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ABSTRACT 

 

 

 

Santos MVM. Xfem analysis for laminated composite plates with layerwise displacement 

theory [dissertation]. São Carlos: University of São Paulo, Departament of Mechanical 

Engineering of São Carlos School of Engineering.  

 

Composite laminates are being more employed as fundamental structures due to its low 

weight and high stiffness. An example of this innovation is the primary structures of modern 

aircraft, which are lighter than the material formerly used. To predict the material response as 

load gradually increases can be quite demanding due to composite’s complex failure 

mechanism. Hence superior computational models should be further investigated to precisely 

predict the mechanical behavior of composite media. This dissertation addresses an extended 

finite element procedure based on the layerwise displacement theory to simulate purely mode 

I delamination failure in composite laminates. The present model has the potential to perform 

structural analyzes in a pre-delaminated structure and also considering progressive failure. 

The type of element to be employed at the discretion of the model is the rectangular 4-node 

iso-parametric homogeneous element whose displacement field is approximated based in the 

layerwise theory. There are four types of degrees of freedom, one displacement in each 

direction, and one degree of freedom associated to the strong discontinuity. Numerical 

examples already solved in the bibliography are suggested in this dissertation, which 

demonstrate the potential of the model developed to accurately simulate pure mode I 

delamination in case of the investigation here is further elaborated. In addition, one possibility 

of future development of this dissertation is the modeling of fracture mode I without the need 

to discretize the cohesive planes as realized in traditional Cohesive Zone Methods. 

 

 

 

 

 

Keywords: XLFEM. XFEM. Extended finite element method. Layerwise. Composite 

laminate. Composite structure. Progressive failure, delamination.  



 

 

 

 

  



RESUMO 

 

 

 

Santos MVM. XFEM analysis for laminated composite plates with layerwise displacement 

theory [dissertação]. São Carlos: Universidade de São Paulo, Departamento de Engenharia 

Mecânica da Escola de Engenharia de São Carlos.  

 

Compósitos laminados estão sendo mais empregados como estruturas fundamentais devido ao 

seu baixo peso e alta rigidez. Um exemplo dessa inovação são as estruturas primárias das 

aeronaves modernas, que são mais leves do que as os materiais empregados antigamente. 

Prever a resposta do material à medida que a carga aumenta gradualmente pode ser difícil 

devido ao complexo mecanismo de falha dos compósitos. Portanto, modelos computacionais 

mais refinados devem ser investigados a fim de se prever um comportamento mecânico mais 

preciso. Esta dissertação aborda um procedimento de elementos finitos estendido baseado na 

teoria de deslocamento layerwise para simular falhas de delaminação modo I em laminados 

compósitos. O modelo abordado tem potencial para realizar análises em uma estrutura pré-

delaminada além de falha progressiva. O tipo de elemento a ser empregado na discrição do 

modelo é o isoparamétrico, homogêneo de 4 nós, retangular, e o campo de deslocamento é 

baseado na teoria layerwise. Existem quatro tipos de graus de liberdade, um deslocamento em 

cada direção, e um grau de liberdade associado à forte. Sugere-se nesse trabalho, exemplos, 

que são comparados com a bibliografia, e que apontam que o modelo desenvolvido nesta 

dissertação tem o potencial de simular o fenômeno de delaminação em modo I com acurácia, 

caso o estudo nessa dissertação seja estendido. Além disso, uma possibilidade de 

desenvolvimento futuro desse trabalho é a modelagem da fratura modo I sem a necessidade de 

discretizar os planos coesivos entre as lâminas, como realizado em métodos coesivos 

tradicionais. 

 

 

 

Palavras-chave: XLFEM. XFEM. Método dos elementos finitos estendido. Layerwise. 

Compósito laminado. Estrutura de compósito. Falha progressiva. Delaminação. 
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û  Virtual displacement of the continuous displacement field 

u  Virtual displacement of the discontinuous displacement field 

E  Set of nodes with general enrichments 

jjE  Young’s modulus in the jj direction 

ij  Strain in ij  direction 

jF  j-th component of the gobal force vector 

( )
k

f x  General function of k index 

d
f  Enrich function associated to strong discontinuity on the boundary d

  

(1) (2),
l l

F F  Enrichment functions corresponding to both sides of the discontinuity 

1 2( ), ( )
l l

F x F x  Enrichment function related to crack-tip enrichments 

  Through the thickness iso-parametric coordinate 

ijG  Shear modulus in the ij direction 

IG  Strain energy release rate associated to mode I 

ICG  Critical strain energy release rate associated to mode I 



LIST OF SYMBOLS 

 

 

 

IIG  

 

Strain energy release rate associated to mode II 

IICG  Critical strain energy release rate associated to mode II 
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1 INTRODUCTION, JUSTIFICATION, AND OBJECTIVES 
 

 

A composite structure is a heterogeneous material constituted of two or more phases 

whose performance is designed to be superior to those of the constituents acting separately. 

The stiffer phase, known as reinforcement or fiber, is discontinuous, while the soft phase is 

called matrix (also resin). In addition, chemical interactions cause a composite structure to 

have unique properties in the region between the reinforcement and the matrix; therefore, this 

zone is considered to be another phase named as interphase. The role of each constituent 

depends upon the type of application of the composite material. For low to medium 

performance, the fibers provide stiffening but only local strengthening, while the matrix is 

responsible for bearing loading. Conversely, high-performance composite structures behave 

differently; the matrix offers protection and support for the fibers while the reinforcement 

bears the load. The type of structure studied in this dissertation is the composite laminate, 

which is an assembly of multiple layers of fibrous composite materials forming a specific 

stacking sequence; each layer may have a different fiber orientation (Daniel; Ishai, 1994). 

Figure 1 is a representation of composite material on a micro scale. 

 

Figure 1 - Phases of a composite material in micro scale 

 

Source: Daniel and Ishai (1994). 
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Fibrous composite materials are used since ancient times to fabricate multiple 

products, but it was only potentially explored by engineers since 1960s (Herakovich, 1967). 

Nowadays, composite laminates are employed as structures in submarines, sports equipment, 

medical tools, buildings, aerospace and astronavigation industry, automobiles, and several 

further applications (Zhang; Yang, 2009). A recent innovation was the employment of 

composite laminates as primary and secondary structures of the Airbus 380 and 350, and the 

Boeing 787. It is estimated that 40% of the Airbus 380’s structure is made of composite 

materials., which resulted in a considerable reduction of the airplane weight and its 

maintainability (Pora, 2001). It is important to point out that such weight saving is always 

desirable to aircraft designing. Figure 2 represents some carbon fiber reinforced plastic 

(CFRP) and thermoplastic applications on Airbus 380’s structure. 

 

Figure 2 - Major monolithic CFRP and thermoplastic applications on Airbus 380’s structure 

 

Source: Pora (2001). 

  

In addition to CFRP and thermoplastic, sandwich laminates are also employed in the 

Airbus 380’s structure. This type of composite structure consists of a light honeycomb or 
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corrugated metal core shrouded by two outer skins (Megson, 1999). Some applications of 

sandwich laminates in the Airbus 380’s composition are displayed in Figure 3. 

 

Figure 3 - Sandwich laminate applications on A380's structure 

 

Source: Pora (2001).  

 

Although composite laminates have significant advantages, its use is still limited due 

to difficulty of predicting their service life. The failure mechanisms are complicated and hard 

to predict. Hence the safety factor considered to design composite structures is superior when 

compared to usual materials such as the aluminum alloy 2024 (Zhu, 1992). Furthermore, Zhu 

(1992) mentions that the safety factor applied to composite structures will only decrease when 

the failure mechanisms are more comprehended. Therefore, it is essential to study further the 

failures phenomena involved in composite laminates as well as developing more accurate 

models to account the complex mechanisms in composite media. 

The failure in composite structures can be intra-ply or inter-ply. Intra-ply failures 

occur within a single ply; it can be a fiber rupture or compressive kinking, fiber/matrix 

debond, matrix cracks, and others flaws. The inter-ply failures, also known as delamination, 

are the detachment of two bonded plies (Traversa, 2006). Some damage evolution theories 
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such as Ribeiro et al. (2012) remark that, as load increases, intra-ply failures occur first and it 

gradually evolves to delamination. 

Linear Elastic Fracture Mechanics (LEFM) classifies the fracture in three distinct 

groups: Tensile opening (mode I); in-plane shear or sliding (mode II); Out of plane shear or 

tearing (mode III). Figure 4 illustrates the types of fracture in solid media. The energy 

associated to these three kinds of fracture is named strain energy release rate and it is different 

to each mode. Thus, the energy necessary to open a crack in pure mode I is not the same of 

the energy of sliding or tearing. Generally, all modes are involved in a real structure. 

 

Figure 4 - Possible modes of fracture: a) Mode I: tensile opening; b) mode II: in-plane shear; c) mode 

III: out-of-plane shear 

 

Source: Author. 

 

At the present time, there are basically four approaches to model delamination in 

composite media (Pascoe et al. 2013): Stresses/strain based methods; fracture mechanics; 

Cohesive Zone Method (CZM); and the Extended Finite Element Method (XFEM). The first 

two approaches relate the state of stress/strain and the energy release rate respectively, and the 

others are applied with the finite element procedure. Additionally to these four techniques, 

Barbero and Reddy (1990) proposed to model delamination via the layerwise theory (LW) 

developed by Reddy (1987).  

CZMs are finite-element based models, where the interfaces between two adjacent 

laminas are discretized with unique elastic properties. In the CZM, a traction-separation law is 
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employed to prescribe the behavior of the constitutive relation of the cohesive zone, in which 

the stiffness suffers softening penalty as delamination progresses. The main advantages of the 

CZM approach are that it dismisses re-meshing along a pre-defined crack path (Belytschko; 

Black, 1999), and it can incorporate a pre-delaminated zone in the model (Muñoz et al. 2006). 

Conversely, some parameters need to be specified to define the cohesive zone properties, and 

the majority of them are chosen based on numerical considerations only (Pascoe et al., 2013). 

For instance, the initial stiffness in respect to delamination is not possible to measure, and it is 

chosen for plainly numerical reasons (Pascoe et al., 2013). 

The XFEM is the newest approach to model discontinuity. The basic idea is to enrich 

the approximation of the displacement field of elements with discontinuities. The XFEM was 

first proposed by Belytschko and Black (1999) based on the conception of the partition of 

unity formulated by Babuška et al. (1997). Recent developments on composite media through 

XFEM have been discussed in Huynh et al. (2009). To improve convergence of XFEM, it is 

possible to include a cohesive law to govern the traction-separation behavior of the 

delamination (Moës; Belytschko, 2002). A drawback of all of XFEM formulations is the fact 

that they are usually based on the First Order Shear Deformation Theory (FSDT), which is not 

able to precisely determine the out of plane stresses between adjacent laminas of a laminate 

(Robbins; Reddy, 1993). Since inter-laminar stresses have an essential role in delamination, it 

is more reasonable to exploit more accurate displacement formulations to combine with 

XFEM. The layerwise displacement theory proposed by Reddy (1987) achieves better results 

than the FSDT for out of plane stresses. Furthermore, formulations based on layerwise 

displacement fields are free of shear and membrane locking and has superior computational 

effort when compared to a similar 3D elements in finite element analyzes (Reddy, 2004). Li et 

al. (2015) and Li (2016) developed formulations that employ XFEM and layerwise in beams 

and shell elements respectively.  

This dissertation proposes a numerical approach potential able to model pure mode I 

delamination in composite laminates through the XFEM, based in a layerwise displacement 

field (XLFEM). To describe the behavior of the delaminated zone, a traction separation law is 

imposed. The main advantages of the present formulation are: 
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a) the XFEM is flexible and efficient. It is an extension of the standard finite 

element procedures which can be easily adapted to delamination analyses; 

b) CZM is used only to model the stiffness of the delaminated zone. There is no 

need for discretizing any planes; 

c) the layerwise theory provides more realist displacements and stresses fields, 

which is more appropriate to identify potential failures. 

 

 There is no research that combines XFEM, CZM, and layerwise theory. It is 

introduced in this master’s thesis a unique formulation, capable of accurately analyze 

delamination in composite laminates. 

 

1.1 Justification 

 

The majority of the delamination models available in the literature are based on 

Equivalent Single Layer Theories, which fail to describe local effects on composite laminates. 

