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Resumo

Estudamos o emaranhamento no regime de variaveis continuas do campo
eletromagnético, em especial envolvendo as quadraturas dos distintos modos do campo.
Demonstramos a geracdo de feixes intensos (na faixa de mW), de frequéncias distintas
(separadas por mais de uma oitava) e emaranhados pelo Oscilador Paramétrico Otico,
acima do seu limiar de oscilagcdo. Mostramos que ha emaranhamento entre os feixes sinal
e complementar, produzidos por conversao paramétrica descendente, e entre estes e 0
campo de bombeio do oscilador, para uma cavidade triplamente ressonante.

Verificamos ainda que, para o regime de varidveis continuas, a interacdo com o
ambiente pode levar o sistema inicialmente emaranhado a um estado separavel em tempos
finitos, de forma ndo assintdtica, algo semelhante a morte stbita de emaranhamento ja
verificado em variaveis discretas.

Discutimos, por fim, as perspectivas em informacdo quantica, visando uma
aplicacdo imediata do emaranhamento multicor em teletransporte no espectro

eletromagnético.

Abstract

We have studied the entanglement for continuous variables of the electromagnetic
field, focusing on the quadratures of given modes of the field. We demonstrate the direct
production of intense (MW range), entangled fields of different colors (covering more
than one octave) using an Optical Parametric Oscillator in above threshold operation. We
demonstrate bipartite entanglement between signal and idler modes, and tripartite
entanglement of these with the pump field for a triply resonant OPO cavity.

We have also shown that the detrimental interaction with the environment can lead
an initially entangled system into a separable state for finite interaction times, even for
continuous variables. This effect is reminiscent of the sudden death of entanglement
observed for discrete variables.

Finally, we present the possible uses of this entanglement in quantum information
processing, with the immediate application of the multicolor entanglement in teleportation

over the electromagnetic spectra.
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Capitulo 1

Introducao

Esta resenha de artigos, englobando minha producao desde minha admissao como docente
na Universidade de Sao Paulo, em maio de 2004, vai necessariamente acompanhar a
evolucao do Oscilador Paramétrico Otico ao longo da tltima década. A motivagao para
a escolha de uma resenha, no lugar de um texto mais autoral, é simples: quase tudo
sobre o Oscilador Paramétrico Otico ja foi redigido, analisado e revisado ao longo das
publicagoes nas quais estive envolvido em diferentes papéis. Tais trabalhos envolveram
principalmente o Laboratério de Manipulacio Coerente de Atomos e Luz (IF/USP), e
incluem colaboragoes com o Groupe d “Optique Quantique do Laboratoire Kastler-Brossel
(UPMC-Paris 6 e ENS/ Franca) e o Grupo de Optica Quantica (IF/UFF). Apresentamos
a seguir a sequéncia dos topicos abordados. Ao final desta tese, hda um apéndice, com o
método de calculo do ruido quantico no OPO, e outro sobre os critérios de emaranhamento
em variaveis continuas empregados neste trabalho.

Quando comecei este caminho, ainda como orientando, o OPO era de uma ferramenta
de trabalho bem conhecida e amplamente utilizada em Otica Quantica. Empregando
a amplificagdo paramétrica através de uma nao-linearidade de segunda ordem [1], e a
realimentacao em uma cavidade, é possivel obter a oscilagao, com o acoplamento entre
um modo de bombeio, e dois modos convertidos. A este sistema podemos adicionar ainda
campos de referéncia nos modos de frequéncia mais baixa, que podem ser amplificados
ou “deamplificados”, conforme a fase escolhida para os campos. Extremamente versatil,
tinha um grande interesse em aplicagoes de Informacao Quantica, conceito nascente a
época, envolvendo a ideia de manipulagao quantica da informacao.

Faltavam poucos elementos do OPO, descrito na década de 80 por Margareth Reid
e Peter Drummond [2, 3, 4], a serem demonstrados experimentalmente. Entre estes
elementos, tinhamos a correlacao quantica de fase entre os campos sinal e complementar
em operacao acima do limiar. Feito isto, mostrava-se que o OPO gera campos com
correlagoes do tipo proposto por Einstein, Podolski e Rosen em 1935 [5] tanto abaixo do
limiar [6] (vdcuo emaranhado) quanto acima (feixes intensos emaranhados).

Como pos-doutorando, tive a oportunidade de me lancar a esta busca, com o entao
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estudante de doutorado Alessandro Villar em seu projeto de pesquisa, partindo do OPO
construido em Sao Paulo durante meu préoprio doutorado. A medida revelou-se mais com-
plexa do que inicialmente esperado. Ainda que a aplicagao da técnica de rotacao de elipse
ao problema do OPO, proposta pelo entao supervisor Paulo Nussenzveig fosse exequivel,
algo estava faltando no problema. O desenvolvimento de novas implementagoes, de forma
a vencer os desafios técnicos, permitiu por fim a realizacao da medida, resultando em uma
publicagao de grande impacto [7].

Porém, os dados, apesar de conclusivos quanto ao emaranhamento, nao concordavam
com a teoria. Torna-se necessario rever este modelo, e descobrir a real origem do efeito.
Uma primeira tentativa fora feita, em conjunto com o grupo do IF /UFF, na qual testamos
o limite das aproximacoes lineares nas equacoes de Langevin e na aproximacao da funcao
de Wigner do OPO como uma equagao de Fokker-Planck. O resultado mostra a validade
desta aproximagao, e a consisténcia dela com um modelo mais completo do OPO. Fica
entao claro que ha alguma outra fonte para este excesso de ruido. A modelagem inicial
deste excesso de ruido e sua introducgao na descricao do sistema levou a um bom acordo
qualitativo para o problema, ao se observar apenas os feixes sinal e complementar [8].
Mas a questao da origem fisica deste ruido permaneceu em aberto.

Por outro lado, o estudo do acoplamento do campo de bombeio aos modos sinal e
complementar indicou que ainda que tivéssemos uma descricao completa da matriz do
OPO, e o seu comportamento para cada um dos modos envolvidos e suas correlagoes,
havia na matriz espectral de covariancias mais informacao do que pensavamos a principio.
Os desenvolvimentos de aplicacbes do emaranhamento entre duas particulas levaram,
naturalmente, a demanda por sistemas mais complexos, com o envolvimento de trés
particulas ou mais. No caso do OPO, a descricao aparentemente correta de Reid e
Drummond guardava em si um efeito de emaranhamento que sé viria a ser evidenciado
em estudos mais recentes, realizados na década de 90 [9].

Em nossos estudos, observamos que a deplecao do campo de bombeio, para a geragao
de pares de feixes nos modos sinal e complementar, associada a conservacao de energia, le-
vam a correlagao entre estes trés campos. Como consequéncia, o emaranhamento nao era
um problema bipartite, como fora entao anunciado, mas sim tripartite. A discussao deste
problema levou-nos de volta as equacoes, e durante o pés-doutorado, em colaboragao com
o prof. Claude Fabre, do Laboratoire Kastler-Brossel, conseguimos uma nova publicacao,
onde se demonstrava o emaranhamento tripartite no OPO acima do limiar [10].

Isto implica que além de termos dois feixes de cores distintas emaranhados, temos
ainda um terceiro campo, correlacionado aos produtos da conversao paramétrica. Os
feixes convertidos, por sua vez, nao necessitam ter uma relagao de frequéncia bem de-
terminada entre si, além daquela dada pela conservacao de energia. De fato, os feixes
sinal e complementar tem uma difusao de fase completamente aleatéria com relagao ao
feixe de bombeio. Mas nas medidas realizadas no referencial girante de cada campo, as
flutuagoes quanticas estao por sua vez correlacionadas, e cobrem mais de uma oitava do
espectro eletromagnético.

Apoés a descoberta tedrica, torna-se necessaria a medida deste efeito, tendo em vista



aplicacoes futuras. Esta tarefa coube a Katiiscia Nadyne Cassemiro, em sua tese de
doutorado. Em dois artigos, ela demonstra a existéncia de correlagoes entre o campo
de bombeio e os feixes sinal e complementar [12], mostrando correlagoes fortes de fase
entre os trés feixes, e correlagoes de intensidade entre bombeio e sinal, ou bombeio e
complementar, que neste caso levam a uma nova relacao de estados comprimidos do
campo (“squeezing”) [11]. No entanto, o emaranhamento tripartite nao fora demonstrado
ainda. Revela-se que nosso modelo anterior para o excesso de ruido [8] nao reproduz nos
calculos a situacao observada em laboratorio.

A solucao deste problema viria bem depois, na dissertacao dos um dos meus primeiros
estudantes de mestrado, apés minha contratagao no IFUSP. Nos mestrados de Jonatas
da Silva César e Antonio Sales Coelho, foi possivel testar uma hipdtese nova: o espa-
lhamento Brillouin de fétons do campo médio pelos fonons do cristal. O resultado das
caracterizagoes rendeu um excelente acordo entre os parametros caracterizados, o modelo
desenvolvido, e os resultados experimentais [13].

Sera somente no final do mestrado de Antonio Sales Coelho e Felippe Barbosa da Silva
que, diagnosticados os fénons como a fonte de ruido, é feito o resfriamento do cristal, que
o leva finalmente a uma situacao onde a geracao de campos triplamente emaranhados é
observada [14]. Aparentemente temos o OPO completamente caracterizado, colocando
um ponto final na histéria e liberando-o para seu uso como ferramenta de trabalho.

No entanto, ao testar a linearidade da matriz de ruido do mesmo diante de atenuagoes
dos campos, verificou-se que o emaranhamento podia ser eliminado para perdas finitas. O
resultado, reminiscente da morte stibita do emaranhamento em sistemas de qubits [15, 16],
foi uma surpresa. Partimos entao para a busca dos elementos responsaveis por esta morte
siubita de emaranhamento.

Neste caso, com a ajuda do Dr. Alencar José de Faria, em seu pds-doutorado junto ao
grupo, os estudantes Felippe e Antonio, agora em seu doutorado, deram continuidade ao
trabalho no caso mais simples: o emaranhamento bipartite. Foi demonstrada a condicao
suficiente para que ele seja robusto, e a divisao entre estados emaranhados robustos e
sujeitos & morte subita por perdas do meio. O resultado experimental e o trabalho tedrico
farao parte das teses destes estudantes, com defesa prevista para o proximo ano.

Estas medidas fecharam um longo ciclo, do qual partiu-se da teoria inicial do OPO,
para a verificagao experimental de elementos desta teoria. Neste processo, descobrimos
caracteristicas novas do OPO, a luz da Informacao Quantica, como o emaranhamento
tripartite, o que expande suas aplicacoes em protocolos de teletransporte. O sistema
aponta ainda para fendomenos novos, como a morte stubita de emaranhamento. Isto nao
seria possivel sem a solugao do problema de excesso de ruido neste sistema.

Podemos entao dizer que conhecemos quase tudo do OPO, finalmente. Pequenas
perguntas permanecem a ser respondidas, mas desta vez nao estao mais importunando
as medidas: por que o ruido dos fénons cai tao rapidamente com a temperatura, e por que
o limiar de oscilagao é reduzido com uma variacao de apenas 46 K7 Enquanto avancamos
neste sentido, vemos no OPO uma ferramenta poderosa para manipulacao quantica de
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informacao, estendendo as possibilidades de teleportacao para além da demonstracao
do principio, visando uma aplicagao pratica das propriedades. Nosso objetivo agora é
realizar o teletransporte de um estado para diferentes faixas do espectro eletromagnético,
usando o emaranhamento multi-cor do OPO. Este projeto em curso envolve os estudantes
de doutorado do grupo, e foi proposto a FAPESP. Esperamos os resultados para breve.



Capitulo 2

Emaranhamento Bipartite

O Oscilador Paramétrico Otico foi uma das primeiras fontes de estados nao-classicos da
luz, e uma das mais estudadas, desde a década de 80. O interesse inicial de tais esta-
dos, como os comprimidos, envolvia o estudo de propriedades fundamentais da mecanica
quantica, empregando os recursos que a ética tinha a disposigao, oriundos da fisica de
semicondutores, materiais, e estado sélido (fontes, detetores, cristais, etc.). Além disso,
promessas de aplicacao em telecomunicagoes, metrologia, medidas sensiveis de espectros-
copia ou interferometria apontavam para a ligacao da otica quantica com aplicagoes em
fisica.

E verdade que, logo no inicio, todas as questoes sobre o OPO pareciam respondidas
nos artigos de Reid e Drummond [2, 3, 4], onde se demonstrava que o OPO deveria gerar,
abaixo do limiar, tanto estados de vacuo comprimido quanto campos emaranhados.

As medidas ja haviam sido parcialmente feitas anteriormente para o vdcuo compri-
mido [17]. Seguido do detalhamento tedrico do processo de geracao de feixes gémeos [18],
estes foram medidos com um OPO acima do limiar de oscilagao [19]. Tais feixes apre-
sentam correlagoes de intensidade melhores do que as que poderiam ser obtidas por uma
fonte classica, como um feixe coerente dividido em 2 partes iguais em intensidade média.

Nos artigos de M. Reid [20] ocorre ainda a demonstra¢ao que os campos produzidos
pelo OPO violam um critério de emaranhamento baseado nas ideias de medidas propostas
por Einstein, Podolski e Rosen [5]. Neste trabalho hd a demonstragao de geracao dos
campos sinal e complementar emaranhados no OPO, tanto abaixo e quanto acima do
limiar. O emaranhamento abaixo do limiar foi observado em 1992 [6] para campos de
mesma frequéncia. No entanto, a mesma observacao do efeito acima do limiar de oscilacao
nao fora feita desde sua previsao inicial.

A principal limitacao para esta medida esta no fato de que os feixes sinal e comple-
mentar gerados nao apresentam necessariamente a mesma frequéncia de oscilagao. Se
assim fosse, o processo de medida seria semelhante ao sistema usado por Kimble nos seus
dois artigos [17, 6]. O laser de bombeio, depois do dobramento, é por sua vez empregado
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no bombeio do OPO. Uma amostra do feixe inicial é, no entanto, reservada para o uso
como oscilador local no sistema de detecao dos campos de vacuo produzidos pelo OPO. O
processo de conversao paramétrica ascendente, seguido pela conversao paramétrica des-
cendente, vai resultar, de forma equivalente, a aplicacao de um operador de compressao
sobre um estado coerente de vacuo, ou sobre uma combinacao de modos de vacuo no
caso de geracao de emaranhamento.

PR
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Figura 2.1: Medida do ruido com oscilador local. A saida do primeiro divisor de feixe
fornece a referéncia aos processos de medida anteriores. Ela gera basicamente um estado
de vacuo, deslocado pelo campo médio do laser. O processo nao-linear pode acoplar
ainda diversos modos do campo, e sua saida (ou saidas) sdo analisadas pela detecao
homodina. O oscilador local é o préprio campo de referéncia, com um deslocamento de
fase ¢ variavel.

E curioso notar que, neste caso, além do modo degenerado, temos a geracao de vacuo
emaranhado em diferentes pares de modos do campo. Além dos modos degenerados,
temos a geragao simultanea de vacuo emaranhado entre modos com frequéncias w; e wo,
tal que a diferenga |w; — wy| = 27 m FSR, onde m é um inteiro positivo, e F.SR é o
intervalo espectral livre da cavidade do OPO. Uma medida deste comportamento fora
feita ainda na década de 90 [21], e pode ser considerado um precursor do emaranhamento
entre modos distintos do campo eletromagnético, apesar da pequena diferenca envolvida
(inferior a 1 GHz).

Estes campos, gerados aos pares, apresentam uma forte correlagao na contagem de
fotons, o que da origem aos fotons gémeos. No entanto, ainda que a medida de correlacao
de intensidade seja simples de ser feita, ela corresponde a apenas uma parte da carac-
terizacao do emaranhamento. Este implica na correlacao simultanea de duas variaveis
conjugadas. Neste caso, a variavel conjugada a intensidade é a fase do campo, que fora
medida nestes casos com a ajuda de osciladores locais para a investigagao dos modos.
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Ja para o OPO acima do limiar de oscilagao, ha um problema. Dos modos m sujeitos
a oscilagao, aquele com o limiar mais baixo comeca a oscilar, e ird fazer a deplecao da
poténcia de bombeio intracavidade, suprimindo a oscilagdo dos demais. Deve ocorrer
ainda a geracao de vacuo emaranhado nos outros modos, que pode eventualmente ser
detectado, mas a poténcia do bombeio sera convertida principalmente em luz nos modos
sinal e complementar. As frequéncias dos campos nao é necessariamente degenerada,
requerendo, por um lado, um esforgo extra para trazer o sistema a degenerescéncia.

Mas além do problema da degenerescéncia em frequéncia, ha o problema da fase. A
relagao desta, entre os modos sinal e complementar, é indeterminada, gracas ao processo
difusivo. Retomando a descri¢ao das equagoes de Langevin do OPO [22], vemos que um
dos autovalores da matriz de arrasto é nulo, e que este ira levar a um processo de difusao
na relacao de fase. Isto estd ligado também ao fato que a diferenca de frequéncia entre
sinal e complementar nao estd sujeita a nenhuma constante de evolucao do sistema,
contrariamente a soma das frequéncias dos trés modos ou a diferenca entre o ntimero
de fétons sinal e complementar (ligadas a conservagao de energia). Fica a questao de
como fazer a medida neste caso. Varios grupos, na década de 90, estavam envolvidos
no travamento das fases dos modos convertidos do OPO, com técnicas de acoplamento
6tico [23] ou travamento eletronico [24]. Haveria alguma forma, no entanto, de fazer a
medida no OPO livre?

2.1 Uma proposta de medida

A difusao de fase entre os modos sinal e complementar no OPO é semelhante a que
ocorre em um laser: sua saida é tomada pelos experimentais como um estado coerente,
para o arrepio de parte dos tedricos. Na realidade, a fase do laser sofre um processo
difusivo bem conhecido, e dois lasers estabilizados na mesma referéncia de frequéncia
vao sofrer um passeio aleatorio em sua fase. Interferéncias serao observadas em tempos
curtos, mas para tempos mais longos a integracao vai destruir a correlacao entre eles.
Esta incoeréncia relativa pode ser deduzida pela largura de Schalow-Townes [25]. Esta
difusao, no entanto, pode ser suprimida se os campos forem acoplados por injecao de
parte de um dos lasers no outro. O feixe incidente ird atuar como uma referéncia de
sinal, amplificado no meio apds a injecao na cavidade, e ira estabilizar os dois campos.
Se os lasers tiverem frequéncias distintas, pode se tomar o batimento deles, e estabiliza-lo
em fase com uma referéncia na faixa de RF.

As ideias por tras destes dois métodos foram empregadas por dois grupos para esta-
bilizar os seus OPOs e forga-los a uma operacao degenerada e travada em fase para os
campos sinal e complementar. O grupo de Olivier Pfister empregou o batimento entre os
campos para controlar cuidadosamente o indice de refracao do cristal, atuando tanto na
temperatura quanto com a aplicacdo de um campo externo [24]. J4 o grupo de Claude
Fabre empregou uma lamina de quarto de onda dentro de uma cavidade, diante de um
dos espelhos em uma cavidade linear. Uma parte do campo de cada um dos modos (sinal
e complementar) de polarizagoes ortogonais, apds passarem duas vezes pela lamina de
quarto de onda, sofrem uma pequena rotacao de polarizacao. Como resultado, este giro
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de polarizacao ird representar uma perda dos feixes antes de serem realimentados no
amplificador. No entanto, se o cristal estiver em conversao préoxima a degenerescéncia,
este processo de realimentagao poderd levar a um limiar mais baixo de oscilagao no caso
degenerado. O acoplamento entre os modos, por sua vez, ird levar ao travamento de
fase [23].

Foi em 2002, pela época da livre-docéncia do meu colega de laboratério, prof. Paulo
Nussenzveig, que lhe ocorreu a ideia de empregar a técnica de rotacao de elipse, usada
ja em nosso laboratério para verificar o excesso de ruido em um laser de diodo [26]. Dis-
cutimos esta ideia rapidamente, e a técnica de medida nos pareceu viavel. A principal
questao que nos colocavamos era sobre a razao desta técnica de medida nao ter sido
empregada antes, sendo que ja no artigo de Reid e Drummond [3] esta técnica, desen-
volvida inicialmente por Levenson et al. [27], era apontada como uma forma de medir o
emaranhamento.

A primeira restrigdo poderia ser a questao de como definir a fase entre dois campos
de frequéncias distintas. Mas para isso vale lembrar aqui que as flutuacoes de fase,
neste caso, estao ligadas a portadora do campo. Na nossa medida local, nos mantemos
analisando as flutuacoes em torno desta frequéncia central, portanto nos mantemos em
um referencial girante, acompanhando o valor médio da portadora dentro do intervalo
de tempo de nossa medida. Se as portadoras tem frequéncias distintas, com flutuagoes
de fase distintas variando a velocidade de fase relativas entre elas, pouco importa neste
caso, posto que as medidas sao feitas nos referencias girantes locais.

As primeiras medidas, no entanto, mostravam problemas em atingir o nivel baixo de
ruido, além de diversos problemas técnicos ligados a sua implementacao, que podem ser
vistos na dissertacdo de mestrado de Alessandro de Souza Villar [28]. Nas discussoes,
ocorreu-nos uma segunda limitagao, lembrando da minha experiéncia anterior na me-
dida da compressao de ruido no campo de bombeio [29]. Naquele caso, para mostrar
a compressao de ruido, era necessario que o campo de entrada estivesse em um estado
de minima incerteza. No nosso caso, por melhor que fosse o laser empregado, ainda
havia a possibilidade de que um excesso de ruido fosse afetar as medidas de correlacao.
Investigamos o efeito deste excesso de ruido no artigo mostrado a seguir. Vimos que os
feixes gémeos sao robustos contra perdas, uma vez que o espaco de subtragao dos campos
se desacopla do campo de bombeio, porém a compressao de ruido na soma das fases é
fortemente afetada, devido ao forte acoplamento com o ruido do campo de bombeio.

Além disso, mostramos como deve ser implementada a técnica de medida proposta,
usando a rotagao de elipse por cavidades de anédlise [30], e mostramos célculos prelimi-
nares, levando em conta cavidades reais, incluindo o efeito de perdas nas mesmas. Este
artigo [31] serviu de base tedrica, preparando as medidas que seriam feitas posterior-
mente. A divulgacdo deste artigo envolvia um risco, o de anunciar a ideia (ou chamar
a atengao para uma ideia antiga) e apontar para um problema possivel no processo de
medida, sabendo da elevada concorréncia internacional. A medida, no entanto, tomaria
ainda mais dois anos para ser realizada.
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Figura 2.2: Vemos acima a dependéncia das variancias de fase (Sg) e amplitude (Sp)
normalizadas pelo ruido quantico padrao, no subespago da soma dos modos sinal e com-
plementar em funcao da dessintonia do bombeio (Ag) e dos modos sinal e complementar
(A) para diferentes niveis de excesso de ruido no campo de bombeio.
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Abstract

We propose a direct measurement of the quadrature correlations of signal and idler beams in a non-degenerate opti-
cal parametric oscillator operating above threshold. We investigate the experimental limits where quantum correlations
can be observed, fulfilling an inseparability criterion for defining them as intense entangled beams. The use of optical
cavities to access quadrature noise in this situation is studied, and its advantages over homodyne detection are dis-
cussed. We also consider the application of this entanglement and the quadrature noise measurement technique to

quantum cryptography.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Entanglement of two states (e.g., a pair of light
beams) is a purely quantum behavior, leading to
non-locality, which is in the heart of the quantum
information theory [1,2]. When the fields are in an
entangled state, the non-classical behavior can be
demonstrated by the violation of the Bell inequal-
ity [3,4]. For continuous variables, a Bell inequal-

" Corresponding author. Tel.: +55 11 309 16639; fax: +55 11
309 16832.
E-mail address: nussen@if.usp.br (P. Nussenzveig).

ity is no longer directly applicable, but many
authors have developed other relations that must
be violated to show the inseparability of continu-
ous variable systems [5], such as the proposal of
Duan et al. [6], which we will refer to as the DGCZ
criterion.

A well known example of entangled states are
the twin photons produced by atomic fluorescence
[7] or spontaneous parametric down-conversion
[8,9]. For continuous variables, it has been demon-
strated that squeezed states, combined in a beam
splitter, can produce entangled states [10,11].
Experimentally, this source of entanglement has

0030-4018/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
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already been produced by the combination of
pulsed squeezed beams generated by the 3 non-
linearity in optical fibers [12].

Optical parametric oscillators (OPO) or amplifi-
ers (OPA) can be sources of entangled states.
Sub-threshold OPO’s are shown to produce an
entangled pair of fields, either in frequency degen-
erate OPO’s [13] and non-degenerate OPO’s [14].
EPR-like beams have also been produced from
the combination of the outputs of two degenerate
sub-threshold OPO’s and used for quantum
teleportation [15].

On the other hand, it has already been predicted
that the OPO would still produce entangled states
above threshold, generating intense entangled
beams that would satisfy the DGCZ entanglement
criterion. But there are difficulties in performing
this kind of measurement. The theory predicts that
signal and idler beams will be intensity-correlated
and phase-anti-correlated [16,17]. While it is easy
to measure intensity correlations leading to sub-
shot noise fluctuations in the difference of beam
intensities [18], the measurement of phase quadra-
ture fluctuations often requires the use of a local
oscillator for an homodyne detection [19].

Typical OPO’s will produce non-degenerate sig-
nal and idler beams with a frequency separation
that is a multiple of the cavity free spectral range
[20], but the usual configuration used for measur-
ing quadrature fluctuations can be implemented
only if signal and idler fields are frequency degen-
erate, like in the case of squeezed vacuum [21].

In this article, we investigate the possibility of
measuring entanglement between intense signal
and idler beams even in the non-degenerate situa-
tion, taking into account typical experimental con-
ditions such as a noisy pump beam and a detuned
OPO cavity. Our calculations for the OPO indicate
that there is an experimentally accessible region of
parameters where entanglement can happen.
Although excess noise in the phase of the pump
field can destroy the entanglement, its intensity
noise has little effect.

In order to measure phase fluctuations of signal
and idler, we propose a self-homodyne technique
that uses external cavities to independently rotate
the phase of the fields’ fluctuations relative to their
mean values [22], leading to a direct conversion of

phase fluctuations into intensity fluctuations [23].
By summing or subtracting the measured signal
and idler quadrature fluctuations, correlation or
anti-correlation between their quadratures can be
seen, and the DGCZ criterion can be applied. This
implementation allows a generalized quadrature
measurement and noise correlation even if the
beams are not degenerate, thus overcoming the
difficulties associated with homodyne detection in
this system.

We finally consider using this implementation
for quantum secure key distribution according to
a recently proposed protocol [24]. This requires a
stronger condition for the correlation between
amplitudes and anti-correlation between phases:
both of them must be squeezed. We show that this
can be the case for the non-degenerate OPO, there-
fore enabling its use for quantum cryptography.

One direct advantage of this system is that in-
tense beams are easier to manipulate than
squeezed vacuum. The beams’ mean intensities
are another parameter to check any violation of
the secure channel. Besides, the use of optical cav-
ities to access quadrature noise has advantages
over homodyne detection in this situation. By
making Alice and Bob’s measurements independ-
ent of local oscillators, difficulties like their
production and distribution are eliminated, simpli-
fying the experimental setup.

We begin by a brief description of the DGCZ
criterion, and then we review the expected results
for a type-II OPO above threshold, studying the
effect of the pump noise and cavity detuning on
entanglement. The conversion of phase noise into
intensity noise by a lossy cavity is studied, and
the experimental proposal is then described, show-
ing that the use of cavities allows a local selection
of the measured quadrature noise of the entangled
beams, thus establishing a secure channel for
quantum key distribution.

2. Entanglement criterion

As described in [6], a quantum state composed
by two modes, 1 and 2, is said to be separable if
its density matrix p can be described by a statistical
mixture of the product of normalized states of the
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systems 1 and 2 (py and pn), p = Sppn @ pi
with positive probabilities p; that satisfy ) .p, = 1.

If the system is composed of two modes of the
quantized electromagnetic field, we can define
annihilation and creation operators for each
mode, respectively a; and a} [25], where j € {1, 2}
stands for the mode. These operators follow the
usual commutation relation [a;, am =9;y, and
since they are not hermitian operators, the mean
value will return a complex number that represents
the complex field amplitude envelope. From these
operators we can define a pair of hermitian opera-
tors, giving the quadratures of the field in the Fres-
nel representation:

q;(t) = i[ed! (1) — e™a(1)],
p(1) = [e”a' (1) + e a(n)],

where the phase ¢ rotates the field in the plane of
the Fresnel representation. We have then the com-
mutation relation: [p;, ¢;] = 216, , that implies in
the uncertainty relation: 4°p;A4°g; > 1. For a
coherent state, 4°p; = A°q; = 1, and for a squeezed
state [25,26] we have, for instance, A2qj >1> Azpj.
If we study two modes of the field, we can look for
a vanishing commutator for a linear combination
of the quadrature operators, that are called EPR-
like operators of the system. As an example of a
pair of EPR-like operators, we have

(1)

91t 49 P — D
u 7 v 7 (2)
In this case, the variables ¥ and v commute, and
therefore they can be determined simultaneously
with arbitrary precision.

Duan et al. [6] have shown that if a system com-
posed of two modes is separable then there is a
lower bound for the variances of the measure-
ments of u and v:

(A2u) + (4%0) = 2. (3)

Violation of this inequality is a sufficient condition
for a quantum state to be considered inseparable,
or, equivalently, for having an entanglement be-
tween modes 1 and 2. On the other hand, if we
have gaussian states, it can be shown that violation
of relation (3) is a sufficient and necessary condi-
tion for the inseparability of states.

Therefore one can verify the entanglement of
two fields by measuring the variance of the sum
of phase quadratures and subtraction of amplitude
quadratures. We will now discuss the entangle-
ment of the fields produced by a non-degenerate
OPO, and study how its signature is affected by a
noisy pump and a detuned cavity.

3. Entanglement of signal and idler fields

Strong intensity correlations between signal and
idler beams produced in an above-threshold OPO
have already been demonstrated with experimental
data [18,27] that agrees with the usual treatment of
the fields as classical values with stochastic fluctu-
ations. This is equivalent to the quantum treat-
ment using the density matrix, which is converted
to a Wigner representation for the field values
[28]. Similarly, there have been studies of phase
anti-correlation between the output fields [29].
But, while intensity correlation is shown to be
independent of cavity parameters like detuning
and pump power and quite insensitive to pump
noise, anti-correlation in phase fluctuations were
predicted in only a very specific situation: zero cav-
ity detuning and coherent pump [17], which is far
from the wusual situation observed in the
laboratory.

We outline here a full treatment of the problem,
showing that, although not completely independ-
ent of pump noise as intensity correlation is, phase
anti-correlation can be obtained in normal experi-
mental conditions, using the DGCZ criterion to
demonstrate entanglement of a pair of macro-
scopic fields produced by an OPO above
threshold.

Consider the complex field amplitudes, repre-
sented by the annihilation operators {ao(z),
ai(1), ax(t)} for pump, signal and idler, respec-
tively. Any field operator can be described in an
equivalent way by its mean value and an operator
for the field fluctuation taking the general form
a(t) = a + da(r), where o= {a(t))=|u|e'?. The
intensity of each beam will be given by an average
value and a real valued fluctuating term 1(¢) = \oc|2
+ ada'(1) + a*da(t), where terms of higher order in
the fluctuation are neglected, since all fields are
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assumed intense (]oc]z > 1). Therefore, the intensity
will be given by I(r)=|a|* + |x|Sp(t), where
3p(f) = [€'98a" (1) + e '*3a(1)] is obtained from Eq.
(1). The conjugate operator d¢(¢) defines the phase
quadrature fluctuation of the field.

In our procedure, we will begin with the Lang-
evin equations obtained from the Wigner represen-
tation of the fields, presented in [28,30], and change
it into the equivalent description of fields’ quadra-
ture fluctuations op(7), 6¢(z). We will be searching
for a DGCZ-like correlation between signal and id-
ler fields, Eq. (3), obtained directly from the sum
and subtraction of the fields’ quadratures, p, () =
P (6) £ pa(0)]/V2 and g, (1) = [q,(1) £ 02(1)]/V2.

Changing the density operator representation
of the system into the Wigner representation of
the fields as complex variables, we can obtain the
Langevin equations of the fields, in the form

T%P:—AP—FBPin, (4)

where the vector of field fluctuations is P =
[8p_(2), 8q_(2), Bp+(1), 3q+(1), 3po(1), Bgqo(1)]". Here,
7 is the cavity’s round trip time, and the drift ma-
trix A and the damping matrix B depend on cavity
loss and detuning. The external fluctuations P;, are
coupled to the OPO’s cavity through the damping
matrix. We will limit ourselves to the study of field
fluctuations above oscillation threshold.

From the steady state values of the fields above
threshold [20,28] we obtain the drift matrix

T2 0 0 0 0 0
294 0 0 0 0 0

A_| 0 0 0 294 =2 V2pdn
0 0 0 2y =24y —2ypy

0 0 V2 V2uan oy —pdo

L 0 0 —V2ydn V2 pde oy

0 1)

where the total cavity losses for pump () and sig-
nal and idler fields (y) are related to the coupling
mirror transmissivity 7= 2y. If we have other spu-
rious losses, they can be added to the mirror trans-
missivity when calculating the output fluctuations,
but considering that only the field coming out
through the coupling mirror will be detected,

resulting in a linear degradation of the squeezing
[19]. 4 and A4 are the cavity detunings normalized
by the internal loss (4 = ¢/y). The ratio 5 of the
mean values of the signal (and idler) and pump
fields (o, o) 1s given by

1/2
o — (4+ Ay)°

1 + A2

lel o Ady — 1+

(6)
where o is the relative pump power, normalized to
threshold power on resonance (4 = 4y = 0). Signal
and idler detunings are equal as a condition for
stable oscillation [20]. Phase matching in the
non-linear crystal is implicit in the normalized
pump power [20], and will change the threshold
power of the OPO and the phase difference of sig-
nal and idler to the pump field. The small bistabil-
ity region close to the oscillation threshold [28] is
hardly seen in CW operation, and will not be con-
sidered in our calculations.

The incoming fluctuations P;,, coupled to the
cavity through its input mirror, can be simply con-
sidered as vacuum fluctuations for the signal and
idler fields, but not for the pump, where the pump-
ing laser fluctuations must be taken into account.
The phase difference between the intracavity fields
and the incoming fields is considered in the cou-
pling matrix B,

B. 0 0
B=|0 B. 0], (7)
0 0 B,

with each submatrix B; given by
B - \/27} [Césw}“ — ;) —sin(e] —¢))
sin(@)" —¢;)  cos(¢} — @)
(8)

The relationship between the phases of intra-
cavity fields ¢; and incident fields (p}“, for pump,
signal and idler modes can be reduced to a simple
form if we consider the incoming pump field as a
reference and set its phase to zero, ¢! =0. The
incoming vacuum fluctuations in the sum and sub-
traction of signal and idler modes can be arbitrar-
ily set to be in phase with the intracavity fields.
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Therefore, we will have for the linear combination
of signal and idler beams ¢ = ¢, and @™ = ¢_.
Finally, the phase of the intracavity pump mode
is found to be

eZiq)Jr — \/E

o — (A4 4y)° —i(4+ 4)

eigp() — 1 — IA 62i¢+.

V 1+ A?

To complete the treatment, and find the output
field fluctuations, we need to combine the intracav-
ity field transmitted through the coupling mirror
with the incident field. Once again, we have to con-
sider the phase relations between incoming field,
intracavity field and output field to maintain our
definitions of field quadratures p and ¢. The
output field fluctuations vector will be
P, = B'P — B"P;,, where the phase rotated cou-
pling matrices for reflection (B”) and transmission
(B’) of the fields are similar to the one defined in
Eq. (7), but with the submatrices given by
B _ \/5 095(90_/ — @) —sin(e; — @) |

/ | sin(; — @) cos(g; — @)

, [cosw;»“ — ) —sin(g) — m?“t)]

J COS(QD}H _ (p;?ut)

Y

©)

in

sin(@} — @)
(10)

From these equations defining the time evolution
of the intracavity field and its coupling to the
external modes, we can obtain the noise spectrum
of each quadrature as a function of the cavity
parameters, pump power, pump noise and analysis
frequency.

In frequency domain, we have P(Q)=
JP(r)e & The matrix of the output noise spectra
Vou = (Pow(Q)P,,.(—9Q)) is given by

Vou = [B’(A +iQ) B - B”]
1 T
X Vin [B’(A—igzl)* B—B”} , (11)
where Vi, = (Pi(Q)P, (—Q)).

From the Langevin equations of the fields we
can observe that those for the subtraction of the

field quadratures are uncoupled from those for
the sum of the quadratures and for the pump field.
Therefore, we can independently obtain the noise
spectra of the subtraction and the sum of the out-
put fields. Considering the input field spectrum
normalized to the vacuum fluctuations, we have
for the subtraction of the amplitudes and phase
quadratures [17]

Sp-(2) = (OPou—(2)8pou—(—2))
492
- 4y2 4 2Q%
Sq-(2) = (3G ou— (€2)8q (=)
1
T 5@

(12)

Therefore, the fluctuations of the subtraction of
the outcoming fields are in a state of minimum
uncertainty, and will show squeezing in the ampli-
tude quadrature. Moreover, they are independent
of pump or cavity parameters. For the sum of
the fields’ fluctuations, the result is not so simple,
but can be obtained from Eq. (11), showing their
dependence on cavity detuning, pump power and
pump noise.

In what follows, we present results for the noise
spectrum of the sum of fields quadratures
(Sp+, Sg+), considering that the pump field can be
either in a coherent state, or with excess noise
either in amplitude or phase (considering that
these fluctuations are uncorrelated). While the
fluctuations of the difference of fields will depend
only on the analysis frequency () and cavity
bandwidth for signal and idler (dw = 2y/7), the
fluctuation of the sum will also depend on the nor-
malized pump power o, cavity bandwidth for the
pump (dwg = 2y¢/71), cavity detuning for the pump
(40), signal and idler (4) and pump noise
(SpOa SqO)-

Consider a simple case: resonance (4 = 4y = 0)
and a coherent pump (S, =S, =1), operating
at twice the threshold power (¢ =2), the cavity
coupling mirror having a small transmissivity for
signal and idler (7T =2y =2%) and a large one
for the pump (7 =2y =10%). In Fig. 1, the nor-
malized noise for each one of the quadratures of
the difference of the field fluctuations are
presented.
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Fig. 1. Noise spectra of the fields correlations in an OPO, as a function of frequency. Analysis frequency normalized to the cavity
bandwidth for the signal (3w, = 2y/7). Parameters are y = 0.01, y0 =0.05, 4 =4¢=0, 6 = 2.

As we can see, perfect intensity correlation be-
tween the fields can be obtained for a long integra-
tion time (S,_=0), and consequently the
fluctuations of the conjugate variable (S,_) di-
verge. This can be seen as a process of phase diffu-
sion, already discussed in [17,31]. Energy
conservation and phase matching imply that signal
and idler phases are anti-correlated. Hence, the
sum of phases is little affected by phase diffusion.
The fluctuations in the sum of phases have a lower
bound, as a function of analysis frequency, given
by S,+ =0.5. Lower values could be achieved as
the threshold limit is approached (¢ —1,
Sy+ — S,-), but the practical stability of the exper-
imental setup is reduced. Of course, these values
apply for a cavity without any spurious losses
(the only loss is through the coupling mirror)
and no losses in the detection process. But from
these values we observe that an OPO can act as
a source of entangled beams even with intense out-
puts, according to the DGCZ criterion, Eq. (3).
Losses in the beam path and inside the cavity will
linearly reduce the level of squeezing [19].

Perfect resonance and a pump laser with small
noise are not the usual situation met in a labora-
tory. Squeezing in S, has been shown to be insen-

sitive to these non-ideal laboratory conditions. As
for the S+ squeezing, we show that the effects of
these imperfections are not so drastic, and entan-
glement can still be obtained in quite fair condi-
tions of operation. In Fig. 2 we present the noise
power and the absolute value of the correlation
Cpyg = (Opout+(2)8qou+(—€2)) of the sum of the
quadratures in typical measurement conditions
(Q =2y/t, 0 = 2), as a function of pump and signal
detuning, for different pump noise conditions.

The non-zero values are the results for an oscil-
lating OPO operating above threshold. In the first
row, we see that although there is some depend-
ence of noise power with detuning, it remains quite
flat, with a minimum value of 2 for S+ and a max-
imum of 0.5 for S,;. Correlation between the
quadratures occurs mainly in conditions of de-
tuned cavity for the signal, being almost insensitive
to pump detuning. As we will see, the C,, correla-
tion can mask the entanglement characterization
of signal and idler fields, and its value should be
taken into account when performing a
measurement.

In the second row, we consider a pump laser
with phase quadrature fluctuations, but shot noise
limited intensity fluctuations. That is the typical
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@

Fig. 2. Normalized noise of the field correlations in an OPO, as a function of the cavity detuning, for different pump noise conditions.
Sp: noise of the sum of the amplitude quadratures p,, Sy: noise of the sum of the phase-related quadratures g+, |C,,|: absolute value of
correlations between the sum of amplitude and phase-related fluctuations. Parameters are y = 0.01, yo = 0.05, Q = 2y/t, 6 = 2.

case of diode lasers [23]. We observe that the fluc-
tuations can destroy the squeezing of S, at exact
resonance; nevertheless, for detuned cavities close
to the threshold limit, good squeezing is still
achievable, and the DGCZ inequality is still vio-
lated. The third row shows a more convenient sit-
uation, where the pump has excess noise in
amplitude fluctuations, but phase fluctuations are
small. The effect in the S, squeezing is small over
the whole range of possible detuning values.
Finally, with a noisy beam on both quadratures,

the squeezing is much degraded, and the region
where the DGCZ inequality is violated is really
small, only very close to threshold.

We can conclude that, while the entanglement
signature is quite stable under detuned cavity con-
ditions, it is very sensitive to the phase noise of the
pump. Therefore, to produce an entangled pair of
intense beams in an OPO, we need a low noise
pump. In the following section, we will describe
how to make an independent measurement of the
quadrature fluctuations of each field, allowing a
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local measurement of the field quadratures that
can be applied, for instance, to quantum
communications.

4. Phase rotation of noise ellipse

We are interested in accessing the quadrature
fluctuations of both signal and idler beams to
measure correlation and anti-correlation. Measur-
ing quadrature fluctuations usually requires the
use of a local oscillator, but, regarding the difficul-
ties this technique faces when applied to a non-
degenerate OPO, the use of an optical cavity can
be more interesting. As first showed by Galatola
et al. [22], an optical cavity can project phase
quadrature fluctuations into amplitude quadrature
fluctuations, which is an easily measurable
quantity, for some range of cavity detuning and
analysis frequency.

In our case, the fields to be analyzed are the sig-
nal and idler fields produced by a type-11 OPO:
they can thus be separated by polarization and
each one sent to its own analysis cavity. We treat
the physical problem as schematized in Fig. 3.
The field to be analyzed (input beam), signal or id-
ler, is injected into a Fabry—Perot cavity, generat-
ing reflected and transmitted beams. In this
process, owing to imperfections like a residual
transmission in the output mirror of the cavity,
vacuum leaks inside it and contributes to the noise
of reflected and transmitted fields.

In what follows, we treat this problem explicitly
relating the reflected beam quadrature fluctuations
to the input beam ones, taking into account the in-
put vacuum. All fields (input beam, input vacuum,
reflected and transmitted beams) can be described
as a stable mean value, with a well defined fre-
quency g, presenting small fluctuations in time

b,, (vacuum)

« cavity

b out (transmitted)

> Fabry-Perot

with frequencies Q < @y, so that their annihilation
operators can be written in the general form

alt) = o) + 8a(t) = o + dalt)]e™ ™", (13)

which have Fourier components

a(w) = /a(t)ei“” ds,
al(w) = / al (1) dt = [a(—w)]'

(unless otherwise specified, integrals are made
from —oo to o).

