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RESUMO

DOS SANTOS, P. H. R. Simulação numérica da receptividade de ondas
Tollmien-Schlichting devido à incidência de ondas acústicas em ressalto e
cavidade retangulares em escoamento compressível. 2022. 76p. Dissertation
(Master) - São Carlos School of Engineering, University of São Paulo, São Carlos, 2022.

A receptividade acústica das ondas TS devido à rugosidade localizada retangular (cavidade
e ressalto) dentro de uma camada limite laminar compressível foi estudada. O método
utilizado foi a Simulação Numérica Direta com diferenças finitas compactas de alta ordem e
malha de ajuste ao corpo. O espaço paramétrico cobriu pequenas não uniformidades positi-
vas ou negativas, e uma altura inicial de ressalto considerada não linear para receptividade.
O espaço também inclui diferentes números de Mach.

Uma nova maneira de medir a receptividade foi sugerida. A comparação com os dados de
simulação da literatura forneceu uma validação e indicou que este procedimento leva a
valores de receptividade mais confiáveis. Dados experimentais da literatura foram tomados
para comparação, e as possíveis implicações do gradiente de pressão na evolução da onda
TS em um túnel de vento foram avaliadas como uma possível explicação para as diferenças
encontradas.

Os resultados apresentados neste trabalho também sugerem que a não linearidade da
receptividade dos ressaltos começa a ser significativa em alturas superiores a cerca de 12,6%
de δ∗

b . Além disso, a receptividade das cavidades parecia ser menor do que a receptividade
do ressalto, o que não foi previsto pelas teorias linearizadas, como a Teoria dos Números
Finitos de Reynolds de Choudhari and Streett (1992). Por fim, os resultados mostram que
a receptividade diminui com o número de Mach, e esta tendência parece estar de acordo
com Raposo, Mughal e Ashowrth (2019).

Palavras-chave: DNS. Receptividade. Acústica. Ressalto. Cavidade. Rugosidade.





ABSTRACT

DOS SANTOS, P. H. R. Numerical simulation of the receptivity of
Tollmien-Schlichting waves due to acoustic waves inciding on rectangular
hump and gap in compressible flow. 2022. 76p. Dissertation (Master) - São Carlos
School of Engineering, University of São Paulo, São Carlos, 2022.

The acoustic receptivity of TS waves due to localized roughness (gaps and bumps) inside
a compressible laminar boundary layer has been studied. The method utilized was Direct
Numerical Simulation with high-order compact finite differences and body fitting mesh.
The parameter space covered small rectangular positive or negative non uniformities, and
an initial non-linear bump height, as well as different Mach numbers.

A novel way to measure the receptivity was suggested. The comparison with the simulation
data from the literature provided a validation and indicated that this procedure leads
to more reliable values of receptivity. Experimental data from literature was taken for
comparison, and the possible implications of the pressure gradient in the evolution of the
TS wave in a wind tunnel were evaluated as a possible explanation for the differences
encountered.

The results showed in this paper also suggest that the non linearity of the receptivity of
bumps starts to be significant at height greater about 12.6% of δ∗

b (undisturbed Blasius
displacement thickness). Moreover, the receptivity of gaps seemed to be smaller than the
receptivity of bump, which was not predicted by the linearised theories, such as the Finite
Reynolds Number Theory of Choudhari and Streett (1992). At last, the results show that
the receptivity decreases with the Mach number, and this trend appears to be in agreement
with Raposo, Mughal and Ashworth (2019).

Keywords: DNS. Receptivity. Acoustic. Bump. Cavity. Roughness.
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1 INTRODUCTION

1.1 Purpose

A fluid that flows outside a real surface, such as a plane, car or boat, is subject to
surface imperfections - roughness, rivets, among others. These imperfections can affect the
stability of the laminar flow regime and consequently interfere in the laminar-turbulent
transition of the the boundary layer. In the turbulent boundary layer, the fluctuations
transport the momentum between the streamlines, which increases the effective shear
stress (FOX; PRITCHARD; MCDONALD, 2014), and therefore increases the friction
drag on the vehicle, resulting in higher fuel consumption and worse efficiency.

According to Reneaux (2004), it is estimated that the fuel cost represents about
22% of the direct operational cost (DOC) of an air-line, and that a 1% reduction of the
drag could lead to a 0.2% reduction in DOC or a 1.6 ton increase in payload, which could
result in an increase in the order of 10 passengers for an Airbus A320. Based on this
aircraft, the study by Marec (2001) concludes that friction drag corresponds to about 50%
of the total, of which 25% comes from the wings. Raposo, Mughal and Ashworth (2019)
say that it is possible to achieve a 5% reduction in fuel consumption by extending the
region of laminar boundary layer. Although the mechanisms that underpin the turbulence
are not fully understood, one may rely on the process which leads to the transition from
laminar to turbulent flow to optimize a vehicle design for enhanced energetic efficiency.

It is acknowledged that, in low-disturbance environments, the laminar-turbulent
transition has three stages: receptivity, instability growth, and breakdown (SARIC; REED;
KERSCHEN, 2002). The term "receptivity" traces back to Morkovin (1969), and it stands
for the introduction of wave instabilities into the boundary layer. In low-disturbances
environments, such as the atmospheric flight of an airliner, the unstable waves introduced
via receptivity amplify mostly through linear modes. However, in higher disturbances
scenarios, it is possible to occur bypass transition (MORKOVIN, 1994). Ultimately, these
waves amplify, and non-linear effects arise, giving birth to the breakdown of turbulence.

In this scenario, there is interest in the aeronautical industry for studies with the
objective of developing means to reduce drag but maintaining a good relation between
cost and benefit. In Reneaux (2004) there is a review about the lines of research in this
area, and among the alternatives is the possibility of optimizing the geometry of the wing
or empennage to extend the region with laminar flow. The aforementioned study states
that this passive alternative, when combined with active solutions, such as boundary layer
suction, has the greatest potential for reducing drag by 10%. Furthermore, Reed, Saric
and Arnal (1996) estimate that if laminar flow could be maintained over the wings of a
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large civil transport aircraft, fuel savings of up to 25% could be achieved.

The use of Natural Laminar Flow (Natural Laminar Flow, NLF) in a project
requires smaller tolerances for errors and deviations in manufacturing, both in surface
finishing and in the parts joints. The lack of understanding of the effect of imperfections in
the flow means that these tolerances end up being stricter than necessary, generating higher
costs in manufacturing and maintenance. A better understanding of how the transition
is affected by small cavities or roughness can enable a good balance between the drag
reduction by the presence of laminar flow and the cost and weight reductions by lower
manufacturing and maintenance costs.

