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ABSTRACT

NATORI, W. j = 3/2 Quantum Spin-Orbital Liquids. 2018. 178p. Thesis (Doctor in
Science) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2018.

Quantum spin liquids (QSLs) are strongly correlated systems displaying fascinating phenomena
like long-range entanglement and fractionalized excitations. The research on these states has
since its beginning followed trends generated by the synthesis of new compounds and the
construction of new theoretical tools. In coherence with this history, a manifold of new results
about QSLs were established during the past decade due to studies on the integrable Kitaev
model on the honeycomb lattice. This j = 1/2 model displays bond-dependent and anisotropic
exchanges that are essential to stabilize its QSL ground state with Majorana fermion excitations
and emergent Z2 gauge field. Even more interestingly, this model is relevant to understand the
magnetism of a certain class of 4/5d5 Mott insulators with specific lattice constraints, t2g orbital
degeneracy and strong spin-orbit coupling (SOC). This mechanism defining these so-called
Kitaev materials can be applied to similar compounds based on transition metal ions in different
electronic configurations. In this thesis, I investigate minimal models for two types of 4/5d1 Mott
insulators: the ones on the ordered double perovskite structure (ODP) and the ones isostructural
to the Kitaev materials. Their effective models generically show bond-dependent and anisotropic
interactions involving multipoles of an effective j = 3/2 angular momentum. Such degrees
of freedom are conveniently written in terms of pseudospin s and pseudo-orbital τ operators
resembling spin and orbital operators of Kugel-Khomskii models with twofold orbital degeneracy.
Despite their anisotropy, the two realistic models display continuous global symmetries in the
limit of vanishing Hund’s coupling enhancing quantum fluctuations and possibly stabilizing a
QSL phase. Parton mean-field theory was used to propose fermionic QSLs that will be called
quantum spin-orbital liquids (QSOLs) due their dependence with s and τ . On ODPs, I studied
a chiral QSOL with Majorana fermion excitations and a gapless spectrum characterized by
nodal lines along the edges of the Brillouin zone. These nodal lines are topological defects
of a non-Abelian Berry connection and the system exhibits dispersing surface states. Several
experimental responses of the chiral QSOL within the mean-field approximation are compared
with the experimental data available for the spin liquid candidate Ba2YMoO6. Moreover, based
on a symmetry analysis, I discuss the operators involved in resonant inelastic X-ray scattering
(RIXS) amplitudes for 4/5d1 Mott insulators and show that the RIXS cross sections allow one to
selectively probe pseudospin and pseudo-orbital degrees of freedom. For the chiral spin-orbital
liquid in particular, these cross sections provide information about the spectrum for different
flavors of Majorana fermions. The model for materials isostructural to the Kitaev materials
has an emergent SU(4) symmetry that is made explicit by means of a Klein transformation on
pseudospin degrees of freedom. The model is known to stabilize a QSOL on the honeycomb
lattice and instigated the investigation of QSOLs on a generalization of this lattice to three
dimensions. Parton mean-field theory was used once again to propose the liquid states, and a



variational Monte Carlo (VMC) method was used to compute the energies of the projected wave
functions. The numerical results show that the lowest-energy QSOL corresponds to a zero-flux
state with a Fermi surface of four-color fermionic partons. Further VMC computations also
revealed that this state is stable against formation of plaquette ordering (tetramerization). The
energy of this QSOL is highly competitive even when Hund’s coupling induced perturbations
are included, as shown by comparison with simple ordered states. Extensions and perspectives
for future work are discussed in the end of this thesis.

Keywords: Quantum Spin Orbital Liquids. heavy ion Mott Insulators. Parton Mean-Field Theory.
Variational Monte Carlo. Resonant Inelastic X-Ray Scattering.



RESUMO

NATORI, W. Líquidos spin-orbitais quânticos j = 3/2. 2018. 178p. Tese (Doutor em
Ciências) - Instituto de Física de São Carlos, Universidade de São Paulo, São Carlos, 2018.

Líquidos de spin quânticos (QSLs) são sistemas fortemente correlacionados que apresentam
fenômenos fascinantes como emaranhamento de longo alcance e excitações fracionárias. A
pesquisa a respeito destes estados seguiu tendências geradas pela síntese de novos compostos
e construção de novas técnicas teóricas desde seu princípio. Coerentemente com essa história,
uma variedade de novos resultados a respeito de líquidos de spin foram estabelecidos na
última década graças a estudos feitos sobre o modelo integrável de Kitaev na rede colmeia.
Este modelo de spins j = 1/2 apresenta interações de troca anisotrópicas e direcionalmente
dependentes que são essenciais para estabilizar um estado fundamental do tipo QSL com
férmions de Majorana e campo de gauge Z2 emergente. Ainda mais interessante, este modelo
é relevante para se entender o magnetismo de uma certa classe de isolantes de Mott baseados
em metais de transição na configuração 4/5d5 em redes específicas, degenerescência orbital t2g
e acoplamento spin-órbita forte (SOC). Esse mecanismo que define os chamados materiais do
tipo Kitaev podem ser aplicados a compostos baseados em metais de transição em configurações
eletrônicas diferentes. Nesta tese, eu investigo modelos mínimos para dois tipos de isolantes
de Mott do tipo 4/5d1: os que se apresentam na estrutura perovskita dupla ordenada (ODP) e
os isostruturais aos materiais do tipo Kitaev. Seus modelos efetivos genericamente apresentam
interações multipolares anisotrópicas e direcionalmente dependentes de um momento angular
efetivo j = 3/2. Estes graus de liberdade são convenientemente escritos em termos de operadores
de pseudospin s e pseudo-orbital τ semelhantes a operadores de spin e orbital de modelos do tipo
Kugel-Khomskii com orbitais duplamente degenerados. A despeito da anisotropia, esses dois
modelos realísticos apresentam simetrias globais contínuas no limite de acoplamento de Hund
nulo que incrementam flutuações quânticas e possivelmente estabilizam uma fase do tipo QSL. A
teoria de campo médio com partons foi usada para propor QSLs fermiônicos que serão chamados
de líquidos spin-orbitais quânticos (QSOLs) devido à dependência deles com s e τ . Em ODPs, eu
estudei um líquido de spin quiral com excitações do tipo férmion de Majorana e um espectro sem
gap caracterizado por linhas nodais ao longo das arestas da zona de Brillouin. Essas linhas nodais
são defeitos topológicos de uma conexão de Berry não-abeliana e o sistema apresenta estados
de superfície dispersivos. Várias respostas experimentais foram calculadas para o QSOL quiral
dentro da aproximação de campo médio e comparadas com os dados experimentais disponíveis
para o candidato a líquido de spin Ba2YMoO6. Além disso, baseado em uma análise de simetria,
discuto os operadores envolvidos nas amplitudes de espalhamento de raios-x ressonante para
isolantes de Mott na configuração 4/5d1 e mostro que seções de choque de RIXS permitem
estudar seletivamente os graus de liberdade de pseudospins e pseudo-orbitais. Para o caso
particular do líquido spin-orbital quiral, essas seções de choque nos fornecem informações sobre



o espectro de diferentes sabores de férmions de Majorana. Esse modelo possui uma simetria
SU(4) emergente que é tornada explícita através de uma transformações de Klein nos graus de
liberdade de pseudospin. Sabe-se que este modelo estabiliza um QSOL na rede colmeia, o que
instigou uma investigação de QSOLs na generalização desta rede em três dimensões. A teoria de
campo médio com partons foi usada novamente para propor estes líquidos quânticos, e o método
de Monte Carlo Variacional (VMC) foi usado para calcular as energias das funções de onda
projetadas. Os resultados numéricos mostraram que o QSOL de menor energia corresponde a um
estado de fluxo-zero com superfície de Fermi envolvendo partons fermiônicos de quatro cores.
Cálculos adicionais com VMC também demonstraram que este estado é estável à formação de
ordem de plaquetas (tetramerização). A energia deste QSOL é altamente competitiva mesmo
quando perturbações induzidas pelo acoplamento de Hund são incluídas, o que é mostrado
através da comparação com estados ordenados simples. Extensões e perspectivas para trabalhos
futuros são discutidas no final desta tese.

Palavras-chave: líquidos spin-orbitais quânticos. Isolantes de Mott baseados em íons pesados.
Teoria de Campo Médio com Partons. Método de Monte Carlo Variacional. Espalhamento de
Raios-X Inelástico Ressonante.
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1 INTRODUCTION

Emergent phenomena have been highly discussed in the sciences and the Philosophy
of Science for their relevance in fields like chemistry, sociology, psychology, biology, and
physics. (5) Emergentism is often contrasted with reductionism. Broadly speaking, reductionists
claim that everything can be reduced to the fundamental constituents of the world. Emergentists
reject this assertion and affirm that, as these fundamental constituents assemble, they develop
novel entities, properties and laws, as well as patterns of collective behavior that are non-reducible.
Such a brief characterization of the debate leaves room for a lot of equivocation. Scientists, and
philosophers alike, generally diverge on the meaning of reducing something to its smallest parts,
and the criterion to affirm that something is non-reducible is sometimes loosely stated.

One way to reduce the ambiguity of the debate is to state whether one considers
reductionism and emergentism as ontological or epistemological constructs. Narrowing to
Physics, this distinction can be used to talk about reductionism and emergentism not as contradictory,
but complementary concepts. A physicist can assert that every aspect of the physical reality is
composed of fundamental constituents like elementary particles or strings that interact with each
other, i.e., a reductionist ontology. But without contradicting this statement, he can also affirm an
epistemological emergentism, in the sense that (i) one is unable to reconstruct the laws governing
a many-particle system from the knowledge of the equations of motion of their constituents, (ii)
emergent phenomena is sometimes needed to gain some understanding of the properties of the
fundamental constituents, and (iii) certain properties and phenomena cannot be well-defined
in finite systems, but only in the limit of infinite number of constituents, and yet they describe
experimental results. (6–9) Although this pragmatic view does not exhaust the debates between
emergentists and reductionists, it does avoid internal contradictions and it uses the terms in a
meaningful way. Such view of emergence and reduction will be presupposed throughout this
thesis.

This thesis is devoted to study a topic that gains insights both from the reductionist and
emergentist perspective: the proposal of quantum spin liquids (QSLs) ground states in solid
state platforms. A QSL is an elusive phase in the context of quantum magnetism that is still
not confirmed experimentally. In the emergent viewpoint, QSLs present a plethora of emergent
phenomena such as fractional excitations, emergent gauge fields and topological order. (10, 11)
In the reductionist perspective, the search for QSLs has followed trends in the synthesis of
Mott insulators since their proposal (12) and their theoretical modeling was always dependent
upon the (reductionist) knowledge of the microscopic physics of these compounds. A similar
interplay between reduction and emergence can be observed in the field of topological phases
of matter. The topological invariants characterizing these states are only well-defined for many-
body systems and depend on global (not local) structures of a real space or momentum space
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manifold. (13–15) However, the history of this field in the last decade is closely related with
the synthesis of weakly correlated materials composed by ions with strong spin-orbit coupling.
Like in the case of the QSLs, the analysis of the microscopic physics guided the synthesis
of compounds characterized by emergent phenomena defying the canonical understanding of
matter.

The key importance of strong spin-orbit coupling (SOC) connects these two branches of
research, although such importance appears in different ways. In Mott insulators, a strong SOC
induces anisotropic and bond-dependent exchange interactions between (pseudo)spin degrees
of freedom. The phase diagrams of these models differ radically from the one obtained for the
isotropic Heisenberg model on the same lattice, and often include the possibility of QSL states.
The so-called Kitaev materials constitute the most important examples of compounds with this
behavior. (16–18) They were first proposed in a seminal paper from Jackeli and Khaliullin (19),
which demonstrated that Mott insulators based on heavy 4d5 or 5d5 ions forming some specific
lattices would implement the integrable Kitaev model. (20) This j = 1/2 model is described by
Ising-like couplings in different quantization axis according to the bond direction. A simple spin
representation can be used to integrate the model and prove that its ground state is a Majorana
fermion QSL interacting with a static Z2 emergent gauge field. (20, 21) On the other hand, SOC
was also found to be essential to the emergence of the first examples of topological phases of
matter akin to the quantum spin Hall effect. In this class of materials, SOC promotes a band
inversion of states of different symmetry (22–25) that indicates a phase transition between trivial
and nontrivial topological states.

Although the Physics of 4/5d5 Mott insulators has been deservedly more explored due to
the combination of simplicity and theoretical relevance of the Kitaev model, there is no lack of
interesting physical phenomena emerging in 4/5d systems in other electronic configurations. (26)
Many such examples are found in compounds presenting the double perovskite structure with
stoichiometric formula A2BB′O6. (27) Interesting compounds to study exotic emergent magnetic
phases are found in double perovskites in which A is an alkali ion, B is a nonmagnetic ion, and
B′ is a heavy transition metal the 4/5dn configuration. The effective angular moments J varies
according to the electronic configuration number n, the crystal-field environment, the spin-orbit
coupling, and the Hund’s coupling. (28) Both the Kitaev materials and the double perovskites
display an octahedral environment that energetically favors the t2g orbitals. In contrast to what
happens to the eg orbitals, the projection of the angular momentum operator L over the t2g
manifold leads to an l = 1 effective angular momentum l. The 4/5dn species are heavy transition
metal ions and display significant spin-orbit coupling. In the limiting case, only the physics of
the lowest energy manifold obtained from the SOC involving electronic spins and t2g orbitals
can be considered. The 4/5d5 is the simplest case in these circumstances: the local degrees of
freedom can be thought as single holes occupying a j = 1/2 state. The 4/5d1 case constitutes the
simplest example after that, in which the local physics is described by a single electron within a
j = 3/2 manifold. (29)
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The first detailed study of the effective model describing double perovskites with 4/5d1

magnetic ion was performed by Ref. (29) The derivation of the effective spin-orbital model
studied in this article follows closely the methodology developed by Jackeli and Khaliullin in
their proposal of the Kitaev materials. The effective model displays direction-dependent and
anisotropic interactions in analogy to the Kitaev model. However, the interactions does not
happen between the quantization axis of the effective angular j, i.e., the dipoles of j. The total
Hamiltonian is rather expressed in terms of interactions between multipoles of j = 3/2. A
variational mean-field theory was performed over the model and explained the stability of some
exotic phases observed in some double perovskites (30–38) in a much more satisfactorily way
than the isotropic Heisenberg models.

Ref. (29) also showed that certain regions of the phase diagram were dominated by
quantum fluctuations, implying that good quantum spin liquid candidates could be found among
this class of compounds. Inspection showed that the quantum fluctuations were maximized at a
special case in which the model displays an SU(2) global symmetry. In accordance with these
theoretical results, the ordered double perovskite Ba2YMoO6 displayed no measured crystal
distortion and absence of any magnetic order down to temperatures of 2K (much lower than
its Curie-Weiss temperature ranging between −91K and −160K). (30–33) Preliminary studies
of valence bond solids and fermionic quantum spin liquids were already performed on the
spin-orbital model in Ref. (29), but there was much room for improvement.

More recently, QSLs were also proposed on compounds isostructural to the Kitaev
materials by the replacement of the d5 by d1 species. (3, 39) The Jackeli-Khaliullin mechanism
leads to a Hamiltonian displaying the same bond-dependence of the interactions that is observed
on the Kitaev model, and the complicated interactions between j = 3/2 multipoles that appear
in the double perovskite spin-orbital model. But in the limit of vanishing Hund’s coupling, this
model displays an emergent SU(4) symmetry. Previous studies of this highly symmetrical model
showed that its ground state is dominated by quantum fluctuations (40), and in some cases is
most likely to host a quantum spin liquid. (41–43) The compound α-ZrCl3, in which the Zr ions
form a honeycomb lattice, is an example of material that can be described through this model
and is thus a spin liquid candidate. (39) Similar compounds were proposed to be synthesized in
metal-organic frameworks. (39)

This thesis is devoted to study the modeling, proposal, and experimental verification
of j = 3/2 quantum spin liquids on 4/5d1 Mott insulators. In Chapter 2 I give a conceptual
and historical background to QSLs. The first difficulty to study quantum spin liquids is that
this concept has evolved over time and was formulated in different ways by different authors.
There are several lines of study on QSLs and it is not possible to cover all of them coherently
within this thesis. I chose then to start with a historical background organized in terms of epochs
inaugurated by certain benchmarks and a selection of subsequent works connected with these
benchmarks. I restricted the papers to subjects related with my original contributions discussed
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in the subsequent chapters. After this background, I make a synthesis of the accepted QSL
definition and how these phases are studied on practice.

My original results are presented and discussed in chapters 3, 4 and 5. Chapter 3
starts with a presentation of the local physics of 4/5d1 Mott insulators. One result of this
doctoral work was the development of s = 1/2 pseudospin s and pseudo-orbital τ operators
that faithfully describe the physics inside the j = 3/2 manifold. (1, 4) After developing the
necessary technology to understand the electronic degrees of freedom, the chapter gives a general
algorithm to derive effective models for the studied compounds. These models resemble the
Kugel-Khomskii models that describe the physics of Mott insulators retaining twofold orbital
degeneracy. (44, 45) The QSLs proposed on these effective models will be then called quantum

spin-orbital liquids (QSOLs). The derivation of spin-orbital models on the ordered double
perovskite and Kitaev material structures will serve as concrete examples of how the algorithm
can be applied. This chapter ends by giving the arguments in favor of possible QSL ground
state in these models. Chapter 4 main goal is to propose specific fermionic QSOLs and study
their mean field dispersion and the energetics after a projection to the physical Hilbert space.
This so-called Gutzwiller projection is implemented using the Variational Monte Carlo (VMC)
technique. (46) The VMC calculations were implemented by prof. Eric Andrade of the Institute
of Physics of Sao Carlos, and were included for completeness. Finally, in Chapter 5 I provide
the response functions of the QSOL proposed for ordered double perovskites and compare the
theory with the experimental data available for the spin liquid candidate Ba2YMoO6. (30–33)
Since there were still no experimental results available for the compounds isostructural to the
Kitaev materials, the analysis of the proposed QSOL was left for future work.

Particularly important, in Chapter 5 I derive the L-edge resonant inelastic x-ray scattering
(RIXS) operators for 4/5d1 compounds retaining the cubic symmetry using the fast-collision
approximation. RIXS is a promising tool to analyze strongly correlated systems as a complementary
tool to inelastic neutron scattering (INS). (47–52) One of the RIXS potential strength is the
possibility to probe different electronic degrees of freedom by adjusting the photon polarization.
This feature is at the same time a weakness, since the control of the photon final polarization is
normally unattainable in actual experiments and it leads to a very complex theoretical modeling.
Aided by symmetry principles (47,51) I demonstrate that RIXS can directly probe the pseudospin
and pseudo-orbital operators (s, τ ), whereas INS probes only the total angular momentum j.
This is an important distinction for the proposed QSOL, since it displays an SU(2) symmetry
on s rotations, but not on j. Such distinction leads to qualitatively different responses of these
two spectroscopic techniques and gives an example of how RIXS can provide experimental
information about QSOLs that are inaccessible to INS.

Chapter 6 summarizes the results and gives my conclusions regarding this work. Overall,
this thesis shows how 4/5d1 Mott insulators can be modeled and how possible QSOL ground
states in this compounds are investigated, both theoretically and experimentally. I close the thesis
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with open questions and promising extensions of the present work.
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2 HISTORICAL AND CONCEPTUAL BACKGROUND FOR QUANTUM SPIN
LIQUIDS

Quantum spin liquid is an almost fifty-year-old concept (12) whose accepted definition
and experimental motivations changed over time. The first challenge to study this phase is, oddly
enough, to give a proper QSL definition encompassing the different contexts in which this phase
was proposed. For example, one common definition for QSL is that of a magnetic insulator
that does not order down to zero temperature due to strong quantum fluctuations. (10) But as
emphasized by Ref. (10) itself, since this definition focus on what a QSL is not, one cannot
propose a smoking-gun experiment to confirm a QSL state. A more positive definition of QSL
was given in Ref. (11) and conceives QSLs as long-range entangled states in the context of
magnetism. This definition and its connection to the more usual view of QSL will be discussed
by the end of this chapter in Section 2.3.

This chapter introduces recurring themes appearing in the original results of this thesis.
Section 2.1 gives a brief account of the Landau’s theory of phase transitions that grounded the
paradigmatic understanding of phases in Condensed Matter during most of the 20th century.
Although the present work is mostly concerned with phases lying outside this paradigm, some of
the concepts developed here will still be used. For example, the notion of QSL as a disordered
state is indeed incomplete, but absence of magnetic order can still be a good indicator of a QSL
ground state. A method to argue in favor of a QSL ground state of a model is then to prove that
ordered states are energetically uncompetitive or unstable using spin-wave analysis (and their
extensions). This methodology will be applied in the next chapters. The specific heat analysis of
the QSOL defined on double perovskites also utilizes concepts of the Landau theory.

Section 2.2 lists some historical benchmarks of the theory and experiments on quantum
spin liquids. It starts with the history of Mott insulators accompanied by the fundamentals of
their modeling. I subdivided the search for QSLs in solid state in three periods. They should not
be interpreted as rigidly defined periods indicating the start and end of the search of QSLs in a
certain type of compound. Nevertheless, the periods point out important developments of studies
on spin liquid states. An extended discussion of the honeycomb Kitaev model (20) was given in
the middle of this section. The Kitaev model provides a unique strongly correlated model that is
integrable (20) with ensured Majorana QSL ground state (21) hosting anyonic excitations, and
possible implementations in solid state platforms - the so-called Kitaev materials. (16–18) The
Kitaev model and the research in Kitaev materials will be used as a of gold standard to indicate
the merits and limitations of our research.
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2.1 The Landau’s paradigm of phase transition

The spontaneous symmetry breaking (SSB) in many-body systems was one of the
Anderson’s example of emergent phenomena in his influential 1972 article. (6) A SSB happens
whenever the many-particle system transits from a state displaying the full symmetry of the many-
body Hamiltonian to another with smaller symmetry. Several divergences on thermodynamical
quantities are experimentally observed in the transition point. These divergences are indicatives of
singularities in the system free energy, which are only possible when defined on the thermodynamic
limit, i.e., taking the limit in which the number of particles goes to infinity. Strictly speaking,
SSBs would never be observed in nature. This is in strong contrast to the many instances of
symmetry breaking that are specially important in Condensed Matter Physics.

The most elementary SSB example given by Anderson was the formation of regular
crystals. In principle, the state of any (non-relativistic) quantum many-body system can be
determined by finding the eigenstates and eigenfunctions of the Hamiltonian
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where the Greek letters label the nuclei and the Latin letters label the electrons. The first line
in Eq. (2.1) refers to the kinetic energy of electrons and nuclei while the second contains the
electrostatic potential among all the particles of the system. Eq. (2.1) is extremely general and is
invariant under any translation. However, the nuclei of crystals present themselves tightly bound
to certain positions in space and form a lattice structure with discrete translation invariance. In
other words, crystals spontaneously break the translation symmetry of Eq. (2.1). The concept of
SSBs goes beyond this structural example and extends to describe the formation of other patterns
in the internal structure of a solid such as the formation of magnetic order or superconductivity.

Landau’s theory of phase transition is the most well-developed conceptual framework to
understand phase transitions based upon SSBs. The theory assumed that transitions displaying
SSBs are not governed by microscopic details and can be studied solely from symmetry principles.
Two basic concepts are introduced: the (local) order parameter and the Landau’s free energy Φ.
The order parameter spans a representation of the group of symmetry of the most symmetric
phase and is used as a quantifier of the phase transition: it is zero in the most symmetric phase,
and nonzero after the symmetry breaking. The free energy Φ is defined at the neighborhood
of the critical temperature and expressed as a polynomial of the order parameter, in which the
coefficients for each order in this polynomial depends on experimentally controllable parameters.
Thermodynamical quantities (e.g., specific heat, magnetization, magnetic susceptibility, etc)
near criticality are evaluated from Φ in terms of the controllable parameters and the so-called
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critical exponents can be evaluated. Landau’s theory predicts that very different systems from a
microscopical standpoint would display the same critical exponents, provided that the number of
spatial dimensions of the systems, and the symmetries of the high-symmetry and low-symmetry
phases were coincident. These exponents assemble models with different microscopic physics
and form universality classes.

Let us illustrate the concepts of Landau’s theory in the simplest spin model: the Ising
model on a square lattice

HIsign = J
∑
〈ij〉

σiσj − h
∑
i

σi, (2.2)

in which J is the exchange constant, h is an applied magnetic field and σ is a component of the
spin in a fixed direction. To simplify the discussion, consider J < 0 and h = 0. It is clear that
the model will display an ordered ground state at zero temperature that is characterized by the
alignment of all spins in a fixed orientation, the so-called ferromagnetic state. Notice that this
ferromagnetic ground state breaks the σi → −σi symmetry of the Ising Hamiltonian. Thermal
fluctuations destroy this order at high temperatures and the state becomes paramagnetic, which is
the high-symmetry state. The order parameter distinguishing the two phases is the magnetization
M = 〈σi〉, which is zero at the paramagnetic phase and finite for any temperature lower than
a critical temperature Tc. Near Tc, the phenomenology of the phase transition can be studied
through a Landau free energy given by the following polynomial

Φ(t,M, h) = Φ0 + a2tM
2 + a4M

4 − hM, (2.3)

in which Φ0, a2 and a4 are constants and t = (T − Tc)/Tc is the reduced temperature. The value
of the order parameter M is obtained by minimizing the Φ function. Several critical exponents of
the theory can be computed in this process. For example, the magnetization vanishes like M ∼
(−t)β = (−t)1/2 for T < Tc within the mean-field approximation. Besides thermodynamical
quantities, the inclusion of fluctuations in this formalism allows the computation of critical
exponents related with correlation functions.

There is also one important phenomenon associated with the SSB of continuous symmetries
that cannot be discussed using the Ising model. Let us then introduce the Heisenberg model

HHei = J
∑
〈ij〉

(
Si · Sj +

ninj
4

)
, (2.4)

where J is the exchange constant, Si is the spin operator at a lattice site i, ni is the occupation
number of the site i and the brackets 〈...〉 indicate that i and j are nearest-neighbor sites. In Mott
insulators, the occupation number is fixed; here we consider ni = 1. In contrast to the Ising
model, the relevance of all spin axes of quantization makes HHei a quantum model. Nevertheless,
if J < 0, we know that the exact ground state is ferromagnetic, e.g., |0〉 = ⊗i |↑i〉, where
Szi |↑i〉 = 1

2
|↑i〉. This differs from the corresponding Ising model ground state because it present

a continuous, not a discrete, degeneracy. Any state |φ〉 given by|φ〉 = exp (i
∑

iφ · Si) |0〉 with
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φ constant is also a ground state of Eq. (2.4) due to this SU(2) symmetry. In other words, the
ground state |0〉 breaks the continuous SU(2) symmetry of the spins associated with HHei.

The presence of a continuum of degenerate ground states provides an intuitive picture
to understand the presence of gapless excitations in systems breaking continuous symmetries.
Since |0〉 and |φ〉 display the same energy, it is possible to evolve the system from one to another
without inputing energy. Consider now a state |φ(i)〉 = exp (i

∑
iφ(i) · Si) |0〉, in which φ(i) is

a real function. The energy difference between |φ(i)〉 and |0〉 must be small if φ(i) varies slowly
(see Fig. 1). This intuition can be formalized in the language of quantum field theory and can
be stated as follows: if a Hamiltonian displays a continuous symmetry, either the ground state
retains the symmetry, or it will present gapless bosonic excitations. (53) Such excitations are
often called Goldstone modes.

Interestingly enough, a methodology to study bosonic excitations for spin systems
presenting SSB was developed many years before this theorem and constitutes the basis
of the spin-wave analysis or linear spin-wave theory. (54) The first step is to represent the
spin S operators using the Holstein-Primakoff transformation, which is the following for the
ferromagnetic state

Szi = S − b†ibi, S+
i =

√
2S − b†ibibi, S−i = bi

√
2S − b†ibi, (2.5)

where bi is a boson operator at the site i. Eq. (2.5) is used to rewrite the Heisenberg model
as a bosonic Hamiltonian, and the ferromagnetic ordered state |ψfer〉 is the “vacuum” of the
theory, i.e., bi |ψfer〉 = 0 for all i. Assuming that S � 〈b†ibi〉 in a self-consistent computation,
we pick only the quadratic terms that allows an exact diagonalization. The excitations in this
spin-wave analysis disperse in accordance with the lattice symmetry and are called magnons.
These excitations can be measured through the differential cross section of magnetic inelastic
neutron scattering (INS). For a S = 1/2 spin system, this cross section is proportional to the
dynamic structure factor (DSF) (55)

S(q, ω) =
1

N

∑
Ri,Rj

∑
a,b

e−iq·(Ri−Rj)

∫ ∞
−∞

dteiωt
〈
0|Sai (t)Sbj (0)|0

〉
. (2.6)

The magnetic interaction of the neutron on the ferromagnetic ground state induces spin flips on
the sites i and j and generate the magnons. Only one magnetic mode can be excited by a neutron
transferring energy ~ω and momentum q. The cross sections will then display a sharp peak of
the transferred energy for a given value of transferred momenta. This allows the experimental
measurement of the magnon dispersion. Other quasi-particles related to magnetic excitations are
generally measured with magnetic INS up to today. Further discussions of this topic will be done
in more detail in Chapter 5.

Landau’s theory, its extensions and generalizations were so successful in describing
phases of matter that led to the question if they could describe all possible phases. One of the
first important counter-examples of phase transitions without local order parameter was found
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Figure 1 – The concept of Goldstone modes is depicted using a ferromagnetic state as an
example. The states |0〉 and |φ〉 are degenerate ground states connected to each other
by a global spin rotation. |φ(i)〉 is not the ground state but a low-excited state, since
it is defined through a slowly varying φ(i) function.
Source: By the author.

through the Ising lattice gauge theory. (56, 57) In contrast to the Ising model, Wegner’s lattice
theory places the spin variables on the links and defines operators Pi as products of the spins on
the links forming lattice plaquettes. More explicitly, on the square lattice

HWegner = J
∑
i

σ(i, x̂)σ(i+ x̂, ŷ)σ(i+ x̂ + ŷ,−x̂)σ(i+ ŷ,−ŷ)

≡ J
∑
i

Pi, (2.7)

in which σ(i, x̂) is a spin placed between the sites i and i + x̂. Consider a fixed site i of the
lattice and let us label the links connected to this point by (i, â). A gauge transformation G(i) is
defined as follows

G(i) : σ(i, â) 7→ −σ(i, â). (2.8)

Notice that this transformation changes the sign of two links of the plaquettes containing the site
i. Therefore, G(i) leaves the plaquette operators and the whole Hamiltonian invariant.

The spins are not left invariant under gauge transformations, and thus they cannot be
used to label the physical states of this theory. This leads to the question of how many states
are there in the Hilbert space of HWegner. Following (58), we consider the instructive case of the
action of gauge transformations on a single plaquette. Since there are four links on a square,
there are 24 = 16 possible configurations for the σ variables. There are also four sites on a square
plaquette with 24 = 16 combinations of gauge transformations (2.8) and identity transformations
E(i) : σ(i, â) 7→ σ(i, â). Notice that the operations

e(i) = E(i)E(i+ x̂)E(i+ x̂ + ŷ)E(i+ ŷ),

g(i) = G(i)G(i+ x̂)G(i+ x̂ + ŷ)G(i+ ŷ), (2.9)

leave all spins σ invariant. One can also attribute to the set {e(i), g(i)} the structure of a group by
defining the composition as the group operation. This is the so called invariant gauge group (IGG)
of the plaquette. Given a fixed spin configuration, the IGG says that the 16 gauge operations
will induce 16/2 = 8 gauge equivalent configurations. Therefore, there are 16/8 = 2 different
gauge-equivalent classes, each corresponding to a physical state. How can we label the two states
of this plaquette? The states must be labeled by a gauge invariant quantity, which turns out to be
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the product of spins around the plaquette, i.e., the operator Pi. The physical states correspond
to the two possibilities Pi = ±1. Turning back to the lattice problem, one can show that any
product of spins around a closed contour C is also gauge-invariant, and useful to label a physical
state. A phase transition of the Hamiltonian (2.7) can be defined by monitoring average values of
extended loops inside the lattice. (56, 57) Since these loops are not local order parameters, it lies
outside the Landau’s theory.

I will state some results for the Wegner Z2 gauge theory on the square lattice for
completeness. (58) The IGG in this case will still display two elements corresponding to the
application of E(i) or G(i) at every one of the N sites of the lattice. The number of physical
states is 2 × 2N , but the N plaquettes can label only 2N/2 states (since they must satisfy a
global constraint). The multiplicative factor 4 is related to the four possible configurations of
the two inequivalent global loops that cross the whole lattice in the x̂ or ŷ direction. This has
an important consequence when analyzing Eq. (2.7). One could think that there would be a
single ground state defined by Pi = +1 for a ferromagnetic coupling J < 0. However, the
ground state is fourfold degenerate and they cannot be distinguished by variables defined only
when considering the lattice as a whole. This kind of degeneracy is the so-called topological

degeneracy and cannot be lifted by local perturbations.

The topological degeneracy is the defining feature of the concept of topological order,
a form of order that does not display SSB and is not studied with Landau’s formalism. This
concept was introduced by Wen in the context of chiral spin liquids (59), and is useful to classify
other states like the fractional quantum Hall effect, resonant valence bond states, and even
superconductors (see discussion of the Chapter 8 in Ref. (60)). A simple example of an integrable
quantum model with topological degeneracy and Z2 gauge fields was developed by Kitaev in
2003 (61) and is called the "toric-code model". Besides topological order, this model is also
useful to understand spin fractionalization and anyonic excitations (see the discussion in Ref. (11)
for a pedagogical introduction to the model). The topological order is a very important concept
to understand spin liquids in general, but since the QSLs studied in this thesis will be all gapless,
it will not be further discussed.

2.2 Historical Development of Quantum Spin Liquids

Let us step back to the general many-body Hamiltonian (2.1). It is not possible to find
exact solutions to Eq. (2.1) of a system with N electrons and nuclei, where N is of the order of
the Avogadro’s number, since the dimension of the Hilbert space grows exponentially with N .
Hence, if we want to use the knowledge of fundamental quantum mechanics to study everyday
matter, we are forced to apply some approximations. A vital part of the work in Theoretical
Condensed Matter consists in identifying the dominating physics in a solid state system and of
formulating minimal models describing the physics of real compounds at least in a qualitative
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correct way.

The band theory of solids was the first successful theory of Condensed Matter Physics
and also one of the first successes of Schrödinger’s formalism to quantum mechanics. Its first
approximation uses the fact that the nuclei are much slower than the electrons, and treat the total
wavefunction |ψ〉 as a direct product of an electronic and a nuclear state. This is the famous
Born-Oppenheimer approximation that allows us to first treat the nuclei as immobile charged
particles located exactly at lattice points.

The second approximation to formulate band theory is the neglect of repulsion among
electrons arising from the Coulomb interaction. The problem of N interacting electrons is
then simplified to a problem of finding the N lowest energy eigenstates and energies of a non-
interacting Schrödinger equation. The potential acting on the electrons is produced by static
nuclei at fixed positions and display the lattice symmetry. The energy levels of this problem
can be approximated by continua of energies that can be distinguished from each other either
because of their physical origin or because of energy gaps. Each continuum of energies is called
a band. Band theory was well-succeeded to explain several properties of solids and provided the
first framework allowing a good distinction between metals and insulators. A metal would be a
solid whose highest occupied energy levels happens to be in the middle of a band. The excitation
to an unoccupied energy level would cost no energy and, therefore, the solid would be a good
conductor. An insulator is an electronic system whose highest occupied energy levels constitute
a filled band and present an energy gap separating this band from the lowest energy band of
unoccupied states.

Band theory was challenged already in 1937 by reports of the insulating state of certain d-
based transition metal oxides with partially filled valence band. (62) Soon after these experiments,
Mott and Peierls proposed that the insulating state of these compounds must be explained by
strong electrostatic repulsion between the electrons. (63) Large Coulomb interactions can prevent
the electron from moving throughout the lattice and localize it at the neighborhood of an ion.
These observations mark the beginning of the field of strongly correlated systems. By that time,
there were two available frameworks to study solid state physics. The first was band theory,
which described well electrons with extended wavefunctions. The second was the Heitler-London
approximation, which took the atomic limit as the starting point. In the following decades, Mott
had done important works that improved the understanding of correlation-driven insulating
compounds. (64–66) Hence, they are now generically called Mott insulators.

2.2.1 Modeling Mott insulators

We are now going to describe the ideas to derive effective models describing the electronic
behavior of Mott insulators. These models assume the Born-Oppenheimer approximation just
like the band theory. What they cannot neglect is the relevance of the inter-electronic interaction,
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which must be inserted in this problem. One feature realized in the earliest Mott insulators
was that the d atomic orbitals that seemed to dominate the electronic physics were much more
localized than the s and p orbitals. The first step to describe a Mott insulator is then to consider
electrons localized near the lattice sites of an ideal crystal with lattice parameters greater than
the characteristic radius of the d orbitals.

The next approximation is to consider that the interactions between electrons can be
replaced by a repulsive potential with spherical symmetry acting only in a small neighborhood
of every lattice site. (67) All models presented in this thesis assume the validity of this mean
field theory for atoms. This problem is diagonalizable again and its eigenfunctions are orbitals
that will be labeled by ϕ. Radial quantum numbers can still be defined and associated with the
number of nodes and energy of the orbital wave functions. Since the symmetry is still spherical,
the orbitals are labeled with the same orbital (l) and magnetic (m) quantum numbers of the
hydrogen atom. The number l distinguishes between different eigenfunctions of L2, where

L = r× p = −i~ r×∇. (2.10)

Relevant electronic phenomena occur only for electrons in the outermost shell. The relevant
orbitals for transition metal compounds will always present l = 2. These orbitals are five-fold
degenerate and these degenerate levels are labeled by m = −2,−1, ..., 2 and correspond to
angular distributions of the orbital wavefunctions described by the spherical harmonics Y 2

m(θ, φ).

