations of filters in the case of white input, o = 0.02
and SNR= 10 dB, for (a) LMS algorithm and (b) e-NLMS algorithm.
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Figure 22: MSD performance of combinations of filters in the case of correlated input
p=0.95 a=0.1 and SNR= 30 dB, for the e-NLMS algorithm.
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Higher-order moments of multivariate Gaussian variables can be computed from second-
order Gaussian moments. Let @1, x5, X3 and x4 be zero-mean Gaussian variables that are
mutually correlated. From Isserlis’ theorem [67], the fourth-order moment Exixoxsa,

can be computed as

FExixoxsxy = E [x120) E (X324 + E [X123] E [X0204] + F [T124) E [T273] - (3.58)

Now, let us consider Gaussian random vectors® , y and z, each of them of arbitrary

length. We wish to compute the moment matrix
X = Byx"xz2". (3.59)

Matrix X yields all the fourth-order moment matrices in (3.20), (3.27) and (4.42), de-
pending on how we specify the vectors ¢, y and z. For’ ¢ =y = z = u}/fﬂ-, X becomes

Eujyuniuy ;. For @ =y = uy,, and z = ay,, X becomes Euy ity Un ;.
T

Finally, for & = uy,, and y = z = @y, X becomes By u Uy, Un,;.
Let us define the autocorrelation matrices
R, = Ezz", R,=FEyy', R.=FEzz", (3.60)

and the cross-correlation matrices

R., = Ezy", R,.=Ezz", R, = Fyz". (3.61)

Note that the term &™@ = >, (i)x(i) in (3.59) is a scalar, then it can pre-multiply

the whole term. Each element X (k, ¢) can then be written as

X(k,0)=E

(Z w(@')ﬂﬁ(@')) y(k)zw)] = Z Ea(i)z(i)y(k)z(0). (3.62)
Using Isserlis’ theorem, and rearranging conveniently, we have:

X(k0) = Z E[w(i)e(i)] E [y(k)z(0)] + Z Ex(i)y (k)] E [z (i)z(0)]
| | + Z Ex(i)z(0)] Ex(i)y(k)] . (3.63)

Note that ) . E [x(i)x(:)] = TrR, is a scalar, and E [y(k)z(()] is the {k, £}-th element of
matrix R,,. The second and the third terms on the right are, respectively, the {k, ¢}-th

6These variable names have no relation to variables of the same name along the text.
"Recall that the regressor vectors uy; exclusively are row vectors.
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element of the matrices R}, R,. and (REZRM)T = R}, R... Then:

X = R,.TrR, + 2R} R,.. (3.64)

For the moments in our problem, we have

EU’]I\‘/[JUM,iUL’Z‘UM,i = Ru7MTl"Ru7M + Q(R%M)Q, (365)
Euy gy iy = Ry NTrRy v + 2Ry arRu v (3.66)
Eﬂ]TquyiuL’iﬁN,i = Ru,NTl"RuyM -+ 2R37M7NRu,]V[,N- (367)

3.B Aproximations for the moments in the analysis
of e-NLMS algorithm

We can analytically approximate the moments T3 s, To s and T35 from (3.9), for

the e-NLMS algorithm, if we assume that the input signal is white and Gaussian, so that

||wari]|* can be considered statistically independent from any function of wy; [10,59,64,

68], and considering € ~ 0. Consider a random matrix U, that depends on u,,; (that

later will be used to form matrices 17 as, To s and 75 7). Under the assumptions above:

U |2 U
EUy =E {JV"LMQ“] ~ B Ellual, (3.68)
[l [|wasl|
where E|luy;||> = Mo?, and
U (||uaril]?) U
EU, = E | =X (l M’2||2) ~ ~—E (lasil ?)?, (3.69)
(llearal?) (laral?)
where the scalar moment E (||uy;]|2)? can be written as
El(w(@)+--+u*(i—M+1)) (v’@)+--+u*(i —M+1))]. (3.70)

For every term in the sum on the left, there are M — 1 terms on the sum on the right that
are uncorrelated to it, yielding M (M —1) terms of expected value o}. Yet, the distributive
multiplication yields M 4th-order moments, that, as zero-mean Gaussian variables, have

expected value 3o2}. Thus, this moment becomes

B (|[uaril2)* = M(M = 1)o + M30* = M(M + 2)0?. (3.71)
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For Uy = uy ;up,, we obtain from (3.68)

T T
Upr ;UM E'U'MiuMz‘ Ry v 1
T =F : R : = — = —]. 3.72
o luaril >~ Ellual? — Mo2 — M (3.72)

Considering U s = u}MuMﬂ- in (3.69), we obtain

T T

Upr ;Ui EUM UM i Ry, v 1

T =F : ] : — = : = Iy, 3.73
Q’M (Juril2)? B (Juagl[)? MM +2)0f — M(M+2)02 " (3.73)

and considering U, = u}},iuM,iuTM’iuM’i in (3.69), and using the 4th-moment result
(3.65), we obtain

wl uyut uns Bul unul M +2)o? 1
Ty — prtsMit i Bttty (M + )UU4 = —Iy. (3.74)
(il [?) E ([[warsl?) MM +2)oy, M

3.C Recursive computation of the optimum length

In this appendix, we derive M that maximizes n(M, po) given in (3.51), considering
exponential impulse response. For convenience of notation, here we write n only as a

function of M. Defining
P(M) 21+ (52— 2)e M 4 (1 = 2s9)e™ "M 4 gpe70M (3.75)
and
E(M) & M+ sy Me M (3.76)
where s; and sq, defined in (3.49) and (3.50), respectively, are held as constants. Then,

sop(M)
(M) -

where sg is defined in (3.48). Considering M as a continuous variable, the value M° that

n(M) = (3.77)

maximizes 7(M) is so that

(M) _ so (¢ (M)§(M) — p(M)E'(M))
ST = 200 =0, (3.78)

where ¢/ (M) and &' (M) are, respectively, the derivatives of (M) and £(M) in respect to
M. As £(M) is a bounded function for finite M, then M?° satisfies

¢ (M)E(M) — o(M)E'(M) = 0. (3.79)
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Substituting (3.75) and (3.76) in (3.79), and defining = 2aM, we have

e [(24 51 — s2)z+ (2 — 51 — $9)]
+e 77 [2(250 — )a + 2(s1 + 52) — (1 + s152)]
— e737[(251 + 352 + 35152 + 25155)x + 5152(1 — 255)]
— e "[25150 + s159] = 1. (3.80)

As (3.80) is a transcendental equation on x, we cannot solve it explicitly, and we must
compute x recursively. Taking e~* in evidence in (3.80), and taking the natural logarithm

of both sides, then the solution z° to (3.80) can be computed recursively as

z(k)=In[(24+s1 — s2)x(k— 1)+ (2 — 51 — s9)

+e "D 12(2sy — D)a(k — 1) +2(s1 + 59) — (1 4 5152)]
— e 20D T(28) + 355 + 35150 + 25155) 7 (k — 1) + 5182(1 — 259)]

— ¢ du(k=1) [28132x(k - 1)+ 5152] , (3.81)

so that z° = limy_,, z(k).