In the situation we are considering, the quan-
tum equations relating reflected (ao.) and trans-
mitted (byy) beams to input beam (a;,) and input
vacuum (b;,) have the same form as the classical
ones. In frequency domain:

(14)

Aout (@) = r(w)ain(w) + t(w)bi(®),
bout (@) = t(w)ap(w) — ¥ (w)bi(w),

where r(w), t(w) are the reflection and transmission
coefficients of a Fabry—Perot cavity for the input
beam, and r'(w) is the reflection coefficient for
the input vacuum:

(15)

ry —ryexpli2n(o — o) /Fo| |

r(w) = 1 — rirexpi2n(w — w.)/Fy|’

_ hhexplin(o — w.)/Fy]
Ho) = 1 — riryexpli2n(w — w.)/Fy]’ (16)
P () = ry — ryexp[i2n(w — o) /Fy]

1 —rmexpli2n(o — ) /Fy]’

with Fi, being the free spectral range of the cavity,
., 1ts resonance frequency, and rq, r», ¢; and 1, its
mirrors’ reflection and transmission coefficients for
amplitudes.

As the vacuum mean value f3, is null, the aver-
age of these equations gives

4, (input)

A

v

a,,; (reflected)

Fig. 3. Physical situation being considered.
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ﬁout = t(wo)ainv (17)

showing that the transmitted field mean value is
rotated through the action of the cavity when com-
pared to the input beam (i.e., it gains a phase). In
order to assure the same quadrature is being com-
pared in both input and output fields, this fact
must be taken into account when defining the
quadrature operators.

Therefore, we define, respectively, p(7) and ¢(7)
as the input beam amplitude and phase quadra-
tures, x(¢) and y(¢) as the input vacuum quadra-
tures, P(f) as the reflected field amplitude
quadrature and P’(¢) as the transmitted field one,
in the following way: if the input beam mean value
is chosen real for simplicity (o, = of,), r(wy) =
| F(wo) | €% and t(wy) =| t(wy) | €%, we have, in
the interaction picture,

Sout = F(0)%in,

PO = an(06 +al (e
9(0) = —ilan()e"™" — al, (e
x(1) = bin (1) + bl (e (18)
$(0) = =ilbw(0)e™" = b}, (1)

P(t) = e*iﬁboaout(t)eiwot + eid)o aZut (t)efiwgt;
P’(t) = e—id’(]bout(t)eiu)ot + ei(b;)biut(t)e—iwot'

In frequency domain, we define the Fourier
transforms of these operators, so that their fluctu-
ations can be written in terms of fluctuations of
annihilation and creation operators in the interac-
tion picture. For instance, we have for the trans-
mitted field amplitude quadrature,

P(Q) = / P(t)e dt = SP(Q)
= e %8a0, (Q) + ePdal  (—Q), (19)

where Q is the analysis frequency.
For the annihilation operators’ fluctuations, the
first of Eq. (15) becomes

8aigu () = r()dain () + t(w)dbin (). (20)

But, according to our definitions, da(Q) =
3a(Q + wy) and daf(Q) = 8a'(Q — wy), so that,
using Eq. (20) in Eq. (18), it is possible to write
OP(2) and 6P'(Q) in terms of 8a;,(2), db;(2) and

their adjoint operators. Using the first four equa-
tions of Eq. (18), we may express 6P(Q) in terms
of input beam’s quadratures fluctuations, obtaining

OP(Q) = g,(2)dp(Q) +ig,(2)3q(L2)

£ (@(Q) +ig @@, (21)
with

£1(2) = 3 [e (o + Q) + (o — )],
£2(2) = 5 [ r(00 + @) — & (i — Q)]
£2(2) = 5 [ (o + ) + e (an — )],

£a(2) = 3 [ (o + Q) — i (o — )],

(22)

In Fig. 4, we present curves of the coefficients
appearing in Eq. (21) for various analysis frequen-
cies Q as a function of analysis cavity detuning. In
particular, we notice that it is only possible to
completely rotate the noise ellipse (i.e., |g1(Q)]
must go to zero for some value of ) when

Q= V2w, (23)

where dw is the cavity bandwidth (FWHM), in
agreement with [22]. Also noteworthy is the fact
that, for common analysis frequencies €2, the max-
imum of |g>(2)| (and, consequently, the minimum
of |g1(2)|) occurs approximately at the half maxi-
mum of the mean transmitted intensity. In the case
of a lossy cavity, we can observe that, as the anal-
ysis frequency is increased, the vacuum contribu-
tion to the amplitude fluctuations, coupled by g3
and g4, will be reduced close to the cavity reso-
nance. This is easily understood when one remem-
bers that the noise term can be seen as a
contribution of two sidebands of frequencies
wo = Q. When Q increases, these sidebands are far-
ther detuned from resonance and therefore do not
couple to the cavity field.

An analogous calculation reveals that the trans-
mitted field amplitude fluctuations 6P’() are re-
lated to the input fluctuations by a relation
similar to Eq. (21). Unfortunately, a careful anal-
ysis shows that the noise ellipse is never completely
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Fig. 4. These curves show the behaviour of the coefficients
appearing in Eq. (21) as a function of cavity detuning (in units
of cavity bandwidth). A finesse F' = 270 is assumed. Continuous
line: Q= Sw/\/i; dashed line: Q= v2dw:; dotted line:
Q=2V280. (a) [21(Q)% (0) (2D, ©) |g( Q) + |ga(@).

PBS PBS

rotated in the transmitted beam, regardless of the
analysis frequency or the cavity detuning.

The reflected beam’s amplitude quadrature
noise spectrum [32,33] Sp(Q) = (3P(Q)SPT(Q)) is
given by

Sp(Q) = [&1(Q)I’S,(Q) + (), ()
+ 2Im{g, (2)g5(2)Cpy(2)}
+1g:(Q)” + (@), (24)

where S,(2) and S,(Q) are the input beam p and ¢
quadratures’ noise spectra, and C,,(€) is their cor-
relations. S, () and S,(Q2) are normalized vacuum
fluctuations, therefore equal to 1.

The correlation C,, has the effect of making Sp
asymmetric as a function of the analysis cavity
detuning, for its coefficient in Eq. (24) is antisym-
metric. Nevertheless, we will be interested in a cav-
ity detuning for which |g;| =~ 0 and, consequently,
the effect of C,, will be minimized.

5. Experimental setup
We propose the experimental setup as shown in
Fig. 5. The two beams created in a type-1I OPO,

signal and idler, are separated by polarization
using a polarizing beam splitter (PBS) just after

Analysis Cavity 1

QPO NPBS

IS

4

_

Spectrum

Analyzer

Analysis Cavity 2 o
\YH|
i
PIT M4

Fig. 5. Experimental setup.
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they emerge from the OPO’s cavity. Each beam
passes through an optical circulator made by a
quarter waveplate and a PBS. The field is reflected
by a nearly confocal cavity after mode matching
by a set of lenses (not shown). The reflected beams
are sent to balanced detection setups, made by
non-polarizing 50/50 beam splitters (NPBS) and
two pairs of balanced photodetectors.

Each balanced detection has a sum/subtrac-
tion circuit (S; and S,) for the measured photo-
currents. A third circuit (S3) is used to combine
the resulting signals coming from the two detec-
tions. Shot noise is measured with S; and S, in
subtraction position. Noise in each beam is
measured with both S; and S, in sum position;
these noises can then be summed or subtracted
using S3, where the photocurrent fluctuation will
be dP(Q2) = dP(2) + 3P»(R), the combination of
the signal and idler fluctuations after the trans-
formation through the cavity reflection given
by Eq. (21). The noise power is measured in a
spectrum analyzer.

When the cavities are far away from resonance,
the quadrature being measured is the amplitude.
Correlation between amplitude quadrature fluctu-
ations is one of the EPR variables of the pair and,
for an OPO, it is well known to be squeezed. The
other EPR variable is the anti-correlation between
phase quadratures, obtained by a synchronous
sweep of both cavities length while measuring the
noise of the sum of the photocurrents, looking
for a dip of the noise below the shot noise level.
This measurement can also be made with stable
cavities locked at the side of the transmission peak,
making a direct measurement of the anti-correlation
of the phase quadratures. Length fluctuations will
add some information of the amplitude quadra-
ture, reducing the squeezing level. As far as we
can keep the cavity locked in the side of the peak,
with usual techniques, this contribution can be
neglected.

In order to characterize entanglement of signal
and idler while the cavity length is swept, it is
experimentally desirable that Sp. assumes
squeezed values on both sides of cavity resonance,
for detunings where g;(Q2) ~ 0. In this case, even if
Cpo causes asymmetries, the result can still be
trusted.

Besides the stability of the cavities, it is important
that the analysis cavities have very low spurious
losses, reducing the amount of (uncorrelated) vac-
uum fluctuations added in the reflected fluctuations
through the coefficients g3 and g4 in Eq. (21). The
range of frequencies where entanglement can be
characterized in this system has, as a lower bound,
the bandwidth of the analysis cavity for a full ellipse
rotation (according to Eq. (23)), and the diffusion of
the phase difference, producing excess noise in the
measurement, and as an upper bound, the OPO cav-
ity bandwidth for signal and idler, that will deter-
mine the range of values where squeezing is still
clearly measurable. With a careful project of the
cavities, a range of tens of MHz can be achieved.
Higher ranges can be implemented with very short
OPO cavities, increasing its bandwidth.

6. Application to quantum cryptography

With the proposed setup, it is easy to imagine
an implementation of the quantum communica-
tion protocol suggested in [24]. Alice and Bob have
a cavity each one, and establish, through a classi-
cal channel, the analysis frequency they are going
to look at and the synchronicity of the measure-
ment (clock). A third part has the OPO, and can
send each one of the entangled beams to Alice
and Bob, that will perform, locally, a sequence of
quadrature fluctuations measurements. Each one
can choose randomly the quadrature to measure,
storing the information, and Bob, for instance,
sends the values of his photocurrent to Alice. Alice
then compares the answers and checks whether
they have chosen the same quadrature looking at
the noise correlations that are below shot noise.
Alice will return to Bob only the information of
which events in the sequence were coincident.
Establishing a binary relation of 0 and 1 to the
quadratures, now Alice and Bob share a randomly
generated key they can use to encrypt a message
that is shared through the classical channel.

Any attack on the system can be noticed by a
reduction in the squeezing level in the correlation
measurement, or an increase in the error rate
(bad quadrature choices of Alice and Bob), that
should be around 50%. In this case, the output
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beams of an OPO are in the order of a few mW,
and can be easily detected. The mean values of
the beams are also a tool to improve the quality
of the detection, assuring a good mode matching
to the analysis cavity, and an extra information
on the possibility of an attack, which is an advan-
tage over entanglement with squeezed vacuum.

Finally, using analysis cavities to access quadra-
ture noise has some implementation advantages
over homodyne detection schemes in quantum
cryptography. Alice and Bob need a local oscilla-
tor, that has to be phase-locked to the incoming
field, in order to perform the homodyne detection.
If they are using entangled intense fields, either the
OPO source has to send them the reference, or
they will need to tap part of the entangled fields
to seed their oscillators, degrading the entangle-
ment characterization. For entangled squeezed
vacuum, a distinct channel for sending the local
oscillator is needed, making it sensitive to phase
perturbations in the beam path.

On the other hand, analysis cavities allow each
station to perform its measurement independently
of the source. Any non-dispersive phase perturba-
tion in the entangled beam path will affect simulta-
neously their mean values and their fluctuations,
thus not disturbing the entanglement characteriza-
tion. Besides, the experimental setup is simplified
in comparison to the homodyne detection.

CW OPO’s operating above threshold are
therefore a reliable source of entangled fields,
the communication bit rate being only limited
by its cavity bandwidth. Frequency degeneracy
of signal and idler beams is not an issue since a
local self-homodyne technique is used in this
implementation.

7. Conclusion

We propose a direct measurement of the entan-
glement of the intense beams produced by a
non-degenerate type-I OPO operating above
threshold, showing that entanglement is still
preserved in typical experimental conditions, such
as a detuned cavity and a noisy pump.

As entanglement is charaterized by the violation
of the DCGZ inequality, a measurement of phase

quadrature noise of signal and idler fields is needed.
The use of analysis cavities to access phase noise al-
lows a non-degenerate operation, and avoids some
difficulties related to the use of local oscillators.

This setup can be used in secure key distribu-
tion through entanglement. Possible applications
of this entanglement can also be expected in quan-
tum teleportation and other implementations of
quantum cryptography.
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2.2 A realizacao da medida

A proposta feita tinha algumas limitacoes praticas, que podem ser notadas no proprio
diagrama da montagem experimental proposta (fig. (5) no artigo anterior). Inicialmente,
as montagens usavam cavidades lineares, onde o feixe refletido era recuperado por um
circulador 6tico composto de uma lamina de quarto de onda e um cubo polarizador.
Uma limitagao 6bvia esta no fato deste sistema apresentar uma fuga importante de luz
no retorno. Esta fuga, da ordem de 5%, representava uma perda na detecao mas, pior
que isso, era uma fonte de instabilidade para o OPO, favorecendo o salto de modo.

Além disso, o antigo laser Nd:YAG dobrado (Lightwave LWE32-200), de poténcia
nominal de 200 mW, sem saida no IR, comegava a ter dificuldades em se manter neste
nivel de poténcia (caindo eventualmente para 150 mW). Esta baixa poténcia impedia
o uso de uma cavidade de filtro, que implicava necessariamente em uma reducao da
poténcia disponivel de saida, estando esta ja tao escassa.

O cristal entao empregado, um KTP da Crystal Laser (Franca), apresentava uma
rapida degradagao por “gray tracking” [32], limitando o tempo de uso e obrigando cons-
tantes deslocamentos transversais, limitando a confiabilidade das medidas iniciais e pre-
vendo um tempo limitado de uso do sistema.

Por fim, o uso de montagens mecanicas comerciais implicava em uma elevada sensi-
bilidade a ruidos ambientes, sejam vibragoes mecanicas de baixa frequéncia (< 10 Hz),
ou vibragoes acusticas (> 10 Hz).

A solugao envolveu diversas mudancas. A primeira foi a substituicao do antigo laser
por um laser da Innolight (Diabolo) com 800 mW de verde e 300 mW de IR. Esta saida
revelou-se extremamente 1til para o teste do sistema de detegao e o alinhamento de todas
as cavidades de analise envolvidas.

Além disso, instalamos uma cavidade de filtragem, que nao foi empregada nas nossas
medidas preliminares. Com esta cavidade de filtro, reduzimos o laser a um estado coerente
para frequéncias de analise acima de 15 MHz. Quanto a estabilidade mecanica, remo-
vemos todos os suportes mecanicos (“gimbals”), substituindo-os por montagens rigidas,
tanto para o OPO quanto para as cavidades de filtro. Isto implicava em uma reducao no
grau de liberdade do delicado alinhamento das cavidades, que no entanto era suplantado
pelo uso de espelhos no alinhamento dos campos acoplados a cavidade.

Realizamos ainda uma mudanga estrutural nas cavidades de analise, que passaram a
ser feitas em anel. Em que pese o astigmatismo induzido por esta configuracao, a perda
de acordo de modo espacial (“mode matching”) era muito pequena, e a eficiéncia de
acoplamento permanecia superior a 98%.
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Figura 2.3: Montagem das cavidades de andlise (acima) e filtro (abaixo).

As cavidades, feitas em aluminio, tinham a vantagem de empregar um material barato
disponivel no mercado interno, contrariamente as barras de Invar, importadas. Estas, por
sua vez, além de limitarem o desenho da estrutura ao trabalho com barras cilindricas,
por conta da dificil usinagem, tem sua importacao virtualmente impossivel no nosso
sistema atual '. Outra medida importante foi o fato destas ficarem montadas em unidades
fechadas, reduzindo o acimulo de poeira sobre a face dos espelhos. Quanto a dilatacao
térmica, esta revelou-se notavel no processo de medida. No entanto, nao impedia a
realizacao da varredura simultanea das ressonancias para dois campos, e a aquisi¢ao
ocorria quanto os picos se apresentavam em coincidéncia. Ja a cavidade de bombeio, de
comprimento de cerca de 50 cm, permanecia estavel por cerca de uma hora nos periodo
de temperatura mais estdvel do dia (final da tarde, e alta madrugada).

!Caras demais para compra via cartdo de crédito, pesadas demais para envio por courrier, baratas
demais para que um fornecedor no meio dos Estados Unidos se disponha a todo o tramite burocratico de
uma importacao regular pelas agéncias de fomento, enquanto ele pode vender com cartao para qualquer
um na América do Norte.
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Figura 2.4: Montagem com o isolamento acustico instalado, mostrando ainda as cavidades
de analise.

A medida tornou-se, portanto, possivel. No entanto, as primeiras tentativas foram
frustradas. Esperava-se que o sistema, com a filtragem empregada no bombeio, estivesse
protegido de qualquer fonte de ruido do laser. As medidas mostravam imediatamente
uma correlacao de intensidade que correspondia a uma compressao de ruido de 50 %,
mas para a fase, o nivel de ruido permanecia muito alto, e a correlagao insuficiente.

Notou-se, no entanto, que ao se aproximar do limiar de oscilagao, a variancia da soma
das fase diminuia, consistente com o comportamento esperado pela teoria (ainda que o
valor numérico estivesse em desacordo com ela). A solugao foi se aproximar mais do
limiar de oscilagao. O problema é que se o OPO estava bem estavel em sua operagao
com o bombeio 50 % acima do limiar de oscilacao, manter o mesmo a meros 10 %
tornava-se um desafio. Os ruidos actsticos do ambiente afetavam demais as medidas. A
solucao passou por construir um isolamento actustico de madeira com fibro-cimento, o que
ajudou, sem duvida, mas também por fazer as medidas quando o edificio estivesse vazio,
e quando convencéssemos os vizinhos a desligarem os equipamentos de ar-condicionado
desnecessarios (aqueles nao ligados a sistemas de informatica).
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Figura 2.5: Detalhe da cavidade do OPO

As medidas forma feitas por Alessandro Villar, com a ajuda de Luciano Soares da
Cruz e Katiuscia Nadyne Cassemiro. Apods os primeiros resultados, obtivemos a violagao
do critério DGCZ para o emaranhamento bipartite, submetendo o artigo a publicacao.
No entanto, um dos “referees” nao estava satisfeito se o critério EPR nao fosse ainda
violado. Fora mostrado anteriormente que este critério é falho, no sentido de que ele nao
demonstra o emaranhamento de diversos estados emaranhados [33]. Aceitamos porém
o desafio, e repetimos o experimento ainda mais préximo ao limiar de oscilagao, apenas
5% acima deste. O resultado aumentou a violagao do critério DGCZ, e ficou compativel
com o critério EPR.
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We present the first measurement of squeezed-state entanglement between the twin beams produced in
an optical parametric oscillator operating above threshold. In addition to the usual squeezing in the
intensity difference between the twin beams, we have measured squeezing in the sum of phase
quadratures. Our scheme enables us to measure such phase anticorrelations between fields of different
frequencies. In the present measurements, wavelengths differ by = 1 nm. Entanglement is demonstrated
according to the Duan et al. criterion [Phys. Rev. Lett. 84, 2722 (2000)] A2p_ + A%5, = 1.41(2) < 2.
This experiment opens the way for new potential applications such as the transfer of quantum information
between different parts of the electromagnetic spectrum.
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The field of quantum information has recently attracted
great interest, owing to potential applications in informa-
tion storage, communication, and computing [1]. Entangle-
ment is viewed as a key resource for these applications,
especially for quantum communication. A variety of physi-
cal systems presenting entanglement have been investi-
gated both theoretically and experimentally. The vast
majority of experiments concentrate on discrete variable
systems, such as trapped ions [2], few photon electromag-
netic fields in cavity QED [3], spontaneous parametric
down-conversion [4], and nuclear magnetic resonance
[5]. On the other hand, in recent experiments, continuous
variable systems have been studied, including light beams
[6-9] and atomic samples [10]. The number of such ex-
periments, however, is still relatively small in comparison
with discrete variable systems.

The first experimental demonstration of continuous vari-
able entanglement used a continuous-wave (CW) optical
parametric oscillator (OPO) operating below threshold [6].
The two squeezed vacuum outputs were shown to possess
Einstein Podolsky Rosen (EPR) type correlations. Most
recent experiments use a nonlinear interaction to produce
squeezed fields, which are then combined in a beam splitter
to generate entanglement [11]. Conversely, a beam splitter
transformation can also be used to generate a squeezed
beam from an entangled input [12]. In these experiments, it
is mandatory to have fields of the same frequency.

In this Letter, we present the first (to our knowledge)
measurement of continuous variable entanglement be-
tween bright fields of truly different frequencies. Even
before the first experiment [6], it was predicted that the
above-threshold OPO should produce entangled twin
beams [13]. So far, this prediction had not yet been veri-
fied, owing to the difficulty of measuring phase properties
of the twin beams. We have succeeded in measuring quan-
tum anticorrelations between the phase quadratures of
nondegenerate twin beams.

Bipartite continuous variable entanglement [14] can be
tested according to a criterion established by Duan et al.
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[15] and also by Simon [16]. The criterion is based on the
total variance of EPR-type operators. For operators x; and
p; that obey position-momentum commutation relations,
they consider the variances of combinations such as x; +
X, and pi-p,. The quadratures of electromagnetic fields
satisfy such commutation relations. We focus here on the
so-called amplitude p and phase § field quadratures, de-
fined by

(P +i§), (1

where 4 is the field annihilation operator, ¢ is an arbitrary
phase, and, for a macroscopic field with a well-defined
mean amplitude, (§) = 0. In terms of these operators,
inseparability (entanglement) is demonstrated by a viola-
tion of the inequality:

2(P1 — D2 of L T P
vttt g)=r @
where the standard quantum level (SQL) is normalized
to 1 for each combination of quadratures. In order to
simplify notation, we refer to (p; * p,)/~/2 as p+ and to
(41 * §2)/\/2 as G+. If both p_ and §. are squeezed
[AZp_ <1 and A%§, < 1], inequality (2) is violated and
we have squeezed-state entanglement.

It is easy to understand why entanglement is expected in
the CW OPO operating above threshold. The OPO consists
of a y'® nonlinear crystal inside a resonant cavity, in which
parametric down-conversion takes place. The cavity feeds
back the down-converted fields, leading to stimulated para-
metric gain and hence to an oscillation threshold. Since the
primary down-conversion process involves creating pairs
of photons by annihilation of pump photons, one naturally
expects strong correlations between the intensities of the
twin beams: positive intensity fluctuations of one beam
correspond to positive intensity fluctuations of the other
beam. These correlations, however, are frequency depen-
dent. For power spectrum analysis frequencies larger than

© 2005 The American Physical Society
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the OPO cavity bandwidth, correlations tend to disappear
since, for times shorter than the cavity lifetime, a photon
can exit the cavity while its “twin” still remains inside.
Squeezing in the intensity difference was already observed
back in 1987 [17]. On the other hand, energy conservation
(wg = w| + w,, where indices 0, 1, and 2 refer to pump,
signal, and idler beams, respectively) and phase matching
imply strong anticorrelations between phase fluctuations:
positive phase fluctuations of one beam correspond to
negative phase fluctuations of its “twin.” This is exactly
the situation discussed following (2): entanglement occurs
if these (anti)correlations lead to fluctuations below the
SQL. However, squeezing in the phase sum had not been
measured to date.

The first prediction of entanglement in the above-
threshold OPO was made by Reid and Drummond [13].
A recent detailed prediction, taking into account the effects
of pump noise and cavity detunings for the three fields, for
a triply resonant OPO, was presented in [18]. The basic
difficulty in measuring (phase) quadrature fluctuations, in
contrast with intensity fluctuations, is that the standard
technique, homodyne detection, calls for a local oscillator
having a well-defined phase relationship with the field to
be measured. In the OPO, this is difficult to implement,
since the frequencies of the twin beams are usually differ-
ent, depending on the oscillating modes, and vary from one
realization to the next. Hence, two local oscillators would
be required: one for each beam. It would also be necessary
to phase lock these fields to the twin beams.

One way to overcome this difficulty is to force the OPO
to oscillate in a strictly frequency-degenerate situation.
This is technically challenging and has been done by two
groups, using different approaches [19,20]. Our strategy is
to perform self-homodyne measurements, without the use
of local oscillators, by a frequency-dependent reflection of
each beam [21]. If one considers the field as a mean value
at a carrier frequency with noise sidebands at some analy-
sis frequency, a frequency-dependent reflectivity entails
different phase shifts for the carrier and sidebands.
Consequently, different quadrature fluctuations can be pro-
jected onto amplitude fluctuations (with respect to the
phase of the mean field). A detailed description for a single
field reflected off an optical cavity was given by Galatola
et al. [22]. For an imperfect cavity, in which vacuum leaks
from the outside through the mirrors, the reflected beam
amplitude noise power spectrum Sg({}) can be written as
[18]

Sr(Q) = 1g, 7S, (Q) + 1g,*S,(Q) + I8, * + |guyl*
3

where §,((2) and S,({2) are the incident beam amplitude
and phase noise, respectively, and g, g,, §vp> and g, are
coefficients that depend on cavity reflection and transmis-
sion coefficients through the relations:

o _ﬁ((AA))lr(A L0+ IZ&;I -0
=3 faan O gy~ ) “
s o
_ 17 _ M)
=3 @+ O~ a4 - 0]

Amplitude reflection r(A) and transmission #(A) coeffi-
cients can be simply written as

ry — ryexp(iA/8vy,.)

1 — riryexp(iA/dv,.)’
titexp(iA/dv,.)

1 — ryryexp(iA/dv,.)’

r(A) =
&)

tH(A) =

where A is the detuning between the incident field central
frequency and the cavity resonance frequency, ov,. is the
cavity bandwidth (FWHM), and () is the analysis fre-
quency. Cavity input mirror amplitude reflection and trans-
mission coefficients are denoted by r; and ¢, while ¢, is
defined so that all internal losses A obey the relation 13 =
A=1-— r%.

For analysis frequencies larger than v/28v,, it is pos-
sible to completely convert incident phase fluctuations into
amplitude fluctuations of the reflected beam. As a matter of
fact, if this condition is satisfied, then, for A = =8v,./2,
lg,I* = 1 and incident phase fluctuations are projected
onto amplitude fluctuations of the reflected beam. For A =
0 and for |A| > v, then |g, 2 =1 and we recover
amplitude fluctuations. We use one analysis cavity for
each beam and scan their frequencies synchronously. In
this way, we are always measuring the same quadrature for
each field, with respect to its mean value, regardless of the
frequency difference between the fields.

Our experiment is performed with a triply resonant CW
OPO operating above threshold [23]. The pump laser is an
ultrastable diode-pumped frequency-doubled Nd:YAG
source (Innolight Diabolo) at 532 nm, with a second output
beam at 1064 nm, which we use for alignment purposes.
The nonlinear crystal is a 12 mm long type-1I High Gray
Tracking Resistant Potassium Titanyl Phosphate (KTP)
from Raicol. Crystal temperature is kept near 24 °C, with
a stability of the order of 10 mK, by means of a peltier
element. The cavity is a quasiconfocal linear Fabry-Perot
cavity, with input mirror reflectivities equal to 89% at
532 nm and greater than 99.8% at 1064 nm. Output mirror
reflectivities are greater than 99.8% at 532 nm and 95% at
1064 nm. The typical threshold power is 60 mW, and the
OPO cavity bandwidth is dvgpo = 53(3) MHz. Noise in
the difference of signal and idler intensities has a stable
value A%2p_ = 0.59(1) registered by the photodetectors, or
—2.30(5) dB. According to [18], A%g, is significantly
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affected by pump excess phase noise. Our laser presented
excess noise up to 25 MHz, which we had to filter by
transmission through a ring cavity, with a bandwidth
dve = 2.3(1) MHz. In this way, the pump beam was
shot-noise limited for frequencies above 15 MHz.

The experimental setup is sketched in Fig. 1. The pump
beam at 532 nm is sent through the filter cavity and then
mode matched to the OPO cavity. The orthogonally
polarized twin beams produced, with powers of the order
of a few milliwatts each, are separated by a polarizing
beam splitter (PBS) cube and each directed to a tunable
ring analysis cavity. For our working crystal temperature,
wavelengths of signal and idler beams can differ by 0.8
to 09 nm. Analysis cavity bandwidths are Jdv, =
14(1) MHz. The reflected field is detected by a high quan-
tum efficiency [95(3)%] photodiode (Epitaxx ETX 300).
The photocurrent is preamplified and the dc and high
frequency (HF) components separated. The HF compo-
nents are sent to a demodulating chain, where they are
mixed with a sinusoidal reference at the analysis frequency
Q) = 27 MHz (with a filter bandwidth of 600 kHz). As the
analysis cavities’ resonances are swept over time, varian-
ces of each individual noise component, of their sum, and
of their difference are calculated. The number N of points
used, which is proportional to the acquisition time, is large
enough to guarantee a well-defined variance and small
enough to correspond to a very small change in cavities’
detuning (this is equivalent to a low-pass filter of 1 kHz for
the power spectrum).

Sum and difference noise spectra recorded as functions
of the synchronous analysis cavity frequency scans are
presented in Fig. 2. A scan over =3.28v,, is presented in
Fig. 2(a). From the sum and difference spectra, one can
easily notice that the quadrature being measured on each
beam alternates between amplitude and phase. In particu-
lar, we recognize the amplitude quadrature behavior for
detunings |A| = 38v,. (carrier frequency and noise side-
bands unaffected by cavity resonance) and for A =0
(carrier frequency gains a 7 phase shift with respect to
sidebands). One observes that A%p_ at A = 0 does not
recover the squeezing observed for [A| = 35v,., owing to

Analysis Cavity 1

Filter
Cavity

Analysis Cavity 2

FIG. 1 (color online).
explained in the text).

Sketch of the experimental setup (details

a lack of experimental resolution (few data points are
obtained at any particular detuning). Phase quadrature is
measured for |A| = 0.58 v, (carrier frequency gains a 77/2
phase shift with respect to sidebands) and, for the particu-
lar choice of analysis frequency we use, also at |A| =
1.80v,. (one sideband gains a 7 phase shift relative to
carrier frequency and to the other sideband). For all other
detunings we measure a linear combination of amplitude
and phase quadratures. In Fig. 2(b), we present a scan with
increased resolution, over only *16v,. Phase-sum
squeezing is observed, with A%2§, = 0.82(2). These spec-
tra are individual scans and are representative of the best
data obtained.

The solid curves in Figs. 2(a) and 2(b) are given by fits of
Eq. (3) to the data. Apart from scale factors and curve
central position, the relevant free parameters are the com-
bined quadrature fluctuations A2p,, A?p_, A%G,, and
A%g_. All other variables required in Eq. (3), such as

2.25
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Analysis Cavities' Detuning (relative to bandwidth)

Quadrature Noise (relative to SQL)
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FIG. 2 (color online). Measurements of sum (full circles) and
difference (open circles) of quadrature fluctuations as functions
of analysis cavities’ detunings. In (a) the detuning spans the
range +3.28v,.. In (b) an increased resolution scan is presented,
in which we clearly observe A2p_ < 1for A =0and A%, <1
for |A| = 0.58v,., characterizing squeezed-state entanglement.
The solid curves are given by fits of Eq. (3) to the data.
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cavity bandwidth and analysis frequency, are indepen-
dently measured and employed as constants in the fitting,
which is done either for the sum or for the difference in
each part of Fig. 2, with equally good results.

The phase noise is strongly dependent on pump power
relative to threshold. At 1.5 times the threshold power, we
observed large excess noise in the phase sum, as was also
found in [20]. This excess noise is not predicted by the
standard OPO linearized theory [13], and it is still not clear
whether a full quantum theory [24] can account for it.
Although the calculations in [18] are carried out with the
linearized theory, they provided us with a useful indication:
squeezing in the phase sum improves as the system ap-
proaches the threshold. Consistently with this indication,
we could only observe phase-sum squeezing for pump
powers less than 7% above threshold. The best data shown
in Fig. 2 were obtained approximately 4% above threshold.
In this situation, the OPO is very unstable, hindering the
measurements.

In terms of the entanglement criterion of Eq. (2), using
A%G, = 0.82(2), we obtain A%p_ + A%q, = 1.41(2) <
2, a clear violation of the inequality, characterizing, for
the first time, entanglement between bright beams of truly
different frequencies. Equation (2) is a necessary and
sufficient separability condition for Gaussian states, which
are predicted for the OPO and are consistent with our data.
Another, more stringent, entanglement criterion is the so-
called EPR criterion, which enables one to infer variances
on one beam, as functions of variances on the other beam
[13]. This criterion implies a violation of the inequality
A?pi ¢ A%Gie = 1, where

— M (6)

55,5%5,)
with 8p; = p; — (p;). An analogous relation holds for
A2G,. Our measured data give the value A2 p; (A%G;, =
0.95(—3/ + 6), which is compatible with the violation of
this second criterion as well. We have losses from the
output of the OPO to the detectors. If the overall detection
efficiency is 7, the measured variances are related to the
“true” variances (e.g., A2p') by A%p = n(A%p' — 1) + 1.
For n = 80(2)%, we obtain A%2p’ + A%g'. = 1.26(4) and
A?p! A%gl = 0.77(=9/ + 11).

The entanglement generated in this system can be sub-
stantially improved. The intensity difference squeezing
measured in [20] reached the impressive value of 9.7 dB,
which would lead to even stronger violations of the above
criteria. Furthermore, stable operation only a few percent
above threshold is technically feasible, as shown in [19].
Hence, the above-threshold OPO can produce very high
degrees of entanglement, at least comparable to the best
results obtained below threshold [7,9].

In summary, we have demonstrated, for the first time,
bright two-color squeezed-state continuous variable entan-

Azﬁinf = A2ﬁ1(1

glement. Applications to quantum information, such as
quantum key distribution [25] and quantum teleportation
[26] with continuous variables, can easily be envisaged.
Our measurement scheme has interesting properties for
both. Quantum key distribution with squeezed-state entan-
glement usually requires sending the local oscillator, in
addition to the entangled field, so as to enable homodyne
measurements, a requirement that is not necessary in our
case. Teleportation, on the other hand, has been restricted
to fields of the same frequency. Two-color entanglement
opens the way for distributing quantum information be-
tween different parts of the electromagnetic spectrum.
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A medida realizada pos fim a uma busca de 18 anos, e tornou-se hoje uma referéncia
obrigatéria ao se falar de estados nao-classicos no OPO. Imediatamente apés a divulgagao
dos resultados, recebemos as felicitacoes de Pfister e Fabre, concorrentes diretos, que con-
seguiram seus resultados pouco tempo depois [34, 35]. Além disso, descobrimos alguns
meses mais tarde que o grupo de 6tica quantica de Universidade de Shanxi conseguiu
realizar uma medida semelhante, usando interferometros Mach-Zender no lugar das ca-
vidades Fabry-Perot [36].

A demonstracao de emaranhamento bipartite entre feixes intensos, de frequéncias dis-
tintas, abre caminho para aplica¢oes em teletransporte [37], e criptografia com varidveis
continuas [38]. Poderia ser o comego, entdo, de aplicagdes do sistema desenvolvido. No
entanto, incomodava nele, para aplicacoes diretas, o emaranhamento tao préximo do
limiar de oscilacao. Por que esta limitacao, nao prevista em teoria? Passamos a este
problema nos nossos préoximos estudos.
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Capitulo 3

Excesso de Ruido no OPO

Diante das discrepancias entre o ruido esperado nos experimentos de emaranhamento
bipartite contra a teoria, que até entao teve um grande sucesso em medidas abaixo
do limiar e na geragao de feixes gémeos, decidimos investigar a razao deste problema.
Uma primeira hipétese fora alguma limitagao na nossa capacidade de filtrar o ruido do
bombeio. O problema seria externo ao OPO, e isto seria consistente com o que fora
calculado anteriormente [31]. No entanto, como podemos ver no artigo a seguir (figura
(3)), investigamos com cuidado o comportamento do feixe de bombeio, e verificamos que
na frequéncia de andlise o nivel de ruido estava ja bem baixo, indistinguivel do ruido
quantico padrao.

Resolvemos investigar o problema com mais cuidado, e divulgamos os resultados em
um artigo no J. Opt. Soc. Am. B [8]. Neste artigo, mais longo, investigamos algumas
hipéteses para o OPO, mudando inicialmente a cavidade para uma semi-monolitica (com
um dos espelhos depositado na face do cristal) de forma a reduzir as perdas por reflexao
nas interfaces ar/cristal. Além disso, o cristal usado, um KTP da Litton, apresenta uma
absorcao mais baixa, e uma menor sensibilidade ao “gray tracking”. As investigacoes
nao foram conclusivas, mas permitiram descartar algumas hipoteses.

Inicialmente, consideramos a possibilidade de haver alguma limitacao na teoria. O
modelo usualmente empregado para a descricao do OPO, como podemos ver no apéndice,
envolve a aproximacao markoviana para obter a descricao da equacao mestra, o des-
carte de termos de ordem ctibica na equagao de evolugao da representacao de quase-
probabilidade, e a linearizagao na equagao de Langevin. Destas aproximacoes, a primeira
¢ bem razoavel, mas as duas seguintes poderiam envolver o descarte de propriedades
importantes do OPO. Na analise subsequente da equacgao de Langevin, obtém-se um pro-
cesso difusivo no espaco da subtragao dos campos, o que leva a uma divergéncia para a
variancia do ruido da soma das fases para uma frequéncia de analise nula. Poderia esta
divergéncia invalidar a aproximagao linear que levou a esta equacgao? Por outro lado, a
representacao de Wigner descarta explicitamente os termos de derivada terceira, ausentes
em outras representacoes. Seria este termo relevante em nosso caso?

33
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Para resolver tais questoes, contamos com a ajuda do Grupo de ()ptica Quantica
do IF/UFF, que vinha trabalhando com OPOs. O prof. Kaled Dechoum vem traba-
lhando especificamente no tema [39] em colabora¢do com o prof. Anténio Zelaquett
Khoury [40], lidando com as simulagoes tedricas do sistema dentro da representagao P-
positiva. Nesta versao da representagao P de Glauber-Sudarshan, o uso de um espaco
dobrado de variaveis elimina o problema das singularidades da solucao em representacao
P, ainda que a um custo de aumento do espago de fases. As equacoes de Langevin
nao-lineares permitem o calculo numérico da evolucao temporal, das correlagoes entre
instantes diferentes, e sua subsequente transformada de Fourier para calculo do espectro
de ruido. Paralelamente, foi feito o calculo dentro da linearizacao destas equagoes. A
comparacao dos resultados da equacao explicita com os calculados numericamente reve-
lou uma excelente coincidéncia (discrepancias inferiores a 1073, limitado pela resolucao
no calculo numérico).

Esta concordancia mostrou que a linearizacao é valida na situacao usual de trabalho,
com nao-linearidades pequenas (ganho da ordem de 1% no cristal por passagem) e fora da
transicao do regime no limiar. Divergéncias, correlacoes de terceira ordem, perturbacoes,
sao esperadas proximo ao limiar de oscilacao, mas para poténcias de bombeio diferindo
do limiar por menos de 1%. Isto torna a observacao de tais efeitos impraticdvel pelas
técnicas atuais. Eles sao muito sutis, ocorrendo em condigoes de operagao insustentaveis.

A concordancia da teoria linearizada implica em buscar a fonte de ruido em algum
outro lugar. Por outro lado, o campo de bombeio é bem comportado, e seu ruido esta
limitado ao estado coerente (apdés medida nas duas quadraturas). Discutindo com o
prof. Khoury, foi levantada a hip6tese do ruido percebido ter origem intracavidade [41].
Decidimos neste caso investigar o ruido de saida no modo do bombeio. Os trabalhos an-
teriores envolvendo compressao de ruido [29] davam a impressao que este seria baixo. No
entanto, ao verificar o mesmo com uma detegao balanceada (sensivel, portanto, apenas as
flutuagoes de intensidade), notamos um excesso de ruido. Espantados com o resultado,
resolvemos fazer a medida abaixo do limiar de oscilacao. O ruido no feixe refletido estava
14 ainda (figura (4) do artigo, reproduzida a seguir). Note que neste caso, estavamos
abaixo do limiar de oscilacao, de forma que o ruido nao poderia ser gerado pelo acopla-
mento nao-linear do processo paramétrico. Na varredura lenta, a absorcao do verde pelo
OPO leva a uma biestabilidade de origem térmica. Portanto, temos o caso extremo de
uma lorenztiana deformada, com um alongamento na parte com dessintonia negativa, e
uma variacao abrupta para dessintonia positiva, visivel na curva da intensidade refletida.
O que se observa é que, para a dessintonia de meia largua de banda, temos um pico no
ruido, que cai rapidamente ao nos aproximarmos da dessintonia nula. Isto é compativel
com um excesso de ruido de fase, e algum excesso de ruido de amplitude. Notamos ainda
que este ruido variava linearmente conforme a poténcia de bombeio adicionada.

Este ruido de fase e amplitude proporcional a poténcia de bombeio, observado no
modo de bombeio, nao era previsto na teoria do OPO, porém podia ser facilmente mode-
lado por um ruido constante, levando em consideracao que, acima do limiar de oscilagao,
a poténcia intracavidade é constante. Este ruido fora adicionado ao bombeio no mo-
delo desenvolvido em [31], e o resultado apresentou um bom acordo com os resultados
experimentais.
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Figura 3.1: Excesso de ruido no campo de bombeio, abaixo do limiar de oscilagao. Vemos
o valor médio do campo refletido pela cavidade do OPO (reflected intensity), e sua
variancia (em unidades de “shot noise”).

Conseguimos entao uma das maiores violagoes da desigualdade de Duan [42] & época.
Apesar de contentes com o resultado, saimos do trabalho com uma grande incognita.
Descobrimos que o ruido era gerado dentro do OPO, pelo cristal, por um processo in-
dependente do processo paramétrico. Mas nao tinhamos ideia da origem deste. Outro
dado importante: este excesso de ruido parecia afetar mais a fase do que a amplitude do
campo intracavidade. Nossa hipdtese era de que havia algo afetando o indice de refracao,
e isto dependia da intensidade do campo intracavidade. Uma modulacao de terceira or-
dem, um efeito Kerr no meio? Sabe-se que tal processo gera uma compressao de ruido
de intensidade, e um aumento de ruido de fase [27], que seria compativel com o efeito
observado.

Estas questoes, abertas em 2005, tomariam ainda mais quatro anos para serem resol-
vidas.
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perimentally, and discuss its potential applications to quantum information. The fluctuations measured in the
subtraction of signal and idler amplitude quadratures are A%5_=0.50(1), or —3.01(9) dB, and in the sum of
phase quadratures they are A%§,=0.73(1), or —1.37(6) dB. A detailed experimental study of the noise behavior
as a function of pump power is presented, and the discrepancies with theory are discussed. © 2007 Optical
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1. INTRODUCTION

The optical parametric oscillator (OPO) has been studied
since the 1960s.? In the 1980s it was already recognized
as an important tool in quantum optics for the generation
of squeezed states of light.3’4 It was also recognized as a
suitable system for the demonstration of continuous vari-
able (CV) entanglement in 1988 by Reid and Drummond®
who considered the above-threshold operation. In the
early 1990s, CV entanglement was indeed demonstrated
for the first time in an OPO, although operating below
threshold.® The OPO has since been used in several appli-
cations in CV quantum information.” ! Entanglement in
the above-threshold OPO, on the other hand, remained an
experimental challenge until 2005, when it was first ob-
served by Villar et al.,*? and subsequently by two other
groups. 1>

Bipartite CV entanglement can be demonstrated by a
violation of the following inequality, obtained indepen-
dently by Duan et al.*® and Simon:

A% +A0%, =2, (1)

where 13_=(151—ﬁ2)/\e’§ and cj+=((}1+cj2)/\e"§ are Einstein—
Podolsky—Rosen (EPR) -type operators constructed by
combining operators of each subsystem. We chose p; and
4j,Jj €{0,1,2}, as the amplitude and phase quadrature op-
erators of the pump, signal, and idler fields, respectively,
which obey the commutation relations [p;,q;]=2i . Any
separable system must satisfy Eq. (1); a violation is an
unequivocal signature of entanglement.

