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Resumo

Sistemas de comunicação de múltiplas antenas (multiple-input multiple-output - MIMO) têm se destacado
como a principal tecnologia para a camada física dos padrões de comunicação da próxima geração, como o 5G.
Enquanto a comunicação convencional entre a estação base (base station - BS) e seus usuários atendidos é
realizada em recursos ortogonais de tempo-frequência, a grande capacidade de redução da interferência inter-
usuários possibilitada pelo grande número de antenas da BS habilita a BS a se comunicar com diversos usuários
no mesmo recurso tempo-frequência. Este melhor uso do escasso espectro disponível eleva a eficiência espectral
a níveis muito apreciáveis, e tem um efeito similar na eficiência energética, pois a potência de transmissão não
é aumentada. Por outro lado, se o objetivo é fornecer um desempenho desejado para os usuários, a potência
de transmissão necessária em ambos os enlaces direto e reverso pode ser feita inversamente proporcional ao
número de antenas na BS.

Nesta Tese de Doutorado, diversos aspectos importantes de sistemas MIMO massivo são sistematicamente
investigados com o objetivo de melhorar suas eficiências energética e espectral. Pode-se enumerar as principais
contribuições alcançadas como se segue. Considerando uma rede celular MIMO massivo, propõe-se uma
política de atribuição de sequências de treinamento aos usuários otimizada, a qual é depois combinada com
apropriados algoritmos de controle de potência. Também investiga-se a adoção neste cenário de formas de
onda alternativas, tal como a transmissão de portadora única, visando superar as deficiências da convencional
multiplexagem por divisão de portadoras ortogonais (orthogonal frequency-division multiplexing - OFDM).
As principais contribuições obtidas neste tema são derivar expressões de desempenho analíticas para um
equalizador de portadora única no domínio do tempo que aproveita o grande número de antenas na BS, e
avaliar e comparar a eficiência energética total de sistemas MIMO massivo OFDM versus portadora única.
Finalmente, considerando redes MIMO massivo sobrecarregadas, compostas por usuários humanos bem como
dispositivos de comunicação do tipo máquina, propõe-se um protocolo de acesso aleatório melhorado visando
diminuir o número médio de tentativas de acesso para os usuários e diminuir a probabilidade de falhas de
tentativa de acesso.

Palavras-Chaves: MIMO massivo; eficiência energética; eficiência espectral; atribuição de pilotos; por-
tadora única; controle de potência; acesso aleatório.



Abstract

Massive MIMO communication systems have been highlighted as the main technology for physical layer of next
generation communication standards, like 5G. While conventional communication between BS and its covered
users is performed in orthogonal time-frequency resources, the improved interuser interference mitigation
capability provided by the large number of BS antennas enables the BS to communicate with several users in
the same time-frequency resource. This better usage of available but scarce spectrum elevates the spectral
efficiency to very appreciable levels, and has a similar effect on energy efficiency, since the transmit power
is not increased. On the other hand, if the objective is to provide a target performance for the users, the
required transmit power in both direct and reverse links can be made inversely proportional to the number of
BS antennas employed.

In this Doctoral Thesis, several important aspects of massive MIMO systems are systematically inves-
tigated aiming to improve their energy and spectral efficiencies. We can enumerate our main contributions
as follows. Considering a cellular massive MIMO network, we proposed an optimized assignment policy of
training sequences to the users, which is then combined with suitable power control algorithms. We have
also investigated the adoption of alternative waveforms in this scenario, such as single-carrier transmission, in
order to overcome the issues of conventional OFDM. Our contributions in this topic are to derive analytical
performance expressions for a time-domain single-carrier equalizer taking advantage of the large number of
BS antennas, and to evaluate and compare the total energy efficiency of OFDM versus single-carrier massive
MIMO systems. Finally, considering crowded massive MIMO networks, composed by both human users as well
as machine-type communication devices, we proposed an improved random access protocol aiming to decrease
the average number of access attempts for the users and decreasing the probability of failed access attempts.

Keywords: Massive MIMO; energy efficiency; spectral efficiency; pilot assignment; single-carrier; power
control; random access.
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1 Introduction

This chapter aims to introduce the basic concepts regarding some specific massive multiple-input multiple-
output (MIMO) problems: pilot assignment (PA), massive MIMO waveforms, power allocation, total energy
efficiency evaluation, and random access (RA) in crowded networks. Besides, the major contributions achieved
during this Doctoral work are listed. Finally, it is briefly described the structure and organization of this Thesis.

1.1 Concepts and Motivation

Over the past century, the wireless data traffic has grown at an exponential rate [1], as predicted by the
Cooper’s law. This rapid growth is motivated by new applications that demand increased data transfers,
such as video callings and augmented reality, as well as due to the increasing number of connected devices,
formulating the concept of Internet of Things (IoT). The fifth generation (5G) wireless networks are expected
to provide peak data rates up to 20 Gb/s, average data rates greater than 100Mb/s and connectivity for a
dozens thousand devices in a same geographical area [2]. As the communication community makes progress
towards such goals following a sustainable evolution, the energy efficiency becomes one of the most important
design criterions. In this regard, the massive MIMO technology appears as one of the key enablers for achieving
5G requirements, while being able to handle orders of magnitude more data traffic, and facilitating the network
access for a huge number of devices as in the crowded networks.

By coherently processing the signals over the antenna array, transmit precoding can be used in the downlink
(DL) to beamform each signal at its desired terminal. Similarly, receive combining can be employed in the
uplink (UL) to discriminate between signals sent from different mobile terminals (MTs). As long as the base
station (BS) employs many antennas, the spatial focusing can be very accurate. In this regard, while in
conventional communications systems either time or frequency resources should be splitted and allocated for
different users in order to mitigate multiuser interference, the massive MIMO concept allows several users to
communicate simultaneously over the entire available bandwidth. This fundamental difference results in quite
appreciable spectral efficiency gains. Besides, as transmit power can be reduced significantly by increasing
the number of antennas at BS, and lower levels of circuit power are required due to simple linear processing
techniques, the energy efficiency can also be significantly improved [2].

A propagation scenario can be achieved by deploying a large number of antennas at the BS, which is known
as favorable propagation. In this scenario, the wireless channel becomes near-deterministic since the different
radio links between BS and MTs result asymptotically orthogonal to each other. Such a phenomenon is justified
due to the effects of short-term fading, uncorrelated noise, and intra-cell interference gradually disappear with
the increasing number of BS antennas, while large multiplexing and array gains can be achieved under favorable
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propagation by serving more users and employing more BS antennas, respectively. It was shown in [3] that
using an excessive number of BS antennas and under favorable propagation, the simplest linear processing
techniques, e.g. maximum-ratio combining (MRC) in the UL and maximum-ratio transmission (MRT) in
the DL, become nearly optimal. Assuming independent and identically distributed (i.i.d.) Gaussian transmit
signals and perfect channel state information (CSI) estimates available at the receiver, the instantaneous
achievable rate can be expressed as [4]

C = log2 det
(

IK + ρ

M
HHH

)
, (1.1)

where K is the number of MTs, IK is an identity matrix of order K, ρ is the signal-to-noise ratio (SNR), M
is the number of antennas at the BS, H ∈ CK×M is the channel matrix, and {·}H is the Hermitian operator.
The real implications of (1.1) are most easily seen by expressing the achievable rate in terms of the singular
values of the propagation matrix, H = ΦDνΨH , in which Φ and Ψ are unitary matrices of dimension K×K
and M ×M , respectively, and Dν is a diagonal matrix whose diagonal elements are the singular values,
{ν1,ν2, . . .νK}. Thus, the achievable rate in (1.1) can be alternatively expressed as

C =
K∑
k=1

log2

(
1 + ρν2

k

M

)
, (1.2)

which can be seen as the combined achievable rates of K parallel links of SNR ρν2
k/M . In order to analyze

the worst and the best possible results for the achievable rates in (1.2), we first obtain the following constraint

Tr
(
HHH

)
= Tr

(
ΦDνΨHΨDνΦH

)
= Tr

(
ΦHΦDνΨHΨDν

)
= Tr(DνDν) =

K∑
k=1

ν2
k .

Assuming normalized magnitudes for the propagation coefficients in the channel matrix such that Tr
(
HHH

)
=

KM , we have that

Tr
(
HHH

)
=

K∑
k=1

ν2
k =KM,

which fixes the sum of the squared singular values. As a simple consequence of the concavity of the logarithmic
function, among all channel matrices satisfying this constraint, the worst case occurs with that having only
one non-zero singular value, while the best achievable rate are achieved by the ones with all equal singular
values. One can associate the worst case result to a scenario with line-of-sight (LoS) propagation, while the
best case can be approached in the limit by a scenario where all of the channel coefficients are i.i.d.. Thus,
the achievable rate in (1.1) are confined to the following interval

log2

1 +
ρTr

(
HHH

)
M

≤ C ≤K log2

1 +
ρTr

(
HHH

)
KM

 , (1.3)

log2 (1 +ρK)≤ C ≤K log2 (1 +ρ) . (1.4)

By letting the number of BS antennas grows largely while keeping fixed the number of MTs, the following
asymptotic condition is assured by the law of the large numbers: 1

MHHH ≈ IK . Thus, the achievable rate in
(1.1) becomes

C = log2 det(IK +ρIK) =K log2 (1 +ρ) , (1.5)
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which matches the upper bound in (1.4), demonstrating that the asymptotic orthogonality of massive MIMO
leads to the best achievable rates of a MIMO communication system. It can also be shown that simple MRC
processing at BS can achieve the capacity in (1.5). Expressing the UL received symbol at BS as

yu =
√
ρuHTx+n, (1.6)

in which ρu is the UL SNR, {·}T is the transpose operator, x ∈ CK×1 is the transmit symbol vector, and
n∈CM×1 is the additive white Gaussian noise (AWGN) vector. The BS using MRC rule multiplies the received
signal by the conjugate of the channel matrix:

H∗yu =
√
ρuH∗HTx+H∗n,

≈ M
√
ρux+H∗n. (1.7)

It is important to note that the filtered noise term H∗n in (1.7) remains white, since the columns of
matrix H are asymptotically orthogonal. Thus, the MRC processing separates the signals from different MTs
into different streams, asymptotically eliminating the inter-user interference; hence, the signals transmissions
from different users can be treated as if they came from a single-input-single-output (SISO) channel with
equivalent SNR ρu. Therefore, the rate achieved by the MRC receiver in this case is

CMRC =K log2 (1 +ρu) , (1.8)

which matches the upper bound (1.4), and thus the simple MRC receiver is asymptotically optimal with infinite
number of BS antennas, i.e., when M →∞. Similar derivation for DL shows the optimality of the simple
MRT scheme.

Another notorious benefit attained by favorable propagation in massive MIMO channels can be observed
as the channel becomes nearly deterministic, and hence different resource allocation schemes such as power
control and user scheduling can be performed based on long-term fading coefficients, instead of short-term
fading ones. Thus, the obtained solutions can be found at a lower computational complexity while remaining
valid for a larger time period.

1.1.1 Pilot Contamination

The main phenomenon that limits the performance of massive MIMO systems is pilot contamination [3]. The
BS requires CSI estimates to enable suitable communication in both UL and DL. Thus, in time-division duplex
(TDD) systems, the MTs send UL pilot sequences to enable the BS estimating the UL channel, while the
DL channel is obtained by reciprocity. The coherence time of the channel (Tc) is limited due to the users’
mobility, and thus also the time available for pilot transmissions. This fact in conjunction with the limited
system bandwidth makes the number of available pilot sequences restricted, in such a way that some users
in different cells have to reuse the same sequence. Therefore, while the BS tries to estimate the CSI of its
covered users, it inadvertently estimates the channel of the users reusing such pilots. As a result, in the DL
the transmitted signals from this BS will be partially beamformed to the users reusing such pilots, while in
UL the receiver processing will separate the signals of users reusing pilots in the same way as it does for the
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intended users. This pilot contamination interference, also referred as coherent interference in [5], is harmful,
since it does not vanish with the increasing number of BS antennas.

The performance of the massive MIMO system can be improved by suitably assigning the pilot sequences
to the users in a given cell if the adopted PA strategy is able to mitigate the pilot contamination effect. This
occurs since the pilot contamination interference is proper of each pilot sequence: it reflects the directed UL
interference from users in adjacent cells reusing this sequence, or the directed DL interference from adjacent
BS’s to a given user in the considered cell. Thus, one can for example assign in a given cell the sequences with
higher pilot contamination interferences to the users with better channel conditions, when adopting a fairness
metric. The PA problem was solved in [6] from the UL perspective, and a low-complexity near-optimal solution
was proposed. Such simple and very efficient solution was possible due to the simple dependence between
performance and pilot assignment seen in UL, as discussed in Chapter 3. Pilot contamination interference in
UL is due to the signals transmitted from users in adjacent cells sharing a given pilot sequence that reaches
certain BS. The user that will experience such interference is the one to which this pilot sequence is assigned
in the cell. Under a max-min optimization perspective, the solution proposed in [6] simply assigns the worst
pilot sequences in a given instant, in terms of pilot contamination arising from adjacent cells, to the best
located users, i.e., those with the higher long-term fading coefficients.

The pilot assignment should be unique within a coherence interval, since it would not be practical to
reassign the pilots during the frame transmission. Besides, in the TDD architecture, there exist UL and DL
data transmissions in a given coherence interval. Therefore, if a pilot assignment strategy like the scheme of
[6] is designed only for optimizing the UL performance, the DL performance will not be improved. Similarly,
several other pilot assignment schemes, for instance, those proposed in [7] and [8] are designed for only
optimizing DL performance, while not improving the UL one. In this Doctoral work, we have demonstrated
that a pilot assignment strategy able to jointly optimize UL and DL performance can be much more suitable
in order to improve the overall massive MIMO system performance.

1.1.2 Power Allocation Strategies

Several power allocation schemes have been proposed for massive MIMO systems. These schemes can be
conceived based on different problem formulations. One can for example attempt to maximize the sum rate
of the cell [9]. However, the solution of such problem may lead to very unfair situations, with few users
transmitting at very high rates and the rest transmitting at low rates. There exist another fairer formulations,
like max-min approaches [5], which try to maximize the lowest rate of the system, and the proportional fairness
[10], which attempts to maximize the logarithmic sum of the rates within the cell. By the concavity of the
logarithmic function, incrementing the rate of a user in bad channel conditions may have a higher impact
on objective function than improving the rate of a user already in good conditions, automatically achieving
fairness.

Another classical power control algorithm allocates for each user the exact power required for achieving
a desired signal-to-interference ratio (SIR), which is known as target-SIR-tracking algorithm [11]. However,
some users in high multiuser interference conditions would require a very increased power to achieve the target
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SIR, which exceeds the maximum transmit power constraint for this user. In this case, the algorithm of [11]
allocates for this user his maximum transmit power. In [12], it is shown that this is not the most suitable
strategy, since this class of users will consume a significant amount of power, irradiating increased interference
levels for other users, while still achieving a poor performance. So, in the opportunistic power allocation
algorithm proposed in [12], the users who cannot achieve the target-SIR in a given iteration are allocated a
decreasing power level. This procedure after some iterations results in lower levels of interference for all users,
and thus can increase the number of users achieving their target performance. In this Doctoral work, we have
adapted the opportunistic power control algorithm of [12] to the massive MIMO scenarios; moreover, we have
investigated its performance when combined with suitable pilot allocation schemes.

1.1.3 Single-Carrier vs Multicarrier Waveforms in Massive MIMO

Most results of massive MIMO literature consider orthogonal frequency-division multiplexing (OFDM) modu-
lation, due to its robustness against inter-symbol interference (ISI), and low complexity fast Fourier transform
(FFT) implementation. However, OFDM has several impairments that motivates the investigation of al-
ternative waveforms, like increased peak-to-average power ratio (PAPR) and cyclic-prefix (CP) transmission
requirement. Such impairments limit both the spectral and the energy efficiencies of the massive MIMO
systems. Another waveform topology that has recently attracted some research attention is single-carrier (SC)
waveform. The time-reversal MRC (TRMRC) receiver proposed in [13] is able to deal with the time-dispersive
fading channel, while presenting lower PAPR and not requiring CP transmissions. However, the performance
of TRMRC receiver had not been investigated yet in realistic massive MIMO scenarios, in the presence of pilot
contamination. In this Thesis, we derive an analytical performance expression of TRMRC receiver under pilot
contamination, validating the results by extensive numerical simulations. We then compare the performance
of this technique with that of conventional MRC receiver under OFDM waveform, in terms of achievable
rates. Besides, after our computational complexity study indicating the complexity of TRMRC receiver may
be high in some cases, we have proposed a low-complexity implementation with the aid of the overlap-and-add
technique.

1.1.4 Energy Efficiency in Massive MIMO

The total energy efficiency metric computes how many bits are transmitted per joule of energy, but taking
into account every energy expenditure of the communication system. It can be defined as

EE =
∑K
k=1 (Rul

k +Rdl
k )

P ul
tx +P dl

tx +P tr
tx +Pcp

, (1.9)

in which Rul
k and Rdl

k are the UL and DL rates of the kth user, while P ul
tx , P dl

tx and P tr
tx represent the power

consumed by the power amplifiers in UL, DL, and UL pilot transmission, respectively. Moreover, Pcp accounts
for the circuit power consumption, which can be assumed as a fixed parameter in a simplistic model, or as a
quantity dependent on several factors in more accurate power consumption models [14].

In [14], the authors have assessed the total energy efficiency of massive MIMO systems operating with
OFDM waveform, and have concluded that the optimal energy efficiency is attained with a massive MIMO
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setup wherein hundreds of antennas are deployed to serve a relatively large number of users if using zero forcing
processing. Accurate power consumption models are presented in [14] for the several stages of a practical
communication system, like the power consumed by the transceiver chains, the channel estimation process,
the coding and decoding units, the backhaul, the linear processing algorithms, and also by the radiated signal
power. In this Doctoral work, we have also evaluated the total energy efficiency of the massive MIMO system
employing both the TRMRC receiver and the conventional MRC receiver with OFDM, and compared the
results. Since the total energy efficiency metric can weight in a unified way the higher achievable rates of
TRMRC and the lower processing energy of the conventional MRC with OFDM, it can provide a more accurate
and fair comparison.

1.1.5 Connectivity in Machine-type Massive MIMO Communication

When the number of user equipments (UEs) within the cell is small, no pilot contamination occurs between
UEs of the same cell, since it can be allocated an exclusive pilot for each UE in order to obtain CSI estimates.
However, in crowded scenarios, like machine-to-machine (M2M) communications, urban environment and
hotspots, it is very likely that the number of UEs inside the cell is higher than the number of available pilot
resources, and thus a pilot random access protocol should be employed. One classic approach to deal with
congestion control in crowded networks is the access class barring (ACB) mechanism [15]. When a machine-
type communication device intends to initiate a transmission, it generates a random number between 0 and
1 and compares it with the ACB factor broadcast by the BS. If the number is lower than the ACB factor,
the device proceeds to access the network. Otherwise, it needs to back off temporarily and try again later
[15]. This ACB factor is dynamically obtained based on the number of available pilots and the number of
backlogged users. This congestion control strategy has been reformulated in order to be applied to a M2M
MIMO LTE network in [16], in which the authors proposed an adaptive algorithm to iteratively update the
ACB factor aiming to reduce the average number of RA attempts without requiring the BS knowing the
number of backlogged users in the system.

More recently, it has been shown that the massive MIMO properties of favorable propagation and channel
hardening [3], [5] can be very beneficial in order to improve the RA performance of a crowded network. In [17],
a distributed queueing random access protocol is proposed for congestion control in M2M networks combined
with moderate scale MIMO. However, the proposed protocol detects pilot collisions under a centralized manner
at the BS, what may overload the system in very crowded networks. Several works have been disseminated
in the last year aiming to improve RA performance in a decentralized fashion by exploiting massive MIMO
properties. The strongest-user collision resolution (SUCRe) protocol proposed in [18] is a very efficient solution
to improve RA functionality in crowded massive MIMO networks, being able to resolve around 90% of all
collisions. Furthermore, the SUCRe protocol exploits the massive MIMO properties of channel hardening and
favorable propagation in order to enable distributed collision detection and resolution at the UEs, being thus
highly scalable with respect to the number of UEs in the cell.

Some other RA protocols derived from SUCRe are proposed in [19] and [20]. In the SUCRe combined idle
pilots access (SUCR-IPA) proposed in [19], the BS detects the idle pilots after the UEs’ pilot transmission in the
initial stage, and broadcasts the indexes of these pilots as well as an ACB factor to the UEs in the next stage.
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Then, the UEs who did not judge themselves as the strongest ones in the third stage reselect a pilot based
on the indexes of idle pilots and the ACB factor. As shown in [19], a marginal RA performance improvement
can be achieved by this scheme, however at the cost of an increased overhead due to the required information
exchange, which decreases the spectral efficiency of the entire system. Similarly, the BS also broadcasts the
indexes of idle pilots in the second stage of the SUCRe combined graph-based pilots access (SUCR-GBPA)
proposed in [20], but no ACB factor. Then, all failed UEs randomly select a pilot from the set of idle pilots after
the initial step. A bipartite graph is established where active UEs and selected pilots are considered variable
nodes and factor nodes, respectively. Based on this bipartite graph, a successive interference cancellation
(SIC) algorithm is employed to obtain CSI estimates of each UE. One of the main drawbacks of this protocol
is also the increased overhead due to the broadcasting of idle pilots indexes. Besides, the CSI estimates present
significant errors due to the SIC process, and a slightly more complex processing is required at BS.

Another RA strategy in crowded massive MIMO networks does not focus in avoiding pilot collisions, but
in developing robust coding schemes capable of assuring the communication even in the presence of pilot
collisions. In the protocol proposed in [21], the transmission is organized into transmission frames consisting
of multiple transmission slots. When a given UE has a data codeword to transmit, it divides the codeword into
multiple parts and, within a transmission frame, and it transmits the codeword parts in multiple transmission
slots. The channels are estimated from UL pilots every time the device transmits. In each time slot, each
active UE pseudo-randomly selects a pilot sequence from a predetermined pilot codebook and, during the
rest of the slot, it sends a part of the data codeword. Hence, a device performs pilot-hopping over multiple
slots and the hopping pattern can be used by the BS to identify the device and appropriately merge and
decode the parts of its codeword. This alternative approach of improving coding schemes in conjunction with
pilot-hopping seems to be promising, but due to its increased complexity, the former approach of avoiding
pilot collisions has attracted much research attention recently; therefore, the former strategy is on the focus
of this Doctoral work. It is worth noting that an efficient RA protocol employed in a crowded massive MIMO
network also contributes to improve the overall spectral and energy efficiencies, since it alleviates the amount
of control information required to be exchanged between BS and UEs, and decreases the number of RA
attempts required to establish connection as well as the transmitted energy.

Inspired by the above discussion, in this Doctoral work, we investigate these massive MIMO optimization
problems under the perspectives of improving the system spectral and energy efficiencies. In summary, in
such scenario, pilot assignment schemes are proposed in conjunction with power control, capacity bounds are
derived under practical constraints such as pilot-contaminated CSI estimates, intercell interference, and low-
complexity processing. Based on the massive MIMO analysis conducted, resource allocation, random access
and system designs are also discussed.

1.2 Justification and Problematics

Arguably, massive MIMO technology can offer several advantages that meet the modern wireless communi-
cation systems’ requirements. However, some few technical challenges should be surpassed in order to enable
the implementation of such systems, among which we can highlight:
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• Deploying large number of antennas and radio-frequency (RF) chains: the allocation of an in-
creased number of antennas in a practical BS remains a challenging problem. Considering a limited
physical space, the densification of antenna elements reduces the distances among them, increasing
correlation between channel coefficients and reducing achievable rates. Amongst the most promising
strategies to overcome this problem, we can highlight: (i) Using high-frequency carriers, which reduces
the wavelength and thus the required space to avoid channel correlation; (ii) Three dimensional config-
urations of antenna arrays; (iii) Spatial modulation (SM), in which a limited number of the available
antennas are activated, and the indexes of the active elements carry information; (iv) Investigation of
techniques that bring the massive MIMO benefits by requiring a not so large number of antennas. As
this issue of large number of RF chains is not the focus of this Doctoral work, only the latter strategy
is considered herein, in such a way that a recurrent concern when analyzing our proposed topologies is
to verify their performances with finite number of BS antennas.

• Multicelular operation and pilot contamination: several challenges appear when considering the
massive MIMO in a multicellular environment, and the pilot contamination is arguably one of the most
salient. A conventional way of mitigating intercell interference is by means of multicell coordination, in
which some information amount is shared between adjacent cells within a cluster via a backhaul link;
such strategy enables the BS to adjust its transmit signals in order to reduce interference irradiated
to neighbor cells. However, this may not be a feasible solution for massive MIMO systems, since the
amount of information to be shared would overload the backhaul link, due to the excessive number
of BS antennas. Thus, another strategies to mitigate pilot contamination should be investigated. In
this Doctoral work, we address the pilot assignment and power allocation as alternative techniques to
mitigate pilot contamination problem.

• Spectral and energy efficiencies issues: massive MIMO is a promising candidate technology to reach
the spectral efficiency requirements of the upcoming 5G standard, and the environmental concerns of
modern society obligate such gains to be achieved at the cost of reduced energy resources. In order to
achieve these goals, several topics have to be investigated; for instance, evaluating the performance of the
massive MIMO system equipped with cheap, low-power and non-ideal hardware. Besides, most papers
in the area assume the adoption of OFDM modulation, which has several drawbacks such as the CP
transmission requirement, that harms both spectral and energy efficiencies, and increased PAPR, which
either requires a highly-linear energy-inefficient power amplifier, or distorts the transmit signal incurring
in intercarrier interference and out-of-band emissions. Thus, the investigation of alternative waveforms
is also relevant, and constitutes an important research topic in the context of massive MIMO systems.
Traditional single-carrier waveform has been demonstrated to be a promising solution [13]. However,
its ability to suitably operate in time-dispersive fading channels and to cope with pilot contamination
have not been investigated yet. Therefore, in this Doctoral work we also investigated a time-domain
single-carrier equalization scheme, namely TRMRC, which, by taking advantage of the large number of
BS antennas, is able to deal with inter-symbol interference and pilot contamination, while not requiring
CP transmission and having lower levels of PAPR. Then, we have evaluated its total energy efficiency by
adopting realistic models of power consumption for all the components of the communication system,
and compared the attainable total energy efficiency with the conventional OFDM massive MIMO systems
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aiming at finding out the most efficient scheme.

• Random access functionality in crowded networks: the number of wirelessly connected devices
and their respective data traffic are growing as we evolve into the next generation telecommunication
standard. M2M applications have become the dominant communication paradigm of IoT. Hence, future
cellular networks need to handle urban deployment with massive number of connected devices requesting
massive data volumes [18]. In these crowded scenarios, it is very likely that the number of devices within
the cell is much larger than the number of available pilot sequences, and thus the random access
functionality becomes essential to share the limited number of pilots among the UEs. It has been shown
recently that massive MIMO technology can significantly improve the RA performance in crowded
networks, enabling the UEs to detect and resolve pilot collisions in a decentralized way, as proposed in
the SUCRe protocol [18]. Indeed, in this Doctoral work, we revisit the SUCRe protocol, showing that
we can improve the RA performance by adopting a soft decision retransmission criterium instead of the
hard decision rule of [18].

1.3 Scope and Research Objectives

1.3.1 Scope

Based on the fundamental aspects and on the presented content of Section 1.1, it can be highlighted the main
concepts considered in this work:

• Massive MIMO: Wireless communication systems deploying a massive number of transmit or receive
antennas are the major theme of this work;

• System Performance: Main metric of evaluation and optimization considered in this work, usually
evaluated here in terms of spectral efficiency and/or energy efficiency, or even bit-error rates (BERs);

• Pilot Assignment: Methods of distributing the training sequences among the active users in such a
way that the pilot contamination affecting channel estimates is mitigated; such issue, also addressed in
this work, remains paramount in the determination of the massive MIMO system performance;

• Massive MIMO Waveforms: As discussed above, OFDM presents some important drawbacks that
limit the energy efficiency of the system, and may become critical in the massive MIMO scenarios. Thus,
investigating the deployment of alternative waveforms like single-carrier in massive MIMO systems also
constitutes a goal of this work;

• Power Allocation: There are several formulations for the massive MIMO power allocation problem,
depending on what performance metric is considered and the desired level of system fairness. Investi-
gating such formulations as well as proposing efficient algorithms to find their solutions also constitutes
another concern of this work.

• Random Access: The random access functionality becomes essential to share the scarce number of
pilot resources among the massive number of UEs in a (over)crowded network, and massive MIMO plays
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a key role in this sense. Another objective delineated in this Thesis is to seek contributions aiming at
improving the RA performance of crowded massive MIMO networks, by decreasing the average number
of access attempts and the probability of failed access attempts; as a consequence, the spectral and
energy efficiencies of such systems can be improved.

1.3.2 Objectives

This Doctoral Thesis has the following objectives:

1. General: Systematic analysis of promising solutions for the investigated massive MIMO optimization
problems: pilot assignment, massive MIMO waveforms, power control, total energy efficiency, and
random access in crowded networks. The following metrics are analyzed: a) the performance versus
implementation complexity trade-off, and b) energy efficiency versus spectral efficiency analysis of the
proposed schemes, aiming to ellaborate an implementation feasibility study of such schemes for future
massive MIMO communication systems.

2. Specific:

(a) Numerical simulation results of multiuser massive MIMO systems under investigation considering:
i) efficient pilot assignment schemes, ii) the use of alternative waveforms like single-carrier, iii) em-
ploying power control algorithms conceived from different problem formulations, and iv) improved
RA protocols aiming to reduce the average number of access attempts as well as the probability of
failed access attempts;

(b) Analytical performance results are derived considering the statistical distribution of the related
parameters, possibly employing slight simplifications in the problem formulation to improve math-
ematical tractability, when necessary;

(c) Computational complexity analysis and spectral/energy efficiency evaluation of the investigated and
proposed schemes, in order to portray an implementation feasibility framework of such schemes
operating in future massive MIMO communication systems. Aiming to provide a more reliable
perspective of the investigated schemes, the total energy efficiency metric is also adopted, incor-
porating the power expenditures of the system as a whole.

1.4 Organization of the Text

The remainder of this Thesis is organized as: In the Chapter 2, it is defined the adopted system model, as well
as some concepts about multiuser massive MIMO systems. It is highlighted the major problems investigated
in this work involving massive MIMO systems: pilot assignment, massive MIMO waveforms, power allocation,
total energy efficiency evalution regarding different waveforms, and random access in crowded networks.

The Chapter 3 presents the main contributions regarding the problem of pilot assignment and power
control in massive MIMO systems, also developed in the Appendices A, C, D. We show that the system
performance can be significantly improved by suitably assigning the available pilots among the users within
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the cell, and that even higher gains can be achieved by combining this pilot assignment strategy with distinct
power control schemes.

In the Chapter 4 we present our main results regarding the investigated problems of massive MIMO
waveforms and total energy efficiency evaluation, also shown in the Appendices B and E. We first evaluate the
performance of TRMRC in the presence of pilot contamination, deriving lower bounds analytical expressions
for its achievable rates. We also propose a low-complexity implementation of this scheme, as well as a
method to determine the optimum number of scheduled users in order to maximize the sum rate of the cell.
Then, we evaluate the total energy efficiency of the massive MIMO system employing TRMRC and employing
conventional OFDM waveform, adopting realistic power consumption models. By comparing the results, and
considering the evolution of processing efficiency of computers, we indicate and forecast the most efficient
scheme to be employed in the uplink of massive MIMO systems.

Chapter 5 presents our main contributions regarding the problem of random access in (over)crowded
massive MIMO networks, with further ellaboration in Appendix F. As shown in [18], deploying a massive MIMO
BS in a crowded cellular network allows the UEs to detect and resolve pilot collisions, under a decentralized and
uncoordinated manner in the SUCRe protocol. By introducing the concept of probability retransmission, we
have improved the RA performance of SUCRe protocol by employing a soft decision retransmission criterium
instead of the hard decision rule of the original SUCRe.

The Chapter 6 brings the main conclusions obtained along the development of this Doctoral work, sum-
marizing our main results obtained and highlighting our contributions.

Finally, it is worth noting that Appendices A to F constitute the main results obtained in the form of
scientific papers. The first, second, third and fourth papers are already published, while the fifth and the sixth
are under review for possible publication in specialized journals.

1.5 Summary of contributions and generated publications

In the following, it is enumerated the main contributions achieved during this Doctoral work. Besides, it is
also summarized the scientific production directly and indirectly related to the development of this Thesis,
respectively, since the student admission in the Doctorate Program of the EPUSP (February/2016) until the
present moment.

1.5.1 Contributions of this Doctoral work

1. Pilot Assignment: we first propose a PA method designed to optimize the DL performance under a
max-min approach. Then, it was investigated the conflicting behavior between DL and UL PA methods,
i.e., if a single link is optimized, the performance in the other link is close to that achieved with random
PA. We have thus proposed a PA method able to achieve a significant performance improvement in UL
and DL simultaneously, based on the total capacity metric.

2. Power Control: we have adapted the opportunistic power control algorithm of [12] to the massive
MIMO scenarios with finite number of antennas, as well as investigated its performance when combined
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with suitable pilot assignment schemes.

3. Massive MIMO Waveforms: we have investigated the employment of SC waveform in the UL of
massive MIMO systems. More specifically, we have derived analytical SINR performance expressions for
the TRMRC receiver in the presence of pilot contamination, as well as lower bounds for the achievable
rates. We also proposed a low-complexity implementation of the TRMRC receiver, as well as an iterative
method for obtaining the number of scheduled users able to maximize the system sum-rate.

4. Total Energy Efficiency Evaluation: we have evaluated the total energy efficiency of massive MIMO
systems employing OFDM and SC waveforms in the UL, aiming to provide a more accurate and fair
comparison. Besides, the analysis has pointed out the most efficient waveform to be implemented in
the UL of such systems, and how this scenario may change with decreasing cell radius and increasing
computational efficiency.

5. Random Access in Massive MIMO Crowded Networks: we have proposed the soft retransmission
criterion in order to improve the RA performance of the SUCRe protocol, introducing the idea of
retransmission probability. Firstly, it was proposed to obtain this probability by mapping the ratio
between the long-term fading of a given UE and the estimated sum of the contenders’ signal gains with
the aid of a sigmoid function. Then, we proposed to relate this probability with the probability of a given
UE being the strongest contender, while an approximated expression for computing this probability has
been proposed based on the information available at the UE side.

1.5.2 Publications directly associated to the theme

1. J. C. Marinello F., T. Abrão. Pilot distribution optimization in multi-cellular large scale MIMO
systems. Full paper published in the International Journal of Electronics and Communications (AEUE)
journal (IF= 0.786, B1-Eng. IV in QUALIS-CAPES), in August 2016. Copy of the published article
presented in Appendix A.

2. J. C. Marinello F., C. M. Panazio, T. Abrão. Uplink Performance of Single-Carrier Receiver in
Massive MIMO with Pilot Contamination. Full paper published in the IEEE Access journal (IF=
1.270, A2-Eng. IV in QUALIS-CAPES), in May 2017. Copy of the published article presented in
Appendix B.

3. J. C. Marinello F., C. M. Panazio, T. Abrão. Joint uplink and downlink optimization of pilot as-
signment for massive MIMO with power control. Full paper published in the Emerging Telecommu-
nications Technologies (ETT-Wiley) journal (IF= 1.535, A2-Eng. IV in QUALIS-CAPES), in December
2017. Copy of the published article presented in Appendix C.

4. J. C. Marinello F., C. M. Panazio, T. Abrão. Massive MIMO pilot assignment optimization based
on total capacity. Full paper published in the Telecommunication Systems journal (IF= 0.822, A2-Eng.
IV in QUALIS-CAPES), in April 2018. Copy of the published article presented in Appendix D.

5. J. C. Marinello F., C. M. Panazio, T. Abrão, S. Tomasin. Total Energy Efficiency of TD- and
FD-MRC Receivers for Massive MIMO Uplink.. Full paper submitted to the IEEE Systems Journal
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(IF= 3.882, A1-Eng. IV in QUALIS-CAPES), in February 2018. Copy of the submitted article presented
in Appendix E.

6. J. C. Marinello F., T. Abrão, E. de Carvalho, P. Popovsky. Collision Resolution Protocol via Soft
Decision Retransmission Criterium.. Letter submitted to the IEEE Transactions on Vehicular Tech-
nology journal (IF= 4.066, A1-Eng. IV in QUALIS-CAPES), in June 2018. Copy of the submitted article
presented in Appendix F.

1.5.3 Publications indirectly associated to the theme

1. C. H. A. Tavares, J. C. Marinello F., C. M. Panazio, T. Abrão. Input Back-Off Optimization in OFDM
Systems Under Ideal Pre-Distorters. Full paper published in the IEEE Wireless Communications
Letters journal (IF= 1.982, A1-Eng. IV in QUALIS-CAPES), in June 2016.

2. J. C. Marinello F., F. Ciriaco D. N., T. Abrão. Bit-error-rate minimisation in multiuser transmission
schemes for multiple-input-multiple-output communication with increasing number of base
station antennas. Full paper published in the IET Communications journal (IF= 0.742, B1-Eng. IV in
QUALIS-CAPES), in November 2015.
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2 Massive MIMO System Model

This chapter aims to describe the multiuser massive MIMO system model, which is the main scenario adopted
in this work. It will be discussed the system model for both reverse and forward links, being presented both
the frequency and time descriptions of the investigated scenario. Then, we describe some slight modifications
necessary to model a crowded network. Besides the theoretical fundamentals, it is also discussed the main
advantages, challenges, and issues regarding the systems in which these concepts are applied.

2.1 System Model

Similarly as [3], we consider a MIMO system composed by C BSs, each equipped with M transmit antennas,
and communicating with K single-antenna users. Since TDD is assumed, reciprocity holds, and thus CSI
is acquired by means of uplink training signals. We divide the system model description for OFDM and SC
waveforms. Besides, the following system model is also valid when employing non-unitary frequency reuse if
only users and cells sharing the same subband are considered.

2.1.1 Conventional OFDM waveform

The time-frequency resources are divided into channel coherence blocks of S = bTcWcc symbols [22], in which
Tc is the channel coherence time in seconds, and Wc is the channel coherence bandwidth in Hz (Wc = 1

Td

holds, in which Td is the largest possible delay spread). Each coherence time interval is divided into T OFDM
symbols (Tc = T Ts, and Ts is the OFDM symbol period), distributed as uplink pilot transmissions, downlink
and uplink data transmissions [3]. Using orthogonal pilot sequences, the number of available sequences is
equal to its length, τ . CSI is estimated in the frequency domain in the same way as in [3]. If the system
employs N subcarriers, and the channel impulse response (CIR) has L i.i.d. taps, the frequency smoothness
interval is composed of Nsm = N/L subcarriers. Thus, each user does not need to send pilots in all the N
subcarriers, but only in N/Nsm = L equally spaced subcarriers, since the frequency domain CSI (FDCSI) for
the intermediate ones can be obtained by interpolation. Up to τ users can send pilots in the same subcarriers
in the training stage, and a maximum total number of Kmax = τNsm users can be served by each cell. We
define the set of subcarriers in which the k-th user sends pilots as Ik = {Ik(0),Ik(1), . . . ,Ik(L− 1)}, such
that Ik(0) ∈ [0,Nsm−1] and Ik(i)−Ik(i−1) = Nsm,∀i = 0,1, . . . ,L−1. Figure 2.1 illustrates how training
and data transmission stages are divided in time and frequency domains for a given user, in which Tn is the
Nyquist sampling period.

We denote the M × 1 FDCSI vector between the i-th BS and the k-th user at the j-th cell in the n-th
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Figure 2.1: Time-frequency diagram illustrating how training and data transmission stages are configured in
time-frequency domains, considering OFDM and SC waveforms: N = 16, L= 4, Nsm = 4, T = 4, S = 16 for

OFDM; Tc/Tn = 32 for SC. Note that Kmax = 8 for both schemes.

subcarrier by gikjn =
√
βikjgikjn, in which βikj is the long-term fading power coefficient, that comprises

path loss and log-normal shadowing, and g
ikjn

is the short-term fading channel vector, that follows g
ikjn
∼

CN (0M ,IM ). The orthogonal pilot sequences’ set is ΨΨΨ = [ψψψ1 ψψψ2 . . . ψψψτ ] ∈ Cτ×τ , and ΨΨΨHΨΨΨ = Iτ holds. If
the sequence ψψψk = [ψk1 ψk2 . . .ψkτ ]T is assigned for the k-th user, the received signal for the n-th subcarrier
(n ∈ Ik) at the i-th BS during the training stage is

Yp
in =√ρp

C∑
j=1

τ∑
k=1

gikjnψψψHk +Np
in, (2.1)

in which ρp is the UL pilot transmit power, Np
in ∈ CM×τ is the AWGN matrix with i.i.d. elements following

a complex normal distribution with zero mean and variance σ2
n. Note that we have assumed synchronism

between the signals received from different cells, which is the worst case in terms of pilot contamination
[3]. Besides, we have assumed a uniform power allocation policy in the uplink data transmissions, since any
effect of pilot power allocation can be alternatively achieved through transmit power allocation and constant
pilot transmit power for all users [23]. The i-th BS then estimates the k-th user n-th subcarrier FDCSI by
correlating the received signal Yp

in with ψψψk

ĝikn = 1
√
ρp

Yp
inψψψk =

C∑
j=1

gikjn+vikn, (2.2)

where vikn = 1√
ρp

Np
inψψψk ∼ CN (0M , σ

2
n
ρp

IM ) is an equivalent noise vector. The pilot contamination effect
can be clearly seen in the previous expression. The other N −L subcarriers’ FDCSI estimates are obtained
by interpolation. By acquiring such FDCSI estimates, the BS is able to perform linear detection in the UL
deploying the FDMRC scheme.
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During UL data transmission, the i-th BS receives in the n-th subcarrier the signal

yu
in =

C∑
j=1

K∑
k=1

√
ρu
kjgikjnx

u
kjn+nu

in, (2.3)

in which ρu
kj is the UL data transmit power of the k-th user of the j-th cell, xu

kjn is the data symbol from
the k-th user of the j-th cell in the n-th subcarrier, and nu

in ∼ CN (0M ,σ2
nIM ) is the M × 1 AWGN sample

vector. This BS then estimates the transmitted symbol deploying FDMRC as

x̂u
kin = 1

M
ĝHiknyu

in. (2.4)

Similarly, during a DL data transmission, the k′-th user of the j-th cell receives the signal

yd
k′j =

C∑
i=1

K∑
k=1

√
ρd
ikg

T
ik′jpikxd

ik +nd
k′j , (2.5)

where ρd
ik and xd

ik is the DL data transmit power and the DL data transmitted from the i-th BS to his k-th
user, and nd

k′j ∼ CN (0,σ2
n) is an AWGN sample. Besides, pik is the beamforming vector that the i-th BS

computes to precode its k-th user data. Deploying MRT, this vector is defined as [23]:

pik = ĝ∗ik
||ĝik||

= ĝ∗ik
αik
√
M
, (2.6)

in which the scalar αik = ||ĝik||√
M

is a normalization factor necessary to guarantee that ||
√
ρd
ikpikxd

ik||2 = ρd
ik.

Following the analysis in [5], it can be shown from (2.4) and (2.5) that the UL and DL signal-to-
interference-plus-noise ratio (SINR) performance of massive MIMO systems with MRC and MRT are given,
respectively, by

ςuk′i =
ρu
k′iβ

2
ik′i∑C

l=1
l 6=i

ρu
k′lβ

2
ik′l+

α2
ik′
M

(∑C
l=1
∑K
k=1 ρ

u
klβikl+σ2

n

) , (2.7)

ςdk′j =
ρd
jk′β

2
jk′j/α

2
jk′∑C

l=1
l 6=j

ρd
lk′β

2
lk′j/α

2
lk′ +

1
M

(∑C
l=1βlk′j

∑K
k=1 ρ

d
lk+σ2

n

) , (2.8)

in which α2
jk =

∑C
`=1βjk`+ σ2

n
ρp . It is straightforward to see from (2.7) and (2.8) that the asymptotic UL and

DL SINR (M →∞) converge, respectively, to

ςu∞
k′i = ρu

k′iβ
2
ik′i∑C

l=1
l 6=i

ρu
k′lβ

2
ik′l

, (2.9)

ςd∞
k′j =

ρd
jk′β

2
jk′j/α

2
jk′∑C

l=1
l 6=j

ρd
lk′β

2
lk′j/α

2
lk′
. (2.10)

Although UL (2.9) and DL SINR (2.10) are similar-looking expressions, they have different statistical
characteristics as discussed in [3]. While interference in UL is irradiated from users in neighboring cells using
the same k-th pilot sequence to the i-th BS, interference in DL is irradiated from neighboring BS’s to the user
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in j-th cell employing the k-th pilot sequence. While in UL the receiver is fixed and the multiple transmitters
are moving, in DL multiple fixed transmitters communicate with a mobile receiver.

The performance of the massive MIMO system can be improved both via pilot assignment and by power
control. The optimal performance is achieved solving a joint optimization problem of increased complexity
due to the mixed variables’ types: the pilot assignment is a discrete nature problem, while power control is
of continuous nature. In this Doctoral work, we adopt a decoupled approach, in which the pilot assignment
is performed assuming uniform power allocation, followed by a power control algorithm evaluated from the
optimized pilot distribution obtained in the previous step. This strategy is commonly applied to solve mixed-
nature optimization problems, like in [24] and [25].