3.D Estimating unknown environment parameters

The methods proposed in Sections 3.3 and 3.4 rely on quantities usually unknown

2
w?

about the environment, namely, 02, 02, 02 SNR and «. In this appendix, we show that
we can estimate these parameters by observing signals (i) and d(i) and using the weights

of a pilot adaptive filter.

The procedure is divided in three parts. First, we estimate the noise variance o2 by
taking the mean of the squared values of the system output samples, provided that the
input of the system is null (from (2.5), when up; = 0p the output is solely the noise v(7)).
We can acquire null input by either turning the input down, if possible, or acquiring the
input during silent tracks. As the signal v(i) is an i.i.d. sequence, the standard deviation
of the estimation is, when using K samples, o2,/2/K [69].

Second, we estimate 02 and o2 by measuring the mean-square values of the system

input and output, respectively, now considering that the system is operating with integral
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input. From the measures so far, we can estimate the SNR from

2 2 2 h 2
% _ % T oullhell” _yy ghp (3.82)
JU O—’U

Finally, we estimate the exponential decay « of the system impulse response with the
aid of an adaptive filter. We measure an approximate impulse response from the filter
weights w(k), for k = 0,..., M — 1, at steady-state. The filter length M can be chosen
loosely, as long as it enables the filter to capture the decay behavior, and the excess mean-
square error in steady-state must be reasonably low (using, for example, = 0.1°). We
estimate a by minimizing the squared error between |w(k)| and the exponential model

Be~* in logarithm scale, for k =0,..., M — 1, as [69)

[5 ] — (XTX) T X7y, (3.83)
—
where _ - - -

1 0 log |w(0)]

1 1 log |w(1)]

X=1 _ , Y= _ ) (3.84)

1 M—-1 log |w(M — 1)|
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4 ANALYSIS OF UNDERMODELED FILTERS
IN NONSTATIONARY SCENARIO

We have studied so far in this text the cases in which the underlying environment is
stationary. The model of a time-invariant impulse response, however, may not be repre-
sentative in many practical applications where the environment is constantly changing,

such as in acoustic paths [70] and in communication channels [47,71].

In this chapter, we derive the tracking performance, which is the steady-state perfor-
mance under time-variant systems, for the undermodeled LMS and e-NLMS algorithms.
Although the analyses of these algorithms for nonstationary models (time-variant impulse
responses) [2,3,35,72,73] and for undermodeled filters [9,10] are separately available in
the literature, the joint analysis as we derive is a novelty, and, as we will show, simulta-
neous nonstationarity and undermodeling yields terms that are not trivially obtained by

separate analysis.

Since we focus on the analysis of steady-state performance, we opt to use the energy
conservation relation [35] in the derivations. We employ the impulse response model (2.6),
that considers general mean hp and decay rate c. Many authors approximate such decay
rate ¢ to 1 in the algorithm analyses [2,4,35], but we keep |¢| < 1 in our derivations
since an unstable mean-square behavior in the impulse response is not suitable to analyze

undermodeled filters.

We also derive the optimal step size under such time-variant model for the white
input case. Differently from what we consider in the previous chapter, we now consider
the optimal step size as the one that minimizes the steady-state EMSE. We show that

such optimal step size may not exist, and we derive the condition for its existence.

This chapter is organized as follow: in Section 4.1, we carry out a preliminar analysis
for the mean and mean-square behavior of the impulse response model (2.6); in Section 4.2,
we derive the mean behavior of the general data-normalized algorithm, and the mean-
square behavior in steady-state using the energy conservation relation; we derive the

results, in particular, for the LMS and e-NLMS algorithms; in Section 4.3, we derive the
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step size that minimizes the steady-state EMSE when the input signal is white; finally,
in Section 4.4, we present simulated curves to better understand the theoretical results

obtained, and to compare with experimental data.

4.1 Behavior of the impulse response

Before we begin the algorithm performance analysis, we need to derive the mean and

the mean-square behavior of the impulse response model (2.6).

First, let us analyze the mean and mean-square behaviors of the internal state @p;.

Recall, from the second equation in (2.6), that
ep,i == 60p7i_1 + qp’l-, (41)

where |c[ < 1, and gp, is as an zero-mean i.i.d. process with covariance matrix Fq p’iqngﬂ- =
Qp. As qp, is zero-mean, we have Ffp, = Op.
. . A .
Define the covariance matrix of @p; as Op; = EOpyiOJT;.Z-. Then, using (4.1), we can
write it as
A T T
Op; = E0pi0p; = E(cpi—1+ qp;)(cOpi-1+ gp;)

= C2E0p7i,101T37i_1 + CEOP,i—leTD,i + CEQP,z'ezTD,i—1 + EQP,z'QJTD,z'

= C29P,z‘—1 + Q@p, (4.2)
and, as 1 — 00,
1
Opo = ——Op. 43
oo = 50 (43
Note that E||@p;]|* = TrOp;, and similarly, as i — oo,
TI'QP
TrOp., = . 44
TP, 1—¢2 (44)

From the first equation in (2.6), the impulse response hp; is obtained from the internal

state simply by adding the deterministic term hp, as
hpi;=hp+0p;, (4.5)

and so the mean and mean-square behaviors of hp; are straightforward. The mean be-
havior is

Ehp; = hp + E6p;, (4.6)
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and Ehpo, = hp. As hp; differs from @p; only by the mean, the covariance matrix hp;

equals the covariance matrix O p;:
E(hp; — hp)(hp; — hp)" = E0p;0, = Op;. (4.7)
The correlation matrix of hp; is

Ehp;h}, = E (hp + 0p;) (hp + 0p;)"
= hphp +Op; + hpEOp, + EOp;h}

= hphp + Op;. (4.8)
As i — oo, using (4.3),
1
Ehpohp ., = hphp + T 20r (4.9)
and similarly
Tr
Bllhpacl? = [l + 120 (1.10)

We assume that, as the adaptive filter begins to run at ¢« = 0, the impulse response
has already reached steady-state, that is, we assume that the environment model above

starts to run at some instant distant in the past.

Else, note that, for |¢| < 1, the quantities in steady-state (4.3), (4.4) and (4.10) are
finite real numbers. For |¢| = 1, on the other hand, these quantities grow unboundedly. As
seen in the analyses of the previous chapter, the performance of undermodeled algorithms
depends on how the energy of the impulse response is distributed along the taps, and
we show in this chapter that this is also true for the nonstationary case. Therefore, in
order to take only the cases in which the algorithm performance is stable, we consider

that |c| < 1.

4.1.1 Notes about the covariance matrix (Jp

In the definitions of gp;, stated back in Subsection 2.2.2 and reminded above in this
section, we only specified the temporal property for gp, — an ii.d. sequence. This,
however, does not tell us anything about matrix () p, that defines how the elements of the

vector qp; are correlated to each other at a given time instant.

In the literature, tracking analyses are carried out assuming a general matrix Q)p
[2,35]. In the analysis that follows in this text, for the case of undermodeled filters, we

make two simplifying assumptions about the elements of gp;: (i) each element of the
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vector gp; is independent of the others, so that matrix Qp is a diagonal matrix; and (ii)
the variance of elements in gp; follows an exponential envelope of decay «. Under these

assumptions, the elements of qp; can be written as
qpi(k) = e *zp;(k), for k=0,1,...,P -1, (4.11)

where zp;(k) has variance o2 and is independent of zp;(¢) if either i # j or k # ¢. With

this considered, the trace of Qp is given by

P-1 1 — g—2aP
TiQp = Y e **Ez}, (k) = o? (—> : (4.12)

1 —e 2
k=0

The exponential envelope assumption for qp,(k), together with a similar assumption
for the mean hp, leads hp; to have an exponential envelope. As observed in the previous
chapter, an exponential impulse response is meaningful in many practical applications
and provides a mathematical parameter to evaluate how undermodeling affects the per-

formance of an adaptive algorithm.