A unit of measurement used for the drag is the Drag Count (DC), where each unit
is equivalent to a 0.0001 change in the drag coefficient (CD) of the aircraft. In cruise, a
typical value is between 200 and 400 DC. A desired precision for the drag estimates is 10
DC for subsonic regimes, 4 DC for transonic and 1 DC for supersonic regimes. Methods
currently used by the industry have an error in the drag estimate of the order of 10%, or
even more in transonic cases (KAYNAK; EMRE, 2008). These values shows a contrast
between the current ability to correctly predict the drag and the precision necessary for
an effective reduction of fuel consumption and operational costs.

According to Reed, Saric and Arnal (1996), understanding the transition is necessary
for the exact prediction of aerodynamic forces and of heating. In the case of an aeronautical
design, a good prediction of the transition point is of great importance, as it influences
the total drag of the aircraft, which impacts its fuel consumption.

There are semi-empirical methods based on linear growth (Ingen (1956) and Smith
(1956)) which are utilized to predict this transition point, however these methods bypass the
receptivity stage by requiring a calibration of the critical N-factor (RAPOSO; MUGHAL;
ASHWORTH, 2018). which may not be available in early stages of a vehicle design. The
development of a receptivity prediction tool is, therefore, necessary for a robust transition
prediction.

1.2 Objectives

While there is a recent research effort on compressibility effects in the receptivity
and on its non-linear behaviour, there is little numerical data regarding rectangular
roughness elements and gaps depth. In this context, the general objective of this paper is
to perform numerical simulations of the acoustic waves passing over localized roughness
within boundary layers in order to assess the non-linear receptivity regime.
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1.3 Work structure

The remainder of this work is structured as follows. Chapter 2 presents a literature
review on the topic. Chapter 3 describes the methodology utilized, including the parameter
space. Chapter 4 discusses the numerical uncertainty associated with the Direct Numerical
Simulation (DNS) results presented. Chapter 5 provides a preliminary discussion about the
physical phenomena and presents comparison with literature. Chapter 6 shows the result
for different humps and gaps depths, and for different Mach numbers. At last, Chapter 7
draws some conclusions from the work.
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2 LITERATURE REVIEW

The transition from a laminar flow to a turbulent flow has been the subject of
study for many decades, but it still remains an open problem. The first studies on the
laminar-turbulent transition began around the end of the 19th century, with names such
as Rayleigh (1879), Reynolds (1883) and Prandtl (1904).

The presence of small perturbations in a two-dimensional boundary layer in the
laminar flow regime causes the formation of instability waves known as Tollmien-Schlichting
waves (Tollmien-Schlichting waves, TS), which appear in the flow in the first stage of
natural transition (Fig. 1).

Figure 1 – The stages of a natural transition from the laminar to the turbulent regime.
Source: White and Corfield (2006)

The study of the laminar-turbulent transition in the boundary layer is divided into
two categories. The first category of study focuses on the propagation of these waves and
on the analysis of the stability of the flow. In the case of a spatially-unstable flow, these
waves are amplified as they are convected downstream. When these oscillations are small,
up to 0.1% of the magnitude of free flow, the nonlinear effects are small and the theory of
linear stability (Linear Stability Theory, LST) can well predict the flow behaviour.

The second category focuses on receptivity, which is the process by which external
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disturbances (acoustic waves, vorticity, vibration, among others) enter in the boundary
layer and transfer part of their energy to instability waves, which may have different
characteristic length and speed. Depending on the magnitude of the disturbance, the
transition in a boundary layer occurs in one of the ways indicated in Figure 2.

Figure 2 – Typical routes of receptivity to turbulence in a boundary layer.
Source: Saric, Reed and Kerschen (2002)

The theoretical works of Ruban (1984), Goldstein (1983) and Goldstein (1985)
were one of the first to address the receptivity calculation. They demonstrated, using
asymptotic expansions and triple-deck formalism, that the receptivity is prone to occur in
regions of rapid change in mean flow, such as in the leading edge or the near field of surface
non uniformities. There is a scale conversion mechanism in these regions, as the external
disturbances usually have a different wavelength from the instabilities modes. Thus, this
mechanism determines the initial amplitude, phase, and frequency of the instability waves.
Furthermore, it was stated by these studies that the leading edge receptivity is significantly
weaker when compared with surface roughness receptivity.

In the following decade, Choudhari (1993), Choudhari and Streett (1992) and
Crouch (1992) developed the so-called Finite Reynolds Number theory (FRNT), and it
has allowed the receptivity calculation to account for different Reynolds number and
frequencies in comparison with the asymptotic theory. However, the FRNT utilizes an
incompressible set of governing equations and does not account for the effects of the
non-parallelism in the undisturbed mean flow.

Years later, Raposo, Mughal and Ashworth (2018) and Raposo, Mughal and
Ashworth (2019) developed an Adjoint Harmonic Linearised Navier-Stokes approach based
on the FRNT. This approach showed remarkable performance and excellent agreement with
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the previous studies, whilst extending the analysis to both the effects of the compressibility
and non-parallelism in the mean flow. They reported a strong dependence on Mach number,
roughness streamwise position and acoustic non-dimensional frequency, F = (2πfexcν)/U2

∞,
on the receptivity. In this equation, fexc is the dimensional frequency in Hertz, ν is the
kinematic viscosity and U∞ is the free stream velocity. The difference of the receptivity
between a localized roughness at the first branch in a flow with Mach number 0.1 and
0.5, both with F = 20 × 10−6, changed by a factor of 2.2, approximately. The reader is
referred to Raposo, Mughal and Ashworth (2018) to a more comprehensive review on the
topic of adjoint solutions.

The receptivity of acoustic waves on boundary layers has also been subject to a
number of experimental works (e.g., Saric (1994), Saric and White (1998), Monschke,
Kuester and White (2016), Placidi, Gaster and Atkin (2020)). They utilized a variety of
approaches to measure the instability wave due to acoustic receptivity, and each of these
approaches has limitations either on the robustness, accuracy, or acquisition procedure.

Saric (1994) presents a study on the receptivity of acoustic waves to thin mylar
strips on the flat plate. The strip was placed at X = 460 mm where

√
Rex = 590. The

acoustic frequency was kept constant at F ≈ 50×10−6, while the thickness of the roughness
element varied from 45 to 270 µm and the acoustic wave amplitude varied between 90dB
and 100dB. It was reported a departure from linear behavior with respect to the element
height at about h = 200µm, which corresponds to h/δ∗

b ≈ 0.15. It was also reported a
non-linear dependence of the TS amplitude with the acoustic amplitude. However, Nayfeh
and Ashour (1994) developed a numerical method based on the Interacting Boundary Layer
(IBL) equations, and they pointed out that this non-linearity observed by Saric (1994)
may be due to interference of TS waves generated at the leading edge. Notwithstanding,
both papers attribute the non linear height dependence to the presence of recirculating
bubbles after the roughness.

Years later, Monschke, Kuester and White (2016) developed a biorthogonal decom-
position method for the TS extraction based on the projection of the measured flow field
into the solution of a modified Orr-Sommerfeld equation which also accounts for the Stokes
Wave. They utilized an active noise cancelling apparatus aiming the upstream travelling
acoustic waves for improved measurement accuracy. While the results for leading edge
receptivity do not seem to be precise, they showed a good agreement for the receptivity of
a hump. This method is can be also utilized in numerical works.