Entanglement between the intense signal and idler
beams generated by an above-threshold OPO can be

0740-3224/07/020249-8/$15.00

physically understood as a consequence of energy conser-
vation in the parametric process. On one hand, pump pho-
tons are converted into pairs of signal and idler photons,
leading to strong intensity correlations; on the other
hand, the sum of the frequencies of signal and idler pho-
tons is fixed to the value of pump frequency, leading to
phase anticorrelations. The difficulty of measuring phase
fluctuations was largely responsible for the long time be-
tween the prediction and the first observation of entangle-
ment in the above-threshold OPO. The technique we used
to measure phase fluctuations consists of reflecting each
field off an empty optical cavity, as explained in Ref. 17.

The value of Eq. (1) obtained in the first demonstration
of entanglement was 1.41(2), with squeezing observed in
both EPR-type operators, A%5_=0.59(1) and AZ%§,
=0.82(2).12 Nevertheless, such a result could be achieved
only very close to threshold, otherwise the phase sum
A%G, would present excess noise, increasing with pump
power relative to the threshold o=Py/Py,. This strange
behavior, also observed by other groups,18 is not predicted
by the standard linearized OPO theory for a shot-noise
limited pump beam. According to this model, entangle-
ment should exist for all values of o, although the degree
of entanglement should decrease for increasing o. This
presented an additional complication for the first demon-
stration of entanglement in the above-threshold OPO.

In this paper we present new improved results of en-
tanglement in the above-threshold OPO, together with a
theoretical and experimental study of this unexpected ex-
cess phase sum noise. The paper is organized as follows.
We begin by describing the linearized model for the OPO
and its predictions for a shot-noise limited pump beam.

© 2007 Optical Society of America
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This model includes losses and also allows for nonvanish-
ing detunings of pump, signal, and idler modes with re-
spect to the OPO cavity. We then present a full-quantum
treatment, neglecting losses and for zero detunings. Even
after eliminating the linearization approximation, the
theory does not predict the observed excess noise. The ex-
periment is described next, and we present the measure-
ments of the sum and difference of the quadrature fluc-
tuations as a function of o. As we will see, the excess noise
in the phase sum can be related to pump noise generated
inside the OPO cavity. Finally we present our current best
measurement of two-color squeezed-state entanglement.
We conclude by mentioning applications of this entangle-
ment in quantum information.

2. THEORETICAL DESCRIPTION OF THE
OPTICAL PARAMETRIC OSCILLATOR

The OPO consists of three modes of the electromagnetic
field coupled by a nonlinear crystal, which is held inside
an optical cavity. The OPO is driven by an incident pump
field at frequency wg. Following the usual terminology, the
downconverted fields are called the signal and the idler of
frequencies w; and wy, where, by energy conservation wy
=w;+ wy. Here we will treat the case of a cavity that is tri-
ply resonant for wg,w;, and wy. Each field is damped via
the cavity output mirror, thereby interacting with reser-
voir fields. The effective second-order nonlinearity of the
crystal is represented by the constant y.

Reid and Drummond investigated the correlations in
the nondegenerate OPO (NOPO) both above!® and below
threshold.?’ In the above-threshold case, they studied the
effects of phase diffusion in the signal and idler modes,
beginning with the positive P-representation equations of
motion for the interacting fields. 21?2 Changing to inten-
sity and phase variables, they were able to show that out-
put quadratures could be chosen that exhibited fluctua-
tions below the coherent state level and also EPR-type
correlations. In the below-threshold case, a standard lin-
earized calculation was sufficient to obtain similar corre-
lations. In the limit of a rapidly decaying pump mode,
Kheruntsyan and Petrosyan were able to calculate the ex-
act steady-state Wigner function for the NOPO, showing
clearly the threshold behavior and the phase diffusion
above this level of pumping.23 We begin by describing the
linearized model, and then proceed to calculate the noise
spectra beyond linearization.

A. Linearized Model

The equations describing the evolution of signal, idler,
and pump amplitudes, «;, inside the triply resonant OPO
cavity are given below.’ They are obtained by writing the
density operator equation of motion in the Wigner repre-
sentation, and then searching for a set of equivalent
Langevin equations,

d . . J—
Taao =—y(1-iAg)ayg— 2x ayag+\2vpap + 2100y,

Téal =—y(1-iA)oy + 2)((10(1; + V%ﬁul + \,fﬂﬁvl,
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d A —
TaaQ =—y(1A-iA)ay+ 2Xa0a; + \“"27&‘2 +\2udvg,

(2)

where y and vy, are half the transmissions of the mirrors,
¥ and vy, are the total intracavity losses, u=7y'-v and
Ho=7Yy— Yo are the spurious intracavity losses, A and Ag
are the detunings of the OPO cavity relative to the central
frequencies of the fields, and 7 is the cavity roundtrip
time. We have considered here that y;=y,=vy and y;=7v;
=v'. The parameter y is the effective second-order nonlin-
earity. The terms du; and dv; are vacuum fluctuations as-
sociated to the losses from transmissions from the mirrors
and from spurious sources, respectively. In the case of the
intracavity pump mode, the fluctuations that come from
the mirror transmission are attributable to the quantum
fluctuations of the input pump laser beam, dail= i
+iogin,

Linearization consists in writing a;(t)=e'%(p;+ dp;(t)
+1489;(¢)) and ignoring terms that involve products of fluc-
tuations in the equations. Here (aj)=p;e'¥ is each field’s
mean amplitude, with p;=ps=p for equal overall intrac-
avity losses in the signal and the idler, dp;(t) is the ampli-
tude fluctuation, and dq;(¢) is the phase fluctuation. Tak-
ing the average of the resulting equations gives us
information on the mean values of the fields. We may
then separate the fluctuating part in the real and imagi-
nary contributions to obtain the equations of evolution for
the quadratures of the fields. Defining &g,
=(5q1% 892)/\2 and p.=(p = p2)/\2 as the normalized
sum-subtraction of the signal and the idler amplitude
and phase quadratures, we write the above equations in
terms of the EPR variables:

d
=2y 0+ V2ybu, +\2usv,

d
8- =20y dp_+ V2ydu, +\2udv,

d = I
T == 20y &g+ 2y Bapo + 207 By + \2ydu,,
+ V’Tuﬁvp+,

d —
7780 = =27 80, ~ V285 Bpo + V2 B0 + \2yu,,

—
+ \1’2/.L5Uq+,

d

o ! lo ! ! !
7'55170 == 27 Bdp.+ 24y BSq. — vypo — Ao Y0

+ \’2 705p6n + \‘”2/"“05va,
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curve, Sp+; line with crosses, S, ; line with circles, S, .

d ~
75&10 =- \’5A7',35P+ -2y B8q. + Ag¥ypo — Y0890
V250005 + \2podvg,, (3)

where B=p/py is the ratio between the intracavity ampli-
tudes of the downconverted and the pump fields. The
noise spectra of the transmitted fields are calculated by
solving the above equations in Fourier space. We define
S,. and S,. as the noise spectra of the operators p. and
q., respectively.

It is clear from Eq. (3) that the quadrature subtraction
subspace decouples from the others, so that S, and S,
depend only on the ratio of losses through the output cav-
ity mirror to the total intracavity losses and on the analy-
sis frequency (). These fluctuations do not depend on
pump power, and are in a minimum uncertainty state,
S, X8, =1,if y=7".

On the other hand, the sum of the quadratures and
pump field subspaces are connected. This directly implies
that excess noise in the pump beam degrades signal—idler
entanglement, and can even destroy it.!” The behavior of
the twin beams’ fluctuations as functions of pump power
relative to threshold o, for a shot-noise limited pump, is
presented in Fig. 1. The maximum squeezing of S, oc-
curs at threshold, and approaches shot noise for higher
pump powers.

This behavior changes in the presence of excess noise in
the pump. In that case, both S,, and S, increase from
their values at threshold. In particular, S, goes from
squeezing to excess noise. The point where it crosses the
shot noise value depends solely on the amount of excess
phase noise present in the pump beam. For this reason, it
was necessary to filter the pump field in the experiment,
in order to observe entanglement.

B. Noise Spectra beyond the Linearized Model

We present here a comparison between the linearized ap-
proach to the quantum noise in the OPO and the numeri-
cal integration of the quantum stochastic equations in the
positive P representation. This will help us to eliminate
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the linearization procedure as the reason for the discrep-
ancy between the theoretical prediction of squeezing and
the experimentally observed excess phase noise for o
>1.2. We shall follow the procedure used in Ref. 24.

Although exact Heisenberg equations of motion can be
found for this system, it is, at the very least, extremely
difficult to solve nonlinear operator equations. Therefore
we develop stochastic equations of motion in the positive
P representation, which in principle give access to any
normally ordered operator expectation values we may
wish to calculate. To find the appropriate equations, we
proceed via the master and Fokker—Planck equations. Us-
ing the standard techniques for elimination of the
baths,? we find the zero-temperature master equation for
the reduced density operator. The master equation may
be mapped onto a Fokker—Planck equation?® for the
positive-P pseudoprobability distribution.

The cavity damping rates at each frequency are
YP=2v/7, with y;=y,=v. We further define vy,=7y,/vy. To
apply the perturbation theory, we introduce a normalized
coupling constant

X
P2y,

which will be a power expansion parameter. Moreover, it
will be useful to work with the scaled quadratures

g (4)

!/_
q0=8V2Y:90,
Y+=894+, (5)
y-=89-,

%o =8\2%Po,
Xy =8Py,
xX_=8p-,

to render the stochastic equations amenable to perturba-

tion. The stochastic equations for the scaled EPR vari-
ables become

%=—y x9—2 J';+1(x2—x2—y2+y2)

ar ~ |0 VT T gt T e

dyo

E=—yr[yo+x+y+—x_y_],

dx_ 1 g f [

T g[xox_ +yqy-]+ \"'_E[V’xo +iyoé_ + VX — iyoé],

dy, 1 8 i
==y + [yor, —xy,] - l—r[\e’/xo +1yoé, - V/xo - iyoéll,

dT 2 \!’2

dx+ 1 g s f s

g7 =~ Xt glrors v+ E[\'xo +iyo€, + VX0 — i€l

@ 0 1= i\ + ot — V= €]

— =—y_+ —|Xqy_— _|=1—=|\xo+ 1y — \Vxo— 1Yo ],

aT y 9 o-—YoX 2 VXo + Yo VX0 = %o

v
(6)

where T'= "¢ is time in units of the cavity lifetime for the
downconverted fields. The functions &.(T) and &(T) are
independent Langevin forces with the following nonvan-
ishing correlation functions:
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E(DET) =(EMET ) =T -T"),

EDET)=(EMEMT'T)=-aT-T"). (7)

We notice the symmetry properties of the stochastic Eqs.
(6). In fact, it is easy to verify that the equations of motion
are unchanged by the transformation x_<«>y, and x,
—y_. Of course, all noise terms appearing in Eqgs. (6) are
statistically equivalent. Therefore these equations should
not change the symmetries of the initial values chosen for
x, and y_.

To provide a comparison between the linearized model
and the full stochastic integration, we will use a pertur-
bation expansion of the positive P representation of the
dynamical equations. This allows us to include quantum
effects in a systematic fashion.?” We first introduce a for-
mal perturbation expansion in powers of the parameter g:

xp= >, 8",
n=0

yi= 2 8. 8
n=0

The series expansion written in this way has the property
that the zeroth-order term corresponds to the classical
field of order 1 in the unscaled quadrature, while the first-
order term is related to quantum fluctuations of order g,
and the higher-order terms correspond to the nonlinear
corrections to the quantum fluctuations of order g? and
greater. The stochastic equations are then solved by the
technique of matching powers of g in the corresponding
time evolution equations.

The steady-state solutions xj; of the zeroth order give
the operation point of the OPO and describe its macro-
scopic behavior. For a triply resonant operation, the ex-
pressions for the steady state are quite simple:

x08=2>

yOs=y+s=y—s=0' (9)

The first-order equations are often used to predict
squeezing in a linearized fluctuation analysis. They are
nonclassical in the sense that they can describe states
without a positive-definite Glauber—-Sudarshan P
distribution,?®% but correspond to a simple form of linear
fluctuation that has a Gaussian quasi-probability distri-
bution. A full quantum description of the OPO dynamics
can be obtained by a numerical integration of the stochas-
tic Egs. (6), and can be compared to analytical expressions
obtained from the linearized approach. Taking the first-
order terms and using the steady-state solutions given by
Egs. (9), we can write the following equations for the lin-
ear quantum fluctuations:
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dxf! _
W =— ,yr[xgl) + 2(\‘"0-_ 1)1/2x(+1)]’

dyy _

—p = v 2o -y,

dtV

T (Vo— DY) + (&, + £),

dxc

o s,

dy(?

= 2+ (o= D e, - ),

dy® .

d_Tz_l(g—_g). (10)

The linear coupled stochastic equations obtained agree
with Egs. (3), for zero detunings and no spurious losses.
From them we may readily calculate the steady-state av-
erages of the first-order corrections and use them to com-
pute the linearized fluctuations. Notice that under the
linear approximation y_ becomes a purely diffusive vari-
able (phase diffusion).

In an experimental situation, the noise spectra outside
the cavity are generally the quantities of interest. There-
fore we will proceed to analyze the problem in frequency
space, via a Fourier decomposition of the fields. The first-
order stochastic equations may be rewritten in the fre-
quency domain so that we may calculate the spectra of
the squeezed and antisqueezed field quadratures.

The solutions for the noise of the squeezed operators,
p_and g,, are

S, (Q)=1-— 11
(@)= 1= (11)
Sq+(Q’) =1
4072+ %)
Q402 4 2 - 29,(Jo - D +[4Q72 + 20
(12)

where Q' =/4P is the analysis frequency in units of the
cavity bandwidth.

Under the limits of the linearized approach, the results
of the noise spectra are independent of the phase space
representation employed. Therefore these results coincide
with the usual ones obtained with the Wigner represen-
tation.

The spectra given by Egs. (11) and (12) can now be com-
pared with those found via a stochastic integration of the
full equations of motion (6) in the positive P representa-
tion. The nonlinear spectra are calculated by Fourier
transform of the stochastic integration, which must be
performed numerically. A somewhat subtle point arises
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here: the nonlinear Eqs. (6) have more than one possible
steady-state solution. Thus for a fair comparison with the
linearized spectra, it is necessary to choose the same
steady state. By doing this, we verified that both predic-
tions, in the above-threshold OPO, agree within a good
numerical precision. Therefore we conclude that possible
limitations of the linearized model for dealing with the
OPO dynamics under phase diffusion do not account for
the experimentally observed excess noise of g,.

3. EXPERIMENT

Our system is a triply resonant type-II OPO operating
above threshold. The experimental setup is depicted in
Fig. 2. The pump beam is a diode-pumped doubled
Nd:YAG laser (Innolight Diabolo) with 900 mW output
power at 532 nm. A secondary output at 1064 nm is used
for alignment purposes. Since the pump beam presents
excess noise for frequencies as high as 20 MHz, a filter
cavity is necessary. Our filter cavity has a bandwidth of
2.4 MHz and assures that the pump laser is shot-noise
limited for analysis frequencies higher than 15 MHz (see
Fig. 3). We measured the laser phase noise by reflecting
the beam off an empty cavity, in the same way we mea-
sure the phase noise of the downconverted beams. The
phase noise equals the intensity noise, except at a fre-
quency of 12 MHz, where there is very big phase noise,
owing to a frequency modulation inside the Diabolo laser
for stabilization purposes. This excess noise saturates our
electronics and prevents measurements for analysis fre-
quencies close to 12 MHz and also to its second harmonic,
24 MHz, as can be seen in Fig. 3. The OPO cavity is a lin-
ear semimonolithic cavity composed of a flat input mirror,
directly deposited on one face of the nonlinear crystal,
with 93% reflectivity at 532nm and high reflectivity
(>99.8%) at 1064nm, and a spherical output mirror
(50 mm curvature radius) with high reflectivity at 532 nm
(>99.8%) and 96% reflectivity at 1064 nm. The nonlinear
crystal is a 10 mm long potassium titanyl phosphate
(KTP) from Litton. The threshold power is 12 mW.

The signal and the idler beams are separated by a po-
larizing beam splitter (PBS) and sent to detection, which
consists of a ring cavity and a photodetector (Epitaxx ETX
300) for each beam. The overall detection efficiency is 7
=80(2)%. Both analysis cavities have bandwidths of
14 MHz, allowing for a complete conversion of phase to
amplitude noise for analysis frequencies higher than
20 MHz. The measurements are taken at an analysis fre-
quency equal to 27 MHz. To access the same quadrature

Analysis Cavity 1

Analysis Cavity 2

Fig. 2. (Color online) Sketch of the experimental setup.
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Fig. 3. (Color online) Measurement of the pump noise as a func-
tion of the analysis frequency. Open circles, unfiltered laser
noise; full circles, laser noise at the output of the filter cavity. In
view of the large excess noise at 12 MHz and its second har-
monic, we suppressed those frequencies from the data.

for both beams, the two cavities must be detuned by the
same amount at the same time. By scanning the detun-
ings synchronously, we can measure all quadratures of
the twin beams. In particular, we can easily select the am-
plitude (off resonance) or phase (detuning equal to one-
half the bandwidth) quadratures.30

The data acquisition is carried out by a demodulating
chain, which mixes the photocurrents from each detector
with a sinusoidal electronic reference at the analysis fre-
quency and filters the resulting low-frequency signal. The
demodulated photocurrent fluctuations are sampled at
600 kHz repetition rate by an analog-to-digital (A/D) card
connected to a personal computer. The variances of these
fluctuations are then computed taking groups of 1000
points, resulting in something proportional to the power
spectrum of the photocurrents at the analysis frequency.
At the end, measured variances are normalized to the
shot noise standard quantum level (SQL).

A. Fluctuations as a Function of o

The input pump field is guaranteed to be shot-noise lim-
ited for frequencies above 15 MHz after being transmitted
through the filter cavity. Even before being filtered, the
pump field is shot-noise limited above 25 MHz, as shown
in Fig. 3. Nevertheless, we observed excess noise in the
sum of the phases of the signal and the idler beams, pre-
venting the violation of the inequality given in Eq. (1) ex-
cept for pump powers very close to threshold.?

As seen in Section 2 from the theoretical description of
the OPO, excess noise in the pump beam would generate
excess noise in the phase sum of the twin beams. Yet how
could that be the case if we carefully measured the input
pump to be shot-noise limited? By following this single
lead, it is natural to examine the noise properties of the
pump beam reflected from the OPO cavity. This was done
by scanning the OPO cavity for crystal temperatures such
that there was no parametric oscillation (triple resonance
depends sharply on crystal temperature and can easily be
avoided). Since the incident beam is shot-noise limited,
could there be excess noise generated inside the cavity



254 J. Opt. Soc. Am. B/Vol. 24, No. 2/February 2007

containing the KTP crystal? We did indeed find excess
noise in the reflected pump’s amplitude (Fig. 4) and phase
quadratures. The maximum values, for o=1, were 51}30
=1.8(1) and S},=4.5(3).

At present, we can still not claim to fully understand
the origin of this excess noise. We verified, of course, that
no such noise is generated in an empty cavity (which
would also invalidate the measurements we perform with
the analysis cavities for the twin beams). We also checked
whether this effect depended on y and would thus be di-
rectly related to the parametric process. For a polariza-
tion of the incident beam orthogonal to the usual polar-
ization, phase matching cannot be fulfilled, and no
downconversion can occur. The noise in the reflected
beam did not show any significant dependence on the in-
cident polarization. It does, however, increase for increas-
ing power of the incident beam. We can speculate that
this can be a result of photon absorption by the crystal at
532 nm (which is at the origin of the thermal bistability
observed in Fig. 4), with a subsequent relaxation by spon-
taneous emission or nonradiative processes. This, may
give rise to an intensity-dependent refractive index, yield-
ing phase and amplitude modulation at 532 nm. We are
currently investigating these possibilities.

As a first approximation, in order to see whether this
would account for the behavior of A2p_,A%§_,A%p,, and
A%§,, as a function of o, we simply added excess noise to
the input pump beam in the linearized OPO theory. In
Fig. 5 we compare the results from the model, with inci-
dent S,9=1.5 and S;0=5.5, to the measured data. The sig-
nal and idler powers varied from 0.4 up to 5.5 mW each
during the experiment, corresponding to pump powers be-
tween 13 and 26 mW, or 1.06 < o< 2.2. As expected, noises
corresponding to the subtraction subspace, A2p_ and A%§_,
are independent of pump power. But A2%§, is very sensi-
tive to o, as is A%p, to a lesser degree. The agreement
with the theoretical model is surprisingly good. This is a

e Reflected Pump Amplitude Noise
Reflected Intensity

1.8 4

Amplitude Noise (relative to SQL)
('n *qae) Ksuoyuy

11— 0.0
-1.5 -1.0 -0.5 0.0 0.5 1.0

OPO Cavity Detuning (relative to bandwidth)

0.8

Fig. 4. (Color online) Intensity noise of the reflected pump
beam, as a function of the detuning of the OPO cavity. The excess
noise observed is peaked for A, close to one-half the OPO cavity
bandwidth. The asymmetry in the mean-field signal is attribut-
able to the thermal bistability. The analysis frequency is 27 MHz.
Circles, reflected pump noise; full curve, reflected average
intensity.
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Fig. 5. (Color online) Noise behavior as a function of ¢. (a) Pre-
dictions of the linearized model for an input pump beam with
Sp0=1.5 and S,0=5.5; dashed curve, Sp+; solid line with open
circles, S,_, solid curve, Sq+; solid line with crosses, S,_; SQL
=1.0 is indicated by a dashed line. (b) Experimental result for o
ranging from 1.06 to 2.2. Full circles, SP+; triangles, S, ; open
circles, S, ; squares, S, ; SQL=1.0 is indicated by a dashed line.

strong indication that the intracavity pump excess noise
is the main responsible for the excess noise in A%j,.

B. Two-Color Entanglement

The sum of the phase noise is squeezed very close to
threshold, and the squeezing is degraded with increasing
pump power. A%}, crosses the shot-noise level approxi-
mately at ¢=1.20, from squeezing to antisqueezing, al-
though only below 0=1.15 can squeezing be observed with
certainty.

Figure 6 shows the recorded noise in sum and subtrac-
tion of the photocurrent fluctuations of the signal and the
idler beams as functions of the detuning of the analysis
cavities for 0=1.06. Off-resonance, quantum correlations
are observed in the subtraction of amplitudes, A2%p_
=0.50(1), or —3.01(9) dB. For detuning of analysis cavities
equal to one-half the bandwidth, squeezing is present in
the sum of phases, A%2§,=0.73(1), or -1.37(6) dB. The
Duan et al. and Simon criteria [Eq. (1)], are clearly vio-
lated:

A% + A%, =1.23(2) <2, (13)

attesting to the entanglement. This value, together with
the one reported by Jing et al. ,14 is the lowest achieved for
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Fig. 6. Sum (full circles) and difference (open circles) of the
quadrature noise measured as a function of the detuning of the
analysis cavities. Squeezed-state entanglement can be directly
observed, with A%5_=0.50(1), or —3.01(9) dB, and A%§,=0.73(1),
or —1.37(6) dB.

twin beams produced by an above-threshold OPO.

We also point out that, in this experiment, the twin
beams have very different frequencies (the wavelengths
differ by =1 nm), an unusual situation. Such two-color en-
tanglement can be very interesting for the transfer of
quantum information between different parts of the elec-
tromagnetic spectrum.

4. CONCLUSION

We presented a theoretical and experimental investiga-
tion of phase noise and entanglement in the above-
threshold OPO. Excess noise in the phase sum of the twin
beams was measured as a function of pump power rela-
tive to threshold, and we found that it decreases as pump
power is lowered. We finally discovered that excess pump
noise is generated inside the OPO cavity containing the
nonlinear crystal, even for a shot-noise limited pump
beam and without parametric oscillation. The ultimate
physical origin of this phenomenon still requires further
investigation. Another important question to address is
how one can eliminate this effect. Su et al.’® were able to
observe entanglement for o of the order of 2. The differ-
ence between their setup and others is a lower cavity fi-
nesse for the pump field. If the assumption of an
intensity-dependent index of refraction is correct, this
makes sense. For a lower finesse, the phase shifts accu-
mulated inside the cavity should be smaller, hence the ex-
cess noise generated should also be smaller.

In spite of these unexpected phenomena, two-color en-
tanglement was measured in the above-threshold OPO.
There are interesting avenues to pursue for applications
in quantum information. First of all, we should mention
that the strongest squeezing measured to date, —9.7 dB,
was generated in an above-threshold OPO.! Thus, en-
tanglement in the above-threshold OPO may be the stron-
gest ever achieved for continuous variables. The bright
twin beams can have very different frequencies, and one
can envisage CV quantum telepor‘cation10 to transfer
quantum information from one frequency to another (in
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other words, to tune quantum information). For example,
this system could be used to communicate quantum infor-
mation between quantum memories or quantum comput-
ers based on hardware that has different resonance fre-
quencies. Finally, a quantum key distribution protocol
proposed by Silberhorn et al®! can be readily imple-
mented with the advantage that the measurement with
analysis cavities does not require sending a local oscilla-
tor together with the quantum channel to the distant re-
ceiver.

The above-threshold OPO, which was the first system
proposed to observe CV entanglement, has finally been
added to the optical quantum information toolbox. We ex-
pect new and exciting applications to come in the near fu-
ture.
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44 CAPITULO 3. EXCESSO DE RUIDO NO OPO

3.1 Fonons como fonte

A resposta as questoes vieram junto com as tentativas de medida de emaranhamento
tripartite, tema do proximo capitulo. Era claro que o excesso de ruido comprometia a
medida das correlacoes quanticas entre os campos. Todas as medidas feitas posterior-
mente, observando o ruido do bombeio refletido juntamente com os feixes gerados, nao
aceitavam nem mesmo o modelo proposto no artigo anterior [11]. Diversos grupos es-
tavam igualmente envolvidos no problema, modelando o excesso de ruido do campo e
comparando-o com o resultado observado experimentalmente [43].

Foi durante o mestrado dos meus dois primeiros estudantes, Jonatas Eduardo César
e Antonio Coelho, que surgiu uma ideia. Nao havia notificagoes de nao-linearidades
importantes em terceira ordem no KTP, que justificassem a ideia de modulacgao de fase.
Consideramos que o problema fosse intrinseco ao KTP, de forma que a solucao para a
medida do emaranhamento tripartite poderia passar pela troca do cristal. Testes com
outros cristais, como o LiNbOg3; mostraram que também nestes sistemas havia excesso
de ruido presente no modo de bombeio, tao grande ou maior que o observado no KTP.

A hipétese do ruido vir de algum processo ligado a conversao paramétrica era des-
cartada por sua presenca abaixo do limiar de oscilacao. Havia a remota possibilidade de
que o processo de geragao de vacuo comprimido ou vacuo emaranhado nestas condicoes
poderia levar a este excesso de ruido, situacao improvavel devido a deplegao praticamente
nula do campo de bombeio. No entanto, os testes realizados permitiam descartar esta
hipétese. A condicao de conservagao de momento em conversao paramétrica descendente
ocorre para o bombeio com polarizacao paralela ao plano dos eixos cristalograficos xy,
gerando um campo na mesma polarizagdo (complementar) e um campo em polarizac¢ao
ortogonal, paralela ao eixo z (sinal). Ao repetirmos a medida do ruido refletido com
polarizacao de bombeio paralela ao eixo z, impediamos a conversao paramétrica por
nao satisfazer a condicao de acordo de fase. Nesta situacao, o ruido era semelhante ao
observado para a o bombeio na polarizacao de bombeio.

Na reuniao em 2005, na qual o estudante de doutorado Alessandro Villar fora comigo
em visita ao prof. Antonio Zelaquett Khoury (IF/UFF), fora apontado um artigo onde é
incluida, ad hoc, uma fonte de ruido de fase, associada a uma flutuacao de comprimento
de cavidade [41]. Isto nunca havia ocorrido antes, em cavidades vazias, mas apenas com
o cristal inserido. Havia portanto um efeito intrinseco ao cristal, isto é claro. Mas uma
flutuacao de comprimento de cavidade seria originaria de uma modulacao do indice de
refracao do cristal. Por outro lado, esta modulacao de indice de refracao deveria estar
presente em todos os modos ressonantes. Com esta ideia, injetamos um campo no IR
(1064 nm), paralelo a polarizagao sinal, na auséncia de bombeio intracavidade, fora de
uma condigao de acordo de fase (ajustado pela temperatura), suprimindo assim a geragao
de segundo harmonico, e analisamos o ruido de saida. O excesso de ruido, medido com o
auxilio de uma cavidade de analise, estava la. Idéntico resultado foi obtido para o modo
complementar.

A conclusao é que o ruido de modulagao de fase estava presente em todos os mo-
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Figura 3.2: Medida preliminar da dependéncia do ruido com a temperatura.

dos, e era sempre proporcional & intensidade (figura 3 do artigo seguinte). Portanto,
esperavamos que a caracterizagao do ruido pudesse justificar a resposta obtida com os
campos da cavidade. Efetivamente, o ruido parametrizado pode ser adicionado ao mo-
delo do OPOQO, caracterizado, e o resultado apresenta uma excelente concordancia com as
variancias medidas.

Mas qual a origem do mesmo? A resposta saiu da ideia que a modulacao do indice de
refracao, responsavel pela flutuacao de fase, é aleatéria. Esta modulacao poderia estar
ligada a uma flutuacao aleatoria de densidade no cristal. Ou seja, a um deslocamento
dos ions na rede cristalina - fénons, portanto. Este fénons serao responsaveis por um
espalhamento Brillouin, alterando levemente a frequéncia do campo espalhado. O féton
da portadora central espalhado pelo fonons ira ter uma frequéncia deslocada, contribuindo
para a banda lateral a portadora central. Isto ira gerar um excesso de ruido, que se somara
ao ruido normal do OPO (segao II do artigo seguinte).

A hipétese do ruido vindo dos fénons implica na dependéncia do ruido com a tem-
peratura. Medimos o ruido adicionado e sua dependéncia com a temperatura do cristal,
e notamos um aumento linear do ruido com o aquecimento (figura 3.2). A surpresa fora
ter este aumento mais rapido do que seria esperado com uma resposta simplesmente pro-
porcional a temperatura, o que nos favorecia, e permitia baixar rapidamente o ruido com
o resfriamento. Sera este controle de temperatura a chave para a medida do emaranha-
mento tripartite, que veremos no proximo capitulo.

Uma questao curiosa se colocava. Nas equagoes do OPO, o ganho paramétrico apa-
rece acoplado sempre a amplitude do campo, e portanto a intensidade local do mesmo.
Portanto, uma forma de reduzir o limiar de oscilacao é trabalhar com campos mais foca-
lizados, com comprimento de Rayleigh mais préximos do limite de Boyd-Kleinman [44].
Diante da nossa fonte de ruido, qual seria a melhor estratégia para lidar com o campo
intracavidade, esperando minimizar o efeito do mesmo?

Se pensarmos nas flutuacoes do indice de refracao como centros de espalhamento
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Figura 3.3: Estudo da dependéncia do ruido com a posicao do cristal, implicando em
uma dependéncia daquele com a intensidade.

espalhados aleatoriamente no cristal com uma certa densidade, é de se esperar que,
com um tamanho de feixe menor, para a mesma intensidade, teremos um espalhamento
menor. Como neste caso reduziriamos a poténcia de limiar, reduziriamos igualmente
o numero de fotons espalhados, e portanto o excesso de ruido na cavidade. Neste caso,
trabalhar com um feixe menor seria uma técnica de reducao do ruido. No entanto, hd uma
contrapartida: um campo com uma cintura de feixe menor implica em um recobrimento
maior da luz espalhada com o modo da cavidade, que passa a ter um angulo sélido maior.
Este efeito compensa o anterior, e portanto o ruido esta ligado a intensidade do campo,
mais do que a poténcia total intracavidade (eq. (18) do artigo). Esta teoria é vélida deste
que o termo de acoplamento possa ser descrito por um modelo de fénons pontuais (com
comprimento de coeréncia tendendo a zero). Se o meio tiver ressonancias especificas
para os fonons, advindas de um tamanho menor do meio paramétrico, por exemplo,
podemos eventualmente esperar que certas faixas do espectro sejam inibidas, e se tornem
mais favoraveis a realizacao de experimentos. Isto torna interessante a possibilidade de
usar guias de onda como meio de ganho, para tentar controlar estas fontes de ruido. A
dependéncia do ruido com a intensidade foi verificada através do uso de uma cavidade de
tamanho fixo, para a qual deslocamos o cristal longitudinalmente e verificamos o excesso
de ruido gerado em funcao da posicao. Efetivamente, neste caso temos uma variacao
da intensidade sobre o cristal. O resultado, apresentado na figura 3.3, apresentou um
excelente acordo com o modelo.

Um ponto importante observado neste artigo é que as flutuacoes de fase adicionadas a
cada modo nao sao perfeitamente correlacionadas. Se assim fosse, as correlagoes de fase
poderiam se anular em algumas medidas, e o excesso de ruido seria menos danoso nas
correlagoes entre os campos de bombeio e sinal, ou bombeio e complementar. Teriamos
entao conseguido obter o emaranhamento tripartite antes, nas medidas descritas nos
trabalhos do préximo capitulo.
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We show theoretically and experimentally that scattered light by thermal phonons inside a second-order
nonlinear crystal is the source of additional phase noise observed in optical parametric oscillators. This addi-

tional phase noise reduces the quantum correlations and has hitherto hindered the direct production of multi-

partite entanglement in a single nonlinear optical system. We cooled the nonlinear crystal and observed a

reduction in the extra noise. Our treatment of this noise can be successfully applied to different systems in the

literature.
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I. INTRODUCTION

In quantum information, processes with continuous vari-
ables have attracted growing attention, involving the ma-
nipulation of states of light and atoms. Examples are the
unconditional quantum teleportation of states of the electro-
magnetic field [1] and teleportation and storage of quantum
information between light and atoms [2]. Many of these ex-
periments involved nonclassical states of the electromagnetic
field, either squeezed or N-partite entangled state, generally
obtained from the combination of squeezed states in a set of
beam splitters [3]. Quadrature squeezed states of the electro-
magnetic field attracted renewed interest, after the initial
promises of ultrasensitive spectroscopy and noiseless com-
munication channels, predicted in the late 1980s.

A source of nonclassical states is nonlinear crystals inside
optical cavities. This was the case for the first generation of
squeezing in parametric down conversion [4], soon followed
by the observation of quantum correlations between separate
fields [5] and production of entangled states [6] in an optical
parametric oscillator (OPO), and squeezing in second-
harmonic generation (SHG) [7]. At the heart of this process
is the parametric coupling of three fields, used for twin pho-
ton generation, but with the enhancement and the mode se-
lection given by a resonant cavity. Early studies [8] theoreti-
cally demonstrated that a nonlinear crystal inside a cavity
would produce squeezing in different modes and entangle-
ment between pairs of modes.

Despite this long list of successful implementations show-
ing excellent agreement with the theory, the measurement of
other nonclassical fundamental characteristic features re-
mained elusive. Phase quadrature squeezing of the pump
field in the above-threshold OPO [9] presented an unex-
plained excess noise that could not be accounted for by any
known source in the system. Furthermore, the first measure-
ments of noise correlations between the phases of signal and
idler beams in OPQO’s above threshold resulted in great ex-
cess noise where squeezing was expected [ 10]. The first mea-
surement of this quantum correlation, demonstrating en-
tanglement of signal and idler beams [11], was limited to
operation very close to threshold. An increase in the pump

1050-2947/2009/79(6)/063816(11)
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power rapidly degraded the quantum phase correlations. This
was one of the main reasons why signal and idler entangle-
ment remained unobserved for almost 20 years after its pre-
diction [8]. Measurements performed later by other groups
[12,13] confirmed this excess noise, and many attempts
where made to explain its origin [14—16]. The same kind of
problems was observed in the coupling of infrared and green
fields in a degenerate OPO and SHG [17]. Moreover, the
direct production of three-mode entanglement was also pre-
dicted [18], but the first experimental implementations could
not overcome this unknown source of extra phase noise [19].

Here, we make a detailed treatment of this extra noise in
the OPO and experimentally verify its predictions. The
model is described in Sec. II, and the expected behavior for
an OPO is then presented. A full characterization of this
noise in the three modes of an optical cavity encompassing a
nonlinear crystal is given in Sec. III. This complete descrip-
tion of the noise presents good agreement with the experi-
mental observations of the covariance matrix, measured for
the OPO described in Ref. [19] (Sec. IV). We show that this
additional noise is consistent with a model of incoherent
(thermal) phonon noise. Random density fluctuations are in-
duced and, via the change in the refractive index, entail
phase fluctuations as described in Sec. V. We also apply our
model to other results reported in the literature, with good
agreement. Finally, we conclude by a discussion on propos-
als for reducing or eliminating this noise in experiments for
the production of squeezed or entangled state involving
phase quadratures.

II. MODEL FOR THE INTRODUCED PHASE NOISE

In the present study, we will consider that the crystal,
although homogeneous, can have small fluctuations in its
permittivity. The refractive index fluctuates owing to local-
density fluctuations associated with acoustic phonons inside
the crystal. This density change results in Stokes and Bril-
louin light scattering [20] with frequency shifts in the scat-
tered light. In the present case, we will be interested in the
fraction of the scattering that is coupled into the cavity

©2009 The American Physical Society
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modes, with small shifts in the frequency (within the cavity
bandwidth).

If we consider that the constitutive relation between the
displacement vector D and the electric field E includes a
random local fluctuation in permittivity Je,

D=¢E + se(z,1)E, (1)
we have, from the Maxwell equations,

>

Jd - - J -
VXE=-—B, V XH=—_D. (2)
ot ot
The resulting wave equation coupling this fluctuation to the
propagating field is thus given by

R P - F .
V’E = ,udosﬁE+ MO%(&:E). (3)

In the present case, we will be interested in a single fre-
quency, of a given polarization, referring to a mode j of the
optical cavity. We can thus separate a slowly varying ampli-
tude of the field A; from the fast oscillating part,

Ej(7,1) = Re[A (7, t)exp(ink;z — iw;t) ], 4)

with k;=w;/c, where c is the speed of light in vacuum and
n;=\e;/ g, is the refractive index. The amplitude includes

both the mean value A ; and the fluctuations induced by the
permittivity,

A7,1) = A7) + SA(F.1). (5)

Since we are dealing with the resonant modes in a cavity, the
solutions of the wave equation can be limited to the paraxial
approximation. The amplitude of the field will satisfy the
paraxial wave equation [21], so A j(F)=aju§’1)(F), where the
transverse mode (%) for the longitudinal mode j can be de-
scribed in the Hermite or the Laguerre-Gauss basis by the
function uj(-h)(F). The mode amplitude «; is treated as a con-
stant, an approximation which is valid in the case that field
depletion is small.

The wave equation for the fluctuating part can then be
solved, in the paraxial approximation, considering a slowly
varying envelope for the field fluctuation. Examining the
contribution of scattering at the sideband of the carrier, we
have, in the frequency domain,

8A(7, Q) = i’;—u:q,.u;m(f) 8e;(7,Q) & (6)

J
for a given position of the wave front. Note that this contri-
bution occurs in quadrature with the local field mean ampli-
tude aju](-h)(F).

The total contribution of the fluctuation for a given field
mode, 5aj(z,Q), can be evaluated using the orthogonality of
the basis states ([ u;h)(F)uJ(-g)*(F)dxdy=5,,8). Performing the
transverse integration of the fluctuating part of Eq. (5), with
the weight factor u;h)*(f’) accounting for the coupling of the
scattered field into the cavity mode, we have

Saj(z, ) = J A (7. Q)u" (F)dxdy. (7)
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Finally, the total contribution of the fluctuation will in-
clude the integration over the crystal length. The resulting
added noise will be a fluctuation term, named 6Q , to be
added in the stochastic treatment of the quantum fluctuations
inside the cavity. This term is in quadrature with the ampli-
tude a; of the field. Thus, it can be described as an additional
phase noise for an intense mean field,

00,(Q)=~i f da(z,Q)dz
k.
= Eua]f |u(-h)(7)|258(F,Q)dxdydz. (8)
28j 7 J

As we can see, the random fluctuation in the crystal permit-
tivity will not produce any significant contribution to the
amplitude quadrature. The resulting change in the refractive
index will only produce phase fluctuations that couple to the
resonant cavity mode, within the cavity bandwidth, resulting
in an additional source of noise. This noise will be particu-
larly important for experiments in quantum optics, as we
observe in the next section, when we add this term to the
treatment of quantum fluctuations in the OPO.

A. Excess noise in the OPO

Most of the systems involving second-order nonlinearities
inside a cavity can be described by the evolution of the three
coupled fields. Let us define our amplitude and phase
quadrature operators from the creation operator of the field
a=e'%p+ig), where the arbitrary phase @ is chosen such that
(gy=0. With this choice of 6, quadrature p is associated with
the amplitude and g is associated with the phase in the case
of an intense field. In a linearized description of the fields,
with dd=d—{(a), field fluctuations are given by the vector

X =[8po, o, 01, 541, 82, G, 9)

The operators can be replaced with ¢ numbers using the
master equation for the density operator and a quasiprobabil-
ity representation of the field, such as the Wigner distribu-
tion, to obtain a Fokker-Planck equation [22] and its equiva-
lent description by Langevin equations. In this linearized
approach, equations for the evolution of field fluctuations
inside a cavity are described by the following Langevin
equation:

75X=MAX+MYX3"+M,LX’2” +0, (10)

where 7 is the round trip time of the wave inside this cavity.
The drift matrix M, describes the evolution of the field fluc-
tuations in a round trip, including attenuation, parametric
amplification, and phase shifts. The next two terms couple
the input field fluctuations to the cavity through the input
coupler (IC) (M) and the spurious losses (M) and are as-
sociated with the diffusion in a Langevin process. This cou-
pling is described by the diagonal matrices

. !f_ !"_ /_ J’_ !,_ /_
M., = diag[ V275, V29, V21, V2 Y1, N2 Y2, V272 ]s
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M, = diag[ N2 0, V20, V201, N 201, 20, \ 2], (11)

connecting the input fields X and vacuum fluctuations X2
through the input ports. In this description, spurious losses in
each mode j are given by 2u;, and the mirror transmission is
given by T;=2vy;.