2.1.2 SC waveform

The t-th CIR vector tap between the i-th BS and the k-th user of the j-th cell and its FDCSI vector are
related by

hikjt = 1
L

L−1∑
l=0

gikjIk(l)e
j2πlt/L. (2.11)

With no loss of generality, we assume in this work a normalized uniform power delay profile (PDP) for
all users, such that hikjt ∼ CN (0M , 1

LIM ) for t = 0,1, . . .L− 1. For the systems employing single-carrier
waveform, an alternative training scheme to conventional frequency domain training is discussed in [13]. In
this alternative scheme for estimating the CIR of the users served by the cell, the users transmit uplink training
signals sequentially in time, in such a way that at most one user per cell is transmitting at any given time. The
k-th user sends an impulse of amplitude

√
Lρp (in order to spend the same average power as in FD training

(2.1)) at the (k− 1)L-th channel use and is idle for the remaining portion of the training phase. Besides,
the next user waits L−1 channel uses to send its training signal. It is worth noting that the same maximal
number of users Kmax is supported in both schemes, the OFDM and SC waveform transmissions. This can be
proved by noting that the total interval spent with training signals is KmaxLTn = τNsmLTn = τN Tn ≈ τTs is
nearly the same as in FD training, as illustrated in Figure 2.1. The main advantage of this scheme is because
estimating the CSI in the frequency domain would require the users to send FD pilots. This is only possible
if the users’ terminals were equipped with OFDM circuitry, does not bringing thus all the mentioned benefits
of employing SC waveform. Indeed, the time domain training scheme proposed in [13] requires an accurate
synchronism between the users of a given cell. It is not in the scope of this work to discuss how stringent
are such requirements. However, it is worth to mention that even if conventional frequency domain training
is employed, significant gains can be achieved. This occurs because the OFDM circuitry required for only
frequency domain training is much more simple and less inefficient, since only L active subcarriers transmit
pilots, as opposed to the N data active subcarriers in conventional OFDM data transmission. This reduction
for typical OFDM setups is of 16 times (if L = N/16), and undoubtedly is very beneficial for the system in
terms of energy efficiency and implementation cost. Besides, the performance analysis developed in this work
does not suffer any change, since both schemes result in the same pilot contaminated CSI estimates.
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This procedure provides to the i-th BS the following CIR estimates for its k-th user

ĥikt =
C∑
j=1

hikjt+v′ikt, (2.12)

in which v′ikt∼CN (0M , σ
2
n

Lρp
IM ) is an equivalent AWGN vector. Note that the CIR estimates are also corrupted

by the users in adjacent cells that send its impulses at the same channel use, similarly as pilot contamination.

Considering SC waveform, the time-domain received signal at the i-th BS in time t during UL data
transmission is

ru
i [t] =

C∑
j=1

K∑
k=1

√
ρu
kj

L−1∑
l=0

hikjlsu
kj [t− l] +n′ui [t], (2.13)

where su
kj [t− l] is the time-domain UL data transmitted by the k-th user of the j-th cell at time t− l, and

n′ui [t] ∼ CN (0M ,σ2
nIM ) is an AWGN vector. This BS can then estimate the transmitted symbols deploying

TRMRC as

ŝu
ki[t] = 1

M

L−1∑
l=0

ĥHiklru
i [t+ l]. (2.14)

For causality purpose, it is clear from (2.14) that L−1 shift registers are necessary per BS receive antenna
for TRMRC, while this number for FDMRC is N−1, since the entire frame has to be received to perform FFT
operation. This implies not only in hardware simplification, but also in latency reduction. Besides, the fact
of TRMRC not requiring CP transmission can be seen from (2.14), since given a sufficiently large M , the BS
is able to extract the desired information symbol vector from ru

i [t+ l], even if the asynchronous interference
belongs to another frame of symbols.

Similarly, the TRMRC method can be applied to precode the transmit signal in DL, as in [26], and the
data estimates available at the MTs can be obtained in the same way as above. However, as the TRMRC
approach in DL is not so advantageous as it is in UL, we omitted such derivations here.

2.1.3 Crowded massive MIMO network

The system model for a crowded massive MIMO network is very similar to the system model already introduced
in this Chapter. However, some slight modifications are necessary to represent the very large number of UEs,
which become active with a reduced probability. This model can represent a network composed of conventional
human users and several machine-type communication devices. In both cases, data packets are the building
block of the traffic, and are generated in an intermittent and unpredictable manner in most applications, in
such a way that intensive download activities are interwoven with long periods of silence. Many UEs thus
switch between being active and inactive at a frequent and irregular basis.

Again, we consider cellular networks where each BS is equipped withM antennas, and the system operates
in TDD mode with the time-frequency resources being divided into coherence blocks of S channel uses. Let
Ui denote the set of UEs in cell i, while Ai ⊂ Ui is the subset of users in this cell that are active at any given
time. Tipically, in crowded machine-type network scenarios the UE set is very large, such that |Ui| � S, but
the active UEs satisfy |Ai|< S, and the BS can temporarily assign orthogonal pilots to these UEs and reclaim
them when they finish their transmissions. We focus on an arbitrary cell, referred as cell 0 without loss of
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generality, and consider how interference from other cells impacts on the considered cell. Let K0 = U0\A0

denote the set of inactive UEs in cell 0, and one can say that there are K0 = |K0| inactive UEs in this cell.
These K0 users are assumed to share τ mutually orthogonal RA pilot sequences ψψψ1 . . .ψψψτ ∈ Cτ which span τ
UL channel uses and satisfy ||ψψψt||2 = τ .

The UEs in K0 randomly select one of the τ pilots in each RA block: UE k selects pilot c(k)∈ {1,2, . . . , τ}.
Besides, the probability of each UE would like to become active is Pa ≤ 1. The UE k makes an access attempt
by transmitting the pilot ψψψc(k) with a non-zero power ρk > 0. The set Qt = {k : c(k) = t,ρk > 0} contains the
indices of the UEs that transmit pilot t. Therefore, |Qt| which is the number of UEs transmitting ψψψt presents
a binomial distribution [18]:

|Qt| ∼B

(
K0,

Pa
τ

)
. (2.15)

The majority of the coherence blocks are used for payload data transmission for active UEs, i.e., which
have been allocated dedicated pilots. A few of the blocks are used for RA, where inactive UEs can ask to
be admitted to the payload data blocks. Considering the finite number of pilot sequences and the multicell
scenario, a strategy for mitigating the pilot contamination interference between adjacent cells proposed in [18]
consists in diversifying the locations of resource blocks dedicated for RA between adjacent cells, as illustrated
in Figure 2.2, reproduced from [18]. In this way, if the considered cell uses a given resource block for RA, the
closest cells use this resource block for payload data transmission.

Figure 2.2: Location of resource blocks dedicated for RA between adjacent cells. Source: [18].

We denote the channel vector between UE k and its BS by gk ∈ CM . Since the number of BS antennas
is large, the massive MIMO properties of channel hardening and asymptotic favorable propagation hold [5].
The channel vector also satisfies gk =

√
βkgk, in which βk is the large-scale fading coefficient between kth

user and its cell, comprising path loss and shadowing, and each coefficient of the small-scale fading vector g
k

is distributed as CN (0,1). We assume that βk is known to UE k, since it can be easily estimated for example
if the BS broadcasts a beacon signal periodically.

The BS receives the signal Y ∈ CM×τ from the pilot transmission:

Y =
∑
k∈K0

√
ρkgkψψψTc(k) +W+N, (2.16)

where N ∈CM×τ is the matrix of noise coefficients at the BS with each element following CN (0,σ2), and the
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matrix W ∈ CM×τ represents interference from adjacent cells. The BS then correlates Y with ψψψt to obtain

yt = Y ψψψ∗t
||ψψψt||

=
∑
i∈Qt

√
ρi||ψψψt||gi+W ψψψ∗t

||ψψψt||
+nt

=
∑
i∈Qt

√
ρiτgi+W ψψψ∗t

||ψψψt||
+nt, (2.17)

in which nt = N ψψψ∗t
||ψψψt||

∼ CN (0,σ2IM ) is the effective receiver noise. As in [18], the inter-cell interference W
can be modeled as

W =
∑
l

wldTl +
τ∑
t=1

∑
k∈Qinterf

t

√
ρt,kgt,kψψψTt . (2.18)

The first term in (2.18) refers to the interfering data transmissions from neighboring cells that use a different
resource block (in time-frequency domain) as RA block than cell 0, as in Fig. 2.2. wl ∈ CM is the channel
vector of the lth interferer to the BS in cell 0 and dl ∈ Cτ is the random data the interfering user transmits.
The second term in (2.18) refers to the interfers in neighboring cells using the same resource block as RA
block as cell 0, as in Fig. 2.2, which are also performing RA. Such users are gathered in the set Qinterf

t , and
the member k ∈ Qinterf

t uses the transmit power ρt,k and has the channel gt,k to the BS in cell 0. In [18], it
is shown that ∣∣∣W ψψψ∗t

||ψψψt||

∣∣∣
M

→
∑
l

βw,l
|dTl ψψψ

∗
t |2

||ψψψt||2
+

∑
k∈Qinterf

t

ρt,kτβt,k

︸ ︷︷ ︸
ωt

(2.19)

asM→∞, in which βw,l is the large-scale fading coefficients related to wl ( ||wl||2
M → βw,l), and βt,k is the ones

related to gt,k ( ||gt,k||
2

M → βt,k). It is worth to say that there is interference in ωt from both data transmission
and RA pilots in other cells, but the first is often dominant since the closest neighboring cells transmit data.

2.2 Conclusion of the Chapter

In this Chapter, we have described the massive MIMO system model, which is extensively used in the rest of
this Doctoral Thesis. Depending on the subtheme analyzed, we have described the peculiarities the system
model assumes, and the main notations adopted.
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3 Pilot Assignment and Power Control

This chapter discusses the main contributions regarding pilot assignment and power control achieved by this
Doctoral work. We first introduce the investigated problems with respect to the massive MIMO system model
introduced in Chapter 2.1. Then, we describe our proposed solutions, and show some performance results in
order to verify their effectiveness.

3.1 Pilot Assignment

The massive MIMO system performance is improved by suitably assigning the pilot sequences to the users
[6], [27]. We assume a decentralized allocation procedure, in which PA is performed sequentially by each
cell, regarding its covered users. The convergence of this procedure is discussed in the following. Besides,
in this pilot assignment stage, it is assumed the knowledge of users’ power distribution in the cells, and the
focus is at the asymptotic performance expressions in (2.9) and (2.10) for simplicity. Then, in Section 3.2,
we evaluate the power control algorithm based on the pilot assignment obtained here, and demonstrate the
performance improvements of our proposed schemes for finite number of antennas by numerical simulations.
SINR expressions in (2.9) and (2.10) were obtained assuming that the k′-th pilot sequence1 is assigned to the
k′-th user, i.e., under a random strategy. However, if we assume that the p-th pilot is assigned to the cp-th
user in the i-th cell, the UL asymptotic SINR can be rewritten as

ςu∞
cpi =

ρu
cpiβ

2
icpi∑C

j=1
j 6=i

ρu
pjβ

2
ipj

, (3.1)

that is the UL asymptotic SINR of the user in the i-th cell employing the p-th pilot, namely the cp-th user.
The fixed uplink power distribution ρu

pj , for p = 1, . . .K and j = 1, . . .C, is known for the i-th cell. The
performance bottleneck in massive MIMO systems is due to users with severe pilot contamination [3]. Thus,
a fair objective is to maximize the minimum UL SINR among the users, as the following optimization problem

PAu : max
l

min
p

ςu∞
clpi

, (3.2)

in which clp is the l,p-th element of matrix C ∈ NK!×K , which contains every possible pilot assignment that
a given cell can adopt. clp means that in the l-th PA combination, the p-th pilot is assigned to the clp-th
user. Obviously, the complexity of solving (3.2) via an exhaustive search grows with K in a factorial fashion.
A viable and heuristic solution is proposed in [6], where the pilot sequences with the worst interference levels
are assigned to the users with the highest long-term fading coefficients. Such greedy method achieves a

1With “k′-th pilot sequence”, we refer to the pilot of index k′ in the set of available pilot sequences.
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near-optimal solution with reduced complexity.

On the other hand, the DL SINR in (2.10) can also be improved via pilot assignment. Assuming that the
p-th pilot is assigned to the cp-th user in the j-th cell, and that the downlink power distribution is known for
the j-th cell, the DL SINR becomes

ςd∞
cpj =

ρd
jcpβ

2
jcpj

βjcpj +ϑjp(j)

1∑C
i=1
i 6=j

ρd
icp
β2
icpj

βicpj+ϑip(j)

, (3.3)

where ϑip(j) =
∑C
`=1
6̀=j
βip` + σ2

n
ρp does not depend on for what user the p-th pilot will be assigned. Thus, an

alternative PA optimization procedure for DL is proposed as:

PAd : max
l

min
p

ςd∞
clpj

, (3.4)

One can see that the dependence of the DL SINR with the assignment of pilots to users is not so simple as
it is in the UL scenario. However, communication systems are usually asymmetric, and DL data transmission
might be predominant in comparison with UL data transmission. Therefore, solving the optimization problem
in (3.4) in a low-complexity way is also quite appealing in practice. The main difficulty is that the interference
in DL for the p-th pilot (denominator of the second term in (3.3)) is dependent on what user this sequence
is assigned, and thus a greedy method cannot be applied as in [6]. If a user changes its pilot sequence, the
DL interference due to pilot contamination reaching him is still mainly dominated by his long-term fading
coefficients with respect to neighboring BS’s, which do not change, as illustrated in Figure 3.1. The exception
is due to the DL normalization factors, that retain some dependence with the assigned pilot sequence from
the uplink training channel estimation.

Figure 3.1: Effect of reassigning pilot sequences in the consired cell, in UL (up) and DL (down). Although
it appears from the Figure that reassigning pilots has no effect in DL, the previous UL pilot transmission

stage results in some variations on the signals’ strength.
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The convergence of the decentralized pilot allocation procedure is discussed in [27], and shown by nu-
merical results in [6]. The decentralized procedure means that the assignment of pilots can be modified only
for users of the `th cell when it is carrying out this procedure. Although the strictly optimal solution would
test every possible pilot combination among the K ·C users, its complexity would be prohibitive. Thus, the
solution obtained in the decentralized way is preferable, and it can be shown that it converges to a Nash equi-
librium after performing some times by each cell. Note that this problem can be viewed as a finite potential
game, since: a) it exists a global potential function that maps every strategy to some real value according its
efficiency; b) the set of strategies is of finite dimension [28]. In this case, each cell is a player, the potential
function would be the average BER of the whole system in that subcarrier, or the average SINR, and the
strategy is the pilot allocation in that cell. Since each player chooses its strategy following a selfish best
response dynamics, the convergence of the game to a Nash equilibrium is assured in [28, Theorem 19.12],
[29, Proposition 2.2]. Besides, the decentralized solution can achieve appreciable gains in performance, as
demonstrated in the next Section.

3.1.1 Joint UL-DL Pilot Assignment

One can note that the optimization problems of (3.2) and (3.4) are conflicting, as numerically demonstrated
in the following. If the UL performance metric is optimized, the DL performance will be close to that attained
with random assignment policy, and vice-versa. Thus, we elaborate our analysis aiming to jointly achieve
the best possible performance in UL and DL, concurrently. One approach could be adopting multiobjective
optimization. In this work, we prefer a simpler strategy. We assume in the adopted TDD scheme a channel
coherence block of S symbols, of which K are devoted to UL pilot transmission, ξu

(
S−K
S

)
and ξd

(
S−K
S

)
for UL and DL data transmission, respectively, in which the factors ξu and ξd ∈ (0,1), ξu + ξd = 1, and both
ξu (S −K) and ξd (S −K) are integers. Then, for a system bandwidth B, the total capacity (TC) of the user
in the j-th cell for which the p-th pilot is assigned is defined as

Ct
cpj =B

(
S −K
S

)[
ξu log2

(
1 + ςucpj

)
+ ξd log2

(
1 + ςdcpj

)]
(3.5)

Hence, an alternative optimization problem can be defined as

PAtc : max
l

min
p

Ct∞
clpj

, (3.6)

in which Ct∞
clpj

is obtained evaluating (3.5) from ςu∞
cpj and ςd∞

cpj .

3.1.2 Heuristic Pilot Assignment Solutions

For solving the DL assignment problem avoiding the exhaustive search, we first create a cost matrix Γ(j) ∈
RK×K , whose k,p-th element is the DL SINR achieved by the k-th user in the j-th cell when the p-th pilot
sequence is assigned to him, i.e., γ(j)

kp = ςd
cpj when cp = k. Then, our proposed low-complexity suboptimal

solution consists of finding the pilot with which each user achieves its maximal DL SINR. The user with the
lowest maximal DL SINR will have such pilot sequence assigned to him. This procedure is repeated, excluding
the users and the pilots already assigned, until allocating every pilot sequence, as described in Algorithm 3.1.

In order to obtain a low-complexity form for solving the joint UL-DL PA in (3.6) while achieving near-
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optimal performance, this same heuristic procedure can be applied. In this case, we initialize the cost matrix
Γ(j) (line 1 in Alg. 3.1) in an alternative way, such that γ(j)

kp = Ct
cpj when cp = k, since the total capacity

as defined in (3.5) is calculated as a weighted log function of both UL and DL SINR’s. Then, we apply our
proposed heuristic method in a similar way as in Algorithm 3.1.

Algorithm 3.1: Proposed Pilot Assignment Procedure
Input: βjkl, ∀j, l = 1,2, . . .C, k = 1,2, . . .K, σ2

n, ρp.

1: Generate cost matrix Γ(i), of size K×K;
2: for j = 1,2, . . . ,K do
3: for p= 1,2, . . . ,K do
4: Evaluate δp = max`=1,...,K γ

(i)
p,`;

5: Evaluate ηp = argmax`=1,...,K γ
(i)
p,`;

6: end for
7: Evaluate φ= argminp=1,...,K δp;
8: Evaluate c(i)ηφ = φ;
9: Invalidate the φ-th line and ηφ-th column of Γ(i);

10: end for
Output: c(i).

3.1.3 Numerical Results

Several results of our proposed pilot assignment techniques are shown in Appendices A, C, and D. In the paper
presented in Appendix A, only DL pilot assignments were considered, the solutions were found by exhaustive
search, and results were presented only for infinite number of BS antennas and uniform power allocation.
Then, in the papers of Appendices C and D, we have investigated pilot assignment methods based on UL, DL,
and joint UL-DL metrics, as well as proposing a near-optimal low-complexity method for finding the solutions
in each case. The performance with finite number of antennas was also investigated, with and without efficient
power allocation algorithms. Besides, in the paper of Appendix D, we have compared in detail the performance
improvements achieved by the max-min approach in comparison with conventional average approaches.

We first compare in this Section the performance of max-min approach and the average approach, i.e.,
a PA strategy that finds the highest average SINR performance via exhaustive search. Besides, Table 3.1
describes the notation adopted when referring to the different techniques investigated in this Chapter. The
main advantage of adopting the max-min approach instead of the average approach when solving the PA
problem can be shown in Figure 3.2, which compares the 95%-likely rate achieved by each PA technique with
the increasing number of antennas. The 95%-likely rate corresponds to the rate assured to the users with
probability of 95%, and thus can be used to compare how fair is the performance of a given technique. As
one can note from Figure 3.2, a significant gain can be seen when comparing a max-min based PA technique
with its average based counterpart in terms of its respective performance metric. For example with 128 BS
antennas, there is a 0.12Mbps improvement in the 95%-likely DL rate of MaxminSINR DL in comparison with
MaxSINR DL. Similarly, there is 0.05Mbps improvement in the 95%-likely UL rate of MaxminSINR UL in
comparison with MaxSINR UL, and a 1.01Mbps improvement in the 95%-likely total capacity of MaxminTC
in comparison with MaxTC.

Figure 3.3 depicts the fraction of users above a given rate for a BS with 128 antennas, in terms of DL, UL,



3.1 Pilot Assignment 46

Table 3.1: Acronyms for the investigated schemes.

Acronym Technique
MaxSINR DL The PA method that obtains the highest mean DL SINR via exhaustive search

MaxMinSINR DL The PA method that solves (3.4) via exhaustive search
H-MaxMinSINR DL Our proposed PA method that solves (3.4) applying Algorithm 3.1

H-MaxMinSINR DL PA+PC H-MaxMinSINR DL combined with the power control of Algorithm 3.2
MaxSINR UL The PA method that obtains the highest mean UL SINR via exhaustive search

MaxMinSINR UL The PA method that solves (3.2) via exhaustive search
H-MaxMinSINR UL The PA method that solves (3.2) proposed in [6]

H-MaxMinSINR UL PA+PC H-MaxMinSINR UL combined with the power control of Algorithm 3.2
MaxTC The PA method that obtains the highest mean Total Capacity via exhaustive search

MaxMinTC The PA method that solves (3.6) via exhaustive search
H-MaxMinTC Our proposed PA method that solves (3.6) applying Algorithm 3.1

H-MaxMinTC PA+PC H-MaxMinTC combined with the power control of Algorithm 3.2
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Figure 3.2: 95%-likely Rate for K = 4: a) DL; b) UL; c) Total.
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and total rate, and Figure 3.4 shows the 95%-likely rate achieved by each technique with increasing number
of antennas. In both cases, an uniform power allocation policy was assumed for simplicity, and K = 4 users
in order to allow the evaluation of exhaustive search in a feasible time. It is noteworthy from Figure 3.3
the very unfair behavior of primitive massive MIMO systems (with no pilot and power allocation policies),
which provides very high data rates for some portion of the users, while providing low quality of service for
others. One can note also that appreciable improvements can be achieved with PA techniques. The conflicting
behavior of UL and DL optimization metrics is represented in the Figure, since while MaxminSINR DL achieves
the best performance in DL, its UL performance is close to that attained by random PA. The opposite occurs
with MaxminSINR UL. On the other hand, MaxminTC achieves good performance in both directions, at the
same time that achieves the best performance in terms of total rates. Besides, no significant performance
loss can be seen for any heuristic PA when compared with its respective exhaustive search solution. Similar
findings can be taken from Figure 3.4, that also reveals that it is always beneficial improving the number of
antennas in BS.
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Figure 3.3: Fraction of users above a given Rate for N = 128 and K = 4: a) DL; b) UL; c) Total.

3.2 Power Allocation

We assume a decentralized power allocation procedure, similarly to pilot assignment. With the purpose of
serving the users with a target SINR, the target-SIR-tracking algorithm [11] measures the interference seen by
each user, and assigns to each one the exact power to reach the target SINR, unless if this power exceeds the
maximum power available. In this case, the maximum power is allocated for this user. It is shown in [12] that
this power allocation procedure is not the most suitable, since assigning the maximum power for the users
with poor channel conditions causes an excessive interference for the other users, and waste energy because
this user may remain with a low SINR. Being ς̂d

k′` the target downlink SINR for the k′-th user of the `-th cell,
and ρd

`k′ the maximum DL transmit power that can be assigned to this user, the target-SIR-tracking algorithm
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Figure 3.4: 95%-likely Rate for K = 4: a) DL; b) UL; c) Total.

updates power at the i-th iteration according to

ρd
`k′(i) = min

[
ς̂d
k′`I

d
k′`(i),ρd

`k′

]
, (3.7)

in which Id
k′`(i) = ρd

`k′(i−1)/ςd
k′`(i−1) is the interference plus noise seen by this user (denominator of (2.8))

divided by β2
`k′`/α

2
`k′ . By contrast, the power control algorithm proposed in [12] updates users’ powers as

ρd
`k′(i) =


ς̂d
k′`I

d
k′`(i) if Id

k′`(i)≤
ρd
`k′
ς̂d
k′`
,

(ρd
`k′)

2

ς̂d
k′`I

d
k′`(i)

otherwise.
(3.8)

One can see that the method of [12] assigns power to the users in the same way as the target-SIR-tracking
algorithm if the target SINR can be achieved for the user at that iteration. Otherwise, instead of allocating the
maximum power, it allocates to each user a transmit power inversely proportional to that required to achieve
the target. Thus, besides of saving energy relative to users that cannot reach the target SINR, the interference
irradiated to other users also decreases. This procedure is repeated for a predefined number of iterations Nit,
and the power coefficients for each user can be initialized with half of the maximum transmit power for the
considered user, as described in Algorithm 3.2. The convergence of such algorithm is proved in [12], and in
our simulations we have noted that 10 iterations were sufficient for achieving convergence. Equivalently, this
same procedure can be applied in UL user power allocation as

ρu
k′`(i) =


ς̂u
k′`I

u
k′`(i) if Iu

k′`(i)≤
ρu
k′`
ς̂u
k′`
,

(ρu
k′`)

2

ς̂u
k′`I

u
k′`(i)

otherwise,
(3.9)
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in which ς̂u
k` is the target UL SINR of the user, ρu

k` its maximum UL transmit power, and

Iu
k′`(i) =

∑C
l=1
l 6=`

ρu
k′l(i−1)β2

`k′l+
α2
`k′
M

(∑
l

∑
k ρ

u
kl(i−1)β`kl+σ2

n

)
β2
`k′`

.

When deploying these power control algorithms, the target SINR parameter should be carefully chosen.
If a somewhat lower value is adopted, the algorithm saves energy by delivering just the target SINR to the
users, taking low advantage of the resources and providing poor performance for the system. If an excessive
target SINR is considered, many poor located users will have their powers gradually turned off in order to
provide the desired performance for the other users. Hence, in this work, the target SINR was chosen in each
scenario by finding the value that achieves the higher throughput for 95% of the users, by means of numerical
simulations, as indicated in Table 3.2.

Algorithm 3.2: Power Control Algorithm
Input: βjkl and ρd

lk, ∀j, l = 1,2, . . .C, k = 1,2, . . .K, σ2
n, ρp.

1: Initialize ρd
jk′(0) = 0.5 ρd

jk′ ;
2: for i= 1,2, . . . ,Nit do
3: for k′ = 1,2, . . . ,K do
4: Evaluate Id

k′j(i) = ρd
jk′(i−1)/ςdk′j(i−1);

5: if Id
k′j(i)≤

ρd
jk′

ς̂d
k′j

then

6: Evaluate ρd
jk′(i) = ς̂dk′jI

d
k′j(i);

7: else

8: Evaluate ρd
jk′(i) =

(
ρd
jk′
)2

ς̂d
k′j

Id
k′j

(i) ;

9: end if
10: end for
11: end for
Output: ρd

jk′ .

Table 3.2: Target SINR’s of power control algorithm adopted for each PA technique.

Number of users PA Scheme DL UL

K = 10
Random -9 dB -10 dB

H-MaxminSINR DL -2 dB -9 dB
H-MaxminSINR UL -6 dB -4 dB

H-MaxminTC -3 dB -5 dB

K = 32
Random -11 dB -14 dB

H-MaxminSINR DL -7 dB -11 dB
H-MaxminSINR UL -9 dB -7 dB

H-MaxminTC -7 dB -8 dB

3.2.1 Numerical Results

The paper of Appendix D brings several numerical results of the investigated power control algorithm applied
to massive MIMO systems with finite number of antennas. For K = 32 users and employing power control,
Figure 3.5 shows the fraction of users above a given rate for M = 128, while Figure 3.6 shows the 95%-likely
rate achieved with increasing number of antennas. The target SINR’s performances of power control algorithm
for each scheme were empiricaly chosen in order to provide the higher throughput for 95% of the users, as
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indicated in Table 3.2. It can be seen that much more uniform user performances are achieved with the
power control scheme of Algorithm 3.2, and that the assured performance can be considerably improved with
a proper choice of the PA employed. For example, as can be seen in Figure 3.6, with random assignment
the 95%-likely DL rate increases from 41.3 kbps to 746.2 Mbps with M = 128 antennas when employing
power control, while this DL rate increase is from 191.6 kbps to 1.782 Mbps when the H-MaxminTC is the
PA adopted. Similarly, in the UL, the 95%-likely UL rate with random assignment increases from 0.5 kbps to
382.5 Mbps when employing power control, and from 2.0 kbps to 1.442 Mbps with H-MaxminTC as PA policy
and M = 128. It can also be seen that H-MaxminTC with power control has the ability of jointly assuring an
appreciable quality of service in both DL and UL, contrary to H-MaxminSINR DL and H-MaxminSINR UL that
assure good rates only on its preferential direction. The assured rates are decreased with this higher number
of users not only due to the increased multiuser interference, but also due to the increased pilot overhead,
necessary to obtain CSI estimates of this increased number of users. On the other hand, it allows the PA
schemes to achieve improved gains in comparison with random assignment because of the greater multiuser
diversity.
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Figure 3.5: Fraction of users above a given Rate for M = 128 BS antennas and K = 32 users: a) DL; b)
UL; c) Total. Power control evaluated with target SINR’s of Table 3.2.

Performance results with power control as depicted in Figures 3.5 and 3.6 were obtained after a careful but
non-exhaustive process of finding suitable target SINR performances for each scheme under the considered
scenarios, as summarized in Table 3.2. However, this values of target performances are dependent of the
instantaneous conditions of the communications systems, like the number of users served and pilot and data
SNR’s, which are dynamically changing. Thus, a more practical scenario consists in fixing a DL and UL target
rates, from which the target SINR’s input parameters of the power control algorithm are obtained. Under
this strategy, Figure 3.7 shows the 95%-likely rates obtained when fixing a target per user rate of 1.4 Mbps
for both DL and UL when serving K = 32 users. It can be seen from Figure 3.7 that H-MaxminTC PA
with power control is able to assure the target rates in both DL and UL even with just M = 64 antennas,
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Figure 3.6: 95%-likely Rate for K = 32: a) DL; b) UL; c) Total. Power control evaluated with target
SINR’s of Table 3.2.

while the H-MaxminSINR DL PA with power control fails in this objective for UL, and the opposite holds for
H-MaxminSINR UL. It is important to note that even with the 95%-likely DL and UL rate of 1.4 Mbps assured
by H-MaxminTC PA with power control, it is not assured a 95%-likely total rate of 2.8 Mbps, since the set
of users that do not achieve the target DL rate is not necessarily the same that do not achieve the target UL
rate. This result shows that H-MaxminTC PA with power control is able to assure an appreciable 95%-likely
DL and UL per user rates of 1.4 Mbps for K = 32 users with only M = 64 BS antennas.

3.3 Conclusion of the Chapter

We have shown in this Chapter that massive MIMO system performance can be greatly improved via suitable
pilot assignment schemes, since the pilot contamination interference seen by each UE is dependent on the
pilot sequence it is employing. Therefore, in order to improve fairness, we can seek to assign the pilots with
the lowest interference levels to the users with poor channel conditions. We have discussed the influence of
PA in DL performance, and showed that it is not so simple as in UL. Also, we have shown that UL and DL
PA metrics are conflicting, in such a way that if a scheme seeks to optimize the performance in a single link,
it will achieve just a standard performance in the other link. Therefore, we have proposed a joint UL-DL PA
metric based on Total Capacity, which is able to achieve promising performance results in both links. Besides,
in order to avoid the exhaustive search of prohibitive complexity when solving a PA problem, we have proposed
low-complexity near-optimal solutions for the investigated PA strategies. Finally, the PA algorithms have been
combined with suitable power control algorithms aiming to prove its effectiveness and take full advantage of
the available resources.



3.3 Conclusion of the Chapter 52

64 128 256 512
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Number of antennas N

95
%

 D
L 

R
at

e 
[M

bp
s]

 

 

64 128 256 512
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Number of antennas N

95
%

 U
L 

R
at

e 
[M

bp
s]

 

 

64 128 256 512
0

0.5

1

1.5

2

2.5

3

Number of antennas N

95
%

 T
ot

al
 R

at
e 

[M
bp

s]

 

 Random PA

Random PA+PC

H−MaxMinSINR DL PA

H−MaxMinSINR DL PA+PC

H−MaxMinSINR UL PA

H−MaxMinSINR UL PA+PC

H−MaxMinTC PA

H−MaxMinTC PA+PC

Figure 3.7: 95%-likely Rate for K = 32: a) DL; b) UL; c) Total. Power control evaluated with a target rate
of 1.4 Mbps per user, for both UL and DL.
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4 Massive MIMO Waveforms and Total Energy
Efficiency

This chapter discusses about the main contributions achieved by this Doctoral work regarding to massive
MIMO waveforms and total energy efficiency. It is firstly described our derived expressions for the UL massive
MIMO system performance, both in terms of SINR as well as achievable rates. Then, aiming to validate the
proposed expressions, we compare them with numerical results obtained via Monte-Carlo simulation. Finally,
we evaluate the total energy efficiency of the massive MIMO system employing different UL waveforms aiming
to provide a more accurate comparison about the theme.

4.1 Massive MIMO Waveforms

We have derived in this work approximated UL performance expressions for the massive MIMO systems
employing either OFDM or SC waveforms. The detailed derivations can be seen in Appendix B, while the
obtained approximated SINR expressions for OFDM and SC, respectively, are

ςf
k′i = Mβ2

ik′i

M
∑C
c=1
c 6=i

β2
ik′c+

[∑C
j=1

∑K
k=1βikj + σ2

n
γρu

][∑C
c=1βik′c+ σ2

n
ρp

] , (4.1)

ςt
k′i = Mβ2

ik′i

M
∑C
c=1
c 6=i

β2
ik′c+

[∑C
j=1

∑K
k=1βikj + σ2

n
ρu

][∑C
c=1βik′c+ σ2

n
ρp

] . (4.2)

Both expressions are very similar, except by the factor γ = N/(N +NCP ) in (4.1), which reflects the
transmit power reduction in OFDM systems due to the CP transmission. Besides, reminding that

∑C
c=1βik′c+

σ2
n
ρp

= α2
ik′ , the performance expression in (4.1) is identical to that of (2.7), which was derived in [5] assuming

a minimum mean square error (MMSE) CSI estimator. Our most novel result is that a MRC receiver operating
under SC waveform, namely the TRMRC receiver, is able to reach the same performance of FDMRC, with a
slight transmit power gain by not transmitting CP. Based on such expressions, on the convexity of log2(1+ 1

x),
and using Jensen’s inequality as in [30], we obtain the following lower bound on the achievable rate of the
k′th user at the ith cell

Rf
k′i ≥ R̃f

k′i = ξuγ

(
1−K
S

)
log2

1 +
(

1
ςf
k′i

)−1
 , (4.3)
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Rt
k′i ≥ R̃t

k′i = ξu
(

1−K
S

)
log2

1 +
(

1
ςt
k′i

)−1
 , (4.4)

in which the term
(
1− K

S

)
accounts for the pilot transmission overhead, and ξu is the fraction of the data

transmit interval spent with uplink.

4.1.1 Numerical Results

In the paper presented in Appendix B, the above expressions were validated by comparison with Monte-Carlo
simulation results, with respect to the variation of several parameters, like number of antennas, number of
users, transmit power, and number of CIR taps. As an example, Figure 4.1 shows the variation of the SINR
and of the achievable rates, both simulated and analytic, with the increasing SNR, while Figure 4.2 does the
same with increasing number of users. We have assumed in the simulations M = 100 BS antennas, K = 4
users, N = 256 subcarriers when OFDM is employed, a time-dispersive channel with L= 16, ξu = 0.5, and an
SNR of 0dB for both pilots and UL data transmission.

From Figure 4.1, one can see that the massive MIMO system is able to operate with low UL SNR’s, due
to the large number of BS antennas, in such a way that the system performance saturates near 0dB. Besides,
both schemes result in very similar SINR performance, but the achievable rates of TRMRC are higher than
that of FDMRC due to the inefficiency of the CP transmission, required by the latter. It is also shown that
the approximate expressions for SINR and the proposed lower bounds for achievable rates are tight. While the
error for SINR was about 0.06dB, the error between the simulated rates and the proposed lower bound was
about 0.075 bits per channel use (bpcu).
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Figure 4.1: Performance of the investigated schemes with increasing ρu
σ2
n
, with M = 100 BS antennas.

Figure 4.2 shows how the massive MIMO system performance evolves with the increasing number of users
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per cell, K. As expected, the average SINR per user decreases, due to the increasing multiuser interference.
However, the achievable rates grow with more users, since the sum rate increase of each additional user in the
investigated interval compensates the decrease of the individual SINR. Besides, the errors between simulated
performances and analytical expressions in terms of individual SINR have decreased for higher values of K,
being 0.01dB for K = 32. However, the achievable rate errors have increased to 0.09 bpcu for K = 32, because
the higher number of users makes the accumulated error large.
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Figure 4.2: Performance of the investigated schemes with increasing K.

Complexity Analysis

In order to establish a performance-complexity trade-off, the paper presented in Appendix B evaluate the com-
putational complexity of TRMRC and FDMRC massive MIMO receivers in terms of floating-point operations
(flops) [31]. The main assumptions made are: i) A real sum operation has the same complexity than a real
multiplication, which are defined as 1 flop; ii) A complex sum has the complexity of 2 flops, while a complex
multiplication has the complexity of 6 flops; iii) An inner product between 2 complex vectors of size M has
the complexity of M complex multiplications and M −1 complex additions, resulting in a total complexity of
8M−2 flops; iv) A FFT or IFFT operation of a complex sequence of N samples has the complexity (supposing
N power of two and adopting the Cooley Tukey algorithm [31]) of (N/2) log2(N) complex multiplications
and N log2(N) complex additions, and an overall complexity of 5N log2(N) flops; v) The complexity related
with the CSI estimation is neglected for all the investigated schemes, since these estimates remain valid for
several frame periods, and account in the same way for all the schemes. Aiming to reduce the computational
complexity of the TRMRC receiver, the paper in Appendix B also proposes a low-complexity implementa-
tion of this receiver, by employing the fast-convolution (FC) with overlap-and-add method [32], namely the
FC-TRMRC receiver.

The complexities are found in Table 4.1. For the FDMRC under OFDM, the complexity to detect the
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N symbols of the OFDM frame is mainly due to: i) the N -points IFFT operations of each user transmission
(K[5N log2(N)] flops), ii) the N -points FFT operations of each BS receive antenna (M [5N log2(N)] flops),
and due to iii) the N FDMRC data symbols’ estimation, as in (2.4), for each user (NK[8M − 2] flops).
On the other hand, the complexity of the TRMRC with overlap-and-add method is mainly given by: i)
µ= (N +L)/L FFT’s of size 2L for the received signals of each receive antenna, resulting in a complexity of
Mµ[10L log2(2L)] flops; ii) For each user and each receive antenna: µ element-wise multiplication of size 2L
vectors, followed by an IFFT operation of size 2L, and the addition of the overlaping segments (of size L)
(KMµ[10L log2(2L) + 12L+ 2L] flops); iii) For each user, the results of the M fast convolutions are added
(only the N elements of interest), with a complexity of K(2N(M −1)) flops.

The overall complexity of the TRMRC receiver employing the fast convolution with overlap-and-add
method is also given in Table 4.1 and plotted in Figure 4.3. It can be seen that the complexity of the
FC-TRMRC receiver results O(log2(2L)MK) per detected symbol vector, which is a significant complexity
reduction in comparison with TRMRC (O(LMK)). However, it is still significantly higher than that of
FDMRC (O(MK)). We found thus that employing TRMRC at the massive MIMO UL presents several
advantages in comparison to FDMRC, like lower PAPR, cheaper and more energy efficient mobile terminals,
lower sensitivity to phase noise and carrier frequency offset, CP transmission not required, improving energy
and spectral efficiency of the system, and compatibility with previous standards. However, at the cost of an
increased computational complexity.

Table 4.1: Number of operations (flops) for each scheme.
Scheme Number of Operations
FDMRC K[5N log2(N)] +M [5N log2(N)]

+NK[8M −2]
TRMRC NK[L(8M −2) + 2(L−1)]

FC-TRMRC K[M(N +L)(10log2(2L) + 14) + 2N(M −1)]
+M(N +L)10log2(2L)

Optimizing the Number of Scheduled Users

Based on the derived performance expressions, the paper in Appendix B also proposes an iterative method for
obtaining the number of scheduled users that maximizes the system sum rate. Figure 4.4 depicts the system
sum rate variation with increasing number of users, and also indicates the solution of our proposed method.
It can be clearly seen that the result obtained by the proposed method is able to find the optimal number of
scheduled users, with different pilot and frequency reuse schemes. Further details about the proposed method
can be seen in Appendix B.

The dependence of the optimal number of users and the optimal sum rate with the increasing number
of antennas is shown in Figure 4.5. One can note that the optimal number of scheduled users converges
with M →∞ to S/(2ζp), as discussed in [22]. On the other hand, an interesting conclusion that has not
been drawn is that both resources’ reuse schemes have the same asymptotic performance, as demonstrated in
Appendix B. However this equivalence holds only for unpractical values of M , while pilot reuse presents an
improved performance in comparison with frequency reuse for a not so large number of antennas.

Figure 4.6 shows how the increasing SNR affects the optimal number of scheduled users and sum rate
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performance. In the left hand side, it is investigated the increasing data SNR with the training SNR fixed
as 0dB, while in the right hand side the increasing training SNR is considered with data SNR fixed as 0 dB.
Although any SNR increase has the effect of improving the system sum rate performance, the optimal number
of users in each case have opposite behaviors, as discussed in Appendix B. While it decreases with increasing
ρu
σ2
n
, it increases with increasing ρp

σ2
n
. Besides, the variation of the optimal number of users and of the sum

rate with increasing training SNR is more notorious. This occurs since the increase of ρp
σ2
n

leads to better
CSI estimates, which in turn improves the interference mitigation capacity of the MRC receiver, allowing the
scheduling of a higher number of users in order to obtain the optimal sum rate performance. On the other
hand, the increasing ρu

σ2
n
results in a higher level of multiuser interference, both intra-cell and inter-cell, in such

a way that the best sum rate performance is found with a slightly reduced number of users.

4.2 Total Energy Efficiency Evaluation

We found in the previous Section that TRMRC under SC presents several advantages over FDMRC with
OFDM, however at the cost of increased computational complexity. In order to further ellaborate the com-
parison between these topologies, we evaluate in this Section the total energy efficiency of a massive MIMO
system employing either FDMRC or TRMRC in the UL. Our main objective with this analysis is to identify
the best scheme to be implemented in the upcoming massive MIMO systems based on a comprehensive anal-
ysis. The choice of the total energy efficiency metric is due to its ability of incorporating different aspects of
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Figure 4.6: Optimal number of users and sum rate with increasing data and training SNR for S = 200.

each investigated topology, making the analysis more comprehensive and fair. The higher achievable rates of
TRMRC, the reduced complexity of FDMRC, and also the consequent better power efficiency of the power
amplifier in a SC scheme due to the lower PAPR levels are examples of different features that are incorporated
on this analysis. The analysis and the results of this Section can also be found in the paper of Appendix E.

The total energy efficiency metric is defined as

EE =
∑K
k=1 (Rul?

ki +Rdl
ki )

P ul?
tx +P dl

tx +P tr?
tx +P ?cp

. (4.5)

The superscript {·}? is used in order to indicate that a given parameter depends on which wave-
form/detector has been employed in UL. In (4.5), Rul?

ki constitutes the UL rate of the kth user of the
ith cell, and can be found by (4.3) or (4.4), i.e., Rul?

ki =Rf
ki or Rul?

ki =Rt
ki. Besides, Rdl

ki is the DL rate of
this user. We assume that a MRT precoding has been employed in downlink under OFDM waveform, since
the practical appeal for SC usage in DL is not so strong as it is in UL, and thus Rdl

ki can be found similarly
to (4.3) as:

Rdl
k′i ≥ R̃dl

k′i = ξdγ

(
1−K
S

)
log2

1 +
(

1
ςdl
k′i

)−1
 , (4.6)

in which ξd is the fraction of the data transmit interval spent with downlink, and

ςdl
k′i = β2

ik′i/α
2
ik′∑C

l=1
l 6=i

β2
lk′i/α

2
lk′+

1
M

(
K
∑C
l=1βlk′i+

σ2
n

ρd

) (4.7)

is the DL SINR of the k′th user of the ith cell, while ρd is the uniform DL transmit power.

Furthermore, P ul?
tx , P dl

tx , and P tr?
tx in (4.5) represent the power consumed by the power amplifiers in UL,
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DL, and UL pilot transmission, respectively. In our scenario of uniform power allocation we have

P ul?
tx =

Kξu
(
1− K

S

)
ρu

ηu? , (4.8)

P dl
tx =

Kξd
(
1− K

S

)
ρd

ηd , (4.9)

P tr?
tx =

K
(
K
S

)
ρp

ηu? , (4.10)

in which ηu? and ηd represent the power amplifier efficiency at the MT’s and at the BS’s, respectively. The
parameter ηu? is specific for each topology chosen as waveform/detector, since a power amplifier with better
eficiency can be employed in the MT’s if SC is adopted instead of OFDM.

Finally, P ?cp accounts for the circuit power consumption, which is discussed in detail in the following.

4.2.1 Realistic Circuit Power Consumption Model

The paper of Appendix E brings a detailed discussion about realistic models for the circuit power consumption
of the different stages in a practical MIMO communication system. The adopted approach is similar to that
of [14]. Adopting a realistic circuit power consumption model, the parameter P ?cp is not fixed, but dependent
on several factors, like number of antennas, number of users, waveform employed, adopted precoding and
detector schemes, data throughput, among others. Following [14], a refined circuit power consumption model
for multiuser MIMO systems can be stated as

P ?cp = Pfix +Ptc +Pce +P ?c/d +P ?bh +P ?lp, (4.11)

in which Pfix is a constant quantity accounting for the fixed power consumption required for site-cooling,
control signaling, and load-independent power of backhaul infrastructure and baseband processors [14]. The
other terms in (4.11) are defined in the following subsections.

Transceiver Chains

In (4.11), Ptc accounts for the power consumption of the transceiver chains. As described in [14], [33], one
can quantify the power consumption of a set of transmitters and receivers as

Ptc = Psyn +MPbs +KPmt, (4.12)

in which Psyn is the power consumed by the local oscillator, Pbs is the power necessary to the circuit com-
ponents of each BS antenna operate, like converters, mixers, and filters, while Pmt accounts for the power
required by the circuit components of each single-antenna MT operate, including amplifiers, mixer, oscillator
and filters.
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Channel Estimation

Pce accounts for the power consumption of channel estimation in (4.11). We assume only UL training by
UL pilot transmissions. Thus, all processing is carried out at the BS, which has a computational efficiency
of Lbs

[
flops
watt

]
. The pilot-based CSI estimation is performed once per coherence block, and there are B/S

coherence blocks per second, being B = 1/Tn the total bandwidth. The CSI estimation procedure as described
in (2.2) consists of simply multiplying the M × τ matrix Yp

in with the τ ×1 pilot sequence ψψψk of each user,
demanding thus MK(8τ − 2) flops. Therefore, the power consumption spent with the channel estimation
procedure is

Pce = B

S
MK(8τ −2)
Lbs

. (4.13)

Coding and Decoding

In (4.11), P ?c/d accounts for the power consumption of the channel coding and decoding units. The BS
performs channel coding and modulation to K sequences of information symbols in the DL, while each MT
performs some suboptimal fixed-complexity algorithm for decoding its own sequence [14]. The opposite is
performed in the UL. The consumed power on these procedures will thus depend on the actual rates, being
expressed as

P ?c/d =
K∑
k=1

(Rul?
ki +Rdl

ki )(Pcod +Pdec). (4.14)

where Pcod and Pdec are the coding and decoding power densities, respectively, in
[

watt
bit/s

]
. In the same way

as [14], it was assumed for simplicity that the power densities Pcod and Pdec are the same in UL and DL.

