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Abstract

CARACANHAS, M. A. Vortices and impurities in atomic superfluids: self-similar
expansion and Tkachenko polaron. 2014. 121 p. Thesis (Doctorate in Science) - Instituto
de Física de São Carlos, Universidade de São Paulo, São Carlos, 2014.
In this thesis we studied two aspects of Bose-Einstein condensation in dilute gases: (i)
the self-similar expansion of a turbulent superfluidity, and (ii) the polaron physics in the
context of the superfluid mixtures and vortex lattices. Both analyses are closely related
to our experimental trends. Concerning the first subject, we generalized the superfluid
hydrodynamic equations to describe the anomalous expansion of a turbulent condensate
cloud. The physics behind this characteristic signature of the turbulence could be clar-
ified through the expressions derived in our model, that considered the kinetic energy
associated with a tangled vortex configuration. As for the second item, we present the
polaron physics of a neutral impurity coupled with the Tkachenko modes of a vortex lat-
tice Bose-Einstein condensate. Through the impurity spectral function, we tracked how
the quasiparticle properties varied as a function of the interaction strength toward the
lower energy regimes. The spectral function exhibits a Lorentzian broadening for small
wave vectors, even at zero temperature, until it starts to reach the low energy fixed point,
where it acquires a power law decay. That is the signature of orthogonality catastrophe
phenomena, with the breakdown of the quasiparticle picture. We applied canonical uni-
tary transform and renormalization group equations to evaluate the flow of the theory
parameters as we go further down in the characteristic energy scales. Finally, we provide
preliminary results on the calculation of a system composed of two condensate species, one
immersed in a second containing an array of vortices. Making an analogy with superfluids
in an optical lattice, we map our Hamiltonian onto a Bose-Hubbard type model and tune
the atomic scattering length of the two species to induce a quantum phase transition in
the confined cloud. This is a new quantum system which allows investigation beyond the
present studies with static optical lattices.

Keywords: Bose-Einstein condensation. Quantum turbulence. Tkachenko excitations.
Polaron.





Resumo

CARACANHAS, M. A. Vórtices e impurezas em superfluidos atômicos: expansão
auto-similar e polaron Tkachenko. 2014. 121 p. Tese (Doutorado em ciências) - Instituto
de Física de São Carlos, Universidade de São Paulo, São Carlos, 2014.
Neste projeto de doutorado estudamos dois aspectos em condensados de Bose-Einstein
de gases alcalinos diluídos: (i) a expansão auto-similar de um superfluido turbulento, e
(ii) a física dos pólarons no contexto de misturas de superfluidos e redes de vórtices.
Ambas as análises estão relacionadas com nossas tendências experimentais em átomos
frios. Na primeira etapa generalizamos as equações hidrodinâmicas dos superfluidos para
descrever a expansão anômala de uma nuvem condensada turbulenta. A física por detrás
dessa assinatura característica da natureza turbulenta da nuvem pôde ser compreendida
através das equações derivadas em nosso modelo, que considerou a energia cinética ad-
vinda de uma configuração de vórtices enovelados. Na segunda parte do trabalho abor-
damos a física do pólaron, analisando as propriedades de uma impureza neutra acoplada
com os modos Tkachenkos de um condensado de Bose-Einstein contendo uma rede de
vórtices. Através da função espectral da impureza, pudemos acompanhar a evolução das
propriedades de quase-partícula em função da magnitude do parâmetro de interação, à
medida que caminhávamos em direção ao regime de baixas energias do sistema. A função
espectral apresentou inicialmente um alargamento do seu perfil Lorentziano para baixos
valores dos momentos da impureza e das excitações, mesmo a temperatura zero. Ao atin-
gir a proximidade de um ponto fixo de baixas energias, porém, o espectro passa a adquirir
um perfil de decaimento com lei de potência. Trata-se de uma assinatura do fenômeno da
catástrofe de ortogonalidade, com a quebra da natureza de quase-particula do sistema.
Aplicamos uma transformação canônica com operadores unitários e técnicas de grupo de
renormalização para avaliar o fluxo das “ constantes ” da teoria à medida que diminuíamos
as escalas de energia características do nosso sistema. Na etapa final apresentamos alguns
resultados preliminares sobre o sistema de duas espécies de condensado sobrepostas, uma
delas contendo a rede de vórtices. Por meio de uma analogia com superfluidos em redes
ópticas, mapeamos nosso Hamiltoniano em um modelo Bose-Hubbard e variamos o com-
primento de espalhamento atômico das espécies envolvidas para induzir a transição de
fase quântica naquela aprisionada na rede. Mostramos que essa nossa nova configuração
quântica de rede permite investigações que vão além daquelas estudadas com redes ópticas
estáticas.

Palavras-chaves: Condensação de Bose-Einstein. Turbulência quântica. Modos de Tkachenko.
Polaron.
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1 Introduction

1.1 BEC in dilute atomic vapor

The phenomenon known as Bose-Einstein condensation (BEC) was predicted by

Einstein in 1924. In a system of particles obeying Bose statistics and whose total num-

ber is conserved, in his calculations there should be a temperature below which a finite

fraction of all the particles condense into the same one-particle state. Based on the ideas

of Bose related to photons, Einstein’s original prediction was for a noninteracting gas,

a system felt by some of his contemporaries to be perhaps pathological. This scenario

changes, however, shortly after the observation of superfluidity in liquid 4𝐻𝑒 below the

𝜆 temperature (2.17𝐾) (1). Fritz London suggested that, despite the strong interatomic

interactions, BEC was indeed occurring in this system and was responsible for the super-

fluid properties; his suggestion has survived until now and forms the basis for our modern

understanding of the superfluid phase (2). In 1995 BEC was realized in a system very dif-

ferent from 4𝐻𝑒, namely, dilute atomic alkali gases trapped by magnetic fields (3). Over

the last few years these systems have been the subject of an explosion of research, both

experimental and theoretical (4, 5).

Contrary to the superfluid liquid helium, that consists of a high density atomic

system with complicated nonlocal interactions, the weakly interacting Bose gas condensate

behaves like a system of point particles with simple local interactions. For the latter, there

is a mean field treatment given by the Gross Pitaevskii equation (GPE) (6,7). The GPE

is a practically exact model in the limit of zero temperature, where essentially all of the

atoms exist in the Bose-Einstein condensate phase. In many experiments the condensate

exists at well below the BEC transition temperature such that this approximation is

justified. Extensions of the GPE to include the effect of thermal atoms provide a more

complete (albeit not exact) physical model of a real BEC (8). It successfully describes

many properties of trapped condensate clouds such as the dynamics (free expansion and
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collective modes) and the low energy excitations, including collective excitations, solitons

and vortices singularities (6); even the superfluid turbulence in such a system has been

the subject of many theoretical papers, which are based on simulations of the GPE to

generate and track the evolution of the turbulent regime (9,10).

Besides of being an easily superfluid system to dealt when compared to the liquid

helium counterpart, there is a growing interest in the field of cold atoms associated with

other aspects of it. Atomic physics experiments with quantum degenerate Bose and Fermi

gases are characterized by the distinguishing features that we have: a detailed microscopic

understanding of the Hamiltonian of the systems realized in the laboratory, and complete

control of the system parameters via external fields. In particular, atoms can be trapped

and their motion controlled in magnetic and optical traps, allowing for example, the

realization of quantum gases with different dimensionality at effectively zero temperature.

In addition, atoms have many internal states which can be manipulated using laser light

and can be employed as a probe of the gas properties, and their collisional properties can

be tuned with magnetic and optical Feshbach resonances (3, 7). That made possible the

production of the two component BECs, which was the first attempt to nucleate vortices

in this system. Latter techniques to generate vortex singularities come with the rotational

anisotropic bulk experiment (attractive dipole potential created by a stirring laser beam)

and also the phase imprinting method (phase profile imprinted onto the condensate via

laser beams) (5). A new chapter in this history starts with the artificial Gauge fields

technique, that is in the way to produce an ordered vortex array in the BEC (11).

In the early days of atomic BEC experiments, the main focus was to investigate

condensate properties of matter waves like coherence, as described theoretically by the

Hartree-Fock-Bogoliubov mean field theory for weakly interacting quantum gases (7).

More recently, emphasis has shifted to strongly interacting systems, which are much more

in line with present interests in theoretical condensed matter physics. As mentioned be-

fore, not only the external potential, but also the interaction and now the kinetic terms

(gauge fields) can be well controlled in the BEC system. These new techniques developed

to manipulate the cold atoms turn this field a great "toolbox" to probe the concepts de-
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veloped in the nuclear physics, condensate matter and quantum computation fields. The

BEC can reproduce condensed matter Hamiltonians, for example, with most experimental

simulations coming with the introduction of the BECs in optical lattices (4). This leads

to Hubbard type lattice models, where one can engineer various types of Hamiltonians

for 1𝐷, 2𝐷 and 3𝐷 Bose and Fermi systems, which can be controlled by varying external

field parameters. In addition, the field of the cold atoms has generated problems and ideas

specific to these novel systems.

This scenario illustrates the importance of the field that this doctorate’s project

belongs to. The models developed here closely follow our experimental group observations

and our future trends in the laboratory. Moreover, the study realized in this thesis, includ-

ing the experimental proposals to probe the developed theory, is relevant in the context

of Bose-Einstein condensate mixtures, since it requires the application of the most recent

and successful techniques in this field: the advances in cooling mechanisms to produce bi-

nary condensates, Feshbach resonance technique to control the interaction parameters and

artificial Gauge fields to selectively nucleate vortex lattices in one of the atomic species.

1.2 Thesis outline

In section 2, we described the turbulent superfluid system. Particularly, the super-

fluid hydrodynamic model (formalism equivalent to the GPE equation) was generalized to

explain the anomalous behavior of the free expanding turbulent condensate cloud observed

in the S�̃�o Carlos Optics Group experiments.

Following the latest trends in our experiments, in the remaining sections of the

thesis we deal with the topic of two species BEC.

In section 3, we analyzed the properties of impurities immersed in a vortex lattice

formed by ultracold bosons in the mean field quantum Hall regime. Besides the effects of

a periodic lattice potential that come with the interspecies atomic repulsion, the impurity

is dressed by collective modes of the lattice (Tkachenko modes) with parabolic dispersion.
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We keep the analysis of the single impurity-vortex lattice system toward lower tempera-

ture regimes, until the break of the previous polaronic quasiparticle picture. The latter

phenomenon was demonstrated by the appearance of a power law decay in the impurity’s

Spectral Function.

The model for the two superfluid system started to be built in section 4, after

its stability properties had been established within the single impurity case. The polaron

superfluid in a vortex lattice Bose-Einstein condensate system was mapped onto a Bose-

Hubbard type Hamiltonian. Then, we investigated a quantum phase transition in the

confined cloud by tuning the atomic scattering length of the two species. We described

how this new quantum system allows novel phenomena beyond the present studies with

static optical lattices.

The summary of the main results and the conclusions for each chapter of the thesis

are presented in section 5.
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2 Self-Similar expansion of a turbulent cloud

2.1 Definition of BEC and GPE formalism

Bose-Einstein condensation was first described for an ideal gas of free bosons, with

mass 𝑚 and density 𝑛. The chemical potential 𝜇 is obtained from the conditions

𝑛k = 1
𝑒𝛽(𝜀k−𝜇) − 1∑︁

k
𝑛k = 𝑛,

where the boson occupation 𝑛k has 𝜀k = 𝑘2/2𝑚 and 𝛽 = (𝑘𝐵𝑇 )−1. In a dimension 𝑑 > 2,

𝜇 reaches 0 at a temperature 𝑇𝑐 such that∫︁
𝑑𝜀 𝜌(𝜀) 1

𝑒𝛽𝑐𝜀 − 1 = 𝑛

where we have the one particle density of states 𝜌(𝜀) ∼ 𝜀𝑑/2−1. The existence of a finite

value for this integral reflects the saturation of the occupation number of particles in

the excited states. Then, below 𝑇𝑐, a macroscopic number of particles 𝑁0 accumulates

in the lowest state, with 𝜇 locked to zero giving the maximum value for the occupation

distribution of the excited states. When 𝑑 ≤ 2 the integral above diverges and Bose-

Einstein condensate does not occur, since we will have 𝑇𝑐 = 0.

These conclusions hold for an uniform infinite system. The condensation at low

dimensions can be restored, however, if the system is put in a confining potential 𝑉 ∼ 𝑟𝜈

(12) that changes the accessible region for the particles. A particle with energy 𝜀 can

occupy a volume of radius 𝐿 ∼ 𝜀1/𝜈 , and the correspondent density of states will now

behave as 𝜌(𝜀) ∼ 𝐿𝑑𝜀𝑑/2−1 = 𝜀𝑑/𝜂+𝑑/2−1. We can alter 𝜂 to make the integral convergent

and 𝑇𝑐 finite.

The original argument of Einstein to treat the condensation process assumes the

absence of interactions. We would like to generalize here the definition of BEC to an inter-

acting system. A generally applicable definition of BEC was given by Penrose and Onsager

(1956), starting with the diagonal form of one-particle density matrix of the system (13).
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Considering a system consisting of a large number 𝑁 of spinless bosonic particles (with-

out internal degrees of freedom). It may have arbitrary interparticle interactions and be

subject to a general time-dependent single-particle potential. Any pure many-body state

of the system at time 𝑡 can be written in the form 𝜓𝑁(r1, r2, ..., r𝑁), were r𝑖 describes the

coordinates of the particle 𝑖. This function 𝜓𝑁 is symmetric under exchange of any pair

𝑖𝑗, and can be used to define the single-particle density matrix for this system

𝜌1(r, r′, 𝑡) = 𝑁
∫︁

𝑑r2...𝑑r𝑁 𝜓𝑁(r1, r2, ..., r𝑁) 𝜓*
𝑁(r′

1, r2, ..., r𝑁) (2.1)

Here, 𝜌1(r, r′, 𝑡) is basically the probability amplitude, at time 𝑡, to find a particular

particle at r times the amplitude to find it at r′, averaged over the behavior of all the

other 𝑁 − 1 particles. Since it is a Hermitinan matrix 𝜌1(r, r′) = (𝜌1(r′, r))*, there is

a complete set of orthogonal eigenfunctions 𝜙𝛼(r, 𝑡) of 𝜌1, for any given 𝑡, that allows

we rewrite it in a diagonal form 𝜌1(r, r′, 𝑡) = ∑︀
𝛼 𝑛𝛼(𝑡)𝜙*

𝛼(r, 𝑡)𝜙𝛼(r′, 𝑡), with the natural

normalized orbitals
∫︀
𝑑2𝑟 |𝜙𝛼(r, 𝑡)|2 = 1.

Returning to the statement “a macroscopic number of particles occupies a single

oneparticle state”, the existence of a BEC depends on the magnitude of the 𝑛𝛼 compared

to 𝑁 :

1. If all the eigenvalues 𝑛𝛼 of 𝜌1 at time 𝑡 are of order unity (none of order 𝑁), then we

say the system is “normal” at time 𝑡 (i.e. not Bose-condensed).

2. If there is exactly one eigenvalue of order 𝑁 , with the rest all of order unity, then we

say the system exhibits “simple BEC”.

3. If there are two or more eigenvalues of order 𝑁 , with the rest of order unity, then we

say it exhibits “fragmented BEC”.

We can make the definition rigorous by taking an appropriate thermodynamic limit;

e.g. for a gas of atoms moving freely in space in volume 𝑉 , we can consider the limit

𝑁 → ∞,𝑉 → ∞,𝑁/𝑉 = 𝑐𝑜𝑛𝑠𝑡., 𝑇 = 𝑐𝑜𝑛𝑠𝑡.; then the limiting value for 𝑛𝛼 of order 𝑁

is reflected in a constant value of the fraction 𝑛𝛼/𝑁 , while the statement that “𝑛𝛼 is of

order unity” means that 𝑙𝑖𝑚(𝑛𝛼/𝑁) → 0.

Genuine Bose-Einstein condensation is not an ideal gas effect; it necessarily implies
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interacting particles. For an interacting system of bosons, there is only one eigenvalue of

𝜌1 that has 𝒪(𝑁)[𝑛0 ∼ 𝑁 ], and the system is a BEC described by a single particle wave

function. We remark that the essential role played by the interaction between the particles

is due to the exchange interaction energy contribution that appears when we deal with

condensate in more than one state. That makes condensate fragmentation energetically

costly (14); then the condensate particles accumulate in a single state and there are no

condensate particles shared between different degenerate states.

A general system of bosons with mass 𝑚 interacting through a potential 𝑉𝑖𝑛𝑡(r)

and moving in an external potential 𝑉𝑒𝑥𝑡(r, 𝑡) is described by the Hamiltonian (6,7)

�̂� =
∫︁
𝑑3𝑟 𝜓†(r, 𝑡)

⎡⎣−ℎ̄2

2𝑚 ∇2 + 𝑉𝑒𝑥𝑡(r, 𝑡)
⎤⎦𝜓(r, 𝑡)

+
∫︁
𝑑3𝑟 𝑑3𝑟′ 𝜓†(r, 𝑡)𝜓†(r′, 𝑡)𝑉𝑖𝑛𝑡(r − r′)𝜓(r, 𝑡)𝜓(r′, 𝑡). (2.2)

Just as in a magnetic material described by an isotropic Heisenberg model, the Hamilto-

nian is invariant under simultaneous rotation of all the spins, so in a Bose system described

by standard creation and annihilation operators 𝜓(r), 𝜓†(r) it is invariant under the global

𝑈(1) gauge transformation 𝜓(r) → 𝜓(r) 𝑒𝑖𝜑, 𝜓†(r) → 𝜓†(r) 𝑒−𝑖𝜑. At first sight, symmetry

forbids either the expectation value ⟨S⟩ of the magnetization of the magnetic material,

or the corresponding quantity ⟨𝜓⟩ in the Bose system, to take a finite value. Neverthe-

less, we know that if the material in question is ferromagnetic, then when it is below its

Curie temperature and we take the thermodynamic limit, in the presence of infinitesimal

symmetry breaking fields, the quantity ⟨S⟩ indeed takes a finite (macroscopically large)

value, and thus the direction of the magnetization is a well defined quantity. Similarly,

it is argued in the Bose case when one is below the Bose condensation temperature and

takes the thermodynamic limit in a similar way, ⟨𝜓⟩ (order parameter) becomes finite

(in this case proportional to 𝑁1/2) and its phase 𝜑 thus become well defined. The Bose

condensate is said possess a “spontaneous broken gauge symmetry” (13).

In the spirit of a mean-field theory, Pitaevskii (15) (1961) and Gross (1963) (16)

independently derived an equation for the condensate wave function by approximating

𝜓(r) in the equation of motion, 𝑖ℎ̄ 𝜕𝑡𝜓(r, 𝑡) = [𝜓(r, 𝑡), �̂� − 𝜇�̂� ], by its expectation value
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⟨𝜓(r, 𝑡)⟩ = 𝜓0(r, 𝑡) over a coherent state, where 𝜇 is the chemical potential and �̂� is the

number operator. That comes with the replacement of a quantum degree of freedom by

its classical approximation.

To justify this approximation, we can consider again the diagonal form of the single

particle density matrix 𝜌1. Since 𝜌1(r, r′, 𝑡) = ⟨𝜓(r, 𝑡)†𝜓(r′, 𝑡)⟩ (6), that gives the possibility

of identify the field operator as a linear combination of the density matrix eigenfunctions,

that is, 𝜓(r, 𝑡) = ∑︀
𝛼 𝜙𝛼(r, 𝑡)�̂�𝛼, where �̂�†

𝛼, �̂�𝛼 are the annihilation and creation operators

of a particle in the state 𝜙𝛼 (single particle wave function for general interacting and

nonuniform operator). As the field obeys, for a fixed time 𝑡, the commutator relation

[𝜓(r), 𝜓†(r′)] = 𝛿(r − r′) and [𝜓(r), 𝜓(r′)] = 0, then we can derive the equivalent relation

[�̂�𝛼, �̂�
†
𝛽] = 𝑛𝛼 𝛿𝛼,𝛽 and [�̂�𝛼, �̂�𝛽] = 0. Also, from the definition of 𝜌1 we found ⟨�̂�†

𝛼�̂�𝛽⟩ =

𝛿𝛼𝛽 𝑛𝛼. Upon condensation, we have that 𝑛0 = ⟨�̂�†
0�̂�0⟩ will assume a macroscopically large

value 𝑁0. On the other hand, the commutator
[︁
�̂�0, �̂�

†
0

]︁
= 1 continues to be of 𝒪(1). Thus,

it seems reseanable to neglect all commutators of the zero operator �̂�0 in comparison with

its expectation value.

The wave function 𝜙0(r, 𝑡) relative to the macroscopic eigenvalue 𝑛0 plays a crucial

role in the theory of BEC and characterizes the so-called wave function of the condensate.

To characterize that, it is useful separate in the field operator 𝜓 the condensate from the

other components

𝜓(r, 𝑡) = 𝜙0(r, 𝑡)�̂�0 +
∑︁
𝛼 ̸=0

𝜙𝛼(r, 𝑡)�̂�𝛼. (2.3)

The introduction of BEC trough Bogoliubov consist in replace the operator �̂�0 by
√
𝑁0,

that is the classical approximation justified above. It is equivalent to treat the macroscopic

component 𝜙0(r, 𝑡)�̂�0 as a classical field 𝜓0(r, 𝑡) =
√
𝑁0𝜙0(r, 𝑡). Additionally, we can have

a residual field 𝛿𝜓(r, 𝑡) = ∑︀
𝛼 ̸=0 𝜙𝛼(r, 𝑡)�̂�𝛼.

The Gross-Pitaevskii equation (GPE) reads

𝑖ℎ̄ 𝜕𝑡𝜓0(r, 𝑡) =
[︃

−ℎ̄2

2𝑚 ∇2 − 𝜇+ 𝑉𝑒𝑥𝑡(r, 𝑡) +
∫︁
𝑑2𝑟′ 𝑉𝑖𝑛𝑡(r − r′)|𝜓0(r′, 𝑡)|2

]︃
𝜓0(r, 𝑡). (2.4)

The use of the Gross-Pitaevskii equation (2.4) to describe the interacting boson system

assumes a small BEC depletion, i.e., 𝑁0 ≃ 𝑁 . This is a good approximation in the
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absence of strong correlations and at low temperatures. Thus, it is particularly suitable

for dilute ultracold gases (6,7), for which the interparticle potential range is much smaller

than the interparticle distance. In these systems, interactions are well described by the

pseudopotential 𝑉𝑖𝑛𝑡(r) ≃ 𝑔 𝛿(r), where the effective interaction 𝑔 includes the influence

of short-wavelength degrees of freedom that have been eliminated.

Let us turn to the consequences of the GPE, setting 𝑉𝑒𝑥𝑡(r, 𝑡) = 𝑉𝑒𝑥𝑡(r) and consid-

ering the many-body ground state evolution through a phase factor 𝜓0(r, 𝑡) = 𝜓0(r) 𝑒−𝑖𝜇𝑡.

Substituting this form into Eq. (2.4) yields the time-independent GPE

𝜇𝜓0(r) =
[︃

−ℎ̄2

2𝑚 ∇2 + 𝑉𝑒𝑥𝑡(r) + 𝑔|𝜓0(r)|2
]︃
𝜓0(r). (2.5)

Now we specialize to the case of a free single-particle system, 𝑉𝑒𝑥𝑡(r) = 0, focusing on a

small but nonzero coupling constant 𝑔. In particular, the ground state will be the spatially

constant, macroscopically occupied zero-momentum state 𝜓0. This uniform GPE equation

reveals much about the nature of the system:

- For 𝜇 < 0 (i.e. above the condensation threshold of the non-interacting system), the

equation exhibits only the trivial solution 𝜓0 = 0. This means that no stable condensate

amplitude exist.

- Below the condensation threshold (𝜇 ≥ 0), the equation is solved by any configura-

tion with |𝜓0| =
√︁
𝜇/𝑔. - The equation couples only to the modulus of 𝜓0. That is, the

solution of the stationary phase equation is continuously degenerate: each configuration

𝜓0 =
√︁
𝜇/𝑔 𝑒𝑖𝜑 with 𝜑 ∈ [0, 2𝜋] is a solution.

As in the condensate matter physics (17), given a theory with globally 𝐺 invariant

action, two scenarios are possible: either the ground states share the invariance properties

of the action or they do not. The two alternatives are illustrated in the this example

of the Bose system. For 𝜇 < 0, the action has a single ground state at 𝜓0 = 0. This

state is trivially symmetric under the action of 𝐺 = 𝑈(1). However, for positive 𝜇, i.e.

in the situation discussed above, there is an entire manifold of degenerate ground states,
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defined through the relation |𝜓0| =
√︁
𝜇/𝑔. These ground states transform into each other

under the action of the gauge group. However, none of them is individually invariant. The

above definition confirmed our previous argumentation that the 𝑈(1) symmetry group

was spontaneously broken.

Locking of the phase means fluctuation of the particles number 𝑁 and the appear-

ance of the Bogoliubov excitations on top of the condensate. Interacting boson systems

support excitations with a dispersion that strongly deviates from the free-particle disper-

sion 𝜀0(𝑘) = ℎ̄2𝑘2/2𝑚. To compute the excitation spectrum, as derived by Bogoliubov,

we determine a quadratic Hamiltonian from Eq. (2.2) in terms of 𝛿𝜓(r) = 𝜓(r) −
√
𝑁0

and 𝛿𝜓†(r) = 𝜓†(r) −
√
𝑁0 and keep only the (leading) terms up to 𝒪(𝑁0). Its linearized

form describes the condensate excitations, which, for an uniform gas, has a dispersion

of the form 𝜀(𝑘) =
√︁
𝜀0(𝑘)[𝜀0(𝑘) + 2𝑔𝑛0], with 𝑛0 = 𝑁0/𝑉 the atomic density and 𝑔 is

the strength of the interaction. Note that, in the |k| → 0 limit, the excitations above

the BEC state are linearly dispersing phonons: 𝜀(𝑘) ≃ ℎ̄𝑠|k|, where 𝑠 =
√︁
𝑔𝑛0/𝑚. From

the point of view of the spontaneous breakdown of the 𝑈(1) symmetry, the phonons are

the Goldstone modes of the broken-symmetry phase (17). We remark that these virtual

excitations of particles out of the condensate are enough to lift the degeneracy of the

ground state, favoring the pure state condensates (14).

2.2 Superfluid dynamic equations

In this part we introduce the superfluid hydrodynamic equations. The physical

content of the GPE may be revealed by reformulating it as a pair of hydrodynamic

equations, which are expressions of the conservation laws for particle number and for

total momentum. That can be derived by setting 𝜓0(r, 𝑡) =
√︁
𝑛(r, 𝑡) 𝑒𝑖𝜃(r,𝑡) in Eq. (2.4).