Delamination problems require the accurate calculation of the 3D stress field throughout 

lamina interfaces. Hence, it is essential to approach such non-linearity with more refined 

formulations. The layerwise theory (LW) provides exceptional accuracy when dealing with 

composite laminates; its assumptions are closer to reality. 

The investigations of Li et al. (2015) and Li (2016) approached delamination utilizing 

both XFEM and layerwise theory; their formulation are capable of modeling discontinuity in 

the displacement and strain fields in pre-delaminated composites, plus determining the stress 

intensity factor (SIF) near the tip of the pre-delaminated zone. Conversely, Li et al. (2015) 

and Li (2016) do not account progressive failure analyzes, and their models utilize 

considerable computational resources due to employing the XFEM to simulate delamination 

and to enforce the discontinuity over the strain field on every interface between laminas.  

This master’s thesis approaches delamination problems exploiting all benefits of the 

XFEM and layerwise theory, and it can possibly be extended to progressive failure analysis to 

further investigations. Additionally, the method suggested here demands less computational 
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resources due to the fact of using the layerwise theory and that the XFEM is only used to 

simulate delamination  

This master’s thesis includes the CZM to improve the numerical convergence. 

Cohesive Zone Models are widely employed to carry out delamination problems in 

progressive failure analyses. To approach delamination through the CZM, it is necessary to 

discretize each cohesive zone surfaces within the laminates. This procedure is dispensable 

here because CZM is automatically applied to any failed location throughout the domain, 

which can be useful to analyze multiple-layered laminates. 

    The motivation of this master’s thesis is to develop a new model to perform 

progressive failure analyses accounting delamination based on the LW theory. Furthermore, 

the model should demand less computational resources when compared to similar 

formulations. 

 

1.2 Objectives 

 

The primary purpose of this research is to develop a numerical model potentially 

capable of simulating the delamination failure in composite laminates through the XFEM 

based in the layerwise displacement theory. The delamination is pure mode I and is modeled 

as strong discontinuity via XFEM, which is a leap in the displacement field. The Cohesive 

Zone Method is implemented to describe the behavior of the delaminated zone. Therefore, the 

primary objective is achieved by completing the following partial goals: 

a) study state of the art regarding XFEM, CZM, and the layerwise theory; 

b) implement the layerwise theory and numerically validate; 

c) employ the Extended Finite Element Method to model delamination for 

subsequent investigations; 

d) study alternative parameters to approach strong discontinuities, such as 

distinct functions to model discontinuity; 

e)  investigate the Cohesive Zone Method to idealize the behavior of the 

delaminated area. 
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2 BIBLIOGRAPHIC REVIEW 
 

 

2.1 Fiber reinforced laminate 

 

A lamina is a plane, or curved layer, of reinforcements whose elastic properties are 

orthotropic. This means that the elastic properties differ along three mutually-

orthogonal twofold axes of rotational symmetry. As a convention, the lamina axes are 

denominated as 1, 2, and 3. The first axis is parallel to the fibers; the second one is 

perpendicular to axis 1 and is projected on the lamina plane; the last axis is normal to the 

plane of the lamina (Daniel; Ishai, 1994). Figure 5 is an illustration of the conventional lamina 

axes. 

 

Figure 5 - Conventional local system of coordinates in lamina level 

 

Source: Daniel and Ishai (1994). 

 

The laminate is the assembling of two or more laminas, stacked in a particular manner 

and bonded together. Each ply may have a specific thickness and a different fiber orientation. 

Therefore, it is convenient to analyze laminates using a conventional fixed system of 

coordinates (usually the Cartesian system) and to establish the elastic properties of each 

lamina on the laminate system named global system (Daniel; Ishai, 1994).

https://en.wikipedia.org/wiki/Orthogonal
https://en.wikipedia.org/wiki/Rotational_symmetry
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2.2 Review of displacement theories 

 

There are three different significant assumptions of the displacement field (Reddy, 

1989): 

a) Equivalent Single Layer 2D theories; 

b) layerwise 2D theories; 

c) continuum based 3D and 2D theories. 

 

This section reviews the basics of both Equivalent Single Layer (ESL) and the 

layerwise theory. The continuum-based models are also commented and compared to LW 

theory. 

 

2.2.1 Equivalent Single Layer Theories   

 

ESL theories or the Kirchhoff based kinematic approach, have been the first of all 

formulations to model composite laminates. As its name suggests, this category of theories 

represents a composite laminate as an equivalent single layer. The displacement field of ESL 

theories is a linear combination of thickness coordinates and functions of positions of a 

reference surface, as demonstrated in equation (1). Usually, the reference is the mid-plane of 

the laminate (Reddy, 1989). 

 

0

ˆ( , , ) ; (1,2,3)
iM

j j
i i

j

u x y z u z i


    (1) 

 

where 𝑀𝑖 is the number of terms in expansion of the i-th component of the displacement 

vector and ˆ j
iu are the functions of positions, and Z is the coordinate in thickness direction. For 

example, if it is desired a cubic interpolation of the displacement field on x and y directions, 
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then (𝑀1 = 𝑀2 = 3). Hence, a displacement field based on equation (1) will have (𝑀1 +

𝑀2 + 𝑀3 + 3) unknowns per node (Reddy, 1989). 

In all ESL theories, the displacement field and its derivatives (the strain field) are 

continuous through the laminate thickness. Due the fact of each lamina has its own 

constitutive law, the stress field may be discontinuous on interfaces between laminas, as 

shown in Figure 6 (Reddy, 1989).  

 

Figure 6 - Typical longitudinal strain and stress in the thickness of a general composite laminate 

 

Modified: Oñate (2009). 

 

The first ESL theory is the Classical Laminate Theory (CLT), which is based on 

Kirchhoff’s plate formulation applied to composite laminates. The principal assumptions of 

the CLT are: 

a) a state of plane stress is considered over the whole domain; 

b) transverse shear deformations are negligible; 

c) the transverse normal strain is neglected. 

 

The assumption of plane stress is only valid for thin plates. Neglecting the transverse 

shear deformation implies that vertical lines remain straight and normal to the mid after 

loading, which may not be adequate for thick plates (Daniel; Ishai, 1994). It is possible to 

formulate the CLT theory by letting 𝑀1 = 𝑀2 = 1 and  𝑀3 = 0  in equation (1). The result is 

stated equation (2). 
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where the functions 
0ˆ ; 1,2,3iu i   are the displacements along the three coordinate directions 

of a system of reference surface (usually the reference is the mid plane), and  1 1

1 2
ˆ ˆ,u u  are the 

rotational angles of y and x axes respectively. It is important to mention the independence of 

the transverse displacement 𝑢3 in respect to the thickness coordinate, which is expected due to 

Kirchhoff assumptions (Reddy, 1989). Generally, reasonable results of displacements and in-

plane stresses are achieved by applying CLT theory to composite laminates; Liu and Li, 

(1996) suggest that the thickness should not be twenty times greater than the in-plane 

dimensions for better results using Equivalent Single Layer theories. The CLT theory does not 

account out-of-plane stresses, and since some failure mechanisms include interlaminar 

stresses, the CLT approach may not be adequate for designing primary structures (structures 

which compromise a whole structural system when failing). Furthermore, due to no transverse 

shear deformation assumption, the CLT underestimates the transverse deflection (Cho; 

Parmerter, 1992). 

To improve the CLT drawbacks, more sophisticated Equivalent Single Layers theories 

were developed, such as the First-Order Shear Deformation theories, Higher-Order Shear 

Deformation theories (HSDT) and Zig-zag theories. The First-Order Shear Deformation 

theory was developed by Reissner (1945) and Mindlin (1951). Their method assumes the 

same displacement field of Kirchoff's approach, but it does not ignore the shear deformation, 

which results in straight lines not perpendicular to midplane after loading (Cho; Parmerter, 

1992). 

Some advantages to implement finite element solution based in Reissner-Mindlin’s 

kinematics instead of Kirchhoff theories are: The Kirchhoff theory requires that the first 

derivative of shape functions should be continuous, and the results of the Reissner-Mindlin 

plate theory are more accurate for thicker beams. In ESL theories, the structural analyzes of 
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thin laminates can induce to a numerical counterfeit called shear locking, but there are a 

variety of artifices to bypass this undesired effect such as reduced integration, constrained 

substitute shear strains fields, or incompatible modes and other techniques (Oñate et al. 1992).  

The reduced integration is one of the most used approaches, and it is easier to employ, 

although it can introduce spurious mechanisms which can lead to inaccurate results (Oñate, 

2013).  

The shear stress acting on a generic cross section assumed on the Reissner-Mindlin’s 

theory is constant, which is a contradiction to the quadratic distribution according to the 

theory of elasticity as demonstrated in Figure 7. To overcome this circumstance, it is 

necessary to impose a shear correction factor to match the specific internal energy of the 

Principle of Virtual Work (Timoshenko, 1930). Conversely, the layerwise theory does not 

require a shear correction factor, as it will be discussed later. 

 

Figure 7 - Out-of-plane shear stress according to Reissner-Mindlin theory and the Theory of Elasticity 

 

Source: Oñate (2013). 

 

Several higher-order plate theories have been proposed in order to improve ESL 

theories. Typical examples are the formulations of  Lo et al. (1977), which assumed a third 

order expansion on in-plane displacements and a second order to deflection; the third-order 

theory of Reddy (1984) that imposes null shear stress on the top and bottom of the laminate; 

the method developed by Shu and Liangxin (1994), which enforces the shear stress continuity 

over each layer interface; and others relevant researchers.
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Liu and Li (1996) compared several HSDT theories to the elastic solution suggested by 

Pagano (1969) to cylindrical bending in composite laminates. In their research, they examined 

the normalized in-plane displacement �̅� of a [0/90/0] laminate, whose aspect ratio is equal to 

4. The boundary conditions of the example solved by Pagano (1969) is demonstrated in 

Figure 8 

 

Figure 8 - Cylindrical bending case solved by Pagano (1969) 

 

Source: Pagano (1969). 

 

The external load is expressed in form of a Fourier series of equation (3) 

 

 0
( ) sin ;( )

( )

q x q p n x

n
p n






  (3) 

 

where ( )q x is the load in function of x coordinate, 0q  is a constant load, ( )p n is the Fourier 

series,   and is the length of total length of the laminate. 

Liu and Li (1996) pointed out that the results of third and fourth order are identical, and 

the same applies for the outcome of the fifth and sixth order. These facts can be verified in 

Figure 9. 
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Figure 9 - Comparison of u̅ from shear deformation theories for a [0/90/0] laminate 

 

Source: Liu and Li (1996). 

 

 Liu and Li (1996) proved that the solution to displacement through the thickness in 

SDT has an excellent agreement to the theory of elasticity. In turn, Reddy (1989) agrees that 

SDT theories are adequate to represent the global behavior of thin composites, but they are 

inadequate to represent local effects such as interlaminar stress distributions and 

delamination. Liu and Li (1996) also investigated the distribution of out-of-plane shear stress 

along the thickness and proved that the solution indeed disagrees with analytical’s. This 

divergence can be explained due to ESL assumptions of the displacement field; since the 

strain field is continuous at interfaces between laminas, it is evident that the stress field is 

discontinuos if the the orientation of the adjacent laminas are in different directions. Figure 10 

illustrates this divergence. No matter the order of the polynomial approximation, all Shear 

Deformation Theories show discontinuity of interlaminar shear stresses on interfaces of 

laminas, which disagrees with the theory of elasticity. 
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Figure 10 - Comparison of τ̅xz from shear deformation theories for a [0/90/0] laminate 

 

Source: Liu and Li (1996). 

 

2.2.2 Layerwise Displacement Theory 

 

It is crucial to identify the zones of potential damage initiation to design structures 

adequately. Regarding composite materials, the damage begins at the ply level. Hence it is 

critical to accurately determinate the state of stress and strain at the lamina level. As it was 

discussed, ESL theories are often incapable of determining all components of the stress field, 

especially for thicker laminates. Therefore, ESL theories may not be an appropriate 

formulation to design primary structures. Conversely, formulations based on the 3D elasticity 

the layerwise are more appropriate. According to Reddy (2004), formulations based on the 

layerwise are equivalent to continuum based 3D theories, but it demands less computational 

resources. Hence they could be a viable option to perform structural analyses on primary 

structures.
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To satisfy the equilibrium of interlaminar forces, the out of plane stresses acting on two 

adjacent plies must be in balance, as demonstrated in Figure 11. 