Backhaul

P ?bh accounts for the power consumption of the load-dependent backhaul in (4.11), which is necessary to
transfer UL/DL data between the BS and the core network. The backhaul consumption power is usually
modeled with two components [14], one load-independent and one load-dependent. For convenience, the first
one can be included in Pfix, while the second one is proportional to the average sum rate. Therefore, the
load-dependent backhaul consumption power can be computed as

P ?bh =
K∑
k=1

(Rul?
ki +Rdl

ki )Pbt, (4.15)

in which Pbt is the backhaul traffic power density in
[

watt
bit/s

]
.

Linear Processing

In (4.11), P ?lp accounts for the power consumption of the linear processing at the BS. This power component
can be divided for UL and DL. The power spent with the DL linear processing, which is a common factor
for both investigated schemes, is represented as the sum of two terms: the first one is that required by
making one matrix-vector multiplication per DL data symbol, and the second one is that required to obtain



4.2 Total Energy Efficiency Evaluation 62

the precoding matrix. Each multiplication between a M ×K precoding matrix and a K× 1 symbol vector
demands the complexity ofM(8K−2) flops. Besides, in order to obtain the MRT precoders, it is just necessary
to normalize the CSI estimate vectors aiming to obtain the precoding vector of each user, demanding thus
K(14M−2) flops. Therefore, the power consumption of the DL linear processing at the BS can be quantified
as

P dl
lp =B

(
1− τ

S

)
ξdM(8K−2)

Lbs
+ B

S
K(14M −2)
Lbs

. (4.16)

The computational complexity of UL linear processing when employing FDMRC scheme under OFDM
waveform is presented in Table 4.1. As the first term refers to a processing evaluated at the MT’s, while the
others refer to BS processing, this power can be quantified as

P ul-f
lp =B

(
1− τ

S

)
ξu
[
K

5N log2(N)
Lmt

+M
5N log2(N)
Lbs

+N
K(8M −2)
Lbs

]
, (4.17)

in which Lmt is the computational efficiency of MT’s in
[

flops
watt

]
. Note that, different than [14], we included the

power required to the MT’s perform OFDM modulation, and the power required to the BS’s perform OFDM
demodulation. The computational complexity of UL linear processing when employing TRMRC scheme under
SC waveform is also presented in Table 4.1. As this processing is entirely evaluated at the BS, the power can
be quantified as

P ul-t
lp =B

(
1− τ

S

)
ξu

Lbs
{K[M(N +L)(10log2(2L) + 14) + 2N(M −1)] +M(N +L)10log2(2L)} (4.18)

Finally, the total power required by linear processing is given by

P ?lp = P dl
lp +P ul?

lp , (4.19)

in which P ul?
lp = P ul-f

lp or P ul?
lp = P ul-t

lp .

The main parameters adopted in our power consumption model are summarized in Table 4.2, which are
adapted from [2], [14] and [34].

4.2.2 Numerical Results

We present in this subsection simulation results for the total energy efficiencies of massive MIMO systems
employing either OFDM/FDMRC or SC/TRMRC as waveform/detector in the UL. The main parameters
adopted in our simulations are summarized in Table 4.2. Fig. 4.7 depicts the total energy efficiencies of the
investigated systems, with the variation of both number of BS antennasM and number of users K. As can be
seen, the massive MIMO system employing FDMRC detector under OFDM waveform has a higher total energy
efficiency than TRMRC under SC. The only exception occurs with low number of BS antennas (M < 35),
in which TRMRC/SC outperforms FDMRC/OFDM. However, in the massive MIMO scenario (typically with
M > 80), the total energy efficiency of FDMRC/OFDM is higher. Fig. 4.8 corroborates this result, showing
the total energy efficiency percentage gain of FDMRC/OFDM in comparison with TRMRC/SC. As one can
note from the figure, the total energy efficiency gain can achieve almost 20% in the range of our investigation,
and can be even higher for increased values of M and K.
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Table 4.2: Simulation parameters, adapted from [2], [14] and [34].

Parameter Value

Cell radius: dmax 500 m
Minimum distance: dmin 50 m
Transmission bandwidth: B 20 MHz
Channel coherence bandwidth: Wc 100 kHz
Channel coherence time: Tc 2 ms
Total noise power: σ2

n −96 dBm
UL transmit power: ρu 200 mW
UL pilot transmit power: ρp 200 mW
DL radiated transmit power: P dl

tx ·ηd 2 W
Coherence block: S 200 symbols
Computational efficiency at BSs: Lbs 12.8

[
Gflops

W

]
Computational efficiency at MTs: Lmt 5.0

[
Gflops

W

]
Fraction of DL transmission: ξd 0.60
Fraction of UL transmission: ξu 0.40
Power amplifier efficiency at the BSs: ηd 0.39
Power amplifier efficiency at the MTs under OFDM: ηuf 0.30
Power amplifier efficiency at the MTs under SC: ηut 0.5
Fixed power consumption: Pfix 18 W
Power consumed by local oscillators at BSs: Psyn 2 W
Power required to run the circuit components at BSs: Pbs 1 W
Power required to run the circuit components at MTs: Pmt 0.10 W
Power density required for coding of data signals: Pcod 0.10

[ W
Gbits

]
Power density required for decoding of data signals: Pdec 0.80

[ W
Gbits

]
Power density required for backhaul traffic: Pbt 0.25

[ W
Gbits

]
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Figure 4.7: Total energy efficiency vs M and K for both investigated schemes.
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Then, aiming to compare the best total energy efficiencies achieved by each scheme, we restrict the range
of K and M in a shorter interval centered on their maxima. Fig. 4.9 shows that the optimal total energy
efficiency achieved by TRMRC/SC is of 2.315 Mbits/J, which is attained with M = 35 antennas serving
K = 22 users. On the other hand, the optimal operation point for FDMRC/OFDM is attained with M = 50
antennas serving K = 22 users, in which a total energy efficiency of 2.359 Mbits/J can be achieved. Therefore,
FDMRC/OFDM is able to provide a total energy efficiency improvement of 0.044 Mbits/J with respect to
TRMRC/SC, considering both schemes in their respective optimal total energy efficiency operation points.
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Figure 4.9: Total energy efficiency as a function of M and K (zoom of Fig. 4.7).

Finally, Fig. 4.10 shows the total energy efficiency and spectral efficiency trade-off for both investigated
schemes. Each curve shows the total energy efficiency against spectral efficiency achieved for each scheme
with the increasing number of BS antennas. For each number of BS antennas, the number of active users
is set as the one leading to the maximum total energy efficiency for a given detector/waveform, as can be
seen in Figure 4.7. As one can infer, TRMRC/SC is a good alternative only for low number of BS antennas
(M < 35). Indeed, for higher values of M , FDMRC/OFDM provides a higher total energy efficiency under
the same spectral efficiency, or alternatively a higher spectral efficiency under a target total energy efficiency.

4.2.3 Analysis with Increasing Computational Efficiency

Our previous results demonstrated that TRMRC/SC achieves a higher sum rate than FDMRC/OFDM, while
spending less power with the irradiated signal and power amplifier. However, the higher computational
complexity of TRMRC processing makes its total energy efficiency lower than that of FDMRC/OFDM. In this
subsection we conjecture that such situation may change in a few years, since the evolution of computers
and processors tends to improve the computational efficiency parameters, Lbs and Lmt. Therefore, the power
required to run the TRMRC processing would decrease, increasing its total energy efficiency. Fig. 4.11 shows
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the maximum total energy efficiency achieved by both schemes with increasing computational efficiencies, i.e.,
the Lbs and Lmt in Table 4.2 were scaled by the factor represented in the horizontal axis. As depicted in the
Figure, a 30% improvement in computational efficiencies is sufficient to make the total energy efficiency of
TRMRC/SC higher than that of FDMRC/OFDM. This computational efficiency improvement is in accordance
with the evolution of manufacturing process of transistors (14 nm to 10 nm) [35], or even with the improvement
of current manufacturing process [36]. Therefore, employing TRMRC under SC waveform in the UL of massive
MIMO systems may become a promising alternative in a near future aiming to implement very energy efficient
communication systems.

4.3 Conclusion of the Chapter

In this Chapter, we have investigated the employment of SC and OFDM waveforms in the massive MIMO
UL. We first derived performance expressions for TRMRC and FDMRC receivers, and validated them through
numerical simulations. Then, we have analyzed the computational complexity of these schemes, in terms
of flops, and proposed a low-complexity implementation of TRMRC. We also proposed an iterative method
for obtaining the number of scheduled users able to maximize the system sum-rate, and investigated how
this number varies with respect to different system parameters. Then, aiming to provide a more accurate
comparison between TRMRC/SC and FDMRC/OFDM, we evaluated the total energy efficiency of the massive
MIMO system employing such receivers/waveforms in the UL. Our main conclusion is that FDMRC/OFDM
achieves better total energy efficiency than TRMRC/SC, since the higher sum-rates and higher power-amplifier
efficiency due to lower PAPR of the latter do not compensate its higher processing power consumed. However,
we predict that this scenario may change in a near future, with the evolution of processors technology and the
consequent improvement on their computational efficiency.
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and dmax = 500.
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5 Random Access in Crowded Networks

We present in this chapter the main contributions achieved by this Doctoral work on the theme of random
access in crowded massive MIMO networks. We first describe in detail the SUCRe protocol, and next show how
can it be improved by employing a soft decision retransmission criterium. We then propose two approaches
for computing the retransmission probability of each UE, and compare the results achieved by each one by
means of numerical simulations.

5.1 RA in Crowded Networks

In crowded networks, it is a common interest to employ RA protocols able to detect and resolve pilot collisions
under a distributed and uncoordinated manner. Since the number of UEs inside a given cell may be very large,
conventional RA protocols in which the the task of detect and resolve pilot collisions is solely performed by the
BS become impractical. Besides, if the protocol requires the periodical exchange of certain amount of control
information, this may result in a severe overhead in performance as long as the number of UEs becomes very
large. Massive MIMO is a key technology for obtaining decentralized and uncoordinated RA protocols due to
its properties of channel hardening and favorable propagation. In this sense, the SUCRe protocol [18] appears
as one of the most promising solutions. In the paper of Appendix F, the performance of this protocol is
improved by implementing some modifications on its retransmission criterium, as described in the sequel.

In the SUCRe protocol, an accessing UE asks for a dedicated pilot by sending an uncoordinated random
access pilot, with a risk that other UEs send the same pilot, hence, the collision probability increases when
the number of UEs increases, e.g. in crowded and over-crowded machine-type scenarios. The favorable prop-
agation of massive MIMO channels is utilized to enable distributed collision detection at each UE, thereby
determining the strength of the contenders’ signals and deciding to repeat the pilot if the UE judges that its
signal at the receiver is the strongest.

Four Steps of the SUCRe Protocol

The four steps of the SUCRe protocol can be summarized as follows:

S.0. BS broadcasts a control signal. Each UE uses this signal to estimate its average channel gain and to
synchronize itself towards the BS.

S.1 A subset of the inactive UEs in cell i wants to become active. Each UE selects a pilot sequence at random
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from a predefined pool of RA pilots. The ith BS estimates the channel that each pilot has propagated
over. If multiple UEs selected the same RA pilot, a collision has occurred and the BS obtains an estimate
of the superposition of the UE channels. The BS cannot detect if collisions occurred at this point.

S.2 BS responds by sending DL pilots that are precoded using the channel estimates, which results in spatially
directed signals toward the UEs that sent the particular RA pilot. The DL signal features an array gain
of M that is divided between the UEs that sent the RA pilot. Due to channel reciprocity, the share of
the array gain is proportional to their respective UL signal gains, particularly when M is large, which
enables each UE to estimate the sum of the signal gains and compare it with its own signal gain (using
information obtained in Step 0). Each UE can thereby detect RA collisions in a distributed way. This
departs from the conventional approach in which collisions are detected in a centralized way at the BS
and broadcasted to the UEs.

S.3 The UEs can resolve RA contentions in this step based on the detection in step S.2 and the favorable
propagation of massive MIMO channels, by applying a local decision rule: only the UE with the strongest
UL signal gain should repeat the RA pilot. The probability of non-colliding pilot transmission in step
S.3 is vastly increased in the SUCRe protocol, which enables the network to admit UEs also in crowded
scenarios. The transmission in Step 3 also contains the identity of the UE and a request for payload
transmission, resembling the Radio Resource Control (RRC) Connection Request in LTE.

S.4 In this step, the connection is granted by assigning a pilot sequence that can be used in the payload blocks
or starts further contention resolution (e.g., in an LTE fashion or by repeating the SUCRe protocol) in
the few cases when RA collisions remain. Hence, the SUCRe protocol both stands on its own and can
complement conventional contention resolution methods.

5.1.1 Detailed description of SUCRe protocol

Adopting the system model described in Sec. 2.1.3, the BS receives the signal Y∈CM×τ as in (2.16) after the
pilot transmissions in step 1. The BS then generates channel estimates yt as in (2.17) for the UEs transmitting
pilot ψψψt.

In the second step of SUCRe protocol, the BS responds to the RA pilots by sending orthogonal precoded
DL pilot signal with respect to each pilot sequence. The precoded DL pilot signal V ∈ CM×τ is

V =√q
τ∑
t=1

y∗t
||yt||

ψψψTt , (5.1)

where q is the DL transmit power. The received signal zk ∈ Cτ at UE k ∈Qt is

zTk = gTk V+νννTk +ηηηTk , (5.2)

in which νννk ∈ Cτ is inter-cell interference, and ηηηk ∼ CN (0,σ2Iτ ) is receiver noise. Then, by correlating zk
with its respective pilot sequence ψψψt, the UE obtains

zk = zTk
ψψψ∗t
||ψψψt||

=√qτgTk
y∗t
||yt||

+νννTk
ψψψ∗t
||ψψψt||

+ηk, (5.3)
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in which ηk ∼ CN (0,σ2) is the effective receiver noise.

Defining the sum of the signal and interference gains received at the BS during the UL transmission of
pilot ψψψt as

αt =
∑
i∈Qt

ρiβiτ +ωt, (5.4)

it was proposed in [18] an asymptotically error free estimator for αt as

α̂t,k = max

[Γ(M + 1
2)

Γ(M)

]2
qρkβ

2
kτ

2

[<(zk)]2
−σ2, ρkβkτ

 , (5.5)

in which <(·) gives the real part of its argument, and Γ(·) is the Gamma function.

The main goal of the SUCRe protocol is to resolve pilot collisions in a decentralized and uncoordinated
manner in the third step, so that each pilot is retransmitted by only one UE (collision resolved). Each UE
k ∈ Qt knows its own average signal gain ρkβkτ and has an estimate α̂t,k of the sum of the signal gains of
the contender UEs and inter-cell interference. Therefore, they apply the following distributed decision rule:

Rk : if ρkβkτ >
α̂t,k
2 + εk (repeat) (5.6)

Ik : if ρkβkτ ≤
α̂t,k
2 + εk (inactive). (5.7)

The UE k ∈ Qt concludes that it has the strongest signal gain if Rk is true, repeating thus the transmission
of pilot ψψψt in Step 3. Otherwise, if Ik is true, it remains inactive in step 3 and try again later. Besides,
the bias parameter εk ∈ R can be used to tune the system behavior to the final performance criterion, and is
empirically adjusted in [18] to εk = −βk√

M
− ω

2 , where the average UL interference is given by

ω = 1
M
·E
{∥∥∥∥W ψψψ∗t

||ψψψt||

∥∥∥∥2}
,

in which the expectation is taken over user locations and shadow fading realizations; moreover, shadow fading
parameter values are assumed to be known at the UEs, since it is the same for all UEs.

5.2 Improving the Performance of SUCRe Protocol

The SUCRe protocol is able to resolve great part of the pilot collisions in crowded machine-type massive-
MIMO scenarios while continues to admit UEs efficiently in overloaded networks [18]. Besides, it is able to
achieve this under a decentralized fashion, since it is the UEs who performs the contention resolution, and
uncoordinated manner, without the need of excessive exchange of control information. Both properties allow
this protocol to be highly scalable with respect to the number of UEs within the cell.

However, one of the main limitations of the SUCRe protocol is because it requires a noticeable disparity
between the large-scale fading coefficients of the contending UEs, so that the decision rule of (5.6) is true
for only one contending UE. With a not so large number of UEs, this condition is usually satisfied in the few
cases when a collision occurs. On the other hand, as long as the number of UEs within the cell increases,
the collisions occur more often and sometimes with more than two contenders, so that the probability of the
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strongest user signal gain be higher than half of the sum of contending’s signal gains decreases, with no UE
retransmitting the pilot in the third step.

This fact has motivated we propose in this Doctoral work a different decision rule for the UEs retransmit
their pilots. As one can note from (5.6), the SUCRe protocol as proposed in [18] implements a hard decision
rule, since if the condition is true the UE retransmit its pilot, but if it is false the UE remains inactive. We show
in the sequel that the protocol performance can be improved by making the decision rule soft, in such a way
that the UE retransmit its pilot with a probability as high as its signal gain compared with the estimated sum
of signal gains. Our first approach is to obtain this probability with the aid of a sigmoid function (Sec. 5.2.1).
Then, we propose to determine the probability of retransmission for a given UE according to the probability
of this UE be the strongest contender (Sec. 5.2.2), taking advantage of knowing ρkβkτ and α̂t,k quantities.

5.2.1 First Approach: Soft Sigmoid Function

As discussed before, in the SUCRe protocol [18], a given kth user decides to retransmit its chosen pilot
sequence in step 3 if the following distributed decision rule is satisfied

ρkβkτ > α̂t,k/2 + εk = 0.5(α̂t,k + 2εk) (5.8)

By defining γt,k = α̂t,k + 2εk, (5.8) can be rewritten if γt,k is positive as

ρkβkτ

γt,k
> 0.5, (5.9)

and if γt,k is negative as
ρkβkτ

−γt,k
>−0.5. (5.10)

In a unified way, (5.8) can thus be rewritten as

ρkβkτ

|γt,k|
> sign(γt,k) 0.5, (5.11)

in which sign(·) is the signal operator.

It is noteworthy in (5.11) that the SUCRe decentralized decision rule is characterized by a hard decision:
if ρkβkτ|γt,k| is higher than sign(γt,k) 0.5, the user retransmits its sequence. This hard decision criterium may lead
to contradictory situations in which if ρkβkτ|γt,k| for a given user is approaching sign(γt,k) 0.5 by the left, this user
remains inactive in step 3, but if it is approaching it by the right, this user decides to retransmit its pilot.
Besides, in situations in which there are a higher number of users contending for the same pilot resource, and
the difference in their large-scale coefficients is not so apparent, it becomes quite difficult to the decision rule
in (5.11) be satisfied for any contending user, in such a way that there are no chance of retransmission for
these users. Aiming to circumvent these shortcomings of the conventional SUCRe decision rule, we investigate
a soft decision rule for the SUCRe protocol, in which the value of ρkβkτ|γt,k| can be mapped into a probability of
retransmission for each user, without losing the decentralized and uncoordinated features of SUCRe.
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Our first approach in this Doctoral work consists in smoothing the hard decision in (5.11) with the aid of
a sigmoid function1, as depicted in Figure 5.1. It was assumed in the Figure the case of positive γt,k. If γt,k
is negative, the curve is horizontally shifted in order to be centered in −0.5. Besides, the λ parameter sets
the smoothness of the sigmoid curve: the curve becomes sharper with the increase in λ.
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Figure 5.1: Probability of retransmission according ρkβkτ
|γt,k| , for the conventional SUCRe decision rule (hard

decision) and the proposed soft decision rule with different λ parameters.

5.2.2 Second Approach: Probability of being the Strongest Contender

Our second approach is to associate the retransmission probability for a given user with the probability of this
user being the strongest contender. For this sake, we obtain in this subsection an approximated expression
for this probability. We denote by xk ∈ R2 the physical location of UE k with respect to the BS (assumed
to be located in the origin), and assume a uniform distribution for the UEs’ positions in a circular cell with
radius dmax and minimum distance dmin (in order to consider only non-line-of-sight propagation) [14]. This
user distribution is described by the density function

f(xk) =


1

π(d2
max−d2

min) , dmin ≤ ||xk|| ≤ dmax,

0 , otherwise.
(5.12)

Let the large-scale fading be dominated by path-loss [14]. This is often modeled as

βk = d

||xk||κ
for ||xk|| ≥ dmin, (5.13)

where κ ≥ 2 is the path-loss exponent and the constant d > 0 regulates the channel attenuation at distance
1A sigmoid function refers to the special case of the logistic function, and defined by f(x) = 1

1+e−λx , ∀x ∈ R.
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P (βk′ > βk) =


0 , if βk ≥ βt,k,∫ βt,k

βk
f(β)dβ = d

2
κ

κ(d2
max−d2

min)

(
β
− 2
κ

k − (βt,k)−
2
κ

)
, if βk < βt,k < βmax,∫ βmax

βk
f(β)dβ = d

2
κ

κ(d2
max−d2

min)

(
β
− 2
κ

k − (βmax)−
2
κ

)
, if βk < βmax < βt,k.

(5.16)

dmin [37]. The uniform user location distribution in (5.12) results in the following distribution for ||xk||

f(||xk||) =


2 ||xk||

(d2
max−d2

min) , dmin ≤ ||xk|| ≤ dmax,

0 , otherwise.
(5.14)

This distribution can be directly mapped with the aid of (5.13) to obtain the distribution of the large-scale
fading coefficients as

f(βk) =


2d

2
κ

κ(d2
max−d2

min) β
−κ+2

κ
k , βmin ≤ βk ≤ βmax,

0 , otherwise,
(5.15)

in which βmin = d
(dmax)κ and βmax = d

(dmin)κ .

The kth UE has knowledge of βk and α̂t,k, which is an estimate of
∑
i∈Qt ρiβiτ+ωt. Therefore, if another

contender k′ ∈ Qt is the strongest, its large scale fading coefficient is within the interval βk < βk′ ≤ βt,k, in
which βt,k = α̂t,k−ω

ρτ is an estimated upper bound for the large scale fading coefficient of any contending of
pilot ψψψt that UE k can adopt. The probability of this event can be readily obtained from (5.15), resulting in
(5.16).

The kth UE will not be the strongest contender if another contender (any of them) has a higher large-scale
fading coefficient. Since the average number of contenders is K0Pa, we can approximate the probability of
the UE k be the strongest Pstrong(k) = P (βk > βk′ ,∀k′ ∈Qt,k′ 6= k), for K0 > 1/Pa, as

Pstrong(k) = 1−min[(K0Pa−1)P (βk′ > βk),1] . (5.17)

Therefore, in our second proposed approach, each UE compute Pstrong(k) in (5.17), and then use this
value as its probability of retransmission in step 3, under a decentralized and uncoordinated manner.

5.3 Numerical Results and Discussion

We have modified the Matlab codes available at https://github.com/emilbjornson/sucre-protocol [18]
to generate the average number of access attempts and the probability of failed access attempts (when the
number of attempts exceeds 10), but using the soft decision rule approaches for the retransmission probability.
The probability of activation for each device is Pa = 0.1%, the length of training sequences is τ = 10, and the
number of inactive devices K0 is varied. The adopted parameters are summarized in Table 5.1.

For illustration purpose, Figure 5.2 depicts the performance results with λ = 60. As one can see, there
is no significant change in performance between the SUCRe techniques, what was already expected since the
sigmoid curve with λ= 60 is close to the hard decision curve.

On the other hand, Figure 5.3 depicts the performance of the proposed SUCRe with the soft decision
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Figure 5.2: RA performance in a crowded machine-type network as a function of the number of devices in a
cell. Sigmoid with smoothness λ= 60 for the soft SUCRe.
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Table 5.1: System parameters

Parameter Value
Soft decision rule Sigmoid function (Sec. 5.2.1)

Pstrong(k) (Sec. 5.2.2)
Sigmoid smoothness λ ∈ [5; 90]
Device activation probability Pa = 0.1%
Length of training sequences τ = 10
# Inactive devices K0 ∈ [1; 16000]
dmax 250m
dmin 25m
d 10−3.53

κ 3.8
Shadowing standard deviation 8 dB
Other parameters same as in [18]

rule with λ= 10 for the sigmoid function. As one can see, a worse performance is achieved when the number
of users is lower than τ/Pa = 10000, but a better performance is obtained above this threshold. This can
be justified since the motivation of employing a soft decision rule in SUCRe is to resolve collisions with high
number of contentions and/or a low disparity between their large-scale fading coefficients, which occurs more
often when K0 > τ/Pa. Under this threshold the soft decision rule is not so efficient, since it introduces a
probability of the strongest user remain inactive and a probability of weaker users retransmit pilots.

5.3.1 Tuning λ with increasing Inactive Devices K0

Aiming to investigate the best value for the λ parameter with increasing inactive machine-type devices K0,
we let the sigmoid smoothness parameter vary in the range λ ∈ [5,90], and find for each value of K0 the best
performance obtained by the SUCRe with soft sigmoid decision rule. Figure 5.4 shows the best performance
achieved following this methodology. As one can see from the Figure, an appreciable performance improvement
can be obtained when adopting the soft decision rule in the SUCRe protocol in the very crowded scenario
(K0 > τ/Pa). Table 5.2 shows the reduction in the average number of access attempts of the proposed SUCRe
protocol with soft decision rule via sigmoid function (denoted as sSUCRe1 in the Table) in comparison with
conventional SUCRe, with and without intercell interference. One can see for example that 0.497 less RA
attempts are required on average for 11000 UEs without interference, while 0.336 less RA attempts for 12000
UEs with interference. Besides, one can see from the Figure that the probability of failed access attempts can
reduce from 16.39% to 15.12% for 16000 UEs with interference. It means that adopting the soft decision rule
can provide successful access to 0.0127×16000×Pa = 0.2032 additional devices on average if compared to
the conventional SUCRe, i.e., in about one out of 5 frame periods, the SUCRe protocol with soft decision rule
will have one additional active UE in comparison with the conventional SUCRe. Table 5.3 shows the average
number of additional active devices of our proposed RA protocol in comparison with SUCRe.

Analyzing the best values of the λ parameter, we have noted that it have oscillated near values around
60 in the range of K0 <

0.9τ
Pa

, indicating that any high λ value, which is able to approach the hard decision,
will be suitable in this moderately crowded scenario, but it have converged to 10 for K0 ≈ τ/Pa = 10000
and slightly decreased to 9 for K0 ≈ 1.4τ/Pa = 14000, as depicted in Figure 5.5. This can be justified since
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Figure 5.3: RA performance in a crowded machine-type network as a function of the number of devices in a
cell. λ= 10 for the soft SUCRe.
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Figure 5.4: RA performance in a crowded machine-type network as a function of the number of devices in a
cell. Best λ ∈ [5,90] for the soft SUCRe.
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for K0 > τ/Pa = 10000, it will have on average more than one active UE per pilot sequence, and thus, the
collisions will occur more often. In this scenario, employing the SUCRe protocol with soft decision rule is
more appealing. Therefore, a suitable solution in practice is to switch between the conventional SUCRe in the
scenario with K0 < τ/Pa to the SUCRe with soft decision rule with λ = 10 when K0 > τ/Pa (over-crowded
scenarios).
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Figure 5.5: Values of λ parameter which leaded to the best RA performance.

5.3.2 Computing the Probability of being the Strongest User

We present in this subsection the numerical results adopting a soft decision rule, in which the probability of
retransmission for each user is computed as in eq. (5.17) and (5.16). Figure 5.6 depicts the average number
of access attempts and the probability of failed RA attempts, while Tables 5.2 and 5.3 shows the reduction
on the average number of access attempts and the average number of active UEs increase in comparison with
conventional SUCRe, respectively. The SUCRe with soft decision rule discussed in this subsection is denoted
as sSUCRe2 in both Tables. In terms of the average number of access attempts, the soft decision can achieve
a reduction on this number of 2.336 in the scenario without intercell interference with K0 = τp/Pa = 10000
UEs, and of 1.392 in the presence of intercell interference for the same number of UEs. Moreover, in terms
of the probability of failed access attempts, the soft decision approach is able to reduce this number from
11.61% to 5.59% in the scenario without interference with K0 = τ/Pa = 10000 UEs, providing access to
0.6327 additional UEs in comparison with conventional SUCRe. In the scenario with intercell interference,
0.4446 additional active UEs can be supported for 11000 UEs. This shows that computing the retransmission
probability of SUCRe employing our proposed expression for the probability of the UE being the strongest
contender can be a promising solution for RA in crowded massive MIMO networks, while still benefiting of
the decentralized and uncoordinated features of SUCRe protocol.
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Figure 5.6: RA performance in a crowded machine-type network as a function of the number of devices in a
cell. Soft SUCRe approach computing the probability of being the strongest user.
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Table 5.2: Average Number of Access Attempts Reduction in Comparison with Conventional SUCRe.

K0

Interf. Scheme 8000 9000 10000 11000 12000 16000

without
sSUCRe1 0.014 0.098 0.306 0.497 0.441 0.276
sSUCRe2 -0.196 1.414 2.336 1.592 1.049 0.372

with
sSUCRe1 0.053 0.078 0.181 0.313 0.336 0.240
sSUCRe2 -0.100 0.955 1.392 1.239 0.973 0.384

Table 5.3: Average Number of Active UEs Increase in Comparison with Conventional SUCRe.

K0

Interf. Scheme 8000 9000 10000 11000 12000 16000

without
sSUCRe1 0.0015 0.0120 0.0936 0.1837 0.2004 0.2560
sSUCRe2 -0.0073 0.2892 0.6327 0.5569 0.4728 0.3504

with
sSUCRe1 0.0054 0.0121 0.0518 0.1188 0.1548 0.2032
sSUCRe2 -0.0104 0.2198 0.4033 0.4446 0.4224 0.3408

5.4 Conclusion of the Chapter

In this Chapter, we have addressed the problem of RA in crowded massive MIMO networks. When seeking
to obtain a distributed and uncoordinated protocol to detect and resolve pilot collisions, the SUCRe protocol
shows itself as a very promising solution. However, one of its main weaknesses is in requiring a noticeable
disparity between large scale fading coefficients of contending users, what may limit its RA performance in very
crowded scenarios. In order to overcome this issue, we have proposed to employ a soft decision retransmission
criterium in the SUCRe protocol, by introducing the concept of retransmission probability. The first proposed
approach consists in obtaining the retransmission probability by simply mapping the ratio between the signal
gain of a given user and the sum of signal gains of the contenders with the aid of a sigmoid function. The
second proposed approach consists in associating the retransmission probability with the probability of a given
user being the strongest contending. Based on the information available at the UE side, we have proposed
also an approximate expression to evaluate this probability. Despite of the simplicity of the first approach,
the second one presented better results. Therefore, employing a soft decision retransmission criterium can be
seen as a very effective strategy for improving random access in very crowded massive MIMO networks.
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6 Conclusions

This Thesis presented the main research results achieved during this Doctorate Program, which has as central
theme analyzing and improving the spectral and energy efficiencies of massive MIMO systems. In the course
of this process, we have investigated several specific issues, with finding and achievements summarized as
follows.

The first investigated problem is the pilot assignment in massive MIMO systems. In this scenario, we have
conceived a problem formulation in which the DL and UL performance metrics were jointly optimized. Besides,
as the exhaustive search for the optimal pilot distribution would require an excessive computational burden, of
factorial order with the number of users, we have proposed a near-optimal low-complexity algorithm for solving
the formulated problems. Our heuristic scheme can be applied both for optimizing the DL performance, as well
as for optimizing our joint DL-UL problem formulation. The proposed approaches have presented appreciable
gains in spectral efficiency. Then, we have applied the target-SIR-tracking algorithm of [12], that gradually
reduces the transmit power of users that cannot reach the target performance, to our scenario of massive
MIMO with finite number of BS antennas. The obtained results have presented significant improvements in
comparison with uniform power allocation, and demonstrated to perform very well when combined with pilot
assignment schemes.

In the second investigated problem, we have made a systematic performance comparison on the MRC
receiver operating with both transmission techniques, the OFDM and single-carrier waveforms. It was derived
approximated performance expressions for the SINR of both schemes, as well as lower bounds for the achiev-
able rates of such transmission topologies. The proposed expressions have been validated by comparison with
Monte-Carlo simulation results. The complexity of the TRMRC receiver was shown to be higher than that of
FDMRC, and thus a low-complexity implementation of the TRMRC scheme was proposed based on the fast
convolution with overlap-and-add method. Then, slight simplifications were made in the analytical expres-
sions for improving mathematical tractability, and an iterative procedure for obtaining the optimal number of
scheduled users were proposed, in the sense of maximizing the system sum rate. Based on this procedure,
several insights were given with respect to the impact of different system parameters on the optimal number of
scheduled users, such as the number of antennas, data and pilot transmit power, as well as different frequency
and pilot reuse schemes.

Furthemore, we have evaluated the total energy efficiency of massive MIMO systems employing these
schemes in UL aiming to further elaborate and refine the comparison between FDMRC and TRMRC. We
have found that TRMRC outperforms FDMRC in terms of spectral efficiency, but at the cost of a higher
computational complexity. The total energy efficiency metric as in [14] was able to incorporate all the energy
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expenditures of the massive MIMO system, being, thus, able to answer if the spectral efficiency improve-
ment of TRMRC compensates its higher computational complexity. Our results have demonstrated that
FDMRC/OFDM presents a better total energy efficiency than TRMRC/SC, due to the increased complexity
of the latter which results in high energy levels required for processing. Besides, we predicted that this sce-
nario may change in a near future, since with the technology evolution of the computers, the computational
efficiency in flops/W is expected to increase. Our numerical results have portrayed that a 30% improvement
in computational efficiency of the processors is sufficient for TRMRC outperforming FDMRC in terms of total
energy efficiency.

In the third investigated problem, we proposed to employ a soft decision retransmission criterium in the
SUCRe protocol aiming to improve the random access in (over)crowded massive MIMO networks. Our pro-
posed approach is that each user decides to retransmit or not its selected pilot with a probability retransmission
as high as its signal gain in comparison with the sum of signal gains of the contenders. Two strategies have
been proposed to obtain this retransmission probability: the first by simply mapping the relative signal gain of a
given UE with the aid of a sigmoid function, and the second by associating this probability with the probability
of this UE being the strongest contending. Based on the information available at the UE side, we have also
proposed an approximated expression for computing this probability. Our numerical results have shown that
the SUCRe protocol employing the soft decision retransmission criterium achieves appreciable improvements
in terms of reducing the average number of access attempts as well as the probability of failed access attempts
in the very (over)crowded scenario. Remarkably, such improvements are achieved maintaining the distributed
and uncoordinated desired features of the SUCRe protocol.

6.1 Future Research Directions

A number of issues and challenges regarding massive MIMO remain to be investigated. Some open research
directions can be highlighted as follows:

• Pilot assignment: we have shown in Chapter 3 and in Appendices C, D the conflicting behavior of pilot
assignment techniques designed to optimize only uplink or downlink, proposing thus the total capacity
pilot allocation metric. However, an alternative approach could be formulating a pilot assignment
optimization problem aiming to optimize a single link but imposing a constraint about the other link
performance. In this way, a good performance may be achieved concomitantly in both links if a suitable
performance constraint can be chosen.

• Distributed massive MIMO: we have considered in this work massive MIMO with collocated antenna
arrays at BS. However, one can distribute the massive BS antenna arrays in a large area. A spectral
efficiency comparison between centralized and distributed massive MIMO systems has been made in [38],
and it was shown a larger multiplexing gain achieved by the latter scheme. Besides, the cell free massive
MIMO [7], in which a very large number of distributed single-antenna access points serve a smaller
number of users with no cells or cell boundaries, has been shown to present a considerably improved
performance with respect to conventional schemes.
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• Second antenna at the user side: while single-antenna users are usually assumed in most massive
MIMO works, an experimental study of the benefits of a second antenna at the user side has been
carried out in [39]. It was shown a sum-rate improvement provided by the implementation of the second
antenna, and that the achieved benefits become more significant with the increasing number of BS
antennas.

• Exploiting channel covariance matrix for improving performance: pilot contamination is usually
seen as the performance bottleneck of massive MIMO systems. However, it was recently shown in
[40] that this is not the case when exploiting channel covariance matrices for channel estimation and
multicell precoding/combining schemes in the presence of a tiny amount of channel correlation and/or
large-scale fading variations over the antenna arrray. More precisely, the authors have shown that when
the channel covariance matrices of the contaminating users are asymptotically linearly independent, an
unlimited asymptotic capacity can be achieved. However, efficient methods for estimating these channel
covariance matrices still have to be conceived.

• Including the shadowing effect in the SUCRe RA protocol with soft retransmission criterion:
although the shadowing effect has been considered in the numerical simulations channel realizations of
Chapter 5 and Appendix F, it has been neglected in the computation of the probability of being the
strongest contender of the proposed SUCRe with soft retransmission criterion. Including the shadowing
effect in the computation of this probability may improve even more the RA performance of the protocol,
but probably with some complexity increase in the obtained expressions.
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Salient characteristics of a wireless communication system deploying a great number of antennas at the
base station (BS), namely a massive MIMO system, are investigated in this work. The asymptotic perfor-
mance of the linear zero-forcing precoding scheme is found, both in terms of signal-to-interference-plus-
noise ratio (SINR) and bit-error rate (BER), and shown to be equivalent to the matched-filter beamforming
performance. Furthermore, analysis of the massive MIMO system downlink is carried out from the view-
point of uncoded BER performance, including some realistic adverse effects, such as interference from
neighbouring cells, channel estimation errors due to background thermal noise, and pilot contamination.
The latter has been shown to be the only impairment that remains in the MIMO multicell system with
infinite number of BS antennas. For such scenario, we derive expressions for the asymptotic BER, i.e. in
the limit of infinite number of antennas at BS. A quite simple and efficient method for optimizing the
massive MIMO system performance under different optimization metrics is proposed, which consists
of simply distributing the pilot sequences among the users of the cell in an efficient manner. As a result,
a user rate gain of six times regarding the random strategy has been achieved for the downlink with uni-
tary reuse factor, while the user rate increases twice for reuse factor of three. These benefits are achieved
by only knowing the powers and the long-term fading coefficients of users in adjacent cells, for each pilot
sequence.
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1. Introduction

Multiple-input–multiple-output (MIMO) techniques constitute
one of the key features in most of recent telecommunications stan-
dards, such as WiFi, WiMAX, LTE [6]. In order to fully exploit the
benefits of MIMO systems, a new concept has been proposed by
increasing the number of base station (BS) antennas N to infinity
[9]. This massive MIMO systems are viewed as a potential technol-
ogy for physical layer in next telecommunications standards, such
as 5G [2]. A review of most important results recently dissemi-
nated in this theme can be found in [17].

It was shown in [9] that in a time division duplex (TDD) nonco-
operative multi-cell MIMO system, employing training pilots for
channel state information (CSI) acquisition in the uplink and an
infinite number of BS antennas, the effects of uncorrelated thermal
noise and fast fading are averaged out. Hence, the only factor that
remains limiting performance in the large MIMO scenario is inter-

cell interference, that when associated with the finite time avail-
able to send pilot sequences makes the estimated CSI at one BS
‘‘contaminated” by the CSI of users in adjacent cells, in the so-
called pilot contamination effect. This phenomenon results from
unavoidable reuse of reverse-link pilot sequences by terminals in
different cells. As a consequence of increasing the number of BS
antennas to infinity, the transmit power can be designed arbitrarily
small, since interference decreases in the same rate of the desired
signal power, i.e., signal-to-interference-plus-noise ratio (SINR) is
independent of transmit power [9].

Alternative strategies to achieve better CSI estimates exist, such
as (a) frequency division duplex (FDD) [3], in which pilots for CSI
acquisition are transmitted in downlink, and estimates are fed back
to BS in a feedback channel; and (b) network MIMO [7], where CSI
and information data of different coordinated cells are shared
among them in a backhaul link, creating a distributed antenna
array that serves the users altogether. However, both schemes
become unfeasible when N ! 1 [9], since lengths of forward pilot
sequences and capacity of backhaul links increase substantially
with N. Therefore, TDD has been assumed in this work without
CSI sharing among different cells.
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Operating with a large excess of BS antennas compared with the
number of terminals K is a challenging but desirable condition,
since some results from random matrix theory become applicable
[4]. It is known, for instance, that very tall/wide matrices tend to be
very well conditioned, since their singular values distribution
appears to be deterministic, showing a stable behavior (low vari-
ances) and a relatively narrow spread [14]. Besides, in the large
scale MIMO, the most simple reception/transmission techniques,
i.e., maximum ratio combining (MRC) deployed in the uplink and
the matched-filtering (MF) precoding used in the downlink,
become optimal [14].

An interesting investigation about precoding techniques of
single-cell multiuser MIMO systems downlink is carried out in
[16]. Specifically, authors compared MF precoding, also known as
conjugate beamforming, and zero-forcing (ZF) beamforming, with
respect to net spectral-efficiency and radiated energy-efficiency
in a simplified single-cell scenario. It is found that, for high
spectral-efficiency and low energy-efficiency, ZF outperforms MF,
while at low spectral-efficiency and high energy-efficiency the
opposite holds. A similar result is found for the uplink in [11],
where for low signal-to-noise ratio (SNR), the simple MRC receiver
outperforms the ZF receiver. On the other hand, when considering
the multi-cell environment, it is found in [14] that the asymptotic
SINR of MF outperforms ZF, although MF requires much more
antennas to approach the asymptotic condition.

A more rigorous expression for the achievable SINR of MF pre-
coding in massive MIMO systems, in comparison with that derived
in [9] and adopted in [14], has been obtained in [5]. Authors of lat-
ter showed that, for downlink, the effect of the transmit power
constraint at BS still accounts in the massive MIMO regime, as
opposed to what was assumed in [9]. Besides, authors of [5] discuss
an efficient technique for temporally distribute the uplink trans-
missions of pilot sequences, avoiding simultaneous transmissions
from adjacent cells and reducing interference as well, in conjunc-
tion with power allocation strategy. On the other hand, a precoding
technique that eliminates pilot contamination and leads to unlim-
ited gains with N ! 1 has been proposed in [1]. However, these
gains come at the expense of sharing the information data between
BSs, what can overload the backhaul signaling channel for high rate
systems, or high number of users per cell.

An analysis of non-linear precoding techniques applied to the
downlink of a massive MIMO system is conducted in [10]. Authors
investigated the time domain vector perturbation (TDVP) scheme,
which has been shown previously to almost achieve the downlink
capacity of conventional MIMO channels. However, in the large-
system analysis, it was shown that linear precoding schemes out-
performs TDVP, in terms of increased sum rates, regardless of the
user scheduling method adopted. Thus, linear precoding tech-
niques has been investigated in our contribution. In [18], the pilot
contamination is tackled by dividing the users within each cell in
two groups, which are: the center users, and the edge users. As
the edge users would suffer from severe pilot contamination if
the same set of pilot sequences were reused by every cell, it is
assigned for each edge user an exclusive training sequence in a
cluster of L cells, while the center users reuse the same pilot’s
set. Although this so-called soft pilot reuse scheme effectively
reduces the pilot contamination, the cost of devoting orthogonal
pilots for every edge user may limit its practical appeal in TDD sys-
tems. Hence, we aim to reduce the pilot contamination in this
paper adopting the challenging but realistic scenario of full pilot
reuse among cells.

In this paper, we focus on the pilot distribution optimization
and its impact on the performance of multi-cellular massive MIMO
systems. The novelty and contributions of this paper are as follows:

(i) We derive an analytical expression for the downlink SINR
system under ZF precoding, considering the effect of power
constraint at BS. It is shown that the achieved SINR corre-
sponds to the same value achieved by MF, as opposed to
what is found in [14] neglecting the effects of the transmit
power constraint.

(ii) Different from previous works that have analysed the SINR
and the capacity of the massive MIMO system [9,5,14], we
investigate also its downlink uncoded bit-error rate (BER)
performance, which is another important figure of merit in
communication systems. An exact expression for the BER
of each user is derived, depending on the transmit power
of users and on the long-term fading coefficients.

(iii) We propose a novel and expedite method of optimizing the
massive MIMO downlink transmission under different met-
rics, based on our derived BER expression, and on the
asymptotic SINR expression of [5]. This method consists of
simply assigning the available training sequences among
the users within a cell in an efficient manner, by knowing
only the power and the long-term fading coefficients of
users in adjacent cells that reuse such pilot sequences. Dif-
ferent pilot allocation metrics enable us to minimize the
average BER, or maximize the average SINR, minimize the
maximal BER or even maximize the minimum SINR. The pro-
posed algorithms can lead to appreciable performance gains,
both in terms of data rate, as well as in terms of BER of a
massive MIMO system.

The paper is organized as follows. Beyond this introductory Sec-
tion, the system model is described in Section 2. Some asymptotic
limits of the massive MIMO system are revisited and extended in
Section 3. Our proposed methods of assigning the pilots among
the users within the cell in an efficient manner, namely the Pilot
Allocation (PA) schemes, are presented in Section 4. Representative
numerical results are discussed in Section 5, while Section 6 con-
cludes the paper.

1.1. Notations

Boldface lower and upper case symbols represent vectors and
matrices, respectively. IN denotes the identity matrix of size N,
while 1K and 0K are the unitary vector and null vector of length
K, respectively. The transpose and the Hermitian transpose opera-
tor are denoted by f�gT and f�gH , respectively, while diagð�Þ is the
diagonal matrix operator. jj � jj is the Euclidean norm of a vector.
We use CN ðm;VÞ to refer to a circular symmetric complex Gaus-
sian distribution with mean vector m and covariance matrix V.
Also, E½�� denotes the expectation operator, u½x� is the Heaviside
step function (u½x� ¼ 1 if x P 0;u½x� ¼ 0 otherwise), while dij is
the Kronecker delta function (dij ¼ 1 if i ¼ j and 0 otherwise).