More recently, Placidi, Gaster and Atkin (2020) built a procedure based on a
two-dimensional roughness with adjustable height to bypass some of the limitations of
the previous works. This procedure allowed the measurement of acoustic receptivity of
gaps, which had not been addressed in other studies before. Their results showed good
agreement for small roughness heights with the data from the code described by Raposo,
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Mughal and Ashworth (2019). As expected, their results presented a departure from the
predicted receptivity of their beaspoke linearised simulation at about h > 0.126δ∗

b . Placidi,
Gaster and Atkin (2020) also attributed this discrepancy to the presence of a recirculation
bubble. Following the conclusions of Bodonyi (1990) and Nayfeh and Ashour (1994), this
recirculating bubble might not have been present in the reference simulation utilized by
Placidi, Gaster and Atkin (2020).

On the other hand, numerical studies provided some relevant results with a recent
progress in compressible subsonic regime (see Würz et al. (2003a), Kurz and Kloker
(2014), DE TULLIO and Ruban (2015)). Würz et al. (2003a) conducted a DNS of acoustic
receptivity of a 3D roughness in a 2D boundary layer. To validate their code, at first the
2D roughness case was compared with the Choudhary’s FRNT, and remarkable agreement
was observed. Their 2D roughness case is compared with the results in this present work.

DE TULLIO and Ruban (2015) presents a DNS of the receptivity of acoustic waves
on a localized bump with a gaussian shape. The base flow was obtained with the full
Navier Stokes equations, however the unsteady wave was simulated in a linearised set of
equations. They compared the results from the asymptotic theory and they found good
agreement. They also extended the analysis to different roughness height and found that
at about h/δ∗

b = 0.17 the receptivity nonlinearity becomes significant, which is somewhat
in agreement with Saric (1994) and Placidi, Gaster and Atkin (2020). They also pointed
out that this upper bound height might be independent of the Reynolds number. It may
be worth noting that Kurz and Kloker (2014), who studied the effect of the steady wave
disturbance by DNS means, identified that the nonlinearity might be present even at the
smallest roughness height.

In what concerns the effect of the gap in acoustic receptivity, there are few DNS
references in literature. Nonetheless, the study of the steady wave disturbance caused by
humps and gaps conducted by Choudhari and Duck (1996) suggests that the effect of non
linear height of gaps is different from the humps, being the former significantly lower than
the latter.



35

3 METHODOLOGY

3.1 Computational domain and parametric space

The present work performed DNS with a high-order finite difference scheme. The
geometries were flat plates with and without roughness. The computational model is shown
in Fig. 3.

Figure 3 – Geometry and boundary conditions of the computational model

The relevant flow parameters are summarized in Tab. 1, 2 and 3. It reports
the following non-dimensional numbers: Reδ∗

b
= U∞δ∗

b /ν, Ma, F = 2π ∗ fexcν/U2
∞ =

ω/Reδ∗
b
.These numbers are the Reynolds number based on the displacement thickness of

the undisturbed Blasius’ profile, δ∗
b , the Mach number, and the non-dimensional frequency.

h and w are the roughness’s height and width, respectively. These parameters are calculated
at the position of the upstream edge of the roughness. The useful domain range is [-100
1200]x[0 38], in terms of δ∗

b .

The base flows obtained were superimposed by a sinusoidal wave at the inflow
boundary condition. It has a constant non-dimensional frequency and an amplitude at most
of O(U∞ × 10−3), where U is the reference far-field velocity. This amplitude was verified
to be inside the linear regime of the receptivity (i.e., the receptivity coefficient varied
linearly with the acoustic wave amplitude, as depicted in Sec. 5.1 ). The TS generated via
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Table 1 – flow parameters for bump height study

Name Reδ∗
b

Ma F × 106 h/δ∗
b w/δ∗

b

b04m1 1413.8 0.1 25.85 4.20% 16.80
b08m1 1413.8 0.1 25.85 8.28% 16.80
b12m1 1413.8 0.1 25.85 12.6% 16.80
b33m1 1413.8 0.1 25.85 33.3% 16.80

Table 2 – flow parameters for gap depth study

Name Reδ∗
b

Ma F × 106 h/δ∗
b w/δ∗

b

c04m1 1413.8 0.1 25.85 -4.20% 16.80
c08m1 1413.8 0.1 25.85 -8.28% 16.80
c12m1 1413.8 0.1 25.85 -12.6% 16.80

Table 3 – flow parameters for mach study

Name Reδ∗
b

Ma F × 106 h/δ∗
b w/δ∗

b

b12m1 1413.8 0.1 25.85 12.6% 16.80
b12m2 1413.8 0.2 25.85 12.6% 16.80
b12m6 1413.8 0.6 25.85 12.6% 16.80
b12m8 1413.8 0.8 25.85 12.6% 16.80

receptivity were filtered out using the subtraction between the fluctuations from the cases
with and without roughness.

3.2 Governing Equations

The Eqs. 3.1 to 3.3 present the Navier-Stokes equations, which are solved numerically.
In these equations, ρ is the specific mass, t is time, ui is the velocity in the xi direction, p

is the pressure, τij is shear stress, e is the internal energy, and qi is the heat flow in the xi

direction.

∂ρ

∂t
= −ρ

∂ui

∂xi

− ∂ρ

∂xi

ui (3.1)

∂uj

∂t
= −∂uj

∂xi

ui − 1
ρ

∂p

∂xj

+ 1
ρ

∂τij

∂xi

(3.2)

∂e

∂t
= − ∂e

∂xi

ui − p

ρ

∂ui

∂xi

+ 1
ρ

τij
∂uj

xi

− 1
ρ

∂qi

∂xi

(3.3)

Constitutive equations are used to close the system of equations. The hypotheses
are that the flow is a perfect gas, which leads to Eq. 3.4 and 3.5. In these equations, T is
temperature, Ma∞ is the Mach number, γ is the specific heat ratio.

T = eγ (γ − 1) Ma2
∞ (3.4)
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p = (γ − 1) ρe (3.5)

Sutherland’s law (Eq. 3.6) is utilized to calculate the viscosity. In this equation, µ

is the dynamic viscosity, C = 110K
T ∗

∞
and T ∗

∞ = 300K.

µ∗

µ∞
= µ (T ) = 1 + C

T + C
T

3
2 (3.6)

The viscous tension tensor and the heat flux are calculated from Eq. 3.7 and 3.8.
Re is the Reynolds number in these equations, and Pr is the Prandtl number.