ϕ(m)(r) = R(r)Y 2
m(θ, φ) (2.11)

The transition metal ion is normally surrounded by six negatively charged ions (e.g.,
oxygen O2−) in real compounds. The charged ions generate an effective electric field that is
often called the crystal field. I will be mostly concerned with an ideal case where the negative
ions are equidistant from the transition metal and form an octahedral environment with local
symmetry given by the Oh group 2a. The crystal field in this case generates an additional term
for the orbital Hamiltonian that reads (68)

HCF = C

(
x4 + y4 + z4 − 3

5
r4

)
, (2.12)

where C is a constant determined by the configuration of the surrounding ions. HCF breaks
the spherical symmetry of the Coulomb potential and lifts the degeneracy of the d orbitals. An
analysis of the orbitals using the character tables of Oh shows the splitting of the five orbitals
into a doublet (67–70)

dx2−y2 ∝
√

3

2

x2 − y2

r2

d3z2−r2 ∝ 1

2

3z2 − r2

r2
(2.13)
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forming the basis of the Eg irreducible representation (irrep) and a triplet

dxy ∝
√

3
xy

r
,

dyz ∝
√

3
yz

r
,

dzx ∝
√

3
zx

r
, (2.14)

forming the basis of the T2g representation. These are generally called eg and t2g orbitals,
respectively (see Fig. 2b). Besides lifting of the degeneracy, the crystal field also causes the
(partial) nullification of the effective angular momentum (quenching). This is often made intuitive
by the observation that the orbitals in Eq. (2.13) and Eq. (2.14) are real (apart from a constant
phase factor). (67) The Lj operator, on the other hand, is purely imaginary (see Eq. (2.10)). Since
Lj is also hermitian, its mean values must take real values. Thus,

〈Lj〉 =

∫
d3rψ∗j (r)Ljψj(r) = 0, (2.15)

where ψj is the wavefunction of either an eg or t2g orbital centered at Rj . It is important to point
out that this argument concerns the average of the Lj operator for a specific set of wavefunctions.
Later in this chapter, the fact that the angular momentum operator is not totally quenched in the
manifold of states spanned by the t2g orbitals will be very important.

It was soon realized that Mott insulators had not only anomalous electrical conductivity
properties, but also unusual magnetic behavior. There were indications that the magnetic
phenomena in Mott insulators could be well-described through studies on the Heisenberg
model (Eq. (2.4)). These observations created two problems for theoretical physicists. The first
one was to explain why the exchange coupling was normally antiferromagnetic (J > 0). The
second was to explain how it could occur considering the large distance between the magnetic
ions and the localized nature of their orbitals. The latter problem motivated Anderson to develop
a theory of superexchange to explain the antiferromagnetism. (71) Consider for example a
transition metal oxide whose electrons are solely in the dx2−y2 orbital (see Eq. 2.13 ). The d
orbital hybridizes with the p orbitals of the oxygen ions surrounding it (see Fig. 2c). The absence
of electric conductivity means that the electrons do not move throughout the lattice. Nevertheless,
the orbital hybridization allows virtual electron transfers between neighboring sites (“hopping”).
If charge fluctuations do not occur, the net result of these transfers will be expressed in terms of
interactions between spin and orbital degrees of freedom.

The theory of superexchange was matured later by Anderson himself (72) who gave
an explanation for the antiferromagnetic nature of the exchange constants. First, he introduced
a model of singly occupied ions that treated both the kinetic process of the electrons and the
on-site interactions. His model is equivalent to the Hubbard model (73), which is written as
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(a) (b) (c)

Figure 2 – (a) Octahedral environment created by negatively charged ions (red spheres)
surrounding the transition metal ion (blue sphere). (b) The eg and t2g orbitals generated
out of the lifting of the fivefold degeneracy of the d orbitals by a octahedral crystal field.
(c) Superexchange path connecting two neighboring transition metal ions on a square
lattice. This is an ideal representation of the CuO2 planes of high-Tc superconductors.
Source: By the author.

follows in second quantization:

HHub = −
∑
〈ij〉

tij(c
†
icj + h.c.) + U

∑
i

ni↑ni↓, (2.16)

where ci is a (fermionic) operator that annihilates the orbital at the lattice site i and 〈ij〉 label the
pairs of nearest neighboring sites. If ϕiσ(r) is the wavefunction of the orbital localized at the site
i, the Hubbard-U parameter reads:

U =

∫
drdr′ϕ∗iσ(r)ϕiσ(r)

e2

|r− r′|ϕ
∗
iσ̄(r′)ϕiσ̄(r′). (2.17)

The hopping parameters tij depend upon the hybridization of the d wavefunctions explained
above. At U = 0, this model ground state describes a metal as characterized by band theory. In
the limit U/t→∞, the ground state is composed by localized electrons described by Heitler-
London theory. In the regime where U is strong enough to ensure localization, but not to hinder
virtual electron transfers, Anderson showed how an antiferromagnetic Heisenberg model can be
derived with a second order perturbation theory of the kinetic part of HHub, leading to J ∼ t2

U
.

Anderson’s article posed a well-stated problem to understand the magnetism of several
Mott insulators: what is the ground state of the S=1/2 antiferromagnetic Heisenberg model? One
suggestion was that the classical ground state could be stabilized and one would verify a ground
state with spontaneously broken symmetry. This ground state in bipartite lattices is characterized
by all spins aligned in one orientation on one sublattice and in the opposite sense on the other.
This is the so-called the Néel state. (74) A spin-wave analysis can be made in analogy with the
ferromagnetic case (Eq. (2.5)), but this time one should consider two bosons and define the spin
transformation in such a way that |ψNéel〉 is the new vacuum.
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(a)

�RVB�= + + + ...

(b)

Figure 3 – (a) VBS state on the square lattice and (b) RVB state as the linear combination of
several VBS states.
Source: By the author.

Although a Néel ground state to the Heisenberg model makes sense for classical spins,
the situation changes when considering it as a quantum model. The state |ψNéel〉 is not even an
eigenstate of HHei! In fact, it can be shown that the (antiferromagnetic) Heisenberg model in
finite systems will display an entangled singlet ground state. (75) We then ask ourselves if there
could be some case in which the singlet ground state is preserved in the thermodynamic limit.
This is one of the fundamental ideas behind quantum spin liquids.

2.2.2 First wave of Quantum Spin Liquids: Mott insulators in frustrated lattices

In 1973 (12) Anderson wrote the article that introduced the concept of quantum spin
liquids, and gave the resonant valence bond (RVB) as the first example of these states. Anderson’s
main motivation was a Pauling’s proposal of studying the electronic behavior of solids by an
extension of the concept of resonating valence bonds from small molecules (e.g., benzene) to
a whole lattice. The electrons would be delocalized throughout the compound and would be
constantly moving around it in an entangled manner. Although the original idea was to build an
alternative framework to study metals, it was soon realized that such state would be insulating.
More specifically, it would be a Mott insulator, since it is characterized by an insulating behavior
explained by strong electronic correlations.

A pictorial representation of the RVB state is given in Fig. 3. Instead of giving a definite
spin state for each site of the lattice, we place singlet

|ψsinglet〉 =
|↑i↓j〉 − |↓i↑j〉√

2

on the links of the lattice in such a way that all sites are covered. A singlet configuration
built out of this rule is called a valence bond solid (VBS). The RVB is a linear combination
of a macroscopic number of VBS states and it distinguishes sharply from the VBS when
considering the entanglement between the sites. While the singlets and the VBS states display
only entanglement between nearest neighbors, a state generated by a linear combination of VBS
presents long-range entangled spins. (67) The resulting state is neither a trivial paramagnet,
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(a) (b)

(c) (d)

Figure 4 – Four examples of frustrated lattices (a) the triangular lattice, (b) the kagome lattice,
(c) the fcc lattice, and (d) the pyrochlore lattice.
Source: By the author.

nor magnetically ordered like the ferromagnetic or the Néel state. In other words, the RVB is a
macroscopic singlet state.

Anderson investigated the RVB state on the S = 1/2 Heisenberg model on the triangular
lattice (12, 76) and found that the RVB displayed a lower energy when compared with the
ordered state of lesser energy. It was soon realized that magnetically disordered states were
favored in lattices that displayed geometrical frustration. The concept of geometrical frustration
is readily understood by the antiferromagnetic Ising model (J > 0, h = 0 in Eq. (2.2)) on a
single triangle. (10) The ground state of this triangle is six-fold degenerate and it is impossible
to minimize the interaction energy of all links simultaneously. The interactions cannot be
simultaneously satisfied; for this reason, they are called frustrated.

Quantum Monte Carlo and exact diagonalization methods applied on the Heisenberg
model on the triangular lattice have shown that it present a long-range ordered ground state. (77)
Although Anderson’s original proposal for QSL was not successful, it did point out to the
possibility of QSLs in other frustrated lattices like the kagomé, the fcc, and the pyrochlore, as
shown in Figure 4. The search for QSLs in frustrated lattices continues to this day and was
revitalized by the synthesis of new Mott insulators on the kagomé lattice like herbertsmithite (78),
kapellasite (79), or Ca10Cr7O28 (80).
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Figure 5 – Scheme of the lifting of degeneracy for d electrons under crystal-field and tetragonal
distortion. The electrons of a 3d9 fill up these levels in such a way that the valence
electrons are given by dx2−y2 orbitals.
Source: By the author.

2.2.3 Second wave: high-Tc superconductors and fractionalization

The second wave of studies on QSLs was pioneered once again by Anderson in 1987 (81),
this time inspired by studies on high-Tc superconductors. In 1986, it was found that doping
the Mott insulator lanthanum copper oxides (La2CuO4) led to a superconducting phase at
temperatures near T ∼ 30K (82); this anomalous behavior could not be explained by the
pairing mechanism of electrons of the BCS theory. (83) The proposed explanations for high-Tc
superconductivity forms a field of its own and will not be explored here. It is instructive, however,
to use the discussion of the Mott insulating phase of cuprates to introduce some concepts.

The low-energy structure of the the undoped cooper oxide is well-described by a single
band of 3d9 cooper ions and structural studies on La2CuO4 showed that these compounds are
arranged in the layered perovskite structure. (84) This structure can be constructed by first
picturing each Cu2+ ion surrounded by six O2− ions in a octahedral environment (Fig. 2a).
The crystal field generated by the oxygen ions lift the degeneracy of the d orbital into triply
degenerate t2g orbitals and doubly degenerate eg orbitals (Fig. 2b). Neighboring octahedra share
a corner in such a way that the structure is formed by stacked CuO2 layers (Fig. 2c) that sandwich
two LaO planes.

The octahedral environment does not preserve its complete symmetry but undergoes
a tetragonal distortion due to the Jahn-Teller effect. (85) The orbital degeneracy will be lifted
again as indicated in Fig. 5, implying that the valence band of the cooper oxides will be given by
a singly occupied dx2−y2 orbital. The minimal model for the Mott insulating phase of high-Tc
superconductors considers that the low-energy physics of these oxides are described by weakly
coupled CuO2 layers. The Hamiltonian describing each plane is simply the Hubbard model in Eq.
(2.16) on a square lattice. Other effects, like interlayer interactions, are included perturbatively.

Considering this background, Ref. (81) start the study of the CuO2 planes physics with
the Heisenberg model (Eq. (2.4)). This is indeed appropriate for undoped samples, since the
localized 3d orbitals of the cooper ions have a large interaction parameter U and that this
valence band would be half-filled. Anderson showed that the RVB state is related with the BCS
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wavefunction projected to the space with N/2 Cooper pairs (where N is the number of lattice
sites). As a follow-up article, Baskaran, Zou and Anderson did the mean field theory of the RVB
state by explicitly making a BCS decoupling over the Heisenberg and the t−J models. (86) This
work identified quasiparticle fermionic operators, whose different combinations could account
for charge or spin excitations. The spin excitations discussed in Ref. (86) exemplify what is now
called spinons in QSLs, and the quasiparticle operators define the parton constructions. They
also pointed out that the spin liquid would be found at intermediate values of U . Reducing the
value of U leads to the enhancement of virtual transfers of electrons in different sites and favor
the onset of a QSL state.

Controversies about the nature of the RVB ground state and its excitations started
still in the year of 1987. In June of this year, Kivelson and collaborators proposed that the
excitations of the RVB state would be topological and its ground state would display a topological
order. (87) These topological excitations were compared with solitons in the conjugate polymer
polyacetylene (88): they would be created in pairs by the breaking of a bond and would constitute
an extended mobile defect. The elementary spin excitations would be spin-1/2 fermions and
the charged excitations would be spinless bosons in coherence with. (86) In November of
1987, Kalmeyer and Laughlin proposed that a bosonic Laughlin wavefunction for the Fractional
Quantum Hall Effect (FQHE) would be a trial wavefunction as good as the BCS to describe the
RVB state. (89) The elementary spin excitations were also spin-1/2 particles, but they could obey
either a fermionic or a fractional statistics. The idea of fractional statistics can be conceived when
one inserts the concept of a Berry phase in the analysis of the statistics of a given particle. (90)
A certain kind of particle is said to be a boson (fermion) when the accumulated Berry phase
obtained through the exchange of two indistinguishable particles is zero (π). If the accumulated
Berry phase is neither zero nor π, the particle is said to possess a fractional statistics and is called
anyon (91) In 1988, Laughlin proposed that the spin excitations would be fractional indeed. (92)
To complete this controversy, Read and Chakraborty proposed bosonic spinons for the RVB
state. (93)

The inconclusiveness of the debate with regard to the statistics of the spin-1/2 excitations
of the RVB state explains the different proposals for parton operators found in the literature. The
fundamental idea about partons is to rewrite the spin operators in terms of canonical bosons
and fermions subject to a constraint that restricts the parton Hilbert space to another that is
isomorphic to the spin Hilbert space. (11) The idea behind these particles is very formal, and they
should not be misread as canonical electron operators or magnons. The first parton constructions
were justified through large-N approximation. (93, 94) It is known that the mean-field and the
exact results of these theories coincide for N →∞. If N = 2 was sufficiently large, the parton
mean field theory for S = 1/2 QSLs would lead to at least qualitatively correct results. This
gives the basis to the fermionic parton construction proposed by Affleck and Marston. (94)

Let us focus on the fermionic partons for S = 1/2 spins in the N = 2 limit. The spin
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operators are represented through the fermions

Si =
1

2

∑
α,β=↑,↓

f †α,iσαβfβ,i, (2.18)

where σ are the Pauli matrices and i is a lattice site. The fα, f †α operators satisfy the same
anti-commutative algebra of the electrons. However, they are subject to the following constraint∑

α

f †α,ifα,i ≡ ni = 1, ∀i on the lattice. (2.19)

The reason for Eq. (2.19) is to ensure the isomorphism between the parton and the spin Hilbert
spaces. There are four states generated by the fermions that form the set {|0〉 , |↑〉 , |↓〉 , |↑, ↓〉}.
On the other hand, the basis of the Hilbert space of a single site of the Heisenberg model is
spanned by two vectors |↑〉 and |↓〉. Eq. (2.19) is then necessary to ensure an exact mapping
between the parton and spin states; this feature is very general for all parton representations.

Partons are the starting point to mean-field theories for quantum spin liquids. (58)
Consider the Heisenberg model in Eq. (2.4). This Hamiltonian in terms of the partons in Eq.
(2.18) reads

H =
J

2

∑
〈ij〉

∑
α,β=↑,↓

f †α,ifβ,if
†
β,jfα,j = −J

2

∑
〈ij〉

∑
α,β=↑,↓

f †α,ifα,jf
†
β,jfβ,i. (2.20)

The order parameters χij for QSLs are defined out of the mean values

χij =
〈
f †α,ifα,j

〉
(2.21)

obtained from a self-consistent condition of the following mean-field Hamiltonian

HMFT = −J
2

∑
〈ij〉

∑
α=↑,↓

(
χijf

†
α,ifα,j + h.c.

)
+
J

2

∑
〈ij〉

|χij|2 . (2.22)

The values obtained for χij define one QSL Ansatz. The translation symmetry of the lattice is
used to write the HMFT in the Fourier space. The resulting Hamiltonian have the form

HMFT =
J

2

∑
〈ij〉

|χij|2 +
∑
k

∑
α=↑,↓

εkf
†
α,kfα,k, (2.23)

where εk is an energy dispersion depending on the lattice, J and χij . This dispersion is formally
equal to the bands observed in noninteracting electrons.

Parton mean field theory (MFT) is different from mean-field theories in Landau’s
framework since it changes the Hilbert space of the interacting Hamiltonian. More explicitly, the
constraint (2.19) that defines the exact mapping between the spin and parton Hilbert spaces are
satisfied only on average ∑

α

〈
f †αfα

〉
= 1, (2.24)
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but not exactly. The wavefunction |ΨMFT〉 of the ground state of Eq. (2.22) is, therefore, not even
qualitatively correct. The fundamental reason for this is that the partons cannot be treated as
quasi-particles. This point is better understood by making an analogy with the Wegner’s model.
Just like the spins on the links are not themselves physical, but just part of the plaquette operators
Pi, so are the fα,i operators unphysical. These are just formal constructs to represent the physical
variables and can be thought of as part of the spins.

Proceeding with the analogy between Wegner’s model and partons, we can also define a
Z2 gauge transformation for the partons like

f †α,i → −f †α,i, fα,i → −fα,i. (2.25)

This transformation leaves Eq. (2.18) and Eq. (2.19) invariant. In other words, it does not
change the physical variables of our problem. Notice that these transformations are local gauge
transformations, i.e., they can be made site by site without changing the physics of the system.
This has an important consequence for the order parameters. The transformation (2.25) implies
that the order parameter in Eq. (2.21) must transform like

χij → −χij, (2.26)

where j is any nearest neighbor of i. Parton MFT is equivalent to keeping a gauge field fixed.
One more analogy with Wegner’s theory can be done by stating that the gauge fluxes around
elementary plaquettes as physical quantities of our theory. Consider first the case in which
χij ∈ R. The Z2 gauge flux around a plaquette p, φp, is given by

eiφp =
∏
〈ij〉∈p

sign(χij). (2.27)

Notice that φp is always zero or π(mod2π) and is invariant under gauge transformations (2.25).
Now, take the case where χij is an imaginary number and define the variable sij = ±1 such
that χij = isij|χij|. The values of sij obey the constraint sji = −sij and define a directionality
between the sites. In analogy to Eq. (2.27), the flux is now defined by

eiφp =
∏
〈ij〉∈p

(isij) . (2.28)

Notice that if the elementary plaquettes possess an even number of links, the value of φp will
once again be zero or π. However, if the number of links is odd, φp = ±π

2
.

Equation (2.26) has an important consequence for the analysis of the symmetry of a QSL
Ansatz that is better illustrated through a simple example. Consider first the zero-flux Ansatz with
real order parameters depicted in Fig. (6a), which clearly displays all the lattice symmetries of the
Heisenberg model. The QSL described by the wavefunction |ΨMFT〉 is (trivially) translationally
invariant. Contrast this case with the π-flux Ansatz in Fig. (6b), whose mean-field Hamiltonian
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(a) (b) (c)

Figure 6 – Representations of QSL Ansätze on the square lattice with real order parameters.
Here, χij > 0 if the line is full, and χij < 0 along dashed lines.
Source: By the author.

breaks translation symmetry along the x̂ direction. The mean-field wavefunction |ΨMFT〉 will also
break translation symmetry. However, the physical wavefunction |Ψ〉 given by (see Eq. (2.19))

|Ψ〉 = P |ΨMFT〉 =
∏
i

ni (2− ni) |ΨMFT〉 (2.29)

does not break any symmetry. One way to understand this is to interpret P as the operator
enforcing all gauge transformations (2.25) on |ΨMFT〉, in such a way that |Ψ〉 is a linear
combination of the mean-field ground states of all mean-field Hamiltonians that are physically
equivalent to the π-flux Ansatz. An analogy can be done with the VBS and RVB states discussed
in subsection 2.2.2. The wavefunction |ΨMFT〉 is akin to the VBS state, while |Ψ〉 is the highly
entangled state corresponding to a linear combination of a macroscopic number of less entangled
functions.

Another way to understand the translational invariance of the QSL is by verifying that the
π-flux Ansatz can be recovered from a translation in the x̂ direction by a gauge transformation.
This is illustrated in Fig. (6c), where the dots represent the sites where the gauge transformation
will be applied. In general, the Ansätze will not display the symmetry indicated by the mean-field
Hamiltonian, but their total symmetry will be given by a combination of the mean-field and gauge
symmetries. The group of all transformations that keep an Ansatz invariant is called projective

symmetry groups (PSG). (58, 60)

Do all the proposed QSLs up until this point preserve all the symmetries of the original
Hamiltonian? Wen and collaborators pointed out that QSLs with excitations obeying fractional
statistics cannot preserve time-reversal (T ) and inversion (P ) symmetries, since a particle with θ
statistics must transform into one with −θ statistics under these operations. This is the case for a
QSL based on FQHE wavefunctions like (92), which is an exemplar of a chiral quantum spin

liquid (CQSL). (95) A realistic proposal for a CQSL to explain the physics of the cuprates was
also discussed in Ref. (95) The experimental motivation for this proposal was the observation
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that doping-enhanced second-neighbor interactions between spins. The Heisenberg model in this
case will read:

HJJ ′ = J
∑
〈ij〉

Si · Sj + J ′
∑
〈〈ij〉〉

Si · Sj, (2.30)

in which 〈〈ij〉〉 are the pairs of second-nearest-neighbor sites. The new term introduces frustration
on the square lattice and creates instabilities to the ordered Néel state. A fermionic parton mean
field decoupling for this model (without terms proportional to |χij|2) reads

HMFT = −J
2

∑
〈ij〉

∑
α=↑,↓

(
χ

(1)
ij f

†
α,ifα,j + h.c.

)
− J ′

2

∑
〈〈ij〉〉

∑
α=↑,↓

(
χ

(2)
ij f

†
α,ifα,j + h.c.

)
, (2.31)

where χ(1)
ij and χ

(2)
ij are the order parameters giving the first and second-nearest neighbors

”hoppings” of the theory. Consider now the case where these parameters are imaginary. Figure
(7) illustrates an example of how to represent such Ansätze; there, the arrows point in the
direction where sij = +1. The translation symmetry of this Ansatz is the same as the π-flux
discussed above (see Fig. 6b); therefore, the physical wavefunction is also invariant under lattice
translations.

It is easy to verify that the Ansatz in Figure (7) represents a chiral spin liquid. The
directionality on the links connecting the sites impel us to fix a handness in order to unambiguously
define fluxes around triangular plaquettes. If we fix the counterclockwise orientation, this QSL
is characterized by φp = π/2 for all triangles on the lattice, and φp = 0 for all squares. Notice
that all hoppings are reversed by reflection, where the mirror is placed at the line x = 1/2. This
implies the breaking of the parity symmetry. Furthermore, the time-reversal operator reverses the
orientations of all hoppings and change the fluxes around the triangles to −π/2. The Ansatz then
breaks P and T , but not PT , and is therefore chiral. This symmetry breaking allow us to define
a type of local order parameter for quantum spin liquids (60, 95)

Eijk = Si · (Sj × Sk), (2.32)

where i, j and k are sites forming a triangle ordered according to a counterclockwise prescription.
For a chiral spin liquid, 〈Eijk〉 ∼ χijχjkχki 6= 0. This parameter, however, does not define
the state of the system in the same way the magnetization defines a magnetic ordering for the
Ising or Heisenberg models. The physical wavefunction is still given by a highly entangled state
determined by Eq. (2.29).

A last development I want to discuss from this period is the method to enforce the
exact constraints (2.19) on |ΨMFT〉 and then calculate exact physical observables for |Ψ〉 at
zero temperature: the Variational Monte Carlo (VMC) method. (46) The VMC was originally
designed by Gutzwiller to study correlations on ferromagnetic materials by projecting a Fermi
sea metallic state to the Hilbert space of states obeying a defined local condition. (96) Such
problem can be immediately translated to the problem of QSLs described by partons, since we
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Figure 7 – Representation on the chiral spin liquid state with zero-flux on the square plaquettes
and π/2 flux on the triangular plaquettes.
Source: By the author.

have a wavefunction |ΨMFT〉 similar to wavefunctions for eletrons in solids and a local constraint.
The VMC goal is to evaluate expectation values of an operator

〈O〉 =
〈Ψ |O|Ψ〉
〈Ψ|Ψ〉 , (2.33)

where |Ψ〉 is the projected wavefunction. Let {|α〉} be the set of states obeying the desired
constraint. The average 〈O〉 can be rewritten in terms of the matrix elements 〈α |O| β〉 as follows

〈O〉 =
∑
α,β

〈α |O| β〉 〈Ψ|α〉 〈β|Ψ〉〈Ψ|Ψ〉

=
∑
α

(∑
β

〈α |O| β〉 〈β|Ψ〉〈α|Ψ〉

)
|〈α|Ψ〉|2
〈Ψ|Ψ〉

≡
∑
α

f(α)p(α). (2.34)

The p(α) ≡ |〈α|Ψ〉|2 / 〈Ψ|Ψ〉 obey the properties

p(α) ≥ 0, and
∑
α

p(α) = 1, (2.35)

and can be thus considered probabilities. The functions f(α) will be given by

f(α) =
∑
β

〈α |O| β〉 〈β|Ψ〉〈α|Ψ〉 (2.36)

and gives the contribution of a state |α〉 to the average 〈O〉.

The idea behind the VMC is that Eq. (2.34) can be evaluated by performing a random
walk over the states {|α〉}. A starting state |α1〉 is fixed at the beginning of the computation. The
transition between this configuration |α1〉 to another |α2〉 occurs with a probability given by a
Monte Carlo weight factor T (α1 → α2) that reads

T (α1 → α2) = min
(

1,
p(α2)

p(α1)

)
. (2.37)
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This is the well-known Metropolis algorithm. This procedure generates a chain of accepted states
{|α1〉 , |α2〉 , ..., |αNMC

〉} and allow us to estimate

〈O〉 ≈ 1

NMC

NMC∑
i=1

f(αi). (2.38)

The accuracy of 〈O〉 increases with the number of configurations evaluated with the Monte Carlo
method, NMC . It is necessary to run Nb > 1 independent estimates in order to estimate the error,
that is, the average computed with VMC reads

〈O〉VMC =
1

Nb

Nb∑
l=1

〈O〉l, (2.39)

where 〈O〉l is the estimate average of the l-th Monte Carlo run. The error will be given by

δ〈O〉VMC =

√√√√ 1

Nb − 1

Nb∑
l=1

(〈O〉VMC − 〈O〉l)2. (2.40)

More specific details of the implementation of VMC to study QSLs will be given in Chapter 4.

2.2.4 Third wave: exactly solvable models and implementation in heavy transition metal ion
Mott insulators

The third wave of studies on QSLs is the one in progress today and is characterized
by the development of better tools to study QSLs and by the several proposals of candidate
compounds for a QSL ground state. It is not possible to cover all the work that has been done in
this period covering approximately 20 years. Therefore, I focused on a subset of studies with
general applicability and those that are relevant to this thesis. The goal of this section is to
provide the background of the exactly solvable Kitaev model on the honeycomb lattice (20) and
the physics of the Kitaev materials. (16–18)

2.2.4.1 Spin-Orbital Physics in Real Compounds

The synthesis of compounds displaying spin-orbital physics and the development of
theories describing their magnetism have a history that runs in parallel with the three waves
of studies on QSLs. The first article that called attention to the effects of the symmetry of the
orbitals on the superexchange between transition metal ions was written by Kanamori already in
1959. (97) Using transition metal oxides as examples, Kanamori already emphasized that charge
transfers necessary for superexchange processes can only occur if the d magnetic orbitals and the
p oxygen orbitals overlap. This in turn depends on the charge distribution of these orbitals, the
environment generating the crystal field, and the lattice describing the arrangement of transition
metal ions. Such mechanism is implied in the theory of superexchange developed by Anderson
and applied to the physics of cuprates.
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The cuprates exemplify the class of Mott insulators that are locally described by only one
type of orbital; would a qualitatively different physics emerge in compounds retaining orbital
degeneracy? An affirmative answer to this question is expected because the physics involving
the orbitals would be subject by the mechanism investigated by Kanamori. This would lead
to effective models with orbital operators depending on the charge distribution of the relevant
orbitals and the geometry of the lattice, which are qualitatively different from the Heisenberg
model. A good starting point important to study these models is the review about orbitally
degenerate materials written in 1982 by Kugel and Khomskii. (44) Kugel and Khomskii derived
effective Hamiltonians for eg and t2g degenerate orbital systems and proved the large anisotropy
on the orbital-dependent terms. The importance of this review led these effective models retaining
orbital degeneracy to be called Kugel-Khomskii models.

The review by Kugel and Khomskii also discusses how eg and t2g systems would be
different in regard to the effects of spin-orbit coupling (SOC). The eg states are effectively l = 0

and the SOC is irrelevant for them. On the other hand, the dxy, dyz and dzx can be arranged into
an effective angular momentum operator l,

l = Pt2gL(2)Pt2g = −L(1) (2.41)

with Pt2g being the projection operator to the t2g orbitals and L(l) being the angular momentum
operator of elementary quantum mechanics with orbital quantum number l. A basis for l obeying
Eq. (2.41) is given by

|lz = 0〉 = |dxy〉 , |lz = ±1〉 = ∓ 1√
2

(|dzx〉 ± i |dyz〉) . (2.42)

The SOC in t2g systems can be then modeled by the Hamiltonian

HSOC = λPt2gL(2) · SPt2g = −λl · S, (2.43)

where λ is the spin-orbit coupling constant of the transition metal. The value of λ scales with
Z4, where Z is the atomic number. The spin-orbit coupling is, therefore, expected to be more
relevant in Mott insulators based on heavier ions.

Equation (2.43) finds immediate usage to describe the state of singly occupied ions in
the electronic configurations d1 and d5. The former case is equivalent to each site occupied by
a single electron, while the second correspond to sites occupied by a single hole. The starting
point is to give explicit forms for the annihilation operators of the eigenstates of lz in terms of
dxy, dyz and dzx:

d0σ = dxy,σ, d1σ = − 1√
2

(dyz,σ + idzx,σ), d−1,σ =
1√
2

(dyz,σ − idzx,σ). (2.44)

Eq. (2.43) has six eigenstates that can be subdivided into a j = 1/2 doublet and a j = 3/2

quartet. Since HSOC is time-reversal invariant, the eigenstates are Kramers’s degenerate. In terms
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Figure 8 – Effect of the large spin-orbit coupling in (a) d1 and (b) d5 electron systems.
Source: Adapted from NATORI; DAGHOFER; PEREIRA. (1)

of Eq. (2.44) reads (49, 98)

As = 2s

(
1√
3
d0,−s −

√
2

3
d−2s,s

)
, (2.45a)

Bs =

√
2

3
d0,−s +

1√
3
d−2s,s, (2.45b)

Cs = d2s,s, (2.45c)

where s =↑, ↓= ±1/2 distinguishes between Kramers-degenerate states. Note that, due to the
combination of spin and orbital degrees of freedom induced by HSOC, the index s in As and Bs

is not the same as the actual spin eigenvalue in the d operators on the right-hand side of Eqs.
(2.45). The B and C states are energetically favored and correspond to the j = 3/2 states, where
j = l + S is the total angular momentum. They are separated from the A orbitals by a factor
of 3λ/2. In the limit λ → ∞, the d1 compounds are described by the physics of the B and C
orbitals, while the d5 compounds are equivalent to a system with no orbital degeneracy and a
s = 1/2 pseudospin s (see Fig. 8).

Another important article discussing spin-orbital physics in connection with experimental
results was written by Khaliullin in 2005. (99) Khaliullin made a survey of transition metal
compounds including some that were synthesized after the Kugel-Khomskii review. Mainly
motivated by the synthesis of layered cobalt oxides, this paper made an important discussion
on the effects of spin-orbit coupling on CoO2 triangular layers. The cobalt ions are in the 3d5

electronic configuration, and Khaliullin argued that the large λ limit discussed above could be
applied for these compounds. The bond-dependent and anisotropic nature of the unprojected
spin-orbital model is also transferred to the pseudospins s on this restricted space. For this
particular compound, the model in the large-λ limit reads

HCoO2 = J
∑
〈ij〉γ

s̃i · s̃j, (2.46)
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where γ labels the three different bond directions on the triangular lattice (see the different
colors for the links in Fig. 4a). The s̃i are defined by introducing a four sublattice division of the
triangular lattice and applying distinct rotations on si according to the sublattice containing i.
More explicitly,

s̃i =



si, if i ∈ A,
(−sxi ,−syi , szi ), if i ∈ B,
(sxi ,−syi ,−szi ), if i ∈ C,
(−sxi , syi ,−szi ), if i ∈ D.

(2.47)

Figure 4a gives a representation of these four sublattices with different colors. Interestingly
enough, the highly-anisotropic and bond-dependentHCoO2 could be written like the antiferromagnetic
Heisenberg model on the triangular lattice with an adequate sublattice transformation. (12)

A converging point of all the topics reported in the third wave of studies is found on
an exactly solvable model proposed by Kitaev in a seminal paper published in 2006. (20) This
seemingly simple model reads

HK = −Jx
∑
〈jk〉x

σxj σ
x
k − Jy

∑
〈jk〉y

σyjσ
y
k − Jz

∑
〈jk〉z

σzjσ
z
k, (2.48)

where j, k are points of the honeycomb lattice and 〈jk〉γ links are analogous to the ones discussed
on the triangular lattice in Eq. (2.46) (see Fig. 9a). There are two interesting historical curiosities
about the model (2.48). First, Kugel and Khomskii have written this Hamiltonian on the cubic
lattice to discuss the simplest case of an eg orbital Hamiltonian with exchange frustration (see
Eq. (34) of Ref. (44)) In their qualitative discussion, they relate this model to a classical model
of magnetic needles, like compasses. This justifies the terminology quantum compass model

for spin models with anisotropic and bond dependent interactions between spins. The second
curiosity is that Kitaev was not mainly interested in discussing quantum spin liquids but the
theory of anyons. He does mention that anyons were proposed to be found in RVB states, as
discussed in Subsection 2.2.3 and the similarities between the RVB and the gapped phase of HK .
However, the assertion that the ground state of the model was a quantum spin liquid was first
made by Baskaran in 2007 (21) as a result of the study of spin fractionalization in this model.
Ref. (21) also showed how the spin-spin correlations of the Kitaev model are restricted to nearest
neighbors, implying absence of magnetic long-range order.

The earlier work of Khaliullin in cobalt oxides have shown that d5 compounds retaining
t2g orbital degeneracy and with strong SOC could host S = 1/2 Hamiltonian with anisotropic and
bond-dependent interactions. (99) This was the first hint to proposals of solid state implementations
of the Kitaev model. In 2009, Jackeli and Khaliullin demonstrated that the Kitaev model would
be the effective Hamiltonian of Mott insulators with magnetic ions B in the referred electronic
configuration and arranged in lattices formed by edge-sharing BO6 regular octahedra. (19) This
crystalline structure led to bond-dependent interactions exactly like in Fig. 9a. The combination
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of two different exchange paths in this geometry with the projection to the lowest j = 1/2

manifold defined by SOC leads exactly to Eq. (2.48) in the isotropic case Jx = Jy = Jz.

Jackeli and Khaliullin explicitly proposed that compounds with stoichiometric formula
A2BO3, where A is an alkali ion and B is a 4/5d5 ion, would implement the Kitaev model on
the honeycomb lattice. It took just one year to synthesize the first exemplar of such compounds,
Na2IrO3. (100) Another iridate (α-Li2IrO3) was synthesized by the same group two years
later. (101) These were the two first recognized examples of Kitaev materials (16–18), i.e., real
compounds in which the Kitaev model is relevant to describe their magnetism. Two years later, it
was recognized that the compound α-RuCl3 was another example of a Kitaev on the honeycomb
lattice with distinct chemical composition. (102)

One theoretical development of the Kitaev model was the realization that it was also
integrable in some tricoordinate three dimensional lattices. (103–108) The possible tricoordinated
lattices are already known and were classified in Ref. (109) Ref. (107) studied the Kitaev model
on all tricoordinated lattices with equal bond length and whose elementary closed paths runs
over the same number of sites p. The dimensionality, different number of links for the elementary
plaquettes and symmetries of these generalized honeycomb lattices lead to qualitatively different
QSLs. Turning back to the materials, it is geometrically possible to find the B ion in some
of these lattices for A2BO3 oxides with edge-sharing BO6 octahedra. There are currently two
exemplars of three dimensional Kitaev materials: the γ-Li2IrO3 (110) on the stripy-honeycomb
lattice and the β-Li2IrO3 (111) on the hyperhoneycomb lattice.

All the mentioned Kitaev materials so far display some kind of magnetic order. This was
expected from the study of minimal effective models that add direct overlap between d-orbitals,
and superexchange terms from second and third neighbors. (112–115) Analyzing this seemingly
disappointing result was an important step to synthesize the best candidate for a Kitaev QSL
known so far. The following heuristic argument was made based on the ordered states presented
in α-Li2IrO3 and Na2IrO3. The sodium-based iridate display a zigzag but the lithium-based
iridate displays an incommensurate magnetic order. It was then postulated that the smaller the
weight of the alkali metal, the more disordered the phase of the Kitaev material would be. A
hydrogen-based iridate would then be a strong QSL candidate. The compound H3LiIr2O6 (116)
was synthesized following this intuition. It indeed showed a nuclear magnetic resonance and
specific heat responses that are compatible with a QSL. It also does not show any magnetic order
down to temperatures of 0.05K, in spite of its exchange constants of order J ∼100K. Further
experiments must be done to confirm this assertion, but it is probable that the Kitaev model led
to the discovery of a phase of quantum matter postulated 45 years ago!

Even if H3LiIr2O6 is shown to be a QSL, this does not mean the end of studies in Kitaev
materials. There are ongoing investigations about a possible QSL induced in α-RuCl3 by the
application of a magnetic field. (117–119) Quantum chemistry calculations also showed that the
application of pressure can increase the relative importance of the Kitaev model in relation to
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its perturbations. (120) It was also recently proposed that d7 compounds could also host Kitaev
materials. (121, 122) Finally, implementations of the Kitaev model in metal-organic frameworks
are possible and remain unexplored. (108) All these routes indicate that Kitaev materials will
continue to be a flourishing subject in the upcoming years.

2.2.4.2 Kitaev Model exact solution

In this subsection, I discuss the exact solution to the Kitaev model on the honeycomb
lattice. The Kitaev model is a model with bond-dependent Ising interactions involving mutually
perpendicular easy-axes (see Eq. (2.48)). The feature that gives a quantum character to the Kitaev
model is the different spin quantization axes along inequivalent bonds. Spin models are not
exactly solvable in general and the proposal of QSLs are normally done using mean-field parton
theories discussed in Subsection 2.2.3. The key point of the integrability of the Kitaev model on
the honeycomb lattice (and its three-dimensional generalizations) is its macroscopic number of
conserved quantities that are associated with plaquette operators defined as follows:

Wp = σz1σ
x
2σ

y
3σ

z
4σ

x
5σ

y
6 , (2.49)

where the sites 1 to 6 are shown in figure 9a. The axis of quantization associated with a given
site is equal to the label of the bond connected to this site pointing outward the plaquette. It
is straightforward to verify that any plaquette operator defined by the same convention will
commute with the Kitaev model, i.e., [HK ,Wp] = 0 and with each other, i.e, [Wp,Wp′ ] = 0. This
allows us to separate HK into sectors defined by fixed eigenvalues of the plaquette operators
wp = ±1 like

HK =
⊕

w1,...,wm

HK;w1,...,wm , (2.50)

in which HK;w1,...,wm is the sector of the Kitaev model where the plaquette operator Wi has a
fixed value wi.