The excess phase noise coming from the phonons in the
crystal is given by the additional contribution to the phase
fluctuations [Eq. (8)]. This stochastic fluctuation will be
present in the three relevant cavity modes, described by the
vector

é = [0’ 5Q09Ov 5Ql’0’ 5Q2]T' (12)

In the frequency domain, Eq. (10) can be described by
iOX=M,X +M7}2§”+M MX§"+ 0, and the intracavity fluctua-
tions will then be given by

X(Q) =[iQI -M, "M X} + M Xy +0).  (13)

Using the input-output formalism [23] we have the fluc-
tuations of the output port of the cavity given by the reflec-
tion of the input added to the transmitted internal fluctuation:
)?"“’(Q):M,X(Q) —)2’{‘. In this case we can easily calculate

the covariance matrix of the output field V=xou
(Q)[X“(-Q)77, resulting in
V=I+ Vpure + Vlosx + Vphaxe' (]4)

The identity matrix 7 is associated with the standard quan-
tum level (SQL) of noise, characteristic of coherent states
(including vacuum). The next term

Vopure = MJiOI - My '"M M {[- i -M, T '}'M,
=M ([iQd - M, T +{[-iQI - M, T "} )M,

(15)
stands for the squeezing and the quantum correlation leading
to entanglement in this system. For unitary intracavity opera-
tions, the resulting state will be pure and det[I+V,,,. ]=1
[24]. There is also a noise term owing to the input fluctua-
tions through the spurious losses, uncorrelated with the re-
flected fluctuations through the input port, degrading the

level of squeezing and/or entanglement and state purity as
well,

Vipss =M JiQI = M,"'"M M {[- i -M,]"'}Y'M,,.
(16)

Finally, the internal added noise will depend on the covari-
ance matrix for the additional phase fluctuations Vy(Q)

=0(0)07(-Q), affected by the cavity interaction and the
nonlinear coupling given by the drift matrix M,

hase = MJLIQT = M, TV o(Q{[- iU - M, 1'Y'M,,.
(17)

Vo

A detailed evaluation of the terms in the covariance matrix
Vg will be given in Sec. V. For the moment, considering the
fluctuation term presented in Eq. (8), we expect that the co-
variance terms of this extra noise are given by
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nikink e
(60,(0)804(~ ) = == o4, = 7 PyPy. (18)
jCk

The noise coupling term 7; depends on the wavelength
through k; and k; and on the evaluation of the double inte-
gration coming from the product of Eq. (8) for two different
modes, resulting in o;,;,. Here we have used the fact that the
intracavity amplitude of the field «; is proportional to the

square root of the intracavity power P;.

From this simple model, a wide variety of experiments
involving two or three fields coupled by nonlinear effects can
be studied, implying in different forms of matrix M, in Eq.
(10). In the case that signal and idler modes are degenerate,
as in a degenerate OPO, seeded optical parametric amplifier
(OPA), subthreshold OPO, and SHG, the problem can be
reduced to the evaluation of a matrix of size 4 X4. In the
case of a cavity without nonlinear interaction, the drift ma-
trix is reduced to M, A=—(M§,+Mf‘)/ 2. For a nondegenerate
unseeded OPO above threshold, with balanced losses for the
signal and idler modes (y;=v,=1v and u,=u,=pu), the drift
matrix has a simple form in the case of exact resonance (zero
detuning) [25],

-% 0 -¥yB 0 -ypB 0
0 -y 0 -¥B 0 -vYB
M, = Y 0 -y 0 Y 0 ,
0 ¥yB 0 -y 0 -
yg 0 Y 0 -y 0
0 Y 0 =y 0 Y

" (19)

with the coefficient B being given by the ratio of the ampli-
tude for signal and idler fields a by the pump field amplitude

«,
P.
==/ B (20)
ay Y Py,

where P;, is the input power of the pump beam and P, is the
oscillation threshold. 2y,=2(yy+m) and 2y'=2(y+pu) are
the sum of round trip losses. Before we apply this model to
the OPO described in Ref. [19], we will characterize the
coupling terms 7;, of Eq. (18), describing the dependence of
the noise matrix V, with the intracavity power for each
mode. This can be done by injection of a classical coherent
field in each mode of the cavity involved in the parametric
oscillation and studying the dependence of the phase noise of
the output field with the intracavity power (proportional to
the incident power).

III. EXPERIMENTAL CHARACTERIZATION
OF THE EXCESS NOISE

We investigated the spurious excess noise using the ex-
perimental system as described in [19], reproduced here in
Fig. 1. The cavity is pumped by the second harmonic of a
Nd:yttrium aluminum garnet (YAG) laser (Innolight Di-
abolo), filtered with a mode cleaning cavity to ensure that
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FIG. 1. (Color online) Setup for the experiment. Pump laser:
Innolight Diabolo, HS: harmonic separator and combiner, and PBS:
polarizing beam splitter. Filtering cavity, analysis cavities, and OPO
as described in the text.

pump fluctuations are reduced to the SQL for frequencies
above 20 MHz. The filter cavity bandwidth is 2.3 MHz, and
its transmission is 55% for the carrier frequency. The filtered
pump beam is then injected in the OPO, with adjustable
power, through the IC with a reflectivity of 70% for the
pump field (532 nm). The reflected pumped field is recovered
from the Faraday rotator (FR). The infrared output coupler
(OC) has a reflectivity of 96% at ~1064 nm. Both mirrors
are deposited on concave substrates with a curvature radius
of 50 mm. The crystal is a bulk high gray-tracking resistant
potassium titanyl phosphate (HGTR-KTP, by Raicol Crys-
tals) cut for type-II phase matching, with length =12 mm,
and antireflective coating for both wavelengths. The average
free spectral range for the three modes is 5.1(1) GHz. The
cavity finesses for pump, signal, and idler modes (the latter
defined as the mode with the same polarization as the pump)
are, respectively, 16, 135, and 115. The overall detection
efficiencies are 87% for the infrared beams and 65% for the
pump, accounting for detector efficiencies and losses in the
beam paths. An infrared beam could be injected in the OPO
cavity using a harmonic beam splitter (HS). Its polarization
could be adjusted with a half-wave plate (not shown) to
match each mode of the cavity with the birefringent crystal
inserted.

In this setup, the initial study of the excess noise produced
inside the cavity was done by the injection of an intense field
in each one of the modes involved in the OPO. In all the
measurements presented here, care was taken to avoid phase
matching for the relevant parametric processes of up and
down conversions. The absence of stimulated parametric
conversion was assured by keeping the pump beam below
the OPO threshold. For the infrared injection, second-
harmonic generation is avoided by careful temperature tun-
ing of the crystal. All measurements were made keeping the
OPO at exact resonance by a simple dither-and-lock tech-
nique applied to the cavity length using a piezo actuator on
the input coupler. Mode 0 (which corresponds to the pump
mode in the OPO) is investigated by the injection of the 532
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5.0 & . = 1.0

® Noise (SQL units)
O Analysis Cavity Reflectivity

Cavity Detuning (normalized to bandwidth)

FIG. 2. Measurement of phase noise using the reflection off an
empty cavity. The intensity noise of the reflected beam is normal-
ized to the shot-noise level and fitted according to [25], returning
the phase and amplitude variances. The reflectivity of the cavity is
fitted by a Lorentzian.

nm beam, polarized in the xy plane (referring to crystallo-
graphic axes), through the input coupler for the pump mode.
The noise and the total power of the reflected field are then
measured. Mode 1 (signal mode) is investigated by the in-
jection of the 1064 nm beam through the input coupler,
which has a very small transmittance at this wavelength
(<0.2%), with polarization parallel to the z axis of the crys-
tal. Mode 2 (idler mode) is investigated with light at the
same frequency, with polarization parallel to the xy plane. In
both cases, the noise properties of the transmitted light are
analyzed.

Phase noise measurements were performed using the el-
lipse rotation method described in [26,27], with the help of
analysis cavities. Cavities 1 and 2 (for the transmitted infra-
red beams) have bandwidths of 14(1) MHz, and cavity O (for
the reflected pump) has a bandwidth of 12(1) MHz. This
ensures a full rotation of the noise ellipse [25] for the chosen
analysis frequency of 21 MHz. Mode matching of the beams
to the analysis cavities was better than 95%.

An example of such a measurement is presented in Fig. 2,
where the intensity noise of the beam reflected by the cavity
is fitted according to [25], returning the values of the vari-
ance of amplitude and phase quadrature noises. Noise was
measured using a demodulating chain and an analog-to-
digital (A/D) converter, and each measured correlation value
was an average of 1000 points, acquired with a bandwidth of
600 kHz. SQL calibration was obtained by the measurement
of the variance of a coherent field at different intensities,
showing a linear dependence with the beam power. Linearity
is verified with great precision, such that the shot-noise level
is determined within 0.5% [28].

The covariance terms A’Q,({) from the matrix Vp and
their dependence on the intracavity power are obtained from
the excess noise measured from the reflected beam (532 nm)
or from the transmitted beam (1064 nm), applying the model
of Eq. (14) with the drift matrix M, for uncoupled fields.
The measured variance for amplitude and phase quadratures
of mode 0 is shown in Fig. 3 (left) for different values of the

063816-4



EXTRA PHASE NOISE FROM THERMAL FLUCTUATIONS...

PHYSICAL REVIEW A 79, 063816 (2009)

3.0-
25-
)
z
2 [ )
— -
3 20
@
3 .
o
Z 15 Y
[ ]
1.0 =8 —i———a—a—
T T T T T T T T T T T

. —
0 5 10 15 20 25 30 35
Reflected Power (mW)

0 1 2 3 4 5 6 7
Transmitted Power (mW)

FIG. 3. (Color online) Measured variances for each mode of the field, as a function of the output power. Left: reflected light from the
cavity for mode 0 (532 nm). Right: transmitted light for modes 1 and 2 (1064 nm).

reflected power. Amplitude fluctuations remain at the shot-
noise level and the phase quadrature presents an excess noise
which varies linearly with the power, consistent with the re-
sults observed in [14]. Similar results were obtained for
modes 1 and 2 (Fig. 3, right). The small transmission of the
input coupler provided a strong attenuation of the ir beam,
and the measured results for the cavity transmission without
the crystal revealed that the noise level of both quadratures
for the transmitted beam were reduced to the standard quan-
tum level. Thus, any excess noise at this wavelength is pro-
vided by the crystal and occurs only for the phase quadra-
ture, as expected.

The results agree well with the description of a linear
dependence of the internal noise with the light power (from
Eq. (18), A’Q;=7;;P;). Using the measured mirror coupling
and losses for this cavity, the noise coupling terms ;; relat-
ing the added noise to internal circulating power are

Moo= 0.53 per Watt, ,;,=0.15 per Watt,

72, =0.14 per Watt. (21)

Uncertainties of these values are mainly due to their local
dependence with the point of the crystal where the beam is
injected. Lateral displacements of the crystal resulted in
changes on the order of 20%. The first point to notice is the
ratio of the coupling constant to the wavelength. We have
711= T, and 7y,/ 17;,=3.7(5), in good agreement with the
dependence expected from Eq. (18).

After the characterization of the diagonal terms in the
covariance V, we studied the cross correlation terms using
simultaneous injection of two modes. The crystal tempera-
ture is carefully tuned in order to obtain cavity double reso-
nance, while keeping the third mode far from resonance,
thereby avoiding system oscillation owing to the injection of
a seed in the parametric process.

As a result, the curves plotted in Fig. 4 show that the
correlation depends on the square root of the power of each
beam. Similar results were obtained for the noise correlation

between modes 0 and 2 and modes 1 and 2. From the fitting
of these curves we can evaluate the following noise coupling
terms:

101 = 0.14 per Watt,
712 =0.087. per Watt (22)

02 =0.15 per Watt,

Although the uncertainties are somewhat high (about 20%),
the confidence band ensures that correlations are not perfect
(< \577jj77kk), differently from the treatment in Ref. [17].

We conclude that the generated phase quadrature noise
depends linearly on the intracavity power, as described in
Ref. [29], but that the noises of different beams are not per-
fectly correlated. Moreover, amplitude fluctuations remain
uncoupled from this additional noise source. After this char-
acterization, we independently measured all the parameters
involved in the evaluation of the covariance matrix of the
OPO presented in Eq. (14). Now we compare the results
obtained from the model, after the parameters’ evaluation,
with the experimental results.

IV. NOISE IN THE ABOVE-THRESHOLD OPO

In order to study the noise properties in the OPO, we
removed the injected infrared field and increased the power
of the green beam, pumping the OPO above threshold. We
measured the covariance terms for many different values of
input power, ranging from 1 to 1.7 times the threshold power
of 70 mW. In the following, we present the experimental data
obtained, with its uncertainties, and the expected values from
our model. We also include the theoretical predictions in the
absence of the additional phonon noise.

According to the model, covariance matrix terms for the
amplitude quadratures are unaffected by this additional phase
noise, and the results do not change by its inclusion. The
results in this case are shown in Fig. 5 for the amplitude
variances and for the amplitude correlations. The plots are
obtained from the model using measured detection efficiency
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FIG. 4. (Color online) Left: covariance of phase quadratures of
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modes 0 and 1 (orthogonally polarized modes) as a function of the

reflected power for different transmitted powers of mode 1. Right: the same but varying power of mode 1 for two different values of power

in mode 0.

and cavity parameters, without any free parameters. Good
agreement is observed, although the amplitude fluctuations
of the signal mode are slightly smaller than expected. Noise
covariances involving two fields are in very good agreement
with the theory.

For the phase quadrature, the fluctuations of the refractive
index scatter light from the carrier (the mean-field ampli-
tude) into the sidebands at 21 MHz. The resulting noise in
the output combines the contributions from the parametric
process and from this additional noise term. Our results are
presented in Fig. 6 for the covariances of the phase quadra-
ture fluctuations. The curves are obtained from the values of
cavity parameters and from the measured noise terms given
in Egs. (21) and (22) applied to Eq. (14). Good agreement is
obtained for the variances of signal and idler (Fig. 6, left). As
for the pump, the measured noise level was smaller than
expected, but its dependence with the pump power presents

good qualitative agreement. The results are, nevertheless,
much closer to the presented model with extra noise than to
the OPO model without additional noise (open symbols in
the plot), which predicts squeezing for the pump and a nearly
constant noise for signal and idler. The agreement for the
cross covariance terms is even better (Fig. 6, right), with a
very good agreement for the correlations of pump with signal
and idler, and a qualitative agreement for signal and idler
correlation. The expected values without additional noise fail
to describe the observed results. The unbalance of signal and
idler correlations with the pump mode can be understood in
view of the simplified model for the drift matrix M, where
balanced losses for these modes are used. The good qualita-
tive agreement for these results could be improved by fitting
the curves using the noise coupling 7, as an adjustable
parameter.
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FIG. 5. (Color online) Covariance terms of the amplitude quadratures in the OPO operating above threshold, as a function of the pump
power (normalized to threshold). The lines are obtained from the model, without any fitting. Left: variance for pump (0), signal (1), and idler

(2). Right: covariances involving pairs of fields.
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FIG. 6. (Color online) Covariance of the phase quadratures in the OPO operating above threshold, as a function of the pump power
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noise. Left: variance for pump (0), signal (1), and idler (2). Right: covariances involving pairs of fields.

Thus, the model allows us to consistently explain the pre-
viously unexpected OPO measurements reported in [19].
Correlations among all three fields are now accounted for
and we can explain why the predicted pump-signal-idler tri-
partite entanglement was not observed for these levels of
additional noise. Two challenges remain: how can we ascer-
tain that the physical origin of the noise is related to phonons
in the crystal and how can we control and reduce it to
achieve tripartite entanglement. This is discussed in the fol-
lowing section, where we present a detailed theory for the
phonon noise in the crystal and verify experimental signa-
tures of its predictions. Then, we also apply our model to
other systems described in the literature, where the same
kind of phase quadrature noise behavior was reported.

V. PHONON NOISE COUPLING

In order to develop a model that relates the crystal vibra-
tion to the phase fluctuations of the fields in their propaga-
tion through the crystal, we have to consider the modulation
of the permittivity by the local displacement of each part of
the crystal. This displacement is represented by a field of
local dislocations #(7), where 7 is a position in the crystal.
Displacements involving an overall crystal displacement or
rotation do not contribute to any change in the crystal energy
[30,31] and therefore cannot affect the dielectric constant.
The important quantity, in this case, is the strain

1 { ) au,(f)}

= 23
Im 2 ﬁxm ( )

(9)(7[
that is a six-element vector (with Im=[xx,yy,zz,yz,xZ,xy]).
The strain vector S is coupled to the fluctuations of the di-

electric tensor Se by a rank 4 photoelastic tensor [32],

€i€y
8eiq=— "2 PidimSim- (24)

€0 Im

In the present case, looking for the contribution of the strain
to the propagating field, we can restrict this study to the

polarization term that is collinear with the electric field and
limit the problem to the case i=j. We will therefore keep the
short notation 8g;=dg; used in Eq. (6).

In order to evaluate the correlation of the phase fluctua-
tions, we can apply Eq. (24) to Eq. (8), obtaining

(60,(Q) 50, (- Q)
33
=kjkkz;;ikajakf |Mj(7)|2|“k(;')|2

XS DimPraa( S DS, (F — Q)ddr.
(Im),(np)

(25)

The integration involves a convolution of the intensity pro-
file of each field by the correlation of the noisy strain vector,
implying in an accurate knowledge of this correlation. Nev-
ertheless, further understanding of the scattering process can
be obtained if we consider some specific conditions of op-
eration and some assumptions involving this correlation
term.

For the case where the beam waist inside the crystal is
larger than the coherence length [, of the acoustic waves of
thermal origin, we can approximate the correlation by a delta
function,

<Slm(F’Q)Snp(F,’_ Q)> = S12m(Q) 6l111,11175(F_ ;’)lf’ (26)

where S,,,(Q)) is the root-mean-square (rms) value of the
strain fluctuation at a given frequency (). In this case, inte-
gration of the amplitude envelope of the field in the paraxial
approximation is simplified. For fundamental Gaussian
modes of waist w;(z), integration over the crystal volume
gives an effective waist for the field w,
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2 1 ¢
f |uj(F)|2|uk(F)|2dF= J — dz=

2 2 2
Tw;i(z) +wi(z) Wi

(27)

The noise coupling coefficient is inversely proportional to
the (effective) area of the beam inside the crystal. Consider-
ing that the noise is also proportional to the power, the inte-
gration implies in an averaging of the intensity over the crys-
tal volume. The resulting noise is thus proportional to the
intensity of the field inside the crystal.

Finally, the product of the photoelectric tensor will result
in a coupling term

ci(Q) = > pjjlmpkklmslzm(ﬂ) (28)
Im

obtained by the scalar product of two vectors of six dimen-
sions. If the vectors are not collinear in this six-dimensional
space, we expect to have cj < Ve iCre Strain fluctuations will
therefore couple differently to each field, resulting in imper-
fect correlation of the additional phase noise.

Expressing the amplitudes a;=VP;/(hv;) in such a way
that |ozj|2 is the photon flux per second in the wave front of
the mode, we have

33 /
nin CINN
(80,(2) 604~ V) =k - zicjkm)(—’—wz k) VPiPy
ik

i
= NN PPy (29)

Some important conclusions can be inferred. Wavelength de-
pendence of the noise coupling 7; is restricted to the wave-
vector modulus k;. The term in parentheses is equivalent to
the ratio of the crystal length to the effective Rayleigh length
of the cavity [32]. The cavity geometry determines the beam
waist as well, resulting in a noise that is proportional to the
intensity. The evaluation of cj, also explains the reason for
having 7, <\'7,;74, leading to the expected imperfect noise
correlations for the phonon noise contribution to each field:
(80,(0)80,(-0)) < VAQ,(Q) A20,(Q).

As for the coupling cj, its direct evaluation is rather cum-
bersome, but we can use the fact that the acoustic energy
density per unit volume V is related to the strain field as
E/V=pv2§?/2 [32], where the crystal density is p and v, is
the speed of sound. To the first approximation, acoustic
phonons can be considered to follow the Bose-Einstein dis-
tribution [31] and at temperature 7 their mean energy is

1
explhQ D] -1 2]

E=> hQ,

s

(30)

where different modes s imply in different wave vectors and
transverse or longitudinal component. For a given frequency
QO <kgT/h, the dependence of the energy density on the tem-
perature is linear. The coupling term cj; should have a linear
behavior with temperature.

Very few parameters involved in the value of #; in Eq.
(29) can be controlled, in an attempt to reduce the contribu-
tion of this noise in quantum optics experiments. Finding
crystals with smaller refractive index and photoelastic ef-
fects, while maintaining high optical nonlinearities, is not a
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FIG. 7. Noise coupling term 7, as a function of the position of
the crystal inside the cavity. Solid line is a fit to Eq. (31).

trivial task. On the other hand, cavity parameters (changing
the field’s spatial profile) and crystal temperature can be
changed in order to reduce the extra noise.

A. Intensity dependence

In order to make the study of the noise dependence on the
effective beam waist inside the crystal, we replaced the OPO
cavity with a nearly concentric cavity comprising two spheri-
cal mirrors of curvature radius R=25 cm, separated by 62.6
mm, resulting in a beam waist of wy=27.8 um. The result-
ing Rayleigh length was z,=nmwj/\=8.13(10) mm, where
n=1.788 is the refractive index for mode 0 (532 nm, polar-
ized in the xy plane). Input coupler transmittance is 7=27y
=12.0% and internal losses amount to 2u=3.3%. We mea-
sured the noise coupling for different crystal positions, ob-
taining different values for the effective waist wq. For dif-
ferent positions z of the crystal relative to the position of the
cavity waist, we expect to have, from Eq. (27),

N 2z+ ¢ 2z—¢
——— =njarctan — | —arctan - , (31)
77'Woo(z) 220 2Z0

resulting in the term in parentheses in Eq. (29). As we can
see, this term depends only on the cavity geometry (that
determines the Rayleigh length), on the crystal length €, and
on the refractive index. The results for the evaluation of the
noise coupling at different positions inside the cavity are
presented in Fig. 7. The value of 7, is fitted to Eq. (31) with
an overall multiplicative factor as the single adjustable pa-
rameter, providing good agreement with the theory.

Therefore, the reduction in the waist inside the crystal
increases the noise coupling. On the other hand, it will also
reduce the threshold power. Both effects tend to compensate
each other. According to Eq. (29), the noise level depends on
the intensity, as does the parametric amplification [33]. For
this reason, changes in the cavity geometry are not expected
to significantly affect the contribution of the phonon noise,
even though the threshold power is reduced.
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FIG. 8. Temperature dependence of the noise coupling. Data
points for temperatures above 300 K were obtained in a single
experimental run. For lower temperatures, data points were ob-
tained on different days, leading to the increased dispersion ob-
served. Nevertheless, a clear trend is observed.

B. Temperature dependence

In order to analyze the temperature dependence of the
noise coupling constant 7y, we returned to the original OPO
cavity configuration and controlled the crystal temperature,
heating it above room temperature. As discussed, noise
power is expected to be proportional to the temperature. In-
deed, as can be seen in Fig. 8, the results in the range from
257 to 383 K can be adjusted by a linear fit with 2y(7)
=[5.92(46) X 1073T [K]-1.38(13)] per Watt. This mono-
tonic increase in noise with temperature agrees qualitatively
with the naive model of the phonon noise, although the slope
of the curve does not match the parameters in Egs. (29) and
(30). Furthermore, it can be extrapolated to zero for a finite
temperature. This discrepancy can be explained by the fact
that the simplified model does not account for the tempera-
ture dependence of the photoelastic tensor, the crystal den-
sity, or the speed of sound, and a more complex behavior is
expected. Nevertheless, this result shows consistently that
cooling the crystal reduces the phonon noise. On the other
hand, nonlinear crystals such as LiNbOs;, where phase
matching is obtained by heating the crystal above 370 K,
should give an increased contribution from this noise.

VI. APPLICATION TO OTHER EXPERIMENTS

The additional phase noise treated here has been observed
in different OPOs by several research groups. In a first at-
tempt to understand its origin [14], we observed excess
phase noise in the reflected pump beam, which grew linearly
with the incoming pump power below threshold. Since the
intracavity pump power above threshold remains constant,
this extra noise was initially modeled as a constant noise,
similar to what would be expected from a noisy input pump
[25].

Peng et al. [15] investigated the effect of pump excess
noise in the phase correlation between signal and idler fields
as well. Afterward, they included in their model a gain for
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the pump phase noise [16] and applied this model to the
analysis of previous results obtained from different groups.
In those models, the noise source remained in the pump,
while signal and idler were coupled to this noise source only
through the parametric process. As such, perfectly correlated
classical noise between signal, idler, and pump beams would
be created, in contradiction to the observed discrepancies
[19]. The observation of tripartite entanglement, for instance,
would have been easier.

Another model for this excess noise was recently pro-
posed and applied to the study of bipartite entanglement be-
tween the fundamental and the second harmonic in paramet-
ric conversion [17]. The phase noise introduced is
proportional to the field amplitude, and it is presented as
guided acoustic wave Brillouin scattering (GAWBS) [29]. In
this case, crystal absorption would be the origin of this extra
noise term.

Our model relies on the intrinsic fluctuations of thermal
origin in the refractive index, which scatter photons from the
carrier into the noise sidebands. Here we extend our model to
other experiments. In what follows, based on the cavity pa-
rameters (losses, threshold power, free spectral range, and
detection efficiency) and the measured results of entangle-
ment or squeezing, we calculate the values of the noise cou-
pling terms 7. In order to simplify the number of free pa-
rameters, we assumed that all the noise couplings scale
according to the values independently obtained in our experi-
ment [Egs. (21) and (22)]. Therefore we kept 7=,
= 7]00/4, No1= 7702=0.277]00, and 7]12=0.167]00 and evaluated
the value of 7, using the model of Eq. (14).

Previous measurements of bipartite entanglement in our
laboratory employed another OPO cavity used in Refs.
[14,28]. Noise in these systems could be correctly fitted with
700=0.72 per Watt. In the first demonstration of bipartite
entanglement in the above-threshold OPO [11], a value 7
=0.64 per Watt accounts for the difference of 0.21 units of
SQL between the measured quadrature noise and the ex-
pected value from the theory without additional noise.

Extending this analysis to other measurements, we carried
out the analysis for the frequency-degenerate OPO studied in
Ref. [10]. In their case, the expected value for the phase
quadrature correlation would give a noise level of 47% of the
SQL. Instead, they measured excess noise of twice the SQL.
A noise coupling 775p=1.16 per Watt would explain their
results.

Other experiments presented unaccounted sources of ex-
cess noise. For instance, in a cascaded x'* process [9], pump
squeezing reached only 6% (pump noise equal to 94% of
SQL) in the phase quadrature that could be explained with
M00=0.24 per Watt. This is a reasonable value, considering
here that they used a periodically poled lithium niobate
(PPLN) crystal pumped at 1.064 pum, which is half the
wavelength of the other experiments.

Recently, entanglement between fundamental and second
harmonic in process of up or down conversion in a cavity
was demonstrated. From the work of Ref. [17], using a de-
generate OPO and SHG with injection at both wavelengths,
we could calculate the relation of the constants 7, using the
given value for the parameter &, obtaining values of 7
=0.77 per Watt and 7;;=0.19 per Watt.
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All those experiments, involving different crystals, wave-
lengths, and configurations, returned values for the noise
coupling of the same magnitude of the results obtained in the
present paper. Other experiments with the OPO, such as twin
beam generation, involved only amplitude quadratures. Thus,
they were free from this excess noise source. The reported
values of squeezing matched the expected results once the
technical problems were taken in account. The fact that am-
plitude noise is uncoupled from the fluctuation in the refrac-
tive index due to phonons inside the crystal is a good reason
why they were observed long before phase quadrature
squeezing and entanglement.

On the other hand, the experiment of squeezing in SHG
[7] was performed with a scanning cavity that presented
squeezing at exact resonance but with very high excess noise
for nonzero detuning. In this case, amplitude and phase noise
are coupled in the drift matrix, and the excess phase noise
owing to the additional phonon noise, expected to be present
in that case, was coupled to the amplitude.

For experiments with the OPO below threshold, the pump
field acts as a classical field, driving the parametric process,
and therefore the noise remains uncoupled. Since these ex-
periments have negligible intracavity power for the gener-
ated vacuum modes, the scattering of the central carrier can
be neglected. Nevertheless, it may still act as an extra loss
source and may need to be considered when attempting to
obtain very high levels of squeezing.

Not all the other experiments considered could be suc-
cessfully analyzed by our model. Exceptions, resulting in
smaller values for the noise coupling 7 were observed. In a
letter by Peng et al. [12], the difference of 10% of SQL
between theory and measurement could be explained by a
value of 79,=0.68 X 1072 per Watt, which is much smaller
than the value obtained in the present paper. Another com-
munication by Pfister er al. [13] would yield 7,,=0.84
X 107! per Watt for the difference of 14.2% of the SQL in
the phase correlation. In both cases an (almost) open cavity
for the pump mode (very low cavity finesse) was employed.
This invalidates the assumption of small losses for the pump
mode used in the present model.

VII. CONCLUSION

We analyzed the unexpected phase noise observed in op-
tical parametric oscillators and developed a model that
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agrees well with the experimental results. The origin of the
noise was determined to be the random fluctuations of the
refractive index (or the crystal permittivity) induced by ther-
mal phonons within the crystal. This fluctuation scatters light
from the mean field into the noise sidebands, acting as an
additional noise source in quantum optics measurements.

The noise source was characterized for a cavity with a
KTP crystal, and the observed results agree well with the
model regarding the noise dependence with power, cavity
geometry, wavelength, and temperature dependence. The lat-
ter is the strongest evidence of the role played by the
phonons. We applied the noise model to the OPO and ob-
served good agreement with the experiment.

Other systems reported in the literature were analyzed,
and the model consistently succeeded in explaining discrep-
ancies between the theory without extra noise and the ob-
served results. The additional noise value we have inferred
for most of the experiments was on the same order of mag-
nitude of the noise we measured in the present paper. This
indicates that such an effect may have to be considered in
designing other quantum optical systems with nonlinear
crystals inside cavities.

Our recent research has been driven by a quest for three-
color tripartite pump-signal-idler entanglement in the above-
threshold OPO [18,19]. Previous attempts were frustrated by
the presence of this extra noise source of then unknown
physical origin. Following the results presented here, by low-
ering the crystal temperature, we finally succeeded in experi-
mentally observing the direct generation of tripartite en-
tanglement [34], producing three entangled fields of different
colors. We expect interesting applications in quantum infor-
mation for this unusual light source.
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58 CAPITULO 3. EXCESSO DE RUIDO NO OPO

O modelo apresentado nao sé ajustou bem nossos dados, como conseguiu, com su-
cesso, ajustar diversas medidas anteriores. Em relagao ao modelo proposto na demons-
tracdo de emaranhamento entre o bombeio e o sub-harmonico [45], e sua hipdtese de
espalhamento Brillouin por ondas actsticas guiadas (GAWBS) [46], conseguimos obter
uma descri¢ao detalhada do comportamento do ruido, e mostrar sua dependéncia com a
temperatura. Contrariamente ao que fora apresentado naquele artigo, nao ha o acopla-
mento de flutuagoes de temperatura, induzidas por flutuacoes de intensidade. Tampouco
havia o acoplamento de flutuagoes de intensidade em variacao do indice de refragao por
efeito Kerr. Ha o espalhamento de fotons da portadora central do campo para as bandas
laterais, adicionando ruido ao sistema que, de outra forma, seria idealmente puro, na
auséncia de perdas espurias.

Como resultado, conseguimos enfim controlar o ruido no OPO, e mostrar que ele era
o grande responsavel pelas limitacoes observadas acima do limiar de oscilacao, quando a
resposta do sistema abaixo do limiar de oscilagao concorda muito bem com a teoria. Além
disso, mostramos que este ruido esta ausente na correlacao de intensidade, o que explica
a excelente concordancia das medidas de feixes gémeos observada desde as primeiras
medidas. Uma vez com este controle adquirido, temos a possibilidade de estudar o
emaranhamento entre os trés campos do OPO, tema do nosso proximo capitulo.



Capitulo 4

Emaranhamento Tripartite

Os questionamentos iniciais sobre o acoplamento do ruido do bombeio ao ruido dos mo-
dos sinal e complementar levantaram uma outra suspeita, como fora proposto pelo meu
colega, Paulo Nussenzveig. Se ha um acoplamento de ruido do bombeio ao sinal e com-
plementar, e se estes nao estao mais em um estado puro acima do limiar de oscilacao,
mesmo no caso tedrico de um OPO perfeito, houve uma perda de informacao no sub-
sistema dos feixes convertidos. Para onde foi esta informacao, se o processo todo é, a
principio, unitario?

Tripartite entanglement

Generation of pairs of
photons, with pump
depletion:

AN, =- (AN, + AN)/2

Energy conservation

0, +t0, =0,

Figura 4.1: A hamiltoniana de interacao leva a troca de fotons entre os campos, con-
servando energia no processo nao-ressonante, no qual o cristal atua apenas como um
mediador entre os campos.

Esta questao apontou para a existéncia de informagao compartilhada entre o bombeio,
sinal e complementar. Ou seja, existem correlagoes esperadas entre os trés campos. De
um lado, dada a conservagao de energia, e a consequente relagao entre as frequéncias wy,
wi € wy, é de se esperar que mais do que simplesmente a correlagao entre as fases dos
campos sinal e complementar, haja também a correlacao destas com a fase de bombeio.
Por outro lado, o fato de termos uma deplecao no campo de bombeio intracavidade leva
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60 CAPITULO 4. EMARANHAMENTO TRIPARTITE

a ideia de uma correlagao entre as intensidades deste, com as intensidades dos modos
sinal e complementar.

Para entender como ocorre o emaranhamento, podemos pensar na hamiltoniana do
OPO como envolvendo as hamiltonianas de trés cavidades independentes, em compri-
mentos de ondas distintos, acopladas por um hamiltoniano de interacao

Esta hamiltoniana de interacao implica na aniquilagdo de um féton no bombeio para
a criacao de um féton no modo sinal, e outro no complementar. O processo inverso, por
sua vez, pode ocorrer também. A conservacao de energia implica em uma relacao estrita
para as frequéncias dos campos.

H=Hy+H +Hy, +V (( - )

Figura 4.2: Emaranhamento no OPO: a interacao 1% acopla as hamiltonianas H; de trés
modos do campo de cavidades que seriam de outra forma independentes, envolvendo
perdas pelo espelho de acoplamento, campo de alimentacao intracavidade, e reflexao
pelos espelhos.

Para descobrir como podemos colocar este emaranhamento em evidéncia, retornamos
as equacoes do OPO na descricao linearizada e verificamos que, na operagao acima do
limiar, o sistema apresenta correlagoes entre os modos convertidos e o modo de bombeio,
e ainda que estas correlacoes sejam mais fracas do que as que ocorrem entre sinal e
complementar, elas sao suficientes para caracterizar o emaranhamento tripartite.

Em colaboracao com o prof. Claude Fabre, durante sua visita dentro de um acordo
CAPES/COFECUB, estudamos este comportamento e verificamos que o OPO, para
algumas frequéncias de analise e algums condigoes de poténcia de bombeio, viola as
desigualdades de van Loock e Furusawa [9]. Podemos construir trés inequagoes a partir
da descricao do operador densidade de um estado separavel. A violacao de apenas duas
destas inequacoes, como podem ser vistas no apéndice, sao uma demonstracao suficiente
do emaranhamento entre os trés campos.
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Como se pode ver na primeira figura do artigo seguinte, a violagao de uma inequacao
que toma a desigualdade de Duan [42], e sobre ela adiciona informacao da fase de bombeio,
é claramente a mais forte. Isto é claro ao lembrar que o emaranhamento entre os campos
sinal e complementar ja era satisfeito, e verificado pelo critério de Duan, impedindo que
o subsistema possa ser descrito por um operador densidade densidade da forma

P12 = meg’) & pg), (4.1)

portanto, como a matriz pis € obtida tirando o traco sobre o bombeio, fica evidente que
nao é possivel descrever a matriz total como

p=> i ®p), ou (4.2)

p=> pird @ ply. (4.3)

O que verifica-se é que a adi¢ao de informacao da fase do bombeio aumenta a violacao,
um sinal da correlacao deste com os modos sinal e complementar, verificado na inequacao
(3) do artigo.

Sy = A% (p1 — Pa) + A% (G + G2 — o) > 4 (4.4)

onde o parametro ag pode ser variado a vontade, de forma a minimizar o lado esquerdo
da inequacgao acima, o que implica no calculo de uma variancia inferida para ¢; + s,
baseado na correlacao desta grandeza com ¢y e na variancia destas duas’.

E necessario ainda testar a hipdtese de que o sistema possa ser descrito por um
operador densidade do tipo

p=> piry) @Y. (4.5)

Ou seja, neste caso as correlagoes entre bombeio e sinal, ou bombeio de complementar,
poderiam igualmente ser descritas como tendo origem classica, representada por uma
mistura estatistica com pesos p;. Neste caso, a violacao de uma das inequagoes abaixo
seria suficiente para descartar as trés possibilidades de separabilidade no sistema.

Sy = A? (po +p1) + A? (1 — Go + a2d2)

>
Sy = A% (Po+pa) + A% (Go — Go + uGy) >

4, (4.6)
4. (4.7)

Como os campos sinal e complementar sao simétricos, na teoria as variancias corrigidas
Sy e S3 sao ideénticas

O que notamos neste caso é que, exceto para uma regiao extremamente préxima da
poténcia de bombeio (figura 4.3) a violagao é verificada. Isto nos d4 um testemunho de
emaranhamento confidvel, com uma violacao méxima a cerca de 60% acima do limiar de
oscilagao. A perda deste testemunho perto do limiar pode ser compreendida pelo fato de
que, neste caso, a deplecao do campo de bombeio é menor, e o acoplamento deste com
os campos sinal e complementar é mais fraco

!Para maiores detalhes no célculo, veja o apéndice
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Figura 4.3: Medidas esperadas das testemunhas de emaranhamento em funcao da
poténcia de bombeio o (normalizada pelo limiar de oscila¢ao) e da frequéncia de anélise
w (multiplicada pelo tempo de voo intracavidade.

Este resultado, quando de sua submissao, gerou reagoes opostas entre os “referees”.
Um deles coloca que a teoria do OPO ja era conhecida deste o final dos anos 80, o que
¢é fato. Porém, em sua opiniao, nao haveria nada de novo no trabalho pelo fato de usar-
mos uma teoria “antiga”. O segundo “referee”, no entanto, tem uma reagao justamente
oposta: do seu ponto de vista, tomando as equacoes conhecidas deste a década de 80,
demonstramos algo que havia passado desapercebido desde entao. O emaranhamento
tripartite, e as implicacoes de termos trés campos emaranhados, com suas aplicagoes as
implementagoes de informagao quantica, sé seriam evidenciadas posteriormente. Diver-
sas propostas de geragao de emaranhamento entre trés campos haviam sido feitas até
entao, porém sempre em configuracoes mais complexas usando a interferéncia de campos
comprimidos [47, 48]. J& para gerar campos emaranhados de cores distintas, os esquemas
pediam diversos campos de bombeio e multiplas nao-linearidades, levando a operagoes
de soma e subtracao de frequéncias [49]. O que mostramos foi a forma mais simples
de gerar emaranhamento tripartite, com a vantagem de usar um tnico OPO, com um
Unico termos nao-linear de acoplamento, permitindo obter na saida trés modos de cores
distintas com emaranhamento.
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We calculate the quantum correlations existing among the three output fields (pump, signal, and idler)
of a triply resonant nondegenerate optical parametric oscillator operating above threshold. By applying
the standard criteria [P. van Loock and A. Furusawa, Phys. Rev. A 67, 052315 (2003)], we show that
strong tripartite continuous-variable entanglement is present in this well-known and simple system.
Furthermore, since the entanglement is generated directly from a nonlinear process, the three entangled
fields can have very different frequencies, opening the way for multicolored quantum information

networks.

DOI: 10.1103/PhysRevLett.97.140504

Entanglement, which is probably the strangest of all
quantum phenomena, is considered the most important
resource for future quantum information technology.
Recent experiments on quantum computing, storage, and
communication of information utilize different “quantum
hardware,” such as atom clouds [1], quantum dots [2], and
trapped ions [3], all with different resonance frequencies.
These systems will probably be used in nodes of quantum
networks, implying the necessity of devising ways to ad-
dress them without loss of quantum information. For net-
works with several nodes, multipartite entangled light
beams will be important to carry out such tasks.

Most of the current realizations of entangled light beams
are implemented by combining squeezed beams on beam
splitters [4—9]. The beam splitter transformation is linear
and does not lead to entangled beams of different frequen-
cies. In order to produce multicolored entangled beams it is
important to generate them directly from a nonlinear pro-
cess. In the case of bipartite two-color entanglement, this
has been done very recently, in the above-threshold optical
parametric oscillator (OPO) [10-12].

The OPO is the best known and most widely used source
of entangled continuous variables for quantum informa-
tion purposes [13]. Nevertheless, focus thus far has been
on the down-converted beams it produces, usually over-
looking quantum properties of the pump beam. Recent
proposals for direct generation of tripartite entanglement
use so-called cascaded nonlinearities, combining down-
conversion and sum or subtraction frequency generation
[14], which are not present in standard OPOs. In this
Letter, we theoretically demonstrate that the standard triply
resonant above-threshold OPO naturally produces pump-
signal-idler tripartite entanglement. We show that the
down-converted and the pump fields’ noises violate in-
equalities which are sufficient for witnessing entanglement
[13]. We believe this to be the simplest and most practical
proposal of a multicolored multipartite entanglement
source to date.

0031-9007/06/97(14)/140504(4)
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PACS numbers: 03.67.Mn, 03.65.Ud, 03.67.Hk, 42.50.Dv

For tripartite systems with subsystems (k, m, n), if the
state is partially separable, the density operator can be
written in the form of a statistical mixture of reduced
density operators p,; s, and p; ,:

P = MiPim® Pin e))

with weights 7; = 0 satisfying > ;7; = 1. A necessary
condition for separability of two subsystems was demon-
strated by Duan et al. [15], in the form of an inequality: if it
is violated, there is bipartite entanglement. This criterion is
easily checked experimentally by measuring second order
moments of combinations of operators acting on each of
the subsystems.

The inequality presented in Ref. [15] for the variances of
two combinations of positions and momenta (X;, p;) of
subsystems j = {1, 2} can be readily extended to a combi-
nation of three subsystems [16]. If we define two commut-
ing operators &I = hix; + hyX, + h3X; and 0 = g p;+
g>P» + g3P3, where the h; and g; are arbitrary real pa-
rameters, for a (partially) separable state written in the
form of Eq. (1), inequalities of the form:

(A%a) +(A%0) = 2(|h,g,] + higi + hngnl),  (2)

with different permutations of the subsystems (k, m, n),
must hold. Therefore, violations of the inequalities corre-
sponding to the three possible permutations suffice to
demonstrate tripartite entanglement.

For electromagnetic fields, position and momentum op-
erators can be replaced by the field amplitude and phase
quadrature operators, defined as functions of the creation
and annihilation operators as p;(1) = [e"g"/&j(z‘) +
e ia;(n] and §;(t) = ile’sal (1) — e"#1a;(r)], where
the phase ¢; of each mode is chosen from its mean value
in order to have (§;) = 0. In this case, p represents the
amplitude fluctuations of the field, and § is related to the
phase fluctuations. From the commutation relation

© 2006 The American Physical Society



PRL 97, 140504 (2006)

PHYSICAL REVIEW LETTERS

week ending
6 OCTOBER 2006

[a;,al]= 6,y it follows that [p;, §;] = 2i8;;. In the
present situation, we look for violations of the following
inequalities:

Sy = (A% Py — pa)y +(AX Gy + G2 — apgo)) =4, (3)
Sy = (A%(pg + p1)) + (A%(Gy + a2Gs — o)) =4, (4)

S3 = (A% (po + pa)y + (A*1g1 + G2 — §o)) =4, (5)

with an optimized choice of the free parameters «;, in
order to show that all three modes are entangled, i.e., that
the state of the full system is not even partially separable.
The tripartite entangled fields are directly produced by a
triply resonant nondegenerate OPO, composed of a y?
nonlinear crystal placed inside an optical cavity (a full
description of field mean values and tuning characteristics
can be found in Ref. [17]). The OPO is a well-known
source of nonclassical states of the electromagnetic field,
both above and below the oscillation threshold. In this
system, a pump photon of frequency w is down-converted
into a pair of signal and idler twin photons of frequencies
w, and w,. These fields exit the cavity and can be easily
separated by color (pump) and polarization (signal and
idler) in the case of type-II phase matching. Below thresh-
old, signal and idler modes are in an entangled state with
zero mean values for the electric field [18]. Above thresh-
old, the parametric coupling leads to both intensity cou-
pling between the three modes (this is the well-known
pump depletion effect: a pump photon is destroyed each
time a couple of twin and idler photons is created) and to
phase coherence between them: the sum of the signal and
idler field phases is locked to the pump phase as a con-
sequence of energy conservation (w; + w, = wg). This
leads to both intensity and phase correlations between the
three modes that extend to the quantum regime, and even-
tually culminate in tripartite entanglement as we show
below. So far, physicists’ interest has been concentrated
on the signal and idler quantum correlations [19] or on the
pump squeezing [20]. The full three-mode system has
indeed genuine quantum properties [21], which are partly
lost when one traces out the pump mode, although the
signal and idler modes remain of course entangled [10].
Quantum fluctuations of the system are calculated as
usual [22]: we start from the evolution equations of the op-
erators of the three modes (4, @;, @,) inside the OPO cav-
ity. We write the field operators as the sum of their mean
values and a fluctuation term and, assuming that the fluc-
tuations are small compared to the mean fields, which is
true everywhere except very close to threshold, we linea-
rize these equations around the classical mean values [17].
One obtains in this way six linear Langevin equations that
enable us to calculate the evolution of the real and imagi-
nary parts of the intracavity fluctuations of the three fields.
If we assume that the cavity transmission factor and the
extra-losses are the same for the signal and idler modes, the

evolution equations can be decoupled into two independent
sets [22]: two equations for the signal and idler dif-
ference, and four equations coupling the sum of the signal
and idler fluctuations to the pump fluctuations. Using the
input-output relation on the coupling mirror, one obtains
the output field fluctuations in Fourier domain, 6 p({)) =
[aﬁO(Q)) 6QO(‘()’)) 6ﬁl(Q)) 6@1(9)) aﬁZ(Q)) 6@2(9)]T’ as
a function of the input field fluctuations. This enables us
to determine the full 6 X 6 three-mode covariance matrix,
C = (6p(Q)8p(—Q)T), of the pump, signal and idler out-
put modes, and the variance of any combination of these
modes. The full treatment is described in Ref. [23].