τij = µ (T )
Re

(
∂ui

∂xj

+ ∂uj

∂xi

− 2
3δij

∂uk

∂xk

)
(3.7)

qi = − µ

(γ − 1) Re Pr Ma∞
(3.8)

3.3 Boundary conditions including acoustics

The boundary conditions are described in Fig. 3. The flat plate and the roughness
walls have no-slip and no-penetration boundary conditions, zero pressure gradient in the
normal direction, and constant temperature. The pressure in both roughness’ corners
nodes is set to the average pressure that meets the boundary condition for each direction.
Upstream of the flat plate, there is a free-slip region to accommodate the free flow before
the leading edge of the no-slip wall.

The top boundary has a null Neumann boundary condition. The second derivatives,
except for the pressure itself, are set to zero in the outflow. The pressure is defined with
the Dirichlet boundary condition in the outflow and null Neumann in the inflow.

For the acoustic wave, a harmonic perturbation is superimposed at the inflow. The
wave is inserted in the velocity, density, and energy variables matching the free-stream
acoustic impedance for a sinusoidal wave. A buffer zone downstream exists, so oscillations
are neither reflected nor amplified.

Figure 4 presents the free stream disturbed by a 3-wavelength acoustic wave
multiplied by a Gaussian function. The dashed line is the buffer zone’s limit, and the
contour plot is in absolute value and logarithmic scale. The bufferzone length was adjusted
to damper the acoustic wave by a factor of at least 1/1000, so not to introduce reflections.

In Figure 5, the simulated acoustic wave’s amplitude and phase are plotted. It
is possible to see that the acoustic wave has negligible amplitude decay over the useful
domain of the flat plate, and the phase varies linearly.
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Figure 4 – Contour plot of the disturbance generated by a 3-wavelength acoustic wave
multiplied by a Gaussian in the free-stream. The dashed line is the buffer zone’s
limit. The contour plot is in absolute value and logarithmic scale.
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Figure 5 – amplitude (left) and phase (right) of the simulated acoustic wave in the free
stream. The dashed line indicates the buffer zone.

3.4 Numerical Scheme

The Aeroacoustics, Transition and Turbulence Research Group (GATT) currently
has three high-performance computers where the computational analyzes are performed.
The code used for the flow simulation solves the compressible Navier-Stokes equations
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numeracly without the use of turbulence model. Therefore, it is known as Direct Numerical
Simulation. It was developed by this research group (BERGAMO, 2014; MARTINEZ;
MEDEIROS, 2016; MATHIAS; MEDEIROS, 2018). In DNS, the primitive variables of
Eq. 3.1 to 3.3 are calculated at each domain point in dimensionless form. The simulation
routines are written in FORTRAN 90. Their main features are listed below:

• Spectral and high-order spatial derivatives (LELE, 1992)

• Time integration by the Runge-Kutta method up to the fourth order

• Cartesian mesh with refinement in regions of interest

• Spatial low-pass filter to avoid aliasing problems (GAITONDE; VISBAL, 1998)

• Low-pass temporal filter to accelerate convergence to a steady state, if necessary
(ÅKERVIK et al., 2006)

• Buffer zones on open contours to avoid unwanted reflections

• Parallel execution using domain splitting techniques using MPI (LI; LAIZET, 2010)

• Parallelized execution by multiprocessçp̃rogram using OpenMP

The subsequent sections explain in detail the numerical methodology used. For
more details of the DNS scheme, the reader is refereed to Martinez and Medeiros (2016)
and Mathias and Medeiros (2018)

3.4.1 Spatial derivatives

Finite differences calculate the spatial derivatives according to the sixth-order
spectral scheme described by Lele (1992). An advantage of the spectral scheme is the
better approximation of the flow derivative for a broader spectrum of frequencies.

Despite achieving high order of formal approximation, explicit schemes quickly lose
precision at high wave numbers due to the higher-order derivatives.

This scheme uses Eq. 3.9. In this equation, α, β, a, b, and c are adjustable parameters
according to the order of approximation of the derivative. h is the mesh spacing, ui is the
value of the property at the point Xi and u′

i is its approximate first derivative. Near the
borders, the stencil is adjusted and becomes decentralized.

βu′
i−2 + αu′

i−1 + u′ + αu′
i+1 + βu′

i+1 = a
ui+1 − ui−1

2h
+ b

ui+2 − ui−2

4h
+ ui+3 − ui−3

6h
(3.9)

The order of approximation of this scheme is given by Eq. 3.10 (LELE, 1992).
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Second order: a + b + c = 1 + 2(α + β)
Fourth order: a + 22b + 32c = 6(α + 22β)
Sixth order: a + 24b + 34c = 10(α + 24β)
Eigth order: a + 26b + 36c = 14(α + 26β)

(3.10)

The system becomes explicit if α and β are null. In this case, if a = 1, b = 0,
and c = 0, the derivative scheme becomes second-order explicit. For example, an explicit
fourth-order scheme has a = 4/3 and b = −1/3.

In the bufferzone, the derivative scheme is replaced by the explicit second-order
one. This transition is gradual and cosine, with the first point of the bufferzone being
calculated with the high-order method and the last point with the low-order method.

Eq. 3.9 is used when the mesh spacing is uniform. However, the mesh used in the
simulations has refinement. To solve this problem, we used the chain rule to map the
position Xi of the refined mesh’s points in a domain with a mesh with uniform spacing, ϕi

(Eq. 3.11).

∂u

∂x
= ∂u

∂ϕ

∂ϕ

∂x
(3.11)

In Eq. 3.11, u is the value of the function, x is the position of the real mesh, ϕ is
an equally spaced intermediate mesh, with h = 1. Therefore, both terms in Eq. 3.11 can
be obtained by finite differences. Furthermore, the right side only needs to be calculated
once as the mesh is not changed during the simulation.

3.4.2 Time marching

A fourth-order Runge-Kutta scheme performs the temporal integration with a fixed
time step dt. This scheme is given by Eq. 3.12. In this equation, Un is the flow in the time
step n.

Un+1 = Un + ∆t

6 (K1 + 2K2 + 2K3 + K4) (3.12)

K1 =f (Un) (3.13)

K2 =f
(

Un + ∆t

2 K1

)
(3.14)

K3 =f
(

Un + ∆t

2 K2

)
(3.15)

K4 =f (Un + ∆tK3) (3.16)
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The boundary conditions are reinforced at each sub-time step, totalling four
applications for each time step. The numerical stability of the code limits the largest
possible ∆t time step. The Courant-Friedrichs-Lewy (CFL) condition is defined in Eq.
3.17. For the fourth-order Runge-Kutta scheme, a CFL of approximately 1.3 keeps the
simulation stable.

∆t ≤ CFLmax(
1/Ma+umax

∆xmin
+ 1/Ma+vmax

∆ymin
+ 1/Ma+wmax

∆zmin

) (3.17)

Eq. 3.17 shows that for small Ma numbers the time step ∆t needs to be small. At
numbers of Ma close to the incompressible flow, the ∆t must be significantly reduced.
Thus, it is computationally more expensive to simulate a case with small Ma with the
compressible formulation of the Navier-Stokes equations.

For the flow’s diffusive characteristics, the simulation’s stability can be obtained
respecting Eq. 3.18.