Separating the real and imaginary parts of the resulting system we obtain the equations

𝜕𝑡𝜃 +
(︃
ℎ̄(∇𝜃)2

2𝑚 + 1
ℎ̄

[𝑉𝑒𝑥𝑡 + 𝑔𝑛] − ℎ̄

2𝑚
∇2√𝑛√

𝑛

)︃
= 0,

𝜕𝑡𝑛+ ℎ̄

𝑚
∇ · (𝑛∇𝜃) = 0. (2.6)
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In Eq. (2.6), the first equation describes a potential flow with velocity potential v(r, 𝑡) =

(ℎ̄/𝑚)∇𝜃(r, 𝑡). That equation tells us that the system adjusts to spatial fluctuations of

the density by a dynamical phase fluctuation. The second equation represents a continuity

equation, where the particle current is given by j(r, 𝑡) = 𝑛(r, 𝑡)v(r, 𝑡). A current flow with

non-vanishing divergence is accompanied by dynamical distortions in the density profile.

The most remarkable feature of these equations is that, for a uniform density (𝑉𝑒𝑥𝑡 = 0),

they possess steady state solutions with non-vanishing current flow. Setting 𝜕𝑡𝜃 = 𝜕𝑡𝑛 = 0,

we obtain the conditions 𝛿𝑛 = 0 and ∇ · j = 0, i.e. below the condensation temperature,

a configuration with an uniform density profile can support a steady state divergenceless

(super)current.

Steady state current flow in normal environments is prevented by the mechanism

of energy dissipation, i.e. particles constituting the current flow scatter off imperfections

inside the system, converting part of their energy into the creation of elementary exci-

tations (macroscopically, the conversion of kinetic energy into the creation of excitations

manifests itself as heat production). Apparently, this mechanism is inactivated in super-

fluid states of matter, i.e. the current flow is dissipationless. No energy can be exchanged

if there are no elementary excitations to create. Then, to avoid dissipative loss of energy,

the excitations of the system have to be energetically high-lying, so that the kinetic energy

stored in the current-carrying particles is insufficient to create them. There is an argument

due to Landau showing that a linear excitation spectrum (the long wavelength Bogoli-

ubov sound wave spectrum derived in the previous section) indeed is suffices to stabilize

dissipationless transport in superfluids, if the fluid velocity is inferior to the characteristic

sound velocity (7).

Let us conclude with important consequences related to the superfluid velocity

field v. In any region of space where 𝑛(r, 𝑡) is nonzero (so that v(r, 𝑡) is everywhere

defined) we have ∇ × v(r, 𝑡) = 0. Since 𝜓0 is single valued, the change of its phase over

any close path must be a multiple of 2𝜋. That gives the Onsager-Feynman quantization
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condition for the circulation (6)

△𝜃 =
∮︁

𝐶
∇𝜃 · 𝑑ℓ = 𝜅 2𝜋

→
∮︁

𝐶
v · 𝑑ℓ = 𝜅ℎ/𝑚, (2.7)

with 𝜅 an integer value. The explicit occurrence of ℎ̄ in this formula reminds us that the

superfluid velocity is essentially a macroscopic manifestation of a quantum-mechanical

object.

2.3 Turbulence in atomic BECs

The study of turbulence in quantum fluids goes back to early thermal counterflow

experiments, where the superfluid and the normal component travel in opposite direc-

tions, producing a turbulent regime (18). Feynman characterized the turbulent regime

in a superfluid as a tangle of quantized vortices (19). Vinen verified this scenario in his

experiments with 4He (18), where the resulting dissipation was connected to the friction

of the vortex lines with the normal fluid. Recently, the experimental observation of quan-

tized vortices and turbulence in condensates of trapped atomic vapors (20,21) contributes

to the Feynman picture of turbulence; also, it confirms the superfluid nature of the BEC.

The possibility of studying turbulence in an alternative superfluid to liquid helium

is very attractive and may still create new exciting possibilities. Atomic Bose-Einstein

condensates (BEC) are a highly tunable system that holds much promise for the devel-

opment of theoretical and experimental insights into some of the unanswered questions

surrounding the theory of quantum turbulence (22). First of all, the relatively low density

of trapped atomic superfluids allows a clearer visualization of the vortex geometry as well

as the direct observation of the distribution of vortices and other effects related to few

vortices. Vortex reconnections (23), which can change the topology of the vortex lines,

always play an important role in quantum turbulence and there is a lack of understanding

about the microscopic details previously observed and studied in liquid helium.

New effects due to the finite aspects of the superfluids (22), that might not be
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present in homogeneous systems like helium, will appear in these atomic trapped systems.

Those effects might be remarkable concerning the evolution of the turbulent regime and

its decay, generating thermal atoms, which can be easily detected and better studied in

their dynamical aspects. The finite size effects may place limits on the maximum number

of allowed vortices existing in the superfluid cloud before evolving to turbulence. This fact

may have dramatic implications on the dynamical behavior of the turbulent states.

Atomic BECs are currently the most accessible system in which to study the small

scale properties of turbulent vortex flow. Theoretical investigations have begun to build

up a picture of vortex dynamics and the processes contributing to the forcing and decay

of turbulence at small scales (24–26) and there is a favorable scenario for experimental

verification of those mechanisms in atomic BECs. At large scales, the features of classical

turbulence are an emerging feature of quantum turbulence (27), suggesting that research

with BEC systems may provide insight into some of the outstanding questions of tur-

bulence. The study and understanding of turbulence in Bose-Einstein condensation of

trapped neutral atoms is still at the very beginning, but has a great potential to become

an important and exciting research field.

2.4 Anomalous expansion of a turbulent cloud

In recent work, the turbulent state of a 87Rb condensate was observed under the

application of oscillatory perturbations to the trapping magnetic field (20, 21). These

experiments showed the possibility to create a turbulent state in an ultracold atomic

alkaline system starting from a normal BEC.

An up view of our experimental apparatus is showed in Fig. 1a. The magnetic

field is given by a QUIC (Quadrupole and Ioffe configuration) trap (28), composed of a

quadrupole field generated by two coils operating in anti-Helmholtz configuration and an

Ioffe coil. The latter creates a bias field that eliminates the zero values in the magnetic

field of the quadrupole. The overall trapping potential felt by the BEC cloud can be

approximated by a harmonic potential, which frequencies are related with atomic magnetic
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Figure 1 – Experimental apparatus (a) and oscillatory perturbation scheme (b)

Source: HENN et al. (20)

Figure 2 – Density profile of the atomic condensate cloud, obtained using absorption imaging of
the 87Rb atomic cloud after 15 𝑚𝑠 of time-of-flight: (a) single vortex in an ordinary
condensate, where the cloud dimension is 60 𝜇𝑚 × 80 𝜇𝑚; (b) density distribution
of a turbulent condensate, with dimension 300 𝜇𝑚 × 100 𝜇𝑚.

( a )( a )
( a ) ( b )

Source: CARACANHAS et al. (29)

moment and the magnetic field intensity (7,28). For our large number atomic sample, the

equilibrium configuration of the trapped BEC comes from the competition between the

trap potential and the repulsive atomic interaction (7). The cigar shaped cloud profile

showed in Fig. 1 is due to our axial symmetric trap configuration, with lower confinement

along the symmetry axes direction (represented by 𝑥 in the scheme of Fig. 1, but that will

be treat in the following as 𝑧 axes), with 𝜔𝑧/𝜔𝜌 ∼ 0.1. Figure 2 shows absorption images

from a single vortex Thomas-Fermi (TF) BEC and a turbulent cloud generated in these

experiments (the oscillatory magnetic field perturbation is generated by the misaligned

ac coils illustrated in Fig. 1b). A lot of vacancies can be clearly observed in the density
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Figure 3 – Absorption Image of the 87Rb cloud during the free expansion: (a) shows a classical
thermal (non-condensed) cloud expansion, for which the value of aspect ratio tends
to unity; (b) an anisotropic expansion of an ordinary BEC, without vortices, where
there is an inversion of the initial aspect ratio; (c) expansion of a condensate in the
turbulent regime, where the aspect ratio seems fixed.

Source: CARACANHAS et al. (29)

profile of the turbulent cloud. They indicate where the vorticity is concentrated during

the imaging process (image beam represented in Fig. 1a).

The most common diagnostic of trapped atomic clouds is done by imaging it after

the cloud is released from the trap, that is, during the free expansion. That makes it easy to

identify the differences between a thermal and a Bose-condensed cloud. The thermal cloud

shows a gaussian profile that evolves to an isotropic density distribution at long times

of expansion. Otherwise, in the Thomas-Fermi regime (7) (dense and interacting large

BEC cloud), the quantum cloud shows a profile that reflects the shape of the confining

trap. Then, for a cigar-shaped trap, for example, the BEC cloud expands dramatically

faster in the radial than in the axial direction, mostly due to the strongest repulsive

interaction between the atoms (for an ideal BEC we could expected this same behavior,

since the quantum pressure also increases with the spatial confinement). That causes
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the signature inversion of the BEC cloud aspect ratio during the free expansion. These

expansion dynamics can be seen respectively in columns (a) and (b) of Fig. 3. Considering

now a turbulent BEC cloud, besides the evidences of the tangled vortices configuration

given by the vacancies in the density profile absorption image in Fig. 2, we observed

that the cloud dynamics also differed from the thermal and the BEC samples due to

the presence of vorticity. In fact, for the cigar shaped trap used in (21), the turbulent

condensate expands with a nearly constant aspect ratio once released from its confinement

and does not display the aspect ratio inversion observed in a TF condensate. In Fig. 3 c

we show this evolution, clearly self-similar, of the turbulent cloud.

To characterize the anomalous expansion of the turbulent sample, we developed a

generalized expansion model based on the Lagrangian approach. The kinetic term contri-

bution of a tangle vortex configuration was added to the system Lagrangian and the Euler-

Lagrange equations were derived to describe the dynamics of the turbulent cloud. The

aspect-ratio calculations agreed with the experimental results, showing that the physics

behind the anomalous expansion of the turbulent system was well explained by our model

(30). Further details are reviewed below. Before that, we introduce the rotational hydro-

dynamic model to characterize the effect of the vortices over the free expansion of the

cloud.

2.5 Rotational Hydrodynamic equation

The original hydrodynamic approach was successfully employed to describe the

collective modes dynamics and the vortex free condensate expansion (6); now its rotational

version comes to deal with the vortex lattice BEC dynamics (31).

As defined in the introduction, the rotational velocity field of the superfluid should

be zero. Otherwise, considering the integral in Eq. (2.7), we can define a closed path 𝐶 on

which 𝜓0 is everywhere finite, but which envelops a region in which the latter vanishes.

For this particular situation, we can have the rotational velocity field non zero above the

enclosed singularity (6, 7). This scenarios apply to a path taken around the singularity
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of a vortex GPE solution (5). For example, considering a cylindrical coordinate system

r(𝜌, 𝜃, 𝜑)), the vortex wave function, with a straight line singularity along 𝑧, is given by

Φ(r) =
√
𝑛𝑒𝑖𝜅𝜑𝑓(𝜌)

Now we have a GPE solution with a space dependent phase, which velocity field profile

can be determined from Eq. (2.7) as

v(r, 𝑡) = 𝜅ℎ̄

𝑚𝜌
𝜑. (2.8)

As expected, that gives a rotational velocity field with

∇ × v = 𝜅ℎ̄

𝑚
𝛿(2)(r) ẑ. (2.9)

Considering now an array of vortices aligned along 𝑧. We can determine the circu-

lation that comes from the contribution of all vortex lines inside a closed path, establishing

a mean vorticity Ω (= ℎ
2𝑚
𝑛𝑉 (5)) for the enclosed area, so that ∇ × v = 2Ω. Basically

we associate a classical fluid behavior for the superfluid system due to its high angular

velocity (= high density non overlaping-vortex lines 𝑛𝑉 ). This is a well-known approx-

imation applied before to treat the dynamics of a BEC cloud with an array of vortices

(31). We will describe further properties of the vortices lattice system in the next chapter,

emphasizing here that such approximation for the vortex array superfluids enable us to

derive their rotational version of the Euler equation

𝜕𝑡v + ∇
(︂1

2𝑚𝑣
2 + 𝑉𝑒𝑥𝑡 + 𝑔𝑛

)︂
= 𝑚v × (∇ × v).

We conclude this part by introducing the rotational hydrodynamic equations,

which were applied in (29) to solve the expansion dynamics of the turbulent cloud. Here

we briefly describe some of the results obtained in that reference, since they are important

material for our most recent model for the turbulent superfluid dynamics, that will be

treated in the next section.

As in the variational method, in the Thomas-Fermi (TF) hydrodynamic approach

we started defining an ansatz to the condensate wave function. That has a couple of
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parameters, which dynamic equations are obtained after substitute the ansatz in the

hydrodynamic equations. We considered for the density and velocity field

𝑛(r, 𝑡) = 𝑛0(𝑡)
(︃

1 − 𝑥2

𝑅2
𝑥(𝑡) − 𝑦2

𝑅2
𝑦(𝑡) − 𝑧2

𝑅2
𝑧(𝑡)

)︃
,

v(r, 𝑡) = 1
2∇

(︁
𝑏𝑥(𝑡)𝑥2 + 𝑏𝑦(𝑡)𝑦2 + 𝑏𝑧(𝑡)𝑧2

)︁
+ Ω(𝑡) × r, (2.10)

with the TF radius𝑅𝑖 for the density profile and velocity field phase coefficient 𝑏𝑖. That last

is associated to the irrotational component of the velocity field, and, according with Eq.

(2.10), was complemented by a rotational component, with vorticity Ω(𝑡) = ℎ̄
𝑚

𝑁𝑉

𝑅𝑦(𝑡)𝑅𝑧(𝑡) , as-

sociated to the presence of a vortex array in our system (with 𝑁𝑉 vortices). The latter was

considered aligned perpendicularly to the symmetry axis of the initial trapped cloud, that

has the cigar shaped profile Fig. 4. Using the hydrodynamic equations constrains: particle

number conservation and stability of the initial solution, translated in the relation 𝑏𝑖 = �̇�𝑖

𝑅𝑖

and the additional irrotational velocity field 𝛼(𝑡)∇(𝑥𝑦), with 𝛼(𝑡) = 𝑅2
𝑦(𝑡)−𝑅2

𝑧(𝑡)
𝑅2

𝑦(𝑡)+𝑅2
𝑧(𝑡) Ω(𝑡), we

could combined the time evolution equation for 𝑅𝑖 and 𝑏𝑖 to obtain the second order

equations for the TF cloud dimensions

𝑅𝑥 − 15𝑁ℎ̄2𝑎𝑠

𝑚2
1

𝑅2
𝑥𝑅𝑦𝑅𝑧

= 0

𝑅𝑦 − 15𝑁ℎ̄2𝑎𝑠

𝑚2
1

𝑅2
𝑦𝑅𝑥𝑅𝑧

= 4
(︃
𝑁𝑉 ℎ̄

𝑚

)︃2 1(︁
𝑅2

𝑦 +𝑅2
𝑧

)︁2𝑅𝑦

𝑅𝑧 − 15𝑁ℎ̄2𝑎𝑠

𝑚2
1

𝑅2
𝑧𝑅𝑥𝑅𝑦

= 4
(︃
𝑁𝑉 ℎ̄

𝑚

)︃2 1(︁
𝑅2

𝑦 +𝑅2
𝑧

)︁2𝑅𝑧. (2.11)

We showed that the centrifugal force resulted form the vortex lattice velocity field

diminishes the atomic repulsive interaction force effects, that originally dictates the shape

of the expanded cloud. Figure 4 illustrates the aspect ratio deceleration obtained for our

particular vortex array orientation, obtained with the numeric solution of the system in

Eq. (2.11).

From these considerations we conclude that the vortex alignment could bring the

desired effect to explain the anomalous behavior of the turbulent cloud. In spite of the

vortex lines be a main ingredient to characterized the turbulence in quantum fluids, we
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Figure 4 – Aspect-ratio evolution during the free expansion of a normal and a vortex array BEC
cloud with vorticity along the the x-axis (perpendicular to the symmetry axis). The
vorticity is normalized by the radial trap frequency 𝜔𝜌. To keep the system stability
we have to constrain Ω < 𝜔𝜌. For Ω = 0.7𝜔𝜌 → 𝑁𝑉 ∼ 70

Source: CARACANHAS et al. (29)

did not expect that a vortex lattice modeling could give more than a qualitative insight for

our experimental results. Next, we will describe our Lagrangian model, where we attempt

to obtain a quantitative agreement with our experimental data.

2.6 Lagrangian with isotropic vorticity

After having presented our main problem in section 2.4 and described our first

theoretical approach to deal with this system (section 2.5), here we applied variational

principle to derive the dynamic equations for the expansion of a turbulent condensate

cloud. Our time-dependent equations for the radius were derived from the action principle

𝛿
∫︁ 𝑡2

𝑡1
ℒ 𝑑𝑡 = 0, (2.12)

where the Lagrangian ℒ is

ℒ =
∫︁
𝑑3𝑟

[︃
𝑖
ℎ̄

2

(︃
𝜓*𝜕𝜓

𝜕𝑡
− 𝜓

𝜕𝜓*

𝜕𝑡

)︃
− 𝜀[𝜓]

]︃
. (2.13)
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The energy density 𝜀[𝜓] is given by

𝜀[𝜓] = ℎ̄2|∇𝜓|2

2𝑀 + 𝑉𝑒𝑥𝑡|𝜓|2 + 1
2𝑔|𝜓|4, (2.14)

with the repulsive atomic contact interaction 𝑔 = 4𝜋ℎ̄2𝑎𝑠/𝑀 , where 𝑎𝑠 is the 𝑠-wave

scattering length and 𝑀 the atomic mass; 𝑉𝑒𝑥𝑡(𝑟) gives the external confining potential.

In the variational principle Eq. (2.12), the variations of 𝜓 (or 𝜓*) are arbitrary,

apart from the requirement that they vanish at 𝑡 = 𝑡1, 𝑡 = 𝑡2, and on any spatial bound-

aries for all 𝑡. With a physically motivated choice of trial function 𝜓, this variational

principle provides the foundation for approximate solutions of dynamical problems. In

this context, we consider the Thomas-Fermi (TF) trial function for 𝜓 in Eq. (2.15)

𝜓(�⃗�, 𝑡) = 𝑒𝑖𝑆(�⃗�,𝑡) ∏︁
𝑗=𝑥,𝑦,𝑧

𝑒𝑖𝛽𝑗𝑀 𝑥2
𝑗 /2ℎ̄ √

𝑛0

⎛⎝1 −
∑︁

𝑗=𝑥,𝑦,𝑧

𝑥2
𝑗

𝑅2
𝑗

⎞⎠1/2

Θ
(︃

1 − 𝑥2

𝑅2
𝑥

− 𝑦2

𝑅2
𝑦

− 𝑧2

𝑅2
𝑧

)︃
,

(2.15)

including the velocity arising from the random vortices (with a phase 𝑆) and the overall

expansion (with a phase 𝜑, here parametrized by the three quantities 𝛽𝑗); the variational

parameters being the TF radius 𝑅𝑗 and the phase 𝛽𝑗 associated with the irrotational

velocity potential 𝜑𝑗 = 𝛽𝑗 𝑀 𝑥2
𝑗/2ℎ̄, that leads to a linear velocity field 𝑢𝑗 = 𝛽𝑗 𝑥𝑗, with 𝑗 =

𝑥, 𝑦, 𝑧. Note that the induced expansion velocity is strictly irrotational. The normalization

integral of 𝜓(�⃗�, 𝑡) yields

𝑛0 = 15𝑁
8𝜋

1
𝑅𝑥𝑅𝑦𝑅𝑧

, (2.16)

where 𝑁 represents the total number of atoms in the cloud.

With this ansatz we generalize the usual formalism, including the kinetic energy

associated with tangled vortex configuration in the system Lagrangian. Applying the trial

function in Eq. (2.13) provides

ℒ = −𝑁𝑀

14
(︁
𝑅2

𝑥�̇�𝑥 +𝑅2
𝑦�̇�𝑦 +𝑅2

𝑧�̇�𝑧

)︁
− 𝑁𝑀

14
(︁
𝛽2

𝑥𝑅
2
𝑥 + 𝛽2

𝑦𝑅
2
𝑦 + 𝛽2

𝑧𝑅
2
𝑧

)︁
−𝑁𝑀

2 ⟨𝜐2
0⟩ − 𝑁𝑀

2 ⟨𝛿𝜐2⟩ − 15
7
ℎ̄2 𝑎𝑠 𝑁

2

𝑀

1
𝑅𝑥𝑅𝑦𝑅𝑧

. (2.17)
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Above, we considered the rotational velocity field

ℎ̄

𝑀
∇𝑆 = 𝜐0 + 𝛿𝜐, (2.18)

where 𝜐0 is the cloud center of mass motion induced by the vorticity, while 𝛿𝜐 is the

additional local velocity associated with the individual vortices. In Eq. (2.17) we assumed

that the time derivative of 𝑆 is negligible (slow vortex motion) and only considered ve-

locities squares without the cross terms (uncorrelated 𝜐0 and 𝛿𝜐). The mean values ⟨· · ·⟩

are evaluated with a single-particle wave function 𝜙 = 𝑁−1/2𝜓.

We can calculate the term ⟨𝛿𝜐2⟩ for the energy of the individual vortices integrating

the local vortex line energy density (6, 7) (the square of Eq. (2.8) with 𝜅 = 1, multiplied

by the atomic mass density “M 𝑛”) in the radial direction from the vortex core size 𝜉 to

the maximum radius ℓ. That latter corresponds to the effective intervortex separation for

a given randomly oriented vortex configuration, for which we associated the energy per

unit length
𝜋𝑛ℎ̄2

𝑀
ln
(︃
ℓ

𝜉

)︃
. (2.19)

Assuming that there is a mean vortex line length 𝐿 per unit volume, the total energy

from the tangled vortices will be

𝐸𝑣𝑜𝑟𝑡 = 𝜋 𝑁 ℎ̄2

𝑀
𝐿 ln

(︃
ℓ

𝜉

)︃
. (2.20)

We scale 𝐿 with the inverse squared length, so

𝐿(𝑅) ∝ (𝑅2
𝑥 +𝑅2

𝑦 +𝑅2
𝑧)−1. (2.21)

This choice leads to dynamical equations that look like a generalization of those previously

in Eq. (2.11), as we will be seen.

When the vortex energy in Eq. (2.20) is substituted into Eq. (2.17), we obtain the

system Lagrangian

ℒ = −𝑁𝑀

14
(︁
𝑅2

𝑥�̇�𝑥 +𝑅2
𝑦�̇�𝑦 +𝑅2

𝑧�̇�𝑧

)︁
− 𝑁𝑀

14
(︁
𝛽2

𝑥𝑅
2
𝑥 + 𝛽2

𝑦𝑅
2
𝑦 + 𝛽2

𝑧𝑅
2
𝑧

)︁
−𝑁 𝑈(𝑅𝑥, 𝑅𝑦, 𝑅𝑧),

where the effective potential 𝑈 is given by

𝑈(𝑅𝑥, 𝑅𝑦, 𝑅𝑧) = 𝑀

2 ⟨𝜐2
0⟩ + 15

7
𝑎𝑠ℎ̄

2𝑁

𝑀

1
𝑅𝑥𝑅𝑦𝑅𝑧

+ 𝜋ℎ̄2

𝑀

𝐿0(𝑅2
𝑥0 +𝑅2

𝑦0 +𝑅2
𝑧0)

𝑅2
𝑥 +𝑅2

𝑦 +𝑅2
𝑧

ln
(︃
ℓ

𝜉

)︃
, (2.22)
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with 𝐿0 being the initial value of the vortex line density. The Lagrangian equations

(𝑑/𝑑𝑡)(𝜕ℒ/𝜕�̇�𝑗) = 𝜕ℒ/𝜕𝛽𝑗 for 𝛽𝑗 are straightforward and yield 𝛽𝑗 = �̇�𝑗/𝑅𝑗, which enforces

the conservation laws. Correspondingly, the Lagrangian equation 𝜕ℒ/𝜕𝑅𝑗 = 0 for 𝑅𝑗 sim-

plifies because 𝛽2
𝑗 + �̇�𝑗 = �̈�𝑗/𝑅𝑗. Some algebra yields the basic result 1

7𝑀�̈�𝑗 = −𝜕𝑈/𝜕𝑅𝑗,

or more explicitly (ignoring the mean velocity ⟨𝜐2
0⟩ and treating the slowly varying loga-

rithm as constant), it yields the dynamical equation for 𝑗 = 𝑥, 𝑦, 𝑧

�̈�𝑗 = 14𝜋 ℎ̄2

𝑀2
𝐿0(𝑅2

𝑥0 +𝑅2
𝑦0 +𝑅2

𝑧0)𝑅𝑗

(𝑅2
𝑥 +𝑅2

𝑦 +𝑅2
𝑧)2 ln

(︃
ℓ

𝜉

)︃
+ 15 ℎ̄

2 𝑎𝑠

𝑀2
𝑁

𝑅𝑗𝑅𝑥𝑅𝑦𝑅𝑧

. (2.23)

According with the equation above, the rapid expansion of the turbulent cloud

arises from two sources: the isotropic vorticity and the repulsive atomic interaction, given

respectively by the first and second terms in the right-hand side of Eq. (2.23). For large

times, when the expansion yields large values for the mean radii, the vortex term dictates

the cloud dynamics due to its particular scaling with the inverse radius (three inverse

powers, whereas the interaction term has four inverse powers). When the vortex term

dominates over the interaction (at long times), the equations acquire a simple form, with

�̈�𝑗/𝑅𝑗 independent of the index 𝑗, that leads to the asymptotic scale invariance (self-

similarity).

Finally we solved the system of differential equations Eq. (2.23) to obtain the

evolution of the aspect ratio for both the vortex-free and the turbulent cloud. Returning

to the initial value of the vortex line density 𝐿0 = 𝐿𝑇
0 /𝑉0, we can estimate the total vortex

line extension 𝐿𝑇
0 = �̄�0𝑁𝑉 (�̄�0 =

√︁
𝑅2

0𝑥 +𝑅2
0𝑦 +𝑅2

0𝑧), where 𝑁𝑉 represents the number os

vortices inside the cloud of initial volume 𝑉0. Starting with the initial cloud configuration

(stationary solution of Eq. (2.23), when we included the trap potential 𝑉𝑒𝑥𝑡), we calculated

the aspect ratio dynamics in Fig. 5 (experimental parameters in the legend). While the

vortex-free condensate shows the aspect ratio inversion, the turbulent condensate rapidly

achieves an asymptotic value less than one. Hence we have an inhibition of the inversion

due to self-similar expansion.