From the calculated covariances, we derive the opti-
mized values of the parameters «; which minimize the
quantities Sy, S, and S5 of Egs. (3)—(5) as functions of the
covariance matrix elements for the output field, and calcu-
late the corresponding minimum value for these three
quantities. We take typical experimental conditions: cavity
coupling mirror transmittance for pump 7, = 10% and
signal and idler beams 7' = 2%, and exact cavity resonance
for the three modes. We can now study the dependence of
S, S, and S3 with the normalized pump power o (power
normalized to the oscillation threshold on resonance) and
with the analysis frequency w (normalized to the inverse of
the cavity round trip time 7).

In Fig. 1, we display the minimized value of S;. As can
be seen, S™" is smaller than 4 in all the presented range of
parameters, which establishes the inseparability of the
signal and idler modes. Let us stress that the resulting
violation, with the optimization of the variance, is much
stronger than that observed by tracing out the pump mode
and looking only at signal and idler modes under the Duan
et al. criterion [23]. In the present case, the measurement of
pump phase increases the knowledge that one can obtain
about the idler beam phase from the measurement of the
signal phase. Nevertheless, the state can still be partially
separable if the other two inequalities [Egs. (4) and (5)] are
not violated. The interchangeability of the roles of signal
and idler makes evident that S, = §5. The common mini-
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FIG. 1 (color online). Optimized sum of variances, S’l"i", for
Eq. (3): o = pump power relative to threshold, w = analysis
frequency, in units of 1/7.
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mized value of this quantity is shown in Fig. 2. We observe
that it is also below 4, implying inseparability for a broad
range of values of analysis frequency and pump power,
even though the violation is not as strong as for STt
(Fig. 1). Correlations between the twin beams tend to be
stronger than those between one of the twins and the pump,
since the pump is not generated inside the cavity. STi" =
Smin js everywhere larger than = 1.7, a value obtained for
o = 1.6. For this value of o, all three fields have approxi-
mately the same intensities, which is in general the best
situation for observing correlations.

Another method to characterize the amount of entangle-
ment in a system is to study the eigenvalues of its covari-
ance matrix: they provide information about the maximum
squeezing that can be obtained from the different modes by
unitary transformations and about the maximum bipartite
entanglement that can be extracted from these modes [24].
In our case, the minimum eigenvalue is given by the
variance of p; — p,. The next lower eigenvalue is related
to the combination of phases in the form (§; + ¢, — B4o),
where ( is a real number. Both values can be strongly
squeezed, at the expense of excess noise for the variances
of their conjugate variables.

From these two smallest eigenvalues A, A, we calculate
the logarithmic negativity Ey = max[0, —log,(A;A,)/2]
[25,26]. This is a computable measure of the degree of
bipartite entanglement of a system, and it is especially
useful owing to its immediate extension to entangled
mixed states. We calculate here the difference, E9f, be-
tween the logarithmic negativities for the full system and
for just the signal and idler modes, tracing out the pump.
This difference is positive for the full range of parameters
displayed in Fig. 3, with maximum values obtained for low
analysis frequencies (@ < 0.02/7). It is clear that quantum
information is present in all three modes and one only
recovers a fraction of it when restricting measurements to
signal and idler beams.

The tripartite pump-signal-idler entanglement in the
OPO can be observed in a broad range of frequencies

FIG. 2 (color online). Optimized sum of variances, S‘z"i“ =
S50, for Egs. (4) and (5): o = pump power relative to threshold,
= analysis frequency, in units of 1/7.

and pump power. The correlation is, as expected, stronger
for analysis frequencies below the cavity bandwidth T/7
for the signal and idler modes, and for pump powers close
to threshold, although it does not depend so much on this
last parameter. Calculations from the covariance matrix
show that there is a small dependence of S; and S, on
the cavity detunings, which is important because the lock-
ing of the OPO is typically done with some small detuning
for pump and down-converted modes. If we consider the
presence of spurious losses inside the cavity, there is a
linear increase of the value of S| with these losses, much in
the way observed for the intensity correlation of twin
beams emitted from the OPO. As for S,, inseparability
no longer occurs for lower analysis frequencies, but still
holds for a wide range of the parameters o and w.

In conclusion, we have demonstrated that the standard
nondegenerate optical parametric oscillator directly yields
tripartite entangled light beams when operating above
threshold. Above-threshold OPOs have produced the high-
est level of intensity quantum correlations to date [27].
Figure 1 shows that they can also produce a very low bound
for the combined phases quantum fluctuations. Thus, the
magnitudes of expected quantum correlations are among
the best achievable at present. The experimental realiza-
tion of this system is much simpler than the proposals
based on combined nonlinearities [28], especially consid-
ering the high degree of experimental control achieved
over the OPO. We also note that the above-threshold
OPO entanglement renders it a possible device for such
tasks as a tripartite teleportation network [8]. Moreover,
it allows distribution of quantum information through three
modes of very different frequencies, a topic that is attract-
ing growing attention [10,29,30]. This is of practical in-
terest, since high efficiency photodetectors are only avail-
able in limited ranges of the electromagnetic spectrum.
Frequency-tunable quantum information will also be very
useful for light-matter interfaces in quantum networks.

FIG. 3 (color online). Difference between logarithmic nega-
tivities, ES, for the full three modes and for only signal and
idler modes. o = pump power relative to threshold, w =
analysis frequency, in units of 1/7.
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4.1. AS PRIMEIRAS TENTATIVAS 67

4.1 As primeiras tentativas

Depois da proposta tedrica, fica evidente que o préximo passo era a realizacao da medida
em si. Esta tarefa ficou a cargo de uma estudante de doutorado, Katitscia Nadine
Cassemiro, que ja estava envolvida nas medidas de emaranhamento bipartite, e portanto
estava bem familiarizada com o sistema.

Como de habito, a medida parecia facil, uma vez que tinhamos enfrentado a maioria
dos problemas conhecidos no caso bipartite. A principio, bastaria montar uma cavidade
de analise extra para medir o feixe refletido pelo OPO. Infelizmente, o primeiro espelho de
acoplamento que empregamos tinha uma transmissao muito baixa, e perdas excessivas.
Com isto, a cavidade nao operava a contento, e nao chegava a fazer o giro de elipse.

O melhor que foi possivel fazer, nesta primeira etapa, foi usar o OPO estudado na
ref. [8], e tomar o feixe de bombeio refletido por sua cavidade, fazendo uma medida direta
da intensidade, enquanto aguardavamos os novos espelhos para a cavidade de andlise do
bombeio. A escolha deste OPO nao fora fortuita: o mesmo tinha uma ressonancia estreita
para a cavidade de bombeio, e pela teoria deveria dar um acoplamento mais balanceado
entre os trés modos.

Além disso, ainda que esperassemos correlacoes entre a soma das quadraturas fase dos
modos sinal e complementar com a fase do campo de bombeio, e nao com a intensidade, o
fato do OPO ter uma cavidade estreita em frequéncia para o bombeio permitia trabalhar
levemente fora da ressonancia exata para este modo, e assim usar a propria cavidade
do OPO para converter fase em amplitude. Como os modos sinal e complementar sao
travados pela eletronica na ressonancia exata podemos jogar com a temperatura do cristal
(estabilizada na faixa de 10 mK), e controlar a dessintonia no modo de bombeio. Com
isso, a flutuagao da quadratura amplitude pg se acopla a da quadratura fase go. O
resultado é a existéncia de correlagoes entre as fases dos modos sinal e complementar e a
amplitude do bombeio refletido.

Na figura 3 do artigo, notamos que o OPO, sem a informagao adicional do bombeio,
mostra emaranhamento bipartite apenas para poténcias até 15% acima do limiar de
oscilagao. Com a adigao da informacao do bombeio, podemos estender a faixa até 30%
acima do limiar. Esta foi a primeira demonstracao de correlagao quantica entre trés
campos de cores distintas, cobrindo mais de uma oitava do espectro eletromagnético.
Isto poderia ser 1util para a realizacao de teletransporte no sistema bipartite, posto que
a informacao do bombeio pode ser empregada para reforcar a correlagao verificada, e
garantir sucesso no processo de teletransporte, o que nao seria possivel usando apenas
dois feixes. Isto seria muito semelhante a montagem de uma rede quantica, como fora
proposto por Furusawa [47]. No entanto, o emaranhamento tripartite pedia mais do que
isso, e por seu carater amplo em frequéncia torna-se um sistema mais interessante para
aplicagoes de teletransporte.
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Quantum correlations among bright pump, signal, and idler beams produced by an optical parametric os-
cillator, all with different frequencies, are experimentally demonstrated. We show that the degree of en-
tanglement between signal and idler fields is improved by using information on pump fluctuations. To our
knowledge this is the first observation of three-color optical quantum correlations. © 2007 Optical Society of
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Quantum correlations are a signature of nonclassical
light generation. The optical parametric oscillator
(OPO) is the best known and most widely used source
of such correlations. Squeezing in the intensity differ-
ence of the twin beams that the OPO produces above
threshold” (signal and 1dler) yielded the record value
for squeezing of -9.7 dB.? Bipartite continuous vari-
able entanglement in this system, which requires the
observation of phase antlcorrelatlons as well, al-
though predlcted in 1988,> was demonstrated only
very recently.*® The parametrlc process involves
three fields, yet the pump field is typically treated as
a classical quantity. As an exception, quantum prop-
erties of the pump were first measured by Kasai
et al.” This raises a natural question: are there quan-
tum correlations among all three fields? An afﬁrma-
tive answer was recently given by Villar et al.,® who
investigated the problem theoretically. Here, We pro-
vide what we believe to be the first experimental af-
firmative answer by observing triple correlations
among quadratures of pump, signal, and idler fields.

Beyond the demonstration of nonclassical light fea-
tures, one should notice that all three fields have dif-
ferent frequencies. Interest in quantum frequency
conversion developed in the early 1990s”'° and opens
perspectives for the interaction of light with physical
systems having different resonance frequencies. The
above-threshold OPO produces, in general, nonde-
generate twin beams, and the pump beam has ap-
proximately twice their frequencies. Three-color
quantum correlations increase the number of physi-
cal systems that can be simultaneously investigated.
Correlations with the pump can also be used to en-
hance the bipartite entanglement between the twin
beams, as we show below.

Quantum correlations should exist between the
phase quadrature of the pump field and the sum of
phase quadratures of the signal and idler fields as a
direct consequence of phase matching, ko=Fk;+%s,
and of energy conservation, wy=w;+wy. These condi-
tions imply that phase fluctuations are related fol-
lowing S8¢y=d,+ 6py. This qualitative argument is
confirmed by detailed theoretical predictions.>® Indi-
ces j €{0,1,2} refer to pump, signal, and idler fields,

0146-9592/07/060695-3/$15.00

respectively. The quadratures are defined through
the field annihilation operators d;=exp(i®;)(p;+iq;),
where ¢; is chosen so that (§;)=0. When the OPO is
detuned from exact triple resonance, this phase—
phase correlation, Céoq+=<6<j05@+>, is partially trans-
ferred to an amplitude—phase correlation, CPoq
=(9Pdq,), owing to phase noise to amplitude noise
conversion'! inside the OPO cavity [§, = (§,+{s)/ J2].
Our experiment is designed to measure joint fluctua-
tions of a combination of ¢, and p, and compare them
with the shot-noise level, which defines the standard
quantum limit (SQL). This will enable us to improve
the bipartite entanglement of the twin beams.

Twin beam entanglement is proved by violation of
an inequality derived by Duan et al. 12 and Simon.
Van Loock and Furusawa'* generalized it to include a
third field:

A%p_+ A%(G, — agho) = 2, ap =

A%y
Here o is a parameter chosen to minimize the left-
hand iide of the expression above and p_=(p;
—p9)/ 2. Each term A%p_ and A?(G, — agp,) is normal-
ized to the SQL. Our attention will be focused on the
corrected phase sum noise (second term above),
which can be rewritten as

2

Dod

AZg) =
q. I

A%G, - Bo; Bo= (2)

If A%4! <1 and B,# 0, there is a quantum correlation
between p, and q,.

The experimental setup is sketched in Fig. 1. The
triply resonant type II OPO is pumped by a
frequency-doubled diode-pumped Nd:YAG laser (In-
nolight Diabolo) at 532 nm. This laser is first trans-
mitted through a filter cavity (bandwidth of 2.4 MHz)
prior to injection into the OPO, which removes all
classical noise for analysis frequencies above
15 MHz. It is important to have a shot-noise-limited
pump, since excess pump phase noise is converted to

© 2007 Optical Society of America
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Fig. 1. (Color online) Sketch of the experimental setup.

PBS, polarizing beam splitter; FR, Faraday rotator; /2,
half-wave plate.

excess noise in ¢,, thus hindering twin beam
entanglement.15 The nonlinear crystal is a 10 mm
long potassium titanyl phosphate from Litton. The
OPO cavity input mirror is flat, directly coated on one
crystal surface, with 97% reflection at 532 nm and
high reflectivity (R>99.8%) at 1064 nm. The other
crystal surface is antireflection coated for both wave-
lengths (R<3% at 532nm and R<0.25% at
1064 nm). The spherical output mirror is a high re-
flector for 532 nm (R>99.8%) and a partial reflector
for 1064 nm, R=96%, with a curvature radius of
25 mm. The OPO cavity bandwidth for 1064 nm is
50 MHz, and the threshold power is 12 mW. Orthogo-
nally polarized signal and idler beams are separated
by a polarizing beam splitter. To measure their
quadrature noise, each beam is reflected off an analy-
sis optical cavity that converts phase noise to ampli-
tude noise as a function of its detuning.'®*® The twin
beams are finally detected on high-quantum-
efficiency (>93%) photodiodes (Epitaxx ETX300).
Both analysis cavities have bandwidths of
14(1) MHz. Overall detection efficiency is 7=80%.
The signal and idler optical frequencies differ by ap-
proximately 0.35 THz, corresponding to AA=1.3 nm
in wavelength. Photocurrents are recorded as a func-
tion of time as both cavities are synchronously
scanned. At the same time, amplitude fluctuations of
the reflected pump beam (extracted by means of a po-
larizing beam splitter and a Faraday rotator) are re-
corded by another photodetector (EG&G FND100,
quantum efficiency 60%), with an overall detection
efficiency of 7,=45% (we are currently working to im-
prove this value by using higher-quantum-efficiency
photodiodes). Noise power spectra are obtained by di-
rect demodulation of the photocurrents. Each photo-
current is electronically mixed with the same sinu-
soidal reference at the analysis frequency v
=27 MHz, and the low-frequency beat signal is
sampled at a 600 kHz repetition rate by an analog-
to-digital card connected to a computer. Variances of
these fluctuations are then calculated by taking
groups of 1000 points and are finally normalized to
the SQL. The shot-noise level is measured indepen-
dently, either by using light at 1064 nm directly emit-
ted from the Diabolo laser or by mixing the OPO’s
twin beams. Ten different values of average intensity
are used for this, and linearity is checked with great
precision. For each intensity, 60 averages of 10,000

acquisition points are made, allowing for an error in
the shot-noise level below 0.5%.

Typical noise spectra of sum and difference of twin
beam quadratures are presented in Fig. 2, as func-
tions of the analysis cavities’ detuning relative to
their bandwidth, A. Phase noise A%§, is measured for
A=0.5 and also (partially) for A=1.4. Far off (|A]
=2.5) and on exact resonance (A=0), the amplitude
noise A%, is measured. The squeezed difference of
amplitude quadratures, A%p_=0.53(2), and the shot-
noise-limited sum of phase quadratures, A2,
=0.99(2), suffice to demonstrate bipartite entangle-
ment, since A%p_+A2%4,=1.52(3)<2.

Quantum correlations between pump and down-
converted fields are demonstrated in the solid curve.
It shows that A2§, can be reduced by using informa-
tion from the pump beam amplitude. When corrected
by By=0.13(3), the shot-noise-limited sum of phases
A%§, becomes squeezed: A%G)=0.86(2). The general-
ized criterion of Eq. (1) assumes the improved value
A%p_+A%G"=1.39(3)<2.

The behaviors of 8, A%G,, and A%§’ are presented
in Fig. 3 as functions of pump power relative to
threshold, . Each experimental point was taken
from curves similar to those of Fig. 2. The solid
curves were calculated from the standard linearized
OPO theory.’ As described in Ref. 19, the theory has
to be corrected to include extra noise that is acquired
by the intracavity pump field and that is not related
to the parametric process. We model this by simply
adding noise to the input pump field. This noise de-
pends on the OPO cavity detuning for the pump
field.” Since in our present experiment we do not
have precise control or knowledge of OPO cavity de-
tunings for the pump, Aj, and the downconverted
fields, A’ (all normalized to the OPO cavity band-
width for the twin beams), these are used as free pa-
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Analysis cavities' detuning, A (relative to bandwidth)

Fig. 2. (Color online) Noise spectra at 27 MHz as a func-
tion of the analysis cavities’ detuning. Black curve with
circles, sum of twin beam quadratures; gray curve with
open circles, difference of twin beam quadratures; red
curve, sum of twin beam quadratures corrected by correla-
tions with the pump amplitude. Dashed green line, shot-
noise level (error bars in the shot-noise level measurement
are less than 0.5%). 0=1.34.
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Fig. 3. (Color online) Behavior of A%§, with and without

correction owing to correlations with the pump amplitude
as a function of o. Black squares, A%§,; red circles, A%§)
—Bo; blue triangles, By. The solid curves correspond to the
physical model with pump detuning and excess noise as
free parameters.

rameters to fit the data of Fig. 3. Furthermore, the
excess phase noise added to the input pump, S(‘;(‘),
which is deduced from independent measurements of
the reflected pump beam for Aj=0 and o=1 (S;‘;
~23), also has to be adjusted for the nonzero detun-
ings.

We verify that A%§, is squeezed close to threshold
and its noise increases as the pump power is in-
creased, crossing the shot-noise value at o=1.2. Its
behavior was studied in detail in Ref. 19. The correc-
tion term B, is always nonzero, varying from g,
~0.10 to By=0.23 for increasing o. This is in agree-
ment with the theoretical prediction of Ref. 8, since
the degree of triple correlations should be maximum
close to o=1.5, where all fields have approximately
the same intensity. In particular, for 0<1.3, the cor-
relation between p, and ¢, reveals or increases the
squeezing value in A%§!, attesting its quantum na-
ture. Better control of the detunings® would probably
decrease the scattering of the data points. The theo-
retical model is in good agreement with the experi-
ment. The parameters that best fit the data are A,
=0.2, A’=0.26, and Sq0=15. From these results, we
can surmise that, for Aj=A"=0, o and ¢, should be
strongly correlated.

In summary, twin beam entanglement produced by
an above-threshold OPO can be improved by using
the quantum correlations with the pump beam dem-
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onstrated here. To our knowledge, this is the first ex-
perimental demonstration of three-color quantum
correlations. They can be used, for instance, to in-
crease the fidelity of quantum information distribu-
tion. The measurement of triple optical quantum cor-
relations is a necessary first step en route to the

observation of three-color entanglement in the above-
threshold OPO.
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Depois de superarmos as limitagoes da medida do campo de bombeio, com a aquisicao
de novos espelhos para a cavidade de anélise, refletimos mais sobre o carater da nossa
medida, e as discrepancias observadas entre a teoria e o experimento, investigadas no
artigo [8]. Verificamos que os resultados experimentais se aproximavam mais das medidas
nas quais a cavidade de bombeio apresenta perdas de acoplamento mais elevadas [34, 36],
enquanto que cavidades mais fechadas tornavam-se mais suscetiveis ao excesso de ruido
presento no bombeio [7, 35].

Na nossa hipétese de excesso de ruido de bombeio com origem no cristal, o uso de
cavidades mais fechadas leva a um efeito importante de realimentacao das flutuagoes de
fase adicionadas, enquanto resultados de emaranhamento pareciam mais bem sucedidos
com cavidades de bombeio mais abertas. Optamos entao por uma nova cavidade do
OPO, e uma cavidade de analise para o feixe de bombeio com espelhos de qualidade
e caracteristicas compardveis as empregadas para os modos no infravermelho (sinal e
complementar).

Para nosso espanto, as tentativas realizadas ao longo de oito meses se mostraram
infrutiferas. Como podemos ver no artigo a seguir, retornamos a cavidade da ref. [7], em-
pregada na verificacao do emaranhamento bipartite. Buscando aumentar as correlagoes,
fizemos as medidas a 21 M Hz, avancando dentro da largura de banda da cavidade.
Trocamos os detetores do verde por outos de eficiéncia mais alta (94 %), favorecendo a
medida do sinal e reduzindo o ruido de vacuo adicionado a medida.

Ainda que a violagao da desigualdade (4.4) fosse observada (fig. 4.4), com uma vi-
olacao consistente na variancia inferida da soma das fases dos modos sinal e complemen-
tar, nenhuma das desigualdades (4.6) ou (4.7) era violada, atingindo no maximo o limite
quantico padrao tanto para a amplitude quanto para a fase.

Apesar do insucesso, aprendemos muito neste trabalho. Primeiro, que nosso modelo
apresentado na ref. [8] era insuficiente, como pode ser visto na fig. 4.5. Neste caso,
observa-se um bom ajuste do excesso de ruido de fase para a variancia do modo de
bombeio (A%gg). Porém, para descrever o excesso de ruido na soma das fases (A2q, ),
precisamos adicionar um excesso de ruido duas vezes maior, o qual, no entanto, falha ao
descrever o resultado do célculo da variancia inferida (A?g,).
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Figura 4.4: Medidas das testemunhas de emaranhamento: a) S; (eq. 4.4), a) Sy (eq.
4.6), a) S5 (eq. 4.7)
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Figura 4.5: a) Medida das contribui¢oes do ruido da diferenca das intensidades e da
variancia inferida da soma das fases dos feixes sinal e complementar. As curvas conside-
ram um excesso de ruido no bombeio de 14 unidades do ruido quantico padrao (SQL).
b) Variancia do campo de bombeio. O melhor acordo foi obtido com ruido adicional de

bombeio de 6 SQL.
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Figura 4.6: Observacao de correlacoes quanticas entre as intensidades dos campos bom-
beio e sinal.

Nem todas as noticias foram ruins, no entanto. Na figura 4.6 vemos que pelo menos
na soma das flutuacoes de amplitude dos modos sinal e bombeio temos uma correlacao
quantica, com a obtencao de compressao de ruido neste sinal. A resposta é condizente
com o modelo tedrico, como fora a variancia da diferenca de amplitudes entre sinal e
complementar. Portanto, a parte da amplitude do OPO parecia funcionar a contento.
E ainda que a variancia de van Loock e Furusawa nao fosse violada, ela chegava muito
perto disso.

Os resultados foram divulgados, na espera de novas ideias, novas discussoes, que so-
lucionassem o emaranhamento perdido. O problema foi atacado de duas maneiras. Nas
medidas, para a obtencao dos resultados, foi feita a primeira caracterizacao completa da
matriz espectral de ruido do OPO, para uma dada frequéncia de analise. Sabiamos que
a violacao das desigualdades de van Loock era uma condi¢ao suficiente para o emara-
nhamento, mas nao necessaria. A otimizacao dos pesos dos campos dava margem para
grandes incertezas sobre os melhores valores. Haveria alguma forma melhor de testar o
emaranhamento? Haveria um critério necessario e suficiente para variaveis continuas?

Por outro lado, como lidar com o ruido? Por que o OPO insistia em nao concordar
com a teoria? O que lhe faltava, se o modelo de ruido no bombeio nao era suficiente para
justificar o comportamento do sistema?
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1. Introduction

The optical parametric oscillator (OPO) is a very well-known source of non-classical light.
Quantum correlations between the intensities of the downconverted beams, signal and idler,
were first measured aready in 1987 [1]. Because of the high degree of correlation attain-
able between these two bright light fields, they were called, in the above-threshold opera-
tion, twin beams. In fact, squeezing in the intensity difference reached the impressive value
of —9.7.dB [2]. Aswas first recognized by Reid and Drummond in 1988, the quantum corre-
lations are not restricted to intensity but also extend to their phases. the OPO produces twin
beams in an Einstein-Podolsky-Rosen (EPR) state [3]. EPR-type entanglement was obtained
a few years later in the OPO, but only when operating below threshold [4]. Since then, this
system has been used in many applications in continuous-variable quantum information [5-7].

The measurement of entanglement in the above-threshold OPO would take 17 years to be
realized [8-10], in part because of technical difficulties to perform phase measurements on
bright beamsthat usually have different frequencies. Another important reason was the presence
of an unexpected excess noise generated in the intracavity pump field by the non-linear crystal,
which was transferred to the sum of downconverted phases during the parametric process, as
was discovered by Villar et al. [11]. As a consequence, squeezing in this observable could only
be found very close to the oscillation threshold [8]. This strange feature, unaccounted for by
the theoretical model, went unnoticed until recently, when phase measurementswere performed
abovethreshold. We present here afurther study of the fields' quadrature noises as functions of
pump power to show that the standard theoretical model for the OPO can not account for the
observed features. Even the ad hoc model presented in ref. [11] revealsitself to be insufficient.
These noise features warrant investigation in themselves, which will have to go beyond the
present work.

Another “surprise” was to be encountered in this thoroughly studied system. Although
quadrature squeezing of the reflected pump beam was experimentally observedin 1997 [12], lit-
tle attention was paid to quantum properties of the pump field. In many theoretical approaches,
the pump was treated as a classical quantity. A very recent investigation of the quantum prop-
erties of the full three-mode system, by Villar et al., revealed that all three fields should be
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entangled [13]. This seems to be the simplest system predicted to directly generate tripartite
continuous-variable entanglement. It also appears to be a distinctive feature of above-threshold
operation, in contrast to the widely-used OPO below threshold. The first observation of atriple
guantum correlation was recently reported by Cassemiro et al., who observed squeezing in
the combination of the sum of twins phases with the reflected pump amplitude, for a detuned
OPO [14]. This result was a good indication that phase—phase correlations should be present
for aresonant OPO, as theoretically predicted [13].

Here we present the first direct observation of such triple quantum phase correlations. For
higher pump powers, we show as well that the amplitude of the reflected pump beam is
guantum-mechanically correlated to each of the twin’s amplitudes. To our knowledge, thisis
the most comprehensive experimental characterization of the above-threshold OPO to date. As
for the tripartite entanglement, owing to the spurious excess phase noise introduced by the
non-linear crystal in the intracavity pump field [11], the quantum correlations observed do not
suffice.

The quest for bright multicolor entangled beamswill be rewarded by providing an interesting
tool for quantum information networks, since they can concomitantly interact with physical
systems otherwise incompatible. We describe below our latest experimental advancementsin
this direction.

2. Tripartite entanglement

The existence of direct tripartite pump-signal-idler entanglement can be physically understood
as a consequence of energy conservation. The parametric process imposes for the frequencies
of these fields the relation vo=v1+v, (indices O, 1, and 2 refer to pump, signal, and idler fields,
respectively). Phase fluctuations, regarded as small frequency fluctuations, are therefore con-
nected: 6 pp=0 @1+8 @y. Thisleadsto strong quantum correl ations among the phase fluctuations
of the three fields. On the other hand, the creation of a pair of signal and idler photons inside
the OPO cavity only occurs upon annihilation of a pump photon. In triply resonant cavities, as
we consider here, pump depletion abovethreshold is awell-known effect. Correlations between
the amplitudes of the pump and twin beams are thus created.

In order to demonstrate multipartite entanglement, there exist different criteria[15-17]. We
note that a general classification of multipartite entanglement for continuous-variable states is
still an open problem. As in most recent experiments, we test our system for full inseparabil-
ity [15]: none of the three modes can be described separately from the other two. We denote
the electromagnetic field's amplitude and phase quadratures as p j = exp(—igj)&;j + exp(igj )é}L
and 4 = —i[exp(—igj)d; — exp(i(pj)é}r], respectively, where j € {0,1,2}. Thefields annihila-
tion and creation operators are denoted 4 j and é}, satisfying [éj,é}r,] =90jj, ] €{0,1,2}, and
@j arethefields' mean phases. Tripartite entanglement among three fields can be witnessed by
violation of the following inequalities [13, 15]:

p1— P2 > (G1+0G2 N
Vo = A? +A <—— >>2, 1
0 < 7 ) 73 oo | > @)
Po+ P1 2 (G1—0Go N
Vi = A? +A ( + >>2, 2
1 < 7 ) 7 oo | > )
Po+ P2 2 (G2—Go N
Vo = A2 A >2 3
2 ( 7 >+ < 7 +051Q1> > 2, (3

where o/ are numbers that minimize Vj. These are generalizations for tripartite systems of a
criterion for bipartite systems derived independently by Duan et al. and Simon [18,19]. In fact,

(C) 2007 OSA 24 December 2007 / Vol. 15, No. 26/ OPTICS EXPRESS 18238



if one makes oj = 0, the bipartite criterion is recovered. Violation of at least two inequali-
ties entails full three-mode inseparability [15]. In our case, one has V', = V, according to the
model, since signal and idler beams play the same role in the OPO equations, differing only by
polarization for type-1l conversion, and by optical frequency. In the experiment, these two in-
equalities differ slightly owing to imperfections, such as unbalanced losses for signal and idler
intracavity modes.

Thefirst inequality contains well-known correlations. Itsfirst term, A% [where p_ = (p1 —
p2)/+/2] corresponds to the amplitude correlation between the twin beams. The second one,
A?%G. [where §'. = (G1+G2)/v2— aoo], can be written as the difference of A%, [where
G+ = (G1+ G2)/+/2], which involves the twins' phase anti-correlations, and a correction term
Bo given by their phase correlation with the pump,

o 32
Aqu_ _ AZq+ _ [30 7 [30 _ (quqé;ggqu) ’ (4)
Wherqujqj, =(8G;8Gj), j' # j. Noticethat Bo > 0. 1f A%4, < 0and fBp # 0, thereis aquantum
correlation between all three fields. The inequality corresponding to Vg is violated even in the
absence of the correction term, since signal and idler are entangled [8]. The correlation to the
pump, signaled by By, strengthens this entanglement and increases the region of parameters
where violation occurs [14].

Here, we present an extended experimental investigation of this system, by measuring in ad-
dition the quadrature noises appearing in the second and third inequalities. To simplify notation,
we named the terms appearing in V1 and V, as

AZ". — A2<ﬁo<|>ﬁl>7 5
po] \/é ( )
Aoy = A7 (—q"\;‘" + ajdj) : (6)

Following Eq. (4), we write

. ) (Caoay — Caya;)?
A%qo; = A%Goj — By, By = IZTJ-/”’ (7)
where Goj = (§j — Go)/v2 and j’ # j. Inthis case, Go; is the composite noise of the pump and
one of the twin beams, and 3 is a correction term directly dependent on their correlationswith
the remaining beam.

3. Experimental set-up and system characteristics

The optical parametric oscillator comprises a non-linear y (? crystal disposed inside a linear
Fabry-Perot cavity. The coupling mirror for the pump beam is a partia reflector at 532 nm
(reflectivity R =69.4%) and a high reflector (R >99.8%) at 1064 nm; the coupling mirror for
the twin beams has reflectivities which are equal to 96.0% at 1064 nm and greater than 99.8%
at 532 nm. Thecrystal isa12 mm long type-11 High Gray Tracking Resistant Potassium Titanyl
Phosphate (KTP) from Raicol CrystalsLtd. The crystal temperatureis kept constant by a peltier
element near 25 °C, with a stability of the order of tens of mK. Its losses are approximately
3% at 532nm and less than 1% at 1064nm. Typical threshold power is about 75 mW, and the
OPO cavity bandwidth is §vope=45(2) MHz. A frequency doubled diode-pumped Nd:YAG
source (Innolight Diabolo) at 532 nm is used to pump the OPO. This laser is ‘filtered’ by a
mode-cleaning cavity [20] (bandwidth of 2.4 MHz) prior to injection in the OPO, in order to
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remove al classical noise which could hinder the entanglement for analysis frequencies above
15 MHz[11,21].

Phase fluctuations are measured through a self-homodyne technique using optical cavi-
ties [21,22]. An optical cavity adds a frequency-dependent phase to the field it reflects, as a
function of the detuning between the incident beam carrier frequency and the cavity resonance
frequency. Scanning the cavity resonance (e.g. with a piezo-€electric device to changeitslength)
resultsin different dephasings between the carrier and noise sidebandsfor each cavity detuning.
In the Fresnel planethis can be qualitatively visualized as arotation of the noise ellipse with re-
spect to the mean field. Asaresult, the intensity fluctuations of the beam reflected by the cavity
can correspond to fluctuations of any desired quadrature of the incident beam. It can be shown
that the incident phase quadrature is totally converted into the reflected amplitude quadrature
when the analysis frequency Q is higher than /2 times the cavity bandwidth v [21,22]. The
cavity-carrier detunings A (relative to the cavity bandwidth) for which it occurs are A =~ +0.5
and A= +Q/dv.

Analysis Cavity 1

OPO
A ——
PBS  Rotator i ! PBS
. |

1A .

Filter Cavity

to demodulating Photodetection
chain... and
g Data Analysis

Analysis Cavity 2 =7

Analysis Cavity 0
Fig. 1. Sketch of the experimental setup. PBS: polarizing beam splitter.

A sketch of the experimental set-up is presented in Fig. 1. There are three analysis cavities
in the apparatus, with the following bandwidths: 6v(=11.5(6) MHz, 6v1=14.5(1) MHz and
0v»=13.6(2) MHz, where the indices correspond to the beam analyzed in each one. In order to
measure the pump beam reflected by the OPO we use a Faraday Rotator and a polarizing beam
splitter (PBS). The infrared beams are detected with high quantum efficiency (93%) photodi-
odes (Epitaxx ETX300), resulting in an overall detection efficiency of n = 87(3)%. Another
photodetector is used for the pump beam (Hamamatsu S5973-02, quantum efficiency of 94%),
with an overall detection efficiency of ng = 74(3)%.

The photocurrent high frequency component (HF) is sent to a demodulation chain, where it
is mixed with a sinusoidal reference at the desired analysis frequency (2 = 21 MHz), within a
600 kHz bandwidth. Analysisfrequency is chosen to have the smallest value (since the quantum
correlationsincrease for decreasing frequency) such that the analysis cavity can still completely
rotate the beams’ noise ellipses. The resulting low frequency beat note is acquired at a rate of
600 kHz by an analog-to-digital (A/D) card connected to a computer. Variances of each indi-
vidual noise component are then calculated taking a group of 1000 acquisition points. Finaly,
the noise power is normalized to the standard quantum limit (SQL), previously calibrated [14].

4. Measurement results

Our measurements were performed with the OPO cavity closely resonant to al three fields.
We estimate that the OPO cavity detunings were smaller than 0.05 relative to its bandwidth
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for twin beams. In this situation, amplitude and phase quadratures decouple [21]. All analysis
cavities were synchronously scanned, such that the same quadrature (amplitude, phase, or a
linear combination of them) was acquired simultaneously for the three beams at each time.

I'n our experimental investigation towards tripartite entanglement, we obtain data as presented
in Fig. 2. It shows the noise of the sum (full circles + line) and the difference (full line) of each
pair of beams’ quadrature fluctuations as functions of the analysis cavities' detunings A relative
to their bandwidths (set to be equal during the experiment). The calibrated shot noise level
is given by the dashed line. Fig. 2(a) shows signa-idler combined noises, Fig. 2(b) considers
signal-pump beams, and Fig. 2(c) depicts idler-pump noises. All curves show the expected
noise ellipse rotation: amplitude quadrature noises are measured for large detunings (JA| > 3)
and exactly on resonance (A = 0), while phase quadrature noises appear for detunings half-
bandwidth off-resonance (A ~ +0.5).

A third curve in each Fig. (open circles + line) shows the effect of including information
about the third beam. They are obtained by subtracting the correction term from the sum curve,
in the case of Fig. 2(a), or from the difference curve, in the cases of Figs. 2(b)-(c). The relevant
regionsin the corrected curves are located at A ~ +0.5, corresponding to phase measurements
[(8) A%, (b) A%Gy, and (c) A%Gg,]. All the curves presented in Fig. 2 come from a single
measurement where all three fields' noises were recorded at the same time.

We begin our analysis by Fig. 2(a), devoted to signal-idler correlations and to the noise
correction by the pump beam. The well-known squeezing in p _ is seen for large detunings
in the difference curve, with noise value A2p_ = 0.46(1). The sum curve a A = +0.5 gives
the noise in G, equal to A%G, = 1.28(3). Although no squeezing is observed in § . in this
situation (pump power relative to threshold o = P/Py, = 1.14), entanglement is present, since
A%p_ +A%G, = 1.73(6) < 2, violating the Duan et al. inequality [18]. However, squeezing
can be obtained in the three-field composite observable g/, with the value A%§’, = 0.84(3),
according to the corrected sum curve at A = +0.5. This is the first direct observation of a
guantum correlation among the phases of pump, signal, and idler. Ineg. (1) then provides the
expected violation of thefirst tripartite entanglement inequality, Vo = A2p_ +A2G. = 1.29(5) <
2.

Figs. 2(b) and (c) present pump-twin correlations, and their difference noise corrected by the
remaining twin. These two are very similar, as expected. Thefirst term appearing in Ineqg. (2) is
measured in the sum curve of Fig. 2(b). It is shot noise limited, A%fy; = 1.03(3), as expected
by the theoretical model, for this pump power. The difference of their phases A 2Go1 presents
excess noise, which is reduced by the correction term 3. The corrected difference phase noise
G5y, however, is not squeezed as expected, but shot noise limited aswell, A%G, = 1.01(4). This
saturates Ineq. (2), Va1 = A2foy + A%Gp, = 2.04(11) ~ 2. A similar result holds for Fig. 2(c). In
this case, foz presents a small amount of excess noise, A%fg, = 1.12(2), and Gigp 1S shot noise
limited, A%Gp, = 0.97(3), resulting inV, = A?Pop + AGl, = 2.09(7) > 2 for Ineg. (3).

4.1, Unexpected noise features

Contrary to our expectations [13], we could not observe squeezing in A 2%1 orin Azqu. We
performed several measurements similar to those presented in Fig. 2 and recorded the values
of noises for various pump powers. Each set of curves taken in one measurement scan, as the
ones presented in Fig. 2, gives seven quantities of interest: A2f_, A%G,., A%po, A%Go, A%G,,
A?Poy, and Az%l. Part of the results are presented in Fig. 3, where quadrature noises or their
combinations are plotted as functions of pump power relative to threshold, .

In Fig. 3(a), the behaviors of terms belonging to Ineq. (1) are presented. The only noise
curve that behaves in agreement with the theoretical model is A2p_ (red circles). It's constant
valueis quantitatively compatible with what we expect from the other independently measured
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Fig. 2. Noise measurements of the terms appearing in the tripartite entanglement criteria
of Inegs. (1)—(3) (pump power relative to threshold o = P/Ry = 1.14). As functions of
cavity detuning A, black full circles + line curves correspond to the noises in the sum of
quadratures of two beams, solid red line to their difference, and blue open circles + line to
a corrected noise, in which information from the remaining beam is included. Amplitude
quadratures are measured at large cavity detuning |A| > 3 and at A = 0; phase quadratures
are measured at A = +0.5. (a) The considered pair of beams is signal and idler, and the
corrected sum curve includes the term 3o coming from correlations with the pump beam;
(b) signal—pump beams and difference correction using idler; (c) idle—pump beams and
difference correction using signal. The corrected sum in (a) presents the first direct obser-
vation of a quantum correlation among the phases of pump, signal, and idler: the noise is
26% below the SQL.

OPO parameters (mirror transmissions, total intracavity loss, OPO bandwidth, and detection
efficiency [21]), A%p_ = 0.46(1). Model prediction is the red solid line.

Noise in the sum of twins phases A24.,. (black squares) shows squeezing only very close to
the oscillation threshold (o < 1.1) and excess noise otherwise. The usual theoretical model pre-
dictsthat it should be squeezed for all values of ¢ tested, reaching shot noise only for o > 1, if
the incident pump beam is shot noise limited. The pump beam at the output of the filter cavity
was verified to fulfill this requirement [11]. Yet, as we reported previously, excess noise isin-
troduced in the intracavity pump beam by interaction within the non-linear crystal [11,14]. This
was observed in the pump beam reflected from the OPO cavity, even when no parametric oscil-
lation took place. The data presented in those papers was successfully modeled by introducing
extranoise in the input pump beam. Aswe speculated in [11], this could be due to a non-linear
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Fig. 3. Noise behaviors as functions of pump power ¢. (a) Terms appearing in Ineq (1):
the well-known squeezing in the subtraction of twins' intensity fluctuations AZp_ is shown
in the red circles, noise of twins' sum of phase fluctuations A2G.. are the black squares
and the phase noise corrected by information from the pump Azq/+ are the blue triangles.
(b) Amplitude (red circles) and phase (black squares) noise of the pump beam reflected
by the OPO cavity. Solid lines are tentative fits to the ad hoc model explained in the text.
Predictions differ from the usual ones only for the phase quadratures. Theoretical curves
have the same colors as the experimental curve to which they relate.

refractive index effect, which would generate excess phase noise. The quasi-resonant cavity
would then partialy convert it into amplitude noise. In order to circumvent this effect, we de-
cided to lower the pump finesse, which would minimize accumulated spurious phase shifts (the
authors of ref. [9] claim this to be the main difference between their system, in which they do
not observe this extra phase noise, and others). The OPO cavity finesse for the pump beam here
is much lower than in our previous experiments. This modification entailed a lower reflected
pump excess phase noise and completely suppressed the reflected pump amplitude noise but,
aas, the mystery isfar from solved, as described bel ow.