 

Figure 11 - Equilibrium of out-of-plane stresses between two adjacent layers 

 

Source: Reddy (2004). 

 

 To satisfy the continuity of the out-of-plane stresses at interfaces between laminas, 

Demasi (2009 b) proposes the integration over the thickness of the indefinite equilibrium 

equations of equation (4); note that it is necessary to compute the out-of-plane shear stresses 

 13 23,   before the out-of-plane normal stress  33 . 
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 1,1 2,23,3 i ii
     (4) 

 

The interlaminar strains field of two adjacent plies, however, may be different due the 

fact of each lamina has its own constitutive law. In ESL theories, the opposite occurs; the 

continuity is enforced to the interlaminar strains field, not to the interlaminar stress field. This 

fact contradicts the interlaminar equilibrium equations represented in Figure 11. This 

shortcoming is often negligible for thin laminate. However it can result in unsatisfactory 

results to thicker laminates (Reddy, 2004). 

The layerwise theory developed by Reddy (1987) is capable of providing the correct 

zigzag in-plane displacements along the thickness direction, same behavior noted in the 

analytic solution of Figure 9. The displacement field is given in equation (5). 

 

1
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( , , ) ( , ) ( , , )

( , , ) ( , ) ( , , )

u x y z u x y U x y z

u x y z v x y V x y z

u x y z w x y W x y z

 

 

 

 (5) 

 

where  , ,u v w  are the displacements of a point on the reference plane (usually the mid-

plane), and   , ,U V W are coordinate functions which vanish on the reference plane (Reddy, 

1987). 

The infinitesimal strains associated to the displacement field of equation (5) are given 

in equation (6). 
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The Principle of Virtual Work of formulated in equation (7) can be invoked to derive a 

consistent set of differential equations which governs the mechanical response of the laminate 

in absence of body forces, specified tractions and intertial forces,  
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 Substituing the strain field of equation (6) into equation (7) leads to the variational 

formulation of equation .(8) 
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 In order to reduce the 3D variational formulation expressed in equation (8) to a two 

dimensions, it is necessary to approximate the functions  , ,U V W  as stated in equation (9). 
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where ( , )jU x y , ( , )jV x y  and ( , )jW x y  are undetermined coefficients and ( )j z  and ( )j z

are the layerwise continuous functions which vanish on the reference plane. Equation (9) can 

be interpreted as the global semi-discrete finite element approximation  , ,U V W  through 

the thickness. The functions ( )j z  and ( )j z  are the global interpolation functions through 

the thickness, whereas ( , )jU x y , ( , )jV x y  and ( , )jW x y  are the nodal values of  , ,U V W  

(and maybe their derivatives) at the nodes on the thickness direction. The variable 𝑛 and 𝑚 

depends on the order of the expansion through the thickness. According to Reddy (1989), the 

interlaminar stresses can be accurately predicted at interfaces if at least one layer is 

discretized per ply. Obviously, the more layers discretized in the cross section of the laminate 

the more accurate will be the result, but the computational efficiency decreases 

proportionally. To approach thicker composite laminate structures, one could also consider 

discretizing less virtual layers, , if possible. 

Figure 12 compares the interlaminar stress τxz between the layerwise theory presented 

by Kam and Jan (1995) to the elasticity solution and the Classical Plate Theory (CPT); they 

have concluded in their research that theories based on the layerwise are indeed more accurate 

than CPT. 
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Figure 12 - Comparison of the interlaminar stress 𝜏𝑥𝑧 according to CPT, Elasticity solution, and 

layerwise theory of Kam and  Jam (1995) 

 

Source: Kam and Jan (1995). 

 

Subsequently, other relevant researches have been carried out regarding the 

displacement field based on LW theories. Barbero and Reddy (1991) modeled delamination in 

composite laminates using the layerwise theory; Cho and Parmerter (1992) formulated a 

refined higher-order layerwise displacement theory; Botello and Oñate. (1999) developed a 

finite element analysis for plate and shells based on a triangle element with layerwise 

discretization; the mixed plate theory based on a Generalized Unified Formulation by Demasi 

(2009); Barouni and Saravanos (2017) developed a semi-analytical method for modeling 

guided-wave propagation over a composite laminate. 

In Figure 13, both linear and higher-order displacement field based on LW theory are 

illustrated and compared to general ESL theories. Note the abrupt change of the displacement 

field’s derivative of the LW theories at lamina interfaces (represented by a kink). This 

discontinuity of the strain field occurs due to the balance of stresses between two adjacent 

laminas explained before. Conversely, ESL theories impose the strain continuity through the 

thickness, and because of it, the displacement field does not have the zigzag pattern, unless it 

is implemented additional zigzag functions to the ESL displacement field. 
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Figure 13 - Comparison of displacement distribution through the thickness of ESL theory and layewise 

theory 

 

Source: Demasi (2009 b). 

 

Zigzag patterns can be achieved in ESL theories by implementing a special zigzag 

function to the displacement field, and by enforcing the continuity of the shear stresses 

through the thickness (Tessler et al., 2009).  The Zigzag theory implemented to ESL theories 

results in displacement fields similar to the linear layerwise shown in Figure 13. 

Figure 14 schematically illustrates a linear interpolation through the thickness using 

Legendre polynomials for a three-layered laminate; note the similarity of the distribution of 

the linear layerwise functions to the distribution of a two-node bar element. Each layerwise 

Φj(z) function presented in is the interpolation function associated to the j-th node. Therefore, 

at interfaces between two laminas, the Φj(z) function should be compatible. This 

compatibility requirement is fulfilled by choosing a layerwise function that is continuous, 

piecewise and compatible at interfaces. 
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Figure 14 - Linear layerwise functions and nodal displacements through the thickness in a three-

layered composite plate 

 

Source: Modified (Oñate, 2013). 

 

An example of a compatible set of function that fulfill the layerwise requirements are 

the Legendre polynomials defined in the interval of [-1 1]. A transformation of variables is 

needed to convert the global reference system to domain of [-1 1], as suggested in equation 

(10) (Demasi, 2009b).  
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The explicit forms of the Legendre polynomials of orders zero to five are demonstrated 

in equation (11), and for higher-orders the formulation is written in equation (12). 

 

 

 

Within a layer, the layerwise functions based on the Legendre polynomials are 

expressed in equation (13): 

 

 

where L* is the total number of plies and n is the index of the nth layerwise function. If is 

desired a parabolic interpolation through the thickness using the layerwise theory, for 

instance, the layerwise functions within a single layer will be as described in figure Figure 15 
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Figure 15 - Example of a layerwise quadratic interpolation through the thickness within a layer based 

in the Legendre polynomials 

 

Source: Author. 

 

It is possible to choose other layerwise functions, such as the Hermite cubic 

polynomials (Reddy, 1987). Another advantage of the layerwise theory is the fact that this 

formulation avoids shear locking even for linear interpolation in thick composites (Reddy, 

1989). 

 To illustrate the assemble of the linear system and how to apply boundary conditions 

with the layerwise approach, consider the case of Figure 16, a fixed bar idealized as a single 

1D element with two layers with linear interpolation through the thickness. Note that the 

degrees of freedom in the local system are expressed as 𝑢𝑖
𝑗𝑘

, where j is the node and k is the 

layer index. The subscript i indicating the direction is redundant because the case presented 

has degrees of freedom in only one direction; however this notation is used further in this 

dissertation, thus it has been opted to introduce it forthwith. The degree of freedom is 

expressed in the global system as jU  (hence this case has six degrees of freedom).
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Figure 16 - Illustrative case of a two-layer 1D element with linear layerwise interpolation through the 

thickness 

 

Modified from: Vilar et al (2018). 

 

The linear system of the problem illustrated in Figure 16 is expressed in Figure 17. 

Observe that that compatibility of displacements at interfaces are imposed by performing the 

assemble of two adjacent laminas, as is emphasized in Figure 17. The first superscript of the 

elemental stiffness matrix K refers to the number of the lamina and the second is the number 

of the node. If the mesh is refined, than is necessary another index to represent the element 

number. 

To introduce the boundary conditions of the fixed end is necessary to impose

1 2 3 0U U U   ; restraining all the degrees of freedom of the node fixed is sufficient to 

restrict the rotation of it. If is desired to insert a simple support, only the degrees of freedom 

related to the bottom plane should be forced to zero, therefore in this case it would have been 

1 0U  . The nodal force P can be applied to the positions 4th to 6th of the force vector; 
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𝐹4 = 𝑃 means that the nodal force P is being applied to the bottom plane of the laminate,  

𝐹5 = 𝑃 implies that the nodal fore is at the interface between the layers and 𝐹6 = 𝑃 is at the 

upper plane of the laminate. 

 

Figure 17 - Global linear system of the problem of Figure 16 

 

Modified from: Vilar et al (2018). 

 

2.3 Extended Finite Element Method 

 

The Finite Element Method (FEM) procedure is widely applied to engineering analyses. 

Firstly, the FEM was developed to fulfill problems of structural mechanics, but afterward, it 

was also utilized to solve fluid and heat transfer problems (Bathe, 1996). Recently, 

researchers introduced the concepts of linear elastic fracture mechanics (LEFM) to FEM. 

LEFM can now rely on an effective numerical procedure to solve fundamental problems such 

as crack energy release rate and stress intensity factor, delamination (Mohammadi, 2008). 

According to Mohammadi (2008), the essence of XFEM is to employ linear elastic 

fracture mechanic basic concepts to the classical continuum based techniques through 

smeared or discrete crack FEM models. Therefore, a crack propagation problem, such as 

delamination in composite plates, can be approached through the XFEM analysis; the 

procedure is to discretize out of plane discontinuities at the interface between layers.
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Based on the idea of partition of unity of Melenk and Babuška (1996), the XFEM 

studies initiated by Belytschko and Black (1999). Their model was a minimum remeshing 

procedure applicable to two-dimensional cases; the stress intensity factors was also possible 

to calculate with a difference of less than 1% when compared to analytical solutions 

(Belytschko; Black, 1999). Next, Moës et al. incorporated a discontinuous field across crack 

faces away from crack tips. As a result, no remeshing was required to propagate the 

discontinuity, because the shape of the crack is independent to the mesh (Moës et al.1999).  

Later, Dolbow et al. (2001) presented an XFEM formulation for Mindlin-Reissner 

plates using jump and crack tip functions to enrich the displacement field. The crack tip 

enrichments were able to dismiss the necessity of mapping the crack tip. Subsequently, Moës 

and Belytschko (2002) implemented a cohesive law on crack surfaces, turning possible to 

approach the crack propagation by Cohesive Zone Method. 

In short, the XFEM was adapted to orthotropic and layered materials. Remmers et al. 

(2003) presented a formulation for delamination growth to thin composite structures. 

Afterward, numerous crack tip enrichment functions for orthotropic materials were reported 

in several papers, such as Asadpoure et al. (2006a), Mohammadi and Asadpoure (2006). 

Other recent studies extended the XFEM application to composites by modeling laminate 

behavior using different approaches, such as multiple delaminations  of Brouzoulis and 

Fagerström (2013);  random crack initiation investigated by Grogan et al. (2015). 

Novel studies have combined both layerwise displacement theory and XFEM 

procedures. Li et al. (2015a) proposed a composite beam element with multiple delamination 

and cracks using both XFEM and LW. Next, Li et al. (2015b) extended their previous 

formulation to shell elements. 

 XFEM permits discontinuity of the displacement and strain fields. A discontinuity in 

the displacement field is designated as strong discontinuity, whereas weak discontinuity 

modify the strain fields, as demonstrated in Figure 18 (Mohammadi, 2008). Weak 

discontinuities are also applied to determine the stress intensity faction near the crack tips.  
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Figure 18 - Categories of discontinuities on XFEM 

 

Source: Mohammadi (2008). 

 

There are several approaches to model crack problems through finite elements. One 

example is the smeared crack, represented in Figure 19 – a). This technique considers the 

element as continuous, but it penalizes stiffness and/or strength to elements located on the 

crack domain. On the post-processing of each interaction, the smeared crack approach checks 

the failure criteria on defined coordinates within each element, usually on Gauss points. 

Therefore, this approach is mesh-dependent, because the size of elements interferes in the 

number of checked points and the geometry of the discontinuity (Mohammadi, 2008). 