Besides the calculation of the cloud aspect-ratio, with the hydrodynamic equations

we can also track the evolution of interaction and kinetic energy of the cloud during the free
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expansion. For a vortex free condensate, it is well known that the energy from the repulsive

atomic interaction is decisive to the cloud shape 𝑖𝑛 𝑠𝑖𝑡𝑢, dominating its aspects during the

free expansion (6). The energy functional associated with the turbulent system, however,

presents the competition between this repulsive interaction and the extra kinetic energy

provided by the vortices. That new aspect of the turbulent cloud can be seen in Fig. 6 (see

also the inset, with the energy balance of a normal BEC), with the energy functionals

calculated from the solution of the dynamic equations. It is possible demonstrate that

Figure 5 – Aspect-ratio evolution during the free expansion of a normal and a turbulent BEC.
The inset represents the time window in the experiments (10 < 𝜏 < 30 → 4 < 𝑡 <
18 𝑚𝑠). Points represent the experimental values and the solid lines our theoretical
calculation. The parameters are from our experiment with 87𝑅𝑏: trap frequency:
𝜔𝑥 = 𝜔𝑦 = 𝜔𝜌 = 2𝜋 × 207 𝐻𝑧 and 𝜔𝑧 = 2𝜋 × 23𝐻𝑧; number of atoms: 𝑁 = 105;
scattering length: 𝑎𝑠 = 100𝑎0. We chose 𝑁𝑉 that maximized the effects of the vortex
tangled [𝑁𝑉 = 8𝜋 𝑁 𝑎𝑠/(𝑒 �̄�0)].
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Source: CARACANHAS et al. (30)

the asymmetry of the trap 𝑉𝑒𝑥𝑡 contributes to balance the cloud energy between kinetic

(vortex rotational field) and interaction. In the context of the turbulent cloud in a cigar

shape trap, the vortex kinetic contribution has a crucial role in the expansion, since it

attenuates the effects of the interaction energy that, for our cigar shape trap configuration,

affects mainly the more confined direction. The inhibition of the aspect ratio inversion

(21) of the turbulent cloud is related to an increment in the expansion velocity along

the less confined direction (symmetry axes). That could be explained by an preferential
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alignment of the vortices lines along the short axes, due to lower line bending probability.

Then, the centrifugal contribution (perpendicular to the line direction) of such “partial

aligned” bundle of lines affects mainly the axial direction.

Figure 6 – Evolution of interaction and kinetic energy of the cloud during the free expansion.
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2.7 Frozen Modes

In this section we applied again the generalized Lagrangian formalism, but to ex-

plain the apparent suppression of the collective modes dynamics in a harmonic trapped

turbulent cloud. The collective modes of a BEC cloud can be determined through the

linearization of the correspondent Euler-Lagrange dynamic equations (32,33). In the fol-

lowing, we linearize our dynamic equations in Eq. (2.23), including the trap potential, and

solve the resulting system to extract the normal frequencies of the low energy collective

modes. Particularly, for a cigar shape trap geometry, we easily obtained analytical ex-

pressions for the modes frequencies (32). Those were compared with the collective mode

frequencies of a normal BEC cloud. We concluded that the higher magnitude of the former

represent a further obstacle to excite this particular mode in the vortex tangled BEC.



2.7. Frozen Modes 43

Assuming 𝑁𝑉 = 8𝜋 𝑁 𝑎𝑠/(𝑒 �̄�0) (30) and for the trap aspect ratio 𝜆 = 𝜔𝑧/𝜔𝜌, we

used 𝜏 = 𝜔𝜌𝑡 and 𝑅𝑖 = 𝑙𝑟�̃�𝑖 (𝑙𝑟 =
√︁
ℎ̄/𝑀𝜔𝜌) in Eq. (2.23) to obtain the dimensionless

system of differential equations

˜̈𝑅𝑥 + �̃�𝑥 = 𝑃𝑟

�̃�2
𝑥 �̃�𝑦 �̃�𝑧

+
𝑃𝑣 (�̃�2

0𝑥 + �̃�2
0𝑦 + �̃�2

0𝑧)
(�̃�0𝑥 �̃�0𝑦 �̃�0𝑧)

�̃�𝑥

(�̃�2
𝑥 + �̃�2

𝑦 + �̃�2
𝑧)2

˜̈𝑅𝑦 + �̃�𝑦 = 𝑃𝑟

�̃�2
𝑦 �̃�𝑥 �̃�𝑧

+
𝑃𝑣 (�̃�2

0𝑥 + �̃�2
0𝑦 + �̃�2

0𝑧)
(�̃�0𝑥 �̃�0𝑦 �̃�0𝑧)

�̃�𝑦

(�̃�2
𝑥 + �̃�2

𝑦 + �̃�2
𝑧)2

˜̈𝑅𝑧 + 𝜆2�̃�𝑧 = 𝑃𝑟

�̃�2
𝑧 �̃�𝑥 �̃�𝑦

+
𝑃𝑣 (�̃�2

0𝑥 + �̃�2
0𝑦 + �̃�2

0𝑧)
(�̃�0𝑥 �̃�0𝑦 �̃�0𝑧)

�̃�𝑧

(�̃�2
𝑥 + �̃�2

𝑦 + �̃�2
𝑧)2

, (2.24)

where 𝑃𝑟 = 15𝑁 𝑎𝑠/𝑙𝑟 and 𝑃𝑣 = (48𝜋/𝑒) (𝑁 𝑎𝑠/𝑙𝑟). Now we can linearize the system Eq.

(2.24) with

�̃�𝑥 = �̃�0𝑥 + 𝛿𝑥(𝜏),

�̃�𝑦 = �̃�0𝑦 + 𝛿𝑦(𝜏),

�̃�𝑧 = �̃�0𝑧 + 𝛿𝑧(𝜏), (2.25)

where �̃�𝑖0 corresponds to the stationary solution in the trap and 𝛿𝑖 is the deviation

around this equilibrium value. In an extremely cigar shaped trap (𝜆 ≪ 1), we have

(�̃�2
0𝑥 + �̃�2

0𝑦 + �̃�2
0𝑧) ∼ �̃�2

0𝑧. That simplifies the stationary equations (�̈�𝑖 = 0) of Eq. (2.24),

which can be written with cylindrical coordinates

�̃�0𝜌 = 𝑃𝑟

�̃�3
0𝜌 �̃�0𝑧

+ 𝑃𝑣

�̃�0𝜌 �̃�3
0𝑧

𝜆2�̃�0𝑧 = 𝑃𝑟

�̃�2
0𝑧 �̃�

2
0𝜌

+ 𝑃𝑣

�̃�2
02 �̃�2

0𝑧

. (2.26)

This system provides the approximate solution

�̃�0𝜌 =
⎡⎣ 𝑃𝑟 𝜆

2/3

(𝑃𝑟 + 𝑃𝑣)1/3
1

1 − 𝑃𝑣 𝜆2

(𝑃𝑟+𝑃𝑣)

⎤⎦3/10

∼ 𝑃 3/10
𝑟 𝜆1/5

(𝑃𝑟 + 𝑃𝑣)1/10

�̃�0𝑧 = (𝑃𝑟 + 𝑃𝑣)1/3

𝜆2/3
1[︃

𝑃𝑟 𝜆2/3

(𝑃𝑟+𝑃𝑣)1/3
1

1− 𝑃𝑣 𝜆2
(𝑃𝑟+𝑃𝑣)

]︃1/5 ∼ (𝑃𝑟 + 𝑃𝑣)2/5

𝑃
1/5
𝑟 𝜆4/5

. (2.27)
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After substitute Eq. (2.25) in (2.23), the coefficients of the linear terms in 𝛿 can

be applied to constructed the matrix (𝛿𝜌, 𝛿𝑧) of the resulting system. The characteristic

polynomial of this matrix was determined and its roots provided the collective mode

frequencies

�̃�𝑏 =

⎯⎸⎸⎷2 − 𝑃𝑣 𝜆2

(𝑃𝑣 + 𝑃𝑟)
∼

√
2 (2.28)

and

�̃�𝑞 = 1√
2

1
(𝑃𝑣 + 𝑃𝑟)

[︂
𝐴1 −

√︁
𝐴2

]︂1/2
(2.29)

with 𝐴1 = (3 𝜆2 + 4) 𝑃 2
𝑣 + (6 𝜆2 + 8 + 8 𝜆4) 𝑃𝑟 𝑃𝑣 + (3 𝜆2 + 4) 𝑃 2

𝑟 and 𝐴2 = (16 − 40 𝜆2 + 25𝜆4) 𝑃 4
𝑣 +

(−136 𝜆2 + 48 𝜆6 + 208 𝜆4 + 64) 𝑃𝑟 𝑃 3
𝑣 + (350 𝜆4 + 96 − 168 𝜆2 + 64 𝜆8) 𝑃 2

𝑟 𝑃 2
𝑣 + (−48 𝜆6 − 88 𝜆2 + 64 +

176 𝜆4) 𝑃 3
𝑟 𝑃𝑣 + (−16 𝜆2 + 9 𝜆4 + 16) 𝑃 4

𝑟 .

Those solutions are associated respectively with the breathing (𝜔𝑏) and the quadrupole

(𝜔𝑞) modes (6, 7). While the breathing mode corresponds to in phase oscillation of the

radial and axial radius of the condensate, the quadrupole mode is associated to the out

of phase oscillation of these widths. For 𝑃𝑣 = 0, that is, without the vortex contribution,

we recover the expected values for an usual TF BEC (32,33)

�̃�𝑏 =
√

2 (2.30)

and

�̃�𝑞 = 1√
2
[︁
3𝜆2 + 4 ±

√
−16𝜆2 + 9𝜆4 + 16

]︁1/2
(2.31)

Finally, for our extreme cigar shape tap 𝜆 ≪ 1, the limit of Eq. (2.29) gives the frequency

�̃�𝑞 → 1√
2

[︃
5 + 3𝑃𝑣

(𝑃𝑣 + 𝑃𝑟)

]︃1/2

𝜆 (2.32)

that is

𝜔𝑞 = �̃�𝑞 𝜔𝜌 = 1√
2

[︃
5 + 3𝑃𝑣

(𝑃𝑣 + 𝑃𝑟)

]︃1/2

𝜔𝑧. (2.33)

Considering our experimental parameters for 𝑃𝑣 and 𝑃𝑟 (20), we find 𝜔𝑞 20% higher

than the value expected for a normal BEC in this same trap conditions. That contributes

to explain the “freezing” of this collective oscillation of the turbulent cloud. In the real
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system, however, we can not disregard the presence of the thermal cloud, mainly after

submitting the BEC to the oscillatory perturbation. The thermal atoms generate friction

in the vortex tangle system due to the their scattering with the vortex filaments. This

energy dissipative process can also inhibit the cloud collective modes.

2.8 Summary

We modeled the anomalous expansion of a condensate in the turbulent regime.

The expressions developed here clarify the physics behind the self-similar free expansion,

which is a crucial and characteristic signature of turbulence in the trapped system, as

seen in experiments. Although very phenomenological in nature, our model shows that

the behavior of the expansion depends intrinsically on the amount and distribution of

vorticity present in the sample.
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3 Impurity in a Vortex Lattice

3.1 Tkachenko polaron

3.1.1 Polaron History

The problem of the motion of an electron in an ionic crystal has been of interest

ever since the solid state physics began to developed in the early 1930’s. The interest

in this problem has continued to the present day since it provides a simple model of

particles interacting with a quantum field and serves as a test ground for new methods

(34). Besides that, it is relevant for applied physics superconductors. The fate of a single

impurity interacting with its environment determines the low-temperature behavior of

many condensed matter systems. Polarons are central to the understanding of colossal

magnetoresistance materials (35), and they affect the spectral function of cuprates, the

parent material of high-𝑇𝑐 superconductors (36). Another famous impurity problem is the

Kondo effect, where immobile spin impurities give rise to an enhanced resistance in metals

below the Kondo temperature (37). Following, we give a brief overview of the studies that

drive us to this quasiparticle state.

In 1933, Landau pointed out that the most energetically favorable state of an elec-

tron in a polar lattice can be either a freely moving particle in an undistorted (or slightly

distorted) lattice, or a trapped particle in a strongly distorted lattice (38). Pekar pushed

this concept and developed a macroscopic model where the polar lattice is described as

a dielectric continuous medium (39). His works are focused on this new quasiparticle,

composed of a localized electron and the potential well of the distorted lattice, for which

Pekar coined the term polaron. Up to this point, the concept of self-trapping was fully

equivalent to localization. The idea of the polaron as a mobile free charge carrier was

presented in a subsequent paper and the effective mass of the polaron was calculated by

Landau and Pekar. Pekar’s polaron describes an electron interacting with optical phonons
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of frequency 𝜔. Due to finite phonon frequencies, ion polarizations can follow electron mo-

tion if it moves sufficiently slow. This situation gives polarons with wave functions and

corresponding lattice distortions spread over many lattice sites, propagating through the

lattice as free electrons but with an enhanced effective mass. The size of the trapped

state is large enough that the discreteness of the lattice can be ignored, and a continuous

dielectric medium can be used instead, hence a large or continuous polaron.

The Fr𝑜hlich (40) model has a starting point similar to the Pekar polaron, with

the electron in the periodic potential of the three-dimensional lattice treated through the

bare effective mass approximation and the ionic crystal approximated by a continuous

dielectric medium. However, this time the polarization was treated in a proper quantum

mechanical way, that is, in the second quantized form, where the ionic displacement was

described by phonons. When the polaron binding energy 𝐸𝑝 (lattice deformation energy

due to the electron presence) is larger than the half-bandwidth, 𝑧𝑡 of the electron band,

all states in the Bloch bands are dressed by phonons. That occurs if we increase the

coupling to phonons such that the polaron radius becomes comparable with the lattice

constant (sites separation) and the carriers are described as small or lattice polarons.

Then, the continuum approximation is no longer justified and we have to move on to

the lattice models. Basically, an increase coupling will give a crossover from Bloch states

of band electrons (parabolic dispersion) or large polarons propagating with almost bare

mass in a rigid lattice to heavily dressed Bloch states of small polarons propagating with

an exponentially enhanced effective mass (34).

The most studied lattice model is the Holstein, that is focus on optical phonons

approximated by dispersionless Einstein phonons with 𝜔(𝑞) = 𝜔 and with the simpler Hol-

stein coupling 𝑔(𝑞) = 𝑔. We define two dimensionless parameters to describe the various

regimes of the lattice polaron, as opposed to the single dimensionless coupling constant of

the large polaron. First is the adiabaticity ratio 𝜔/𝑡, with the particles tunneling rate 𝑡.

The second parameter is the dimensionless electron-phonon coupling constant 𝑔 = 𝐸𝑝/𝑧𝑡.

Besides the Holstein coupling, the possible forms of electron phonon couplings include

the polar, or Fr𝑜hlich coupling discussed above with 𝑔(𝑞) = 1/|𝑞| and the deformation
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coupling with 𝑔(𝑞) = |𝑞|.

In 1957, in an attempt to understand the role of back flow in the roton feature of

the helium superfluid dispersion (41), Feynman and Cohen studied a different polaron: an

impurity atom in a condensed 4𝐻𝑒 superfluid. The polarons, in this sense, can be defined

as the excitations created through the interaction of the impurity with the BEC atoms.

3.1.2 Polaron in Ultracold Atoms

To review the subject of polaron in ultracold atoms, we chose to summarize selec-

tive works that illustrate the particularities of this system.

An important experiment in this research area is given in (42), where a small

concentration of spin-down impurities was immersed in a spin-up Fermi sea of ultracold

atoms. In contrast to the electron moving in a phonon bath, a bosonic environment,

the impurity there interacts with a fermionic environment, the Fermi sea of electrons.

In this system the interaction strength is characterized by the ratio of the inter particle

distance, that is a function of spin-up Fermi wave vector, to the atomic scattering length.

The scenario for a single impurity was the following: for weak attraction, the impurity

propagates freely in the spin-up medium of density and experiences the familiar attractive

mean field energy shift. However, as the attractive interaction grows, the impurity can

undergo momentum changing collisions with environment atoms, and thus starts to attract

its surroundings. The impurity “dressed” with the localized cloud of scattered fermions

constitutes the Fermi polaron. Dressing becomes important once the mean free path of the

bare impurity in the medium becomes comparable to the distance between environment

particles. The dressed impurity can move freely through the environment, with an energy

shifted away from the simple mean field result. This polaronic state is stable until, for

strong attraction, equivalent to a deep effective potential well, the spin-down impurity

will bind exactly to one spin-up atom, thus forming a tightly bound molecule.

In the experiment described above, they used the Feshbach resonance technique (7)

to modify the strength of the contact interaction between the impurity and the background
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atoms. Also, they applied radio Frequency spectroscopy (43–45) to explore the excitation

spectrum of the system and identify the polaron formation (i.e. the appearance of a

distinguishable peak in the impurity spectrum that differs from the background spectrum).

This technique will be further detailed in the end of this section. An important remark

here it is the higher control of the model parameters when the theory is made with this

ultracold atomic system. Particularly, for the polaron problem, we can explore not only

different coupling regimes, but also engineer new kinds of momentum dependence for the

coupling parameter, as will be shown in our project later on. Other important advance

bring by the cold atoms community is the optical trap (7). To deal with our next example,

we have to explain some properties of a variety of optical trap called optical lattice (4).

There is no doubt that the optical lattice device represents an enormous devel-

opment in the atomic vapors Bose-Einstein condensates field. This lattice is made with

counter-propagating laser beams that produce periodic trap potentials for the BEC atoms.

The laser parameters: intensity, frequency and polarization direction, can be controlled in

a very wide range yielding a versatile trap geometry. Optical lattices are ideally suited to

produce and study one and two dimensional BECs with the remaining degrees of freedom

frozen. They also allow to alter the ratio of kinetic to interaction energy significantly with

respect to magnetically trapped BEC, leading to the experiment where an optical lattice

was used to adiabatically transform a BEC into a Mott insulating state (4). In spite of

all flexibility introduced with this trapped system, it has a serious limitation to simulate

condensed matter systems: the lack of phonons, that is, the ions vibrations of a crystal.

Since the most interesting phenomena in condensed matter physics involve phonons, is

desirable to introduce them in a controlled way into optical lattices.

Returning to the context of polaron in ultracold atoms, there is a theoretical

proposal to compensate this absence of lattice phonons in the optical lattices. It has been

suggested that immersing an optical lattice into a BEC leads to intraband phonons, which

induce the formation of polarons. The idea is to study the transport properties of bosonic

atoms in an optical lattice, when they are dressed by the Bogoliubov coherent phonon

modes of a second, not trapped, species background (46). The latter do not see the lattice
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and its density fluctuation provides the polaronic effective tunneling and self-interaction of

the trapped species. Besides that, it was also suggested to use an interband darkstate laser

transition associated with the intraband phonon scattering in this system as a mechanism

to cool the atomic sample in the optical lattice (47).

3.1.3 Vortex Lattice

As mentioned in the abstract of this thesis, in our analysis we consider the impurity

bosonic species trapped in a vortex lattice BEC. The vortex array configuration was first

observed in a dilute-gas BEC by the group of Ketterle (MIT) in 2001 (48), followed by the

experiments of Cornell’s group, that observed the normal excitations of the lattice (49)

(see Fig. 7), that is, vortex lines oscillations that characterizes the low energy Tkachenko

modes (50–52). The array configuration appears after the appropriate angular momentum

Figure 7 – Tckachenko mode: long-wavelength transverse lattice excitations of the vortex lines.

Source: CORNELL et al. (49)

being transferred to the superfluid sample. Once established, this configurations proved

to be stable, including its normal modes (53), with a rotational frequency close to, but

below, the external trap confining potential (54). We started describing this system in

section 2, but now we will analyze its properties; in particular the vortex lattice collective

modes, that represent our phonons.
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In 1955, Feynman predicted that a superfluid can rotate when pierced by an array

of quantized singularities or vortices. Some years later, Abrikosov demonstrated that such

vortices in a type II superconductor organize into a triangular crystalline lattice due to

their mutual repulsion. Not surprisingly, Abrikosov lattice has an associated rigidity. In

1966, Tkachenko proposed that a vortex lattice in a superfluid would support transverse

elastic modes. He published two remarkable papers (55, 56) on the behavior of arrays of

straight vortices in an unbounded rotating incompressible irrotational fluid as a model for

superfluid 4𝐻𝑒. The first paper shows that a triangular lattice has the lowest energy of

all simple lattices with one vortex per unit cell. The second paper studies small perturba-

tions of a general lattice, showing that the square lattice is unstable for waves in certain

directions, but that the triangular lattice is stable for all normal modes. For the triangular

structure, he also determines the dispersion relation of the small-amplitude normal modes

of a vortex lattice, along with the corresponding eigenvectors, for a given wave vector 𝑞

lying in the 𝑥𝑦 plane perpendicular to rotational frequency Ω. Considering the vortex cell

radius to be 𝑙 =
√︁
ℎ̄/𝑀Ω, he shows that at long wavelengths 𝑞𝑙 ≪ 1, the wave is predom-

inantly transverse with a linear dispersion relation 𝜔(𝑞) = 𝑐𝑇 𝑞, where 𝑐𝑇 = 1/2
√︁
ℎ̄Ω/𝑀

is the speed of propagation with 𝑀 the atomic mass. This long-wavelength motion is

effectively a transverse phonon in the vortex lattice.

The radial expansion of rapidly rotating BECs means that the condensate is essen-

tially two dimensional. Thus, bending modes of the vortices are irrelevant, but the nonzero

compressibility of these atomic gases requires a significant modification to Tkachenko’s

analysis. Sonin (1987) (50) and Baym (2003) (51) generalized Tkachenko’s result to find

a new long-wavelength expression 𝜔(𝑞) = 𝑐𝑇 𝑞
√︁
𝑠2𝑞2/(4Ω2 + 𝑠2𝑞2) where 𝑠 =

√︁
𝑔𝑛/𝑀

is the speed of sound. This expression assumes an infinite uniform system, but some

authors (51, 52) also included the nonuniformity of the trapped BEC. If 𝑠𝑞 ≥ Ω, the

short-wavelength or incompressible limit, then this expression reduces to Tkachenko’s

𝜔(𝑞) ∝ 𝑐𝑇 𝑞. Otherwise, for the long-wavelength or compressible limit 𝑠𝑞 ≪ Ω, the mode

becomes soft with 𝜔(𝑞) ∝ 𝑞2. Dispersion becomes quadratic owing to hybridization with

sound waves. This soft collective-mode spectrum has important consequences for stability
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of the vortex lattice at large wavelengths (57).

For a vortex array system, in the long wave limit, it has been showed that, besides

the quadratic Tkachenko mode, there is a gapless inertial mode with 𝜔 ∼ 2Ω (58). Con-

sidering the two linear dispersion modes, the longitudinal and optical phonon excitations,

which results from the translational symmetry breaking of a 2𝐷 solid, we conclude that

the Tkachenko mode with quadratic dispersion has to be counted as two linear dispersion

modes (59).

Another way to justify the quadratic dispersion is relating the Tkachenko mode

as Goldstone modes, allowed in non relativistic systems (59), which appear with the sym-

metry breaking ground states (17). An analogy here can be made with the spontaneous

magnetization that appears in the Heisenberg ferromagnetic model. The momentum op-

erator 𝑆, which commutes with the system hamiltonian, has non zero expectation value

in this particular spin aligned (e.g. 𝑧 direction) fundamental state. The excitation around

this ground state are Goldstone modes called magnons, which are well defined excitation

of the momentum operator 𝑆𝑧 with quadratic dispersion. Similarly, in the vortex lattice

system we have the vortex aligned state breaking the symmetry of the angular momentum

operator. Here, however, the number of the Tkachenko excitations is not conserved, since

they are not well defined excitations of the operator �̂�𝑧 (the vortex lattice breaks the

translational symmetry in the plane of the lines).

3.1.4 Tkachenko polaron model

We consider a two component superfluid mixture, one with an Abrikosov vortex

array (48). The bosons are strongly confined in the 𝑧 direction by an external trapping

potential (occupying the ground state of the 𝑧 harmonic well with frequency 𝜔0) and we

have to deal with a 2𝐷 problem in the 𝑥𝑦 plane. The bosons are confined in this plane by
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the harmonic trap 𝑉𝑒𝑥𝑡(r). For this system we have the Hamiltonian 𝐻 = 𝐻𝐴 +𝐻𝐵 +𝐻𝑖𝑛𝑡,

𝐻𝐴 =
∫︁
𝑑2𝑟

[︃
𝜓†

𝐴

(−𝑖ℎ̄∇ − A)2

2𝑚𝐴

𝜓𝐴 + 𝑉𝑒𝑥𝑡(r)𝜓†
𝐴𝜓𝐴 + 𝑔𝐴

2 (𝜓†
𝐴𝜓𝐴)2

]︃
,

𝐻𝐵 =
∫︁
𝑑2𝑟

[︃
𝜓†

𝐵

(−𝑖ℎ̄∇)2

2𝑚𝐵

𝜓𝐵 + 𝑔𝐵

2 (𝜓†
𝐵𝜓𝐵)2

]︃
,

𝐻𝑖𝑛𝑡 = 𝑔𝐴𝐵

∫︁
𝑑2𝑟 𝜓†

𝐴𝜓𝐴𝜓
†
𝐵𝜓𝐵, (3.1)

where each species is described by the creation (destruction) operator 𝜓𝑖 (𝜓†
𝑖 ). The in-

tra and inter repulsive contact interaction for this 2𝐷 system is given respectively by

𝑔𝑖 = 2
√

2𝜋 ℎ̄2 𝑎𝑖

𝑚𝑖𝑙0
and 𝑔𝑖𝑗 =

√
2𝜋 ℎ̄2 𝑎𝑖𝑗

𝜇 𝑙0
, with the reduced mass 𝜇 = 𝑚𝑖𝑚𝑖

𝑚𝑖+𝑚𝑗
and the axial os-

cillator length 𝑙0 =
√︁

ℎ̄
𝑚𝐴𝜔0

(𝑙0 ≫ 𝑎𝑖). In order to induce a vortex lattice in the majority

species in the laboratory frame, keeping the impurity species with nearly free dispersion,

we consider an artificial vector potential A (11) corresponding to an effective uniform

magnetic field ℬ* that couples selectively to 𝐴 atoms (60). Had we considered a rotating

trap, the Hamiltonian in the rotating frame would contain an effective magnetic field that

couples to both species, leading to the undesirable effect of Landau quantization of the

impurity energy levels. This is why we need a selective gauge field to realize our model

in the laboratory frame. The essential idea of implementing artificial gauge fields for neu-

tral atoms is to produce Berry phases by combining the internal atomic structure with

carefully engineered optical potentials, for instance via spatial gradients of detuning or

Rabi frequency (61). Thus the gauge field is species specific because it depends on internal

atomic degrees of freedom.

At critical array vorticity Ω, when the harmonic oscillator length of 𝑉𝑒𝑥𝑡(r) co-

incides with the magnetic length 𝑙 =
√︁

ℎ̄
𝑚𝐴Ω , the residual radial trap vanishes and one

then has an infinite plane geometry. In the regime of weak interactions 𝑔𝐴𝑛𝐴 ≪ ℎ̄Ω

(Ω = ℬ*/𝑚𝐴), i.e. the mean-field quantum Hall regime (62,63), we can assume all particles

of 𝐴 in the same macroscopic quantum state: a linear superposition of the lowest Landau

Level eigenstates that gives the vortex solution for species 𝐴. The minimum energy con-

figuration corresponds to the Abrikosov vortex Lattice described by 𝜓𝐴(𝑧) = √
𝑛𝐴𝜙𝐴(𝑧),

where the normalized function 𝜙𝐴(𝑧) = (2𝜍)1/4 𝜗1(
√
𝜋𝜍𝑧, 𝜌) 𝑒𝑧2/2 𝑒−|𝑧|2/2 with the Jacobi

delta function 𝜗1 (𝑧 = 𝑥+ 𝑖𝑦; 𝜌 = exp(𝑖𝜋𝜏) with 𝜏 = 𝑢+ 𝑖𝜍, 𝑢 = −1/2 and 𝜍 =
√

3/2 )
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gives the triangular configuration for the vortex singularities (64).