∆t ≤ Re(
1

∆x2
min

+ 1
∆y2

min
+ 1

∆z2
min

) (3.18)

3.4.3 Spatial filter anti-aliasing

In real flows, there are physical mechanisms of energy transfer from larger scales
to smaller scales until reaching the level of molecular energy dissipation, which generates
heat. However, it is not always possible to have a sufficiently refined mesh to capture
these small scale effects, generating aliasing issues. Eriksson and Rizzi (1985) state that,
due to the effect of aliasing, the movement of smaller scales solved by the simulation is
transferred numerically to larger scales. This transference can cause a divergence between
the actual flow and the numerical result. As a result, high-frequency noise can appear in
the simulation, and it can accumulate and cause numerical instability and divergence in
the simulation.

It is known that a mesh can resolve waves with a wavelength at least twice the
spacing of the points. Waves with shorter wavelengths can cause aliasing. However, filtering
should be enough to dissipate high-wave number noise, so a numerical low-pass filter is
implemented in the code. This filter is based on the work of Gaitonde and Visbal (1998).
Its strength can be adjusted in the pre-processing phase and, ideally, should be as weak as
possible, to minimize its effects on the result. This filter is disabled close to the boundaries
and the wall because the derivatives are more prominent in these regions. Large derivatives
hurt the antialiasing filtering process.
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The implementation of the low-pass filter antialiasing is similar to the implementa-
tion of the derivative calculation. Eq. 3.19 generates the linear system to be solved at the
end of each time step. In this equation, ū is the function after filtering, ui is the value of
the function before the filter at the point Xi, αf and the parameter referring the strength
of the filter, which can vary between -0.5 ( equivalent to no filter) and 0.5 (maximum
strength).

αf ūi−1 + ūi + αf ūi+1 =
N∑

n=0

an

2 (ui−n + ui+n) (3.19)

For the scheme used, the values of the coefficients an are presented in Eq. 3.20.

a0 = 193+126αf

256

a1 = 105+320αf

256

a2 = −15+30αf

64

a3 = 45−2αf

512

a4 = −5+10αf

256

a5 = 1−2αf

512

(3.20)

3.5 Parallel computation

The DNS code used in this work was developed in-house by the GATT over several
years. The pre-processing and post-processing are done in Matlab and include the following
steps:

• Receive the input parameters
• Create a directory for the results and initialize log files
• Generate the mesh
• Identify walls immersed in the domain
• Set up the boundary conditions
• Set up matrices with coefficients for the spatial derivatives and filters
• Create the initial flow

The processing is done in FORTRAN, and the compiler used is gfortran.

3.5.1 Linear system solver

As explained in previous sections, the computation of the spatial derivatives and
the anti-aliasing filter is implicit. It involves solving linear systems with a coefficient matrix
in tridiagonal form. The solution to this system is obtained using the Thomas algorithm.
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An example of a system with a tridiagonal matrix is presented in Equation 3.21, where yi

are known values, and the solver needs to calculate di.



b1 c1 · · · a1

a2 b2 c2
...

a3 b3
. . .

... . . . . . . cn−1

cn · · · an bn




d1

d2
...

dn

 =


y1

y2
...

yn

 (3.21)

When a1 = cn = 0, the system is not cyclic and, therefore, can be solved by Thomas’
algorithm:

for i = 2 ... n do
a_i = ai/b_{i - 1}
b_i = bi - a_ic_{i - 1}
y_i = y_i - a_iy_{i - 1}
end for
dn = xn/bn
for i = n - 1 ... 1 do
d_i = (y_i - c_i d_i)/b_i
end for

If the system is cyclical, the algorithm proposed by Temperton (1975) is used. The
first row of the inverted tridiagonal matrix is computed during pre-processing and it is
stored. This row is used to get the value of d1 from the vector y. The system is then
modified for Eq. 3.22, which the Thomas algorithm can solve.



b1 c1 · · · 0
a2 b2 c2

...
a3 b3

. . .
... . . . . . . cn−1

0 · · · an bn




d1

d2
...

dn

 =


y1 − a1d1

y2
...

yn − cnd1

 (3.22)

3.5.2 Parallelization

The code is executed with serial and parallel processing. In the parallelized portion
of the code, the 2DECOMPT & FFT library is used, which was written using the MPI
protocol. This library is highly scalable and optimized for the best performance (LI;
LAIZET, 2010).
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The computational domain is divided into slices, as shown in Fig. 6a. This division
is also known as pencil or drawer decomposition. Each slice is allocated to a different
process. Local operations are performed in one direction only, and communication is done
only within each sub-group.

In order to calculate derivatives in other directions, the domain needs to be
transposed in each direction (Fig. 6b and c). The process is illustrated in Fig. 7. The
process is illustrated for a three-dimensional simulation in both Fig. 6 and 7. However,
this process is adapted for the present two-dimensional situation.

Figure 6 – Illustration of a domain divided into 3x4 processes. Source: Li and Laizet (2010)

Figure 7 – Calculation of directional derivatives in the domain divided according to drawer
decomposition method
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4 NUMERICAL PRECISION

This chapter evaluates the numerical uncertainty associated with the DNS utilized
and the physical phenomenon of interest. In order to accomplish this objective, the b12m1
case is taken as reference (see Tab. 1), as this case is thought to be representative.

4.1 Mesh refinement description

The code uses structured mesh in a rectangular domain with stretching in both
X and Y directions. It is possible to control the strength and size of the stretching, and
the grid is much finer close to the wall and roughness. In addition, there are smooth
adjustments in the node position to match the roughness’ edges. The mesh is shown in
Fig. 8.

In order to prepare the computational mesh, best practice for the simulation of TS
waves over smooth plates were observed to generate the first mesh. Upon this base mesh,
the region near the roughness element was refined, and the numerical precision related to
acoustic receptivity is treated in the following sections.

4.2 Grid requirement for the Stokes Layer

The Stokes Layer profile is analyzed in Fig. 9 for different mesh refinements and
positions of the plate. There is no discernible difference in the Stokes Layer profile in this
figure in both upstream and downstream positions.

4.3 Grid requirement for the roughness

The mesh independence for the receptivity process is presented in Fig. 10. In
this figure, the mesh is alternatively refined in the X and Y direction. The upper chart
presents the evolution of the TS wave and the bottom chart presents the ratio between the
evolutions with different mesh sizes. The difference below 4%, which is considered good
enough for the physical phenomena of interest.

However, in obtaining the initial disturbance at the center of the roughness, it is
necessary to use the information on the evolution of the TS wave over the rough plate. This
evolution needs to be also independent of the mesh. So, Fig. 11 presents the evolution of
the TS wave produced by suction and blowing at the wall with different mesh refinements.
It is possible to see that the variation is up to 3%, which is also thought to be good enough
for the physical phenomena of interest.
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Figure 8 – Mesh utilized in the simulation. a) Mesh in the streamwise direction. b) mesh
in the perpendicular direction. There is stretching in both directions.