InFig. 3(b), we present measurements of the reflected pump amplitude and phase quadratures
during oscillation, respectively shown as red circles and black squares, as functions of ¢. We
could not account simultaneously for the data of Figs. 3 (a) and (b). We tried to mimic the
spurious excess noise effect by introducing incident pump phase noise A Zq},” in the equations,
asan ad hoc free parameter. Two different values of this parameter are needed in order to obtain
the (already poor) agreement observed in Figs. 3 (a) and (b). In order to obtain the black solid
curve in Fig. 3 (a), we used the value Aqg‘T = 14; in order to do the same in Fig. 3 (b), we
used Aq{)”p = 6. The reflected pump phase noise is lower than would be needed to account for
the twins' excess phase noise. Furthermore, the reflected pump amplitude noise is even lower
than expected by the linear model with no extra noise (already taking into account the finite
detection efficiency). We also tried to fit our data to a recently proposed model [23] for this
excess noise, but did not obtain good agreement.

Next, we observe a correlation between the pump and twins' phase quadratures. In spite of
its novel manifest quantum nature, we do not find agreement with the model. The blue solid
linein Fig. 3 (), was obtained by using Azqg} = 14. Since we are investigating a correlation
between pump and twins' quadratures, and we could not find a single parameter to account for
pump and twins separately, the poor agreement is not surprising.

The noise features of the reflected pump phase quadrature are indeed more complicated than
could be modeled by a single parameter. We measured this phase noise as a function of the
analysis frequency, for pump powers close to threshold and two different incident polariza-
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Fig. 4. Reflected pump phase noise, as a function of the analysis frequency. Pump power
is close to threshold, but temperature is tuned to avoid triple resonance. In (@), the pump
polarization is such that the phase matching conditions are fulfilled, whereas in (b) the
orthogonal polarization is used. Measurements are normalized to the shot noise level (0 dB
level).

tions.In this measurement, the analysis cavity for the pump beamislocked to adetuning A = 0.5
and the photocurrents are analyzed by means of a spectrum analyzer (Resolution Bandwidth,
RBW = 10 kHz, Video Bandwidth, VBW = 100 Hz). The phase matching conditions for the
parametric process are only fulfilled for one of these polarizations. We observed a rich spec-
trum, presented in Fig. 4, with evenly spaced peaks [spacing approximately 150(10) kHz] of
up to 15 dB of excess noise, on top of a broad ~ 4 dB excess noise plateau. The peak struc-
tureis more pronounced for the “wrong” polarization, for which phase matching is not fulfilled
[Fig. 4 (b)]. At present, we cannot explain these noise features. Further investigation is needed,
in order to reveal the physical mechanism behind such rich structure.

4.2.  New quantum correlations

In spite of these unknown noise features, we could still check our experimental results against
the tripartite criteria of Inegs. (1) — (3). We have already shown violation of Ineg. (1). Owing to
the similarity between the twin beams, Inegs. (2) and (3) should be equivalent, but we obtained
better results for Ineg. (2), as explained above. Our experimental results, as a function of o,
are presented in Fig. 5. A new quantum correlation, among the amplitudes of the pump and
the signal beams (manifest in A%po1, red circles), is observed for the first time in the above-
threshold OPO. We obtain squeezing for higher values of pump power, A ?po; ~ 0.88. Since it
only involves amplitude quadratures, good agreement with the theoretical model (full red line)
is abtained (no excess noise is input in the model). The sum of this term with Aqul (phase
difference between pump and signal phases, corrected by idler phase noise) correspondsto the
left hand side in Ineq. (2). Data for A%Gy, are presented as blue triangles in Fig. 5. The solid
blue line corresponds to the theoretical model with no extra noise (adding extra noise does not
provide good agreement). For o ~ 1.15, we approach the classical limit of Ineg. (2), with the
lowest value given by V,=2.04(11).

Even by including spurious excess noise in the model, we would expect lower noise values
for Az%l, leading to the predicted tripartite entanglement. Although we observed two new
guantum correlations among the pump and the twin beams, tripartite entanglement still remains
to be demonstrated. Our results suggest that further modifications to the setup may suffice.
Technical improvements, such as a reduction of intracavity spurious losses and of detection
losses, entail better squeezing and better detection efficiency.
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Fig. 5. Behaviors of the noise terms appearing in Ineq (2) as functions of pump power
o. The red circles correspond to the first term in the inequality and the blue triangles to
the second one. The former presents the observation of amplitude quantum correlations
between one of the twin beams and the reflected pump beam: thereis ~ 12% of squeezing
for higher o values. The solid lines are the predictions of the model explained in the text,
without added noise. Theoretical curves have the same color as the experimental symbol to
which they relate.

The ability to measure any given quadrature of each field and their combinations, together
with the broad range of pump powers relative to threshold that we can access, allow for com-
plete characterizations of the OPO’s noise properties. In the near future, we expect to determine
the excess noise source, to circumvent it, and reliably generate tripartite entanglement.

5. Conclusion

We presented a new and thorough investigation of quadrature noise of pump, signal, and idler
fields in the above-threshold OPO. Although the OPO theory is well established, an important
part of it had never been tested above the oscillation threshold. We revealed an unnoticed extra
noise in the system and have further characterized several of its features. It seems safe to say
that only phase noise is generated in the intracavity crystal. The amplitude noise observed in
previous experiments was due to phase-to-amplitude conversion by the quasi-resonant cavity.
This effective refractive index should be frequency dependent. Thus, by changing the pump
frequency, it may be possibleto minimizeit. All thisisstill insufficient to pin down the ultimate
physical origin of this noise. More research is needed to solve this intriguing puzzle.

Notwithstanding the unwelcome extra noise, we could demonstrate new quantum corre-
lations among pump and twin beams. The predicted quantum correlation among the phase
quadratures, which is a direct consequence of energy conservation, was observed for the first
time. When operating further above threshold, pump depletion becomes more evident as we
observe the quantum correl ation between the pump and each twin’s amplitudes. By combining
these results, we approached the limit for demonstrating tripartite entanglement: V ¢=1.29(5),
V1=2.04(11), and V,=2.09(7), where a violation correspondsto V; < 2. Hopefully, by improv-
ing the squeezing and the detection efficiencies, we will beat thislimit. As mentioned above, we
should also test other tripartite entanglement criteria, to rule out every possible form of partialy
separable states or their mixtures[16].

The approach to directly generate multipartite entanglement, when compared to its genera-
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tion by means of individual squeezers and linear optics, has the potential advantage of entan-
gling fields of different colors. This advantage is exploited in our setup and we expect it to be
the starting point for multicolor quantum networks.
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4.2. TRIPARTITE AFINAL! 85

4.2 'Tripartite afinal!

Como vimos no capitulo anterior, o modelo do OPO era incompleto. E curioso notar que
um dos grandes trunfos da otica quantica realizada na faixa do visivel e do infravermelho
proximo é que a densidade de fétons da radiagao de corpo negro na faixa de energia de 1
ev é baixa o suficiente para ser ignorada em todos os procedimentos experimentais. No
entanto, o espalhamento Brillouin leva ao acoplamento entre os fétons e os fénons da
rede, produzindo o excesso de ruido observado em [13], gragas a intera¢do do meio de
conversao paramétrica. Na hamiltoniana, falta portanto um termo de acoplamento, em
contato com um reservatério térmico, o qual precisamos agora controlar.

Antonio Sales Coelho, durante seu mestrado [50] e o inicio do seu doutorado, mon-
tou um sistema que permitia a refrigeracao do cristal, mantendo-o em vacuo de bomba
mecanica para evitar a condensacao. Usando um fluxo de agua gelada na base de cobre,
e um peltier para refrigerar o cristal, atingimos -23°C. Esta variacao de temperatura foi
suficiente para reduzir o excesso de ruido na fase dos termos de variancia (fig. 4.7). Note
que a correlacao de fase se mantém aproximadamente a mesma que fora observada na
figura (4.8), bem como os termos da matriz de covariancia ligados a amplitude. O ruido
de fénons, no entanto, ainda esta presente.

Paralelamente aos esforgos para controlar o excesso de ruido no OPO, investigamos
critérios mais seletivos para verificar o emaranhamento entre os campos. Ao longo do
seu doutorado, Katituscia havia investigado um outro critério, descrito por R. Simon [51],
traduzindo para variaveis continuas o critério de positividade sob transposicao parcial de
A. Peres [52]. A vantagem deste critério é que sua violagao, para estados gaussianos, nao
é apenas condicao suficiente para emaranhamento, mas também necessaria. Podiamos
aplicar entao a transposicao parcial a cada um dos modos, e descartar as trés diferentes
formas de escrever a matriz densidade mostradas nas equagoes (4.1 - 4.3). Ela havia feito
o teste para o OPO descrito no artigo anterior, mas a violacao era inferior a incerteza da
testemunha de emaranhamento.

Seriam necessarios mais dois anos para conseguir vencer este limite. Uma primeira
questao que surge, na desigualdade de van Loock e Furusawa, é a presenca de diversos
parametros de ajuste. Escolhemos sempre alguns deles iguais a um (em médulo), ou-
tros nulos, e otimizamos o parametro restante. A violagao nos garante emaranhamento,
porém o inverso nao implica em separabilidade, devido a indeterminacao dos parametros.
A solugao, neste caso, é obter o maximo de informacao possivel, realizando a medida de to-
dos os elementos da matriz de covariancia, e buscar algum critério otimizado que pudesse
dizer se estes estados estavam emaranhados. Descobrimos que o critério Simon-PPT [51]
satisfazia esta condicao. Mais que isso, se os estados fossem gaussianos, o resultado é
uma testemunha indiscutivel de emaranhamento ou separabilidade.

No artigo a seguir, vemos que apds o resfriamento conseguimos satisfazer tanto o
critério de van Loock e Furusawa quanto o critério Simon-PPT para emaranhamento.
Esta é a conclusao de uma busca que, em nossos laboratérios, comecou em 2003, e ao
final da qual, acreditavamos saber tudo sobre o OPO. Descobrimos uma fonte insuspeita
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abaixo, calculados a partir dos termos de matriz de covariancia presentes no grafico 4.7,
medidos a -23 °C.

de excesso de ruido, e conseguimos controla-la. Alguns poucos detalhes técnicos nos
escapavam ainda. Por qué o limiar de oscilagao caiu em cerca de 14 % com a variagao de
temperatura observada? E por qué o ruido de fénons cai tao rapidamente, de forma que
basta uma variagao de 46 K a partir da temperatura ambiente (16% apenas) para obter
o emaranhamento?

Mas haviamos obtido a matriz de ruido completa, e demonstramos que podemos gerar
emaranhamento entre trés campos distintos, com cores diferentes, diretamente a partir
da conversao paramétrica de segunda ordem, o mesmo sistema empregado para geracao
de estados comprimidos desde 1986.
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Three-Color Entanglement

A. S. Coelho,* F. A. S. Barbosa,* K. N. Cassemiro,? A. S. Villar,>> M. Martinelli,* P. Nussenzveig*

Entanglement is an essential quantum resource for the acceleration of information processing as
well as for sophisticated quantum communication protocols. Quantum information networks are
expected to convey information from one place to another by using entangled light beams. We
demonstrated the generation of entanglement among three bright beams of light, all of different
wavelengths (532.251, 1062.102, and 1066.915 nanometers). We also observed disentanglement
for finite channel losses, the continuous variable counterpart to entanglement sudden death.

ince Schrodinger defined entanglement as
“the characteristic trait of quantum me-
chanics” (1), much study has been de-
voted to its understanding. Possible applications
to information tasks such as storage, compu-
tation, and communications have generated a
large amount of research (2). Quantum comput-
ing is expected to be more efficient than its
classical counterpart, and there are quantum
algorithms (3) that greatly surpass the best clas-
sical ones. Quantum communications can, in
principle, provide absolute security (4). Never-
theless, many technological challenges remain,
because the quantum resources are fragile and
undergo decoherence from their inevitable inter-
actions with the surrounding environment (5).
Furthermore, many fundamental issues regard-
ing the nature and dynamics of entanglement
remain to be understood (6).
A variety of physical systems are currently
under investigation to perform the envisioned
information tasks (7—/2). Because each one has
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its advantages and disadvantages, it is likely that
several of them will be combined to perform
reliable quantum information tasks. Light, in
view of its high speed and weak interaction with
the environment, is a strong candidate to convey
quantum information by using quantum tele-
portation (/3, 14). To connect such different
physical systems (typically lacking a joint reso-
nance) at the nodes of a quantum network (75),
however, different frequencies of light will be
necessary. For two such beams, entanglement
has already been demonstrated, ranging from
small frequency differences (76, 17) up to one
frequency being twice the other (/8). It is im-
portant to go beyond just two beams for multi-
mode networks. Our demonstration used three
field modes with different wavelengths.

Our system is an optical parametric oscillator
(OPO), which consists of a nonlinear optical
crystal inside a cavity, so that the fields are fed
back into the system. Light that is incident on the
crystal undergoes parametric down-conversion, a
process whereby an incident photon is converted
into a pair of longer-wavelength photons,
fulfilling energy conservation ®y, = ®; + o,
where the w; (i = 0, 1, 2) values are the angular
frequencies of the incident light and of the two
generated photons, respectively. Momentum is
also conserved, corresponding to the phase-

REPOR

matching condition. Owing to the cavity feed-
back, down-converted photons can be emitted in
occupied field modes, a process known as
stimulated emission, with increasing probability
as the number of photons in the mode grows, thus
providing gain. When the pump laser power is
increased, the gain overcomes the losses and the
system oscillates. Above this oscillation thresh-
old, tripartite entanglement has been predicted
(19). Down-converted photons are produced in
pairs, yielding strong intensity correlations
among the twin beams. To produce twin photons,
a pump photon must be annihilated; thus, anti-
correlations are expected between the reflected
pump intensity and the sum of twin beams’
intensities. The frequency constraint translates
into a constraint for the phase variations (or
fluctuations) of the three fields. The twins’ phase
fluctuations should be anticorrelated, and their
sum should be correlated to the pump’s phase
fluctuations. One of the criteria for analyzing
tripartite entanglement (20) is written directly in
terms of these correlations, as sums of variances

V involving the three fields.

() S )

vy = A2 (’ﬂﬁpz) + A (qox;;z - alql) >2
(1)

It suffices to violate two of these inequalities
to demonstrate tripartite entanglement. The p;
(@ =0, 1, 2) represent the amplitude quad-
ratures of the fields, the ¢; (i = 0, 1, 2) stand for
their phase quadratures, and the o; (i = 0, 1, 2)
values are free parameters, chosen to maximally
violate the inequalities. Phase and amplitude
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quadratures of each field do not commute, lead-
ing to a minimum uncertainty product, which
characterizes the standard quantum limit (SQL).
Variances in Eq. 1 are normalized to the SQL.

Above the oscillation threshold, bright, narrow-
band, and frequency-tunable twin beams are
emitted by the OPO. Their quadrature fluctuations
are measured by reflecting them off nearly
resonant empty analysis cavities (2/) before
detection on high—quantum efficiency photo-
diodes (Fig. 1). Any quadrature of any given
field can be measured by scanning the
resonance frequency of the respective analysis
cavity. In this way, the full three-field co-
variance matrix of the system, with terms of the
form <8X;(Q)0X;(—Q)> and <SX(Q)3Y,(—Q)>
(where X and Y represent the field amplitude
and phase quadratures; i, j = 0, 1, 2; and € is the
analysis frequency), is directly measured (22).
Thermal phonons that are present in the nonlinear
crystal generate excess phase noise and hinder
the quantum correlations, as recently described
(23). Thus, we cooled the crystal to —23°C.

For Gaussian states, the complete informa-
tion is available from the mean values (first-order
moments) and the covariance matrix (second-
order moments), of which only the latter is rel-
evant for entanglement properties. By inspecting
higher-order moments (up to 10) from the mea-
sured photocurrents, we verified that within the
experimental precision, the three-field state from
the above-threshold OPO is indeed Gaussian. We
can thus test the entanglement using a necessary
and sufficient criterion for Gaussian states: the
positivity under partial transposition (24, 25). If
one party is separable from the rest, the full
density matrix remains positive under partial
transposition with respect to that party. Partial
transposition for Gaussian states is equivalent to
inverting the sign of the quadrature of one of the
fields (24). The positivity is checked by evaluat-
ing the symplectic eigenvalues of the partially
transposed matrix. The state is separable if and
only if all the symplectic eigenvalues are greater
than or equal to 1. This criterion is necessary and
sufficient for all 1 x N decompositions of Gaussian
states (25), where N + 1 is the total number of
entangled modes. In the tripartite scenario, the
three possible 1 x 2 partitions have to be tested.

To demonstrate the full three-field insep-
arability (Fig. 2), we characterized the OPO for
several values of the pump power relative to the
threshold power (¢ = P/Py,). For each value of
o, the covariance matrix was directly measured,
and the smallest symplectic eigenvalue under
partial transposition for each field was eval-
uated, as well as the standard deviations of the
eigenvalues (27). Full inseparability was dem-
onstrated for ¢ ranging from 1.1 to 1.6 and for
crystal temperatures below —10°C. In terms of
the inequalities of Eq. 1, which provide only a
sufficient criterion, entanglement was also veri-
fied: Vo =1.35%0.02, ;=193 +£0.02, and V> =
1.93 £ 0.02 for 6 = 1.24. This represents the
direct generation of continuous-variable entan-

glement between more than two subsystems, and
we took advantage of this approach by entan-
gling fields of different wavelengths. Continuous-
variable multipartite entanglement is classified
in terms of full or partial inseparability (26).
The phonon-induced phase noise in the OPO
enables transitions from full inseparability to
partial inseparability (the pump field becomes
separable) just by tuning a single parameter, the
crystal temperature.

Because losses are a concern in communi-
cations systems, it is important to assess the
robustness of the generated tripartite entangle-

Fig. 1. The OPO (blue, cen-
ter) is pumped by a coherent
light source, producing three
light fields of different wave-
lengths (green, red, and or-
ange arrows). Entanglement
verification is realized by
using one analysis cavity for
each beam to access all
entries of the full covariance
matrix. The golden rings
illustrate the tripartite entan-
glement among the optical
fields.

ment. We investigated the dependence of the
symplectic eigenvalues on linear losses imposed
on the twin beams by placing variable attenuators
immediately in front of the photodetectors (we
verified that pump beam losses had little effect).
As expected, noise terms in the covariance matrix
linearly approach the SQL and correlations tend
to zero, as losses increase (27). This is also an
important verification that the detection system is
working properly. Although a squeezed state
remains squeezed under finite linear losses, we
found that tripartite entanglement behaves dif-
ferently: We observed disentanglement of the

>

Fig. 2. Symplectic eigenval-

ues, extracted from the mea- 131 ¢ 23°C ]
sured covariance matrices, - r

are plotted as functions of o 1.2 - ) R
6 = PIPy,. Three eigenvalues § - E% 1
are plotted, each correspond- = 1.1 | &
ing to partial transposition E 3 §§ % ;ii ] st 1
with respect to one of the & 1.0 |----mmmmmmm o
beams. (A) Measurements i 3 S-
made at +23°C. We ob- 2 09 | gg 4
serve that at room tem- § L

perature, v (transposition g' 08 | ?; ; _
of the pump, green circles) > L

is greater than 1, whereas @ 07 L éﬁg i

vy (transposition of signal, L %
red squares) and v (trans-

" 1
position of idler, blue trian- 06
gles) are smaller than 1 for B 1.2 I
a large range of o values. r
Thus, at room temperature 141
only bipartite entanglement g I
between the twin beams  § 1.0
exists. (B) At—23°C, wealso 2 0.9
observed vq drop below 1, z
demonstrating the full in- &, 0.8 I
separability of the three i ™
fields. The dashed lines in- 2 07 I
dicate the usual theoretical & "' [
prediction without taking into £ 0.6
account the phonon noise. > " |
By taking into account the 0.5
phonon noise (23), we ob-
tain the solid lines, which 0.4 o
agree well with the data. 1.0 11
Error bars are standard de-
viations (21).
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pump field from the twins for finite losses (Fig. 3).
This effect is reminiscent of so-called entangle-
ment sudden death (6, 27), which is observed in
discrete-variable systems and predicted to occur
in continuous-variable systems as well (28, 29).
For a pair of entangled qubits, each interacting
with an independent environment, even though
single-qubit coherence decays exponentially,
entanglement can be lost at a finite time. Like-

wise, even though squeezing of individual beams
tends only asymptotically to the SQL as a func-
tion of losses, we already observed disentan-
glement for finite losses. This could be harmful
for applications to quantum communications,
such as in information networks. On the other
hand, it is not present for all values of 6, as can be
seen in Fig. 3; this is an important result for our
system. The robustness of entanglement with

Fig. 3. Investigation of A ' T

disentanglement for fi-
nite losses. Color conven-
tions are the same as in
Fig. 2. In (A) (o = 1.14)
and (B) (6 = 1.17), we ob-
serve that the pump beam
becomes separable from
the twins for finite losses
(transmittance near 0.6
and 0.4, respectively); on
the right-hand side, the
situation is sketched. Be-
cause of the variable lin-
ear losses imposed on the
twin beams (beam-splitter
losses), entanglement of

Symplectic Eigenvalues PT

the pump beam is lost, as

indicated by the golden B
rings. In (O) (c = 1.40),
there is no disentangle-
ment for finite losses and
the entanglement signa-
ture is monotonically re-
duced, yet all three fields
remain inseparable until
total loss, as sketched on
the right-hand side. Data
were obtained at —10°C.
The solid curves were ex-
tracted from the covari-
ance matrices that were
obtained with no attenu-
ation by calculating the
effect of losses on each
of their elements (21).

Symplectic Eigenvalues PT

Symplectic Eigenvalues PT

0.7 L |

0.0 0.2

www.sciencemag.org SCIENCE

0.4 0.6
Transmittivity

{o=1.40
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respect to channel losses depends on o, indicating
that the entangled states are not of the same
nature, even though they are always Gaussian.
The phonon noise present in the entangled state
that exits the OPO cavity certainly plays a role in
this process. The theory neglecting this noise
does not predict disentanglement.

The tripartite entangled state demonstrated here
presents a fundamental feature—disentanglement

c=1.14

c=1.17
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for finite linear losses—that should be observable
in other continuous-variable systems as well.
This serves as a reminder that much is still un-
known about the nature and dynamics of quan-
tum entanglement. The relatively small violations
of the entanglement criteria found here can be
improved by better OPO cavity optics and by
further cooling of the nonlinear crystal. Another
possibility that is currently under consideration is
to change the wavelengths. The OPO pump field
can be at 780 nm, so as to interact resonantly with
Rb atoms, generating output fields at wave-
lengths close to 1560 nm. Quantum information
stored in an atomic sample can thus be trans-
ferred to a wavelength that is suitable for propa-
gation in low-loss optical fibers. Future quantum
information networks may connect systems of
different natures by multicolored entangled light.
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Electronic Structure Controls Reactivity
of Size-Selected Pd Clusters Adsorbed

on Ti0, Surfaces

William E. Kaden, Tianpin Wu, William A. Kunkel, Scott L. Anderson*

The catalytic activity of metal clusters of different sizes adsorbed on oxide surfaces can be
explored systematically by using model catalysts. We studied the temperature-programmed
reaction of CO with O, catalyzed by Pd clusters (Pd,, for n = 1, 2, 4, 7, 10, 16, 20, and 25) that
were size-selected in the gas phase and deposited on rutile TiO,(110). X-ray photoemission
spectroscopy revealed that the Pd 3d binding energy varied nonmonotonically with cluster size
and that the changes correlated with strong size variations in CO oxidation activity. Taking
final-state effects into account, low activity was correlated with higher-than-expected Pd 3d
binding energy, which is attributed to a particularly stable valence electronic structure; electron
transfer from the TiO, support to the Pd clusters also occurs. lon scattering shows that small
clusters form single-layer islands on the surface and that formation of a second layer begins to

occur for clusters larger than Pd,.

eterogeneous catalysts often consist of
Hsmall metal clusters, adsorbed on metal

oxides. Because these clusters can vary
widely in size, it can be difficult to sort out the
extent to which changes in reactivity with cluster
size predicted by theory (/—3) are caused by var-
iations in electronic structure or in geometric ef-
fects (the number and type of reactive sites).
During the past decade, model catalysts consist-
ing of small mass-selected clusters (one to 30
atoms) deposited on oxide surfaces have been
used to demonstrate that catalytic activity can

Department of Chemistry, University of Utah, 315 South
1400 East, Room 2020, Salt Lake City, UT 84112-0850,
USA.

*To whom correspondence should be addressed. E-mail:
anderson@chem.utah.edu

depend strongly on cluster size (4-9). However,
the systematic interpretation of size trends has
been limited by the lack of experimental probes
of sample structure. Here, we present an example
in which reactivity is clearly correlated with the
electronic structure of the supported metal: in this
case, CO oxidation over planar Pd,/TiO, (110)
model catalysts, with n = 1, 2, 4, 7, 10, 16, 20,
and 25. The changes in electronic structure are
determined by both inherent size effects and by
cluster-bonding to the oxide support.

The small cluster size range is where the
largest effects of cluster size are expected, but
recent work has demonstrated that such small
clusters can dominate catalytic activity, even when
most of the catalytic metal is present in the form
of much larger particles (10, 11). CO oxidation
has been studied extensively over Pd/metal-oxide

(12, 13) and single-crystal surfaces (/4), both be-
cause it is relatively simple and because it is im-
portant in pollution remediation.

The experimental protocol is detailed in (75).
Briefly, Pd/TiO,(110) samples were prepared and
studied by the deposition of mass-selected Pd,"
on clean, vacuum-annealed rutile TiO,(110) at an
energy of 1 eV per atom. The TiO,(110) support
is commonly used in model catalyst studies and
has well-characterized properties (/6-21). The
support is conductive enough to neutralize the
initial ion charge, and the 1 eV-per-atom energy
previously has been shown to result in the land-
ing of intact clusters (that is, the sample structure
is determined by the chemical interaction of the
clusters with the support, not impact energy)
(22, 23). All samples contained the same total Pd
concentration (1.53 x 10" atoms per cm® = 0.1
monolayer equivalent), with the only difference
being cluster size. Deposition times were 10 to
30 min with a background pressure of 1.5 x 10'°
torr. X-ray photoemission spectroscopy (XPS)
was used both to verify the Pd coverage on the
samples and to probe the Pd electronic structure.
The as-deposited Pd 3d XPS as a function of clus-
ter size is shown in Fig. 1A. The vertical lines
indicate the binding energies (BEs) (the energy
difference between the initial and final states of
the photoemission process) observed for bulk Pd,
which are consistent with reported values (24). The
shift in 3ds,, BE, relative to bulk Pd, as a function
of cluster size is shown in Fig. 1B.

Initial state effects, also known as chemical
shifts, reflect changes in the electronic structure
of the sample. For example, if bonding to the
support transferred an electron to the Pd clusters,
the Pd BE would shift to lower energy, and if
bonding to the support transferred an electron
from the Pd clusters, the Pd BE would shift to
higher energy. Quantum confinement effects and
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Claro que uma tltima verificacao nos resultados da matriz de covariancia fazia-se
necessaria. Tomou-se a saida do OPO, e mediu-se a variancia para diferentes atenuacoes
do feixe. Como sabemos, a variancia deve ser reduzida, linearmente, para a de um estado
coerente. Efetivamente, os termos diagonais foram a 1, e os fora da diagonal principal a
zero, linearmente com a atenuacao. A surpresa ocorreu quando, sobre a matriz atenuada,
aplicamos o teste Simon-PPT. A curiosidade foi plenamente recompensada: a assinatura
de emaranhamento cruzou o limite para o estado separavel em perdas finitas. Espantados,
concluimos que haviamos observado a transicao de um estado emaranhado para separavel
em sua interacao como o ambiente. Era portanto um efeito semelhante a morte stubita
de emaranhamento observada em varidveis discretas [15, 16].

Seria isto uma peculiaridade de estados emaranhados tripartite? O que poderia ocor-
rer para o caso bipartite? Seria ele necessariamente robusto, devido ao cardter mais
restritivo da desigualdade de Duan? O OPO revelou-se agora a fonte de uma nova linha
de estudos sobre a robustez de emaranhamento para varidveis continuas.
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Capitulo 5

Morte Subita de Emaranhamento

O dltimo artigo apresentado configura um fechamento do trabalho de caracterizacao e
demonstracao do OPO como fonte de estados nao-classicos do campo. A surpresa final
ficou por conta do desemaranhamento do mesmo.

O emaranhamento gerado pela interacao entre dois sistemas que sao posteriormente
separados pode acabar se extinguindo com o passar do tempo. A causa disto é que
cada um destes subsistemas ira interagir posteriormente com o ambiente, ou com outros
elementos, e nesse process parte da informacao sera transferida para eles. Neste caso,
temos um aumento da complexidade do problema, e nao podemos mais resumi-lo ao
emaranhamento de duas partes. Se a interacao for com um reservatério sem memoria, a
informacao sera perdida. E a perda da informagao que dard origem a morte subita do
emaranhamento.

Para podermos dizer que o emaranhamento foi perdido, precisamos de critérios de
emaranhamento que sejam necessarios e suficientes para apontar a existéncia de um
estado emaranhado, tracando claramente o limite entre estes e os estados separaveis.
Para varidveis discretas, a medida da “concurrence” em sistemas de dois “qubits” [53]
¢ um testemunho de emaranhamento que satisfaz este critério. Ja para sistemas mais
complexos, envolvendo mais de duas particoes ou mais de dois niveis discretos, faltam
critérios conclusivos para assegurar o desemaranhamento do sistema.

No regime de varidveis continuas, a situacao ¢ ainda mais complexa. No entanto,
para o subespago dos sistemas gaussianos, o critério de Simon-PPT [51] satisfaz esta
condicao para biparticoes do tipo 1 x N. Estes estados gaussianos sao completamente
caracterizados pela matriz de covariancia, portanto uma vez que esta é medida, toda
a informacao sobre o sistema esta disponivel. O critério de Simon permite extrair a
informacao sobre o emaranhamento.

Nossa atencao para a morte subita foi despertada na medida do emaranhamento

tripartite, ao verificar que para perdas finitas nos modos sinal e complementar, a teste-
munha de emaranhamento do bombeio cruzava o limite de separabilidade (figura 5.1).
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Figura 5.1: Variacao do menor autovalor simplético da matriz de ruido apds transposicao
parcial de cada campo, calculado para diferentes transmissoes no divisor de feixe colocado
diante dos modos sinal e complementar, para diferentes poténcias de bombeio, norma-
lizadas pelo limiar de oscilacado do OPO. nos dois primeiros casos, vemos a perda de
emaranhamento para atenuacgoes finitas nos campos.
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Figura 5.2: Momentos normalizados pela varidncia para o modo sinal (A'p;/(A%p;)/?),
em funcao do bombeio normalizado.
impares. Nota-se que eles evoluem conforme esperado para uma distribuicao gaussiana.

Abaixo: momentos
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Figura 5.3: Teste de Simon para emaranhamento bipartite, para diferentes atenuacoes
do campo, para o bombeio 40% acima do limiar de oscilagao.

No entanto, s6 poderiamos dizer com certeza que o estado é separavel se ele pudesse ser
completamente descrito por sua matriz de covariancia. Fizemos, portanto, testes sobre a
gaussianidade do estado, levantando os momentos de ordem superior.

Realizamos portanto diversos testes. Todos os momentos de autocorrelagao das flu-
tuagoes de ordem impar e par, entre 0 e 10, foram compativeis com uma distribuicao
gaussiana, seguindo a relacio A’p, = (i — 1)A%p; x A2, partindo de uma média
nula. Além disso, todas as correlacgoes de terceira ordem envolvendo qualquer combinacao
dos trés campos foram nulas. Sem encontrar nenhuma evidéncia de desvio do comporta-
mento gaussiano, consideramos que para todos os propositos praticos verificamos a morte
stibita do emaranhamento tripartite no OPO acima do limiar. Resultados semelhantes
aos mostrados na figura 5.2 para o modo sinal foram igualmente obtidos para os modos
bombeio e complementar, permitindo extender a eles estas conclusoes.

Se caracterizamos portanto que o estado é gaussiano, o critério de Simon é necessario
e suficiente, e temos portanto que o emaranhamento dos feixes gerados pelo OPO de-
saparece, em certos casos, para atenuacoes finitas. Qual seria, no entanto, a origem
desta morte subita de emaranhamento. Pensdvamos, a principio, que fosse algo ligado a
natureza tripartite dos campos, e que para sistemas bipartite, o emaranhamento perma-
neceria. Tal sentimento vinha do conceito que o critério de Duan [42] fosse uma condigao
necessaria e suficiente para o emaranhamento bipartite. Na realidade, veremos que nao
é 0 caso.

Nas condigoes da medida mostrada na figura 5.1c, foi feito o teste do emaranha-
mento com as matrizes de covariancia reduzidas para dois modos dos campos. O resul-
tado, apresentado na figura 5.3, é compativel com campos bombeio e sinal, ou bombeio
e complementar, separaveis. O emaranhamento ocorre apenas no caso tripartite. No
entanto, para o par sinal-complementar, vemos que o emaranhamento, inicialmente pre-
sente, acaba desaparecendo para uma transmitancia da ordem de 75 %. E curioso notar,
no entanto, que o emaranhamento tripartite continua presente.
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Quais seriam entao as condicOes necessarias para que um estado emaranhado per-
maneca emaranhado em sua interacao com o ambiente? Um trabalho ainda nao publi-
cado, realizado pelo estudante de doutorado Felippe Alexandre da Silva Barbosa, e pelo
pos-doutorando Alencar José de Faria, mostrou que tais condi¢bes podem ser obtidas a
partir do critério de Simon.

Considere um sistema bipartite, completamente descrito pela matriz de covariancia

da forma
A C
V:(C; AQ). (5.1)

onde as matrizes A; envolvem as variancias de um subsistema, e a matriz C', as correlagoes
entre as variaveis conjugadas de cada subsistema. O critério de Simon pode entao ser
expresso em termos dos determinantes destas matrizes, que nos fornecem um testemunho
do emaranhamento.

Wipr = 14 det V4 2det C — >~ det A;. (5.2)

i=1,2

Se Wy < 0, o sistema estd emaranhado. Para sistemas gaussianos, W,,; > 0 implica em
separabilidade. Considerando que fazemos a atenuacao em um ou dois campos, levando
a interacao deles com um reservatério a 0 K, podemos reescrever W, em funcao da
transmitancia 7T; dos canais de comunicagao

W, (Ty, To) = ThTo [TV T5T 9y + ToT1p + TiTgy + Ty (5.3)

P

Note que teremos termos com dependéncia quadratica para as duas perdas, e um com
dependéncia linear em 7T} e T5. Se atenuarmos o campo até o limite préximo de sua
extingao (fazendo T; — 0), sinal do termo dominate I'; vai determinar se o emaranha-
mento permanece ou nao. Esta nova testemunha de emaranhamento vai nos dizer se o
emaranhamento é robusto, ou sujeito a morte stubita por perdas.

Wea =Ty = (trA; — 2)(trAy — 2) — tr(CTC) + 2det C. (5.4)

Note que Wy, < 0 é uma testemunha de emaranhamento, implicando que W, < 0.
Vale lembrar aqui que um sistema separavel nao pode evoluir, mediante perdas, para
um sistema emaranhado, portanto se ele se encontra emaranhado perto da extincao total
ele era, a principio, emaranhado. Por outro lado, se a matriz de covariancia inicial tiver
Wiyt < 0 e Wer > 0, o sistema é sujeito a morte sibita, tornando-se separdvel para
perdas finitas.

Na figura 1 do proximo artigo vemos diferentes situacoes nas quais, a partir de um
estado inicial emaranhado, podemos evoluir mediante perdas para estados separaveis.
Existem, portanto, estados gaussianos emaranhados nos quais hd desemaranhamento
para perdas em ambos os campos, bem como situagoes nas quais as perdas em apenas
um dos campos nao sao suficientes para destruir o emaranhamento. A necessidade de
estados robustos ¢ particularmente interessante no caso de empregarmos os campos gera-
dos para implementar um protocolo de comunicagao quantica baseado no emaranhamento
(criptografia ou teletransporte).
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Entanglement in bipartite continuous-variable systems is investigated in the presence of partial losses such as
those introduced by a realistic quantum communication channel, e.g., by propagation in an optical fiber. We find
that entanglement can vanish completely for partial losses, in a situation reminiscent of so-called entanglement
sudden death. Even states with extreme squeezing may become separable after propagation in lossy channels.
Having in mind the potential applications of such entangled light beams to optical communications, we investigate
the conditions under which entanglement can survive for all partial losses. Different loss scenarios are examined,
and we derive criteria to test the robustness of entangled states. These criteria are necessary and sufficient for
Gaussian states. Our study provides a framework to investigate the robustness of continuous-variable entanglement

in more complex multipartite systems.

DOI: 10.1103/PhysRevA.84.052330

I. INTRODUCTION

The dynamics of open quantum systems leads, in general,
to a degradation of key quantum features such as coherence
and entanglement. Since entanglement is considered to be an
important resource for applications in quantum information,
its degradation may seriously hinder the envisioned protocols.
Careful analyses of environment-induced loss of entanglement
are thus important steps in quantum information science. In
the discrete-variable scenario, studies of 2-qubit systems have
shown that entanglement can be completely lost after a finite
time of interaction with the environment, an effect now mostly
known as entanglement sudden death (ESD) [1,2]. Quantum
information can also be conveyed, stored, and processed by
continuous-variable (CV) systems. Bright beams of light can
be described by means of CV field quadratures and are natural
conveyors of quantum information. Unavoidable transmission
loss is the fiercest enemy for quantum communications. It has
recently been observed that losses may lead to complete disen-
tanglement in Gaussian CV systems [3,4]. This phenomenon
is a partial-loss analog of the finite-time disentanglement
observed in qubit systems.

The simplest CV systems one can consider are those
described by Gaussian statistics. Gaussian states are indeed
well studied [5] and fairly well characterized. For instance,
there exist necessary and sufficient criteria for Gaussian-state
entanglement of upto 1 x N systems (in which one subsystem
is collectively entangled to N other subsystems) [6,7]. In
spite of all this knowledge, the sensitivity of entanglement to
the interaction with the environment is still not completely
mapped. As experimentally observed by Coelho et al. [3]
and by Barbosa er al. [4], some Gaussian states become
separable for partial losses, while others remain entangled.
What distinguishes one class of states from the other? Are
there only two classes of such states? Is it sufficient to
produce states with a large degree of squeezing in order to
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avoid disentanglement? Is there any strategy involving local
operations to protect states against disentanglement?

In this paper, we extend the treatment of Ref. [4] and provide
answers to some of these questions. We theoretically analyze
the conditions leading to CV disentanglement in the simplest
case of bipartite systems. In the framework of open-system
dynamics, the effect of a lossy channel (without any added
noise) is equivalent to the interaction with a reservoir at
zero temperature. The property of entanglement resilience
to losses will be referred to as “robustness.” Entanglement
robustness is assessed by entanglement criteria previously
derived by other authors. For general CV states, these criteria
provide sufficient conditions for the robustness of bipartite
systems. Necessary and sufficient entanglement criteria for
Gaussian states lead to necessary and sufficient conditions for
entanglement robustness upon propagation in lossy channels.
Entanglement of CV Gaussian states may be created by a
number of different strategies such as, for instance, passive
operations on initially squeezed states [8]. We shall not discuss
these in detail here, but take for granted initially entangled
states.

A thorough investigation reveals the possibility of distinct
entanglement dynamics as losses are imposed on the subsys-
tems. We consider realistic scenarios, as depicted in Fig. 1. A
bipartite entangled state is the quantum resource of interest. It
can be distributed to two parties who wish to communicate,
as in Fig. 1(a), in a scenario that we refer to as a dual-channel
communication scheme. Another possibility would be that
one of the parties holds the quantum-state generator and
only one mode needs to propagate through a lossy quantum
channel, as in Fig. 1(b). We refer to this situation as a
single-channel scheme. One could surmise that, in principle, it
is equivalent to concentrate losses in a single channel or split
them among two channels. If our channels are optical fibers,
losses increase exponentially with the propagation distance.
Thus, one could think that propagation in a single fiber over a
certain distance would have the same effect as propagation of
both modes, each in one fiber, over half the distance (which
would result in the same overall losses). This is not correct:

©2011 American Physical Society
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(a)

FIG. 1. (Color online) (a) Dual-channel losses: An entangled
quantum state is distributed to two parties, Alice and Bob, over two
lossy quantum channels. (b) Single-channel losses: Alice holds the
quantum-state generator and only distributes one entangled mode to
Bob over a single lossy quantum channel.

for certain states, one could propagate one of the modes over
an infinite distance in a single lossy channel without losing
entanglement, whereas entanglement would disappear after a
finite propagation distance if both modes were to suffer losses.

These different scenarios lead to the introduction of a formal
classification, consisting of three robustness classes. On one
extreme, the entanglement of fully robust states vanishes only
for total attenuation of either beam. On the opposite extreme,
fragile states become separable for partial attenuations on
either beam or a combination of both. An intermediate class
of partially robust states shows either robustness or fragility,
depending on the way losses are introduced. Thus, imposing
losses on one field may be less harmful in a quantum
communication system than distributing both beams over two
lossy channels. Furthermore, we show that even states with
very strong squeezing [e.g., amplitude difference squeezing,
as in twin beams produced by an above-threshold optical
parametric oscillator (OPO)] can disentangle for partial losses.
A moderate excess noise, commonly encountered in existing
experiments, suffices for this. In addition, one could speculate
that pure states would necessarily be robust. We provide an
example of a pure state that disentangles for partial losses as
well.

The paper is organized as follows. In Sec. II, we establish
notation and the basic reservoir model (the environment). In
Sec. 111, a sufficient criterion to determine the robustness of
the entangled state is demonstrated. In Sec. IV, we extend the
robustness criterion, resulting in a necessary and sufficient
robustness condition for all Gaussian bipartite states. The
different classes of entanglement robustness against losses in
each channel are defined in Sec. V. In Sec. VI, we examine
particular quantum states commonly treated in the literature.
A final Sec. VII is focused on the main physical results and
implications of our findings.
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II. ENTANGLEMENT AND ESD IN LOSSY
GAUSSIAN CHANNELS

The quantum properties of Gaussian states are completely
characterized by the second-order moments of the appropriate
observables. The choice of observables depends on the system
under consideration. In the case of the electromagnetic field,
a complete description can be given in terms of orthogonal
field quadratures. We will consider the amplitude and phase
quadratures, respectively, written as p; = (&ﬁ +aj)and §; =

i (&; — a;) in terms of the field annihilation &; and creation &}L.

operators. The indices j = 1,2 stand for the two field modes
of our bipartite system. The quadrature operators obey the
commutation relation [p;,4;] = 2i, from which we obtain an
uncertainty product lower bound of one. The standard quantum
limit (SQL) is thus equal to one, representing the noise power
present in the quadrature fluctuations of a coherent state.

It is useful to organize the second-order moments in the
form of a 4 x 4 covariance matrix V. Its entries are the
averages of the symmetric products of quadrature fluctuation
operators

V = 1(sE6ET + (8EsET)T), (1

where é‘ = (41, p1,42, p»)" is the column vector of quadrature
operators, and 86 = £ — (£) are the fluctuation operators with
zero average. Similar notation will be valid for the individual
quadratures, e.g., § p;. The noise power is proportional to the
variance of the fluctuation, denoted for a given quadrature by
(e.g) A%?p; = ((61)?). The Heisenberg uncertainty relation
can be expressed as [6,9]

V+iQ >0,

J 0 0 1
Q_[O Ji| and J_|:_] Oi|.
The covariance matrix can be divided in three 2 x 2 subma-
trices, from which two (A ;) represent the reduced covariance

matrices of the individual subsystems and one (C) expresses
the correlations between the subsystems

v= (o i>. )
The correlations originate from both classical and quantum
backgrounds, and can not be directly associated to entangle-
ment without considering the properties of each subsystem. As
we will see, the occurrence of ESD is related to the presence
of uncorrelated noise in the system, normally in the form
of unbalanced or insufficient correlations between different
subsystems or quadratures.

For bipartite Gaussian states, there exist necessary and
sufficient entanglement criteria [6,10]. These criteria are the
basis for our assessment of entanglement robustness.