In practice, the model is integrated through a Majorana parton representation of the
spins. A Majorana fermion f is a particle that is its own antiparticle, i.e., f = f †, and were first
proposed as real solutions of the Dirac equation. (123) In accordance with Kitaev’s original
paper (20), the four Majorana flavors are labeled by

ci, b
x
i , b

y
i , b

z
i with

{
bai , b

a′

j

}
= 2δijδaa′ , {bai , cj} = 0 and {ci, cj} = 2δij. (2.51)

This parton representation of the spins also enlarges the Hilbert space and introduces non-physical
states. In order to find the constraint to the physical Hilbert space, Kitaev first wrote the spins in
terms of Majorana fermions as follows

σai = ibai ci. (2.52)
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The Majorana fermion representation of the product σxσyσz leads to the operator iDi for each i
site, where

Di = bxi b
y
i b
z
i ci. (2.53)

Since σxσyσz = i, the physical Hilbert spaceH is defined as follows

|ψ〉 ∈ H if and only if Di |ψ〉 = |ψ〉 ,∀i. (2.54)

The algebra of the Majorana flavors (2.51), the spin representation (2.52) and the constraint
(2.53) imply that the Majorana representation of the spins satisfy the algebra of the Pauli matrices
[σa, σb] = 2iεabcσc.

The Kitaev model (Eq. (2.48)) in terms of Majorana fermions is given by

HK = i
∑
〈ij〉a

Jaû〈ij〉acicj (2.55)

with
û〈ij〉a ≡ ibai b

a
j . (2.56)

It can be shown that û〈ij〉a display ±1 eigenvalues and that they transform under Di like
Diû〈ij〉aDi = −û〈ij〉a . In other words, they are Z2 gauge operators. These operators also
commutes with each other

[
û〈ij〉a , û〈i′j′〉a′

]
= 0 and with the Kitaev model

[
û〈ij〉a , HK

]
= 0.

Therefore, they can be fixed and used to distinguish different sectors of Eq. (2.50) by fixing
their eigenvalues u〈ij〉a . These u〈ij〉a values defines a static Z2 gauge field similar to the bond
variables of Wegner’s model in Eq. (2.7). The values of u〈ij〉a are related to the eigenvalues of
the plaquette operators by

wp =
∏
〈ij〉∈∂p

u〈ij〉a , i ∈ even sublattice and j ∈ odd sublattice. (2.57)

It is clear that wp is not altered by Z2 gauge transformations and plays the same role as the
plaquette operators Pi in Eq. (2.7).

The Hamiltonian in Eq. (2.55) after fixing the u〈ij〉a values is quadratic on the ci operators,
and therefore diagonalizable. A theorem proved by Lieb (124) implies that, on the honeycomb
lattice, the ground state of (2.55) lies on the sector presenting wp = +1 for all plaquettes. After
fixing the gauge variables and fix the problem to the ground state sector, one can diagonalize HK

with the usual Fourier transformation and diagonalize the Hamiltonian in the reciprocal space.
Let N be the total number of sites of the lattice in such a way that the even sublattice A and the
odd sublattice B have N/2 sites. The translation vectors of the honeycomb lattice are given by

a1 =
1

2
(3,
√

3), a2 =
1

2
(3,−

√
3), (2.58)

with corresponding reciprocal lattice vectors

b1 =
2π

3

(
1,
√

3
)
, b2 =

2π

3

(
1,−
√

3
)
. (2.59)



57

(a)

�

K

K`

M

b1

b2

kx

ky

(b) (c)

Figure 9 – (a) representation of the honeycomb model. The different color on the links correspond
to different Kitaev interactions. (b) The Brillouin zone of the honeycomb lattice. (c)
Phase diagram of the Kitaev model in the case Jx + Jy + Jz = 1.
Source: By the author.

The Fourier transform then reads

ck,A =
1√
N

∑
iA

ciA exp(ik · riA), ck,B =
1√
N

∑
iB

ciB exp(ik · riB), (2.60)

where k is a vector of the Brillouin zone (BZ) displayed in Fig. 9b and the normalization factor
was chosen in such a way that {ck,X , ck′,Y } = δX,Y δk,−k′ . In order to make the operators ck,X
obey the canonical fermion algebra, the Brillouin zone is cut into two halves and chose one of
them that is called 1

2
BZ. Such splitting must obey the property k ∈ 1

2
BZ the vector −k is inside

the other half of the BZ. Then

ciX =

√
2

N

∑
k∈ 1

2
BZ

(
ck,X exp(−ik · riX ) + c†k,X exp(ik · riX )

)
, (2.61)

in which c†k,X = c−k,X . Substituting Eq. (2.61) in Eq. (2.55), the problem of finding the
eigenstates and eigenvalues is reduced to the diagonalization of a 2× 2 matrix. The spectrum of
Majorana fermions is given by

εk = ±
∣∣∣∣∣∑
a

Jae
ik·δa

∣∣∣∣∣ , (2.62)

where

δz = x̂, δx = −1

2
x̂ +

√
3

2
ŷ δz = −1

2
x̂−
√

3

2
ŷ (2.63)

are the nearest neighbor vectors connecting points of the sublattice A to the sublattice B (see
Fig. 9a). The band dispersion (2.62) will be gapped or gapless according to the values of the
coupling constants Ja. It can be shown that the Majorana spectrum will be gapless if and only if
it satisfies the triangular inequality

|Jx| ≤ |Jy|+ |Jz|, |Jy| ≤ |Jx|+ |Jz|, |Jz| ≤ |Jx|+ |Jy|. (2.64)

A phase diagram distinguishing gapped and gapless phases is shown in Figure 9c.
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One could naively expect that the ground state of the Kitaev model would be given by the
Fermi sea of negative energy Majorana fermions coupled with the static Z2 gauge field. However,
such state is still unphysical since it does not obey the constraint in Eq. (2.53). A physical state
|Φphys〉 is obtained out of the mean field state |Φ〉 by using the projection operator P as follows

P|Φ〉 =
∏
j

1 +Dj

2
|Φ〉 = |Φphys〉. (2.65)

Since the eigenvalues of Dj = ±1, it is clear that |Φphys〉 satisfies Eq. (2.53) and provides an
eigenstate of the Kitaev model. One important point is that, for several operators O, the average
of the projected wavefunction coincides with the unprojected one, i.e., 〈Φ| POP|Φ〉 = 〈Φ| O|Φ〉.
(125) This is made clearer by introducing complex fermion operators χ†〈ij〉a , χ〈ij〉a on the links
(21)

χ†〈ij〉a =
1

2
(bai − ibaj ), χ〈ij〉a =

1

2
(bai + ibaj ), (2.66)

and complex matter fermions given by (21)

fr =
1

2
(cAr + icBr) and f †r =

1

2
(cAr − icBr) . (2.67)

If the operator O does not change the bond fermion number χ†〈ij〉aχ〈ij〉a , then (125)

〈Φ| POP|Φ〉 = 〈Φ| O|Φ〉. (2.68)

The equation above is valid for several important operators, like the Hamiltonian itself and the
spin-spin correlators. That way the Kitaev model avoids the necessity for a Gutzwiller projection
like it happens for QSLs defined through mean-field parton theories.

The combination of integrability and implementation in solid state systems turned the
Kitaev model onto a paradigmatic model to study QSLs. Its exact solution and ultra-short spin
correlation allowed for the first time the computation of several QSL dynamical correlation
functions that can be measured through spectroscopic probes. (125–131) Its thermodynamics
were also rigorously explored and allowed the investigation of thermal phase transitions of
fractionalized particles. (132–134) The discovery of Kitaev materials generated a new focus for
the search on solid state platforms for quantum spin liquids. It is probably not an overstatement
to say that the Kitaev model plays for the theory of quantum spin liquids a role similar to the
one of the electron gas in the theory of metals. Both of them provide simple models with exactly
known solutions upon which one can calculate experimental responses. The qualitative features
of these responses are then expected to be observed if such state is observed in real materials.

2.3 Defining Quantum Spin Liquids

I provided the necessary historical background to understand the evolution of the research
on quantum spin liquids driving to the Kitaev model and the Kitaev materials in Section 2.2.
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It is clear that QSLs are magnetic states to be found in Mott insulators that do not display
conventional orders like ferromagnetic order or Néel state. It is also clear that QSLs are very
diverse. QSL states were proposed based on BCS wavefunctions, fractional quantum Hall states
and several parton theories. Their spectrum of excitations can be bosonic, fermionic or fractional,
and accompany Z2, U(1) or SU(2) emergent gauge fields. They were predicted to occur in
compounds with frustrated lattices and low-spin effective models, compounds in unfrustrated
lattices and doping, and compounds retaining orbital degeneracy. Is it possible to find a proper
definition of quantum spin liquids that account for all this variety?

The most positive definition of QSLs grounded on fundamental concepts of quantum
mechanics states that QSLs are many-body states displaying long-range entanglement in the
context of magnetism. (11) This notion is already implied in the original definition of the RVB
state and the projected parton wavefunctions. In practice, since there is still no experimental
probe to many-body entanglement, we must look for other features of quantum spin liquids.
It was earlier stated that QSLs were associated for a long time with absence of spin order.
Although this is not considered to be correct anymore, lack of order can be related with many-
body entanglement, making the absence of long-range order a feature of a good spin liquid
candidate. The link between QSLs and absence of order is given by the Lieb-Schultz-Mattis-
Affleck (LSMA) theorem. (135) The LSMA theorem proves that the ground state of local spin
Hamiltonians on lattices with SU(2) symmetry, total half-integer spin per unit cell and periodic
boundary conditions are either gapless or present topological order. This theorem was initially
proved for spin chains with SU(2) symmetry and was later generalized for other systems. For
example, Oshikawa (136) required a lesser symmetry U(1) equivalent to the conservation of
the particle number. In this case, the spectrum would be always gapless, except for an integer
particle number per unit cell of the ground state.

The LSMA theorem provides strong constraints on the ground state of a spin system.
There is the possibility that the ground state displays a topological order and is, therefore,
nontrivial. Another possibility is that a SSB occurred and the excitations are bosonic Goldstone
modes. But, what if the gapless excitations appear and there is no observed magnetic order?
Since this gapless excitation is not a Goldstone mode, and the disordered state is not compatible
with the trivial paramagnetic state, the ground state must be highly entangled. The combination
of disordered ground state and gapless excitations in a strongly interacting spin system is then a
good indication of quantum spin liquids.

The discussion above relates with another definition, namely that QSLs are macroscopic
spin states displaying fractional excitations. (69) These excitations must be contrasted with
the usual ones, which are written in terms of linear combinations of local excitations like the
magnons mentioned in Section 2.1. In spin systems, this means that the usual excitations carries
effectively an integer spin, since each local excitation change the values of the spin by an integer
∆Sz = ±1, ...,±2S. A fractional excitation must be created by a nonlocal operator, e.g., a string.
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Fractional excitations are never created alone, and this explains the absence of observed order in
the dynamical structure factor of QSLs.

Let us illustrate a necessary condition for fractionalization to occur through the S = 1/2

fermionic spinon. Consider first the VBS state already presented in Figure 3. If one singlet is
broken, that results in one dangling spin up and other spin down, each of which confined in a
different site. This dangling spins correspond to the spinons, which are always created in pairs
by local excitations. To move the spins away from each other, the configuration of the dimers
throughout the whole lattice must be rearranged in this process. The necessary energy to take
the spinons infinitely apart from each other is also infinite and they are said to be confined -
hence, they are not relevant excitations of the VBS. The situation is different in the RVB state.
A RVB is equivalent to a linear combination of a macroscopic number of VBS configurations.
After creating the same pair of dangling spins in a RVB, they can move away from each other by
changing the weight factor of the VBS configurations that already define the RVB state. In this
case, it takes only a finite energy cost to let the spins infinitely apart from each other and they
are said to be deconfined. In this case each of them can be called a spinon that clearly carries
S = 1/2 spin. This deconfinement is only possible because of the highly entangled nature of the
RVB state.

Consider now how the inelastic neutron scattering of spinons would differ from the
spectrum of magnons. The magnon dispersion can be measured through INS and the energy of
the excitation ~ω is found to be a well-defined function of the transferred momentum q. The
spinons also display a well defined dispersion relation ~ωk, but the fact that they are always
created in pairs generate a great difference to their dynamical structure factor. Consider a QSL
ground state with S = 1/2 spinon excitations probed with INS, and let us fix the transferred
momentum and energy to (q, ~ω). This will generate two spinons, and momentum conservation
ensures that one will have momentum k and other q−k. However, for a given pair of transferred
energy and momentum, there are usually many pairs of excitations obeying the condition
ω = ωq−k + ωk. For this reason, the DSF of QSLs is often “blurred” in contrast to the definite
lines observed in ordered states.

The Majorana fermions and the Z2 gauge flux excitations (visons) on the Kitaev model
are other examples of fractionalized excitations. (21) It can be shown that a spin excitation
on the Kitaev spin liquid must produce at least a pair of visons and other Majorana fermion c.
This has an important physical consequence for neutron scattering experiments: it means that
a gap ∆ related to the formation of the vison pair will be always observed on the dynamical
structure factor (Eq. 2.6) even if the QSL is on the gapless phase. (125–129) The dynamics
observed in INS experiments for the Kitaev model must then consider excited states of the sector
with two visons: this partly explains the eight year difference between the exact solution of the
Kitaev model and the computation of the exact dynamic factor. Such gap was proved to be robust
against a Heisenberg-like perturbation, but not for all perturbations allowed by symmetry. (137)
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Therefore, it is generically not expected to appear in Kitaev materials, even if they are in the
QSL phase.

A very important discovery concerning the experimental probes for QSLs was that
the Majorana gapless spectrum of the Kitaev model can be observed with other spectroscopic
technique, namely, resonant inelastic x-ray scattering (RIXS). (130, 131) RIXS is a photon-in
photon-out spectroscopic technique that uncovers elementary excitations of solids through the
analysis of the energy, momentum, and polarization of the incident and scattered photon. (48)
Recent advancements in RIXS instrumentation are making this a viable technique to investigate
the dynamics of strongly correlated systems. This technique will be discussed in detail in Chapter
5, since the analysis of its scattering for 4/5d1 Mott insulators constituted a great part of my
original work. Here I point out that RIXS is a technique based upon local excitations. It is thus
very significant that it can be used to probe fractionalized excitations depending on many-body
entanglement like Majorana fermions. Chapter 5 will give other examples of other potential
results of RIXS as a probe of quantum spin orbital liquids in contrast to the INS responses.
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3 QUANTUM COMPASS MODELS IN TRANSITION METAL OXIDES

This chapter is devoted to make explicit the derivation of spin-orbital models for 4d1 and
5d1 based Mott insulators together with an analysis of their fundamental degrees of freedom. I
emphasized in Chapter 2 how the search for QSLs have been brought to a new focus on Mott
insulators retaining orbital degeneracy, displaying strong spin-orbit coupling, and described
by bond-dependent exchange interactions. The 4/5d5 Mott insulators were justifiably more
investigated than compounds with different electronic configurations since the proposal of the
Kitaev materials. (19)

But the mechanism discussed in Ref. (19) is not restricted to d5 ions and was successfully
applied to derive j = 3/2 models on 4/5d1 magnetic insulators. (29) The model was proposed to
describe the physics of ordered double perovskites, where the magnetic ions are arranged on a fcc
lattice. The interactions are anisotropic and bond-dependent like in the Kitaev case, but they are
not restricted to dipole interactions. Interactions between quadrupoles and octupoles of j = 3/2

effective angular momentum were essential to the physics of this model. It was also shown that
these unusual interactions were essential to stabilize certain exotic ordered phases observed in
double perovskites. (34–38) More relevant to this thesis, it was also shown that a certain limit
of the model was dominated by quantum fluctuations and could display a QSL ground state.
This was further supported by experiments on the compound Ba2YMoO6 arguing in favor of
either a valence-bond glass or a collective spin-singlet ground state. (30–33) In summary, there
were theoretical and experimental evidence that j = 3/2 magnetic insulators induced by strong
spin-orbit coupling could promote a QSL state.

3.1 Qualitative Discussion of the j = 3/2 Spin-Orbital Models

I start by giving some orders of magnitude of important parameters describing the
compounds to be studied here. This discussion will also serve as a justification for the methodology
of the model derivation. The Kmetko-Smith diagram (138) depicted in Fig. 10 gives the first
general guidance to order the strength of electronic correlation for f , 4d or 5d electrons. This
diagram shows that f electrons are in general more localized than their d counterparts, implying
a larger value of the Hubbard-U parameter. The electronic localization also increases with
the decrease of the number of nodes of the radial part of the orbital function. The diagram
then indicates that 4d and 5d systems would drive to the Mott insulators with lower values of
electronic correlation. These intermediate strength of the electronic interaction actually favor a
spin liquid state, as indicated by the earliest studies of the RVB state on cuprates. (86)

As stated in Chapter 2, the electronic correlation of systems retaining orbital degeneracy
is qualitatively different from the correlation of nondegenerate orbitals. This chapter will give
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the explicit calculations supporting this statement. Let the Greek indexes α, β, γ and δ label
the atomic orbitals and σ, σ′ label the spin. Hereafter, the orbital labels will be restricted to t2g
states (Eq. (2.14)), and σ =↑, ↓ is always the electronic spin. I also apply the ordering convention
xy < yz < zx used in other works. (1, 139) The interaction between two electrons (or holes) at
an atom is written like

Hint =
1

2

∑
σσ′

∑
αβγδ

〈
αβ
∣∣∣V̂ ∣∣∣ γδ〉 d†ασd†βσ′dδσ′dγσ, (3.1)

where V̂ is the Coulomb interaction between the electrons. The matrix elements
〈
αβ
∣∣∣V̂ ∣∣∣ γδ〉 in

Eq. (3.1) have a special meaning when at least two of the four orbitals are equal. These are

U =
〈
αα
∣∣∣V̂ ∣∣∣αα〉 (3.2a)

U ′ =
〈
αβ
∣∣∣V̂ ∣∣∣αβ〉 (3.2b)

JH =
〈
αβ
∣∣∣V̂ ∣∣∣ βα〉 =

〈
αα
∣∣∣V̂ ∣∣∣ ββ〉 . (3.2c)

The parameter U is just the same interaction parameter of the Hubbard model, U ′ is the direct
electrostatic interaction between two electrons occupying different orbitals, and JH is the so-
called Hund’s coupling. They are evaluated using the Racah parameters in the limit of an isolated
atom, whose explicit evaluation leads to U = U ′ + 2JH . (68) Only parameters given in terms of
U and JH are taken into account in deriving most effective models for transition metal oxides,
and the same will be the case for this thesis. Hint is then written like

Hint = U
∑
α

niα↑niα↓

+ (U − 2JH)
∑
σ

∑
β<α

niασniβσ̄ + (U − 3JH)
∑
σ

∑
β<α

niασniβσ

− JH
∑
β<α

(
d†iα↑diα↓d

†
iβ↓diβ↑ − d†iα↓d†iα↑diβ↑diβ↓ + h.c.

)
. (3.3)

The models derived in this thesis followed a methodology to discover the effective
Hamiltonian of heavy transition metal Mott insulators that is sometimes dubbed Jackeli-Khaliullin
mechanism. (17) The starting point is the derivation of a t2g Kugel-Khomskii HamiltonianHKK

with arbitrary spin-orbit coupling constant (λ). The HKK Hamiltonian for d1 and d5 systems
differ only on the interpretation of the fermionic operators: they represent electrons for the d1

systems and holes for the d5 systems. In both cases, the t2g orbitals generate an effective l = 1

angular momentum operator (see Eq. (2.41)). The effect of SOC on the t2g orbitals is described
by the Hamiltonian HSOC written in Eq. (2.43) and was described in Subsection 2.2.4.1. I recall
here that the j = 3/2 manifold is energetically favored for d1 electron systems and a projection
ofHKK to this manifold is valid for λ much greater than the hopping parameter (see Fig. 8).

Since the correlation involves direct electrostatic repulsion, Hund’s coupling and SOC
the phenomena emerging in 4d and 5d transition metal oxides depends upon the relation between
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Figure 10 – Kmetko-Smith diagram indicating the increasing of localization as a function of the
position in the periodic table.
Source: COLEMAN. (2)

the parameters U , JH and λ. It was recently pointed out that the Jackeli-Khaliullin mechanism
is rigorously justified only if the energy difference between eg and t2g states (often labeled
10Dq (68)) and the Hund’s coupling is much larger than SOC. (140) The estimation of these
parameters for electrons in solid state is very difficult because of the mixing between d and p
orbitals in these crystals and the screening due to the electrons surrounding the ion. (68) Ideally,
they can be extracted through quantum chemistry calculations combined with the experimental
data extracted from real materials. Nevertheless, the literature present consistently some typical
values for these parameters. The crystal-field splitting 10Dq of 3d to 5d compounds ranges
between 2-4 eV (increasing with the atomic mass). (52) The typical values of the Hubbard
and Hund’s coupling electrons are U ∼ 0.5 − 3eV and JH ∼ 0.5eV for 5d elements. (141)
4d elements display JH ∼ 0.6 − 0.7eV (141) and greater values for the Hubbard interaction
when comparing with 5d ions. (138) The estimated value of the SOC parameter for 4d ions is
λ ∼ 0.1 − 0.4eV. (52) These values allow us to argue that λ � U, JH ,10Dq in many 4d and
5d compounds. In the following, I assume that the parameters are within the range where the
Jackeli-Khaliullin mechanism is valid.

3.2 Kugel-Khomskii model for t2g degenerate systems

3.2.1 General Formulas for the Derivation of t2g Kugel-Khomskii models in d1 systems

This section will provide the derivation of the Kugel-Khomskii Hamiltonian for 4d1 and
5d1 magnetic Mott insulators in cubic double perovskites and generalized honeycomb lattices.
Before working out the physically motivated examples, let me state some general features of this
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derivation and fix a notation. I start with the multi-orbital Hubbard model that is written as a sum
of two terms

Ĥ = Ĥ0 + T̂ , (3.4)

where Ĥ0 is the onsite interaction Hamiltonian and T̂ is the bond-dependent hopping Hamiltonian.
Ĥ0 is always given by the sum of Eq. (3.1) on each site of the lattice

Ĥ0 =
∑
i

Ĥint,i, (3.5)

while the hopping Hamiltonian is generically given by

T̂ = −
∑
〈ij〉γ

∑
γ,σ

t
(γ)
ij,αβd

†
i,α,σdj,β,σ + h.c.. (3.6)

While the terms α and β still label the orbitals in Eq. (3.6), the label γ now refers to different
bond directions of the lattice. The hopping parameters t(γ)

ij,αβ now indicate that the hopping
between two nearest neighbors will depend upon the active orbitals and the bond direction. The
exact values of these coefficients will depend upon the relative position between the sites i and j.

The first assumption of the effective models is that the correlations in Ĥ0 are strong
enough to localize the electrons and hinder charge fluctuations. The low-energy physics will be
then derived through second-order perturbation theory, in which T̂ is the perturbation. Described
this way, the procedure is identical to the derivation of the Heisenberg model from the single-
orbital Hubbard model. The first factor causing differences arises from the bond and orbital
dependence of the t(γ)

ij,αβ parameters, which already implies a bond-dependent and orbitally
anisotropic effective Hamiltonian. The second factor refers to the Hund’s coupling dependent
electronic interactions (see Eq. (3.3)). The third difference comes from the projection to the
j = 3/2 manifold generated by SOC.

In practical calculations, I derive the effective models concerning two sites connected by
each of the non-equivalent bond γ, and then sum these two site Hamiltonians throughout the
lattice. It is then possible to give the explicit bases for the initial, intermediate, and final states,
since we are dealing with a two-site problem. Let me start by stating a basis for the intermediate
state. It reads

B = {|xy↑xy↓, 0〉 , |yz↑yz↓, 0〉 , |zx↑zx↓, 0〉 ,
|xy↑yz↓, 0〉 , |xy↓yz↑, 0〉 , |xy↑zx↓, 0〉 , |xy↓zx↑, 0〉 , |yz↑zx↓, 0〉 , |yz↓zx↑, 0〉 ,
|xy↑yz↑, 0〉 , |xy↑zx↑, 0〉 , |yz↑zx↑, 0〉 , |xy↓yz↓, 0〉 , |xy↓zx↓, 0〉 , |yz↓zx↓, 0〉 ,
|0, xy↑xy↓〉 , |0, yz↑yz↓〉 , ..., |0, yz↓zx↓〉}
= {|1〉, |2〉, |3〉, ..., |30〉}. (3.7)
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Let H0 be the matrix (H0)αβ ≡
〈
α
∣∣∣Ĥ0

∣∣∣ β〉, where |α〉 , |β〉 ∈ B. The order of this basis was
especially chosen so that H0 can be written in a block diagonal form

H0 =

(
1 0

0 1

)
⊗


H3

H2

H2

H2

(U − 3JH)I6×6

 , (3.8)

where the H3 and H2 matrices are given respectively by

H3 =

 U JH JH

JH U JH

JH JH U

 , H2 =

(
U − 2JH −JH
−JH U − 2JH

)
. (3.9)

It is now straightforward to find the eigenvectors of H0. Twelve of them are made explicit by
the third line of the states of the basis B (Eq. 3.7). All these states are characterized by electrons
occupying different orbitals, but displaying spins with the same orientation. These states display
the lowest possible eigenvalues U − 3JH and illustrates the idea that Hund’s coupling favors
ferromagnetism between electrons in different orbitals. Three of the eigenvectors of H0 related
with the matrices H3 are given by:

|ψU+2JH ,H3〉 =
1√
3

(|xy↑xy↓, 0〉+ |yz↑yz↓, 0〉+ |zx↑zx↓, 0〉) (3.10a)∣∣ψ1
U−JH ,H3

〉
=

1√
2

(|xy↑xy↓, 0〉 − |yz↑yz↓, 0〉) , (3.10b)∣∣ψ2
U−JH ,H3

〉
=

1√
6

(|xy↑xy↓, 0〉+ |yz↑yz↓, 0〉 − 2 |zx↑zx↓, 0〉) . (3.10c)

The other three eigenvectors are obtained by simply changing the doubly occupancy to the other
site. Finally, two examples of eigenvectors associated with the matrix H2 are given by

|ψU−3JH ,H2〉 =
1√
2

(|xy↑yz↓, 0〉+ |xy↓yz↑, 0〉) , (3.11a)

|ψU−JH ,H2〉 =
1√
2

(|xy↑yz↓, 0〉 − |xy↓yz↑, 0〉) , (3.11b)

and the other eigenvectors are derived by analogy.

The matrixHγ
eff describing the effective Hamiltonian along the bond γ is obtained through

the matrix equation

Hγ
eff = T γhopUintT

γ†
hop, (3.12)

where T γhop is the matrix generated by the compound dependent parameters t(γ)
ij,αβ in Eq. (3.6) and

connects the final states to the doubly occupied intermediate state. The Uint matrix results from
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the second order perturbation theory and reads

Uint = −
∑
α

|α〉〈α|
Eα

, (3.13)

in which |α〉 labels the eigenvectors of H0 discussed above. Uint can be written explicitly by first
defining the following ratios

r1 =
1

1− 3η
, r2 =

1

1− η , r3 =
1

1 + 2η
, (3.14)

in which η = JH/U . Then, the Uint operator of a double occupied site reads

Uint = −2r2 + r3

3U

∑
α

|α↑α↓〉 〈α↑α↓| −
r1 + r2

2U

∑
σ,σ′,α

|ασ(α− 1)σ′〉 〈ασ(α− 1)σ′ |

− r3 − r2

3U

∑
α 6=β

|α↑α↓〉 〈β↑β↓| −
r1 − r2

2U

∑
σ,σ′,α

|ασ(α− 1)σ′〉 〈ασ′(α− 1)σ| , (3.15)

where |α↑α↓〉 〈α↑α↓| = |α↑α↓, 0〉 〈α↑α↓, 0| + |0, α↑α↓〉 〈0, α↑α↓|, etc. Equation (3.12) is the
most general expression for t2g Kugel-Khomskii models for singly occupied sites. The next two
subsections will apply this equation to derive the minimal Kugel-Khomskii models for two types
of existent compounds.

3.2.2 Effective Kugel-Khomskii Model on the fcc lattice

3.2.2.1 Ordered Double Perovskites

I start with the derivation of the minimal model for the magnetism of insulating ordered
double perovskites. First, let us understand the structure of these oxides. Consider first compounds
in the usual perovskite arrangement with stoichiometric formula ABO3. In this formula, A
corresponds to an alkaline earth metal or lanthanide, B is a transition metal ion, and O is the
oxygen. The structure of the perovskites can be formed starting from the ions B. Each of them
are surrounded by six oxygen anions forming an octahedral environment. This environment is
then surrounded by eight A cations forming a cubic lattice with crystallographic axis parallel
to the vectors connecting the ion B to the oxygens. An ordered double perovskite structure is
formed by a partial cation substitution replacing half of the B ions by another species B′. The
resulting stoichiometric formula will be always A2BB′O6, but the cations B and B′ can order in
three different ways: a rock-salt arrangement, a layered structure, and a columnar ordering. (27)
The rock-salt structure is the most common among the three and in this case the cation B and B′

are located on a fcc lattice (see Fig. 11a). Several ordered double perovskite compounds were
already synthesized with B, B′ in different oxidation states and electronic configurations resulting
in a great variety of electric, magnetic and thermoelectric phenomena. (27) In this thesis, I focus
on rock-salt double perovskites in which B is a nonmagnetic ion and B′ is a magnetic ion in a
4d1 or 5d1 configuration.
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(a) (b) (c)

Figure 11 – (a) structure of the rock-salt structure of ordered double perovskite compounds. The
B′ elements form a fcc lattice. (b) The active orbitals depend upon the overlap of
d and p orbitals along the bonds connecting two sites. (c) Representation of active
orbitals along a path perpendicular to the z-axis on Kitaev materials.
Source: NATORI; DAGHOFER; PEREIRA (1); NATORI; ANDRADE; PEREIRA.
(3)

The magnetic interaction in double perovskites arises mainly from superexchange, since
the large B′-B′ separation weakens direct d-d overlap. There are two conditions for the occurrence
of the hopping processes: (i) the t2g orbitals must overlap with a p orbital, and (ii) the two p
orbitals in the middle of the path connecting two neighbors must overlap with each other. As
indicated by Figure (11b), these two requirements strongly restrict the allowed exchange by
selecting the active orbitals in a given bond. To clarify this point, consider the three axis parallel
to the primitive vectors of the cubic lattice of the A specie. Let γ = x, y, z label the axes; if i and
j are nearest neighbors forming a bond perpendicular to γ we find

T̂ γij = −t
∑
σ

(d†i,γ,σdj,γ,σ + d†j,γ,σdi,γ,σ), (3.16)

where d†i,γ,σ creates an electron with spin σ and orbital αβ (εαβγ = 1) at the site i. In terms of
the general notation in Eq. (3.6), Eq. (3.16) states that t(γ)

ij,αβ = 0 except when α = β = γ.

3.2.2.2 Effective Kugel-Khomskii Model of ordered double perovskites

After finding the hopping Hamiltonian for double perovskites, one can use Eq. (3.12)
to find the effective Kugel-Khomskii model of ordered double perovskites. I choose to detail
the derivation for bonds on the xy planes for concreteness; the results for different direction γ’s
will be obtained by simple change of orbital and planes. The symmetry constraints on Eq. (3.12)
also implies that not all two-site states |δσ, εσ′〉 ≡ d†j,δσd

†
i,εσ′
|0〉 will contribute to the effective



70

Hamiltonian. T̂ zij forces at least one site to be occupied by a xy orbital, otherwise T̂ zij |ψij〉 = 0. I
divide the space of states obeying this condition into two subspaces as follows:

1. The subspace spanned by

Bxy,xy = {|xy↑, xy↑〉 , |xy↓, xy↓〉 , |xy↑, xy↓〉 , |xy↓, xy↑〉} ,

in which the both sites are occupied by xy orbitals. The matrix Hz
eff in this ordered basis

reads

[Hz
KK]xy,xy = −2t2

3U
(2r2 + r3)


0 0 0 0

0 0 0 0

0 0 1 −1

0 0 −1 1

 .

This can be translated into the following spin-orbital Hamiltonian

(Hz
KK)xy,xy =

J

3
(2r2 + r3)

(
Si · Sj −

1

4

)
ni,xynj,xy, (3.17)

where
J =

4t2

U
, (3.18)

and

ni,xy = d†i,xy,↑di,xy,↑ + d†i,xy,↓di,xy,↓, (3.19a)

Sai ni,xy =
1

2

∑
σ,σ′

(σa)σ,σ′ d
†
i,xy,σdi,xy,σ′ . (3.19b)

2. The subspace spanned by

Bxy,β = {|xy↑, β↓〉 , |xy↓, β↑〉 , |β↓, xy↑〉 , |β↑, xy↓〉 , |xy↑, β↑〉 , |xy↓, β↓〉 , |β↑, xy↑〉 , |β↓, xy↓〉} ,

where β = yz, zx. The states in Bxy,β contain one site occupied by xy and other by a
different orbital. Notice that the first four vectors in Bxy,β have antiparallel spins, while
the remaining states have parallel spins. The matrix of the effective Kugel-Khomskii
Hamiltonian in this subspace is written as

[Hz
KK]xy,β = −J

8

(
(r1 + r2)I4×4 + (r1 − r2)I2×2 ⊗ σx

2r1I4×4

)
.

The matrix above can be translated in terms of spin-orbital operators as follows

(Hz
KK)xy,β =

[
−J

4
r1

(
Si · Sj +

3

4

)
+
J

4
r2

(
Si · Sj −

1

4

)]
(ni,xynj,β + ni,βnj,xy),

(3.20)
where the number operators ni,β and the projected spins Sai ni,β are defined in analogy to
Eq. (3.19).
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The sum of (Hz
KK)xy,xy, (Hz

KK)xy,yz, and (Hz
KK)xy,zx with the single-occupancy condition

nxy + nyz + nzx = 1, (3.21)

leads to the effective Hamiltonian

H
(z)
KK = Jeff

(
Si · Sj +

1

4

)
ni,xynj,xy + V ni,xynj,xy

− J ′Si · Sj (ni,xyn̄j,xy + n̄i,xynj,xy)−
J

16
(3r1 + r2)(ni,xy + nj,xy), (3.22)

where n̄i,xy = ni,yz + ni,zx = 1− ni,xy. The coupling constants are explicitly given by

Jeff =
1

3
(2J2 + J3) , (3.23a)

V =
1

4

(
3

2
J1 −

5

6
J2 −

2

3
J3

)
, (3.23b)

J ′ =
1

4
(J1 − J2) , (3.23c)

where Ji ≡ Jri.Notice that all constants in Eq. (3.23) vanish in the limit JH/U → 0 with the
exception of Jeff. The Kugel-Khomskii model describing the magnetism of 4d1 and 5d1 ordered
double perovskites, apart from an unimportant constant term, is given by (139)

HKK,ODP = Jeff

∑
〈ij〉γ

(
Si · Sj +

1

4

)
ni,γnj,γ

+ V
∑
〈ij〉γ

ni,γnj,γ

− J ′
∑
〈ij〉γ

Si · Sj (ni,γn̄j,γ + n̄i,γnj,γ) . (3.24)

I end up the subsection pointing out that the effective spin-orbital model derived in
Ref. (29) took into account only the states of the basis Bγ,γ when deriving the antiferromagnetic
exchange. The model in Ref. (29) is thus incomplete, as well as the one studied in Ref. (4). The
result was corrected in follow-up articles. (1, 139)

3.2.3 Effective Kugel-Khomskii Model on generalized honeycomb lattices

I now consider the Kugel-Khomskii model derived for Kitaev materials. The defining
feature of the crystal structure of these compounds is the edge-sharing of the BO6 octahedra,
where B is a 4/5d5 transition metal ion. This geometric feature restrict the virtual electron
transfers allowed by symmetry, and is the major responsible for the bond-dependent interactions
(see Fig. 11c for an illustration on the honeycomb lattice). The hopping Hamiltonian depending
on the orbital and the bond-direction then reads

T̂ = −t
∑
γ

∑
〈ij〉γ

∑
σ

(d†i,α,σdj,β,σ + d†i,β,σdj,α,σ + h.c.), (3.25)
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in which I am following the notation implied by Eq. (3.6).

The Kugel-Khomskii model for the bonds perpendicular to the z axis will be derived
explicitly. In sharp contrast to the case of double perovskites, the hopping operator between two
nearest neighbor sites, T̂ (z)

ij , annihilates any two-site state of the form |xyσ, xyσ′〉. The hopping
also “flips” the orbitals instead of retaining them; thus, operators like ni,γ or n̄i,γ are not expected.
Following the analysis for the double perovskite, I divide the relevant states to the derivation of
the Kugel-Khomskii model into three parts

1. Consider first the states Byz,zx = {|yz↑, zx↓〉 , |yz↓, zx↑〉 , |zx↑, yz↓〉 , |zx↓, yz↑〉}. The
hopping leads to an intermediate state given either by |yz↑yz↓〉 or |zx↑zx↓〉. If I consider
Eqs. (3.15) and (3.25), I find

T̂
(z)
ij UintT̂

(z)
ij |yzσ, zxσ̄〉 =

J

6
(2r2 + r3) (|yzσ̄, zxσ〉 − |yzσ, zxσ̄〉)

+
J

6
(r2 − r3) (|zxσ, yzσ̄〉 − |zxσ̄, yzσ〉)

=
J

4
[(r1 + r2)− (r1 − r2)] (|yzσ̄, zxσ〉 − |yzσ, zxσ̄〉)

+
J

6
(r2 − r3) (|zxσ, yzσ̄〉 − |zxσ̄, yzσ〉+ |yzσ, zxσ̄〉 − |yzσ̄, zxσ〉) .

(3.26)

The other terms are obtained by making the exchange yz ←→ zx. It is useful to define the
operators

π
0(γ)
i =

∑
σ

(
d†i,α,σdi,α,σ + d†i,βdi,β,σ

)
, (3.27a)

π
x(γ)
i =

1

2

∑
σ

(
d†i,β,σdi,α,σ + d†i,α,σdi,β,σ

)
≡ 1

2

∑
σ

∑
δ,δ′∈{α,β}

σxδ,δ′d
†
i,δ,σdi,δ′,σ, (3.27b)

π
y(γ)
i =

i

2

∑
σ

(
−d†i,β,σdi,α,σ + d†i,α,σdi,β,σ

)
≡ 1

2

∑
σ

∑
δ,δ′∈{α,β}

σyδ,δ′d
†
i,δ,σdi,δ′,σ, (3.27c)

π
z(γ)
i =

1

2

∑
σ

(
d†i,β,σdi,β,σ − d†i,α,σdi,α,σ

)
≡ 1

2

∑
σ

∑
δ,δ′∈{α,β}

σzδ,δ′d
†
i,δ,σdi,δ′,σ, (3.27d)

Sai π
b(γ)
i =

1

4

∑
σ,σ′

∑
δ,δ′∈{α,β}

σaσ,σ′σbδ,δ′d
†
i,δ,σdi,δ′,σ′ . (3.27e)

Then, by defining the operator

B
(γ)
ij = π

x(γ)
i π

x(γ)
j + π

y(γ)
i π

y(γ)
j − πz(γ)

i π
z(γ)
j +

1

4
π

0(γ)
i π

0(γ)
j , (3.28)

it is possible to write (99)

(Hz
KK)yzσ ,zxσ̄ = H(z)

α,β,σ,σ̄ −
2

3
(J2 − J3)

(
Si · Sj −

1

4

)
B

(z)
ij (3.29)

A part of (Hz
KK)yzσ ,zxσ̄ was labeled H(z)

α,β,σ,σ̄ and was not written in terms of π and Sπ
operators. This will be summed with other terms to be derived later.