Another possibility to model the crack is the discrete inter-element crack. In this 

approach, classical FEM is used. The mesh contours the crack geometry, leaving blank spaces 

to represent the shape of the discontinuity, as is illustrated in Figure 19 – b). This method 

cannot account for the singularity around the crack tip unless particular singular 
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finite elements are used. Another drawback is that one has to remesh as the crack grows 

(Mohammadi, 2008). 

The XFEM approach consists of enriching the displacement field of the group of 

elements within the crack’s domain. A set of enrichment functions will be added to the 

classical displacement field of the FEM approximation. This technique avoids remeshing and 

permits the designer more flexibility to model the crack initiation and its propagation (Moës 

et al., 1999). Figure 19 – c) schematically represents the XFEM approach. 

 

Figure 19 - Techniques to model cracks in Finite Elements numerical solution: a) smeared crack; b) 

inter-element crack; c) XFEM enrichments. 

 

Source: Mohammadi (2008). 

 

The base of XFEM is the partition of unity proposed by Melenk and Babuška (1996). A 

partition of unity consists of a set of m functions such that its sum is always equal to one 

within a determined domain, as defined in equation (14). 
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k
k

f x
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The distribution of shape functions within an element is an example if the partition of unity 

itself, as expressed in equation (15). Although this formulation seems ordinary, it provides an 

essential role in the development of an enriched solution (Mohammadi, 2008). 

 

 

 Enrichments can be regarded as the process of increasing the order of completeness of 

trial solutions. There are two ways to perform enrichments: intrinsically or extrinsically. The 

intrinsic enrichment employs special shape functions near the vicinity of the discontinuity, so 

is possible to simulate more complex displacement fields. The primary advantage of intrinsic 

enrichment is the fact that it does not increase the number of unknowns (Fries; Belytschko, 

2006). Conversely, extrinsic enrichments enhance the order of completeness by adding more 

terms to the classical FEM approximation. Consequently, this procedure increases the number 

of degrees of freedom and requires special functions to simulate the crack discontinuity 

influence of stress and displacement fields, as is shown in equation (16) (Moës et al., 1999). 

 

 

where NN are the number of nodes of the element and E are the set of enriched nodes; and k  

are the additional degrees of freedom and ( )kf x  is the function associated to the enrichment. 

In this section, the notation of the standard degree of freedom is j
iu ; the superscript k is 

suppressed because the formulation of pure XFEM is not based in a layerwise displacement 

field. Later the notation of degree of freedom is jk
iu as in the former section. 

Initially, XFEM approximations were employed to simulate strong discontinuities in 

fracture mechanics problems. Later, it was included weak discontinuity and interface 

1
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N x
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problems to solve more complicated cases, mixing both strong and weak discontinuities. In 

this method, it is necessary to enrich nodes only in the vicinity of the crack (Mohammadi, 

2008). Moreover, the nodes of the element which contains the crack tip may be enriched by 

different functions to account unique effect around the crack tips such as the stress intensity 

factor.  

In Figure 20, the elements that the crack completely crosses are enriched differently 

from the element which holds the crack tip (to illustrate the symbol of the nodes of the 

element containing the crack tip are squares and the other are circles). 

 

Figure 20 - Enriched nodes selected to enrich on a FEM mesh 

 

Source: Moës et al. (1999). 

 

The XFEM’s displacement field based on extrinsic enrichments is described by 

equation (17): 

 

*

1 1

( ) ( ) ( ) ( )
NN E

j
i j i k k

j k

u x N x u N x x 
 

    (17) 
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where the first term of the right-hand side is the classical FEM approximation and the second 

is related to the XFEM enrichment, ( )x are the set of enrichment functions (Mohammadi, 

2008). 

If it is desired to simulate more than one discontinuity (both weak and strong 

discontinuities for instance), it is necessary to break the second term of the right-hand side of 

equation (17) in additional groups. The 𝑁𝑘
∗(𝑥) shape functions are the classical FEM shape 

functions, and it also is an example of a partition of unity. 

To model strong discontinuities, the enrichment function should simulate a leap on the 

displacement field in the crack’s domain. It is demonstrated in Figure 21 an element with a 

single crack. In this illustration, a strong discontinuity is at 
d  in the element. The enriched 

nodes are those in the vicinity of the crack. Therefore, only nodes number 1 and 2 are 

enriched (Mohammadi, 2008). 

 

Figure 21 - Heaviside function multiplied by the standard shape function of a two-node 1D element 

 

Source: Author. 

 

 An ordinary enrichment function to simulate the strong discontinuity is the Heaviside 

function ( )H  . Equations (18) and (19) express some different designations of the 

Heaviside. They are also called step and sign functions respectively (Mohammadi, 2008). 

 

1, 0
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0, 0
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A typical approximated displacement field with only strong enrichment is 

demonstrated in equation (20). 

 

1 1

( ) ( ) ( ) ( )
NN S

j
i j i k k

j k

u x N x u N x H x 
 

    (20) 

 

where S are the set of strong enriched nodes and k are the degrees of freedom associated to 

strong discontinuities 

Note that, substituting the coordinates of the j-th node to equation (20) will result in 

equation (21), which means that the interpolation of equation (20) does not result in the 

original nodal parameters at the nodes coordinates (it should be ( ) j
i j iu x u at the coordinate 

jx ) 

 

 

Mohammadi (2008) suggests shifting the shape function around the node of interest as 

described in equation (22). The result of the shifted shape functions represented in Figure 22. 

Performing this procedure causes ( ) j
i j iu x u . 
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Figure 22 - Shape functions with shifted effect 

 

Source: Author. 

 

Consider now a weak discontinuity on the same one-dimensional problem. The XFEM 

approximation can be defined by substituting the enrichment function 𝜓(𝑥) of equation (17) 

by an adequate enrichment function demonstrated on equation (23) (Mohammadi, 2008). 

 

1 1

( ) ( ) ( ) ( )
NN W

j
i j i k k

j k

u x N x u N x x 
 

    (23) 

 

Where W are the set of nodes with weak enrichments; k are the additional degrees of 

freedom associated with the weak enrichment; and ( )x is the weak discontinuous 

enrichment function in terms of sign distance function, defined in equation (24) (Mohammadi, 

2008). 
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Figure 23 illustrates both weak enrichment function behavior throughout an element, 

and how it affects when multiplied by the standard shape functions. Note that the enriched 

shape functions are continuous all over its domain, but it has a kink at the crack location to 

simulate discontinuity on the strain field (Mohammadi, 2008).  

 

Figure 23 - a) Functions to model weak discontinuities; b) functions to model weak discontinuities 

times the standard shape function 

 
a) 

 

b) 

 

Source: Author. 



60                                                                                                                                                        CHAPTER 2 

 

 

Both weak and strong discontinuities can be inserted into the displacement field. 

Equation (25) is the displacement field for isotropic elements proposed by Moës et al.(1999).  

 

 

where 𝑇1 and 𝑇2 are the set of nodes enriched with crack tip enrichments (each side of the 

crack), 𝐹𝑙
(1)

 and 𝐹𝑙
(2)

 represent the 𝑇𝐹 crack tip enrichment functions, and 𝑏ℎ
𝑙1 and 𝑏ℎ

𝑙2 are 

additional degrees of freedom related to each crack tip. 

Since there is no crack tip enrichments in the formulation proposed here, the crack tip 

enrichments are not reviewed any further. For additional information regarding how to 

perform crack tip enrichments and how to evaluate the stress intensity factor, check the 

investigations of Belytschko and Black (1999), Carloni et al. (2003), Asadpoure et al. (2006b) 

and Mohammadi (2008) 

Analogically to equation (22), the displacement field of equation (25) can be 

expressed as follows in equation (26) (26)(Mohammadi, 2008). Note that, the extra degrees of 

freedom 𝑏ℎ
𝑙1 and 𝑏ℎ

𝑙2 refer to both crack tips of the discontinuity. In consequence, only if the 

crack is completely inside the element domain that both values of 𝑏ℎ
𝑙1 and 𝑏ℎ

𝑙2 will be different 

of zero. Assuming that the finite element mesh is sufficient refined, a single element should 

note have both unknowns 𝑏ℎ
𝑙1 and 𝑏ℎ

𝑙2/ 
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To improve numerical convergence of XFEM analyses, it is possible to employ a 

cohesive law to govern the traction-separation behavior of the discontinuity (Moës et al. 

2002). Next section is a review of traction-separation laws. 

 

2.4 Cohesive Zone Model 

 

Traction-separation laws are widely used to idealize the interaction between two 

adjacent laminas after delamination. These constitutive laws represent the relationship 

between stress and the displacement of the adjacent plies. Barenblatt (1959) remarked that, 

during the crack opening process, substantial interaction forces attract one side of the crack to 

the other, until it reaches an interatomic distance for which there is no attraction. In addition, 

at a critical distance, the interaction between each side of the crack reaches a peak value 

whose magnitude is proportional to the Young’s modulus, as is illustrated in Figure 24.

1

1

2

2

1

1

(1) (1)

1 1

(2) (2)

1 1

( ) ( )

( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )

F

F

NN
j

i j i
j

S

kk k
k

T T
l

h hl l l
h l

T T
l

h hl l l
h l

u x N x u

H x H xN x

N x bF x F x

N x bF x F x







 

 

 
 

 
  
  

 

 
  
  

 

 

 









 

 

 
(26) 



62                                                                                                                                                        CHAPTER 2 

 

 

Figure 24 - Interaction forces in function of the distance between the fracture surfaces 

 

Source: Modified from Barenblatt (1959). 

 

There are many researchers that investigate the relation of Figure 24 through 

experiments. Usually what is desired is to establish a numerical traction-separation law 

validated by laboratory procedures. Some ordinary traction-separation laws displayed in 

Figure 25 are the triangular, exponential and trapezoidal, where 0
n  is the critical 

displacement; 
0
nK  is the undamaged interlaminar stiffness (also called cohesive penalty or 

dummy stiffness); n
  is the maximum displacement; 0

nt  is the stress that triggers the 

delamination failure, also named nominal, max or critical stress. 

The Cohesive Zone Model uses the traction separation laws of Figure 25 to 

numerically simulate delamination via finite elements. Campilho et al. (2013) tested the 

different shapes of traction-separation laws and concluded that some shapes converge better 

to specific materials. For instance, the results of the trapezoidal law approximates better the to 

single-lap joints with ductile adhesive, whereas triangular laws are more accurate for brittle 

adhesives 

.
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Figure 25 - Examples of triangular, exponential and trapezoidal traction-separation laws 

 

Source: Author. 

 

The great advantage of the CZM approach is the fact that it dispenses remeshing as the 

crack advances, because the interface which delamimation is expected to grow are modelled 

using cohesive elements. Theses cohesive elements are not linear elastic, but follow a 

prescribed relation ruled by the traction-separation law (Pascoe et al., 2013). In Figure 25 is 

notable that the inerlaminar stiffness reduces as the separation starts at the critical 

displacement 0
n . Hence the constitutive behavior of the cohesive element is generally 

defined as stated is equation . 

 

where d
  is the value of relative displacement of of the cohesive element, d

D  is the damage 
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parameter, and d
t  is the traction. Note that the damage beggins at the critical relative 

displacement of 0
n , already shown in Figure 25. 

Based in the formulation developed by Barenblatt (1959), Needleman (1987) and 

Needleman (1990) investigated decohesion problems using CZM, and later, Hutchinson and 

Evans (2000) have written a succinct overview of those studies. Roe and Siegmund (2003) 

proposed a formulation based on irreversible stiffness reduction to model delamination 

growth. Pascoe et al. (2013) also reviewed the latest CZM formulations. 

To propagate the crack using CZM, a crack propagation criterion is required, usually 

based on a the stress/strain, crack opening displacement, or the strain energy release rate. Wu 

and Reuter (1965) have proposed a mixed-mode crack propagation criterion for orthotropic 

materials, known as The Power Law expressed in equation (28), which is successfully 

predicts the progressive failure in thermoplastics PEEK matrix composites for 𝛽 = 1. 

 

 

where IG  and IIG  are the strain energy release rate related to modes I and II respectively, and 

ICG  and IICG are the critical strain energy release rate respectively, which are critical levels of 

strain energy dissipated that causes the crack to progress. 