Assuming that the elements in gp; are independent from one another implies that the
entries @p;(k), for k =0,1,..., P—1, are independent processes (and so are the entries of
hp;). This induces a reasonable statistical simplification when considering the partitions

of these vector quantities, as we address in the following subsection.

4.1.2 Vector partitions

In the analyses of undermodeled filters, it is necessary to split the impulse response
vector into two parts, as in the previous chapters. Similarly to (2.11), we define, for the

nonstationary case,

dp; =

4 O ha
q”“], 0p; = [ M’], hp; = [ M’], (4.13)

N On,i hy,

where @y, 0, har; € RY*! and (1N7i,éN,i,ﬁN7i € R¥*! Considering the indepen-
dence assumptions from Subsection 4.1.1, none of the quantities q,,;, Oyr; and hy; are

statistically dependent of any of the quantities qy ;, Oy, and hy ;.

Consequently, the mean and mean-square behavior of these vector partitions are sim-

ply the partition of the results from the previous subsection. Vectors q,;;, @y ;, @, and

N _ _ qT
Oy ; are zero-mean, and Fhy; = hy and Ehy,; = hy, where hp = [hTM h%] )
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For the mean-square quantities, define Q = Eqy;,q3;; and Qn £ Eqy,qy,;. Then:

B qnmi
TrQp = EQJTD,iQP,i =E [q}“ qﬁﬁ} [— ]
an,;

= EqTM,iqM,i + EQ%,Z‘QNJ

Analogously, if we define ©,,; £ FE0 M,Z-O}M and © N,i £ FE0 Nﬂéﬁﬂ-, then

TrOp; = TrOy,; + TrOn,, (4.15a)
Ellhpi|[” = Ellhari|]” + Ellhn %, (4.15b)
and, in steady-state,
TI'QM
TrOn 0 = 1= 2 (4.16a)
= TI'QN
TrON = . 4.16b
TON, 1_ 2 ( )

If we assume that elements of the vector qp; are independent, under the exponential
model (4.11), then

Ty = o? (L2 (4.17a)
P\ 1l—e2a )7
B —2aM __ _—2aP 1— —2aN
TrQy = o (e - e_ia ) — g2 2oM (JW) _ (4.17b)

4.2 Tracking performance analysis

In this section, we derive the excess MSE for the nonstationary environment. We
carry out the derivations considering a data-normalized algorithm, and then derive the
particular cases for the LMS and the e-NLMS algorithms, similarly to what is done in Sec-
tion 3.2. We begin the analysis by deriving some fundamental relations and assumptions;
we then derive the mean behavior, and finally we derive the mean-square performance by

using the energy conservation relation.

The full and partial a priori estimation errors e, (i) and e, p(7), defined respectively



75

in (2.38) and (2.45), are related as

. Whprri—1 _ hM,i — W)pi—1
ea(l) =Up; hP,i - = |:UM,2' uN,i:| _
On hy;

= ea,M(i) + 'lTLNJFLN’i. (418)

Recall from (2.40) and (2.44) that the weight error vectors consider impulse response
and filter weight of the same time instant. Using (4.1) and (4.5), we can relate the

expression hjr; — wyr;—1 to the weight error vector wys;—1 as

hari — w1 = har +cOniq + dnri — WMi-1

= har 4+ Onrio1 (e — 1)0rri1 + Qi — Warioa
—_— ——

hari—i

= W1+ qu; — (1—¢)On1. (4.19)

The filter output error is given by

e(i) = d(i) — Upri W i—1

=v(i) + unihp,; +unihy; — wp Wi

)
)
v(i) + wnri(harg — wario1) + Unihyg
= v(i) + eqn (i) + ty b,

)

= v(i) + eq(i). (4.20)

For the analysis that follows, we consider that wp, is independent of up; for ¢ # j

[1,4,35]. Summarizing our independence assumptions, we have that:

1. Random processes up;, v(i) and g p; are mutually independent;
2. up;, v(i) and gp; are i.i.d. processes;

3. hp; and Op; are independent of the processes up; and v(i); they are also indepen-

dent of gp;, but only for i < j;

4. '[U%Z- is independent of v(j), qp; and up; for j > i, but is dependent for j < 3; '[U%i

is correlated to @p; and hp; for any j.

These assumptions apply analogously for vector partitions. Also, considering the assump-
tions in Subsection 4.1.1 for gp;, any upper partition is independent of any lower partition

(the only exception is wyy;, which is correlated to 9N,j and f_LN,j, for any j).
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Taking the expectation of the squared-norm of (4.18), the excess MSE can be decom-

posed as
Eel(i) = Be? (i) + Ehy ak an by, + 2Ehy ak i (hars — wari1). (4.21)

Using (4.19), the third term in the right of (4.21) can be decomposed as

ST _p ST .
2FEhy uy unsi(hari — wari-1) = 2Ehy Gy i

+ QEFLFZI\‘M’EL%’Z»UMJQMJ — 2(1 — C)Eﬁ%7iﬁ%’iuM7i0M7i_1. (422)

. 7T _o
As qy; and 07,1 are zero-mean and independent from hy uy ;upr;, the second and

third terms in the right of (4.22) are zero. The EMSE (4.21) thus becomes

EMSE(i) = Eel(i) = Ee’ (i) + Cuml(i) (4.23)

where the undermodeling term (y,, (i) is
Cum i) 2 Ehy @ iy ihy, + 2Bhy @k i, (4.24)

In Appendices 4.A and 4.B, we show how to compute the terms in (,,(7) from the au-
tocorrelation matrix Rp n; =S EﬁN,iﬁ%J and the cross-correlation matrix Ryn v £

~ =T

Before we proceed to the derivation of Ee (i), we first address the mean behavior,

whose result will be required subsequently.

4.2.1 Mean analysis

Consider the general data-normalized algorithm

T

L) (4.25)
Wy = Whi—1 T 1 ell). .
g (unr)

Subtracting both sides of this expression from h,,;, and expanding e(i) as (4.20), we have

T
Ups i

el (4.26)

h’M,i —Wnr = hM,i —Wpri—1 — M

T
Uy

g (unr)

hoyri —wai =hyi —warior — p (v(?) + upihp; — UnWhLi—1), (4.27)

T T

T —
- Upys i WM,i KUy, . UpriUNGi -
Wy = | Iy — p——— | (b — wprio1) — —=0(1) — p———hy,;. (428
( g () ) ( U g T ) e 42
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Expanding (hpr; — wari—1) as (4.19), we have the recursion for the partial weight error

vector as

- UEMUMJ - 'U/}m ) UJ\T4 iUNi -
Wy = | Iy — p——— | Wyio1 — p———0(i) — p———hn;
g (UM,i) g (U'M,i) g (U'Mz)

I A T ( (1—c)Bari1). (4.29)
— Pl — C i . .
M H q (uM,z) qM, M,i—1

Taking expectation, as v(i), q a; and 0,71 are zero-mean and uncorrelated to way;,
the terms with them become zero. Also, note that l_zN,i = hy + éN,i, where éNJ is
zero-mean and independent of u,s,. With the independence assumptions, wjs;—; is in-

dependent of w,;, then (4.29) becomes
E"bM,i = ([M - NTLM) E’&’M,z‘—l - IUT4,M,NBN7 (4-30)

where (7} s is the same as previously defined in (3.9))

T T

Tiar 2 B2 and Ty 2 E—20 (4.31)
g (ups) g (uari)
Then, in steady-state, we have
Ewy oo = =T} 3 Tannhn. (4.32)

4.2.2 Energy conservation relation

In this subsection, we derive the steady-state behavior of Ee ,,(i) using the energy

conservation relation.