In the polaron problem, we focus on a single 𝐵 atom (very dilute species 𝐵),

weakly interacting with the majority of the atoms with average two-dimensional density

𝑛𝐴 = 𝑁𝐴/𝒮, where 𝑁𝐴 is the total number of atoms distributed over an area 𝒮. Before

advancing with the model, a few remarks about the vortex system stability are in order.

First, we keep our system at 𝑇 = 0. Then, in spite of not having a phase coherence system,

with part of the atoms 𝐴 outside the condensate state, we still have a well established

vortex lattice density profile (57). We also have the mean field quantum Hall regime,

with the number of vortices well below the number of atoms of species 𝐴 (large filling

factor 𝜐 = 𝑁𝐴/𝑁𝑉 ≫ 1). Neither the quantum fluctuation nor the thermal one will affect

the vortex lattice stability inside this particular regime considered here. The diluteness

of species 𝐵 (𝑁𝐵 ≪ 𝑁𝐴) allows us to disregard the interaction effects over stability

properties of the background vortex lattice species.

In the above scenario, we can apply the Bogoliubov transform in 𝜓𝐴 to derive the

excitations around the vortex lattice fundamental state. Thus, we include that quantum

fluctuations in the mean field approximation for 𝐴, 𝜓𝐴 = 𝜓𝐴 + 𝛿𝜓𝐴, with the field

fluctuation

𝛿𝜓𝐴(r) = 1√
𝒮
∑︁

q∈BZ

[︁
𝑢q(r)𝑎q − 𝑣q(r)𝑎†

q

]︁
, (3.2)

where 𝑎q is the annihilation operator for the Tkachenko mode (TM) with wave vector q

defined in the Brillouin zone of the triangular lattice.

After substituting the transformed field operator 𝜓𝐴(r) in Eq. (3.1), we separate

𝐻 in the correspondent orders of fluctuation 𝛿𝜓𝐴(r) to isolate the Hamiltonian for the

impurity interacting with the TM background

𝐻 = 𝐻
(0)
𝐴 +𝐻

(1)
𝐴 +𝐻

(2)
𝐴 +𝐻𝐵 +𝐻

(0)
𝑖𝑛𝑡 +𝐻

(1)
𝑖𝑛𝑡 + 𝒪(𝛿𝜓𝑛

𝐴), 𝑛 ≥ 3. (3.3)

The gran-canonical formalism
(︁
𝐾 = 𝐻 −∑︀

𝑖 𝜇𝑖

∫︀
𝑑2𝑟 𝜓†

𝑖 𝜓𝑖

)︁
provides for the system hamil-

tonian

𝐾 = [𝐻(2)
𝐴 − 𝜇𝐴�̂�𝐴] + [𝐻𝐵 +𝐻

(0)
𝑖𝑛𝑡 − 𝜇𝐵�̂�𝐵] + [𝐻(1)

𝑖𝑛𝑡 ] (3.4)

= 𝐾𝐵𝑂𝐺
𝐴 +𝐾𝐵 +𝐻𝑖𝑚𝑝−𝑝ℎ.



56 Chapter 3. Impurity in a Vortex Lattice

To deduce the Tkachenko excitation spectrum 𝜔𝑞, we diagonalized the second order

term in fluctuation field (𝐻(2)
𝐴 − 𝜇𝐴𝛿𝜓

†
𝐴𝛿𝜓𝐴), based on references (64, 65). The values

of 𝑢q(r) and 𝑣q(r) in Eq. (3.2) comes from solution of the correspondent Bogoliubov-

de Gennes equations, that gives the TM phonon hamiltonian 𝐾𝐵𝑂𝐺
𝐴 . For 𝑞 ≪ 𝑙−1 (𝑙 =√︁

ℎ̄/𝑚𝐴Ω), we can approximate 𝑢q(r) ≈ 𝜙𝐴(r)𝑐1q𝑒
𝑖q·r and 𝑣q(r) ≈ 𝜙𝐴(r)𝑐2q𝑒

−𝑖q·r where

𝑐1q ≈
√︁

(𝜒𝑞/�̃�𝑞 + 1)/2 and 𝑐2q ≈
√︁

(𝜒𝑞/�̃�𝑞 − 1)/2, with �̃�𝑞 ≈ 𝜅
√
𝜂(𝑞𝑙)2/4 and 𝜒𝑞 ≈

𝜅[1 − (𝑞𝑙)2/4 + (𝜂 + 1)(𝑞𝑙)4/32] (Abrikosov lattice constants: 𝜅 ≈ 1.1592 and 𝜂 ≈ 0.8219).

The collective modes have dispersion relation ℎ̄𝜔𝑞 = �̃�𝑞 𝑛𝐴𝑔𝐴 ≈ ℎ̄2𝑞2/2𝑀 , where 𝑀 =
1

2𝜅
√

𝜂
ℎ̄Ω

𝑛𝐴𝑔𝐴
𝑚𝐴 is the Tkachenko boson mass.

Let us now turn to the interspecies interaction 𝐻𝑖𝑛𝑡 in Eq. (3.1). The zero order

term in 𝛿𝜓𝐴

𝐻
(0)
𝑖𝑛𝑡 =

∫︁
𝑑2𝑟 𝑉 (r)𝜓†

𝐵(r)𝜓𝐵(r), (3.5)

with 𝑉 (r) = 𝑛𝐴𝑔𝐴𝐵|𝜙𝐴(r)|2, accounts for the static lattice potential of the Abrikosov

lattice seen by the impurities. This is analogous to the periodic potential produced by

laser beams in optical lattices (4). But here the potential stems from the density-density

interaction 𝑔𝐴𝐵, which makes it energetically more favorable for 𝐵 atoms to be located

near vortex cores, where the density of 𝐴 atoms vanishes. We can compare the recoil

energy 𝐸𝑅 = ℎ̄2/2𝑚𝐵𝜉
2, where 𝜉 is the vortex core size, with the lattice potential depth

𝑉0 = 𝑛𝐴𝑔𝐴𝐵. In the mean field quantum Hall regime, 𝜉 ∼ 𝑙 (5), thus 𝐸𝑅 ∼ (𝑚𝐴/𝑚𝐵)ℎ̄Ω.

The shallow lattice limit 𝐸𝑅 ≫ 𝑉0 is more natural if 𝑚𝐴 ∼ 𝑚𝐵 and 𝑔𝐴𝐵 ∼ 𝑔𝐴, that will

be the regime explored in this section. But we recall that the deep lattice limit can also

be achieved by selecting heavier impurity atoms and by increasing 𝑔𝐴𝐵.

The combination of the periodic potential (3.5) with the kinetic energy in 𝐻𝐵 in

Eq. (3.1) leads to Bloch bands for the impurity. For weak interactions, we can project into

the lowest band and write 𝜓𝐵(r) ∼ 1√
𝒮
∑︀

k Φk(r)𝑏k, where Φk is a Bloch wave function and

𝑏k annihilates a 𝐵 atom with wave vector k in the Brillouin zone. In the long wavelength

limit, the lowest band dispersion becomes 𝜀k ≈ ℎ̄2𝑘2/2𝑚*
𝐵, where 𝑚*

𝐵 is the effective

impurity mass. Hereafter we set 𝑚*
𝐵 = 𝑚 to lighten the notation. It is interesting to
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compare 𝑚 with the Tkachenko mode mass 𝑀 . If 𝑚 ∼ 𝑚𝐴, we expect 𝑚 < 𝑀 in the

mean field quantum Hall regime.

To first order in 𝛿𝜓𝐴, the term generated by𝐻𝑖𝑛𝑡 is the impurity-phonon interaction

(𝐻(1)
𝑖𝑛𝑡 = 𝐻𝑖𝑚𝑝−𝑝ℎ). Using the mode expansion in Eq. (3.2), we obtain

𝐻𝑖𝑚𝑝−𝑝ℎ = 1√
𝒮
∑︁
k,q

𝑔k,q 𝑏
†
k+q𝑏k(𝑎q + 𝑎†

−q), (3.6)

with impurity-phonon coupling

𝑔k,q = √
𝑛𝐴𝑔𝐴𝐵(𝑐1q − 𝑐2q) ×

∫︁
𝑠𝑉

𝑑2𝑟

𝜋𝑙2
Φ*

k+q(r)Φk(r)|𝜙𝐴(r)|2𝑒𝑖q·r. (3.7)

We have reduced the integral in Eq. (3.7) to the unit cell 𝑠𝑉 occupied by a single vortex

with area 𝜋𝑙2, using the lattice translational symmetry (see appendix A.1). Since we focus

on the “large polaron” regime (66), we take the continuum limit in Eq. (3.7) expanding

it for small wave vectors 𝑘, 𝑞 ≪ 𝑙−1. The dependence on particle momentum k disappears

as the dominant effect in the impurity-phonon interaction is the slow oscillation of the

potential (67). As a result, the coupling simplifies to

𝑔k,q ≈ 𝜆𝑞 = 𝜆 𝑞, (3.8)

where

𝜆 ≈ 𝜂1/4
(︂
𝜐

8𝜋

)︂1/2
𝑔𝐴𝐵

∫︁
𝑠𝑉

𝑑2𝑟

𝜋𝑙2
|Φ0(r)|2|𝜙𝐴(r)|2, (3.9)

with the filling factor 𝜐 = 𝜋𝑛𝐴𝑙
2. The linear momentum dependence in Eq. (3.8) stems

from the small-𝑞 limit of 𝑐1q − 𝑐2q. For comparison, the same factor yields 𝜆𝑞 ∝ √
𝑞 in

homogeneous BECs (46,47).

We finally obtain the two dimensional Tkachenko polaron model hamiltonian (68)

𝐻 =
∑︁

q

ℎ̄2𝑞2

2𝑀 �̂�†
q �̂�q +

∑︁
k

ℎ̄2𝑘2

2𝑚 �̂�†
k �̂�k + 1√

𝑆

∑︁
k,q

𝜆 | q | �̂�†
k �̂�k+q (�̂�q + �̂�†

−q), (3.10)

where the quadratic dispersion relation of the Tkachenko modes and the impurity kinetic

energy are given respectively by first and second terms of Eq. (3.10), with the correspon-

dent Tkachenko excitations �̂�q (�̂�†
q) and impurity �̂�k (�̂�†

k) creation (destruction) operators

in momentum state. The coupling between them is given by the last term of the Hamil-

tonian, with 𝜆 = (2𝜋)−1/2𝜂1/4𝑔𝐴𝐵 𝜐
1/2.
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Figure 8 – (a) Impurity self-energy (a) and vertex correction Feynman diagram (b). The solid
and wavy lines represent free impurity and Tkachenko mode (phonon) propagators,
respectively.

(a) (b)

Source: elaborated by the author

3.1.5 Weak coupling regime

In order to describe both the energy and the decay of the polaron, it is natural

to use diagrammatic many-body theory. The Green’s function of the impurity particle is

𝐺(k, 𝜔) = [𝜔 − 𝜀k − ReΣ(k, 𝜔) − 𝑖ImΣ(k, 𝜔)]−1 where Σ(k, 𝜔) is the self-energy. That

real part describes the energy shift of the minority particle due to the interactions with

the medium. We start considering the weak coupling limit of Eq. (3.10), where the lowest

order diagram that contributes to the self-energy contains one Tkachenko mode in the

intermediate state Fig. 8a. This gives the retarded self-energy (69)

Σ(1)
𝑅𝑒𝑡(k, 𝜔) =

∫︁ 𝑑2𝑞

(2𝜋)2
|𝜆𝑞|2

𝜔 − 𝜀q − 𝜀k+q + 𝑖𝛿
. (3.11)

The energy of the polaron is found as solutions to the implicit equation 𝐸k ≃ 𝜀k +

ReΣ(k, 𝐸k) and the quasiparticle residue at a given pole is found from 𝑍−1
k = 1−

(︁
𝜕ReΣ

𝜕𝜔

)︁⃒⃒⃒
0
.

Also, the effective mass of the polaron can be obtained with 𝑚0
𝑚* = 𝑍k

[︁
1 +𝑚0

(︁
𝜕2Σ
𝜕𝑘2

)︁⃒⃒⃒
0

]︁
.

These quasiparticles may be thought of as free particles with renormalized masses, spectral

weights and decay rate 𝛾k = −𝑍−1
k ImΣ(k, 𝐸k). For weak coupling, we can expand the

self-energy around the polaron pole and write the Green’s function as (69)

𝐺(k, 𝜀) ≈ 𝑍k

𝜀− 𝐸k + 𝑖𝛾k
. (3.12)
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According to Eq. (3.11), the imaginary part of Σ(k, 𝜀) is given by

ImΣ(k, 𝜀) = −𝜆2𝜇2

2ℎ̄4

(︃
𝛿𝜀+ 𝜇ℎ̄2𝑘2

𝑚2

)︃
𝜃[𝜀− 𝜀𝑚𝑖𝑛(𝑘)], (3.13)

where 𝛿𝜀 = 𝜀 − ℎ̄2𝑘2/2𝑚 is the energy distance from the mass shell, the reduced mass is

𝜇 = 𝑚𝑀/(𝑚+𝑀), 𝜃(𝑥) is the Heaviside step function and 𝜀𝑚𝑖𝑛(𝑘) is the lower threshold

imposed by kinematic constraints. The perturbative result gives 𝜀𝑚𝑖𝑛(𝑘) = ℎ̄2𝑘2/2(𝑚+𝑀),

which corresponds to the kinetic energy of the center of mass for two particles with masses

𝑚 and 𝑀 and total momentum ℎ̄k. We expect that this cutoff in the imaginary part

disappears as higher order self-energy diagrams are included.

The real part of the self-energy reads

ReΣ(𝑘, 𝜀) = 𝜆2𝜇2

𝜋ℎ̄4

[︃
|𝛿𝜀| −

(︃
𝛿𝜀+ 𝜇ℎ̄2𝑘2

𝑚2

)︃
ln
⃒⃒⃒⃒
⃒ Λ
𝑓(𝑘, 𝜀)

⃒⃒⃒⃒
⃒
]︃
, (3.14)

where Λ is a high-energy cutoff (of order ℎ̄2/2𝑚𝑙2) and 𝑓(𝑘, 𝜀) = (𝜇ℎ̄2𝑘2/2𝑚2)𝜃(𝛿𝜀) + [𝜀−

𝜀𝑚𝑖𝑛(𝑘)]𝜃(−𝛿𝜀). We have omitted in Eq. (3.14) a constant term of order Λ that amounts

to a non-universal shift in the polaron ground state energy.

Two remarks about Eqs. (3.13) and (3.14) are in order. The first remark is that

the impurity decay rate 𝛾k ∝ 𝑘2 is nonzero for any 𝑘 > 0. This is a direct consequence of

the quadratic dispersion of Tkachenko modes, since there is always available phase space

for the decay of the single particle respecting energy and momentum conservation. As

a result, polarons moving through the vortex lattice experience a dissipative force. The

second remark is that the scaling of the decay rate 𝛾k ∼ 𝑘2 ∼ 𝜀k signals that the polaron

is only marginally coherent. This is consistent with the infrared logarithmic singularity in

the real part ReΣ(k, 𝜀k) ∼ 𝜀k ln |Λ/𝜀k| for 𝜀k ≪ Λ.

According to the Landau theory for quasiparticles in a Fermi liquid (70), they

become well defined (long lifetime excitations) as we consider low energetic system close to

the Fermi level, with the reduction of the phase space available for quasiparticle scattering.

That statement can be translated as follow: for 𝑘 → 𝑘𝐹 , the quasiparticle width in the

system excitation spectra should go to zero quicker than the quasiparticle energy, the

latter representing the peak position of this spectra. That is true in the a Fermi liquid
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theory, where the particle-hole excitation in the Fermi level gives the quasiparticle (core-

hole) decay rate 𝛾k ∝ 𝜀2
k. Our particular situation here is a border (or marginal) condition

of such criteria, since the ratio between the decay rate and the quasiparticle energy does

not vary with the momentum. We should also expect such marginal coherence properties

of the TM quasiparticle from a simple scaling analysis of the interaction term in the

system Hamiltonian Eq. (3.10). That will be calculated next, after a brief introduction to

the renormalization group method.

3.1.6 RG equations and marginal Interaction

We start defining the renormalization groups analyze (RG) (17,71,72). Considering

the path integral representation of the system with macroscopic degree of freedom given

by the field 𝜑(x, 𝑡) = 𝜑(𝑥). For the system partition function we have

𝑍 =
∫︁
𝐷𝜑 𝑒−𝑆(𝜑) (3.15)

RG transform consists in integrating the high energetic degrees of freedom (short distances

or high momentum values) to produce an equivalent low energy model. A subsequent scal-

ing transformation is applied in the integrated system to recover the original scales. Such

process, that is, the fast fields integration following by scaling, results in the renormal-

ization of the coupling constants for the remaining slow fields effective Hamiltonian. This

procedure will be exemplified below (72).

Considering first the Fourier components of the field

𝜑(𝑥) =
∫︁ 𝑑𝐷𝑘

(2𝜋)𝐷
𝑒𝑖𝑘𝑥 (3.16)

with 𝑘 = (k, 𝜔). Now we will integrate the highest Fourier components of the field (𝜑>)

to produce an effective action for the lowest (𝜑<)

𝑍 =
∫︁
𝐷𝜑<𝐷𝜑> 𝑒−𝑆(𝜑<+𝜑>)

=
∫︁
𝐷𝜑< 𝑒−𝑆𝑒𝑓𝑓 (𝜑<) (3.17)

where

𝑆𝑒𝑓𝑓 (𝜑<) =
∫︁
𝐷𝜑> 𝑒−𝑆(𝜑<+𝜑>). (3.18)
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In Eq. (3.17), we integrate the degrees of freedom inside a certain sector in momentum

space Λ/𝑏 < |k| < Λ (high momentum cutoff Λ), with 𝑏 > 1. It will be equivalent to

average over the short distance scale 𝑏 𝑎 in the real space (𝑎 being the lattice constant,

with Λ = 𝑎−1) and the resulting theory will be explicitly cutoff dependent. Then we

have to rescale the lengths and time in order to restore the original units; we rescale the

momentum as 𝑘′ = 𝑘𝑏 to recover |𝑘′| < Λ. We can repeat these steps, with a new high

energy cutoff Λ′ ≡ Λ/𝑏 < Λ, to derive, at the tree level approach (71), the RG equations

for the theory couplings close to a fixed point.

The fixed point is characterized by the invariance of the action under RG trans-

form, that is 𝑆*
𝑒𝑓𝑓 (𝜑<) = 𝑆*

𝑒𝑓𝑓 (𝜑). The system in the fixed point stays invariant under the

change of space/time scale associated with the transformation. Since for each system we

can attribute a length scale 𝜉 to determine the field correlations, particularly, for the fixed

point such loss of scale can be defined by 𝜉 = 0 or 𝜉 = ∞ (17). The latter, non trivial

condition, describes a system at criticality or phase transition (quantum or thermal).

Let us consider a system close to the critical point and a set of operators {𝜑𝑛(𝑥)}

and correspondents coupling constants {𝜆𝑛}

𝑆(𝜑) = 𝑆*(𝜑) +
∫︁
𝑑𝐷𝑥

∑︁
𝑛

𝜆𝑛𝜑𝑛(𝑥). (3.19)

After apply the RG transformation over this system, that is, integrate the high energy

modes Λ → 𝑏Λ (𝑏 < 1), we rescale the length 𝑥 → 𝑥/𝑏. The action 𝑆*(𝜑) remains invariant

while the field operator transforms with a scale dimension Δ𝑛, so∫︁
𝑑𝐷𝑥

∑︁
𝑛

𝜆𝑛𝜑𝑛(𝑥) =
∫︁
𝑑𝐷𝑥

∑︁
𝑛

𝑏−𝐷𝑏Δ𝑛𝜆𝑛𝜑𝑛(𝑥) (3.20)

This RG transform is equivalent to a rescaling of the coupling constant

𝜆′
𝑛 = 𝑏−𝐷+Δ𝑛𝜆𝑛 = 𝜆𝑛(𝑏). (3.21)

With 𝑏 → 1−, we can write 𝑏 = 𝑒−𝛿ℓ (𝜆𝑛(𝑏) = 𝑒(𝐷−Δ𝑛)𝛿ℓ 𝜆𝑛) and with the differential

change for the coupling constant construct the tree level Beta-function

𝜆𝑛(𝑏) − 𝜆𝑛 = 𝛿ℓ (𝐷 − Δ𝑛)𝜆𝑛,

→ 𝛽(𝜆𝑛) = 𝜕𝜆𝑛

𝜕ℓ
= (𝐷 − Δ𝑛)𝜆𝑛 + ... (3.22)
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That gives the evolution of the effective coupling constants of the model upon changing

length or time scales.

We can use these scaling analysis to prove that our interaction term is a marginal

operator. The field 𝜑 is an integrable variable in the definition of the action, then it can

be rescaled arbitrarily. We choose a term of the Hamiltonian to represents the free theory

parameter to rescale this field. That is equivalent to select a term in the action which

governs the behavior of the free theory, and require that it be strictly invariant under RG

step. It renders the leading operator in the action scale invariant. The scaling of 𝑟 and 𝑡

is defined basing on the dynamic exponent 𝑧 given by the model dispersion relation 𝜔(𝑞)

(𝑞 → 𝑏𝑞;𝜔 → 𝑏𝑧𝜔).

To apply the considerations above, we switch our model to a functional integral

formalism, starting from the Hamiltonian in second quantization Eq. (3.10). Switching to

first quantization in the Hilbert space of a single impurity (∑︀k 𝑏
†
k𝑏k = 1), we can write

𝐻𝑖𝑚𝑝 = P2

2𝑚, (3.23)

where P is the impurity momentum operator. Moreover,

𝐻𝑖𝑚𝑝−𝑝ℎ = 𝜆√
𝒮
∑︁

q
𝑞 (𝑎q + 𝑎†

−q)
∑︁

k
|k + q⟩⟨k|. (3.24)

The operator acting on the impurity Hilbert space in Eq. (3.24) is recognized as ∑︀k |k +

q⟩⟨k| = 𝑒𝑖q·X, where X is the impurity position operator. Thus we can write (to simplify

the notation we denote 𝜔𝑞 = 𝑞2/2𝑀 , adopting ℎ̄ = 1 in the rest of the text)

𝐻𝑖𝑚𝑝−𝑝ℎ = 𝜆√
𝒮
∑︁

q
𝑞 (𝑎q + 𝑎†

−q)𝑒𝑖q·X,

= 𝜆√
𝒮
∑︁

q

𝑞2√︁
2𝑀𝜔𝑞

(𝑎q + 𝑎†
−q)𝑒𝑖q·X

= −𝜆∇2𝜑(X), (3.25)

where we define the dimensionless scalar field from Tkachenko modes

𝜑(r) =
∑︁

q

1√︁
2𝒮𝑀𝜔𝑞

(𝑎q + 𝑎†
−q)𝑒𝑖q·r. (3.26)

We also introduce the momentum canonically conjugate to 𝜑(r)

Π(r) = −𝑖
∑︁

q

√︃
𝑀𝜔𝑞

2𝒮
(𝑎q − 𝑎†

−q)𝑒𝑖q·r, (3.27)
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so that [𝜑(r),Π(r′)] = 𝑖𝛿(r − r′). The free phonon Hamiltonian can be cast in the field

theory form

𝐻𝑝ℎ = 1
2𝑀

∫︁
𝑑2𝑟

[︂
Π2 + 1

4(∇2𝜑)2
]︂

+ const. (3.28)

Therefore the Hamiltonian for a single impurity coupled to the Tkachenko field reads

𝐻 = P2

2𝑚 + 1
2𝑀

∫︁
𝑑2𝑟

[︂
Π2 + 1

4(∇2𝜑)2
]︂

− �̃�

𝜇
∇2𝜑(X), (3.29)

where �̃� = 𝜇𝜆, with 𝜇 = 𝑚𝑀/(𝑚+𝑀), is the dimensionless coupling constant. A partic-

ular configuration of the system at time 𝜏 is specified by X(𝜏), 𝜑(r, 𝜏).

That the impurity-phonon interaction in Eq. (3.10) is marginal can be seen by

writing down the partition function 𝑍 =
∫︀

𝒟X 𝒟𝜑 𝑒−𝑆[X,𝜑]/ℎ̄ with the effective Euclidean

action

𝑆 =
∫︁
𝑑2𝑟𝑑𝜏

[︂
𝑀

2 (𝜕𝜏𝜑)2 + 1
8𝑀 (∇2𝜑)2

]︂
+
∫︁
𝑑𝜏

[︃
𝑚

2 (𝜕𝜏 X)2 − �̃�

𝜇
∇2𝜑(X)

]︃
. (3.30)

The action in Eq. (3.30) is invariant under the RG transformation (71) with scale factor

𝑏 > 1: r′ = 𝑏−1r, 𝜏 ′ = 𝑏−𝑧𝜏 , 𝜑′ = 𝜑, X′ = 𝑏−1X, with dynamical exponent 𝑧 = 2. Once

more, we verified that the quadratic dispersion of the Tkachenko bosons associated with

linear momentum coupling with the impurity gives a marginal operator 𝐻𝑖𝑚𝑝−𝑝ℎ.

3.1.7 Interaction Flow

Having established that the impurity-phonon coupling constant �̃� is marginal, we

proceed by calculating the quantum correction to scaling. At one-loop level, the renor-

malization of �̃� is given by the vertex-correction diagram in Fig. 8b. Integrating out

high-energy modes, we obtain the perturbative RG equation (see appendix A.2)

𝑑�̃�

𝑑 ln(Λ0/Λ) = �̃�3

𝜋
. (3.31)

Let us denote by 𝑚0 the bare mass (i.e. without logarithmic corrections). The

effective mass 𝑚* that will give the polaron dispersion 𝐸k ≈ 𝜀*
k = 𝑘2/2𝑚* is related to

the self-energy, Eq. (3.11), and can be expanded to order 𝜆2 as

𝑚*

𝑚0
≈ 1 −

(︃
𝜕Σ
𝜕𝜔

)︃⃒⃒⃒⃒
⃒
0

−𝑚0

(︃
𝜕2Σ
𝜕𝑘2

)︃⃒⃒⃒⃒
⃒
0

(3.32)
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which gives

𝑚* ≈ 𝑚0 + 2𝜆2𝜇3

𝜋
ln
(︃

Λ
𝜀k

)︃
. (3.33)

That yields the impurity mass renormalization

𝑑𝑚

𝑑 ln(Λ0/Λ) = 2�̃�2𝜇

𝜋
. (3.34)

Interestingly, similar RG equations occur in another two-dimensional system, namely

graphene with unscreened Coulomb interactions (73). But while in graphene the inter-

action is marginally irrelevant, in our case Eqs. (3.31) and (3.34) show that �̃� flows to

strong coupling and the polaron mass increases. We interpret this result as a sign that

the “large polaron”, defined from a small value of the bare coupling constant �̃�0, becomes

surprisingly heavy and strongly damped at small wave vectors. In conclusion, our effective

coupling constant 𝜆 corresponds to a marginally relevant interaction.