 Later, Kenane and Benzeggagh (1997) have developed a mixed mode delamination 

criterion named as B-K criterion; their formulation accounts the interaction between mode I 

and II fracture and a parameter based in different mode ratio obtained by experimental testing. 

Basically the The Power Law and the B-K criterion are criteria commonly employed in many 

CAE softwares. 

According to Pascoe et al. (2013), the major disadvantage of the CZM is that the 

formulation is purely numerical and does not satisfy the physical phenomena involved in 

delamination growth. For instance, the dummy stiffness, is define for numerical reasons only 

1I II

IC IIC

G G

G G
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3 GOVERNING EQUATION 

 

3.1 Kinematic relation 

 

Consider the domain 𝛺 with an external boundary 𝛤 and a discontinuity whose domain 

is 𝛤𝑑, as illustrated is Figure 26. The crack splits the domain into two subdomains:  𝛺+and 

𝛺−. The external prescribed load and displacement 𝑡̅ and �̅� are imposed in the boundaries 𝛤𝑡 

and 𝛤𝑢 respectively, and 𝑛𝑑is the unitarian vector normal to the discontinuity 

 

Figure 26 - Domain 𝛺 crossed by a discontinuity at the boundary 𝛤𝑑 

 

Source: Author. 
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The total displacement 𝑢 is a combination of a regular displacement field �̂� and a 

continuous additional displacement field �̃� (Wells; Sluys, 2001), as demonstrated in equation 

(29). 

 

ˆ( , ) ( , ) ( ) ( , )
d

u x t u x t f x u x t    (29) 

 

where 𝑥 is the position of the material point in the domain 𝛺 expressed in the 

Cartesian coordinate system, 𝑡 is time and 𝑓𝛤𝑑
 is the function associated to the strong 

discontinuities. Supposing linear compatibility, the strain field of equation (30) is derived by 

differentiating the displacement field. 

 

( ) ( , )ˆ( , ) ( , )
d

f x u x tx t u x t 
 
  

    (30) 

 

 Remmers in 2006 proposes the Heaviside function to model the strong discontinuity at 

the crack domain, and  states the following “since the jump function is not uniquely defined at 

the discontinuity, the corresponding strain field is unbounded.” Mathematically, this implies 

that the function 
d

f  can be considered as constant, thus equation (31) is valid. 

 

( ) ( , ) ( ) ( , )
d d

f x u x t f x u x t 
 
  

     (31) 

 

Zhu (2012) has suggested the jump function to have a fixed value at the discontinuity 

coordinate to eliminate the unbounding strain field, such as ½ for instance. Here the strong 

discontinuity function is not the Heaviside. Instead, a new hyperbolic function is proposed 

whose formulation described in equation (32). 
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    (32) 

 

where 𝛼 is a numeric parameter which adjust the smoothness of the function. The higher the 

value of 𝛼, the more steep the step the function is (note that α must be higher than 5). The 

effect of different values of 𝛼 is demonstrated in Figure 27, not that for 𝛼 = 100 and 𝛼 =

1000 the curves are practically overlapped to each other. 

 

Figure 27 - Hyperbolic tangent function used to model strong discontinuity 

 

Source: Author. 

 

The derivative of equation (32) is expressed in equation (33) and plotted in Figure 28 

Note the similarity to the pulse function, defined as Dirac delta. This time, the numeric 

parameter α influences the smoothness of the derivative of the hyperbolic tangent function,
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and also on the peak value, which is always 𝛼/2. Note that the proposed function becomes 

more similar to the Heaviside when 𝛼 is sufficient large. 
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2

d
f x

x
x








  (33) 

 

Figure 28 - Differentiation of the hyperbolic tangent function, with zoom near x=0 

 

Source: Author. 

 

 At the crack coordinate the Dirac delta function equals infinite, which is actually a 

drawback when is needed to perform numerical integration. Conversely, the hyperbolic 

tangent function presented here, and its derivative, are continuous; therefore, they are defined 

in the whole domain of the discontinuity. 
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Since the function that models the strong discontinuity is now defined at the crack 

coordinate, equation (31) is not mathematically correct anymore. It is required to apply the 

product rule as demonstrated in equation (34). 

  

( ) ( , ) ( ) ( , )

( ) ( , )

d d

d

f x u x t f x u x t

f x u x t

 



 
  

  


  (34) 

 

3.2 Equilibrium equations 

 

The equilibrium of the body in the absence of body forces, as well as the equilibrium at 

boundary conditions, can be expressed as equation (35). 

 

. 0 ;
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;
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u u x





  

 

 

  (35) 

 

where 𝜎 is the Cauchy stress, 𝑡̅ is the prescribed traction at the external boundary condition 𝛤𝑡 

with outward normal vector 𝑛𝑡, and �̅� are the prescribed displacement at the external 

boundary condition 𝛤𝑢. 

 At the internal boundary condition 𝛤𝑑, the following equilibrium equation (36) can be 

inserted. 

  

. ;
d d d

n t x     (36) 
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where 𝑡𝑑 is the tractions at the internal boundary 𝛤𝑑 whose normal vector 𝑛𝑑 points to 𝛺+. 

The equilibrium equation can be expressed in weak form by evoking the variational 

displacement field, as demonstrated in equation (37). 

 

  0.u d u 


    
(37) 

The variational displacement field can also be expressed in terms of a combination of 

a regular displacement theory and an additional field as stated in equation (38). 

 

ˆ( , ) ( , ) ( ( ) ( , ))
d

u x t u x t f x u x t      (38) 

 

Substituting equation (38) in (37) results in the following equation (39).  
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d
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(39) 

 

Finally, the weak form of the problem proposed in equation (40) is derived by 

applying the Divergence theorem, plus using the symmetry of the Cauchy stress tensor, and 

introducing both internal and external boundary conditions to equation (39).  
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where the first term of the left-hand side of equation (40) refers to the internal energy of the 

body due to regular displacement field, whereas the second term is the energy associated to 

the additional displacement field. The third term is the energy related to the cohesive zone 

(internal boundary 𝛤𝑑). The right hand side of equation (40) are the energy of the prescribed 

load on the external boundary condition 𝛤𝑡. 

 

3.3 Constitutive relations 

 

3.3.1 Constitutive law for orthotropic materials 

 

The relation between stresses and strains of the lamina follows the classical form of 

Hooke’s law to orthotropic materials, which is demonstrated in equations (41) to (43). 
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  (41) 

 

Note that the constitutive relation of equation (41) refers to the global system. To 

correlate the local lamina system to the global laminate system, equations (42) and (43) 

should be applied.  
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(42) 

where the angle 𝜃 refers to the orientation of the fibers of the k-th layer.  
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The internal energy term of the governing equation may be written as in equation (44). 
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  (44) 

 

3.3.2 The constitutive law of the cohesive zone 

 

The interaction of the cohesive planes is defined by an independent constitutive 

relation which characterizes the fracture process of the structure. Rigorously speaking, the 

Cohesive surface can be interpreted as a discontinuity in the displacement field to the body 

Remmers (2006). It is required to define the stress/strain relation of this surface element. 

Usually, this constitutive relation is described in terms of interlaminar stress 𝑡𝑑 and the gap 

between laminas 𝛿𝑑, already stated in equation (27). The tractions and the displacement can 

also be decomposed as follows in equation (45). 

 

2 2 3 3

2 2 3 3

n s s s sd d

n s s s sd d

t t n t n t n

n n n   

  

  
  (45) 

 

where nt  and n  are the normal traction and normal separation acting in the cohesive 

element, and 
2 3

)( ,s st t and 
2 3

( , )s s  are the traction and separation components in respect to 
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the shear planes whose normal vector are 
2sn and 

3s
n . Figure 29 illustrates the orientation of 

the discontinuity. 

 

Figure 29 - Orientation of the discontinuity 

 

Source: Author. 

 

This dissertation proposes a formulation to delamination in pure mode I, thus the only 

component considered of equation (45) is the normal component. 

 Note that the mathematical problem of equation (40) should be treated as non-linear 

because of the damage parameter 𝐷𝑑 applied to the dummy stiffness (equation (27)) depends 

on the separation between two adjacent laminas. Hence, it is essential to solve this problem 

with non-linear techniques, such as Newton-Rhapson method or the Secant method. Next is 

demonstrated how to solve the governing equation via the mathematical formulation proposed 

here.
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4 EXTENDED LAYERWISE FINITE ELEMENT FORMULATION 

 

The governing equation stated before is solved through the finite elements approach, 

in which the displacement field is based on the layerwise theory and the delamination is 

modeled via XFEM strong enrichments.  

The advantage of working with XFEM is that the formulation is an extension of the 

standard finite element procedures. Only the enriched elements are affected; all others 

elements remain with the same formulation of usual FEM (Mohammadi, 2008). In this 

dissertation, because of the layerwise theory, the affected displacement field will be those of 

the lamina whose elements are in the delamination domain. The leap over the displacement 

field, however, is employed only in one of the two adjacent laminas of the delamination. For 

instance, take the delamination case presented in Figure 30. The enriched elements are those 

painted red.  

 

Figure 30 - Illustration of enriched elements in the formulation proposed 

 

Source: Author. 

.
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Each node has 4(𝑛 + 1) degrees of freedom, where 𝑛 is the number of laminas. The 

vector of nodal parameters 𝑎𝑗 is presented in equation (46). 

 

1 1 1 1 1 1 1 1
1 2 3 1 2 3

T
k k k k

j j
a u u u u u u     

 
   (46) 

 

where the subscripts 1, 2 and 3 are the displacement on each direction whereas 4 is the extra 

degree of freedom associated to the strong  discontinuity (if any); the superscript 𝑘 is the 

number of the lamina. 

 

4.1 Discrete displacement field 

 

According to the layerwise theory, the discretization of the displacement field can be 

approached in two different ways. One alternative is to describe the displacement field of the 

element of the lamina, and the other is to define the displacement field of the element of the 

laminate. The first results in a more compact equation, but, when computing the elementary 

stiffness matrices, it is necessary to perform an assemble over thickness to determine the 

stiffness of an element. If the displacement field of the element is already described, one can 

directly assemble all stiffness matrices of the elements in order to calculate the global 

stiffness matrix, but the numerical approximation has more indexes. The approach considered 

here is to describe the displacement field of a single lamina and is demonstrated in the 

following equation (47). 
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where i = 1,2,3; Nj are the in-plane shape function and k
 are the layerwise functions of the 

𝑘th lamina; 𝑇ℎ(𝑧) is the hyperbolic tangent function discussed previously; 𝐿 is the number of 

layerwise functions within a lamina; 𝑁 is the number of nodes in the element; 𝑆 is the number 

of strong enriched nodes of the element; and 𝛿3𝑖 is the Kronecker delta, that causes the 

additional displacement field to be accounted only in the thickness direction. Note that the 

notation of the displacement field has a superscript k indicated the layerwise function. 

 The continuum displacement field idealized in equation (29) can be associated to the 

approximated displacement field of equation (47) as demonstrated in equation (48). Note that 

the degree of freedom associated to the strong enrichment gained the superscript k to indicate 

the layerwise function of the lamina 
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4.2 Discrete strain field 

 

The compatibility relation considered here is the linear strain-displacement relation, 

written in equation (49) (Chen; Saleeb, 1982). 

 

 

Applying equation (49) to the discrete displacement field, and the symmetry of the 

strain tensor stated in equation (50) result in the strain field displacement shown in equation 

(51) (Chen; Saleeb, 1994). 

 

 , ,
1

2 i j j iij
u u    (49)  
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  (51) 

 

The strain-displacement relation can be expressed as shown in equation (52). Note that 

the superscripts k and j specifies the layer and the node, and the vector of nodal parameters is 

the same of equation (46), but shortened to the particular degrees of freedom of the k-th layer. 