Considering the definition of e, 5/(7) in (2.45) and defining the a posteriori estimation
error €, /(1) = upri(hyri — war;), we have, by pre-multiplying both sides of (4.26) by

Ui,

112
HU’M,ZH G(Z)
g (uars)
Isolating e(i) in (4.33) and substituting it in (4.26), the scalars u and g(uas;) are cancelled,

(4.33)

epu (i) = €an (i) = p

and we have

u}m‘ea,M ()

ui, e, (i)
B = (hag; — wariq) + — P

12

(hari — wars) + (4.34)

l|war; |war

Taking squared-norm and expectation, the cross-terms are cancelled and we obtain the
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energy conservation relation [35]

el (1) (1)
\E||th ’LUMZH2+E—|| IE F‘|hM,i_WM,i—1|’2+E||pM I (4.35)
' Vv Z
(I) —— (I11) —
(1) (V)

Note that (1) is E||was||*. In the following, we compute (I77) and (V') and we will see
that the term (/1) will be cancelled.

First, let us rewrite (I17) in terms of E||wy;_1||*. Taking the squared norm of (4.19),
we have

Ellhp; — wM,z'—1||2 = E||171M,i—1||2 + Tps(i — 1), (4.36)

where the term 7,,,, related to the nonstationarity, is
Tns(1) = TrQur + (1 — ¢)? TrOnr; — 2(1 — ¢)TrRyo, a4 (4.37)

and Ry, £ E'&J}/[,i@ wm,i- In appendix 4.B, we show how to compute the cross-correlation

term Ry, in steady-state.

For (IV), let us rewrite e, 5/(7) in terms of e, p/(7) (using (4.20) and (4.33)):

. wp|[? . Ui
ep,M<Z): (1_MH M,|| >ea,M(Z>_M|| M,

g (uar;) g (uar;)

I

. ||UM1'||2’L7/N¢*
v(1) — p—————hy,. 4.38
() = (3

Taking the square, dividing by ||uas,||? and taking expectation, the cross-terms with v(7)

are zero, and then

|leen.qll? 2 [luarill*

) _ p [ 172 ] T |
waril]? s |2 €anr (1)
HuMz'H2 2/ 2 Nz”uMZH UN,; -
+ (2B 02(0) + W2Eh, ; hy;
% 92 (uM,z) ( ) % N, 92 (UM,Z) N,
-7 Un; |l el | ) .
—ouBhy,—2t (1 — B e (i), (439
HERN, g (uar;) < MQ(“M,i) i) )

We can expand e, p/(¢) in the fourth term on the right side in (4.39) using (2.45). Yet,
as the terms q M,i and @y,—1 in (hpr; — wpr—1) are zero-mean and uncorrelated to h Niis
then

ex (i) el (i) e (i) o unllPel p(4)
pM g el g plel -
|| || g (unr;) g% (upr;)

+ % O'gTI"TZM + /,LQE’TL]TVJTG,NBNJ - QIMEB,%J (T4,M,N - /LT5,M7N)T ﬁJM,ifla (440)
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where T py was defined previously in (3.9) as

T
Upr ;UM
Toar & E—+—— (4.41)
9*(uar)
. Byl af Jlun
Upril|UMi||"UN,i Up ;|| U || “UN;
Tsnn & E—55 T M and Ty 2 B 5 il g (4.42)
92 (unr) 9% ()
Defining 7,,, as the quantity that collects the undermodeling effect in (4.40)
N A =T = -T T ~
Tum(1) = pEhy Ts yhn; — 2Ehy ; (Tovn — pT5m8) Wario1, (4.43)

then (4.40) becomes

E eﬁ,M(i) _E ei,M(i) _uE eZ,M(i) 2 ||uM7i||2662L7M(7:)
IS ezl [? g (wn,i) 9% ()

+ 1202 Tr Ty pr + pTum (). (4.44)

| ’uM,i

The expectation terms in (4.43) can be computed with the results in Appendices 4.A and
4.B.

Now, substituting (4.36) and (4.40) back into the energy conservation relation (4.35),

and considering steady-state i — oo so that El||lwy,||* = E||wari-1]|?, we obtain the

steady-state variance relation

62 (0.9] UM ,00 262 o0
QMELH _ u2E|| M’z [Fean(0) _ P02 Ty + Tos(00) + fiTum (00). | (4.45)
9 (Uar00) 9? (Un,00)

In order to isolate the term Eei 1 (00), we must make further independence assumptions

and consider specific algorithms to specify the function g(-).

4.2.3 Performance for the LMS algorithm

For the LMS algorithm, g (uy;) = 1 and the moment matrices become
Tl,M = T2,M = EU}MUMJ = Ru,Ma (4-46)

TymnN = Eu;\F/[,iaN,i = Ry mN- (4.47)

For the fourth-order moment matrices, we assume that the input is Gaussian and, from

the results in Appendix 3.A, we have

T5,M,N = EUL,I‘HUM@HQ'&N@’ = (2Ru,M + Tl"RuyMIM) Ru,M,N: (448)
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TG,N = Eﬂ%JHUMJHZ’lTLNJ = QRE,M,NRu,M,N + RUJ\](TI'R%M). (449)

The cross-correlation matrices Ryg ar00 a0d Ryn a,n 00, NECESSAry to compute (4.24),

(4.37) and (4.43), are, from the results (4.106) and (4.112) in appendix,

1
+c

—1
Ruo.vo0 = 7 (1 =)y + peRune] (I — pRun) Qur (4.50)

and

. 1 1—c - _
Rwh,M,N,oo = —R;}WR%M’N}?JN}Z}I\} - 1_ 2 |:( cil > IM + Ru,M‘| Ru,M,NQN- (451)

Recalling from Section 4.1 that Ry n oo = = Fhy ooh% o = hNh]T\,+ "5, using the results

in Appendix 4.A to compute bilinear forms and using the cross-correlation matrices above,

the nonstationarity and undermodeling terms (4.37), (4.43) and (4.24) become

2

Tns(00) = Tte

|:T1"QM (1 — C)TI' [[(1 — C)[M + ,UCRu,M]_l ([M — uRmM) QM] 1 s

(4.52)

Tum(00) = 1Y (2R yy yRupiy + Run(TrRyur)) © (hNh% + %)

-2 Z {((1 — WIr Ry ) I — QMRu,M)Ru,M,N:| ® Run,MNoos| (4.53)

Cum ZRuNQ(hNhT QN )+QZRuMN®RthNoo (454)

In order to isolate Ee? ,,(co) in (4.45), we assume that ||wys,e0|[* is independent of

6(217 1 (00), which is a reasonable approximation in steady-state [35]. Then,

pEel 1 (00) (2 — pTrRy ) = (20, TrRyar + Tos(00) + piTum (00) (4.55)
N Motk 4 1 T (00) 4 Tyum(00)
Ee, y(o0) = 2= o2 : (4.56)
Using (4.56) in (4.23), we have
puMao2o? + 11 75 (00) + Tum (00)
EMSE = L um , 4.57

where 7,5(00), Tym(00) and (um(c0) are given, respectively, by (4.52), (4.53) and (4.54).