2. System model

The adopted MIMO system is composed by L BSs, each equipped
with N transmit antennas, reusing the same spectrum and the
same set of K pilot signals. Since TDD is assumed, reciprocity holds,
and thus CSI is acquired by means of uplink training sequences.
During a channel coherence time interval, the symbol periods are
divided in uplink pilot transmissions, processing, downlink and
uplink data transmissions [5,18]. Using orthogonal pilot sequences,
the number of available sequences is equal to its length, K. Thus, K
is limited due to mobility of the users, which reduces the
coherence time of the channel. Orthogonal frequency-division
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multiplexing (OFDM) is assumed in the same way as in [9]. The
channel coherence band is divided into Nsmooth subcarriers, and
each subcarrier is shared by K users. As discussed in [9], dividing
the channel coherence band by the subcarrier spacing,

Nsmooth ¼ 1� DtCP
DtCP

; ð1Þ

where DtCP is the fraction of the OFDM symbol duration devoted to
the cyclic prefix, typically about 7% in current standards. Note that
only one out of Nsmooth subcarriers is assigned to a certain user for
each coherence band; therefore, a total number of K � Nsmooth users
is allowed for each cell. We assume perfect orthogonality in the fre-
quency domain, such that interference is only due to the K users
sharing the same subcarrier. Hence, we define our model for a gen-
eric subcarrier, assuming flat fading environment in which the BS
communicates with K users equipped with single-antenna mobile
terminals (MTs). We denote the 1� N channel vector between the
‘th BS and the kth user of jth cell by g‘kj ¼

ffiffiffiffiffiffiffi
b‘kj

p
h‘kj, in which b‘kj

is the long-term fading power coefficient, that comprises path loss
and log-normal shadowing, and h‘kj is the short-term fading chan-
nel vector, that follows h‘kj � CNð0N; INÞ. The channel matrix H is
admitted constant over the entire frame and changes independently
from frame to frame (block fading channel assumption). Note that
b‘kj is assumed constant for all N BS antennas. For the kth user of
each cell in a given subcarrier, it is assigned the sequence
wk ¼ ½w1k w2k . . .wKk�

T
; wk 2 CK�1. It holds that jwi kj ¼ 1 and

jwH
k wk0 j ¼ Kdkk0 since the set of sequences is orthogonal.
In the training transmission phase, we have assumed synchro-

nization in the uplink pilot transmissions, since this situation char-
acterizes the worst case for inter-cellular interference [9]. Hence,
the N � K received signal at the ‘th BS is:

Y‘ ¼
XL
j¼1

GT
‘j

ffiffiffiffiffi
Cj

p
Wþ N; ð2Þ

where Cj ¼ diagðc1j c2j . . . cKjÞ, being ckj the uplink transmit power

of the kth user of jth cell, G‘j ¼ ½gT
‘1j g

T
‘2j . . . g

T
‘Kj�

T , such that the

K � N matrix G‘j ¼
ffiffiffiffiffiffi
B‘j

p
H‘j;B‘j ¼ diagðb‘1j b‘2j . . . b‘KjÞ;H‘j ¼

½hT
‘1j h

T
‘2j . . . h

T
‘Kj�

T
is of dimension K � N, W ¼ ½w1 w2 . . . wK �, and N is

a N � K additive white Gaussian noise (AWGN) matrix whose
entries have zero mean and unitary variance.

In order to generate the estimated CSI matrix bG‘ of their served
users, the ‘th BS correlates its received signal matrix with the
known pilot sequences:

bGT
‘ ¼ 1

K
Y‘W

H ¼
XL
j¼1

GT
‘j

ffiffiffiffiffi
Cj

p
þ N0; ð3Þ

where N0 2 CN�K is an equivalent AWGNmatrix with zero mean and
variance 1

K. Hence, the channel estimated by the ‘th BS is contami-
nated by the channel of users that use the same pilot sequence in
all other cells.

Information transmit symbols of the ‘th cell is denoted by the

K � 1 vector x‘ ¼ ½x1‘ x2‘ . . . xK‘�T , where xk‘ is the transmit symbol
to the kth user of the ‘th cell, and takes a value from the squared
quadrature amplitude modulation (M-QAM) alphabet, normalized
in order to preserve unitary average power. For analysis simplicity,
using matrix notation, the K � 1 complex-valued signal received by
users of the ‘th cell is written as:

r‘ ¼
XL
j¼1

Gj‘Pj

ffiffiffiffiffiffi
Uj

p
xj þ n‘; ð4Þ

where Uj ¼ diagð/1j /2j . . . /KjÞ, being /kj the downlink transmit
power devoted by the jth BS to its kth user, Pj denotes the complex

valued N � K precoding matrix of the jth BS, being each column pkj

the N � 1 precoding vector of the kth user. Finally, n‘ � CNð0K ; IKÞ
represents the AWGN vector observed at the K MTs of the ‘th cell.

Under the matched-filter beamforming technique, the vector pkj

is computed as [5]:

pmf
kj ¼

bgH
jk

jjbgH
jkjj

¼
bgH
jk

akj

ffiffiffiffi
N

p ; ð5Þ

in which akj ¼
jjbgH

jk
jjffiffiffi

N
p , and bgjk is the kth row of the matrix bGj. Note that

the normalization in (5) is necessary to satisfy the maximum trans-
mit power available at the BS.

In the same way, in the zero-forcing beamforming technique,
the vector pkj is computed as:

pzf
kj ¼

wjk

jjwjkjj
; ð6Þ

in which the vector wjk ¼ bGH
j ajk, and ajk is the kth column of

Aj ¼ bGj
bGH

j

h i�1
.

3. Asymptotic limits of massive MIMO

Most of the asymptotic limits for massive MIMO systems can be
build upon the following well known lemma:

Lemma 1. Let s1; s2 2 CN�1 be two independent complex-valued
vectors following a normal distribution, with zero mean and variance
r2. Then

lim
N!1

sH1 s2
N

¼a:s:0 and lim
N!1

sH1 s1
N

¼a:s:r2: ð7Þ

Since the channel vectors of different users can be seen as inde-
pendent random vectors, the above lemma is widely used for
deriving limits in the massive MIMO scenarios. It can be justified
since as the vector’s length grows, the inner products between
independent vectors grow at lesser rates than the inner products
of vectors with themselves.

3.1. Asymptotic limits of MF beamforming

From (3), it is proved in [5] that a2
kj ¼

a:s:PL
l¼1cklbjkl þ 1

K. Then
authors show that rk‘, i.e., the received signal at the kth user of
‘th cell, can be written as [5, Eq. (5)]:

rk‘ ¼
XL
l¼1

XK
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
/jlblk‘

q
hH
lk‘p

mf
jl xjl þ nk‘: ð8Þ

Based on (5) and Lemma 1, (8) can be simplified when N ! 1 as:

rk‘ ¼
XL
l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
/klblk‘

p
hH
lk‘p

mf
kl xkl þ nk‘;

¼
XL
l¼1

1
akl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N/klck‘

p
blk‘xkl þ nk‘;

¼
ffiffiffiffiffiffiffiffiffiffi
Nck‘

p XL
l¼1

ffiffiffiffiffiffi
/kl

p
blk‘xkl
akl

þ nk‘: ð9Þ

Note that the AWGN of the estimated CSI in (3) vanishes in (9). This

occurs since it is independent of hH
lk‘, and thus its product as N ! 1

is averaged out according to Lemma 1.
From (9), it is straightforward to see the asymptotic downlink

SINR of the system as:
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SINRdl
k‘ ¼ lim

N!1

Nck‘/k‘b
2
‘k‘=a2

k‘

Nck‘
PL

j¼1
j–‘

/kjb
2
jk‘=a2

kj

� �
þ 1

¼ /k‘b
2
‘k‘=a2

k‘PL
j¼1
j–‘

/kjb
2
jk‘=a2

kj

: ð10Þ

Note that this limit depends mainly on the long-term fading
coefficients bjki, which are related to the spatial distribution of
the users in the different cells.

3.2. Asymptotic limits of ZF beamforming

For the ZF beamforming, Eq. (8) becomes

rk‘ ¼
XL
l¼1

XK
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
/jlblk‘

q
hH
lk‘p

zf
jl xjl þ nk‘: ð11Þ

In order to find the asymptotic limits when employing the ZF

scheme, we begin analysing the matrix A‘ ¼ bG‘
bGH

‘

h i�1
. From (3),

we have that

A‘ ¼
XL
j¼1

ffiffiffiffiffiffiffiffiffiffiffi
CjB‘j

p
H‘j þ N0

 ! XL
l¼1

HH
‘l

ffiffiffiffiffiffiffiffiffiffi
ClB‘l

p
þ N0H

 !" #�1

ð12Þ

Note that from Lemma 1, we can neglect all the terms corre-
sponding to products of independent matrices, since in the limit
of N ! 1, they will not account. So, (12) simplifies to:

A‘ ¼
XL
j¼1

ffiffiffiffiffiffiffiffiffiffiffi
CjB‘j

p
H‘j

XL
l¼1

HH
‘l

ffiffiffiffiffiffiffiffiffiffi
ClB‘l

p
þ N0N0H

" #�1

¼
XL
j¼1

ffiffiffiffiffiffiffiffiffiffiffi
CjB‘j

p
H‘jH

H
‘j

ffiffiffiffiffiffiffiffiffiffiffi
CjB‘j

p
þ N0N0H

" #�1

¼ N
XL
j¼1

CjB‘j þ
1
K
IK

 !" #�1

¼ D‘½ ��1
: ð13Þ

It can be seen that the matrix D‘ is a diagonal matrix, in which the

kth term can be written as ½D‘�kk ¼ N
PL

j¼1ckjb‘kj þ 1
K

� �
. Thus, the

matrix A‘ will also be a diagonal matrix, and the kth term can be

written as ½A‘�kk ¼ 1=½D‘�kk. Hence, the vector wjk ¼ bGH
j ajk is simpli-

fied to wjk ¼ bgH
jk

1

N
PL

j¼1
ckjb‘kjþ1

K

� �, and Eq. (6) can be rewritten as

pzf
kj ¼

bgH
jk

1

N
PL

j¼1
ckjb‘kjþ1

K

� �
bgH
jk

1

N
PL

j¼1
ckjb‘kjþ1

K

� �
������

������
������

������
¼

bgH
jkbgH
jk

��� ������ ��� ¼ pmf
kj : ð14Þ

It is important to note that the convergence of the MF precoding
to the ZF scheme in the limit of N ! 1 is just achieved when con-
sidering the constraint of maximum transmit power available at
BS, i.e., normalizing the precoding vector. Otherwise, the asymp-
totic performances of such techniques will differ, as shown in
[14, Fig. 11]. Furthermore, this equality holds only for N very large.
For intermediate values, it is seen that the ZF scheme approaches
the asymptotic limit faster than the MF beamforming, as numeri-
cally demonstrated in Section 5.1. However, the MF technique is
quite less complex, and can be implemented in a decentralized
way since the precoding vector of each user is not dependent on
the estimated channels of other users, as opposed to ZF.

3.3. Asymptotic BER in downlink

We demonstrated that the MF and ZF schemes converge to the
same precoding vector when the number of BS antennas grows to
infinity. So, the results obtained in [5] for MF are also valid for ZF,
specially Eqs. (9) and (10). Analysing the received signal of the kth
user of the ‘th cell (9), we can also obtain some information about
the bit-error probability:

rk‘ ¼
ffiffiffiffiffiffiffiffiffiffi
Nck‘

p ffiffiffiffiffiffiffi
/k‘

p
b‘k‘xk‘
ak‘

þ
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘xkl
akl

0@ 1Aþ nk‘: ð15Þ

Indeed, the effect of AWGN is averaged out when N ! 1. For nota-
tion simplicity, but with no loss of generality, we consider 4-QAM
modulation. Thus, the probability of error for this user can be writ-
ten as (16a) in the next page, where Prð�Þ is the probability of an
event. Hence, (16a) can be simplified as (16b), since both terms in
the sum have the same statistical behaviour. The errors will occur
whenever the interfering signal that reaches the user is greater than
its intended signal.

Pek‘ ¼
1
2
Pr R

ffiffiffiffiffiffiffi
/k‘

p
b‘k‘xk‘
ak‘

( )
< R

XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘xkl
akl

8<:
9=;

0@ 1A
þ 1
2
Pr I

ffiffiffiffiffiffiffi
/k‘

p
b‘k‘xk‘
ak‘

( )
< I

XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘xkl
akl

8<:
9=;

0@ 1A; ð16aÞ

¼ 1
2
Pr

ffiffiffiffiffiffiffi
/k‘

p
b‘k‘R xk‘f g
ak‘

<
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘R xklf g
akl

0@ 1A
þ 1
2
Pr

ffiffiffiffiffiffiffi
/k‘

p
b‘k‘I xk‘f g
ak‘

<
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘I xklf g
akl

0@ 1A;

¼ Pr

ffiffiffiffiffiffiffi
/k‘

p
b‘k‘R xk‘f g
ak‘

<
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘R xklf g
akl

0@ 1A: ð16bÞ

In order to determine the exact value of the probability in (16b), we
must analyse every possible combination of interfering signals.
Thus, the result can be written as

Pek‘ ¼
1

2L�1

X2L�1

j¼1

u
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘bjl

akl

0@ 1A�
ffiffiffiffiffiffiffi
/k‘

p
b‘k‘

ak‘

24 35 ð17Þ

where bjl is the j; lth element of the 2L�1 � L matrix
B ¼ ½B0

1:‘�1;12L�1 ;B0
‘:L�1�, in which B0 contains every possible combi-

nation of f�1gL�1. Although we restricted our investigation for 4-
QAM modulation, similar analysis can be conducted for M > 4 by
appropriately defining the decision bounds for rk‘ in (15).

The expression in (17) gives the exact BER of the kth user of the
‘th cell, as a function of the powers and the long-term fading coef-
ficients of users in adjacent cells sharing the same training
sequence. Thus it can be adopted as a performance optimization
metric, in the same way as defined in Eq. (10). One possible
approach is invoking a power allocation algorithm, as done in [5]
with respect to (10). In this paper, we prefer a more simple strat-
egy, that consists of simply optimizing the assignment of pilot
sequences to users, by knowing the interference experienced by
each sequence. We call this procedure of pilot allocation scheme.

4. Pilot allocation schemes

Eq. (15) shows that the received signal for a given user in the
downlink of a massive MIMO system presents interference from
another users in adjacent cells that share the same pilot sequence.
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Besides, from this received signal in the limit of N ! 1, the asymp-
totic expressions for SINR, Eq. (10), and for BER, Eq. (17), have been
derived. At first glance, it may appear that the interference term in
(15) does not depend on which user in ‘th cell is assigned the kth

pilot sequence. However, reminding that a2
kl ¼

a:s:PL
j¼1ckjblkj þ 1

K, one
can see it is not true.

Thus, varying to which user is assigned the kth pilot sequence
according its long-term fading coefficient can enhance the SINR,
Eq. (10), and/or1 decrease the probability of error, Eq. (17). This fact
allows us the formulation of alternative optimization criteria, as
described in the sequel.

Initially, we define the matrix C, of size K!� K , containing every
possible combination of pilot sequences to the users, i.e., cij says
that, in the ith combination, the jth pilot sequence is allocated to
the cijth user. Then we define four pilot allocation criterion aiming
to optimise BER or SINR figure of metric. The four criteria are
described in the following.

4.1. MinBER-based pilot allocation metric

In the first pilot allocation scheme, we search the best
pilot distribution in the sense of minimizing the mean BER among
users of the ‘th cell, leading to the MinBER pilot allocation
scheme:

imb ¼ arg min
i

1
K

XK
k¼1

Pecik‘; ð18Þ

in which

Pecik‘ ¼
1

2L�1 �
X2L�1

j¼1

u
XL
l¼1
l–‘

ffiffiffiffiffiffi
/kl

p
blk‘bjl

aðiÞ
kl

0@ 1A�
ffiffiffiffiffiffiffiffiffi
/cik‘

p
b‘cik‘

aðiÞ
cik‘

24 35
corresponds to the BER of the cikth user of ‘th cell when the kth pilot

sequence is assigned to him. Note that the superscript in aðiÞ
kl and

aðiÞ
cik‘

evidences that these terms depend on the ith pilot distribution,

since ðaðiÞ
kl Þ

2
¼ ccik‘blcik‘

þ
PL

j¼1
j–‘

ckjblkj þ 1
K, and ðaðiÞ

cik‘
Þ
2
¼ ccik‘b‘cik‘

þPL
j¼1
j–‘

ckjb‘kj þ 1
K, where we have put in evidence the terms related to

the cikth user of the ‘th cell. The pilot allocation procedure is eval-
uated in a decentralized way; therefore, the assignment of pilots
can be modified only for users of the ‘th cell when it is carrying
out this procedure. Although the strictly optimal solution would
test every possible pilot combination among the K � L users, its com-
plexity would be prohibitive. Thus, the solution obtained in the
decentralized way is preferable, and it can be shown that it con-
verges to a Nash equilibrium after performing some times by each
cell. Note that this problem can be viewed as a finite potential game,
since: (a) it exists a global potential function that maps every strat-
egy to some real value according its efficiency; (b) the set of strate-
gies is of finite dimension [12]. In this case, each cell is a player, the
potential function would be the average BER of the whole system in
that subcarrier, i.e., the average of (17) evaluated for the K � L users,
and the strategy is the pilot allocation in that cell. Since each player
chooses its strategy following a selfish best response dynamics, the
convergence of the game to a Nash equilibrium is assured in [12,
Theorem 19.12], [15, Proposition 2.2]. Besides, the decentralized
solution can achieve appreciable gains in performance, as demon-
strated in the next Section.

4.2. MaxSINR-based pilot allocation metric

In the same way, in the second pilot allocation scheme, we
define the pilot distribution that maximizes the mean SINR in
the downlink of the ‘th cell, namely MaxSINR pilot allocation
scheme:

ims ¼ arg max
i

1
K

XK
k¼1

SINRdl
cik‘

; ð19Þ

in which

SINRdl
cik‘

¼
/cik‘

b2
‘cik‘

=ðaðiÞ
cik‘

Þ
2

PL
j¼1
j–‘

/kjb
2
jk‘=ða

ðiÞ
kj Þ

2 ð20Þ

is the downlink SINR of the cikth user of ‘th cell when the kth pilot
sequence is assigned to him.

4.3. MiniMaxBER-based pilot allocation metric

Both optimization schemes, e.g. (18) and (20), find the pilot dis-
tribution by optimizing the mean value of some performance crite-
rion. However, the ‘‘average” approach may be not completely
adequate in modern communications systems, since it may lead
to a great improvement in performance for a few users, while pro-
viding low quality of service (QoS) to those users poorly located,
typically in the edge of the cell. Hence, we also look for pilot allo-
cation schemes that ensure improvement in QoS for every user
within the ‘th cell. The MinimaxBER pilot allocation scheme is
defined as:

immb ¼ arg min
i

max
k

Pecik‘; ð21Þ

which minimizes the worst BER within the cell.

4.4. MaxMinSINR-based pilot allocation metric

On the other hand, the MaxminSINR pilot allocation criterion
constitutes an alternative way to optimally allocate pilots in
multi-celular massive MIMO systems. The MaxminSINR pilot allo-
cation scheme can be defined from the following optimization
problem:

imms ¼ arg max
i

min
k

SINRdl
cik‘

; ð22Þ

which finds the pilots’ set that maximizes the lowest SINR among
the users of the cell.

4.5. Pilot allocation algorithm and its complexity

In the analysis of the pilot allocation strategies for multi-
cellular massive MIMO we have assumed the asymptotic condi-
tion, i.e, when N ! 1. Hence, the complexity of implementation
of these pilot allocation algorithms will be independent of the
number of antennas N. Algorithm 1 describes the general pilot allo-
cation procedure, defining its inputs, outputs, and main steps. After
its computation, the ‘th cell assigns the kth pilot sequence to the
cioptkth user. Note that each cell should be able to find the optimal
pilot combination set among its covered users following one of
these four criteria given respectively by Eq. (18), (19), (21), (22),
in a decentralized way, reducing the overall computational com-
plexity of the massive MIMO system.

Indeed, the computational complexity for the SINR-based pilot
allocation procedures results OðK! � K � L2Þ, since operation of lines
4 and 6 demands 2Lþ 1 flops (floating point operations) each
one, and will be evaluated K! � K � L times. On the other hand, the

1 Maximizing the SINR not necessarily minimizes the BER in the limit of N ! 1, as
can be seen from expressions (10) and (17), and discussed in Section 5.2.
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BER-based pilot allocation schemes result in a computational com-
plexity of OðK! � K � L � 2L�1Þ, since evaluation of Eq. (18) or (21) in
line 10 becomes prevalent, i.e. of OðK � L � 2L�1Þ, and should be eval-
uated for the K! pilot combinations. Such complexities may appear
excessive. However, bearing in mind that K must assume low val-
ues in practical scenarios,2 as well as the number L of cells within a
cluster, one can conclude that the complexity of pilot allocation pro-
cedures is not prohibitive. As described in [9], there is no appeal to
consider higher values of K in practical mobile TDD massive MIMO
scenarios, since great part of the coherence time interval would be
spent acquiring CSI from the moving terminals. Besides, once the
optimization is complete, it remains valid for a relatively large
time-interval, since the scheme depends only on the transmit pow-
ers and long-term fading coefficients of the users. Even for specific
scenarios in which K may assume higher values, i.e., with reduced
mobility such as pedestrian scenarios, the exhaustive search
approach can be replaced by some low-complexity heuristic method,
and the optimization remains valid.

Algorithm 1 Pilot allocation procedure

Input: Bjl;Uj;Cj;8j; l ¼ 1;2; . . . L.

1: Generate matrix C, of size K!� K;
2: for each combination i ¼ 1;2; . . . ;K! do
3: for each pilot sequence k ¼ 1;2; . . . ;K do

4: Evaluate aðiÞ
cik‘

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ccik‘b‘cik‘ þ

PL
j¼1
j–‘

ckjb‘kj þ 1
K

r
;

5: for each cell l ¼ 1;2; . . . ; L; l–‘ do

6: Evaluate aðiÞ
kl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ccik‘blcik‘ þ

PL
j¼1
j–‘

ckjblkj þ 1
K

r
;

7: end for
8: end for
9: end for
10: Find iopt 2 i ¼ 1;2; . . . ;K!, corresponding to the optimal

combination in C according some metric: (18), (19), (21),
(22);

Output: iopt .

5. Numerical results

Aiming to demonstrate the effectiveness of the proposed pilot
allocation methods for multi-cellular massive MIMO systems, we
provide in this Section performance results for both BER and SINR
downlink metrics. The asymptotic condition (N ! 1) for the num-
ber of BS antennas has been assumed, except for the convergence
analysis for increasing N depicted in Fig. 2. We have adopted a
multi-cell scenario with hexagonal cells of radius 1600 m, where
K ¼ 4 users are uniformly distributed in its interior, except in a cir-
cle of 100m radius around the cell centered BS. Besides, only the
first ring of interfering cells has been considered, both for fre-
quency reuse factors (RF) of one and three. We have assumed a
similar TDD protocol of that in [5], in which the coherence interval
is composed of 11 symbol periods: 4 for sending uplink training
sequences, 1 for processing, 4 and 2 for downlink and uplink data
transmission, respectively. As discussed in [8], in order to maxi-

mize the net throughput for a TDD protocol, it is beneficial to ded-
icate the same time with pilots and data transmissions. If more
time is spent with pilots, more users can be served, but its rates
decrease substantially due to the excessive overhead, and vice-
versa. The system uses a carrier frequency of 1.9 GHz and a fre-
quency band of 20 MHz.

Furthermore, the coherence time of 500 microseconds has been
adopted, which could accommodate any terminal moving slower
than 80 meters/second (associating the coherence time with the
interval required by a terminal to move no more than 1/4 wave-
length [9, Sec.VII-D]). The log-normal shadowing has been mod-
elled with a standard deviation of 8dB, and the path loss term

d�k
‘kj with decay exponent equal to k ¼ 3:8, and d‘kj denoting the dis-

tance between the ‘th BS to kth mobile user of jth cell. Besides, we
have considered 4-QAM modulation, a SNR target of 10 dB and an
equal power allocation policy for all users, valid both for downlink3

and uplink. The constraint of maximum transmit power available at
BS is satisfied by the precoding schemes in our formulation, as rep-
resented in expressions (5) and (6), in which the precoding vectors
are normalized. It is important to note that the numerical results
in this Section (except part of Fig. 2) were obtained from the analyt-
ical expressions derived in Section 3, averaged from the evaluation of
at least 105 independent trials for the user’s location.

Fig. 1 depicts a single realization of the multi-cell scenario
adopted in our numerical simulations, for frequency reuse factors
of one and three. Notice that for clarity purpose, only users sharing
the same frequency band, i.e., interfering with each other, have
been represented. Indeed, one can see that interfering users are
much closer with smaller reuse factors. In our numerical results
presented in the sequel, only the performance metrics of users
positioned inside the central cell were computed, since these users
experience a more realistic condition of interference.

5.1. Performance convergence of precoding techniques

Considering both MF and ZF precoding techniques, Fig. 2 depicts
the asymptotic convergence4 (as the number of BS antennas
increases) for both BER and SINR performance metrics to the bounds
defined in (17) and (10), respectively. The curves present mean val-
ues of each performance metric, taken among the users of the cell.
One can note that the SINR of the ZF precoding scheme indeed con-
verges to the same bound of Eq. (10), which was derived in [5] as the
asymptotic SINR of MF beamforming. This occurs since we have con-
sidered the constraint of maximum transmit power available at BS,
as opposed to [14]. These numerical results also show that MF needs
at least one order of magnitude more BS antennas than ZF to reach
that bound. Furthermore, the performance of both schemes are also
analysed from the perspective of BER, validating Eq. (17) as the
asymptotic BER that such techniques are able to achieve when
N ! 1. Indeed, in terms of BER, the performances of both tech-
niques rapidly approach the asymptotic limit, being necessary
� 104 BS antennas for both precoding techniques reaching the
bound.

5.2. Performance of pilot allocation schemes

In this subsection, we investigate the performance of the four
pilot allocation schemes proposed in Section 4, in terms of mean
values, as well as in terms of distribution among users. The simu-

2 K represents the length of the training sequences, which is equal to the number of
users sharing one of Nsmooth subcarriers in each coherence band. Nsmooth, as given in
(1), is desired to be high for an efficient OFDM communication; for example,
Nsmooth ¼ 14 for DtCP ¼ 7%. On the other hand, K is limited by the coherence time, due
to the user’s mobility, by the efficiency of the TDD scheme, which cannot spend much
time with pilots, and by the subcarrier spacing. For example, in [9], for a cell serving
42 users, K ¼ 3 and Nsmooth ¼ 14.

3 Despite of the average equal power allocation policy, the instantaneous power for
users in downlink may differ due to the precoding scheme.

4 Notice that in Fig. 2 simulation and analysis results have been compared, since
performances of the techniques for increasing N are computed with independent
realizations of small-scale fading, AWGN, and long-term fading, and they converge to
the analytical bounds dependent only on the long-term fading.
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lation results presented here were averaged over 100,000 spatial
realizations.

Fig. 3 shows the cumulative distribution function (CDF) as a
function of the BER of the users, regarding different pilot allocation
techniques. For reference of comparison, it is also depicted the very
large MIMO performance with no optimization in the distribution
of pilot sequences, i.e., with random allocation strategy. An inter-
esting behavior on the BER distribution among users in the massive
MIMO system can be observed from these numerical results. One
can note that a significant portion of users communicates to BS
with no errors, i.e., BER = 0. This occurs because, for these users,
even the strongest interference that can reach them is lower than
their intended signal, and thus the probability of error is null. On
the other hand, the other small portion of users, that are not free

of errors, presents excessive values of BER. This disparity becomes
more noticeable for unitary frequency reuse factor, in which the
portion of users that presents excessive error rates is � 10%, while
for reuse factor of three it is about 1% for a BER P 0:2.

Furthermore, it shows that the pilot allocation schemes are able
to significantly decrease the fraction of users with excessive BER’s.
As shown in Tables 1 and 2, the fraction of users with BER P 0:1
reduces from 23.63% to 14.92%, for frequency reuse factor of
one, and from 3.47% to 1.06%, for frequency reuse factor of three,
when deploying the MinBER approach.

Fig. 4 shows the fraction of users above a given SINR, for fre-
quency reuse factors of one and three. It can be seen that increas-
ing the frequency reuse factor has the effect of significantly
improving the SINR of the users, as if the curve was shifted right
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� 18 dB, without noticeable changes on its format and slope. One
can see that the MaxSINR technique has the ability of improving
the SINR of the best located users, increasing � 4 dB of SINR for
the best 20% of the users. On the other hand, the MaxminSINR
scheme increases � 10 dB of SINR for the 95% level, i.e., it benefits
the less favorably located users.

Finally, Fig. 5 depicts the fraction of users above a given data
rate, for frequency reuse factors of one and three, regarding the
different proposed pilot allocation schemes. Notice that the
downlink data rate Rk‘ of the kth user in the ‘th cell can be defined
as:

Rk‘ ¼
bw
rf

� �
D
T

� �
log2 1þ SINRdl

k‘

� �
; ð23Þ

where bw is the system total bandwidth, rf is the reuse factor, D is
the number of symbol periods spent sending downlink data, and T
is the total number of symbol periods within a channel coherence
time.

Examining the curves, one can conclude that the slope of curves
for reuse factor three is greater than the slope of unitary reuse fac-

tor curves. This fact means that the distribution for unitary reuse
factor is much more irregular, unequal, in the sense that some
users have very high rates while others have low QoS. On the other
hand, for reuse factor of three, this distribution is much more uni-
form, guaranteeing simultaneously an improved QoS for much
more users.

As shown in Table 1, 95% of users communicates with rates
greater than 0.1344 Mbps with random pilot distribution, while
when employing the MaxminSINR PA scheme the 95%-likely rate
per user increases to 0.7937 Mbps. This means that a gain of 6
times can be achieved for unitary frequency reuse factor, while
providing a mean rate of 52.62 Mbps per user. Furthermore, if
the minimum assured performance per terminal is a more impor-
tant concern, then the MaxminSINR scheme can be employed in
conjunction with a frequency reuse factor of three. As described
in Table 2, the 95%-likely rate passes from 4.79 Mbps to
11.15 Mbps, a gain greater than 6 Mbps. Note that the mean rate,
however, decreases, since the gain in SINR for the best located
users does not offset the loss due to reduction in bandwidth, given
the logarithmic increase of rate according SINR gains. Larger reuse

Table 1
Performance of pilot allocation schemes for frequency-reuse factor of one.

PA scheme Mean BER (%) Users BER = 0 (%) Users BERP 0.1 (%) Mean user rate (Mbps) 95%-likely user rate (Mbps)

Random 9:84 75:41 23:63 48:50 0:1344
MinBER 5:48 83:98 14:92 55:54 0:4471
MaxSINR 6:85 80:85 17:78 56:59 0:4611
MinimaxBER 5:52 83:68 15:21 55:48 0:4609
MaxminSINR 6:17 82:45 16:28 52:62 0:7937

Table 2
Performance of pilot allocation Schemes for frequency-reuse factor of three.

PA scheme Mean BER (%) Users BER = 0 (%) Users BERP 0.1 (%) Mean user rate (Mbps) 95%-likely user rate (Mbps)

Random 1:41 96:33 3:47 29:07 4.79
MinBER 0:36 98:83 1:06 32:84 8.82
MaxSINR 0:66 98:01 1:86 32:91 8.81
MinimaxBER 0:37 98:82 1:06 32:84 8.82
MaxminSINR 0:39 98:78 1:09 31:68 11.15
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Fig. 3. Cumulative distribution function for the BER of the users, for different pilot allocation schemes.
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factors are more beneficial for poor located users, since the loga-
rithm is in its linear region, as discussed in [9].

Comparing both Tables, we note that the assured QoS, in terms
of 95%-likely rate, can pass from 0.1344 Mbps, with unitary reuse
factor and random pilot allocation, to 11.15 Mbps, for the Maxmin-
SINR scheme and reuse factor of three. Thus, gains of �85 times
can be achieved combining both RF and PA techniques, with appro-
priate conditions. Besides, the mean BER reduces from 9.84% to
0.39%, and the portion of users communicating in the absence of
errors increases from 75.41% to 98.78%. These benefits are
achieved by simply assigning the pilot sequences to the users
within the cell in a more efficient way, in conjunction with a large
frequency reuse factor, and remain valid whenever the long-term
fading coefficients stay unchanged.

6. Conclusion

In this work we have characterized the asymptotic performance
of the massive MIMO system downlink under the point of view of
the BER performance. We have demonstrated that both MF and ZF
precoding schemes result in the same signal as N ! 1, and thus
the results of [5] are also valid for the ZF beamforming. Then, we
derived the exact asymptotic expression of the BER of a given user,
based on the long-term fading coefficients and the power levels of
other users. In the same way as the asymptotic SINR expression
found in [5], the BER expression derived also depends only on
the users in neighboring cells that reuse the same pilot sequence.

Furthermore, we have proposed efficient forms of assigning
these pilots to the users within the cell, by optimizing several per-
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formance metrics, including the asymptotic BER or alternatively
the maximization of SINR found herein. The significant gains
achieved by these pilot allocation techniques were demonstrated
numerically. For instance, we have showed that a gain of 6 times
regarding the random strategy can be achieved for the downlink
rate with unitary reuse factor, while the data rate is increased from
4.79 Mbps to 11.15 Mbps for reuse factor of three. When combin-
ing the MaxminSINR technique with an appropriated reuse factor,
we showed that the massive MIMO system are able to operate with
a 95%-likely downlink rate of 11.15 Mbps, providing a communi-
cation free of errors for 98.78% of the users, guaranteeing the reli-
ability of the system.

All of these benefits are achieved in a quite simple and expedi-
tious way, by just knowing the powers and the long-term fading
coefficients of users in adjacent cells, for each pilot sequence. Since
these informations do not scale with the number of BS antennas,
and remains constant within a long time and frequency interval,
the implementation of the proposed pilot training sequence
assignment method in massive MIMO system is surely feasible.
Besides, even greater gains might be achieved by combining the
proposed schemes with power allocation and time-shifting tech-
niques [5,13], which is the continuity of this work.
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ABSTRACT We investigate the uplink (UL) performance of multicell massive MIMO (maMIMO) commu-
nication systems in frequency-selective fading channels, when the channel estimates are corrupted by pilot
contamination, and the receiver employs maximum-ratio combining (MRC). Specifically, two fundamental
schemes (receivers/waveforms) are considered: the time-reversal MRC (TRMRC) under single-carrier,
and the conventional frequency-domain MRC (FDMRC) for orthogonal frequency-division multiplexing.
We first derive approximate analytical expressions for the UL signal-to-interference-plus-noise ratio (SINR)
performance of maMIMO systems, deploying both TRMRC and FDMRC. Then, lower bounds for the
achievable rates of both systems are presented, and the derived expressions are validated by means of
Monte–Carlo simulations. The performance of the investigated systems are compared regarding the variation
of several parameters, such as the number of base station (BS) antennasM , number of users for each cell K ,
UL transmit power ⇢u, and the number of taps of the time-dispersive channel L. Our results demonstrate that
the attained SINR performance of both schemes are very similar, but, in terms of achievable rates, TRMRC
in general outperforms FDMRC by not requiring cyclic prefix transmission. On the other hand, our compu-
tational complexity analysis demonstrates that the TRMRC scheme demands somewhat higher processing
resources (O(LMK )) than FDMRC (O(MK )). Thus, we propose a reduced complexity implementation for
the TRMRC receiver, by employing the fast convolution with overlap-and-add technique, which is able to
achieve the same result of TRMRC with a complexity of O(log2(2L)MK ). For a practical maMIMO setup,
the complexity reduction is about 50%. Finally, based on the derived expressions, we propose an iterative
way to obtain the number of users that is able to maximize the sum rate of the cell, and investigate its behavior
with the variation of different parameters, such as number of antennas, data, and pilot transmit power, as well
as different frequency and pilot reuse schemes.

INDEX TERMS Large MIMO systems, pilot contamination, time-reversal MRC, frequency-domain MRC,
single-carrier, OFDM.

I. INTRODUCTION
Massive multiple-input-multiple-output (maMIMO) commu-
nication systems are able to achieve high spectral and
energy efficiencies with increased reliability [1], and have
attracted huge research attention in wireless communi-
cation fields [2]. It is well-known from [3] that in a
time-division duplex (TDD) noncooperative multicell MIMO
system employing training pilots for channel state informa-
tion (CSI) acquisition in the uplink and an infinite number
of base station (BS) antennas M , the only effect that hinders
performance is pilot contamination. This phenomenon results
from unavoidable reuse of reverse-link pilot sequences by
terminals in different cells. As a consequence of increasing

the number of BS antennas to infinity, the transmit power
can be designed arbitrarily small, since interference decreases
at the same rate of the desired signal power, i.e., signal-to-
interference-plus-noise ratio (SINR) is independent of trans-
mit power [3]. Besides, in this scenario, the most simple
reception/transmission techniques, i.e., maximum ratio com-
bining (MRC) deployed in the uplink and the matched-
filtering (MF) precoding used in the downlink, are able to
achieve optimal capacity [4].

Most papers in the area consider maMIMO in conjunction
with orthogonal frequency-division multiplexing (OFDM),
in such a way that flat fading can be assumed for each sub-
carrier. On the other hand, single-carrier (SC) waveform has
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beenwidely used in the uplink (UL) of current standards, such
as LTE, while OFDM is adopted in downlink (DL). Among
the advantages of employing SC in UL instead of OFDM [5],
we can highlight: (i) the lower peak-to-average power
ratio (PAPR) of the transmit signal, which enables the mobile
terminal (MT) to be cheaper and more energy efficient.
Besides, this implies in a lower distortion level imposed by
the transmit amplifier, and as a consequence in a lower out-
of-band radiation, which simplifies spectrum shaping and
improves spectral efficiency by reducing the guard band.
(ii) Lower sensitivity to phase noise and carrier frequency
offset. (iii) The complexity of the MT is also simplified
since the inverse fast fourier transform (IFFT) operation is
not required. (iv) For the maMIMO scenario, we show in
this paper that cyclic prefix (CP) transmission can be not
required employing SC, which improves spectral and energy
efficiencies. Due to these several benefits, and the fact of SC
be already implemented in current standards, such waveform
shows itself as a promising candidate for implementation in
the next standards, e.g. 5G [2]. For this sake, much research
has to be carried out to investigate SC application in the
physical layer of that systems, in conjunction with maMIMO,
for example.

Conventionally, SC receivers require complex equaliza-
tion techniques in either time or frequency domain, such as
decision-feedback equalizer (DFE) [6]. Frequency domain
equalization is usually less complex than its time-domain ver-
sion, but often requiring CP transmission and one FFT mod-
ule per receive antenna similarly as OFDM. Alternatively,
time-domain equalization can achieve a reasonable per-
formance at the expense of increased complexity, but in
some cases not requiring CP and FFT operations. However,
when employed in conjunction with maMIMO, a different
time-domain receiver can be adopted, which, taking advan-
tage of the large excess of BS antennas, is able to alle-
viate the equalization complexity, namely the time-reversal
MRC (TRMRC) receiver [7].

SC was first investigated in conjunction with maMIMO
in [8], where it was proposed a precoding scheme that was
able to deal with the time dispersive channel. Then, an UL
version of this scheme was proposed in [9]. The TRMRC
receiver, as described in [7], coherently combines the received
symbols arising from different paths with the appropriate
channel impulse response (CIR) vector. The robustness of this
scheme was investigated in [7] against the phase noise effect,
that results from imperfections in the circuitry of the local
oscillators. However, it was assumed a single-cell scenario,
and CSI estimates were corrupted only by additive white
Gaussian noise (AWGN), but not by pilot contamination.
Recently, both waveforms have been compared in maMIMO
DL in [10], and low PAPR precoding schemes were proposed
for both systems, but again in a single-cell scenario with no
pilot contamination.

In order to provide a more uniform performance expe-
rience for the covered users, different schemes of reusing
the available resources can be employed. Frequency reuse

schemes, as discussed in [1] and [3], divide the available
bandwidth into a predefined number of subbands, and assign
different subbands for the cells aiming to maximize the dis-
tance between cells sharing the same subband, i.e., under the
maximum relative distance criterion. On the other hand, pilot
reuse schemes, as in [11], divide the set of orthogonal pilot
sequences into a predefined number of subgroups, assigning
them to the cells according to the maximum relative distance
criterion. A fundamental difference between both strategies is
that frequency reuse reduces inter-cell interference not only
in the training stage like pilot reuse, but also in the data
transmission stage. Thus, while both schemes have the same
ability to mitigate pilot contamination, which results from
inter-cell interference during the training stage, frequency
reuse scheme usually results in an improved SINR perfor-
mance due to the lower inter-cell interference during data
transmission stage. However, depending on the number of
scheduled users per cell, the capacity loss due to the band-
width division in frequency reuse may be higher than that
resultant from the transmission of longer pilot sequences as in
pilot reuse. Hence, a systematic study is necessary to indicate
which scheme is able to improve system fairness with better
capacity.

In this paper, we focus on the UL performance of multicell
maMIMO systems under frequency-selective fading channels
and subject to pilot contamination. Our main contributions
are: (i)We provide a systematic comparison between two fun-
damental topologies: the conventional MRC receiver in con-
junction with OFDM, and the TRMRC scheme operating
under SC waveform, in order to indicate the merits and short-
comings of each scheme, and to investigate the feasibility of
employing SC waveform in the next generation maMIMO
systems. Such study has not been made yet to the best of our
knowledge. (ii) We derive approximate expressions for the
SINR performance of the investigated schemes, and propose
lower bounds for their achievable capacities. The proposed
expressions are validated by means of Monte-Carlo simula-
tions. In the case of FDMRC, our derived expressions are
very similar to that obtained in [4]. However in the case
of TRMRC, such analysis was conducted only in [7], but
in a single-cell scenario, with the CSI estimates corrupted
only by AWGN. It is worth noting that our scenario is much
more realistic, taking into account inter-cell interference as
well as the procedure of obtaining CSI estimates from uplink
pilot transmissions, which results in pilot contamination. Our
performance expressions are derived based on this pilot con-
taminated CSI estimates, which is the most salient limiting
factor for the maMIMO performance. (iii) We investigate
also the computational complexity of both schemes, aiming
to establish a performance-complexity trade-off. Due to the
increased complexity of TRMRC found, we propose a low
complexity implementation of this receiver by employing the
fast convolution with overlap-and-add technique [12], which
is able to reduce about one half the receiver complexity for a
typical maMIMO setup without any performance loss. Such
complexity study has not been conducted yet in the context
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of maMIMO. Besides, although fast convolution techniques
are widely known [12], they have not been adopted yet for
reducing TRMRC complexity. (iv) After some slight sim-
plifications on our derived expressions in order to improve
mathematical tractability, we propose an iterative method to
determine the number of users served by each cell which is
able to obtain maximal sum rate, for any maMIMO system
configuration. The dependence of this optimal number of
users K⇤ is investigated with the variation of several system
parameters, and a number of interesting insights are given.

A similar investigation was conducted in [11] for FDMRC
and in [13] for a joint minimum mean square error (MMSE)
receiver in flat fading channels. In [11], the optimal number
of users is given in closed-formwithM ! 1, while for finite
number of antennas K⇤ is analysed only via Monte-Carlo
simulations for certain maMIMO configurations. Differ-
ently, our proposed method are valid both for FDMRC and
TRMRC, and for any maMIMO parameters configuration,
like number of antennas, pilot and data transmit power, and
different pilot and frequency reuse schemes. In [13], authors
find the number of scheduled users that maximizes an aver-
aged area spectral efficiency expression, which is derived
after some approximations for finding the expectation of
the long-term fading coefficients with respect to the users’
spatial distribution. Besides of such approximations being
valid in restricted conditions, like large number of users
and BS antennas, large number of cells, and low reference
signal-to-noise ratio, the final result is found in a some-
what untractable form, based on incomplete elliptic integrals
of the first and second kind in the Legendre normal form
[13, Appendix B]. Our approximations for fixing the long-
term fading coefficients of intra-cell and inter-cell users is
much simpler, without restrictions, and shown to achieve
appreciable results by simulations as demonstated in this
paper. Besides, the analysis in [13] assumes a joint MMSE
receiver, which requires matrix inversions that might impose
a computational burden to the massive MIMO system. On the
other hand, our analysis is based on MRC receiver, that is
much less complex and highly parallelizable. Also, we com-
pare the performance of frequency and pilot reuse schemes,
indicating for which conditions each topology is preferable.
Such interesting comparison has not been conducted yet to
the best of our knowledge.

Besides this introductory Section, the system model is
described in Section II. Our analytical expressions are devel-
oped in Section III. Representative numerical results are pre-
sented in Section IV, as well as our computational complexity
analysis. In Section V, we propose a method to obtain the
optimal number of users to be served by each cell, while
Section VI concludes the paper.
Notations: Boldface lower and upper case symbols rep-

resent vectors and matrices, respectively. IN denotes the
identity matrix of size N , while 1K and 0K are the unitary
vector and null vector of length K , respectively. The trans-
pose and the Hermitian transpose operator are denoted by
{·}T and {·}H , respectively. || · || is the Euclidean norm of

a vector. We use CN (m,V) to refer to a circular symmet-
ric complex Gaussian distribution with mean vector m and
covariancematrixV. Finally,E[·] is the expectation statistical
operator.
II. SYSTEM MODEL
Similarly as [3], we consider a MIMO system composed by
C BSs, each equippedwithM transmit antennas, and commu-
nicating with K single-antenna users. Since TDD is assumed,
reciprocity holds, and thus CSI is acquired bymeans of uplink
training signals. We divide the system model description for
OFDM and SC waveforms. Besides, the following system
model is also valid when employing non-unitary frequency
reuse if only users and cells sharing the same subband are
considered.
A. OFDM WAVEFORM
The time-frequency resources are divided into channel coher-
ence blocks of S = TcWc symbols [11], in which Tc is the
channel coherence time in seconds, and Wc is the channel
coherence bandwidth in Hz (Wc = 1

Td
holds, in which Td

is the largest possible delay spread). Each coherence time
interval are divided into T OFDM symbols (Tc = T Ts, and
Ts is the OFDM symbol period), distributed as uplink pilot
transmissions, downlink and uplink data transmissions [3].
Using orthogonal pilot sequences, the number of available
sequences is equal to its length, ⌧ . CSI is estimated in the
frequency domain in the same way as in [3]. If the system
employs N subcarriers, and the CIR has L independent and
identically distributed (i.i.d.) taps, the frequency smoothness
interval is composed of Nsm = N/L subcarriers. Thus, each
user does not need to send pilots in all the N subcarriers,
but only in N/Nsm = L equally spaced subcarriers, since
the frequency domain CSI (FDCSI) for the intermediate ones
can be obtained by interpolation. Up to ⌧ users can send
pilots in the same subcarriers in the training stage, and a
maximum total number of Kmax = ⌧Nsm users can be served
by each cell. We define the set of subcarriers in which the
kth user sends pilots as Ik = {Ik (0), Ik (1), . . . , Ik (L � 1)},
such that Ik (0) 2 [0,Nsm � 1] and Ik (i) � Ik (i � 1) =
Nsm, 8i = 0, 1, . . . ,L � 1. Figure 1 illustrates how training
and data transmission stages are divided in time and fre-
quency domains for a given user, in which Tn is the Nyquist
sampling period.