73

2. Next I consider the eight states given by B(yz)2,(zx)2 = {|yzσ, yzσ′〉 , |zxσ, zxσ′〉}. The
intermediate state have the form |zxσyzσ′〉, and the second order perturbation theory leads
to the following equations

T̂
(z)
ij UintT̂

(z)
ij |yzσ, yzσ′〉 = −J1 + J2

4
(|yzσ, yzσ′〉 − |zxσ′ , zxσ〉)

− J1 − J2

4
(|yzσ′ , yzσ〉 − |zxσ, zxσ′〉) , (3.30a)

T̂
(z)
ij UintT̂

(z)
ij |zxσ, zxσ′〉 = −J1 + J2

4
(|zxσ, zxσ′〉 − |yzσ′ , yzσ〉)

− J1 − J2

4
(|zxσ′ , zxσ〉 − |yzσ, yzσ′〉) . (3.30b)

This part of the Kugel-Khomskii Hamiltonian will be called H(z)

(yz)2,(zx)2 and will be
subdivided in two parts

H(z)

(yz)2,(zx)2 = HI +Htwo-flips, (3.31)

whereHI concerns with the parts ofH(z)

(yz)2,(zx)2 in which the orbitals are kept fixed, while
Htwo-flips changes the orbitals of the two sites.

3. Finally, I consider the 16 states {|xyσ, zxσ′〉 , |xyσ, yzσ′〉 , |zxσ′ , xyσ〉 , |yzσ′ , xyσ〉} that
contain one site occupied by a xy orbital. The doubly occupied intermediate state is given
by |xyσyzσ′〉 or |xyσzxσ′〉. Second order perturbation theory leads to

T̂
(z)
ij UintT̂

(z)
ij |xyσ, zxσ′〉 = −J

8
(r1 + r2) |xyσ, zxσ′〉 − J

8
(r1 − r2) |xyσ′ , zxσ〉 , (3.32)

and the other terms are given by analogy. I find

(Hz
KK)xy = −J1 + J2

8
(π

0(γ)
i Pzj +Pzi π0(γ)

j )− J1 − J2

4

(
Si · Sj +

1

4

)
(π

0(γ)
i Pzj +Pzi π0(γ)

j )

(3.33)
where Pγi =

∑
σ d
†
i,γ,σdi,γ,σ, and its combinations with the spin operators are analogous to

the ones defined for πa(γ).

In contrast to the case of the double perovskite, it is not straightforward to write all terms of
the Hamiltonian as combinations of spin and number operators. The simplifications are only
possible when summing parts of the Hamiltonian in the three different basis with each other. The
sum of theHI in Eq. (3.31) with the Hamiltonian (Hz

KK)xy will give

H′ = HI + (Hz
KK)xy

= −1

8
(J1 + J2)(π

0(γ)
i + π

0(γ)
j )− 1

4
(J1 − J2)

(
Si · Sj +

1

4

)
(π

0(γ)
i + π

0(γ)
j ). (3.34)

Also, the sum ofH(z)
α,β,σ,σ̄ andHtwo-flips gives

H′′ = H(z)
α,β,σ,σ̄ +Htwo-flips

= (J1 + J2)

(
Si · Sj +

1

4

)
A

(z)
ij +

J1 − J2

2
A

(z)
ij , (3.35)
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where
A

(γ)
ij = π

x(γ)
i π

x(γ)
j − πy(γ)

i π
y(γ)
j − πz(γ)

i π
z(γ)
j +

1

4
π

0(γ)
i π

0(γ)
j . (3.36)

The Kugel-Khomskii Hamiltonian HKK,KM is obtained by gathering all the terms written
above and is expressed by (142)

HKK,KM =
J1 + J2

2

∑
〈ij〉γ

(
2Si · Sj +

1

2

)
A

(γ)
ij

− J2 − J3

3

∑
〈ij〉γ

(
2Si · Sj −

1

2

)
B

(γ)
ij

+
J1 − J2

2

∑
〈ij〉γ

[
A

(γ)
ij −

1

2

(
Siπ

0(γ)
i · Sj + Si · Sjπ0(γ)

j

)]
. (3.37)

The terms proportional to π0(γ)
i were neglected in Eq. (3.37), since their sum will give a constant

due to Eq. (3.21).

I emphasize that this Kugel-Khomskii Hamiltonian is valid for t2g systems characterized
by singly occupied ions in the characteristic lattices of Kitaev materials, whether they are d1 or
d5 compounds. The only difference is on whether the creation and annihilation operators used to
express the spin-orbital operators are electrons or holes.

3.3 Strong Spin-Orbit Coupling in Transition Metal Ions

It is easy to verify that the Kugel-Khomskii Hamiltonians in Eq. (3.24) and Eq. (3.37)
display a global SU(2) symmetry related to a global rotation of the electronic spin. The bond-
dependent parts of the Hamiltonians are related to the orbital operators π(γ) and their physical
origin traces back to the spatial distribution of the orbital wavefunctions. Now, I study the effect
of including the spin-orbit coupling Eq. (2.43) in the limit of large λ for the Kugel-Khomskii
models studied above.

3.3.1 Degrees of Freedom in the Strong Spin-Orbit Coupling Limit

The eigenstates of the spin-orbit coupling Hamiltonian (Eq. (2.43)) were already discussed
in Subsection 2.2.4.1. Let us now focus on the j = 3/2, or equivalently, the Bs and Cs orbitals in
Eq. (2.45). The expression for these orbitals in terms of annihilation operators of lz eigenstates
will be repeated for convenience:

Bs =

√
2

3
d0,−s +

1√
3
d−2s,s, (3.38a)

Cs = d2s,s. (3.38b)
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Figure 12 – Density profiles of the eigenstates of the spin-orbit coupling Hamiltonian.
Source: NATORI; DAGHOFER; PEREIRA. (1)

A sketch of the electronic distribution for these orbitals is given in Fig. 12. The B and C states
are degenerate in the absence of distortion and are equivalent to the eigenstates |j,mj〉 of j2 and
jz as follows:

|B↑〉 =

∣∣∣∣32 ,−1

2

〉
, (3.39a)

|B↓〉 =

∣∣∣∣32 , 1

2

〉
, (3.39b)

|C↑〉 =

∣∣∣∣32 , 3

2

〉
, (3.39c)

|C↓〉 =

∣∣∣∣32 ,−3

2

〉
. (3.39d)

It is sometimes convenient to work with the states on the j = 3/2 subspace in terms
of two s = 1/2 pseudospin operators acting on the {B,C} orbitals and the s =↑, ↓ index
for Kramers’s pairs. (4) The pseudospin indices are straightforwardly derived. I also define a
pseudo-orbital index τ like:

τ =

−1
2
, for B,

+1
2
, for C.

(3.40)

In terms of |s, τ〉 vectors, |Bs〉 and |Cs〉 are given by

|B↑〉 =

∣∣∣∣12 ,−1

2

〉
, (3.41a)

|B↓〉 =

∣∣∣∣−1

2
,−1

2

〉
, (3.41b)

|C↑〉 =

∣∣∣∣12 , 1

2

〉
, (3.41c)

|C↓〉 =

∣∣∣∣−1

2
,
1

2

〉
. (3.41d)

A simple relation between the indices mj , s and τ can be derived by comparing Eq. (3.39) and
Eq. (3.41). This relation is formalized by defining the operators sz and τ zthrough their action on
|s, τ〉 vectors:

sz|s, τ〉 = s|s, τ〉, (3.42a)

τ z|s, τ〉 = τ |s, τ〉. (3.42b)
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The jz operator then reads

jz = sz + 4szτ z. (3.43)

The fifteen operators {sa, τ b, saτ b} are then defined in second quantization as:

sa =
1

2
ξ†(I⊗ σa)ξ, (3.44a)

τa =
1

2
ξ†(σa ⊗ I)ξ, (3.44b)

saτ b =
1

4
ξ†(σb ⊗ σa)ξ, (3.44c)

where ξ ≡ (C↑, C↓, B↑, B↓)
t, σa are Pauli matrices and I is the 2 × 2 identity matrix. The

pseudospin and pseudo-orbital operators obey the SU(2) algebra while commuting with each
other:

[sa, sb] = iεabcsc, (3.45a)

[τa, τ b] = iεabcτ c, (3.45b)

[sa, τ b] = 0. (3.45c)

Similar spin and orbital operators are used to describe Kugel-Khomskii models for eg orbitals
without SOC. (40–43, 143–146) These models possess an operator S for the electronic spin and
an orbital operator T acting on the space of the orbitals d3z2−r2 and dx2−y2 . The operators s and
τ defined here have the same mathematical properties, but they act on different Hilbert spaces.
The “spins” of the s operator label the Kramers pairs in Eq. (2.45), and the orbitals {B,C}
forming the Hilbert space of τ are linear combinations of t2g orbitals.

3.3.2 Symmetry analysis of the multipole operators

The operators (s, τ ) can be used to rewrite any j = 3/2 Hermitian operator. I have
explicitly calculated the expressions for all multipoles and explicit them in Table 1. (1) Auxiliary
linear combinations of τx and τ z were introduced to facilitate the expression of some operators.
They read as follows:

τxy = τ z, (3.46a)

τ yz(zx) =
1

2
(−τ z ±

√
3τx), (3.46b)

τxy = τx, (3.46c)

τ yz(zx) = −1

2
(±
√

3τ z + τx). (3.46d)

According to Table 1, s is a linear combination of dipole and octupole moments of J in the Γ4

representation. Similarly, τx and τ z correspond to quadrupoles in the Γ3 representation. The
component τ y appears separately as a one-dimensional representation Γ2. The symmetry analysis
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Table 1 – Operators describing active multipoles within a cubic Γ8 quartet. Bars over functions
of J indicate the symmetrization with respect to all the possible permutations of the
indices, e.g., jxj2

y = jxj
2
y + jyjxjy + j2

yjx. The operators τxy, τ yz, τ zx, τ̄xy, τ̄ yz, τ̄ zx

are explicitly given in Eq. (3.46)

Moment Symmetry j multipoles (s, τ ) multipoles
Dipoles Γ4 jx sx(1 + 4τ yz)

jy −sy(1 + 4τxz)
jz sz(1 + 4τxy)

Quadrupoles Γ3 Q3z2−r2 =
[
3(jz)2 − j2

]
/
√

3 ≡ Ô0
2 2

√
3τ z

Qx2−y2 = (jx)2 − (jy)2 ≡ Ô2
2 2

√
3τx

Γ5 Qxy = 1
2
jxjy ≡ Ô−2

2 2
√

3szτ y

Qyz = 1
2
jyjz ≡ Ô−1

2 2
√

3sxτ y

Qxz = 1
2
jxjz ≡ Ô1

2 −2
√

3syτ y

Octupoles Γ2 T xyz =
√

15
6
jxjyjz 3

√
5

2
τ y

Γ4 T xa = (jx)3 − 1
2
(jx(jy)2 + (jz)2jx) 3sx(1− τ yz)

T ya = (jy)3 − 1
2
(jy(jz)2 + (jx)2jy) −3sy(1− τxz)

T za = (jz)3 − 1
2
(jz(jx)2 + (jy)2jz) 3sz(1− τxy)

Γ5 T xb =
√

15
6

[jx(jy)2 − (jz)2jx] 3
√

5sxτ yz

T yb =
√

15
6

[jy(jz)2 − (jx)2jy] −3
√

5syτxz

T zb =
√

15
6

[jz(jx)2 − (jy)2jz] 3
√

5szτxy

Source: Adapted from NATORI; DAGHOFER; PEREIRA (1); SANTINI et al. (147); SHIINA et
al. (148)

of these operators leading to this splitting in terms of irreducible representations is presented in
Appendix A.

I now discuss the effect of conjugation of time-reversal operator Θ over s and τ . Each
pseudospin component sα is a linear combination of the components of the dipole Jα and the
octupole Tαa . From Θ−1JΘ = −J and Θ−1TaΘ = −Ta, it is clear that s is odd under time
reversal. The τ y also differs from (τx, τ z) with respect to time-reversal. While the quadrupoles
are even under Θ, τ y is reversed by this operation, that is:

Θ−1sΘ = −s, Θ−1τΘ = (τx,−τ y, τ z). (3.47)

This implies that sτ y is even under time reversal. Consequently, it does not couple with a
magnetic field in contrast to sτx and sτ z.

The symmetry considerations are also important to understand what can be experimentally
measured with magnetic INS. The interaction of the neutron spin and the sample is equivalent to
a coupling between an effective magnetic field and the degrees of freedom of the magnet; hence,
the neutron couple only to operators that are odd under time-reversal. The discussion here shows
that τx, τ z and sτ y cannot couple to a magnetic field, and therefore are not measured through
neutron scattering. Furthermore, INS does not couple to the pseudospins, but to the dipoles j.
Part of the motivation to investigate RIXS responses was to verify if this new technique could be
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used to investigate the dynamics of the pseudospins and pseudo-orbital directly. I have found
that this is in principle possible, provided that the polarizations are controlled. (1)

3.3.3 Double perovskite model in the strong spin-orbit coupling limit

Up until now, the Hamiltonian describing the magnetism of ordered double perovskites
is given by

H = HKK,ODP − λ
∑
i

li · Si, (3.48)

where HKK,ODP is in Eq. (3.24). Taking the large λ limit, we project H to the states |sz, τ z〉
described in the previous subsection. This process is tedious, but straightforward. Let us fix a
notation: any O operator is projected to the j = 3/2 manifold through the projector P3/2 and we
will denote it Õ ≡ P3/2OP3/2. For double perovskites, the operators will arise from projections
of the number operator of a γ orbital, ni,γ , or the spin residing in this orbital Si,γ . They are
explicitly given by (29):

ñi,γ =
2

3

(
1

2
− ταβi

)
, (3.49a)

S̃i,xy =
2

3
sxi

(
1

2
− τxyi

)
x̂− 2

3
syi

(
1

2
− τxyi

)
ŷ − 2

3
szi

(
1

2
− τxyi

)
ẑ

=

(
2Jxi + T xa,i

15

)
x̂ +

(
2Jyi + T ya,i

15

)
ŷ +

(
Jzi − 2T za,i

15

)
ẑ

+

√
15

45
T xb,ix̂−

√
15

45
T yb,iŷ, (3.49b)

S̃i,yz = −2

3
sxi

(
1

2
− τ yzi

)
x̂− 2

3
syi

(
1

2
− τ yzi

)
ŷ +

2

3
szi

(
1

2
− τ yzi

)
ẑ

=

(
Jxi − 2T xa,i

15

)
x̂ +

(
2Jyi + T ya,i

15

)
ŷ +

(
2Jzi + T za,i

15

)
ẑ

+

√
15

45
T yb,iŷ −

√
15

45
T zb,iẑ, (3.49c)

S̃i,zx =
2

3
sxi

(
1

2
− τ zxi

)
x̂ +

2

3
syi

(
1

2
− τ zxi

)
ŷ +

2

3
szi

(
1

2
− τ zxi

)
ẑ

=

(
2Jxi + T xa,i

15

)
x̂ +

(
Jyi − 2T ya,i

15

)
ŷ +

(
2Jzi + T za,i

15

)
ẑ

+

√
15

45
T zb,iẑ−

√
15

45
T xb,ix̂. (3.49d)

Notice that the projection of the spin operator S = Sxy + Syz + Szx is directly proportional to
the j = 3/2 angular momentum operator and is given by

P3/2SP3/2 =
1

3
J. (3.50)
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Substituting Eq. (3.49) in Eq. (3.24), the effective model is written as

HODP = HSU(2) +HV +Hfer, (3.51)

in which

HSU(2) =
4

9
Jeff

∑
〈ij〉γ

(
si · sj +

1

4

)(
1

2
− ταβi

)(
1

2
− ταβj

)
, (3.52)

HV =
4

9
V
∑
〈ij〉γ

(
1

2
− ταβi

)(
1

2
− ταβj

)
, (3.53)

Hfer =
8

9
J ′
∑
〈ij〉γ

si · sj
(

1

2
− ταβi

)(
1

2
− ταβj

)
− J ′

45

∑
〈ij〉γ

(
4Ji · Jj − 2Jγi J

γ
j + Ta,i · Jj + Ji ·Ta,j − 3T γa,iJ

γ
j − 3Jγi T

γ
a,j

)
−
√

15J ′

135

∑
〈ij〉γ

(
Tαb,iJ

α
j + Jαi T

α
b,j − T βb,iJβj − Jβi T βb,j

)
. (3.54)

Here I used the Levi-Civita symbol and assumed εαβγ = 1. In these equations, the coupling
constants Jeff, V and J ′ were defined in Eq. (3.23) and the operators τ γ were defined in Eq.
(3.46).

TheHSU(2) makes the hidden SU(2) symmetry found in Ref. (29) explicit. The operator

stot =
∑
i

si (3.55)

is a conserved quantity, i.e., [HSU(2), stot] = 0. The
(

1
2
− ταβi

)(
1
2
− ταβj

)
operators are formally

identical to the operators of the 120◦compass models (45), which were first discussed as part of
the Hamiltonian of eg Kugel-Khomskii models in cubic lattices. (44, 99, 143) This similarity is
explained because the transformations of (τx, τ z) under the rotations of the cubic group O are
exactly the same as the ones of dx2−y2 and d3z2−r2 under the same operations (see Appendix A
and Ref. (69))HV is similar to the term derived from the interaction between electric quadrupoles
in double perovskites Ref. (29), but this time generated by a non-vanishing Hund’s coupling
of the 4/5 d1 ion. TheHfer is formally the “ferromagnetic” Hamiltonian discussed in Ref. (29),
and clearly display an anisotropy both on the pseudo-orbital and the pseudospin operators. Its
first line is similar toHSU(2) and is still invariant under Eq. (3.55). The second line displays the
interactions between dipoles and octupoles in the Γ4 irreducible representation. Finally, the third
line is the interaction between the effective angular momentum J and the Γ5 octupole. It can be
checked that this interaction is consistent with the Oh symmetry.

I must warn about some differences between the Hamiltonian derived in this work and
the one studied in Ref. (29). As stated in Subsection 3.2.2.2, the model derivation in Ref. (29)
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was incomplete. The SU(2)-symmetric limit in this case reads

H′SU(2) = K
∑
〈ij〉γ

(
si · sj −

1

4

)(
1

2
− ταβi

)(
1

2
− ταβj

)
, (3.56)

where K ∝ t2/U . Ref. (29) neglected the part of the effective Hamiltonian given by Eq. (3.20).
The projection of Eq. (3.20) to the j = 3/2 manifold (and JH = 0) gives rise to a pure
quadrupolar interaction that explains the difference between Eq. (3.56) and Eq. (3.52). The origin
of the quadrupolar and ferromagnetic interactions is also explained differently. In the derivation
discussed in this thesis, I only considered the in-site electrostatic interaction to construct the
model. The model in Ref. (29) attributed the quadrupolar Hamiltonian to the electric quadrupole-
quadrupole interactions of the extended molecular orbitals surrounding the 4/5d orbitals. The
so-called ferromagnetic term was attributed to the electrostatic repulsion in the oxygen sites, not
in the transition metal ions. The results displayed here complement the previous work on double
perovskites and give an alternative explanation for the previously derived multipolar interactions.

After stating the difference between the model derived here and in Ref. (29), I still find
that the two models are conceptually very similar and that some of the physical aspects discussed
in (29) will be valid in our study. This subsection then closes with a summary of some arguments
used in favor of a possible QSOL ground state ofH′SU(2). (29) A variational analysis of possible
mean-field states was first performed with a strong anisotropy term

Hani = −D
∑
i

(Jzi )2 = −D
∑
i

(szi (1 + 4τ zi ))2 . (3.57)

The parameter D obeys the condition |D| � Jeff, J
′, V and |D| � λ. Notice that D > 0

favors states with τ z = +1/2 (C orbitals), while D < 0 favors τ z = −1/2 (B orbitals), i.e., the
anisotropy favors a “ferromagnetic” quadrupolar order. The Hamiltonian in Eq. (3.51) in this limit
depends only on s and ordered states can be proposed using the Luttinger-Tisza method (149),
which replaces the pseudospins by classical variables and find the ground state of this lattice
problem. The ground states found through this methodology comprise two-sublattice structure
with an ordering wave vector equivalent to Q = 2π(1, 0, 0). Four different ordered states were
defined with this methodology. We will be interested only in the limit of vanishing Hund’s
coupling H′SU(2). A state favoring τ z = +1/2 (Jz = +3/2) with a Néel order on the (sx, sy)-
plane was found. The correction to the order parameter of this state was found to be greater than
the maximal physical value of this parameter at H′SU(2). Therefore, the mean field theory was
found to be at least quantitatively invalid and a ground state incorporating quantum fluctuations
could be proposed. It is reasonable to consider that the enhancement of fluctuations is directly
associated with the global SU(2) symmetry, which is the same forH′SU(2) andHSU(2). This is the
result used in considering the possibility of a QSOL in double perovskites in Refs. (1, 4)
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3.3.4 Generalized Honeycomb Models in the strong spin-orbit coupling limit

I now turn to the model describing the magnetism of Kitaev material-like compounds
that are either in the honeycomb lattice or one of its generalizations. The starting point is

H = HKK,KM − λ
∑
i

li · Si, (3.58)

where HKK,KM was given in Eq. (3.37). The strong SOC limit justifies a projection to the j = 3/2

manifold. Following the same arguments given in Subsection 3.3.3, the derived Hamiltonian
becomes

HKM = Ja
∑
〈ij〉γ

[
2
(
2sγi s

γ
j − si · sj

)
+

1

2

] [
2
(
2τ yi τ

y
j − τ i · τ j

)
+

1

2

]

+ Jb
∑
〈ij〉γ

[
2
(
2sγi s

γ
j − si · sj

)
− 1

2

] [
2τ i · τ j −

1

2

]
− 2Jc

∑
〈ij〉γ

(
τβγi τ γαj + τ γαi τβγj

)
+ 12Jc

∑
〈ij〉γ

sγi s
γ
j τ

y
i τ

y
j

− 3

5
Jc
∑
〈ij〉γ

(
2Jγi J

γ
j + Ji · Jj

)
+
Jc
10

∑
〈ij〉γ

(
Ta,i · Jj − 3T γa,iJ

γ
j + (i←→ j)

)
+ Jc

√
15

30

∑
〈ij〉γ

(
Tαb,iJ

α
j − T βb,iJβj + (i←→ j)

)
, (3.59)

in which I conveniently used a mixture of (s, τ ) operators and the multipoles given in Table 1.
The coupling constants are defined by

Ja =
J1 + J2

12
, (3.60)

Jb =
J2 − J3

18
, (3.61)

Jc =
J1 − J2

18
. (3.62)

Eq. (3.59) is considerably more complicated than the equivalent spin-orbital for double perovskites.
A good starting point to analyze it is from the vanishing Hund’s coupling limit, where Jb = Jc =

0. In this limit, I found

HSU(4) = K
∑
〈ij〉γ

[
2
(
2sγi s

γ
j − si · sj

)
+

1

2

] [
2
(
2τ yi τ

y
j − τ i · τ j

)
+

1

2

]
, (3.63)

where K = 2t2/(3U) = J/6.
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A transformation on the pseudospin and pseudo-orbital operators can be used to uncover
the SU(4) symmetry of Eq. (3.63) that was suggested by its labelHSU(4). For clarity, let us focus
on the usual honeycomb lattice at this point. We know that the four-sublattice rotation trick
originally defined for the triangular lattice (see Eq. (2.47)) can also be defined on the honeycomb,
where it reads

s̃i =



si, if i ∈ A1,

(−sxi ,−syi , szi ), if i ∈ A2,

(sxi ,−syi ,−szi ), if i ∈ A3,

(−sxi , syi ,−szi ), if i ∈ A4.

(3.64)

The four sublattices can be visualized in Fig. 9a and are indicated by different symbols. Since
the honeycomb lattice is also bipartite, it is possible to define a two-sublattice transformation on
τ like

τ̃ i =

τ i, i ∈ Ar with r odd,

(−τxi , τ yi ,−τ zi ) , i ∈ Ar with r even.
(3.65)

Applying Eq. (3.64) and Eq. (3.65) on Eq. (3.63)

HSU(4) = K
∑
〈ij〉

(
2s̃i · s̃j +

1

2

)(
2τ̃ i · τ̃ j +

1

2

)
. (3.66)

This is the familiar form of SU(4)-symmetric spin-orbital models as studied, for instance, in
Refs. (40, 41, 43, 146, 150, 151), and is sometimes called the SU(4) Heisenberg model. This
large symmetry can be verified by first confirming that the set

{
s̃αi , τ̃

β
i , s̃

α
i τ̃

β
i

}
constitute the

15 generators of the SU(4) group and then checking that
∑

i s̃
α
i ,
∑

i τ̃
β
i ,
∑

i s̃
α
i τ̃

β
i are conserved

quantities. (40) The work discussed here distinguishes itself from all the previous ones, since the
others had Mott insulators with doubly degenerate orbitals and negligible SOC as the starting
point. Here, the starting point was a triply degenerate t2g orbital and the strong spin-orbit coupling
plays an essential role in the emergence of the SU(4) symmetry in the j = 3/2 subspace.

This model emergent symmetry in the limit of vanishing Hund’s coupling was independently
discussed in Ref. (39) through a complementary approach. In that work, a gauge transformation
was applied on the j = 3/2 orbitals to demonstrate that the Hubbard model (with JH = 0)
display a global SU(4) symmetry.This was used as a starting point to generalize the LSMA
theorem generalization previously discovered by Oshikawa. (136) A LSMA constraint was
derived for systems with arbitrary SU(N) symmetry, and then specialized for models in lattices
with nonsymmorphic symmetries observed on the three-dimensional generalizations of the
honeycomb lattice. It was then shown that the LSMA constraint would apply for several of
these lattices and ensure a nontrivial ground state, that is, a state with topological order, SSB, or
gapless QSOL. A specific compound implementing the model (α-ZrCl3) was referred in that
paper. Following the work of one of the authors on alternative implementations of the Kitaev
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model (108), metal-organic frameworks was mentioned as structures that could be engineered to
implement this model.

The work discussed here gives a geometrical approach to understand the emergence of
the SU(4) symmetry and discusses the effects of the Hund’s coupling perturbations. In regard
to the first issue, I showed that the emergent symmetry appears in models defined on bipartite
lattices and that allows a spatially dependent spin transformation like Eq. (3.64). The bipartite
lattice condition is satisfied by all tricoordinated and tridimensional lattices studied for Kitaev
materials, with the exception of a lattice dubbed (9,3)a. (107) The possibility of defining a
transformation like (3.64) is less evident. The selective rotation of the spin degree of freedom on
four sublattices is formally known as Klein transformation due to the mapping of lattice links
and on-site pseudospin rotations with the discrete Klein group. (152, 153) The details of the
Klein transformation are worked out in Appendix B. Here I state only the final result: a Klein
transformation can be defined if any closed loop, containing Nx x bonds, Ny y bonds and Nz z

bonds satisfy
Nx, Ny, and Nz all even or all odd. (3.67)

For example, the Klein transformation could be defined on the triangular lattice, where Nx =

Ny = Nz = 1, and on the honeycomb lattice, where Nx = Ny = Nz = 2. The information
of the Supplemental material of Ref. (39) allows me to easily check that the Klein condition
(3.67) is satisfied for all lattices presented in that paper. The numbers Nx, Ny and Nz for some
three-dimensional honeycomb lattices are given in 2.

Let me end this section by returning to the complete Hamiltonian Eq. (3.59). Since the
SU(4) symmetry appears in the rotated frame, it is convenient to write the Hund’s coupling
perturbations in terms of these operators. The Hamiltonian (3.59) reads

HKM = (Ja − Jb)
∑
〈ij〉γ

(
2s̃i · s̃j +

1

2

)(
2τ̃ i · τ̃ j +

1

2

)

+ Jb
∑
〈ij〉

[
8s̃i · s̃j τ̃ yi τ̃ yj + 2(τ̃xi τ̃

x
j + τ̃ zi τ̃

z
j ) +

1

2

]
+ 12Jc

∑
〈ij〉γ

s̃γi s̃
γ
j τ̃

y
i τ̃

y
j + 24Jc

∑
〈ij〉γ

s̃γi s̃
γ
j τ̃

αβ
i τ̃αβj

− 3Jc
∑
〈ij〉γ

s̃γi s̃
γ
j − 9Jc

∑
〈ij〉γ

s̃γi s̃
γ
j (τ̃

αβ
i − τ̃αβj )

− 8Jc
∑
〈ij〉γ

(
s̃αi s̃

α
j τ̃

βγ
i τ̃βγj + s̃βi s̃

β
j τ̃

γα
i τ̃ γαj

)
+ 4Jc

∑
〈ij〉γ

(
s̃αi s̃

α
j + s̃βi s̃

β
j −

1

2

)(
τ̃βγi τ̃ γαj + τ̃ γαi τ̃βγj

)
+
√

3Jc
∑
〈ij〉γ

[
s̃αi s̃

α
j (˜̄ταβi − ˜̄ταβj )− s̃βi s̃βj (˜̄ταβi − ˜̄ταβj )

]
, (3.68)
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Table 2 – Table containing the number of Kitaev bonds on the elementary plaquettes of the
three-dimensional generalizations of the honeycomb lattice

Well’s notation Lattice name
Number of Kitaev bonds (Nx,Ny,Nz)

on elementary plaquettes

(10,3)-a Hyperoctagon
Nx = 4, Ny = 2, Nz = 4

or
Nx = 4, Ny = 4, Nz = 2

(10,3)-b Hyperhoneycomb
Nx = 4, Ny = 2, Nz = 4

or
Nx = 2, Ny = 4, Nz = 4

(10,3)-d -
Nx = 4, Ny = 2, Nz = 4

or
Nx = 4, Ny = 4, Nz = 2

nonuniform 82.10-a
Nx = 2, Ny = 2, Nz = 4

or
Nx = 4, Ny = 4, Nz = 2

(8,3)-b hyperhexagon Nx = 2, Ny = 2, Nz = 4

nonuniform Stripyhoneycomb
Nx = 4, Ny = 4, Nz = 6

or
Nx = 4, Ny = 4, Nz = 4

Source: By the author.

where the i(j) sites are assumed to be in odd (even) lattices. The first line is just the SU(4)
model discussed above. The second line is another bond-independent Hamiltonian in terms of
the rotated variables and concerns quadrupolar interactions. The third line is an exactly solvable
j = 3/2 model that has the same conserved quantities as the Kitaev model. Its exact solution
can be found using the integration method discussed for a generalization of the Kitaev model
to a system with SU(2) symmetry. (154) Apart from the Kitaev model, all the remaining terms
have no simple physical interpretation. The Eq. (3.68) will be reconsidered in the study of linear
flavor wave theory (LFWT) and VMC to be performed in the next chapter.

3.3.4.1 The hyperhoneycomb lattice

I emphasize that the model (3.68) is valid not only for the honeycomb lattice, but for any
structure associated with a Kitaev material with a bipartite lattice that also allows for a Klein
transformation. For concreteness, I consider an important example that was first proposed by
Mandal and Surendran on theoretical grounds. (103) Their main interest was on the geometrical
conditions of a lattice supporting the integrability of the Kitaev model. The previous works in
two dimensions made them realize that there were two pertinent features characterizing these
lattices (i) they were tricoordinated and (ii) two links of the same type must not be connected to
the same site. They then showed that by selective elimination of sites of the cubic lattice one
could generate another lattice satisfying the two geometrical conditions in three dimensions.
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This lattice is currently known as the hyperhoneycomb lattice. Mandal’s work was the precursor
for other three-dimensional generalizations of the Kitaev model in other lattices. (104–108) Even
more interesting, the hyperhoneycomb structure is physically relevant as demonstrated by the
synthesis of the Kitaev material β-Li2IrO3. (111)

The position of the points of the hyperhoneycomb lattice is usually given in terms of a
face-centered orthorhombic lattice with four-point basis. (103, 107, 155) I will use an alternative
description in this thesis for convenience of calculations that will be realized in Chapter 4. The
hyperhoneycomb is then given by a base-centered orthorhombic lattice with an eight-point basis.
The primitive vectors will be taken to be

a1 = (2, 4, 0), a2 = (−2, 2, 0), a3 = (0, 0, 4), (3.69)

whereas the basis points are given by

M1 : (0, 0, 0), M2 : (1, 1, 0), M3 : (1, 2, 1), M4 : (2, 3, 1),

M5 : (3, 3, 2), M6 : (4, 4, 2), M7 : (4, 5, 3), M8 : (5, 6, 3). (3.70)

These conventions to the hyperhoneycomb lattice are illustrated on Fig. 13a. I represented the
different sublattices introduced by Klein transformations (Eq. (2.47)) with different colors. The
disks and triangles in this figure show that the lattice is bipartite. The eight points Mi form a
zigzag chain structure inside the orthorhombic unit cell (Fig. 13a). This basis choice is also
useful to reveal that the hyperhoneycomb can be constructed by coupling zigzag chains formed
by M1 −M4 points connected with chains formed by M5 −M8 points.

The nearest-neighbor vectors of the hyperhoneycomb are given by

δz = (1, 1, 0),

δ′x = (0,−1, 1),

δ′y = (−1, 0,−1),

δ′′x = (0,−1,−1),

δ′′y = (−1, 0, 1), (3.71)

It is notable that the x and y links on the hyperhoneycomb cannot be described with a single
displacement vector in contrast to the honeycomb lattice. The relation between points in an odd
sublattice i and an even sublattice j is symbolically given by the following equations:

1 :2 = 1 + δz; 4 = 1 + δ′x; 8 = 1 + δ′y; (3.72a)

3 :4 = 3 + δz; 2 = 3 + δ′′x; 6 = 3 + δ′′y; (3.72b)

5 :6 = 5 + δz; 8 = 5 + δ′x; 4 = 5 + δ′y; (3.72c)

7 :8 = 7 + δz; 6 = 7 + δ′′x; 2 = 7 + δ′′y. (3.72d)
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(a) (b)

Figure 13 – (a) Eight-point basis for the hyperhoneycomb lattice. The symbols (circle or triangle)
display the two sublattices forming the hyperhoneycomb lattice, and shows the points
where the rotations on pseudo-orbitals should be applied. The different colors, on
the other hand, correspond to the four sublattice division associated with the Klein
transformation. (b) The Brillouin zone of the base-centered orthorhombic lattice.
Source: NATORI; ANDRADE; PEREIRA. (3)

The Brillouin zone of the base-centered orthorhombic lattice is shown in Fig 13b with
highlighted high-symmetry paths and points. The primitive vectors of the reciprocal lattice are

b1 =
(π

3
,
π

3
, 0
)
, b2 =

(
−2π

3
,
π

3
, 0

)
, b3 =

(
0, 0,

π

2

)
. (3.73)

The high-symmetry paths are Γ→ X → S → R→ A→ Z → Γ→ Y → X1 → A1 → T →
Y and Z → T . These points are given by Γ = (0, 0, 0), X =

(
−5π

18
, 5π

18
, 0
)
, S =

(
−π

6
, π

3
, 0
)
,

R =
(
−π

6
, π

3
, π

4

)
, A =

(
−5π

18
, 5π

18
, π

4

)
, Z =

(
0, 0, π

4

)
, Y =

(
π
6
, π

6
, 0
)
, X1 =

(
− π

18
, 7π

18
, 0
)
, A1 =(

− π
18
, 7π

18
, π

4

)
and T =

(
π
6
, π

6
, π

4

)
.

Part of the work in the next chapter is to argue in favor of a QSOL ground state for the
SU(4) Heisenberg model on the hyperhoneycomb lattice. The motivation for this study was the
realization that this model hosts such liquid ground state on the parent honeycomb lattice. (42)
The complexity of the hyperhoneycomb lattice does not allow one to use all the numerical
techniques studied in Ref. (42) However, it was possible to demonstrate that the energies
calculated with LFWT and VMC for the two lattices were close to each other for equivalent
states. This allowed us to argue in favor of a QSOL ground state for this three-dimensional lattice
as well.

3.4 Heuristic Argument in favor of a j = 3/2 Quantum Spin Orbital Liquid

I end this chapter by giving the rational behind the proposal of QSOLs in j = 3/2 models.
Previous studies of isotropic Heisenberg models led to the erroneous idea that models described
by larger spin-S values would be more classical then its S = 1/2 counterparts. The loophole
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of this argument is that it neglects the possibility of multipole interactions between larger spin
operators that can induce exotic order, or even quantum spin liquids. This can be understood by
considering the two-site SU(4) Heisenberg model:

H =

(
2si · sj +

1

2

)(
2τ i · τ j +

1

2

)
. (3.74)

This model is exactly solvable and it turns out that it has a sixfold degenerate ground state. (40)
If they are written in terms of the jz = ±3/2,±1/2 index, they are expressed like:

∣∣∣ψ(jzi ,jz′j ),−

〉
=

1√
2

(∣∣jzi ; jz′j 〉− ∣∣jz′i ; jzj
〉)
, (3.75)

where jz > jz′. Compare these multiplets with the singlet of the SU(2) Heisenberg model,
1√
2

(|↑i; ↓j〉 − |↓i; ↑j〉). The multiplets relate nearest neighbors whose spins differ by ∆jz =

±3,±2,±1 instead of only ∆Sz = ±1. Multipole operators in general lead to this delocalization
of the spin component of the wavefunction, and therefore favor exotic magnetic states. (26) The
argument is also valid for the SU(2) symmetric limit found for double perovskites, where the
interactions involving both spins and orbitals lead to this delocalization.

Another argument can be given that is specially important for the SU(4) symmetric
Hamiltonian in Eq. (3.66). The large-N approach to the parton theory shows that SU(N)
symmetries for larger values of N favor quantum disordered states. (94) The larger symmetries
cannot be implemented in a small spin system, but they are available for systems with higher
values of the angular momentum like j = 3/2. This result has further support of a previous
numerical study of the SU(4) Heisenberg model on the honeycomb lattice showed compelling
evidence in favor of a QSOL ground state with fermionic excitations. The next chapter will show
how QSOLs can be proposed and studied with parton mean field theory and how their energetics
can be computed with VMC calculations.
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4 PARTON THEORIES TO QUANTUM SPIN LIQUIDS

The previous chapter showed how realistic effective models for j = 3/2 systems
generally display bond-dependent interactions between multipoles and, at the same time,
remarkably large continuous symmetries. The studies on the Kitaev model and the SU(N)
symmetric models in the large-N limit suggest that the derived effective theories can support
QSOL ground states. Unfortunately, they are not integrable like the Kitaev model and QSOL
states must be studied by performing parton mean-field theories and wavefunction projection with
VMC (see the discussion in Subsection 2.2.3). I present how this procedure was implemented
for the models under investigation in this chapter.