This result, although general enough to comprise any input signal correlation, filter
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length and time-variant impulse response under the model (2.6), is quite complex. The
expression (4.57) can be simplified under some particular conditions, such as for stationary

systems, full-length filters or white input signal.
When the system is stationary, matrix @ p is identically zero, making 7,,s(c0) = 0 and
the terms that depend on Qp in 7, (00) and (., (c0) vanish. These terms become
Tum(oo) = ’UZ (2R;£M7NRu,M,N -+ Ru’N(TI"Ru’M)) ® BNB]’I\‘[

o 22 |:((1 - ,UTI‘RU,M)IM - QﬂRu,M)Ru,M,Nl ® Rwh,M,N,oo; (458)

Gum (00) = Z Ry © hyhy +2 Z Ruym N © Ruyh MNoos (4.59)

Roh M Noo = —R;}WR@L,M,NBNB]TV- (4.60)

When M = P, the terms R, n, R,y and hy; vanish, and consequently 7,,,(00) = 0
and Cum(00) = 0.

When the input signal is white, we can isolate the EMSE in the variance relation
(4.45) without the rough independence assumption between ||y o||* and e ,(c0). In

Appendix 4.C, it is shown that, when input is white,
Ellunco|l’ef as(00) = (M + 2)0; Eeg y,(00), (4.61)

so that (4.57) becomes

pMc2o? 4 1 75 (00) 4 Tyum(00)
EMSE(c0) = um (00). 4.62
SE(o0) 2 — po2(M +2) + Gum(20) (4.62)

Furthermore, uncorrelation of samples of w(4) implies that R, p = 02Ip and consequently
Runn = Oy oy and Ryparnoeo = Opn, which simplify most of the expressions 7,,s(00),

Tum(00) and (ym(00), becoming:

Tns(00) = %4_0 [TrQM —(1—=¢)Tr [((1 —c)+ ucai)fl Ing (1 — po?) [MQMH
2 [ (-0 ud)
_1+c{1_ 1 —c+ pco? }TYQM

2 po?
— u T
(1+c) (1—c+,ucag) rQum

_ 2003 TrQ (4.63)
(1 +0)(1 = c+ pco?)’ '
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Tum(00) = Ry N(TrRy ) © (BNB% + &)

1 —¢?
_ TrQ
e (e (164)
7 TrQy
2 2

4.2.4 Performance for the e-NLMS algorithm

The evaluation of the moment matrices (4.31), (4.41) and (4.42) for the e-NLMS
algorithm is, under general input correlation conditions, a very complex task. In the
literature, such analyses for the e-NLMS algorithm are traditionally carried out for some
specific conditions on the eigenvalues of R, p and assuming that the input signal is Gaus-
sian [10,59, 68]. Only recently a more general analysis has been derived [74]. In this
section, for simplicity, we focus the case in which all the eigenvalues of R, p are equal,

that is, when the input signal is white.

Recalling that for the e-NLMS algorithm g(uas;) = € + [|uar,|[?, and assuming that
u(7) is Gaussian and white and that € ~ 0, the moment matrices 7} p; and 75 ) can be
approximated, from Appendix 3.B, as

1

1
Tl,M ~ MIM and T27M ~

Using a similar procedure, and with the results of the fourth-order moments in Appendix

3.A, the other moment matrices become

T —
EuM,iuN,i ~ Ryun

1. A = =0 4.67
Ts N =~ 2 s = = B = O, (4.68)
E (||wail 1?)? M(M + 2)o7,
Fuy ||uailPuy:  2RY v Bumn + Run(TrR, 1
1oy o Pl P 2Ry Rusniy + Run(WRuse) 1y o

E ([|uaq|?)? M(M + 2)o? M +2
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The cross-correlation matrices Ryp a,00 and Ryp p,n,00 Decome, then,

[0+ 57 (- ) o

M —p
" (14 (M~ Mc+ MC)QM (4.70)

RwO,M,oo =

and
Ruh v, Noo = Onr . (4.71)

The nonstationarity and undermodeling terms (4.37), (4.43) and (4.24), then, become

2pTrQ

- = , 4.72
s (00) (14 ¢) (M — Mc+ uc) (472)

Tun(00) = RN T e = 575 Bl

TI’QN

hyl|* + 4.73
— 51t (e + 2%, (4.73)

Tr
Canl00) = B} Ry = 03Bl = o2 (Il + T )| (a7

As in the LMS case, we assume that ||uys,.||* is independent of e ,,(co). Then, the

variance relation (4.45) becomes

e? y(o0) |[war,coll*€Z 1 (00)
Q'UE—HUZ E — u’FE m ||];4)2 = 202 TrTy s + Tns(00) + pTum(00),  (4.75)
,00 M 00
ez,M(OO) . (M+2)a2 + 1 75(00) + Tum (00) (4.76)
|uarool? 2—p ’ '
Mo po; _
B (o) = 2—p <(M +2)02 + 1 s (00) + Tum(oo)) : (4.77)

Considering the approximation for large M, and substituting in (4.23), we have

po, Moy (4
yo b M(u Tm<oo>+fum<oo>)+cum<oo>, (4.78)

EMSE
(00 2—p  2-—

where 7,,5(00), Tym(00) and (., (c0) are given, respectively, by (4.72), (4.73) and (4.74).

4.3 Optimal step size for white input

In the stationary scenario, treated in Chapter 3, we attain lower and lower steady-state

error level as we reduce the step size value. In the nonstationary scenario, in constrast,
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this does not occur: reducing undefinitely the step size may not improve and might
even degrade the filter performance since the filter becomes unable to track the constant
changes in the system. A question that arises, consequently, is if there is a step size value
that maximizes the tracking performance, that is, that minimizes the steady-state error

of the filter. We call such step size value as the optimal step size for the tracking case.

In the literature, the optimal step size has been derived for some different models
[2,3,35]. In the following, we derive the optimal step size for the nonstationary model
(2.6), that we employed along this chapter, considering the undermodeling and white
input case, and then we analyze its existence condition: is there always a step size that

minimizes the steady-state error?