We denote the M ⇥ 1 FDCSI vector between the ith BS
and the kth user at the jth cell in the nth subcarrier by gikjn =p
�ikjgikjn, in which �ikj is the long-term fading power coef-

ficient, that comprises path loss and log-normal shadowing,
and g

ikjn
is the short-term fading channel vector, that follows

g
ikjn

⇠ CN (0M , IM ). The orthogonal pilot sequences’ set
is 9 = [ 1  2 . . .  ⌧ ] 2 C⌧⇥⌧ , and 9H9 = I⌧ holds.
If the sequence  k = [ k1  k2 . . . k⌧ ]T is assigned for
the kth user, the received signal for the nth subcarrier (n 2 Ik )
at the ith BS during the training stage is

Yp
in = p

⇢p

CX

j=1

⌧X

k=1

gikjn H
k + Np

in, (1)
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FIGURE 1. Time-frequency diagram illustrating how training and data
transmission stages are divided for the kth user, for OFDM and SC
waveforms: N = 16, L = 4, Nsm = 4, T = 4, S = 16 for OFDM; Tc/Tn = 32
for SC. Note that Kmax = 8 for both schemes.

in which ⇢p is the UL pilot transmit power, Np
in 2 CM⇥⌧ is

the AWGN matrix with i.i.d. elements following a complex
normal distributionwith zeromean and variance � 2

n . Note that
we have assumed synchronism between the signals received
from different cells, which is the worst case in terms of pilot
contamination [3]. The ith BS then estimates the kth user nth
subcarrier FDCSI by correlating the received signal Yp

in
with  k

bgikn = 1
p
⇢p

Yp
in k =

CX

j=1

gikjn + vikn, (2)

where vikn = 1p
⇢p
Np
in k ⇠ CN (0M ,

� 2n
⇢p
IM ) is an equivalent

noise vector. The pilot contamination effect can be clearly
seen in the previous expression. The other N �L subcarriers’
FDCSI estimates are obtained by interpolation. By acquir-
ing such FDCSI estimates, the BS is able to perform linear
detection in the UL deploying the FDMRC scheme. During
UL data transmission, the ith BS receives in the nth subcarrier
the signal

yuin = p
⇢u

CX

j=1

KX

k=1

gikjnxukjn + nuin, (3)

in which ⇢u is the UL data transmit power, xukjn is the data
symbol from the kth user of the jth cell in the nth subcarrier,
and nuin ⇠ CN (0M , � 2

n IM ) is theM⇥1AWGN sample vector.
This BS then estimates the transmitted symbol deploying
FDMRC as

bxukin = 1
M
bgHikny

u
in. (4)

B. SC WAVEFORM
The tth CIR vector tap between the ith BS and the kth user of
the jth cell and its FDCSI vector are related by

hikjt = 1
L

L�1X

l=0

gikjIk (l)e
j2⇡ lt/L . (5)

With no loss of generality, we assume in this paper a
normalized uniform power delay profile (PDP) for all users,
such that hikjt ⇠ CN (0M , 1

L IM ) for t = 0, 1, . . .L�1. For the
systems employing single-carrier waveform, an alternative
training scheme to conventional frequency domain training
is discussed in [7]. In this alternative scheme for estimating
the CIR of the users served by the cell, the users transmit
uplink training signals sequentially in time, in such a way that
at most one user per cell is transmitting at any given time.
The kth user sends an impulse of amplitude

p
L⇢p (in order

to spend the same average power as in FD training (1)) at the
(k�1)Lth channel use and is idle for the remaining portion of
the training phase. Besides, the next user waits L�1 channel
uses to send its training signal. It is worth noting that the same
maximal number of users Kmax is supported in this scheme.
This can be proved by noting that the total interval spent with
training signals is KmaxL Tn = ⌧NsmL Tn = ⌧N Tn ⇡ ⌧Ts is
nearly the same as in FD training, as illustrated in Figure 1.
The main advantage of this scheme is because estimating the
CSI in the frequency domain would require the users to send
FD pilots. This is only possible if the users’ terminals were
equipped with OFDM circuitry, does not bringing thus all the
mentioned benefits of employing SC waveform.1

This procedure provides to the ith BS the following CIR
estimates for its k-th user

bhikt =
CX

j=1

hikjt + v0
ikt , (6)

in which v0
ikt ⇠ CN (0M ,

� 2n
L⇢p

IM ) is an equivalent AWGN
vector. Note that the CIR estimates are also corrupted by
the users in adjacent cells that send its impulses at the same
channel use, similarly as pilot contamination.

Considering SC waveform, the time-domain received sig-
nal at the ith BS in time t during UL data transmission is

rui [t] = p
⇢u

CX

j=1

KX

k=1

L�1X

l=0

hikjl sukj[t � l] + n0u
i [t], (7)

where sukj[t � l] is the time-domain UL data transmitted by
the kth user of the jth cell at time t � l, and n0u

i [t] ⇠
CN (0M , � 2

n IM ) is an AWGN vector. This BS can then esti-
mate the transmitted symbols deploying TRMRC as

bs uki[t] = 1
M

L�1X

l=0

bhHiklr
u
i [t + l]. (8)

1Discussing whether the scheme proposed in [7] is practical or not due to
the synchronization requirements is outside the scope of our paper. Further-
more, even if employing conventional frequency domain training, significant
gains can be achieved, since the OFDM circuitry required for only frequency
domain training is much more simple and less inefficient, since only L active
subcarriers transmit pilots, as opposed to the N data active subcarriers in
conventional OFDM data transmission. This reduction for typical OFDM
setups is of 16 times, and undoubtedly is very beneficial for the system in
terms of energy efficiency and implementation cost. It is worth to mention
that the performance analysis developed in the following Sections does not
suffer any change, since both schemes result in the same pilot contaminated
CSI estimates.
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For causality purpose, it is clear from (8) that L � 1 shift
registers are necessary per BS receive antenna for TRMRC,
while this number for FDMRC isN�1, since the entire frame
has to be received to perform FFT operation. This implies not
only in hardware simplification, but also in latency reduction.
Besides, the fact of TRMRC not requiring CP transmission
can be seen from (8), since given a sufficiently large M ,
the BS is able to extract the desired information symbol vector
from rui [t + l], even if the asynchronous interference belongs
to another frame of symbols.

III. PERFORMANCE ANALYSIS
In this Section we analyse the performance of both inves-
tigated schemes. As the exact distribution of the interfer-
ence terms would be very difficult to compute, we adopt a
similar analysis of [7], [8], in which the estimated signal
for each scheme is decomposed as a sum of uncorrelated
terms: the desired signal, interference and noise terms. Then,
the approximate SINR is computed as the ratio of the desired
signal power and the power of the interference plus noise
terms.

A. FDMRC UNDER OFDM TRANSMISSION SCHEME
Given the FDCSI estimates available at the ith BS (2), and
the UL received signal at the UL data transmission stage (3),
the nth subcarrier estimated data symbol of the k 0th user
deploying FDMRC in (4) can be written as

bxuk 0in = Afk 0inx
u
k 0in + IFfk 0in + PCIfk 0in + AIfk 0in + ANfk 0in,

(9)

where the desired signal term Afk 0in =
p
⇢u
M E[||gik 0in||2], with

the expectation taken over the channel gains. Note that this
term is a constant, which is known at the BS since the BS
has knowledge of the channel statistics. Besides, we relegate
the variation of ||gikin||2 around its mean as another form of
interference [7], [8], such that

IFfk 0in =
p
⇢uxuk 0in
M

h
||gik 0in||2 � E[||gik 0in||2]

i
. (10)

The pilot contamination interference term is

PCIfk 0in =
p
⇢u

M

CX

j=1
j 6=i

||gik 0jn||2xuk 0jn, (11)

while the additional interference term is

AIfk 0in =
p
⇢u

M

CX

c=1

gHik 0cn

2

4
CX

j=1

KX

k=1

gikjnxukjn � gik 0cnxuk 0cn

3

5.

(12)

TABLE 1. Expected power of the terms in (9) and (16).

It is important to note the differences between
PCIfk 0in and AIfk 0in: the FDCSI dot products in (12) are
taken over independent vectors, while such products in (11)
are taken over coincident vectors. This implies that PCIfk 0in
grows at much higher rates when M increases than AIfk 0in,
becoming the most salient interference term in the maMIMO
scenario. Finally, the additive noise term is

ANfk 0in =
p
⇢u

M
vHik 0n

CX

j=1

KX

k=1

gikjnxukjn

+ 1
M

CX

j=1

gHik 0jnn
u
in + 1

M
vHik 0nn

u
in. (13)

Evaluating the power of the terms presented in (9)
(see Table 1), one can approximate the average SINR of
the k 0th user at the ith cell as & fk 0i in (14), as shown at the
bottom of this page. The parameter � = N

N+NCP accounts for
the transmit power loss due to CP, since we have assumed for
a fair comparison that both schemes spend the same energy
with data transmission, and NCP = L � 1 is the CP length.
Note that this result is valid for all subcarriers, since they are
identically distributed in our model.

Besides, due to the convexity of log2(1 + 1
x ) and using

Jensen’s inequality as in [1], we obtain the following lower
bound on the achievable rate of the k 0th user at the ith cell

Rf
k 0i � eRf

k 0i = ⇠u�

✓
1 � K

S

◆
log2

0

@1 +
 

1
& fk 0i

!�1
1

A, (15)

in which the term
�
1 � K

S
�
accounts for the pilot transmission

overhead, and ⇠u is the fraction of the data transmit interval
spent with uplink.

& fk 0i = M�2ik 0i

M
PC

c=1
c 6=i

�2ik 0c +
hPC

j=1
PK

k=1 �ikj +
� 2n
�⇢u

i hPC
c=1 �ik 0c + � 2n

⇢p

i (14)
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& tk 0i = M�2ik 0i

M
PC

c=1
c 6=i

�2ik 0c +
hPC

j=1
PK

k=1 �ikj +
� 2n
⇢u

i hPC
c=1 �ik 0c + � 2n

⇢p

i (22)

B. TRMRC UNDER SINGLE-CARRIER
TRANSMISSION SCHEME
Similarly, given the CIR estimates available at the ith BS (6),
and the time-domain received signal in the UL data trans-
mission stage (7), the estimated UL data symbols deploying
TRMRC in (8) can be decomposed as

bs uk 0i[t] = Atk 0is
u
k 0i[t] + IFtk 0i[t] + PCItk 0i[t]

+AItk 0i[t] + ANtk 0i[t], (16)

in which the desired signal term is

Atk 0i =
p
⇢u

M
E

"L�1X

l=0

||hik 0il ||2
#

; (17)

the desired signal interference term is

IFtk 0i[t] =
p
⇢usuk 0i[t]
M

"L�1X

l=0

||hik 0il ||2 � E

"L�1X

l=0

||hik 0il ||2
##

;

(18)

the pilot contamination interference term is

PCItk 0i[t] =
p
⇢u

M

L�1X

l=0

CX

j=1
j 6=i

||hik 0jl ||2suk 0j[t]; (19)

while the additional interference term is

AItk 0i[t] =
p
⇢u

M

CX

c=1

L�1X

l=0

hHik 0cl

⇥

2

4
CX

j=1

L�1X

`=0

KX

k=1

hikj`sukj[t + l � `]�hik 0clsuk 0c[t]

3

5,

(20)

and the same differences between pilot contamination and
additional interference terms for OFDM hold in this case.
Besides, the additive noise term is

ANtk 0i[t] =
p
⇢u

M

L�1X

l=0

v0H
ik 0l

CX

c=1

L�1X

`=0

KX

k=1

hikc`sukc[t + l � `]

+ 1
M

L�1X

l=0

CX

c=1

hHik 0cln
0u
i [t + l]

+ 1
M

L�1X

l=0

v0H
ik 0ln

0u
i [t + l]. (21)

Evaluating the power of the terms presented in (16), one
can approximate the SINR of the k 0th user at the ith cell as & tk 0i
in (22), as shown at the top of this page. Besides, analogously

to (15), a lower bound on the achievable rate of the k 0th user
at the ith cell can be obtained as2

Rt
k 0i � eRt

k 0i = ⇠u
✓
1 � K

S

◆
log2

0

@1 +
 

1
& tk 0i

!�1
1

A. (23)

Table 1 presents the expected power of the terms
in (9) and (16). From (14) and (22), one can see that both
schemes attain the same SINR performance, unless the SNR
loss of FDMRC due to the CP transmission, expressed by
the term � . Besides, the asymptotic UL performance of both
systems converge with infinite number of BS antennas to the
same bound of [3]:

lim
M!1

& fk 0i = lim
M!1

& tk 0i = �2ik 0iPC
c=1
c 6=i

�2ik 0c

. (24)

IV. NUMERICAL RESULTS
Aiming to validate the tightness of our proposed expressions
of Section III, and to compare the investigated schemes,
we present in this Section numerical results for the maMIMO
system performance under frequency-selective channels.
We have adopted the same multicell scenario of [14] with
unitary frequency reuse factor, composed ofC = 7 hexagonal
cells of radius d = 1000m, where K users are uniformly
distributed, except in a circle of 100m radius around the cell
centered BS. Besides, only the performance of the users at
the central cell were computed, since they experience a more
realistic interference. Unless otherwise specified, we have
assumed M = 100 BS antennas, K = 4 users, N = 256 sub-
carriers when OFDM is employed, a time-dispersive channel
with L = 16, ⇠u = 0.5, and an SNR of 0dB for both pilots
and UL data transmission. The path loss decay exponent was
assumed � = 3.8, and the log-normal shadowing standard
deviation as 8dB. The presented results were averaged over
100,000 spatial realizations for the users.

A. SYSTEM PERFORMANCE
Figure 2 shows the performance of the investigated schemes,
both in terms of simulated results,3 and as in terms of the
proposed analytical expressions. We show the influence of
the UL data transmission SNR ( ⇢u

� 2n
) increase over the SINR

performance and over the achievable rates of a given cell.
One can see that the maMIMO system is able to operate

2Rigorously, referring to Figure 1, the training overhead for SC wave-
form would be

⇣
1 � KL

Tc/Tn

⌘
. However, since K

S = KL
T NsmL

= KL
T N ⇡

KL
Tc/Ts Ts/Tn = KL

Tc/Tn , we opted to mantain the same form of (15).
3Considering independent realizations for the short-term fading, data

symbols, and AWGN.
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FIGURE 2. Performance of the investigated schemes with increasing ⇢u
�2
n

.

with low UL SNR’s, due to the large number of BS anten-
nas, in such a way that the system performance saturates
near 0dB. Besides, both schemes result in very similar SINR
performance, but the achievable rates of TRMRC are higher
than that of FDMRC due to the inefficiency of the CP trans-
mission, required by the latter. One can also see that our
approximate expressions for SINR and the proposed lower
bounds for achievable rates are tight.While the error for SINR
was about 0.06dB, the error between the simulated rates and
the proposed lower bound was about 0.075 bits per channel
use (bpcu).

FIGURE 3. Performance of the investigated schemes with increasing M.

The performance dependence of themaMIMO systemwith
the increasing number of BS antennas is shown in Figure 3,
both in terms of SINR and achievable rates. In the investigated
range of M , one can see that it was always beneficial for the
system performance to increase the number of BS antennas
from the adopted perspectives, since the M in which the
convergence to (24) occurs was outside this range. Again,
both schemes have resulted in very similar performances, and

FIGURE 4. Performance of the investigated schemes with increasing K .

the approximate SINR expressions as well as the proposed
lower bounds for the achievable rates were tight: the same
gaps of 0.06dB and 0.075 bpcu were found, respectively.

Figure 4 shows how the maMIMO system performance
evolves with the increasing number of users per cell, K .
As expected, the average SINR per user decreases, due to the
increasing multiuser interference. However, the achievable
rates grow with more users, since the sum rate increase of
each additional user in the investigated interval compensates
the decrease of the individual SINR. Besides, the errors
between simulated performances and analytical expressions
in terms of individual SINR have decreased for higher values
of K , being 0.01dB for K = 32. However, the achievable rate
errors have increased to 0.09 bpcu for K = 32, because the
higher number of users makes the accumulated error large.

FIGURE 5. Performance of the investigated schemes with increasing L.

Finally, Figure 5 depicts the influence that the increasing
CIR length L has on the maMIMO system performance. For
the FDMRC scheme, it is clear that the system performance
degrades with increasing L due to the inefficiency of the
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CP transmission (NCP = L � 1), that results both in an
SINR loss as well as in a capacity loss. On the other hand,
for the TRMRC scheme, the system performance is little
sensitive to the increase of L. On one hand, a higher value
of L results in higher intersymbol interference, but on the
other hand it means that the TRMRC receiver has a richer
information diversity when extracting the desired data sym-
bols, as shown in (8). It can be seen from the Figure 5 that the
error between the simulated performance and the proposed
analytical expressions grows for lower values of L, what
occurs because the frequency smoothness interval grows as L
decreases: Nsm = N/L. Thus, the correlation of the channel
frequency gains among the different subcarriers increases,
making both the approximate SINR as well as the lower
bound for the achievable rates less accurate; even though the
errors were always lower than 0.3dB and 0.4 bpcu, respec-
tively, in our simulations.

B. COMPLEXITY ANALYSIS
We evaluate the computational complexity of both inves-
tigated schemes, in order to establish a performance-
complexity trade-off. The computational complexities are
evaluated in terms of floating-point operations (flops) [15],
and the main assumptions we have made are: i) A real sum
operation has the same complexity than a real multiplication,
which are defined as 1 flop; ii) A complex sum has the
complexity of 2 flops, while a complex multiplication has
the complexity of 6 flops; iii) An inner product between
2 complex vectors of sizeM has the complexity ofM complex
multiplications and M � 1 complex additions, resulting in a
total complexity of 8M�2 flops; iv) A FFT or IFFT operation
of a complex sequence of N samples has the complexity
(supposing N power of two and adopting the Cooley Tukey
algorithm [15]) of (N/2) log2(N ) complex multiplications
and N log2(N ) complex additions, and an overall complexity
of 5N log2(N ) flops; v) As a final assumption, we neglect
the complexity related with the CSI estimation for all the
investigated schemes, since these estimates remain valid for
several frame periods, and account in the same way for all the
schemes.

For the FDMRC under OFDM, the complexity to detect
the N symbols of the OFDM frame is mainly due to:
i) the N -points IFFT operations of each user transmission
(K [5 N log2(N )] flops), ii) the N -points FFT operations of
each BS receive antenna (M [5 N log2(N )] flops), and due to
iii) the N FDMRC data symbols’ estimation, as in eq. (4),
for each user (NK [8 M � 2] flops). On the other hand, for
the TRMRC under single-carrier, the FFT operations are
not required and the complexity is only due to N TRMRC
data symbols’ estimation, as in eq. (8), for each user. Each
data symbol estimation is composed of L inner products of
M -sized complex vectors, followed by L � 1 complex addi-
tions, resulting in an overall complexity of NK [L(8M � 2)+
2(L � 1)] flops.

The computational complexities in terms of flops for
detecting each frame of N symbols are given in Table 2.

TABLE 2. Number of operations (flops) for each scheme.

Examining such complexity expressions, we identify the
most dominant terms as the ones having the product MK .
Since this term in the complexity expression of TRMRC is
L times greater than this term in the complexity expression
of FDMRC, the complexity of the former, for moderate/high
number of users and BS antennas, results L times the com-
plexity of the latter, i.e., while the FDMRC complexity results
O(MK ) per detected symbol vector, that of TRMRC results
O(LMK ). Although the number of the CIR taps L is a fixed
system parameter, and L ⌧ N usually holds, the complexity
of TRMRC results somewhat increased in comparison with
FDMRC, as can be seen in Figure 6, inwhich the complexities
are plotted with the increase of M and K .

FIGURE 6. Computational complexities of the investigated schemes.

We propose in this paper a low complexity form of
performing the TRMRC detection, by employing the fast
convolution technique in conjuntion with overlap-and-add
method [12]. The TRMRC detection in eq. (8) can be
rewritten as

bs uki[t] = 1
M

MX

m=1

L�1X

l=0

bh⇤
iklmr

u
im[t + l], (25)

which evidences that the TRMRC operation corresponds to
the coherent combining of the M outputs of the convolution
between the received signal and the reverse CIR. Each con-
volution can be performed with reduced complexity taking
advantage of the convolution theorem and the efficient FFT’s
algorithms, in the so-called fast convolution algorithms. Such
algorithms simply take the FFT of each sequence (in a suit-
able size), multiply them, and take the IFFT of the result.
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Considering the sequences’ lengths, the lowest power
of 2 size of each FFT operation would often be 2N . However,
as the CIR length is usually much lower than this value,
this alternative still may lead to an excessive complexity.
A better approach is given by the overlap-and-add method,
in which the FFT’s are taken with a size of 2 L (supposing
L power of 2). Since the sequence rui [t] is longer than this,
it is partitioned into µ = (N + L)/L segments of length L,
which are zero-padded until the length 2L. The FFT results
are multiplied, and the IFFT of the product is taken. The
results of each segment are properly overlaped and added,
leading to the same result of the conventional convolution
with reduced complexity [12].

The complexity of the TRMRC with overlap-and-add
method is mainly given by: i) µ FFT’s of size 2L for
the received signals of each receive antenna, resulting in
a complexity of Mµ[10 L log2(2L)] flops; ii) For each
user and each receive antenna: µ element-wise multipli-
cation of size 2L vectors, followed by an IFFT operation
of size 2L, and the addition of the overlaping segments
(of size L) (KMµ[10 L log2(2L) + 12 L + 2 L] flops);
iii) For each user, the results of the M fast convolutions are
added (only the N elements of interest), with a complexity of
K (2 N (M � 1)) flops. The overall complexity of the TRMRC
receiver employing the fast convolution with overlap-and-add
method (FC-TRMRC) is also given in Table 2 and plotted
in Figure 6.

It can be seen that the complexity of the FC-TRMRC
receiver results O(log2(2L)MK ) per detected symbol vector,
which is a significant complexity reduction in comparison
with TRMRC. For example, under a conventional maMIMO
setup with M = 128, K = 32, N = 256, and L = 16,
the computational cost to detect each frame of N symbol
vectors is of 10Mflops for FDMRC, 134Mflops for TRMRC,
and 75 Mflops for FC-TRMRC. Although the complexity of
FC-TRMRC is still 7.5 times that of FDMRC, it is about
one half of that of TRMRC, with the same result, and the
same set of advantages. To name a few: lower PAPR, cheaper
and more energy efficient mobile terminals, lower sensitivity
to phase noise and carrier frequency offset, CP transmission
not required, improving energy and spectral efficiency of the
system, and compatibility with previous standards. Besides,
the implementation of the FC-TRMRC at the BS hardware
can be highly parallelized.

V. OPTIMIZING SYSTEM PARAMETERS
In this Section, we fix the long-term fading coefficients of the
users in the derived expressions of Sec. III, for mathematical
tractability. Then, based on the simplified expressions for
the sum rate of a given cell, some interesting analysis are
conducted, as determining the optimal number of users to be
served by each cell. Our analysis gives some insights about
the dependence of this optimal number with the variation
of system parameters, like number of antennas and trans-
mit power. Furthermore, we try to find the best resources’
reuse scheme between pilot reuse and frequency reuse to

be employed in the investigated maMIMO systems. A total
number of C = 19 hexagonal cells is adopted in this
Section in order to allow the use of resources’ reuse policies.
From equations (14) and (22), one can note that the same

uplink SINR can be achieved by both TRMRC and FDMRC,
except by the uplink transmission power, that is decreased
by the factor � in the OFDM context. Thus, we define the
parameter ⇢0

u, which equals �⇢u for OFDM, and ⇢u for SC.
We now fix the long-term fading coefficients of the users in
the home cell as �h and of the users in the adjacent cells
as �a, �b, and �c, according to the distance between the
centers of each user cell and home cell. When fixing these
parameters, the idea is to adopt an average case for every
coefficient to be fixed. By symmetry, one can note that there
are 3 different distances to be considered for the neighboring
cells, and a total of C 0 = 6 cells fall in each group. Thus we
have adopted: �h = (d/2)��, �a = (

p
3d)��, �b = (3 d)��,

and �c = (2
p
3d)��. The distribution of the C hexagonal

cells is depicted in Figure 7, aswell as the different fixed long-
term fading coefficients according to the distance between the
home cell and adjacent cells. The grey scale of a given cell in
the Figure increases according to its distance to the home cell.

FIGURE 7. Spatial distribution for the C = 19 hexagonal cells.

Three major schemes are investigated in this Section: the
maMIMO system with universal reuse of frequency and
pilots, with pilot reuse factor of 3, and with frequency reuse
factor of 3. Thus, the SINR performance of each user and the
uplink sum rate of a given cell can be approximated, in an
unified way, as

& (sc) = M�2h
MC 00(sc)

1 +
⇣
K0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘ , (26)

R(sc) = K⇠u
1
⇣ f

✓
1 � ⇣ pK

S

◆
log2

⇣
1 + & (sc)

⌘
, (27)

in which the constants 0(sc)
1 , 0(sc)

2 , and 0(sc)
3 assume different

values according to the investigated scheme, as summarized
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TABLE 3. Constants in (26) and (27) for the investigated schemes.

in Table 3. Besides, ⇣ f is the frequency reuse factor, while
⇣ p is the pilot reuse factor. When employing non-universal
pilot reuse, while non-coherent interference reaches the home
BS from every user of the system, the pilot contamination
interference reaches the cell only from users of cells shar-
ing the same pilots’ set, which are distributed according to
the maximum relative distance criterion. Thus, we have that
0
(pr)
2 6= 0

(pr)
3 , as can be seen in the Table.

Our first objective is to determine the optimal number of
users K⇤ that maximizes (27). For M ! 1, as discussed
in [11] for OFDM maMIMO systems, it is not difficult to
see that K⇤ is the closest integer to S/(2⇣ p). This occurs
since the asymptotic uplink SINR & (sc) = �2h

C 00(sc)
1

is inde-

pendent of K , while the concave pre-log factor is maximized
by K = S

2⇣ p . In order to obtain a procedure to find the opti-
mal number of scheduled users for any parameters’ set, like

number of antennas, transmit SNR, and pilot SNR, we aim
to find the maximum of (27). Thus, we take the derivative
of R(sc)

with respect to K as in (28), as shown at the bottom
of this page.

Unfortunately, we do not arrive in a closed form expression
for K⇤ when trying to find the argument that cancels the
derivative in (28). Thus, we propose an iterative procedure
to find K⇤ based on the Newton’s method. By initializing
K (0) = S

2⇣ p , the iterative procedure is evaluated as

K (t+1) = K (t) �
@R(sc)

@K

���
K=K (t)

@2R(sc)

@K2

���
K=K (t)

, (29)

in which @2R(sc)

@K2 is given in (30), as shown at the bottom
of this page. In our numerical simulations, 4 iterations were
sufficient to the algorithm’s convergence.

Figure 8 shows the sum rate variation with the increasing
number of scheduled users as well as the number of users
to be scheduled given by our proposed method (denoted by
the markers in the Figure), considering a system with uni-
versal reuse, with frequency reuse factor of 3, or with a pilot
reuse factor of 3. Several conclusions can be made from the
Figure. First, our proposed method indeed finds the number
of users that maximizes the sum rate of the cell, for the
three investigated system configurations. Besides, the opti-
mal number of scheduled users does not change if the system
employs TRMRC or FDMRC, since the difference between
such techniques from the SINR performance perspective is
just an SNR reduction of � . For the adopted parameters
N = 256 and L = 16, � = 0.941, which represents an SNR

@R(sc)

@K
= ⇠u

1
⇣ f

✓S � 2⇣ pK
S

◆
log2

0

B@
MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘
+M�2h

MC 00(sc)
1 +

⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘

1

CA� ⇠u
1
⇣ f

✓SK � ⇣ pK 2

S

◆

⇥
M�2h0

(sc)
2

⇣
0
(sc)
3 + � 2n

⇢p

⌘

log(2)
h
M�2h +MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘i h
MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘i (28)

@2R(sc)

@K 2 = ⇠u
1
⇣ f

✓�2⇣ p

S

◆
log2

0

B@
MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘
+M�2h

MC 00(sc)
1 +

⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘

1

CA� ⇠u
1
⇣ f

✓S � 2⇣ pK
S

◆

⇥
2 M�2h0

(sc)
2

⇣
0
(sc)
3 + � 2n

⇢p

⌘

log(2)
h
M�2h +MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘i h
MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘i

+ ⇠u 1
⇣ f

✓SK � ⇣ pK 2

S

◆

⇥
M�2h

⇣
0
(sc)
2

⌘2 ⇣
0
(sc)
3 + � 2n

⇢p

⌘2 h
M�2h + 2MC 00(sc)

1 + 2
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
(sc)
3 + � 2n

⇢p

⌘i

log(2)
h
M�2h +MC 00(sc)

1 +
⇣
K 0(sc)

2 + � 2n
⇢0
u

⌘ ⇣
0
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3 + � 2n

⇢p

⌘i2 h
MC 00(sc)

1 +
⇣
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0
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FIGURE 8. Sum Rate with increasing K for M = 100 and S = 200.

decrease of 0.263dB when employing OFDM instead of SC.
As shown later in this paper (Figure 10), the dependence of
K⇤ with the data SNR variation is much less sensitive than
this. The Figure shows that universal reuse is always better
than pilot or frequency reuse from the sum rate point of view,
irrespective of the number of scheduled users. However, this
is not a completely affordable conclusion, since the fixed
long-term fading simplification assumption may hide the
performance loss due to unfavorable users spatial distribu-
tion, which is much more severe for universal reuse than for
higher reuse factors. Besides, it is well known from [3], [14]
that higher reuse factors are much more advantageous in
terms of fairness, which is another fact not represented in
the Figure. A more interesting conclusion can be made if
one compare the performances achieved by frequency reuse
and pilot reuse, since both schemes are able to improve the
system fairness. It can be seen that pilot reuse can achieve a
higher sum rate than frequency reuse, although the opposite
can be seen for specific values ofK .We have plotted a vertical
line in K = S/4 for reference purposes, that is the point at
which the pre-log factors intersect for these schemes. One
can see that the performance crossover point is very near
this value, in such a way that the SINR gain of frequency
reuse in comparison with pilot reuse is negligible, and unable
to overcome the penalty of reducing bandwidth. Therefore,
when the objective is to improve the network fairness, the best
approach is to employ pilot reuse if it is allowed to schedule a
number of users lower than S/4. Otherwise, frequency reuse
becomes a better alternative.

The dependence of the optimal number of users and the
optimal sum rate with the increasing number of antennas is
shown in Figure 9. One can note that the optimal number
of scheduled users converges with M ! 1 to S/(2⇣ p),
as discussed in [11]. On the other hand, an interesting con-
clusion that has not been drawn is that both resources’ reuse
schemes have the same asymptotic performance. This can be
verified by analysing the asymptotic sum rate of a cell in (31),

FIGURE 9. K⇤ and sum rate with increasing M for S = 200.

remembering from Table 3 that 0(fr)
1 = 0

(pr)
1 . However this

equivalence holds only for unpractical values of M , while
pilot reuse presents an improved performance in comparison
with frequency reuse for a not so large number of antennas.

lim
M!1

R(sc) = ⇠u
S

4⇣ f⇣ p
log2

 

1 + �2h

C 00(sc)
1

!

. (31)

FIGURE 10. K⇤ and sum rate with increasing data and training SNR for
S = 200.

Figure 10 shows how the increasing SNR affects the opti-
mal number of scheduled users and sum rate performance.
In the left hand side, it is investigated the increasing data
SNR with the training SNR fixed as 0dB, while in the right
hand side the increasing training SNR is considered with
data SNR fixed as 0 dB. Although any SNR increase has
the effect of improving the system sum rate performance,
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the optimal number of users in each case have opposite behav-
iors. WhileK⇤ decreases with increasing ⇢0

u
� 2n
, it increases with

increasing ⇢p
� 2n
. Besides, the variation of K⇤ and of sum rate

with increasing training SNR is more notorious. This occurs
since the increase of ⇢p

� 2n
leads to better CSI estimates, which

in turn improves the interference mitigation capacity of the
MRC receiver, allowing the scheduling of a higher number
of users in order to obtain the optimal sum rate performance.
On the other hand, the increasing ⇢0

u
� 2n

results in a higher
level of multiuser interference, both intra-cell and inter-cell,
in such a way that the best sum rate performance is foundwith
a slightly reduced number of users.

VI. CONCLUSION
In this work, we have analysed the performance of maMIMO
systems under frequency-selective channels subject to pilot
contamination. Two fundamental schemes have been inves-
tigated and compared: the conventional FDMRC operat-
ing under OFDM transmission, and the TRMRC under
single-carrier transmission. We have proposed tight analyt-
ical expressions for the SINR performance, as well as lower
bounds for the achievable rates, which have been shown
by computer simulations to be suitably tight. In general,
TRMRC outperforms FDMRC by not requiring CP trans-
mission, which improves spectral and energy efficiencies.
Our computational complexity study revealed that TRMRC
complexity results O(LMK ), in contrast with the O(MK )
complexity of FDMRC. Thus, we proposed a low complex-
ity implementation of TRMRC by employing the fast con-
volution with overlap-and-add technique, which was able
to achieve the same TRMRC result with a complexity of
O(log2(2L)MK ). Then, based on slight simplifications on
our derived expressions, we developed a method for obtain-
ing the optimal number of users to be served by each cell,
in the sense of maximizing sum rate, for any maMIMO
configuration and under different frequency or pilot reuse
schemes. We have investigated how this optimal number of
users is dependent of different system parameters, and several
insights were given, as well as a performance comparison
between frequency and pilot reuse. Given the several ben-
efits of SC waveform as well as the reduced complexity
implementation of TRMRC receiver proposed in this paper,
which becomes not so high when compared with FDMRC
complexity, the TRMRC under SC constitutes a promising
candidate for receiver/waveform of next generation commu-
nication systems.
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Abstract

In this paper, we investigate the effects of pilot assignment (PA) in multicell
massive multiple-input–multiple-output systems. When deploying linear detec-
tion/precoding algorithms and a large number of antennas at base station (BS),
it is well-known that system performance in both uplink (UL) and downlink
(DL) is mainly restricted by pilot contamination. Such interference is proper of
each pilot sequence, and thus, system performance can be improved by suitably
assigning the pilots to the users within a given cell, according to a certain desired
metric. We show in this paper that UL and DL performances constitute conflict-
ing metrics, since it is not possible to achieve the best performance in UL and DL
concomitantly. Thus, we propose an alternative metric, namely, total capacity,
aiming to simultaneously achieve a suitable performance in both directions, ie,
UL and DL. Since the PA problem is combinatorial, and the search space grows
with the number of pilots in a factorial fashion, we also propose a low-complexity
suboptimal algorithm that achieves promising capacity performance avoiding
the exhaustive search. In addition, to fully benefit from the large excess of BS
antennas, we combine our proposed PA schemes with an efficient power con-
trol algorithm, unveiling the great potential of the proposed schemes to provide
improved performance for more users, even with a not-so-large number of BS
antennas. In a limit condition, for example, our numerical results demonstrate
that with 64 BS antennas serving 10 users, our proposed method can assure a
95% likely rate of 4.2 Mbps for both DL and UL, and a symmetric 95% likely rate
of 1.4 Mbps when serving 32 users. If a higher number of antennas is allowed at
BS, the guaranteed rates can be significantly higher.

1 INTRODUCTION

Pilot contamination is the most salient impairment of massive multiple-input–multiple-output (Ma-MIMO) systems.1,2

Due to this issue, it can be shown that the interference seen by each user is dependent on the pilot sequence he is using.
Thus, one can improve system performance by suitably assigning the pilots to the users in the cell, as discussed in the
works of Zhu et al3 and Marinello and Abrão.4 The pilot assignment (PA) problem was solved in the work of Zhu et al3 from
the uplink (UL) perspective, and a low-complexity near-optimal solution was proposed. Such simple and very efficient
solution was possible due to the simple dependence between performance and the PA seen in UL. Pilot contamination
interference in UL is due to the signals transmitted from users in adjacent cells sharing a given pilot sequence that reaches
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certain base station (BS). The user that will experience such interference is the one to which this pilot sequence is assigned
in the cell. Under a max-min optimization perspective, the solution proposed in the work of Zhu et al3 simply assigns the
worst pilot sequences in a given instant, in terms of pilot contamination arising from adjacent cells, to the best located
users, ie, those with the higher long-term fading coefficients. Other techniques have also been proposed to optimize the
UL of Ma-MIMO systems, like the graph coloring–based PA in the work of Zhu et al,5 which consists in drawing a graph
with the users as vertexes, and coloring this graph such that no adjacent vertexes are colored with the same color. As
each color represents a pilot, some additional constraints must be satisfied like the same color cannot color 2 or more
vertexes in a same cell, and a limited number of colors equal to the number of users are available per cell. A similar
technique has also been proposed in the work of Xu et al6 in the context of device to device underlay Ma-MIMO systems.
However, as the technique in the work of Zhu et al3 achieved a better performance with reduced complexity, we adopted
it as benchmarking for UL performance.

In the work of Marinello and Abrão,4 the PA problem was investigated from the downlink (DL) perspective, under
several metrics. However, as the dependence of DL signal-to-interference-plus-noise ratio (SINR) with the PA occurs in a
more complex way than in UL, the problem was solved only via exhaustive search. Different than UL, pilot contamination
interference in DL is due to the signals transmitted from neighboring BS's to the users at their respective cells sharing
certain pilot sequence, but that inadvertently reaches the user in the considered cell using this pilot. If this user changes
its pilot sequence, part of the pilot contamination reaching him/her remains unchanged, since the distance between the
user and adjacent cells and the long-term fading coefficients remain the same. The part of interference that changes is
due to the power normalization factors, which retain some dependence with the UL pilot transmission stage, as better
clarified in this manuscript, which also proposes low-complexity DL PA schemes.

A greedy PA scheme is proposed for optimizing the DL performance of the cell-free Ma-MIMO systems in the work of
Ngo et al.7 This new concept of Ma-MIMO system comprises a very large number of distributed single-antenna access
points simultaneously serving a much smaller number of users. Although having considerably improved performance
with respect to conventional collocated Ma-MIMO systems due to the diversity of long-term fading coefficients, the sys-
tem implementation cost is significantly higher due to the complex backhaul network and the very large number of access
points to be installed. In addition, the proposed PA scheme aims to improve just the DL performance. As shown in this
paper, UL and DL optimization metrics constitute conflicting objectives, since if one scheme optimizes system DL per-
formance, the UL performance will be close to that attained with random assignment, and vice versa. Thus, our main
purpose in this paper is to design a PA methodology able to jointly optimize DL and UL perspectives.

Several PA schemes have been proposed recently based on the location-aware approach.8,9 Authors have proposed some
filtering techniques, which are able to significantly remove pilot contamination from channel estimates if the training sig-
nals transmitted from users of different cells sharing a given pilot reach the considered BS with different angle-of-arrivals.
For this sake, the location-aware PA technique assigns the pilots for users in the considered cell aiming to ensure that
users utilizing the same pilot have distinguishable angle-of-arrivals. However, all these schemes rely on the existence
assumption of a line-of-sight component between BS and users, and of small channel angle spread of the multipath
components observed at the BS, typically observed in rural and suburban areas, or if the BS is much higher than the sur-
rounded structures with few scatters around.9 Since this is not always the case, we investigate in this paper, PA schemes
to be deployed in less restrictive scenarios.

Power allocation is another efficient way of improving the performance of wireless communication networks. For the
multicell massive MIMO scenario, the problem of power allocation was investigated in the work of Zhang et al10 under
the perspective of maximizing the sum rate per cell. It was shown that the proposed method achieves substantial gains
over the equal power allocation policy. However, for a practical system, maximizing the sum rate per cell is not the most
suitable objective, since the performance of some users (typically those at the edge) may be severely penalized to provide
very increased rates for others. On the other hand, in the work of Björnson et al,11 a power allocation technique able to
provide the same performance for all served users in DL and UL is proposed. The UL power allocation policy allocates
for each user a power proportional to a desired received signal-to-noise ratio (SNR) at the BS divided by its long-term
fading coefficient. Since shadowing has not been assumed in that work, one has just to ensure that the desired SNR
level allows the cell boundary user to transmit without exceeding the maximum transmit power of its device. Clearly, in
a more realistic scenario, a severely shadowed user near the cell edge may not be able to transmit with such power. A
fairer optimization metric is adopted by the power control algorithm proposed in the work of Rasti and Sharafat12 for a
code-division multiple access network, which consists of providing a target performance for the majority of the users in
the network. Since such approach is very suitable in the context of Ma-MIMO systems, we have adopted this distributed
power control algorithm herein.
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In this paper, we address the PA problem from joint UL and DL perspectives. Since the performance bottleneck of
Ma-MIMO systems is due to the edge users suffering with severe pilot contamination,1 we consider the objective of provid-
ing a target performance for the majority of the users. For this sake, the pilot allocation metric of maximizing the minimum
SINR is the most suitable, and our proposed scheme amalgamates such metric with the power control algorithm in the
work of Rasti and Sharafat,12 by only knowing the power and the long-term fading coefficients of users in adjacent cells.
We first propose a low-complexity suboptimal solution of the MaxminSINR DL PA problem in the work of in the work
of Marinello and Abrão.4 Then, we show that the optimization under DL and UL perspectives are conflicting, since the
optimal performance in both directions cannot be simultaneously achieved with any pilot configuration. We thus propose
an alternative PA procedure from the definition of the overall system capacity, as the sum of DL and UL capacities. Our
numerical results demonstrate that, under this metric, significant gains can be achieved in DL and UL concomitantly. In
addition, a low-complexity suboptimal approach for solving the joint UL-DL PA problem is discussed. Finally, we adapt
the power control algorithm in the work of Rasti and Sharafat12 to the Ma-MIMO scenario with a finite number of BS
antennas and show that much more significant gains can be attained by the PA schemes when combined with an efficient
power control algorithm. Different than the work of Zhu et al,3 which proposed a PA technique that optimizes only the
UL, and than the work of Marinello and Abrão,4 which proposed a PA technique that optimizes only DL, our proposed
PA metric is able to provide an improved performance for UL and DL at the same time. This is particularly interesting
since the entire communication process occurs in practice with a single pilot distribution, and UL and DL PA metrics are
conflicting, as we demonstrate in this paper. In addition, we also propose a low-complexity near-optimal algorithm for
avoiding the exhaustive search and combine the PA techniques with the power control algorithm in the work of Rasti and
Sharafat12 adapted to a Ma-MIMO scenario. Our analysis assumes the BS using simpler schemes for detection and pre-
coding: maximum ratio combining (MRC) and maximum ratio transmission (MRT), respectively. Although not optimal
in the presence of multiuser interference, these techniques are extensively adopted in massive MIMO literature due to its
reduced complexity, simplified implementation, and improved energy efficiency achieved.13-15

The rest of this paper is organized as follows. The system model is described in Section 2, whereas the proposed PA opti-
mization schemes are discussed in Section 3. The adopted power control algorithm are described in Section 4. Illustrative
numerical results are explored in Section 5. Final remarks and conclusions are offered in Section 6.

2 SYSTEM MODEL

We consider a similar system model in the works of Zhu et al3 and Marinello and Abrão,4 which is composed of L hexago-
nal cells, each one equipped with N antennas BS serving K single-antenna users. Time-division duplex (TDD) is assumed,
thus reciprocity holds, and channel state information (CSI) is acquired by UL training sequences transmission. The N× 1
channel vector between the BS of the ith cell and the k′th user of the jth cell is denoted by gik′j =

√
βik′jhik′j, in which

βik′j denotes the long-term fading coefficient, comprising path loss and log-normal shadowing, hik′j ∼  (0N , IN) is
the short-term fading channel vector, whereas 0N is a null column vector of size N × 1, and IN is the identity matrix of
size N. Under this model, the short-term fading models the random fluctuations of the signal received due to the superpo-
sition of several unsolvable wavefronts coming from different paths, but with similar delays. On the other hand, shadow
fading models the random variation of the received signal power due to blockage from objects in the signal path that
attenuate signal power through absorption, reflection, scattering, and diffraction. Moreover, the deterministic path-loss
model should be able to describe and quantify the dissipation of the power radiated by the transmitter toward the receiver
and by the effects of the propagation channel.16 Figure 1 exemplifies our considered scenario considering L = 7 cells,
and K = 2 users.