4.1 Parton Constructions

Spin operators can be formally represented using canonical bosons, canonical fermions,
or Majorana fermions subject to a constraint to differentiate between physical and unphysical
states (see discussion in Subsection 2.2.3). This is the starting point of a mean-field theory that
is always constrained by the definition of some order parameters. Two problems arise in this
context. First, which parton representation should be chosen out of the possibilities? The answer
is clear only for integrable models, but it is in general less clear for an arbitrary system. Second,
which decoupling should we choose? As an illustration, the example discussed on the Heisenberg
model in Subsection 2.2.3 led the mean-field theory to resemble band theory for electrons in
second quantization (see Eq. (2.22)). However, a BCS-like decoupling with order parameters
χij = 〈fα,ifα,j〉 could be equally well-defined and there is no a priori reason to prefer one over
the other.

Experimental data can point out to a bosonic or fermionic theory as more adequate to
describe a QSL (or QSOL) state. The QSLs obtained through bosonic parton theory are generally
gapped, except when the system is tuned to quantum critical point. (11) Following this reasoning,
the experimental data of the magnetic specific heat of the QSOL candidate Ba2YMoO6 did
not obey Arrhenius law (30, 31), indicating that the best QSOL describing it would be gapless
and fermionic. Bosonic parton theories were also found to be inadequate to treat the SU(4)
Heisenberg model appearing on the Kitaev-like materials. (41) Fermionic theories also have
the additional advantage that the partons are not inherently unstable to condensation, which
makes them simpler and more adequate for an initial exploratory study. For these reasons, the
QSOLs studied in this thesis are all fermionic. This section is solely devoted to present the parton
representations used to explore the j = 3/2 QSOLs.
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4.1.1 Complex Fermions

The parton representation of the j = 3/2 states employing canonical (complex) fermions
(40, 145) is more straightforward to explain. It is convenient to represent the

∣∣3
2
, jz
〉

vectors in
terms of the pseudospins and pseudo-orbitals |sz, τ z〉 (see Eq.(3.39) and Eq.(3.41)). The |sz, τ z〉
vectors are then labeled again with four indices that are called “colors”:

|1〉 =

∣∣∣∣12 , 1

2

〉
, |2〉 =

∣∣∣∣−1

2
,
1

2

〉
,

|3〉 =

∣∣∣∣12 ,−1

2

〉
, |4〉 =

∣∣∣∣−1

2
,−1

2

〉
. (4.1)

The vector states are generated by applying a fermion creation operator f †m (m = 1, ..., 4) to the
vacuum: |m〉 = f †m|0〉. The fifteen SU(4) generators Snm act on a basis state |p〉 according to the
relation Snm|p〉 = δn,p|m〉. The second-quantized representation of these generators is

Snm(i) = f †i,mfi,n. (4.2)

It is possible to demonstrate that all 15 operators sa, τ b and saτ b are linearly independent
combinations of Snm (see their explicit forms in Appendix C). That is how one can argue that sa,
τ b and saτ b are generators of the SU(4). (40)

If the colors in Eq. (4.1) are defined in terms of the rotated operators (s̃, τ̃ ) the SU(4)
symmetry of Eq. (3.66) becomes evident

HSU(4) = K
∑
〈ij〉

Snm(i)Smn (j). (4.3)

Finally, the parton theory must be associated with a constraint defining the physical Hilbert space.
In the present case, each site i of the lattice is occupied by a single color m, leading to∑

m

f †i,mfi,m = 1. (4.4)

4.1.2 Majorana Fermions

The defining feature of a Majorana fermion η is that its creation and annihilation operators
coincide (η† = η). The fact that Majorana fermions first appeared as real solutions of the Dirac
equation (123) and the relation between taking the adjoint and complex conjugation explains
why they are sometimes called “real fermions”. Therefore, parton theories based on Majorana
fermions are not normally used to represent complex groups like SU(N) but SO(N) rotation
groups. For example, six Majorana flavors can be used to represent the 15 generators of the
SO(6) due to the isomorphism between this group and SU(4). (41) In practice, the Majorana
representation is applied to the s and τ operators obeying the algebra in Eqs. (3.45) in the
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following way (41, 156–159)

sa = − i
4
εabcηbηc,

τa = − i
4
εabcθbθc, (4.5)

where a = x, y, z = 1, 2, 3 for the Majorana fermion flavors. The six Majorana fermions
ζa ∈ {ηa, θa} obey (ζa)† = ζa and

{
ζa, ζb

}
= 2δab. This representation has a Z2 gauge structure

because the sign of the fermions can be changed (ηa → −ηa and θa → −θa) without modifying
the local physical operators. However, in contrast to the case of canonical fermions, it is not
possible to make the change ηa → ηaeiφ since this would lead to (ηa)† 6= ηa.

The local constraint to identify the physical state at each site i is:

iη1
i η

2
i η

3
i θ

1
i θ

2
i θ

3
i = 1. (4.6)

Under this condition, one can also write sai τ
b
i = − i

4
ηai θ

b
i . The energetics of a QSOL is computed

only after a Gutzwiller projection of the mean-field wavefunction. At this point, it is convenient
to combine the Majorana flavors into complex fermions and rewrite the constraint in terms
of local occupation numbers. The most convenient complex fermion definition for the SU(4)
Heisenberg model is

ci,γ =
1

2
(ηγi − iθγi ) . (4.7)

The vector of these particles will be called ci = (ci,x, ci,y, ci,z). Eq. (4.6) then reads∏
γ=x,y,z

(
1− 2c†i,γci,γ

)
= 1 ∀i. (4.8)

This equation implies that a state is in the physical Hilbert space only if each site is occupied by
an even number of particles (zero or two). This will play an important role in the implementation
of the VMC algorithm in Subsection 4.2.3.

4.2 Parton Mean Field Theory

4.2.1 Mean-Field Theory of the Chiral Spin-Orbital Liquid with Nodal Lines

The study of QSOLs on double perovskites was restricted to Majorana fermions, since
QSOLs with complex fermions were already studied in Ref. (29) Other motivation was given by
the Kitaev model; it was an interesting question to understand what would be the features of a
QSOL based on Majorana fermions in a model displaying bond-directional interactions. Finally,
the mean-field spectrum displayed nontrivial topological features and its experimental responses
at low-temperatures were consistent with the experiments. (4)
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The Majorana representation in Eq. (4.5) can be used to rewrite the effective model for
double perovskites in the JH → 0 limit (Eq. (3.52)) like

Heff =
J

36

∑
〈i,j〉γ

[∑
a<b

ηai η
a
j η

b
iη
b
j

+ (η2
i η

3
i η

1
j + η3

i η
1
i η

2
j + η1

i η
2
i η

3
j )θ̄

αβ
j + (i↔ j)

+ηi · ηj θ̄αβi θ̄αβj + θαβi θαβj θ2
i θ

2
j

]
+
NJ

24
. (4.9)

The fermions θαβ and θ̄αβ label linear combinations of θ1 and θ3 that appear in writing ταβ and
saταβ operators using the Majorana representation (see Eqs. (3.46)):

θxy = θ1, (4.10)

θyz(zx) = −1

2
(θ1 ±

√
3θ3), (4.11)

θ̄xy = θ3, (4.12)

θ̄yz(zx) =
1

2
(−θ3 ±

√
3θ1). (4.13)

Let us analyze some symmetries of the Hamiltonian. In general, a six-component column
vector of Majorana fermions ζ = (η1, . . . , θ3)t can be defined. In principle, the flavors could
transform according to the transformation

ζ ′ = Rζ, (4.14)

where R is an SO(6) matrix. The Hamiltonian in Eq. (4.9) is not invariant under global SO(6)
transformations, but it remains invariant under transformations of a considerably large subset.
Such subset includes global rotations of the form R = Rη ⊕ Iθ, where Rη corresponds to an
SO(3) rotation of the vector η = (η1, η2, η3), and Iθ is the identity matrix in the θ sector. This
corresponds to the global SU(2) invariance of Hamiltonian (3.52) expressed in terms of Majorana
fermions. Moreover, there is a Z3 symmetry generated by the transformation R = Iη ⊕Mθ,
where Mθ is the 2π/3 rotation matrix acting on the two-component vector (θ1, θ3) leaving θ2

invariant.

The action of time reversal Θ on Eq. (4.9) follows from the symmetry properties of s and
τ discussed in Subsection 3.3.2. Based on Eq. (4.5), Θ is defined as the complex conjugation
supplemented by Θ−1θ2Θ = −θ2, while leaving the other flavors invariant. With this rule, the
Hamiltonian in Eq. (4.9) is explicitly time-reversal invariant.

The expectation values of the bond operators 〈ζai ζbj 〉 are the chosen order parameters
of this MFT. Since the fcc lattice contains triangular plaquettes, a Majorana QSOL necessarily
breaks time-reversal and reflection symmetries. (160) The action of time-reversal was discussed
in Subsection 3.3.2; the parity transformation P will be defined by the reflection by a symmetry
plane of the fcc lattice and inverts all flux orientations in the mean-field ansatz (see Fig. 14b).
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Any Majorana QSOL on the fcc lattice will be necessarily chiral, similar to the case discussed in
Subsection 2.2.3 on the square lattice. The MFT can then preserve at most the SO(3), Z3 and
some point-group symmetries.

In this work, I chose to study Ansätze preserving the largest number of symmetries, and
this principle guided the choice of order parameters. To preserve the SO(3) symmetry, the state
must remain invariant under any global rotation of s. Consequently, all order parameters of
the type 〈ηai ηbj〉 with a 6= b must vanish, and the order parameters of different flavors must be
equal: 〈ηai ηaj 〉 = 〈ηbiηbj〉, for a, b = 1, 2, 3. Similarly, 〈ηai θbj〉 vanishes for any pair (a, b). The Z3

symmetry rotates the ταβ operators among themselves. Thus, requiring Z3 invariance implies
that 〈θαβθ2〉 must also be zero. Applying these restrictions, the mean-field decoupling of Eq.
(4.9) leads to

HMF =
J

36

∑
〈i,j〉γ

(3u2
ij + 3uijw̄ij + wijvij)

+
J

36

∑
〈i,j〉γ

[
i(2uij + w̄αβij )ηi · ηj

+3iuij θ̄
αβ
i θ̄αβj + iwαβij θ

2
i θ

2
j + ivijθ

αβ
i θαβj

]
, (4.15)

where iuij = 〈ηai ηaj 〉, ivij = 〈θ2
i θ

2
j 〉, iwαβij = 〈θαβi θαβj 〉 and iw̄αβij = 〈θ̄αβi θ̄αβj 〉. Notice that all

quadratic terms are diagonal in the flavor index except those involving θ1 and θ3. Moreover, the
decoupled terms for ηa and θ2 fermions differ only by the corresponding mean-field amplitudes.

Since the projected wavefunctions of the Ansätze are invariant under translation symmetry,
the magnitude of the order parameters must be uniform:

uij = uφij, (4.16a)

vij = vφij, (4.16b)

wαβij = wφij for 〈i, j〉γ, (4.16c)

w̄αβij = w̄φij for 〈i, j〉γ, (4.16d)

where φij = ±1 are Z2 link variables. The Majorana fermion anticommutation relations ensure
that φij = −φji. This intrinsic orientation for the links makes it convenient to subdivide the fcc
lattice into four cubic sublattices and label them with the index X = 1, 2, 3, 4. These labels also
correspond to the vertices of the elementary tetrahedra forming the fcc lattice (see Figure 14b).

The orientation of φij between sublattices can be represented on a plane as shown in Fig.
14a. The inequivalent classes for QSOL mean field theories can be discovered with an analysis
similar to the one done for Wegner’s model (see Section 2.1). With two possible values for each
φij , there are in total 26 = 64 different “hopping” configurations. The total number of gauge
transformations available in Fig. 14a is 24 = 16. On the other hand, the IGG is composed by
two elements: either the application of the identity or of the gauge transformation to all sites.
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(a) (b)

Figure 14 – (Color online) (a) Diagrammatic representation of the most symmetric gauge choices
on an elementary tetrahedron. The arrow pointing from site i to site j represents that
φij = +1 (and φji = −1 in the opposite direction). Notice that the two Ansätze are
conjugated by time reversal. (b) Representation of the Z2 fluxes of the ansatz on
the fcc lattice. The flux through each face of a green (red) tetrahedron is positive
(negative) when the sites are oriented counterclockwise with respect to a normal
vector pointing outward.
Source: NATORI, DAGHOFER, PEREIRA. (1)

Therefore, each hopping configuration is gauge equivalent to eight different ones, and the 64
possibilities can be grouped into eight non-gauge-equivalent Ansätze.

The eight physically distinct Ansätze are labeled by the gauge-invariant Z2 fluxes through
the elementary plaquettes. The flux for this problem on the fcc lattice is χijk ≡ −iφijφjkφki,
where (i, j, k) are three sites forming a face of a tetrahedron oriented clockwise with respect
to an outward normal vector. This flux is closely related to the scalar spin chirality of S = 1/2

QSLs (58, 60, 95, 161) discussed in Subsection 2.2.3. Using Eq. (4.5), the operator is given by

si · (sj × sk) = − i
8
εabcη

a
i η

a
j η

b
jη
b
kη

c
kη

c
i . (4.17)

Compared to Eq. (2.32), Eq. (4.17) differs only because it is written in terms of pseudospins
instead of electronic spins. Its mean value for the QSOL is given by

〈si · (sj × sk)〉 =
3

8
uijujkuki =

3

8
iu3χijk. (4.18)

Eq. (4.18) gives a relation between the parton mean-field order parameter, the Z2 flux, and the
chiral order parameter. As a final remark, the fluxes χijk through the faces of the tetrahedra are
not all independent. If the sites on any given face are oriented in the same manner, the four fluxes
obey the relation

∏4
r=1 χr = 1, where r labels the faces of the tetrahedron.

Time-reversal plays an important role in choosing the mean-field theory, since it relates
pairs of non-equivalent gauge configurations (see Fig. 14a). In terms of Z2 fluxes, Θ inverts χijk
of every elementary plaquette of the lattice. Although not related by gauge transformations, two
gauge choices related by Θ lead to degenerate mean-field ground states. Still guided by symmetry
principles, only the most symmetric Ansätze with respect to the chiral order parameter (4.17)
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are studied. Their main feature is the same Z2 flux through all faces of a given tetrahedron. The
imposition of translation invariance implies that two tetrahedra sharing an edge have opposite Z2

fluxes (see Fig. 14b). In other words, the Ansatz is a staggered-flux Majorana QSL, where the
staggering occurs between nearest-neighbor tetrahedra.

The mean-field Hamiltonian is solved using the Fourier mode expansion

ζakX =

√
2

N

∑
j∈X

ζajXe
−ik·Rj , (4.19)

where X = 1, 2, 3, 4 is the sublattice index and N is the total number of sites in the fcc lattice.
The positions of the sites in sublattice X in units of the lattice parameter are

Rj = (nx, ny, nz) + δX , na ∈ Z, (4.20)

with δ1 = (0, 0, 0), δ2 = (1/2, 1/2, 0), δ3 = (0, 1/2, 1/2), and δ4 = (1/2, 0, 1/2). The
operators ζakX obey (ζakX)† = ζa−kX and {ζakX , ζak′X′} = δk,−k′δX,X′ . As a general feature of
Majorana fermions, the ζakX can be treated as complex fermions with well-defined occupation
numbers if the first Brillouin zone of the cubic lattice is divided into two halves that are mapped
into each other through inversion (see the case of the Kitaev model in Subsection 2.2.4.2). Only
one of these halves is taken into account and will be called 1

2
BZ. It is worth pointing out that the

PSG analysis shows that the mean-field ansatz is invariant under translations on the fcc lattice. (4)
This can be understood intuitively by noting that translations by δX exchange the sublattices but
do not change the signs of the gauge-invariant fluxes represented in Fig. 14b.

The mean-field Hamiltonian in Eq. (4.15) can be rewritten in the form

HMF =
NJ

2

(
u2 + uw̄ +

vw

3

)
+
J

18

∑
k∈ 1

2
BZ

[
(2u+ w̄)

3∑
a=1

(ηak)†H1(k)ηak

+w
(
θ2

k
)†H1(k)θ2

k + (Ψk)†H2(k)Ψk

]
, (4.21)

where ζk = (ζk,1, ζk,2, ζk,3, ζk,4)t for ζ ∈ {ηa, θ2} are four-component spinors, and Ψk =

(θ1
k1, θ

1
k2, ..., θ

3
k4)t is an eight-component spinor. To find the ground state of Eq. (4.21), I first

explicit the 4× 4 matrixH1(k)

H1(k) = h(k) ·Σ, (4.22)

in which

h(k) = (h1(k), h2(k), h3(k))

= 4

(
cos

kx
2

cos
ky
2
, cos

ky
2

cos
kz
2
, cos

kx
2

cos
kz
2

)
, (4.23)
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and

Σ = (Σ1,Σ2,Σ3)

= (−σz ⊗ σy,−σy ⊗ I,−σx ⊗ σy). (4.24)

Using the property (A⊗B) (C ⊗D) = AB ⊗ CD, it is easy to verify that these Σ matrices
obey the Clifford algebra {Σa,Σb} = 2δab and their commutation relations are the same as of
the Pauli matrices. This has an important implication for the form of the eigenvalues ofH1. Let
Uk be the unitary matrix that diagonalizes it

U †kH1(k)Uk = Λ1(k). (4.25)

This implies that the eigenvalues of H1(k) will be ±|h(k)|, leading to bands that are doubly
degenerate for all values of k.

Several interesting symmetry and topological characteristics of the mean-field ground
state ofH1 were studied in Ref. (4). I decided to report them explicity in Appendix D instead
of giving them in the main text, since the focus of the thesis is the study of how to propose
QSOLs and study their experimental responses. First, a PSG analysis was performed on the
Ansatz and it was found that the QSOL display a discrete symmetry isomorphic to Oh. These
symmetry operators are given by combinations of the spatial operations, gauge transformations
and application of the Θ operator. Second, the symmetry operator that explains the twofold
degeneracy of the Hamiltonian was explicitly found and is given by the combination of two C4

rotations. This symmetry operator also subdivides the eigenstates into two different sectors in
analogy to the chirality of Weyl fermions in massless Dirac equations. (162) Third, the Fermi
surface is given by nodal lines along the edges of the cubic Brillouin zone and are associated
with a nontrivial generalized Berry phase (or Zak phase). (163, 164) This draws a relation
between the chiral QSOL and the bands of the weakly correlated line-node semimetals and
superconductors. (165–167) Finally, dispersing edge states were found for the model with open
boundary conditions in the (111) direction.

Let us now return to the problem of formulating and solving the self-consistent equations
fixing the mean-field Hamiltonian (Eq. (4.21)). The order parameters u and v are determined
simply by:

u =− i
〈
η1
j,1η

1
j+δ2,2

〉
=

16

N
Im
∑

k

eik·δ2

4∑
λ=1

(Uk)2λ (U †k)λ1〈
(
η̃1

kλ
)†
η̃1

kλ〉, (4.26)

v =− i
〈
θ2
j,1θ

2
j+δ2,2

〉
=

16

N
Im
∑

k

eik·δ2

4∑
λ=1

(Uk)2λ (U †k)λ1〈(θ̃2
kλ)
†θ̃2

kλ〉, (4.27)
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Figure 15 – (a) First Brillouin zone of the cubic lattice highlighting the Fermi lines (orange
lines). (b) Dispersion for different fermion flavors.
Source: NATORI; DAGHOFER; PEREIRA. (1)

where the sum over k is restricted to k ∈ 1
2
BZ and Uk was given by Eq. (D.16). At zero

temperature, the average occupation of the single-particle states is〈
(η̃akλ)

† η̃akλ

〉
= Θ(−ε(η)

kλ ), (4.28)〈(
θ̃2
kλ

)†
θ̃2
kλ

〉
= Θ(−ε(θ2)

kλ ), (4.29)

where Θ(x) is the Heaviside step function and

ε
(η)
kλ =

J(2u+ w̄)

18
|h(k)|Cλ, (4.30)

ε
(θ2)
kλ =

Jw

18
|h(k)|Cλ, (4.31)

are the dispersion relations of the η and θ2 fermions, respectively, with Cλ = −1 for λ = 1, 2

and Cλ = +1 for λ = 3, 4.

The expressions for u and v coincide at zero temperature, except possibly for a sign
depending on the relative sign between the parameters 2u+ w̄ and w. Without loss of generality,
u > 0 was fixed. This corresponds to fix the sign of the Θ-symmetry-breaking order parameter
in Eq. (4.17). As discussed in Ref. (4), the two cases v = u or v = −u give rise to two different
Ansätze, with different expressions for the 8×8 matrixH2(k). This thesis will deal only with the
case v = u because this case led to the smaller mean field energy. In this case, self-consistency
of the mean-field equations implies 2u+ w̄ > 0 and w > 0 .

Having fixed sgn(uv) > 0, the 8× 8 matrixH2(k) in Eq. (4.21) is given by

H2(k) =

(
Hθ1θ1(k) Hθ1θ3(k)

Hθ1θ3(k) Hθ3θ3(k)

)
, (4.32)
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in which

Hθ1θ1(k) = vh1(k)Σ1 +
9u+ v

4
[h2(k)Σ2 + h3(k)Σ3] ,

Hθ3θ3(k) = 3uh1(k)Σ1 +
3

4
(u+ v) [h2(k)Σ2 + h3(k)Σ3] ,

Hθ1θ3(k) =

√
3

4
(3u− v) [−h2(k)Σ2 + h3(k)Σ3] . (4.33)

The unitary matrix diagonalizingH2(k) is called Vk

V †kH2(k)Vk = Λ2(k), (4.34)

and was found numerically. The order parameters w and w̄ can be calculated similarly to Eq.
(4.27), using the components of Vk instead of Uk. The values of the order parameters found
numerically at zero temperature were u = v ≈ 0.258, w ≈ 0.16 and w̄ ≈ 0.318.

The mean field dispersion of the Majorana fermions using these order parameters is
shown in Fig. (15b). The nodal line containing the points connecting M = (π, π, 0) and
R = (π, π, π) displayed in Fig. (15b) are parameterized by k = (π, π, kz). The dispersion in the
neighborhood of these nodes is linear (1, 4) with the exception of the point of intersection of the
three nodal lines, R. The band touching is quadratic at R and display an anisotropic dispersion
ε±(R + p) ∝

√
p2
xp

2
y + p2

yp
2
z + p2

zp
2
x. These are important points to study the low-temperature

physics of the chiral QSOL in the next chapter.

A VMC calculation of the chiral spin-orbital liquid was performed in Ref. (4). However,
as stated in Subsection 3.2.2, this work was done over the incomplete effective model and will
be omitted in the main text for clarity. The interested reader can follow the algorithm to compute
the energy of this QSOL with VMC in Appendix E.

4.2.2 Spin-Orbital Liquids on the Hyperhoneycomb Lattices

This subsection concerns the QSOLs in the model defined on the hyperhoneycomb
lattices with special attention to the limit with SU(4) global symmetry. I first study a LFWT
of this model in order to fix an ordered state energy to compare with the proposed QSOLs and
to show how most of the simple ordered states are actually unstable under Hund’s coupling
perturbations. Then, I give some details of the parton mean field theories and discuss the obtained
Fermi surfaces. I finally give the VMC analysis of the QSOL energetics. The numerical work
was performed by Prof. Eric Andrade and is reproduced here with his permission.

4.2.2.1 Linear Flavor Wave Theory

To fix a notation, I first study the “Néel” state on the honeycomb lattice and reproduce the
results of Ref. (168) with regard to magnon dispersion, zero-point fluctuations and the correction
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to the order parameter. The technical information concerning the honeycomb lattice was already
given in Subsection 2.2.4.2 and will not be repeated here. The color notation and the generators
of the SU(4) were discussed in Subsection 4.1.1; this discussion remains valid with the sole
difference that it must be adapted to state vectors given in terms of the rotated pseudospins and
pseudo-orbitals |s̃z, τ̃ z〉.

Let the sites on the even sublattice (A) be occupied by the color |α〉, and the ones on the
odd sublattice (B) by the color |β〉 obeying the orthogonality condition 〈α|β〉 = 0. The SU(4)
Heisenberg model in terms of the generators in Eq. (4.2) is given by 4.3. The Holstein-Primakoff
transformation (HPT) for the two-color ordered state reads

Sαα(i) = 1−
∑
γ 6=α

b†γ,ibγ,i,S
β
β (j) = 1−

∑
δ 6=β

b†δ,jbδ,j, (4.35a)

Sαγ (i) = b†γ,i

√
1−

∑
ε 6=α

b†ε,ibε,i,S
β
δ (j) = b†δ,j

√
1−

∑
φ 6=β

b†φ,jbφ,j, (4.35b)

Sεγ(i) = b†γ,ibε,i,S
φ
δ (j) = b†δ,jbφ,j, (4.35c)

in which γ, ε 6= α and δ, φ 6= β. A special property of the SU(4) symmetric point is that the
results for flavor-wave dispersion, zero-point energy correction and order parameter correction
are independent of the chosen colors α and β. To linear order in bosonic operators, the SU(4)
model is given by (42)

Hij ≡ Smn (i)Snm(j) ≈
(
b†βibβi + b†αjbαj + b†βib

†
αj + bβibαj

)
≡
(
Z†ijZij − 1

)
, (4.36)

where Z†ij = b†αj + bβi. In momentum space, the LFWT Hamiltonian is

Hfw = −3

2
NK +K

∑
k

ψ†kH
AFM
k ψk, (4.37)

in which ψk is the spinor

ψk =

(
b†α,−k,B

bβk,A

)
. (4.38)

The diagonalization ofHfw is obtained by introducing a simple Bogouliubov transformation(
c†−k

dk

)
= Mkψk. (4.39)

The matrices Mk must be chosen in such a way that M †
kH

AFM
k Mk is diagonal and ck and dk

obey the canonical boson commutation relations. This is accomplished by:

Mk =

(
cosh θk sinh θke

−iφk

sinh θke
iφk cosh θk

)
≡
(

uk vke
−iφk

vke
iφk uk

)
, (4.40)



100

� M K �

0.0

0.5

1.0

1.5

2.0

2.5

3.0

k

�
(k
)

(a)

Γ X S RA Z Γ Y X1 A1 T Y

0.0

0.5

1.0

1.5

k

ω
(k
)

(b)

Figure 16 – Spin-wave spectrum for the two-color ordered states along the high symmetry lines
of the (a) hexagonal lattice and (b) the hyperhoneycomb lattice.
Source: By the author.

in which

f(k) ≡
3∑
i=1

eik·δi . (4.41)

The parameters θk and φk are determined by the equations

tanh 2θk = −|f(k)|
3

, (4.42a)

exp(iφk) =
f(k)

|f(k)| . (4.42b)

Finally, the diagonalized Hfw reads

Hfw = −3

2
NK +K

∑
k

εk

(
c−kc

†
−k + d†kdk

)
= −3

2
NK +K

∑
k

εk +K
∑

k

εk

(
c†kck + d†kdk

)
, (4.43)

where the spectrum of excitations are

εk =
√

9− |f(k)|2. (4.44)

The dispersion relations along the high symmetry lines is displayed in Fig. 16a. Notice the
presence of Goldstone modes displaying a linear behavior for long wavelengths fluctuations,
as expected by the SSB of a continuous symmetry. The LFWT dispersion also allows the
computation of the zero-point fluctuations and to estimate the energy of the two-color ordered
state:

E0 = −3

2
K +

3
√

3

16π2
K

∫
d2kεk ≈ −0.314K. (4.45)
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Finally, the correction to the order parameter due to spin-orbital fluctuations ∆M is

∆M =
1

N

〈∑
i∈A

b†βibβi +
∑
j∈B

b†αjbαj

〉
=

1

N

〈∑
k

(
b†αkbαk + b†βkbβk

)〉
, (4.46)

where the mean value is the expectation value calculated on the vacuum of the HP bosons. By
labeling Qk ≡M−1

k , the correction of the order parameter is given by

∆M =
1

N

〈∑
k

[(
c−k d†k

)(
Q†kQk

)( c†−k

dk

)
− 1

]〉

=
1

2N

∑
k

2∑
i=1

[
Q†kQk

]
ii
− 1

2
.

=
1

N

∑
k

cosh(2θk)− 1

2
=

1

N

∑
k

3

εk
− 1

2
≈ 0.258. (4.47)

The values of E0
AFM and ∆M reproduce the results of Ref. (168) [by fixing the large-M

parameter of that paper to M = 1]. It is interesting to notice that the correction of the order
parameter is rather small and what makes this an uncompetitive state is its large energy in relation
to the QSOLs investigated in Ref. (42)

The steps to use LFWT on the hyperhoneycomb lattice are formally the same. The
difference is that I was not able to find a closed formula for Mk and Qk, which were computed
numerically using standard methods to diagonalize many-body bosonic Hamiltonians. (169)
Using the notation for the hyperhoneycomb lattice fixed in Subsection 3.3.4.1, I also find Eq.
4.37 (but this time, on the hyperhoneycomb lattice).

The flavor wave excitations display closed forms. If I define

f1(k) = 2 cos(kx − ky) cos(2kz), (4.48a)

f2(k) = 5− cos [2(kx − ky)] + 2 cos [2(2kx + ky)]

+ 2 cos [2(kx + 2ky)]− 2 cos(4kz) sin2(kx − ky), (4.48b)

f3(k) = 8 cos(2kx + ky) cos(kx + 2ky) cos(2kz), (4.48c)

the expressions for the excitations reads

ε1(k) =

√
6− f1(k)−

√
f2(k) + f3(k), (4.49a)

ε2(k) =

√
6− f1(k) +

√
f2(k) + f3(k), (4.49b)

ε3(k) =

√
6 + f1(k)−

√
f2(k)− f3(k), (4.49c)

ε4(k) =

√
6 + f1(k) +

√
f2(k)− f3(k). (4.49d)
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Figure 17 – Representation of the stripy order on the honeycomb lattice, which is equivalent to
one of the possible two-color ordered states discussed in this section. The blue (red)
arrows symbolize jz = 3/2 (jz = −3/2) states.
Source: By the author.

The diagonal LFWT Hamiltonian is explicitly given by

Hfw = −3

2
NK + J

∑
k

4∑
i=1

εi(k) +K
∑

k

4∑
i=1

εk

(
γ†i,kγi,k + δ†i,kδi,k

)
. (4.50)

Including the zero-point fluctuations, the energy of the two-color state per particle reads

E0
two-color ≈ −0.3079K, (4.51)

and the correction to the order parameter is very small

∆M ≈ 0.0282(4). (4.52)

The difference in one order of magnitude to this correction is in line with the fact that quantum
fluctuations in two dimensions are stronger than in three dimensions. It is also noticeable that
the energy of this ordered state is very close on the two lattices. As will be shown, the energy
E0

two-color is much higher than the energy of the QSOL states, making it uncompetitive for the
ground state.

I recall that the LFWT is being performed with the |s̃z, τ̃ z〉 vectors; its physical picture is
more immediately obtained by rotating the vectors back to the |sz, τ z〉 or

∣∣3
2
, jz
〉

representation.
The simplest (and most important) case is the ordered state with |s̃z, τ̃ z〉 =

∣∣1
2
, 1

2

〉
on the

sublattices labeled with odd indices and |s̃z, τ̃ z〉 =
∣∣1

2
,−1

2

〉
on the sublattices labeled with even

indices (see Subsection 3.3.4.1). The pseudo-orbital Néel order is converted to a ferromagnetic
order on τ z. Similarly, the ferromagnetic order on s̃z becomes the so-called stripy order on sz.
This ordered state was first discussed as an exactly solvable point of the Kitaev-Heisenberg
model. (112, 155) In the present context, it is more immediate to say that the model presents a
stripy order involving jz = ±3/2 states and is represented in Fig. 17. I will return to this state at
the end of this section.

Four-color ordered states were also investigated and LFWT was found to be inadequate
to study them. This type of order is set by placing one distinct color at each of the four sublattices
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defined by the Klein transformation. A strict LFWT calculation leads to a very low energy per site
E0

four-color = −3
2
K, which is lower even than the QSOLs that will be discussed below. However,

this result is misleading and its origin was discussed in Ref. (170). First, the LFWT Hamiltonian
is the sum of independent Hamiltonians given by Eq. (4.36). This equation also implies that the
only bosons allowed to move through a given bond are the ones whose colors correspond to
those on the sites connected by this bond. The set of sites in which a boson is allowed to move
form a connected cluster and the zero-point energy tends to increase with the cluster size. In
the case of the two-color ordered state, the connected clusters of the two bosons correspond
to the whole lattice and induces the large energy correction discussed above. In contrast, the
connected clusters of the four-color ordered state contain only two sites and lead to a null energy
correction. Since LFWT is designed to study long-range order, it becomes inaccurate if small
clusters appear. (170)

The same remarkably low energy of the four-color state was found on the honeycomb
lattice, where the use of more sophisticated techniques showed that it was an artifact of the LFWT.
(42) The massive degeneracy of this state was used to argue in favor of the absence of spontaneous
symmetry breaking for the SU(4) model on the honeycomb lattice. Exact diagonalization and
infinite projected entangled-pair state (iPEPS) calculations gave more formal arguments in
favor of a QSOL ground state. Although the use of this technique was not possible on the
hyperhoneycomb lattice, the same type of degeneracy was found on it and supports a ground
state that does not break symmetries and encourage the study of QSOL ground states.

4.2.2.2 Parton Mean Field Theory

The QSOLs on the hyperhoneycomb lattice for the SU(4) Heisenberg model will be now
studied. The studied parton mean-field theories are exactly the same as studied in Ref. (42) on
the honeycomb lattice. This lattice compared the energetics obtained using exact diagonalization
with the results obtained with VMC for some fermionic QSOLs. The authors argued in favor of a
QSOL with complex fermion excitations and π-flux per plaquette based on the close agreement
of the result obtained from exact diagonalization and the energetics of the projected wavefunction
of this state. The exact diagonalization procedure is not reliable for the hyperhoneycomb lattice
because of a technical complication. This method find exact results for systems limited toN ∼ 20

sites due to the exponential growth of the Hilbert space. This is just enough to consider four
distinct elementary plaquettes of the hyperhoneycomb (N = 18), that is, only one minimal
cluster. However, It will be demonstrated that the QSOLs on the hyperhoneycomb display
energies similar to the ones found on the honeycomb lattice in agreement with the LFWT
result. This gives plausibility to the hypothesis that the energy ground state of the model on the
hyperhoneycomb lattice will be also close to the one calculated on the honeycomb in Ref. (42),
and as a result, that its ground state is also a QSOL.

I first consider the results for the QSOLs based on the canonical fermion representation.
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The order parameters will be χij ≡ 〈f †imfjm〉 and lead to the following mean-field equations

Hmf = −
∑
〈ij〉

4∑
m=1

(
χijf

†
imfjm + h.c.

)
. (4.53)

As usual, the flux around the plaquettes will be used to label the QSOLs. It was decided that
a pragmatic approach would be followed. The mean-field theories discussed in this section
serve to generate wavefunctions that will be projected to a physical Hilbert state. The projected
wavefunction is a QSOL with well-defined values for the gauge fluxes and described in terms
of a certain type of parton (even if it does not arise from a self-consistent mean field theory).
Further studies on the optimization of the projected wavefunction will be the subject of future
works.

Following (42), the QSOLs order parameters are restricted to real values and the theory
is treated as if χij = ±1. The flux around a plaquette P is called φ(P ) and will be given by

eiφ(P ) =
∏
〈ij〉∈P

χij. (4.54)

Two different Ansätze were investigated, one with uniform zero-flux on all plaquettes and
other with π-flux per plaquettes. These are represented in Fig. 18. In this case, the numbers
represent the eight sublattices of the hyperhoneycomb and the solid (dashed) lines represent
order parameters with χij = +1 (χij = −1). While the zero-flux could be represented in terms
of the standard four-sublattice representation of the hyperhoneycomb, the π-flux breaks the
translation symmetry on the mean-field level and requires the eight-sublattice representation.

At the mean-field level, the single-occupancy constraint is imposed on average,

∑
m

〈
ΨMF

∣∣∣f †imfim∣∣∣ΨMF

〉
= 1, (4.55)

corresponding to a quarter-filled Fermi sea. The mean-field ground state |ΨMF〉 is determined by
diagonalizing the quadratic Hamiltonian (4.53) for both zero-flux and π-flux states. In general,

Hf =
∑
k

8∑
λ=1

Eλ(k)f †kλfkλ, (4.56)

where λ is the band index and fkλ annihilates a fermion with momentum k in band λ. The
analytical expressions for the dispersion relations are possible only for the zero-flux state.
The eight bands are written as E1 = ε++

1 , E2 = ε+−
1 ,E3 = ε−+

1 ,E4 = ε−−1 , E5 = ε++
2 ,

E6 = ε+−
2 ,E7 = ε−+

2 ,E8 = ε−−2 where

εpp
′

n (k) = p

√
gn(k) + p′

√
|gn(k)|2 − |hn(k)|2, (4.57)
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Figure 18 – Representation of the (a) zero-flux and (b) π-flux states. Each vertex corresponds to
a basis point of the hyperhoneycomb lattice as labeled in Fig. 13a. Solid (dashed)
lines represent bonds with χij = +1 (χij = −1).
Source: NATORI; ANDRADE; PEREIRA. (3)

with n = 1, 2 and p, p′ = ±, and the following functions are defined by

g1(k) = 3 + 2 cos(2kz) cos(kx − ky),
h1(k) = 2 cos(2kz)e

i(kx+ky) − e−2i(kx+ky) + e2ikx + e2iky ,

g2(k) = 3− 2 cos(2kz) cos(kx − ky),
h2(k) = 2 cos(2kz)e

i(kx+ky) + e−2i(kx+ky) − e2ikx − e2iky . (4.58)

An analytical form for the dispersion of the π-flux QSOL was not found and was computed only
numerically. Figure 19 shows the mean-field spectrum of the two QSOLs. Notice that in both
cases the dispersions display particle-hole symmetries, as expected for bipartite lattices.

The quarter-filling condition 〈f †imfim〉 = 1/4 determines the position of the Fermi level.
The zero-flux state displays a large Fermi surface that is illustrated in Fig. 20. The vector
Q0 =

(
π
3
, π

3
, π

3

)
connects the two plain pieces of the Fermi surface depicted in yellow. Since this

is a reciprocal lattice vector of the Bravais lattice of the hyperhoneycomb lattice before doubling
the unit cell, the Fermi surface is not nested and this QSOL is at least locally stable against (spin)
density waves driven by interactions beyond the mean-field level. On the other hand, the Fermi
level for the π-flux state crosses Dirac points at the high-symmetry points S, Z and T. Close
inspection reveals that the dispersion in the vicinity of these Dirac points is anisotropic. The
spectrum in the neighborhood of S is linear along two directions in k space but quadratic in the
third direction. The opposite is verified for the dispersion around the Z and T points, which is
quadratic along two directions and linear in the third. Similar behavior has been discussed for
Dirac semimetals in two and three dimensions. (167, 171, 172) This state may be then related
with topological phases of matter protected by nonsymmorphic symmetries.