4.4 Effectively incompressible Mach number

The DNS code utilized was implemented with compressible governing equations,
which enables the study of the sensibility of the receptivity to the Mach number. However,
when comparing experimental studies, it turned out to be too expensive to simulate the
same experimental Mach number because the stability of the code requires tiny time steps.
Therefore, in order to accelerate the simulation, the Mach number was increased.

In order to assess the highest Mach number such that the compressibility effects
could be neglected, Figure 12 presents the comparison between the evolution of the TS
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multiplied by 300 to improve the graphical readability. The curves overlap.
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Figure 10 – TS wave generated by acoustic receptivity with different mesh refinements.
The top figure is the TS evolution, and the bottom figure is the ratio between
the evolutions.

wave over the smooth plate with Mach 0.1 and 0.2. The bottom chart shows that the
difference is approximately 4% over the plate, which is in accordance with the numerical
precision discussed before. Furthermore, as the experimental study of Placidi, Gaster and
Atkin (2020) was conducted at Mach 0.05, approximately, the difference between the
evolution of the experimental TS wave and the simulated one, if other physical parameters
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Figure 11 – TS wave generated by suction and blowing on the wall with different mesh
refinements. The top figure is the TS evolution, and the bottom figure is the
ratio between the evolutions.

are equal, is thought to also be within 4%.
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Figure 12 – Top: TS wave (AT S) generated by suction and blowing at the wall for Ma =
0.1 and 0.2 divided by the respective amplitudes at first branch (A0). Bottom:
ratio between the TS wave amplitudes at Ma = 0.2 (AT S 0.2) and 0.1 (AT S 0.1).
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5 PRELIMINARY RESULTS AND VALIDATION

5.1 Characteristics of the acoustic receptivity due to a sharp bump

The receptivity characteristics simulated in the present parameter space are ad-
dressed before any comparison with the data from the literature as previous receptivity
studies have yet to deal with the non-linearity of the phenomenon concerning the roughness
height. It is necessary to standardize the initial amplitude measurement considering this
non-linearity.

Figure 13a presents the evolution of a TS wave introduced by acoustic receptivity
due to a rectangular bump of height 33.6% of δ∗

b (TSreceptivity). It also presents two TS
waves generated by suction and blowing at the wall passing over the same rectangular
bump (TSrough) and over a smooth wall (TSsmooth). On one hand, the amplitude of the
TSrough was adjusted to match the TSreceptivity at a downstream position. On the other
hand, the amplitude of the TSsmooth was adjusted to match the amplitude of the TSrough

at an upstream position.

The TSreceptivity presents a region of significant amplification in the near field
downstream of the roughness and matches the TSrough at a certain point. The extent of
this region might depend non-linearly on the roughness height, as it will be discussed in
the following sections; this may need to be properly accounted for in linear calculations.

The ratio between the TSrough and TSsmooth is also plotted in Figure 13b. It shows
that after a certain position downstream (X∗/δ∗

b > 650), the growth rate is similar, which
suggests that any non-linear effect might be confined to a limited region near the roughness.

Fig. 14 shows the contour lines of iso values of the TS wave over the flat plate in
the cases of TSrough, TSsmooth and TSreceptivity. Moreover, Fig. 15 presents the evolution
of the integrated kinetic energy along the normal direction. It is possible to notice that
the roughness has a negligible effect on the stability upstream of the roughness.

However, in the roughness’ near field, the TSrough suffers an increase and a following
decrease in the amplitude, and it approximately matches the amplitude of the TSsmooth

at the trailing edge position of the roughness. Moreover, the amplitude of the TSrough

increases compared to the TSsmooth at downstream positions. This behaviour is believed
to be due to the interaction with the roughness, as discussed by Himeno et al. (personal
communication).

The method utilized in some previous studies, such as Würz et al. (2003b), to
evaluate the initial amplitude of the TS wave from receptivity is to match the amplitude
of the TSrough with the amplitude of the TSreceptivity at a certain downstream position and
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Figure 13 – Top: The blue solid line is the evolution of the maximum of a TS wave
(AT S) generated by acoustic receptivity due to a rectangular bump of height
h/δ∗

b = 33.6%, normalized by the roughness height and the acoustic wave
amplitude (Aac). The figure also presents the maximum of a TS wave generated
by suction and blowing at the wall passing over the same rectangular bump
(solid green) and the maximum of a TS wave generated by suction and blowing
at the wall passing over a smooth wall (black dashed). Bottom: ratio between
the TS wave passing over the rough surface (AT S,Roughness) and the TS wave
passing over the smooth surface (AT S,Smooth).

evaluate this adjusted amplitude at the center of the roughness. However, one can argue
that the amplitude of the TSrough varies abruptly depending on the roughness position.
This variation could lead to less precision in evaluating the initial TS amplitude.

A potentially more robust alternative method to measure the initial amplitude
is first to match the TSrough amplitude with the TSreceptivity at a downstream position,
and secondly to match the TSsmooth with the amplitude of the TSrough at an upstream
position and then evaluate this adjusted amplitude at the desired position (e.g., the center
of the roughness or the trailing edge of the roughness). This method is potentially more
robust than the method utilized in previous works because the evolution of TSsmooth does
not present abrupt changes. Moreover, as the upstream matching region is unaffected by
the roughness, this procedure allows to distinguish the amplitude due to the receptivity
itself and the amplitude due to the TS wave passing over the near-field of the roughness
element.
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TS wave from acoustic receptivity (solid). The black rectangle is the roughness.
The curves were normalized with the procedure described in section 5.1.
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Figure 15 – Evolution of the integrated kinetic energy of the TS wave along the normal
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curves were normalized with the procedure described in section 5.1. It also
suggests that there is no influence of the roughness upstream of the rectangular
element, and the evolution of the receptivity wave and the TS over the rough
surface is similar downstream of the roughness element.
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Although the difference between the amplification of the TS passing over the
smooth and the rough surface for roughness with small heights may be negligible, as it
is demonstrated in Fig. 16, in the case of higher heights, such as the heights simulated
herein, the difference between the procedure described in this work and the procedure from
Wörner, Rist and Wagner (2003) is significant. Thus, this method was utilized henceforth.

It is also worth noting that the dependency of the receptivity with respect to the
acoustic wave amplitude was found to be linear within the range of magnitude tested herein.
This behavior can be seen in Fig. 17, where the Stokes Layer profile at a downstream
position with respect to the roughness divided by the acoustic wave amplitude at the
freestream for different acoustic wave amplitude overlap. It also shows that negligible TS
waves remain in this position due to the leading edge receptivity because the profile does
not change.

The same behaviour is observed in Fig. 18, where the receptivity amplitude for
different roughness heights is plotted against different acoustic wave amplitude. Again, it
is possible to see linear trends among the receptivity of each roughness height, but with
different derivatives.