The pilot sequences' set is 𝚿 = [𝛙1 𝛙2 … 𝛙K] ∈ CK×K , and the sequence length is also K. This set of sequences is
orthogonal, and thus,𝚿H𝚿 = IK holds, being {·}H the Hermitian operator. If it is assigned for the k′th user, the sequence
𝛙k′ = [ψk′1 ψk′2 …ψk′K]T , being {·}T the transpose operator, the received signal at the ith BS during the training stage is

Yp
i =

√
ρp

L∑
j=1

K∑
k=1

gikj𝛙H
k +Np

i , (1)

in which ρp is the UL pilot transmit power, and Np
i ∈ CN×K is the additive white Gaussian noise (AWGN) matrix with

independent and identically distributed elements, following a complex normal distribution with zero mean and variance
σ2

n. Note that we have assumed a uniform power allocation policy in the UL training stage. As discussed in the work of
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FIGURE 1 Multicell massive multiple-input–multiple-output (Ma-MIMO) scenario adopted, when L = 7, and K = 2

Fernandes et al,17 any effect of pilot power allocation can be alternatively achieved through transmit power allocation and
constant pilot powers, and thus, no loss is incurred in assigning a constant pilot power ρp to all users. The ith BS then
estimates the k′th user CSI by correlating the received signal Yp

i with 𝛙′k

ĝik′ =
1√
ρp

Yp
i 𝛙k′ =

L∑
j=1

gik′j + vik′ , (2)

where vik′ = 1√
ρp Np

i 𝛙k′ ∼  (0N ,
σ2

n
ρp IN) is an equivalent noise vector. The pilot contamination effect can be clearly seen

in the previous expression. By acquiring such CSI estimates, the BS is able to perform linear detection in the UL and linear
precoding in the DL, deploying MRC and MRT, respectively. Our choice for these detection/precoding schemes is because
of their reduced complexity, simplified implementation, and good performance results when the number of BS antennas
increases,14 tightly approaching the performance of other schemes with higher computational complexity.13 During UL
data transmission, the ith BS receives the signal

yu
i =

L∑
j=1

K∑
k=1

√
ρu

kjgikjxu
kj + nu

i , (3)

in which ρu
kj and xu

kj are the UL data transmit power and the data symbol, respectively, from the kth user of the jth cell,
and nu

i ∼  (0N , σ2
nIN) is the N × 1 AWGN sample vector. This BS then estimates the transmitted symbol as

x̂u
k′i = ĝ H

ik′y
u
i . (4)

Similarly, during a DL data transmission, the k′th user of the jth cell receives the signal

yd
k′j =

L∑
i=1

K∑
k=1

√
ρd

ikgT
ik′jpikxd

ik + nd
k′j, (5)

where ρd
ik and xd

ik is the DL data transmit power and the DL data transmitted from the ith BS to his kth user, and nd
k′j ∼

 (0, σ2
n) is an AWGN sample. In addition, pik is the beamforming vector that the ith BS computes to precode its kth user

data. Deploying MRT, this vector is defined as17

pik =
ĝ∗ik||ĝik|| =

ĝ∗ik
αik

√
N
, (6)

in which the scalar αik =
||ĝik||√

N
is a normalization factor necessary to guarantee that ||√ρd

ikpikxd
ik||2 = ρd

ik.
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Following the analysis in the works of Marzetta et al2 and Filho et al,14 it can be shown from Equations 4 and 5 that the
UL and DL SINR performance of Ma-MIMO systems with MRC and MRT are given, respectively, by

ςu
k′i =

ρu
k′iβ

2
ik′i

L∑
l=1
l≠i

ρu
k′lβ

2
ik′l +

α2
ik′

N

( L∑
l=1

K∑
k=1
ρu

klβikl + σ2
n

) , (7)

ςd
k′j =

ρd
jk′β

2
jk′j

/
α2

jk′

L∑
l=1
l≠j

ρd
lk′β

2
lk′j

/
α2

lk′ +
1
N

( L∑
l=1
βlk′j

K∑
k=1
ρd

lk + σ
2
n

) , (8)

in which α2
jk =

∑L
𝓁=1 βjk𝓁 +

σ2
n
ρp . It is straightforward to see from Equations 7 and 8 that the asymptotic UL and DL SINR

(N →∞) converge, respectively, to

ςu
k′i =

ρu
k′iβ

2
ik′i

L∑
l=1
l≠i

ρu
k′lβ

2
ik′l

, ςd
k′j =

ρd
jk′ β

2
jk′j

/
α2

jk′

L∑
l=1
l≠j

ρd
lk′ β

2
lk′j

/
α2

lk′

. (9)

Although UL and DL SINR (9) are similar-looking expressions, they have different statistical characteristics, as dis-
cussed in the work of Marzetta.1 While interference in UL is irradiated from users in neighboring cells using the same kth
pilot sequence to the ith BS, interference in DL is irradiated from neighboring BS's to the user in the jth cell using the kth
pilot sequence. While in UL, the receiver is fixed, and the multiple transmitters are moving, in DL, multiple fixed trans-
mitters communicate with a mobile receiver. In addition, different behaviors will be seen in each direction with respect
to PA, as explained in the following.

3 PA OPTIMIZATION

In this section, the Ma-MIMO system performance is improved by suitably assigning the pilot sequences to the users.3,4

We assume a decentralized allocation procedure, in which PA is performed sequentially by each cell, regarding its covered
users. The convergence of this procedure is discussed in the work of Marinello and Abrão4 and shown by numerical
results in Zhu et al.3 In addition, in this PA stage, it is assumed that the knowledge of the users' power distribution in
the cells, and the focus is at the asymptotic performance expressions in Equation 9 for simplicity. Then, in Section 4, we
evaluate the power control algorithm based on the PA obtained here and demonstrate the performance improvements
of our proposed schemes for finite number of antennas in Section 5. The SINR expressions in Equation 9 were obtained,
assuming that the k′th pilot sequence* is assigned to the k′th user, ie, under a random strategy. However, if we assume
that the pth pilot is assigned to the cpth user in the ith cell, the UL SINR can be rewritten as

ςu
cpi =

ρu
cpiβ

2
icpi

L∑
j=1
j≠i

ρu
pjβ

2
ipj

, (10)

that is the UL SINR of the user in the ith cell using the pth pilot, namely, the cpth user. The performance bottleneck in
Ma-MIMO systems is due to users with severe pilot contamination.1 Thus, a fair objective is to maximize the minimum
UL SINR among the users, as the following optimization problem3:

u ∶ max
l
min

p
ςu

clpi, (11)

in which clp is the l, pth element of matrix C ∈ NK!×K , which contains every possible PA that a given cell can adopt. clp
means that in the lth PA combination, the pth pilot is assigned to the clpth user. Obviously, the complexity of solving
Equation 11 via an exhaustive search grows with K in a factorial fashion. A viable and heuristic solution is proposed in
the work of Zhu et al,3 where the pilot sequences with the worst interference levels are assigned to the users with the
highest long-term fading coefficients. Such greedy method achieves a near-optimal solution with reduced complexity.

*With “k′-th pilot sequence”, we refer to the pilot of index k′ in the set of available pilot sequences.
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FIGURE 2 Effect of reassigning pilot sequences in the considered cell, in uplink (UL) (up) and downlink (DL) (down). Although it
appears from the Figure that reassigning pilots has no effect in DL, the previous UL pilot transmission stage results in some variations on the
signals' strength

On the other hand, the DL SINR in Equation 9 can also be improved via PA as in the work of Marinello and Abrão.4

Assuming that the pth pilot is assigned to the cpth user in the jth cell, the DL SINR becomes

ςd
cp j =

ρd
jcp
β2

jcp j

βjcp j + ϑjp( j)

1
L∑

i=1
i≠j

ρd
icp
β2

icp j

βicpj+ϑip( j)

, (12)

where ϑip( j) =
∑L

𝓁=1
𝓁≠j
βip𝓁 +

σ2
n
ρp does not depend on for what user the pth pilot will be assigned. Thus, an alternative PA

optimization procedure for DL is proposed as
d ∶ max

l
min

p
ςd

clp j. (13)

One can see that the dependence of the DL SINR with the assignment of pilots to users is not so simple as it is in the UL
scenario, and hence, the PA problem of Equation 13 was solved in the work of Marinello and Abrão4 only via exhaustive
search. However, communication systems are usually asymmetric, and the DL data transmission might be predomi-
nant in comparison with the UL data transmission. Therefore, solving the optimization problem in Equation 13 in a
low-complexity way is also quite appealing in practice. The main difficulty is that the interference in DL for the pth pilot
(denominator of the second term in Equation 12) is dependent on what user this sequence is assigned, and thus, a greedy
method cannot be applied as in the work of Zhu et al.3 If a user changes its pilot sequence, the DL interference due to
pilot contamination reaching him/her is still mainly dominated by his long-term fading coefficients with respect to neigh-
boring BS's, which do not change, as illustrated in Figure 2. The exception is due to the DL normalization factors, which
retain some dependence with the assigned pilot sequence from the UL training channel estimation.

3.1 Joint UL-DL PA
One can note that the optimization problems of Equations 11 and 13 are conflicting, as numerically demonstrated in the
next section. If the UL performance metric is optimized, the DL performance will be close to that attained with a random
assignment policy, and vice versa. Thus, we elaborate our analysis aiming to jointly achieve the best possible performance
in UL and DL, concurrently. One approach could be adopting multiobjective optimization. In this paper, we prefer a
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simpler strategy. We assume in the adopted TDD scheme a channel coherence block of  symbols, of which K are devoted
to UL pilot transmission, ξu(−K


) and ξd(−K


) for UL and DL data transmission, respectively, in which the factors ξu and

ξd ∈ (0, 1), ξu + ξd = 1, and both ξu(−K

) and ξd(−K


) are integers. Then, for a system bandwidth BW, the total capacity

(TC) of the user in the ith cell for which the pth pilot is assigned is defined as

T
cpi = bw

(
 − K


) [
ξulog2

(
1 + ςu

cpi

)
+ ξdlog2

(
1 + ςd

cpi

)]
. (14)

Hence, an alternative optimization problem can be defined as

TC ∶ max
l
min

p
T

clpi. (15)

3.2 Heuristic PA solutions
For solving the DL assignment problem avoiding the exhaustive search, we first create a cost matrix 𝚪(i) ∈ RK×K , whose
j, pth element is the DL SINR achieved by the jth user in the ith cell when the pth pilot sequence is assigned to him/her, ie,
γ(i)jp = ς

d
cpi when cp = j. Then, our proposed low-complexity suboptimal solution consists of finding the pilot, with whom each

user achieves its maximal DL SINR. The user with the lowest maximal DL SINR will have such pilot sequence assigned
to him/her. This procedure is repeated, excluding the users and the pilots already assigned, until allocating every pilot
sequence, as described in Algorithm 1.

In order to obtain a low-complexity form for solving the joint UL-DL PA in Equation 15 while achieving near-optimal
performance, this same heuristic procedure can be applied. In this case, we initialize the cost matrix 𝚪(i) (line 1 in
Algorithm 1) in an alternative way, such that γ(i)jp = T

cpi when cp = j, since the TC as defined in Equation 14 is calculated
as a weighted log function of both UL and DL SINRs. Then, we apply our proposed heuristic method in a similar way as
in Algorithm 1.

4 POWER CONTROL ALGORITHM

With the purpose of serving the users with a target SINR, the target-SIR-tracking (signal-to-interference ratio) algorithm
measures the interference seen by each user and assigns to him/her the exact power to reach the target SINR, unless if this
power exceeds the maximum power available. In this case, the maximum power is allocated for this user. It is shown in the
work of Rasti and Sharafat12 that this power allocation procedure is not the most suitable, since assigning the maximum
power for the users with poor channel conditions causes an excessive interference for the other users, and waste energy
because this user may remain with a low SINR. Being ς̂d

k′𝓁 the target downlink SINR for the k′th user of the 𝓁th cell, and
ρ̄d
𝓁k′ the maximum DL transmit power that can be assigned to him/her, the target-SIR-tracking algorithm updates power

at the ith iteration according to
ρd
𝓁k′ (i) = min

[
ς̂d

k′𝓁
d
k′𝓁(i), ρ̄

d
𝓁k′

]
, (16)
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TABLE 1 Target signal-to-interference-plus-noise ratios
(SINRs) of the power control algorithm adopted for each pilot
assignment (PA) technique

Number of Users PA Scheme DL UL
Random −9 dB −10 dB

K = 10 H-MaxminSINR DL −2 dB −9 dB
H-MaxminSINR UL −6 dB −4 dB
H-MaxminTC −3 dB −5 dB
Random −11 dB −14 dB

K = 32 H-MaxminSINR DL −7 dB −11 dB
H-MaxminSINR UL −9 dB −7 dB
H-MaxminTC −7 dB −8 dB

Abbreviations: DL, downlink; TC, total capacity; UL, uplink.

in which d
k′𝓁(i) = ρd

𝓁k′ (i − 1)∕ςd
k′𝓁(i − 1) is the interference plus noise seen by this user (denominator of Equation 8)

divided by β2
𝓁k′𝓁∕α

2
𝓁k′ . By contrast, the power control algorithm proposed in the work of Rasti and Sharafat12 updates users'

powers as

ρd
𝓁k′ (i) =

⎧⎪⎨⎪⎩
ς̂d

k′𝓁
d
k′𝓁(i) if d

k′𝓁(i) ≤
ρ̄d
𝓁k′

ς̂d
k′𝓁
,(

ρd
𝓁k′

)2

ς̂d
k′𝓁

d
k′𝓁
(i)

otherwise.
(17)

One can see that the method in the work of Rasti and Sharafat12 assigns power to the users in the same way as the
target-SIR-tracking algorithm if the target SINR can be achieved for the user at that iteration. Otherwise, instead of allo-
cating him/her the maximum power, it allocates him/her a transmit power inversely proportional to that required to
achieve the target. Thus, aside from saving energy relative to users that cannot reach the target SINR, the interference
irradiated to other users also decreases. Equivalently, this same procedure can be applied in UL user power allocation as

ρu
k′𝓁(i) =

⎧⎪⎨⎪⎩
ς̂u

k′𝓁
u
k′𝓁(i) if u

k′𝓁(i) ≤
ρ̄u

k′𝓁
ς̂u

k′𝓁
,(

ρ̄u
k′𝓁

)2

ς̂u
k′𝓁

u
k′𝓁
(i)

otherwise,
(18)

in which ς̂u
k𝓁 is the target UL SINR of the user, ρ̄u

k𝓁 its maximum UL transmit power, and

u
k′𝓁(i) =

L∑
l=1
l≠𝓁

ρu
k′l(i − 1)β2

𝓁k′l +
α2
𝓁k′

N

(∑
l

∑
k
ρu

kl(i − 1)β𝓁kl + σ2
n

)

β2
𝓁k′𝓁

.

When deploying these power control algorithms, the target SINR parameter should be carefully chosen. If a somewhat
lower value is adopted, the algorithm saves energy by delivering just the target SINR to the users, taking low advantage
of the resources and providing poor performance for the system. If an excessive target SINR is considered, many poor
located users will have their powers gradually turned off to provide the desired performance for the other better located
users. Hence, in Section 5.2, the target SINR was chosen in each scenario by finding the value that achieves the highest
throughput for 95% of the users, by means of numerical simulations. For each investigated PA technique, each number
of scheduled users, and for both UL and DL, we have varied the target SINR of the power control algorithm in the range
of −15 to 0 dB in steps of 1 dB to find the value that achieved the best 95% likely performance. The adopted values for
the target SINRs in the Section 5.2 are indicated in Table 1. Our main objective with this procedure is to show the full
potential of the investigated power control algorithm in conjunction with our proposed PA techniques. However, as the
obtained values for the target SINR are dependent on the actual conditions of the communication system, like number
of users, transmit SNR, and others; in Section 5.3, we explore a more practical and appealing scenario. In this case, the
target SINR for the power control algorithm is that required to provide a desired per user rate for both UL and DL. Such
rate is chosen in accordance with the number of scheduled users and aiming to provide an appreciable performance for
the system as a whole.
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FIGURE 3 Fraction of users above a given rate for N = 128 and K = 4. A, Downlink (DL); B, Uplink (UL); C, Total

5 NUMERICAL RESULTS

The Ma-MIMO system performance is numerically evaluated in this Section. We consider L = 7 interfering hexagonal
cells of 1000-m radius, where K users are uniformly distributed, except in a circle of 100-m radius around the cell centered
BS,4 with universal frequency and pilot reuse. This is equivalent to say that we consider the performance of a given
cell with the interference from 6 nearest-neighbor cells, since only the performance metrics of users in central cell are
computed. We consider a system bandwidth of 20 MHz, a signal-to-noise ratio of 10 dB for pilot, UL data, and DL data
transmission, and a TDD architecture similar to the work of Björnson et al,11 with  = 100 symbols,† of which K are
dedicated to UL pilot transmissions, and the remainder are equally divided between UL and DL data transmissions (ξu =
ξd = 0.5). The path-loss decay exponent was adopted as 3.8, and the standard deviation of the log-normal shadowing
was assumed to be 8 dB. In addition, since in practice, the number of antennas at the BS is limited by several factors,
like physical size constraints, power expenditures, hardware cost, among others, we focus on Ma-MIMO systems with a
moderate to high number of antennas, N ∈ [64, 512].

We refer to the PA that solves Equation 11 as MaxminSINR UL, the one solving Equation 13 as MaxminSINR DL,
and the solution of Equation 15 as MaxminTC. In addition, the heuristic approach of each solution is referred by the
respective method preceded by “H.” Note that MaxminSINR UL and H-MaxminSINR UL were proposed in the work of
Zhu et al,3 whereas MaxminSINR DL was proposed in the work of Marinello and Abrão.4 The H-MaxminSINR DL consists
in applying our proposed heuristic algorithm described in Section 3.2 for solving the PA problem formulation in the work
of Marinello and Abrão,4 avoiding the exhaustive search, whereas MaxminTC and H-MaxminTC consist in the solutions
of our proposed PA formulation of Section 3.1 via exhaustive search and via our heuristic algorithm, respectively.

5.1 Performance of heuristic approach
Our first objective is to show that the heuristic solutions of MaxminSINR UL, MaxminSINR DL, and MaxminTC achieve
practically the same performance of that attained with exhaustive search, but with a feasible complexity. For this sake,
Figure 3 depicts the fraction of users above a given rate for 128 BS antennas, in terms of DL, UL, and total rate; and
Figure 4 shows the 95% likely rate achieved by each technique with an increasing number of antennas. In both cases,

†Which can represent, for instance, a scenario with 1 ms of channel coherence time and 100 KHz of coherence bandwidth as in the work of
Björnson et al.11
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FIGURE 4 Likely rate of 95% for K = 4. A, Downlink (DL); B, Uplink (UL); C, Total

a uniform power allocation policy was assumed for simplicity, and K = 4 users to allow the evaluation of exhaustive
search in a feasible time. It is noteworthy from Figure 3 the very unfair behavior of primitive Ma-MIMO systems (with no
pilot and power allocation policies), which provides very high data rates for some portion of the users, while providing
low quality of service for others. One can note also that appreciable improvements can be achieved with PA techniques.
The conflicting behavior of UL and DL optimization metrics is represented in the Figure 3, since while MaxminSINR DL
achieves the best performance in DL, its UL performance is close to that attained by random PA. The opposite occurs
with MaxminSINR UL. On the other hand, MaxminTC achieves good performance in both directions, at the same time
it achieves the best performance in terms of total rates. In addition, no significant performance loss can be seen for any
heuristic PA when compared with its respective exhaustive search solution. Similar findings can be taken from Figure 4,
which also reveal that it is always beneficial improving the number of antennas in BS.

5.2 Performance of PA with power control
Having demonstrated the good performances achieved by the heuristic PA techniques, our goal now is to demonstrate that
the power control algorithm achieves a much improved performance when combined with an appropriate PA scheme.
In addition, we discard the exhaustive search PA algorithms to enable a higher number of users. For K = 10 and using
power control, Figure 5 shows the fraction of users above a given rate for N = 128, whereas Figure 6 shows the 95% likely
rate achieved with an increasing number of antennas. The target SINR's performances of the power control algorithm for
each scheme were empirically chosen to provide the higher throughput for 95% of the users, as indicated in Table 1. It
can be seen that much more uniform user performances are achieved with power control, and that the assured perfor-
mance can be considerably improved with a proper choice of the PA used. For example, as can be seen in Figure 6, with
random assignment, the 95% likely DL rate increases from 92.5 kbps to 1.528 Mbps with N = 128 antennas when using a
power control, whereas this DL rate increase is from 388.3 kbps to 5.251 Mbps when the H-MaxminTC is the PA adopted.
Similarly, in the UL, the 95% likely UL rate with random assignment increases from 3.4 kbps to 1.235 Mbps when using
power control, and from 11.4 kbps to 3.566 Mbps with H-MaxminTC as PA policy and N = 128. It can also be seen that
H-MaxminTC algorithm with power control procedure has the ability of assuring an appreciable system quality of service
improvement by jointly optimizing the DL and UL data rates, contrary to H-MaxminSINR DL and H-MaxminSINR UL
that assure good rates only on its preferential direction, ie, either in DL or in UL direction.

Figures 7 and 8 do the same with K = 32 users, from which similar findings can be taken. While the 95% likely DL
rate for N = 128 antennas under random PA increase from 41.3 to 746.2 kbps, this DL rate increase with H-MaxminTC
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FIGURE 6 Likely rate of 95% for K = 10. A, Downlink (DL); B, Uplink (UL); C, Total. Power control evaluated with target
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is from 191.6 kbps to 1.782 Mbps. Similarly for the 95% likely UL rate with N = 128, this gain under random PA is from
0.5 to 382.5 kbps, and from 2.0 kbps to 1.442 Mbps with H-MaxminTC PA. The decrease in the assured rates with this
higher number of users is due not only to the increased multiuser interference but also to the increased pilot overhead
necessary to obtain CSI estimates of this increased number of users. On the other hand, it allows the PA schemes to
achieve improved gains in comparison with random assignment because of the greater multiuser diversity.
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5.3 Performance with target rates
Performance results with power control as depicted in Figures 5 to 8 were obtained after a careful but nonexhaustive
process of finding suitable target SINR performances for each scheme under the considered scenarios, as summarized
in Table 1. However, these values of target performances are dependent of the instantaneous conditions of the commu-
nications systems, like the number of users served and pilot and data SNRs, which are dynamically changing. Thus, a
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FIGURE 9 Likely rate of 95% for K = 10. A, Downlink (DL); B, Uplink (UL); C, Total. Power control evaluated with a target rate of
4.2 Mbps per user, for both UL and DL.
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FIGURE 10 Likely rate of 95% for K = 32. A, Downlink (DL); B, Uplink (UL); C, Total. Power control evaluated with a target rate of
1.4 Mbps per user, for both UL and DL

more practical scenario consists in fixing a DL and UL target rates, from which the target SINR's input parameters of the
power control algorithm are obtained. Under this strategy for the power control algorithm, Figure 9 shows the 95% likely
rates obtained when fixing a target per user rate of 4.2 Mbps for both DL and UL when serving K = 10 users. Similarly,
Figure 10 depicts the same performance metric when fixing a target rate for the power control algorithm of 1.4 Mbps for
both DL and UL, considering K = 32 users. It can be seen from Figure 9 that H-MaxminTC PA with power control is able
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to assure the target rates in both DL and UL even with just N = 64 antennas, whereas the H-MaxminSINR DL PA with
power control fails in this objective for UL, and the opposite holds for H-MaxminSINR UL. It is important to note that
even with the 95% likely DL and UL rate of 4.2 Mbps assured by H-MaxminTC PA with power control, a 95% likely total
rate of 8.4 Mbps is not assured, since the set of users that do not achieve the target DL rate is not necessarily the same
users that do not achieve the target UL rate. Very similar conclusions can be made from Figure 10, which shows that
H-MaxminTC PA with power control is able to assure an appreciable 95% likely DL and UL per user rates of 1.4 Mbps for
K = 32 users with only N = 64 BS antennas. If more BS antennas were allowed, such assured rates could be made higher
due to the lower levels of noncoherent interference, as can be inferred from Equations 7 and 8.

6 CONCLUSIONS

The PA optimization problem was addressed in this paper. Different from previous works, we have investigated the
problem from both UL and DL perspectives. Our analysis have shown that, due to the different characteristics of UL and
DL SINR expressions in Ma-MIMO, the PA optimization problems in UL and DL are conflicting. If the UL performance
is optimized, it incurs in a limited performance in DL, and vice versa. Thus, we have proposed an efficient alternative
metric, ie, the TC, which enables the Ma-MIMO system to achieve appreciable performances in both directions simul-
taneously. In addition, aiming to avoid an exhaustive search of factorial order, a heuristic solution capable of finding a
near-optimal solution expending reduced computational resources has been also proposed. Finally, we have adapted the
target-SIR-tracking power control algorithm to our scenario of massive MIMO systems with a finite number of BS anten-
nas, and the investigated PA schemes have been combined with it. Our results demonstrated that much more improved
gains can be achieved by this power control algorithm if they are applied after a suitable PA procedure, and that such
gains can be attained even in more realistic scenarios of a not-so-large number of BS antennas. For example, our proposed
H-MaxminTC PA scheme with power control was able to provide a 4.2 Mbps per user rate for both DL and UL directions
with 95% probability when serving 10 users with only 64 antennas at BS, while an assured symmetric per user rate of
1.4 Mbps is achieved when serving 32 users with 64 antennas.
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Abstract
We investigate the effects of pilot assignment in multi-cell massive multiple-input multiple-output systems. When deploying
a large number of antennas at base station (BS), and linear detection/precoding algorithms, the system performance in both
uplink (UL) and downlink (DL) is mainly limited by pilot contamination. This interference is proper of each pilot, and thus
system performance can be improved by suitably assigning the pilot sequences to the users within the cell, according to
the desired metric. We show in this paper that UL and DL performances constitute conflicting metrics, in such a way that
one cannot achieve the best performance in UL and DL with a single pilot assignment configuration. Thus, we propose an
alternative metric, namely total capacity, aiming to simultaneously achieve a suitable performance in both links. Since the PA
problem is combinatorial, and the search space grows with the number of pilots in a factorial fashion, we also propose a low
complexity suboptimal algorithm that achieves promising capacity performance avoiding the exhaustive search. Besides, the
combination of our proposed PA schemes with an efficient power control algorithm unveils the great potential of the proposed
techniques in providing improved performance for a higher number of users. Our numerical results demonstrate that with 64
BS antennas serving 10 users, our proposed method can assure a 95%-likely rate of 4.2Mbps for both DL and UL, and a
symmetric 95%-likely rate of 1.4Mbps when serving 32 users.

Keywords Massive MIMO · Pilot contamination · Pilot assignment · Joint uplink-downlink optimization · Heuristic · Power
control

1 Introduction

Pilot contamination is themost salient impairment ofmassive
multiple-input multiple-output (Ma-MIMO) systems [1,2].
Due to this issue, it can be shown that interference seen by
each user is dependent on the pilot sequence he is employ-
ing. Thus, one can improve system performance by suitably
assigning the pilots to the users in the cell, as discussed in
[3] and [4]. The pilot assignment (PA) problemwas solved in
[3] from the uplink (UL) perspective, and a low-complexity
near-optimal solution was proposed. Such simple and very
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efficient solution was possible due to the simple dependence
between performance and pilot assignment seen in UL. Pilot
contamination interference in UL is due to the signals trans-
mitted from users in adjacent cells sharing a given pilot
sequence that reaches certain base station (BS). The user
that will experience such interference is the one to which
this pilot sequence is assigned in the cell. Under a max-min
optimization perspective, the solution proposed in [3] sim-
ply assigns the worst pilot sequences in a given instant, in
terms of pilot contamination arising from adjacent cells, to
the best located users, i.e., those with the higher long-term
fading coefficients.

In [4], the PA problem was investigated from the down-
link (DL) perspective, under several metrics. However, as
the dependence of DL signal-to-interference-plus-noise ratio
(SINR) with the pilot assignment occurs in a more complex
way than in UL, the problem was solved only via exhaustive
search. Different than UL, pilot contamination interference
in DL is due to the signals transmitted from neighbouring
BS’s to the users at their respective cells sharing certain
pilot sequence, but that inadvertently reaches the user in the
considered cell employing this pilot. If this user changes its

123
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pilot sequence, part of the pilot contamination reaching him
remains unchanged, since the distance between the user and
adjacent cells as well as the long-term fading coefficients
remain the same. The part of interference that changes is due
to the power normalization factors, that retain some depen-
dence with the UL pilot transmission stage, as better clarified
in this manuscript, which also proposes low-complexity DL
pilot assignment schemes.

A greedy PA scheme is proposed for optimizing the DL
performance of cell-freeMa-MIMO systems in [5]. This new
concept ofMa-MIMO system comprises a very large number
of distributed single-antenna access points simultaneously
serving a much smaller number of users. Although having
considerably improved performance with respect to conven-
tional collocated Ma-MIMO systems due to the diversity
of long-term fading coefficients, the system implementa-
tion cost is significantly higher due to the complex backhaul
network and the very large number of access points to be
installed. Besides, the proposed PA scheme aims to improve
just the DL performance. As shown in this paper, UL and
DL optimization metrics constitute conflicting objectives,
since if one scheme optimizes system DL performance, the
UL performance will be close to that attained with random
assignment, and vice-versa. Thus, our main purpose in this
paper is to design a PA methodology able to jointly optimize
DL and UL perspectives.

Another promising PA technique is proposed in [6] to
improve UL performance, in which a weighted graph-
coloring-based pilot decontamination scheme is developed.
The solution consists in constructing an edge-weighted
interference graph aiming to depict the potential pilot con-
tamination between users, whereby two users in different
cells are connected by a weighted edge, indicating the inter-
ference strength when they reuse the same pilot. Then,
inspired by classical graph coloring algorithms, the proposed
solution denotes each color as a pilot and each vertex as a user
in the interference graph, which is able to improve perfor-
mance by assigning different pilots to connected users with a
large weight in a greedy way. On the other hand, an efficient
PA technique for improving DL performance of wideband
massive MIMO systems is proposed in [7] by exploiting
channel sparsity. Authors employ Karhunen-Loéve Trans-
form and Discrete Fourier Transform to capture the hidden
sparsity of the channel, and find that the subspaces of the
desired and interference channels are approximately orthog-
onal when the channels are represented with the aid of DFT
basis. Then, a pilot assignment policy is designed to help
identify the subspace of the desired channel, and a desired
channel subspace aware least square channel estimator is
derived to remove pilot contamination.

Several pilot assignment schemes have been proposed
recently based on the location-aware approach [8,9]. Authors
have proposed some filtering techniques which are able

to significantly remove pilot contamination from channel
estimates if the training signals transmitted from users of
different cells sharing a given pilot reach the considered BS
with different angle-of-arrivals (AOAs). For this sake, the
location-aware PA technique assigns the pilots for users in
the considered cell aiming to ensure that users utilizing the
same pilot have distinguishable AOAs. However, all these
schemes rely on the existence assumption of a line-of-sight
component betweenBS and users, and of small channel angle
spread of themulti-path components observed at the BS, typ-
ically observed in rural and sub-urban areas, or if the BS is
much higher than the surrounded structures with few scatters
around [9]. Since this is not always the case, we investigate
in this paper PA schemes to be deployed in a less restrictive
scenarios.

Power allocation is another efficient way of improving
the performance of wireless communication networks. For
the multicell massive MIMO scenario, the problem of power
allocation was investigated in [10] under the perspective of
maximizing the sum rate per cell. It was shown that the pro-
posedmethod achieves substantial gains over the equal power
allocation policy. However, for a practical system, maximiz-
ing the sum rate per cell is not the most suitable objective,
since the performance of some users (tipically those at the
edge) may be severely penalized in order to provide very
increased rates for another ones. In [11], a max-min power
allocation policy is proposed in conjunction with a multicell-
aware regularized zero-forcing precoding to improve fairness
in the massive MIMO DL. The proposed technique achieves
substantially higher network-wide minimum rates than con-
ventional techniques, but is applicable only for DL. On the
other hand, in [12], a power allocation technique able to pro-
vide the same performance for all served users in DL and UL
is proposed. The UL power allocation policy allocates for
each user a power proportional to a desired received signal-
to-noise ratio (SNR) at the BS divided by its long-term fading
coefficient. Since shadowing have not been assumed in that
work, one has just to ensure that this desired SNR level allows
the cell boundary user to transmitwithout exceeding themax-
imum transmit power of its device. Clearly, in amore realistic
scenario, a severely shadowed user near the cell edge may
not be able to transmit with such power. A fairer optimization
metric is adopted by the power control algorithm proposed
in [13] for a code division multiple access network, which
consists of providing a target performance for the majority of
the users in the network. Since such approach is very suitable
in the context of Ma-MIMO systems, we have adopted this
distributed power control algorithm herein.

In this paper, we address the PA problem from jointly
UL and DL perspectives. Since the performance bottleneck
of Ma-MIMO systems is due to the edge users suffering
with severe pilot contamination [1], we consider the objec-
tive of providing a target performance for the majority of
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the users. For this sake, the pilot allocation metric of max-
imizing the minimum SINR is the most suitable, and our
proposed scheme amalgamates such metric with the power
control algorithm of [13], by only knowing the power and
the long-term fading coefficients of users in adjacent cells.
We first propose a low-complexity suboptimal solution of
the MaxminSINR DL PA problem of [4]. Then, we show
that the optimization under DL and UL perspectives are con-
flicting, since the optimal performance in both directions
cannot be simultaneously achieved with any pilot configu-
ration. We thus propose an alternative PA procedure from
the definition of the overall system capacity, as the sum of
DL and UL capacities. Our numerical results demonstrate
that, under this metric, significant gains can be achieved in
DL and UL concomitantly. Besides, a low complexity sub-
optimal approach for solving the joint UL-DL PA problem
is discussed. Finally, we adapt the power control algorithm
of [13] to the Ma-MIMO scenario with finite number of BS
antennas, and show that much more significant gains can be
attained by the PA schemes when combined with an efficient
power control algorithm.

Our main contributions can be summarized as follows:
i) different than [4] that solved the DL PA problem only via
exhaustive search,wepropose a near optimal low-complexity
method for solving it; ii) different than [3–7], we investi-
gate the PA optimization problem from both UL and DL
perspectives, showing that a single pilot assignment config-
uration cannot lead to the optimal performance in both links
at the same time; iii) we then formulate a novel PA opti-
mization metric, namely the total capacity, which is able to
achieve good performances in both links concomitantly; iv)
a near optimal low-complexity solution for the total capac-
ity PA problem is also proposed; v) we then combine the
investigated PA techniques with an efficient power control
algorithm, showing that even more impressive performances
can be achieved.

The rest of this paper is organized as follows. The sys-
tem model is described in Sect. 2, while the proposed pilot
assignment optimization schemes are discussed in Sect. 3.
The adopted power control algorithm are described in Sect. 4.
Illustrative numerical results are explored in Sect. 5. Final
remarks and conclusions are offered in Sect. 6.

2 Systemmodel

We consider a similar system model of [3,4], which is com-
posed of L hexagonal cells, each one equipped with a N
antennas BS serving K single-antenna users. Time division
duplex (TDD) is assumed, thus reciprocity holds, and channel
state information (CSI) is acquired by UL training sequences
transmission. The N × 1 channel vector between the BS
of i-th cell and the k′-th user of j-th cell is denoted by

gik′ j = √
βik′ jhik′ j , in which βik′ j denotes the long-term

fading coefficient, comprising path loss and log-normal shad-
owing, hik′ j ∼ CN (0N , IN ) is the short-term fading channel
vector, while 0N is a null column vector of size N × 1, and
IN is the identity matrix of size N .

The pilot sequences’ set is � = [ψ1 ψ2 . . . ψK ] ∈
CK×K , and the sequence length is also K . This set of
sequences is orthogonal, and thus �H� = IK holds, being
{·}H the Hermitian operator. If for the k′-th user is assigned
the sequence ψ ′

k = [ψk′1 ψk′2 . . . ψk′K ]T , being {·}T the
transpose operator, the received signal at the i-th BS during
the training stage is

Yp
i = √

ρp
L∑

j=1

K∑

k=1

gik jψH
k + Np

i , (1)

in which ρp is the UL pilot transmit power, Np
i ∈ CN×K

is the additive white Gaussian noise (AWGN) matrix with
i.i.d. elements following a complex normal distribution with
zero mean and variance σ 2

n . Note that we have assumed an
uniform power allocation policy in the UL training stage. As
discussed in [14], any effect of pilot power allocation can
be alternatively achieved through transmit power allocation
and constant pilot powers, and thus no loss is incurred in
assigning a constant pilot power ρp to all users. The i-th BS
then estimates the k′-th user CSI by correlating the received
signal Yp

i with ψ ′
k

ĝik′ = 1√
ρp

Yp
i ψk′ =

L∑

j=1

gik′ j + vik′ , (2)

where vik′ = 1√
ρpN

p
i ψk′ ∼ CN (0N ,

σ 2
n

ρp IN ) is an equivalent
noise vector. The pilot contamination effect can be clearly
seen in the previous expression. By acquiring such CSI esti-
mates, the BS is able to perform linear detection in the UL
and linear precoding in the DL, deploying maximum ratio
combining (MRC) and maximum ratio transmission (MRT),
respectively. It is important to note that only BS has CSI esti-
mates, obtained directly from UL pilot transmissions in (2),
and thus no feedback channel is required. During UL data
transmission, the i-th BS receives the signal

yui =
L∑

j=1

K∑

k=1

√
ρu
k jgik j x

u
k j + nui , (3)

in which ρu
k j and xuk j are the UL data transmit power and the

data symbol, respectively, from the k-th user of the j-th cell,
and nui ∼ CN (0N , σ 2

n IN ) is the N×1AWGN sample vector.
This BS then estimates the transmitted symbol as

x̂uk′i = ĝHik′yui . (4)
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Similarly, during a DL data transmission, the k′-th user of
the j-th cell receives the signal

ydk′ j =
L∑

i=1

K∑

k=1

√
ρd
ikg

T
ik′ jpik x

d
ik + ndk′ j , (5)

where ρd
ik and xdik is the DL data transmit power and the

DL data transmitted from the i-th BS to his k-th user, and
ndk′ j ∼ CN (0, σ 2

n ) is an AWGN sample. Besides, pik is the
beamforming vector that the i-th BS computes to precode its
k-th user data. DeployingMRT, this vector is defined as [14]:

pik = ĝ∗
ik

||̂gik || = ĝ∗
ik

αik
√
N

, (6)

in which the scalar αik = ||̂gik ||√
N

is a normalization factor

necessary to guarantee that ||
√

ρd
ikpik x

d
ik ||2 = ρd

ik .
Following the analysis in [2], it can be shown from (4)

and (5) that the UL andDL SINR performance ofMa-MIMO
systems with MRC and MRT are given, respectively, by

ςu
k′i = ρu

k′iβ
2
ik′i

∑L
l=1
l �=i

ρu
k′lβ

2
ik′l + α2

ik′
N

(∑L
l=1

∑K
k=1 ρu

klβikl + σ 2
n

) ,

(7)

ςd
k′ j = ρd

jk′β2
jk′ j/α

2
jk′

∑L
l=1
l �= j

ρd
lk′β2

lk′ j/α
2
lk′ + 1

N

(∑L
l=1 βlk′ j

∑K
k=1 ρd

lk + σ 2
n

) ,

(8)

in which α2
jk = ∑L

�=1 β jk� + σ 2
n

ρp . It is straightforward to
see from (7) and (8) that the asymptotic UL and DL SINR
(N → ∞) converge, respectively, to

ςu∞
k′i = ρu

k′iβ
2
ik′i∑L

l=1
l �=i

ρu
k′lβ

2
ik′l

, ςd∞
k′ j = ρd

jk′β2
jk′ j/α

2
jk′

∑L
l=1
l �= j

ρd
lk′β2

lk′ j/α
2
lk′

.

(9)

Although UL and DL SINR (9) are similar-looking
expressions, they have different statistical characteristics
as discussed in [1]. While interference in UL is irradiated
from users in neighboring cells using the same k-th pilot
sequence to the i-th BS, interference in DL is irradiated from
neighboring BS’s to the user in j-th cell employing the k-
th pilot sequence. While in UL the receiver is fixed and
the multiple transmitters are moving, in DL multiple fixed
transmitters communicate with a mobile receiver. Besides,
different behaviors will be seen in each directionwith respect
to pilot assignment, as explained in the following.

The performance of the Ma-MIMO system can be
improved both via pilot assignment and by power control.

The optimal performance is achieved solving a joint opti-
mization problem of increased complexity due to the mixed
variables’ types: the pilot assignment is of discrete nature,
while power control is of continuous nature. In this paper, we
adopt a decoupled approach, in which the pilot assignment
is performed assuming uniform power allocation, followed
by a power control algorithm evaluated from the optimized
pilot distribution.

3 Pilot assignment optimization

In this section, the Ma-MIMO system performance is
improved by suitably assigning the pilot sequences to the
users [3,4]. We assume a decentralized allocation procedure,
in which PA is performed sequentially by each cell, regard-
ing its covered users. The convergence of this procedure after
few PA optimization rounds is discussed in [4], and shown
by numerical results in [3].1 Besides, in this pilot assign-
ment stage, it is assumed the knowledge of users’ power
distribution in the cells, and the focus is at the asymptotic per-
formance expressions in (9) for simplicity. Then, in Sect. 4,
we evaluate the power control algorithm based on the pilot
assignment obtained here, and demonstrate the performance
improvements of our proposed schemes for finite number of
antennas in Sect. 5. SINR expressions in (9) were obtained
assuming that the k′-th pilot sequence2 is assigned to the k′-
th user, i.e., under a random strategy. However, if we assume
that the p-th pilot is assigned to the cp-th user in the i-th cell,
the UL SINR can be rewritten as

ςu∞
cpi =

ρu
cpi

β2
icpi

∑L
j=1
j �=i

ρu
pjβ

2
i pj

, (10)

that is the UL SINR of the user in the i-th cell employing
the p-th pilot, namely the cp-th user. The fixed uplink power
distribution ρu

pj , for p = 1, . . . K and j = 1, . . . L , is known
for the i-th cell. The performance bottleneck in Ma-MIMO
systems is due to users with severe pilot contamination [1].
Thus, a fair objective is to maximize the minimum UL SINR
among the users, as the following optimization problem

1 With the aid of game theory in [4][Sec. 4.1], it is shown that the
PA problem can be seen as a restricted potential game, in which each
cell is a player that chooses its strategy following a selfish best response
dynamics. Therefore, the convergence of the game to aNash equilibrium
is guaranteed. Moreover, in [3][Fig. 3(c)], it is noted that the number of
optimization rounds to PA convergence among cells decreases as long
as the number of antennas at BS increases. For instance, three rounds
are sufficient for convergence under 128 BS antennas.
2 With “k′-th pilot sequence”, we refer to the pilot of index k′ in the set
of available pilot sequences.
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Fig. 1 Effect of reassigning pilot sequences in the consired cell, in UL (up) and DL (down). Although it appears from the Figure that reassigning
pilots has no effect in DL, the previous UL pilot transmission stage results in some variations on the signals’ strength

PAu : max
l

min
p

ςu∞
clpi , (11)

in which clp is the l, p-th element of matrix C ∈ NK !×K ,
which contains every possible pilot assignment that a given
cell can adopt. clp means that in the l-th PA combination, the
p-th pilot is assigned to the clp-th user. According to (11),
the obtained solution is the pilot assignment configuration
in which the UL SINR of the user in the worst conditions is
the highest possible. In terms of fairness and when aiming to
provide a good and homogeneous performance to the users,
this approach is much more effective than simply improving
the average performance, as will be shown in Sect. 5.1. Obvi-
ously, the complexity of solving (11) via an exhaustive search
grows with K in a factorial fashion. A viable and heuristic
solution is proposed in [3], where the pilot sequenceswith the
worst interference levels are assigned to the users with the
highest long-term fading coefficients. Such greedy method
achieves a near-optimal solution with reduced complexity.

On the other hand, the DL SINR in (9) can also be
improved via pilot assignment. Assuming that the p-th pilot
is assigned to the cp-th user in the j-th cell, and that the
downlink power distribution is known for the j-th cell, the
DL SINR becomes

ςd∞
cp j =

ρd
jcp

β2
jcp j

β jcp j + ϑ j p( j)

1
∑L

i=1
i �= j

ρd
icp

β2
icp j

βicp j+ϑi p( j)

, (12)

where ϑi p( j) = ∑L
�=1
� �= j

βi p�+ σ 2
n

ρp does not depend on for what

user the p-th pilot will be assigned. Thus, an alternative PA
optimization procedure for DL is proposed as:

PAd : max
l

min
p

ςd∞
clp j , (13)

whose solution, similarly as (11), is the pilot assignment con-
figuration in which the DL SINR of the user in the worst
conditions is the highest possible.

One can see that the dependence of the DL SINR with the
assignment of pilots to users is not so simple as it is in the
UL scenario. However, communication systems are usually
asymmetric, andDLdata transmissionmight be predominant
in comparison with UL data transmission. Therefore, solving
the optimization problem in (13) in a low-complexity way is
also quite appealing in practice. The main difficulty is that
the interference in DL for the p-th pilot (denominator of the
second term in (12)) is dependent on what user this sequence
is assigned, and thus a greedy method cannot be applied as
in [3]. If a user changes its pilot sequence, the DL interfer-
ence due to pilot contamination reaching him is still mainly
dominated by his long-term fading coefficients with respect
to neighboring BS’s, which do not change, as illustrated in
Fig. 1. The exception is due to the DL normalization factors,
that retain some dependencewith the assigned pilot sequence
from the uplink training channel estimation.
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3.1 Joint UL-DL pilot assignment

One can note that the optimization problems of (11) and
(13) are conflicting, as numerically demonstrated in the next
Section. If the UL performance metric is optimized, the
DL performance will be close to that attained with random
assignment policy, and vice-versa. Thus, we elaborate our
analysis aiming to jointly achieve the best possible perfor-
mance in UL and DL, concurrently. One approach could be
adoptingmultiobjective optimization. In this paper,we prefer
a simpler strategy. We assume in the adopted TDD scheme
a channel coherence block of S symbols, of which K are

devoted to UL pilot transmission, ξu
(

S−K
S

)
and ξd

(
S−K

S
)

for UL and DL data transmission, respectively, in which the
factors ξu and ξd ∈ (0, 1), ξu+ξd = 1, and both ξu (S − K )

and ξd (S − K ) are integers. Note that the factor
(

S−K
S

)
rep-

resents the pilot overhead, since for each coherence block of
S symbols, K are spent sending uplink pilots. Then, for a
system bandwidth bw, the total capacity (TC) of the user in
the i-th cell for which the p-th pilot is assigned is defined as

Ct
cpi = bw

(S − K

S

) [
ξu log2

(
1 + ςu

cpi

)

+ ξd log2
(
1 + ςd

cpi

)]
(14)

Hence, an alternative optimization problem can be defined
as

PAtc : max
l

min
p

Ct∞
clpi , (15)

inwhich Ct∞
clpi

is obtained evaluating (14) from ςu∞
cpi

and ςd∞
cpi

.
In this case, the solution of (15) is the PA configuration in
which the total capacity of the user in the worst conditions is
the highest possible.