 

jk jk jk
pq pm mB a    (52) 

 

Where the term 
jk
pmB  in matrix form is shown in equation (53), where the s is the index of the 

layerwise function within the layer. Note that the first three columns are associated to the 

regular degrees of freedom of FEM whereas the fourth is related to the strong enrichment. To 

determine the B matrix of the lamina, one needs to assemble all indexes of the layerwise 

functions (s index) as is demonstrated in equation (54). 
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    ( 1)1 2
jkjk

L LB B B B B 
    (54) 

Analogically, the B matrix of the j-th node of an element is demonstrated in equation (55): 

( * 1)1 2 *
jj L LB B B B B 

    (55) 

where *L  is the number of laminas of the laminate. The same logic applies to determine the B 

matrix of the element. The weak form of the problem stated in equation (40) is numerically 

approximated according to equation (56), Note the B matrix in this formula is related to the k-

th lamina, which means that the assemble of equation (54) has already been done  

 

 

  

   

*

1

top

bot

d

t t

z
L

k k k
mnji jm

k z
n

n nj jm mi d

mm mt ti i

B C B dzd

U

K N Th dN Th

t d Th t dN N



 

 



 

 
 
 
 
 
 
  





   

 



 

 

(56) 



80                                                                                                                                                         CHAPTER 4                                                                                                                                                          

 

 

where k
jmC  is the constitutive matrix of the 𝑘th layer oriented on the global coordinate system 

introduced in equation (41). The integrands 𝑧𝑏𝑜𝑡 and 𝑧𝑡𝑜𝑝 of equation (56) are the coordinates 

of the bottom and the top planes of the k-th lamina. Note that the first term of the left side 

accounts for both energies of the regular and additional displacement field, which is different 

from equation (40) presented before. Equation (56) can be solved numerically through Gauss 

quadrature. For polynomial integrands, the Gauss integration is proved to be exact, but it may 

result in a substantial error for non-polynomials. The introduction of discontinuities results on 

highly nonlinear fields, thus it is required an efficient approach to proceed non-linear analyses 

with Gauss Quadrature with enriched elements. Moës et al. (1999) propose two strategies to 

overcome this inconvenience. The first method is to subdivide the element at both sides of the 

crack into triangles, and the second is to divide the element into sub-squads. Both ways are 

based on refinement near the discontinuity, and they are illustrated in Figure 31. 

 

Figure 31 - The two methods proposed by Moës et al. (1999) to overcome the numerical integration 

spurious via Gauss quadrature on enriched elements 

 

Modified from: (Mohammadi, 2008). 

 

The method used here to deal with the numerical integration spurious is to perform 

traditional refinement and to increase the number of Gauss points in the thickness direction. 

The code is programmed in MATLAB
®
, which is an easy tool to deal with finite elements. 



CHAPTER  4                                                                                                                                                       81                                                                                                                                                               

 

 

However, it demands more RAM to run routines when compared to Fortran or C+. 

 To illustrate how to approach a strong discontinuity with the formulation proposed, 

considerer the case of Figure 32, a two-layered beam under mode I with a discontinuity 

between the two layers over the domain 𝛤𝑑. This case is similar to the 1D element presented in 

Figure 16, the only difference is the presence the strong discontinuity and the direction of the 

external load. This problem introduced is also 1D; the beam has been drawn with two layers 

in below the boundary conditions only to emphasize the location of the strong discontinuity. 

 Due the fact that the strong discontinuity in Figure 32 is between the two layers, it 

could be discretized in one of the both layers. If it is discretized in Layer 1, the coordinate of 

the crack in the iso parametric system would be 𝜁 = +1, and 𝜁 = −1 in case if it is 

introduced to the Layer 2. Observe that the discontinuity has been discretized in the Layer 2 

to this problem, thus the extra DoFs associated to the strong discontinuity are introduced to 

the second layer (variables 𝜆𝑗2 and 𝜆𝑗3). 

 

Figure 32 - Illustrative case of a two-layer beam under mode I via the formulation proposed 

 

Source: Author. 
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Observe that the problem presented without discontinuity in Figure 16 had less unknowns 

(six unknowns) when compared to the case with discontinuity of Figure 32 (ten unknowns). 

Thus, introducing discontinuities can increase the number of degrees of freedom significantly. 

 The mesh of the case of Figure 32 has only one element. Although is not possible to 

approach this problem with a single element, it would be inappropriate to refine the mesh 

because the linear system would be too large to demonstrate here. The linear system is 

presented in Figure 33. The highlighted indexes of the global stiffness matrix are the indexes 

related to the strong discontinuity. Hence, the third term of the weak form presented in 

equation (40) is different of zero (the energy associated to the cohesive zone). 

 

Figure 33 - Global linear system of the problem of Figure 32 

 

Source: Author. 

 

The boundaries conditions are inserted the same way as in the problem without 

discontinuity of Figure 16. Thus the degrees of freedom located at the fixed are all set to zero 

1 2 3 4 5 0U U U U U     . Regarding the external load, The force 𝑃 is inserted in the 

position 𝐹9 and 𝐹10. Note that  𝐹10 is related to the second term of the right hand side of the 

weak form of the mathematical problem, presented in equation (40). 

 To solve the linear system of Figure 33 is necessary to define the traction force acting 

in the cohesive zone. As already explained, imposing a traction separation law to the 

constitutive relation of the cohesive elements results in a non-linear. Therefore, to solve the 

problem is necessary a mathematical procedure such as the Newton-Rhapson method or the 

Secant Method. 
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5 NUMERICAL RESULTS 

 

Four numerical examples are presented in this section. The first is a 4-layered undamaged 

thin composite plate; the second case is a thick beam made of reinforced concrete, also known 

as deep beam; the third example is a sandwich composite with cubic geometry; the last one is 

a bending analysis on a pre-delaminated composite beam, solved by Li et al. (2015), in this 

case the delamination does not progress. 

The first numerical example is an undamaged composite plate with one of its smaller 

edges cantilevered, plus constant load applied to the top surface as is schematically 

represented in Figure 34 (dimensions in millimeters). Two different stacking sequences are 

considered in this model: [0]4 and [0/90]2. In addition, the degree of the layerwise 

interpolation varies from first to third order. To validate this problem, the results are 

compared to a solid-element analysis done in ABAQUS
TM

. The primary objective of this first 

example is to compare the results of several interpolation orders in thickness direction for thin 

plates. 

 The elastic properties of the first numerical model are based on Li et al. (2015) written in 

Table 1. The analyses named LW in Table 1 refer to the layerwise theory, and its following 

number is the order of the interpolation in the thickness direction (LW1 is linear; LW2 is 

quadratic, and LW3 is cubic), the element is the rectangular 4-node homogeneous 

isoparametric element; the SOLID refers to the analysis carried out in ABAQUS
TM

 based in a 

20-node solid-element with parabolic interpolation in all directions (terminology of this 

element in ABAQUS
TM

 software is C3D20). 
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Figure 34 - Boundary conditions and geometry of the first numerical example (dimensions in 

millimeters) 

 

Source: Author. 

 

Table 1 – Elastic properties of the lamina of the first numerical model. 

E11 

(GPa) 

E22 

(GPa) 

E33 

(GPa) 

G12 

(GPa) 

G13 

(GPa) 

G23 

(GPa) 

υ12 

(-) 

υ13 

(-) 

υ 23 

(-) 

181 103 103 7.17 7.17 6.21 0.28 0.02 0.4 

 

The elements in all analyses have same in-plane dimensions, further information of the 

mesh are in Table 2. 
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Table 2 – Information of the mesh of the first numerical model. 

Analysis Elements Nodes DoFs LW order 

LW1 5,000 5,151 77,265 1 

LW2 5,000 5,151 139,077 2 

LW3 5,000 5,151 200,889 3 

SOLID 35,334 152,996 458,988 2 

 

The mesh of the LW analyses are composed of quadrilateral elements and one virtual ply 

to each lamina. The elements of the SOLID analyses are also quadrilateral, and four seeds 

have been created in the thickness direction to each lamina, as demonstrated in Figure 35. 

 

Figure 35 - Mesh discretization of the composite thin laminate numerical example 

 

Source: Author. 
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Figure 36 and Figure 37 are the deformed shape of the LW1 and solid analyses . 

 

Figure 36 - The deformed shape of [0]4 laminate of the first numerical example: a)  LW1 analysis; b) 

Solid analysis. 

 

Source: Author. 

 

Figure 37 - The deformed shape of [0/90]2 of the first numerical example of LW1 and SOLID 

analyses respectively 

 

Source: Author. 
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Table 3 shows the maximum displacement on thickness direction of all analyses and its 

deviation from the SOLID analysis in parenthesis. The order of the interpolation of the 

layerwise analysis seems to be irrelevant in this case, which can be also explained due to low 

thickness/length ratio. Therefore, a linear interpolation over the thickness is enough to obtain 

good results for displacements. 

 

Table 3 - Comparison of results of maximum displacement (in millimeters) of the first numerical 

example 

Orientation LW1 LW2 LW3 SOLID 

[0]4 

15.771 

(4.76%) 

15.773 

(4.75%) 

15.773 

(4.75%) 

16.559 

(-) 

[0/90]2 

33.343 

(9.27%) 

33.369 

(9.20%) 

33.369 

(9.20%) 

36.751 

(-) 

 

Next, the distribution of normal stresses of the path demonstrated in Figure 38 are 

presented in Figure 39 to Figure 44. 
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Figure 38 - Chosen path to compare stress distribution 

 

Source: Author. 

 

The distribution of normal stresses in XX and YY directions are shown in Figure 39 and 

Figure 40 respectively. It is evident the accordance of all analyses. Observe that all layerwise 

curves overlapped to each other, which means that increasing the polynomial interpolation of 

the layerwise function has not shown any improvement in the in-plane stress distributions. 
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Figure 39 - Distribution of stresses in XX direction of the first numerical example of [0]4 

 

Source: Author. 

 

Figure 40 - Distribution of stresses in YY direction of the first numerical example of [0]4 

 

Source: Author.
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The results of SOLID and layerwise analyses are practically the same on the 

distribution of stress in ZZ direction (Figure 41). Note that, again, there is no difference 

between the interpolation degree of the layerwise analyses. 

 

Figure 41 - Distribution of stress in ZZ direction of the first numerical example of [0]4  

 

Source: Author. 

 

Next, the results of the [0/90]2 laminate. Figure 42 shows the results of the stress 

distribution in the longitudinal direction (XX in the Cartesian system), which converged in all 

analyses. 
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Figure 42 - Distribution of stresses in XX direction of the first numerical example of [0/90]2 

 

Source: Author. 

 

The results of the LW and SOLID analyses diverged in respect to the distribution in 

YY direction, as illustrated in  

Figure 43. The reason for this dissimilarity may be due to the path considered and the 

difference of the formulations in each analysis. The path is located at the corner of the 

laminate, plus is in the boundary conditions domain, which can lead to unprecise outcomes.  
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Figure 43 - Distribution of stresses in YY direction of the first numerical example of [0/90]2  

 

Source: Author. 

 

The results regarding the stress distribution in thickness direction converged greatly. 

Figure 44 shows that all LW analyses are in good agreement with the SOLID analysis. But 

once more it was not observed any advantage in increasing the interpolation order of the 

layerwise interpolation. Reddy (2004) has remarked that the layerwise method has a greater 

impact to thicker structures. In fact, the LW1 analysis in this example has proved that the 

linear interpolation is sufficent to achieve good results. The next numerical examples are in 

respect to thicker structures.  
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Figure 44 - Distribution of stress in ZZ direction of the first numerical example of [0/90]2  

 

Source: Author. 

 

The second numerical example is a thick beam made of reinforced concrete already 

presented in Vilar et al. (2018). This type of element are also known as deep beams; they are 

heavily loaded structural members that can be found in numerous structures, such as transfer 

girders in buildings, cap beams in bridge bents, pile caps in foundations, and other 

cumbersome elements. The geometry and boundary conditions of the deep beam problem are 

illustrated in Figure 45. 
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Figure 45 - Schematics of the deep beam numerical example 

 

Source: Vilar et al. (2018). 

 

Three different analyzes using the formulation presented here are performed. Figure 

46 schematically illustrates the discretization in thickness direction to each case. Note that the 

number of virtual layers differs to each layerwise analysis: the cross-section of the 14-layer 

LW1 is discretized in 14 layers, while the 21-layer LW1 analysis is discretized in 21 layers, 

and the 28-layer LW1 in 28 layers. The element used in all of the layerwise analyses are the 

same rectangular 4-node homogeneous isoparametric element of the former numerical 

example. The interpolation through the thickness however is linear to all analyses. The main 

purpose of this numerical example is to investigate the impact of refining the cross-section in 

using linear interpolation through the thickness, as well as validate the formulation for thick 

beams. 
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Figure 46 - Discretization of the cross-section of each LW analysis 

 

Modified from: Vilar et al. (2018). 