The steady-state EMSE expressions of the LMS and the e—~NLMS algorithms for
white input, respectively, (4.62) and (4.78), considering the approximation M ~ M + 2,

can be unifiedly written as

XoX3H M02X1

EMSE(00) = + (xo — 02 4.79
)= s T G- e ) (o =) )
where _
_ TrQn 2TrQ)ps
woteat (Il + 1), e (1.80
N % , for LMS, A Ma? | for LMS,
MO-9 o ¢ NLMS 1, for eNLMS
Taking the derivative of (4.79) in terms of u, we have
OEMSE(00) _ 2X0X3 _ Mo2xi[2 — xaxs — 2x31)
on (2-pxa)” xs (2 wxe)’ (e + p)’
_ 2x0x3 (k2 + )° + Mazxa [xexs + 2xap — 2] (4.82)

X3 (2 = pixs)? (x2 + w)?

The optimal step size p°, that minimizes EMSE(00), is so that (4.82) equals zero. As
0 < p < 2/xs3 for stable convergence (for both LMS and e-NLMS) [12], the denominator

of (4.82) cannot zero the expression. Then, the optimal step size is such that
2x0X5 [(1°)? + 2x2° + X3) + Mopxa [xaxs + 2xsp’ — 2] = 0, (4.83)

2x0x3(1°)% + 2x3 (2x0x2x3 + Mozx1) 1 + 2x0xax5 + Moaxi [xaxs — 2] = 0. (4.84)

Then, as a quadratic function of u°, and because step size is positive, the only solution
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to (4.84) is
==+ () =, (4.85)
where ) )
23 (2 + Mo Mo
,u’ _ Xs( Xo)ifX:s : qu) — yo 4 uX1 (4.86)
X0X3 2X0X3
and
" o__ 2X0X%X§ + MO'in [X2X3 B 2]
ILL - 2 2
X0X3
xeMoixi  Molxa Mo?2x,
= X5+ — M = g — — (4.87)
2XoX3 XoX3 XoX3

The only terms that determine whether the LMS or the e-NLMS algorithm is cosidered
are x2 and xs3, computed as in (4.81).

4.3.1 Existence condition for the optimal step size

As we can notice from (4.85), the optimal step size does not always exist. Analytically,
if 1 > 0, then p° would be zero or negative, which are not valid values for a step size, and
thus an optimal step size would not exist. This means that, when p” > 0, as we decrease
undefinitely the step size towards zero, the steady-state error continually decreases, but
converging to a nonzero value. In practice, as we will see in the simulations of Section
4.4, decreasing the step size from a certain point on does not yield relevant improvement

in the steady-state performance for these cases.

Let us derive with more detail the conditions under which the optimal step size exists.

For the LMS algorithm, substituting xi, x2 and x3 from (4.80) and (4.81) into (4.87), we

1-c\® [1- T 2T
= (o) (o) e e s
co? co2 ) c(l4+c)xo Mo2e(l+c)xo

The optimal step size exists if p” < 0, that is, if

have

1-c\? 1—c 2 TrQ s
- <0 4.89
(=) [ ) o <0 459
2 1—-c¢\ TQu (1—c)?
< > 4.90
() i e (490)

2 1-—c c TrQr _ Xo
- X0 4.91
(M c )(1—c)1—c2>ag (491)
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Then, substituting xo from (4.80) into (4.91), we have

2c TrQy o2 — o TrQu
— =1 > — h . 4.92
Qwa—@ )1-& L (4.92)

Analogously, for the e-NLMS algorithm,

M?*(1 — ¢)? M(1-c¢) TrQ TrQ
"=~~~ 4 Mo? —2Mo?— 4.
. c? Moy ( c c(1+¢)xo “e(14 ¢)xo (4.93)
Imposing p” < 0, it follows that
M?(1 —¢)? M(1— T
M1 - + Mo? MA-c) _ 9 _TrQum <0, (4.94)
c? c c(1+¢)xo
M(1— T M(1 —c)?
o2 (o M=) WQu MO =] (4.95)
c c(1+ ¢)xo c?
M(1-c¢) c TrQr _ Xo
2 Xo 4.96
( c )(M(l—c))1—02>ag’ (4.96)

which yields the same existence condition in (4.92).

From the right-hand side of (4.92), note that the optimal step size p® exists if un-
dermodeling (given by the terms ||hy]||? and TrQy) is sufficiently low, and if the SNR
(proportional to the inverse of ¢2/c?) is sufficiently high. Also, the left-hand side of
(4.92) must be positive for the inequality to hold, and so a necessary (but not sufficient)

condition is
2c

M(1~c)

which, after trivial manipulation and considering the bound |¢| < 1, yields

—1>0, (4.97)

<c< 1l 4.98
M +2 (4.98)

Recall that all these derivations come from (4.79), which assumes the approximation
for large length M ~ M +2. Using this approximation also in (4.98) gives a contradiction,
since the equality ¢ = 1 is not allowed. Instead, we can interpret the lower bound
M/(M + 2) as a value very close to one for large M, and we will indeed verify, in the

simulations in Section 4.4, that the optimal step size exists only for ¢ very close to one.

The conditional existence of the optimal step size in tracking has also been treated
in [75], but considering the case of general input correlation and no undermodeling. In the
derivations above, by considering the case of white input, we could derive a closed-form

expression for the existence condition (4.92), also including the undermodeling effect.
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When the filter is not undermodeled (the two last terms in the right on (4.92) do
not exist, by construction) and making ¢ — 1, note that condition (4.92) always holds
because the term on the left grows unboundedly to positive infinity. This is consistent
with the results in the literature [2,35], in which the optimal step size always exist for the

random-walk model (and not undermodeled filter).

4.4 Simulations

We present simulations to visualize the behavior of the tracking performance derived
in this chapter, under distinct environment conditions. For all the following simulations,
we consider 02 = 1, 02 = 0.001, and impulse response with decay «a = 0.05 (for both hp
and ¢p;), ||hp|[* = 1, P = 500, that can be regarded as infinite for the decay o employed,
and the mean hp is a pure exponential. The other environment parameters and the step

size value changes along the tests.

Figure 23 shows curves of EMSE(0c0) x p for the LMS algorithm, alternating which
parameters are fixed and which ones are varied. We compare theoretical curves (dash-
lines), computed as (4.57), to steady-state values obtained experimentally (colored dots).
The experimental measures are obtained from approximate learning curves of EMSE that
are the ensemble average of 300 realizations, from which we compute the average of 10000

samples in steady-state.

Figure 23a shows the case in which we fix TrOp, = 0.001, M = 100, white input p = 0
and vary ¢ (note that, by fixing TrOp , and varying ¢, we are varying Tr@ p according to
relation (4.4)). As c gets closer to 1 (the time-varying component in the impulse response
is more correlated and slow), the steady-state error can attain lower values. This happens
because slower variations in the impulse response are easier to track. However, as we take
smaller and smaller step sizes, the steady-state error increases because the filter becomes
unable to track the system variations. Note that all the curves converge to the same value
of EMSE(o00) as p — 0. Indeed, we can verify, from (4.62), that

1 202TrQuy TrQN)

lim EMSE = 2 lhn]]?
fiy EMSE(oc) = 5 75 2 4 (Il +

T TrQ - _
=02 ( rQu + 1Qn + HhNHQ) =0, (TrOpu + ||AN]]?) . (4.99)

Y\N1—=¢2 1—¢2

1—c2

which is constant for fixed TrOp, and M. This means that when the filter is much slower
than the impulse response variations, the filter gets stuck on the impulse response mean

hp, and EMSE(c0) depends mostly on TrOp,, which is related to the variance of the
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Figure 23: Comparing EMSE(cc) x p curves for the LMS algorithm, under different
scenario conditions; dash-lines: theoretical curves; dots: experimental data. Parameters
(if a specific parameter is not varied): TrOp ., = 0.001, M = 100, p = 0 (white input),

c=10.999, 02 =1, 02 = 0.001, a = 0.05.

entries of Op .