3.1.8 Anomalous broadening of spectral function

How can we experimentally probe the effects of our marginally relevant interaction?

The answer comes with the investigation of the system spectral function 𝐴(𝑘, 𝜔); that gives

the distribution of energies 𝜔 in the system when a particle with momentum k is added or

removed from it. For the non-interacting system, 𝐴0(k, 𝜔) is simply a 𝛿 function peaked

at the energy 𝜀k

𝐴0(k, 𝜔) = 𝛿(𝜔 − 𝜀k)

= − 1
𝜋

Im 1
𝜔 − 𝜀k + 𝑖𝛿

= − 1
𝜋

Im𝐺0(k, 𝜔). (3.35)

The first step of the second line is just a simple mathematical rewriting of the delta func-

tion. In the second line the Green’s function 𝐺0 for non-interacting particles is introduced.

Here we have defined the so-called retarded Green’s function, with 𝛿 small and positive.

More generally, the single-particle Green’s function 𝐺(k, 𝜔) is defined in terms of the

correlation function of particle creation and annihilation operators (69). For our present

purpose, it is sufficient to note that 𝐴(k, 𝜔) is the spectral representation of the complex
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function 𝐺(k, 𝜔)

𝐺(k, 𝜔) =
∫︁ ∞

−∞
𝑑𝑥

𝐴(k, 𝑥)
(𝜔 − 𝑥+ 𝑖𝛿) . (3.36)

𝐴(k, 𝜔) has a clear physical meaning, and it can be deduced through radio frequency spec-

troscopy (a cold atom version of the electron angle resolved photoemission experiments),

as will be discussed later on.

In the problem with interactions, however, 𝐺(k, 𝜔) will differ from 𝐺0(k, 𝜔). This

difference can be quite generally defined through the single-particle self-energy function

Σ(k, 𝜔)

𝐺(k, 𝜔)−1 = 𝐺0(k, 𝜔)−1 − Σ(k, 𝜔). (3.37)

Eq. (3.36) ensures the relation between 𝐺(k, 𝜔) and 𝐴(k, 𝜔)

𝐴(k, 𝜔) = − 1
𝜋

Im𝐺(k, 𝜔). (3.38)

With this preliminary scenario, let us consider then the signature effect of our marginal

relevant interaction. As mentioned before, that could be probed through the ratio between

the decay rate 𝛾k and the energy 𝐸k of the quasiparticle peak.

To analyze this impurity-phonon interaction effect at energy scales Λ ≫ Λ0 𝑒
−𝜋/2𝜆2

0𝜇2
0

(appendix A.2), we can apply RG improved perturbation theory and replace the bare

constants (𝜆0 and 𝑚0) in the lowest order result for the self-energy by their renormalized

values. We are interested in the logarithmically divergent terms that govern the renor-

malization of the quasiparticle weight 𝑍k, the coupling constant 𝜆 and the effective mass

in the dispersion 𝜀*
k. These infrared singularities stem from differentiating the pre factor

of the logarithm in the real part of the self-energy with respect to 𝜔 and 𝑘. According to

section 3.1.5, we can compute the field renormalization

𝑍−1
k ≈ 1 + 𝜆2𝜇2

𝜋
ln
(︃

Λ
𝜀k

)︃
. (3.39)

Therefore the quasiparticle weight 𝑍k decreases logarithmically as 𝑘 decreases in the weak

coupling regime.
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Also from 3.1.5 (Eq. 3.13), the lowest order result for the imaginary part of the

self-energy can be written as

ImΣ(𝑘, 𝜀k) ≈ − 𝜆2
0𝑚0𝑀

3𝑘2

2(𝑚0 +𝑀)3 . (3.40)

The logarithmic singularities in the imaginary part of Σ appear at fourth order in per-

turbation theory, stemming from both, vertex corrections (renormalization of 𝜆) and self-

energy corrections in the internal impurity line (renormalization of 𝑚). We obtain the

RG improved decay rate by replacing 𝜆0 and 𝑚0 in Eq. (3.40) by 𝜆 and 𝑚*, including the

field renormalization as in Eq. (3.39). The ratio between the renormalized decay rate and

the renormalized dispersion becomes

𝛾*
k
𝜀*

k
= 𝜆2𝑍k(𝑚*)2𝑀3

(𝑚* +𝑀)3

≈ 𝜆2
0𝑚

2
0

(1 + 𝜚)3

[︃
1 + 𝜆2

0𝑚
2
0(5 + 𝜚2)

𝜋(1 + 𝜚)4 ln Λ
𝜀k

]︃
, (3.41)

where we expanded to first order in the logarithmic correction. The coefficient of the

logarithmic term is positive for any value of mass ratio 𝜚 = 𝑚0/𝑀 , thus the relative

width 𝛾*
k/𝜀

*
k of the quasiparticle peak increases with decreasing 𝑘. That manifest as an

anomalous broadening of the spectral function at small 𝑘 and low enough temperatures

𝑇 ≪ 𝜀k. In comparison with impurities dressed by optical or acoustic phonons, in this

coupling regime the Tkachenko polaron is distinguished by a Lorentzian quasiparticle

peak with a finite width for arbitrarily small 𝑘, even at zero temperature (74).

So far we have neglected the Beliaev energy damping of Tkachenko modes (65).

Within a perturbative approach with a dressed phonon propagator, it is easy to verify that

a finite decay rate for Tkachenko modes leads to further broadening of the polaron spectral

function. Remarkably, the result that the Tkachenko mode decay rate scales as Γq ∝ 𝑞2

suggests that the nonlinear (cubic) phonon decay process considered in Ref. (65) is also

marginal. However, Γq/ℎ̄𝜔q ∼ 1/𝜐, whereas for the polaron decay rate 𝛾k/𝐸k ∼ 𝜆2 ∼ 𝜐

according to Eq. (3.8). Therefore, our results are valid in the mean field quantum Hall

regime, where 𝜐 ≫ 1.
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3.2 Orthogonality catastrophe (OC)

In the last section we derived an effective polaron Hamiltonian for a neutral im-

purity coupled with the Tkachenko modes of a vortex lattice Bose-Einstein condensate.

That contains a marginal impurity-phonon interaction which gives the broadening of the

Lorentzian polaron spectral function for small impurity momenta. Now, through the im-

purity spectral function, we track how the polaron properties vary as function of the

interaction strength toward the lower energy regime.

3.2.1 Brief introduction to OC

Let us start with the phenomenological Landau theory to treat the conduction

electrons in solids (70, 75). That was successful in dealing with the strong interaction

between the conduction electrons, treated as free quasiparticles. His theory was adequate

for high charge density system at 𝑇 = 0, where the screening of the Coulomb interaction

applies. As we know, the Fermi liquid description is valid as long as the excitation spectrum

of the system retains a coherent single particle piece, given by a finite quasiparticle weight

𝑍 > 0. When the evaluation of 𝑍 reduces to an overlap between two orthogonal states

wavefunction, however, the system is classified as a singular Fermi liquid. Before explain

such argument in the context of the Landau theory, we start introducing the orthogonality

catastrophe phenomena.

That history involves Anderson (76), describing the ground state of 𝑁 electrons

when disturbed by an infinity massive charge. He showed that the later acts as a localized

instantaneous potential, creating a phase shift in the single particle wave function of each

electron, that do not overlap completely with the original orbitals anymore. After intro-

duce the localized potential, however, the consequence for the many body wave function

should be more drastic. Since it represents the Slater determinant of 𝑁 shifted single

electrons orbitals, we expect that its projection with the original ground state many body

wave function (without perturbation) goes to zero in the thermodynamic limit (𝑁 → ∞).
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The OC phenomenon was applied latter by Mahan (77) to justify the x-ray edge

singularity that appears in the line shape for absorption spectra of metals near the thresh-

old (lower absorption x-ray frequency), that is closely related to the Anderson OC. The

x-ray creates a hole in the atomic core level and a particle in the conduction band above the

Fermi level. That hole will produce an additional localized potential (screening Coulomb

interaction) for the conduction electrons, changing the system many body configuration

as in the Anderson’s example. The term “catastrophe” was then designed to describe a

forbidden x-ray transition due to the orthogonality between the initial and the final states

of the conducting electrons. The sudden switch on of the core-hole potential excite the

system by creating an infinite number of low energy electron-hole pairs in the conduc-

tion band. Those excitations, however, break the original system symmetry, allowing the

forbidden transition to be observed.

Now we will do a parallel with Landau theory, considering the additional of a

charge particle with total momentum k in a system of 𝑁 conduction electrons. We can

construct a perturbative solution for the wavefunction of 𝑁 + 1 interacting electrons,

respecting the conservation laws (energy, momentum, spin and particles number) (78)

|𝜓𝑁+1
k,𝜎 ⟩ = 𝑍

1/2
k 𝑐†

k,𝜎|𝜓𝑁⟩ +
∑︁
ki,𝜎𝑖

𝛼(ki, 𝜎𝑖)𝑐†
k3
𝑐k2𝑐

†
k1
𝛿k,k1−k2+k3 |𝜓𝑁⟩ + ... (3.42)

That solution can be decomposed as a sum of a bare particle of momentum k created in the

original system of 𝑁 interacting state (coherent piece with quasiparticle amplitude 𝑍k),

plus a series expansion of multiples particle-hole excitations with a fixed total momentum

k. The Landau theory breaks down when 𝑍k becomes zero. In other words, in addition of

a single particle or a hole, the system creates a divergent number of particle-holes pairs

so that the leading term does not have a finite weight in the thermodynamic limit.

In this part of the thesis we explored the low energy regime of a neutral impurity

atom interacting with the Tkachenko modes background. We have found before that the

self-energy allowed we characterize this system as a “marginal Fermi liquid”. The singular

behavior of our system in the infrared is reflected by the polaron weight 𝑍, since it is

related with the real part of the self-energy. We will show here that another important

result of this interaction is the orthogonality catastrophe phenomenon (OC), that comes
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with impurity self-localization. The impurity Greens function will present branch cuts

rather than poles, and the OC signature comes with the power law dependence of the

impurity spectral function.

In the following, we summarize the main results obtained in the previous section,

where we treated the weak coupling regime. Next we analyze lower energy regimes, ap-

plying the canonical transform in Hamiltonian to extract the singular spectral function

for the OC. The RG flux of the theory parameters between the weak and low energy

coupling fixed points, associated with a variational methodology to treat residual inter-

action, allowed the determination of spectral function for all coupling strength inside the

low energy interval.

3.2.2 Tkachenko phonon - impurity Hamiltonian

The two dimensional Tkachenko polaron model is given by the equation (3.10),

where the Tkachenko excitations and the impurity creation (destruction) in the momen-

tum state are given respectively by the operators �̂�q (�̂�†
q) and �̂�k (�̂�†

k). The first term

of Eq. (3.10) represents the quadratic dispersion relation of the Tkachenko modes, the

effective mass 𝑀 of the Tkachenko boson can be expressed in terms of the vortex array

filling factor 𝜐 = 𝜋𝑛𝐴𝑙
2, where 𝑛𝐴 is the majority species density and 𝑙 =

√︁
ℎ̄/𝑚𝐴Ω the

vortex separation in the array with uniform vorticity Ω. The second term represents the

impurity kinetic energy, with effective mass 𝑚 of the minority species due to the vortex

lattice. The coupling between them is given by the last term of the Hamiltonian, where

𝜆 = (2𝜋)−1/2𝜂1/4𝑔𝐴𝐵 𝜐
1/2, with 𝑔𝐴𝐵 the 2𝐷 inter-species interaction and the constant

𝜂 ≈ 0.8219 characteristic of the Abrikosov vortex lattice.

As showed before, the effective low energy system hamiltonian is associated with

an increasing coupling with the background phonons. At weak coupling, we obtained

a renormalizable quantum field theory with a marginally relevant interaction, that is

reflected in the anomalous broadening of the impurity excitation spectrum. That is an

unusual behavior guaranteed by the quadratic dispersion of the Tkachenko modes.
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We intend to show here another consequence that comes with this soft modes

dispersion, that is the appearance of OC in the Tkachenko excitation background due to

the impurity perturbation. The new features associated with our model is not only the

occurence of OC in a bosonic cold atoms background, since until now this phenomenon

has just been considered for impurities in a degenerate Fermi sea (79–81), but also the

possibility of study the transient regime toward the OC (82–84). In the cold atomic

experiments with optical lattice, the latter localizes the impurity in specific positions to

induce the OC (79). In our case, the interaction with the background vortex lattice is

enough to induce the spontaneous localization of the impurity and then produce OC.

Experimental techniques (45,79,81) were already developed to detect the OC and can be

easily adapted to our particular situation.

3.2.3 RG analysis

We found that the coupling constant 𝜆 is marginally relevant in the weak coupling

limit (𝑒−𝜋/4�̃�2
0 ≪ 𝑘𝑙 ≪ 1). The impurity mass 𝑚 also increases with the RG flow. In

addition, there is the field renormalization in Eq. (3.39), where the logarithmic correction

stems from coupling between an impurity and bosonic modes with a constant density

of states, that is, bosons with parabolic dispersion in 2𝐷. According to Eq. (3.33) and

Eq. (3.39), in the infrared limit, that is, for 𝑘 → 0 we will have 𝑚* ≈ 2𝜆2𝜇3

𝜋
ln
(︁

Λ
𝜀k

)︁
and

𝑍k ≈ exp
[︁
−𝜆2𝜇2

𝜋
ln
(︁

Λ
𝜀k

)︁]︁
=
(︁

𝜀k
Λ

)︁𝜆2𝜇2
𝜋 . These aspects of the theory in low energy regimes

resemble the x-ray edge problem explored in the introduction. The quasiparticle resulted

from the dressing of the core-hole with the low energetic particle-hole excitations has

a quasiparticle weight 𝑍 = (𝜔/𝜔𝑐)𝛼𝑜𝑟𝑡ℎ (85); the cutoff 𝜔𝑐 has the order of the Fermi

level width and 𝛼𝑜𝑟𝑡ℎ is proportional to the square of the coupling between the core- hole

impurity and the conduction electrons. The core-hole propagator vanishes for long times

(low energy regimes) as 𝐷(𝑡) ∼ (1/𝜔𝑐𝑡)𝛼𝑜𝑟𝑡ℎ .

Pursuing the analogy with the x-ray edge problem, here we assume the RG flow

from the weak coupling to a low energy fixed point where 𝑚 → ∞. According to RG
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dynamic equations in (68), the first is an unstable weak coupling fixed point (marginal

relevant interaction) reflecting increasing effective mass and coupling constant of the po-

laron. Assuming monotonic evolution of 𝑚 for lower values of 𝑘, however, we expect that

𝜆 asymptotically approaches a critical value (𝜆 → 𝜆𝑐), that is, the RG flow of 𝜆 should

have an infrared cutoff associated with the divergent polaron mass. The latter could be

classified as a stable fixed point. Now we are mainly interested in find this fixed point and

determine the Greens function (and the correspondent spectral function) of the impurity

close to this point, for 𝜀k ≪ Λ 𝑒−𝜋/2𝜇2
0𝜆2

0 .

In order to analyze the polaron spectrum in this regime, we generalize the RG

flow equations including the quasiparticle weight evolution 𝑍k to determine the effective

parameters of the theory. The perturbative RG equations (𝛽 function (71)) around the

low energy fixed point were derived considering lowest order correction diagrams (the one-

phonon, Fig. 8a, and three point vertex diagrams, Fig. 8b) with renormalized 𝐺(k, 𝜔) =

𝑍k/𝜔 for the internal lines impurity Green function; that corresponds to neglect the

polaron pole near the fixed point, as 𝑚 → ∞.

These Feynman diagrams were integrated in momentum space limited by a UV

cut off Λ. Considering the infinitesimal reduction of the cut off (Λ′ = Λ 𝑒−𝑑ℓ with 𝑑ℓ ≪ 1),

that is, diminishing the momentum shell to integrate out the fast modes, we derive the

flow equations for the theory parameters. With �̃� = 𝑀𝜆 and 𝑚 = 𝑀�̃� , those equations

can be rewritten as

𝑑𝑍k

𝑑ℓ
= − �̃�2 𝑍k

𝜋

(︂
𝜇

𝑀

)︂2
,

𝑑�̃�

𝑑ℓ
= �̃�3𝑍2

k
𝜋

(︂
𝜇

𝑀

)︂2
,

𝑑�̃�

𝑑ℓ
= 2 �̃�2

𝜋

(︂
𝜇

𝑀

)︂3
. (3.43)

We can immediately solve the first two equations to find the asymptotic limit 𝜆𝑐 = 𝑒1/2𝜆0

for 𝑍 → 0. It confirms the validity of disregarding higher order corrections in the RGs (see
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Figure 9 – RG Flow - The original problem, with bare parameters, corresponds to the starting
point in the diagram (𝑍 = 1). The length along the flow direction is essentially
a measure of how many energy scales have been integrated out, with the regions
towards which the flow points being the effective parameters of the model at lower
and lower energies.
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appendix A.3), since 𝜆 does not differ significantly from the bare constant of the theory,

that is kept in the weak coupling regime. Figure (9) shows the flow in a renormalization

group diagram. Particularly here, the parameters flow toward a line of fixed points. A

fixed line usually corresponds to a class of models which have some asymptotic behavior,

e.g. an exponent, which varies continuously. As example, we have the Kosterlitz Thouless

phenomenon (86) or even to the non singular Fermi liquid ferromagnetic Kondo problem

(87). For the latter, an interesting generalization is given by the spin less finite range

interaction model developed in (88). Their RG equation gives the low energy physics

dominated by the orthogonality catastrophe as the spin-flip operator (or hybridization

between the impurity and conduction electron orbital in the original Anderson model)

goes to zero. In our case, that will be the impurity kinetic term that goes to zero in the

fixed line, preventing further fluctuations of the impurity potential.
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3.2.4 Dispersionless impurity Spectral Function

The low-energy physics dominated by the orthogonality catastrophe has been

solved by renormalization group methods Fig. 9. But simple arguments based on the

x-ray edge singularity give the correct qualitative physics of the low energy fixed point,

as will be showed next, with the spectral function calculation. First we try the simplest

possible approximation and neglect the kinetic energy of the impurity in Eq. (3.10). In

this case of infinite mass, the model can be solved exactly by an unitary transformation

(69)

𝑈 = exp
⎡⎣ 𝛼√

𝑆

∑︁
k,q

1
𝑞
�̂�†

k �̂�k+q (�̂�q − �̂�†
−q)

⎤⎦ . (3.44)

This is analogous to the Lang-Firsov transformation used in the small polaron regime for

lattice models with strong electron-phonon interaction (69). This transformation equally

applies to the Frohlich (continuous) model in the intermediated coupling regimes (40).

Using the identity 𝑒−𝑆�̂�𝑒𝑆 = �̂� + [𝑆, �̂�] + 1
2! [𝑆, [𝑆, �̂�]] + ..., we calculate the phonon

dislocation (𝛼𝑞 = 𝛼/𝑞)

𝑒−𝑆 �̂�q𝑒
𝑆 = �̂�q − 1√

𝑆

∑︁
k,q

𝛼𝑞 �̂�
†
k �̂�k−q

𝑒−𝑆 �̂�†
q𝑒

𝑆 = �̂�†
q − 1√

𝑆

∑︁
k,q

𝛼𝑞 �̂�
†
k �̂�k+q. (3.45)

Choosing 𝛼 = 2𝑀𝜆 eliminates the impurity-phonon coupling of the transformed 𝐻

𝑈 †𝐻𝑈 =
∑︁

q

𝑞2

2𝑀 �̂�†
q �̂�q + 𝑐𝑜𝑛𝑠𝑡. (3.46)

We can verify the orthogonality between the final |0̃⟩ and initial phonon vacuum state

|0⟩, that is, the background state with and without the impurity. Those are related by

the canonical transform |0̃⟩ = 𝑈 |0⟩; thus for one localized impurity the projection ⟨0|0̃⟩

gives

⟨0| exp
[︃
𝛼√
𝑆

∑︁
q

1
𝑞

(�̂�q − �̂�†
−q)

]︃
|0⟩ ∝ 𝑒

− 𝛼2
𝑆

∑︀
q

1
𝑞2 . (3.47)

The sum can be converted to an integral 𝛼2

𝑆

∑︀
q

1
𝑞2 → 𝛼2

2𝜋

∫︀ 𝑑𝑞
𝑞

and the overestimated pro-

jection value, with the lower bound 𝑞𝑚𝑖𝑛 = 2𝜋
𝐿

, gives ⟨0|0̃⟩ = 0 for an infinite system
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(𝐿 → ∞). As in the Anderson proposal we had the orthogonality between the Fermi sea

ground state with and without the particle-hole excitation, in the thermodynamic limit

𝑁 → ∞, here the orthogonality comes from the infinite number of Tkachenko modes

excited in the phonon vacuum by the localized impurity. We note that the new vacuum

|0̃⟩ is built by a coherent superposition of TM phonons.

Considering 𝜓𝐵(r, 𝑡) = 1√
𝑆

∑︀
k 𝑒

𝑖k.r �̂�k(𝑡), it is easy to show that

𝜓𝐵(r, 𝑡) = 𝑒−𝑆𝜓𝐵(r, 𝑡)𝑒𝑆 = 𝜓𝐵(r, 𝑡) 𝑒𝛼𝑌 (r,𝑡)

𝜓†
𝐵(r, 𝑡) = 𝑒−𝑆𝜓†

𝐵(r, 𝑡)𝑒𝑆 = 𝜓†
𝐵(r, 𝑡) 𝑒−𝛼𝑌 (r,𝑡), (3.48)

where we have the phonon displacement operator 𝑌 (r, 𝑡) = 1√
𝑆

∑︀
q 𝑞

−1𝑒𝑖q·r(�̂�q − �̂�†
−q). The

impurity Green’s function becomes

𝐺(r, 𝑡) = −𝑖𝜃(𝑡) ⟨𝜓𝐵(r, 𝑡)𝜓†
𝐵(0, 0)⟩

= −𝑖𝜃(𝑡) ⟨𝜓𝐵(r, 𝑡)𝜓†
𝐵(0, 0)⟩⟨𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)⟩. (3.49)

The unitary transformation decouples the impurity and phonon operators, as showed in

Eq. (3.49), where the first and second brackets correspond to the mean values taken with

the impurity and phonon ground state respectively. Since the problem is now noninter-

acting, we can calculate the exact propagators. For the first term we have

⟨𝜓𝐵(r, 𝑡)𝜓†
𝐵(0, 0)⟩ = 1

𝑆

∑︁
k
𝑒𝑖(k.r−𝜀k𝑡)⟨�̂�k(0)�̂�†

k(0)⟩. (3.50)

Using 𝑒𝐴+𝐵 = 𝑒𝐴 𝑒𝐵 𝑒−[𝐴,𝐵]/2 for the second term, with 𝐴 = 𝛼𝑌 (r, 𝑡), 𝐵 = −𝛼𝑌 (0, 0)

and [𝐴,𝐵]
2 = −𝑖𝛼2

𝑆

∑︀
q

𝑒𝑖q.r

𝑞2 sin𝜔𝑞𝑡, we find

⟨𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)⟩ = 𝑒𝛼2𝐼(r,𝑡), (3.51)

with 𝐼(r, 𝑡) = 1
2𝜋

∫︀ 𝑑𝑞
𝑞

[exp(−𝑖𝜔𝑞𝑡) 𝐽0(𝑞𝑟) − 1].

For impurity infinite mass (𝜀k → 0 and 𝑡 > 0)

𝐺(r, 𝑡) = −𝑖 𝛿(r) 𝑒𝛼2𝐼(𝑡), (3.52)
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where 𝐼(𝑡) ≈ − 1
4𝜋

[𝛾 + ln(𝑖𝜔𝑞𝑡)] with the Euler constant 𝛾. The propagator of 𝑌 (r, 𝑡) is

logarithmic, thus it gives rise to an additional power-law decay in the impurity Green’s

function, as expected from the orthogonality catastrophe, that is

𝐺(r, 𝑡) ∝ 𝛿(r) 𝑡−𝛼2/4𝜋. (3.53)

Notice that 𝛼2/4𝜋 = 𝑀2𝜆2/𝜋 = 𝜇2𝜆2/𝜋 since 𝜇 = 𝑀 for 𝑚 → ∞. This seems consistent

with the coefficient of the logarithmic correction in Eq. (3.39), coming from the weak

coupling regime and also reflected in the 𝑍k exponent for 𝑘 in the low energy fixed point.

The orthogonality induced by the self localization of the impurity (89) leads to the decay

of the correlation function with this non-universal exponent.

Taking the Fourier transform of (3.53) gives a power-law singularity in the spectral

function

𝐴(k, 𝜔) ∼ 𝜔𝛼2/4𝜋−1. (3.54)

The actual value of 𝛼2/4𝜋 determines the singular properties at low energy. In a renor-

malization group language, for 𝛼2/4𝜋 < 1, the flows impinge on the line of fixed points

and we obtain a continuous set of exponents.

3.2.5 Spectral function for Finite mass impurity

When 𝑚 is finite, the unitary transformation in Eq. (3.46) does not diagonalize the

Hamiltonian exactly because the transformation of the impurity kinetic energy generates

an additional interaction. Nonetheless we can use a variational approach that fixes the

parameter of the unitary transformation by minimizing the polaron ground state energy

(see section III-A of (90)). Starting with the transformation of Eq. (3.10)

�̃� = 𝑈 †𝐻𝑈 = �̃�𝑖𝑚𝑝 + �̃�𝑝ℎ + �̃�𝑖𝑚𝑝−𝑝ℎ, (3.55)
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where

�̃�𝑖𝑚𝑝 =
∑︁

k

𝑘2

2𝑚�̂�†
k�̂�k + 1√

𝑆

∑︁
k,q

𝛼𝑞

[︃
𝑘2

2𝑚 − |k − q|2

2𝑚

]︃
�̂�†

k�̂�k−q(�̂�q − �̂�†
−q)

+ 1
2𝑆

∑︁
k,q,q′

𝛼q𝛼q′

[︃
𝑘2

2𝑚 − 2 |k − q|2

2𝑚 + |k − q − q′|2

2𝑚

]︃
�̂�†

k�̂�k−q−q′ (�̂�q − �̂�†
−q)(�̂�q′ − �̂�†

−q′),

(3.56)

�̃�𝑝ℎ =
∑︁

q

𝑞2

2𝑀 �̂�†
q�̂�q − 1√

𝑆

∑︁
q,k

𝛼𝑞
𝑞2

2𝑀 �̂�†
k�̂�k−q(�̂�q + �̂�†

−q) + 1
𝑆

∑︁
q,k

𝛼2
𝑞

𝑞2

2𝑀 �̂�†
k�̂�k, (3.57)

and

�̃�𝑖𝑚𝑝−𝑝ℎ = 1√
𝑆

∑︁
q,k

𝜆𝑞 �̂�
†
k�̂�k−q(�̂�q + �̂�†

−q ) − 2
𝑆

∑︁
k,q

𝛼𝑞𝜆𝑞 �̂�
†
k�̂�k. (3.58)

Averaging Eq. (3.55) over the system ground state we obtain ⟨�̃�⟩ = ℰk(𝛼𝑞) + ℰ𝑝ℎ, where

the 𝛼𝑞 - function gives the polaronic free energy ℰk(𝛼𝑞) = 𝑛k𝜖k, with 𝑛k = ⟨�̂�†
k�̂�k⟩ and

𝜖k = 𝑘2

2𝑚
+ 1

𝑆

∑︀
q

[︁
𝛼2

𝑞
𝑞2

2𝑀
− 2𝛼𝑞𝜆𝑞

]︁
− 1

𝑆

∑︀
q 𝛼

2
𝑞

[︁
𝑘2

2𝑚
− |k−q|2

2𝑚

]︁
.