This linear dependence is somewhat different from what Saric (1994) observed in its
experimental results. The explanation given by Nayfeh and Ashour (1994) for the results
presented in Saric (1994) indicated that some TS wave might remain from the leading
edge receptivity in the roughness area, which is not the case in the present simulation,
as discussed in the previous paragraphs. So, the TS wave observed in this simulation is
thought to be mainly due to roughness, and the Figs. 17 and 18 reinforce the findings of
Nayfeh and Ashour (1994).

At last, it was also found that the vertical TS disturbance velocity component
could be obtained from the single numerical simulation of the acoustic streamwise wave
passing over the roughness. This vertical component’s evolution parallels the streamwise
disturbance component obtained by the subtraction technique explained in sec. 3.1, as it is
shown in Fig. 19. Using this vertical component would eliminate a number of simulations
required. Notwithstanding, the subtraction technique was utilized in this work to compare
with experimental results.

5.2 Comparison with others numerical simulations

In figure 20, the simulation data was compared with the numerical data of Würz et
al. (2003b) and the data from the Finite Reynold Number Theory presented in Choudhari
and Streett (1992). This comparison utilized the efficiency function Λu as described by
Choudhari and Streett (1992), which is a normalization of the maximum amplitude of
the TS wave at the center of the roughness with respect to the Fourier transform of the
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shape of the roughness itself and the acoustic wave amplitude. The results present a good
agreement. However, the current DNS seems to agree slightly more with the theory than
the numerical data of Würz et al. (2003b).

5.3 Comparison with experimental data

After the validation with theoretical and numerical data, the present DNS simulation
is compared with the experimental data from Placidi, Gaster and Atkin (2020). Thus,
figure 21 shows the experimental TS wave profile at a downstream position (Fig. 4b in
Placidi’s paper) and the simulated profile at the same flow conditions reported in his paper,
with exception of the Mach number, which was discussed in section 4.4. It is possible
to note that the experimental TS wave profile has a similar shape to the simulated one.
However, the amplitude is greater by a factor of 1.2, which is thought to be larger than
the simulation uncertainty.

One possible explanation for this difference might be the effect of the pressure
gradient over the flat plate in the TS wave evolution. Thus, Figure 22a presents an estimated
Falkner-Skan-Coke profile (FSC) with pressure gradient based on the experimental data
present in Fig. 2.1 of Veerasamy (2019), which is cited by the authors of Placidi, Gaster
and Atkin (2020) as a typical accuracy achieved in their facility. Next, Figure 22b compares
the evolution of the TS wave with and without the estimated pressure gradient. One can
see that even a mild pressure gradient of m = -0.0015 has an impact of about 20% in the
amplitude in the experimental measurement region (X/δ∗ ≈ 1100), which could explain
the difference observed between the numerical and experimental results. It shows how
difficult it is to perform this experiment.

In order to compensate for this difference in the downstream TS amplitude, the
data from the simulation will be multiplied by a factor for positive heights and another
factor for negative heights in order to match the theoretical data presented in Placidi’s
paper for the lowest roughness height simulated (positive or negative). This correction
will be detailed in the following sections.
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Figure 18 – Receptivity amplitude measure using the procedure described in Sec. 5.1 for
different roughness heights and acoustic wave amplitudes.
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Figure 22 – a) Estimated outerflow velocity (black solid lines) and Falkner-Skan-Coke
profiles envelope (dashed lines) with m = 0 (blue) and m = -0.0015 (red). b)
Top: TS wave evolution calculated with the PSE algorithm over a flat plate
with the "m" parameter from the Falkner-Skan-Coke envelope of (a) (m =
0 and -0.0015). Bottom: ratio between the TS wave amplitude from the top
figure.
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6 PARAMETRIC STUDY OF RECEPTIVITY

6.1 Roughness height effect

This section assesses the effect of varying the positive roughness height. Firstly,
the experimental data of Placidi, Gaster and Atkin (2020) is compared to the simulation
data. Next, the non-linearity of the receptivity is assessed, and this provides a suggestion
for the difference encountered with the experimental data.

6.1.1 Comparison with experimental data

Figure 23 shows the maximum of the TS wave amplitude from acoustic receptivity
of humps at X∗/δ∗

b = 1108.8 divided by the free-stream acoustic wave amplitude. It
compares the experimental data of Placidi et al., the linearised simulation data in Placidi’s
paper, and the present DNS simulation. The experimental and the linearised simulation
data were adjusted in the X-axis by the displacement thickness based on Blasius at the
hump position. The present DNS simulation data was adjusted in the Y axis to match the
linearised simulation at the lowest height available.

From this figure, one can note that the simulation data has a departure from the
linear for h/δ∗ = 12.6% behaviour that was not predicted by the linearised simulation.
As was pointed out in section 5.1, the observed non-linearity might come from the
combination of the near-field effect on the evolution of the TS wave and the non-linearity
of the receptivity itself.

6.1.2 Non-linearity with respect to the bump height due to receptivity

As discussed before, part of TS from receptivity is due to the interaction of the TS
wave passing over the near-field of the roughness. So, Fig. 24 presents the evolution of a
TS generated by suction and blowing at the wall passing over the smooth surface and the
rough surface with different bump heights. The amplitude is divided by the height of the
bump, and the lines do not collapse, which suggests non-linearity in the evolution of the
TS with respect to the roughness height.

The effect of the near field of the roughness on the evolution of the TS wave is
treated in Himeno et al. (personal communication). Here, their comparison of the growth
rate change, α, is reproduced to determine the X station where the roughness effect has
cessed. It is worth pointing out that this distance does not increase with the roughness
height, but the amplitude of the disturbance and the growth rate do.

The TS amplitude from receptivity is plotted in Fig. 26 along with the TS wave
over the smooth and rough surface. The normalization procedure is described in section 4.1.
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Figure 23 – Maximum of the TS amplitude from acoustic receptivity of humps at X∗/δ∗
b =

1108.8 divided by the freestream acoustic wave amplitude. Comparison among
the experimental data of Placidi, Gaster and Atkin (2020) (circles), the
linearised simulation data present in Placidi’s paper (dashed line), and the
present DNS simulation (cross). The present simulation was corrected to
match the lowest height from the experiment.

The position of the downstream matching was chosen to be where the disturbance wave
has the same TS growth ratio, as depicted in Fig. 25. As the lines do not collapse in Fig.
26, the results suggest the presence of non-linearity at the heights simulated. This result
also suggests that the non-linearity of the receptivity (measured by the difference of the
dashed lines) is somewhat more significant than the non-linearity due to the interaction of
the TS passing over the near-field of the roughness (measured by the difference between
the green line and the respective dashed line).

6.2 Gap depth effect

In this chapter, the effect of varying the gap depth is assessed. As done in the
previous chapter, the experimental data of Placidi, Gaster and Atkin (2020) is compared
to the simulation data, and then the non-linearity of the receptivity is studied.