The squares point out the theoretical minimum steady-state EMSE value obtained

with the optimal step size (4.85). Note that they are indeed the minimum of each curve.

Note that the curve for ¢ = 0.99 is a crescent function and does not have a minimum

value (although satisfying the necessary condition (4.98)). The value of the optimal step

size computed via (4.85), in this case, is negative. And although this curve does not have

a minimum value, note that the improvement of the tracking performance by reducing

the step size to values smaller than 0.001 is negligible.

Figure 23b shows a similar plot, now fixing ¢ = 0.999, M = 100, p = 0 and showing

curves for distinct TrOp.. As expected, larger values of TrOp,, yield larger error in
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steady-state. For very small values of TrOp,,, there is no optimal step size and the
tracking performance continually improves as we decrease the step size. Figure 23c shows
these curves when fixing ¢ = 0.999, TrOp, = 0.001, p = 0 and varying M. As we decrease
M from 200 to 100, the minimum EMSE(co) continually decreases, but EMSE(co) for
M = 80 suffers too much undermodeling. Figure 23d presents these results for different
input correlation conditions, for ¢ = 0.999, M = 100 and TrOp., = 0.001. Note that, for
p smaller than 107%, the theoretical values are reasonably accurate. For step sizes larger
than that, however, the theoretical model does not adhere very well to experimental data
for correlated input. This can be explained by the fact that the independence assumptions
are less accurate for large step sizes, in special for correlated input. In particular, for
undermodeled filters, we have additional terms wy;, that are still very correlated to wa ;,

for i # j, when p is high.

Figure 24 presents plots similar to those in Figure 23, now for the e-NLMS algorithm.
The results are very similar to those obtained for the LMS algorithm. A remarkable
difference is in the step size values, that are two orders of magnitude higher than those
for the LMS. Another difference is the absence of theoretical curves when p # 0, which

we do not derive in this text.

Now, let us observe the behavior of EMSE(co) as function of the filter length M.
Figure 25a shows curves EMSE(oo) x M using the LMS algorithm, for different values
of step size. We consider the same environment scenario as in the simulations above in
this section, and we fix TrOp,, = 0.01, ¢ = 0.999, and we consider white input p = 0.
For small step size (@ = 0.001), the performance is roughly constant for M = 100 or
higher, which implies no advantage in using a filter larger than that. For p = 0.003,
EMSE(c0) reduces and the advantage of using a filter around M = 80 and M = 100
rather than larger lengths becomes more evident. As we use larger step sizes, filters with
larger lengths becomes severely degraded. We also show the minimum EMSE(co) for
every filter length, attained using the optimal step size (4.85), by the solid gray curve.
Figure 25b shows the performance curves of some of the filters that are close to this
minimum. These performance curves are obtained from the ensemble average of 1000
realizations. Note that, as we decrease the filter length down to M = 90, we achieve both
lower steady-state error and higher convergence rate, and naturally reduced complexity,

evidencing that excessive taps in nonstationary environment are very disadvantageous.

Figure 26 presents plots analogous to those in Figure 25, now for impulse response
decay with a = 0.1. The curves EMSE(00) x M are similar to the previous simulation, but,

as expected for steeper impulse response, the lowest steady-state error value is attained
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Figure 24: Comparing EMSE(co) x u curves for the e-NLMS algorithm, under different
scenario conditions; dash-lines: theoretical curves; dots: experimental data. Parameters
(if a specific parameter is not varied): TrOp ., = 0.001, M = 100, p = 0 (white input),

c=10.999, 02 =1, 2 = 0.001, a = 0.05.
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Figure 25: (a) Curves EMSE(oco) x M for the LMS algorithm; dash-lines: theoretical
values; dots: experimental data; (b) Comparing performance curves of filters of different
lengths. Parameters: TrOp ., = 0.01, p = 0 (white input), ¢ = 0.999, ¢2 = 1, ¢2 = 0.001,
a = 0.05.

for smaller length, around M = 40 and M = 60. Also, the performance curves in Figure
26b, of filters whose parameters M and p are taken close to the gray line in Figure
26a (minimum steady-state EMSE), show more evident advantages of filters with smaller

length.

Figure 27 presents simulations for the same scenario in Figure 25, but using the e-
NLMS algorithm. Now, curves of different step size have similar shape, differing mostly
by a vertical displacement, and does not increase more abruptly for large values of u. In
this sense, note that the optimal step size is roughly the same for all filter lengths, of
about p = 0.7. The performance curves shown in Figure 27b, for filters with the optimal
step size and with different lengths, are still very similar to those for the LMS case,
where filters with smaller lengths, within a certain range of values, exhibit both better

convergence rate and better steady-state performance.

Because shorter filters exhibit both advantages in the transient and in the steady-state
performance when compared to longer ones in nonstationary scenario, a combination of
filters as proposed in the stationary case would not provide considerable performance
improvement, as the supervisor would choose the undermodeled filter all the time. In

fact, the combination would only increase the computational cost in this case.
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values; dots: experimental data; (b) Comparing performance curves of filters of different
lengths.
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4.A Computation of bilinear forms

In this chapter, we often deal with bilinear forms!
b= FEx' Ay, (4.100)

where & and y are correlated random vectors, and thus we cannot compute the expected

values separately. This bilinear form can be written as the summation
b=FE> a(i)Y Al i)y() =YY Al j)Ez(i)y()). (4.101)
i j i
which is simply the sum of all elements of the entrywise product of A and Exy®, that is,

b= A@Eaxy", (4.102)

As so, the moment Fxy’ can be computed apart from the matrix A. Note that, when

A =1, b=a"y is the trace of matrix Exy?.

4.B Computation of cross-correlations of the weight
error vector

In this appendix, we derive the correlations matrices Ryg i = E'IIJM’ZH;\P/M and
Runyvni = E@M’i_lﬁ;i in steady-state. Matrix R, pnv,; does not appear explicitly
in the derivations, and rather appear through the bilinear form E@}l,i—lAM7 ~hy i, for
some matrix Ay y, in equations (4.24) and (4.43). Using the results from Appendix 4.A,

we need the correlation matrix R, v to compute this bilinear form.