We can symmetrize the sum to simplify such expression

𝜖k = 𝑘2

2𝑚
+ 1

𝑆

∑︁
q

[︃
𝛼2

𝑞

𝑞2

2𝑀
− 2𝛼𝑞𝜆𝑞

]︃
− 1

𝑆

∑︁
q

𝛼2
𝑞

[︃
𝑘2

2𝑚
− |k − q|2

4𝑚
− |k + q|2

4𝑚

]︃

= 𝑘2

2𝑚
+ 1

𝑆

∑︁
q

[︂
𝛼2

𝑞

(︂ 1
2𝑀

+ 1
2𝑚

)︂
𝑞2 − 2𝛼𝑞𝜆𝑞

]︂
, (3.59)

and then apply the minimization

𝜕𝜖k

𝜕𝛼𝑞

= 0 ⇒ 𝛼𝑞 = 2𝜇𝜆
𝑞
. (3.60)

This condition gives 𝛼 = 2𝜇𝜆, and a transformed Hamiltonian with an effective coupling

𝜆′ = 𝜆𝑀/𝑚 Eq. (3.61). This variational approach brings the phonon configuration that

minimizes the polaron energy. The transformed Hamiltonian describes a polaron interact-

ing with a residual phonon background.

�̃� =
∑︁

q

𝑞2

2𝑀 �̂�†
q �̂�q +

∑︁
k

𝑘2

2𝑚 �̂�†
k �̂�k + 1√

𝑆

∑︁
k,q

𝜆′ | q | �̂�†
k �̂�k+q (�̂�q + �̂�†

−q). (3.61)
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Figure 10 – Self-energy insertion (a) and connect cloud diagram (b) and (c) . These second order
corrections to the impurity propagator are given by the integrals in A.4.

(a) (b) (c)

Source: elaborated by the author

When we neglect the residual interaction 𝜆′ in Eq. (3.61), we can calculate the

Green’s function similarly to the case of infinite mass. The difference is that now we have

to use the free particle propagator ⟨𝜓𝐵(r, 𝑡)𝜓𝐵
†(0, 0)⟩ ∝ 𝑒−𝑖𝑚𝑟2/2𝑡/𝑡. For 𝑀/𝑚 ≪ 1 the

spectral function calculation simplifies a little and we find a power law singularity with

a threshold along the impurity dispersion. The rounding may come from the decay rate

of the single particle at order (𝜆′)2, which appears in the self-energy of 𝜓𝐵 if we apply

perturbation theory in 𝜆′. In Fig. 10 we schematized a set of diagrams that give second

order corrections in the impurity propagator. Note that, in this transformed scenario, the

phonon background is given by an exponential field propagator, with a cloud diagram

represented by the wavy lines in the bottom of Fig. 10.

Considering the residual interaction 𝐻𝑟 = 1√
𝑆

∑︀
k,q 𝜆

′ 𝑞 �̂�†
k+q�̂�k (�̂�q + �̂�†

−q), we have

to deal with the dressed impurity Greens function

𝐺(r, 𝑡) = ⟨𝑇𝜓𝐵(r, 𝑡)𝜓†
𝐵(0, 0)𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)𝑒−𝑖

∫︀
𝑑𝑡1𝐻𝑟(𝑡1)⟩.

Expanding Eq. (3.62) to second order in 𝜆′

𝐺(r, 𝑡) = −𝑖𝜃(𝑡) ⟨𝜓𝐵(r, 𝑡)𝜓†
𝐵(0, 0)⟩⟨𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)⟩ +

−𝑖(−𝑖)2
∫︁
𝑑𝑡1𝑑𝑡2⟨𝑇 𝜓𝐵(r, 𝑡)𝜓†

𝐵(0, 0)𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)𝐻𝑟(𝑡1) 𝐻𝑟(𝑡2)⟩. (3.62)
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The second term in Eq. (3.62), with the time order bracket given by the operator 𝑇 ,

provides the self-energy insertion (Fig. 10a) and connected phonon cloud (Fig. 10b and

10c) diagrams. The latter connects the impurity line to the phonon cloud propagator, but

here it gives zero contribution. That can be understood from the 𝑌 (r, 𝑡) dependence with

the combination �̂�q − �̂�†
−q, while the interaction is proportional to �̂�q + �̂�†

−q. Making an

analogy with the harmonic oscillator problem, those diagrams present contractions similar

to momentum Π̂q (= �̂�q − �̂�†
−q) and position operators 𝜑q (= �̂�q + �̂�†

−q), that gives zero

expected value for the ground state.

Neglecting diagrams that connect the impurity line to the phonon cloud propaga-

tor, we can move on to the Fourier transform of 𝐺(r, 𝑡) = 𝒢(r, 𝑡) 𝑒𝛼2𝐼(r,𝑡)

𝐺(k, 𝜔) =
∫︁
𝑑2𝑟 𝑑𝑡 𝑒−𝑖k·r 𝑒𝑖𝜔𝑡 𝐺(r, 𝑡)

=
∫︁
𝑑2𝑟 𝑑𝑡 𝑒−𝑖k·r𝑒𝑖𝜔𝑡

∫︁ 𝑑2𝑘′𝑑𝜔′

(2𝜋)3 𝑒𝑖k′·r𝑒−𝑖𝜔′𝑡𝒢(k′, 𝜔′)𝑒𝛼2𝐼(r,𝑡), (3.63)

where 𝒢(k′, 𝜔′) = 1
𝜔′−𝜀k′ −Σ(k′,𝜔′) is the impurity dressed propagator showed by Fig. 10a.

The oscillation of 𝒢(r, 𝑡) suppresses the composite Green’s function for 𝑟2 > 𝑡/𝑚. In the

regime 𝑚 ≫ 𝑀 , we can neglect the spatial dependence of 𝐼(r, 𝑡). Physically, this means

that the Tkachenko mode diffuses much faster than the impurity, thus the dominant

contribution to 𝐺(r, 𝑡) involves the long time tail of 𝑒𝛼2𝐼(r,𝑡) near the origin. Adopting

𝜈 = 𝛼2/4𝜋, within this approximation we obtain

𝑒𝛼2𝐼(r,𝑡) ≈ 𝒞
(𝑖Λ𝑡)𝜈

, (3.64)

where Λ is a UV energy cutoff and 𝒞 = 𝑒−𝛾𝜈 . Then

𝐺(k, 𝜔) = 1
2𝜋

𝒞
(𝑖Λ)𝜈

∫︁
𝑑𝑡 𝑑𝜔′ 𝑒

𝑖(𝜔−𝜔′)𝑡

𝑡𝜈
𝒢(k, 𝜔′).

(3.65)

For 𝜔′ > 𝜔

𝐺(k, 𝜔) = 2 sin(𝜋𝜈) 𝒞
(𝑖Λ)𝜈

Γ(1 − 𝜈)
∫︁ ∞

𝜔

𝑑𝜔′

2𝜋
𝒢(k, 𝜔′)

(𝜔′ − 𝜔)1−𝜈
.

(3.66)
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Now we consider the self-energy that comes with the calculation of the diagram in Fig.10a.

That corresponds to our previous results in section 3.1.5 but with 𝜆′ replacing 𝜆. We found

Re [Σ(k, 𝜔)] = 𝜆′2

𝜋

[︂
|𝛿𝜀| −

(︁
𝛿𝜀+ 𝜇𝑘2

𝑚2

)︁
ln
⃒⃒⃒⃒

Λ
𝑓(k,𝜔)

⃒⃒⃒⃒]︂
and Im [Σ(k, 𝜔)] = −𝜆′2

2

(︁
𝛿𝜀+ 𝜇𝑘2

𝑚2

)︁
𝜃[𝜔 −

𝜀𝑚𝑖𝑛(𝑘)], with 𝑓(k, 𝜔) = 𝜇𝑘2

2𝑚2 𝜃(𝛿𝜀) + [𝜔 − 𝜀𝑚𝑖𝑛(𝑘)] 𝜃(−𝛿𝜀), 𝛿𝜀 = 𝜔 − 𝜀k and the kinematic

threshold 𝜀𝑚𝑖𝑛(𝑘) = 𝑘2/2(𝑚+𝑀).

Particularly, for the mass shell (𝛿𝜀 = 0) we have Re [Σ(k, 𝜔)] → Σ′(k) = 𝜆′2

𝜋

(︂
−𝜇𝑘2

𝑚2 ln
⃒⃒⃒⃒

Λ
𝑓(k)

⃒⃒⃒⃒)︂
,

with 𝑓(k) ≈ 𝜇𝑘2

4𝑚2 and Im [Σ(k, 𝜔)] → Σ′′(k) = −𝜆′2

2

(︁
𝜇𝑘2

𝑚2

)︁
.

That gives, for 𝜈 < 1

∫︁ ∞

𝜔
𝑑𝜔′ 𝒢(k, 𝜔′)

(𝜔′ − 𝜔)1−𝜈
= 𝜋 sin(𝜋𝜈)−1

[𝜔 − 𝜀k − Σ′(k) − 𝑖Σ′′(k)]1−𝜈 ,

(3.67)

and for the spectral function 𝐴(k, 𝜔) = − 1
𝜋
Im [𝐺(k, 𝜔)]

𝐴(k, 𝜔) = 𝒞 Γ(1 − 𝜈)
𝜋Λ𝜈

Im
⎡⎣(︃ −1

𝜔 − 𝜀k − Σ′(k) − 𝑖Σ′′(k)

)︃1−𝜈
⎤⎦

= 𝒞 Γ(1 − 𝜈)
Λ𝜈

sin (1 − 𝜈)
[︁

𝜋
2 − arctan

(︁
𝐸k−𝜔

𝛾k

)︁]︁
[(𝜔 − 𝐸k)2 + 𝛾2

k](1−𝜈)/2 . (3.68)

In the last line of Eq. (3.68) we associate the decay rate 𝛾k
(︁
= −𝑍−1

k Σ′′(k)
)︁

and we ab-

sorbed the real part of the self-energy into 𝐸k as a renormalization of the impurity mass.

This result already shows that 𝛾k/𝐸k decreases as the effective impurity mass increases.

Thus the peak should become more pronounced for smaller 𝑘 and we recover the power-

law singularity in the limit 𝑘 → 0, 𝑚 → ∞. This validity, however, is limited to the

energy window where we expect the peak to be broadened, | 𝜔 − 𝐸k |∼ 𝑀 𝑘2/𝑚2 ≪ 𝐸k.

For the complete solution we have to consider the regions above and below the mass shell.

Calling 𝑋(k, 𝜔) =
∫︀∞

𝜔 𝑑𝜔′ 𝒢(k,𝜔′)
(𝜔′−𝜔)1−𝜈 , considering Σ(k, 𝜔) above, for 𝜔′ > 𝜔 > 𝜀k > 𝜀𝑚𝑖𝑛 it
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gives

𝑋(k, 𝜔) =
∫︁ ∞

𝜔
𝑑𝜔′ (𝜔′ − 𝜔)𝜈−1

𝜔′ − 𝜀k − 𝜆′2

𝜋
(𝜔′ − 𝜀k) + 𝑖 𝜆′2

2

(︁
𝜔′ − 𝜀k + 𝜇𝑘2

𝑚2

)︁ ,
Otherwise for 𝜔′ > 𝜀k > 𝜔 > 𝜀𝑚𝑖𝑛

𝑋(k, 𝜔) =
∫︀ 𝜀k

𝜔 𝑑𝜔′ (𝜔′−𝜔)𝜈−1

𝜔′−𝜀k+ 𝜆′2
𝜋

(𝜔′−𝜀k)+𝑖 𝜆′2
2

(︁
𝜔′−𝜀k+ 𝜇𝑘2

𝑚2

)︁+
∫︀∞

𝜀k
𝑑𝜔′ (𝜔′−𝜔)𝜈−1

𝜔′−𝜀k− 𝜆′2
𝜋

(𝜔′−𝜀k)+𝑖 𝜆′2
2

(︁
𝜔′−𝜀k+ 𝜇𝑘2

𝑚2

)︁ ,

Finally for 𝜔′ > 𝜀k > 𝜀𝑚𝑖𝑛 > 𝜔

𝑋(k, 𝜔) =
∫︀ 𝜀𝑚𝑖𝑛

𝜔 𝑑𝜔′ (𝜔′−𝜔)𝜈−1

𝜔′−𝜀k+ 𝜆′2
𝜋

(𝜔′−𝜀k)
+
∫︀ 𝜀k

𝜀𝑚𝑖𝑛
𝑑𝜔′ (𝜔′−𝜔)𝜈−1

𝜔′−𝜀k+ 𝜆′2
𝜋

(𝜔′−𝜀k)+𝑖 𝜆′2
2

(︁
𝜔′−𝜀k+ 𝜇𝑘2

𝑚2

)︁
+
∫︀∞

𝜀k
𝑑𝜔′ (𝜔′−𝜔)𝜈−1

𝜔′−𝜀k− 𝜆′2
𝜋

(𝜔′−𝜀k)+𝑖 𝜆′2
2

(︁
𝜔′−𝜀k+ 𝜇𝑘2

𝑚2

)︁ .

All these integrals have analytical expressions and will be used next to estimate

the spectral function in the low energy regime. Before that, we justify the values for 𝜆0 and

𝑚0 that were also applied to create the graphics in Fig. 9. First, it is easy to show that the

asymptotic RG solution for 𝜆 together with the constraint 𝜈 < 1 gives 𝜆0 <
√︁

𝜋
𝑒
𝑀−1. Also,

we must keep the initial impurity momenta below the band maxima 𝑘 < 𝑙−1, approaching

the lower limit defined in section 3.1.5 (see appendix A.2), 𝑘 ∼ 𝑙−1 𝑒−1/4𝜈0 , associated

with the impurity self-localization. Inside these limits, in Fig. 11 we plot several stages of

the spectra varying the width of shell integration, that is, in different regimes of energy,

for the bare parameters 𝜆0𝑀 = 0.2, 𝑚0/𝑀 = 0.5 and 𝑘0 𝑙 = 1 in the weak coupling

regime (dashed curves), followed by the low energy region (solid curves), that starts with

𝜆𝑀 = 1, 𝑚/𝑀 = 1 and 𝑘 𝑙 = 1/
√
𝑒 (𝑘 = 𝑘(ℓ) = 𝑘0 𝑒

−ℓ/2).

As can be seen from Fig. 11, close to low energy fixed point our result resembles

the studies of optical absorption spectra in semiconductors (82), with our two-particle

threshold 𝜀𝑚𝑖𝑛(𝑘) analogous to their so called indirect threshold. Those authors analyzed

the reduction of the OC characteristic exponent due to the finite lifetime of the core-hole
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Figure 11 – Spectral function for the lower energy regime with normalized 𝑘 [𝑙−1] and
𝜔 [𝑙−2𝑀−1]. The black line in the (𝑘,𝜔) plane indicates the free particle dis-
persion relation 𝜀k = 𝑘2/2𝑚 and the red line indicates the lower threshold
𝜀𝑚𝑖𝑛(𝑘) = 𝑘2/2(𝑚+𝑀) . Experimental parameters: we consider 87𝑅𝑏 as the atomic
species for 𝐴 with atomic density 𝑛𝐴 = 3 1012 𝑚−2, transversely trapped (harmonic
trap) with frequency 𝜔0 = 2𝜋 × 300 𝐻𝑧 and characterized by the lattice vorticity
Ω = 2𝜋 × 100 𝐻𝑧. That gives 𝑛𝐴𝑔𝐴

ℎ̄Ω = 0.1, for the quantum Hall regime. Then we
can estimate 𝑙 ∼ 10−5 𝑚 and also 𝑀 ∼ 5 𝑚𝐴.

Source: elaborated by the author

(84). It is related with the particle-hole excitation recoil present in the semiconductors

valence band, which has a finite dispersion instead of the flat band that gives the x-ray

edge singularity in metals. When the mass of the impurity atom is much larger than the

effective mass of the Tkachenko boson, one recovers the problem of a static impurity in

a vortex lattice. In this limit, the quasiparticle residue 𝑍 vanishes and the spectral func-

tion exhibits a power law singularity. The reason for the breakdown of the quasiparticle

picture is that the static impurity can excite an infinite number of low-energy Tkachenko

excitations, causing the zero overlap between the interacting and non-interacting sys-

tem ground-state, that is, the orthogonality catastrophe phenomenon (69). For a finite

mass instead, it follows from momentum conservation that the impurity can generate

Tkachenko excitations with recoil energy only up to Δ𝜀 = 𝜀k − 𝜀𝑚𝑖𝑛(𝑘) , which limits the
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available phase-space for scattering. Another way to verify the influence of the impurity

dynamics over the bosons excitations is applying the Lee-Low-Pines transformation (91).

That is based on the total momentum conservation to eliminate the impurity coordinates

from the Hamiltonian. The transformed Hamiltonian shows how the dynamics of impurity

is reflected in an additional correlation between the Tkachenko modes, that can not be

considered with the independent boson model anymore (69).

3.2.6 Probing the excitation spectrum

Analogous to photoemission spectroscopy used to detect the excitation spectrum

of interacting electrons in metals (angle resolved technique), in the cold atoms community,

there is the radio-frequency spectroscopy as equivalent momentum resolved method (92).

Basically, a radio-frequency (RF) light pulse transfers the impurity atoms to an hyperfine

level that does not interact with the background atoms. After that, the free expansion

absorption image can provide the momentum distribution of the impurity sample. Since

the RF does not alter the original atomic momentum, one can recover the impurity single

particle energy spectrum combining the information of the hyperfine level separation (light

pulse energy) and the release energy of the free expanding impurity.

As the x-ray problem where the core-hole Greens function hold information of the

single particle spectra of the Fermi-sea (69), it is possible to show that the impurity spec-

tral function is related with the Fourier transform of the many body states superposition

(Tkachenko phonon background) before and after the impurity potential perturbation

(79, 81). We finalize this section analyzing the power law dependence expected for long

time of this overlap function, that is, for the low energy regime of our system. Considering

the overlap between initial (non interacting) and final (interacting) states of the system

as given by the response function 𝒮(𝑡) = ⟨0𝑘|𝑒𝑖(𝐻𝐴+𝐻𝐵)𝑡 𝑒−𝑖(𝐻𝐴+𝐻𝐵+𝐻𝑖𝑛𝑡)𝑡|0𝑘⟩, with the

brackets being the phonon vacuum and the impurity with the initial momentum 𝑘. The

function 𝒮(𝑡) is basically the overlap between the system background evolved to the time

𝑡, with and without the impurity interaction. The dynamic OC theory of Nozi𝑒res (83)
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allows to relate this function with the impurity propagator, for infinity impurity lifetime.

We define the intermediate (large impurity 𝑘>) and the long times (small impurity 𝑘<)

regimes inside the interval 𝜔−1
0 < 𝑡 < 𝛾−1

𝑘 , limited by the polaron lifetime 𝛾−1
𝑘 and by

the higher characteristic energy of our system 𝜔0. For initial times, the overlap function

𝒮(𝑡) ∝ 𝑒−𝛾𝑘 𝑡 has exponential decay with a Lorentzian 𝐴(𝑘>, 𝜔) ∝ Im[𝜔 + 𝑖𝛾𝑘]−1. Other-

wise, for long times, we can probe the orthogonality catastrophe from the power law decay

of 𝒮(𝑡) ∝ 𝑡−𝜈 , that translates into a singular long tail spectral function 𝐴(𝑘<, 𝜔) ∝ 𝜔𝜈−1.

To probe each regime of the spectrum, that is, to detect the spectral function

at different times until the impurity localization, we should start with an external force

that acts selectively on impurity atoms (e.g. through a magnetic field gradient) to impart

a finite initial momentum. Then a RF pulse can be applied after an appropriate time

interval to transfer the initially interacting impurities to non interacting final state. The

release energy of the dilute impurity cloud can be measured trough the time of flight

state-selective absorption image realized with different hold times.

3.3 Summary

We analyzed the properties of impurities immersed in a vortex lattice formed by

ultracold bosons in the mean field quantum Hall regime. Besides the effects of a periodic

lattice potential, the impurity is dressed by collective modes with parabolic dispersion

(Tkachenko modes). We derived the effective impurity-phonon model, which at weak

coupling is equivalent to a renormalizable quantum field theory with a marginally rel-

evant interaction. Using the RG formalism, we tracked the impurity excitation spectra

as function of the background coupling interaction toward the low energy fixed point,

where we show that it acquires the power law signature of the orthogonality catastro-

phe. These impurity spectral function properties can be detected experimentally using

momentum-resolved spectroscopy.
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4 Double Superfluid System

4.1 Introduction

Two component condensate systems have had an enormous impact in the field of

ultracold atoms, in special since the experimental production of Bose-Einstein condensate

(BEC) of fermions. That consist of effective bosonic molecules, the tightly bound Cooper

pairs, formed after the fermions be combined cooling with bosonic atoms (13). The ex-

perimental observation of the BEC-BCS transition with this molecular BEC made the

ultracold atoms a powerful tool to test condensate matter models, which can be studied

in a highly controllable environment. The two-species BEC of atomic bosons also has rich

new physics to be explored. There are important experiments in this field, including that

of Cornell’s group, with different 87𝑅𝑏 hyperfine states (93), where the static proprieties of

binary mixtures, their relative phase coherence and dynamics (94–97) were investigated.

The same group was able to nucleate vortex with this system (98), and most recently, to

produce the superposition of two array of vortices (99).

The possibility of tuning the scattering length is also fundamental tool in the two

component BEC scenario. In the experiments of the Inguscio’s group (100), they use

different atomic species, more specifically the 87𝑅𝑏 and 41𝐾, to produce a two component

BEC via sympathetic cooling technique. In spite of the different traps seen by each species

(different mass involved), even a small superposition of the BEC clouds brings observable

effects of the interaction between them. Important results obtained by this group (100–

102) relies on the high control of the intra and inter-species scattering length via Feshbach

resonance technique (103).

Based on these experiments and related theory, here we considered a mixture of

two superfluids and explored the possibility of trapping one very dilute superfluid species

in the vortex core of the second species, with much higher density. Basically we have an

array of vortices in a BEC that overlaps with another interacting superfluid component.
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We studied the properties of the resulting lattice system through the Bose-Hubbard model,

proposing an experiment to characterize the trapped species quantum phase transition,

by scattering length tuning. A particularity of our lattice will be the presence of its own

dynamics giving by the Tkachenko phonons. The effects of the lattice dynamics over the

dilute species were also explored here, with the polaronic transformation of the impurity’s

Hamiltonian.

4.2 Phase transition in a filled Vortex Lattice

Again we consider a two component superfluid mixture, one with an Abrikosov

vortex array with vorticity Ω. This quasi-2𝐷 system, strong confined along the rotation

axes with harmonic trap frequency 𝜔0 and respective oscillator length 𝑙0 =
√︁

ℎ̄
𝑚𝜔0

, is

described by the Hamiltonian 𝐻 = 𝐻𝐴 +𝐻𝐵 +𝐻𝐴𝐵 in Eq. (3.1). We have also a harmonic

confinement in the plane of rotation 𝑉𝑒𝑥𝑡(r), characterized here by the frequency 𝜔⊥.

The set of lowest Landau level states (LLL) provides a convenient description of

an equilibrium rapidly rotating condensate (5). It also describes an analogous situation

that is our BEC 𝐴 subjected to the artificial Gauge field, as detailed in section 3.1.4.

Coriolis effect provided by Ω changes the nonrotating spectrum of the original harmonic

confinement. In the extreme situation Ω → 𝜔⊥, those states become nearly degenerate,

forming horizontal rows that originates the Landau levels. In particular, there is an en-

ergy gap 2ℎ̄Ω between the nearly degenerate LLL and the first excited Landau level.

Additionally, as Ω increases, the condensate expands radially, decreasing both the central

particle density and the mean interaction energy 𝑛𝐴𝑔𝐴, which thus becomes smaller than

the energy gap. Since the relevant energies for BEC 𝐴 particles are the gap (2ℎ̄Ω) be-

tween adjacent Landau levels and the mean interaction energy (𝑛𝐴𝑔𝐴), we conclude that,

inside the mean quantum Hall regime (𝑔𝐴𝑛𝐴 ≪ ℎ̄Ω), the vortex array in species 𝐴 is the

rotational GPE solution given by a linear combination of LLL (64). That corresponds to

an Abrikosov vortex Lattice described by 𝜓𝐴(𝑧) = √
𝑛𝐴𝜙𝐴(𝑧), with the normalized func-

tion 𝜙𝐴(𝑧) = (2𝜍)1/4 𝜗1(
√
𝜋𝜍𝑧, 𝜌) 𝑒𝑧2/2 𝑒−|𝑧|2/2 (see section 3.1.4) that gives the triangular
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configuration for the vortex singularities.

For the dilute species 𝐵 (𝑁𝐵 ≪ 𝑁𝐴), the repulsive interaction with 𝐴 will promote

the localization inside the vortex core position (R𝑖). Adding this mean field vortex lattice

trap for species 𝐵 allow us to rewrite the impurity Hamiltonian in a Bose-Hubbard type

model (𝐵𝐻) (104,105). To guarantee commensurable, unity filling of the lattice sites, we

consider 𝑁𝐵 = 𝑁𝑉 ≪ 𝑁𝐴. The small number of impurities, however, allow us to disregard

the interaction effects of the dilute species over stability properties of the background

vortex lattice species, kept at 𝑇 = 0.

Now we repeat the steps of section 3.1.4 that brought us to Eq. (3.3), starting

with the Bogoliubov transformation 𝜓𝐴 = 𝜓𝐴 + 𝛿𝜓𝐴, followed by the grouping of the

Hamiltonian terms in powers of 𝛿𝜓𝐴, as showed by Eq. (3.4). In the zero order term 𝐾𝐵,

the density-density mean field interaction 𝐻
(0)
𝑖𝑛𝑡 =

∫︀
𝑑2𝑟 𝑉 (r)𝜓†

𝐵(r)𝜓𝐵(r) has the BEC 𝐴

as an effective potential 𝑉 (r) = 𝑛𝐴𝑔𝐴𝐵|𝜙𝐴(r)|2 without the quantum fluctuation. That

potential accounts for the static lattice potential seen by the impurity species 𝐵, that is

analogous to the periodic potential produced by laser beams in optical lattices (4).