 

The layers marked as “plain concrete” in Figure 46 are modeled as isotropic material, 

with elastic properties 𝐸𝑖𝑖 = 24,602 MPa, and 𝜈𝑖𝑗 = 0.25. The layers labeled as “Reinforced 

concrete” contain both concrete and steel bars. Thus, the elastic properties of these layers are 

homogeneized according to Vilar et al (2018), as defined in Table 4. 

 

Table 4 - Elastic properties of the virtual layers of the layerwise analyses of the deep beam  

 
E11 

(MPa) 

E22 

(MPa) 

E33 

(MPa) 

G12 

(MPa) 

G13 

(MPa) 

G23 

(MPa) 

υ12 

(-) 

υ13 

(-) 

υ 23 

(-) 

Homogenized 

layers 

φ 16mm 

61,775.2 30,399.3 E22 12,243.5 G12 G12 0.188 0.241 0.188 

Homogenized 

layers 

φ 13mm 

54,113.1 29,098.1 E22 11,702.9 G12 G12 0.199 0.243 0.199 
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To validate the layerwise analyses, two distinct simulations are carried out in 

ABAQUS
TM

, schematically illustrated in Figure 47. The simulation denominated as 

“ABAQUS
TM

 homogeneous” (Figure 47 b) is based on a solid formulation whose elemet is the 

20-node brick element with parabolic interpolation in all directions (C3D20 element of 

ABAQUS
TM

 software). The elastic properties in this model are the same as the layerwise 

analyses.  

The other simulation carried out to validate the layerwise model is the “ABAQUS
TM

 

heterogeneous”, schematically illustrated in Figure 47 (c). There is no homogeneized layers in 

this analysis. The steel bars are manually designed with a cylindrical shape whose material is 

modeled as isotropic with the following elastic properties: 𝐸𝑖𝑖 = 210,000 MPa, and 𝜈𝑖𝑗 =

0.33. The discretization of the cross-section has been already presented in Figure 46. The type 

of element is the same of the ABAQUS
TM

 homogeneous with one additional feature: the 

formulation of the element is hybrid (C3D20H). It is assumed that the steel bars are 

completely enveloped by concrete and perfectly bonded to it. In addition, the Young’s 

modulus of the steel is considerably superior to the concrete’s. Hence the response of the steel 

bars is nearly incompressible, meaning a very small change in displacement results in a large 

changes in pressure, so that a purely displacement-based solution is too sensitive to be useful 

numerically (Simulia DS Corp, 2011). The formulation of the hybrid element C3D20H of 

ABAQUS
TM

 eliminates this singular behavior by describing the pressure stress as an 

independently interpolated basic solution variable, coupled to the displacement solution 

through the constitutive theory and the compatibility condition. 
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Figure 47 - (a) Isometric view of the general geometry of the beam modeled in ABAQUS
TM

, with 

boundary conditions; (b) front view of the homogeneous model; (c) front view of the heterogeneous 

model. 

 
   

(a) (b) (c) 

Source: Vilar et al. (2018). 

  

The mesh of the layerwise analyses have been refined until convergence, resulting in 

1,449 elements with 1,536 nodes. The number of virtual layers, however, differs in each 

analysis, resulting in more degrees of freedom in the analyses with more virtual layers. Table 

5 displays the quantity of layers and DoFs in each analysis and also of ABAQUS
TM

 

simulations. 

 

Table 5 - Discretization of each analysis 

 Number of layers DoFs 

LW1 14 69,120 

LW2 21 101,376 

LW3 28 133,632 

ABAQUS
TM

 homogeneous - 1,003,860 

ABAQUS
TM

 heterogeneous - 3,376,914 

 

To compare the results of all analyses, the distrubution of stresses and strains are taken 

through the path defined in Figure 45. The reference is located at the pinned support (at the 
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pinned support 𝑥 = 0 and at the applied pressure 𝑥 = 𝐿). Regarding the analysis ABAQUS
TM

 

heterogeneous, the path crosses the center of the steel reinforcements. 

Figure 48 shows the behavior of the stress and strain distrubitions in longitudinal 

direction (XX direction). The pertubations near the bottom end is due to abrupt change of the 

elastic properties. Observe that the layer with the steel bars are under tensile stress, which is 

in accordance to the concept of the reinforced concrete material, because the reinforcement is 

responsible to bear the tensile stress while the concrete is usually under compressive stresses. 

 

Figure 48 - a) normal strain in XX direction; b) normal stress in XX direction 

 

Source: Vilar et al. (2018). 

 

Figure 49 is the out-of-plane component of the strain/stress tensors, which are 

approximately zero all over the domain of the path but not near the boundary conditions. 
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Figure 49 - a) normal strain in YY direction; b) normal stress in YY direction 

 

Source: Vilar et al. (2018). 

 

Figure 50 is the strain/stress in the height direction (ZZ  direction). All curves 

converge over the middle area of the path, but not the strains. Furthermore, both layerwise 

and ABAQUS
TM

 analyses capture the phenomenon of the discontinuity of the stress field at 

the interface between concrete and reinforcements. The discontinuity is more visible in the 

layerwise curves, because since the approximation of the displacement field is linear, the 

discontinuity on the interfaces of stresses and strains is a vertical leap. Conversely, due the 

fact that the trial solutions of ABAQUS
TM

 simulations are approximated by a second-order 

polynomial, the strain/stress exhibit a kink on the interfaces of the materials.
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Figure 50 - a) normal strain in ZZ direction; b) normal stress in ZZ direction 

 

Source: Vilar et al. (2018) 

 

Figure 51 shows the behavior of the strain and shear stress in XZ direction. At the 

boundaries the results are different but show the same trend. At the bottom and top surfaces 

both shear and strain in XZ direction converge to zero, meaing all curves met the natural 

boundary condition of free shear strain/stress at both ends. 

 

Figure 51 - a) shear strain in xz direction; b) shear stress in xx direction. 

 

Source: Vilar et al. (2018) 
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The third numerical example is a three-layered composite sandwich solid under 

compressive pressure over the top layer with magnitue of 10 MPa, and simply supported on 

the bottom layer. Figure 52 illustrates the geometry and boundary conditions of the sandwich 

example. The skins of the composite have 10mm of thickness while the core has 80mm, and 

the in-plane dimensions are 100mm in both directions.  

 

Figure 52 - Schematics of the composite sandwich numerical example 

 

Source: Author. 

 

The elastic properties of the two skins and the core are defined in Table 6, note that the 

skins are orthotropic while the core is isotropic, and the orientation of the laminate is [0]3, 

thus the fiber of the skins are paralel to the X axis. 
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Table 6 - Elastic properties of the skins and the core of the sandwich composite  

 

The analyses of the first numerical example (the thin 4-layered composite plate) are 

also carried out in this sandwich composite example, including the SOLID analysis of 

ABAQUS
TM

 to valdiate. To compare stresses, the path taken is a straight line aligned to the 

thckness direction, and passing through the center of the XY plane, as displayed in Figure 53. 

 

Figure 53 - Path taken to compare stresses of the sandwich composite case 

 

Source: Author.

 
E11 

(MPa) 

E22 

(MPa) 

E33 

(MPa) 

G12 

(MPa) 

G13 

(MPa) 

G23 

(MPa) 

υ12 

(-) 

υ13 

(-) 

υ 23 

(-) 

Skins 127,000 10,000 10,000 5,400 5,400 3,050 0.34 0.34 0.306 

Core 53 53 53 25.6 25.6 25.6 0.35 0.35 0.35 
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The elements of the mesh in the LW analyses are all quadrilaterals, with only one 

virtual ply discretized to each lamina. The mesh of the SOLID analysis of ABAQUS
TM

 has 

also quadrilateral in-plane geometry, and seeds in the mesh have been created throughtout the 

thickness, resulting in four seeds to the skins and twelve to the core, as demonstrated in 

Figure 54. 

 

Figure 54 - Mesh discretization of the composite sandwich numerical example with the seeds created 

in the thickness direction 

 

Source: Author. 

 

Figure 55 is the distrubution of the normal stress in XX direction. Note that the skins 

are in a more severe state of stress, fact explained due to have more rigid elastic properties. 
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The skin closer to the external load in under higher stress. Also, observe the 

discontinuity of the stresses at the core/skin interfaces. 

 

Figure 55 - Normal stress distribution in the XX direction of the sandwich composite case 

 

Source: Author. 

 

The results of the distribution of normal stresses in XX direction are closer to the 

SOLID analysis of ABAQUS
TM

 for higher degrees of the layerwise interpolation. This 

statemnent is confirmed by the dispersion graphic of Figure 56, which is the absolute values 

of the relative residual  in relation to the SOLID analysis in XX direction. This graphic shows 

that the LW4 is pratically more accurate the the others analyes, but there is no much 

difference from the outocome of the LW3. The LW1 analysis has demonstrated the highest 

deviation to the SOLID analysis; the absolute relative residual are greater than the graphic 

limits, thus this conclusion may not me clear by only examining to Figure 56. 
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Figure 56 - Absolute value of the relative residual of the layerwise analyses in relation to the solid-like analysis 

carried out in ABAQUS
TM

 in XX direction 

 

Source: Author. 

 

Figure 57 is the distribution of normal stress in YY direction, which has the same 

trend as in XX direction with lower magnitude of the stresses, fact explained that the fiber of 

the skins are oriented in the XX direction, thus the whole laminate is more rigid in this 

direction. The LW1 analysis has been more imprecise in this direction
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Figure 57 - Normal stress distribution in the YY direction of the sandwich composite case 

 

Source: Author. 

 

Figure 58 shows the absolute relative residual of the LW analyses in relation to the 

SOLID of ABAQUS
TM

 in the YY direction. As expected, the LW4 has the better results, 

followed by LW3, LW2 and LW1 respectvelly. In general, the outcome of the LW analyses 

have been deviated in relation to the SOLID more in the YY direction than the XX direction.



CHAPTER 5                                                                                                                                                       107                                                                       

 

 

Figure 58 - Absolute value of the relative residual of the layerwise analyses in relation to the solid-like 

analysis carried out in ABAQUS
TM

 in YY direction 

 

Source: Author. 

 

Figure 59 is the distribution of normal stress in ZZ direction. The trend of distribution 

of the normal out of plane stress is different from the in-plane components. The cubic 

interpolation (LW3) is sufficient to achieve the same result of the SOLID analysis done in 

ABAQUS
TM

. The parabolic and linear interpolations (LW2 and LW1 respectvelly) have 

shown discontinuity at the interfaces, wheras in LW3 and LW4 the out of plane stress is 

continuous as in the SOLID analysis. The linear interpolation has shown poor results to this 

case; the discontinuity at the skin/core interface near the top plane is too high, and the 

interpolation in the core domain (in the interval [0.1; 0.9]) pointed out a constant stress 

distribution, which differs from the SOLID and LW3 and LW4.   
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Figure 59 - Normal stress distribution in the ZZ direction of the sandwich composite case 

 

Source: Author. 

 

Figure 60 shows the absolute relative residual of the LW analyses in relation to the 

SOLID of ABAQUS
TM

 in ZZ direction. In general, the precision of the analyses have shwon 

greater results in this direction; the maginute of the graphic relative residual had been halved 

for better visualization (the limit of the ordinate is 0.5 instead of 1.0 of Figure 56 and Figure 

58). The LW4 has shown the best results; although the LW2 has exhibited the best accuracy 

near the bottom boundary condition. The linear interpolation has presented the less accurate 

outcome.
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Figure 60 - Absolute value of the relative residual of the layerwise analyses in relation to the solid-like 

analysis carried out in ABAQUS
TM

 in ZZ direction 

 

Source: Author. 

 

There are multiple types of convergence analyses. According to Bathe (1996), solution 

errors arise when the mesh is refined until the outcome slighty varies. In the next figures, the 

convergence of the results in each direction of the stresses are analysed. To proceed with the 

convergence analysis, the mesh is incremented by a fixed value of elements and the outcome 

of each analysis is compared to the outcome of the previous analysis. This convergence 

analysis is stopped until the relative residue is inferior to 0.5%. The location chosen to 

investigate the stresses convergence is situated at the intersection of the top plane of the 

laminate and the path of Figure 53 (or 𝑧/ℎ = 1). 