The mean-field ground state |ΨMF〉 is given by the Fermi sea of all single-fermion states
with energy below the Fermi level. The constraint defining the physical Hilbert space must be
imposed by a Gutzwiller projection if we are to evaluate physical quantities. For the j = 3/2
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QSOL described by complex fermions, the projection reads

|Ψphys〉 = Pf |ΨMF〉 , (4.59)

where Pf =
∏

i

[
1
6
ni(2− ni)(3− ni)(4− ni)

]
and ni =

∑
m f

†
imfim.

I will now briefly discuss the parton mean-field theory using Majorana fermions. In terms
of the complex fermions ci defined in Eq. (4.7), the total SU(4) Heisenberg model reads

HSU(4) = K
∑
〈jl〉

[
1− 1

2

(
ic†j · cl − ic†l · cj

)2
]
. (4.60)

The most straightforward mean field decoupling reads (41)

Hc = −i
∑
〈jl〉

ξjl

(
c†j · cl − c†l · cj

)
, (4.61)

where ξjl =
〈
ic†j · cl − ic†l · cj

〉
and I ignored the terms dependent only on the order parameters.

The values of ξjl must be real numbers and obey ξjl = −ξlj . Using the property that the
hyperhoneycomb lattice is bipartite, it is verifiable that the mean-field dispersion of the complex
fermion QSOL and the Majorana fermion QSOL will be formally the same. To show this, define
the operators cj = ic̃j , cl = c̃l. In terms of these operators

Hc = −
∑
〈jl〉

ξjl

(
c̃†j · c̃l + c̃†l · c̃j

)
, (4.62)

which is formally identical to the mean-field Hamiltonian for complex fermions. The spectrum
for Majorana fermions will be the same as the one found for complex fermions. The same
problems of self-consistency were found for the Majorana fermion equations and the pragmatic
approach will be also used in this case.

One distinction between the Majorana fermion and the complex fermion QSOL is that
the average density of c fermions is not constrained to a specific value. The |ΨMF〉 is then
not constrained to a specific Fermi level and corresponds to the Fermi sea of all negative
energy eigenstates in the mean-field level. The two QSOLs display Fermi surfaces given by
nodal lines, a behavior also observed for the Kitaev model on the same lattice. (103, 107,
155) The Gutzwiller projection is implemented by applying the projector operator Pc =∏

j

[
1
2

+ 1
2

∏
γ

(
1− 2c†jγcjγ

)]
to impose the Z2 constraint to the physical Hilbert space in

Eq. (4.8).

4.2.3 Variational Monte Carlo Study of the SU(4)-symmetric Spin-Orbital Liquids

The local constraints are now exactly enforced by considering a Gutzwiller projection
of the mean-field wave functions. (46) As a result of this computation, the zero-flux state of
complex state was found to be the QSOL with lowest energy. The large Fermi surface of this
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Figure 19 – Mean-field dispersion of fermions in the (a) zero-flux and (b) π-flux states. The
dashed line marks the Fermi level at quarter filling. The high symmetry points of
the Brillouin zone are specified in Fig. 20. The energy scale in this plot is set by
|χij| = 1.
Source: NATORI; ANDRADE; PEREIRA. (3)

(a) (b)

Figure 20 – (a) Brillouin zone of the base-centered orthorhombic lattice. (b) Fermi surface of the
zero-flux state. Different colors represent different bands in Eq. (4.57).
Source: NATORI; ANDRADE; PEREIRA. (3)

QSOL induced us to study its stability against perturbations inducing tetramerization (43) and
also the effect of JH-induced perturbations (Eq. (3.68)) on its energetics. The principles of the
VMC algorithm is the same in all cases, so that the procedure to the numerical calculations will
be discussed only for the SU(4) symmetric case.

For complex fermions, the mean-field ground state from Eq. (4.53) is projected to states
explicitly obeying Eq. (4.4). The first step is to generate a basis of the physically allowed
real-space configurations

∣∣{i1a} , {i2b} , {i3c} , {i4d}〉 =
4∏

m=1

N/4∏
ra,m=1

f †m (ra,m) |∅〉 , (4.63)

where ima denotes the position, at site i, of the a-th fermion with color m. The overlap of (4.63)
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with the mean-field state is

Ψ
({
i1a
}
,
{
i2b
}
,
{
i3c
}
,
{
i4d
})

=
4∏

m=1

Φ [{im}] , (4.64)

in which Φ [{im}] is the Slater determinant for one fermion species

Φ [{im}] =

∣∣∣∣∣∣∣∣
ζ1 (im1 ) ζ2 (im1 ) · · · ζN/4 (im1 )

...
... . . . ...

ζ1

(
imN/4

)
ζ2

(
imN/4

)
· · · ζN/4

(
imN/4

)
∣∣∣∣∣∣∣∣ , (4.65)

and ζν (i) is the amplitude of the fermion at site i in the νth eigenfunction of the mean-field
Hamiltonian (4.53): ζν (j) ≡ 〈j|ν〉.

Variational Monte Carlo calculations are carried out using this wave function. The general
principles of this calculation were discussed in Subsection 2.2.3 and here I give an example of
how that general procedure is applied. The number of sites considered is given by N = 8L3,
with L = 3, 4, 5, and 6 (see Subsection 3.3.4.1). The first step is to randomly assign each color
at N/4 distinct sites of the lattice. The Monte Carlo moves consist in exchanging a random
pair of sites containing distinct colors. This moves can involve sites far away — and which
would not otherwise interact directly via the Hamiltonian — because this improves the sampling
over the space of configurations. The Metropolis algorithm (Eq.(2.37)) provides the criterion to
accept or reject these moves. Given a color configurations {i}, we can define a probability that is
proportional to the weight of the wave function

p ({i}) ∝
∣∣∣∣∣

4∏
m=1

Φ [{im}]
∣∣∣∣∣
2

. (4.66)

The probability that a move from {i} to a different {i′} configuration occurs is

T ({j} → {j′}) =

1, if p ({j′}) > p ({j})
p ({j′}) /p ({j}) , otherwise.

(4.67)

For each accepted ground state configuration, the following number is computed

f ({j}) =
∑
{j′}

〈{j} |HSU(4)| {j′}〉
〈{j′} |Ψ〉
〈{j} |Ψ〉 . (4.68)

After Nexc of such exchanges attempts, we are said to have performed a Monte Carlo sweep. The
ground state energy E0 calculated after the sweep is given by

E0 =
1

NMC

NMC∑
i=1

f ({j}i) , (4.69)

where NMC is the number of accepted configurations after a sweep. In fact, the first sweeps of
the VMC procedure may compute unreliable values of E0. It is possible, for example, that the
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Table 3 – VMC ground state energy, per site, for the different mean-field states.

Ansatz E0/N

Complex fermions zero-flux −0.825 (1) J
Complex fermions π-flux −0.806 (2) J

Majorana fermions zero-flux −0.783 (1) J
Majorana fermions π-flux −0.757 (1) J

Source: NATORI; ANDRADE; PEREIRA (3)

initial random state corresponds to a large value of f ({j}i) and the other states accepted with
the Metropolis algorithm follow this tendency, leading to a value of E0 much larger than the
actual energy of the projected wavefunction. For this reason, Nwarm sweeps are performed before
measurements of physical quantities for “thermalization” and only then Nmes measurements
sweeps are considered for the calculation of the mean values and the variance. In the VMC
program, the typical values of these numbers are Nexc ∼ 103 and Nwarm = Nmes ∼ 105.

For the Majorana fermion representation of the pseudospin and pseudo-orbital operators,
the mean-field ground state from Eq. (4.61) is Gutzwiller projected. The wavefunction is already
written in terms of the three complex c fermions both in the zero-flux and π-flux states. Eq. (4.8)
imposes that a site can either have no c fermions, |∅〉, or two c fermions. Three states are then
introduced (41)

|X〉 = c†yc
†
z |∅〉 , |Y 〉 = c†zc

†
x |∅〉 , |Z〉 = c†xc

†
y |∅〉 . (4.70)

For any given configuration of these states, specified by the real-space location of the |X〉, |Y 〉,
and |Z〉 states (at sites {xi} , {yj}, and {zm}, respectively), the projected wave function assigns
an amplitude

Ψ ({xi} , {yj} , {zm}) = Φz ({xi} , {yj}) · Φx ({yj} , {zm}) · Φy ({zm} , {xi}) (4.71)

to it. The locations of the |∅〉 states are automatically specified.

The starting point of the VMC procedure is to generate an initial state in which we
populate N/4 randomly chosen sites with the x-state ({xi}), N/4 with the y-state ({yi}), and
N/4 with the z-state ({zi}), in which {xi}, {yi} and {zi} are disjoint sets. The Monte Carlo
moves consist in exchanging random pairs of sites containing distinct states often involving
widely separated sites. These moves are accepted or rejected according to the usual Metropolis
algorithm, much in the same way as the case of complex fermions. The probability weight of a
given configuration used in Metropolis algorithm is now proportional to |Ψ ({xi} , {yj} , {zm})|2.

Figure 21 shows the VMC results for the ground state energies of all four considered
Ansätze at the different system sizes. The results do not vary much with the system size and their
extrapolation for N → ∞ are presented in Table 3. The corresponding variational energy for
the SU(4) model on the hyperhoneycomb lattice are comparable with those of the honeycomb
lattice. (42) This result and the similar values of the energy for the ordered states using LFWT
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Figure 21 – VMC ground state energy, per site and in units of J , for the different mean-field
states as a function of the inverse of the particle number. The dashed lines are linear
extrapolations to the data.
Source: NATORI; ANDRADE; PEREIRA. (3)

reinforces the idea that the exact ground state energy on the hyperhoneycomb lattice must be
similar to the one verified on the honeycomb lattice. The combination of these results indicate
the feasibility of a spin-orbital liquid ground state. However, there are two significant differences.
First, the projected wave function with the lowest variational energy is the zero-flux state of
complex fermions with a large Fermi surface instead of the π-flux Ansatz with doubly degenerate
bands and a single Dirac cone. Second, the relative energy difference between the best variational
state and the next candidate, the π-flux state for complex fermions, is roughly 2%, hinting at a
fiercer competition between the different variational states in the hyperhoneycomb lattice.

The large Fermi surface of the zero-flux QSOL led us to investigate the stability of this
Ansatz against the so-called tetramerization. (43) As discussed earlier in Section 3.4, the two-site
SU(4) Hamiltonian does not generate a singlet but a sixfold degenerate ground state. A singlet
state must involve at least four sites (hence, it is called tetramer), whose explicit form is given by

|Tet〉 =
1√
24

∑
{ijkl}

c†i1c
†
j2c
†
k3c
†
l4 |0〉 , (4.72)

where the sum runs over all 4! = 24 color permutations. Fig. 22a also gives a representation
of a state composed by direct product of tetramers on the hyperhoneycomb lattice, which is
the analogous of a VBS state on a j = 3/2 model. Each tetramer is centered at a site on the
sublattice 1 or 6 and involves the three nearest neighbors of these sites.

The tetramer formation can be induced by localizing fermions at the neighborhood of
a given site. In the case of the zero-flux QSOL, this can be induced by slightly modifying Eq.
(4.53) as follows (43)

Hmf =
∑
i

εi −
∑
〈ij〉

4∑
m=1

(
tijf

†
imfjm + h.c.

)
. (4.73)
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We keep εi = 0 and tij = χij = 1 for all sites and links, except when they involve a site on
sublattices 1 or 6. Choosing εi = ε < 0 and tij = t > 1 in these cases induce the formation of
tetramers throughout the lattice (see Fig. 22a).

Let us now define the tetramerization order parameter. Let Pij = Smn (i)Snm(j), in such a
way that HSU(4) = K

∑
〈ij〉 Pij . It is possible to distinguish two types of links in Fig. 22a: the

ones inside of a tetramer (magenta bonds) and the ones connecting two different tetramers (blue
bonds). Let 〈Pa〉 be the mean value of the projected wavefunction of the ground state of Hmf

for the first type of bond, and 〈Pb〉 for the second type. The equality 〈Pa〉 = 〈Pb〉 is found on
QSOLs, while a fully tetramerized state is characterized by 〈Pa〉 = −1 and 〈Pb〉 = 1/4. (43) A
convenient tetramerization order parameter is then given by

r =
4

5
(〈Pb〉 − 〈Pa〉) , (4.74)

where r = 0 for the QSOL and r = 1 for the fully tetramerized state. The r = 0 state is obtained
by setting εi = 0 and tij = 1 for all links and bonds. Once these two parameters are changed,
they induce a different ground state wavefunction whose projection gives r 6= 0. Figure 22 shows
how the dispersion can be modified by these parameters, including the possibility of opening
a gap. For this wavefunction, it is possible to compute its ground state energy using the same
procedure outlined above.

A quantum spin-orbital liquid is said to be stable against tetramerization if the energy
minimum is found at r = 0. This is not necessarily the case for the SU(4) Heisenberg model. For
example, the exact diagonalization of this model on the two-leg ladder indicated that its ground
state display spontaneous plaquette formation (tetramerization) with twofold degeneracy. (173)
Here, the numerical calculations performed for the zero-flux QSOL on the hyperhoneycomb
lattice showed that the energy minimum occurs for the r = 0 point (see Fig. 23). A similar result
was found in a previous study done on the honeycomb lattice. (43) Hence, it is possible to argue
in favor of the QSOL stability on the hyperhoneycomb lattice.

The follow-up question was the effect of the Hund’s coupling induced perturbations on
the QSOL given in Eq. (3.68). These perturbations lift degeneracies of the SU(4) model and
can favor ordered states. As discussed earlier, I have performed the LFWT study for two-color
ordered states on the hyperhoneycomb lattice. I have found that most of these states develop
complex frequencies on the LFWT dispersion when perturbations induced by infinitesimal values
of η are added. The sole exceptions are the stripy ordered state displayed in Fig. 17 and the states
related to it by global rotations of s̃. Complex frequencies are induced by the perturbations only
for η > 0.125. Up to this value of η, LFWT can be used to give an estimative energy of the stripy
ordered state as the function of the perturbation.

The energy per site of the stripy state and of the complex fermion QSOLs as a function
of η is shown in Fig.(24) and indicates that the zero-flux remains the lowest energy state. Taking
into account the evidence that this state is also stable against tetramerization, the result makes this
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Figure 22 – Fig.(a) gives a representation of a fully tetramerized state on the hyperhoneycomb
lattice in real space, where the magenta bonds indicate the localization of the
tetramers. Figures (b), (c) and (d) give the dispersion relations for different values of
ε and t and show how they induce gap opening. The ε parameter also induces the
breaking of particle-hole symmetry.
Source: NATORI; ANDRADE; PEREIRA (3)
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Figure 23 – Energy per site calculated with VMC as a function of the tetramerization order
parameter (Eq. (4.74)). The number of sites is N = 8L3, where L is given by the
inset. The minimum of the energy was found at r = 0, which shows that the zero-flux
QSOL is stable against tetramerization.
Source: By the author.
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Figure 24 – Energy of the stripy order and the QSOLs based on complex fermions as a function
of the parameter η = JH/U for the Hamiltonian given by Eq. (3.68). The stripy
order energy was calculated using LFWT, while the QSOL energy is determined
with VMC.
Source: By the author.

QSOL a viable candidate for the ground state of 4/5d1 compounds with the same lattice structure
as the Kitaev materials. It must be added, however, that non-collinear ordered states and dimerized
phases were not studied and it is still possible that they adequately describe the ground state
of of Eq. (3.68). In fact, the Kitaev material β-Li2IrO3 on the hyperhoneycomb lattice displays
non-collinear order of pseudospins due to interactions beyond the nearest neighbors (174) and it
is possible that a spin-orbital analogous order emerges on the hypothetical compound studied
here. This kind of study is more correctly done with the aid of experimental data that are still
unavailable and, therefore, will be left for future work.
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5 EXPERIMENTAL PROBES TO QUANTUM SPIN LIQUIDS

Physics is an experimental science and its theoretical predictions must result in phenomena
that are, at least in principle, experimentally observable. This is another challenge on the study of
QSLs and QSOLs. There is still no experimental probe giving a reliable measure of long-range
entanglement. (11) The option to study QSLs experimentally is to compute the expected response
of a proposed QSL under the usual probes to frustrated magnetism and then compare these
results with the experimental data available for a spin liquid candidate.

This chapter presents the experimental responses of the chiral QSOL on double perovskites
within parton mean field theory. (1) These results are compared with the experimental data of
the double perovskite Ba2YMoO6, which lacks observable magnetic order. This methodology
must be viewed with caution. Once again: since the partons are not themselves physical,
the experimental responses calculated with this approach will include responses arising from
unphysical states. The theoretical technology to tackle this problem is still being developed. In
fact, the Kitaev model remains the only instance of a QSL described with a parton theory whose
spectroscopic (125–131) and thermodynamic responses (132–134, 175) were calculated in a
numerically exact way. Some controlled approximations are possible if perturbations are added
to this model (137, 142, 176), but it is still not clear how it can be applied outside this context.
Nevertheless, parton theory is still used to discuss the low-temperature physics (158, 159) and
dynamical structure factor (177) of QSLs. The idea is that the mean field result constitutes a
good starting point to discuss the property of a QSL, and that improvements can be made by
including gauge fluctuations.

Some important points pervading this chapter must be presented at this point. First, the
low-temperature physics of the QSOL will be dominated by the states close to the Fermi lines. It
is therefore important to calculate the density of states near these points, which in turn depend
upon the Majorana fermion dispersion. As stated in the previous chapter, in the neighborhood of
the R point (k = (π, π, π) + q, with |q| � 1) the following proportionality relation is observed

εkλ ∝
√
q2
xq

2
y + q2

yq
2
z + q2

zq
2
x, (5.1)

for all Majorana flavors. I write εkλ = q2fλ(Ω), with fλ(Ω) a function of the spherical angle
coordinates of q that also absorbs the multiplicative factor arising from the order parameters u,
v, w, and w̄. It will be verified that the single-particle states in the neighborhood of the R point
dominate the low-energy physics due to this quadratic dispersion. This can be first realized by
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computing its corresponding contribution to the density of states

ρpoint(E) =
∑
k,λ

δ(E − εkλ)

≈
∑
λ

∫
dΩ

∫
dq q2

(2π)3
δ(E − q2fλ(Ω))

=
1

2

√
E
∑
λ

∫
dΩ[fλ(Ω)]−3/2. (5.2)

The important point is that ρpoint(E) ∝
√
E corresponds to a vanishing density of states

characteristic of a pseudogap. On the other hand, the density of states around generic points on
the nodal line parallel to the kz axis yields

ρline(E) ≈
∑
λ

∫
dkz

∫
dϕ

∫
dp p

(2π)3
δ(E − vλ(kz)p)

= E
∑
λ

∫ π−ε

0

dkz
4π2[vλ(kz)]2

, (5.3)

where vλ(kz) is the effective velocity of the linear dispersion around the nodal line and the
integral was cut off at |kz − π| = ε > 0 to exclude the contribution from the R point. Thus, the
contribution from the nodal lines to the density of states is ρline(E) ∝ E. The comparison of
Eqs. (5.2) and (5.3) suggests that the low-temperature thermodynamics of the chiral spin-orbital
liquid should be governed by the quadratic band touching point.

Another point to be discussed is the total magnetic moment M of the electrons in atomic
d orbitals, which couple to external magnetic fields and the neutron spin in INS. For an atom, the
magnetic moment in the limit of strong SOC is given by

M = P3/2Pt2g [L + 2S]Pt2gP3/2

= P3/2 [−l + 2S]P3/2,

where S in the second line is the electronic spin of the t2g orbitals. Remember that Eq. (3.50)
shows that P3/2SP3/2 = 1

3
j. It can also be proved that (29)

P3/2lP3/2 =
2

3
j. (5.4)

Gathering all the results would result in a vanishing magnetic moment M = 0. The measured
magnetic moments are indeed small in comparison with spin-1

2
systems without degeneracy.

They are, however, not zero and are proportional to the total angular moment j. This can be
explained in terms of the hybridization of the d orbitals with the p orbitals from the oxygen ions.
As a result, the coupling of the electron to a magnetic field H is modeled by (29)

HZ = −geffµBH · J, (5.5)

where geff is the effective Landé factor and µB is the Bohr magneton.
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This chapter is separated into two broad sections, the first concerning with the experimental
responses of the chiral QSOL to techniques already available (Section 5.1) and the second
is concerned with the RIXS theory for 4/5d1 Mott insulators (Section 5.2). An introductory
discussion of each technique is given before presenting the calculations to indicate what
information can be acquired for the QSOL with it.

5.1 Experimental responses of the chiral QSOL to well-established probes

5.1.1 Specific Heat

A phase transition always occur at points in which the free energy F or the partition
function Z is nonanalytical. Thermal phase transitions must then be accompanied by a singularity
of the specific heat, since it is given by the derivative of the free energy like

CV = −T ∂
2F

∂T 2
. (5.6)

This is a very general result valid for all kinds of transition (magnetic, structural, ferroelectric, etc).
Since any degree of freedom of a compound is subject to thermal fluctuation, the measurement
of the magnetic specific heat is generally given by the subtraction of the lattice specific heat Clat

from the experimentally measured CV . The fundamental step of this procedure is to identify a
nonmagnetic compound isostructural to the QSL candidate. The specific heat measured in the
nonmagnetic compound is corrected by the atomic mass of the magnetic ion of the QSL candidate,
giving the Clat. This procedure pressuposes that the contributions to CV in Mott insulators can
be mostly attributed to phonons and magnetic excitations Cmag, i.e., CV = Clat + Cmag. However,
it is not a priori clear if other contributions are irrelevant to CV .

The magnetic specific heat can give us important information concerning the nature of
the local degrees of freedom of a spin Hamiltonian. We know that the entropy released between
the zero and T temperature is given by the integral

S(T ) =

∫ T

0

CV (T ′)

T ′
dT ′. (5.7)

In a spin system, we know that the number of accessible states is Ω = (2S + 1)N , where N
is the number of spins and S is the effective spin. It is possible to compute S(T ) from the
experimental data of the magnetic specific heat, and in this manner compute the value of the spin.
For example, if the system has a spin S = 3/2, then the entropy per particle integrated from
low to high temperatures must approach kB ln 4, where kB is the Boltzmann constant. This is
an important information for the Mott insulators with strong spin-orbit coupling, since it can
validate or refute the projection of the Kugel-Khomskii Hamiltonian to the Hilbert space of states
with an effective angular momentum. The specific heat near the critical temperature can also
reveal the universality class of the model describing the compound under study. This is made by
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extracting the critical exponents at the point of phase transition from the experimental data, and
then comparing it with the most studied models.

The specific heat CV of Ba2YMoO6 was measured by de Vries et al. (30) and Aharen
et al.. (31) In both experiments, the magnetic contribution was obtained by subtracting off
the specific heat of the nonmagnetic compound Ba2YNbO6 from the total specific heat of
Ba2YMoO6. The measurements agree about the presence of a broad peak around 50 K. However,
the reported maximal values of CV are different: 7.5 J/mol·K in Ref. (30) versus 2.5 J/mol·K
in Ref. (31) By integrating CV out to T ≈ 200 K, de Vries et al. (30) found that the entropy
released is close to kB ln 4, as expected for a j = 3/2 system and the low-temperature behavior
of CV was interpreted as evidence for a pseudogap in magnetic excitations. (33) On the other
hand, Aharen et al. (31) noted that the entropy lost below 50 K is lower than kB ln 2 and found
an abrupt drop in the magnetic specific heat above 60 K. Disorder may be the cause of these
differences, since it affects the density of states and consequently changes the specific heat. (158)
Since disorder is inevitable in any synthesized compound and it is difficult to compare the level
of cleanness of two different samples, extra caution must be given when analyzing specific heat
data. The study of disorder effects were beyond the goals of this doctoral thesis and is left for a
more specific project. The results published in Ref. (1) focused on the common observation of a
broad peak in CV and use this information to set the energy scale in our spin-orbital model.

At low temperatures T � J , the order parameters are approximately given by their
zero-temperature values. The main effect of thermal fluctuations in this regime is to change the
occupation of the states in a band with fixed bandwidth. Using the density of states in Eq. (5.2),
the contribution of points in the neighborhood of R to CV is given by

CV (T � J) =

∫ ∞
0

dE Eρpoint(E)
∂nF
∂T

∝ T 3/2

∫ ∞
0

dx
x5/2ex

(1 + ex)2
. (5.8)

A similar calculation for the points near the nodal lines yield CV ∝ T 2. Thus, at sufficiently low
temperatures we obtain the power-law behavior CV ∝ T 3/2.

The CV is calculated following the method of Ref. (159), which studied a Majorana QSL
on a S = 1/2 Heisenberg model. The mean-field theory described in Sec. 4.2.1 can be extended
to T > 0 by replacing the average occupation of single-particle states by the Fermi-Dirac
distribution:

〈ζ̃†kλζ̃kλ〉 = nF (ε
(ζ)
kλ)

=
[
1 + exp(βε

(ζ)
kλ)
]−1

(5.9)

where β = 1/(kBT ). The order parameters calculated using Eq. (5.9) define a temperature-
dependent mean-field Hamiltonian HMF(T ). We fix these parameters by minimizing the free
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(a) (b)

Figure 25 – (a) Absolute value of the order parameters of the chiral spin-orbital liquid as a
function of temperature. (b) Magnetic specific heat per site calculated within the
mean-field theory.
Source: NATORI; DAGHOFER; PEREIRA. (1)

energy,

F = − 1

β

∑
k∈ 1

2
BZ

∑
λ

ln(1 + e−βεkλ) +
NJ

2

(
u2 + uw̄ +

vw

3

)
, (5.10)

and solving the self-consistent equations numerically (see textbooks on many-body theory such
as (178, 179) for a derivation of this formula). The absolute values of the order parameters
decrease with increasing temperature as shown in Fig. 25a.

All order parameters vanish at the same critical temperature that can be set by kBTc =

J/12. The procedure is similar to the Landau theory outlined in Section 2.1 but applied for a
system with more than one order parameter. Expanding (5.10) up to the fourth-order in βεkλ, the
Landau free energy Φ reads

Φ ≡βF
N

=− 3 ln 2 +
K
2

(
u2 + uw̄ +

vw

3

)
− 3

(K
36

)2 (
21u2 + v2 + w2 + 12uw̄ + 3w̄2

)
+

3

8

(K
36

)4 [
19(3u+ v)4 + 84(2u+ w̄)4

−24uv
(
11(3u+ v)2 − 39uv

)
+ 28w4

]
, (5.11)

where K = βJ . This functional can be reorganized as follows

Φ ≡ −3 ln 2 + Φ2(u, v, w, w̄) + Φ4(u, v, w, w̄),

where Φ2 contains the terms that are quadratic in the order parameters and Φ4 contains the quartic
terms. The quadratic term can be written in matrix form Φ2 = tTM t, where tT = (u, v, w, w̄).
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Diagonalizing M , the set of eigenvalues an, n = 1, . . . , 4 are found and given by

a1,2 = −K(36±K)

432
,

a3,4 =
K(36− 4K ±

√
2592− 360K + 13K2)

144
, (5.12)

The eigenvalues a2 and a4 vanish, respectively, at the temperatures kBTp = J/36 and kBTc =

J/12. The critical temperature where the numerically calculated specific heat in Fig. 25 drops to
zero corresponds to the higher value T = Tc. The parameters u and w̄ vanish as (Tc − T )1/2, as
expected for primary order parameters at the mean-field level. Note that this is a well-defined
second-order phase transition because a nonzero value of u implies spontaneous breaking of
time reversal symmetry [see Eq. (4.18)]. On the other hand, v and w behave as secondary order
parameters (180, 181) and vanish with a different critical exponent (Tc − T )3/2 (see Fig. 25a).
Fluctuations may change these critical exponents, but they were not considered in the present
analysis.

The whole temperature dependence of the specific heat computed with the self-consistent
approach is shown in Fig. 25b. Starting from the low-temperature limit, the T 3/2 behavior is
observed. Increase of the temperature turns it into a small plateau at kBT ≈ 0.02J . Above this
temperature, there is a regime where CV increases approximately linear with T , followed by a
sharp drop at kBTc = J/12. This is a discontinuity at the mean-field level with the same critical
exponent observed in the Ising model (also within the mean-field approximation). The similarity
of the CV behavior at Tc for this two models is related with the development of a nonzero chiral
order parameter (Eq.(4.18)) that breaks a discrete symmetry (time-reversal).

The lost entropy per site calculated within the parton mean-field theory is approximately
1.98kB, significantly higher than the expected for a j = 3/2 system (kB ln 4 ≈ 1.39kB). This
result was anticipated since the mean-field result to overestimate the entropy since the number of
microstates in this approach is higher than the actual number of physical states. This problem
will be implicit in all other calculations and can be better understood by contrasting with the
Kitaev model. First, there are no operators in which the mean values of the QSOL projected and
unprojected wavefunction (see Eq. 2.68) are the same. At zero temperature, this problem was
circumvented by using the Variational Monte Carlo (VMC) method to enforce the projection and
find a better estimate of the ground state energy. (4) This method, however, is generally not used
to study QSLs at finite temperatures. Second, the parton MFT implicitly assumes that the Z2

gauge configuration in the mean-field Ansatz remains frozen at finite temperatures. Without this
assumption, the diagonalization of the Hamiltonian would be impossible and no result would be
obtained in the mean-field level. This is correct for the case of the Kitaev model, where the Z2

gauge variables commute with the entire Hamiltonian, but it is generally incorrect for models in
general.

The only calculations of thermodynamic quantities in controlled approximations of
QSLs at finite temperatures were done recently for the Kitaev model, and benefit from this
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model integrability. (132–134, 175) Remarkably, studies of thermodynamics of the Kitaev
model (132–134, 175) found that thermal fluctuations of the Z2 gauge field are activated at
temperatures much lower than the bandwidth of the Majorana fermions at zero temperature. The
proliferation of thermally excited visons is detected as an additional peak in the specific heat. In
the case of three-dimensional QSLs (132), the lower-temperature peak in CV is a true singularity
and signals a topological phase transition predicted by Z2 gauge theory. (182, 183)

Nevertheless, it is still possible to argue in favor of using the broad peak at higher
temperature and determine the energy scale of the exchange interactions. It was found for Kitaev
models that the corresponding peak in CV is well described by the approximations of either fixing
a uniform configuration or treating the Z2 gauge field as a completely random variable. (133) I
used this result and the qualitative agreement of the CV calculated here with the experimental
data obtained in Ref. (31) to give an estimative for the critical temperature Tc ≈ 70K. This fixes
the exchange coupling constant at J ≈ 72 meV and give the energy scale to analyze the INS and
RIXS results.

5.1.2 Magnetic Susceptibility

If specific heat can be considered the most fundamental thermodynamical measurement,
the magnetic susceptibility χ under uniform magnetic field is the most basic thermodynamical
quantity specific to a magnetic system. It is formally defined by the derivative of the magnetization
with respect to an applied field for a fixed temperature. The response of an ordered magnetic
state is expected to be very different from the paramagnetic state, and therefore the transition
between the disordered to the ordered state is typically accompanied by a peak or a cusp of the
susceptibility at the transition point. (11) Anisotropic magnetic susceptibility give hints on the
type of magnetic order displayed by the system.

It is usual to start the analysis of the susceptibility from its low and high-temperature
behaviors. The low-temperature susceptibility depends upon the low-energy magnetic excitations
(in analogy to the specific heat) and can also give indications of a gapped or gapless magnetic
state. The magnetic susceptibility at high temperatures is given by χ(T ) ∼ A/(T −ΘCW), where
ΘCW is the Curie-Weiss temperature. For strongly correlated systems, this temperature is related
with the exchange constants of the Hamiltonian. If the experimental data is fitted by ΘCW > 0

(ΘCW < 0), we understand that the magnetic interactions are predominantly (antiferromagnetic)
ferromagnetic. The absolute value of ΘCW sets the order of magnitude expected for the phase
transition. The absence of order at temperatures well-below |ΘCW| is often taken as an indication
of exotic magnetism. This allows us to to define the frustration parameter f = |ΘCW|/To, where
To is the temperature of the ordering parameter. A compound with f � 1 indicates a resistance
against the usual orders in a strongly correlated system and can serve as an indicator of quantum
spin liquid behavior.
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The magnetic susceptibility data for Ba2YMoO6 presented by de Vrie et al. (30) and
Aharen et al. (31) are very unusual. The two papers agreed that there would be two Curie
regimes (i.e., two temperature ranges in which 1/χ has a linear behavior). The most immediate
explanation would be the splitting of the fourfold degeneracy of the j = 3/2 manifold at lower
temperatures, which would account for the low temperature Curie regime. Such degeneracy
lifting would still retain the Kramer’s degeneracy of the pseudospins and give the second Curie
regime. But one consequence of lifting the pseudo-orbital degeneracy is the formation of a
quadrupolar order that is accompanied by a structural transition. This explanation can be then
ruled out because of the retention of the cubic symmetry in Ba2YMoO6. (29)

Now, consider the susceptibility of the chiral QSOL. For simplicity, let me state the static
susceptibility of a spin-1/2 system (179)

χ(q = 0, ω = 0, T ) = χ(T ) = −
∫

d3k

(2π)3

∑
ωn

1

(iωn − εk)2 , (5.13)

where ωn is the fermionic Matsubara frequency

ωn = (2n+ 1) πkBT. (5.14)

The susceptibility χ(T ) can be given in terms of the density of states as follows

χ(T ) = −
∫
dε δ(ε− εk)

∫
d3k

(2π)3

∑
ωn

1

(iωn − εk)2

∝ −
∫
dε
∑
ωn

ρ(ε)

(iωn − ε)2

=

∫
dε ρ(ε)

(
−∂nF (ε, T )

∂T

)
=

1

kBT 2

∫
dε ρ(ε)

ε exp
(

ε
kBT

)
[
1 + exp

(
ε

kBT

)]2 (5.15)

For low-temperatures, this implies that if ρ(ε) ∝ εα, then χ(T ) ∝ Tα. A similar expression can
be obtained for the QSOL susceptibility leading to the same power law expression. Using Eq.
(5.2), this implies χ(T ) ∝ T 1/2. The QSOL low-temperature behavior, if not confirmed by the
experimental data, is at least consistent with it. (30, 31)

However, the situation is different with regard to the evaluation of the Curie-Weiss
temperature ΘCW. Attempts to apply the self-consistent method led always to ΘCW = 0.
Analytically, ΘCW is evaluated by including a Zeeman term on a Landau free energy (in our case,
Eq. (5.11)), finding the minimum of the order parameter for vanishing h, expressing this order
parameter explicitly, and then evaluating the magnetic susceptibility. The order parameters of the
QSOL theory, however, do not couple directly with the magnetic field like the order parameters
of more usual ordered phases. Parton mean-field theory seems to be inadequate to estimate
ΘCW. Even in the Kitaev model, where χ(T ) can be exactly calculated, ΘCW is evaluated with
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standard high-temperature expansions of the magnetic susceptibility. (175) That being the case,
the Curie-Weiss temperature evaluated in Ref. (29) was given by ΘCW = −J

5
on the SU(2)

symmetric model. If this value is accepted, this is equivalent to ΘCW ≈ −168K, which is in the
same range of Curie-Weiss temperatures found in Ref. (30) (-160K) and Ref. (31) (-219K). Thus,
this result is also consistent with the experimental data.

5.1.3 Nuclear Magnetic Resonance

Nuclear magnetic resonance (NMR) is a very versatile technique based upon the hyperfine
interaction between the atom nuclei and the electrons in their surroundings. The first part of an
NMR experiment is to set the nuclear spins into an ordered state by applying a magnetic field
pulse with intensity close to the resonance frequency ωn of the nuclear ion under consideration.
Once the magnetic pulse is over, the hyperfine interaction allows the transference of energy
of the excited nuclear spins to their surrounding electrons. In general, ωn is several orders of
magnitude lower than the energy scales of the electronic degrees of freedom. The electronic
modes excited by the hyperfine interaction will be then low-energy gapless excitations. Following
these principles, NMR experiments on solids allow us to study excitations near Fermi surfaces
from the data of nuclear spin relaxation.

There are two interesting quantities that are obtained through NMR in the context of
magnetic materials: the Knight shift and the longitudinal relaxation frequency 1/T1. The Knight
shift gives a measure of the local electronic susceptibility and can give information about
inhomogeneous arrangements of the magnetic moments throughout the lattice. This quantity
was not calculated for the quantum spin orbital liquid with nodal lines. Here I only state that
Ref. (31) has shown that the Knight shift of Ba2YMoO6 was vanishingly small in contrast to
what is expected for an ordered phase, giving another argument in favor of a state dominated by
quantum fluctuations.

Now, let me discuss how the relaxation frequency 1/T1 can be computed and the
information that can be obtained from it. In spin systems, the energy transfer between electrons
and nuclei is mediated by the hyperfine coupling

Hhf =− Ii · Bhf(i), (5.16)

where Ii is the nuclear spin at site i and Bhf(i) is the hyperfine effective field due to neighboring
electrons. The excited nuclear spin in Ref. (31) was the I = 1/2 89Y, which couples to the
j = 3/2 magnetic moment of Mo electronic spins. The effective field Bhf is then written like

Bhf(i) = A0

∑
δ

ji+δ, (5.17)

where δ is the relative position of the atoms of 89Y and their neighboring Mo atoms, andA0 is the
constant hyperfine coupling for first-neighbor δ. Following Fermi’s golden rule, the spin-lattice
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relaxation rate 1/T1 is proportional to the density of states excited by the hyperfine interaction
and the square of matrix element of Hhf between the ground state and the excited state. The
explicit final result is

1

T1

∝ 1

1− e−βω
∑

q∈BZ

|A(q)|2χ′′+−(q, ω), (5.18)

where ω is the resonance frequency,

A(q) = A0

[
cos
(qx

2

)
+ cos

(qy
2

)
+ cos

(qz
2

)]
(5.19)

is the hyperfine interaction form factor, and χ′′+−(q, ω) is the spectral function given by

χ′′+−(q, ω) =
1− e−βω

Z

∑
n,n′

e−βEn
∣∣〈n′ ∣∣j−q ∣∣n〉∣∣2 δ(ω − En′ + En), (5.20)

with |n〉 being an exact eigenstate of the spin Hamiltonian with energy En, and Z =
∑

n e
−βEn

being the partition function. Here, j−j = jxj − ijyj is the angular momentum lowering operator at
site j and j−q is its Fourier transform.