Expanding w;; by the weight error recursion (4.29), and 6, as in (4.1), the cross-

IThe variable names in this appendix are illustrative and do not refer to specific variables defined in
the main text.
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correlation matrix Ry, can be written as

u}MuM,i . T T
Ruyovi=E | Iy — p——— | wari—1 (COM,i—l + qM,i)

g (unrs)
) _ =z u}“- T T
—pk (’U(l) + uN,ihN,i) 7 (wnrs) (COM,z’—l + qM,i)

T
WUpy Ui

—|—E IM—,u
g (unr;)

) Ay (COJ\T/MA + qgm)

Uy WL
g (uar;)

—(1—¢)E (IM — ) Orri1 (cOh, 1+ dag,) - (4.103)

Note that v(7) is independent of all others quantities, q,,,; is uncorrelated to all quantities

but itself, and 07,1 is uncorrelated to FI/Nﬂ;. Thus
Ryt = ¢ (I — pTiar) Ruonsio1 + (Iar — 0T ) (QM —c(1- C)9M,i—1). (4.104)
In steady-state, recall that Oy, = (1 — ¢?)7'Qys, then

[(1 = )T + pcTip) Ruontoo = (g — i) [Qu — c(1— ) (1 = ) 7'Qu],  (4.105)

1 B
Rwe,M,oo = 1 T |:(1 — C)IM + /LCTLM] ! (IM — MTl,M) QM (4106)

For Rn i, note that
Runping = B, by, = By 1 hy + By 10y, (4.107)

Let us denote Rypani = EﬂzM’i_léﬁ’i. Analogously to (4.103), Rygrn; can be com-

puted recursively as

Whpi U1 ) =T _T
Rpomni=FE | Iy — pp—"——— | Wy,i—2 (CON,i—l + QN,z')
g (Uari-1)

_ uT . —
—pE (v(i—1) + ty;—1hy,1) — e (Ceij,i—l + q%z)
g (wnri-1)

+FE |1 —u—u%’i_IUM’i_l q (céT +qx )
M q (’UIMJ'—l) M,i—1 N,i—1 N,

T
WUppi—1UM,i—1

g (’U»M,H)

—(1-¢)E ([M — ) O1rri 2 (céij_l + q%ﬁi) . (4.108)
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As éNﬂ-_l and qy ,; are zero mean and uncorrelated to 02, qyi-1 and v(i — 1), then

T

WUns i 1 UNG—

Mi—-1%M,i—1
RwQ,M,N,i:C In — pbb—"——-— RwG,M,N,i—l

g(uM,i—l)

'lLT T UNG— - — _
- MEM’“—N’IE(hN,o +0N;i1) (COE,H + fI%) , (4.109)
g ('U'M,ifl)
Ruouni = c(Inr — uTiar) Ruornio1 — T NONi1, (4.110)
and, in steady-state,
1—c -1 _
Ruyo M N0 = — ” I+ Tia| TamrnOnia (4.111)

Back to (4.107), and using the mean behavior (4.32), we have

- 77 l—c Qn
RuniNoe = =Ty Tunhnhy — [( ”

1—¢2

(4.112)

1
) In + Tl,M:| Ty m N

4.C Simplification of variance relation for white in-
put

When the input signal w(i) is white, we can isolate the EMSE Fe ,,(i) in the term
El|unol|*€} 3 (7), from the variance relation (4.45), without making a strong assumption

as used in Section 4.2.2.

Note that, when input is white, R,y = 03] v and the partial EMSE can be rewritten

as

EeiM(i) = E(hy; — wM,ifl)TuM,iu;\l},i(hM,i —Wpri-1)
= E(hM,i - wM,zel)TRu,M(hM,i - wM,zel)

= 0uE||hari — waria]. (4.113)

The term El|ua;||*e? 5, (i) can be written as

EH’U,M7¢H2€Z,M(1') = E’(h,]\/[,Z — wMJ_l)TuMﬂ-u&iuM,iuL,i(hMi — ’I.UM7Z'_1), (4114)
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where the fourth-order moment can be computed as in Appendix 3.A

El||up, 26371\4(2') = E(hy; —wpi)t (QRi,M + (TI"Ru,M)Ru,M) (Rip — Wwari1)
= E(hMﬂ, — ’(UMﬂ;_l)T (20’§]M + MO'?LIM) (hMﬂ — ’lUM7i_1>
= (M +2)0lE||hyi — wari ) (4.115)

Using the EMSE equivalence in (4.113), we have
Ellu|Pe; (i) = (M + 2)o3 Ee;, ,(0), (4.116)

in which the EMSE Ee (i) is obtained from E|[uy;||*€} (i) by a constant factor.
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5 CONCLUSION

We presented in this text several analyses of the effects of the filter length on the
performance of an adaptive filter, in particular, for the LMS and the e-NLMS algorithms.

For stationary environments, and considering exponential impulse response, we showed
that by increasing the filter length we reduce the steady-state error although degrading
the convergence rate. For a fair comparison between filters of different lengths, it is im-
portant to remark that we adjust the step size to have a constant ratio to the optimal

step size p° (that maximizes convergence rate).

By increasing the number of filter taps from some point on, however, we obtain almost
no improvement in the steady-state performance, which means that, for lengths larger
than a certain value, we only degrade the convergence rate. And we proposed a method
to find this value of length, by defining and optimizing the overall performance criterion
1, which is the ratio between the absolute value of the initial difference of the MSD curve
and the steady-state MSD. We showed in simulations that the filter with the length M®°,
that maximizes 7, has indeed such an optimized overall performance: it has almost the
same steady-state performance as longer filters, while exhibiting the fastest convergence
rate. A filter with such a length also has reduced complexity when compared to filters

with similar performance and larger length.

A filter that maximizes 7, and designed with the step size that maximizes the conver-
gence rate, is particularly interesting to be used as the fast filter within a combination.
As presented in simulations, while the steady-state is ensured by a slow filter, a combina-
tion with such a fast filter has the best convergence rate when compared to combinations

whose fast filter has any other length, in addition to the reduced complexity.

We also analyzed the performance of undermodeled filters in nonstationary scenar-
ios. When the impulse response is time-varying, a shorter filter may exhibit both better
convergence rate and better steady-state performance. We also derived the step size that

minimizes the steady-state error, and showed that, under certain conditions, it does not
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exist, that is, the steady-state error monotonically decreases (converging to a nonzero

positive value) as we reduce the step size towards zero.

As the reader must have noticed, we did not compare the length design proposed in
this text to any work in the literature, and this is because we did not find works that are
conceptually similar to the proposed method. Works that propose length selection [11,23]
aim at the minimization of the EMSE, and do not consider LMS-like algorithms. The
proposed method does not deal explicitly with the minimization of the EMSE, and rather
focuses on the enhancement of the convergence rate. Works that might be comparable are
the variable length algorithms [8,13—18], in the sense that these algorithms usually improve

the transient performance by using shorter filters while the algorithm is converging.

As this text is being written, we are also working in some improvements of the results
in Section 3.3 for a journal paper. Specifically, the method proposed in this text to design
the filter length requires a given value of normalized step size pg, which also must be
chosen somehow. So, among other improvements, we are deriving a method to design

both length and step size of the filter given a specified performance in steady-state error.

The ideas discussed in this text that still leave some unexplored spots, and that can

be further investigated in future works, are:

1. The comparison of the proposed length method with other works in the literature,

such as the variable length algorithms;

2. The design of the filter length for impulse responses with other shapes than the

exponential model, that are meaningful in practice (such as sparse ones);

3. The extension of the derivations (analyses for both stationary and nonstationary,
and for length design) to other relevant algorithms, such as RLS, APA (affine pro-

jection algorithm), among others;

4. The design of the filter length for the nonstationary case, either by minimizing
the steady-state error, as we experimentally show, or by considering the transient

performance;

5. The extension of the length design to a variable length algorithm: as we can estimate
the exponential decay rate with an adaptive filter — the own filter running the
algorithm, we can adaptively adjust the filter length to changes in the decay rate of

the impulse response.
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