Previously, when we compare the recoil energy 𝐸𝑟 of an atom 𝐵 localized in the

vortex core size 𝜉 = ℎ̄√
2𝑚𝐴𝑔𝐴𝑛𝐴

with the lattice potential depth 𝑉0 = 𝑛𝐴𝑔𝐴𝐵, we conclude

that shallow lattice limit 𝐸𝑟 ≫ 𝑉0 is more natural if 𝑚𝐴 ∼ 𝑚𝐵 and 𝑔𝐴𝐵 ∼ 𝑔𝐴 inside the

mean field quantum Hall regime. Here, however, we will establish the deep lattice limit

imposing 𝑚𝐵 ≫ 𝑚𝐴. This condition gives the reduced mass 𝜇 ∼ 𝑚𝐴 and, as 𝑎𝐴 ∼ 𝑎𝐵 ∼

𝑎𝐴𝐵, that keeps the two species inside the immiscible regime 𝑔2
𝐴𝐵 > 𝑔𝐴𝑔𝐵.

Assuming the tight binding regime, we can expand the field operator of species 𝐵

in terms of the Bloch wave function

𝜓𝐵(r) =
∑︁

k
Φk(r) �̂�k, (4.1)

where �̂�k destroys a particle in a quasi-momentum state k and the Bloch wave function Φk

is the Fourier transform of the Wannier function Φk(r) = ∑︀
𝑖 𝜙𝐵(𝑟𝑖) 𝑒𝑖k.R𝑖 (𝑟𝑖 = |r − R𝑖|).

The latter is localized in the core sites and normalized to one. Expanding the field operator

as a sum of the Wannier functions in each lattice site, considering just the nearest neighbor
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hopping and on-site interaction, we rewrite 𝐾𝐵 as the Bose-Hubbard (BH) Hamiltonian

(105)

𝐾𝐵 = −𝐽
∑︁
⟨𝑖,𝑗⟩

�̂�†
𝑖 �̂�𝑗 + 1

2𝑈
∑︁

𝑖

𝑛𝑖(𝑛𝑖 − 1) − 𝜇𝐵

∑︁
𝑖

𝑛𝑖, (4.2)

with the occupation of the site 𝑖 given by the operator �̂�𝑖 = �̂�†
𝑖 �̂�𝑖 (�̂�𝑖 = ∑︀

k 𝑒𝑖k.R𝑖 �̂�k),

while the tunneling and interaction energy constants are given, respectively, by

𝐽 =
∫︁
𝑑2𝑟 𝜙𝐵(𝑟𝑖) [− ℎ̄2∇2

2𝑚𝐵

+ 𝑔𝐴𝐵 𝑛𝐴 |𝜙𝐴(r)|2] 𝜙𝐵(𝑟𝑗)

𝑈 = 𝑔𝐵

∫︁
𝑑2𝑟 |𝜙𝐵(𝑟)|4. (4.3)

According to (4), we can easily calculate 𝑈 assuming a gaussian function for

𝜙𝐵(𝑟) (= 1
(𝜋𝜉2)1/2 𝑒

−𝑟2/2𝜉2), with width given by the site core dimension and normaliza-

tion
∫︀
𝑑2𝑟 |𝜙𝐵(𝑟)|2 = 1. Contrary to 𝑈 (= 𝑔𝐵

2
1

𝜋𝜉2 ), the expression for 𝐽 can not be well

defined with the gaussian ansatz for 𝐵. Instead, we should based on the solution of 1𝐷

Mathieu equation (106) to better characterize the tail of the Wannier function. The ap-

propriate equation for 𝐽 can be easily determined based on the results for atoms confined

in a strong optical lattice, where it is given by

𝐽 = 4√
𝜋
𝐸𝑟

(︂
𝑉0

𝐸𝑟

)︂ 3
4
𝑒

−2
√︁

𝑉0
𝐸𝑟 , (4.4)

with 𝑉0 an adjustable potential barrier controlled by the laser intensity, and the quan-

tity 𝐸𝑟 = ℎ̄2𝑘2/2𝑚 the recoil rate fixed by laser frequency. Mapping the recoil energy

and the lattice potential depth as 𝐸𝑟 → ℎ̄2/2𝑚𝐵𝜉
2 and 𝑉0 → 𝑛𝐴𝑔𝐴𝐵, thus 𝑉0/𝐸𝑟 →

(𝑚𝐵/𝑚𝐴)(𝑔𝐴𝐵/𝑔𝐴) = Γ, and we can write Eq. (4.4) as

𝐽 = 4√
𝜋
𝑛𝐴𝑔𝐴

𝑚𝐴

𝑚𝐵

Γ 3
4 𝑒−2

√
Γ. (4.5)

Also, we can determine the ratio

𝑈

𝐽
=

√
𝜋

8
1
𝜐

(︃
𝑙

𝜉

)︃2
𝑔𝐵

𝑔𝐴

𝑚𝐵

𝑚𝐴

Γ− 3
4 𝑒2

√
Γ. (4.6)

While in the optical lattice the ratio 𝑈/𝐽 can be modified by the laser intensity 𝑉0, in the

vortex lattice that can be tuned through the atomic scattering length 𝑎𝑠. An important

remark is the flexibility of this vortex trap, that allow us to scan the ratio in Eq. (4.6),
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independently by 𝑈 or 𝐽 , with intra or inter-species scattering length tuning. In the optical

lattice, otherwise, we have the variation of 𝑈 constrained with that of 𝐽 , since we usually

change the laser intensity only.

Equation (4.6) can be used to estimate the value for the Mott insulator - superfluid

transition (MI-SF), that can be reached varying the scattering length. According to mean

field calculation (4), the MI-SF transition for a 2𝐷 system is given by (𝑈/𝐽)𝑐𝑟𝑖𝑡 ∼ 5.8 𝑧𝑗.

Considering an Abrikosov vortex lattice, the number of nearest neighbors for this two di-

mensional triangular lattice configuration is 𝑧𝑗 = 6. In the following we applied reasonable

experimental parameters to predict the critical scattering length (𝑎𝑐𝑟𝑖𝑡
𝐵 ) of the transition.

We assumed fixed parameters 𝑔𝐴 and 𝑔𝐴𝐵 in order to keep the lattice properties, and

vary 𝑔𝐵 to cross the critical point inside the appropriate regime. That is the simplest

theoretical proposal, in spite of not be the unique experimental possibility.

For the vortex lattice we have the mean distance between the sites 𝑙 =
√︁

ℎ̄
𝑚𝐴Ω and

we characterized the lattice site confinement with a core site frequency 𝜔 ∼ ℎ̄
𝑚𝐵𝜉2 , so that,

in the mean field approximation (105) we have to constrain 𝑎𝐵 < 𝜉 < 𝑙 and 𝑔𝐵/𝜉
2 < ℎ̄𝜔.

Both conditions guarantee that the energy scales of our system, given by the mean field

interaction between the particles of 𝐵, do not overcome the Bloch bands separation, which

is defined from the lattice scales of BEC 𝐴.

We assume Γ ∼ 𝑚𝐵/𝑚𝐴 = 20, unit occupancy of the sites (𝑁𝐵 = 𝑁𝑉 ∼ 100)

and the filling factor 𝜐 ∼ 1000. For species A we adopt the experimental parameters for
87𝑅𝑏 clouds (𝑛𝐴 = 3 108 𝑐𝑚−2, 𝑎𝐴 = 100𝑎0 and 𝑚𝐴 = 1.443 10−25 kg), the array vorticity

Ω = 2𝜋×100𝐻𝑧 and the axial confinement 𝜔0 = 2𝜋×300𝐻𝑧. Then, we obtain the critical

atomic cross section

𝑎
𝑐𝑟𝑖𝑡(1)
𝐵 = (5.8 𝑧𝑗)

4√
𝜋
𝜐

(︃
ℎ̄Ω
𝑛𝐴𝑔𝐴

)︃
Γ 3

4 𝑒−2
√

Γ 𝑎𝐴

∼ 100 𝑎𝐴. (4.7)

Let us consider now a non-adiabatic fast loading of the optical lattice. The non

adiabaticity comes when the potential barrier increases faster than the particle tunneling

rate in the lattice. This process generates the heating of the trapped particles (107),
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since it is also fast in comparison to the interval of particles collision, do not allowing

their thermal equilibration, that is, the redistribution of those particles between the final

energy states of the potential. In our atomic lattice, otherwise, the dominant mechanism

of particles loss is the inelastic three body collisions that occur when interaction is tuned

near a Feshbach resonance (108). The advantage of varying the interaction parameter 𝑔𝐵,

instead of the lattice properties though the inter-species or 𝑔𝐴 interaction, is to control

the particle losses, since we change the atomic properties of the low density species.

The tunability of the vortex lattice, otherwise, allows one to access a wide range

of Hubbard parameters. Compared with optical lattices, for example, a small scale lattice

yields significantly enhanced hopping amplitudes, which set the relevant energy scale for

our Hubbard model to realize strongly correlated quantum phases. Another particularity

of the vortex lattice is the intrinsic dynamic given by its normal modes, as the lowest

Tkachenko modes. Hopping amplitudes and interactions can be modified by coupling the

trapped atoms with the lattice phonons. This scenario will be explored next.

4.3 Vortex Lattice dynamics

Additionally to the trap mechanism, we can consider the scattering between the

atoms 𝐵 and the phonon excitation (Tkachenko modes) of the atomic reservoir, given by

the vortex array species 𝐴. In the following, we derive the effective polaronic Hamiltonian

that comes with the impurity-phonon interaction (109). After substituting the Bogoliubov

transform for the field operator 𝜓𝐴 in the system Hamiltonian, according with Eq. (3.4),

the first order term in the field fluctuation 𝛿𝜓𝐴 gives the interaction Hamiltonian

𝐻
(1)
𝑖𝑛𝑡 = 𝑔𝐴𝐵

∫︁
𝑑2𝑟

[︁
𝛿𝜓†

𝐴𝜓
†
𝐵𝜓𝐵𝜓𝐴 + 𝜓𝐴𝜓

†
𝐵𝜓𝐵𝛿𝜓𝐴

]︁
. (4.8)

That can be simplified applying the solution for 𝛿𝜓𝐴(r) = 1√
𝑆

∑︀
q∈BZ

[︁
𝑢q(r)�̂�q − 𝑣q(r)�̂�†

q

]︁
that diagonalize 𝐻𝐴; together the expansion of 𝜓𝐵 with localized Wannier functions, we
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transformed Eq. (3.4) as

𝐾 =
∑︁

q
𝜔𝑞�̂�

†
q�̂�q − 𝐽

∑︁
⟨𝑖,𝑗⟩

�̂�†
𝑖 �̂�𝑗 + 1

2𝑈
∑︁

𝑖

𝑛𝑖(𝑛𝑖 − 1)

−𝜇𝐵

∑︁
𝑖

𝑛𝑖 + √
𝑛𝐴𝑔𝐴𝐵

1√
𝑆

∑︁
q,𝑗

[︁
Λq,𝑗 �̂�q + Λ*

q,𝑗 �̂�
†
q

]︁
�̂�𝑗, (4.9)

with 𝐽 and 𝑈 given by Eq. (4.3), and the last term coefficient

Λq,𝑗 =
∫︁
𝑑2𝑟

[︁
𝜙*

𝐴(r)𝑢q(r) − 𝜙𝐴(r)𝑣*
q(r)

]︁
|𝜙𝐵(𝑟𝑗)|2. (4.10)

Our next step will be apply an unitary transformation (46, 69, 109) in Eq. (4.9)

to cancel the impurity-phonon interaction term. The latter will be incorporated in the

interaction and kinetic terms of the impurity Hamiltonian, providing an effective polaronic

model. We consider the unitary transformation �̃� = 𝑒−𝑆𝐾𝑒𝑆, with

𝑆 = 1√
𝑆

∑︁
q,𝑗

[︁
𝛼*

q,𝑗 �̂�
†
q − 𝛼q,𝑗 �̂�q

]︁
�̂�𝑗. (4.11)

An easily way to calculated the transformed Hamiltonian is apply the transformation

separately in the impurities and phonon operators, and them replace the original operators

of 𝐾. For the real space impurity operator we have

𝑒−𝑆 �̂�𝑖𝑒
𝑆 = �̂�𝑖�̂�𝑖 → �̂�𝑖 = 𝑒𝑌𝑖 ,

𝑒−𝑆 �̂�†
𝑖𝑒

𝑆 = �̂�†
𝑖�̂�

†
𝑖 → �̂�†

𝑖 = 𝑒−𝑌𝑖 , (4.12)

with 𝑌𝑖 = 1√
𝑆

∑︀
q

(︁
𝛼q,𝑖 �̂�q − 𝛼*

q,𝑖 �̂�
†
q

)︁
. Otherwise, for the phonon operator in the momen-

tum space we have

𝑒−𝑆 �̂�q𝑒
𝑆 = �̂�q − 1√

𝑆

∑︁
𝑖

𝛼*
q,𝑖 �̂�𝑖

𝑒−𝑆 �̂�†
q𝑒

𝑆 = �̂�†
q − 1√

𝑆

∑︁
𝑖

𝛼q,𝑖 �̂�𝑖 (4.13)

To derive the effective Bose-Hubbard model we consider 𝛼q,𝑗 =
√

𝑛𝐴𝑔𝐴𝐵

𝜔𝑞
Λq,𝑗 to

cancel the impurity-phonon interaction in Eq. (4.9). That results in the transformed

Hamiltonian

�̃� =
∑︁

q
𝜔𝑞 �̂�

†
q �̂�q − 𝐽

∑︁
⟨𝑖,𝑗⟩

�̂�†
𝑖�̂�

†
𝑖 �̂�𝑗�̂�𝑗 + 1

2 𝑈
∑︁

𝑖

𝑛𝑖(𝑛𝑖 − 1)

−1
2
∑︁
⟨𝑖,𝑗⟩

𝑉𝑖,𝑗 �̂�𝑖�̂�𝑗, (4.14)
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with a non local interaction given by

𝑉𝑖,𝑗 = 2𝑛𝐴𝑔
2
𝐴𝐵

𝑆

∑︁
q

Λq,𝑖 Λ*
q,𝑗

𝜔𝑞

. (4.15)

Taking the projection of Eq. (4.14) over the phonon vacuum state we obtain the extended

Bose-Hubbard model (EBH)

𝐾𝑒𝐵𝐻 = −𝐽
∑︁
𝑖,𝑗

�̂�†
𝑖 �̂�𝑗 + 1

2 �̃�
∑︁

𝑖

𝑛𝑖(𝑛𝑖 − 1)

−1
2

∑︁
𝑖,𝑗(𝑖 ̸=𝑗)

𝑉𝑖,𝑗 �̂�𝑖 �̂�𝑗 − 𝜇𝐵

∑︁
𝑖

𝑛𝑖. (4.16)

That comes with the inclusion of the vortex array dynamics in the BH model given by

Eq. (4.2). In Eq. (4.16) the renormalized values of �̃� and 𝐽 , that is, for the interaction

and tunneling parameters of species 𝐵 in the presence of the phonons will be (69)

𝐽 = 𝐽 ⟨�̂�†
𝑖 �̂�𝑗⟩𝑝ℎ = 𝐽 e

[︁
− 1

𝑆

∑︀
q |𝛼q,0|2(1−𝑒𝑖q·l)

]︁
,

�̃� = 𝑈 − 2𝑛𝐴𝑔
2
𝐴𝐵

𝑆

∑︁
q,𝑗

|Λq,𝑗|2

𝜔𝑞

. (4.17)

Besides that, in the last line of Eq. (4.16) we have a long range attractive potential between

the impurities mediated by lattice phonons. This combination brings new aspects to the

ordinary phase transition of the static lattice. In the next section, we start to analyze the

expected modifications in the system phase diagram through a simple mean field approach.

Further consideration for the small 𝑞 regime were also made to provide analytical results.

4.4 Mean field approach to the phase diagram

Now we briefly describe a mean field approximation (110,111) that can be applied

to construct the phase diagram of the EBH system ruled by Eq. (4.16). We start with the

mean field approach �̂�†
𝑖 �̂�𝑗 = ⟨�̂�†

𝑖⟩�̂�𝑗 + �̂�†
𝑖 ⟨�̂�𝑗⟩ − ⟨�̂�†

𝑖⟩⟨�̂�𝑗⟩, where we replace the expected value

of the operator by the order parameter ⟨�̂�𝑖⟩ ∼ Ψ. This procedure decouples the kinetic
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term in Eq. (4.16), that is

𝐾𝐸𝐵𝐻 = −𝐽𝑧Ψ
∑︁

𝑖

(�̂�†
𝑖 + �̂�𝑖) + 𝐽Ψ2𝑧𝑁𝑉 + 1

2 �̃�
∑︁

𝑖

𝑛𝑖(𝑛𝑖 − 1)

−1
2
∑︁

𝑖

⎡⎣∑︁
𝑗

𝑉𝑖,𝑗�̂�𝑗

⎤⎦ �̂�𝑖 − 𝜇𝐵

∑︁
𝑖

𝑛𝑖. (4.18)

We can treat the kinetic term perturbatively assuming 𝐽𝑧 ≪ �̃� , 𝑉𝑖,𝑗. Then, for a particular

site 𝑖 we have the non perturbed Hamiltonian 𝐻0 = 𝐽Ψ2𝑧+ 1
2 �̃�𝑛𝑖(𝑛𝑖 − 1) − 1

2Ω𝑖�̂�𝑖 −𝜇𝐵 𝑛𝑖,

with the long range interaction Ω𝑖 = ∑︀
𝑗 𝑉𝑖,𝑗�̂�𝑗 (sum take over the first neighbors 𝑗 of the

site 𝑖), and the perturbation 𝑉 = −𝐽𝑧Ψ(�̂�†
𝑖 + �̂�𝑖). According with 𝐻0, for �̃� (𝑔−1)− 1

2Ω𝑖 <

𝜇𝐵 < �̃� 𝑔 − 1
2Ω𝑖, the ground state energy corresponds to 𝐸(0)

𝑔 = 𝐽Ψ2𝑧 + 1
2 �̃�𝑔(𝑔 − 1) −

1
2Ω𝑖𝑔 − 𝜇𝐵𝑔. The low energy correction (second order in Ψ) to the site energy is given by

𝐸𝑔 = 𝐸(0)
𝑔 + 𝐸(2)

𝑔 , with 𝐸(2)
𝑔 = ∑︀

�̸�=𝑔
|⟨𝑛|𝑉 |𝑔⟩|2

𝐸
(0)
𝑔 −𝐸

(0)
𝑛

. That gives

𝐸𝑔(Ψ) = 𝑎0(�̃� , 𝜇) + 𝑎2(�̃� , 𝜇) 𝑧𝐽Ψ2 + 𝒪(Ψ4), (4.19)

with 𝑎0 = 1
2 �̃�𝑔(𝑔 − 1) − 1

2Ω𝑖𝑔 − 𝜇𝑔 and 𝑎2 = 1 + 𝑔
�̃�(𝑔−1)− 1

2 Ω𝑖−𝜇
− 𝑔+1

�̃�𝑔− 1
2 Ω𝑖−𝜇

. Then we

can apply the Landau phase transition criteria in Eq. (4.19) to determine the boundary

between the superfluid Ψ ̸= 0 and Mott insulator Ψ = 0 phases. Basically it is given by

the 𝜇 solution that comes from the condition 𝑎2 = 0. This constrain for 𝑎2 separates the

trivial (𝑎2 > 0 - Mot insulator) from the non trivial solution (𝑎2 < 0 - superfluid) for the

order parameter Ψ. We obtain the limit extension for the insulate phase, that is, the Mott

lobe boundaries

𝜇± = 𝜇0
± − 1

2Ω𝑖 (4.20)

where

𝜇0
± = 1

2[�̃�(2𝑛− 1) − 𝐽𝑧] ± 1
2

√︁
�̃�2 − 2𝑧𝐽�̃�(2𝑛+ 1) + 𝑧2𝐽2. (4.21)

That can be normalized by �̃� to give the phase diagram 𝐽𝑧/�̃� × 𝜇/�̃� . For 𝑉𝑖,𝑗 = 0,

equation (4.20) gives the well known result for the on-site BH model. Its long range

potential modifies only the Mott lobes separation, keeping their original shapes.
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4.5 Analytical results for small q

As studied in section 3.1.4, for 𝑞 ≪ 𝑙−1, the gapless Tkachenko modes have dis-

persion relation ℎ̄𝜔q ≈ ℎ̄2𝑞2/2𝑀 , with 𝑀 = 1
2𝜅

√
𝜂

ℎ̄Ω
𝑛𝐴𝑔𝐴

𝑚𝐴. In this low-momentum limit

we have 𝑢q(r) ≈ 𝜙𝐴(r) 𝑐1q 𝑒
𝑖q·r and 𝑣q(r) ≈ 𝜙𝐴(r) 𝑐2q 𝑒

−𝑖q·r (65), that allow us to derive

explicitly coefficients for 𝐻𝑖𝑛𝑡 in Eq. (4.9). Expressing the operators �̂�𝑗 in terms of its the

fourier transform, associated with the coordinates changing r = r′ + R𝑖, remembering

that 𝜙𝐴(r + R𝑖) = 𝜙𝐴(r), we easily obtain

𝐻𝑖𝑛𝑡 = √
𝑛𝐴𝑔𝐴𝐵

1√
𝑆

∑︁
q,k

Λq,0 (�̂�q + �̂�†
−q) �̂�†

k+q �̂�k, (4.22)

with coefficient given by

Λq,0 = (𝑐1q − 𝑐2q)
∫︁
𝑑2𝑟|𝜙𝐴(r)|2|𝜙𝐵(r)|2 𝑒𝑖q.r. (4.23)

Again, the small values of q allow us to adopt (𝑐1𝑞 − 𝑐2𝑞) ≈ 1√
2 𝜂

1/4 (𝑞 𝑙) and also

ℐq =
∫︀
𝑑2𝑟|𝜙𝐴(r)|2|𝜙𝐵(r)|2 𝑒𝑖q.r ∼ ℐ. In this limit, the interaction Hamiltonian can be

expressed as

𝐻𝑖𝑛𝑡 = 1√
𝑆

∑︁
q,k

𝜆q (𝑎q + 𝑎†
−q) �̂�†

k−q�̂�k, (4.24)

where we recovered the linear momentum coupling

𝜆q = 1√
2𝜋

𝜂1/4 ℐ 𝑔𝐴𝐵 𝜐
1/2 𝑞. (4.25)

As before, applying the Lang Firsov unitary transformation (69), the new values

for the interaction and tunneling parameters of the trapped species 𝐵 in the presence

of the phonons will be �̃� = 𝑈 − 2Δ and 𝐽 = 𝐽 𝑒−𝑆𝑇 , with Δ = 1
𝑆

∑︀
q

|𝜆q|2
𝜔𝑞

and 𝑆𝑇 =
1
𝑆

∑︀
q

|𝜆q|2
𝜔2

𝑞
[1 − 𝑐𝑜𝑠(q.l)]. We can rewrite the discrete momentum sum in terms of the

integration restrict to the first Brillouin zone, Λ = 𝜋/𝑙. We obtain Δ = 𝜋2

8
ℐ2

𝜅 𝜐
𝑛𝐴

(︁
𝑔𝐴𝐵

2

𝑔𝐴

)︁
and, with cos(k.l) ∼ 1 − (𝑞 𝑙 𝑐𝑜𝑠𝜑)2/2, 𝑆𝑇 = 𝜋2

32
ℐ2

√
𝜂 𝜅2 𝜐

(︁
𝑔𝐴𝐵

𝑔𝐴

)︁2
.

Assuming the same experimental parameters of the previous section, we found a

small correction in the value for critical scattering length, that is now given by

𝑎
𝑐𝑟𝑖𝑡(2)
𝐵 ∼ 90 𝑎𝐴. (4.26)
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In the previous section we classified the possible phases of our system imposing the

appropriate restriction to the order parameter (111), which gave Eq. (4.20) with Ω𝑖 ∼ 𝑧Δ

(the interaction in Eq. (4.15) should be of the order of Δ). Many works suggest adding

long range interaction between particles in the optical lattice by trapping strong magnetic

dipolar condensates, or even with the electric dipole-dipole interaction of a degenerated

gas of polar molecules (112–114) . There is a recent proposal (115), however, that is

closer related to the EBH scenario constructed here. It consists of a system of boson in

an optical lattice immersed in a non trapped, degenerate Fermi gas. The particle-hole

pair excitations of the fermion background mediate the long range interaction between

the trapped bosons. Compared to the dipole-dipole interaction proposals, either in the

Spielman’s experimental apparatus (115) as in our system, we have a higher control of

the long range interaction due to the Feshbach resonance technique.

We can separately tuning the intra or the inter-species scattering length and try

to increase the magnitude of the long range interaction in comparison to the intra-species

interaction potential 𝑈 , for example, to experimentally detect the manifestation of the

first in the system phase diagram. As showed by (116), with the 2𝐷 layer lattice of

aligned dipoles, the repulsive long range interaction provides a rich phase diagram for the

trapped system, with the appearance of the supersolid and density wave phases (111). The

repulsive long range interaction can be created in (115) with different hyperfine states of

the atomic sample. Even with an attractive long range interaction, however, our system

is still a promising candidate to observe new quantum phases (116).

4.6 Conclusion

Important aspects of our investigation here is that it follows a new trend in cold

atoms field, that is introduce artificially dynamics in the static optical lattice to better

simulate condensate matter models (46,47,67,117). With our system we give an alternative

solution for this task, where the dynamic comes naturally with the system excitation

modes. The main result here is the polaronic Bose-Hubbard effective Hamiltonian, that
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predicted new transport and interaction properties for the lattice impurities, including

the long range phonon mediated interaction. That provides rich quantum phase diagram

for the trapped species (61, 112, 113). Again, to attain these phases, the ultracold atoms

in optical lattice have been intensively explored, with many proposals for finite range

interaction to create extended Bose-Hubbard models (112, 116, 118). Our new system is

still a promising candidate to realize these observations, with the high control of the

system properties to reach the necessary conditions and the noise correlation techniques

available to guarantee experimental observability of the quantum phases (119).
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5 Conclusions

5.1 Turbulent superfluid

We presented a simple model that seems to capture the main physical mechanism

behind the intriguing anomalous free expansion of the turbulent cloud. Our model shows

that the behavior of the expansion depends intrinsically on the amount and distribution

of vorticity present in the sample. Although very phenomenological in nature, this model

already gives a clear indication that a disordered volumetric distribution of vortex lines

can greatly affect the dynamics of the density profile in time-of-flight.

It is clear that an elaborate numerical simulation of the turbulent regime, including

the vortex dynamics and possibly reconnection effects, will be needed to complement our

results and fully account for the experimental observations. We do not believe, however,

that these considerations greatly affect the behavior of the expanding cloud, which is a

very diluted atomic sample with slowed down vortex line dynamics. Our prediction for

the collective modes frequency of a cloud plenty of vortices, otherwise, has to be enforced

by the numerical simulations, an important step to validate our hydrodynamic model

description for a non equilibrium superfluid state. These modes properties should bring

an additional signature of turbulence in the atomic cloud.