First, we need to adopt a model for the quantum channel.
Here, we consider the realistic case of a lossy bosonic channel,
equivalent to the attenuation of light by random scattering.
Losses are modeled by independent beam splitters placed in
the beam paths. Each beam-splitter transformation combines
one field mode with the vacuum field. In the absence of added
noise, it can be associated to a reservoir at zero temperature.

(@)
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A Gaussian attenuation channel transforms the field opera-
tors according to [11,12]

A X A A(E
aj—>a}=\/Tjaj—|— I_Tja; )a 4
where T; is the beam-splitter transmittance and &;E) is the

annihilation operator from the environment. It acts on the
covariance matrix as

Vi=L(V)=L(V —-DL+1, )

where L = diag(~/T1,+/T1,~/T>,~/T>) is the loss matrix and I
is the 4 x 4 identity matrix.

The question we address here regards the behavior of entan-
glement as the covariance matrix undergoes the transformation
of Eq. (9).

III. DUAN ENTANGLEMENT CRITERION AND
ROBUSTNESS

We direct our attention, in a first moment, to the entan-
glement criterion presented in Ref. [10], here referred to as
the Duan criterion. According to them, a sufficient condition
for the existence of entanglement is obtained by fulfilling the
inequality

1
WD=A212+A2ﬁ—<a2+—2><0, (6)
a
where
S O L PN B R
U= — a —_ = an V= —F0 a - .
\/5 P1 aPz \/5 q1 an
(7

The p; and §; are quadrature operators, obeying the commu-
tation relations stated above, and a is an arbitrary real nonzero
number. The quadrature combinations # and ¥ are collective
operators corresponding to the original example of Einstein,
Podolsky, and Rosen (EPR) [13]. As such, they are called
EPR-type collective operators.

The quantity W, can be viewed as an entanglement witness.
We shall use the symbol W for witnesses in general. The
presence of a given property is signaled by a negative value of
the corresponding witness. As a merely sufficient criterion,
no statement can be made if Wp > 0: the state could be
either separable or entangled. Nevertheless, the witness W, is
compelling from a practical point of view because it does not
require full knowledge of the covariance matrix, simplifying
the detection of entanglement in experiments. The downside
is its limited detection ability.

For a = 1, entanglement can be detected by a balanced
beam-splitter transformation of the input fields followed by
a measurement of squeezing in the two output fields [14,15].
Alternatively, one can measure the quadrature variances A p;
and A%§; of each field and the cross correlations ¢, =
(6p18p2) and ¢, = (841 842). The optimum choice for the
parameter a that minimizes Wp, is a’ = /o, /01, where the & f
are given by

oj=A*p;+ A —2=1trA; — 2. ®)
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The sign indeterminacy in a is solved by taking into account the
signs of the quadrature correlations. With these considerations,
one arrives at the minimized form of the Duan criterion

Wy =010 — (¢, — cq)2 < 0. ©)]

Equation (9) provides the first insight into the robustness of
bipartite states. The crucial fact to be observed is that the sign
of Wy, is conserved by attenuations. In fact, using Eq. (5), the
correlations transform as c;, =+TTrc, and c’q =TT,
while o]’- = T;0;. The attenuation operation factorizes in the
entanglement witness

W), = TiT,Wy. (10)

Therefore, an initially entangled state satisfying Eq. (9) will not
disentangle under partial losses. This fact was experimentally
verified by Bowen et al. [16].

Entangled states satisfying the Duan criterion do not
disentangle for partial losses imposed on any mode: they are
fully robust. Among them lie the two-mode squeezed states, a
large class of states for which both EPR-type observables are
squeezed [15,17,18].

Since W), is only a sufficient witness, the existence of robust
states for which Wy, > 0 can not be excluded. Below, we
demonstrate a necessary and sufficient criterion for robustness
of Gaussian states, effectively determining the boundary
between robust and fragile states.

IV. ENTANGLEMENT ROBUSTNESS: GENERAL
CONDITIONS

In order to obtain clear-cut conditions for the robustness
of entanglement, we must employ a necessary and sufficient
entanglement criterion. By analyzing whether the subsystems
remain entangled or become separable upon attenuation, we
will classify all bipartite Gaussian states.

A. PPT criterion

We find a convenient separability criterion in the require-
ment of positivity under partial transposition (PPT) of the
density matrix for separable states [19,20]. An entangled state,
on the other hand, will necessarily lead to a negative partially
transposed density matrix, which is nonphysical.

The partial transposition (PT) of the density operator
is equivalent in the level of the Wigner function to the
operation of time reversal applied to a single subsystem. On the
covariance matrix level, time reversal is obtained by changing
the sign of the momentum (for harmonic oscillators), or the
sign of the phase quadrature of one mode (for electromagnetic
fields), in this manner affecting the sign of its correlations [6].

Physical validity is assessed using Eq. (2). The uncertainty
relation can be recast into a more explicit form by expressing
it in terms of the determinants of the covariance matrix and its
submatrices as

1 +detV —2detC— ) detA; >0. (11)

i=12
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The PT operation modifies the sign of det C, resulting in the
following condition for entanglement [6]:

Wepr = 1 +detV +2detC — ) " detA; <0. (12)
i=1,2

Since all separable states fulfill Wppr > 0, Wppr is a sufficient
entanglement witness. For Gaussian states, it is a necessary
witness as well, and the equation Wppy = O traces a clear
boundary in the space of bipartite Gaussian states, setting apart
the subspaces of separable and entangled states.

It is convenient to recall here that the purities of Gaussian
states are directly related to the determinant of the covariance
matrices [21]

1= (detV) 2, (13)
= (det A;) "2, (14)
so that the entanglement witness of Eq. (12) involves the total

purity of the systems, the purity of each subsystem, and the
shared correlations.

B. Covariance matrix under attenuation
By applying the witness of Eq. (12) to the attenuated
covariance matrix of Eq. (5), one obtains
Wipr(T1,T2) = 1 +det V' +2det C' — Z det(A}), (15)
j=12

from which Wy, (T; = 1, T, = 1) = Wppr. From Eq. (5), it
follows that the individual submatrices transform as C’ =

ppt

PHYSICAL REVIEW A 84, 052330 (2011)

VTT,C and A’ = T;(A; — I) + I under attenuations. The
bilinear dependence of Eq. (9) on T and T3, which led to
a constant sign of the witness, is not expected here and
robustness is not a general feature of bipartite entangled states.

In the Appendix, we derive an explicit transmittance-
dependent form of Wypr(T1,7>). We can factor out a term
T\ T», which can not change the sign of Wppr. It assumes the
form

Wipr(T1, T2) = Ty L Wr(Ty, To). (16)

The reduced witness Wy preserves the sign of Wy, (except
for T\ = T, = 0, for which we know both modes are in their
vacuum states and Wy, = 0), maintaining only the relevant
dependence on 7} and 7. It reads as

Wr(T,To) = T' o'y + Lo + 11T + Ty, (A7)

The expressions for the coefficients I';; in terms of the
covariance matrix entries are given in the Appendix. We note
that they are regarded as constants here, independent of T
and 7>.

The different dynamics of entanglement under losses
appear in the witnesses Wy, and Wg. Figure 2 depicts four
entangled states (three of them fragile) plus a separable state
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FIG. 2. (Color online) Possible behaviors of the PPT entanglement witness Wy, under attenuation, as a function of the transmittances
T\ and T5. (a) Fully robust entanglement. (b) Fragility for any combination of beam attenuations. (c) Separable state. (d) Single-channel
partial robustness: either mode, i.e., the state is robust for any individual attenuation, but not for a combination of attenuations, such as equal
attenuations. (e) Single-channel partial robustness: specific mode, i.e., the state is robust when one mode is attenuated but presents ESD upon

attenuation of the other mode.

052330-4



DISENTANGLEMENT IN BIPARTITE CONTINUOUS- . ..

under attenuation. The plots show Wy(71,T>) based on the
covariance matrix
A%q, 0 Cq 0
0 A?p, 0 cp
¢q 0 Ag, 0 ’
0 cp 0 A’p,

V= (18)

constructed from diagonal submatrices. This simple form of
V, observed in the experiments of Ref. [4], suffices to span all
types of entanglement dynamics of Gaussian states.

The curves of Figs. 2(a)-2(d) were specifically obtained
from

255 0 ¢ 0

y_| 0 180 0 -126 19
e 0 255 0 |

0 —-126 O 1.80

As the correlation ¢, is varied, different types of entanglement
dynamics are observed. Modifying this parameter while
keeping constant the other entries of the covariance matrix
is equivalent to adding uncorrelated noise to the system (for
instance, classical phonon noise dependent on the temperature
of the nonlinear crystal [4,22]). In Fig. 2(a) (¢, = 1.275), a
state violating the Duan criterion is fully robust, as expected.
Disentanglement does not occur for finite losses imposed on
any of the fields. In Fig. 2(b), the choice ¢, = 0.893 charac-
terizes a state for which ESD occurs for partial attenuation in
a single channel (mode) or in both channels. This represents
the most fragile class of states. In Fig. 2(c) (¢, = 0.3825),
the initial state is separable and it naturally remains separable
throughout the whole region of attenuations.

A more subtle entanglement dynamics appears in Fig. 2(d)
(cqg = 1.033). The state is robust against any single-channel
attenuation but may become separable if both modes are
attenuated. Such a state would suffice as aresource for quantum
communications involving single-channel losses.

If we consider a more general covariance matrix, with
asymmetric modes, the system may be robust against losses on
one mode, but not on the other. This is observed in Fig. 2(e),
where Wi, is calculated for the covariance matrix

2.55 0 0.653 0

Vo 0 1.80 0 —0.797 20)
~10.653 0 1.62 0 '

0 —0.797 0 1.32

This particular covariance matrix is obtained from Eq. (19),
with ¢, = 1.033, by imposing the attenuation 7, = 0.40.
Before this attenuation, the state was partially robust, as in
Fig. 2(d). It remains robust against losses on mode 2, but now
disentanglement with respect to losses solely on mode 1 may
occur. This illustrates the fact that the new states produced
upon attenuation become more fragile. Since attenuation is a
Gaussian operation, states can not become more robust upon
attenuation [23,24].

C. Full robustness

We show here that fully robust states can be directly
identified from the covariance matrix. In order to obtain the

PHYSICAL REVIEW A 84, 052330 (2011)

necessary condition, we note from Eq. (17) that the entangle-
ment dynamics close to complete attenuation is dominated by
['11. Thus, an initially entangled state We(T1 =1, T, = 1) <
0 with I';; > 0 must become separable for sufficiently large
attenuation, from which we derive the witness

Wian = T'yp = 0105 — tr(CTC) + 2 det C. (21)

Wean < 0, provided Wppr < 0, supplies a simple, direct, and
general condition for testing the entanglement robustness of
bipartite Gaussian states.

The robustness can not depend on the choice of local
measurement basis for each mode since, as discussed in
the Appendix, local rotations commute with the operation
of losses. In other words, local passive operations, such as
rotations and phase shifts, do not change the robustness. By
using local rotations to diagonalize the correlation matrix C,
we obtain

W = o105 — (¢, — ¢,)* <0, (22)

which coincides with Wy, of Eq. (9). Thus, the Duan criterion
in the simple form of Eq. (9) is a particular case of Eq.
(21) when the correlation submatrix is diagonal. For Gaussian
states given by covariance matrices with diagonal correlation
submatrix, Wy, is a necessary and sufficient witness for robust
entanglement, but only sufficient otherwise.

D. Partial robustness

As seen in Fig. 2, there exist states that can be robust against
single-channel losses, yet disentangle for finite losses split
among two channels. Similar to the procedure in the previous
section, we will define witnesses capable of identifying partial
robustness.

Let us consider the case 7> = 1 for definiteness. The
attenuated witness of Eq. (17) becomes

Wr(T1,T, = 1) = (Wppr — W)T + Wy, (23)
where
Wi = Wi + Iy (24)

(see Appendix for the expression of I';;). The analysis of W
follows the same lines used in the case of fully robust states,
with the simplification that the witness depends linearly on the
attenuation. Thus, there is only one possible path cutting the
plane Wx(T;,T, = 1) = 0. The fraction of transmitted light
for which ESD occurs is

W
Wi — Wepr

From Wppr < 0, it follows that 0 < Wy < Wi — Wppr to
assure that T} exists as a meaningful physical quantity (0 <
TY < 1) whenever W; > 0.

Therefore, an entangled state satisfying W; < 0 is robust
againstlosses in channel 1, and Wj is the witness for this type of
robustness. The corresponding analysis regarding attenuations
on the subsystem 2 yields the witness

TS = (25)

Wo = Wi + T2, (26)
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with the same properties of W;. A relation analogous to Eq.
(25) holds for T;. Both witnesses are invariant under local
rotations, as expected.

V. ROBUSTNESS CLASSES

Based on the different dynamics of entanglement of Fig. 2,
we propose a classification of bipartite entangled states
according to their resilience to losses. We take guidance
in the sign of the reduced witness Wg(Ty,T>), which is a
hyperbolic paraboloid surface. The contour defined by the
condition Wg(T;,T,) = 0 provides a complete description of
the entanglement dynamics in terms of I';;. As depicted in
Fig. 2, there are three relevant situations. Bipartite entangled
Gaussian states can be assigned to the following different
classes:

(1) Fully robust states remain entangled for any partial
attenuation: Wg(7T,,T2) < 0,VT) 5.

(ii) Partially robust states: (a) symmetric: remain entangled
against losses on a single mode, but may disentangle for com-
binations of partial attenuations on both modes: Wx(T},T, =
1) < 0,YTy, and Wg(T, = 1,T3) < O,VT,. (b) asymmetric:
remain entangled against losses on a specific mode, but
may disentangle for partial losses on the other mode: either
WR(Tl,Tz = 1) < O,VTI, or WR(TI = I,Tz) < O,VTz.

(iii) Fragile states disentangle for partial attenuation on any
mode or combinations of partial attenuations on both modes.

For a complete classification of all bipartite Gaussian states,
one should include the separable states.

With the witnesses previously defined, we have necessary
criteria to assess the robustness of all bipartite Gaussian states.
A state will be robust with respect to losses imposed on
subsystem 1 if

W, <0. 27
Likewise, robustness to losses on subsystem 2 is given by
W, < 0. (28)

States will be partially robust if at least one of W; or W; is
negative or even if both are negative simultaneously (partially
robust, symmetric). Only if Wg(T},77) < 0,VT > will we have
full robustness.

As mentioned above, this classification is of practical
interest. Several quantum communication protocols using
continuous variables can be realized by one of the parties
(Alice) locally producing the entangled state and sending only
one mode to a remote location. The other party (Bob) then
performs operations on his part of the state, according to
instructions sent by Alice through a classical channel. The
success of these communication schemes strongly depends on
the losses that the subsystem of Bob may undergo, which could
be detected by an eavesdropper (Eve). In this situation, Alice
must produce entangled states that are at least partially robust
in order to avoid problems with signal degradation. It may not
be necessary for her to produce fully robust states: partially
robust entangled states may suffice for successful quantum
communication protocols.
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VI. PARTICULAR CASES

In the preceding analysis, we have found precise conditions
to determine whether or not bipartite Gaussian entangled states
are robust against losses. Given the practical interest of such
states as resources for quantum communication protocols, we
examine here particular Gaussian states that fall within the
classification scheme proposed above. One might think that
it should suffice to generate pure states with a large amount
of squeezing in order to have robust entanglement. We begin
by providing a specific example of a pure strongly squeezed
state, which is only partially robust. We then examine different
forms of the covariance matrix in order to map out the different
possibilities.

A. Pure and highly squeezed states with only partial robustness

In most experiments, Gaussian bipartite entanglement is
witnessed by a violation of the simplified Duan inequality of
Eq. (6). Typically, this is done by combining highly squeezed
individual modes on a beam splitter. This method allows the
creation of arbitrarily strong entanglement in the sense that
quantum information protocols such as teleportation could, in
principle, be realized with perfect fidelity in the limit of an
EPR state.

If such a state is contaminated by uncorrelated classical
noise (e.g., from Brillouin scattering in an optical fiber [25]),
it may then become subject to disentanglement from losses.
Even states that are pure may be subject to disentanglement
in a dual-channel scenario. We present below the covariance
matrix for a pure state with these characteristics:

52.5 0 —47.5 0

0 0105 0  0.095
V=1_45 o 52.5 o |- (29

0 0.095 0 0.105

This state has a very small symplectic eigenvalue, indicating
very strong entanglement [26]. As can be observed in Fig. 3,
the state is partially robust: losses on any single channel do not
lead to disentanglement, while ESD will occur for combined
losses in both channels.

Let us now examine different symmetries of the covariance
matrix and their implications on the entanglement dynamics.

B. Symmetric modes and quadratures: Fully robust states

We begin by examining completely symmetric modes, for
which A2[31 = Azc}l = Azﬁz = Azc?z =y and <8[518152> =
(841842) = ¢, and (6p;84;) = 0. The covariance matrix has
the form

s 0 ¢ O
0 s 0 —c
V= . (30)
c 0 s O
0 — 0 =

Such states can be generated, for instance, by the interference
of (symmetric) squeezed states on a balanced beam splitter
(entangled squeezed states) [15,17]. In this case, one has
s =vcosh2r and ¢ = vsinh2r, where r is the squeez-
ing parameter and v > 1 accounts for an eventual thermal
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mixedness, representing a correlated classical noise between
the systems.
Entanglement and robustness witnesses are thus

Wepr = (52 — 2 + 1)* — 4s? @31
and
Wit = 4ls — 1> = =4(s>— 2+ 1-2s5), (32)

from which one directly sees that Wppr < 0 and Wy < 0 lead
to the same condition (s — 1 — |c¢| < 0). Therefore, entangled
states with symmetry between the two modes and the two
quadratures are fully robust. The lack of ESD in these
systems indicates that strong symmetries lead to entanglement
robustness, even when classical noise is present, as long as it
is correlated.

The highly symmetric covariance matrices of Eq. (30) are a
particular case of the standard form II of Ref. [10]. For these,
the Duan criterion is equivalent to the PPT criterion, which then
entails full robustness for all entangled states with covariance
matrices in standard form II. Moreover, since any state can be
brought to standard form II by local squeezing and quadrature
rotations without changing its entanglement [10], any fragile
state can be made robust by suitable local unitary operations.
The converse is also true: local squeezing can transform robust
states into fragile ones without changing the entanglement.
For instance, if one applies a gate that makes use of local
squeezing to a given robust entangled state, it can become
fragile and undergo disentanglement upon transmission. Local
squeezing is one of the important steps in an implementation
of a controlled-NOT (C-NOT) [or quantum nondemolition
(QND)] gate with continuous variables [27].

C. Symmetric modes and asymmetric quadratures

More general covariance matrices are necessary in order
to observe disentanglement. States that are symmetric on
both modes but asymmetric on the quantum statistics of the
quadratures have been recently observed to present ESD [4].
The system under investigation consisted of the twin light

FIG. 3. (Color online) Entanglement as a function of losses for the
covariance matrix given by Eq. (29). Disentanglement may occur only
for combined losses on both modes. In this example, the symplectic
eigenvalue [6] is only 0.22 for the initial state.
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beams produced by an optical parametric oscillator, described
by a covariance matrix of the form

Aq 0 ¢q 0

V= 33
Cq 0 A% 0 33)
0 ¢ 0 A’
The entanglement and robustness witnesses read as
Weer = [(4%p)" = ¢} ][(A%0)" — <]
—2A%p A’q +2¢cpc, + 1 (34)
and
Wi = (A’p + A%q —2)" — (¢ — ¢,)" (35)

In this situation, the subsystems have equal purities (ug =
1/y/A2pA2g). The quadrature variances and correlations are
constrained by (A%p)* — ¢ >0 and (A%g)* —c; > 0. We
introduce the normalized correlations C,, = ¢, /A*pand C, =
cq/A?q for simplicity. They are bounded by —1 < C; < 1.
These parameters suffice to describe any state with the form
of Eq. (33).

In Fig. 4, the robustness condition is mapped in terms of
the correlations for a fixed purity ws = 0.626, showing the
regions corresponding to different robustness classes. Fully
robust state (a) falls within the I region in Fig. 4, while the
separable state (c) is located in the IV region. Within the
intermediate region, two different types of fragile states are
present. State (d) is partially robust, lying close to the boundary
to robust states. State (b) shows ESD for partial losses in
general, lying close to the boundary to separable states.

Alternatively, following the treatment described in Ref. [4],
the covariance matrix of Eq. (33) can be parametrized in terms
of the physically familiar EPR-type operators

1

P+ ﬁ(ﬁl + p2) (36)

and

1
G+ = —=(q1 £ §2). (37

V2

Entanglement can be directly observed from the product
of squeezed variances of the proper pair of EPR operators
(p-.4+) or (p4,G—). Additionally, the entanglement and ro-
bustness criteria of symmetric two-mode systems of Eqgs. (34)
and (35) can be written in the simpler forms

Wopr = Wproa W prod, (38)
Wiat = Waum W sum, (39
where
Wam = A*p_ + A%G, —2,
Weam = A2p, + A%G_ —2,
Wora = A?p-A%qs — 1,
Wi = A?pA%G — 1.
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FIG. 4. (Color online) The space of states with covariance
matrices of the form of Eq. (33) is plotted as a function of the
normalized correlations C, and C,. Separable states lie in the region
IV; fully robust states are comprised within the region I; partially
robust states are in the region II, and fragile states are in the region I1I.
Points outside of these regions do not correspond to physical states.
Here, we use A’p = 1.80 and A%g = 2.55. The points included
represent the states in Figs. 2(a)-2(d).

The distinction between robust and partially robust entan-
glement is clearly illustrated with symmetric modes. Con-
sidering attenuation solely on mode 1 (entirely equivalent to
attenuation on mode 2, given the symmetry), the condition for
partial robustness of Eq. (27) yields

W, = Wsumerod + WprodWsum- (40)

The condition W; =0 defines the border between partial
robustness and fragility. Since a state must be initially
entangled in order to disentangle, obviously,

Wi < 0 = Wppr < 0. 41)

Given the commutation relations between p and §, Wyoq and

Wprod (or Weum and W g ) can not be simultaneously negative.
In this context, the condition of Eq. (41) can be restated as

Wam < 0= Wpreq <0 (42)
or
Wam < 0= Wprod < 0. 43)
For W, =0,
Weum W prod = —Worod W sum- (44)

This equation holds only if Wy <0 and Wy, > 0 (or
Wprod <0 and Wy, > 0). Thus, W; =0 lies between the
curves Wppr = 0 and Wy = 0.

A plot of the state space in terms of these EPR variables is
presented in Fig. 5. Fixed values for the partial purities p, =

PHYSICAL REVIEW A 84, 052330 (2011)
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FIG. 5. (Color online) The space of symmetric two-mode states
is plotted as a function of the EPR variances A%§, and AZp_,
normalized to the standard quantum limit (SQL). Separable states lie
in the region IV; fully robust entangled states are within the region I;
partially robust states are in the region II, and fragile states are in the
region III. The partial purities are u_ = 0.7267 and . = 0.4529.

1/\/A2pLA%G, and p_ = 1/\/A2p_A24_ are assumed, so
that we can write the entanglement and robustness conditions
in terms of A?p_ and A2§... The observation of ESD reported
in Ref. [4] was obtained for partially robust states lying in the
region delimited by the conditions Wy, > 0 and W; < 0.

D. System in standard form I

The last case we consider is a covariance matrix in the
standard form I [6,10]. It represents two different modes with
symmetric quadratures

s 0 ¢ O
0 s 0 ¢
V= (45)
g 0 0
0 ¢, 0 ¢

The entanglement and full robustness witnesses read as
Wepr = (st — cg)(st — cf,) —st—1*+ 2¢cq4cp, + 1 (46)
and
Wi = 4 = Dt = 1) = (cq — ¢)*. (47)

The subsystems have purities ) =s~! and u, =¢7'. We
define the normalized correlations ¢; = ¢;/ Jst=c¢ 2
as before.

A covariance matrix in standard form I also presents ESD
for certain parameters, spanning all three classes of states
described above. Owing to the symmetry in the covariance
matrix, ESD in such a system does not occur for symmet-
ric correlations ¢, = —¢, independently of the purities w;
and ;.
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VII. CONCLUSION

We have addressed in this paper the issue of entanglement
in the open-system dynamics of continuous-variable (CV)
systems. Entanglement is a crucial albeit fragile resource for
quantum information protocols. Understanding its behavior in
open systems is very important for future practical applica-
tions.

Our analysis is carried out for the simplest possible situation
in the CV setting: bipartite Gaussian states under linear losses.
The general study undertaken here was motivated by the
experimental results presented in [3,4].

Starting from necessary and sufficient entanglement crite-
ria, we derived necessary and sufficient robustness criteria,
which enable us to classify these states with respect to
their entanglement resilience under losses. Having in mind
realistic communications scenarios, we present a robustness
classification: states may be fully robust, partially robust, or
fragile. For instance, if one generates an entangled state for
which only one mode will propagate in a lossy quantum
channel (single-channel losses), the conditions derived for
partially robust states apply. Such partial robustness would
be the minimum resource required for single-channel robust
quantum communications.

On the other extreme, EPR states, for which quantum
correlations appear in collective operators of both quadratures,
are the best desirable quantum resource. Their entanglement
is resilient to any combination of losses acting on both
modes, only disappearing when the state suffers total loss.
However, a rather likely deviation from such states could
already be catastrophic for entanglement: if a moderate amount
of uncorrelated noise (e.g., thermal noise) is introduced in
the EPR-type collective operators for one quadrature, even
when the other quadrature remains untouched and is perfectly
squeezed, entanglement can be lost for partial attenuation.
This offers a clue to the main ingredients leading to ESD in
bipartite Gaussian states. An appealing example is given by the
OPO operating above threshold. The usual theoretical analysis
leads to symmetric modes, with asymmetric quadratures, but
no uncorrelated classical noise. Thus, the OPO is predicted to
generate fully robust entangled states. However, uncorrelated
thermal noise originating in the nonlinear crystal couples into
the two modes [22], leading to ESD [4].

We have also found that such noise does not necessarily
have to imply mixedness. Even for pure states, the lack
of correlation between modes increases the state’s fragility.
Robustness is thus achieved not only for high levels of
entanglement between CV systems, but also symmetry in
the form of quantum correlations is desirable. This point
was illustrated by our study of mathematical examples of
Gaussian states, for which symmetry implied robustness in
spite of mixedness. We also point out that robustness can
be obtained, in principle, for any entangled state by local
unitary operations, such as squeezing and quadrature rotations.
However, these operations are not always simple to implement
in an experiment.

As an outlook, we should keep in mind that scalability
is one of the main goals in quantum information research at
present. As larger and more complex systems are envisioned
for the implementation of useful protocols, higher orders of
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entanglement will be required. Disentanglement for partial
losses was experimentally observed in the context of a tripartite
system [3]. An understanding of entanglement resilience for
higher-order systems will be important. The methods and
analyses developed here constitute the starting point for such
investigations.
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APPENDIX: ATTENUATED WITNESS

We would like to obtain an explicit expression for
Wipr(T1, T2) in terms of the physical parameters of the bipartite
system (variances and correlations). We note that the procedure
can not be directly realized by first bringing V’ (or V) to
a standard form and then applying the attenuation, since
local symplectic operations S € Sp(2,) @ Sp(2,)) normally
do not commute with the attenuation operation £(SV ST) #
SL(V)ST [12,28]. Consequently, invariant quantities under
global and local symplectic transformations are not necessarily
conserved by attenuations, such as the global and local purities.
On the other hand, SL(V)ST = L£(SV ST) is satisfied only
if SST =1, ie., S must be a local phase space rotation
S € SO2,M) & SO2,M). Therefore, a criterion for entan-
glement robustness should depend solely on local rotational
invariants.

We derive the explicit behavior of the witness W, under
attenuation. Writing the PPT separability criterion in terms of
the symplectic invariants [6], we obtain

Wopr = 1+detV +2detC — ) detd;, (Al
j=1.2
detV = det A det A, 4+ det C> — Ay, (A2)
Ay =tr(A1JCTAJCT ). (A3)
After attenuation, the matrices Ay, A,, and C become
C' =NT,C, (A4)
Al =Ti(A =)+ 1 (AS)

To derive Eq. (17), we express the symplectic invariants
in terms of quantities presenting similar behavior. Two such
quantities are obtained from Egs. (5) and (A4):

(A6)
(A7)

det(V' — I) = TP T} det(V — ),
detC’' = T\ T>det C.

For any 2 x 2 matrix M, the following expressions are valid:

det(M — I) =detM —trM + 1, (A8)
tr(M —I) = tr(M) — 2, (A9)
and one obtains
w)—o) = sz(wj —0j), (A10)
O'} =Tjo;, (A1)

052330-9



F. A.S. BARBOSA et al.

where o0; = trA; — 2, and @w; = det A; — 1 is the deviation
from a pure state (impurity), which is zero for a pure state and
positive for any mixed state.

By applying Eq. (A8) to det(V — I), we find quantities that
scale polynomially on the beam attenuations:

detV =det(V —I)+n, (A12)

n = o(wy — 02) + oo(w — 01) + 0102
+ det(A)) +det(A) + AL+ Ar— Ac — 1, (A13)

Ay =tu[CTJ(A, — DJIC],
Ay =tr[CJ (A, — DJICT], (Al14)

Ac = tr(CTO),

PHYSICAL REVIEW A 84, 052330 (2011)

where the last three quantities scale as
ANy =T'TAy, Ay, =TiTHAs, (A15)
A =TiDAc. (A16)
By substituting Eq. (A12) in (Al) and applying the
attenuation operation, we arrive at
Wipr(T1.To) = Y T{T{Ty;,
i,j=12
Iy =det(V — I) = det(V) — n,
[ = oy(w2 — 02) + Aa,
[y = oa(w) — 01) + Ay,
I'11 = 0102 — Ac +2det(C),

(A17)

The function Wi,y describes the dynamics of all bipartite
Gaussian states under losses.
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110 CAPITULO 5. MORTE SUBITA DE EMARANHAMENTO

A pureza de um estado gaussiano, como mostrado na ref [54], pode ser obtida a
partir do determinante da matriz de covariancia: trace[p?] = 1/+/det(V). Vemos que o
critério de emaranhamento (5.2) envolve tanto a pureza global, quanto a pureza de cada
subsistema, além da informagao comum a ambos, representada por det(C'). Dependendo
da situagao, mesmo estados emaranhados puros podem evoluir para estados separaveis
mediante perdas, conforme a eq. (5.4). Neste caso, o balanceamento da informacao entre
as quadraturas do campo serd também importante para que o estado seja robusto. Note
que o critério de robustez (5.4), para estados com matriz C' diagonal, fica reduzido a

Wih) = (trA; — 2)(trd; — 2) — (¢, — ¢,)* < 0, (5.5)

envolvendo os tragos das matrizes dos subsistemas, e da matriz C' apds a transposicao
parcial (o que implica na troca de sinal de uma das correlagoes de quadratura). Evi-
dentemente que estados emaranhados, puros e simétricos serao robustos contra perdas.
Estados com forte assimetria entre as quadraturas podem, porém estar sujeitos a morte
subita, ainda que sejam puros em sua origem (fig. 5.4).

Figura 5.4: Evolucao da testemunha de emaranhamento de Simon para um estado puro,
mediante perdas em cada modo.

Realizamos por este periodo uma série de medidas com diferentes estados emara-
nhados bipartite gerado pelo OPO. Os feixes sinal e complementar apresentam ruidos
semelhantes, balanceados entre si. Porém, a razao entre a variancia da quadratura fase
pela variancia da amplitude pode ser modificada de acordo com a poténcia de bombeio,
conforme vimos anteriormente [13]. Usando entao o bombeio como pardmetro de con-
trole, pudemos variar o estado de saida do OPO de um estado robusto, para um estado
sujeito a morte subita, e atingir ao final um estado separavel.
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Subtle quantum properties offer exciting new prospects in
optical communications. For example, quantum entanglement
enables the secure exchange of cryptographic keys' and the dis-
tribution of quantum information by teleportation®3. Entangled
bright beams of light are increasingly appealing for such tasks,
because they enable the use of well-established classical com-
munications techniques®. However, quantum resources are
fragile and are subject to decoherence by interaction with the
environment. The unavoidable losses in the communication
channel can lead to a complete destruction of entanglement®-8,
limiting the application of these states to quantum-communi-
cation protocols. We investigate the conditions under which
this phenomenon takes place for the simplest case of two
light beams, and analyse characteristics of states which are
robust against losses. Our study sheds new light on the intri-
guing properties of quantum entanglement and how they may
be harnessed for future applications.

Quantum entanglement is a counterintuitive feature that was first
introduced by Einstein, Podolsky and Rosen (EPR)® and discussed
by Schrédinger!® in 1935. As well as its philosophical implications
and fundamental character, it is increasingly important in proposals
to boost the processing power of computers and to make communi-
cations more secure. Bright beams of light can be described in terms
of physical observables (the amplitude and phase quadratures)
analogous to the position and momentum of a particle as in the
original EPR conundrum. These continuous variables may be
entangled and then used for quantum key distribution or for
quantum teleportation. Among all the quantum states, an important
class is the one presenting Gaussian statistics, which have been
extensively investigated both theoretically and experimentally.

In the realm of quantum optics, squeezed states of light are an excel-
lent example of non-classical Gaussian states. They have quadrature
fluctuations smaller than the classical limit of a coherent state. It is
well known that squeezing is degraded under channel losses, an unwel-
come effect for communications. Squeezed states always remain
squeezed for partial losses, linearly approaching the classical limit for
complete attenuation!. Recently, the effect of channel losses was ana-
lysed for entanglement in continuous variables®. Similar to observations
in two-qubit systems®’, entanglement can behave differently from the
properties of each individual system: it can vanish completely even for
partial losses. To understand and devise ways of controlling this effect in
practical applications, we investigate the simplest and most fundamen-
tal situation of two entangled Gaussian beams. We pinpoint conditions
leading to bipartite disentanglement and trace a boundary for those
entangled states that are robust against channel losses.

We begin by describing our source of entangled light, an optical
parametric oscillator (OPO) operating above threshold. In this

system, the nonlinear process of parametric downconversion is
stimulated, generating gain of the twin beams. As gain overcomes
losses, the system oscillates and outputs bright twin beams of
light, with classical coherence resembling that of a laser. The twin
beams are entangled in their quadrature amplitude and phase com-
ponents'!3, This can be understood from the perspective of energy
conservation: on the one hand, photons are created in pairs, imply-
ing strong intensity correlations; on the other hand, the sum of their
optical frequencies (thus their phase fluctuations) has to equal the
pump frequency, leading to phase anticorrelations. However, this
simple picture is somewhat upset by the existence of phonon
noise in the crystal, which degrades the phase quantum correlations
and therefore hinders entanglement!?. Control over the effects
of this noise enables the investigation of quantum-state
entanglement robustness.

The states produced by the OPO can be a physical realization of an
EPR-type state; that is, the (normalized) amplitude difference (p_)
and the phase sum (g, ) of the light beams show squeezing. Such
states violate a simple inequality, derived by Duan and colleagues'®,

Np_+ AN, =2 o)
where the quadrature variance of a coherent state, the standard
quantum limit (SQL), is unity. Violation of this inequality is suffi-
cient for entanglement. We will refer to it henceforth as the ‘Duan
inequality’. It is very convenient to check experimentally, for it
only requires measurements of joint amplitude and phase corre-
lations of both fields. However, it is not a necessary criterion
in this form; that is, fulfilment of equation (1) does not
imply separability.

It is straightforward to check that two-mode squeezed states and,
more generally, states that violate the Duan inequality are robust
entangled states. By evenly attenuating two such light beams by
the amount 1 — T (T is the fraction of light detected), the sum of
variances transforms as

Np_+ M4, =TAP_+A4)+20-T) ()

where Azf)iT and A%*j 4. are the new values of the EPR pair var-
iances after attenuation. Once violated, equation (1) will remain
below 2 for all values T > 0 (ref. 16). In the case of uneven attenu-
ations, a state initially violating the inequality could fulfil it for a
finite attenuation. However, it could be brought back to violation
by attenuating the second beam, according to equation (2).
Because attenuation is a Gaussian operation and, as such, cannot
increase the amount of entanglement'”!8, it must be concluded
that entanglement was already present, although not detected by
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Figure 1| Pictorial view of the process. An entangled state of two light
beams in transmission through a lossy channel. At the output, the state may
remain entangled (shown intertwined, above) or become disentangled (below).

the restrictive form of the Duan inequality. This demonstrates the
robustness of such entangled states. In fact, one can derive strict
conditions that all entangled Gaussian states robust against arbitrary
attenuations on both fields must fulfil'’.

To experimentally address the issue of disentanglement, we need
a necessary and sufficient entanglement criterion. For bipartite
Gaussian states, the positivity under partial transposition (PPT)
fulfils this requirement®. Quantum properties of Gaussian states
are completely characterized by their second-order moments (var-
iances and covariances), which can be conveniently organized in
the form of a covariance matrix. The PPT criterion can be stated
in terms of the smallest symplectic eigenvalue of the covariance
matrix corresponding to the partially transposed state: if smaller
than one, the matrix represents an entangled state; otherwise, a
separable state?’. To apply the PPT test, we completely reconstruct
the covariance matrix. Our study is thus conceptually simple: we
generate twin light beams from the OPO, perform a complete set
of quadrature measurements and test the covariance matrix
obtained for entanglement. We then subject one of the beams to a
controlled attenuation, simulating propagation losses in a
quantum channel, and repeat the procedure. For each attenuation
the symplectic eigenvalue reveals whether the beams remain
entangled. The situation is illustrated in Fig. 1.

We concentrate here on an interesting and practical situation. If
the source of the entangled beams lies with one of the parties that
wish to establish secure communication, only one beam has to be
sent over a lossy channel. States that could disentangle for partial
losses on both beams may in fact remain entangled until total loss
on a single beam, reducing the demands on the preparation of the
quantum state'®. In the following, we consider a particularity of
our twin beams that does not affect the essential physics but
greatly simplifies the mathematical treatment. We assume a sym-
metric state upon exchange of the two beams and that no cross-
quadrature (amplitude-phase) correlations exist. Then, states
subject to disentanglement fulfil the following inequality (see
Supplementary Information):

Wprod Wsum + Wprod Wsum >0 3)
Here we define W, = A’p_ + A’q, — 2, W, =A’p, + A% —2
and W, = Ap_Aq, —1, Woprod = A’p,A*§_ — 1. The sign of
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Worod determines whether the state is entangled (W,,,q <0) or

separable (W,,,q>0). The different sets of possible states are
shown in Fig. 2 as a function of A’p_ and A%§ +» the squeezed var-
iances of the twin beams. Entangled states subject to disentangle-
ment (green) lie in the region between the robust states (yellow)
and the separable states (blue). The boundary of robust states
depends on the overall purity. Two limiting situations can be recog-
nized. For pure states, partial-loss disentanglement never occurs.
For highly mixed states, robustness is restricted to states violating
the Duan inequality (region to the left of the dashed line).
Because one always deals with mixed states in an experiment, it
becomes important to consider the exact boundary of equation (3)
to assess robustness. One should be aware that in the more
general case when both fields are subject to losses, even pure
states may disentangle!®.

We generate either robust entanglement or disentangling states
by operating the OPO under different conditions. By varying the
pump power, we control the amount of classical phonon noise
coupled to the quantum phase noise. For pump power very close
to the OPO threshold, the twin beams violate the Duan inequality
and their entanglement is robust against channel losses. As it is
pumped with more power, the phase sum noise increases. The
amplitude difference noise is insensitive to the pump power
(Asz A 0.55) (ref. 21). We also checked that states experimentally
produced are Gaussian by measuring higher than second-order
moments. Details of the experiment can be found in the
Supplementary Information and references therein. The symplectic
eigenvalues are shown in Fig. 3 as a function of the single-channel
losses. The different plots correspond to several values of the
pump power, and therefore to the different initial quantum states
indicated in Fig. 2 (red dots). The solid lines represent the expected
theoretical behaviour. We find good agreement.

The sensitivity of entanglement to the interaction with the environ-
ment requires careful understanding because of its implications for
quantum information tasks. We have presented the experimental

0.84
0.7

0.6

Azp

0.5+ Robust

0.4

0.3

0.5 1.0 15 2.0

Figure 2 | Space of states. The state space is plotted as a function of the
operator variances p_ and g, . Separable states lie in the blue region. Robust
entangled states lie within the yellow region (including those states violating
the Duan inequality, region to the left of the dashed line). Fragile states,
subject to disentanglement in a lossy channel, are in the green region. The
red dots indicate the initial states produced in our experiment (Fig. 3), along
a line of approximately constant A%p_ ~ 0.55. Increasing values of Azq+
were obtained by varying the pump power from 1.20 to 1.43 times the
threshold power. In this plot we keep fixed values for A2p+= 3.06 and

Azq = 3.48, which correspond to typical experimental parameters in our set-up.
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Figure 3 | Entanglement data. Symplectic eigenvalues after partial transposition (PT) as a function of the quantum channel transmission, for different values
of pump power relative to the threshold power (o= P/P). a-e, As pump power increases (o= 120, 1.30, 1.35, 1.38 and 1.43 from a to e, respectively), we
observe, in sequence, robust entangled states, states that undergo disentanglement and, finally, a weakly entangled state. Solid lines correspond to the
theoretical dependence of the states on losses. Good agreement is observed. Error bars correspond to two standard deviations of the symplectic eigenvalue,

as detailed in the Supplementary Information.

observation of partial-loss disentanglement in a bipartite continuous-
variable system, which can harm the potential applications to
quantum optical communications. In spite of the possibility of its occur-
rence, we could clearly draw the boundaries of those entangled states
that are robust against channel losses. This boundary can be enlarged
in certain communication schemes, decreasing the demands on the
amounts of entanglement and state purity. Understanding the simplest
situations should help us to deal with more complex settings involving a
larger number of entangled parties. Given that a ‘bright future for
quantum communications’ can be foreseen?, we have investigated
here conditions for its robustness against losses in the quantum channel.
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DISENTANGLEMENT CRITERION: Gaussian states are fully described by the covariance matrix V', given by
the second-order moments:

A A A A

Vas = < {émgﬁ}> = < 9 >7 a=1,234 (1)

The vector £ = (G, p, G, P») contains the Hermitian canonical operators of the electromagnetic field: the phase ¢ and
amplitude p quadratures. They are written in terms of the annihilation and creation operators as ¢, = (a! 4 a,) and
p; = i(al —a,) (j = 1,2), fulfilling the commutation relation [g;,p,] = 2i. With this choice of normalization, the
variances of the quadratures of a coherent state (the standard quantum level, or SQL) are unity. For bipartite states,
the covariance matrix assumes the form

A C

where A, B, and C are 2 x 2 matrices. Following the definition of Eq. 1, A and B are the covariance matrices of

the individual beams and C' contains the bipartite correlations. In our treatment, we assume no correlations between

different quadratures ((p, ¢;;) = 0) and symmetric fields (A = B). These simplifying assumptions do not restrict the

understanding of the phenomenon and correspond within an excellent approximation to our experimental situation.
The smallest sympletic eigenvalue v resulting from the partial transposition of V' reads [1],

—=, 3)

\/A/_m
V=

with A’ and I" defined as

A" = det A+det B—2detC, (4)
I' = detV .

The PPT criterion states that the bipartite system is entangled if and only if v < 1.
We model the effect of losses by a beam splitter with variable transmission 7" = ¢* placed on the path of one beam.
The covariance matrix V. of the lossy system is related to the original covariance matrix by

Vp=L(V-I)L+]1, (5)

where L = diag(t,t,1,1) represents the losses and I is the identity matrix.