6.2.1 Comparison with experimental data

Figure 27 shows the maximum of the TS wave amplitude from the acoustic recep-
tivity of the cavity at X∗/δ∗

b = 1108.8 divided by the free-stream acoustic wave amplitude.
It also compares the experimental data of Placidi, Gaster and Atkin (2020), the linearised
simulation data in Placidi’s paper, and the present DNS simulation. Similarly, as before,
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Figure 24 – Amplitude of TS waves passing over the smooth surface and rough surface
with a localized rectangular bump.

the experimental and the linearised simulation data were adjusted in the X-axis. Likewise,
the DNS simulation data was adjusted in the Y-axis to match the linearised simulation at
the lowest height.

The cavity simulation data presented a departure from the linear behavior weaker
than the hump. Meanwhile, the experimental data presented a departure from the linear
behavior in heights smaller than these predicted in the simulations. This behavior was
argued by Placidi et al. (2020) as an effect of a possible bubble formation inside the cavity.
However, the DNS simulations did not present the same pattern, and a lack of precision
in the experimental measurement for the small heights may cause this discrepancy.

Also, the observed non-linearity might come from the combination of the near-field
effect on the evolution of the TS wave and the non-linearity of the receptivity itself.

6.2.2 Non-linearity with respect to the gap depth due to receptivity

Similarly, in the hump case, Fig. 28 presents the evolution of a TS generated by
suction and blowing at the wall passing over the smooth surface and the rough surface
with different cavity heights. The amplitude is also divided by the height of the cavity,
and the lines do not collapse, which suggests non-linearity in the evolution of the TS with
respect to the gap depth.

The growth rate caused by the gap is plotted in Fig. 29. It shows that in a position
downstream near X∗/δ∗

b = 530, the effect of the cavity has cessed. This position was
utilized to adjust the amplitude of the TSroughness.
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Figure 25 – Disturbance in the growth rate (α) between the cases with and without bump.

Fig 30 presents the amplitude of the TS wave from receptivity and the evolution of
the TS wave over the smooth and rough surface. The normalization procedure is described
in section 5.1. Differently from the hump case, in this gap case, the black dashed lines
approximately collapse, which suggests that the receptivity of acoustic waves over cavities
is linear to the cavity height, at least for the heights simulated in this work.

6.3 Comparison between receptivity of bumps and cavities

In order to compare the receptivity of humps and cavities of the same heights, Fig.
31 presents the amplitude measured in the middle of the roughness position utilizing the
procedure described in section 5.1. It is possible to see that the initial amplitude of bumps
is consistently greater than the cavities’. Moreover, the cavity receptivity seems to be
linear with the roughness height, and the receptivity of the bump does not vary linearly.

6.4 Mach number effect

This section assesses the effect of varying the Mach number on the receptivity. Fig.
32 presents the difference of the growth rate of a TS generated by suction and blowing at
the wall with and without a bump of height h/δ∗

b = 12.6%. Near X∗/δ∗
b = 640, the growth

rate disturbances are minimal, so this position was chosen to match the TSrough to the
TSreceptivity.

Figure 33 shows the evolution of the TSreceptivity, and their respective TSrough and
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Figure 26 – Comparison among the maximum of the TS amplitude generated by acous-
tic receptivity for different bump heights normalized by the acoustic wave
amplitude and the roughness height (solid lines). This figure also presents
the normalized maximum amplitude of the TS passing over the roughness
(dashed) and the normalized maximum amplitude of the TS passing over the
smooth plate (dash-dotted).

TSsmooth. Unlike the previous cases, the evolution of the TS waves inserted by suction and
blowing at the wall presented a more wavy pattern. This pattern is due to the acoustic
admittance, which increases with the Mach number. There, the signal of the Fourier
transform is noisier, and the results seem to be more wavy-like. However, this waviness
was considered small enough to measure the receptivity at the center of the roughness.

Figure 34 presents the receptivity coefficient measured following the procedure
described in section 4.1 for different Mach numbers. The data suggests that the receptivity
decreases with the Mach number, which is somewhat similar to the results presented in
Fig. 5c of Raposo et al. (2019).
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Figure 27 – Maximum of the TS amplitude from acoustic receptivity of gaps at X∗/δ∗
b =

1108.8 divided by the freestream acoustic wave amplitude. Comparison among
the experimental data of Placidi et al. (2020) (circles), the linearised simulation
data present in Placidi’s paper (dashed line), and the present DNS simulation
(cross). The present simulation was correct to match the lowest height from
the experiment.
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Figure 28 – Amplitude of TS waves passing over the smooth surface and rough surface
with a localized rectangular gap.
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Figure 29 – Disturbance in the growth rate (α) between the cases with and without cavity.
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Figure 30 – Comparison among the maximum of the TS amplitude generated by acous-
tic receptivity for different cavity depths normalized by the acoustic wave
amplitude and the cavity depth (solid lines). This figure also presents the
normalized maximum amplitude of the TS passing over the cavity (dashed)
and the normalized maximum amplitude of the TS passing over the smooth
plate (dash-dotted).
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Figure 31 – Receptivity coefficient at the center of the roughness for different cavity and
bump heights. The amplitudes were measured with the procedure described
in section 5.1.
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Figure 32 – Disturbance in the growth rate (α) between the cases with different Mach
numbers. The disturbance in each case is from the bump with h/δ∗

b = 12.6%.
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Figure 33 – TS amplitude over the flat plate (maximum in the vertical direction) for
different Mach numbers.
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Figure 34 – Receptivity coefficient at the center of the roughness for different Mach
numbers. The amplitudes were measured with the procedure described in
section 5.1.
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7 CONCLUSION

This work studies the physics of the receptivity of TS waves to acoustic waves
in the laminar boundary layer. The method utilized was Direct Numerical Simulation
with high-order compact finite differences and body-fitting mesh. This study covered the
receptivity to small rectangular positive or negative elements (bump or gap, respectively)
and the Mach number effect.

A more robust way to measure receptivity was suggested, and the comparison with
the simulation data from the literature also suggests that this procedure leads to more
reliable values of receptivity. After the validation, the experimental data were compared,
and the possible implications of the pressure gradient in the evolution of the TS wave were
evaluated as a possible explanation for the differences encountered.

The results showed in this paper suggested that the receptivity of the bump starts
the non-linear regime in heights greater than 4.2% of δ∗

b . Moreover, the receptivity of
cavities seemed to be smaller than the receptivity of bumps, which was not predicted by
the linearised theories, such as the Finite Reynolds Number Theory of Choudhari and
Streett (1992). At last, the results show that the receptivity decreases with the Mach
number, and this trend appears to agree with Raposo, Mughal and Ashworth (2019).

The present work presented a remarkable agreement with the literature data within
the linear regime; the results spotted the limit of the linear and non-linear regimes. For
future works, a suggestion might be the study of the interference of different frequencies
co-occurring and the three-dimensional non-linear receptivity. In addition, the study of
deeper gaps is also worth assessing its non-linearity.
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