5.2 Polaron physics

We derived an effective impurity-phonon model to treat an impurity moving in a

vortex lattice. At weak coupling, the dressed impurity, that is, the Tkachenko polaron,

presented an unconventional quasiparticle decay rate at small wave vectors. That comes

from our renormalizable theory with a marginally relevant interaction. In conclusion, we

have shown that impurities are strongly damped due to coupling with parabolic dispersion

vortex lattice collective modes. Different from the case of acoustic phonons in a homoge-
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neous BEC, this quadratic dispersion of the Tkachenko modes allows one to circumvent

the kinematic constraints that hinder cooling (47).

We tracked the impurity spectral function as function of the background coupling

interaction toward the low energy fixed point, where it acquires the power law signature

of the orthogonality catastrophe. That is a remarkable property long time predicted for

degenerate fermionic systems (pair hole excitations of the Fermi sea background), that

is now extended to our bosonic, Tkachenko phonons background. Interesting features of

our system include the impurity dynamics, that smooth the OC singularity exponent.

It makes it possible to study the spectral function evolution as the polaron properties

approach the static impurity physics, with increasing ratio 𝑚/𝑀 . With our apparatus,

we can also realize some experimental proposal not possible with an optical lattice due

to the intrinsic heating coming from the recoil energy of the trapped atom (classical

magnetism frustration in triangular lattice (120), short range magnetic correlations (121,

122)). The deep understanding of the effects of a single neutral impurity in a vortex

lattice background open the way to analyze interesting physics of the multiple impurities

interacting with this same background (109,123), as we started exploring in section 4.

5.3 Prospects

In the last year our group reproduced the quantum turbulent BEC experiments

of the 2009 and obtained new absorption images for the excited cloud expansion, varying

the amplitude and time of the excitation potential inside the trap. They showed how

the aspect-ratio inversion starts to decelerate until its complete inhibition, even prior to

the appearance of the vortex line configuration, already with the excitation of the BEC

collective modes. That sounds reasonable, according with the generalized hydrodynamic

results, since the transference of angular momentum to the BEC cloud (already with the

excitation of the collective modes), increases the rotational kinetic energy of the system.

The tangle vortices configuration, final state resulting from this excitation, being the limit

case that brings the aspect-ratio asymptotic value lower than one. The relation between
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the excited BEC system and its aspect-ratio evolution during the free expansion allow

us to characterize the amplitude and time of the excitation with the number of vortices

imprinted in the BEC cloud. These analyses could improve the phase diagram constructed

in (124), that was based on the absorption image density profile only.

Since we are dealing with a finite trapped BEC system, those analyses help us to predict

the maxima vortex line density possible to be establish in the cloud before the turbulent

regime appears. Recently, we are working on our experimental data to understand how

the appearance of the first vortex lines affect the collective mode frequencies, comparing

this observations with the results predicted by our linearized hydrodynamic equations.

About the project of the two superfluids species, we will keep on exploring a di-

lute sample of ultracold neutral atoms trapped in a vortex array condensate. We started

showing here that impurity properties resulted from the interplay of Bose-Hubbard dy-

namics and the lattice phonons coupling. In addition, using a mean field approach to

perturbatively treat the kinetic term, in accordance with the usual strength of the atomic

interactions, we determined the ground state phase diagram of the system in the presence

of the long range phonon mediated interaction. A more rigorous analyses including the

Monte Carlo calculation (109, 125) will be needed to determine the system phase dia-

gram, for the theory parameters inside the management window of the experiments. As

described in the last section, new quantum phases are expected for the particles trapped

in our dynamic vortex lattice due to the induced long range attractive interaction, besides

the superfluid and Mott-insulate states.

Finally, the possibility of tuning the inter-species scattering length to induce quantum

phase transition in the confined cloud, as it is done in the optical lattice by light inten-

sity, it will be further explored in a next work, followed by a criteriously analyze of the

associated particle loss mechanism.
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APPENDIX A –

A.1 Impurity-phonon interaction for shallow lattice potential

In the following we set ℎ̄ = 1. When we substitute the expansion for the field

operator 𝜓𝐴(r) ≈ √
𝑛𝐴𝜙𝐴(r)+ 𝛿𝜓𝐴(r) in 𝐻𝑖𝑛𝑡 in Eq. (3.1) of the main text, the first-order

term in the fluctuation 𝛿𝜓𝐴 gives the impurity-phonon interaction

𝐻𝑖𝑚𝑝−𝑝ℎ = √
𝑛𝐴𝑔𝐴𝐵

∫︁
𝑑2𝑟

(︁
𝜙𝐴𝛿𝜓

†
𝐴𝜓

†
𝐵𝜓𝐵 + 𝜙*

𝐴𝛿𝜓𝐴𝜓
†
𝐵𝜓𝐵

)︁
. (A.1)

For 𝛿𝜓𝐴, we utilize the mode expansion in Eq. (3.2) of the main text. The functions 𝑢q(r)

and 𝑣q(r) are obtained following the derivation by Matveenko and Shlyapnikov (65). We

take the continuum limit 𝑞𝑙 ≪ 1 in Eqs. (22), (23) and (27) of Ref. (65), which leads to the

simplified spatial dependence 𝑢q(r), 𝑣q(r) ∝ 𝜙𝐴(r). In addition, we rescale the momentum

q → 2q in the definition of the annihilation operators 𝑎q = �̃�2q. We then obtain

𝐻𝑖𝑚𝑝−𝑝ℎ = 𝑔𝐴𝐵
√
𝑛𝐴√

𝒮
∑︁

q

∫︁
𝑑2𝑟 |𝜙𝐴(r)|2 𝑒𝑖 q.r (𝑐1q − 𝑐2q) (𝑎q + 𝑎†

−q)𝜓†
𝐵(r)𝜓𝐵(r). (A.2)

We expand the field operator 𝜓𝐵 in terms of the lowest band Bloch function Φk(r), which

obeys Φk(r + R) = Φk(r)𝑒𝑖k·R. Thus

𝐻𝑖𝑚𝑝−𝑝ℎ = 𝑔𝐴𝐵
√
𝑛𝐴

𝒮3/2

∑︁
q,k,k′

(𝑐1q − 𝑐2q) (𝑎q + 𝑎†
−q)

∫︁
𝑑2𝑟 |𝜙𝐴(r)|2 𝑒𝑖q·rΦ*

k′(r)Φk(r). (A.3)

Next, we use the facts that the local density of majority atoms |𝜙𝐴(r)|2 is periodic

under lattice translations and that Φk(r) is a Bloch function in order to reduce the integral

over the entire system to the integral over a single unit cell 𝑠𝑉

∫︁
𝑑2𝑟 |𝜙𝐴(r)|2 𝑒𝑖(k+q−k′)·rΦ*

k′(r)Φk(r) =

=
∑︁

𝑗

∫︁
𝑠𝑉

𝑑2𝑟′ |𝜙𝐴(r′ + R𝑗)|2 𝑒𝑖q·(r′+R𝑗)Φ*
k′(r′ + R𝑗)Φk(r′ + R𝑗)

=
∫︁

𝑠𝑉

𝑑2𝑟′ |𝜙𝐴(r′)|2 𝑒𝑖q·r′Φ*
k′(r′)Φk(r′)

∑︁
𝑗

𝑒𝑖(k+q−k′)·R𝑗

= 𝑁𝑉 𝛿k′,k+q

∫︁
𝑠𝑉

𝑑2𝑟′ |𝜙𝐴(r′)|2𝑒𝑖q·r′Φ*
k+q(r′)Φk(r′). (A.4)
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Thus we can rewrite Eq. (A.3) as

𝐻𝑖𝑚𝑝−𝑝ℎ = 𝑔𝐴𝐵
√
𝑛𝐴√

𝒮
∑︁
k,q

ℐk,q (𝑐1q − 𝑐2q) (𝑎q + 𝑎†
−q) 𝑏†

k+q 𝑏k, (A.5)

where (using 𝑁𝑉 /𝒮 = 1/𝜋𝑙2)

ℐk,q =
∫︁

𝑠𝑉

𝑑2𝑟′

𝜋𝑙2
|𝜙𝐴(r′)|2𝑒𝑖q·r′Φ*

k+q(r′)Φk(r′). (A.6)

In the regime of weak interactions and shallow lattice potential, we approximate

the Bloch functions for small k by plane waves (nearly free impurities), Φ𝑘(r) ≈ 𝑒𝑖k·r. In

this case,

ℐk,q ≈
∫︁

𝑠𝑉

𝑑2𝑟′

𝜋𝑙2
|𝜙𝐴(r′)|2 = 1, (A.7)

where we used the normalization of the ground state wave function 𝑛𝐴

∫︀
𝑑2𝑟 |𝜙𝐴(r)|2 = 𝑁𝐴.

Therefore the dependence on impurity momentum k disappears in the continuum limit.

Corrections to Eq. (A.7) are higher order in momentum or interaction strength.

Finally, the expansion 𝑐1q − 𝑐2q ≈ 1√
2 𝜂

1/4 (𝑞 𝑙) for 𝑞𝑙 ≪ 1 provides the final expres-

sion

𝐻𝑖𝑚𝑝−𝑝ℎ = 1√
𝒮
𝜂1/4𝑔𝐴𝐵

√
𝑛𝐴𝑙√

2
∑︁
k,q

𝑞(𝑎q + 𝑎†
−q) 𝑏†

k+q 𝑏k, (A.8)

Comparing with Eq. (4) of the main text and substituting 𝑛𝐴𝑙
2 = 𝜐/𝜋, we identify the

impurity-phonon coupling in the “large polaron” regime

𝑔q = 1√
2𝜋

𝜂1/4𝑔𝐴𝐵 𝜐
1/2 𝑞.
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A.2 Perturbative renormalization group

In order to derive perturbative RG equations (𝑆ℎ𝑎𝑛𝑘𝑎𝑟,𝑅.;𝑅𝑀𝑃.1994), we will

need the noninteracting Green’s functions for impurity and phonon operators:

𝐺(k, 𝑖𝜔) = −
∫︁
𝑑𝜏 𝑒𝑖𝜔𝜏 ⟨𝑇𝜏𝑏k(𝜏)𝑏†

k(0)⟩0

= 1
𝑖𝜔 − 𝜀k

, (A.9)

𝐷(q, 𝑖𝜈) = −
∫︁
𝑑𝜏 𝑒𝑖𝜈𝜏 ⟨𝑇𝜏 [𝑎q(𝜏) + 𝑎†

−q(𝜏)][𝑎†
q(0) + 𝑎−q(0)]⟩0

= − 2𝜔q

𝜈2 + 𝜔q2
. (A.10)

A.2.1 Interaction vertex

We define the effective coupling constant 𝜆𝑒𝑓𝑓 from the three-point function as

follows:

Γ(k,k′,q;𝜔, 𝜔′, 𝜈) =

=
∫︁
𝑑𝜏𝑑𝜏 ′𝑑𝜏 ′′ 𝑒𝑖𝜔𝜏𝑒𝑖𝜔′𝜏 ′

𝑒𝑖𝜈𝜏 ′′⟨𝑏†
k(𝜏)𝑏k′(𝜏 ′)[𝑎†

q(𝜏 ′′) + 𝑎−q(𝜏 ′′)]𝑒−
∫︀

𝑑𝜏 𝐻𝑖𝑚𝑝−𝑝ℎ(𝜏)⟩0

= 1√
𝒮
𝜆𝑒𝑓𝑓𝑞𝛿k′,k+q2𝜋𝛿(𝜔′ − 𝜔 − 𝜈)𝐺(k, 𝑖𝜔)𝐺(k′, 𝑖𝜔′)𝐷(q, 𝑖𝜈). (A.11)

To first order in the interaction, we obtain

Γ(1) = − 𝜆√
𝒮
∑︁

p1,q1

𝑞1

∫︁
𝑑𝜏1𝑑𝜏𝑑𝜏

′𝑑𝜏 ′′ 𝑒𝑖𝜔𝜏𝑒𝑖𝜔′𝜏 ′
𝑒𝑖𝜈𝜏 ′′⟨𝑏†

k(𝜏)𝑏k′(𝜏 ′)𝑏†
p1+q1(𝜏1)𝑏p(𝜏1)⟩0

×⟨[𝑎†
q(𝜏 ′′) + 𝑎−q(𝜏 ′′)][𝑎q1(𝜏1) + 𝑎†

−q1(𝜏1)]⟩0

= 1√
𝒮
𝜆𝑞𝛿k′,k+q

∫︁
𝑑𝜏1𝑑𝜏𝑑𝜏

′𝑑𝜏 ′′ 𝑒𝑖𝜔𝜏𝑒𝑖𝜔′𝜏 ′
𝑒𝑖𝜈𝜏 ′′

𝐺(k, 𝜏1 − 𝜏)𝐺(k′, 𝜏 ′ − 𝜏1)𝐷(q, 𝜏1 − 𝜏 ′′)

= 1√
𝒮
𝜆𝑞𝛿k′,k+q2𝜋𝛿(𝜔′ − 𝜔 − 𝜈)𝐺(k, 𝑖𝜔)𝐺(k′, 𝑖𝜔′)𝐷(q, 𝑖𝜈). (A.12)

Therefore, to first order 𝜆𝑒𝑓𝑓 = 𝜆. We are interested in the logarithmic correction to 𝜆𝑒𝑓𝑓

when we integrate out high-energy modes. At third order (see diagram in Fig. 1 of the
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main text), we obtain

Γ(3) = − 𝜆3

3!𝒮3/2

∑︁
p1,q1

𝑞1
∑︁

p2,q2

𝑞2
∑︁

p3,q3

𝑞3

∫︁
𝑑𝜏1𝑑𝜏2𝑑𝜏3𝑑𝜏𝑑𝜏

′𝑑𝜏 ′′ ×

×⟨𝑏†
k(𝜏)𝑏k′(𝜏 ′)𝑏†

p1+q1(𝜏1)𝑏p1(𝜏1)𝑏†
p2+q2(𝜏2)𝑏p2(𝜏2)𝑏†

p3+q3(𝜏3)𝑏p3(𝜏3)⟩0

×⟨[𝑎†
q(𝜏 ′′) + 𝑎−q(𝜏 ′′)][𝑎q1(𝜏1) + 𝑎†

−q1(𝜏1)][𝑎q2(𝜏2) + 𝑎†
−q2(𝜏2)][𝑎q3(𝜏3) + 𝑎†

−q3(𝜏3)]⟩0

= − 𝜆3

𝒮3/2 𝑞𝛿k′,k+q2𝜋𝛿(𝜔′ − 𝜔 − 𝜈)𝐺(k, 𝑖𝜔)𝐺(k′, 𝑖𝜔′)𝐷(q, 𝑖𝜈)

×
∑︁
q1

𝑞2
1

∫︁ 𝑑𝜈1

2𝜋 𝐺(k + q1, 𝑖𝜔 + 𝑖𝜈1)𝐺(k + q + q1, 𝑖𝜔 + 𝑖𝜈 + 𝑖𝜈1)𝐷(q1, 𝑖𝜈1).

Comparing with Eq. (A.11), we note that

𝛿𝜆(3) = −𝜆3
∫︁ 𝑑2𝑞1

(2𝜋)2 𝑞
2
1

∫︁ 𝑑𝜈1

2𝜋 𝐺(k + q1, 𝑖𝜔 + 𝑖𝜈1)𝐺(k + q + q1, 𝑖𝜔 + 𝑖𝜈 + 𝑖𝜈1)𝐷(q1, 𝑖𝜈1)

= −𝜆3
∫︁ 𝑑2𝑞1

(2𝜋)2 𝑞
2
1

∫︁ 𝑑𝜈1

2𝜋
1

(𝑖𝜔 + 𝑖𝜈1 − 𝜀k+q1)(𝑖𝜔 + 𝑖𝜈1 + 𝑖𝜈 − 𝜀k+q+q1)

(︃
1

𝑖𝜈1 − 𝜔q1

− 1
𝑖𝜈1 + 𝜔q1

)︃
.

The integration over 𝜈1 (closing the contour in the upper half of the complex plane) yields

𝛿𝜆(3) = 𝜆3
∫︁ 𝑑2𝑞1

(2𝜋)2
𝑞2

1
(𝑖𝜔 − 𝜔q1 − 𝜀k+q1)(𝑖𝜔 − 𝜔q1 + 𝑖𝜈 − 𝜀k+q+q1) . (A.13)

We choose the fast modes to lie in the momentum shell 𝒦′ < 𝑞1 < 𝒦. The external

momenta and frequencies (for the latter, we perform the analytic continuation 𝑖𝜔 → 𝜔,

𝑖𝜈 → 𝜈) are taken to be slow, such that 𝑘, 𝑞 ≪ 𝑞1 and 𝜔, 𝜈 ≪ 𝜔q1 , 𝜀q1 . Thus

𝛿𝜆(3) = 𝜆3
∫︁ 𝑑2𝑞1

(2𝜋)2
𝑞2

1
(𝜔q1 + 𝜀q1)2

= 2𝜇2𝜆3

𝜋

∫︁ 𝒦

𝒦′

𝑑𝑞1

𝑞1

= 2𝜇2𝜆3

𝜋
ln 𝒦

𝒦′ .

We introduce the cutoff scales with dimensions of energy Λ = 𝒦2/2𝜇, Λ′ = (𝒦′)2/2𝜇; in

this notation,

𝛿𝜆(3) = 𝜇2𝜆3

𝜋
ln Λ

Λ′ .
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Considering an infinitesimal reduction of the cutoff, Λ′ = Λ𝑒−𝑑𝑙 with 𝑑𝑙 ≪ 1, we obtain

the RG equation for the effective coupling constant

𝑑𝜆

𝑑𝑙
= 𝜇2𝜆3

𝜋
.

In terms of the dimensionless coupling constant �̃� = 𝜇𝜆, we can write

𝑑�̃�

𝑑𝑙
= �̃�3

𝜋
.

This 𝛽 function implies that �̃� flows to strong coupling. The solution for the renormalized

coupling constant is

�̃�2(Λ) = �̃�2
0

1 − (2�̃�2
0/𝜋) ln(Λ0/Λ)

, (A.14)

where 𝜆0 = 𝜆(Λ0) is the bare coupling constant. The perturbative result breaks down at

energy scale Λ ∼ Λ0𝑒
−𝜋/2�̃�2

0 . In terms of impurity momentum, the strong coupling regime

sets in below 𝑘 ∼ 𝑙−1𝑒−𝜋/4�̃�2
0 . For small �̃�0 it may be difficult to observe the full crossover

to strong coupling in a finite size vortex lattice since the length scale above which �̃�(Λ)

becomes of order 1 is exponentially large. The line shape of the spectral function at the

strong coupling fixed point is an open problem.
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A.3 RG flow

We derived the RG equations for the non perturbative regime, considering high

order correction diagrams and applying 𝐺(k, 𝜔) = 𝑍k/𝜔 for impurity Green function.

A.3.1 Field renormalization

The second order self-energy diagrams are → Rainbow diagram - (AI)

∑︁
𝐴𝐼

=
∫︁ 𝑑2𝑞

(2𝜋)2
𝑑2𝑞′

(2𝜋)2
𝑑𝜈

2𝜋
𝑑𝜈 ′

2𝜋 𝜆4 𝑞2 𝑞′2 𝐷(𝜈, 𝜔q) 𝐷(𝜈 ′, 𝜔q′) 𝐺2(𝜔 − 𝜈, 𝜀k−q) 𝐺(𝜔 − 𝜈 − 𝜈 ′, 𝜀k−q−q′)

= −
∫︁ 𝑑2𝑞

(2𝜋)2
𝑑2𝑞′

(2𝜋)2 𝜆
4 𝑞2 𝑞′2

(︃
1

𝜔 − 𝜔q − 𝜀k−q + 𝑖𝛿

)︃2 1
𝜔 − 𝜔q − 𝜔q′ − 𝜀k−q−q′ + 𝑖𝛿

.

→ Vertex correction - (V)

∑︁
𝑉

=
∫︁ 𝑑2𝑞

(2𝜋)2
𝑑2𝑞′

(2𝜋)2
𝑑𝜈

2𝜋
𝑑𝜈 ′

2𝜋 𝜆4 𝑞2 𝑞′2 𝐷(𝜈, 𝜔q) 𝐷(𝜈 ′, 𝜔q′) 𝐺(𝜔 − 𝜈, 𝜀k−q) 𝐺(𝜔 − 𝜈 − 𝜈 ′, 𝜀k−q−q′)

𝐺(𝜔 − 𝜈 ′, 𝜀k−q′)

= −
∫︁ 𝑑2𝑞

(2𝜋)2
𝑑2𝑞′

(2𝜋)2 𝜆
4 𝑞2 𝑞′2 1

𝜔 − 𝜔q − 𝜀k−q + 𝑖𝛿

1
𝜔 − 𝜔q − 𝜔q′ − 𝜀k−q−q′ + 𝑖𝛿

1
𝜔 − 𝜔q′ − 𝜀k−q′ + 𝑖𝛿

.

Together with the first order correction, applying 𝑍k =
(︁
1 − 𝜕Σ(k,𝜔)

𝜕𝜔

)︁−1
⃒⃒⃒⃒
𝜔=0

we obtain

𝑍k ∼ 1 − 𝜆2𝑀2

𝜋
𝑍k ln

(︃
Λ
Λ′

)︃
− 𝜆4𝑀4

𝜋2 𝑍3
k ln

(︃
Λ
Λ′

)︃
. (A.15)
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A.3.2 Higher order vertex diagrams

The high order vertex correction gives

𝛿𝜆
(5)
𝐴𝐼 = 𝜆5

∫︁ 𝑑2𝑞1

(2𝜋)2
𝑑2𝑞2

(2𝜋)2 𝑞2
1 𝑞

2
2

1
𝑖𝜔 − 𝜔q1 − 𝜀k+q1

1
𝑖𝜔 − 𝜔q1 − 𝜔q2 − 𝜀k+q1+q2

× 1
𝑖𝜔′ − 𝜔q1 − 𝜔q2 − 𝜀k+q+q1+q2

1
𝑖𝜔′ − 𝜔q1 − 𝜀k+q+q1

,

and

𝛿𝜆
(5)
𝑉 = 𝜆5

∫︁ 𝑑2𝑞1

(2𝜋)2
𝑑2𝑞2

(2𝜋)2 𝑞2
1 𝑞

2
2

1
𝑖𝜔 − 𝜔q2 − 𝜀k+q2

1
𝑖𝜔 − 𝜔q1 − 𝜔q2 − 𝜀k+q1+q2

× 1
𝑖𝜔′ − 𝜔q1 − 𝜔q2 − 𝜀k+q+q1+q2

1
𝑖𝜔′ − 𝜔q1 − 𝜀k+q+q1

.

As before, we assume 𝐺(k, 𝜔) = 𝑍k/𝜔 and include lower order corrections to have

𝛿𝜆 = 𝜆3 𝑀2

𝜋
𝑍2

k ln
(︃

Λ
Λ′

)︃
+ 𝜆5𝑀4

𝜋2 𝑍4
k ln

(︃
Λ
Λ′

)︃
. (A.16)

A.3.3 RG equations

In the perturbative regime (𝑍 ∼ 1), we did have the RG equations

𝑑𝑚

𝑑ℓ
= 2𝜆2 𝜇3

𝜋
,

𝑑𝜆

𝑑ℓ
= 𝜆3 𝜇2

𝜋
. (A.17)

That can be solved to provide 𝜆(ℓ) = 𝜆0
(︁

𝑚(ℓ)
𝑚0

)︁1/2
𝑒

[︁
𝑚(ℓ)−𝑚0

2𝑀

]︁
.

According with the previous section, disregarding high order corrections, the gen-

eral RG equations will be
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𝑑𝑚

𝑑ℓ
= 2𝜆2 𝜇3

𝜋
,

𝑑𝜆

𝑑ℓ
= 𝜆3 𝜇2 𝑍2

k
𝜋

,

𝑑𝑍k

𝑑ℓ
= −𝜆2 𝜇2 𝑍k

𝜋
, (A.18)

which have the solution 𝜆(ℓ) = 𝜆0 𝑒
1/2 𝑒−𝑍(ℓ)2/2 and 𝑍(ℓ) =

(︁
𝑚0

𝑚(ℓ)

)︁1/2
𝑒

[︁
− 𝑚(ℓ)−𝑚0

2𝑀

]︁
.

We can extract the asymptotic coupling 𝜆(𝑍 → 0) = 𝑒1/2𝜆0, that is proportional to

the bare interaction constant 𝜆0.
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A.4 Residual impurity-phonon interaction

We start with

𝐺(r, 𝑡) = ⟨0|𝑇Ψ(r, 𝑡)Ψ†(0, 0) 𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0) 𝑒−𝑖
∫︀

𝑑𝑡1𝐻𝑖𝑛𝑡(𝑡1)|0⟩ (A.19)

𝐻𝑖𝑛𝑡 = 1√
𝑆

∑︁
k,q

𝜆′ 𝑞 �̂�†
k+q �̂�k 𝜑q

𝜑q = �̂�q + �̂�†
−q

𝑌 (r, 𝑡) = 1√
𝑆

∑︁
q

𝑒𝑖q·r

𝑞
Π̂q

Π̂q = �̂�q − �̂�†
−q

Expanding Eq. (A.19) to second order in 𝜆′ as in Eq. (3.62), the second term provides the

diagrams

→ Self-energy insertion

𝑖2𝜆′2 1
𝑆2

∑︁
k1,q1

𝑞2
1 𝑒

𝑖k1·r 1
(2𝜋)2

∫︁
𝑑𝜔1𝑑𝜈1 𝑒

−𝑖𝜔1𝑡𝐺2(k1, 𝜔1)𝐺(k1 + q1, 𝜔1 + 𝜈1)𝐷(q1, 𝜈1)

× ⟨𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)⟩

→ Connected phonon cloud

𝑖2𝜆′2 (−𝛼2) 1
𝑆3

∑︁
k1,q1,q2

𝑒𝑖(k1+q1)·r 1
(2𝜋)3

∫︁
𝑑𝜔1𝑑𝜈1𝑑𝜈2 𝑒

−𝑖(𝜔1+𝜈1)𝑡𝐺(k1, 𝜔1)𝐺(k1 + q1, 𝜔1 + 𝜈1)

𝐺(k1 + q1 + q2, 𝜔1 + 𝜈1 + 𝜈2)𝐹 (q1, 𝜈1)𝐹 (q2, 𝜈2) × ⟨𝑒𝛼𝑌 (r,𝑡)𝑒−𝛼𝑌 (0,0)⟩

where

𝐺(k, 𝜖) = 1
𝜖− 𝜖k + 𝑖𝛿

𝐷(q, 𝜔) = 1
𝜔 − 𝜔q + 𝑖𝛿

− 1
𝜔 + 𝜔q − 𝑖𝛿

𝐹 (p, 𝜈) = − 1
𝜈 − 𝜈p + 𝑖𝛿

− 1
𝜈 + 𝜈p − 𝑖𝛿
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