3.2 Heuristic pilot assignment solutions

For solving the DL assignment problem avoiding the exhaus-
tive search, we first create a cost matrix�(i) ∈ RK×K , whose
j, p-th element is the DL SINR achieved by the j-th user in
the i-th cell when the p-th pilot sequence is assigned to him,
i.e., γ

(i)
j p = ςd

cpi
when cp = j . Then, our proposed low-

complexity suboptimal solution consists of finding the pilot
with which each user achieves its maximal DL SINR. The
user with the lowest maximal DL SINR will have such pilot
sequence assigned to him.This procedure is repeated, exclud-
ing the users and the pilots already assigned, until allocating
every pilot sequence, as described in Algorithm 1.

In order to obtain a low-complexity form for solving
the joint UL-DL PA in (15) while achieving near-optimal
performance, this same heuristic procedure can be applied.

In this case, we initialize the cost matrix �(i) (line 1 in
Algorithm 1) in an alternative way, such that γ

(i)
j p = Ct

cpi
when cp = j , since the total capacity as defined in (14) is
calculated as a weighted log function of both UL and DL
SINR’s. Then, we apply our proposed heuristic method in a
similar way as in Algorithm 1.

Algorithm 1 Proposed Pilot Assignment Procedure

Input: β jkl , ∀ j, l = 1, 2, . . . L , k = 1, 2, . . . K , σ 2
n , ρp.

1: Generate cost matrix �(i), of size K × K ;
2: for j = 1, 2, . . . , K do
3: for p = 1, 2, . . . , K do
4: Evaluate δp = max�=1,...,K γ

(i)
p,�;

5: Evaluate ηp = argmax�=1,...,K γ
(i)
p,�;

6: end for
7: Evaluate φ = argminp=1,...,K δp;

8: Evaluate c(i)
ηφ = φ;

9: Invalidate the φ-th line and ηφ-th column of 0(i);
10: end for
Output: c(i).

4 Power control algorithm

We assume a decentralized power allocation procedure, sim-
ilarly to pilot assignment. With the purpose of serving the
users with a target SINR, the target-SIR-tracking algorithm
measures the interference seen by each user, and assigns to
him the exact power to reach the target SINR, unless if this
power exceeds the maximum power available. In this case,
the maximum power is allocated for this user. It is shown
in [13] that this power allocation procedure is not the most
suitable, since assigning the maximum power for the users
with poor channel conditions causes an excessive interfer-
ence for the other users, and waste energy because this user
may remain with a low SINR. Being ς̂d

k′� the target down-
link SINR for the k′-th user of the �-th cell, and ρd

�k′ the
maximum DL transmit power that can be assigned to him,
the target-SIR-tracking algorithm updates power at the i-th
iteration according to

ρd
�k′(i) = min

[
ς̂d
k′�Id

k′�(i), ρ
d
�k′

]
, (16)

in which Id
k′�(i) = ρd

�k′(i − 1)/ςd
k′�(i − 1) is the interference

plus noise seen by this user (denominator of (8)) divided by
β2

�k′�/α
2
�k′ . By contrast, the power control algorithmproposed

in [13] updates users’ powers as

ρd
�k′(i) =

⎧
⎪⎪⎨

⎪⎪⎩

ς̂d
k′�Id

k′�(i) if Id
k′�(i) ≤ ρd

�k′
ς̂d
k′�

,
(
ρd

�k′
)2

ς̂d
k′�I

d
k′�(i)

otherwise.
(17)
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One can see that the method of [13] assigns power to the
users in the same way as the target-SIR-tracking algorithm if
the target SINR can be achieved for the user at that iteration.
Otherwise, instead of allocating him the maximum power,
it allocates him a transmit power inversely proportional to
that required to achieve the target. Thus, besides of saving
energy relative to users that cannot reach the target SINR,
the interference irradiated to other users also decreases. This
procedure is repeated for a predefined number of iterations
Nit , and the power coefficients for each user can be initial-
ized with half of the maximum transmit power for him, as
described in Algorithm 2. The convergence of such algo-
rithm is proved in [13], and in our simulations we have noted
that 10 iterations were sufficient for achieving convergence.
Equivalently, this same procedure can be applied in UL user
power allocation as

ρu
k′�(i) =

⎧
⎪⎨

⎪⎩

ς̂u
k′�Iu

k′�(i) if Iu
k′�(i) ≤ ρu

k′�
ς̂u
k′�

,
(
ρu
k′�

)2

ς̂u
k′�I

u
k′�(i)

otherwise,
(18)

in which ς̂u
k� is the target UL SINR of the user, ρu

k� its max-
imum UL transmit power, and

Iu
k′�(i) =

∑L
l=1
l �=�

ρu
k′l (i − 1)β2

�k′l + α2
�k′
N

(∑
l
∑

k ρu
kl(i − 1)β�kl + σ 2

n

)

β2
�k′�

.

Whendeploying these power control algorithms, the target
SINR parameter should be carefully chosen. If a somewhat
lower value is adopted, the algorithm saves energy by deliv-
ering just the target SINR to the users, taking low advantage
of the resources and providing poor performance for the sys-
tem. If an excessive target SINR is considered, many poor
located users will have their powers gradually turned off in
order to provide the desired performance for the other users.
Hence, in this paper, the target SINRwas chosen in each sce-
nario by finding the value that achieves the higher throughput
for 95% of the users, by means of numerical simulations, as
indicated in Table 3.

5 Numerical results

The Ma-MIMO system performance is numerically evalu-
ated in this Section. We consider L = 7 interfering hexagonal
cells of radius 1000m, where K users are uniformly dis-
tributed, except in a circle of 100m radius around the cell
centered BS [4], with universal frequency and pilot reuse.
This is equivalent to say that we consider the performance
of a given cell with the interference from 6 nearest-neighbor
cells, since only the performance metrics of users in cen-
tral cell are computed. We consider a system bandwidth of

Algorithm 2 Power Control Algorithm

Input: β jkl and ρd
lk , ∀ j, l = 1, 2, . . . L , k = 1, 2, . . . K , σ 2

n , ρp.

1: Initialize ρd
jk′ (0) = 0.5 ρd

jk′ ;
2: for i = 1, 2, . . . , Nit do
3: for k′ = 1, 2, . . . , K do
4: Evaluate Id

k′ j (i) = ρd
jk′ (i − 1)/ςd

k′ j (i − 1);

5: if Id
k′ j (i) ≤ ρd

jk′
ς̂d
k′ j

then

6: Evaluate ρd
jk′ (i) = ς̂d

k′ jId
k′ j (i);

7: else

8: Evaluate ρd
jk′ (i) =

(
ρd
jk′

)2

ς̂d
k′ jI

d
k′ j (i)

;

9: end if
10: end for
11: end for
Output: ρd

jk′ .

20MHz, a signal-to-noise ratio of 10dB for pilot, UL data,
and DL data transmission, and a TDD architecture similar to
[12], with S = 1003 symbols, of which K are dedicated to
ULpilot transmissions, and the remainder are equally divided
between UL and DL data transmissions (ξu = ξd = 0.5).
The path loss decay exponent was adopted as 3.8, and the
standard deviation of the log-normal shadowingwas assumed
to be 8dB. Besides, Table 1 describes the notation adopted
when referring to the different techniques investigated in this
Section.

5.1 Performance comparison betweenmax-min and
average PA optimization approaches

Our first objective in this Section is to justify the max-min
approach choice when solving the PA optimization problem.
For this purpose, we compare the performance of max-min
approach with the conventional average approach, i.e., a PA
strategy that finds the highest average SINR performance
via exhaustive search. As described in Table 1, we refer to
the PA method that obtains the highest mean DL SINR as
MaxSINR DL, the one that obtains the highest mean UL
SINR as MaxSINR UL, and the one that obtains the highest
mean total capacity as MaxTC. Besides, we refer to the PA
that solves (11) as MaxminSINR UL, the one solving (13) as
MaxminSINR DL, and the solution of (15) as MaxminTC.
Considering N = 128 antennas and K = 4 users, Table 2
shows the performance achieved by the different PA schemes
in terms of mean achievable rates. As expected, MaxSINR
DL, MaxSINR UL and MaxTC obtain the best mean per-
formance on their respective metric (shown in bold in the
Table). On the other hand, MaxminSINR DL, MaxminSINR
UL, and MaxminTC presented a small decrease in mean

3 Which can represent, for instance, a scenario with 1 ms of channel
coherence time and 100 KHz of coherence bandwidth.
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Table 1 Acronyms for the
investigated schemes

Acronym Technique

MaxSINR DL The PA method that obtains the highest mean DL SINR via
exhaustive search

MaxMinSINR DL The PA method that solves (13) via exhaustive search

H-MaxMinSINR DL Our proposed PA method that solves (13) applying Algorithm 1

H-MaxMinSINR DL PA+PC H-MaxMinSINR DL combined with the power control of
Algorithm 2

MaxSINR UL The PA method that obtains the highest mean UL SINR via
exhaustive search

MaxMinSINR UL The PA method that solves (11) via exhaustive search

H-MaxMinSINR UL The PA method that solves (11) proposed in [3]

H-MaxMinSINR UL PA+PC H-MaxMinSINR UL combined with the power control of
Algorithm 2

MaxTC The PA method that obtains the highest mean Total Capacity
via exhaustive search

MaxMinTC The PA method that solves (15) via exhaustive search

H-MaxMinTC Our proposed PA method that solves (15) applying Algorithm 1

H-MaxMinTC PA+PC H-MaxMinTC combined with the power control of Algorithm 2

Table 2 Mean achievable rates for N = 128 and K = 4

PA Technique DL (Mbps) UL (Mbps) TC (Mbps)

Random 28.46 24.79 53.25

MaxMinSINR DL 30.24 24.35 54.59

MaxSINR DL 30.36 24.45 54.8

MaxMinSINR UL 29.13 24.22 53.35

MaxSINR UL 28.07 25.48 53.55

MaxMinTC 29.79 24.41 54.21

MaxTC 29.92 25.32 55.53

achievable rates when compared to that obtained by MaxS-
INR DL, MaxSINR UL and MaxTC.

The main advantage of adopting the max-min approach
instead of the average approach when solving the PA prob-
lem can be shown in Fig. 2, which compares the 95%-likely
rate achieved by each PA technique with the increasing num-
ber of antennas. The 95%-likely rate corresponds to the rate
assured to the users with probability of 95%, and thus can be
used to compare how fair is the performance of a given tech-
nique. As one can note from Fig. 2, a significant gain can be
seen when comparing a max-min based PA technique with
its average based counterpart in terms of its respective per-
formance metric. For example with 128 BS antennas, there
is a 0.12Mbps improvement in the 95%-likely DL rate of
MaxminSINR DL in comparison with MaxSINR DL. Simi-
larly, there is 0.05Mbps improvement in the 95%-likely UL
rate of MaxminSINR UL in comparison with MaxSINR UL,
and a 1.01Mbps improvement in the 95%-likely total capac-
ity of MaxminTC in comparison with MaxTC. The reason
why a higher 95%-likely performance is achieved at the same

time that a lower average performance when adopting the
max-min approach instead of the average one is depicted in
Fig. 3 for the case of total capacity metric. A higher aver-
age performance is obtained byMaxTC PA providing higher
rates for the users in the best channel conditions, while pro-
viding poor rates to the users in the worst channel conditions.
On the other hand, MaxminTC PA aims to provide the best
possible performance to the users in the worst channel con-
ditions, while the users with higher channel coefficients still
present good performances. This behavior is characterized
by the PA performance curves crossing each other in Fig. 3,
which means that the portion of users with very poor per-
formances is higher in MaxTC than in MaxminTC, while
the portion of users with very high performances is lower in
MaxminTC than in MaxTC.

5.2 Performance of heuristic approach

We analyze in this subsection the performance obtained by
the near optimal low-complexity PA solution of equations
(11), (13) and (15). Besides, we discard the average based PA
techniques like MaxSINR DL, MaxSINR UL, and MaxTC,
since our main objective is to improve the performance guar-
anteed for the majority of users. The heuristic approach of
each solution is referred by the respective method preceded
by "H".Our objective herein is to demonstrate that the heuris-
tic solutions of MaxminSINR UL, MaxminSINR DL, and
MaxminTC achieve practically the same performance of that
attained with exhaustive search, but with a feasible complex-
ity. For this sake, Fig. 4 depicts the fraction of users above
a given rate for 128 BS antennas, in terms of DL, UL, and
total rate, and Fig. 5 shows the 95%-likely rate achieved by
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Fig. 2 95%-likely rate for
K = 4: a DL; b UL; c Total
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Fig. 3 Fraction of users above a
given Rate for N = 128 and
K = 4: a DL; b UL; c Total
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each technique with increasing number of antennas. In both
cases, an uniform power allocation policy was assumed for
simplicity, and K = 4 users in order to allow the evalua-
tion of exhaustive search in a feasible time. It is noteworthy
from Fig. 4 the very unfair behavior of primitive Ma-MIMO
systems (with no pilot and power allocation policies), which
provides very high data rates for some portion of the users,
while providing low quality of service for others. One can
note also that appreciable improvements canbe achievedwith
PA techniques, represented in Fig. 4 by a slight horizontal

shift of the PA curves in the region of high probability. The
conflicting behavior of UL and DL optimization metrics is
also represented in the Figure, since while MaxminSINRDL
achieves the best performance in DL, its UL performance is
close to that attained by randomPA.The opposite occurswith
MaxminSINR UL. On the other hand, MaxminTC achieves
good performance in both directions, at the same time that
it achieves the best performance in terms of total rates.
Besides, no significant performance loss can be seen for
any heuristic PA when compared with its respective exhaus-
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Fig. 4 Fraction of users above a
given Rate for N = 128 and
K = 4: a DL; b UL; c Total
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Fig. 5 95%-likely rate for
K = 4: a DL; b UL; c Total
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tive search solution. Similar findings can be taken from
Fig. 5, that also reveals that is always beneficial improv-
ing the number of antennas in BS. One can note from Fig. 5
that MaxminSINR DL achieves the best 95%-likely DL rate,
whileMaxminSINRULachieves the best 95%-likelyUL rate
and MaxminTC achieves the best 95%-likely total capacity.
Besides, its heuristic counterparts produce almost the same
95%-likely performance of them.

5.3 Performance of pilot assignment with power
control

Having demonstrated the good performances achieved by the
heuristic PA techniques, our goal now is to demonstrate that
the power control algorithm achieves a much improved per-
formance when combined with an appropriate PA scheme.
Besides, we discard the exhaustive search PA algorithms in
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Fig. 6 Fraction of users above a
given Rate for N = 128 and
K = 10: a DL; b UL; c total.
Power control evaluated with
target SINR’s of Table 3
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Fig. 7 95%-likely rate for
K = 10: a DL; b UL; c total.
Power control evaluated with
target SINR’s of Table 3
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order to enable a higher number of users. For K = 10 and
employing power control, Fig. 6 shows the fraction of users
above a given rate for N = 128, while Fig. 7 shows the 95%-
likely rate achieved with increasing number of antennas. The
target SINR’s performances of power control algorithm for
each scheme were empiricaly chosen in order to provide the
higher throughput for 95% of the users, as indicated in Table

3. It can be seen that much more uniform user performances
are achieved with the power control scheme of Algorithm
2, and that the assured performance can be considerably
improved with a proper choice of the PA employed. For
example, as can be seen in Fig. 7,with randomassignment the
95%-likely DL rate increases from 92.5 to 1.528Mbps with
N = 128 antennas when employing power control, while
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Table 3 Target SINR’s of power control algorithm adopted for each PA
technique

Number of users PA scheme DL (dB) UL (dB)

K = 10 Random − 9 − 10

H-MaxminSINR DL − 2 − 9

H-MaxminSINR UL − 6 − 4

H-MaxminTC − 3 − 5

K = 32 Random − 11 − 14

H-MaxminSINR DL − 7 − 11

H-MaxminSINR UL − 9 − 7

H-MaxminTC − 7 − 8

this DL rate increase is from 388.3 to 5.251Mbps when the
H-MaxminTC is the PA adopted. Similarly, in the UL, the
95%-likely UL rate with random assignment increases from
3.4 to 1.235Mbps when employing power control, and from
11.4 to 3.566Mbps with H-MaxminTC as PA policy and
N = 128. It can also be seen that H-MaxminTC with power
control has the ability of jointly assure an appreciable quality
of service in both DL and UL, contrary to H-MaxminSINR
DLandH-MaxminSINRUL that assure good rates only on its
preferential direction. These results demonstrate that much
more significant performance improvements can be obtained
from the power control algorithm with a proper choice of the
PA method.

Figures 8 and 9 do the same with K = 32 users, from
which similar findings can be taken. While the 95%-likely

DL rate for N = 128 antennas under random pilot assign-
ment increase from 41.3 to 746.2kbps, this DL rate increase
with H-MaxminTC is from 191.6 to 1.782Mbps. Similarly
for the 95%-likely UL rate with N = 128, this gain under
random PA is from 0.5 to 382.5kbps, and from 2.0kbps
to 1.442Mbps with H-MaxminTC PA. The decrease in the
assured rates with this higher number of users is due not
only to the increased multiuser interference, but also to the
increasedpilot overhead, necessary to obtainCSI estimates of
this increased number of users. On the other hand, it allows
the PA schemes to achieve improved gains in comparison
with random assignment because of the greater multiuser
diversity.

5.4 Performance with target rates

Performance resultswith power control as depicted in Figs. 6,
7, 8 and 9 were obtained after a careful but non-exhaustive
process of finding suitable target SINRperformances for each
scheme under the considered scenarios, as summarized in
Table reftab:SINRspstgt. However, this values of target per-
formances are dependent of the instantaneous conditions of
the communications systems, like the number of users served
and pilot and data SNR’s, which are dynamically changing.
Thus, a more practical scenario consists in fixing a DL and
UL target rates, from which the target SINR’s input parame-
ters of the power control algorithm are obtained. Under this
strategy, Fig. 10 shows the 95%-likely rates obtained when
fixing a target per user rate of 4.2Mbps for both DL and

Fig. 8 Fraction of users above a
given rate for N = 128 and
K = 32: a DL; b UL; c total.
Power control evaluated with
target SINR’s of Table 3
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Fig. 9 95%-likely rate for
K = 32: a DL; b UL; c total.
Power control evaluated with
target SINR’s of Table 3
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Fig. 10 95%-likely rate for
K = 10: a DL; b UL; c total.
Power control evaluated with a
target rate of 4.2Mbps per user,
for both UL and DL
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UL when serving K = 10 users, while Fig. 11 does the
same with 1.4Mbps of target rates for both DL and UL when
serving K = 32 users. It can be seen from Fig. 10 that H-
MaxminTC PAwith power control is able to assure the target
rates in both DL and UL even with just N = 64 antennas, in
a situation where the multiuser interference is only partially

supressed by the moderate number of BS antennas. On the
other hand, H-MaxminSINR DL PAwith power control fails
in this objective in UL for N = 64, while H-MaxminSINR
UL could not achieve this target performance in DLwith this
same number of antennas. It is important to note that even
with the 95%-likely DL and UL rate of 4.2,Mbps assured
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Fig. 11 95%-likely rate for
K = 32: a DL; b UL; c total.
Power control evaluated with a
target rate of 1.4Mbps per user,
for both UL and DL
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by H-MaxminTC PA with power control, it is not assured a
95%-likely total rate of 8.4Mbps, since the set of users that do
not achieve the target DL rate is not necessarily the same that
do not achieve the target UL rate. Very similar conclusions
can be made from Fig. 11, which shows that H-MaxminTC
PA with power control is able to assure an appreciable 95%-
likely DL and UL per user rates of 1.4Mbps for K = 32
users with only N = 64 BS antennas. Again, these results
demonstrate the great potential of PA techniques in conjunc-
tion with power control algorithms in providing improved
and homogeneous performance for a larger number of users
in both DL and UL.

6 Discussion and final remarks

The PA optimization problem was addressed in this paper.
Different from previous works, we have investigated the
problem from bothUL andDL perspectives.We demonstrate
that the max-min approach when solving the PA problem is
much more effective than the average approach when aiming
to provide a good performance for the majority of the users.
Our analysis have also shown that, due to the different char-
acteristics of UL and DL SINR expressions in Ma-MIMO,
the PA optimization problems in UL and DL are conflicting.
If the UL performance is optimized, it incurs in a limited
performance in DL, and vice-versa. Thus defining a sim-
ple alternative metric, i.e., the total capacity, one can find a
PA strategy for Ma-MIMO that achieves promising perfor-

mance in both directions simultaneously. To avoid exhaustive
search of factorial order, a heuristic solution capable of
finding a near-optimal solution expending reduced computa-
tional complexity has been also proposed. Finally, we have
adapted the target-SIR-tracking power control algorithm to
our scenario of massive MIMO systems with finite number
of BS antennas, and the investigated PA schemes have been
combined with it. Our results demonstrated that much more
improved gains can be achieved by this power control algo-
rithm if applied after a suitable pilot assignment procedure.
For example, our proposed H-MaxminTC PA scheme with
power control was able to provide a 4.2Mbps per user rate
for both DL and UL with 95% probability when serving 10
users with only 64 antennas at BS, while an assured sym-
metric per user rate of 1.4Mbps is achieved when serving 32
users with 64 antennas.
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Total Energy Efficiency of TD- and FD-MRC
Receivers for Massive MIMO Uplink

José Carlos Marinello, Cristiano Panazio, Taufik Abrão, Stefano Tomasin

Abstract—This paper proposes a detailed investigation on the
uplink (UL) performance of massive multiple-input-multiple-
output (maMIMO) systems employing maximum-ratio combining
at the receiver. While most papers in maMIMO literature assume
orthogonal frequency-division multiplexing (OFDM), current
standards like LTE employ single-carrier (SC) waveform in
the UL due to several benefits. We thus perform a systemic
comparison between two fundamental schemes: the time-reversal
MRC (TRMRC) operating under SC, and the frequency-domain
MRC (FDMRC) employed with OFDM. It was recently shown
that TRMRC outperforms FDMRC in terms of achievable rates,
since SC systems do not require the cyclic prefix (CP) of OFDM.
On the other hand, the computational complexity of TRMRC
algorithm is higher than that of FDMRC, even when efficient
solutions are employed (e.g., fast convolution with the overlap-
and-add method). Hence, the best scheme for the UL maMIMO
systems still remains an open question. The main contribution of
this paper is the comparison of the total energy efficiency of both
TRMRC and FDMRC when used in the UL of maMIMO systems.
Our results show that, for current typical system parameters,
FDMRC/OFDM achieves a higher total energy efficiency than
TRMRC/SC. However, if the cell radius is below 300m and/or
the computational efficiency increases by 30% regarding the
current processors, the TRMRC under SC waveform becomes
more attractive for the UL of maMIMO systems.

Index Terms—Large Scale MIMO; Energy Efficiency; TDD;
single-carrier, multi-carrier; optimization.

I. I NTRODUCTION

Massive multiple-input-multiple-output (maMIMO) tech-
nology is one of the most promising candidates for the physical
layer of the upcoming fifth generation of mobile communi-
cations systems (5G) [1]. It is widely known that maMIMO
systems achieve very appreciable spectral and energy effi-
ciencies [2], and thus they have been the focus of several
research papers recently. As long as the number of base station
(BS) antennas of a time-division duplex (TDD) multicellular
system grows without bound, coherent interference is the only
limiting effect under independent and identically distributed
(i.i.d.) Rayleigh fading channels [1]. This kind of interference
results from pilot contamination, which in turn results from
the unavoidable reuse of reverse-link pilot sequences between
users of different cells due to the limited channel coherence
block. On the other hand, every type of non-coherent inter-
ference,i.e., thermal noise, intracell interference, and intercell

J. C. Marinello and T. Abrão are with the Electrical Engineering
Department, State University of Londrina, PR, Brazil. E-mail: zecar-
los.ee@gmail.com; taufik@uel.br

C. Panazio is with the Laboratory of Communications and Signals,
Polytechnic School of the University of São Paulo, SP, Brazil. E-mail:
cpanazio@lcs.poli.usp.br

S. Tomasin is with the Department of Information Engineering, Uni-
versity of Padova, Via Gradenigo 6/B, 35131, Padova, Italy.E-mail:
tomasin@dei.unipd.it

interference from users with different pilots, vanishes inthis
scenario [1]. As a positive consequence, the simplest schemes
for detection in uplink (UL) and for precoding in downlink
(DL) become optimal [3], like maximum ratio combining
(MRC) and maximum ratio transmission (MRT), respectively.

Most papers in the area of maMIMO assumes orthogonal
frequency-division multiplexing (OFDM) as a way of dealing
with inter-symbol interference. In the seminal maMIMO paper
[3], the author has highlighted several aspects of the proposed
technology in conjunction with OFDM waveform. In [2], a
first detailed investigation about maMIMO energy and spectral
efficiencies have been conducted, assuming OFDM waveform.
In [4], the authors have found the conditions in which the
maximal spectral efficiency of maMIMO systems employing
OFDM waveform can be achieved in different scenarios. A
detailed study about power allocation schemes applied to
OFDM based maMIMO systems has been conducted in [5].

On the other hand, single-carrier (SC) waveform has been
widely used in the UL of current standards, such as LTE. Sev-
eral advantages of employing SC in the UL instead of OFDM
can be highlighted [6], [7], such as:i) the transmit signal
lower peak-to-average power ratio (PAPR), which results in
cheaper and more energy efficient mobile terminals (MTs).
Besides, this incurs in a reduced distortion level imposed by
the transmit amplifier, and consequently in a lower out-of-
band radiation, simplifying spectrum shaping and increasing
spectral efficiency due to a lower guard band required.ii )
Lower sensitivity to phase noise and carrier frequency offset
(CFO). iii ) Reduced complexity of the MT since the inverse
fast Fourier transform (IFFT) operation is not required.iv)
Under the maMIMO condition, it is shown in [7] that cyclic
prefix (CP) transmission is not required employing TRMRC
in conjunction with SC, while improving spectral and energy
efficiencies. Due to the above mentioned benefits, in con-
junction with the compatibility with the current standards,
this waveform has been seen as a promising candidate for
implementation in standards, such as 5G [8].

SC receivers normally require complex equalization tech-
niques in either time or frequency domain, such as decision-
feedback equalizer (DFE) [9]. The computational complexity
of frequency domain equalization is often lower than that ofits
time-domain version [10], but usually requiring CP transmis-
sion and one fast Fourier transform (FFT) module per receive
antenna similarly to OFDM. On the other hand, time-domain
equalization provide a good performance at the expense of
higher complexity, not requiring CP and FFT operations. How-
ever, when combined with maMIMO, a different time-domain
receiver can be employed, which alleviates the equalization
complexity by taking advantage of the large excess of BS
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antennas, namely the time-reversal MRC (TRMRC) receiver
[11]. The TRMRC receiver coherently combines the received
symbols arising from different paths with the appropriate
channel impulse response (CIR) vector. The robustness of this
scheme was investigated in [11] against the phase noise effect,
and a DL version of the scheme was proposed in [12], but
under a scenario with no pilot contamination in both cases.

In [13], an improved TRMRC receiver is proposed which
performs the CFO estimation/compensation together with the
equalization procedure. Authors have shown that the proposed
scheme performance approaches the ideal/zero CFO perfor-
mance with the increasing frequency selectivity of the channel.
Another DL SC solution for massive MIMO [14] proposes a
SC frequency domain precoding scheme. The main difference
of this scheme with respect to that of [12] is the frequency
domain processing, which significantly reduces the computa-
tional complexity. Besides, several other papers regarding SC
combine this waveform with spatial modulation (SM) [15],
[16], a promising multiple antenna modulation scheme which
activates only a subset of the available antennas, and the
indices of the activated antennas convey information. Schemes
combining SM and SC have attracted much research attention
recently aiming at combining the advantages of both schemes,
for example lower number of required radio-frequency chains
of SM, and lower PAPR of SC.

An interesting comparison of receiver/waveforms for the UL
of maMIMO systems has been conducted in [7] and [17]. In
[17], the UL performance of SC and OFDM receivers are
compared for single cell maMIMO systems employing one-
bit analog-to-digital converters (ADCs), which significantly
reduce the power consumption of BSs. Both schemes have
a very similar performance and one-bit ADCs work well with
maMIMO systems in the investigated scenario without pilot
contamination. On the other hand, under pilot contamination,
the TRMRC scheme operating with SC waveform has been
compared with the conventional FDMRC in conjunction with
OFDM in [7]. The authors have found very similar expressions
for the performance of both schemes in terms of signal-to-
interference-plus-noise ratio (SINR). However, higher achiev-
able rates can be attained by TRMRC under SC, since this
scheme does not require CP transmission, in contrast with
FDMRC and OFDM. However, it was shown that the computa-
tional complexity demanded by the former is somewhat higher.
Even if employing a reduced complexity algorithm with the aid
of fast convolution techniques with overlap-and-add, similarly
as the overlap-and-save method applied for single-input-single-
output (SISO) SC systems in [10], the complexity of the
TRMRC algorithm isO(log2(2L)MK), in contrast with the
(O(MK)) of FDMRC [7]. At this point, the question of what
scheme consists in a better candidate for the UL of upcoming
maMIMO systems remains without a complete answer, since
each scheme has advantages from different perspectives.

In [18] and [19], the authors have assessed the total en-
ergy efficiency of maMIMO systems operating with OFDM
waveform. In [18], authors found that the optimal energy
efficiency is attained with a maMIMO setup wherein hundreds
of antennas are deployed to serve a relatively large number
of users if using zero forcing processing. The total energy

efficiency metric computes how many bits are transmitted
per Joule of energy, but taking into account every energy
expenditure of the communication system. Accurate power
consumption models are presented in [18] for the several
stages of a practical communication system, like the power
consumed by the transceiver chains, the channel estimation
process, the coding and decoding units, the backhaul, the linear
processing algorithms, and also by the radiated signal power.

In this paper, our main objective is toanswer which
waveform between SC and OFDM is the most suitable for
implementation in the maMIMO UL considering MRC re-
ceiver. Our choice for these two waveforms is because they
are the most consolidated technologies, and therefore the most
prominent for implementation in future standards, contrary to,
for example, filter bank multicarrier which is still in develop-
ment stage. Besides, MRC does not require matrix inversion,
being highly parallelizable, and asymptotically optimal in i.i.d.
Rayleigh fading channels [1]. For this purpose, we evaluate
the total energy efficiency of maMIMO systems employing
the TRMRC technique under SC waveform in the UL, and
compare the obtained results with the total energy efficiency
achieved by FDMRC with OFDM. The comparison results
allow us to indicatewhich scheme (receiver/waveform) is
more advantageous for implementation in the UL of maMIMO
systemssince thetotal energy efficiency metric can weight in a
unified systemic analysis the better attainable rates of TRMRC
against the lower complexity burden of FDMRC.

Our main contributions are fourfold:i) Differently than [18],
which have assessed the total energy efficiency of maMIMO
systems employing OFDM waveform, we have also evaluated
the overall energy efficiency of maMIMO systems using SC
waveform in the UL, besides of extending the total energy
efficiency concept to a more generic scenario;ii ) Differently
than our previous work [7], in which the performance of
maMIMO systems employing TRMRC under SC in UL is
obtained only under the spectral efficiency perspective, we
have evaluated the performance of such systems under the
comprehensive view of total energy efficiency metric, which
is also quite appealing currently aiming to reduce power
consumption; iii ) Our total energy efficiency analysis and
comparison allowed us to indicate the best scheme to be
implemented in the maMIMO UL, since it weights both
achievable rates as well as computational complexities;iv)
We have also extended the total energy efficiency comparison
to scenarios with decreasing cell radius, and with increasing
computational efficiency, in order to indicate the best scheme
even in these different scenarios.

Besides this introductory section, the system model is
described in Section II. We define the total energy efficiencyof
massive MIMO systems in Section III, as well as describing
our adopted realistic circuit power consumption models.
Representative numerical results comparing the uplink SC
against OFDM maMIMO total energy efficiency and spectral
efficiency performance are presented in Section IV. Section
V concludes the paper.

Notations:Boldface lower and upper case symbols represent
vectors and matrices, respectively.IN denotes the identity
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matrix of sizeN , while 1K and 0K are the unitary vector
and null vector of lengthK, respectively.{·}T and {·}H
denotes the transpose and the Hermitian transpose operator,
respectively. Besides, we useCN (m,V) when referring to a
circular symmetric complex Gaussian distribution with mean
vectorm and covariance matrixV.

II. SYSTEM MODEL

We consider a MIMO system composed byC BSs, each
equipped withM transmit antennas, and communicating with
K single-antenna users, similarly as [7]. Reciprocity holds
due to the TDD assumption, and thus uplink training signals
transmission provides channel state information (CSI) to the
BSs. We divide our system model description for OFDM and
SC waveforms.

A. OFDM waveform

The available time-frequency resources are divided into
channel coherence blocks ofS = TcWc symbols [4], where
Tc is the channel coherence time in seconds, andWc is the
channel coherence bandwidth in Hz1. Each coherence time
interval comprisesT OFDM symbols (Tc = T Ts, with Ts
representing the OFDM symbol period), distributed as uplink
pilot transmissions, downlink and uplink data transmissions
[3]. The number of available orthogonal pilot sequences is
equal to its length,τ . In the same way as [3] and [7],
CSI is estimated in the frequency domain. With the system
employingN subcarriers, and the CIR being represented by
L i.i.d. taps, the frequency smoothness interval is composed
of Nsm = N/L subcarriers. Therefore, it is not required to
each user to send pilots in all theN subcarriers, but only in
N/Nsm = L equally spaced subcarriers, since a interpolation
procedure can provide the frequency domain CSI (FDCSI) for
the intermediate ones. In the training stage, up toτ users can
send pilots in the same subcarriers, while a maximum total
number ofKmax = τNsm users can be covered by each cell.
The set of subcarriers in which thekth user sends pilots is
defined asIk = {Ik(0), Ik(1), . . . , Ik(L−1)}, while Ik(0) ∈
[0, Nsm−1] andIk(i)−Ik(i−1) = Nsm, ∀i = 0, 1, . . . , L−1.
Fig. 1 outlines how training and data transmission stages are
divided in time and frequency domains for a given user, being
Tn the Nyquist sampling interval.

The M × 1 vector gikjn denotes the FD actual channel
between theith BS and thekth user at thejth cell in the
nth subcarrier. It holds thatgikjn =

√
βikjgikjn

, in which
βikj is the long-term fading power coefficient, comprising path
loss and log-normal shadowing, andg

ikjn
is the short-term

fading channel vector, followingg
ikjn

∼ CN (0M , IM ). The
orthogonal pilot sequences’ set isΨ = [ψ1 ψ2 . . . ψτ ] ∈
Cτ×τ , and ΨHΨ = Iτ holds. With the sequenceψk =
[ψk1 ψk2 . . . ψkτ ]

T assigned to thekth user, the received signal
at the ith BS for thenth subcarrier (n ∈ Ik) during the
training stage is

Yp
in =

√
ρp

C∑

j=1

τ∑

k=1

gikjnψ
H
k +Np

in, (1)

1Wc = 1
Td

holds, beingTd the largest possible delay spread.

time

frequency

training data

coherence time (Tc[s])    T OFDM symbols

OFDM waveform
pilot data

coherence block of 

S symbols

Wc [Hz]

Nsm subc.

time

frequency

training data

coherence time (Tc[s])        symbols

SC waveform pilot data

Tc
Tn

Ik(0)

Ik(1)

Ik(2)

Ik(3)

Fig. 1. Time-frequency diagram illustrating the division oftraining and data
transmission stages for thekth user, for OFDM and SC waveforms:N = 16,
L = 4, Nsm = 4, T = 4, S = 16 for OFDM; Tc/Tn = 32 for SC. Besides,
Kmax = 8 for both schemes.

with ρp representing the UL pilot transmit power, andNp
in ∈

CM×τ the additive white Gaussian noise (AWGN) matrix with
i.i.d. elements following a complex normal distribution with
zero mean and varianceσ2

n. By correlating the received signal
Yp

in with ψk, the ith BS then estimates thekth usernth
subcarrier FDCSI as

ĝikn =
1

√
ρp

Yp
inψk =

C∑

j=1

gikjn + vikn, (2)

wherevikn = 1√
ρp
Np

inψk ∼ CN (0M ,
σ2
n

ρp
IM ) is an equivalent

noise vector. The previous expression clearly demonstrates the
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pilot contamination effect [3]. The otherN − L subcarriers
FDCSI estimates are obtained by interpolation. The BS is
now able to perform linear detection in the UL deploying the
FDMRC scheme. During UL data transmission, theith BS
receives in thenth subcarrier the signal

yu
in =

√
ρu

C∑

j=1

K∑

k=1

gikjnx
u
kjn + nu

in, (3)

whereρu represents the UL data transmit power,xukjn is the
data symbol from thekth user of thejth cell in the nth
subcarrier, andnu

in ∼ CN (0M , σ
2
nIM ) is theM × 1 AWGN

sample vector. This BS then deploys FDMRC to obtain the
estimated transmitted symbol as

x̂ukin =
1

M
ĝH
ikny

u
in. (4)

B. SC waveform

The tth CIR vector tap between theith BS and thekth user
of the jth cell and its FD actual channel vector are related by

hikjt =
1

L

L−1∑

l=0

gikjIk(l)e
j2πlt/L. (5)

We assume in this work a normalized uniform power delay
profile (PDP) for all users, such thathikjt ∼ CN (0M ,

1
LIM )

for t = 0, 1, . . . L− 1, since this is the most generic scenario.
When employing single-carrier waveform, a training scheme
for estimating the CIR of the users served by the cell is
discussed in [7] and [11], which is alternative to conventional
frequency domain training. In this alternative scheme, theusers
transmit uplink training signals sequentially in time, in such a
way that at most one user per cell is transmitting at any given
time. Thekth user sends an impulse of amplitude

√
Lρp (in

order to spend the same average power as in FD training (1)) at
the(k−1)Lth channel use and is idle for the remaining portion
of the training phase. Besides, the next user waitsL−1 channel
uses to send its training signal. It is worth noting that the same
maximal number of usersKmax is supported in this scheme.
This can be proved by noting that the total interval spent with
training signals isKmaxLTn = τNsmLTn = τN Tn ≈ τTs
is nearly the same as in FD training, as illustrated in Fig. 1.
This scheme provides the channel estimation in time domain,
avoiding the transmission of FD pilots and the use of FFT at
the receiver, not otherwise required in SC transmission [11].

This procedure provides to theith BS the following CIR
estimates for itsk-th user

ĥikt =

C∑

j=1

hikjt + v′
ikt, (6)

in which v′
ikt ∼ CN (0M ,

σ2
n

Lρp
IM ) is an equivalent AWGN

vector. Note that pilot contamination also takes place in (6),
since the CIR estimates are also corrupted by the signals of
users in adjacent cells transmitting at the same time.

Considering SC waveform, the time-domain received signal

at theith BS in timet during UL data transmission is

rui [t] =
√
ρu

C∑

j=1

K∑

k=1

L−1∑

l=0

hikjls
u
kj [t− l] + n′u

i [t], (7)

in which sukj [t − l] is the time-domain UL data transmitted
by the kth user of thejth cell at time t − l, and n′u

i [t] ∼
CN (0M , σ

2
nIM ) is an AWGN vector. Note that the time

aligned received signals in (7) are resultant from a perfect
timing advance assumed at the users, as in [7], [17]. The BS
can then estimate the information symbols deploying TRMRC
as

ŝ u
ki[t] =

1

M

L−1∑

l=0

ĥH
iklr

u
i [t+ l]. (8)

For causality purpose, (8) demonstrates thatL−1 shift reg-
isters are necessary per BS receive antenna when employing
TRMRC, while this number for FDMRC isN − 1, since the
entire frame has to be received to perform FFT operation.
This implies not only hardware simplification, but also latency
reduction. Besides, TRMRC does not require CP as seen from
(8), since given a sufficiently largeM , the BS extracts the
desired information symbol vector fromrui [t+ l], even if the
asynchronous interference belongs to the previous frame of
symbols [7]. This is in fact one of the main advantages of
TRMRC in comparison with FDMRC, which comes, however,
at the cost of increased computational complexity of the time
domain processing, as discussed in Section II-D.

C. System Performance

The analytical SINR performance of thek′th user at theith
cell achieved by FDMRC and TRMRC schemes have been
found in [7] as

ςF
k′i =

Mβ2
ik′i

M
∑C

c=1
c 6=i

β2
ik′c + α2

ik′

[∑C
j=1

∑K
k=1 βikj +

σ2
n

γρu

] (9)

and

ςT
k′i =

Mβ2
ik′i

M
∑C

c=1
c 6=i

β2
ik′c + α2

ik′

[∑C
j=1

∑K
k=1 βikj +

σ2
n

ρu

] , (10)

in whichα2
ik′ =

∑C
c=1 βik′c+

σ2
n

ρp
. The parameterγ = N

N+NCP

accounts for the transmit power loss due to CP, since we have
assumed for a fair comparison that both schemes spend the
same energy with data transmission, andNCP = L − 1 is
the CP length. Note that this result is valid for all subcarriers,
since they are identically distributed in this model.

Remark 1:One can note from (9) and (10) that the same
SINR performance can be achieved by both TRMRC/SC and
FDMRC/OFDM schemes, except by the decrease in the trans-
mit power of the latter due to the CP transmission. Besides,
analysing both expressions, we note that the desired signal
power is mainly dependent on the large-scale fading coefficient
of the user, and scales withM . The first interference term
is due to the users in adjacent cells sharing the same pilot
sequence, and is also called as coherent interference, since
the receiver processing is not able to mitigate this term which
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also scales withM . The second term in the denominator
involves interference from users with different pilots andnoise,
and is so-called non-coherent interference, since the receiver
processing is able to mitigate this term, for example with more
BS antennas.

Besides, due to the convexity oflog2(1 + 1
x ) and using

Jensen’s inequality as in [2], we obtain for FDMRC the
following lower bound on the achievable rate of thek′th user
at theith cell

RF
k′i ≥ R̃F

k′i = ξuγ

(
1 − K

S

)
log2

(
1 +

(
1

ςF
k′i

)−1
)
, (11)

in which the term
(
1 − K

S
)

accounts for the pilot transmission
overhead, andξu is the fraction of the data transmit interval
spent with uplink.

For TRMRC we have similarly:

RT
k′i ≥ R̃T

k′i = ξu
(
1 − K

S

)
log2

(
1 +

(
1

ςT
k′i

)−1
)
. (12)

Furthermore, the asymptotic UL performance of both sys-
tems converge with infinite number of BS antennas to the same
bound of [3]:

lim
M→∞

ςF
k′i = lim

M→∞
ςT
k′i =

β2
ik′i∑C

c=1
c 6=i

β2
ik′c

. (13)

D. Complexity Analysis

The computational complexity of both investigated schemes
is evaluated in [7], in terms offloating-point operations (flops)
[20]. The main assumptions that have been made are:i)
A real sum operation has the same complexity than a real
multiplication, which are defined as 1flop2; ii ) A complex sum
has the complexity of 2flops, while a complex multiplication
has the complexity of 6flops; iii ) An inner product between 2
complex vectors of sizeM has the complexity ofM complex
multiplications andM − 1 complex additions, resulting in a
total complexity of8M−2 flops; iv) A FFT or IFFT operation
of a complex sequence ofN samples has the complexity
(supposingN power of two and adopting the Cooley Tukey
algorithm [20]) of(N/2) log2(N) complex multiplications and
N log2(N) complex additions, and an overall complexity of
5N log2(N) flops. v) Finally, the complexity related with the
CSI estimation has been neglected for all the investigated
schemes, since these estimates remain valid for several frame
periods, and account in the same way for all the schemes.

For the FDMRC under OFDM, the complexity to detect
the N symbols of the OFDM frame is mainly due to:

2It is important to note that the exact factor between the complexities
of sum and multiplication operations does not play a significant role in
our results, since in a complexity analysis, the most significant operations
dominate the final complexity expressions; our analysis is comparative, and
thus changing this relative factor would impact on the complexities of both
schemes in a similar manner; in the total energy efficiency analysis the
computational processing energy accounts for only part of the total energy
expenditures. Although some works [21] [22] have shown that the energy
of the multiplication operation between two double precision floating point
numbers is about four times the energy of the addition operation, the memory
access energy may be dominant and similar for both operations.

i) the N -points IFFT operations of each user transmission
(K[5N log2(N)] flops), ii ) the N -points FFT operations of
each BS receive antenna (M [5N log2(N)] flops), and due
to iii ) the N FDMRC data symbols’ estimation, as in (4),
for each user (NK[8M − 2] flops). On the other hand, the
complexity of the TRMRC with overlap-and-add method is
mainly given by: i) µ = (N + L)/L FFT’s of size 2L
for the received signals of each receive antenna, resulting
in a complexity of Mµ[10L log2(2L)] flops; ii ) For each
user and each receive antenna:µ element-wise multiplication
of size 2L vectors, followed by an IFFT operation of size
2L, and the addition of the overlaping segments (of sizeL)
(KMµ[10L log2(2L) + 12L + 2L] flops); iii ) For each user,
the results of theM fast convolutions are added (only theN
elements of interest), with a complexity ofK(2N(M − 1))
flops. The overall complexity of the TRMRC receiver employ-
ing the fast convolution with overlap-and-add method is also
given in Table I.

TABLE I
NUMBER OF OPERATIONS(FLOPS) FOR EACH SCHEME.

Scheme Number of Operations
FDMRC K[5N log2(N)] +M [5N log2(N)]

+NK[8M − 2]
TRMRC K[M(N + L)(10 log2(2L) + 14) + 2N(M − 1)]

+M(N + L)10 log2(2L)

III. T OTAL ENERGY EFFICIENCY

We define in this subsection thetotal energy efficiencyof a
maMIMO system employing either FDMRC or TRMRC in the
UL. Our main objective with this analysis is to identify the best
scheme to be implemented in the upcoming maMIMO systems
based on a comprehensive analysis. The choice of the total
energy efficiency metric is due to its ability of incorporating
different aspects of each investigated topology, making the
analysis more comprehensive and fair. The higher achievable
rates of TRMRC, the reduced complexity of FDMRC, and also
the consequent better power efficiency of the power amplifier
in a SC scheme due to the lower PAPR levels are examples
of different features that are incorporated on this analysis.