In order to calculate 1/T1, the first step was to write j−j in terms of s and τ according
to Table 1 and relate the spectral function χ′′+−(q, ω) to finite-temperature correlations of free
Majorana fermions. In this approach, the order parameters calculated self-consistently at finite
temperature (see Subsection 5.1.1) were used to update the Hamiltonian at each temperature.
Some insight can be gained if we first analyze the contribution of the η fermions to the total
spectral function, since this case allows the derivation of some closed-form expressions. Using
the procedure outlined in Appendix F, the η fermion contribution is given by(

1

T1

)
η

∝
∫

BZ
d3kd3k′

|A(k− k′)|2Fη(k,k′)
cosh2

(
βε

(η)
k1 /2

) δ(ε
(η)
k′1 − ε

(η)
k1 ), (5.21)

where

Fη(k,k′) = 1 +
h(k) · h(k′)

|h(k)||h(k′)| . (5.22)

At low temperatures kBT � J , the spin-lattice relaxation rate is dominated by excitations
with small momentum transfer near the quadratic band touching point. Let us denote k =

(π, π, π) + q and k′ = (π, π, π) + q′, with |q|, |q′| � 1. In this case, the energies can be
approximated by Eq. (5.1) and the vector h(k) by

h(k) ≈ (qxqy, qyqz, qxqz) ≡ q2h̃(Ω), (5.23)

where Ω is the solid angle in spherical coordinates. It is also possible to use the approximation
A(k− k′) ≈ 3 and

Fη(k,k′) ≈ F (Ω,Ω′) = 1 +
h̃(Ω) · h̃(Ω′)

|h̃(Ω)||h̃(Ω′)|
. (5.24)
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Figure 26 – Spin lattice relaxation rate of the chiral spin liquid state as a function of the
temperature.
Source: NATORI; DAGHOFER; PEREIRA. (1)

Gathering all the approximations, the low-temperature spin-lattice relaxation rate is

(
1

T1

)
η

∝
∫
dΩdΩ′F (Ω,Ω′)

∫
dq q2

∫
dq′ (q′)

2 δ
(
q2f(Ω)− (q′)2 f(Ω′)

)
cosh2 (βq2f(Ω)/2)

∝
∫
dΩdΩ′

F (Ω,Ω′) |f(Ω)|1/2

|f(Ω′)|3/2
∫
dq

q3

cosh2 (βq2f(Ω)/2)

∝ T 2

∫
dΩdΩ′

F (Ω,Ω′) |f(Ω)|1/2

|f(Ω′)|3/2
∫
dx

x3

cosh2 [x2f(Ω)/2]
. (5.25)

That is how we verify that (1/T1)η scales as T 2 for T → 0. A similar calculation assuming
momenta near the Fermi lines leads to (1/T1)η ∝ T 3. While this result refers to the contribution
from η fermions, it also reflects the qualitative behavior of the total 1/T1 since the dispersion
relation of the θ fermions near the Fermi lines is qualitatively the same.

The total spectral function χ′′+−(q, ω) was computed numerically, including the contribution
from θ fermions and at arbitrary temperatures, as explained in Appendix F. The result for the
spin-lattice relaxation rate is shown in Fig. 26. At low temperatures, the behavior is dominated by
the R point and is described by the power law 1/T1 ∝ T 2 discussed above. An abrupt increase
of 1/T1 is verified near the critical temperature Tc, followed by a constant behavior at higher
temperatures. This result is qualitatively consistent with the measured relaxation rate in Ref. (31).
While the suppression of 1/T1 at low temperatures was interpreted as evidence for a gapped
QSL, the experimental result is also qualitatively consistent with a pseudogap in the low-energy
density of states. Considering the absence of an Arrhenius law behavior in CV , the pseudogap
interpretation better adjusts to the experimental data. Thus, the chiral spin-orbital liquid is a valid
alternative to explain the spin-lattice relaxation rate of Ba2YMoO6.



126

(a) (b)

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0.0

0.2

0.4

0.6

0.8

1.0

�/J

�
''
(Q
,�

)(
n
.u
.)

(c)

Figure 27 – (a) First Brillouin zone of the fcc lattice. (b) Dynamical structure factor (in arbitrary
units) probed by inelastic neutron scattering. (c) Result after integration over
1.5Å−1 < Q <1.8Å−1.
Source: NATORI; DAGHOFER; PEREIRA (1)

5.1.4 Inelastic Neutron Scattering

Neutron scattering is the standard probe to study magnetic ordering and excitations in
condensed matter. This status can be understood by a comparison with the three measurements
studied above. The three gave valuable indications of the nature of the excitations close to the
Fermi surface and some information about the phase transitions and exchange constants could
be extracted from the high temperature behavior. However, one could not find the full excitation
structure of a magnet with these techniques. INS cross sections provides detailed information
about the spin dynamics for a broad range of transferred energy and momentum, and with a good
resolution of these two variables.

The neutron spin couples with the total angular momentum of the electron to a good
approximation. (55) For the 4/5d1 Mott insulators, this implies that it measures correlations
between the total magnetic moments M ∝ j (see the discussion at the beginning of this chapter).
At zero temperature, the magnetic scattering cross section for polarized neutrons is proportional
to one component of the dynamical structure factor

Sab(q, ω) =
∑
j,n

e−iq·Rj〈g
∣∣jaj ∣∣n〉〈n ∣∣jbi ∣∣ g〉δ(ω − En + Eg), (5.26)

where |g〉 is the ground state, q and ω > 0 are the momentum and energy transferred by the
neutron, and |n〉 is an excited state of the many-body Hamiltonian.

I calculated the dynamical structure factor for the chiral spin-orbital liquid measured by
the INS within the parton MFT formalism. It follows from PΘ and point group symmetries that
Sab(q, ω) ∝ δab and Saa(q, ω) = Saa(−q, ω). Writing the operator j in terms of s and τ and
then Majorana fermions, generates

Saa(q, ω) =
4

N

∑
n,k

F a
n (k,q)δ(ω − En + Eg). (5.27)
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For example, the form factor for Szz(q, ω) is

F z
n(k,q) =

∣∣∣∣∣∑
X

〈g|η2
q−k+G,Xη

3
k,X |n〉eiG·δX

∣∣∣∣∣
2

+ 4

∣∣∣∣∣∑
X

〈g|η3
q−k+G,X θ̄

xy
k,X |n〉eiG·δX

∣∣∣∣∣
2

, (5.28)

where G is a vector of the cubic reciprocal lattice chosen such that q − k + G is contained
in the first Brillouin zone. The components Sxx(q, ω) and Syy(q, ω) can be obtained from Eq.
(5.28) by cyclic permutation of all indices a = 1, 2, 3 = x, y, z. Within the mean-field theory,
the excited states are restricted to two-particle excitations. The form factors can be calculated
using the matrix elements of Uk and Vk defined in Eqs. (4.25) and (4.34).

Figure 27b shows the dynamical structure factor Sxx(q, ω) along the high-symmetry
lines of the Brillouin zone of the fcc lattice (see Fig. 27a). The spectral weight is distributed
over a continuum of fractionalized excitations, which is a general behavior of QSL dynamical
structure factor (see for example (78, 177) and the discussion of 2.3). The maximum intensity is
found at the L point, corresponding to momentum transfer q = (π, π, π). The energy scale at the
maximum is of the order of the bandwidth of the Majorana fermions ηa and θ1,3 shown in Fig.
15b. Using J ≈ 72 meV estimated from the specific heat, the peak in the dynamical structure
factor appears at transferred energy ω ≈ 0.25J ≈ 18 meV.

The theoretical results can be compared with the neutron scattering experiments reported
by Carlo et al. (32) done in polycrystalline samples. To be consistent with the experiments
performed in this reference, an average of dynamical structure factor over momenta with absolute
value Q in the range 1.5Å−1 < Q < 1.8Å−1. I took the lattice spacing to be a = 8.389Å (30)
and considered a sum over transferred momenta within these values of Q. In particular, this
included the point L′ = a−1(3π, 3π,−π) equivalent to L by a reciprocal lattice translation.

The integration leads to a single broad maximum at ω ≈ 18 meV displayed in Fig. 27c.
This result is inconsistent with the neutron scattering cross section, which shows a three-peak
structure with a pronounced magnetic peak at ω ≈ 28 meV and two smaller ones at 11 and 17
meV. The chiral QSOL does contain multiple energy scales associated with the nondegenerate
Majorana fermion bands shown in Fig. 15b, but the bandwidths of the flavors ηa, θ1,3 are rather
close to each other and lead to this single peak.

The inclusion of Z2 gauge fluctuations to the chiral QSOL may account for the formation
of new peaks. One indication of this is the broadening and shift of the spectral weight of
S(q, ω) caused by them in a bosonic spin liquid. (177) It must be said, however, that the gauge
fluctuations in (177) were included as perturbations controlled by phenomenological parameters
(i.e., without any relation to a microscopic parameter). In this case, it is difficult to estimate
a value in which they are actually capturing the physics of dynamical Z2 gauge fluxes in a
QSL. Some comparison with the the dynamics of the Kitaev model is useful at this point. The
exact computation of S(q, ω) in this models is simplified by the fact that the Z2 gauge flux is
static. (125–129) The inclusion of dynamical gauge fluxes parting from this integrable starting
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point was first considered in Ref. (137) and more formally developed only in a recent paper. (176)
In summary, the effects of dynamical Z2 gauge fluxes on the dynamical structure factor of QSLs
is still an open question and their inclusion will be left for a future work.

5.2 Resonant Inelastic X-Ray Scattering

Resonant Inelastic X-Ray Scattering (RIXS) is a fast developing photon-in photon-
out spectroscopic technique that has the potential to complement INS studies on frustrated
magnets. (48) The energy of the incident x-ray is tuned to resonate with the energy of an atomic
transition between a core and a valence level of the species under study, and this resonance
enhances the photon scattering cross section. Similar to the INS, RIXS measures the dependence
of the photon differential cross sections on the transferred momentum and energy that is then
related to orders and excitations of certain degrees of freedom of the electrons.

Ament et al. (48) list five generic features of RIXS that make it an attractive technique to
study condensed matter systems.

1. First, RIXS displays the largest scattering phase space available to study elementary
excitations of all existing spectroscopic techniques.

2. Second, since it is based upon the resonance energy between specific atomic levels, this
technique distinguishes between different chemical elements and atomic orbitals.

3. Third, RIXS has a penetration depth of the order∼ 0.1−1µm, which is enough to measure
bulk properties.

4. Fourth, the sample volume to perform an experiment is smaller than the ones used in
neutron scattering experiments facilitating single crystal experiments. This is justified
by the stronger interactions between photons and electrons in comparison to neutrons
and the higher brightness of x-ray sources in comparison to neutron sources. This can
be very useful to study compounds that are difficult to synthesize, such as the 4/5d Mott
insulators, where often only polycrystalline or powder measurements can be done (like
what happened in Ref. (32))

5. The fifth RIXS general feature is the polarization dependence of its differential cross
section. In theoretical terms, this means that RIXS scattering operators are strongly
dependent upon the relation between initial and final polarization.

Besides these general features, RIXS can be a very useful experimental technique for materials
with great neutron absorbance. This includes, for example, iridium based materials and provides
the earliest link between research in Kitaev materials and RIXS theory and instrumentation.



129

Considering all these positive features, one could ask: why does INS remain the standard
probe for strongly correlated system instead of RIXS? I provide two answers here. First, RIXS
requires very bright x-ray sources in order to obtain enough scattered photons and give an
spectrum with good energy and momentum resolution. Second, the technology allowing the
design of experiments with fixed photon final polarization is still unavailable. This means
that actual RIXS experiments measure the combination of correlation functions from different
microscopic operators. A detailed theoretical analysis must then be done in parallel with the
experiment in order to acquire useful data. Despite the great challenges to overcome these
two problems, the fast development of RIXS instrumentation allows optimism concerning the
availability of this technique to study strongly correlated systems.

This section is devoted only to the study of RIXS scattering operators and the RIXS
cross section of the chiral QSOL. Subsection 5.2.1 presents the fast-collision approximation
used to estimate the RIXS scattering operators. A symmetry analysis of these operators using
the method described in Refs. (47, 51, 184) is also sketched. Subsection 5.2.2 presents RIXS
scattering operators for 4/5d1 Mott insulators in the limit of strong SOC. All the calculations
were done at the so-called L edge, in which the energy of the incident photon is tuned to resonate
with a core p-level. A comparison with the INS results will be given by the end of this section.

5.2.1 Derivation and symmetry analysis of RIXS scattering operators

Most of this section is devoted to fix a notation and give certain orders of magnitude
for the RIXS processes. Let us start with the most general many-body Hamiltonian (see Eq.
(2.1)) which will be called H0 in this section. If RIXS is used to study this system, the total
Hamiltonian is given by H = H0 +H ′, where H ′ is the Hamiltonian describing the interaction
between electrons and photons. (48) For brevity, I already take the starting point to be

H ′ =
N∑
i=1

[
e

m
A(ri) · pi +

e~
2m
σi · ∇ × A(ri)

]
. (5.29)

Here, e is the electronic charge, m is the electron mass, ri, and pi and σi are, respectively, the
position, momentum and spin of the i-th electron. The interaction with the photon is mediated
by the electromagnetic vector potential A(r), and only linear terms in this field were preserved.
A(r) in second quantization reads

A(r) =
∑
k,ε

1√
2Vε0ωk

(
εak,εe

ik·r + ε∗a†k,εe
−ik·r

)
, (5.30)

where V is the volume, ε0 is the vacuum permittivity, and a†k,ε is the creation operator for a
photon with wave vector k, frequency ωk, and polarization vector ε.

The RIXS cross sections are calculated taking the interaction of a single photon with the
whole system as the perturbation. Let the initial electron-photon state be |G〉 and let us label a
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set of possible final states by {|F 〉}. The energy of the x-ray photon for the RIXS study I am
proposing ranges between ∼ 1− 10keV and is sufficient to excite an electron from a core level
to the valence band. As a result, between the initial and final state there will be a highly unstable
intermediate state |ν〉. The x-ray cross section of this process calculated up to second-order
is (48)

I ∝
∑
F

∣∣∣∣∣〈F |H ′|G〉+
∑
ν

〈F |H ′| ν〉〈ν |H ′|G〉
EG − Eν + iγν

∣∣∣∣∣
2

× δ(EF − EG), (5.31)

in which Eν and 1/γν are the energy and the lifetime of the intermediate state. The initial state is
taken to correspond to a direct product of a many-body electronic ground state |g〉 and an incident
photon state: |G〉 = |g〉 ⊗ |k, ωk, ε〉. Similarly, the final state is a direct product of an excited
electronic state |n〉 with energy En and an emitted photon labeled by |F 〉 = |n〉 ⊗ |k′, ωk′ , ε′〉.

The key point of the RIXS technique is that ωk is tuned to the energy difference between
an atomic core level and a valence shell state. In terms of the notation above, the incident photon
energy ~ωk is chosen so that |EG − Eν | � γν . In this situation, the system is said to be in
resonance and the second-order processes in Eq. (5.31) dominate the scattering cross section.

The RIXS cross section operators computed in this paper considered the only "direct"
RIXS process using the fast collision approximation. Let me present these approximations and
justify the validity of the approach a posteriori. First, the so-called “magnetic” contribution
(∝ σ ·∇×A ) of H ′ is neglected. Second, the dipole approximation is assumed for the scattering
amplitude and take eik·ri ≈ eik·Ri , where Ri represents the lattice point to which the i-th electron
is bound. Third, the core hole state is said to decay before it can hop to a different ion, i.e.,
it is localized. This approximation is known as the fast collision approximation. (48) Finally,
the effects of the core-hole Coulomb potential is neglected (direct RIXS process). Within these
approximations, RIXS probes only single-site operators.

The number of approximations leads to a justifiable skepticism towards this approach to
compute RIXS cross sections. In fact, sophisticated numerical studies of the RIXS cross section
for cuprates indicated that simpler approximations fail, specially for systems under doping. (185)
The reason for this failure is that the time scales of 3d electrons (of order ∼ 1/Γν) approach
those of the intermediate |ν〉 states. However, for 4d and 5d electrons, the γν is of the order
of 1− 5eV for the L-edge. (186) This is much greater than the ∼10 meV energy scale for the
spin-orbital excitations considered in this thesis. Hence, the fast collision approximation is a
good starting point to study the physics of the 4/5d Mott insulators.

Since only single-site operators are considered, the RIXS processes preserve the translation
symmetry. Hence, the cross section will depend only on q = k− k′ and ω = ωk − ωk′ , which
are, respectively, the momentum and energy transferred to the sample. Equation (5.31) can then
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be recast in the form

I(q, ω) ∝
∑
n

|〈n|Ôq|g〉|2δ(Eg − En + ~ω), (5.32)

where Ôq is the so-called scattering operator in momentum space. The latter is obtained from
the Fourier transform Ôq =

∑
i

eiq·RiÔi, where

Ôi =
∑
ν

1

iγν
D†i (ε′)|ν〉〈ν|Di(ε). (5.33)

Here, the dipole operator
Di(ε) = ε · ri (5.34)

acts on the electronic states bound to position Ri.

Equations (5.33) and (5.34) show that the RIXS cross section (5.32) depends on the
initial and final polarizations ε and ε′ and on the matrix elements of the electron position operator
〈ν|r|g〉 and 〈n|r|ν〉. The polarization of the incident photon can be controlled in experiments.
The final polarization is far more difficult to control. Naively, one could filter the scattered
photons and detect only photons at the desired final polarization. This method, however, would
eliminate most of the incident photons and increase the necessary time to perform a RIXS
measurement.

If the polarization concerns the photons, the matrix elements depend on details of the
intermediate states for a particular compound and the probed operators will vary according
to the probed system. Nevertheless, provided the final states are low-energy excitations, the
scattering operators are rewritten in terms of charge, spin and orbital degrees of freedom of the
valence electrons. For magnetic insulators, RIXS operators correspond to a combination of spin
and orbital angular momentum. This feature makes RIXS an attractive technique to investigate
magnetic insulators with strong SOC, in which spins and orbitals cannot be treated as separate
degrees of freedom.

Since Ôi is in general a complicated operator, it is desirable to start our RIXS analysis by
determining: (i) which polarization vectors ε and ε′ we should choose to acquire the signatures
of a given state; and (ii) which spin operators couple with these polarizations. The two issues
can be tackled at once by an elementary symmetry analysis of Eq. (5.33). As the absorption and
emission processes occur at the same ion, the operator Ôi should be invariant under operations of
the point group symmetry of the site Ri. The starting point is the decomposition of the scattering
operator into irreducible representations of the point group, Γ = Γ1 ⊕ ...⊕ Γn. A basis for these
representations is then constructed in terms of the polarization factors εΓj and (pseudo)spins
J Γj , in the form (47, 51, 184)

Ôi =
n∑

Γj=1

mul(Γj)∑
lj=1

κΓj ,ljε
Γj ,lj · J Γj ,lj , (5.35)
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Figure 28 – Schematic diagram of a RIXS experiment at the L2 edge, featuring specifically the
possibility of pseudo-orbital flip. The absorbed photon creates a core 2p hole, which
is subject to strong spin-orbit coupling. This highly unstable state decays before a d
electron can tunnel to or from the ion, generating a spin-orbital excitation and an
emitted photon.
Source: NATORI; DAGHOFER; PEREIRA. (1)

where mul(Γj) is the multiplicity of the irreducible representation Γj , the dot represents a
symmetric contraction of all indices, and κΓj ,lj are material specific coefficients.

The bases of the irreducible representations of the octahedral group in terms of multipoles
of j = 3/2 moments are known (147, 148) and are reproduced in Table 1, together with
their representation in terms of s and τ pseudospins. Considering that the polarization vectors
transform like j operators under rotations, εΓj ,lj are given by:

Pa =
i

2

∑
bc

εabcε
′∗
b εc, (5.36a)

Ta =
1

2

∑
b6=c

(1− δab)(1− δac)ε′∗b εc, (5.36b)

Q2 = ε′∗x εx − ε′∗y εy, (5.36c)

Q3 =
1√
3

(ε′∗x εx + ε′∗y εy − 2ε′∗z εz), (5.36d)

U = ε′∗ · ε, (5.36e)

Here, the vector P corresponds to the Γ4 representation, T to Γ5, Q2 and Q3 to Γ3, and U to the
scalar representation. Combining Table 1 and Eqs. (5.36) in Eq. (5.35), we obtain the general
form of all transition operators [except for the scalar representation, which couples with the
Casimir operator j2 = j(j + 1) = const.]. Noticing that s is given by a linear combination of Γ4

dipoles and octupoles, and (τx, τz) form a basis of the Γ3 irreducible representation, RIXS can in
principle probe pseudospin and pseudo-orbital excitations directly.

5.2.2 L-edge RIXS cross section of the chiral spin-orbital liquid

I now calculate the L-edge RIXS operators for 4d1 and 5d1 orbital systems retaining
cubic symmetry explicitly, as well as the RIXS scattering cross sections for the chiral QSOL at
the mean-field level. The L-edge mechanism is illustrated in Fig. 28. There the 2p core electrons
are excited to the B and C states of Eq. (2.45). This edge was chosen because the strong SOC of
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Figure 29 – RIXS cross section (in arbitrary units) probing (a) s, (b) sτy, (c) τx and (d) τz
operators along the high symmetry directions of the Brillouin zone of the fcc lattice.
Source: NATORI; DAGHOFER; PEREIRA. (1)

the intermediate state allows transitions between initial and final states that do not conserve the
spin Sz, which allows more complicated operators to be probed. The core-hole Hamiltonian is

Hcore = ΛL · S, (5.37)

where Λ > 0 is the SOC constant for the 2p states and L is the L = 1 angular momentum of
p electrons. Like in the d1 valence electron, there is a lifting of the six-fold degeneracy into a
doublet and a quadruplet. However, now the doublet has lower energy (see Fig. 28). We refer
to the excited hole in the j = 1/2 (j = 3/2) multiplet as the resonant L2 (L3) edge. Since the
separation between these two edges is of the order ∼100 eV (∼1 keV) for 4d (5d) ions (52),
which is much larger than the inverse lifetime of the intermediate states (1-5 eV), the two edges
can be taken as separate processes.

Most of the dipole matrix elements of Eq. (5.34) vanish by symmetry. The remaining
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terms are written in second quantization as (52)

Di(ε) ∝d†xy,σ(εxpy,σ + εypx,σ) + d†yz,σ(εypz,σ + εzpy,σ)

+ d†zx,σ(εzpx,σ + εxpz,σ). (5.38)

Eq. (5.33) is further simplified by writing γν ≈ γµ = const., with µ = 2, 3, for all intermediate
states in the Lµ edge. Here, γµ is the average decay rate of the intermediate core-hole states. This
approximation, together with the others discussed in Section 5.2.1, leads to

ÔLµi =
1

iγµ
D†i (ε′)PµDi(ε), (5.39)

where Pµ is the projection operator of the intermediate states in the Lµ edge.

Expressions for the scattering operator were derived in terms of pseudospins s and τ
by taking the projection in the j = 3/2 subspace and using the single-occupancy constraint∑

σ(B†σBσ + C†σCσ) = 1. (3) Let us study these operators in the cubic limit relevant for
Ba2YMoO6. For the L2-edge, I find

ÔL2
i ∝

1√
3

[
Q2τ

x
i +Q3τ

z
i − 4T · (sτ yi )− 2√

3
P ·Ki

]
+ const., (5.40)

where
Ki = (sxi (1− 4τ yzi ), syi (1− 4τxzi ), szi (1− 4τxyi )) . (5.41)

On the other hand, the scattering operator for the L3 edge involves only the pseudospin s:

ÔL3
i ∝

4

3
P · si + const.. (5.42)

An independent and more general work discussing the scattering operators of 4/5dn based Mott
insulators with t2g was published in Ref. (52). There, the operators are given in terms of the
l effective angular momentum and the spin degree of freedom. I checked that my results are
equivalent to the projection of the operators found in that article onto the j = 3/2 manifold for
4/5d1 electrons.

After calculating the scattering operators ÔLµi , the RIXS cross section in Eq. (5.32) can
be calculated using the same techniques used to evaluate the INS dynamical structure factor
(Section 5.1.4). The results for some representative operators are shown in Fig. 29. The spectral
weight is distributed over a broad continuum, as expected for fractional excitations. A common
feature for all these results is a maximum of intensity for transferred momentum at the L point,
q = (π, π, π).

Interestingly, the θ2 fermion is excited in the cross section of the L2 edge through the
operators τx, τ z and sτ y, in sharp contrast with the dynamical structure factor for INS. Due
to the reduced bandwidth of the θ2 fermions, the spectrum probed by RIXS (with the proper
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polarization) displays a narrower energy range when compared to the one measured by INS. This
feature is readily verified when comparing Figs. 29b, 29c and 29d with Fig. 27b.

The interesting feature of the L3-edge is that it detects pseudospin excitations directly. In
principle, it would be possible to choose ε and ε′ such that Px = Py = 0, but Pz 6= 0. The cross
section is then given by

I(q, ω) ∝
∑
n

∣∣〈n ∣∣szq∣∣ g〉∣∣2 δ(Eg − En + ~ω), (5.43)

where szq is the Fourier transform of szj . At the special point q = 0, the form factor involves
the conserved quantity sq=0 = stot [see Eq. (3.55)], which commutes with the spin Hamiltonian.
Since the ground state is a singlet of the pseudospin SU(2) symmetry, sq=0|g〉 = 0. Thus, it
follows from Eq. (5.43) that

I(q = 0, ω) = 0 (for Ôq = szq), (5.44)

for any transferred energy ω. This feature is clearly seen in Fig. 29a, and should be contrasted
with the dynamical structure factor S(q = 0, ω) 6= 0 for INS in Fig. 27b. This result is explicitly
confirmed by the computation of the form factor in Eq. (5.43). At the mean field level, the excited
state |n〉 is a two-particle excitation, in which the particles are characterized by well-defined
momenta k and k′. We can write |n〉 = |n(k,k′)〉, in which the vector k′ can take the values
±k ± q according to the type of two-particle excitation under consideration. As shown in
Appendix F (see Eq. (F.15)), the form factor in this case is∣∣〈n(k,k′)

∣∣szq∣∣ g〉∣∣2 = 1− h(k) · h(k′)

|h(k)||h(k′)| . (5.45)

This form factor clearly vanishes for q = 0. Therefore, this RIXS cross section could be used to
detect the hidden SU(2) symmetry of the spin-orbital model for double perovskites.

The dynamic structure factor for the operator sτ y calculated at mean-field level also
vanishes at q = 0 (see Fig. 29b). The reason is that the Majorana representation saτ y =

−iηaθ2/4, involves only θ2 and η fermions, whose mean-field Hamiltonians are diagonalized by
the same unitary transformation Uk given by Eq. (4.25). As a result, the form factor associated
with sτ y is also given by Eq. (5.45). However, since

∑
j sjτ yj does not commute with the

Hamiltonian, the vanishing of the spectral weight at q = 0 in this case is an artifact of the
mean-field approximation.

I conclude this section with final remarks on the usefulness of RIXS to probe 4/5d1 Mott
insulators. Throughout this section I considered only the cubic case, because of its simplicity
and relevance to study the QSOL candidate Ba2YMoO6. But it is also possible to compute the
scattering cross sections of distorted systems. Appendix G provides the expression for Eq. (5.39)
including effects of tetragonal distortion that were calculated in Ref. (1). These results indicate
that RIXS is another tool to investigate the onset of quadrupolar orders in double perovskites,
such as the one recently proposed on the osmate Ba2NaOsO6. (187)
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The discussion throughout this work was restricted to one-site operators, but this
technique can, in principle, probe operators involving two or three sites. (51) The symmetry
arguments presented here can be extended to these operators. When this is done, it can be shown
that the chiral operator si · (sj × sk) could be probed and would couple with the polarization
factor ε′∗ · ε (see Table I of Ref. (51)) RIXS could in principle detect the P and Θ symmetry
breaking of the chiral spin-orbital liquid in the elastic limit . Even though this signal would be
weak (since a three-site operator would lead to a less intense cross section than a single-site), it
is already a remarkable result that RIXS can probe some type of order in a QSOL. Out of the
elastic limit, the RIXS cross section is influenced by Z2 gauge fluctuations. As happened with
the INS, the evaluation of these fluctuations will be left to a separate and detailed study.
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6 CONCLUSIONS AND OUTLOOK

I have presented a study of realistic microscopic models for 4/5d1 Mott insulators, in
which strong SOC leads to an effective j = 3/2 local moment. These minimal models display
multipolar interactions and large continuous symmetries that enhance quantum fluctuations.
The latter can induce exotic forms of magnetism, including QSOL states. I first analyzed the
multipoles of these angular momentum and showed that they can be rewritten in terms of
s = 1/2 pseudospins s and pseudo-orbitals τ . These operators allow simpler interpretations of
the continuous symmetries emerging in double perovskites and Kitaev material-like compounds
in the limit of vanishing Hund’s coupling. In the case of the double perovskites, the total
pseudospin

∑
i si is a conserved quantity. For the materials in generalized honeycomb lattices,

the SU(4) symmetry can be made explicit through a Klein transformation on s and a two-
sublattice transformation on τ . The results discussed in this thesis can help guide theoretical
modeling, design and interpretation of experiments in compounds with similar j = 3/2 physics.

I also studied the energetics and experimental responses of fermionic QSOLs proposed
from parton mean-field theory. The energetics study was performed with VMC computations
and showed that the QSOLs displayed competitive energies and could describe the ground
state. It was then possible to compare the experimental data available for the double perovskite
Ba2YMoO6 (30–33) and the expected response of the chiral spin-orbital liquid. The chiral QSOL
reproduces the sharp drop in the spin-lattice relaxation rate at low temperatures (31) and the broad
peak in the specific heat. (30, 31) It is necessary to remember, however, that parton mean-field
theory is an uncontrolled approximation that includes contributions of unphysical states. The
controlled computation of thermodynamical quantities for QSLs has only been possible for
the Kitaev model by combining its integrability with Monte Carlo calculations. (132–134) The
problem of improving the computation of thermodynamical quantities for fermionic QSOLs is
still open.

Turning to the spectroscopic technique, the QSOL does not lead to a three-peak structure
observed in the INS cross section measured in polycrystalline samples. (32) It is also difficult
to interpret the two Curie regimes observed in the susceptibility. (30) The current results for
this phase do not support a QSOL in double perovskites, and a dimer-singlet phase explains
the experimental data available for Ba2YMoO6 in a more natural way. (139) This seemingly
disappointing result must be balanced with the positive methodological accomplishments. The
study performed in this thesis started from the microscopic degrees of freedom up to the expected
responses of a j = 3/2 QSOL and showed that its absence of order does not imply absence of
distinguishable features in experiments.

It was also demonstrated that RIXS is a promising technique to probe j = 3/2 compounds.
The RIXS scattering operators for 4/5d1 Mott insulators directly probe s and τ in the case of
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fixed polarization. This leads to a peculiar feature to the RIXS cross section of the chiral QSOL
at the L3-edge, namely, the suppression of the spectral weight for q = 0 transferred momentum
due to the SU(2) symmetry. The applicability of RIXS as a spectroscopic technique for strongly
correlated systems stumble upon certain technical limitations. The most important at the moment
is its dependence of the measured cross section with the photon polarization, which works
as a double-edged sword. On the one hand, it gives the potential of probing the dynamics of
certain degrees of freedom that are kept unavailable for INS. On the other hand, since the final
polarization of the photon is not controlled, it also means that the measured RIXS cross sections
display a combination of responses from different degrees of freedom. The data must be then
further analyzed in order to give useful information. The challenges of producing better photon
detectors are great, but there are reasons for optimism concerning this issue. The synthesis of the
Kitaev material H3LiIr2O6 was announced this year with several experimental results indicating
a QSL ground state. (116) This is an interesting compound to be probed with RIXS, since this
technique can probe the Majorana excitations of the Kitaev model in the L3-edge with a fixed
polarization. (130, 131) Given the deserved attention of this experimental problem, the better
control of the photon polarization in RIXS can be considered the next benchmark in RIXS
instrumentation. This factor combined with the steady progress of RIXS applicability makes it
reasonable to state that the RIXS theory designed here may be tested in the following years.

Concerning the experimental features of 4/5d1 compounds isostructural to the Kitaev
materials, there is only one synthesized material in this category (α-ZrCl3) and no experimental
results available to determine the nature of its ground state. (39) One recently proposed route
to produce similar Mott insulators in generalized honeycomb lattices is through metal-organic
frameworks. (39, 108) Since the superexchange path in these frameworks would be topologically
identical to the ones observed in Kitaev materials, 4/5d1 compounds would display the same
SU(4) symmetrical model. (39) Would they be good QSOL candidates? The SU(4) limit probably
hosts a QSOL ground state and the results of VMC calculations indicate that they should be stable
against tetramerization. The results I have found with LFWT also indicate that simpler orders are
unstable. But the state observed in actual experiments will depend on the role of perturbations
induced by Hund’s coupling, further-neighbor interactions, direct exchange, distortions, etc.
There is no tenable theoretical solution to a problem with so many possible variables, and
the answer to this question will depend upon an interplay between theory and experiment, as
performed for double perovskites.

I close with some open issues and suggesting some venues for future research in j = 3/2

compounds, starting with the more immediate question of the Jahn-Teller effects in these
materials. The models considered throughout this thesis presupposed the retention of cubic
symmetry, since it is an important part of the physics of Ba2YMoO6 and the Kitaev materials.
However, distortion is generally observed in 4/5d1 double perovskites. (29) Provided the spin-
orbit coupling is more relevant than this distortion, the pseudospin and pseudo-orbital remain
good degrees of freedom to describe the physics of this compounds. Indeed, the effects of
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tetragonal distortion on RIXS scattering were already computed. (1) The distortion lifts the
degeneracy between B and C orbitals, and hence favors an orbital ordering. This generically
leads to a quadrupolar order, whose order parameters are given in terms of mean values of τx

and τ z. (29) The study of distortion and Jahn-Teller effects are further encouraged by NMR
experiments indicating the breaking of local point symmetry in the osmium-based compound
Ba2NaOsO6 by tetragonal distortions at low temperatures. (187) A quadrupolar order was
suggested to explain these results. Even more recently, a study based on ab initio techniques
indicated that the dynamic Jahn-Teller effect can be important to understand the physics of
double perovskites. (188) The machinery developed throughout this thesis may simplify the
treatment of this problem and shed light on the physics of quadrupolar orders and excitations.

It would be also important to study the stability of the QSOLs with a renormalization
group (RG) approach. Just like parton mean-field theory is different from the usual mean field
theory, the enlarged Hilbert space generated by the parton construction is also inherited by the
RG. To overcome this problem, a methodology was designed allowing RG calculations for
fermionic QSLs in recent years, the so-called pseudofermion functional renormalization group
(pf-FRG). (80, 189–194) Its principle is the same of other functional renormalization group
(FRG) techniques: it allows the determination of the exact flow equation of the vertex function
ΓΛ, a Legendre transformation of the more usual Green’s function. (195) The flow is defined
by a system with infinitely many coupled equations, and approximate schemes involving the
truncation of these equations are necessary in actual computations. The pf-FRG was developed
using the physics of the Mott insulating phase of cuprates as motivation. (189) It distinguishes
from other FRG schemes because it slightly changes the Hamiltonian of interest in a way that
is equivalent to project the parton states to the physical Hilbert space. The pf-FRG was soon
adapted to discuss the phase diagram of the Heisenberg-Kitaev model with temperature (190)
and can be used to compute the DSF of complex materials in the elastic limit. (80) More directly
connected to this thesis, the pf-FRG was discussed for models with SU(N) symmetry in real and
momentum space. (193, 194) After a more careful analysis of stable ordered states of the model
(3.59), it would be interesting to study the stability of the SU(4) QSOLs under Hund’s coupling
induced perturbations using pf-FRG.

Finally, I ask if there are compounds implementing an exactly solvable j = 3/2 model.
There are in fact several examples of these models available in the literature (154, 196–200)
but they never found the same amount of attention given to the Kitaev model due to the lack
of experimental motivation. In this thesis, I developed the necessary theoretical machinery that
can facilitate the analysis of compounds with j = 3/2, and foster research for the synthesis of
other materials implementing the physics of these integrable models. Let me briefly discuss two
examples to point out some similarities and differences between them and the Kitaev model.
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Consider the Gamma Matrix Model (GMM) on the square lattice (196)

ĤGMM =
∑
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and the SU(2)-invariant Kitaev model on the honeycomb lattice (154)

ĤSU(2) =
∑
〈ij〉γ

Jγsi · sjτ γi τ γj , (6.2)

in which γ labels different bond orientations. The Γa matrices in Eq. (6.1) are 4× 4 matrices
satisfying the Clifford algebra. The models in Eqs. (6.1) and (6.2) are nearest-neighbor models
with bond-dependent interactions like Eq. (2.48). Their integrability depends upon a Majorana
parton representation of the operators and leads to an emerging Z2 gauge field. This mapping
allows any state to be described as a direct product of a “flux” state |F 〉 and a “matter” state
|M〉. (21) The Hamiltonians can be diagonalized in a fixed gauge, and the ground state sector
can be determined with the application of Lieb’s theorem (124) or using numerical methods. The
similar form of the projection operator makes it reasonable that an identity similar to Eq. (2.68)
or its extensions (see Ref. (125)) can be found.

The j = 3/2 models also display interesting physical differences in relation to the
Kitaev model. First, the interactions occur between different components of Γa and Γab in the
GMM (Eq. (6.1)) that are equivalent to multipoles described in terms of s and τ . The Z2 gauge
fluxes are conserved quantities of the GMM just like in the Kitaev model and ensure ultra-short
correlations, that is, correlations only between nearest neighbors. (21) The model in Eq. (6.2) is
also integrable and the bond-directional interactions play an important role in finding the exact
solution. However, in contrast to the Kitaev model and the GMM, it possesses a global SU(2)
symmetry and excitations in three Majorana flavors. These flavors combine themselves into
S = 1 fermionic excitations leading to a static spin correlation function with a power-law decay,
in clear contrast to the Kitaev model. (154)

It would be very interesting to calculate the DSF measured through the INS for exactly
solvable j = 3/2 models, i.e., the quantity

S(q, ω) =
1

N

∑
RmRn

∑
a,b

e−iq·(Rm−Rn)

∫
dt eiωt 〈0 |jam(t)jan(0)| 0〉 (6.3)

where |0〉 is the direct product of a Z2 flux state |F0〉 and a matter state of Majorana fermions
|M0〉. RIXS cross sections can also be evaluated by substituting the jam(t) and jbn(0) in Eq. (6.3)
for their pseudospin and pseudo-orbital counterparts. Such cross section can be evaluated in
parallel with the DSF. It is expected that the matrix element in Eq. (6.3) for j = 3/2 models with
ultra-short correlations (196,199) can be mapped to a local quantum quench problem. (125) This
is a formidable non-equilibrium problem in quantum mechanics, but it is still solvable since it
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is written in terms of quadratic operators. If the mapping to a quench is possible, the methods
developed to uncover the dynamics of the Kitaev QSL (125) can be adapted to compute Eq. (6.3)
exactly. Comparisons with the Kitaev model and the responses obtained with mean field parton
approximations will be useful to interpret these results.