Figure 61 shows the convergence analysis in the XX direction. The rate of 

convergence is pratically the same in this direction, and around 200 elements, the relative 
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residue is reached to LW2, LW3 and LW4, whereas the linear analysis requires roughly 250 

elements.  

Figure 61 - Convergence analysis based on the solution error in XX direction 

 

Source: Author. 

 

Figure 62 shows that the convergence in YY direciton is considerably slower than in 

XX direction. An interesting fact is that the convergence of the quadratic and linear analyses 

are faster than the LW4. The convergence creterion has been satisfied in 250 elements in the 

LW2 and LW3, while it was required about 600 elements to the LW4 analysis, and 1200 

elements to the linear interpolation. 
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Figure 62 - Convergence analysis based on the solution error in YY direction 

 

Source: Author 

 

Figure 63 shows the convergence analysis in the ZZ direction. The fastest convergence 

ocurred to the quadratic interpolation, in which the convergence criterion has been achieved 

with approximately 60 elements. Next, the LW4 analyses has fullied the critetion with 75 

elements, followed by the cubic analysis, which has reached the criterion with around 115 

elements. The linear interpolation has been slower the other analyses, the convergence has 

been reached after a refinement of 200 elements.  
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Figure 63 - Convergence analysis based on the solution error in ZZ direction 

 

Source: Author. 

 

The fourth numerical example is a composite beam with a pre-delaminated zone, 

whose boundary conditions and geometry are shown in Figure 64. Three different stacking 

sequences are considered for this case: [0]8 , [0/90/0/90]S and [90/0/90/0]S. The elastic 

prorperties are the same of the first numerical example. 
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Figure 64 - Boundary conditions and geometry of the fourth numerical example 

 

Source: Author. 

  

 The numerical example of Figure 64 has been solved through the extended layerwise 

finite element method. To approach this problem, Li et al. (2015) proposed strong 

enrichments to cracked elements using the Heaviside function, plus weak enrichments at each 

interface between laminas using the signed distance function and crack tip enrichments. The 

number of virtual layers was 8 (1 virtual layer for each ply). To validate the model proposed,  

Li et al. (2015) carried out similar analyses on MSC. Partran. 

The delaminated area in Li et al. (2015) remains the same, thus, there is no progressive 

failure nor damage propagation in their work. In consequence, if the load P is released the 

composite beam return to its initial state. The same case presented by Li et al. (2015) is solved 

here with a similar approach. The main difference is the absence of the weak and crack tips 

enrichments. The strong enrichments are applied to the pre-delaminated zone only.  

To solve the problem of Figure 64 with the forulation introduced in this dissertation, it 

is required to model the constutive relation of the cohesive elements of the delaminaed area of 

the composite beam. However, instead of subdiving the load in several steps, solving the non-

linear system and calculating the damage variable 𝐷𝑑 of equation (26), like in tradional CZM 

procedure, the problem here is approached differently. The stiffness of each cohesive element  

is pre-determined here according to a exponential distribution presented in Figure 65. The 

procedure to apply a traction-separation law without performing progressive failure is similar 
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to usual CZM approach. In other words, the methodology used to solve this case does not 

calculate the damage variable; the stiffness of each cohesive element is pre-defined according 

to the dummy stiffness and the exponential distribution of equation (57). The reason for 

choosing this approach for this problem is because Li et al. (2015) have not proceeded with 

progressive failure, and also, the aim of this problem is not to model progressive 

delamination, but to show that the formulation proposed here has the potential to perform 

structural analyzes in a pre-delaminated structure. To apply progressive failure in this 

numerical example is required is to model the traction-separation law and to approach the 

problem as non-linear. 

 

Figure 65 - Traction separation law of the cohesive zone of the second numerical example 

 

Source: Author. 

 

 The degradation of the stiffness is represented in equation (57), where 𝑆 is the number 

of strong enrichments. Note that for node 𝑖 = 1, the stiffness of the cohesive element is the 

dummy stiffness  �̃�𝑛
0. Analogously, the cohesive stiffnes of the node at the free edge is �̃�𝐹, 

and the cohesive stiffness of any intermediate node is calculated accoring to equation (57). 
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The dummy stiffness �̃�𝑛
0 and final the stiffness at the tip �̃�𝐹 are numerically determined. 

Therefore, the trial and error method was applied to determine these numerical parameters. 

The results of the case presented is greatly sensible to the dummy stiffness �̃�𝑛
0, and its value 

depends on the number of enriched nodes. The α parameter of the enriched function of 

equation (32) is initialy set to 𝛼 = 100. 

The deformed shape with the gradient of displacement on longitudinal and thickness 

directions are shown in Figure 66 and Figure 67 respectively. The stacking sequence 

considered in these figures is the [0/90]4 laminate, but all others laminates show practically 

the same shape, with different magnitudes of displacement. 

 
Figure 66 - Deformed shape with the gradient of displacement on longitudinal direction of 

[0/90/0/90]S laminate: a) bibliography; b) method proposed 

 

Source: Li et al. (2015) 

a) 
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b) 

Source: Author. 

 

Figure 67 - Deformed shape with the gradient of displacement on thickness direction of [0/90/0/90]S 

laminate: a) bibliography; b) method proposed 

 

Source: Li et al. (2015). 

a) 
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Source: Author. 

b) 

 

Table 7 - Crack tip displacements of bibliography and the proposed method of the second example 

 𝑢𝑥(𝑚𝑚) 𝑢𝑧(𝑚𝑚) 

 Li et al. (2015) 

(x 10
5
) 

XLFEM proposed 

(x 10
5
) 

Li et al. (2015) 

(x 10
4
) 

XLFEM proposed 

(x 10
4
) 

[0]8 8.2855 0.66067 2.0831 1.9280 

[0/90/0/90]S 1.2272 0.93472 3.1674 3.1015 

[90/0/90/0]S 2.3130 1.8792 5.6199 5.5892 

 

The results of the crack tip displacements in the thickness direction 𝑢𝑧, shown in Table 

7, are close to those calculated by Li et al. (2015). Although, the displacement in longitudinal 

direction 𝑢𝑥 is different in both methods. This fact is actually expected, because the 

formulation of Li et al. (2015) accounts the stress intensity faction at the crack tip via weak 

enrichments, which causes the stress field to be more severe at the crack tip, affecting the 

strain field and displacements in the longitudinal direction. Since fracture mechanics 
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phenomena are not accounted in the formulation developed here, it is expected that the 

displacement in longitudinal direction is reduced.  

The numerical parameter α of the hyperbolic tangent function of equation (32) is 

further investigated. The influence of the 𝛼 in the displacement field of the [0]8 laminate is 

demonstrated in  Figure 68. Observe that there is no significant variation of the solution for 

different values of 𝛼; the magnitude of the displacement remains the same order. After 

reaching 𝛼 = 10, the solution barely varies. It is tested higher values of the numerical 

parameter, such as 𝛼 = 1000, but the results are roughly the same. 

 

Figure 68 - Influence of the numerical parameter α in the displacement field 

 

Source: Author. 
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6 CONCLUSIONS AND FUTURE WORKS 

 

 

This masters thesis focuses in the development of a numerical model potentially 

capable to simulate delamination in composite structures by combining three powerful 

techniques: the XFEM to model the discontinuity; the Cohesive Zone Method to idealize the 

behaviour of the delaminated zone; and the layerwise theory. There are not numerous 

investigations concerning all these theories mentioned. 

The primary objective of this master’s thesis has been successfully achieved. The 

formulation developed here is potentially capable of simulating discontinuity in composite 

laminates. Four numerical examples are presented in this master’s thesis: a four-layer thin 

composite plate laminate; a deep beam made of reinforced croncrete; a three-layer composite 

sandwich with a geometry of a cube; and a eight-layer cantilevered beam with a zone pre-

delaminated. 

The first numerical example is a four-layered composite laminate with one end fixed 

and pressure applied to the upper surface. Two different stacking sequence are considered, 

[0]4 and [0/90]2. To validate this case, an analysis based in a solid-element with parabolic 

interpolation in all directions is carried out in ABAQUS
TM

. The results of the displacement 

and stress field converged. The outcome of the in-plane components of the stress tensor is 

almost the same in all analyses. Regarding the out-of-plane normal stress, the SOLID and LW 

analyses achieved same results. The out-of-plane shear stresses are the components that 

diverged the most. It is observed that the results of the [0]4 plate are more accurate than the 

[0/90]2, which is expected since more anisotropy results in more deviation of outcomes. An 

interesting conclusion regarding this first numerical example is the fact that enhancing the 

order of the polynomial approximation in thickness direction has not shown better results. 

This can be explained by the low ratio between thickness and in-plane dimensions, plus the 

constant pressure applied.  

In the deep beam numerical example, both models carried out in ABAQUS
TM

 

presented similar results. The heterogeneous and homogenized analyses carried out in 

ABAQUS
TM

 were close to each other. The layerwise analyses were precise; all three 
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layerwise analyses generated similar curves. The analyses whose cross-section are more 

refined shown better results, but the difference is small. In fact, there is no need to discretize 

too many layers using a linear interpolation. Close to the boundary conditions the layerwise 

and ABAQUS
TM

 formulations slightly diverged. It is important to remark that the analysis 

performed in this example considered the reinforced concrete in its linear phase. 

The third numerical problem is a three layered sandwich laminate with in plane 

dimensions equal to the thickness dimension. The layerwise analyses carried out are 

compared to a solid-like analysis done in ABAQUS
TM

, and it was concluded that enhancing 

the polynomyal order of the interpolation through the thickness resulted in more accurate 

results, and the convergence of stresses have been faster. Therefore, it is recommended to 

increase the layerwise order for analyses of solid strctures. 

The four problem is an eigth-layer cantilevered composite beam with a discontinuity 

simulating a pre-delaminated, typical to mode I fracture. Three different stacking sequences 

are considered in this problem: [0]8, [0/90]4 and [90/0]4. Likewise the simulation carried out 

via XFEM by Li et al. (2015), the delamination in this problem does not grow. To approach 

this problem, the stiffness of the cohesive elements are pre-defined according to an arbritary 

exponential function. The purpose of this analysis is to show the pontential to approach 

delamination problems using the formulation proposed in this master’s thesis. The deformed 

shape of the analysis done here and by Li et al. (2015) are similar. The displacement in 

thickness direction is the same; although, in the longitudinal direction the displacement 

diverges in each analysis. Since there is no crack tip enrichment to account fracture mechanics 

phenomena in the model developed here, the displacement in longitudinal direction is 

influenced only by Poisson’s ratio. Hence, the state of stress near the crack tip influences the 

magnitude of the displacement in longitudinal direction, resulting in lower values than 

calculated by Li et al. (2015). Furthermore, the stress field is not compared to the 

bibliography for the same reason. 

The main advantage of the numerical model developed in this master’s thesis is the 

flexibility to model discontinuity. The layerwise displacement theory provides an accurate 

displacement and stress fields over the whole domain of the laminate, and the XFEM 

effectively models the delamination. It is observed that implementing strong enrichments in 

the absence of weak enrichments leads to an unrealistic outcome. Thus, the Cohesive Zone 

Method is proposed to model the contitutive relation of the delaminated zone. As a matter of 
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fact, using CZM instead of pure XFEM have both advantages and disadvantages. If weak 

enrichments are considered, the XFEM alone successfully simulates delamination in 

composite laminates, as it has been already proven by Li et al. (2015) and Li (2016). 

However, the computational cost rises considerably since more degrees of freedom are 

introduced. 

Likewise all XFEM and CZM approaches available in literature, the formulation 

presented here relies in numerical parameters which are not simple to determine. As Pascoe et 

al. (2013) pointed out, the methods for modeling delamination in composite media so far are 

not based on the physics of the problem but on the observed shape of the delamination growth 

curve, whose parameters are defined by curve fitting. Therefore, it is recommended to 

investigate further the physical processes involved in delamination growth and the 

macroscopic behavior. 

With respect to the work presented in this master’s thesis further research is 

recommended in the following aspects: 

a) develop formulations that account physical processes interacted with progressive 

failure, and dispense purely numerical parameters; 

b) increment both weak and crack tip enrichments to the formulation developed here. 

Even though Li et al. (2015) and Li (2016) proposed similar formulation, it does 

not account progressive failure; 

c) implement in-plane strong enrichments to the formulation proposed; 

d) investigate further numerical integrations more adequate to non-linear 

displacement fields of XFEM’s. 
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