The total energy efficiency metric is defined as

EE =

∑K
k=1 (RUL⋆

ki + RDL
ki )

P UL⋆
TX + P DL

TX + P tr⋆
TX + P ⋆

CP

. (14)

The superscript{·}⋆ is used in order to indicate that a
given parameter depends on which waveform/detector has
been employed in UL. In (14),RUL⋆

ki constitutes the UL rate
of the kth user of theith cell, and can be found by (11) or
(12), i.e., RUL⋆

ki = RF
ki or RUL⋆

ki = RT
ki. Besides,RDL

ki is the
DL rate of this user. We assume that a MRT precoding has
been employed in downlink under OFDM waveform, since the
practical appeal for SC usage in DL is not so strong as it is
in UL, and thusRDL

ki can be found similarly to (11) as:

RDL
k′i ≥ R̃DL

k′i = ξdγ

(
1 − K

S

)
log2

(
1 +

(
1

ςDL
k′i

)−1
)
, (15)
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in which ξd is the fraction of the data transmit interval spent
with downlink, and

ςDL
k′i =

β2
ik′i/α

2
ik′

∑C
l=1
l 6=i

β2
lk′i/α

2
lk′ + 1

M

(
K
∑C

l=1 βlk′i +
σ2
n

ρd

) (16)

is the DL SINR of thek′th user of theith cell, while ρd is
the uniform DL transmit power.

Furthermore,P UL⋆
TX , P DL

TX , and P tr⋆
TX in (14) represent the

power consumed by the power amplifiers (PA) in UL, DL, and
UL pilot transmission, respectively. In our scenario of uniform
power allocation we have

P UL⋆
TX =

Kξu
(
1 − K

S
)
ρu

ηu⋆
, (17)

P DL
TX =

Kξd
(
1 − K

S
)
ρd

ηd
, (18)

P tr⋆
TX =

K
(
K
S
)
ρp

ηu⋆
, (19)

in which ηu⋆ andηd represent the PA efficiency at the MT’s
and at the BS’s, respectively. The parameterηu⋆ is specific for
each topology chosen as waveform/detector, since a PA with
better eficiency can be employed in the MT’s if SC is adopted
instead of OFDM.

Finally, P ⋆
CP accounts for the circuit power consumption,

which is discussed in detail in the following.

A. Realistic Circuit Power Consumption Model

We discuss in this subsection realistic models for the circuit
power consumption of the different stages in a practical MIMO
communication system. The adopted approach is similar to
that of [18]. Adopting a realistic circuit power consumption
model, the parameterP ⋆

CP is not fixed, but dependent on several
factors, like number of antennas, number of users, waveform
employed, adopted precoding and detector schemes, data
throughput, among others. Following [18], a refined circuit
power consumption model for multi-user MIMO systems can
be stated as

P ⋆
CP = PFIX + PTC + PCE + P ⋆

C/D + P ⋆
BH + P ⋆

LP, (20)

in which PFIX is a constant quantity accounting for the fixed
power consumption required for site-cooling, control signal-
ing, and load-independent power of backhaul infrastructure
and baseband processors [18]. The other terms in (20) are
defined in the following subsections.

1) Transceiver Chains:In (20),PTC accounts for the power
consumption of the transceiver chains. As described in [18],
[23], one can quantify the power consumption of a set of
transmitters and receivers as

PTC = PSYN +MPBS +KPMT , (21)

in which PSYN is the power consumed by the local oscillator,
PBS is the power necessary to the circuit components of
each BS antenna operate, like converters, mixers, and filters,
while PMT accounts for the power required by the circuit

components of each single-antenna MT operate, including
amplifiers, mixer, oscillator and filters.

2) Channel Estimation:PCE accounts for the power con-
sumption of channel estimation in (20). We assume only UL
training by UL pilot transmissions. Thus, all processing is
carried out at the BS, which has acomputational efficiency
of LBS

[
flops
Watt

]
. The pilot-based CSI estimation is performed

once per coherence block, and there areB/S coherence blocks
per second, beingB = 1/Tn the total bandwidth. The CSI
estimation procedure as described in (2) consists of simply
multiplying the M × τ matrix Yp

in with the τ × 1 pilot
sequenceψk of each user, demanding thusMK(8τ−2) flops.
Therefore, the power consumption spent with the channel
estimation procedure is [18]

PCE =
B

S
MK(8τ − 2)

LBS

. (22)

3) Coding and Decoding:In (20), P ⋆
C/D accounts for the

power consumption of the channel coding and decoding
units. The BS performs channel coding and modulation to
K sequences of information symbols in the DL, while each
MT performs some suboptimal fixed-complexity algorithm for
decoding its own sequence [18]. The opposite is performed in
the UL. The consumed power on these procedures will thus
depend on the actual rates, being expressed as

P ⋆
C/D =

K∑

k=1

(RUL⋆
ki + RDL

ki ) (PCOD + PDEC). (23)

where PCOD and PDEC are the coding and decodingpower
densities, respectively, in

[
Watt
bit/s

]
. In the same way as [18],

it was assumed for simplicity that the power densitiesPCOD

andPDEC are the same in UL and DL.
4) Backhaul: P ⋆

BH accounts for the power consumption of
the load-dependent backhaul in (20), which is necessary to
transfer UL/DL data between the BS and the core network.
The backhaul consumption power is usually modeled with
two components [18], one load-independent and one load-
dependent. For convenience, the first one can be included
in PFIX , while the second one is proportional to the average
sum rate. Therefore, the load-dependent backhaul consumption
power can be computed as

P ⋆
BH =

K∑

k=1

(RUL⋆
ki + RDL

ki )PBT, (24)

in which PBT is thebackhaul traffic power densityin
[
Watt
bit/s

]
.

5) Linear Processing:In (20), P ⋆
LP accounts for the power

consumption of the linear processing at the BS. This power
component can be divided for UL and DL. The power spent
with the DL linear processing, which is a common factor for
both investigated schemes, is represented as the sum of two
terms: the first one is that required by making one matrix-
vector multiplication per DL data symbol, and the second
one is that required to obtain the precoding matrix. Each
multiplication between aM × K precoding matrix and a
K × 1 symbol vector demands the complexity ofM(8K − 2)
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flops. Besides, in order to obtain the MRT precoders, it is
just necessary to normalize the CSI estimate vectors aiming
to obtain the precoding vector of each user, demanding thus
K(14M − 2) flops. Therefore, the power consumption of the
DL linear processing at the BS can be quantified as

P DL
LP = B

(
1 − τ

S
)
ξd
M(8K − 2)

LBS

+
B

S
K(14M − 2)

LBS

. (25)

The computational complexity of UL linear processing
when employing FDMRC scheme under OFDM waveform is
presented in Table I. As the first term refers to a processing
evaluated at the MT’s, while the others refer to BS processing,
this power can be quantified as

P UL-F
LP = B

(
1 − τ

S
)
ξu
[
K 5N log2(N)

LMT
+M 5N log2(N)

LBS
+

+N K(8M−2)
LBS

]
, (26)

in which LMT is the computational efficiency of MT’s in[
flops
Watt

]
. Note that, different than [18], we included the power

required to the MT’s perform OFDM modulation, and the
power required to the BS’s perform OFDM demodulation. The
computational complexity of UL linear processing when em-
ploying TRMRC scheme under SC waveform is also presented
in Table I. As this processing is entirely evaluated at the BS,
the power can be quantified as

P UL-T
LP = B

(
1 − τ

S
)

ξu

LBS
{K[M(N + L)(10 log2(2L) + 14)

+2N(M − 1)] +M(N + L)10 log2(2L)} (27)

Finally, the total power required by linear processing is
given by

P ⋆
LP = P DL

LP + P UL⋆
LP , (28)

in which P UL⋆
LP = P UL-F

LP or P UL⋆
LP = P UL-T

LP .

B. Other Issues Affecting Total Energy Efficiency

We discuss in this subsection the influence of other factors
which can impact on the total energy efficiency of the in-
vestigated systems. The PAPR is an impairment which affects
much more a multicarrier system like OFDM than SC systems.
Increasing the number of subcarriers,N , has the positive
effect of diminishing the inefficiency of the CP transmission,
since γ = N

N+NCP
. However, it also increases the PAPR,

which either requires a power amplifier with a larger linear
operation range and thus lower energy efficiency, or increases
the distortion levels if the PAPR is controlled by clipping
the signal peaks. Note that any alternative results in a total
energy efficiency loss for the OFDM waveform: the first by
decreasingηd and ηuF, which increasesPTX in (14), and the
second by decreasing the achievable ratesRUL andRDL due to
the increased distortion levels imposed by clipping. This is one
of the strongest motivations for using SC waveform. Further
details about how the distortion levels imposed by clipping
affects OFDM performance can be found in [24].

The CFO impact in maMIMO system performance has
been discussed in [11] and [13]. As presented in [25], the
CFO is another example of adverse effect much more severe

for multicarrier systems, due to the longer duration of the
OFDM symbol and the intercarrier interference due to the
orthogonality loss. The impact of CFO in the total energy
efficiency works as a performance-complexity trade-off: if
a simple estimator is employed, the distortion imposed by
carrier offset and/or phase noise decreases the achievablerates,
while if a better estimator is used, the gains in achievable
rates come at the price of either increased complexity or
increased length of pilots. Note that both alternatives decrease
the total energy efficiency. However, this trade-off is much
more noticeable for OFDM than for SC, which constitutes
another motivation for employing SC. Besides, an efficient
method for improving CFO compensation is proposed in [13]
for the TRMRC receiver operating in the maMIMO scenario,
while also showing that the performance degradation due
to imperfect CFO estimation diminishes with the increasing
frequency selectivity of the channel, measured by the number
of channel tapsL.

The CP size also has a primary influence on the total energy
efficiency of OFDM systems, but not in SC systems employing
TRMRC which does not require CP. The minimum CP length
is NCP = L − 1. While more extended CPs decrease the
achievable rates of OFDM. Besides, for a given required CP
length, one way of mitigating the impact of CP transmission
on the achievable rates is increasing the number of subcarriers
N . However, this strategy has an adverse effect on the PAPR,
as discussed above. For the SC case, no CP is needed, as
discussed in Section II-B, in such a way that only the number
of channel tapsL impacts on the SC maMIMO system. While
L does not affect the achievable rates of TRMRC/SC, as can
be seen in (10) and (12), the computational complexity of such
scheme depends on this parameter (see Table I), and therefore
the total energy efficiency also decreases withL.

IV. N UMERICAL RESULTS

Aiming at comparing the investigated schemes, we present
in this Section numerical results for the maMIMO system
performance under frequency-selective channels. We have
adopted the same multicell scenario and parameters of [7]
with unitary frequency reuse factor, composed ofC = 7
hexagonal cells of radiusrcell = 500m, whereK users
are uniformly distributed, except for a circle of 50m radius
around the BS. The adopted multicell parameters are similar
to that adopted in [1], [18]. Besides, only the performance
of the users at the central cell were computed, since they
experience a more realistic interference. Unless otherwise
specified, we have assumedM = 100 BS antennas,K = 4
users,N = 256 subcarriers when OFDM is employed, a time-
dispersive channel withL = 16, ξd = 0.6, ξu = 0.4, and an
SNR of 0dB for both pilots and UL data transmission. The
path loss decay exponent was assumedλ = 3.8, and the log-
normal shadowing standard deviation as 8dB. The presented
results were averaged over 100,000 spatial realizations for the
users.

In [7] it has been shown that the maMIMO system is able
to operate with low UL SNR’s, due to the large number of
BS antennas, in such a way that the system performance
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TABLE II
SIMULATION PARAMETERS.

Parameter Value

Cell radius:rcell 500 m

Minimum distance:dmin 50 m

Transmission bandwidth:B 20 MHz

Channel coherence bandwidth:BC 100 kHz

Channel coherence time:TC 2 ms

Total noise power:σ2
n −96 dBm

UL transmit power:ρu 200 mW

UL pilot transmit power:ρp 200 mW

DL radiated transmit power:P DL
TX · ηd 2 W

Coherence block:S 200 symbols

Computational efficiency at BSs:LBS 12.8
[
Gflops

W

]

Computational efficiency at MTs:LMT 5.0
[
Gflops

W

]

Fraction of DL transmission:ξd 0.60

Fraction of UL transmission:ξu 0.40

PA efficiency at the BSs:ηd 0.39

PA efficiency at the MTs under OFDM:ηuF 0.30

PA efficiency at the MTs under SC:ηuT 0.50

Fixed power consumption:PFIX 18 W

Power consumed by local oscillators at BSs:PSYN 2 W

Power required to run the circuit components at BSs:PBS 1 W

Power required to run the circuit components at MTs:PMT 0.10 W

Power density required for coding of data signals:PCOD 0.10
[

W
Gbits

]

Power density required for decoding of data signals:PDEC 0.80
[

W
Gbits

]

Power density required for backhaul traffic:PBT 0.25
[

W
Gbits

]

saturates near 0dB. Moreover, both schemes have very similar
SINR performance, but the achievable rates of TRMRC are
slightly higher than that of FDMRC due to the inefficiency
of the CP transmission, required by the latter in UL. Fig. 2
compares the UL and DL spectral efficiencies achieved by
the TRMRC/SCvs FDMRC/OFDM schemes with increasing
M and K. Indeed, one can see that both have very close
performances. This happens since both employ OFDM in DL,
thus achieving the same spectral efficiency, while in UL the
spectral efficiency of TRMRC/SC is slightly higher by not
transmitting the CP. It has also been shown in [7] that the
approximate expressions for SINR and the lower bounds for
achievable rates are tight. While the error with respect to
Monte-Carlo simulations of SINR was about 0.06 dB, the error
between the simulated rates and the lower bound was about
0.075 bpcu.

A. Total Energy Efficiency Evaluation

We evaluate in this subsection the total energy efficiencies
of maMIMO systems employing either OFDM/FDMRC or
SC/TRMRC as waveform/detector in the UL. The main pa-
rameters adopted in our simulations summarized in Table II
are similar to those adopted in [18], [19]. Fig. 3 depicts the
total energy efficiencies of the investigated systems, withthe
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Fig. 2. Spectral efficiencyvsM andK for both investigated schemes.

variation of both number of BS antennasM and number of
usersK. As can be seen, the maMIMO system employing
FDMRC detector under OFDM waveform has a higher total
energy efficiency than TRMRC under SC. The only exception
occurs with low number of BS antennas (M < 35), in which
TRMRC/SC outperforms FDMRC/OFDM. However, in the
massive MIMO scenario (typically withM > 80), the total
energy efficiency of FDMRC/OFDM is higher. Fig. 4 corrobo-
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rates this result, showing the total energy efficiency percentage
gain of FDMRC/OFDM in comparison with TRMRC/SC. As
one can note from the figure, the total energy efficiency gain
can achieve almost 20% in the range of our investigation, and
can be even higher for increased values ofM andK.
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Fig. 3. Total energy efficiencyvsM andK for both investigated schemes.
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Fig. 4. Contour plot showing the total energy efficiency gain(%) of
OFDM/FDMRC in comparison with SC/TRMRC.

Then, aiming to compare the best total energy efficiencies
achieved by each scheme, we restrict the range ofK and
M in a shorter interval centered on their maxima. Fig. 5
shows that the optimal total energy efficiency achieved by
TRMRC/SC is of 2.315 Mbits/J, which is attained with
M = 35 antennas servingK = 22 users. On the other hand,
the optimal operation point for FDMRC/OFDM is attained
with M = 50 antennas servingK = 22 users, in which a total
energy efficiency of 2.359 Mbits/J can be achieved. Therefore,
FDMRC/OFDM is able to provide a total energy efficiency
improvement of 0.044 Mbits/J with respect to TRMRC/SC,
considering both schemes in their respective optimal total
energy efficiency operation points.
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Fig. 5. Total energy efficiency as a function ofM andK (zoom of Fig. 3).

Finally, Fig. 6 shows the total energy efficiency and spectral
efficiency trade-off for both investigated schemes. Each curve
shows the total energy efficiency against spectral efficiency
achieved for each scheme with the increasing number of BS
antennas. For each number of BS antennas, the number of
active users is set as the one leading to the maximum total
energy efficiency for a given detector/waveform, as can be seen
in Figure 3. As one can infer, TRMRC/SC is a good alternative
only for low number of BS antennas (M < 35). Indeed,
for higher values ofM , FDMRC/OFDM provides a higher
total energy efficiency under the same spectral efficiency, or
alternatively a higher spectral efficiency under a target total
energy efficiency.
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Fig. 6. Total energy efficiency and sum spectral efficiency trade-off with
increasingM .

B. Analysis with Decreasing Cell Radius and CP Length

We analyse in this subsection the total energy efficiency
of the investigated schemes with a decreasing cell radius.
As long as the cell size diminishes, the CIR lengthL also
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decreases, in such a way that a smaller CP can be employed.
We start fromL = 16, rcell = 500m, and dmin = 50m,
and gradually decreasercell and dmin in linear steps of 100
and 10, respectively, whileL is decreased by half in each
step. Table III shows the obtained results for the maximum
total energy efficiencyEEmax, showing also the number
of antennas, number of users and sum spectral efficiency
(SE =

∑K
k=1 (RUL⋆

k + RDL
k )) for which the maximum energy

efficiency is obtained in each scenario. As one can see,
TRMRC/SC achieves a higher total energy efficiency than
FDMRC/OFDM when the cell radius decreases under 300m.
This happens due to the lower value ofL, which decreases
the computational burden of TRMRC processing in Eq. (8),
while not changing the computational complexity of FDMRC.
The table also shows that the maximum total energy efficiency
operation point always occurs under a higher sum spectral
efficiency for FDMRC/OFDM than for TRMRC/SC, due to
the higher number of employed BS antennas and served users.

TABLE III
MAXIMUM TOTAL ENERGY EFFICIENCY WITH DECREASINGCELL

RADIUS FOR EACH SCHEME.

Scheme rcell dmin L EEmax SE M K
[m] [m] [Mbits/J] [bps/Hz]

SC

500 50 16 2.319 9.005 35 22
400 40 8 2.803 10.925 37 22
300 30 4 3.351 13.753 40 25
200 20 2 3.884 15.606 40 25
100 10 1 4.218 17.060 41 27

OFDM

500 50 16 2.361 11.085 50 25
400 40 8 2.831 13.396 50 26
300 30 4 3.332 15.473 49 25
200 20 2 3.786 17.722 49 26
100 10 1 4.016 18.628 47 28

C. Analysis with Increasing Computational Efficiency

Our previous results demonstrated that TRMRC/SC
achieves a higher sum rate than FDMRC/OFDM, while spend-
ing less power with the irradiated signal and power amplifier.
However, the higher computational complexity of TRMRC
processing makes its total energy efficiency lower than that
of FDMRC/OFDM. In this subsection we conjecture that such
situation may change in few years, since the evolution of com-
puters and processors tends to improve the computational effi-
ciency parameters,LBS andLMT . Therefore, the power required
to run the TRMRC processing would decrease, increasing its
total energy efficiency. Fig. 7 shows the maximum total energy
efficiency achieved by both schemes with increasing computa-
tional efficiencies,i.e., theLBS andLMT in Table II were scaled
by the factor represented in the horizontal axis. As depicted in
the figure, a 30% improvement in computational efficiencies
is sufficient to make the total energy efficiency of TRMRC/SC
higher than that of FDMRC/OFDM. Therefore, employing
TRMRC under SC waveform in the UL of maMIMO systems
may become a promising alternative in a near future aiming
to implement very energy efficient communication systems.
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Fig. 7. Total energy efficiency with increasing computational efficiency (both
LBS andLMT ), for L=16 andrext = 500.

V. CONCLUSION

In this work, we have evaluated the total energy efficiency of
maMIMO systems under frequency-selective fading channels
in the presence of pilot contamination. We have compared
the conventional FDMRC receiver operating with OFDM
versus the TRMRC receiver operating under SC waveform.
Our choice for the total energy efficiency metric is due to
its comprehensiveness, and ability of incorporating several
different aspects in a unified analysis. Our results demonstrated
the superiority of FDMRC receiver under OFDM waveform in
terms of total energy efficiency. Despite of the higher sum rates
achieved by TRMRC/SC, and the lower power expenditures
related to the transmitted signal and power amplifier, the
higher computational complexity required to run the TRMRC
processing makes the total energy efficiency of this scheme
lower than that achieved by FDMRC under OFDM. However,
this complexity is highly dependent on the CIR lengthL, in
such a way that if a shorter cell size is considered, TRMRC/SC
becomes a better alternative in terms of total energy ef-
ficiency. Besides, the power required to run the detection
algorithms decreases if the computational efficiency of the
available equipments increase. Our analysis have indicated
that a 30% increase on the computational efficiency makes
the TRMRC/SC scheme more efficient than FDMRC/OFDM.
Therefore, the latter topology could be a promising alternative
for implementation in the UL of maMIMO systems in the next
few years.
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Collision Resolution Protocol via Soft Decision
Retransmission Criterium

José Carlos Marinello, Taufik Abrão

Abstract—The strongest-user collision resolution (SUCRe) pro-
tocol [1] resolves the majority of pilot collisions in crowded
machine-type massive MIMO scenarios. We show in this letter
that the random access (RA) performance of SUCRe can be
improved by replacing the hard decision retransmission rule by
a soft decision one, so that each user decides to retransmit or not
its pilot sequence with a suitable probability. First, we propose
to obtain this probability by mapping the ratio between the
signal gain of each UE and the sum of the contenders’ signal
gains with the aid of a sigmoid function. Then, we propose to
determine the retransmission probability of each UE according
to the probability of this UE being the strongest contender, while
proposing also an approximated probability expression for this
event. Our results demonstrate an improvement in terms of a
lower number of access attempts and a lower fraction of failed access
attempts compared to the SUCRe protocol, while maintaining its
features of being decentralized and uncoordinated.

Index Terms—Large-scale MIMO; Crowded massive MIMO;
random access; collision resolution; machine-type communica-
tion; pilot contamination; decentralized decision.

I. INTRODUCTION

It has been shown recently that the random access (RA) in
crowded networks can be substantially benefited if combined
with massive multiple-input multiple-output (MIMO) technol-
ogy, due to the massive MIMO properties of favorable prop-
agation and channel hardening [2], [3]. Several works have
been then disseminated aiming to improve RA performance
in a decentralized fashion by exploiting massive MIMO prop-
erties [1], [4], [5], [6]. The strongest-user collision resolution
(SUCRe) protocol [1] is a very efficient solution to improve
RA functionality in crowded massive MIMO networks, which
is able to resolve around 90% of all collisions. Furthermore,
the SUCRe protocol exploits the massive MIMO properties
of channel hardening and favorable propagation in order to
enable distributed collision detection and resolution at the UEs,
as described in the following, being thus highly scalable with
respect to the number of UEs in the cell.

Some variants of the SUCRe protocol are proposed in [4]
and [5]. In the proposed SUCRe combined idle pilots access
(SUCR-IPA) of [4], the base station (BS) detects the idle
pilots after the UEs’ pilot transmission in the first stage, and
broadcasts the indices of these pilots as well as an access
class barring (ACB) factor to the UEs in the second stage.
Then, the UEs who did not judge theirselves as the strongest
ones in the third stage will select a new pilot based on the
indices of idle pilots and the ACB factor. As shown in [4], a
slight RA performance improvement can be achieved by this
scheme, however at the cost of an increased overhead due to
the higher control information exchange, which penalizes the
entire system. Similarly, in the SUCRe combined graph-based
pilots access (SUCR-GBPA) of [5], the BS also broadcasts the
indices of idle pilots in the second stage, but no ACB factor.

J.C. Marinello and T. Abrão are with Electrical Engineering Dept., State
University of Londrina; taufik@uel.br

Then, all failed user equipments (UEs) randomly select a pilot
from the pilots that are not selected by any UE in the initial
step. By exploiting the characteristic that the channel responses
between UEs and the base station are invariant within the
coherence time, a bipartite graph is established where active
UEs and selected pilots are considered variable nodes and
factor nodes, respectively. Based on this bipartite graph, a
successive interference cancellation algorithm is employed to
estimate the channel response of each UE.

Another approach regarding the problem of random ac-
cess in crowded massive MIMO networks does not focus in
avoiding pilot collisions, but in developing improved coding
schemes in order to enable the communication even in the
presence of pilot collisions. In the protocol proposed in [6], the
transmission is organized into transmission frames consisting
of multiple transmission slots. When a device has a data
codeword to transmit, it divides the codeword into multiple
parts and, within a transmission frame, transmits the codeword
parts in multiple transmission slots. The channels are estimated
from uplink (UL) pilots every time the device transmits. In
each time slot, each active device selects pseudo-randomly
a pilot from a predetermined pilot codebook and, during
the rest of the slot, it sends a part of the data codeword.
Hence, a device performs pilot-hopping over multiple slots
and the hopping pattern can be used to identify the device
and appropriately merge and decode the parts of its codeword
at the BS.

In this paper, we investigate the RA functionality in crowded
machine-type massive MIMO networks. Our interest is to
improve RA performance, decreasing the average number of
access attempts and the probability of failed access attempts
even in very crowded scenarios, in a decentralized and unco-
ordinated manner, avoiding periodically exchange of control
information. The SUCRe protocol appears as one of the most
promising solutions; however, one of the main shortcomings
of SUCRe protocol is that it requires a noticeable disparity
between large-scale fading coefficients of contending users to
successfully resolve a pilot collision through its hard decision
retransmission rule. Since this requirement is satisfied more
rarely as long as the number of UEs becomes very large, it
can be seen as a cause of the RA performance degradation in
very crowded networks. Aiming to improve this situation, the
main contribution of this paper is to propose a soft decision
retransmission rule for the SUCRe protocol, by introducing
the idea of retransmission probability. Two approaches are
proposed: the first one in which the retransmission probability
is simply computed with the aid of a sigmoid function, and
the second in which the retransmission probability for a given
UE is associated with the probability of it being the strongest
contender. Based on the information available at the UE side,
we propose an approximated expression for computing this
probability, while numerical results corroborate its effective-
ness in improving RA performance in over-crowded machine-
type scenarios.

II. SYSTEM MODEL

We consider cellular networks where each BS is equipped
with M antennas, and the system operates in time-division
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duplexing (TDD) mode with the time-frequency resources
being divided into coherence blocks of T channel uses [1]. Let
Ui denotes the set of UEs in cell i, while Ai ⊂ Ui is the subset
of users in this cell that are active at any given time. Tipically,
in crowded machine-type network scenarios the UE set is very
large, such that |Ui| ≫ T , but the active UEs satisfy |Ai| < T ,
and the BS can temporarily assign orthogonal pilots to these
UEs and reclaim them when they finish their transmissions.
We focus on an arbitrary cell, referred as cell 0 without loss
of generality, and consider how interference from other cells
impacts on the considered cell. Let K0 = U0\A0 denote the
set of inactive UEs in cell 0, and one can say that there are
K0 = |K0| inactive UEs in this cell. These K0 users are
assumed to share τp mutually orthogonal RA pilot sequences
ψ1 . . .ψτp ∈ Cτp which span τp UL channel uses and satisfy
||ψt||2 = τp.

The UEs in K0 randomly select one of the τp pilots in each
RA block: UE k selects pilot c(k) ∈ {1, 2, . . . , τp}. Besides,
the probability of each UE would like to become active is
Pa ≤ 1. The UE k makes an access attempt by transmitting
the pilot ψc(k) with a non-zero power ρk > 0. The set St =
{k : c(k) = t, ρk > 0} contains the indices of the UEs that
transmit pilot t. Therefore, |St| which is the number of UEs
transmitting ψt presents a binomial distribution [1]:

|St| ∼ B

(
K0,

Pa

τp

)
. (1)

We denote the channel vector between UE k and its BS
by hk ∈ CM . Since the number of BS antennas is large, the
massive MIMO properties of channel hardening and asymp-
totic favorable propagation hold [3]. The channel vector also
satisfies hk =

√
βkhk, in which βk is the large-scale fading

coefficient between kth user and its cell, comprising path loss
and shadowing, and each coefficient of the small-scale fading
vector hk is distributed as CN (0, 1). We assume that βk is
known to UE k since it was estimated in step 0 of SUCRe
protocol [1].

In step 1 of the SUCRe protocol the BS receives the signal
Y ∈ CM×τp from the pilot transmission:

Y =
∑

k∈K0

√
ρkhkψ

T
c(k) +W +N, (2)

where N ∈ CM×τp is the matrix of noise coefficients at the
BS with each element following CN (0, σ2), and the matrix
W ∈ CM×τp representing the interference from adjacent cells.
The BS then correlates Y with ψt to obtain

yt = Y
ψ∗

t

||ψt||
=
∑

i∈St

√
ρi||ψt||hi +W

ψ∗
t

||ψt||
+ nt

=
∑

i∈St

√
ρiτphi +W

ψ∗
t

||ψt||
+ nt, (3)

in which nt = N
ψ∗

t

||ψt||
∼ CN (0, σ2IM ) is the effective

receiver noise. The inter-cell interference can be modeled as

W =
∑

l

wld
T
l +

τp∑

t=1

∑

k∈S interf
t

√
ρt,kgt,kψ

T
t . (4)

The first term in (4) refers to the interfering data transmissions
from neighboring cells that use a different resource block (in
time-frequency domain) as RA block than cell 0 [1][Fig.2].
wl ∈ CM is the channel vector of the lth interferer to the
BS in cell 0 and dl ∈ Cτp is the random data the interfering
user transmits. The second term in (4) refers to the interfers
in neighboring cells using the same resource block as RA
block as cell 0, which are also performing RA. Such users are
gathered in the set S interf

t , and the member k ∈ S interf
t uses the

transmit power ρt,k and has the channel gt,k to the BS in cell
0. It can be shown that
∣∣∣W ψ∗

t

||ψt||

∣∣∣
M

→
∑

l

βw,l
|dT

l ψ
∗
t |2

||ψt||2
+

∑

k∈S interf
t

ρt,kτpβt,k

︸ ︷︷ ︸
ωt

(5)

as M → ∞, in which βw,l is the large-scale fading coefficients
related to wl ( ||wl||2

M → βw,l), and βt,k is the ones related to
gt,k ( ||gt,k||2

M → βt,k). Interference in ωt come from both data
transmission and RA pilots in other cells, but the first is often
dominant since the closest neighboring cells transmit data. On
the other hand, the other cells performing RA in the same
resource block as cell 0 are farther [1].

In the second step of SUCRe protocol, the BS responds to
the RA pilots by sending orthogonal precoded downlink (DL)
pilot signal V ∈ CM×τp with respect to each pilot sequence:

V =
√
q

τp∑

t=1

y∗
t

||yt||
ψT

t , (6)

where q is the DL transmit power. The received signal zk ∈
Cτp at UE k ∈ St is

zTk = hT
kV + νT

k + ηT
k , (7)

in which νk ∈ Cτp is the inter-cell interference, and ηk ∼
CN (0, σ2Iτp) is the receiver noise. Then, by correlating zk
with its respective pilot sequence ψt, the UE obtains

zk = zTk
ψ∗

t

||ψt||
=

√
qτph

T
k

y∗
t

||yt||
+ νT

k

ψ∗
t

||ψt||
+ ηk, (8)

in which ηk ∼ CN (0, σ2) is the effective receiver noise.
Defining the sum of the signal and interference gains

received at the BS during the UL transmission of pilot ψt:

αt =
∑

i∈St

ρiβiτp + ωt, (9)

an asymptotically error free estimator for αt in [1] is:

α̂t,k = max

([
Γ(M + 1

2 )

Γ(M)

]2
qρkβ

2
kτ

2
p

[ℜ(zk)]2
− σ2, ρkβkτp

)
,

(10)
in which ℜ(·) gives the real part of its argument.

The main goal of the SUCRe protocol is to resolve pilot
collisions in a decentralized and uncoordinated manner in the
third step, so that each pilot is retransmitted by only one UE
(collision resolved). Each UE k ∈ St knows its own average
signal gain ρkβkτp and has an estimate α̂t,k of the sum of the
signal gains of the contender UEs and inter-cell interference.
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Therefore, they apply the following distributed decision rule:

Rk : if ρkβkτp >
α̂t,k

2
+ ǫk (repeat) (11)

Ik : if ρkβkτp ≤ α̂t,k

2
+ ǫk (inactive). (12)

The bias parameter ǫk ∈ R can be used to tune the system
behavior to the final performance criterion, and is empirically
adjusted in [1] to ǫk =−βk√

M
− ω

2 , where the average UL

interference is given by ω = 1
M ·E

{∥∥∥W ψ∗
t

||ψt||

∥∥∥
2
}
, in which

the expectation is taken over user locations and shadow fading
realizations.

III. RETRANSMISSION PROBABILITY CRITERIUM WITH
SOFT DECISION RULE

The SUCRe protocol is able to resolve great part of the pilot
collisions in crowded machine-type massive-MIMO scenarios
while continues to admit UEs efficiently in overloaded net-
works [1]. However, one of the main limitations of the SUCRe
protocol is because it requires a noticeable disparity between
the large-scale fading coefficients of the contending UEs, so
that the decision rule of (11) is true for only one contending
UE. With a not so large number of UEs, this condition is
usually satisfied in the few cases when a collision occurs.
On the other hand, as long as the number of UEs within the
cell increases, the collisions occur more often and sometimes
with more than two contenders, so that the probability of the
strongest user signal gain be higher than half of the sum of
contending’s signal gains decreases, with no UE retransmitting
the pilot in the third step.

This fact has motivated we propose in this letter a different
decision rule for the UEs retransmit their pilots. From (11),
one can note that the SUCRe protocol in [1] implements a hard
decision rule, since if the condition is true the UE retransmit
its pilot, but if it is false the UE remains inactive. We show
in the sequel that the protocol performance can be improved
by making the decision rule soft, in such a way that the UE
retransmits its pilot with a probability as high as its signal
gain compared with the estimated sum of signal gains. Our
first approach is to obtain this probability with the aid of a
sigmoid function (Sec. III-A). Then, we propose to determine
the probability of retransmission for a given UE according
to the probability of this UE being the strongest contender
(Sec. III-B), taking advantage of knowing ρkβkτp and α̂t,k

quantities.

A. First Approach: Soft Sigmoid Function

A given kth user decides to retransmit its chosen pilot
sequence in step 3 if the following distributed decision rule is
satisfied

ρkβkτp > α̂t,k/2 + ǫk = 0.5 (α̂t,k + 2ǫk) (13)

Defining γt,k = α̂t,k + 2ǫk, eq.(13) can be rewritten as:

ρkβkτp
|γt,k|

> sign(γt,k) 0.5, (14)

in which sign(·) is the signal operator, and γt,k can assume
positive or negative values.

The SUCRe decentralized decision rule is characterized by a
hard decision: if ρkβkτp

|γt,k| is higher than sign(γt,k) 0.5, the user
retransmits its sequence. This hard decision criterium may lead
to contradictory situations in which if ρkβkτp

|γt,k| for a given user
is approaching sign(γt,k) 0.5 by the left, this user remains
inactive in step 3, but if it is approaching it by the right,
this user decides to retransmit its pilot. Besides, in situations
in which there are a higher number of users contending for
the same pilot resource, and the difference in their large-scale
coefficients is not so apparent, it becomes quite difficult to
the decision rule in (14) be satisfied for any contending user,
in such a way that there are no chance of retransmission for
these users. Hence, herein we investigate a soft decision rule
for the SUCRe protocol, in which the value of ρkβkτp

|γt,k| can
be mapped into a probability of retransmission for each user,
without losing the decentralized and uncoordinated features.

Our first approach consists in smoothing the hard decision in
(14) with the aid of a sigmoid function1, as depicted in Figure
1. It was assumed in the Figure the case of positive γt,k. If γt,k
is negative, the soft decision curve is horizontally shifted in
order to be centered in −0.5. Besides, the λ parameter sets the
smoothness of the sigmoid curve: the curve becomes sharper
with the increase of λ values.
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Fig. 1. Probability of retransmission according ρkβkτp
|γt,k | , for the conventional

SUCRe decision rule (hard decision) and the proposed soft decision rule

B. Second Approach: Strongest Contender Probability
Our second approach is to associate the retransmission

probability for a given UE with the probability of this UE
being the strongest contender. For this sake, we obtain in this
subsection an approximated expression for this probability. We
denote by xk ∈ R2 the physical location of UE k with respect
to the BS (assumed to be located in the origin), and assume
a uniform distribution for the UEs’ positions in a circular
cell with radius dmax and minimum distance dmin (in order
to consider only non-line-of-sight propagation) [7]. This user
distribution is described by the following density function

f(xk) =

{ 1
π(d2

max−d2
min)

, dmin ≤ ||xk|| ≤ dmax,

0 , otherwise.
(15)

1A sigmoid function refers to the special case of the logistic function, and
defined by f(x) = 1

1+e−λx , ∀x ∈ R.
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Let the large-scale fading be dominated by path-loss [7].
This is often modeled as

βk =
d

||xk||κ
for ||xk|| ≥ dmin, (16)

where κ ≥ 2 is the path-loss exponent and the constant
d > 0 regulates the channel attenuation at distance dmin [8].
The uniform user location distribution in (15) results in the
following distribution for ||xk||

f(||xk||) =
{

2 ||xk||
(d2

max−d2
min)

, dmin ≤ ||xk|| ≤ dmax,

0 , otherwise.
(17)

This distribution can be directly mapped with the aid of (16)
to obtain the distribution of the βk coefficients as

f(βk) =

{
2 d

2
κ

κ(d2
max−d2

min)
β

− κ+2
κ

k , βmin ≤ βk ≤ βmax,

0 , otherwise,
(18)

in which βmin = d
(dmax)κ

and βmax = d
(dmin)κ

.
The kth UE has knowledge of βk and α̂t,k, which is an

estimate of
∑

i∈St
ρiβiτp+ωt. Therefore, if another contender

k′ ∈ St is the strongest, its large scale fading coefficient is
within the interval βk < βk′ ≤ βt,k, in which βt,k =

α̂t,k−ω
ρ τp

is
an estimated upper bound for the large scale fading coefficient
of any contending of pilot ψt that UE k can adopt. The
probability of this event can be readily obtained from (18),
resulting in (19).

The kth UE will not be the strongest contender if another
contender (any of them) has a higher large-scale fading coef-
ficient. Since the average number of contenders is K0 Pa, we
can approximate the probability of the UE k be the strongest
Pstrong(k) = P (βk > βk′ , ∀k′ ∈ St, k

′ 6= k), for K0 > 1/Pa,
as

Pstrong(k) = 1 − min [(K0 Pa − 1)P (βk′ > βk), 1] . (20)

Therefore, in our second proposed approach, each UE
compute Pstrong(k) in (20), and then use this value as its
probability of retransmission in step 3, under a decentralized
and uncoordinated manner.

IV. NUMERICAL RESULTS AND DISCUSSION

The average number of access attempts and the probability
of failed access attempts (when the number of attempts ex-
ceeds 10) are evaluated in this Section for the SUCRe protocol
of [1], and the SUCRe using the soft decision rule approaches
for the retransmission probability proposed in this letter. The
probability of activation for each device is Pa = 0.1%, the
length of training sequences is τp = 10, and the number
of inactive devices K0 is varied. The adopted parameters are
summarized in Table I.

Figure 2 depicts the performance of the proposed SUCRe
with the soft decision rule with λ = 10 for the sigmoid
function. As one can see, a worse performance is achieved
when the number of UEs is lower than τp/Pa = 10000,
but a better performance is obtained above this threshold.
This can be justified since the motivation of employing a
soft decision rule in SUCRe is to resolve collisions with

high number of contentions and/or a low disparity between
their large-scale fading coefficients, which occurs more often
when K0 > τp/Pa. Under this threshold the soft decision
rule is not so efficient, since it introduces a probability of
the strongest user remain inactive and a probability of weaker
users retransmit pilots.

TABLE I
SYSTEM PARAMETERS

Parameter Value
Soft decision rule Sigmoid function (Sec. III-A)

Pstrong(k) (Sec. III-B)
Sigmoid smoothness λ ∈ [5; 90]
Device activation probability Pa = 0.1%
Length of training sequences τp = 10
# Inactive devices K0 ∈ [1; 16000]
dmax 250m
dmin 25m
d 10−3.53

κ 3.8
Shadowing standard deviation 8 dB

A. Tuning λ with increasing Inactive Devices K0

Aiming to investigate the best value for the λ parameter
with increasing inactive machine-type devices K0, we let the
sigmoid smoothness parameter vary in the range λ ∈ [5, 90],
and find for each value of K0 the best performance obtained
by the SUCRe with soft sigmoid decision rule. Figure 3 shows
the best performance achieved following this methodology.
As one can see from the Figure, an appreciable performance
improvement can be obtained when adopting the soft decision
rule in the SUCRe protocol in the very crowded scenario
(K0 > τp/Pa). Table II shows the reduction in the average
number of access attempts of the proposed SUCRe proto-
col with soft decision rule via sigmoid function (denoted
as sSUCRe1 in the Table) in comparison with conventional
SUCRe, with and without intercell interference. One can see
for example that 0.497 less RA attempts are required on
average for 11000 UEs without interference, while 0.336 less
RA attempts for 12000 UEs with interference. Besides, one
can see from the Figure that the probability of failed access
attempts can reduce from 16.39% to 15.12% for 16000 UEs
with interference. It means that adopting the soft decision rule
can provide successful access to 0.0127×16000×Pa = 0.2032
additional devices on average if compared to the conventional
SUCRe, i.e., in about one out of 5 frame periods, the SUCRe
protocol with soft decision rule will have one additional active
UE in comparison with the conventional SUCRe. Table III
shows the average number of additional active devices of our
proposed RA protocol in comparison with SUCRe.

Analysing the best values of the λ parameter, we have noted
that it have randomly oscillated near values around 60 in the
range of K0 <

0.9τp
Pa

, indicating that any high λ value, which
is able to approach the hard decision, will be suitable in this
moderately crowded scenario, but it have converged to 10 for
K0 ≈ τp/Pa and slightly decreased to 9 for K0 ≈ 1.4τp/Pa.
Therefore, a suitable solution in practice is to switch between
the conventional SUCRe in the scenario with K0 < τp/Pa to
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P (βk′ > βk) =





0 , if βk ≥ βt,k,∫ βt,k

βk
f(β)dβ = d

2
κ

κ(d2
max−d2

min)

(
β

− 2
κ

k − (βt,k)
− 2

κ

)
, if βk < βt,k < βmax,

∫ βmax

βk
f(β)dβ = d

2
κ

κ(d2
max−d2

min)

(
β

− 2
κ

k − (βmax)
− 2

κ

)
, if βk < βmax < βt,k.

(19)
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Fig. 2. RA performance in a crowded machine-type network as a function
of the number of devices in a cell. λ = 10 for the soft SUCRe.

the SUCRe with soft decision rule with λ = 10 when K0 >
τp/Pa (over-crowded scenarios).

B. Computing the Probability of being the Strongest User

We present in this subsection the numerical results adopting
a soft decision rule, in which the probability of retransmission
for each UE is computed as in eq. (20) and (19). Figure
4 depicts the average number of access attempts and the
probability of failed RA attempt, while Tables II and III shows
the reduction on the average number of access attempts and
the average number of active UEs increase in comparison
with conventional SUCRe, respectively. The SUCRe with
soft decision rule discussed in this subsection is denoted as
sSUCRe2 in both Tables. In terms of the average number
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Fig. 3. RA performance in a crowded machine-type network as a function
of the number of devices in a cell. Best λ ∈ [5, 90] for the soft SUCRe.

of access attempts, the soft decision can achieve a reduction
on this number of 2.336 in the scenario without intercell
interference with K0 = τp/Pa = 10000 UEs, and of 1.392
in the presence of intercell interference for the same number
of UEs. Moreover, in terms of the probability of failed
access attempts, the soft decision approach is able to reduce
this number from 11.61% to 5.59% in the scenario without
interference with K0 = τp/Pa = 10000 UEs, providing access
to 0.6327 additional UEs in comparison with conventional
SUCRe. In the scenario with intercell interference, 0.4446
additional active UEs can be supported for 11000 UEs. This
shows that computing the retransmission probability of SUCRe
employing our proposed expression for the probability of
the UE being the strongest contender can be a promising
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solution for RA in crowded massive MIMO networks, while
still benefiting of the decentralized and uncoordinated features
of SUCRe protocol.

TABLE II
AVERAGE NUMBER OF ACCESS ATTEMPTS REDUCTION IN COMPARISON

WITH CONVENTIONAL SUCRE.

K0

Interf. Scheme 8000 9000 10000 11000 12000 16000

without
sSUCRe1 0.014 0.098 0.306 0.497 0.441 0.276
sSUCRe2 -0.196 1.414 2.336 1.592 1.049 0.372

with
sSUCRe1 0.053 0.078 0.181 0.313 0.336 0.240
sSUCRe2 -0.100 0.955 1.392 1.239 0.973 0.384

TABLE III
AVERAGE NUMBER OF ACTIVE UES INCREASE IN COMPARISON WITH

CONVENTIONAL SUCRE.

K0

Interf. Scheme 8000 9000 10000 11000 12000 16000

without
sSUCRe1 0.0015 0.0120 0.0936 0.1837 0.2004 0.2560
sSUCRe2 -0.0073 0.2892 0.6327 0.5569 0.4728 0.3504

with
sSUCRe1 0.0054 0.0121 0.0518 0.1188 0.1548 0.2032
sSUCRe2 -0.0104 0.2198 0.4033 0.4446 0.4224 0.3408

V. CONCLUSION

The RA problem of crowded massive MIMO networks
has been addressed in this letter. The recently proposed
SUCRe protocol constitutes a very efficient solution for this
problem. We have shown in this letter that its performance
can be improved by implementing a soft decision rule as
retransmission criterium instead of its original hard decision
rule. We first proposed a soft decision rule with the aid of
a sigmoid function, which shown itself as a very simple
solution that achieves marginal improvements compared to
the conventional SUCRe. Then we have proposed a second
soft approach relating the probability of retransmission for
each UE with our approximated probability expression for this
user being the strongest contender. This latter strategy have
presented even more significant improvements in the crowded
and over-crowded scenarios, being able for example to provide
access to 0.6327 additional UEs on average if compared to the
conventional SUCRe with 10000 UEs in the cell with τp = 10,
without losing the desirable features of being a decentralized
and uncoordinated procedure. Besides of providing access for
a higher number of UEs, implementing our proposed soft
decision approach can also decrease the delay to establish
connection, while saving energy and improving the autonomy
of the device batteries due to the lower number of access
attempts required.
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