To find the boundary between the robust states and those subject to disentanglement, we calculate the smallest
symplectic eigenvalue v, of the partially transposed V. as a function of the attenuation. Robust states will have
vy < 0,VT, while states that disentangle will cross the line v = 1 for some value of 0 < T' < 1. From Eq. (3), the
condition v = 1 is equivalent to

A, —T,—1=0, (6)

which contains essentially all the required information to assess the robustness of the state against losses. A state is
robust if no 0 < T < 1 exists that satisfies Eq. 6.
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In the case of symmetric beams without amplitude-phase correlations, a convenient and simple expression for the
robustness against losses can be found by parametrizing the covariance matrix in terms of collective operators of the
bipartite system,

4 = 7(@1 + (jz)a ]5:(: = 7(131 iﬁ?)a (7)
then the smallest symplectic eigenvalue is simply vy = min{A?p, » x A?G_ +; A*H_ » X A%, +}. The attenuation at
which v, crosses unity is given explicitly by

WoroaW cum + W oroaWeim

T = — — — .
° _2Wp7‘ode7‘od + WprodWsum + Wp'r‘odWsum

(8)

where W ..., Woroa W oum, and med are defined in the main text. Disentanglement occurs if 0 < T, < 1. It can be
shown that the denominator is strictly positive if the initial state violates the PPT criterion. Then the numerator
alone defines the robustness boundary for attenuation of one beam, as presented in the main text.

SETUP The entangled beams are generated by a triply resonant type-II OPO pumped by a frequency-doubled
diode-pumped Nd:YAG laser (Innolight Diabolo) at 532 nm, filtered with a mode cleaning cavity to ensure that pump
fluctuations are reduced to standard quantum limit (SQL) for frequencies above 20 MHz. The OPO consists of a non-
linear crystal inside a linear Fabry-Perot cavity. Reflectivity for the input coupler (IC) is 70% for the pump (highly
reflective for the downconverted beams) and 96% for the output coupler (OC) around 1064 nm (highly reflective
for the pump field). The crystal is a bulk high gray-tracking resistant potassium titanyl phosphate (HGTR-KTP,
by Raicol Crystals) with length ¢ = 12mm, and antireflective coating for both wavelengths. Owing to the excess
noise added by thermal phonons of the crystal in the phase quadrature [2], its temperature is kept at —10°C and a
vacuum chamber is built around the OPO, in order to avoid moisture on the crystal surfaces. Output beams have
orthogonal polarizations and are separated by a polarizing beam splitter (PBS). Each of the twin beams is reflected
off an empty optical cavity before being measured, in order to perform a self-homodyne detection [3]. Synchronous
scan of the cavities allows access to each beam’s covariance matrix and to the correlations between equal quadratures
of both beams. By scanning only one cavity, cross-quadrature correlations are accessed. After passing through the
cavities, each beam is divided in a 50/50 beam splitter and the fluctuations are independently measured in a balanced
detection scheme [4].

0
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FIG. 1: Setup for the measurement of entanglement in the Optical Parametric Oscillator. Variable attenuation
T is inserted in the beam path of one of the output beams.
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The variance of the photocurrents’ subtraction corresponds to a homodyne measurement of vacuum fluctuations
and yields the standard quantum limit (SQL). The variance of the sum of the photocurrents gives the intensity noise
of the incoming beam. In order to obtain quadrature variances and correlations normalized by the shot noise, we
extract their ratio with respect to the noise of the photocurrents subtraction. Electronic noise is measured beforehand,
and its value is constantly checked during the measurement. Its contribution to the measured variances is subtracted
and it is typically one order of magnitude smaller than the measured noise in the presence of light. Fluctuations at
21 MHz are measured by mixing the photocurrent with a sinusoidal signal at this frequency and low-pass filtering the
beat note with a 600 kHz bandwidth. Each acquisition corresponds to 450000 points and variances and correlations
of these fluctuations are calculated by taking groups of 1000 points, resulting in a curve of 450 points acquired for
different detunings of the analysis cavities. The parameters of a least squares fit in this curve are the covariance
matrix entries, obtained with an uncertainty of 1.4% of the SQL. The fluctuation statistics are Gaussian within the
experimental error [5]. This is verified by testing skewness and kurtosis. The two beams present very similar statistics
and all cross-quadrature correlations are null within the experimental error.

DATA ANALYSIS We obtain the sympletic eigenvalue resulting from the partial transposition of each measured
covariance matrix. To assess the error bar in v, we perform Monte Carlo simulations. From the reconstructed matrix
and the error bars in its entries, ten thousand matrices are randomly picked within the uncertainty region of each entry,
giving a well-behaved distribution (smooth and single-peaked) of symplectic eigenvalues. The value and uncertainty
in v are given, respectively, by the mean value and standard deviation of such distribution.
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Estes dois artigos colocam os limites necessérios para a geracao de estados emaranha-
dos tteis para protocolos de comunicagao quantica, e permitem determinar com seguranga
os campos a serem usados para a realizagao de processos de teletransporte. Isto permite
usar o OPO como ferramenta, tendo ele uma vez completamente caracterizado.

Aparentemente, sabemos agora tudo no OPO, exceto por um pequeno detalhe. Quando
estudamos o comportamento do emaranhamento tripartite, foi observado que o OPO,
mesmo em condic¢ao inicial, apresenta uma matriz de ruido cujo determinante era, apa-
rentemente, superior a um, o que implica em uma pureza nao unitaria [55]. Ora, processos
unitarios devem conservar pureza, e conforme descrito na literatura, para sistemas gaus-
sianos a pureza ¢ igual ao inverso da raiz do determinate da matriz de covariancia. Falta
ainda algo a aprender sobre o OPO?



Capitulo 6

O futuro do emaranhamento

Vimos nos quatro capitulos anteriores a evolugao do Oscilador Paramétrico Otico como
fonte de estados emaranhados em sistemas de varidveis continuas. Se ele era ja bem
conhecido abaixo do limiar de oscilagdo, como fonte de estados comprimidos [17], e se
estes estados foram sempre combinados usados em sistemas de informacao quantica,
como teletransporte com estados bipartite [37], “quantum dense coding” com estados
tripartite [47, 48] ou com mais modos, gerando cachos de estados (“cluster states”) [56].
Estas técnicas estao baseadas na realizacao de medidas de quadraturas por homodinagem
e interferéncia para geracao de campos emaranhados. O seu conjunto apresenta, portanto,
a limitacao evidente de poder operar apenas em uma frequéncia.

A manipulacao de informagao quantica deve contar, eventualmente, com diferentes
sistemas, operando em diferentes frequéncias. Em variaveis discretas, a geragao de fétons
gémeos por conversao paramétrica descendente é naturalmente multimodo, e permite em-
pregar tal facilidade, possibilitando o acoplamento de “qubits” espectralmente distintos.

Podemos fazer algo semelhante para variaveis continuas. Vale lembrar que nos proces-
sos com variaveis discretas temos geralmente um carater intrinsecamente probabilistico
na geragao do emaranhamento, enquanto que para variaveis continuas este é gerado de
forma deterministica. Isto representa uma vantagem para estes sistemas. Porém, como
vimos acima, os processos até hoje contam apenas com técnicas interferométricas de
geracao e medida.

Desde 2004 demonstramos a viabilidade de geracao de campos emaranhados em cores
distintas, sejam sistemas bipartite, sejam sistemas tripartite. Verificamos as condigoes de
robustez do emaranhamento bipartite na interacao com o meio. Desenvolvemos técnicas
de medida do campo que dispensam a interferéncia com campos de referéncia, usando
o préprio campo médio como oscilador (realmente) local. O préximo passo é combi-
nar estas possibilidades para gerar o teletransporte entre diferentes cores do espectro
eletromagnético.
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6.1 Teletransporte no espectro eletromagnético

No teletransporte de um estado quantico, o estado de um sistema é medido em uma
primeira estagao (A, ou Alice), e o resultado é enviado a segunda estagao (B ou Bob), que
ird tentar produzir um estado com a maxima fidelidade ao estado original. No entanto,
no processo de medida em varidveis discretas, projetamos o sistema em um auto-estado
escolhido pela nossa base onde fazemos a medida [57]. Para varidveis continuas, medimos
as flutuacoes de operadores conjugados, o que é sempre limitado pela incerteza de nossa
medida. Deste modo temos sempre um limitagao da informacao disponivel, reduzindo a
fidelidade do estado recriado remotamente [37].

Podemos entender isso pelo fato de Alice obter efetivamente uma informagao na ani-
quilacao do sistema durante o processo de medida. Porém, o uso de estados emaranha-
dos permite que, neste processo, a informacao fique oculta ao interferirmos o estado a
ser medido com um dos subsistemas do par emaranhado, e realizarmos a medida sobre
o resultado desta combinacao!. A informacao cldssica transmitida de Alice para Bob
contém tanto a informacao do estado a ser teletransportado quanto do subsistema do par
emaranhado. Na estacao remota, Bob recebe esta informacao e o outro subsistema do
par emaranhado. Usando a informacao classica recebida, ele tem condi¢ao de recuperar
o estado aniquilado por Alice. A fidelidade deste processo é tanto maior quanto maior
for o emaranhamento do par empregado.

Tal processo foi empregado com sucesso em sistemas de varidveis discretas [57] e em
sistemas de varidveis continuas [37]. Enquanto que o estado de polarizagao é transportado
no primeira caso, no segundo sao as flutuagoes do campo que sao transferidas de uma
estacao a outra. No caso de varidveis continuas, temos nas implementacoes realizadas
sempre uma limitacao no modo do estado gerado. Por produzir o emaranhamento a partir
da combinacao de dois estados comprimidos em um divisor de feixe, temos na saida de
nossa fonte de estados EPR estados emaranhados de mesma frequéncia. O estado a ser
transportado e o estado final terao, consequentemente, a mesma frequéncia. Em uma
visao “naive” do problema, um bom sistema de teletransporte deveria ser semelhante a
um jogo de espelhos, que enviasse o estado de Alice para Bob!

Em nosso laboratorio, o projeto dos estudantes Antonio Sales Coelho e Paula Sampaio
Meirelles é empregar o estado emaranhado produzido pelo OPO, com cores distintas, para
realizar o teletransporte entre regioes diferentes do espectro eletromagnético. O estado
quantico de um dado sistema, em uma dada cor, sera aniquilado, e o estado serd recriado
agora em uma cor diferente.

A primeira estacao (Alice) recebe um dos feixes produzidos pelo controle do sistema
(Charlie), e faz a interferéncia em um divisor de feixe 50/50. As saidas sao medidas,
escolhendo duas quadraturas ortogonais do campo, portanto duas observaveis conjuga-
das, como as associadas a amplitude e fase. Esta informacao é enviada para Bob por um
canal classico. Charlie envia a Bob o outro feixe do OPO, em uma cor distinta, além de

1O ocultamento da informacao pode ser entendido pelo ao fato que no caso emaranhado, as flutuacoes
do subsistema sao maiores que as do estado coerente, e tanto maiores quanto maior o emaranhamento.
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Figura 6.1: Implementacao para teletransporte quantica empregando um OPO para pro-
duzir o emaranhamento entre Alice e Bob.
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sua medida do campo de bombeio.

Bob tem agora um dos pares emaranhados, e a informagao classica da medida enviada
por Alice e Charlie. Falta-lhe, no entanto, uma fonte de campo classico que ele deve
empregar para modular o campo e adicionar as flutuagoes do par emaranhado. Ele
pode tomar parte do campo recebido para estabilizar em frequéncia um oscilador local
(injetando um laser,por exempo), e fazer o procedimento realizado por Kimble et al. [37].
Porém, uma forma simples e direta é usar a portadora do campo emaranhado do OPO.
Uma cavidade de filtro permite refletir as flutuacoes do campo do feixe recebido, que estao
correlacionadas quanticamente com as flutuagoes do feixe recebido por Alice, separando-
as da portadora central que é transmitida pela cavidade. Sobre esta, sera adicionado
o vacuo refletido pela cavidade na porta de saida, gerando um estado coerente. Ele
pode agora modular este campo empregando a informagao recebida pelo canal classico,
e empregando um divisor de feixe, sobrepor as flutuagoes sobre o campo modulado.
Ajustando corretamente as intensidades envolvidas e as modulagoes, teremos na saida da
estacao B o estado recebido pela estacao A, porém agora em uma frequéncia diferente.

Para a realizacao deste sistema de emaranhamento, e a primeira demonstracao do
teletransporte incondicional entre diferentes regioes do espectro eletromagnético, preci-
samos atualizar a instrumentacao do laboratoério. Tal medida permitira que os resultados
obtidos pelo nosso grupo, além do ponto de vista qualitativo, passem a ter destaque no
ponto de vista quantitativo. Para a realizacao de teletransporte, o nivel de compressao
de 3 dB que alcancamos nao é mais suficiente, e precisamos de pelo menos 6 dB para
obter resultados comparaveis aos demais existentes na literatura. Isto se dara através de
varias adaptacgoes:

e Aumento da compressao de ruido Inicialmente, devemos aumentar o nivel de
compressao de ruido obtido no OPO, o que deve ser obtido pela redugao de perdas
espurias intracavidade, comparadas ao acoplamento pelos espelhos da cavidade.
Para isso, precisamos melhores espelhos para a montagem da cavidade, e cristais
com menores perdas através do tratamento anti-refletor de suas superficies. Para
tanto, iremos adquirir espelhos com refletancia de 5% em 1064 nm e 99,99% em 532
nm para a saida dos feixes no infravermelho, e espelhos de entrada de refletancia de
15% no verde e 99,99% no infravermelho. Para o cristal, iremos realizar a deposicao
de tratamento anti-refletor que permita reduzir a reflexao espiria para menos de
0,1 % por face.

e Controle do ruido espirio Como vimos [13], o espalhamento da poténcia in-
tracavidade é uma fonte extra de ruido. Por isso, trabalhar com feixes intensos,
mas limitados a poucos mW, serd interessante. O controle do ruido no OPO se da
por duas formas, portanto: reducao da poténcia, através de reducao de perdas e
aumento da nao-linearidade, e resfriamento do cristal. Vamos realizar a montagem
do OPO em vacuo, com controle de temperatura, permitindo chegar a -50°C, e
empregar cristais PPKTP, onde a condigao de inversao periddica de dominio (peri-
odically poling) aumenta a nao-linearidade efetiva do cristal. Com isso o limiar de
oscilacao ¢ reduzido, contribuindo igualmente para a reducao do excesso de ruido.
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e Mudanca na cavidade

Para estender o sistema de emaranhamento ao caso tripartite, incluindo o campo
de bombeio no processamento do sinal, é conveniente que o feixe refletido seja
detectado diretamente. Neste caso, o sistema atual, empregando um isolador 6tico,
impoe perdas importantes na detecao, limitando a sua eficiéncia. O uso de um
OPO em anel elimina estas perdas. Neste caso, esperamos uma reducao da largura
de banda da cavidade, devido ao maior tempo de voo, o que leva a medidas em
uma faixa de frequéncia menor. Isto demanda modifica¢oes no sistema de detegao
e na faixa de frequéncia de trabalho das cavidades auxiliares do sistema.

e Sistema de detecao

Quanto a parte de medida, dispomos de detetores eficientes na faixa de 1064 nm,
porém detetores melhores para o visivel precisam ser adquiridos, e atualmente os
melhores em 532 nm sao da Hamamatsu. Quanto a eletronica, precisamos expandir
as instalagoes do laboratério, o que implica na aquisicao de componentes especificos.
Necessitamos de amplificadores para os detetores com excelente ganho na faixa de
alta frequéncia (1 a 30 MHz) e ruido extremamente baixo. Para a medida deste
sinal eletronico precisamos ainda de circuitos demoduladores para compatibilizar o
sinal de alta frequéncia com a faixa de aquisicao da carta analdgico digital.

A area de informacao quantica mantém um interesse revigorado pelas diversas possi-
bilidades de manipulagao de informacao. Diversos meios se apresentam como candidatos
para o armazenamento quantico de informagao, sejam atomos, ions, pontos quanticos,
etc. Por outro, a transmissao desta informacao se faz por meio do campo eletromagnético.
Atualmente, nao héa claramente um sistema vitorioso para a realizacao do processamento
quantico de informagcao. O nosso sistema é proposto como uma ferramenta interessante
para, através do teletransporte, fazer o acoplamento direto entre diferentes componentes
(“hardwares”) cobrindo uma barreira intrinseca de sua comunicacao direta - o fato de
diferentes sistemas operarem em diferentes faixas de energia, portanto diferentes compri-
mentos de onda.

Atualmente, o OPO é a tnica ferramenta que possibilita esta manipulagao de in-
formacao, posto que os demais sistemas emaranhados empregam ou variaveis discretas, o
que implica em teletransporte condicional, ou sistemas degenerados em frequéncia no re-
gime de variaveis continuas, que permitem o teletransporte incondicional. A experiéncia
aqui proposta nao ird conectar diretamente outros sistemas quanticos, mas prestara como
demonstracao de principio da realizacao deste teletransporte. Futuramente, poderemos
realizar novos experimentos com OPO s bombeados por lasers de Ti:Safira, permitindo
a manipulacao de feixes emaranhados em ressonancia com atomos de rubidio, uma das
linha de estudo em nosso laboratério.
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Apeéendice A

Descricao do Oscilador Paramétrico
Otico

A invencao do laser possibilitou a geracao de campos eletromagnéticos intensos no es-
pectro 6tico (entdo no visivel e infravermelho). Esta revolugao colocou a disposi¢ao
campos intensos, gerados em cavidades 6ticas, com elevadas poténcias de saida, gerando
feixes espectralmente estreitos, com modos espaciais bem definidos, possibilitando sua
manipulacao espacial, com alta focalizacao com perdas praticamente nulas, além de uma
elevada coeréncia de tais campos.

Gragas a esta ferramenta foi possivel investigar as propriedades 6ticas da luz, para
além do limite linear. Tais efeitos nao lineares ja eram conhecidos quando acoplava-se,
pela nao linearidade do meio, o campo 6tico a campos elétricos ou magnéticos de baixa
frequéncia (do ponto de vista do campo 6tico, pode-se dizer quase-estaticos) [1]. Mas
somente com a intensidade gerada por um feixe do tipo laser tornou-se possivel empregar
a resposta nao-linear do meio para acoplar diretamente campos no dominio 6tico.

Com isto, houve a possibilidade direta da geracao do segundo harmonico a partir
de uma frequéncia fundamental, fenomeno conhecido também por conversao ascendente,
e a conversao de um campo de bombeio em dois campos com frequéncias inferiores
(conversao paramétrica descendente), que estao na origem do funcionamento do Oscilador
Paramétrico Otico e da Geragao de Segundo Harmonico.

Para aplicagoes em Otica Quantica, estamos interessados em ter feixes estaveis, co-
erentes, capazes de gerar, sob demanda, campos emaranhados ou comprimidos para
aplicacoes de espectroscopia sensivel [58], teletransporte [37], interferometria [59] ou me-
trologia [60]. Estamos portanto interessados em situacoes estaveis de funcionamento do
OPO, fora das condigoes biestdveis [61] ou de regime caético ou pulsado [62]. Ainda
que possamos esperar fenomenos interessantes nesses regimes de operacao, as técnicas de
medida tem favorecido, até o momento, o funcionamento em condig¢oes de operacao onde
aproximacoes lineares dos processos sao validas.
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Para estudar o OPO, precisamos levar em conta a dinamica no interior da cavidade,
dentro da Eletrodinamica Quantica. Situagoes de cavidade extremamente bem isolada
permitem os estudos fundamentais desta teoria, no dominio da Eletrodinamica Quantica
de Cavidades (Cavity QED). Um belissimo exemplo de tal sistema pode ser visto nos
artigos do grupo de Serge Haroche (ENS), onde temos o estudo do estado da cavidade (na
faixa de micro-ondas) através de dtomos-sonda (e. g¢. [63]). Outros sistemas permitem
ainda o estudo através da transmitancia da cavidade para campos em regime classico, no
dominio ético (e. g¢. [64, 65]).

No nosso caso, estamos em um regime onde podemos considerar que a interacao da
cavidade com o mundo externo é relativamente forte. Temos portanto uma interacao
entre os modos da cavidade, um campo de alimentagao da mesma, e as perdas desta
para o resto do universo. Neste caso, um tinico modo da cavidade pode ser descrito pela
Hamiltoniana em um referencial de campo girante

O primeiro termo (lf[ Li = hAidzdi) corresponde a evolucao do campo dentro da cavidade,
relativa a situacao de exata ressonancia, em funcao da dessintonia A; = w; — w, entre
o campo e a ressonancia da cavidade . Do segundo termo, Hpi = ih(eidj — €fa;), pode-
mos ver que surge um operador deslocamento sobre o campo, na evolucao do sistema,
produzido pela injecao de um campo externo F; na cavidade. Por fim temos dois termos
envolvendo a troca de fétons com o reservatério térmico (ﬁ Ri), Sobre o qual atuam os
operadores de criacao e aniquilacao I‘I el}.

Para obtermos a hamiltoniana do OPO, incluimos um acoplamento nao linear entre
trés modos distintos do campo

N

V =ih (moa}a; . n*agale@) (A.2)

de forma que a hamiltoniana total do sistema serd dada pela hamiltoniana de cada modo
ressonante, mais o termo de interacao nao linear

Usando o formalismo da equacao mestra, podemos substituir a interacao com o reser-
vatério Hp, considerado markoviano, por operadores de Lindblad [66, 67] na equagao de
evolucao do sistema. Com isto, a equacao de evolucao para o operador densidade do
campo intracavidade sera dada por

~

0 . N A . A . A . .
’lha—i = |Hpo+ Hpo+ Hpy +Hpy +Hpo + Hpo + V), P] +ih(Lo+ L1+ Lo)p  (A4)

sendo os operadores de Lindblad L;p = 'yi(Zdl-ﬁdj» — &jdiﬁ — ﬁ&ldi), onde ; sao as taxas

de amortecimento da cavidade.

Uma forma de lidar com a equagao mestra é buscar uma descricao alternativa do
sistema, substituindo o operador densidade por uma representacao do operador. Neste
caso, ao substituir os operadores do campo eletromagnético por variaveis complexas, e
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o operador densidade por uma “quase-distribuigdo” de probabilidade g (que é funcao
do tempo e das varidveis conjugadas do campo) podemos lidar com o problema classi-
camente, através da solucao de uma equacgao diferencial para a representacao, e a partir
desta calcular as grandezas de interesse. A questao do ordenamento dos operadores é
resolvida, assim ao se estabelecer, pela representacao, uma “regra de uso” do célculo dos
observaveis expressos em termos dos operadores de criacao e aniquilagao. O objetivo,
para o OPO, é chegar a uma equacao de Fokker-Planck

ap Z 0.21:Z Z ox; 8:15] X0 p(X.1) (4.5)

onde temos um vetor de arrasto do campo A'()_(‘ ,t), permitindo o céalculo do valor es-
taciondrio do mesmo (se houver), e um termo de difusio D(X,t) = B(X, )BT (X, 1),
responsavel pela dispersao do valor médio, ou seja, pela flutuagao associada ao mesmo.

Diferentes equagoes podem ser obtidas para diferentes representacoes, tais como a P
de Glauber-Sudarshan, a representacao de Wigner, e a Q de Husimi. E curioso notar que
a contribuicao dos comutadores das hamiltonianas da cavidade serao iguais para os trés
campos.

o 9 o .

[HDz‘,ﬁ] —h (88 85* z> £- (A7)

No entanto, para o comutador do termo de interacao e para os operadores de Lindblad,
a situagao muda.

—a:) o+ 0L (A8)

o (A.9)

—ih

Note que os termos envolvendo as derivadas de primeira ordem permanecem idénticos
para as trés representacoes. Isto é consistente com a ideia que tais termos estao associados
com a evolucao dos valores médios do campo em uma equacao de Langevin, como veremos
a seguir. O acoplamento entre os campos dara origem a termos de ganho e atenuagao
das amplitudes, adicionais aos termos de alimentacao externa por um campo injetado na
cavidade ¢;, e o termo de atenuacao originado no operador de Lindblad.

Ja para os termos de ordem superior, vemos as diferencas de tratamento de cada
representacao. Para a representacao P, as derivadas de ordem 2 no operador de Lindblad
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sao nulas - nao ha processo difusivo oriundo destes termos. Este termo vira, porém, da
contribuicao da interagao entre os campos

2 2
OV(Q)P = ihy; (/{804?(9042 oo + K 8@?@@3 048) P (Al())
a qual, dependendo do valor da fase de ag, pode ser negativo. Uma difusao negativa
implica em um problema nao solivel para a equacao de Fokker-Planck: na evolucao
temporal, a difusao leva o sistema a uma singularidade. Portanto, a equacao pode ser
empregada abaixo do limiar, mas acima ela apresenta séria dificuldades na sua solugao.
Por outro lado, os termos de terceira ordem estao ausentes.

Ja na representagao () de Husimi, ainda que o comutador com a interacao dos campos
dé os mesmos operadores diferenciais, a equacao de Lindblad resulta em um termo de
difusao positivo adicional ao termo anterior

‘ 0? 0?

presente nos trés campos, garantindo a existéncia de uma resposta nao-divergente.
Por outro lado, a representacao de Wigner nao apresenta termo de difusao para o

operador de acoplamento (Oy(2) = 0), apenas no termo de Lindblad, sendo este igual a
metade do termo equivalente na representagao de Husimi

0? 0?

OrLi(2)W = ihy; + W A.12

Ll( ) G (8%8% 8042‘804:) ( )

este termo de flutuacao ligado a transmitancia do espelho tem uma interpretacao facil:

trata do acoplamento das flutuagoes do campo externo (incluindo o vécuo) ao campo

interno da cavidade. O unico problema nesta representacao é a existéncia de termos de
terceira ordem na interagao dos campos

Oy ()W = —i" A A B (A13)
v n Z4 ”aagaala% " OayOarf 0 ) ’

Este termo é normalmente desprezado no tratamento, sendo assumido como muito pe-
queno. O resultado dele sera alterar a gaussiana esperada como resposta da solucao
linearizada. Nao sera porém a unica aproximacao feita .

Podemos associar uma equacao diferencial estocastica de Langevin a equacao de
Fokker-Planck (A.5) [67],

=

= AX t) +B(X, ) X™(t) (A.14)
onde os termos de flutuacao estocastica tem média zero e sao responsaveis pela difusao
(X7 () X™(t")) = d;;0(t — t')). Resolvemos a equagao de Langevin comegando pela
determinacao dos valores médios dos campos no regime estacionario

—

(A(X 1)) ~ A((X),t) =0 (A.15)
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Feito isso, podemos passar para uma mudanca de variaveis no sistema, calculando a
resposta em termos deste valor médio e de uma flutuacao estocastica adicional

§X = X — (X) (A.16)

A solugao desta equagao implica em uma aproximacao linear em torno do valor médio,
desprezando os termos de ordem quadratica e acima nas flutuagoes.

ASX ~ A(X,t) — (A(X,1)). (A.17)

A validade desta aproximacao deve ser tratada corretamente. Lembre-se que assumimos
que

e A(X,t) pode ser substituido por A(X)

e os termos de flutuacao de ordem superior a um podem ser desprezados, o que é
valido se (dx;0x;) < ((z;), (x:)), ou (dz;0z;) < (Ax;, Axj), i. e., os termos de
flutuacao cruzados sao muito menores, em média, que as variancias dos termos
correspondentes.

Se estas condicoes forem satisfeitas, e se

e B(X,t) ~ B((X)) = B, i.e., descartamos correlagdes cruzadas entre as flutuacdes
de entrada responsaveis pela difusao e as flutuagoes do préprio campo,

e as aproximagoes responsaveis pela equacao mestra sao validas,

e a equacao diferencial da representacao da matriz densidade contém derivadas de
primeira e segunda ordem apenas, ou seja, ¢ uma equacao de Fokker-Planck.

Chegamos a uma forma simples para resolver as flutuacgoes intracavidade

doX (t)
dt

— ASX (1) + BX™(t). (A.18)

No caso mais comum, o acoplamento entre OPO e meio externo é feito através de
perdas pequenas, com cavidades bem fechadas e espelhos com elevada reflexao. E a
transmissao pelo espelho de saida que ird nos fornecer informagoes sobre a evolucao
do sistema. Neste caso, emprega-se o formalismo de entrada e saida, que relaciona os
operadores analisados (medidos pelo sistema de dete¢ao) com os operadores de entrada
do OPO [68]. O acoplamento do campo interno para a saida é dado pela matriz de
difusao B, e a reflexdo é tratada como unitaria

SXU(t) = BoX (t) — IX™(t) (A.19)

onde I é a matriz identidade.
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Para um ruido de entrada gaussiano, a evolucao intracavidade nao mudara este perfil.
A descricao da distribuicao gaussiana serd completamente determinada pela matriz de
covariancia

V, = (6X (8)6XT(t)). (A.20)
Para o campo de saida teremos
V = (X ()3 X (1)), (A.21)

Sendo que esta matriz pode ser vista como a matriz de correlacao entre dois tempos
distintos, com um intervalo 7 tendendo a zero.

V(t,t+7) = V(r) = X B [0X (t + 7)) (A.22)

O célculo das covariancias pelas equagoes (A.18) e (A.19) pode ser relativamente
complicado, em consequéncia de uma derivada temporal sobre um sinal de ruido. No
entanto, a solugao é simples ao passarmos para o dominio espectral. A transformada de
Fourier da flutuacao é dada por

—

X(Q) = \/%7 /_ SR (1) ewp(—iQ)dt. (A.23)

onde, por simplicidade, abandonamos o ¢ no dominio espectral. Devemos no entanto
lembrar que estes sao também termos flutuantes, ainda que lentamente variados.

Teremos portanto, partindo da eq. (A.18)
—iQX(Q) = AX(Q) + BX™(Q). (A.24)
O campo intracavidade é linearmente ligado as flutuagoes do campo de entrada
X(Q) = [-(A +iQD)'B] X™(Q). (A.25)
e 0 mesmo ocorre para o campo de saida

X)) = — [B(A +iQD)7'B + 1) X™(Q). (A.26)

A matriz espectral sera dada por
S(Q) = (X (@)X (-)]"). (A.27)

A partir da matriz espectral, podemos calcular a matriz de correlacao, usando a trans-
formada de Fourier

V(r) = \/% / " S(9) exp(iQ7)d. (A.28)

Algumas consequéncias importantes devem ser ressaltadas. Como a matriz V(7) é real,
teremos propriedades de simetria na matriz espectral: S*(Q) = S(—) = ST(Q). Uma
consequencia importante € que esta matriz é necessariamente hermitiana. Isto implica em
termos diagonais reais, e os termos fora da diagonal principal sdo conjugados (S;; = S;‘j)
porém nao necessariamente reais!



Apeéendice B

Critérios de Emaranhamento em
Variaveis Continuas

Podemos colocar o inicio da discussao sobre o conceito de emaranhamento nos artigos
de Einstein, Podolski e Rosen [5], e na resposta de Niels Bohr [69] em 1935. O questio-
namento posto envolvia o aparente conflito na Mecanica Quéantica, entre o conceito que
da funcao de onda temos toda informacao possivel sobre o estado de um sistema, e suas
implicagoes quanto a realizacao de medidas. No caso, é proposta uma funcao de onda
para duas particulas que interagiram em um dado instante de tempo

27
U(xy,29) = /exp {zf(xl —xo+ L)p| dp (B.1)
que equivale, no formalismo da funcao de Wigner, a uma equagao do tipo

W (x1,p1,%2,p2) = 6(x1 — 22+ L)d(p1 + p2). (B.2)

O argumento apresentado por Einstein et al. é de que, dependendo da escolha da ob-
servavel medida no subsistema 1 (posi¢do ou momento), temos o subsistema 2 em um
auto-estado de posicao, ou em um auto-estado de momento. Ora, como nao ha interacao
entre as particulas apds o instante inicial, que aja sobre a particula 2 mudando o seu
estado, e a particula 2 nao pode estar simultaneamente em um auto-estado de posigao e
momento, limitada pelas relagoes de incerteza, a informacao deveria estar presente ante-
riormente no sistema, possivelmente em variaveis nao contempladas pelo formalismo da
mecanica quantica, que seria, entao, incompleta.

Bohr descarta esta visao, ao mostrar que o estado proposto continua satisfazendo
as relagoes de incerteza. Aponta que neste caso temos um auto-estado da diferenca
de posicoes, e da soma dos momentos. A determinacao encontra-se apenas na medida
conjunta. Isto significa que, ao fazer uma medida em uma quadratura de um subsistema,
sabemos de antemao o resultado da medida da mesma observavel no segundo subsistema.
Permanecemos, no entanto, na completa ignorancia da variavel conjugada. Ao repetir
a medida para um conjunto de estados, temos uma distribui¢ao enorme no conjunto de
valores possiveis desta grandeza, e uma igual distribuicao para os resultados possiveis da

131



132APENDICE B. CRITERIOS DE EMARANHAMENTO EM VARIAVEIS CONTINUAS

grandeza no segundo subsistema. Porém, a forte correlacao garante que a combinacao
das variaveis se mantém constante. A discussao, no entanto, nao descarta uma possivel
teoria de varidveis ocultas.

A discussao sobre a existéncia de uma teoria de variaveis ocultas permanece no campo
filoséfico até a década de 60, quando John Bell traduz o emaranhamento para um par
de sistemas discretos de dois niveis !, e mostra que qualquer teoria de varidveis ocultas
deveria satisfazer uma certa inequagao, para uma séria de medidas combinadas realiza-
das. Esta inequagao pode ser violada, no entanto, pela teoria quantica [71]. Medidas
posteriores com fétons gémeos permitiram confirmar as predi¢oes da mecanica quantica,
e limitar as condicoes possiveis para a validade de uma teoria de variaveis ocultas.

No entanto, voltando aos estados propostos por Einstein et al., vemos que a primeira
descrigao do emaranhamento ocorre em um sistema de variaveis continuas. Ainda que
o estado proposto possa aceitar uma interpretacao estatistica, posto que sua funcao de
Wigner é positiva, ele sera extremamente 1til para a realizacao de experimentos em
Informagao Quantica, em especial no dominio da Otica. Usando as quadraturas do
campo eletromagnético como variaveis conjugadas, podemos criar estados emaranhados,
ou estados que permitem a realizacao de teletransporte ou criptografia batendo os limites
impostos por estados cldssicos do campo (tomando como estados classicos aqueles com
fungao P de Glauber-Sudarshan analiticas).

Para variaveis continuas, varios critérios de emaranhamento foram formulados desde
entao. Discutiremos aqui alguns deles, suas motivagoes histéricas, e suas limitagoes,
selecionando aqueles aplicados aos testes de emaranhamento realizados no corpo desta
tese.

B.1 Critério EPR

Proposto para varidveis continuas do campo [20], este critério baseia-se na ideia que,
dados dois campos, ao fazermos a medida de uma das varidveis conjugadas do primeiro,
podemos atuar na medida do segundo, seja ajustando o ganho g do amplificador apds
a medida, seja modulando o campo antes da fotodetegao, seja por uma operacao de
deslocamento (com a ajuda de um divisor de feixe, um campo intenso, e um modulador
de fase e amplitude) (fig. B.1).

A variancia inferida apds a otimizacao do parametro g, baseada nos momentos de
segunda ordem das grandezas dos dois campos, pode neste caso apresentar uma incerteza
inferior aquela de um estado coerente, tomada como limite classico-quantico:

(X1(0:)X5(62))?
A2X,(0,)

A2XT(0y) = A% (X1(61) — gXa(6s)) = A’ Xy (61) — (B.3)

LAqui vale lembrar que em 1935, Schrédinger havia proposto, no paradoxo do gato[70], um estado
emaranhado entre o gato (vivo/morto) e um estado atémico (excitado/fundamental).
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Figura B.1: Critério EPR, proposto em [20]. Em (a), a medida da quadratura do campo
2 é empregada para modular a resposta no campo 1, e sua consequente medida. A mo-
dulacao pode se dar diretamente através de um atuador que modula a fase ou amplitude
do campo (b), através da aplicagdo de um operador deslocamento cm um divisor de feixe
de alta transmissao e um campo intenso (c¢) ou diretamente sobre o ganho da eletronica
de detegao (d), o que também pode ser feito a posteriori sobre a tabela de dados obtidos.

Se esta variancia inferida for, portanto, inferior a unidade, considera-se que esta cor-
relagdo (X1(61)X2(62)) tem cardter “quantico”.

O emaranhamento ocorreria para uma violagao aparente do principio da incerteza.
Este preve que as variancias dos observaveis conjugados deve satisfazer uma relagao como

A2X1(91)A2X1(91 + 7T/2) Z 1, (B4)
porém, usando as variaveis inferidas, a inequacao
AZXT(O)A2XM (0, +7/2) > 1 (B.5)

pode ser violada. Esta violagao aparente do principio da incerteza vem do fato de estar-
mos fazendo uma medida combinada sobre dois campos, e portanto obtendo informacao
de forma “seletiva”. Neste caso, mostra-se que os estados estao emaranhados por esta
violagao.
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O problema deste critério é que, dependendo da forma como fazemos a medida
(medida em 1 e atuagdo em 2 ou vice-versa), podemos ter ou ndo um testemunho de
emaranhamento. Além disso, estados longe de um limite de minima incerteza, ainda
que reconhecidamente emaranhados, nao serao identificados por este critério. Veremos
que existem formas mais seletivas de identificar os estados emaranhados em variaveis
continuas.

B.2 Critério DGCZ

O critério proposto por Duan et al.[42] busca testar o emaranhamento na descricao feita
por Peres [52] e Horodecki et al. [72] para varidveis discretas. No caso, eles mostram que,
em um sistema de dois qubits, ou um qubit e um qutrit, um estado é considerado separavel
se sua matriz densidade pode ser descrita por uma mistura estatistica de produtos de
matrizes densidade de cada subsistema, com pesos p; > 0, ou seja, se existe

P12 = Zpiﬁil ® pia- (B.6)

Estados bipartite que nao podem ser descritos desta forma sao considerados emaranhados.

Baseados neste critério, mostra-se que um condigao necesséaria para a separabilidade
pode ser verificada com a ajuda de variaveis combinadas envolvendo os dois sistemas,
semelhantes as propostas por Einstein et al.[5], e portanto chamadas de varidveis EPR,

A

1 1 1
AU+ A% > a® 4+ —, onde d=ai+-32y e D=ap,—-p (B.7)
a a a

onde Z; e p; sao variaveis conjugadas do sistema i, e a ¢ um peso considerado na medida
da variavel EPR, colocando a contribuicao de cada campo separadamente.

Note que para a = 1, as variaveis EPR sao proporcionais a uma transformacao de
divisor de feixe. Ou seja, neste caso a violacao da desigualdade de Duan implica na
detegao de compressao de ruido (squeezing) ap6s a interferéncia em um divisor balance-
ado. Por traduzir emaranhamento em squeezing, este critério tornou-se muito popular
entre os experimentais, sendo usado em diversas ocasioes, como pode ser visto no artigo
de revisao por van Loock e Braunstein [73].

A limitacao neste caso é que a violacao deste critério de separabilidade é uma condigao
apenas suficiente para demonstrar emaranhamento. No entanto, a condi¢ao nao é ne-
cessaria e suficiente, nem mesmo para estados gaussianos (definidos completamente pela
matriz de covariancias), exceto para uma forma de matriz muito especifica empregada
no artigo, obtida a partir de transformagoes (compressoes e rotagdes) da matriz de co-
variancia inicial.
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B.3 Critério Simon-PPT

Os dois critérios anteriores sao conceitualmente simples, envolvendo squeezing ou variancias
inferidas, estas familiares as medidas QND (Quantum Non Demolition Measurement).
No entanto, nao sao seletivos, pois se a violacao implica em uma condicao suficiente para
emaranhamento, ela nao é necessaria. Para isso, ha um critério mais util, baseado na
transposigao parcial da matriz densidade, proposta por Peres [52]. Se um estado pode
ser descrito por uma matriz da forma de eq. (B.6), entdo ao fazer uma transposicao
parcial, manipulando os elementos de matriz do primeiro subsistema, o resultado sera
uma matriz ainda vélida fisicamente,

012 = ZPiﬁﬁT ® pia- (B.8)

No entanto, para um estado emaranhado, a matriz resultante vai carecer de significado
fisico. Ou seja, tera autovalores negativos.

Ao levar a transposicao parcial para o caso de variaveis continuas, usando a descricao
da fungao de Wigner, vemos que a transposicao parcial corresponde a troca de sinal em
uma das quadraturas na representagao [51]. Ou seja, para dois subsistemas, a transposta
parcial corresponde, na fungao de Wigner, a transformacao

W (z1,p1, T2, p2) — W (a1, p1, Ta, —P2). (B.9)

O teste passa a ser a verificacao se a fungao de Wigner resultante corresponde a um estado
fisico. Uma forma de ver isso é empregar os momentos de segunda ordem. Tomando a
matriz de covariancia, podemos ver se a matriz resultante da transposicao parcial continua
valida, ou seja, se satisfaz o principio da incerteza.

Neste caso, dada a relagao de incerteza na forma matricial
V+:i:2>0 (B.10)

onde

0 1
Q =diag(J,J) and J= [ Lo ] (B.11)

A transposicao parcial ird transformar a matriz de covariancia
V=AVA com A=diag(1,1,1,—1). (B.12)
Uma condicao necessaria para a separabilidade sera
V+iQ>0 ou de forma equivalente, V42 > 0. (B.13)

Neste caso, para estados gaussianos, sendo que a funcao de Wigner é completamente
determinada pela matriz de covariancia (a menos de uma operagao de translagao), o
critério se torna necesséario e suficiente. Se o estado nao for gaussiano, torna-se mais
dificil determinar se o estado é separavel, posto que momentos de ordem superior podem
ainda revelar o emaranhamento [74].
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Existem varias formas de verificar o critério de Simon (B.13). Por exemplo, podemos
construir uma inequagao semelhante & obtida por Duan [42]. Podemos ainda calcular
os autovalores simpléticos, e verificar se algum deles é inferior a 1, ou seja, se a ma-
triz diagonal abaixo tem autovalores superiores a 1 (critério usado nos nossos testes de
emaranhamento tripartite),

—(QV)* > 1 (B.14)

Ou ainda empregar os chamados invariantes simpléticos da matriz V. Dada a matriz de
covariancia

A Cy (B.15)
C, A
podemos colocar a condicao necessaria para separabilidade na forma

A violagao desta implica no emaranhamento dos estados.

A vantagem do critério Simon, ou Simon-PPT, é que este é necessario e suficiente
para estados gaussianos. Claro estd que o custo disso é ter o conhecimento completo da
matriz de covariancias. Por uma questao de completeza, vale lembrar ainda o critério
proposto por Mancini [75], mais seletivo que o DGCZ, porém inferior ao Simon-PPT

O critério de Simon resolve, dentro das limitagoes da gaussianidade, o problema do
emaranhamento bipartite. Mas e no caso de sistemas envolvendo mais modos? Podemos
empregar extensoes destes métodos para verificar o emaranhamento. Veremos a seguir
duas condicoes para o emaranhamento tripartite.

B.4 Emaranhamento Tripartite

O primeiro critério, derivado por van Loock e Furusawa [9], se aplica a sistemas tripartite.
No caso, eles chegam a uma rela¢ao semelhante as propostas por Duan et al.[42] para o
caso bipartite. Ou seja, definem um par de variaveis

U= hli'l + hg[i‘g + hgjg e U= 91]31 + 92]52 + 93]33 (B17)

e demonstram uma condigao necessaria para a separabilidade, ainda que parcial, depende
da otimizacao de uma funcao f dos pesos empregados nas varidveis acima:

A%+ A?D > f(hy, ho, hs, g1, 92, 93)- (B.18)

A inconveniéncia desta técnica é que, como a DGCZ, nao é necessaria e suficiente.

Por outro lado, foi demonstrado [76] que pelo menos para o caso tripartite, o emara-
nhamento pode ser testado através de particoes 1 X 2 pela técnica da transposta parcial.
Isto permite aplicar a transposicao a cada um dos modos do campo por vez, e verificar
a separabilidade de cada um deles.
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