The exact DSF of QSLs with power-law decay of the correlation function (154, 200) has
not been calculated yet. Even if there is a mapping of the matrix element in Eq. (6.3) to a quantum
quench, the evaluation of S(q, ω) is not possible by computing only nearest neighbors correlators.
The recently developed augmented parton mean-field theory is probably the best formalism
to deal with this problem. (176) This technology is suited to find approximate expressions of
S(q, ω) for the perturbed Kitaev model. In principle, the technique can be used to understand
the evolution of the DSF with an applied magnetic field. Interestingly enough, this field induces
a power-law correlation (201) of the same type that is observed on the ground state of j = 3/2

models with continuous symmetry. (154, 200) Therefore, I expect that adapting the augmented
parton MFT to j = 3/2 states will be the best approach to find a controlled approximation of the
DSF of these QSOLs.

Overall, one of the pleasing aspect of this thesis was to work out the construction of a
model in a condensed matter system from its microscopic degrees of freedom (reductionism) and
then argue in favor of an exotic behavior in the thermodynamic limit (emergence). This process
depended on both basic and well-grounded quantum mechanics and sophisticated methods that
are still under development. It was also part of a much larger ongoing project of understanding
new phases of matter with direct interplay between theorists and experimentalists. For these
reasons, I expect that the topics discussed here will be of general interest and generate other lines
of inquiry in the coming years.
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APPENDIX A – ANALYSIS OF THE MULTIPOLE OPERATORS UNDER Oh

OPERATIONS

In this Appendix, I discuss how the multipoles were organized in terms of irreducible
representations of Oh in Table 1. I first discuss the symmetry operations of the group O, the
group of all proper symmetries of the cube. They are given by

• E: identity

• 6C4 and 3C2
4 : there are three proper axes of rotation for the cube that are coincident with

the axis x, y, and z (see Fig 30a). To understand these operations, consider just the three
rotations around the z axis. The rotation of π around this axis is its own inverse and form
its own group with the identity (C2

4 operation). The C4 operations comprise the π
2

and 3π
2

rotations around the z axis, which also form a group when conjoined with the identity.

• 6C2: These axes go along the lines connecting opposite middle points of the cube edges.
There are six of them as shown in Fig 30b.

• 8C3: There are four axes connecting opposite vertices of the cube that are related with
rotations of 2π

3
and 4π

3
, all of them shown in Fig. 30c.

The character table of the group O is given in Table 4. Notice that the position vectors and the
rotation operations form a basis of the irreducible representation Γ4.

(a) (b) (c)

Figure 30 – Axes of symmetry of a cube related to the O symmetry group.
Source: By the author
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Table 4 – Character Table of the O group

O E 6C4 3C2
4 8C3 6C2

Γ1 1 1 1 1 1 x2 + y2 + z2

Γ2 1 -1 1 1 -1
Γ3 2 0 2 -1 0 (2z2 − x2 − y2, x2 − y2)
Γ4 3 1 -1 0 -1 (x, y, z) ; (Rx, Ry, Rz)
Γ5 3 -1 -1 0 1 (xy, xz, yz)

Source: By the author.

Consider the action of the inversion operation i, whose action on each operations of
the group O lead to other operations that constitute the Oh group. For example iC4 = S4 and
iC3 = S3, which are improper axes of rotation. The combinations iC2

4 and iC2 gives rise to the
mirror symmetries σh and σd, respectively. The inversion acts as the identity on the rotation
operators. This can be intuitively understood by considering the effect of inversion on the angular
momentum operator

L = r× p. (A.1)

The inversion reverses both r and p, which leads to

i : L→ L. (A.2)

Another way to see this is by verifying that all the axes of proper rotations are left invariant
by the inversion operation. Since the angular momentum operator is even under the inversion
operation, it is enough to consider the effect of the symmetry operations of the O cubic group,
which will be done in the next section.

For clarity, let us restrict ourselves to one representative of each class defined by the
group O. The π/2 and π rotations will be taken around the z-axis, the C3 rotation will be around
the (111) axis, and the C2 rotation around the (011) axis. Then I find

C4(z)JC
−1
4(z) = (−Jy, Jx, Jz) (A.3a)

C2
4(z)J

(
C2

4(z)

)−1
= (−Jx,−Jy, Jz) (A.3b)

C3(111)JC
−1
3(111) = (Jz, Jx, Jy) (A.3c)

C2(011)JC
−1
2(011) = (−Jx, Jz, Jy) . (A.3d)

The traces of the matrices representing C4(z), C2
4(z), C3(111) and C2(011) are exactly the characters

of the Γ4 representation given in Table 4. Therefore, J expand a basis for the Γ4 representation.
Similarly, consider the octupoles

Tαa = (Jα)3 − 1

2

[
Jα (Jβ)2 + Jα (Jγ)2

]
, (A.4)

where εαβγ = 1 and the bars over symbols indicate the sum with respect to all the possible
permutations. The Ta operators follow the transformations of the J operator and thus form
another basis of the irreducible representation Γ4.
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Consider now the octupole JxJyJz, which is proportional to the pseudo-orbital τ y.
Equations A.3 imply that

C4(z)JxJyJzC
−1
4(z) = −JxJyJz (A.5a)

C2
4(z)J

xJyJz
(
C2

4(z)

)−1
= JxJyJz (A.5b)

C3(111)JxJyJzC
−1
3(111) = JxJyJz (A.5c)

C2(011)JxJyJzC
−1
2(011) = −JxJyJz. (A.5d)

The results above reproduce the characters of the Γ2 representation given in Table 4. Next, I the
quadrupole operators in the Γ3 representation (Q3z2−r2 , Qx2−y2) =

([
3(Jz)2 − J2

]
/
√

3, (Jx)2 − (Jy)2
)
,

which are directly proportional to (τ z, τx). Using these equivalences, the following equations
are derived

C4(z) (τ z, τx)C−1
4(z) = (τ z,−τx) , (A.6a)

C2
4(z) (τ z, τx)

(
C2

4(z)

)−1
= (τ z, τx) , (A.6b)

C3(111) (τ z, τx)C−1
3(111) =

(
−1

2
τ z −

√
3

2
τx,

√
3

2
τ z − 1

2
τx

)
, (A.6c)

C2(011) (τ z, τx)C−1
2(011) =

(
−1

2
τ z −

√
3

2
τx,−

√
3

2
τ z

1

2
τx

)
, (A.6d)

which reproduce the characters of the Γ3 representation. Notice that the 120◦ compass character
of the (τ z, τx) is related with their transformations under rotations.

Lastly, let us discuss the operators in the Γ5 representation. First, the quadrupoles of this
representation transform under the proper rotations of O like

C4(z)

(
JyJz, JzJx, JxJy

)
C−1

4(z) =
(
JzJx,−JyJz,−JxJy

)
, (A.7a)

C2
4(z)

(
JyJz, JzJx, JxJy

) (
C2

4(z)

)−1
=
(
−JyJz,−JzJx, JxJy

)
, (A.7b)

C3(111)

(
JyJz, JzJx, JxJy

)
C−1

3(111) =
(
JxJy, JyJz, JzJx

)
, (A.7c)

C2(011)

(
JyJz, JzJx, JxJy

)
C−1

2(011) =
(
JyJz,−JxJy,−JzJx

)
. (A.7d)

Similarly, the Γ5 octupoles

Tαb =

√
15

6

(
Jα (Jβ)2 − (Jγ)2 Jα

)
(A.8)

transform themselves like
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C4(z)TbC
−1
4(z) = (T yb ,−T xb ,−T zb ) , (A.9a)

C2
4(z)Tb

(
C2

4(z)

)−1
= (−T xb ,−T yb , T zb ) , (A.9b)

C3(111)TbC
−1
3(111) = (T zb , T

x
b , T

y
b ) , (A.9c)

C2(011)TbC
−1
2(011) = (T xb ,−T zb ,−T yb ) , (A.9d)

and also reproduce the Γ5 character table. This finishes the symmetry analysis of the J multipoles
under the cubic rotations.
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APPENDIX B – KLEIN TRANSFORMATIONS

Following Ref. (152), I will derive the Klein duality transformation for general graphs
with Kitaev γ bond labels and show that it has the structure of the Klein four-group K ∼= Z2×Z2.
The multiplication rules of this abelian group are explicitly given in Table 5.

Consider a lattice or finite graph in any dimension that connects S = 1/2 spins, and
assume each bond (i, j) carries a Kitaev type label

γi,j ∈ {I, x, y, z}. (B.1)

The set γ ∈ {x, y, z} corresponds to Kitaev coupling Sγi S
γ
j on that bond, where {x, y, z} refers

to the orthogonal axes of quantization of the spins. Here, I consider the duality only in the model
with nearest neighbor interactions. A label is assigned to each site

ai ∈ {I, X, Y, Z}. (B.2)

This label will specify a rotation by π around the Bloch sphere axis Sa for a ∈ {X, Y, Z}, and
no rotation for the identity element a = I. Each element will be associated with a sign structure
as follows

g[I] = (1, 1, 1),

g[X] = (1,−1,−1),

g[Y ] = (−1, 1,−1),

g[Z] = (−1,−1, 1). (B.3)

Notice that both γi,j and ai may be interpreted as elements of the single set K = {I, X, Y, Z}.

The next step is to transform the set K into a group by defining a multiplication rule over
it. A possible definition is suggested by the multiplication of the associated sign structure. Take,

Table 5 – Klein four-group multiplication rules.

× I X Y Z
I I X Y Z
X X I Z Y
Y Y Z I X
Z Z Y X I

Source: By the author.
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for example, the g[X] signs. We see that

g[X]g[I] = (1,−1,−1) = g[X],

g[X]g[X] = (1, 1, 1) = g[I],

g[X]g[Y ] = (−1,−1, 1) = g[Z],

g[X]g[Z] = (−1, 1,−1) = g[Y ].

Notice that the equations above reproduce the second row of Table 5, and the same procedure
can be applied to other g signs. Formally, we define the Klein group product × and rewrite the
equations above like

X × I = X,

X ×X = I,

X × Y = Z,

X × Z = Y.

The multiplication table can be constructed solely from the equation:

X2 = Y 2 = Z2 = XY Z = I, (B.4)

with I being the identity. This abelian group is known as the Klein four-group and is the smallest
noncyclic group.

Now, let us turn to the geometrical way of constructing a multiplication between ai and
γi,j . Let us fix the values of γi,j and consider an arbitrary choice of ai for each site. The geometric
multiplication (∗) of a site i and one of its bonds (i, j) is defined by

ai ∗ γi,j = aj. (B.5)

The Klein group product and the geometrical multiplication (∗) for a given choice {ai} are
consistent on a bond if they give the same answer, ai ∗ γi,j = ai× γi,j . We say the transformation

given by site labels {ai} is the Klein transformation if the geometrical multiplication is consistent

with Klein group multiplication on every bond in the lattice.

The consistency between the Klein group product and the transformation operators ai
and aj is given by

ai × γi,j = aj, (B.6)

or
ai × aj = γi,j. (B.7)

Consider now the effect of this on a Kitaev-Heisenberg coupling given by
∑

α J
α
ijS

α
i S

α
j . The

effect of the transformations ai and aj can be written as the following map of the coupling
constants:

Jαi,j → g[ai]αg[aj]αJ
α
i,j = g[γi,j]αJ

α
i,j. (B.8)
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Although one can make the geometrical and Klein group multiplication consistent on
a particular bond, it seems improbable that it will be consistent in the whole lattice. Eq. (B.6)
leads to a simple criterion to ensure the existent of an adequate Klein transformation: any closed
loop of the lattice must satisfy

ai = γi,j × γj,l × ...× γk,iai =⇒
∏
l∈loop

γl = I. (B.9)

This condition is translated geometrically as follows: a Klein transformation can be defined if
any closed loop, containing Nx x bonds, Ny y bonds and Nz z bonds satisfy

Nx, Ny, and Nz all even or all odd. (B.10)
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APPENDIX C – PSEUDOSPIN AND PSEUDO-ORBITAL OPERATORS IN TERMS
OF SU(4) GENERATORS

In this appendix I explicitly list the representations of the pseudospin and pseudo-orbital
operators in terms of the Snm generators of the SU(4). This list is useful both for the linear-flavor
wave theory and the parton mean-field theory with complex fermions.

sx =
1

2

∑
m=1,3

(
Sm+1
m + Smm+1

)
, (C.1)

sy =
1

2i

∑
m=1,3

(
Sm+1
m − Smm+1

)
, (C.2)

sz =
1

2

∑
m=1,3

(
Smm − Sm+1

m+1

)
, (C.3)

τx =
1

2

∑
n=1,2

(
Sn+2
n + Snn+2

)
, (C.4)

τ y =
1

2i

∑
n=1,2

(
Sn+2
n − Snn+2

)
, (C.5)

τ z =
1

2

∑
n=1,2

(
Snn − Sn+2

n+2

)
, (C.6)

sxτx =
1

4

(
S4

1 + S3
2 + h.c.

)
, (C.7)

sxτ y =
1

4i

(
S4

1 + S3
2

)
+ h.c., (C.8)

sxτ z =
1

4

(
S2

1 − S4
3 + h.c.

)
, (C.9)

syτx =
1

4i

(
S4

1 − S3
2

)
+ h.c., (C.10)

syτ y =
1

4

(
−S4

1 + S3
2 + h.c.

)
, (C.11)

syτ z =
1

4i

(
S2

1 − S4
3

)
+ h.c., (C.12)
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szτx =
1

4

(
S3

1 − S4
2 + h.c.

)
, (C.13)

szτ y =
1

4i

(
S3

1 − S4
2

)
+ h.c., (C.14)

szτ z =
1

4

(
S1

1 − S2
2 − S3

3 + S4
4

)
. (C.15)
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APPENDIX D – SYMMETRY AND TOPOLOGICAL PROPERTIES OF THE
CHIRAL SPIN-ORBITAL LIQUID WITH NODAL LINES

There are now enough elements to complete the symmetry analysis of the mean-field
theory related with H1(k). I can show that the mean-field Hamiltonian preserves a symmetry
isomorphic to the Oh group, which were explicitly given in Appendix A. This analysis follows
closely the analysis performed in Ref. (15) for weakly correlated topological phases combined
with convenient gauge transformations. Consider first the action of the time reversal operator,
which conjugates complex numbers and reverses the momentum. The fact thatH1 is imaginary
and h(k) = h(−k) implies:

ΘH1(k)Θ−1 = H∗1(−k) = −H1(k). (D.1)

The parity operator can be defined as the reflection by the mirror plane perpendicular to δ3. Its
action on momentum space is given by P : kx → kx, ky → −kz, kz → −ky. Its action in the
sublattice space is given by the matrix

P =


0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

 . (D.2)

The following gauge transformation that changes the sign of fermions on the X = 1 sublattices
can be also applied

GP =


1

−1

1

1

 (D.3)

(PGP )−1H1(Pk)PGP = −H1(k). (D.4)

Combining the effects of time reversal and parity, one can show that PΘGP is a symmetry of
the Hamiltonian (15)

(PΘGP )−1H1(Pk)PΘGP = H1(k). (D.5)
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I consider now the C3 rotation about a (111) axis leaving the X = 1 site invariant while
permuting all other sublattices

C3 =


1 0 0 0

0 0 0 1

0 1 0 0

0 0 1 0

 . (D.6)

Its effect on momentum is given by R3 : kx → kz, ky → kx, kz → ky. In this case, no gauge
transformation is required and the following equation is immediately obtained:

C−1
3 H1(R3k)C3 = H1(k). (D.7)

The C2 rotation along the z axis exchanges the sites on sublattices 1 and 2, and the sublattices 3
and 4, and is given by the following matrix

C2 =


0 1

1 0

0 1

1 0

 . (D.8)

The action of this rotation on momentum leaves kz invariant while reversing the other components
R2 : kx → −kx, ky → −ky. Combined with the following gauge transformation

G2 =


1

−1

1

−1

 , (D.9)

it is shown that
(C2G2)−1H1(R2k) (C2G2) = H1(k). (D.10)

Lastly, I consider the effect of C4 rotations along the z axis and show how they can
account for the twofold degeneracy of the Majorana bands. I consider first a rotation C4 going
through an A site, whose action on the sublattice space is given by

C4 =


1 0

0 1

0 −1

1 0

 . (D.11)

In momentum space, R4 : kx → ky, ky → −kx. Combining the action of C4 with the gauge
transformation

G4 =


1

−1

−1

1

 (D.12)
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leads to
(C4G4)−1H1(R4k) (C4G4) = −H1(k). (D.13)

The C4 inverts the chirality of the Ansatz, a feature that can be visualized in Fig. 14b. It is then
easy to verify that C4G4Θ is a symmetry of the Hamiltonian. Consider now another C ′4 rotation,
but this time exchanging A and B sublattices:

C ′4 =


0 −1

1 0

1 0

0 1

 . (D.14)

Let us also define it to be a rotation in the opposite direction of R4, such that its action in
momentum space reads R′4 : kx → −ky, ky → kx. This also implies that R′4 = (R4)−1. It is
easy to check that M = C4C

′
4 commutes M−1H1(k)M = H1(k), and obeys M2 = −I. This

also implies thatH1(k) can be block diagonalized by sectors labeled by the eigenvalue ±i of the
matrix M :

U †MH1(k)UM =

(
σ̃ · h(k)

−σ̃ · h(k)

)
, (D.15)

where σ̃ ≡ (−σz, σy, σx) and UM is the unitary matrix that diagonalizes M . This block
diagonalization makes it clear thatH1(k) displays twofold degeneracy with eigenvalues±|h(k)|.
Two degenerate states can be distinguished by the eigenvalue ±1 of the matrix iM , in analogy to
the chirality of Weyl fermions in massless Dirac equations. (162)

The band dispersion of Majorana fermions is also the analogous to the ones observed
in line-node semimetals and superconductors. (165–167) The first step to understand this
point is to note that the Fermi surface is constituted by nodal lines along the edges of the
cubic Brillouin zone and are parameterized by, e.g., k = (π, π, kz). The matrix H1(k) in
the neighborhood of these lines (k = (π + px, π + py, kz) with px, py � 1) gives H1(k) ≈
2 cos(kz/2) (pxΣ

y + pyΣ
z). This yields a linear dispersion at low energies with kz dependent

velocity ε±(k) ≈ 2 cos(kz/2)
√
p2
x + p2

y. The exception to this behavior is the point of intersection
of the three nodal lines R = (π, π, π). At this point, the band touching is quadratic and display
an anisotropic dispersion ε±(k) ≈

√
p2
xp

2
y + p2

yp
2
z + p2

zp
2
x.

The nodal lines described above can be characterized as topological defects with an
associated generalized Berry phase, also known as a Zak phase. (163, 164) To verify this result,
let us call theH1(k) eigenstates by ζ̃kλ and relate them with the sublattice operators by an unitary
matrix Uk:

ζkX =
4∑

λ=1

(Uk)Xλ ζ̃kλ, (D.16)

in which λ = 1, . . . , 4 is the band index. One can define an SU(2) Berry connection Aaλλ′ out of
the two bands of positive energy eigenstates by

Aaλλ′(k) = i
〈
ζ̃λ(k)

∣∣∣∂ka ζ̃λ′(k)
〉
. (D.17)
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Figure 31 – Spectrum of the chiral spin-orbital liquid Ansatz for double perovskites in a slab
geometry with open boundary conditions in the (111) direction. The surface states
are indicated by the thick red lines in the middle of the gap between the M and K
points.
Source: NATORI; ANDRADE; MIRANDA; PEREIRA (4)

The states
∣∣∣ζ̃λ(k)

〉
and

∣∣∣ζ̃λ′(k)
〉

are degenerate, but orthogonal, vectors that are also tuned to
diagonalize Az(k). The Zak phase is defined by the Wilson loop

Φ = P exp

[
−i
∮
dkaA

a(k)

]
, (D.18)

where P denotes path ordering. I parametrize k to be in a small neighborhood of the nodal line
k ≈ (π + ε cosα, π + ε sinα, kz) , with α ∈ [−π, π) and ε� 1. The following approximation
is valid in this case

Ax = − 1

2ε
sinασy +O(ε0), Ay =

1

2ε
cosασy +O(ε0), (D.19)

which is precisely the ε dependence of a vortex line. The phase Φ = −I was found, which is
equivalent to a π Berry phase. Furthermore, I could also verify the presence of protected state
surface states by calculating the spectrum of the mean-field Hamiltonian with open boundary
conditions in the (111) direction (Fig. 31). There appear two pairs of doubly degenerate bands
separated from the continuum, with dispersions terminating at the projection of the nodal lines.
Remarkably, the positive-energy surface states are spatially separated from the negative energy
ones. This is a direct manifestation of the breaking of inversion symmetry.
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APPENDIX E – VARIATIONAL MONTE CARLO CALCULATION OF THE
CHIRAL SPIN-ORBITAL LIQUID

As stated in Subsection 3.3.3, the derivation of the spin-orbital model was incomplete in
Ref. (4). The SU(2)-symmetric Hamiltonian in this limit reads

HSU(2) =
4

9
Jeff

∑
〈ij〉γ

(
si · sj −

1

4

)(
1

2
− ταβi

)(
1

2
− ταβj

)
, (E.1)

and distinguishes from Eq. (3.52) by the sign factor of the spin-independent terms. The VMC
computation of the chiral spin orbital liquid should be redone. Nevertheless, this computation is
useful to show how VMC can be performed for J = 3/2 QSOLs out of the special case of the
SU(4) Heisenberg model.

We have to enforce the local constraint in Eq. (4.6) exactly using the VMC algorithm.
Just like in the SU(4) case, we start by rewriting the Majorana fermions in terms of three complex
fermions (41)

c†i =
1

2

(
η2
i + iθ2

i

)
, d†i =

1

2

(
η1
i + iη3

i

)
, f †i =

1

2

(
θ1
i + iθ3

i

)
. (E.2)

The local constraint is now translated into the fact that a given site must have an even number of
Dirac fermions. In this case there are three possible states at each site defined as

|xi〉 = c†id
†
i |0〉 , |yi〉 = d†if

†
i |0〉 , |zi〉 = f †i c

†
i |0〉 (E.3)

Given a real space configuration specified by the locations of the doubly occupied sites,X ≡
{xi} , Y ≡ {yi} , Z ≡ {zi}, the wave function assigns an amplitude Ψ ({xi} , {yj} , {zm})
similar to Eq. (4.71). The local constraint only fixes the parity of the number of fermions but not
the number itself. Moreover, our Hamiltonian contains terms which not only create/annihilate
two particles, e.g. |xi〉� |0〉, but also terms which preserve the total number of fermions while
changing the number of each of the three individual fermionic flavors, e.g. |xi〉 � |yi〉. It is
possible to write down a projected wave functions with varying particle number and perform the
computation of observables with VMC. (202) However, this work was not done for the sake of
computational simplicity. Instead, the ground state wave function was further restricted and we
enforced a condition in which each state occupies N/4 distinct sites ({xi} =

{
x1, x2, . . . , xN/4

}
,

etc).

The mean-field Hamiltonian was defined using the same order parameters written in
Eq. (4.15) but applied to Eq. (E.1). The mean field Hamiltonian in terms of the three complex
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fermions in Eq. (E.2) is given by

HMF = −NJ
6

+
J

36

∑
〈jl〉∈α

[(
3u2

jl + 3w̄αjlujl − wαjlvjl
)

+ i
(
4ujl + 2w̄αjl

)
d†jdl

+ i
(
2ujl + w̄αjl − wαjl

)
c†jcl + i

(
2ujl + w̄αjl + wαjl

)
c†jc
†
l + i (3ujl − vjl) f †j fl + h.c.

]
− J

36

∑
〈jl〉∈XY

[
i (3ujl + vjl) f

†
j f
†
l + h.c.

]
+
J

36

∑
〈jl〉∈Y Z

[
i
(
3ujle

iπ/3 + vjle
−2iπ/3

)
f †j f

†
l + h.c.

]
+
J

36

∑
〈jl〉∈XZ

[
i
(
3ujle

iπ/3 − vjle−2iπ/3
)
f †j f

†
l + h.c.

]
. (E.4)

The three fermion flavors are decoupled and we may thus write the mean-field wave function as a
product of three Slater determinants. The d-fermion sector of the Hamiltonian in E.4 corresponds
to free fermions and thus their mean-field ground state is obtained by filling up the states with
negative energy. For the c and f -fermions, the Hamiltonian is BCS-like and their ground state
is given by the vacuum of their respective Bogoliubov quasiparticles. (46) The different status
of the d fermion is expected from symmetry: the hidden global SU(2) symmetry of the original
Hamiltonian implies the global U(1) symmetry corresponding to the conservation of the total
number of Dirac fermions defined by a combination of η Majorana fermions. On the other hand,
there is no continuous symmetry associated with θ Majorana fermions; as a result, the total
number of c and f fermions is not conserved. The need to work with BCS-type wave functions
in our case should be contrasted with the case of SU(4) symmetric models (41), where the SU(4)
symmetry implies the conservation of the numbers of all three flavors of Dirac fermions.

After constructing the mean-field wave function, a variational Monte Carlo calculation
was implemented to calculate the Gutzwiller-projected ground state energy EVMC

gs . The algorithm
works exactly in the same way specified in Subsection 4.2.3 since we restricted ourselves to
real space configurations in which each state occupies N/4 sites. The results were obtained
for lattices of size N = 4L3 with L = 4, 6, and 8. We find that the change in the ground state
energy with N is smaller than the Monte Carlo error bars for the system sizes considered here.
The results for L = 8 were then taken as the converged ones.

The ground state energy EVMC
gs was calculated for the wavefunctions obtained from the

two sets of mean-field parameters quoted in this Appendix. These two sets of parameters were
obtained from self-consistency of the mean-field theory. For u = v = 0.258, w̄ = 0.317, andw =

−0.081 we obtain EVMC
gs = −0.39 (1)NJ . As for u = −v = 0.258, w̄ = 0.318, and w = 0.161

we obtain EVMC
gs = −0.40 (1)NJ . The Gutzwiller projection decreases the mean-field energy

down to values comparable to a VBS state computed for Eq. (E.1) (EVBS = −0.417NJ). (29)
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APPENDIX F – COMPUTATION OF PARTON MEAN-FIELD CORRELATION
FUNCTIONS

In this appendix, I outline the calculation of finite-temperature spectral functions such as
the one in Eq. (5.20). Consider the correlation function

χlm(τ) = 〈Tτ Ôl(τ)Ôm(0)〉, (F.1)

where Ôl is a local operator acting on the j = 3/2 subspace associated with site l, Ôl(τ) =

eHeffτ Ôle
−Heffτ is the operator evolved in imaginary time, Tτ denotes time ordering, and 〈·〉 =

Tr(ρ ·) denotes the thermal average with density matrix ρ = e−βHeff/Z.

Quite generally, the local operator Ôl can be written as a combination of Majorana
fermion bilinears, ζal ζ

b
l , with ζa ∈ {ηa, θa}. Let us illustrate the procedure by taking

Ôl = −iη1
l η

2
l = 2szl . (F.2)

Within the mean-field approximation, the correlation function can be written as

χlm(τ) = G12
ml(−τ)G21

lm(τ)− G11
ml(−τ)G22

lm(τ), (F.3)

where
Gablm(τ) = −

〈
Tτη

a
l (τ)ηbm(0)

〉
(F.4)

is the noninteracting fermion Green’s function. If Rl belongs to the X sublattice, X = 1, . . . , 4,
and Rm to the Y sublattice, we can write for 0 < τ < β [using momentum conservation and Eq.
(D.16)]

Gablm(τ) = − 8

N

∑
k∈ 1

2
BZ

∑
λ

[
(Uk)Xλ

(
U †k

)
λY

〈
ηakλη

b
−kλ
〉
eik·(Rl−Rm)e−ε

(η)
kλ τ

+ (Uk)Y λ

(
U †k

)
λX

〈
ηa−kλη

b
kλ

〉
e−ik·(Rl−Rm)eε

(η)
kλ τ
]

(F.5)

The thermal average yields 〈
ηakλη

b
−kλ
〉

= δabnF (−ε(η)
kλ ). (F.6)

Taking the Fourier transform of Eq. (F.5), we obtain

G(k, ωn) =

∫ β

0

dτ eiωnτ
1

N

∑
l,m

e−ik·(Rl−Rm)G11
lm(τ)

=
1

2

∑
X,Y

(Uk)Xλ

(
U †k

)
λY

iωn − ε(η)
kλ

(F.7)
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where ωn = (2n+ 1)π/β, n ∈ Z, are fermionic Matsubara frequencies.

Similarly, we obtain the Fourier transform of the correlation in Eq. (F.3):

χ(q, ωm) =
1

N

∑
k∈ 1

2
BZ

∑
λ1,λ2

F
(1)
λ1λ2

(k,q)
[
nF (ε

(η)
k−q,λ1

)− nF (ε
(η)
kλ2

)
]

iωm − ε(η)
kλ2

+ ε
(η)
k−q,λ1

+
F (2)
λ1λ2

(k,q)
[
nF (−ε(η)

−k+q,λ1
)− nF (ε

(η)
kλ2

)
]

iωm − ε(η)
kλ2
− ε(η)
−k+q,λ1

+
F (3)
λ1λ2

(k,q)
[
nF (ε

(η)
k,λ2

)− nF (ε
(η)
k+q,λ1

)
]

iωm − ε(η)
k+q,λ1

+ ε
(η)
k,λ2

+
F (4)
λ1λ2

(k,q)
[
nF (ε

(η)
k,λ2

)− nF (−ε(η)
−k−q,λ1

)
]

iωm + ε
(η)
−k−q,λ1

+ ε
(η)
k,λ2

 (F.8)

where ωm = 2πm/β, m ∈ Z, are bosonic Matsubara frequencies. The form factors are given by

F (1)
λ1λ2

(k,q) =

∣∣∣∣∣∑
X

eiG·δX
(
U †k−q+G

)
λ1X

(Uk)Xλ2

∣∣∣∣∣
2

,

F (2)
λ1λ2

(k,q) =

∣∣∣∣∣∑
X

eiG·δX (U−k+q+G)Xλ1
(Uk)Xλ2

∣∣∣∣∣
2

,

F (3)
λ1λ2

(k,q) =

∣∣∣∣∣∑
X

eiG·δX
(
U †k

)
λ2X

(Uk+q+G)Xλ1

∣∣∣∣∣
2

,

F (4)
λ1λ2

(k,q) =

∣∣∣∣∣∑
X

eiG·δX
(
U †−k−q+G

)
λ1X

(
U †k

)
λ2X

∣∣∣∣∣
2

, (F.9)

where G = 2π(nx, ny, nz) with na ∈ Z are reciprocal lattice vectors chosen such that the
momenta ±k± q + G in each form factor lies in 1

2
BZ.

After an analytical continuation iωm → ω + i0+, we can take the imaginary part of
the retarded correlation function χ′′(q, ω) in a standard way. In the regime βω � 1, we can
approximate the factors of Fermi-Dirac distributions using nF (ε+ ω)− nF (ε) ≈ ωdnF/dε. We
then obtain the expression for the contribution from the η fermions to the spin-lattice relaxation
rate
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(
1

T1

)
η

∝ π

4N

∑
λ1,λ2

∑
k∈ 1

2
BZ

∑
q∈BZ

|A(q)|2

cosh2
(
βε

(η)
kλ2
/2
)×

×
[
F (1)
λ1λ2

(k,q)δ(ε
(η)
k−q,λ1

− ε(η)
kλ2

)

+ F (2)
λ1λ2

(k,q)δ(ε
(η)
−k+q,λ1

+ ε
(η)
kλ2

)

+ F (3)
λ1λ2

(k,q)δ(ε
(η)
k+q,λ1

− ε(η)
kλ2

)

+F (4)
λ1λ2

(k,q)δ(ε
(η)
−k−q,λ1

+ ε
(η)
k,λ2

)
]
. (F.10)

Eq. (F.10) can be further simplified since |ε(η)
kλi | = |ε

(η)
kλj | for λi, λj = 1, ..., 4 (see Eq. (4.30)). For

F (1)
λ1λ2

(k,q), the sum over eigenstates yields

∑
λ1,λ2

F (1)
λ1λ2

(k,q)δ(ε
(η)
k−q,λ1

− ε(η)
kλ2

) = 2Fη(k,k− q)

× δ(|ε(η)
k−q| − |ε

(η)
k |), (F.11)

where
Fη(k,k− q) = 1 +

h(k) · h(k− q)

|h(k)||h(k− q)| . (F.12)

The expressions obtained for other sums differ from (F.11) only by the combination of vectors
k and q. Eq. (F.12) is the form factor Fη stated in Eq. (5.22). Notice that the reciprocal lattice
vector G does not appear in this final expression.

From χ(q, ω) we can also recover the RIXS dynamical structure factor of sz. Taking the
zero temperature limit, we find

lim
T→0+

χ′′(q, ω) ∝ π

4N

∑
λ1,λ2

∑
k∈ 1

2
BZ

∑
q∈BZ

∑
i

×F (i)
λ1λ2

(k,q)δ
(i)
λ1λ2

(ω,k,q), (F.13)

in which

δ
(1)
λ1λ2

(ω,k,q) = Θ(−ελ1)Θ(ελ2)δ(ω − (ε
(η)
kλ2
− ε(η)

k−q,λ1
)),

δ
(2)
λ1λ2

(ω,k,q) = Θ(ελ1)Θ(ελ2)δ(ω − (ε
(η)
−k+q,λ1

+ ε
(η)
kλ2

)),

δ
(3)
λ1λ2

(ω,k,q) = Θ(ελ1)Θ(−ελ2)δ(ω − (ε
(η)
k+q,λ1

− ε(η)
kλ2

)),

δ
(4)
λ1λ2

(ω,k,q) = Θ(−ελ1)Θ(−ελ2)δ(ω + ε
(η)
−k−q,λ1

+ ε
(η)
k,λ2

). (F.14)

Once again, summing over the eigenstates, we find for ω = 0∑
λ1,λ2

F (1)
λ1λ2

(k,q)δ
(1)
λ1λ2

(0,k,q) =

(
1− h(k) · h(k− q)

|h(k)||h(k− q)|

)
× δ(|ε(η)

k−q| − |ε
(η)
k |), (F.15)
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with similar expressions for other summations. The expression in brackets is just the form factor
written in Eq. (5.45). As stated in the main text, it is clear that this form factor will vanish when
q = 0.

The procedure outlined in this appendix can be generalized for the θ fermions as well. In
particular, if Ôl = −iηal θ2

l , the corresponding form factor of a RIXS experiment will be exactly
the one given in Eq. (F.15). For operators involving the fermions θ1 and θ3, it is not possible to
find exact expressions to the form factors, since there is no closed form to the matrix Vk (see Eq.
4.34). The response functions must then be computed numerically.



177

APPENDIX G – RIXS SCATTERING OPERATORS UNDER TETRAGONAL
DISTORTION

The combined effect of the spin-orbit coupling and the distortion on the d orbitals is
modeled by the Hamiltonian

Hion = −λl · S + δ(lz)2, (G.1)

where δ is the energy scale associated with the distortion. Notice that the time-reversal symmetry
of Hion is preserved, which means that the eigenstates can still be organized into three Kramers
pairs. In analogy with Eq. (2.45), we define

Aσ = 2σ (sinϕd0,−σ − cosϕd−2σ,σ) ,

Bσ = cosϕd0,−σ + sinϕd−2σ,σ,

Cσ = d2σ,σ, (G.2)

in which the angle ϕ is defined by

tan(2ϕ) =
2
√

2λ

λ+ 2δ
. (G.3)

In general, we write the RIXS scattering operators like

ÔLµ =U aµ,Uτ
z +Q2 aµ,Q2τ

x +Q3 aµ,Q3τ
z

+
∑

a=x,y,z

Ta aµ,Tas
aτ y

+
∑

a=x,y,z

Pa (aµ,Pas
a + bµ,Pas

aτx + cµ,Pas
aτ z) , (G.4)

where µ = 2, 3 for the L2,3 edge, the polarization factors given by Eq. (5.36) and the coefficients
aµ are functions of the angle parameter ϕ in Eq. (G.3). These coefficients are listed in Table 6
that also highlight the coefficients in the cubic limit, which were expressed in Eqs. (5.40) and
(5.42).
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Table 6 – Coefficients of the scattering operators in Eq. G.4 as a function of the angle parameter
ϕ. The columns with the cubic limit values are obtained by taking ϕ = arcsin(1/

√
3).

L3 edge Cubic L2 edge Cubic
aµ,U

1
9

(
cos2 ϕ−

√
2 sin 2ϕ+ 3 sin2 ϕ− 1

)
0 1

9

(
cos2 ϕ+

√
2 sin 2ϕ− 2

)
0

aµ,Q2

√
3

18

(
cos2 ϕ−

√
2 sin 2ϕ+ 2− 6 sin2 ϕ

)
0

√
3

18

(
cos2 ϕ+

√
2 sin 2ϕ+ 4

) √
3

3

aµ,Q3 2
√

2
(
cosϕ−

√
2 sinϕ

)
0 2

(√
2 cosϕ+ sinϕ

) √
3

3

aµ,Tx −2
√

2
3

(
cosϕ−

√
2 sinϕ

)
0 −4

3

(√
2 cosϕ+ sinϕ

)
−4
√

3
3

aµ,Ty −2
√

2
3

(
cosϕ−

√
2 sinϕ

)
0 −4

3

(√
2 cosϕ+ sinϕ

)
−4
√

3
3

aµ,Tz
4
√

2
3

(
cosϕ−

√
2 sinϕ

)
0 −4

3

(√
2 cosϕ+ sinϕ

)
−4
√

3
3

aµ,Px
1
3

(
2 + 3

√
2

2
sin 2ϕ

)
4
3

−2
3

−2
3

aµ,Py
1
3

(
2 + 3

√
2

2
sin 2ϕ

)
4
3

−2
3

−2
3

aµ,Pz
1
3

(
4 cos2 ϕ+

√
2 sin 2ϕ

)
4
3

−1
3

(
cos2 ϕ+

√
2 sin 2ϕ

)
−2

3

bµ,Px
2
√

2
3

(
cosϕ−

√
2 sinϕ

)
0 4

3
(
√

2 cosϕ+ sinϕ) 4
√

3
3

bµ,Py −2
√

2
3

(
cosϕ−

√
2 sinϕ

)
0 −4

3
(
√

2 cosϕ+ sinϕ) −4
√

3
3

bµ,Pz 0 0 0 0
cµ,Px

1
3

(
4− 3

√
2 sin 2ϕ

)
0 −4

3
−4

3

cµ,Py
1
3

(
4− 3

√
2 sin 2ϕ

)
0 −4

3
−4

3

cµ,Pz −2
3

(√
2 sin 2ϕ− 4 sin2 ϕ

)
0 1

3

(
5 + cos 2ϕ+ 2

√
2 sin 2ϕ

)
8
3

Source: NATORI; DAGHOFER; PEREIRA (1)
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